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Just two years after Schrodinger proposed in 1926 the (nonrelativistic) quantum
mechanical wave equation of electrons, Dirac established in 1928 the relativistic
counterpart by first quantizing the special theory of relativity set up by Einstein in
1905. Any difference between the Dirac and Schrodinger equations of electrons
was then called “relativistic effect.” However, just one year later, that is, in
1929, Dirac himself stated that “relativistic effects are of no importance in the
consideration of atomic and molecular structure and ordinary chemical reactions.”
The underlying assumptions were that the average speeds of valence electrons are
very low compared with that of light, such that relativistic effects are very small for
valence electrons, and that relativistic effects are indeed important for core electrons
but are canceled out for valence properties. Such wrong assumptions were taken
naively for granted for nearly half a century, until the mid-1970s, when relativistic
effects were found to be indeed very important for electronic structure, sometimes
even of light atoms. Since then, relativistic quantum chemistry witnessed fast
progresses, including deep understandings of not only relativistic effects but also
novel approximate two-component (A2C) relativistic theories such as second-order
DKH (Douglass-Kroll-Hess), ZORA (zeroth-order regular approximation), and
DPT (direct perturbation theory) developed between 1985 and 1995. The beginning
of the new millennium turned out to be also the beginning of a new era of relativistic
quantum chemistry, as symbolized by the exact two-component (X2C) relativistic
theory introduced and made mature between 2005 and 2010. Undoubtedly, X2C is
going to be the new workhorse of relativistic quantum chemistry. Notwithstanding
this achievement, the no-pair approximation underlying both A2C and X2C theories
has some fundamental defects. How to go beyond this approximation yet without
diving into full quantum electrodynamics (QED) is then the final high point of
relativistic quantum chemistry. After several unsuccessful tries, a proper effective
QED (eQED) approach was finally obtained in a bottom-up fashion, i.e., without
recourse to QED itself at all. This eQED paves a seamless bridge between relativistic
quantum chemistry and full QED, which used to be two mutually exclusive subfields
of relativistic molecular quantum mechanics. In the subfield of QED, both new
formulations and applications have been achieved in the last decade. Especially,
effective means to combine QED with many-body theory have been designed to
achieve unprecedented high accuracy in spectroscopic calculations.



Vi Preface

All the aforementioned fundamental developments in relativistic molecular
quantum mechanics, the union of relativistic quantum chemistry and QED, are
fully covered by this book but otherwise not covered by any other books. To
facilitate understandings of such methodological developments, sufficient peda-
gogic introductions are also provided. Therefore, the book should be useful for
both users and developers of relativistic quantum mechanical methods and tools.
It is somewhat unfortunate that a collection of representative applications of such
methods, although planned, was not yet accomplished but which will be included in
a new edition of the book.

The editor is very grateful to the section editors for their efforts in identifying
excellent chapter writers. The editorial team wants to acknowledge the chapter
writers for their great contributions and also the staff of Springer, including June,
Neha, and Stephen, whose patience and professional copyedit were of great help to
materialize the book.

Beijing Wenjian Liu
September 2016
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Abstract

The formulation of a theory which unifies quantum mechanics and special theory
of relativity, performed by Dirac nearly a century ago, required introduction of
new mathematical and physical concepts which led to models which, on one
hand, are very successful in terms of interpretation of the physical reality but,
on the other, still create some challenge, both conceptual and computational.
A central notion of relativistic quantum mechanics is a construct known as the
Dirac operator. It may be defined as the result of factorization of a second-order
differential operator in the Minkowski space. The result of this factorization,
in the case of the relativistic model of a single electron, gives the relativistic
Dirac Hamiltonian. The spectrum of this Hamiltonian describes the energy of
the electron, but it is unbounded from below. This weird property leads to many
computational problems, artifacts and misunderstandings in the interpretation of
the results derived from the Dirac model. This chapter contains a brief and self-
contained description of the basic properties of the Dirac operator.

Keywords

Brown-Ravenhall disease ¢ Clifford algebra ¢ Complex coordinate rotation ¢
Dirac eigenvalue problem ¢ Dirac equation ¢ Essential spectrum ¢ Exactly-
solvable models ¢ Lorentz covariance * Minimax principle ¢ Non-relativistic
limit ¢ Pauli Hamiltonian ¢ Spinor

Introduction

The second half of the third decade of the twentieth century brought one of the
most important discoveries in the history of science. At the end of 1925 Werner
Heisenberg constructed the matrix form of quantum mechanics. Several months
later Erwin Schrodinger proposed his wave-equation-based formulation. Finally, in
1928 Paul Adrien Maurice Dirac performed a successful unification of quantum
mechanics and special theory of relativity. The formulation of the equation which
opens the way to this unification, referred to as the Dirac equation, required the
introduction of a new mathematical construct known as the Dirac operator. In the
simplest way the Dirac operator may be defined as the result of factorization of a
second-order differential operator in the Minkowski space.

In this chapter the properties of the Dirac operator relevant to quantum chemical
applications are briefly described. The subject is covered from a variety of perspec-
tives in many textbooks and monographs, and many new directions of development
are still under construction. The selection of topics addressed in this chapter has
been motivated by their importance for the understanding of basic ideas related
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to the properties of the Dirac operator and by the foreseen perspectives of further
development of the theory. The author did his best to be objective in his choice, but
he is aware that the selection is biased by his personal preferences. The author of
this section tried to cite mainly textbooks, monographs, and review papers. Only
exceptionally, when the subject has not been adequately covered in a review, the
original works have been cited.

For the basic understanding of some elementary problems related to the subject
of this chapter, the classical textbooks by Davydov [1], Messiah [2], Itzykson and
Zuber [3], and, in particular, Sakurai [4] are recommended. A broad pedagogical
presentation with illustrative solutions of many interesting problems has been
given by Greiner [5]. Modern, and more advanced, presentations may be found,
in textbooks by Landau [6], Pilkuhn [7], Das [8], Schwabl [9], and Scadron [10],
listed in an increasingly demanding sequence, as far as the formal background of
the reader is concerned. A particular position among books concerned with the
Dirac operator is occupied by the monograph by Thaller [11]. It has been written
for theoretical physicists and mathematicians, and, consequently, it does not offer
an easy reading for a theoretical chemist. However, to the author’s knowledge, it is
the most complete and rigorous presentation of the issues related to the one-particle
Dirac problem available in the literature.

In principle, the concept of the Dirac operator is restricted to the relativistic quan-
tum model of a single fermion. However, the subject is of chemical interest because
of its many-particle, in fact many-electron, extensions. Four recent monographs
cover different aspects of this direction of the development. The one by Reiher
and Wolf [12] offers probably the most complete summary of different aspects
of relativistic quantum chemistry. In particular, a list of 975 carefully selected
references is most helpful for a reader willing to study this field from different
perspectives. Another monograph, by Dyall and Faegri [13], covers various aspects
of modern methods of relativistic quantum chemistry. Computational methodology
is presented in detail in a monograph by Grant [14]. Finally, the one by Lindgren
[15] shows the present status of the developments aimed at combining quantum
electrodynamics and relativistic quantum mechanics into one computationally
manageable theory. Very recently new concepts directed towards the construction of
a bridge between theories based on relativistic theory of many-electron systems and
quantum electrodynamics have been developed by Lindgren [16], Liu and Lindgren
[17], and Liu [18]. Section Relativistic Hamiltonians of this handbook gives a broad
description of the most important constructions based on the concept of the Dirac
operator, relevant in the theory of many-electron systems.

In the next section two derivations of the Dirac equation are presented, and
relations between spin-dependent Schrodinger equation and the Dirac equation
are discussed. The following section is concerned with some formal features of
the Dirac formalism, in particular with the transformation properties of the Dirac
spinors and with relations between the Dirac matrices and the Clifford algebra.
The eigenvalue problem of the free Dirac operator and some unusual features of
the Dirac formalism related to the definition of the position and velocity of a
Dirac particle are discussed in the next section. Properties of the Dirac operator
describing an electron in external fields, with particular emphasis put on the bound



6 J. Karwowski

properties of the energy spectrum, are the subject of section “External Fields.” In the
same section links between equations describing electrons and positrons are briefly
discussed. Two important exactly solvable models, namely, a harmonic oscillator
and an electron in a Coulomb field, are the subject of section “Exactly Solvable
Models.” The next section is devoted to the problem of two Dirac particles. Finally,
in the last section brief remarks about not fully resolved questions are given.

The following notation conventions are used: sans serif symbols denote operators
(e.g., H, px) and quantum numbers (e.g., n, j, ) while the standard ones — the
corresponding classical quantities (H, py) and integer indices (e.g., n, j, [). Unit
matrix n X n is denoted 1,. In most cases its dimension can easily be deduced
from the context, and then it is not given explicitly. Symbol 1 also stands for
the unit operator. Vectors or tensors in the Galilean three-dimensional (3D) space
are denoted by boldface symbols and their components by the standard symbols
with Latin indices. Thus, for example, the position and the momentum vectors in
the 3D space are, respectively, r = {x1,x2,x3} and p = {pi, p2, p3}. In the
four-dimensional (4D) Minkowski space-time, the Cartesian metric is used, i.e.,
the metric tensor is defined as 4 x 4 unit matrix and, consequently, there is no
distinction between covariant and contravariant coordinates of a vector. The Greek
indices identify components of vectors and tensors (e.g., X, pu, 4 = 1,2,3,4).
The coordinate and the momentum vectors are defined, respectively, as

4 .
Xl fmy = (1, x2, 33,00} = et}

p“’i:l = {Pl, P2 P3, P4} = {p,lE/C}, (1)

where ¢, t, and E denote, respectively, velocity of light, time, and energy. Implicit
summation over repeated Greek indices is assumed. Note that some authors use a
pseudo-Cartesian metric with the metric tensor g = diag{l,—1,—1,—1}. In this
case one has to distinguish between covariant and contravariant coordinates. In
particular, x,, = g, x¥ = {xo, r} with xo = ct.

Hartree atomic units are used, i.e., the reduced Planck constant # = h/2mr = 1,
the elementary charge e = 1, and the rest mass of electron m. = 1. Thus, the
charge of electron is equal t0 Gelecron = —e = —1 and the charge of proton is
Gproton = € = +1. Velocity of light ¢ ~ 137.0359895, fine structure constant
a = e?/hc, and energy unit Ey, = a’m.c? = m. e*/h* = 1hartree. In some cases
(in particular in the next section), for convenience of less experienced readers, some
constants are given explicitly. Also, whenever it is convenient, the mass m and the
charge g are used.

Equations of Motion

The time evolution equation of a closed quantum system in the coordinate represen-
tation and in the Schrodinger picture reads [2]

[ih%—H(l‘)} v(r,t) =0, 2)
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where H is the Hamilton operator (Hamiltonian) of the system and the remaining
symbols have their usual meaning. Depending on the physical context and on the
form of the Hamiltonian, this equation may be referred to as the Schrédinger
equation, Dirac equation, Weyl equation, causal equation of the matter field PSI,
etc. Quantum equations may be constructed using the correspondence principle.
This can be accomplished by the replacement of the classical quantities by the
appropriate operators. In particular for energy £ and momentum p,

ad ad
E - E=ih—, pr > pr=—-ih—, k=1,2,3. 3)
ot axy

Since the Hamiltonian corresponds to the energy of the system, solutions of its
eigenvalue problem give stationary state wave functions ¢ ( r) and the correspond-
ing energies E:

Hor(r) = E¢r(r). “4)

From here one can derive solutions of Eq. (2) as

V(rt) = ?155 e i/ (E) ¢ (r) dE. 5)

Let us assume that the wave function ¥ (r,¢) fulfills an equation Q¢ = 0
and S is an operator transforming variables of this equation. Then the transformed
equation reads 'y’ = 0, where Q' = SQS™! and /' = Sy. The results derived
from a model described by this equation are independent of the transformation
if SQS™! = Q, ie, if [S,Q] = 0. In such a case S is called a symmetry
transformation. The most universal symmetry is related to transformations between
two inertial (i.e., moving with a constant velocity relative to each other) reference
frames. This symmetry implies that equations of the motion must retain the same
form in all inertial reference frames. This property is described as covariance of
the equations. The group of transformations which provide equivalent description
of physical phenomena in all inertial frames is referred to as the covariance
group. The non-relativistic theories are covariant with respect to the Galilei group.
All inertial frames share the same universal time. Positions of the particles are
determined by three coordinates forming three-component position vectors r =
{x1, X2, x3} which transform between two inertial frames according to the Galilei
transformation.

However, the physical reality is believed to be invariant with respect to the
Lorentz transformation. The theories which are Lorentz covariant are referred to
as relativistic. In the relativistic theories three coordinates and time, momentum
and energy, etc. form four-vectors (1). The components of a four-vector transform
between two inertial frames (the “unprimed” one and the “primed” one) according
to the Lorentz transformation:

’
XM = Auy Xy, (6)
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where a,,a,, = 6,0, (a_l)w = a,,, i.e,, a is an orthogonal 4 x 4 matrix. The
general Lorentz transformation can be built as a composition of an ordinary rotation
w = wn by a real angle w around the axis defined by the unit vector n in the
3D subspace of the 4D Minkowski space, and a special Lorentz transformation
(also referred to as the Lorentz boost) which may be expressed as a rotation by an
imaginary angle w = i y = i arctanh(v/c) around the axis defined by v/v where v
is the velocity of the primed reference frame relative to the unprimed one.

A requirement of the covariance with respect to either Galilei or Lorentz
transformations imposes strong restrictions on the structure of a theory and on the
form of the basic equations. In a non-relativistic theory, three coordinates of a point
r, momentum p, and vector potential A are three-component vectors, while time
t, energy FE, and electrostatic potential ¢ are invariants (scalars). Therefore, the
Schrédinger equation is invariant with respect to the Galilei transformation if the
Hamiltonian is Galilei invariant. In relativistic theories not only r and x4 = ict
form a four-component vector. Also momentum p and energy ps = i E/c, current
J and density j, = icp, vector potential A, and electrostatic potential A4 =
i ¢/c form four-vectors. The covariance conditions are here more complicated. In
particular, the transformation properties of the wave function depend on the spin of
the particles. These topics are discussed in section “Relativistic Covariance of the
Dirac Equation” of this chapter.

Conclusion: In a Lorentz-covariant model, the space coordinates of a particle
and the time corresponding to this particle have to appear on an equal footing. In
particular, if an equation is of the first order in time, it must be of the first order
in all coordinates. In the general equation of motion (2), time plays a special role.
One can say that this equation is written in a non-covariant form. It may be either
Galilei or Lorentz covariant. Its possible Lorentz covariance is hidden and may be
discovered only after analyzing simultaneously the form of the Hamiltonian and the
structure of the equation.

Schrodinger Equation

The free-particle Schrodinger equation

ih%l//(r,t) =Hyv(r,1), (7
with
2 2
s_ P _ "
HO T om 2mA ®)

describes quantum dynamics of non-relativistic particles and opens a way to the
formulation of the non-relativistic quantum mechanics. The equation is scalar; it is
defined in

A5 = L* (RY) )
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Hilbert space and is invariant with respect to the Galilei transformation. Since time
and coordinate derivatives are of different orders, it cannot be Lorentz covariant.

In order to describe spin-1/2 particles within Galilei-covariant formalism, one
should use, instead of Eq. (7), its analog defined in a larger Hilbert space,

%P — jﬁs @jﬁs — L2 (R3) ®(CZ (10)

with
(0-p)?

2m

Hf = , (11)

where the superscript P stands for Pauli and 0 = {07, 05, 03} are Pauli spin 2 x 2
matrices. They are defined by the following relations:

a,f =1, oyo;+o0, =0 if k #1, 010,—0201 =2io; with cyclic{l, 2, 3}.
(12)

These relations are invariant with respect to unitary transformations of the matrices.
Therefore, if they are fulfilled by one set of matrices, then they are also fulfilled
by all sets related to this one by a unitary transformation. In particular, in the Pauli

representation
01 0—i 1 0
= = = . 13
01 |:10]’ 02 |:i 0i|, 03 [0—1] (13)

Pauli matrices fulfill a very useful identity known as the Dirac relation [12]:
(0-A)(0-B)=(A-B)+io-[AxB], (14)

where A and B are operators. Consequently,
p>

Hf = — L. 15

0= o 2 (15)

In this case ¥ is not a scalar but a two-component Pauli spinor, i.e.,

_[ve o
v=[0l w

where v, and /g correspond to two projections of spin.

Dirac Equation

Relativistic generalizations of the Schrodinger equation appeared to be by far
nontrivial. The relativistic Hamilton function of a free particle

H{ = E = / p2c? + m2c* (17)
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prevents a straightforward use of the rules of the correspondence principle (3)
because of the square root of the momentum-dependent quadratic form. In an early
attempt (in 1925) Erwin Schrodinger applied the correspondence principle after
taking square of Eq. (17). The resulting equation is the following:

P =0 (18)
Bxﬁ_% V=0

where x = mc/h, has been abandoned by Schrodinger since it is second order in
time and, thus, the resulting density is not positive definite. Several months later
Oskar Klein, Walter Gordon, and, independently, Vladimir Fock derived the same
equation, now known as the Klein-Gordon equation. This equation

» Isrelativistically invariant,

* May be generalized to account for an external field,
¢ Does not describe electrons,

* Describes spinless particles.

Equation (18) yields the continuity equation

Aju o « 0y YT
—— =0 th ~ _—
dx, W Ju~ ¥ 0x, 0dxy

v 19)

with nonpositive definite density p ~ js. The properties of the Klein-Gordon
equation and its applications in quantum field theory are broadly discussed in the
literature, e.g., [1-6].

A relativistic equation describing correctly a spin-1/2 particle, derived in 1928
by P. A. M. Dirac and known as the Dirac equation, has not been immediately
accepted because of its unusual properties. At about the same time also Hendrik
Anthony Kramers derived another form of the correct first-order equation, but he
did not publish his result until 1933 [7, 19], a year after the presentation of a
similar analysis by Bartel Leendert van der Waerden in his book on group theory
[20].

Derivation by Kramers
Following the discussion of the Schrodinger equation which led to defining a spin-
dependent non-relativistic Hamiltonian (11), the relativistic relation between energy
and momentum (17) may be also expressed as

E*1=c%*(0- p)* +m?c*1 (20)

The correspondence principle yields

[El—c(o- p)[E1l+c (0 p)|¥ =m’c*w, 1)
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where ¥ is a two-component function. Defining ' = [E1+ ¢ (6 - p)] ¥/mc?,
and ¥! = ¥, one obtains

[El,—c(o- p)¥" =mc¥!, (22)

[El, +c(o- p¥! =mc?yr,

ie.,
o
ihs = HYw, (23)
where
lpr
v = [w 1] (24)

is a four-component wave function and

w_[c@-p) mc*1
Ho _|: mc?l —c (o - p)]' 25)

Equation (23) is known as the Dirac equation in the representation of Weyl.
Derivation by Dirac
A relativistic equation of the first order in time has to be also of the first order

in coordinates. Therefore, the Hamilton operator deduced from the correspondence
principle applied to Eq. (17) should read

HE = c(aip1 + oap2 + a3ps) + B mc?, (26)
where o, j = 1,2,3, and B do not depend on either coordinates or time and
HE - HE = (c* p* + m*c?) 1a. 27)
By combining Egs. (26) and (27), one readily gets
oaraj +ojor = {og, o} =0, if kK#j,
axp + Pak = {ak, B} =0, (28)
af =B*=1, j k=123
Thus, @ = {a,z, a3} and B form a set of anticommuting matrices. They have to

be Hermitian because the Hamiltonian and the momentum operators are Hermitian.
Then, the eigenvalues of these matrices can only be 1. The cycle invariance of
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trace yields Tr (ax) = Tr (8%ax) = —Tr (Bay ) = —Tr (e ). A similar calculation
for B gives Tr (8) = —Tr (B). Therefore,

Tr (o) = Tr(B) = 0. 29)

From here we deduce that the number of positive and negative eigenvalues has
to be the same, i.e., the order of the matrices is even. The Pauli matrices form a
complete set of 2 x 2 matrices, but only three of them anticommute (the fourth
one is the unit matrix which commutes with all matrices). Therefore the smallest
possible dimension of & and 8 matrices is 4. Such a set can easily be constructed,

as, for example,
0o 1 0
= N p— N 30
o) #=[a] 0

where all entries represent 2 X 2 matrices and o are Pauli matrices.

Hamiltonian (26) with matrices (30) is a Hermitian square root of the second-
order differential operator given by Eq.(27) and is referred to as the free Dirac
operator. It is defined in

AP =4 o AP = L* (R*) @ C* (31)

Hilbert space. By the substitution of the Dirac operator to Eq. (2), the relativistic
time evolution equation may be written as

oW
th =Hp W. (32)

The free Dirac operator may be conveniently expressed as

D _ ) » [ me*1 c(o- p)
Ho =c(a- p)+ Bmc _|:c(o- D) —mc21:|‘ (33)

The wave function has four components. Its transformation properties are specific
for objects classified as Dirac spinors (cf. section “Transformation Properties of
the Dirac Spinor”). One should stress that ¥ is not a four-vector and its four-
component structure has no relation to the 4 dimensions of the Minkowski space.
This kind of coincidence appears only in the case of the Dirac wave functions. The
relativistic wave functions describing particles with spin 0 (Klein-Gordon) or with
spin 1 (Proca) have, respectively, one and ten components [5].
The Dirac wave function can be expressed as

Vi
W IRVSJRVASIVAL '
A R R R

Iz
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where W1 /Wg are two-component functions referred to as large/small components
of W. As itis shown in section “The Non-relativistic Limit and the Direct Approach,”
in the non-relativistic limit, ¥s — 0. Equations (27) and (32) imply that each
component of the Dirac spinor is a solution of the Klein-Gordon equation (but the
inverse is not true).

Representations in the Spinor Space

If 7 is a non-singular 4 x 4 matrix, then the equations

o oy’
ih? =HY¥ and ih y =Hv, 35)
where
H=9HI ! and ¥ =W (36)

are equivalent. In particular, the Dirac equation in the standard (Dirac-Pauli)
representation (32) and the Dirac equation in the representation of Weyl (23) are
related by

11

1
‘?W__[l—l

V2

Two other representations of some practical importance are known as the Majorana
representation and the supersymmetric representation. In the Majorana represen-
tation, the Dirac equation is purely real. Its properties are discussed in detail in
[4,5,9, 11]. The supersymmetric representation is related to the standard one by a
unitary transformation

] - 37

1 1i1
T = — . 38
susy = |:i 1 1:| (38)
In this representation the Dirac operator

SUSY __
Hy > =

0 c(o- p)—imc*l
c(o- p)+imc?l 0 ’

after including external fields (see section “External Fields”), is particularly useful
in studies of supersymmetric systems [11].

Relativistic Covariance of the Dirac Equation

Originally the Dirac equation was expressed in terms of matrices @ and §. This
mode of presentation is convenient when the Hamiltonian form of the equation is
discussed and when one is interested in the non-relativistic limit. However, for the



14 J. Karwowski

discussion of general properties of the Dirac equation, in particular for studies on
its transformations between different inertial frames, the form in which time and
coordinates are treated in the same way is more appropriate. In order to express
the equation in the form which is usually referred to as covariant, one has to
introduce another set of anticommuting 4 x 4 matrices, called gamma matrices.
Each representation of the Dirac equation is associated with its own set of gamma
matrices, and, for a given representation, there are several different ways of defining
these matrices. In the present discussion the matrices appropriate for the standard
(Dirac-Pauli) representation and defined in the way advocated by Sakurai [4] are
used.

Gamma Matrices
The four gamma matrices are defined as

vuli, =t~ Ba. B ={y. B}. (39)

or more explicitly

0 —ic 10
”_[ia 0}’ ”4_[0—1]‘ “0)

Similarly to @ and 8, gamma matrices are Hermitian, are squares of the unit matrix
and anticommute:

=Vl vi=vi=vi=vi=1 andifp#v. {y.n}=0. (@D

It results from (41) that [y,, y,] = 2y, y». A fifth matrix ys defined as

0-1
= — 42
Y5 = Y1V2Y3V4 |: 1 0} (42)

also fulfills conditions (41) characteristic for the gamma matrices:

ys=vs. vi=1 and, {y..ys} =0, [Vu.¥s]=2vups (43)
Clifford Algebra
Matrices y,, p = 1,2,3,4,5, and the unit matrix 1 make a set of six linearly

independent matrices. A complete basis in the space of complex 4 x4 matrices forms
an algebra. This algebra is isomorphic to the algebra of 4 x 4 complex matrices, one
of the Clifford algebras, named after William Kingdon Clifford who defined it at the
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end of the nineteenth century. It is composed of 16 linearly independent matrices
I, n = 1,2,...,16. The remaining 10 independent matrices are obtained from
products of two different gamma matrices:

1 .
Opg = > [yp,yq] =—iypyy, DP.q=12,3,45 p<q. 44)
As one can see, 04, = —0,,. Here is the explicit form of these matrices:
03 0, .
o = = X3, cyclic{l,2,3} 45)
0 03
ak4=[0"k]sak, k=123 (46)
O 0
Matrices I,,,n = 1,2,..., 16, fulfill several basic relations:

1. From I} = 1results that I}, = I, ' and Tr (I}7) = 4

n

2. If I, I, # 1then Tr (I, I,) = Osince {I},, [,} = 0,and Tr (I;,) = 0 because
Tr(I,) = Tr(Fn%F,,) =-Tr(lI,Ty) = —Tr(Fm_IFnFm) = -Tr([l}).

Theorem 1. An arbitrary 4 x 4 matrix G may be expressed in terms of I, matrices
as

16
1
G = Z;Tr(G r,) I, (47)

Covariant Form of the Dirac Equation

Using definitions (1) and (39), one can combine Egs. (32) and (33) to the so-called
covariant form of the Dirac equation:

d
[Vﬂm—i-%] tI’(.’C)ZO, = —, (48)

4 . . .
where x = xl‘“|;,t=l' In order to write the equation conjugate to (48), one has to
introduce a new form of conjugation of the Dirac spinor:

¥ =g =Ty = [yl ys vl vl (49)
The Hermitian conjugate of Eq. (48) reads

AW (x)
dx,

Yu— 2 @( x) = 0. (50)
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By multiplying Eqs. (48) and (50), respectively, by ¥ from the left and by ¥ from
the right, subsequent subtraction and simple rearrangement of the result, one gets
the continuity equation

9

S =0, Ju=ic¥y¥=(icp). (51)
Xpu

In the 3D notation, using (49) and (39), one gets
j=cv¥law, p=viyw, (52)

All Dirac equations expressed in terms of matrices which fulfill conditions (41)
are related by a unitary transformation. Thus, all these equations are equivalent in
terms of the physics they describe. This remarkable property of the Dirac equation
results from the fundamental Pauli theorem:

Theorem 2. If two sets of 4 x 4 matrices satisfy {y,, yv} = 28,0 and {y,,y,} =
284y, m.v = 1,2,3,4, then there exists a non-singular and unique, up to a
multiplicative constant, matrix 7 such that )//’L =TyuT

A proof of this theorem may be found, e.g., in the monograph by Sakurai [4].
One should remember that the structure of the wave function depends on the set
of gamma matrices used: If ¥ corresponds to y, then .7 ¥ corresponds to the y’.

Transformation Properties of the Dirac Spinor

The Dirac equation is covariant if after a Lorentz transformation it has the same
form as before the transformation, i.e., if in the primed coordinate system it reads

’ d 1IN
|:VM8XZL+%i|!I/(x)—0, (53)

and if an explicit prescription which relates ¥(x) and ¥'(x’) exists. Matrices y,,
in Eq. (53) have to fulfill relations (41). Hence, according to the fundamental Pauli
theorem, there exists a non-singular matrix .7 such that )//; = Ty, 7" and the
Dirac equations corresponding to all .7 are equivalent. Therefore, without any loss
of generality, one can set .7 = 14, 1.e.,y’ = ¥.

Matrix a of the Lorentz transformation (6) is coordinate independent. Therefore,
one can expect that

v'(x') = S¥(x), (54
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where . is a non-singular 4 x 4 matrix independent of x. Since d/0 x/; =
a,,0/9 x,, Eq. (53) may be rewritten as

9
[y—l Yu Yawg + z] ¥(x)=0. (55)

As one can see, the Dirac equation is covariant, i.e., Egs. (48) and (55) are the same,
if

Y_ly,“?a,w =y = IpnS = Vi Quv. (56)

From Eq. (56) one can derive . corresponding to a selected a. Detailed derivations
may be found, e.g., in [1,4,5, 10, 11]. In the next subsections only the final results
are presented.

According to (56), the covariance of the Dirac equation implies that y transforms
like a four-vector. A detailed discussion of the transformation properties of the
gamma matrices may be found in Section 5.B of [10] and in Chapter 2 of [11].
Note that the transformation rule of the gamma matrices is analogous to the one of
the Pauli matrices o [10, 12].

Proper Lorentz Transformation
Under a rotation by w in 1-2 plane, the transformation matrix for the Pauli spinors
is equal to [1,4]

y(lz) = 12 CcOS % —+ i 03 sin % (57)

Pauli

Under the same rotation in 1-2 plane of the Minkowski space, the Dirac spinors
transform according to

8P =14 cos §+iXssing =14cos F +iopsing (58)

and under a special case of the Lorentz boost — a rotation in 1-4 plane by an
imaginary angle w = i y, where y = arctanh(v/c), according to

S = 1,cosh £ — oy4sinh £, (59)

boost

As one can see, X_f,{k) = Xg{k) , but A 69T — &Y This means that the

boost boost*

transformation %é{(i)m is not unitary. It is important to note that

S =yp Iy, (60)

and [, y5] = 0.
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Space Inversion and Parity
The form of the Dirac equation is conserved under the space inversion, i.e., under
the replacement r — — r, if the transformation operator .%},, is equal to vy, i.e., if

<ygnv W( x) = w/(x/) = V4 W( x) (61)

[1,2,4]. But ¥'(x') = PoW/'(x) where Py performs the transformation of
coordinates without changing the form of the function, i.e., it is the inversion
operator of the non-relativistic quantum mechanics. Therefore,

W'(x) =PoW'(x) =Py, ¥(x) = P¥(x) (62)
where
P="Pyys (63)
is the parity operator.

Infinitesimal Rotation

The angular momentum is a generator of rotations in 3D space, similarly to how
energy generates translations in time and linear momentum generates translations
in 3D space [1]. In the Minkowski space the form of the Dirac spinor under an
infinitesimal rotation in 1-2 plane changes according to [5]

W'(x) = (1+iJ380) W(x), (64)

where
1
Ji=L+S; S;3= 523 (65)

Thus, the generator of rotations in the Minkowski space is composed of two parts:
the orbital part described by L3 and the spin part described by S;. The first one acts
in R? space and the second one in the spinor space, C*. Therefore, Eq. (65) should
be written as J; = L3 ® 1(C*) + 1(R*) ® S;, where 1(C*) and 1(R?) are the
appropriate unit operators. However, usually the simplified notation, as in Eq. (65),
is used. Obviously, neither the orbital angular momentum nor the spin operators are
covariant. A covariant description of spin is given by the Pauli-Lubanski vector. For
a detailed discussion, a reader is referred to, e.g., [5].

Bilinear Covariants ¥ I" ¥

Let us consider transformation properties of the bilinear forms ¥ I' ¥, where I’
is an element of the Clifford algebra. If ¥/(x') = #W¥(x), then, according to
Egs. (49) and (60), ¥/(x')" = ¥(x)" .7t = ¥(x).7'y,. From here ¥'(x')y, =
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Table 1 Complete set of the bilinear covariants

Scalar Pseudoscalar Vector Pseudovector Antisymmetric tensor

17 Wy W Wyulll i Wys N4 Walw '4

¥(x).7"! and E/( x') = ¥(x).7'. Consequently, E’( X)W (x') = W (x)¥(x).
This means that ¥ is invariant under the Lorentz transformation, i.e., it is a scalar.

— / —
In a similar way, using Eq.(56), one can show that (lIfyHlI/) = au (lIny!If),

i.e., Wy, W is a four-vector. In particular, Jyu defined in Eq. (52) is a four-vector and
p = WiW is not a scalar but the fourth component of this vector. A complete set of
bilinear Lorentz covariants is given in Table 1.

Equation (51) may be rewritten as

dp
Vji+ — =0. 66
I+ 57 (66)
From here, using the Gauss theorem, one can see that the integral of p taken over
the domain of ¥ is time-independent. This result justifies the standard normalization
condition for the Dirac wave function:

/ iw d3x = 1. (67)
|4

The conservation of the norm defined in this way was not obvious a priori, since
in the relativistic theory p is the fourth component of the four-current vector rather
than a scalar. In the quantum theory of many-electron systems, the relativistic wave
functions are usually normalized according to Eq. (67). However, in many other
areas of application of quantum physics, the bilinear scalar, ¥¥, is normalized
instead.

In the Pauli representation, eight I" matrices, I, = {1, y4,iy5yk,ojk}, are
block-diagonal, and the remaining eight, I's = {yk,iy5V4, V5, 014}, are block-
antidiagonal. The corresponding bilinear covariants read

o = v vl [13 g] [lgﬂ = wiAw, — B,

— Jr 0 A||Y T
orow = vl —v{] [AT 0] [lpﬂ —wiAws—wiAty, (69

In the non-relativistic limit, i.e., for ¢ — oo, the small component of the Dirac
spinor vanishes. Thus, lim._ s Urw = lI/IAlI/L and lim, oo W T'sW = 0.
Therefore, the bilinear covariants associated with I'y, / I's are referred to as
largel/small covariants. Since the set of 161" matrices is complete, one cannot
generate more linearly independent bilinear covariants of the form ¥ I'W.
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Eigenvalue Problem of the Free Dirac Operator

The free Dirac operator (33) commutes with p. Therefore, solutions of Eq. (32)
corresponding to a given energy E may be written as a product of a scalar part
depending on time and coordinates and a spinor part:

v ol (p-r—E1) o
=—F—9, 69
(9 == (69)
where the spinor part of the wave function
&
o) |: DL i| + * gk gk gk [ T T]
¢ = = s ¢ = . N N = (D 5 (p (70)
b D [¢1 ¢y 93 ¢4] LS
P4

does not depend on time and, in the case of a free particle, on coordinates. Note
that except for some special cases, as free electron or electron in a homoge-
neous magnetic field (section “Electron in a Magnetic Field”), the separation of
coordinate-independent spinors from the Dirac wave function cannot be performed
and @ depends on the electron coordinates. Since this separation is possible in
the free-electron case, the eigenvalue equation of HOD may be expressed as a set
of homogeneous linear equations

mc*—E c¢(o-p) DL |
o Tm Sne e[ a] = )

Equation (71) has nontrivial solutions if

mc:—E, c(o- p)
det ’ =0 72
€ c(o-p), —mc>*—E (72)
ie,if E =AFE, where A = £1 and
E, = mc? 1+(l)2 (73)
r mec/

Then, the spectrum of the free-particle Dirac operator is given by

E e (—oo, —mcz] U [mcz, oo) (74)
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The spectrum consists of two continua. The positive one spreads from the rest
energy of the particle, mc?, to 4+o0. It corresponds to the non-relativistic energy
of a free particle. The negative continuum, spreading from —mc? to —oo, has no
physical meaning. Mathematically this implies that the plain Dirac equation cannot
describe a physically stable system since the ground state does not exist.

The Hilbert space in which the Dirac operator is defined contains vectors
corresponding to the positive and to the negative energies. Since a quantum
mechanical state is defined as a vector in the Hilbert space of the Hamiltonian, one
can define the positive-energy states and the negative-energy states, though the latter
ones have no physical meaning. It is important to note that in the charge-conjugate
equation, the negative- energy states correspond to positrons with positive energies
(cf. section “Charge Conjugation, Positrons”).

Constants of Motion

As it was already noticed, [HY, p] = 0. Then, similarly as in the non-relativistic
theory, for a free Dirac particle, the linear momentum is conserved. However, as one
can easily check, neither orbital angular momentum L nor spin

1
SZEZ, 2:{21722723}7

commutes with HOD, but J = L + S does commute. This last observation and the
way the Dirac spinors transform under infinitesimal rotations (64) are important
for the understanding of the role of spin: from the formal point of view, spin
is optional in the Schrodinger theory, while spin is a necessary attribute of the
Dirac particles. Since the eigenvalues of S; are equal to & 1/2, the Dirac equation
describes particles with spin 1/2. Two other operators which commute with HY are
helicity:

_E-p
=

h (75)

and parity P, defined in Eq. (63). Helicity is a 4 x4 matrix with eigenvalues h = +1.
The states with helicity +1/—1 (spin parallel/opposite to the direction of the motion)
are referred to as right/left handed. However, neither p and J nor P and h commute
with each other. Since P changes sign of P, it does not commute with p. Therefore,
one can select the following sets of five commuting operators which include HOD and,
thus, can be used to construct and label its eigenfunctions:

¢ Plane waves: Hg, P1, P2, P3, and h;
¢ Spherical waves: HOD, J2, Js, p2, and either h or P.
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Free-Particle Spinors

The free-particle spinors corresponding to the plane waves may be chosen as
simultaneous eigenfunctions of HOD, p, and h. In the case of a free particle, the
operator

e
-

A (76)

commutes both with HY and with all operators commuting with the Hamiltonian.
Its eigenvalues A = +1/ — 1 correspond to the positive-/negative-energy solutions
[cf. Egs. (72) and (73)]. If axis 3 of the coordinate system is directed along the
momentum of the particle, i.e., if p = {0,0, p3}, then h = X5 p3/|p3|. Thus, in
this case, also X5 is a constant of the motion. As a consequence, the free-particle
spinors may be chosen as simultaneous eigenfunctions of Hg ,P,h, A, and X5. They
are labeled as d’;s, where p = p3 and s = +£1 are eigenvalues of Y.
Some simple algebra applied to Eq. (71) yields

Nt 0 —N~ 0
0 —N*t _ 0 _ N~
+ _ + _ _
¢Pv1 - N— |’ ¢p,—l - 0 ’ (‘DPJ - Nt ’ ¢p.—1 - 0 ’
0 N~ 0 NT
77
where

E 2 E. —mc?
Nt = ﬂ, N—= P [EpT (78)
2E, sl \ " 2E,

For p = 0, i.e., for the particle at rest, N* = 1 and N~ = 0. The transformation
of p = 0 spinors to the form corresponding to an arbitrary p may also be obtained
using the Lorentz transformation. A detailed analysis may be found, e.g., in [1,5,6].

Position and Velocity Operators, Zitterbewegung

One could expect that an electron in a positive-energy state should fall into a
negative-energy state and emit a photon with an energy which may be infinite,
since the spectrum is unlimited. In order to solve this difficulty, Dirac proposed
that all the negative-energy states are filled under normal conditions and the
Pauli exclusion principle prevents transitions to these states. An excitation of one
negative-energy electron results in creation of a hole in the “Dirac vacuum” and
of one positive-energy electron. This process corresponds to the creation of an
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electron-positron pair. Thus, in this model the number of particles is not conserved.
The conserved quantity is the total charge.

However, it is hard to classify this interpretation as satisfying. It may only be
applied to fermions, while the Klein-Gordon equation describing O-spin bosons
has also unbounded from below energy spectrum. The Dirac model describes a
single electron, and, at the same time, it is unable to explain the behavior of
a free electron without assuming that it is surrounded by an infinite number of
non-interacting electrons occupying the negative-energy states. This contradiction,
inseparable from the Dirac model, results in numerous artifacts and stimulated work
on the formulation of a more general Lorentz-covariant theory in which the energy
spectrum of a system of electrons is bounded from below. It has been realized that
the Dirac equation should be interpreted as a classical equation for the matter field,
as the Maxwell equation is the classical equation for the electromagnetic field.
A theory which correctly describes the physical reality, quantum electrodynamics
(QED), has been formulated during 1927-1937 by Dirac himself and by Wolfgang
Pauli, Eugene Wigner, Werner Heisenberg, and Enrico Fermi. QED unifies theories
describing matter (as the Dirac or the Klein-Gordon models) and radiation (the
Maxwell equation). The resulting equations have been obtained by the second
quantization procedure. In effect all contradictions of the original Dirac model
have been solved. The unboundedness from below of the energy spectrum has
been removed, the possibility of creation and annihilation of particles has been
introduced, and emission and absorption of photons have been correctly described.
Electrons and positrons have been described on an equal footing (in the original
Dirac model, positrons are interpreted as “holes in the vacuum” while the only “real
particles” are electrons) [2—4,11]. Nevertheless, the Dirac model of vacuum survived
as the very first intuitive quantum model of vacuum. The vacuum has been defined as
a polarizable medium from which new particles can be created. Observable effects,
as, e.g., vacuum polarization and related to the vacuum fluctuations self energy, can
be explained using this idea. Many concepts of the Dirac vacuum have been retained
in quantum field theories, and a substantial part of terminology used to describe the
phenomena related to the physical vacuum may be traced back to the original ideas
of Dirac [21].

The Dirac theory is considerably simpler than QED and leads to a much more
precise description of the physical reality than the approaches derived from the non-
relativistic Schrodinger equation. Therefore, it is the basis for nearly all relativistic
methods of description of many-electron systems, though the unboundedness from
below of the spectrum is the origin of serious conceptual and computational
problems.

One of the consequences of the unboundedness from below of the Dirac spectrum
is unusual properties of the velocity operator. In the Schrédinger theory,

_(4r) _; _P
Vs—(dt)s—l[Hs, r]—m. (79)
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In the Dirac case,
dr
Vp = (E)D =i [HD, r] =cCao. (80)

This result is very strange in many aspects. First, the eigenvalues of oy are +1.
Therefore, the eigenvalues of Vvp are equal to £c. Besides, different components
of vp do not commute. Then, a measurement of one component of the Dirac
velocity is incompatible with a measurement of another one. This is also strange
since different components of the momentum operator do commute. Moreover, Vp
does not commute with HOD. Therefore, the velocity is not a constant of the motion
despite the fact that the particle is free.

An analysis of the time dependence of @ and of the coordinate operator r
leads to the conclusion that both of them execute very rapid oscillations with an
angular frequency (2mc?)/h ~ 1.5-10?'s~!. This motion, named by Schrodinger
Zitterbewegung, is due to an interference between the positive- and negative-energy
components of the wave packet describing the electron. Intuitively it may be
interpreted as a consequence of a permanent creation and annihilation of the so-
called virtual electron-positron pairs. In order to understand the background of this
process, it is convenient to introduce even and odd operators. An even operator
acting on a function which belongs to the positive (negative) energy subspace of
a free electron transforms it into a function which belongs to the same subspace.
An odd operator transforms a positive (negative)-energy-subspace function into a
function which belongs to the complementary subspace. An operator, say €2, may
be decomposed into its even part [2] and its odd part {2}:

Q = [Q] + {2}, (81)
where

1 1
Q] = E(Q + AQA), {Q}= E(Q — AQA). (82)
After some algebra one can see that

clp
[vp] =cle] = T (83)
This result is in agreement with the standard definition of velocity. A detailed

discussion of this subject may be found, e.g., in [1,4,5,8,9, 11]. Operators
1
My = 5(1 + A), (84)

are projection operators to the positive (IT4) and to the negative (I1_) energy
subspace. For example, I14QI1 acts in the free-electron positive-energy space
only. One may think about modifying the theory by restricting the Hilbert space to



1 Dirac Operator 25

its positive-energy part. Technically this can be done using projection operators (84)
and, in fact, is done in some approximate models. Since [T+ commutes with the free
Dirac operator, an initial state of a free particle belonging to the positive-energy
space will remain in this space forever. However, position-dependent operators
do not commute with IT4. They are composed of an even and an odd part and
couple the positive- and the negative-energy space. For example, the even part of
the position operator is given by

i
X|= X+ -—=(vpb—[VD]). 85
[x] Y (vp —[Vvp)]) (85)
Due to the presence of the term proportional to Vp, the position of a Dirac particle
is diffuse in the area comparable to the Compton wavelength 7 /mc.

External Fields

The notion of a particle in an external field is an idealized concept. Neither the
quantum structure of the field nor the influence of the particle on the field is
taken into account. The external field is used to replace in an effective way the
real interaction. For example, a simple, exactly solvable problem of an electron
in the Coulomb potential may be used to effectively describe a hydrogen-like
atom — a highly complicated mathematically and unsolvable analytically system of
two interacting particles. The external potentials may have different transformation
properties (scalar, pseudoscalar, vector, pseudovector, tensor) [5, 11]. In this chapter
the discussion is limited to scalar and electromagnetic vector potentials. It is also
assumed that the potentials are time independent. This means that only closed
systems are considered.

Dirac Equation for a Particle in an External Field

The Dirac operator in a field described by a scalar potential V. ( r) may be obtained
from the free Dirac operator (33) by the replacement

mer > mc? + Ve (r). (86)

Scalar interactions for electrons and for positrons are the same — they do not depend
on the electric charge of the particle. Therefore, they can be attractive for electrons
and positrons at the same time. In quantum chromodynamics, scalar potentials are
used to model the confinement of quarks, but in theory of many-electron systems,
they appear very seldom, since interactions of non-electromagnetic origin (as,
e.g., the strong ones or the gravitational ones) are of rather marginal importance.
However, already in 1973, a possibility of establishing a limit on the scalar
coupling constant by discussing the Coulomb potential with a scalar contribution
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was discussed [22]. Until now there is no experimental evidence for the existence of
long-range scalar interactions. Such interactions are mediated by a scalar massless
boson which is experimentally unknown and does not exist in the Standard Model.
But the atomic spectroscopy is one of the most sensitive tools for studying
interactions. Therefore, studies on possibilities of some admixture of the scalar
coupling to the electromagnetic one may be useful in the search of phenomena
which are not described by the Standard Model.

The coupling of a Dirac particle to an electromagnetic field may be obtained
by applying the principle of minimal coupling [5, 9—11], originally developed in
classical mechanics. According to this principle, in order to account for an external
field described by an electromagnetic four-potential

Ap={Aigp/c} (87)
one has to modify the free-particle equations by the replacement
P P T =Pu—qAL (83)
where ¢ is the charge of the particle. Note that in many textbooks in Eq. (88) instead
of ¢ A, g A,/c appears. The factor 1/c depends on the choice of units and has
nothing to do with relativistic effect. In particular, it is present in the Gaussian cgs
system and absent in the SI. Thus, the free-particle Dirac equation (48) generalized
to account for the external fields reads

[)/HDH +me? + VSC] ¥(x) =0, (89)

where

D, =

a
7, —igAu(r), (90)

is the gauge covariant derivative. Combining Eqgs. (33), (86), and (88), one obtains
the Dirac operator for a particle in an external field:

HP = c(@-m) + Va1l + (mc® + V) B, 91)

where Vg = ¢ ¢, and its eigenvalue equation

(Vt +mec*—E)1 c(o-m) dL(r)
_ 2 =0, 92)
c(o-m) (V- =mc?2—E)1] [ @5(r)
where VE = V; & V... In the following it is assumed that ¢ = —1, i.e., the charge

of the Dirac particle is equal to the charge of electron.
The external potentials modify spectrum of the Dirac operator. In particular, for
a broad class of potentials, discrete eigenvalues corresponding to physically bound
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states appear in the energy gap (—mc2, +mc?). The eigenvalues of HP may be
defined as the critical values of the Rayleigh quotient

(@|H"|@)

o= Tale)

93)

where @ is in the domain of HP. Since the Dirac operator is unbounded from
below, the eigenvalues cannot be determined by a straightforward application, a
minimization procedure based on the Hylleraas-Undheim-MacDonald theorem [23—
26], commonly used in the non-relativistic quantum mechanics. However, over the
last half a century, numerous variational methods of finding the eigenvalues have
been elaborated [12-14,23-25]. In particular, the lowest discrete eigenvalue in the
energy gap, i.e. the physical ground state energy, may be derived from the minimax
principle:

£ = nin | 0@l o4
originally formulated as a recipe for reaching the stationary points of the energy
hypersurface in the space of variational parameters [24,26] and rigorously proved
after several years [27]. The consecutive eigenvalues may be obtained in the
usual way imposing appropriate orthogonality constraints on the wave func-
tion.

For some specific potentials, resonances embedded in the continuum, described
by the wave functions containing both localized and continuum-type contributions
and corresponding to auto-ionizing states, are also present [11, 28]. However,
for most of physically significant potentials, the essential spectrum of the Dirac
operator (74) remains unchanged (the essential spectrum of a Hermitian operator is
a subset of its complete spectrum; its complement is the discrete spectrum, i.e., the
set of isolated eigenvalues of finite multiplicity [11,25]). In particular, the essential
spectrum of a particle in an external field is the same as of the free particle if
the potential vanishes in infinity. For a discussion of an external potential which
modifies the essential spectrum, see section “Harmonic Oscillators.”

Gauge Invariance

The gauge transformation of the electromagnetic four-vector potential is defined as

9. f(r)

A/A(r) = A,u(")"‘ axﬂ s

95)

where f(r) is a scalar function. Under this transformation, the electromagnetic
fields remain unchanged. The results of measurements should be gauge independent,
i.e., the physical contents of any theory cannot depend on the gauge. In particular,
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also the Dirac equation should be gauge invariant. One can easily check that if the
gauge transformation of the wave function is described by

Y(x) = expli f(r)]¥(x), (96)
then
D¥(x) = expli f(r)]D,¥(x). 7

Since scalar potential is gauge independent, Egs. (96) and (97) imply gauge invari-
ance of Eq. (89). However, note that the gauge transformations of ¥ and 0¥ /dx,
are inconsistent, and therefore the non-covariant derivative does not preserve the
gauge symmetry of the Dirac equation.

The Non-relativistic Limit and the Direct Approach
After shifting the energy scale by mc?, i.e., defining
& = E —mc?, (98)

and performing some simple algebra, the eigenvalue equation (92) becomes

(V+_£’)1 (0"]1.') ]|:4)L(r):|_
|: (0 -m) —2m [1 + (& — V_)/(2mc2)] 1] cdsr =0. 99)

In the non-relativistic limit, (& — V™) /(2mc?) = 0 and Eq. (99) transforms to

(Vt—=&)1 (o-n)] [ d(r) ] _
|: (c-m) —2ml||cds(r)| 0 (100)

This equation, a non-relativistic limit of the Dirac equation defined in the same
Hilbert space as the original Dirac equation, is known as the Lévy-Leblond equation.
The corresponding equation of motion is Galilei covariant — it transforms according
to a spinor representation of the Galilei group. The normalization conditions of
the wave functions may be derived as follows: Given a Hamiltonian eigenvalue
problem, (H — AE)® = 0, where H and A are matrix operators. Then the
normalization condition for @ reads (@|A|®) = 1. Therefore, for the Dirac
equations (92) and (99) (PL|PL) + (@s|Ps) = 1, while for the Lévy-Leblond
one (100), (P|PL) = 1.

Equation (100) yields

(0-m)
2mc

Ds(r) = DL(r), 101
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ie., if |o0-m| < mc, then |@gs| K |Dr|. This justifies the names of these
components of the Dirac wave function in the Pauli representation. The elimination
of c®g from Eq. (100) gives

2

[(a'”) +V+—£} &(r) =0, (102)
2m

i.e., the spin-dependent Schrodinger equation for @ = @;. In the non-relativistic

equation (102), the electrostatic and the scalar potentials are non-distinguishable

since they contribute on an equal footing to VT . Equation (102), with the help of the

Dirac relation (14), may be transformed to the Pauli equation:

[ﬁ (m* +o- B)~|—V+—£} d(r) =0, (103)

where B = V x A s the external magnetic field. It should be stressed that
Eqgs. (100) and (102) are equivalent only if relation (101) is fulfilled. This relation,
known as the kinetic balance condition [12, 13], plays very important role in
designing approximate methods of solving Dirac eigenvalue problems.

A Dirac equation similar to the Lévy-Leblond equation can be obtained by setting
V= = 0. This may correspond to exact models with two kinds of fields: (1) a particle
in an external magnetic field with V,; = V. = 0 and (2) a rather unusual special
case of Vg = Vi # 0. Another option is an approximation V~/2mc? + 0,
originally proposed by Moore under the name direct Dirac equation [29]. The
resulting equation reads

+_ .
|:(V &)1 (o-m) :| |: dr(r) :| o (104)

(c-m) 29M1||cPs(r)
where
&
M =m (1 + —az) (105)
2m
and « = 1/c is the fine structure constant. An intuitive rationale for the last

equation can be derived from Eq. (17) which may be rewritten as & = p?/(29).
The elimination of &g gives the direct Dirac equation in a Schrodinger-like
form:

[(0 ‘)

0 + VT — 5’] @i (r)=0. (106)

Note that the difference between @ of Eq.(106) an @ of Eq.(102) is of a
fundamental importance. In particular, @ corresponding to different values of
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& are not orthonormal since the Hamiltonian depends on &. In this case the
orthonormality condition is

/ [cp;(r; E)YPL(r &) + BL(r: E)Ds(r: g’)] BPr=8E—&), (107
|4
while in the non-relativistic one
/ T (r&)O(r; &) d’r = 8(& - &), (108)
Vv

where § stands for either Dirac delta (if the spectrum is continuous) or the Kronecker
one (if the spectrum is discrete).
Elimination of the Small Component

In the general case the elimination of @5 from the eigenvalue equation of HP
yields

R
[(a-n)ﬁ(a-n)+v+—é"i| &L(r) =0, (109)
where
1
W= V_ g2 111
o (b
and
R
Ps(r) = 32 (0 - m)PL(r). (112)

Since M depends on &, Eq. (109) is not an eigenvalue problem — the dependence on
& is nonlinear. However, solutions & of this equation are equal to the eigenvalues
of the corresponding Dirac operator, and the set of these solutions is bounded from
below by the lowest eigenvalue of Hp located in the gap of its essential spectrum
[25]. This property of Eq. (109) has important practical consequences. In particular,
& may be obtained by minimization procedures which are technically difficult in
the case of basis-set calculations but rather straightforward when one is using grid
methods. It also explains the well-known (but not always correctly understood)
property of the numerical Dirac-Fock algorithms: When solving the corresponding
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equations, no effects of the unboundedness from below of the Dirac operator have
ever been observed [14].

By applying the Dirac relation (14), one can separate the spin-dependent
part [13]:

nRxr o n
o+ e Pl V] =0 (e

The R-containing terms may be expressed as
nRr = Ra’ + R’ (pw)w (114)
io[mr x Rr] = R(o - B) + R’0 [(VW) x ] . (115)

It should be stressed that Eq.(109) [as well as (113)] is exact and, jointly with
Eq. (112), is equivalent to the original Dirac equation.

Pauli Corrections
Equation (113) may be expressed in a form correct up to terms proportional to o,
By the substitution

" \Y
_ 2V 4 2V 4 L _ 12 C 4
R=l+4«a 2m+ﬁ(a), W=« 2m—|—6’(a), T 2m2+ﬁ(a)
Eq. (113) becomes
[ﬁ(nz—}-o- B)+V++H’+ﬁ(a4)—£} @L(r) =0, (116)
where
2
o _ _ _
H/ZW[(V —&)(m*+06-B)+(pV)w+0o[(VV ) xm]] (117

is the well-known Pauli relativistic correction with the consecutive terms corre-
sponding to the mass-velocity, Darwin, and spin-orbit terms [1, 5] in which the
interaction with an external magnetic field is included. In principle, H' may be
treated as the first-order perturbation to the Schrodinger energy only. However,
in some approaches it is transformed in a way which allows to include them to
the Hamiltonian eigenvalue equation. In particular, some of the non-integrable
singularities which originate from the Coulomb potential may be eliminated by
introducing a finite-size nucleus [12, 13]. The transformation of H’ to the Hermitian
form may be found, e.g., in [1].
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Gordon Decomposition

A similar separation of the spin-dependent term may be performed for the four-
current (51). After some algebra described in detail in [4, 5], one obtains the
separation of the four-current to a convection current j E and a spin current j MS:

Ju=JS+ il (118)
where
. 1 r— .
i = 5 [P Pu+ AN = (P —A) W) V] (119)
and
j$ = 5P (W, ). (120)

In three-vector notation, Eq. (119) may be rewritten as
e 1 N7 *27,
i = —[lI/nW—}-(n W)w], (121)
2m

and if ¥ corresponds to a given energy E,

E—Vy —
o€ = 22 (122)
mc
Similarly,
1 _ E /—
jS=:——[Vx(WEW)+-—<WaW)} (123)
2m c
and
1 —
S _ -
pS = 2mcp(ufmp). (124)

In the non-relativistic limit, i.e., if £ — V¢ — mc? and ¥s — 0, then ,oC — WEWL
and p5 — 0 (cf. section “Bilinear Covariants ¥ I" ¥”).
Charge Conjugation, Positrons

The Dirac equation is valid for all particles with spin 1/2, in particular for electrons
and for positrons. If Eq. (89) describes electrons, then the equation for positrons
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may be obtained by the replacement —e +— e in the expression for the covariant
derivative. This transformation is related to another symmetry of the Dirac equation
referred to as charge conjugation [3—5]. Some simple algebra shows that the charge
conjugation operator is equal to

C = n2 Ko, (125)
where Kj is the operator of complex conjugation. The form of the charge conju-
gation operator depends on the representation of the Dirac equation (contrary to
the parity (63) operator, which is representation independent). For example, in the
Majorana representation, C = K.

If Eq. (89) is symbolically expressed as
Q—ewelectron =0,
then (C Q_eC_l) CW.iectron = 0 is equivalent to
Q+elIIposilron =0,
where Q4+, = CQ_,C™" and ¥ posivon = C Welectron- Thus,
lijositron = CW.iectron and Welecron = Clppositron, (126)

where the last equation is a consequence of C? = 1. The application of the charge
conjugation to the free-particle spinors (77) gives

Cef =—o0-, , Cof =0 .
Co, =07, . Co, =07, (127)

Combining with Eq. (69), one can see that the transformation electron <> positron
is equivalent to

{E,p,s,h} & {—E,—p,—s,h}. (128)

Relation (128) implies that a state with negative energy corresponds to the antiparti-
cle with positive energy. The energy, charge, momentum, and spin of the antiparticle
are opposite to that of the particle, while the current, helicity, and velocity are the
same [cf. Egs. (52), (75), (83)].

However, the interpretation of the negative-energy states of the electronic
Dirac equation as describing positrons meets some difficulties [11]. First, there
exist physically valid quantum states of electrons which are superpositions of the
positive- and negative-energy eigenfunctions. Second, in the quantized Dirac field
theory, the field operators anticommute and this results in the change of sign of the
current under charge conjugation.
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Exactly Solvable Models

The exact solutions of the Dirac and Klein-Gordon equations for a free-particle,
hydrogen-like atom, a particle in an external magnetic field, were obtained as a part
of the process of formulation of relativistic quantum mechanics, and the results were
crucial to the acceptance of the new theory. Detailed analysis of these solutions may
be found in all textbooks of relativistic quantum mechanics, in particular in [1-5]. In
this section solutions of several models are briefly discussed as illustrations of some
selected approaches and, in general, do not replicate the textbook presentations.
Three models, representing two different classes of exactly solvable problems, are
discussed: (1) two modes of relativistic generalizations of the harmonic oscillator
(HO) (one known as a particle in a homogeneous magnetic field corresponding to
an axial HO and the second one referred to as the Dirac oscillator corresponding to
a spherical HO) and (2) a charged Dirac particle in the Coulomb field, in the case
of an electron referred to as “the hydrogen-like atom,” represents problems with
spherical symmetry.

Harmonic Oscillators

Relativistic generalizations of harmonic oscillator are neither unique nor trivial. The
simplest approach: setting A = 0, Vi = 0, and Vo ~ 2 leads to a quartic
oscillator with no bound solutions since the effective potential approaches —oo
when r — o0. A harmonic electrostatic potential describes a charged particle
within an infinite uniformly charged sphere. This is rather unphysical and one
may expect that a scalar rather than electrostatic potential is more appropriate
to model the harmonic-type interactions. Indeed, a quartic oscillator with bound-
state solutions results from Vg = 0,V ~ r2. None of these models can
be solved analytically. However, two other models are exactly solvable. In both
the electrostatic and scalar potentials are set equal to zero. In the first model,
corresponding to an axial oscillator, the vector potential describes a homogeneous
magnetic field. In the second one, a non-electrostatic kind of interaction leads to a
spherical oscillator. Very recently an experimental realization of the second model
has been discovered [30].
With VT = V= = 0, Eq. (99) yields

—&1 co-(p+ AN][eu(n] _
|:ca~(p+ A —2Mmc?1 :||:ch(r):|_O' (129)

From here one gets

= OM¢L(r) (130)
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and, using the Dirac relation (14),

1 - M
[%(H AH(p+ A) + © )—e} dL(r) =0, (131)
where
@:5%=5’(1+ ¢ ) (132)
m 2mc?
and
M:VxA+i(ATxA)+(AT—A)xv. (133)

There is a subtle interplay between Galilei and Lorentz covariance of these
equations. Equation (131) transforms according to a spinor representation of the
Galilei group and, thus, is Galilei covariant with the normalization condition for
the two-component wave function: (@ |® ) = 1. On the other hand, the pair of
Egs. (131) and (130) is equivalent to Eq. (129), an eigenvalue equation derived from
the Lorentz-covariant Dirac equation (the Lorentz-covariant equation is obtained
when & > mc? +i3/0t) with the normalization condition for the four-component
wave function: (@ |@ L) + (P s|Ps) = 1. Note that in this case solutions of the
Schrodinger equation may be used to generate the corresponding solutions of the
Dirac equation. In particular, the analytical solubility of the Schrodinger equation
implies that also the corresponding Dirac equation is analytically solvable. The
dependence of the eigenvalues € of the Hamiltonian in Eq.(131) on E is shown
in Fig. 1. The spectrum is bounded from below; the states with the same |E| are
degenerate and in the non-relativistic limit € — &.

Electron in a Magnetic Field

If A describes a magnetic field B, then Vx A = Band A = A’ For a
homogeneous magnetic field, A = B x r/2 and Eq. (131) becomes

2 2 )
[%+§—m[r2—(r-8)2]—u- B—QE] ®1(r) =0, (134)

where B = B /B is the unit vector of B direction,

e
KL = Korbit + Hspin = _%( L+ g S), (135)

is the magnetic moment of the particle,

1
L=rxp S= 50‘, (136)



36 J. Karwowski

¢
1r ]
0
negative ener a positive
continuum 9y gap continuum
-1 . . . .
-2 -1 0 1 E 2

Fig. 1 Eigenvalues € of Eq. (131) versus energy E = & + mc? in units of mc?. The eigenvalues
are bounded from below by —mc?/2 and the minimum corresponds to E = 0. The positive- and
the negative-energy continua are mapped to & > 0. The states @, differing by the sign of energy
A, i.e., corresponding to the same values of | E|, are degenerate

and g is the spin g-factor. The non-relativistic and relativistic quantum mechanics
predicts g = 2 for all spin-1/2 particles. The experimental values (up to seven
significant figures) for electron and for muon are, respectively, g. = 2.002319 and
g, = 2.002332. The deviation from 2 is due to QED effects and is very precisely
predicted by the theory. For composite particles, as proton or neutron, the values of
g are substantially different from 2.

If the coordinate system is selected so that B = {0, 0, B}, then the Hamiltonian
commutes with S; and @, may be expressed as a normalized two-component spinor

1 0
P(r.0) = Dum, (1,0) = da(0) tm, (). 112 = (0) frs = (1)
(137)
with (@Pnm, |Prvm;) = Snnvdm,m;, where n = 0,1,2,... is the principal quantum
number and m; = =+£1/2 corresponds to two projections of spin. In this case

Eq. (134) reduces to the cylindrical harmonic oscillator equation. The eigenvalues
(i.e., the non-relativistic energies) are given by

B 1
Em, = — (n +m, + —) + —=. (138)
m 2
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For a detailed analysis, see, e.g., [1-3]. The relativistic energies may be obtained
from Eq. (132)
2¢
E=&+mc® =£me®[1+—. (139)
mc
In this case the essential spectrum is different than the one of the free Dirac operator.
An infinite set of discrete energy levels numbered by n4my spreads from +mc2[14
(p./mc)?]"/? to 4+o00 and from —mc?[1 + (p./mc)?]'/? to —oo. The corresponding
normalized four-component wave functions can be derived using Eq. (134). After
some algebra, one obtains

1 NTHA fm 2¢
A _ N _
Phim, = W [ L (ox) me]aﬁn(r), T=4/1+ o (140)

T+A

Dirac Oscillator
One of many possible relativistic analogs of the non-relativistic harmonic oscilla-
tors, originally proposed by Cook [31] and then rediscovered by Moshinsky and
Szczepaniak [32], is based on the construction of an exactly solvable Dirac equation
which in the non-relativistic limit gives the Schrodinger harmonic oscillator. This
kind of oscillator may also be defined as a system which is invariant with respect
to a canonical transformation interchanging coordinates and momenta, i.e., its
eigenvalue problem looks the same in the coordinate and in the momentum
representations [33].

Equation (129) is invariant under the transformation p <> r if A ~ i r.In
particular, if A = —i mo r, then

M = —2mw [r x p] = —2mo L (141)
and Eq. (131) yields
p> mo? 5 n 3
— 4+ — L — ——w0—C|P. =0 142
[2m +—= + o ( J?) 70— €[PL=0, (142)

where J = L+ Sand the identitieso - L = J?> — L>— 8% S? = (3/4)1 have
been used. Further analysis is similar to the one of Eq. (134). Details may be found
in [33].

Central Force

The description of the behavior of a Dirac particle in a spherically symmetric
potential is a prerequisite for the construction of relativistic theories of atomic
structure. The potential is centered at the origin of the coordinate system, and
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the corresponding Dirac operator is obtained by setting A = 0, V. = 0, and
Ve = V(r). The set of commuting operators comprises H, J%, Js, P, and K, where

(143)

The corresponding eigenvalues are denoted E, j(j + 1), m;, p = %1, and K, where

o1 . k
k=e(j+§) and e—ZU—I)_m. (144)

Note that some authors, e.g., [4,12,13], use x = —K instead.

Neither the square nor the projection of L commutes with the Dirac Hamiltonian.
Therefore, the Dirac wave function cannot be an eigenfunction of either L? or L.
However, in the Dirac-Pauli representation, large and small components of the wave
function are eigenfunctions of L2, to the eigenvalues I“(I* + 1) and I5(IS + 1),
respectively, with | = ek— (e +1)/2 and |5 = I* + €. Due to this feature, the Dirac-
Pauli representation is particularly useful in describing the angular dependence in
the spherically symmetric problems, and | = I" is used as an auxiliary label of the
eigenfunctions. The common eigenfunctions of J?, J3, and K may be expressed as
[1-5]

|
¢MW“9¢)=[¢mna@}:;{ K, (6.9) Gmﬁq 145)

Ds(r, 6, 4) i VY (0, 9) Fuc(r)

—kmj

where @k'm, may be constructed by coupling m; = +1/2 spin eigenfunctions with
spherical harmonics Y| m; +1/2. Finally, the eigenvalue equation of the Dirac operator
may be reduced to the following system of two radial equations:

Ve +me =B e(=f+5) (6w _ (146)
c(f+9. VO -me—E || Far)

r

Coulomb Potential

Usually the problem of an electron moving in the field of a Coulomb potential is
referred to as “hydrogen-like atom.” In fact, a quantum-mechanical treatment of a
hydrogen-like atom is equivalent to solving a two-body problem with a Coulomb
interaction. In the non- relativistic case, it may be solved exactly (assuming the
interacting particles are point-like). By the separation of the center of mass, the
six-dimensional Schrédinger equation is split into two three-dimensional equations.
One of them describes a free motion of the center of mass and the other one the
relative motion of the electron and the nucleus. In the relativistic case, each particle
has its own time and the interaction is not instant but spreads with the velocity of
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light. Therefore, a relativistic problem of two interacting particles cannot be solved
exactly, and the hydrogen-like atom in the Dirac theory is modeled by an electron
moving in an external Coulomb field with V. = —Z/r, where Z is the “nuclear
charge.” The wave functions are usually expressed in the Dirac-Pauli representation
and are labeled by n, j, k (or I), and m;.

Both large and small radial components may be expressed as products of e =" and
a polynomial, where { = /m?2c2 — E2?/c?. At the origin G (r) and F(r) behave
as r’, where s = vk2— Z2a2. Then, for |k| > 1 the wave function vanishes
for r = 0. However, for k = £1, s < 1 and the radial function is singular. This
singularity is weak and for Za < 1 does not obstruct the normalizability of the wave
functions. The relativistic radial electron density is contracted relative to the non-
relativistic one (the Dirac hydrogen atom is “smaller” than the Schrodinger one).
Besides, it is nodeless since the nodes of the large and small radial components
(except the r = 0 node) never coincide.

The Dirac operator of Eq. (146) for V. = —Z/r has a hidden supersymmetry.
Therefore, the system of radial equations, transformed to the second order, can be
separated [10, 11] giving in effect two Schrodinger-like equations:

d? + 1 27
[‘ﬁ = 22} Roy =0 (147)
p p p
where p = r E/mc?,
o, m?c*
e=mc |1— 72 (148)

Rk = 4+ Gk + g5 Fok, g+ = (k| +5)/2s, - = (k/Ik])/(Jk] —5)/2s.
The spectrum is bounded from below since the negative continuum is shifted to
the positive-energy space and overlaps with the positive continuum. The discrete
eigenvalues are equal to

ZZ

oo (149)

Cnk| = —
where N = n + s — |k|. By combining Egs. (148) and (149), one can get a simple
expression for the discrete energy levels

ZZ

& = ——,
KT TNIN T R)

(150)

where N = /a2 Z2+ n2. The last equation is equivalent to the well-known
Sommerfeld formula. For & — 0, i.e., in the non-relativistic limit, s — |k|, n —
n, N — n. The expansion of the Dirac energy into a power series of («Z)? yields
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Enik :ch[l————(ﬁ—%) + 0 (af z‘))] (151)
where the first term is the rest energy of the electron, the second one is the
non-relativistic (Schrodinger) energy, and the third one is the relativistic (Pauli)
correction.

In the Dirac energy spectrum, apart from shifting the energy levels relative to the
Schriédinger ones, some of the degeneracies are removed. The Dirac energy levels
depend on |k| but not on its sign. In other words, they depend on the total angular
momentum quantum number j but not on /. Then, the energies of the states 2p; />
and 2p;,, are different, while the energies of 2p;/, are the same as that of 2sy ;.
The splitting of the energy levels due to j is called the fine structure splitting. It is
relatively small for small Z, but it grows very fast with increasing nuclear charge
(it is proportional to Z*). Experimental measurements show that the energies of a
real hydrogen-like atom depend on /. In particular the energies of 251/, and 2p,,
are different. For the first time this splitting was measured for the hydrogen atom
in 1947 by Willis Lamb and Robert Retherford. The effect is called the Lamb shift.
It is explained on the ground of quantum electrodynamics. Its value grows rapidly
with increasing Z. For the hydrogen atom, it is equal to 1058 MHz ~ 4-107%eV;
for the hydrogen-like uranium, it is about 468 eV, i.e., by eight orders of magnitude
larger than in hydrogen!

The effects resulting from the finite size of the nucleus, particularly important for
heavy ions, may be treated numerically [12—14]. Their influence on the structure of
the electronic spectrum supplies information about the distribution of the nuclear
charge and about the nuclear shape. The coupling between the nuclear and the
electronic angular momenta is responsible for additional splitting of the energy
spectrum — the hyperfine structure.

Two Dirac Particles

A many-electron time-evolution equation (2) cannot be Lorentz covariant — in a
covariant theory each particle has to have its own time coordinate. Besides, if the
particles interact, then the interaction is mediated by the virtual photons and spreads
with the velocity of light. The corresponding operators have to describe the coupling
with the electromagnetic field and cannot be expressed in a closed form. Also some
introductory steps, like the separation of the motion of the center of mass, cannot
be performed in a Lorentz-covariant model since the center of mass is not well
defined in the relativistic mechanics — one has to use the center of momentum
instead. Nevertheless, relativistic quantum chemistry is derived from many-electron
generalizations of the Dirac equation [12]. The most common approaches stem from
what is called the Dirac-Coulomb (DC) equation — the eigenvalue equation of the
n-electron DC Hamiltonian
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[HPC — Eq] @ =0, (152)

where q labels the eigenstates and d’g") is the n-electron eigenfunction (in order
to simplify the notation, the energy and the wave functions are labeled by the
same index, i.e., the degeneracy is not shown explicitly). The DC Hamiltonian, in a
simplified notation, may be expressed as

1
. (153)
r,-j

HPC(ry, ray..ns 1) = ZH?(rj)‘i‘Z L
i=1

i<j

It is a rather awkward composition of the Dirac one-body operators HY with
electrostatic potential generated by fixed nuclei and a non-relativistic Coulomb
interaction term. A theory derived from this Hamiltonian is evidently non-covariant.
Also after the interaction operator is supplemented by the retardation and magnetic
corrections, the covariance is limited to the terms proportional to o2

The eigenvalue problem of the Dirac-Coulomb Hamiltonian, additionally to
being unbounded from below, suffers from another mathematical inconvenience:
the discrete and continuous spectra of its one-electron part overlap. The wave
functions describing the discrete states are coupled by the interaction term to the
ones describing the continua. In effect, the spectrum of the DC Hamiltonian does
not contain any bound states. All its solutions either belong to a continuum or
are auto-ionizing. This property of the DC eigenvalue problem, discovered by G.
E. Brown and D. G. Ravenhall [34], is referred to as the Brown-Ravenhall (BR)
disease, and the continuum which spreads over the entire energy range (from —oo
to +o00) is known as the Brown-Ravenhall continuum. Most common escape is to
project the Hamiltonian to the positive-energy subspace of the complete Hilbert
space. In practical terms, this means that the many-electron basis, in which the
DC Hamiltonian is represented, is constructed as the Kronecker products of the
one-electron Dirac spinors corresponding to the positive-energy-state solutions of a
Dirac equation. In such a space the algebraic representation of the DC Hamiltonian
corresponds to an operator bounded from below and is free from the BR disease.
The projection method offers an efficient and conceptually simple solution, but it
carries several drawbacks. First, the projected variational space can never approach
completeness. Second, the results of the projection depend upon the choice of
the one-electron Dirac Hamiltonian. Third, an application of this approach in the
case of explicitly correlated wave functions is hardly possible. In practical terms,
all these difficulties have been solved [12—14]. However, the approach cannot
be considered as completely satisfactory from either mathematical or practical
perspective.

New directions aimed at linking relativistic quantum mechanics and quantum
electrodynamics have recently been formulated by Lindgren and Liu in a very
recent series of papers [16—-18]. A complete description of this subject is given in
“Relativistic Hamiltonians™ section of this handbook.
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Non-interacting Particles in an Electrostatic Field

The n-particle Dirac operator describing non-interacting particles in an external field
is referred to as the n-particle Dirac Hamiltonian. It is defined in the n-particle
Hilbert space

AP = AP = 2R @ CY. (154)

According to a definition more precise than Eq. (153), it is a direct sum of n one-
particle Hamiltonians. In the coordinate representation, it is a first-order differential
operator represented in the spinor space by a 4" x4" matrix. Its main features may be
seen already for n = 2, and therefore, for simplicity, the further discussion is limited
to two particles. A reader interested in general properties of n-particle models is
referred to monographs on relativistic many-body problems ([15] and references
therein). Thus, in the case of two identical particles, the Dirac Hamiltonian may be
expressed as

H=H éH =H ®1+18®H,, (155)

where H; and H, denote, respectively, one- and two-particle operators and 1 is
the one-particle unit operator. One should remember that in a direct sum or in a
direct product, the particle number is defined by the position of the corresponding
operator. Thus, H; ® 1 means that H; acts in the space of particle 1 and 1 - in
the space of particle 2. If the particles move in the field of an external electrostatic
potential

Va(ry, r2) = Vi(r) +Vi(r) (156)
then [cf. Eq. (92)]
_[Vi+meH1 c(o- p)
i _[ c@ P (vl—mc2>1]‘ (37

The two-electron Dirac Hamiltonian is a 16 x 16 matrix operator which may be
expressed as

Ho(ri, r2) =
Vy1 cl@-p) cl-p1 0
cl®@e-p) (Vo—2me?H)1 0 clo-p®1
clo-p®1 0 Va=2me>)1 ¢c1® (6- p)
0 co-p®1 cl®@0-p) (V,—4med)1

(158)
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where
p3 0 pi—ip. O
0 P3 0 pi—ip2
o - X1 = . (159)
@ P p1 +1ip2 0 —Ps3 0
0 pi+ip2 O —P3
Ps  P1—ips3 0 0
pi +ip2 —P3 0 0
1Q (0 - = . 160
@ P 0 0 P P1—ip2 (160)
0 0 pi+ip2 —p3

If the particles are identical, then, according to the Pauli principle, the Hilbert
space " in which the eigenvalue problem of the n-particle Dirac Hamiltonian is
defined has to be reduced to its antisymmetric subspace AP = P . Thus, if
¢£1) and difjl) are eigenfunctions of H; to the eigenvalues E, and Ey, respectively,
then

Hyo? = EQ o) (161)
where
1
o? = 5 [cpg“ 20" -0 g qbgw] . (162)

is an antisymmetric eigenfunction of H; to the eigenvalue E ﬁ) = Eél) + Eél). The
16-component two-particle wave function expressed in terms of large and small
components of the one-electron spinors reads

o) o) — o) @ 0") 2

00— L POy P @ | | B, 163)
2| of) ® o) — ) ® ¢ oy,
o) ® o) — o) ® o) DG

From here one can easily get the symmetry properties of the two-particle
components:

(2 (2
(12)®, = -1,

2 2
(12)0(] = —og),
(2 (2) (164)
(12)®g = -/,

2 2
(1200 = -0
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Fig. 2 Spectrum of the Dirac Hamiltonian with an external potential supporting bound states for
one electron (a) and for two non-interacting electrons (b). In the one-electron case, there are two
continua: CT and C~ corresponding, respectively, to the positive- and to the negative-energy
states. The discrete energies, DV, are located in the energy gap between the two continua.
The continuum C5 of the non-relativistic Schrodinger model overlaps with C™T. In the two-
electron case, the states with both electrons occupying the same one-electron continuum generate
either upper or lower continuum, C T+ and ¢, respectively. The Brown-Ravenhall continuum,
ct, spreads from —oo to +00 and comprises two-electron states with one electron in Cct and
the other one in C™ . If one electron occupies a discrete state and the other one C + / C™, we get
the continuum €t / €Y associated with the one-electron ionization. The discrete two-electron
energies, D, correspond to both electrons in D" and are located between €~ and C ++

where (12) is the transposition operator of the particles and the indices ab have been
omitted.

The structure of the two-electron spectrum resulting from different combinations
of the one-electron states is shown in Fig.2 and in Table 2. As one can see, apart
from the positive and negative energy continua (similar to the one-electron case)
and the continua associated with the ionization of one of the electrons, the Brown-
Ravenhall continuum spreads over the entire energy range. All discrete states of
the two-electron Hamiltonian are degenerate with the states of this continuum.
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Table 2 Structure of spectrum of two-electron Dirac Hamiltonian

One-electron states | Two-electron states

EY Eél) Ea(i) =E" + E}()l) Range® Description

b | p® D® (=2mc?, +2mc?) Discrete

ct ct ctt (2mc?, +00) Positive continuum

c |Cc” c - (—o0, —2mc?) Negative continuum

ct |c” ct= (—o0, +00) Brown-Ravenhall continuum
pY | ct it (2mc2 - Eél), —i—oo) Positive-energy ionization
c- |p® c- (—oo, —Eé”) Negative-energy ionization

Z‘E((il) — discrete one-electron energy level

However, the discrete states are well defined and do not contain any contribution
of the BR continuum as long as the electron interaction terms are neglected.
Thus, the discrete solutions of the two-electron Dirac equation can be exactly
determined. In particular, one can eliminate the influence of the BR continuum
by the separation of the two-electron eigenvalue problem to two independent one-
electron problems.

The structure of spectra composed of mutually overlapping discrete and continu-
ous sections and also containing auto-ionizing states may be efficiently studied using
the complex coordinate rotation (CCR), also known as the complex scaling, method
[28]. The basic theorem of the method says that the transformation r — re'?
performed on the Hamiltonian does not change the bound-state energies while the
continua move to the complex plane. After the transformation the Hamiltonian
is non-Hermitian and its eigenvalues z are complex. The energies are equal to
E = Re(z), and the imaginary parts, in the case of auto-ionizing states, are
related to their widths I" = —2 I'm(z). The spectra of one- and two-particle Dirac
Hamiltonian, after the rotation by 6, are shown in Fig.3. The discrete levels are
separated from the continua, and each continuum occupies a specific area in the
complex plane.

The ideas based on CCR, recently applied in numerical studies of spectral proper-
ties of two-electron Dirac operator [35], present a useful tool for a description of the
structure of the computed spectrum. In a discrete representation, the eigenvalues of
the Hamiltonian matrix corresponding to the discrete and to the continuum states are
mixed and in many cases are difficult to distinguish. In the CCR calculations, using
the same basis set as in the standard ones, one can see which eigenvalues correspond
to the well-described discrete energies, which ones to the well-described continuum
states, and which ones to poorly described mixtures. This kind of diagnostics may
be done in both one- and two-electron calculations. Also the pedagogical features
of CCR are worth noticing. The structure of the two-electron DC spectrum is
complicated and difficult to describe using the traditional formalism. With CCR, one
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—2mc?

—2mc?

—Im(z)

Fig. 3 The same as in Fig. 2 but after complex coordinate rotation by the angle 6. The continua
are represented by lines and strips extending towards the imaginary axis. The dots in the real axis
represent the bound-state energies. Now the Schrodinger and the positive Dirac continua, C5 and
1, respectively, are separated

can easily distinguish different kinds of continua and explain what is the meaning of
the statement that the non-projected DC Hamiltonian of interacting particles does
not have bound states. The essential difference between two Coulomb-confined non-
interacting and interacting electrons becomes much easier to discuss with the picture
of the CCR spectrum in hand.

In the non-relativistic limit, Eq. (161) transforms to the two-electron LL equation:

©-p)2Pis+ (0 ph PsL = & D',
(@ - p) @ =2m ", (165)
(6-p) P = 2m PS5t
The elimination of @5 and ®5" gives a two-electron Schrodinger equation.
Two Interacting Particles
The interaction operator couples the one-electron states with the states of the

Brown-Ravenhall continuum. As a consequence, the DC Hamiltonian, as defined in
Eq. (153), has no bound-state solutions. It can be used for a description of physical
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properties of many-electron systems if it is projected to the positive-energy subspace
of the Hilbert space. In the case of two electrons, this implies using a projected
Hamiltonian

HYH (r1, 1) = T (DTT QHYC (11, 1) T (2)TI1 (1), (166)

where the projection operators, defined in Eq. (84), have to be related to a specific
one-electron Hamiltonian — they project on the space of the positive-energy states of
this very Hamiltonian. The resulting model is known as the no-pair approximation
since it cuts off a possibility of the creation of virtual electron-positron pair. It
suffers from many drawbacks [12, 13, 15], but it is a basis for computationally
stable and most commonly used approaches [12, 13]. A discussion of beyond-no-
pair approaches may be found in a recent work by Liu and Lindgren [17].

A simple and transparent way of solving relativistic many-electron problems is
based on using a representation of the Dirac-Coulomb Hamiltonian in the Fock
space. A discussion of this subject may be found, e.g., in [12, 13].

Summary

Contrary to the logically closed non-relativistic quantum mechanics, the relativistic
one suffers from many inconsistencies and artifacts. In particular, exact many-
particle generalizations are not possible, and the one-particle formulation requires
introduction of infinitely many particles which are not described by the mathemat-
ical formalism. All contradictions and conceptual difficulties have been removed
by quantum electrodynamics, a complete theory of electromagnetic interactions.
But, in chemical applications, relativistic quantum mechanics cannot be replaced
by quantum electrodynamics due to complexity of the latter. However, over the
last several decades, the sources of artifacts generated by the relativistic quantum
mechanics have been identified and efficient algorithms for solving many-electron
relativistic equations have been developed. As it was already mentioned, the
construction of a bridge between relativistic quantum mechanics and QED based
on solid mathematical foundations started several years ago and has been presented
in recent works [15—18] and in section Relativistic Hamiltonians.

Apart from the works aimed at developing approaches which are directly linked
to the QED limit of relativistic quantum mechanics, studies on mathematical prop-
erties of different forms of the Dirac-Coulomb Hamiltonian attract attention of some
researchers. In particular, an interesting and important monograph by Moiseyev
[28], concerned with non-Hermitian quantum mechanics, shows possibilities of
some nonstandard ways of approaching problems which in traditional terms would
be classified as “ill defined” [35].

Acknowledgements The author is most grateful to W. H. Eugen Schwarz, Wenjian Liu, and
Christoph van Wiillen for their comments. A discussion with Trond Saue is gratefully acknowl-
edged.
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Introduction

In a large part of chemistry and physics, atomic nuclei are considered mainly as
massive point-like centers of positive charge, which attract the surrounding electrons
and repel other nuclei. The attractive and repulsive Coulomb interactions between
the constituents of matter, as well as their kinetic energy, must be balanced if
matter shall form stable structures. The application of quantum mechanics to the
problem of describing the behavior of electrons and nuclei under these interactions
finally leads — in combination with structure optimization according to the energy
minimization principle — to the understanding of stable molecular and crystalline
structures as representations of local minima on high-dimensional total energy
hypersurfaces.

The simplistic description of atomic nuclei just mentioned above requires
refinement in various aspects. On the one hand, the nuclei are known to be extended
(or finite) objects, composed of smaller constituents (nucleons or quarks) bound
together by the strong force (mediated through exchange of mesons or gluons).
This strong force outweighs the repulsive electromagnetic interaction between the
positively charged nuclear constituents in stable nuclei. Consequently any spatial
nuclear property should be represented by an extended distribution, instead of a
Dirac delta distribution (finite nucleus case, FNC, versus point-like nucleus case,
PNC). On the other hand, the atomic nuclei, which frequently also have a magnetic
dipole moment, can serve as most natural and most sensitive probes of the electronic
structure of matter. Several experimental techniques, e.g., nuclear magnetic or
quadrupolar resonance spectroscopy (NMR, NQR) and Mossbauer spectroscopy,
take advantage of this fact.

It follows already from these quite general considerations that a closer exami-
nation of models for extended nuclei is of importance in all quantum mechanical
studies aiming at an accurate representation of the electronic structure in atoms,
molecules, and solids.

The present chapter deals with the representation of extended nuclei in theoretical
approaches to the problem of electronic structure. The next section provides a rather
general discussion of the properties of atomic nuclei, including a look at the current
status of the chart of nuclides. Then follows a section that treats nuclear charge
density and magnetization distributions in greater detail, with particular emphasis
on spherically symmetric nuclear charge density distributions and purely dipolar
nuclear magnetization distributions. Finally, the importance of extended nucleus
models in several areas of relativistic quantum chemistry and atomic and molecular
physics is demonstrated.

Nucleons and Nuclei

For the purpose of studies of the electronic structure of atoms, molecules or periodic
systems (polymers, layers, surfaces, crystals), the atomic nuclei may be regarded as
compact objects carrying positive electric charge and possibly a magnetic moment.
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Table 1 Experimental values of some properties of the nucleons and other subatomic particles

(17

Charge Mass ratio Magnetic moment
Particle ratio g/e | m/m, g Factor” w(@in 10726 3T
Proton (p) | +1 1836.15267389(17) | 5.585694702(17) 1.4106067873(97)
Neutron (n) | 0 1838.68366158(90) | —3.82608545(90) —0.96623650(23)
Electron (e) | —1 1 —2.00231930436182(52) | —928.4764620(57)
Muon (@) —1 206.7682826(46) —2.0023318418(13) —4.49044826(10)

2The numerical value of the standard uncertainty, given in parentheses, refers to the corresponding
last digits of the quoted result
bSee [2] for the adopted convention on sign of g factors

The nuclei can be considered as being composed of protons (p), carrying an electric
charge g, = +e (e denotes the elementary charge), and neutrons (n) with g, = 0.
These particles are hadrons, i.e., they are subject to the short-ranged attractive strong
nuclear force (which overcomes the repulsive Coulomb interaction between the
protons). They are the lightest members of this kind of particles, and they have
nearly equal mass (see Table 1). Hence, the term “nucleon” has been introduced and
is being used to cover both protons and neutrons.

The nucleons are fermions with spin (intrinsic angular momentum) s of squared
magnitude s*> = s(s + 1)%%, where s = 1/2 is the associated spin quantum number
and & = h/(2n) is the reduced Planck constant. Both types of nucleons have
an intrinsic magnetic dipole moment u; = y;s = giuns/h (i = n, p), where
un = eh/(2m,) denotes the nuclear magneton (1, is the mass of the proton).
These relations define two scalar quantities, the nuclear magnetogyric ratio y; and
the nuclear g factor g;. Their sign shows whether the two vectors s and u; are
oriented in parallel or antiparallel. The scalar quantity u; = sg;un is frequently
simply called the “magnetic moment.” Recommended values [1] for these quantities
are shown in Table 1, which includes also corresponding data for the electron (e)
and the muon () for comparison. The nucleons have no other higher electric or
magnetic multipole moments beyond the electric monopole moment (charge) and
the magnetic dipole moment.

It is known that the nucleons are extended rather than point-like objects (in
contrast to the electron, which has neither substructure nor smaller constituting com-
ponents according to present-day knowledge). As for any other quantum mechanical
system, the answer to the question of the size of the nucleons, expressed in terms
of some radius, depends on the property or quantity being studied (size of the
distribution of mass, of charge, or of magnetic moment) and on the probe being used.
There are currently available two significantly different values for the proton rms
charge radius [1,3]: rl‘;'h = 0.8751(61) fm (from H and D transition frequencies and
electron-proton scattering) and r}fh = 0.84087(39) fm (from Lamb shift in muonic
hydrogen). The disagreement is not yet understood and should in fact be absent
if both electron-proton and muon-proton interaction were purely electromagnetic

mag

and of identical strength. The proton magnetic radius is r, - = 0.777(16) fm [3].
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Also available are values for the neutron mean square charge radius, ((r,fh)z) =
—0.1161(22) fm?, and for the neutron magnetic radius, ry ° = 0.862(9) fm [3].

Neither the proton nor the neutron is an “elementary particle”; they are both
composed of smaller constituents called quarks: p = (uud) and n = (udd), where
u denotes the up quark (¢, = +2/3 e) and d denotes the down-quark and e
denoting elementary charge (q¢ = —1/3 e). These quarks, spin-1/2 fermions
themselves, are susceptible to elektroweak and strong interactions. They are bound
together through exchange of gluons, the massless spin-1 gauge bosons of the strong
nuclear force. The detailed study of this strong interaction is the domain of quantum
chromodynamics (QCD) and is beyond the scope of this chapter.

The two integers proton number (nuclear charge number), Z, and neutron
number, N, completely specify a nuclide, i.e., a type of atomic nucleus. Their sum
A = Z + N, the nucleon (or mass) number of the nuclide, is used together with
the element symbol X to denote a particular isotope of that element (41X, e.g., 2H,
"Li, 12C, 4K, 2™ Hg, 23¥U). An atomic ion with 1 electrons can then be denoted as
AX@Z=m* (0 < n < Z), but this notation does not allow to distinguish between
the bare nucleus (n = 0, 4X denotes the nuclide) and the neutral atom (n = Z,
4X denotes the atom). Recent editions of the chart of nuclides [4,5] provide data for
more than 3000 experimentally observed nuclides (see also Fig. 1). The nuclides can
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Fig. 1 Chart of nuclides showing stable nuclides (black dots) and primordial radionuclides (blue
dots) tracing out the bottom of the “valley of stability,” as well as artificial radionuclides with
longest confirmed half-life (for Z = 43, Z = 61 and Z > 83, red dots). “Magic” proton/neutron
numbers are indicated by horizontal/vertical lines (All data taken from [4])
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Table 2 Some ground-state properties of selected nuclides #X (nuclear spin quantum number /
and parity label 77, magnetic moment p, electric quadrupole moment Q, rms charge radius a)

Nuclide I uP/ un Q°¢/mb a/fm
n 12t —1.91304273(45) - -
'H 12t +2.7928473508(85) - 0.8751
24 1+ +0.8574382311(48) 2.860(15) 2.1421
TLi 32 +3.256427(2) —40.1 2.4440
2c ot - - 2.4702
e 12~ +0.7024118(14) - 2.4612
0K 4= —1.298100(3) —73 3.4381
200Hg ot - - 5.4551
201Hg 32~ —0.5602257(14) 387(6) 5.4581
25y 7= —0.38(3) 4936(6) 5.8337
28y ot - - 5.8571

From [5]

YFrom [1,9]

°From [10], in millibarn (1 mb = 103! m?)
dFrom [1,20]

be grouped further into four classes, depending on whether the proton and neutron
numbers are even or odd.

The full characterization of a stationary state of an atomic nucleus requires, of
course, further quantities, in addition to proton and neutron number. These include
the nuclear spin quantum number / and the parity 7 of the state, usually denoted
together in shorthand as /™ (see Table 2 for some examples). Nuclei with even mass
number A have integer spin quantum numbers (they are bosons), whereas those
with odd mass number have half-integer spin quantum numbers (they are fermions).
The fact that all even-even nuclei in their ground states have I = 0 supports
the suggestion that the nucleons tend to couple their individual spins pairwise,
similar to the way of spin coupling known from the electrons. In consequence, the
uncoupled (or valence) nucleon(s) are primarily responsible for a resulting nonzero
total nuclear spin.

In general, the nuclear spin quantum number / characterizes the state-specific
nuclear angular momentum (nuclear spin) I of squared magnitude I> = I (1 4 1)A?.
The existence or nonexistence of nuclear electric and magnetic multipole moments
is intimately related to the nuclear spin (and to the assumption that parity is a
good quantum number for stationary nuclear states) [6]. There exist then nuclear
multipole moments of all orders 2/ with 0 < [ < 2I. More specifically, electric
multipole moments require / to be even, and magnetic multipole moments require
[ to be odd. Hence, electric multipole moments of lowest order are the electric
quadrupole moment (! = 2) and the electric hexadecapole moment (/ = 4), whereas
magnetic multipole moments of lowest order are the magnetic dipole moment
(I = 1) and the magnetic octupole moment (/ = 3).

With a nuclear state function at hand, denoted as [vIM;) (-1 < M; < I,
and v includes any additional quantum numbers required), all properties of the



56 D. Andrae

corresponding nuclear state could be evaluated, in principle. Nuclear properties of
interest for (nonrelativistic or relativistic) electronic structure calculations include,
in particular:

(1) the particle number density distributions for protons, n,(r), for neutrons, 7,(r),
and for nucleons, 7,,.(r), which are connected through

AN (r) = Zny(r) + N ny(r), /d3r n;(r)=1. D

(2) the nuclear charge density distribution p(r), normalized to the total nuclear
charge

/d3rp(r) = Ze. )

(3) if I > 0, the magnetization (or magnetic moment density) distribution m(r),
normalized to the nuclear magnetic dipole moment g

/d3rm(r) =p=yl, y=gun/h 3)

Here y and g denote, respectively, the magnetogyric ratio and nuclear g factor
of the nucleus under study.
(4) if I > 1/2, the nuclear electric quadrupole moment Q

[ €162 =00 =[5 [ Errvaiinm = e @

(more precisely, the nuclear charge density distribution in this integral is the
one obtained from the nuclear state function |vI1) [7]; Y (F) is a standard
spherical harmonic; the position unit vector # = r/r is equivalent to the two
angular coordinates in the spherical coordinates system). A nonzero value of Q
indicates a deformed nuclear charge density distribution that is not spherically
symmetric. An axially symmetric nucleus with the shape of a prolate ellipsoid
has a positive quadrupole moment (Q > 0), whereas a negative quadrupole
moment (Q < 0) occurs when the shape is oblate ellipsoidal.

The nuclear magnetic dipole and electric quadrupole moments give rise to the
so-called hyperfine interaction, i.e., the interaction of the electrons with nuclear
multipolar moments. Therefore, these multipole moments can be extracted from,
e.g., hyperfine splitting (hfs) data derived from optical spectroscopy but also
from data obtained from electron paramagnetic resonance (EPR), nuclear magnetic
resonance (NMR), and nuclear quadrupolar resonance (NQR) spectroscopy. At
present, the combination of accurately measured nuclear quadrupole coupling
constants (NQCC) e2¢Q/h with electric field gradients (EFG) eq obtained from
sophisticated quantum chemical calculations provides the best way of access to
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accurate nuclear electric quadrupole moments Q (see [8] and references therein for
further details of this approach). Extensive tables are available that provide critically
reviewed data of nuclear magnetic dipole moments [9] and electric quadrupole
moments [9—11] (see also [12,13]). A small subset of such data is exemplarily shown
in Table 2.

As shown above, the nuclear electric monopole moment (charge) and the
nuclear multipole moments are integrated quantities. Hence, they do not provide
any detailed information on the nuclear charge density distribution p(r) and the
nuclear magnetization distribution m(r) but have instead the role of normalization
constants. Details of the nuclear charge density and magnetization distributions
are accessible through elastic electron-nucleus or myon-nucleus scattering, and the
information gained from these experiments has been parametrized in terms of model
distributions [14—16] (see the next section for further details).

The most important nuclear parameters, extracted from these studies, are the
size parameters (rms radii a, see also [17-20]) and measures for the diffuseness of
the charge density distributions in their peripheral region (skin thickness ¢, i.e., the
radial distance over which the distribution decreases from 90 % to 10 % of its central
value). Values for the rms charge radius a are included in Table 2. In comparison
to the typical dimensions of atomic and molecular structure (1A = 107! m), the
atomic nuclei are about five orders of magnitude smaller (1 fm = 107> m). In the
case of absence of experimental data, a good approximate value for the rms charge
radius @ of nuclides X close to the bottom of the “valley of stability” (see Fig. 1)
can be obtained from the mass number [21]

a(*X)/fm = 0.8364'% +0.570, A > 9. 6))

This relation may be augmented with a relation between mass number and proton
number, like [22]

A(Z) = 4.467-1073224+2.163Z —1.168, 1 <Z <100, A(1)=1, (6

to obtain rms charge radii changing monotonously and rather smoothly in a sweep
through the periodic table, allowing extrapolation even to superheavy elements
(Z > 100). A more general expression for rms charge radii, dependent on mass
number A and neutron excess N — Z, is [23]

1 N-Z
a(Z,N) =rghA3 (1 + thz + st I ) , A=Z+N, (7
with parameters r§" = 1.240fm, " = 1.646, ¢S = —0.191. Equation (7)

describes particularly well the rms charge radii of even-even nuclides and may be
used for other nuclides too. The other parameter, the skin thickness ¢ of the nuclear
charge density distribution, is practically constant for nuclei with sufficiently large
mass [17]:

t =23fm, A>45. (8)
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Simple, but already quite realistic models for the charge density distribution that
depend on just one or two parameters can be (and always should be) standardized
to data for rms charge radius a and skin thickness ¢, whenever such data are
available. Parameter values for three widely used extended nuclear charge density
distributions (the homogeneous, the Gauss-type, and the Fermi-type distributions;
see next section for details), which are in accordance with such a standardization,
are available [24].

Nuclear Charge Density and Magnetization Distributions

From static distributions of the nuclear charge (p(r)) and of the nuclear magnetic
dipole moment (m(r)), the electrostatic scalar potential @ (r) and the vector potential
A(r) are obtainable. Both are required for (nonrelativistic or relativistic) electronic
structure calculations. The details are as follows [25]:

(1) the nuclear charge density distribution p(r) leads to the scalar potential

1 /

Ir—r|

which contributes via the nuclear potential energy function V. (r) = ¢.@(r) =
—e®(r) to the potential energy of the electronic system. The electric field
generated by the nucleus is E(r) = —V@(r) = —grad®(r).

(2) the nuclear magnetization distribution m(r) gives rise (within Coulomb gauge,
V -A = 0) to a vector potential

V/ /
A(r) = ﬂ/d%’—x mr), (10)
4 lr—r'|

The magnetic field generated by the nucleus is B(r) = V X A(r) = curl A(r).

These relations assume that the charge density and magnetization distributions, as
well as the potentials and the fields, vanish at infinity. The scalar potential @(r) and
the vector potential A (r) then enter into the Hamiltonian of the electronic structure
calculation at the usual places.

Spherically symmetric charge density distributions and purely dipolar magneti-
zation distributions are of largest importance for the practical work of calculating
the electronic structure and other properties of matter. The following subsections
provide detailed information on such distributions. The system of units is changed
to atomic units (b = e = m, = 4meg = 1, uo/(4m) = a?, a ~ 1/137 denotes the
Sommerfeld fine structure constant).
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Spherically Symmetric Charge Density Distributions

The fundamental working equations for spherically symmetric nuclear charge
density distributions are given below. The presentation follows closely [22,26].

Given is a spherically symmetric nuclear charge density distribution, p(r) =
p(r), that is properly normalized,

/d3rp(r) = 471/oodr rp(r)=Z. 1n
0

Radial expectation values of this normalized charge density for an arbitrary function
of the radius, f(r), are then obtained from

dr [ )
(FON =5 [ drrf@)p0). (12)
0
Of particular importance are the expectation values of integral powers of the radius
k A 0
(I" ) = 7 drr Io(r)’ kmin =< k = kmaxa (V ) =L (13)
0

For k < ki, the integrand becomes singular at the lower boundary, whereas a finite
upper limit ky,x (kmax < 00) applies only for charge density distributions that do
not decrease rapidly enough as r approaches infinity. Also of interest is

4 [ )
(In(r)) = — drr=1n (r)p(r). (14)
Z Jo
These expectation values are related to the moment function [27],
M(p) = (r")"/7 (p # 0), M (0) = exp ({In(r))) . 15)

Hence, the rms charge radius of p(r) is a = (r?)'/> = M (2). The nuclear charge
form factor, a quantity of importance, e.g., in elastic electron-nucleus scattering, is

4 oo
Fag) =5 [ arPintanne) = (i) 16)

(see the appendix to this chapter for the definition of the spherical Bessel functions
Jn(x)). The form factor depends on the magnitude of the transferred linear
momentum, ¢ = |p; — p;| (initial momentum p;, final momentum py, |p;| = |ps),
and is an even function (F(—q) = F(q)). Its power series expansion for small ¢,

(—1)k I
F(g) = Z(2k+1)' (r7)q* = 1= 207> + 0(q"). (17
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relates the form factor to the radial expectation values (r>) (k > 0) of the nuclear
charge density distribution. Equation (16) can also be understood as a Fourier-Bessel
(or Hankel) integral transform (of order zero). There exists therefore an inverse
integral transform relation,

[e.]

z
p(r) =3 i dq ¢* jo(qr) F(q). (18)

that would allow to obtain the charge density distribution itself directly from
the charge form factor if the latter were accurately known from the scattering
experiments over the full infinite range of g. This, however, is not the case. The
experimentally available data for F(q) always require augmentation for both very
small and very large values of the transferred momentum.

The spherically symmetric nuclear charge density distribution p(r) leads to a
spherically symmetric potential energy function V. (r), given implicitly as

r o0
—1Vaue(r) = 4n (/ ds s2p(s) + r/ ds sp(s)) . (19)
0 r
The first and second derivatives of this potential energy function are
nuc(r) HllC(r) A dS S2p(S), (20)
d2
Viaae(r) = 575 Viue(r) = 4o p(r) — m(r) @1

The potential energy function V,,.(r) is, in general, continuous and differentiable.
Charge density distributions p(r), which have a discontinuity at some radius r = R,
lead to a discontinuity only in the second and all higher derivatives of V,.(r) at
that same radius. The power series expansions for small r of the charge density
distribution,

-1
p(r) = Z pnr™ = —— + po + pir + O(?), (22)

m=—1

and of the potential energy function,

o0
Vaue(r) = Y _wer® = vo + vir + 0(r?), (23)
k=0

are related through

47

— A =
Vo (r7), Uk KD

pr—2, k=1 24)
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Fig. 2 Spherical charge density distributions p(r) (with indication of their rms radius a =
(r2)172). Upper row: (a) Homogeneous or uniform distribution, (b) Gauss-type distribution, and
(¢) Fermi-type distribution (with & = 0.15). Lower row: (d) Fourier-Bessel distribution for nuclide
12C [18] and (e) sum-of-Gaussians distribution for nuclide '>C [16] (See text for further details)

The coefficient vg = V. (0) represents the depth of the potential well generated by
the extended nuclear charge density distribution.

The remaining parts of this subsection provide details for some widely used
charge density distributions p(r), shown in Fig.2, including expressions for the
expectation values (r*) and (In(r)) (as required for the moment function), and for
the corresponding electrostatic potential energy functions V. (r). The expression
for the form factor F(g) is included as well in some cases.

The definitions of special mathematical functions and expressions occurring at
several places below are given in the appendix to this chapter.

Point-like charge density distribution:

Po

p(r) = pod(r) = —58(r).  po=Z. 25)
r
Form factor:
F(g) = 1. (26)
Potential energy function:
z
Vnuc(r) = - (r >0). (27)

r
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Homogeneous (or uniform) charge density distribution (see Fig.2a): This
piecewise defined distribution has a single parameter, the model-specific radial size
parameter Ry.

3Z

_— 28
4”R13-1 (28)

p(r) = po@(Ru—r), po=

Expectation values required to evaluate the moment function M (k) (k integer):

3

1
- _~ PRk > — = — =
13 Ry (k> -=2), (In(r)) = In(Ry) 3 (29)

(rk) =

The relation Ry = /5/3 a adapts the model-specific radial size parameter Ry to
the rms radius a of a given nuclear charge density distribution.
Form factor:

Flg) = i]l(q Ru). (30)

Potential energy function:

3Z 1 r?
g\ T3my) 057w
Vnuc(r)z H H

—_ r > RH.

€29

Gauss-type charge density distribution (see Fig.2b): This distribution has a
single parameter, the model-specific radial size parameter Rg.

1 3Z

= —r? R2 = . 2
p(r) = poexp (—=r*/RE).  po TG/ k. (32)

Expectation values required to evaluate the moment function M (k) (k integer):

3 I'((k+5)/2) VE

k k

= R k>-2 1 =In(Rg/2)+1—-—

=3 ras R (k=2 () =In(Ro/2)+ 1~ 7.
(33)

The relation Rg = /2/3 a adapts the model-specific radial size parameter Rg to
the rms radius a of a given nuclear charge density distribution.
Form factor:

F(q) = exp(—¢°Rg/4). (34)
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Potential energy function:

Vielr) = —Zerf(r/ Ro). (35)

Fermi-type charge density distribution (see Fig.2c): This distribution has two
parameters, the model-specific radial size parameter Rg and a parameter b(0 <
b < 1) related to the skin thickness t = Rjy — Ryp.

r—RF - C r—RF
=Cl1 = — {1 —tanh , 36
o) { +eXp( bR; )} 2{ a (2bRF)} o
1 3Z C
C = = . p(0) = pp = —, =1+e 37
po f 617 75(1/b) 4n R} p(0) = po 7 f +e (37
9 C Lo 1
Rgp) = —po, Rp) = —, Rsp) = —, Rip) = —po, 38
p(Roo) 0P p(Rg) > p(Rs0) 5 p(R10) 0P (38)
RSO _ _ —1/b
=@ f —D=1+bn(+e /). (39)
F
1 90f—-9  81+90e/?

— =5l

=9y S e 7 40
Re " M10f =9 "M T 11061 (40)

Expectation values required to evaluate the moment function M (k) (k integer):

_ (k+2)!Fi0(1/b)

k k
) = sy R (2 ), (1)
_ “(1/b)
(In(r)) = In(bRF) + m 42)

From these expressions follows for the ratio of skin thickness ¢ to rms radius a

a

(43)

t Z>(1/b) 1/21 81 4+ 90e~ /%
= —=——= n—————.
12.74(1/b) 1+ 10e-1/%

The three ratios Rso/ R, t/ Rg, and t /a, each of them a function of the parameter b
alone, are shown in Fig. 3. For sufficiently small values of (b < 1/10),

Rso ~ Ry, RLF ~ (41n(3))b, 2 ~ (4\/5 1n(3)) b. (44)

The relations (41) and (43) can serve to adapt the two model-specific parameters to
given data for nuclear charge rms radius a and skin thickness ¢. First, inversion of
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Fig. 3 Important length ratios for the Fermi-type distribution, shown as functions of parameter
b. (a) Rso/Rg (see Eq.(39)), (b) t/Rk (see Eq. (40)), and (c) t/a (see Eq. (43)). The dashed lines
represent the simple relations of Eq. (44)

Eq. (43) gives the parameter b, and then the model-specific nuclear size parameter
Rg follows from Eq. (41) with k = 2.
Potential energy function:

Z _ ﬁz(l/b,z)

a7
Von(r) = 4 | N F1(1/b,2) o

Z 1
F(1/b) 2 (b)) | 5T bRy

(45)

Fourier-Bessel charge density distribution (see Fig.2d): This piecewise defined
distribution is a “model-independent” representation of the nuclear charge density
distribution as derived from electron scattering data [28] (see [16, 18] for sets of
parameters). It vanishes exactly for r > Ry.

K
p(r) = C@(Rcut_r)zavj()(QUvr)a QURcut =vr, (46)
v=1
K
1 V4
L 0 =CY a, 47
5 anrn PO ;a (47)

The values obtained from the finite expansion (46) are not strictly nonnegative. The
coefficients a, are usually given to only five significant digits (at most) and may
alter in sign. A global factor C was introduced above to ensure exact normalization.
Expectation values required to evaluate the moment function M (k) (k integer):

Sk
k k
= —R

(r) S, et

a,
(vmr)?

K
(k > —=2), (In(r)) = In(Rew) — Si > Si(v).
0 v=1

(43)
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The auxiliary functions Sy are

K v
Si = 2#@@@, I (vm) = /0 dr 1572 jo(0). (49)

The integrals I (v7r) can be evaluated recursively from

1_,(vm) = Si(vm), I_(vr) =1—(-1)", (50)
I (v) = —k(k + ) s (vr) — (=) ()" (k > 0). (51)

Potential energy function:

4 1 X a,
- (1 + < Z ZJO(QUr)) 0=<r = Re.
Viwe(r) = §CU[ So v=1 (v7) (52)
T r > Rey.

Sum-of-Gaussians charge density distribution (see Fig. 2e): This distribution is
a “model-independent” representation of the nuclear charge density distribution as
derived from electron scattering data [29] (see [16] for sets of parameters).

K

p(r) -C Zav {exp (_Zi-) + exp (—Zz_)} , Z+ = (r + Rv)/y7 (53)
v=1
K R2 1 0Z 1 ¢

PO =20 Yaew(=2). @= g c=Le

(54)

Each term of the finite expansion (53) is located at a different radius r = R, and
carries a fraction Q, of the total charge Z(0 < Q, < 1). A global factor C
was introduced above to ensure exact normalization. The parameter y determines
the minimal width of representable structures. It is related to the full width at
half-maximum (FWHM) value I" of a nonsymmetrized Gauss-type function and
to the rms radius ag of a symmetrized Gauss function located at the origin

(R, = 0) through y = I'/ (2 In (2)) = /2/3 ag. Hence, every term of the
sum-of-Gaussians expansion represents the charge density distribution only within
a spherical shell of radius » = R, and of approximate width I".

Expectation values required to evaluate the moment function M (k) (k integer):

K
k I (Ry /) - _
V20 Ry = 43
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The auxiliary functions

L) =T (k kA 3) exp(—u’) 1 Fy (1%3 %; uz) (56)

can be evaluated recursively from
() =Vm. L) = Vruerf(u) + exp(—i). (57)
1) = 30k 414200 — kk—Dlia@ k=0, (58)

where it is understood that the last term of the recursion relation does not contribute
for k = 0 and k = 1. In addition,

: R?
(In (r)) = 1n<y)+cf2 ,0(53 - p(—y—;)L(Rv/y), (59)
L =3 vG +3pE (60)

Jj=0
Potential energy function:

K

JT R?

+2% %[erf(z+) —erf( )] + % R7 [exp(—24) - eXp(—zz—ﬂ} D

The last two, rather elaborate representations of the nuclear charge density
distribution, the Fourier-Bessel distribution (Eq.(46)) and the sum-of-Gaussians
distribution (Eq. (53)), have not been used in electronic structure calculations up
to now, despite the fact that they are the most realistic distributions among those
presented here. The main reason for this is that electronic structure calculations
with finite nucleus models are certainly sensitive to the rms charge radius but rather
insensitive to any other further parameters or details of the models. Therefore, the
simple models, with just one or two parameters, are usually fully sufficient for the
intended purpose. The examples shown below, in the following section, provide
further support for these arguments.

Dipolar Magnetization Distributions

Magnetization distributions having just a magnetic dipole moment and vanishing
higher magnetic multipolar moments are the simplest form of such distributions.
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They are, hence, the magnetostatic equivalent to the spherically symmetric charge
density distributions discussed above. The following presentation provides detailed
general relations as well as expressions for five model distributions. It is based, in
parts, on [30].

Given is a purely dipolar magnetization distribution, m(r) = p g(r) = yI g(r)
(y is the nuclear magnetogyric ratio, I is the nuclear spin), that is properly
normalized

o0

/d3r gr)= 471/ drrig(r) = 1. (62)

0
Radial expectation values of the scalar distribution function g(r) are then defined as

o0
() =dx [ arr o) (©)

0
in particular
o0
(r) = 4 / dr r**2g(r),  kmin <k < Ko, (64)
0

wherefrom an rms radius (r2)'/? as a measure of the size of the magnetization

distribution can be obtained. For subsequent use, a scalar auxiliary function v(r)
can be defined through

r o0
rv(r) =4nw (/ ds s2g(s) + r/ ds sg(s)) , (65)
0 r
with first derivative
d 4 r
o T g s%g(s). (66)
dr r2 Jo

The close similarity between the Egs. (62), (63), (64), (65), (66) and (11), (12), (13),
(19) and (20) deserves to be mentioned.

The vector potential A(r), associated with the given magnetization distribution
m(r), is then

1 d 1 d
A(r) = —azyﬁ—v = 4o’y - r/ ds s2g(s). ©7)
rodr r3 Jo

The remaining parts of this subsection provide details for five dipolar mag-
netization distributions m(r). In addition to the magnetization distribution for a
point-like magnetic dipole, which has importance as a reference case, details are
also given for four extended distributions, each depending on a single parameter.
The exponential and Gauss-type dipolar magnetization distributions are in use
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in present-day electronic structure calculations, the latter even more so than the
former. Their modified variants may be used to model magnetization distributions
exhibiting a maximum in the outer parts of the nucleus, instead of at its center, so
that the distribution of the “unpaired” (or “valence”) nucleon(s), i.e., the nucleon(s)
primarily responsible for the nuclear magnetization, can be described in a more
realistic way.

The definitions of special mathematical functions and expressions occurring at
several places below are given in the appendix to this chapter.

Magnetization distribution of a point-like magnetic dipole:

]
m(r) = y18(r) = 1) (68)
47 r?
Vector potential:
Ix
A(r) = a?y 3r. (69)
r
Exponential dipolar magnetization distribution:
é—3
m(r) = )/18— exp(—=¢r). (70)
T
Expectation values of r¥ of the scalar distribution function:
'k+3)1
k
= ——— (k>-2). 71
h="faw k=2 an
The relation { = /12/ (r?) adapts the model-specific parameter { to the mean
square radius (r?) of a given nuclear magnetization distribution.
Vector potential:
, Ixr x2
Ar)=ay——|1- 1+x+7 exp(—x) ), x=¢r. (72)
r
Modified exponential dipolar magnetization distributions:
1 o3 m
m(r) = yI———=——(¢r)" exp(=¢r) (m = 0). (73)

I'(m+3)4n

This expression includes Eq. (70) for m = 0.
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Expectation values of 7¥ of the scalar distribution function:

_Tke+m+3) 1

k > _m —
=ty k=om-2. (74)

The relation { = /(m + 3) (m + 4)/ (r?) adapts the model-specific parameter ¢
to the mean square radius (r2) of a given nuclear magnetization distribution.
Vector potential:

A(r) :azy%P(m—l-?:,Er) :azy% (1—Q(m+3,¢r)). (75)

Gauss-type dipolar magnetization distribution:

A 3/2
m(r) = yI (;) exp(—A r2). (76)

Expectation values of 7 of the scalar distribution function:

I'(k+3)/2) 1
vﬂ=—%€ﬁ¥3ﬁm (k= -2). (77)

The relation A = 3/(2(r?)) adapts the model-specific parameter A to the mean
square radius (r?) of a given nuclear magnetization distribution.
Vector potential:

A(r) = azy% (erf(x) - %x exp(—xz)) . x=~Ar (78)

Modified Gauss-type dipolar magnetization distributions:

1 A3/2

This expression includes Eq. (76) for m = 0.

Expectation values of r¥ of the scalar distribution function:

() = C((k+m+3)/2) 1
 T((m+3)/2) k2

(k> —m—2). (80)

The relation A = (m + 3)/(2(r?)) adapts the model-specific parameter A to the
mean square radius (r2) of a given nuclear magnetization distribution.



70 D. Andrae

Vector potential:
, I'xr )

The exponential and the Gauss-type dipolar magnetization distributions,
Egs.(70) and (76), are nowadays routinely applicable in electronic structure
calculations. Their modified variants, given by Egs.(73) and (79) with m >
0, may be useful for a more realistic modeling of the nuclear magnetization
distribution. However, a meaningful comparison of different models requires
accurate benchmark studies based on standardized magnetization distributions,
possibly requiring more information on the nuclear magnetization distribution than
just its mean square radius.

Finite Nucleus Models in Electronic Structure Calculations

The most important consequence for electronic structure calculations, due to the
use of a finite nucleus model, is a modified electrostatic potential energy function,
or Coulomb potential for short. The change from the Coulomb potential of a point-
like nucleus, V.ENC(r) = —Z /r, with its singularity at » = 0, to some spherically
symmetric potential energy function VENC(r) with finite depth V.ENC(0)(VENC(0) >
—oo, see Table 3 and Fig.4), represents the most important influence of the
finite nucleus model on the problem of electronic structure. In comparison to
this, any higher electric or magnetic nuclear multipole moment, if present, is of
smaller influence. In terms of changes in total energy, the influence of such higher
electric or magnetic nuclear multipole moments is smaller by several orders of
magnitude. These multipole moments are of importance, of course, for various kinds
of spectroscopy and for the understanding of finer details of electronic structure.
They need to be properly modeled in a suitable way, if such details are accurately
calculated by a purely theoretical approach.

The short-range behavior of the electrostatic potential 