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Preface

Space objects generally refer to all in-orbit spacecrafts, rocket bodies, and space
debris, etc. Unlike meteoroid from the natural world, all space objects are made by
mankind. Nowadays, more and more space objects are produced due to the frequent
space activities performed by human beings, resulting in a greater possibility of
space collision. The Chinese government is continuously promoting and forcefully
implementing relevant policies and measures for space environment protection and
maintenance, just as other large and responsible spacefaring powers have been
doing all the time.

However, the continuous increasement of space objects is inevitable, and all
mitigation measures taken can only gear down the increase rate of the space object.
Conjunction assessment and collision avoidance maneuvers are the topics and
countermeasures which ought to be further studied and carried out for effective
applications by spacefaring powers. As the conjunction assessment study is based
on the space catalog data (including basic information, orbital information, and
characteristic information of space object) obtained from space surveillance
network, how to take good use of these data and how to do the data mining
comprehensively are the key to the strengthening of the conjunction assessment
capacity. Furthermore, every space object performs in-orbit operation in strict
accordance with orbital dynamics, but the synthetic movement of most space
objects is virtually disordered. How to pinpoint the inherent principles of such
motions from huge amount of catalog data is a challenge to us.

The space object orbital data, as an important part of space catalog data, can
comprehensively be applied to conjunction assessment, orbital anomaly and space
event detection, orbital error analysis and precision optimization, space debris
environmental and flow analysis. Through computation and analysis with reference
to orbital data, we can obtain the spatial position and velocity information of the
space object at current time and a period of time in expected future. Thus, the
foundation can be built upon it to let us know more about the space object distri-
bution, and a strong support can be given to the conjunction assessment and col-
lision avoidance maneuvers of in-orbit spacecrafts. The space object catalog data
accumulated on a long-term basis can provide us the historical changing process
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of space object orbits. Analysis of such data can lead to some intrinsic principles
behind the orbital data, for example, the spacecraft orbital maneuver events. The
innovative researches on such principles will be conducive to the expansion of the
depth and width of space situational analysis and improvement of the ability to
acquire the orbital characteristics of space objects.

This book discussed the applications of orbital data of space objects in target
conjunction assessment and space situational analysis as well as relevant theories
and methodologies. There are totally 7 chapters. The origins, types, and application
purposes of space object orbital data are introduced in Chap. 1, where the applica-
tions of space object orbital data in target conjunction assessments and space situ-
ational analyses are emphasized; an overview of the space object orbit prediction
error is presented in Chap. 2, the propagation methods of orbit prediction error based
on orbit models are given, and so are the propagation methods based on relative
dynamic theories; an error analysis method based on historical orbital data is
introduced in Chap. 3, the periodic characteristics of the orbit prediction error are
presented, and the error fitting is done by bringing in the Poisson series; an intro-
duction to the analytical and numerical methods commonly applied to the space
object approaching analysis is unfolded in Chap. 4; derivations of several explicit
expressions of the collision probability under circular and ordinary orbital conditions
through analysis of approaching distance are presented in Chap. 5, so as to have the
collision probability expressed as explicit functions of the approaching distance or
approaching geometric relationship, and errors and application scopes of the explicit
expressions are also analyzed; the sensitivity of collision probability, maximum
collision probability, false dismissal probability and false alarm probability of
conjunction assessment, and multi-factor considered general collision risk assess-
ment method on the basis of collision probability explicit expressions are deeply
studied in Chap. 6; orbital anomaly and space event detection methods based on
historical orbital data and assessments on such methods are illustrated in Chap. 7.
Hence, this book can be used as a reference book for engineers and technical staffs
specialized in spacecraft dynamics, spacecraft observation and control, space
surveillance, space situational awareness, space debris research, and other related
fields. It can also be used as a supporting course material for postgraduate students in
relevant majors.

It should be honestly pointed out that this book is far from complete and perfect.
For author’s limited knowledge, there must be some small typos or even theoretical
imperfects in this book. If the readers have any comment or suggestion about
this book, we are really grateful for your direct contacting with us through
chenl@nudt.edu.cn. Your help will be highly appreciated.

Changsha, China Lei Chen
June 2016 Xian-Zong Bai

Yan-Gang Liang
Ke-Bo Li
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Chapter 1
Introduction

The notion of space object generally refers to all artificial objects operating and
traveling in outer space, including man-made earth satellite, space station, space
shuttle, and space debris produced from them or their wastes. A majority of space
objects are space debris in quantitative terms. In accordance with the definition
concluded at the 32nd Conference of UNCOPUOS, STSC, the space debris (alias:
the orbital debris) are the artificial objects and its fragments, debris, and compo-
nents and parts, which are out of service, cannot be retained or cannot have the
original functions resumed, traveling along earth orbits or reentering the condensed
atmospheric layer.

Along with mankind’s continuous strides made in aerospace industry and fre-
quent and intensive launching of space activities, the quantity of in-orbit space
objects (spacecrafts, rocket bodies, and space debris) is increasing, showing the sign
of aggravation of space debris environment. As in January 2014, the total number
of trackable space objects catalogued in U.S. Space Surveillance Network
(SSN) has reached 16655, among which 3715 are with payload (including the
operating ones and disabled ones), 12940 are rocket bodies and space debris, taking
up 3/4 of the total and such number is still on the increase [1]. It is estimated that
more than 300,000 space objects with a diameter of greater than 1 cm are doing
orbital travel and millions more with a diameter smaller than or equal to 1 cm are
still out in the space. See Fig. 1.1 for the distribution of the bigger space objects
with definitive orbits.

The increase of space objects markedly enlarges the possibility of collisions
between spacecraft and space objects, putting the normal operations of spacecraft,
sustainable development of aerospace industry and terrestrial space environment
into great jeopardy with a long-lasting and extensive threat. There are several space
objects collisions in history. For instance, ESA Ariane rocket debris ran upon the
gravity gradient stabilizing arm [2, 3] of French Cerise satellite on July 24th 1996;
the last stage of U.S. Thor Burner 2A rocket collided with the last stage debris of
Chinese CZ-4 carrier rocket in the sky 885 km to the Antarctic [4] on January 17th
2005. All these collisions were taken place between debris or between debris and
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satellites. On February 10th 2009, for the first time in human history, the collision
between two unbroken in-orbit satellites (the U.S. Iridium-33 satellite (SSN NO.
24946, international designator 1997-051C) and Russian disabled communication
satellite Cosmos-2251 (SSN NO. 22675, international designator 1993-036A) was
happened in the sky 790 km to Siberia [5]. Plenty of space debris pieces were
produced during collision. Due to higher altitude of collision point, the debris will
be in orbit for a long time, constantly deteriorating the space environment. Thus, the
in-orbit collision between the U.S. and Russian satellites has sounded an alarm bell
to mankind for the space safety.

The U.S. National Space Policy Intersector Guideline [6] includes 7 articles, as
prescribed in Article 3 of “Preserving the Space Environment and the Responsible
Use of Space”:

Preserve the Space Environment. For the purposes of minimizing debris and
preserving the space environment for the responsible, peaceful, and safe use of all
users, the United States shall:

• Lead the continued development and adoption of international and industry
standards and policies to minimize debris, such as the United Nations Space
Debris Mitigation Guidelines;

• Develop, maintain, and use space situational awareness (SSA) information from
commercial, civil, and national security sources to detect, identify, and attribute
actions in space that are contrary to responsible use and the long-term sus-
tainability of the space environment;

• Continue to follow the United States Government Orbital Debris Mitigation
Standard Practices, consistent with mission requirements and cost effectiveness,
in the procurement and operation of spacecraft, launch services, and the conduct
of tests and experiments in space;

Fig. 1.1 Distribution of Space Objects
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• Pursue research and development of technologies and techniques, through the
Administrator of the National Aeronautics and Space Administration (NASA)
and the Secretary of Defense, to mitigate and remove on-orbit debris, reduce
hazards, and increase understanding of the current and future debris environ-
ment; and

• Require the head of the sponsoring department or agency to approve exceptions
to the United States Government Orbital Debris Mitigation Standard Practices
and notify the Secretary of State.

Foster the Development of Space Collision Warning Measures. The Secretary
of Defense, in consultation with the Director of National Intelligence, the
Administrator of NASA, and other departments and agencies, may collaborate with
industry and foreign nations to: maintain and improve space object databases;
pursue common international data standards and data integrity measures; and
provide services and disseminate orbital tracking information to commercial and
international entities, including predictions of space object conjunction.

What specified above need to be aided with Space Situational Awareness which
is able to acquire space objects and space environment information through con-
tinuous observation of the space and information gathering to strengthen in-orbit
safety of spacecrafts, space event analysis and assessment, and threat forecast and
assessment. Satellite maneuver, anticipated and unanticipated launch and reentry
and task-hindered space environmental change are mainly described in the space
events.

It is imperative that only by grounding on real-time and valid space object data
can the space situation be more explorable and controllable through Space
Situational Awareness. But how to acquire space object data, what kind of space
object data can be obtained, and how to use such data are the issues to be further
focused on in Space Situational Awareness studies.

1.1 Data Source—Space Surveillance System

The responsibility of discovering and detecting all space objects and their orbits are
undertaken in Space Surveillance as a key component of Space Situational
Awareness. By various observational means, motion parameters of space object in
real time are able to be discovered, tracked and measured by Space Surveillance
network, so that its orbital characteristics can be determined. Cataloging large space
objects and updating their orbital data from time to time according to the observed
and determined orbital data, the dynamic database of space objects can be created.
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1.1.1 Space Surveillance

The tasks of Space Surveillance are to detect, track, identify, and catalogue all
in-orbit space objects as well as to provide target catalog database and real-time
orbital and precise characteristics information. The space object indicated in this
book refers to the space object which has its orbit determined by cataloguing. Space
Surveillance is one of main measures to obtain the space situational information; the
Capacity of Space Surveillance is the rock upon which the space superiority in
future is built and the key basis for the space control. Moreover, the Space
Surveillance is also taken as an important aerospace infrastructure and basic
capability, playing significant roles in both military and civil sectors.

Space Surveillance is consisted of 4 tasks categorized as below [7]:

(1) To maintain the space object catalog and detect new launches in a timely
manner and to monitor orbital maneuvers, deorbit and disintegration of
existing objects;

(2) To identify space objects, evaluate task load and analyze threat level;
(3) To initiate space control support, oversee the performance of space control

related terms and conditions and provide satellite attack warning;
(4) To provide key spacecrafts with collision-proof support.

Among those four tasks listed above, the Space Object Cataloguing is the basic
task which must be completed with the Space Surveillance System. The Space
Surveillance system shall be capable of acquiring space object orbital (trajectory)
data and providing necessary measured data for orbital determination so as to
present the orbital parameters to reflect target’s motion track and serve the Space
Object Cataloguing.

The Space Object Catalog Maintenance is with three implications [7]:

(1) Update catalog target orbital element;
(2) Prompt detection of new launch;
(3) Prompt detection of existing target’s orbital variation, i.e., orbital transfer,

deorbit or disintegration.

Orbital observation, orbital determination, orbital prediction, and error analysis
are included in the orbit-related tasks in Space Surveillance. These tasks shall be
completed based on a space object dynamic catalog database and a complete set of
forecasting methods which shall be deemed as a complete set integrated with
hardware system and software system covering observation data acquisition strat-
egy, observation data processing method, orbital determination method, orbit pre-
diction method, target history, and current database.
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1.1.2 Space Surveillance System

The Space Surveillance system is a national strategic information acquisition sys-
tem [7] applied to monitor and observe the processes of artificial celestial body
entering, operating and existing in the space in order to acquire the orbital, func-
tional and status information of such artificial celestial body. The mankind has
undergone the phases of traveling into the space, space utilization, and space
observation and is striding forward to an age when people have control over the
outer space with the purpose of preventing hostile forces from entering and taking
advantages of the outer space while ensuring its own forces and alliances being
capable of entering and using the outer space. As one of indispensable foundations
for space control, the Space Surveillance System is deemed as a strategic force of a
nation.

The space surveillance network, space surveillance center, and timing and
communication auxiliary systems are generally assembled in the Space Surveillance
system. The space surveillance network is the basis for space surveillance with data
acquisition function. The space surveillance center, the core part for space
surveillance, undertakes the missions like tasks planning, data processing for orbital
determination, identification, cataloguing, assessment and database building.

The process of tracking and orbital determination of a space object is a procedure
of estimation to the status of the space object or its orbital elements based on the
measured data with errors obtained from ground-based and space-based observa-
tories and imprecise astrodynamics equations. The space object orbital estimation
was divided into two conditions: one is for one’ s own satellite by means of
collaborative working mechanism, generally known as Spacecraft Observation and
Control; the other is the acquisition of orbital, status, and functional information of
non-collaborative satellite and space debris by means of monitoring or space
surveillance.

As required in Space Surveillance tasks, data from all objects within the
designed scope should be independently, reliably, and periodically collectible with
space surveillance network, so that all objects within the scope can be cataloged and
updated to discover new launches and orbital variations of existing objects. The
independent, reliable, and periodical data acquisition of the space surveillance
network is known as the essential requirement.

In order to track and measure all objects meeting the criterion scope, the mea-
suring equipments for space surveillance should be operated based on
non-collaborative working mechanism. For now, the Space Surveillance equip-
ments based on non-collaborative working mechanism include radar apparatuses
and optical devices, which operate based on active reflective tracking and passive
receiving in respective. Due to the different types and features of these two kinds of
equipment, they play different roles in the space surveillance missions.

The radar apparatuses mainly refer to large-size mechanical radar or phased
array radar. The advantages of radar apparatuses:
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(1) Wide range of continuous search: single phased array is able to cover a search
area of 120 � 80� and above;

(2) Multi-target real-time tacking: being able to track more than 100 objects
simultaneously;

(3) All-weather service: being able to operate at all times in any illumination
condition or under any weather condition;

(4) Completely measured data: multiple types of data such as distance measure-
ment, angle measurement, speed measurement, and echo signal;

(5) High measurement accuracy: general distance measurement is with accuracy
of 30 m, general angle measurement is with accuracy of l mrad and speed
measurement is with accuracy of 0.1 m/s.

(6) Good real-time performance: direct output of tracking data for rapid
processing.

(7) Strong orbital determination ability: orbital determination with precision of
kilometer magnitude can be obtained based on short-arc data from a single
station.

The disadvantages of radar apparatuses:

(1) Limited operating range: being difficult to track target from a distance of over
5000 km.

(2) High cost: a single set of equipments with an operating range of over 3000 km
costs no less than RMB 200 million.

(3) Limited continuous working hours: due to higher transmission power, the
continuous working hours of the equipment will be shortened if the heat
generated from the transmitter fails to be emitted.

(4) Weak imaging capability: space surveillance radar is unable to provide a
quality-proven imaging service at present.

The optical devices mainly refer to the electro-opticalelectro-optical telescope
which is endowed with following advantages:

(1) High angular accuracy: the pointing accuracy can reach 5″–10″ which is 1–2
orders of magnitude higher than the angular accuracy by radar;

(2) Wide operating range: small-size optoelectronic device is able to track target
with luminance of stellar magnitude over 11, while large-size optoelectronic
device is able to track target with luminance of stellar magnitude 17 above,
thus, it is applicable to deep-space tracking;

(3) Strong imaging ability: the angular resolution can reach 0.1″–0.2″;
(4) Lower cost, easy operation and maintenance and long service life.

The disadvantages of optical devices:

(1) The device may be affected by illumination environment and weathers; its
actual working hour is limited;

(2) Small field range and guidance is required;
(3) Only angular measurement ability is available.
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As radar apparatuses and optional devices have both merits and drawbacks, both
types of equipment are used and their advantages are integrated when constructing
the Space Surveillance network, for instance:

(1) radar apparatuses are mainly applied for regular surveillance on low-orbit
space objects with supplementary functions of optical devices;

(2) optical devices are mainly applied for surveillance on medium and high-orbit
space objects;

(3) optical devices are mainly applied for imaging identification.

The platforms for Space Surveillance system are generally ground-based and
space-based. The ground-based surveillance network is consisted of ground-based
radar and ground-based electro-optical telescope. The proven technologies, lower
cost of investment and unrestricted size and mass limitations, big-caliber space
antenna with higher transmission power can be adopted to search and track space
objects more efficiently. However, the ground-based surveillance is subject to
weather conditions and lack of maneuvering capability. Besides, The visual range
and time are limited by earth curvature, so global station placement is required [8,
9]. It is a challenge to set up station beyond the borders.

The space-based Space Surveillance can be construed as optical observation or
other forms of surveillance on space objects by taking advantage of space-based
platforms. The space-based observation platform operates in orbit which is free
from the atmospheric restriction. Geosynchronous earth orbit (GEO) satellite on the
other side of the earth can be observed. The “optical visibility period” effect can
also be minimized to increase the chance for observation and prolong the obser-
vation time. Its observation sensitivity can be enhanced by defying the earth’s
atmospheric effects and under the circumstance of unavailability of earth’s atmo-
sphere, the close-range and high-resolution imaging of space object can be achieved
to obtain the image feature in order to further strengthen the space object obser-
vational and identification capacities. In spite of this, the space-based Space
Surveillance system is with the disadvantages like high cost and complicated
technologies, and its onboard processing (OBP) capability and power are also far
less comparable than the ground-based surveillance system.

1.1.3 Space Surveillance Networks

The United States, Russia, and Europe have established Space Surveillance systems
characterized by a broad observational area and scope. They conduct both peri-
odical and continuous observations.

The U.S. has established efficient ground-based Space Surveillance system and
is undergoing the development of space threat warning technology. The U.S. space
surveillance system is evolved progressively from the end of the 1950s. So far, the
Space Surveillance system including ground-based electro-optical devices and radar
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devices based in homeland and covers the world has been established. The system
consists of over 30 sets of radio sensors, optical sensors, space-based sensors of
more than 20 types distributed in 16 different locations around the world, and 2
control centers (1 master control and 1 backup). Functionally speaking, both space
surveillance and missile early-warning are put into account in the course of the
system development by combination of ground and space distributions, and the
observation stations have been deployed all over the world.

The sensors applied to the U.S. Space Surveillance nets can be subdivided into
three types: exclusive sensors, compatible sensors and available sensors. Majority
of the sensors are owned by the Air Force Space Command (AFSPC) and Army
Space Command subordinated to the AFSPC, and non-government institutions only
own minority of them. The mission division, coordination, command, and control
of space surveillance tasks are performed and completed at the Cheyenne Mountain
Space Control Center co-owned by North American Aerospace Defense Command
(NORAD) and AFSPC. Information obtained by sensors is sent to the center for
fusion, processing, cataloguing, and distribution. At present, space objects sized
10 cm on low earth orbits and space objects sized 30 cm on geosynchronous orbits
can be observed respectively and over 16,000 man-made space objects have been
tracked and catalogued. The center is now with the ability to identify majority of
satellites in orbit.

The space-based visible (SBV) sensor onboard the U.S. Midcourse Space
Experiment (MSX) satellite has had the space-based space surveillance technolo-
gies and functions verified. The SBV is able to cover the entire geosynchronous belt
with the primary mission of collecting orbital measurements and luminosity
information from all kinds of space objects. It was launched in April 1996, and after
that, the previous 18 months were mainly spent in affirmation of space-based space
surveillance concept and assessment of SBV sensor’s performance. In October
1997, SBV sensor started to operate as a critical sensor instead of an experimental
one in the space surveillance network. It officially became a constituent part of
Space Surveillance network of the United States in October 2000, having the key
object revisit rate increased by 50%.

Russia has also established a “Cosmic Space Surveillance System”, including a
Cosmic Space Surveillance center, for observing and tracking the space environ-
ment. However, the equipments adopted by Russia for Space Surveillance are
mainly the electro-optical telescopes. The “sky window” system, a typical active
ground electro-optical space surveillance and tracking system owned by the
Russian space force, is located in the mountainous area at the borders of
Tajikistan.

The Space Surveillance network which are devised in Europe comprise a
GRAVES electromagnetic fence system for low-orbit space object observation and
measurement and 3 telescopes for observation of space debris in geosynchronous
orbits. The French Aeronautics & Astronautics Research Institute has been engaged
in the research and development of GRAVES space surveillance radar since 1992.
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The radar transmitter is installed in Dijon and the receiver is located in Provence. It
was completed and performed the experimental detection for the first time at the end
of 2004; the product in the first phase was officially delivered and put into service in
November 2005. With the aid of this electromagnetic fence system, satellites at a
height of lower than 1000 km can be detected and the time from satellite launch to
being detected will not exceed 24 h, meeting the requirements of rapid detections of
newly identified satellites, orbital maneuvers, and space debris produced from
disintegration.

1.2 Data Type-Space Object Catalog

The space catalog data is the foremost product obtained through Space
Surveillance. The essential requirements of space catalog data are:

(1) Integrity: all targets above certain size shall be included;
(2) Real-time: rapid cataloging of new targets and quick updating of orbital

elements;
(3) Precision: accurate information and high precision of orbital data;
(4) Open-source: convenient and practical with guaranteed value of the data.

1.2.1 Basic Information of Space Catalog Data

The space catalog data shall at least include the basic information, orbital infor-
mation and characteristics information of a space object.

(1) Basic information

The basic information refers to the information which will remain unchanged or
change very slowly when the object is launched into the space, including but not
limited to:

(a) Object no
(b) Object name
(c) Object type
(d) Country
(e) Launch date
(f) Launching site
(g) Deorbit date
(h) Basic orbital information (period, inclination, perigee and apogee)
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(2) Orbital information

The orbital information refers to the orbital elements, error information and
orbital model information that describe the space object’s orbital motion, including
but not limited to:

(1) Orbital elements (or position and velocity vectors) which are subject to update
from time to time:

① Mean elements
② Instantaneous elements

(2) Orbital covariance data:

① Rectangular coordinates
② Orbital elements

(3) Orbit and covariance forecasting model

① Analytical model
② Numerical model

(3) Characteristic information

In addition to the payload, operating status and external shape of the space
object, the characteristic information also includes but not limited to:

(1) Payload
(2) State of service
(3) Appearance structure
(4) Radar Cross Section, RCS
(5) Optical characteristic
(6) Surface-to-mass ratio
(7) Orbit controllability
(8) Attitude controllability

1.2.2 Orbital Model of Catalog Data

Orbit prediction method is an important component of the Space Surveillance
system. The primary tasks are to establish accurate and efficient orbit prediction
model, promptly provide the long-term accurate orbit prediction data of space
objects to determine the positions of the space objects within designated flight
duration.

Both analytical and numerical orbit prediction methods are available in response
to different requirements of application. Analytic method is to use analytic
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functions to express the variations of orbital elements versus time and solve dif-
ferential equations based on the initial orbital elements to obtain the analytical
results. The merit of analytic method is that the change principles of elements
versus time can be explicitly shown through the solution functions, and it is con-
ducive to understand the effects of perturbations to the orbit elements along with
high computational efficiency. The demerit of such method is the complicated
derivational process and difficulties in derivation of high-order solution with lower
precision than numerical solution. The analytic method commonly employed in
China is the quasi-mean element method proposed by Liu [10], and that commonly
used overseas is the SGP4/SDP4 model applied by the U.S. SSN [11–13].

The numerical method is a classical approach for orbital determination, namely,
the integral solution of orbital dynamic model with numerical integration algorithm.
Along with the improvement of accuracies of attitude and orbital determinations of
the spacecraft, the orbital perturbation model is being unceasingly ameliorated,
which leads to the continuous improvement of the precision of numerical solution.
But the demerit of such method is that the inner variation principles of orbital
elements versus time can hardly be obtained and long-term forecast needs to be
calculated step by step. In China, Li [14], has made in-depth studies on numerical
solution models and methods while World’s leading achievements include the
GEODYN model employed by Goddard Space Flight Center, NASA and High
Precision Orbit Propagator (HPOP) applied to STK software [15, 16].

Moreover, Wu [17] has made exploration of the particularities of space debris
orbital determination. As there exist a large amount of space debris known as
passive targets with large and unknown surface-to-mass ratios, can hardly be
observed precisely, the orbital determination of space debris usually depends on
simple theories and approaches with more emphases on initial orbit determination
and data association. The orbits of space debris are mainly applied for conjunction
assessments, risk object deorbit forecasts, and long-term orbital evolutions of small
debris, attaching importance to the forecast accuracy. However, the atmospheric
model must be determined before orbit forecasting. Studies on orbital determination
of space debris and atmospheric model must be carried on at the same time.

Moreover, the semi-analytic method which combines analytic method and
numerical method [15, 16] together so far has not been well developed and has
seldom been applied in engineering projects.

1.2.3 U.S. Catalog Data

The U.S. SSN is the most advanced space surveillance system in the world
nowadays, with regular missions of cataloging in-orbit objects, maintaining catalog
data, tracking in-orbit objects, and updating orbit elements. NORAD releases the
Two Line Element (TLE) data of space objects at www.space-track.org with regular
period intervals.
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A TLE set is a data format encoding a list of mean orbital elements.The TLE
data representation is specific to SGP4/SDP4 model, which is an analytic model. In
December 1980, SSN published the literature [11], unfolding 5 sets of orbital
models for forecasting, namely, the SGP, SGP4, SDP4, SGP8, and SDP8 and
corresponding program source codes. In literature [11], all space objects are divided
into near-earth objects (period of less than 225 min) and deep-space objects (period
of greater than or equal to 225 min), orbit prediction models are also categorized
into near-earth models and deep-space models accordingly. Among these 5 orbital
models, SGP and SGP4 are for near-earth orbital determination with discrepancies
in expression forms of mean angular velocity and drag; SDP4, extended from
SGP4, is for deep-space orbital determination; SGP8 is also applied to near-earth
orbital determination with different method of differential equation quadrature
adopted; SDP8, extended from SGP8, is applied to deep-space orbital determination
with deep-space influential model equation same as the one in SDP4. The SGP
model is too simple and inaccurate. SGP/SDP4 is the mainstream in application at
present, and the TLE datareleased through SSN are prepared for SGP4/SDP4
models.

TLE format uses two lines of 80-column ASCII text to store the orbital elements
of space object and other relevant information. The specific format can be seen in
Fig. 1.2.

It contains object-related information such as object number, international des-
ignator and atmospheric drag, 6 independent orbital elements (i, X, e, x, M, and n).
The epoch defines the time reference point. In TLE format, B* is an atmospheric
drag-related item which describes the impact degree of the space object caused by
the atmospheric drag. To obtain a forecasting result with high precision, the forecast
model must have these perturbations restructured in the same way, thus, TLE data
must be employed together with the SGP4/SDP4 orbit prediction model to forecast
the status of space object. If TLE data are put into other models, the result with

Fig. 1.2 TLE Data Format Description
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lower precision will be obtained even though such model is of highly precision or is
a numerical integration model.

Characteristics of TLE orbital catalog data are:

(1) Integrity: the most comprehensive space object cataloging system in the
current world;

(2) Real-time: common target will be updated every 1–2 days, critical target will
be updated 2–3 times every day;

(3) Precision: orbital precision meets general analysis requirements;
(4) Open-source data: data are open to all people and organizations except for the

data of key military satellites of the United States and its alliances.

1.3 Data Application—Conjunction Assessment
and Situational Analysis

Space Surveillance system produces a large amount of space object catalog data
every day. Using these data, current spatial positions and velocities of space objects
and those within a period of time in future can be calculated, which not only lay a
foundation for the understanding of space situational distribution, but also provide
strong support to in-orbit spacecraft collision warning and avoidance maneuvers.

The historical change process of a space object’s orbit can be defined from
catalog data accumulated in a long term. Data analysis can reveal principles behind,
such as orbital maneuver events and debris flow characteristics. Innovative
researches on such principles will facilitate space situational analysis and improve
the understanding of the space object’s in-orbit characteristics.

1.3.1 Conjunction Assessment

The space object conjunction assessment has drawn increasingly wide attentions in
the international arena. In recent years, the rapid development of aerospace industry
in China has made space object conjunction assessment increasingly important,
particularly for the manned spacecraft and space station which operate on near-earth
orbits characterized by dense concentration of space objects. The size of manned
spacecraft or space station is larger than general satellites, and hence the risk of
collision with space object is much higher. Space object conjunction assessment
should be further studied to ensure the safety of manned spacecraft, and maintain
the space safety. In spaceflight mission analysis and spacecraft long-term man-
agement, prevention from collision with space object has become a problem
demanding prompt solution. A set of effective theoretical methods and operation
strategies are presented to deal with such increasingly serious threats.
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Spacecraft must perform collision avoidance maneuver to ensure safety if
encountering space objects with large sizes (for example, larger than 10 cm). Such
kinds of space objects could be tracked and catalogued for approaching analysis
and conjunction assessment.

Space object conjunction assessment and collision avoidance maneuver are two
relatively independent aspects in one complete process. The collision risk param-
eters (i.e. minimum distance, collision probability, and maximum collision proba-
bility) can be obtained by conjunction assessment, which is based on the orbital
status and covariance error information in future. Designated norms are used to
determine whether the space object is in dangerous zone (i.e. the approaching
distance is less than the range threshold, or the collision probability is greater than
the probability threshold). If it is, conjunction alarm will be given and corre-
sponding measures shall be taken. Therefore, the conjunction assessment is a dis-
criminant analysis based on risk assessment. Parameters obtained through analysis
will tell us whether the spacecraft is exposed to risk or not, and collision avoidance
maneuver need to be performed or not.

Considering the restrictions of mission and combining with orbit maintenance,
the spacecraft is able to avoid the collision with space object by means of avoidance
maneuvers in accordance with information, such as the collision risk parameters
and approaching geometric relationship. Guidelines of collision avoidance
maneuver performance and judgment standard are given based on studies of opti-
mal collision avoidance maneuver method and implementation strategy. Hence, the
collision avoidance maneuver, is simply an orbital transfer mission with core ideas
of optimal orbital transfer and task restriction.

Due to the inevitable existence of errors in observation, orbital determination,
and orbital prediction, the error analysis thus becomes an indispensable component
of a space object collision assessment. In view of all error factors, the assessment
criteria, such as minimum approaching distance and collision probability, are
extensively considered in the space object collision assessment in response to the
Box method and Pc method for conjunction assessment. According to the
Box method, any space object that enters the pre-set and fixed evasion areas is
considered as risk object, and decision for collision avoidance maneuver will be
made in response. This method is an averaging method. The zoning of areas is
based on the average error from space object orbital prediction which is excessively
conservative in most cases and may result in useless collision avoidance maneuver
operation and loss of maneuver capability. The Pc method is a collision risk
assessment method with higher level of precision than the Box method. The col-
lision probability not only depends on the minimum distance between the risk target
and the spacecraft at the Time of Closest Approach (TCA), but also involves the
position-velocity geometrical relationship and its uncertainties at the approaching
moment of the two objects. Unlike the average error-based early-warning zoning of
the Box method, the Pc method is developed to concrete error information with
advantages of giving less collision avoidance maneuver commands and lower false
alarm rate than the Box method. The collision probability-based space object
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conjunction assessment is the mainstream analytical method for early warning
applied in the current international community.

The collision probability-based space object conjunction assessment is devel-
oped under the following key techniques: space object dynamic orbital database;
space objects approaching analysis; orbit prediction method and error analysis;
collision probability calculating method (linear relative motion and non-linear
relative motion); collision risk comprehensive assessment method and collision
probability-based collision avoidance maneuvering method, etc.

Two theoretical issues are involved in terms of conjunction assessment on
traceable space object based on Space Surveillance: one of them is about space
object orbital theory, including orbital determination, orbital prediction,
approaching analysis, evasion maneuver, etc.; the other is related to error and
probability, such as the analysis on the inevitable uncertainties and probability
problem aroused in orbital determination and orbit prediction as well as assessments
on collision risk and evasion maneuver with the probability. Collision assessments
rely on approaching distance and collision probability calculations, which are based
on the parameters, such as the position-velocity vectors at the approaching moment
of both objects, corresponding error covariance matrix, and their sizes and shapes.
The forecast accuracy of these parameters will greatly affect the accuracy degree of
collision probability and validity of conjunction assessment.

To deal with the increasing collision threats, applicable conjunction assessment
and evasion maneuvering systems in engineering practices are started to be built or
have already been established by some countries and international aerospace
organizations. The program structures and methods of conjunction assessment and
evasion maneuver systems of aerospace organizations are different. But as devel-
oped by inherent principles of the conjunction assessment and evasion maneuver,
they share consistent basic frameworks and general procedures.

(1) Conjunction assessment and collision avoidance maneuver systems of major
space agencies.

A. The United States

The conjunction assessment for the U.S. space shuttle in an early stage was
adopted with the Box method [18]. To get rid of errors caused by using the
Box method, the National Aeronautics and Space Administration, (NASA) started
to apply Pc based method in the early 1990s. The conjunction assessments for
manned spacecrafts and unmanned spacecrafts of NASA were performed and
managed by its subordinate units—Johnson Space Center (JSC) and Goddard Space
Flight Center (GSFC).

With regard to manned spacecrafts, NASA has been trying to conduct research
on protecting manned spacecraft from collision of traceable space debris since the
accident of the space shuttle Challenger in the late 1980s. Thus, JSC was assigned
to provide manned spacecraft with conjunction assessment service by using the
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Box method and Pc method. With common efforts contributed by NASA JSC and
United States Strategic Command (USSTRATCOM), probability methods were
studied and relevant software was developed. Moreover, USSTRATCOM provided
the data of space station and risk objects while JSC contributed the orbital infor-
mation of space shuttle. USSTRATCOM was also engaged in debris cataloging and
performing procedure to determine the close approaching from space shuttle to
space object. In terms of approaching event detection, USSTRATCOM would send
the state vector and covariance information to JSC who could calculate and assess
the collision probability. For space stations and space shuttles, the red limit and
yellow limit of probability for collision avoidance maneuver stipulated by the
NASA is 10−4 and 10−5, respectively. When the collision probability exceeds the
red limit, collision avoidance maneuvers must be conducted. If the probability
exceeds the yellow limit, collision avoidance maneuver is still required on the
premise of causing no jeopardy to the task object [18].

With regard to unmanned spacecraft, GSFC established a collision risk assess-
ment system of three satellites (Terra, Aqua and Aura) of the Earth Observing
System (EOS) for earth science mission in 2004 along with implementation of
conventional conjunction assessment procedure [19]. The flight dynamics analysis
division of GSFC, in cooperation with the first space control center of
USSTRATCOM, provided EOS with the conjunction assessment service. The
space control center was for forecasting approaches between EOS satellites and
space objects, and the collision risk assessment team of NASA GSFC was in charge
of conducting collision risk assessment and developing risk mitigation measures
with EOS program. In October, 2005 and June, 2008, EOS’s satellites Terra and
Aura performed two collision avoidance maneuvers successfully in respective
which evaded the debris from risk objects Scout G-1 and OPS-4682 [18],
respectively.

In July, 2006, the Joint Space Operations Center (JSpOC) subordinated to
USSTRATCOM started to take charge of the Space Object Conjunction
Assessment by integrating all Space Surveillance systems in the world, cataloging
about 1000 normal-working spacecrafts maintained at high-precision space object
orbits and performing forecasting of approaching events. The orbital data of major
space objects not only could be retrieved from catalog database, but also could be
obtained from the orbital information provided by the spacecraft owner. The
number of days which can be forecasted for low earth orbit (LEO) satellites was
5 days and that for geostationary earth orbit (GEO) satellites is 7 days. For GEO
and middle earth orbit (MEO) satellites, the reporting rule was when the
approaching distance is shortened to be less than 5 km, and the reporting rule for
LEO satellites was when the approaching distance is shortened to be less than 1 km.

Conjunction Summary Message (CSM) is shared between JSpOC and satellite
owner or manipulator. CSM will be sent from JSpOC to the satellite owner or
manipulator via email 72 h prior to TCA to notify the basic information about
approaching event, including main object and risk object, TCA, orbital error and
components. The satellite owner or manipulator is able to estimate the collision
probability by reference to the CSM and develop collision avoidance maneuver
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tactics. GSFC’s collision assessment and risk analysis team, like many other
organizations in the world, makes quantitative analysis by using the approaching
event forecasting information given by JSpOC and develops collision avoidance
maneuvering measures in cooperation with task administrator, flight dynamics
team, and flight operation team.

Due to the aggravation of threats from orbital debris, in August, 2007, NASA
requested all LEO and GEO maneuverable spacecrafts to have approaching event
assessments on a regular basis to prevent spacecraft collisions with other in-orbit
space objects. In April 2009, the applicability of this conventional conjunction
assessment analysis was expanded to non-maneuverable spacecrafts and
non-working spacecrafts, and the applicability of automatic approaching analytical
procedure was expanded to 79 spacecrafts in different orbital regions. In 2009, 8
spacecraft collision avoidance maneuvers were performed by NASA, twice of
which were to evade unbroken objects (one was a spacecraft and the other was a
rocket body), the rest of collision avoidance maneuvers were performed to evade
space debris.

Kelso and Alfano of Center for Space Standards and Innovation (CSSI) estab-
lished SOCRATES (Satellite Orbital Conjunction Reports Assessing Threatening
Encounters in Space) system to provide approaching analysis service and collision
risk analysis service [20]. From May 2004, based on the approaching analysis
toolbox in STK software, everyday SOCRATES performs approaching analysis on
all valid payloads and all in-orbit objects for a following week by taking advantage
of the unclassified TLE data and SGP4/SDP4 models and releases the analytical
results and used data at CelesTmk website to which users can have free access.
Now, the data like approaching time, approaching distance, maximum collision
probability, and 10 approaching events with minimum approach distances and
maximum collision probabilities for the coming week in respective can be obtained
from the website.

B. European Space Agency

The European Space Operations Center (ESOC) of European Space Agency
(ESA) has been engaged in observation of the approaching events [21] between its
earth remote sensor satellites (i.e., ERS-1, ERS-2, and Envisat) and
USSTRATCOM catalog objects since mid-1990s. ESA makes continuous efforts in
mathematical method studies and program development and has created the
Collision Risk Assessment Tool (CRASS) [22]. This early warning program is able
to automatically initiate TLE download, extract object information from database,
conduct 7-day approaching event forecast, and report warning & notification
information.

At present, ESOC Space Debris Office offers collision risk assessment service to
its satellites, including the ERS-2, Envisat and Ciyosat-2 [23]. The main software
employed include CRASS and Orbit Determination with Improved Normal equa-
tions (ODIN). With regard to ESA’s spacecrafts, the acceptable collision probability
level is 10�4 or an approaching distance less than 300 m. At the end of 2004,
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probability thresholds of ERS-2 and Envisat were adjusted to 2� 10�4. Satellite
Envisat performed collision avoidance maneuver twice successfully in November
2007 and January 2008 to get away from the risk objects of Russian satellites
Cosmos-1486 and Cosmos-1624, respectively. In the first quarter of 2010, ESA
activated 4 collision avoidance maneuvers, among which three were to evade debris
of Iridimn-33. In September and October, 2010, ERS-2 and Cryosat-2 made two
collision avoidance maneuvers, respectively.

C. Centre National d’Etudes Spatiales

The collision between Satellite Cerise of the Centre National d’Etudes Spatiales
(CNES) and debris from upper stage of the rocket Ariane-1 H-10 happened on July
24th, 1997 is proved to be the first accidental collision between two space cata-
logued objects. Since then, the CNES started to monitor its satellites. Presently, 18
satellites (among which 17 are at LEO and the other is at GEO) are subject to the
control of CNES. To avoid accidental collisions, the CNES Orbit Computing
Center has taken the responsibility to control the collision risks by using a con-
junction assessment program. All data are collected from the data bases of TLE and
the GRAVES space object monitoring system in France as well as actual orbit
measurements [24]. In the second half of 2009, the CNES forecasted 44 potential
dangerous events and took collision avoidance maneuvers for three times. In the
first three months of 2010, the CNES forecasted 14 potential dangerous events and
took collision avoidance maneuvers for five times.

D. German Space Operations Center

German Space Operations Center (GSOC) started to establish practical con-
junction assessment and mitigation system in 2008. The first version of the con-
junction event detection software was put into operation in January 2009 and put
into practical use in November of that year. Assessment analysis is conducted twice
a day to detect the distance between operating satellite and all objects in the TLE
catalogue database [25]. Since the establishment of the system, the first collision
avoidance maneuver was taken on the TerraSAR-X earth observation satellite of
GSOC in November 2009 to avoid the debris from the Russian satellite
Cosmos-2251 which was generated in the collision between American satellite
Ir-33 and Russian satellite Cosmos-2251.

E. Japan Aerospace Exploration Agency

Japan Aerospace Exploration Agency (JAXA) started to make conjunction
assessment on the Advanced Land Observing Satellite (ALOS) in 2008 and had
established the framework of collision avoidance maneuvers. Based on the orbit
information of operating satellites and space objects catalogued by the SSN, the
approaching analysis and collision probability computation can be conducted. The
data shall include the data in TLE Catalogue of SSN, ephemeris data of ALOS, and
radar-measured data [26]. According to a prediction made in August, 2009, the
Rubin4/SL-8 would start to approach ALOS Satellite at a distance of 0.114 km.
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The JAXA confirmed the orbit of Rubin4/SL-8 in accordance with the
radar-measured data and made an analysis. According to the analysis result, the
closest distance between them was 1.596 km. So the analysis was stopped.

(2) General procedures for conjunction assessments and collision avoidance
maneuvers

An introduction about the histories, compositions, and functions of the con-
junction assessment and collision avoidance maneuver systems of NASA, JSpOC,
CSSI, ESA, CNES, GSOC, and JAXA has been made in previous paragraphs.
There may be some nuances, but the basic framework and general procedures for
conjunction assessment and collision avoidance maneuver are consistent due to the
intrinsic rules. Through summaries and analyses, the conjunction assessment and
collision avoidance maneuver may involve the following steps:

A. Object filtering and conjunction event prediction. First of all, we shall rule
out all objects which are impossible to approach the main object according to the
orbit data of the spacecraft (main object) and data in space object catalogue data-
base (generally TLE database of NORAD). Then we shall make a several days
(normally 7 days) approaching prediction, determine the approaching time,
approaching distance and its components, rendezvous geometrical relationship,
relative velocity and other parameters and find out the maximum collision proba-
bility. If the approaching distance and the maximum collision probability exceed
the pre-set threshold values (2 � 25 � 25 km for JSpOC [18], 10 km and 10−4 for
CNES [24], 10−4 for GSOC [25], 5 km and 10−3 for JAXA [26]), relevant infor-
mation about the approaching shall be automatically reported once every day.

B. Preliminary assessment and analysis of collision risks. Once a conjunction
event is predicted, the collision risk analysis team shall conduct quantitative
analysis of the collision risk based on a collision risk assessment system. The
quantitative analysis shall involve a calculation of collision probability, an analysis
of collision probability sensitivity as well as an evolutionary trend analysis of
collision probability. With the latest data and rules including collision probability,
orbit error, approaching distance and its components, variation trend, rendezvous
geometrical relationship, approaching time, object size, etc., the analysis team shall
analyze the dangerous conjunction events by effective methods. Collision risk
assessment system is generally composed of modules like an approaching visual
module, a 2D collision probability tool module, a 3D nonlinear collision probability
tool module, a Monte Carlo collision probability tool module, an evolution and
tendency tool module, and other sub-modules.

C. Detailed risk assessments based on observation data. We shall make a
detailed assessment of collision risks to find out the dangerous conjunction events
which need collision avoidance maneuvers. We shall update all data and determine
the orbits of dangerous objects based on radar-measured data to get more accurate
analyses. By observing the module or RCS, we will determine the size of dangerous
object. All historical TLE data of dangerous objects shall be updated to reduce the
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analysis error. Make risk assessment again according to the renewed orbit data to
get the latest tendency and statistics analysis results. If the collision probability is
still larger than the threshold value, we shall do further analyses.

D. Planning and decisions on collision avoidance maneuver. The collision risk
analysis team shall keep doing the risk analysis and work out the most feasible
collision avoidance maneuver with the maneuver team. Satellite tasks, platform and
operation restrictions as well as the safety of orbit after maneuvers shall be taken
into account. Final decision is made based on the evolution of actual collision
probability, tendency within the collision scope, task restrictions of the spacecraft,
and the competence of performing the collision avoidance maneuver. After
deciding to perform the maneuver, we shall also make a decision about whether it is
necessary to do the retrograde maneuver. In addition, we shall develop a collision
avoidance maneuver strategy, which includes a collision avoidance maneuver
scheme and a retrograde maneuver scheme. Firstly, the thrust force can vary within
a fixed duration. Secondly, the position of the spacecraft can change along the orbit
with a constant velocity increment. The prediction about the orbit after maneuver
shall be offered to the collision risk analysis team who can make collision analysis
according to the post-maneuver ephemeris to ensure the safety of orbit. Within at
least 12 h before the TCA, members concerned shall be called together to make the
final decision upon the most feasible collision avoidance maneuver scheme
according to the detailed collision risk assessment results.

E. Post-maneuver analysis and assessment. After collision avoidance maneuver,
we shall assess the effects of the maneuver and analyze the post-maneuver orbit to
ensure the orbit is free from additional risks.

1.3.2 Situational Analysis

Situational analysis is preformed to understand and display complicate system
environment. The development tendency in the future can be predicted through the
situational analysis.

Situational analysis based on space catalogue data is realized by modeling and
analyzing the catalogue data to understand all space situations. Presently, space
event detection is one of the hottest topics in the discussion. Along with the
advancement in catalogue data research, situational analysis can acquire more
information of space objects, which can accordingly deepen the understanding of
mankind to space situation.

Space events include space weather events, space object orbit abnormal events,
etc. Perception about different space events has become more and more important.

Abnormal space weather may exert serious impact on the satellites on orbit.
Solar activities, geomagnetic activities, and other space weather factors have rela-
tively great impacts on the orbit of a space object, and these factors may lead to a
sudden change in the orbit energy attenuation rate by changing the upper
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atmospheric density. Therefore, the space weather events can be detected according
to the abnormal changes of spacecraft orbits if we have a thorough understanding
about the impacts of solar activities and geomagnetic activities on the orbit of
spacecraft.

Space orbit abnormal events can be used to understand the working conditions
of spacecrafts and make corresponding abnormity assessments. Normal spacecraft
is able to control its own orbit. To fulfill the missions, the spacecraft shall make a
series of actions for the orbital transfer control, orbital maintenance, rendezvous and
docking, etc. Therefore, sharp and sudden changes in the orbital elements may
occur. A failed spacecraft is uncontrollable and it orbits freely under the influence
of gravity and other disturbing forces. The orbital elements change in a stable and
continuous way if the spacecraft is intact without any collision, explosion, or dis-
assembly. The working conditions of the spacecraft can be estimated according to
the differences of orbit characteristics between normal and abnormal spacecrafts.
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Chapter 2
Orbital Prediction Error Propagation
of Space Objects

2.1 Definition of Coordinate System

In this section, we made a definition and description about all major coordinate
systems mentioned in this book.

1. ECI coordinate system

Earth centered inertial (ECI) coordinate system is a common geocentric coor-
dinate system [1, 2]. Its origin is at the center of the earth OE, and the fundamental
plane is the Earth’s equator. The X axis is in the equatorial plane, pointing to the
epoch mean vernal equinox; the Y axis is in the equatorial plane, at an angle of 90°
to the east; the Z axis is vertical to the equatorial plane, coinciding with the earth’s
spin axis and pointing to the north pole. In view of the time-dependent nature of
equator and ecliptic direction under the influence of precession and nutation, the
International Astronomical Union (IAU) decided in 1976 to start applying the new
epoch standard since 1984. The mean equinox at 12:00:00.00 on January 1st, 2000
has been taken as the benchmark. The coordinate system is also called J2000 ECI
coordinate system.

2. Satellite-based orbit coordinate system

Satellite-based orbit coordinate system is the common system used to describe
the relative motion of spacecraft, orbit prediction error, and orbital transfer. RSW
and NTW coordinate systems [2] are the two common types of the satellite-based
orbit coordinate system. Pay attention that there are different ways to define the
orbit coordinate system, including the local vertical local horizontal (LVLH)
coordinate system, the vehicle velocity local horizontal (VVLH) coordinate system,
etc. They are the most common coordinate systems during space rendezvous and
docking. In this book, we define the coordinate through Vallado’s method [2].

The origin of RSW coordinate system is located at the centroid of the space
object. The R axis (radial) always points from the Earth’s center along the radius
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vector toward the satellite as it moves through the orbit; the S axis (along-track or
transverse) points in the direction of (but not necessarily parallel to) the velocity
vector and is perpendicular to the radius vector; theW axis (cross-track) is normal to
the orbital plane. Refer to Fig. 2.1 for details.

Sometimes, the coordinate system is also marked as RTN (radial, transverse, and
normal) coordinate system or UVW coordinate system [3]. RSW coordinate system
is decided by its position and velocity vectors, which vary with time. Its Axis S does
not always coincide with the velocity direction. This kind of coordinate system is
mainly used to describe orbital errors, relative position, and satellite orbital transfer
of circular orbit.

In an ECI coordinate system, the unit vectors of the three axes of RSW coor-
dinate system are R̂; Ŝ; and Ŵ respectively.

R̂ ¼ r
rj j ; Ŵ ¼ r� v

r� vj j ; Ŝ ¼ Ŵ � R̂ ð2:1Þ

The transfer matrix between RSW coordinate system and ECI coordinate system
is:

MRSW!ECI ¼ R̂ Ŝ Ŵ
� �

; MECI!RSW ¼ R̂ Ŝ Ŵ
� �T ð2:2Þ

The origin of NTW coordinate system is in the centroid of the space orbit, Axis
T (tangential or in-track) is tangent to the orbit and points to the velocity direction,
Axis N (normal) is located in the orbital plane, vertical to the velocity direction,
positive upward and its Axis W (cross-track) is vertical to the orbital place. Refer to
Fig. 2.1 for details. NTW coordinate system also varies with its position and
velocity. This kind of coordinate system is mainly used for the atmospheric
damping impact analysis and error analysis of elliptical orbits.

In the ECI coordinate system, the unit vectors of the three axes of NTW coor-
dinate system are N̂; T̂; and Ŵ respectively.

R̂

Ŝ
Along-track

Radial

Ŵ
Cross-track

v

N̂ Normal T̂ In-track

Ŵ

v
r

Cross-track

Fig. 2.1 Satellite-based
RSW and NTW coordinate
systems
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T̂ ¼ v
vj j ; Ŵ ¼ r� v

r� vj j ; N̂ ¼ T̂ � Ŵ ð2:3Þ

The transfer matrix between the NTW coordinate system and the ECI coordinate
system is:

MNTW!ECI ¼ N̂ T̂ Ŵ
� �

; MECI!NTW ¼ N̂ T̂ Ŵ
� �T ð2:4Þ

NTW coordinate system is also presented as UNW coordinate system. Its Axis
U is tangent with orbit and points to velocity direction, Axis N is located in the
orbital plane, vertical to the velocity direction, positive upward and its Axis W is
vertical to the orbital plane. In the ECI coordinate system, the unit vectors of the
three axes of UNW coordinate system are Û; N̂; and Ŵ respectively.

Û ¼ v
vj j ; Ŵ ¼ v� r

v� rj j ; N̂ ¼ Ŵ � Û ð2:5Þ

MUNW!ECI ¼ Û N̂ Ŵ
� �

; MECI!UNW ¼ Û N̂ Ŵ
� �T

: ð2:6Þ

2.2 Overview of Orbital Prediction Errors

2.2.1 Category of Orbital Prediction Errors

The orbital problems mainly include three aspects: Orbital observation, orbital
determination, and orbital prediction. Due to various inevitable factors, errors
including measuring errors, modeling errors, and methodology errors may exist.
The true value of orbit objectively exists, but is unknown. Any orbital measuring
method may have errors. An error refers to a deviation and noise. We can only
acquire the optimally approximate value of the true orbit value by determining and
making assessments with the contaminated data.

Through orbital determination, we can get the initial mean value and initial
covariance of the orbit at t0. The initial mean value of the orbit is not always equal
to the true value. We can get the orbital prediction value and covariance prediction
value through orbital propagation. Figure 2.2 is a schematic diagram of the error
generation process during space object orbital determination and prediction.

Space object orbital prediction errors include initial errors and model errors. The
object state vector at initial epoch time can be acquired through orbital determi-
nation after data (radar, photology, GPS, etc.) processing. Due to the errors in
measured data, the state vector will inevitably have some errors which are also
known as initial state errors. During orbital propagation, the initial state errors will
diffuse along with the extrapolation of orbital model and its propagation charac-
teristics and tendency will vary according to the types of orbits. Based on the
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Fig. 2.2 Schematic diagram of errors during space object orbital determination and prediction
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propagation of orbital mean value and covariance, we can work out an error pipe in
which the orbital true value exists at a high probability. Refer to Fig. 2.3.

The incompleteness of orbital propagation model can cause model errors during
orbital propagation. If we can get the orbital true value at the initial time, model
errors may bring about orbital propagation errors, refer to Fig. 2.4. The diffusion of
initial errors and model errors may be coupled with each other. Orbital prediction
error analysis is a complicated problem.

During orbital propagation, the magnitudes of initial errors are different from
those of model errors. For the orbital propagation model with a relatively high
precision, its initial errors will be much greater than the model errors. To simplify
the analysis process, the analysis of initial errors is decoupled with that of the model
errors. When analyzing initial errors, the orbital prediction model shall be regarded
as correct without any model error and the propagation characteristics of initial
errors will be obtained. When analyzing model errors, different models with the
same initial state shall be taken for the orbital propagation, and the propagation
results shall be compared with each other.

One of the major problems for object monitoring and space object orbital data
application is acquiring the orbital propagation error covariance information of
space object and knowing the precision of that information. In practice, we usually
use the inner fitting precision and outer comparing precisions to define the precision
of orbital determination [4]. Considering the two assessment methods and the actual
engineering conditions, the analytical methods elaborated in the domestic and
foreign literature are error extrapolation based on orbital models, comparison with
high-precision orbital prediction results, and error analysis based on historical

( )true tX

( )true 0tX

True Orbit

Predicted Orbit

( )pred tX

( )tΔX

Fig. 2.4 Orbital model errors
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orbital data in allusion to different objects and sources of their orbit information. In
this chapter, we have a brief introduction about the first two methods. And the third
method will be discussed in the next chapter.

2.2.2 Model-Based Orbital Error Propagation

For the space cooperative objects like the normal spacecraft owned or controlled by
one’s own side, the owner or operator of the spacecraft shall take the responsibility
for the orbital determination, acquire the measured data with a relatively high
precision by various means, obtain the orbital elements and motion state vector
based on the orbital determination theories, and get the error information of orbital
determination or initial covariance matrix. Initial covariance matrix propagation can
be realized with transfer matrix which depends on the orbital model we used.

Due to the nonlinear dynamic orbit model, we cannot get the analytical transfer
matrix. In addition to the numerical analysis method, covariance analysis describing
function technique (CADET) is a common tool for linearization error analysis. The
Analytic Sciences Corporation of U.S. put forward CADET to analyze the statis-
tical properties of linear or nonlinear systems with random errors. This method is
featured with the characteristics of time saving, high efficiency, and high reliability
[5–8]. The basic concept of CADET is: firstly, we conduct the statistical lin-
earization on the nonlinear system based on the describing function theory; then,
work out the mean values of the random state variables and the covariance prop-
agation differential equation of the linearized system based on CADET. Once the
two differential equations are worked out, we can determine the statistical properties
of system state variables through one-time solution. Therefore, compared with the
sampling statistics method (Monte Carlo Method), CADET can save more time. In
addition, we can get accurate solutions for linear system by applying CADET. For
nonlinear systems, approximate values can also be obtained by means of statistical
linearization.

Liang et al. put forward the CADET method for error propagation analysis [9,
10] in allusion to the rendezvous and docking issues. In view of the navigation and
control errors, CADET propagation model for relative states and deviation statis-
tical variables has been established based on the C-W equation. In view of the
orbital perturbation model, navigation and control errors, the CADET propagation
model for relative states and deviation statistical variables has been established by
nonlinear perturbation dynamical equation.

We can get the error covariance matrix with a high precision through an orbital
error propagation, which requires the covariance at initial time and orbit model with
high precision. However, this is difficult to satisfy under normal circumstances.
This method takes a long time for calculation and cannot be applied to a large batch
of objects, so it is only applicable to some controllable cooperative objects. In
general cases, we usually adopt the method for the generation of orbit propagation
errors of key spacecrafts in space surveillance missions.
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2.2.3 Comparison with High Precision Ephemeris

The orbital prediction precision can be evaluated by comparing the orbital pre-
diction ephemeris with high precision ephemeris. Higher precision orbital data for
reference are usually obtained from the owner of spacecraft, orbital determination
observation, or data from the high precision orbital predictor. Vallado has done a
relatively thorough comparison about the difference of each orbital prediction
model [11, 12]. Chan compared the prediction results [13] of TLE prediction orbit
and double-station ranging orbital determination system of Intelsat’s geostationary
orbital communication satellite group, analyzed the variation of errors with time,
and gave out the different characteristics of errors over different marine areas. Kelso
analyzed the TLE orbital prediction results and the high precision ephemeris of
GPS satellites, as well as the consistency of TLE data [14]. Boyce also analyzed the
TLE prediction errors of Iridium constellation [15]. Snow compared the precisions
of TLE data and the corresponding measured date that are used to generate the TLE
data [16]. Muldoon improved the orbital determination and propagation with GPS
measured data [17]. Before and after the epoch time of TLE, estimated initial error
at epoch time can be obtained by comparing the high precision orbital determi-
nation results with the TLE data to get the initial value for error propagation
of the orbit.

For most users, this precision assessment method which can only be used for the
result comparison and verification is inapplicable, as it is impossible to get the high
precision orbital determination results of most objects in space catalogue and most
users are incapable to get the measured data or high precision ephemeris. In
addition, the orbital prediction error of each object is unique, requiring separate
analysis. Few objects with high precision ephemeris cannot represent all objects on
the same orbit completely.

2.3 Covariance Analysis Describing Function Technique

2.3.1 Covariance Analysis of Linear System

The differential equation of first order can be applied to the description of random
system in a linear continuous time domain:

_xðtÞ ¼ FðtÞxðtÞþGðtÞwðtÞþDðtÞ ð2:7Þ

Wherein: x(t) is the state vector of n-dimensional systems, which is composed of
plenty of state variables that can describe the system state; w(t) is the
m-dimensional disturbance and also the stochastic noise vector of the control input
of the system; F(t) and G(t) are deterministic functional matrixes and D(t) is
deterministic functional vector.
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As random state x(t) is made up of mean value �xðtÞ and random component dx
(t), the random system in a linear continuous time domain can be described as
follow:

x tð Þ ¼ �x tð Þþ dx tð Þ ð2:8Þ

�x tð Þ ¼ E x tð Þf g; P tð Þ ¼ E dx tð ÞdxT tð Þ� � ð2:9Þ

Similarly, random noise vector w(t) is composed of mean value �w tð Þ and random
component dw(t), the random system in a linear continuous time domain can be
described as follows:

wðtÞ ¼ �wðtÞþ dwðtÞ ð2:10Þ

�wðtÞ ¼ EfwðtÞg ð2:11Þ

When the disturbance is white noise, the covariance matrix of process noise can
be presented as:

E dwðsÞdwTðtÞ� � ¼ QðtÞd t � sð Þ ð2:12Þ

Wherein, d(t − s) is the Dirac function, which has the following properties:

d t � sð Þ ¼ 0 t 6¼ sð Þ
1 t ¼ sð Þ

�
;

Z1
�1

dð1Þd1 ¼ 1 ð2:13Þ

According to the describing function theory of linear system, the equation set of
mean value and covariance propagation is shown as follows:

_�xðtÞ ¼ FðtÞ�xðtÞþGðtÞ�wðtÞþDðtÞ
_PðtÞ ¼ FðtÞPðtÞþPðtÞFTðtÞþGðtÞQðtÞGTðtÞ

(
ð2:14Þ

Wherein: the diagonal elements of covariance matrix are the mean square errors
of the random parts of state variables and the off-diagonal elements describe the
correlation among all state variables. The covariance matrix is composed of these
two kinds of elements. Based on the mean value and the covariance propagation
equation set, we can work out the statistical rules of system state variables. So we
can get the state mean and variance at any time by knowing the initial conditions
�x t0ð Þ and P t0ð Þ: Second item of Eq. (2.14) is same as the linear system matrix
Ricatti Equation [8].
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2.3.2 Covariance Analysis of Nonlinear System

The differential equation for the nonlinear system in a continuous time domain:

_xðtÞ ¼ f x; tð ÞþGðtÞwðtÞþDðtÞ ð2:15Þ

where f(x, t) is a nonlinear vector function of the n-dimensional state variable x(t).
Definitions of other functions are the same as the definitions in linear system.

For CADET method for nonlinear system, first of all, we shall conduct the
statistical linearization on the nonlinear system by applying the describing function
theory. Then, we need to analyze the statistic performance of the linear system by
using the covariance analysis method.

With the purpose of turning the nonlinear function f(x,t) into the approximate
linear function of state variable x(t), the linearization includes true linearization and
quasi-linearization. Taylor series expansion method is the most common method in
true linearization. Statistical linearization belongs to quasi-linearization. According
to the probability density function form of state function x(t), statistical linearization
is to use a linear function f(x) to approximate the nonlinear function within a large
variation range of x(t). The nonlinear function f(x) is not required to be continuous
and differentiable. This method makes the linearization of a large number of
nonlinear functions possible, such as the step, saturation control, and numerical
switch functions that are frequently used in flight vehicles, which cannot be lin-
earized by using true linearization methods. Statistic linearization, however, has
disadvantages. We have to know the form of the probability density function of x
(t). Therefore, the same function with different probability density will have dif-
ferent linearization results.

Statistic linearization steps: for nonlinear vector function f(x, t) of random state
variable x(t), work out the quasi-linear equation f̂ þNdxdx to minimize the mean
square error E{eTe} between this equation and vector function f(x, t). Wherein:

e ¼ f � N�x�x� Ndxdx ¼ f � f̂ � Ndxdx ð2:16Þ

Shall meet the:

@

@N�x
tr E eTe

� �� � ¼ @

@Ndx
trace E eTe

� �� � ¼ 0 ð2:17Þ

Assume

N�x �x; Pð Þ�x ¼ E f ðx; tÞf g ð2:18Þ

The describing function can be obtained,
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f̂ ðtÞ ¼ E f x; tð Þf g
NdxðtÞ ¼ E f x; tð ÞdxTðtÞf gP�1ðtÞ ð2:19Þ

where Ndx is known as a dynamic matrix of quasi-linear system; f̂ is the expectant
vector which can be formulated as:

f̂ ¼ E f x; tð Þf g ¼
Z1
�1

f x; tð ÞpðxÞdx ð2:20Þ

where p(x) is the probability density function of x(t).
Statistic linearization theory shall be applied, i.e.,

f ’ f̂ þNdxdx ð2:21Þ

Substitute the above equation into Eq. (2.15), we can get:

_xðtÞ ¼ f̂ þNdxdxþGðtÞwðtÞþDðtÞ
¼ NdxxðtÞþGðtÞwðtÞþRðtÞ ð2:22Þ

where

RðtÞ ¼ f̂ � Ndx�xðtÞþDðtÞ ð2:23Þ

where both Ndx and f̂ do not contain x(t), and:

xðtÞ ¼ �xðtÞþ dxðtÞ ð2:24Þ

�xðtÞ ¼ E xðtÞf g ð2:25Þ

PðtÞ ¼ E dxðtÞdxTðtÞ� � ð2:26Þ

According to covariance analysis theory for linear system, the propagation
equations of mean vector �xðtÞ and covariance matrix P(t) of the random state vector
x(t) under the disturbance of which noise is shown as follows:

_�xðtÞ ¼ f̂ ðtÞþGðtÞ�wðtÞþDðtÞ
_PðtÞ ¼ NdxðtÞPðtÞþPðtÞNT

dxðtÞþGðtÞQðtÞGTðtÞ
�

ð2:27Þ

In general, f̂ ðtÞ and Ndx contain the mean value �xðtÞ and covariance P(t) of x(t),
the propagation equations above are nonlinear equations.
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2.3.3 Gaussian Distribution-Based Describing Function

Most of the common random state vectors are subject to Gaussian distribution, so
the state of a space object can also be regarded to be subject to Gaussian distri-
bution. In this section, we firstly obtain the statistic linear describing function of
nonlinear system when random variable x(t) is subject to joint Gaussian distribu-
tion. Then, apply the result to the orbital dynamic equation to analyze the propa-
gation situation of the estimated mean and estimated covariance in high-precision
orbital prediction.

According to the definition of describing function, in order to work out the
describing function, we have to acquire the probability density function of x(t). In
general, the analytic representations are complicate and even impossible to be
obtained. If x(t) is subject to joint Gaussian distribution, the probability density
function will be:

pðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pð Þn Pj j

p exp � 1
2
dxTP�1dx

� 	
ð2:28Þ

The describing function calculation can be simplified as follows:

f̂ ¼ E f x; tð Þf g ¼
Z1
�1

f x; tð ÞpðxÞdx

Ndx ¼ df̂
d�x

ð2:29Þ

namely:

f̂ ðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pð Þn Pj j

p Z1
�1

� � �
Z1
�1

f x; tð Þ exp � 1
2
dxTP�1dx

� 	
dx1 � � � dxn ð2:30Þ

df̂
d�x

’ @ f̂
@�x1

� � � @ f̂
@�xn


 �T

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pð Þn Pj j

p Z1
�1

� � �
Z1
�1

f x; tð Þ exp � 1
2
dxTP�1dx

� 	
dxTdx1 � � � dxnP�1

¼ E f x; tð ÞdxT� �
P�1

ð2:31Þ

According to the definition of the dynamic matrix describing function of the
quasi-linear system, we can learn that:
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Ndx ¼ df̂
d�x

ð2:32Þ

Now, the concrete solution to describing functions is presented. Set the statistic

linear describing function of state equation f ¼ f1; . . .; fnð ÞT as f̂ ¼ f̂1; . . .; f̂n
� �T

: If
the continuous function vector f(x) of the random variable has no sine/cosine
function, the Taylor expansion at mean value �x shall be presented as follows: (the
case with sine/cosine functions shall be subject to special treatment, refer to liter-
ature [6])

f ðxÞ ¼ f �xþ dxð Þ ¼ f ð�xÞþDdxf þ 1
2
D2

dxf þR2ðxÞ ð2:33Þ

where R2(x) is the remainder of Taylor Formula in second order; Ddxf is the total
differential of f(�) disturbed at �x caused by disturbance dx. The equations in the first
order and second order shall be presented respectively as follows:

Ddxf ¼
Pn
p¼1

xp � �xp
� �

@
@xp

f ðxÞ
���
x¼�x

D2
dxf ¼

Pn
p¼1

Pn
q¼1

xp � �xp
� �

xq � �xq
� �

@2

@xp@xq
f ðxÞ

���
x¼�x

8>><
>>: ð2:34Þ

Ignoring R2(x) and doing the expectation of Eq. (2.33), the function vector f
(x) can be linearized as follows:

E f xð Þf g ¼ E f �xð Þf gþE Ddxff gþ 1
2
E D2

dxf
� � ð2:35Þ

The scalar form is

E f xð Þf g ¼ E f �xð Þf gþE
Xn
p¼1

xp � �xp
� � @

@xp
f xð Þ

����
x¼�x

( )

þ 1
2
E
Xn
p¼1

Xn
q¼1

xp � �xp
� �

xq � �xq
� � @2

@xp@xq
f xð Þ

����
x¼�x

( ) ð2:36Þ

It can be noticed that:

E Ddxff g ¼ E
Xn
p¼1

xp � �xp
� � @

@xp
f xð Þ

����
x¼�x

( )
¼ 0 ð2:37Þ
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Then,

E f xð Þf g ¼ f �xð Þþ 1
2
E
Xn
p¼1

Xn
q¼1

xp � �xp
� �

xq � �xq
� � @2

@xp@xq
f xð Þ

����
x¼�x

( )
ð2:38Þ

According to the statistic theory, the statistic linear describing function of f(x) is:

f̂ xð Þ ¼ E f xð Þf g ¼ f �xð Þþ 1
2
E
Xn
p¼1

Xn
q¼1

xp � �xp
� �

xq � �xq
� � @2

@xp@xq
f xð Þ

����
x¼�x

( )

ð2:39Þ

Where the ith factor of f̂ xð Þ shall be:

f̂iðxÞ ¼ fi �xð Þþ 1
2
E
Xn
p¼1

Xn
q¼1

xp � �xp
� �

xq � �xq
� � @2

@xp@xq
fiðxÞ

����
x¼�x

( )
ð2:40Þ

Covariance matrix of vector x about the mean value �x shall be:

P ¼ E dxdxT
� � ¼ E x� �xð Þ x� �xð ÞT

n o

¼
E x1 � �x1ð Þ2
n o

� � � E x1 � �x1ð Þ xn � �xnð Þf g
..
. ..

.

E xn � �xnð Þ x1 � �x1ð Þf g � � � E xn � �xnð Þ2
n o

0
BBBB@

1
CCCCA,

P11 � � � P1n

..

. ..
.

Pn1 � � � Pnn

0
BB@

1
CCA

ð2:41Þ

Then, Eqs. (2.39) and (2.40) can be presented as follows:

f̂ ðxÞ ¼ f �xð Þþ 1
2

Xn
p¼1

Xn
q¼1

Ppq
@2

@xp@xq
f ðxÞ

����
x¼�x

ð2:42Þ

f̂iðxÞ ¼ fi �xð Þþ 1
2

Xn
p¼1

Xn
q¼1

Ppq
@2

@xp@xq
fiðxÞ

����
x¼�x

ð2:43Þ

At this moment,

Ndx ¼ df̂
d�x

¼ df �xð Þ
d�x

þ d
d�x

1
2

Xn
p¼1

Xn
q¼1

Ppq
@2

@xp@xq
fiðxÞ

����
x¼�x

 !
ð2:44Þ
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Comparing with linear system, Eq. (2.44) derived from the quasi-linear system
has a second-order corrective term. Therefore, the description on covariance
propagation is much more accurate than the Ricatti Formula for nonlinear system.

If the signal and information systems concerned are nonlinear systems, and the
optimal estimation is not limited to be a linear one, or the noise is in non-Gaussian
distribution, it will be relatively difficult to present the covariance matrix. The
martingale representation of nonlinear system error covariance matrix is presented
in literature [18]. When doing covariance analysis, high-order statistics approaching
method shall be adopted.

Providing that the initial state error is Gaussian white noise, a comparison had
been made upon the covariance matrixes which were worked out through CADET
and Monte Carlos Method. The comparison in literature [19] presents the same
result which has a relatively higher calculating precision.

In addition, literature [20] provides a reliable research on the non-Gaussian error
propagation of orbit and substitutes the Gaussian Confidence Ellipsoid with the
maximum boundary calibrated error range of undetermined forecasting cloud.

2.3.4 CADET’s Application on Orbit

Space object dynamic differential equation can be presented as:

_xðtÞ ¼ f xðtÞ; tð ÞþwðtÞ; wðtÞ�N 0;QðtÞð Þ ð2:45Þ

Providing that the system noise w(t) is white noise with an expectation value of
0, the spectrum density matrix is Q(t). And the orbital state estimated mean value
and covariance at initial time shall be:

xð0Þ�N �x0; P0ð Þ ð2:46Þ

According to the covariance describing function method, orbital propagation is
to integrate the following propagation equations of estimated mean value and
covariance:

_�xðtÞ ¼ f̂ �xðtÞ; tð Þþ �wðtÞ ð2:47Þ

f̂ �xðtÞ; tð Þ ¼ f �xðtÞ; tð Þþ 1
2

Xn
p¼1

Xn
q¼1

Ppq
@2

@xp@xq
f xðtÞ; tð Þ

����
x¼�x

ð2:48Þ

_PðtÞ ¼ F �xðtÞ; tð ÞPðtÞþPðtÞFT �xðtÞ; tð ÞþQðtÞ ð2:49Þ

F �xðtÞ; tð Þ ¼ @ f̂ �xðtÞ; tð Þ
@�xðtÞ ð2:50Þ
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Providing that the mean value of state vector x is �x ¼ �rT;�vTð ÞT, the differential

equation of mean value shall be _�x ¼ �vT; �aTð ÞT. If the geocentric distance is
7000 km, the second-order partial derivative of the acceleration of gravity with
respect to the radius vector is with the magnitude of d2(l/r2)/dr2 � 10−12.

If the position variance is with a magnitude of 106 m2, the magnitude of the
second-order term of Taylor expansion is about 10−6, which is equal to the mag-
nitude of the non-spherical perturbation term J4. In general calculation, only the J2
impact of the compression of the Earth is considered in the second-order partial
derivative. If the orbital altitude is relatively low, the second-order partial derivative
of atmospheric damping shall also be taken into account.

Integral of mean value and covariance shall be conducted in ECI coordinate
system and error analysis shall be conducted in RSW coordinate system as follows:

PRSW ¼ JPECIJT ð2:51Þ

J ¼ MT
RSW!ECI 0
0 MT

RSW!ECI

� 	
¼ R̂ Ŝ Ŵ

� �T 0

0 R̂ Ŝ Ŵ
� �T

 !
ð2:52Þ

According to the space object dynamics equation mentioned in last section, we
can analysis the initial mean value and error propagation situation in this section.
Ignoring the impact of noise and considering the impact of major second-order
partial derivatives, at this moment the mean value differential equation will be the
same as Eq. (2.47) and the covariance propagation equation is:

_PðtÞ ¼ F �xðtÞ; tð ÞPðtÞþPðtÞFT �xðtÞ; tð Þ ð2:53Þ

The initial condition is

x 0ð Þ�N �x0;P0ð Þ ð2:54Þ

Select four typical space objects including the Sun Synchronous Orbit (SSO), the
MEO, the Highly Eccentric Orbit (HEO), and the GEO. Refer to Table 2.1 for the
types of objects and orbits. Refer to Table 2.2 for the orbital elements of objects
(epoch times are UTC 00:00:00, August 1st 2008).

Table 2.1 Types of objects and orbits

S/N Type of orbit Type of object Object name Object code

① SSO Earth Resources Satellite ERS-2 23560

② MEO GPS Satellite GPSBlockHa 25030

③ HEO Molnyia Satellite Molnyia3-35 20052

④ GEO Galaxy Communication Satellite Galaxy-11 26038
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Ignoring the model noise and providing that the standard deviations of the
position error in each axis direction at initial state is 100 m and that of the velocity
error is 0.1 m, the error divergence situations in XYZ and RSW coordination
systems in the next day are shown as Figs. 2.5 2.6, 2.7, 2.8 and 2.9.

Table 2.2 Orbital elements of objects

S/N a/km e i/(°) X/(°) x/(°) M/(°)

① 7151.800091 0.0000917 98.5690 76.5485 99.0473 261.0823

② 26558.682691 0.010179 56.277 62.334 163.339 273.257

③ 25663.740026 0.740361 63.463 359.792 270.021 40.168

④ 42166.577215 0.000036 0.068 109.622 217.823 41.434
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As shown in Figs. 2.5, 2.6, 2.7, 2.8 and 2.9, both the radial position and velocity
errors of Object ① present relatively high levels of divergence, and the standard
deviation reached 35 km in the next day due to its relatively low orbital altitude and
large influence of atmospheric damping.

Object ② presents a relatively mild degree of error divergence due to its rela-
tively high orbital altitude and relatively small influence of atmospheric damping.
In the next day, its standard deviations of position and velocity errors reached
27 km and 3.7 m/s, respectively.

As Object ③ is in an elliptic orbit, it is subject to the most complicated per-
turbation factors and the most serious error divergence situation. In the next day, its
standard deviations of position and velocity errors reached 70 km and 60 m/s
respectively. Due to the relatively large orbital eccentricity and flight-path angle, a
relatively obvious difference in RSW and NTW coordinate systems has been found.
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Fig. 2.6 Error propagation curve of object ②
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The propagation curve of error standard deviation in NTW coordinate system had
also been drawn. As can be seen in Fig. 2.10, NTW coordinate system is more
applicable to elliptic orbits than RSW coordinate system.

Object ④ is with the highest orbital altitude and the smallest influence of
atmospheric damping. Therefore it has the minimum error divergence in radial
velocity, whose standard deviation only reached 2 m/s in the next day. However, it
has a relatively serious error divergence in position, whose standard deviation
reached 27 km in the next day.
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Fig. 2.7 Error propagation curve of object ③
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2.4 Orbital Error Analysis Based on Relative Motion
Theory

Relative motion of spacecraft refers to the motion of one or one set of spacecrafts
relative to a target spacecraft or a virtual spacecraft under the action of the same
gravitational field [21]. In contrast with its absolute motion (classical orbital
motion), the relative motion of a spacecraft discusses questions in more variable
forms and influenced by more complicated factors. Modeling and analysis of the
relative motion of spacecraft had already gone through in-depth studies by various
forms of models, which have been successfully applied to space missions including
space rendezvous and docking, spacecraft in-orbit services, spacecraft formation
flying, space-based space object surveillance, short distance observation, space
robot capture, and so on [21].
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Fig. 2.8 Error propagation curve of object ④ (one day later)
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Error (less than dozens of kilometers) of space object orbit propagation is a
smaller value comparing to its radius vector (generally no less than 6500 km).
Thus, the true and predict states of a space object can be considered as two objects
with a short distance: a real and a virtual one, orbit prediction errors as relative
motion between these two objects, then the relative motion theory in short distance
can be used to study the characteristics of orbit prediction errors.

In this section, we firstly do initial error propagation analysis on circular and
elliptical orbits using C-W and T-H equations based on algebraic models for rel-
ative motion. Then we make correlation characterization analysis on position and
velocity prediction errors of nearly circular orbit using geometrical models for
relative motion and then discuss its application in initial error selection.
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Fig. 2.9 Error propagation curve of object ④ (two days later)
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2.4.1 Initial Error Propagation Based on Algebraic Models

Orbit prediction errors of space objects consist of initial and model errors. Initial
error in orbit prediction propagates with time. Its propagation characteristics and
tendencies differ with the type of orbits. Decoupling analysis on initial and model
errors of orbit prediction is often used to simplify the problem. For initial error
analysis, orbit prediction models are considered to be accurate without any model
errors, which indicate that the difference of perturbation forces between prediction
models and actual orbits is considered to be zero. Thus we can get the propagation
characteristics of initial errors.

Generally, studies on relative motion neglect attitude motions. There are two
types of models [22–26]. One is algebraic method, also known as the dynamic
method, which is based on relative dynamic equation and easy for the guidance and
control of relative motion. Another is geometrical method, also known as the
kinematic method, which is based on models of relative motion expressed by orbital
elements and easy for orbital design and perturbation analysis. The algebraic
method is based on the basic dynamic equations described by absolute position
vectors of two spacecraft and builds a relative motion model in relative motion
coordinate system by assumptions and simplifications. The model is expressed in
differential equation sets, and makes predictions for the relative motion state if
initial conditions are known, so that it is applicable for analyzing the propagation
characterization of initial errors of the orbit prediction.
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Fig. 2.10 Error propagation curve of object ③ in NTW coordinate system
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1. Algebraic models for relative motion

The application of relative motion theory in analysis of orbit prediction errors of
space object is discussed in this section. One of the two space objects is the
dominant object and the other is the subordinate object, corresponding to the target
spacecraft and the tracing spacecraft in space rendezvous and docking.

The algebraic models for relative motion has been developed by Hill [27] and
Clohessy and Wiltshire [28]. Vallado [2] has presented the development as well.
We build relative motion models based on algebraic method, starting from the basic
motion equations described by absolute position vectors of the two objects and
establish the relative motion model in the RSW coordinate system of the dominating
object. If we take rp and rs as the respective absolute position vectors of the
dominating and subordinate objects in ECI coordinate system, the orbital dynamic
equations of the dominating and subordinate objects in ECI coordinate system are
as follows

€rp ¼ � l
r3p
rp þ f p; €rs ¼ � l

r3s
rs þ f s ð2:55Þ

where l is constant of earth gravitation; fp and fs are respectively perturbation
accelerations generated by all perturbation forces excluding gravity of the center of
the Earth acting on the dominating and subordinate objects. For error analysis, the
two objects are considered to be without control forces acting on them.

Relative position vector from the dominating object to the subordinate object
r = rs − rp, from Eq. (2.55) we can get

d2r
dt2

¼ €rs � €rp ¼ � l
r3s
rs þ l

r3p
rp þ f s � f p ¼

l
r3p

rp � rp
rs

� 	3

rs

 !
þ f ð2:56Þ

where f = fs − fp is the difference of the perturbation accelerations acting on the
two objects.

Equation (2.56) is the expression of relative dynamic equation in ECI coordinate
system, which is an accurate equation of relative motion without any simplification.

Build a relative dynamic equation in RSW coordinate system of the dominating
object. The relation of the absolute derivative and relative derivative is as follows:

d2r
dt2

¼ d2r
dt2

þ 2xp � dr
dt

þxp � xp � r
� �þ _xp � r ð2:57Þ

where d2r/dt2 and dr/dt are the relative acceleration vector and elative velocity
vector of the subordinate object in RSW coordinate system of the dominating object,
respectively; _xp and xp are the angular acceleration vector and angular velocity
vector of the dominating object, respectively.
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From Eqs. (2.56) and (2.57) we can get

d2r
dt2

þ 2xp � dr
dt

þxp � xp � r
� �þ _xp � r ¼ l

r3p
rp � rp

rs

� 	3

rs

 !
þ f ð2:58Þ

In RSW coordinate system of the dominating object, assume the relative position
vector to be r ¼ x y zð ÞTRSW , we can get

dr
dt ¼ _x _y _zð ÞT; d2r

dt2 ¼ €x €y €zð ÞT
xp ¼ 0 0 _h

� �T
; _xp ¼ 0 0 €h

� �T
rp ¼ rp 0 0ð ÞT; rs ¼ rp þ x y zð ÞT

ð2:59Þ

where h is the true anomaly of the dominating object orbit.
Substitute Eq. (2.59) into Eq. (2.58) yields

€x ¼ 2_y _hþ x _h2 þ y€hþ l
r2p
� l

r3s
rp þ x
� �þ fx

€y ¼ �2 _x _hþ y _h2 � x€h� l
r3s
yþ fy

€z ¼ � l
r3s
zþ fz

8><
>: ð2:60Þ

Equation (2.60) is the expression of relative dynamic equation in RSW coordi-
nate system, which is an accurate equation of relative motion without any
simplification.

Geocentric distance of the subordinate object can be expressed with geocentric
distance of the dominating object rp and the relative position vector r

rs ¼ rp þ x
� �2 þ y2 þ z2
h i1

2¼ r2p þ 2rpxþ r2

 �1

2¼ rp 1þ 2
x
rp

þ r2

r2p

 !1
2

ð2:61Þ

Suppose that the distance between the dominating and subordinate objects is far
less than their geocentric distance (r � rp), Eq. (2.61) can be written as

1
r3s

¼ 1
r3p

1þ 2
x
rp

þ r2

r2p

 !�3
2

� 1
r3p

1� 3x
rp

� 	
ð2:62Þ

Substitute Eq. (2.62) into Eq. (2.60) yields

€x ¼ 2 _y _hþ x _h2 þ y€hþ 2lx
r3p

þ 3lx2

r4p
þ fx

€y ¼ �2 _x _hþ y _h2 � x€h� ly
r3p
þ 3lxy

r4p
þ fy

€z ¼ � lz
r3p
þ 3lxz

r4p
þ fz

8>><
>>: ð2:63Þ
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Furthermore, neglecting the quadratic term ðlxr=r4pÞ in Eq. (2.63), we can get a
linearized expression of relative motion equation

€x� 2 _h _y� _h2x� €hy� 2lx
r3p

¼ fx

€yþ 2 _h_xþ €hx� _h2yþ ly
r3p
¼ fy

€zþ lz
r3p
¼ fz

8>><
>>: ð2:64Þ

Deduction of Eq. (2.64) only needs to suppose that the distance between the
dominating and subordinate objects is far less than their geocentric distances, no
restrictions on orbital eccentricity is required, and it is applicable to all orbital
shapes. From Eq. (2.64) we can tell that the relative motion along the direction
W (vertical to the orbital plane) is independent whereas the relative motions along
the direction R and S are coupled with each other.

(1) C-W equation

If the dominating object is in a nearly circular orbit, i.e. ep � 0, we have

_h � n; €h � 0;
l
r3p

� n2 ð2:65Þ

where n is average angular velocity of the dominating object.
Substituting Eq. (2.65) into Eq. (2.64) and neglecting the difference of pertur-

bation forces of the two objects, we can get

€x� 2n_y� 3n2x ¼ 0
€yþ 2n _x ¼ 0
€zþ n2z ¼ 0

8<
: ð2:66Þ

Equation (2.66) is the Clohessy-Wiltshire or C-W equation, also known as Hill’s
equation or H-C-W equation [2].

If we mark the initial time of relative motion with subscript “0”, the corre-
sponding initial conditions is x0; y0; z0; _x0; _y0; _z0ð Þ and we can get the analytical
solution of relative motion at any time t by integrating Eq. (2.66). The analytical
solution of relative position is

xðtÞ ¼ _x0
n sin nt � 2 _y0

n þ 3x0
� �

cos ntþ 2 _y0
n þ 2x0
� �

yðtÞ ¼ 2 2 _y0
n þ 3x0
� �

sin ntþ 2_x0
n cos nt � 3 _y0 þ 2nx0ð Þtþ y0 � 2 _x0

n

� �
zðtÞ ¼ _z0

n sin ntþ z0 cos nt

8><
>: ð2:67Þ

The analytical solution of relative velocity is
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_xðtÞ ¼ 2 _y0 þ 3nx0ð Þ sin ntþ _x0 cos nt
_yðtÞ ¼ �2 _x0 sin ntþ 2 2 _y0 þ 3nx0ð Þ cos nt � 3 _y0 þ 2nx0ð Þ
_zðtÞ ¼ �nz0 sin ntþ _z0 cos nt

8<
: ð2:68Þ

C-W equation is the most classical algebraic relative dynamic model. It takes the
spherical central gravitation and circular reference orbit as assumptions, excluding
the influence of perturbation forces. Although bearing some errors, it provides the
simplest relative motion relationship and is widely used in satellite formation flying,
space rendezvous, and other fields.

(2) T-H equation

In order to eliminate the restriction of circular reference orbit, Tschauner and
Hempel assumed that the object distance is a first order small value comparing to
the geocentric distance. According to variable substitution, they made the true
anomaly of the dominating object an independent variable, thus the equation
became dimensionless. Next, they simplified the nonlinear relative dynamic dif-
ferential equation set into a linear time-varying equation set and got an analytical
solution described with true anomaly/eccentric anomaly. The equation is called the
Tschauner-Hempel Equation. (abbr. T-H equation). T-H equation describes the
relative motion of objects with any eccentricity. Yamanaka got a new state tran-
sition matrix through a series of variable substitutions [29], which helped in dis-
cussion of its consistency with C-W equations. Yue et al., deduced specific
expressions of state transition matrix factors expressed by positions and velocities
in three-dimensional space. Converting them from angular domain into time
domain, they got state transition matrix expressing actual positions and velocities
[30]. Xing et al., studied relative motion issues of satellite formation flying [31–37].

If the dominating object is in an elliptical orbit, we can get a relatively simple
dynamics equation by taking true anomaly h as an independent variable. Therefore,
we can get relative dynamics equations with true anomaly h as an independent
variable by making variable substitutions to Eq. (2.64) and substituting true
anomaly h for time t as the independent variable, derivative x0 with respect to true
anomaly for derivative _x with respect to time

x00 � 2e sin h
1þ e cos h x

0 � 2y0 � 3þ e cos h
1þ e cos h xþ 2e sin h

1þ e cos h y ¼ 0
y00 þ 2x0 � 2e sin h

1þ e cos h y
0 � 2e sin h

1þ e cos h x� e cos h
1þ e cos h y ¼ 0

z00 � 2e sin h
1þ e cos h z

0 þ 1
1þ e cos h z ¼ 0

8><
>: ð2:69Þ

Yamanaka made variable substitutions to Eq. (2.69) [29], with its equations
given in LVLH coordinate system, whereas equations of this section given in RSW
coordinate system. If we make q ¼ 1þ e cos h, variable substitutions are as
follows:

2.4 Orbital Error Analysis Based on Relative Motion Theory 47



~x ~y ~zð ÞT¼ q x y zð ÞT ð2:70Þ

Converting T-H equations to a simpler form

~x00 ¼ 3~x=qþ 2~y0

~y00 ¼ �2x0

~z00 ¼ �~z

8><
>: ð2:71Þ

Yamanaka, by derivation, got a state transition matrix expressed in angular
domain [29]. We have deduced the expression of state transition matrix of T-H
equation in the RSW coordinate system:

x
y
z
_x
_y
_z

2
6666664

3
7777775
¼ TðtÞ

x0
y0
z0
_x0
_y0
_z0

2
6666664

3
7777775
; TðtÞ ¼

t11 t12 0 t14 t15 0
t21 t22 0 t24 t25 0
0 0 t33 0 0 t36
t41 t42 0 t44 t45 0
t51 t52 0 t54 t55 0
0 0 t63 0 0 t66

2
6666664

3
7777775

ð2:72Þ

Due to the length limitation of this section, we list specific element values of the
state transition matrix T(t) in Appendix A. The only assumption that makes the state
transition matrix tenable is that the relative distance is far less than the geocentric
distances of space objects and hence it can be applicable to elliptical orbit with any
eccentricity. When we have already known initial conditions, the matrix can be
directly used to calculate the state transition of the relative motion in the time
domain.

2. Error propagation of near-circular orbit based on C-W equation

(1) Error propagation formula

We first use C-W equation to analyze propagation characteristics of initial errors
of nearly circular orbits. _x; _y; _zð ÞT in Eq. (2.68) can be seen as relative velocity
errors or time derivatives of relative position errors, projection of absolute velocity
errors in the orbital coordination system, which is more concerned in error analysis.
From the following relation of absolute and relative velocities,

dr
dt

¼ dr
dt

þxp � r ð2:73Þ

we can get

DvRSW ¼ dr
dt

þxp � r ¼
_x
_y
_z

0
@

1
Aþ

0
0
n

0
@

1
A�

x
y
z

0
@

1
A ¼

_x� ny
_yþ nx

_z

0
@

1
A ð2:74Þ
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Finally,

Dvx ¼ � 2 _y0 þ 3nx0ð Þ sin nt � _x0 cos ntþ 3n _y0 þ 2nx0ð Þtþ 2_x0 � ny0ð Þ
Dvy ¼ � _x0 sin ntþ 2 _y0 þ 3nx0ð Þ cos nt � _y0 þ 2nx0ð Þ
Dvz ¼ �nz0 sin ntþ _z0 cos nt

8><
>: ð2:75Þ

Equation (2.75), together with Eq. (2.67), gives analytical expressions of error
changes between orbit prediction values and their truth values, providing that initial
position and velocity errors are already known.

If we combine the analytic expression (2.67) for position errors of C-W equation
and the analytic expression (2.75) for its velocity errors together, we can write them
into a state transition matrix. From Eq. (2.74) we can get

_x ¼ Dvx þ ny; _y ¼ Dvy � nx ð2:76Þ

The relation between the state vector of errors x; y; z; _x; _y; _zð ÞT and the state

vector of errors x; y; z;Dvx;Dvy;Dvz
� �T

is

x
y
z
_x
_y
_z

2
6666664

3
7777775
¼

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 n 0 1 0 0
�n 0 0 0 1 0
0 0 0 0 0 1

2
6666664

3
7777775

x
y
z

Dvx
Dvy
Dvz

2
6666664

3
7777775
¼ Mabs!relðnÞ

x
y
z

Dvx
Dvy
Dvz

2
6666664

3
7777775

ð2:77Þ

Thus, the state transition matrix of state vector of error X tð Þ ¼
x; y; z;Dvx;Dvy;Dvz
� �T

is

UðtÞ ¼

2� cos nt sin nt 0 1
n sin nt

2
n 1� cos ntð Þ 0

2 sin nt � 3nt 2 cos nt � 1 0 2
n cos nt � 1ð Þ 4

n sin nt � 3t 0
0 0 cos nt 0 0 1

n sin nt
n 3nt � sin ntð Þ n 1� cos ntð Þ 0 2� cos nt 3nt � 2 sin nt 0
n cos nt � 1ð Þ �n sin nt 0 � sin nt 2 cos nt � 1 0

0 0 �n sin nt 0 0 cos nt

2
6666664

3
7777775

ð2:78Þ

The expression of state transition matrix U(t) given in reference [38] is inac-
curate, for it is a transition matrix from the initial state vector x0; y0; z0; _x0; _y0; _z0ð ÞT
to the terminal state vector x; y; z;Dvx;Dvy;Dvz

� �T.U(t), multiplied by the matrix in
Eq. (2.77) to its right, can get the transition matrix from x0; y0; z0;ð
Dvx0;Dvy0;Dvz0ÞT to its terminal state x; y; z;Dvx;Dvy;Dvz

� �T
.
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If we have already known the error vector of initial state X0, the state vector of
error at any time t can be solved using the following equation

X tð Þ ¼ U tð ÞX0 ð2:79Þ

Suppose that P0 is the error covariance matrix in RSW coordinate system at the
initial time t0, then the covariance matrix at any time t is

P tð Þ ¼ U tð Þ � P0 �UT tð Þ ð2:80Þ

If initial covariance matrix P0 is diagonal matrix,

P0 ¼ diag r2x0 r2y0 r2z0 r2vx0 r2vy0 r2vz0

 �

ð2:81Þ

Substitute it into Eq. (2.80) and use Eq. (2.78), we can solve the covariance
matrix at any time t

PðtÞ ¼ PrrðtÞ PrvðtÞ
PT
rvðtÞ PvvðtÞ


 �
ð2:82Þ

where, Prr(t), Prv(t), and Pvv(t) stand for position covariance matrix, cross corre-
lation matrix of position and velocity, and velocity covariance matrix, respectively.
Refer to Appendix B for their specific expressions. In addition, Ref. [38] points out
that the covariance matrix at any time t is a diagonal matrix, so that the conclusion
is inaccurate.

The following is the expression of the diagonal element of P(t):

r2xðtÞ ¼ cos nt � 2ð Þ2r2x0 þ sin2 ntr2y0 þ
sin2 nt
n2

r2vx0 þ
4 1� cos ntð Þ2

n2
r2vy0

r2yðtÞ ¼ 2 sin nt � 3ntð Þ2r2x0 þ 2 cos nt � 1ð Þ2r2y0 þ
4 1� cos ntð Þ2

n2
r2vx0

þ 4
n
sin nt � 3t

� 	2

r2vy0

r2z ðtÞ ¼ cos2 ntr2z0 þ
1
n2

sin2 ntr2vz0

r2vxðtÞ ¼ n2 sin nt � 3ntð Þ2r2x0 þ n2 cos nt � 1ð Þ2r2y0 þ 2� cos ntð Þ2r2vx0
þ 3nt � 2 sin ntð Þ2r2vy0

r2vyðtÞ ¼ n2 1� cos ntð Þ2r2x0 þ n2 sin2 ntr2y0 þ sin2 ntr2vx0

þ 2 cos nt � 1ð Þ2r2vy0
r2vzðtÞ ¼ n2 sin2 ntr2z0 þ cos2 ntr2vz0

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:83Þ
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Thus, by C-W equations, we can get the analytic propagation function of the
initial error covariance matrix. From Eq. (2.83) we can know that, under
assumptions of C-W equations, the initial error propagation of nearly circular orbit
possesses the following characteristics:

(1) Periodic oscillations exist in errors at all directions (positions and velocities).
(2) Errors along direction W are independent to those in the orbital plane (along

direction R and S) so that the errors can be resolved in the orbital plane and
along the normal direction, respectively;

(3) Errors along direction W do not have any constant terms, only sine and cosine
function terms, which define free oscillations of errors along direction W;

(4) Except for oscillation terms, position errors along direction Sðr2yÞ; velocity
errors along direction Rðr2vxÞ and the polynomial term of time t explain that
their errors will increase with time and cause error divergence.

(2) Example of verification

We choose four typical objects as calculation examples to verify the orbital
initial error propagation analytic formula based on the relative motion theory. See
Table 2.3 for type of objects and orbits. See Tables 2.4 and 2.5 for orbital elements
of objects as well as position and velocity coordinates in ECI coordinate system
(Coordinated Universal Time is 2012-01-01 00:00:00.00 UTC).

Table 2.3 Types of objects and orbits

No. Type of orbit Type of object Object name Object
code

① Low Earth orbit (LEO) Earth Resources Satellite ERS-2 23560

② Medium Earth orbit (MEO) GLONASS Satellite COSMOS
1948

19165

③ Geostationary Earth orbit
(GEO)

Galaxy Communication
Satellite

Galaxy-11 26038

④ Highly elliptical orbit
(HEO)

Molnyia Satellite Molnyia 3-35 20052

Table 2.4 Orbital elements of objects

No. a/km e i/(°) X /(°) x /(°) M/(°)

① 7151.799943 0.002586 98.618 77.249 76.679 177.919

② 25507.551932 0.000375 64.354 242.658 306.373 53.654

③ 42166.577215 0.000036 0.068 109.622 217.823 41.434

④ 25663.740026 0.740361 63.463 359.792 270.021 40.168
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Suppose that the standard deviation of position errors along each axis directions
in RSW coordinate system at an initial time is 100 m and the standard deviation of
velocity errors is 0.1 m/s, the initial covariance matrix will be

P0 ¼ diag 104 104 104 10�2 10�2 10�2
� � ð2:84Þ

In order to verify the correctness of Eq. (2.82), we use the following three
methods to analyze the initial error propagation:

(1) The HPOP model in STK software, 21 � 21 order WGS84_EGM96 model of
earth gravitation, air drag coefficient 2.2, surface-mass ratio 0.02 m2/kg,
Jacchia-Roberts model of atmospheric density, solar radiation pressure coef-
ficient 1.0. We also choose 21 � 21 order of gravitational field for the
covariance calculation in HPOP model. This method only gives position error
covariance, hereinafter referred to as HPOP.

(2) The Monte-Carlo method considering only the two-body problem of which the
number of sample points is nM-C = 104, hereinafter referred to as M-C.

(3) Error propagation analytic formula based on C-W equation, hereinafter
referred to as C-W.

The time steps in three methods are all 1 min. It is necessary to illustrate that
there are two approaches to generate initial random state with Monte-Carlo method.
In the first approach, we generate random sample points at time t0 which follow the
distribution of initial errors then predict these sample points to each time ti (i = 1, 2,
…) using a two-body orbital model. We calculate the covariance of sample pre-
diction values at each time ti to get information of errors at that time. In the other
approach, we regenerate nM-C initial sample points at time t0 when we calculate
sample prediction values at time ti. Results of both approaches are basically the
same, while the first one gets a smoother standard deviation propagation curve. If
we consider from the aspect of analyzing initial error propagation, the first one can
explain the changes of initial errors at each time better. Thus we choose the first
approach to perform the Monte-Carlo statistical test.

See Figs. 2.11, 2.12 and 2.13 for error standard deviation divergence of three
objects (objects ①–③) on nearly circular orbits in RSW coordinate system. We can
learn that position errors along direction S and velocity errors along direction R on
nearly circular orbit have divergences as time passes. Position and velocity errors
along other directions have periodic oscillations as time passes without any
divergences.

Table 2.5 Position and velocity coordinates in ECI coordinate system

No. X/km Y/km Z/km Vx/(km/s) Vy/(km/s) Vz/(km/s)

① −1430.331391 −1627.484800 −6835.083611 1.295564 7.067381 −1.954642

② −11702.734586 −22658.145307 24.604748 1.521520 −0.783326 3.564419

③ 41659.812155 6510.137799 −49.166290 −0.474640 3.037799 −0.000680

④ 17110.947418 6872.467973 13886.072215 0.405454 1.938054 3.883779
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Error standard deviation curves we get from the three methods in Figs. 2.11,
2.12 and 2.13 are very close and hard to distinguish. In order to analyze precisions
with C-W method, we list relative error curves with C-W, M-C and HPOP methods
in Figs. 2.14 2.15 and 2.16.

We can learn from the derivational process of C-W equation that there are three
approximate hypotheses if we describe relative motion of nearly circular orbits with
C-W Eq. (2.66). The first one is perturbation force hypothesis, in which the two
objects are considered with the same perturbation force and their difference is zero.
The second one is linear hypothesis, in which the relative distance of the two
objects is considered as a smaller value comparing to their geocentric distance and
the equation can be linearized. The third one is the circular orbit hypothesis, in
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which the dominating object orbit is considered as strict circle and the equation can
be converted into constant coefficient linear equation.

Likewise, analysis on nearly circular orbital error propagation with C-W equa-
tion is also affected by these three hypotheses. In Figs. 2.11, 2.12 and 2.13, devi-
ations among C-W curves and M-C curves reveal deviations caused by linear and
circular orbit hypotheses, while deviations among C-W curves and HPOP curves
reveal deviations caused by the perturbation force hypothesis. If we analyze the
comparison of results in Figs. 2.14, 2.15 and 2.16, we can find that the relative
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errors of results with C-W method are usually no large than 2% comparing with
those with M-C and HPOP methods, which indicates that the precision of analyzing
initial errors with C-W equation is adequate.

From Fig. 2.11 we can learn that deviation of error standard deviation of object
① along direction W is relatively larger, which is due to its relatively smaller
amplitude of variation. From Fig. 2.14 we can see that relative errors of object ①
along direction W are smaller than 2%, no larger than that of other directions.

The relative errors are very small using C-M method and HPOP method in
Figs. 2.14, 2.15 and 2.16. We can learn from the derivational process of C-W
equation that two-body assumption is not introduced. The assumption is that per-
turbation forces are the same acting upon the dominating and subordinate objects
and that the difference of perturbation forces is zero. When applied to error analysis,
it can be seen as that the models of “actual” and prediction orbits are the same and

0 240 480 720 960 1200 1440
-2

0

2

R

Relative Error of Position Standard Deviations / %

0 240 480 720 960 1200 1440
-2

0

2

R

Relative Error of Velocity Standard Deviations / %

0 240 480 720 960 1200 1440
-2

0

2

S

0 240 480 720 960 1200 1440
-2

0

2

S

0 240 480 720 960 1200 1440
-2

0

2

Time / min

W

0 240 480 720 960 1200 1440
-2

0

2

Time / min

W

C-W to M-C
C-W to HPOP

Fig. 2.16 Relative error curve of standard deviations of object ③

0 240 480 720 960 1200 1440
-2

0

2
R

Relative Error of Position Standard Deviations / %

0 240 480 720 960 1200 1440
-2

-1

0

R

Relative Error of Velocity Standard Deviations / %

0 240 480 720 960 1200 1440
-2

0

2

S

C-W to M-C
C-W to HPOP

0 240 480 720 960 1200 1440
-2

-1

0

S

0 240 480 720 960 1200 1440
-1

0

1

Time / min

W

0 240 480 720 960 1200 1440
-1

0

1

Time / min

W
Fig. 2.15 Relative error curve of standard deviations of object ②

2.4 Orbital Error Analysis Based on Relative Motion Theory 55



without any errors. Therefore, on the premise that C-W equation assumption has
been met, what orbital model we choose has little to do with the results, which also
explains that C-W equation is a good tool for initial error propagation analysis.

3. Error propagation of elliptical orbit based on T-H equation

(1) Error propagation formula

Likewise, the velocity component of prediction errors we get from Eq. (2.72) is
relative velocity errors, or it can be seen as time derivative of relative position
errors, whereas the projection of absolute velocity errors in the reference orbital
coordinate system needs to be concerned. If we take U(t) for the state transition
matrix of initial error propagation after its conversion to absolute velocity errors, it
can be written as follows according to Eqs. (2.72), (2.74), and (2.76).

UðtÞ ¼ Mrel!abs xð ÞT tð ÞMabs!rel x0ð Þ

¼

t11 � x0t15 t12 þx0t14 0 t14 t15 0

t21 � x0t25 t22 þx0t24 0 t24 t25 0

0 0 t33 0 0 t36
t41 � x t21 � x0 t45 � xt25ð Þ t42 � x t22 þx0 t44 � xt24ð Þ 0 t44 � x t24 t45 � x t25 0

t51 þx t11 � x0 t55 þxt15ð Þ t52 þx t12 þx0 t54 þxt14ð Þ 0 t54 þx t14 t55 þx t15 0

0 0 t63 0 0 t66

2
666666664

3
777777775

ð2:85Þ

If initial covariance matrix P0 is a diagonal matrix as in Eq. (2.81), we can get
covariance matrix P(t) = U(t)P0U

T(t) at any time t. Refer to Appendix B for the
specific expression of covariance matrix P(t). Here we have the expression of its
diagonal element.

r2xðtÞ ¼ t11 � x0t15ð Þ2r2x0 þ t12 þx0t14ð Þ2r2y0 þ t214r
2
vx0 þ t215r

2
vy0

r2yðtÞ ¼ t21 � x0t25ð Þ2r2x0 þ t22 þx0t24ð Þ2r2y0 þ t224r
2
vx0 þ t225r

2
vy0

r2z ðtÞ ¼ t233r
2
z0 þ t236r

2
vz0

r2vxðtÞ ¼ t41 � x t21 � x0 t45 � xt25ð Þ½ �2r2x0 þ t44 � x t24ð Þ2r2vx0
þ t42 � x t22 þx0 t44 � xt24ð Þ½ �2r2y0 þ t45 � x t25ð Þ2r2vy0

r2vyðtÞ ¼ t51 þx t11 � x0 t55 þxt15ð Þ½ �2r2x0 þ t54 þx t14ð Þ2r2vx0
þ t52 þx t12 þx0 t54 þxt14ð Þ½ �2r2y0 þ t55 þx t15ð Þ2r2vy0

r2vzðtÞ ¼ t263r
2
z0 þ t266r

2
vz0

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð2:86Þ

In which, tij is defined by orbital eccentricity e, true anomaly h, and other
elements. Refer to Appendix A for its specific expression. So we can get the explicit
propagation functions of initial error covariance by the state transition matrix of
elliptical orbits.
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If we analyze propagation characteristics of initial errors, we should consider
whether there are any divergences with time. Therefore, we divide propagation
functions of initial error covariance into long-term items and periodic items for
separate observations. The long-term items will cause error divergences whereas the
periodic items will only make error oscillations within a certain scope. In order to
see clearly the impacts of long-term and short items on initial error propagation, we
rewrite coefficients of each item in Eq. (2.86) into the following:

tij ¼ aijJ þCij; i; j ¼ 1; 2; � � � ; 6 ð2:87Þ

where J = k2(t − t0) is a long-term item changing with time; aij is the coefficient of
the long-term items; Cij is the coefficient of the periodic items.

Therefore, we can rewrite the explicit propagation functions of initial error
covariance into

r2xðtÞ ¼ a11J þC11 � x0 a15JþC15ð Þ½ �2r2x0 þ a12JþC12 þx0 a14J þC14ð Þ½ �2r2y0
þ a14JþC14ð Þ2r2vx0 þ a15JþC15ð Þ2r2vy0

r2yðtÞ ¼ a21J þC21 � x0 a25JþC25ð Þ½ �2r2x0 þ a22JþC22 þx0 a24J þC24ð Þ½ �2r2y0
þ a24JþC24ð Þ2r2vx0 þ a25JþC25ð Þ2r2vy0

r2z ðtÞ ¼ C2
33r

2
z0 þC2

36r
2
vz0

r2vxðtÞ ¼ a41J þC41 � x a21JþC21ð Þ � x0 a45JþC45 � x a25JþC25ð Þð Þ½ �2r2x0
þ a44JþC44 � x a24JþC24ð Þð Þ2r2vx0
þ a42JþC42 � x a22JþC22ð Þþx0 a44JþC44 � x a24JþC24ð Þð Þ½ �2r2y0
þ a45JþC45 � x a25JþC25ð Þð Þ2r2vy0

r2vyðtÞ ¼ C51 þx C11 � x0 C55 þxC15ð Þ½ �2r2x0 þ C54 þx C14ð Þ2r2vx0
þ C52 þxC12 þx0 C54 þxC14ð Þ½ �2r2y0 þ C55 þx C15ð Þ2r2vy0

r2vzðtÞ ¼ C2
63r

2
z0 þC2

66r
2
vz0

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:88Þ

where a5j + xa1j = 0 (j = 1, 2, 4, 5). Taking j = 1 for an example, we can prove the
following using element values in Appendix A

x ¼ h=r2T ¼ ðh=p2Þð1þ e cos hÞ2 ¼ k2ð1þ e cos hÞ2 ¼ k2q2

a11 ¼ 3eq0sðe2 þ 3q0 � 1Þ
qðe2 � 1Þ � 3e3ss20

qq0ðe2 � 1Þ

a51 ¼ 3e3k2qss20
q0ðe2 � 1Þ �

3ek2qq0sðe2 þ 3q0 � 1Þ
e2 � 1

8>>>>>><
>>>>>>:

ð2:89Þ
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From Eq. (2.89) we can get

a51 þxa11 ¼ 0 ð2:90Þ

We can prove other equations in a similar way.
We can get propagation characteristics of elliptical orbit prediction errors using

initial error propagation functions in Eq. (2.88):

(1) Position errors along direction R and S in orbits contain long-term item J,
which will increase as time passes.

(2) Position errors along direction W in orbits only contain periodic items, which
will not have any divergences as time passes.

(3) Velocity errors along direction S andW in orbits will not have any divergences
as time passes, whereas velocity errors along direction R will have divergences
as time passes because they contain long-term item J.

We can also see from element values of state transition matrix in Annex A that
there is eccentricity e in the members of long-term item coefficient a1j (j = 1, 2, 4,
5) of position errors along direction R. Therefore, for circular orbits (e = 0), the
long-term item coefficient of position errors along direction R is 0. That is to say,
position errors along direction R will not have any divergences with time. In fact,
for nearly circular orbits, e � 0, x � n, Eq. (2.88) can degrade into error propa-
gation function Eq. (2.83) which we get from C-W equation.

(2) Example of verification

We choose typical space objects on highly eccentric orbits (object ④ in
Table 2.3) and refer to Tables 2.3, 2.4 and 2.5 for orbital parameters. If we suppose
that the standard deviation of position errors along each direction in RSW coor-
dinate system at the initial time is 100 m and the standard deviation of velocity
errors is 0.1 m/s, the initial covariance matrix will be consistent with that in
Eq. (2.84). We analyze initial error propagation separately using the STK/HPOP
model, the Monte-Carlo method which only takes two-body motion into account,
and the error propagation analytic formula based on T-H equation, respectively.
The time step is 1 min and the number of sample points is nM-C = 104 in the
Monte-Carlo method. See Fig. 2.17 for error standard deviation divergence of
object ④ in RSW coordination system.

As Object ④ is in an elliptic orbit, it is subject to complicated perturbation
factors and with serious error divergences which cause acute changes to its error
propagation curve. Position errors along direction R and S and velocity errors along
direction R in the orbit continue to increase with time. In the next day, their standard
deviations reached at about 30 km, 70 km, and 60 m/s, respectively. Position and
velocity errors along other directions caused by initial errors have periodic oscil-
lations as time passes without any divergences.

Error standard deviation curves we get from the three methods in Fig. 2.17 are
very close and hard to distinguish. In order to analyze relative errors, we list their
curves using T-H, M-C, and HPOP methods in Fig. 2.18.
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From Figs. 2.17 and 2.18 we can learn that there is great difference between
M-C and T-H curves at around 1290 s for standard deviations of velocity errors
along direction S. The relative error reaches to 40% when objects are near the
perigee. The possible reasons are that the curvature of elliptical orbits is relatively
larger near the perigee and that sample points of velocity errors from Monte-Carlo
method distribute in arc along orbits as in Fig. 2.19. The error distribution shows
non-Gaussian features at that time whereas default errors in calculating error
propagation using T-H method accord with Gaussian distribution. If we calculate
covariance matrix directly, we may cause larger errors along direction S (i.e. the
vertical axis in figures).

As in Fig. 2.20, r = rs − rp is error vector of the prediction position with respect
to the actual position (or the relative position vector from the dominating object to
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the subordinate object). We can describe error vector r as r = [x, y, z]T for real
positions in RSW coordinate system. If we describe errors with the three compo-
nents [x, y, z]T in RSW coordinate system (a rectangular coordinate system), we can
get non-Gaussian distribution errors so that it will be improper to perform error
fitting with Gaussian distribution assumption. However, when orbit curvature is not
very large, the non-Gaussian features of orbital errors are not obvious. When orbit
curvature is comparatively larger (as at the perigee of elliptical orbits), the
non-Gaussian features of orbital errors are relatively obvious. We can modify error
data using orbit curvature and describe it in a non-rectangular coordinate system.

As in Fig. 2.20, we define a polar coordinate system. The geocenter is taken as
its origin and actual position rp as its initial position. We can use an angle Dh1 and a

Fig. 2.19 Distribution of velocity errors using Monte-Carlo method at 1290s
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Fig. 2.20 Modifications of error data using orbit curvature
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distance x0 ¼ rs � rp to present the two-dimensional error vector r in the orbital
plane, in which Dh1 stands for a tiny angle between actual and prediction positions
of the object. Modified results of error data are r ¼ x0; y0; z0½ �T, where x0 is the radial
distance of prediction position away from its original orbit; y0 is front or back
deviations of prediction position in orbits; z0 is the normal distance of prediction
position away from its orbit plane. They can be respectively presented as follows

x0 ¼ rs � rp; y0 ¼ rpDh1; z0 ¼ z ð2:91Þ

When orbit curvature is comparatively smaller, we can consider x0 ¼ x and y0 ¼
y; when orbit curvature is comparatively larger, differences between x0 and x, y0 and
y become non-negligible. Similarly, differences between velocity errors Dvy and Dv0y
along direction S are also large. Due to the comparatively larger magnitude of
position errors (tens of kilometers), it is not obvious in previous simulation results;
the comparatively smaller magnitude of velocity errors (tenths of a meter per sec-
ond), slight changes will cause comparatively larger relative errors. That explains
why relative velocity errors are comparatively larger along direction S in Fig. 2.18.

We can modify results from Monte-Carlo method by the following formula:

Dh1 ¼ arctan y= xþ rp
� �� �

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ xþ rp

� �2q
� rp

y0 ¼ rpDh1

8><
>: ;

Dh2 ¼ arctan Dvx= Dvy þ vp
� �� �

Dv0x ¼ vpDh2

Dv0y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dv2x þ Dvy þ vp

� �2q
� vp

8><
>: ð2:92Þ

where Dv0x and Dv0y are velocity errors after modifications; Dh2 is an angle between
the prediction and real velocities.

Figures 2.21 and 2.22 are result curves of standard deviations after we modified
error data using orbit curvature. Relative error of standard deviations of velocity
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Fig. 2.21 Propagation curve of error standard deviations of object ④ (in RSW coordination
system with curvature modifications)
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errors along direction S reduces to 12%. Velocity error magnitude along direction
S is comparatively smaller, so the absolute error corresponding to the relative error
of 12% is very small. The two close curves of standard deviations of velocity errors
along direction S in Fig. 2.21 also explain that.

We can learn from the derivational process of T-H equation that there are two
approximate hypotheses if we describe relative motion. The first one is perturbation
force hypothesis, in which the two objects are considered with the same pertur-
bation force and their difference is zero. The second one is linear hypothesis, in
which the relative distance of the two objects is considered as a smaller value
comparing to their geocentric distances and the equation can be linearized. In the
same way, analysis on orbit prediction error propagation with T-H equation is also
affected by these two approximate hypotheses. In Figs. 2.27 and 2.21, deviations
between T-H and M-C curves reveal deviations caused by linear hypothesis, while
deviations between T-H and HPOP curves reveal deviations caused by perturbation
force hypothesis. From Fig. 2.22 we can learn that except for the aforementioned
particular points, the relative errors between results using T-H method and those of
M-C and HPOP methods are usually no more than 2%, which indicates that the
precision of analyzing initial errors with T-H equation is adequate.

Due to the relatively large orbital eccentricity and large flight angle of object ④,
both RSW and NTW coordinate systems reflect a relatively obvious difference. The
propagation and relative error curves of error standard deviations of NTW coordi-
nate system are shown in Figs. 2.23 and 2.24.

From Fig. 2.23 we can learn that error propagation characteristics are different in
NTW and RSW coordinate systems. In NTW coordinate system, position errors
along direction T and velocity errors along direction N have divergence as time
passes, while position errors along direction N have periodic oscillations and
velocity errors along direction T have divergence as time passes. In addition, the
position error curve along direction R in Fig. 2.17 has sudden changes near the
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Fig. 2.22 Relative error curve of standard deviations of object ④ (in RSW coordination system
with curvature modifications)
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perigee and gradually larger amplitude; the position error curve along direction N in
Fig. 2.23 is relatively smooth and doesn’t increase over time, while velocity errors
along direction T have sudden changes near the perigee. We pay more attention to
velocity error propagation in practical applications. Therefore, for highly eccentric
orbit, we prefer describing errors using NTW coordination system rather than RSW
coordination system.

We can make qualitative explanations in Fig. 2.25 for the two characteristics of
elliptical orbit errors in RSW coordinate system along direction R (gradually larger
amplitude and sudden changes near the perigee). According to theories and prac-
tices of orbital dynamics and error propagation [39–41], the long axis of the error
ellipsoid is basically identical with the velocity direction, and three principal axis
directions are consistent with the three coordinate axis directions in NTW coordinate
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Fig. 2.24 Propagation curve of error standard deviations of object ④ (in NTW coordination
system)
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Fig. 2.23 Propagation curve of error standard deviations of object ④ (in NTW coordination
system)
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system as in Fig. 2.26. The angle between Axis S in RSW coordinate system and
Axis T in NTW coordinate system is the flight-path angle H, which is never zero in
orbits except for the perigee and apogee. Therefore, the long axis of error ellipsoid
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Fig. 2.25 Error ellipsoid of elliptical orbit
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Fig. 2.26 The changing curve of velocity angle H of object ④ with its passing the Perigee time s
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always has projection on Axis R except for the perigee and apogee. As the long axis
getting longer over time, the projection enlarges in periodic oscillations, which
explains the tendency of long-term position error divergences along direction R.

Figure 2.26 is a changing curve of the flight-path angle of object ④ with its
passing the perigee time s, taking the orbital period as the unit of abscissa. From
Fig. 2.26 we can notice that the flight-path angle near the perigee changes from a
maximum negative value to zero, then to a maximum positive value. The flight-path
angle decreases rapidly to zero near the perigee and the projection of the long axis
of error ellipsoid along direction R also decreases rapidly, which explain why there
are sudden changes to the errors near the perigee.

2.4.2 Correlation Characterization Based
on Geometrical Model

The propagation characteristics of initial error of circular and eccentric orbit are
analyzed based on C-W equations and T-H equations respectively in Sect. 2.4.1,
which belong to the algebraic model. The negative correlation characteristics of
position and velocity error in the case of near-circular orbit are studied based on the
geometrical model of relative motion in this section. The application of negative
correlation characteristics in the determination of initial error covariance is dis-
cussed. The correlation characteristics are validated by historical orbital data.

Orbit prediction error analysis on TLE orbit in Refs. [38, 42] points out that the
curve shapes of position errors along S direction and velocity errors along R
direction, position errors along R direction and velocity errors along S direction on
circular orbit are roughly the same. They are merely inversed around the horizontal
axis, which makes them similar. References [38, 42] analyzed this correlation
characterization and put forward an assumption that orbit prediction errors are
mainly caused by the advancing and falling behind of prediction position on actual
orbits, which can explain the generation of long-term error divergences. This
assumption only considers the advancing and falling behind of prediction position
on actual orbits and does not take the differences between prediction and actual
orbits into account. Therefore, it can explain the long-term error divergence char-
acterization, negative correlation characterization of position errors along S direc-
tion and velocity errors along R direction, but fails to explain the relation between
position errors along R direction and velocity errors along S direction. In this
section, we analyze error correlation characterization using geometrical models for
relative motion on basis of the references.

Liu has analyzed the correlation characterization of satellite orbital errors [43],
derived the relations between satellite position, velocity errors and orbital element
errors in RTN frame, provided the quantitative relations between position and

2.4 Orbital Error Analysis Based on Relative Motion Theory 65



velocity errors in RTN frame on nearly circular orbits and also analyzed the cor-
relation of orbital element errors restrained by position errors in RTN frame.

1. Geometrical Models for Relative Motion

Taking orbital elements of the primary and secondary objects as parameters, the
relative dynamics equation is built according to space geometry relation to describe
relative motion of space objects, which is called geometrical models for relative
motion. Since the geometrical method describes relative motion based on orbital
elements, we can apply orbital perturbation theory for the study of the influence of
perturbation on relative motion. In the geometrical method, we build relative
motion models on primary object orbital coordinate system as well. Schaub [44, 45]
came up with a method in which geometrical relationship of relative motion is
shown by orbital element differences. We make the relative state vector between
two objects in the primary RSW coordinate system as

X ¼ x; y; z; _x; _y; _zð ÞT ð2:93Þ

The orbital element vector of the primary object and the orbital elements dif-
ference vector of the secondary to the primary object are

e ¼ a; e; i;X;x;Mð ÞT; de ¼ da; de; di; dX; dx; dMð ÞT ð2:94Þ

Then the relative position and velocity coordinates in terms of the orbital ele-
ments differences can be written as

x ¼ r
a da� a cos f d eþ ae sin fffiffiffiffiffiffiffiffi

1�e2
p dM

y ¼ 2þ e cos f
1þ e cos f a sin f deþ r dxþ cos i dXð Þþ a2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p
dM

z ¼ r sin udi� r cos u sin idX
_x ¼ � ne sin f

2
ffiffiffiffiffiffiffiffi
1�e2

p daþ a3
r2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p
n sin f d eþ a3

r2 ne cos f dM

_y ¼ � 3a
2r n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p
daþ eþ 2 cos f þ e 2þ e cos fð Þ cos2 f

1�e2ð Þ3=2 an de

þ ane sin fffiffiffiffiffiffiffiffi
1�e2

p dxþ cos i dXð Þ � a3
r2 ne sin f dM

_z ¼ anffiffiffiffiffiffiffiffi
1�e2

p cos uþ e cosxð Þdiþ an sin iffiffiffiffiffiffiffiffi
1�e2

p sin uþ e sinxð ÞdX

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð2:95Þ

where

r ¼ a 1� e2ð Þ
1þ e cos f

; n ¼
ffiffiffiffiffi
l
a3

r
ð2:96Þ

Equation (2.95) depicts the relative position and velocity in RSW coordinate
system using the Keplerian orbital element differences, in which _x; _y; _zð ÞT is the
relative velocity error or the temporal derivative of the relative position error. The
projection of absolute velocity error into the orbital coordinate system is what more
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concerned in error analysis. From the relation of absolute and relative velocities we
can get

Dvx ¼ _x� y_f ;Dvy ¼ _yþ x_f ; _f ¼ h
r2

¼ a2

r2
n
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p
ð2:97Þ

Therefore

vx ¼ � ne sin f
2
ffiffiffiffiffiffiffiffi
1�e2

p da� a2n sin f
r
ffiffiffiffiffiffiffiffi
1�e2

p de� a2n
ffiffiffiffiffiffiffiffi
1�e2

p
r dxþ cos idXð Þ � a3n

r2 dM

vy ¼ � an
ffiffiffiffiffiffiffiffi
1�e2

p
2r daþ eþ cos f þ 2e 2þ e cos fð Þ cos2 f

1�e2ð Þ3=2 ande

þ ane sin fffiffiffiffiffiffiffiffi
1�e2

p dxþ cos idXð Þ
vz ¼ anffiffiffiffiffiffiffiffi

1�e2
p cos uþ e cosxð Þdiþ an sin iffiffiffiffiffiffiffiffi

1�e2
p sin uþ e sinxð ÞdX

8>>>>><
>>>>>:

ð2:98Þ

For the near-circular orbit e � 0; r � að Þ; if eliminating terms containing
eccentricity e in Eqs. (2.95) and (2.98), we can get

x � da� a cos f de
y � 2a sin f d eþ a dxþ cos idXþ dMð Þ
z � a sin udi� cos u sin idXð Þ ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di2 þ sin2 idX2

p
sin u� /z

� �
vx � �an sin f d e� an dxþ cos idXþ dMð Þ
vy � � n

2 daþ an cos f de

vz � an cos udiþ sin u sin idXð Þ ¼ an
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di2 þ sin2 idX2

p
sin uþ/vz

� �

8>>>>>>><
>>>>>>>:

ð2:99Þ

where the phase angles of position and velocity errors along W direction are

/z ¼ arctan
sin idX

di
; /vz ¼ arctan

di
sin idX

ð2:100Þ

Generally, orbital element errors de; di; dX and dx are all small values. They
don’t change over time (two-body) or change over time slowly (perturbation). The
error of semi-major axis da is largely affected by atmospheric drag which makes its
changes faster than other orbital elements aforementioned. If we suppose that the
semi-major axis error da has linear variations over time, we can write it as follows

da ¼ da0 þ d _a � s; s ¼ t � t0 ð2:101Þ

Mean anomaly error dM changes fast over time and have the following relation
with initial semi-major axis error da0 and semi-major axis rate d _a :

dM ¼ dM0 � 3n
2a

da0sþ d _a
2
s2

� 	
ð2:102Þ

Substitute Eqs. (2.101) and (2.102) into the terms in the orbital plane of
Eq. (2.99), we can get
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x � d _as� a cos f deþ da0

y � � 3
4
nd _as2 � 3

2
nda0s

� 	
þ 2a sin f deþ a dxþ cos i dXþ dM0ð Þ

vx � 3
4
n2 d _as2 þ 3

2
n2da0s

� 	
� an sin f de� an dxþ cos i dXþ dM0ð Þ

vy � � n
2
d _asþ an cos f de� n

2
da0

8>>>>>>>>><
>>>>>>>>>:

ð2:103Þ

Equation (2.103) reveals that there are linear term s and quadratic term s2 of
time in position errors along S direction and velocity errors along R direction,
which will have fast divergences as time passes. In position errors along R direction
and velocity errors S along direction, there are only linear term s, initial semi-major
axis error da0 and eccentricity error de: Because semi-major axis change rate d _a has
a small magnitude, the linear term of time which takes it as parameter has smaller
changes over time and not obvious long-term divergences. The position errors and
velocity errors along W direction are defined by direction errors of the orbital plane
(the inclination error di and the right ascension of ascending node error dX ), and
oscillates with the orbital period. The periodicity of position and velocity errors on
the orbital plane (along R and S direction) is caused by eccentricity error de and its
period is also orbital period.

2. Correlation of Position and Velocity Errors

(1) Relations of position and velocity errors along R and S direction

Equation (2.103) indicates that the expression of position error y along S
direction and velocity error vx along R direction is composed by three parts for
near-circular orbits:

(1) secular term (up to second order) caused by initial semi-major axis error da0
and its change rate d _a;

(2) periodic term caused by eccentricity error de;
(3) constant term caused by argument of perigee error dx, right ascension of the

ascending node error dX and initial mean anomaly error dM0.

Position error y along S direction and velocity error vx along R direction have the
following approximate relation:

vx
y
� �n ¼ � 2p

T
ð2:104Þ

Equation (2.103) indicates that the expression of position error x along R
direction and velocity error vy along S direction is also composed by three parts for
near-circular orbits:
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(1) one-order secular term caused by semi-major axis change rate d _a;
(2) periodic term caused by eccentricity error de;
(3) constant term caused by initial semi-major axis error da0.

Position error x along R direction and velocity error vy along S direction have the
following approximate relation:

vy
x
� �n ¼ � 2p

T
ð2:105Þ

Equations (2.104) and (2.105) represent the approximate relations of position
and velocity errors along R and S direction for near-circular orbit. For near-circular
orbit, quantitative relation is obvious between position and velocity errors along R
and S direction:

(1) For magnitude, the R and S components of velocity errors are n ¼ 2p=T times
than the S and R components of position errors. For LEO, its period
T � 100min, n is about 1/1000; for MEO, its period T � 12 h; n is approxi-
mately 1/7000; for GEO, its period T � 24 h; n is approximately 1/14,000.

(2) For sign, the sign of the R and S components of velocity errors are opposite to
the S and R components of position errors, which explain that the curve shapes
of position errors along S direction and velocity errors along R direction on
circular orbit are approximately the same. They are merely inversed around the
horizontal axis, which makes them similar.

(2) Relations of position and velocity errors along W direction

Position and velocity errors along W direction have periodic oscillations, and
their oscillation functions are

z � a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di2 þ sin2 i dX2

p
sin u� /z

� �
; vz � an

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di2 þ sin2 i dX2

p
sin uþ/vz

� �
ð2:106Þ

Equation (2.100) infers that phase angles of position and velocity errors meet:

/z þ/vz ¼
p
2

ð2:107Þ

Therefore, the vz expression in Eq. (2.106) can be written as

vz � na
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di2 þ sin2 idX2

p
sin uþ p

2
� /z


 �
ð2:108Þ

The relation of position error z and velocity error vz along W direction is
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vzðuÞ ¼ nz uþ p
2


 �
¼ 2p

T
z uþ p

2


 �
ð2:109Þ

where vz(�) and z(�) denote that position and velocity errors are functions of the
argument of latitude u. Equation (2.109) represents the approximate relation of
position and velocity errors along W direction on near-circular orbit. For amplitude,
velocity errors are n ¼ 2p=T times than position error. For phase, velocity errors
are p=2 ahead of position errors.

3. Negative Correlation Characteristic of Error Covariance Matrix

From the last section we can know that position errors along S direction and
velocity errors along R direction are in approximate quantitative relation as in
Eq. (2.104), and position errors along R direction and velocity errors along S
direction are also in approximate quantitative relation as in Eq. (2.105). This
characteristic is actually the negative correlation of position and velocity errors,
which reflects in error covariance matrix, i.e. the negative correlation characteristic
of covariance matrix. We can use a correlation coefficient to express this inverse
relationship and approximate characterization. The definition of correlation coeffi-
cient q is [46]

q X; Yð Þ ¼ cov X; Yð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 Xð Þr2 Yð Þp ð2:110Þ

where cov �; �ð Þ and r2 �ð Þ are covariance and variance respectively, correlation
coefficient is dimensionless.

The absolute value of correlation coefficient q is not larger than 1, i.e. qj j 	 1: qj j
getting larger indicates that X and Y have closer connections for linear relation;
especially when qj j ¼ 1; X and Y are in linear relation with probability 1. When
q[ 0; X and Y have same tendencies; when q\0; X and Y have opposite ten-
dencies. When q is near 1, positive linear relation is between two random variables;
when q is near −1, negative linear relation is between two random variables
(negative correlation); when q is near 0, no linear relations are between two random
variables.

The expression of orbital error covariance matrix PðtÞ using C-W equations is
got in Sect. 2.4.1. The correlation coefficients could be gotten through the following
equation:

qx;vy ¼
cov x; vy
� �

rðxÞr vy
� � ¼ P1;5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P1;1P5;5
p ; qy;vx ¼

cov y; vxð Þ
rðyÞr vxð Þ ¼

P2;4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2;2P4;4

p ð2:111Þ

The initial covariance matrix is then propagated, the correlation coefficients are
obtained by Eq. (2.111). Figures 2.27, 2.28 and 2.29 illustrate the curves of two
correlation coefficients qx;vy and qy;vx of three objects over time. Note that these two
correlation coefficients in initial covariance matrix are both zero.
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Figures 2.27, 2.28 and 2.29 show that the correlation coefficient qy;vx between
position error along S direction and velocity error along R direction changes from 0
to −1 very quickly after the beginning of the prediction (within half an orbital
period), which indicates that there is strong negative correlation between position
error along S direction and velocity error along R direction. The correlation coef-
ficient qx;vy of position error along S direction and velocity error along R direction is
permanently not larger than zero and has oscillations from 0 to −1, with the orbital
period. There is also strong negative correlation between position error along R
direction and velocity error along S direction.

0 240 480 720 960 1200 1440
-1

-0.8

-0.6

-0.4

-0.2

0

Δt / min

ρ x
,v
y

0 240 480 720 960 1200 1440
-1

-0.8

-0.6

-0.4

-0.2

0

Δt / min

ρ y
,v
x

Fig. 2.28 Correlation coefficients of MEO object based on C-W equations
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Fig. 2.29 Correlation coefficients of GEO object based on C-W equations

0 240 480 720 960 1200 1440
-1

-0.8

-0.6

-0.4

-0.2

0

Δt / min

ρ x
,v
y

0 240 480 720 960 1200 1440
-1

-0.8

-0.6

-0.4

-0.2

0

Δt / min

ρ y
,v
x

Fig. 2.27 Correlation coefficients of LEO object based on C-W equations
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4. Application of Correlation Characteristic in Error Propagation

One of the applications of the negative correlation characteristic of orbital error
is the determination of initial error covariance matrix. A LEO object is taken as an
example to explain. Table 2.6 shows the epoch and initial orbital elements.

Three conditions are considered when determine the initial covariance matrix:
(1) the position and velocity errors are non-correlated; (2) the position and velocity
errors are in negative correlation, the correlation coefficients qx;vy ¼ qy;vx ¼ �0:9;
(3) the position and velocity errors are in positive correlation, the correlation
coefficients qx;vy ¼ qy;vx ¼ 0:9: Table 2.7 shows the initial position and velocity
covariance matrix under these three conditions.

We use high precision orbit propagation (HPOP) models to perform orbit
propagation and covariance propagation. Under the three initial covariance condi-
tions, we use the STK/HPOP covariance propagation module to perform initial
error covariance matrix prediction and get changing curves of error standard
deviations of one-day and ten-day predictions in RSW coordination system as in

Table 2.7 Initial position and velocity covariance matrix

x y z vx vy vz
q ¼ 0 x 25

y 100

z 25

vx 4 � 10−4

vy 1 � 10−4

vz 1 � 10−4

q ¼ �0:9 x 25 −0.045

y 100 −0.18

z 25

vx −0.18 4 � 10−4

vy −0.045 1 � 10−4

vz 1 � 10−4

q ¼ 0:9 x 25 0.045

y 100 0.18

z 25

vx 0.18 4 � 10−4

vy 0.045 1 � 10−4

vz 1 � 10−4

Table 2.6 Epoch and initial orbital elements

Epoch (UTCG) a/km e i/(°) X /(°) x/(°) M/(°)

2012-07-01
00:00:00.00

7068.920954 0.002805 98.141 256.737 96.061 180.974
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Figs. 2.30 and 2.31. These figures indicate that the consideration of negative cor-
relation characteristic of position and velocity errors when determining initial
covariance can obviously reduce the divergence of initial error.

The negative correlation characteristic of position and velocity errors is derived
under the assumption that the orbit is near-circular and the orbital element error are
small values. If the errors of near-circular orbit do not meet negative correlation
characteristics, the orbital element error is not a small value and orbit prediction
errors must have serious divergence. Due to the internal relations among position
and velocity errors at all directions, we must consider the relations when defining
initial covariance matrix to make sure that the parameters are self-consistent and
reasonable.
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Fig. 2.31 Propagation of initial covariance (10 day)
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Chapter 3
Orbital Error Analysis Based
on Historical Data

For operational spacecraft, the owner/operator is in charge of the orbit determina-
tion. They process the measurements from the tracking stations and come up with a
best estimate of the object’s orbit, measurement residuals, and the initial covariance
matrix. The initial covariance matrix can be propagated by means of the transition
matrix. The transition matrix contains the derivatives of the state vector at a given
position with respect to the dynamic parameters (initial state and force model
parameters). It depends on the model used for the propagation of the orbit.

For most of the non-cooperative objects, due to large amount and insufficiency
of high-quality observations, they must be maintained by mean elements and
analytical orbital model in most space object catalogs. The covariance matrix is not
released in most analytical space object catalogs. For those object only historical
orbital element data available, the error statistical fitting is a feasible method, which
directly obtains evolution characteristics of prediction error with respect to time and
other parameters.

This chapter characterizes the periodicity of orbital prediction error and intro-
duces Poisson series for error fitting. Note that TLE’s prediction accuracy is rela-
tively high around its epoch, the prediction states in an orbital period centered at its
epoch are taken as reference states. The comparison is conducted in a whole period
so that the residuals can reflect the periodicity of TLE error. Poisson series rather
than polynomial series is taken as error fitting function, which can describe vari-
ation of error with respect to propagation duration and on-orbit position of objects.
The error analysis and fitting method can not only handle TLE sets, but also handle
any other sequential analytical or numerical orbital elements. Currently, the most
complete source of historical orbital data available to the public on the full catalog
of space objects are NORAD’s TLEs. Therefore, TLEs are taken as example to
address the method.
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L. Chen et al., Orbital Data Applications for Space Objects,
DOI 10.1007/978-981-10-2963-9_3

77

www.ebook3000.com

http://www.ebook3000.org


3.1 Overview of Error Analysis and Application Based
on Historical Data

For most of the non-cooperative objects (such as inactive spacecraft, rocket bodies,
and space debris), due to their large amount and insufficiency of high-quality
observations, they must be maintained by mean elements and analytical orbital
model in most space object catalogs. For example, orbital data used most widely in
conjunction analysis are North American Aerospace Defense Command
(NORAD)’s Two-Line Elements Sets (TLE). TLEs are mean elements and the
associated orbital propagator SGP4/SDP4 is analytical. The covariance matrix is
not released in most analytical space object catalogs. No a priori accuracy is given
with element sets, and the propagation models to be used with are also an additional
source of inaccuracy. The risk assessment faces the problem that no covariance
information is available for the orbital element data.

U.S. Strategic Command (USSTRATCOM) has warned via Space-track website
that TLEs should not be used for conjunction assessment predictions. Even though,
it is advantageous to know the prediction accuracy and error evolution of TLEs for
their widely used application in pre-filter, closest approach analysis, and orbital
anomaly detection. Therefore, a practical TLE accuracy assessment and error
covariance analysis technique is required.

Many studies have been carried out on the accuracy assessment and error
covariance analysis. The orbital prediction accuracy can be examined by comparing
TLE predicted ephemerides to high-precision ephemerides for operational satellites
with available high-precision ephemerides. This method has been applied to
INTERLSAT fleet [1], GPS constellation [2], and Iridium constellation [3]. Snow
and Kaya compared the accuracy of the TLE data to the observation data used to
generate the TLE [4]. This kind of accuracy assessment is not practical for most
users because the observation data and high-precision ephemerides are not gener-
ally available. Additionally, each object’s orbit error has its own characteristic and
should be assessed individually, so a few satellites with high-precision ephemerides
cannot totally represent all the objects in similar orbits.

For those object only historical orbital element data available, the error statistical
fitting is a feasible method. The basic idea is comparing orbital states (predicted
state or estimated state from orbital data processing) at or around TLE’s epoch with
the predicted states using prior TLEs and SGP4 propagation model. The residuals
are statistically analyzed to obtain error information and temporal evolution of
statistical quantities such as mean and covariance. The assumption of this method is
that the catalogue of object is steady and the series orbital data have approximate
precision level.

Most of the methods developed so far can be classified into (1) initial error
analysis and (2) error evolution analysis. Besides, the historical orbital data could
also promote the long-term prediction precision of TLE.
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3.1.1 Initial Covariance Analysis Based on Historical Data

Historical-data-based initial error analysis obtains the initial covariance matrix at
the epoch of each TLE. Krag and Flohrer et al. coped with this issue by introducing
pre-defined look-up tables for the initial covariance that are sorted by eccentricity,
perigee altitude and inclination [5, 6].

The initial covariance was obtained from comparing states derived directly from
the TLE data with states resulting from an orbit determination using
pseudo-observations derived from TLE data by a numerical propagation. Initial
covariance was applied to the propagation of the state and covariance. The obtained
covariance information reflects both the limitations of the TLE (SGP4) orbit model
and the limitations of orbit determination and propagation accuracy.

Wang [7] obtained errors analysis of classified orbits and typical orbit correlated
with SSO by using SGP4/SDP4 model and TLE data, she also discussed B* in TLE
data and tried to modify it. Results show that after B* modification, orbit prediction
precision becomes better.

Kelso [2] pointed out that error characteristics for objects in similar orbits could
be considerably different, so the error characteristics of each object should be
determined independently. In addition, one should propagate the state and covari-
ance forward or backward by numerical orbital model to obtain covariance matrix at
specific time (TCA for instance). That is complex and computationally inefficient.

3.1.2 Covariance Propagation Function Fitting Based
on Historical Data

Differing from initial error analysis, error evolution analysis directly obtains evo-
lution characteristics of prediction error with respect to time and other parameters.
Each space object has an associated time series of TLE data, this time series forms
the basic data set available. The basic method is comparing states at or around
TLE’s epoch with the predicted states using prior TLEs and SGP4 propagation
model. The residuals are statistically analyzed to obtain error information and
temporal evolution of statistical quantities such as mean and covariance.

Peterson [8] attempted to generate general error information by relying solely
upon the publicly available TLE data. The program used in constructing the error is
COVGEN (COVariance GENeration). The COVGEN program produced an esti-
mate of the error and error growth for a given object. It processed a time series of
TLEs for a specific object and found the differences in satellite-based coordinate
system, performed a quadratic least squares estimate to determine the error growth.
Due to uniqueness of its solution and independence on observation residuals,
COVGEN provided an independent measure of consistency of the TLEs covari-
ances produced by the true observation residuals. In addition, the COVGEN
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methodology is adaptable enough that any type of ephemeris data can be used and
will produce a covariance comparable in quality to the input data.

Deguine [9] presented an approach that allows statistically evaluating the
accuracy of orbital position and velocity and B* parameter by using TLE and the
associated propagation models. This accuracy information allows characterizing the
temporal evolution of the TLE covariance matrix for fixed orbit propagation
durations. The technique relies on the identification of a temporal error model based
on the calculation of differences between the propagation of TLE and the reference
over a fixed delay.

Osweiler [10] estimated covariance matrix and autocorrelation function of state
vector using only publicly available TLEs. He also evaluated the variances and
covariances for satellites in different orbits as they change over time. In addition to
analyzing the consistency of the covariance estimates, the dependability of prop-
agated TLE state vectors with respect to the length of prediction was evaluated by
using the autocorrelation relationship.

Legendre [11–13] indicated that it’s rough to approximate the TLE error dis-
tribution by a normal low. They approximated the TLE error distribution by a
Gaussian mixture and used the standard Expectation Maximization (EM) algorithm
to determine describing parameters of the Gaussian laws. They handled
one-dimensional [11], three-dimensional [12], and propagation duration depended
problem [13] by mixture of Gaussian laws.

Matney [14] and Hirose [15] also studied the accuracy assessment and covari-
ance estimation problem based on historical orbital data.

Current widely used covariance modeling methods conducted pair-wise differ-
encing at epochs of TLEs. The fitting function was temporal polynomial, which
cannot characterize periodicity of orbital error. Orbital prediction errors depend not
only on propagation duration but also on on-orbit position, especially for highly
eccentric orbit (HEO), as they experience more complex perturbations, including
atmospheric drag, solar radiation pressure, and third-body gravity [10]. HEO’s
perturbation situation varies from perigee to apogee remarkably, causing the
obvious variation of error from perigee to apogee and the uncertainty ellipsoid to
breathe as the object operates on its orbit. Therefore, periodicity of orbital pre-
diction error must be characterized to obtain more accurate and reasonable
covariance information for HEO objects. Most TLEs are released at the epoch when
the objects are passing its orbit’s the ascending node where the argument of latitude
is about zero, so the residuals at the epoch cannot reflect the periodic characteristics
of TLE error.

Some of the previous studies have paid attention to the periodic characteristic of
orbital prediction error. For instance, Legendre [13] have considered the depen-
dence on on-orbit position (or argument of latitude) of TLE error and introduced a
time delay dt corresponding to the on-orbit position. Legendre [13] must conduct
close approach analysis first to get the TCA of the conjunction event and corre-
sponding argument of latitude (AOL) of dangerous object. They introduced an
additional AOL-related time delay dt into epoch of TLE so that all the TLE errors
are generated at specific AOL. Due to mathematical complexity, they had to restrict
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Gaussian mixture to a 2-D mixture and project the 3-D TLE errors into the con-
junction plane, so the accuracy estimation was directly related to specific con-
junction geometry. Due to the accuracy estimation is linked to a specific AOL and
conjunction geometry, only after close approach analysis could the TLE accuracy
estimation be done, this might be disadvantageous to timely conjunction risk
assessment.

The historical-data-based methods without high precision ephemerides virtually
test the consistency between subsequent TLEs. By studying TLE accuracy and
consistency of objects whose high precision orbit ephemerides was available, some
authors have pointed out that TLE consistency matches very well the real accuracy.
Kelso [2] pointed out that TLE consistency analysis does reasonably approximate
the true error of a TLE prediction, both in propagation time, direction, and overall
magnitude. In despite of that this affirmation could not be generalized for all the
objects contained on the catalogue, the consistency analysis using pair-wise com-
parison maybe is the only feasible way for approximating orbit accuracy for those
object only historical orbital element data available. With the development of space
surveillance capability, this situation will change in future.

3.1.3 Promotion of Long-Term Precision Using
Historical Data

The historical orbital data of space objects could not only be used to the quantitative
analysis of prediction error, but also to the promotion of prediction precision.

The only source of knowledge for the majority of space debris is the publicly
available two-line element (TLE) sets. But predictions based on TLEs using the
associated analytic propagator (SGP4) are not sufficiently accurate to warrant
maneuvering to avoid potential collisions. A single TLE and the high-precision
numerical propagator cannot achieve high orbit prediction accuracy all the same. To
address this accuracy problem, several methods to improve the propagation accu-
racy for non-maneuvering orbital objects using only historical TLEs as input data
are investigated.

Levit [16] describes a method to increase the predictive accuracy for orbital
objects using only historical TLE data, such that it enables operational conjunction
assessment for collision avoidance. The method is essentially to use state vectors
derived from successive TLEs around their epoch as pseudo-observations, and to fit
an orbit to these pseudo-observations using a high-precision numerical propagator
and traditional batch least-squares differential correction. The fitted orbit is then
propagated into the future using the same high-precision orbit propagator, as seen in
Fig. 3.1. The method leads to a predicted range error that increases at a typical rate
of 100 m per day, approximately a 10-fold improvement over individual TLE’s
propagated with their associated analytic propagator (SGP4). The limitation of this

3.1 Overview of Error Analysis and Application Based on Historical Data 81

www.ebook3000.com

http://www.ebook3000.org


method is that the least-squares smoothing can minimize the effects of variance but
cannot remove the bias in a sequence of TLEs.

Muldoon [17] presents an approach to orbital propagation using data-driven
modeling techniques to predict future orbital state. The model fitting system for
each of the TLE parameters is trained using the historical data available for an
object. This model is evaluated at the future point to estimate the future value. The
model fitting system uses blending of several window-optimized polynomial
models of different orders for estimating epoch time, and a polynomial plus optimal
periodic components for all other parameters. This approach achieves accuracy
comparable to or better than SGP4.

General, the collision probability is computed by assuming that the covariances
characterizing the position uncertainties of two objects are independent. However,
both objects suffer kinds of perturbations simultaneously. For instance, the uncer-
tainty in the atmospheric model (due to unpredictable variations in solar activity) is
the main error source for objects in low-Earth orbits (LEO). Because of the coherent
nature of atmospheric drag, the independent assumption is not necessarily true,
especially for the down-range uncertainty. If the solar activity goes up, both objects
will have increased drag. Likewise, if the solar activity goes down, both objects will
have decreased drag. Therefore, in order to compute the collision probability to
maximum accuracy, it will be necessary to include the correlation effect. Matney
[14] uses two-line element set data to demonstrate the covariance correlations and
estimates how much this may affect the accuracy of the calculated collision
probability.

It is usually assumed that the position uncertainties are uncorrelated between the
two objects - that is, there is no cross correlation contribution to the relative position
covariance. Coppola examines the sensitivity of the computed collision probability
to non-zero cross correlation [18]. In certain cases, small but physically realistic
cross correlation may lead to large variations in collision probability.

True Orbit
TLE Data

Pseudo-Observations

HPOP Fitted Orbit
Single TLE 

Predicted Orbit

HPOP 
Predicted Orbit

Fig. 3.1 The scheme for increasing long-term precision using historical data
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3.2 Generation of Residual Data Considering Periodicity

3.2.1 Selection of Space Objects

The initial task is to select a number of satellites as examples to demonstrate and
validate the error analysis and fitting method. The satellites selected form a spec-
trum including low Earth orbit (LEO), medium Earth orbit (MEO), highly eccentric
orbit (HEO), and geostationary orbit (GEO). The selected satellites and some of
their orbital parameters are summarized in Table 3.1. Numbers of historical TLE
sets of each object are also included in the table. All TLEs used in this study are
obtained from www.space-track.org. Each object in Table 3.1 is referred as its
orbital type in the following text for convenience. We will refer Cosmos-2251 as
LEO object and SLOSHSAT as HEO object for instance.

3.2.2 Generation of Residual Data

Error analysis and fitting require the residual data between predicted states (position
and velocity) and reference states. The straightforward approach to generate
residual data is calculating the differences between the predicted state vector and the
“real” state vector at specific times.

DX ¼ Xpred � Xreal ð3:1Þ

However, the “real” state vector Xreal is always unknown in practice, and must
be approximated. The only available information in this study is the TLE data itself,
so some kind of predicted value must be used to approximate the ‘real’ value.
Generally, the prediction error around TLE’s epoch is relatively small (but not
always the minimum), so in the prior works the state vectors derived from each
TLE at their epoch are taken as approximation of “real” states. Most TLEs are
released when objects are passing its orbit’s ascending node where the argument of
latitude is about zero, so the residuals at epoch cannot reflect the periodic char-
acteristics of TLE error. Considering that TLE’s prediction errors in an orbital
period centered at its epoch are relatively small, this study takes the predicted states

Table 3.1 List of space objects selected for the study

Orbit
type

Catalog
number

Satellite
name

Inclination
/°

Perigee
altitude/km

Apogee
altitude/km

TLE
sets

LEO 22675 Cosmos-2251 74.04 776 799 612

MEO 32711 GPS-62 55.55 20,096 20,267 679

HEO 28544 SLOSHSAT 7.08 245 35,108 508

GEO 25010 TelStar-10 0.06 35,771 35,802 821
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in this period as reference states. The predicted states of prior TLEs to this interval
are used as prediction. Differencing the predictions and references, we can obtain
residual data.

For the convenience to discuss, these nomenclatures are used below:

ti the epoch of ith TLE set, where i ¼ 0; 1; . . .;Ntle � 1; Ntle is the
number of all TLE sets;

ti;k the kth time point in the time interval centered at the ith TLE’s epoch;
tT the threshold of prediction time in the error analysis, e.g. 7 days,

15 days, or 30 days, et al.
Dti=j;k the temporal difference between the time point tj;k and the epoch of ith

TLE set, Dti=j;k ¼ tj;k � ti ;
X ti=tj;k
� �

the predicted state vector X ¼ x; y; z; vx; vy; vz
� �

derived from ith TLE
set to the time point tj;k;

X tj;k
� �

the predicted state vector derived from jth TLE set itself to the time
point tj;k, X tj;k

� � � X tj=tj;k
� �

;

DX ti=tj;k
� �

the residual vector derived from the differencing between X ti=tj;k
� �

and X tj;k
� �

; DX ti=tj;k
� � ¼ X ti=tj;k

� �� X tj;k
� �

:

Take an orbital period-long time interval centered at the jth TLE’s epoch tj, as
illustrated in Fig. 3.2. This time interval is then separated into nseg segments so we
get nseg þ 1
� �

time points.

tj;k ¼ tj � T
2
þ k

T
n
; k ¼ 0; 1; 2; . . .; nseg ð3:2Þ

Figure 3.2 illustrates a case where nseg equals to ten. At each time point tj;k,
predicted state vector X ti=tj;k

� �
derived from ith (i < j) TLE and state vector X tj;k

� �
derived from jth TLE set itself can obtained. Differencing X ti=tj;k

� �
and X tj;k

� �
we

can get the residual vector DX ti=tj;k
� �

and corresponding temporal difference Dti=j;k
and the mean anomaly Mj;k at time points tj;k .

The ith TLE then will be propagated to all subsequent TLE’s orbital period-long
time interval and compared with state vector derived from subsequent TLE to get
residual data as illustrated in Fig. 3.3 until temporal difference exceeds time
threshold tT. So the ith TLE’s prediction residual data and corresponding temporal

t

1jt +/ 2jt T+jt/ 2jt T−1jt −

prediction

reference

Fig. 3.2 Generation of
residuals between predicted
and reference state in whole
period
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differences and mean anomalies can be obtained. Every residual vector is associated
with a time parameter and an angular parameter.

Repeating the process for all available TLEs, we can obtain a series of residual
vectors and corresponding temporal differences and mean anomalies.

DX1 Dt1;M1ð Þ;DX2 Dt2;M2ð Þ; . . .;DXN DtN ;MNð Þf g ð3:3Þ

All the state residual vectors are transformed from Earth Centered Inertial
(ECI) coordinate system to satellite-based UNW (in-track, normal, and cross-track)
coordinate system, as

DX ¼ DU;DN;DW ;DVU;DVN;DVW½ � ð3:4Þ

Therefore a (N � 8) residual data matrix could be established as Eq. (3.5), the
first column of the matrix is temporal difference Dt which will not exceed the time
threshold tT, the second column is mean anomaly M 2 �p; þ p½ �; and the third to
eighth columns are six components of residual state vector in UNW coordinate
system.

Dt1 M1 DU1 DN1 DW1 DVU1 DVN1 DVW1

Dt2 M2 DU2 DN2 DW2 DVU2 DVN2 DVW2

Dt3 M3 DU3 DN3 DW3 DVU3 DVN3 DVW3

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

DtN MN DUN DNN DWN DVUN DVNN DVWN

2
666664

3
777775
Dt 2 0; þ1½ Þ
M 2 �p; þ p½ �

ð3:5Þ

So far, we have gotten a residual data sample matrix, this data matrix is the basic
for the error analysis; all the analyses below are based on this data matrix. Let the
temporal difference threshold tT = 3 days and segment number n = 20, Figs. C.1–

⋅⋅⋅ ⋅⋅⋅⋅⋅it 1it + 2it + 3it +

( )1,/i i kt t +ΔX/ 1,i i kt +Δ

If / , Ti j kt tΔ > , break

t

/ 2,i i kt +Δ ( )2,/i i kt t +ΔX

/ 3,i i kt +Δ ( )3,/i i kt t +ΔX

Fig. 3.3 Generation of ith TLE’s prediction residual to subsequent TLEs
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C.8 in Appendix C illustrate the TLE’s prediction residual state components in
UNW coordinate system versus temporal difference and versus mean anomaly of
four selected objects, respectively. It is evidently that there are periodic charac-
teristics in all six components. Figures C.5 and C.6 show that errors near the perigee
where mean anomalies are about zeros are larger than errors near the apogee where
mean anomalies are about ±180°. There is only one time parameter in polynomial
fitting function so that cannot reflect the periodic variation of error in an orbital
period.

3.3 Residual Data Preprocessing

Before further process, it is necessary to preprocess the residuals data. The pre-
processing of residual data consists of data binning and outlier detection.

3.3.1 Residual Data’s 2D Binning

Osweiler [10] binned the residual data according to the corresponding epoch time
difference Dt without consideration of the regular and discrete characteristics of
TLE’s epoch. It was supposed that TLEs are provided at unequal time interval
therefore the epoch time differences resulting from the pair-wise comparison can be
any value. Bin intervals of one day were chosen to keep the overall computational
time reasonable for his study.

The residual data in this study has two parameters, Fig. 3.4a illustrates the
temporal differences and mean anomalies of residual data for LEO object, so
two-dimensional data binning must be done. Because of the regular and discrete
characteristics of TLE’s epoch, the epoch time differences will concentrate on a
series of discrete values, and these values equal to period or multiple of period.
Figure 3.5 demonstrates this characteristic clearly. Considering the discrete char-
acteristics, it is convenient to bin the time parameters according to the ratio of
temporal difference Dt to orbital period T. Generally, the ratios nDt=T ¼ Dt=T are
not always integers, so we round it to the nearest integer NDt=T . Then the time
parameters can be binned according to number NDt=T .

As described before, an orbital period has been separated into n segments, so
each segment’s length is Mbin ¼ 360=n: It is convenient to bin the angular
parameters according to the ratio of mean anomaly M to segment’s length Mbin.
Similarly, the ratios nM ¼ M=Mbin are not always integers; they are rounded to the
nearest integer NM . Then the angular parameters can be binned according to number
NM . Thus, two associated integral parameters are obtained for every residual data,
residual data can be binned two-dimensionally according to these two parameters.
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Figure 3.4b illustrates the scattered distribution of every data bins’ time and angular
parameters.

If the threshold of propagation duration is tT, orbital period is T, the minimum
and maximum value of NDt=T will be 0 and int tT=Tð Þ; the minimum and maximum
value of NM will be 0 and nseg. The total number of data bins will be

Nbin ¼ int
tT
T

� �
þ 1

� �
nseg þ 1
� � ð3:6Þ

The number of data bins in Fig. 3.4 is Nbin ¼ 15� 21 ¼ 315:
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Fig. 3.4 Residual data two-dimensional binning (a left, before binning; b right, after binning)
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Fig. 3.5 In-track (U) position error standard deviations for each data bins of four objects
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3.3.2 Outlier Detection of Residual Data

Due to orbit maneuver, TLE generating error, or other reasons, there are inevitable
outliers in TLE sets. Consequently, there are outliers in residual data. After data
binning, outliers in each data bins must be detected. A Mahalanobis-distance-based
outlier detecting method is used [19], if Mahalanobis distance dM from a data point
to the distributing center of the bin exceeds distance threshold, then this data point
will be seen as an outlier and eliminated.

After data binning and outlier detection, a series of data bins which include a set
of residual data having similar temporal differences and mean anomalies are
obtained. We could calculate mean temporal difference tk, means of mean anomaly
Mk, and position error standard deviations of in-track, normal, and cross-track
components rUk, rNk, rWk of each data bin.

Figure 3.5 shows the in-track standard deviations for each data bins of four
objects. We also can see the temporal evolution and periodic characteristics of
prediction error from Fig. 3.5. The periodic characteristics are especially remark-
able for the HEO object.

3.4 Form of Fitting Function Considering Periodicity

The determination process of error fitting function can be divided into two steps:
first determining the form of fitting function, then the coefficients of fitting function.

3.4.1 Error of Orbital Elements and Positions

The relationship between the error of orbital elements and the R, S, W components
of position error has been provided in Sect. 2.4.2 of Chap. 2. Substitution of the
expression of da and dM into the relationship yields

dR ¼ r
a
da0þ r

a
d _a � s� ade cos f þ aedM0ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� e2
p sin f � 3neda0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p s sin f

� 3ned _a

4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p s2 sin f

¼ CR1 þCR2sþCR3 cos f þCR4 sin f þCR5s sin f þCR6s
2 sin f

dS ¼ r dxþ cos idXð Þþ a2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p

r
dM0 � 3nada0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p

2r
s

� 3nad _a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p

4r
s2 þ 2rde

1� e2
sin f þ rede

2 1� e2ð Þ sin 2f

¼ CS1 þCS2sþCS3s
2þCS4 sin f þCS5 sin 2f

dW ¼ r sinxdi� sin i cosxdXð Þ cos f þ r cosxdiþ sin i sinxdXð Þ sin f
¼ CW1 cos f þCW2 sin f

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

ð3:7Þ
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Equation (3.7) indicates that the R, S, W components of position error can be
commonly written as a combination of the polynomial with respect to the prediction
time s and the trigonometric function series with respect to the true anomaly f. Set
the order of the time polynomial to be n ¼ 2; and the order of the trigonometric
function series to be m ¼ 2; the errors of three directions can be written as the
universal form

d ¼ A0;0 þA0;1 cos f þB0;1 sin f þA0;2 cos 2f þB0;2 sin 2f

þA1;0sþA1;1s cos f þB1;1s sin f þA1;2s cos 2f þB1;2s sin 2f

þA2;0s
2 þA2;1s

2 cos f þB2;1s
2 sin f þA2;2s

2 cos 2f þB2;2s
2 sin 2f

¼
X2
i¼0

X2
j¼0

si Ai;j cos jf þBi;j sin jf
� � ð3:8Þ

Equation (3.8) is essentially the expression of Poisson series which will be
discussed below.

3.4.2 Error Propagation Results of C-W Equations

Chapter 2 presented the covariance’s propagation formulae of near-circular orbit
based on the C-W Equations. The diagonal terms of covariance matrix can be
written as the polynomial and trigonometric form:

r2x ¼ 4 4r2x0 þ
r2vy0
n2

� �
� 8 3r2x0 þ

r2vy0
n2

� �
cosðntÞþ 9r2x0 þ

4r2vy0
n2

� �
cos2ðntÞ

þ r2vx0
n2 sin2ðntÞ

r2y ¼ r2y0 þ 4
n2 r

2
vx0

� �
þ 3 3r2vy0 þ n2r2x0

� �
t2 � 6 nr2x0 þ 4

n r
2
vy0

� �
t sinðntÞ

� 8r2vx0
n2 cosðntÞþ 4r2vx0

n2 cos2ðntÞþ 3r2x0 þ 16
n2 r

2
vy0

� �
sin2ðntÞ

r2z ¼ r2z0 cos
2ðntÞþ r2vz0

n2 sin2ðntÞ
r2vx ¼ n2r2y0 þ 4r2vx0

� �
þ 36n4r2x0 þ 9n2r2vy0

� �
t2 � 36n3r2x0 þ 12nr2vy0

� �
tsinðntÞ

�4r2vx0 cosðntÞþ r2vx0 cos
2ðntÞþ 9n2r2x0 þ 4r2vy0

� �
sin2ðntÞ

r2vy ¼ 4n2r2x0 þ r2vy0

� �
� 12n2r2x0 þ 4r2vy0

� �
cosðntÞ

þ 9n2r2x0 þ 4r2vy0

� �
cos2ðntÞþ r2vx0 sin

2ðntÞ
r2vz ¼ r2vz0 cos

2ðntÞþ n2r2z0 sin
2ðntÞ

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð3:9Þ

3.4 Form of Fitting Function Considering Periodicity 89

www.ebook3000.com

http://dx.doi.org/10.1007/978-981-10-2963-9_2
http://www.ebook3000.org


For convenience let x denote the angular velocity. By introducing coefficients
the variances can be expressed as the general form:

r2ðtÞ ¼ c0 þ c1tþ c2t
2 þ c3 cosxtþ c4 sinxtþ c5 cos2 xtþ c6 sin2 xt

þ c7t cosxtþ c8t sinxt
ð3:10Þ

where the quadratic terms of trigonometric function can be transformed to the
high-frequency terms

r2ðtÞ ¼ c00 þ c01tþ c02t
2 þ c03 cosxtþ c04 sinxtþ c05 cos 2xtþ c06 sin 2xt

þ c07t cosxtþ c08t sinxt
ð3:11Þ

Equation (3.11) reveals that the propagation function of error variance consists
of three parts:

(1) Polynomial term c00 þ c01tþ c02t
2

� �
; describing the secular evolution of predic-

tion error.
(2) Trigonometric terms cosxt; sinxt; cos 2xt; sin 2xtð Þ; describing the periodic

characteristics of prediction error whose amplitude keeps constant.
(3) Mixed terms t cosxt; t sinxtð Þ; describing the periodic term whose amplitude

grow with time.

The coefficients of these terms are determined by the angular velocity x of orbit
and initial error variances. For the error propagation described by the C-W
Equation, the S direction position error and the R direction velocity error have the
polynomial terms and mixed terms with the secular evolution, and the order of
polynomial term is two; error variances in other directions only have constant terms
and trigonometric terms, and the order of trigonometric function is two.

3.4.3 Poisson Series

The previous analysis reveals that the propagation functions of both orbital pre-
diction error and error variance are combination of polynomial function and
trigonometric function, which is essentially a special series—Poisson series.

1. General Form of Poisson Series

Poisson series appears frequently in celestial mechanics and more generally in
perturbation theories for non-linear mechanics or non-linear differential equations
[20–30]. Poisson series also called polynomial-trigonometric series, has the general
form as [20]:
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P ¼
X
i1;...;in

X
j1;...;jm

Cj1;...;jm
i1;...in x

i1
1 x

i2
2 . . .x

in
n

sin

cos

 !
j1/1 þ � � � þ jm/mð Þ ð3:12Þ

where x1; x2; . . .; xn are polynomial variables, /1;/2; . . .;/m are trigonometric
variables, respectively. Coefficients C j

i may be represented as rational,
floating-point or complex numbers. The variables x1; x2; . . .; xn and /1;/2; . . .;/m
are rational numbers, the indices i1; i2; . . .; in and j1; j2; . . .; jm are integer numbers.
The summation is performed over all integer values of indices i1 to in and j1 to jm.

Poisson series have several important properties [20]. The results of addition,
subtraction, multiplication and differentiation (with respect to any of the variables)
of Poisson series are again Poisson series. This property allows us to fit either
standard deviation or variance of prediction error. Considering convenience for
using, this section handles the standard deviation. If the polynomial arguments are
raised to non-negative powers, this also holds for the result of substituting one
Poisson series for one of the polynomial arguments of another, and for the case of
integration with respect to a polynomial argument. Integration with respect to a
trigonometric argument also results in a Poisson series if the original series contains
no terms which are constant with respect to that argument (i.e., the ‘periodic part’ of
the series). Finally, a Poisson series is obtained if a substitution of one series for an
angular variable in another series is made by means of an expansion in (truncated)
power series.

2. (1, 1)-Style Poisson Series with One Polynomial Variable and One
Trigonometric Variable

There is one polynomial variable (temporal difference) and one trigonometric
variable (mean anomaly) in the residual data, hence Eq. (3.12) could be simplified
to (1, 1)-style Poisson series

Pðt;/Þ ¼
Xn
i¼0

Xm
j¼0

ti Ai;j cos j/þBi;j sin j/
� � ð3:13Þ

where t and / are polynomial variables and trigonometric variables, Ai;j and Bi;j are
Poisson coefficients, n and m are the maximum orders of polynomial terms and
trigonometric terms, respectively. Because sin j/ ¼ 0 when j ¼ 0; coefficients
Bi;0 i ¼ 0; . . .; nð Þ are meaningless, number of coefficients is ðnþ 1Þð2mþ 1Þ:

Equation (3.13) can be expanded to
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Pðt;/Þ ¼A0;0 þA0;1 cos/þA0;2 cos 2/þ � � � þA0;m cosm/þB0;1 sin/

þB0;2 sin 2/þ � � � þB0;m sinm/

þA1;0tþA1;1t cos/þA1;2t cos 2/þ � � � þA1;mt cosm/

þB1;1t sin/þB1;2t sin 2/þ � � � þB1;mt sinm/

þA2;0t
2 þA2;1t

2 cos/þA2;2t
2 cos 2/þ � � � þA2;mt

2 cosm/

þB2;1t
2 sin/þB2;2t

2 sin 2/þ � � � þB2;mt
2 sinm/

þ � � � þAn;0t
n þAn;1t

n cos/þAn;2t
n cos 2/þ � � � þAn;mt

n cosm/

þBn;1t
n sin/þBn;2t

n sin 2/þ � � � þBn;mt
n sinm/

ð3:14Þ

Equation (3.14) indicates that expanded form of (1,1)-style Poisson series with
one polynomial variable and one trigonometric variable consists of three parts:

(1) Polynomial terms, the terms with coefficients Ai;0 i ¼ 0; . . .; nð Þ;
(2) Trigonometric terms, the terms with coefficients A0;j j ¼ 1; . . .;mð Þ and

B0;j j ¼ 1; . . .;mð Þ;
(3) Mixed terms, the terms in Eq. (3.14) with coefficients

Ai;j i ¼ 1; . . .n; j ¼ 1; . . .;mð Þ and Bi;j i ¼ 1; . . .n; j ¼ 1; . . .;mð Þ:
The Poisson series can also be written as vector and matrix form

Pðt;/Þ ¼ 1 t t2 � � � tn
	 


A0;0 A0;1 � � � A0;m

A1;0 A1;1 � � � A1;m

..

. ..
. ..

.

An;0 An;1 � � � An;m

2
6664

3
7775

1
cos/
..
.

cosm/

2
6664

3
7775þ

0 B0;1 � � � B0;m

0 B1;1 � � � B1;m

..

. ..
. ..

.

0 Bn;1 � � � Bn;m

2
6664

3
7775

0
sin/
..
.

sinm/

2
6664

3
7775

8>>><
>>>:

9>>>=
>>>;

�

ð3:15Þ

Where X and Y are polynomial variable vectors, Z is trigonometric variable
vectors, A and B are Poisson coefficient matrices (PCM).

XðtÞ ¼ 1 t t2 � � � tn
� �T

Yð/Þ ¼ 1 cos/ cos 2/ � � � cosm/ð ÞT
Zð/Þ ¼ 0 sin/ sin 2/ � � � sinm/ð ÞT

A ¼
A0;0 A0;1 � � � A0;m

A1;0 A1;1 � � � A1;m

..

. ..
. ..

.

An;0 An;1 � � � An;m

2
6664

3
7775;B ¼

0 B0;1 � � � B0;m

0 B1;1 � � � B1;m

..

. ..
. ..

.

0 Bn;1 � � � Bn;m

2
6664

3
7775

8>>>>>>>>>><
>>>>>>>>>>:

ð3:16Þ

So the vector and matrix form of (1, 1)-style Poisson is
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Pðt;/Þ ¼ XTðtÞ AYð/ÞþBZð/Þ½ � ð3:17Þ

In addition, Poisson series can also be expressed as complex form

Pðt;/Þ ¼ XTðtÞ � C � Uð/Þ
Uð/Þ ¼ eij/

� �m
j¼�m¼ e�im/ e�iðm�1Þ/ � � � 1 � � � eiðm�1Þ/ eim/

� �T

C ¼

C0;�m � � � C0;�1 C0;0 C0;1 � � � C0;m

C1;�m � � � C1;�1 C1;0 C1;1 � � � C1;m

..

. ..
. ..

. ..
. ..

.

Cn;�m � � � Cn;�1 Cn;0 Cn;1 � � � Cn;m

2
6664

3
7775
ðnþ 1Þ�ð2mþ 1Þ

ð3:18Þ

where Ci;j are conjugate complex coefficients, Ck;j ¼ C�
k;�j, so the number of

independent coefficients is still ðnþ 1Þð2mþ 1Þ:
3. Square of Poisson Series

Poisson series have several important properties; one of them is that the results
of addition, subtraction, multiplication and differentiation (with respect to any of the
variables) of Poisson series are again Poisson series.

To validate the property, we will obtain the formulae of the square of Poisson
series P2 t;/ð Þ based on the complex form of Poisson series. Equation (3.18)
implies that the expression of P t;/ð Þ is essentially a sum of a series of terms, each
term is the product of power of t and exponential of i/. The general form of the sum
of a series of terms can be expressed as

S ¼ x1 þ x2 þ � � � þ xN ¼
XN
i¼1

xi ð3:19Þ

The square of S is

S2 ¼ x1 þ x2 þ � � � þ xNð Þ x1 þ x2 þ � � � þ xNð Þ ¼
XN
i¼1

xi

 ! XN
i¼1

xi

 !

¼
XN
i¼1

XN
j¼1

xixj ð3:20Þ

Equation (3.20) reveals the square of sum is also sum, and the terms in new sum
are the product of two terms which come from original sum. The product of any two
terms from Eq. (3.18) is
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Ck1;j1 t
k1eij1/

� � � Ck2;j2 t
k2eij2/

� � ¼ Ck1;j1Ck2;j2 t
k1 þ k2ei j1 þ j2ð Þ/ ð3:21Þ

The product of any two terms from Poisson series is still the product of power of
t and exponential of i/, just has different maximum order. The k1 and k2 in Eq. (3.21)
satisfy 0� k1 � n and 0� k2 � n; so k1 þ k2 satisfy 0� k1 þ k2 � 2n; j1 and j2 satisfy
�m� j1 �m and �m� j2 �m; so j1 þ j2 satisfy �2m� j1 þ j2 � 2m: Therefore, the
square P2 t;/ð Þ of a Poisson series P t;/ð Þ is still a Poisson series, with the maximum
order of polynomial terms and trigonometric terms are 2n and 2m as follow

P2 t;/ð Þ ¼
X2n
k¼0

X2m
j¼�2m

eCk;jt
keij/ ð3:22Þ

The fact that the square of Poisson series are again Poisson series implies either
standard deviation or variance of prediction error can be fitted by Poisson series,
just with different orders and coefficient matrices. Considering convenience for
using, this section handles the standard deviation.

3.5 Error Coefficient Matrix Fitting

3.5.1 Least Squares Fitting of Poisson Series

To describe temporal evolution and periodic characteristics of orbital prediction
error by Poisson series, we fit Poisson series over the full available data bins using
least squares method. We have three-dimensional discrete data set tk;/k; Skf gNk¼1
for a certain error component. Least squares method finds the Poisson coefficient
matrix (PCM) A and B, make the objective function Eq. (3.23) to be minimum.

F ¼
XN
k¼1

rk � p tk;/kð Þ½ �2 ð3:23Þ

Each data set is substituted into a linear equation about unknown coefficients:

r1 ¼ A0;0 þA0;1 cos/1 þ � � � þA0;m cosm/1 þB0;1 sin/1 þ � � � þB0;m sinm/1þ � � � þAn;0tn1
þAn;1tn1 cos/1þ � � � þAn;mtn1 cosm/1 þBn;1tn1 sin/1 þ � � � þBn;mtn1 sinm/1 þ e1

r2 ¼ A0;0 þA0;1 cos/2 þ � � � þA0;m cosm/2 þB0;1 sin/2 þ � � � þB0;m sinm/2þ � � � þAn;0tn2
þAn;1tn2 cos/2þ � � � þAn;mtn2 cosm/2 þBn;1tn2 sin/2 þ � � � þBn;mtn2 sinm/2 þ e2

� � �
rN ¼ A0;0 þA0;1 cos/N þ � � � þA0;m cosm/N þB0;1 sin/N þ � � � þB0;m sinm/N þ � � � þAn;0tnN

þAn;1tnN cos/N þ � � � þAn;mtnN cosm/N þBn;1tnN sin/N þ � � � þBn;mtnN sinm/N þ e3

ð3:24Þ
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Let

S ¼ r1 r2 � � � rNð ÞTN�1 ; e ¼ e1 e2 � � � eNð ÞTN�1

h ¼ A0;0 A0;1 � � � A0;m B0;1 � � � B0;m
..
. � � � ..

.
An;0 An;1 � � � An;m Bn;1 � � � Bn;m

� �T
nþ 1ð Þ 2mþ 1ð Þ�1

H ¼

1 cos/1 � � � cosm/1 sin/1 � � � sinm/1
..
. � � � ..

.
tn1 tn1 cos/1 � � � tn1 cosm/1 tn1 sin/1 � � � tn1 sinm/1

1 cos/2 � � � cosm/2 sin/2 � � � sinm/2
..
. � � � ..

.
tn2 tn2 cos/2 � � � tn2 cosm/2 tn2 sin/2 � � � tn2 sinm/2

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

1 cos/N � � � cosm/N sin/N � � � sinm/N
..
. � � � ..

.
tnN tnN cos/N � � � tnN cosm/N tnN sin/N � � � tnN sinm/N

2
66666664

3
77777775
N� nþ 1ð Þ 2mþ 1ð Þ

ð3:25Þ

then

SN�1 ¼ HN�ðnþ 1Þð2mþ 1Þhðnþ 1Þð2mþ 1Þ�1 þ eN�1 ð3:26Þ

the least squares estimation ĥ of coefficient vector h satisfy the canonical equation:

HTHĥ ¼ HTS ð3:27Þ

This equation is a ðnþ 1Þð2mþ 1Þth order linear equation set. When H is col-
umn non-singular, i.e.

rankðHÞ ¼ ðnþ 1Þð2mþ 1Þ\N ð3:28Þ

the matrix HTH is non-singular, rank HTH
� � ¼ nþ 1ð Þ 2mþ 1ð Þ; the inverse matrix

of HTH exists, then

ĥ ¼ HTH
� ��1

HTS ð3:29Þ

When the estimation of coefficient vector ĥ is obtained, the Poisson coefficient
matrices (PCM) A and B can easily be got from Eq. (3.25).

3.5.2 Determination of Poisson Series’ Order

Least squares method requires that the number of coefficients to be fitted is less than
the number of data sets, which means in this work the maximum orders of Poisson
series should satisfy the in equation Eq. (3.28). In Eq. (3.28) n and m are the
maximum orders of polynomial terms and trigonometric terms, N is the number of
data bins. Substituting Eq. (3.6) into Eq. (3.28), we can obtain
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nþ 1ð Þ 2mþ 1ð Þ\ tT
T

h i
þ 1

� �
nseg þ 1
� � ð3:30Þ

From Eq. (3.30) we know if n and m satisfy the following inequations the
Poisson coefficient matrix could be fitted using least squares method.

n\
tT
T

h i
; m\

nseg
2

ð3:31Þ

The dimension number of unknown coefficients in least squares method is
nþ 1ð Þ 2mþ 1ð Þ: If n ¼ 2 and m ¼ 2 the dimension number is 15. The dimension
of coefficients and the order of coefficient matrix increase with increase of the
maximum order of Poisson series, which is computationally burdensome and
leads to oversize coefficient matrix. It is recommended that n� 2 and m� 4 in
practice.

The algorithms implemented in this research are coded and performed in
MATLAB.

3.6 Results and Analysis

3.6.1 Fitting Result of Position Error

With the methodology developed, the residual data can be generated and prepro-
cessed, the Poisson coefficient matrices of each error components can be fitted using
least squares method. Some results will be given in this section.

The propagation duration thresholds tT are one and three days for LEO and MEO
objects, and seven days for HEO and GEO objects, respectively. The number of
segment nseg ¼ 20. The maximum orders of polynomial term and trigonometric
term are n = 2 and m = 4, respectively. Therefore, the Poisson coefficient matrices
are two 3 � 5 matrices. The Poisson coefficient matrices of in-track (U) error
standard deviation for four objects are given in Table 3.2.

Figures C.9–C.12 in Appendix C illustrate the in-track (U), normal (N), and
cross-track (W) error standard deviation’s Poisson series fitting curved surfaces of
four objects. It is noticeable that the periodic characteristics exist in prediction error
of all three directions of four objects more or less, and HEO and MEO orbit’s
periodic characteristics are more obvious, especially the HEO orbit.
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3.6.2 Effect of Poisson Coefficient Matrix

Every part of the Poisson coefficient matrices A and B has specific significations.
The elements in first column of matrix A are polynomial coefficients, describing
secular evolution of prediction error; the elements in first column of matrix B are
defined to be zeros. The elements except first one in first row of both A and B are
trigonometric coefficients, describing the periodic characteristics of prediction error.
Other elements in A and B are mixed coefficients, describing the periodic term
whose amplitude grow with time.

Table 3.2 Poisson coefficient matrix of in-track (U) error standard deviation for four objects

LEO Object

AU 0.0311615712 −0.0029029078 0.0005102982 0.0004477086 0.0000482616

0.1124245624 0.0067061297 −0.0030056393 −0.0033477243 −0.0006128871

0.0209600339 −0.0026381835 0.0007039691 0.0020221898 0.0001487366

BU 0 0.0038191894 0.0022722895 −0.0000696655 0.0000138184

0 −0.0020553761 −0.0040007188 −0.0015870270 0.0016054081

0 −0.0006137858 0.0010904506 0.0009060865 −0.0005683997

MEO Object
AU 0.2418092045 −0.0026798490 −0.0120973106 −0.0063728817 −0.0119340684

0.3416823133 −0.0847030456 −0.0289816633 −0.0064566465 0.0124470628

0.0179197673 0.0108429227 0.0067345439 0.0009171846 −0.0042677763

BU 0 0.0978250153 0.0373950962 −0.0009417343 0.0125371224

0 −0.0255268411 −0.0227488696 0.0083173229 0.0032436791

0 0.0170423174 0.0072646921 −0.0022797763 −0.0023141290

HEO Object
AU 3.4240982423 −0.7535455752 0.5830053208 0.5296399607 0.2080734297

3.0063481052 2.3755155457 0.9120809048 0.3738397827 0.2566062423

0.2344403167 0.1147006916 0.0987109446 0.0711921664 0.0525966451

BU 0 0.5444392209 −0.0081093083 0.0409812162 0.0890144982

0 −0.1420232095 −0.0249054348 −0.0118579123 −0.0427719359

0 −0.0005894320 0.0015245316 0.0030240224 0.0007457061

GEO Object
AU 1.8446800637 0.0951975359 0.1527918715 −0.0066690563 0.0555656114

4.3571671110 0.0160042137 −0.0654378953 −0.0430340728 −0.0759212314

0.0720428147 −0.0131970730 0.0065039086 0.0060066348 0.0090739755

BU 0 0.1893789414 −0.0802648448 −0.0245832745 −0.0171814120

0 0.1982533435 0.0584842234 0.0315511664 −0.0243514640

0 −0.0230226125 −0.0056849610 −0.0038554681 0.0005806607
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1. Effect of polynomial terms

The elements in first column of Poisson coefficient matrix A are polynomial
coefficients of Poisson series, describing the secular evolution of prediction error. If
we only take this part of A into account and set other elements in A and each
element in B to be zeros, the Poisson series has been degraded to polynomial series.
This means the Poisson series fitting method is compatible with polynomial fitting
methods developed by Peterson et al. [8]., Deguine et al. [9], and Osweiler [10].
The polynomial fitting is a special case of Poisson series fitting when the
trigonometric coefficients are zeros.

The error standard deviation curves of HEO object derived from the degraded
Poisson series are shown in Fig. 3.6. In this case only secular evolution of error can
be expressed. The normal (N) and cross-track (W) errors are relatively small in
magnitude and have near-constant growth rates, the in-track (U) error, however, is
much larger and grow more rapidly. The in-track (U) component’s standard devi-
ation is one order of magnitude larger than other two components.

2. Effect of trigonometric terms

The elements except first one in first row of both A and B are trigonometric
coefficients of Poisson series, describing the periodic characteristics of prediction
error whose amplitude keeps constant. If we set all the elements in A and B except
their first row and first column to be zeros, i.e. all the coefficients of mixed terms are
zeros, the Poisson series will be degraded to a simple summation of polynomial
series and trigonometric series. Figure 3.7 illustrates in-track (U) error standard
deviation curved surface of HEO object derived from this kind of Poisson series.
Comparing Fig. 3.7 to Fig. 3.6 we see that the trigonometric terms just add periodic
variation to polynomial error evolution function.
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Fig. 3.6 Error standard
deviation curves derived from
Poisson series only consists of
polynomial terms
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3. Effect of mixed terms

The elements in A and B except their first row and first column are coefficients of
mixed term, describing the periodic term whose amplitude grow with time. The
actual characteristic of orbital prediction error is combination of polynomial effect,
trigonometric effect, and mixed effect, as illustrated in Figures C.9–C.12.
Polynomial, trigonometric, and mixed terms of Poisson series are combined toge-
ther, describe variation of prediction error with respect to temporal difference and
on-orbit position.

4. Significance of Poisson series

In order to illuminate the significance of taking mean anomaly as variable and
using Poisson series as fitting function, at temporal difference Dt ¼ 5 days, Fig. 3.8
is a profile of in-track, normal, and cross-track error standard deviations curved
surface of HEO object with respect to mean anomaly.
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Fig. 3.7 Error standard deviation curve surface derived from Poisson series consists of both
polynomial and trigonometric terms
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Figure 3.8 shows several properties of error’s periodicity. Firstly, orbital error’s
in-track component is one or two orders of magnitude larger than normal and
cross-track components. Secondly, all in-track, normal, and cross-track error have
periodic characteristics, but the variation of in-track error in an orbital period is
more obvious. Thirdly, in-track error is maximum near the orbital perigee (M = 0)
and small near the apogee (M = ±180°), whenas normal and cross-track errors are
maximum near M = ±90° and small both near the perigee and apogee. In con-
clusion, it is significant to consider periodic characteristics and introduce angular
variable to the evaluation of orbital error.

This work can be further improved in some aspects. For example, it is too rough
to take predicted states at or near the epoch as references. TLE sets are the best fit to
observations within the fitting interval. This does not imply that the predicted states
at epoch are accurate, and the errors at epoch are not necessarily the minimum. One
possible improvement to take states resulting from an orbit determination using
pseudo-observations derived from the TLE data followed by a numerical propa-
gation as reference states. Flohrer et al. [6], Levit and Marshall [16] have provided
the orbit fitting method to pseudo-observations derived from successive TLEs using
high-precision numerical orbital model and batch least squares differential correc-
tion. This study is under progress now.

The Poisson series is a new approach for fitting and describing the orbital
prediction error, the benefits of the new approach include two aspects. Firstly, as
error-fitting function, the Poisson series can describe variation of error with respect
to propagation duration and on-orbit position of objects that can be described by
true anomaly or mean anomaly. Due to the dynamics of the orbit and the orbit
determination process, the orbital errors are strongly dependent on the on-orbit
position (i.e. true anomaly or mean anomaly) of objects. HEO is the most but not
the only affected orbit by this periodic characteristic. The dependence on on-orbit
position of the prediction accuracy exists in all kinds of orbits, as Figures C.9–C.12
in Appendix C illustrated. However, most of current TLE error analysis methods
use polynomial fitting which cannot represent the periodic characteristic of pre-
diction error. The periodicity characterization and Poisson series fitting could
improve accuracy of the orbit covariance information that can directly affect the
validity of calculated collision probability. Secondly, in contrast to some approa-
ches that consider periodic characteristics, the Poisson coefficient matrices can be
obtained before close approach analysis, which is significant to timely assessment
of collision risk. In addition, the orders of Poisson series are adjustable. The
Poisson series is a common form for describing orbital prediction error.

The Poisson series fitting method is compatible with polynomial fitting methods
developed by previous researchers. The commonly used polynomial fitting is a
special case of the Poisson series fitting when the trigonometric coefficients vanish.
The polynomial fitting is contained within the Poisson fitting results.

It is necessary to notice that the Poisson series fitting does not require any
knowledge about how the state vectors are generated. It can thus be used for other
orbit models and elements.
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3.6.3 Error Analysis on U.S.-Russian Satellite Collision

The first accidental collision of two intact spacecraft occurred on 10 February,
2009, leaving two distinct debris clouds extending through much of low Earth orbit
(LEO) [31]. Iridium 33, a U.S. operational communications satellite (International
Designator 1997-051C, U.S. Satellite Number 24946), and Cosmos 2251, a Russian
decommissioned communications satellite (International Designator 1993-036A, U.
S. Satellite Number 22675), collided at 16:55 UTC as the two vehicles passed over
extreme northern Siberia at an altitude of 790 km. Both spacecraft were in nearly
circular orbits with high inclinations: 86.4° and 74.04°, respectively.

The conjunction analysis gives the temporal parameters and angular parameters
as shown in Table 3.3.

The TLE errors of two satellites are analyzed with the Poisson series fitting
method of orbital prediction error. The propagation duration threshold tT ¼ 2 days.
The maximum orders of Poisson series n = 2 and m = 4, so the Poisson coefficient
matrices are (3 � 5) matrices. Substitution of the prediction time Dt and the mean
anomaly M at TCA in Table 3.3 to the Poisson coefficient matrices yields the U, N,
W direction position error standard deviations of two satellites at TCA as shown in
Table 3.4.

Figures 3.9 and 3.10 illustrate the 3r error ellipsoids of two satellites at TCA.
The aspect ratios rU : rN : rW of two ellipsoids are 9 : 1 : 3 and 12 : 1 : 1;
respectively, which are close to the ratio 10 : 1 : 2 in Ref. [32].

In this way the prediction error standard deviations of two satellites at TCA are
gained. The collision probability could be calculated using the position and velocity
vectors and the error information.

Table 3.3 The temporal and angular parameters of U.S.-Russian satellite collision

Satellite name Cosmos-2251 Iridium-33

Epoch of TLE, t0 (UTC) 2009-02-09
11:57:36.890

2009-02-09
18:49:39.280

Time of closest approach, tTCA
(UTC)

2009-02-10
16:55:59.796

2009-02-10
16:55:59.796

Prediction time, Dt (day) 1.20720956 0.92107078

Mean anomaly at TCA, M (°) 13.167 243.232

Table 3.4 Position error
standard deviations of two
satellites

Satellite name rU/km rN/km rW/km

Cosmos-2251 0.2061885 0.0231207 0.0719775

Iridium-33 0.4102069 0.0363234 0.0341134
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3.7 Validation of Negative Correlation of Position
and Velocity Error

This section will statistically analyze the TLE prediction residual data to validate
the negative-correlation characteristics of position and velocity error presented in
Chap. 2. The periodicity characteristics is not considered for simplicity because the
negative-correlation characteristics of position and velocity error mainly involving
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Fig. 3.9 3r error ellipsoid of
Cosmos-2251

-1
-0.5

0
0.5

1

-1
-0.5

0
0.5

1

-1

-0.5

0

0.5

1

U (km)W (km)

N
 (k

m
)

Fig. 3.10 3r error ellipsoid
of Iridium-33

102 3 Orbital Error Analysis Based on Historical Data

http://dx.doi.org/10.1007/978-981-10-2963-9_2


the secular evolution. Only the orbit state at epoch of TLE chosen as the reference
state when generate the residual data, i.e. the segment number nseg ¼ 0:

Let the temporal difference threshold tT ¼ 20 days, Figures C.13–C.15 in
Appendix C illustrate the TLE’s prediction residual state components in UNW
coordinate system versus temporal difference of three near-circular orbit LEO,
MEO, and GEO.

Figures C.13–C.15 show that the position error in S direction and the velocity
error in R direction in near-circular orbit have opposite propagation trends, so do
the position error in R direction and the velocity error in S direction. The shapes of
distributions of the position error in S direction and the velocity error in R direction
are similar and symmetric about the temporal axis, so do the position error in R
direction and the velocity error in S direction.

The correlation coefficient q is introduced in Sect. 2.4.2 to describe the opposite
relation and similarity characteristics. Two correlation coefficient curves are pro-
vided by the propagation function of covariance based on the C-W Equation. This
section validates the characteristic utilizing the TLE historical data. The residual
data are 1-D binned according to the temporal parameters. The correlation coeffi-
cient qx;vy of R direction position error and S direction velocity error as well as the
correlation coefficient qy;vx of S direction position error and R direction velocity
error are calculated in each data bins. Figures 3.11, 3.12 and 3.13 illustrate the
correlation coefficient curves versus prediction time.

Figures 3.11, 3.12 and 3.13 reveals that:

(1) The correlation coefficient qx;vy of R direction position error and S direction
velocity error ranges from −0.96 to −1, a strong negative correlation exists
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Fig. 3.11 Correlation coefficient curves of LEO object

0 5 10 15 20
-1

-0.995
-0.99

-0.985
-0.98

-0.975
-0.97

Δt (day)

ρ y
,v
x

0 2 4 6 8 10 12 14 16 18 20
-1

-0.9999
-0.9999
-0.9998
-0.9998
-0.9997

Δ t (day)

ρ x
,v
y
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between these two errors. However, the correlation coefficient has the trend to
become positive for LEO object; this may be caused by the atmospheric drag.

(2) The correlation coefficient qy;vx of S direction position error and R direction
velocity error ranges from −0.97 to −1, and has the trend to be -1 with the time
increase. A strong negative correlation exists between these two errors.

References

1. Chan JC, Navarro D (2001) Comparisons of NORAD Two—line elements with INTELSAT
orbital elements. In: Proceeding of the third european conference on space Debris. Darmstadt,
Germany

2. Kelso TS (2007) Validation of SGP4 and IS—GPS-200D against GPS precision ephemerides
[C]. AAS 07 -127. AAS/AIAA space flight mechanics meeting. Sedona, Arizona, 28
January-01 February 2007

3. Boyce WH (2004) Examination of NORAD TLE accuracy using the Iridium constellation.
Spaceflight Mech. 119: 2133–2142 (Advances in the Astronautical Science)

4. Snow D, Kaya D (1999) Element set prediction accuracy assessment. Astrodynamics. 103:
1937–1958 (Advances in the Astronautical Science )

5. Krag H, Klinkrad H, Alarcon-Rodriguez JR (2007) Assessment of orbit uncertainties for
collision risk predictions at ESA. In: Proceedings of second IAASS conference. Chicago,
USA

6. Flohrer T, Krag H, Klinkrad H (2008) Assessment and categorization of TLE orbit errors for
the US SSN catalogue. In: Proceedings of the advanced Maui optical and space surveillance
technologies conference. Maui, US

7. Wang R, Liu J, Zhang QM (2009) Propagation errors analysis of TLE data. Adv Space Res
43:1065–1069

8. Peterson GE, Gist RG, Oltrogge DL (2001) Covariance generation for space objects using
public data. Adv Astronaut Sci 1081:201–214

9. Deguine B, Foliard J, Alby F et al Covariance modeling in satellite collision risk activities.
AIAA 2002-4631. In: AIAA/AAS astrodynamics specialist conference and exhibit. Monterey,
California

10. Osweiler VP (2006) Covariance estimation and autocorrelation of NORAD two-line element
sets. Air Force Institute of Technology, US Air University, Ohio

11. Legendre P, Deguine B, Garmier R et al (2006) Two line element accuracy assessment based
on a mixture of Gaussian laws. AIAA 2006 - 6518. In: AIAA/AAS astrodynamics specialist
conference and exhibit. Keystone, Colorado

0 5 10 15 20
-1

-0.99
-0.98
-0.97
-0.96
-0.95

Δt (day)

ρ y
,v
x

0 2 4 6 8 10 12 14 16 18 20
-1

-0.995

-0.99

-0.985

-0.98

Δt (day)

ρ x
,v
y

Fig. 3.13 Correlation coefficient curves of GEO object

104 3 Orbital Error Analysis Based on Historical Data



12. Legendre P, Garmier R, Prat G et al (2007) Improvement of the two line element accuracy
assessment based on a mixture of Gaussian laws. In: AAS 07 - 390. AAS/AIAA
astrodynamics specialist conference. Mackinac Island, Michigan

13. Legendre P, Garmier R, Revelin B et al (2008) Improvement of the TLE accuracy model
based on a Gaussian mixture depending on the propagation duration. In: AIAA 2008 -6772.
AIAA guidance, navigation, and control conference and exhibit

14. Matney MJ, Anz-Meador P, Foster JL (2004) Covariance correlations in collision avoidance
probability calculations. Adv Space Res 34:1109–1114

15. Hirose C, Kudo N, Matsuda I et al (2010) Evaluation of TLE prediction errors for conjunction
assessment. IAC-10-A6.2.8. In: The 61st international astronautical congress. Prague, Czech

16. Levit C, Marshall W (2011) Improved orbit predictions using two-line elements. Adv Space
Res 47:1107–1115

17. Muldoon AR, Elkaim GH, Rickard I F et al (2009) Improved orbital debris trajectory
estimation based on sequential TLE processing. IAC -09. A6.2.9. In: The 60th international
astronautical congress. Daejeon, R. Korea

18. Coppola VT, Woodburn J, Hujsak R (2004) Effects of cross correlated covariance on
spacecraft collision probability. AAS 04-181. In: The AAS/AIAA space flight mechanics
meeting

19. Hodge VJ, Austin J (2004) A survey of outlier detection methodologies. Artif Intell Rev
22:85–126

20. Jefferys WH (1970) A Fortran-based list processor for Poisson series. Celest Mech 2:474–480
21. Cherniack JR (1973) A more general system for Poisson series manipulation. Celest Mech

7:107–121
22. Ivanova T (2001) A new echeloned Poisson series processor (EPSP). Celest Mech Dyn

Astron 80:167–176
23. Broucke R, Garthwaite K (1969) A programming system for analytical series expansions on a

computer. Celest Mech 1:271–284
24. Henrard J (1989) A survey of Poisson series processors. Celest Mech 45:245–253
25. San-Juan JF, Abada A (2001) Algebraic and symbolic manipulation of Poisson series.

J Symbolic Comput 32: 565–572
26. Martinez MC, Navarro JF, Ferrándiz JM (2007) An improved algorithm to compute circular

functions of Poisson series. Celest Mech Dyn Astron 99:59–68
27. San-Juan JF, Abada A (2001) Communications between the Poisson series processor PSPC

and general scientific software. Math Comput Simul 57: 307–315
28. Fateman RJ (1974) On the multiplication of Poisson series. Celest Mech 10:243–247
29. Fekken A, Hilhorst D, Kerckhoffs EJH et al (1996) Parallel computer algebra on Poisson

series. Simul Pract Theor 4:219–243
30. Richardson DL (1989) PARSEC: an interactive Poisson series processor for personal

computing systems. Celest Mech 45:267–274
31. Liou JC (2009) Satellite collision leaves significant debris clouds. Orbital Debris Q News 13

(2):1
32. Chan FK (2008) Spacecraft collision probability. The Aerospace Press, El Segundo

References 105

www.ebook3000.com

http://www.ebook3000.org


Chapter 4
Close Approach Analysis Between Space
Object

The close approach analysis is to determine the time when two objects enter to the
spherical or ellipsoidal range and the corresponding relative distance, the compo-
nents of relative distance, the relative velocity and the conjunction angle, with the
orbital data (orbital elements or high precision orbital ephemeris) of two objects are
known and the close approach threshold (spherical or ellipsoidal threshold surface)
and the time interval are predefined. The close approach analysis is not only sig-
nificant in the conjunction assessment, but also used on different space mission
analysis such as observing time determination of space-based space surveillance
and reconstruction of spacecraft’s maneuver.

The prefilter is needed to eliminate the objects that are impossible to conjunction
the interesting spacecraft before further close approach analysis. The common
prefilter methods include the apogee-perigee filter and altitude difference filter
[1–3].

The close approach analysis methods can be categorized to the analytical method
and the numerical method based on the orbital data and algorithm used. The ana-
lytical methods are based on the orbital elements and geometrical analysis of the
orbital elements, obtain the close approach events’ information by the analytical
algorithm like derivative. The numerical methods are based on the orbital ephe-
meris of objects at certain time steps during a certain interval, or the position and
velocity information from orbital model. The relative position and close approach
information are obtained by numerical processing methods such as difference,
interpolation, fitting, polynomial root-finding to the orbital ephemerides or position
and velocity information.

The advantages of analytical methods are their computing speed and straight-
forward physical meanings, while the drawbacks are their sensitivity to the type of
orbit and the type of orbital data and missing alarm risk due to the perturbations.
The advantages of numerical methods are their relative low missing alarm risk and
their robustness to the type of orbit, the type of orbital data, and the orbital models.
The disadvantages are longer computing time. With the advent of ever increasing
computer capacities numerical methods are more applicable in the future.
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4.1 Analytical Methods to Determine Close Approach

4.1.1 Hoots’s Method

Hoots proposed an analytical method to determine close approaches between
satellites based on the geometrical filter in 1984 [3]. This method determines the
close approaches by a series of altitude filter, orbital geometry filter and phase filter.
This analytical filtering method is the early and mature algorithm, most of the other
analytical methods are the improvement of Hoots’s method [1, 4]. This detection
concept for proximity events entails complex filter algorithms, with CPU-time
demanding iterative root finders, and with a non-negligible risk of missing close
fly-bys due to perturbations affecting the conjunction geometries. In addition, Refs.
[5–10] studied the minimal distance and the critical points of the distance function
between two confocal Keplerian orbit based on the orbit elements. This subsection
will introduce the Hoots’s method.

To protect or warn a satellite (called the primary) of a future collision, its orbit
must be compared with every other object (called secondaries) in orbit about the
Earth. The problem is stated most generally by specifying a time span of interest,
tB; tE½ �, and a separation distance D. As two satellites move around their respective
orbits, the relative separation distance between the two is given by

rrel ¼ rp � rs
�� �� ð4:1Þ

where r denotes the position vector of the satellite and where the sub-scripts p and s
denote the primary and secondary satellite, respectively.

Over the span of interest, a graph of relative distance might appear as in Fig. 4.1.
We seek all points of closest approach which are less than the threshold D (e.g.,
times t1 and t2 in Fig. 4.1).

relr

D

Bt EtSt 2t1t Ft

Fig. 4.1 Relative distance
between two objects
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Since these points are simply relative minima of the function rrelðtÞ, the most
obvious solution to the problem would be a numerical technique. Starting at the
beginning of the time interval of interest, we could numerically step along the
primary and secondary orbits noting the relative separation distances. Whenever the
relative distance changed from decreasing to increasing, we would know we had
passed a relative minima. If this minima was less than D, we would record this time
as a time of close approach. Stepping would continue until we reached the end of
the time interval of interest. If we wanted to find all times of close approach with all
orbiting objects, the procedure would be repeated for each of the 15,000 secon-
daries. Clearly this procedure consumes exorbitant of computer processing time.
When we consider the task of collision alerting for many primaries, use of
numerical techniques becomes hopeless.

Thus, to make the task manageable, we take an analytical approach to the
solution. The general problem is broken down into the non-coplanar and the
coplanar cases. In each case, a list of candidate times is produced by analytical
equations. These candidates are generally very close to the exact times of close
approach. They are refined by an iterative technique to produce the times of closest
approach. Periods of close proximity when the two satellites are within the distance
D are calculated in a similar way.

In the discussion which follows, it will first be assumed that the satellites follow
two-body Keplerian orbits with no perturbations. The effect of perturbations on the
candidate times is small and is easily in-corporated as a minor modification to the
analytical equations.

Geometrical Prefilter Many of the possible secondaries can be eliminated from
consideration because the relative geometry of the two ellipses does not allow the
two trajectories to ever come within the threshold distance D. The simplest test is a
perigee-apogee test. Let q denote the larger of the two perigees and let Q denote the
smaller of the two apogees. If

q� Q[D ð4:2Þ

then the secondary need not be considered further.
If a secondary is not eliminated by the perigee-apogee prefilter, then it is sub-

jected to a second perfilter. This geometrical prefilter considers the relative
geometry of the two ellipses in space. Figure 4.2 illustrates two arbitrary ellipses
and the line of intersection of the two orbital planes.

There will be two values d1 and d2 of closest approach distance between the two
elliptical paths. It should be noted that the points are not necessarily along the line
of intersection of the two planes. This is a purely geometrical calculation and is
independent of the location of the two satellites on their elliptical paths. If the
minimum distance in space between the two paths is greater than the separation
distance D, then the satellites cannot have a close encounter of interest. Let
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K ¼ xs � xp ð4:3Þ

where xs and xp are unit vectors normal to the orbital planes of the secondary and
primary satellites, respectively. These unit vectors can be calculated with the
equation

x ¼ sin X sin I � iþ cos X sin I � jþ cos I � k ð4:4Þ

where X is the longitude of ascending node, I is the inclination, and i; j, and k are
unit vectors in the X, Y, and Z directions.

The vector K, lies along the line of intersection of the two orbital planes and has
the additional property that

Kj j ¼ sin IR ð4:5Þ

where IR is the relative inclination angle between the two orbital planes. It should
be noted that, in general, IR is not simply the difference between the inclinations of
the two orbits. If IR is identically zero, the geometrical prefilter equations become
indeterminate and such cases must be treated by the coplanar method.

The orientation of the vector K within the orbital plane of either satellite is given
by the angle D between the line of ascending node of the satellite plane and the
vector K as illustrated in Fig. 4.3. Let

np ¼ cos Xp � iþ sin Xp � j ð4:6Þ

be a unit vector along the line of ascending node of the primary satellite. Then

K � np ¼ sin Ip cos Is � sin Is cos Ip cos Xp � Xs
� � ð4:7Þ

But from Fig. 4.3, it is clear that

K � np ¼ Kj j cosDp ¼ sin IR cosDp ð4:8Þ

1d

2d

Fig. 4.2 Geometrical
prefilter
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Thus,

cosDp ¼ 1
sin IR

sin Ip cos Is � sin Is cos Ip cos Xp � Xs
� �� � ð4:9Þ

Also, by using the law of sines in spherical trigonometry, we get

sinDp ¼ 1
sin IR

sin Is sin Xp � Xs
� � ð4:10Þ

From Eqs. (4.9) and (4.10), Dp is uniquely determined. Similarly, it can be
shown that

cosDs ¼ 1
sin IR

sin Ip cos Is cos Xp � Xs
� �� sin Is cos Ip

� �
sinDs ¼ 1

sin IR
sin Ip sin Xp � Xs

� � ð4:11Þ
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Fig. 4.3 Relative orientation
of orbital planes
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Let uR denote the angle within the orbital plane from the vector K to the satellite
position measured positive in the sense of the satellite motion as shown in Fig. 4.4.

Let rp and rs denote the magnitude of the position vectors of the primary and
secondary satellites and let c denote the angle between the two position vectors.
Then

r2rel ¼ r2p þ r2s � 2rprs cos c ð4:12Þ

From spherical trigonometry

cos c ¼ cos uRp cos uRs þ sin uRp sin uRs cos IR ð4:13Þ

The point of closest approach of the two elliptical paths will be a relative
minimum of the function in Eq. (4.12). It is a function of the true anomalies of the
two satellites since uR ¼ f þx� D where f is the true anomaly and x is the
argument of perigee. Thus, the relative minimum will be the solution of the two
simultaneous equations

@r2rel
@fp

¼ 0 ; @r2rel
@fs

¼ 0 ð4:14Þ

After considerable calculation and the use of Eqs. (4.13) and (4.14) reduce to

rpep sin fp þ rs cos uRs sin uRp þ ayp
� �� sin uRs cos IR cos uRp þ axp

� �� � ¼ 0

rses sin fs þ rp cos uRp sin uRs þ ays
� �� sin uRp cos IR cos uRs þ axsð Þ� � ¼ 0

ð4:15Þ

where we have introduced the notation

ax ¼ e cos x� Dð Þ
ay ¼ e sin x� Dð Þ

�
ð4:16Þ

For the case of two circular orbits, Eq. (4.15) has the solution

uRp ¼ uRs ¼ 0

fp ¼ Dp � xp; fs ¼ Ds � xs
ð4:17Þ

For noncircular cases the analytical solution of Eq. (4.15) seems intractable.
However, the equations readily admit an iterative solution by Newton’s method.
Given equations of the form

F fp; fs
� � ¼ 0

G fp; fs
� � ¼ 0

�
ð4:18Þ

112 4 Close Approach Analysis Between Space Object

www.ebook3000.com

http://www.ebook3000.org


Newton’s method gives the iterative solution

fpiþ 1 ¼ fpi þ h; fsiþ 1 ¼ fsi þ k ð4:19Þ

where

h ¼ F@G
@fs
�G@F

@fs
@F
@fs

@G
@fp

�@F
@fp

@G
@fs

; k ¼ G@F
@fp

�F@G
@fp

@F
@fs

@G
@fp

�@F
@fp

@G
@fs

F ¼ rpep sin fp þ rs A cos uRs � B cos IR sin uRsð Þ
G ¼ rses sin fs þ rp C cos uRp � D cos IR sin uRp

� �
@F
@fp

¼ rpep cosEp þ rs cos c
@F
@fs

¼ � rs
1þ es cos fs

ACþBD cos IRð Þ
@G
@fp

¼ � rp
1þ ep cos fp

ACþBD cos IRð Þ
@G
@fs

¼ rses cosEs þ rp cos c

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð4:20Þ

with

A ¼ sin uRp þ ayp ; B ¼ cos uRp þ axp
C ¼ sin uRs þ ays ; B ¼ cos uRs þ axs

ð4:21Þ

where E denotes the eccentric anomaly and cos c is given by Eq. (4.13). A starting
value for the iteration is given by Eq. (4.17). Let fp� and fs� denote the final con-
verged values from the iteration. These are used in Eq. (4.12) to calculate one point
of closest approach between the two elliptical paths. There is another point of
geometrical closeness which must be considered. It is found by iteration on
Eq. (4.15) using the starting values.

fp1 ¼ fp� þ p
fs1 ¼ fs� þ p

�
ð4:22Þ

The converged values from the iteration are used in Eq. (4.12) to calculate the
other point of closest approach between the two elliptical paths. If both points of
closest approach are greater than D, then the secondary need not be considered
further.

Time Prefilter For those secondary satellites which have not been eliminated by
the geometrical prefilters, there is yet one more constraint which can be used to
remove them from consideration. Even though the elliptical paths may lie with in
distance D of each other, the two satellites must also simultaneously pass through
these regions of closeness in order to have a close encounter between the satellites.
This provides the means for a final prefilter based on crossing times for the two
satellites of the line of intersection of the two orbital planes.
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In general, a satellite will be in a region of vulnerability for a short period of
time before and after it flies through the line of intersection of the two orbital
planes. An estimate of these times can be obtained analytically by using the
perpendicular distance z� from one satellite to the other satellite’s orbital plane.
Referring to Fig. 4.4 we can see that will be less than or equal to rrel z� � rrelð Þ.
Thus, the tines of entry into and exit from the region of vulnerability may be
slightly conservative. The perpendicular distance z� can be determined with
spherical trigonometry to be

z� ¼ r sin IR sin uR ð4:23Þ

Since we want to find the time when z� ¼ D, we make this substitution in
Eq. (4.23) as well as a substitution for uR to obtain

D ¼ a 1� e2ð Þ sin IR sin uR
1þ e cos uR � xþDð Þ ð4:24Þ

where a is the semimajor axis and e is the eccentricity. Using trigonometric
identities, we can write

D ¼ a sin uR
1þ ax cos uR þ ay sin uR

ð4:25Þ

where a ¼ a 1� e2ð Þ sin IR and ax and ay were defined in Eq. (4.16).
Equation (4.25) can be solved for cos uR. After considerable algebra we find

cos uR ¼ �D2ax � a� Day
� �

Q1=2

a a� 2Day
� �þD2e2

ð4:26Þ

where

Q ¼ a a� 2Day
� �� 1� e2

� �
D2 ð4:27Þ

Now if Q is negative or the right-hand side of Eq. (4.26) has absolute value
greater than one, it simply means that the satellite path does not ever get further than
D form the other satellite’s orbital plane. In such a case, the time prefilter cannot be
applied and the satellite must be treated by the coplanar method.

If Eq. (4.26) is determinant for both the primary and secondary satellite orbital
elements, we can generate angular windows for each satellite. By taking both values
of the across in [0, 2p] and by using both signs in Eq. (4.26), we obtain the two

angular windows u 1ð Þ
R ; u 2ð Þ

R

h i
and u 3ð Þ

R ; u 4ð Þ
R

h i
, as illustrated in Fig. 4.5.
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The angular windows can be converted to time windows by using Kepler’s
equation to convert to mean anomaly and hence to time. The two time windows
represent the times of vulnerability for the satellite over a single revolution. By
adding multiples of the satellite period to the endpoints of each window, a sequence
of time windows can be generated throughout the interval of interest tB; tE½ �. This
procedure is followed for both the primary and secondary satellites generating two
sequences of time windows. The windows are then cross matched for possible
overlapping. Any primary and secondary windows which overlap generate a can-
didate time calculated as the midpoint of the overlap. These candidate times are
used as starting values for a iterative solution of the time of closest approach. This
iteration will be discussed in a later section.

The time prefilter will generally eliminate many satellites from further consid-
eration because their orbital motion is out of time phase. For those satellites that it
does not eliminate, the interval of interest is usually shortened to a small subset of
candidate times by the time prefilter.

Coplanar Satellites For those satellites which are exactly coplanar (sin IR ¼ 0,
IR ¼ 0 or IR ¼ p) or are so near coplanar that the time prefilter cannot be applied,
we can generate candidate times for close approaches in the following manner. The
relative separation distance is

r2rel ¼ r2p þ r2s � 2rp � rs ð4:28Þ

The time rate of change of this function is given by

R ¼ rp _rp þ rs _rs � _rp � rs � rp � _rs ð4:29Þ

Since R is proportional to the slope of the graph in Fig. 4.1 and since we are
looking for relative minima of the graph, we merely start at the beginning of the
interval of interest and time step along the primary and secondary orbits searching
for a change in sign from negative to positive of the function R. If such a sign
change occurs within a step, a candidate for a point of close approach is generated

Fig. 4.5 Angular windows
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based on linear interpolation. Since we are only searching for a sign change of the
function, a large fraction of the orbital period can be used for the time step. In
particular, 1/5 of the smaller of the two satellite’s periods has proven to be quite
adequate.

For those few satellites which fall into the coplanar category, this method pro-
vides an efficient way to generate time candidates for points of close approach.

Points of Close Approach and Periods of Close Proximity The candidate times
generated either by the time window method or by the coplanar technique are
usually quite close to the true times of minima. Hence, they provide very good
starting values for a Newton’s method solution for the zeros of the function R.. The
iteration is given by

tiþ 1 ¼ ti � R
_R

ð4:30Þ

where

_R ¼ _r2p þ rp€rp þ _r2s þ rs€rs � €rp � rs � 2_rp � _rs � rp � €rs ð4:31Þ

Newton’s method for this function is very reliable and converges quite rapidly to
give the time of closest approach.

When two satellites have a close encounter less than D distance, it is of interest
to know the beginning and end of the time interval for which they were within
D distance of each other (e.g., times tS and tF in Fig. 4.1). That is, we seek two
zeros of the function

H ¼ r2rel � D2 ð4:32Þ

which are in the neighborhood of the minimum point. Since _H ¼ 2R from
Eqs. (4.28) and (4.29). Newton’s method gives

tiþ 1 ¼ ti � H
2R

ð4:33Þ

A starting value for the beginning time of close proximity is taken as a few
minutes prior to the minimum time point, and a starting value for the end time of
close proximity is taken as a few minutes after the minimum time point.

4.1.2 Collision Detection Based on Secular Orbital Model

Owing to perturbations the motion of a space object is not a simple periodical one.
An analytical method of collision detection in which the secular effects of
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atmospheric drag and gravitation are included is discussed in this section. This
algorithm is distinguished from Hoots’s method at the consideration of the secular
effects of perturbations, which is useful for collision avoidance maneuver.

Precision of SGP4/SDP4 Model Only Including Secular Effects The orbital
prediction is the basis of the collision detection method, and it also determines the
alert range q, as shown in Fig. 4.6.

Supposing a spacecraft is T and a piece of debris is D, dT is the orbital prediction
precision of the spacecraft, dD is the one of the debris and rS is the safe distance
relative to the special size and mission of the spacecraft. The alert range is

q ¼ dT þ rS þ dD ð4:34Þ

Equation (4.34) indicates that the prediction precision of orbital model directly
affects the alert range.

At present the orbital data of the space debris mainly come form the Two-Line
Element (TLE) sets periodically issued by JSpOC. The TLE uses orbital propagator
SGP4/SDP4 to obtain a position and velocity of the space object. The SGP4/SDP4
propagator considered the secular, the long-period and the short-period effects of
gravitation and atmospheric drag etc. The secular effects could be computed in the
polynomial functions, while the long-period and the short-period effects would be

sr

T
dT

D

dD

ρ

Fig. 4.6 The value of the alert range q

Table 4.1 Orbital types and parameters of objects

Number Type Inclination/(°) Eccentricity Perigee/km Apogee/km

28883 LEO 42.471 0.002161 294.720 324.018

23560 SSO 98.5690 0.0000917 781.777 799.058

25030 MEO 56.277 0.010179 19914.860 20452.619

29260 HEO 63.7889 0.6804348 2120.177 38276.472

26038 GEO 0.068 0.000036 35786.059 35790.681

07578 GSO 14.4139 0.0002164 35865.438 35880.355
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computed by iteration. In order to realize the quick collision detection the
long-period and the short-period effects should be omitted during the process. The
effects of the mitting of long-period and the short-period terms to the prediction
precision are simulated in this section.

Six typical orbiting objects are selected for examples, the orbital types and
parameters are shown in Table 4.1. The residuals of predicted position using the
SGP4/SDP4 without the periodic terms are illustrated in Figs. 4.7 and 4.8.

(b) LEO object 28883 3 day

(c) SSO object 23560 3 day
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(a) LEO object 28883 1 day

Fig. 4.7 Residual of the SGP4 model including only the secular terms
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(a) HEO object 29260 

(b) MEO object 25030 

(c) GEO object 26038 

(d) GSO object 07578 
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Fig. 4.8 Residual of the SDP4 model including only the secular terms
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Figures 4.7 and 4.8 reveal that:

(1) The oscillation of the position residual is mainly due to the short-period terms.
The short-period terms are of the magnitude of orbital period or less, so the
periods of the oscillation of LEO’s residual are less than the ones of deep
space orbits.

(2) The atmospheric drag mainly affects the long-term evolution of orbit for the
LEO object 28883, the oscillation limited in 10 km in 3 day prediction period.
The inclination of the SSO object 23560 is close to 90°, the periodic terms of
the SGP4 model include sin i and 1� cos2 ið Þ which approximately equal to
one when i 	 90
, therefore the effect is more significant than object 28883.

(3) The eccentricity and inclination of the HEO object 29260 are e = 0.68 and
i = 63.8°, respectively. The effects of e and i related terms in SGP4 model are
enhanced. The residual near the perigee changes remarkably.

(4) The inclination and eccentricity of GEO are close to zero, the e and i related
terms are insignificant, and the residual of position are of the magnitude of
meters. The inclination of the GSO has drifted to 14°, which causes more
periodic effects than GEO orbit, and the residual are of the magnitude of
kilometers.

(5) The residuals of position of the SGP4/SDP4 model including only the secular
effects of the perturbation for 3 days prediction are limited in 30 km, which
indicates it is reasonable to only take the secular term into consideration for
the primary filter of close approach analysis.

Analytic Algorithm of Collision Detection Based on Secular Effects The algo-
rithm is used to estimate the possibility of collision among spacecrafts and debris.
Estimate rules are determined by the predicting precision of secular effects. The
algorithm consists of two steps. First, the intersection points of the spherical pro-
jection of two orbits are analyzed. Then if the times crossing the points are close to
each other, the altitudes of two objects are investigated to determine if these two
objects tend to be close approach.

There are two points of intersection obtained from spherical projection of two
orbits. One point is north of the equator and called northern point PN , the other is
south of the equator and called southern point PS. The spherical angle between

nP
sP

RS

TS

Fig. 4.9 Points of
intersection of spherical
projection of two orbits
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these two points is close to 180° (perturbation results in the angle difference to
180°). These points appear periodically for each orbit, as illustrated in Fig. 4.9.
Collision could be detected effectively as long as the relationship between two
objects at these points was obtained. Northern point and southern point are moving
because of perturbation. As a result, northern point at last period probably turns to
southern point at this period, and southern point at last period turns to northern
point. This results in angle modification and must be carefully treated.

Supposing there are two objects in orbit, the first object’s mean elements at time
t01 are

X01 ¼ a01 e01 i01 X01 x01 M01½ �T ð4:35Þ

According to the formulas listed in Refs. [3, 11], the orbital elements at any time
t can be obtained with the help of secular effects.

a1ðtÞ ¼ a01 þ ga1 t � t01ð Þ e1ðtÞ ¼ e01 þ ge1 t � t01ð Þ
i1ðtÞ ¼ i01 þ gi1 t � t01ð Þ X1ðtÞ ¼ X01 þ gX1 t � t01ð Þ
x1ðtÞ ¼ x01 þ gx1 t � t01ð Þ M1ðtÞ ¼ M01 þ gM1 t � t01ð Þ

ð4:36Þ

where ga1 t � t01ð Þ, ge1 t � t01ð Þ, gi1 t � t01ð Þ, gX1 t � t01ð Þ, gx1 t � t01ð Þ, gM1 t � t01ð Þ
are functions of time t, represents the effects of the perturbation to the elements.

Similarly, the secondary object’s mean elements at time t02 are

X02 ¼ a02 e02 i02 X02 x02 M02½ �T ð4:37Þ

the orbital elements at any time t are

a2ðtÞ ¼ a02 þ ga2 t � t02ð Þ e2ðtÞ ¼ e02 þ ge2 t � t02ð Þ
i2ðtÞ ¼ i02 þ gi2 t � t02ð Þ X2ðtÞ ¼ X02 þ gX2 t � t02ð Þ

x2ðtÞ ¼ x02 þ gx2 t � t02ð Þ M2ðtÞ ¼ M02 þ gM2 t � t02ð Þ
ð4:38Þ

Northern point PN is shown in Fig. 4.10, un1 and un2 can be obtained as below

Fig. 4.10 Northern point of
intersection of spherical
projection of two orbits
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un1 ¼ arccot
cosDX cos in1 � sin in1 cot in2

sinDX

un2 ¼ arccot
� cosDX cos in2 þ sin in2 cot in1

sinDX
DX ¼ Xn2 � Xn1

ð4:39Þ

where Xn1, in1, Xn2, in2 are orbital element of two objects when passing the northern
point.

fn1 ¼ un1 � xn1

tan En1
2 ¼

ffiffiffiffiffiffiffiffiffiffi
1�en1
1þ en1

q
� tan fn1

2

Mn1 ¼ En1 � en1 � sinEn1

8<
: ð4:40Þ

Let

jn1 X01;X02; tð Þ ¼ Mn1 �M1 ¼ Mn1 �M01 � gM1 t � t01ð Þ ð4:41Þ

When jn1 X01;X02; tð Þ ¼ 0, the corresponding tN1 is the time S1 passing the
northern point PN . Similarly, let

jn2 X01;X02; tð Þ ¼ Mn2 �M2 ¼ Mn2 �M02 � gM2 t � t01ð Þ ð4:42Þ

When jn2 X01;X02; tð Þ ¼ 0, the corresponding tN2 is the time S2 passing the
northern point PN .

Let DtN ¼ tN2 � tN1 be the time difference of S1 and S2 crossing the northern
point. Notice that DtN is not zero in general. S1 and S2 pass the northern point PN

simultaneously when DtN ¼ 0. If the radial of two orbits are same, S1 and S2 will
collide at the northern point PN .

The formulae at the southern point PS are similar to the ones at PN .

us1 ¼ arccot
cosDX cos is1 � sin is1 cot is2

sinDX

	 

þ p

us2 ¼ arccot
� cosDX cos is2 þ sin is2 cot is1

sinDX

	 

þ p

DX ¼ Xs2 � Xs1

ð4:43Þ

Besides, these special conditions below must be considered individually:

(1) i1 [ i2 [ 0, DX ¼ X2 � X1 ¼ 0 or �p, the intersection points are their
ascending node or descending node, the times of two objects passing the
ascending or descending node are needed.

(2) i1 [ i2 ¼ 0, the times of S1 passing the ascending or descending node are
needed.
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(3) i1 ¼ i2, DX ¼ X2 � X1 ¼ 0 or �p, two orbits are coplanar, the coplanar
method to close approach analysis is needed.

Collision may happen if these two objects pass the point of intersection at the
same time. Thus collision can be detected by comparing time t1 and t2 computed
above. Collision could not happen if t1 � t2j j[ et, otherwise

Table 4.2 TLEs of two space objects

Object TLE

SR 1 26207U 99057CV 05012.01348642 .00000774 00000-0 27275-3 0 606

2 26207 98.2173 32.2878 0124063 79.0395 282.4771 14.33127993251122

ST 1 07219U 74015B 05005.94102452 .00000041 00000-0 37371-4 0 3267

2 07219 99.0916 339.3105 0066266 134.9684 225.6893 14.24160453598108

Fig. 4.11 The time differences of two objects crossing the northern point and southern point

Fig. 4.12 The orbital elements two objects crossing the northern point and southern point
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r1 ¼ a1 1þ e1 cosE1ð Þ
r2 ¼ a2 1þ e2 cosE2ð Þ

�
ð4:44Þ

Collision could not happen if r1 � r2j j[ er otherwise collision warning infor-
mation must be issued. et and er are determined by precision of secular effects
model.

The collision event in Ref. [12] is taken as an example. The two-line elements of
these objects (shown in Table 4.2) are provided by NORAD. Supposing SSN
26207 is SR, SSN 07219 is ST . The trends of time crossing the northern and
southern points and orbital elements at PN and PS are listed below. The initial epoch
is 2005-01-13 12:00:00, the duration length is 4 days.

The time differences of two objects crossing PN and PS are shown in Fig. 4.11.
The time differences Dt at PN and PS change discontinuously. Collision could be
avoided if the time differences went away from zero with the help of maneuver.
There is one time difference equal to zero in Fig. 4.11, which indicates there will be
a conjunction. Fig. 4.12 illustrates the trend of the points of intersection of two
orbits in 4 days.

4.2 Numerical Methods to Determine Close Approach

With the advent of ever increasing computer capacities numerical algorithms for
conjunction event detections have become available. The numerical methods to
determine close approach are based on the orbital ephemeris of objects at certain
time steps during a certain interval, or the position and velocity information from
orbital model. The relative position and close approach information are obtained
by numerical processing methods such as difference, interpolation, fitting, poly-
nomial root-finding to the orbital ephemerides or position and velocity
information.

An obvious solution to the time and distance portion of the close approach
problem is to step sequentially along the orbits of the two objects to form an
ephemeris for each, and then difference the position vectors to determine their
relative distance. Indeed, this approach is used to construct a truth table of
encounters for analyses. Although straightforward, this approach requires many
computations, especially for a lot of objects.

Alfano and Negron developed a numerical methods based on polynomial
splining techniques to determine close approach (A-N algorithm) [13, 14]. The
principle of A-N algorithm is to introduce distance function and ellipsoidal func-
tion, the local minimum relative distances and the corresponding times, as well as
the time when one space object enters and exits the ellipsoidal region of another one
are determined by solving the roots of the polynomial. This method determines
close approaches between two arbitrary trajectories, and is not limited to a specific
analytical, numerical, or hybrid propagator. It has several advantages over
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traditional geometrical and brute-force method. A-N algorithm uses a
relative-distance function, for which each point and slope matches in the blending
functions. The method uses any propagation scheme, permitting us to select a
desired speed and accuracy. The answers result from closed-form solutions and
eliminate the need for iteration.

However, in A-N algorithm there are limitations in the criteria used to check root
existence and the process of filtrating rational real roots. Furthermore, the criteria
proposed in A-N algorithm for determination of the time step of splining are not
appropriate for direct calculation and may lead to root loss. Li Jian corrected these
insufficiencies [15]. A self-adaptive method based on polynomial splining error
theory for choosing interpolation step is presented. Comparison shows that the
result of the improved A-N algorithm is more reliable than the original one.

Alarcon-Rodriguez has devised a “smart sieve” conjunction detection algorithm
based on fundamental flight dynamics principles [16, 17]. This method presents
neither constraints nor singularities for any terrestrial orbit. This “smart sieve”
algorithm consists of an initial altitude range filter, a crude range filter (based on the
maximum possible velocities) for each of the three coordinates of the relative
position vector, and three steps of refined distance filter (adjusted for actual range,
maximum relative acceleration, and actual relative velocity), and a final range-rate
root finder to determine the time of closest approach. Due to their simplicity and
robustness this sieve algorithm is superior in their CPU time efficiency, and in their
conjunction event detection capability.

Wang Ting combined the A-R dynamics sieve algorithm and A-N algorithm
[18], the computing efficiency and stability increase evidently. Faulds and Spencer
developed an algorithm with a low-order propagator, incorporating parallel pro-
cessing techniques and a genetic algorithm to find closest approach [19].

4.2.1 A-R Algorithm

As part of a collision risk assessment one first needs to determine events of near
misses between pairs of space objects from the trackable catalog population. The
orbits of the operational satellites will be assumed to be available from an opera-
tional orbit determination at epoch t0, with resulting orbit files containing fitted and
predicted states for a certain timespan. The operational satellites will hereafter be
denoted as targets (index “t”). The potential conjunction objects are extracted from
the USSTRATCOM catalog, with recent orbit information provided in TLE format.
These TLE data provide first-order osculating states by means of the SGP4/SDP4
orbit theory. The conjunction counterparts will be denoted as risk objects (index
“r”).

Different methods have been devised to determine close conjunction events
between pairs of objects during a pre-defined time interval. Hoots’s conjunction
detection is performed by the successive application of an altitude filter, a plane
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geometry filter, and a phase filter. This approach is particularly useful, if the two
orbits are available through an analytic orbit theory. This detection concept for
proximity events entails complex filter algorithms, with CPU-time demanding
iterative root finders, and with a non-negligible risk of missing close fly-bys due to
perturbations affecting the conjunction geometries. With ever-increasing computer
capacities alternative algorithms for conjunction event detections became a viable
alternative. The following sieve algorithm has been implemented in ESA’s CRASS
software [16, 17].

As first step of the sieve, again an altitude filter is applied to the two orbit
histories of the target and risk object. In a subsequent step, the time history of
ranges qðtÞ between the target orbit rtðtÞ and the risk orbit rtðtÞ is analyzed at
equidistant time steps Dt across the prediction interval (for instance
t 2 t0; t0 þ 7d½ �). At each time step the coordinates of the range vector are checked
against an adjusted safety distance

Rc;1 ¼ Rc þ veDt ð4:45Þ

where ve ¼
ffiffiffiffiffiffiffiffiffiffi
2l=r

p
is the escape velocity. A close conjunction within a time

interval Dt is not possible, if qX [Rc;1, or qY [Rc;1, or qZ [Rc;1, or q[Rc;1

(checked in this sequence). For those orbits which passed this step, the reference
control volume of radius Rc around the target object cannot be violated, if a cur-
vature adjusted safety distance Rc;2 ¼ Rc þ gDt2 is not penetrated (where g is the
gravity acceleration of the Earth). This corresponds to the following condition.

Rc;2 ¼ Rc þ gDt2\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dr2 � Dr � Dv=Dvð Þ2

q
ð4:46Þ

The threshold Rc;1 can be further refined, considering the effective relative
velocity, rather than the escape velocity, to obtain

Rc;3 ¼ Rc;2 þ 1
2
Dv � Dr=Drj jDt ð4:47Þ

For those orbits passing the previous range sieves a root finder is started, which
determines the time ttca of closest approach Drtca ¼ qtca from a zero-transition of
the range-rate time history.

Dvtca � Drtca=Drtca ¼ _qtca ¼ 0:0 ! ttca ð4:48Þ

For each of the identified conjunctions a final test is performed to verify that
Drtca �Rc. At the established time ttca and for the associated target state xt ¼ rt; vtð Þ
a target-centered, orbit-related coordinate system Ut, V t and W t can be deployed
according. This leads to a transformation matrix Rt;UVW , which allows a mapping
(X, Y, Z) to (U, V, W) of the conjunction distance Drtca, and approach velocity
Dvtca in the case of a direct hit.
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Drtcað ÞU;V ;W ¼ Drtð ÞU;V ;W¼ Rtð ÞU;V ;W Drtcað ÞX;Y ;Z
Dvtcað ÞU;V ;W ¼ Dvtð ÞU;V ;W¼ Rtð ÞU;V ;W Dvtcað ÞX;Y ;Z

ð4:49Þ

where Drtca and Dvtca are defined as

Drtcað ÞX;Y ;Z ¼ rr ttcað Þ � rt ttcað Þð ÞX;Y ;Z
Dvtcað ÞX;Y ;Z ¼ vr ttcað Þ � vt ttcað Þð ÞX;Y ;Z

ð4:50Þ

The vector Drtcað ÞU;V ;W can be expressed in terms of distance Drtca, azimuth
Ar;tca, and elevation hr;tca of the conjunction. Correspondingly, the approach
velocity Dvtcað ÞU;V ;W of the risk object can be expressed in terms of its magnitude
Dvtca, and the azimuth A�

v;tca ¼ Av;tca þ p, and elevation h�v;tca ¼ �hv;tca of the
direction from which the risk object would approach in the case of a direct hit on
the target.

So far, a spherical threshold surface has been deployed around the target. Due to
the secular effects of drag perturbations on the orbit period, with a resulting
dominance of along-track position uncertainties, it is advantageous to define an
ellipsoidal threshold surface, with its major axis in the along-track direction.
The CRASS program uses an ellipsoid aligned with the Ut, V t and W t axes, with
dimensions Rc;U ¼ 10 km, Rc;V ¼ 25 km, and Rc;W ¼ 10 km, for a spherical
threshold radius of Rc �max Rc;U ;Rc;V ;Rc;W

� �
used in the sieve algorithms.

A conjunction event falls into the ellipsoidal control volume, if k2c � 1 in the fol-
lowing equation. Else, the event is rejected from further analysis.

k2c ¼
DrU
Rc;U

	 
2

þ DrV
Rc;V

	 
2

þ DrW
Rc;W

	 
2

ð4:51Þ

Owing to more frequent calls to the sieve algorithms, the computer run-time for
the conjunction event sieve increases for steps that are too small. The run-time also
increases for time steps that are too large, since fewer orbits can be rejected by the
CPU-time-efficient initial sieve steps. In between these extremes one can find an
optimal analysis time step, which is on the order of Dt 	 180 s (about 3% of the
orbital period of ERS-2 and Envisat).

Due to their simplicity and robustness the outlined sieve algorithms are found to
be superior in their CPU time efficiency, and in their conjunction event detection
capability, as compared with traditional methods which are based on filters con-
sidering altitude, orbit plane intersection, orbit phasing, and minimum approach
distance.
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4.2.2 A-N Algorithm

The method developed by Alfano and Negron [13, 14] is called the A-N algorithm.
This method determines close approaches between two arbitrary trajectories. It has
several advantages over traditional geometrical and brute-force method. A-N
algorithm uses a relative-distance function, for which each point and slope matches
in the blending functions. The main goal is determining the distance between the
two satellites. The method uses any propagation scheme, permitting us to select a
desired speed and accuracy. Finally, the answers result from closed-form solutions
and eliminate the need for iteration.

The first calculation compares the apogee and perigee values of the orbits. This
provides a rough cut to determine if close approach are possible. If the absolute
value between the largest perigee and the smallest apogee is greater than the desired
distance tolerance, the two objects will never approach one another, unless a
thrusting maneuver is applied.

The position vectors of the primary object and secondary object in the geocentric
equatorial (ECI) are rp and rs at time t. Here the inertial vectors are used, although
Earth-fixed vectors are feasible too. The relative-distance vector rd, and its time
derivatives become

rd ¼ rs � rp
_rd ¼ _rs � _rp
€rd ¼ €rs � €rp

8<
: ð4:52Þ

where any orbit propagator can produce the ephemerides for the primary and
secondary objects. Large time steps with the propagator can be taken because of the
splining techniques. If the objects’ acceleration vectors aren’t available, the vector
can be approximated using the following equation includes only J2 perturbative
force.

a ¼ � l
r3
rþ anonspherical þ adrag þ a3�body þ aSR þ atides þ aother ð4:53Þ

We define the distance function fd tð Þ and its time derivatives using dot products.
We define the distance function to be the square of the distance so we don’t need to
evaluate a square root.

fdðtÞ ¼ rd � rd
_fdðtÞ ¼ 2 _rd � rdð Þ
€f dðtÞ ¼ 2 €rd � rd þ _rd � _rdð Þ

8<
: ð4:54Þ

We evaluate these equations for a sequence of times until two adjoining times
(containing a minimum) are found. Object close approaches occur whenever fd tð Þ is
at a local minimum, when _fd tð Þ ¼ 0 and €f dðtÞ[ 0. The final condition implies that
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the two objects are in the same half plane of the orbit. To determine these times of
closest approach, compute the coefficients acd of the derivative function for the
range-rate cubic polynomial equation Pcd sð Þ that corresponds to _fd tð Þ. Use the
additional “d” subscript to indicate the distance function.

PcðsÞ ¼ ac3s3 þ ac2s2 þ ac1sþ ac0
ac0 ¼ f tnð Þ
ac1 ¼ _f tnð ÞDt
ac2 ¼ �3f tnð Þ � 2_f tnð ÞDtþ 3f tnþ 1ð Þ � _f tnþ 1ð ÞDt
ac3 ¼ 2f tnð Þþ _f tnð ÞDt � 2f tnþ 1ð Þþ _f tnþ 1ð ÞDt
Dt ¼ tnþ 1 � tn

8>>>>>><
>>>>>>:

ð4:55Þ

with s uniformly spanning the interval ð0:0\s\1:0Þ.
If the derivative of the function is used, the cubic splining still applies, simply

use the first and second derivatives instead of the function and first derivative.
Remember that s varies from 0.0 to 1.0. Now, extract the real, distinct root(s), sdroot,
of Pcd sð Þ on the interval 0.0 to 1.0. This is necessary to distinguish the results from
the ellipsoidal function we’ll examine shortly. If

dPcd sð Þ
ds

����
s¼sdroot

[ 0 ð4:56Þ

a local minimum range exists. The associated time of the close approach is

tCA sdrootð Þ ¼ tn þ sdrootDt ð4:57Þ

where tn is an endpoint of the time interval containing the minima, and
Dt ¼ tnþ 1 � tn.

Once we have a candidate close approach, we must identify an error ellipsoid to
model a “safety zone” around the primary object. We need this zone because
propagation and differential correction techniques introduce errors into the orbit
solution. Although we get a number indicating the object’s mean location at a point
in time (propagation of the state), an uncertainty volume is actually defined by the
propagation of the covariance matrix. The propagation of the covariance depicts the
object’s probability of occupying a certain location within the overall region
defined by the propagation of the state. The size of the covariance matrix is
dependent on the original formation in the differential correction process, and the
techniques used to move it through time. The combination of these features spec-
ifies a zone where the two objects are in close proximity. The length of time of this
zone depends on the application. Typically, the propagation error is greatest in the
along-track direction because time errors greatly displace the object along the
orbital path. This tends to create an elongated zone (football shaped) about the
primary object’s orbit. Three axes characterize the zone. We often set these values
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arbitrarily to very large values because many systems don’t have covariance
information. For precise work, you should try to get accurate covariance estimates
and use them when characterizing the error region. If you’ve done your
differential-correction processing correctly, your error region should be fairly small.
You want to create this region so the major axis is collinear with the primary
object’s velocity vector, vp. This is the NTW coordinate system.

It’s important to obtain a function that determines the entry and exit conditions
for the secondary object from the ellipsoidal region about the primary object. We’re
only interested in a two-dimensional result, so if we project rd along the primary
axis (T) using the Pythagorean Theorem, we can use the general form of an ellipse
(with a and b as the major and minor axes) to achieve the desired result.

T2

a2
þ N2

b2
¼ 1;

T ¼ rd�vp
vpj j

N2 ¼ rd � rd � T2

(
ð4:58Þ

Substituting T and N into the ellipse equation gives us the ellipsoidal function

feðsÞ ¼
rd�vpð Þ2
vp�vpð Þ
a2

þ
rd � rdð Þ � rd�vpð Þ2

vp�vpð Þ
b2

� 1 ð4:59Þ

where three conditions are possible. If fe sð Þ[ 0, the secondary is out of range.
fe sð Þ ¼ 0 occurs as the secondary satellite enters or exits; the satellite is at the
surface of the ellipsoidal region. fe sð Þ\0 means the secondary is within the
specified range of the primary. We need the primary object’s velocity only to orient
the NTW coordinate system. It’s not part of the overall logic. For a sphere, the
minor and major axes are equal, so we don’t need the projections, and the ellip-
soidal function is

feðsÞ ¼ rd � rd
a2

� 1 ð4:60Þ

Let’s examine the entry and exit points more closely. To determine the times of
entry and exit, you must compute the coefficients ace from Eq. (4.61) for the cubic
polynomial equation Pce sð Þ. To do so, you need two endpoints p1, p4 and two
intermediate points, p2, p3 for the interval.

ac0 ¼ p1

ac1 ¼ s32�s22ð Þ p2�p1ð Þþ s21�s31ð Þ p3�p1ð Þþ s31s
2
2�s21s

3
2ð Þ p4�p1ð Þ

DET

ac2 ¼ s2�s32ð Þ p2�p1ð Þþ s31�s1ð Þ p3�p1ð Þþ s1s32�s31s2ð Þ p4�p1ð Þ
DET

ac3 ¼ s22�s2ð Þ p2�p1ð Þþ s1�s21ð Þ p3�p1ð Þþ s21s2�s1s22ð Þ p4�p1ð Þ
DET

DET ¼ s31s
2
2 þ s21s2 þ s1s32 � s31s2 � s21s

3
2 � s1s22

8>>>>>><
>>>>>>:

ð4:61Þ
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The endpoints are simply

p1 ¼ feð0Þ; t ¼ tn
p4 ¼ feð1Þ; t ¼ tnþ 1

�
ð4:62Þ

But you’ll need to reconstruct the intermediate points from the distance functions
of Eq. (4.52), assuming you can’t just get the function values by invoking the
propagator. This reconstruction involves determining the polynomial coefficients
Pce as before. Also, you must reconstruct the primary velocity and acceleration
vectors at times tn and tnþ 1 to produce the cubic coefficients ace. The intermediate
points become

p2 ¼ fe s1ð Þ; s1 ¼ 1=3
p3 ¼ fe s2ð Þ; s2 ¼ 2=3

�
ð4:63Þ

Note that s1 and s2 are evenly spaced on the interval. If a minimum distance
occurs in the interval, the values change to distribute the other root by halving the
largest remaining interval.

By including the minimum distance, you’ll force the Pce sð Þ curve to pass
through that point; this ensures an entry or exit won’t be missed due to
ill-conditioned endpoints, as long as the quintic functions accurately represent
relative distance components. Extract the real root(s), seroot of Pce sð Þ on the interval
0.0 to 1.0.

Use a refining process to find the entry or exit time if a valid root exists. This
step improves the accuracy of the Pce sð Þ curve in the region of seroot by recon-
structing the intermediate point p2 at the root. If you find a second root, recompute
p3; otherwise, it remains associated with the minimum distance. Then, recompute
new ace coefficients for the Pce sð Þ curve. Also recompute the real root(s), seroot, of
Pce sð Þ on the interval from 0.0 to 1.0, so the time of entry or exit becomes
Dt ¼ tnþ 1 � tn.

tEE serootð Þ ¼ tn þ serootDt; Dt ¼ tnþ 1 � tn ð4:64Þ

An exit exists if

dPce sð Þ
ds

����
s¼seroot

[ 0 ð4:65Þ

Otherwise, it’s an entry.
The verification of A-N algorithm by the authors of this book finds it is sig-

nificant to introduce the acceleration information into the algorithm. It is hard to get
correct result if just take position and velocity information into the two-point,
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three-order (cubic) polynomial interpolation. The two-point, five-order (quintic)
polynomial interpolation using the position, velocity and acceleration information
are required. This conclusion has been validated by the U.S. and Russian satellite’s
collision event. In addition, the relative distance function must be defined to be the
square of the distance instead of the distance itself. Otherwise, the computation may
be unstable due to the small denominators. If the objects’ acceleration vectors aren’t
available, the vector can be approximated using the J2 perturbative equation or
two-body equation. The accuracy is adequate.
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Chapter 5
Calculation of Collision Probability

The conjunction assessment is a process as follow. Collision risk parameters (such
as closest approach distance, collision probability, maximum collision probability)
are obtained from collision risk assessment by using the predicted orbital states and
covariance informations. The risk parameters are judged according to certain cri-
teria whether they are in the danger-region.

The collision probability (Pc) between two objects in the conjunction is one of
the most important criteria for conjunction risk assessment. The calculation of Pc,
using information of position and velocity vectors and associated error covariance
at the TCA, has been well studied. However, the existing methods did not reveal the
direct and explicit connection between the Pc and the collision parameters. It is
difficult to find the relationship between Pc and its influencing factors such as
conjunction geometry and position error covariance without the connection. The
relationship is important to decision maker for Pc sensitivity analysis. The sensi-
tivity of Pc to covariance is significant for maximum Pc estimation, false alarm and
miss alarm analysis, and probability dilution analysis.

This chapter derives the explicit expressions of collision probability (Pc) in terms
of the components of relative position or the conjunction geometries in the cases of
circular orbit and general orbit based on the analysis of the closest approach. The
error of the explicit expression and the bounds of eccentricity to which the explicit
expression is applicable are also determined.
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5.1 Calculation Method of Collision Probability
and Simplification

5.1.1 Overview of Calculation Method of Collision
Probability

Conjunction assessment and collision avoidance are progressively important with
the continuous increase of on-orbit space objects. The closest approach distance and
the collision probability (Pc) are two kinds of important criteria for conjunction risk
assessment. The calculation of collision probability (Pc) is one of the fundamental
techniques for the conjunction assessment and collision avoidance of space objects.
The general description of the collision probability problem is follow. The esti-
mated state (position and velocity) vector X1 t10ð Þ initial error covariance matrix
P1 t10ð Þ of the primary object are known at its epoch t10; the estimated state (position
and velocity) vector X2 t20ð Þ initial error covariance matrix P2 t20ð Þ of the secondary
object are known at its epoch t20. The state vector X ¼ r; vð Þ and the covariance
matrix P may be described in the same coordinate system (the ECI coordinate
system for instance), or described in their own satellite-based coordinate system.
The orbit (or state vector) and error covariance of each object are computed forward
using orbit and covariance propagation models (analytical model or high-precision
model). By an appropriate close approach analysis method, the time of closest
approach (ttca) between two objects and the corresponding state vectors and
covariances X1 ttcað Þ, P1 ttcað Þ, X2 ttcað Þ, P2 ttcað Þ associated with two objects can be
obtained. The safety-radii of two objects are R1 and R1. The Pc could be calculated
using information of position and velocity vectors and associated error covariance
(X1 ttcað Þ, P1 ttcað Þ, X2 ttcað Þ, P2 ttcað Þ) at the TCA. This process is illustrated in
Fig. 5.1.

Because the perturbations such as the non-sphericity of the Earth and the
atmospheric drag will cause substantial deviations from the Keplerian orbits, the
propagation model of orbits and covariance must be accurate enough, otherwise the
collision probability will be off.

( )1 tcatP

( )1 tcatX

( )2 tcatP

( )2 tcatX

( )1 10tP

( )1 10tX
( )1 20tP

( )1 20tX

Fig. 5.1 Description of the
problem of Pc calculation
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Currently, the main criteria is Pc between two objects in the conjunction, which
is calculated using information of position and velocity vectors and associated error
covariance at the TCA. The conjunction can be divided into the linear relative
motion (short-term conjunction) case and the nonlinear relative motion (long-term
conjunction) case in terms of the different conjunction geometries.

1. Linear relative motion (short-term conjunction)

The relative velocity at the point of closest approach is deemed sufficiently large
to ensure a brief encounter time and static covariance for most conjunction events,
where the angle between orbital planes is sufficiently large [1]. In these short-term
conjunctions, the calculation of Pc is based on the assumption that the relative
motion is linear and there is no velocity uncertainty, so that the position error
ellipsoid during the encounter is constant and equal to the value at the estimated
conjunction. The position uncertainties can be represented by three-dimensional
Gaussian distributions. The collision probability is defined as the probability that
the miss distance between two objects is less than the sum of their safety-radii.

Each object’s positional uncertainties are combined and their radii summed at
the point of closest approach. The resultant is projected into a plane perpendicular
to the relative velocity, where the Pc is calculated as an integral of a
two-dimensional (2D) Gaussian probability density function (PDF) over the circular
collision cross-sectional area. There is no closed-form solution to this 2D integral
problem. It is significant to find a computing method to the 2D integral with high
precision and low computing burden.

Foster and Estes [2], Chan [1, 3–5], Alfano [6–8], Patera [9–11] have discussed
the methods for computing Pc for short-term conjunction.

The method developed by Foster [2] evaluates the Pc numerically by examining
the plane perpendicular to relative motion, dividing the combined object’s circular
cross-section in concentric circles and radial straight lines using polar coordinates in
the conjunction plane [2]. Patera [9–11] of the Aerospace Corporation developed a
mathematically equivalent model as a one-dimensional line integral. The proba-
bility density is symmetrized enabling the two-dimensional integral to be reduced to
a one-dimensional path integral. Its evaluation is performed numerically by taking
short line segments around a closed contour [9–12]. Alfano [6–8] of CSSI devel-
oped a series expression as a combination of error (erf) functions and exponential
terms based on a one-dimensional PDF. It is numerically evaluated using
well-known software already developed for error functions [6–8, 13]. Chan [3–5] of
the Aerospace Corporation developed an analytical series expression based on
representative, present-day collision probability parameters. He transforms the
two-dimensional Gaussian PDF to a one-dimensional Rician PDF and uses the
concept of equivalent areas. This model involves the evaluation of an analytical
expression containing two exponential terms. This expression has the added benefit
of being easily differentiated for other types of probability analysis such as maxi-
mum Pc analysis and sensitivity analysis [3–5, 14]. The algorithms of Foster, Patera
and Alfano are essentially numerical, while Chan’s method is analytical.
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Alfano [15] compared the numerical results obtained by these algorithms with
validation results of the 2D probability integral over a very wide range of collision
parameters. The comparison revealed that Chan’s method is the fastest but is also
the most restrictive due to relative object size limitations. Patera’s method produces
good results, especially with object-oriented formulation. Alfano’s method deter-
mines the number of integrations steps on a case-by-case basis. Foster’s method is
the slowest, but can be sped up by increasing the step size for many cases without
adversely affecting accuracy.

The Recommended Standard for Conjunction Data Messages (CDMs) has been
prepared by the Consultative Committee for Space Data Systems (CCSDS).
The CDM described in this Recommended Standard is the baseline concept for
conjunction information interchange applications between interested parties. This
Recommended Standard establishes a common framework and provides a common
basis for the format of conjunction information exchange between originators of
conjunction assessment data and satellite owner/operators. The available options of
method used to calculate the collision probability are FOSTER-1992, CHAN-1997,
PATERA-2001, and, ALFANO-2005 [16].

In China, Wang Hua [17–22] of the National University of Defense Technology,
Cheng Tao [23, 24], Feng Hao [25], Yang Xu [26] in the Liu Jing team of the
National Space Science Center of the Chinese Academy of Sciences, Zhang
Ming-xuan [27] of the Harbin Institute of Technology, Wu Bo [28] of the
Information Engineering University have studied the calculation of collision
probability.

2. Nonlinear relative motion (long-term conjunction)

The calculation of collision probability can be transformed from 3D integral to 2D
integral in the conjunction plane under the assumption of linear relative motion. The
conjunction is long-term if the relative velocity is small in the conjunction, both the
magnitude and direction of the relative velocity will change during the conjunction.
The relative becomes nonlinear. For example, satellites in the formationflight or space
rendezvous, or the geosynchronous satellites have low relative velocity (meters per
second or less) so that the time they spend in the encounter region is appreciable. The
linear relative motion region might be smaller than the encounter region for very low
relative velocity. Even if one propagates to the point of closest approach and applies
current methods, an incorrect collision probability will be obtained.

The calculation of collision probability is more complex in the nonlinear relative
motion than in the linear one. First, differ from the one in linear relative motion, the
collision probability is changeable during the nonlinear encounter. Second, the
problem can not be transformed to a 2D integration, but requires a numerical
integration of the probability density through the volume swept out by the com-
bined hard body of the space vehicles. This integration is complicated by the
changing orientation of the hard body and combined position-error ellipsoid
throughout the encounter. In addition, integration limits on this volume integral
complicate the problem.
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Chan investigated when it is justified to assume rectilinear relative motion so as
to replace a three-dimensional integral by a two-dimensional integral for computing
the collision probability when two spacecraft are in close proximity [1]. Chan also
concerned with the modeling of long-term spacecraft encounters for the purpose of
computing collision probability [29]. Patera presented a method for calculating the
collision probability between two space vehicles when the relative motion is
nonlinear, which is developed using contour integration methodology. The method
involves transforming the problem to a scaled frame in which the error covariance
matrix is symmetric in three dimensions [30, 31]. Slater examined the evolution of
the collision probability for satellites in formation flight and determined an effective
maneuver algorithm that can minimize the probability of collision while reducing
the energy expenditure in the maneuver [32]. Alfano pointed out that the dimension
associated with relative velocity must be reintroduced for nonlinear motion. This
can be simply done by breaking the collision tube into sufficiently small cylinders
such that the sectional motion is nearly linear, computing the linear probability
associated with each section, and then summing. An alternate method is that creates
a voxel grid in Mahalanobis space, computes the probability of each affected voxel
as the combined object passes through the space, and sums [33]. McKinley
developed an algorithm that reduces the complex nonlinear relative motion into
small linear segments that are easy to evaluate [34]. Xu Xiao-li of the Purple
Mountain Observatory of Chinese Academy of Sciences studied the method used to
calculate collision probability for nonlinear relative motion based on McKinley’s
method [35]. Zhang Ge of Dalian University of Technology studied the prediction
of collision probability and collision avoidance for satellites in formation flight
[36]. Luo Ya-zhong and Liang Li-bo of National University of Defense Technology
investigated two quantitative performance indexes of space rendezvous trajectory
safety in consideration of navigation errors and control errors [37–41].

3. Explicit expression of collision probability

These methods previous introduced did not reveal the direct and explicit con-
nection between the Pc and the collision parameters. It is difficult to find the
relationship between Pc and its influencing factors such as conjunction geometry
and position error covariance without the connection. The relationship is important
to decision maker for Pc sensitivity analysis. Given that the parameters needed for
computing the Pc are uncertain, one should be cautious in making a decision based
upon Pc computed using nominal values. It would be prudent to determine the
sensitivity of the computed probability to expected variations in the parameters
describing the computation [42]. The sensitivity analysis of Pc is to investigate the
effects of influencing factors (conjunction geometry, error covariance, object’s size)
on Pc calculations. The sensitivity of Pc to conjunction geometry is significant for
optimal strategy making of avoidance maneuver and analyzing the effect of bias of
orbital prediction on Pc calculation. The Pc calculation is most sensitive to the
quality of the covariance. The improper covariance will trigger false alarm or miss
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alarm. The sensitivity of Pc to covariance is significant for maximum Pc estimation,
false alarm and miss alarm analysis, and probability dilution analysis.

The closest approach distance (and its components or relative positions in
object-centered coordinates system) and the Pc are two kinds of important criteria
for conjunction risk assessment, in accordance with the Box method and the Pc

method. The Pc is a comprehensive risk assessment criterion with consideration of
conjunction geometries, position error covariance, and sizes of space objects.
Meanwhile, the miss distance, relative positions, relative velocity, and the
encounter angle are also useful information for assessing collision risk. The Pc

calculation is a point estimate of the risk based on the state and covariance infor-
mation that were utilized. As the criteria of conjunction risk, the Pc is more
sophisticated than relative distance, but is susceptible to uncertainty of covariance.
In some cases where the error covariance are not available, the distance-based
Box method is more reliable. Since the relative distance thresholds are useful in
conjunction events’ screening process, it is significant to understand the relationship
between probability threshold and distance threshold.

In practical conjunction assessment, these two criteria are often provided toge-
ther. For example, [43] pointed out that United States Joint Space Operations
Center (JSpOC)’s Conjunction Summary Message (CSM) contains the time of
closest approach (TCA), miss distance, relative speed, closest approach relative
position (radial, intrack, cross-track), relative velocity (radial, in-track, crosstrack)
et al. The Consultative Committee for Space Data Systems (CCSDS)’s
Recommended Standard for Conjunction Data Message (CDM) includes the TCA,
miss distance, relative speed, radial, transverse, and normal components of relative
position/velocity in the primary RSW frame, the collision probability, the com-
puting method of collision probability.

Alfriend et al. presented an approach for determining an upper limit of Pc and a
parametric analysis to determine the sensitivity of Pc to the encounter geometry and
covariance [44]. In order to gain insight into the primary factors that affect Pc a
simplified example was developed. The error covariance was assumed to be aligned
with the radial, in-track and out-of-plane directions. It was also assumed that the
objects are in near circular orbit so that their velocities are equal. The miss vector at
conjunction can be resolved into two components: radial separation distance and
horizontal plane separation distance. The horizontal plane separation distance can
be obtained using the distance of objects from the intersection of the two orbital
planes and the angle between two orbital planes. Based on this analysis, they
presented a collision probability integral expression in terms of radial distance,
horizontal distance, angle between orbital planes, and scaling factor of error
covariance. An approximate value of Pc can be calculated by assuming the prob-
ability density is constant over the collision circle.

Chan [3] constructed two planes perpendicular to the vector defined by the cross
product of velocities of primary and secondary objects: one containing the primary
velocity vector and the other containing the secondary velocity vector [3, 14]. Then
he projected secondary velocity onto the primary velocity plane. By analyzing the
minimum separation at conjunction, the minimum separation between two objects
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can be resolved into the distance (height) between two projection planes and the
minimum separation distance in the projection plane. Based on the “general sim-
plified model” that the covariance ellipsoids are aligned with the velocity coordinate
axes for both the objects, the angle between the vector of minimum separation and
the major axis of the covariance ellipse in the conjunction plane was given.

Both Alfriend et al. [44] and Chan [3] have resolved the miss distance at con-
junction into two components. The Alfriend’s radial separation distance and hori-
zontal plane separation distance are essentially the Chan’s height between two
projection planes and the minimum separation distance in the projection plane in
the special case of near circular orbits. The computation of miss distance’s com-
ponents were not given by Alfriend et al. [44], while Chan [3] has discussed the
details for computing the components from initial condition. The processes and
results are somewhat complicated that will restrict its actual applications. Moreover,
Alfriend et al.’s [44] expression of collision probability in terms of radial and
horizontal distance was still in the form of one-dimensional integral with error
functions (erf). Chan [3] has not considered this characteristic in his succeeding
collision probability analysis. The relationship between the components of miss
distance and the collision probability was not revealed explicitly in their works [3].

5.1.2 Simplification of Calculation Method
of Collision Probability

Many previous studies on collision probability have revealed that the calculation of
Pc in short-term conjunctions can eventually be transformed to an integral of
two-dimensional anisotropic probability density function (PDF) over a circular
collision cross-section area on the conjunction plane. On the conjunction plane, the
circular collision cross-section area is centered at lx; ly

� �
, whose radius is rA. The

combined standard deviations are rx and ry. As illustrated in Fig. 5.2, the proba-
bility integral parameters on the conjunction plane are lx, ly, rx, ry, and rA.

The Pc equals to the integration of PDF over the collision cross-section area, as
seen in Eq. (5.1).
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Fig. 5.2 Parameters of Pc

density function and radius of
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Pc ¼
ZZ

x�lxð Þ2 þ y�lyð Þ2 � r2A

1
2prxry

exp � 1
2

x2

r2x
þ y2

r2y

 !" #
dxdy ð5:1Þ

Chan [3, 5] presented an improved analytical expression for computing the Pc.
On the conjunction plane, a scale transformation converts the two-dimensional
Gaussian PDF to an isotropic Gaussian PDF and the circular cross-section to an
elliptical one. By approximating this ellipse with an equivalent circle, the
two-dimensional Gaussian distribution is replaced by a one-dimensional Rician
distribution, the integral of which is known in the form of a convergent infinite
series. His study shows that it is permissible to truncate after the first or second term
and still obtain results to within 0.4% error for a wide range of collision parameters
considered.

The authors of this book did analogous work independently in Refs. [45] and
[46]. Differ from Chan who gave a sum of infinite terms to describe the infinite
series, we presented the first term and the recursive expression of the infinite series,
which are advantageous for programing of the method. The results will be given
here.

Let the dimensionless parameters v and u as

v ¼ 1
2

l2x
r2x

þ l2y
r2y

� �
u ¼ r2A

2rxry

8<
: ð5:2Þ

The first term of the infinite series is

P0 ¼ e�v 1� e�uð Þ ð5:3Þ

The recursive relationship of the kth term Pk and the k � 1ð Þth term Pk�1 is

Pk ¼ v
k
Pk�1 � ukvk

k!k!
e� vþ uð Þ ; k� 1 ð5:4Þ

Let

ak ¼ v
k
; bk ¼ ukvk

k!k! e
� vþ uð Þ ; k� 1 ð5:5Þ

Then the recursive expression will be

Pk ¼ akPk�1 � bk ; k� 1 ð5:6Þ

Any term Pk k� 1ð Þ could be calculated based on the first term and the recursive
expression. If only the first nþ 1 terms in the series are retained as the approxi-
mation of the collision probability in the conjunction assessment
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Pc � P0 þP1 þ � � � þPn ¼
Xn
k¼0

Pk ð5:7Þ

Then the truncation error Sn satisfies the inequality

Sn\
1

n! nþ 1ð Þ! u
nþ 1vne�veuv ð5:8Þ

Reference [46] indicates that if the first term P0 is taken as the approximation of
the probability integral, the relative truncation error S1=P is of the order of mag-
nitude of 10−5 or smaller; if the first two terms P ¼ P0 þP1 are taken, the relative
truncation error S2=P is as small as 10−9. Therefore, if only the first term is retained
the relative truncation error is neglectable. It turns out that for most space object’s
encounters this truncation after the first term yields an error that appears in the third
significant digit. Thus, it suffices to retain only the first term Eq. (5.3). Substituting
v and u in Eq. (5.2) into Eq. (5.3), we can obtain the approximate analytical
expression of Pc

Pc ¼ exp � 1
2

l2x
r2x

þ l2y
r2y

 !" #
1� exp � r2A

2rxry

� �� 	
ð5:9Þ

One may need to retain more terms if the cross-sectional radius and the miss
distance are approximately greater than the standard deviations. In addition, Chan
made an approximation in representing the elliptical cross section by a circular
cross section in the deduction. This second approximation ultimately determines the
accuracy of using the Rician PDF in this modeling.

The approximate analytical expression Eq. (5.9) will service as the basic formula
to analyze the collision probability.

5.2 Explicit Expression of Collision Probability
in Circular Orbit

Most of space objects are in the circular or near-circular orbits, such as Low Earth
Orbit (LEO), Middle Earth Orbit (MEO), and Geostationary Earth Orbit (GEO). As
a consequence of the characteristic of orbit motion, the close approach or collision
between two space objects always occur in the vicinity of points of closest approach
between their orbits, as seen in Fig. 5.3.

In the case of circular orbits, the points of closest approach between orbits are
along the line of intersection of orbital planes. For the objects in the near-circular
orbit as illustrated in Fig. 5.4, the following assumptions are made:
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(1) Two space objects involving conjunction are both in circular orbits; their
velocity vectors are perpendicular to their position vectors.

(2) The altitudes of two near-circular orbits are essentially same, so two objects’
velocities have essentially the equal magnitude.

(3) The angle between two velocity vectors (encounter angle) is equal to the angle
between two orbital planes.

(4) The error covariance is aligned with the radial, intrack and cross-track
directions, there are no off-diagonal elements for covariance in the RSW
frame.

This section will derive the explicit expressions of collision probability (Pc) in
terms of the RSW components of relative position or the conjunction geometries
(crossing altitude difference and time difference of the line of intersection of two
orbital planes, the angle between orbital planes, etc.) in the case of circular orbit.

Line of intersection 
of two orbital planes

Object 1

Object 2
Earth

Fig. 5.3 Conjunction always
occurs in the vicinity of points
of closest approach between
orbits

1v

2v

primary

secondary

line of intersection 
of orbital planes

encounter angle

Fig. 5.4 Circular orbit
assumption and the
conjunction configuration
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5.2.1 Conjunction Geometry and Distance Analysis

The relative position and velocity relationship between two space objects at TCA
could be represented by either the components of relative position and velocity or
the conjunction geometries such as the crossing altitude difference and time dif-
ference of the line of intersection of the two orbital planes. Accordingly, the col-
lision probability can also be represented by either the closest approach distance
and its components or the conjunction geometries. The two methods will be dis-
cussed below.

1. Analysis of closest approach distance

The closest approach distance between two orbits is in nature the closest
approach distance between two objects without considering the synchronization. It
is obvious from differentiable curves theory that the necessary condition of closest
approach between two orbits is that the relative position vector is perpendicular to
both objects’ velocity vectors, i.e., the relative position vector is parallel to the
common perpendicular line to two velocities. The common perpendicular line is
identical to the line of intersection of orbital planes under the circular orbit
assumption. It is also obvious that the necessary condition of closest approach
between two objects moving around their orbits is that the relative position vector
Drtca between two objects is perpendicular to their relative velocity vector Dv and
on the conjunction plane at the time of closest approach. The conjunction plane is
perpendicular to the relative velocity vector Dv:

Figure 5.5 illustrates the closest approach between orbits and the closest
approach between objects. The plane contains the dashed rectangle in Fig. 5.5 is the
conjunction plane which is perpendicular to the relative velocity. Two objects are at
the diagonal vertices of this rectangle at TCA.

Therefore, as shown in Fig. 5.5, the relative position vector at the TCA, Drtca,
can be resolved into two components: (1) closest approach vector between orbits,
Drrad, which is in the direction of common perpendicular line to two objects’
velocity vectors, in the circular orbit case it is in the radial direction; and (2) closest
approach vector in the plane perpendicular to the common perpendicular line to two
velocities (referred to as the horizontal plane hereafter), Drvel.
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Fig. 5.5 The closest
approach vector between
orbits Drrad and the closest
approach vector at TCA Drtca
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Drtca ¼ Drrad þDrvel ð5:10Þ

where Drrad and Drvel are perpendicular to each other. Let Drtca, Drrad, and Drvel are
respectively the magnitudes of three vectors, the miss distance at the TCA can be
given by

Dr2tca ¼ Dr2rad þDr2vel ð5:11Þ

We can define the encounter coordinate system, o�xyz based on the analysis of
closest approach distance. The origin o is at the centroid of primary object, the z-
axis points in the direction of relative velocity Dv, the x-axis points in the direction
of closest approach vector between orbits (i.e. the line of intersection of orbital
plane, it is in the radial direction when two orbits are circular) Drrad, the y-axis lies
in the horizontal plane and perpendicular to the relative velocity vector. The
encounter coordinate system has a right-handed sense. The x-y plane perpendicular
to the relative velocity is the conjunction plane, the closest approach vector Drtca is
in this plane, as shown in Fig. 5.6.

At the TCA, the coordinates of distributing center of the position error ellipsoid
of secondary object in the encounter coordinate system are

lx ¼ Drrad
ly ¼ Drvel



ð5:12Þ

We can also define the RSW object-centered coordinate system of primary
object. The origin is at the centroid of primary object. The R axis (radial) always
points from the Earth’s center along the radius vector toward the satellite as it
moves through the orbit, the S axis (in-track) points in the direction of (but not
necessarily parallel to) the velocity vector and is perpendicular to the radius vector,
the W axis (cross-track) is normal to the orbital plane. The S axis is aligned with the
velocity vector for circular orbit, as shown in Fig. 5.7.
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Fig. 5.6 Definition of the
encounter coordinate system
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At the TCA, the components of relative position in the RSW coordinate system
are R, S, and W, the miss distance Dr2tca ¼ R2 þ S2 þW2. It is obvious from Fig. 5.7
that the R-axis of RSW coordinate system is identical to the x-axis of encounter
coordinate system, so the x-coordinate of secondary object in the encounter coor-
dinate system is R. The closest approach distance in the horizontal plane is deter-
mined by S and W coordinates, as shown in Fig. 5.8. So the coordinates of
secondary object in the encounter coordinate system can be expressed using the
components of relative position

lx ¼ R
ly ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þW2

p



ð5:13Þ

2. Conjunction geometries

The crossing altitude difference and time difference of the line of intersection of the
two orbital planes are commonly used to pre-filter in the close approach analysis
[47–49]. The conjunction geometries includes crossing altitude difference and time
difference of the line of intersection of the two orbital planes, the angle between two
orbital planes u, and so on, as illustrated in Fig. 5.5.

The close approach between two space objects occurs in the vicinity of points of
closest approach between their orbital planes. The altitude difference is Dh, and the
distance between secondary object and the intersection line is Dl when the primary
object arrives at the intersection line. This distance is due to the time difference Dt
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of two objects crossing the intersection line, Dl ¼ v � Dt: The circular orbit
assumption implies that the velocity vectors v1 and v2 are both perpendicular to the
intersection line vector r, so is the relative velocity vector Dv, as shown in Fig. 5.8.
The two sides of the dashed rectangle on the conjunction plane in Fig. 5.5 are Dh
and Dlcos u=2ð Þ, respectively. The closest approach distance equals to the length of
the diagonal of the rectangle, i.e.

Drtca ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dh2 þDl2 cos2 u=2ð Þ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dh2 þ v2 cos2 u=2ð ÞDt2

p
ð5:14Þ

So the coordinates of secondary object in the encounter coordinate system can be
expressed using the conjunction geometries

lx ¼ Dh
ly ¼ Dl cos u2 ¼ v cos u=2ð ÞDt



ð5:15Þ

Equations (5.13) and (5.15) express the probability integral parameters lx; ly
� �

in terms of the RSW components of closest approach distance and the conjunction
geometries, respectively.

5.2.2 Transformation and Projection of Error Covariance

The position error covariance matrices associated with the objects in near-circular
orbit are generally defined in their object-centered RSW coordinate system, as
illustrated in Fig. 5.9. Alfriend et al. [44] assumed that the error covariance is
aligned with the radial, in-track and crosstrack directions, the radial and cross-track
components are assumed equal. Chan [3] pointed out that in most cases for
almost-circular orbits, the velocities of spacecraft or orbiting objects are essentially
in the direction of the major principal axes. He assumed that the major axis of the
covariance ellipsoid is aligned with the velocity vector. This is reasonable because
much of the positional uncertainty is along this direction. He also noted that the
intermediate axis is essentially (but not exactly) aligned in the cross-track direction
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and the minor axis is essentially (but not exactly) aligned in the radial direction.
These assumptions about the alignment of axes greatly simplify the analysis and
still retain the essential features of the position error covariance.

Based on Alfriend and Chan’s assumption, the covariance matrices of two
objects in their RSW coordinate systems are given by

P1RSW ¼
r21R 0 0
0 r21S 0
0 0 r21W

2
4

3
5

P2RSW ¼
r22R 0 0
0 r22S 0
0 0 r22W

2
4

3
5

8>>>>>><
>>>>>>:

ð5:16Þ

where r21R, r21S, and r21W are respectively the radial, in-track, and cross-track
variances of primary object, r22R, r

2
2S, and r22W are of secondary object. In order to

transform position error covariance to the encounter coordinate system, we must
know the transformation matrices from the RSW system to the encounter system.
The R-axis of RSW system is aligned with the x-axis of encounter system, hence we
just need to rotate the RSW systems about their R-axis to get the encounter system.
The required angles of rotation are u=2 and �u=2 respectively (see Fig. 5.8), the
transformation matrices are given in Eq. (5.17).

M1RSW!xyz ¼ M1
u
2

� �
; M2RSW!xyz ¼ M1 �u

2

� �
ð5:17Þ

where M1 �ð Þ is the elementary rotation matrix describing rotation around the first
axes.

Transforming P1RSW and P2RSW to the encounter system by using transformation
matrices in Eq. (5.17), we can obtain

P1 ¼ M1RSW!xyzP1RSWMT
1RSW!xyz

¼
r21R 0 0

0 r21S cos
2 u
2 þ r21W sin2 u

2
r21W�r21S

2 sinu

0 r21W�r21S
2 sinu r21S sin

2 u
2 þ r21W cos2 u

2

2
664

3
775 ð5:18Þ

P2 ¼ M2RSW!xyzP2RSWMT
2RSW!xyz

¼
r22R 0 0

0 r22S cos
2 u
2 þ r22W sin2 u

2
r22S�r22W

2 sinu

0 r22S�r22W
2 sinu r22S sin

2 u
2 þ r22W cos2 u

2

2
664

3
775 ð5:19Þ

Under the assumption that the covariance is uncorrelated, the combined
covariance is given by the sum of two individual covariances.
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P� ¼
r21R þ r22R 0 0

0 r21S þ r22S
� �

cos2 u
2 þ r21W þ r22W

� �
sin2 u

2
1
2 r21W � r21S þ r22S � r22W
� �

sinu
0 1

2 r21W � r21S þ r22S � r22W
� �

sinu r21S þ r22S
� �

sin2 u
2 þ r21W þ r22W

� �
cos2 u

2

2
4

3
5

ð5:20Þ

We just take two components x and y on the conjunction plane into account, and
sum-up two covariance matrices to get two-dimensional combined error covariance
matrix P in conjunction plane associated with the relative position

P ¼ r21R þ r22R 0
0 r21S þ r22S

� �
cos2 u

2 þ r21W þ r22W
� �

sin2 u
2

� 	
ð5:21Þ

Equation (5.21) indicates that the combined covariance matrix P on the con-
junction plane is precisely diagonal for all values of the encounter angle. Let the
combined error variances of R, S, W directions of two objects be

r2R ¼ r21R þ r22R ; r2S ¼ r21S þ r22S ; r2W ¼ r21W þ r22W ð5:22Þ

The position error in R direction is not coupled with position error in S and
W direction; one can directly sum up error variances of two objects in R direction to
obtain the combined error variance r2R. Whereas position errors in S andW direction
of two objects are coupled by the angle between their orbital plane. We define
combined error variance in the horizontal plane as

r2SW ¼ r2S cos
2 u
2
þ r2W sin2

u
2

ð5:23Þ

The combined error variances in the x and y directions on the conjunction plane
are

r2x ¼ r2R ¼ r21R þ r22R
r2y ¼ r2SW ¼ r2S cos

2 u
2 þ r2W sin2 u

2



ð5:24Þ

We will discuss some of the properties associated with the combined error
variance in the horizontal plane. Two objects are headed directly toward each other
when u ¼ p, the combined error standard deviation is rSW ¼ rW. Two objects are
approaching each other broadside when u ¼ p=2, the combined error standard

deviation rSW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2S þ r2W
� �

=2
q

. Two objects are headed almost in the same

direction when u is small (u ! 0), the combined error standard deviation
rSW ¼ rS.

Figure 5.10 illustrates the combined standard deviation rSW computed using
Eq. (5.23) for various angles u in two cases: (1) rS ¼ 100, rW ¼ 20 (line with
marker “o”), and (2) rS ¼ 20, rW ¼ 100 (line with marker “△”). Figure 5.10
indicates that the combined standard deviation rSW will decrease with the increase
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of the angle u when rS [ rW, which is the ordinary situation. The combined
standard deviation rSW will increase with the increase of the angle u in some
infrequent case when rS\rW.

So far, we have obtained explicit expression of probability integral parameters
lx, ly, rx, and ry from Eqs. (5.13), (5.15) and (5.24).

5.2.3 Explicit Expression of Collision Probability

The explicit expression of collision probability can be represented by either the
components of the closest approach distance or the conjunction geometries.

Substituting Eqs. (5.13) and (5.24) to Eq. (5.2), we can express the dimen-
sionless parameters v and u as

v ¼ 1
2

R2

r2R
þ S2 þW2

r2SW

� �
; u ¼ r2A

2rRrSW
ð5:25Þ

Substituting Eq. (5.25) into Eq. (5.9), we can obtain the explicitly expression of
collision probability in terms of the components of the relative position at the TCA
and combined error variances in their RSW coordinate systems.

Pc ¼ exp � 1
2

R2

r2R
þ S2 þW2

r2SW

� �� 	
� 1� exp � r2A

2rRrSW

� �� 	
ð5:26Þ

where R, S, W are the radial, in-track, and cross-track components of relative
position in primary object’s RSW coordinate system at the TCA; u is the angle
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Fig. 5.10 Combined error variance in the horizontal plane rSW versus the angle between two
velocity vectors when rS [rW and rS\rW
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between two velocity vectors; rR, rS, rW are combined position error standard
deviations of two objects.

Substituting Eqs. (5.15) and (5.24) into Eq. (5.9), we can obtain the explicitly
expression of collision probability in terms of the crossing altitude difference and
time difference of the line of intersection of two orbital planes and combined error
variances in their RSW coordinate systems.

Pc ¼ exp � 1
2

Dh2

r2R
þ v2 cos2 u

2 Dt
2

r2SW

� �� 	
1� exp � r2A

2rRrSW

� �� 	
ð5:27Þ

where Dh and Dt are the altitude difference and time difference; v is the magnitude
of velocity of space objects; u is the angle between two orbital planes; rR, rS, rW
are combined position error standard deviations of two objects.

Equations (5.26) and (5.27) indicate that the explicit expression of collision
probability includes two distance-related terms: the radial term R2=r2R (or the
altitude-related term Dh2=r2R) and the horizontal term (or the time-related term)

S2 þW2

r2SW
¼ S2 þW2

r2S cos2
u
2 þ r2W sin2 u

2

;
v2 cos2 u

2 Dt
2

r2SW
¼ v2 cos2 u

2 Dt
2

r2S cos2
u
2 þ r2W sin2 u

2

ð5:28Þ

From the collision probability’s explicit expression Eqs. (5.26) and (5.27) we
know that:

(1) The error variances of each object in each direction are simply summed up to
form the combined error variances, which simplifies the transformation and
projection of the error and is convenient for the analysis of the problem.

(2) The position errors in the horizontal plane (S and W) are coupled by the angle
u between their orbital planes. The horizontal combined variances are related
to the horizontal components of relative position at conjunction (or the time
difference Dt crossing the orbital intersection line). The position errors in the
radial direction (R) are decoupled with the position error in the horizontal
plane, we can directly sum up error variances of two objects in the R direction
to obtain the combined error variance r2R. The radial combined variances are
related to the radial component of the relative position at conjunction (or the
altitude difference Dh crossing the orbital intersection line).

(3) The Pc can be considered as a function of two mutually independent error
variances, r2R and r2SW. The two error variances are related to the radial relative
distance and the horizontal relative distance, respectively. For a non-coplanar
conjunction the typical avoidance maneuver is a posigrade maneuver to
increase in-track or radial separation at TCA. An operator could deduce by
separating the contributions of R and SW directions that just radial error
variance need to be considered when discuss the radial separation and its
impact on collision risk. In similar fashion, the combined error in the horizontal
plane should be considered when discuss in-track and cross-track separation.
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The two forms of the explicit expression of Pc have their own advantages and
applications. The distance components-represented explicit expression is useful in
the analysis of the relationship between two risk assessment criterions (miss dis-
tance and collision probability). Since increasing the altitude difference and time
difference crossing the intersection line of the orbital planes are principal strategy
for collision avoidance maneuver of spacecrafts, the conjunction
geometries-represented explicit expression is significant to the collision avoidance
maneuver analysis.

5.2.4 Examples

To demonstrate the explicit expression of Pc, this section will take the U.S. and
Russian satellites’ collision event for example. Table 5.1 shows the position and
velocity coordinates in the J2000 Earth Centered Inertial (ECI) coordinate system at
the TCA and eccentricities of two satellites. Both objects are in near-circular orbits.

We now calculate the miss distances, components of relative position in the
primary object’s RSW system, the altitude difference and time difference, the angle
between orbital planes, flight-path angles. The results are shown in Table 5.2.

Chapter 3 has presented a methodology for periodicity characterization and
Poisson series fitting for orbital prediction error based on historical orbital data. The
Poisson coefficient matrices of each error components are fitted using least squares
method. Substituting time difference and mean anomaly into the Poisson series one
can obtain the error information at specific time. By using this orbital prediction
error analysis method, we obtain the positional error standard deviations of two
objects in radial, in-track, and cross-track direction. The combined error standard
deviations in each directions and the combined error standard deviation in the
horizontal plane are calculated using Eqs. (5.22) and (5.23). The results are shown
in Table 5.3.

The aspect ratio of the combined error ellipsoid is rR:rS:rW ¼ 1:10:1:8,
Fig. 5.11 illustrates the 3r combined error ellipsoid of two objects at TCA, and
Fig. 5.12 shows the combined error ellipse and combined collision cross-section on
the conjunction plane.

The collision cross-section radii of two objects are all equal to 5 m, the com-
bined collision cross-section radii are rA ¼ 10m: In the condition represented by
Tables 5.1, 5.2 and 5.3, we calculate Pc of the conjunction cases by means of the
general method in Sect. 5.1 and the two explicit expressions in Sect. 5.2. The
results are shown in Table 5.4.

The calculated collision probabilities exceed the widely accepted red threshold
(10−4) for collision avoidance maneuver.
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Table 5.2 Conjunction
geometry of the U.S. and
Russian satellite collision
event

Conjunction geometry Value

Miss distance/km 0.698011

Dh/km 0.031765

Dt/km 0.149075

R/km 0.031731

S/km 0.436476

W/km 0.543785ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þW2

p
/km 0.697294

u/(°) 102.458

h1/(°) 0.0153

h2/(°) −0.0338

Table 5.3 Positional error
standard deviations in radial,
in-track, cross-track direction
and the combined error

Object rR/km rS/km rW/km

Primary 0.0231207 0.2061885 0.0719775

Secondary 0.0363234 0.4102069 0.0341134

Combined 0.0430576 0.4591115 0.0796523

Radial/horizontal 0.0430576 0.2941297
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Fig. 5.11 3r combined error
ellipsoid
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For conjunction in circular orbits, Table 5.4 shows numerical precision to 3
significant figures of both the explicit expressions relative to general method, the
relative errors are respectively 0.4342 and 0.3775%. This result reveals that the
precisions of both explicit expressions in circular orbits are sufficient.

In addition, using the conjunction geometries described in Table 5.2, we cal-
culate Pc as a function of the size of the covariance. Consider the case in which the
covariances of two objects are multiplied by a scaling factor k2

P1RSW kð Þ ¼ k2
r21R 0 0
0 r21S 0
0 0 r21W

2
4

3
5; P2RSW kð Þ ¼ k2

r22R 0 0
0 r22S 0
0 0 r22W

2
4

3
5 ð5:29Þ

where r1R * r2W are given in Table 5.3, and k could be any positive real number.
The scaling factor k is chosen as the variable factor. Figure 5.13 depict the Pc

curves resulted from three methods with the scaling factor as a parameter for the
conjunction cases.

Figure 5.13 shows that in the case of near-circular orbit, the Pc resulted from the
conjunction geometries-based explicit expression (denoted by Pc1, line with marker
‘△’) and the RSW components-based explicit expression (denoted by Pc2, line with
marker ‘□’) match well with the result from the general method (denoted by Pc0,
line with marker ‘○’), these lines maybe illegible because they are very close.

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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-0.2

0

0.2

0.4

x (km)

y
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m
)

1σ error ellipse

3σ error ellipse
collision section

Fig. 5.12 The combined error ellipse and combined collision cross-section on the conjunction
plane

Table 5.4 Collision probabilities from Chan’s method and explicit expressions

General method Explicit expression
(conjunction geometries)

Explicit expression
(RSW components)

1.814826 × 10−4 1.806946 × 10−4 1.807975 × 10−4
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5.3 Explicit Expression of Collision Probability
in General Orbit

The explicit expression of Pc in terms of the relative positions in a circular orbit
presented in Sect. 5.2 is simple and compact, reveals the relationship between the
collision probability and conjunction geometry more directly. But the circular orbit
assumption restricts its application. Besides most orbiting objects in the circular or
near-circular orbits, such as Low Earth Orbit (LEO), Middle Earth Orbit (MEO),
and Geostationary Earth Orbit (GEO), there are sufficient amount of objects on
highly eccentric orbits (HEO). The HEO objects are of special meanings in the
manned spacecraft collision avoidance. Manned spacecraft such as Space Shuttle
and International Space Station are operated in lower (about 300–500 km) orbits,
the lifetime of uncontrolled circular orbit at this region is very short (lifetime of
circular orbit at 340 km altitude is about one month). Thus, the population of space
objects in circular orbit at this altitude is few, most objects presenting threat to
manned spacecrafts are HEO objects with low perigee altitudes. The explicit
expression of Pc is not valid for conjunction events in such orbits. In this case, the
error of explicit expression of Pc based on the circular orbit assumption is intol-
erable. Therefore, we need to extend explicit expression of Pc to general orbit type.
It is necessary to modify the expression when the eccentricity is not exactly equal to
zero.

In the case of general orbit, Pc is expressed as explicit functions of the con-
junction geometries (crossing altitude difference and time difference of the common
perpendicular line to two velocities, the angle between two velocities, etc.) or the
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Fig. 5.13 Pc versus error scaling factor using three methods
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NTW components of relative position. The explicit expression relates Pc with
components of relative position.

5.3.1 Explicit Expression of Pc in Terms
of Conjunction Geometries

1. Analysis of closest approach in general orbit

In this section, we will analyze the closest approach between orbits and between
objects in general situation. Based on the analysis of closest approach we will give
the details of explicit expression of Pc.

Obviously, the collision between space objects always occurs in the vicinity of
points of closest approach between their orbits. There will be two closest approach
distances between two arbitrary elliptical orbits, as illustrated in Fig. 5.14. It should
be noted that the points are not necessarily along the line of intersection of the two
planes [49]. In the case of circular orbits, the points of closest approach are along
the line of intersection of orbital planes. For elliptical orbits, on the other hand, the
points are not along the line of intersection but in the vicinity.

(1) Closest approach between orbits

As two space objects (Object 1 and Object 2) move around their respective
orbits, their position vectors and velocity vectors are shown in Fig. 5.14. The
closest approach distance between the two elliptical orbits is in nature the closest
approach distance between two objects without considering the synchronization of
two objects. That means the independent time variables in the motion equation of
two objects can be different in the analysis of the orbits’ closest approach. In other
words, two objects’ positions on their respective orbits are arbitrary without any
restriction. In this case, closest approach distance between objects would be the
closest approach distance between orbits.

Line of Intersection of 
two orbit planes

Object 1

Object 2
2r

1r

2v

1v
Δr

Fig. 5.14 Collision between
space objects always occurs in
the vicinity of line of
intersection of their orbit
planes
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Let state vectors of two objects be r1 t1ð Þ; v1 t1ð Þ½ � and r2 t2ð Þ; v2 t2ð Þ½ � with dif-
ferent independent variables t1 and t2, relative position vector is given by

Dr t1; t2ð Þ ¼ r2 t2ð Þ � r1 t1ð Þ ð5:30Þ

The relative separation distance between two objects is the magnitude of relative
position vector, the square of relative separation distance can be expressed as

Dr2 ¼ Dr t1; t2ð Þ � Dr t1; t2ð Þ ¼ r2 t2ð Þ � r2 t2ð Þ � 2r1 t1ð Þ � r2 t2ð Þþ r1 t1ð Þ � r1 t1ð Þ
ð5:31Þ

The partial derivatives of Dr2 with respect to t1 and t2 are

@Dr2
@t1

¼ 2r1 t1ð Þ � v1 t1ð Þ � 2r2 t2ð Þ � v1 t1ð Þ
@Dr2
@t2

¼ 2r2 t2ð Þ � v2 t2ð Þ � 2r1 t1ð Þ � v2 t2ð Þ

(
ð5:32Þ

Let partial derivatives be zeros, the relative minimum distance will be the
solution to the two simultaneous equations

r1 t1ð Þ � r2 t2ð Þ½ � � v1 t1ð Þ ¼ 0
r1 t1ð Þ � r2 t2ð Þ½ � � v2 t2ð Þ ¼ 0



ð5:33Þ

Thus, the minimum relative position vector satisfy

Drmin t1; t2ð Þ � v1 t1ð Þ ¼ 0
Drmin t1; t2ð Þ � v2 t2ð Þ ¼ 0



ð5:34Þ

Equation (5.34) indicates that the necessary condition of closest approach
between two orbits is that the relative position vector is perpendicular to both
objects’ velocity vectors, see Fig. 5.15. The closest approach distance Drmin

2v

1v

minΔr

Common perpendicular 
line to velocities

Fig. 5.15 The necessary
condition of closest approach
between two orbits is that the
relative position vector is
perpendicular to both objects’
velocity vectors
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between two orbits is the minimum possible distance between two objects, the
actual closest approach distance Drtca is always smaller than Drmin.

(2) Closest approach between objects

To determine the closest approach distance between two objects at the TCA, the
actual positions in their respective orbits must be considered. In this case, there is
only one independent time variable. Relative position vector can be written as

Dr tð Þ ¼ r2 tð Þ � r1 tð Þ ð5:35Þ

The square of relative separation distance is

Dr2 ¼ DrðtÞ � DrðtÞ ¼ r2ðtÞ � r2ðtÞ � 2r1ðtÞ � r2ðtÞþ r1ðtÞ � r1ðtÞ ð5:36Þ

The derivative of Dr2 with respect to t is

dDr2

dt
¼ 2 r1 � v1 þ r2 � v2 � r1 � v2 � r2 � v1ð Þ ð5:37Þ

Let the derivative dDr2=dt be zero, we can obtain

r2 � r1ð Þ � v2 � v1ð Þ ¼ 0; Dr � Dv ¼ 0 ð5:38Þ

Equation (5.38) indicates that the relative position vector of two objects is
perpendicular to their relative velocity vector at the TCA. Figure 5.16 illustrates the
closest approach between orbits and the closest approach between objects.

Therefore, as shown in Fig. 5.16, relative position vector at the TCA, Drtca, can
be resolved into two components: (1) closest approach vector between orbits, Drmin,
which is in the direction of common perpendicular line to two objects’ velocity
vectors; and (2) closest approach vector in the plane perpendicular to the common
perpendicular line to two velocities (referred to as the velocity plane hereafter),
Drvel.

ψ

2v

1v

minΔr

ΔvtcaΔr

velΔr

Fig. 5.16 The closest
approach vector Drmin

between orbits and the closest
approach vector at TCA Drtca
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Drtca ¼ Drmin þDrvel ð5:39Þ

where Drmin and Drvel are perpendicular to each other, so relative distance at the
TCA can be given by

Dr2tca ¼ Dr2min þDr2vel ð5:40Þ

The analysis states that the relative position vector at the TCA can be resolved to
the closest approach distance between two orbits and the time difference crossing
the common perpendicular line to two velocities, i.e. the altitude difference and time
difference crossing the common perpendicular line to two velocities. This conclu-
sion is valid for any orbit. The similar result is obtained under the circular orbit
assumption in Sect. 5.2.1, it is the deduction of this section’s conclusion in the case
of circular orbit.

(3) Expression of closest approach distance for linear relative motion

In previous section, necessary conditions of closest approach between two
elliptical orbits and between objects were discussed in general situation. In
short-term conjunction where relative velocity of two objects is sufficiently large,
the linear relative motion assumption is always taken when computing the proba-
bility of collision. In this section, expressions of closest approach distance between
orbits and between objects will be provided by using the position and velocity
vectors based on the assumption of linear motion.

As discussed before, the distance between two orbits’ paths is minimized when
the relative position vector is perpendicular to both objects’ velocity vectors, as
shown in Fig. 5.15. Under the assumption of linear motion, in the vicinity of the
point of closest approach, two objects move along two straight lines and their
relative motion trajectory can also be represented by a straight line. The points of
closest approach of two straight lines are points of intersection between two lines
and their common perpendicular line. We want to know the minimum relative
distance between two lines Drmin, and distances from two objects’ positions to
points of intersection, Dl1 and Dl2. In this way we can obtain the similar parameters
as crossing altitude difference and time difference of the line of intersection pre-
sented in Sect. 5.2.

Let r10 and r20 are initial position vectors of two objects in the Earth Centered
Inertial (ECI) coordinate system. The angle w between two velocities is

w ¼ arccos
v1 � v2
v1j j v2j j ð5:41Þ

The parameterized equations of two linear trajectories are
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r1 t1ð Þ ¼ r10 þ v1t1
r2 t2ð Þ ¼ r20 þ v2t2



ð5:42Þ

The relative position vector can be expressed as

Dr t1; t2ð Þ ¼ r2 t2ð Þ � r1 t1ð Þ ¼ r20 � r10 þ v2t2 � v1t1 ¼ Dr0 þ v2t2 � v1t1 ð5:43Þ

The square of the relative distance is

Dr2 ¼ Dr0 � Dr0ð Þþ 2 Dr0 � v2ð Þt2 � 2 Dr0 � v1ð Þt1 þ v2 � v2ð Þt22
� 2 v1 � v2ð Þt1t2 þ v1 � v1ð Þt21

ð5:44Þ

Let the derivatives of Dr2 with respect to t1 and t2 equal to zero, then

@Dr2
@t1

¼ � Dr0 � v1ð Þ � v1 � v2ð Þt2 þ v1 � v1ð Þt1 ¼ 0
@Dr2
@t2

¼ Dr0 � v2ð Þþ v2 � v2ð Þt2 � v1 � v2ð Þt1 ¼ 0

(
ð5:45Þ

Then when t1min and t2min given by Eq. (5.46) the relative distance will be
minimized

t1min ¼ v2�v2ð Þ Dr0�v1ð Þ� v1�v2ð Þ Dr0�v2ð Þ
v1�v1ð Þ v2�v2ð Þ� v1�v2ð Þ v1�v2ð Þ ¼

v2
v1

Dr0�v1ð Þ�cosw Dr0�v2ð Þ
v1v2 sin2 w

t2min ¼ v1�v2ð Þ Dr0�v1ð Þ� v1�v1ð Þ Dr0�v2ð Þ
v1�v1ð Þ v2�v2ð Þ� v1�v2ð Þ v1�v2ð Þ ¼ cosw Dr0�v1ð Þ�v1

v2
Dr0�v2ð Þ

v1v2 sin2 w

8<
: ð5:46Þ

Let the dimensionless parameter g be the ratio of magnitudes of two velocities

g 	 v2
v1

ð5:47Þ

Equation (5.46) could be rewritten as

t1min ¼ g Dr0�v1ð Þ�cosw Dr0�v2ð Þ
v1v2 sin2 w

t2min ¼ cosw Dr0�v1ð Þ� Dr0�v2ð Þ=g
v1v2 sin2 w

(
ð5:48Þ

The relative position vector at closest approach between orbits can be expressed
as

Drmin ¼ Dr0 þ v2t2min � v1t1min ð5:49Þ

The closest approach distance between two straight line trajectories will be
Drmin ¼ Drminj j:

From Eq. (5.48) we know that the required moving times from initial positions
to points of closest approach between two orbits are t1min and t2min. Therefore, when
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object 1 is arriving at point of intersection, object 2 still need Dt2 to arrive at the
other point of intersection. The time-to-go of object 2 is Dt2 ¼ t2min � t1min, and
corresponding distance between object 2 to point of intersection (distance-to-go) is
Dl2 ¼ v2 � Dt2. Similarly, we can obtain time-to-go and distance-to-go of object 1.
Let Dt be the crossing time difference of the common perpendicular line

Dt ¼ cosw� gð Þ Dr0 � v1ð Þþ cosw� 1=gð Þ Dr0 � v2ð Þj j
v1v2 sin2 w

ð5:50Þ

As seen in Fig. 5.17, closest approach distance in the velocity plane is deter-
mined by time difference of two objects crossing common perpendicular line to
velocity vectors, velocity’s magnitude v1 and v2, and the angle between two
velocity vectors. We define two angles w1 and w2 as illustrated in Fig. 5.17, the
closest approach distance in the velocity plane Drvel can be expressed as

Drvel ¼ Dl1 cosw1 ¼ Dl2 cosw2 ð5:51Þ

Using the geometric laws, we kwon that w1 and w2 satisfy the following for-
mulae with the ratio of magnitude of velocity g and the angle between velocities w.

tanw1 ¼ 1�g cosw
g sinw ; cosw1 ¼ g sinwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ g2�2g cosw
p ; sinw1 ¼ 1�g coswffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ g2�2g cosw
p

tanw2 ¼ g�cosw
sinw ; cosw2 ¼ sinwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ g2�2g cosw
p ; sinw2 ¼ g�coswffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ g2�2g cosw
p

8<
: ð5:52Þ

Thus, Eq. (5.51) can be written as

Drvel ¼ v2 sinwDtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2 � 2g cosw

p ð5:53Þ

The closest approach distance between two objects at the TCA is

Drtca ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dr2min þDr2vel

q
ð5:54Þ

1ψ

2v

2ψ

1v

Δv

ψ

velrΔ

Fig. 5.17 Closest approach
distance in the velocity plane
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Up to now, we have formulated the closest approach distance at the TCA Drtca,
and its two components Drmin and Drvel.

The necessary condition of closest approach between two general orbits is that
the relative position vector is perpendicular to velocity vectors of both objects, i.e.
the relative position vector is parallel to the common perpendicular line to two
velocities. The necessary condition of closest approach between two space objects
moving around their orbits is that the relative position vector is perpendicular to
relative velocity vector. Based on these conclusions the relative position vector at
the time of closest approach (TCA) can be resolved to two components: (1) closest
approach vector between orbits that is in the direction of common perpendicular
line to velocity vectors of both objects, and (2) closest approach vector in the plane
perpendicular to the common perpendicular line to two velocities. The conjunction
geometry of two objects can be represented by altitude difference and time differ-
ence crossing common perpendicular line to velocities. Under the linear motion
assumption, closest approach distance between orbits and between objects are
formulated using position and velocity coordinates of two objects at conjunction.

2. Definition of encounter coordinate and projection of position error
covariance

Based on the analysis of closest approach distance, we can define the encounter
coordinate system, o�xyz: The origin o is at the centroid of object 1, the z-axis
points in the direction of relative velocity Dv, the x-axis points in the direction of
closest approach vector between orbits Drmin, the y-axis lies in the velocity plane
and perpendicular to the relative velocity vector. The encounter coordinate system
has a right-handed sense. The x-y plane perpendicular to the relative velocity is the
conjunction plane, for the closest approach vector Drtca is in this plane, as shown in
Fig. 5.18.

At the TCA, the coordinates of distributing center of the position error ellipsoid
of object 2 in the encounter coordinate system are

lx ¼ Drmin

ly ¼ Drvel ¼ v2 sinwDtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2�2g cosw

p
(

ð5:55Þ

ψ

2v

1v

minΔr

ΔvtcaΔr

velΔr
o

y

x

z

Fig. 5.18 Definition of the
encounter coordinate system
and position error ellipsoids
of two objects
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For objects in circular orbit, the position error covariance is described in the
RSW satellite-based coordinate system. For objects in the HEO orbit, it is more
advantageous to describe position errors in the NTW satellite-based coordinate
system, which is valid for all orbit types, than in the RSW coordinate system. In the
NTW coordinate system, the T axis (tangential or in-track) is tangential to the orbit
and always points to the velocity vector. The N axis (normal) lies in the orbital
plane, normal to the velocity vector. The W axis (cross-track) is normal to the
orbital plane. The NTW and the RSW systems are identical for circular orbits. In
order to project position error covariance to the encounter coordinate system, we
must know the transformations from the NTW coordinate to the encounter coor-
dinate. Obviously, the N axis is not parallel to vector Drmin, we assume that the N
axis points to Drmin, hence we just need to rotate the NTW systems of two objects
about their N axis to get the encounter coordinate system. The angles of rotation are
w1 and �w2 respectively (see Fig. 5.18), the coordinate transformation matrices are
given in Eq. (5.56).

M1NTW!xyz ¼ M1 w1ð Þ
M2NTW!xyz ¼ M1 �w2ð Þ



ð5:56Þ

The position error covariance matrices associated with the objects are described
in their satellite-based NTW coordinate system. It is reasonable to assume that the
covariance matrices are both diagonal (see Fig. 5.18), given by

P1NTW ¼
r21N 0 0
0 r21T 0
0 0 r21W

2
4

3
5

P2NTW ¼
r22N 0 0
0 r22T 0
0 0 r22W

2
4

3
5

8>>>>>><
>>>>>>:

ð5:57Þ

Transforming P1NTW and P2NTW to the encounter coordinate system by using
transformation matrices in Eq. (5.56), we can obtain

P1 ¼ M1NTW!xyzP1NTWMT
1NTW!xyz

¼
r21N 0 0

0 r21T cos
2 w1 þ r21W sin2 w1 r21W � r21T

� �
sinw1 cosw1

0 r21W � r21T
� �

sinw1 cosw1 r21T sin
2 w1 þ r21W cos2 w1

2
64

3
75 ð5:58Þ

P2 ¼ M2NTW!xyzP2NTWMT
2NTW!xyz

¼
r22N 0 0

0 r22T cos
2 w2 þ r22W sin2 w2 r22T � r22W

� �
sinw2 cosw2

0 r22T � r22W
� �

sinw2 cosw2 r22T sin
2 w2 þ r22W cos2 w2

2
64

3
75 ð5:59Þ
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We just take two components in the encounter plane into account, and sum-up
two covariance matrices to get joint error covariance matrix associated with the
relative position between two objects

P ¼ r21N þ r22N 0
0 r21T cos

2 w1 þ r21W sin2 w1 þ r22T cos
2 w2 þ r22W sin2 w2

� 	
ð5:60Þ

Combining Eqs. (5.52) and (5.60), the 2-dimensional joint error covariance
matrix in encounter plane can be written as

P ¼
r21N þ r22N 0

0 r21Tg
2 sin2 wþ 1�g coswð Þ2r21W þ r22T sin

2 wþ g�coswð Þ2r22W
1þ g2�2g cosw

" #
ð5:61Þ

The joint error covariance matrix P in the encounter plane is also diagonal, so the
Pc density function can be integrated in the encounter plane. The joint error vari-
ances in the x and y directions in the encounter plane are

r2x ¼ r21N þ r22N
r2y ¼ r21Tg

2 sin2 wþ 1�g coswð Þ2r21W þr22T sin
2 wþ g�coswð Þ2r22W

1þ g2�2g cosw

(
ð5:62Þ

3. Explicit expression of collision probability

Substituting Eqs. (5.55) and (5.62) into Eq. (5.9), we can obtain the explicit
expression of Pc

Pc ¼ exp � 1
2

l2x
r2x

þ l2y
r2y

 !" #
1� exp � r2A

2rxry

� �� 	

lx ¼ Drmin

ly ¼
v2 sinwDtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ g2 � 2g cosw
p

r2x ¼ r21N þ r22N

r2y ¼
r21Tg

2 sin2 wþ 1� g coswð Þ2r21W þ r22T sin
2 wþ g� coswð Þ2r22W

1þ g2 � 2g cosw

ð5:63Þ

where Drmin is the closest approach distance between orbits; Dt is the crossing time
difference of the common perpendicular line to two objects’ velocities; w is the
angle between two velocity vectors; v1 and v2 are the velocities of two objects; g is
the ratio of the magnitudes of two velocities; r21N; r

2
1T; r

2
1W

� �
and r22N; r

2
2T; r

2
2W

� �
are position error standard deviations of two objects in their NTW coordinate
system; rA is the sum of two objects’ equivalent radii. Equation (5.63) expresses the
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Pc explicitly with encounter geometries and position error in their NTW coordinate
systems.

Furthermore, Eq. (5.63) indicates that the position error in N direction is not
coupled with position error in T and W direction; one can sum up error variances of
two objects in N direction to obtain the joint error variance

r2N ¼ r21N þ r22N ð5:64Þ

Whereas position errors in T and W direction of two objects are coupled by their
velocities and relative velocity, we define joint error variance in the velocity plane
as

r2V ¼ r21Tg
2 sin2 wþ 1� g coswð Þ2r21W þ r22T sin

2 wþ g� coswð Þ2r22W
1þ g2 � 2g cosw

ð5:65Þ

From Eq. (5.63) we know that Pc can be considered as a function of two error
variances, r2N and r2V, which are mutually independent. The two error variances are
related to closest approach distance between orbits, Drmin, and crossing time dif-
ference of common perpendicular line to two velocity, Dt, respectively.

Based on the analysis of closest approach, the encounter coordinate system is
defined and the transformations from the NTW coordinate systems of two objects to
the encounter coordinate system are provided. The position error covariance
associated with two objects described in the NTW coordinate system are projected
to the encounter coordinate, the explicit expression of Pc is deduced. The Pc is
expressed as an explicit function of the encounter geometry (crossing altitude
difference and time difference of the common perpendicular line to velocities, the
angle between two velocities, magnitude of the relative velocity, etc.) and position
error variances in the NTW system.

During the derivation of explicit expression, the assumption that the N axis and
Drmin is parallel was made. This assumption will introduce error. The explicit
expression of Pc in terms of the NTW components of relative position can solve this
problem well.

5.3.2 Explicit Expression of Pc in Terms of NTW
Components

The explicit expression of Pc in terms of the relative positions in a circular orbit
presented in Sect. 5.2 is simple and compact, reveals the relationship between the
collision probability and conjunction geometry more directly. But the circular orbit
assumption restricts its application. Although most space objects, especially in LEO
and GEO regions, are in circular or near-circular orbits, it is still necessary to
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modify the expression when the eccentricity is not exactly equal to zero. In this
section, we will give the modified expression of Pc in an eccentric orbit.

During the derivation of explicit expression of Pc the circular orbit assumption
have two major inferences: (1) the velocity vectors of two objects are perpendicular
to their position vectors, i.e. the flight-path angles are zeros; (2) the velocities’
magnitudes of two objects are equal. The non-zero flight-path angle and unequal
velocity’s magnitude must be introduced to modify the explicit expression to be
suitable for eccentric orbit.

1. Definition of coordinate systems and their transformations

The conjunction geometry near the line of intersection of orbital planes of two
objects in general orbit is illustrated in Fig. 5.19. The flight-path angles of two
objects are h1 and h2, the magnitudes of two velocities are v1 and v2, respectively.
The angle between two orbital planes is u. Five coordinate systems could be
defined as illustrated in Fig. 5.19. These five systems are fixed in the inertial space
and do not move with the objects.

(1) Primary NTW system o1-N1T1W1: The origin is at the primary objects at TCA,
the T1-axis is tangential to the orbit and always points to the primary velocity
vector. The N1-axis lies in the orbital plane, normal to the velocity vector. The
W1-axis is normal to the primary orbital plane.

(2) Secondary NTW system o2-N2T2W2: The origin is at the secondary objects at
TCA, the T2-axis is tangential to the orbit and always points to the secondary
velocity vector. The N2-axis lies in the orbital plane, normal to the velocity
vector. The W2-axis is normal to the secondary orbital plane.

(3) Modified primary NTW system o01�N 0
1T

0
1W

0
1: The origin is at the intersection

point of the common perpendicular line to two velocities and primary object’s
orbit. The N 0

1-axis points in the direction of the common perpendicular line
vector, the T 0

1-axis points to the primary velocity vector.

1v

2v
line of intersection 
of orbital planes

2θ

1θ

ϕ
1N

1T ′

1W ′

1N ′

1T

1W

2N 2T2W

2T ′
2N ′

2W ′

Fig. 5.19 The conjunction
geometry and coordinate
systems
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(4) Modified secondary NTW system o02�N 0
2T

0
2W

0
2: The origin is at the intersec-

tion point of the common perpendicular line to two velocities and secondary
object’s orbit. The N 0

2-axis points in the direction of the common perpendic-
ular line vector, same as the N 0

1-axis, the T 0
2-axis points to the secondary

velocity vector.
(5) Encounter system o�xyz: The origin is at o01 of o01 � N 0

1T
0
1W

0
1 system. The x-

axis points to the N 0
1-axis of the o01�N 0

1T
0
1W

0
1 system, the z-axis points to the

relative velocity vector, the x-y plane perpendicular to the relative velocity is
the encounter plane. This system is not illustrated in Fig. 5.19.

The T1-axis of primary NTW system and T 0
1-axis of modified primary NTW

system are identical, so we just need to rotate the NTW system about its T1-axis
with an angle /1 for transforming from NTW system to modified NTW system.

MN1T1W1!N0
1T

0
1W

0
1
¼ M2 /1ð Þ ¼

cos/1 0 � sin/1
0 1 0

sin/1 0 cos/1

2
4

3
5 ð5:66Þ

The N 0
1-axis of modified primary NTW system and x-axis of encounter system

are identical, so we just need to rotate the modified NTW system about its N 0
1-axis

with an angle w1 for transforming from modified NTW system to encounter system.

MN0
1T

0
1W

0
1!xyz ¼ M1 w1ð Þ ¼

1 0 0
0 cosw1 sinw1
0 � sinw1 cosw1

2
4

3
5 ð5:67Þ

Hence the transformation matrix from primary NTW system to encounter system
is

MN1T1W1!xyz ¼ MN 0
1T

0
1W

0
1!xyzMN1T1W1!N 0

1T
0
1W

0
1

¼
cos/1 0 � sin/1

sinw1 sin/1 cosw1 sinw1 cos/1

cosw1 sin/1 � sinw1 cosw1 cos/1

2
64

3
75 ð5:68Þ

Similarly, the transformation matrix from secondary NTW system to encounter
system is

MN2T2W2!xyz ¼ MN 0
2T

0
2W

0
2!xyzMN2T2W2!N 0

2T
0
2W

0
2

¼
cos/2 0 � sin/2

sinw2 sin/2 cosw2 sinw2 cos/2

cosw2 sin/2 � sinw2 cosw2 cos/2

2
64

3
75 ð5:69Þ

The transformation from each NTW system to encounter system is governed by
two angles: / and w. These angles will be discussed later.
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2. Relative position vector and covariance in encounter system

Suppose the relative position vectors at the TCA in the primary NTW system is

DrN1T1W1 ¼ N T W½ �T ð5:70Þ

so the relative position vectors in the encounter system will be

Drxyz ¼ MN1T1W1!xyzDrN1T1W1 ¼
N cos/1 �W sin/1

N sinw1 sin/1 þ T cosw1 þW sinw1 cos/1
N cosw1 sin/1 � T sinw1 þW cosw1 cos/1

2
4

3
5

ð5:71Þ

The position error covariance matrices associated with the objects in eccentric
orbit are generally defined in their object-centered NTW coordinate system. It is
reasonable to assume that the covariance matrices are both diagonal, given by
Eq. (5.57). Transforming P1NTW and P2NTW to the encounter coordinate system by
using transformation matrices in Eqs. (5.68) and (5.69), we can obtain

P1 ¼ MN1T1W1!xyzP1NTWMT
N1T1W1!xyz

¼
r21N cos2 /1 þ r21W sin2 /1

r21N�r21W
2 sinw1 sin 2/1

r21N�r21W
2 cosw1 sin 2/1

r21N�r21W
2 sinw1 sin 2/1 r21N sin2 /1 þ r21W cos2 /1

� �
sin2 w1 þ r21T cos

2 w1
sin 2w1

2 r21N sin2 /1 � r21T þ r21W cos2 /1

� �
r21N�r21W

2 cosw1 sin 2/1
sin 2w1

2 r21N sin2 /1 � r21T þ r21W cos2 /1

� �
r21N sin2 /1 þ r21W cos2 /1

� �
cos2 w1 þ r21T sin

2 w1

2
6664

3
7775

P2 ¼ MN2T2W2!xyzP2NTWMT
N2T2W2!xyz

¼
r22N cos2 /2 þ r22W sin2 /2

r22N�r22W
2 sinw2 sin 2/2

r22N�r22W
2 cosw2 sin 2/2

r22N�r22W
2 sinw2 sin 2/2 r22N sin2 /2 þ r22W cos2 /2

� �
sin2 w2 þ r22T cos

2 w2
sin 2w2

2 r22N sin2 /2 � r22T þ r22W cos2 /2

� �
r22N�r22W

2 cosw2 sin 2/2
sin 2w2

2 r22N sin2 /2 � r22T þ r22W cos2 /2

� �
r22N sin2 /2 þ r22W cos2 /2

� �
cos2 w2 þ r22T sin

2 w2

2
6664

3
7775

ð5:72Þ

We just take two components in the encounter plane into account, and sum-up
two covariance matrices to get combined error covariance matrix associated with
the relative position between two objects, P ¼ P1 þP2. The four elements of the
combined error covariance matrix P are

P11 ¼ r21N cos2 /1 þ r22N cos2 /2 þ r21W sin2 /1 þ r22W sin2 /2

P12 ¼ P21 ¼ r21N�r21W
2 sinw1 sin 2/1 þ r22N�r22W

2 sinw2 sin 2/2

P22 ¼ r21N sin2 /1 þ r21W cos2 /1

� �
sin2 w1 þ r21T cos

2 w1

þ r22N sin2 /2 þ r22W cos2 /2

� �
sin2 w2 þ r22T cos

2 w2

8>>><
>>>:

ð5:73Þ

In most cases the error variance in the normal and cross-track directions are
approximately equal while error in the tangential direction is remarkably larger than
other two directions. The normal and cross-track components of covariance are
assumed to be equal here, i.e. r21N � r21W and r22N � r22W. Therefore the
off-diagonal elements of Eq. (5.73) are kind of inessential compared to the diagonal
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elements. In the following analysis we will ignore them. The results in next section
will validate this approximation.

So far, we have obtained analytical expression of probability integral parameters
lx, ly, rx, and ry from Eqs. (5.71) and (5.73). We can express the Pc as

Pc ¼ exp � 1
2

l2x
r2x

þ l2y
r2y

 !" #
1� exp � r2A

2rxry

� �� 	
ð5:74Þ

where

lx ¼ N cos/1 �W sin/1
ly ¼ N sinw1 sin/1 þ T cosw1 þW sinw1 cos/1

r2x ¼ r21N cos2 /1 þ r22N cos2 /2 þ r21W sin2 /1 þ r22W sin2 /2
r2y ¼ r21N sin2 /1 þ r21W cos2 /1

� �
sin2 w1 þ r21T cos

2 w1

þ r22N sin2 /2 þ r22W cos2 /2

� �
sin2 w2 þ r22T cos

2 w2

8>>>><
>>>>:

Moreover, if one wants to get more accurate result, the probability integral
parameters lx; ly; rx; ry

� �
in Eq. (5.74) could be substituted to Eq. (5.7) instead of

Eq. (5.74) and the term number m in Eq. (5.7) could be set to 1, 2, or larger
numbers.

3. Expression of rotating angles

The angle w between two velocities can be expressed by using h1, h2 and u as

w ¼ arccos sin h1 sin h2 þ cos h1 cos h2 cosuð Þ ð5:75Þ

Figure 5.20 shows the modified primary and secondary NTW systems and the
encounter system in the plane perpendicular to the x-axis, where w1 and w2 are the
angles from primary and secondary velocity (i.e. the T 0

1-axis and T 0
2-axis) to the y-

axis of the encounter system, which can be determined by the angle w between two
velocities and the ratio of two velocities’ magnitudes g ¼ v2=v1 as in Eq. (5.52).

1ψ

2v

2ψ

1v

Δv

1T ′

1W ′

y

z

2T ′

2W ′

Fig. 5.20 Transformation
from modified NTW systems
to the encounter system
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The rotating angles /1 and /2 from the primary and secondary NTW systems to
corresponding modified NTW systems can be determined by the angle u between
two orbital planes and the flight-path angles h1, h2 of two objects.

tan/1 ¼ cos h1 sin h2�sin h1 cos h2 cosu
cos h2 sinu

tan/2 ¼ cos h2 sin h1�sin h2 cos h1 cosu
cos h1 sinu

(
ð5:76Þ

Summing up Eqs. (5.52), (5.75), (5.76) we obtain the relationship between the
rotating angles (/1, /2, w1, w2) and the conjunction geometry (u, h1, h2, g).

w ¼ arccos sin h1 sin h2 þ cos h1 cos h2 cosuð Þ
tanw1 ¼

1� g cosw
g sinw

tanw2 ¼
g� cosw
sinw

tan/1 ¼
cos h1 sin h2 � sin h1 cos h2 cosu

cos h2 sinu

tan/2 ¼
cos h2 sin h1 � sin h2 cos h1 cosu

cos h1 sinu

ð5:77Þ

So far, Eqs. (5.74) and (5.77) express the Pc in general orbit as analytical
equation in terms of the relative positions (the N, T, W components) at the TCA, the
angle u between two orbital planes, the flight-path angles h1 and h2 of two objects,
and the ratio g of two velocities’ magnitudes.

This modified expression of Pc containing flight-path angle and ratio of veloc-
ity’s magnitude is subject only to the assumptions that the principal axes of the
primary and secondary covariance matrices are aligned with their NTW systems.
There are no restrictions imposed on the shapes or eccentricities of objects’ orbits,
so it is robust and applicable.

Furthermore, if both objects are in circular orbit, i.e. h1 ¼ h2 ¼ 0 and g ¼ 1, the
rotating angles would be degraded to

w ¼ u; w1 ¼ w2 ¼
u
2
; /1 ¼ /2 ¼ 0 ð5:78Þ

So Eq. (5.74) can be written as

Pc ¼ exp � 1
2

l2x
r2x

þ l2y
r2y

 !" #
1� exp � r2A

2rxry

� �� 	
ð5:79Þ
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where

lx ¼ N
ly ¼ T2 þW2

r2x ¼ r21N þ r22N
r2y ¼ r21T þ r22T

� �
cos2 u

2 þ r21W þ r22W
� �

sin2 u
2

8>><
>>:

This equation coincident with Eq. (5.27) is the explicit expression of Pc in
circular orbit in terms of the components of relative position.

5.3.3 Examples

On 12 March the crew of the International Space Station (ISS) temporarily retreated
into the safety of their Soyuz TMA-13 spacecraft when a small piece of orbital
debris (International Designator 1993-032D, U.S. Satellite Number 25090) was
belatedly projected to come close to the ISS. At the time of the conjunction, ISS
was in a nearly circular orbit near 355 km altitude, while the debris, a piece of
mission-related hardware from a U.S. Delta 2 third stage, was in a highly elliptical
orbit of about 145 km by 4230 km. From radar cross-section observations, the size
of the object was determined to be about 13 cm, large enough to inflict serious
damage to the ISS in the event of a collision [50].

To demonstrate the explicit expression of Pc in general orbit, this section will
take this event for example. Table 5.5 shows the position and velocity coordinates
in the J2000 Earth Centered Inertial (ECI) coordinate system at the TCA and
eccentricities of two objects. The primary object is in a near-circular orbit but the
secondary object is in a highly eccentric orbit.

We now calculate the miss distances, components of relative position in the
primary object’s NTW system, the altitude difference and time difference, the angle
between orbital planes, flight-path angles, and ratio of velocity’s magnitude. The
results are shown in Table 5.6.

By using the orbital prediction error analysis method in Chap. 3, we obtain the
positional error standard deviations of two objects in normal, tangential, and
cross-track direction. The combined error standard deviations in each directions and
the combined error standard deviation in the horizontal plane are calculated using
Eq. (5.74). The results are shown in Table 5.7.

Let the collision cross-section radii of ISS and the debris equal to 100 and
0.13 m, respectively. The combined collision cross-section radii are rA ¼

Table 5.5 Position and velocity coordinates in the ECI system and eccentricities (ISS event)

Object X/km Y/km Z/km Vx/(km/s) Vy/(km/s) Vz/(km/s) e

Primary 3126.0188 5227.1461 −2891.3029 −3.2980 4.7587 5.0543 0.001300

Secondary 3124.3685 5226.0042 −2889.9446 −7.7726 1.9308 −2.7580 0.238283
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100:13m: In the condition represented by Tables 5.5, 5.6 and 5.7, we calculate Pc

of the conjunction cases by means of the general method in Sect. 5.1 and the two
explicit expressions in Sect. 5.3. The results are shown in Table 5.8.

For conjunction in the eccentric orbits (ISS event), Table 5.8 shows that the
relative error of the results from explicit expression in terms of the conjunction
geometries and in terms of the NTW components to the result from general method
are 6.51 and 0.3433%, respectively. This result reveals that the precisions of both
explicit expressions in general orbits are sufficient.

In addition, using the conjunction geometries described in Table 5.6, we cal-
culate Pc as a function of the size of the covariance (described by the scaling factor
k). Figure 5.21 depict the Pc curves resulted from three methods with the scaling
factor as a parameter for the conjunction cases.

Figure 5.21 shows that in the case of eccentric orbit, the Pc resulted from the
conjunction geometries-based explicit expression (denoted by Pc1, line with marker
‘△’) matches well with the result from the general method (denoted by Pc0, line
with marker ‘○’), these lines maybe illegible because they are very close. While the
NTW components-based explicit expression (denoted by Pc2, line with marker ‘□’)
is separated from the result from the general slightly.

Table 5.8 and Fig. 5.21 reveal that the error of the conjunction geometries-based
explicit expression is larger than the NTW components-based explicit expression.

Table 5.6 Conjunction
geometry of the ISS event

Conjunction geometry Value

Miss distance/km 2.423292

Drmin/km 2.182973

Dt/km 0.161021

N/km −2.232155

T/km 0.894487

W/km −0.299533

u/(°) 71.179

h1/(°) −0.0538

h2/(°) −6.258

g 1.102111

Table 5.7 Positional error
standard deviations in normal,
tangential, cross-track
direction and the combined
error (ISS event)

Object rN/km rT/km rW/km

Primary 0.5548968 6.185655 1.9433925

Secondary 0.8717616 12.306207 0.9210618

Combined 1.055317 10.9156858

Table 5.8 Collision probabilities from Chan’s method and explicit expressions (ISS event)

General method Explicit expression
(conjunction geometries)

Explicit expression
(NTW components)

5.080119 × 10−5 4.749411 × 10−5 5.097559 × 10−5
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The reason is that during the derivation of the conjunction geometries-based
explicit expression the assumption that the N axis is parallel to vector Drmin was
introduced. The precisions of two explicit expressions are sufficient for the con-
junction assessment (the relative errors are less than 7%).

5.4 Explicit Expression’s Eccentricity Bound

The explicit expression of Pc derived from circular orbit assumption is simple and
compact. The explicit expression of Pc in terms of relative positions in RSW system
for circular orbit is simple and compact, reveals the relationship between Pc and
conjunction geometry more directly. But the circular orbit assumption restricts its
application. We will determine the bounds of eccentricity for a near-circular orbit to
which the explicit expression is applicable.

5.4.1 Flight-Path Angle and Velocity’s Magnitude
of Eccentric Orbit

The two major inferences from circular orbit assumption which contribute the
derivation of explicit expression are null flight-path angles and equal magnitudes of
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Fig. 5.21 Pc versus error scaling factor using three methods (ISS event)
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velocities. For an eccentric orbit, the expression for the flight-path angle h and its
maximum value hmax are [51]

tan h ¼ e sin f
1þ e cos f

hmax ¼ 
 arcsin e; cos f ¼ �e; f ¼ 
 p
2 þ sin�1 e
� �

(
ð5:80Þ

where e is the eccentricity and f is the true anomaly. Equation (5.80) provides the
relationship between the flight-path angle and the eccentricity and true anomaly.

The dimensionless parameter g is defined as the ratio of the velocity’s magnitude
v of the eccentric orbit to the velocity’s magnitude vc of circular orbit with the
semimajor equaling to the radius. The ratio g and its maximum/minimum values are

g2 ¼ 1þ 2e cos f þ e2

1þ e cos f
gmax ¼

ffiffiffiffiffiffiffiffiffiffi
1þ e

p
; f ¼ 0

gmin ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� e

p
; f ¼ p

ð5:81Þ

Figure 5.22 shows various values for the flight-path angle h and the ratio g with
respect to true anomaly f when e ¼ 0:7: An interesting and useful property could be
obtained from Fig. 5.22. The flight-path angle h equals zero when the ratio g is
maximum or minimum (perigee or apogee), while the flight-path angle h achieves
its maximum value when the ratio g equals to one. This property indicates that the
effects of non-zero flight-path angle and unequal velocity’s magnitude on the

Fig. 5.22 Values for the flight-path angle h and the ratio of velocity’s magnitude g with respect to
true anomaly when e ¼ 0:7
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explicit expression of Pc are not synchronous. One effect tends to maximum while
another tends to zero. This property is convenient for the analysis.

The violations of the null flight-path angle and equal velocity’s magnitude are
the explicit expression’s major error source, when used to the eccentric orbit.
Considering the property of flight-path angle and velocity’s magnitude in eccentric
orbit, we can gain an insight into the bounds of eccentricity regarding the explicit
expression.

In this section the error of the explicit expression introduced by the eccentric
orbit will be demonstrated. The position coordinates of objects in conjunction are
described in Table 5.1, the positional error standard deviations in their NTW sys-
tems are given in Table 5.3. We consider them as in the RSW system when use the
explicit expression Eq. (5.26) although the errors are given in the NTW system. We
suppose that the position coordinates of objects in conjunction are the values listed
in Table 5.2. However, the flight-path angles and magnitudes of velocities of
secondary objects are variable.

Based on the property that the effects of non-zero flight-path angle and unequal
velocity’s magnitude are not synchronous, we will first analyze them individually
using the U.S. and Russian satellites’ collision event, and then combine them to get
the general effect using both cases.

5.4.2 Effects of Non-zero Flight-Path and Unequal Velocity

The flight-path angle is zero at perigee and apogee of the eccentric orbit, the effect
of unequal velocities’ magnitudes achieves its maximum. The ratios g at perigee
and apogee are gperigee ¼

ffiffiffiffiffiffiffiffiffiffi
1þ e

p
and gapogee ¼

ffiffiffiffiffiffiffiffiffiffiffi
1� e

p
, respectively. We suppose

that the primary orbit is circular and the secondary orbit is eccentric, the eccentricity
of secondary object varies from zero to 0.7. Figure 5.23 shows the Pc calculated by
explicit expression (line with marker “o”) and modified expression (line with
marker “△”) if the conjunction occurs at the perigee or apogee of secondary orbit.
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Fig. 5.23 The Pc calculated by explicit expression and modified expression if the conjunction
occurs at the perigee (a) and apogee (b) of secondary orbit
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In eccentric orbit the ratio g ¼ 1 when the flight-path angle achieves its maxi-
mum value hmax ¼ 
 sin�1 e: We suppose that the primary orbit is circular and the
secondary orbit is eccentric, the eccentricity of secondary object varies from zero to
0.7. Figure 5.24 shows the Pc calculated by explicit expression (line with marker
“o”) and modified expression (line with marker “△”) if the conjunction occurs at
the position on secondary orbit where h ¼ arcsin e or h ¼ � arcsin e:

Figures 5.23 and 5.24 indicate that the error introduced by non-zero flight-path
angle is much larger than the error introduced by unequal velocity’s magnitude. The
non-zero flight-path angle is the dominant effect derived from eccentric orbit while
the unequal velocity’s magnitude is the minor one.

5.4.3 General Effects of Eccentric Orbit

We also suppose that the primary orbit is circular and the secondary orbit is
eccentric, the eccentricity of secondary orbits cover a series of typical values
(0.001, 0.01, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, and 0.7). The flight-path angle and ratio of
velocity’s magnitude according to various true anomalies are calculated by
Eqs. (5.80) and (5.81). Figure 5.25 shows the differences between Pc calculated by
explicit expression and modified expression with various true anomalies.
Figure 5.25 indicates that the absolute difference DPc in U.S. and Russian satellite
collision event is about two orders of magnitude larger than in ISS event.
Considering that the collision risk associated with U.S. and Russian satellite col-
lision event is about two orders of magnitude larger than the one associated with
ISS event (the Pc are 1.8 × 10−4 and 8.3 × 10−7), the relative differences of Pc in
two cases are of the same order of magnitude.

As was mentioned previously, the flight-path angle is zero and the ratio of
velocity’s magnitude is maximum or minimum at perigee or apogee. Because the
non-zero flight-path angle is the dominant effect of error, the error is relative small
near the perigee and apogee, as shown in Fig. 5.25. However, it should be noted
that the position where the error is minimum is not exactly at perigee or apogee.
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Fig. 5.24 The Pc calculated by explicit expression and modified expression if the conjunction
occurs at the position on secondary orbit where h ¼ 
 sin�1 e
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Moreover, for most part of the orbit the smaller the eccentricity, the smaller the
error is.

LEO is the most crowded region in space and also the key region the conjunction
assessment handling with. The explicit expression of Pc is mainly used to process
the conjunction events in this region. According to the space surveillance data
provided by the website www.Space-Track.org which is maintained by U.S.
Strategic Command (USSTRATCOM), the total number of man-made objects in
orbit is 16,686 as of January 2013, of which 12,043 objects are in LEO (altitude of
apogee less than 5000 km). Figure 5.26 plots the cumulative distribution function
(CDF) of the eccentricity of these 12,043 LEO objects. Figure 5.26 indicates that
the objects with eccentricity less than 0.1 account for 98.8% of all LEO objects, and
the objects with eccentricity less than 0.03, 0.02, and 0.01 account for 90, 82, and
62% of all LEO objects, respectively.

Figure 5.27 shows the relative error between Pc calculated by explicit expression
and modified expression with various true anomalies when the eccentricity of
secondary object is 0.03, 0.02, 0.01, 0.001.

Figure 5.27 indicates that for objects with eccentricity less than 0.01 (which
account for 62% of all LEO objects), the relative error of the explicit expression is
less than 0.107 for U.S. and Russian satellite collision event and less than 0.252 for
ISS event. The more detailed results of relative error for two conjunction cases in
various eccentric orbits are summarized in Table 5.9. Figure 5.27 reveal that for
high risk conjunction (U.S. and Russian satellite collision event with
Pc = 1.8 × 10−4) the relative error is smaller while for low risk conjunction (ISS
event with Pc = 8.3 × 10−7) the relative error is larger. This property validates the
application of explicit expression in practical conjunction assessment.

What really matters in conjunction risk assessment is the order of magnitude
rather than the specific value of Pc. For example, the relative error of a Pc valued
2 × 10−6 to Pc valued 1 × 10−6 is 100%, but the collision risk level associated with
these two values are pretty much the same. Therefore the precision of explicit
expression is sufficient for conjunction risk assessment and decision-making for
most LEO objects.
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Fig. 5.25 The differences between Pc calculated by explicit expression and modified expression
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The explicit and modified expressions of Pc have improved the collision prob-
ability analysis in conjunction risk assessment, the benefits is that the explicit
expression of Pc relates the collision probability and components of relative

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Eccentricity

C
um

ul
at

iv
e 

D
is

tr
ib

ut
io

n 
Fu

nc
tio

n 
(C

D
F)

Fig. 5.26 Cumulative distribution function of eccentricity of 12,043 objects in LEO
(ha < 5000 km)
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Fig. 5.27 The relative error between Pc calculated by explicit expression and modified expression
with various true anomalies

Table 5.9 Relative error for two cases in various eccentric orbits

e Percent of LEO
objects (%)

Relative error (U.S. and Russian
satellite event)

Relative error (ISS
event)

<0.03 90 0.425 1.006

<0.02 82 0.246 0.579

<0.01 62 0.107 0.252
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position which are two kinds of important conjunction risk criteria. It is convenient
to investigate the effects of influencing factors such as conjunction geometry and
position error covariance on Pc and the sensitivity of Pc to the conjunction geometry
and covariance.

Chan’s analytical formulae of collision probability is the foundation of this
work, so the restriction that the collision cross-section dimensions should be small
compared to the standard deviations or the miss distance is also applicable to the
explicit expression. Moreover, influencing factors and sensitivity analysis of col-
lision probability based on explicit expression need to be done. This study is under
progress now.
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Chapter 6
Application of Collision Probability

6.1 Sensitivity Analysis of Collision Probability

Collision probability analysis includes collision probability calculation and sensi-
tivity analysis of collision probability [1]. Given that the parameters needed for
computing the Pc are uncertain, one should be cautious in making a decision based
upon a Pc computed using nominal values. It would be prudent to determine the
sensitivity of the computed probability to the expected variations in the parameters
describing the computation [2]. The effects of influencing factors (conjunction
geometry, position error covariance, object’s size) on Pc calculations are investi-
gated in the sensitivity analysis of Pc.

The sensitivity of Pc to conjunction geometry is significant for an optimal
strategy for making an avoidance maneuver and analyzing the effect of bias of
orbital prediction on the Pc calculation. The Pc calculation is most sensitive to the
quality of the covariance. The improper covariance will trigger a false alarm or miss
alarm. The sensitivity of Pc to covariance is significant for maximum Pc estimation,
false alarm and missing alarm analysis, and probability dilution analysis.

The sensitivity analysis is divided into two basic methods: analytical method and
numerical method. The analytical method aims to calculate the partial derivative of
independent variables based on the analytical expression of dependent variables so
as to obtain the analytical expression of sensitivity. The objective of the numerical
method is to alter the independent variable value to make the dependent variable
value change and to obtain the sensitivity for some complicated functional relations
that are difficult to work out their analytical expressions. Considering the difficulties
of getting the analytical expression of sensitivity with the numerical method, the
changing rule of sensitivity hence is unobtainable.

An analysis has been done on effects of orbital data quality upon the feasibility
of collision risk management by Jenkin [3]. Newman and Duncan integrated col-
lision probability sensitivity analysis into 2D collision probability utility, which
consists of the miss distance, various collision probability calculations, and
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conjunction geometry information [1]. Frigm et al. plotted the Pc sensitivity surface
versus a combined uncertainty scale factor and the hard body radius, which
graphically shows the change in Pc due to variations in hard body radius and
combined position uncertainty [4]. Alfriend et al. analyzed the sensitivities of
collision probability to the covariance size, conjunction distance, orbital plane
included angle and other factors [5] by drawing a surface with a collision
probability-based one-dimensional integral method. However, the two- or
three-dimensional plots do not completely characterize the variation of Pc to
variations in each collision parameters. Moreover, the Pc surface can only provide a
qualitative insight into the sensitivity. It is inconvenient to obtain the quantitative
assessment of sensitivity.

The explicit expression of collision probability bridges the collision probability
with conjunction parameters and error parameters. The explicit expression of Pc in
terms of collision parameters is a powerful tool for sensitivity analysis. With it, the
sensitivities of collision probability to the conjunction geometry, orbital error
covariance and object size can be analytically studied. Orbit prediction errors are
principal influential factors of collision probability, and further studies can be
conducted on how the former affects are like based on sensitivity analysis.

6.1.1 Definition of Sensitivity of Collision Probability

The sensitivity represents the extent of acute changes of dependent variables caused
by the changes of independent variables. An n-ary function was set as below:

y ¼ f x1; x2; . . .; xnð Þ ð6:1Þ

n refers to the total number of independent variable and y means the function value
taken from a certain point within its definitional domain. Dxi is an indicator of a
minor change in the ith independent variable xi while Dy signifies the changes in
corresponding function value.

The sensitivity of the dependent variable y to the independent variable xi can be
defined in two ways:

(1) Sensitivity S1xi was defined as the ratio between the change value of dependent
variables and independent variables as per their respective absolute variation,
viz.,

S1xi ¼
Dy
Dxi

ð6:2Þ

A partial derivative was substituted for the derivative when the change value
approximated to 0 to get the following:
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S1xi x1; . . .; xnð Þ ¼ @y
@xi

ð6:3Þ

(2) Sensitivity S2xi was defined as the ratio between the relative change rates of
dependent variables and independent variables based on their respective rel-
ative change variation, viz.,

S2xi ¼
Dy=y
Dxi=xi

ð6:4Þ

A partial derivative was substituted for the derivative when the change value was
close to 0 to get the following:

S2xi x1; . . .; xnð Þ ¼ @y=y
@xi=xi

¼ xi
y
� @y
@xi

ð6:5Þ

Sensitivity S2xi is a dimensionless quantity. Like f �ð Þ, the two sensitivities S1xi
and S2xi defined above are both functions of independent variables x1; x2; . . .; xnð Þ,
indicating the extent of acute changes caused to dependent variables by the changes
in a certain independent variable on this point within the domain of definition.

6.1.2 Sensitivity Analysis Based on Explicit Expression

Under the conditions of near-circular orbits and general orbits, the explicit
expression of collision probability in terms of conjunction geometry and con-
junction distance component is obtained and is explained in Chap. 5. Under the
condition of circular orbits, the explicit expressions represented by the components
R, S andW of conjunction distance are simple and univocal and easy to be analyzed.
In this section, they are used as examples to analyze the sensitivity. Other forms of
explicit expressions are not to be explained in details again.

The explicit expression of collision probability in terms of the R, S and W
components of miss distance is

Pc ¼ Pc R; S;W ;u;rR; rS;rW; rAð Þ

¼ exp � 1
2

R2

r2R
þ S2þW2

r2S cos
2 u
2 þ r2W sin2 u

2

 !" #
� 1� exp � r2A

2rR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2S cos2

u
2 þ r2W sin2 u

2

q
0
B@

1
CA

2
64

3
75

ð6:6Þ
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The collision probability was written in the simplified form below to ease the
derivation:

Pc ¼ exp � 1
2

x2

r2x
þ y2

r2y

 !" #
� 1� exp � r2A

2rxry

� �� �
ð6:7Þ

where

x ¼ R; y ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þW2

p
r2x ¼ r2R; r2y ¼ r2S cos

2 u
2 þ r2W sin2 u

2

�
:

Below are the sensitivities of collision probability to the components R, S and W
of conjunction distance, conjunction angle u, position error standard deviation
rR;S;W, and equivalent radius rA deduced from Eq. (6.7).

1. Sensitivities to R, S and W components

In the Eq. (6.7), the partial derivatives of Pc to R, S and W are taken to obtain the
following equations:

@Pc
@R ¼ @Pc

@x
@x
@R ¼ �Pc

R
r2R

@Pc
@S ¼ @Pc

@y
@y
@S ¼ �Pc

S
r2S cos

2u
2 þ r2W sin2u2

@Pc
@W ¼ @Pc

@y
@y
@W ¼ �Pc

W
r2S cos

2u
2 þr2W sin2u2

8>><
>>: ð6:8Þ

The two sensitivities of collision probability Pc to R, S and W are listed in
Table 6.1.

The minus “−” in Table 6.1 implies that the collision probability Pc would
decrease monotonically with the increase of R, S and W.

2. Sensitivities to orbital error standard deviations

The partial derivatives of functions Pc ¼ Pc rx; ry
� 	

with respect to rx and ry are
respectively expressed as below:

@Pc
@rx

¼ e
�1

2
x2

r2x
þ y2

r2y


 �
1� e�

r2
A

2rxry

� �
x2
r3x
� e

�1
2

x2

r2x
þ y2

r2y


 �
e�

r2
A

2rxry
r2A

2r2xry

@Pc
@ry

¼ e
�1

2
x2

r2x
þ y2

r2y


 �
1� e�

r2
A

2rxry

� �
y2

r3y
� e

�1
2

x2

r2x
þ y2

r2y


 �
e�

r2
A

2rxry
r2A

2rxr2y

8>>>><
>>>>:

ð6:9Þ

Table 6.1 Two types of
sensitivities to R, S and W

Sensitivity R S W

S1 �Pc
R
r2R

�Pc
S

r2S cos
2u
2 þ r2W sin2u2

�Pc
W

r2S cos
2u
2 þ r2W sin2u2

S2 � R2

r2R
� S2

r2S cos
2u
2 þ r2W sin2u2

� W2

r2S cos
2u
2 þ r2W sin2u2
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The expression of collision probability is substituted into the Eq. (6.9) to get the
followings:

@Pc
@rx

¼ Pc
rx

x2
r2x

þ r2A
2rxry

1� 1

1�e�
r2
A

2rxry

 ! !

@Pc
@ry

¼ Pc
ry

y2

r2y
þ r2A

2rxry
1� 1

1�e�
r2
A

2rxry

 ! !
8>>>><
>>>>:

ð6:10Þ

If the dimensionless variables AR and ASW are described in the equation below:

AR ¼ x2
r2x

þ r2A
2rxry

1� 1

1�e�
r2
A

2rxry

 !

ASW ¼ y2

r2y
þ r2A

2rxry
1� 1

1�e�
r2
A

2rxry

 !
8>>>><
>>>>:

ð6:11Þ

The sensitivity to the combined error standard deviation rR in the R direction
can be expressed as follows:

S1rR ¼ Pc

rR
AR; S2rR ¼ AR ð6:12Þ

Below the sensitivity of Pc is derived to the standard deviations rS and rW in the
directions of S and W. From Eq. (6.7), we can get the followings:

@ry
@rS

¼ rS
ry
cos2 u

2
@ry
@rW

¼ rW
ry
sin2 u

2

(
ð6:13Þ

And then the following equation is obtained:

@Pc
@rS

¼ @Pc
@ry

� @Py

@rS
¼ ASWPc

rS
r2y
cos2 u

2
@Pc
@rW

¼ @Pc
@ry

� @Py

@rW
¼ ASWPc

rW
r2y
sin2 u

2

8<
: ð6:14Þ

Therefore, the sensitivity of Pc can be calculated to the standard deviations of
errors in the directions of R, S and W as listed in Table 6.2.

The plus and minus signs for sensitivity to error standard deviation are deter-
mined by the plus and minus signs of AR and ASW. For the conjunction events of

Table 6.2 Two types of
sensitivities to standard
deviations of errors in
directions R, S and W

Sensitivity rR rS rW
S1 AR

Pc
rR

ASWPc
rS
r2y
cos2 u

2 ASWPc
rW
r2y
sin2 u

2

S2 AR ASW
r2S
r2y
cos2 u

2 ASW
r2W
r2y
sin2 u

2
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smaller miss distances, the collision probability will decrease as the covariance
increases; for the conjunction events of larger miss distances, the collision proba-
bility will increase as the covariance decreases. It will not be probability dilution if
the sensitivity is positive; otherwise, it will be probability dilution. If the sensitivity
is 0, then it will be maximum collision probability.

3. Sensitivities to conjunction angle

The conjunction angle influences the collision probability by the combined error
variance in a horizontal plane. From the Eq. (6.7) above, the partial derivative of ry
with respect to conjunction angle u can be calculated:

@ry
@u

¼ r2W � r2S
4ry

sinu ð6:15Þ

Hence, the partial derivative of Pc with respect to conjunction angle u is cal-
culated below:

@Pc

@u
¼ @Pc

@ry
� @ry
@u

¼ ASWPc
r2W � r2S

4r2y
sinu ð6:16Þ

So, the sensitivity of Pc to conjunction angle u is obtained as listed in Table 6.3.
The authors have analyzed multiple influencing factors of collision probability

based on its explicit expression in Refs. [6, 7]. The conclusion made for the impact
of the orbital plane included angle upon collision probability is such that the impact
of orbital plane included angle u upon collision probability varies with different
shapes of combined error ellipsoids. The S-direction prediction error of space
objects is generally greater than the W-direction prediction error. The collision
probability increases progressively as the angle u widens from 0 to π. If the
S-direction prediction error is smaller than the W-direction prediction error, the
collision probability decreases progressively as the angle u widens from 0 to π. The
conclusion is imperfect. Below are more comprehensive conclusions that have been
drawn in line with the sensitivity expression.

The sensitivity of Pc to conjunction angle u comprises two terms: The first is
dimensionless variable ASW, namely the sensitivity of collision probability to the
combined error in the horizontal direction. This parameter, determined by the rel-
ative size between the error and the close approach distance, represents whether it is
in the state of probability dilution; the second is r2W � r2S

� 	
, which indicates the

relative size between the S-direction and W-direction errors.

Table 6.3 Two types of
sensitivities to conjunction
angle

Sensitivity u

S1 ASWPc
r2W�r2S
4r2y

sinu

S2 ASWu r2W�r2S
4r2y

sinu
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First of all, the characteristics of joint variances in horizontal plane have been
discussed. The joint variance can be written as below:

r2SW ¼ r2Scos
2 u
2
þ r2Wsin

2 u
2
¼ r2S þ r2W � r2S

� 	
sin2

u
2

ð6:17Þ

As shown in the Eq. (6.17), for space objects, when the S-direction prediction
error is larger than the W-direction prediction error ðr2S [ r2WÞ, viz. r2W � r2S\0,
the combined error in the horizontal plane r2SW will decrease as the conjunction
angle u enlarges from 0 to π. When the S-direction prediction error is smaller than
the W-direction prediction error ðr2S\r2WÞ, viz. r2W � r2S [ 0, the combined error
in the horizontal plane r2SW will increase as the conjunction angle u enlarges from 0
to π. For a majority of space objects, r2S [ r2W always happens and thus the
combined error in the horizontal plane diminishes as the conjunction angle widens.

Two conditions have been given in Fig. 6.1 to show how the combined error
standard deviation in a horizontal plane rSW varies with the orbital plane included
angle u: The first is rS ¼ 100 (distance unit), rW ¼ 20; the second is
rS ¼ 20; rW ¼ 100. As illustrated in Fig. 6.1, when rS [ rW; rSW becomes
smaller as u enhances; when rS\rW (a rare case), rSW increases with u.

There are two conditions:

(1) In common cases. It happens when the S-direction prediction error is larger
than the W-direction prediction error and the combined error in horizontal
plane will reduce as the conjunction angle enlarges. Therefore, if the error in
the horizontal plane is not in the state of probability dilution (i.e. ASW [ 0),
the combined error variances in the horizontal plane will fall off as the con-
junction angle u goes up, so as the collision probability, and the sensitivity of
Pc to u will become minus. If the error is in the state of probability dilution
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Fig. 6.1 Curve of combined errors in a horizontal plane varying with orbital plane included
angles under two conditions
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(i.e. ASW \ 0), the combined error variance will decrease as u increases, so as
the collision probability, and the sensitivity of which to u will become plus.

(2) Under abnormal conditions. It happens when the S-direction prediction error is
smaller than the W-direction prediction error and the combined error in a
horizontal plane will increase with the conjunction angle. Therefore, if the
error in the horizontal plane is not in the state of probability dilution (i.e.
ASW [ 0), the combined error variance in the horizontal plane will enlarge
with the conjunction angle u, so as the collision probability, and the sensitivity
of which to u will become positive. If the error is in the state of probability
dilution (i.e. ASW\0), the combined error variance will increase with u, but
the collision probability will decrease and the sensitivity of which to u will
become negative.

The way to determine the sign of sensitivity of collision probability to con-
junction angles have been given in Table 6.4. From the table we can see that the
conclusions in Refs. [6, 8] are the special case occurred in the condition of prob-
ability dilution.

4. Sensitivities to object sizes

The partial dispersion of Pc with respect to the combined radius rA of the objects
is calculated to get results below:

@Pc

@rA
¼ e

�1
2

x2

r2x
þ y2

r2y


 �
� e�

r2
A

2rxry � rA
rxry

¼ PcrA
rxry

1

1� e�
r2
A

2rxry

� 1

0
@

1
A ð6:18Þ

As rA � rx; ry is for common conjunction events, so r2A=ðrxryÞ ! 0 is a small
amount and the approximate value of Eq. (6.18) is

@Pc

@rA
� Pc

rA
2� r2A

rxry

� �
ð6:19Þ

Therefore, the sensitivities of Pc with respect to the combined radius rA of the
objects are

S1rA ¼ Pc
rA

2� r2A
rxry


 �
S2rA ¼ 2� r2A

rxry

8<
: ð6:20Þ

Table 6.4 Determination of the sign of sensitivity to conjunction angles

r2S [r2W (common) r2S\r2W (unusual)

ASW [ 0 (no dilution) Minus (−) Plus (+)

ASW\0 (dilution) Plus (+) Minus (−)
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As shown in the Eq. (6.20) above, the second type of sensitivity (S2) is
approximate to a constant value 2.

With this, the expressions of sensitivities of Pc to the three components R, S,
W of the close approach distance, conjunction angle u, combined error standard
deviation rR;S;W of two objects in the RSW coordinate system, and the combined
radius rA of two objects were obtained according to the explicit expression of Pc

represented by R, S and W under the condition of circular orbits. In Table 6.5, we
have summarized the expressions of these sensitivities.

6.1.3 Examples

The U.S. and Russian satellite collision was taken as an example to analyze the
sensitivity of collision probability. The conjunction geometry (close approach
distance, component of relative position, velocity included angle, et al.) and posi-
tion error standard deviation of two satellites at TCA have been given in Sect. 5.2.4.
According to the conjunction geometrical parameters and position error standard
deviation, the sensitivities of collision probability to various influencing factors can
be calculated by the explicit expressions and sensitivity equations mentioned above.

1. Sensitivities to R, S and W components

To study how the sensitivity changes with the close approach distance in the
direction R, other conditions were preset to make the close approach distance in the
direction R vary from 0 to 0.2 km to calculate Pc and its sensitivities to R S1R and
S2R. See the results in Fig. 6.2. As such, the curve of Pc and its sensitivities
changing with S and W can be obtained. See Figs. 6.3 and 6.4 for details.

As shown in Figs. 6.2, 6.3 and 6.4, Pc decreases as the close approach distances
in the directions R, S and W increases. In fact, the enlargement of relative distances

Table 6.5 Expressions of
sensitivities of Pc to various
influencing factors

Influencing factor S1 S2
R �Pc

R
r2R

� R2

r2R

S �Pc
S

r2S cos
2u
2 þ r2W sin2u2

� S2

r2S cos
2u
2 þ r2W sin2u2

W �Pc
W

r2S cos
2u
2 þ r2W sin2u2

� W2

r2S cos
2u
2 þ r2W sin2u2

rR AR
Pc
rR

AR

rS ASWPc
rS
r2y
cos2 u

2 ASW
r2S
r2y
cos2 u

2

rW ASWPc
rW
r2y
sin2 u

2 ASW
r2W
r2y
sin2 u

2

u ASWPc
r2W�r2S
4r2y

sinu ASWu r2W�r2S
4r2y

sinu

rA Pc
rA

2� r2A
rxry


 �
2� r2A

rxry
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is a major measure taken for spacecraft collision avoidance. The Pc sensitivities to
the close approach distances in the directions R, S and W are all constant negatives.
As the distance increases from 0, the absolute value of S1 becomes bigger, then
smaller and ultimately close to 0. When the close approach distances in the
directions R, S and W are in the bottom of the sensitivity curves in Figs. 6.2, 6.3
and 6.4, the impact of their changes causing Pc to reduce is the greatest.
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Fig. 6.2 Curve of Pc and its sensitivities changing with R-direction close approach distance
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Fig. 6.3 Curve of Pc and its sensitivities changing with S-direction close approach distance
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The Pc sensitivities to the close approach distances in the directions R, S and
W under the conjunction parameters and error value conditions described in Sect. 5.
2.4 are indicated in Table 6.6.

As shown in Table 6.6, under the conjunction geometry and error conditions of
U.S. and Russian satellites, Pc sensitivities to S-and W-direction close approach
distances are close to −0.001 in absolute sensitivity S1, while that to the R-direction
close approach distance is −0.003. This suggests that it is more reasonable to
enlarge the R-direction close approach distance in consideration of reducing the
collision probability. But the question of how to do it right in practical operation
obviously depends on lots of other factors, such as mission requirement, constraint
of impulse applying directions, time to TCA, etc.

2. Sensitivities to orbital error standard deviations

To study the sensitivity changing with the combined error standard deviation,
other conditions were preset to make the combined error standard deviation rR in
the direction R vary from 0 to 0.2 km and the combined error standard deviations
rS and rW in the directions S and W change from 0 to 5 km so as to calculate Pc

and its sensitivities to rR; rS and rW. See the result curves in Figs. 6.5, 6.6 and 6.7.
As can be seen in Figs. 6.5, 6.6 and 6.7, Pc increases with the error standard

deviations in all the three directions and then decreases when reaching the
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Fig. 6.4 Curve of Pc and its sensitivities changing with W-direction close approach distance

Table 6.6 Pc sensitivities
value to components
R, S and W

Sensitivity R S W

S1=km�1 −0.00309429 −0.000908098 −0.00113967

S2 −0.543051 −2.18255 −3.437644
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maximum value. The same applies to the sensitivity value, i.e., first positive and
then negative. After Pc comes to the extreme value, the sensitivity curve passes zero
from positive to negative, as marked by a vertical black line in the figure. For the
plus part of the sensitivity, it first increases and then decreases to zero. When the
value comes to an extreme, the enlargement of the error standard deviation will
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Fig. 6.5 Curve of Pc and its sensitivities changing with the combined error standard deviation in
the direction R
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Fig. 6.6 Curve of Pc and its sensitivities changing with the combined error standard deviation in
the direction S
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make Pc enhance at the fastest pace. For the negative part of the sensitivity, the
absolute value increases to the extreme and then slowly decreases to zero. The
positive part is what is called the area of probability dilution. At this time, the Pc is
decreasing as the error increases. The sensitivity can be used to describe the effect
size of probability dilution. The curve of Pc changing with rS and rW is similar to
the sensitivity curve in respect to their shapes, which is determined by the coupling
properties of error covariance in horizontal planes.

The Pc sensitivities to the combined error standard deviations in the three
directions R, S and W under the conjunction parameters and error value conditions
described in Sect. 5.2.4 are indicated in Table 6.7. In the table, the Pc sensitivity to
rR is negative and those to rS and rW are positive, which suggests that rR has
already been in the area of probability dilution. As indicated by the absolute value,
the Pc sensitivity to rS is larger than to rW.

3. Sensitivities to conjunction angles

To study how the sensitivity changes with the conjunction angle u, other con-
ditions were preset to make u change from 0° to 180° so as to calculate Pc and its
sensitivity and draw up their changing curves as shown in Fig. 6.8.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.5

1 x 10-3
P c

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-5
0
5

10
15 x 10-4

S 1 (k
m

-1
)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-1

0

1

σW (km)

S 2

Fig. 6.7 Curve of Pc and its sensitivities changing with the combined error standard deviation in
the direction W

Table 6.7 Pc sensitivity
value to combined error
standard deviations in
directions R, S and W

Sensitivity rR rS rW

S1 ðkm�1Þ −0.00191042 0.00173905 0.000467691

S2 −0.454976 4.416125 0.206047
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As is known from the error condition, the error sizes in directions S and W meet
the inequation r2S [ r2W. It is common case. The Pc sensitivities to rS and rW are
positive and not in the state of probability dilution. We, therefore, can know from
the conclusion in Table 6.4 that the Pc sensitivity is negative, identical to that in
Fig. 6.8. Figure 6.8 shows that the current error is small and the combined error in
the horizontal plane becomes smaller as the conjunction angle increases and it is
always not in the state of probability dilution.

To explain the effects of conjunction angle to Pc when the error becomes bigger,
the standard deviations of directional errors have been multiplied by 5 based on the
current error. See Fig. 6.9 for the curve of Pc and its sensitivity changing with the
conjunction angle. Pc is in the state of probability dilution at first due to large errors.
However after that, it increases with the conjunction angle. As the conjunction
angle keeps increasing, the combined error in the horizontal plane becomes smaller
and smaller to enter the non-probability dilution state. At the same time, Pc reduces
as the conjunction angle grows larger. The sensitivity turns from positive to
negative.

The standard deviations of errors in different directions have been multiplied by
10 based on current errors. See Fig. 6.10 for the curve of Pc and its sensitivity
changing with the conjunction angle. Pc has always been in the state of probability
dilution due to large errors. As the conjunction angle increases, the error in the
horizontal plane narrows, but Pc increases constantly and its sensitivity to the
conjunction angle remains positive.

When the conjunction parameter and error are set as the values in Sect. 5.2.4, the
sensitivity of collision probability to conjunction angle is negative, as can be seen in
Table 6.8.
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Table 6.8 Pc sensitivity
value to the conjunction
angle u

Sensitivity u

S1=ð�Þ�1 −0.0276207

S2 −4.768093
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4. Sensitivities to object sizes

The applicable conditions for Pc explicit expression are that the object sizes are
far smaller than the close approach distances and error standard deviations. Thus,
only the smaller objects have been analyzed to get the Pc sensitivity. Other con-
ditions were assumed to be fixed to make the combined radius rA of two objects
change from 0 to 50 m so as to calculate Pc and its sensitivity to object sizes and
draw up a changing curve as shown in Fig. 6.11.

Pc increases with the combined radius. Its sensitivity to the object size is always
positive and S2 (relative sensitivity) is around a constant value 2. The figure 2
stands for square relation between combined radius and Pc change. And this is
consistent with the results of theoretical analysis stated above.

The Pc sensitivity to the combined radius of two objects under the conjunction
parameters and error value conditions described in Sect. 5.2.4 are indicated in
Table 6.9.
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Fig. 6.11 Curve of Pc and its sensitivities changing with combined radius rA

Table 6.9 Pc sensitivity
value to combined radius rA

Sensitivity rA

S1=km�1 0.0360880

S2 1.996054
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6.2 Maximum Collision Probability

6.2.1 Introduction

For fixed miss distance and space objects’ sizes, there is a maximum collision
probability (Pcmax) that varies with size, shape, and orientation of error covariance
ellipsoid. The estimation of Pcmax is significant in the conjunction risk assessment.
When the covariances of one or both objects are not known or unreliable, Pcmax

could be useful as an indicator of risk to assess the conjunction in the worst-case.
Pcmax could also be used in the pre-filter of dangerous object if the computation

time for Pcmax is considerably less than the computation of Pc. Actually, as will be
seen in this section, Pcmax can be computed rapidly by analytical or approximate
expressions, while the more time-consuming refined collision probability analysis
always includes integral or iteration of series. If Pcmax is below the predefined
probability threshold, no further refined calculations are needed. As a guideline, the
probability threshold should be less than the “yellow” threshold to avoid missing
alarm, which is 10−5 for the space shuttle. Therefore, this effectively decreases the
computational time in using the pre-filter because of the larger number of con-
junctions to be considered.

Pcmax is normally larger than the real risk. The maximum Pc may not provide a
definitive answer to the question of whether or not a risk mitigation maneuver is
required. If the calculated maximum Pc is less than the action threshold, no risk
mitigation action is necessary, then a useful final result is obtained. However, if the
maximum Pc does violate an action threshold, it cannot be concluded that some
type of risk mitigation action is absolutely necessary because the actual risk might
still be orders of magnitude below that threshold.

Pcmax can also determine the distance threshold in the pre-filter of a threatening
object. Pcmax and corresponding error variance can determine orbital prediction
accuracy required for conjunction assessment that will prevent or minimize dilution
of the probability calculations [9–11].

Mathematically, an ellipsoid in three-dimension space or an ellipse in
two-dimension plane is characterized by its size, shape, and orientation, as illus-
trated in Fig. 6.12. When the covariance ellipsoids are obtained from independently
tracked measurements, the Pc is determined based on the “combined” covariance
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Fig. 6.12 The variation of ellipse’s a size, b shape and c orientation in two-dimensions plane
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ellipse’s size, shape, and orientation associated with each of the objects. The cal-
culated Pc is affected by these three aspects simultaneously. The variation of one or
all of them yields a maximum probability. Therefore, when dealing with the
maximum collision probability problem it is significant to clarify and understand
what assumptions are made to obtain Pcmax. Totally different results will be
obtained with respect to different definition of Pcmax.

In practical conjunction assessment, the predicted orientation of covariance
ellipse is generally of high accuracy. That is because the major axis of covariance
ellipsoid is usually aligned very closely with the velocity of orbiting object, so the
orientation of covariance ellipse in the “encounter” or “conjunction” plane is mainly
determined by the conjunction geometry which is often believed to be accurate if
the bias of propagation of orbits is ignored. Some previous works treated the
orientation as a constant when analyzing the maximum probability [5, 12].
However, the predicted size and shape of covariance ellipse are generally less
accurate, especially the former. Almost all works treated the size and shape as
variables when handling with the maximum probability.

Alfriend et al. [5] assumed that the probability density function (pdf) is constant
over the sphere, and equal to the value at the center of the sphere. Based on this
assumption, the value of covariance’s scaling factor that maximizes Pc and the
corresponding value of Pcmax are presented. In this method the size represented by
the scaling factor was the only variable, the shape and orientation were fixed.

Alfano [7] developed a method to map regions of maximum probability for
various satellite sizes, encounter geometries, and covariance sizes and shapes.
Those regions were then examined to assess probability dilution. Charts were
created to show the effects of positional uncertainty on probability calculation and
assess probability dilution, to determine ephemeris accuracy requirements, and to
establish distances for probability-based keep-out zones. In this method the size
(1-sigma combined positional deviation), shape (aspect ratio), and orientation were
taken into consideration to achieve Pcmax. The drawback is that no close-formed
solution was given.

Alfano [9] showed how to calculate the upper bounds of probability by deter-
mining the “worst” possible covariance parameters and orientation under some
extreme assumptions when the aspect ratio of the combined covariance approaches
infinity, as well as the major axis of the combined covariance ellipse aligned with
the relative position vector. The upper bound of Pc in this extreme situation is often
overestimated, which may be too conservative to serve as the discriminator for
pre-filtering. As shown in this section, the major axis of the covariance ellipse
aligned with the relative position vector is an inevitable result if the variation of
orientation is taken into account. This method provides the formulae of Pcmax in that
extreme situation.

Klinkrad [13] combined two covariances and then scaled the combined
covariance to find the maximum pdf for fixed shape and orientation of the error
ellipse in the encounter plane. Analogous to the work of Alfriend et al. [5] in
assuming that pdf is constant within the integration radius of the combined object,
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Klinkrad [13] obtained the maximum collision probability by multiplying the
maximum pdf by the area of the combined collision section.

Chan [12] discussed two approaches to determine the maximum probability: the
maximum likelihood method and maximum probability method. The first approach
can be used to obtain a quick estimate of the maximum probability when the pdf
does not vary much over the combined circular collision cross-section area, which
is somewhat similar to the process from Alfriend et al. [5]. The second approach is
an exact analysis of the problem depending only on the accuracy of the analytical
expression for the collision probability. In the second approach the variables are the
size and shape. The orientation (represented by the angle between major axes of
covariance ellipse and the relative position vector) has been treated as a constant.

Alfano [14] found an “absolute maximum probability” by holding the
miss-distance magnitude and the combined object radius fixed and scaling and
reorienting the covariance. It was shown that to achieve such a maximum, the
relative position vector should lie on the covariance ellipse’s major axis. By
specifying the aspect ratio, Alfano [14] forced the shape of covariance ellipse to be
fixed. In this sense, the maximum probability obtained by Alfano [14] is not
“absolute”.

Laporte [15] presented a maximum probability method that scales each
covariance individually to find the maximum probability for fixed shape and ori-
entation of error ellipses. Frisbee [16] investigated a maximum probability approach
if the error covariance information for only one of two objects is available. Frisbee
[16] used the known covariance information along with a critical value of the
missing covariance to obtain an approximate but useful Pc upper bound. The
unknown uncertainty is represented by a degenerate ellipse, which is oriented along
the relative position vector. Then the critical value of variance that maximizes the
probability is determined. The size, shape, and orientation of the known covariance
ellipse (always of the primary object) are supposed to be fixed, while whose of the
unknown covariance are treated as variables to achieve the upper bound of collision
probability.

These previous works were insightful from their own aspects, though they did
not explicitly clarify what was their assumption on the variation of covariance
ellipse. The results gained from these methods may be diverse, which will lead to
confusion. In this section, a clear and comprehensive discussion will be given to
address all the situations when assessing the maximum collision probability. The
discussion will be based on Chan’s analytical equation for calculating the collision
probability.

Figure 6.13 categorizes all situations when calculating Pcmax according to the
changeability of the orientation, shape, and size of covariance ellipse. There are
eight situations obtained. Situation No. 1 is not meaningful since it does not yield
Pcmax because there is no variable factor. Situations No. 3 and 7 are not practical,
because the shapes of covariance ellipse are variable but the sizes are fixed.
Situations No. 2, 4, 6, and 8 were partially or completely discussed by Alfriend
(1999), Chan [12], Alfano [14], and Alfano [9], respectively.
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This section is organized as follow. First, Chan’s analytical formula of collision
probability is given. Then according to Fig. 6.13, situations No. 2, 4, 5, 6, and 8 are
discussed with uniform definitions and symbols and independent derivations. The
consequences are evaluated by comparison with those obtained from previous
works. Finally, a practical conjunction event as a test case is presented to
demonstrate and validate the results.

6.2.2 Fixed Orientation

Considering the largest uncertainty is generally in the in-track direction, we can
estimate the direction of the principal axis that determines the orientation of error
ellipsoid. In this section we assume that the orientation of error ellipse is a constant,
but the size and/or shape are variable. Pcmax will be analyzed both in the case of
fixed error ellipse shape and in the case of variable error ellipse shape.

1. Fixed shape, variable size (Situation No. 2)

The accurate value of the prediction position error of space objects may not be
easily gained in practical conjunction risk assessment. However, we usually could
know the shape of error ellipse via orbital dynamics and error propagation analysis.
Though the accurate value of Pc cannot be ascertained in this case, Pcmax can be. In
the case of fixed error ellipse shape, aspect ratios of error covariance and the ratio of
covariance ellipse’s major axis are predefined.

The explicit expression of collision probability Eqs. (5.22) and (5.23) indicate
that the error variances of each object in each direction are simply summed up to
form the combined error variances. What really matters in the computation of Pc

and Pcmax is sum of the error variances of each object in each direction instead of
the individual ones. Specific values of combined variances (sum of the error
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 Chan 2008
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Fig. 6.13 Eight covariance situations for maximum collision probability assessment
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variances) could lead to certain Pc or Pcmax, no matter what the individual variance
is. Therefore, we could let the sizing of covariances of two objects have the same
scaling factor for convenience. If we consider the case in which the covariances of
two objects are multiplied by a scaling factor k2, and find the value of k which
maximizes Pc.

P1RSWðkÞ ¼ k2
r21R 0 0
0 r21S 0
0 0 r21W

2
4

3
5; P2RSWðkÞ ¼ k2

r22R 0 0
0 r22S 0
0 0 r22W

2
4

3
5 ð6:21Þ

where k could be any positive real number.
Substituting Eq. (6.21) into Eq. (5.26), we can obtain

PcðkÞ ¼ exp � 1
2k2

R2

r2R
þ S2 þW2

r2SW

� �� �
� 1� exp � r2A

2k2rRrSW

� �� �
ð6:22Þ

Hence, the Pc can be expressed as one-variable function of the scaling factor k

PcðkÞ ¼ e�
X2

2k2 1� e�
Y2

2k2


 �
ð6:23Þ

where

X2 ¼ R2

r2R
þ S2 þW2

r2SW
; Y2 ¼ r2A

rRrSW
ð6:24Þ

X and Y can be regarded as dimensionless equivalent closest approach distance
and equivalent collision cross-section radius respectively, with non-spherical dis-
tribution of position error. There is no unknown parameter in the expression of
X and Y.

We take the derivative of PcðkÞ with respect to k2:

@PcðkÞ
@k2

¼ X2

2k4
e�

X2

2k2 1� e�
Y2

2k2


 �
� Y2

2k4
e�

X2

2k2e�
Y2

2k2

¼ X2

2k4
e�

X2

2k2 � X2 þ Y2

2k4
e�

X2 þ Y2

2k2

ð6:25Þ

Set the derivative equals to zero, the value of k2 which maximizes PcðkÞ is the
solution to the equations

@PcðkÞ
@k2

¼ X2

2k4
e�

X2

2k2 � X2 þ Y2

2k4
e�

X2 þ Y2

2k2 ¼ 0 ð6:26Þ

By solving Eq. (6.26) we can get the k2
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X2

2k4
e�

X2

2k2 � X2 þ Y2

2k4
e�

X2 þY2

2k2 ¼ 0 , X2e�
X2

2k2 ¼ X2 þ Y2� 	
e�

X2 þ Y2

2k2

, X2

X2 þ Y2 ¼ e�
Y2

2k2 , Y2

2k2
¼ ln

X2 þ Y2

X2 , k2 ¼ Y2

2ln 1þ Y2

X2

� 	 ð6:27Þ

Substituting Eq. (6.27) into Eq. (6.23), the corresponding value of Pcmax is

Pcmax ¼ X2

X2 þ Y2

� �X2

Y2 Y2

X2 þ Y2

� �
¼

X2

Y2

1þ X2

Y2

 !X2

Y2 1

1þ X2

Y2

 !
ð6:28Þ

The dimensionless parameter k can be defined as

k � X2=Y2 ð6:29Þ

the Pcmax and k2 could be written as

Pcmax ¼ kk

ð1þ kÞ1þ k ; k2 ¼ X2

2k ln ð1þ 1=kÞ ð6:30Þ

Because combined collision cross-section radius rA is much less than the closest
approach distance in common situations, the inverse of k; 1=k, is a small quantity.
The limit of k2 and Pcmax when 1=k tends to zero are

k2 ¼ X2

2klnð1þ 1=kÞ !
X2

2
¼ 1

2
R2

r2R
þ S2 þW2

r2SW

� �
; k ! 1

kPcmax ¼ k
1þ k

� �1þ k

¼ 1� 1
1þ k

� � 1þ kð Þ
! 1

e
; Pcmax ! 1

ek
; k ! 1

ð6:31Þ

The relative error of the approximate Pcmax in Eq. (6.31) to Pcmax in Eq. (6.30) is
about 9.85% when k ¼ 5, and 4.96% when k ¼ 10. The larger k is, the smaller the
relative error will be. The miss distance of a conjunction is generally of the mag-
nitude of kilometers, while the combined collision cross-section radius rA is less
than 100 m. Therefore the relative error of the approximate expression is commonly
less than 5%. This accuracy reveals that the approximate expression of Pcmax is
useful in preliminary analysis.

When the error scaling factor k2 that maximizes Pc is known, it is easy to
determine if there is a probability dilution based on the relationship between k and
1. Pc is plotted as a function of the scaling factor in Fig. 6.14. When scaling factor
k increases Pc first gradually increase to a maximum value Pcmax, and then decrease.
It is obvious that Pc is not diluted before approaching Pcmax and it is more sensitive
than the right.
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The state k ¼ 1 represents current error covariance state. If Pcmax corresponded
k\1 (as seen in Fig. 6.14’s left side), it indicates that current error covariance is
larger than the error covariance that yield Pcmax, this is a probability dilution
situation. Pc will decrease as the error covariance increases. If Pcmax corresponded
k[ 1 (as seen in the right side of Fig. 6.14), on the other hand, it indicates that
current error covariance is smaller than the error covariance that yield Pcmax, there is
no probability dilution. The Pc will increases as the error covariance increases.

Alfriend et al. [5] derived the maximized Pc and corresponding value of scaling
factor k2 using an approximate collision probability calculated by assuming the
probability density is constant over the collision circle.

k2 ¼ sToP
	�1so
2

; Pcmax ¼ r2A
e sToP

	�1so
� 	

P	j j1=2
ð6:32Þ

where so is the estimated relative position vector in the conjunction plane, and P	 is
the 2 × 2 covariance matrix in the encounter system. By considering the following
form of so and P	

so ¼ lx
lx

� �
; P	 ¼ r2x 0

0 r2y

� �
ð6:33Þ

Equation (6.32) can be rewritten as

k2 ¼ 1
2

l2x
r2x

þ l2y
r2y

 !
; Pcmax ¼

r2A
rxry

e l2x
r2x

þ l2y
r2y


 � ð6:34Þ

Considering Eq. (6.24), the scaling factor k2 and corresponding Pcmax in
Eq. (6.34) can be rewritten as

scaling factor k

Pc

0 1 2

current state

maximum Pc

k<1

probability dilution

scaling factor k

Pc

0 1 2

current state

maximum Pc

k>1

NO probability dilution

3 4

Fig. 6.14 Collision probability dilution assessment
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k2 ¼ X2

2
; Pcmax ¼ Y2

eX2 ¼
1
ek

ð6:35Þ

Comparing Eqs. (6.31) with (6.35), it is obvious that the approximate expression
of Pcmax and scaling factor k2 are identical to Alfriend’s results in the limit.
Therefore, the constant probability density approximation method is an extreme
case of Chan’s method when the combined collision cross-section radius rA is much
less than the closest approach distance. As discussed before, the relative error of
Alfriend et al.’s [5] results are less than 5% for most conjunctions, but the general
expression of Pcmax and scaling factor k2 in Eq. (6.31) are more accurate when the
combined radius is close to closest approach distance.

2. Variable shape, variable size (Situation No. 4)

In this case, not only the size but also the shape of error ellipse can be varied.
The calculation method for Pcmax and corresponding error standard deviation with
fixed error ellipse’s shape is the maximization of a one-variable function. On the
other hand, the calculation method for variable error ellipse shape is the maxi-
mization of a multivariable function. From Eq. (5.9) Pc can be expressed as a
function of two independent combined error standard deviations, rR and rSW,
which are in the radial direction and in the horizontal plane, respectively. The
function Pc ¼ Pc rR; rSWð Þ depends on two independent variables. The maximum
probability and corresponding combined error standard deviations can be obtained
by maximizing the two-variable function

Pcðrx; ryÞ ¼ exp � 1
2

l2x
r2x

þ l2y
r2y

 !" #
1� exp � r2A

2rxry

� �� �
ð6:36Þ

Next step is to determine the standard deviations rx and ry that maximize the
collision probability function Pcðrx; ryÞ. Similar to the one-variable case discussed
above, the partial derivatives of Pc ¼ Pcðrx; ryÞ with respect to rx and ry are
expressed as following:

@Pc
@rx

¼ e
�1

2
l2x
r2x
þ l2y

r2y


 �
1� e�

r2
A

2rxry

� �
l2x
r3x
� e

�1
2

l2x
r2x
þ l2y

r2y


 �
e�

r2
A

2rxry
r2A

2r2xry

@Pc
@ry

¼ e
�1

2
l2x
r2x
þ l2y

r2y


 �
1� e�

r2
A

2rxry

� �
l2y
r3y
� e

�1
2

l2x
r2x
þ l2y

r2y


 �
e�

r2
A

2rxry
r2A

2rxr2y

8>>>><
>>>>:

ð6:37Þ

The necessary condition of Pcmax is that these two partial derivatives equal zero
simultaneously.

@Pc

@rx
¼ @Pc

@ry
¼ 0 ð6:38Þ
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To obtain the values of rx and ry, the two nonlinear equations Eq. (6.38) have to
be solved. Substituting Eq. (6.37) into Eq. (6.38), through simplifying we can get

l2x
rx
e

r2
A

2rxry ¼ l2x
rx

þ r2A
2ry

l2y
ry
e

r2
A

2rxry ¼ l2y
ry

þ r2A
2rx

8><
>: ð6:39Þ

From the second equation in Eq. (6.39) we know

e
r2
A

2rxry ¼ 1þ r2Ary
2l2yrx

ð6:40Þ

Substituting Eq. (6.40) into the first equation in Eq. (6.39), we obtain the simple
relationship between rx and ry

l2x
l2y

¼ r2x
r2y

; ry ¼
ly
�� ��
lxj j rx ð6:41Þ

Equation (6.41) demonstrates that the values of rx and ry lie on the line which
cross the point of closest approach in the conjunction plane. As seen in Fig. 6.15,
the shape of the error ellipse which maximizes Pc is similar to the largest dash
ellipse with the major and minor axes lx and ly. Substitution of Eq. (6.41) into the
first equation in Eq. (6.39) yields

1
r2x
¼ 2 lyj j

r2A lxj j ln 1þ r2A
2 lxj j lyj j

� �
1
r2y
¼ 2 lxj j

r2A lyj j ln 1þ r2A
2 lxj j lyj j

� �
8>><
>>: ð6:42Þ
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Fig. 6.15 Parameters of Pc
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collision cross-section area in
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Equations (6.42) give the closed-form expressions for rx and ry in terms of the
collision parameters lx; ly and rA. Substitution of Eqs. (6.42) into Eq. (6.7) yields

Pcmax ¼ 1þ r2A
2 lxj j ly

�� ��
 !�2 lxj j lyj j

r2
A

r2A
2 lxj j lyj j

1þ r2A
2 lxj j lyj j

0
B@

1
CA ð6:43Þ

Define the dimensionless parameter g as

g � 2 lxj j ly
�� ��

r2A
ð6:44Þ

By substituting Eq. (6.44) into Eq. (6.43), we obtain the compact expression of
Pcmax

Pcmax ¼ gg

ð1þ gÞ1þ g ð6:45Þ

The corresponding rx and ry are

r2x ¼
l2x

g ln ð1þ 1=gÞ ; r2y ¼
l2y

g ln ð1þ 1=gÞ ð6:46Þ

By replacing lx and ly with the components of relative positions in the RSW
coordinate system at the TCA, i.e., substituting Eq. (5.26) into Eqs. (6.45) and (6.
46), we obtain the new expressions of dimensionless parameter g and combined
error standard deviations rR and rSW that maximize Pc.

g ¼ 2 Rj j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiS2 þW2
p

r2A
; rR ¼ Rj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g ln ð1þ 1=gÞp ; rSW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þW2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g ln ð1þ 1=gÞp ð6:47Þ

Note that Eq. (6.45) only involves the dimensionless parameter g.
Equations (6.45) and (6.47) are used to compute Pcmax and corresponding com-
bined error standard deviations when R, S, W, and rA are specified.

Because combined rA is smaller than the closest approach distance in almost all
cases, the inverse of g; 1=g, is a small quantity. When 1=g tends to zero, we may
write the limits of Pcmax, rx and ry as

Pcmax ¼ gg

ð1þ gÞ1þ g ! 1
eg ¼

r2A
2e lxj j lyj j

rx ¼ lxj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g ln ð1þ 1=gÞ

p ! lxj j

ry ¼ lyj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g ln ð1þ 1=gÞ

p ! ly
�� ��

9>>>>=
>>>>;
g ! 1 ð6:48Þ
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These approximate expressions of combined error standard deviations are useful
in preliminary analysis of position error yield Pcmax.

Comparing Eqs. (6.30) and (6.45), we note that the expressions of Pcmax in the
case of fixed error ellipse shape and in the case of variable error ellipse shape are
uniform, only the definitions of dimensionless parameters k and g are different.
PcmaxðgÞ is a decreasing function with respect to g. Figure 6.16 illustrates the
two-dimensional distribution (left) and three-dimensional mesh surface (right) of
denary logarithm of Pcmax with respect to lx and ly when rA ¼ 10m.

Moreover, Eq. (6.48) indicates that Pcmax is approximately in direct proportion
to the square of collision cross-section radius, r2A, and in inverse proportion to
Rj j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiS2 þW2
p

, which has the same dimension as the square of the closest approach
distance, and is of the same order of magnitude. Let rA ¼ 20m, the Pcmax is
calculated by Eq. (6.45) at different relative position (radial, in-track, cross-track) at
TCA. The results are summarized in Table 6.10, which corresponds well with the
inverse proportion property of the Pcmax to relative position.

Chan [12] obtained the closed-form expression of maximum collision proba-
bility and corresponding standard deviations in terms of collision parameters rA; xe,
and h.

Fig. 6.16 Two-dimensional distribution (left) and three-dimensional mesh surface (right) of
denary logarithm of Pcmax with respect to lx and ly when rA ¼ 10m

Table 6.10 The Pcmax calculated using different relative position

Radial (R)/km In-track (S)/km Cross-track (W)/km Pcmax

0.1 3 0.3 2.4395e−04

1 30 3 2.4404e−06

2 60 6 6.1009e−07

5 150 15 9.7614e−08

10 300 30 2.4404e−08

20 600 60 6.1009e−09

50 1500 150 9.7614e−10

100 3000 300 2.4404e−10
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PcmaxðrA; xe; hÞ ¼ r2A
r2A þ x2e sin 2h

� �
x2e sin 2h

r2A þ x2e sin 2h

� �x2e 1�cos 2hð Þ
r2
A
tan h

r2x ¼
r2A

2 tan hln 1þ r2A
x2e sin 2h


 �
r2y ¼

r2A tan h

2ln 1þ r2A
x2e sin 2h


 �
ð6:49Þ

where xe is the distance of the closest approach or the miss distance, and h the angle
between the point of closest approach and the principal axis of error ellipse as
illustrated in Fig. 6.15.

Chan’s collision parameters xe and h and the probability integral parameters lx
and ly in this section have the relationship as follow

lx ¼ xe cos h; ly ¼ xe sin h ð6:50Þ

Substitution of Eq. (6.50) into Eq. (6.49) yields

PcmaxðrA; xe; hÞ ¼ r2A
r2A þ 2 lxj j ly

�� ��
 !

2 lxj j ly
�� ��

r2A þ 2 lxj j ly
�� ��

 !2 lxj j lyj j
r2
A ¼ gg

ð1þ gÞ1þ g

r2x ¼
r2Al

2
x

2 lxj j ly
�� ��ln 1þ r2A

2 lxj j lyj j
� � ¼ l2x

glnð1þ 1=gÞ

r2y ¼
r2Al

2
y

2 lxj j ly
�� ��ln 1þ r2A

2 lxj j lyj j
� � ¼ l2y

glnð1þ 1=gÞ

ð6:51Þ

In Chan [12]’s maximum likelihood approach, the pdf does not vary much over
the combined circular collision cross-section, Pcmax and the standard deviations that
maximize the collision probability are approximately given by

Pcmax ¼ r2A
ex2e sin 2h

; rx ¼ xe cos hj j; ry ¼ xe sin hj j ð6:52Þ

substitution of Eqs. (6.50)–(6.52) yields the approximate Pcmax and the corre-
sponding standard deviations as

Pcmax ¼ r2A
2e lxj j ly

�� �� ¼ 1
eg

; rx ¼ lxj j; ry ¼ ly
�� �� ð6:53Þ
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In Chan [12]’s work the three-dimensional ellipsoids of two objects can be of
arbitrary orientation, shape, and size. The only constraint is that the relative position
in the conjunction plane is fixed because the nominal positions of two objects are
very well known from their respective orbit determinations. The rest of the analysis
is general. That is, the covariance ellipsoids of the two conjuncting objects can have
arbitrary orientations, shapes, and sizes.

Equation (6.51) indicates that the results of Chan [12] and those derived in this
section are essentially identical. However, the explicit expressions of Pcmax and
corresponding error standard deviations presented in this section still have their
significance. First, this section expresses Pc and Pcmax in terms of components of
relative position in the RSW frame instead of integral parameters in the conjunction
plane, and directly connects the two criteria (miss distance or its components and
Pc) for conjunction risk assessment. It is beneficial to an operator because the
connection should be considered in Pc sensitivity analysis, the establishment of
relationship between distance threshold and probability threshold, and the choice of
a proper distance threshold. Second, the introduction of dimensionless parameters k
and g unifies the form of Pcmax both in the fixed error ellipse shape case and in the
variable error ellipse shape case, and simplifies Pcmax and corresponding error
standard deviations into a more compact and understandable expression.

6.2.3 Variable Orientation

When the size, shape, and orientation of covariance ellipse are variable, the certain
factors are the miss distance xe and the radius rA. By substituting Eq. (6.50) into
Eq. (5.9), the expression of collision probability can be written as

Pc ¼ exp � x2e
2

cos2h
r2x

þ sin2h
r2y

 !" #
1� exp � r2A

2rxry

� �� �
ð6:54Þ

the first and second-order partial derivatives of Pc with respect to h are

@Pc

@h
¼ Pc

x2e sin 2h
2

1
r2x

� 1
r2y

 !

@2Pc

@h2
¼ Pcx

2
e cos 2h

1
r2x

� 1
r2y

 ! ð6:55Þ

When h ¼ 0 or h ¼ p=2, the partial derivative @Pc=@h ¼ 0, where h is the angle
between the point of closest approach and the x-axis as illustrated in Fig. 5.2. If
rx [ ry, the x-axis is the major axis of the error ellipse, then the h maximizing Pc is
h ¼ 0 ð@Pc=@h ¼ 0; @2Pc=@h

2\0Þ; If rx\ry, the x-axis is the minor axis of the
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error ellipse, then the h maximizing Pc is h ¼ p=2 ð@Pc=@h ¼ 0; @2Pc=@h
2\0Þ.

Table 6.11 shows four cases about the maximum and the minimum Pc with respect
to the angle h.

Table 6.11 shows that the Pc maximized when the center of collision
cross-section area is on the major axis of error ellipse, while the Pc minimized when
the center of collision cross-section area is on the minor axis of error ellipse; as
illustrated in Fig. 6.17.

1. Fixed shape, fixed size (Situation No. 5)

When the center of collision cross-section area is on the major axis of error
ellipse (h ¼ 0; rx [ ry, or h ¼ p=2; rx\ry), the expression of maximum Pc is

Pcmax ¼ exp � x2e

2max r2x ; r
2
y


 �
0
@

1
A 1� exp � r2A

2rxry

� �� �
ð6:56Þ

Equation (6.56) is the expression of Pcmax in the case of fixed size and fixed
shape but variable orientation of covariance ellipse.

2. Fixed shape, variable size (Situation No. 6)

We are usually able to obtain the shape of error ellipse via orbital dynamics and
error propagation analysis. In the case of fixed error ellipse shape, the aspect ratio of
error covariance is predefined. By convention, let rx 
 ry then define the aspect
ratio a as

Table 6.11 The maximum
and minimum Pc with respect
to the angle h

rx [ ry rx\ry

h ¼ 0 @2Pc

@h2
\0; Pcmax

@2Pc

@h2
[ 0; Pcmin

h ¼ p=2 @2Pc

@h2
[ 0; Pcmin

@2Pc

@h2
\0; Pcmax

y

xxσ

yσ

O

maxcP

mincP

y

xxσ

yσ

O

maxcP

mincP

Fig. 6.17 The maximum and minimum Pc with respect to the angle h
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a ¼ rx
ry

; a
 1 ð6:57Þ

Substituting Eq. (6.57) into Eq. (6.56), we can obtain the expression of Pcmax as

Pcmax r2x
� 	 ¼ exp � x2e

2r2x

� �
1� exp � ar2A

2r2x

� �� �
ð6:58Þ

For the case of fixed shape variable size, the aspect ratio a as well as the
magnitude of the miss distance xe are constants, only the error variance r2x which
represent the size of error ellipse is variable.

The derivative of Pcmax r2x
� 	

with respect to r2x is:

dPcmax

dr2x
¼ x2e

2r4x
e
� x2e

2r2x � x2e þ ar2A
2r4x

e
�x2e þ ar2

A
2r2x ð6:59Þ

Set the derivative equals to zero, the value of r2x which maximizes Pc r2x
� 	

is the
solution to the equations

dPcmax

dr2x
¼ x2e

2r4x
e
� x2e

2r2x � x2e þ ar2A
2r4x

e
�x2e þ ar2

A
2r2x ¼ 0 ð6:60Þ

Solving Eq. (6.60) the r2x is

r2x ¼
ar2A

2 ln 1þ ar2A
x2e


 � ð6:61Þ

Substituting Eq. (6.61) into Eq. (6.58), the corresponding value of Pcmax is

Pcmax r2x
� 	 ¼ 1þ ar2A

x2e

� �� x2e
ar2
A ar2A
x2e þ ar2A

� �
ð6:62Þ

Define the dimensionless parameter b as

b ¼ ar2A
x2e

¼ r2Arx
x2ery

ð6:63Þ

the Pcmax and corresponding error variances could be written as
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Pcmax ¼ b
1þ b

� �
1

1þ b

� �1
b

r2x ¼
ar2A

2 ln ð1þ bÞ ; r2y ¼
r2A

2a ln ð1þ bÞ

ð6:64Þ

Equations (6.63) and (6.64) are singular when xe ¼ 0, the Pcmax equals one in
this rare case.

Alfano [14] found maximum probability by holding the miss-distance magnitude
and combined object radius fixed and scaling and reorienting the covariance. It was
shown that to achieve such a maximum, the miss-distance vector should lie on the
covariance ellipse’s major axis. The results given by Alfano [14] are

Pcmax ¼ b
1þ b

� �
1

1þ b

� �1
b

ry ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�r2A
2 � AR � ln d2

d2 þAR�r2A

vuut ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2A
2a ln ð1þ bÞ

s ð6:65Þ

Equation (6.64) exactly matches the Eq. (6.65) in Alfano’s [14] results.
Essentially, Alfano’s [14] maximum probability was found in the case of variable
orientation, fixed shape, and variable size of error ellipse.

3. Variable shape, variable size (Situation No. 8)

For the case of variable orientation, variable shape, and variable size, the con-
stants are the miss distance xe and the radius of collision section area. In Eq. (6.58)
both the error variance r2x which represent the size of error ellipse and the aspect
ratio a which represent the shape of error ellipse are variable.

We take the derivative of PcmaxðaÞ with respect to a:

dPcmax

da
¼ exp � x2e þ ar2A

2r2x

� �
r2A
2r2x

[ 0 ð6:66Þ

The derivative in Eq. (6.66) is always positive, hence PcmaxðaÞ is an increasing
function with respect to aspect ratio a. The limiting case is that ry ! 0 therefore
a ! 1. For this case the problem has been reduced from 2-dimensional to
1-dimensional, as illustrated in Fig. 6.18.

y

x

ex

Ar
0yσ

xσO

Fig. 6.18 The limit case
when ry ! 0
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For the 1-dimensional case, Eq. (5.1) can be rewritten as

Pc ¼
Zxe þ rA

xe�rA

1ffiffiffiffiffiffi
2p

p
rx

e
� x2

2r2xdx ¼
Zxe þ rA
rx

xe�rA
rx

1ffiffiffiffiffiffi
2p

p e�
x2
2 dx ¼ U

xe þ rA
rx

� �
� U

xe � rA
rx

� �

ð6:67Þ

Let the derivatives of Pc rxð Þ equals to zero

dPc rxð Þ
drx

¼ �u
xe þ rA
rx

� �
xe þ rA
r2x

þu
xe � rA

rx

� �
xe � rA

r2x
¼ 0 ð6:68Þ

So

r2x ¼
2xerA
ln xe þ rA

xe�rA

ð6:69Þ

Let the dimensionless parameter d ¼ rA=xe, Eq. (6.69) becomes

r2x ¼ x2e
2d

ln 1þ d
1�d

; r̂ ¼ rx
xe

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2d

ln 1þ d
1�d

s
ð6:70Þ

where r̂ is the normalized error standard deviation by miss distance. Substitution of
Eq. (6.70) into Eq. (6.67) yields

Pcmax ¼ U
1þ dffiffiffiffiffi
2d

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln
1þ d
1� d

r !
� U

1� dffiffiffiffiffi
2d

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln
1þ d
1� d

r !
ð6:71Þ

The relationship between the standard Gaussian distribution function U ðxÞ and
the error function erfðxÞ is

U ðxÞ ¼
erf xffiffi

2
p

 �

þ 1

2
ð6:72Þ

Then Eq. (6.71) can be written using error function as

Pcmax ¼ 1
2
erf

dþ 1

2
ffiffiffi
d

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln
1þ d
1� d

r !
þ 1

2
erf

d� 1

2
ffiffiffi
d

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln
1þ d
1� d

r !
ð6:73Þ

In Chan [12]’s maximum likelihood approach, Pcmax was approximately given
by Eq. (6.52). The right-hand side of Eq. (6.52) is undefined when h ¼ 0, thus
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necessitating the use of the Dirac delta function. In this case, Eq. (6.52) can be
replaced by

Pcmax ¼
ffiffiffiffiffi
2
pe

r
rA
xe

� �
� 0:48394d ð6:74Þ

Equation (6.74) is exactly the limit of Eqs. (6.71) and (6.73) when d ! 0.
Alfano [9] has derived Pcmax for the case of h ¼ 0. Alfano [9] showed how to

calculate the upper bounds of probability by determining the “worst” possible
covariance parameters and orientation. He assumed the worst upper bound of Pc by
taking the one-dimensional pdf on the x-axis so that there is no two-dimensional
ellipse in the conjunction plane. The Pcmax given by Alfano [] can be regarded as
the “absolute” maximum probability. However, in most cases of close approach, the
angle 9h is not close to zero. In general, the upper bound of Pc is often two to four
orders of magnitude larger than those in the relevant range 10� � hj j � 90�. The
upper bound of Pc in Alfano [9]’s extreme situation is often overestimated, which
may be too conservative to serve as the discriminators for pre-filtering.

In summarizing, Table 6.12 shows the formulae of Pcmax and corresponding
error covariances (scaling or orientating factor) of the five situations discussed
above.

6.2.4 Examples

To demonstrate the calculation method of Pcmax, this section will take the U.S. and
Russian satellites’ collision event for example. The parameters and details of the
event are shown in Sect. 5.2.4. In the condition represented by Tables 5.1, 5.2 and
5.3, Pc between two objects was calculated by means of Eq. (5.9) as
Pc ¼ 1:807975� 10�4.

1. Situation no. 2—fixed orientation, fixed shape, variable size

In this case we calculate Pcmax and the corresponding error scaling factor by
Eq. (6.30). The resulted Pcmax and corresponding error scaling factor and error
standard deviations of two objects are shown in Table 6.13.

Pcmax corresponded k = 1.756 > 1 (as shown in Fig. 6.19), it indicates that the
current error covariance (k = 1) is smaller than the error covariance that yield Pcmax.
Therefore the current state is not in the probability dilution region. Pc increases as
the error covariance increases.

2. Situation no. 4—fixed orientation, variable shape, variable size

In this case we calculate the Pcmax and the corresponding combined error
standard deviations by Eqs. (6.45) and (6.46). The resulted Pcmax and corre-
sponding combined error standard deviations are shown in Table 6.14.
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To demonstrate Pcmax and the corresponding combined error standard devia-
tions, the relationship between Pc and the combined error standard deviations rR
and rSW is graphically expressed using explicit expression Eq. (5.9). Figure 6.20
illustrates the two-dimensional Pc distribution, and Fig. 6.21 illustrates
three-dimensional Pc mesh surface with respect to combined error standard devi-
ations rR and rSW observed from different direction. The empirical Pcmax and
corresponding combined error standard deviations obtained from Figs. 6.20 and 6.
21 are 8.304292 × 10−4 and rR ¼ 0:031750 km, rSW ¼ 0:697500 km. The relative
error of Pcmax is 0.0039%.

From Table 5.2 R = 0.031730 km and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þW2

p ¼ 0:697294 km. It indicates
that the approximate expressions of combined error standard deviations in Eq. (6.
48) are correct. We can also calculate the approximate Pcmax by approximate
expressions in Eq. (6.48), the result Pcmax = 8.313674 × 10−4 agrees well with the
result in Eq. (6.45). The relative error of approximate Pcmax is 0.1%.

Table 6.15 compares Pcmax and the corresponding combined error standard
deviations results obtained from the empirical mesh surface in Figs. 6.20 and 6.21,
the explicit expression based on Eqs. (6.45) and (6.46), and the approximate
expression based on Eq. (6.48). All methods yield identical error standard devia-
tions results to three significant figures. The empirical and explicit expression yield

Table 6.13 Pcmax and
corresponding error scaling
factor and standard deviations
(Situation no. 2)

Object rR=km rS=km rW=km

Primary 0.040600 0.362071 0.126394

Secondary 0.063785 0.720332 0.059904

k 1.756027

Pcmax 4.710037 × 10−4

Fig. 6.19 The Pcmax and
corresponding k indicate that
the current state is not in the
probability dilution region

Table 6.14 The Pcmax and
corresponding combined error
standard deviations (Situation
no. 4)

Pcmax 8.303965 × 10−4

rR=km 0.031748

rSW=km 0.697688
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identical Pcmax results to three significant figures, while approximate expression’s
result agrees to two significant figures.

3. Situation no. 5—variable orientation, fixed shape, fixed size

In this case we calculate Pcmax by Eq. (6.56). The resulted Pcmax = 2.358194 ×
10−4. The corresponding anglewhich describes the orientation of error ellipse is h ¼ 0
since rx [ ry. To demonstrate Pcmax and the corresponding angle, we draw the curve

Fig. 6.20 Two-dimensional Pc distribution with color determined by magnitude of Pc

Fig. 6.21 Three-dimensional Pc mesh surface with respect to combined error standard deviations
rR and rSW observed from different direction

Table 6.15 Pcmax and corresponding combined error standard deviations in arbitrary error ellipse
shape case computed using empirical mesh surface, explicit expression, and approximate
expression

Methods Pcmax/10
−4 Relative error (%) rR=km rSW=km

Empirical 8.304292 – 0.031750 0.697500

Explicit expression 8.303965 0.0039 0.031748 0.697688

Approximate expression 8.313674 0.1 0.031730 0.697294
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of Pc with respect to the angle h using Eq. (6.54) as illustrated in Fig. 6.22. The
obtained empirical Pcmax is 2.358194 × 10−4. The relative error of Pcmax is less than
3.8 × 10−7.

4. Situation no. 6—variable orientation, fixed shape, variable size

In this case we calculate Pcmax and the corresponding combined error standard
deviations by making use of Eq. (6.64). The resulted Pcmax and corresponding
combined error standard deviations are shown in Table 6.16. The aspect ratio a ¼
rx=ry ¼ 6:831075 is constant in this case.

To demonstrate Pcmax and the corresponding combined error standard devia-
tions, we draw the curve of Pc with respect to combined error standard deviations rx
using Eq. (6.58) as illustrated in Fig. 6.23. The empirical Pcmax and corresponding
combined error standard deviations obtained from Fig. 6.23 are
Pcmax = 5.154185 × 10−4 and rx ¼ 0:493744 km, ry ¼ 0:072279 km. The relative
error of Pcmax is less than 1.7 × 10−7.

5. Situation no. 8—variable orientation, variable shape, variable size

In this case we calculate Pcmax and the corresponding combined error standard
deviations by making use of Eqs. (6.70) and (6.73). The resulted Pcmax and cor-
responding combined error standard deviations are shown in Table 6.17. Note that
in this case ry ! 0.

-90 -75 -60 -45 -30 -15 0 15 30 45 60 75 90
10-60

10-40

10-20

100

 / deg

P c

Fig. 6.22 The curve of Pc with respect to the angle h (Situation no. 5)

Table 6.16 The Pcmax and
corresponding combined error
standard deviations (Situation
no. 6)

Pcmax 5.154185 × 10−4

rx=km 0.493744

ry=km 0.072279
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To demonstrate Pcmax and the corresponding combined error standard devia-
tions, we draw the curve of Pc with respect to combined error standard deviations rx
using Eq. (6.67) as illustrated in Fig. 6.24. We can obtain empirical Pcmax and
corresponding combined error standard deviations from Fig. 6.24. The empirical
Pcmax is 6.933103 × 10−3 and rx ¼ 0:697992 km. The relative error of Pcmax is less
than 1.3 × 10−7.
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Fig. 6.23 The curve of Pc with respect to combined error standard deviations rx (Situation no. 6)

Table 6.17 The Pcmax and
corresponding combined error
standard deviations (Situation
no. 8)

Pcmax 6.933103 × 10−3

rx=km 0.697992

ry=km 0
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Fig. 6.24 The curve of Pc with respect to combined error standard deviations rx (Situation no. 8)
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6.2.5 Discussion

Table 6.18 summarizes the resulted Pcmax and corresponding error covariance
(scaling or orientating factor) for five situations. Figure 6.25 shows the bar of Pc

and Pcmax of five situations. Table 6.18 and Fig. 6.25 indicate that:

(1) Pc in situation No.1 is the actual Pc for the given set of close approach data
and error covariance data, so it is the smallest one in all of the situations.

(2) Pcmax in situation No. 8 (Pcmax8) is the largest one in all of the situations, this
result is predictable because situation No. 8 is the “worst” situation in which
the orientation, shape, and size of covariance ellipse are variables. The Pcmax8

is the “absolute” maximum probability.
(3) Both the situations No. 2 and No. 4 are fixed orientation cases, so they are

comparable. Pcmax4 is larger than Pcmax2 because in situation No. 2 only the
size is variable while in situation No. 4 not only the size but also the shape is a
variable. Likewise, in situations No. 5, 6 and 8 the orientations of covariance

Table 6.18 Summary of the resulted Pcmax and corresponding error covariance of five situations

Situation Situation
description

Maximum
probability

Corresponding error covariance
(Scaling or orientating factor)

1 Fixed
orientation

1.807912 × 10−4 rx ¼ 0:2941297; ry ¼ 0:0430576

Fixed shape

Fixed size

2 Fixed
orientation

4.710037 × 10−4 k ¼ 1:756027

Fixed shape

Variable size

4 Fixed
orientation

8.303965 × 10−4 rx ¼ 0:697688; ry ¼ 0:031748

Variable shape

Variable size

5 Variable
orientation

2.358194 × 10−4 h ¼ 0 rx [ry
� 	

Fixed shape

Fixed size

6 Variable
orientation

5.154185 × 10−4 rx ¼ 0:493744; ry ¼ 0:072279

Fixed shape

Variable size

8 Variable
orientation

6.933103 × 10−3 rx ¼ 0:697992; ry ¼ 0

Variable shape

Variable size
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ellipse are variable, and in situation No. 5 the shape and size are both fixed,
in situation No. 6 the shape is fixed but the size is variable, in situation
No. 8 the shape and size are both variables, hence Pcmax8 is larger than Pcmax6

and Pcmax6 is larger than Pcmax5.
(4) In this conjunction case the angle h is small (2.6055°, see Fig. 5.12) and close

to h ¼ 0 which maximizes Pc when the orientation is variable. Therefore the
variability of the orientation has little influence on Pcmax, while the variability
of the shape and the size influence much on Pcmax. Therefore, Pcmax4 is larger
than Pcmax5 and Pcmax6.

(5) Pc is close to Pcmax5, and Pcmax2 is close to Pcmax6, as the angle h is close to
zero. A mild rotation of covariance ellipse can transform situation from
No. 1 to No. 5, and from situation No. 2 to No. 6. Note that Pcmax5 is larger
than Pc and Pcmax6 is larger than Pcmax2.

Generally speaking, the situation No. 2 where only the size is variable is closest
to the reality (actual Pc). The reason why Pcmax5 is less than Pcmax2 in this example
is that the angle h approached zero, which is not common in conjunction assess-
ment. The “worst” situation No. 8 where all the orientation, shape, and size of
covariance ellipse are variables is farthest from the reality. In practical operations,
one should fix as many factors (orientation, shape, and size) as possible to
approximate the actual Pc. The less Pcmax is, the more meaningful it is.

In addition, one should be aware that Pcmax can differ drastically from the actual
Pc for a given set of close approach data. The examples presented in this section
indicate that Pc varies slightly from Pcmax because of the relatively small covari-
ances. The error standard deviations shown in Table 6 are dozens of meters in R
and W direction and hundreds of meters in S direction. If the covariances are
enlarged to 10 times, the error in S direction is about several kilometers, and Pc will
be 3.828153 × 10−5. In this case Pcmax is much larger than the actual value of Pc,
which is more common in the preliminary conjunction analysis.
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Fig. 6.25 The Pc and Pcmax of five situations
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Generally, Pcmax might differ by orders of magnitude from the actual value
computed directly from the data. Pcmax is a one-sided test. If Pcmax is less than an
acceptable level it is useful (no action required). The definition of the action
threshold of Pcmax is up to the operator since the conjunction assessment is not
totally automatic at present. To avoid missing alarm, the threshold of Pcmax should
be less than the least Pc threshold (yellow threshold for instance). If Pcmax is greater
than the action threshold it makes no sense because the actual computed Pc might
be below the threshold by orders of magnitude. More observations and refined
collision probability analysis are necessary in this case.

Compared with previous works, this section provides a clear and comprehensive
discussion to address all the situations when assessing the maximum collision
probability. The discussion is based on Chan’s analytical equation for calculating
the collision probability. First, all situations when calculating Pcmax are categorized
according to the changeability of the orientation, shape, and size of covariance
ellipse. Eight situations have been obtained. One of them does not yield Pcmax

because there is no variable factor, and two of them are not practical in which the
shapes of covariance ellipse are variable but the sizes are fixed. The other five
situations are discussed with uniform definitions and symbols. The consequences
are compared to and validated by the ones yielded from previous works. Finally, a
practical conjunction event as a test case is presented to demonstrate and validate
the results.

The question regarding which method is the best for conjunction assessment
needs to be answered. Actually, there is no best solution but the most suitable one.
Which method should be used for conjunction assessment depends on what are the
known conjunction conditions (the conjunction geometry, the shape, and size of the
convariances), and their confidence level. It is up to the operator to decide which is
best for their purposes based on the mission requirement, the known condition, and
their accuracies.

6.3 Missing- and False-Alarm Analysis of Conjunction
Assessment

The collision probability (Pc) between two objects in the conjunction is one of the
most important criteria for conjunction risk assessment. The calculation of Pc, using
information of position and velocity vectors and associated error covariance at the
TCA, is one of the key techniques in conjunction risk assessment, and has been well
studied. The Pc is closely relative to the position and velocity vectors, associated
error covariance, and combined radius of two space. These informations are
obtained via observations, estimations, or computations. The inherent uncertainty of
these informations will affect the confidence level of conjunction risk assessment.
The Pc is calculated for risk assessment and collision avoidance decision-making.
How to make decision correctly using Pc in practical operations is an important
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issue. Consequently, it is not sufficient to just obtain the risk assessment parameters
such as the closest approach distance and collision probability. The comprehensive
assessment of collision risk based on the calculate Pc is requisite to improve the
effectiveness and confidence level.

In this section, the safety-region and danger-region of conjunction assessment
are defined by using the explicit expression of Pc, the methods for calculating
probabilities of missing alarm and false alarm are presented. In this way, it is useful
to directly know the reliability of Pc, balance the cost of taking action to maneuver
the spacecraft or not, and make the final decision.

6.3.1 Essential of Conjunction Assessment
and Misjudgment

The basic procedure of conjunction assessment is as follow. Collision risk
parameters (such as closest approach distance, collision probability, maximum
collision probability) are obtained from collision risk assessment by using the
predicted orbital states and covariance informations. The risk parameters are judged
according to certain criteria whether they are in the danger-region. For example, if
miss distance is less than the distance threshold, or collision probability is greater
than the probability threshold. The collision alarm will be given and appropriate
measures should be taken if the risk parameters are in danger-region. Otherwise,
two space objects are supposed to be safe.

The criteria for decision-making in probability-based conjunction assessment
are, if the calculated Pc is greater than the pre-defined probability threshold
PT ðPc [PTÞ, this event will be determined as “danger”; if the Pc is less than the
probability threshold PT ðPc\PTÞ, this event will be determined as “safety”.

Conjunction assessment is essentially a discriminant analysis problem. As a
discriminant problem, there are always two types of misjudgment: missing alarm
and false alarm. Missing alarm means two space objects will actually collide but we
suppose they are safety. False alarm means two space objects are safety but we
suppose they are dangerous to collide. Accordingly, there are two kinds of prob-
ability: missing alarm probability Pm and false alarm probability Pfa. The missing-
and false-alarm will affect the confidence level.

The missing- and false-alarm analysis is an important issue in discriminant
analysis. Both the probability of missing alarm (Pm) and the probability of false
alarm (Pfa) are needed to be controlled in a conjunction risk assessment, but they
conflict to each other and need to be balanced. In general, the smaller Pm the greater
Pfa is, and the greater Pm the smaller Pfa is.

The conjunction assessment is affected by all kinds of factors, and the decision is
making with all kinds of errors. The missing- and false-alarm are inevitable and will
influence the confidence level of conjunction assessment. This section provides the
concepts of probabilities of missing alarm and false alarm in a conjunction event.
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Based on the explicit expression of collision probability, the safety-region and
danger-region of conjunction assessment are defined, the methods for calculating
probabilities of missing alarm and false alarm are put forward, and the basic
property of probabilities of missing alarm and false alarm are provided.

Analysis of missing alarm and false alarm is still an exploratory research in
which there are many issues that need to be resolved. In this section, a preliminary
analysis of this issue is given out, which provides ideas for further research.

6.3.2 Safety- and Danger-Region of Conjunction
Assessment

As stated before, the false alarm in conjunction assessment is that the risk assess-
ment parameter fall in the danger region then leads to alarm and maneuver while the
collision will not actually happen; the missing alarm is that the risk assessment
parameters fall in the safety-region then do not lead to alarm and maneuver while
the collision will happen. The predicted state (position and velocity) at TCA used to
calculate Pc is not the “true” state. Actually, the true state falls in a multidimen-
sional ellipsoid centered at the predicted state with high probability and described
by the covariance matrix. For a conjunction event, the true state is determinate but
unknown, the predicted states from different kinds of observations and determi-
nation algorithms distributed statistically around the true state. Based on this
understanding, the safety- and danger-region, missing- and false-alarm of con-
junction assessment can be determined.

Assuming the actual relative position vector on the conjunction plane is
xtrue; ytrueð Þ, and the predicted relative position vector is xpred; ypred

� 	
, the predicted

vector is distributed around the true state represented by Gaussian distribution

xpred �N xtrue; r
2
x

� 	
; ypred �N ytrue; r

2
y


 �
ð6:75Þ

Collision probability is calculated by the prediction relative position vector
xpred; ypred
� 	

, which can be explicit expressed as

Pc ¼ exp � 1
2

x2pred
r2x

þ y2pred
r2y

 !" #
1� exp � r2A

2rxry

� �� �
ð6:76Þ

Since the prediction state xpred; ypred
� 	

is random, the calculated collision prob-
ability Pc is also random. Equation (6.76) could define the ellipses of constant
collision probability as shown in Fig. 6.26, the ellipses can be formulated as
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x2pred
r2x

þ y2pred
r2y

¼ C2; C[ 0 ð6:77Þ

For those predicted states on the ellipse, the values of calculated collision
probability are constant.

Let the alarm threshold of collision probability is PT, the safety-region S and the
danger-region D of conjunction assessment can be expressed as follows

S : xpred; ypred
� 	

Pc xpred; ypred
� 	

\PT
��
 �

D : xpred; ypred
� 	

Pc xpred; ypred
� 	
PT

��
 ��
ð6:78Þ

From Eq. (6.76), the safety-region S can be written as

Pc ¼ exp � 1
2

x2pred
r2x

þ y2pred
r2y

 !" #
1� exp � r2A

2rxry

� �� �
\PT

, x2pred
r2x

þ y2pred
r2y

[ 2 ln 1� e�
r2
A

2rxry

� �
� lnPT

� � ð6:79Þ

Let

C2ðPTÞ ¼ 2 ln 1� e�
r2
A

2rxry

� �
� lnPT

� �
ð6:80Þ

Thus the S region is the region outside the following ellipse (the gray infinite
region in Fig. 6.27) when the alarm threshold of collision probability is PT

x2pred
r2x

þ y2pred
r2y

¼ C2 PTð Þ ð6:81Þ

The D region is inside above ellipse (the dark ellipse region in Fig. 6.27).
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Fig. 6.26 Ellipses of
constant collision probability
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Then the safety-region S and danger-region D can be expressed as

S : xpred; ypred
� 	 x2pred

r2x
þ y2pred

r2y
[C2 PTð Þ

���n o
D : xpred; ypred

� 	 x2pred
r2x

þ y2pred
r2y

�C2 PTð Þ
���n o

8<
: ð6:82Þ

Equation (6.81) indicates that the size of boundary ellipse between S and
D region is determined by the probability threshold PT. When PT is growing, the
boundary ellipse is becoming smaller and the S region is becoming larger. When PT

is decreasing, the boundary ellipse is becoming larger and the S region is becoming
smaller.

Let rA ¼ 20; rx ¼ 1000; ry ¼ 100 (distance unit), Fig. 6.28 illustrates the
curve of the size of boundary of ellipse C versus the collision probability threshold
PT. When PT is greater than a certain threshold value, the size of boundary ellipse
C is equal to 0, which indicates that the danger-region is degraded to the coordinate
origin, and the entire two-dimensional conjunction plane is the safety-region. That
means the collision probability threshold is greater than the maximum collision

y
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Danger-region D

Fig. 6.27 Safety- and
danger-region of conjunction
assessment
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Fig. 6.28 Curve of size of boundary ellipse versus probability threshold PT
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probability. The collision probability in any case will be less than the collision
probability threshold. The conjunction risk assessment is always determined as
safety.

6.3.3 Calculation of Probability of Missing Alarm

The probability of missing alarm Pm is defined as the probability that two space
objects will actually collide but supposed to be safety. Pm equals to the probability
of predicted relative position vector xpred; ypred

� 	
falls in the safety-region S when

the actual relative position vector xtrue; ytureð Þ falls in the combined hardball of two
space objects ðx2true þ y2true � r2AÞ. Then, Pm can be represented as

Pm ¼ P xpred; ypred
� 	 2 S x2true þ y2true � r2A

��� 	 ð6:83Þ

As shown in Fig. 6.29, the actual relative position vector xtrue; ytrueð Þ falls in the
collision circular area (its radius is rA), the predicted relative position vector
xpred; ypred
� 	

is distributed around the actual relative position vector satisfying
Gaussian distribution. The dashed ellipse in Fig. 6.29 is the 3r covariance ellipse.
Note that the missing alarm region is spreading the entire two-dimensional
safety-region. The missing alarm region within the 3r covariance ellipse is shown
to characterize.

Equation (6.75) reveals that x2pred=r
2
x


 �
þ y2pred=r

2
y


 �
satisfies the non-central v2

distribution with 2 degrees of freedom [17]

x2pred
r2x

þ y2pred
r2y

� v2ð2; dÞ; d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2true
r2x

þ y2true
r2y

s
ð6:84Þ
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Fig. 6.29 Missing alarm region of collision assessment
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where d is the non-central parameter. Let the probability distribution function of the
non-central v2 distribution is F xj2; dð Þ, the probability of missing alarm can be
expressed as

Pm ¼ 1� F C2
��2; d� 	

; d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2true
r2x

þ y2true
r2y

s
; x2true þ y2true � r2A ð6:85Þ

Equation (6.85) indicates that probability of missing alarm Pm is determined by
not only the size of boundary ellipse C (hence the threshold PT), but also the
position of actual relative position vector xtrue; ytrueð Þ. Let rA ¼ 20; rx ¼
1000; ry ¼ 100 (distance unit), PT ¼ 10�4. The size of the boundary ellipse C ¼
2:447 can be yielded by Eq. (6.80). Figure 6.31 shows the curve surface of the
missing alarm probability Pm changing with the actual relative position xtrue; ytrueð Þ
in the collision plane.

As shown in Fig. 6.31, the missing alarm probability Pm maximized when the
actual relative position xtrue; ytrueð Þ is at the end of minor axis direction (y direction
in this case). In this case, the maximum probability of missing alarm Pm;max ¼
0:0654 when xtrue; ytrueð Þ is at the two separate points of (0, 20) and (0, −20). The
expression of the maximum probability of missing alarm is

Pm;max ¼ 1� FðC2 j 2; dÞ; d ¼ rA
ry

ð6:86Þ

The size of boundary ellipse C ¼ 2:447 when the alarm threshold of collision
probability is PT ¼ 10�4, which means the boundary ellipse is actually the 2:447r
covariance ellipse. The collision circular area is small compared to the boundary
ellipse. It is reasonable to approximately suppose that the actual relative position is
at the coordinate origin ðxtrue ¼ ytrue ¼ 0Þ. Therefore the region of missing alarm
becomes an elliptical ring as shown in Fig. 6.30. The missing alarm probability in
this case can be simplified to

Pm ¼ PT

1� exp � r2A
2rxry


 � ð6:87Þ
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Fig. 6.30 Missing alarm
region when the true value is
in the origin
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Let rA ¼ 20; rx ¼ 1000; ry ¼ 100 (distance unit), and PT ¼ 10�4, then the
missing alarm probability is Pm ¼ 0:05005, which is identical to the Pm at origin in
Fig. 6.31. Figure 6.31 reveals that the Pm at origin is the minimum probability. The
distinction between the maximum and minimum Pm is not inapparent because the
collision circular area is small. Equation (6.87) can be used as approximate formula
of missing alarm probability in preliminary analysis.

When the following inequality satisfied

PT

1� exp � r2A
2rxry


 � [ 1 ð6:88Þ

the missing alarm probability is always equal to one ðPm ¼ 1Þ.

PT [ 1� exp � r2A
2rxry

� �
; rxry [

r2A
�2 ln 1� PTð Þ ð6:89Þ

Equation (6.89) means that it is always missing alarm when the alarm threshold
of collision probability PT or the orbit propagation errors are overlarge. That is, the
maximum collision probability is smaller than the threshold of collision probability
when Eq. (6.89) is satisfied.

6.3.4 Calculation of Probability of False Alarm

The probability of false alarm Pfa is defined as the probability that two space objects
will not collide but supposed to be danger. Pfa equals to the probability of predicted
relative position vector xpred; ypred

� 	
falls in the danger-region D when the actual

Fig. 6.31 Curve surface of Pm versus xtrue; ytrueð Þ
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relative position vector xpred; ypred
� 	

falls outside the combined hardball of two
space objects ðx2true þ y2true [ r2AÞ. Then, Pfa can be represented as

Pfa ¼ P xpred; ypred
� 	 2 D x2true þ y2true [ r2A

��� 	 ð6:90Þ

As shown in Fig. 6.32, the actual relative position vector xtrue; ytrueð Þ falls outside
the collision circular area (its radius is rA), the predicted relative position vector
xpred; ypred
� 	

is distributed around the actual relative position vector satisfying
Gaussian distribution. The dashed ellipse in Fig. 6.32 is the 3r covariance ellipse.
Note that the false alarm region is the whole danger-region. The missing alarm
region within the 3r covariance ellipse is shown to characterize.

Similar to the missing alarm probability, the false alarm probability can also be
described by the non-central v2 distribution with 2 degrees of freedom. The
expression of false alarm probability is

Pfa ¼ FðC2 j 2; dÞ; d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2true
r2x

þ y2true
r2y

s
; x2true þ y2true [ r2A ð6:91Þ

where d is the non-central parameter. Equation (6.91) indicates that probability of
false alarm Pfa is determined by not only the size of boundary ellipse C (hence the
threshold PT) but also the position of actual relative position vector xtrue; ytrueð Þ. Let
rA ¼ 20; rx ¼ 1000; ry ¼ 100 (distance unit), and PT ¼ 10�4. The size of the
boundary ellipse C ¼ 2:447 can be yielded by Eq. (6.80). Figure 6.33 shows the
curve surface of the false alarm probability Pfa changing with the actual relative
position xtrue; ytrueð Þ in the collision plane but outside the collision circular area. The
area outside the collision circular is infinite, Fig. 6.33 illustrates it up toffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2true þ y2true
p ¼ 2000.

As shown in Fig. 6.33, the false alarm probability Pfa is maximum when the
actual relative position xtrue; ytrueð Þ is at the end of major axis direction (x direction

xO

( )
2 2
pred pred 2

T2 2
x y

x y
C P

σ σ
+ =

Safety-region S

D

Danger-region D truex

truey

False Alarm 
Region

y

Fig. 6.32 False alarm region of collision assessment
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in this case). In this case, the maximum probability of false alarm Pfa;max ¼ 0:9484
when xtrue; ytrueð Þ is at the two separate points of (−20, 0) and (20, 0). The
expression of the maximum probability of false alarm is

Pfa;max ¼ F ðC2 j 2; dÞ; d ¼ rA
rx

ð6:92Þ

Figure 6.33 also shows that the false alarm probability Pfa decreases slowly as
the actual relative position xtrue; ytrueð Þ changes along the major axis of the error
ellipse (x direction) in the collision plane, which is equal to 0.77 when xtrue; ytrueð Þ is
already at 
2000; 0ð Þ. But it decreases quickly as xtrue; ytrueð Þ is changing along the
minor axis (y direction), which is equal to 0.0148 when xtrue; ytrueð Þ is at 0;
2000ð Þ.

6.4 Comprehensive Assessment of Collision Risk

The conjunction risk assessment is essentially a transform from the predicted
conjunction parameters to the risk information could be used in the operations. This
process is a quantitative analysis of collision risk of the conjunction event, and
determining how high the confidence level of the quantitative risk is. Presently, the
miss distance and collision probability (Pc) are widely used to evaluate the risk of
collision. Individual metrics, such as the miss distance and collision probability
(Pc), do not singly capture the overall risk associated with a conjunction.

In miss distance analysis, regional approaching area defined by RSW coordinate
around one of two space objects (primary object) is used to determine collision risk
between two space objects. When the other object (secondary object) falls into the
threshold of RSW region, the approaching event is considered to be dangerous,
otherwise safe. The method of determination is “1” and “0” in practice, in which the

Fig. 6.33 Curve surface of Pfa versus xtrue; ytrueð Þ
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minimum approaching distance is the sole criterion of collision risk. That means it
is very simple and can be easily used.

Compared to the miss distance, collision probability between two space objects
is easier to understand, but more complicated to calculate. It is determined by the
relative position and velocity vectors, relative position covariance and the combined
radius of two objects which are considered as sphere. These parameters are
inevitably imprecise as they are all acquired by measurement, estimation and cal-
culation. The accuracy of these parameters will affect the reliability of Pc. For
example, the Pc could be indicating a risk, but a high Pc may be due to unrealistic
covariance sizes due to insufficient tracking.

Both the miss distance and Pc have limitations to give out authentic risk of
collision, as they are only one aspect used as conjunction risk parameters.
A comprehensive assessment of collision risk considering all kinds of factors is
necessary. For a conjunction event, the factors should be considered in the com-
prehensive assessment of collision risk consist of risk assessment parameters and
quality assessment parameters. The risk assessment parameters, such as miss dis-
tance and Pc, are used to describe the risk level. The quality assessment parameters
are used to describe the accuracy and reliability of data, such as days to the time of
closest approach (TCA), days since the last observation, orbit prediction errors, and
so on.

It is difficult to carry out an overall assessment only by risk assessment
parameters or quality assessment parameters. For example, when miss distance falls
into the threshold of distance but Pc is beyond the threshold of collision probability,
or the same Pc comes from different orbit propagation errors, how to assess these
risk of collision? Therefore, risk assessment parameters and quality assessment
parameters should be considered simultaneously in a conjunction event.

These parameters contain sufficient informations. But they are complex for
decision-maker. While conjunction assessment is admittedly a complex problem,
being able to convey the risk level in a simple manner is something that has been
expressed as very desirable by mission stakeholders. Aim at this requirement, the
comprehensive assessment of conjunction risk provides a single metric that can
serve as a risk level index which quantifies the overall risk associated with a
conjunction.

6.4.1 Definition of the F-Value

Frigm of NASA Goddard Space Flight Center has put forward the concept of a
single risk metric F-value to estimate the conjunction risk between space objects
[18]. The concept of the F-value is an extension of Fuzzy Set Theory and Fuzzy
Logic, which conveys a succinct risk level by combining miss distance, collision
probability and orbit determination solution into one single value, and provides a
simple and consistent metric of the comparison of conjunction risks.
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The F-value for a particular conjunction combines any desired number of con-
junction risk and quality assessment parameters into one single value. A risk
assessment parameter is any quantifiable metric that is used in dispositioning the
risk associated with a given conjunction, such as miss distance and probability of
collision. A quality assessment parameter is any quantifiable metric that is used in
assessing the quality of the orbit determination solution off of which the close
approach predictions are based.

The basic calculating model of the F-value is defined as Eq. (6.93), which means
the overall F-value for a conjunction event is the product of a weighting average of
the f-value of all risk assessment parameters and a weighting average of the f-value
of all the quality assessment parameters [18].

F ¼ 1
m

Xm
i¼1

aifi

 !
� 1

n

Xn
j¼1

bjfj

 !
ð6:93Þ

where m is the number of risk assessment parameters, n is the number of quality
assessment parameters, f is the specific f-value of each parameters mapped by the
membership functions, a and b are the weighting coefficients of each parameter.

A specific f-value is a reduction of the actual value of the parameter to a common
scale. In other words, an f-value maps the range of all possible values for a par-
ticular parameter to a common range of values using a membership function. Once
the values have been re-scaled, the aggregation becomes possible. An F-value only
considering the risk assessment parameters, and not the quality assessment
parameters, is also referred to as the “unscaled” F-value. Conversely, an F-value
including both sets of parameters is the “scaled” F-value or, simply, the F-value.

There are several ways to tune the F-value to meet any specific conjunction
assessment requirements or desired preferences. Specifically, there are three tuning
mechanisms: the risk or quality assessment parameters used, relationship between
an assessment parameter value and associated f-value (i.e. membership function);
weighting of each assessment parameter.

The Eq. (6.93) used to calculate F-value is relatively simple, easy to implement
and more flexible. The membership functions of f, weighting coefficients a and
b can be adjusted by historical conjunction events.

6.4.2 Risk- and Quality-Assessment Parameters

The risk assessment parameters include the miss distance and collision probability.
The miss distance can be the range between two objects or the radial (R),
along-track (S), and cross-track (W) components of the relative position. Frigm
used five risk assessment parameters including the collision probability, miss dis-
tance (Root Sum Square), the radial miss distance, along-track miss distance and
cross-track miss distance [18]. Actually, the miss distance and its components are
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not independent. The R, S, W components are the projections of miss distance to
radial, along-track and cross-track directions. When the miss distance and its RSW
components are considered simultaneously in F-value calculation, it may increase
the weight of the distance factor. Thus, we only consider the collision probability
and RSW components as four risk assessment parameters.

The quality assessment parameters include the effect of time and accuracy of
orbit determination. Frigm also used three quality assessment parameters, including
days to TCA, determinant of the combined positional covariance and days since last
observation of objects [18]. As the collision probability calculation has taken into
account the effect of the covariance matrix, and the determinant of the combined
covariance cannot fully reflect the orbit determining and propagating accuracy, we
use days to TCA, quality of orbit determination, and last observations to TCA as
quality assessment parameters.

The quality of orbit determination ranges from 0 to 10, 0 means the worst and 10
means the best. This parameter is rated by experts considering the accuracy of
observations and the orbit determination model. The comprehensive assessment of
collision risk based on the F-value is shown in Fig. 6.34.

6.4.3 Membership Functions of Assessment Parameters

Both the dimensions and values of different assessment parameters are distinct
evidently. For example, the collision probability is generally below 10−3, the miss
distance may be 10 m to several kilometers, the time parameters may be several
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Fig. 6.34 Comprehensive assessment of collision risk based on the F-value
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days to dozens of days, the quality of orbit determination ranges from 0 to 10. They
are not comparable. Therefore, the membership functions, whose output has uni-
form unit and values, are chosen to construct the relationships between parameters
and f values. In Fuzzy Set Theory, the most common membership function is linear
and curve. In the section, the f value of risk assessment parameter ranges from 0 to
10, the f value of quality assessment parameter ranges from 0 to 1.

1. Membership function of miss distance

The membership function of RSW miss distance is chosen to be linear.
Assuming D denotes the absolute value of components of miss distance (radial,
along-track and cross-track); the membership function can be expressed as

fD ¼
10ðLD�DÞ

LD
0�D� LD

0 D[ LD

�
ð6:94Þ

The parameter LD of three components is different. The explicit expression of
collision probability in Chap. 5 reveals that the position errors in the horizontal
plane (S and W directions) are coupled, and related to the horizontal components of
relative position at conjunction. The position errors in the radial direction (R) are
decoupled with the position error in the horizontal plane, and related to the radial
component of the relative position at conjunction. As the orbit prediction error in R
direction is relative small, the values of LR should be smaller. The S and W
direction distance are coupled, so LS and LW should be equal and bigger. Therefore,
LR ¼ 1 km, LS ¼ LW ¼ 10 km. The membership function curve of RSW miss dis-
tance is shown in Fig. 6.35.

2. Membership function of collision probability

The membership function of collision probability is chosen to be curvilinear,
which can be expressed as
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fPc ¼ 10e�k logPcð Þ4 LPc �Pc � 1
0 Pc\LPc

�
ð6:95Þ

Let k ¼ 0:00125; LPc ¼ 10�10, the membership function curve of collision
probability is shown in Fig. 6.36. The curve increases slowly at first with Pc values
around 10−10, 10−9, and 10−8, then increases rapidly with Pc values around 10−6,
10−5, and 10−4, then increases slowly again at last with Pc around 10−3, 10−2, and
10−1.

3. Membership function of time to TCA

The times to TCA include the time from current to TCA (denoted as T1) and the
time from last observation to TCA (denoted as T2). The two type of time are in
negative numbers for the convenience to trend analysis. Similar to collision prob-
ability, the membership function of times to TCA is chosen to be curvilinear, which
can be expressed as

fT ¼ e�kT4
LT � T � 0

0 T\LT

�
ð6:96Þ

Let k1 ¼ 0:005 and L1 ¼ �7 days for the time from current to TCA (T1); k2 ¼
0:00125 and L2 ¼ �10 days for the time from last observation to TCA (T2). The
curve of member function is shown in Fig. 6.37.

4. Membership function of orbit quality

The quality of orbit determination is rated from 0 to 10 by experts considering
the accuracy of observations and the orbit determination model. The linear member
function of orbit quality is used to map 0–10 to 0–1, in which 0 means the worst
and 1 means the best, as shown in Fig. 6.38.
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fQ ¼ Q
10

; 0�Q� 10 ð6:97Þ

6.4.4 Weighting Coefficients of Assessment Parameters

The analytic hierarchy process (AHP) evaluation method [19], in accordance with
the performance evaluation system from the theory of system engineering, is chosen
to calculate the weighing of each parameter. The method is the synthesis of
quantitative and qualitative analysis, which is used to determine the relative
importance of each parameter by way of pairwise comparisons, and establish the
judgment matrix by calculating the maximum eigenvalue and eigenvector. The
weighting vector x of each parameter is just one of the values of maximum
eigenvector. Following is the process steps:

(1) Construction of judgment matrix

The AHP method requires the decision-makers to give out the relative impor-
tance of each parameter scaled 1–9 in judgment matrix A
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A ¼
a11 a12 � � � a1m
a21 a22 � � � a2m
..
. ..

. ..
.

am1 am2 � � � amm

2
6664

3
7775 ð6:98Þ

where aij indicates the relative importance of indicators ui to uj. Elements of matrix
A are given by experts, usually take 1–9 and their inverse number. That means:

If aij ¼ 1, ui is as important as uj;
If aij ¼ 3, ui is a little more important than uj;
If aij ¼ 5, ui is obviously more important than uj;
If aij ¼ 7, ui is strongly more important than uj;
If aij ¼ 9, ui is absolutely more important than uj;

The same meaning is given when the number is equal to 2, 4, 6, 8 and their
inverse number.

(2) Weights calculation of each parameter

The weights of each parameters is calculated by solving Ax ¼ kmaxx; kmax

denotes the maximum eigenvalue, x denotes the corresponding eigenvector, the
components of x is the weights of each parameters.

(3) Consistency test

Since many factors are involved in the comprehensive evaluation, consistency
test of judgment matrix should be taken to eliminate the inconsistency from dif-
ferent experts. The index of consistency test is defined as

CI ¼ 1
m� 1

ðkmax � mÞ ð6:99Þ

The judgment matrix has full consistency if CI ¼ 0. The higher the CI, the worse
the consistency of judgment matrix. To test whether the judgment matrix satisfying
consistency, the random consistency index RI is used to compare with CI. Define
the random consistency ratio as CR ¼ CI=RI. If CR\0:1 the judgment matrix is
considered to satisfy consistency, and the weights vector x is reasonable. Otherwise
the judgment matrix should be reconstructed until the consistency is satisfied.

We consider the R miss distance has greater effect, the S and W miss distance
has the same effect on the risk assessment of collision. The time from current to
TCA and the time from last observation to TCA are equally important, and orbit
quality is more important. The judgment matrices of risk assessment parameters and
quality assessment parameters are constructed based on the consideration, as shown
in Tables 6.19 and 6.20.

By calculating the weights vector, the weighting coefficient of each parameter
can be obtained as shown in Table 6.21.
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6.4.5 Examples

US-Russian satellite collision event is chosen to test the above method. Nine sets of
pre-collision TLE data downloaded from space-track website have been used to
confirm the actual collision event in space. In analysis, the orbit quality, the time
from current to TCA, the time from last observation to TCA are used as quality
assessment parameters. RSW miss distance at TCA and collision probability is used
as risk assessment parameters. Table 6.22 shows the risk assessment parameters
and quality assessment parameters of the nine data sets.

Table 6.19 Judgment matrix
of risk assessment parameters

Pc R S W

Pc 1 1/3 2 2

3 1 2 2

S 1/2 1/2 1 1

W 1/2 1/2 1 1

Table 6.20 Judgment matrix
of quality assessment
parameters

T1 T2 Q

T1 1 1 1/3

T2 1 1 1/3

Q 3 3 1

Table 6.21 Weighting coefficient of each parameter

Risk assessment parameters Quality assessment parameters

Pc R S W T1 T2 Q

0.247 0.436 0.158 0.158 0.2 0.2 0.6

Table 6.22 Risk assessment parameters and quality assessment parameters of US-Russian
satellite collision event

T1/day T2/day dM/km R/km S/km W/km Pc Q

−1.2072 −1.3397 0.5838 0.0403 0.3647 −0.4541 6.2 × 10−4 9

−1.8978 −2.1858 0.8414 0.0497 0.5257 −0.6551 3.9 × 10−4 8

−2.0374 −2.2557 0.9836 0.0446 0.6152 −0.7662 3.5 × 10−4 7

−2.8048 −2.8150 0.8231 0.0697 0.5133 −0.6396 2.7 × 10−4 9

−3.2234 −3.5839 0.6881 0.1016 0.4260 −0.5308 1.2 × 10−4 8

−3.7936 −3.9211 0.9894 0.0761 0.6174 −0.7694 1.8 × 10−4 7

−5.3165 −5.7509 0.1170 0.1127 −0.0196 0.0243 6.3 × 10−5 6

−5.8165 −6.2402 0.1259 0.1246 0.0115 −0.0143 4.8 × 10−5 7

−8.3165 −8.3373 0.7578 0.2056 0.4565 −0.5689 2.3 × 10−5 8
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Figures 6.39 and 6.40 give out the evolution curves of miss distance and col-
lision probability. Figure 6.41 shows the evolution curves of f-values of quality
assessment parameters. Figure 6.42 shows the evolution curves of F-value and
f values of risk assessment parameters.
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These evolution curves are helpful to the comprehensive assessment of con-
junction risk. Figure 6.42 indicates that the F-value is becoming larger when the
time is closing to TCA (about 9), which means in the actual US-Russian satellite
collision event, the risk of collision is steadily growing.
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Chapter 7
Orbital Anomaly and Space
Events Analysis

7.1 Overview of Orbital Anomaly and Space Events

7.1.1 Orbital Anomaly and Space Events

Space events may be related to spacecraft maneuver, in-orbit collision, explosion
and disintegration, revulsions in trajectory coefficients and space environment. All
of them can give rise to the anomalies of orbits of space objects. Space events are
mainly produced by two causes: one is artificial controls, like orbital maneuver of
spacecraft; the other is non-artificial controls, such as collision, explosion, disin-
tegration, and changes in space environment.

The detection of space events is an important content for space surveillance and
space situation awareness. Prompt awareness of space events has become
increasingly important for spacecraft owners and operators. All they need know is
what and when happened to evaluate the risk or take appropriate measures.

There are two goals for space events detection [1]: First, near real-time detection
of space events like new object appearance, object maneuver, and object disinte-
gration are indispensable functions for any space situation awareness system.
Second, it often needs to make a list of previous space events to support near
real-time detection and related general analysis.

Among the orbital anomalies of non-artificial control, in-orbit collision, explo-
sion, and disintegration will produce space junks that may collide with other
moving spacecrafts. The abrupt change in space environment will have greater
effects on space missions and orbital movements of spacecrafts. Hence, accurately
identifying these space events can help analyze the potential causes of abnormalities
and solve them with countermeasures.

For the orbital anomalies of artificial control, detecting and identifying maneu-
vers of spacecrafts, especially other parties’ spacecrafts, are conducive to the
accurate orbital tracking and determination of our side. Based on this, we can judge
whether the spacecraft works normally, and at the same time, analyze the intention
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and purpose of maneuver to determine whether it is dangerous to our side and
whether the maneuvered orbit can set other spacecraft on collision risks. Moreover,
unknown maneuver will complicate the close approach analysis and collision
warning.

GEO is located in a specific zone with scarce resources, where is full of space
objects. Affected by perturbations, GEO satellites need frequent position-holding
maneuvers. It is thus especially important to detect orbital anomalies for GEO
objects.

1. Analysis of spacecraft working conditions based on orbital anomaly detection

There is only a few orbital spacecrafts that are always in working conditions;
most are malfunctioned. As space forces exert greater impacts on global politics,
economy, and military affairs, to evaluate the working conditions of foreign
spacecrafts has become a vital task for space surveillance. A complete space event
detection system can be used to analyze the time and nature of the space event, so
that we can know what measures are needed to be taken. To evaluate working
conditions and anomalies of foreign spacecrafts is a vital task for Space Situation
Awareness.

The spacecrafts in normal working conditions are with controllable orbits. The
following orbit control activities have to be conducted to finish corresponding tasks:
orbital maneuver, orbit keeping, attitude adjustment, rendezvous and docking, and
so on. And hence, relatively drastic changes will occur to orbital elements of
spacecrafts. Spacecrafts in abnormal working conditions are with uncontrollable
orbits; only under the effects of gravity and different preservative forces, can they
fly without restraint along their orbits. Except in the cases of in-orbit collision,
explosion, and disintegration, their orbital parameters (such as orbital elements and
other derived parameters) will vary smoothly and continuously. Thus, the working
conditions of spacecrafts can be determined according to differences in orbital
characteristics.

2. Analysis of unusual space weather based on orbital anomaly

Space situation anomalies involve space weather anomalies and orbital
anomalies of space objects. Unusual space weather can affect the satellites in orbit.
To identify spacecraft maneuvers with military intentions in good time can save the
warning and response time of our side, and detections of in-orbit collisions and
disintegrations are convenient for corresponding avoidance measures.

Space weather factors with greater impacts on orbits comprise solar activities
and earth magnetic fields. Solar activities will add more high-energy particles in the
upper atmosphere and increase their energies to increase the temperature of the
upper atmosphere. Coronal mass ejections can influence earth magnetic fields to
cause geomagnetic activities and heat up the upper atmosphere. The rising of upper
atmosphere temperature will further lead to volumetric swelling and enhance the
atmosphere density. As a result, the atmospheric drag against LEO objects will be
increased to influence the orbit energy attenuation rate of these objects and enlarge
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the uncertainty in orbit prediction. The changes brought by these activities to the
upper atmosphere density will directly influence spacecraft orbits and make the
attenuation rate of orbital energy have an abrupt change. To this end, we can study
the relevance between anomalies of spacecraft orbits and space weather events after
knowing in what way the spacecraft orbits are affected by the changes in solar and
geomagnetic activities.

7.1.2 Orbital Anomaly Detection Based on Historical Data

Historical orbital data for space objects are often used to detect space events. For
inactive objects like spacecraft with detailed information difficult to obtain, rocket
bodies and space debris, to detect space events with orbital elements is a feasible
alternative solution. This requires a dynamic orbital database. The Space Situation
Awareness system can provide previous and current orbital elements for space
object. The previous orbital data is an array of time series of orbital elements.
Through analyzing these series we can get to know the changing situations of
orbital elements and discover orbital anomalies. It is done based on Space Situation
Awareness information and a universal space situation map, because prior and
real-time orbital elements and corresponding epoch time need to be obtained from
the space situation information.

The aforesaid detection methods can be divided into two classes: One is sta-
tistical methods, such as the Patera approach [2] and Kelecy approach [3]. It
requires the statistical analysis of the time series of orbital elements of a certain
object to find out when the orbital elements will become exceptional ones relative to
historical information. The other is the Hujsak approach [4] and the like, namely,
using the prediction of orbital elements or state vectors to determine if subsequent
ephemeredes is the natural propagation of previous ephemeredes [5]. For GEO,
special detection methods have been put forward for detection of satellite maneu-
vers based on evolutions of orbital characteristics, like Flohrer approach [6].

Because of various reasons, there are always abnormal values found in TLE time
series of orbit elements of space objects. While the orbital elements change with
time under the action of disturbing forces, a few will deviate significantly from the
normal state. It may be resulted from many reasons. In statistics, outliers can be
caused by multiple factors, for instance, experimental conditions varying, unknown
new phenomena cropping up, system errors, or extreme values produced on account
of random error-induced extreme volatility in estimated values. In TLE time series
of orbit elements, there are two primary causes for outliers: sudden change of
orbital elements caused by space events and gross residual errors in TLE fitting.

The analysis of orbital anomaly based on orbital elements is a basic approach for
space event detection. Using the variation characteristics of selected orbital ele-
ments to detect orbital anomalies is based on data fitting, outlier detection, and other
data processing algorithms. The methods adopted at present include Moving
Window Curve Fitting, Binary Search, and Extended Kalman Filter, etc.
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Some scholars at home and abroad have analyzed the detection methods for
space events or orbital anomalies using historical data. Patera from Aerospace
Corporation of U.S. put forward a detection method for space events based on
Moving Window Curve Fitting (MWCF) [2]. This method is related to the poly-
nomial fitting of data in a window with a certain length. The fitted values were
subtracted from cataloged values to get the dispersion values and the window was
moved to obtain the data sequences of the dispersions. The detection threshold was
set based on standard deviations of the dispersion data. A space event occurs when
dispersions between the parameters and their expectation values exceeded the
detection threshold. This method is computationally efficient and does not require
derivation and prediction of orbital state.

Kelecy et al. at the American Boeing Co. proposed a method in detecting
satellite maneuvers with historical TLE data and pointed out its limitations [3, 6].
This method is analogous to what Patera applied, that is, selecting two adjacent data
segments of the same certain length, conducting polynomial fitting and smoothing
in these two segments, and then calculating the difference of predicted values in the
center points of the two propagation periods. The data segments are moved to
obtain dispersion data sequences and the outlier detection method is employed to
determine the anomalous changes of orbital parameters. Kelecy et al. as well used
the radar observation data of space objects to study the detection method for low
thruster maneuver with magnitude of cm/s speed increment [6].

Swartz and his colleagues from the American Aerospace Corporation proposed a
method to detect space events based on Space Incident Flagging Technique (SIFT)
[7], which is a method used to monitor the satellite ephemerides to detect changes
that are out of the ordinary compared to the object’s historical behavior based on the
method Patera once used. This improved method is divided into two steps: first, put
intermediate results, i.e., dispersions (or derivatives), into the database; second,
shorten the computation time through storing these intermediate results in the
database. SIFT has also been applied in the Space Situation Monitoring Laboratory
[8], as described in the document [7]. The problems in applications have been
discussed and suggestions for improvement and correction have been given to
detect satellite anomalies on time.

Europe [9, 10] and the United States [11, 12] have established their own
application systems for Space Situation Awareness to detect orbital anomalies of
space objects. The aforementioned methods have been applied in practice.

In China, Dong Yunfeng et al. at the Beihang University have come up with a
method to identify and detect orbital maneuvers of space objects based on wavelet
analysis [13, 14]. Orbital maneuvers are associated with mechanical energy chan-
ges. Mechanical energy cannot be directly measured; it can only be calculated by
the position and velocity of a space object instead. The range and angle information
of a space object can be measured by ground-based radar and then transformed into
positional information. The velocity too can only be obtained through differential
smoothing based on positional information. The changes induced by maneuvers to
the mechanical energy are almost unidentifiable on account of measurement noises.
Wavelet Transform (WT), a algorithm with multi-resolution capability, can be used
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to reveal the mechanical energy change that has been drowned in noise to enhance
the recognition capability of orbital maneuvers. Binary wavelets were used to
analyze the mechanical energy changing with time under different scales. True
signals were found increasing in amount and noise levels suppressed as the scale
grew larger. The wavelet coefficient curve varying with the wavelet analysis scale
was observed to determine whether there were orbital maneuvers or not. This
method only requires measurements of space object distances and angles using
ground stations to identify orbital maneuvers.

Qiang Sheng from the National University of Defense Technology has provided
a fusion algorithm to identify the orbital maneuver of space object through a
spaced-based space surveillance system [15]. In addition to searching, capturing,
tracing, data processing, and orbit determination, whether the orbit can be retraced
or not after orbital maneuver is an essential function for a space surveillance sys-
tem. For non-cooperative objects, it has an important realistic significance to know
the exact time and variation principles of the orbital maneuver in time. The specific
intention of orbital maneuver can be obtained through studying and analysis, which
is crucial for change of space surveillance from passive mode to active mode.

Yang Xu et al., from the National Space Science Center, CAS, developed a
comprehensive criterion method [16] to analyze the orbital anomalies of LEO
satellites based on TLE data. He pointed out that orbital anomalies were caused
mainly by two reasons: one is artificially control of orbital maneuvers; the other is
non-artificial control of orbital changes, for instance, the orbital changes resulted
from space debris bumping with satellites or fuel leak. To discover the orbit
anomaly of an in-orbit satellite timely and accurately is of great significance,
especially for non-artificial control of orbital anomalies. Possible influencing factors
can be analyzed immediately after anomalies are found. Yang Xu’s colleagues
Wang Ronglan et al. also proposed a simple and efficient method to detect orbital
anomalies based on semi-major axis changes [17, 18].

All the methods introduced above belong to MWCF, which is about processing
the data based on mathematics without considerations of orbital models or pre-
dicting characteristics. These methods can be applied to all types of orbits.
The GEO area is a key area for space surveillance and space situation awareness,
where large amounts of space orbits are gathered [19].

Aaron [20] and Folcik [21] presented three ways to detect GEO object
maneuvers based on intensive observation data: Binary Search Algorithm, Adaptive
Extended Semi-Analytical Kalman Filter, and Differential Correction-Extended
Semi-Analytical Kalman Filter Hybrid Algorithm. The Hybrid Algorithm is the best
of them. However, none of the three methods are suitable for TLE data-based
orbital anomaly detection, because the TLE data is too sparse to conduct differential
correction or filtering.

Abbot and Wallace in the MIT Lincoln Laboratory have introduced a method to
detect GEO satellite maneuvers based on the data of satellite orbits and property
information [22]. Satellite property information includes image information of
optical telescopes and RCS information of radars. Automatic information fusion
technology was used to combine the property information with the orbit
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information and put the data into a Bayes Belief Network (BBN) to detect the state
changes of GEO satellite and monitor the situations of non-cooperative GEO
satellites.

7.1.3 Basic Procedure of Detecting Orbit Anomaly

In this chapter, the orbital anomalies of space objects are detected based on the
viewpoint that system anomaly is that the actual value of some parameter of the
system deviates from its desired value to an incredible extent. The desired value is
generally reckoned from a system model or extrapolated from historical data instead
of system model prediction and historical data fitting propagation. The actual value
is generally obtained by observation or conversion from the observed value. Thus
errors are unavoidable. It is related to the elimination of noise and abnormal values.

If the viewpoint explained above is used to detect orbital anomalies of space
objects, the orbital anomalies would be that the actual values of some characteristic
orbit parameters of the orbit deviate greatly from the desired values thereof. Based
on this theory, the detection method should include the following procedures:

(1) Selection of characteristic orbit parameters. The characteristic orbit parameters
that can fully reflect the orbital features of space objects should be determined
above all. Different parameters reflect different space events or orbital
anomalies. The characteristic parameter is one or multiple orbital elements or
derived parameters. Its changes can adequately mirror the orbital anomalies of
space objects and can be used to analyze the causes of orbital anomalies.
Different types of orbits should have different characteristic orbit parameters.

(2) Generation of Dispersion between actual and expectant value. The generation
of dispersion requires sufficient precision in actual and expectant value. The
expectant value is obtained from an orbital model or historical data while the
actual value is observed. In this chapter, the actual value is calculated with
TLE data. Comparing it with the expectant value can get the dispersion of
characteristic orbit parameters.

(3) Anomaly detection of dispersion value. Because of the errors in models and
data, the actual value always differs from the expectant value regardless of
orbital anomalies. So, after obtaining the dispersion data, some criteria are
needed to determine if the dispersion is normal. This is a matter of detecting
data anomalies. Since more than one characteristic parameter might be
selected, the dispersion data of several characteristic orbit parameters must be
considered at the same time in anomaly detection, and the components of
dispersion data need be uniformly detected in a multidimensional way.

(4) Evaluation of anomaly detection. Whether the detection of orbital anomalies is
reliable depends on precisions of the actual and expectant value and config-
uration parameters of the detection method. In fact, orbital anomaly detection
is a matter of identification and analysis. False alarm and missing alarm are
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always inevitable. The calculation and estimation of misjudgment probability
is also indispensable during anomaly identification.

(5) Analysis of anomaly causes. The causes should be analyzed after orbital
anomalies are discovered. Different causes lead to different orbital anomalies.
According to various reasons, there are always a few abnormal data in the time
series of orbital elements. Abnormal data should also be analyzed.

According to the thinking above, we have introduced in this chapter three ways
to detect the orbital anomalies of LEO and GEO objects based on previous orbital
data sequences: MWCF, Secular Orbital Dispersion (SOD), and Drift Rate
Dispersion (DRD). These three methods are universal in their own formats of object
catalogs. Theoretically, the MWCF and SOD methods are applied to all orbits,
while the DRD method is suitable for GEO only. The difference lies in the selection
of characteristic orbit parameters and the generation method of dispersion data. See
the basic procedures of the three methods in Fig. 7.1.

First, the selection of characteristic orbit parameters needs to consider the fea-
tures of different orbits and the orbital maneuvers of spacecraft. As space events
(maneuver, collision, explosion, sudden change of space weather, etc.) chiefly alter
orbit energy and inclination angles, total orbit energy (the sum of kinetic and
potential energy) and orbit inclination angles have been selected as characteristic
orbit parameters for the MWCF method. The semi-major axis and inclination angle
of the object have been selected as the characteristic orbit parameters for the
secular-term dispersion method. In consideration of the satellite position and
inclination angle drifting of GEO, the mean longitude of the satellite and orbit
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Fig. 7.1 Basic procedure of detecting orbit anomaly
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inclination angle have been selected as characteristic orbit parameters for GEO drift
rate dispersion. The dispersion data have been calculated with the drift rates of
mean longitude and inclination angle.

Second, the generation method of dispersion data is virtually a calculation
method of theoretical and actual parameters.

The theoretical parameter value in MWCF is obtained through polynomial fitting
in the data window, and the actual parameter value is selected to be the calculation
value of the TLE data of the last point in the data window, and then the dispersion
data of orbital energy and inclination angle are obtained by the fitting value with the
actual value at the current time. Regarding the SOD method, the theoretical
parameter value is propagated by the TLE at one or a few previous epoch times
with the SGP4 model which just considers the secular terms. The actual parameter
value is the TLE calculation value at the current time. The difference between the
actual and theoretical value is divided by the epoch difference to get the change rate
of orbital parameters, and this change rate is used as dispersion data. Regarding the
GEO drift rate dispersion method, the characteristic orbit parameters are drift rates.
The theoretical drift rate is calculated with the orbital elements at the current time,
while the actual one is obtained by fitting or smoothing with historical data. The
difference between the two is used as dispersion data.

The dispersion data between the actual and theoretical parameter values are
hence obtained through the two procedures above. There is more than one char-
acteristic parameter, so the dispersion data is a multidimensional vector with respect
to time. A criterion should be adopted to determine whether it is in a normal status
or not. Several components of the dispersion data are uniformly checked with the
detection method of multidimensional data anomalies. In this chapter, the
Mahalanobis Distance is adopted as a measurement for the distance from each
sample to its distribution center. If the Mahalanobis Distance is larger than the
preset threshold value, the dispersion data is considered abnormal and orbital
anomalies may exist at the corresponding time.

7.2 Orbital Anomaly Detection Based on MWCF

In this section we use Patera’s MWCF method [2] to detect the orbital anomaly with
our selection of characteristic orbit elements and Mahalanobis-distance-based
outlier detection method.

7.2.1 Selection of Characteristic Orbit Elements

The selection of characteristic orbit elements is the first thing to be solved in the
anomaly analysis of space object orbits. The characteristic orbit element is one or
more orbit elements or derived parameters. Orbital anomalies can be fully reflected
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and their causes analyzed by variations in these parameters. The selection of
appropriate characteristic orbit elements is the foundation for orbital anomaly
detection.

Orbital anomalies are generally divided into two classes: One is sudden changes
to the orbital shapes and sizes in an orbital plane, which is chiefly embodied in the
changes in semi-major axis and eccentricity; the other is sudden changes to the
spatial position of an orbital plane, which is primarily reflected in the changes in
orbit inclination angle and right ascension of ascending node (RAAN). In this book,
the two classes are called coplanar anomaly and hetero-planar anomaly, respectively.

Space events refer to abnormal changes in orbital elements. There are multiple
types of orbital parameters to detect space events. In consideration of the coplanar
and hetero-planar anomalies, the parameters that can be used to detect orbital
anomalies comprise orbit semi-major axis a, orbit energy E, eccentricity e, orbit
inclination angle i and angular momentum h, etc. There are two reasons for not
selecting the RAAN X and argument of perigee x. First, X and x are undefined for
small inclination angle and near-circular orbits. It is inconvenient to use them to
describe orbital changes. Second, under the influence of perturbative forces, X and
x vary rapidly with time; orbital anomalies have less effect on their variations
compared to their drift distance. So, it is inconvenient to detect orbital anomalies.

Figure 7.2 shows changing curves of a, i, E, and h of an American satellite
Terra.

As shown in Fig. 7.2, the varying patterns of a, i, E, and h are the same.
Therefore, a (or E) and i are selected as characteristic orbit parameters to detect
LEO maneuvers.
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Fig. 7.2 Curve of semi-major axis, energy, angular momentum, and inclination versus time
(Satellite Terra)
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7.2.2 Generation of Dispersion Data

The MWCF technology is efficient in estimating parameter value and detecting
parameter value mutation. It can be used to eliminate minor parameter changes
caused by orbital perturbations and noise so as to extract secular variations and at
the same time to filter the noise and deal with time varying data. Space events will
occur when the dispersion between parameters and their expectant value surpasses
the preset threshold value. With this method, the data of space orbits can be ana-
lyzed and the events, such as spacecraft maneuvers and collisions and sudden
variations of space weather, can be easily detected. This method is computationally
efficient and does not require the derivation and prediction of situation vectors.

The MWCF method is similar to the moving average method in random data
processing. For each processing procedure, the single typical parameter value that
had been obtained based on the polynomial fitting was subtracted from the actual
parameter value with corresponding time to get the dispersion. The parameter
dispersion and corresponding time were stored. The stored parameter dispersion
was statistically treated to determine the mean value, variance, and standard
deviation. The event threshold was designated by the standard deviation. All the
dispersions were compared to see whether they were higher than the threshold or
not. If so, it would indicate space events existed. At the same, the time and dis-
persions were stored for further analysis. Analyzers can adjust the threshold to
detect most events that interest them.

Also, there is one other way. The first step was to obtain the polynomial fitting
derivatives on the midpoint or other points of a data window. The second step was
to substitute the derivative dispersion of parameters for parameter dispersion so as
to solve false alarm that had been caused by slowly accumulated perturbations and
long time intervals among some TLE data.

Figure 7.3 shows the way in which data are respectively selected from four data
windows via the MWCF method.
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After the moving window is selected, a polynomial for given orders was fitted
with Least Squares (LS). The number of the order is generally set as three. See the
equation below:

p tð Þ ¼ c3t
3 þ c2t

2 þ c1tþ c0 ð7:1Þ

Curve fitting have two effects. First, it can filter the high frequency variations of
noise and data; second, it can calculate the parameter value of any time and its
derivative value in the data window. Enlarging the data window can improve the
noise filtering capability, but the size of large data windows needs fitting via a
high-order polynomial curve to get the desired parametric variation. To this end, a
balance must be maintained between window sizes and polynomial orders. The
essential properties of window data can be employed to achieve this purpose. The
output of curve fitting is expressed in polynomial coefficients ci, as shown in
Eq. (7.1). It should be noted that curve fitting is valid only in windows and cannot
be applied to propagate the window.

Another option for detecting parameter variation is calculating the derivative
value of fitting polynomial on several points. If step change of parameter was found
in the center point of the window, the derivative of the fitting polynomial would see
a wider change at this point. Then, the derivative value could substitute for the
dispersion value obtained in the method above, with other procedures remaining the
same. The expression of the polynomial derivative is listed below:

dpðtÞ
dt

¼ 3c3t2 þ 2c2tþ c1 ð7:2Þ

The processing flow for generating data dispersion based on moving window
polynomial fitting is shown in Fig. 7.4.

Specific steps are as follows:

(1) Incorporate the followings into the continuous dynamic database: the code,
epoch time, and state vector parameters (i, X, e, x, mean anomaly M and
angular velocity of mean motion n) of each object.

(2) Select historical series of orbit elements for a space object.
(3) Calculate the total energy E and inclination angle i that correspond to each

array of orbit elements in the series based on the angular speed of the mean
motion.

(4) Take the subseries in the element series as moving window data. Here, the
array of moving window data comprises time t, orbit energy E and orbit
inclination angle i.

(5) Do polynomial fittings of E and i in the moving window versus t and cal-
culate the expectant values of E and i at the last epoch time in the window via
polynomial fitting.

(6) Subtract the expectant parameter value from the actual parameter value at the
last epoch time in the window to obtain the dispersion data, and then store
the epoch time and dispersion in the data array.
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(7) Judge whether there are any other data available. If so, update the moving
data window, add the next data point, and delete the first one. At this time,
the window remains the same in size, it just moving forward with time.

(8) If there are no data available, calculate the standard deviation of dispersion
data.
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(9) Judge whether each dispersion value represents a space event and check if it
can be used for the detection of space events.

(10) A space event occurs if the dispersion exceeds the result obtained by mul-
tiplying the standard deviation with the preset threshold. For instance, if the
threshold is 3, then the standard deviation threshold is 3r.

(11) Store the space event in the database for the convenience of future analysis.
(12) Check if there are objects left in the database for detection. If so, select the

next space object and its data series to detect other space events. If not,
analyze the existing space events.

(13) Analyze each space event in the database.
(14) Adjust the user-defined threshold to select the size of detecting events.

7.2.3 Detection of Outliers in Dispersion Data

Essentially, the analysis of orbit anomalies is based on the determination of the
calculated actual and expectant values of characteristic parameters. If the dispersion is
incredibly large, it is supposed to be abnormal. Orbit anomalies can be detected with
the calculated dispersion data of orbit energy, semi-major axis, and inclination angle.

The dispersion data at each time can be obtained by subtracting the theoretical
orbit energy, semi-major axis, and inclination angle from the actual ones. Further
calculating the above change rates at each time point can get the data array of

ft kð Þ;DD kð Þ
E ;DD kð Þ

a ;DD kð Þ
i g; k ¼ 1; 2; � � � ; n.

These dispersion data were used to detect orbital anomalies. It is worth noticing
that this method must be used together with the dispersion data of two characteristic
orbit parameters, i.e., the semi-major axis a and inclination angle i.

The outliers in two components of dispersion data were detected both by mul-
tidimensional data and Mahalanobis Distance. The only information that could be
obtained was data points; data variance and other information were unknown. At
this time, outlier detection was like a learning approach without monitoring clusters
[23].

A 2D vector set {r1, r2, …, rn} has been established, with ri = (xi, yi)
T. The

sample mean vector and covariance matrix are as follows:

�r ¼
Xn
i¼1

ri; C ¼ 1
n� 1

Xn
i¼1

ri � �rð Þ ri � �rð ÞT ð7:3Þ

In outlier detection, the difference between two data points should be determined
and the data points should be classified. This difference should be measured by a
numerical value. To this end, a mathematical concept “distance” was abstracted to
describe the difference between data samples. The smaller the distance was, the
more closely the two samples became. The most common distances are Euclidean,
Mahalanobis, B-mode, and Minkowski distances.
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Euclidean distance is a well-known geometrical distance between two points in
space. Useful as it is, it also has a few obvious defects. When the measurement unit
is changed for instance, the distance value calculated is different. Moreover, when
the components of the quantity index represent the substances of different quality or
the components differ considerably from each other (for example, the deviation
magnitudes of two change rates differ greatly from each other), large number
annihilating small number would happen to the Euclidean distance. The distance
needs weighing, and one of the best ways is to weaken the incidence of the
components with large dispersion in distance. Mahalanobis, therefore, proposed the
Mahalanobis Distance in 1936 to solve this problem [24, 25].

The population mean and covariance matrix were respectively set as l and
R > 0, and the sample vectors of population were indicated by ri and rj. The
Mahalanobis Distances from ri to rj and from ri to population were defined as
below:

dM ri; rj
� �¼̂ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ri � rj
� �T

R�1 ri � rj
� �q

dM ri; lð Þ¼̂
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ri � lð ÞTR�1 ri � lð Þ

q
8<
: ð7:4Þ

Mahalanobis Distance is dimensionless and unrelated to the measurement unit.
What’s more, it remains unchanged to all nonsingular linear transformations and
immune to the selection of characteristic dimensions. According to the probability
density function r: N(l, R),

f ðrÞ ¼ 1

2pð Þ32 Rj j12
exp � 1

2
r� lð ÞTR�1 r� lð Þ

� �

¼ 1

2pð Þ32 Rj j12
exp � d2M r; lð Þ

2

� �
ð7:5Þ

Mahalanobis Distance, actually, has described the eccentricity from the proba-
bility distribution center. The greater the Mahalanobis Distance from the sample
value to the population is, the lower the probability in producing such sample
becomes, vice versa. Because of this, Mahalanobis Distance was selected to mea-
sure the outlier degree of data points.

As the population mean l and covariance matrix R were both unknown during
the time when the outliers in dispersion data of change rates were analyzed.
Therefore, the unbiased estimations of sample mean �r and sample covariance matrix
C were used. The Mahalanobis Distance between data points ri and rj were as
follows:

dM ri; rj
� � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ri � rj
� �TC�1 ri � rj

� �q
ð7:6Þ
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The Mahalanobis Distance between data point ri and the sample mean were as
follows:

d ið Þ
M ¼ dM ri;�rð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ri � �rð ÞTC�1 ri � �rð Þ

q
ð7:7Þ

In 2D outlier detection, Mahalanobis Distance was a measurement for describing
the proximity of two data. The Mahalanobis Distance between the vector of a data
point and the mean vector are used to show the outlier degree of this point. If it was
higher than the given threshold dT, this data point should be deemed as an outlier
and removed.

The threshold dT can be selected according to detection precision. The larger the
threshold was, the lower the false alarm probability became, while the higher the
missing alarm probability became, vise versa. Generally, dT can be taken between 3
and 5. In this section, the threshold was set as dT = 5.0.

Figures 7.5 and 7.6 show the Mahalanobis Distance curves for the dispersion
data of satellites Terra and ERS-2. As can be seen in the figures below, the
Mahalanobis Distances between several points are beyond 5.0. These data have
been marked as outliers.

This method can also be explained with a 2D diagram. In the 2D space, the
curves of equal Mahalanobis Distances (dM = 1, 3, 5) are a series of ellipses as
drawn in Figs. 7.7 and 7.8. If the threshold value is dT = 5, the data points outside
the ellipses of equal Mahalanobis Distances would be regarded as outlier points,
which have been marked in red asterisks in the diagram below.
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The above contents have described the basic detection method for LEO satellite
outliers based on semi-major axis and inclination angle dispersion. Figures 7.9 and
7.10 show the detection results of orbit outliers for satellites Terra and ERS-2. The
parts circled in red are orbit anomalies.
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It’s important to note that the orbital data points analyzed in this book are
discrete. Anomalies may be all detected at the time points before and after the actual
orbital maneuvering time, but the specific time and size of the orbital maneuver
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Fig. 7.8 Detection results of orbit outliers based on Mahalanobis distance (ERS-2)
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Fig. 7.9 Detection of Terra orbit anomalies in 2010
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need to be determined by a maneuver reconstruction method. What matters most is
not the concrete time and size of the orbital maneuver, but whether there exist
satellite maneuvers or not, which can be used to judge the working status of the
satellite and facilitate the space object monitoring. So, in this book, the problem of
maneuvering reconstruction is omitted.

7.3 Orbital Anomaly Detection Based
on Prediction Dispersion

The MWCF-based detection method starts basically from data processing. Using a
mathematical method to directly analyze the orbital data is unfavorable for studying
the physical principles of orbital variations of space objects. In this section, both the
orbit prediction and the mathematical detection method were combined and applied
to the study of orbital anomalies.

TLE is the most complete catalog data of space objects released by NORAD at
present. SGP4/SDP4 orbital prediction models are its analytical models. As an
illustration, the historical TLE data has been analyzed in this section, and the
secular term of the SGP4 model has been used to predict the secular variations of
orbital elements. This method also applies to other types of orbital data and the
prediction models thereof.
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Fig. 7.10 Detection of ERS-2 orbit anomalies in 2010
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7.3.1 Secular Model of Characteristic Orbit Elements

To characterize the anomalies inside and outside the orbital plane fully, the
semi-major axis a and inclination angle i have been selected as characteristic orbit
elements in this section.

SGP4 is an orbit propagation model under the comprehensive influences of Earth
nonspherical perturbation, atmospheric drag perturbation, and the third body
attraction perturbation, and can be used for orbit prediction together with the
NORAD released TLE.

TLE data include orbital elements and other relevant information of space
objects, such as orbit codes, international codes, and atmospheric drag coefficients.
These for SGP4 model prediction cover the followings:

r0 ¼ t0; n0; e0; i0;x0;X0;M0;B
�ð ÞT ð7:8Þ

where t0 is the epoch time; n0 is the angular speed of mean motion (revolutions per
day); e0 is the eccentricity; i0 is the mean orbit inclination angle (°); x0 is mean
perigee argument (°); X0 is the mean RAAN (°); M0 is mean anomaly at the epoch
time (°); B* is atmospheric drag coefficient.

All of the parameters listed above are Brouwer mean elements [26] except n0. n0
is a Kozai format [27], which needs transforming into Brouwer format before SGP4
model is used for orbit prediction [28]:

a0 ¼ ke
n0

� �2
3

; d0 ¼ 3
2
k2
a20

3 cos2 i0 � 1

1� e20
� �3

2

; a00 ¼ a0 1� 1
3
d0 � d20 �

134
81

d30

� �

d1 ¼ 3
2
k2
a020

3 cos2 i0 � 1

1� e20
� �3

2
; n000 ¼

n0
1þ d1

; a000 ¼
ke
n000

� �2
3

ð7:9Þ

where ke ¼
ffiffiffiffiffiffiffiffiffiffi
GME

p
, where G is a constant of Isaac Newton’s gravitation, ME is the

Earth mass; a0, d0, a00 and d1 are derived intermediate parameters; in equation
k2 ¼ J2a2E

	
2, J2 = 1.0826261 � 10−3 is the potential function term J2 of the Earth

gravity while aE = 6371137 m is the equatorial radius of earth; n000 is the mean
angular speed of Brouwer format at the epoch time; and a000 is the mean semi-major
axis of Brouwer format at the epoch time.

For LEO objects, the J2 term of nonspherical perturbation has no long-term
effect upon the semi-major axis and, as its orbit altitude is low, the secular per-
turbation of the third body attraction and sunlight pressure upon semi-major axis
can be neglected. The dominant factor that influences the secular variation of the
semi-major axis is atmospheric drag. Though the atmosphere is extremely thin at
such altitude, the semi-major axis is still reduced because the space object flies at a
rapid speed and for a long time and the atmospheric drag is a dissipative force.
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Under the influence of the atmospheric drag perturbation, the secular variation of
the semi-major axis can be described in the equation below [28]:

a ¼ a000 1� C1ðt � t0Þ � D2ðt � t0Þ2
h

�D3ðt � t0Þ3 � D4ðt � t0Þ4
i2

ð7:10Þ

where t-t0 is the prediction interval and C1, D2, D3, and D4 are related coefficients.
See Ref. [28].

For the orbits not synchronous with the sun in LEO objects, the inclination angle
is less influenced by the long-term magnitudes of nonspherical perturbation, atmo-
spheric drag perturbation, and the third body attraction perturbation, and the secular
variation of the inclination angle is approximate to zero. For sun-synchronous orbits,
because that the procession angular speed of RAAN is identical with the angular
speed of earth revolution, the relative position of the sun and the orbital plane
remains unchanged. Therefore, the solar gravitation can lead to secular variations in
orbit inclination angle, which can be expressed in the equation below [29]:

di
dt

¼ � 3n2s
16n

sin i 1þ cos isð Þ2sin 2us � 2Xð Þ ð7:11Þ

where ns is the mean angular speed of earth revolution; n is the angular speed of
orbital motion; is is obliquity of the ecliptic; us is the mean longitude of the sun over
the equator; and X is the RAAN of the space object.

7.3.2 Generation and Outlier Detection of Dispersion Data

1. Orbit prediction

The basic method for orbit prediction is as follows: TLE data rk−1 at the time
tk−1 was predicted with the SGP4 secular term model to obtain the expectant value
rk/k−1 of secular variation of the orbital element at the tk time. After that, ak/k−1 and
ik/k−1 were extracted from the expectant value rk/k−1. In the meantime, ak and ik
were acquired based on the cataloging element rk at tk. See Fig. 7.11.

2. Data smoothing and dispersion generation

Because of measurement, orbital determination, and model precision (such as
earth, atmosphere, and prediction models), some errors would exist in the cataloged
and predicted data to make the catalog and predicted values jitter around the truth
value. See Fig. 7.12.

Such jitter could increase the dispersion data so as to cause false alarm under
normal circumstances. Thus, a cubic spline curve was used to smooth the data so as
to eliminate this small jitter and keep the original characteristic parameter changing
in the way it should be. Below is the equation for fitting objective functions. The
first term implies fitting offset and the second one denotes fitting smoothness.
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d ¼ x
Xn
k¼1

XðkÞ � f ðtkÞ½ �2 þð1� xÞ
Z
L

f 00ðtÞ½ �2dt ð7:12Þ

where X is the data sequence to be smoothed, f is the smoothed function, L is the
minimum value in all the epoch time intervals, x is the weight coefficient with a
data range of [0, 1] that decides the data fitting effect.

The error of fitting decreases as x increases, but the smoothing are less effective.
On the contrary, the fitted curve is smoother as x becomes smaller, but the fitting
dispersion increases. Hence, proper x values could be selected based on different
orbit variations to achieve better fitting effect on the promise of smaller fitting
dispersions. In general, for drastic transient variations that happened instanta-
neously, the fitting dispersion should be controlled first, viz., large x should be
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kt1kt −
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Predicted orbit

SGP4 secular term model

TLE cataloged orbit

Fig. 7.11 Schematic diagram of orbit prediction based on SGP4 secular term model
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chosen to get a better fitting effect. The x value was determined with the empirical
equation below:

x ¼ 1
1þ�t3=6

; �t ¼ 1
n�1

Pn�1

j¼1
tj ð7:13Þ

where tj is the jth time interval and �t is the mean value of all the epoch time
intervals.

Based on the objective function, a cubic spline curve was used to smooth the
cataloged and predicted values of the semi-major axis and orbit inclination angle in
Matlab to obtain the sequence of dispersion data.

ftk;Dak;Dikg; k ¼ 1; 2; � � � ; n

In the above equation,

Dak ¼ a0k � a0k=k�1; Dik ¼ i0k � i0k=k�1; k ¼ 1; 2; � � � ; n

where a0k and i0k are smoothed cataloged values of characteristic orbit elements;
a0k=k�1 and i0k=k�1 are smoothed predicted values of characteristic orbit elements.

The dispersion data contains two parameters–semi-major axis and inclination
angle, which can be deemed as multidimensional data anomalies to be detected with
Mahalanobis Distance.

The concrete algorithm flow of the above process is specified in Fig. 7.13.

7.3.3 Examples

Terra is an American satellite in sun-synchronous orbit. The five sensors it carries
can gather necessary information for observation of the Earth, such as earth
atmosphere, lands, oceans, and solar energy balance. This satellite been taken as an

. . .

Fig. 7.13 Detection flow of orbital anomalies based on prediction dispersion
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example to show the analysis and detection of orbital anomalies with the method
introduced in this section. Table 7.1 shows the historical data of Terra orbital
maneuvers made known in 2010 [30].

For the satellite Terra, the TLE data NORAD released in 2010 can be used to
analyze the variations of the semi-major axis and inclination angle in 2010, as
shown in Fig. 7.14, where the maneuvers in 2010 are marked in vertical lines.

The predicted values of the characteristic orbit elements can be obtained by
processing the orbital data of satellite Terra in 2010 with the prediction model
referred to in Sect. 7.3.2. The cataloged and predicted values can be processed with
the data smoothing method to obtain smoothed values. To make it particular,
elaborations have been given below on the processing condition of Terra’s
semi-major axis data from the 222nd to the 228th days of 2010 (see Fig. 7.15). The
same applies to its orbit inclination angle.

Table 7.1 Orbital maneuvers of satellite Terra In 2010

S/N Date Time Maneuver Orbit
Laps

Duration

1 2010-01-22 15:35:00 Altitude maintenance#57 53,711 00:00:06.7

2 2010-02-24 16:12:09 Orbit inclination maneuver
#25

54,191 00:05:20.0

3 2010-04-28 13:37:10 Altitude maintenance#58 55,107 00:00:07.7

4 2010-08-11 15:11:00 Altitude maintenance#59 56,637 00:00:05.5

5 2010-10-21 15:28:26 Orbit inclination
maneuver#26

57,671 00:05:20.0

6 2010-10-28 15:34:33 Orbit inclination maneuver
#27

57,773 00:05:20.0
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Fig. 7.14 Variations and maneuvers of Terra’s semi-major axis and inclination in 2010
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The dispersion data and Mahalanobis Distance at each epoch time were obtained
after Terra’s semi-major axis and orbit inclination angle had been predicted and
smoothed. The number 5 was set as the threshold for anomaly detection of
Mahalanobis Distance. See Figs. 7.16 and 7.17 for detection results.
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Fig. 7.15 Smoothing of cataloged and predicted values of Terra’s semi-major axis in 2010

0 50 100 150 200 250 300 350 400
-20

0

20

0 50 100 150 200 250 300 350 400
-1

0

1

2 x 10-3

半长轴偏差

0 50 100 150 200 250 300 350 400
0

5

10

1 3 4 5 6

2 5 6

Time/day

Time/day

Outlier detection 

Semi-major axis 
dispersion

D
is

pe
rs

io
n 

of
 

se
m

i-m
aj

or
 a

xi
s/

m
M

ah
al

an
ob

is
D

is
ta

nc
e

In
cl

in
at

io
n 

di
sp

er
si

on
/(°

)

Inclination dispersion

Outlier detection

Time/day

Detection threshold

Fig. 7.16 Detection results of Terra maneuvering in 2010
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As indicated in figures above, the outliers are accumulated near the six time
points mentioned in Table 7.1. The reasons are as follows:

(1) Generally, orbit maintenance is not regulated at a time; instead, it is adjusted
and measured continuously within a period of time to reach the desired value.

(2) TLE orbital determination data is affected by historical data. In the event of
orbital anomalies, precise orbital determination is not achieved at a time. On
the contrary, it is done with multiple arrays of new orbital data.

From the above contents, we can know that six orbital anomalies happened in
2010. The detected frequency and time of the anomalies are identical with the
known orbital maneuver history. We can also know, through analysis, that the first,
third, and fourth maneuver are for altitude maintenance and the second, fifth, and
sixth maneuver are for orbit inclination maneuver. What’s more, the orbit altitude is
enhanced simultaneously at the time when the orbit inclination angle is
maneuvered.

7.4 GEO Orbit Anomaly Detection Based on Dispersion
of Drift Rate

For the special perturbation and motion principles of GEO objects, the theories
concerning mean longitude and inclination angle and the dispersion of actual drift
rate have been used in this section to detect GEO orbit anomalies based on the
analysis of drifting properties of GEO objects. First of all, the general procedures
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Fig. 7.17 Dispersion distribution of Terra’s semi-major axis and inclination in 2010
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were proposed for orbit anomaly detection. Then, mean longitude and inclination
angle were selected as characteristic orbit parameters and their variation patterns
theoretically analyzed. In the calculation of theoretical and actual drift rates, his-
torical orbital data were smoothed with cubic spline curves. The outliers of dis-
persion data obtained have been detected and the biasness thereof analyzed. The
last step was verification of the method with historical orbital data of two GEO
objects.

7.4.1 Characteristic Orbit Parameters and Variation Law

These procedures are also applied to the sections below, especially for orbital
anomaly detection of GEO objects based on the dispersion of drift rate. For the
convenience of introduction, we have exemplified the Beidou-1B Satellite from
China’s Beidou Navigation Satellite System and the failed communication satellite
STTW-1 of China. The basic information and orbital parameters of each satellite
have been listed in Table 7.2. All the historical TLE data of the two satellites during
the time from orbital acquisition to November 2010 have been selected.

1. Selection of Characteristic Orbit Parameters

GEO objects have three features: (1) Its orbital period tallies with the period of
earth rotation; it is an earth-synchronous orbit; (2) The orbit is circular with an
eccentricity of e = 0; (3) The orbit is located on the equatorial plane of the earth to
form an inclination angle of i = 0. Its RAAN X, argument of perigee x and true
anomaly f are indeterminate. Mathematically, they are just singular values. When
using classical orbital elements to describe the orbit properties of GEO satellites,
there exist singularity problems. To overcome difficulties like small eccentricity and
small inclination, these values could be expressed in synchronous orbital element
[31–34]. The elements of synchronous orbits have been defined as mean longitude
of satellite k, drift rate of mean longitude D, 2D inclination angle vector i and
eccentricity vector e. The relationship between synchronous orbit elements and
Kepler orbit elements is displayed as below [31].

k ¼ s� GðtÞ D ¼ � 3
2
a�A
A

ix ¼ sin i sinX iy ¼ � sin i cosX
ex ¼ e cos xþXð Þ ey ¼ e sin xþXð Þ

ð7:14Þ

Table 7.2 Orbital parameters of space objects

SSN No. Name Inclination (°) Perigee (km) Apogee (km) TLE Array

26643 Beidou-1B 3.23 35,779 35,794 3586

16526 STTW-1 14.07 35,774 35,812 4037
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where s is the sidereal hour angle (SHA) of the object; G(t) is Greenwich hour angle
(GHA); the nominal semi-major axis of GEO is A = 42165.7 km.

The drift rate of mean longitude has reflected that the dispersion between the
orbital period and the earth rotation period, which is dimensionless. In applications,
it is generally multiplied by the mean angular speed of earth rotation
xE = 360.985647°/d to be converted into the unit of (°/d). The vectors of 2D
inclination i and eccentricity e have been respectively defined as follows:

i ¼ ix
iy

" #
¼ sin i sinX

� sin i cosX

� �
; e ¼ ex

ey

" #
¼ e cos Xþxð Þ

e sin Xþxð Þ

" #
ð7:15Þ

The 2D inclination vector i is the projection of the normal unit vector of a orbital
plane on the equatorial plane; eccentricity vector e is a vector in the equatorial
plane, which represents the perigee that is pointed from the center of the coordinate
system to the orbit. See Fig. 7.18.

Because of perturbations, GEO objects would gradually stray from the nominal
position. The maneuver of GEO satellite is mainly for position maintenance,
including east-west position maintenance (or so-called longitude position mainte-
nance) and south-north position maintenance (or so-called inclination position
maintenance). As the factors to be changed in general for GEO objects, mean
longitude k and inclination angle i were selected as characteristic orbit parameters.
Whenever satellite orbits are controlled, the controlled quantity is always calculated
according to the secular variation of orbital elements. Thus, mean elements were
taken for both the current orbit and target object. The orbital elements given in TLE
are mean elements and hence can be directly used to detect orbital anomalies.

2. Position drifting caused by orbital element dispersion

If the orbital elements dissatisfy the requirement on motionlessness, i.e., when
small dispersions exist in semi-major axis, eccentricity, and inclination, the position
of the object will drift away from where it is. The dispersion of semi-major axis will
give rise to long-term drift in longitudinal direction. When dispersion Da occurs,
the drift rate of mean longitude is as follows [31]:
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Fig. 7.18 Definition and
components of inclination
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Dk ¼ � 3
2
Da
A

xE ð7:16Þ

where the minus sign “−” implies that the object drifts west when Da > 0 while the
satellite drifts east when Da < 0.

If the eccentricity is not zero, it will cause longitudinal swing at an orbital period
by the amplitude of 2e, i.e.,

k ¼ k0 þ 2e sinM ð7:17Þ

If the inclination is not zero, it will cause the latitudinal swing at an orbital
period by the amplitude of i and the longitudinal swing at a half orbital period by
the amplitude of i2/4. Because of this, the track of the satellite position is with a
shape of “8” approximately under the influence of the oscillation.

d ¼ i sin u; k ¼ k0 � i2

4
sin 2u ð7:18Þ

The curves of satellite position will become complicated under the influence of
the three dispersions in semi-major axis, eccentricity, and inclination.

3. GEO perturbation analysis

As stated above, the position would drifts regularly when the orbital elements
were inconsistent with the nominal GEO elements in number. Why the deflection
happened will be discussed based on the aspect of perturbation in this subsection.
Speaking of GEO, the perturbation terms that need consideration include
non-spherical gravity, lunisolar gravitational perturbation, and solar radiation
pressure perturbation. Under these perturbative actions, the following parameters
change constantly with time: semi-major axis, period, eccentricity, RAAN, and
orbit inclination. The GEO gradually deviates from the ideal geostationary orbit
with the continuous accumulation of perturbative acceleration.

The drift of GEO parameters is related to three aspects: mean longitude k,
inclination vector i, and eccentricity vector e. Under the first-order approximation, it
can be regarded as the followings: (1) The mean longitude k drifts only under the
perturbative action of tesseral harmonic terms of gravitational attraction; (2) The
inclination vector i drifts under lunisolar attraction and zonal harmonic terms of
gravitational attraction; (3) The drift of eccentricity vector e is mainly driven by the
perturbation of solar radiation pressure and slightly by lunisolar attraction. Thus,
our main concern lies in the drifting patterns of mean longitude and inclination
vector.

(1) Longitude drift

The tesseral harmonic terms of non-spherical gravitation perturbation are caused
by asymmetric mass distribution of the earth’s interior. GEO satellites with position
at nominal precision are subject to additional tangential gravitational acceleration
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due to the ellipsoidal shape of the equator. Although the tangential component of
acceleration is small in absolute value, yet it is crucial for longitude drift changes.
The tangential acceleration is influenced by tesseral harmonic terms C22 and S22.
Based on the Lagrange’s equation, it will make the GEO semi-major axis change to
break the conformity between the angular speed of orbital mean motion and the
rotational angular speed of the earth, eventually causing the satellite to deviate from
the nominal longitude of the satellite.

In GEO synchronous elements, the mean longitude k and the drift rate
D constitutes a drift rate vector (k, D). The equation for semi-major axis pertur-
bation can be obtained from the analysis of non-spherical perturbation [34]:

_a ¼ � 2
3
A
xE

Ck ð7:19Þ

where

Ck ¼ �3x2
E

�6J22 RE
A

� �2
sin 2 k� k22ð Þ

þ 3
2 J31

RE
A

� �3
sin k� k31ð Þ

�45J33 RE
A

� �3
sin 3 k� k33ð Þ

2
64

3
75 ð7:20Þ

Hence we can get the following equation for the drift rate vector (k, D):

_k ¼ D
_D ¼ Ck



ð7:21Þ

From the above we can know that the acceleration of mean longitude pertur-
bation is only associated with the longitude of the satellite. Equation (7.21) is
actually a system of nonlinear differential equations.

There are four equilibrium points on the GEO position, that is, an object is firmly
fixed on the four positions. The semi-major axis remains unchanged and the
acceleration of mean longitude perturbation is zero. Two of them are stable equi-
librium points (75.05°E and 104.91°W. These values differ slightly in different
works because of different gravitational field models cited. The gravitational field
model used in this book is JGM-3). Therefore, the object with the longitude slightly
differing from the equilibrium point can still drift back to this point. If the two
points are unstable equilibrium points (11.41°W and 162.08°E), satellites will drift
from them. If it is situated on other longitudinal positions, GEO object will move
with acceleration toward the nearest equilibrium point. If no position maintenance
measures are taken, the longitude of GEO object will ultimately waver symmetri-
cally around the stable point with a period of about 800 days.

The expression for the drift rate of mean longitude has been given in Eq. (7.16),
where the drift rate of mean longitude is known to depend on the semi-major axis
only, while the drift rate of semi-major axis is caused by the tesseral harmonic terms
of the non-spherical gravity. Regarding the semi-major axis, long periodic
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perturbation is not generated by lunisolar gravitational perturbation. The variation
in a cycle is zero, but a short-cycle perturbation equivalent to half a solar day is be
generated. The non-zero eccentricity and orbit inclination can also cause longitu-
dinal vibrations, but the period of such vibration is smaller or equals to an orbital
period (about one day). The release time of TLE elements is generally at the
ascending node, it is therefore hard to reflect the periodic longitudinal variation in
TLE. So, mean longitude variations are still used for detecting orbital anomalies.

(2) Drift of the inclination vector

The inclination vector is driven to drift both by lunisolar attraction and zonal
harmonic terms of the earth’s gravity. The latter produces normal perturbation
acceleration, which, by changing the RAAN, causes the inclination vector i = (ix, iy)
to vary periodically [34]. Such change is reflected by the inclination vector
i revolving with the Z-axis at the speed of −4.9(°)/year.

The lunisolar attraction is the main perturbative source of GEO inclination drift.
The long periodic perturbation of the inclination vector caused by the lunisolar
attraction is shown below:

dix
dt ¼ 3

8
n2k
n

� sinXk sin 2ik
þ 2 sin ik cosXk sin 2kk
þ sin 2ik sinXk cos 2kk

0
B@

1
CA

diy
dt ¼ 3

8
n2k
n

cosXk sin 2ik
þ 2 sin ik sinXk sin 2kk
� sin 2ik cosXk cos 2kk

0
B@

1
CA

8>>>>>>>><
>>>>>>>>:

ð7:22Þ

where k can be used to indicate the Sun and the Moon.
The perturbation equation above contains constant terms (only ik and Xk) and

periodic terms (kk). The inclination perturbation has a linear term and a periodic
term of time. The period is half of the orbital period of the third body. For lunisolar
attraction, there is a half-month periodic term (13.6 days) and a half-year periodic
term (182.5 days).

The general influence of all the perturbations upon the inclination vector can be
expressed with a mean approximate, that is, the inclination vector i revolving
around a pole (0, −7.4°) in a negative direction with a period of 54 years.

The orbital plane (moon’s path) in which the moon moves around the earth
processes against the ecliptic pole for a period of 18.6 years. If we set Xm as a
celestial longitude of the moon’s path on the ascending node of the ecliptic, then we
can get the equation below:

Xm ¼ 259:183� � 0:05295� � t ð7:23Þ

where t is a Julian day calculated from January 1st, 1900 at 12:00 a.m.
Then, the long periodic perturbation of inclination is expressed as follows [29]:
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dix
dt

¼ 0:859þ 0:107 cosXm � 0:0025 cos 2Xm

diy
dt

¼ 0:134 sinXm � 0:003 sin 2Xm

ð7:24Þ

where the unit of the drift rate is (°)/year.
Based on the approximate expression of orbit inclination i2 ¼ i2x þ i2y , the drift

rate of the orbit inclination can be calculated as follows:

Di ¼ di
dt

¼ 1
i

ix
dix
dt

þ iy
diy
dt

� �
ð7:25Þ

As we have known the values of semi-major axis a, inclination i, and RAAN X,
the theoretical drift rates of mean longitude and inclination can be calculated
according to Eqs. (7.16) and (7.25). See Figs. 7.19 and 7.20 for the theoretical drift
rates of mean longitudes and inclination angles of Beidou-1B and STTW-1
Satellites.

7.4.2 Generation of Dispersion Data of Drift Rate

1. Preprocessing of orbital data

The dispersion data of drift rate is generated by calculating the theoretical and
actual drift rates of characteristic orbit parameters (mean longitude and inclination).
The mean element data of semi-major axis a are needed to calculate the theoretical
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Fig. 7.19 Theoretical drift rates of mean longitude and inclination of Beidou-1B satellite
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drift rate of mean longitude, and the mean elements of inclination i and RAAN X
are needed to calculate the theoretical drift rate of the inclination. The data of mean
longitude k and inclination i are needed to calculate the actual drift rates of mean
longitude and inclination. All these data are selected from historical TLE data of
space objects. Thus, errors can hardly be avoided, as is the case for theoretical and
actual drift rates. In Fig. 7.21, noise exists in the semi-major axis data of Beidou-1B
Satellite and there are notable outliers at some points. If this data is directly used to
calculate the theoretical drift rate of men longitude, large errors will be produced.

To solve this problem, the historical orbital data should be processed to inhibit
the noise. In this section, the orbital elements have been processed by cubic spline
smoothing function CSAPS from Matlab R2010b in the calculation of theoretical
and actual drift rates. The cubic spline smoothing is a data processing method that
uses spline functions to fit the data with noise. The spline function need to be
properly constructed to minimize the fitted index function, i.e.,

F ¼ p
Xn
i¼1

yi � f ðtiÞ½ �2 þ 1� pð Þ
Z

f 00ðtÞ½ �2dt ð7:26Þ

The spline function f is constructed based on a specified smoothing parameter
p. In the equation above, the first term means the fitting deviation and the second
one denotes fitting smoothness. The smoothing parameter p represents the extent to
which the data is smoothed by the spline function f. Its value range is [0, 1]. Its
smoothness rests on how far the value is away from zero. When p = 0, f is the Least
Squares linear fitting of the data; the closer the value is to zero the smoother the data
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becomes. When p = 1, f is a cubic spline interpolation of the data. As shown in
Fig. 7.21, the dotted line stands for the smoothed data of semi-major axis, by which
noises have been removed from the original data and the outliers have been
remarkably eliminated.

2. Calculation of theoretical and actual drift rates and generation of dispersion

New orbital data have been obtained by using cubic splines to smooth the
historical data of semi-major axis a, inclination i, RAAN X, and substellar point
longitude. These new orbital data can be applied in two aspects. On one side, the
three parameters namely a, i, and X can be processed with Eqs. (7.16) and (7.25) to
calculate the theoretical drift rates of mean longitude and inclination. Figure 7.22
shows the curve of the theoretical drift rate of mean longitude calculated with
original and smoothed semi-major axis data of Beidou-1B Satellite. As is indicated
in the figure, the results calculated with smoothed data are more stable. On the other
side, after the spline functions of substellar point longitude k and inclination i are
calculated, their change rates at each time can be derived and these change rates can
be used as approximate values of actual drift rates.

Different smoothing parameters (p) have been selected to calculate theoretical
and actual drift rates, respectively. The calculation of theoretical drift rates needs
smoothed data whereas the calculation of actual drift rates needs derivatives of
functions. Smoothing parameters pt = 0.1 and pe = 0.005 have been taken to cal-
culate theoretical and actual drift rates in respective.

After the aforesaid drift rates have been obtained, subtracting one from the
other can get the dispersion at each time and the dispersion data sequence

ft kð Þ;DD kð Þ
k ;DD kð Þ

i g; k ¼ 1; 2; � � � ; n.
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Fig. 7.21 Initial and smoothed data of semi-major axis of Beidou-1B satellite
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Figures 7.23 and 7.24 are 2D distributions for the dispersion data of mean
longitude and inclination of satellites Beidou-1B and STTW-1. The dispersion can
be used as detectable quantity of orbital anomalies.
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7.4.3 Detection of Outliers in Dispersion Data

The detection of orbital anomalies is based on the determination of the calculated
actual and expectant values of characteristic parameters. If the dispersion is
incredibly large, it is supposed to be abnormal. The dispersion data obtained in the
section above can be used to detect orbital anomalies.

After the dispersion data is obtained, the detection of orbital anomalies is
actually the detection of outliers in dispersion data. Two characteristic parameters
needs to be both considered for the method of detecting orbital anomalies based on
the drift rate dispersions of mean longitude and inclination, and their dispersion data
must be considered as well in the detection of outliers. Mahalanobis Distance
should be used to detect the outliers. In the 2D space, the curves of equal
Mahalanobis Distances (dM = 1, 3, 5) are a series of ellipses as drawn in Figs. 7.23
and 7.24. If the threshold value is dT = 5, the data points outside the ellipses of
equal Mahalanobis Distances would be regarded as outlier points, which have been
highlighted with asterisks in the diagrams below.

According to the detection results of orbital anomalies of Beidou-1B Satellite in
Fig. 7.23, if orbital maneuvers were frequented when the satellite remains con-
trollable within the time of analysis, the dispersion of drift rate would be too large to
detect the outliers.

Regarding uncontrolled and normal orbits, the distribution of drift rate disper-
sions should be unbiased, and the dispersion in the drift rate of mean longitude is
irrelevant to that of inclination. It is reflected on the dispersion distribution, i.e., the
2D scattering centers of dispersions in drift rates of mean longitude and inclination
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Fig. 7.24 Detection of outliers in drift rate dispersion based on Mahalanobis distance (STTW-1)
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are near the origin of the coordinate system. The principal axis of the distribution
ellipsoid is parallel to the coordinate axis. The uncontrolled phase of satellite
STTW-1 has been selected. Figure 7.25 shows the distribution of drift rate dis-
persions at the uncontrolled phase within 6000 days from April 19th, 1994. As seen
in the figure, the eccentric center of equal Mahalanobis Distance for dispersion
distribution is near the origin of the coordinate system and the principal axis is
parallel to the coordinate axis.
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Regarding the satellites controlled within the time of analysis, the dispersions of
drift rate are deflected significantly. As shown in Fig. 7.23, the drift rate dispersion
of Beidou-1B Satellite is distributed obliquely in the direction of drift rate dis-
persion of mean longitude. The abscissa for eccentric center of equal Mahalanobis
Distance is 0.004 (°)/day or so. As the drift rate dispersions of uncontrolled orbits
are distributed in an unbiased manner, the bias can be used as a foundation for the
detection of orbital maneuvers.

As analyzed above, when the outliers are detected according to Mahalanobis
Distance, it is determined not with the Mahalanobis Distance from the sample to the
distribution center but with the Mahalanobis Distance from the sample to the origin.
Figure 7.26 shows the detection results of maneuvers of Beidou-1B Satellite based
on the Mahalanobis Distance from the sample to the origin. As we can see from the
maps below, most of longitude and inclination maintenance maneuvers can be
detected, which is advantageous over the detection results determined with the
Mahalanobis Distance from the sample to the eccentric center.

7.4.4 Examples

In conclusion, the detection method for orbital anomalies of GEO objects based on
drift rate dispersions is indicated in Fig. 7.28. The detection results for two GEO
satellites listed in Table 7.2 are shown in Fig. 7.26. The longitude of Beidou-1B
Satellite has always been controllable and its position has been fixed near 80.3°E.
The orbit inclination started to drift from the 2190th day. It was maneuvered to stay
still on the 2452nd day but drifted again on the 2454th day. As seen in Fig. 7.26,
most of the longitude and inclination maintenance maneuvers have been detected.
Since the satellite positioning longitude is 80.3°E, the satellite tends to drift west
toward 75°E. The dispersion of drift rate is maneuvered to be positive, which
coincides with the results in the figure.

The orbital inclination of STTW-1 Satellite started to lose control from about
900th days after the satellite was launched into orbit. It has drifted to 14.067° up to
now. The orbital semi-major axis was out of control from about the 1623rd day
(June 1990) and oscillated at a period of 800 days (2.19 years) by the amplitude of
17.5 km. The periodic oscillation led to vibration in orbital period, thus forcing the
substellar point longitude to swing between 46.5°E and 103°E at the same period.
The center of oscillation is a stable equilibrium point at 75°E. As shown in
Fig. 7.27, the orbital maneuvers detected were mainly conducted within 2000 days
after satellite was launched into orbit, suggesting that in this period, the satellite was
controllable and the altitude and inclination has been continuously maneuvered.
From the 2000th day to now, no orbital maneuvers have been detected, which
indicates that the satellite has been out of control to drift under natural disturbing
forces. The maneuver of orbit inclination was detected near the 2000th day and
several abnormal changes were found in 400 days from the 2000th day to the
2400th day.
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7.5 Assessment of Detection Method of Orbital Anomaly

Three aspects have been assessed for the detection method of orbit anomalies:
demand analysis for orbital precision, parameter sensitivity analysis, and mis-
judgment probability analysis.

Whether the detection method of orbital anomalies is reliable depends on the
prediction and estimation precision of actual and expectant values of the dispersion
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data. The precision of orbital prediction and orbital determination of TLE data has
been analyzed in this chapter.

Some configuration parameters are needed to detect orbital anomalies, such as
the window size of MWCF, polynomial order, detection threshold, and so on. Any
changes in these parameters can affect the detection method.

In fact, to assess the detection method of orbital anomalies is to evaluate its
advantages and disadvantages. It discriminates “normal” dispersion data from
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“abnormal” ones. As a means of discrimination, two types of misjudgment are
always unavoidable: false alarm and missing alarm. It is vital to calculate and
estimate the misjudgment probability. Both the false alarm and the missing alarm
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Fig. 7.28 Flow chart of GEO orbit anomaly detection based on dispersion of drift rate
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need to be controlled, but they are contradictory to each other. When the false alarm
probability is definite, the missing alarm probability is lessened as the Signal to
Noise Ratio (SNR) increases. When the SNR is certain, the smaller the false alarm
probability is, the larger the missing alarm probability becomes, vice versa. In
practice, the false alarm probability is always preset while the missing alarm
probability is lowered by pushing up the SNR.

In this section, the MWCF is used as an example to analyze the precision of the
detection method in orbital determination and prediction, more specifically, to
analyze the parameter sensitivity and misjudgment probability of the method under
certain orbital precision.

7.5.1 Discriminant Analysis and Misjudgment Probability

The detection of space events virtually concerns the discriminant analysis of dis-
persion data, namely “normal” from “abnormal” and “maneuvered” from “not
maneuvered.” Discriminant analysis is one of widely applied methods in multi-
variate analysis.

It can be expressed in mathematical linguistics: First, set a population } that
contains m daughters

Q
1,
Q

2, …
Q

m. The proportion of each daughter in the

population is indicated by p1, p2, … pm,
Pm
i¼1

pi ¼ 1. Second, assume that each

daughter has its own probability distribution (discrete) or density function (con-
tinuous) fiðxÞ, i = 1, 2, …, m, wherein x is a p-dimensional variable vector. Third,
judge that the sample x extracted from the population } belongs to which daughter.
The followings are specific procedures: divide the p-dimensional Euclidean space
Rp into m mutually disconnected sub-domains R1, R2, …, Rm, i.e., Ri \Rj ¼ ;
(i 6¼ j), [ m

i¼1Ri ¼ Rp. For the preset x 2 Rp, when x 2 Ri, determine that x is
extracted from the daughter Pi; i ¼ 1; 2; . . .;m;. The division of Rp is called a
discrimination rule.

Apparently, to solve a discriminant problem needs to determine if the discrim-
ination rule is “good.” Here, the concept “good” can be either based on a theoretic
criterion or an intuitive and feasible idea. Still, misjudgment is unavoidable, no
matter what kind of discrimination rule is used. For example, x is extracted from the
daughter Pi, but mistakenly judged to be extracted from Pj. The misjudgment
probability is expressed below:

Perr j ijð Þ ¼
Z
Rj

fiðxÞdx ; i 6¼ j ð7:27Þ

The integral sign in the equation above represents multiple integral (for con-
tinuous variable) or summation (for discrete variable). Hence, the total average
misjudgment probability of a discrimination rule is as follows:
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Perr ¼
Xm
i¼1

pi
X
i6¼j

Perr j ijð Þ ¼
Xn
i¼1

P :
Xn
i 6¼j

Z
Rj

fiðxÞdx ð7:28Þ

The misjudgment probability should be as small as possible, no matter what kind
of discrimination rule is used. In practice, misjudgment probabilities are all esti-
mated because fiðxÞ is unknown or partly unknown.

It is important to calculate and estimate misjudgment probabilities in discrimi-
nant analysis. Whether a misjudgment probability is large or not is determined by
two reasons. For one thing, it is subject to those daughters to be discriminated. If
these daughters are difficult to be discriminated from each other, the misjudgment
probability may still be high, even though the best discrimination rule is used. For
another, it is subject to what kind of method is used. Different discrimination
methods applied will lead to different misjudgment probabilities. So, a satisfied
discrimination method (with the lowest misjudgment probability) can be chosen by
calculating and estimating the misjudgment probability. Besides, if the misjudg-
ment probability cannot be remarkably reduced whatever methods are used, the
discrimination itself can be considered “not good” and cannot be used to deduce
any significant conclusions.

There are four probabilities in detection of orbital anomalies: The detection
probability is Pd when there exist orbital anomalies and they are detected; the
missing alarm probability is Pm when there exist orbit anomalies but no one is
detected; the false alarm probability is Pfa when there does not exist orbit anomaly
but orbital anomalies are detected; the normal probability is Pn when there exist no
orbital anomalies and also no anomaly is detected. The four probabilities are
mutually dependent. The relationship between the detection probability and the
missing alarm probability is Pd + Pm = 1 and between the normal probability and
the false alarm probability is Pfa + Pn = 1.

In the four cases above, false alarm and missing alarm are both misjudgments,
which need to be controlled. Pm and Pfa are contradictory to each other. The
relationship between Pm, Pfa, and a (SNR) is this: When Pfa is definite, the larger a
is the smaller Pm is; when a is certain, the smaller Pfa is the larger Pm is, vice versa.
In practice, Pfa is often specified and a is increased to reduce Pm.

7.5.2 Probability of False Alarm

1. The 2D dispersion vector for false alarm probability is theoretically calculated
and defined as below:

x ¼ x1
x2

� �
ð7:29Þ
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If no orbital anomalies exist, the dispersion vector x will be subject to 2D
Gaussian distribution with a mean value l and a covariance matrix R, namely
x * N(l, R), and the probability density function of x will be the followings:

f ðxÞ ¼ 1

2p Rj j1=2
exp � 1

2
x� lð ÞTR�1 x� lð Þ

� �
ð7:30Þ

If we assume that the covariance matrix is a diagonal matrix R ¼ diag r21; r
2
2

� �
,

Eq. (7.30) then can be written in component form, i.e.,

f x1; x2ð Þ ¼ 1
2pr1r2

exp � 1
2

x1 � l1ð Þ2
r21

þ x2 � l2ð Þ2
r22

 !" #
ð7:31Þ

So, the probability for 2D random vector x to fall within the elliptic domain of
equal Mahalanobis Distance

E :
x1 � l1ð Þ2

r21
þ x2 � l2ð Þ2

r22
� d2

can be expressed in the equation below:

P dð Þ ¼
ZZ

x1�l1ð Þ2
r2
1

þ x2�l2ð Þ2
r2
2

� d2

1
2pr1r2

exp � 1
2

x1 � l1ð Þ2
r21

þ x2 � l2ð Þ2
r22

 !" #
dx1dx2

ð7:32Þ

After the transformation of coordinate systems,

x1 ¼ r1r cos hþ l1; x2 ¼ r2r sin hþ l2 ð7:33Þ

one has

P dð Þ ¼ 1
2p

Z d

0

Z 2p

0
re�r2=2drdh ¼

Z d

0
re�r2=2dr ¼ 1� e�d2=2 ð7:34Þ

The probability for 2D random vector x to fall outside the elliptic domain of
equal Mahalanobis Distance can be indicated in the equation below:

Pfa ¼ 1� P dð Þ ¼ e�d2=2 ð7:35Þ

Thus, the normal probability and false alarm probability are generally expressed
as follows:
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Pn ¼ 1� e�d2=2
; Pfa ¼ 1� Pn ¼ e�d2=2 ð7:36Þ

Figure 7.29 shows the curve of the normal probability Pn and false alarm
probability Pfa Changing with the Mahalanobis Distance threshold.

2. Actual calculation of false alarm probability

In Eq. (7.30) above, x� lð ÞTR�1 x� lð Þ is the square of Mahalanobis Distance
from x to population. In actual detection, the mean value l of dispersion vector and
the covariance matrix R are unknown and can only be approximated by the sample
mean of unbiased estimate and the sample covariance matrix, namely

�x ¼
Xn
i¼1

xi; C ¼ 1
n� 1

Xn
i¼1

xi � �xð Þ xi � �xð ÞT ð7:37Þ

Therefore, the square of Mahalanobis Distance is expressed below:

d2M ¼ xi � �xð ÞTC�1 xi � �xð Þ ð7:38Þ

The sample xi complies with 2D Gaussian distribution xi * N2(l, R). In
Eq. (7.38), xi � �x can be written as follows:
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xi � �x ¼ xi � 1
n

Xn
j¼1

xj ¼ n� 1
n

xi � 1
n

Xn
j ¼ 1
j 6¼ i

xj ¼ n� 1
n

xi � �xn�1ð Þ ð7:39Þ

In the equation above, �xn�1 is the mean vector of n − 1 samples, except xi that is
irrelevant to �xn�1. �xn�1 complies with 2D Gaussian distribution
�xn�1 	N2 l; 1

n�1R
� �

, so the random vector xi � �x complies with 2D Gaussian dis-
tribution xi � �x ¼ n�1

n xi � �xn�1ð Þ	N2 0; n�1
n R

� �
.

So, the sample covariance matrix n� 1ð ÞC complies with Wishart distribution in
which the Degree of Freedom (DOF) is n, namely

n� 1ð ÞC ¼
Xn
i¼1

xi � �xð Þ xi � �xð ÞT 	W2
n� 1
n

R; n

� �
ð7:40Þ

Hence the following equation is obtained:

n
n� 1

xi � �xð ÞTC�1 xi � �xð Þ	 T2 2; nð Þ ð7:41Þ

where T2 was put forward by Hotelling. In multivariate statistics, Wishart distri-
bution is used as the v2 distribution in univariate statistics while the function of the
latter as the t distribution in univariate statistics.

As indicated in Eq. (7.38), the following formula should be obtained when no
orbital anomalies are detected:

n
n� 1

d2M 	 T2 2; nð Þ ð7:42Þ

This shows that, under normal conditions, the square of Mahalanobis Distance
nd2M

	
n� 1ð Þ complies with distribution T2 2; nð Þ. From the relationship between T2

distribution and F distribution,

n� mþ 1
mn

T2 m; nð Þ	F m; n� mþ 1ð Þ ð7:43Þ

it can be obtained that

1
2
d2M 	F 2; n� 1ð Þ ð7:44Þ

.
Figures 7.30 and 7.31 are curves of probability density function and probability

distribution function of dM obtained when different n values are taken. Theoretical
calculation results have been given as well. In the figures, the actual calculation
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results are closer to the theoretical ones as n increases, and they become the same
when n ! ∞.

As n increases, the normal probability tends to increase too while the false alarm
probability tends to decrease. The limit value of n ! ∞ is the theoretical calcu-
lation value. When n = 300, under the condition that the dispersion vector complies
with 2D Gaussian distribution, the probabilities that the Mahalanobis Distance from
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the sample to its distribution center (weighted by sample covariance matrix) is
larger than 1, 3, and 5 are 60.70, 1.187, and 0.0006%, respectively. The results
demonstrate that, if the detection threshold of Mahalanobis Distance is set as 3, the
probability that the Mahalanobis Distance exceeds the threshold is 1.187% when no
anomalies are detected, that is, the false alarm probability is 1.187%. We can thus
know the relationships between sampling number, detection threshold, and false
alarm probability.

7.5.3 Probability of Missing Alarm

The false alarm probability Pfa is always given in practical engineering and the SNR
a is enhanced to reduce the missing alarm probability Pm. In the detection of orbital
anomalies, noise is the errors of characteristic orbit parameters. If it orbital
anomalies really exist, signal is an abnormal orbit parameter. The SNR is the
standard deviation ratio of abnormal and normal orbital parameters.

The 2D dispersion vector corresponding to orbital anomalies is assumed to meet
2D Gaussian distribution as well, its mean value is lA and the covariance matrix is
RA. If a data point belongs to orbital anomaly, it then complies with the distribution
x	NA lA;RAð Þ and the probability density function of 2D dispersion vector x is as
follows:

f xjAð Þ ¼ 1

2p RAj j1=2
exp � 1

2
x� lAð ÞTR�1

A x� lAð Þ
� �

ð7:45Þ

Similarly, if the covariance matrix is set as diagonal matrix
RA ¼ diag r2A1; r

2
A2

� �
, Eq. (7.45) can be written as follows:

f x1; x2jAð Þ ¼ 1
2prA1rA2

exp � 1
2

x1 � lA1ð Þ2
r2A1

þ x2 � lA2ð Þ2
r2A2

 !" #
ð7:46Þ

Figure 7.32 is the schematic diagram of false alarm probability and missing
alarm probability. On the 2D plane, the ellipse of Mahalanobis Distance threshold
marked in full line divides the 2D plane into two parts: the inner ellipse is zone N,
which stands for normality. If the dispersion vector falls within this zone, it is then
determined as orbital normality; the outer ellipse is zone A, which denotes anomaly.
If the dispersion vector falls within this zone, it is then determined as orbital
anomaly. False alarm probability refers to the probability for the dispersion vector
to fall within zone A when the orbit is in a normal state. Missing alarm probability
means the probability for the dispersion vector to fall within zone N when the orbit
is in an abnormal state (as shown in the dispersion vector distribution of abnormal
orbits marked in the dashed ellipse), which can be schematically indicated in the
dash area.
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It should be noted that the distribution center of 2D dispersion vector is assumed
to be the origin under normal conditions in Fig. 7.32, which can be realized by
transforming the coordinate systems. The missing alarm probability is expressed as

Pm ¼
ZZ

x2
1

r2
1
þ x2

2
r2
2
� d2MT

1
2prA1rA2

exp � 1
2

x1 � lA1ð Þ2
r2A1

þ x2 � lA1ð Þ2
r2A1

 !" #
dx1dx2

ð7:47Þ

The expression above is difficult to be analyzed. Generally, the anomaly of
semi-major axis is independent of that of the inclination, thus capable of being
separately analyzed. The probability of missing alarm is analyzed by a
one-dimensional case below. As shown in Fig. 7.33, in normal conditions the
dispersion value normally complies with the Gaussian distribution x	N 0; rð Þ
where the mean value is zero and the standard deviation is r; in abnormal con-
ditions the dispersion value complies with the Gaussian distribution x	N lA; rAð Þ
where the mean value is lA and the standard deviation is rA.

In the figure above, the threshold of Mahalanobis Distance is dMT, the areas of
two shaded parts are false alarm probability Pfa and missing alarm probability Pm,
which can be separately expressed as follows:

1x

2x

Threshold ellipse

A: anomaly

N: normality

Error ellipse
Fig. 7.32 Probabilities of
false and missing alarm
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( )f x
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Fig. 7.33 Probabilities of
false and missing alarm
(one-dimensional case)
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Pfa ¼ 1�
Z þ dMTr

�dMTr

1ffiffiffiffiffiffi
2p

p
r
e�

x2
2rdx ¼ 2 1� U dMTð Þð Þ

Pm ¼
Z þ dMTr

�dMTr

1ffiffiffiffiffiffi
2p

p
rA

e�
x�lAð Þ2
2rA dx ¼ U dMT � lA

r

� � r
rA

� �
ð7:48Þ

The equations above can be used to describe the relationship between the
threshold of Mahalanobis Distance, false alarm probability, and missing alarm
probability. Generally, the threshold of Mahalanobis Distance is firstly determined
by the first equation of (7.48) according to the false alarm probability needed and
then the missing alarm probability is calculated by using information like the
threshold of Mahalanobis Distance and orbital errors, etc.

7.5.4 Orbit Precision Requirement

The missing alarm probability is associated with r=rA and lA=r when the false
alarm probability or the threshold of Mahalanobis Distance dMT is definite. It
decreases as r=rA decreases and lA=r increases. In the detection of orbital
anomalies, r means determined or predicted orbital errors, which represents orbital
precision; lA refers to the variation scope of orbital parameters caused by orbital
anomalies, which represents anomaly amplitude; and rA stands for the uncertainty
in orbital parameter variation. Of the three parameters, lA and rA are decided by
the orbital anomaly problem which needs to be handled. Their magnitudes are
connected with the size and precision of orbital anomalies. r is decided by the
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Fig. 7.34 Curve of missing alarm probability changing with orbital errors
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orbital data which needs to use. The curve of false alarm probability changing with
the orbital error r is shown in Fig. 7.34 when lA ¼ 6 and rA ¼ 3 and the threshold
of Mahalanobis Distance is taken from different values.

As displayed in Fig. 7.34, the larger the threshold of Mahalanobis Distance is
(namely the smaller the false alarm probability is), the smaller the missing alarm
probability becomes, vice versa. When the threshold is fixed (namely the false
alarm probability is certain), the missing alarm probability gradually increases to 1,
as the orbital errors increase, vice versa.

When the mean value of dispersion and errors that are caused by orbital
anomalies are known, if the threshold of Mahalanobis Distance and the acceptable
missing alarm probability are given, the requirement on orbital precision can be
calculated by Eq. (7.48). The requirement can be considered in two aspects. One is
that the orbital error cannot be too big; otherwise, it will enhance misjudgment
probability. The other is that small maneuvers cannot be detected (with respect to
orbital errors).
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Appendix A
Elements of T-H Equation
State-Transition Matrix

Symbols in this book are defined as follows:

h0 True anomaly at the initial time
h True anomaly at a given time t
p Semi-latus rectum of eccentric orbit, p ¼ h2

�
l

q q ¼ 1þ e cos h
s s ¼ q sin h
c c ¼ q cos h
d d ¼ �e sin h
q0 q0 ¼ 1þ e cos h0
s0 s0 ¼ q0 sin h0
c0 c0 ¼ q0 cos h0
d0 d0 ¼ �e sin h0
s0 s0 ¼ cos hþ e cos 2h
c0 c0 ¼ �ðsin hþ e sin 2hÞ
k2 k2 ¼ h=p2

J J ¼ k2ðt � t0Þ

The concrete expressions of all the elements of T-H equation state-transition
matrix are provided below:

t11 ¼ 3eq0sðe2 þ 3q0 � 1Þ
qðe2 � 1Þ � 3e3ss20

qq0ðe2 � 1Þ
� �

Jþ es0 2es0 � cs0 þ sðc0 � 2eÞ½ �
qq0ðe2 � 1Þ

þ q0 �2ðe2 þ 3q0 � 1Þþ 3cðeþ c0=q0Þþ 3ss0ð1=q0 þ e2=q20Þ
� �

qðe2 � 1Þ

t12 ¼ � 3e2q0ss0
qðe2 � 1Þ

� �
J � es0 ceþðcc0 þ ss0Þð1=q0 þ 1Þ � 2q20

� �
qq0ðe2 � 1Þ
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t14 ¼ 3e2ss0
k2qq0ðe2 � 1Þ

� �
Jþ cs0 � c0sþ 2es� 2es0

k2qq0ðe2 � 1Þ

t15 ¼ 3eq0s
k2qðe2 � 1Þ

� �
Jþ ceþðss0 þ cc0Þð1=q0 þ 1Þ � 2q20

k2qq0ðe2 � 1Þ

t21 ¼ 3qq0ðe2 þ 3q0 � 1Þ
ðe2 � 1Þ � 3e2qs20

q0ðe2 � 1Þ
� �

J

þ 3q0 es0ð1=q0 þ 1=q20Þ � sð1=qþ 1Þðeþ c0=q0Þ
� �

qðe2 � 1Þ
þ 3q0cs0ð1=q0 þ e2=q20Þð1=qþ 1Þ

qðe2 � 1Þ
þ es0 c0e� 2þ ss0ð1=qþ 1Þþ cð1=qþ 1Þðc0 � 2eÞ½ �

qq0ðe2 � 1Þ

t22 ¼ �3eqq0s0
e2� 1

� �
Jþ q0

q

� es0 es0ð1=q0þ1Þ� sð1=qþ1Þ eþc0ð1=q0þ1Þ½ �þcs0ð1=qþ1Þð1=q0þ1Þ½ �
qq0ðe2� 1Þ

t24 ¼ 3eqs0
k2q0ðe2 � 1Þ

� �
J � c0e� 2þ ss0ð1=qþ 1Þþ cð1=qþ 1Þðc0 � 2eÞ

k2qq0ðe2 � 1Þ

t25 ¼ 3qq0
k2ðe2 � 1Þ

� �
J

þ es0ð1=q0 þ 1Þ � sð1=qþ 1Þ eþ c0ð1=q0 þ 1Þ½ � þ cs0ð1=qþ 1Þð1=q0 þ 1Þ
k2qq0ðe2 � 1Þ

t33 ¼ q0 cosðh� h0Þþ d0 sinðh� h0Þ½ �=q

t36 ¼ sinðh� h0Þ=ðk2qq0Þ

t41 ¼ q0ð3e2k2s2 þ 3s0ek2q2Þðe2 þ 3q0 � 1Þ
qðe2 � 1Þ � 3e4k2s2s20 þ 3s0e3k2q2s20

qq0ðe2 � 1Þ
� �

J

þ 3k2q0esðe2 þ 3q0 � 1Þ
qðe2 � 1Þ þ 3k2qq0 c0ðeþ c0=q0Þþ s0s0ð1=q0 þ e2=q20Þ

� �
e2 � 1

� es0k2q½c0s0 � s0ðc0 � 2eÞ�
q0ðe2 � 1Þ � 3k2e3ss20

qq0ðe2 � 1Þ

þ q0ek
2s 3cðeþ c0=q0Þ � 2ðe2 þ 3q0 � 1Þþ 3ss0ð1=q0 þ e2=q20Þ
� �

qðe2 � 1Þ
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t42 ¼ � 3s0e2k2qq0s0
e2 � 1

� 3e3k2qs2s0
qðe2 � 1Þ

� �
J � ek2qs0 c0eþðc0c0 þ s0s0Þð1=q0 þ 1Þ½ �

q0ðe2 � 1Þ

þ e2k2ss0 ceþðcc0 þ ss0Þð1=q0 þ 1Þþ q20
� �

qq0ðe2 � 1Þ

t44 ¼ 3e3s2s0þ3s0e2q2s0
qq0ðe2�1Þ

� �
Jþ qð2s0e� c0s0 þc0s0Þ

q0ðe2�1Þ þ 2e2s2þs0e2s� c0es2þcs0es
qq0ðe2�1Þ

t45 ¼ 3s0eq2q0 þ 3e2q0s
2

qðe2 � 1Þ
� �

Jþ q c0 eþ c0ð1=q0 þ 1Þ½ � þ s0s0ð1=q0 þ 1Þf g
q0ðe2 � 1Þ

þ es c eþ c0ð1=q0 þ 1Þ½ � þ q20 þ ss0ð1=q0 þ 1Þ	 

qq0ðe2 � 1Þ

t51 ¼ 3e3k2qss20
q0ðe2 � 1Þ �

3ek2qq0sðe2 þ 3q0 � 1Þ
ðe2 � 1Þ

� �
J � k2qes0 3es0 � s0ð2c� eÞþ 2sðc0 � 2eÞ½ �

q0ðe2 � 1Þ

� ek2sq0
3es0ð1=q0 þ 1=q20Þ � 3sð1=qþ 1Þðeþ c0=q0Þþ 3cs0ð1=q0 þ e2=q20Þð1=qþ 1Þ

qðe2 � 1Þ
� �

� k2qq0
�3ðe2 þ 3q0 � 1Þþ 3ðeþ c0=q0Þð2c� eÞþ 6ss0ð1=q0 þ e2=q20Þ

e2 � 1

� �

� e2k2ss0 c0e� 2þ ss0ð1=qþ 1Þþ cð1=qþ 1Þðc0 � 2eÞ½ �
qq0ðe2 � 1Þ

t52 ¼ 3e2k2qq0ss0
e2 � 1

� �
J þ k2qes0 eþ c0ð1=q0þ 1Þ½ �ð2c� eÞ � 3q20þ 2ss0ð1=q0þ 1Þ	 


q0ðe2 � 1Þ þ ek2q0s
q

� e2k2ss0 es0ð1=q0þ 1Þ � sð1=qþ 1Þ eþ c0ð1=q0þ 1Þ½ � þ cs0ð1=qþ 1Þð1=q0 þ 1Þf g
qq0ðe2 � 1Þ

t54 ¼ � 3e2qss0
q0ðe2 � 1Þ

� �
Jþ q 3es0 � s0ð2c� eÞþ 2sðc0 � 2eÞ½ �

q0ðe2 � 1Þ
� es c0e� 2þ ss0ð1=qþ 1Þþ cð1=qþ 1Þðc0 � 2eÞ½ �

qq0ðe2 � 1Þ

t55 ¼ � 3eqq0s
e2 � 1

� �
J � q eþ c0ð1=q0 þ 1Þ½ �ð2c� eÞ � 3q20 þ 2ss0ð1=q0 þ 1Þ	 


q0ðe2 � 1Þ
þ es es0ð1=q0 þ 1Þ � sð1=qþ 1Þ eþ c0ð1=q0 þ 1Þ½ � þ cs0ð1=qþ 1Þð1=q0 þ 1Þf g

qq0ðe2 � 1Þ

t63 ¼ d0k
2½q cosðh� h0Þ � d sinðh� h0Þ� � q0k

2½d cosðh� h0Þþ q sinðh� h0Þ�
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Appendix B
Expression for Covariance Matrix
Calculated with C-W Equation

The covariance matrix P(t) is a symmetrical matrix and the error along W direction
is decoupled with the errors along R and S directions and can be written as follows:

P tð Þ ¼ Prr tð Þ Prv tð Þ
PT
rv tð Þ Pvv tð Þ

� �
¼

p11 p12 0 p14 p15 0
p12 p22 0 p24 p25 0
0 0 p33 0 0 p36
p14 p24 0 p44 p45 0
p15 p25 0 p45 p55 0
0 0 p36 0 0 p66

2
6666664

3
7777775

The non-zero elements of position covariance matrix Prr(t) are as follows:

p11 ¼ cos nt � 2ð Þ2r2x0 þ sin2 ntr2y0 þ
sin2 nt
n2

r2vx0 þ
4 1� cos ntð Þ2

n2
r2vy0

p12 ¼ 2� cos ntð Þ 2 sin nt � 3ntð Þr2x0 þ sin nt 2 cos nt � 1ð Þr2y0
� 2
n2

1� cos ntð Þ sin ntr2vx0 þ
2
n

cos nt � 1ð Þ 3t � 4
n
sin nt

� �
r2vy0

p22 ¼ 2 sin nt � 3ntð Þ2r2x0 þ 2 cos nt � 1ð Þ2r2y0

þ 4
n2

1� cos ntð Þ2r2vx0 �
4
n
sin nt � 3t

� �2

r2vy0

p33 ¼ cos2 nt r2z0 þ
1
n2

sin2 ntr2vz0

All the elements of the cross-correlated covariance matrix Prv(t) between posi-
tion and velocity are listed below:
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p14 ¼ n cos nt � 2ð Þ 3nt � sin ntð Þr2x0 þ n sin nt cos nt � 1ð Þr2y0
� 1
n
sin nt 2� cos ntð Þr2vx0 þ

2
n

3nt � 2 sin ntð Þ 1� cos ntð Þr2vy0
p15 ¼ n cos nt � 2ð Þ cos nt � 1ð Þr2x0 � n sin2 nt r2y0 �

1
n
sin2 nt r2vx0

þ 2
n

1� cos ntð Þ 2 cos nt � 1ð Þr2vy0
p24 ¼ �n 2 sin nt � 3ntð Þ sin nt � 3ntð Þr2x0 � n 2 cos nt � 1ð Þ cos nt � 1ð Þr2y0

� 2
n

1� cos ntð Þ 2� cos ntð Þr2vx0 þ
4
n
sin nt � 3t

� �
3nt � 2 sin ntð Þr2vy0

p25 ¼ n 2 sin nt � 3ntð Þ cos nt � 1ð Þr2x0 � n sin t 2 cos nt � 1ð Þr2y0
þ 2

n
1� cos ntð Þ sin ntr2vx0 þ

4
n
sin nt � 3t

� �
2 cos nt � 1ð Þr2vy0

p36 ¼ �n sin nt cos nt r2z0 þ
1
n
sin nt cos nt r2vz0

The non-zero elements of velocity covariance matrix Pvv(t) are as follows:

p44 ¼ n2 sin nt � 3ntð Þ2r2x0 þ n2 cos nt � 1ð Þ2r2y0 þ 2� cos ntð Þ2r2vx0
þ 3nt � 2 sin ntð Þ2r2vy0

p45 ¼ n2 sin nt � 3ntð Þ 1� cos ntð Þr2x0 þ n2 sin nt cos nt � 1ð Þr2y0
� sin nt 2� cos ntð Þr2vx0 þ 3nt � 2 sin ntð Þ 2 cos nt � 1ð Þr2vy0

p55 ¼ n2 1� cos ntð Þ2r2x0 þ n2 sin2 nt r2y0 þ sin2 nt r2vx0 þ 2 cos nt � 1ð Þ2r2vy0
p66 ¼ n2 sin2 nt r2z0 þ cos2 nt r2vz0:
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Fig. C.1 TLE’s prediction residual state components in UNW coordinate system versus temporal
difference for LEO object



Fig. C.2 TLE’s prediction residual state components in UNW coordinate system versus mean
anomaly for LEO object
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Fig. C.3 TLE’s prediction residual state components in UNW coordinate system versus temporal
difference for MEO object
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Fig. C.4 TLE’s prediction residual state components in UNW coordinate system versus mean
anomaly for MEO object
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Fig. C.5 TLE’s prediction residual state components in UNW coordinate system versus temporal
difference for HEO object



Fig. C.6 TLE’s prediction residual state components in UNW coordinate system versus mean
anomaly for HEO object
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Fig. C.7 TLE’s prediction residual state components in UNW coordinate system versus temporal
difference for GEO object
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Fig. C.8 TLE’s prediction residual state components in UNW coordinate system versus mean
anomaly for GEO object
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Fig. C.9 In-track (U), normal (N), and cross-track (W) error standard deviation’s Poisson series
fitting curved surfaces of LEO objects (n = 2, m = 4)
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Fig. C.10 In-track (U), normal (N), and cross-track (W) error standard deviation’s Poisson series
fitting curved surfaces of MEO objects (n = 2, m = 4)
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Fig. C.11 In-track (U), normal (N), and cross-track (W) error standard deviation’s Poisson series
fitting curved surfaces of HEO objects (n = 2, m = 4)
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Fig. C.12 In-track (U), normal (N), and cross-track (W) error standard deviation’s Poisson series
fitting curved surfaces of GEO objects (n = 2, m = 4)
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Fig. C.13 TLE’s prediction residual state components in RSW coordinate system versus temporal
difference for LEO object (20 days)
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Fig. C.14 TLE’s prediction residual state components in RSW coordinate system versus temporal
difference for MEO object (20 days)

www.ebook3000.com

http://www.ebook3000.org


0 5 10 15 20
-20

-10

0

10

20
R

 (k
m

)

0 5 10 15 20
-1500

-1000

-500

0

500

S 
(k

m
)

0 5 10 15 20
-100

-50

0

50

100

Δt (day)

W
 (k

m
)

0 5 10 15 20
-50

0

50

100

v R (m
/s

)

0 5 10 15 20
-1.5

-1

-0.5

0

0.5

1

v S (m
/s

)

0 5 10 15 20
-10

-5

0

5

10

Δt (day)

v W
 (m

/s
)

Fig. C.15 TLE’s prediction residual state components in RSW coordinate system versus temporal
difference for GEO object (20 days)
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