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Preface

This book contains most of the material covered in a typical first year mathematics course
in an engineering or science programme. It devotes Chapters 1-10 to consolidating the
foundations of basic algebra, elementary functions and calculus. Chapters 11—17 cover the
range of more advanced topics that are normally treated in the first year, such as vectors
and matrices, differential equations, partial differentiation and transform methods.

With widening participation in higher education, broader school curricula and the wide
range of engineering programmes available, the challenges for both teachers and learners
in engineering mathematics are now considerable. As a result, a substantial part of many
first year engineering programmes is dedicated to consolidation of the basic mathematics
material covered at pre-university level. However, individual students have widely varying
backgrounds in mathematics and it is difficult for a single mathematics course to address
everyone’s needs. This book is designed to help with this by covering the basics in a
way that enables students and teachers to quickly identify the strengths and weaknesses of
individual students and ‘top up’ where necessary. The structure of the book is therefore
somewhat different to the conventional textbook, and ‘To the student’ provides some
suggestions on how to use it.

Throughout, emphasis is on the key mathematical techniques, covered largely in isolation
from the applications to avoid cluttering up the explanations. When you teach someone
to drive it is best to find a quiet road somewhere for them to learn the basic techniques
before launching them out onto the High Street! In this book the mathematical techniques
are motivated by explaining where you may need them, and each chapter has a short
section giving typical applications. More motivational material will also be available on
the book web-site. Rigorous proof for its own sake is avoided, but most things are explained
sufficiently to give an understanding that the educated engineer should appreciate. Even
though you may use mathematics as a tool, it usually helps to have an idea of how and
why the tool works.

As the book progresses through the more advanced first year material there is an
increasing expectation on the student to learn independently and ‘fill in the gaps’ for
themselves — possibly with the teacher’s help. This is designed to help the student to
develop a mature, self-disciplined approach as they move from the supportive environ-
ment of pre-university to the more independent university environment. In addition the
book web-site (www.bh.com/companions/0750650982) will provide a developing resource
to supplement the book and to focus on specific engineering disciplines where appropriate.

In the years that this book has been in development I have benefited from advice and
help from too many people to list. The following deserve special mention however. Dave
Hatter for having faith in the original idea and combining drink and incisive comment well
mixed in the local pub. Peter Jack for many useful discussions and for the best part of the
S(ketch) GRAPH acronym (I just supplied the humps and hollows). Val Tyas for typing
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Preface

much of the manuscript, exploring the limits of RSI in the process, and coping cheerfully
with my continual changes. The late Lynn Burton for initial work on the manuscript and
diagrams. She was still fiddling with the diagrams only weeks before she succumbed to
cancer after a long and spirited fight. I am especially indebted to her for her friendship
and inspiration — she would chuckle at that.

I also benefited from an anonymous reviewer who went far beyond the call of duty
in providing meticulous, invaluable comment — It’s clear that (s)he is a good teacher. Of
course, any remaining errors are my responsibility.

The team at Butterworth-Heinemann did a wonderful job in dealing with a complicated
manuscript — sense of humour essential!

Last but not least I must mention the hundreds of students who have kept me in line
over the years. I have tried to write the book that would help most of them. I hope they,
and their successors, will be pleased with it.

Bill Cox, June 2001



To the Student

Whatever your previous background in mathematics, it is likely that when you begin your
engineering studies at university you will need to consolidate your mathematical skills
before moving on to new material. The first ten chapters of this book are designed to help
with this ‘transition’ by providing you with individual pathways to quickly review your
current skills and understanding, then revise and reinforce where necessary.

Chapters 1-10 have a three-part structure by which you:

) Review your present knowledge and skills, with a review test on key
topics

e  Revise as you need to
Reinforce the essential skills that you will need for your particular
programme, so that they are there when you need them.

The three sections are linked, so that you can choose your own pathway through the
material and focus on your specific needs. In the review test the single arrows forward
you to the corresponding revision section and the review question solution, while the
double arrows fast forward you to the reinforcement exercises.

Some suggestions for working through these chapters may help:

e  Use the lists of prerequisites and objectives to get an overview of the
chapter — what have you seen before, what needs a reminder, what is
completely new?

° Use the review test to establish your current understanding of the various
topics.

° Where you are confident you may still be able to learn something from
the revision section or polish your skills by working through the rein-
forcement questions.

) Where you are unsure and need a reminder, go to the relevant revise
section for some hints before trying the review question, then consoli-
date your skills with the reinforcement exercises.

e  Where the topic is perhaps new to you, start with the revision section,
using the review questions as worked examples and the reinforcement
exercises as further practice.

The remaining chapters (11-17), covering material appropriate to typical first-year courses
in engineering mathematics, are designed to support you in developing independent
learning skills for more advanced study. The order of material and the structure of these
chapters are at first supportive with many examples, then gradually progress to a more
concise and mature format. The focus is on the key material, and the text contains leading

Xi



To the Student

problems that encourage you to develop ideas for yourself. The structure of the book is
therefore designed not only to ease the transition to university, but also to develop your
independent learning skills and prepare you for the style of more advanced textbooks.

Each chapter has a number of ‘Applications’ exercises that provide illustrations of typical
engineering applications, bring together the different topics of the chapter, or prepare the
way for later material. Some are simple, while others provide significant and challenging
projects.

The book is the core of a larger educational resource of web-based mate-
rial enabling you to broaden and deepen your studies. The book web-site
(www.bh.com/companions/0750650982) provides advice on learning mathematics, solu-
tions to all of the reinforcement and applications exercises, develops some topics more
thoroughly, and provides relevant examples and illustrations from different engineering
disciplines.

xii



Number and Arithmetic

In this chapter we review the key features of elementary numbers and arithmetic. The
topics covered are those found to be most useful later on.

Prerequisites
It will be helpful if you know something about:

simple types of numbers such as integers, fractions, negative numbers, decimals
the concepts of ‘greater than’ and ‘less than’

elementary arithmetic: addition, subtraction, multiplication and division

powers and indices notation, 23 =2x2x2, for example

how to convert a simple fraction to a decimal and vice versa

Objectives
In this chapter you will find:

e decimal notation
e estimation of numerical expressions

different types of numbers and their properties (particularly zero)
the use of inequality signs

highest common factors and lowest common denominators
manipulation of numbers (BODMAS)

handling fractions

factorial (n!) and combinatorial (" C, or (’Z )) notation

powers and indices

Motivation

You may need the material of this chapter for:

numerical manipulation and calculation in engineering applications
checking and using scientific formulae

illustrating and checking results used later in mathematics
statistical calculations

numerical estimation and ‘back of an envelope’ calculations




Understanding Engineering Mathematics

A note about calculators

Calculators obviously have their place, particularly in applied mathematics, numerical
methods and statistics. However, they are very rarely needed in this chapter, and the skills
it aims to develop are better learnt without them.

1.1 Review

1.1.1 Types of numbers »5 27>

A. For each number choose one or more descriptions from the following: (a) integer,
(b) negative, (c) rational number (fraction), (d) real, (e) irrational, (f) decimal,

(g) prime.
(i) is done as an example

i) —1(a, b,c, d) (ii) % (iii) 0
iv) 7 (v) > (vi 2l
v v 5 vi) 2
(vii) 0.73 (viii) 11 (ix) 8
(x) 2 (xi) —0.49 (xii) 7

B. Which of the following descriptions apply to the expressions in (i)—(x) below?

(a) infinite (b) does not exist (c) negative
(d) zero (e) finite (f) non-zero
i) O0x1(d,e) i) 0+1 (iii) %
@iv) 2—-0 (v) 0% vi) 0—-1
.. 0 3% 0 3 .. 0
(vii) o (viii) x 0+ 0 (ix) 0
2
(x) 5
1.1.2 Use of inequality signs »7 27 >>

Express symbolically:

@) X is a positive, non-zero, number (x > 0)

(>i1) x lies strictly between 1 and 2

(iii) x lies strictly between —1 and 3

@iv) x is equal to or greater than —2 and is less than 2
) The absolute value of x is less than 2.
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1.1.3 Highest common factor and lowest common multiple

>» 8 28 > >
A. Express in terms of prime factors
1 15(=3x5) (i) 21 (iii)) 60
(iv) 121 (v) 405 (vi) 1024

(vii) 221
B. Find the highest common factor (HCF) of each of the following sets of numbers

(i) 24, 30 (6) (i) 27,99 (i) 28, 98
(iv) 12,54, 78 ) 3,6,15,27

C. Find the lowest common multiple (LCM) of each of the following sets of numbers

G 3,7 (D) Gi) 3,9 Gii) 12, 18
(iv) 3,5,9 V) 2,4,6
1.1.4 Manipulation of numbers » 10 28>»>»
Evaluate
i) 24+3-7(=-2) (i) 4x3=2 (iii) 34+2x5
(iv) 3+2) x5 V) 3+(2x5) (vi) 18 -2x3
(vi) 18 = (2 x 3) (vii) —2— (4 —5) (ix) 4=+ (=2)x3—4

x) G+ =+=54+T-3)x2-4)

1.1.5 Handling fractions > 12 28>
A. Simplify
. 4 2 .. 18 .14
@) 3 (: 5) (i1) ) (iii) §X 5
7 3 3 4 11
WV 5% M 375 W 3+3
(i) 11 i) —— 7 @0 1+141
2 3 15 3 23
2 3 1
™ 373%%

B. If the numbers a and b are in the ratioa : b =3 : 2 and a = 6, what is b?
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1.1.6 Factorial and combinatorial notation — permutations
and combinations » 16 29 >>
A. Evaluate
24! 12!

() 3! (=6) i) 6! (iii) 2—3' V) 55

B. (i) Evaluate (a) 3C, (=3) (b) °Cs (c) °P5

(i) In how many ways can two distinct letters be chosen from ABCD?
(iii) How many permutations of the letters ABCDE are there?

1.1.7 Powers and indices » 18 29>»>»

A. Reduce to simplest power form.

i 2%2* (=27 (i) 3%/3° (iii) (5%)°
(iv) B x4)*/(9 x 2% (v) 16%/4* (vi) (—6)2(—%)3
(Vi) (—ab)?/a’h (vii)y 2(4)7°

B. Express in terms of simple surds such as \/Z, ﬁ, etc.

(i) /50 (=5v2) (i) V72 —+/8 (i) (v/27)3
o (Y23 2 o Y37 iy Y322
4 V84 V3-2

3 31/391/3 2
(vii) ( 77 )

1.1.8 Decimal notation » 22 30>

A. Express in decimal form
@ 3 ®) —3 © 3 @ 3

B. Express as fractions
(a) 0.3 (b) 0.67 () 0.6 (d) 3.142

C. Write the following numbers in scientific notation, stating the mantissa and exponent.
(1) 11.00132 (i) 1.56 (iii) 203.45 (iv) 0.0000321

D. Write the numbers in C to three significant figures.
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1.1.9 Estimation » 25 31>

Estimate the approximate value of each of

4.5 x 105 x 2.0012 (ii) V254 x 10* + 28764.5
il
8.892 x 10* 2.01 x 10 — 254 x 10-6

1.2 Revision

1.2.1 Types of numbers <2 27>

Numbers can be classified into different types:

natural numbers

Zero

directed numbers

integers

rational numbers (fractions)
irrational numbers

real numbers

complex numbers (» Chapter 12).

The counting numbers

1,2,3,4,...
are called natural numbers.

Zero, 0, is really in a class of its own — we always have to be careful with it. It is an
integer and also, of course, a real number. Essentially, zero enables us to define negative
numbers. Thus, the negative of 3 is the number denoted n = —3 satisfying

3+4n=0

This enables us to ‘count in opposite directions’ using directed or negative numbers
—1,-2,-3,—-4,...

The full set of numbers

{..—4,-3,-2,-1,0,1,2,3,4,...}

is called the set of integers.
Numbers that can be written in the form:

integer ( 3 -1 )
—(eg. -, —
non-zero integer & 4 2

6
(including integers, such as 6 = I)
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are called rational numbers or fractions. All measurements of a physical nature (length,
time, voltage, etc.) can only be expressed in terms of such numbers. Numbers which are
not rational, and cannot be expressed as ratios of integers, are called irrational numbers.
Examples are +/2 and 7. We will prove that +/2 is irrational in Chapter 14.

The set of all numbers: integers, rational and irrationals is called the set of real numbers.
It can be shown that together these numbers can be used to ‘label’ every point on a
continuous infinite line — the real line. So called ‘complex numbers’ are really equivalent
to pairs of real numbers. They are studied in Chapter 12, and an introduction is provided
in the Applications section of Chapter 2.

Note that zero, 0, is an exceptional number in that one cannot divide by it. It is not that
1/0 is ‘infinity’, but simply that it does not exist at all. Infinity, denoted oo, is not really
a number. It is a concept that indicates that no matter what positive (negative) number
you choose, you can always find another positive (negative) number greater (less) than it.
Crudely, oo denotes a ‘number’ that is as large as we wish.

Solution to review question 1.1.1

A. All numbers here are real, so d applies to them all.
(i) —1 is a negative natural number, i.e. an integer; (a, b, c, d)

(i) % is a ratio of integers and is therefore rational; (c, d)

(iii) O is an integer — the only one that is its own negative; (a, c, d)
(iv) 7 is a natural number and an integer. It is in fact also a prime
number — that is, only divisible by itself or 1 (Section 1.2.3). It is
also an odd number (cannot be exactly divided by 2); (a, c, d, g)

23 . . . .
(v) — is a rational number — actually an improper fraction

(Section 1.2.5); (c, d)

(vi) —3 is a rational number — a proper fraction (Section 1.2.5); (b,

4
c, d)
(vii) 0.73 is actually a decimal representation of a rational number
73
0.73 = —
100

sometimes called a decimal fraction, but usually simply a decimal
(Section 1.2.8); (c, d, f)
(viii) 11 is a natural number and an integer — like 7 it is also prime,
and is also odd as any prime greater than 2 must be; (a, c, d, g)
(ix) 8 is another natural number and integer — but it is not prime,
since it can be written as 2 x 2 x 2 = 23 (Section 1.2.7). It is
also an even number; (a, c, d)
(x) The square root of 2, V2, is not a rational number. This can be
shown by assuming that

Ja="

n
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where m and n are two integers and deriving a contradiction. /2
is irrational and is a real number. Such numbers, square roots of
prime numbers, are called surds (Section 1.2.7); (d, e)

(xi) —0.49 is a decimal representation (Section 1.2.8) of the negative
rational number

49
100

(b, c, d, f)

(xii) m, the ratio of the circumference of a circle to its diameter, is
not a rational number — it is an irrational number. That is, it
cannot be written as a fraction. 22/7, for example, is just an
approximation to m; (d, e)

B. () 0x1=0,ie. zero — which of course is also finite (d, e).
@i1)) 04+ 1 =1, finite, non-zero (e, f).
(iii) % does not exist — it is not infinite, negative, zero, finite or non-
zero — it just does not exist (b).
(iv) 2 — 0 = 2, finite and non-zero (e, f).
W) 02 =0 x 0 =0, zero and finite (d, e).
(vi) 0 — 1 = —1, negative, finite, non-zero (c, e, f).

(vii) % does not exist (you can’t ‘cancel’ the zeros!). It is not infinite,
negative, zero, finite or non-zero — it just does not exist (b).

(viii) Because of the % the expression 3 x 0 + % does not exist (b).
3
(ix) 0 again, does not exist (b).

(x) % = 1 — no problem here, finite and non-zero (e, f).
Note that none of the numbers in B is referred to as ‘infinite’.

1.2.2 Use of inequality signs <2 27>

The real numbers are ordered. That is, we can always say whether one number a is
less than, equal to, or greater than another given number b. To denote this we use the
‘comparator’ symbols or inequalities, < and <, > and >. a > b means a is greater than
b; a < b means a is less than b. Thus 6 > 5, 4 < 5. a > b means a is greater than or
equal to b, and similarly a < b means a is less than or equal to b. Be very careful to
distinguish between, for example a > b and a > b. Sometimes it is also useful to use the
‘not equal to’ symbol, #.

Care is needed when changing signs and forming reciprocals with inequalities. For

example, if a > b > 0, then —a < —b and — < b However, if a > 0 > b then —a < —b
a

L 1 1 )
is still true, but — > b Try a few numerical examples to check these statements. Most
a
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of us find inequalities difficult to handle and they require a lot of practice. However,
in this book we will need only the basic properties of inequalities. We will say more
about inequalities in Section 3.2.6.

Often we wish to refer to the positive or absolute value of a number x (for example in
a rectified sine wave). We denote this by the modulus of x, |x|. For example

| — 4| =4

By definition |x| is never negative, so |x| > 0. Also, note that |x| < a means —a < x < a.
For example:

|x] <3

means
-3 <x<3

Solution to review question 1.1.2

(i) ‘x is a positive non-zero number’ is expressed by x > 0

(i1) ‘x lies strictly between 1 and 2’ is expressed by 1 < x < 2

(iii) ‘x lies strictly between —1 and 3’ is expressed by —1 < x < 3

(iv) ‘x is equal to or greater than —2 and is less than 2’ is expressed by
—2<x<?2

(v) If the absolute value of x is less than 2 then this means that if x
is positive then 0 < x < 2, but if x is negative then we must have
—2 < x <0. So, combining these we must have —2 < x < 2. This
can also be expressed in terms of the modulus as |x| < 2.

1.2.3 Highest common factor and lowest common multiple
(<3 23>

A prime number is a positive integer which cannot be expressed as a product of two or
more smaller distinct positive integers. That is, a prime number cannot be divided exactly
by any integer other than 1 or itself. From the definition, 1 is not a prime number. 6, for
example, is not a prime, since it can be written as 2 x 3. The numbers 2 and 3 are called
its (prime) factors. Another way of defining a prime number is to say that it is has no
integer factors other than 1 and itself.

There are an infinite number of prime numbers:

2,3,5,7, 11,13, ...

but no formula for the nth prime has been discovered. Prime numbers are very important
in the theory of codes and cryptography. They are also the ‘building blocks’ of numbers,
since any given integer can be written uniquely as a product of primes:

12=2x2x3=2%3

This is called factorising the integer into its prime factors. It is an important operation,
for example, in combining fractions.

8
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The highest common factor (HCF) of a set of integers is the largest integer which is
a factor of all numbers of the set. For small numbers we can find the HCF ‘by inspec-
tion’ — splitting the numbers into prime factors and constructing products of these primes
that divide each number of the set, choosing the largest such product.

The lowest common multiple (LCM) of a set of integers is the smallest integer which
is a multiple of all integers in the set. It can again be found by prime factorisation of
the numbers. In this book you will only need to use the LCM in combining fractions and
only for small, manageable numbers, so the LCM will usually be obvious ‘by inspection’.
In such cases one can normally guess the answer by looking at the prime factors of the
numbers, and then check that each number divides the guess exactly.

Solution to review question 1.1.3

A. (1) 15=3x5
(i) 21=3x7
(iii) 60=3x20=3x4x5=2x2x3x5=22x3x5
(iv) 121 =11 x 11
(V) 405=5x81=5x9x9=5x3x3x3x3=3"%5
(vi) 1024 =4 x 256 =4 x 16 x 16
=4x4x4x4x4=2%x2%x2%x2x2x2x2
X2X2x?2
= 212 (or, anticipating the rules of indices = 4° = (2%)° =
27
(vii) 221 =13 x 17
Notice that there may be more than one way of factorising, but that
the final result is always the same. You may also have noticed that it
gets increasingly difficult to factorise, compared to multiplying — thus
in (vii), it is so much easier to multiply 13 x 17 than to discover
these factors from 221. This fact is actually the key idea behind many

powerful coding systems — the trap-door principle — in some cases it
is much easier doing a mathematical operation than undoing it!

B. (i) 24, 30. In this case it is clear that the largest integer that exactly
divides these two is 6 and so the HCF of 24 and 30 is 6.

(i1) 27, 99. Again the fairly obvious answer here is 9.
(iii) 28, 98. Perhaps not so obvious, so split each into prime factors:

28=4x7=2x%x2x17
9 =2x49=2x7x7

from which we see that the HCF is 2 x 7 = 14.

(iv) 12, 54, 78. Splitting into prime factors will again give the answer
here, but notice a short cut: 2 clearly divides them all, leaving 6,
27, 39. 3 divides all of these leaving 2, 9, 13. These clearly have
no factors in common (except 1) and so we are done, and the HCF
is2x3=6.
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(v) 3, 6, 15, 27. Here 3 is the only number that divides them all and

is the HCF in this case.
C. (i) Since 3, 7 are both primes, the LCM is simply their product, 21.

(i) 9 = 3 x 3, s0 3 and 9 both divide 9 and there is no smaller number
that does so. The LCM is thus 9.

(iii) Since 3 x 12 =36 and 2 x 18 = 36, we see directly that the LCM
is 36.

(iv) We have to deal with 3, 5, and 9 = 3. The LCM must contain at
least two factors of 3 and one of 5. So the LCM is 5 x 32 = 45.

(v) 2,4, 6.2 divides 4, so we must have a factor of 4 in the LCM.
Also, 4 and 6 both divide 12, but no smaller number and so the
LCM is 12.

1.2.4 Manipulation of numbers <3 28>

Much of arithmetic is based on just a few operations: addition, subtraction, multiplication
and division, satisfying a small number of rules. The extension of these rules to include
symbols as well as numbers leads us on to algebra (Chapter 2).

Addition, denoted +, produces the sum of two numbers:

6+3=9=346 (addition is ‘commutative’)
Subtraction, denoted —, produces the difference of two numbers:
6—-3=3=—-(3—-6) (minus sign changes signs in brackets)

Multiplication, denoted by a x b or simply as ab in algebra, produces the product of
two numbers:

6 x3=(6)3) =18=3 x 6 (multiplication is commutative)

a - b is sometimes used to denote the product but can be confused with decimal notation
in arithmetic. u
Division, denoted by a =+ b or a/b or, better, b’ produces the quotient of two numbers:

6+3=6/3=%=2 (of course, 63 %36
Note that + and / are very rarely used in written calculations, where we use the form
% unless we need to call into play = or / because we have a large number of divisions.
Also notice how we have simplified the quotient to 2. We always simplify such fractions
to lowest form whenever we can (> 12).
The way the above and other arithmetic operations are combined is according to a set
of conventional precedences — the rules of arithmetic. Thus we always perform multi-

plication before addition, so:
2x3+5=6+5=11

10
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Brackets can be used if we want to override such rules. For example:
2x(B3+5=2x8=16

In general, an arithmetic expression, containing numbers, ( ), x, =, 4+, —, must be
evaluated according to the following priorities:

BODMAS
Brackets ( ) first

Of (as in ‘fraction of” — rarely used these days)
Division + } second
Multiplication x

Addition + ] third

Subtraction —

If an expression contains only multiplication and division we work from left to right. If
it contains only addition and subtraction we again work from left to right. If an expression
contains powers or indices (Section 1.2.7) then these are evaluated after any brackets.

Products and quotients of negative numbers can be obtained using the following rules:

HDHD =41 (+DH(—1) =-1

=DHEHD =-1 (=D =+1

1 p—

S

For example (—2)(-3) =(—D(-1)6 =26

Note that if you evaluate expressions on your calculator, it may not follow the BODMAS
order, simply because of the way your calculator operates. However, BODMAS is the
universal convention in Western mathematics and applies equally well to algebra, as we
will see in Chapter 2.

Solution to review question 1.1.4

Following the BODMAS rule

i) 24+3-7=5-T7T=-2
(i) 4x3+2=12+2=6
(i) 3+42x5=34+10=13
(iv) B4+2)x5=5x5=25
(v) 3+ @2 x5)=3+10=13. In this case the brackets are actually
unnecessary, since the BODMAS rules tell us to evaluate the multi-
plication first.
(vi) 18 -2 x 3 =9 x 3 = 27 following the convention of working from
left to right.
(vii) 18 = (2 x 3) = 18 + 6 = 3 because the brackets override the left to
right rule.

1
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(viii) =2 — (4 —5) = -2 —(—1)

—2+1
— 1
. 4
(i%) (4+(—2)>x3—4=(_—2> X34
—(=2)x3—4
— 64
10

x) B+7+=54+T-3)x2—-4)

=105+ 4) x (-2

=2-8

=—6
Notice the care taken in these examples, spelling out each step.
This may seem to be a bit laboured, but I would encourage you
to take similar care, particularly when we come to algebra. Slips
with brackets and signs crop up frequently in most people’s calcula-
tions (mine included!). Whereas this may only lose you one or two
marks in an exam, in real life, an error in sign can convert a stable
control system into an unstable one, or a healthy bank balance into
an overdraft.

1.2.5 Handling fractions <3 28>

A fraction or rational number is any quantity of the form

m
— n#0
n
where m, n are integers but n is not equal to 0. It is of course essential that n # 0, because
as noted in Section 1.2.1 division by zero is not defined.

m is called the numerator

n is the denominator

If m > n the fraction is said to be improper, and if m < n it is proper.

A number expressed in the form 2% (meaning 2 + %) is called a mixed fraction. In
mathematical expressions it is best to avoid this form altogether and write it as a vulgar
fraction, %, instead, otherwise it might be mistaken for ‘2 x % = 1’, and it is also more
difficult to do calculations such as multiplication and division using mixed fractions.

The numerator and denominator of a fraction may have common factors. These may be
cancelled to reduce the fraction to its simplest or ‘lowest’ form:

6 2x3 2 1x2 1

12 3x4 4 2x2 2

Each of these forms are equivalent fractions, but clearly the last one is the simplest.
However, sometimes one of the other forms may be convenient for particular purposes,
such as adding fractions. A very common fraction where we tend not to cancel down in

12
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this way is the percentage. Thus we usually express 32/100 as ‘32 percent’ rather than as
its equivalent, ‘8 out of 25’ !
Fractions are multiplied ‘top by top and bottom by bottom’ as you might expect:

m p mp 3 5 15
— X = =— , 0) eg =x—=—
n q nq (n.q 70) & 2 11 22
with p and ¢ also any integers. There may, of course, be common factors to cancel down,
as for example in

3 6 9

X =
2 7 7

The inverse or reciprocal of a fraction is obtained by turning it upside down:

S5 e/ (3)-

where both m and n must be non-zero. So dividing by a vulgar fraction is done by inverting

it and multiplying:
()= =(0)/ ==
q n q n q m mq
7 14 7 6 3
e.g. —t—==-X—==
2 6 2 14 2
Multiplication and division of fractions are therefore quite simple. Addition and subtrac-
tion are less so.
Two fractions with the same denominator are easily added or subtracted:
p_m=£p 31 3-1 12

+ — e.g. —=—==-=1
n n 2 2 2 2

m
n

So to add and subtract fractions in general we rewrite them all with the same common
denominator, which is the lowest common multiple of all the denominators. For example

3 4 3x3 4x4 _9-16 1

4 3 12 12 2 12
In the example, 12 is the LCM of 3 and 4.

An electrical example - resistances in parallel

Three resistances R, R, R3; connected in parallel are equivalent to a single resistance R
given by

1_1+1+1
R R R R

So, for example if R} =2Q, R, = %Q, R; = %Q then

1 2
= = 3 + 2+ 3 (units of inverse ohms)

13
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or, with 6 the LCM of 2 and 3

_3+12+4_19 @
6 6 6 6

and so the equivalent resistance is
6
R=—Q
19

Finally, on fractions, recall the ideas of ratio and proportion. These are met early in
our mathematical education, yet often continue to confuse us later in life. Specifically, it
is not uncommon to see someone make errors such as:

ca 1

_:—meansazlandb=3’
b 3

so it is worth having a quick review of this topic.
The notation a : b is used to indicate that the numbers a and b are in a certain ratio or
proportionality to each other.

a:b=1:3

simply means that

and this most certainly does not mean a = 1 and b = 3. For example
3:9=2:6=7:21=1:3

All a : b =1 : 3 means is that

i.e. a is a third of b. If we are given a (or b) then we can find b (or a). The review
question illustrates this.

In general, if we can write a = kb where k is some given constant then we say ‘a is
proportional to b’ and write this as a « b. a and b are then in the ratioa : b =1: k. On
the other hand if we can write a = k/b then we say ‘a is inversely proportional to b’ and
write a o< 1/b.

Solution to review question 1.1.5

4 2x2 2
A () -=-2=%
6 2x3 3

18 9x2

(1) 9 9

14
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)

(vi)

(vii)

(viii)

(ix)

(x)

1 4

— X = = —

374 3

7 3 1 3

u— X —_ = = p—

5 14 5 2

(cancelling 7 from top and bottom, as in (iii))
_Ix3 3

5x2 10

3 4 3 5 15

e o= xo=—

4 5 4 4 16

I 1 3 2

— + — =

2 3_2x3+2x3

on multiplying top and bottom appropriately to get the common
denominator in both fractions,

3.2 3+2 5
"6 6 6 6
11 3 2
2 3 6 6
o 3-2 1
T 6 6
4 7 4 5x7
15 3 15 15
4 —35
-5
31
T
1+1+__§ § %
2 3 6 6 6
_ll
T 6

Here we found the LCM of 2 and 3 (6) and put everything over
this, including the 1.

2 3 1

37178
We want the LCM of 3, 4, 8. This is 24, so
2 3 1 2x8 3x6 3

3 4 8 24 24 +’24
16 —18+3
24

15
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a 3 2a .
B. Ifa:b=3:2then5=§ sob=?. So, if a =6 then b =
2x6
=4,
3

1.2.6 Factorial and combinatorial notation — permutations
and combinations <4 29>

The factorial notation is a shorthand for a commonly-occurring expression involving posi-
tive integers. It provides some nice practice in manipulation of numbers and fractions, and
gently introduces algebraic ideas. If n is some positive integer >1 then we write

nl=nn—-1Hn-2)...2x1
read as ‘n factorial’. For example

S!=5x4x3x2x1=120

Notice that the factorial expression yields large values very quickly, that is n! increases
rapidly with n. In calculations involving factorials it is often useful to remember such
results as

10! =10x9 x 8 x 7!

i.e. we can pick out a lower factorial if this is convenient, and this often helps with
cancellations in expressions containing factorials.

Note that 1! = 1. Also, while the above definition does not define 0!, the convention is
adopted that

0ol=1

The factorial notation is useful in the binomial theorem (» 71) and in statistics. It can be
used to count the number permutations of n objects, i.e. the number of ways of arranging
n objects in a given order:

First object can be chosen in n ways
Second object can be chosen in (n — 1) ways
Third object can be chosen in (n — 2) ways

Last object can only be chosen in 1 way.
So the total number of permutations of n objects is

nxm—1)xm—-2)...2x1=n!

Note that n!=n x (n — 1)!
For 3 objects A, B, C, for example, there are 3! = 6 permutations, which are:

ABC, ACB, BAC, BCA, CAB, CBA.

16
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Each of these is the same combination of the objects A, B, C — that is a selection of
three objects in which order is not important.

Now suppose we select just » objects from the n. Each such selection is a different
combination of r objects from n. An obvious question is how many different permutations
of r objects chosen from n can be formed in this way? This number is denoted by " P,.
It may be evaluated by repeating the previous counting procedure, but only until we have
chosen r objects:

The first may be chosen in n ways
The second may be chosen in (n — 1) ways
The third may be chosen in (n — 2) ways

The rth may be chosen in (n — (r — 1)) ways
So the total number of permutations will be
"P=nxm—1Dxm—=-2)x...x(n—r+1)

nm—1)n-=-2)..m—r+1)n—ryn—r—1)...2x1
m—rn—-r—1...2x1

n!

- (n—r)!

For example the number of ways that we can permute 3 objects chosen from 5 distinct
objects is

5x4x3x2x1_ 5!

= =60
2x 1 (5 —3)!

Ps=5%x4x3=

Since the order does not matter in a combination, ” P, will include »! permutations
of the same combinations of r different objects. So the number of combinations of r
objects chosen from = is

n!

r =

r! (n—r)'r!

This is usually denoted by "C, (called the ‘n — C — r’ notation) or <’;) — ‘choose r

objects from n’:

n n! 5 5 5!
"C, = =0 egiC= =2 10
(V) n—rirt T (3) (5 —3)13!

which is very useful in binomial expansions (see Section 2.2.13) and other areas, simply
as a notation, regardless of its ‘counting’ significance.

17
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Solution to review question 1.1.6

A, 1) 3!=33-1DB-2)=3x2x1=6
(i) 6! =6 x5x4x3x2x1=720

241 24 %23
(i) — = 72 oy
231 231
120 12x11x10x9!  12x11x 10
(1V) _ X X X _ X X _ 220
913! 913! 6
31 31
B. )@)3C=—" =" =3
W@ "G =735 = 1o
6! 6x5x4!
b) °Cy = = =15
®) "G = e 2141

6!
(c) 6P3=§=6><5><4=12()
(i1)) Two letters can be chosen from ABCD in

4!
4 — —
C, = T 6 ways

(iii) There are 5! = 120 permutations of five different letters.

1.2.7 Powers and indices <4 29>

Powers, or indices, provide, in the first instance, a shorthand notation for multiplying a
number by itself a given number of times:

2 x2=2?
2x2x2=2°
2x2x2x2=2*

etc.
For a given number a we have

adt=axaxax...xa

n times

a is called the base, n the power or index. a' is simply a. By convention we take a° = 1

. ) . 1 1

(a # 0). We introduce a~' to denote the reciprocal —, since then | =a x — =a! x — =
a a a

a' x a”! =a'"' = a° follows. In general, a ™" = —. From these definitions we can derive

a
the rules of indices:

am X an — am+n

18
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(an1)n — amn

(ab)n — anbﬂ

Note that for any index n, 1" = 1.

Examples
23 % 24 — 23+4 — 27
3P x30=3
(52)3 — 56
2H'=2=1

A square root of a positive number a, is any number that, when squared, yields the
number a. We use +/a to denote the positive value of the square root (although the notation
has to be stretched when we get to complex numbers). For example

2=+/4 since 22 =4

Since —2 = —+/4 also satisfies (—2)% = 4, —+/4 is also a square root of 4. So the square
roots of 4 are :i:\/é_l = 12.

We can similarly have cube roots of a number a, which yield @ when they are cubed.
If a is positive then 3/a denotes the positive value of the cube root. For example

2 = /8 because 2° =8

In the case of taking an odd root of a negative number the convention is to let »/
denote the negative root value, as in +/—8 = —2, for example.
The corresponding nth root of a number a is denoted in general by

%/a (also called a radical)

If n is even then @ must be positive to yield a real root (v/—1 is an imaginary number,
forming the basis of complex numbers, see Chapter 12). In this case, because (—1)> =1,
there will be at least two values for the root differing only by sign. If n is odd then the
nth root {/a exists for both positive and negative values of a, as in v/—8 = —2 above.

If @ is a prime number such as 2, then 4/ is an irrational number, i.e. it can’t be
expressed in rational form as a ratio of integers (6 <). This is not just a mathematical
nicety. +/2 for example, is the diagonal of the unit square, and yet because it is irrational,
it can never be written down exactly as a rational number or fraction (+/2 = 1.4142 is,
for example, only an approximation to ~/2 to four decimal places).

In terms of indices, roots are represented by fractional indices, for example:

N—

Ja=a

19
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and in general

W:a;

This fits in with the rules of indices, since

1
an

n 1
= Xn 1
> =aqan =a =a

Fractional powers satisfy the same rules of indices as integer powers — but there are
some new features:

multiplicity of roots: 22 = (—2)> = 4

non-existence of certain roots of negative numbers: /—1 is not a real
number

irrational values for roots of primes and their multiples: /2 cannot be
expressed as a fraction

Quantities such as +/2, v/3, ... containing square roots of primes, are called surds. The
term originates from the Greek word for mute, referring to a number that cannot ‘speak’ its
value — because its decimal part never ends (see Section 1.2.8). In mathematical manipu-
lation surds are always best left as they are — retaining the root sign. Any decimal form for
them will simply be an approximation as noted for /2 above. Usually we try to manipulate
surds so that the result is the simplest form, and none remain in denominators (although

1
we would normally write, for example, sin 45° = —2). To do this we can use the rules of

indices, and also a process known as rationalisation, in which surds in denominators are
moved to the numerator. The ideas are illustrated in the solution to the review question.

Solution to review question 1.1.7

A.

20

(i) 232% = 23** =27 (leave it as a power, like this)
3 s
(ii) == 3 =3 =3
(i) (5%)* =527 =5°
3 x 4)* _ 3444

V) 9% " ox2

(note both 3 and 4 are raised to the power 4)

Note that 9 = 32, 4 = 22, so we can write,

34(22)4 3428
= 73223 T 323
— 34—228—3

=322

162 (42)2 44
(V) ? = 44 = E =
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2 (3Y 242 33
H (—6)2 (=2) = (1262 (1)
(Vl)()<2> (=D ()23
6233
2%
on using (—1)? =1, (=1)? = —
2 x 323 22323
- 23 == 23

35
2
(vii) If it helps, just think of a and b as given numbers:

(—ab2)3 _ (_1)3a3b6
a’h  a%b
= —ab®
(viii) 22 (1) =222 1)3
— 2223 — 25
The steps to watch out for in such problems are the handling of the
minus signs and brackets, and dealing with the negative powers and recip-

rocals.
Don’t forget that a”, n > 0, is not defined for a = 0.

B. We can get a long way simply by using v/ab = /av/b
(1) V350 = /25 x 2 = /522 = 54/2
() V72 =8 =436 x2— /A x2=6J2—-2/2=42
(i) (v27)’ = (3f)* =3*(/3)’ =33/3=3/3=81V3

NN R AN
) = 2] T 4x27 8
V3VT V21 NOTR

W i T Vil a2
V3+2V2

(vi) To simplify N we rationalise it by removing all surds

from the denominator. To do this we use the algebraic identity:
(a—b)a+b) =ada*>—b°

(see Section 2.2.1) and the removal of surds by squaring. For a
V/3 — /2 on the bottom we multiply top and bottom by /3 + +/2,
using:

(V3=V2)V3+v2) =3’ =-W2)?=3-2=1
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Thus:

(V3+2V2) (3443
(Vi-v3) (mﬁ)
(V3+2v2) (V3++2)
~ (V3-v2) (Vi)
(v3) +3vav3+2(va)
(v3) - (v2)

_3+3v2V3+4
B 3-2

=7+3V6

A similar ploy is used in the rationalisation or division of complex
numbers (> 355)

31/391/3 2 31/332/3 2 3\2 1\2 1
(viii) > _ ( > _ <_ _ (_) _1
27 27 27 9 81

This topic, powers and indices, often gives beginners a lot of trouble. If
you are still the slightest bit unsure, go to the reinforcement exercises for
more practice — there is no other way. This is, literally, power training!

1.2.8 Decimal notation <4 30 >

You probably know that % may be represented by the decimal 0.5, i by 0.25 and so on.
In fact any real number, a, 0 < a < 1, has a decimal representation, written

a = 0.d1d2d3 oo

where each d; is one of the digits 0, 1,2, ..., 9, and the sequence may not terminate (see
below). The term decimal actually refers to the base 10 and represents the fact that:

a=d; x107 ' +d, x 1072 +dy x 1073 ..

Note the importance of ‘place value’ here — the value of each of the digits depends on
its place in the decimal.

Any real number can be represented by an integer part and such a decimal part. If,
from some point on the decimal consists of a repeating string of one or more digits, then
the decimal is said to be a repeating or recurring decimal. All rational numbers can
be represented by a finite decimal representation or a recurring one. Irrational numbers
cannot be represented in this way as a terminating or recurring decimal — thus the decimal
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representation of +/2 is non-terminating:
V2 = 14142135623 . ..

that is, the decimal part goes on forever.

All quantities measured in scientific or engineering experiments will have a finite
decimal — every human observation of any kind is subject to a limited accuracy and so
to a limited number of decimal places. Similarly any mechanical or electronic device can
only yield a terminating decimal representation with a finite number of decimal places. In
particular any number that you output on your calculator must represent a finite or recur-
ring decimal — a rational number. So, for example no calculator or computer could ever
yield the exact value of +/2 or 7. In practice even the most finicky engineer has limited
need for decimal places — it can be shown that to measure the circumference of a circle
girdling the known universe with an error no greater than the radius of a hydrogen atom
requires the value of 7 to only 39 decimal places. 7 is actually known to many millions of
decimal places. Nevertheless, irrational numbers such as /2, +/3 actually occur frequently
in engineering calculations, so we have to learn to handle them. 1/+/2 occurs for example
in the rms value of an alternating current.

A useful way of expressing numerical value is by specifying a certain number of significant
digits. To discuss these we need to be clear about zeros in numbers and what they represent.
Some zeros are needed in a number simply as place holders —i.e. to tell us whether we are
dealing with units, tens, hundreds, or tenths, hundredths, etc. For example in

1500, 0.00230, 2.1030

the bold zeros are essential to hold place value — the only way to avoid them is to write the
number in scientific notation (see below). The underlined zeros in these numbers are not
strictly necessary and should only be included if they are significant — i.e. they represent a
level of accuracy. For example if the number 1.24 is only accurate to the three ‘significant
figures’ given then it could lie between 1.235 and 1.245. But if we write 1.240 then we are
saying that there are four significant figures of accuracy and the number must lie between
1.2395 and 1.2405. The two end zeros in 1500 may or may not represent an accuracy to four
figures — we have no way of knowing without further information. Therefore unless you
are given further information, such zeros are assumed to be not significant. Similarly, the
two first zeros in 0.002320 are assumed to be not significant — they are just place holders.

To count the number of significant figures in a number, start from the first non-zero
digit on the left and count all digits (zero or not) to the right, counting final zeros if
they are to the right of the decimal point, but not otherwise. Final zeros to the left of the
decimal point are assumed not significant unless more information is given.

Examples

3.214 (4 sf), 2.041 (4 sf), 12.03500 (7 sf), 420 (2 st), 0.003 (1 sf), 0.0801 (3 sf), 2.030
(4 sf), 500.00 (5 sf)

Sometimes numbers are approximated by terminating the digits after a given number
of digits and replacing them with zeros. If this is done with no regard to the size of the
removed digits, then we say the number has been ‘chopped’ or ‘truncated’. For example
324829.1 chopped to 3 significant figures is 324000. Another, more accurate, method of
approximation is ‘rounding’, in which we take account of the size of the removed digits.
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When we ‘round’ a number we change the last non-zero digit not removed according to
the size of the digits dropped. Specifically:

° If the digit to be removed is >5 then the immediately preceding digit
is increased by 1

° If the digit to be removed is <5 the immediately preceding digit is left
unchanged

° If the digit to be removed is equal to 5 then you may round up or
down — one ‘fair’ way to do this is to round up if the previous digit is
odd and down otherwise, for example.

Although ‘chopping’ may seem to give bigger errors because, for example, 324829.1 is
closer to 325000 than 324000, it is usually the preferred method in computer arithmetic
because it is much quicker than the more accurate ‘rounding’.

Examples

213.457 chopped/rounded to 4 sf is 213.4/213.5, 56.0011 chopped/rounded to 4 sf is
56.00/56.00

We often need to convert between fractions and decimal representations. We can go from
fraction to decimal by ordinary division. Conversely, we can convert a terminating decimal
to the corresponding rational number by multiplying top and bottom by an appropriate
factor as in, for example

2
0625 02 23
1000 ~ 40 8

Any decimal number can be written as a decimal number between 1 and 10 (the
mantissa) multiplied by an appropriate power (the exponent) of 10. For example:

74.932 = 7.4932 x 10
mantissa = 7.4932

exponent = 1

The purpose of such representation, called scientific notation, is to reduce very large
and very small numbers to manageable form. For example

573000000000000000 = 5.73 x 10"/
0.0000000000000000000137 = 1.37 x 1072

In engineering there is a variation on scientific notation that uses only multiples of 3
as exponents, i.e. as powers of 10. This is so that we can use the standard prefixes kilo,
mega, micro, nano, etc.

Solution to review question 1.1.8

A.()@ =05 b -3=-15 (©1=03

where the dot above the final 3 denotes that this repeats forever:
0.3333... All the results in (a), (b), (c) are exact.
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(d) By long division we find:
1 =0.142857142857 ... = 0.142857

and the string of digits 142857 recur indefinitely as denoted by
the over dots at the ends of the sequence. To six decimal places
we can write

1~ 0.142857

B. (ii) () 0.3 5 (b) 0.67 67
. 11) (a D= — . = —
10 100

(c) 0.6 = 0.6666...= 2

To see this, let x = 0.6666... then 10x = 6.6666... and
subtracting gives

9x =6
o x=8=2
(d) 3.142 = 3142
’ ~ 1000

C. (1) 11.00132 =1.100132 x 10
mantissa = 1.100132
exponent = 1

(i) 1.56 = 1.56 x 10°
mantissa = 1.56
exponent = 0

(iii) 203.45 =2.0345 x 10?
mantissa = 2.0345
exponent = 2

(iv) 0.0000321 =3.21 x 1073
mantissa = 3.21
exponent = —5

D. To three significant figures we have

(1 11.00132 =11.0

(i) 1.56

(ii1) 203.45 =203

(iv) 0.000321 = 0.000321

1.2.9 Estimation <5 31

With the availability of calculators we are now used to having enormous number crunching
capability at our fingertips. But there are occasions when we don’t have our hands on a

25



Understanding Engineering Mathematics

calculator, or we need to get a rough order of magnitude check on a messy calculation. In
such situations the engineer’s most powerful tool has always been an ability to mentally
estimate quantities and perform quick ‘back of the envelope’ (we still have them, despite
email!) calculations. The trick is to approximate the numbers you are dealing with so
that the calculations become simple, yet some sort of rough accuracy is retained. It is a
matter of judgement and practice. Absolute values of numbers are less important than their
relative values — for example 1021 is significant in

3 x 1021 440 x 234

but is relatively insignificant in

1021
—— — 103372415
10

So, inspect all the numbers occurring in an expression and approximate them each to
an appropriate order of magnitude, rounding as necessary, then perform the (hopefully)
simplified calculation with the results.

Solution to review question 1.1.9

4.5 x 10° x 2.0012 _45x 105 x 2
8.892 x 10* T 9x 104
N 10°
~ 10
So if your calculator gave you 101.2753 ... then you know you have
slipped up on a decimal point.
V254 x 10* +28764.5 /254 x 10% + 3 x 10*
2.01 x 10 —2.54 x 10-¢ 2x 10

neglecting 2.54 x 107% in comparison with 2.01 x 10

®

~ 10

(i)

_¢257x104NJ256x104
Too2x10 T 2x10

/162 x 104
2x10

on replacing 257 by 256 for easy square rooting:

16 x 102
- 22X g
2x 10

The answer to two decimal places is in fact 79.74.
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1.3 Reinforcement

1.3.1 Types of numbers << 5 <

A. Say what you can about the type and nature of the following numbers:

i 2 (i) -3 (i) 11
(iv) 21 ¥ -0 i) %

) 2 . 3
(vii) 3 (viii) 1 5 (ix) — 7

18 . .

(x) ) (xi) 0.0 (xii) 0.2
(xiii) —0.31 (xiv) 6.3 (xv) V3
(xvi) 3w (xvii) e (xviii) e?
(xix) —+/2 (xx) —1.371

(e is the base of natural logs — see Chapter 4)
B. Say all you can about the following expressions

i 0x3 (ii) % (iiiy 0—2
.0 0+2 oy
(iv) ] (v) B (vi) 0
50« ! 1o ? . 3x0
(vii) X 0 (viii) —1 x 0+ 2 (ix) 0
0 . -
(x) 4 (xi) 0! (xii) o
1.3.2 Use of inequality signs <2 7 <

A. Using inequality signs, order all of the numbers in Q1.3.1A.
B. Suppose a, b and ¢ are three non-zero positive numbers satisfying

a<b<c
What can you say about:
Q) a2 b*, ? (ii) (iii)) a+b, 2c

(iv) —a, —b, —c V) a, Vb, \/c?
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1.3.3 Highest common factor and lowest common multiple

<«<3 8 «
A. Express in terms of prime factors
1 2 (i) —6 Gi) 21
(iv) 24 (v)y =72 (vi) 81
. 27 .
(vii) T (viii) 143 (ix) 391
(x) 205

B. Determine the highest common factor of each of the following sets of numbers

() 11, 88 (i) 28, 40 (i) 25, 1001
(iv) 20, 45, 90 (v) 14, 63,95 i) 24,72, 96
(vii) 36, 42, 54

C. Find the lowest common multiple of each of the following sets of numbers

(i) 2,4 (i) 5,8 (i) 12, 15
(iv) 6,9,27 (v) 12,42, 60, 70 (vi) 66, 144
1.3.4 Manipulation of numbers <«3 10«

A. Evaluate

() 3—6x7 () 34—1)—2 (i) (4—1)=(6-3)
(iv) 6—(3—6)x4 (v) 24+ (6+2) vi) (24=6)=2
Vi) @xB—=1)=(T—-23-1)

B. Evaluate

(i 10— (2—-3x4% (i) 100 —3(7 —10)? Gii)) —((—=(=(=D))
(iv) -32-QC+D(=4+2)+4x3) v) 1—-4(-2)
C. Evaluate 4 + 5 x 2° in its conventional meaning. Without these conventions how many
pairs of brackets would be needed to make the meaning of the expression clear?
Now insert one pair of brackets in as many different non-trivial ways as possible

and evaluate the resulting expressions (retaining the other usual conventions). Can any
other results be obtained by the insertion of a second pair of brackets?

1.3.5 Handling fractions <<3 12«

A. Find in simplest form as a fraction
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.. 10 ... 36 el 102
@) o (i1) ) (iii) 3 X 5
. 14 5 1 1 11
@iv) 557 ) 5—%—4—1 (vi) 377
(vii) g—l (viii) l—l—i-l (ix) g—l—l—l
5 10 2 3 5 2 6
32\ /1 1 12
@ (G-5)<G-2) @5
B.(a) If a:b=7:3 determine a for the following values of b: (i) 4, (i) 3, (iii)) —7,
@iv) 15.
(b) Repeat for b with the same values for a.
C. If a: b =5 :2 evaluate as fractions
.oa . b .. a—»b
(1) b (i) atb (ii1) m (iv) atb
a b . a b ... a+b a-b>b
ey Sy Sy Sy

D. If a is proportional to b and a = 6 when b = 4, what are the values of the following

. ..oa b ... a—b .
(i) a when b =3 i) —+ - (i) —— (iv) b when a =21
b a a+b

1.3.6 Factorial and combinatorial notation — permutations and
combinations «<4 16«

A. Evaluate

@ 5! (i) 10! (i) 301!
i) 5! i ! i) —
300!
. 18!6! 14! . 10!
™) e N TIETE ) T
9! 8!
(vii) 10! 4 11! (Vi) = o
B. Evaluate
i G (i) °Cy (iii) '"'Cq4
(iv) '°c4 (v) 190Cq (vi) "P;

(vii) °P:°C;

C. How many combinations of 4 different letters can be chosen from ABCDEFG?

1.3.7 Powers and indices << 18 <«

A. Evaluate in terms of powers of primes
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(i) 2223
(iv) 6227232
(vii) 3%223°!

(i) 343632

(iv) (4 x 6)5/(3% x 4%)

246

(vii) 3351

(i) 3%/32

V) 22x4x2
(viii) 49 x 7/212

(i) 2342/2°

(viii)

277 /28 14

) 2759

81/327
3223

. Show that the following are all the same number

3V5 45T 3435

(i) V18
(v) /512
. Rationalize
() 1
V7
@ V541
V5-1

. Express in terms of simplest surds

(i) ~20
(vi) /396
3 1
(i) — ﬁ
i) V2-243
V2+4/3

(viii) /512 + /128 + /32

1.3.8 Decimal notation

i) \/T
(vii 2

(i) 6% x 3%/4
(vi) 5°/10*

. Simplify (write as simplest products of powers of primes)

6223
(iii)

349

2233

(vi) (—=4)3/(=12)*

-1
+\/T-i-\/T
4 8

A. Express in decimal form, to four decimal places in each case

B. Express as fractions

30

i) —3

™ ¢

(i) 025
v) 0.17

(i)
(vi)

ool— NI

(i) 0.125

(iii) 2

(iii) 72.45

(iv)

@iv)

<« <4

—0.312

W 2T 21 VK [R
157 3Vs5 /a5 35 45
(i) /32 (iv) /52
(vii) /108 (viii) /63

(iii) L @iv) L
V2 4—410
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C. Write the following numbers in scientific notation stating the mantissa and exponent

(i) 21.3241 (ii) 429.003 (iii) —0.000321 (iv) 0.00301
(v) 1,000,100 (vi) 300491.2

D. Write the numbers in C to (a) 3, (b) 6 significant figures.

1.3.9 Estimation <<5 25 <

A. Assuming at w >~ 3.142 and e >~ 2.718 give approximate values for
(i) w2 (i) & (i) 72 (iv) e7?

B. Estimate the values of

.. 0.0003 x 3.1 x 10° . 2.01 + 403
0) (i) -
9050 2.1 x107° —29.9
(i) 6 x 10° + 1001¢° i) 3r2e?
m v
3.109 — 3.009 63

1.4 Applications

1. An electrical circuit comprised of resistors only is illustrated in Figure 1.1
L |

R
R
R
R
R

g

1
2
3
m
2
Figure 1.1 \_m_‘

The equivalent resistance, R, of two resistors R; and R; in series is the sum of their
resistances:

|

:

R=R +R;
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The reciprocal of the equivalent resistance of two resistors in parallel is equal to the
sum of their reciprocals:

1 1 1

R R + R,
(see Section 1.2.5)

(a) If, in the circuit of Figure 1.1, Ry = 1R, R, = 292, R3 = 3Q2 determine the overall
equivalent resistance of the circuit, working entirely with fractions.

(b) Repeat the calculation using three decimal places accuracy and compare your result
with (a).

(c) Suppose now that R, is not fixed, but can vary. Obtain the equivalent resistance in
terms of R, using exact fractions.

(d) Using the result of (c), plot a graph of the equivalent resistance R for integer values
of R, from 1 to 10.

(e) Discuss the calculations and results of (c), (d) in the light of the need to plot a
useful graph.

(f) If we wish to increase slightly the equivalent resistance above that when R, = 2Q
what should we do with R,, increase or decrease it?

2. Using the expressions for "C, try a selection of values of n and r to investigate whether
the following relations might be true.

(1) nCr + nCn—r = rcn (11) n_lcr + n_lcn—r = nCr
(111) "Cr="Cp

Prove any result that you suspect is true.

Answers to reinforcement exercises

1.3.1 Types of numbers

A. (i) 2 is a positive prime and even integer.
(i) —3 is a negative integer.
(iii) 11 - integer, positive, prime, odd.
(iv) 21 — integer, positive, odd, composite (3 x 7).
(v) —0 — zero, both positive and negative.

(vi) % — proper fraction, rational number, positive.

(vii) % — improper fraction, positive, rational.

(viii) 1% is a positive mixed fraction expressible as the improper fraction %
3

(ix) —3% — negative proper fraction.
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(x)

(xi)
(xii)

(xiii)

(xiv)

(xv)
(xvi)
(xvii)
(xviii)
(xix)

(xx)

B. ()
(iv)
(vii)

)

18
5 - improper fraction which can be cancelled down to lowest terms as an
integer 2.
0.0 — decimal representation, to one decimal place, of zero.
2 1
0.2 is a decimal fraction expressible as the proper fraction 0=5
—0.31 is a negative decimal fraction expressible as the negative proper
. 31
fraction ——.
100
3
6.3 is a positive decimal number, expressible as the mixed fraction 61—0 or
. .63
the improper fraction 10"
V/3 is a positive irrational number.
37w — irrational.
e — irrational.
e? — irrational.
—4/2 is a negative, irrational number.
—1.371 is a negative decimal fraction expressible as the negative improper
. 1371
fraction — ——.
1000
Zero (i) not defined (ili) negative integer
Zero (v) not defined (vi) zero
not defined (viil) zero (ix) not defined
40 =1 xi) 0'=1 (xii) 24

1.3.2 Use of inequality signs

5
A. 21>11>3n>ez>6.3>e>5>2

=§> 3>l§>§>0.2>0.0

9

=—-0> —0.31 >—;>— 2>—-1.371 > -3

B. () a? <b*<c? (>i1)

> — > (i) a+b <2

1
c

IS
S =

(iv) —c<-b<-a ) Ja<+b<. e

1.3.3 Highest common factor and lowest common multiple

A. (i) 2 is already prime (il)) -6=—-1x%x2x3 (i) 21 =3x7
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(iv) 24=23x3 (v) =72=—-1x23x3? (vi) 81=3*
(vii) 27! x 33 x 77! (viii) 11 x 13 (ix) 17 x 23
x) 5x4l1
B. () 11 (i) 4 Gii) 1
@{iv) 5 ) 1 (vi) 24
(vii) 6
C. () 4 (i) 40 >iii) 60
(iv) 54 (v) 420 (vi) 1584

1.3.4 Manipulation of numbers

A. () -39 (i) 7 (i) 1
(iv) 18 (v) 8 (vi) 2
(vii) %

B. (i) 56 (i) 181 (i) 1
(iv) —66 ™) 9

C. 44; 2 pairs of brackets, 4 + (5 x (2%))
With one pair we can get 72, 1004, 2744
With two pairs we could also get 183

1.3.5 Handling fractions

A. () % (i) 4 (iii) %

98 3 4

(iv) % ) Z (vi) a

oo 7 vl S . 4

(vii) 2 (viii) A (ix) s

130 .
(x) YT (xi) 24

. 28 .. 49 .
B. (a) (i) Y @) 7 (iii) — @iv) 35
b (i 12 .. 3 .. 45
(b) @) - (i) (i) — (iv) -

LIS TV

.S .5 .. 3 2 L1 .
C. @ 2 (i1) 7 (iii) @Giv) = v) — i) — (vii)
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D. (i) g (ii) % (iii) % (iv) 14

1.3.6 Factorial and combinatorial notation

A. () 120 (i) 3628800 (i) 301
(iv) 220320 (v) 264 vi) 210
(vii) 43545600 (viii) 70

B. () 36 (i) 36 (i) 330
(iv) 210 v) 1 (vi) 210
(vii) 2400

C. 35

1.3.7 Powers and indices

A, () 25 (i) 32 (i) 2x3° (Gv) 3* () 2°  (vi) 5%2°*
(vii) 2233 (vii)) 7 x 372

B. (i) 32 (i) 22 (iii) 233°
(iv) 2434 W) 3 (vi) —27%237¢4
(vii) 21333 (viii) 2723 =3

D. (i) 3v2 (i) 25 (i) 2v2
(iv) 2413 v) 162 (vi) 64/11
(vii) 63 (viid) 3+/7

E. (i) g (ii) —? (i) V2 +1
(iv) L:m v) 3+2f5 (vi) 3v/6-8
(vii) i(2+3\/§) (vii)) 2842

1.3.8 Decimal notation

A. (i) —0.5000 (i) 3.5000 (i) 0.6667
(iv) —0.2222 (v) 0.0000 (vi) 0.1250

B. () 1 o 1 (i) 1449
. @ 1 (1) 3 1ii 20
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(iv) 39 W) 17
iv) ——— V) —
125 100
C.
Scientific
Given Notation Mantissa Exponent

(1) 21.3241 2.13241 x 10 2.13241 1

(i) 429.003 4.29003 x 10? 4.29003 2

(iii) —0.000321 —3.21 x 107* -3.21 —4

(iv) 0.00301 3.01 x 1073 3.01 -3

W) 1,000,100 1.0001 x 109 1.0001 6

(vi) 300491.2 3.004912 x 10° 3.004912 5

D.(a) () 213 (i) 429 (i) —0.000321 (iv) 0.00301 (v) 1,000,000
(vi) 300,000

(b) () 21.3241 (i) 429.003 (i) —0.000321 (iv) 0.003010 (v) 1,000,100
(vi) 300491

1.3.9 Estimation
A Q) 10 D20 ... 1 . 1
. (1) (>i1) (iii) T0 @iv) 20

B. () 0.1 () —13 (i) 62 x 10° (v) 10

36



2
Algebra

In this chapter we review the basic principles of algebra in some detail and introduce some
more advanced topics. There is a lot of work in this chapter, reflecting the importance of
algebra, but don’t feel you have to do it all at once. Some topics, such as the binomial
theorem, you may like to leave until you need them.

Prerequisites
It will be helpful if you know something about:

the rules of arithmetic (10 <)

the properties of zero (6 <)
algebraic manipulation of symbols
powers and indices (18 <)
factorial notation (16 <)

Objectives
In this chapter you will find:

multiplication of linear expressions

addition and multiplication of simple polynomials

factorisation of polynomials by inspection

simultaneous linear equations

definition and use of identities

factors and roots of a polynomial and use of the factor theorem
rational functions and their properties

addition and multiplication of rational functions

division of polynomial expressions and use of the remainder theorem
partial fractions

properties of quadratic expressions and equations

powers and indices for algebraic expressions

the use of the binomial expansions of (a 4+ b)" and (1 + x)" for positive integer n

Motivation

You may need the material in this chapter for:

e manipulation of mathematical expressions of scientific and engineering relationships
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o further mathematical topics and techniques such as integration, coordinate geom-
etry, Laplace transforms

e solving systems of linear equations occurring in electrical circuits, chemical reac-
tions, etc.

e solving differential equations

e numerical methods and statistics

2.1 Review

2.1.1 Multiplication of linear expressions > 40 73>

Expand the brackets in the following expressions

i) —(x—3) (i) 2x(x — 1) (iii) (a —3)(2a —4)
(iv) (t—3)+3) V) (u—2)*
2.1.2 Polynomials »43 74>

Expand and simplify into polynomial form

() 2 —=2x4+14+30*+2x° —4x?2—x—1)
(i) (x—2)(x +3)
(i) (x — D>(x +1)
(iv) @x —DE*+x+1)

2.1.3 Factorisation of polynomials by inspection » 45 75>
A. Factorise (i) 3x%+ 6x () u?-16
B. Factorise i x2—x-2 (i) x*—2x*—x+2

(iii) 3x%45x —2

2.1.4 Simultaneous equations » 48 752>

Solve the simultaneous equations

2x —y=1
x+2y=2
2.1.5 Equalities and identities » 50 76 >>

Determine A and B if
A(x =3)+Bx+2)=4
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2.1.6 Roots and factors of a polynomial
A. Referring to 2.1.2(iii), what are the (i) factors and (ii) roots of the polynomial

x3 — x? — x + 1?7 What are the solutions of the equation x> — x> —x + 1 = 0?

B. Determine the factors of x3 + 2x2 — 5x — 6.

2.1.7 Rational functions » 54 76>

Which of the following are rational functions?

Lox—1 . 1 x—1
ey W v+ 7 W
v [
1v
x+1
2.1.8 Algebra of rational functions » 56 76>
Put the following over a common denominator
(@) 2 &
1 e
x+1 x-2
(ii) 1 n 1 1
11 —
x—1 x+1 x+2
2.1.9 Division and the remainder theorem » 60 77>

A. Divide 2x* + x> — 6x +9 by x + 2.
B. Use the remainder theorem to find the remainder when 4x> — 2x2 + 3x — 1 is divided
by x — 2.

2.1.10 Partial fractions »62 77>

Split into partial fractions

x+1
(x =D +3)

2.1.11 Properties of quadratic expressions and equations
» 64 78>
A. Solve the quadratic equations
() x*—3x=0
(i) x> =5x+6=0
(iii) 2x>4+3x—2=0
B. Complete the square for the quadratic x*> + x + 1 and hence determine its minimum

value.

C. What is the (i) sum (ii) product of the roots of the quadratic x> + 2x + 3?
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2.1.12 Powers and indices for algebraic expressions » 70 78>

Simplify the following

. a*ct .. Goien!
(1) m (11) W
1 1
i (x—=D36x +16)4
(iii) 3
x+Dx2—-1)"4
2.1.13 The binomial theorem »71 79>

Expand (2 — x)° by the binomial theorem.

2.2 Revision

2.2.1 Multiplication of linear expressions

Algebra is the branch of mathematics that generalises arithmetic by using symbols as well
as numbers. Symbols, such as x, y, a, b, may represent any numbers, but there are certain
conventions used which are useful to know: letters from the beginning of the alphabet:
a, b, c, ... usually represent constants — quantities having a fixed value; letters from the
middle of the alphabet .../, m, n, ... usually represent whole numbers or integers; letters
from the end of the alphabet . .. x, y, z usually represent variables, which may take a range
of values. As mathematics becomes more advanced we need more symbols and the Greek
alphabet is pressed into service — you have already seen an example in w, the Greek p.

An algebraic expression is any quantity built up from such a finite number of symbols
using only the arithmetic operations of addition, subtraction, multiplication or division.
This includes integer powers which are simply successive multiplication, and roots of
variables, such as /x.

Examples

2b 1
x4y, at x? +2x +3, Vi+

a—>b’ r—1

are all algebraic expressions, in the symbols indicated. Be careful to distinguish between
an algebraic expression, such as x> — 1, and an algebraic equation such as x> — 1 = 0.
An expression tells you nothing about the variables involved, it stands alone, whereas an
equation can fix the values of the variables.

Most of the expressions we will deal with in fact contain just one variable — called
functions of a single variable — which is traditionally, but not exclusively, denoted by x.
The simplest example is the linear expression in x such as 2x + 3 (called linear because
its graph is a straight line (» 212), or in general

ax +b

where a and b are given constants. If the use of symbols a, b to represent constants worries
you, just think of them as numbers such as 2, 3, etc.
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Another important example is a quadratic expression in x such as 2x? + 7x — 4, of
general form

ax’>+bx +c¢

where a, b, ¢ are again ‘constants’, independent of x.

In order to use algebra for more advanced topics such as factorisation or partial fractions,
we need to be able to perform multiplication of simple algebraic expressions quickly and
accurately. The key to this is dealing with multiplication of bracket expressions such as
(a + b)(c + d). All you need for this is to know that the expression a(c + d) is ‘expanded’
by multiplying ¢ and d by a:

a(c+d)=ac+ad

This is called the distributive rule: we say ‘multiplication distributes over addition’.
Real numbers also satisfy the associative rule a(bc) = (ab)c and the commutative rule
ab = ba. Another useful property of real numbers is that if ab = 0 then one or both of a,
b must be zero. Note that these statements are rules of algebra, which will not necessarily
hold for algebras not based on the real numbers — for example the commutative law does
not hold in matrix algebra, the subject of Chapter 13. However, given these rules we can
use them to handle more complicated expressions. For example, we can now expand out
any number of bracket expressions.

Examples
(@ +Db)(c+d)=(a+Db)c+ (a+b)d

=ac+bc+ad+ bd
BGx+2)x—1D)=0Cx+2)x+ Bx+2)(—1)
=3x" +2x — 3x —2
=3x2—x-2
Note the collection of the ‘like’ terms, 2x — 3x = —x. You should always tidy up
calculations in this way.

Always be careful with the treatment of signs and brackets, particularly when they are
mixed. If in doubt leave minus signs bracketed:

-Dx—-1D=(-Dx - (=Dl
=—x+1

Never omit brackets out of laziness.

Later you will need to reverse some of the above operations. For example, you could
be given ac + bc 4+ ad + bd and asked to ‘factorise’ it — that is, convert it to the form
(a + b)(c + d). This is much easier to do if you are highly proficient at multiplying such
expressions in the first place — to do something ‘standing on your head’ it helps if you can
do it the right way up first!! There is only one way to achieve this proficiency — practice,
so try the reinforcement exercises until you are confident.
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Two very important special cases of products of linear expressions are
(a—b)a+b)=a*—b*
(a + b)? = a® + 2ab + b*

You should know these backwards — literally, given either side you should immediately
be able to write down the other side.

Examples
Fill in the blanks:

x=3)(x+3) = (expanding)
(x+2)?%= (expanding)
=x>—4x+4 (factorising)

=x>—-16 (factorising)

Solution to review question 2.1.1

(i) You just need to be careful with signs here. Take your time until you
are fully confident:

—(x=3)=CFDEx-3)=(Dx - (=13
=—x+3

() 2x(x — 1) =2x x x — 2x = 2x2 — 2x

(iii)) Here you have to remember to collect terms together at the end. We
have
(a—3)2a—-4)=aRa—-4)—3Q2a—-4)
=2a* —4a — 6a + 12

=2a> —10a + 12

Gv) ¢t =3t +3)=1t>+3t—3t—32
=12-9
This is just the difference of two squares result. Practice this until
you can miss out the intermediate step.
V) (—=2)* = (u+(=2))* =’ + 2(=2u + (-2)?
=u?—4du+4
Again, this square of a linear term is so important that you should

practice it until you are able to jump the intermediate steps and able
to go from ‘right to left’ just as proficiently.
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2.2.2 Polynomials <38 74>

A monomial is an algebraic expression consisting of a single term, such as 3x, while a
binomial consists of a sum of two terms, such as x 4+ 3y. A polynomial is an algebraic
expression consisting of a sum of terms each of which is a product of a constant and
one or more variables raised to a non-negative integer power. An example with a single
variable, x, is

¥ =22+ x+4
and the general form of a polynomial in x is written:
pn(x) = a”xn + an—lx”_1 + an—lx”_z + -+ ax +a

where the a;, i =0, 1, ..., n are given numbers called the coefficients of the polynomial.
We use p,(x) to denote a polynomial in x of degree n. The notation g; is often used
when we have a list of quantities to describe — i is called the subscript. If n is the highest
power that occurs, as in the above, and if a, # 0, then we say that the polynomial is of
nth degree. An important property of a polynomial in x is that it exists (i.e. has a definite
value) for every possible value of x.

A polynomial of degree zero is simply a constant:

Po(x) = ag
A polynomial of degree one:
p1(x) = a1x + ag

is a linear polynomial, or linear function.
A polynomial of degree two:

pa(x) = axx® +a;x +ag

is a quadratic polynomial, or quadratic function.
Similarly for cubic (degree 3), quartic (degree 4), quintic (degree 5), ..., etc.
An equation of the form

pn(x¥) = apx" +ap_1x" '+t ax+ap=0
is a polynomial equation in x of degree n.

Examples

6)) p(x) = 2x + 1 is a linear polynomial or function, while 2x +1 =0
is a linear equation, which gives x = —%

(i) px)=x>—3x+2 is a quadratic function. x> —3x +2 =0 is
a quadratic equation, which can be solved by factorising (see

Section 2.2.3):
=3x42=x-Dx—=-2)=0
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This can only be true if either x — 1 = 0 or x — 2 = 0, yielding two possible values of x:

x=1,2

Such solutions of a polynomial equation are called the roots or zeros of the corresponding
polynomial (> 52).

Some polynomials do not have roots that are real numbers — for example there are no

real numbers that satisfy

x*+1=0

However, if we allow the possibility of complex roots (complex numbers are considered
in Chapter 12), then there is a famous theorem of algebra (the fundamental theorem of
algebra) which states that a polynomial of nth degree has exactly n roots — which may
be real, equal or complex.

Polynomials may be added and multiplied to produce other polynomials. In doing so

remember to gather like terms, and take care with signs.

Examples

Solution to review question 2.1.2

44

Cx+D+0>=2x2=3x =N =x=-2x24+2x=-3x)+ (1 =7)
= —2x*—x—6
Qx?+x = D2 =2) = 2x°x% + 2x2(=2) + xx® + x(=2) — 1x2 = 1(=2)
=20t —4x? 4+ 3 -2k —x2+2
=2t + P -5t —2x 42

(i) We must gather together all terms of the same degree:
=21 43 2 4P —x— 1)
=x’ = 2x + 14 3x* +6x° — 12x* —3x — 3
=3x* 4+ 703 — 1202 —5x =2
(i) Expanding the brackets:
x—2)x+3)=x(x+3)—2(x+3)
=x>4+3x—2x—6
=x’+x-6

(iii) This example illustrates how good facility with elementary results
can save you work. Thus, one way to expand in this case is:

x—D2x+D=E>=2x+Dx+1)
=x3—2x2+x+x2—2x+1

=x3—x?—x+1
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This is fine, but it is much quicker if you notice that pairing off one
of the (x — 1) factors with the (x + 1) gives x> — 1 and:

=D*x+D=x—-DE*>=1
=x —x*—x+1
is obtained directly.
(iv) No tricks here, just a careful plod:

Cx— D2 4+x+ D=2 +2x>+2x —x>—x—1
=23+ x*+x—1

Note that in each of the above examples, we can always check our results
by substituting ‘obvious’ values of x in the result. x = 0 is often a good
start, whereas x = =£1 can be used in (iii), the point being that your calcu-
lated results must vanish for these values. x = 1 will do a similar (but

2
messy) job in (iv).

2.2.3 Factorisation of polynomials by inspection

As mentioned in Section 2.2.1 it is sometimes necessary to reverse the multiplication
of polynomials or brackets to split an expression into factors of a particular type. This
process is called factorising. It is useful in solving algebraic equations, or determining
their properties. Usually we try to factorise into ‘linear’ factors of the form x — a.

Example
You can confirm that x> 4+ 2x + 1 = (x + 1)>. This tells us that the quadratic equation
x?4+2x 4+ 1 =0 has two equal roots x = —1. It also makes clear that x> 4 2x + 1 is

always positive whatever the value of x.
In general, factorising can be difficult. It pays to take it slowly and build up confidence
with simple expressions.

Example

To factorise x> + 2x note that x is a common factor of each of the terms in the polynomial.
We can therefore ‘take it out’ and write

24+ 2x =x(x +2)

The approach in general is to inspect each term of an expression and check whether there
are factors common to each. All we are really doing is reversing the distributive rule
stated in Section 2.2.1.

Example
8x% — 2x* = 4(2x%) — (2x%)x?

=2x*(4 — x?)
=2x22 - x)2+x)

by using the difference of two squares (see Section 2.2.1).
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When factorising more complicated polynomials it pays to remember that this is not
always possible. For example, we cannot factorise x> + 1 in terms of real factors, and it
must therefore be left as it is. In any event, factorisation is rarely easy, and by far the most
potent weapon in factorising is a high degree of skill in multiplying out brackets. The
result for the difference of two squares, and the square of a linear factor (Section 2.2.1)
are particularly useful here. In the latter case try to learn to recognise that, provided the
coefficient of x? is 1, the constant term in (x 4+ a)?> = x> + 2ax + a? (i.e. independent of
x) is the square of half of the coefficient of the linear term in x.

Expressions can sometimes be factorised by looking for like terms and combining them,
or for terms with common factors.

Example
2ac + ad — 6bc — 3bd

‘By inspection’ we notice that a may be taken out of the first two terms to give a(2¢ + d).
We then look at the last two terms to see if they conceal a 2¢ 4+ d — sure enough they may
be written —6bc — 3bd = —3b(2c + d).

So we have

2ac + ad — 6bc — 3bd = a(2c +d) — 3b(2c + d)

and taking out the common factor 2¢ + d finally gives the factorised form
(a—3b)2c+d)

Note that this required some inspired guesswork and trial and error.

Solution to review question 2.1.3

A. (i) To factorise 3x2 + 6x examine each term and find factors common
to them. In this case both terms contain an x and a 3, from which

3x% + 6x = Bx)x + Bx)(2)
=3x(x+2)

This done you could, for practise, check the result by expanding
out again, to go from right to left.
(i) Know your difference of two squares backwards!

W —16=u>—4>=u—4Hu+4)

B. (i) In factorising something like x> — x — 2 most of us use a sort of
inspired trial and error. And the better you are at multiplying pairs
of brackets, the easier the trial will be. We look at the —2. This can
only come from multiplying something like (x £ 1) and (x F2)
together. Whichever of these we choose must combine to give us
the —x. All you have to do therefore is multiply such pairs of
brackets and check which gives the right result. If your expansion
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of brackets is good, then you’ll be able to do this mentally:

x-—Dx+2)=x>+x—-2 x
C+Dx-2)=x*—x-2

So the factors are
x+Dx-2)
If you want a more formal approach, note that

(x+a)(x +b) =x>+ (a+b)x +ab

So, to factorise x> —x —2 we need to find @ and b such that
ab= -2 and a + b = —1, which is then done ‘by inspection’
(i.e. trial and error!) to give the result obtained above.

(i) There is a routine device for factorising polynomials such as
x3 —2x% — x + 2 or higher degree, based on the factor theorem
(see Section 2.2.6). This only works if the roots of the polynomial
are easy to spot. This example shows what can be done by looking
at the terms and picking factors out directly. In this case a couple
of elementary factorisations reveals that

B2 —x+2=x2x-2)— (x —2)

We continue by taking out the (x — 2) factor now common to the
two terms

=@ -DHx-2)
and finish by factorising the x> — 1
=(x—-D@x+Dx-2)

This example nicely illustrates how one often has to piece together
elementary results and ideas to solve problems.

(iii) For 3x2 4+ 5x — 2 we have to deal with the 3, the coefficient of x.
Because of this we guess that the factors are going to be some-
thing like (3x 4+ a)(x + b), with ab = —2, and a + 3b = 5. Trial
and error (which can be systematised, but is hardly worth the
effort) soon reveals that » =2 and a = —1 works and we can
then quickly check that 3x — 1)(x +2) = 3x% + 5x — 2.

Note that in these solutions we don’t want to give the impression that
factorisation is an haphazard, hit and miss process — there are system-
atic routines, including symbolic computer algebra packages — we simply
want to indicate what can be achieved with a good facility in simple
algebra.
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2.2.4 Simultaneous equations <38 75>

We will say more about solving equations in Section 13.5, but here we need to cover some
simple examples that we will use in subsequent sections. A simple linear equation in one
variable, of the form

ax+b=0 (a#0)

where a, b are given constants, is easy to solve:

ax = —b and so x = ——
a

Often we have to deal with equations involving two variables, such as
ax +by=e

cx+dy=f

where a, b, ¢, d, e, f are all given constants. This is referred to as a system of simulta-
neous linear equations in the two variables x and y. Such a system can be solved by
‘eliminating’ one of the variables, say y, and hence determining the other.

Example

In this case it is actually easier to eliminate x first, because we notice that by subtracting
the equations (i.e. doing the same subtraction on each side of the equation) we obtain

=y —&+2y)=1-(=1
X—y—x—-2y=1+4+1=2
So —3y=2

and therefore y = _%

We can now obtain x from the first equation:

So the solution is
_ 1 _ 2
X=3 Y=73

which you should check in the original equations. Note that the answers are left as fractions
rather than converting to decimals. Any decimal form of the solutions is likely to be an
approximation and therefore incur errors, which may have serious consequences in an
actual engineering application.
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Complications can arise with such systems of equations, depending on the coefficients
a, b, c,d, e, f. For example consider the system
x+y=1
2x+2y =3
This system has no solutions for x and y because whereas the left-hand sides are related by
a factor of two, the right-hand sides are not — we say that the equations are incompatible.
To see the nonsense they lead to, subtract twice the first from the second to give
V=2x+2y-2x+y)=3-2=1
Therefore 0 = 1’
An uncomfortable conclusion!
Now consider the pair
x+y=1
2x4+2y=2
These are not really two different equations — the second is just twice the first. In this case
we can find any number of solutions to the system — just fix a value for, say, y and then
determine the required value of x.
The following is an example of another important type of system
x+y=0
2x+y=0
Because of the zeros on the right-hand side such a system is said to be homogeneous.
We will have a lot to say about them in Chapter 13, but for now convince yourself that
the only possible solution of this system is x = y = 0, a so-called ‘trivial’ solution. In
general, show that for the system
ax +by=0
cx+dy=0
to have a ‘non-trivial’ solution (i.e. x, y not both zero) for non-zero coefficients a, b, c,
d we must have ad = bc.
The sorts of complications we have pointed to are really the concern of more advanced
mathematics. For the moment all we need to be able to do is solve a given system by elimi-
nation, when no complications arise. Graphically, equations of the form ax + by = c repre-

sent straight lines in a plane and systems of simultaneous equations of this type represent
sets of such lines that may or may not intersect. We will say more about this in Chapter 7.

Solution to review question 2.1.4

2x —y=1 @)
x+2y=2 (ii)
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No simple cancellation jumps out at us here. If we want to eliminate y,
say, then the easiest way is to multiply (i) by 2 to get

4x —2y =12
and add this result to (ii) to obtain
4x =2y +x+2y=5x=2+2=4

So x =4/5.
Now substitute back in (i) to find y

y=2x—-1=%-1=12
The solution is therefore

4 3
X=35 Y=53

2.2.5 Equalities and identities <38 76>

You might not have noticed but so far we have used the equals sign, =, in two distinct
contexts. Look at the two ‘equations’:

3x+6=12 @)
x—Dx+DH=x>-1 (ii)

The first is the usual sort of equation. It only holds for a particular value of x — i.e. x = 6.
The equality in (i) enables us to determine x.

The second ‘equation’ actually tells us nothing about x — it is true for any value of
x. We call this an identity. The expressions on either side of the equals sign are merely
alternative forms of each other. To distinguish such identities from ordinary equalities we
use the symbol = (a ‘stronger’ form of equals!) and write

x-—Dx+DH=x>-1

= is read as ‘is equivalent to’, or ‘is identical to’.

The powerful thing about an identity in x is that it must be true for all values of x.
We can sometimes use this to gain useful information (a particularly important application
occurs in partial fractions — see Section 2.2.10).

Example

Suppose we are given

x> —3x+2=Ax>*+Bx+C
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where the A, B, C are ‘unknown’. In fact, the only way the left- and right-hand sides can
be identical is if the coefficients of corresponding powers are the same, i.e.

A=1, B=-3 C=2

Another way of looking at this is to say that since the identity must hold true for all values
of x, we can determine the A, B, C by substituting ‘useful’ values of x. For example x = 0
gives C = 2 immediately. Choosing any two other values for x will give two equations
for A and B. In this case we may notice that the roots of the quadratic are 1 and 2 and so
taking these values of x give

x=1, A4+B+2=0
x=2, 4A+2B+2=0

Solving these simultaneous equations gives

A=1, B = -3, as before.

Solution to review question 2.1.5

To determine A and B in

Ax—3)+B(x+2) =4

use the fact that this must be true for all values of x. In particular it must
hold if x = 3, giving

A(0) + B(5) = 4

or
4
B_5

Similarly, putting x = —2 gives
A(=5) =4

or
—_4
A=—3

An alternative (longer) approach is to rewrite the identity as
(A+B)x +(-3A+2B)=4
and equate coefficients on each side to give

A+B=0
—3A+2B=4

Now solve these to give the previous results.
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2.2.6 Roots and factors of a polynomial <39 76>

Shortly, we will be looking at more powerful methods for factorising polynomials. First, I
want to clarify something that often confuses those new to algebra. This is the distinction
between factors, roots and solutions of polynomials or polynomial equations. Remember
the difference between an algebraic expression and an algebraic equation referred to in
Section 2.2.17 In particular, a polynomial is an expression such as

x24x-2

whereas the corresponding polynomial equation would be
2 4+x—-2=0

Now if we proceed to solve this equation by factorising:
Hx—2=x—-Dkx+2)

the expressions x — 1, x 4 2 are factors of the polynomial expression alone, independently
of the equation. The last identity is simply an alternative way of writing x> 4+ x — 2 in
terms of these factors. This is of course helpful in solving the corresponding polynomial
equation:

XHx-2=x-Dx+2)=0

Remembering that for real numbers ab = 0 means one or both of a, b must be zero (41 <),
this factorised form tells us that the solutions to the equation can be obtained by putting
the factors x — 1, x 4+ 2 equal to zero. This leads to the solutions of the equation

These values of x, which make the polynomial x> + x — 2 zero, are called the roots or
zeros of the polynomial. So, if x — 1 is a factor of the quadratic expression x> 4+ x — 2
then x = 1 is a solution of the quadratic equation x> +x — 2 = 0.

In general, if x — a is a factor of a polynomial p,(x) then x = a will be a solution of
the polynomial equation p,(x) = 0. The solution x = a is often referred to as a root of
the polynomial. This idea is the basis of the factor theorem:

If p(x) is a polynomial and if x = a is a root of the polynomial, i.e. p(a) = 0, then
x —a is a factor of p(x). On the other hand, if x —a is a factor of p(x) then clearly
pla) =0.

This result is fairly obvious from the fact that if p(x) has a factor x — a then it can be
written as p(x) = (x — a)q(x) where g(x) is another polynomial. Then clearly p(a) = 0.

We can use the factor theorem in factorising more complicated polynomials. While
we know from the example x? + 1 that not all polynomials can be factorised into linear
factors x — a, it can be shown that any polynomial with real coefficients can always be
factorised into linear and/or quadratic factors with real coefficients. It may then be
possible to find the linear factors by trial and error using the factor theorem, if the roots
are simple numbers, easy to spot.

Another useful result is that if the coefficient of the term of highest degree is unity the
roots of a polynomial may be factors of the constant term, which gives us some clues
about what the factors might be.
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Example
p(x) =xt4+23—x-2

The roots must be factors of —2 and so the only integer roots are likely to be +1 or £2.
We find by trial that

p(1) =0 giving a factor x — 1
p(—2) = 0 giving a factor x + 2
However, —1 and 2 are not roots, so we have probably exhausted all possible real factors

(although there may be repeated roots, see below). To find the quadratic factor remaining
we write

42 —x 2= - D +2)x*+ax +b)
=02 +x—-2)(x>+ax+0b)

and find, on multiplying out the right-hand side and equating coefficients in the resulting
identity

—2b= -2, sob=1 (constant term)

b—2a=—-1, soa=1 [(coefficient of x)
So the factorised form is
px) =@ —Dx+2)>+x+1)

The quadratic x> + x + 1 does not factor further into real factors — it is said to be irre-
ducible.

It may not always be clear whether or not there are repeated factors in a polynomial.
This does not really matter much since any repeated factors will become apparent from
the remaining quadratic factor for simple cases. There is a result that if x — a is a repeated
factor of a polynomial p(x) then it is also a factor of the derivative p’(x), but this is rarely
worth using.

Solution to review question 2.1.6

A. From Review Question 2.1.2(iii) we have

Pl —x+1=x-D*x+1D

(i) The factors are therefore (x — 1) (twice) and x + 1.

(i1) The roots are the values which make the polynomial vanish, which
from the factors are x = 1 (twice) and x = —1.

Note that a factor is an expression containing x while a root is a

particular value of x.

The solutions of the equation

X=x2—x+1=0
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are, of course, simply the roots of the polynomial on the left-hand side,
by definition, and so the solutions are x = 1 (twice) and x = —1.

B. No obvious factors present themselves in p(x) = x> 4+ 2x> — 5x — 6.
The best approach here is to use the factor theorem. We know that any
linear factor of the form x — a must be such that a is a factor of —6.
Also, by the factor theorem, if x — a is a factor of the polynomial p(x),
then p(a) = 0. All this suggests that we look for roots of the polyno-
mial amongst the factors of —6, by substituting these in the polynomial.
Trying x = 1:

pP(HD=14+2x1>?-5x1-6=-8+£0

So (x — 1) is not a factor.
But x = —1 gives

(=1’ +2(=1)* = 5(-1) =6 =0

So (x — (—=1)) = (x + 1) is a factor.
Similarly, you can check that x = —2, x = 3 are not roots, but x =2
and x = —3 are, giving the final factorisation as

x+Dx=2)(x+3)

NB. By far the most common mistake in this topic is to think that if
x =a is a root then x + a is the corresponding factor. This error is
particularly easily made if @ is negative. Remember, the correct factor
isx —a.

2.2.7 Rational functions

In writing down a polynomial we need only addition (or subtraction) and multiplication.
The next step is to consider algebraic fractions, involving the division of polynomials.
The simplest example is

1
X

This already gives us new problems. Whereas a polynomial in x exists for every value
of x —that is, plug in a value of x and you will get out a value for the polynomial — the

above fraction does not exist for x = 0. That is, there is no such number as —. As noted in

1
Section 1.2.1 it simply does not exist — we say — is not defined at x = 0. By this we mean

x
that we are not allowed to put x = 0 in this expression. For this reason we should really write
1
- x#0
X
but the ‘x # 0’ is often omitted, so long as it is clearly understood.
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You may think that the fraction
X
X

does exist, and that it is equal to 1, on cancellation of the x. But again this is only true
if x # 0. The expression is not defined for x = 0, that is, there is no number equal to %.
In general then, algebraic fractions are not defined for those values of x which make
their denominator vanish.

Examples
is not defined at x = 1
x—2 .
is not defined at x = 2
X —
1
e is not defined at x = —1 and x = 3 (why?)
x2—-2x -3

Just as an arithmetic fraction such as % is called a rational number, a general algebraic
function of the form:

Polynomial

Polynomial

is called a rational function. The polynomial on the top is the numerator that on the
bottom the denominator in analogy with numerical fractions.

Examples
x+1 x24+2x =3

x+2° xX2+4x+2

are rational functions, whereas

Jx+1 xP43x—4
x+2° X+ /X

are not because neither of /x + 1 or x + {/x are polynomials.

Solution to review question 2.1.7

x—1 x—1
i d (iii)) —— both of the f
@) x2+1an (iii) x2+x+1are oth of the form
polynomial
polynomial

and are therefore rational functions.

1 [x — 1
(i) 4/x + — and (iv) al are not rational functions because of the
Jx x+1

square roots.
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2.2.8 Algebra of rational functions <39 76>

Rational functions often cause a lot of problems for beginners in mathematics. There are
some common errors that occur frequently, such as

‘11 1

a+b_a+b

To clear these up we will approach the algebra of rational functions gradually and system-
atically. First, to avoid such errors as that above, it may be helpful for you to get into the
habit of checking such results numerically. For example, putting a = b = 1 in the above
gives the nonsense

‘1+1—1+1—2— P _r
11 I T T}

Algebraic fractions behave much like numerical fractions. For example, multiplication is

straightforward:
a ¢ ac
Sl ==
b d bd

where a, b, ¢, d may be any polynomials.

Dividing by a rational function requires a little care, but essentially depends on the
fact that

—=a (a#0)
a

— the reciprocal of the reciprocal undoes the reciprocal — as can be seen by multiplying

top and bottom on the left-hand side by a. In general, division is carried out by inverting

o . o a fc a d ad . .
the dividing fraction and multiplying, thus: — / — = — x — = —. Again, this can be
b/ d b ¢ b

d
seen by multiplying top and bottom of the left-hand expression by —.
c

Example
Multiply and divide the functions x + 1, l, stating when the corresponding operations are
permissible. !
We can have the product (x + 1) x l = x+1 =1—i—l for x # 0.
For division we can have: * g !
x+1—(—|—)><i:(x—|—1)xx
1/ 1/x
=x(x+1) forx#0
1/x 1 1 1

or = forx #0 or — 1

Y+l x x+1 xx+D
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Just as we can simplify the fraction % to its ‘lowest’ form 1, so we may be able to ‘cancel
down’ algebraic fractions — but with slightly more care. For example on cancelling the x
on top and bottom you may be happy with

x(x+1)
S N A
X

+1

but remember that the functions on each side are not the same for all values of x. Whereas
the right-hand side exists for all values of x, the left-hand side is not defined for x = 0.
Provided you are careful about such things, algebraic cancellations present little difficulty.

Examples
x2—x x(x—=1
= =x (x#1)
x—1 x—1
3%x-6  3x-2 3
2—x—-2 (x+Dx-2 x+1

(x #—1,2)

In algebraic fractions it is perhaps not so much what you can do that needs emphasising,
. o X+
but what you can’t do. For example, presented with something like i you cannot
X

‘cancel’ the x’s as follows:

o+l A+l 1412

X+2 412 1+2 3

1
The fact is that X

cannot be ‘simplified’ further — leave it as it is. Tread warily with

X
algebraic fractions — check each step, with numerical examples if need be.

We now consider addition and subtraction of rational functions. First, get used to adding
fractions with the same denominator:

a b_a+b

Cc C

This is the only way you can add fractions directly — when the denominators are the
same (13 <).

Example
3 7 3-7 4

x—1 x—-1 x—-1 x-1

To add fractions with different denominators we have to make each denominator the same
by multiplying top and bottom by an appropriate factor. We use the result for constructing
equivalent fractions:

X

b @b#£0) eg 2
=— (a, eg. — = —
ab &3

Q| =
S

1
a
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So, for example,

1 b a _b+a a+b

1
a' b ab + ab ab ab

This is called putting the fractions over a common denominator. It is what we did
with numerical fractions in Section 1.2.5. Note that the restrictions a # 0 and b #£ 0 are
necessary for the left-hand end to exist, and are all that is needed to convert to the final
result.

Examples
I x+1 I x+1+1 x+2

@ 1-i_x—i—l_x—i—1+x—|—1_ x+1  x+1
1 11 (x=1 x 1
@ e = 6= 2 oo
x—1 X
T T —
x—14+x
:x(x—l)
2x — 1
T —1)
3 2 (x+2) 3 x+1)
(i11) — = X — X
x+1 x4+2 x+1 x+2) x+2) x+1
o 2(x+2) 3x+1)
T @+ DE+2) o+ D +2)
_2x+4—3x—3
C x+Dx+2)
—x+1 1—x

TG+ DE+2 G+ DE+2)

In the above examples it has been pretty clear what the ‘common denominator’ should be.
Consider the example

3 +2x—1
21 x+1)2

In this case, you might be tempted to put both fractions over (x> — 1)(x + 1)2. But of
course this ignores the fact that both x> — 1 = (x — 1)(x 4 1) and (x + 1)> have a factor
x + 1 in common. The lowest common denominator in this case is thus (x> — )(x + 1) =
(x — 1)(x + 1)? and we write:

3 22—1 3 2x — 1
x2—1+(x+1)2_(x—l)(x—|—1)+(x+1)2
3x+1) Q2x — D(x—1)

T D+ T G—D@E D)2
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3+ 1)+ Qx— Dx — 1)
- (x — D(x +1)?
3x+3+2x2—-3x+1
DR
2x2 4+ 4
T a- D+ 1)?

Here we have really used the LCM of the denominators.

Solution to review question 2.18

@

(i)

We first of all express each fraction over a common denominator and
then combine the numerators. The common denominator in this case
is simply the product of the denominators and we write

2 3 2x-2) 3x + 1)
x+l x—-2 (+Dx-2) x+DHx-2)

where the factors shown are introduced on top and bottom — essentially
we are multiplying by 1 in each case.

2 =2)=3(x+1
T G+ Dhx-2)
_ —x =17
T+ DHEx -2

This approach extends naturally to three or more fractions as shown
in the next solution.

The common denominator in this case is (x — 1)(x + 1)(x 4+ 2) and
we have

1 1 1 x+DE+2)

x—1+x+1_x+2=(x—1)(x+1)(x+2)
x-Dx+2) (=D +1D

=D +DEx+2) &—-DE+Dx+2)

_ G +HDE+)+ e -DE+2) - -Dex+1

o x—Dxx+DHx+2)

P33 4242+ x -2 (2= 1)

- (2= Dx +2)

_ x244x+1

S @?-Dx+2)

+
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If you really know your difference of two squares then you might spot
a short cut here:
1 1 1 2x 1
x—1+x+1 S x4+2 x2—1 x+2
C x(x+2) -2 -1
(2= D@ +2)

El

2.2.9 Division and the remainder theorem <39 77>

Consider the sum

3
x+14+ —
x —1

Putting this over a common denominator gives

3 (D —D+3
-1 x—1
x2—1+3
a1

X242

x—1

x+1+
X

So adding polynomials to fractions presents few problems (it is analogous to, say,2 + % =
%) But what if we want to go the other way — that is, divide x — 1 into x> + 2 to reproduce
the original sum? This is called long division. There is a routine algorithmic (i.e. step
by step) procedure for such division, but usually one can get away with a simplified
procedure which relies on repeatedly pulling out from the numerator terms that contain
the denominator. Our numerical example illustrates this:

27 2 T 2 T 2 2

S_4+1_2x241_2x2 |

—2+l
- 2

This approach requires only that we are good at spotting factors. So for example:

42 x?—143 @x—-DE+D+3

x—1  x-=1 x—1
-1 +1 3
_G-Da+D
x—1 x—1
3
=x+1+—
x—1

This does require some algebraic intuition and clever grouping of terms, but can be very
quick.
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In this example division by x — 1 resulted in a remainder of 3/(x — 1). In general, when
a polynomial p(x) is divided by a linear factor x — a the remainder can be found directly
by the remainder theorem:

The remainder when a polynomial p(x) is divided by x — a is given by

PO g+
X —da X —da

where r = p(a) and g(x) is a polynomial of degree less than that of p(x).
We can see this by re-writing the above result as
p(x) = —a)qx) +r
and putting x = a to give
pla)=r

For example, the remainder when x? 4 2 is divided by x — 1 is 12 +2 = 3, as found
above.

Solution to review question 2.1.9

A. We proceed by repeatedly adding and subtracting terms in the numer-
ator to give us factors containing the denominator, like so:

253+ x2—6x+9 _2x3+4x2—4x2+x2—6x+9

x+2 - x+2
_2x3(x+2)—3x2—6x+9
o x+2
52x3_3x2—|—6x—9
x+2
E2x3_3x(x—2)—9
x+2
=2x° —3x +
x+2

as above. This method gives you lots of practice in finding factors!
B. From the remainder theorem, the remainder when p(x) = 4x> — 2x? +
3x — 1 is divided by x — 2 is the value of p(x) when x = 2, i.e.
r=42-22"4+32-1=29

That is, we can write

4x3 —2x2+3x — 1 . 29
= polynomial of degree 2 + ——
x =2 x—=2
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2.2.10 Partial fractions <39 77>

Often we have to reverse the process of taking the common denominator, i.e. split an
expression of the form

px +gq
—— (p, g numbers)
(x —a)(x —b)
into its partial fractions

A B

+
x—a x-—5>b

The expression is easier to differentiate and integrate in this form, for example. The method
used is best illustrated by an example. We effectively have to reverse the process of taking
the common denominator. But this is an example of a mathematical process that is much
easier to do than it is to undo!

Consider

x+1 A N B
x—Dx—-2) x—1 x-2

where the object is to determine A and B on the right-hand side. There are a number of
ways of doing this, but they all implicitly depend on combining the right-hand side over
a common denominator and insisting that the numerators be identical on both sides:

A B Ax-2)+B(x-1)
x—1+x—2= x—Dx—-2)
B x+1
T x-Dx-2)
This implies
Ax—=2)+Bx—1)=x+1 (1)

There are now two ways to go, both relying on the fact that the result is an identity (50 <)
and must therefore be true for all values of x. In particular, it is true for

x =1, which gives A = -2
and x =2, which gives B =3
x+1 3 2

G—1Dx—2) x—-2 x-1

NB. Checking such results by recombining the right-hand side to confirm that you do
indeed get the left-hand side will help you to develop your algebraic skills.
Another means of finding A and B is to rewrite the identity (1) as
(A+B)x—QRA+B)=x+1
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and use the fact that this must be an identity to get relations between A and B:

A+B=1
—Q2A+B)=1

the solution of which reproduces A = -2, B = 3.

There is a short cut to all this, called the cover-up rule. Many teachers frown on such
‘tricks’ because they can be used blindly without real understanding. I certainly don’t
advocate that. Rather, they should be evidence of your mastery of the material, enabling
you to save time. In this case the trick is really a mental implementation of the first method
described above. We write

x+1 _
x—Dx—-2) x-—1 x—2

term is the value of

and fill in the numerators as follows. The numerator of the

X
the left-hand side obtained by ‘covering up’, or ignoring, the x — 1 factor and putting
x —1 =0, i.e. x =1 in the remaining expression. This gives

x+1

(G- D=2

x=1

as found for A.
Similarly, for B we get

x+1

(= Die-2)

as before. With practice this may be done mentally and the result

x=2

x+1 =2 n 3
x—Dx—-2) x—1 x-2

written down immediately.

More complicated rational functions may be similarly decomposed in terms of partial
fractions, but the cover up rule may not apply, and we may have to resort to a combination
of methods. The general forms for such partial fractions are:

px) _ A N B n C
x—a)x—-b)(x—-¢c) x—a x—-b x-—c
px) A Bx+C
(x —a)(x2+b) Ex—a+ x24+b
px) A B C D

(x —a)(x —b)3 Ex—a-’_)c—b-i_(x—b)z—i_(x—b)3

with obvious generalisations. p(x) is any polynomial of degree at least one less than the
denominator. Note that the number of constants A, B, ... to determine on the right-hand
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side is always the same as the total degree of the original denominator. In the above the
cover-up rule may be used for A, B, C in the first result, for A in the second and for A and
D in the third. There are many examples of the more complicated types in the reinforcement
exercises, but the simplest case of linear factors should cover most of your needs.

Solution to review question 2.1.10

Write
x+1 A B
(x — D(x +3) =i—1 1 x+3
_Ax+3)+Bx-—1)
T - DG +3)
SO

Ax+3)+Bx—1)=x+1

You can now determine A and B from this identity by substituting x = 1
to give A = % and x = —3 to give B = % Or, equate coefficients and
solve the equations

A+B=1
3A—-B =1
Check these results by using the ‘cover-up rule’. We finally get

x+1 _ 1 N 1
x—Dx+3) 2x—1  2(x+3)

2.2.11 Properties of quadratic expressions and equations <39 78>

So far, we have dealt mainly with algebraic expressions and rearranging them — now we
turn to solving simple algebraic equations. We will only be considering solution by exact
rather than numerical means here.

The first point to emphasise is that an equation is a precise statement involving an
equality, and any solution must reflect that precision, or else it is only an approximate
solution. Consider for example the simple equation

3x—2=0

The precise solution is

x=2
3

If you now use your calculator to give you the approximation x = 0.666666667, then

this is not a solution of the equation. It is simply an approximation to it and you should

write your answer as x ~ 0.666666667. You may feel that this is nit-picking, with no real

practical importance, since we are always using approximations in engineering and science.

However, small errors can often assume serious significance in engineering systems, and
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in any event it only requires care to use = and =~ appropriately. In algebra we consider
only exact solutions, always use = and avoid decimals wherever possible.
The simplest equation is of course

X =u

where « is a given number. Here the solution is trivial and immediate. Writing the equation
in the form

x—a=0

is only a small disguise, and it is often convenient to write equations in this way, with an
algebraic expression equated to zero. The most general form of such a linear equation in
x is
ax+b=0
. L b .
where a, b are given constants and a # 0. The solution is of course x = ——, as noted in

Section 2.2.4. “

The solution of more complicated polynomial equations, such as quadratics, usually
amounts to trying to pick out such linear factors which can be solved separately, as above.
This is most easily seen with quadratic equations in the case when they can be factorised.

The most general quadratic equation in x is

ax>*+bx+c=0

where a(# 0), b, ¢ are given numbers. If the left-hand side factorises then this gives us
two linear equations to solve.
Example

Solve the equation 3x% +5x —2 =10
Factorising, we have

3x24+5x —2=0Bx - D(x+2) =0

So the left-hand side can only be zero if
3x—1:0whencex:%

or x+2=0 whence x = —2

Notice the use of a key property of real numbers — if ab = 0 then one or both of a, b is
zero — this property does not hold, for example, for matrices (Chapter 13).

So the two solutions are x = —2, %

A quadratic equation must of course always have two solutions, although these may be
equal, or complex (Chapter 12).

Example
Solve x> 4+ 4x +4 =0

W 4dx+4=x+2>=0

giving two identical solutions x = —2.
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The problem with a quadratic equation occurs when it won’t factorise. But in all cases
we can use the following formula for the solution of the quadratic

ax>’+bx+c=0

b+ Vb2 —4ac
X=—
2a

We will derive this formula below — for now we look at its properties and how to apply it.

First notice that the division by a is permissible — if ¢ were zero then we wouldn’t
have a quadratic. Next notice that the nature of the solutions depends on what is under
the square root, i.e. on the object

A = b* — dac

which is called the discriminant of the quadratic. There are three cases:
A > 0, then m is a real number

and we have two different real roots.

A =0, then Vb?2 —4dac=0

and we have two equal real roots.
A < 0, then /b2 — dac is a complex number

and we have two different complex (conjugate) roots (see Chapter 12).
In this chapter we are concerned only with the first two cases.

Example

In the equation 3x24+5x—2=0we have a=3,b=35,c= -2 (always remember to
include signs). So the solutions are

—54 /52 -4 x3 x(=2)

2x3
_ -5+ 25+24
N 6
—5+7 2 12
= = —0r— —
6 6 6
ie. x = L or —2 as before.

3
To see where the formula for the solution of a quadratic equation comes from we

complete the square of the quadratic expression. This procedure has many applications
in elementary and further mathematics and gives good practice in algebraic manipulation.
Basically, it is a technique for expressing the quadratic as a sum or difference of two
squares, and it relies on the key result (42 <)

(x + a)? = x* + 2ax + da? 6]
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We will do a numerical example in parallel with the symbolic form as a concrete illustra-
tion. We start with the general quadratic and factor out the a:

b 5 2
ax2+bx+cza[x2+—x+£i| 3x2+5x—253|:x2+—x——i|
a a 3 3

b

Now make x% + —x into a complete square by adding and subtracting (i.e. adding zero)
a

the square of half the coefficient of x(b/2a):

-G G-

so that the quadratic becomes

et () ()] o[t @]

Now note that

2+b+b2_ +b2 2+5+52_ +52
xax 2a_x2a x3x 6_x6

giving for the original quadratic

B '(+b)2+c_(b)2 3(+5>2—25—24
T 2a) a2 *T6) T36 36
0 b\* 4dac—b* ; 5\ 49
:“_(”Z)+W (“6) 36

0 b)2 A

=“_<X+Z ~ Qay

where A is the discriminant referred to above. A /(2a)? will be either a positive, negative
or zero number, so we can always write the final result in the form

{eor] ed-0]

where p is some real number.

Note how the a (3 in the example) is retained throughout the calculation, right to the
end. It is a common mistake to drop such factors.

Completing the square in this way gives us the formula for the solution of the quadratic:

2 b ( N b)2 b? — dac
ax X c=da X - — | =
2a (2a)?
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Since a # 0 this gives

( n b)z_b2—4ac
*T2%) T a2

Hence
b Vb? —4ac
+—=F—
2a 2a
b A/b?—4ac
SO X=—+—
2a 2a
_—b+ Vb? —4ac
o 2a

Also, once the square is completed for a quadratic it becomes clear what its maximum or
minimum values are as x varies. This is because x only occurs under a square, which is
always positive. Looking at the general form:

( b)2 b? — dac
U\t 2%) T T

we have two cases:
a positive (a > 0)

b

As x varies, the quadratic will go through a minimum value when x + i 0, because
a

this yields the smallest value within the square brackets.

a negative (a < 0)

b
As x varies, the quadratic goes through a maximum value when x + 2 0.
a

Example

For the minimum value of 3x2 + 5x — 2 we have

32+ 5x—2=3[(x+2)" - (2]

5 7\?
This has a minimum value (3 is positive) when x = — 6 The minimum value is 3 (— (8) )

49

12
There is a useful relationship between the roots of a quadratic equation and its coeffi-
cients. Thus, suppose «, B are the roots of the quadratic x> + ax + b. Then x — a, x — f8

68



Understanding Engineering Mathematics

are factors and we have

(x—a)(x—ﬁ)zxz—i—ax—i—b

Expanding the left-hand side gives

=@+ pBx+ap=x>+ax+b

So

b = product of roots = a8

a = —sum of roots = —(a + B)

Solution to review question 2.1.11

A. (1)

(i)

(iii)

You may have jumped straight in to the formula here. But, in fact,
all we have to do is take out an x to give

¥ =3x=x(x—-3)=0
The only possible solutions are then
x =0 and x = 3 (don’t forget the zero solution!)

i.e.
x=0o0r3

A routine factorisation gives
X =5x+6=x—-3)(x—-2)=0

o)
x=2o0r3

This sort of problem, with a coefficient of x> that is not one

sometimes gives problems when it comes to using factorisation.

We have to try factors of both the 2 and the —2. Some trial and

error leads to

2243 x—2=2x—Dx+2)=0

So we get solutions x = %, -2
If you do get stuck on the factorisation then use the formula — but
be careful in handling the coefficient of x2. The solution of

ax>+bx+c=0

is
_ —b+* Vb? —4ac

X
2a

69



Understanding Engineering Mathematics

so in this case we get

343 —4x2x(-2)
2x2
—3+£+25 345
4 T4
1

=5o0r — 2, as above

B. To complete the square we proceed as follows (see text above):

if necessary factor out the coefficient of x2

take half the coefficient of x

square it

add and subtract the result to the quadratic expression

use the result (x 4+ a)> = x2 + 2ax + a® with the added bit

In other words ‘add and subtract (half of the coefficient of x)z/’. This
does not change the value of the expression, because we are simply
adding zero, but it sets up the expression for us to use the result
(x + a)? = x% + 2ax + a%. Thus we have

x2+x+15x2+x+1+(%)2—(%)2
=2 +x+ (1) 43
SR

This form of the expression makes it clear that its minimum value must

be %, which must occur when x + % =0,ie x = —%.

C. If «, B are the roots of the quadratic x> 4 2x + 3 then their sum is
the negative of the coefficient of x, while their product is the constant
term (including sign). So, we have

a+pB=-2
af =3
2.2.12 Powers and indices for algebraic expressions <40 78>

We introduced powers and indices in Section 1.2.7, mainly for numbers. We will extend them
here to algebraic symbols. The rules, reproduced here, are exactly the same for algebraic
functions:

aman — am+n
m
a _
g
a}’l
(am)n an
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(ab)" = a"b"
a’ =1
where a, b are algebraic functions, m, n need not be integers, but care is needed when
they are not. For example +/x2 + 1 exists for all values of x, since x> + 1 is positive, but
~/x% — 1 only exists (as a real number) if x2>1,ie.x>1orx < —1.

As always we need to be careful when brackets and signs are involved, for example
(—2x)% = (—=1)323x3 = —8x3.

Solution to review question 2.1.12

— 45203
(i) % — 33x32—1y—1x2y
7,

(iii) Here, treat the algebraic expressions under the indices as single objects.

(x — 1)711(16x + 16)711 - 1)i(16(x + 1))711(x2 - 1)%
o x+1

(x+ D(x2— 1)_43_*

1 1 1 3
164(x — DA(x + DI x2 - 1)4
x+1

1 1 3
164 (x> —1)4 (x> —1)4

x+1
1
163 (x? — 1)
o x+1
=2(x—1)

Note that in these formal manipulations using the rules of indices we have
to remember that for real quantities throughout we must have x > 1.

2.2.13 Binomial theorem <40 79>

There are many occasions in applied mathematics when we need to expand expressions
such as (a + b)®. Very simple examples can be done long hand:

(a + b)* = a* + 2ab + b*
(a +b)® = (a*> +2ab + b*)(a +b)
=a’ +3a*h + 3ab® + b3
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but this soon becomes tedious. Fortunately there is a well established routine method for
expanding such expressions. Since a + b is a binomial this method is called the binomial
theorem.

The binomial theorem deals with expanding expressions such as (a + b)" or (1 + x)".
Here we will restrict n to be a positive integer, but it works equally well for other values
(leading to infinite series). This is perhaps a place where ‘in at the deep end’ is the best
policy and so here it is, the binomial theorem:

(n

—1
(a—i—b)":a" —i—na"_lb—l- ’/lzfi')an_zbz‘i‘“'

+n(n—l)...(n—r+1)a

n—ripr n
- b 4 +b

or, using the combinatorial notation "C, (Section 1.2.6 »)
(Cl + b)n — an + nclanflb + nC20n72b2 4.
_"_ncran*rbr_i_.“_i_b}’l

You have two problems (at least!) here — remembering the result and understanding where
it comes from. Memorising it is helped by noting the patterns:

e terms are of the form a"~"b" , i.e. n quantities multiplied together
n! _n(n—l)...(n—r+1)
n—r)tr! r!

° the coefficientof " ~"b" is"C, =

e  there is symmetry — for example terms of the form «"~"b" and a"b"~"
are symmetrically placed, as are the coefficients, since "C, ="C,_,

. the coefficient of «a"7"b" has r! in the denominator and
n(n—1)...(n —r +1) in the numerator. The latter is perhaps best
remembered by starting at the second term with » and reducing n in
successive terms.

Example
6 6 5 65 ,, 654 5,
(a+b)° =a"+ 6a b—i—?ab +—3' a’b
6!

6543 , , 65432 6
TR ab +75! ab —}-ab

= a® + 6a°b + 15a*b* + 20a°b® + 15a%b* + 6ab® + b°

Your second problem, understanding where the binomial expansion comes from, is best
approached by noticing that in

a@+b)"=@+b)x(a+b)x---x(a+b)

n factors

we can form terms of the form a"~"b" by choosing, say, b in r ways from n different
brackets — there are "C, ways to do this, giving "C, such terms in all, contributing
"Cra"~"b" to the expansion.
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The expansion for (1 + x)" is now easily obtained from the above by putting a = 1,
b = x to get

n—=1 , nn—-1n-2) 4 "
TR 31 o

=14+"Cix +"Cox> +"Csx> + - 4+ x"

A+x)" =14nx+°

You may have previously seen the binomial theorem treated by Pascal’s triangle. While
this is fine for expanding small powers such as (1 + x)*, it is cumbersome for increasingly
higher powers and less useful for more advanced theory and use of the binomial theorem,
as for example in determining a required coefficient in the expansion. Note also that while
here we have taken n to be a positive integer, it is possible to extend the theorem to
the cases of n negative or a fraction. In such cases the above series expansion never
terminates (> 106).

Solution to review question 2.1.13

The sign needs care here:

S5x4
Q2—x)Y=24+5x2%(—x) + T23(—x)2

5x4x3_, 5 I3x4x3x2 4
B TR
Sx4x3x2x1

+ 5 (—x)°

=32—5x 16x 4+ 10 x 8x> — 10 x 4x> + 10x* — x°
=32 — 80x + 80x% — 40x> + 10x* — x°

You may have obtained the coefficients in a different way — say by Pascal’s
triangle, or, you may have factored out the 2 and used the expansions of
(1 + x)" instead of arriving directly at the penultimate line. In any event
a steady hand is required to avoid losing signs or factors of 2. Finally
notice a simple check for your result, by putting x = 1 in both sides.
When x = 1, (2 — x)> = 1° = 1, while the expanded result gives

32—-80+80—-404+10—-1=1

which checks.

2.3 Reinforcement

2.3.1 Multiplication of linear expressions <<38 40«

A. Identify which of the following are algebraic expressions in the variables involved:

(i 14 () x—3
(i) 2t+1=0 (iv) 2x+y

73



Understanding Engineering Mathematics

)
(vii)
(ix)
(xi)
(xiii)

(xv)

x> —=2x24+x—1 (vi)
x> =3x+2=0 (viii)
2
x1+ ] (x)
§3 —2524+5=0 (xii)
2cosx =1 (xiv)
S (xvi)
= Xvi
x+y

. Identify the algebraic equations in A.
. For each of the pair of expressions, insert brackets in the one on the left to make it

identically equal to the one on the right:

@
(i)
(iii)
@iv)
)
(vi)

()
(iii)
)
(vii)
(ix)
(xi)
(xiii)

(xv)

a+bc+d a+bc+bd (vii)
a+bc+d ac+bc+d (viii)
a+bc+d ac+bc+ad+bd (ix)
a—bc+d a—bc—bd x)
a—bc—d ac—bc—d (xi)
a—bc+d ac—bc+d (xii)

2(x +2) (i) 3(x
3t(t—1) @iv)

a*(a —3) (vi)
—2u(u® +3) (viii) 9(x?
(@*—1)(a+2) —3(a—23) x) x(x
—(x —xH(x —2) (xii)
A=D1 —s)(1 —u) (xiv)

(x =+ (x +y)?

ef e

2/x —x?

sinx — 3 cosx
dx +1

P ot

u? 4+ 2uv — 3v

xlnx+x2=0

x2—3x4+4 x>-3x—-12
a+bc+bd a+bc+b*d
a+bc+bd ad+ bed+ bd
a—bc—d ac—bc—ad+bd
a—bc—d a—bc+bd

x> —=3x4+4 x3-3x+4

. Remove the brackets in the following expressions:

-D—-x-4

(s —10)(s +21)
@+2x—Dx -1

-3)—2(x+4)
— D(x +2) — 322

—[(x? = D(x —2) — (x = 3)(x +2)]
(@ — 2b)% — (a + 2b)>

E. Factorise each of your answers to Question D as far as possible.

2.3.2 Polynomials

««38 43«

A. Which of the following are polynomials? For those that are give the degree and list
the coefficients.

®
@iv)
(vii)
(x)

74

1

244 (i) 0 aiy “F
| u—1

763 =2t + 1 (V) 4x* —2x34+3x — — (vi) 27x*—=3x2+ 1
X

342
i (viii) x + X (ix) 3x2+73
X
Py + .y
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B. Expand the following expressions, collecting like terms:

i) (x—Dx+2) () (x—Dx+2)(x+4)
(i) (x — D(x +1)? (iv) x=2)(x =3)(x + D(x +2)
V) (u—1)*u+1)? Vi) (x—1>(x+2)
(vii) (¢ 4+ 1 —2)(t +2) (viil) (u —2)(u + 3)(u — 3)
(ix) (s—2)* x) =D +2)(x-=3)(x+4)
(xi) (x+2)*(x —3)? (xii) (2t +1)(3t —4)
xiii)) Bs — D)(s +2)(4s +3) (xiv) (Bx +2)*2x — D(x +2)

xv) BGx+DBx—-—DH(x+3)

Check each expansion with suitable numerical values.

2.3.3 Factorisation of polynomials by inspection <<38 45«

A. Factorise the following, retaining only real coefficients:

i) x*+x (i) 3x3 —2x2 (i) —7x2 + 4204
(v) t* =383 ++¢2 v) u*-9 (vi) 1?2 —121
(vii) s* —16s% (viii) 4x'? — 64x8

B. Factorise the following polynomial expressions (hint: look back at Q2.3.2B):

G t?+5t+6 () P+t>2—4r—4 (i) y*—2y3 —=7y?+8y+ 12
(iv) 9x3+27x%2—x -3

2.3.4 Simultaneous equations «<«<38 48«

A. Solve the following systems of linear equations, verifying your solution by back substi-
tution in each case.

i x—y=1 i) A+B=0 (i) s+3r=1
x+2y=0 3A-B=1 s—2t=1
iv) 3x+2y=2 V) u+4v=1 i) Tx1—2x, =1

—2x+3y=1 u—v=>2 3x1 —2x, =0

B. Comment on the following systems of equations:

H x+y=1 (i) 2x—y=3 (i) x+y=0
3x+3y=3 4x —2y =1 x—y=0
(iv) 2A+B=1 V) u+v=-1 (vi) x+y=0
4A+2B =—-1 3u+3v=-3 x?—y2=1
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2.3.5 Equalities and identities <«<«38 50«

A. Determine the real values of A, B, C, D in the following identities:

i (—DE+2)=As>+Bs+C

() (x—13=Ax3+2Bx>-3Cx+D

(i) (x —A)(x+B)=x>—4

(V) (x+2)(x —=3)2x —1) = A(x — 1)®> + Bx + Cx? — Dx?
V) Adc—1D)+Bx+2)=x-3

vi) x+A)?+B>=x*—-2x+5

—

B. Given that
Ax —a)+ Bx—b)=ax+b
determine expressions for A, B in terms of a, b by two different methods.

2.3.6 Roots and factors of a polynomial <<39 52«
Use the factor theorem to factorise the following polynomials:
(i) ud—ut—4du+4 () x*+4x>+ x—6

(i) *—2—-72+1t+6 Gv) x*—x2—x+1
(v) x3+4+3x%—10x —24

2.3.7 Rational functions
A. Identify the rational functions and state (a) the denominator, (b) the numerator.
1 2 3
W G 1V2 iy 23
x—1 x2—1 x3—2x+1
(iv) X +2x—1 W) 2x4 —1
1v EEE— \Y -
x4 —2x+3 x4+ 1
B. For what values of x does - exist?
x — x —
2.3.8 Algebra of rational functions

A. Put the following over a common denominator and check your results with x = 0 and
one other appropriate value.

() 2 & (ii) ! 2

i) —— — ii —

x+2 x-1 x+3 x-—4

2 3 ) 2 3

(i) x+3_x—2 @) x—2+x—3

“) 1 . 1 4 1 i) 3 3 4
v x—1 x—-2 x-3 Vi x+2 x+3 x-1
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(i) —> : (viii) ;2
vil) ——— viil)) x — ——
x2—1 x-1 x+1 x+2
() ot () 2r—14—2 3
iXx) —— 4+ ——— X) 2x — _
x24+1  x242 x—1 x+2
B. Put over a common denominator:
() b2 i) —— -2
i ii -
x—4 x-1 x—4 x-—-4
(iid) x—1 n 3 (iv) 2x — 1 4
iii iv) —— —
x=2)2 x-—-1 x24+1 x-=2
3
14—
W 14—
2.3.9 Division and the remainder theorem ««39 60«
A. Perform the following divisions, whenever permissible:
ox? ox2=2x 42
(1 ; (i1) 7@ 1)
o3 44x—1 341
(i) oA iv)
x—3 x+1
2x2—3x+4 ) x4—y4
W —aTr "y
B. Find the remainders when the following polynomials are divided by:
@ x-—1 b)) x+2 (©) x
() 3x*+2x—1 (i) x> —2x>+2x—1
(i) x* —x2 (iv) 2x7 —3x° +4x° —2x2 +1
2.3.10 Partial fractions <<39 62<

A. For Q2.3.8A, B check your results by reversing the operation and resolving your answer
into partial fractions. Usually, the answers should of course be what you started with
in those questions. There are however a couple of cases where this is not so — explain

these cases.

B. Split into partial fractions:
. x—1 . x+1
O TIaa—3 i 5 e
. 2x +1 3 . 5x — 4
™) T 12 V) rnary Y @rac_2e
. x+1
(vii)

x=DEx+3)x—-4)
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2.3.11 Properties of quadratic expressions and equations
<«<39 64«

A. Factorise the quadratics:

(i) x24+x-2 () x*+6x+9
(iii) x2 — 81 (iv) 2x245x -3
(v) 2x%—8x

B. Solve the quadratic equations obtained by equating the expressions in A to zero.

C. Complete the square:

(i) x*+2x+2 (i) x?>—6x+13
(iii) 4x%>+4x —8 (iv) 4x? —4x

D. By completing the square determine the maximum or minimum values (as appropriate)
of the following quadratics, and the values of x at which they occur.

() x>+2x+4 (i) 16 —4x — 4x>

E. Solve the following equations by both factorisation and formula.

() x>+3x+2=0 (i) 2x>2—-5x+2=0
(i) 3x2—1lx+6=0 (iv) x> +10x+16=0
(V) x*>+2x—-8=0 (vi) x2+6x—-3=0

F. Evaluate the following exactly with as little labour as possible and without a calculator.

8(23.7)2 — 10(23.7)(45.4) + 3(45.4)2
4(23.7) — 3(45.4)

G. For Q2.3.11E confirm your results by calculating the (a) sum and (b) product of the
roots.

2.3.12 Powers and indices for algebraic expressions <40 /0«
A. Express in the form a”

2.—1

i) a’a* (i) da’a’a >iil)) aa“a~
(iv) a’a’/a? v) @?*a %’ i) a Ha2@®°
(vii) a’/a=? (viii)  (@®)3/(a®)?

B. Express in the form a?”, stating the value of n.

(1) a9a17 (11) (a40)1/4 (111) a3((a3)6a7a5)1/2

(iv) a*’a>3/a®
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C. Reduce to simplest form

0 232 i) (@32 i ba'2p’ ¢
i i) ——— i) ———
abc ab? (a2b*c0)1/2
3\4 12
vy —are
b—3c10,-1p2

D. Simplify the following expressions

3
() b*a*b’ab’ (ii) tzﬂ
x4yt
2\4.7/2
iy LY
EONENG
2.3.13 The binomial theorem << 40

A. Write down the coefficients of x* in the following expansions

Qi (1+x) (i) (1+3x)8 (i) (1 —2x)°
(iv) (3 —2x)8 (v) (3x +2y)°

B. Expand by the binomial theorem

i (1 -2x) (i) (a+b)° (i) (2x 4 3y)°
(iv) (2-3x)° V) (3s —21)°

C. Evaluate, without using a calculator:

i 1+v2+01-v2) (i) Q+v3)*+@2—-V3)?
D. Use the binomial theorem to evaluate to three decimal places:

() (a.onto (i) (0.998)%

Hint: write 1.01 = 1+ 0.01 and 0.998 =1 — 0.002.

2.4 Applications

71 <

1. The time behaviour of a source free resistor (R)-inductor (L)-capacitor (C) series circuit

can be described by a particular differential equation:

d2V+RdV+ lv—o
d>  Ldt LC
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80

where V is the capacitor voltage. Such equations will be solved in Chapter 15, but for
now note that in doing so it is necessary to solve the associated quadratic auxiliary
equation

2B L oo
L” LC
for the quantity A, Greek ‘lambda’. Write down the solutions to this quadratic for general
values of R, L, C. Solve the quadratic for the following values of these parameters:

(i) R=10Q,C=1/9F,and L=1H (i) R=6Q,C=1/9F,and L = 1 H
(i) R=2Q,C=1/9F,and L = 1H

In the case of (iii) you will obtain complex roots — such numbers are studied in
Chapter 12, but the next application gives you a preview.

A complex number is one of the form z = a + jb where a and b are ordinary, real
numbers and j is a symbol for the ‘imaginary number’ «/—1 . All you need to know
is that j2 = —1 and that otherwise the normal rules of algebra apply. Investigate the
‘algebra’ of complex numbers, that is the rules for adding, subtracting, multiplying and
dividing complex numbers. You will see this in Chapter 12, and as a taster you can try
to derive the results:

a+ jb ac+bd bc —ad

ctjd_ @ ara

(1) (@+ jb)(c+ jd) =ac —bd + j(bc+ ad) (ii)

In (i) multiply top and bottom of the left-hand side by ¢ — jd.

Emperor Yang Sun (ninth century CE) had to choose between two equally qualified
clerks for a promotion, He set them the following problem to decide between them.

A man walking in the woods heard thieves arguing over the division of rolls of cloth
which they had stolen. They said that if each took six rolls there would be five left
over; but if each took seven rolls, they would be eight short. How many thieves were
there, and how many rolls of cloth?

The candidates performed the calculation in the ancient Chinese way, by using
bamboo rods on the tiled floor. This technique led to the early development of adding
and subtracting rows and columns of arrays to solve linear equations. Would you get
the job?

An open box is made from a 12 cm square card by cutting squares of equal size from
the four corners and folding the edges up. Calculate the size of the squares to be cut
to yield the box with the largest volume.

Vapour deposition methods are often used for thin film layers in the fabrication of
semiconductor devices. Such methods involve exposing a semiconductor wafer to a
mixture of gases in a heated vacuum chamber. The chemical composition of the surface
layer, and the deposition time depend on the relative concentrations of the vapours in the
chamber. If three gases A, B, C are to be combined to form a number of overlayers of
new molecules ABC then the time dependence of the deposition of the new molecules
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is described by the differential equation

dx « b

= (x —a)(x —b)(x —¢)
where x is the number of ABC molecules and a, b, ¢ are the initial concentrations of
the A, B, C gases respectively. k is a constant depending on the rate of the chemical
reaction. Such equations are typical of a chemical reaction. In such a tri-molecular first
order reaction the x — a factor, for example, models the fact that the rate of production
of the new molecule is proportional (14 <) to the current amount of each component
substance available. As x approaches the smallest of the a, b, ¢ values the rate of
the reaction will slow down, until it stops completely when there is no more of that
constituent left. The differential equation will be solved in Chapter 15 (» 477) and a
crucial step in the solution is the splitting of

1
(x—a)(x —b)(x —c¢)
into partial fractions. Do this for the case of a =1, b =2, ¢ = 3.

Obtain an expression for the partial fractions in the case when a, b, ¢ have general
values.

. In the toss of a fair coin the probability of a head is % and the same for a tail. Suppose

we toss such a coin three times. We can get 3H, 2HIT, 1H2T, and 3T. Write down the
probability of each possibility. Show that the sum of these probabilities can be written

1, 1)3
(G+3)
i.e. as a binomial expansion. In general, if we have n independent ‘trials’, each resulting

in a ‘success’ with probability p and a ‘failure’ with probability ¢ = 1 — p then the
probability of s ‘successes’ is given by the binomial term

p(s) ="Csp*(1 — p)"*

Use the binomial theorem to show that the sum of all these probabilities, for all possi-
bilities, is 1. p(s) defines the binomial distribution, one of the most important in
statistics.

Answers to reinforcement exercises

2.3.1 Multiplication of linear expressions

A.

B.
C.

@), (i), (iv), (v), (viii), (ix), (xii), (xiv) are algebraic expressions, the rest are either
not algebraic, such as sinx — 3 cosx, or are equations such as 2t + 1 = 0 rather than
expressions.

(iii), (vii), (xi), (xv) are algebraic equations.

1) a+blc+d (i) (@+b)c+d (iii)) (@ +b)(c+d)
@iv) a—b(c+d) V) (@a—b)c—d vi) (a—>b)c+d
(vi)) x2—3(x +4) (vii) a + b(c + bd) (ix) (a +bc+b)d
x) (@a—>b)(c—4d) xi) a—>b(c—d) (xii) (x?—=3)x +4
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D. () 2x+4 (i) 2x+1 (iii) 312 — 3¢
G(v) s*4 st —2¢2 v) a® —3a? i) x3+x2—=3x+1
(vii) —2u® — 6u (viii) 9x% —2x — 35 (ix) a®>+2a*>—4a+7
(x) x3—2x%—2x (xi) x%—3x242x (xii) —x34+3x2 -8
xiii)) 1—s—1t—u-+st+su+tu—sut (xiv) —8ab

(xv) 2x%+2y?

E. In cases (i), (iii), (iv), (v), (vi), (vii), (xi), (xiii) you should retrieve the original question.
(ii), (viii), (ix) do not factorise further with simple integer roots. (x) becomes x (x> —
2x —2), (xii) can be written — (x> — 3x2 + 8) but does not easily factorise further.
(xiv) is already factorised! (xv) can be written 2(x> + y?).

2.3.2 Polynomials

A.
Polynomial? Degree Coefficients
1) Yes 2 1, —1,4
(i1) Yes 0
(iii) No
@iv) Yes 3 7,0, =2, 1
) No
(vi) Yes 4 27,0, =3,0, 1
(vii) No
(viii) No
(ix) Yes (in x and ¢) 3 Coefficients all zero
except of x%(3) and £3(1)
(x) No
B. () x>+x-2 (i) x3+5x>+2x-38
(i) > 4+x2—x-1 (v) x*—2x3 —7x2 4+ 8x + 12
v) u*—2u*+1 (vi) x*—x3—=3x245x-2
(vii) £ +1>—4t—4 (viii) w® —2u® —9u + 18
(ix) s*—8s3 +24s2 — 325+ 16 (x) x*4+2x3 —13x2 — 14x +24
(xi) x*—2x3 —11x%+12x + 36 (xii) 61> —5t—4
(xiii) 1253 +29s2+7s — 6 (xiv) 9x3 +27x%2 —x -3

2.3.3 Factorisation of polynomials by inspection

A. () x(x+1D () x*Bx —2) (iii) 7x%(v6x — )(v/6x + 1)
(v) 2> =3t+1) V) w—-3wu+3) i) ¢—1D@¢+11)
(vii) sP(s —4)(s+4)  (viiD) 4x¥x —2)(x +2)(x% +4)
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B. (i) (t+2)(t+3) (i) (¢ + D@ —2)(t +2) (See Q2.3.2B(vii))
(i) (y —2)(y —3)(»y + D(y +2) (See Q2.3.2B(iv))
(iv) (Bx — DBx + D(x + 3) (See Q2.3.2B(xv))

2.3.4 Simultaneous equations

B. (i) Infinite number of solutions x =1 —s, y =5
(ii) No solutions
(iii) Trivial solution x =y =0
(iv) No solutions
(v) Infinity of solutions u = —(1 +s), u = s

(vi) No solutions

2.3.5 Equalities and identities

A. ) A=1,B=1,C==2
(i) A=1,B=-3,C=-1,D=-1
(iii) A=4and B=4orA=—-4and B=4
(iv) A=6,B=1,C=2,D=9
_ 5 _ 2
(V) A—g,B——g
(vij A=—1and B =42
Db 24
_a+bb a4

b—a a—>b

B. A

2.3.6 Roots and factors of a polynomial

@A @w—-—Du+2)u—-2) () x—Dx+2)(x+3)
(i) (¢ — D@+ Dt +2)(r — 3) (iv) (x—D2(x +1)
V) G+2)x=3)x+4)

2.3.7 Rational functions

A Rational function? (a) denominator (b) numerator
6] Yes x—1 x+1
(ii) Yes x2—1 x+2
(iii) No
@iv) Yes x*—2x+3 42 —1
(v) Yes xt+1 24— 1

B. All values except x = 1.
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2.3.8 Algebra of rational functions

. —x —8 B —x —10 —x —13
O — () —m— (i) ——m——c
x+2)(x —1) (x+3)(x —4) (x +3)(x —2)
. S5x —12 3x2 — 12x + 11 . —4x% —17x — 27
iv) ———— ) (vi)
(x—2)(x —3) x—-DEx—-2)(x—-3) x+2)x+3)(x—1)
L 2x+1 X34 3x243x . 5x2+8
R v T DG +2) ™ E D12
203 +x2—6x+9
(x)
(x = Dx+2)
B G 5x— 14 2 o 4x2—14x+13
O ST a2 @ =7 N LY D
. —2x2—5x -2 x+1
T M
2.3.9 Division and the remainder theorem
(iii) x3+x2+3x+13+% x#3
Gv) x> —x+1 x#—1 v) 2—3()5_2) X £+l
x=—1
(vi) x?—y?
B. ) @4 (b)—29 () —1
(i) (@0  (b) —45 () —1
Gii) (@) 0  (b)28 (©) 0
Gv) @0 (b)) —199 (o)1
2.3.10 Partial fractions
A. For answers see Q2.3.8A, B.
B 3 2 i) 2 2
- O sy ey s R
L4 . 1 3
W) =3 " 3 W) T T ro1 x12
3 3(x—1)
M S FD 2+
, 1 3 1(x+5)
V) ey Tia—22 Tavita
. 1 1 5
M) =D T Taa+3) T 8e—a)

84



Understanding Engineering Mathematics

2.3.11 Properties of quadratic expressions and equations

A. () x—Dx+2) (i) (x +3)2

(v) (x+3)2x —1) (v) 2x(x —4)
B. (i) 1, -2 (i) —3 2x)
(iv) -3,1 (v) 0,4

C. ) x+D%+1 () (x —3)2+22

(v) 4(x—1)° =1

D. (i) Minimum of 3 when x = —1
(i) Maximum of 17 when x = —1
E. () —-1,-2 (i) 2,1
(iv) -2, -8 v) 2, —4
F. 2

G. () (@ -3 ()2
(iv) (a) —10 (b) 16

5
(i) (@5 ®1
(v) (@ =2 (b) =8

(i) (x =9 +9)
(i) %9
(i) 4 (x+ 1) =32

(i) 2,3

(Vl) _15 %

11
(i) (@) = (b)2
vi) @35 (b)—3

2.3.12 Powers and indices for algebraic expressions

A. () a® (i) a® i) a? @(v)a® ) d’
B. (i) 13 @Gi)5 @Gii) 9 (@Gv) 11

C. () ab’c (i) a®b2c'?  (iil) a'bO¢  (iv) a3bc?

(vi) a”

12
D. () 3% (i) — = 2x~" (i) %>
X

2.3.13 The binomial theorem

A. () 35
(iv) 90720

(i) 1215
(v) 4860

1

(vii) a®  (viii) 1

(i) 80

B. (i) 1— 14x + 84x? — 280x3 4 560x* — 672x° + 448x® — 128x7

(i) a®+ 6a’b + 15a*b* + 20a°b> + 15a%b* 4 6ab> + b°

(i) 32x° + 240x*y + 720x3y? + 1080x%y3 + 810xy* + 243y°
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(iv) 64 —576x + 2160x? — 4320x> + 19440x* — 2916x°> + 729x°

(V) 243s° —810s*t + 1080s3% — 720521 + 240st* — 32¢°

C. () 14 (i) 226
D. (i) 1.105 (i) 0.984
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Functions and Series

This chapter gathers together a range of topics relating to functions and their general
properties. Some elementary work on series is also included here, because they most often
arise in the context of expressing or approximating functions.

Prerequisites
It will be helpful if you know something about:

function notation

plotting graphs

use of formulae

inequalities (7 <)

sequences and series

binomial theorem for the case of positive integer power (71 <)

Objectives
In this chapter you will find:

function notation and its use

plotting the graph of a function

changing the subject in a formula

odd and even functions

the composition of two or more functions

the use of inequalities

definition and evaluation of the inverse of a function
definition and use of sigma notation

summation of a finite geometric series

summation of an infinite geometric series

the binomial theorem for negative and fractional exponents

Motivation

You may need the topics of this chapter for:

e using formulae in your engineering subjects
e sketching graphs of simple functions (Chapter 10)
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use of inequalities in such topics as linear programming
manipulation of functions in other maths topics such as calculus
summation and use of series in approximations and statistics
iteration in numerical methods

infinite series expansions for functions

approximations using the binomial expansion

A note about rigour

An engineer will probably be more concerned about using mathematics, rather than proof
and rigour. However, this chapter contains some topics that do really need careful treatment
even to use them. I have tried to make such things as palatable as possible!

3.1 Review

3.1.1 Definition of a function
It _ ATl alvate @) £O) G 1

f(x)—x2+zevauae ®» fO) G f(=D
3.1.2 Plotting the graph of a function

Choosing perpendicular x-, y-axes and suitable scales plot the graph of the function y =

x2—2x —3 for integer values of x in —2 < x < 4. Describe the shape of the function

and discuss the points where it crosses the axes, and the minimum point.

3.1.3 Formulae » 93 108 »>
The focal length f of a mirror is given by

11 1

f u v

where u is the lens-object distance and v the lens-image distance. Express v as a function
of u and f.

3.1.4 0dd and even functions » 94 108 »»
Classify the following functions as odd, even or neither.

x2 (i) 2x (iv) x?2
iii iv
14+ x2 x2

i) 3x3—x (i) 1 o
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3.1.5 Composition of functions

If f(x) =x+1and g(x) =

@ fgx)) (i) g(f(x)

3.1.6 Inequalities
Find the range of values of x for which

l<4x—-3<4

3.1.7 Inverse of a function

Find the inverse function of the function

f)=—— x#1

x—1

3.1.8 Series and sigma notation

Write out the following series in full

r
Zr—i—l

r=1

3.1.9 Finite series

Sum the finite geometric series

1+1+1+1+1
2022 23 24 DS

3.1.10 Infinite series

Sum the infinite geometric series

el
2722723

3.1.11 Infinite binomial series

Find the first four terms of the binomial expansion of (1 + 3x)~2.

7 express in their simplest form:

» 97 108 »>»

» 97 109 >»>»

» 100 109 »>»

» 102 109 »>»

» 103 109 >»>»

» 105 110 »>»

» 106 110 >»>»
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3.2 Revision

3.2.1 Definition of a function

A function is a relation which expresses how the value of one quantity, the dependent
variable, depends on the value of another, the independent variable. Formally, this is
usually expressed
y=f)
dependent _1 1_ independent
variable variable

where x is some quantity in a particular set of numbers which, when substituted into
the function f, produces the quantity y, which may be in a completely different set of
numbers.

Example

Suppose x = n is a non-zero integer, then the reciprocal function is defined by:

1
y=f@=fw== n#0

and y can be a rational number of magnitude less than one.

The important point about a function is that it must have a single unique value, y, for
every value, x, for which the function is defined.

x is also called the argument of the function f(x). The set X of all values for which the
function f is defined is called its domain. The set of all corresponding values of y = f(x),
Y, is called the range of f(x). We sometimes express a function as a mapping between
the sets X, Y denoted f : X — Y. The value of a particular function for a particular value
of x, say x = a, is called the image of a under f, denoted f(a).

Examples

(i) y = f(x) = x? + 1 is defined for all values of x, and for all such values y is greater
than or equal to 1. The image of —1 for this function is

fED =D +1=2

(i) y=gkx) = I is defined for all x except x =1, and y can vary over all real

3
non-zero numbers. The image of x = 0 for example is g(0) = 0-1°- -3.

X —

We have already met the common algebraic functions in Chapter 2:

Linear: f(x) =ax +b (defined for all x)
Quadratic:  f(x) = ax>+bx +c (all x)
Cubic: f(x)=ax’+bx+cx+d (all x)
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Polynomial: f(x) = a,x" + a,_1x" ' +---+ajx +ay (all x)

1
Reciprocal: f(x) =— x#0
X

Rational function — for example:

1
f(x) = _ox+t x#£1,-2
x—Dkx+2)
Here the coefficients, a, b, ¢, d, a,, . .. etc. are constants, or more strictly independent

of x. Such algebraic functions occur frequently in mechanics and electrical circuits, for
example. Rational functions are particularly important in control theory, where the roots
of the denominators (the so-called poles) have physical meaning for the stability of a
system.

The other standard functions — exponential and trigonometric — will be studied later.
They all reflect some important characteristic physical behaviour — for example the
exponential function represents the ‘law of natural growth’ whereby a quantity
increases at a rate proportional to the amount present. The trigonometric functions
sin x and cosine x describe wavelike behaviour such as occurs in an oscillating electrical
circuit.

The form y = f(x) defines an explicit form of a function of x. It is sometimes conve-
nient to define a function implicitly. For example the reciprocal y = 1/x may be defined
implicitly as xy = 1.

Another form of representation of a function is by means of a parameter in terms
of which both x and y are expressed — this is called a parametric representation. For
example the position (x, y) of a projectile in a plane at time ¢ may be expressed by
x =342t y=442t—1>

Solution to review question 3.1.1

x+1
x242

then

If fx) =

. 0+1 1
€3] f(o)—m—i

—1+1

i) f(-D = g =

3.2.2 Plotting the graph of a function

We can learn a lot about a function y = f(x) from its graph plotted against x-, y-axes,
in a plane Cartesian coordinate system. We choose an appropriate sequence of values
of x and calculate the corresponding values of y and plot the resulting x, y coordinates
against the axes. We may then be able to draw a continuous curve through the points.
Figure 3.1 illustrates this for the straight line graph of the linear function y = 2x + 1.
For this we only need two points, say (0, 1) and (1, 3), to define the resulting straight
line graph.
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—4 +

Figure 3.1 The graph of y = 2x + 1.

Like the linear function all the common functions have characteristic graphs. Some are
given in the reinforcement exercises and others you will meet as they arise in the book.
One important point to note is that here we are talking about plotting rather than sketching
a graph (see Chapter 10).

Solution to review question 3.1.2

Evaluating the function y = x> — 2x — 3 at the given values of x yields
the coordinates:

The graph drawn through these points is shown in Figure 3.2. Remember
to label your axes!

This is a quadratic function. It crosses the x-axis where x> — 2x — 3 = 0.
We can solve this quadratic equation by factorisation:

=2x—-3=(x-3)x+1=0
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(_2|5) 571 (415)

y=x2-2x-3

4 3 2 4 X
-5+
Figure 3.2 The graph of y = x> — 2x — 3.
to give x = 3 and x = —1 as the crossing points (‘gateways’ through the
x-axis), as we observe from the graph. Also, we can complete the square

to get:
x2—2x—3:(x—1)2—4

which tells us that the minimum value is —4 and occurs at x = 1.
Again, we see this from the graph. (Note that any quadratic curve — or
parabola — is symmetric about its minimum or maximum point.)

3.2.3 Formulae <38 108>

Perhaps the most common way you have been exposed to functions before is in the use
of formulae to express the value of some variable in terms of other given quantities. For
example for an ideal gas pressure P can be expressed in terms of the volume V and
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temperature 7' by the ideal gas law:

_ nRT
1%

where nR is a constant dependent on the gas. If T is fixed then we can regard this formula
as expressing P as a function f, say, of V:

P=f)
If V is fixed then P can be regarded as a (different) function, g, of T:
P =g(T)

If V and T can vary then we can regard P as a function, F, of the two variables T
and V (we study such functions in Chapter 16):

P=FT,V)

So the term function is really a precise formulation of the idea of a formula.

In the above examples it may, for example, be that P and T are known and it is required
to find V. We do this by rearranging or transposing the formula to give V as a function
of P and T — in this case:

_ nRT
P

We say this is making V the subject of the formula.

Solution to review question 3.1.3

Given that
11 1
f u v
then if we know u and f we can obtain v as follows:
1 1 1 u—f
v f u  uf
S
o uf
=7
making v the subject of the formula.

3.2.4 0dd and even functions

An even function is one which is unchanged when the sign of its argument changes,
f(=x) = f(x)
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Examples include:
fx) =5x2, 3x*+x?

i.e. polynomials with only even powers of x.
An odd function changes sign with its argument

f(=x)=—fx)

Examples are f(x) = 3x, 2x3 — x, i.e. polynomials with only odd powers of x.
The trig function cos x, studied in Chapter 6 is even:

cos(—x) = cosx
On the other hand sin x is odd:
sin(—x) = —sinx

The graph of an even function is symmetric about the y-axis, while the graph of an odd
function is unchanged under a rotation of 180° — see Figure 3.3.

y y
y=x*
y=x°
0 X 0 X
Even Odd

Figure 3.3 Even and odd functions.

Any function f(x) for which f(—x) exists can be expressed as the sum of an even and
an odd function:

fO+fn) SO = D

2 2
even odd

fx) =

note the ‘something for nothing’ trick of adding zero in the form

_ S0 f(=x)
2 2

0
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We did a similar thing in completing the square (66 <).
The modulus function f(x) = |x| is defined by (8 <)

x| =xifx >0

=—xifx <0
Its graph is shown in Figure 3.4 and it is clearly even.

y

y= x|

Figure 3.4 The modulus function y = |x].

Solution to review question 3.1.4

(i) For f(x) =3x® —x we have
f(=x) =3(=x)° = (=x) = =3x +x
=—-(Bx’—x)=—f(x)

So 3x3 — x is an odd function.
2

Gi) For f(x) = ﬁ

(—X)2 x2

T e W

f(=x) =
so this is even.

(iii) If f(x) =

then

x2—1
2(—x) 2x
fe0= = =W
so f(x) is odd.
2

(v) If f(x) =

we have
x+1

(—x)*  x?

—x+1 1-—x

f(=x) =

odd nor even.

This is not equal to f(x) or —f(x) and so this function is neither
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3.2.5 Composition of functions

Often we need to combine functions. For example in differentiating a function such as
T it is useful to regard it as a function (the reciprocal) of a function (x*> + 1)
X
(Chapter 8). More specifically, if f(x) and g(x) are functions with appropriate domains
and ranges we can define their composition f(g(x)) which is the result of evaluating f at
the values given by g(x) for each value of x. Note that f(g(x)) and g(f(x)) are different
in general.

Example .
f)y=x>+1, gk = p

1\? 1
flgx) = (—) +1=—=+1

X X

while
_ b
g(f(x) = REEE

Solution to review question 3.1.5

1
i) fg))=gx)+1=——+1= )
x—1 x—1

1 1 1

W)= = syi-1 " %

Remember to tidy up your result at the end.

3.2.6 Inequalities

We introduced inequalities in Section 1.2.2. Their basic properties are the following:
e Ifa<bandc<dthena+c<b+d

That is, if a is less than b and c is less than d then the sum of a and ¢ will be less
than the sum of b and d. This is a fairly obvious property of numbers in general, whether
positive or negative.

° Ifa<bandc>dthena—c<b-—d

Perhaps the easiest way to see this is to plot the numbers a, b, ¢, d satisfying the above
conditions, on the real line. Then, a — ¢ is the ‘distance’ between a and ¢ and b — d is
the ‘distance’ between b and d, and it is then pictorially obvious that the former is less
than the latter. Or, since a < b we can write a = b — p where p is a positive number
and we can similarly write ¢ = d + g where ¢ is another positive number. Then a — ¢ =
b—p—(d+q)=b—-d— (p-+q) from which, since p + g is positive, it follows that
a —c < b —d, as required.

° Ifa<band b <cthena < c
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This property is another fairly obvious one for real numbers — if Jack is shorter than Jill
and Jill is shorter than John then Jack is shorter than John!

. Ifa<bthena+c<b+c

Again fairly obvious — Jack doesn’t become any taller than Jill if they both stand on
the same chair.

° If a < b and ¢ > 0O then ac < bc

This just says that if you multiply two numbers a, b by a pesitive number ¢ then the order
relation is unchanged — if you look at Jack and Jill through the same telescope, Jack is
still shorter than Jill.

° If a < b and ¢ < O then ac > bc

This is usually where our troubles start with inequalities, when we bring in negative
multipliers. This property says that changing the sign throughout reverses the inequality.
It is pretty obvious if you just think of an example: 4 > 3, but —4 < —3 and —8 < —6,
and plotting a, b, —a and —b on the real line may make it clear generally. Jack and Jill
can help by hanging from the ceiling — Jack is now ‘higher than JilI’! More rigorously,
note that we can write b = a + p where p is a positive number and so if ¢ is a negative
number then bc = ac + pc, so ac = bc — pc. But if p is positive and ¢ is negative, —pc
is positive, from which it follows that ac > bc.

1
. If a <band ab > 0 then — >
a

S =

Our troubles are mounting now — reciprocals and inequalities cause problems for
most of us. Again it helps to think of numbers: 2 < 3, and % > % but while —2 < 3,
}2 = —% < % So the difference in sign affects the inequality when we take reciprocals.
The condition ab > 0 is included to make sure that ¢ and b have the same sign,
both positive, or both negative. Only then does the inequality reverse if we take the
reciprocals. The contortions that Jack and Jill have to get up to to convince you of this
don’t bear thinking about. Perhaps it’s best if you simply satisfy yourself with a few
examples!

Most of the above results may be extended, with care, to < and >.

Inequalities can be used to specify intervals of numbers, for which a special notation
is sometimes used. Specifically, [a, b] denotes the closed interval a < x < b and (a, b)
denotes the open interval a < x < b.

Sometimes we have a problem in which we need to find values of x such that a given

function f(x) satisfies an inequality such as
fx) <0

We call this solving the inequality. In such problems we may have to combine algebra,
knowledge of the function, and properties of inequalities. It is a common error to try to
solve such an inequality by considering the equality f(x) = O instead. Whilst doing this
may be useful, remember that it will only give the boundaries of the inequality region,
and extra work is needed to define the entire region.
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An inequality in which f (x) is a linear (quadratic) function is called a linear (quadratic)
inequality, for example:

ax+b>0 linear inequality
ax?> 4+ bx +c¢ > 0 quadratic inequality

Example

If
1<3x+2<4

then subtracting 2 from each term gives
—1-2=-3<3x<4-2=2

So
—3<3x<?2

and so, dividing by the positive quantity 3, we obtain

2
—1<x<§

Example

Find the range of values of x for which 2x?> —3x —2 > 0.
It helps to factorise if we can, or find the roots of the quadratic:

x—=2)2x+1)>0
This will be true if either:
x—2>0and2x+1>0, ie x> 2

or if
1

x—2<0and2x+1 <O, i.e.x<—5

So2x? —3x —2> 0 for x < —% and x > 2. You can also see this from the graph of the
function (»RE (Reinforcement exercise) 3.3.2B), and graphical considerations often help
in dealing with inequalities generally. However, it is important that you gain practice in
the manipulation of inequalities, and the associated algebra.

Care is needed for inequalities involving the modulus. For example, suppose

x =3 <2
Then this means that

—2<(x-3)<2
or —24+3=1<x<2+43=5

SO l<x<5
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Solution to review question 3.1.6

If 1 <4x —3 < 4 then adding 3 throughout gives

1+3<4x <4+3

or 4 <4x <7

SO 1<x<£7—1

3.2.7 Inverse of a function <89 109>

Suppose we are given some function y = f(x). Then given a value of x we can evaluate,
in principle, the corresponding value of y. But often we are given the reverse problem — we
know y and want to find the value of x. What we have in fact is an equation for x which
we have to solve. We call this inverting the function f and we write

x=f"')
The inverse of a function f is the function f~! such that
@) =x

ie.
f~! ‘undoes’ f

It is important to note that the inverse of a function only exists if the function is ‘one-to-
one’ that is, each value of x gives one value of y and each value of y gives one value of
x. Sometimes this means that we have to be careful with the domains of our functions.
For example, the function y = x? is only ‘one-to-one’ if, say, we restrict x to the domain
x > 0. Then the inverse function is x = ,/y or ) = VX

Example |

y=fx)=—— &#2)
x—2
If y =4, find x.
We have 1
4 =
x—2
)

dx —2)=1=4x -8
and therefore
4x =9

and
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In fact we can do this generally for any value of y by finding the inverse function of f:

1

y:f(x):m

Multiplying through by x — 2 gives
yx =2)=1=yx -2y

and so
yx =142y

and solving for x we obtain

142y
X =
y
But if y = f(x) then by definition x = f~'(y)
SO
_ 142
r=lo =

X
We may also write this as f~!(x) = , with x # 0 of course.

We can now check the numerical example given above

1 1+2x4 9
o= !
as we found previously.

The inverse of a function is often as important as the function itself. For example the
inverse of the exponential function is the logarithm function (Chapter 4). Graphically,
the graph of the inverse function can be obtained by reflecting the graph of the function
in the straight line y = x.

Note that the —1 in f~'(x) does not mean forming the reciprocal —ie. f~'(x) #

1/f ().
Solution to review question 3.1.7

fy=fx) = Ll’ then the inverse of f(x) is given by x = f~(y).
x —_—

So, writing

we have y(x — 1) =x or (y — Dx = y.

So
x=—2 =)
y—1

Hence X
flaoy=——x#I

x—1
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Here the inverse function is exactly the same as the original function.
There is nothing strange about this, but it does emphasise the fact that
the inverse of a function is not the same thing as the reciprocal of a
function!

3.2.8 Series and sigma notation

We will say more about series (particularly infinite series) in Chapter 14. Here we want to
introduce the basic ideas by looking at two types of infinite series, the geometric and the
binomial. In fact, these two are extremely important, in both the principles and practice
of series, and they occur frequently in applications in science and engineering.

A series is a sum of a sequence (i.e. a list) of terms which may be finite or infinite in
number, for example

24+4+8+16+32=2+22 42 +2442°
is a finite series. Dealing with finite series is essentially algebra.

Infinite series are usually implicitly defined by indicating that the series continues in a
particular way, for example:

1+l+l+l+i+i+...+L+...
2 4 8 16 32 2n-1
T

nth term

A useful shorthand for writing such series is the sigma notation. The Greek capital letter
sigma ) denotes summation. Thus, if a, (‘a subscript r’) denotes some mathematical
object, such as a number or algebraic expression, then the expression

n
E ar =apym + a1+ -+ a1 +ay
r=m

is ‘the sum of all a, as r goes from m to n’.

The letter r is called the index of the summation, while m, n are called the lower
and upper limits of summation respectively. Note that the letter r is in fact a dummy
index — it can be replaced by any other:

n n
2 4= a
r=m i=m

for example, in this respect r is similar to the integration variable in definite integration
(Chapter 9):

b b
/f(x)dx:/ f@) dt
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Example

The general nth degree polynomial (43 <) may be written in sigma notation as:

n
apx" + a1 X" '+t ax +ag = E a,x”
r=0

Solution to review question 3.1.8

The series in full is:

Zr_1+2+3+4+5+6
r+1 141 241 341 441 5+1 6+1

r=1

_1+2+3+4+5+6
T2 3 45 6 17

Note that such series can be represented in many different ways in terms
of the sigma notation. For example the above series could be written just

as WellaS
Zr+1
r+2

r=

3.2.9 Finite series

The sigma notation can be used to write series, as for example in Section 3.2.8:

1 1 1 1 1 1 1 1
2T ptatatatutste

r=1

—1+1+1+1+1+1
B 2 4 8 16 32

The most well known and useful elementary series is the sum of a geometric progres-
sion (GP):

a,ar,ar’,ar®, ... ar* ', ...

where a is the first term and » the common ratio. Notice that the nth term is ar"~'.

Summing a finite geometric progression uses a nice argument. Let
S,=a+ar+ar’+---+ar"!
be the sum to n terms of such a GP. Now multiply the series through by r to get
rS, =ar +ar*+ar*+---+ar"
Then on subtracting the two series we obtain
S, —rS,=0-r)S, =ar —ar”
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because all terms but the first and last cancel out.

So
a(l —r™)
Sp=——
1—r
Example
For the series
3 1 _1+1+1+1+1
3=t 309 27 8l
1 5
! 1_(_)
T 3/ ) 121
- T3 »F T 8l

1—=
3

You can practice your skills in handling fractions by checking this directly.
Another interesting series is the arithmetic series

S=a+@+d)+@+2d)...

where each successive term is formed by adding a ‘common difference’ d, so that the nth
term iS a + (n — 1)d. In this case we have

Sis=a+@+d)+@+2d)+---+ @+ n—1)d)

and a neat way to sum this is to reverse the series and add corresponding terms of the two
results:

Ss,=a+@+d)+@+2d)+---+ @+ mn—1d)
=@+m—-Ddy+@+m—-2)d)+---+a
So
285, =Qa+mn—-1Dd)+ Qa+n—-1)d)+---+ 2a+ (n— 1)d)
=n2a+ (n — 1d)
and therefore
Sy = 3nQa+ (n — 1)d)
for the arithmetic series.

Solution to review question 3.1.9

The sum to n terms of the finite geometric series with common ratio r,
first term a is

_a(l—r")
1—r
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So, for the series

1+1+l+1+1
20022 23 2% D

we have a = % and n = 5, and therefore the sum is

_M_1<1>5_1 131

SETd ) "' nmTn
2
3.2.10 Infinite series

Merely the mention of the term ‘infinite’ sets alarm bells ringing with many of us. An
infinite series is one whose terms continue forever, or indefinitely. We tend to indicate this
by such notation as

Soo =1+ ! + ! + ! +
379 27
where the dots (technically called an ellipsis — a set of three dots indicating an omission
of something understood) infer that the terms continue forever following the same pattern,

which it is hoped you have spotted. In this case we see that the nth term is (%)n_l.

Of course, if we are adding up an infinite number of terms we might expect that the sum
would yield an infinite amount (i.e. a number as large as we please). This would certainly
be the case for 1 + 141+ - - - for example. Maybe if the terms get smaller and smaller

this would not be so? Maybe, for example, the series
I+1+1+14.

‘converges’ to a finite total? After all, the terms seem to fade away to zero ‘eventually’.
In fact the answer is no — it in fact adds up to an infinite amount, as we shall see in
Chapter 14, by one of the prettiest proofs of elementary mathematics. In fact the question
of the ‘convergence’ of such infinite series is a very difficult topic belonging to an area
of mathematics called analysis. We will leave such questions until Chapter 14. For the
moment we will take the pragmatic view that if we can find an expression for the sum of
a series by fair means then that series converges and we can use the sum with safety.

In particular, we can sum a GP to infinity provided that the common ratio, r, satisfies
|r| < 1. We have for the infinite GP:

oo
Soo=a+ar-|—ar2—|-ar3+---:X:ar”_1
n=1

The sum of the first n terms of this is, from Section 3.2.9

a(l —r™) a ar
Sy = = -
1—r 1—r 1—r
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The only place n occurs here is in the r*. Now, if |r| < 1, then r" ‘tends to’ zero as n
gets larger and larger, i.e. r" tends to zero as n tends to infinity, or in symbols, " — 0 as
n — oo if |r| < 1. We will look further into such ‘limits’ in Chapter 14. So as n tends to
infinity the second term in expression for the sum S, goes to zero and the sum to infinity is

Note that if » > 1 then the series will not converge to a finite quantity because r” increases
indefinitely in value as n increases if |r| > 1, while a/(1 — r) does not exist at all if r = 1.

Example

Consider the series we started with:
S—1+1+1+1+ —1+1+12+13+
T 39 27 N 3 3 3

Here the first term is 1 and the common ratio is %:

SO

Solution to review question 3.1.10

Using the result that So, = a/(1 — r), for the sum of an infinite GP with

first term a = % and common ratio r = % we have

3.2.11 Infinite binomial series

Another important type of infinite series is that obtained by applying the binomial theorem
with negative or fractional power. Referring back to Section 2.2.13 we can write for the
binomial expansion for n an integer

nn—1) nn—1)n-2) ;
LTI 3! x
nmh—-1)...n—r+1 ,
r! o

I+x)'=14nx+---

Now we have certainly not proved that this holds if » is not an integer. For example if n
is a negative integer, or a fraction, then it is by no means obvious that the result will still
hold. However, it can be shown that it does hold, but there is one dramatic difference if n
is not a positive integer. In this case the series will never terminate because only positive
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integers are subtracted from n and n — r + 1 will never become zero because r is an integer
whereas n is not. So the expansion becomes an infinite series. In such cases it is called an
infinite power series in x. Such series can be used to express functions in a convenient
form for calculation, and we return to them in Chapter 14. For now, just accept the formal
generalisation to non-integer values of n. It can be shown that the resulting infinite series
converges if |x| < 1, diverges if |x| > 1 and if [x| = 1 it may diverge or converge.

Example

1 .
5= A=—x)"=14x+x>+>+--- provided |x| < 1
—X
In this case it is obvious that the series will diverge for |x| > 1.
This series is a standard result of such importance that you should memorise it. This is
not too difficult — it is in fact the sum of an infinite GP with common ratio x. It is useful
in making approximations such as

~ 14 x for x very small
1—x

Solution to review question 3.1.11

Applying the binomial expansion

n(n—l)xz_i_n(n—l)(n—Z)x3
2! 3!
+n(n—1)...(n—r+1)xr+_”

r!

I+x)"=14+nx+---+

we have

(=2)(=3)

(1+3x)2=14(=2)(3x) + 3 (3x)?

n (=2)(=3)(=%4

T (3x)® +

Note the careful treatment of the signs and the 3x — it is usually a good
policy to keep such things in brackets until the final stages of the calcula-
tion. Tidying up the results we find for the first four terms

(1+3x)2=1—-6x+27x>—108x> +---

3.3 Reinforcement

3.3.1 Definition of a function <<383 90«
A. Find the values of the following functions at the points (a) —1, (b) 0, (c) 3 (d) —%.
i fx)=2x () fx)=3x*-1
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(i) f(x)=2x2—x+1 @iv) f(x)=; X # =2
x+2
_x-b L]
W @) =37 %3
x2—1 . .
B. If f(x) = obtain expressions for
x+2
M ) £+ 1) i) (=)
(iv) fla+h) V) flx+dx)
3.3.2 Plotting the graph of a function <«838 91«

A. Plot the graphs of the following functions over the ranges indicated:
o 3
i) 2x° —-3<x<3 i) — —-6=<x<6 (i) 2¥ —4<x<4
X

B. Plot the graph of the function f(x) = 2x? — 3x — 2 and confirm the statement made
in Section 3.3.6 about the range of values of x for which this function is positive.

3.3.3 Formulae <<€88 93«

The following are examples of standard formulae occurring in engineering, with standard
notation. In each case define the variables, explain what the formula tells us, and describe
the type of function that the left-hand side is of the bracketed variables. Make the indicated
variable the subject of the formula.

i) V=IR (R) i P=I’R (R)
(i) E=1imv® (v) (v) s=ut+3at*> (1)
v) E=mc*> (c)

3.3.4 0dd and even functions <<88 94<

State whether the following functions are even, odd or neither.

O 2x (i) 3x2—1
(i) 2x3 —x (iv) x2+2x+1
(V) cosx (vi) x*+2x2+1
(vil) sinx (viil) e*
3.3.5 Composition of functions <<89 97«

If gx) =x>+1, f(x) = xxj determine the compositions f(g(x)) and g(f(x)).
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3.3.6 Inequalities <<89 97«

Find the ranges of values of x for which the following are satisfied:

. B 2x
(i) 2x—=3>2 () —— <1
x—3
(i) x>2—x+1>3 (iv) x24+2x+2<5
v) 2x—1]<2 (vi) <4
lx — 4
. 1
(vi) —— <=3
x—1
3.3.7 Inverse of a function <<89 100<

Find the inverse functions for each of the following functions, specifying the values for
which they exist.

x—1
i) 2x+1 i) —— -2
1 2x+ (i) T2 X #
(i) x*24+1, x>0
3.3.8 Series and sigma notation <«39 102«
A. Write the following in sigma notation:
i 14+8+27+64+125 ) 346+9+124+15+---499
(...)1+1+1+1+ +1 Q) 1 1+1 1+
111 - - - - ... —_— 1V _—— —_—_—— ...
2 3 4 5 50 39 27

B. Write down the first four terms in the series:
o0 1 20
. 1 .. |
(i) Zr i) Y r!
r=1 r=0

= 1
(iii)
; rir+1)

3.3.9 Finite series
Sum the geometric series:
6
(i) 142+t st t o i) > (©.n"
1 —t+ -+ +t+ = il .
2 4 8 32 —

8 4
. "
(iii) Z 2" @iv) Z <§>
n=1 n=1
v) 140.1+0.01+0.001 + 0.0001
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3.3.10 Infinite series

A. Identify which are geometric sequences, and sum them to infinity.

(i) 1,2,3,4,... (i) —1,3,5,9,...
Gi) 1,1,1,1,... (iv) 3.3 4.5
G vi) 0.1,03,05,0.7

\% 397 A% .1,0.3,0.5,0.7, ...

(vii) 2,-4,8,—16,... (viii) 0.2, 0.04,0.008, 0.0016, ...

B. Find the sum of the infinite geometric series with first terms and common ratios given
respectively by

(i 1,2 (i) 2,1
(i) —1,1 (iv) 1,1
3.3.11 Infinite binomial series

Find the first four terms of the binomial expansion of the following:

» A+x0! (i) (1—3x)"!
(i) (1 +4x)2 (iv) (l—x)%

3.4 Applications

1. For each of the following functions, obtain simplest forms of the expressions for

h —
@ fa+h-f@ O M
i) 2x (i) x? (iii) 4x3 —6x2+3x—1

In each case give the result when you let & tend to zero. These sorts of calculations
are required in differentiation from first principles (Chapter 8).

2. In statistics the mean, ¥, and variance, o2, of a set of n numbers xj, xo, ..., x, are
defined by
I , 1 - )
X = —Z X; o =—Z(x,-—x)
n* n
i=1 i=1
respectively. Show that o> may be alternatively written as

1 n
2 Z 2 _ 22
o _n( X; nx)

i=1
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3. The following summation is used in the multiplication of matrices (see Chapter 13):

n
> aiby
k=1

where a;, byj, are elements of a matrix. Write out the summations in full in the
following cases.

i n=2 () n=3, i=1 j=2
(i) n=4, i=3, j=3 (v) n=4, i=2, j=4

Repeat the exercise for

n
> auby;
=1

with k replaced by /.

4. A spring vibrates 50 mm in the first oscillation and subsequently 85% of its previous
value in each succeeding oscillation. How many complete oscillations will occur before
the vibration is less than 10 mm and how far will the spring have travelled in this time?
Assuming that the spring can perform an infinite sequence of oscillations, how far does
it move before finally stopping? Repeat these calculations with 85% replaced by a
general factor of k% and various initial and final conditions.

5. The emitter efficiency, y, in an n-p diode is given by

where 1, is the hole current and I, is the electron current crossing the emitter-base
junction. In practice, I, is made much smaller than /,. Show that in this case
1
y~1--2L
I,
6. In the next chapter we will meet the exponential function. The definition of this
important function is perhaps a little more sophisticated than you are used to, either by
a limit or by a series. The connection between these definitions relies on a use of a
binomial expansion of a particular kind. Show that if »n is an integer (> 126):

1 1 2
1{1--= 1(1=2)(1=-2
n 2 n n 3

T 31 o

(1+;ﬁ)"=1+x+ 4o

By letting n ‘go to infinity’ — i.e. letting n become as large as we like — obtain a series
expression for the limit

X\
lim (1+2)
n—oo n
This is in fact the definition of the exponential function e*.
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Answers to reinforcement exercises

3.3.1 Definition of a function

A. () (a) —2 () 0 (c) 6 (d) —%
(i) (@ 2 by —1 (c) 26 d -2
(iii) (a 2 b)) 1 (c) 16 (d) %
(iv) @ 1 ®) 1 © 1 @ 2
) (a) 4 by —1 ) 3 d -6
out—1 Lt +2) IR EE
B0 75 W =753 @ T
. a®+2ah +h* —1 x2 4 2x8x + (8x)> — 1
@1v) ()
a+h+2 x+8x+2

3.3.2 Plotting the graph of a function

A. (i)

60 T
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(i)
-1 +
-2 +
_3 +
4 +
(iii)
y
20 1
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B.

y=2x%2-3x-2
204 >0 for ,

x>2and X<-3

101

3.3.3 Formulae

(i) Ohm’s law; V = voltage, I = current, R = resistance. V is a linear function of R — in
fact it is proportional to R.

R=—
i

(ii) Electrical power P, resistance R, current /. P is proportional to R.

P

R=ﬁ

(iii) Kinetic Energy E, m = mass, v = velocity. E is a quadratic function of v.

2E
v==£,/—
m
(iv) Distance — time function; s = distance, t = time, u = initial velocity,a = acceleration.
s is a quadratic function of ¢.

—u £ Vu? 4+ 2as

a

(v) Einstein’s mass — energy formula; E = energy, m = mass, ¢ = speed of light (posi-
tive!). E is proportional to ¢?.

E
c=,/—
m
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3.3.4 0dd and even functions

(i) odd (i1) even (iii)) odd
(iv) neither (v) even (vi) even
(vii)) odd

(viii) neither

3.3.5 Composition of functions

x> +1 x2+1
flgx) = Cin-1 =2

2 2
2(f@)) = (L) Lo X ol

x—1 (x —1)2
3.3.6 Inequalities
(i) x>3 (i) -3<x<3 (i) x>2,x<-1
iv) -3 <x<1 V) —%Sxfg (vi)x>%,x<%
(vii) % <x<l1
3.3.7 Inverse of a function
i) x% domain: all values; range: all values
Lo 1+ 2x .
(ii) 7 domain: all values #1; range: all values # —2
—Xx
(iii) +/x — 1 domain: any value >1; range: any value >0
3.3.8 Series and sigma notation
5 33 50 4
A () Yo i) > 3n (i) > -
n
n=1 n=1 n=2

= 1
) Y (=D'5
n=0
Note that alternative forms are permissible — for example an equally acceptable answer
49
o (i) i '
o (iii) is ,,:1—” 1

111

B. () 1+5+35+7 (i) 14+1+2+46 (note0!=1)
(i) ~ 4~ o
W ST 12" 20
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3.3.9 Finite series

. 1 1 63
(1) 6121, r=§ S6:2<1—§):3—2
(ii) 0.1 0.1 S ! 1 ! 0.1111111
ii =0.1, =0. =—-(1—-—)=0.
“ g °T9 10°
(i) a=2, r=2 Sg =228 —1) =510
(iv) 1 1 g 1 ! 1 40
1v a—=—, I=— = — _— ) = —
3 3 ‘T2 3) 7 81
) 1 0.1 so= 0 _ 1 1.1111
v) a=1, r=0. =—(1-—)=1
T 9 109
3.3.10 Infinite series
a
A. Soo =
T 1=
(i) No
(i) No
(iii) Yes, diverges to oo
(iv) No
’;
) Yes(a:l,r:%)soozz
(vi) No
(vii) Yes (a = 2,r = —2) diverges
(viii) Yes (@ =02,r =0.2)Sx = 3
B. (i) oo (i) 4 (iii) diverges to —oo

(iv) 3

3.3.11 Infinite binomial series

D)) | (=D(E2)(=3) )’
2! + 3!
3

® 1+ (Dx+

=1l—-x+x—x
(=D (=2)(=3x)? +(=1D(=2)(=3)(-3x)?
2! 3!
=14 3x +9x2 +27x3

(i) 14 (=D(=3x) +
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(=2)(=3)4x)?  (=2)(=3)(—4)(4x)’
2! + 3!
=1 — 8x + 48x2 — 256x3

e (o DO G)E) )

2! 3!

(i) 14 (=2)(4x) +
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Exponential and Logarithm Functions

The exponential function is one of the most important in engineering. It describes behaviour
that is of a rapidly increasing or decreasing nature — for example bacterial growth or
radioactive decay. Yet the exponential function is found to be one of the most troublesome
for newcomers to engineering mathematics. This chapter therefore introduces the key ideas

quite gently.

Prerequisites
It will be helpful if you know something about:

powers and indices (70 <)
plotting graphs (91 <)
irrational numbers (6 <)
binomial theorem (106 <)
inverse of a function (100 <)

Objectives
In this chapter you will find

functions of the form y = a” where a is given and n is an integer
the general exponential function a*

the natural exponential function e*

manipulation of the exponential function

logarithms to general base a

manipulation of logarithms

some applications of logarithms

Motivation

You may need the topics of this chapter for:

the exponential form of complex numbers (Chapter 12)

e solving differential equations (Chapter 15)
e modelling engineering, scientific and other situations where some quantity grows

or decays very rapidly — ‘exponentially’
converting power laws to linear form
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4.1 Review

4.1.1 y = a", n = an integer

(i) Plot the values of 2" forn = —4, -3, —2, —1, 0, 1, 2, 3, 4 using rectangular Cartesian
axes with n on the horizontal axis and 2" on the vertical axis.

(ii) Repeat (i) with (%)" = 27" and compare the results.

(iii) Sketch the graph of (a) y = 2%, (b) y =27", (¢) y = 3%, (d) y = 37" on rectangular
X-, y-axes.

4.1.2 The general exponential function a*

A. Use the laws of indices to show that if f(x) = a”, where a is a positive constant, then

J&) - f) =Ffx+y)
What is f (x — y)?

B. Simplify the following (a > 0)

3x ,x

i) a‘a™ (ii) 5
a X

o (@)la™ L g

(lll) W (IV) a(xT)z

251673
(V) 42x8—x+1
4.1.3 The natural exponential function e* > 124136 >>

A. Define the base of natural logarithms, e. Write down the value of e to 3 decimal places.
Can you write down the exact value of e?
B. Given that ¢* = 2, evaluate

(i) e* (ii) e
(iii) ™ (iv) e* —4e™

C. Plot the graphs of y = e*, e™*, ¢, ¢~3* on the same axes.

4.1.4 Manipulation of the exponential function » 129 136>
A. Express each of the following as a single exponential
(1) ete® (i) eA/e B (iii) e*B(e38)?
oA 2B o—C

(iv) —TAgB,C (v) e Be CeB (vi) (et)3e 24
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B. Express in simplest form

A _ 2B B W oAA 4
@) Py (i) (e% —e ")(e” +e7)
e 41 . _ -
(111) m (IV) (eA +e A)2 — (eA — e A)2
4.1.5 Logarithms to general base

Evaluate (In denotes logs to base e)

(i) logjy1 (i) log,2 (iii) logsy 27
(iv) log, (1) v) log, (a*) i) log, (a*)
(vii) logs1 (viii) Ine (ix) In./e
(x) Ine? (xi) Inl
4.1.6 Manipulation of logarithms

A. Express each of the following as a single logarithm (Inx is to base e, log, x to base a)

(i) Inx+2Iny (i) 3Inx —4Iny
(iii) 2Inx —31n(2x) +41nx3 (iv) 3log, x + 2log, x*
(v) alog,x 4+ 3log,(ax)
B. If log, x = 6, what is logg x?

C. Iflny = 2Inx~! +In(x — 1) + In(x + 1) obtain an expression for y explicitly in terms
of x, stating any conditions required on x, y.

4.1.7 Some applications of logarithms

A. Solve the equation 2**! = 5 giving x to three decimal places.
B. By making an appropriate transformation of the variables convert the equation

y =3x8

to one which has the forms of a straight line — i.e. a linear form. What is the gradient
and the intercept of the line?

4.2 Revise

4.2.1 y = a", n = an integer

The exponential function is essentially a power function in which the exponent is the
variable. As such it obeys all the usual rules of indices. We can get some idea of the
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behaviour of the exponential function by looking at the behaviour of the power function
for different values of the index, as shown in the review question.

Solution to review question 4.1.1

(i) If you have done RE 3.3.2A(iii) then you have already met this. The
values of y = 2" are:

n -4 -3 -2 -1 0 1 2 3 4
1 1 1 1
» L 1 1 12 4 8 16

The corresponding graph (Figure 4.1) rises very steeply (note that the
scales on the axes differ).
(i) The graph for y = 27" is also shown in Figure 4.1.

Figure 4.1 Graphs of exponential functions e, €, e, e,

(iii) Drawing a smooth curve through the points for y = 2" gives the curve
for y = 2*. Similarly for y =27*. y =3*(37") will be similar but
will increase (decrease) more rapidly (see Figure 4.1).

4.2.2 The general exponential function a*

In Section 2.2.12 we covered the laws of indices, including such things as a™ x a" = a™*".
Although it was not the intention, it was perhaps easy to get the impression that the indices
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m, n are ‘constant’ and to think in terms of a power function x”, etc. where the base, x,
is variable and n is given. However, it is just as possible to let the base be fixed and let
the power be any variable. This gives a function of the form

fx)=a* a+#0

where the base a is now regarded as constant, and the exponent x can vary. Such a
function is called exponential. But of course x is still just an index, and obeys all the
usual rules of indices (70 <). One important point to note at this stage is that since x
can take fractional values it is essential that a be positive to deliver real values of the
function for all values of x. x itself can of course be positive or negative. The results of
Section 4.2.1 give us a feel for the shape of the graph of exponential functions. Basically
such graphs can take three different forms:

e  base a > 1, the graph increases steadily from left to right. We say a*
increases monotonically with x;

e a <1 the graph decreases steadily from left to right —a* decreases
monotonically with x;

) if a = 1 we get the straight line y = 1.

These results are illustrated in the graphs of Figure 4.2.

y

a<i

N\ Vi a>1
D4 *

Figure 4.2 The exponential functions &, a=*.

The exponential function satisfies all the usual laws of indices, which are worth repeating
here in the new notation:

axay — ax—}—y
X
@y
a’y
@) =a"
(ab)* = a*b*
a = i
=

122



Understanding Engineering Mathematics

We need to say something about the definition of a* for different values of x, building on
the work in Section 1.2.7. If x = n is a positive integer, then for any real number a we
know that we can define

X

a*=dad"=axax---xa
—_—

n factors

simply in terms of elementary algebraic operations.

Similarly, if x = —n is a negative integer then we can define
ad=a"=@"Y'=a"'xa'x-xa!
n factors

And of course, by definition
a® =1

In these definitions there is no need for any qualification on the real number a — it can be
positive, negative, rational, irrational.
We can exteltnd the definition of a* to the case when x is a fraction or rational number

by defining a4, where ¢ is an integer, as the positive real number such that when raised
to the power ¢ it yields a:

1
(a1) =a

1
We say a4 is the gth root of a, sometimes written 9./a. However, complications arise

if a is negative, so henceforth we insist that a is positive, then a® will always be a real
function.
For x = p/q a rational number we can now define a* by

p 1
a* =a4 = (afl)p

So, provided x is a rational number, and a > 0, the exponential function, a*, is a well
defined function of x. The extension to the case when x is an irrational number is not a
trivial step, but we will assume that it can be done and therefore that a* is in fact defined
for all real values of x, rational or irrational, provided a is positive.

Solution to review question 4.1.2

A. If f(x) =a" then f(y) =a” and so

fOfy =a'a’=a" = f(x+y)
fx=y)=a"" =a"/a" = f()/f(y)
B. We simply apply the rules of indices but with the indices as functions

of x.

() afa*=a**=a"=1
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3 - -
(ii) a 12?* — a3x+x—2x — aZx
a
(GX)Ba—Zx a3xa—2x .
(111) (a4)x = a®x =a
axza—Zx ; )
(V) — = = a* ~2>*~(6=D7 = =1 ysing a bit of elementary algebra
a'*—
X 16—3x ! ! !
(V) W — 2)«:2—1212—4}(231—3 — 2—121—3
4.2.3 The natural exponential function e* <119 136>

The most commonly used exponential function — usually referred to as the exponen-
tial function — is ¢*, where e is a number whose value to 16 decimal places (!) is
e~ 2.7182818284590452. ¢ is called the base of natural logarithms. It is an irra-
tional number. Like 7, it cannot be expressed as a fraction, or as a terminating or
repeating decimal. Its decimal part goes on indefinitely. There are a number of equiv-
alent definitions we could give for ¢*, but it has to be said that none of them is easy to
appreciate at the elementary level. Below we will study in detail perhaps the most natural
derivation of an expression for e*, by considering compound interest. For now, accept
the following definitions as a general introduction to the properties of the exponential
function.

We will see later that the particular exponential function ¢* can be defined by its infinite
series

- x2 x3
=14t

Using this form, if you know some elementary differentiation, then you can discover for
yourself why the exponential function is so important:

Problem 1
Differentiate the series for ¢* term by term — what do you get? You may
assume

— ") =nx""!

Ir ")

You should find you get the same series — i.e.

de*
dx

:ex

So the derivative of the exponential function is the function itself. This explains the special
role played by ¢ and its importance in, for example, differential equations (Chapter 15).
There are many situations where rate of change is proportional to amount present — e.g.
bacterial growth, radioactive decay (e is the relevant function in the latter case).
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One rigorous method of defining the exponential function ¢* is by means of a limit. This
is quite an advanced concept that we only address in Chapter 14 and there is a temptation
to gloss over the idea here. However, the work is so important (and not without interest!)
that we will give it a try — don’t worry if it is too much for you at this stage, you should
be able to handle the exponential function well enough without studying the next couple of
pages. However, if you can find your way through this work it will be of great benefit to
you, as well as providing practice in some techniques of algebra. We are going to approach
the limit involved in the exponential function by considering a limiting process arising in
the study of compound interest. You can try to work out some of the details yourself.

Problem 2

Suppose you borrow £C at an interest of I % compounded monthly, so

1
that the interest added at the end of each month is at E%’ and you do

not pay off any of the loan until after a year
How much debt do you have at the end of the year?

At the end of the first month you owe

£lCc+ I ¢ =£C |1+ !
12100/ 1200

At the end of the second month you owe

£C1+I 1+I—£C1+12
1200 1200/ — 1200
and so on.

So after 12 months you owe

I 12
£ (14—
C( +1200>

Now suppose the terms were changed and interest was compounded daily. Then at the
end of a non-leap year you would owe

365
£C(1+ ——
C<+36500>

By the hour:

8760
£c (1
( + 8760()0)

and I will leave you to give the result if interest is calculated by the minute, or second
(RE 4.3.3A).

In general, if the interest is compounded at a constant rate over each of n equal time
intervals in the year, then the amount owing at the end of the year will be

I n
£c (1
( + 100n>
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This is all very well — but how do we actually calculate this? As n gets larger and larger
it gets more and more difficult. In particular, what would happen if n became infinitely
large — equivalently, interest is being added continuously. In this case the result can be
expressed as a limit:

I n
£ i |4 —
nggoc< + 100n>

I
Putting x = 100 and dropping the constant factor C this shows that a limit of the form

tim (1+ f)"
n— o0 n

is very important. This limit is a function of x (because the n disappears on taking the
limit), and is in fact a definition of e*:

X\
e = lim (1+2) @.1)
n—o00 n

This may seem an unusual way to define a function, but it does show how e* is intimately
related to an important process of accumulating compound interest and natural growth and
decay in general. In fact it can be shown that ¢* defined in this way as a limit does indeed
satisfy all the laws of indices (see Section 4.2.4 below).

We therefore take the limit (Equation 4.1) as our definition of the exponential function
e*, which is also written exp(x). This definition can in fact be used to obtain the infinite
series for e*. You can try this yourself, using the binomial theorem:

Problem 3
Show that
1 1 2
Xy (=,), (-)0-2)
- 2 3 . o 0
(1+;) =1tx+ ——oxt 5 3+

By the binomial theorem (106, 111 <):

x+w<£>2+n(n—l)...(n—2) (£)3+

(H;ﬁ)n:H"Z TR 31

Problem 4
Hence deduce that ¢* can be represented by the infinite series
2 x3 x"

x—  — _— o0 _— e o 0
ef=l4x+ 4+t
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All we need here is to note that such things as 1/n,2/n,.... ‘tend to’ zero as n ‘tends
to’ infinity, i.e. gets infinitely large. So:

(-3) 03 0)

¢ = lim Qf+f)"
n

n—0o0

=nll)r§o I4+x+ X x4+ 3 x7 +
1 r—1
I{1——=)...{1—
n n -
+ X'+
r!
_ 1 x> X3 x"
= +X+E+§+"'+F+"'
On letting all the terms with 1/n,2/n, ... tend to zero. Hence we obtain the series form
for ¢* from the limit definition:
X2 3 ¥’
X — e _— ... _— ..
e—l+x+2!+3!+ +r!+
®  _r
B
- r!

r=

In particular, we now have for e = e!:

11 1
e=1+1+—+_—+ -+

21 31 PR

We can calculate the value of e to any required accuracy by taking a sufficient number
of terms of this series. For example, summing the first 11 terms of the above series (i.e.
r = 10) gives e as 2.71828 to 5 decimal places. As noted earlier e is an irrational number.
When your calculator gives you a ‘value’ for e, it is only an approximation to the available
number of decimal places — to give the exact value of e it would need to have a display
of infinite length.

The graph of an exponential function is very simple, see Figure 4.3. In view of the way
we have derived e¢* — by considering the growth of debt, it should now be no surprise to
you that the function

X

y=e

is often described as representing the law of natural growth. For example, it might
describe unrestrained bacterial growth. The function

y = e = (e—l)x

on the other hand defines the law of natural decay. For example it describes the decrease
in mass of a radioactive element over time. Its graph is also shown in Figure 4.3.
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Solution to review question 4.1.3

128

A. We may define e by the limit

1 n
e = lim <l + —)
n— 00 n

but it is more easily evaluated from the equivalent series

1 1 1 1
e=ltld gttt
3! r!

+ - (ef w1thx=1)

To 3 decimal places e = 2.718. We cannot write down the exact
numerical value of e, since it is an irrational number (6 <). Its
decimal never terminates or recurs.

B. (i) We only have to remember that the exponential function behaves
like any other power (18 «). We have

=)’ =@2"=4
(i1) e’x (eH ' = (2)’1
(i) & = (e)’ = (2)° =
(iv) We only need (i) now:

4x _462)( — (eZX)Z _4e2x — (4)2 —4x4=0

C. Since e > 1, y = ¢* is an increasing function of x and e™" is a
decreasing function. Similarly, y = e?* is increasing, y = e~ is

decreasing. The graphs are illustrated in Figure 4.3.

y

y=e™
y=e y= o2

0 X

Figure 4.3 The exponential functions ¥, e, e, e~
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4.2.4 Manipulation of the exponential function

As noted earlier, any exponential function, including e*, satisfies the usual rules of
indices (18 <):

exey — ex+y
X
e _ o
er
() = e
1
et =—
ex
=1

You need to be very proficient at using these rules. You will frequently need to manipulate
functions of exponential functions, whatever area of engineering you enter.

Perhaps the most important thing to remember about the exponential function is that
e*B is not equal to e* + e”. This is an error made by many beginners. The correct result
is of course

Solution to review question 4.1.4
A. (i) etef = AtE (i) e /e 8 = ehel = A8
(111) 623 (633)2 — 6286‘68 — eSB
A 2B ,—C

. etePe
(V) 5 = e ApBp—2C — ,~A+B-2C
e*Aebe

(v) e Be CeB =¢7C using e Bef =1

(Vl) (eA)36—2A — e3Ae—2A — eA

QA _ 2B (eM)? — (eB)?
B. ) ———5 = A4 B
et +e et +e
(e* — eB) (e + b)
- e + B
— oA _ B

(i) (e* —e M)t +eh) = () — ()

— A _ 24
(i) A+ 1 e+ 1
111 =
24 e 2A 42 (eA)2 424 (e74)?
_ A 41
- (€A + e—A)Z
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_ eA(ed +e )
(eA + e—A)Z

EA €2A

T ehter At
(IV) (eA + e—A)2 _ (€A _ €_A)2 — (eA)Z + 2€A8_A

+ (™) — ((e?)? = 2ete™ + (e71)?)

4.2.5 Logarithms to general base

What about the inverse function (100 <) of the exponential function? That is, if
y=a

then what is x in terms of y?
By definition, we call the inverse of the exponential function the logarithm to base a
and write

x =log, y

Note that ¢ must be positive if we are to avoid complex numbers and it must not be equal
to unity, since 1 raised to any power will again be 1.

In the special case of the exponential ¢*, we call the inverse the natural logarithm,
denoted In. Thus if

X

y=e", thenx =log,y=Iny

An equivalent definition of the logarithm of a number x to base a is as that power to
which the base must be raised to give x. That is,

X = aloga X

In particular

X = elnx

Note that since a* can never be negative, then log, y is only defined for positive values of
y. This is sometimes emphasised by writing log, |y|, although often we omit the modulus
signs and simply take it for granted that all real quantities under a logarithm are to be
assumed positive.

From the definition of log, x it also follows that

x =log, a*
and in particular
x=Inée*
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The two results

X

expressing the

=™ and x = Inée*

fact that the exponential and the log are inverse functions of each other are

extremely important in advanced mathematics and are used repeatedly in, for example, the
solution of differential equations (Chapter 15).

Solution to review question 4.1.5

It is perhaps easiest to think of log, x as the power to which a must be
raised to give x — then if we can express x in the form a”, y will be the
value we want.

(i) log;y1 =1og;y10° =0
In fact, log of 1 to any base (except 1!) is zero
(ii) log,2 =1log,2! =1
(i) log;27 = log; 3* =3
(iv) log, (7) = log,(27%) = -2

Note that we can have negative logs — we just can’t take the log of
a negative number and expect a real number.

(v) log,(a*) = 4

(vi) log,(a*) =x

(vii) logy 1 =1log;3° =0
(viii) Ine =log, e =1

Of course, e is no different to any other log base in this respect.

1
. 51
(ix) In/e=Ine2 = 3

(x) Ine2 =2
(xi) In1=0
4.2.6 Manipulation of logarithms

Since the log
from the laws

is basically just an index or power, the properties of logs can be deduced
of indices. We find, for any base a (positive and not equal 1):
log 1 = 0 because a° = 1
log(xy) = logx + logy
Putx =a’,y =a'sos =logx andt = log ythenxy = a**' sos + 1 =
logx +logy = log(xy)
log(x/y) =logx —logy
Put x =a®, y=a' sos =logx and t =logy then x/y = a
t =logx —logy =log(x/y)

71 g0 § —
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o logx* =alogx
Put x =da*, so s =logx, then x* = (@*)* =a’* =a*° and so as =
logx® = alog x

The last result holds for any real number «, positive or negative, rational or irrational.
Sometimes we need to change the base of a logarithm. Thus, suppose we have log, x
and we wish to convert this to a form involving log, x, b # a, we have

y = logg x } 4.2)

SO x=a’
and therefore
log, x = log, a” = ylog, a
=log, x log, a

So )
og, x
log, a

In particular, if x = b this gives

1
log, a

log, b =

For completeness we will anticipate Chapter 8 here and mention that the derivative of the
natural log function is simply the reciprocal:

d (Inx) 1
dx X
Equations of the form
a*=b

occur frequently in engineering applications and may be solved by using logs. Thus, taking
logs to base a we have

loga (ax) = loga b

=xlog,a=x

So
x =log, b

The graph of the logarithm function follows easily from that of the exponential function,
its inverse, by reflecting the latter in the line y = x (101 <). This is shown in Figure 4.4.
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()

Figure 4.4 The exponential and logarithm functions.

Note that as observed above, log, x does not exist for negative values of x.

Solution to review question 4.1.6

A. We simply apply the laws of logarithms given above:

(i) Inx+2Iny=Inx +Iny?
= In(xy?)
(i) 3lnx —4Ilny =Inx> —Iny*
= In(x?/y%)
(iii) 2Inx —3In(2x) +41nx3
=Inx? — In(8x%) + Inx'?
o (Z) ()
8x3 8
(iv) 3log, x +2log, x* = log, x> + log, x* = log, (x> x x*)
= log, x’
(v) alog, x + 3log,(ax) = log, x* + log, (ax)*
= log, x* + log, (@x3)
= log, (x*a’x?)

— lOga (a3x3+a)
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B. If log, x = 6 then from the change of base formula

1
log, x = o8 %

log, a

we have
log,x log,x 6

1 = — = :—:2
88t T 1008 3 3

Alternatively, if log, x = 6 then x = 2% = (2°)? = 82, s0 logg x = 2,
as above.
C.Iny=2Inx"'"+In(x = 1) +In(x + 1)
=Inx24+Inx—1D+Inx+1)
=In(x2(x — D(x + 1))

4.2.7 Some applications of logarithms < 120 138>
When an unknown occurs in an index in an equation, as for example in
a*=b

then we may be able to solve the equation by taking logs. If the base a happened to be
e then, of course, the ‘natural’ thing to do would be to take natural logs, but we can use
the same idea whatever the base. Thus, taking natural logs we obtain

In(a*) =xIna =1Inb
o)
. Inb

X =
Ina

Conversely, if an unknown occurs in a logarithm, then we can sometimes solve by taking
an exponential. For example, the equation

log,(x +1) =3 +log, x

can be solved by first gathering the logs together to give
x+1
log,(x + 1) —log, x =log, [ —— [ =3
X

We can now remove the log by exponentiating with 2 — i.e. raising 2 to the power of each
side to give (2 to the power of log, x is x)

x+1_
=

23 =38

from which we find x = %
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Logs can also be used to simplify graphical representation of certain functions. Thus,
given any function of the form

y = kx®
We can take logs to any base and obtain
log y = log(kx®)
=logk + alogx
If we now put
X =logx Y =logy
then we obtain the equation:
Y =aX +logk

If Y is plotted against X on rectangular Cartesian axes, as in Section 3.2.2, then this is
a straight line. As we will see in Section 7.2.4 this line has gradient, or slope, & and an
intercept on the y axis of logk.

Solution to review question 4.1.7

A. If 2**! = 5 then taking natural logs of both sides gives

In2**hY =@x+1)Im2=1In5

S
" L= 530
X = — =2
In2

to three decimal places, so x = 1.322
B. If y = 3x
then taking logs to any convenient base a we have

log, y = log,(3x°)
— log, (x°) + log, 3
=6log, x +log, 3

Put
X =log,x Y =log,y

to get the form of a straight line equation:
Y =6X +1log,3

The gradient of this line is 6 and its intercept on the y-axis is log, 3
> 212).
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4.3 Reinforcement

4.3.1 y = a", n = an integer << 119 120 <
A. Plot the values of 3" for n = -2, —1, 0, 1, 2, using Cartesian axes with n on the

horizontal axis and 3" on the vertical axis.
B. Plot the graphs of y = 3* and y = 4* on the same axes. Sketch the graph of y = 7*.

4.3.2 The general exponential function a* <<« 119 121 <
Simplify
AT i) 67 x 12! x 2772
1 Ee— 11
4 322
L2 1 1
iy 22 vy T ED2 -G+ D2
(2 x
exg_xz . a3a—(x+1)2
) er—1lp+1)2 (vi) a—2q-2x
ac°s 2xa— cos? x
(Vll) a3fsin2 x
4.3.3 The natural exponential function e* << 119 124 <

A. Referring to the ‘interesting’ Problem 2 in Section 4.2.3, determine the debt owing if
interest is reckoned by the (i) minute (ii) second.

B. Use the series for e* to evaluate to 4 decimal places (i) e, (ii) %!, (iii) €.

C. Sketch the curves
i) y=e"—1 i) y=1—e"*

D. Solve the equation

e —2¢+1=0

4.3.4 Manipulation of the exponential function
Simplify
X ,3Y (,X)2 X33 ,x% (,7\2
. A/ BN\2 .3C .. e e (e ) (e ) e (el)
(i) e’(e”)e (ii) etey (i) o4y gx+3
(63)28A63_2 (eA + e—A)Z ) (EA + 833)(€_A + e—B)
(iv) 22— B g2A V) 024 (vi) 2B pA
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4.3.5 Logarithms to general base

A. Find x if
(i) 8=log,x (i) 3 =log,x
(iv) 6 =log;x (v) 4=log;x

B. Evaluate

(i) Inée’ (i1) log,(256)
(iv) logg 81 (v) log,2
(vii) Ine’ (viii) log;(243)

4.3.6 Manipulation of logarithms
A. Simplify as a single log

(i) 2Ilne* +3Iné? (ii) 3log,x + log, x?
(iii) log, x 4+ log,(2y) @iv) In(Bx) — 3 In(9x2)
(v) 2log,x +3Inx (vi) log,x —log,, x

<« 120 130 <

@iii)) 4=Inx
(vi) 2=1Inx

(i) logs 27
(vi) In(e?)?

<« 120 131 <

(vii) Inx + 2log, x?

B. Expand each as a linear combination of numbers and logs in simplest form

() In(3x%y) (ii) log, (8x2y3)
(iv) log,(a*y“) (v) log,, (8a3x2y4)
C. Simplify

(i) In(e”/eB)

(vi) In(x%y%z?)

a'°% %2 In(e3) a®—D242x 43
O (i) ——————
2ax log, (4*) (@*)2a** In(e24)
D. Evaluate
(1) log,32 (i) log,, 100 (iii) log, 49
1
(iv) logs 625 (v) log,a2 (vi) Ine200!
1
(vii) 1og]/8 64 (viii) In— (ix) logg2
e
E. Simplify (log to any base)
log 81 log 8 log 49
i — i) == (i) —
log9 log?2 log 343
(iv) S5log2 — 3log32 (v) % log 49

F. Given that

1 1 1
In—-=-Inx+1)—zIn(x—1)+3x+Inx+C
y 2 2

where C is an arbitrary constant, obtain an explicit expression for y in terms of x.
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4.3.7 Some applications of logarithms

A. Solve the following equations, giving your answers to 3 decimal places.
1 3*=16 (i) 4% =9 (i) 4x5 2 =3x7""2 (iv) 3% =41

B. Convert the following equations to straight line form

5
() y=4x7 (i) y=3x"* (i) y= = (iv) y =202 (v) y=2%"1
X

4.4 Applications

You will see many applications of the exponential function in later chapters, particularly
in complex numbers, differential equations and the Laplace transform.

1. The hyperbolic functions cosh, sinh, tanh are defined by

coshx = % (hyperbolic cosine)
. e —e™ .
sinhx = B a— (hyperbolic sine)
sinh x .
tanhx = (hyperbolic tan)
cosh x

These are frequently occurring functions in engineering — for example the shape of a
cable suspended at two ends can be described by the catenary, which is essentially the
cosh x curve. The hyperbolic functions obey very similar identities to the trig functions.
In particular, show that

(i) cosh?x —sinh®>x = 1 (cosh® x = (cosh x)2, etc.).
(i1) sinh(A 4+ B) = sinh A cosh B + sinh B cosh A.

Use trig identities to suggest other hyperbolic identities and use the above definitions
to confirm them.

(ii1) Evaluate cosh 0, sinh 0.
d(e") _ .. .
= —e " deduce the derivatives of sinh x and

(iv) Given that d—(e’() = ¢ and
X

cosh x.

(v) Plot the graphs of sinhx and cosh x.

2. The current/voltage characteristic of a rectifying contact in a semiconductor device is

given by
=1 (EV 1
=1L |exp|—)—
o|ZP\ kT

At room temperature kT /e is about 25 mV. Plot the curve of //1, for V between —60
and 60 mV in this case. Show that for values of V greater than 75 mV the increase in
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current / is approximately exponential, i.e

[~ <eV>
~ lexp| —
kT

In the general case obtain an expression for V in terms of /.
3. The speed, v, of the signal in a submarine cable depends on the radius R, in mm, of
the cable’s covering according to

16 R
U=ﬁh’l Z

Plot the graph of this function from R = 4 mm to R = 12 mm. Estimate the maximum
speed, and the value of R for which this occurs.

4. According to Benford’s law (an American physicist who noticed that in his university
library the first pages of the now old fashioned tables of logarithms were more worn
than the rest) the probability that a number drawn randomly from a sufficiently smooth
range of numbers spread over several orders of magnitudes begins with the digit n is

P(n) =logy(n + 1) —log,yn
Plot this function for n = 1 to 9. Discuss the implications and conduct some experiments

to see if the results agree with experience.

Answers to reinforcement exercises

4.3.1 y = a", n= an integer

A. and B.

-—-is y=n*which is
very close to y = e3%

Note that 3 < 7 < 4.
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4.3.2 The general exponential function a*

Q) 1 Gi) 12 i) 1
@iv) _x\/x%ﬁ (v) e X&+D (vi) a?
(vii) a3

4.3.3 The natural exponential function e*

525600
52560000>

I 31536000
i) £ (14—
(i) C< +31536000OO)

B. (1) 2.7183 (ii) 1.1052 (iii) 7.3891

A. () £C (1 +

C.
y y=e*-1 y
]
y=1-¢e~*
X
/ ) 0
D. x =0.
4.3.4 Manipulation of the exponential function
@) eAT2B+3C (ii) £22x+y) (iii) o H2x—2y=3
(IV) e—A+4B—4 (V) (1+€_2A)2 (Vl) e—A—ZB+e—3B+eB—2A+e—A
4.3.5 Logarithms to general base
A. (i) 256 (i) 8 (i) e* (iv) 729
(v) 81 (vi) €2
B.(Q) 3 (i) 4 (i) 3 (iv) 2
v 1 (vi) 4 (vii) 7 (viii) 5
4.3.6 Manipulation of logarithms
A. () Ine'”=17 (i) log,(x°) (i) log,(2xy) (iv) 0

1 4
(v) In(xGF2/Ina)y (vi) log, (xl log, 2“) (vii) ln(x1+1na)
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B. (i) In3+4+2Inx+1Iny (i) 3+2log,x +3log, y
(iii) A—B @iv) x+alog,y
(v) 342log,,x +4log,,y (vi) 2Inx+2Iny+2Inz
) Oy . a—2x+3
C. 1 (ii) >
D. () 5 (i) 2 (i) 2
(iv) 4 v) 1 (vi) 2001
(vi) —2 (viii)) —1 (ix) %
E. () 2 @) 3 (iii) %
(iv) —10log?2 (v) log7
F. y= l = 16_3X_C
xVx—+1

4.3.7 Some applications of logarithms

A. (1) 2.528 @) 0.792 (iii) 0.809 (iv) 0.828

B. ) ny=In4+7Inx (i) Iny=In3—4Inx (iii) Iny=1In5—-3Inx
@iv) Iny =1n20 — 2x v) Iny=@@4In2)x —In2
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Geometry of Lines, Triangles and
Circles

One can hardly get more practical than surveying and designing buildings and other struc-
tures and geometry underpins all these and much more, such as computer aided design.
This chapter consolidates the key areas of basic geometry. It is relatively elementary
in content, but not in concepts, some of which are found to give students considerable
difficulty. Here these are covered concisely, offering plenty of practice.

Prerequisites
It will be helpful if you know something about:

ratio and proportion (14 <)

measurement of angles

elementary properties of triangles
Pythagoras’ theorem

area and perimeter of a circle

solution of algebraic equations (Chapter 2 <)
elementary algebra (Chapter 2 <)

Objectives
In this chapter you will find:

division of a line in a given ratio

intersecting and parallel lines and angular measurement
triangles and their elementary properties

congruent triangles

similar triangles

the intercept theorem

the angle bisector theorem

Pythagoras’ theorem

lines and angles in a circle

cyclic quadrilaterals
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Motivation

You may need the material of this chapter for:

the study of structures — from molecular and crystalline to ‘big’ engineering
computer aided design

problems in statics

coordinate geometry (Chapter 7)

vector algebra and its applications (Chapter 11)

applications in differentiation and integration (Chapters 8, 9, 10)

5.1 Review

5.1.1 Division of a line in a given ratio » 147 160 >>

A line AB of length 30 cm is divided internally by a point P in the ratio 3 : 2. Find the
lengths of AP and P B. Repeat for the case when P divides AB externally in the same
ratio.

5.1.2 Intersecting and parallel lines and angular measurement
> 148 160 »>

A. Give the angles in (a) degrees (b) radians corresponding to the following fractions of
a full revolution

1 o1 o1
) 5 (i) g (iii) Z
@iv) % v) % (vi) %

B. If [}, [, are straight lines, name and evaluate the missing angles.

h

a_40°

Figure 5.1
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C. For (i) and (ii) determine the lettered angles a, b, c, d, e. Equal arrows denote parallel
lines.

60°

Figure 5.2

5.1.3 Triangles and their elementary properties

Determine the lettered angles. Crossbars on lines denote that they have equal length.

70°

60° a b 65° a\c

Figure 5.3

5.1.4 Congruent triangles

For each of (i), (ii) state whether the pair of triangles is congruent. Equal angle arcs denote
equal angles.

Figure 5.4
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5.1.5 Similar triangles > 152 162 »>
The triangles ABC and DEF are similar.

A

Figure 5.5

If BC=50cm, AB=4.0cm, AC =3.0cm and FE = 3.0 cm find:

6)) the ratio between the sides of the two triangles;
(i1) the lengths of the remaining sides, DF, DE.

What is the angle BAC?

5.1.6 The intercept theorem

Find the missing length, DB, in each of the figures below:

Figure 5.6

5.1.7 The angle bisector theorem » 153 163 >>
If AD bisects the angle A, find the length of DB.

A

¢ 9/10 D
Figure 5.7
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5.1.8 Pythagoras’ theorem

The largest sides of a right angled triangle have lengths 5 and 6 units. What is the length
of the third side?

5.1.9 Lines and angles in a circle » 156 163 »>

Determine the angles indicated (O is the centre of the circle)

A

Figure 5.8

5.1.10 Cyclic quadrilaterals

Determine the angles indicated.

Figure 5.9
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5.2 Revision

5.2.1 Division of a line in a given ratio < 143 160>

Points and lines are regarded as undefined primitive concepts (that is, we assume we
all know what is meant by them) in geometry, in terms of which the axioms or rules of
geometry may then be expressed. A point is a geometrical element which has a position,
but no size or extent. A line is a straight one-dimensional geometrical figure of infinite
length and no thickness. There is a unique straight line passing through two specified
points A and B. A line segment is a finite portion of a line between two fixed points.
Its length is the shortest distance between the points in a plane. Note that we are talking
simply about geometry on a plane here, rather than, for example spherical geometry, which
deals with geometrical properties on the surface of a sphere.

Much elementary geometry depends on the division of a line by a point. We say a point
P on a line AB divides the line internally in the ratio p : g if P is between A and B
andAP:PB:p:q,or£=£(14<).
PB ¢

If a point P is on AB produced (that is, extended in the direction AB), then P is said

AP
to divide AB externally in the ratiop :q if AP: PB=p:q or — E.

PB ¢
Solution to review question 5.1.1

For division internally we have, letting AP = x cm, say:

X 30—x
A P B

Then PB = (30 — x) cm, and since
AP : PB=3:2
we have

X 3
30— :Eoer:B(B()—x)=90—3x

or
5x =90

So x = 18 and hence
AP =18 cm and PB = 12cm.

Alternatively, if we let the length of AP be 3y units and that of
PB 2y units, then 3y 4+ 2y = 5y = 30, from which y = 6. Thus, AP is
18 cm and PB 12 cm as before.

For division externally let AP = x then, from the figure below,

AP X 3

PB_ x—30 2

or
x =90
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So AP =90 cm and PB = 60 cm.
|l X |
30
A B P
T x-30

5.2.2 Intersecting and parallel lines and angular measurement

<« 143 160>

Given two intersecting lines, in a plane, the angle between them is the amount of rota-
tion required to superimpose one on the other, measured in some conventional (usually
anticlockwise as shown) direction. We denote the angle by ZAO B (see Figure 5.10).

A

O0< sa08B

Figure 5.10 Definition of angle.

Sometimes, if it is helpful, we use an arc to denote an angle, but usually we try to
avoid cluttering up a diagram. The angle is usually measured in degrees, with one degree,
denoted 1°, being 1/360 of a full rotation. Alternatively, we can measure angles in radians.
One radian (1 rad or 1¢ for ‘circular measure’) is essentially the angle subtended at the
centre of a circle by an arc of length equal to the radius. If this rather obtruse definition
does little for you, just note that the number of radians in a complete revolution will be
the number of times that the radius divides the circumference, which is simply 2w. So
there are 27 radians in a complete revolution and therefore

27 radians = 360 degrees = 360°

Since 180° is half a full rotation, it follows that angles which add together to make 180°
form a straight line — such angles are called supplementary.

180°
o) B

Figure 5.11 Supplementary angles AOC and COB.
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In Figure 5.11 ZAOC and /COB are supplementary. An angle of 90° is a rotation
through a quarter circle and is called a right angle. In diagrams a right angle between
two lines is always denoted by a small square at their intersection — if this is not present
then you cannot assume the angle is 90°, even though it may look like it on the diagram.
Angles which add up to 90° are called complementary angles. Two lines which intersect
at right angles are said to be perpendicular to each other. Angles between 0° and 90° are
called acute. Angles between 90° and 180° are called obtuse. Angles greater than 180°
are called reflex.

When two lines intersect, vertically opposite angles are equal:

Figure 5.12 Intersecting lines.

Two lines are parallel if they do not intersect, no matter how far they are extended — we
say they ‘meet at infinity (wherever that is)’. We denote parallel lines by equal numbers
of arrow-heads as in Figure 5.13. Equal angles are denoted by equal numbers of crossbars

on the angle arcs.
a
b
\\>C<Z

As noted earlier, remember that we are talking about plane geometry here. Parallel
lines drawn on the surface of a sphere for example do not satisfy the sorts of properties
we will be discussing for parallel lines in a plane.

The line drawn crossing the parallel lines in Figure 5.13 is called a transversal. In
Figure 5.13 pairs of angles such as a and b, on opposite sides of the transversal are called
alternate angles, while pairs of angles a and c are called corresponding angles. For two
parallel lines, as shown in Figure 5.13 alternate angles are equal, as are corresponding
angles, i.e.a = b = c.

Figure 5.13 Angles on parallel lines.
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Solution to review question 5.1.2

A. (a) A full revolution is 360°, so a fraction (12 <) L of a full revolution
q

is 2360°, ie.:
q

() §x360°=180" (i) 1 x360°=120° (i) } x 360° =90°

2 4
@{v) 30° (v) 270° (vi) 225°
A full revolution is 27 radians, so a fraction p of a full revolution
q
is 4 X 27, 1.e.
q
L1 . o1 27 )
(i) = x 2w = & radians (i) = x 2w = — radians
2 3 3
v 1 T ) . T .
(iii) - x 2w = — radians (iv) — radians
4 2 6
3 5
) Tn radians (vi) Tﬂ radians

B. Referring to Figure 5.1 a and c¢ are both supplementary angles to 40°
and so a = ¢ = 140°. b is the vertically opposite angle to 40° and is
thus given by b = 40°.

C. (i) By vertically opposite angles for intersecting lines we have a =
60° in Figure 5.2(i). Then by corresponding angles b = a = 60°.
Finally, supplementary angles give ¢ = 180° — 60° = 120°.

(ii) Corresponding angles in Figure 5.2(ii) give a = 85°, then b = 85°,
whence opposite angles gives ¢ = b = 85°. Corresponding angles
then gives d = ¢ = 85°. Supplementary angles finally gives e =
180° — 85° = 95°.

5.2.3 Triangles and their elementary properties

A triangle is any plane figure with three sides formed from line segments. There are three
types of interest — a scalene triangle has three sides, and angles, of different lengths; an
isosceles triangle has two sides of equal length standing on a base side with which the
two equal sides make equal angles; an equilateral triangle has all three sides of equal
length and three equal angles (all 60°). A triangle in which all angles are acute is called
an acute-angled triangle. If one angle is 90° it is called a right-angled triangle. If one
angle exceeds 90° we say the triangle is obtuse.

The most basic property of a plane triangle is that the sum of its angles is 180°. (This
is not true for ‘spherical triangles’, drawn on the surface of a sphere — can you think of
a ‘triangle’ on a sphere that has 270°?) This property of plane triangles is worth proving
in terms of elementary facts of which we are already sure. We can do this for a general
triangle ABC, acute-angle or obtuse, as follows. Draw a straight line, through A, parallel
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to the opposite side BC — see Figure 5.14. Since we already know that for two parallel
lines, alternate angles are equal, then we can say a = d and ¢ = e.

A A

a c a/lc
b

d e
C B C B

Figure 5.14 Sum of the angles in a triangle.
Also, from angles on a straight line we have
a+b+c=180°

Hence
d+b+e=180°

which proves the result.

Another important property of triangles is that an exterior angle of a triangle is equal
to the sum of the two opposite interior angles.

Again, the proof involves additional construction and is not difficult, as shown in
Figure 5.15.

A % D

Figure 5.15 Exterior angle.

AC is ‘produced’ or extended to D. An additional line is also drawn through C parallel to
AB. Then, by alternate angles we have d = b, and by corresponding angles we have e = a.
So, d + e = external angle at C = a + b, as required, i.e. /ZBCD = /BAC + /CBA.

Solution to review question 5.1.3

(i) Referring to Figure 5.3(i) we have a = 180° — 70° — 60° = 50° by
angles in a triangle. Then b = 70° 4 60° = 130° by the external angle
result, or alternatively by angles on a straight line b = 180° —a =
180° — 50° = 130°.

(ii) Since the triangle in Figure 5.3(ii) is isosceles, a = 65°. So b = 180° —
2 x 65° =50° and ¢ = b + 65° = 115° by the external angle result or
by angles on a line ¢ = 180° — 65° = 115°.
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5.2.4 Congruent triangles

We often need to compare pairs of triangles. Two triangles are called congruent if they
are identical. They may not look identical, because they may be rotated with respect to
each other, so we need a test to determine when two triangles are identical. For this, the
corresponding angles of the two triangles must be identical, and the corresponding sides
must be of the same length. However, it is not necessary to check all these conditions
to ensure that two triangles are congruent. The following provide alternative tests for
congruent triangles:

° three sides of one triangle must be equal to three sides of the other

) two sides and the angle between them in one triangle must be equal to
two sides and the enclosed angle in the other triangle

° two angles and one side in one triangle must be equal to two angles
and the corresponding side in the second triangle

e  for right-angled triangles, the right angle, hypotenuse and side in the
first triangle must be equal to the right angle, hypotenuse and the corre-
sponding side in the second triangle.

Solution to review question 5.1.4

(1) In Figure 5.4(i) AD is equal to BC, and DC is equal to AB. AC is
a common side. So ACD and ABC are congruent triangles, since all
corresponding sides are equal.

(ii)) With AC as a common side and two identical sides AB, AD, the
triangles ABC and ACD in Figure 5.4(ii) have two sides of identical
length. They also have two equal angles ZDCA and ZAC B. However,
these angles are not those between the pair of identical sides in the
two triangles (second test in the text above) so the triangles are not
necessarily congruent.

5.2.5 Similar triangles

If one triangle is simply an enlargement or rotation of another triangle, then we say the
two triangles are similar. So the three angles of one triangle are equal to the three angles
of the other, similar triangle, and the corresponding sides of the two triangles are in the
same ratio. However, we don’t need to test both of these conditions, since it can be shown
that they are equivalent, i.e. that if two triangles contain the same angles then their
corresponding sides are in the same ratio.

Solution to review question 5.1.5

Since ABC and DEF in Figure 5.5 are similar, then the ratios of corre-
sponding sides are equal.

(1) In this case the ratio is equal to BC/FE =5/3.
(i) Thus, AB/DE =4/DE=15/3 whence DE=12/5 cm. Similarly(!)
AC/DF=3/DF=5/3,s0 DF =9/5 cm.
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Angle BAC looks like a right angle, but this doesn’t mean that it is.
In fact in this case it is, because, as you may have noticed, the sides
satisfy Pythagoras: 32 + 42 = 52(» 154).

5.2.6 The intercept theorem

The intercept theorem states that a straight line drawn parallel to one side of a triangle
divides the other two sides in the same ratio (14 <) (see Figure 5.16) i.e. AD/DC =

\

c B

Figure 5.16 The intercept theorem.

Thus, for example, if we know AD, DC, AE say then we can deduce EB.
The proof of this theorem may be found in most standard books on geometry and relies
on the fact that ABC and AE D are similar triangles.

Solution to review question 5.1.6

(i) By the intercept theorem, since E D is parallel to C B in Figure 5.6(i),
the line E D divides sides AC and AB in the same ratio. Hence
AE 4 AD 5
EC 6 DB DB
So DB = 15/2 units.
(i1) This is the case where the parallel intercept is actually outside the
triangle (Figure 5.6(ii)). This in fact makes no difference to the result
and again, by the intercept theorem,

AD 3 BD BD

DC 15 DE 2
So DB = 4 units.
5.2.7 The angle bisector theorem < 145 163>

The intercept theorem is about dividing the sides of triangles. Here we consider a theorem
which divides an angle of a triangle: the line bisecting an angle of a triangle divides
the side opposite to that angle in the ratio (14 <) of the sides containing the angle
(see Figure 5.17).
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AP = Altitude

AM = Median

AD = Angle bisector
© P D M B

Figure 5.17 Altitude, median and angle bisector.
So the angle bisector theorem states that

AC CD

AB DB
The angle bisector should not be confused with two other lines dropped from a vertex of
a triangle — the altitude and the median, also shown in Figure 5.17. The altitude is the
line drawn from a vertex of a triangle, perpendicular to the opposite side. A median of a
triangle is the line joining a vertex to the midpoint of the opposite side. You might like
to explore the circumstances under which two or more of these lines are in fact the same
thing.

Solution to review question 5.1.7

By the angle bisector theorem we have, in Figure 5.7.
AC CD
AB DB
CDxAB 2x9/10 9
So DB = = = =
AC 1 5
5.2.8 Pythagoras’ theorem

For any right-angled triangle ABC Pythagoras’ theorem tells us that

(BC)? + (AC)* = (AB)?

A C
Figure 5.18 Pythagoras' theorem.
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We can see that this works by checking it for a few simple triangles — the 3 : 4 : 5 being the
classic example. But this is not a proof — it is merely induction from a few cases, not deduc-
tion from fundamental axioms. There are numerous proofs of Pythagoras’ theorem — we will
give one which has the sort of common sense appeal an engineer might enjoy.

Take four identical copies of any right-angled triangle, sides a, b, ¢ and arrange them
as shown in Figure 5.19, to form a square of side a. While you are at it, just check
that all your visual arguments can be expressed solely in purely symbolic or geometrical
terms — imagine, for example, that you could not see or draw the diagram, and that you
had to describe and justify the whole thing to a friend.

Now from triangles AED and DHC, DH = c and DE = b, so HE, the side of the
small internal square is b — c. The same argument applies to all pairs of adjacent triangles.

A a B
E
a H a
c b
D a C

Figure 5.19 Proof of Pythagoras’ theorem.

The total area of the big square is four times the area of the triangle

(‘half base times height’ = %bc), plus the area of the small square. So

a* =4 x tbe+ (b —c)’
which with a bit of algebra (42 <) simplifies to
a?=b*+¢*

Solution to review question 5.1.8

Of the two given sides, the longest, 6, must be the hypotenuse. If the
shortest side is x then we have

X’ +5 =6

SO

x =62 —-52=411
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5.2.9 Lines and angles in a circle < 146 163>

Figure 5.20 reminds you of the main definitions relating to a circle.

winor are

Major segment

sector

Major arc

Figure 5.20 Definitions in circles.

There is not much that can be said about the circle in isolation, other than to note its
perfect symmetry and the standard perimeter formula ‘277 and area formula ‘72’ where
r is the radius. It is when you start considering parts or arcs of the circle, or particular
lines related to the circle that things get interesting. First note that, in geometry, we are
not concerned so much with measuring aspects of the circle or its parts. We are more
concerned about relations between them, independent of numerical values. An example
would be the result that chords which are equidistant from the centre are of the same
length. This result does not help in calculating the lengths of chords, it simply states a
relationship between certain types of chords. Two obvious lines of importance are the
radius and tangent. As shown in Figure 5.20 the tangent is perpendicular to the radius at
its point of contact.

Consider an arc of a circle — a connected part of the circumference. If the arc has length
less than half of the circumference then it is called a minor arc, otherwise it is a major
arc. In Figure 5.21

Figure 5.21 Angles subtended by arcs.
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the angle subtended by the minor arc AB at the centre O is ZAO B. We say the angle
LACB stands on the minor arc AB, which is said to subtend an angle /ACB at the
circumference. Exactly the same statements can be made replacing C by D. Implicit in
the definitions is the assumption that there is just one angle subtended at the circumfer-
ence — i.e. that /ACB = /ADB. As we state below, this is in fact the case.

Now let’s add a chord to the circle. There are two important results to note regarding
chords.

° Chords equidistant from the centre are of equal lengths

To see this consider the triangles formed by connecting the ends of two such chords
to the centre. These two triangles have two corresponding sides (the radii) equal, and the
corresponding enclosed angles are equal. The triangles are therefore congruent, and so
their third sides (i.e. the length of the chords) are also equal.

e  The perpendicular bisector of a chord of a circle passes through the
centre of the circle

The proof is similar to that of the first result using congruent triangles, but the result is
sufficiently ‘self evident’ to gloss over here.

The next results concern the angles subtended by arcs at the centre and on the circum-
ference. Whilst it is important that you understand and can use the results, the proofs are
not important to us here.

e  The angle subtended by an arc at the centre of a circle is twice the
angle subtended at the circumference (Figure 5.22)

<N
©

Figure 5.22 Angle subtended at the centre is twice that on the circumference.

° All angles subtended at the circumference by the same arc are equal
e  The angle in a semicircle is 90° - i.e. the angle subtended by a diam-
eter is a right angle

The last result follows from the fact that a semicircle subtends an angle of 180° at the
centre of a circle. Any angle subtended at the circumference must, by the above results,
be equal to half this, namely 90°.

Finally, we give some important results relating to the properties of tangents to circles.
A tangent to a circle is a straight line which touches it at exactly one point — the point
of contact. A straight line which cuts a circle at two distinct points is called a secant (a
chord is thus a segment of a secant). An important property of the tangent is:
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° A tangent to a circle is perpendicular to the radius drawn through
the point of contact.

~\

LN

Figure 5.23 Tangent perpendicular to radius.

One can see this by constructing two radii extended to any two points either side and
equidistant from the point of contact (Figure 5.23). By symmetry, the resulting triangles
have corresponding sides equal and are therefore congruent (152 <) and must have corre-
sponding angles equal. This implies that the angle of intersection between the tangent and
radius at point of contact is 1 x 180° = 90°.

2
Two other important results are

° The two tangents drawn from an external point to a circle are equal
in length.

° The angle between a tangent and a chord through the point of
contact is equal to the angle subtended by the chord in the alternate
segment (Figure 5.24).

ZDAC = £ZABC
ZEAB=ZACB

Figure 5.24 Angle in alternate segment.
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Solution to review question 5.1.9

(1) Referring to Figure 5.8, a=360° — ZAOB,and /AOB=2/ACB =
2 x 40° = 80°. So a = 280°.

(i) Equal angles subtended by equal arcs gives /ACB =c¢ = LADB =
30°. Angles in triangle A B D then gives a = 180° — 30° — 70° = 80°.
Equal angles subtended by equal arcs now gives /DAC = 20° =
LDBC =b.Soa =280 b=20° c=30°

(ili) OA = OB, so triangle ABO is isosceles and therefore a = 35° and
b = 180° — 35° — 90° = 55°, since the chord bisector O P is perpen-
dicular to the chord AB.

(iv) The angle /ZDAB is subtended by a diameter and is therefore 90°.
So from triangle ABD, /ABD = 180° — 30° — 90° = 60°. But the
angles subtended by the chord AD at B and C are the same and so
a = 60° also.

5.2.10 Cyclic quadrilaterals

The results so far essentially rely on fitting triangles into circles — we say the circle
circumscribes the triangle. In general, when a circle circumscribes a polygon the vertices
of the polygon lie on the circle. (A circle is circumscribed by a figure, or inscribed in
a figure when all sides of the figure touch the circle.) The next step up is to consider
circumscribed quadrilaterals — i.e. quadrilaterals whose vertices lie on a circle, and sides
inside the circle. This is called a cyclic quadrilateral. See Figure 5.25 showing the cyclic
quadrilateral ABCD.

2
C

The main result on cyclic quadrilaterals is that:

Figure 5.25 Cyclic quadrilateral.

° The opposite angles of a cyclic quadrilateral are supplementary —
i.e. add up to 180°.

The proof is interesting and not difficult. In Figure 5.25, with obvious notation we have
2a +2c =360° = 2(a + ¢)
=2(/DAB + /DCB)

Hence
(DAB + /DCB = 180°
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Solution to review question 5.1.10

(i) In Figure 5.9(1) we have /BAD + /BCD=180°=a + 125°. Soa =
55° by supplementary angles in a cyclic quadrilateral. By angles on a
line, d = 180° — 95° = 85°. Then by supplementary angles /ABC =
180 — d = 95° and angles on a line gives b = 180° — 95° = 85°.

(i1) In Figure 5.9(ii) opposite angles in a cyclic quadrilateral gives
a+3a=4a=180°

So a =45°. Then b = 2a = 90°.

5.3 Reinforcement

5.3.1 Division of a line in a given ratio << 143 147 <
A. The line AB is 4 cm long. P is a point which divides AB internally in the ratio

AP : PB = p: g for the values of p and q given below. In each case determine the
lengths AP, P B. Repeat the exercise when the division is external, in the same ratios.
Leave your answers as fractions in simplest form.

i 2:1 (i) 3:2 (i) 5:4 (iv) 3:7 v) 1:5

. With the same ratios as in Question A, it is given that AP = 2 cm. Determine P B

and AB in each case.

5.3.2 Intersecting and parallel lines and angular measurement

<« 143 148 <

Fill in all remaining angles:

.|
vaan s

(ii)

5.3.3 Triangles and their elementary properties

A. In each case the pairs of angles are angles in a triangle. Determine the other angle,

and the corresponding external angle.

(i) 32°,45° (i) 73°,21° i) 15°, 21° (iv) 85°, 65°
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B. Determine all the angles in triangles with the following angles and opposite external
angles respectively

() 25°, 114° (i) 63°, 80° (i) 45°, 65° (v) 27°, 115°

C. (i) Find angles a, b, c, d:

120°/4 ‘ o d

(i) Find a, b, ¢, d, e, f:

5.3.4 Congruent triangles << 144 152 <
Identify, where possible, a pair of congruent triangles:

A

B
A
C
D D C

(i) (ii)

- 4

(iii) (iv)

]
[uy)

161



Understanding Engineering Mathematics

5.3.5 Similar triangles

A. The triangles ABC and P QR are similar. Find the lengths of all sides of PQR for
the values of x given by (i) 1 cm (ii)) 2 cm  (iii) 3.5 cm (iv) 4 m:

B. Triangles ABC and P QR are similar. Given that AB/P Q = p/q, determine all the
sides of both triangles for p/q values (i) 3/2 (ii) 7/3 (iii) 3/8:

5.3.6 The intercept theorem

Find the missing lengths x, y, z, u in the figures below, to two decimal places:

A
A 21
2 £ 24 1.5 2
B 5 £
X 1 ‘iy
G c B
(i) (i)
A
A B 1/
D E
2 1
5 E 4 Y
15 1
4 c B

(iiif) (iv)
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5.3.7 The angle bisector theorem

Find the missing lengths x, y, z, u, v:

A
A
X 2 2 25
B
© y D 1 B c 1.1 D =z B
0] (i)
A A
1 1.7 1.7 2
¢ 0.8 D u B ¢ v D 1.8 B
(iii) (iv)
5.3.8 Pythagoras’ theorem <<« 146 154 <

A.

Regarding the pairs of lengths given in (i) to (v) as the (a) shortest (b) longest sides
of a right angled triangle (in consistent units) determine the third side in each case.
Leave your answers in surd form.

1 3,5 @) 5,12 (iii) 24, 25 @iv) 8,17 (v) 3,4

B. Determine the longest rod that may be placed in a rectangular box of edges 3, 4,
6 units.

5.3.9 Lines and angles in a circle <« 146 156 <

A.

A, B, C are three points on a circle centre O, taken clockwise in that order. Given the
following angles, determine the others named.

(i) LACB =35, /AOB (i) LACB=170°, /AOB

(i) LAOB = 60°, /ACB (iv) LAOB =86°, LACB

. Referring to Question A now assume the points A, B, C are such that AC = BC. For

each case specified in Question A, determine all angles in the triangles AOC, AOB
and BOC.

. Determine the angles labelled with a letter:
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(iv) (v)
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E. An equilateral triangle of side 30 cm circumscribes a circle. Find the radius of the
circle.

F. A circle of unit radius is inscribed in a right-angled isosceles triangle. Determine the
lengths of the sides of the triangle.

5.3.10 Cyclic quadrilaterals

Determine angle a:

5.4 Applications

1. A major problem in surveying occurs when there is an obstacle, such as a river, that
the survey line has to cross, but which we cannot easily walk round or put a tape
across. There are three common methods to solve this, relying on elementary geom-
etry — mainly similar triangles. These are illustrated in Figure 5.26(a), (b), ().

B B B
H
H G
- 7 1 S jl - — — -
— 1 - — —/ —+ - = —/— 1+ —
_ = 777 - 77| 77* —_ S 77*7
F imle) E F D E .
G
E Oc c D
C
A A
J A

Figure 5.26

(a) A ranging pole is put at H on the far bank. CE, on the near bank, is
set off perpendicular to AB, which is constructed perpendicular to the
river. A pole is ranged in to a point F on EH and a perpendicular is
dropped from F onto AB at G. Show that

_ CGxFG

GH = ———
EC—-FG

(b) A line DE is set out on the near bank and bisected at C. FCG is
now set out such that FC = CG. With a pole H on AB on the far
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bank, a pole can be set at J on the intersection of the lines EG and
HC produced backwards. Show that JG = FH.

(c)  The line AB crosses the river on the skew and poles placed at F' and
G on the near and far banks respectively. DF is set out along the
near bank, so GF is perpendicular to GF. A perpendicular from D is
constructed to meet AB at C. Show that

_CEXEF

EG
ED

Discuss the relative merits of each of the methods.

2. A railway track floor is cut into the side of a hill with slope 1 in k. Both sides of the
cutting have slope 1 in m. If produced into the earth the slopes of the cutting intersect
at a point G (see Figure 5.27). The flat horizontal bed of the cutting is at a depth &
below the point where the centre line GL intersects the line of the slope of the hill.
The width of the cutting floor is b.

Figure 5.27

Show that the distance, w; from the up-slope edge of the cutting to the centre line GL

is given by
() (=)
w=|-+m —
2 k—m

and that the distance w, between the centre line and the down-slope side is

e (o) L)

Show that the area of the cutting is

1 b n b?
%[<§+m )(w1+w2)—7:|
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Find the difference in level between the floor of the cutting and the top of the bank on
each side.

Answers to reinforcement exercises

5.3.1 Division of a line in a given ratio

A. Internal division (AP, P B, all in cm)

. 8 4 128 ... 20 16
(1 5, 5 (i) ?, g (iii) 3, 3
(iv) 6 14 W) 2 10
iv) =, — v) -, —
55 33
External division (in cm)
i 4,8 (i) 8,12 @iii) 16, 20
(iv) 3,7 (v) 1,5
B. Internal division (in cm)
@ 3.1 (i) 10 4 (iii) 18 8
i 3, ii 33 iii 53
(iv) 20 14 &) 12,10
v) —, — A% ,
3°3
External division (in cm)
»H 1,1 (i1) 24 (iii) 28
i 1, ii 33 iii 53
(iv) i (v) 8,10
iv 33 V) o,

5.3.2 Intersecting and parallel lines and angular measurement

100°/ 80° 100°/ 80°
80° 80°

130°/50° 1309/ 50°

50°/130°  50°/130°
100°/80°  100°/80°
80°/ 80"/

0] (ii)
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5.3.3 Triangles and their elementary properties

A. Other angle External angle
(1) 103° 77°
(ii) 86° 94°
(iii) 144° 36°
(@iv) 30° 150°
B. (i) 25°, 66°, 89° (ii) 63°, 100°, 17°
(iii) 45°, 115°, 20° (iv) 27°, 65°, 88°

C. )a=b=c=60°,d=120° ()a=b=d=f=59,c=e=062°
5.3.4 Congruent triangles

(i) ADB and CBD are congruent
(i) ADC, ABC congruent
(iii)) Not congruent

(iv) Not congruent
5.3.5 Similar triangles
A. () PR=0.7cm PO =0.76 cm

(i) PR =14 cm PQ=153cm
(iii)) PR=245cm  PQ =2.683 cm

(iv) PR=21m PO =3.06 m

B. i) PO=1.13cm PR =0.6 cm BC =3 cm
(i) PQ =0.73 cm (2dp) PR =0.43 cm BC = 4.6 cm
(i) PQ =4.53 cm PR =2.6cm BC =0.75 cm

5.3.6 The intercept theorem

(i) DC =229 (i) EB=13 (i) AD=1.5
(iv) AE=1.5

5.3.7 The angle bisector theorem

(i) x=2,y=1 (i) z=1375
(i) u=1.36 (iv) CD =1.53

5.3.8 Pythagoras' theorem

A. (a) () 34 (i) 13 (iii) /1201
(iv) /353 ™) 5
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®) () 4 (i) /119 Gii) 7
(iv) 15 ~) V7
B. V61

5.3.9 Lines and angles in a circle

A. () 70° (i) 140° (iii) 30°
(iv) 43°

B. (i) AOC and BOC are 17.5°, 145°, 175°; AOB is 55°, 70°, 55°
(i) AOC and BOC are 35°, 110°, 35°; AOB is 20°, 140°, 20°
(iii) AOC and BOC are 15°, 150°, 15°; AOB is 60°, 60°, 60°
(iv) AOC and BOC are 21.5°, 137°, 21.5°; AOB is 47°, 86°, 47°

C. (i) a=18& (i) a=c=d=50°
(iii) a =55°,d =45° @iv) a =50°

D. ) a=18,b=236° (ii)) a =30° b=060°, c =30°
(iii) a =65°, b =50°, c = 50° @iv) a =150°, b =65°
V) a=36°

E. 53 cm

F. V2(1+V2)

5.3.10 Cyclic quadrilaterals
a =30°
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Trigonometry

Trigonometry (literally: ‘the measurement of triangles’ — ‘trig’ from now on) is a fairly
straightforward topic conceptually, but there always seems a lot to remember. In fact you
only have to remember a few key results — but you have to remember them very well. For
example look at the function

cos 20
cos 6 + sind
If you have to consult a formula book to remind yourself that cos 20 = cos? 6 — sin? @ and

the difference of squares identity a®> — b> = (a — b)(a + b) then it might not even occur
to you to simplify this to the form

cos? 6 — sin® 6 _ (cos® —sinf)(cost + sinb)
cos® +sinf cosf + sinf
= cosf — sinf

However, there is no need to remember the double angle formulae in detail because you can
get them easily from the compound angle formulae for cosine and sine, which you should
remember well. In this chapter we will cover such fundamental topics of trigonometry,
and encourage you to learn just a few key formulae very well so that you can use these
to derive other formulae as you need them.

Prerequisites
It will be helpful if you know something about:

angular measurement using degrees and radians (148 <)
ratio and proportion (14 <)

properties of triangles (150 <)

Pythagoras’ theorem (154 <)

plotting graphs (91 <)

inverse of a function (100 <)

surds (20 <)

Objectives
In this chapter you will find:

e radian measure and the circle
e definitions of the trig ratios
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the sine and cosine rules and solution of triangles
graphs of the trig functions

inverse trig functions

the Pythagorean identities such as

cos? 0 + sin’6 = 1
e compound angle formulae such as
sin(A + B) = sin A cos B + sin B cos A

and their consequences such as the double angle formulae
e solution of simple trig equations
e The acosf + bsinéd form

Motivation

You may need the material of this chapter for:

e solution of triangles in statics, surveying, etc.

e describing, analysing and combining oscillations and waves (» Chapter 17)
e evaluating trig and other integrals (» Chapter 9)

e describing angular motion

e describing alternating current circuits

6.1 Review

6.1.1 Radian measure and the circle
A. Express as radians (i) 90° (ii)) —30° (iii) 45° (iv) 270° (v) 60°.

B. Express the following radian measures in degrees

W 7 i) (i)~ (i) 4 W -Z
i) — i) — i) —— iv) 4w V) ——
6 2 4 3
C. An arc of a circle of radius 2 subtends an angle of 30° at the centre. Find
(i) the length of the arc
(ii) the area of the sector enclosed by the arc and the bounding radii.
6.1.2 Definition of the trig ratios » 174 194 >>
Write down the exact values of the following (i.e. in surd form)
(i) cosO (i) cos2m (iii) sin90°
(iv) sin % (v) cos % (vi) sin45°
(vil) tan90° (viii) sin0O (ix) sin60°
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2
(x) sin ?’T (xi) cos % (xii) tan45°
(xiii) cos 30° (xiv) sin30° (xv) tan %
3
(xvi) cos45° (xvii) cos 771 (xviii) tan(—60°)
(xix) sin(—120°) (xx) cos (—%) (xxi) sin(585°)
(xxii) cos(225°%) (xxiii) tan(—135°) (xxiv) sec30°
(xxv) cosecw/4 (xxvi) cot60° (xxvii) sec 120°
e ‘7T . (e}
(xxviii) cos (_E) (xxix) cosec(—60°)
6.1.3 Sine and cosine rules and solutions of triangles
For the triangle below find (i) a (ii) 6.
60° 5
2
6
a
6.1.4 Graphs of the trigonometric functions

Sketch the graphs of (i) 3 sin (z - %) (ii) 4 cos (2z - %) (iii) tan (t + %)

6.1.5 Inverse trigonometric functions » 184 195 >>

Evaluate the following inverse trigonometric ratios in the range 0 < 6 < 90°:

e N GVE] Lo (V3
(i) sin <2> (il) sin (2> (iii) cos 5

(iv) cos~! <%) (v) tan~! <%) (vi) tan~!(+/3)
6.1.6 The Pythagorean identities — cos? + sin? = 1

Complete the following table in which each angle is in the first quadrant:

sin§ cos 6 tan 6

. 1
6] 5

(i)

-

(iii)

Sil-
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6.1.7 Compound angle formulae

A. Expand sin(A + B) in terms of sine and cosine of A and B.
B. From A derive similar expansions for

() sin(A — B) (i) cos(A — B) (iii) tan(A + B)

1 1 3
C. Given that sin45° = cos45° = —, cos60° = —, sin60° = - evaluate

V2 2
(i) cos75° (ii) sin105° (iii) tan(—75°%)
D. Express cos2A in trigonometric ratios of A.

1
E. Given that cos30° = 73, sin 30° = > evaluate

(i) sinl5° (i) tan15°

6.1.8 Trigonometric equations

Find the general solution of each of the equations:

@) sinf + 2sinf cosf =0
(i1) cos 360 = cos 6

6.1.9 The acos + bsin6 form

Express cos8 + sin6 in the form (i) r sin(6 + «) (ii) r cos(0 + «)

6.2 Revision

6.2.1 Radian measure and the circle <171 194>

As noted in Section 5.2.2, a radian is the angle subtended at the centre of a circle by an
arc with length equal to that of the radius. It follows that

i 180
0 radians = —6 degrees
b4

The length of arc of a circle of radius r, subtending angle 6 radians at the centre is
by definition s = r6. See Figure 6.1. The area of the enclosed sector is A = %rZG. This
follows because the total area of the circle is 7% and a sector with angle 6 radians forms

. 0
a fraction — of that area.
21
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Figure 6.1 Radians, arc, sectors.

Solution to review question 6.1.1

90
A. (1) 0O =—xm= T radians

180 2
(i) —30° = —— x 7 = — 2 radians
180 6
45
(if) 45° = oL x 7 = % radians
270 3
(iv) 270° = 180 X T = En radians
60
V) 60°= — xm = T radians
180 3
5 5 180
B. () —nradians = x — = 150°
6 6 b4
L. 3T 7 180
(ii) —radians = — x — = 270°
2 2 T
(i) T di T 180 315°
——radians = —— X — = —
iii 4 Tadi ) -
180
(iv) 4m radians = 47 x — = 720°
T
2T . 21 180
(v) ——radians = —— x — = —120°
3 T

C. (i) Length of arc s = r6, 6 in radians.

b1 b4 .
30° = 30° x — = — radians
180 6

T
S =2X — = —
os X6 3

. 1, I,
(i) Area of sector A = Er 0 = 7 - 2%

|

w| S

6.2.2 Definition of the trig ratios

<171 194>

If ABC is the right-angled triangle, shown in Figure 6.2, then the trigonometric ratios

are defined by:
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A
c<" Llp
Figure 6.2

AB . . AC
—— =sin@ (sine of 6) —— = cosec 6 (cosecant of 9) = —
AC AB sin 6
BC i AC 1
—— = cos 8 (cosine of 0) —— =secH (secant of 0) =
AC BC cosf
AB BC
—— = tan# (tangent of 0) —— = cot6 (cotangent of 0) =
BC AB tan 6

sin 6

Note that tan6 =

cos 6
Treating 6 as an independent variable, these might also be regarded as trigonometric
functions (90 <) of 0. For general angles, greater than 90° the sign of each ratio depends
on the quadrant it is in — an example in the second quadrant is shown in Figure 6.3.

y
2nd quadrant P 1st quadrant
|
l
RN
Y
|
| o\
X X
3rd quadrant 4th quadrant
Figure 6.3 General angles.
X — NP
sin9=X=— cosf = — = —— tan9=X=—
r OP r OP X —ON

where r = OP = \/x2+ y2 > 0, ON and N P are the positive lengths indicated and x, y
are the coordinates of P, including appropriate signs. 6 is measured anticlockwise — the
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‘positive direction’ — as shown. Note that for any angle, 6, |sin@| and |cosf| are both
< 1. The negative of #, —6, means a rotation through angle 6 in the clockwise direction
from the positive x-axis. From Figure 6.3 it then follows that cos 6 is an even function of
0, cos(—60) = cos@ and sin6 is an odd function of 6, sin(—f) = —sin6 (94 <). So, is
tan 6 even or odd?

The signs of the trig ratios in the different quadrants can be remembered from ‘All Silly
Tom Cats’ (or you might have learnt ‘CAST’, which is not so jolly), going anticlockwise
round the diagram below

Sine only positive ‘ All positive

Tan only positive ‘ Cosine only positive

which tells us which ratios are positive in the respective quadrants.
It is useful to memorise the trig ratios for the commonly occurring angles 30°, 45°, 60°,
which can be conveniently obtained from the triangles shown in Figure 6.4.

30°
2 V3 \2 1
60° . 45° .

1 1

Figure 6.4 30—60 and 45 triangles.

3 1
From Figure 6.4 we see directly that, for example sin 60° = - cos60° = > tan30° =
1

V3
The term ‘cosine’ is not accidental — cosine of 6 is the sine of (90 — 6). As noted in
Section 5.2.2, if two angles «, 8, sum to 90° they are said to be complementary. 3 is

the complement of « and vice versa. From the triangle shown in Figure 6.5 it is readily

A

cﬂ OB

Figure 6.5 « and B are complementary angles.
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seen that
sina = cos B = co0s(90° — )
cosa = sin B = sin(90° — «)
tana = cot B = cot(90° — )
cota = tan B8 = tan(90° — «)

i.e. the ‘co-trig ratio’ is the ratio of the complementary angle.

Solution to review question 6.1.2

You will find it very useful to commit as many of these as possible to
memory. Many of these results can be obtained from Figure 6.4.

(i) cos0=1
(i1) cos2m =1
(iii) sin90° =1

b 1
(iv) sin — = — (this is the exact value — see Figure 6.4)
4 V2 &
b4
Z -0
(v) cos >

b4
(vi) sin45° =sin — = —
4 )2
(vii) tan90° is, strictly, not defined but it is usual to take it as co
(viii) sin0 =0

J3

i in60° = —
(ix) sin >

2t . A3
(X) sin— =sin — = —
3 3 2
. b4 1
(xi) cos 33
(xii) tan45° =1
3
300 = Y2
(xiii) cos 5
(xiv) sin30° !
Xiv) sin =—
2
bid
(xv) tan 3 =3
(xvi) cos45° !
XVi) cOS = —
V2

. 3 T
(xvil) cos — = cos — =
2 2
(xviii) tan(—60°) = — tan 60° = —+/3
V3

(xix) sin(—120°) = —sin 120° = —5
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(xxi) sin(585°) = sin(225°) = —sin(45°) = —%

(xxii) c0s(225°) = —cos(45°) = —
(xxiii) tan(—135°) = —tan(135°) =
(xxiv) sec30° = 1/cos30° =2/4/3
(xxv) cosecr/4 = 1/sin(m/4) = /2
(xxvi) cot60° = 1/tan60° = 1/+/3
(xxvii) sec120° =1/cos120° = —1/cos60° = —2
(xxviii) cot (—%) = —cot(w/2) =0

|g‘_
—~N

—tand5%) = —(=1) = 1

(xxix) cosec(—60°) = —1/sin60° = —2/\/§

6.2.3 Sine and cosine rules and solutions of triangles <172 194>

For general triangles two important rules apply. We use the standard notation — capital
A, B, C for the angles with corresponding lower case letters labelling the opposite sides
(Figure 6.6).

Figure 6.6 Standard labelling of angles and sides.

The sine rule states that
a b c
sinA _ sinB _ sinC
i.e. the sides of a triangle are proportional to the sines of the opposite angles. We can see

this by using the result for the area of a triangle —% base x height. We can calculate this
area in three different ways, giving:

%bc sinA = %ac sin B = %ab sinC

The sine rule then follows by dividing by %abc and taking the reciprocals of the results.
Incidentally, there is another useful formula (Heron’s formula) for calculating the area
of a triangle with sides a, b, c:

area = \/s(s —a)(s —b)(s —c¢)
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where s = (a + b + ¢)/2, the semi-perimeter of the triangle. This result is very useful in
surveying, for example.

Note that the sine rule can only be used if we know at least one side and the angle
opposite to that side. Failing such information, we may be able to use the cosine rule,
which states that

a* = b* + ¢* — 2bccos A
The proof for this is instructive and illustrates yet again the power of Pythagoras — we

only consider the case of acute angles, but the rule holds for all angles.
Consider the triangle shown in Figure 6.7, with altitude & (154 <).

Figure 6.7 Proof of cosine rule.

We have, by Pythagoras’ theorem (154 <):

h2=b2—x2

=c?—(a—x)
which simplifies to (42 <)
2 =a®+b* —2ax
But x = bcosC, so
¢t =a*>+b*> —2abcosC

The result is clearly ‘symmetric’ under the rotation of labels of the sides and corresponding
angles, so we get also

a’? = b* + ¢ —2bccos A and b* = a® + ¢ — 2accos B
It may help to think of it is as

(side)> = sum of squares of opposite sides

— 2x product of opposite sides x cos of their included angle.
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These results may be used to solve triangles given appropriate information. A triangle can
be ‘solved’ for all angles and sides if we know either:

three sides

two sides and an included angle

two angles and one side

two sides and a non-included angle — but in this case the answers can
be ambiguous (see RE6.3.3(ii)).

Solution to review question 6.1.3

This is the case of two sides and an included acute angle.
(i) By the cosine rule, with b =2, ¢ =5 and A = 60° we have

a>=2"+5"—-2x2x5x cos60°
1
=4+25—2><10><5
=19

So
a=+19

(i1)) We can now find sin 6 from the sine rule

a «/E 2

sin60° ~ sin60°  sin®

So
, 2sin60° /3 ,
sinf = = —— = 0.3974 to 4 decimal places

V19 V19

Hence 6 = 23.4°.

Note: The other angle is obtuse (180° —23.4°), but the sine rule
applied to this angle would not tell us this — it is always safest to
go for the angle that is obviously acute when using the sine rule to
solve triangles.

6.2.4 Graphs of the trigonometric functions

We now focus on the trig ratios as functions (90 <) and look at their graphs (91 <).
This requires careful thought about what happens to the trig functions as the independent
variable, 0, changes. As the trig functions are functions of an angular variable their values
will keep repeating — because, for example, 8 4 360° is in the same angular position as 6,
and therefore sin(@ + 360°) = sin 6, cos(@ + 360°) = cos @, etc. We express this generally
by saying that the trigonometric functions cos, sin, and tan are periodic with period 360°
(or 27) by which we mean that for such functions (NB: in future we will usually use
radian measure for angles, rather than degrees — it is by far the safest policy when we are
regarding the trig ratios as functions, particularly in calculus — as a rule of thumb, if a
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question is given in terms of degrees/radians, then the answer should be given in the same
form)
f(O+360°) = f(0+27) = ()

Thus, in particular
cos(f + 2m) = cos6 and tan(f + 27) = tan 6

This is reflected in the oscillatory nature of the graphs of the functions — the form of the
graph repeats itself at intervals of 2m for sin and cos, and at intervals of m for tan. This
‘minimum repeating interval’ is called the period of the function. In general, if

f(x+ p) = f(x) for all x

for some constant p then we say f(x) is periodic with period ¢. Of course, it also follows
that if f(x) has period p then f(x + np) = f(x) for any positive integer n (provided f
is defined at x + np), but the term ‘period’ is usually reserved for the smallest value of
the period over which the function repeats. What, then, is the actual period of tan6?

The cosine and sine functions are particularly important in engineering and science,
representing, as they do, general wave-like behaviour. Indeed if you think about the really
fundamental types of physical change that we commonly experience, they are either ‘expo-
nential’ growth or decay (127 <), or wave-like/oscillatory, which we can express in terms
of trig functions. Of course, in reality most oscillatory behaviour is ‘damped’, and this is
often expressed by multiplying the trig function by a decaying exponential.

The graphs of the trigonometric functions cosd, sinf and tanf are shown below. cos
and sin repeat every cycle of 2w and oscillate between —1 and +1. tan repeats every cycle
of m, and is ‘discontinuous’ (> 414) at odd multiples of /2, tending to either —oo or
+o00. Also, notice that the cosine graph is simply the sine graph shifted along the axis by
/2.

sin @

2w 0

N
N T
Nl

B

o
o T

Figure 6.8 sin0, —27 <0 < 2.
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1
cos #
\ 7 \ U
27 _3m - _I 0 T b4 3 2 0
2 2 2 2
—1 4

Figure 6.9 cos®¢ — 27 <6 <2m.
i i i
| | |
l | tan 6 I
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |

_8r T T 3r kg 51 3t 0
% 4 2 4 4 %
| : |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |

Figure 6.10 tan6 —

Trig functions are very often used in describing time varying wave-like behaviour, where
a typical functional form might be the sinusoidal function of ¢:

y = Asin(wt + a)

Such a wave-like graph is called a sine wave (whether it is cos or sin). A is called
the amplitude of the wave, 27 /w its period, since it repeats after this cycle, w/2 its
frequency and « its phase. This terminology is standard in the theory of waves in science
and engineering. The solutions to the review question provide a number of examples.
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Solution to review question 6.1.4

(1)
31 3 sin (t—g)
+ £ t 7 t \ t
og _3m -T 0 Fie T 3 2 t
2 2 2
-3
(i)
47 T
4cos(2t—€)
t t \ t t i t \ t t /
-r _br 2r _nx _nm _nm O m® m m 2n 357w
6 3 2 3 6 6 3 2 3 6
41
(iii)
tan(t+%
-- e 0 T P
2 2
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6.2.5 Inverse trigonometric functions < 172 195>

The inverse function (100 <€) of sin x is denoted sin”' x (Sometimes the notation ‘arcsin
x’ is used). That is if y = sinx then x = sin™! y. So sin™! x is the angle whose sine is
x. Similarly

cos~! x = angle whose cosine is x

tan~! x = angle whose tangent is x

sec”! x = angle whose sec is x

1

cosec” ' x = angle whose cosec is x

1

cot” x = angle whose cot is x

Note that because, for example,

1
sin 135° = sin45° = —
V2

o 1 . .
the quantity sin~! <—2 can take more than one value — we say it is multi-valued. In

general, because of periodicity all the inverse trigonometric functions are multi-valued.
Thus, for a given x, sin~! x will yield an infinite range of values. In order to restrict to a
unique value of sin~! x for each value of x we take what is called the principal value of

sin~! x, which is the value lying in the range

|
-
o
-

Figure 6.11 Inverse sine, sin~' x.

Similarly we can define principal values for the other inverse trigonometric func-
tions — Figure 6.12 illustrates the principal value ranges for cos~' x and tan~! x.

Since the inverse functions are multi-valued we need expressions for the general solution
of equations such as siny = x, i.e. we need to obtain expressions for the most general
angle given by sin~! x and other inverse functions. We will simply state the results here:

sin”' x = nw 4+ (=1)"PV
cos ' x = 2nw + PV

tan~! x = nw + PV
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,,,,,,,,, - e ___ e _______
— coc—1
\ S y=tan"'x
/2

_ _T
1 0 1 x >

Figure 6.12 Inverse cosine, cos™' x and inverse tan, tan™" x.

where PV is the principal value. Sometimes the principal value is distinguished by using
a capital initial letter, for example we might denote the PV of sin~!' x by Sin~! x.

Solution to review question 6.1.5

In the range 0° < 8 < 90° we have, referring to Figure 6.4:
3
(i) sin”! ( ) =30° (i) sin”! (%) = 60°

(iii) cos™! ( ) =30° (iv) cos~! (%) = 60°

(v) tanl( ):30° (vi) tan~'(v/3) = 60°

N =

Sl= G

6.2.6 The Pythagorean identities — cos? + sin® = 1

The standard trigonometric identities are normally found on a formulae sheet. However,
the key identities should actually be memorised — and indeed should be second nature. In
fact, you only have to remember one or two, from which the rest may then be derived. A
sufficient minimal set to remember is in fact:

cos’0 +sin’ 0 = 1

and
sin(A + B) = sin Acos B + sin B cos A

If you have these at your fingertips most of the others are easily recalled or derived from
them. The first is the subject of this section, the second is treated in Section 6.2.7.
The Pythagorean identities are

cos’0 +sin’ 0 = 1
1 + tan® 0 = sec? 6
cot? 0 + 1 = cosec? 0

These can be obtained, as their name suggests, from Pythagoras’ theorem (154 <):

185



Understanding Engineering Mathematics

We have
4y = 2
Dividing by r? gives
x\2 y 2
;) +() =t

or cos’ +sin’6 =1

This identity should definitely become second nature to you — it is absolutely vital. By
dividing through by cos? @ we get 1 + tan? § = sec’ 6 and dividing through by sin® 6 gives

cot?@ + 1 = cosec? @, so there is no need to remember all three identities.

Solution to review question 6.1.6

(i) Using cos®6 + sin?6 = 1 we have

) 1 48
cos’f=1—-sin’0=1—-—=—
49 49
o)
48 .
cos@ = ,/ — in first quadrant
49
43
T
Then tanf = sin 6 17 !

cos 6 4\/—/7 43
(i) sinf =+/1 —cos?0 = /1 — = \/7

V3

tanf =
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SO
cos’ 0 =

12
cosf =,/ =
3

[SSRINS)

2 1
sinff =1—cos’f=1—==—
3 3
and therefore
sinf = —
3
6.2.7 Compound angle formulae < 173 196>

The basic compound angle formulae are:

sin(A + B) =sin Acos B + cos Asin B
sin(A — B) =sin Acos B —cos Asin B
cos(A + B) =cos Acos B —sin Asin B
cos(A — B) = cos Acos B 4+ sin Asin B

tan A 4+ tan B
tan(A+B) = ———

1 —tan Atan B

tan A — tan B
tan(A — B) =

1+ tan A tan B

Note that there is no need to remember all these results separately. We can get all of
them from the result for sin(A 4 B), and the elementary properties of the trig ratios (see
solution to review question). Also, get used to ‘knowing them backwards’ that is going
from right to left, recognising how the right-hand side simplifies to the left-hand side.
Since the sin(A 4 B) result is so important we will take the trouble to prove it. The proof
is instructive since it contains lots of ideas already covered.

We use one of those mystical constructions which makes geometry so pretty. Consider
Figure 6.13.

P Q is drawn at Q perpendicular to the line making angle A with the base line OT, and
meets the corresponding line defining the compound angle A 4+ B at P. PS and QT are
dropped perpendicular to OT and RQ is then drawn parallel to OT. By alternate angles
(149 <) LZOQR = A. Since PQR is a right angled triangle Z/Q PR is the complement
(149 <) of ZRQP and is therefore equal to ZOQR = LQOT = A. Also, RS = QT.

Now Sin(A+B)=P_S:PR+RS=PR+QT
oP oP OP

PR QT QT 0OQ PR QP

op "oP =00 0P 0P OP

=sin Acos B + cos Asin B
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P
A
R yvale
o s T

Figure 6.13 Proof of sin(A + B) = sin Acos B + cos Asin B.

Putting A = B in the compound angle identities immediately gives the double angle
formulae:
sin2A = sin Acos A

cos2A = cos® —sin® A
=2cos’A—1
=1-2sin’A

2tan A
tanA = ——
1 —tan? A
The cos 2A results are often more useful in the form
sin® A = %(1 — cos2A)
cos? A = %(l + cos2A)

From the double angle formulae we easily deduce the half angle identities. If 1 = tan6/2,
then:

, 2t 1 —¢?
tanf = sinf = cosf =
1 —12 1412 1412
For example:
2tan6/2 2t

tanf = tan(2 x 6/2) = _
anf =tan@x6/2) = en T 1or

from the double angle formula.

Solution to review question 6.1.7

A. sin(A + B) = sin A cos B + sin B cos A is so important it should be at
your fingertips.
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B. (i) sin(A — B) =sin(A + (—B))
= sin A cos(—B) + sin(—B) cos A
=sinAcos B —sin Bcos A
on using
cos(—x) = cosx and sin(—x) = —sinx
(i) The result for cos(A — B) may now be obtained using comple-
mentary angles (149 <):
cos(A — B) = sin(90 — (A — B))
=sin(90 — A+ B)
= sin(90 — A) cos B 4 cos(90 — A) sin B
= cos Acos B 4 sin Asin B
Or, perhaps quicker, simply differentiate (» 233) the result for

sin(A — B) with respect to B — a common trick for obtaining ‘cos-
results’ from ‘sin-results’.

(iii) The result for tan(A + B) can be obtained by division:

sin(A + B) sin A cos B + sin B cos A

cos(A + B) ~ cos Acos B — sin A sin B
tan A + tan B

- 1 —tanAtan B

tan(A + B) =

on dividing top and bottom by cos A cos B.

The key point here is that while certain results have to be second
nature to you, such as the expansion of sin(A + B), it is just as
important that you know how to derive others from them, rather
than have to remember all the identities.

C. Here we make good use of the compound angle formulae
(i) cos75° = cos(45° + 30°)

= co0s45° cos 30° — sin45° sin 30°

(ii) sin 105° = sin(60° + 45°)
= sin 60° cos 45° + sin 45° cos 60°
V3111
RPN
_ V341 (B2
o2V2 4

(iii) tan(—75°) = —tan75°

= —tan(45° + 30°)
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_ —(tan45" + tan 30°)
"1 —tan45° tan 30°

1
(+%5)
= V3 —1+*/§=—2+«/§ 21 <

R

D. From cos(A + B) = cos Acos B — sin Asin B, with A = B we get

cos2A = cos’ A — sin® A
Using sin® A 4+ cos> A = 1 this can be expressed in two alternative

forms:
cos2A =2cos’ A — 1

=1-2sin’A
E. (i) Using cos20 =1 — 2sin’ 6
c0s30° =1 — 2sin” 15°

1
so sin?15° = 5(1 — co0s 30%)

IV
2\ 2

2-43
T4
2 —
so sin15° = J
2
(i) tan24 = 214 ith A = 15° g
11 an = —— W1 = 1vVes
1 —tan? A &
1 2tan 15° 2x
tan30° = — =

V3 1-tan2ls  1—x2
where x = tan 15°
So 1 —x? =23x
or x> 4 2+/3x — 1 =0 giving
23+ V4x3+4
X =
2

-2/3+4
2

=2-43 (tan 15° is positive)
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6.2.8 Trigonometric equations

A trigonometric equation is any equation containing ratios of an ‘unknown’ angle 6, to be
determined from the equation. One attempts to solve such an equation by manipulating it
(possibly using trig identities) until it can be solved by solutions of one or more equations
of the form

sinf = a
cosf =b
tanf = ¢

As noted in Section 6.2.5, in general the solution to such equations will not be unique,
but will lead to multiple values of 8. The general solution is that which specifies all
possible solutions. Such general solutions can always be expressed as simple extensions
of principal value solutions, which are those for which 6 is confined to a specific range
in which the above basic equations have unique solutions. Thus, from Section 6.2.5 the
principal values for the elementary trigonometric ratios are:
. T ) T 14
sinf, 0 € [——, —] which means — — <0 < —
22 2 2
cosf, Oel0,r]or0<O<m
T b4 b4
tano, 96[——,—] or —— <6< —
2°2 2 2
In each case there is only one principal value solution to each of the equations given
above. If we are asked for a solution in a specific range of 6 then we have to examine
such equations as sinf = a to determine which solutions fall in this range.
An important type of equation is

f(A) = f(B)
where f is an elementary trig function. The general solutions for such equations are
For cos A =cos B, we have A =2nm £ B
For sinA =sinB, we have A =2nm + B or Rk + 1)r — B
For tan A =tan B, we have A =nmw + B

where in each case, n is an arbitrary integer. These results can be confirmed by inspecting
the graphs in Figures 6.8—10. The solution to the review question provides an example.

Solution to review question 6.1.8

(i) sinf + 2sinf cosf = sin6f(1 +2cosf) =0
implies either sinf =0 or 1 +2cosf =0
sinf = 0 has solutions 6 = kmr where k is an integer
The equation 1 +2cosf =0 or cosf = —% has general solution

21 21
6=?+2mn or —?+2nn
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where m, n are integers.
So the general solution is
2 2 .
0 =km, or — +2mm, or —— + 2n7w k, m, n are integers
NB - it is a common error to forget the sin & = 0 part of the solution.
(i1) cos36 = cos6 is an example of cos A = cos B for which we know

30 =2kmr £6 where k = an integer
So 40 = 2kn or 20 = 2kn

We therefore obtain

2k km 2km
=—=— or — =km
4 2 2

0

..k . .
and so the general solution is - or km, with kK = an integer.

6.2.9 The acos 9 + bsin 8 form

The compound angle identities may be used, with a little help from Pythagoras (154 <),
to convert an expression of the form acos6® + bsinf to one of the more manageable
forms r cos(f & «) or rsin(@ £ «). The latter forms, for example, tell us immediately by
inspection the maximum and minimum values of such expressions, and where they occur.
This section uses a lot of what we have done, in particular the ‘minimal set’ of results to
remember — cos2 6 + sin®@ = 1, and the expansions of sin(A + B) and cos(A + B). To
illustrate conversion of this form, we consider the example of

acosf + bsinf = rsin(@ + «)
Using the compound angle formula this implies
acos +bsinh = rcosasinf + r sinw cosd

This has got to be true for all possible values of 6, and to ensure this we equate the
coefficients of cos 6, sinf on each side to get

rcosa =a

rsinoe =b
where, by squaring and adding (185 <), r = +/a? + b? and

coso =

sina =

SIS YR

from which « may be determined. Care is needed here if either a or b is negative — we
have to look carefully at the quadrant that « lies in.
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Such a conversion simplifies the solution of equations such as
acosf +bsinf =c

by conversion to the form

c c
cos(@+a)=- = ——
r /02+b2

for example.

Solution to review question 6.1.9

(i) We assume that we can write

cosf + sinf = rsin(f + «)

rsinf cosao + r cos 6 sina

then rcosa =1

rsine =1

so rr=1"4+1*=2

and r=+2
1
Then cosa = —
V2
. 1
sing = —
V2

so tana = 1, in the first quadrant, and hence
o =45°
and cos6 + sin® = +/2sin(d + 45°)
(i1) In this case
cos@ + sinf = r cos(f + «)
=rcosfcosa —rsinfsinw

so rcosa =1

rsinog = —1
As before r:«/i, SO
. 1 . 1
cosoz_—2 sma_—ﬁ

The appropriate solution in this case is
o = —45°

SO

cos 0 + sin@ = /2 cos(6 — 45°)
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6.3 Reinforcement

6.3.1 Radian measure and the circle << 171 173 <

A. Express as radians:

() 36° (i) 101° (i) 120° (iv) 250°
(v) 340° (vi) —45° (vii)) —110° (viii) 15°
(ix) 27° (x) 273°

B. Express the following radian measures in degrees in the range 0° < 6 < 360°.

G 2 i) 14 LT T

1) 3 i) T (iii) > (iv) 3
i . 5w R 4 ... o

) 3 (vi) > (vii) 5 (viii) T

x) 2 ® =

) =3 12

C. Determine the length of arc and the area of the sector subtended by the following
angles in a circle of radius 4 cm.

(i) 15° (i) 30° (iii) 45° (iv) 60°
v) 90° (vi) 120° (vii) 160° (viii) 180°
6.3.2 Definitions of the trig ratios

A. Write down the exact values of sine, tan, sec, and complementary ratios for all ‘special’
angles 0, /2, m/3, n/4, 7/6.

B. Classify as odd or even functions: cos, sin, tan, sec, cosec, cot.
C. Express as trig functions of x (n is an integer):

(1) sin(x + nw) (i) cos(x +nw) (iii) tan(x + nw)
(iv) sin (x + n7n> (v) cos (x + %) (vi) tan (x + %)

where 7 is an integer.

6.3.3 Sine and cosine rules and the solution of triangles <172 178«

With the standard notation solve the following triangles.

i A=70° C =60°, b=
(i) B =40°, b =38, c=10
(i) A =40°, a=>5, c=2
@iv) a=>5 b=6, c=17
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(v) A=40°, b=35, c=
(vi) A =120° b=3, c=5
6.3.4 Graphs of trigonometric functions <« 172 180 <
Sketch the graphs of
. . v .. 4
(i) 2sin (2t + E) (i) 3cos <3t — 5)
6.3.5 Inverse trigonometric functions
A. Find the principal value and general solutions for sin~! x and cos~! x for the following
values:
. . 1
i o 1) = (ii1) —3
NE] 1 1
(iv) — V) —= i) ——
2 V2 V2
B. Find the principal value and general solutions for tan~! x for the following values of x:
1
i 0 (i) 1 (i) V3 (iv) -1 V) ——
NE]
6.3.6 The Pythagorean identities — cos? + sin? = 1
A. (i) For ¢ = cos 6, simplify
(@ VT=¢2 (b) —— © =2
—c
N 2
(ii) For s = sin @, simplify
V1 — 52
@ VI—s2 ® Y © .
s 1—=s
(iii) For ¢ = tan 0, simplify
t 1
(@ v1+1¢ (b)) ——= © —F/—
(I+1%) N1+ 12
B. Eliminate 6 from the equations
(i) x =acosf, y=bsinb (il)) x =asinf, y=>btanb

C. For the following values of sinf, find the corresponding values of cosf and tan6
without using your calculator, giving your answers in surd form, and assuming that 6

is acute.
@ 2 (ii) 1 (iid) 7
i 5 i 3 iii >
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D. If r cosf = 3 and r sin@ = 4 determine the positive value of r, and the principal value
of 6.

6.3.7 Compound angle formulae
A. Prove the following
(i) sin30 = 3sinf — 4sin’ 6 (i) cos30 =4cos’0 —3cosh
cos 20 . .
(ill) ———— =cosf —sinf (iv) cotf —tanf = 2 cot 260
cos 6 4 sinf
cot?6 — 1
(V) cot2 = ——
2cotf

B. Without using a calculator or tables evaluate

(i) sin15°cos15° (i) sin15° (iii) tan(w/12) @{iv) cos(11mw/12)
(v) tan(7mw/12) (vi) cos75°

C. Evaluate

(i) sin22.5° (i) cos22.5° (iii) tan22.5°

given that cos45° = 1/+/2.

D. Express the following products as sums or differences of sines and/or cosines of
multiple angles

(i) sin2x cos3x (i) sinxsin4x (iii) cos2x sinx (iv) cos4xcos5Sx

E. Prove the following identities (Hint: put P = (A + B)/2, Q = (A — B)/2 in the left-
hand sides, expand and simplify and re-express in terms of P and Q)

(i) sinP+sinQ52sin(¥)cos(P;Q)
(i) SinP—SinQEZCos(¥> sin(P;Q>

(iii) cos P + cos Q EZCOS(P—;Q>COS<P — Q)

2
(iv) cos P —cos Q = —25in<P—;Q> sin(P ; Q)

6.3.8 Trigonometric equations

A. Give the general solution to each of the equations:

G

(i) cosf =0 (ii)) cosf = —1 (iii) cosf = —
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(iv) sinf =0 (v) sinf = —1 (vi) sinf =3
(vii) tan6 =0 (vii)) tanf = —1 (ix) tan® = /3

B. Find the general solutions of the equations

(i) cos20 =1 (i) sin26 =sin6
(i) cos28 +sinf =0 (iv) cos26 4+ cos360 =0
(v) sec’6 =3tanf — 1

6.3.9 The acos + bsin6 form

A. Write the following in the form (a) r sin(6 + «), (b) r cos(8 + «)

(i) sinf — cosb (i) +/3cos + sinf (ili) ~/3sinf — cosé
(iv) 3cos@ +4sinf
B. Determine the maximum and minimum values of each of the expressions in Ques-
tion A, stating the values where they occur, in the range 0 < 0 < 2.

C. Find the solutions, in the range 0 < 6 < 2, of the equations obtained by equating the
expressions in Question A to (a) 1 (b) —1.

6.4 Applications

1. In the theory of the elasticity of solids a crucial step in establishing the connection
between the elastic constants and Poisson’s ratio is to determine a relation between
the normal strain in the 45° direction, &, and the shear strain for a square section of
the sort shown in Figure 6.14. By considering Figure 6.14b, where the diagonal BD
is stretched by a factor 1 + ¢, and using the fact that for small angles y (in radians)
siny = y, show that

2

Figure 6.14

2. In alternating current theory we often need to add sinusoidal waves of the
same frequency but different amplitude and phase, such as A;sin(wf + @) and
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Aj sin(wt + ap). When we come to complex numbers we will see how this sort of
thing can be done using objects called phasors (371 <), but really such methods
are simply shorthand for the ideas covered in this chapter. In particular we can
add two waves that are 90° out of phase using the results of Section 6.2.9, since
Aj sin(wt + 90°) + Ay sin(wt) is equivalent to acos(wt) + bsin(wt). For additions
such as A sin(wt + ) + Aj sin(wt), where « is other than 90°, phasor methods are
equivalent to constructing a parallelogram with sides A; and A, and included angle «
and taking the combined amplitude as the length of the diagonal, , and the combined
phase to be the angle, #, made by the diagonal with the side A, (see Figure 6.15).

Aqsin(wt + a) + Aj sin(wt) = rsin(wt + 6)

Figure 6.15

Use the above methods to find the sine waves representing:

(i) 4sin(wt) + 3 cos(wt) (i) 6sin(wt) + 4 sin(wt + 45°)

Answers to reinforcement exercises

6.3.1 Radian measure and the circle

101 2 25
A (@) % (i) ?g (iif) ?” (iv) 1—5
17m . T .. 117 b4
) o (vi) 7 (vii) BTy (viii) 5
(%) 3 ® 91m
20 * 760
B. (i) 120° (i) ©0° (i) 270° (iv) 60°
v) 30° (vi) 90° (vii) 40° (viii) 225°
(ix) 308° x) 15°
2 27 4 4r 8
C. () % ?” (i) ?” ?” (i) 7, 27 (iv) ?” ?”
87 16 27 64
v) 27, 4x (vi) ?” Tﬂ (vii) TH’ Tﬂ (viii) 47, 87

Note: If you are adept with ratios you will have noticed that with the given radius the area
will always have a magnitude double that of the arc length.
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6.3.2 Definitions of the trig ratios

A.
6 0 /2 /3 /4 /6
1 1
sin @ 0 1 ﬁ — —
2 V2 2
1
tan 6 0 nd V3 1 —
V3
2
sec 6 1 nd 2 V2 —
V3
1 1 3
cosf 1 0 — — £
2 V2 2
1
cotf nd 0 — 1 J3
V3
2
cosec nd 1 — V2 2
V3
(nd = not defined)
B. cos and sec are even; sin, cosec, tan, cot all odd.
C. (i) (—D"sinx (i) (—=1)"cosx (iii) tanx

iv) (=D D2cosx if n odd, (—1)"/?sinx if n even

n+1

+
(v) (—=1)"?cosx if n even, (—1) 2 sinx if n odd

(vi) tanx if n even, — cotx if n odd.

6.3.3 Sine and cosine rules and the solution of triangles
i) B=50° a=1736, c=6.78
(all answers to 2 decimal places)

(i1) Two solutions:
C=5346 A=286.54", a=12.42
C =126.54°, A=13.36°, a=2.9

(iii) C =14.9°, B =125.1°, b =6.36

(the obtuse solution for C is inadmissible in this case)
(iv) A=44.42°, B =57.11°, C =7847°
(v) a =3.88, B =15598°, C =284.02°

(vi) a=7, B=21.77°, C =3821°
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6.3.4 Graphs of trigonometric functions

)
/\ / 2 sin (21‘ +%)
/ t LY t t v
l 1 _m g A b1 2r  5r¢
\2] 6 6 3\ 2 3 /6
_2 4
(i)
371 3 cos (3t—%) ~ 3 sin (31)
f ¥ t X 1
2r _n _m _m 0 Fid x T 27 t
3 2 3 6 6 3 2 3
34
6.3.5 Inverse trigonometric functions
A.
X sin™! x sin”' x cos™ !l x cos™ !l x
PV GS PV GS
Q) 0 0 nm T o+ L
2 2
(ii) 1 T L1y T T o 4 T
11 - — ni — — - ni -
2 6 6 3 3
1 b4 T 2 2
_Z _= —_ntl= = nm + =—
(iii) 2 5 nmw + (—1) G 3 niw 3
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\/§ T b/ b T
i - - —1)n= = nm + —
@iv) 5 3 nmw + (—1) 3 G ni 5
) 1 b4 ny 1)"71 b4 o 4 T
v — — nw + (—1)"— — nw + —
V2 4 4 4 4
(vi) 1 z 74—y Z sl 2t &
_ _T n _ T o nr + 25
J2 4 4 4 4
where 7 is an integer
B.
tan~! x 0 1 V3 -1 L
V3
PV 0 T T _r T
4 3 4 6
GS nmw nn—i—% nn+% nn—z nn—%
6.3.6 The Pythagorean identities — cos? + sin® = 1

A. You may obtain different forms of the answers — consider it a further exercise to check

their equivalence to the following!

(i) (a) sin® (b) coté
(i) (a) cos® (b) cosecOcoth
(i) (a) secH (b) sinf cosé
2 2
B. () %+%=1 i) y=
V21 2 NZV |
c. o) Y= £ q YL
RG] W 5 ov;
D. 5, 53.13°

6.3.7 Compound angle formulae

1 L V2(/3-1)
B. () Z (i1) f
2(W/3+1
(iv) _% ) —(2+3)
2 — /2
c V( 2f) - 242“/5

(c) tan?6
(c) secHtanf
(c) cosfBcotb

bx

22 — 52

. 2407
(i) -z, 57
25 24

(i) 2—+/3

. V203 -1)
(vi) B E—

V62 —2)

(iii) -
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D. @)
(iv)

%(sin 5x — sinx)

% (cos9x + cosx)

(i1) %(cos 3x — cosSx)

(i) 3(sin3x — sinx)

6.3.8 Trigonometric equations

5
A. () 2nr :I:% (ii) Undefined, or ‘o0’  (iii) 2n7 & ?’T G(v) nm
3
V) nm+ (—1)"% (vi) No solutions (vii) (vii)) nm + T’T
2+ 1 2

B. () nn i) 2nm or D, i) Snm +%

. 2n+1) T )

@iv) 5 T v) nm+ 1 (vi) nm +1.11

6.3.9 The acos + bsin6 form

A () @ 2sin (60— %)
(ii) (a) 2sin (9 n %)
(i) (@) 2sin (6 — %)
(iv) (@) Ssin@ + 36.9°)

B. ()
(ii)
(iii)

(iv) Max of 5 at 2.21 rads
. T 37
C. ()@ 3
.. Ton
(i1) (a) >3
T
>ii1) (a) 3 T

(iv) (a) 2.3 rads, 5.84 rads
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(b) +2cos (9 - 3%)
(b) 2cos (9 - %)

b) 2 (9 S
(b) 2cos — ?>
(b) 5cos(@ — 53.1°)

3 7

Max of v/2 at Tn Min of —+/2 at Tn
T . I
Max of 2 at 3 Min of —2 at ra

2 . S
Max of 2 at 5 Min of —2 at 3

Min of —5 at 5.35 rads

(b) 0,7

57 3w
6 2
4

—, 27
3

2.7 rads, 5.44 rads

(b)

(b)
(b)



Coordinate Geometry

Coordinate Geometry turns ‘diagrammatic’ geometry of the sort discussed in Chapter 5
into algebraic and numerical equations. It is the language that we have to use when ‘talking’
to computers about geometry. Here we focus on the essential basics that are needed in
science and engineering mathematics.

Prerequisites
It will be helpful if you know something about:

plotting graphs and simple plane coordinate systems (91 <)
Pythagoras’ theorem (154 <)

ratio and proportion (14 <)

systems of linear equations (48 <)

intercept theorem (153 <)

simple trig ratios and identities (175 <)

completing the square (66 <)

Objectives
In this chapter you will find:

coordinate systems in a plane

distance between two points in Cartesian coordinates
midpoint and gradient of a line segment

equation of a straight line

parallel and perpendicular lines

intersection of lines

equation of a circle

parametric representation of curves

Motivation

You may need the material in this chapter for:

geometrical aspects of calculus (» Chapter 10)
numerical methods

study of laws converted to straight line form (135 <)
linear regression in statistics

vectors (» Chapter 11)
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This chapter requires very little new material and much of it relies simply on Pythagoras’
theorem.

7.1 Review

7.1.1 Coordinate systems in a plane

A. Plot the points with Cartesian coordinates

@ (0,0 @) (0, 1) (i) (=1, 3)
(iv) (=2,4) V) (=2,-3) (vi) (0, =1)
i) (3, 3) (viil) (3, —2)

B. Plot the points with polar coordinates (r, &)

() (0, 0) (i) (0, 7) Gii) (1, 0) (iv) (1%)
) (3,—%) (vi) (2, %) (vii) (6, 5%) (vii) (5, 2?”)
7.1.2 Distance between two points

Find the distance between the following pairs of points referred to rectangular Carte-
sian axes.

1 (0,0),d, 1 (i) (1,2),(d,3) (i) (=2, 4), 1, =3)
@iv) (—1,-1), (-2,-3)

7.1.3 Midpoint and gradient of a line

Find the (a) mid-point and (b) the gradient of the line segments joining the pairs of points
in Question 7.1.2.

7.1.4 Equation of a straight line

A. Determine the equations of the straight lines through the pairs of points in
Question 7.1.2.

B. Find the gradient and the intercepts on the axes of the lines

i) y=3x+2 (i) 2x+3y=1 (iil) y = 4x
(iv) x+y+1=0
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7.1.5 Parallel and perpendicular lines » 214 222 »>
A. Find the equation of the straight line parallel to the line y = 1 — 3x and which passes
through the point (—1, 2)

B. Find the equation of the straight line perpendicular to the line through the points
(—1,2), (0, 4) and passing through the first point.

7.1.6 Intersecting lines » 216 222 »>
Find all points where the following straight lines intersect.
i x+y=3 (i) 2x+2y=-1 (i) y=3x-1
7.1.7 Equation of a circle
A. (a) Write down the equation of the circles with the centres and radii given
@ (0,0),2 () (1,2),1 @) (=1,4),3
(b) Determine the centre and radius of the circles given by the equations:
() x>+y>—2x+6y+6=0 () x>+’ +4x+4y—-1=0
7.1.8 Parametric representation of curves

Eliminate the parameter ¢ and obtain the Cartesian equation of the curve, in terms of x
and y:

() x=3t+1,y=1+2 (i) x =6c0s2t, y = 6sin2t

(iii)) x =2cost —1, y =2sint (iv) x =cos2t, y = cost

7.2 Revision

7.2.1 Coordinate systems in a plane

In Chapters 5 and 6 we never really had to fix our geometric objects in the plane in any
way. A point such as the centre of a circle is special so far as the circle is concerned,
but where it is located in the plane has no bearing on the properties of the circle. This
characterises what is called synthetic or axiomatic geometry, in which the description of
geometric objects such as lines and circles depends on their relation to each other.

However, by locating points in space by means of a coordinate system, assigning
numbers, or coordinates to each point, we can represent geometrical ideas by mathematical
equations. This is the subject of coordinate geometry — also called analytical geometry.

The simplest and most common coordinate system is the Cartesian coordinate system
or rectangular coordinate system in a plane. An origin is chosen and two perpendicular
lines through the origin are chosen as the x- and y-axes (91 <). The scale on each axis
is taken to be the same in this chapter. Any point in the plane can then be specified by
giving its x coordinate and y coordinate as an ordered pair (x, y). See, for examples, the
solution to the review question.
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Another two-dimensional coordinate system in common use is the polar coordinate
system, especially convenient when dealing with engineering problems relating to circular
motion for example. In polar coordinates an origin and an ‘initial line’ Ox radiating from
this origin are chosen. The position of any point P is then referred to by specifying the
distance, O P, from O to the point along a ‘radius vector’ whose angle, 6, with the initial
line is also specified. Then the position of a point is specified by polar coordinates (r, 0)
(Figure 7.1).

0 X X

Figure 7.1 Cartesian (x, y) and polar (r, 8) coordinates in a plane.

In Figure 7.1 the polar coordinates are shown superimposed on a rectangular coordinate
system where the positive x axis coincides with the initial line. With this arrangement the
relation between the coordinates is seen to be (175 <«):

x=rcosf y=rsinf

Notice that in polar coordinates 6 is measured anticlockwise and its value is restricted
to 0 <6 < 27 or sometimes —7 < 6 < 7 (175 «). Also, the origin is somewhat special
(‘singular’ is the technical term) in polar coordinates — its r coordinate is r = 0, but its 6
coordinate is not defined.

Example

To plot the curve with polar equation
r=1+2cosf

take some appropriate values of 8, and calculate 1 + 2cos 6, as below.

T b4 T | T | 27 3 S
0 0 — — — | = | = — — T
6 4 3 2 3 4 6
2cos 0 211732 ] 1414 | 1 0| -1 |—1414 |—-1732 |2
14+2cos@ | 3]2732 | 2414 | 2 1 0 |—-0.414 | -0.732 | —1

These values are plotted in Figure 7.2. Note that negative values of r are plotted in the
opposite direction to the positive values, so for example (—1, ) is plotted as (1, 0) — in
the opposite direction to 7. Now for any angle 6, cos(—6) = cos 8, therefore the same
values of r will be obtained for negative values of 6, and we have only to reflect the curve
in the initial line to obtain the complete plot.
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Figure 7.2 Polar plot of r = 1 + 2 cos 6.

Solution to review question 7.1.1

A.

-2+ . (3,—2)

«(-2,-3) _3 1

Figure 7.3 The points of 7.1.1(A).
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(i) and (ii) are both at
the origin, O.

s
/73

Figure 7.4 The points of 7.1.1(B) .

7.2.2 Distance between two points

By Pythagoras’ theorem (154 <) the distance between the two points (x1, y1), (x2, y2) is

d= \/(Xl —x2)2 + (y1 — »)?

as illustrated in Figure 7.5.
From the diagram:

d*> = AB*> = AC? + BC?
= —x)*+ (G2 —)?

Solution to review question 7.12

The distance between the points (x;, y;), (x2, y2), denoted d((x;, y1),
(x2, y2)) is
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d((x1, y1), (x2, y2)) = V(2 — x1)2 + (2 — y1)?

(i) d((0,0), (1, 1)) =v/(1 =02+ (1-02=+2

(i) d((1,2),(1,3)=V/1-12+3-22=V1=1
Note that in general

d((a, y1), (a, y2)) = |y2 — y1l

and

d((x1,b), (x2, b)) = |x2 — x1]

(i) d((=2,4),(1,-3)) =/(1 - (=2)2 + (-3 -4)2=+/58

(iv) d((=1,=1),(=2,-3) =V/(—2+ D>+ (-3+1)2=+/5

y
Y2 B (x2, y0)
Yo=Y q
y, (x4, 1) . c
| S
X2 = X4
X

0 X4 Xo
Figure 7.5 The distance between two points.
7.2.3 Midpoint and gradient of a line <204 221>

Given two points (xy, y;), (x2, y2) the midpoint of the line segment between them is at
the point

(xl +x2 yit+¥y
2 7 2

as may be seen from Figure 7.6.
To see this, note that by the intercept theorem (153 <) the x coordinate of the midpoint
M of AB is the same as that of Q which divides BC in two. This is

X2 — X1 _x1+x2
2 2

X1+
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y
Ap (X2, ¥2)
M, P r Yo=Y
B o) C 7
(X1, ¥1)
0 Xq X5 X
C . J
Xo = X4

Figure 7.6 Midpoint of a line segment.

Similarly for the y coordinate — it is the same as that of P, which is

2=y _ yit+»

yi+ > >

More generally, again by using the intercept theorem or similar triangles (152 <), the
point M that divides the line joining (x|, y;) to (x2, y») in the ratio (14 <€) u : X is

(/\x1+uxz ?»y1+uyz>
Atpn T A+

It may help in remembering this to note that the A and w are adjacent to the ‘opposite’
points:
1% M A

(x4, 1) (x2, ¥2)
The gradient, or slope of the line is given by

AC  »m =y
m—— —
BC X2 — X1

Note that this is the same as tan(ZABC). This holds for all values of x;, x5, y1, y» except
of course that x; — x; must be non zero, i.e. x; # x;. The case where x; = x, actually
corresponds to a vertical line, parallel to the y-axis. Crudely, you might think of it as
having an infinite gradient.

If a line slopes upwards from right to left, i.e. y increases as x increases, then we have
a positive gradient. If it slopes downwards to the right, or y decreases as x increases then
the gradient is negative.
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Solution to review question 7.1.3

(a) The midpoints of the line segment joining (x;, y;) and (x,, y;) has
coordinates

<X1 +x2 y +Y2)
2 7 2

(i) Applying this to the pair of points (0, 0), (1, 1), gives for the

midpoint
0+1 041\ (11
27 2 ) \2'2

(i1) For (1, 2), (1, 3) we get

I1+1 243\ 1 5
2 72 ) U2
(iii) For (-2, 4), (1, —3) we get
—2+1 4-3\ 11 watch out
2 2 ) U 272/ \for the signs
@iv) For (-1, —1), (—2, —3) we get

(=)=

(b) The gradient of the line segment joining the points (x1, y1), (x2, ¥2) is

Y2 — )1
m —
X2 — X1
. . 1-0
(i) For the points (0, 0), (1, 1) we get m = -0 =1

(ii) If we strictly apply the formula in the case of the points (1, 2),
(1, 3) we get a ‘gradient’
3—-2 1
m-—= ——m—= —
1I-1 0
which of course is not defined. What is happening here is that
the line segment is in fact vertical because the x-coordinates of
the two points are the same. The gradient is ‘infinite’. In such
cases we have to use the formula with a bit of common sense.

(iii) For (-2, 4), (1 —3) the gradient is
-3—-4 7

me % _ 7
1—(-2) 3
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@iv) For (-1, —1), (=2, —3), the gradient is

_3+1

m= 2
241

7.2.4 Equation of a straight line <204 221>
Knowing that the gradient of the straight-line segment AB is

AC  y»—y
m—=— —
BC X2 — X1

we can now derive an equation for the straight line through the two points A, B by
equating its gradient to m. For a general point P(x, y) on the line, its gradient is given
by (y — y1)/(x — x1), say, which also gives m:

Y—N Y2 — )1
= = m
X — X X2 — X1

Rearranging this (see RE7.3.4C) gives the equation of the straight line as
)
y_yl:(iyz 1>(x_xl)
X2 — X1

y—yr=mx —xp)

or

We can also write this in the form y = mx + y; — mx; and so the general form of the
equation of a straight line can be written as:

y=mx+c

where m is the gradient of the line, and c is the intercept on the y-axis. This is illustrated
in Figure 7.7.

Gradient m=tan 0

/‘ (0, ¢), y - intercept

Figure 7.7 Gradient and intercept of a line y = mx + c.
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The gradient is m = AP/BP =tan6.

Two special cases require comment. For a horizontal line (i.e. parallel to the x-axis) the
equation is y = ¢ (a constant), since the gradient is zero. For a vertical line (i.e. parallel
to the y-axis) the equation is given by x = c.

Sometimes, if we want to tidy up fractional coefficients for example, we write the
equation of a line as

ax+by+c=0

Solution to review question 7.1.4

A. The equation of the straight line through the points (x;, y1), (x2, y2) is

y—y1= <y2_y1>(x—x1)=m(x—x1)

X2 — X1

where m is the gradient. We can choose either of the given points for
(x1, y)-
(1) With (x, y1) = (0,0), (xz,y) = (1, 1) the gradient is m =1
(210 <) so the required equation is

y—0=1(x—0)
or y=2x

(ii) This question illustrates the limitations of general formulae. Using
the general result would give

y—2=o00(x—1)

which is not defined (6 «). In such circumstances we go back to
first principles, and look again at the points, (1, 2), (1, 3). Here
the x-coordinate always remains the same, so the line must be
parallel to the y-axis. It is in fact the line x = 1.

(iii) For the points (—2, 4), (1 —3) the gradient is —% and the equation
becomes

y—1=-3(x-3)
or, tidying this up
Ix+3y—-24=0

(iv) For the points (—1, —1), (—2, —3) the gradient is m = 2 and the
line is
y— (=D =2(x—-(=D)

or
2x—y+1=0
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B.

Rewriting the lines in the form
y=mx —+c¢

the gradient in m, the intercept on the y-axis is c(x =0,y = ¢) and
the intercept on the x-axis is x = —c/m, y = 0.

(i) m =3, ¢ =2, and x-intercept = —2/3
(i) y=1(1—2x)
m= —%, c= % and x-intercept x = 1/2
(iii) m = 4, x and y intercepts both the origin (0, 0)
@iv) y = —x — 1, m = —1, intercepts (0, —1), (—1, 0)

7.2.5 Parallel and perpendicular lines <205 222>

Consider two parallel lines, /;, [, as shown in Figure 7.8.

Yw

0 X

Figure 7.8 Parallel lines have the same gradient.

As we might expect, parallel lines have the same gradient (149 <«). We can see this by

AP
a nice application of the intercept theorem(153 <). The gradient of /; is 3P and that of

MP
I, is NP But, by the intercept theorem, since AB and M N are parallel, M N divides

AP and BP in the same ratio, so AP/BP = MP/NP,i..l, [, have the same gradient.
Lines that are perpendicular clearly do not have the same gradient, but they are related.
If lines /1, I, are perpendicular, and have gradients m, m, respectively then

mimy = —1

We can see this from Figure 7.9.

The lines [, [
First, note that

214

are perpendicular.
since o + 6 = % = o + B then g = 6. If the gradient of /| is m, then

BD
—— =tanf
AD
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0ol 7A D c> x
Figure 7.9 Gradients of perpendicular lines multiply to —1.
On the other hand the gradient of I, is

BD 1 1 1

_Ez_tanﬂz tand _ m

Solution to review question 7.1.5

A. Any line parallel to y = 1 — 3x has the same gradient, m = —3 and
so can be written as

y=-3x+c

We now have to choose the intercept ¢ so that the line passes through
(—1, 2), which we do by substituting these values in the equation:

2=-3(-+c

So
¢ = —1 and the equation required is
y=-3x—-1

B. If the line / through (—1, 2), (0, 4) has gradient m then any line
perpendicular to it has gradient —1/m. The gradient of [ is
4-2

=2 =2
0—(=1

m

so any line perpendicular to it has gradient —% and has an equation of
the form

y:—%x—i—c

If this line passes through (—1, 2) then substituting this point in the
equation gives

2=—-1(-D+c
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SO
_3
c=3

and the equation is y = %(3 —x)orx+2y—3=0.

7.2.6 Intersecting lines <205 222 >

If two lines intersect, then their point of intersection must satisfy both of their equations.
Thus, if the lines are:

ax +by=c
dx+ey=f

then at the point of intersection these equations must be satisfied simultaneously (48 <).
Although one would find this intersection point by solving these equations, the geomet-
rical picture provides a nice visual means of discussing the different possibilities for the

solution of the equations. Thus, we find the following cases, with some examples you can
check:

e if the lines are not parallel (i.e. do not have the same gradient) then they
will intersect at some point — i.e. the equations will have a solution.

Example

have different gradients and intersect at (3, 1).
e  If the lines are parallel (same gradient) then they will never intersect

and there will be no solution to the equations.

Example
2x+y=0

4x +2y =3

These are parallel, but through different points — the first passes through
the origin, the second through (0, %) These lines will never intersect
and so the equations have no solution.

. If the lines are identical, i.e. coincide (same gradients, same intercepts),
then they intersect at every point on the line(s) — the equations have an
infinite number of solutions.

Example
x+3y=1

2x +6y =2

216



Understanding Engineering Mathematics

The second equation is actually the same as the first — just cancel 2
throughout the equation. So these equations actually represent the same
line and they therefore intersect at every point — there is an infinite
number of solutions.

Solution to review question 7.1.6

You will save time by noting that the lines (i) x + y = 3 and (ii) 2x + 2y =
—1 are in fact parallel lines — they have the same gradient, —1. So they
never intersect, and we have only to consider the intersection of each of
them with the line (iii) y = 3x — 1.

(i) and (iii) intersect where
y=3—-x=3x—-1
Solving for x and then y gives
x=1y=2
(i1) and (iii) intersect where
1

y=—3—x=3x—-1

or
X =

ool

’y=_

oo|—

7.2.7 Equation of a circle

Two things characterise a circle uniquely — its centre and its radius. Suppose therefore
we refer a circle to a set of Cartesian axes in which its centre has coordinates (a, b) and
its radius is r. Then we know that any point (x, y) on the circle is always a distance r
from the centre (a, b). So, using Pythagoras’ theorem (154 < yet again) we can write
the distance from (x, y) to the centre (a, b) as \/(x —a)? + (y — b)2. Since this is always
equal to the radius » we can then write

x—a)+(—b? =7

This, with the square root sign removed by squaring, is the equation or locus for a circle
with centre (a, b) and radius r, in Cartesian coordinates. This equation may be expanded
(42 «) to give the form

x4+ y 4+ 2fx +2gy+h =0

Problem
Express f, g, h in terms of a, b, r.

You should find
f=—-a, g=-b, h=a*>+b*—r?
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Often, it is the latter form of the equation of a circle that is given, and you are asked to
find the centre and radius. To do this we complete the square (66 <) on x, y and return
to the first form, from which centre and radius can be read off directly.

Note that in polar coordinates, the equation of a circle with radius a and centre at the
origin takes the very simple form r = a. This illustrates how useful polar coordinates can
be in some circumstances.

Solution to review question 7.1.7

A. The equation of the circle centre (a, b) with radius r is

(x—a)’+(y-b’=r>
Applying this to the data given produces:
(i) For centre (0, 0) and radius 2 we get
x—02+(y—0>=2% orx>+y*=4

(ii) For centre (1, 2) radius 1 we get
=12+ —-22=1lorx>+y>—2x -4y +4=0

(iii) For centre (—1, 4) and radius 3 we get
x+1D2+(—4>=90rx>+y>*+2x —8y+8=0

B. To find the centre and radius of a circle whose equation is given in the
form x? + y? 4+ 2fx 4+ 2gy + h = 0 we re-express it in the form

(—a)+(y=b?=r’
by completing the square in x and y (66 <).

A X242 —2x+6y+6=x>—2x+y>+6y+6
=@x—-D?—14(+3?-9+6

on completing the square for x> — 2x and y* + 6y
=@x—-D*+(y+3)?—4
So the equation is equivalent to
x—12+G+3)?2=4=2°
which gives a centre of (1, —3) and radius 2.

(i) x>+ y>+dx+4y —1=x>+4x +y> +4y -1
=(@+27 -4+ +27 41
=x+2*+0+27-9

on completing the square. So the equation becomes

x+2*+(+22=9=3

giving a centre (—2, —2) and a radius 3.
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7.2.8 Parametric representation of curves <205 222>

Sometimes, instead of writing an equation in the form y = f(x), i.e. in terms of x, y, it is
convenient to introduce some parameter ¢ in terms of which x and y are jointly expressed

in the form

x=x(@) y=y@®)

For example the position of a projectile at time ¢ may be expressed as

x = Vitcosa = x(1)

y = Vtsina — %gt2 = y(1)

where V, « are the initial projection velocity and angle respectively.
In principle, we can always return to the x, y form by eliminating 7. In the projectile
for example we have

t =

X

V cosa

from the first equation, then substitution in the second gives the parabola:

X . 1 X 2
y=V smoz——g( )
V cosa 2 \Vcosa
1 gx? )
=xtana — ——=sec’ «
2 V2

Solution to review question 7.1.8

®

(ii)

(iii)

From the equations x =37+ 1, y=t+2 we have t =y — 2, so
x=3t+1=3(y—-2)+1=3y—-5

The Cartesian equation is thus

x—=3y4+5=0

which is a straight line.

x =6c0s2t; y = 6sin2t

This is a good example of the need to have the elementary trig iden-
tities at your fingertips. Otherwise, it might not immediately occur to
you to use the fact that cos?6 + sin?6 = 1 (185 <) to eliminate ¢,
by squaring and adding

x? + y? = 36cos’ 2r + 365sin’ 21 = 36

which is a circle centre the origin and radius 6. This parametric form
of the circle is very useful in the theory of oscillating systems.

In general, the parametric equations

x=rcosf+a, y=rsinf+>b
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represent a circle with centre (a, b) and radius r, since:
x—a)’+(y-b’=r

The parameter 6 can be regarded as the angle made by the radius
with the x-axis, as shown in Figure 7.10.

y

(a+rcos 6, b+rsin9)

0 X
Figure 7.10 Parametric form of a circle.
So, for x =2cost — 1 and y = 2sint we get
2cost =x+1

SO
(x+1)2+y2=4coszt—|—4sin2t=4

giving a circle centre (—1, 0) and radius 2.

(iv) x =cos2t, y =cost
So from the double angle formula (188 <)

x =cos2t =2cos’t —1=2y>—1

which we may as well leave in the implicit form

x=2y>—1
7.3 Reinforcement
7.3.1 Coordinate systems in a plane
A. Plot the points
1 (=1, -1 (i) 3,2 (i) (=2, 3) (iv) (0, 4)
) (4,0) ~vi) (1,1 vii) (3, =1) (viii) (0, —2)
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B. Plot the points with polar coordinates

1) (E 3n> @) (1, m/3) (iii) (1, 120°) @iv) (2, —60°)

2" 4
. . 5w

W) 2, m/2) vi) 3, m) (vii) (2, T) (viii) (3, —150°)
7.3.2 Distance between two points
Find the distance between each pair of points

® (=1L 1,20 i) (1, 0), (1, =2)

aGi) (2, 2), (3, 3) @Gv) (0, 1), (0, 3)

(v) 2, 1,31 (vi) (=2,-D), (-1,-2)
7.3.3 Midpoint and gradient of a line

A. Find the midpoint of the line segments joining the pairs of points in RE7.3.2.
B. Ditto for the gradients.

C. Ditto for the points dividing each line segment in the ratio 2 : 3.

7.3.4 Equation of a straight line

A. Find the equations of the straight lines through each pair of points in RE7.3.2.

B. Find the gradients and intercepts of the following lines
i1 2x—-3y=4 (i) 4x+2y=7 (iii) x—y+1=0
C. Show that the equations

y—n_rn—n _
X — X1 X2 — X1

m

may be rearranged to give the equation of the straight line as

y—y1= (u>(x—x1)

X2 — X1

or
y—yi =mx —xp)

Also show that it may be arranged into the ‘symmetric form’

_ (x —xp) (x—xz)y
(Xz—xl)y2 (x1 —x2)" |
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7.3.5 Parallel and perpendicular lines << 205 214 <

For the lines in RE7.3.4B determine:
(a) lines parallel to each of them through the origin,

(b)  lines perpendicular to each of them through the point (—1, 1).

7.3.6 Intersecting lines <« 205 216 <

Find all points where the following lines intersect

(i) x+y=1 (i) 2x+2y=3 (i) x—y=1
7.3.7 Equation of a circle

A. Write down the equations of the circles with centres and radii:

B. Find the centre and radius of each of the circles:
(i) ¥24+y*—2x—y=4 (i) x> +y?+3x—-2y—-7=0
(i) ¥ +)2+y=3

C. A circle has the equation x?> + y?> — 4y = 0. Find its centre and radius, and the equation

of the tangents at the points (£+/2, 2 + +/2), using only geometry and trig. Also find
the point where the two tangents intersect.

D. A circle has the equation x? + y? — 2x = 0. Determine its centre and radius, and find
1 V3
the equation of the tangent at the point (E, %) Determine where this tangent cuts

the axes.

7.3.8 Parametric representation of curves <« <205 219«

Eliminate the parameters in the following pairs of equations

@) x = 3cost, y = 3sint

(i) x=1+2cosf, y=3—sin6

(iii) x = 2u?, y=u-—2
. 2

@iv) X = T y =3t
) X = cos2t, y =sint
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7.4 Applications

1. In simple linear programming we consider a set of linear relations that constrain two
variables x, y in the form

ax +by <c
and look for the maximum or minimum value of some linear function

fx,y) =mx +ny

as x and y vary subject to these constraints. By considering the equations of straight
lines, show how to solve such problems graphically and by solving simultaneous equa-
tions. Find the values of x and y such that

x>0,y>0
4x —y—24>0
x—y+7=0

f(x,y) = x 4+ y is a maximum

2. This question considers a very simple model of the ‘slingshot effect’, in which a space
module is transferred from an orbit around the earth to one around the moon, say. The
trick is to eject the module from the earth orbit with just the right speed and direction
for it to travel in a straight line to intercept the moon orbit at just the right point and
speed to be captured and enter into orbit around the moon. Figure 7.11 shows how
this can be modelled by finding the straight line that is tangent to the earth and moon
orbits represented as circles centre the origin, radius R and centre (0, D), radius r,
respectively. Here D is the earth moon distance, R the earth orbit radius and r the
moon orbit radius. Find the equation of this straight line, the distance from orbit to
orbit, and the points where the orbits are left and entered all in terms of D, R, r. Try
out your results on some realistic data.

y

ah
NG

Figure 7.11
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Answers to reinforcement exercises

7.3.1 Coordinate systems in a plane

A.

4 4(0,4)
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7.3.2 Distance between two points

(i) /10 (i) 2
(iv) 2 ) 1

7.3.3 Midpoint and gradient of a line

, 11 ..
A. (1) <5, 5) (11) (L_l)
. 5
(iv) (0, 2) (v) (—,1)
2
B. () —3 (i) ‘infinite gradient’
@) 1 (iv) vertical line
(vi) —1

C. () (é,%) (i1) (1,%4)
@iv) (0, %) v) (%,1)

7.3.4 Equation of a straight line

A. () x+3y—-2=0 (i) x=1
(iv) x=0 v y=1
B. (i) % -3 Gi) —2,1

7.3.5 Parallel and perpendicular lines

— vertical line
v 0
i (g g)
iii 5 s
v (23

(iii)) x—y=0
(vi) x+y+3=0

(i) 1,1

@ OHx+y=0 (i) 2x +y =0 (i) x —y=0
b) G)x—y+2=0 (i)x—2y+3=0 (i)x+y=0

7.3.6 Intersecting lines

(i) and (ii) being parallel, never intersect
(i) and (iii) intersect at (1, 0)

3 1)

(ii) and (iii) intersect at (
7.3.7 Equation of a circle

A. () x> +y*4+2x—2y—14=0
(i) x>4+y>—8x—2y+13=0

(i) x>2+y?—4x+2y+4=0
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B0 (1) 5 i (-31) 5
2) 2 2 2
(iii) (0, _—1>—13
2 2

C.x+y—2-2/2=0, x—y+2+2/2=0
They intersect at 0,2+ V2).

D. Centre (1, 0), radius 1. Tangent is x — \/gy 4+ 1 =0 with intercepts (—1, 0) and
1
0, — ).
( ﬁ)

7.3.8 Parametric representation of curves

12
M) x2ty?=09 i ST oo
(i) x =2(y +2)? (iv) xy=6

v) x=1-2y?
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Techniques of Differentiation

Differentiation is a relatively straightforward side of calculus. We only have to remember
a dozen or so standard derivatives (the elementary functions), a few rules (sum, product,
quotient, function of a function) and the rest is routine. However, we do need to be highly
proficient with differentiation, able to apply the rules quickly and accurately. One reason
for this is to help you with integration. One of the difficulties with integration lies in
recognising what was differentiated to give you what you have to integrate — you will
more easily spot this (and check it) if your differentiation is good.

While it is perhaps not essential for the engineers, I have included differentiation from
first principles. It is really not that difficult to follow, and the ideas and skills involved
are useful elsewhere.

Prerequisites
It will be helpful if you know something about:

the idea of a limit (126 <)

basic algebra (Chapter 2 <)

properties of the elementary functions (Chapter 3 <)
the gradient of a line (210 <)

function notation (90 <)

composition of functions (97 <)

implicit functions (91 <)

parametric representation (91 <)

Objectives
In this chapter you will find:

e geometric interpretation of differentiation
o differentiation from first principles
e the standard derivatives
e rules of differentiation:
— sum
— product
— quotient
— function of a function
e implicit differentiation
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e parametric differentiation
e higher order derivatives

Motivation

You may need the material of this chapter for:

modelling rates of change, such as velocity, acceleration, etc.
ordinary differential equations (Chapter 15)

approximating the values of functions

finding the maximum and minimum values of functions
curve sketching

8.1 Review

8.1.1 Geometrical interpretation of differentiation

Complete the following:
d
The derivative, d—y, isthe [ ] of the curve y = f(x) at the point x, which is
X

defined as where 6 is the angle made by the ] to the curve at x

with the x-axis.

8.1.2 Differentiation from first principles

Complete the following description of the evaluation of the derivative of x> from first
principles:
If y = f(x) = x?, then

y+oy=f(x+dx) = +(8x)2

Hence

Sy =flx+dx)— flx) =

and

8y fOHen) = fO)
Sx dx N

+ 6x

So, ‘in the limit’, as éx — 0

b _df | DI

dx a dx o Sx—0
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= lim + 8x
Sx—0
8.1.3 Standard derivatives » 232 243>
Give the derivatives of the following functions
. 4 . 1
(1) 49 (i) x (iii) +/x (iv) —
x

(v) sinx i) e* (vii) Inx (viii) 2%

8.1.4 Rules of differentiation

Differentiate and simplify

() 3x*—2x24+3x -1 (i) x2cosx
1
(iif) iﬁ (iv) cos(x?+1)
(v) In3x (Vi) e

(vil) Vx2 -1
8.1.5 Implicit differentiation

d
A. If x?> + 2xy +2y? = 1 obtain d_y as a function of x and y.
x

B. Obtain the derivative of sin~! x by using implicit differentiation.
C. Differentiate y = 2*.

D. If f(x) = ~ =L evaluate £/(1).
x+2
8.1.6 Parametric differentiation

d
If x =312, y = cos(t + 1) evaluate d_y as a function of r.
X

8.1.7 Higher order derivatives » 241 245 »»
A. Evaluate the second derivative of each of the following functions:
i 2x+1 () x»3—2x+1
_ . x+1
(iii) e ¥ cosx (iv) —————
x—1Dx+2)
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d2
B.Ifx=1t>4+1, y=t—1,evaluate d—z as a function of ¢.
X

8.2 Revision

8.2.1 Geometrical interpretation of differentiation

If A and B are two points on a curve, the straight line AB is called a chord of the curve
(157 «). A line which touches the curve at a single point (i.e. A = B) is called a tangent
to the curve at that point (157 <). The normal to a curve at a point A is a line through
A, perpendicular to the tangent at A. The gradient or slope of a curve at a point is the
gradient or slope of the tangent to the curve at that point.

Figure 8.1

Solution to review question 8.1.1

d
The derivative, d—y, is the slope or gradient of the curve y = f(x) at the
X

point x, which is defined as tan & where 0 is the angle made by the tangent
to the curve at x with the positive x-axis.

8.2.2 Differentiation from first principles

As B gets closer to A, the gradient of the chord AB becomes closer to that of the tangent
to the curve at A — that is, closer to the gradient of the curve at A. We say that in the
limit, as B tends to A, the gradient of the chord tends to the gradient of the curve at A.
We write this as

;in}‘ (gradient chord AB) = gradient of curve at A

where limp_, 4 means take the limiting value as B tends to A. We met the idea of a
limit on page 126, in the context of letting a number become infinitely large. Here we
are considering the situation where something — the distance between A and B — becomes
‘infinitesimally small’, i.e. tends to zero.

Let the equation of the curve be y = f(x). The situation is illustrated in Figure 8.2.

Suppose 5x (‘delta x’) denotes a small change in x (not ‘6 times x’), so that x becomes
x + 8x. Then correspondingly f(x) will change to f(x + §x), producing a small change
in y to y + §y. The change in y, 8y, is then given by

dy=y+dy—y=fx+6x)— f(x)
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y=1(x)

y+ 8y =f(x+8x) B
} Sy =f(x+x) - f(x)
y=1f(x)

Figure 8.2

The gradient (210 <) of the extended chord AB is then given by

S +68x) — f(x)
ox

Gradient AB =

As A gets closer to B this gradient will get closer to the gradient of the tangent at A, i.e.
closer to the gradient of the curve at A, so:

Gradient of curve at A = lim
Sx—0

[f(x+8x) - f(x)}
ox

where limg,_,o means let §x tend to zero in the expression in square brackets.

Note that in all this discussion we are assuming that the curve y = f(x) is continuous
and smooth (i.e. has no breaks or sharp corners).

Taking limits is a sophisticated operation about which we will say more in Chapter 14
(see Section 14.5). For now we will only use very simple ideas.

We can repeat the above discussion at each point, i.e. each value of x, so the gradient
is a function of x called the derivative of f(x) (sometimes differential coefficient).

The standard forms of notation for the derivative of a function y = f(x) with respect
to x are:

4y _ 4SO _ iy = tim [

dx dx §x—0

S x+6x) —f(X)}
ox

The process of obtaining dy/dx is called differentiation with respect to x. f'(a) means
d f/dx evaluated at x = a.

Evaluation of the derivative by calculating the limit is called differentiation from
first principles. Using this one can construct a table of standard derivatives of the
elementary functions and a number of rules of differentiation with which we may deduce
many further derivatives.

The standard approach to such differentiation from first principles is as follows.
For a function y = f(x), let x increase by an ‘infinitesimal’ amount §x. Evaluate the
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corresponding increase in y:
8y = fx+dx)— f(x)

and neglect any powers of éx greater than one to get something like
8y ~ f'(x)dx

where f’(x) denotes just a function of x alone. Then
8y
s ™)

and letting §x — O yields the derivative

dy
E—f(x)

as suggested by the notation. The solution to the review question illustrates this.

Solution to review question 8.1.2

If
y = f(x) = x°, then
y+38y = f(x +8x) = (x + 8x)?
= x? 4 2x8x + (8x)?
Hence
8y = f(x +6x) — f(x) =2x6x + (6x)2
and 8_y = fx 480 = fx) =2x +6x

ox ox

So, in the limit, as éx — 0

dy _df _ . fo+80)— fO)
dx dx  5x—0 Sx
- Jm 25+
=2x
8.2.3 Standard derivatives

By applying arguments such as that in the previous section we can build up a list of
standard derivatives. These are basically derivatives of the ‘elementary’ functions such
as powers of x, trigonometric functions, exponentials and logs. What you remember from
these depends on the requirements of your course or programme, but I would certainly
recommend that the minimal list given in Table 8.1 be not only remembered, but be second
nature. Note, in anticipation of Chapter 9, that when you learn the standard derivatives
you can also learn the standard integrals by reading the table from right to left (see

Section 9.2.2).
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Table 8.1

Function f(x)

Derivative f/(x)

¢ = constant 0
x" nx" n#£0
(4 1) x"(n # —1)
In|x| = log, |x| 1/x
sinx cosx
cosx —sinx
tan x sec? x
e* e~
Infu(x)] v
u(x)
o) u/(x)e“(")
Integral / g(x)dx Function g(x)

Solution to review question 8.1.3

(i) y =49 is a constant, so its derivative is 0. Think of it as a quantity
whose rate of change or gradient is zero — its graph is always ‘flat’.

d(x" d
(i) y = x*, so using T2 — nxn=1 with n = 4 gives d—y = 453
x
1 dy 1 _1 1
= = x2 _— = = 2 = —
(i) y =+4/x =x2 s0 = 3" NG
1 d 2
i = — = -2 — = —2 -3 —_ —
@iv) y 2 X7 S0 T X Pe

d
(v) y =sinux, so @ _ cos x directly from Table 8.1. Note that x must
X

be in radians here.

(vi) y=¢€* so &y _ e* again from the table. ¢* is unique in being

its own derivative and this is partly responsible for its immense

importance.
. dy 1
(vii) For y =Inx, —— = — from Table 8.1.
dx x
(vill)) y =27

This question is a bit naughty, since it does not come from our list
of standard integrals, but beginners sometimes make the error of
thinking it does and write

3 d b
_ 2x — 2x—1
;)=
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This is, of course, an incorrect application of the rule for the deriva-
tive of x". We will come back to 2* later (Section 8.2.5) — it needs
some more rules of differentiation, which takes us to the next section.

8.2.4 Rules of differentiation

In order to differentiate more complicated functions than those in the standard derivatives
table we need to be able to differentiate sums, differences, products and quotients. Also we
sometimes need to differentiate a composite function or ‘function of a function’ (97 <).
These rules of differentiation can be proved by using the limit definition of differentiation
(see Chapter 14). Here we will concentrate on making them at least plausible, and on
getting used to using them.

The derivative of a sum (difference) is the sum (difference) of the derivatives.

dfx) n dg(x)
dx dx

d
d—(f(X) tg) =
x
We say differentiation is a linear operation. An extension of this is:

df(x)

d
—(kf(x) =k——— for k = constant
dx X

which simply says that to differentiate a constant multiple of a function you only have to
take out the constant from the derivative.

It would be nice if the derivative of a product was a product — unfortunately it is not.
To obtain the correct result, suppose we want to differentiate y = uv where u = u(x),
v = v(x) are functions of x.

Following our recipe of Section 8.2.2 let x increase to x + dx, say. Then u will increase
to u 4+ Su and v to v + dv, say. So y increases by:

8y = (u 4+ Su)(v + 8v) —uv
= udv + véu + Sudv

Now we neglect sudv because it is of second degree (i.e. like (8x)? not 8x) so we have
8y >~ udv + véu

So, dividing through by §x

8y Sv N Su
oy 4 y—
Sx Sx ox

If we now let §x — 0 we get the product rule:

dy duv) dv du
— = = Uu— +v_
dx dx dx dx

A nice physical way to look at this is to think of how much the area of a rectangular plate
increases when you heat it. Suppose the plate has sides # and v. Due to linear expansion
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u and v will increase to u + du and v + Su respectively, with du and v very small. The
area therefore increases to

(u 4+ Su)(v 4+ 6v) = uv + véu + udv + Sudv
So the increase in area will be
véu + udv + dudv

Since du, v are very small, Sudv is very very small, so we can neglect it and the increase
in area is approximately

véu + udv

which is the form of the product rule.
The corresponding quotient rule is

d (u ) du dv )
— (= )=\v——u— v
dx \v dx dx
We will see why below.
We can handle many functions by using the standard derivatives and the sum, product,
quotient rules. We could not handle something like cos(e*) however. This is an example

of a function (cosine) of a function (exponential) or a composition of functions (97 <).
In general we write:

y = f(u) where u = g(x)

e.g. y =cosu where u = ¢*

To differentiate such a function with respect to x we use the function of a function or
the chain rule:

dy dydu
dx  dudx
dy . .
So —— = —sinu x e* = —e* sin(e”)
dx

Think of this ‘rule’ of change of u w.r.t. x = rate of change of y w.r.t. u times rate of
change of u w.r.t. x. Note that the chain rule suggests a useful result if we take the special
case y = x:

dydu dxdu dx _1

dudx dudx dx

du dx
SO — =1/ —
dx du
dy dx
or =1/ —
dx dy

This result is useful in implicit differentiation for example (see Section 8.2.5). While it

should not encourage you to think of d—y as a fraction there are occasions when it is
X
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convenient to do this — with care. For example in differential equations we sometimes use
such steps as:

dy
—dx=d
dx Y
which is really a bit of poetic license that is found to work most of the time.
We can combine the product and chain rules to obtain the rule for differentiating a
quotient as follows:

v

T dx

d su _ d 1y _1du d™h
E<) (uv=")=v E-ﬁ-u P

by the product rule

= v_ld—u +u (—v_zd—v>
B dx dx

by the chain rule

When first learning these rules you might use the given formulae, substituting u = x,
v = sin x, or whatever. However, the rules will be more useful to you if you practice and
develop your skills to the point where you do not need to do this. That is, rather than
actually use the formula, try to do the required procedure automatically. To help with this
think of the rules in terms of words, describing what you actually do:

Sum rule: ‘diff(4) = diff 4 difP’

Product: ‘diff(x) = one x diff + diff x other’

diff top x bottom - top x diff bottom
(bottom)?

Function of a function ‘diff[ f(g)] = (diff f w.r.t. g) x (diff g w.r.t. x)’

Solution to review question 8.1.4

() y=23x*—2x>2+3x -1
This is a linear combination of terms of the form Ax". We differen-
tiate each term in the polynomial and combine the results.

Quotient diff(/) =

dy 3
So —=3x4x"—-2x2x+3
X

=12x3 —4x +3

(i) y =x“cosx is a product of the two elementary functions x
and cos x.

2 2
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So by product rule, with say u = x2, v = cosx,

dy duv) d
— = = —(x“cosx)
dx dx dx

vdu udv d(x?)

d
= P + P = I cosx+x2a(cosx)

= 2x cos x + x2(— sinx)
2

=2xcosx — x-sinx

(iii) x—1
i) y = ——
Y x+1
We can treat this as a quotient y = — and use the quotient rule, or
v

treat as a product:

1
y:(X—l)X(m)

d_y_l ;—i-( _1)(_¥)
o T Y x+1)2
_x+1—(x—1)_ 2
S x4+ D2 (412

(iv) y = cos(x®+ 1)
This is a function (cos) of a function (x> + 1) (97 <), so we can
use the function of a function rule:

dy _dydu (u=2 41
dx  dudx

y =cosu
giving
dy .9
— = —sin(x" 4+ 1) x 2x)
dx
= —2xsin(x” + 1)
(v) y=In3x
Again, the function of a function rule can be used:
d 1 1
_y = — X 3 e
dx  3x X

Or this can be simplified using rules of logarithms (131 <)
y=In3x =In3+1Inx

Therefore
dy 1
— =0+ — as before
dx X
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(vi) y = e

This is a function of a function. Here we will practise a short hand
approach to the function of a function rule.

dy de™) d(=2x) _
dx d(—20) "~ dx
(vil) y=+1—-x2=(1 —xz)%

1
Again, function of a function — ‘differentiate the ( )2 and multiply
by the derivative of the () .

e (=2) = =27

1
z—y=%(1—x2)‘5 X (=2x) = ————
* (1-x2)2
-
V122
8.2.5 Implicit differentiation

If y is defined implicitly in terms of x by an equation of the form (91 <)
fx.y)=0

d
then £y may often be found by differentiating throughout using the function of a function

X
rule. This is best illustrated by the example given below:

Example

If
2y =1

then differentiating through with respect to x gives
d d
2x + — (%) = —(1
X+ ) dx( )

so, using the function of a function rule on the left-hand side

dy
2x+2y— =0
dx
d
Hence ar = _z
dx y

Solution to review question 8.1.5

A. Differentiating through with respect to x, using the function of function
and product rules we have

d(2+2 +2y%) d(l)
— X X = —
dx Y Y dx
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SO J J
2x+2y+2x—y+4y—y =0
dx dx

d
Hence (x +y) + (x + 2y)d—y =0
X

and so
dy x4y

dx __x+2y

. This is a standard application of implicit differentiation. If y = sin™' x

then x = sin y. But note that as usual with inverse trigonometric func-
. . b4 Fi4 .
tions we must restrict the range of y to, say, —3 <y< ) to obtain

a single valued function (184 <).
Hence, on this range

X
— =cos
dy Y

=1 —sin’y
where we have taken the positive root since the cosine is positive on
A
_ita

d d
So, using @ _ 1/_x (see above) we get
dx dy

dy 1

dx V1 —x2

. y =a”* is another case where we can use implicit differentiation to
advantage. If we take logs to base ¢ we have:

Iny =Ina* =xIna

Now differentiate through with respect to x:

a%(lny) = a%(xlna)

or

1dy

——— =Ina

ydx
by using the chain rule on the left-hand side.
So

dy .

— =ylna =a"lna

dx
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You should now be able to repeat this argument with the special case
of a =2 to obtain

d
— (2 =2"In2
dx( ) 1

-1
D.Ify=f(x) = x?, then we could use the quotient or product rule:
X

oo LA N
f“*ﬁ:?ﬁ“‘>+“‘>a(mu>

_ 1 x—1
X422 (x+2)?

So 1 0 1

T=1n"%73

However it is much easier by implicit differentiation. Rewrite as:
x+2)y=x—-1

So, differentiating through with respect to x:
My+x+2)y =1

Substituting x = 1 and y = 0 gives

(HO)+3y'(H =1

1
hence Y1) = 3 8 before.

8.2.6 Parametric differentiation

If x, y are defined in terms of a parameter, ¢, (91 <)
x = x(1) y=y()

then the function of a function rule gives
dy _dydr
dx dtdx

. dt dx . .
Since — =1 / — this can now be written as
dx dt

dy dy/dt
dx  dx/dt
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Solution to review question 8.1.6

With x = 3¢%, y = cos(t + 1) we have

d d
d—f = —sin(t + 1) and d—): = 6t, so:
dy dy/dt  —sin(t+1)
dx dx/dt 6t
8.2.7 Higher order derivatives <229 245>

d
In general, d_y will be a function of x. We can therefore differentiate it again with respect
X

to x. We write this as

d (dy\ _ d?y

dx \dx)  dx>

dzy dy 2
Note that —— does not mean | —

dx? dx

We can, of course, differentiate yet again and write
d (d*y _ d*y
dx \dx?)  dx3

n

and so on.

In general 7 denotes the nth order derivative — differentiate y n times successively.

xn

Solution to review question 8.1.7

A. (i) A first differentiation gives

d
—Q2 1)=2
dx(x+)

So, differentiating again
d? d
—Q2 HD=—2)=0
dxz( x+1) dx( )
(i1) A bit quicker this time:

d—2(x3 —2x+1) = i(3x2 —2) =6x
dx? dx
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2
d
(iii) W(e_x cosx) = E(—e_x cosx — e *sinx)

d
= —— (e *(cosx 4+ sinx))
dx

= —[—e*(cosx +sinx) + e *(—sinx + cos x)]
= —e " (—2sinx)

=2e¢ *sinx
(iv) This one requires a bit of thought if you want to avoid a mess. It

is easiest to use partial fractions in fact. Thus, to remind you of
partial fractions (62 <), you can check that

x+1 B 2 n 1
x—D@x+2) 3x-1  3x+2)

Then

> x+1 AT 2 L !
dx? [(x —D(x +2)} T dx? |:3(x -1 3(x—|—2):|

d 2 1
dx |:_3(x -1 3@ +2)2]
4 2
T3a-1 T3at2p

B. This sort of example brings together a lot of what we have already
done. First, note that
d*y » d*y/dt*
dx* " d?x/dt?

We must be more subtle. Start with
d*y _d (dy
dx?2  dx \dx

Now with parametric differentiation d_y will be a function of 7 — in
X

this case, with x =>4+ 1, y =t — 1 we have

d_y_dy/dt_ 1

dx  dx/dt 2t

If we were to differentiate now with respect to x we would have to

1. .
express % in terms of x — possible but messy. Instead, we use the
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function of a function rule to change the differentiation to one with

dy d (dy dt
P e f— i X —
dx dt \dx dx
(dy) dx

dx dt

on using — —
& ux di

So:
d’y d (1
—=— (=) /2
dx?  dt \2¢

respect to ¢, and write

d*y _d
dx?  dx
d
dt

8.3 Reinforcement

««228 230 <

8.3.1 Geometrical interpretation of differentiation

A. Evaluate the slopes of the following curves at the points specified:

i y=x'-x x=1 (i) y=sinx x=m

3

(i) y=2" x=0 iv) y==- x=1
X

B. Determine where the slope of the curve y = 2x3 4 3x? — 12x + 6 is zero.

««228 230«

8.3.2 Differentiation from first principles

Differentiate from first principles:
3 (iv) cosx

<« 229 232 <

() 3x (i) x*+2x+1 (iii) x

8.3.3 Standard derivatives

A. Differentiate without reference to a standard derivatives table:

1 e (i) cosx (iii) x3! (iv) Inx
(v) sinx (vi) x% (vil) tanx (viii) =
X
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B. What are the most general functions that you need to differentiate to obtain the
following functions?

i) x* (i) cosx (iii) & (iv) sinx
) i4 i) x (vii) 1 (viii) 0
X X
(ix) cos2 x
8.3.4 Rules of differentiation

A. Using the definition of the functions and appropriate rules of differentiation obtain
the derivatives of the following elementary functions (see Section 4.4 for hyperbolic
functions).

(i) secx (i1) cosecx (iii) cotx (iv) coshx
(v) sinhx (vi) tanhx (vii) cosechx (viii) sechx
(ix) cothx

B. Differentiate

(i) In(secx) (i) In(sinx) (ii1) In(sec x + tanx)
(iv) In(cosecx 4+ cotx) (v) In(coshx)
(vi) In(sinhx)

C. Differentiate

() x"—=2x34+x*—x242 (i) (x> +2)tanx
I (V) expG®—20) (V) ——

iil) —— iv) exp(x” — V) ——

x2+1 Pt ! x2—1
. o . (x+1
(vi) In(cosx + 1) (vii) sin (viii) secx tanx
X

(ix) e® (x) xe* (xi) e

(xii) In5x (xiii) e*Inx (xiv) Ine*
8.3.5 Implicit differentiation << 229 238 <

A. Use implicit differentiation to differentiate the functions

(i) cos~!x (i) tan~'x (i) 7~
B. Evaluate dy/dx at the points indicated.

O x24+y’=1 01 () @ —22y+y2=1 (1,2)

1
C. If f(x)= % evaluate f'(0).
X

>
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8.3.6 Parametric differentiation

2

d
A, Ifx =¥, y =e' + 1, evaluate d_y and d—); as functions of ¢ by two different methods
X X
and compare your results.

d d?
B. Obtain d_y and d—)z) for each of the following parametric forms:
X X

(i) x =3cost, y=3sint (i) x=124+3,y=2t+1 (iii)) x =e'sint, y=e¢
(iv) x =2cosht, y =2sinht
8.3.7 Higher order derivatives <« 229 241 <
A. Evaluate the second derivatives of each of the following functions:

(i) x2+2x+1 Gi) e (iii) e*sinx

. x—1
(iv) —————
(x+1Dx +2)

B. Evaluate the 20th derivative of each of the following functions:

() x'743xP 4200 +3x2 —x + 1 (i) e !
1
(iii) ¥ {iv) ——
. x—1
V e —
™) (x = D(x+2)

8.4 Applications

1. Calculus was invented (by Newton and Liebnitz) partly to handle the mechanics of
moving particles, culminating in Newton’s laws of motion, which to this day forms one
of the major foundations of engineering science. This question is an open invitation to
link the topics of this chapter with what you know about dynamics. Things you might
think about are:

(i) the definitions of time, position, displacement, speed and velocity, acceleration
and their mathematical expressions in terms of derivatives of each other, with
respect to each other

(ii)) Newton’s second law is F = ma where F is force, m mass and a accelera-
tion. Suppose F is given as a function of position and velocity. Then it would
be convenient to have a derivative expression for acceleration that involves just
these two variables. Use the function of a function rule to show that, with usual
notation:

d?s dv
et
dt? ds
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(iii) Discuss the forms of motion described by the relations between position, s, and
time, ¢, given below.

(@ s=at+>b () s =at>+bt +¢

(c) s =asin wt (d) s = ae™?

In each case a, b, ¢, w are all constants which may be positive or negative.

2. Newton’s second law gives us lots of examples of differential equations. You will
study these in some detail in Chapter 15. For now, we just want to get used to what
is meant by a solution to such an equation. A differential equation is any equation
containing one or more derivatives. Examples are given below, (i)—(vi). A solution to
such an equation is any function which when substituted into the equation, with its
appropriate derivatives, makes the equation identically satisfied — i.e. it produces an
identity in the independent variable. In (a)—(g) are listed a number of functions. By
differentiating and substitution in the equations, determine which functions are solutions
of which equations. Using these examples as inspiration, try to find other solutions of
the equations, which you can then test.

Note that the full exercise of finding solutions to differential equations is at the very least
a matter of integration (Chapter 9), and at its most advanced level may involve powerful
mathematical tools such as transform theory (Chapter 17) or numerical methods.

M 21350 (i) %2 (i) 4% 4y =0
i) — = i) x——y= i) —= =
dx Y xdx y=4 dx? Y

2 2
. y , ,dy dy dy
EY 2% 359 Y 162 Loy—0
@) dx? + dx Y ) dx? + dx oy
2
. y dy
— +2—+2y=0
V) dx? + dx ey
(@) 3cos2x (b) 2¢* (c) —2e *sinx (d) de=
(e) 4x (f) —6xe 3 (g) xlnx

Each one of the equations (i)—(vi) is an example of a general type of differential
equation that plays a crucial role in one or more areas of engineering science.

3. There are many occasions in engineering when we need to know something about the
tangent and normal to a curve at a given point (230 <). For example the reaction of
a force at a smooth surface is normal, i.e. perpendicular, to the surface. In Chapter 5
we looked at tangents to circles — the normal at any point is of course along the radius
(158 «). Using differentiation regarded as the slope of a curve, we can find the tangent
at any point on a curve. Also, using the result that the gradients of perpendicular lines
multiply to give —1 (214 <), we can then find the normal to a given surface, as the line
perpendicular to the tangent. Investigate the tangents and normals to a general curve at
a given point, using as examples the following:

(i) y=x24+3x—4at (0, —4) (i) y =cos3x atx:%

(i) y=e*atx=1 iv) y=2Inxatx=1
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4. In a circuit with an inductor of inductance L and capacitor of capacitance C, the voltage
across the inductance is given by

dl
V=L—
dt

where [ is the current through the inductance, and the current through the capacitor is
given by

I =C—
dt

where V is the potential across the capacitor.
(i) The time dependence of the current in a series RL circuit with a constant voltage
source E can be accurately modelled by the expression

S

What is the voltage across the inductor at time #?

(i) An RC circuit with a constant capacitor and constant voltage source includes a
resistor whose resistance varies slowly according to a linear law R = Ry(1 + at).
The voltage across the capacitor in such circumstances can be modelled by the
relation

V—Vo=(E—Voll — (1 +ar) /R

where Vj is the voltage across the capacitor at ¢+ = 0. Determine the expression
for the current through the capacitor at time ¢.
5. The potential in the junction region of a semiconductor pn junction is given by

A
V=———
1 + exp(—kx)

where A and k are material-dependent constants. The force on an electron with charge
e in such a potential region is given by

dv
F=e—
dx

Obtain an expression for this force in terms of hyperbolic functions (138 <).

Answers to reinforcement exercises

8.3.1 Geometrical interpretation of differentiation

A. (1)2 (i) —1 (i) 2 (@Gv) =3
B. x=1and -2
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8.3.2 Differentiation from first principles

() 3 () 2x+2 (i) 3x2 (iv) —sinx

8.3.3 Standard derivatives

1
A. (i) €* (i) —sinx (iii) 31x% (iv) - (v) cosx
x
1 3
(vi) gx_z/ 3 (vii) sec®x (viii) -
X
x5
B. (i) 5 +C (i) sinx +C (iii) e*+C (iv) —cosx+C
1 N 2 5 .
W) C—-— i) =x*?+cC (vii) Inx+C (viii) C
3x3 3

(ix) tanx +C

8.3.4 Rules of differentiation

A. (i) secxtanx (ii) —cosecx cotx (iii) — cosec? x
(iv) sinhx (v) coshx (vi) sech®x
(vil) — cosechx coth x (viil) — sechx tanh x (ix) — cosech?® x
B. (i) tanx (i) cotx (iii) secx
(iv) —cosecx (v) tanhx (vi) cothx

C. (1) 7x%—10x* +4x3 —2x (i) 2xtanx + (x> 4 2)sec’ x
x24+1-2x%Inx

: 2 x3—2x
(ii1) T 12 @Giv) (Bx*—=2)e
W) 1 i) —sinx (vii) 1 x+1
V) ————> vi) — vii) —— cos
(x2 = 1)3/2 cosx + 1 x2 X
(viii) secx tan® x + sec’ x (ix) 6% x) ex+1)
1 1
(xi) —2xe~* (xii) — (xiii) e*(Inx + —)
X X
(xiv) 2

8.3.5 Implicit differentiation

. 1 . 1 N
A. (1) —m (i) . (iii)) 7¥Inm
. )
B.G) O (i1) 3
4
C. —3
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8.3.6 Parametric differentiation
A Lt L3
- 2¢ 71
1
B. (i) —cotr, -3 cosec? t

1 e !(sint — cost)
sint +cost’ (sint + cost)3

(iii)

8.3.7 Higher order derivatives

A. () 2 (ii)
. 6 4

™ Tr T arip
B.(i) 0 (i)
. 20!

@iv) m (v)

e (4x%2 +2)

(i) 1 1
1) —, ——=
t’ 283

1
(iv) cotht, —3 cosech? ¢

(iii)) 2e*cosx

(iii) 3203
2 20!

+ 3 (x +2)2
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Techniques of Integration

Most of us find integration difficult — basically because we are always trying to ‘undo’
some differentiation, which might have been difficult in the first place! There are no short
cuts to good integration skills — practice, practice, practice is the only way. Plenty of that
is provided in this chapter. In this case the review test covers a wide range, which reflects

the importance of the material.

Prerequisites
It will be helpful if you know something about:

differentiation (Chapter 8 <)

properties of the elementary functions (Chapters 4, 6)
partial fractions (62 <)

completing the square (66 <)

Objectives
In this chapter you will find:

definition of integration

standard integrals

addition of integrals

simplifying the integrand

linear substitution in integration
the du = f’(x) dx substitution
integration of rational functions
use of trig identities in integration
using trig substitutions in integration
integration by parts

choice of integration methods
definite integrals

Motivation

You may need the material of this chapter for:

solving differential equations (» Chapter 15)
calculating areas and volumes (» Chapter 10)
calculating mean and RMS values (» Chapter 10)
calculating moments, centroids, etc. (» Chapter 10)
calculating means, standard deviations, and probabilities
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9.1 Review

9.1.1 Definition of integration
A. Differentiate

(i x»° (i) sin2x
B. Find the integral of

(i) 3x? (i1) cos2x

9.1.2 Standard integrals

» 253 280 >»>»

(iii) 2%

(iii) 23

» 255 281 > >

A. Integrate the following functions (include integration constants)

2
@ 3 i) — (i) vx

B. Give the integrals of

(i) sinx (i) e

9.1.3 Addition of integrals

3
Integrate 2x2 + — +4Jx —2¢" +4sinx.
x

9.1.4 Simplifying the integrand
Find

W [
i et A
cos 2x + 2sin® x
(iii) f(cos 2x sin3x — cos 3x sin2x) dx

Hint: think about what you are integrating!

9.1.5 Linear substitution in integration

Integrate

@) L (i1)) cos(Bx +2)
x—1

1
(iv) x3
o1
(i) -
X
» 257 281 >»>»

» 258 281 > >

(ii) /xe21“ dx

» 260 282 > >

(i) €>!
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9.1.6 The du = f'(x) dx substitution » 263 282 >»
Integrate the following functions by means of an appropriate substitution.
i) & (i) xsin(x?+1) (iii) cosxes* (iv) sinxcosx
x2+2x+3

1. Compare the results of (iv) with that of Q9.1.8(iv). Are the answers the same? Explain.
9.1.7 Integrating rational functions » 265 283 »>
. dx . . .
A. Find / ——— using partial fractions.
x24+x-2

. dx . dx .
B. Find / ———— , given that / ———— =tan " x.
x2+2x+2 x2+1

2x24+5x +4
C.Fid | ——d
n /x2+2x+2 o

Hint: divide out first and think about Q9.1.6 and B immediately above.

D. Integrate

) 1 (ii) 1 (i) 2x + 1
Vo Yo a2 Wy
) — %
(x — D(x + 1)
9.1.8 Using trig identities in integration

Integrate the following functions using appropriate trig identities.
(i) sin®x (i) cos®x (iii) sin2x cos 3x
(iv) sinx cosx

1. Cf (iv) with Q9.1.6(iv) — are the answers the same?

9.1.9 Using trig substitutions in integration
Integrate
. 1 .. 1
(i) —— (i) ———
V9 —x? 3= 2x — x?
9.1.10 Integration by parts

Integrate by parts
(1) xsinx (i) xZe* (iii)) e*sinx
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9.1.11 Choice of integration methods

Discuss the methods you would use to integrate the following — you will be asked to
integrate them in RE9.3.11C.

-3 Inx
() m (i) sin®x Gii) &
) ! W) xe (vi) >
iv) —m— V) xe Vi) ——
2x2+x -3 V3 —2x — x2
(vil) xsin(x + 1) (viii) cos*x (ix) In <e_>
X
2
(x) ﬁ (xi) xe* (xii) e* cos(e¥)
. . x—1 x+3
(xiil) sin2x cos2x xiv) ———— xv) —
VxZ—2x 43 x24+2x +2
(xvi) sin4xcosSx (xvii) xcos(x%+1)
9.1.12 The definite integral
A. Evaluate
t 1 2 2
. Dd . x4 d
6)) /0 (x*+1)dx >i1) /0 xe* dx (iii) /0 e X
2
(iv) / cosx sinx dx
0
B. What is wrong with
2
/‘ dx 9
0 )C2 —1
9.2 Revision
9.2.1 Definition of integration

Integration (or more strictly indefinite integration) is the reverse of differentiation.
Thus, if

dy
a—f(x)

then

y= / fx) dx

is the anti-derivative or indefinite integral of f(x) (also sometimes called the ‘primi-
tive’). f(x) is called the integrand.
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For example, because we know that the derivative of x? is 2x, so we know that the
integral of 2x is x2. Actually, because the derivative of a constant is zero the most general
integral of 2x is x> 4+ C where C is an arbitrary constant of integration. We write

/2xdx=x2+C

Solution to review question 9.1.1

A. Hopefully, this won’t give you much trouble now:

(i) dd—x(x3) =3x?

d

(il)) —(sin(2x)) = 2 cos(2x)
dx
by the function of a function rule.
d

(i) — (2¢*) = 2¢* x 3 = 6>
dx

B. Of course, these questions are not unrelated to A!

(i) Having just done it in A(i) we know that we can obtain 3x? by
differentiating x3:
d 3 2
Z =3
I (x7) X

And in fact we get the same result if we add an arbitrary constant
C to x3:

d
— @+ C0)=3x"
dx
It follows that the most general integral of 3x? is:

/3x2dx:x3+C

(i1) A little more thought is needed to integrate cos 2x. Differentiating
sin2x gives us 2cos2x not cos2x. To get the latter we should
differentiate % sin 2x

d | . 1
E(i sin2x) = 5200s2x = cos 2x

Remembering the arbitrary constant we thus have:

1
/costdx = Esin2x +C

(iii) Again, we have to fiddle with the multiplier of the ¢**. Since

d 3
_ X — 3 X
P (e™) e
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from A(iii), we see that

d (2
- (_e3x — 2e3x
dx \3

So, again remembering the arbitrary constant:

2
/2€3X dx = 563)‘ +C

9.2.2 Standard integrals

We can compile a useful list of integrals just by reading a table of derivatives backwards.
The simplest example is the derivative of x*. For any power « (that is, « can be any
positive or negative real number — check that the result does make sense when o = 0)
we have

—(x%) = ax*!

dx

from which, for any power «, except « = —1 (see below)

i(xa+l) — ((X + l)xa

dx
and so
onrl
x%dx =
a+1
We must here exclude the case @« = —1 because otherwise we will have zero in the
denominator. In fact, the result for o« = —1 is:

1 dx
xdx= —=In|x|+C
X

d 1
which we know from —(In |x|) = —.
dx X

Similarly, from the derivatives of other functions we can build up the table of standard
integrals given below (from which the arbitrary constant has been omitted). Note that much
of it is the table of standard derivatives given in Chapter 8 read ‘backwards’ (233 «). The
term ‘standard integral’ is of course relative — an advanced calculus book might have many
more such integrals that you are expected to know. Here however we confine ourselves
to the most important elementary functions. Obviously, the more you do know, the easier
integration will be, and in particular you will find it invaluable to commit all those in the
table to memory.

Much of integration involves manipulating the integrand, or the whole integral, to make
it expressible in terms of the standard integrals. Points to note about integration are:

the better your differentiation, the better your integration
know your basic algebra and trig skills

practice and perseverance pay dividends

trial and error may be needed
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Table 9.1
fx) / f(x)dx (arbitrary constant omitted)
XY a#—1 /@41 a#-—1
1
- In |x|
X
cos x sin x
sin x —CoSXx
sec? x tan x
e* e*
1/v/a? —x2 sin~!(x/a)
a/(a* + x?) tan~! (x/a)
u'(x)
1
) n fu(o)|
u' (x)et™) et

have the standard integrals (at least) at your fingertips
check your answers by differentiation as often as possible — provides
practice as well as confirmation

° there may be more than one way to do an integral — for example

1
/ _x+rr dx
x2+x—6
can be done by partial fractions or by the substitution u = x> +x — 6
° there may be no way to do an integral — for example

/e"2 dx

simply cannot be integrated in terms of elementary functions
e  integration skills build up sequentially — for example:

d
@) first learn / @ _ In |x|
X

. dx
(i1) then / —— =In|x —1]
x—1

(iii)  then by partial fractions

dx 1 1 J
/ﬂ—l‘f(zoc—l)_z(x—l)) !

Solution to review question 9.1.2

A. These are all particular cases of

xa+1
/x“dx =
oa—+1
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As usual, the places where you might have trouble occur when negative
signs and fractions are involved. In such cases, just take it steady and
check each step.

1) f3dx:3fdx=3x+c

-2+ 1 2
(ii) f—dx 2/ _2dx_2 +C = 2—+C———+C

241 1

1

1 §+1 3/2 2

manLu:/xuu:I +C=2_4+C="x"4cC

[y 3/2 3

4/3
(@iv) /x3dx— ’ C—x—+C—3x4/3+C

I 4/3 4

. These are all standard integrals, known because we know what to
differentiate to get them.

d
(i) —(cosx) = —sinx
dx
sofsinxdx:—cosx—i—C
(i) d (e")=¢"
i) —(e*) =e
dx
o/e"dx =e*+C

d ]
(i) ——(n|x]) = -

1
of—dx:lnlxl—l—C
X

1 0
NB Note that f —dx # %! Also note the reminder about the modulus
X

in In |x]|.
These and others we can put together in the table of standard integrals
on page 256.

9.2.3 Addition of integrals <251 281>
If you differentiate a sum then the result is the sum of the derivatives:
df
—U+)——+—

dx

Similarly, the integral of a sum is the sum of the integrals:

/(f—l—g)dx:/fdx—l—fgdx

(not forgetting the arbitrary constant of course).
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Applying the result a number of times we see for example that
[3r@ax = [+ rw -+ s dx
:/f(x)dx—i—/f(x)dx—l—ff(x)dx
=3 / fx)dx
and in general for any numerical multiplier k:
/kf(x)dx = k/ fx)dx
In general, if k and [ are constants then we have
/(kf+lg)dx:k/fdx+l/gdx

For this reason integration is called a linear operation. This rule enables us to integrate
any linear combination of standard integrals, including all polynomials, for example.

Solution to review question 9.1.3

The given function is a linear combination of standard integrals. We can
therefore use the linearity of the integral operation:

3
/ <2x2 + +4x —2€ +4sinx> dx

d
=2fx2dx+3f—§+4fxl/2dx
X
—Z/exdx+4/sinxdx

2?3 8

3 P 3 —2e* —4cosx +C

Note that we only need one arbitrary constant for the overall integral and
not one for each of the ‘summands’.

9.2.4 Simplifying the integrand

When faced with a new integral, the first thing to do, after checking whether it is a standard
integral, is to see if it is in the most convenient form for integration. Thus, in the integral

/ f(x)dx, we have two things to play with:

° the integrand f(x)
° the variable x

258



Understanding Engineering Mathematics

We consider changes of variable, x, later under various substitution methods, but here we
will have a first look at what we might be able to do with the integrand in some simple
cases. In general f(x) may be a polynomial or rational function, trig or hyperbolic, log
or exponential, or any combination of these. We would first look at f(x) to see if it can
be simplified or rearranged to our advantage. This involves all that we have learnt so far,
including such things as

algebraic simplification
partial fractions

trig identities

exponential and log properties

In this section we concentrate on the simplest kinds of rearrangements. For example,
/ " dx looks awful — but it is simply f x dx, a much easier proposition. The review

question gives further examples.

Solution to review question 9.1.4

All the integrals look formidable (deliberately!) — but in fact, using the
properties of exponentials and logs and trig identities the integrands can
all be simplified to easily integrated functions.

@ /‘ dx /‘ dx
i =
cos 2x + 2 sin® x 1 —2sin’x 4 2sin’x
using cos 2x = 1 — 2sin’ x

dx
= T:x+c

(ii) /xezmx dx = /xeh“‘2 (¢lnx =1Inx%)

= /xxzdx (™ =x) = fx3dx

¥4

—+C
4
Note that here, as elsewhere, we have taken the modulus under the

log for granted, as to include it would clutter up the expressions.

(iii) This is easy if you know your compound angle formulae backwards!

f(cos 2x sin3x — cos3x sin2x)dx = / sin(3x — 2x)dx

= / sinx dx

=—cosx +C
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9.2.5 Linear substitution in integration

It may be that f(x) in / f(x)dx is inconvenient for integration because of the variable

x, and it may be useful to change to a new variable. This entails changing dx as well as
f(x) of course. For example, consider the integral

f (2x — 43 dx

You may be tempted to expand the bracket out by the binomial theorem, and obtain a
polynomial which is easily integrated. This is correct, but is an unnecessary complication.
The way to go is to notice the similarity to x* and substitute

u=2x-—4
We must of course also replace dx. To this end we note that

du

T

d
and so du =2dx and dx = —u. This somewhat cavalier way of dealing with the dx and

du is permissible provided we are careful. The upshot is that

/(Zx —4)3dx = /u%dg

1 3 u
2x — 4)*
:%_{_C

on returning to the original variable.
In general, whenever we make a substitution of the form

u=ax+b

where a, b are constants, we call this a linear substitution. It is particularly simple because

du

T _u4
dx

and therefore du and dx are simply proportional

du

du = —dx =adx
dx
SO
d
dx:—u
a

With practice, you may be able to dispense with the formal ‘u = x + 1’ substitution and
do the above example as follows:
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f@x—4f¢m:%f@x—4fd@x—®
_ g
_24(2x H4C

=éax—®4+c
d@2x —4) =2dx)

There is a useful ‘intuitive’ way of looking at linear substitution. When integrating a
function of ax + b, f(ax + b), we think ‘Well, ax + b is really little different to x. So
treat it like x — if the integral of f(x) is F(x), take the integral of f(ax 4 b) to be
F(ax + b). But if we differentiated this with respect to x we would get a multiplier “a”
coming in from the function of a function rule. So we need to divide the integral by a to

1
cancel this multiplier. The integral of f(ax + b) is thus — F(ax + b).” For the example
a

2x — 4)*
above this goes through as follows: (2x — 4)3 is like x?, so take its integral to be u

But if we differentiate this we get a 2 coming from differentiating the bracketed term by
function of a function. So remove this by multiplying by 3 so that the final form of the

_ 1 2x =4t 2x -t
integral is — X =
2 4 8

Another important point is that the linear substitution is very special — it is the only
case in which du and dx are proportional. Suppose we substitute

, as we found above.

u=g(x)
SO du /( )

— X

dx g

and therefore
du =g'(x)dx

In the linear substitution case this gives
du=adx

and we could simply divide by a to replace dx by
du
a
But in any other substitution we can’t do this, we would get
du
L)
and we have the complication of substituting for x in terms of u in g’(x). So, greater care

is needed with other types of substitutions. In general, simple substitutions require special
forms of the integrand — see Section 9.2.6.

dx
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Solution to review question 9.1.5

262

These questions all involve linear substitutions. In no case is it necessary
to do anything to the function before substitution.

(i) If you did something like

4/X?l=/<%_0dx=”f

stop now and go back to review your basic algebra. It is of course

wrong. You cannot ‘simplify’ 7 any further and must work with
X —

it as it is, and for this we use a substitution.

1 . o
The closeness of to — suggests making the substitution
X

x —
u=x—1sodu=dx and
du

dx
f =] —=Inu=Inh(x-1)+C
x—1 u

or, quicker

/ dx —/d@_n=m@—n+c

x—1" x—1

(i) Here you may have been tempted to use the compound angle formula
to expand the cos and get simple sine and cosine integrals. Again,
while correct, this is unnecessarily messy — simply substitute

du
u=23x+2, dx=?
SO
d
/cos(3x+2)dx = /cosu?u
— Ly +C
_3smu
1.
:§sm(3x+2)+C
or

/cos(3x +2)dx = % /cos(3x +2)d(Bx +2)

1
= 5sin(3x +2)+C

(iii) By now, you will probably be happy with:

1
fezx_ldx = Efeb‘_ld(Zx -1

1 2x—1
=_ C
> e +
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9.2.6 The du = f'(x) dx substitution

Integration by substitution is often difficult. The substitution to use is not always obvious.
One case when it is fairly easy to spot the substitution occurs when the integrand contains
a function f(x) and its derivative f'(x). One then tries substituting for the function,
u = f(x). This is the reverse of the function of a function rule of differentiation. This
approach relies on ‘noticing’ the derivative — i.e. on good facility with differentiation. An
important general example of this approach is the integral

f(x)dx

o) =In|f(x)|+C

because if we put u = f(x) we get du = f'(x)dx, which occurs on the top and the
integral becomes

/‘i—” =Inful+C=In|f(x)|+C
Similarly, for example
/COS(f(X))f’(X) dx =sin(f(x))+C
by putting u = £ (x).

In general, to integrate fg(f(x))f’(x) dx put u = f(x) and convert it to /g(u) du,

sometimes written / g(f(x))d f(x), and hope that you can integrate this. We illustrate
the process by a further example:

Given f xe® dx

Note that the derivative of x? is 2x, and we have %(Zx) = x in the integrand. We know

the derivative of e* is e*, so maybe the integral looks something like ¢’ ? So differentiate
¢’ and see what we get

d
— (") = e x 2x) = 2xe®
dx

Not quite — the factor 2 is the problem. But that is easily dealt with:

i lex2 = xe*
dx \2

gives us what we want. So
2 I
xe' dx = Ee +C

You may need to try this a couple of times — and in the end it may not work, anyway. So,
BE FLEXIBLE AND KNOW YOUR DIFFERENTIATION.
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Solution to review question 9.1.6

264

x+1

(i) In the integral / _
x2+2x+3
2(x + 1) and we have an x + 1 on the top. This suggests substituting

u = x% 4+ 2x + 3. Then

dx the derivative of xZ+2x + 3 is

W+ 1)
- = X
dx

You may now be tempted to write

du
X = —
2(x+ 1)

substitute in the integral and cancel the x + 1. While correct, this is
a bad habit — never mix variables in an integral. Instead, simply use
the fact that x 4 1 is ready and waiting for us in the integrand and

write
du=2(x+1)dx
or
d
(x + dx = 2
2
to get
(x+1)dx _/ldu
x24+2x+3 J u?2
1 {du ll ‘C
= — — = —1In
2 W T2

1
=§ln(x2+2x+3)+C

(i) Again, in / xsin(x? + 1) dx the derivative of x2 + 1 is 2x and we

have an x multiplying the sine, which suggests putting u = x> +
1. Then

1
/xsin(x2+l)dx — /sinuidu

1
= —fsinudu
2

1
= —— C
2cosu—i—

1
= —Ecos(xz +D+C
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1
fxsin(xz + 1)dx = 3 / sin(x>+ 1) dx>+1)
1 2
=3 cosx“+ 1)+ C
(iii) Now you may be able to appreciate the following more easily:

/cosxesmx dx = /esmx(cosxdx)

= f €S d (sin x)

— esinx +C

1
@iv) /sinxcosxdx =/sinxd(sinx): Esin2x+C

Compare this with the result that you might obtain for Q9.1.8(iv). In
that case you may obtain

—%cost—i—C

Using the double angle formula for cos2x (188 <) shows that this
in fact only differs from the answer obtained above by a constant,
which is unimportant because both forms of the answer contain an
arbitrary constant.

9.2.7 Integrating rational functions <252 283>
Any rational function has the form:

polynomial
polynomial

We can assume that the numerator has lower degree than the denominator, otherwise
we could divide out to get a polynomial plus such a fraction. In many useful cases the
polynomial in the denominator can be factorised into linear and/or quadratic factors with
real coefficients. We could then use partial fractions and substitution to split the rational
function up into integrals of the general form

/ ax+b

———dx

cx2+dx+e

This form of integral is therefore very important, and we will study it in detail. How we
approach it depends on whether or not the denominator factorises (45 <). If it does, we

can use partial fractions (62 <). If it doesn’t then completing the square (66 <) enables
us to use a linear substitution and a standard integral.
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Example
X X factorise
f x*—=3x+42 dx = f x—-—Dx—-2) dx <denominator> @5 <
= - dy (SPHCINO )6 o,
x—2 x-1 partial fractions

d d
= f A / al (isolate integrals) (258 «).
x—2 1

X —

=2In(x —2) — In(x — 1) + C (using substitutions)

You can see the skill required at each step — if any steps still puzzle you go back to the
appropriate paragraph. For a similar example using completing the square see the solution
to the review question

Given a rational function of the type

ax+b
cx2+dx+e
we may need to combine a number of methods — such as completing the square and
substitution for example. This may require some manipulation of the integrand. Also we

may not be told which method to use to integrate it, so we have to be able to spot the
best approach. There are three methods we can employ, separately, or in combination:

° Substitution
° Completing the square
. Partial fractions

We can use substitution immediately if the top is proportional to the derivative of the
bottom, using the result

flx)dx
S x)
If it is not, then check whether the denominator factorises — if it does, then we can use

partial fractions. If the bottom doesn’t factorise, we can always rewrite the numerator to
make it equal to the derivative and an additional constant, that is:

aex +d) ad
2c 2c

=Inf(x)+C

ax +b= +b

(Confirm this result to check that your algebra is up to scratch!) Then
ax+b  a < 2cx +d >—|—<b ad> 1
cx24+dx+e  2c\cx24dx+e 2c ) ex?+dx +c

The first part can now be done by substituting u = cx? + dx + e, which leaves us with
the problem of integrating something of the form

/‘ dx
cx?+dx+e
If the bottom doesn’t factorise then we will have to use completing the square.
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Solution to review question 9.1.7

SO

. In this case the denominator factorises and we don’t need to complete

. In this case the denominator does not factorise, and the only option is

If, in these questions, you have done something like:

which is incorrect, then you have probably misunderstood the idea of
substitution. ‘Dividing by the derivative of the denominator’ in this
way will only work for a linear denominator, when the derivative is
constant (261 <). You have only to differentiate the right-hand side
to see that it cannot possibly be the integral of the left-hand side. The
following solutions show the correct approach to such integrals.

the square — we can split into partial fractions:

dx . dx
/x2+x—2_/(x—1)(x+2)

[ -swm)n
3x—-D 3(x+2)
_l/ dx _l/ dx ‘C
3) x—1 3) x+2

1 1

using

f X nG—a)+C

X —da

We can tidy the answer up and write:

f dx 11 x—1 LC
— = —n
x24+x-2 3 x+2

to complete the square (66 <«). We have:

/ dx _/ dx
242x4+2 ) c+D2+1

Now this looks like the inverse tan integral (256 <), which we can
get by substituting u = x + 1, du = dx:

/‘ dx /‘ du tan=]
= = u
x+D2+1 u? +1

/ dx tan~' (x + 1)
— = lan X
x24+2x+2
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C. This question illustrates that sometimes you may need to combine
methods. Here, the numerator is of the same degree as the denominator,
so we must first divide out:

27 +5x+4 20 +2x4+2) —4x —445x+4

xX242x+2 x24+2x+2
a x24+2x+2
S0 2x2+5 4

/ﬁdx:/ 2_{_# dx

xX24+2x+2 xX24+2x+2

2 +c+f xdx
= X _
x24+2x +2

In the remaining integral the denominator doesn’t factorise and the top
is not the derivative of the bottom. We can remedy this by adding and

subtracting 1 in the numerator, to manufacture the derivative of the
bottom on the top!

/‘ xdx / x+l—1d
e B N I
X2 42x+2 x242x+2

/ x+1D / dx
x24+2x+2 x24+2x+2
_1/d(x2+2x+2) dix+1)
2 X242 42 x+D2+1

1
= 51n|x2+2x+2|—tan-l(x+1)+c

So, finally, the integral is

1
2x+Eln|x2—|—2x+2|—tan_l(x—l—l)—i-C

Note that we don’t need to duplicate the arbitrary constant C.

D. In these problems you have to decide which method to use for yourself.
Also, (iv) illustrates that the ‘obvious’ method is not always the best,
so you should always be on the look-out for easier alternatives.

(i) The denominator won’t factorise, so complete the square

f dx
Crx+1 1 2+3
) 4
1
2 x+§
= —tan
V3 V3/2
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(ii)) The denominator factorises so we can use partial fractions

/ dx _/ dx
24+3x+2 ) x4+ D(x+2)

1 1
= / [ - :| dx
x+1) x+2)
_ / dx / dx
) x+1 x+2
1
=1In (x i > +C
x+2
(iii)) The top is the derivative of bottom so use substitution
f 2x + 1 /d(x2+x—1)
—dx= | ———
x24x—1 x24+x -1

=In(x>4+x—-1)+C

(iv) You may have tackled this by partial fractions. This is valid and
will give the correct answer, but you might spot an easier way, if
your algebra and substitution are on the ball.

/3—xdx:3/ Y ax

x—-—Dx+1 x2—1
3 2x
=37
_3/d(x2)
T2 x2-1

3 2
=2 IG* — 1 +C

9.2.8 Using trig identities in integration

Using a simple linear substitution, # = 3x, we can integrate things such as:

1
fcos3xdx = gsin3x—|—C

Using this and various trig identities we can perform some quite complicated integrations.
The most common examples here include the use of the compound angle and double angle

sin(A £ B) = sin Acos B % sin B cos A

cos(A £+ B) = cos Acos B Fsin Asin B
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which enable us to integrate functions of the type

sin mx cos nx
sin mx sin mx (m # n)
COS mX COS nX
Such integrals are fundamental to calculations in the theory of Fourier series (Chapter 17).
The double angle formulae can help us deal with integrals containing powers of sinx or

cos x. Odd powers of sinx and cosx can sometimes be dealt with using the Pythagorean
identity cos® x + sin®x = 1 and substitution. In general, for the integral:

/ sin™ x cos” x dx

if one of m or n is odd, try using the Pythagorean identity whilst if both are even, use
double angle formula and other trig identities. The review questions illustrate this.
For integrals such as

fcosmx cosnx dx,/sinmx sinnxdx,fsinmx cosnxdx

where m # n, use the compound angle formulae. Again, see the review questions. Hyper-
bolic functions can be dealt with similarly.

Solution to review question 9.1.8

The use of trig identities for the examples given relies on the fact
that we can always integrate cos or sine of multiple angles:

1
fcoskxdx = %sinkx—FC
. 1
/smkxdx = I coskx +C

When faced with integrals such as those in this question, make a list
of the identities you know involving products of sines and cosines:

cos2x =2cos’x — 1 =1—2sin*x
= cos’ x — sin’x
sin 2x = 2sin x cos x

sin(A 4+ B) = sin A cos B + sin B cos A, etc.

using these, the integrals are not so bad:

1
) /sinzxdx=/§(1—0052x)dx
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by the double angle formula for cos 2x.

1
= 5/(1 —cos2x)dx

1 sin 2x LC
= — X —
2 2

NB: Be careful with functions such as cos 2x, which, of course is not
the same thing as 2 cos x!

(i) We can write /0053 xdx = /0052 X cosxdx
= / (1 — sin®x) cosx dx
Now put u = sin x, or equivalently:

sin® x

=f(1—sin2x)d(sinx):sinx— +C

(iii) We can express sin A cos B as a sum of sines by using

sin(A + B) = sin Acos B + sin B cos A
sin(A — B) =sinAcos B —sin Bcos A

Adding:
sin A cos B = 1(sin(A 4 B) + sin(A — B))

So
sin2x cos 3x = %(sin(Zx + 3x) + sin(2x — 3x))

= 1 (sin 5x + sin(—x))

= 1(sin 5x — sinx)
So we can write:

1
/sin2x cos3xdx = 2 f(sin 5x —sinx)dx

1 cos Sx
2 5
1

1
= Ecosx— l—ocos5x—|—C

+cosx> +C

(iv) This is easy now, using the double angle formula for sin2x back-
wards:
sinx cosx = %2 sin x cos x
1

= 5sin 2x
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So 1
/sinxcosxdx = 5/sin2xdx
_ ! 2x +C
=-1 cos 2x
Refer back to Review Question 9.1.6(iv) for an alternative form of
this.
9.2.9 Using trig substitutions in integration

Trig or hyperbolic substitutions may help you to deal with some rational and irrational
functions. Thus if you have

a? — x? try x = asinf or x = tanh@
x2—a? try x = a cosh6 or x = secf

Va2 + x? try x = a sinh 6 or x = tan®

The form of the substitution may depend on the range of values of x.
Another useful trig substitution is

t =tan6/2
With this we have

1 —¢2 - 2t
——, sinf =
1412 1412

cosf =

We also have to change between d6 and dt of course. We have

o 1,6 1 L0\ 1 )
e —se? 2=~ (14?2 ) == +1
o7 = 5% 5 2( + tan 2) 2( +19)

from which

2dt
1412

do =
This substitution can sometimes be used to convert an integral of the form

/ f(cosB,sinf)do

to an integral of a rational function in 7, which may be easier to deal with.
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Solution to review question 9.1.9

Whenever you see something like ~/a?2 — x2 try a sine substitution
x =asinb.

dx
(i) For / ——— the function /9 — x2 = /32 — x2 appears and so we
/9 — x?

try a substitution x = 3sin#. This gives dx = 3 cos 6 d6 and

V9 —x2=1,/9 —9sin?6

= 3+/cos260 = 3cos6

S
© f dx /‘3cos€d9
V9 — x2 3cosf
:/d0:9+C

. x (X
But sinf = —, so 6 = sin (—) and therefore
3 3

/ dx . 1 ()C) LC
——— =sin" (=
o2 3

d
(ii) / # doesn’t seem to fit any of the simple forms given

V3 —-2x—x

above. However, by completing the square and substituting we can
make progress:

dx
[ =
/‘ dx
22 — (x +1)2

L f(x+1
C
sin ( > )—i—

dx
/«/3—2x—x2

on putting u = x + 1.

9.2.10 Integration by parts

<« 252 283>

Useful for some products the integration by parts formula is derived by integrating the

product rule of differentiation:

(‘integrate one, differentiate the other’).
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First, note that not all products can be integrated by parts, and that integration by parts
can be useful for things that are not obvious products. We may also need to use it a number
of times, or employ it in more cunning ways (see review solutions).

The first problem we face with integration by parts is which factor to integrate first.
There are few hard and fast rules, and experience counts for a lot here. Still, we can get
a lot from our knowledge of the elementary functions:

Polynomials
Rational functions
Irrational functions
Cosine and sine

Exponentials

and their inverses. Rational and irrational (containing roots of algebraic functions) functions
are difficult to deal with when combined with other functions, so we will focus on products
of polynomials, cosine and sine and exponentials. By linearity, if we can handle a power
function x” then we can handle a polynomial. Also, cosine and sine are virtually equivalent
so far as calculus is concerned, so we can concentrate on sine. Finally, e**, sin(ax) are
little different to e*, sinx so we can look at just products of the three functions x", e*,
sinx. This gives us integrals such as:

L = /x”ex dx

I, = /x" sinx dx

I =/e" sinx dx

In I;, I, integrating or differentiating e* or sinx is neither here nor there because essen-
tially the same things results. However, integrating x" will make things worse, while
differentiating it will eventually remove it. So for I;, I, we start off by integrating e*
or sinx so that the x" will be differentiated. In /5 it actually doesn’t matter which we
integrate first, we will always come back to where we started — and indeed this is the
secret to this sort of integral (see review question).

Inx and inverse functions such as sin~! x can be integrated by parts by treating them
as a product with 1 and integrating the 1. For example,

/lnxdx:/l x Inxdx

1
:xlnx—/xx—dx:xlnx—x—i—C
X

Solution to review question 9.1.10

(i) We will use the integration by parts formula
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but only on this first example will we explicitly write

dv .
Uu=x — =sinx
dx
du
— =1 v=—cosx
dx

to help you on your way. Note that we chose u = x so that when we
differentiate the x becomes a much more amenable 1! We have

d
/xsinxdx = x(—cosx) — %(—cosx)dx
X

= —xcosx + / cosx dx
= —xcosx +sinx + C
With practice, you should be able to dispense with explicit use of u,

v, etc. — although continue with it until you feel confident enough to
do without.

(ii)) We may need to use integration by parts more than once (if you do,
remember to keep integrating the same factor). Again, we are going to
chose to differentiate the x2 to reduce it, so we first integrate the e*.

/xzex dx = x*(e¥) — / 2xe* dx
=x%" =2 [xex - /ex dx:|

= x2¢" —2xe* + 25+ C

(iii) In integrating / e*sinx dx we sometimes feel like we are going

round in circles with integration by parts! Write
1= /ex sinxdx = e sinx —/ex cosxdx
(note that it doesn’t matter which of e*, sinx we integrate)
=e'sinx — |:e’( Ccosx — / e*(—sinx) dx]
being careful to keep integrating the same factor

=¢"(sinx —cosx) + C —/e)‘ sinx dx

=e*(sinx —cosx)— I +C
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Note that we only need the one arbitrary constant. We can now
transfer the / to the left-hand side to get

21 = e*(sinx —cosx) + C

so [ = %e"(sinx —cosx)+C

NB. Since C is arbitrary we have no need to keep changing it during
the manipulations, or introducing new arbitrary constants.

9.2.11 Choice of integration methods

So far you have usually been told which method to use for a particular integral — a bit
like someone handing you just the right tool for a particular job when you need it. By
now you have developed a whole box of tools of integration, and there will not always be
someone around to tell you which to choose for the given jobs — you need to know the
tools and their uses well enough to choose the right ones for yourself. Efficient selection
of the right tool from the box, as you will know, requires a lot of practice and experience,
and even the best of us will make mistakes at times. Sometimes the tool we pick won’t
fit, so we have to try another. Sometimes different tools will do the same job, but one of
them is the best to use in a particular instance. It helps to have a rough summary of the
different types of tools, and for integration we have covered essentially:

standard integrals

simplifying the integrand

linear substitution

du = f'(x) dx substitutions

the use of trig identities and substitutions
partial fractions

completing the square

integration by parts

Various strategies for choosing the best methods are discussed in other sections, and
here we will simply use the review question to bring together more examples. Be prepared
to go up a few blind alleys and don’t be afraid to make mistakes in this topic.

Solution to review question 9.1.11
x—3

(i) We looked at rational functions such as ——— in
x2—6x+4

Section 9.2.7, and the common methods are

simplification of the integrand (dividing out, etc.)
substitution, du = f'(x) dx

partial fractions

completing the square

In this case we notice that the numerator is almost the derivative
of the denominator, suggesting that we try the substitution u =
x2 — 6x + 4 here.
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(ii) There are a number of ways we might tackle sin’x, covered in

Section 9.2.8, but perhaps the easiest is to use the Pythagorean
identity to write sin?x = 1 — cos? x and then use the substitution,
u=cosx (271 <.

Inx

(iii) In you may notice that — is the derivative of In x, suggesting
X X

the substitution # = Inx. But hopefully you are now happy enough
with the exponential function to note the simplification ¢™* = x

and take it from there (259 <!

(v T x—1
iv) [n —
2x2+x —3
notice that the denominator factorises into (2x + 3)(x — 1) and so
the function can be simplified by cancelling the x — 1 (provided x

is not equal to 1, of course), resulting in a simple linear substitution
and log integral (263 <).

the top is not the derivative of the bottom, but we

(v) No, xe** is not a prime candidate for integration by parts, despite
being similar to products we have dealt with in that way. Instead, we
notice that the x is almost the derivative of the x? in the exponent,
and this suggests that the substitution u = x? will rescue us here
(263 «).

(vi) Nasty looking functions such as containing roots of

3
_ ) V3 —4x — x? .
algebraic functions usually succumb only to some sort of trig or
hyperbolic substitution as considered in Section 9.2.9 — though in
this case we need to complete the square first. A similar integral is

done in Review Question 9.1.9(ii).

(vil) xsin(x 4+ 1) yields to a straightforward integration by parts, in
which the sin(x + 1) is integrated first (273 <).

(viii) cos*x can be integrated by using the double angle formulae

cos2x =2cos’x — 1 =1—2sin’x
to replace cos® x and subsequently cos? 2x to leave us with integrals
of a constant, cos2x and cos4x (270 <.
X

(ix) By now you should see immediately that In “) = x —Inx and
X

we have only to integrate the In x, which can be done by parts, as
shown in Section 9.2.10.
x+2

x2—=5x46
we have a straightforward partial fractions to deal with (266 <).

(x) The denominator of factorises to (x — 2)(x — 3) and

(xi) xe?* provides a very typical integration by parts (273 <).

(xii) Ine* cos(e®) we note that the derivative of e* is of course ¢* which
tells us to substitute u = ¢* (263 <.
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(xiii)

(xiv)

(xv)

(xvi)

(xvii)

sin2x cos2x is, from the double angle formulae, % sin4x and
becomes a standard integral on substituting u = 4x (271 <).

looks fearsome until we notice that the numerator
x2—2x+3
is almost the derivative of the quadratic under the square root,
prompting us to make the substitution u = x> — 2x + 3 (263 <).
x+3 . x+1 2

———— can be rewritten as +
x24+2x+2 ] . X242 42 x242x+2
whence the first fraction can be integrated by the substitution u =

x? 4 2x + 2, and the second by completing the square (268 <).

sin(4x) cos(5x) looks like (xiii) but in this case we have to use
the compound angle formulae to express it as a combination of
sin(9x) and sinx — a similar integral is done in Review Ques-
tion 9.1.8(iv) (271 «).

Inx cos(x? + 1) just notice that the x is almost the derivative of the
x2 + 1 and take it from there (263 <).

9.2.12 The definite integral

If

/f(x)dx:F(x)—i—C

then the definite integral of f (x) between the limits x = a, x = b is the number:

b
/ f)dx =[F(0)l, = F(b) — F(a)

That is, substitute the upper limit b in the indefinite integral F'(x) and subtract the value of
F (x) with the lower limit substituted. Notice that even if we include the arbitrary constant
in the actual integration, it will only cancel out when the difference between the upper
and lower limits is taken — so we can discard it in the definite integral. The variable x in
the definite integral is called a dummy variable, it being immaterial to the value of the

integral — thus

’ fx)dx = ’ @) dt
I /

In this respect the integration variable is like the summation index in the sigma notation
(102 «). As we will see in Chapter 10, the definite integral can be interpreted as an
area under a curve, and more rigorously as the limit of a sum — but here we are simply
interested in the technicalities of performing the definite integral.

Obvious properties of the definite integral are:

/a f(x)dx = F(a) — F(a) =0

b a
/ f(x)dx=F(b)—F(a)=—(F(a)—F(b)):—/b f(x)dx
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Not so obvious is the fact that if ¢ < b < ¢ then

b c
/fumx+/fumxzﬂm—ﬂm+ﬂ@—ﬂm=F@—F@
a b

=/:f(x)dx

Remember to change limits if you make a substitution — and to ensure that the substitution
is consistent with the values of the limits.
When integrating a definite integral by parts you can substitute the limits in as you go

long:
along , ,

d
u—dx:[uv]Z— v—dx
« dx « dx
When putting limits on integrals we must be careful to avoid, in the integration interval,
any points where the integral or integrand would not exist. For example

/ U dx

0 2x — 1

is an improper integral because the integrand is not defined at x = %, which is within
the range of integration. Another type of ‘improper integral’ occurs when one or both

of the limits involves infinity. We will see this specifically in Chapter 17, in the Laplace
transform, but for now we simply state the definition:

fwf(x)dx = lim /u fx)dx
0 a—0o0 0

That is, we first integrate using a finite limit ¢ and then we let a tend to infinity in the
result.

Solution to review question 9.1.12
3

A. (i) The indefinite integral of f(x) =x>4+1 is F(x) = % + x,

ignoring the arbitrary constant. So

1 3
/(x2+1)dxZ[F(x)](l,zF(l)—F(O):|:x—+x]
0 0

1 4
——41-0=~-
3t 3

(il) We can fit the limits in as we go along in integration by parts:

1 1
/ xetdx = [xe"](l) — / e dx
0 0

=e—0—[e"](1)

=e—(e—e’) =1since ® =1
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(iii)

(iv)

When we make a substitution, we can change the limits too — then
we don’t have to return to the original variables.

1 2
X
In / 7 dx the numerator is the derivative of the denomi-
0

x3 4+
nator (almost), so put u = x3 + 1.
d
Then du = 3x>dx or x*dx = ?u

The limits on u are obtained from the substitution

whenx =0, u=0'+1=1
when x = 2, u=2+1=9

So
/2 x? P ? du 1[l P
———dx =— — = —[lnu
())C3+1 31 u 3 !
1
=—-(In9—1Inl
3(n nl)
1
=-1In9
3

remembering that In1 = 0.

This sort of integral is very important in the theory of Fourier
series (see Chapter 17). Using the double angle formula we have

2 1 2
f cosxsinxdx = —/ sin2x dx
0 2 Jo

1
= _Z[COS 2x]§’r =0

2 dx _ 2 dx
/0x2—1_/0 x—Dx+1)

The integrand doesn’t exist (‘becomes singular’) at x = 1, which
is within the range of integration.

9.3 Reinforcement

9.3.1 Definition of integration

A. Differentiate the following functions:
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1
(v) sin3x (vi) cosx? (vii) e (viil)) ———
x+1
(ix) In2x x) v/x+1 xi) InBx+1) (xii) tan~'x
B. Integrate the following functions:
() 2 (ii) 3™ (iii) 2 (iv) :
i) — il iii iv) —
X € (14 x)? x5
(v) 3x%cosx3 (vi) =3 (vii) o3 (viii) 1
x2+1 Jx
3 1
ix) 2cos3x X) x2 xi Xii) ——
(ix) (x) (x1) T (xii) 1
9.3.2 Standard integrals <« 251 255«

A. Integrate the following functions:

() 4 () 3x2—2x+1 (i) 3/x (iv) x2/3

(V) cosx (vi) sec®x (vii) Inx (viii)

x24+1

B. Integrate the following functions with respect to the appropriate variables:

() 4u (i) 252 —3s+2 (iii) 6/t’ (iv) x!/4
. 0 . 2 [ . 3t “ee
(v) sin (vi) cosec (vil) e (viii) e
9.3.3 Addition of integrals <251 257 <
Integrate:
., 3 ) . 1
1) 2x-— = (i) 2cosx —sinx (iii) coshx = E(ex + e*)
X

(iv) sin(x 4+ 3) by compound angle formulae

(v) The polynomial:
n
Z a,x"
r=0

(vi) sinxcos2x (vii) sinhx

9.3.4 Simplifying the integrand

A. Evaluate the following by simplifying the integrand — noting any special conditions
needed.
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2_3x+2
@) f ﬂ dx (i) fln £595% Jx
cos 2x €05 |n 2%
i [ S22 R
cosx + sinx e3nxp— sin® x

W) /(cosx —sinx)?dx

B. Sometimes you have to complicate a function to integrate it. Integrate sec x by multi-
plying and dividing by sec x + tanx. Integrate cosec x in a similar way.

9.3.5 Linear substitution in integration
Integrate:

() @x+3)7 () @x—-DY (i) sinGx—1)  (iv) 2e* +1

)

vi) Qx — 1) (vii) /3x +2 (viii) cos(2x + 1)

2x + 1
(ix) 431 (%) I 3
9.3.6 The du = f'(x) dx substitution

A. Write down the substitution # = f(x) you would use to integrate the following and
hence integrate them.

Q) x%e* (i) sec?x sin(tan x + 2)
(i) in’ v L W t
iii) cosx sin’ x iv T v) tanx
B. Integrate:
() f'Go)sin(f(x) Gi) fO)eSO’ () (i) x2cos (x3 + 1)
x—1
. o . ’ Fx)
@iv) sin x In(cos x) W) 7 o1 1 (vi) / f(x)e dx
(vii) f f'(x)cos(f(x)+2)dx
C. Integrate:
(i) 3x2(x3 +2)3 (i) 2xvxZ41 (iii) 22)67_1
x*—x+1
2
(iv) (x + 1) cos(x? +2x + 1) (v) sinxec®s* (vi) =X
tan x
(vii) cos2x(2sin2x + 1)3 (viii) \/%
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9.3.7 Integrating rational functions

A. Integrate the following by partial fractions:

i 2x B x+1
P YR W P srre
) —— ) — >+l

(x + D2+ 1)

B. Integrate the following by completing the square:

) 1 . 3
M x24+2x+5 (D x2—=2x+2
. 1 1
@) x24+6x+10 ) 2x2 + 12x + 27

C. Integrate:

x24+1 3

. .. X
O T Da+2 S S

9.3.8 Using trig identities in integration
Integrate:

3

2y sin’x

(i) cos (i1) cos2x cos3x

(iv) cos5x sin3x (v) sin2x sin3x

9.3.9 Using trig substitutions in integration

(x —12(x = 2)

<« 252 265«

(i) 2x2 —x —1
2x + 1

xX342x2—x -2

(vi)

2

(i) 2x2 4+ 2x + 1

3x*

i (x—=Dx+1

<« 252 269 <

(iii) cos’x

<« 252 272 <

A. Integrate the following functions using appropriate substitutions:

. 1 ..
® V4 — 4x? @) 4 4 9x2
. 1
) 1+ 4x2 ) 8§ —2x — x2

0 1
B. Use the t = tan — substitution to integrate / —d6
2 3+ 5cosf

9.3.10 Integration by parts

Integrate:
(i) xcosx (i) x3¢*
(v) x%cosx (vi) xlnx (vii) x3e

(iii) sin~'x
3

o VEVAVIER.

(iv) e*cosx
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9.3.11 Choice of integration methods

A. From the following three methods of integration:

A standard integral
B substitution

C integration by parts
state which you would use to evaluate the following integrals:
(i) f 2¢" dx (ii) f xe* dx (iif) / xe¥ dx
@iv) / xcos(x?) dx ) / secxtanx dx (vi) / sec? x tan x dx
B. Choose from

A partial fractions
B completing the square

C substitution

the methods (in the order in which you would use them) you would use to integrate

@ 1 (ii) 1 (iii) 2x +1
) ————— i) ———— i) —————
x24+x+1 x24x-=2 x24+x—1
. 4x + 12 1 . 2
(V) ——— V) ———— Vi) 5
Vx?+6x+6 V7 —6x —x2 ¥ +2x+1
C. Integrate the integrals in Review Question 9.1.11.
9.3.12 The definite integral <« 253 278«
A. Evaluate
1 /2 2
) / x*dx (ii) / xcosxdx (iii) —————dx
0 0 0 vx3+1
1

X

@iv) R — |
0o x+D(x+2)

1
X (v) fxexdx
0

B. If f(x) is an even function and g(x) is an odd function, show that

a

@) ’ fx)dx = 2/a fx)dx (i) gx)dx =0
—a 0

—a
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9.4 Applications

We will be devoting a lot of Chapter 10 to applications of integration, and you will have
ample opportunity to see applications of integration later in the book. For now we will
apply the skills learnt in this chapter to look ahead to Laplace transforms and Fourier
series, covered in Chapter?.

1. Suppose f(t) is a function of ¢, defined for ¢ > 0. Then the integral

) = fo Fe di

is called the Laplace transform of f (¢) (the use of ¢ as the variable is conventional,
since the Laplace transform is usually applied to functions of time). We will study
this in detail in Chapter 17. We will want to evaluate this integral for all the simple
elementary functions. In order to do this we will need to integrate finite integrals of
the sort

fa f®e " dt
0

for a constant a. Do this for the functions f(¢) =1, ¢, 2, ¢!, sint, cost. Your results
should be functions of a and s. If you feel confident enough take the limit as a tends
to infinity, thereby obtaining the laplace transforms of the functions — see Chapter 17
for the results.

2. Let f(¢) be a function with period 2. Then under certain conditions it can be expanded
in a series of sines and cosines in the form

o0 o
ap .
) = — , COs nt b, sinnt
f@) 2+;a n —i—Z n

n=1

This is called a Fourier (series) expansion for f (). We study such series in detail in
Chapter 17, here we want to anticipate some of the results used there. The key task is
to determine the coefficients a,, b, of the Fourier series for a given function f(¢). This
involves the use of a number of integrals of products of sines and cosines, which we
ask you to evaluate here.

If m, n are any integers, then:

T
/ sinmtsinntdt =0 ifm#n
cosmtcosntdt =0 ifm+#n

s
g
-/;7'[
b1 T
/ cos’ntdt =7 / sin®nrdt =7
-7 —7T
b1
/ sinmtcosntdt =0 forall m, n
—IT
b1
</;TT

T
sinmt dt = / cosmtdt =0

-7
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These are called the orthogonality relations for sine and cosine. The limits —, 7 on
the integrals may in fact be replaced by any integral of length 27, or integer multiple
of 2m.

The coefficients a,, b, of the Fourier series for a given function f(¢) can be deter-
mined by multiplying through by cosnx or sinnx, integrating over a single period and
using the above orthogonality relations to remove all but the desired coefficient (see
Chapter 17). Show that in general

1 T

a, = — f@)cosntdt n=0,1,2,...
T Jn
1 T

b, = — f@)sinntdt n=1,2,...
T

-

Answers to reinforcement exercises

Note: an arbitrary constant C should be added to each indefinite integral.

9.3.1 Definition of integration

. V3 . 8 2 3
2 .o v . - =
A. (1) 9x >i1) WS (ii1) i @iv) 5x 5
-1
3 242 o 3 . S5x
(v) 3cos3x (vi) —3x“sinx (vii) Se (viii) G112
(ix) ! (x) L (xi) ) (xii) :
P RN TS e
.G nx ii 5e iii o iv 1
(v) sinx? (vi) —3tan"'x (vii) gxz/ 3 (viii) 24/x
L2 x? . 1
(ix) 3 sin 3x (x) ) (xi) 64/x +1 (xii) 3 In|3x 4+ 1]
9.3.2 Standard integrals
A. (i) 4x (i) x*—x*4+x (iii) =3 (iv) §x5/3
) 4x4 5
(v) sinx (vi) tanx (vil) xInx —x (viii) tan~'x
253 3s? 1 4
. 2 . = e _ . _ 5/4
B. (i) 2u (i) 3 2 + 2s (iii) 0 @iv) Sx
o3
(v) —cos#@ (vi) —cott (vii) 5 (viii) tan"'s
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9.3.3 Addition of integrals

6)) §x3 + 2 (i) 2sinx +cosx (iii) sinhx = %(e" —eY)
" rtl 1 1
(iv) —cos(x + 3) ) Z il vi) = (cosx — —cos 3x>
= r+ 1 2 3

(vii) coshx
9.3.4 Simplifying the integrand
%2

A. (1) 5~ x(x #2) (il) sinx (iii) sinx + cosx, provided cosx — sinx # 0

. 2e 1

Giv) ——(x >0 (v) x4 =cos2x

X 2

B. In|secx 4+ tan x|, In|cosec x — cotx|

9.3.5 Linear substitution in integration

@) $(4x+3)8 (ii) %(2x—1)4/3 (iii) —1cosBx—1) (iv) 2e* +x
) %ln(2x+1) (vi) %(2x—1)5 (vii) §(3x+2)3/2 (vii) 1 sin(2x + 1)
e Dy —

(ix) 3e (%) 4ln(4x 3)

9.3.6 The du = f'(x) dx substitution

A G) u=x3 L (i) u = tanx +2, —cos(tanx +2)

sin* x

1
(iii) u = sinx, (iv) u=x>+2x+3, 7 In(x> +2x +3)
(v) u=cosx,In|secx|

B. G

—

) —cos(f(x)) (i) et/ (i) 1sin(x®+1)
(iv) cosx In(cosx) — cosx v) In(x —1) (vi) e/®

(vii) sin(f(x) +2)

C. @) %(xf‘ +2)% (ii) %(ﬁ +1)3? (i) In(x2—x+1)
(iv) % sin(x? + 2x + 1) (V) —eosx (vi) In(tan x)
(vii) 11—6(2 sin 2x 4+ 1)* (viii) 6/x2+4x +4
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9.3.7 Integrating rational functions

1 3)2 4 —1
A () Sl =D +3)) (i) In % (i) 3In 2’;“
o3 |x+D? 3 x—2 2
21 ~ tan~! I
@iv) 4n e +2tan x (V) 3nx—l'+x—1
i) 11 x2—1
1 —n|———-
W22
o (x+1] . 1 _1
B. () Etan > (i) 3tan~'(x — 1) (i) 2tan™ 2x + 1)
) 1 V2(x +3)
1v tan_l X + 3 \' E—— tan_l E—
(iv) ( ) ) 33 |: 3 i|
C. () x+11 (o —2)° (i) LD (2 +2x +2) +2tan!(x + 1)
. 1 —1n 11 —_— — n an
X 3 (x+1)2 2 X X X X
3 |x—1
(i) x*+3x+ ln i+1’

9.3.8 Using trig identities in integration

5 3

(_) cos’x cos’x (i) 1 5 +1 .
— — sin — sin
i 5 3 ii 10 in5x 3 inx
2 s , 1
(iii) sinx — gsm‘ x + gsm X @iv) _E(COS 8x —4cos2x)

1
v) E(S sinx — sin 5x)

9.3.9 Using trig substitutions in integration

1 1 3 2
Ao () gsin'x i) 5 tan”! <7x> (i) % sin~'3x
3 1 -3
@iv) Etan’IZx (v) sin”! (%) (vi) sin”! <XT)
1 |24tanf/2
B. -In|——
4 |2—tan6/2

9.3.10 Integration by parts

(i) xsinx + cosx (i) (3 —3x2 4 6x —6)e* (i) xsin~'x 4+ /1 — x2
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X

@iv) %(cosx +sinx)  (v) xZsinx + 2xcosx — 2sinx
2 2
1
(vi) % In |x| — XZ vii) S Der’

9.3.11 Choice of integration methods
A. () A (i) C (iii) B (iv) B v) A (vi) B

B.() B,C (i A,C (i C Gy C () B,C (v B,C

3
C. () Injx®—6x+4 G) 2% cosx (i) x
1
@iv) 5 In(2x + 3)
1 ;5 1
W e (vi) 3sin~! (x er )
(vil) —xcos(x + 1) + sin(x + 1)
(vil)) x4+ +sin2x + o sind 0 X —rinxt
i) = — sin — sin ix) — —xIn
v 8x 1 sin 2x 3 sin4x 5 xlnx +x
1
(x) Sln(x —3) —4In(x —2) (xi) Zezx 2x—1) (xii) sin(e®)
1 .
(xiii) 3 cos 4x (xiv) +/x2—-2x+3
1
(xv) 2 In(x? 4+ 2x +2) +2tan"'(x + 1)
L1 N S
(xvi) E(9 cosx — cos 9x) (xvii) 2 sin(x~ 4+ 1)

9.3.12 The definite integral

T 1 G %(ﬁ—l) (iv) 2In3—-3m2  (v) 1

L1 ..
A. (1) 3 (>i1) )
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Applications of Differentiation and

Integration

In general terms, the usefulness of calculus in elementary engineering maths lies in the
application of differentiation as a rate of change or slope of a curve and integration as an
area under a curve. These are essentially applications to very useful mathematical methods.
There are also specific applications to various disciplines of engineering, such as centroids
and moments of inertia in solid mechanics and rms values in electronic engineering.
Also, there are examples in statistics. The applications to mathematical methods are the
main subject of this chapter. Some engineering and statistics examples are covered under

Applications.

Prerequisites
It will be helpful if you know something about:

techniques of differentiation (Chapter 8 <)
techniques of integration (Chapter 9 <)
simple ideas of limits (230 <)

coordinate geometry (Chapter 7 <)
tangent and normal to a curve (230 <)
equation of a line (212 <)

inequalities (97 <)

solving algebraic equations (Chapter 2 <)
plotting graphs (91 <)

Objectives
In this chapter you will find

differentiation as a gradient and a rate of change
tangent and normal to a curve

stationary points and points of inflection

curve sketching

the definite integral as the area under a curve
volume of a solid of revolution
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Motivation

You may need the material of this chapter for:

finding and interpreting rates of change such as velocity, acceleration, etc.
interpreting solutions of differential equations

finding optimal values of various engineering variables

sketching the graph of an engineering function

finding areas, centroids, etc.

evaluating volumes, moments of inertia, etc.

evaluating mean and rms values of alternating currents

evaluating probability, the mean and standard deviation in statistics

10.1 Review

10.1.1 The derivative as a gradient and rate of change

For each of the following functions find:

(a) The gradient or slope of the graph of the function at the point specified
(b)  The rate of change of the function at the point specified

(i) y=x% x=1 (i) y=cosx, x=m

10.1.2 Tangent and normal to a curve » 293 310>

Find the equations of the (i) tangent and (ii) the normal to the curve y = x> —x — 1 at

the point (2, 1).

10.1.3 Stationary points and points of inflection » 294 310 2>

Locate and classify any stationary points and points of inflection of the following functions
1

i) 16x —3x3 ) x4+ — (iii) xe*
X
(iv) sin x cos x w) x*
10.1.4 Curve sketching in Cartesian coordinates > 299 310>

Sketch the functions given in Q10.1.3.

10.1.5 Applications of integration — area under a curve

A. Find the area enclosed between the curve, the x-axis and the limits stated for each of
the following cases:

(i) y=4x>+1 x=0,2 (i) y=xe* x=0,1

2 2

B. Find the area enclosed between the curves y = x“ — x and y = 2x — x~.
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10.1.6 Volume of a solid of revolution

Find the volume of the solid of revolution formed when the positive area enclosed under
the following curve is rotated once about the x-axis.

y:l—xz’ y=0, —-1<x<l1

10.2 Revise

10.2.1 The derivative as a gradient and rate of change

d
The derivative, —y, of a function y = f(x) is defined by a limiting process precisely

to give the gradiévnt or slope of the curve described by the function at a given point
x (230 <). As such it describes the rate of change of the function — the ‘steepness’ of
the curve. Thus, at a point where dy/dx is large and positive the curve of the func-
tion y = f(x) is increasing steeply as x increases. Other cases are tabulated below, as
examples — fill in the missing entries.

dy/dx behaviour of y = f(x)
? y increases slowly as x increases
large and negative ?
? y decreases slowly as x increases

It is important to note that the derivative is defined at a point. Differentiation is therefore
what is called a local operation. The derivative of a function will only tell us about the
behaviour at a single point, and says nothing about the overall or global behaviour of the
function.

Solution to review question 10.1.1

(i) For the function y = x

2 we have

dy_
dx

2x

At x = 1 this has the value 2 and so (a) the gradient at this point is
2, and (b) the rate of change is also 2.

(ii) For the function y = cosx the derivative is ar_ sinx which is

equal to zero at x = 7. So in this case the (a) gr)gldient or slope of the
graph is zero at x = 7, as is (b) the rate of change of the function. So,
at this point the tangent to the curve is horizontal, its slope being zero,
and the rate of change of the function is zero. We know, of course,
from the properties of cos x, that this point is a local minimum (see
Section 10.2.3) (182 <).

292



Understanding Engineering Mathematics

10.2.2 Tangent and normal to a curve

The derivative at a point (a, b) on a curve y = f(x) will give us the slope, m, of the
tangent to the curve at that point. This tangent is a straight line with gradient m passing
through the point (a, b) and therefore has an equation (212 <)

y—b=m(x —a)

The normal to the curve y = f(x) at the point (a, b) is the line through (a, b) perpendicular
to the tangent — see Figure 10.1.

0

Figure 10.1 Tangent and normal to a curve.

In mechanics, the normal is important because it defines the direction of the reaction to
a force applied to a smooth surface represented by the curve. If the gradient of y = f(x)

at (a, b) is m then the gradient of the normal through (a, b) will be —— (214 <). So the
m

equation of the normal is
1

y—b=——(x—a)
m

Solution to review question 10.1.2

For the curve y = x

d
2_x_1wehave 2 =2x—1.
X

So at (2, 1), the gradientis m =2 x 2 — 1 = 3.
The equation of the tangent at (2, 1) is therefore

y—1=3(x—-2)

or
y=3x—-35

The gradient of the normal at (2, 1) is
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so the equation of the normal is
y—l=-3(x-2

or
x+3y—-5=0

10.2.3 Stationary points and points of inflection

Since the derivative describes rate of change, or the slope, of a curve it can tell us a
great deal about the shape of a curve, and the corresponding behaviour of the function.
Figure 10.2 shows the range of possibilities one can meet.

y

mF-—-————-—-

|
|
[
[
| |
1 1
ol / A BC D

Figure 10.2 Stationary points and points of inflection.

In all cases we assume that the function is continuous and smooth (the graph has no
breaks and no sharp points). At points A, C, E, where dy/dx is zero, y is not actually
changing at all as x varies — the tangent to the curve is then parallel to the x-axis at
such points as shown. These are called stationary points. So, at a stationary point of the
function y = f(x) we have

The value of f(x) at a stationary point is called a stationary value of f(x). Note that we
will usually use the ‘dash’ notation for derivatives in the rest of the book — it saves space!

There are a number of different types of stationary points illustrated in Figure 10.2,
displaying the different possibilities — C is a minimum point, and A is a maximum. £ is
a stationary point where the tangent crosses the curve — this is an example of an important
point called a point of inflection. B and D are also points of inflection of a different
kind — the tangent crosses the curve, but is not horizontal — see below. The maximum and
minimum points are called turning points, since the curve turns at such points and changes
direction. As emphasised above, differentiation is a local procedure. So, for example any
minimum identified by differentiation is only a local minimum, not necessarily an overall
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global minimum of the function. Similarly for a maximum. Indeed, for a function such

|
as y = x + — the local minimum actually has a higher value than the local maximum
X

> 297).

While the graphical representation of the behaviour of functions is very suggestive,
we need a means of distinguishing stationary points and points of inflection that depends
only on the derivatives of the function in question. The graphical form provides a hint as
to how this might work. As an example, consider a minimum point at say x = xq (see
Figure 10.3).

y
y:f(x)o)
? &
T &
NI 2
(SIS S
A, @
N &S
R S
Y N
PR ] DS
OIS
DR
! X
0 Xo

Figure 10.3 Behaviour at a minimum.

To the left of xg, i.e. for x < x9, y = f(x) is decreasing as x increases, and f'(x) < 0.
For x > x¢, y increases as x increases and so f’(x) > 0. And of course at x = xo we have
f'(x) = f'(x0) = 0. So, near to a minimum point we can summarise the situation as in
the table below:

X < Xo X = Xp X > Xo

f'(x) <0 f'x)=0 f'(x) >0

This characterisation no longer relies on the graphical representation — it depends only on
the values of the derivative at different points. Rather than use this table as a means of
verifying a minimum point, we look at the implications it has for the second derivative of
the function. In this case we see that as x passes through xy, f’(x) is steadily increasing.

That is

d (dy d*y y
a(a)=ﬁ:f (=0

So a minimum point x = xy on the curve y = f(x) is characterised by
f'(xo)=0 and f"(xo) >0

Similarly, for a maximum point we obtain the table

X < Xg

X = X0

X > Xo

f'x) >0

f'x)=0

f'(x) <0
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and so in this case the derivative is decreasing as we increase x through x = x¢ and thus
a maximum point x = x, is characterised by

flxo)=0 f"(x0) <0

Now what happens if f”(xg) = 0? Then, it is not clear whether or not the gradient, f'(x),
is changing at x = x¢ and a more careful examination is necessary. An example of one
possibility occurs at the point E in Figure 10.2, at which point

f'(xo) = f"(x0) =0

This is a particular example of a point of inflection. B and D are other examples, but
these are clearly not stationary points — the gradient is not zero. In these cases f”(xg) = 0
but f'(xg) # 0. So what precisely characterises a point of inflection?

Look more closely at the point B in Figure 10.2. To emphasise the point we will bend
the curve somewhat near to B, as in Figure 10.4. Take x = x( as the coordinate of B here.

Figure 10.4 Detail of a point of inflection.

On either side of B the gradient is negative. However, on the left of B, x < xq, the
curve is below the tangent. We say the curve here is concave down. To the right of B,
X > Xxo, the curve is above the tangent and we say it is concave up. Looking at points
D and E we see a similar change:

left of D — concave up
right of D — concave down

left of E — concave down
right of E — concave up

In general, any point where there is such a change of sense of concavity is called a point
of inflection, meaning a change in the direction of bending of the curve. At such a point
you will see that it is the rate of change of the gradient that is changing sign. For example:

left of B, gradient steepens as x increases — curve concave down
right of B, gradient decreases as x increases — curve concave up

So even though the gradient of f(x) may not be zero at a point of inflection — i.e. we
may not have a stationary value — the rate of change of the gradient, f”(xg), at such a
point must be zero. However, note that the condition f”(xo) = 0 does not itself guarantee
a point of inflection. The Review Question 10.1.4(v) illustrates this.
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Solution to review question 10.1.3

®

(ii)

For the function f(x) = 16x — 3x> we have f’(x) = 16 — 9x2. Solving
fl(x)=16—-9x*=0

gives stationary values at x = :I:%. To classify these consider the second

derivative f”(x) = —18x. So, for x = %,

'3 =-24<0

and we have a maximum.

For x = —% we have

ff=H=24>0

and we have a minimum.

We also note that f”(x) =0 at x = 0, so there is a possibility of a
point of inflection at this point. To investigate this we have to consider
how the gradient is changing on either side of x = 0. This is indicated
by the sign of f”(x):

x<0 f'x)=-18x>0
x>0 f'(x)=-18x <0

So for x < 0, f"(x) = (f'(x)) is positive and therefore the gradient
f'(x) is increasing as x increases and the curve is concave upwards. For
x>0, f(x) = (f'(x)) is negative, so the gradient f’(x) is decreasing
and x increases and the curve is concave downwards. Thus x = 0 is
a point where the curve changes from concave up to concave down
as x increases — it is a point of inflection. The curve is sketched in
Figure 10.7.

Note that the complete story about the curve requires quite a careful
study of its derivatives.

1 1
For f(x) =x + — we have f'(x) =1 — —- Solving
X X

f/(x):1—xi2:0

gives us stationary values at x = +1. We find

" 2
frx) = 3
X
and so
ffHh=2>0

giving us a minimum at x = 1, while
ff-H=-2<0

giving us a maximum at x = —1.
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298

iif)

(iv)

v)

In this case f”(x) is never zero for finite x, so we have no points
of inflection. Notice that in this case the local minimum value (2) is
greater than the local maximum value (—2), emphasising the local
nature of differentiation. The situation is sketched in Figure 10.8.

For f(x) = xe* we have f/(x) = e* 4+ xe* =0 when x = —1, since
e* # 0. At this stationary point we have

f'(x)=2e"+xe"=e'>0atx=—1

So x = —1 is a minimum point in this case.

Looking for points of inflection we note that f”(x) = e*(x +2) = 0 at
x =-2.For x <=2, f"(x) <0, f'(x) decreases as x increases and
the curve is concave down. For x > —2, f”(x) > 0, f’(x) increases
as x increases and the curve is concave up. So x = —2 is a point of
inflection. The curve is sketched in Figure 10.9.

We can write f(x) = sinxcosx = %sin 2x.
(2n+1) L
Then f’(x) = cos 2x = 0 when 2x = T?‘[ where #n is an integer.

So there are turning points where
<2n + 1)
x = b4
4
2n + 1
£"(x) = —2sin2x = —2sin (( ”2+ )n)

For n even this is negative, while it is positive for n odd.
2n +1

Further,

Thus we have maximum when x = ( )71 for n even, and

minimum when n is odd.

Points of inflection can occur when f”(x) = —2sin2x =0, i.e.
2x =mm
. . mi
where m is an integer, or x = -

For f(x) = x* we have f'(x) =4x*> =0 when x = 0. So there is a
stationary point at x = 0. But

f"(x) =12x*> =0 when x =0

So there may be a point of inflection at x = 0. However, we note that
for x < 0, f”(x) > 0, so the curve is concave up, while for x > 0 we
again have f”(x) > 0, again indicating that the curve is concave up.
So the concavity does not change at x = 0 and therefore it is not a point
of inflection. In fact, the graph is easy to sketch, and we clearly have a
minimum at x = 0 (see Figure 10.11, Review Question 10.1.4(v). This
illustrates that the vanishing of the second derivative, while essential
for a point of inflection is not a guarantee of one.
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10.2.4 Curve sketching in Cartesian coordinates

Curve sketching is exactly that — it does not mean plotting the curve, as in Chapter 3,
although one might actually plot a few special points of the curve, such as where it
intercepts the axes. A sketch of a curve shows its general shape and main features, it is
not necessarily an accurate drawing. In sketching a curve we deduce what we can about it
from quite general observations, such as where it increases, decreases, or remains bounded
as x becomes large or small. Similarly we might look for stationary values, intercepts on
the axes and so on.

With modern calculators capable of plotting almost any curve we might wonder why
curve sketching is necessary at all — is it like shoeing horses, for example? Not at all.
Apart from the fact that you might not always have a graphics calculator to hand, the
main benefit of the skills of curve sketching is that it gives you an appreciation of how
functions behave, and what the properties of the derivative can tell you about this. It
gives you a ‘feel’ for the function. Being able to sketch the rough shape of a given
rational function, for example, is a far more portable skill than being able to graph it on
a calculator by pressing a few buttons.

Of course, we already know a large number of different graphs of the various ‘elementary
functions’ we have considered, and the first step in sketching a curve is to see whether it
is easily converted to one with which we are already familiar. The kinds of transformation
we can make are listed below.

1. y = f(x) + c translates the graph of y = f(x) by c units in the direction Oy.
. ¥y = f(x + ¢) translates the graph of y = f(x) by —c units in the Ox direction.

. ¥y = — f(x) reflects the graph of y = f(x) in the x-axis.

2

3

4. y = f(—x) reflects the graph of y = f(x) in the y-axis.

5. y = af (x) stretches y = f(x) parallel to the y-axis by a factor a.
6

. ¥y = f(ax) stretches y = f(x) parallel to the x-axis by a factor 1/a.

However, once these transformations are taken advantage of, we might still have quite
complicated graphs to sketch. We can follow a systematic procedure for sketching graphs
which can be nicely summarised in the acronym S(ketch) GRAPH:

e  Symmetry — does the curve have symmetry about the x- or y-axes, is
the function odd or even?

Gateways — where does the curve cross the axes?

Restrictions — are there any limits on the variable or function values?
Asymptotes — any lines that the curve approaches as it goes to infinity?
Points — any points of special interest which are worth plotting?
Humps and hollows — any stationary points or points of inflection?

(I am indebted to Peter Jack for most of this pretty acronym.)
Working through each of these (not necessarily in this order) should provide a good
idea of the shape and major features of the curve. We describe each in turn.

S. We look for any symmetry of the curve. For example, if it is an even function,
f(x) = f(—x) then it is symmetric about the y-axis, and we only need to sketch
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half the curve. This may reduce considerably the amount of work we have to do in
sketching the curve.

Look for points where the curve crosses the axes, or ‘gateways’. It crosses the y-axis
at points where x = 0, i.e. at the value(s) y = f(0). It crosses the x-axis at points
where y = 0, i.e. at solutions of the equation f(x) = 0.

. Consider any restrictions on either the domain or the range of the function — that is,

forbidden regions where the curve cannot exist. The simplest such case occurs when
we have discontinuities. Thus, for example

1
Y= x+1
does not exist at the point x = —1 — there is a break in the curve at this point. See

Figure 10.5.

_ 1
Y=x+1

N

Figure 10.5 Asymptotes at a discontinuity.

Any rational function will have a number of such points equal to the number of real
roots of the denominator. Irrational functions such as +/1 — x2 exhibit whole sets of
values that x can’t take, because for the square root to exist 1 — x2 must be positive,
hence the curve y = /1 — x2 does not exist for |x| > 1. Thus, the curve is confined
to the region |x| < 1.

Look for asymptotes. These are lines to which the curve becomes infinitely close as

x or y tend to infinity. Thus, the function y = has the x-axis as a horizontal

X+
asymptote, since y — 0 as x — =oo. It also has the line x = —1 as an asymptote to

which the curve tends as y — #£00. Of course the curve can never coincide with the
line because of the restriction (see above) x # —1.

Also, look for the behaviour of the curve for very small and very large values of x or
y. This is often very instructive. For example, the curve y = x> 4+ x behaves like the
curve y = x for small values of x, allowing us to approximate the curve near the origin
by a straight line at 45° to the x-axis. For very large (positive or negative) values of
x it behaves like the cubic curve y = x°.

Consider any special points, apart from ‘gateways’ in the axes. They may literally
be simply specific points you plot to determine which side of an asymptote the curve
approaches from, for example.
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H. Points of particular importance include maximum and minimum values (humps and
hollows) and also points of inflection. While we do already know how to find these,
it may not in fact be necessary. Information already available may hint strongly at
certain turning values — for example a continuous curve which ends up going in the
same direction for two different values of x must have passed through at least one
turning value in between. Also, it is not always necessary to determine points of
inflection, especially those with a non-zero gradient, unless we want a really accurate
picture of the graph.

Solution to review question 10.1.4

(i) y = 16x — 3x3
First check on the symmetry. The function is odd and so we need

only sketch it for x > 0 and then obtain the whole curve by a rotation
of 180° about the origin.

Now find the gateways. The curve crosses the y-axis (x = 0) when
y =0, i.e. it passes through the origin. It crosses the x-axis at

y=16x—-3x>=0

. 4
1.€. x=0, +£—

/3

There are no restrictions on the domain — the function, being a poly-
nomial, exists for all values of x. It is continuous for all values of x
too. There are no asymptotes. Near the origin the x3 term is negli-
gible, and y >~ 16x, so it looks like a very steep straight line with
positive slope. For very large values the curve behaves like y ~ —3x3,
and clearly as x — oo, y — —oo0.

This discussion alone is enough to tell us that there is likely to be at

least one maximum point between 0 and ﬁ on the positive x-axis.
Figure 10.6 illustrates this deduction.
y
//’——~\\
/ \
/ \
/ \
\
\
0) y=16x \\ X
\
\
\

y=-3x3

Figure 10.6 Going to extremes.
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No particular special points spring to mind, except the stationary
points and points of inflection. We know from Review

Question 10.1.3(i) that there are two stationary points, at x = :I:%.

The point at x = 2 is a maximum and that at x = —% is a minimum.
3 3

There is also a point of inflection at x = 0 (this follows by symmetry
anyway). This enables us to complete the sketch as shown in

Figure 10.7.

T y=16x-3x3
_4\ a4 E
5 3 g
E 4 4 x
; 3 9

Figure 10.7 Sketch of y = 16x — 3x3.

. 1
(i) y=x+—
X

Again, this is an odd function and so is symmetric under a 180°
rotation about the origin and we need only sketch it for x > 0.
Gateways: The curve does not cross the y-axis, since there is a
discontinuity at x = 0. Also, it never crosses the x-axis, since

1 x2+1

X+ —=
X X

can never be zero.

Restrictions: For x > 0, y > 0, and for x < 0, y <0, so the curve
is confined to the upper half plane for x > 0 and to the lower half
plane for x < 0.

Asymptotes: As x — 0 from above (that is through positive values
of x), y = +o00, so the y-axis is a vertical asymptote for x > 0. Also,
for x very large, y ~ x, so the straight line y = x is an asymptote as
x — oo. Consideration of the asymptotes alone hints at a minimum
for x > 0 (and a corresponding maximum for x < 0).

Special points: nothing, apart from:

Stationary points: From Review Question 10.1.3(ii)) we have a
minimum at x = 1, and a maximum at x = —1.

Putting all this together, the graph is as shown in Figure 10.8.
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1
Figure 10.8 Sketchof y = x + <

(i) y = xe*
Symmetry: none
Gateways: (0, 0) only
Restrictions: none — defined for all values of x, and no discontinuities

Asymptotes: As x — —o0, y — 0 from below (i.e. from values less
than zero)

Points: none special except the

Stationary value: which, from Review Question 10.1.3(iii) is a
minimum at x = —1. We also have a point of inflection at x = —2
Putting all this together yields the graph shown in Figure 10.9.

y

y = xex

Figure 10.9 Sketch of y = xe*.

(iv) y =sinxcosx = % sin 2x
This is the graph of a standard elementary function, which we already

know from Chapter 6.
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v) y=x*

y
y=sin xcos x
=% sin 2x
—77 0
T X

Figure 10.10 Sketch of y = sinxcos x.

We have already discussed this relatively simple function in Review
Question 10.1.3(v), and we know it has one minimum, at the origin.
It is symmetric about the y-axis and clearly has shape similar to a
parabola — but ‘more squashed’. It is sketched in Figure 10.11.

y
y=x4
ol X
Figure 10.11 Sketch of y = x*.
10.2.5 Applications of integration — area under a curve <291 310>

There are many applications of integration in engineering and science, but for our purposes
they can be grouped into the categories:

Applications in further topics in engineering mathematics such as
Laplace Transform and Fourier series (Chapter 17) and solutions of
differential equations (Chapter 15).

Applications in mechanics to such things as centre of mass and moment
of inertia.

Geometrical applications such as calculating areas, volumes, lengths of
curves.

Applications in probability and statistics, such as mean values, root mean
square values, probability in the case of a continuous random variable.

The basic principle behind applications of integration is essentially that of obtaining a
total of a quantity by regarding it as the sum of a very large (infinite) number of elementary

quantities:
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e  an area split into strips
° a curve split into line segments
) a solid body split into very small particle like elements

The rest of this chapter will be concerned mainly with geometrical applications, although
the Applications section contains some examples from mechanics. The main objective is
to illustrate the general ideas and motivate the hard work necessary to master integration.

The area ‘under’ a curve is the, perhaps misleading, term used for the area enclosed
between a given curve and the x-axis. Or, it may be the area enclosed between two quite
general curves. Figure 10.12 illustrates the sorts of possibilities we can have.

7

() (i)

A\
DA

(iii) (iv)
Figure 10.12 Areas and curves.

The case (i) is the easiest to deal with. In case (ii), note that areas below the axis are
regarded as negative. This is to conform with such results as:

0
/ sinxdx = —1
—m/2

In case (iii) we would need to find where the curves intersect and integrate the differ-
ence between the two functions over the appropriate region. Case (iv) also requires us
to integrate the difference of the functions, but now care must be taken to allow for the
difference in signs of the two areas.

Considering now the simple case (i) let us look at the connection between integration
and the area under a curve.

At the elementary level there are two common viewpoints of integration —

° the integral as the inverse operation to differentiation, or anti-deriva-
tive (253 «):

f 2xdx =x*+C
because

d

— (x4 C) =2

dx

305



Understanding Engineering Mathematics

e the definite integral interpreted as the area under a curve as illustrated
in Figure 10.13.

0

Figure 10.13 Area under a curve.

For theoretical discussion it is the latter viewpoint which is perhaps most useful — indeed,
the indefinite integral can be viewed as the definite integral

/:f(u)du

First we will show, using only simple ideas of limits, the connection between the two
viewpoints and then concentrate on the area viewpoint.

For a continuous curve, we can regard the area A under the curve as a function of x,
as shown in Figure 10.14.

y

0

Figure 10.14 The indefinite integral as an area.

The area under the curve between a and x + £ is denoted A(x + h). The difference bet-
ween the area under the curve between a and x + & and between a and x is A(x + h) —
A(x) and this is clearly the area of the thin strip above the interval (x, x + h). The area
of this thin strip is approximately %[ fx +h)+ f(x)] x h, the area of the thin trapezium
ABCD, if h is very small. So we have

A 4+h) — Ax) = 3[fx+h) + F)] x h
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or
Alx +h)—Alx) 1

h 2

[f(x+h)+ f(x)]

and this approximation improves as h gets smaller. Indeed, taking the limit 7 — 0 we get

lim
h—0

[A(x +h) — Ax)

) }= SUFG ) + 700

= f)

From Section 8.2.2 («) we recognise the left-hand side as d A /dx:

lim
h—0

[A(x +h) — A(x)i| dA

Y =d_x=f(x)

So, using the first viewpoint of the integral, as the inverse of differentiation, we have

Alx) = fx fx)dx

for the area under the curve.

This argument for the equivalence of finding an area and reversing an integration can be
extended to all other cases in Figure 10.12. The review questions illustrate what happens
in practice.

Solution to review question 10.1.5

A. (i) The area under the curve y = 4x> + 1 between x =0 and x =2
is given by the definite integral

2 4 > 38
f 4x* + 1) dx = [—x3+x] =—
0 3 0 3

(i) For y = xe* between x = 0 and x = 1 we have the area

1
/ xe*dx = [xe* — ex](l) =1
0

B. A sketch is always useful in this kind of question. The curves y =

x? —x and y = 2x — x? intersect where

x> —x=2x—x

2

or x =0, 3/2. They are sketched in Figure 10.15.

The area required is shaded. You can now see the reason for the sketch.
Between x = 0 and 1, the area for the curve y = x> — x is negative.
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A

N
—
N|w
EN[H)
—

0 (1,0) \ X
y=x2-x

Figure 10.15 Area between y = 2x — x> and y = x? — x.

However, this will still be accommodated by integrating the difference
of the two functions over the range 0 < x < 3/2, as follows:

3/2 3/2
f [2x —x* — (x> = x)]dx = f (Bx —2x%) dx
0 0

= — units

10.2.6 Volume of a solid of revolution

When the area under a curve between the limits x = a, b is rotated once about the x-axis
a solid of revolution is formed. For the purposes of illustration we will assume that the
curve is entirely above the x-axis, so that the area rotated is positive. See Figure 10.16.

y

Figure 10.16 Volume of revolution.
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If we rotate a thin strip of area, dx wide, about the axis, then a thin disc is formed,
whose radius is » = y, and thickness is & = dx. The volume of this disc is approximately
‘mr’h’ = wy?dx. So the total volume between the limits x = a and x = b is obtained by
integration as

b b
/nyzdx=ﬂ/ y*dx

So, given a function y = f(x) between values x = a and x = b, entirely above the
x-axis, by rotating the area under its curve we generate a volume of revolution deter-
mined by substituting the function and values of a and b in the above integral. Review
Question 10.1.6 illustrates this.

Solution to review question 10.1.6

The volume of the solid of revolution obtained by rotating the area under
the curve y = f(x) once about the x-axis between the limits x = a, b is
given by

b b
n/ y2dx:n/ [f())dx

The area bounded by the curves y =1 — x2, y=0for —1 <x < 1isthe
positive area enclosed between the curve y = 1 — x? and the x-axis. The
curve cuts the x-axis at x = 1 and so the required volume is

1 1
7'[/ (1—x2)2dx=2n/ (x* —2x> 4+ 1) dx
—1 0

167 .
—— square units
15

10.3 Reinforcement

10.3.1 The derivative as a gradient and rate of change

A. For the following functions find (a) the rate of change and (b) the slope of the graph
at the points specified.

(i)y=x3—|—2x—1, x=0,2
(i) y = sinx x:O,%
(iii)) y = e* cosx x=0,1

(iv) y =In(x>+1) x=0,2
B. Find the point on the curve
y=x>4+3x>—9x +1
where the gradient is —12.
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10.3.2 Tangent and normal to a curve <<291 293«

Find the equations of the tangents and the normals to the following curves at the points
indicated.

@) y=x*4+2x-3 x=1

(i1) y=x*+1 x =1
(iii) y=Inx x=1
@iv) y=e sinx x=0
10.3.3 Stationary points and points of inflection

A. Locate and classify the stationary points and any points of inflection of the following
functions:

() x>—4x+3 (i) x> —12x+2
3 . X 5
(i) x° @iv) 3 + -
X
(v) 2x3 —15x2 4+ 36x — 4 (vi) 4x3 +3x*—36x+6

B. Find the maximum and minimum values of the curve of the function y = x (x> — 4),
and also find the gradient of the curve at the point of inflection.

10.3.4 Curve sketching in Cartesian coordinates <291 299«
Sketch the graphs of the following functions.
() =22 —x+2 (i) —
x+1
L X+ . x—2
(111) P (IV) m
x> +4 ) by
) m (Vl) 3 4 cos (E)
(vii) xe™*

10.3.5 Applications of integration — area under a curve

A. Find the area enclosed between the curve, the x-axis, and the limits stated for each of
the following curves:

1
) y=2x24+x+1 x=0,2 ) y=x—- x=12
X
(i) (x—De* x=1,2 (iv) y =cos2x x:O,%
1
V) y=x+5 x=1.3 (vi) y=sin’x, x=0,7/2
X

310



Understanding Engineering Mathematics

B. Calculate the total signed area between the curves and the x-axis and the limits given
by: (a) geometry, (b) integration.

G y=1-x, x=2,4 G) y=x—-1, x=0,2

1
C. Evaluate/ |x|dx
-1

D. Find the area enclosed by the curves y = x2 42, and y =1 — x, and the lines x = 0,
x=1.

10.3.6 Volume of a solid of revolution

Determine the volumes obtained by rotating the positive area under each of the following
curves about the x-axis, between the given limits:

) y=x(1-x),y=0
(i1) xy =1, y=0, x=2, x=5
(iii) y =sinx, x=0, x=m

10.4 Applications

1. The major application of differentiation in mechanics is in kinematics. In one-
dimensional motion along the x-direction the displacement of a moving particle is
a function of time, x(#) and at any time ¢ its velocity and acceleration are given
respectively by

dx . d*x
V= —=X a = — =
dt dt?

(1)—(@v) give either the position x(¢) (metres) or velocity v(¢) (metres per second) of
a particle at time 7. In each case find (a) the velocity and (b) acceleration at the point
t =1 sec and (c) determine when the particle is stationary.

@) x(t) =3 =2t + 1>
2t — 1
2+1

(i)  x(t) = ¥ sint

i) ()=

@iv) v(t) = cost

2. Sometimes rates of change of a variable are not calculated directly but in terms of the
rate of change of some other variable on which it depends. For example the rate of
change of the area of a circle in terms of the rate of change of its radius. In such cases
we use the function of a function rule:

2 dA dr

2 g
so —~ T

A=nmr

and we can calculate d A/dt knowing the rate of change of r.
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1 An oil spill from a ruptured tanker in calm seas spreads out in a circular
pattern with the radius increasing at a constant rate of 1 ms~!. How
fast is the area of the spill increasing when the radius is 300 m?

(ii) The radius of a spherical balloon is increasing at 0.001 ms~'. At what
rate is the (i) surface area (ii) volume increasing when the radius is
0.25 m?

3. The motion of a particle performing damped vibrations is given by
x =e 'sin2t

where x is the displacement in metres from its mean position at time ¢ secs. Determine
the times at which x is a maximum and find the maximum distance for the least positive
value of ¢. Determine the acceleration at this point.

4. The work done in an air compressor is given by

ver (5) ()
p P2
where pi, ps, n, K are positive constants. Show that the work done is a minimum

when p = \/pips.

5. One method of obtaining an estimate x of a quantity x from a set of n measurements
of x (all of which may be subject to experimental error), xy, Xz, ..., X, is to choose x
to minimise the sum:

s= =0+ (=07 4+ (x, — %)

This is called the method of least squares. It minimises the total squared deviation
from x.
Determine x according to this principle and comment on the result.

6. The resultant mass of a system of particles, masses m;, situated at the points P; (x;, yi, Zi)
acts at a fixed point G(x, y, z7) where

D MmiX; )-)_Zmi)’i Z_Zmizi
M M M

X = where M = Z m;
G is called the centre of mass. The numerators in the above expressions are called
the first moments of the system with respect to the yz-, zx-, xy-planes respectively. In
the case of a continuous body the above particle system is replaced by the elements
of the body and integrals used as the limits of the summations. For example:

/xl
[ am

The centre of mass G of a plane lamina lies in the plane of the lamina. If the lamina is
uniform, G is called the centroid of the area of the lamina and if this area is symmetrical
about any straight line, the centroid lies on this line. The coordinates of the centre of

X =
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mass of a lamina with surface density p(x, y) enclosed within the curve y = f(x), the
x-axis and the lines x = a, x = b, are given by

b 1 b
/ pxydx —f py*dx
a 2 a

= j= :
/pydx
a

b
/ pydx
a

If the density is uniform, and such a lamina is rotated about the x-axis, then the centre
of mass of the solid of revolution so formed will lie on the x-axis and the x-coordinate
of the centroid will be given by

b
/ xy?dx
b

/ y*dx

6)) Find the positions of the centroids of the following areas (taking
p=1):

X =

(@y=sinx 0<x<m, y=0
(b) A semi-circle with radius a.

(i)  Calculate the positions of the centroids of the solids obtained by
rotating the following curves about the given axes:

(a) x% + y2 = a” about Ox, forx >0, y > 0.
(b) y2 =2x x=0, x =2 about Ox.

7. In arigid body of mass M rotating with angular velocity w about a fixed axis, a particle
P of mass §m at perpendicular distance r from the axis would have velocity wr and
kinetic energy 2Sm(wr)2 By regarding a continuous body as the limit of a sum of such
particles, its kinetic energy will be

1
limZ 2r28m — — /a) dm—— 2/rzdm

since w is the same for all particles of the body. The expression

I=/r2dm

is called the moment of inertia (MI) of the body about the axis of rotation. It is usually
given in the form Mk? where k is called the radius of gyration about the axis. The
MI is also called the second moment of the body.

@) Find the moment of inertia and the radius of gyration of: (a) a uniform
rod length a about perpendicular axis through centre; (b) a disc radius
r about an axis perpendicular to the disc, through its centre.
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(i1) Calculate the moment of inertia about the coordinate axes of
@) y=x2 y=0,x=4
(ii) 2y=x3x=0 y=4
(iii) xy=4, x=1,y=0,x=4

1 b
8. The mean value of y = f(x) between x = a, b is given by b —a / f(x)dx.
—al,

1 b 1 b
The RMS value is defined as \/ / yidx = \/ - / (f(x)*dx.
b—alJ, b—al,

It is the square root of the mean value of the square of the function. The RMS value is
very important in alternating current theory — applied to oscillatory currents it has the
effect of averaging over the oscillations (power dissipated is proportional to the RMS
of the current). The RMS is similar to the standard deviation of statistics.

Find the mean and RMS values of the following functions over the ranges indicated:

i y=xx=0,1) i) y=3x(x=0,1)
(i) y=sinx (x =0, 7) iv) y=e* (x=0,1)

Answers to reinforcement exercises

10.3.1 The derivative as a gradient and rate of change

A. (1) (@2atx=0,14atx=2 (b)2atx=0,14atx =2

1 1
(ii) (a)latx:O,Eatng (b)latx:O,Eatxz

(i) (@ latx=0,e(cosl —sinl)atx =1 (b)latx =0,e(cosl —sinl)atx =1

w| S

4 4
@iv) (a)Oatx:O,gatx=2 (b)Oatx:O,gatx=2
B. (-1, 12)

10.3.2 Tangent and normal to a curve
1) Tangent is y =4x — 4, normal is x +4y — 1 =0
(ii) Tangent is y = 4x — 2, normal is x +4y — 9 =0
(iii)  Tangentis y=x — 1, normalisx+y—1=0

@1v) Tangent is y = x, normal is y = —x
10.3.3 Stationary points and points of inflection

A. (i) Min at (2, —1)
(ii)) Min at (2, —14), max at (—2, 18), point of inflection at (0, 2)
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(iii)) Point of inflection at (0, 0)
(iv) Min at (5, 2), max at (=5, —2)

(v) Min at (3, 23), max at (2, 24), point of inflection at x = 3

2
(vi) Min at x = %, min at x = —2, point of inflection at x = —%
16 2 16 2
B. Max of —— at x = ——— and min of ——— at x = —. The slope at the point of
33 73 33 73 P b

inflection, x = 0, is —4.

10.3.4 Curve sketching in Cartesian coordinates

@ (ii) ) (iv)

v) (vi) (vii)

10.3.5 Applications of integration — area under a curve

A. (i) 23—8 (ii) %—mz
(iii) e @iv) %
) 23—8 (vi) %
B. (i) -4 (i) 0
C.1
11
D. —
6
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10.3.6 Volume of a solid of revolution

. T 37
()] % (i) E
(ii1) n_Z
2
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Vectors

Vectors are the mathematical tools needed when we deal with engineering systems in
more than one dimension. Vector quantities such as force have both a magnitude and
direction associated with them, and so are represented by mathematical symbols that,
similarly, have a magnitude and direction. We can construct an algebra of such quantities by
which they may be added, subtracted, multiplied (in two different ways) — but not divided.
These rules of combination reflect the ways in which the corresponding physical quantities
behave — for example vectors add in the same way that forces do, the scalar product
represents ‘vector times vector = scalar’ in the same way that ‘velocity times velocity =
energy’. By introducing a coordinate system, we can also represent vectors by arrays of
ordinary numbers, in which form they are easier to combine and manipulate.

Prerequisites

It will be useful if you know something about

ratio and proportion (14 <)
Cartesian coordinate systems (205 <)
Pythagoras’ theorem (154 <)

sines and cosines (175 <)

cosine rule (197 <)

simultaneous linear equations (48 <)
function notation (90 <)
differentiation (Chapter 8 <)

Objectives
In this chapter you will find

definitions of scalars and vectors

representation of a vector

addition and subtraction of vectors

multiplication of a vector by a scalar

rectangular Cartesian coordinates in three dimensions
distance in Cartesian coordinates

direction cosines and ratios

angle between two lines

basis vectors (i, j, k)
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properties of vectors

the scalar product of two vectors
the vector product of two vectors
vector functions

differentiation of vectors

Motivation

You may need the material of this chapter for

e representing and manipulating directed physical quantities such as displacement,
velocity, and force

e solving two and three dimensional problems

e working with phasors (» 371)

e describing and analysing structures

11.1 Introduction — representation of a vector quantity

Think of three examples of physical quantities: temperature, force, shear stress. Each of
these is represented mathematically by a different type of object, reflecting the way in
which these physical quantities behave and combine.

Temperature requires just one number for its specification — this is called a scalar quan-
tity. Other examples of scalar quantities are mass, distance, speed.

Force requires a magnitude and a single direction for its specification — this is called a
vector quantity. Other vector quantities are displacement and velocity.

Shear stress requires the relative motion of two parallel planes for its specification — this
is called a tensor quantity. We do not consider tensors in this book, but they are very
important in, for example, solid mechanics.

Scalars, vectors and tensors are all different types of mathematical objects that are
defined and combined amongst themselves in such a way as to model the respective
physical quantities.

The first conceptual hurdle that we have to overcome with vectors concerns how we
represent them. A vector quantity can be represented at two levels:

e as a directed line segment drawn on a piece of paper, and represented by a symbol
possessing both magnitude and direction, satisfying an algebra that reflects geometrical
combinations — ‘vectors as arrows’

e by a mathematical object consisting of some numbers that effectively describe the magni-
tude and the direction of the quantity, and combine in such a way as to represent
combinations of the quantity — vectors as arrays of numbers, or ‘components’. This
requires an explicit coordinate system, and the numbers representing the vector will
depend on this system.

Both of these representations are used at the elementary level, but the connection between
them is not always easy to see. The situation is not helped by the fact that the terms ‘scalar’
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and ‘vector’ are also used in matrix theory, and indeed matrices can be used to represent
vectors —a 3x 1 column matrix can be used to represent a vector for example. Again, the
connections between these ideas are not always clear. However, we will usually use the
representation of vectors by arrays, which is relatively straightforward to operate.

In this book we will usually denote vectors by bold lower case — in written work it
is usual to denote them by under line (a) or over line (a). To denote specific vector
displacements from points A to B we use the notation

—
AB or AB

Note that vectors have units of course, depending on the physical quantity they represent.

Whichever representation of vectors we use, we will eventually need a three dimen-
sional coordinate system — simply so that we can state such things as length and direction
unequivocally. There are a number of such coordinate systems in common use but we
will use the simplest and most popular one — the generalisation of rectangular Cartesian
coordinates.

Exercise on 11.1

Classify the following as scalar or vector quantities:

(i) area (ii) gravitational force (iii) electric field at a point
(iv) density (v) potential energy (vi) work
(vii) magnetic field (viii) time (ix) pressure
(X) acceleration (xi) voltage (xii) momentum
Answers

(1), (iv), (v), (vi), (viii), (xi) are all scalars. The rest are all vectors.

11.2 Vectors as arrows

This is the most common approach to vectors at the elementary level. We treat the line
segment representing a vector a as an abstract geometrical ‘free’ object. If a is specifically
fixed to an origin, then it is referred to as a position vector — its tip designating the
position of the point at the tip. Pictorially, we might display vectors as in Figure 11.1.

7,

Note that the vector —a is simply a in the opposite sense.

An algebra of such objects can be constructed which reflects geometrically the way in
which vector quantities combine. Naturally, two vectors are equal if and only if they have
the same magnitude and direction. The zero vector has zero magnitude and undefined
direction — it is denoted 0.

Figure 11.1 Free vectors as arrows.
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The length or magnitude of a vector, a, is denoted |a| or just a. The direction of a is
represented by a vector in the same direction, but with unit magnitude, and is denoted by
a. Thus, we may write a = |aa.

Exercise on 11.2

Consider vectors in a plane, and use a two-dimensional Cartesian coordinate system with
the usual rectangular x-, y-axes. Choosing suitable scales on the axes sketch vectors as
follows:

1) Three free vectors a, b, ¢ all of the same length 2 units and making
equal angles with the positive x- and y-axes.

(i) A position vector r of length 3 units in the north-west direction (posi-
tive y-axis north).

Answers
)
y
3 b
a 27
1
-3 -2 -1 0 1 2 3 x
N
/
72 +
Figure 11(i)
(i1)
y
3 +
2 +
r
1
-3 -2 -1 0 1 2 3 x
Figure 11(ii)
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11.3 Addition and subtraction of vectors

Geometrically, vectors are added by the use of the triangle law in which a and b form
two sides of a triangle in order, as shown in Figure 11.2. Then the resultant is the third
side, denoted here with a double arrow. This representation of addition is in keeping with
vectors describing displacements for example — following vector a and then continuing
along vector b takes you to the same place that the resultant of vectors a and b takes you
directly. In Figure 11.2 we represent this explicitly by showing displacements between
three points A, B, C.

- o o
AB +BC =AC

Figure 11.2 Triangle addition of vectors.

The resultant of a and b is denoted by the vector sum a + b or by ATC) This can be
regarded as ‘a followed by b gives a+ b’.

An alternative means of geometrical addition, linked to the calculation of the resultant
of two forces, is the parallelogram law. Thus to add vectors a and b we construct
a parallelogram with a and b forming two sides and then their sum or resultant, in
magnitude and direction, is represented by the diagonal of the parallelogram, as shown
in Figure 11.3. This represents the way in which vector quantities such as force combine.
For example, if you imagine two horses on either side of a canal pulling a barge, then
the resultant force on the barge will be represented by the diagonal of the corresponding
parallelogram.

Figure 11.3 Parallelogram addition of vectors.

Using either viewpoint — triangle or parallelogram — by constructing appropriate
diagrams you can convince yourself that

a+(+c)=(a+b)+c (vector addition is associative)

a+b=b+a (vector addition is commutative)

Three or more vectors can be added by the polygon law as illustrated in Figure 11.4 — the
resultant or sum ‘closes’, in the opposite direction, the polygon formed by following the
vectors in the sum in turn.
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atb+c+d+e+f+g

Figure 11.4 Polygon addition of vectors.

A particular example of this is scalar multiplication of a vector by a scalar — the vector
ka is simply a with its magnitude scaled by k.

Vectors may be subtracted geometrically as shown in Figure 11.5. Thus, we can denote
the vector b — a by the ‘arrow’ that takes us from a to b, since a followed by b — a gives
the same displacement as b.

Figure 11.5 Subtraction of vectors.

Exerciseson 11.3

1. Consider the pentagon below:

Express

@) e in terms of a, b, ¢, d
(i) (TI:: in terms of e, a, b
(iii) (TI:: in terms of ¢ and d

. — . — —
@iv) EC in terms of EA and CA

2. On a two dimensional Cartesian coordinate system, a is the position vector from the
origin to the point (1, 0), b is the position vector with length 2 at angle 60° (anti-
clockwise) to the positive x-axis. Describe the vector b — a.
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Answers

I e=—@+b+c+d) (i)CE=—(e+a+b) (i) CE=c+d
L= = =
(iv) EC =EA — CA

2. b —ais of length +/3 parallel to the y-axis

11.4 Rectangular Cartesian coordinates in three
dimensions

To represent points, geometrical objects, vectors, etc. in 3-dimensional space it is useful to
have a reference frame or coordinate system. The simplest type is the Cartesian system
of rectangular coordinates, which generalises the usual x-, y-axes of two dimensions — see
Figure 11.6, which shows how a point P may be represented by coordinates (xy, y, 21)
relative to a three-dimensional rectangular system of x-, y-, z-axes.

X
Z4
P(x1, y1, 1)
o
7,
w’z\ﬁ/
_\_\
V4
&
K
Y1
0 = y
(0) O
N
z

Figure 11.6 Rectangular Cartesian coordinates in three dimensions.

PN is the perpendicular to the x-y plane. The axes are shown arranged in the usual
convention in which the Ox, Oy, Oz form a right-handed set — rotating Ox round to
Oy drives a right-handed screw along Oz. The same applies if we replace Ox — Oy —
Oz — Oux, etc.

We say that the coordinates of P relative to the axes Oxyz are (xy, y;, z1) or ‘P is the
point (xy, y1, z1)’ where the coordinates are the distances of P along the x-, y-, z-axes
respectively. We can label each point of 3-dimensional space with a set of ‘coordinates’
(x, y, z) relative to a particular coordinate system. For a given point, choosing a different
set of axes gives a different set of coordinates.

Exercise on 11.4

Plot the points (0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0) (—1, 0, 0), (1, 0, —1), (2, —1, 1) on
a perspective drawing of a Cartesian rectangular coordinate system.
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Answer

¢ (0,0,1)
(-1,0,0)

0,00 (0.1.0) v

(2,-1,1) 1.0.0)

(1.,0,—1)

11.5 Distance in Cartesian coordinates

Look again at Figure 11.6. The distance, r, from the origin O to the point P(xy, yi, z1)

is given by
r=0P=\/x{+y*+2z?

This can be seen by applying Pythagoras’ theorem (154 <) twice:
OP> = ON?+ PN> = 0Q* + QN> + PN’ =2} + y} + 23

In general the distance between two points P(x, y, z), P'(x’, y’,Z') is given by:

PP = \/(x’ — 02+ =P+ —2)?
which again follows from Pythagoras’ theorem.

Problem 11.1
Calculate the distance between the two points P(—1,0,2) and P’(1,2,3).

The distance is given by substituting the coordinates into the above expression for P P’

PP = (=1 =12+ (0—-2)2+ 2 —3)?
=v/9=3
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Exerciseon 11.5

Calculate the distances of the points (i) (1, 0, 2), (ii) (=2, 1, —3), (iii) (—1, —1, —4) from
the origin. Also calculate the distance between each pair of points.

Answer

(i) /5 (i) V14 (i) +/18
Between (i) and (ii), +/35. Between (i) and (iii), ~/41. Between (ii) and (iii), v/6.

11.6 Direction cosines and ratios

NB. Sections 11.6—8 are not essential to what follows and may be safely omitted for
the student who simply wants to be able to use vectors. However, the ideas are very
important in more advanced engineering mathematics and occur in such topics as CAD
and surveying.

While the coordinates of a point P(x, y, z), tell us everything that we need to know
about the line segment O P, they are not very convenient for indicating its direction, which
is most easily done by means of angles. When soldiers aim a field gun they do not specify
the coordinates of the tip of the barrel — they give the angle of elevation of the barrel,
and the bearing of the target. Similarly, the best way to specify the direction of OP is
to specify the angles it makes with the axes. But we still want to retain a link with the
coordinates (x, y, z) and for this reason we use the cosines of these angles — the so-called
direction cosines.

Let O P make angles «, 8, y with the axes Ox, Oy, Oz respectively — see Figure 11.7.

z
PN is perpendicular to Ox
ON = |x| = r|cos ¢
r=|OP|
P
) 2ay
a y

Figure 11.7 Direction angles in three dimensions.

The direction cosines of the line segment, or radius vector, O P are defined as cos «,
cos 3, cos y denoted by:

|l =cosa, m=cosB, n=cosy

Since X =rcoso, y=rcosfl, Z=rcosy
we have
X y Z
l=—, m=%>, n=-
r r r
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from which, since r?=x*+ y2 + zz,
P+m?>+n*=1
Note that the direction cosines of a line not passing through the origin are the same as
those of a parallel line through origin.
The numbers I, m, n are not always the most convenient to use — they are all less than

or equal to 1 in magnitude. Often all we need is simply the relation between them. Any
three numbers a, b, ¢ satisfying (14 <)

a:b:c=1l:m:n

are called direction ratios of O P.

From 1> + m*> +n®*> =1 we have
a b c
==, m=-, n=-—
d d d
where

d=24va?+b%+c?

The + denotes that to a given set of direction ratios there are two sets of direction cosines
corresponding to oppositely directed parallel lines.

Problem 11.2

Calculate the direction cosines of each line to a vertex of a unit cube in
the first octant with the lowest corner at the origin (Figure 11.8).

(0,0,1)
' (0,1,1)

(1,0,1) (1,1,1)

(11,0,0) (1,1,0)

Figure 11.8

First note that the direction cosines of the origin are not defined, since r = 0 at the origin.
Consider the points on the axes — in this case the direction cosines are simply given by
the points themselves (1, 0, 0), (0, 1, 0), (0, 0, 1).
Now consider the point (1, 0, 1). The position vector to this makes an angle 45° with
the x- and z-axes, and 90° with the Oy-axis. The direction cosines are therefore directly
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obtained as

1 1
(cos45°,0, cos45°) = <—, 0, —)
V2 V2

This is of course what we would obtain from the coordinates (1, 0, 1) themselves, taking
the form

(fXE)_(l 0 1)_(101)
e/ \V2' V2 V) V2T V2
Similarly for:

1 1
(0, 1, 1) the direction cosines are (0, —, —2>

\S)

1 1
(1, 1, 0) the direction cosines are (ﬁ’ E, O>
Finally, the far vertex with coordinates (1, 1, 1) has direction cosines
(£.2.9) - (L 1 L)
rrr) T\
The acute angle made with each axis is therefore
cos™($) =70.53" to 2 dp

Exerciseon 11.6

Calculate the direction cosines of the position vectors defined by the points in the Exercise
on 11.4.

Answer

In order, referring to the Exercise on 11.4, the direction cosines are:

1 1
not deﬁned7 (07 07 1)’ (09 1» 0)7 (17 05 0)? (_17 O’ O)a <_ s 05 - =)
V2 V2

(7= v 7m)

11.7 Angle between two lines through the origin

Using direction cosines we can obtain a simple and useful expression for the angle between
two lines intersecting at the origin. In general, the angle between any two lines in space,
not necessarily intersecting, is the angle between any pair of lines parallel to them. In
particular we can always take a pair of lines through the origin. This expression for the
angle between two lines will be useful in discussing the angle between two vectors. This
comes into the different types of products that we can make with vectors (the scalar and
the vector product — see Sections 11.10 and 11.11). Consider Figure 11.9.

Suppose two lines O A, O A’ have direction cosines [, m, n and I’, m’, n’ respectively
with respect to axes Oxyz. Then we will show that

cos@ =Il' +mm’ + nn'
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A

B(I'\m',n)

/ 1 “B(l,m,n)

Figure 11.9 Angle between two lines.

This follows by applying the cosine rule to the triangle O BB’ in Figure 11.10 where O B,
O B’ are of unit length. Then B, B’ have the coordinates (I, m,n) (I’,m’, n’) respectively.
We have, by the cosine rule (179 <)

BB* = 0B*+ OB* —20BOB cosf

or
U =0D>4+m —m?+w —n)?=12+1>—2cosh =2 —2cosb

Expanding the left-hand side and using /> 4+ m? 4+ n?> = 1 for the direction cosines yields
1% +m” 40+ 12+ m?+n® =200 = 2mm’ — 2nn’
=14+1=20+mm' +nn") =2 —2cos6

This then gives the required result cosd = I’ + mm’ + nn'.
From this result it follows that if two lines are perpendicular then
W +mm +nn =0
because cos(£90°) =0

Exercise on 11.7

Using direction cosines find the acute angles between each pair of lines through the origin
defined by the points in Exercises 11.5.

Answer

Between (i) and (ii), 17.02°; between (i) and (iii), 18.43°; between (ii) and (iii), 35.02° — all
to two decimal places.

11.8 Basis vectors

We can use the coordinate system defined in Section 11.4 to represent vectors in terms of
numerical components by choosing ‘basis vectors’ along the coordinate axes. The standard
notation for this is to let i, j, k denote the unit vectors along the x-, y-, z-axes as shown
in Figure 11.10.

In terms of these ‘basis vectors’ we can write any vector, a, in the component form

a =a1i+a2j+a3k
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Figure 11.10 Basic vectors i, j, k.

and this provides the link with the ‘arrows’ representation of vectors given in earlier
sections. It is common practice to represent a;i + a>j + a;k by a triple (a;, as, ay) or a
‘column matrix’

aj
a=|a
as

but always remember that these only represent the vector a with respect to a particular
set of basis vectors, and should not be confused with the notation for the coordinates of
a point.

Any set of unit vectors, such as i, j, k which are mutually perpendicular to each other
(and there can be at most three in 3-dimensional space) is called an orthonormal set. The
i, j, k form an orthonormal basis for the set of all vectors, in the sense that any three
dimensional vector can be expressed in terms of them.

Note that a;i + a,j + a3k = 0 can only mean a; = a, = a3 = 0.

Problem 11.3
Find o, B, xif @+ B+ x)i+B—x+Dj+ @+ xk=0.

Don’t let the Greek symbols put you off — as mathematics gets more advanced we soon
run out of alphabets and so you will have to get used to such notation.
fFa+B+x)i+ B —x+1j+ (@+ x)k =0 then
a+B+x=0 @)
B—x+1=0 (i)
a+x =0 (ii)
So a single vector equation is equivalent to three ‘scalar’ equations. We will consider such
systems of equations in detail in Chapter 13, but the above system is not difficult to solve.
Substituting for 8 from (ii) into (i) gives
a+2x =1
a+x=0

from which y =1, a = —1,then 8 = x — 1 = 0.
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Exercises on 11.8

1. Express the position vectors with the given endpoints in terms of i, j, k vectors.
2. If (w — Bi+ (B+2x)j+ (@ — x)k = 2i — k determine «, 8, x.

Answers
1. )3i—j+2k )i+ k (iii) ai + bj + ck (v) —i+j—k
2.a=0,=-2, x =1

11.9 Properties of vectors

Two vectors a = a;i + arj + azk b = bii+ byj + b3k
referred to the same axes are equal if and only if

ay=by, ay=by, az=Db;

(a; =b; foralli)
A zero vector is one whose components are all zero:
0 = 0i + 0j + Ok

Let A, B be points with coordinates (a;, az, as), (b1, by, b3) with respect to Oxyz axes.
The position vector of B relative to A is (see Figure 11.11)

AB = AB = (b, — a)i + (bs — a)j + (b3 — az)k

z
(/é(bvbz'bs)
A(ay,ap,a3)
(0]
/ y

X
Figure 11.11 Position vector of B relative to A.

As a particular case let A = (0, 0, 0), the origin, and B = a point P(x, y, z), as shown
in Figure 11.12.

—_—>
OP or OP or r = xi + yj + zk is called the position vector of P (with respect to the
axes Oxyz). We also refer to r as a radius vector.
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P(x.y.2)

Figure 11.12 Position vector of a point P.

The magnitude or length of a vector a = a,i + a,j + ask is given by

a=lal=/la} +a3+a3

(also called modulus or norm of a).
A unit vector is one of unit norm or magnitude — usually denoted with a circumflex,
for example a.

Problem 11.4

3. 1
Show that a = %i + 2 j is a unit vector.

2
3 1\?
We have |a| = <§> + (§> +02=1.

Problem 11.5

Construct a unit vector parallel to a =i+ j — 3k.

To construct a unit vector parallel to a given vector we have only to divide by its modulus,
which fora=1i+j— 3k is

la| = V12 + 12+ (=3)2 = V11

so a unit vector parallel to a is
1
V11

In general a vector a = a;i + a,j + ask is multiplied by a scalar A as follows:

Aa = Aaji+ Aaxj + rask

i.e. all components are multiplied by A.
Note that the magnitude of Aa is:

|La] = Ala| = ha
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Multiplication by a positive (negative) A leaves the direction of a unchanged (reversed).
—a is defined by (—1)a.
Vectors a = a;i + axj + azk, b = bji + b,j + b3k are added and subtracted ‘componen-
twise’:
a+b=(a; +b)i+ (a + by)j + (a3 + b3)k

a—b=(a —b)i+ (a2 —b)j+ (a3 — b3)k
It is obvious from this that, as noted in Section 11.3,

at+b=b+a (vector addition is commutative)

a+(b+c)=(@+b)+c (vector addition is associative)

Problem 11.6

Fora=i—j,b=2i+3j+ 4k, c = —i — 2j — 4Kk, find the vectors repre-
senting

(i) 3a (ii) a+b (iii) a+2b—c (iv) 2a—3c

Using the rules given above we have

()  3a=3G1—j =3i—3j
(i) a+b=1i—j+2i+3j+4k=3i+2j+4k
(i) a+2b—c=1i—j+2(2i+3j+4k) — (—i — 2j — 4k)
—i—j+4i+6j+8k+i+2j+4k
= 6i +7j + 12k
(iv) 2a—3c=2(—j) —3(—i—2j—4k)
=2i—2j+3i+6j+ 12k
= 5i+4j + 12k

Exercises on 11.9
1. Ifa=pi+2j+ A — wk, b=2xi+ vj+2k
and
2a+b=0

determine w, A, v.

2. Referring to Q1, evaluate

i) |a (i) a (iii) 3b (iv) a+2k (v) 3a—b
Answers
1 _ 1 A= L 4

=S A=—sus=
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2. (i) 2! (ii) ! (i+4j—2k) @i -3i—12j+3k (@{v) 1'—|—2'—|—k
@) — —( - —3i— —i
= il ol j iii J v) 5 j

5
(v) i+ 10j — 4k

11.10 The scalar product of two vectors

So far we have simply added or subtracted vectors, or formed linear combinations of them.
An obvious question is what sorts of ‘products’ can we define for two vectors. By ‘product’
we mean a generalisation of the multiplication of two real numbers. It is important to
realise that we are free to define such products — vectors are new mathematical objects,
completely different from anything we have considered before in this book, and we are at
liberty to define the combinations of them in any way we wish which is mathematically
consistent. When we invent new mathematical tools this is always the case — so long as
our definitions do not lead to any silly contradictions (such as ‘1 = 0’) we can define the
rules exactly as we wish. But of all the possible rules, we are naturally going to choose the
most useful. So if we do define products of vectors then we are going to do so in such a
way that the result is useful to us in modelling reality. We have (at least) two possibilities
for defining ‘multiplication’ of vectors:

vector * vector = scalar

vector * vector = vector

Not surprisingly these give rise to the ‘scalar’ and ‘vector product’ respectively.

The best way to introduce the scalar product is to do a little ‘work’. Specifically, if a
force of magnitude F acting in a fixed direction moves a particle through a displacement
d in that direction, then we say that the ‘work done’ by the force on the particle is:

W = Fd €]

Now, both force and displacement are vector quantities — they require both magnitude and
direction to specify them. This is hidden in the above result because both the force and the
displacement have been taken as operating in the same fixed direction. So, the right-hand
side of the above equation is essentially a vector times a vector.

On the other hand, work done, or energy expended, is not a vector quantity — energy is
simply a scalar, numerical quantity, like temperature or heat. So the left-hand side of the
equation is a scalar. Thus, the equation essentially says:

“vector ‘x’ vector = scalar”

But, as we said, the vector content is hidden. To bring it out, suppose F' no longer acts
on the particle in its own direction, but at an angle to it. For example the particle may be
a bead on a straight smooth wire, and the force applied by pulling a string at an angle 6
to the wire, as shown in Figure 11.13.

Only the component of the force along the direction of the wire can do work on the
bead (the component perpendicular to the wire will not result in any motion along the
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Figure 11.13 Force at an angle to the direction of motion.

wire). This component is F cos6. So, if we move the bead a distance d along the wire
then the work done is

W = (F cos6)d
= Fdcosf
This is the generalisation of equation (1) when the force and displacement make an angle

6 with each other. So, let F be the vector representing the force and d represent the
displacement. Then the work done is:

W = |F||d| cosf

i.e. the magnitude of the force F multiplied by the magnitude of the displacement d, times
the cosine of the angle between the two vectors.

The result is, naturally, a scalar. But it has a magnitude component, |F||d|, and a
direction component 6, which suggest that it would be very useful to define this particular
combination of vectors as a ‘product’ of vectors which yields a scalar. In general then the
scalar product of two vectors a, b is denoted by a - b (sometimes called the dot product)
and defined by

a-b=uabcosb

where a = |a|, b = |b| and 6 is the angle between a and b — see Figure 11.14.

Figure 11.14 The scalar productisa - b = abcos 6.

With this definition the work done by the force F moving a particle through a displace-
ment d is given by

W=F-d

This explains why we define the scalar product as above — it is very useful to do so!

Now, for the purposes of calculations it is invariably more convenient to have an expres-
sion for the scalar product in terms of components. The definition we have given above,
as we will see shortly, is equivalent to the following expression in terms of components:

a-b=a b +ab, +asb3;=b-a
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Note the special case:

a-a=al +a;+al=ada"=al’

= square of magnitude of a

In the above form of the scalar product it is not difficult to show that the scalar product
has the following properties:
@) a-b is a scalar
(ii) a-b=b-a
i.e. the scalar product is commutative
(iii) a-(b+c)=a-b+a-c
i.e. the scalar product is distributive over addition
@iv) (ka) -b=k(a-b) =a- (kb) for any scalar k

v) If a-b =0 and a, b are not zero then a is perpendicular to b.

Problem 11.7
If a=2i—j+2k and b = 2i + 4j — 3k evaluate a- b, b - a, a?, b

a-b=22)+(-1D@+2(-3)=4—-4=-6
b-a=22)+4(—1)+ (—3)(2) = —6, agreeing with property (ii)
a*=laf=a-a=2>+(-1)>+2°=9
b =22+ 4>+ (=3)> =29
To see the connection of the above ‘component expression’ for the scalar product with the

a-b = abcos6 definition, we appeal to the work we did on direction cosines. You can
omit this if you are prepared to take the result on trust. We have

a-b _ a\b; + arby + azbs

ab ab

-3+ 0)

= lalb + mgmp + ngnp

=cosf

where (I, m,, ng) (lp, mp, np) are the direction cosines of a and b and 6 is the angle
between a and b (327 «). Soa-b =abcosf = a1by + arb, + aszbs.

Problem 11.8

Find the scalar product of a = (—1,2,1) and b = (0,2,3) and hence find
the acute angle between these vectors.

335



Understanding Engineering Mathematics

a-b=(—1)0)+22)+13) =7
= abcosf = /(=1)2 + 22 + 12/02 + 22 + 32 cos
= «/8«/Bcos9

S
© 7

Vo613

giving, to two decimal places,

cosf =

0 =37.57°

for the acute angle between the vectors a and b.
Two non-zero vectors a, b are perpendicular to each other, or mutually orthogonal if

a-b=0

This follows directly from cos® = 0 for 8 = £ /2.
For the i, j, k basis vectors we easily find: (Reinforcement Exercise 16)

iri=j-j=k-k=1
i-j=i-k=j-k=0

Using these provides a direct derivation of the result:
a-b=ab +ab;+asb;

Exercises on 11.10
1. Using the component form for the scalar product prove the properties (i)—(v).

2. Find all possible scalar products between the vectors a= —i+ 2j, b =j+ 2Kk,
¢ =i+ 2j+ 3k and determine the angles between each pair of vectors.

Answers

2.a-b=2,a-¢c=3,b-¢c=8
Angle between a and b is 66.42°, between a and ¢ is 68.99°, between b and ¢ is 17.02°
all to two decimal places.

11.11 The vector product of two vectors

Now what about a vector valued ‘product’ of vectors? In this case we will simply define
the vector product in terms of components first and give the connection with the a, b, 6
form later. The mechanical application of the vector product as a moment of a force is
given in the Applications section.

The vector product of a = ai + ayj + azk with b = bji + b,j + b3k is denoted a x b
(‘a cross b’) and defined by:

a x b = (aybs — azby)i+ (azby — a1b3)j + (a1by — axbk
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The notation a A b is sometimes used.
This vector product is often represented in the form of the array shown below, in order
to aid memory.

i j Kk
axb=|a a a
by by b3
_ ay as s ay as|. ay ap
=1b b7 b b b b K

where we introduce the shorthand

a b
d

':aa’—bc

NB: This is just a mnemonic device for remembering the formula for the vector product
and for calculating it — you don’t need to know anything about determinants at this stage.

Problem 11.9
Find the vector product a X b between the vectorsa =i — j+ 2k and b =
2i + k. What is b x a?

Using the component expression given we obtain (check these calculations against the
symbolic expressions given above)

i j k
1 -1 2
2 01

=[(=DA)=20)]i—[1 x1=2x2]j+[1 x0—(=D2)]k
= —i+3j+2k

axb=

You can also verify explicitly that
bxa=i—-3j—2k=—-axb

From the above definition it can be shown that the vector (or cross) product has the
following properties:

@) a x b is a vector

(i) ax(b+c)=axb+axcand(@a+b)xc=axc+bxc
i.e. the vector product is distributive over vector addition

(iii) (ka) x b = k(a x b) = a x (kb) for any scalar k

@iv) If a x b =0 and a, b are not zero vectors, then a and b are parallel
) b x a = —a x b as illustrated by Problem 11.9
(vi) a x a = 0, which follows from (v)

(vii) The vector product is not associative, i.e.
ax((bxec)#(@xb)xc
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For the basis vectors i, j, k we find (Reinforcement Exercise 24)

ixi=jxj=kxk=0
ixj=k, jxk=i, kxi=j

Geometrically the vector product can be expressed as:
axb=absinbn

where n is a unit vector perpendicular to both a and b such that a, b, n form a right-handed
set — see Figure 11.15.

Figure 11.15 The vector product is a x b = absinén.

The proof of this is an interesting exercise. Take the x-axis to be along a and b to be
in the xy plane (we can always choose axes in this way). Then

a=ai b=bii+bhj

SO axb=abixj=abk
But also we have:

by = bsin6

SO ax b =absinbk

which is equivalent to the above result.
The two vectors a, b are parallel or opposite and parallel if and only if a x b = 0 (then
6 =0 or 180°).

Exerciseson 11.11

1. Prove the properties (i) — (vi)
2. fa=i+k b=2i—j+3k c=i+2j+ 3k, evaluate

i) axb (i) ax (b+c) (ii) axc @iv) bxb
(v) bxa (vi) ax (bxe) (vii) (axb)xc
Answers
2.1 i—j—k (i) —-i—3j+k (1) —2i—2j+2k @iv) 0
v) —i+j+k (vi) 3i—14j -3k (vi)) —i—4j+ 3k
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11.12 Vector functions

A vector function is a vector which is a function of some variable, say . We write f(¢)
for a general vector function. For example the position of a projectile may be represented
by a vector, r referred to some origin, and this position will vary with time, . We can
represent this by taking r to be a function of ¢, r(z). So r(¢) is a vector function of time
t. This is illustrated in Figure 11.16.

Px(t).y(t).(t))
r(t)=x(t)i+y(t)j+z(t)k

/ y

X

Figure 11.16 Position vector of a vector function.

The set of values of the variable ¢ is called the domain of the vector function, while
the set of possible vectors f(z) is called the codomain or range of the vector function.

A vector for which both the magnitude and direction are constant, i.e. each component
is constant, is called a constant vector. Examples of constant vectors are i, j, k.

It is useful to know the vector functions representing lines and planes. The position
vector r of a general point P lying on a straight line passing through a point with position
vector a is

r=a+1td

where d is any constant vector parallel to the line — see Figure 11.17.

a td

Figure 11.17 Equation of a line.

For the case of a plane, consider Figure 11.18.

Let P be any point in a plane, and let n be any vector normal to the plane. Let a be
the position vector of a fixed point in the plane. If r is the position vector of P thenr — a
will be a vector in the plane. As such it will be perpendicular to n, from which we have

(r—a)-n=0

So
r-n=a-n=p say
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Figure 11.18 Vector equation of a plane.

is the general equation for a plane. If n = «i 4 8j + yk then in terms of coordinates this is
ax +By+yz=p

Exercise on 11.12
Sketch the path described by the position vector

f(t) = costi+sintj + k

as t varies.

Answer

C.

11.13 Differentiation of vector functions

The idea of a vector function f(¢) of ¢ raises the question of its rate of change as ¢
varies. In the case of the projectile of Section 11.12, this rate of change would represent
the velocity of the projectile at the time ¢. If you look back at the definition of the
derivative on page 231, the following definition will probably now make sense to you.
We are essentially applying the definition to each component of the vector function. The
derivative of a vector function f(¢), with respect to ¢ is defined by

at@e) . (f(t +h) — f(t))
——=Ilm|——F—F—
dt h—0 h

Problem 11.10

Show that the derivative of a constant vector is zero.
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Let f(#) = c be a constant vector. Then f(t 4+ &) = ¢, and so from the above definition

f (f(t+h)—f(t)> . (c—c>
— =lim| ———~ ) = lim =0
dt h—0 h h—0 h

The properties of differentiation of a vector look very much like those of ordinary
differentiation, although the notation may be a bit unnerving at first. We have three types
of product to contend with of course — multiplication by a scalar, scalar product and vector
product. On the other hand we don’t have to worry about a quotient rule, since we have
not defined division of vectors. The rules are as follows.

If s(¢) is a scalar function and f(z) a vector function, then

. d 0 df(t)
(6)) E(S(f)f(f)) = Tf(t) +S(f)7

If g(¢) is also a vector function, then

d df(r) d
(if) E(f(:)Jrg(t)):ﬂ g()

dt dt
d dg  df
4o oy 98 df
(1it) dt( ? dt + dt &
. d dg df where the order of vectors
av) E(f x g =1Ix dt + dr ‘B must be preserved

(i) and (ii) show that differentiation of the component form is simple:

dfi@), dfx(t), df:@)
g g Atk

d
E(fl Oi+ fo(0j + fr(Ok) =

Problem 11.11

Differentiate the following vector functions with respect to ¢

) cos4ti+ 3sin4tj + e'k
(i)  fcosti+e~'sintj+ 1tk
. d . N
@) E(cos4t1+ 3sin4zj + €'k)
d( 4t)°+d(3'4t)°+d(’)k
= —(cos4t)i+ —(3sin —(e
dt dt J dt
= —4sin4ti + 12 cos 4zj + €'k
. d . e o
(ii) E(Icostl-l—e "sintj + t°k
d (tcost)i+ d (e7'sint)j+ d (tHk
= —(tcost)i+ —(e ' sin —
dt dt J dt
= (cost — tsint)i+ (e~' cost — e~ sint)j + 2tk
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Second and higher derivatives may be obtained in the obvious way by repeated differ-
entiation. Thus, for example:

d* #(t)  d*fi, d*f,, d*fs
=——i+—=j+
dr? dt? dr? dr?

Problem 11.12

d*f d’f C
Evaluate i and i for f =ti+e'j+ costk

df

7 =i—e’j—sinrk

d*t
3= e' —costk

d’t e
yrei —e 'j+sintk

When we introduced ordinary differentiation we referred it to the gradient or slope of a
curve. We can do the same for differentiation of vector functions — but it is now a little more
complicated. It is perhaps best to appeal to the example considered earlier of a vector function
r(¢) describing the position of a particle at time ¢. Thus, let r(¢) be the position vector of a
moving particle P. As ¢ varies the particle moves along a curve in space — see Figure 11.19.

O

Figure 11.19 Definition of derivative of a vector.

Now for two points on the curve r(t), r(t + k), close to each other we have:

—> —> —>
r(t+h) —r(t) OP —OP PP

h h h

—
Ash — 0, P’ — P and the vector PP’ becomes tangential to the curve. Also the magni-

—
|PP|
tude

is the average speed of the particle over the interval P P’ and so as h — O this

becomes the velocity of the particle. Thus:

. (r(t+h) —r(t)) dr
lim| —F— ") = —
h—0 h dt
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is a vector tangential to the curve, pointing in the direction of motion of the particle and
. . . . . . dr .
with magnitude equal to the magnitude of the velocity of the particle. That is, i is the

vector velocity of the particle:

dr
V= —
dt
2

d
Similarly a = d—; is the acceleration of the particle.

Problem 11.13

Find the velocity, acceleration and kinetic energy of the particle mass m
whose position vector at time ¢ is:

r(t) = 2cos wti + 2 sin wtj

Verify that for such a particle v.r = 0.
The velocity is

_dr

YT

= —2wsin wti + 2w cos wtj

From this we find

V- r = 4w (— sin wti 4 cos wtj) - (cos wti + sin wtj)

= 4w (— sin wt cos wt + cos wt sinwt) = 0

The acceleration is

d?r _dv

a=-—— == —2w?* cos wti — 2w” sin wtj
dt dt

= —a)zr

The kinetic energy is

l 2 _l _ . 2 2
2mv = 2m(( 2w sin wt)” 4+ 2w cos wt)”)
1
= —m - 40?
2
= 2mw?

Exercises on 11.13

1. Show that if e is a vector of constant magnitude, then

de_

L0
¢ ar
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d df d
2. Verify E(fx g) = 7 x g+ fx d—f

for the two vectors:

f=ri—2r%+e'k g = costi — 2tj

11.14 Reinforcement

1. The free vectors a, b, ¢ are shown as arrows in the figure below. Sketch arrows
representing the vectors

(i) a+b () a—c (i) a+2b (@{v) %(a—i—b) (v) %a—b (vi) a—2c

2. Determine the unknown vector x in terms of a, b, ¢ in each case.
(i) 3x —a+2b=2a—4b —x
(i) 2x —2a+ 3¢ =3c—2b —2x
(iii) 4x —3a+2b—c=4b —2x —3a+ 2¢

3. Write down the coordinates of the six points which lie on the coordinate axes and are
one unit from the origin.

4. Plot on a diagram the positions of

O, 0, 2); 0, -1, 0); (3, 0, 0); 1, 1, 0); (=2,1,0)
(2,0, 1) 0, 1, Dy (1, 1, 1); (=2, 1, =1); 1, -2,2)

5. Calculate the distance from the origin of each of the points:

@ (1,1,0) (i) (2,0, -1) (i) (=2,0,1) Giv) (=2,3,1
v) (0,4,3) vi) (V2,1,1)

6. Find the distance between each of the following pairs of points:

1 (2,0,0)(1,2,3) @) (3,0, —1); (1,2, 1
(i) (5, 4, 2); (0, 3, —1) iv) (=2, -1, 1); (0, 2, =2)
W) (a, —a,0); (—a, 0, a)
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10.

11.

12.

13.

14.

15.

16.

17.

A straight rod is held with one end in the corner of a room. If it makes angles of 60°
and 45° with the lines of intersection of the floor and the walls, find the angle that it
makes with the vertical.

Find the direction cosines of the vectors O P for each of the points P in Q5.

Determine the acute angles between the position vectors defined by the pairs of points
in Q6.

Express in terms of i, j, k the position vectors with endpoints

1 @,-1,2) di) (1,2,3) (i) (-1, -2, -3) (v) 2, -3,4) (v) (2u, 3v, 4w)

Calculate the magnitude and direction for each of the position vectors:

(i) a=3i (i) b=i+j (iii)) ¢=3i—3j
(iv) d=+/3i+j (V) e=i+2j vi) f=i+j+k
(vi) g=—-i—j+2k (viii) h=2i+2j+2k

Find unit vectors in the direction of each vector.

For the vectors in Q11 find

(i) a+b () c—g (i) a+b-+h
(iv) 2a—3b—3f (v) 4a+2b—3c+d+e—f+g—3h

For the vectors in Q11 determine the vector x such that:
i) 2x—3a+b=0 (i) a+b—-2c+3x=d
(i) 2x —2f =3x+2g @(iv) 3x+2e—f=g+h-—x

The following describe position vectors with respect to the basis vectors i, j, k. Write
down the component forms of the vectors.

(i) r is in the xy plane, has length 3 units and bisects the angle between i and j.
(ii) risin the yz plane, has length 2 units and makes angle 30° with j and 60° with k.

(iii) r is the diagonal of the unit cube in the first octant with sides i, j, k.

Vectors a, b, ¢ have magnitudes 1, 2, 3 respectively and the angle between a and b
is 60°, between b and ¢ 45° and between a and c¢ is 105°. Find all possible scalar
products between a, b, c.

Prove the results

a and b are perpendicular to each other with magnitudes 2 and 4 respectively. If
x =2a—b and y = 3a — 4b, find x - y. If z= Aa — b determine X such that y and z
are perpendicular.
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18.

19.

20.

21.

22,
23.

24.

25.

26.

346

Find the scalar products of the following pairs of vectors and state if any of the three
pairs are perpendicular

() i—j, 3i+4j+ 5k (i) 4i+j— 3k, —i+3j— 7k
(i) 3i+j+4k 2i—2j —k

Find the angles between the pairs of vectors

(i a=-j+k b =3i+4j+ 3k
() a=i—j—2k b=2i4+j+3k
(i) a=2i+j—k b=i+2j+k

Suppose the axes Oxyz are such that Ox points East, Oy points North, Oz points
vertically upwards. Evaluate the scalar products of the vectors a and b in each of the
following cases:

(i) a is of magnitude 3 and points SE. b has length 2 and points E.
(i1) a is a unit vector pointing NE. b is of magnitude 2 and points vertically upwards.

(iii) a is of unit magnitude and points NE. b is of magnitude 2 and points W.

Ifa=i—j b= —j+ 2k, show that
(a+b)-(a—2b)=-9

Show that i+ j + k and a?i — 2aj + k are perpendicular if and only if a = 1.

Determine the vector product a x b for each of the pairs of vectors in Q18 and QI9.
In each case find unit vectors perpendicular to the two vectors.

Prove the results
ixj=k jxk=i kxi=j
ixi=jxj=kxk=0

Find the vector products of the vectors a, b

i) a=3i+7j+2k b=i+3j+k
(i) a=i—3j b=-2i+5j
(i) a=8i+8j—k b=5i+5j+2k

Ifa=3i—2j+k b=i+j+k and ¢ = 2i + j — 3k evaluate, using any short-cuts
you can:

(i) the triple scalar products
a-bxc a-cxb b-axb

(ii) the triple vector products
ax(bxc) (@axb)xe bx(bxa)
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27. For the pairs of vector functions f(¢), g(¢) verify the product rules:

d dg  df
“ g =f =24 —.
o te =t e
d df dg
Z(f - fx -2
a’t( x 8) thg+ th

() f=1r%i+e'j+sintk g=ri+1r%j+2k
(i) f=cos2ri+sin2tj+3k g=ri+2j— 3’k

11.15 Applications

1. Vector methods can be used in geometrical applications. The following provide some
examples for you to try.

6)) The point P divides the line segment AB in the ratio m : n. If a, b
are respectively the position vectors of A and B with respect to an
origin O, determine the position vector of the point P relative to O.

(i1) Use the scalar product to prove Pythagoras’ theorem
(iii) Use the scalar product to prove the cosine rule

@iv) Adjacent sides of a triangle represent vectors a and b. Show that the
area of the triangle is %|a x b|.

2. There are countless examples of use of vectors in mechanics of course. The following
give some typical examples.

6))] Assuming the triangle rule for addition of vectors show that any set
of forces represented by arrows forming a closed polygon with all
sides like directed is in equilibrium (i.e. sums to zero).

(ii) The moment or torque of a force F acting at the point P about the
origin O is defined to be M =r x F where r is the position vector
of P. Describe the magnitude and direction of M.

Determine the torque of the force F = i + 2j + 3k applied at the point
(—1, —1, 2) about the points

(a) (O, O, O) (b) (37 27 _1) (C) (17 17 1)
(iii) The position vector of a particle at time ¢ is given by
r=(+ Di—r?j+ek

Determine the velocity and acceleration at time ¢.
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11.16 Answers to reinforcement exercises

b
«,a*“\
2

(iif) (iv)

@%9\
6 ]
C

a a
)

b a,
a*‘o c
a
(i)
b
a

(v

2 ()x=2a-2b ()x=sa—b (i) x=1b+
. X=-a— — X=—-a— = X=z )
1 4a 5 11 2a 5 111 3 2C
3. (£1,0,0); (0, £1,0); (0,0, £1)
4.
z
(0,0,2)
* (1,-2.2) « (01,1) ¢ (-2,1,0)
(0,*1,0) ° (1:1|1) . (_2711_1)
°(2,0,1 y
¢ (1,1,0)
(3,0,0)
X
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11.

12.

13.

14.

15.

17.

18.
19.
20.

® N w»

L) V2 ()5 iS5 (V14 (VS (vi)2
() V14 i) 2v3 (i) V35 (V) V22 (v) a6

60°

) (LLO> (i1) <i0—i> (i) <—i,0, L)
V2 V2 VARV V55

. 2 3 1 4 3 . 1 11

© (T © (053) o (533)

. (i) 74.5° (ii) 75.04° (iii) 61.87° (iv) 54.74° (v) 60°
10.

(1) 2i —j+ 2k (i) i+ 2j + 3k (iii) —i — 2j — 3k (iv) 2i — 3j + 4k
(v) 2ui + 3vj + 4wk

L

) laf =3 a=i (i) bl =+2.b=—=(@+j)

al b Nk

1 A 3, 1

(i) ICI=3~/§,é:E(i—j) (iv) |d|:2,d:§i+5j
1 2 L 1.1 1
V) le|=3¢e=—i+—j vi) |f|=+/3, f= —i+—j+—k
NN ATATA

1 2

(vii) |gl =6, 8=

1
__i__’+_
NNGRING
(viii) |h| =23, h= Li+ Lj + L
’ V3 V33

The coefficients of the unit vectors give the direction cosines that define the directions
of the vectors.

(i) 4i+j (i) 4i—2j—2k (iii) 61 + 3j + 2k
(iv) —6j—3k v) (V3 —2)i+6j—5k
1) %(Si )] (ii) 2 +3\/§i —2j (iii)) —6k @iv) —%j + %k
Lo 3. 3. . . L e
Q) EI—I—EJ (i) 3j+k (i) i+j+k
Between a and b the scalar product is 1

Between b and c the scalar product is 3\/5
Between a and c the scalar products is —0.78 to two decimal places

X -y=388 A= —13—6

i -1 (i) 20 (iii) 0, so these are orthogonal
(i) 84.26° (i) 123.06° (iii) 60°

O 3v2 (i) 0 (i) —v/2
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23. (i) —5i—5j+ Kk, 3J_( 51— 5j + 7k)
(i) 2i+31j+ 13k, \/lllﬁ(ZH_le—Fl?,k)
(i) 7i+ 11j— \/213_4(71+11‘|—8k)
(iv) —9i+3j+ 3k, \/11_1( 3i+j+k)
(v) —i—7j+ 3k, Jl‘5_9( i—7j+3k)
(vi) 3i-—3j+ 3k, \}5(1—,]4-1()
25.() i—j+2k () -k (iii) 21i —21j
26. (i) a-bxc=-23, a-cxb=23 b-axb=0
(i) ax(bxec)=-3i—j+7k, (axb)yxc=i+j+Kk,

bx(xa) =-7i+8—k
d
27. () E(f. g) = 3t> + (12 +2t)e' +2cost

d
E(f x g) = (2¢! —2tsint —t>cost)i — (4t —sint — t cost)j
+(43 — e —tehk

d
(i1) E(f g) = 5cos2t — 2t sin2t — 18¢

d
E(f x g) = — (6t sin2t 4 6% cos 2t)i + (3 — 617 sin 2t + 6t cos 21)j
—(5sin2t + 2t cos 2t)k
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Complex Numbers

Complex numbers extend the notion of ordinary ‘real numbers’ to include a new kind of
‘number’, j = +/—1. Such ‘numbers’ can be combined by the usual rules of algebra, except
that we replace jZ by —1 wherever it occurs. Complex numbers do not serve the usual
role of numbers — we don’t measure physical quantities with them — but they provide a
very useful shorthand tool for dealing with certain combinations of real numbers. There is
not much that is conceptually new in this chapter, but we have to become more practised
at using basic, elementary mathematics.

Prerequisites
It will be helpful if you know something about:

solving quadratic equations (65 <)

elementary algebra (Chapter 2 <)

polar coordinates (206 <)

elementary trig, including compound angle formulae (187 <)
the exponential function (124 <)

Objectives
In this chapter you will find:

definition and representation of a complex number

addition, subtraction, multiplication and division of complex numbers
the Argand plane

modulus and argument of a complex number

polar form of a complex number

multiplication and division in polar form

the exponential form of a complex number

powers and roots — De Moivre’s theorem

Motivation
You may need the material of this chapter for:

e solving polynomial equations
e solving differential equations
e describing voltages, currents, etc. in AC electricity theory
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12.1 What are complex numbers?

Numbers such as integers, rational numbers, etc. that we have been using so far are called
real numbers — they can be used to count with, or measure distances, time, etc. From the
rules of signs for combining negative numbers (11 <) we know that if we square two
such real numbers, the result will always be positive:

=44 (=2)°=+4

An obvious question is, is there any sort of mathematical object that results in a nega-
tive number when squared? Why should such an object be of interest anyway? In real
life we don’t need such quantities — no one ever measured the length of a line to be,
for example +/—1 metres. True, we don’t need such ‘numbers’ for measuring and repre-
senting real physical quantities. However, it does turn out that such ‘numbers’ are very
useful as a mathematical tool in representing physical objects which have two parame-
ters — for example the amplitude and phase of a signal waveform may be conveniently
combined in ‘complex’ form. Also, such ‘numbers’ provide nice tools for calculational
purposes — as for example in differential equations. So, let’s accept that it’s useful to
look at the properties of such ‘numbers’ as +/—1 and develop the tools necessary to
use them.
Start by considering the quadratic equation

x24+1=0 or x*=-1

This has no ‘real’ solution, but by introducing the symbol
j =+/—1 (alternative notation i)

we can write
x==j

The object j is sometimes called ‘imaginary’, and is an example of a ‘complex number’.
There is, however, nothing imaginary about it. While it certainly does not represent a
‘quantity’ in the normal sense that a ‘real number’ such as 2 does, it is still a perfectly
proper symbol that serves a very useful purpose in mathematics. In particular, having
defined it as above, it now allows us to write down the ‘solution’ of any quadratic
equation.

Problem 12.1

Write the solution of the equation x2 + 2x + 2 = 0, as given by the formula
(66 <), in terms of j = +/—1.

By the formula we have

_2+V/-4 241
B 2 a 2

X =—1xj
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Any number of this form
z=a+jb j=+-1

where a, b are real numbers, is called a complex number. We will usually write z rather
than x for such a number since z always signals that we are talking about complex numbers.

a is called the real part of z, denoted Re z — it is a real number

b (not jb) is called the imaginary part, denoted Im z — also a real number

Real numbers are special cases of complex numbers with zero imaginary part.

Exercise on 12.1

Solve the following equations in a + jb form:

() x24+4=0 () x>+x+1=0 (i) x2+6x+11=0
Gv) x3—=1=0

Answer

(i) +2j (i) —%iﬁj (i) -3+ 2 @iv) 1,—%1?]'

12.2 The algebra of complex numbers

Complex numbers can be manipulated just like real numbers but using the property j> =
—1 whenever appropriate. Many of the definitions and rules for doing this are simply
common sense, and here we just summarise the main definitions.

Equality of complex numbers: a + jb = ¢ + jd means that a = ¢ and b = d.

To perform addition and subtraction of complex numbers we combine real parts
together and imaginary parts separately:

(a+jb)y+(c+jdy=@+c)+jb+4d)
(a+jb) —(c+jd)=(a—c)+jb—d)
Also note that k(a + jb) = ka + jkb for any real number k.

At this point you may be noticing the similarity to our work on vectors in the previous
chapter.

Problem 12.2
Ifz=1+2 and w =4 —j evaluate 27 — 3w.
We have 2z — 3w =2(1 +2j) —=3(@d — j) =2+4j — 1243 = =10+ 7;.

To multiply two complex numbers simply multiply out the brackets by ordinary algebra,
use j> = —1 and gather terms:

(a+ jb)(c + jd) = ac + ajd + jbc + j*bd = ac — bd + j(bc + ad)
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Problem 12.3
Multiply (3 —j) and (2 + 3j).

B—HNQ+3j)=64+9j—2j—-3j2=6+7j—3(-=1)=9+7j

Given a complex number z = a + jb there is a very useful operation we can perform,
that converts the number to its ‘conjugate’. Thus, the complex conjugate of a complex
number z = a + ib is defined as

Z=a+ (—j)b (alternative notation z*)

NB: In general the complex conjugate of a complex expression is obtained by changing
the sign of j everywhere it occurs. For examples of this see Reinforcement Exercise 5,
and 9.

Problem 12.4

Show that zZ is a positive real number which is only zero if a = b = 0,
i.e. if z = 0. Also show that z 4 7 is always a real number.

This is the crux of the importance of z. We have
7z =(a — jb)(a + jb) = a* — (jb)* = a* — j*b* = a®* + b*

on using the difference of two squares (42 <). Now a? and b? are both non-negative
numbers and so zz is clearly positive. Also, the result can only add up to zero if both a
and b are zero. So zz =0 only if a =0 and b =0, i.e. if z = 0. We will see that these
properties of zz are very important when we come to dividing complex numbers.

Also, we have directly

z+z=a+ jb+a— jb=2a

which is a real number.

The complex conjugate is also useful for characterising the real and imaginary parts of
a complex number. Thus, as you can easily check, if z is purely real, then z = z while if
Z is purely imaginary, then 7 = —z. In general, you can see that (see Problem 12.4)

Rez=i Imz=$
2 2j

Problem 12.5
For z = 2 + 3j evaluate zZ, Rez and Imz.
For z =2+ 3j we have z =2 — 3 and so
Z2=2"+3"=13

_243j42-3) L 243j-Q-3) _

3
2 2j

Rez

which last results are obvious by inspection of z.
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Division (or rationalization) of two complex numbers:

_a+jb
e+ jd

means converting into the standard form A + jB. We can do this by using the complex
conjugate, ¢ — jd, of ¢ + jd and the fact that (c — jd)(c + jd) = ¢* + d* which is real.
So, if we multiply top and bottom of the above complex number z by ¢ — jd we get (see
Applications, Chapter 2)

a+jb a+jb c—jd (ac+bd>+_<bc—ad)
= X = _—
ctjd ctjd c—ja \exa)I\aerae

Problem 12.6
Divide 3 —2j by 4 +j.

We have

3-2j 3-2j 4—j 10—11j 10 11
= X = =
A+ 4+j T 4—j 17 17 17

Exercise on 12.2

For the complex numbers z =3 — j and w = 1 + 2 evaluate

() 2z—3w (i) zw (i) Z2wz? (v) =

w
Answer
() 3-8 (i) 545] (iii) 10 +20; (iv) %—%j

12.3 Complex variables and the Argand plane

A general complex variable is denoted, in Cartesian form, by
z=x+]jy

with x, y varying over real values. Such a variable can be represented by points in a plane
called the Argand plane (or complex plane) — see Figure 12.1.

x is called the real axis; y the imaginary axis. In this representation the complex
conjugate z is the mirror image of z in the x-axis. The distance of the complex number z
from the origin is r = {/x? + y?, denoted |z| and called the modulus of z — it is always
taken to be the positive square root. The angle & made by O P with the positive x-axis
is called the amplitude or argument of z. r and 6 are polar coordinates (206 <) of the
point P defining the complex number z.

An alternative representation of a complex number — the polar form — can be obtained
by using the polar coordinates (Figure 12.1) r, 6. Since x =rcos6 and y =rsinf
we have

z=x+4jy=r(cosf + jsinf) =rcisf =r/L(0)
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y
P
yp——m—m=—==7=~ Z=X+1iy
: =rcos 0+ jrsin 6
|
|
|
! |
|
|
|
9 :
(0] X X

Figure 12.1 The Argand diagram.

cisf is shorthand for cosf + i sinf, using the alternative notation i for j. /(6) is the
standard shorthand for cos @ + j sin6 that we will use throughout this book.

Remember that 6 is measured anti-clockwise positive from the x-axis, and, being an
angle, it will represent the same point in the plane at an infinite number of different values,
separated by integer multiples of 27r. To obtain a single valued representation of z, & must
be confined to a range of length 2w. The particular choice —7 < 0 < 7 is called the
principal value of 6 and is written Arg z. If the angle 6 is not so confined we use a lower

case notation arg z. The important point is that the argument of a complex number is not

. . T Sw 3
unique. Thus for z =i we can take 6 = T T etc. In general we have

L(B) = L(O + 2km)
for any integer k. This fact will play a crucial role in taking roots of a complex number

(> 363). It is also worth noting that while it is not essential to work in radians in complex
numbers, it tends to be the safest policy, particularly for theoretical work.

In terms of Cartesian coordinates we have Arg z = tan™! (X), the sign and value of
X

the angle being determined by x and y. Also note that |z| = v/zZ.

You may find the above polar representation of complex numbers rather strange — what’s
wrong with the simple x + jy form, you may ask? Well, as always there is method in
mathematics — bear with me, it turns out that the polar form of a complex number is much
easier to deal with in certain circumstances.

Exercises on 12.3

1. Plot the following complex numbers on the Argand plane and put them into polar form.
1 1 @) j (i) —3j @iv) 1—7j
V) 24 (vi) —=3-2j (vii) —3+42j

2. Convert into Cartesian form

() 2/(0) Gi) 3/(7) (i) Z(m/2)

Gv) 3/ (%T) ) 11(—%) (vi) 2/ (—%)
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Answers
1.
y
-3 +2)
J *2+j
1
0 X
°1—j
e3-2j
-3j
: e T s
() 1£(0) Gi) 1/ (5) (iii) 3/ (—5)
(iv) ~2¢ (—%) v) 5!/ (Tan_1 (%))
(vi) /13 (n + Tan™! (%)) (vii) /132 (71 — Tan™! (g))
(Tan~! denotes the principal value)
2.(1) 2 (i) -3 (iii) j @iv) —i + 3
' ! NN
1 V3, . :
(v) 5 7] (vi) —2j

12.4 Multiplication in polar form

Now comes the pay-off of polar forms — multiplication of complex numbers in such form is
simplicity itself — indeed it reduces to multiplication of modulii and addition of argument.
See for yourself:

Problem 12.7

Multiply /(6,) and /(6;), use the compound angle formulae (187 <) and
hence show that

r1Z(00)r2£(62) = rir2£(61 + 63)
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We have
L(61)L(6,) = (cos By + jsinb)(cosb, + jsinb,)

= cos 6 cos B, — sin 0 sin B, + j(sin B cos &, + sin 6, cos b)

=cos(6) + 6,) + jsin(6) + 6,) = L(0; + 6;)
from which it follows directly that
r1L(00)r2L(62) = rir2L(61 + 62)

So, to multiply in polar form:

e  Multiply modulii to obtain modulus of product
) Add arguments to obtain argument of product.

or:
|z122] = |z1l]z2]

arg(z122) = arg(zy) + arg(z2)
Arg(z122) = Arg(zy) + Arg(zz) + 2kmr (k = any integer)

Note carefully the last result. The 2k is needed because the principal value of the argu-
ments may add to give a value outside the principal value range.

Problem 12.8

Put /3 —j and 1 — +/3j in polar form. Work the product of these both
in Cartesian and polar form and compare the results.

It helps to plot the numbers on the Argand plane — see Figure 12.2.

Figure 12.2 The complex numbers +/3 —jand 1 — +/3j.

We have |v/3 — j| = 2 and Arg(v/3 — j) = —%, s0v3—j= 24(—%).
Similarly, |1 — /3] = 2 and Arg(l — v/3)) = —%, s01—~/3j =2/ (—%)
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So in polar form the product becomes

(V3= (1 —~3j)=2L (—f) 2/ (—%)

on conversion back to Cartesian form. You can now check directly that

B 1=V == =3 + V3

You may feel that this is a rather roundabout approach to a simple
multiplication — converting to polar form to multiply. However, in practice one already has
the polar form — for example when using phasors to represent currents in alternating current
theory. Also, the real power of conversion to polar form comes later, when considering
powers and roots.

Exercises on 12.4

1. Evaluate all possible products, excluding powers, of the three complex numbers below
and compare with the results obtained in a + jb form (see Q2 Exercises on 12.3).

3
q=Ll)2) n=3L (f) s=12(-1)

2. Show that if z = r/(6), then
22 =r2/20), 2=r/36)

What do you think is the result for z” where n is a positive integer? You will see more
of this in Section 12.7.

Answers

I —31(—3”)— AL =(2)=
. 2132 = 4 = \/E ﬁ] 2133 = 6 =
zz—3z< ) 3(f—1> 3(ﬁ+1).
223 = 232 J

3Z<ﬂ)__3(f+1) 36W3-1)
2132223 = )= 22 22 J

&
Nl —

2. 7" = r"/(nb)
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12.5 Division in polar form

You can probably guess what happens with division in polar form now — divide modulii
and subtract arguments. Again, check the details for yourself:

L(0;) cosB + jsin6 cosf) + jsin@; cos6, — jsinb,
= = X
L(6)) cosBy+ jsinf, cosbHy+ jsinf, cosB, — jsinb,
= (cos 6 cos B, + sin B sin ;) + j(sinbH; cos B, — sin 6, cos 6})
(on using cos’ 6, + sin? 6, = 1)

= COS(91 — 92) + ] sin(01 - 92) = 1(91 — 92)

Hence

ril6) n
= —/(6; —6
i) O %)

So, to divide in polar form:

° Divide modulii to obtain the modulus of the quotient
) Subtract arguments to obtain the argument of the quotient.

In symbols
u

22

kil
|z2]

arg (i—;) = arg(z)) — arg(z2)

Arg (Z_1> = Argz; — Argzy +2km k an integer
22

Problem 12.9
Work ~NITJ in Cartesian and polar forms and compare the results.
1- V3

We already know from Problem 12.8 that
. T . T
V3—j _21(—3) andl—\/gj—ﬂ(—g)

So in polar form

V3—j 21(_2) T T
1_\/§JJ-:21(_§>:Z<_€+§>:Z(E)
= COoS (%)—i—jsin(%)
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which we can check directly

V3-j  (B=HU++3)) 2/3+2j
1-V3 0 RwB3? 4
V30
~ 2 "2

Exercise on 12.5

Ifzy =1/ (%) and zp =/ (—%) evaluate o in polar and Cartesian form.
22

Answer

z_1_4<7_n>_(1—\/§)+(\/§+1>.
o \12) 22 2z

12.6 Exponential form of a complex number

Having explained the usefulness of the polar form in multiplication and division of complex
numbers, I will now introduce a result that is as pretty as it is powerful:

e’ =cosO + jsinf = £(H)

Remember that this result is unchanged if 6 is replaced by 6 4 2k where k is an integer.
This result for e/ was first stated explicitly by the Swiss mathematician Leonard Euler
(1707-83) in 1748 — not so long ago really. It is known, along with countless other results,
as Euler’s formula. It can be proved by expanding the left-hand side in series, gathering
together real and imaginary parts after using j> = —1 and summing the resulting series to
cosf and sin 6 (see Reinforcement Exercise 18).

Problem 12.10

By taking particular values for 6 show that
. ; . .
(i) e =e?" =1 (i) &7 = -1 (iii) /2 =

(i) e/® =cos0+ jsin0 = 1 and similarly ¢/ = cos2m + jsin2r =1

(ii) e/ =cosw + jsinm = —1
T 14 b
(i) €’2 =cos§+jsin5=0+j1 =7

It can be shown that e/? obeys all the usual indices laws:

e’*el? = /™) _ from multiplication in polar form
el* .

— = ¢/ _ from division in polar form

e

(e/*)” = ¢/* — from an extension of Q2, Exercise 12.4
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Problem 12.11
Put into exponential form (i) 1 (i) —1 (iii)) —2j (iv) 1+ \/gj
V) V3—j

Conversion to exponential form is of course no more than converting to polar form — i.e.
finding r and 6.

(€3] z=1, r=1 6=0 s0 z=1e/0=¢/0
(i) 7=—1, r=1, 6=mx 0 z=¢l"

(iif) 1=-2j r=2, ez_% so 7= 2e—iT/2
(iv) z=14++/3j r=2, 9:% S0 7 = 2ei7/3
v) z=+3—j r=2, 0= —% S0 7z =2e Jm/6

Exercises on 12.6

1. Show that the modulus of ¢/? is one
2. Show that (¢/?)~! = ¢=/?
jo Jjo JjO _ ,—Jb
3. Show that cosf = et sinf = 67‘6
2 2j

12.7 De Moivre's theorem for integer powers

A remarkable result ‘follows’ from the above Euler formula, if we assume that the usual
rules of indices apply. If # is an integer then

(cosO + jsinf)" = (/)" = /" = cosnb + j sinnd

giving us De Moivre’s theorem for a positive integer:

If n is an integer, then
(cosO + jsin6)" = cosnb + jsinnd

Basically, this result is a generalization of the ‘add arguments to form product’ rule. As an
example we have (cosf + j sin6)? = cos(6 + 6) + j sin(@ + 0) = cos 260 + j sin26. And
if you were misguided enough to repeat this multiplication a few times you would find,
for example, that (cos@ + j sin6)> = cos 50 + j sin50. De Moivre’s theorem gives this
to us directly however.

Problem 12.12

1
Using De Moivre’s theorem show that (v/3 +j)3 = ~3 J.

3 15
First note that we can write /3 + j = 2 (% + %) =2 (cos% + j sin %) and so
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6 6

(e (5) s (-3) =4

W3+ )7 = (2 (cos z + j sin Z)>’3 =] (cos T + j sin 5)73
1
8

Exercise on 12.7

By conversion to polar form and use of De Moivres’ theorem evaluate

i j’ i) (1+j)° (i) V3 -/
Answer
i —Jj (i) —4 + j) (i) 2~ (—%+§j)

12.8 De Moivre's theorem for fractional powers

We have considered simple algebra of complex numbers — addition, subtraction, multipli-
cation and ‘division’. So far, apart from +/—1 we have not however considered taking the
roots of a complex number. We don’t have to look far to see that this requires some care.
A few examples will help:

x? = 1 implies

1
x==£(1)2 = +/1 = +1

since (—1)> = 12 = 1. Two values, as we might expect.

What about x> = 1?2 In this case 1 is again a root, 13 =1, but —1 won’t do because
(—=1)> = —1 # 1. We would in any case expect three values of the cube root, since we
expect three solutions to a cubic equation. In fact in this simple case we can actually find
them by some algebra.

Pel=x-D&*+x+1)=0

So
x=1

or
XZ4x+1=0

The latter equation gives two complex roots:

So, in fact we do have three cube roots of +1:

11+.ﬁ 1 V3
L T )
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but two of them are complex. The question is, how do we find such roots in general?
Since the polar form is so useful in multiplication, and De Moivre’s theorem is useful in
raising to a power, we suspect that we can also use this form in taking roots. We can, but
there is a subtlety that takes some getting used to.

1

Consider the cube root 13. Written in polar form we have
1 1 1
13 = (cosO+ jsin0)3 = (£(0))3

Applying De Moivre’s theorem as it would work for an integer gives

1 1
3: —_ = =
1 z<3o) £(0) =1

i.e. it only gives us the root 1. But we have missed a trick, namely that because over
cos(0 + 2km) = cos B and sin(f + 2km) = sinf for any integer k, we can always write

L(0) = L(0 4+ 2km) k = any integer
as we noted in Section 12.3. That is, we can increase 6 by any integer multiple of 27, and

we won’t change /(6). Normally, we wouldn’t need to do this — we simply reproduce the
same values of /(6). However, when we take roots, the following happens:

(1(9))% = (L0 + 2kﬂ))%

_ Z(0—1—2]01)
3

when we apply De Moivre’s theorem. Now

0 0  2km .
L 3 #*/ 3 + = for all integer values of k

For example, with k = 1:
/ 0 ny 0 n 2
3 3 3
Applying this extension of De Moivre’s theorem to 1 = Z(0) gives
1 1
(L(0)3 =[£(0+2km)]3 k=0,+1%2,...

_y <O—I—2k7r)
o 3

=z<¥;) k=0, %1, +2, ...

Now we appear to have too many values — one for each of the infinite number of values
of k. However, you will find that these all reduce to just three different values:
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Problem 12.13

Evaluate / <2an> for k =0,1,2,3.

Substituting for £ we find:

2%k
k=o,z<—”>=4(0)=1
3
kl[zn 2n+,_ 2 1+,
= — ) =cos | — sin| — ) =—=
3 3 )T/ 2/

V3
2
4 4 4 1
k=2,[ —T[ = COS —T[ _jsin _T[ =___J£
3 3 3 2 2
6

We see that k = 3 brings us back to where we started. You can soon convince yourself
that higher values of k simply reproduce the three roots in the order of k =0, 1, 2.

So, we obtain all the different roots in polar form by first generalising the angle 6 to
0 + 2k, taking the root and then letting k take the appropriate number of values in turn,
usually commencing with £ = 0. Problem 12.13 should now help you to appreciate the
general situation, which we now summarise.

We can obtain all g gth roots of cos8 + j sin€ by writing it in its most general form:

cos @ + jsinf = cos(0 + 2km) + j sin(@ + 2km)
k=0,%1,+£2,...

Then
[cos(8 + 2km) + jsin(0 + 2km)]'/9

0+ 2% 0+ 2%
=cos<u>+jsin( + ”) k=0,1,2,....(g—1)
q q

and by letting k take any g consecutive values, for example, k =0,1,2,...(g — 1), we
obtain all of the g gth roots of cosf + j sinf.

The g gth roots of a complex number z = x + jy can be obtained by converting to
polar form and then using De Moivres theorem:

74 = [r(cosO + jsinf)]"/4

6 + 2k 0 + 2k
— rl/a |:cos <ﬂ) —|—jsin(u>] k=0,1,2,....(q—1)
q q

) 2
In geometrical terms these roots must all lie at equally spaced intervals of — around the
q

circle radius !/4, centre the origin in the complex plane.
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Exercises on 12.8

1. Find in a 4 jb form and plot on Argand diagram:
(i) The three values of j!/3
(i) The four values of (1 4 j)/*

2. Solve the following equations in a + jb form and plot the roots in the Argand plane.
i) x0—1=0 (@()x*+8=0

Answer
1(.)J§+1. ﬁ+1. .
Q) =+, = +=J -
2 T2/ 2 Tl
4
\/’
0 X

9 9
2 () sn () 2 (o (25) +150 (22))
177 17 25w 257
21/8 i .. il 21/8 o
(cos( 16)+]sm( T )) <cos(—16>+]sm<—16 ))
y

1/8 O\ | in1/8 &)
2 cos(16)+/2 sm(16

2"8 118 T\ o8 g (1
2 COS(ﬁ)+j2 sm(ﬁ)

18 1@) i01/8 o (1175)
2 cos(16 +j2"°sin 16

218 cos (Z%n) +j2"8 sin (2%‘)
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1 3 1 V3

2. () +£1 —+ = —— =

Q) St St
(i) —2 14+4/3j

12.9 Reinforcement

1. Write the following in simplest form in terms of real numbers and j.
H -1 (i) v9 (i) ~-9 (v) Jj?
) . l . N2
v —Jj (vi) 7 (vi)  (—=J)

2. Solve the following equations, writing the answer in z = a + jb form:

(i) 22+25=0 (i) 22+4z4+5=0
(iii) z*—3z22—-4=0 (v) 24+z-2=0
v) 24+1=0 (vi) 224+2jz+1=0

Using equations (i)—(v) verify the result that the equations with real coefficients have
real roots and/or complex roots occurring in conjugate pairs.

3. Express in the form a + jb:
a j? (i) (i) 3(1+j)—2(1—))
(iv) (=2))° W JjG+2 (D) )
(vii) 2j(G =D+ 32+ ))
4. Find the real and imaginary parts of:
() (1= N+ (i) G—4/)1+)) (iii) (4 +3j)?
(iv) (4+3))°

5. Write down the complex conjugates of:

. 1 . J
D543 . . .
@ 5+3j (i1) 34, (iii) ) @iv) 312

W) ( /2 )4 (vi) 1
v Vi) ———
3+2j Jj(2—5j)?
Where appropriate put both the original complex number and its conjugate into a + jb
form and check your results.
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6.

10.

11.
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Put into @ + jb form
® 2+5)H@-3) (i) (4—-/)A+)H3E+4) (i) 3_4;
i 2-—5j —-143j
(iv) - ™) o
1+4j B-=2)2+))
Evaluate
. 1 1 L 24 2—j 1
() ) L L i)
4-3j 4+43j 4-3j 4+3j S+3/)6-3))
and explain why each is either purely real or purely imaginary.
o 27 1+ .
Simplify the complex number 31 tTo Find the modulus and argument of the
J —J
result.
State by inspection only (no arithmetic is necessary) whether each of the following

numbers is purely real, purely imaginary or complex.

oAt A-g j R IANAEEIAY

) - — - () /= — - (i) . .
5-2j 542j 544 5-4j 2-3j 2+3j

Mark each of the following numbers on an Argand diagram and find the modulus and

the principal value of the argument of each:

i 2 (i) —1 (iii) 3j
(iv) —j V) 1443 i) —v3—
(vi)) —242j (viii) —3 —3j

Write down the numbers in polar form.

Convert to Cartesian form

() 4/(0) (i) 34(—%) (i) 2/(7)
Gv) 10£(7) v) 10/ (%) (vi) 2/ (%)
(vii) 3/ (—%) (viii) 2/ <—3T”> (ix) 3/ (%)

27 . T . S
x) 3/ <—?) (xi) z(g) (xii) 3/ (—?>
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12.

13.

14.

15.

16.

17.

18.

If |z1] =5, Argzy = /3, |22] = 3, Argz, = m /4, find the Cartesian forms of z; and
z» and the values of:

. .. 4

i) |21z i) = (iii) |2}

22

. Z . _

(iv) Arg(ziz2) (V) Arg (Z—‘) (vi) ArgZ
2

T . T .
Show that multiplication by j rotates a complex number through ) in the anticlock-
wise direction and division by j rotates it 0 in the clockwise direction.

If z; = 3/ (%) =2/ (118) =1 (%)
find the polar form of:

. ... <
@ 2122 (i) Z—l (i) 212223
2
2
(v 2 v 28 i) 42
Z3 21 22

Evaluate the powers indicated by use of the polar form.
i a-n (i) (V3+))° (i) (2+2/)"
Plot the complex numbers

: . LooV3 1 .
® 1-j (i) 2j (ii1) - T3/ (iv) =3

on the Argand diagram and put them in the form e/¢.

Express the following numbers in the form a + jb:
jin/3
() ei™3 (i) ein/6 (iii) e~(+im/3 i &
o—im/A i/
v vi
) 1+2j V) 2—j

Use the power series for e* with x = j# to find e/ in the form A 4 j B where A and
B are real power series in 6. Hence show that:

e/% = cosf + jsinf
Use this result to prove that

(cosO + jsin6)" = cosnd + j sinnb
ﬁ)“

1
H luate | = + j—
enceevauae<2+] 5
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19.

20.

21.

22,

23.

24.

Simplify (i) (1 4+ j~/3)° + (1 — j+/3)° and (ii) (v/3 — j)'° by using De Moivre’s
theorem.
Simplify
(cos 30 — jsin36)~3(cos 26 + j sin 260)*
(cos 76 + j sin76)%(cos 50 — j sin 50)~*
Determine all the roots in each case:
(i) Square roots of 1 (i) Square roots of —1
(iii) Square roots of j (iv) Cube roots of —j
(v) Square roots of (1 + j) (vi) Square roots of 1 + V3 Jj
(vii) Fourth roots of 1 — j (viii) Fourth roots of v/3 + j
Find the values of z satisfying
A 41=0
Simplify each of the following numbers to the a 4+ jb form:
.. cosda + jsindo . 1 ... C0s2a — jsin2«
(1) A e <« A (11) A . A~ (111) e A . A
cos3a — jsin3x sin 2a + j cos 2« sin 3o + j cos 3c
Find the polar forms of the fourth roots of —16 and indicate the results on the Argand

diagram.

12.10 Applications

1.

2.

. d?
If y = Ae/*" where A and « are constants, show that d—tf +a?y = 0. By assuming a

solution of the form y = ¢*, find solutions for the differential equation

d*y _dy
—— +2—=4+2y=0
dt? + dt 2y

by obtaining an equation for A. This is the approach we will follow in Chapter 15.

(i) By equating the real parts of cos56 + jsin56 = (cos® + jsin#)> show that
c0s 560 = 16.cos’ @ — 20 cos® 6 + 5cosf. Also express sin 50 as powers of sin 6.

ejG _ (ejQ)—l ej@ + (eje)—l
(i) By using sinf = — and cosf = — express in terms of
J
sines and cosines of multiple angles (a) sin*6, (b) cos’ . Use (a) to evaluate

/3
/ sin* 0 d6.
0

(iii) Write cos® = R(e/?) and hence sum the series cos@ + cos 20 + - - - + cosné.
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. In the relationship
(R+jpL) (S ;L ) P
Jp —J=1=5
rCJ) 0

all the quantities are real except j. Show that

_[R
P=VTIsc

and find R in terms of C, L, P, Q, S.

. In electrical circuit theory impedance is represented by a complex variable in which
the resistance R is the real part and the reactance X is the imaginary part:

Z=R+jX

The combined impedance, Z = R + jX of two impedance’s Z| = R + j X1, Z, =
R, + j X, in parallel is given by the usual result:

1 1 1

Z Z 7

Obtain explicit expressions for R and X in terms of R, Ry, X, X».

. A typical sinusoidal function
x(t) = Asin(wt + ¢)

describing an oscillating signal with period 27 /w, amplitude A and phase angle ¢ may
be represented, with the frequency w understood, by a line of length A making angle
¢ with a horizontal axis in an Argand plane. This is called a phasor diagram, the line
being the phasor of the signal x(z).

b=Asin¢|—-———————-

a=Acos ¢

The phasor X of x(¢) is then represented mathematically by a complex number of

magnitude A and argument ¢:

X =a+ jb=Acos¢ + jAsing = Ae'?
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In terms of X we can write x(¢) as:
x(t) = Im(Xe/®)

wherein lies the usefulness of phasors — the frequency behaviour of x(¢) is sepa-
rated out.

Phasors representing sinusoids of the same frequency can be added and subtracted
by complex algebra. Thus, if the phasors X| = Aje/?, X, = Ae/? represent signals
x1(t) = Ay sin(wt + ¢1), x2(t) = A, sin(wt + ¢,) respectively then the phasor X; + X,
represents the signal x(¢) 4+ x,(¢) and the phasor X| — X, represents the signal x;(¢) —
X (1).

1. Sketch and write down the phasors corresponding to the sinusoids 2 sin(wt + 7 /4),
sin(wt + 4m/3), 3cos(wt + 7 /3), 4sin(wt — 7 /6) — write these in Cartesian form a +
ib.
2. éketch and write down the phasors corresponding to the sinusoids:
(i) 3sin(wt + 7/6) (i) 2sin(wt + 7w /2)
(iii) sin(wt — 7/4) (iv) 3cos(wt —m/3)

Express the phasors in a 4 jb form.

Answers:
) 3J3 3 )
(i) 3e/7/0, T\/——kji (i) 2e/7/2, 2j
) 1 1 33 3
_/ﬂ/4 o . 3 jﬂ/G ]
(iii) e , _ﬁ J_«/E (iv) 3e/7/7, > +J2

3. Find the sinusoidal functions (assume frequency ) corresponding to the following
phasors in a + jb form

(i) 343 (i) —4+2V3j) (i) —4 —3; (iv) 3-52j
Answers:
() 3+/2sin(wt + 7/4) (i) 2+/7sin(wr 4 2.43)
(i) 5sin(er +3.79) (iv) 6sin(wt — 1.05)

NB. All angles in radians.

4. Express 2 cos wt and /2 cos(wt + 7/4) in phasor form and hence determine the ampli-
tude and phase of

2coswt + «/Ecos(a)t + m/4)
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12.11 Answers to reinforcement exercises

1. (1) j @) 3 (i) 3j
iv) -1 (v) 1 (vi) —j
(vii) —1
2. (1) &£5j ) —2+j,-2—j Gi) 2, -2, j, —j
1 7 1 7 1 3
(iv) 1,—§+§j, —E—éj (v) —I,EiJ'%

i) —(1£+2);

3.G0) —j (i) —j (i) 145/ (iv) —64
V) —1+2j (vi) —1 (vii) —1—4j
4.G) 2,0 Gi) 7, —1 i) 7, 24 (iv) —44, 117
5. () 53 (i) 1 (i) J
. 1 — 11 —_— 111 —_—
/ 3+4) i—2
. i 42 i+2\* . j
v - W (L ) Vi) —L—
j—3 2j—3 245))
6. (i) 23+ 14 (i) 3429/ i) = 4
1 11 111 — —
J J 24 " 25
(iv) 18 13 W) 11+23]
R TR Y 65 T 65

7. (i) 8/25, real, sum of complex conjugates.
(i) 4j/5, imaginary, difference of complex conjugates.

(iii) 1/34, real, product of complex conjugates.

8. L4l Modul LA t=2
-+ = odulus = — Argument = —
2/ S E 4
9. (i) imaginary (i1) real (iii)) complex
10. (@) 2,0 ) 1, m (iii) 3, /2
iv) 1, —m/2 ) 2,m/3 (vi) 2, =57m/6

(vii) 2+/2, 37 /4

(viil) 342, =37 /4

373



Understanding Engineering Mathematics

y
¢ 3j
°«-2+2) —
0 2 X
e—\3—j o —j
°_3-3j
11. () 4 () —3j (i) —2
(iv) —10 v) 10/ Vi) VZ+2j
(vii) %—%j (vii) 3 — V3] (i) ?% j
3 33, V30, .. 3/3 3.
(x) 5T/ (x1) 7"'5] (xii) 5 T 5/
12. 23 =51+jV3)/2 z2=3010+j)/V2
G 15 (i) 5/3 (iii) 25
(v) 77/12 v) w/12 ~i) 27/3
. 2w .3 T S5
14. (i) 6/ <?> (1) EZ <§) (i) 6/ <7>
. 5/ llyr) 2Z<2JT . 9Z 1171)
) (‘W ™ 3 ?) v 3 (W
15. () 16 (i) —64 (i) —64
16. (i) ~/2e—im/4 (i) 2e/7/? (iii) 2e/7/6 (iv) 3e=iT/2
1 V3 V31 e B3
17 () 5+ 5 (i) 5= -3 (i) 5= - 5
V31 31 2/3+1 23
(iv) > T3/ v) sﬁ_sﬁ] (vi) o0 10
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y
2j
0 X
.1_/
-3j
1 V3
18. -+ 22
R
19. (i) 27 (i) —21j
20. cos(386) — jsin(386)
21, () =+l1
(i) +j
(i) i(1 n 1 >
111 — —
V2 2/
i) V31, 31
) ——=j,j,—— — =
2 2T T/
(v) 21/4(c0sz+jsinz) 2174 cos Iz + j sin I
8 8/ 8 8
. V301
(vi) iﬁ(7+§j

o 2 w2 () 2 ()
(viii) 274/ ( i ) s (BN 21, 23” oy (17

1+ 1—j —14j —1—

25 A AN
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23. (i) cos7a + jsinTa (i) sin2a — jcos2u (i) sino 4+ jcosa
2k
24. 2/ (M) or £v/2(1 % j)
y
V2 (-1+))
¢ *\2 (1+))
0 X
. 2 (1-))
V2 (-1-)
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Matrices and Determinants

Matrices are rectangular arrays of numbers treated as mathematical entities in themselves
and satisfying an algebra that suits their particular application. In this respect they are
similar to vectors (Chapter 11), but whereas vectors are designed to reflect the behaviour
of physical quantities that have a direction associated with them, matrices are designed
to enable us to handle systems of linear equations of the sort introduced in Section 2.2.4.
Matrices have simple rules of addition and multiplication, but are complicated to invert, for
which it is convenient to introduce certain numbers, called determinants, that are associated
with matrices. Determinants also help us to define the eigenvalue problem, which is one
of immense importance in engineering and science.

Prerequisites
It will be helpful if you know something about:
e solving simultaneous linear equations (48 <)

o the principles and practice of elementary algebra (Chapter 12 <)
e the sigma notation (102 <)

Objectives
In this chapter you will find:

definitions of matrices and determinants

addition and subtraction of matrices

multiplication of matrices

zero and unit matrices

properties of determinants

the adjoint and inverse of a matrix

Cramer’s rule for solving systems of linear equations
eigenvalues and eigenvectors

Motivation
You may need the material of this chapter for:

solving systems of linear equations

frequency analysis of coupled engineering systems

solving distribution and scheduling problems in operational research
solving systems of differential equations
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13.1 An overview of matrices and determinants

Everywhere in engineering and science we are constantly having to deal with situations
where there are many variables. Matrices provide the mathematical shorthand for dealing
with a number of quantities at the same time — basically a generalisation of vectors (indeed
the language is similar in the two topics). Matrices are used in modelling complex mechan-
ical systems, control systems, electronic circuits, optical systems, economic and financial
systems, network problems, robotics, and much more besides.

A matrix is essentially a rectangular array of numbers, each independent from each
other — only their position in the array is significant. In matrix algebra the array itself
is treated as a single mathematical object — just like a vector. Rules have been invented
for combining such arrays, much like the rules of arithmetic, but with some significant
differences. Thus, matrices can be added and subtracted. They can also be multiplied,
but the commutative rule xy = yx no longer holds in general — if A, B are two matrices
then AB and BA are not necessarily the same thing. Matrices can also be ‘divided’,
but care is needed, as always with division. The rules of multiplication and division of
matrices are constructed so that we can use matrices in such things as solving systems of
equations.

Remember that in complex numbers we found it useful to introduce a real number — the
modulus, |z| — associated with a complex number, z, in order to define division by z. We
do a similar, but more general thing with matrices. Thus, a determinant is a number
associated with a given matrix or array. It is evaluated in a certain way from the elements
of the matrix and gives us useful information about it. Determinants enable us to define
a series of numbers associated with a (square) matrix, called its eigenvalues. These are
extremely important both mathematically and for applications. If for example the matrix
describes a particular control system then the eigenvalues of that matrix tell us important
things about the stability of the control system.

13.2 Definition of a matrix and its elements

Consider the system of equations

2x+y=3 3.1
x—2y=-1 ‘

In a sense the important information here is the set of coefficients, which we can arrange
in two arrays:

=[] o= 4]

Such arrays are called matrices. A is referred to as a 2 x 2 matrix, because it has two
rows and two columns. Similarly b is a 2 x 1 matrix, or column vector. The numbers
in the array are called its elements. Their positions are important, and note that signs
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must be properly included. The elements can be complex numbers. What we want to do
is construct an ‘algebra’ for such arrays that enables us to treat A and b as much as
possible like ordinary algebraic objects. The system of equation (13.1) already suggests
some ideas here.

We put the quantities x, y in a 2 x 1 matrix of their own:

[}

and write (13.1) as
2 L[x] _ 3
I 20|y | -1

Au =b

or

If this is to be a symbolic shorthand for (13.1) then this essentially defines the ‘product’
Au of the two matrices A and u. Have a go at determining the rule for multiplying matrices
yourself. The formal definition is given in Section 13.3

Problem 13.1

Write the system of equations

a+3 =1
2a +b =0

in matrix form Au = b.

The arrays are:

2] D I

so the equations become

> E]=Lo)

Problem 13.2
‘Multiply’ the following matrix products

o []E) @]
w [3 4]0
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(i) By analogy with how we have rewritten the pairs of equations we ‘multiply’ by
plugging rows of the first matrix into columns of the second matrix in the product. So:

-1 O||x| | (=Dx+0y]| —X
I 2|y | (Wx+2y | |x+2y

The quantities —x, x 4+ 2y are the elements of the new 2 x 1 matrix on the right-

hand side.
(i)
2 32| _[2x243x1]| |7
4 1| 1| |4x2+1x1| ]9
(iii) In this case the second factor has two columns. No problem, the pattern is

3 -1 1 2] _[3x1+(=D(=1 3x 24 (=1)(1)
4 20| =1 1|T| 4x1+42=D 4x2+2x1

-[2 ]

a 2 x 2 matrix. Essentially we are treating each of the two columns in the second
factor as we did the single columns in (i) and (ii). Take care with the signs in these
calculations!

It is common to use the notation a;; for the elements of a matrix, the subscripts i, j,
denoting the ith row and jth column. We now give the general definition of a matrix.
An mxn matrix A is an array of mn numbers with m rows and n columns denoted by:

ai an v 251
a ap azy

A=
am1 am?2 oo Amp

The number ajj is the ijth element of A, read as ‘a, i, j’
IOW  column
We sometimes write
A = [a;j]

The case when the number of rows and columns is equal, i.e. m = n, is very important.
Such matrices are called square, and we will have a lot to say about them later on.

A matrix does not have a numerical value (whereas a determinant — see Section 13.4 —
does). Note that round brackets are sometimes used for matrices. This is not advised since
when handwritten such brackets can be confused with determinant lines.

We will see more on the algebra of matrices, but for now just note that:

Addition of matrices is associative:
A+B+C)=A+B)+C
and commutative:

A+B =B +A
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Multiplication of matrices, considered in Section 13.3, is associative:
A(BC) = (AB)C

but not commutative:
AB # BA

We also define some special matrices:

Zero or null matrix — all elements zero. It satisfies the obvious rules A + 0 = A, 0A =
0, etc.

Unit matrix, I — all elements zero except for one’s on the leading diagonal. It must
therefore be a square matrix, and it satisfies

IA = AI' = A(I' and I may be different size)

for any matrix A.
Inverse matrix — if A is a square matrix then it may be possible to find another matrix
A~! such that:

AA" ' =A"A =1

Such a matrix is called the inverse of A. We show how to evaluate the inverse matrix in
Section 13.6.

Transpose — the transpose of a matrix A, denoted AT is the matrix obtained by changing
the rows of A into columns, thus, if A is m x n, AT is n x m.

Exercise on 13.2

Write the following system of equations in matrix form Ax = b. In each case, specify the
location of the coefficient —3 in the matrix A in the form a;;

(i) x—3y=1 () 3x+2y—z=1
2x +4y =4 —x —=3y+2z=1
x+y+z=2
Answer

o (L2 e
302 —17rx 1

(ii) [—1 -3 2}[);]:[1] an = -3
11 1dlz 2

13.3 Adding and multiplying matrices

Two matrices are equal if and only if corresponding elements are identical. Formally, two
matrices are equal if and only if they are of the same size and the corresponding elements
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are the same, i.e.
[bl‘j] = [aij] if and only if b,’j = ajj
for every value of i and j.
We add/subtract matrices by adding/subtracting corresponding elements. So we can
only add or subtract matrices of the same size:

lai;] £ [bij] = [aij £ b;j]

Generalising the idea of repeated addition we can define multiplication of a matrix by a
scalar, k, according to:

kla;;] = [ka;;]

i.e. we multiply each element by the scalar k. This is just like multiplication by a scalar
in vector algebra.

Problem 13.3

Add all possible pairs of the following matrices:

] _ 13 —1

A=(1)_} B=|:—10 2}
I | 21 0
) _ 123

c=[33] o=[1 23]
I | 12 3
S

E=11 o]

Since only matrices of the same size can be added we can only add A, C, E together and
B, D together. The possibilities are therefore

[ =1 2 3] _[14+42 —1+43
A+C=, 1_+[—1 2}_[0—1 1+2}
__ 3 i
=1-1 3]
T2 3] 2 -1 4 2
C+E=| 2_+[1 0}_[0 2]
117 [2 -1 )
ATE=1, 1_+[1 0}_[1 1]
-1 03 -1 1 2 3 2 5 2
B+D=|-1 0 2]+[1 2 3}:[0 2 5]
L 21 0 1 2 3 33 3
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Problem 13.4
a b 3

If [c di| + |:1

find a, b, c,d.

We have

)

)=l )

3 -1 _|a+3 b—-1] _ (1 0
1 0] |e+1 d4+0] |0 1

Equating corresponding elements gives

a+3=1
b—1=0
c+1=0

d=1

soa= -2
sob=1
soc=—1
sod =1

Note that an equation in 2 x 2 matrices is equivalent to four equations in terms of the
elements. Alternatively we can simply subtract the matrices:

a b| |1 0 3 -1 _|-2 1
#al=lo -0 )=
I think you will agree that most of the above is fairly sensible and you might expect
that an obvious generalisation of addition of matrices would be to define multiplication
of matrices as multiplying corresponding elements. However, this is not the most useful
definition. As noted above, we define multiplication to fit in with the structure of linear
equations — ‘plugging rows into columns’. For this to be possible, without trying to fit
a 3-pin plug into a 2-pin socket, for example, we can only form AB if A has the same
number of columns as B has rows. We then say A and B are conformable and we form the
product AB by multiplying each row of A into each column of B, multiplying elements in
pairs and adding up the results. The formal definition looks more fearsome than it actually
is — have a look at Problem 13.5 to make sense of it.
Thus let:

A = [a;j]
B = [b;}]

(m x n)

(nxr)
Then the elements of the product matrix:

C =AB =[c;j] (mxr)

are given by

n
cij = Z aikby;
k=1
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That is, the element in the ith row and jth column of the product matrix C is obtained

from the ‘scalar’ product of the ith row of A with the jth column of B.
As an example:

A=[a“ agn 6113] 2 x 3)
dzy dyp d3

bii b

B=|by by 3x2)
b31 b3

an an a bii b

C:AB:[ 1 an 13] by by

an ap an || o

_ [ aubu +anby +aizby anbiz +anby +aiby
aribi1 + axboy + axnbs  axnbir + axby + axpbi

Note:
1) AB and BA need not be the same — in fact, they are only both defined
ifAism xn and B is n x m (then AB is m x m and BA n x n)
(i) AB = 0 is possible even if both A and B have non zero elements.
Problem 13.5

Evaluate all possible products of the following matrices, excluding powers

0 -1 2
A=B _ﬂ B:ﬁ : _‘1’} c=[—1 0 —4}
31 2

Looking at the numbers of rows and columns we see that we can only form the following

products:
1 -21(2 1 0 0 1 2
AB_|:3 1:||:1 0 —1:|_|:7 3 —1:|
0 -1 2
2 1 0 -1 -2 0
BC:[ ][_1 0 _4}:[ ]
1 0 —1 3 | ’ -3 -2 0
No higher order products are possible without resulting in powers of A, B or C.

Problem 13.6

Evaluate

-1 2 3 2 —4 -1
|: 01 1i| |:—1 1 1i|
-1 0 2 1 -2 -1

and interpret the result.
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-1 2 3 2 —4 -1
[ 01 1}[_1 ] 1}
-1 0 2 1 -2 -1
-1 0 0 1 00
=|: 0 -1 0]:—[0 1 0:|
0 0 -1 0 0 1
where I is called the 3 x 3 unit matrix. It follows that if
-1 2 3
A:[ 01 1]
-1 0 2

-2 4 1
B=|: 1 -1 —1:|
—1 2 1

(note the overall change of sign) then

and

AB =1
You can also check that
BA =1

We say in these circumstances that B is the inverse of A — and then of course A is the
inverse of B. We will see how to find the inverse matrix in Section 13.6.

Problem 13.7

Evaluate
1 —1((1 2
0 0|1 2
The product is the 2 x 2 zero matrix
0 0
0 0
This is an example of AB = 0 even though neither A nor B is zero.

Exercises on 13.3

L If x+y 3] 2 X+Y
) -1 x—y| |Y—-X 1
find x, y, X, Y.
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2. For the matrices

-1 0 1 4 2 3
A:[z 1 0} B=|:—24 1}
3 2 —1 3 2 1
evaluate
i A+B (i) A—B (iii) 34 + 2B
(iv) AB (v) BA (vi) A2
Answers
Lx=3y=4Xx=2v=1
3 2 4 -5 =2 =2 5 4 9
2. @) [0 5 1} (i) [ 4 -3 —1] (iii) [2 11 2}
6 4 0 0 0 =2 15 10 —1
-1 0 =2 9 8 1 4 2 =2
(iv) [ 6 8 7] (v) [13 6 —3] (vi) [ 0 1 2}
5 12 10 4 4 2 -2 0 4

13.4 Determinants

First, an admission. The full theory of determinants is conceptually quite straightforward,
but it is very intricate. I will not, therefore, be going into much depth, and I will ask you
to make a leap of faith on occasions. However, determinants have great theoretical impor-
tance — in defining the inverse matrix, and in eigenvalue theory. It may appear therefore
that I am selling you short in skimming over determinants. However, in practice no one
uses determinants to invert matrices or find eigenvalues for real problems — there are far
more effective means studied at more advanced level. Another point is that the definition
of a determinant appears a little complicated and so I’ll work up to it gently, so that you
can see where it comes from. To help you interpret the symbols, a numerical example is
done in parallel.

Consider the simple system of Problem 13.8
equations: Solve the pair of equations
anxi +anx; = b 1) 3 +2x, =1 @)
a xy +anx; = b, (ii) X1 —2x; =2 (ii)
Multiply (i) by a1, (i) by a; and Multiply (i) by 1, (i) by 3 and
subtract subtract
(anaxn — azapn)x; = ajby — ax by Bx(=2)=1x2)x,=3x2-1x1
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So So
aiby — ax by 3x2—-1x1 5
Xp = ———— Xy = = ——
ajjax — azap 3x(=2)—1x2 8
Similarly we find Similarly we find
biay — apbs 1(-2)—2x2 3
Xl =——— X\ =—"""—>-"=—
ajjax — axndap 3(-2)—1x2 4
Introduce the notation (337 <) Introduce the notation
a b 32
d’:ad—bc ‘1 _2‘—3< 2)—1x2
then we can write then we can write
bl ann 1 2
bz an X 2 =2 3
X =— — ==
: ap  ap ! 3 2
any ann 1 —2
a b] 3 1
ay by . 1 2 5
Xy = ——— = - _=
: apn  apn : 3 2 8
a an 1 -2

Notice the patterns in the last steps:

(i) The denominator is the same for x; and x; and clearly obtained from the coefficients
of the left-hand side of the equations.

(i) The numerator for x| is given by replacing the x; column of the array of coefficients
by the right-hand side column of b’s. Similarly, the numerator for x, is obtained by
replacing the x, column by the right-hand side column.

This rule, capitalising on the notation introduced, is called Cramer’s rule — we will
say more on this in Section 13.5.

is called a 2 x 2 or second order determinant. It can be thought

The quantity ‘Ccl d

. . . b . .
of as associated with the matrix [Ccl d } We denote the determinant of a matrix A by |A|

or det(A). By solving systems of 3,4, ... equations, we are led to definitions of 3,4, ...
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order determinants to fit in with the above pattern. The simplest way to define these
higher order determinants is in terms of second order determinants. Thus, we define a
3 x 3 determinant by:

a4 ais
a1 4 4| =di
aszy a4z dass

azr an
asy  as;

ai  ass
azi  ass

ax  dz3

— a2
asy  asjs

= a)1a20a33 — A11a23a3 — A12a21433 + A12A2303]

+ apzaziaz; — ajzanas;

The elements of the first row are multiplied by the determinant obtained by crossing out
the row and column of the element, with an alternating sign. This is called the expansion
of the determinant by the first row. In fact, one can expand by any row or column and
we now show how to do this for general order determinants. Let

aypy ap ... Ay

any ann ... op
A, =

ay1 ap2 ... Qup

be a general nth order determinant. Choose any element g;;. The cofactor of a;;, denoted
Ajj, is the (n — 1)th order determinant (=1t D, ; where D;; is the determinant obtained
by deleting the i row and j column of A, (D;; is called the minor of g;;).

Then the general nth order determinant can be expressed in terms of (n — 1)th order
determinants (and hence in terms of (n — 2)th order, etc., down to second order) by an
expansion in the cofactors of any row or column. For example, for expansion of A, by
the first row we have

Ay =anAn +anAp+asAp+.. +apAn,

Take the 3 x 3 case as an example:
an  ap apg
Az =|ay axn ap

asy  dsx  dsz

The cofactors of the second row are

241 | a12 a3
Ay = (=1
axn ass
_ 242 a1 a3
Ay = (=1
azi  ass
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a dpz

Arn = (—1 243
3= (=1 4y ay

Then we can easily check that

Az = ax Ay +anAn +apix;
Similarly, we can check that

Az =ai3Az +anAy +anis;

(expansion by the third column).
You may have spotted that the example equations in Problem 13.8 can be solved much
more simply than by employing determinants. Adding them gives

4X1=3

yielding x; immediately and then x, can be obtained from one of the equations. So
this already appears to be a sledgehammer to crack a nut — why bother with determi-
nants at all? Because they provide a systematic, ‘easily’ remembered, and automatic
means of writing down the solution of any system of linear equations no matter how
complicated. The determinantal form does not depend on accidental properties of the
coefficients.

Problem 13.9
3 1 -2
Evaluate ‘ 1 0 2
-3 -1 4

Expand by the second row because it contains a zero:

3 -2

=10—D‘_} _i‘+0‘_3 4‘+20—n'_§ _i'

~4-2)+0=-2

Note that the final determinant is zero because the two rows (or columns) are proportional
to each other — see below.

Above we have both defined determinants and given a method for evaluating them. We
now need their properties. These are best illustrated using 2 x 2 examples.

(i) A determinant and its transpose (i.e. the determinant obtained from it by
transposing rows into columns — cf: transpose of a matrix (381 <)) have the same
value.

(i1) Interchanging two rows or two columns changes the sign of the determinant.
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(iii) If two rows or two columns are identical the determinant is zero (follows from (ii)).
(iv) Any factors common to a row (column) may be factored out from the determinant.

(v) A row may be increased or decreased by equal multiples of another row (similarly,
for columns) without changing the determinant.

(vi) A determinant in which a row or a column consists of the sum or difference of two or
more terms, may be expanded as the sum or difference of two or more determinants.

(vii) The determinant of the product of two (square) matrices is the product of the deter-
minants of the factors.

Problem 13.10

Illustrate the above properties of determinants by applying them to general
2 X 2 determinants.

. |la b a c
(1) c d‘—ad—bc_ b d
.. la b b a
(i) c d‘—ad—bc——(bc—ad)—— d ¢

@iii) If two rows (columns) are the same then exchanging them will not change the
determinant at all, but by (ii) it will change the sign. So the determinant will be its
own negative and must therefore be zero. Or, directly:

a a
b b =ab—ab=0
. ka b a b
) |, d‘zkad—kbc:k(ad—bc)zk . d‘
a+kb b|
@ [4E8 b = @ ora - b +ra
a c
=ad — bc = b d
N la+e b _
(vi) ot f d‘—(a—l—e)d—b(c—i—f)
=ad — bc+ ed — bf
a b e b
“ d‘* fod
wiiy |4 Clle S =[aetbs af +bh
c d||g h| |ce+dg cf +dh
Now

ae+bg af + bh

ce+dg cf +dh ‘ = (ae +bg)(cf +dh) — (af + bh)(ce + dg)

=aecf + aedh + bgcf + bgdh — afce —afdg
— bhce — bhdg
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= adeh + bcfg — bceh —adfg

= (ad — bc)(eh — fg) (41 <)
_|la bl|le f
“|lc d||lg h

as required.

Exercises on 13.4

32| .0 ]33
—1 1 (”)11‘

2. Expand by (i) first row (ii) second column (iii) second row

1. Evaluate (i)

320

1 0 7

2 4 1
9 10 10
3. Simplify and evaluate |2 3 -1
3 3 1

Answers
1.5 GO0 2. —58 in each case 3. =26

13.5 Cramer’s rule for solving a system of linear
equations

We will now show how to generalise the 2 x 2 version of Cramer’s rule given in
Section 13.4 by looking at the case of three equations in three unknowns.

anxi + anxy +apzxs = by

axpxy + anxy +apxs = by

azxy + axnxy +axxs = bs
If we solve this system by elimination then it is found (believe me!) that the solution can

be expressed in a simple determinant form that generalises the 2 x 2 case of Section 13.4.
This is Cramer’s rule. Cramer’s rule gives the solution in terms of 3 x 3 determinants as:

ain by ap
ayy by axn
azi by axn

by ap ap
by ax axn

by a a
x| = 3 4z asz Xy =

air app b
ay an b
a1 axn bz
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where
ap ap as

azy dz dz3
asy dasy dass

A =

Again, note the pattern — denominators are always the same and equal to the determinant
of the coefficients, A. The numerator of x; is obtained by replacing the column of x;
coefficients in A by the column of right-hand sides.

Problem 13.11

Solve the system of linear equations

x+2y—2z=0
2x —y+z =1
x—y+2%=-1

Using Cramer’s rule we have

0 2 -1
‘ 1 -1 1
el -1 2
T3 2 -1
2 -1 1
1 -1 2
-1 1 11 1 -1
I e P ) S |
-1 1 2 1 2 —1
|2l o[ 2
B —22+D-(=1-1
324D -2 -1 —(=2+1)
-4
-8 2
30 -1
2 1 1
-1 2
V= 38
32+ - 1(=2-1)
B -8
943 3
-8 2
32 0
2 —-1 1
L -1 -1
B -8
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30+ —2(=2-1

-8
_6+6 3
-8 2

Note that in the case when at least one of the values b; is non-zero the system of equations
only has a unique solution if the determinant of coefficients A is non-zero. This provides
a simple test for the consistency of a system. If all b; are zero we say that the system is
homogeneous. In this case, if the determinant of coefficients is non-zero then we simply
get a zero solution for all the variables — the so-called ‘trivial solution’. On the other hand,
if the determinant of coefficients is zero then we get an indeterminate result g. In this case
it may be possible to get non-zero solutions for some or all of the variables. We consider
homogeneous systems further in Section 13.7.
Geometrically, an equation of the form

ax +by+cz=d

represents a plane in three dimensions (340 <). Three equations of this form would
therefore be expected to yield the intersection of three planes and usually this would be
a single unique point corresponding to the unique solution of the system. However, there
are some exceptional cases:

(i) 2 or 3 of the planes parallel, in which case the determinant of coefficients A = 0 and
X, y, z are not uniquely defined.

(i1) 3 planes coincide or have a line in common in which case we again have A = 0, the
numerators for x, y, z, are all zero, and in this case there are an infinite number of
solutions.

Exercise on 13.5

Solve the system of equations where possible

i) 3x—2y+z=1 (i) x+2y—-3z=0
x+y+Z:0 2X—y—|—z:1
2x —y+2z=1 x=3y+4z=2
Answer
Hx=0,y= —%, z =% (i1) No solution

13.6 The inverse matrix

Before defining the inverse matrix A~! of a square matrix A we define another matrix,
AdjA, associated with A. The definition seems a bit strange, but all will be revealed
shortly. The adjoint of a square matrix A, denoted by AdjA, is the transpose of the matrix
in which each element of A is replaced by its corresponding cofactors. Try the problem
quickly to get a proper grasp of this!
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Problem 13.12

Find the determinant and adjoint of

i

011
-1 0 2
and evaluate A AdjA

-1 2 3
Al=| 0 1 1|=-1Q2) -
-1 0 2
=—1
1 1 | 01
0o 2 -1 2
. 2 3 -1 3
Adid=1-1g 2 -1 2
2 3 |-1 3
1 1 0 1
-1 2
Note, for example, that the element — 1 0

2(1) +3(D)

—_— N o O -

in the 2, 3 position of the matrix about to

be transposed is indeed the cofactor of the element a,3 in A and check the other elements

similarly.
2 -1 17"
:|:—4 1 —2:|
-1 1 -1
2 —4 -1
=|:—1 1 1:|
1 -2 -1
We then find
-1 2 3 2
AAde=|: 0 1 1][—1
-1 0 2 1
-1 0 0
=|: 0 -1 0:|
0 0 -1
1 0 0
=—1|:0 1 0i|
0 0 1
=11
= |All

This is an example of the general result

Adj
qAdA
A

which we will return to below.
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Before pressing on to the inverse matrix, let’s think about why we might need it and
what it might look like. Remember that we introduced the idea of a matrix so that we
could write a system of equations in the single form

Au=b>b

This is of little use unless we can push the new notation to help us to solve such a system.
Think of a simple equation

3x =6

Of course, the solution is x = 2. But, spelling out the details, we first multiply by
1/3 =371,

37'3x) = 37 13)x = Ix
=x=3"6=2
In order to repeat this for the matrix equation we need A~!, the equivalent of 3~!. This

motivates the following definition.
The inverse, A~!, of a square matrix A is defined by

AT'A=1=AA"
where I is the appropriate unit matrix. The inverse of a matrix exists only if the matrix is
non-singular (i.e. its determinant is non-zero). This follows because, since the determinant
of a product is the product of the determinants (390 <):

ATA| =1a7 Al =1 =1
and so we must have |A| # 0. Also, from this equation follows:

A~ =1//A] = A

So
det(A™") = [det(4)]™!

In Problem 13.12 above we saw that
AAdjA = -1 = |A|I

This is, in fact, a general result and leads to the following expression for A~!:

o1 Adid
Al

Note that in finding the inverse matrix it is wise to calculate |A] first, because if this is
zero, the inverse does not exist and it is a waste of time finding AdjA.
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Problem 13.13

Find, if possible, the inverse of each of the matrices
1 -1 3 2 -1 1
(i)A=|:2 2 1:| (ii)B=|:2 0 3:|
0 4 -5 1 -1 0

(i) First check the determinant of A:

1 -1 3
A=|2 2 1
0 4 -5

2 1 2 1 2 2
=17 |-enly L8 )

=—10—-44+2(-5—-0x14+32x4—-0x2)
=0
So A is singular — its determinant is zero, and so its inverse does not exist.

(i) Hoping for better luck with B we have

2 -1 1
Bl=|2 0 3
1 -1 0

=203)+(=3)+(-2)
=1

So the inverse of B exists and we are not wasting our time finding AdjB.

- 03] |23 2 0|97
-1 0 1 0 1 -1
. -1 1 2 1 2 -1
AdB =1 —|_| 1ol |1 -1
-1 1] |21 2 -1
i 0 3 2 3 2 0
-3 3 277
=|-1 -1 1}
-3 —4 -2
-3 -1 -3
= 3—1—4}
L2 1 2

As an exercise you might like to check that BAdjB = |B|I at this stage.
So we now have
_, _ AdjB

= 287 _ AdjB
|B|

3 -1 -3
=[ 3 -1 —4}
—2 1 2
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Exercise on 13.6

Where possible, solve the systems of Exercise 13.5 using the inverse matrix.

Answer

See answer to Exercise 13.5.

13.7 Eigenvalues and eigenvectors

Consider the system of equations

3x+2y=0
6x+4y =0

Note that the determinant of coefficients of the left-hand side is

‘32

6 4'20

If either of the right-hand sides was non-zero this would mean the system has no solution.
However, when the right-hand sides are all zero, we say the system is homogeneous, and
in this case there is the possibility of a solution. In fact, cancelling 2 from the second
equation reveals that the equations are the same — we really only have one equation:

3x+2y=0

This has an infinite number of solutions — choose any value of y, y = s, then take x as
2

—=S.

In fact, in the homogeneous case it is essential for a non-trivial solution that the
determinant of the coefficients is zero. We can generalise this. Returning to the original
motivation for the inverse matrix, remember that we wanted to solve

Au=b>
by multiplying by A~!:
A Au)=A"Au =Iu =u
=A""b.

So we have to insist in this case on |A| # 0, if b £ 0. On the other hand, if » = 0, and
we have the homogeneous system

Au =0

then if A is non-singular we only get the trivial solution # = 0. It is called trivial because
if it were, say, to correspond to a physical dynamical system then it would represent
the state of zero motion — no activity. In the case of homogeneous systems, we only get
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non-trivial solutions if |A| = 0. All this would be of little interest were it not for the
fact that homogeneous systems are very important, especially in engineering mathematics.
When a complicated structure such as an aircraft wing is being studied to examine the
kinds of vibrations it might experience it turns out that the mathematical modelling relies
heavily on homogeneous systems of equations of a particular type that leads to quantities
called eigenvalues. These quantities are actually related to the frequencies of vibrations
of the various components of the aircraft wing, so their importance is obvious. They
have countless other applications too, but here we will concentrate on their mathematical
significance and properties. Once again, the definitions may be a little complicated and
you may have to take a few things on trust, but the results are worth it, and the technical
manipulations involved are really not that difficult.

Eigenvalues are numerical quantities related to the determinant of a certain type of
square matrix. They arise in, for example, vibrating systems because the mathematical
models used involve systems of equations that take the matrix form

Au = \u

Here A is some square matrix describing the system, A (Greek, 1, ‘lambda’ — the stan-
dard notation for eigenvalues) is some parameter depending on the characteristics of the
vibrating system and u is some ‘solution vector’ that might, for example, represent the
displacements of the vibrating components being modelled. Now this system of equations
is a particular example of a homogeneous system of the form

A—Du=0

where I is a unit matrix of the same size as A. It will therefore only have a non-trivial solu-
tion for u if the determinant of coefficients is zero, which gives the eigenvalue equation

A—A| =0

This is in fact a polynomial equation for A. For a given matrix A only certain values of
A will satisfy this equation, and only for these ‘eigenvalues’ will the original equation for
u have a non-trivial solution. Such non-trivial solutions for u are called the eigenvectors
corresponding to the eigenvalues A.

The above is a lot to take in but the objective is to motivate the rather strange definitions
we are introducing. The mechanics of the actual mathematical manipulations are, as noted
above, not too bad. Try the problem quickly!

Problem 13.14

Find the eigenvalues and corresponding eigenvectors of the matrix

=2 7

If A is an eigenvalue of A, then it satisfies

6 —3 10
a-n=[2 7] )

le—x =3
T2 1-a
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=22 —7r+12
=A-3(XL—-4=0
So the eigenvalues are A = 3, A = 4.

To find corresponding eigenvectors we must solve the system of homogeneous equations
Au = )u with each of the eigenvalues substituted. For A = 3 the equations become

_ 3 -3 ui . |l m
e[} 2] (=[]
This gives two equations for u;, u, which actually reduce to one, with solution

up = uy

In general then we get an eigenvector corresponding to A = 3 of the form

«=[e]=[1]
u 1
where u is an arbitrary number, roughly analogous to the arbitrary constant in inte-
gration — we choose it to suit our purposes, usually to give a column vector with unit
magnitude (the magnitude of a column vector, like that of a vector (331 <), is the square
root of the sum of the squares of its components — if that puts you in mind of Pythagoras
again then so it should, the magnitude of a column vector is in a sense the ‘length’ of

a vector it might represent). In the above case choosing u# to make u of unit magnitude
gives

atl
u=—
N
Repeating the above arguments for the other eigenvalue A = 4 you should find a corre-
sponding eigenvector

~ i

where v is again arbitrary. Taking v to be of unit magnitude gives

=753

Hopefully, you will agree that actually finding the eigenvalues and eigenvectors is relatively
routine — in this case simply expanding a determinant and solving a quadratic equation,
then solving a system of linear equations. In real engineering problems one might have
hundreds of components or degrees of freedom, resulting in matrices with thousands of
entries, and things are then not so simple — we have no hope of expanding the corre-
sponding determinants or solving the resulting equations so easily. In such cases we have
to resort to completely different (numerical) methods for finding eigenvalues — but the
basic principles are still the same.
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In the Applications section (» 403) you are led through an application of eigenvalues
and eigenvectors to the simplest vibrating system there is — a single simple pendulum.
Full details are given on the book website, although it involves some material we have
not covered yet. But be assured, this topic is one of the most important in engineering
mathematics and is well worth the effort to master.

Exercise on 13.7

Find the eigenvalues and corresponding eigenvectors for the matrix

4 0 1
A=|:—2 1 0:|
-2 0 1

0 —1 -1
A:lH; Azz,[ 2} Azg,[ 1]
0 2 1

Remember that each of the eigenvectors could be multiplied by a different arbitrary
constant.

Answer

13.8 Reinforcement

1. Express the following in matrix form

() 2x—y=—1 (i) 3x—y+2z=1
x+2y=0 2x +2y+3z=2
—3x—z=-3
(i) a+42b+3c=1 (v) 4u—2v=1
a—b—c=3 3u+3v=2
u—v=-—1
-1 2 3 0 1 3
2. IfA:|: 4 0 2:| B:|:2 -1 4:|
-1 1 2 3 -1 2
(i) Write down ai, as1, ass, bii, by, b3
3 3
(i) Evaluate Zalkbk3, Za3kbk2
k=1 k=1

(iii) Evaluate (a) 24 —3B () A2 (c)AB (d) BA

x -1y 3 a x
3. If|:2 0 3i|=|:b 0 c:|
Z 3 2 2 3 d

evaluate a, b, ¢, d, x, y, z.

400



Understanding Engineering Mathematics

V3o

cosf sinf | )

4. If|:—sin9 c0s9:|_ 1 V3
22

determine 6 in the first quadrant, i.e. 0 < 6 < 90°.

5. Using the following matrices evaluate every possible sum and product of pairs of the
matrices (repetitions such as A2 allowed):

3
a=|2 1 B=|-1 C=[-2 0]
30 A
0 1 -1 374
D:[ 20 3} E:[—1 2}
-1 =3 2 0 3
111
F_[Z 5 2] G=[2 1 0]
2 -1 32 -1 4 2
6.A:[ 3 o} B:[Ol 2} 02[3 1]
-1 1 11 1 0 —1
2 1 4
D‘[s 0 —1}

Find, where possible,
i) 3A+B (i) 44 +2C (iii)) 3D —2A
(iv) 24D + 3B v) 3u—2v+B (vi) 2u+3v —w
(vil) u —2w + By
7. A, B, C are the matrices
31 2 -1 0 1 1 2
A_|:—1 2i| B_|:3 1 2i| C_|:—2 2 3]

Verify that A(B + C) = AB +AC. Is it true that (B + C)A = BA + CA?

8. Evaluate
1 0 2
@) _; i‘ G) |3 4 5
5 6 7
1 0 6 1 00
(i) |3 4 15 iv) |2 3 5
5 6 21 4 1 3
0 2 3 .
™ |-2 0 4 (viy | 080 sin@ ‘
3 _4 0 —sinf cosf
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9. Write down the following expansions of the determinant

Al = |0

(i) By first row
(i) By second row
(iii)) By 3rd column
(iv) By last row

3 -1

4 -1

and check that they all lead to the same result.

10. Invert the following matrices

03]

2 3 4
@iv) |:4 3 li|
1 2 4

1 2 -1
2 3] (iii) [—1 1 2}
2 2 -1 1

2 0
4]
0 6

11. Solve the equations below by matrix inversion where possible:

i x+y+z=4
2x +5y—2z=3

x+T7y—=Tz=5
(i) 2x+3y—z=5
x—y+3z=28

3x+4y—-2z=5
12. Solve the equation

x+1 6

x—1 4

1—x -5 x-—1

(i) 2x+3y —4z=-15
3x =2y +3z=15
S5x+7y+5z7=—-6

13. Solve the following systems of equations by Cramer’s rule — when possible:

i x+y=1
2x —y =2

(i) x+y+z=1
x+2y+3z=0
x—y—z=0

(i) 4x—12y=3
1Ix =2y =1

iv) x—y+2z=1
x+2y—-3z=0
x+y—z=2

14. Decide which of the following systems of equations have non-trivial solutions:

i) 3x—2y=0
x+y=0
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(i) x+y+z=0

iv) x+y+z=0

xX—y+2z=0 x—y—z=0
2x+y—3z=0 3x+y+z=0
V) 2x—=2y+z=0 (vi) 2x—y+4+2z=0
3x—y+z=0 x+y—2z2=0
x+y=0 3x4+2y+4+2z=0

15. Construct a system of three linear homogeneous equations in three unknowns that has

a non-trivial solution

16. Determine the eigenvalues of the following:

(i) _(1) g} (ii) _g _ﬂ (iii) _% _ﬂ
- -1 10
. 8 —4 . [1 o
@iv) i| V) 0 -2 2:| (vi) :|
2 2 IR 2 1
T2 0 -1 12 -1 10 0
(vii) 0 2 o] (viii) 2 1 1} (ix) |2 1 —2}
L-1. 0 2 L-1 1 0 (3 2 1

17. Determine the eigenvectors for each of the matrices in Q16.

13.9 Applications

1. A standard example in which systems of linear equations in more than one unknown
arise is that of the modelling of electrical circuits or networks. A system of elec-
trical components and connections might be very complicated, but can be analysed by
regarding it as comprised of simple loops and branches to which Kirchoff’s Laws can
be applied. A typical problem might be to determine the current in some part of a
circuit given the resistances, emfs, etc. in the network components. Such a problem
resulted in the following system of equations for currents iy, i, i3 (amps) in a network:

i1 +i+i3=0
—8i, +10i3 =0
4iy —8ir =6

Solve the system for iy, i, i3 by (i) Cramer’s rule (ii) matrix inversion.

Notes:

e For practical circuits of any size some standard software package would be used,
probably involving numerical methods.

e Useful mathematical analysis of the network can be done prior to solution, using the
techniques of graph theory, to optimise the solution process

e Cramer’s rule and matrix inversion are essentially equivalent.
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2. Systems of forces acting on a body in equilibrium can also lead to systems of linear
equations. For example, resolution of forces and balancing of moments leads to the
following equations for three forces F), F», F3 (Newtons) acting on one of the struts
in an aircraft wing.

FiF—F =0
2F  + F, —2F3 =20
F,—F=4

Find the forces by (i) Cramer’s rule (ii) matrix inversion.

3. The simple harmonic oscillator
The position, x, of a particle performing simple harmonic motion about the origin at a
time ¢ can be described through Newton’s laws of motion by the differential equation:

P e —0
— towx=
dr?
where ? is a positive quantity. It is standard practice to introduce a new variable:
dx
dr

to give the second order system:

dx
dt
dy _ -
dt

which may be written, in matrix form as,
= ol x=[]
di” | -o* 0 Ly
= Ax

For various reasons arising from the theory of differential equations (Chapter 15) we
now try to solve such systems by assuming solutions of the form

x = xpe™

y= )/0€M

where A is some constant to be determined, and xj, yo will depend on the initial
conditions. Substituting in the equations gives the matrix form

[ )]
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1

We only get non-trivial values for (xg, o) if the determinant of coefficients is zero:

a1 0 1 10
e B I I

This is precisely the eigenvalue equation for the matrix of coefficients of the original
system:
0 1
a= o)

Convert the equation

d?x

W+4X:0

to a first order system as described above.
Try a solution of the form x = xge*’, y = ype™ in this system and find the possible

values of A that will yield a non-trivial solution — they will in fact be complex. Hence
solve the equations and express the solutions without complex numbers.

At

3.10 Answers to reinforcement exercises

1.

o [1 2]0=10]

-3 -1 27T« 1
(ii) 2 2 3 |:y]=|: 2]
L3 0 -1]lz -3

r a
aip |12 3] b
C

4 =27
Gv) |3 3][ ]:
L1 —1JL?

-1 2 3 0 1 3
2.IfA=|: 4 0 2i| B=|:2 -1 4i|

-1 1 2 3 -1 2
(l) 2’ _15 27 07 27 -1
Gi) 11, —4
-2 1 -3 6 1 7 13 -6 11
(>iii) (a) |: 2 3 —8:| (b) |:—6 10 16:| (©) |:6 2 16:|
—11 5 =2 3 0 3 8 —4 5
1 3 8
(d) |:—10 8 12i|
-9 8 11
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J.a=—-1,b=2,c=3,d=2,x=y=3,z=2
4. 6 =30°
5. Additions

6
2A = 4 2 2B = | -2 2C =[—4 0]
6 0
8
0 2 =2 6 8
2D=|: 4 0 6i| 2E=|:—2 4]
-2 —6 4 0 6
2 2 2
2F=[4 4 4i| 2G =[4 2 0]
Multiplications
6 30
AF:[g (3) (3)} A2=|:é :ﬂ BG:[—2 -1 o}
8 4 0
3 3 1
CA=[-4 2] CF =[-2 -2 -=2] D2=|:—3 —7 4
-8 -7 —4
r—5 -1 -1 18 -3
DB = 18] DE=|: 6 17i| EA=|:4 1]
L 8 0 —4 9 0
r11 11 11
o 3} = ] =[] 2]
L 6 6 6
[2 9
FE__4 18 GB =5 GD =[4 2 1]
GE =[5 10]
16 0 8 8
6. (i) Not possible (i1) |:18 2:| (iii) |:3 3:|
—4 2 2 =5
11 10 15
@iv) |:12 9 30:| (v) wu,v, B not all same size
5 1 =7
0 4
(vi) |:5:| (vii) |:3:|
5 1
7. A, B, C are the matrices
3 1 2 -1 0 1 1 2
A_|:—1 2:| B_|:3 1 2:| C_|:—2 2 3]

(B + C)A # BA + CA, indeed neither of (B 4+ C)A, BA, or CA exist
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8.4) 14 (i) -6 (i) —18 @iv) 4
v) 0 vi) 1
. 1 2 0 2 0 1
9. () 3‘_1 2‘+’4 2'+2'4 _1'
.. -1 2 3 2 3 -1
(i) —0'_1 2'+1‘4 2‘_2‘4 _1‘
0 1 3 -1 3 -
(iii) 2‘4 1‘—2‘4 _1‘—{-2‘0 ‘
. -1 2 3 2 3 -1
(iv) 4‘ ! 2‘+1‘0 2‘—!—2‘0
All equal to —4
1 -5 7
. 4/5 -=3/5 1
10. () |:_ :| ) — |: 7 1 —5:|
1/5 2/5 18 _s 7 1
1 3 -1 5 1 —10 4 9
(i) — |: 5 3 —1:| iv) = |: 15 -4 —14:|
Bl 5 3 o I
1 6 12 -8
V) — |: 10 -6 4:|
260 5 4 7
11. (i) No solution ) x=1,y=-3,z=2 (i) x=1,y=2,z=3
12. x=1or4
1B.G) x=Ly=0 () x= o.y=-—0 (i) x=1y=2:=—
. () x=1,y= ii x_62,y_ 74 iii x_z,y_,z_ 3
(iv) No solution
14. (i) Trivial solution only (i) Non-trivial solution
(iii) Trivial solution only (iv) Non-trivial solution
(v) Non-trivial solution (vi) Trivial solution only
15. Example:
x+y+z=0
x+2y+3z=0
2x +3y+4+4z=0
16. () 1,2 (i) 3,4 @) 1, —1 @iv) 4,6
v) 0,1,2 (vi) 1 (twice) (vi) 1,2,3 (viii) 1, -2,3
(ix) 1,1+£2j
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1 0 1 [ L
i) 1,—ol2]1]3 —
o b 2[ ’ [0} V2 [—ﬂ

(viii) 1,

)
|
vk |
|
|

(ix) 1, —
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Analysis for Engineers — Limits,
Sequences, Iteration, Series
and All That

The topics considered in this chapter are often regarded as something of a luxury for
engineers and scientists, who are normally more concerned with using techniques rather
than worrying too much about the underlying theory. However, the ideas are not really
that difficult, and there are in fact many engineering situations where it is necessary
to pay particular attention to things such as continuity and differentiability. Also, even
though some of the techniques may not be of immediate practical use, they are important
in applications of numerical methods in engineering. Thus, before engaging in costly
computational approaches, it is important to check that the problem is mathematically well
defined. Does a ‘solution’ exist? Is it unique? Will the computational scheme converge
to it? How long will it take? What are the error bounds? ... etc. These are the sorts of
questions that analysis addresses.

Prerequisites
It will be helpful if you know something about:

different types of number (5 <)
elementary notion of a limit (231 <)
properties of zero (6 <)

sketching graphs (91 <)

the binomial theorem (71 <)
properties of rational functions (56 <)
slope of a curve (230 <)

inequalities (97 <)

sequences and series (105 <)

the geometric series (105 <)
differentiation (Chapter 8 <)

the modulus sign (96 <)

elementary functions — trig, exponential, etc. (Chapters 4 and 6 <)

Objectives
In this chapter you will find:

e more on irrational numbers
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evaluation and properties of limits
continuity

slope of a curve and theory of differentiation
infinite sequences

iteration and Newton’s method

infinite series

infinite power series

convergence of sequences and series

Motivation
You may need the material of this chapter for:
e understanding when particular mathematical methods are applicable

e solving equations by iteration
e testing convergence of numerical methods

14.1 Continuity and irrational numbers

What do we mean by a ‘continuous curve’ ? Plotting the result of an experiment on a graph
will lead to a series of points separated by gaps (which may be small, but will always be
there). We can never plot a continuous curve, although we usually draw one through the
points. In fact, the idea of a continuous curve is a convenient mathematical abstraction
which allows us to use geometry to talk about slopes and rates of change. When we draw a
continuous curve we tacitly assume that the curve passes through every point on it (which
it doesn’t — there will at least be gaps between the molecules in the chemicals of the ink!).

To plot a point on a curve we must measure its distance from some origin. This can
only be done to a certain level of accuracy and so can only be done using a terminating
decimal, e.g. 3.412. As noted in Chapter 1 such numbers can always be written as rational
numbers — those which can be expressed in the form m/n where m and n are integers.

Problem 14.1

Write the decimal 3.412 as a rational number.

Quite simply in this case we have

However, there are numbers which cannot be written in this form as fractions — i.e. there
exist quantities which we can never measure exactly and yet which do have a real exist-
ence! These can never be plotted on a graph and so represent ‘holes’ in the apparently
continuous curve. An elementary example of such a number is the diagonal of the unit
square. By Pythagoras’ theorem (154 <) we know that the unit square has diagonal
V/2 units. Clearly, this number ‘exists’, otherwise we couldn’t cross a square diagonally.
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However, we will show that it cannot in fact be represented by a decimal with a finite
number of places — i.e. it is not a rational number, and so therefore it cannot be ‘measured’
or ‘plotted’ exactly. The method of proof is by contradiction, that is, we assume that /2
can be written as a rational number and then derive a contradiction. The proof is one of
the prettiest in elementary pure mathematics and it has great physical significance, demon-
strating that there is a real physical quantity of great importance that we cannot actually
measure. It also gives good practice in elementary algebra, so try to work through it.
Assume that we can write ﬁ as a rational number:

Ja="

n

where m, n are integers, each cancelled down to their lowest form (i.e. m and n have no
factors in common (12 <«)). Then

m
2=—
n

or
m? = 2n’

This implies that m? is even. Since the square of an odd number is odd m must also be
even. Let’s write it m = 2k where k is an integer. Then:

m? = 4k> = 2n?
or
n? = 2k?

By the same argument as for m, this implies that n is even.

We have therefore shown that both m and n are even and therefore contain (at least) the
factor 2 in common. This is a contradiction since we assumed that m and n have no factors
in common. So we have to conclude that \/E cannot be written as a rational number.

Numbers such as «/5, which cannot be written in the form m/n, are called irrational
numbers. They are clearly of more than academic interest because we cannot draw a
continuous curve without them. So, if we definitely cannot plot all points on a continuous
curve, how do we define such a curve mathematically? To define continuity precisely
we have to introduce the idea of a limit of a function at a point. This is the value of
the function as we approach closer and closer to the point indefinitely, without actually
reaching the point. It might or might not exist.

Exercises on 14.1

22
1. & is often approximated crudely by - Explain why this expression cannot be exactly

equal to 7.
2. Using a calculator or computer evaluate +/2 to as many decimal places as you can.
Square your result — do you retrieve 2?

Answers

1. - is rational, whereas it can be shown that 7 is not.
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2. On my calculator /2 = 1.41421356237. My calculator squares this to 1.9999999998,
so it is clearly not the square root of 2.

14.2 Limits

Suppose we are trying to find the velocity of a particle at a time . As velocity is distance
moved divided by time taken we have to measure a small distance moved and divide by
the time taken for this. But this will only give us the average velocity over this small
interval. Actually, at the point ¢ there is zero movement in zero time — is the velocity 0/0?
Remember that in Chapter 1 we said this is not defined (7 <). The way out of this is to
consider smaller and smaller intervals and find the average velocity over these intervals. As
the interval decreases, the average velocity over it should be nearer to the actual velocity
at . We say that we find the limit of the velocity as the interval goes to zero. Notice
that we never actually evaluate the velocity at the point ¢ — because this just gives 0/0,
as seen above — we just get nearer and nearer to it without actually reaching it. This is
formalised in the following definition.

The limit of f(x) as x tends to a is defined as the value of f(x) as x approaches
closer and closer to a without actually reaching it and is denoted by:

lim f(x)

X—a

There are some points to note:

6)) We do not evaluate the limit by actually substituting x = a in f(x)
in general, although in some simple cases it is possible.
(ii) The value of the limit can depend on ‘which side it is ap-

proached’ — from ‘above’ or ‘below’, i.e. through values of x less
than @ or through values of x greater than a respectively. The two
possible values may not be the same — in which case the limit does
not exist.

(iii) The limit may not exist at all — and even if it does it may not be
equal to f(a).

The sort of limits that cause most difficulty and which are probably the most important
are those arising from so called ‘indeterminate forms’. Any expression that yields results
of the form 0/0, co/o0, or 0 x oo is called an indeterminate form. Examples are

x2—=1 0 sinx 0
=—atx=1 and =—atx=0
x—1 0 X 0

Even though the function does not exist at such points, its limit at the point may exist.
For example as we will see below,

) x? =1 . sin x
lim ( ) and lim ( )
x—1 x—1 x—0 X

both exist.
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Problem 14.2

Evaluate f (x) = x? + 2x + 3 for x = 1.1, 1.01, 1.001, 1.0001. What do you
think f (x) approaches as x gets closer and closer to 1?

We obtain the values in the table below

x f(x)

1.1 6.41

1.01 6.0401
1.001 6.004001

1.0001 6.00040001

So as x gets closer and closer to 1, f(x) gets closer and closer to 6 — we say that the limit
as x tends to 1 is 6. Similar results are obtained if we consider values of x less than and
increasingly closer to 1. The results get increasingly closer to 6. This is also the value of
f(x) at x = 1 of course. Graphically, the situation is illustrated in Figure 14.1.

y /y:x2+2x+3

6777
I
I
I
|
af
I
I
I
I
I
I

2210 1

X

Figure 14.1 The graph of y = x* 4+ 2x + 3.

Problem 14.3

2 _
t 11 for x = 1.2, 1.02, 1.002,

x —
1.0002 — what do you think is the limit as x tends to 1?

Evaluate the function f (x) =

We obtain the table below

x f(x)
1.2 2.2
1.02 2.02
1.002 2.002

1.0002 2.0002
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The table of values suggests that as x — 1, f(x) — 2 (the arrow represents ‘tends to’).
However, of course,
12-1 0
1 = = —
VALY —1-0
which is indeterminate indicating that in this case we cannot evaluate the limit simply
by substituting the value of x = 1. Instead, we proceed as follows:
xr—1 =D +1)

li = =1l H=2
xl—I‘rnl x—l xl_l;l’% (x—l) xl—r>r}(x+ )

The cancellation of the x — 1 factor under the limit is permissible because in the limit we
only consider values of x arbitrarily close but never equal to 1. So x — 1 is never zero
and so can be cancelled under the limit. See Figure 14.2.

y

~— The point (1,2) is
omitted from the
curve.

I e ——
/ 0 1 X

X —1

Figure 14.2 The graph of y = P

Problem 14.4

1
Investigate the limit of f (x) = 1 as x tends to 1.
x —

The graph of this function is shown in Figure 14.3 and it is clear that the limit at x = 1
does not exist. If we approach x = 1 from below the limit tends to —oo. If we approach
from above it tends to +00. We say there is a discontinuity at x = 1.

y

N

Figure 14.3 The graph of y = )%
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The properties of limits are fairly well what we might expect. Thus, if

lim f(x)=b limg(x)=c

X—a

then
L1. limkf(x) = kb for any fixed k
X—a

L2 lim[f(x) £g(0)] = lim f(x) + lim g(x) =b £ ¢
L3, lim[f(x)g()] = lim f(x) lim g(x) = bc

L8| - e = 2o

ClimeL, g(x)
1 1 1 1
L5. lim[f(x)]n = bn provided [f(x)]» and bn are real.
X—a

L4. lim

X—a

NB. We must always check that lim,_,, f(x), lim,_,, g(x) exist before applying the above
results, all of which are proved rigorously in pure maths books, but are fairly ‘obvious’.

Problem 14.5
Evaluate the limits
2 _ 2_1
(i) lim |:x X (2 +2x + 3)] (i) lim [ x }
=1 x —1 =1 (x = DVx2+2x +3

We know from Problems 14.2 and 14.3 that

xr =

1
1iml =2 and liml(x2 +2x+3)=6
x—>1 X — xX—

(i) Using rule L3, we have

2

. X2 2 . X _1 . 2
lim 1 X (x*42x +3) :hm1 7 xhn}(x + 2x + 3)

x—1 X — x—=1 x —

=2x6=12
which you can see we also get from:
1irr}[(x + D) x (x2+2x+3)] =12
x—

(ii) Using rules L4 and LS5, we have

. x2—1 | .
lim = lim 0 = hrr} Vx4 2x+3
x—

=1L (x — D/x24+2x +3 x>l x —
=2+ /limlx2+2x+3

X—>
2 W6

=2+\/6=%=T

415



Understanding Engineering Mathematics

and again you can see we get this directly from

i [ x+1 ] 2
m —_— = —
x>l A/x24+2x+3 V6
Note that it would not be correct to write

2
lim [ al } — lim(x® — 1) = lim((x — Dv/x% + 2x + 3)
x—1 (x—l)«/x2+2x+3 x—1 x—1

since the last limit, which we are trying to divide by, is zero.

Exercises on 14.2

1
1. Investigate the (very useful) limit of — as x tends to infinity, i.e. gets infinitely large.

X
Evaluate
N 1 L 2x
(i) Ilm —— (i) lim
x—o0o x — 1 x—oo x — 4

2. Consider the values of the following functions as x gets closer and closer (but not
equal) to x = 2:

i x-2 (i) x+2 (i) x2—4
. 1 x =2
(@iv) ! ) "

In each case evaluate the limit as x — 2 using the techniques of this section.
3. Evaluate the limits

. . 2 .. . . x—1

@ lim W e
Answers

1

1. lim —=0 i 0 (i) 2

X—>00 X
2. ()0 (1) 4 (i) O (iv) doesn’t exist ) %
3. )0 ) -1 (i) -1

14.3 Some important limits

There are further examples of limits that are very important in calculus and approximations.
If you wish, simply remember the results and how to use them, but working through
the proofs will give you good practice in basic mathematics as well as enhancing your
understanding of the results.

0
When 6 = 0 this yields the indeterminate form 0/0.
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BA

Figure 14.4

(i)

(iii)

From Figure 14.4 we see that if PA is an arc of a unit circle subtending an angle 6
at the centre (173 <), then we have:

PB .
—— =sinf
1
and PA =1 x 0 (rads).
sin @ PB sin @
0 = PA and clearly as 6 — 0, PB — PA, so

Thus we obtain the given result. This limit implies that for & small we have sinf ~ 6.
The same sort of reasoning can also be used to show that for very small 6, cos6 ~ 1.
It is also useful to note that provided k # 0,
sin k6
im =1
60 k6

So

— 1

So, for example
sin 60 _

im =
6—-0 66
Once again, remember that in all of this discussion, and in use of the limits defined,

6 must be in radians.

n n
. (X" —a _
11111( ):na”]
X—a X —d

When x = a this has the form 0/0. To find the value of the limit as x — a we consider
values of x close to a and therefore take x = a + h so as x — a, h — 0. Using the
binomial theorem (71 <), we have

n n—1 I’L(I’L— 1) n—2p2 . qn
lim|:(a+h)n_an:| a4+ na""'h+ > a"ch” + a
h—0

= lim
a+h—a h—0 h

nn—1)

=1 n—1
im |:na -+ >

h—0

an—Zh 4. :| — nan—l
This result is essentially the differentiation of x" from first principles (231 <).

. er . 1 x2 x"

limy oo — =limy 0o | — (1 +x+ =+ -+ —+---
x" xn 2! n!

(126 <)

i 1 1 1 x
= lim,_ o ;+F+...+a+m+...

=0
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X
€ . . , e
So as x — 00, — — 00 —i.e. e is ‘stronger’ than x"; for any positive integer n. So for
X
example:
xi‘l
n_—x
—=x"¢e" >0 asx—>o0
e

In fact, it is not difficult to extend the above proof to apply for any value of n, not
necessarily integer. This limit is very useful in Laplace transforms and should be thoroughly
understood (> 502).
Exercise on 14.3

Evaluate the following limits

@ I sin 2x i) x3 =27 i) 2x3 —x
) lim, S i fin =
Answer

() 2 (i) 27 (i) 0

14.4 Continuity

We can now use the idea of a limit to put the concept of continuity into mathematical
form. If we focus on a particular point x = a on the curve of a function f(x), then clearly
if the curve is continuous at that point then we would want the limit at x = a to be the
same ‘from both sides’ and to be equal to f(a). Only in this way can the two parts of the
curve on either side of x = a ‘join up’ without leaving a hole in the curve. We express
this formally in the following definition:

A function f(x) is continuous at x = a if lim,_,, f(x) = f(a).

The graphs of continuous functions are continuous curves, and some examples of contin-
uous and discontinuous curves are illustrated in Figure 14.5.

y y
Continuous 7/Finite

and discontinuity

\
smooth / atx=a
[
\
\
\

0 X 0 x=a X
y Continuous y Infinite
but not discontinuity
differentiable at x=a atx=a

O

|
|
|
0 a % 0 Ix=a X

Figure 14.5 Continuous and discontinuous curves.
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A function f(x) such that
lim £(x) # (@)

is said to be discontinuous at x_|_=3 a.
X
For example, f(x) = ——————— is discontinuous at x = 1 and x = —5. Another
(x=Dx+3)
example of a discontinuous function is the tanx function (see Figure 6.10).

In general, discontinuous functions are a nuisance in mathematics, but various tech-
niques have been devised to deal with them. They are sometimes useful to approxi-
mate rapid continuous variations, as for example the use of the step function, H(t) =0
for t <0Oand =1 for ¢t > 0, in representing the ‘instantaneous’ throwing of a switch
(Figure 14.6).

H(t)

Figure 14.6 The step function H(t).

Although we have used limits to define continuity, in practice we often know that a
given function f(x) is continuous, and then we can simply put x = a to find the ‘limit’
or value of f(x) at x = a. For example, the general rational function P(x)/Q(x) can
only have discontinuities where Q(x) = 0 and these are infinite if P(x) is non-zero. If
however, at x = a, P(a) = Q(a) = 0, then we have an indeterminate form 0/0 (the same
discussion applies for oo/00) and a more detailed study is required. This can take the form
of a substitution such as z = a + h and studying the limit as 7 — 0. This is equivalent
to focusing attention on the point x = a and looking closely at the behaviour near this
point. We can perform any algebraic operations on P (x)/Q(x) to simplify it, or rearrange
it to a more convenient form for taking the limit — we can for example, cancel factors like
x — a, because we never actually consider what happens at x = a. Another approach is to
expand the function in a power series. In fact our main concern with limits and continuity
lies in the theory of differentiation, where we need to consider indeterminate expressions
such as 0/0.

Problem 14.6
Investigate the continuity of the function
-3
Fx)= x2—4x +3

Sketch the function and define a new function, g (x), that is continuous
and such that g (x) = f (x) for all x > 2, except at x = 3.
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This is a rather sophisticated problem, but is worth working through because it brings
together a number of the key subtleties of limits and continuity, and is very instructive.
We have

x—3 _ x—3
x2—4x+3 (x-=3)@x-1

fx) =

This has two discontinuities, at x = 1 and x = 3. At x = 3 the function is indeterminate,
but otherwise we can cancel the x — 3 and write

1
fx) = T1 provided x # 3
X

At x =1 the discontinuity is infinite, of the same kind as that of 1/x at x =0 (cf:
Problem 14.4), except that the point x = 3 must be omitted, see Figure 14.7.

y

. . _ (x—3)
Figure 14.7 The function f(x) = CEETrEE

While f(x) does not exist at x = 3, the limit of the function does:

-3 1
lim f(x) = lim —— > — lim ———
x—=3 x—3 (x e 3)()6 e 1) x—3 ()C — 1)

1
2

So we can ‘plug the gap’ and form a continuous function from f(x) for x > 2 by defining
a new function g(x) that is equal to f(x) for x > 2, x # 3, but is equal to % at x = 3:

g)=fx) x>2,x#3

_ 1 _
=3 atx =3
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The function g(x) is continuous and indeed is equivalent to

for x > 2

gx) = ——

Exercise on 14.4

Consider the following functions for 0 < x < oo, and discuss whether or not they are
continuous for these values of x.

1 x+1 (ii) l (iii) L
X xz— 11
(iv) sinx (v) Inx (vi) o
Lox+1 L. xT—4
(vii) 71 i (viii) T2
x2 —
(ix) foxy = x—2 x72
=4 x=2
Answer
i C i) C @iii) D @iv) C ) C
vi) C (vil) D (viii) C (ix) C

14.5 The slope of a curve

The slope of a curve at a point is defined as the slope of the tangent at that point. It can be
evaluated by a limiting process illustrated in Figure 14.8 (We adopted a similar approach
in Chapter 8, using a different but equivalent notation (230 <).)

0
Figure 14.8 Definition of the derivative.

The value of the function at x = a is f(a), and the value at x = a + h is f(a + h), so
the slope of the extended chord (also called the secant) joining these two points on the
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curve is

fla+h)—f@)  fla+h)— f(a)
at+h—a N h

As h — 0, the chord approaches the tangent to the curve at x = a, so the slope of the
curve at x =a is

. fla+h) - fa)

m e

i
h—0 h

An equivalent and possibly more useful form is

i L) — f@)
m-—-—--

X—a X —a

Note that when 7 = 0, or x = a, this is of the indeterminate form 0/0. It is called the
derivative of f (x) at x = a (231 «). We use the notation

(f(x) - f(a)> _df

tx=a

lim
X—a

dx

X —a

Problem 14.7

Determine the slope of the curve f(x) = x” at the point x = a.

From above, the slope of f(x) = x" at x = a is given by
lim J&) = f@ — lim (u) = na"!
x—a X —a h—0 X —a

from Section 14.3.

Exercise on 14.5

Evaluate the slope of the function f(x) = 3x* using the limit definition.

Answer

9x2

14.6 Introduction to infinite series

The purpose of this section is to ease you gently into the topic of infinite series, before we
embark on a more formal treatment. How would you evaluate cosx for x = 0.1 radians?
Probably tap it out on your calculator. But suppose you wanted greater accuracy than your
calculator can give? Writing a short computer programme might be the answer. But how do
you instruct the computer? You can’t tell it to evaluate cos x from its geometrical definition
‘adjacent over hypotenuse’. The logic circuits of computers can only do very simple
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arithmetic operations such as addition and multiplication. Fortunately, we can express
cosx (x in radians!) in terms of just such operations by an infinite power series (107 <):

x2 xt xS

If this is new to you, don’t worry where it comes from just now. Because the series is
infinite — the terms go on forever — we can’t even total all of the terms and so can never
write down the exact value of, for example, cos 0.1:

0.D%  (©.D* (0.1)°
o TTa e T

cos0.1=1-—

However, by taking a sufficient number of terms we can obtain the value of cos(.1 with
as much accuracy as we desire. The terms in the series only involve multiplication and
division, which a computer can do easily. So such series are just the thing for evaluating
complicated functions. They are also useful in mathematical methods too — for example
if x is small enough then we might be able to neglect terms such as x*, x%, ... and take
the approximation:

x2

cosx ~1— —
2
The advantage here is that the right-hand side is much easier to work with than the
left-hand side.

We will look at how we find such series later, in Section 14.11. Here we will focus on
issues arising from the fact that we have an infinite series. Because it is infinite, we can
never see directly what is going to happen when we ‘gather up’ all the terms. For the cos x

r

example above, the terms got smaller and smaller, so maybe we can feel confident

that we are all right to neglect the remaining infinity of terms after we cut the series off.
Well, look at another series,

S=1+3+5+5+

The terms get smaller and smaller — maybe we can get a good approximation by ‘trun-
cating’ the series? In fact, we can’t. This can be seen by a very pretty argument. Because S
is the sum of only positive terms, we can obviously get a quantity less than S by replacing
some of its terms by smaller values. Suppose we did this as follows

R R RN RS B S
You can see the pattern:
=l+3+5+35+

But this clearly adds up to an infinite total and yet we know by construction that this is
less than S — so S must also be infinite, showing that the series diverges.

This is typical of the sort of ‘strange’ results and pretty arguments one meets in the
theory of series. From a practical point of view it means we have to be very careful when
dealing with infinite series.
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Exercise on 14.6

Adapt the argument of this section to show that the series

does not add up to a finite quantity, i.e. it diverges.

14.7 Infinite sequences

As a prelude to infinite series we look at infinite sequences (102 <), which are simply lists
that continue indefinitely — adding terms of an infinite sequence produces an infinite series.
Such sequences arise naturally in such infinite processes as iteration, where we continually
improve an approximation by recycling it until we get the accuracy
we want.

An ordered set of numbers:

Ui, U, U3, ..., Uy, ...

is called a sequence or infinite sequence. u, is called the nth term (105 <). The nth
term may be defined by a formula:

u, = f(n)
or by a recurrence relation (difference equation), such as:
Uy =Up_1| +Upp Uy =a, uy=»=s

Problem 14.8

Write down an expression or a recurrence relation for the nth term u,, in
each of the following cases:

1111
(i) 1,4,9,16,25,... @) 1o
(i) 1,4,7,10,... (iv) 2,4,10,24,58...

This is really a matter of educated guesswork — find a result that fits the first few terms
of the sequence, check that it holds for the other terms and assume that it holds in general
for all terms, even those that are not explicitly written down.

@) We note that the terms can be written as 1%, 22,32, 42,52, ... which
suggests that in general we can take

Uy = }’l2

.. . ..
(>i1) The same idea suggests u, = — in this case.
n!
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(iii) In this case u, = 1+ (n — 1)3 is pretty obvious.

@iv) In this case it is perhaps not quite so easy to spot a pattern for an
explicit expression for u,. You might spot more easily that there is a
relation between u,, and u,_;, u,_,. Explicitly we find the recurrence
relation u,, = 2u,_1 +u,—2; U1 =2, uy = 4.

In case you are wondering what the explicit expression for u,, would be in (iv) that is
equivalent to the recurrence relation, it is actually

1 1
n=—=> 2" — — (1 —V2)"

Not something that readily springs to mind, as do (i) — (iii)! This illustrates why recurrence
relations are sometimes to be preferred. As a useful exercise in surds you might like to
check that this explicit result does generate the given sequence. Also, you may like to
check, using the binomial expansion that an equivalent form to the above result, not
involving surds, is

n
uy =32V

r=1

where the sum ranges only over odd values of r. Again, not a form that springs imme-
diately to mind!

An obvious question is, as we continue along an infinite sequence, does the nth term
tend to a definite limit? That is, what is the behaviour of u, as n — oo? Symbolically,
what is lim,_, o, u,,? Clearly this depends on the form of the nth term.

Problem 14.9

Examine the limits of the following sequences as n increases indefinitely:

. 111 1 . 137 1\"
(l) 1,5,3,1,...,;,... (ll) ,1—<—) PRI

(iii) 0,3,8,...,n2—1,...
Essentially we have to examine the limit as n tends to infinity.

@) In this case we have lim,_, o u, = lim,_,

(i1) In this case we have lim,,_, o u,, = lim,,_, o, (1 — %)H)

=lim1-lm({)'=1-0=1

n—o0o n—oQo 2

where we have used the fact that an ‘infinite power’ of any number
between 0 and 1 is zero.
(iii)  Fairly straightforward in this case

lim u, = lim (n* — 1) = o0
n—o0o n—o0o

So this sequence ‘diverges’ — the terms get larger and larger indefinitely.
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Figure 14.9 A sequence approaching a limit /.

If a sequence has a finite limit, we say it converges, if not, it diverges. Graphi-
cally, a sequence converges if the points plotted for values of n approach a definite line
(Figure 14.9).

Note that the behaviour of the sequence depends not at all on the first terms of the
sequence, but rather on the ‘infinite tail’ — i.e. on the last infinity of terms!

Exercise on 14.7

Investigate the convergence of the sequences

1\" 1
up =1 (=" (i) 2" (i) (5) v) —-—

1 . 1
V) pry lr| > 1 (vi) pry r| <1

Answer
(i) D (‘oscillating’) (i) D (iii) C (iv) C v) C (vi) D

14.8 Iteration

One of the most important practical applications of the theory of sequences is in the discus-
sion of iterative methods used for example in numerical methods for solving equations. In
an iterative method for solving an equation we assume an initial guess and use it in some
rearrangement of the equation to calculate a (hopefully) improved approximation to the
solution. We will describe two methods for this, but mainly as examples of convergence
of sequences.

One way of finding an approximate solution to the equation

fx)=0
is to write it in the form
fx)=Fx)—x=0
and solve this equation by iteration:
Xn1 = F(xy)
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where x, is the nth approximation. Starting with a first approximation x; we find
another by:

X2 = F(x)
and another
x3 = F(x2)

and so on.
This generates a sequence of approximate solutions:

X1, X2, X3, vy Xy v v

and under favourable circumstances the limit of this sequence is the solution of the equa-
tion. To get a good enough approximation we then take n large enough. Clearly, whether
this is possible will depend on the form of the function F.

Perhaps the most popular iteration method is Newton’s method. In this method the
(n + 1)th approximation, x,1, to the solution of an equation f(x) = 0 is calculated from
the nth approximation x,, subject to certain conditions, using the relation

ASD)
S (xn)

Xn+1 = Xn

Again we generate an infinite sequence of approximate solutions that (we hope) will
eventually converge on the actual solution.
Exercise on 14.8

Rewriting the equation x* — 5x — 3 = 0 in the form
x=1(x-3)

and starting with the value xo = —1, use your calculator to generate a sequence of approx-
imate solutions to the equation. Do you think this sequence converges to a solution ? What
happens if you try xo = —2?

Now rewrite the equation in the form

5x+3
X = =

and again start with xo = —2. What happens?

Answer

Starting with xop = —1 the first rearrangement leads quickly to the approximation x =
—0.657. Starting with xo = —2 leads to a divergent sequence and no solution. Starting with
Xxo = —2 in the second rearrangement however leads quickly to an approximate solution
x = —1.83. Note that some other starting values xy might not lead to a root at all.
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14.9 Infinite series

An infinite series (105 <) is one of the form

i.e. the sum of the terms of an infinite sequence. To consider the convergence of such a
series, i.e. whether it adds up to a finite quantity, we introduce some definitions. Firstly,
we pretend that the series is finite and define the nth partial sum of the series as the sum
of the first n terms:

S, = sumtonterms =uy+uy;+uz+---+u,
Then the infinite series can be regarded as this nth partial sum as » tends to infinity, i.e.

S = sum to infinity = lim S,
n—o0

If S = lim,_,» S, = [, a definite value, then we say that the series converges to the value /.
Otherwise the series is divergent.
In terms of sigma notation (102 <) we write:

Sn =Zu,

r=1

o ¢}

S=Zu,

r=

Clearly, whether or not a series converges depends on the terms u, and also on their
relation to each other —i.e. on u,/u,_;. This last quantity appears in the ratio test for

convergence.
One way of testing for convergence, of course, is to investigate the limit of the nth
partial sum directly.

Problem 14.10

Investigate the convergence of the geometric series
S=a+ar+ar’+. .. +ar" 1 4...
(105 <)
We looked at this in Section 3.2.10. We have
S,=a+ar+ar*+ - +ar""!
a(l —r")

= —( Section 3.2.9)
1—r

=)
= — r
1—r 1—r
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Now, provided —1 < r < 1 we have r* — 0 as n — 00, so

a

lim S, =
n— 00 1—r

Thus, the sum to infinity of the geometric series is

a
S =

1—r

provide |r| < 1. On the other hand, if |r| > 1 then r" — 0o as n — oo and so the series
diverges.

Problem 14.11

Show that the infinite arithmetic series
S=a+@+d)+@+2d)---
diverges for any value of the common difference d (104 »).
Again, we found in Section 3.2.9 that

Ss,=a+@+d)+@+2d)+---+ @+ mn—1d)
=3nQa+ (n—1)d)

Now, as n — o0, S, — o0, whatever the value of d, so

lim S, = o0
n—o0

and therefore the arithmetic series diverges.
It is not always possible to use the nth partial sum in this way. For example the nth
partial sum of the harmonic series

S—1—|—1+1+1+ +1+
o 2 3 4 n

is
1

1 1
S =144 — 4 ...+~
n +2+3+ +n

In this case there is no simple formula for S,, and so we have to find other ways to test
convergence. We did actually do this in Section 14.6 where it was shown that the harmonic
series diverges. We will look at other tests of convergence in the next section.

Exercise on 14.9

Find S, for the series
1 1)2 1\
T+5+G) ++G) +-
and hence evaluate the sum to infinity.
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Answer

-]

\ST[O%}

14.10 Tests for convergence

As noted in the previous section, if we can calculate the general form for S, then we can
find lim,,_, » S, and check convergence directly, but this is not always possible. Fortunately,
a number of different tests have been developed to determine whether a series converges
by considering its general form.

Before we even start to discuss the convergence of a series, we must first check that
lim,_, o #,, = 0, because if this is not so then the series cannot converge. To see this
suppose that the series converges. Then from:

u, =8, — 8-

we have
lim (S, — S,—;) =0= lim u,
n—oo n—oo

So, if the series converges, lim,_ o, u, = 0. However, the converse is not true,
ie. lim, o u, =0, does not imply that the series converges. Thus, we saw in
Section 14.6 that the harmonic series actually diverges and yet it clearly satisfies

1
lim,_, o #,, = lim,,_,oc — = 0. On the other hand, for the arithmetic series (Problem 14.11)

lim,_, o #, = oo and we do know that this series always diverges.
Having verified that lim,_, », #, = 0, we can continue to apply the tests for convergence
given below. First, a couple of general points:

e)) In studying the convergence of a series it is only the ‘infinite tail’
which is important, not an initial finite number of terms.

2) Some of the tests given below apply only to series whose terms all
eventually become positive.

The comparison test

This is essentially a generalisation of the method we used for the harmonic series. Suppose
we wish to study the convergence of the series of positive terms:

U=u+u+---+u,+---

Then in the comparison test we compare this with a known series. Thus, let
V=v+wvm+-+uv,+---

be a known standard series. Then if u, < cv,, ¢ =a constant and V is convergent,

then so is U. If u, > cv, and V diverges, then so does U. This test is intuitively
obvious.

430



Understanding Engineering Mathematics

Problem 14.12
Apply the comparison test to the series
1 1 1 1

1
i :1 — —_— LU 1 1—1 ii = — — — L)
) U=1l+3 45+ (=€ 1) @) U=+ +c+

(i) As standard series take the geometric series

11
Veld+t—ad_—a...
+ot ot

Clearly, u, < lv, and we know that V converges because its common ratio is less
than 1, and so U also converges.

(i) U=3+3+s+-

Take V =1+ % + % + i + - - -, the harmonic series

Then u, = %v, and since V diverges, so does U.

Alternating series

In the particular case of an alternating series, such as:

-1+ +oe

=
W=
=

where the signs alternate, there is a very simple test for convergence. Thus, let
S=u—uy+us—us+---
(all u; > 0). Then if

lim u, =0 and u,, <u,_; foralln > N
n—oo

(N a certain finite number) then the series converges.

Problem 14.13

Examine the convergence of the series

_ 1,1 1
S=1—-3+3—3+--
In this case it is clear that
1) lim,_eu, =0 (i) wu, < u,_; forall n

So the required conditions are satisfied and therefore the series converges. Notice the
difference a sign or two makes — if all the signs are positive, then we have the harmonic
series, which we know diverges.
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D’Alembert’s ratio test

Lest, as an engineer, you doubt the relevance of all this pure mathematics to your studies,
a few words about Jean Le Rond D’ Alembert (1717—1783). Thought to be the illegitimate
son of a Parisian noble who paid for his education, he was found as a baby on the steps of
the church of St Jean Le Rond. He is most famous for his work in the field of dynamics
(d’Alembert’s Principle) where he made great contributions to applying Newton’s Laws
to the motion of complicated systems of planets. In this he helped lay the foundations
for the approximation methods now used routinely in the analysis of complex mechanical
systems occurring in all aspects of engineering. His convergence test described here is just
one small example of the sorts of mathematical tool one needs to apply and justify such
approximation methods.

This useful test, the d’Alembert ratio test, deals with the positive values of the ratio
of successive terms.

For the series

S=ur+tur+---+u, +---

let
. Up+1
lim

n— oo

=1

Uy

Then the series is divergent if / > 1

convergent if / < 1
and if [ = 1 the test fails and we have to find some other test, for example, the compar-
ison test.

We can see roughly why the ratio test works. We note that lim,_, o ‘"—H gives the
u

n
behaviour of the ‘last terms of the series’ — after a large number of terms the series will
have terms u,,, u, ] . .. which we can compare with a geometric series with common ratio
Up+1

. If the common ratio is less than 1 the series will converge, otherwise it will diverge

Uy,
(unless possibly it is equal to 1, in which case further investigation is needed).

Problem 14.14

Examine the convergence of the following series by the ratio test:

O 145454+ (i) 1+2+22+23+24+25+
i ii — 4+ —+ -+ =
3! 1 3! 5!
1 1 1 1
(i) 1+ 55 +¥+—+§+
(i) We have . .
Up = l’l_!’ Un+1 = n+1)!
So 1
lim |“* = lim n=0<1
n—oo | u, n—oo | (n + 1)!
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So the series converges, as we already know from Problem 14.12. It is in fact the
series for e! — 1.

2 22 22 2t D 2
(i) For 1+ — togtatatst - we have u, = —.
1 3! 5! n!
So 2n+1 | 1
lim |22 = 2 M fim2 —0<1
n—oo | u, n—oo | (n + 1)1 27 n—oo |n+1

Therefore the series converges.

1 1 1 1
(ii1) For the series 1 —|— 32 —|— >+ 52 + --- we have
lim Hntl| _ ¥n2 =
n—oo | u, n—oo | (n + 1)2

So in this case the ratio test is inconclusive. However, it is possible to extend the
method used for the harmonic series to prove that the above series converges and in
fact more generally, the series

(HS S B
I+ttt

converges if p > 1 and diverges if p < 1. This series provides a good standard series
for use in a comparison test.

Absolute convergence

The infinite series u; 4+ u, +u3 + - - - is said to be absolutely convergent if the corre-
sponding series of positive terms |u;| + |ua| + |uz| + - - - is convergent. If the series u; +
uy + us + - - - is convergent, but the series |u;| + |ua| + |uz| + - - - is divergent, we say the
series is conditionally convergent. For example:

1
1 — —= + — —--- is absolutely convergent (see Problem 14.14(iii)).
1 - % + % - % + - -+ is conditionally convergent (by the harmonic series).

The real power of absolute convergence comes in when we consider infinite power series.
If a power series in x is absolutely convergent, then we can differentiate or integrate it
with respect to x — term by term, which may not be possible otherwise.

Convergence testing summary

Below we summarise a systematic approach to testing the convergence of a series — not
foolproof, but a good start.
When testing the series:

S=ui+uy+us+us+---

follow the steps below:

@) Check that u,, — 0 as n — oo. If u,, does not tend to zero then the
series diverges.
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(ii) Apply the ratio test:

if
. Up+1
[ = lim

n—oo

Uy
then the series converges if [ < 1 and diverges if [ > 1.

(iii) If [ = 1, use a comparison test with a known standard series.
@iv) If the series is alternating then it is convergent if u,, — 0, as n — oo.

Exercise on 14.10

Test the following series for convergence

o L] 13+1 15+1 17+ L] 12r_1+

Do+ =(= - (= e —
2 3\2 5\2 7\2 2r—1\2

i L4 13+1 15+1 17+ L ! 1\

PaT3\Tz) T5\Tz) T2 2r—1\ 2

1 1 1
i) 24+ =234+ 254 ...4 —— okl |
(i) 2+ 3 + 5 +--+ 1 +

Answer
i C (i) C (iii) D

14.11 Infinite power series

A series of form
2 3
apt+ax +ax” +asx” +---

where the coefficients are constants, is called an infinite power series in x (107 <).
Such series are used to provide useful alternative forms for functions — for example

S x x
e = +x+2!+3!+~--
x2 x*
cosx:l—i—l-ﬂ—--' (x in radians)

The right-hand sides have the advantage that they can, subject to convergence, be used
to evaluate the function to any required accuracy. In general such series are obviously
most helpful for small values of x. We say they give approximations near to the origin
x = 0 and they are also called power series about the origin, or Maclaurin’s series. If
we require series that approximate a function near to some particular non—zero value of
X, say x = a, then we use a Taylor series about x = a:

f(x) =ap+ai(x —a)+ax —a) +---
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A Maclaurin’s series is thus just a Taylor series about the origin. Note that by changing
the variable, X = x — a we can always convert a Taylor series to a Maclaurin’s series, so
we will confine our attention to the latter here.

The coefficients in a Maclaurin’s series can be found by a nice argument, which also
illustrates the condition that a Maclaurin’s series for a function f(x) only exists if f(x)
is differentiable an infinite number of times.

We start with the series:

f@) =ap+arx +ax” + -
The job is to find the coefficients a,. ay is easy, just put x = 0:
ap = f(0)

We now get the ay, ay ... by differentiating enough times to isolate each of them as the
constant term, and then put x = 0. Thus:

f'(x) = ai + 2ax + 3azx* + - --

SO
f1(0) =a
f//(x) =2a, +3 x2az3x +---
SO
f”(o) =2a
and
a =310
f"(x) =3 x2a3+---
SO
f"(0) =3 x 2a3
and

— 1 " _ 1 "
as === f70) = 7/7(0)
You should now be able to see that in general
1
ar = _|f(r)(0)
r!

where £ (0) denotes the rth derivative of f(x) at x = 0. So the Maclaurin’s series for
f(x) may be written as:

nﬂm>2+, 20,

71

f) = )+ f0)x +

o0 (r)(())x
=P

r=0

where f©(0) means £(0).
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Problem 14.15

Obtain the Maclaurins series for the functions (i) e*  (ii) cosx
(i) e* is the easy one — it just keeps repeating on differentiation and we have
fOx) =¢* forall r

SO
fP0) =€ =1

So the series is
23

x X
e =ldxt ok

(ii) cosx is almost as easy:

f(©0) =cos0=1
f(0) = —sin0=0
f7(0) = —cos0=—1
f7(0) =sin0=0
F0) =cos0 =1

and so on, giving the series

x2 x4

cosx:l—E—i-ﬂ—"'
So far as the convergence of power series is concerned we can use tests such as the
ratio test described in Section 14.10. The results of such tests will usually depend on
x and so the series may only converge for certain (if any) values of x. The values
of x for which the series converges is usually called the radius of convergence. For
example, the binomial series for (1 — x)~! only converges for |x| < 1. Clearly, if a

series does not converge for a particular value of x, then it cannot represent a sensible
function at that value.

Problem 14.16

Investigate the convergence of

2 3 4 2 3 4
x x x x x x
i) ef=14+4x+—+—+—+--- i) x——4+——-——+...
@ trtort gt (ii) s t3 -7t
i) For 1 S h =" and
(i) For +x+ﬁ+§+m+-~-we aveun_aan SO
n+1 |
lim ntl | _ im a Ly im = 0 for all finite x
n—o00 | u, n—oo|(n 4+ 1)! x" n—>oo |n + 1
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So the ratio test tells us that this series converges for all finite x. It is, of course, the
series for e*.

2 3 4 n

(i) F Tty have |u,| = d
11) For x 2 3 ) ---, we have |u,| = " and so
) Uni anrl
lim = lim —| = lim = |x|
n—oo | u, n—oo|(n+ 1) x" n—oon 4+ 1

So by the ratio test the series is convergent if |x| < 1 and divergent if |x| > 1. If
|x| =1 the ratio test is inconclusive and we have to consider this case separately.
There are two cases to consider, x =1 and x = —1.

If x = 1 the series is

S=1-14 4o

=
W=
ENES

and this is an alternating series with decreasing terms that tend to zero, and so it converges.
Ifx=-1:

and this is the negative of the harmonic series and so diverges.
Thus we can summarize our results:

x2 53
X_E_F?_...

converges if —1 < x <1 and diverges if x > 1 or x < —1. This is in fact the series for
log(1 + x).

Note that the ratio test ensures absolute convergence, since it involves taking the
modulus of the term of the series. Thus the series for tan~'x (see Exercise on 14.11)
is absolutely convergent for x> < 1 and in particular can be differentiated term by term
to give

1

72 =1—-x?4x*—x+...

which can be checked by the binomial theorem (71 <).

Exercise on 14.11

3 5 7 2n—1

x> x x
Derive the series tan~! x = x — 3 + = = =4+ (=]

5 7 P + - .- and discuss

its convergence.

Answer

The Maclaurin’s series for tan~! x is valid for —1 < x < 1.
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14.12 Reinforcement

1. (i) Find the values of the function (3x + 1)/x when x has the values 10, 100, 1000,

1,000,000.
(i1)) What limit does the function approach as x becomes infinite?
24
. Find lim —
x—>2x2 —2x
4x? -1
. Find lim —~ %

=00 3x2 + 2x + 1

. The distance fallen by a particle from rest is given by s = 16¢>m. Representing an
increase in time by 8¢ and the corresponding increase in s by ds, find an expression
for &s in terms of §¢ and hence find §s/8¢. Using this result find the average velocity
for the following intervals:

(i) 2 secs. to 2.1 secs.
(iv) 2 secs. to 2.001 secs.

(i) 2 secs. to 2.2 secs.

(iii) 2 secs. to 2.01 secs.

From these results infer the velocity at the end of 2 secs.

. Which of the following functions exist at the stated values of x? If the functions do
not exist, find the limit of the function at the values concerned, if it exists.

-1 2 4
() x% |4 (ii) M (iii) w
x—1 x=1 (x+4) |j=_4
2 _ 2
i) -+ ) wiy 1
x lx=0 x+2 lx==2 x4+ 1 Ix=—1
.. x*—16 Loox+1
vii viii
( ) x —2 lx=2 ( ) x — 1 Ix=1
. Given 1in}) MY _ 1 find the following limits:
X—> X
. . sin2x . . sin3x . sinax a#0
(i) lim (i) lim @iii) lim
x—0 2x x—0 X x—0 ﬂx ﬂ ;é 0
) ] sinx\° ) sinax \”  sin?x
@iv) lim (v) lim (vi) lim
x—0 X x—0 IBX x—0 X
. . sinx
(vii) lim
x—>0mT — X

. Which of the functions in Q5 are continuous for all x? Give any points of discontinuity
and where possible give a function which is continuous everywhere and is equal to
the given function away from the points of discontinuity.

(x +h)3 —x3 3

. Find the limit of as h — 0. Hence find the slope of the curve y = x

at the point x = 1.
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9.

10.

11.

12.

13.

14.

15.

Write down the first four terms of the sequence whose nth term is:

(i) n (i) (n®>+3n)/5n (iii) cos%nn av) A+ ED)"/n
() 1/yn (vi) (n+sininm)/@n+1) (vii) ar"!
(vii) (=D"x>*+1/@2n + 1)

Investigate the limits of these sequences.
Hints  (vii) limit depends on r  (viii) limit depends on x

Write down the nth terms of the sequences
0 1 11 1 i 0 1 234 (i) 1 1 1
1 N A0 0 4,0 1 [ A B I 111 T A A~ A A 4
24 816 2345 1223 34
(iv) 35917 W -1 1 1 1 1
v) —, -, =, —,.. -1, =, =, ...
24816 Y 2'7 624 120
ox 2x% 3x3 . x> X Loox 2x 3x 4x
(Vl) N A’ A A A (Vll) TSy T2 0T T e (Vlll) P T ]
2.3 34 45 3°5 7 23 4°5
Investigate the limits of these sequences.
Hints (vi), (vii), and (viii) depend on x.
Evaluate the following limits:
W2y N | N
(i) lim x“e @i1)) lim — (i) lim —
xX—00 n—-oon n—oo p!
. li n li . li xn
(iv) nglgo n-+2 V) nLrIgo n-+1 (vi) nLnolo n-+1
| — "
wiiy 1m 2=

n—oo | —p

Un+1

If ] =lim,_ find / in the following cases:

Mﬂ

0w = ) = (i) uy = %

Plot or sketch the function f(x) = 3x> —4x + 5 and verify that it has a root near
x = —1.5. Use the Newton—Raphson method to obtain this root to 2 decimal places.

Using the Newton—Raphson method find to 2 decimal places the value of
(1) +/291.7 (i) ~/3.074

Hint (i) Treat as the equation x> — 291.7 = 0. Similarly for (ii).

Find the sequence of the nth partial sums for the following series, i.e. the sequence:
Si1,82,83, ...

If possible, find a formula for §,, and thus evaluate lin}g Sy.
n—
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1 1 .. 1 1 1
(1) 1+2+22+2+24+" (i1) 1—§+§_3—3+"'
1 1 1
(i) 14+3+54+74+--- Gv) 1+14 — +3'+ +.

W 1+i+iyly
VVoIiTo T3y

16. Obtain a formula for the nth partial sum S, for the following series and hence in-
vestigate their convergence (or otherwise).

, 4 4 4 .
M) 4+5+p gt (ii) —6—2+2+26+10—:14+---
gy W 14 (V2 (5V 4.
(i) 1+2+22+2%+ (iv) 1+2+(2) +<2) +

17. State, without proof, which of the following series are convergent/divergent. Write
down the nth term of each series.

@ —14+1—-14+1—-1+--- (i) 1.01 4+ (1.01)% + (1.01)> +
1 1 1 1
i) (.99)2 + (.99) 4+ (.99)* + - -- iv) —4+ —+—+ —
(iii) (.99)% + (.99)° + (.99)* + (iv) Tttt
10° 104 10° 1 1 1 1
100+ — o+ — 4+~ ... ) — - — 4+ — - —
N T T M) 2675 60 70"
(vii) 3+22<3>2+32 3>3+42(3)4+
vil) — — — -
4 4 4 4
1 2 3 4 ,
(viii) staytitst (x) 1+(2)+ 2+ (2)°+

18. Find the nth term of the following series and test for convergence.

O 1+14+14+1+--- ) 1-243—-4+54---
1 1
(i) 1429 +3(9*+4(9°+--- (@(v) 1——=+——--
V2 V3
3493 3 2 oL 305
(v) 1°42°(95) +3°(.95)" +--- (vi) §+Z+g+
(_,)1 3+5 7+ (vii) 1- +134_15_}_17+
vil) - ——4+—-——+--- viii —+ -+ -+
2 4 6 8 2 24 3 6 4 8
19. Find the range of values for x for which the following series are convergent.
x> ox3 xt
(1) x—?+?—Z+-~~ (i) 2x + %)% + 2x)* + 2x)* +
2 3
(iif) 1+x+—+%+ (iv) 154+ 25x +35x2 4453 4 554 ...

V) 124 22x + 322 4423 + ...

20. For the binomial series (1 + x)™ show that

|x| and deduce that

Up+1 _‘m_n"f'l

Un
the series converges if [x| < 1 and diverges if |x| > 1 (n not a positive integer).
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3
21. Expand (1 +2x)2 as far as the term in x>. How many terms of the series would be
3

required to give (1.02)2 correct to three decimal places? For what range of values of
x is the series valid?

22. Obtain terms up to x* in the Maclaurin’s series for the functions

(i) sin2x (i) e (ii1) @
@iv) In(1 4+ 2x) (v) tanx (vi) m

State the values of x for which the series are convergent.

14.13 Applications

1. Since the derivative is defined in terms of a limit, the whole of the theory of differ-
entiation can be based on limits and their properties. While an engineer may not need
to know much about the details of this theory, it is useful to have an idea of the basic
principles, since limits tell us when we can, for example, approximate a derivative by
a simple algebraic difference, for the purposes of numerical methods. This is important
in such things as numerical solution of differential equations, which is a common task
faced by the engineer.

Using the limit definition of the derivative, prove the rules of differentiation: sum,
product, quotient, and chain rule (see Chapter 8).

2. Show that if & is small then near to a point x = a any differentiable function, f(x),
can be approximated by

f) = fla+h = f@+hf'(a)

This is a linear (in /) approximation to f(x) near to x = a. It is often used as a
basis for numerical differentiation. It essentially replaces the curve f(x) near x = a by
a portion of the tangent — Figure 14.10.

y

f(a) + hf'(a)

f(a+h)

f(a)

Figure 14.10 Linear approximation to a function.
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For y = f(x) = x? obtain a linear approximation to f(x), and hence evaluate (1.01)2
approximately.

3. You may have heard talk of ‘chaos’ in recent years. This question, using an iterative
process, gives you a simple introduction to this notion. It is based on what is called the
‘logistic map’, which is an iteration scheme given by

Xn+1 = Axn(l - xn)

where A is some constant. Don’t worry where this comes from, just accept that it has
a wide applicability in science and engineering and it is important to consider when
it yields a convergent solution for x, — i.e. when the sequence it generates converges
to a definite value as we perform the iterations, as we did in Section 14.8. It is found
that this depends crucially on the value of A. Experiment with the iterations (15-20
should do, on calculator or computer) for the cases of A =2,1+ V5 and 4, with a
starting value of xo = 0.4. The case A =4 gives a ‘chaotic’ result as you will soon
discover.

14.14 Answers to reinforcement exercises

1. () 3.1, 3.01, 3.001, 3.000001 (ii) 3
2.2
3. 43

8
4. §s = 3215t + 16(51)2 5—“; = 321 + 16(51)

i 67.2 (i) 65.6 (iii) 64.16 (iv) 64.016 64 m/sec.
5. (1) 16 (i) 3 (i) O (iv) limit does not exist

v) —4 (vi) 1 (vii) 32 (viii) limit does not exist
6. ) 1 @) 3 (iii)) «/B @iv) 1

v) (/B (vi) 0 (vii) 0
7. (i) continuous for all x (i1) discontinuous at x =1

(iii) discontinuous at x = —4 (iv) discontinuous at x = 0

(v) discontinuous at x = —2 (vi) continuous for all x

(vii) discontinuous at x = 2 (viii) discontinuous at x = 1
8. 3x2,3

. .. 4 67 .

9. () 1,2,3,4, (0) (i1) 3 1, 35 (00) @ii) 0,—1,0,1 (divergent)

) 0,1,0, %, (0 L Ly ~E%Ei(l)
1V b b ’27() (V) ’ ) (Vl) 3’ 5’ 7’ 9’ 2
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(vii) a,ar,ar?, ar3, (divergent if |r| > 1, limit = a if r = 1, convergent to 0 if
|r] < 1 and oscillating if r = —1)
o X X
(viii) ——, —, ——, —, (limit = 0 if |x| < 1 and divergent otherwise)
3°5 7 9
10. @@ ! 0) (i) = ! (1) (i) 0)
. 1D =, i) —, i) ————,
7 n nn+1)
. 2" 4+ 1 (="
(IV) o ) (1) (V) —'9 (0)
n!
. nx" : . .
(vij ——————, (0 if |x| =1, divergent otherwise)
(n+1n+2)
2n+1
(vii) (=D 1 (0 if |x| = 1, divergent otherwise)
(vif) T (@)
11. (@) O @) O @) O @iv) 1 v) 0 (vi) x|
(vii) a if |r| < 1, divergent otherwise
—r
12. () 1 (i) © (iii) ‘%‘
13. —1.55
14. (i) 17.08 (i) 1.45

) 1 nt 3
Gy S, =-13-[(-—= , lim §, = -
4 3 n—00 4

(i) S, =n? lim,_ o S, = 00

(iv) No simple expression for S,, but in fact lim S, = e
n—oo

(v) No simple expression for S, but in fact lim S, = oo
n—o0

16. @) 6[1—(%)"] (C) (i) 2n(n—4) (D) (i) 2" —1 (D)

o [1-(3)7/0-3) o<

17. G (—D* (D) @) 1.01(1.on)"! (D) (i) (.99)"*t! (C)
(iv) ! (D) (v) 107 © (vi) ﬂ ©)
Y @ R W Tom £ 3)
N §)" n . el
(vii) n (4 ©) (viii) P (D) (ix) (.2) ©)
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18. () 1 (D) () (=D)"'n (D) (i) (9" (C)
w o W POt © o 2l
iv v) ni( vi) ———
Jn 2n
vid 2l oy iy 22 )
vii) (— —_— viii
2n 2n?
19. () x| <1 Gi) |x| <4 (iii) all x (v) |x| <1
(v) Cfor |x| <1,Dfor |x| > 1, D for x = +£1
21 143x+3x2+---, 4, |x| <3
. 4 5 .. , x*
2. () 2v-cx' Allx (i) 14?470+ Allx
. !
(i) 143x4+9x>+27x° +8Ix* + -+ |x] < 3
(iv) 2x —2x% + 8x3 4x* 4 ! <x< !
3 2 2
1
™) x+ §x3 +. x?< % (You are not expected to derive this condition,
but it is obvious from the graph oftan x!)
(vi) 1—=2x+3x2—4x3+5x*+--- |x] <1
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Ordinary Differential Equations

Ordinary differential equations bring together all the calculus that we have done so far in
the book into one of the most powerful and useful tools of engineering mathematics. In this
chapter we concentrate on the principles of the key methods, rather than the intricate details
of manipulation. It helps to keep in mind the main steps of solving any differential equation:

identify the type of the differential equation by inspecting its form
choose a method of solution appropriate to the type

solve the equation, including any extra conditions

check the solution by substituting back into the differential equation

The last point may seem tedious at times, but not only does it give you greater confidence
in the solution, but it gives you essential practice in differentiation and other areas of
mathematics.

Prerequisites
It will be helpful if you know something about:

elementary algebra such as partial fractions (62 <)
the exponential function and its properties (Chapter 4)
differentiation (Chapter 8)

integration (Chapter 9)

sines and cosines and their properties (Chapter 6)
exponential form of a complex number (361 <)
solving simultaneous equations (391 <)

In particular, it will be of greatest benefit if you know and fully understand the
following results:

If y = Ae**, where A and k are constants then

d
&y _ kAt = ky
dx

If y=Acoskx or Asinkx then

d?y 2
de = <Y

These two results are fundamental to differential equations and represent protype
equations of first and second order to which we already know the solutions.
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Objectives
In this chapter you will find:

definitions and terminology for differential equations

initial and boundary conditions

direct integration and separation of variables of first order equations

linear equations and integrating factors

second order linear homogeneous equations — auxiliary equation

second order linear inhomogeneous equations — complementary function and
particular integral

Motivation

You may need the material of this chapter for:

modelling the motion of particles in mechanics

modelling the time behaviour of electrical and electronic circuits

the study of fluid flow

modelling of chemical reactions

modelling economic and financial systems and manufacturing processes

15.1 Introduction

Differential equations are often introduced by talking about rates at which radioactive
substances decay. All very well, but how many of us have a nice handy sample of pluto-
nium to play with? Now, bacterial growth — plenty of that found on mouldy bread in the
average student kitchen. If you can contain your queasiness long enough to take a detached
view of it, that grey, dusty, inedible square of once-bread can in fact provide a ready made
mini-laboratory for introducing differential equations.

If you keep a record of the growth of the mould with sufficient accuracy (or, better, let
somebody else do it) you will find that the rate at which the bacteria multiply at a given
time is roughly proportional (14 <) to the number present at that time. Mathematically:
if n is the number of bacteria present at time ¢, then n is a function of ¢, which we write
n = n(t), and it satisfies

dn(x

— xn

dt

or
dn
— =k 15.1
7 n (15.1)

where k is some constant. This is called a differential equation (DE) for the dependent
variable 7 in terms of the independent variable 7. It’s a little bit more complicated than
it need be, so let’s tidy it up.
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Dividing by k:
dn dn
—_— = =n
kdt  d(kt)

and if we now introduce new variables:
x=kt,y=n
it becomes

dy_

= 15.2
it (15.2)

This is a good example of mathematical modelling. By changing the mathematical vari-
ables we have tidied up the equation and reduced the problem to its simplest mathematical
form. We always do this when we can.

The differential equation (15.2) is about as simple as you can get for a non-trivial
example. Yet it is an extremely important and basic equation. It occurs throughout the
theory of DEs, and it can be used directly to solve many more complicated equations,
including some of higher order (see Section 15.5).

Problem 15.1

Solve the equation (15.2) — i.e. find y as a function of x.
The simplest approach is to turn the derivative upside down (235 <):

dx 1
dy 'y
Now it is simply integration with respect to y

dx

1
X = —dy:/—dy:lny—i—c
dy y

where C is an arbitrary constant.

So
Iny=x-C

y = e C = C¢ = Ae”
where A is another (positive) arbitrary constant.

d
So, a solution to d_y =y is y = Ae* with A an arbitary constant.
X

Points to note are:

e  The DE is said to be first order because the highest derivative involved
is first order.

° The solution contains one arbitrary constant, A, giving us an infinity of
solutions.

e  Just one arbitrary constant arose precisely because to solve a first order
DE we need to integrate just once.
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. The solution obtained is, in this case, the most general solution — there
are no others.

) To fix A we would have to specify an extra condition on y — such as
its ‘initial value’ — its value at x = 0. If this is yy then:

y0=AeO=A, SO A =y
and the solution is
y = yoe*

Exercise on 15.1

Solve the more general equation (15.1) in the case when the initial number of bacteria is
no = 4. If time is measured in seconds, and after 5 seconds it is found that the number of
bacteria is 10, what is the value of k?

Answer
n=4e k= 1In(5/2)

15.2 Definitions

An ordinary differential equation (DE) for a dependent variable y in terms of an
independent variable x is any equation that contains one or more derivatives of y with
respect to x, and possibly x and y. The order of the highest order derivative in the equation
defines the order of the DE.

A DE in which the only power to which y or any of its derivatives occurs is zero or
one is called a linear DE. Any other DE is said to be nonlinear. Except for some special
cases nonlinear equations are very difficult to deal with. Often, particularly in engineering,
they are solved by approximating them by linear equations, although there are many cases
where the full nonlinearity must be confronted. Most of this chapter will be devoted to
linear equations.

Problem 15.2
State the order of each DE, and state which are nonlinear.
d dy \?
i) - =x? (i) (%) +y=x
. dYy . dYy )
(iii) ‘ﬁ+4y=0 (>iv) F+4y =0

(i) is first order and linear
(ii) is first order and nonlinear
(ii1) is second order and linear
(iv) is second order and nonlinear, because of the yZ.

A solution of a DE for y in terms of x is any function, y = f(x), which when substituted
into the equation reduces it to an identity — that is, it satisfies it identically, for all values
of x (50 «). We then say f(x) satisfies the equation. In general a DE can have more
than one such solution. Sometimes a single function can be found which incorporates
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all possible solutions of the DE - this is then referred to as the general solution. Such
solutions contain one or more arbitrary constants, usually depending on the order of the
DE. Any other solution than the general solution is called a particular solution. Particular
solutions can often be found by guesswork (or ‘by inspection’), but general solutions are
usually much harder to find.

The arbitrary constant(s) occurring in the general solution can be determined by supple-
menting the DE by specified conditions in which y, or a sufficient number of its derivatives,
is given for some particular value(s) of x. Such conditions are called initial or boundary
conditions.

The difference between initial and boundary conditions can be seen by considering a
projectile such as a shell from a gun. Even if you don’t know the differential equation
that describes its motion under gravity alone, you can perhaps appreciate that you could
specify the motion completely in one of (at least) two ways:

. Specify the position and velocity at the initial point of projec-
tion — initial conditions

° Specify two separate points on the trajectory — say point of projec-
tion and the furthest point reached, the landing point — boundary
conditions

Problem 15.3

3
Show that y = % + 1 is a solution of Problem 15.2(i). Can you find any

other solutions?
3

d
Ify= % + 1 then d_y = x? and the DE is clearly satisfied. Therefore
X

3
y = 5 + 1 is a solution
You may realise that in fact any function of the form
_ % e
Y73

Where C is an arbitrary constant is also a solution, because C is knocked out by the
differentiation.

Problem 15.4

Show that the following are solutions of Problem 15.2(iii):

(a) y =sin2x (b) y =3cos2x
(c) y =2sin2x — cos2x

Can you suggest any more solutions? Is 2sinx a solution?
(a) Differentiating twice we have

d2
z%:—mmu=—@
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giving the required DE

d*y
a2 T =0
(b) Similarly:

d*y

ﬁ = —12cos2x = —4y
by

SO
d?*y
ﬁ +4y =0

i.e. this function is also a solution.

dzy .
(¢c) — = —8sin2x + 4 cos2x
dx?

= —4(2sin2x — cos2x)

= —4y

and again therefore

4y =0
dx? r=

You may again realise that since both sin2x and cos2x are solutions of the equation,
and since it is a linear equation, then any function of the form

y = Acos2x + Bsin2x

where A and B are arbitrary constants is also a solution.
If we try y = 2sinx we have

@ = —2sinx = —

dx? I
so this satisfies

dzy

— 4+ =0

dx? Y

which is not the required equation.

Problem 15.5

Find the general solution of Problem 15.2(i) and find particular solutions
satisfying

(@ y=1latx =0 b) y=0atx =1

d
In Problem 15.3 we were asked to check a given solution to the equation d_y = x2. Here

X
we wish to actually find the most general possible solution. We can in fact directly integrate
the equation in this case, remembering to add an arbitrary constant.
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d
From 22 = x2 we have
dx

3
) X
y:/x dx—i—C:?—l—C
which is the required general solution.

(a) If y =1 when x = 0 then we have:

y=1=0+C
3
so C =1 and the required particular solution is y = % +1

(b) y =0 when x =1 gives

0= v +C = ! +C
-3 -3
so C = —% and the required particular solution is
B 1 B x =1
YT3 73773

Exercises on 15.2

1. State the order of the following differential equations. Which are nonlinear?

Lody . d?y

@) E:e +1 (i) W—9y=0
d? dy d?

(iif) yd—)c}z)—i—cosx:O (iv) d—)ycd—;+2y2=1
d*y  dy
X 42 3y —3x 42

™ dx? dx+ y=sx+

2. Verify that the following functions are each solutions of one of the equations in QlI,
and match the solution to its equation.

(a) 2e* b)) ef+x+2
(c) e 4+x+2

3. Find the general solution of QI(i) and the particular solution that satisfies y(0) = 1.

Answers
1.G) 1 (i) 2 (i) 2 @iv) 3
(v) 2

(iii) and (iv) are nonlinear.
2.(a) 1 (i) (b 1@ () 1.(v)
3. y=er+x+C;y=¢€e"+x

451



Understanding Engineering Mathematics

15.3 First order equations — direct integration and
separation of variables

d
We will only consider cases where we can solve the given DE to give an equation for d_y
X
of the form
dy

- = F(x,
I (x,y)

where F(x, y) is a ‘well behaved’ (i.e. we can do whatever we wish with it) function of
x and y.

The ease with which we can solve such a DE will depend on the form of F(x, y). We
will build up from the simplest cases.

The simplest case is an equation of the form

dy

E:f(x)

which can be easily ‘solved’ in principle by direct integration:

y:/f(x)dx—l—c

The only difficulty here lies in actually performing the integration. Such simple equations
illustrate many of the key points of DEs in general.
A less trivial variation on this is an equation of the form

dy
Ir g

We can in fact turn this upside down [not a trivial matter, but permissible with
care (235 «)]:

dx 1

dy gy

Now this can be integrated directly, with respect to y:

dy
=] —+C
* /g(y)Jr

This results in principle in a solution of the form
x=G(y)+C

where G(y) is some function of y. We may or may not be able to solve this integrated
equation for y in terms of x.

If we are also given an initial condition, then we can find the value of C by substituting
this in the result.
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®

(i)

Problem 15.6
Find the general solution of the DEs:

o dy L dy >
— =xcos — = cos
() 7 = X eosx (ii) I y
In (ii) find the particular solution satisfying y = il when x = 0.
Check your answers by substituting back into the equations.

Direct integration gives
y = fxcosxdx +C

and the task is simply to do the integration. Integration by parts (273 <) gives

y:xsinx—/sinxdx+C
=xsinx +cosx +C

which is the required solution, as you should check by substituting back into the DE.

4y _ cos?y
dx

In this case, turn both sides upside down
dx 1

_ a2
E_cos2y_sec Y

Integrating:

x:/seczydy—i-C:tany—l-C
This is the implicit form of the solution (91 <. For the explicit form we solve for y:
tany =x — C
So, as you can check in the DE, the general solution is
y = tan~'(x — C)
Ify= % when x = 0 then we have
y = r = tan_l(—C)
4
from which C = —1 and the required solution is

y=tan '(x + 1)
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Note that because of the multi-valued nature of the inverse tan function we have to restrict
the region on which the DE is defined in order get a unique solution.
The previous cases dealt with either

dy _ 4y _
=0 o = =g

It is also quite easy to treat equations of the form

dy
x F@x)gy)

These are called variables separable because the expression for d y/dx can be separated
into a product of separate functions of x and y alone.
In this case we literally move all y’s to one side and x’s to the other:

A _ rydx
gy

hence, integrating both sides with respect to their respective variables

fd—ysz(x)dx+C
gy

Of course the left-hand side is now an integral with respect to y, the right-hand side
with respect to x. Note that we only need one arbitrary constant. Again, our only real
problem arises in actually doing the integrations.

Problem 15.7

Solve the initial value problems

d
@) —y=xy y=1 when x =0
dx

d
(i) dl=e2—x+y y=0 when x =0
X

d
(i) For d_y = Xy we separate to give
X

d
itd =xdx

d
f—yzfxdx-i-c
y

and integrating both sides with respect to their respective variables gives

SO

| 2 e
ny=—
)
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STOP AND THINK!

The next step is one where many beginners slip up. To solve for y we ‘take the expo-
nential’ of both sides (131 <):

NOT

We now use (129 «) - AGAIN BE CAREFUL, MANY BEGINNERS MAKE
MISTAKES HERE TOO.

to obtain
Xz X

y=e2e" =Ae?

S}

where we have replaced ¢ by A, another (positive) arbitrary constant.
Given that y = 1 when x = 0 we have

1=A4e"=A
so the required solution is (again, check it in the DE)
y=e"
Lody o5 S . .
(i1) i Y = ¢?*¢Y and so, separating the variables
X
-y _ 2x
e 'dy=e"dx

Integrating both sides gives

/eﬂ'dy:/ezxdx—i—c

o er
—e = 7 + C

or

We might as well find C now

0
0 e
=1
e 2+
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orsince e =1, C = —% and the solution can be written

er

-
2

Note that since e~” must be positive, we are here restricted to e < 3,
Solving for y gives

er

—v=1
y=1 )

or
er

y=—In

The form of variables separable equations is rather restrictive. Even such a simple
function as F(x, y) = x + y wouldn’t fit into it. However, there are many types of equation
that may be reduced to variables separable by some kind of substitution. Consider, for
example the equation

d_y_x+y
dx

=F(x,y)

where F(x, y) is of the form

Foy = 1(2)

Such an equation is said to be homogeneous (not to be confused with later use of this

term). If we change our variables from x, y to x and v = Y we have y = xv and so
X

and the equation becomes

dy dv

Ir =v+xa =f)
or
dv
xd—x =f(w)—v

This is separable and its solution is

/div—/d—x—i-C—lnx—i-C
fwy—v J x -

After evaluating the integral on the left we can then replace v by y/x to get the solution
in terms of x and y.

456



Understanding Engineering Mathematics

Problem 15.8
By substituting y = xv find the general solution of the DE

dy _x+y
dx = x

We note that

d
_y:1—|—X=afuncti0nOfX
dx X X

and so this equation is homogeneous. So we substitute y = xv as suggested. We have

dy d(xv) dv
— = =V X —
dx dx dx
d
But —y:1+X:1+v
dx X
S
© dv
x— =1
dx

or, separating the variables and integrating

d
fdv:f—x+C=lnx+C
X

Hence y
v===Inx+C
X

and therefore
y=xInx 4+ Cx
Remember to multiply the C by x also!

Exercise on 15.3

Solve the differential equations
(i) y =sinx i) y =»?
(i) y = x2y iv) xy'=2x+ y

In (i), (ii), (iii) give the particular solutions satisfying the condition y(0) = 1. In (iv) give
the solution satisfying y(1) = 0.

Answer
1
1 — C— s =2— 11 = — , =
1 vy CoSX, y COS X @) vy T C y =
x3 x3
(i) y = Cexp (;),y:exp (;) (iv) y=2xInx+Cx, y=2xInx
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15.4 Linear equations and integrating factors

This class of DEs is absolutely fundamental. Such equations occur throughout science and
engineering. A linear equation of the first order is one that can be put in the form
dy
Pl P(x)y = Q(x) (15.3)
X
where P(x) and Q(x) are functions of x. It is called ‘linear’ because the non-derivative
part is linear in the dependent variable y:
dy
=Py + 00 (cfay+b)
This is key to the method of solution — if any other power of y but O or 1 occurred
then what we are about to do would not be possible. We notice that the left-hand side of
equation (15.3) looks very much like the derivative of a product:

dy
e
dx Ty

compared to say

d(uy) _ d_y du

dx ua’x +d_xy

The resemblance can be improved if we multiply through by a function of x, I = I(x),
yet to be determined (called an integrating factor because it enables us to integrate the
equation). So, compare

dy
I——+IPy=1Q
dx

ith
Wit i(l)_ld_y+d_1
dx Y= dx dxy

Now [ Q is a function of x alone, with no y. It can therefore be integrated with respect
to x. On the other hand, if we now take I to be such that

dl
— =P
dx
th
" 1Y py =Y
Y= T ax?
d
= —(/
dx( y)
and we have
d(ly)
=1
dx 0
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This can now be solved by direct integration:
Iy = / 1Qdx+C

and we finally get the solution

%(/Ide—I—C)

1 c
1/Qx+1

<
Il

Thus, the purpose of multiplying by the integrating factor is to convert the left-hand
side to the derivative of a product so that we can integrate the resulting equation directly.
But all this depends on finding / from the equation

dl
—
dx

This equation is separable:

dl
— = Pdx

I
/dI—I:/P(x)dx

Note that we needn’t bother to introduce an arbitrary constant here — you can if you like,
but it will simply cancel out in the end.
Thus, for I we obtain

SO

Inl = / P(x)dx
So the integrating factor is given by
I = ef P(x)dx

I don’t encourage you to remember the above results, either for I or the solution for
y. Rather, you should try to remember how to reproduce the above arguments to derive
solutions directly yourself. This may seem daunting, but with plenty of practice it is not
too bad, and is a very useful skill. To help with this the following problems work through
the procedure step by step. It also illustrates that you can often short cut the process of
finding the integrating factor by rearranging the left-hand side of the original equation to
be the derivative of a product ‘by inspection’.

Problem 15.9
Convert the DE

xy'+y =x*
to standard linear form.
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Dividing by x to make the coefficient of the derivative unity gives

Problem 15.10
Write down the DE satisfied by the integrating factor.

Multiplying through by an, as yet unknown, integrating factor, I, gives

a2 I

dy I _ .

dx xy

N

oW d(iy) _ dy 1
dx ~ dx xy

will be satisfied if
ar _ 1
dx x
which is the required equation for the integrating factor. Note that it is separable.
Problem 15.11

Determine the integrating factor 7.

Separating the variables of the last equation we have

dI_dx
I x

or, integrating through

/d[_ dx
I X

Performing the integrations gives
In/ =Inx

So in this case we have
I =x

for the integrating factor. Note that we don’t need to include an arbitrary constant at this
stage.

Problem 15.12

Solve the original equation.

Multiplying the linear form by the integrating factor x we now have

dy 2
xdx—i—y_x
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(back where we started, but bear with me on this — we’ll come back to it later). We know
that the left-hand side must now be the derivative of a product, namely [y, because that
is precisely why we chose the integrating factor:

d(l)—d( ) =x?
dx y—dxxy -

Integrating both sides finally gives

)C3

xy:;—l—C

(Now we introduce the arbitrary constant), so the general solution is

_x2 C
y_3 X

Problem 15.13

Repeat the solution but dispense with the integrating factor and solve the
original equation directly.

We ended up, in Problem 15.12, after finding the integrating factor, with the original
equation:
dy )
x— =x
dx +y
In fact, in this case, the IF is really using a sledgehammer to crack a nut. Simply notice
that by reversing the product rule

dy _d
A +y= %(xy)
and we have
d 2
E(xy)—x

which is where we got to after finding the integrating factor. We are therefore led directly

to the result
3
=—+C
Xy 3 +

In general of course it may not be quite so easy to spot the required derivative of a
product, and we may need to go through the full procedure of finding the IF, but try to
avoid it when you can. You can in any case see that the better developed your skills of
differentiation, the easier it will be to spot such short cuts.

Exercise on 15.4

Find integrating factors for the following equations and hence obtain the general solution
1 xy+y=x () xy —2y=x+2
Can you dispense with the integrating factor, by finding a derivative of a product?
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Answer

. x C .. 3 5
(1) y:E—l—; (i) y=x"4+Cx" -1

15.5 Second order linear homogeneous differential
equations

If you found the previous section difficult then you may be approaching this section with
some trepidation — surely second order will be worse than first order? Relax. We only
consider a simple, but extremely important, type of second order equation and it turns out
that this is relatively straightforward to solve. The particular type of linear second order
equation that we will consider is one of the form

dzy

dx2 + b— +cy= f(x) (15.4)

where a, b, ¢ are constants (and a # 0, otherwise it wouldn’t be second order!). For such
equations the basic tools that you need are simply solution of quadratics (including complex
roots) and solution of simultaneous linear equations. Equation (15.4) occurs everywhere in
science and engineering, most notably in the modelling of vibrating springs in a resisting
medium, and in electrical circuits.

We need some terminology. The equation:

Cy Wy (15.5)
a — +cy= .
dx? dx Y

is the associated homogeneous equation, while equation (15.4), with f(x) # 0, is the
inhomogeneous form. The general solution to the homogeneous equation is called the
complementary function, while any solution to equation (15.4) is called a particular
integral. The general solution of equation (15.4) is the sum of the complementary
function and a particular integral.

For example the differential equation

d?y dy
dx 2+3d—+2y—2€

is inhomogeneous, and the corresponding homogeneous form is

d2 +3d +2y=0
dx? dx

The general solution of this homogeneous equation is the complementary function of
the first, inhomogeneous, equation. In this case it happens to be (see below)

Ve = Ae " + Be >
where A and B are two arbitrary constants.
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Any particular solution of the inhomogeneous equation is a particular integral of the
equation. By substituting it in the equation you should check that a particular integral in
this case is

Yp = 3€
The general solution of the inhomogeneous equation is thus
Y=Y+ Yy, =Ae "+ Be ¥ + %ex

We therefore have two jobs — to find the complementary function and to find a particular
integral. We first concentrate on finding the complementary function and look for general
solutions of equations of the form of equation (15.5). There is an additional result which
helps us here:

If y; and y, are two solutions of the homogeneous linear equation

then y; + y;, is also a solution. Thus, the sum (or any other linear combination) of two
solutions is also a solution. To see this important result in its most general form let y;, y, be
two solutions of the DE and consider the linear combination y = oy, + By,. Substituting
this in the DE gives

d*y dy d*(ay1 + By2) d(ay + By2)
EX i p 2 ey = b
a3 + pp t+cy=a 32 + I + c(ay; + By2)
d*y; dy d*y, dy,
—a (a2 4220 p 22
¢ (a dx? + dx + Cyl) +p <a dx? + dx + cy2>

=a(0)+80)=0

So the general linear combination y = ay; + By, is also a solution.

In fact, finding the complementary function, i.e. the general solution to equation (15.5),
is not as difficult as might be thought. Note that if we put @ = 0 then we are back to the
simple equation

dy
b— =0
dx +cy

and we know that this has an exponential solution (447 <). This encourages us to try a
similar exponential function for the second order equation.
We therefore take a trial solution

AX
y=e

where A is some constant parameter to be determined.
Substituting into the equation:

y/ — )\e)\x y// — )“ZeAx

gives
(ar? +br+c)e™* =0
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Since e** # 0 we have
ar> +br+c=0

So A satisfies a quadratic equation with the same coefficients as the DE itself, ay” + by’ +
cy. This equation in X is called the auxiliary or characteristic equation (AE). As with all
quadratics with real coefficients (66 <) there are three distinct types of solution:

e  Real distinct roots
° Real equal roots
° Complex conjugate roots

Each leads to a different type of solution to the DE. In each case we get two distinct
types of solution, and the general solution is formed from these. Below we summarise the
forms of these solutions. In each case you should verify the stated solutions by substituting
in the equations. The problems which follow will confirm the results in particular cases.

Roots of AE real and distinct o1, oty
This gives two solutions

oa1xX X

e e

and the general solution is then
y = Ae™'"" + Be™*

Roots real and equal, a

In this case two distinct solutions can be found:
eOl.X xeax

and the general solution is then
y = (Ax + B)e**

Roots complex, a + jB

This gives two solutions

e @tip)xa—jf)x
giving a general solution

y = Ae@tiPx o gola—if)x

= ¢**(Ae/P* + Be /P

The imaginary j is not always welcome here, so we use Euler’s formula (361 <) to put
the solution into real form

e/P* = cos Bx + j sin Bx
e /P* = cos Bx — j sin Bx

y =e**((A + B)cos Bx + (A — jB) sin Bx)
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or with C=A+Band D=A—-jB
y = e**(C cos Bx + D sin Bx)

Note: Although we usually prefer such a real form of the solution, particularly in actual
physical applications, there are times when the complex exponential form is in fact
most convenient — for example when we are using phasors in alternating current elec-
trical work.

We now work through a number of problems to illustrate the above results. As always,
you will benefit greatly by checking the solutions obtained by substituting back into
the DE.

Problem 15.14
Find values of A for which y = ¢** satisfies the DE

yll+3yl+2y=0

and hence determine its general solution. Find the particular solution satis-
fying the initial conditions y (0) = 0, y’(0) = 1.

We have
Yy = e,y = aeM
Substituting into the equation gives
(A 430 +2)e =0
or the auxiliary equation:

M43 +2=0
A+DR+2)=0

So
A=-1, -2

We therefore have two solutions to the DE
e e—2x
The general solution is then
y=Ae " +Be ™
containing two arbitrary constants A, B, as we might expect for a second order DE. To find

d(eax) !
= ae™):
X

them we apply the given initial conditions (remember that ¢ = 1 and

yO0) =A+B=0
y(0)=—-A—2B=1
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Solving these two equations gives A = 1, B = —1 and the particular solution satisfying
the initial conditions is

Problem 15.15
Find the general solution of the DE

yll_6yl+9y =0
Substituting y = e** gives, in this case, the AE
A—6L+9=0

or
A—372=0

We therefore have two equal roots, A = 3 (rather than a single root of » = 3!). One solution
of the DE is therefore obviously

y=e

But we expect two. On such occasions we try to guess other, similar, types of solution.
While there is a full justification for our guesswork in the advanced theory of differential
equations here I ask you to simply accept and confirm for yourself that the simplest guess
that works is

y = xe3x
This gives
y = (Bx + 1)e**
y" = 3> +33x + 1)e**
= (9x + 6)e>*
Substituting in the equation gives
(9x + 6)e™ — 6(3x + 1)e*™ +9xe™ =0

so this is indeed a solution. The general solution in this case is therefore

y= Axe> + Be**
= (Ax + B)e**

Problem 15.16

Find the general solution of the equation
Y+ +2y =0
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The AE is
A2 +2=0
which has the complex roots
A=—1%j

This gives the two solutions

eCIFDx Q1=
and the general solution

y = e *(Ae’* + Be )
Now, using Euler’s formula (361 <)

e/* = cosx + jsinx
we get

y=e *(A(cosx + jsinx) + B(cosx — jsinx))
=e *((A+ B)cosx + j(A — B)sinx)
=e¢ *(Ccosx + Dsinx)

on writing C = A+ B and D = j(A — B).

In this ‘real form’ the j is hidden and for physical problems where y represents a real
quantity, such as distance or current, never resurfaces. However, as noted previously the
complex exponential form is sometimes useful in applications such as alternating current
theory.

In the above list of solutions we essentially have just three distinct types of functions:
e, xe**, and e*” sin Bx. Each of these functions has a particular sort of behaviour which
typifies the class to which it belongs, and the type of physical system it represents.

1. e** gives an increasing (o > 0) or decaying (¢ < 0) exponential

function:
exX o<0 exx oa>0
y
X
Figure 15.1 The function e

2. xe* gives a similar type of function, but with a kink in it, and it also
passes through the origin. Examples of this function were sketched in
Chapter 10.

3. e** sin Bx gives either a simple oscillating wave (¢ = 0), or a sinusoidal

wave with amplitude that decreases (o < 0) or increases (o > 0) as
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AV
Figure 15.2 Undamped and damped oscillations.

x increases. This could represent an oscillating system in a resisting
medium for example.

Exercises on 15.5

1. Solve the following initial value problems:

(i y'=y—-6y=0 y0) =1 y'(0) =0
(i) 2y"+4y —10y =0 y(0) =0 y'(0) =1

2. Solve the following boundary value problems:

T
() y'+4y +13y =0 y(0) =0 y<5> =1
(i) y'—4y'+4y=0 y(©0)=0 y) =1
Answers
2 3 2 2
1. () §e3x + ge—z" (ii) §e2x - 56—5»:/2
2. (1) —e" *sin3x (i) xe20—b

15.6 The inhomogeneous equation

We now turn to the solution of the full inhomogeneous equation

d’y . dy
224 pl —
adx2 + ax +cy= f(x)

We now know the general form of the CF, so we just need to find particular
integrals (PI). These depend on the form of f(x). In fact, in many cases the form
of the PI mirrors precisely that of the function f(x) itself. The general approach
is to make a trial solution which has the same form as f(x). This does not

468



Understanding Engineering Mathematics

always work, but is a good start, and we will come back to exceptional cases
later. This approach is called the method of undetermined coefficients. It in fact
works for equations of any order, provided the coefficients are constant, as we are
assuming here.

Table 15.1
fx) Trial solution
Polynomial of degree n Polynomial of degree n:

f(-x)=anxn+an—1xn_l + - yp=Lx”+Mx”_1+...
Exponential: Similar exponential

flx) =et* yp = Lek
Sinusoidal function: Linear combination of similar sinusoidals:
X) = sinwx or coswx = Lcoswx + M sinwx
(x) = si w=1L M si

‘Damped’ sinusoidal: Linear combination of similar damped sinusoidals

kx

f(x) = ek cos wx or ¢ sin wx Yp = Le** cos wx + MeF* sinwx

The ‘forcing functions’ f(x) given in Table 15.1 cover most cases of physical
interest at the elementary level. They can in fact be used for much more complicated
functions, f(x), using linearity and the techniques of Fourier analysis (» 517) for
example, so they are in fact more general than you might think. We will give
an example of each of them before discussing the complications of exceptional
cases.

Problem 15.17

Find a particular integral for the equation
yll+2yl+y =x +2

Hence determine the general solution. Find the particular solution
satisfying the initial conditions y (0) = 0, y’(0) = 0.

For reasons that become clear later, we will always find the CF first. In this case you can
treat it as an exercise to check that

Ve = (Ax + B)e™

Now for the PI we note that f(x) is in this case a first degree polynomial — i.e. a linear
function. We therefore try a solution of the same form:

yp=Lx+ M, soy,@:L,yZ:()
Substituting in the equation gives

O+2L+Lx+M=Lx+QRL+M)=x+2
Solving this identity (50 <) gives

L=1 2L+M=2
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so M = 0. Thus, the Pl is y, = x, as you can (should!) check by substituting back into
the equation:

V' 42y +y=042()+x=x+2
The GS to the inhomogeneous equation is therefore

y=(Ax + B)e ™" +x

Applying the initial conditions we have (remember e’ = 1)
y0)=B=0
YO)=A+1=0

so A = —1, B = 0 and therefore
y=x—xe " =x(1—-e)

NB: When applying the initial or boundary conditions to solutions of inhomogeneous
equations you must apply them to the full general solution — complementary function
plus particular integral, as we have done here. It is a common mistake for beginners to
apply such conditions simply to the complementary function.

Problem 15.18

Find a particular integral for the equation
y// +3y/ +2y — 3er
Hence determine the general solution.

The CF is y. = Ae™ + Be™>* (see Problem 15.14). For the PI we try a solution similar
to the right-hand side:

yp = Le*, y, = 2Le*, yy = 4Le>
Substituting in the equation gives
(4L + 6L + 2L)e* = 12Le> = 3¢

SO

L= i and the Pl is y, = %ez"

(check this back in the equation).
The full GS is therefore

y=Ae " + Be > + %ezx

Problem 15.19

Find the general solution to the equation
y" +2y" +2y =2cos3x

The CF is y. = e * (A cosx + Bsinx), from Problem 15.16.
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For the PI you might be tempted to try y, = L cos 3x, but in fact we need both cos 3x
and sin 3x terms because of the first order derivative on the left-hand side. We therefore try

¥p = L cos3x + M sin3x
¥, = —3Lsin3x + 3M cos 3x
¥, = —9L cos 3x — 9M sin 3x

substituting in the DE gives, on collecting cos and sin terms:

(=7L +6M)cos3x + (—6L — 7M)sin3x = 2 cos 3x

So
—6L—-—TM =0
—T7L +6M =2
whence 14 12
= ——, M = —
85 85

and the Pl is

14 3 +12,3
Yp = —g5©083x + o sin3x

and the GS is

14 12
y=e *(Acosx + Bsinx) — — cos3x + — sin3x
85 85

(again, check back in the equation).

Problem 15.20

Find the general solution to the equation
y" +4y = e * cosx

The CF is
Yo = Acos2x + Bsin2x

For the PI choose
yp = Le *cosx + Me " sinx

Then, as an exercise in differentiation by the product rule (234 <), you can check that
yl’)’ =e¢ (2L sinx — 2M cos x)

Substituting in the equation gives, after simplification
e “[4L —2M)cosx + (2L +4M)sinx] = e * cos x
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Or, cancelling e~ and equating coefficients of cos x and sinx

4L —2M =1
2L+4M =0
These give
1 1
L=-, M=——
5 10

1 1
So finally, the GS is y = Acos2x + Bsin2x + 3 e *cosx — m e “sinx
Two points to note:

e The above method of undetermined coefficients is not the only
method — there are others that are more powerful in some cases — D-
operators, complex variable methods, Laplace transform, etc. But it is
systematic and routine.

e It doesn’t always work in such a straightforward way.

To see how the method can break down, and what to do about it, try the following
problem.

Problem 15.21

Investigate the particular integral for the following equation

X

y//_y/_zy — e
Trying y = Le™™ for a PI, as we might be tempted, gives
‘0 — e*x’

and clearly does not work. In fact in this case the reason a trial function similar to the right-
hand side won’t work is that it is already a solution of the corresponding homogeneous
equation — that is, it is part of the complementary function. This is when the method
breaks down — when the right-hand side is part of the CF. And that’s why we always
evaluate the CF first, to check whether it does contain the right-hand side. In this case the
CF is the GS of

y//_y/_zy:()

which you can check is y = Ae™ + Be?*. The right-hand side is indeed included in
the CF.

So, what do we do in such cases? As usual in mathematics we do as little as
possible — that is we look for alternatives that are as close to what we have as possible.
Remember that in the case of equal roots for the auxiliary equation, when looking at the
CF, we tried — successfully — replacing e** by xe** (466 «)? Perhaps a similar strategy
works this time?

Problem 15.22

Try y, = Lxe™ in the differential equation of Problem 15.21, where L is
to be determined.
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We have
Yy =y, —2yp=L(x —2)e* = L(1 —x)e ¥ —2Lxe™™
=—-3Le* =the RHS = ¢
So Lxe™ is indeed a solution of the DE if L = —% and therefore a particular solution is
Yp = —%xe"‘.

Now, you may feel uncomfortable with all this guesswork. Don’t worry, it can all be put
on a formal basis and derived rigorously, but we do not have the space to go into it here.
So, we will simply collect all the necessary results together and state them without proof,
for your reference. The method to be described actually works for arbitrary order linear
equations with constant coefficients and so we will formulate it in quite general terms.
To specialise to the second order case we have been considering so far just take n = 2.
However, you may meet the general case of higher order # in, for example, control systems.
So, consider the general nth order linear differential equation with constant coefficients
ry ).
xr

(y")(x) denotes the rth order derivative 7

ayy ™ () + a1y V@) + -+ aryP () +agy(x) = f(x)
Then in the following cases:

D f(x) an mth degree polynomial

(a) If ap # 0 — i.e. the equation contains a non-derivative term,
then we choose a particular solution of the form

Vp = Lyx™ + Lyy_1x" '+ + Lix + Lo

(b) If a9 =0 so that there is no non-derivative term in the
differential equation and if the lowest order of derivative is
r, then choose

Yy = mem+r 4 Lm_lxm+r—l N ler+1 + Lox’

2) f(x) of the form sinwx or cos wx

(a) If sin wx or cos wx do not occur in the complementary function,
then take a particular solution of the form

¥p = L coswx + M sin wx

(b)  If the complementary function contains terms of the form
x"sinwx or x"coswx for r =0,1,...,m, take y, to be
the form

Lx"*! cos wx + Mx"™*! sin wx

3) f(x) an exponential function, f(x) = e&*

(@)  If e is not contained in the complementary function, take
¥p(x) to be of the form

Vp = Le**

473



Understanding Engineering Mathematics

(b)  If the complementary function contains terms ef*, xe*, ...,

x™ek*, take y,(x) to be of the form

Vp = Lmerlekx

kx

(4)  f(x) of the form €** cos wx or e** sin wx

(a) If these terms are not contained in the complementary function,
then simply take y,(x) to be of the form

yp = Le** cos wx + Me* sinwx

(b)  If terms of the form x"e** coswx or x"e* sinwx, for r =
0,1, ..., m, are contained in the complementary functions, then
include terms of the form

Lx" e  cos wx + Mx" ek sin wx

in y,.

Some obvious patterns may be seen in the above particular integrals. Essentially, if
the complementary function does not contain terms identical to the inhomogeneous term,
then the particular integral looks much the same as the inhomogeneous term. However, if
the inhomogeneous term occurs in the complementary function, then we must modify the
particular integral and this is done by multiplying by an appropriate power of x.

In general, by superposition of terms we see that we can treat particular integrals for
expressions of the form

f(x) = P(x)e* coswx + Q(x)e** sin wx

where P(x), Q(x) are polynomials in x. This essentially comes about because any order
derivative of such an expression results in an expression of the same form.

Having found the particular integral, we can find the general solution by adding it to
the complementary function. Note again that when applying boundary or initial conditions
these must always be applied to the full solution — complementary function plus particular
integral — and not simply to the complementary function alone.

Exercises on 15.6

1. Find the solutions to each of the following second order equations, with the specified
conditions. Remember to apply the conditions to the full solution — CF + PI.

@) y'+4y' +3y=2¢ y(0)=0 y'(0) =1

L _ _ VY1
i) 3" +4y=x+1 y(0) =0 y(7)=4
(i) y”+y =sin2x y(0) =0 y(0) =0

2. Solve the initial value problem
y' =4y +3y=3x y(©0)=0 y'(0)=0
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Answers
LG l(x 3y (i) 1 5 b .2+1 +1
. 1 — — e 11 ——COS4ZX — — SIn 4x —X —
4°¢ 4 16 A

i 2 1.
(iil) =—sinx — —sin2x
3 3

3x 3 x+ +4
e — — e X -
2 3

Al =

15.7 Reinforcement

In all these exercises check your results by substituting back to the equation — the practice
will do you good!

1. Radioactive material decays at a rate proportional to the amount present. Construct
and solve a mathematical model giving the amount of material remaining after a
given time.

2. Solve the following differential equations subject to the conditions given:

i y=x y©0) =1
(i) y =cosx y(x) =0
(i) xy =x2+1 y(1) =0
iv) y'=4 y0) =1 y'(0)=2
v) ¥y =x*-1 y(0) =0 y(2) =1
(vi) y”" =cosx y(0) =0 y(r) =1
(vii) y' = 3y? y(0) =1
(viii) y =secy yO0)=m

3. Find the general solution of the differential equations y’ = f(x, y) where f(x,y) is
given by:

Y

i) xy? ) = (iii) xsecy
x
(iv) et (v) 10-=2y (vi) e
2
(vii) —— (vii) ylInx (x) (x —y)/x
5—siny
(x) y(x+2y)/[x2x + y)] (xi) 3(y*—=3y+2)
4. Solve the equations:

(i) y=e"—y (i) y 42y =3¢ (i) y +xy=x’

(iv) xy =3y —2x v) x2=1y +2y=0

vi) (x =1y =3x2—y (vii) xy' —2y = x3e~ 2
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S. Solve the following initial value problems

(i) y —3y=e> y(0)=0
(i) xy —2y=ux? y(1) =2
(i) xy' +2y = x? y(1)=0
. , sin x

(iv) xy +3y=7 y(@) =0

6. Solve the following second order equations

i y'+y —-2y=0 (i) y' -4y’ +4y=0
(i) y"+4y +5y=0 (iv) y"+4y=0
(v) y'=9y=0 (vi) ¥yY'+y=0

7. Obtain the general solution of the inhomogeneous equations formed by adding the
following right-hand sides to each of the equations of Q6.

(@ 2 () x+1 () e
(d) 2sinx
8. Solve the initial value problem y(0) = 0, y’(0) = 0 for each of the equations solved in

Q7(a). If you feel really keen press on with the other questions — you can check your
answers by substituting into the equation.

9. Solve the boundary value problem y(0) = y(1) = 0 for each of the equations solved
in Q7(a). Again press on with the rest of Q7 if you need more practice.

15.8 Applications

There are a number of well known applications of first order equations which provide
classic prototypes for mathematical modelling. These mainly rely on the interpretation of
dy/dt as a rate of change of a function y with respect to time ¢. In everyday life there are
many examples of the importance of rates of change — speed of moving particles, growth
and decay of populations and materials, heat flow, fluid flow, and so on. In each case we
can construct models of varying degrees of sophistication to describe given situations.

1. The rate at which a radioactive substance decays is found to be proportional to the

mass m(t) present at time t. Write down and solve the differential equation expressing
this relation, given that the initial mass is m(0) = mg and when t = 1, m = 70.

2. Newton’s law of cooling states that the rate at which an object cools is proportional
to the difference between the temperature at the surface of the body, and the ambient
air temperature. Thus, if T is the surface temperature at time ¢ and 7, is the ambient

temperature, then

T _ MT —T,) TO) =T,
dl_ a — 10
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where A > 0 is some experimentally determined constant of proportionality, and T is
the initial temperature. Solve this to give the temperature at ¢ > 0.

. In Applications, Chapter 2, we saw how the differential equation

dx_k b
= = k(x —@)x = b)x =)

typical of models of chemical reactions, describes the reaction between three gases
A, B, C in a vapour deposition process. Find the general solution of the equation for
a number of examples of values of k, a, b, c, starting with a simple case such as
k=a=>b=1, ¢c =0 and building up to more complicated examples. Also consider
various initial conditions. Study the nature of the solutions for the various values of
the parameters k, a, b, c.

. The classic application of differential equations is, of course, in Newtonian mechanics.
The differential equations arise from either the kinematic relation dx/dt = v, the
velocity, or the dynamical relation (Newton’s second law) mdv/dt = md*x/dt*> =
mass X acceleration = force. In general we have

d*x dy
—= = f(x,y, —
g2 =&y =0
This reduces to a first order equation in a number of cases. For example, if f is
independent of x we have

dv

E:f(tav)

or if it is independent of t+ we can write

dv dxdv dv Forv)
—=——=v— = f(x,v
dt dt dx dx

With sufficiently complex force laws, we can obtain a variety of differential equations
sufficient to keep the most ardent mathematician satisfied — indeed, much of the modern
theory of nonlinear differential equation is dynamics, and you will find books on
‘dynamical systems’ shoulder to shoulder with textbooks on differential equations on
the library bookshelves.
A particle falling vertically under gravity, subject to a resistance proportional to its
velocity, v, satisfies the equation of motion

dv
2 —k
mdt mg v

where m is its mass, g the acceleration due to gravity and k a positive constant. Solve
this equation and interpret the motion. Assume the initial velocity is v = vy at ¢ = 0.

. Many complicated physical, biological, and commercial situations can be modelled
by a system of interconnected units or ‘compartments’ between which some quantity
flows or is communicated. Examples include the distribution of drugs in various parts
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of the body, water flow between connected reservoirs, or financial transactions in a
commercial environment. This exercise illustrates the basic ideas in this topic.

Take as our compartment a tank containing 100L of water, into which a brine solution
flows at a rate of 5L/min and out of which solution flows at SL/min. The concentration
of the incoming brine solution is 1 kg/L. Construct a model, based on reasonable
assumptions, which will enable you to determine the concentration of salt in the tank
at any time after inflow commences.

6. There are many areas of science and engineering where second order linear differential

equations provide useful models. Rather than become enmeshed in the technical details

of specific applications, we will look at generic models which have utility across a
wide range of applications.

The general second order inhomogeneous linear equation with constant coefficients

ax +bx +cx = f(t) (15.6)
arises naturally in dynamics as a consequence of Newton’s second law
mx = F(t, x, x)

in which the force F arises from a particular physical set up. For example if we are
talking about the motion of a particle of mass m attached to a spring, oscillating in a
resisting medium, and subject to an additional time dependent force f (), then we might
model the forces acting as follows, taking x as the displacement from equilibrium:

(i) spring restoring force, —ax o« > 0
(ii) resistance force proportional to velocity, —8x B >0
(iii) forcing term f (¢)

Newton’s second law then gives
mx + Bx +ax = f(t)

A similar equation was mentioned in Chapter 2 (79 <) for the capacitor voltage in a
source free electrical circuit containing an inductance L, resistance R, capacitance C.
With an appropriate source term f(0) this becomes

d2V+RdV+ 1V_f(t)
dr2  Ldt LC

which is, apart from the physical constants, the same as the Newton’s law equation
above. The same sort of equation describes many other systems of widely varying
types — this is mathematical technology transfer!

Such equations are used to describe some type of oscillatory behaviour, with some
degree of damping. We will concentrate our attention on the general properties of such
behaviour, and adopt the mechanical notation of the first equation above.

The case B8 =0 = f(¢) is the simplest to deal with, yielding unforced, undamped
simple harmonic motion:

mx +oax =0
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Show that the solution in this case is

x = Asin(wt + ¢)

where w? = a/m.

In the presence of damping, but no forcing terms, the equation becomes
mx + px +ax =0

Find the general solution in this case, and consider the cases of

(i) overdamping, 8> > 4«
(i) critical damping, 8° = 4u
(iii) underdamping, 8> < 4«

If f(t) # 0 in equation (15.6) then we have an additional forcing term, impelling
the particle to respond not just to the spring tension and the resistance, but to some
additional force (such as gravity for example). One of the most interesting cases occurs
when the forcing term is periodic itself, resulting in an equation of the form

mx + Bx + ax = fycosvt

Show that the general solution in this case is

fo
Ve —v2)?+ g2

4o — B2
2

sin(vt + §)

x(t) = Ce P"?sin ( t+ ¢>> +

where tan§ = (o« — v?)/(Bv). The first term represents damped oscillatory motion and
will eventually die out if 8 > 0. For this reason it is called the transient solution. The
second term, on the other hand, originating from the forcing term, persists so long as
the forcing term does, with the same frequency, but a modified amplitude and phase
(this is a characteristic of linear systems — any sinusoidal input is output with the same
frequency but modified amplitude and phase). This second term is therefore referred to
as the steady state solution — it is what is left after the transients decay away. Note
that the amplitude of the steady state solution

Jo
Vie =022+ g2

depends on the relation between the damping S, the forcing frequency v and the natural
frequency . Show that if 82 < 4« (i.e. the system is underdamped), then the amplitude
of forced motion has a maximum at

At this value of v we say the system is at resonance and v, /27 is called the resonant
frequency.
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15.9 Answers to reinforcement exercises

1. m=mye ™

2

1
2. (1) % +1 (i) sinx (iii) E(XZI) +1Inx
(iv) 2x2+2x+1 W S5
. 121 2 6
(vi) —cosx ——x+1 (vii)
T 1—3x
(viii) sin~'x
I p— (i) € i sin (5 4 ¢
. Q) —— ii iii) sin —
x2+C * 2
. 1 . 1 3,
(iv) —1In|C — €' (v) E(IO—Ce ) (vi) §1n|C+§ex|
(vii)) Sy+cosy=x>+C (viii) Cx*e™ (ix) %(1 —Cx)
-2
®) (-2 =Cx%y () T =Ce"
y—
. o1 .
4. (i) Ce™ + 562)‘ (i) e+ Ce ™™
(iii) x%—2+ Cexp(—x2/2) (iv) x4+ Cx?
x—1 X+ C
c .
) (x n 1) (vi) 1
2
(vii) Cx2— %e—h
N 3 . 2
5. (1) E(e *— ) (i) x“(Inx +2)
U AP | i 1
(ii1) 1 X< — ) @iv) —F(cosx +1)
6. (i) Ae* + Be ™™ (i) (Ax + B)e*
(iii) e 2*(Acosx + Bsinx) (iv) Acos2x + Bsin2x
(V) Ae’* 4+ Be (vi) Acosx + Bsinx

7. (a) (i) Ae* + Be > —1

2
(iii) e ?*(Acosx + Bsinx) + —

5

3x —3x __ %
(v) Ae’* + Be 9
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(i) (Ax + B)e™ + 5

1
(iv) A cos2x + Bsin2x + 5

(vi) Acosx + Bsinx +2
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(b) (i) Ae* + Be > — lx 3 () (Ax + B)e* + lx + !
27 4 47 2

1 1
_2x A B . - -
(iii)) e ™™*(Acosx + Bsinx) + Sx + 23

1 1 1
(iv) Acos2x + Bsin2x + 2" + 1 (V) Ae’* 4 Be ™ — PRl
(vi) Acosx + Bsinx +x + 1

. _2 I, .. 2 L,
(©) () Ae’ + Be™ — zxe™ (i) (Ax + B)e* + =™
(ili) e >*(Acosx + Bsinx) 4 e >
1
(iv) Acos2x + Bsin2x + ge‘zx

3x —3x __ 1 —2x : : l —2x
(v) Ae’* + Be 5e (vi) Acosx—l—Bsmx—l—Se

1 3
(d) (i) Ae* + Be 2 — Scosx — < sin x

8 6
(i) (Ax + B)e* + 55 cosx + > sin x

1 1
(iii) e **(Acosx + Bsinx) — 7 Cosx + 2 sin x

2
(iv) Acos2x + Bsin2x + 3 sin x

3 —3x 1 :
(v) Ae’* + Be —gsmx
(vi) Acosx 4+ Bsinx — x cosx

2 1

8. (a) (i) gex + ge*h -1
1 1
i _ 2x _
(i1) (x 2)6 +2
(i) —e %cosx + isinx + g (iv) l(1 — cos2x)
5 5 5 2
1
v) §(€3x +e3—2) (vi) 2(1 — cosx)
e+1 &2
9, : X —2x -1
@O et + Zretll
1 1 1
(ii) (5(1 —eHx — 5) e + 5
(i) o2 2 +2<cosl—ez> , >+2
iii ——cos —| ——— ] sin -
¢ 59T 5 i )T
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. 1 1 fcos2—1Y\ . 1
iv) —=—cos2x+—-| —— s1n2x+§

2 2 sin 2
W) 27 —1 3x+23 e —1 a2 2 3 263
V) — e’ —e- e — —= e’ e
9le®—1 9 ed —1 9 92+1) 93+ 1)
2 1-1
(vi) —ZCosx—i—Msinxﬁ—Z

S
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Functions of More than One
Variable — Partial Differentiation

This chapter deals with functions of more than one variable and the rates of change of
such functions as the different variables change. It involves some visualisation in three
dimensions, but on the other hand the manipulation and methods involved are usually
quite straightforward — essentially, there is little more to it than ordinary differentiation.

Prerequisites
It will be helpful if you know something about

function notation (90 <)

limits (412 <)

rules of differentiation (234 <)

three dimensional coordinates and graphs (323 <)
parametric differentiation (240 <)

implicit differentiation (238 <)

Objectives
In this chapter you will find

e functions of two variables

e definition of partial differentiation

e rules of partial differentiation

e higher order partial derivatives

o the total differential and total derivative

Motivation
You may need the material of this chapter for

thermodynamics

partial differential equations
vector calculus
electromagnetic field theory
fluid and solid mechanics
least squares in statistics
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16.1 Introduction

Often, topics in engineering mathematics can be presented most clearly by means of
diagrams rather than symbols. This topic is perhaps the opposite to this — the pictures used
in illustrating calculus of more than one variable are sometimes not easy to visualise — but
don’t worry, in this case the symbols are much easier to handle.

Previously we have considered mainly functions of a single variable, e.g.

y=/f®

In practice, in engineering and science, we usually have to deal with functions of many
variables.
For example the pressure P of a perfect gas depends on its volume and temperature:

RT
P=—=P(V,T)
Vv

R being the gas constant. We want to consider such questions as, how does P change if
V and T vary at given rates?

In general we will restrict consideration to functions of two variables, because these can
be portrayed graphically. A function of two variables can be represented by a surface in
3-dimensional space. However, most of the ideas we cover are easily extended to functions
of more than two variables, even if the pictures are not.

Exercises on 16.1

1. In the relation between P, V, and T, how does P vary with (i) T, (ii) V? How does
V vary with (iii) T, (iv) P?

2. If V increases by 10% while T remains constant, by what percentage, approximately,
does P change?

Answers

1. (i) In proportion; (ii) In inverse proportion; (iii) In proportion; (iv) In inverse
proportion.

2. Decreases by approximately 10%.

16.2 Function of two variables

Let z = f(x,y) be a function of two variables. If we take a 3-dimensional Cartesian
coordinate system as described in Section 11.4 then any point in 3-dimensional space
can be represented by a point referred to this system, P(x, y, z). For each point (x, y)
of the xy plane, we can calculate the value of z from z = f(x, y) and plot this at an
appropriate z-level fixed by the z-axis. In this way, the function f(x, y) gives a surface
in 3 dimensions, as shown in Figure 16.1.
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Figure 16.1 Surface defined by z = f(x, y).

Figure 16.2 The linear function z = ax + by + c.

For example, the linear function:
z=ax+by+c

represents a plane in 3-dimensional space, as shown in Figure 16.2 (only the portion in
the first octant is sketched).

In the theory of single variable we measure the rate of increase or slope of a curve by
the slope of the tangent to the curve at a given point. In the case of functions with two
variables, where we have to deal with a surface, we measure the rate of increase or slope
of a surface by the orientation or slope of a tangent plane to the surface. Thus at any
point on the surface we can define a unique plane, the tangent plane, which touches the
surface at just that one point, locally. The orientation of this plane clearly gives a measure
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Tangent plane

X

Figure 16.3 The tangent plane.

of the slope and rate of change of the surface at the point of tangency (Figure 16.3 — think
of the mortar-board you may one day be wearing!).

Any line in the tangent plane is also tangent to the surface. In particular, the lines
parallel to the xz and yz planes — the slopes of these lines give the slope of the surface
in the x-direction and y-direction respectively.

Exercise 16.2

Sketch the surface representing the function
z=x"4y

Answer

Z=Xx24y2=2

Figure 16.4
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16.3 Partial differentiation

The lines in the tangent plane parallel to the xz-plane, give the slope of the surface in the
x-direction at each point. When considering rate of change in the x-direction alone, the
y-coordinate in z = f(x, ¥) can be regarded as constant. Then for this fixed valued of y

2= f(x,y)

is a function of x, a curve parallel to the xz plane. The slope of this curve can be obtained
in the usual way by differentiating:
dz _df

dx dx
However, this notation is not appropriate because f is now a function of two variables,
SO we use:

a a
%y

ox
read ‘curly dee dee ex’.
This is called the partial derivative of z with respect to x, and represents the rate of
change of z with respect to x assuming y is constant. We will also denote it by f;. It gives
the rate of change in z in the x-direction, or the slope of the surface in the x-direction
(see Figure 16.5). We can define the partial derivative rigorously in terms of a limit as
follows:
of [ fx+hy) =[x, 9)]

— = lim
ax  h—0| h

Similarly, we can define the partial derivative with respect to y:

of _ o [/ y+h)— flx. 0]
— = lm
ay  k—0| k

which is the derivative of f with respect to y assuming x constant. We will sometimes
use fy. It gives the rate of change of f in the y-direction, or the slope of the surface in
the y-direction.

The rules of partial differentiation are the same as those in ordinary differentiation, so
long as we remember which of the variables to hold constant. Specifically (234 <):

S (=Lt
;—x(fg)=f§—i+%g
2(4)- G
dx \ g (8)?

%(g(xxy) = g—i%(g,y)
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Tangent line with slope 9z
ax

Plane y =y,

Figure 16.5 Definition of the partial derivative g—i

The last rule is the generalisation of the function of a function rule (235 <), which may
look a little strange in the new notation — again it helps to think of the undifferentiated
variable (y in this case) as a constant.

Similar results apply for the partial derivatives with respect to y.

Problem 16.1

Evaluate the partial derivatives

hz="> +;i (i) z = y sin(2x + 3y)

(i) Treating y as a constant and differentiating with respect to x gives

9z 1

ax x>y
Similarly, keeping x constant and differentiating with respect to y gives

07 1 X

ay  x 2
... 0z 0z .
(i) P 2y cos(2x + 3y) and P sin(2x + 3y) + 3y cos(2x + 3y)
x y

Exercise on 16.3
Find f,, f, for the following functions

1 fx,y)= ry () f(x,y) = g3xHeos(xy)
xX+y
Answer
. y2 x2
O Sh=ar P = arr
(i) fi = T3 — ysin(xy)), fy = —xe* TV sin(xy)
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16.4 Higher order derivatives

0
If z= f(x,y) is a function of x and y, then 8—Z is also a function of x and y and so

a (0
may itself be partially differentiated with respect to x, P <8—Z> or with respect to y,
x \0x

a (0
2 (& . We write such second order derivates as:
ay \ ox

3’z 3%z 3%z 9’z
0x2 9xdy dydx’ 9y2

which we will sometimes write as Zyx, Zxy, Zyx, Zyy, respectively.
For all functions we are interested in we may assume that

9’z 9%z or B
axdy _ dydx Cay = Do
. . . 3’z
Similarly, higher order derivates may be defined, such as FYEr = Zyxy, €tC.

Problem 16.2

Evaluate all second order derivatives of the function
fee,y) =x7+y* + 2y +x%
and verify that

b _ ¥
axdy  dyax

The differentiation of f(x, y) = x> 4+ y> + 2xy 4+ x2y is routine and we obtain

=32 42y +2xy  for=6x42y

fy =3y +2x + 7 fyy =6y

foy = (fo)y = Gx? +2y +2xy), =2+ 2x

for = (fi)x = By* +2x + %), =2+ 2x
= fay

Exercises on 16.4

1. Find all first and second order partial derivatives of the following functions, f(x, y),
checking the equality of the mixed derivatives

i) flx, ) =xy? +dxy* (i) f(x,y) = e cos(x +y)
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2. Show that f(x,y) = In(x? + y?) satisfies the partial differential equation:

?f 0 f

T — .\

0xz  9y?
This is called the Laplace equation in two-dimensional rectangular coordinates. It is
very important in fluid mechanics, electromagnetism, and many other areas of science

and engineering, as well as being a key equation in pure mathematics.

Answers
L () fi =322 +4y%, f, =223y + 16x)3,
frx = 6xY%, fyy =207 +48xy?, fry = 6x7y + 16)°
(i) fr = eV (ycos(x +y) — sin(x + y)),
fy =€ (xcos(x + y) —sin(x + y)),
frx = €2 ((y* — D) cos(x + y) — 2ysin(x + y)),
fyy = e ((x? — 1) cos(x + y) — 2x sin(x + y)),
fry =€V (xycos(x +y) — (x + y)sin(x + y))

16.5 The total differential

0z 0z . . . L
— give the rates of increase of z = f(x,y) in the x and y directions respec-

ax’ dy
tively — what about the increase in a general direction? Le. if x, y increase by §x, §y,
by how much does z increase? From Figure 16.6 we can see that the increase in z, 8z, is

given approximately by

8z 8z
8z >~ —3& —4
z 5x x-l—(sy y

Such diagrams are not to everyone’s taste, so a few examples might help.

Problem 16.3
Obtain expressions for 6z in the cases
(i) z=x+y (i) z =xy (iii) z =x2+y?

What happens if éx, §y are so small that products of them can be neglected?
(i) is not so bad:
dz=x+dx+y+d8y—(x+y)=4x+35y

This result is exact. There are no products of éx, §y.

(i) is a little more complicated:

8z = (x+dx)(y +5y) — xy
= y8x 4+ x8y + 8xdy
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Figure 16.6 The total derivative.

This is exact. However, if we neglect 6x8y then we get an approximation:
8z >~ yéx + x8y
Notice that since z, = y and z, = x this may be written
8z > z:0x + 2,0y
(iil) 8z = (x +8x)*> + (y +8y)* — x? — y?

= 2x8x + 2y8y + (6x)% + (8y)?
>~ 2x0x + 2y8y

if we neglect the § products. Again, notice that this is
8z > 746X + 7,8y

These examples illustrate the result
8z >~ 7,0x + 2,8y

stated above.

Note that this is an approximate formula between increments §x, §y, §z. It is useful
to define differentials dx, dy, dz which satisfy:

dz=—d —d
Z ox x+8y y
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dz is called the total differential of z. The dx, dy, dz are not actually numerical quantities,
but simply symbolise quantities that can be taken as small as we wish, but never zero.
They really only serve to define derivatives. Thus, if x, y, are both functions of a parameter
t (e.g. in dynamics ¢ = time) we can formally ‘divide by d#’ and write:

dz dzdx  0zdy

dt  dxdt 9y dt
and this gives the total rate of change of z with 7 given the rate of change of x and y with
t.dz/dt is called the total derivative of z with respect to ¢. Both the formula for dz and

dz/dt extend in an obvious way to functions of greater than two variables, although the
geometrical significance is not so easy to visualize.

Problem 16.4
Find dz at the point (1, 2, 5) for z = x2 +y2.

Essentially, all we need are the first partial derivatives. We have

0z 9z

— = 2x, =2
0x o Y

5 =
The total differential is therefore given by

dz=—d —d
Z Ix x+ay y

=2xdx +2ydy
So at (1, 2, 5) this gives
dz=2(1)dx+22)dy =2dx +4dy

This is a formal relation between dx, dy, dz, which can for example be used to evaluate
the total derivative of z at the point (1, 2, 5) as

d d d

_Z — _x + 4_y

dt dt dt
This gives us the rate of change of z at (1, 2, 5) in terms of the rates of change of x and
y at that point. However, the above relation between differentials can also be regarded as
an approximate relation between small increments §x, 8y, 6z to give

8z =~ 26x + 48y

This gives us the approximate change in z at (1, 2, 5) if x and y are changed by small
amounts §x, §y respectively.

As an example of the use of the total differential in approximations consider the problem
of finding the percentage error in functions of the form

z=x%yP
due to given percentage errors in x and y.
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We have (treating dx, dy, etc. as small increments here)
dz = ax® 'yPdx + px*yP~ldy

so the relative error in z due to ‘errors’ dx, dy in x, y respectively is

d axa—l B X% p—1
= Y dx + px7y dy
Z Z Z
a—1,,8 o,,B—1
R Bxy dy
x*yP xyP
dx d
= o— + ﬁ_y
y

So the percentage error in z is

d d d
—Exw0=cw£+ﬁlﬁlm
x y

Z
dx dy
=a|— x100)+b|{— x 100
X y
= o percentage error in x + 8 percentage error in y

Notice the pattern in which the exponents in the original expression become the linear
weightings in the expression for the percentage error.
An easier derivation is to first take logs

Inz=In(x*y?) =alnx+Blny

Now differentiate through

and then multiplying through by 100 gives the required relation between percentage errors.
Extension to functions of more than two variables is obvious.

Problem 16.5

Find the percentage error in the volume of a rectangular box in terms of
the percentage errors in the sides of the box.

With sides a, b, ¢ the volume of the box is
V =abc=a'b'c!
So the percentage error in V is

d—V x 100 = l.d—a X 100—1—1.@ X 100—1—1.@ x 100
\% a b c

= percentage error in a + percentage error in b

+ percentage error in ¢
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Note also that these error problems can be taken over directly to problems of small
increases — e.g. the expansion of a rectangular box due to heating, etc. (using coefficients
of linear expansions).

In fact, we have already met the total differential disguised as implicit differentiation
(238 ).

Problem 16.6
dy

If z =x2+5x%y + 2xy? —y3 = 4 find e
x

d
We find d_y by noting that dz = 0, using the total differential, and solving the resulting
X
d
equation to obtain a relation between dx and dy which we then solve for _y. Thus

dz =2xdx +10xydx + 5x*dy 4+ 2y*dx + 4xydy — 3y*dy =0

Dividing by dx gives

d d d
2+ 10xy + 5222 1202 4 ay D 328
dx dx dx
d
and solving for &y gives
dx
dy  2x+10xy +2y*
dx — 3y2—5x2 —4xy
Exercises on 16.5
1. Find the total differential dz when
. . X
(i) z =In(cos(xy)) (i) z =-exp <;)

, dz L
2. If z=e**% and x = Int, y =12, calculate — from the total derivative formula and

show that it agrees with the result obtained by substitution for x and y before differ-
entiating.

Answers

1. () —tan(xy)(ydx +xdy) (i) %exp (g) (ydx —xdy)
2. 2t(3t% + 1) exp(3t?)

16.6 Reinforcement

1. Find the values of the following functions at the points given:

() f(x,y) =2xy® + 3x2y at the point (2, 1)
(i) g(x,y) = (x + y)e* siny at the point (0, 7/2)
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(iii) h(x,y,z) = +/x2+ y% + 72 at the points (— 1, 2, 2) and (3, 2, 4)

: _ x2 4 _ z
@iv) I(x,y,z) = e“ y*cosz at (O, 2, 3)

Sketch the surfaces represented by z = f(x, y) where
(i) z=1-3y (i) x*+y*+22=9
Determine dz/dx, dz/dy in each case

. .. X

() z=x4)" (ii) e=73 (i) z=x+x>y+y*

1
(iv) z= ——— (V) z=e"cos(3y?) (vi) z=In(1+xy)
x2 4+ y?
x4+ y?

(vi)) z=eY(2 4+ 3xy) (viii) z =

T (ix) z=xtan™! (;)

0
For each of the functions in Q3 evaluate a—Z(O, 0), a—z(l, 2) whenever possible.
X y

Determine all first order partial derivatives
: 2 2 2 e 1
i) w=x"+2y-+3z (i) w=
[T—x2—y2— ;2
(i) w=xyz (iv) w = xcos(x + yz)

V) w=eInx+y+2)

6. Determine all second order partial derivatives for the functions in Q3.
7. Determine all second order partial derivatives for Q5(i), (iii), (iv).
8. Show that T'(x, 1) = ae="" cos bx, where a and b are arbitrary constants, satisfies the
equation
oT _ 0°T
ar  9x2
9. Determine dz for the functions
(i) z=x*-3y? (i) z=3x?y’
(iii) z =In(x*>+y?) (iv) z=cos(x +y)

10.

(V) z=x%"
If z =3x?>+2xy — y*> and x and y vary with time ¢ according to x = 1 + sin¢ and

y = 3cost — 1 evaluate d—j directly and by using the total derivative (chain) rule.

16.7 Applications

1. Partial differential equations are equations containing partial derivatives — analogous

to ordinary differential equations of Chapter 15. Such equations occur frequently in
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a*f  9?
science and engineering. An important example is Laplace’s equation 8—1; + 8—1; =0
X Y
which arises in electromagnetic field theory and fluid flow, for example. Verify that
each of the following functions satisfies Laplace’s equation

i) flx,y) =In@x?+y?H) () f(x,y) =e ¥ cos3x
(i) f(x,y) =e"(xcosy— ysiny) (iv) fx,y) =x*—y?

2. An important application of the total differential occurs in estimating the change in a
function of a number of variables resulting from changes in the variables. The following
give a number of examples of this.

(i) From the ideal gas law PV = nRT, where nR is constant, estimate the percentage

change in pressure, P, if the temperature, T, is increased by 3% and the volume,
V, is increased by 4%.

(ii) Given that time, 7', of oscillation of a simple pendulum of length / is

l
T:27'r\/j
g

determine the total differential d7 in terms of [ and the gravitational and constant
g. Estimate the percentage error in the period of oscillation if / is taken 0.1% too
large and g 0.05% too small.

(iii) The total resistance of three resistors R|, R,, R3, in parallel is given by R, where

1 1 1 1

If Ry, Ry, R3, are measured as 6, 8, 12 Q respectively with respective maximum
tolerances of 0.1, +0.03, £0.15 €2, estimate the maximum possible error in R.

3. The total derivative is used to determine the rate of change of a function of a number
of variables in terms of the rates of change of the variables. The following examples
illustrate this.

(i) The radius of a cylinder decreases at a rate 0.02 ms~! while its height increases
at a rate 0.01 ms~!. Find the rate of change of the volume at the instant when
r=0.05mand 2 =0.2m.

(i1) Find the rate of increase of the diagonal of a rectangular solid with sides 3, 4, 5 m,

: : . 1 1 1 1 :
if the sides increase at 3> 7> 5 M8 respectively.

16.8 Answers to reinforcement exercises

1L () 16 (ii)% (i) 3, v29 (iv) 8
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2. (i)
(ii)
. L1 x
3. (1) 2x,2y (i) - —=
y y
(i) 3x2 + 2xy, x2 + 4y (iv) —— Y
Vs y 24232 (x4 y2)32
(V) ye cos(3y?), e (x cos(3y?) — 6y sin(3y?) (Vi) ——, —
I4+xy 1+xy
) L 2x 3y 44y —a?
vii) e (y — 3xy?), eV (x — 3x2 viii ,
(vii) (¥ y9) ( y) (viii) T 20107
3 4
ix) 3x2tan! f) LS
(ix) 3x~tan (y +x2—|—y2 21y
4. (i) 0,6 (ii)) Does not exist, ~1 @iii) 0, 33
(iv) D t exist 2 (v) 0, e*(cos(12) — 125sin(12))
iv oes not exist, ——— v) 0, e“(cos — 125sin
55
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1
vi) 0, — vii) 0, —5¢72 viii)) 0, ——
(vi) (vii) (viii) 673

3
1
(ix) Doe not exist, —=

5. Answers listed in the order z,, zy, z;

() 2x, 4y, 62 (ii) where d = (1 — x> — y> — 72)3?

z
" d

U<

[l

Ul =

(i) yz, xz, xy

(iv) cos(x + yz) — xsin(x + yz), —xzsin(x + yz), —xysin(x + yz)

i

1
v) ev In(x +y+z +7),exy(xlnx+ +z +7>
(v) (y( y )x—l-y—i-z (x+y )x—i-y—l-z

s

x+y+z
6. Answers are given in the order wy,, wyy, Wyy

1 2,2,0
. 2x 1
@) 0, F’ —y—2

(ili) 6x + 2y, 12y?, 2x
2x2 — y? 2y? — x? 3xy
(xz + y2)5/2’ (xz + y2)5/2’ (xz + y2)5/2
(v) y*e™ cos(3y?), e (x2cos(3y?) — 12xy sin(3y?) — 6sin(3y?)
—36y? cos(3y?)), e (cos(3y?) + xy cos(3y?) — 6y sin(3y?))

@iv)

y2 )C2 1

S Hax? (+x? (L +ay)?
(vii) e (Bxy? —4y?), eV (3x3y — 4x?), eV (Bx%y? —Txy + 1)

(vi)

(viii) 2 ’ 3y2+8y+3x2+8’ I
v1i+y 4(1 4 y)3? (14 )32
(0 6xtan-! (f) 2xty +6x2y3 2xty  —2x% —4x3y?
y (2 4+y) T (2 4y (2422

7. Answers in the order wy,, Wyy, Wz, Wyy, Wz, Wy,

i 2,4,6,0,0,0
Gii) 0,0,0,z, v, x
(iv) —2sin(x + yz) — x cos(x + yz), —xz>cos(x + yz), —xy? cos(x + yz),
—zsin(x + yz) — xzcos(x + yz),

—ysin(x + yz) — xycos(x + yz), —x sin(x + yz) — xyz cos(x + yz)

498

19



Understanding Engineering Mathematics

8. Determine dz for the functions

(i) 2xdx —6ydy (i) 6xy3dx +9x2y%dy
2y
x2+y?
(V) xe (2 —xy)dx — x*dy)

2
(iii) 5 i 2dx-l— dy (iv) —sin(x + y)dx —sin(x + y)dy
xX“+y

d
9. d_j =6co0s2t + 12sin2t — 12sint + 4 cost
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An Appreciation of Transform
Methods

17.1 Introduction

We have already met situations in which changing the variable in a mathematical problem
works wonders — as for example in substitution in integration. In fact, this idea of trans-
forming variables to a new set is a useful one throughout applied mathematics. In this
chapter we are going to look at two particular types of transforms that are virtually essential
in engineering and science:

e  Laplace transform
° Fourier series (transform)

Both serve useful roles in two key engineering topics:

e the study of initial value problems in control theory, where one is inter-
ested in stability properties of a system

e  harmonic analysis of signals in which a periodic input to a system
is decomposed into sinusoidal components which may be individually
processed and the results recombined to produce the output of the system

Although I will try to explain how the transforms arise, the topic may still require some-
thing of a leap of faith on your part, particularly in the definitions of the Laplace transform
and the Fourier series. This is a place where accepting the results blindly and understanding
later is not necessarily a bad learning strategy! Also, we will not prove very much in detail.
The priority will be to equip you with the main tools and give you an appreciation of the
concepts and methods. This topic is also useful in that it brings together so much of
the basic mathematical material that we have covered in this book, perhaps justifying
all the hard work put in!

Prerequisites
It will be helpful if you know something about

the exponential function (Chapter 4)

integration, particularly integration by parts (Chapter 9)
trig functions (Chapter 6)

integration of products of sines and cosines (270 <)
limits at infinity (417 <)

function notation (90 <)
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continuous and discontinuous functions (418 <)
partial fractions (60 <)

completing the square (60 <)

differential equations (Chapter 15)

sigma notation (102 <)

infinite series (428 <)

Objectives
In this chapter you will find:

definition of the Laplace transform

Laplace transforms of elementary functions

properties of Laplace transforms

solution of initial value problems by Laplace transform
the inverse Laplace transform

linear systems and superposition

definition of Fourier series

orthogonality of trig functions

determination of the coefficients in a Fourier series

Motivation
You may need the material of this chapter for:
e solving differential equations in electrical circuits

e analysing the behaviour of control systems
e signal analysis

17.2 The Laplace transform

Problem 17.1

Integrate the following, where s and a are constants

a
/ te S dt
0

Let a — oo in the result, assuming that s > 0.

This integral has a number of features that we need to look at to get us into the mood
for Laplace transforms. Expressions that contain a number of symbols, some constant and
some variable, often appear daunting to the most experienced of us. Just take it steady
and pick the bones out of the thing. Firstly, since a and s are to be regarded as constant

501



Understanding Engineering Mathematics

in doing the integral they play no role in the actual integration (other than getting in the
way!), which is basically an integration with respect to the variable ¢. If it helps, think of a
and s simply as particular constants, say 3 and 4 respectively, while doing the integration.
Then you can concentrate on the actual job of integration and effectively the problem is to
integrate something like te=*, for example. This is a classic case of integration by parts
(273 <) which you really should revise if you have the slightest doubts. We obtain, on
integrating the exponential first,

—4t 1
fte“”dt L fe““dt
—4 4

1 —4t 1 —4t

= ——t

— —e
4 16

Count the signs carefully here! If we had s instead of 4 then you should now recognise
more easily that

—st te_st 1 —st
teldt = - —- e 'dt
—S S

Now we must put the limits in (279 <) to get

a t —st 14 1 a
f te”*'dt = [ ¢ } + —f e*dt
0 —5 Jo S Jo

e 1, .
:|: - :|o_5_2[e ”]0

Agreed, this is somewhat messy. For the next step, taking the limit of a as it tends to
infinity, it again helps to keep thinking of s as some constant, but it is important to
remember that it is a positive constant. Then we need the limit result (418 <)

x"e™* -0 as x — o0

for any non-negative number n. Then, applying this, since s is positive, we get

e -0 and ge " -0 as a— ©

a 1
and so as a — 00 / teS'dt > —.
0 52

‘We write this as

o0 1
/ te™'dt = —
0 N
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Don’t let anyone tell you all this is easy! There is a great deal of sophisticated mathematics
to deal with in this problem, and I have spelt it out carefully now because you will need
to do a lot of it later — I wanted to get the main difficulties out of the way up front so that
we are not too distracted later on. We will now get down to the main business of defining
the Laplace transform.

In a similar way to how we transform a variable to simplify some mathematical problem
such as integration, we can often similarly transform a function to facilitate the solution
to a differential equation. The most common way to do this is by means of an integral.
Thus, if f(¢) is a function of ¢ (it is usual to use ¢ as the independent variable, since in
applications it usually refers to time), then we transform to a new function f(s) of a new
variable s by an expression of the form:

5 b
f(s) = / k(s 1) £ (1) di

The notation ‘f twiddle’, f(s), is a standard mathematical way of reminding us that the
new function of s comes from f, but is completely different to f, which is a function of ¢.
In Problem 17.1 we had f(¢) =t, k(s,t) = ¢™*,a = 0 and b = 00, and the integral, which

would correspond to what we have called £ (s) here, came out to be — - The above integral

expression is called an integral transform. Essentially, it replaces tshe function f(¢) by a
different function f (s), which may be easier to deal with in certain circumstances.

There are many such integral transforms, usually going under the name of some famous
mathematician — Laplace, Fourier, Mellin, Hilbert. The Laplace and Fourier transforms
are particularly useful, in scientific and engineering applications such as control theory
and signal analysis, and in statistical and commercial applications. I would certainly not
waste your time by introducing such complicated objects if they were not so useful! It is
worth noting that such transforms were often first invented and developed by scientists
and engineers, long before mathematicians got their hands on them.

When we consider a transform such as the Laplace transform we are interested in such
questions as:

° What are the Laplace transforms of the elementary functions?
What general properties does the transform have?

° How does the Laplace transform relate to other mathematical operations
(such as differentiation, integration, etc.)?

° How can the transform be ‘inverted’, i.e. given the transform f (s) of
a function f(¢), how do we reverse the transform and find the original
function f(1)?

e  What applications does the Laplace transform have?

We now give the formal definition of the Laplace transform. We have already looked at
the technical details of integration needed to deal with it, in Problem 17.1, so it should be
less of a shock! Be assured that, strange though it might appear, it is absolutely invaluable
in engineering mathematics.

Suppose f(¢) is a function defined for ¢ > 0. Then the integral

Fs) = /0 Feds
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is called the Laplace transform of f (£). Other notations used are F(s) (lower case goes to
upper case when we transform) or L[ f(¢)], the square brackets denoting that the Laplace
transform acts on a function. The appearance of the exponential function here should
perhaps come as no surprise when one considers the predominant role that this function
plays in, for example, differential equations.

Note that improper infinite integrals of the type occurring in the definition above are
defined by:

/ g®)ydt = lim/ g®)dt
0 a—o0 0

and this shows how they are evaluated in practice — i.e. do the integral first and then take
the limit, as we did in Problem 17.1.

Exercises on 17.2

1. Write down the values of the following limits:

—st —st

e e
(i) lim s >0 (i) lim s >0
t—>o0 § t—o0 §
[efst
. . e n —st ..
@iii)) lim s >0 @iv) lim t"e s > 0, n positive
t—oo § t—00

2. Find the Laplace transform of f(¢) = 3.

Answers

“ | W

1. G) 0 i) 0 (i) 0 (iv) 0 2.

17.3 Laplace transforms of the elementary functions

Assembling the Laplace transforms of the elementary functions is simply a matter of inte-
gration. We flagged up the main points in Problem 17.1, and now you can try developing
a table of Laplace transforms for yourself.

Problem 17.2

Find the Laplace transform of the constant function f () = 1.

From the definition we have

oo
L[l]:/ le™'dt
0

e 1
= lim [ :| = — provided s > 0

a—o0 —S 0 S

Problem 17.3
Evaluate L[t], L[t?], L[¢?] and look for a pattern for L[¢"].
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We have already found L[¢] in Problem 17.1, and as a reminder:

o0 teSt* 1 1
L[t] = / te'dt = |: } + —f e~"'dt (by parts) = —
0 =S Jo S Jo N

For L[t?] the integration is more lengthy, but follows the same pattern — first integrate
with the limits 0, a then let a — oo.

[0.¢]
L[] = / 2e 5 dt
0
=3 by integrating by parts twice

L[#3] is even more of a slog, but with care and patience you should find that

6 3!
31— —
L[t]_s_“_s_“

So, summarising, we have

0! 1!
Lil==, L=,
S S

L[] = 2! L[] = 3
PEN T4

where we have used the convention 0! = 1 (16 <), which we also used in the binomial

theorem. These results lead us to suspect that in general

ny —
L'l = sl
for n a positive integer. In fact this is a correct generalisation, although we will not prove it.
Proceeding as in the above, exercising your integration, you can if you wish verify the
results given in Table 17.1 for the Laplace transforms of the elementary functions (see
Exercises on this section and page 285). There are a number of points to note:

the restrictions on s, which we have assumed to be real
results involving the exponential function, which clearly has the effect
of replacing s by s — a — i.e. of shifting or translating s

) the results for #sinwt, fcoswt can be obtained by differentiation of
those for sin wt, cos wt with respect to w.

Note an important implication of the fact that the Laplace transform is defined by an
integral. Specifically, recall that in any mathematical operation, such as differentiation for
example, there are precise conditions under which the operations are allowed — for example
a function must be continuous at a point if it is to be differentiable there. On the other hand
an integrable function does not have to be continuous in order to integrate it, meaning that
we can apply the Laplace transform to a wider range of functions than continuous ones.
A large and important class of functions to which we can apply the Laplace transform
includes the class of piecewise continuous functions. A piecewise continuous function
f () on aninterval @ <t < b is a function which consists of continuous sections separated
by a finite number of isolated points at which the function may not be continuous, but the
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Table 17.1

f@

f(s) = F(s) = LIf®)]

t" (n a positive integer)
eat
l"l eat
sin wt

cos wt

t sin wt
t cos wt
e sin wt

€% cos wt

(s > 0)

(s >0)

D= ==

n!
gl
1
s—a
n!
w
i
K
Tl
2ws
52— ?
10}
s—a

(s >0)

(s > a)

(s > a)
(s >0)

(s >0)

(s >0)

(s >0)
(s >a)

(s >a)

discontinuity must be finite. We can integrate such a function by integrating the continuous

sections separately.

A well known example of a piecewise continuous function is the unit (or Heaviside)
step function, shown in Figure 17.1, defined by

Ht)=0 <0

=1 t>0

Figure 17.1 The step function.

This function is discontinuous at ¢ = 0 and yet has a continuous Laplace transform, namely
1/s. Integration effectively smoothes things out.
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Another well known piecewise continuous function is the square wave, shown in
Figure 17.2 and defined by
fey=—-1 —-1<t<0
=1 0<t<l1
f@+2)=f@®

~

Figure 17.2 The square wave.

This is discontinuous at t = 1, 2, 3, etc. and as the name suggests is a periodic function.
The ideal tool for dealing with such functions is Fourier series, which again involves an
integration that smoothes things out.

Integral transforms can also deal with functions that may be continuous but have discon-
tinuous slope, such as the saw-tooth wave shown in Figure 17.3. In this case the derivative
fails to exist at the ‘corners’, and yet it still has a Fourier series. Such functions are called
piecewise smooth.

/ }

Figure 17.3 The sawtooth wave.

Note that, as mentioned above, the discontinuities must be finite jumps. Thus, 1/7 is
not piecewise continuous — see Figure 17.4.

Problem 17.4

Evaluate the Laplace transform of the function

f@)=0 0<t<1
=1 1<t<?2
=0 2<t
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1/t

Figure 17.4 An infinite discontinuity.

Note that the value of the integrals involved is unaffected by the absence of the isolated
points such as t = 1, 2. The Laplace transform of f(¢) is

_ 2 _ _
e sti| e S —e 2s
1

oo 2
LLf)] :/0 f)e *dt :/1 e‘”dt:[

—S N

This result again illustrates the useful property of the Laplace (and other integral) trans-
forms, that the transform of a discontinuous function may be continuous. Taking the
transform improves the behaviour of the function.

Exercises on 17.3

1. Derive each of the Laplace transforms in Table 17.1. The results for sin and cos are
obtained by integration by parts and from these differentiations with respect to @ will
give the results for 7 sinwt and t cos wt.

2. Find the Laplace transform of the piecewise continuous function

f)y=-1 0<t<?2
=t 2<t<3

=0 3<t

Answers

1 3 1
2. (_2 + _) (e—2s _ e—3S) _
S N N
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17.4 Properties of the Laplace transform

Having seen how to obtain elementary Laplace transforms we now turn to the general
properties of the transform. These enable us to calculate more complicated transforms and
also to apply the Laplace transform to such things as differential equations. We will not
be very rigorous about the proofs, the emphasis being on getting across the key ideas.

1. The Laplace transform is linear

The Laplace transform is a linear operation. That is, if f(¢), g(¢) are two functions with
Laplace transforms f(s), g(s) and a, b are constants then

Llaf(t) + bg(t)] = allf(1)] + bLIg(t)]
= af(s) +bg(s)

Or, briefly:
Laplace transform of sum = sum of Laplace transforms.

2. The first shift theorem

The exponential function ¢*' is a mainstay of applied mathematics, and it plays a partic-
ularly special role in the theory of the Laplace transform, embodied in the first shift
theorem (in case you are wondering, there is a ‘second shift theorem’ but we won’t be
needing it in this book).

Suppose L[ f(t)] = f (s) for s > sp, and let a be any real number. Then

Ll f()] = f(s—a) for s>sy+a

This can be proved by coupling the ¢’ in the Laplace transform with the ¢5' and noting
that this effectively replaces s by s — a.

Note that the results for e?’t", e¢* sin wt, e* cos wt given in Table 17.1 can be obtained
using the shift theorem.

3. The Laplace transform of the derivative

This is the crucial property for the application of Laplace transforms to the solution
of differential equations. Suppose that f(¢) and its derivative f'(¢) have Laplace trans-
forms. Then

LI = sLLF O] = f(0)

This follows on integrating by parts:
oo
L0l = [ fwe
0

=[f()e” P+ /{; f®edt
=—f0) +sL[f ()]

on assuming that the limit at infinity vanishes.
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Note how differentiation with respect to ¢ in ‘z-space’ becomes multiplication by s in
‘s-space’. Also, note the appearance of the initial value, f(0), of f(¢). This makes the
Laplace transform particularly suitable for solving initial value problems. We transform a
differential equation from ¢-space to s-space, thereby obtaining an algebraic equation for
the Laplace transform of the solution. We solve this algebraic equation to get the Laplace
transform of the solution of the differential equation, which we then invert, going back
to t-space to get the solution as a function of ¢. This methodology is characteristic of
‘transform methods’ in mathematics, whatever the particular type of transform.

We can now derive the Laplace transform of the second order derivative.

Problem 17.5
Show that

LIF" (O] = s2LIF €)1 — sf (0) — £ (0)

We only have to apply the derivative rule twice in succession:

LIF"O1 = sLLf' (O] — f'(0)
=s(sLLF O] = £(0) — f'(0)
= s’LLf ()] = sf(0) = f'(0)

The general result for the Laplace transform of the nth derivative is
LIS 0] = s"LIFO1 = "7 f(0) = "2 f1(0) = -+ = sf"72(0) — "7 (0)
Note again the occurrence of the initial values.

To see how we can use the Laplace transform to solve initial value problems, consider
the following problem.

Problem 17.6

Solve the initial value problem

y+y=1 y@©=0
as follows: take the Laplace transform of the equation and obtain an equa-
tion for the Laplace transform y (s) of y. Solve this equation. By taking the
Laplace transform of the solution found by, say, separation of variables,

confirm that y(s) is the Laplace transform of the solution y (¢).

Taking the Laplace transform of the equation gives, using linearity and the derivative rule
LIy +yl = L1014+ LIyl = L[1]

or 1
sY(s) = y(0) + y(s) = 5
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Since y(0) = 0 this becomes

1
(s+Dy(s) = 5

Solving for y(s) now gives

1
s(s+1)

y(s) =

Now by separation of variables (454 <), or integrating factor (458 <), the solution of the
initial value problem is

Yy =1—e"
Taking the Laplace transform of this:

Lyl =Ll —e]

1 1
:;_s—i-l
1 -
=s(s+1)=y(S)

which is indeed the Laplace transform of the solution as obtained above. So the Laplace
transform of the equation did lead us to the Laplace transform of the solution. In fact,
in this case it is not too difficult to find the inverse Laplace transform of y(s) directly.
Denoting the inverse Laplace transform by £~!

S _r-1 1
y@) =L [y()] =L [S(S+1)]

—L_l[l 1 }
- s s+ 1

on splitting into partial fractions (60 <)

= H - L i 1]

Now read Table 17.1 backwards to give

1
L =l=1, L1 ! =e!
) s+ 1

yoy =1-e"

SO

The above example contains all the essential elements of using the Laplace transform to
solve initial value problems. The main new feature is the occurrence of the inverse Laplace
transform. Also note that in this method the initial values are actually incorporated in the
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method of solution — we do not have to find the general solution first and then apply the
initial conditions afterwards.
Exercises on 17.4

1. Evaluate the Laplace transforms of
(i) 31> 4 cos2t (i) 2t +13 4 4te'
2. Solve the following initial value problem by using the Laplace transform

y+2y=3 y(0)=0

Answers
4

. 6 s o 2 6
1-(1)S_3+Sz— (II)S_2+S_4+(S—71)2

+4

2. 31 —e™?)

17.5 The inverse Laplace transform

If f (s) is some function of the Laplace transform variable s, then that function f(¢) whose
Laplace transform is f (s) is called the inverse Laplace transform of f(s) and is denoted:

f) = L))

Crudely, we may think of £~! as ‘undoing’ the Laplace transform operation.
Table 17.1 gives a number of important inverse transforms, simply by reading it from
right to left.

Problem 17.7

Find the inverse transforms of 3/s2, 1/(s — 4), 4/(s*+9), (s> —9)/(s*> +
9)2, (s — 1)/[(s — 1)* 4 1], from Table 17.1. Check your results by taking
their transform.

Many more inverse transforms may be obtained by algebraic and mathematical manipula-
tion on the transform to put it into a suitable form for inversion by already known inverses.
Like the Laplace transform itself, the inverse Laplace transform is a linear operator, and
this alone accounts for a large number of inverses. Also completing the square (66 <) can
be useful as for example in

= s—1 _ o s—1
s2—=2s+2| (s—D2+1

=e'cost

Exercise on 17.5

Find the inverse Laplace transform in each case and check by taking the Laplace transform
of your results.
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p o3+l Lo o 4
(1) Y (ii) o (iii) — (iv) S
V) 314 Vi) —— vil) —————
SQ+4 S2+9 S2_5s+6
1
(viii)
G+ DG +26+3)
Answer
() 1-3r4 12 (i) e (i) e (iv) 2012
(V) 3sin2s (vi) 3cos3t (vii) 4e’ — 3e¥

(vi) %e" —e ¥ 4 %6_3’

17.6 Solution of initial value problems by Laplace
transform

The inverse Laplace transform enables us to solve linear initial value problems. With what
you now know about the inverse transform, try this on your own.

Problem 17.8

Solve the initial value problem
y+y=1 y@©®=1
by Laplace transform.

Taking the Laplace transform of the equation:

LIy 4+ yl=LIy'T+ Lly]
=s5y(s) —y(0) +y(s)

1
= (s + DI~ 1=L[1] = -

Hence

. 1
y(s) = -
s
so the solution is
y@) =1

which you can check by direct solution of the equation.
The above example illustrates the general approach to solving linear initial value prob-
lems by Laplace transform:
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1. Take the Laplace transform of the equation, inserting the initial values.
2. Solve for the transform of the solution, obtaining
y(s) = f(s)

3. Invert this transform to obtain the solution

y(t) = L7 f ()]

Note an important feature of the Laplace transform method concerning initial conditions.
In most elementary methods for solving differential equations we first find the general
solution, involving the appropriate number of arbitrary constants. These constants are then
found by applying the initial or boundary values, producing a number of equations which
are solved for the constants. In the Laplace (and other) transform method however the initial
conditions are automatically included, and there is no need to find the general solution.

The extension of this method to second and higher order initial value problems is
conceptually simple and merely requires more complicated manipulation and inversion.

Problem 17.9

Solve the initial value problem
y'+y=0 y@O0=1 y'0)=0
by Laplace transform.
Taking the Laplace transform through the equation and applying the initial conditions gives
LN+ LI =+ Dy —s=0

Hence

F(s) = ——
S) =
Y s24+1

SO

y(@) ZLI[ 211] = cost
s

Exercises on 17.6

1. Solve the initial value problems
(i y+3y=2 y0) =4 (i) y—y=t y0)=0

Check by using alternative solutions, or substituting back in the equations.

2. Solve the initial value problem
Y43y +2y =20 y(0) =y'(0)=0
Verify that your solution satisfies the equation and the initial conditions.
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Answers

10 2
1. 4) ?e_3’+§ (i) e — 1 —¢
2. 10e™" —20e % 4 10e~3

17.7 Linear systems and the principle of superposition

Before we move on to a different type of transform, we will look briefly at the sort of
systems for which it is used. Consider a system whose response to a time dependent
input x(¢) is an output y(¢). The system is called linear if the output of the sum of two
inputs is the sum of the separate outputs to the two inputs. That is, if x;(¢) — y;(¢) and
y2(t) — y2(t) implies x1(t) + x2(t) — y1(t) + y2(t).

Many, but not all, systems behave in this way — any that do not are called non-linear
and are very difficult to analyse. This additivity of outputs of linear systems is called the
principle of superposition.

If a complicated signal can be split up into a linear combination of simpler signals then
the effect of a linear processing system on the total signal can be analysed by adding up
the separate effects on the component input signals. This is the philosophy behind Fourier
analysis. A Fourier series splits a periodic input (such as a square wave) into a sum of
sinusoidal components of different amplitude and frequency. The effect of a linear system
on each separate sinusoid is easy to determine in general and the separate outputs can
be added up to synthesize the total output corresponding to the original periodic interval.
This is illustrated in Figure 17.5.

P VaVAC = .
el VYA R [ YTV Y

Input F.S. System Output F.S.

Figure 17.5 Fourier decomposition of input and output.
We will now summarise some terminology for a general sinusoidal function:
f(@) = Asin(ot + «)

A is called the amplitude, » the angular frequency (radians per second) and « is the
phase relative to A sin wt. The period of such a sinusoid is T = 27w /w. The inverse of T,
w/2m, is the frequency in cycles per second, or Hertz (Hz). See Figure 17.6.

Linear operations such as differentiation, integration, addition, etc. change the amplitude
and phase of such a sinusoid, but not its frequency. For example

d
E[A sin(wt + a)] = Aw cos(wt + a)
= Awsin(wt + o + 7/2)
which has the same frequency as the original, but a modified amplitude and phase.
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Figure 17.6 Sinusoidal function Asin(wt + ).

Exercise on 17.7

Show that (i) the sum of two sinusoids with the same frequency.
A sin(wt) + B sin(wt + @)

and (ii) the integral of a sinusoid

/ asin(wt + ¢) dt

each have the same frequency as the original sinusoids, and determine the amplitude and
phase of the result in each case.

Answer

(i) Amplitude is v/(A 4+ B cosa)? + Bsin®a
Bsina
A+ Bcosa

(i) Amplitude is <. Phase is shifted by %
w

Phase is B where tan 8 =

17.8 Orthogonality relations for trigonometric
functions

In the process of expressing a general waveform of a given period in terms of sinusoids of
given frequency — the object of Fourier analysis — we will need certain integral formulae.
These are so important that we devote this whole section to them. Make sure that you
fully understand what they mean, and can derive them (285 <«). We will only consider
integrals and sinusoids defined over a period of 2m, usually taken to be —m to w. This is
no real restriction — if we have a region of different length then we can simply scale it to
27 . Our integrals concern products of sines and cosines over the range —m to .
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If m, n are any integers, then:
T
/ sinmtsinntdt =0 if m#n
) _
sin“ntdt =m
cosmtcosntdt =0 if m#n
2 —
cos“ntdt =m

/ sinmtcosntdt =0 forall m,n

Y
b2

Y
T

1
T

T
T

Y
b2

T
/ sinmtdt:/ cosmtdt =0
—IT -7

These are called the orthogonality relations for sine and cosine. The limits —m, 7 on
the integrals may in fact be replaced by any integral of length 27, or integer multiple of
2m. The orthogonality relations should not be thought of as simply specific integral rela-
tions — many other functions satisfy similar orthogonality relations (often called special,
or orthogonal functions) and can be used in a similar way to expand in a ‘generalised
Fourier series’.

Exercise on 17.8

Prove the orthogonality relations.

17.9 The Fourier series expansion

A Fourier series is essentially a means of expressing any periodic function f(¢) as a sum
(possibly infinite) of sines or cosines of different frequencies. The point is of course that
sine and cosine are relatively simple functions to deal with.

Let f(¢) be a function with period 2. It may be a square wave, or triangular wave,
for example. If we compare it with a sine or cosine wave with the same period there may
be little resemblance, on the face of it. However, it turns out that if we combine a large
enough number of sine and/or cosine waves of appropriate amplitudes and frequencies
then it is possible, under certain conditions, to approximate to any function of period
2m. This is certainly not obvious, but is mathematically well established and so here we
will simply assume that f(#) can be expanded in a series of sines and cosines in the
form

oo o0
ao .
f@® = > + nEZI a, cosnt + ,;zl b, sinnt

This is called a Fourier (series) expansion for f(¢). Note that each term on the right-
hand side has period 2w, like f(¢), but as n increases cos nt and sin nt oscillate an
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increasing number of times in this period. The above series is therefore adding together a
(possibly infinite) number of different oscillatory functions, with different amplitudes or
weighting. The hope is that by suitably choosing these weightings, one can approximate
any other function of the same period, 27r. The problem is of course to find the appropriate
‘weightings’ or coefficients, ag, a,, b, for any given function f(z).

The notation in the above series is conventional, as is the factor % with ag, which
simplifies later results. ag, a,, b, are constants which will depend upon f(¢) and which
are to be determined.

Particularly in the case of time dependent periodic functions, it is usual to speak of the
n = 1 term in the Fourier decomposition as the ‘fundamental component’ (it is often the
dominant one) and the nth term (n > 1) as the nth harmonic.

As an example of a Fourier series, consider the square wave period of 27 and amplitude
A, shown in Figure 17.7.

- 0 T 27

Figure 17.7
This can be described by the function

JO= =40 220 e+ =fo
Mathematically this is a difficult functional form to handle and to process — for example
we cannot differentiate it, and if it appeared as a ‘forcing function’ (469 <) in a differential
equation then there is not a lot we could do with it as it is. However, the fact that it is
periodic with period 27 does mean that we can express it as a superposition of sinusoids
of the same period —i.e. as a Fourier series. We will show in Section 17.10 that the
corresponding Fourier series is in fact

4A [ . 1 . 1 .

f@t)=— <s1nt + —sin3¢t + —sin5¢ + .. >
b4 3 5

4A
The amplitude of the nth harmonic is —. Now although this series looks nothing like

the original functional form of the squa’;g wave it is in fact equivalent to it. If you have
a graphical calculator you might like to try plotting each of the harmonics and the sum
of the first few. You will see that the result starts to look like a humpy square wave, and
gets more and more like it as you take more and more terms in the series. The whole
point of course is that the sinusoidal functions to which we have converted the wave are
continuous and far easier to handle than the original discontinuous form. There are, it is
true, now an infinite number of them — but as with all such series we can get as good an
approximation as we please by taking enough terms in the series.
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There are a number of points that are worth noting, although we do not want to be too
picky at this stage, so treat these as refinements for (much) later assimilation.

(i) At a discontinuity (e.g. at ¢+ = 0 in the above example) the Fourier series gives the
“average value’:

TLf-(t0) + f+(10)]

where f_(fy) denotes the limiting value of f(¢) as ¢ approaches the discontinuity at
t =ty from below, f,(#;) denotes the limit as ¢ approaches from above.

(i) The Fourier series of an even function can contain only the constant and the cosine
terms, because cosine is an even function. The Fourier series of an odd function can
contain only the sine terms, since sine is odd.

(ii1) Interesting results for infinite series can be deduced from Fourier series. In the above
example, putting t = /2 gives:

375777 T
(iv) While the Fourier series represents a periodic function, it can be used to represent
a non-periodic function just over one period if required. For example the square
wave considered above can be represented by a Fourier series over just one period
—T <t <T.
Exercise on 17.9

Sketch the triangular wave

f@)=t O<t<m
=—t —mw<t<0

f@) = +2m)

for —57 <t < 5m.

Is the function odd or even? The corresponding Fourier series is

f =2 4( f b cos 34—
=— — —|costr+ — cos et
2 32 Q2r+1)

5 cos2r + Dt + - - >
(you will be asked to derive this in Section 17.10). What is the average value of the function
over all time (consider the average value of any sinusoid over a complete period)? What
is the fundamental component? Write down the amplitude of the nth harmonic.

Deduce from the series that

1+1+1+ + ! + T
3252 (2r + 1)2 T8
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Answer
-3 —2I7r -1 0 b4 2I71 3 t
T4 . .

Even, —; ——; 0if niseven,and ———— if n =2r 4+ 1 is odd
27 7 (2r +1)2

17.10 The Fourier coefficients

There are, in general, an infinite number of the coefficients a,, b, of the Fourier series.
So we cannot expect to determine them ‘all at once’. We had a similar situation with
power series in Section 14.11 (435 «). There we found the coefficients one at a time by
successive differentiation to remove all terms except the one that we wanted to determine
at each stage. Such an approach won’t work in this case because no matter how many
times you differentiate a sinusoidal function, it won’t go away! However, the integral
formulae or ‘orthogonality relations’ given in Section 17.8 can serve a similar purpose in
enabling us to eliminate all coefficients except the one we want, one at a time. We do this
by multiplying through by cos nt or sin nt, integrating over a single period and using the
orthogonality relations to remove all but the desired coefficient. An example will illustrate
this more clearly.
Suppose we want to find a3 in the series

o0 o0
ao A
f@® = 0} —l—;ancosnt + an sin nt

n=1

Multiply through by cos 3¢, the sinusoid that goes with a3, and integrate over (—m, )
(any interval of length 2w will do). By the orthogonality relations of Section 17.8 every
resulting integral on the right-hand side of the series will vanish except that corresponding
to cos 3¢ itself, and we will obtain

i f(t)cos(3t)dt = aj fﬂ cos>(3t) dt

—TT
= maz from Section 17.8

So

az = l - f(t)cos(3t)dt
T

T
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In general, we have

1 g

a, = — f@)cosntdt n=0,1,2,...
T J-x
1 o

b, = — f@)sinntdt n=1,2,...
T

-7

Problem 17.10

Verify the series for the square wave given in Section 17.9.

We have

f@)=—A —m<t<0

=A O<t<m

Since the function has period 27, we can take its series to be:

oo o0
f@ = % +Zancosnt + an sin nt

n=1 n=1

Also, since the function is odd it can’t contain any even terms in the series, so we can
take all a, = 0, and write the series as

f(@&) =" b,sinnt

n=1

We therefore have to find the b,,.
Multiplying through by sinm¢ and integrating over [—m, ] we have

b 4 T
/ f(t)sinmtdt:/ > by sinnt sinmt dt

- - n=1

g

o0
:an/ sinnt sinmt dt
n=1

-7

=b, sin”“ mt dt

since .
sinntsinmtdt =0ifm #n
—TT
Now ” ”
f sinmtdt == | (1 —cos2mt)dt
—IT —IT
=7
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So we get .

b, = f(@)sinmt dt
-7
0 b4
= (—A) sinmtdt+/ Asinmt dt
0

-7
cosmt1° cosmt 1"

=A — A
m |, m

A A
= Z(1= (=" = S (=" = 1)
m m

(cosmm = (=1)™)
2A
=—({1—=(=D")
m

Note that since f(¢) is odd we could have used (284 <)

’ f(@t)sinmtdt :2/7r f () sinmt dt
0

-

So finally

2A
by = — (0 = (=D")
m

=0 if m even

4A .
=— ifmodd
mir

or, reverting to n
2A
by = "=(1 = (=1)")
nmw

The series is thus

£ = ;bn sinnt = ; %(1 1)y sinnt

4A . 4A . 4A .
= —sint + —sin3¢t + —sin5¢t + - - -
3 S

4A ( . 1. L.
= —|sint 4 = sin3f 4+ —sin5f 4 - - -
b4 3 5
Exercise on 17.10
Verify the series given in Exercise on 17.9 for the triangular wave

f@)y=t O0<t<m

—t —m<t<0

f@) = f@+2mr)
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17.11 Reinforcement

1. Find the Laplace transforms of

(i) 2+1+3

(i) e’ cos(2t)

(i) 2sin3r+e %

(iv) sin’¢

2. Write down the inverse Laplace transforms of

i)~
st 83
1
(iii) p—1
2
™ 53
.. s
(vii) m
) S5s +4
(ix) m

(i) 52+ 54s +7
s
. 1
™
. c
o) as+b
6
(viii) m
as+6
) §2+c?

where a, b, ¢ are constants.

3. Find the inverses of the following Laplace transforms:

. s+3
O 1o
2
(i) ——— 12
>+ DG+
1
(v)

(s = D(s +2)?

.. 1
R PO Y
W T

. 1
(vi)

(s2+4)(s2+9)

4. Solve the following initial value problems using the Laplace transform, and the results

of Question 3.

i y+2y=3 y(0) =1
(i) y'—3y=e"' y(0) =0
(iii) y' +y =2sint y(0) =2
iv) Yy +4y=t y(0) =0
V) Yy —y=te™ y(0) =0
(vi) y"+9y =3sin2s y(0) = y'(0) =0

In each case check
coefficients).

your result by solution by another means (e.g. undetermined
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S. State which of the following functions of ¢ are periodic and give the period when
they are.

(i) tan2t (ii) cos (%) (iii) cos(\/1)
(iv) sint + cos?2t (v) sin|t| (vi) |cost|
. (27 . .
(vii) sin <7t> (viii) cos(4wt) (ix) 4cos2t + 3sin4t
(x) t%cost.

6. What is the period of

1 e.¢]
F0) = Zap+ > (ay cosnwt + by sinnot)?

n=1

7. Obtain the Fourier series for the following functions defined on —7 < ¢ < m:

G 2t —-wm<t<m ) + —-wm<t<m

i) * —-wm<t<m iv) f)=0 —m<t<0
=t O<t<m
V) ft)=—-t> —m<t<0 i) f(&)=0 —-—m<t<0
=1’ O<t<m =1 O<t<m

1 b4

- —m<t<-—-—=

2 2

vi) fo=11 -Z<r<?

0 —<t<m

17.12 Applications

Transform methods form a vast area of engineering mathematics, and this chapter only
scratches the surface. In these applications we just flag up some of the key fundamental
ideas which may come up in your engineering subjects.

1. One of the most important applications of Laplace transforms in engineering is in
the solution of initial value problems of the sort discussed in Chapter 15. Particularly
important are the sorts of engineering models described by inhomogeneous second order
differential equations of the type covered in Chapter 15, Applications, question 6:

mx + Bx +ax = f(t)
In Chapter 15 we solved this type of equation by the auxiliary equation and the method
of undetermined coefficients. In the case when we have initial conditions, specifying

x and x at r =0, the Laplace transform provides a powerful tool for solving such
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equations and studying the properties of the solutions. This question is a significant
project in which you are asked to repeat as much of the Chapter 15, Applications,
Question 6 as you can using Laplace transform methods.

Show that with zero initial conditions (i.e. a system that is initially at rest) the Laplace
transform of x(¢) can be written

~ /@)

Llx(1)] = =

Le(0] = 36) =

where f (s) is the Laplace transform of the right-hand side f ().
Find the solutions x(¢) for the constant forcing function

f@) = FoH(t) (H (t) the unit stepfunction)

for various values of m, §, «, considering cases of real, equal and complex roots of
the quadratic.
Consider also the sinusoidal forcing function

f(@) = focosvt

and compare your solutions with the results of Chapter 15, Applications, Question 6.

. The sorts of equations considered in question 1 are often used to describe a control
system in which x(¢) represents the response or output of the system to an input f ().
In this case the Laplace transform of the equation plays an important role in control
theory, and the connection between the Laplace transform of the input to that of the
output is called the transfer function of the system, denoted F(s). We write:

X(s) = F(s) f(s)

So, for example the transfer function of the system described in question 1 would take
the form

1

FGs)= —
<) ms? + Bs +«

The stability of the control system depends crucially on the poles of the transfer
function — that is the roots of the denominator, ms? + Bs + «, in this case. Control
systems can obviously be of great complexity, and a particularly important feature
is that of feedback. A control system has feedback when the output or some other
signal is fed back to the input as a means of influencing the behaviour of the control
system. A simple example is shown in Figure 17.8. Here, the input x;(¢) is modified
by subtraction of a feedback x,(¢) to form x;(t) — x;(¢) which is input to the control
system which has transfer function G(s). The feedback x/(¢) is formed by a modifying
control system that converts the output x,(¢) to x;(z) with a transfer function F(s), thus
forming a feedback loop. If X;(s) and x,(s) are respectively the Laplace transforms of
the input and output, show that the overall transfer function of the feedback system is

G(s)
1+ F(s)G(s)
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i.e.

- G(s) -
Xo(8) = ———————X;(s)
1+ F(s)G(s)
Control
X;
Xi— X; G(s) z
X
F(s) -
XO
Feedback
Figure 17.8

By such means we can derive the transfer functions for ever more complex control
systems. Many linear control systems have a transfer function that is a rational function.
Show that if F'(s) and G (s) are rational functions then so is the overall transfer function
derived above. Discuss the poles of the overall transfer function in terms of those of
the F(s) and G(s). Essentially, the study of the stability of a control system reduces
to the study of the poles of such transfer functions — this is where all the work we did
on rational functions in Chapter 2 comes in handy.

3. We have already emphasised the use of Fourier series in, for example, breaking up
periodic signals into sinusoidal components that are more easily analysed and then
recombined in a linear system. No doubt you will see more of this in your engineering
subjects, whether it be in the analysis of coupled dynamical systems, heat transfer in
solid bodies, or analysis of electronic and optical signalling systems. Here we look at
a use of Fourier series in providing a succinct expression for the power in a periodic
signal.

The average power in a periodic signal x(z) (assumed to be of period 2m) is
defined by

1 [,

P=— x“(t)dt

27 J_ o

If the signal can be expressed as a Fourier series in the form
x(t) = — —|— Zan cosnt + Zb sin nt

n=1

show that the average power can be written as

ia -l—b2

This is a particular case of a famous mathematical result called Parseval’s theorem,
and the general principle it expresses is a key principle of the study of any sort of

4;|ono
l\JI'—‘

526



Understanding Engineering Mathematics

periodic motion — the energy/power in any periodic phenomenon is proportional to the
sum of the squares of the amplitudes of the sinusoidal components. If this reminds you
of Pythagoras’ theorem, well ...

17.13 Answers to reinforcement exercises

2824542 L s24+6s5+21
1. (1) B S— (i1) — 5 T aon
S s+2)(s%4+9)
(iii) s —1 iv)
iii iv) ———
s2—25+5 s2 44
12 5 7
2. (i) —(+24 i) 4+ =>4+ 13
@) ; (t+24) (i) r+ St
(i) e* (iv) e
1
(V) _831/4 (Vl) Ee—bt/a
2 a
(vii) cos 3¢ (viii) 2sin 3¢t
. 4 . b .
(ix) Scos3t+ 3 sin 3¢ (x) acosct + —sinct
c
3 1 1
3. (1) 5 - 56_2' (ll) Z(€3t — €_t)
(i) 3 ., 1 t—{—l in s (iv) I, 1 +1t
iii) —e ' — —cos — sin iv) — i
2 T2 2 16° T 16 4
1 1 1 1 1
(V) —e — —e 2 — —te (vi) —sin2t — —sin3¢
9 9 3 10 15
3 1 1
4. (i) >~ Ee—% (i) Z(e3f —e™)
1 1 1
(iii) 3e~" —cost +sint @iv) Re“” TS 2!
1 1 1 3 2
V) —e ——e 2 — —te (vi) =sin2t — = sin 3¢
9 9 3 5 5
. LT .. .4 .
5. (1) Period ) (i1) Period 3 (iii)) Not periodic
(iv) Period 27 (v) Not periodic (vi) Period @
(viil) Period L (viii) Period 21 (ix) Period
w

(x) Not periodic
27
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. =, cos(2n — 1)t
R D

(>i1) 22( 1nsmnt

(iii) —+4Z( D’ cos nt

. (=" =1 o (=D

@iv) Z—f——;izcosnt—}—; " sin nt
2T 4 2

v ¥ [ﬁ((—l)” —1y— 7”(—1)"] sin nt

(vi) Z - ( ) sin nt

(vii) i ( ) cosnt + Z 2; (cos nwT — CoSs (n;)) sin nt
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Index

Absolute convergence 433
Acute angles 149

Addition of integrals 257
Addition of matrices 383
Adjoint matrix 393

Algebra 40

Algebra of complex numbers 353
Algebraic division 60
Algebraic equation 40
Algebraic expression 40
Alternate angles 149
Alternating series 431
Amplitude 182

Analytical geometry 205
Angle 148

Angle between two lines 327
Angle bisector theorem 153
Anti-derivative 253

Arc of a circle 156

Area under a curve 305
Argand plane 355

Argument 90

Argument of a complex number 355
Arithmetic series 104
Associative rule 41
Asymptotes 300

Auxiliary equation 464
Axioms 147

Base 18, 122

Base of natural logarithms 124
Basis vectors 328

Binomial 43, 72

Binomial theorem 72
BODMAS 11

Boundary conditions 449

Calculators 2

Cartesian coordinate system 91, 205
Centre of mass 312

Centroid 312

Chain rule 235

Chaos 442

Choosing integration methods 276
Chord 157

Closed interval 98
Coefficients 43

Cofactor 388

Complementary angles 149, 177
Common ratio 103
Commutative rule 41
Comparison test 430
Complementary function 462
Completing the square 66, 265
Complex number 353
Complex root 44

Components of a vector 328
Composition of functions 97
Compound angle formulae 187
Congruent triangles 152
Constant of integration 254
Constant 40

Continuity 418

Convergence 426, 428
Coordinate geometry 205
Coordinates 91, 205
Corresponding angles 149
Cosec 175

Cosine 175

Cosine rule 179

Cotangent 175

Cramer’s rule 391

Curve sketching 299

Cyclic quadrilateral 159

D’ Alembert’s ratio test 432
De Moivre’s theorem 362, 365
Definite integral 278

Degree of polynomial 43
Degrees 148

Denominator 12, 55
Dependent variable 90
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Index

Derivative 231

Derivative of a vector 340
Determinant 388

Difference 10

Differential coefficient 231
Differential equation 246, 446
Differentiation 231

Differentiation from first principles 230
Direction cosine 325

Direction ratio 326

Discontinuity 414, 419

Discriminant 66

Distance between two points 208, 324
Distributive rule 41, 45

Divergence 426, 428

Division of a line 147

Domain 90

Dot product 334

Double angle formulae 188

Dummy index 102

Eigenvalue equation 398

Eigenvalue 398

Eigenvector 398

Electrical circuits 13, 31, 247, 371, 403
Equation 52

Equation of a circle 217

Equation of a line 212

Equilateral triangle 150

Equivalent fractions 12

Estimation 25

Euler’s formula 361, 464

Even function 94

Exponent 24

Exponential form of a complex number
Exponential function 122, 126
Expression 52

Exterior angle 151

Factor 8, 45, 52

Factor theorem 52
Factorial 16

Factorising 8, 45

First order equations 452
First shift theorem 509
Forced damped oscillations 477
Forcing functions 469
Formulae 93

Fourier coefficients 520
Fourier expansion 517
Fourier series 285, 515
Fraction 6, 12

Function 90
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Function of a function 97

Function of a function rule 235
Function of two variables 484
Fundamental component 518
Fundamental theorem of algebra 44

General solution 449, 463
Geometric progression 103
Gradient of a curve 230, 292
Gradient of a line 210
Graph 91

Half angle formulae 188

Heron’s formula 178

Higher order derivatives 241

Higher order partial derivatives 489
Highest common factor (HCF) 9
Homogeneous equations 49
Homogeneous first order equation 456
Homgeneous system 397

Hyperbolic functions 138

Ideal gas law 94

Identity 50

Image 90

Imaginary axis 355
Imaginary number 19
Imaginary part 353

Implicit differentiation 238, 494
Implicit function 91
Improper fraction 12
Improper integral 279
Incompatible equations 49
Indefinite integral 253
Independent variable 90
Indeterminate form 412
Index 18, 70

Index of summation 102
Inequality 7, 97

Infinite arithmetic series 429
Infinite binomial series 106
Infinite geometric series 428
Infinite powers series 106, 423, 434
Infinite sequence 424
Infinite series 423, 428
Infinity 6

Inhomogeneous equation 462, 468
Initial conditions 449

Initial value problems 513
Integers 5

Integral transform 503
Integrand 253

Integrating factor 458
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Integrating rational functions 265
Integration 253

Integration by parts 273
Intercept of a line 212
Intercept theorem 153
Intersecting lines 216

Interval 98

Inverse Laplace transform 512
Inverse matrix 381, 395
Inverse of a function 100
Inverse trig functions 184
Irrational number 6, 411
Isosceles triangle 150
Iteration 426

Kinematics 311

Laplace equation 490

Laplace transform 285, 504
Laplace transform of the derivative 509
Law of natural growth 127

Limit 125, 412

Line 147

Line segment 147

Linear approximation 441

Linear combination 463

Linear equation 48, 65

Linear expression 40

Linear first order equation 458
Linear inequality 99

Linear programmming 223

Linear substitution 260

Linear superpositions 515

Linear systems 515

Logarithm 130

Lowest common multiple (LCM) 9

Maclaurin’s series 434
Magnitude of a vector 320, 331
Mantissa 24

Mapping 90

Matrix 378

Maximum 294

Mean 110, 314

Method of least squares 312
Midpoint of a line 209
Minimum 294

Mixed fraction 12

Modulus 8

Modulus function 96

Modulus of a complex number 355
Moment of a force 347
Moment of inertia 313

Monomial 43
Multiplication by a scalar 322, 331
Multiplication of matrices 383

Natural exponential function 124
Natural logarithm 130

Natural numbers 5

Negative numbers 5

Newton’s laws 245, 477
Newton’s method 427

Normal to a curve 230, 293

nth harmonic 518

nth term 105

Numerator 12, 55

Obtuse angles 149

Odd function 95

Open interval 98

Opposite angles 149

Order of differential equation 448
Ordinary differential equation 448
Orthogonality relations 517
Orthonormal basis 329
Orthonormal set 329

Parallel lines 149, 214
Parallelogram law 321

Parametric differentiation 240
Parametric representation 91
Parametric representation of curves 219
Partial differential equation 490
Parseval’s theorem 526

Partial derivative 487

Partial fractions 62, 265

Partial sum 428

Particular integral 462, 469
Particular solution 449

Percentage 13

Period 182

Periodic functions 180
Permutation 16

Perpendicular lines 214

Phasors 198, 371

Piecewise continuous function 505
Plane 485

Plane geometry 149

Plotting a graph 92

Point 147

Point of inflection 294

Polar coordinates 206

Polar form of a complex number 355
Polynomial 43, 52

Polynomial equation 43, 52
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Position vector
Power 18, 70

319

Prime number 8

Principal value

184

Product rule 234

Proof 155
Proof by contrad
Proper fraction
Proportion 14

iction 411
12

Pythagoras’ theorem 154
Pythagorean identity 185

Quadratic equation 65

Quadratic expres

sion 41

Quadratic inequality 99

Quotient 10
Quotient rule 2

35

Radians 148, 173
Radius of convergence 436

Range 90
Rate of change
Ratio 14

292

Rational function 54

Rational number
Rationalisation

Rationalisation of complex numbers

Real axis 355
Real line 6

6, 12, 410
20

Real numbers 6

Real part 353
Reciprocal 13

Reciprocal function 90

Rectangular coordinate system 205

Reflex angles 1

49

Remainder theorem 61
Restrictions 300
Right angle 149

Right-angled tria
Right-handed set
Rigour 88

ngle 150
323

Root mean square 314

Roots 44
Rounding 24
Rules of algebra

41

Rules of arithmetic 10

Rules of differen
Rules of indices

tiation 234
18

S(ketch) GRAPH 299

Scalar 318
Scalar product
Scalene triangle
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334
150

355

Scientific notation 24
Secant 157

Second order equations 462
Sequence 102

Series 102

Sigma notation 102
Significant figures 23
Similar triangles 152
Simple harmonic oscillator 404
Simultaneous equations 48
Sine 175

Sine rule 178

Sine wave 182

Sinusoidal function 182, 515
Sketching a graph 92

Slope of a curve 230, 292, 421
Slope of a line 210
Solution 52

Solution of triangles 180
Solving inequalities 98
Square root 19

Stability 525

Standard derivatives 232
Standard integral 255
Stationary points 294

Step function 419, 506
Subscript 43

Substitution 260

Sum 10

Sum to infinity 105
Supplementary angles 148
Surd 20

Surface 485

Symbols 40

Symmetry 299

Tangent 157, 175

Tangent plane 486

Tangent to a curve 230, 293
Taylor series 434

Tensor 318

Torque 347

Total derivative 492

Total differential 492
Transfer function 525
Transpose 381

Transposing a formula 94
Transversal 149

Trap-door principle 9
Triangle 150

Triangle law 321

Triangular wave 507, 519
Trig identities in integration 269



Index

Trig substitutions in integration 272
Trigonometric equations 191
Trigonometric functions 175
Trigonometric ratios 174

Trivial solution 397

Turning point 294

Undetermined coefficients 469
Unit matrix 381
Unit vector 331

Variables 40
Variables separable 454

Variance 110

Vector 318

Vector function 339
Vector product 336
Volume of revolution 308
Vulgar fraction 12

Work done 334

Zero matrix 381
Zero vector 319
Zeros 6, 44
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