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Some thoughts on methods by which software can be produced that will satisfy
humans. The target human may be the operator, the programmer, or the person
who paid for the software. No strong assumption is made on this issue. How can
we state what we want from a piece of software, how can we find imprecision and
inaccuracy in our statements, how can we make our statements more precise and
accurate, and how can we know that the software does what we decided that we
want it to do? How do we know that what we said is what we will want?
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. Make it clean first, then lean.

. Without documentation, it is not engineering.

. Without robustness, it is not engineering.

. Every software engineer understands induction.

. You are worth what is in your head, not what is on the Web.
. Natural language is imprecise; formal language is inaccurate.
. Be concrete.

. Write clearly from the beginning; make everything explicit.

. Abstraction means the same thing as modularity.






This paragraph is so
far short of explaining
what this book is
about that it is a
grotesque, but at least
it tells you that it is
not a book on
cookery or poetry.

For the details, see
the bulk of the book.

This sentence says
what the book is
about.

It is a myth that
mathematics is static
or monotonic, a myth
maintained by
selective amnesia.
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Preface

Practical means using the material at hand. Formal means clear, explicit rules. Software
is anything that can be manipulated exactly, including algebraic terms and mechanical
puzzles. Engineering is obtaining an approximate result from approximate material.
Science is useful to the engineer, but engineering is not science: science obtains exact
results but requires exact material. Engineering is not a commercial subject, even
though it has commercial implications. Mathematics is useful to the software engineer,
but software engineering is not mathematics. Mathematics is not introspective enough.
This book is a discussion of practical formal software engineering.

A preface is an informal chat the speaker has with the few who arrive early for a
seminar. Assuming goodwill from the reader, this preface says, without elabora-
tion or apology, where I am coming from: software engineering is engineering. An
electronic engineering book is filled with circuit diagrams. This book describes
software engineering in the same mode. Version control, the product life cycle,
and project management are all important to engineering workshops, but they
are not engineering.!-?

I take an explicit para-consistent stance on mathematics and other formal
studies: formal studies are empirical sciences, their justification is empirical,
and no proof ever gives certainty, contradiction is not avoidable in serious
work, the principles of the excluded middle and explosion are not always use-
ful, and paradox arises because of unacknowledged material conjecture about
metalogic.’

Some experts in formal areas will respond, Joe Blogs solved that problem. But,
in my reading in preparation for writing this book, I found, in the words of Mr.
Henry Albert Bivvens, Nay, nay, not so, but far otherwise. Debate continues on
whether the reals are countable, infinite sets exist, the principle of explosion is
true, set theory is consistent, the axiom of choice is correct, or any nontrivial
logic system can be consistent. For practical reasons, these concerns cannot be
ignored when engineering software.*

Constructive mathematics, with which this book is aligned, is sometimes
said to make bizarre, difficult-to-believe statements. In fact, the constructive
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approach says less, not more, than the existential approach. Its main impact
is to promote caution, to avoid going beyond what the practical facts actually
require. Once this point is made clear, many logical objections evaporate.

But a practical book on software theory should not contain a discussion of the
esoteric foundations any more than a book on practical circuit theory should
discuss the conflict between Maxwellian and Newtonian mechanics. This book
is about the use of, not the justification for, a para-consistent attitude. The real
question remains: is this a useful attitude for a software engineer to have in
practice? During two decades of writing software, I have found it to be so.

A doctor must have a
good bedside
manner, but a broken
leg is not repaired
with sweet talk.

The computer does
what you say, not
what you mean.

Software is not what you find on a desktop computer: spreadsheets and games.
The natural limit of software is the limit of software techniques. This limit
includes all that might be found on a desktop computer: any program in any
existing language, including C, Haskell, Scheme, Prolog, Java, Assembler, and
PERL. Beyond even this, it includes all the precise notations of formal logic and
mathematics, as well as physics and chemistry. It includes the way tiles cover a
wall. Software is precisely defined operations of precisely defined mechanisms:
finitary in the sense of Hilbert.?

What a program is intended to mean is vital to the social purpose of engineer-
ing. But to achieve the social purpose, the software must be built. To build and
debug software, the engineer must see the meaningless mechanics. The rules
of software can be followed without knowing the meaning. The raw material of
software engineering is formal manipulation. Programs are built from this as
electronic devices are built from chips.®

Imagine a tree. You experience clarity; you can say whether it is bare, or tall,
or round. You can imagine it over a piece of paper and pick up a pencil. But as
you move to trace it, it evaporates. Your experience of clarity is an illusion.

Similarly, programming begins with an idea that seems clear until an attempt
is made to write it down exactly. It is not a language problem. In your mind
are some property descriptions, incomplete, inconsistent, and incorrect. Going
from idea to English to OCL to Java is formalization: developing an imprecise
idea into a precise idea. The original idea might not be satisfied by any piece
of code at all. The process of writing code includes changing your mind about
what you want, to make it possible to write.

Game software is a good context for software engineering. Games are generic.
A game constructs a virtual universe: a tic-tac-toe board or the world of Star Trek.
Just as every program defines a language, every program defines a world. The
player views part of the world, thinks, and then acts. The universe might pause
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for this or continue regardless. Games do this explicitly. I claim this is a good
way for humans to think about all software.

Even if humans could
compute the
noncomputable, the
method could not be
recorded; it would be
revelation, not
reasoning.

A conservative
extension to
generalized functions
exists.

Logicis the scienceof correct reasoning using text and diagrams. There are no self-
evident principles. The correctness of a logic of software is a material conjecture,
asis the correctness of a mechanics of billiard balls. Logics are mechanisms, as are
Turing machines. The rules of reasoning can be followed without knowing the
meaning. This prevents subjective interpretation from invalidating a conclusion.
The statements in a logic are not inherently true, false, or meaningful.

Each program is a logic, so a logic of programs is recursive: software of
software. Compilers and debuggers are everyday examples. There is no hierarchy
of language and metalanguage. English can describe itself, and so can C. The
limitations this implies are natural and fundamental. The limitations are generic
toreasoning; changing the language does not evade the problem, nor can humans
compute anything provably impossible for a computer.

A program is a finite expression. Only the finite exists in software. The infi-
nite is coded as finite logic, as a potential, not an actual, infinity. Infinite axiom
schemes are finite second-order axioms. Software engineering builds finite ex-
pressions with desired algebraic behavior.

A software logic that is complete and correct would help, but twentieth-
century research says that no practical system can be both. Where there is
conflict, mathematics tries to be correct and engineering, complete. Thus, bugs,
known as paradoxes, exist in software theory, to be dealt with as they arise. But,
abugin a logic system does not justify discarding recursive logic, any more than
a bugin a C program justifies discarding C or even the C program itself.

The equation S = {x|x ¢ x} has no solutions, because S € S= S ¢ S. But
this is no more mysterious than there being no real valued function that satisfies
the definition of the impulse function. However, it is not always possible to
know in advance when such a problem will occur.

Insisting on syntactic limitations makes the logical development cumbersome
and does not remove the problem but only disguises it. To avoid paradox,
orthodox mathematics rejects self-reference, so it is inadequate to describe
software. In practice, attempts to use correct software logic lead to simulation
of complete software logic, which only disguises the paradox. It is like having a
machine that cannot crash running a simulation of one that can. The distinction
is a useless technicality.

All logical difficulties arise from material self-reference, in which the logic
is conjectured to refer to its own behavior. This recursion generates a logical
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equation that might have no solution. But there is no mind-bending paradox.

Removi - The halting problem is based on a paradox. It would be esoteric if not that it is
emoving recursion Is
shooting the embedded in seemingly harmless problems, which are thus unsolvable: finding
Mmessenger. the set of integer solutions of multivariate polynomials over the integers, for
example. Self-referential logic does not cause this problem; it allows it to be
studied.
The absolute truth

Mathematics as absolute truth is historically inaccurate. Mathematics changes
over time, not just by addition, but by revision and retraction. Ancient concepts
still used today exist in so mutated a form as to be no more (or less) recognizable
to the ancients than modern physics. Old proofs become fallacies; results still
used are accepted only under the burden of a different method of definition and
demonstration. It is circular to suggest that those things truly proved, not just
believed, remain accepted today. That which is not accepted today is declared
likewise to have never been properly proved.

Infinity is a common changing theme. The ancient Greeks, on the whole,
rejected infinity. Where we prove today with limits, they used exhaustion; where
we use real numbers, they used pairs of line segments (a similar principle is
often used in modern algebra). In each case to avoid infinity. But, the modern
concepts of limits and real numbers come, largely, from the nineteenth century:
not so long ago.

The victory of limits over exhaustion is not one of truth, but one of util-
ity; limits are easier to manipulate. Philosophical correctness is outgunned by
convenience. This was especially true in the seventeenth century, when infinite
sums and infinitely small quantities were used to increase the power of algebra.
The ideas led to many contradictions and many objections. Eventually, several
concepts — the limit, the infinitesimal as a function, and so on — were created,
and the fallacy of the raw infinitesimal was laid to rest with a stake through its
heart. But in the mid-twentieth century, the raw infinitesimal clawed its way
back to the surface with a proof that if the raw infinitesimal was a fallacy then
so was the limit.

The raw infinite was rejected for centuries, but it emerged again in the late
nineteenth century, with the theory of transfinites. After initial rejection, the
theory was glorified as putting the infinite on a firm foundation. But in the twen-
tieth century, it was shown that the size of transfinite sets is relative to the logic
used. Classically uncountable, reals are countable in other logics.

Far from a pathological rarity, this is normal for the foundations of mathe-
matics. The problem in writing this section was not a lack of examples, but of
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selecting a few details from a vast sea of material, most of which is not even
hinted at here. Changes in the officially correct continue, unabated, through the
twentieth century, to the time of this writing.

The algebra

______________________________|
Lists are logically prior to sets. To speak about sets, we need language, and that
language is a sequence, or list, of symbols. Finite sets are an equivalence class on
lists. Infinite sets are a finite logic.

Algebra began as the algebra of numbers. Principles such as the commutativity
of addition, x+y==y+x, are compact expressions describing an infinite number
of pure substring replacements. Whenever the pattern x+y, such as 1+1, 2+3,
or 1562+98, appears in a finite source string such as 5% (2+3), it can be
replaced by the string 3+2 constructed according to the rule, to generate a
target string 5 (3+2) . In so doing, there is a local matching {x==2,y==3}.
Both the source and the target are said to be states of the host string.

Rules also apply to rules. Combining a+b==b+a with axb=bxa produces
the rule (x+y) *z==2z% (y+x) . The action of several rules can be summarized
as a rule. For any initial set of rules, there is an abstract set of all the rules
generated by those initial rules.

Leibniz observed that all precise reasoning is like this.

Software extends this to one-way rules, x+y— y+x, in which the replacement
must work from the left-hand pattern to the right-hand pattern. This gives a
concept of direction, of working from the available to the desired.

The simplest case is that each rule is a pair of literal strings. A rule states
that an instance of exactly the left-hand string may be replaced by exactly the
right-hand string. This turns out to be a general principle of computation. That
is, any set of rules using patterns is generated by some set of literal rules.

Any one specific application of a pattern rule replaces one literal sub-
string with another literal substring, no matter how the decision to do so
was made. Part of the host string, possibly beyond the piece that materially
changed, was examined to validate this replacement. But there is a limit be-
yond which nothing affects or is affected by the replacement. This larger string
is the scope of the specific application of the rule. The scope might be the
whole host string, but because each host string is finite, a finite scope always
exists.

The natural scope of an application of a rule is the smallest string in which the
replacement is context free. Relative contextual freedom is when extra informa-
tion is known about the outside string (such as no use of a certain construct),
corresponding to information about the programming paradigm.
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Replacement reasoning does work in software. However, replacements tried
in a naive analogue to traditional mathematics are not always correct. The
replacement is affected by other parts of the string: the effect is not as local
as expected. This is an error in the judgment of the programmer, not in the
principle of algebra.

In modifying a function in a C program, if there are global variables then
a code change might have a complex effect on the rest of the program. But
with local variables only, the effect will be limited to the function itself. The
entire code inside the function can be replaced without worrying about any
context beyond the function. This is modularity, but the important property is
localization in the expression.

Without knowledge about which parts can be modified locally, it is impossible
in practice to write code. There must be some limit to where to look. The key to
programming algebra is to know which pieces of code can be changed without
looking at their context.

The bigger this string, the more errors are possible.

The methodology

Knowing the software methodology can be important. If the design rule “never
use a global variable called Fred” is being used in the rest of the code, then
without looking at the context, changes to the internals of the one function that
does use Fred can be made. The algebraic rules depend on how the program was
written. Turning this around, designing the program to support a useful class of
algebraic rules can lead to improved code.

Some say that declarative language is best for this, and it seems so in prac-
tice, but it is due to social factors. Spaghetti C code can be given declarative
state transformation semantics, but it does not untangle the logic; however,
cleanly written C code can be proved. Declarative-language designers had for-
mal training, and their languages pressure the programmer to write clean code.
Most declarative programmers had similar training and responded easily to the
pressure.

Traditional declarative programs were clear and often provable. But non-
traditional programmers introduced to using monads in a syntax that looks like
Fortran, and encouraged to think in an imperative style, produce spaghetti: it
does not just look like traditional imperative code, it behaves like it. Traditional
mathematics has a style in which reasoning proceeds rapidly with few errors. It
is the unwritten details of how to say things that make the difference.

A human works on a thousand-character expression as a Turing machine
works on its tape: making local changes and moving on. All rules of good
software engineering come down to locality. Declarative programming is not
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the issue, object programming is not the issue, and structured programming is
not the issue. When locality is strongly violated, the trouble starts.

The algebra of imperative operators is different from that of the equivalent
declarative state—change operators. Orthodox matrix multiplication is associa-
tive, but when the time taken is noted, the operation is no longer associative.
These are the problems of using mathematics naively in software. The algebra
of the action is different from the algebra of the value of expressions. Most
mathematics uses the value, and so a common mistake is to transliterate the
wrong algebra into the software.

Real numbers are impossible as software. The algebra of reals is different
from the algebra of floats. Transliterating real algebra results into a program is a
mistake. The correct approach is to map compound expressions to compound
expressions. The algebra of the reals is possible in software, but it requires
sophisticated code and is often not justified in practice.

Algebra is the manipulation of some expressions to create others with desired
properties. This also describes programming. The algebraic tool is substring
replacement. Each replacement has a context (part of the host string); nothing
outside this affects it. Every piece of code admits algebraic replacement, within
context. But the context might be the whole program. The larger the context, the
more likely are errors. Programming paradigms can be described by the algebra
they admit. Designing the code to a style that admits useful, local, replacement
rules is a good way to improve the quality of code.

Half a proof

Still, half a sixpence is better than half a penny
is better than half a farthing is better than none.

In a chain of deductions, if one deduction is not valid, then the validity of the
chain is destroyed. But is this principle of validity important?

You cannot become sure of anything, material or abstract, if you are not
already sure of something. Aristotle showed that a deductive proof from nothing
is an infinite regression. Lewis Carroll showed that modus ponus is an infinite
regression. Bacon said that an induction never makes a conclusion certain.
Popper said that deducing a conjecture false is impossible because there may be
an error in the refutation method. The no-free-lunch theorem states that for
any two methods of reasoning there is some conceivable universe in which the
one is no better than the other, including random guessing and even picking the
worst model each time.”

After proving the program, there is the proof of the compiler, and the operating
system, and the hardware, and the system that manufactured the hardware, and
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the system that proved that, and so on. But exactly the same problem occurs
with any formal proof in all of mathematics and logic. In practice, the reasoner
eventually stops and says, Enough.®

Are formal studies at least a precise game played like chess? Perhaps they
could be, but mathematics is not played this way. Machine checking of journal
proofs shows that almost every proof in practice has errors and omissions.
Mathematicians claim that these holes can be filled, but the proofs are still
not strictly valid. It is fallible intuition based on instinct and experience that
leads a proof to be accepted by the mathematical community. Paradoxically, if
only strictly correct proofs were useful, then mathematics would be useless. In
practice, mathematics is robust. A partial proof from a good mathematician is
strong evidence that something like that is true.’

Classical mechanics is false. But it is still used to build cars, planes, and
bridges. It is used because, in practice, it returns results that are close enough
with reasonable effort. A false theory that is robust is much more useful than a
true theory that breaks when the information is not exact.

A typical complexity proof shows only that the limit to infinity of the ratio of
a formula to the behavior is finite. Ask whether it is hot at the beach and be told
that it is 20° on Saturn. This is useful only because a serious attempt to prove
such a limit gives informal information about the finite behavior. But this is a
material fact about the generation of the proof, not a logical fact about the proof
itself.

Many formal theories make material conjectures. The Peano theory of the
naturals includes mathematical induction. But, as applied to the other Peano
axioms, this is a material assertion about an infinite number of proofs. It cannot
just be demanded to be true; it might be false.!”

The correctness of nontrivial logical formalisms is always hostage to material
conjectures about proof in some logical formalism. But this does not mean that
attempted formalism is useless. The proof of an electronic device depends on
the assumptions made in its design. In practice, proofs are never certain, but the
process of trying to make formal proofs is correlated with better code. This is a
material fact about computers, as is electromagnetics.

Formal methods mean explicit theory, not certain proof. At best, they mean
proof given assumptions. But the assumptions are explicit, so it is clear where
to improve the rigor. The assumptions might be wrong, but some theory is better
than none. The theory can always be improved later. Software engineering
constructs theory with code. It is a scaffolding approach. To build a pyramid,
build a big sand ramp at the same time.
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One criticism points out that formal software engineering does not give cer-
tainty but fails to point out that no other engineering discipline does either.
Electronic engineering uses formal proofs of circuit properties together with
rules of thumb and testing to reduce the error rate. Likewise software engineer-
ing. Does partial formal verification reduce the error rate in practice? Yes, up to
a point. How much effort is justified? The precise cutoff depends on the social
context of the application, but it is never zero or infinity. Also, formal methods
can be used to gain a benefit, without any proof at all, by precisely describing
the intended behavior. In fact, what you really want is not provable: you want to
know that the specification satisfies your desires.!!

Justlike structured or object-oriented code and documentation, formal meth-
ods are not all-or-nothing. Half structured is better than total spaghetti. But
formal methods in software have been criticized for an inability to start with
an arbitrary piece of code and verify it. This observation is true but misleading.
When a program is built from the beginning in a formal manner, it is fairly
easy to continue. Trying to prove spaghetti code is like trying to modularize it
or document it. No protagonist of object-oriented programming would suggest
that the power of OOP includes the ability to easily neaten spaghetti code.

Leslie Lamport said that to make software, an engineering discipline needs
an engineering theory of mathematical proof. But such a theory must involve
partial proofs and will be justified by the working technology built using it and
will not be liked by mathematicians, any more than physicists like engineering
circuit theory. If a system is set up just so, so that an exact proof is possible,
then it is mathematics, not engineering. But we should not hope to entirely
prove software systems in practice if only because humans will always push the
technology beyond their ability to prove, even if that ability is improving.

Part of software engineering is handling large proofs: bookkeeping, modular-
ity, strategy. Practical software expressions are thousands of times bigger than
those commonly used by mathematicians. But this still involves, in software
terms, empirical matters, parts that are not proved and parts that cannot be
proved.

Electronics engineering is not about a particular brand of transistor, but about
the principle of how transistors work in general; likewise software engineering
is not about specific code elements in a given language; it is about the general
issues that are true of many languages — not how does a while-loop work in C,
but how does it work in general, and why is it the same thing as a Haskell
recursion. Such things as a VLSI chip in electronics mean code libraries in
software. A technology — CMOS, TTL, and so on — is roughly analogous to
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a software language. Several technologies are discussed so that intuition can
be gained about general principles, rather than slavish adherence to a single
paradigm promoted.

Project management

Stuff the philosophy,
how do we write the
software?

But the agnostic is
hated more than the
atheist.

Notes

Today, software engineering is split. Players have competing motivations and
backgrounds. There will be those who object to one element or another of this
book, feeling it is false or misguided. I hope that they will still find something
here. Most of the material is neutral; it presents practical mental tools for those
for whom the primary goal is to build software that works. It does not deny
other mindsets; it simply does not require them.

Project management ceases to be engineering when the code cannot be seen.
But some organizational matters directly affect the programmer. While they are
not a large part of this book, they should be mentioned.

Specification, design, implementation, testing, debugging, documentation,
and maintenance are activities, not stages. To a degree, each occurs at all stages of
the life of the code. The fact of “leaving the design stage” should be observed, not
legislated. Documentation, including specification, is to be done at all times. The
code is a side effect of the documentation. What the code is to do is considered,
and then the code is shown and demonstrated to be correct. This is the theorem-
proof style of mathematics. The code is the theorems, and most of a book is
either proof or discussion.

Every program is derived from the hello-world program. Speculative proto-
typing is used to clarify the specification, which might be modified as a result.
Code that has been exercised enough is classified as tentatively completed, to
be used in the final version. Top-down, bottom-up, middle-out: all are parts of
design. The key is to design the proof and the program at the same time and
modify whichever part should be modified. Versions should be kept to a min-
imum. Rather, small, stable modules should be spawned, if there are multiple
issues of exactly how code should be written. Stepwise refinement (sequential
prototyping) is the rule.

The final program, as big as it may be, should be expressed as a short, simple
piece of code, using the utility modules that have been designed in the process.

1. David Parnas, author of the classic “On Criteria to Be Used in Decomposing Systems into Modules”
[1972], has argued in “Software Engineering Programmes Are Not Computer Science Programmes”
[1997] that software engineering is engineering.
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. This is not an algorithms book. An electronic equivalent of that is a book of circuits; a mathematical

equivalent is a book of standard sums and integrals.

. Every program can be shortened by at least one instruction and contains at least one bug. Thus, every

program can be reduced to a single instruction that does not work.

. In the early nineteenth century, Augustus De Morgan complained bitterly about the logical absurdity

of negative numbers; in the early twentieth century Skolem said that set theory was an absurd thing
to found mathematics on. Godel proved you could not prove arithmetic, but his PhD student proved
you can. In the 1960s, Robinson turned the logical absurdity of infinitesimals into an accepted
concept. Popper has shown that science has virtually no formal foundation. In the early twenty-first
century, debate rages about how to respond to Curry’s paradox. Whether any nontrivial logic can
be consistent is questioned, as is whether the real numbers are countable. Are the axioms of choice
and continuum true, or are there different versions of set theory, as there are different versions of
geometry?

. Most programs are also character strings — those that are not are diagrams or mechanical devices.

All are some network of elements related in discrete ways. The action of the machine is replacement
of substrings or motion of parts. Strings and diagrams correspond to human vision and hearing. We
consider them precise because they are how we observe the world. A dog, however, might program
with smells.

. There is a big overlap between electronic and software engineering, especially with logic gates and

flip-flops, registers, arithmetic units, logic units, central processor units, and communication blocks.

. Modus ponus is deducing B from A and A-implies-B. The problem is that this rule is an instance of

itself; so strictly, if your audience does not already believe it, you cannot conjure it into existence
deductively. Lewis Carroll, What the Tortoise Said to Achilles. Mind, Vol. 4, No. 14, April (1895),

. Albert Einstein said as far as the laws of mathematics refer to reality, they are not certain, and as far as

they are certain, they do not refer to reality. (In J.R. Newman (ed.), The World of Mathematics, New
York, Simon and Schuster, 1956, Bertrand Russell said (in reference to the relation of mathematical
topics to anything nonmathematical) that mathematics is the subject where we never know what we
are talking about nor whether what we are saying is true).

. Similarly, an experienced software engineer can tell that an approach is likely to go wrong in practice,

even though it is technically correct.

This is more traditionally expressed as a lack of certainty that Peano arithmetic is consistent.

Seven Myths of Formal Methods. A. Hall, Software IEEE, Vol. 7, Issue 5, September 1990, pp. 11-19.
(Hall promotes the Z specification language and emphasizes specification as the aspect of formal
methods that is usually the most important. Seven More Myths of Formal Methods: Dispelling Indus-
trial Prejudices. ].P. Bowen, and M.G. Hinchey. http://www.jpbowen.com/pub/fmep4.pdf.) A longer
version of the Bowen paper is available at Oxford University, Computing Laboratory, Programming
Research Group, Technical Report TR-7-94. http://web.comlab.ox.ac.uk/oucl/publications/tr/tr-7-
94.html.
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Further Reading

The following is a cursory list of books, mostly classics, related to the material
in this book. Without trying to point out any specific connection, I recommend
them all as good background reading. Readers are invited to arrive at their own
conclusions.

The World of Origami, by Isao Honda
Origami Omnibus, by Kunihiko Kasahara
Tilings and Patterns, by Branko Griinbaum and Geoffrey Shephard
Non Standard Analysis, by Abraham Robinson
A Discipline of Programming, by Edsger Dijkstra
Polyominoes, by Solomon Golomb
Algorithms + Data Structures = Programs, by Niklaus Wirth
Fundamental Algorithms, by Donald Knuth
The TeXbook, by Donald Knuth
The Fractal Geometry of Nature, by Benoit Mandelbrot
The Elements of Geometry, by Euclid
Foundations of Geometry, by David Hilbert
Mathematics and Plausible Reasoning, by George Polya
Computers and Intractability, by Michael Garey and David Johnson
Foundations of Logic Programming, by John Lloyd
Lambda-Calculus, Combinators, and Functional Programming,
by Gyorgy Revesz
A Concise Introduction to Logic, by Patrick Hurley
Logic and Design, by Krome Barratt
Computation: Finite and Infinite Machines, by Marvin Minsky
The Implementation of Functional Programming Languages,
by Simon Peyton-Jones
A New Kind of Science, by Stephen Wolfram
Forever Undecided: A Puzzle Guide to Godel, by Raymond Smullyan
Science and Information Theory, by Leon Brillouin
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Further Reading

The Knot Book, by Colin Adams

Electronic Analogue and Hubrid Computers, by Granino Korn and Theresa Korn
Structured Programming, by Richard Linger, Harlan Mills, and Bernard Witt
Martin Gardner (popular mathematics)

Henry Dudeney (classical puzzleist)

Sam Loyd (classical puzzleist)
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To the Teacher

The chapter dependencies are the same as their order in the book. The book is
loosely based on the writing of a software game.

The first part of the book is background material. Students with a sound logic
training may skip this section. But the teacher may find, because the background
is constructive, that it is easier to teach students who have no logic background
than students who have learned classical logic only and must unlearn some of
it first. The students should at least read through this material. The first chapter,
especially, might seem elementary, but it has a strong point to make about
the foundations of software. On the other hand, if the first section is done in
all detail, then it could be the entire course — especially if combined with the
chapters on plain text and state transformation.

The second part is about languages. It does introduce UML, OCL, and Z,
which are specification languages, but it does not do so using the orthodox
cultural background. Rather, the intention is to demonstrate that it is the logic,
not the language, that matters. Each chapter introduces a point about the logic of
software, within the context of describing the selected language. A specification
language is not different in kind from a programming language, other than in
being easier to write in and, as a result, harder or impossible to compile. The part
concludes with a chapter on logic, to consolidate this principle, and a chapter
on Java to demonstrate the practice.

Of course, there are many issues that make the practice of programming very
different from the practice of, say, mathematics or logic. Two fundamental issues
are the requirement for a decision process and that the expressions involved
might have millions of characters, whereas in mathematics and logic there are
usually tens of characters.

The third part is the second half of the book. It includes several chapters that
are just exercises. Many of the exercises for the second part can be found here,
interpreting each exercise for each language. This is why I separated them out.
All the exercises could be done in each language, and it seemed a pity to waste
them (so to speak) by putting them in just one chapter. Each of these chapters
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has a software focus, solid modeling, command line, graphics, security, and
natural language. There is much less dependency between these chapters. The
teacher may choose whichever seems appropriate. There are enough suggestions
for practical projects that advanced students could spend the whole course here.
Although outcomes are given for each chapter, the real claim is that if a student
reads and understands the material, then his or her ability to write software will
improve in practice. The detailed outcomes tend to obscure this overall goal.
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To the Student

Although other references are given and may be more secure, at the time of
this writing there are some significant Web resources: Wikipedia (Open Web-
encyclopedia), Plato (The Stanford Encyclopedia of Philosophy), and Math-
world (hosted by Wolfram Research),

http://en.wikipedia.org,
http://plato.stanford.edu, and
http://mathworld.wolfram.com,

which have been fairly stable and contain nontrivial, valid information for many of the
topics in this book, which can be obtained by relatively small amounts of effort with
obvious keywords.

Any student with a reasonable combination of determination and ability should be
able to learn a lot from these resources. Remember that it is what is in your head that
matters, not what is on the Web.

Software is like cooking. If you watch a person making a lemon meringue pie, you do
not learn much (unless you are already a good cook). And a photograph of a pie does
not provide suitable information on how to make it. When a piece of code is given, it
is not usually the piece of code that is important, but the process of obtaining it, the
explanation, and the way in which it is transformed and expanded into a new piece of
code. You learn software by doing. Software theory is intended to help you do software.
If you find that the theory is yet another thing you have to learn, then you have missed the
point. Software plus theory is easier to learn than just software. If you do not see this,
then you have not absorbed the theory. Go back and have another look.

If you have 10 hours to spend on learning programming, spend 1 hour a day, or
1 hour a week, not 10 hours in 1 day. Your brain needs time to absorb the material. Your
brain will process it, even when you are not thinking about it. When the pop-up toaster
in your head produces a new idea, even if it is in the middle of a bath, do not throw it
away, but cogitate on it for a while.

Above all, always ask the question, Is it true?, Is it really true? Not just as something
that an authority said to you, nor just something that fits with your prior experience, try
it out, see how it works on its own terms, and after that ask if you can use it to write
software. Regardless of how it might sound.

In the end you must be able to say, The concept is valid, no matter what the source.






Part 1

Fundamentals

Fundamentals are the psychological entry to a subject, and foundations are the
logical entry. Fundamentals must be easy for the novice, while foundations can
be hard for the expert. Learning a subject is movement from fundamentals to
foundations.

Consistency is desirable, but sometimes psychological or logical inconsistency is
a better way to learn. Stochastic theory may begin as a study of probability in
finite gambling games, but later expectation is the core, and probability is recast
as the expectation of a characteristic function. This is psychologically inconsistent.
A logical inconsistency exists in the extension of classical to relativistic mechanics,
but it is so psychologically compelling that this point is often ignored. In each case,
there is an explanation in the latter theory as to why the former theory seemed to
be right at first. This is justification in retrospect.

The material here is designed to be internally logically and psychologically con-
sistent but also to lead naturally from an instinctive human beginning. Although
misleading in a number of aspects, there exists later material that not only corrects
the errors but also explains the relation of this to higher material and why it looked
the way it did but could not really be that way.

The approach used here is not always orthodox, even when covering orthodox
material. The intention is to provide psychological and logical hooks on which fur-
ther development can occur and to avoid psychological pitfalls that could complicate
later development.

This part is metalogic to the languages part, which in turn is metalogic to the
specification part. Logical language speaks about specification language, which
speaks about programming language. But it is full circle, because all of these are
software, and so software speaks about software, and the book speaks about itself.
There never really was an escape to a metalevel.

This book is an example of what this book is talking about.






It also encourages us
to look into our own
minds to find out how
we reason. This is
useful, because our
own mind is our first
model for software.

These assumptions
are known as material
conjectures.

The concept of
number here is the
physical collection of
goats, not the
philosophical
abstraction.

Arithmetic

We learn arithmetic so young that we accept it as physical reality rather than theory.
But it is theory, the first symbolic logic we learn. Recalling how it became so natural
is a good step toward understanding software, which is, above all, a formal system.
Operations with goats can be performed in proxy on pebbles and in turn by pencil
marks. A dot does not need to mean goat all the time as long as the eventual result
can be applied. Numerals in computation are symbols without meaning and are no
different in kind to generic algebra.

How many goats are in that field? As many as in the other field? It sounds like a
simple question, but numbers are not self-evident. If number means something
physical, the number of goats in that field, then the theory of numbers must be
tested by experiment. Counting waves, clouds, or electrons shows that nontrivial
assumptions are used when applying the theory of numbers. Assumptions are so
familiar that it is difficult to slow down enough to realize they are applied habitu-
ally. But it is habit and not instinct. Instinctively, humans understand only a few.
Technology is needed to handle more than a handful of grapes. How is a tech-
nology of numbers developed when such a technology does not already exist?!

Humans do not understand numbers; they understand numerals.?

For example, no one understands 237 marbles. If 237 marbles are poured
onto the floor from a bag, the human response is that there are a lot of marbles,
not 237 marbles. Larger numbers than 5 or 10 are understood in terms of
expressions. It is expressions that are manipulated to reason about number, not
the numbers. Expressions exist in their own right and have their own rules of
manipulation. They are separate from numbers, and the user of the technology
must understand how results obtained by manipulation of these expressions are
related to the physical reality that they are intended to model.

Arithmetic is just one formal symbolism used with numbers; in addition,
algebra is used. Arithmetic describes the behavior of goats in a field, and alge-
bra describes the behavior of numerals on the page. But algebra is also made
from manipulation of expressions. Goats, numerals, and formulas are physical,
concrete things that humans manipulate to their own ends.



Fundamentals

1.1 Natural numbers

Both adjectives Arabic
and Hindu are
misleading.

Pencil and paper or
abacus, not electronic
calculators.

Many modern
students might not
have to imagine this.

A precise definition of
regular is not
intended.

There is no such thing
as absolute or primary

equality.

The reader might be familiar with Arabic numerals and Hindu algorithms: 123,
876, 986, and some methods of adding, subtracting, multiplying, and dividing
them. This section seeks the origin of this material; seeking is easier if the reader
has little familiarity. Readers are asked to imagine they have not yet learned
about numerals and arithmetic. How are these concepts to be defined? How
can a symbolic system be built from first observational principles to mimic
properties of numbers?

Identical small black pebbles e @ ® o @ e can be arranged in a variety of
regular patterns. One regular pattern is a straight line, and there are others. Two
patterns are numerically equal if the pebbles in one can be rearranged into the
other without having any pebbles left over. The symbol = is used to express this

property.

Every pattern can be rearranged into a straight line, so numerical equality
can be stated as two patterns can be rearranged into two regular lines (one each)
so that the pebbles are paired.

[ [ ] [ ] L] [ [ [ ] [ [ ] [ L] [ [ ] °
[ ] [ ] [ ] L [ [ ] [ ] [ [ ] [ L] [ ]
equal not equal

Numerical equality and geometric equality are distinct. Two patterns of peb-
bles are geometrically equal if one can be moved onto the other without changing
the distance between any two points. If no two points occupy the same space,
then any geometrically equal patterns are numerically equal, but the converse
does not follow. The concept of equality is neither singular nor simple.

The operation of (material) addition is to put two patterns together.

00010000 —0000000

The operation of (material) multiplication is to fill up a table with pebbles:

X‘. [ ] [ ]
o000

[ ] [ ] [ ] [ ] o0 X000 — — 000000
o000

[ ] [ ] [ ] L]

Any collection of pebbles can be arranged in a regular line. Which other
patterns, rectangles, squares, triangles it can also be arranged in is a material



One way is to use
visual imagery, which
is an on-board
graphics coprocessor
in the human brain.

Arithmetic

property. Some collections of pebbles can be arranged into a regular square grid,
and others cannot. Some can be placed into several regular rectangular grids,
and others can be placed only into the degenerate rectangle: the straight line.

These concepts are prelogical. The development above is not the only option,
but it is not known how to avoid altogether similar appeals to material intuition
in the building of the foundations of arithmetic.

Small black pebbles were chosen to emphasize that the details of the pebbles
can be ignored. There is no requirement that the pebbles be identical, as long as
the differences are ignored. Red, green, square, star-shaped — it is only important
that the pebbles can be placed into patterns.

How can these collections be thought about? Is it possible to determine for a
large collection, without actually trying it out, whether it can be arranged into
a square? Is there a method of writing symbols corresponding to the collections
so that manipulation of the symbols will give answers, without manipulating
the collections themselves, to questions about the collections.

1.2 Roman numerals

The subtractive
principle is not being
used. It is a bad idea
and will not be
mentioned further.

The point is not trivial;
some cultures
mistrusted this
argument and insisted
on direct purchase of
each goat.

David Hilbert founded mathematics on sequences of vertical strokes. In his
metamathematics, only finitary process is accepted, and all is reduced by finitary
process to the unavoidable primary intuition of sequence.

Represent e by l, ee by ll, e @ e by lll, and so on. Given a collection represented
by Illl and another by lll, it is clear that the collection formed by putting all the
pebbles together is HllIII. Similarly, determine whether the resulting collection
can be put into a two-row rectangle by entering the symbols into a table, filling
the rows alternately, and we find

This representation is no improvement over the pebbles, other than being pencil-
and-paper. More work is needed. Introduce another symbol, V; let it represent
eee e thatis,V/=eeeee. S50, e0eeeeeebecomes VIl and VII+V is repre-
sented by VIIV. That is, VIl + V = VIIV. Addition using this symbolic notation
is about five times faster than with the pebbles.

You are a merchant with goats to sell at one copper coin each. The number
of coins needs to be the same as the number of goats. The direct method is to
place one coin each in a bag on the neck of each goat. If the bags are collected
and then opened, a new principle is used: if two collections (the goats and coins)
are each paired with a third (the bags), then the original two collections must



Some cultures used
clay balls with
inscribed symbols but
also containing the
right number of
pebbles as a check.

Trusting your money
to this means trust in
symbolic logic. The
idea is not obviously
right and took
centuries to develop
and to become part
of common culture.

The point of this
exercise is to do the
manipulation without
translation to base 10,
for example. Do not
try to work out what
the symbols mean.

Atomic in a
quasiclassical Greek
sense.
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be the same number. It is easier if the goats could be driven through a gate and
the buyer hands you a copper coin each time a goat goes through.

Both you and the buyer are from high society and must not be seen handling
goats and would prefer to sit in the shade eating dates. Neither you nor the buyer
trusts servants with copper coins, but you trust each other. So your servants
perform the chosen ritual with pebbles instead. Then the bag of pebbles is
brought to you, and you lay out the pebbles and copper coins and pair them.
There is the same number of coins as pebbles and pebbles as goats, so there is the
same number of coins as goats. But today the buyer, in expectation, has already
counted the copper coins into a bag and written the number of them, VIVI,
on the outside of the bag. Your (educated) servant has counted the goats and
written HIVIII. The symbols used are different; how can equality be determined?

The Vs can be collected in one group and the Is in another. Then as many
times as possible, five Is are taken and one V is added. Pebbles marked with
the symbols can be used. With this justification, this can now be done with
symbols. Changing the order® of the symbols does not change the number,
IV=VI. A collection of symbols can be sorted so that all the Vs are on the left
and the Is on the right. Then using llllI=V, the number of Is can be reduced to a
minimum. This canonical symbol collection is unique for a given collection, so
direct comparison determines whether two collections are numerically equal.

To speed the process, use X to mean VV and L to mean XXXXX.

The rules of symbolic pebble logic:

. The written symbols form a numeral for a pebble collection.

. Equivalent numerals represent the same number of pebbles.

. A numeral is equivalent to any rearrangement of its symbols.

. A part of a numeral is a group of symbols in that numeral.

. Each part is also a numeral.

. Replacing a part by an equivalent part makes an equivalent numeral.
. Il is equivalent to V.

. W is equivalent to X.

XXXXX is equivalent to L.

- N I S, I N TS SR

Reduction: sort the large-value symbols to the left and the small to the right.
If there is a lllll in the numeral, replace the left-most one with V. Repeat this
until there are no more Illll. Now similarly replace any VV by X and then XXXXX
by L. Finally, no reduction rules apply, and the numeral is atomic. The same
atom is generated for any equivalent numeral; it is called the normal form of
the numeral. The method given is systematic, but random application of any
of the rules (including sorting) as they apply will produce the same atom. It is
unavoidable. A method like this is confluent.



Bookkeeping, not
calculation, was the
original use of
numerals.
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In practice, equivalence of numerals can be computed by checking the symbol-
by-symbol equality of the atoms produced by these manipulations. Ignoring
mistakes, if two people with a pebble collection each count their collections and
determine numerals, and then atomic normal forms, then the two collections
are numerically equal exactly when the two normal forms are equal. This process
is often easier than direct comparison. Another advantage of symbols is that if
a mistake is made, the record of the calculation can determine who made the
mistake and where.

Usually, a few more symbols are used: C for LL, D for LLLLL, and M for DD.
It is possible to reason quickly on paper about collections of goats that would
take hours to count.

Now the price of goats goes up. If each ceeccee
goatis now worth e e e e e copper coins LICICC IO ]
and there arc @ ® @ @ @ @ @ goats, form a eecccee
rectangular grid and count the pebbles. o000

o000O0OCO

o000 0
eeoee How is this done with symbols? e e e @

eocee eeeise e e e etete, sodivide the col-

eecee lection in the same manner.

Given | collection of V columns and Il collections of | column, each V
columns is VWVVV pebbles, which can also be written as XXV, and each | column
is V pebbles. So, when VII is the number of goats, replace each V with XXV
and each | with V, obtaining XXVVV. This is now normalized to XXXV. Similar
reasoning shows that if to pay VVI each for VII goats, take each symbol in the
cost numeral and each symbol in the goat count numeral and do the replace-
ment. This is clearer in a table:

\Y \Y I The contents of the main cell, collected into one
V| XXV XXV V numeral, is XXXXVVVVVVVII, which is normal-
I \% \% I ized to LXXVII. The operation is multiplication,
I \Y% \% I VVIxVVI = LXXVII.

To make this calculation easy, memorize the following table:

| Vv X L C D M
| | \' X L C D M
ViV XXV L CCL D MMD MMMMM
X | X L C D M MMMMM
L | L CCL D MMD MMMMM
c| C D M MMMMM
D|D MMD MMMMM
MM MMMMM



It would have been
nice to have a symbol
for MMMMM.
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The order of combination does not matter, so there is less to memorize than
it seems at first glance. The table is also very regular. The lower part is not filled;
the numerals are too large. This is, of course, the familiar Roman system of
numeration. The Romans invented |’ meaning M x X, and so on for the higher
symbols. This was extended to M”, M, as required. The entire table above can
be filled in with short numerals.

The reduction to normal form can be defined by local replacement.

Sorting:

IV—=VI

X=Xl VX=XV

IL—LI X—LV XL—LX

IC-Cl CX—-CV XC—-CX LC—CL

ID-»DI DX—»DV XD—DX LD—DL DC—CD
M—-M MX-MV XM—-MX LM—-ML MC—CM DM-—-MD

Numerical replacement:

m - v

W —- X
XXXXX — L
LL — C
ccccc — D
DD — M

Each left string is changed into the right string. For example, VVIIX, XIIX, XIXI,
XXII.

1.3 Choice of numerals

"He" is used in the
genderless sense.

Roman numeration is mentioned before Arabic because the reader most likely
has familiarity with arithmetic in Arabic and a belief that the Roman system is a
nightmare. But the nightmare comes from a lack of familiarity. Roman numerals
can be added and multiplied efficiently, as above. The ancient Romans most likely
never did it this way. But no one else did either at that time. Calculation at the
time of the ancient Romans was done by abacus and counting boards, using
prototypes of the Hindu logic. The distinction between the Roman numeration
and the Hindu numeration is not nearly as strong as it is often made out to be.

Why do we have a place-value system? Was the invention of a place value
system a great intellectual achievement of a deep philosopher? Perhaps not.
Maybe it was a manufacturing problem. An accountant is working on a counting
table. He has a bucket of red, green, and blue balls, valued at 1, 5, and 25. His
calculation is like money changing. Change five red balls for one green ball. But
he would keep them in separate buckets and separate places on the table. This
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is a natural response to keep things easy. Now, he runs out of blue balls (on a
particularly large sum). He could go to the shop for some more blue balls, or he
could put a red ball in the blue ball slot and call it a blue ball. After a while, it
is realized that it is easier and cheaper to keep a bucket of white balls and know
implicitly their “color” from where you put them on the table. This is the place
value system.

The logic is almost identical to that in the Arabic base-10 system. The Roman
system is effectively a base-10 system insofar as V and | give the least significant
base-10 digit, and L and X give the next. The Ancient Greeks used a similar
system, analogous to using a, b, ¢, d, e, f, g, h, i, for the digits 1 through 9, and j,
k, I, m, n, 0, p, g, 1, for 10 through 90. The Babylonians, before the Greeks and
Romans, used a base-60 system with place value. At first, an empty column was
represented by a space and then by a e. But having a place-value base system did
not cause the Babylonians to use a Hindu algorithm. The Hindu logic, which
can be realized in many systems other than base systems, was developed over
several thousands of years in a combined effort by many thinkers.

Variants on e or O are almost the only symbols used for zero. Possibly the first
is a place holder, a tiny mark to say a digit is missing, and the second represents
an empty container. The Hindus did use a symbol like an inverted h, and there
is a complex Chinese character for zero, but the rule is broadly correct. For the
number 1, either | or — (possibly bent) is the symbol, and for 2 and 3 the symbols
are two or three parallel strokes, written in a rapid, messy, cursive fashion. But
from 4 onward, the symbols diverge strongly.

Morris Kline, in Mathematics in Western Culture, reports that the Babylonian
base-60 system was used in science and mathematics in Europe up until the
sixteenth century, so when the base-10 system was introduced, it was not entirely
alien. The resistance was not lack of familiarity as such, but rather the existence
of viable alternatives and valid concerns about the security of the system itself.

1.4 Tally systems

If there are many Is, grouping them, I NI T 11, makes the amount visually
clear. A human sees lll groups of lllll and Il more. It is fairly natural to change this
to t: to draw the fifth stroke horizontally joining them into one typographic
unit. Five lots of 5 could be joined into one lot of 25, and so on. A tally table is a
regular method of handling this. A mark | in a column means H in the column
to the right.

T T Ti
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This gives a simple method of addition.

| LI 1| 1 I I

1 + 1 = 1]

i i
I

Which is easier if the strokes are reduced first:

Which becomes

Represent the numbers as (; 1;11;1) + (; ;N 1) = (; ;11; ; 1), the semi-
colons replace the vertical lines.

Because each column counts the His in its right-hand neighbor, there is never
any need to place more than llll in each column, but there is nothing wrong with
having more strokes in a column, any more than there is something wrong with
having a nonnormalized Roman number.

There is also no need to have each column count the same number of strokes
in the previous column. The Roman system is essentially a tally system in which
the columns alternate between meaning 5 and meaning 2 times the previous
column.

1.5 Hindu algorithms

The digits are not
given any meaning
here other than as
abbreviation for the
pattern of strokes.

A regular 5-tally layout is normalized when there are at most 4 tally marks in
each column. Addition combines the tally marks directly and then normalizes.
Normalization starts at the right-most column; each Illll is replaced by a | in
the next column to the left. The process is continued to the left of the table.
The normalized form of a number is unique. In a normalized regular 5-tally
system, each column can contain only five possible patterns. Call these 0, 1, 2, 3,
and 4.

||
o[1]2]3]4
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Collections of these symbols in each column represent numbers. A normalized
tally table has exactly one symbol in each column. Arithmetic uses direct addition
and then normalization.

(0;1;1;4;0) + (0;2;3;2;0) (0+0;1+2;1+3;4+2;0+0)

(0;3;4;4+2;0)

This is more clear when laid out in a table:

(0 i1 Pl 4 i 0 )
+ (0 ;2 ;3 ;2 ;0 )
= (0+0 ; 1+2 ; 143 ; 442 ; 040 )
= (0 ;3 ; 4 ; 442 ; 0 )

The problem is the 4+2, fixed by making it 1 and 1 in the next column.

(0;3;4;4+2;0)

(0;3;4+1;1;0) = (0;3+41;0;1;0)
= (0;4;0;1;0)

To prove correctness, refer to the tally this abbreviates.

Exercise 1-1 (medium)
Prove that the normalized form of a number is unique.

The process of addition can be formalized.

Each cell of the table shows how to reduce two

+] 01213 |4 digits in a column to one digit in the same
000 01 02]03]04 column and one digit in the next to the left.
101]02]03|04]10 When the rightmost column has six digits in
2102|03|04| 10| 11 it, five such actions will reduce it to a single
310304 |10 11|12 digit. Then the action can be repeated on the
4104]10| 1112113 next column to the left. Eventually the table
is normalized.
Worked Exercise 1

Starting with this table:
Draw a line at the bottom under which to place
0

0

1
3

3
2

4
0

1
4

2
2

the result, and a line at the top over which to
place the shifted material.

auxiliary

The top row is an auxiliary row. It helps
with the computation but is not part of

the result.

result
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Now the entire process can be recorded without any erasure, allowing
postchecking of the calculation.

010 1{0(0} |(1|1]1]1]0]0O
0|1 (3]4]1]2 0|1 (3[4]1]2 0|1 (3[4]1]2
— —
0(3(2]0]4]2 013[2(0]4]2 01320412

4 0j4] |1]0]|1]|0]|0]|4

Working from right to left, the first auxiliary (often called a “carry”) is 0
because no strokes have been brought in from the right. The total of 2+2 is 4
strokes in that column and 0 in the next. Then in the next column, 4+1 means
0 strokes in this column and 1 stroke in the next. And so on, moving to the left.

Subtraction is similar except that while in addition the auxiliary states how
many strokes to put in the column, in subtraction it states how many to take
out. If more strokes are to be removed than are in the column, then shift this
problem to the next column, where it is five times smaller.* If 3 strokes are taken
from 1, then add 1+4 strokes into the column and place an auxiliary 1 in the
next column to the left. This does not change the number, and now 3 strokes
are taken from 141+4, leaving 3.

Treat this as a completed addition, in
which the second number has been

. : ?
erased: what could it be? o100 2

00 In the first column 0+2+x=4 with some
013412 shifted amount. Thus, in base 5, x=2,
2 and the amount shifted into the next
1/0|1]0|0]4 column is 0.
1({0]0
The same argument says, 0+1+x=0, 01|34 ]1]2
so x=4 (since x must be 0, 1, 2, 3, or 4). 412
1/0(1(0/|01]4
111]1(1(0]0
1{0|1(0]0] 4 .
This process completes the tableau.
013(2]0(4]2
01|34 ]1]2
If the subtraction is done in a more traditional tableau,

0 1)1
1/0|1(0|0]4 011
01|34 ]1]2 110

013

N — W=
SO |-
o =[O
N N[O
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But the logic is identical. In particular, the string of auxiliaries in the sub-
traction is the same as those in the corresponding addition. Furthermore, the
student does not need to learn subtraction as a separate process, once it is
pointed out how it relates to the addition.

Multiplication uses a similar table:

The table on the left records the result of
multiplying the rightmost column of one

0 1 2 13| 4
00 | 00 | 00 | 00 | 00
00| 01]02]|03] 04
00 (02|04 11| 13
00 | 03| 11| 14| 22
00| 04| 13| 22|31

table with the rightmost column of the

other. The entry shows how many strokes to

put in the rightmost column of the answer

and how many strokes to put in the column

BRlwino|—=|o| X

one further left.

However, the digits combined during multiplication are not from the same
column, and the columns affected depend on the columns combined. Number
the columns from the right as column 0, column 1, column 2, and so on. When
multiplying something in column 3 by something in column 4, then the result
will go into columns 7=3+4 and 8=7+1.

Fortunately, this is handled by
a table of cells that include
every combination of columns 0 0 1 0

and then extracting diagonally.
To multiply (2;2;3;1) by 1 1 ) 0
(4;2), work with the table on
the right.

The columns of the result are the diagonals. For example, the 2 in the
top right-hand corner of the body of the table is generated from 1 x 2 = 02
and is the rightmost column of the result. The second column in the re-
sult has the digits 1+0+4, and the third has 4+1+2+0. This should be normalized.

( 1; 0+3+1; 4+0+3+2; 44+14240; 14+0+4; 2; )
( 1; 0+3+1; 4+0+3+2;  4+1+2+0+1; 0; 2; )
( 1; 0+3+1; 4+0+3+2+1; 3, 0; 2; )
( 1; 0+3+1+2; 0; 3; 0; 2; )
( 1+1; 1; 0; 3; 0; 2; )
( 2; 1; 0; 35 0; 2; )

With a multiplication, there is a danger that the amount shifted into the next
column will be more than 4, requiring multiple digits. This is not wrong, but it
requires a more complex operation. One way to avoid this is simply to shift at
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most one digit, leave the rest of the number as it is, and then repeat. Another is
to shift into multiple columns at once; if the amount to shift is 15, then put 5 in
the next column and 1 in the column after that. The operation can be done in
parallel, just shifting 5s whenever and wherever they are found until there are
no more.

The core of this algorithm is the same as for the Roman system and would
still work just using the tally marks, for which it is a modern abbreviation.

1.6 Other bases

Perhaps the most important point is that all of the preceding discussion about
tally tables and the arithmetic algorithms does not apply only to the case of each
column being worth 5 times the column to its right. Any number 2, 3, 4, and so
on will do equally well. Using 7 as the multiple, a normalized table has digits 0,
1,2, 3,4,5, and 6. It helps to think in terms of the literal marks that the digits

abbreviate.
C 5 5 5 5 5 0 )
The algorithm is the same. The ( 1; 25 6; ; ; )
first auxiliary is 0, as before. + ( 0; 4; 2; 3; 5; 6 )
O S A T )
In the first column, there are ( ; ; ; ; ;0 )
44+6+0 marks. Group this as (15 25 65 05 65 4 )
7+3, and replace the 7bya 1l + ( 0; 45 2; 3; 5; 6 )
in the next column. C 5 5 5 5 5 30)
. ( 5 5 5 1y 1; 0 )
Now, 1+6+5 gives 7+5, SO. leave (1; 2; 6 . 6; 4 )
5 marks, and put a mark in the b o4 2 .55 6 )
next column. ( : : : 55 3 )
( 1; 1; 0; 1; 1; 0 )
( 15 25 65 0; 6; 4 )
And so on. + ( 05 45 25 33 5; 6 )
(25 0; 1; 4; 5; 3 )

1.7 Irregular money

In the old imperial money®
1 farthing just is,
4 farthings is a penny,
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12 pennies is a shilling, and
20 shillings is a pound.

There were other elements, such as tuppence, thruppence, groat — for 2, 3, and
4 pence —and sixpence. A ha’penny was 0.5 pennies. A crown was 5 shillings. But
most of these have the same basic meaning as a 5-cent piece does in a completely
decimal system. In the United States, there is a quarter, 4 of which make a dollar;
the US decimal currency is not entirely decimal. It is an irregular base system, the
second column worth 4 times the first column, the third column is 12 times the
second, and the fourth is 20 times the first.

Six pounds, 10 shillings, 20 pennies, and 5 farthings plus 3 pounds, 15 shillings,
1 penny, and 4 farthings.

( 6; 105 20; 5 )

+ 3; 15; 1; 4 )

= 9; 25; 21; 9 ) resultofdirect addition
( 9; 25; 23; 1 ) 8farthingsis2 pennies
( 9; 26; 11; 1 ) 12 penniesis 1 shilling

= ( 105 6; 11; 1 ) 20shillingsis1 pound

Although there are more numbers to remember, the logic of this system is
identical to that of the regular base systems, and constant use would make the ra-
tios second nature. The multiplication table, however, is more complex, as there
are different tables for different pairs of columns. In practice, though, pounds
are not multiplied by pounds, but they are multiplied by base-10 numbers.

An irregular system used today is days, hours, minutes, in which a day is 24
hours, but an hour is 60 minutes.

Exercise 1-2 (hard)
Work out how to multiply imperial money by a base-10 number.

Exercise 1-3 (hard)
Work out an algorithm for multiplying in an irregular base system.

1.8 Numeration systems

How shall I count you? Let me count the ways.

One way to count goats is to point to your body parts in a definite order.
The fingers on the left hand, then the wrist, elbow, shoulder, head, and so on.
How many goats in that field? Left elbow. The core of counting technology is
a standard list of distinct elements that is stepped through, one step for each
goat.’
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produces complex
numbers.
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A numeration system for natural numbers is any method of naming the
numbers 0, 1, 2, 3, and so on. The standard base-10 notation is just one of a
large variety of systems and does not stand out as particularly better than the
alternatives. Generic base-n is among the most versatile systems, but it is not
alwaysthe best choice. The logic of the Hindu algorithms is not limited to base-n
systems, and other systems have their own logic, sometimes easier.

A major turning point in number technology is when an indefinite sequence of
numerals is generated by combining an explicitly limited set of terms. Although
some systems weave symbols into complex patterns, all indefinitely extensible
numeration systems ever seriously used in human society eventually fall back
on sequences of a fixed set of symbols.”

The common base-10 system is often said to use place value: 563 = 5%100 +
6%10 + 3x1. The decomposition is valid but is better as a theorem than an
axiom. The sequence 1,10, 100, 1000, is an indefinite number of new terms,
which are otherwise unexplained. Instead, define xy= (x%10) +y. So, 563 is
just an expression using digits, not a special notation. Using ; for this: 5;6; 3 =
((5;6)%10)+3 = (((5%10)+6)*10)+3, which does use only a finite
number of primitive terms, of which “10” is one.

Irregular base systems were discussed earlier with nondecimal currency. It is
fairly common for coins to be minted in a 1-2-5 sequence; this is an example of
an irregular base even if the coins are marked with decimal values.

Regular base-b uses x;y=b#x+y. Common bases include 2, 8, 10, 12
(dozens), and 16 (hex, in computer hardware). A standard base-b number
is normalized if all the digits are between 0 and b-1. But balanced base-3, for
example, uses digits for —1, 0, and 1. In this system, 2 is 11, that is 3 — 1,
and 1 stands for —1. This system has the advantage of not requiring a spe-
cial treatment of negative numbers. A related concept is to use a negative
base.?

A rational noninteger base is used in many money systems where dollars
are given to two decimal places, effectively base 1/100. An irrational base is
also possible. If the base is 4/2, then a 2 in one column can be converted into
a 1, two columns to the left. For example, (0;1;3)=(1;1;1) — that is,
172 + 3 = 1(+/2)? + 14/2 + 1. If the base is a solution to ax? + bx + ¢ = 0,
then the pattern (a; b; ¢) = 0 and it can be added to any number to normalize
it. In base 10, the standard pattern is (1, —10) = 0. A transcendental base such
as 7 is more trouble, because 7 is not the solution of any finite polynomial, and
any carry would involve an infinite number of columns.

On this subject of infinite digit strings, what is an infinite string of 9s to the
left? Let x = ...999 be an infinite string of 9s. Using the arithmetic operations on
strings, 10x = ...990 and 10x + 9 = ...999 = x. So 10x 4+ 9 = x, thus x = —1.
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Similarly, let x = .1212, and 100x + 12 = x; that is, x = —12/99. The meaning
of the string of digits being a power series in the base is dropped. These are
operations on (infinite) digit strings.’*1°

Counting in a regular base system, the first column cycles through the digits
0 to (b—1), and the second column changes only when the first changes to 0. An
alternative is for every digit to cycle. For example, with cycle lengths ... 5, 3, 2,
the counting is 000, 111, 220, 301, 412, and so on. Addition and multiplication
are very simple, there are no carries, and each digit in the sum is the sum of the
corresponding digits in the arguments, with no carries. So parallel processing
can be used. Likewise for difference and, notably, also for product.

Another important family is that of the gray systems. The original gray system
uses two digits: 0000, 0001, 00011, 00010, 00110, and so on. To increment, toggle
the rightmost digit that has an even number of 1s to its left, including itself.
Gray code and binary are strongly related. The gray code for a binary number
can be obtained by xoring each pair of bits.

An important property is that each

step requires only a single digit to be l(l)l‘—lll
changed. In regular base systems, every 001l ————011

so often many digits have to change at

once. Two-digit gray code corresponds

to going around a square, (0,0), (0,1), 100 110
(1,1), (1,0), and 3 digits means a Hamil- 000 010

tonian path on a cube, and so on.

Another way of defining gray code is that in each step one changes the
rightmost digit whose increment produces a new numeral. A gray system can be
generated in any integer base 2 and above, by counting first up, and then down,
in each column, instead of 012012, count 012210, and so on.

Several puzzles have a solution that is clear from understanding specific
numeration systems. Which ring to flip in the Chinese rings, which ring to shift
in the towers of Hanoi? The answer is gray code. How many weights do you
need to weigh all things from 1 to n units, if you can put weights on only one
side? The answer is binary. How many if you can put weights on both sides? The
answer is balanced base 3.

In this chapter, base-10 numerals are treated as numbers. The formal appli-
cation of the Hindu algorithms on strings of digits is given as the definition
of the operations, whose properties can be observed and reasoned. Abstract
numbers are left out of the picture. Physical numbers are separate from dig-
its strings in practice. For example, no one has ever seen 91342898716410
goats, nor are they likely to. But operations on these digit strings are of
great interest in the science of cryptography and so in security applications.
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One-hundred-digit numbers have completely left the realm of physical mean-
ing, as the counting of goats or even electrons. Goats were just the inspiration
for developing what has proved to be a highly useful formal system of ma-
nipulation of strings of digits. Mathematics that studies very large numbers,
suchas 10071007100, are studying the behavior of expressions, not counting
goats.

1.9 Arithmetic algebra

Arithmetic as an exercise on paper is not tied to physical collections. The manip-
ulations are a formal algebra of terms, like moving pieces in a game of chess. A
relation can be found in which arithmetic mimics some behavior of collections,
but this is not required for arithmetic itself nor even for its applications. One-
hundred-digit numbers never count anything in practice, but they are useful in
security software.

There are notations for chess games; experts can play a game with the notations
instead of the pieces. The notations describe the game of chess. Similarly, there
are notations for describing the behavior of numerals, in the same sense that the
numerals can be said to describe goats. These notations exist in their own right
and also can be used to speed the manipulations of the numerals themselves.
To give shortcuts, just as ignorance of the color of the goat does not prevent
arithmetic on their numbers, ignorance of the value of a number does not
prevent conclusions about their arithmetic.

For example, 10+0=10, 23+0=23, and 1997987342+0=1997987342.

There is a simple pattern +0=

If any number is written in the first box and then the same number is written
in the second box, then the result is correct arithmetic.
Similarly:

4x(54+6)=(4x5)+(4x6)

27 x (311 4+ 8732) = (27 x 311) + (27 x 8732)

The pattern is called distributivity.

O-U-OO-OL)
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Writing numbers into this pattern so that boxes of the same shape get the
same number always results in correct arithmetic.

The expression 123 x 4 + 123 x 6 = 123 x (4 4 6) matches the distributiv-
ity pattern.

With[123 ], 4 ,and@

Box shapes are limited, so symbolic names can be used instead.

A x (B 4+ C )
123 x (4 + 6 )

(A x B )+( A x C )
(123 x 4 )+( 123 x 6 )

Symbol A always lines up with 123, B with 4, and C with 6. Matching the
pattern has found A = 123, B = 4, and C = 6. The symbol “=" is used because
the number cannot be put inside the symbol, like inside the box. Also A = B

means that A and B contain the same number.

How many are enough patterns? Arithmetic has no end of patterns. But pat-
terns can be combined to generate other patterns, so a finite number might
be enough. On the other hand, after generating an infinite number of pat-
terns from starting collection, an infinite number might still be left out. A
collection is correct for arithmetic if all the patterns generated are arithmetic
patterns. It is complete if it can generate every arithmetic pattern. It is mini-
mal if removing any one pattern changes the patterns that can be generated.
A common desire is a correct, complete, and minimal pattern collection for
arithmetic.

It is common to also ask for it to be as simple as possible. The numbers of
patterns, boxes, and steps all contribute to complexity. Often the most natural
collection is almost but not quite minimal. This can be handled in practice
by starting with either a less natural minimal system (of which there may be
several) or a nonminimal system, but demonstrating the ways in which it is not
minimal.

The given patterns are axioms, and the generated patterns are theorems. Out-
side the axioms that state existence and closure properties, the basic axioms of
arithmetic are

X+y=y+x + is commutative

(x+y)+z=x+(y+2z) +Iisassociative
x+0=x 0 is neutral for + !
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XXYy=yXxXx X is commutative
(xxy)xz=xX%X(y X 2) X 1s associative
xX1=x 1 is neutral for x

xxX(y+2z)=(xxy)+(xxz) x distributes over +

Any arithmetic expression that matches the left-hand pattern can be changed
into the right-hand pattern (and vice versa) without changing the value of the
expression. The axioms come in three sets: those for addition, those for multi-
plication, and the connection between addition and multiplication.!* Combine
the patterns to get more patterns by substituting one pattern in another and
(possibly) moving from one side to the other of the equation. (This shifting is
called reduction, although it does not always reduce the size or complexity of the
expression.)

It is not a rule that x+y=0, but suppose that for some numbers x and y (not
saying which) this was true. Then by use of the patterns above,

x+y = 0 given
(x)+(x+y) = (x)+0 add (-x) to both sides
(x)+x+y) = (X neutrality of 0 wrt +
(x+x)+y = (x associativity of +
0+y = (x) definition of inverse
y = (x) neutrality of 0 wrt +

If the pattern x+y=0 is correct for two numbers x and y, then the pattern
y=(-x) is also correct. The additive inverse is unique: if y acts like (-x), then
y is (-x). We write this as x+y=0 = y=(-x). Because addition is commutative,
x+y=y+x so x+ty=0 = y+x=0 = x=(-y). Because y = (—x), we have
(—=(=x) = x.

Often a pattern is given a simple temporary name. It might be said that
f (x, y) is the pattern 2 % x + y, then f (1,2) is 2% 1 + 2, and f (23, 56) is 2 *
23 + 56,and so on. A common rule is replacement of equals: a=b = m(a)=m(b),
where m is any algebraic pattern. The symbol = means that whenever the left-
hand condition is correct, then so is the right-hand condition. This is a rule
about algebra, called a logic rule. Rules about goats are arithmetic, rules about
arithmetic are algebra, and rules about algebra are logic.

If a = band b = c, then a = c. This is a rule about logic. Clearly for each
symbol system can be another that describes it. Often the term used for the
symbol system is logic, and if it is used to describe another system, then it is
called a metalogic to the logic system. But, there are no implied levels of meta
and more meta. Two systems can describe each other (French and English), or
one system can describe itself (English). This type of circular algebra of algebra
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is unavoidable in software and causes some of its most powerful and most
controversial aspects.

Axioms in metalogic refer to the forms of expressions in the logic and how
they are manipulated. The relation of the metalogic to the logic might be justified
using yet another logic that is meta to both, but ultimately the justification is
by experiment or appeals to intuition. In this sense, a digital computer can have
intuition as well; the rule is built into the software, even though the software
cannot act on that rule itself.

Books with titles such as Mathematics for Programmers often contain Boolean
logic, algebra, matrices, and graphs as though software were a simple application
of basic mathematics. In fact, the mathematics for software is the entirety of
mathematics and then some, and the mathematics of software begins with the
above discussion and heads off into metamathematics. The two of these taken
together form the mathematics for programmers.

Algebra requires an intuition for matching and substitution in patterns. This
intuition cannot be taught: the intuition is needed to express the intuition.
Computers can be programmed to do this, but the ability is built on the hardware
analogy of the same intuition. Once grasped, the intuition is very simple. The
algebra of software is the algebra of algebra, the logic is the logic of logic. The
theory of software is itself software.

Outcomes

Arithmetic is a formal algebraic system, acting on numerals, that embodies a
theory of how certain types of things, such as herds of goats, combine. It is,
historically, one of the first sciences. It is also a formal manipulation system that
people learn so young today that they forget that it is a sophisticated theory, the
result of thousands of years of thought. Base-10 is not an isolated event. It is one,
not strongly distinguished, of many similar, and dissimilar, systems. The Hindu
arithmetic algorithms are not an isolated event. The basic concepts apply to
many numeration systems, including Roman and balanced ones. The algebra of
numbers is another formal system, usually learned much later and often seen as
strongly distinct from arithmetic. However, arithmetic and algebra are unified
by seeing that each is a manipulation of strings of symbols by rearrangement
and replacement. This is also the unifying principle of all software.

There are three exercises in this chapter.
There are very few explicit exercises in this chapter because the generic exercise
applies to all the base systems given. Learn to do arithmetic. Do addition,
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subtraction, multiplication, division, modulus, in any or all of these systems.
This may require discovering the details of the algorithms. The difficulty varies
from easy to serious, depending on the system. (For example, how is addition
performed in base 7?)

It is expected that the student will already be familiar with the arithmetic
of base-10 numbers and also with polynomials, including substitution of one
polynomial in another. The purpose of this chapter is not to teach these from
scratch, but rather to expand the scope of the arithmetic the student knows, to
abstract the concepts expressed in the algorithms, and to engender the sense
that arithmetic blends with algebra.

The minimal purpose of this chapter is served if the student, given two
numbers in the (; ; ;) notation and an arbitrary base, can normalize, add, and
subtract them, thus showing that she has learned that the concept is universal,
not bound to a specific base. It is an improvement if she also learns to do
arithmetic, using only normalized numbers, in an arbitrary base from 0 to 10
and in base 16 using A-F for the extra digits. Thus, no longer seen as bound
to base 10, sequences of digits are free to take on other meanings. Another
option is arithmetic, including multiplication, in the Roman system (ignore the
subtractive principle, which was deliberately and pointedly avoided).

The theme of one symbolic system describing another is basic and will be
repeated many times in this book. The idea of pattern matching and replacement
is also vital and also will be repeated in the rest of the book. The principle of
normalization of data types is also important, as well as the concept of an atomic
term on which no further reduction can be performed. In short, this chapter
introduces in microcosm all the basic features of formal software studies.

If further study is desired, Fourier and other more advanced multiplication
techniques would be helpful background for the rest of the book.

1. The Emergence of Number, by John N. Crossley, (Teaneck, NJ: World Scientific, 1987) gives an
excellent discussion of the complexity and number of distinct concepts involved in the creation of
the theory of basic arithmetic. It is easy to miss how much was involved in the creation of this theory,
when looking at the smooth version that exists today.

2. If by number is meant the number of goats, then the distinction between a numeral and a number is
that number is a physical concept subject to physical law and experiment, only. But the distinction
between an abstract number and a numeral is less secure. In practice, there are finitary logics such as
Peano arithmetic, or there are mechanical numeration systems, and the ability to relate the logic to
the numerals, and the numerals to each other. But the existence of independent abstract numbers is
a matter of faith, not logic, or software.

3. Many readers will be familiar with the subtractive principle, where IV=Illl, thus making order
important. This principle was used to shorten numerals and is an annoyance in computation and in
the clean exposition. It is not used here.

4. There is no need for a continued sequence of borrows; the shift is only one column.

5. The twentieth century saw the monopolization of enumeration by the decimal system. It was powered
by the vision that it would mean less work in calculations with money, weight, volume, and so on.
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10.

11.

12.

But while well intended, it has not resulted in a fully regular system (try asking for a megagram of
soil) and could have been achieved by announcing that from now on all weights would be measured
purely in pounds rather than in pounds and ounces.

. Counting starts at zero. Despite rumors about primitive societies having no concept of zero, if asked

how many goats in an empty field, any ancient herdsman would say “none.” The rumor refers to
whether zero is a number, a linguistic technicality, not a conceptual show stopper. Some ancient
Greeks felt that 1 was not a number, that “number” meant plural, but they could still add 1 to 1 or
any other number. This type of issue is similar to whether 1 is a prime number.

. The Babylonians used small grids of triangles. Arabic script can weave symbols into patterns, Chinese

script combines radicals in topological ways, mathematical symbolism includes sub- and superscripts,
but these are all typographical variants of a sequence.

. August De Morgan, writing in 1831, in On the Study and Difficulties of Mathematics, page 72, states,

“Above all [the student] must reject the definition still sometimes given of the quantity, —a, that
is less than nothing. It is astonishing that the human intellect should ever have tolerated such an
absurdity as the idea of a quantity less than nothing; above all that the notion should have outlived
the belief in judicial astrology and the existence of witches, either of which are ten thousand times
more possible.”

. This leads to p-adic numbers, in which a topology is usually emphasized. But the topology is not

required for the digital manipulations, which are a definition of the operations.

De Morgan’s attitude in On the Study and Difficulties of Mathematics is that negatives and complex
numbers do not exist, but that if you manipulate the expressions to get a conclusion about positive
real numbers, the conclusion is correct. This is formalist, a concept of conservative extension.

The use of the term neutral element is an old one; more recently, this tends to be called the identity
element (it has to be unique, of course), but the term identity is misleading, while the term neutral
says what it is.

Also x + (—x) = 0, additive inverse. The notation is unfortunate, leading to syntactic confusion in
programming languages. x might be better, or —x. (X is also ;1( without the 1). —x is short for 0 — x,

but 1 + x was never shortened to +-x. —x can be short for (—1) X x, like /—1 in complex numbers.
An entirely new symbol would have been better in both cases.
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As a bird needs air to fly, humans need language to reason. Any one language can be
avoided, but reasoning cannot be separated from language in general. Software logic
is shaped by the twists caused when a language speaks about itself: the logic of logic.
Explicit self-reference exists in a compiler, and implicit self-reference exists in solving
polynomial equations. It cannot be avoided. A sentence has both form and meaning,
seen one at a time, like the states of a necker cube. A study of natural-language word
play shows intuitively the same points as will be made precise in formal term logics. A
variety of logics can be understood from this unifying point of view.

A flying bird feeling resistance from the air might suppose that it would be easier
to fly on the moon. It is a fact of physics that a wing that creates lift creates a
definite fraction of drag. Reducing the drag below this eliminates the lift entirely.
Logic is manipulation of language. We are self-aware enough to feel the drag
of language on our reasoning. Languages do vary, but some limitations exist in
all languages. Switching languages does not avoid the problem, and removing
all forms of language means removing all forms of reasoning. The drag on
reasoning is experienced as self-reference.

As opposed to traditional mathematics, self-referential statements in software
logic are important; they cannot be avoided. The main effect of traditional self-
reference avoidance is to hide, rather than remove, the self-reference, making
the problem harder.

Self-reference creates simultaneous logic equations that sometimes have no
solution. A common reaction is to remove self-reference from logic. But this
is shooting the messenger. Self-referential logic is the way we understand the
problem; it is not the cause of the problem.

For example, there is no software that can always tell whether multivari-
ate polynomial equations over the integers have integer solutions or not. The
problem appears not to be self-referential, but there exists an alternative inter-
pretation that is and has no solution. The limitation on solving polynomials
exists, regardless of whether we accept self-referential metalogic or not. Self-
referential logic is the means by which we study the problem, not the cause of
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the problem. It tells us what we cannot do, but it also shows us how to work out
what similar things we can do.

The core of the deepest practical understanding of software comes from
problems that appear at first to be childish word games.

This is to encourage
introspection. Without
it there is no logic.

The universe never
exactly repeats unless
it is in a loop,
including your mind.

Random guessing is
reasoning in the
sense intended here.

The joke is that his
reasoning worked in
practice.

Logic like physics
checks its reasoning.
Does this method of
proof conform to
what seems to be
correct?

One cold, snowy day, little Johnny was late for school. His teacher asked him
why. On my way to school, Johnny replied, the footpath up the hill was so slippery
with ice that for every forward step I took I slipped two steps backward. Then how
had he got to school at all? the teacher inquired. Oh, that was easy. I turned
around and walked the other way.

We do not know what will result from any of our actions, as we take them. We
do not sense the future. Our only option is to reason about it. We reason about
anything that we cannot sense directly. Is the cake in the kitchen oven cooked? I
can smell that lovely “baked” smell; therefore, it must be ready to eat.

Johnny observed correctly that for every step forward he slipped two steps
backward. Johnny assumed consistently that the slipping was relative to himself.
His conclusion follows. But he might also be slipping two steps downbhill, as the
reader likely assumes.

Our reasoning engine is our sense, as above, that one statement follows from
another. Is Johnny correct? We follow his logic; but perhaps Johnny’s conclusion
does not follow his observation. But if Johnny might be wrong, then so might
we. Reasoning can be wrong; it is not a cosmic sense of what follows what.
Reasoning takes time, takes effort, and makes mistakes. When we realize that we
are wrong, we try to learn, to change how we think. Every day, our sense of what
follows what changes; our system of reasoning changes. No part of our reasoning
is totally immune to change. Whether it is Johnny or we who are wrong is for
science to decide.

Logic is the science of correct reasoning. It is a scientific study and does not
provide absolute answers. Logicians spend their time studying reasoning that is
incorrect or at least not known to be correct. Logic is the science of incorrect
reasoning, motivated by a desire to find a method of reasoning that is correct
enough for the context.

The software engineer uses the logic of software. Software logic is, like physics,
an empirical science. But unlike physics, the logic of software is also software.
The logic of software studies itself; it is both the subject and the object.

A strong distinction between the logician and the programmer is that the
logician uses logic systems with the intention of meaning. A programmer may
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use the mechanics of a logic as a construction tool. The use of Boolean algebra
in low-level firmware is an excellent example of this.

Exercise 2-1 (medium)
That that is is that that that that is not is not. What does that sentence mean?

2.2 Natural logic

Which is why graphic
art is a special skill.

The mental video
track is postscript, not

jpeg.

TRUTD is
meaningless. Even if it
exists, we cannot
know it; there is only
belief.

"if" usually means
“if-true.”

In common use,
imply means a hidden
extra intention.

"X is true” is different
from “X."

Often observation
turns out to be false.

Correct grammar
often clashes with
correct logic.

We both have truths. Is mine the same as yours? (Pontius Pilate)

Look at this page. What do you see? Not a pattern of color. You experience
words and sentences: mental constructs. Look at a frog; you become aware of the
statement this is a frog. Your mental images are tagged with logical information.
They are not bitmapped; they are created from the logical information. Listen.
What do you hear? Not a pattern of sound. You experience a dog barking, your
friend speaking, or the hammer-drill used on the next floor. These are also
mental constructs. Sounds you hear are tagged with logical information. When
you hear the frog croak, you become aware of the statement this is a frog. Our
sensory experience is not raw. It is refined into logical fragments. Our minds are
awash with words and diagrams, not with sound and light.

Coffee is wet, but I like to drink it. We constantly make statements to each
other or just to ourselves. You are reading this paragraph. The previous sentence
is an observation. It is self-evident, it is the case, it is true. The status of statements
in our minds is variable. We act implicitly on some, we question others, and we
deny still others. If I help you take your shopping home, you will give me a cup
of coffee. The statement I help you take your shopping home exists in your mind,
but it is neither true nor false. It exists as a hypothetical statement. Quickly, is
the root of 5354596 equal to 2314? Chances are that the status is I don’t know.

The truth value is the status of a statement in our mind. We might act on it
implicitly or think it totally misguided, or we might use it provisionally while
not really believing it, or we might just not know. True is the most intimate
status. A statement is true when we act on it without hesitation. It is part of our
rules of reasoning.

The cake smells good; therefore, it is baked. Therefore not implies. Therefore
means since it does smell good, it is baked. The conclusion is from the fact of the
smell. Implication is that one statement follows the other, hypothetically, even
if false. Your logic system is the way you decide what implies what.

We experience some fragments as observations — sensory, external, and self-
evidently true. Reasoning is correct if it never contradicts observation. There are
patterns in correct reasoning. If I am a fish, and all fish are wet, then I am wet.
If Tam an X and all X are Y, then I am Y. An argument requires a premise and
provides a conclusion. Correctness does not mean that the conclusion is true,
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In one sense, the
sense organ is never
wrong, only the logical
model of it is.

Statements are what
you reason with.
Reasoning is what you
do with statements.
Clarification of terms,
not material
hypothesis.

Ports are just another
memory space.

Editing rules depend
on the status of the
statements.

Some logical steps
are hard to reverse.

Objective logic is a
theory of everything.
Most likely it does not
exist.

2.3 Active logic

Logic

only that it follows from the premise. However, a common requirement for a
logic system is that whenever the premise is true, the conclusion is also.

Sense organs — eyes, ears, and noses — embody physical theories. The brain
uses lower-level data from sense organs to deduce the statements that the mind
“senses.” Senses are often wrong. The reasoningis wrong. With effort, we can dig
down and learn of the lower-level reasoning. We can hear the sound, instead of
the voice. We have partial control of lower-level reasoning (pushing the Necker
cube), lower and lower, until it is lost in the mire of the subconscious universe.
In computers, too, senses are inexplicable correlations between reasoning and
the outside world. Memory mapped interaction.

Reasoning is any process of editing a sea of logical fragments. In some logics,
more premises mean more conclusions. In others, a new premise might prevent
a line of reasoning. Extra premises cannot always be ignored; if they can be, the
logic is monotonic. In classical logic, fragments are statements, added and never
removed. The only classical status other than true is false. Once a truth, always
a truth; and everything has an answer: never admit [ don’t know. Ignore extra
premises. Simple, but less expressive.

We become aware of logical fragments from our minds, our friends, our
books, and other sources. Some fragments are forgotten, others are rejected and
others stored. Some fragments become operational, affecting the treatment of
later arrivals. An operational fragment might be rejected for clashing with more
tenacious fragments. Everyone has his way of reasoning, his subjective logic.
Traditionally, logicians look for the universal correct logic. Does it exist?!

Exercise 2-2
What is the difference between implies and therefore?

(casy)

The common neutral
questions delusion
tangles arguments.

There is a unique dog
that you both own
and feed is a different
statement.

We cannot prevent
awkward phrases:
they are only
identified after the
fact, like weeds.

Contrariwise, if it was so, it might be; and if it were so, it would be: but as it isn’t,
it ain’t. That’s logic. (Tweedledee)

Are you feeding your dog enough? Answering at all hints that you have a dog.
Answering No hints that you are mean or negligent. You retort I have no dog,
but it is a response, not an answer. Questions are not neutral; answering means
tacitly confirming the assumptions. In common practice, you are feeding your
dog is true if you have a dog and you are feeding it, false if you have a dog and
you are not feeding it, and meaningless if you do not have a dog. But even when
meaningless, your dog is still an English phrase; it exists. A sentence may be
true, false, or meaningless. Some statements have a deeper twist. This statement
is false. Some questions can never be answered correctly. Will you answer this



28

Some call this a
strange loop.

Yes and no are not
the only answers to
questions.

The division into rules
and data is subjective.

Discussion can
produce unexpected
conclusions.

Software has no more
meaning than a car
engine. This
distinguishes software
traditional logic.
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question in the negative? Some commands cannot be obeyed. Disobey this order!
These awkward sentences are the foundation of the study of software.?

Although statement logics are more famous, question, command, and frag-
ment logics also exist. A logic of something is a means of reasoning about it. A
logic of the real numbers, a logic of potatoes. A software engineer must know
a logic of software. Software is built from statements, questions, commands,
sentence fragments, and even bad grammar. Software logic must handle all
of these tangled together. Software logic is distinct; software logic is software
(potato logic is not a potato). Subject and object coincide. Introspection flavors
the logic deeply.

To discuss, alogicis needed with fragments and rules. The fragments are about
the subject; the rules are about the reasoning. Begin with basic data: dogs are
mammals and mammals have hair. Combine with the rules: “all X are Y and all
Y are Z implies all X are Z.” So, dogs have hair. The purpose is to modify the
available information; What we know nowis concrete; what we could know is an
abstraction. A tautology is a redundant phrasing — e.g., wet water. Logic is some-
times accused of being tautological. This might be true if what we could knowwere
available, but it is not. Logic is dynamic. Conclusions are partially ordered. The
effort taken to reason is nontrivial. In software, effort reduction is of central im-
portance. Naive correct programs that take too much effort to run are easy to find.

Logic, in general, adds and removes fragments and changes the rules. There is
an inexpressible active principle of using several fragments and rules to change
the system. The fragments that the logic begins with are the axioms. Fragments
that are included later are called theorems. Otherwise, axioms and theorems are
the same. Often axioms and rules can be exchanged, but there always remain a few
rules in the active principle. If they are all removed, then the logic system is dead.

Software is written to represent things. It helps the engineer to give meaning
to fragments, but the meaning does not change the correct software behavior.
Software works as a meaningless expression. The software environment is a logic
system. The software engineer builds another logic system from it. The axioms
are the initial fragments, a parameter to the software environment. The axioms
are the program. A typical design principle is to choose the rules of the software
environment to be as simple and generic as possible. The rules of logic are the
machine code.

Exercise 2-3 (medium)
Will you answer this question in the negative? Describe clearly the difficulty in
the question. Why doesn’t the question Will you answer “no”? have the same

problem?

Exercise 2-4 (opinion)

Disobey this order! Can you? Is “not obey” different from “disobey”?
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2.4 Logical terms

A sentence can stand
alone. A fragment
must be in a
sentence. A sliding
scale, not on-off.

Prolog is based on
both types of
questions.

Should an adjective
be called an adnoun?

The scheme notation
"(f x)"is better for
variable functions.

This is a circular
definition, not a
material assertion.

Being little is an action
for a puffer fish, and
being red is an action
for an octopus.

This is psychology,
not logic.

The concreteness is a
delusion. The
murderer struck his
head with a dead
chicken! Sound odd?
A frozen chicken.

| said precise not
accurate.

Sentences in natural language include statements, questions, and commands.
The dog is eating. What is eating? Eat the dog! These also exist in software. A
database query is a question, sometimes answered by a yes or no, sometimes by
a list of options. Although elements of programming languages are commonly
called statements, they are more often commands. Usually, definitions are
statements, but a C for-loop commands the computer to take action. Sentence
fragments also exist in software — numerical expressions, for example.’

Natural language is built from verbs, nouns, adverbs, adjectives, prepositions,
and punctuation. So are programming languages. There is, in both, a hierarchy
of fragments with meaning. The little dog is not a sentence, but it has meaning.
Compare this to dog and. Natural languages have fragment forms, noun—verb,

» «

the dog ate. Programming fragment forms include “x 4+ y,” “xy,” and “x*,” but
also the popular functional notation “f (x, y).” The functional notation is often
harder for humans to parse, but it has the grace of generality. It is the fallback
notation in most programming languages.

Every simple statement in English is a noun and a predicate. The little dog is
eating quickly. The noun is The little dog; the predicate is is eating quickly. Often
a breakdown into what is it and what is it doing. A possible exception is the dog
is little, but the noun-predicate split is still clear. To most people, The little dog
is more complete than is eating quickly. The first invokes a concrete mental
image. The second is abstract: what was eating? For this reason, is eating quickly
is said to take the little dogand return a concrete image. Predicates are functions,
and nouns are arguments.

Let s be the little dog, and p be is eating quickly, then p (s) is the little
dog is eating quickly. Let “natural(x)” mean “x is a natural number.” That is,
“natural(0)” means “0 is a natural number,” “natural(1)” means “1 is a natural
number,” and so on. Let “increment(x)” mean “the number after x.” So, “in-
crement(0)” means 1, and so on. Replacing x by 2 turns 3xx+5 into 3%2+5.
Precise rules of logic are replacement rules: the definition £ (x) =3xx+5 means
that £ (2) can be replaced by (3%2+5), £ (6) by (3%6+5), and so on. Re-
placement (together with its inverse of matching) is the mechanics of all precise
logic.

The mechanics of logic

Both Post and Markov
machines are
exceptions.

Logical terms are almost universal in software. Reasoning is editing a sea of
terms. This is made more precise within term logic, a particular concrete system
that has proved very robust in practice. Most precise logic systems are clearly
mild variations of this system. It is the arithmetic of software. Only tokenization
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Leibniz: precise
reasoning is
permutation and
replacement.

Matching is a special
case of unification.
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and bracketing are respected. Terms are properly bracketed expressions, ( (the
(little dog)) is (eating quickly)). The important operation
is reduction. This is based on matching and replacement.

The term “( (3 x x)+y) X 27 isa special case of “ (a+b) xc”. Lay the
two over each other to find the correspondence.

( Bxx) + vy ) x 2
[

( a + b ) x c

Matching produces equality pairs: a=(3 x x), b=y, and c=2. Matching respects
tokenization: although “23” is two symbols, it is a single token: it will be matched
as awhole or not at all. Matching is one way. The second term is the more general
case. Single symbols in the general case are matched with complete terms in the
special case. Matching respects the grouping implied by brackets. A symbol is
matched only to a complete term.

Replacement: the term (a x c¢) + (b x ¢) is changed into “( (3 x
x) X 2) + (y x 2'")”byreplacingaby (3 x x),bbyy,and c by 2.

+ (b x ¢ )

e
+ (y x 2 )

( a X ¢ )
| | L
( Bxx) x 2 )

Reduction: given a rule (a+ b) X ¢ — (a X ¢ + b x ¢), match “((3 x x)+y)
x 2” against (a+ b) x ¢ to get a=(3 X x), b=y, and c=2. Substitute this into
(axc+bxc)toget “(((3xx)x2)+(yx2))”

Even when a meaning is intended, the manipulation is mechanical. The steps
are easy to code into a practical computer. The meaning is a gloss, defining how
we will react to the logic. Meaning can be important, but it is extrinsic to the
reduction. Collections of terms can be constructed that behave like other things.
There is a sea of facts and rules. A fact is expressed as a term, such as p(a, b). A
rule is expressed as two terms with an arrow between.

Exercise 2-5 (easy)
Usetherule (x + y) — (y + x) toreduce ((26%x) + 5).

Exercise 2-6 (serious)

Select a programming language and implement reduction.

As described, this is complete-term reduction. It does not include replacement
of subterms. Subterm replacement would allow a rule such as (x+y) = (y+x)
to reduce 2 (x+y) to 2 (y+x) . The principle of subterm reduction is a non-
trivial axiom. It is not always correct. In C, the classic example is that x==y does
not mean &x=&y. The effect of i £ (x==y) £ (x); andif (x==y) £(y);
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This is reverse Prolog.
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can be very different when references are used. Subterm replacement is usually
replacement of equals by equals. Other systems can have subterm replacement,
but it can also be induced in pure term logic, by defining the properties of equal-
ity, reflexive, transitive, symmetric, but also nesting: equals(a,b), equals(c,d) —
equals((a,b),(c,d)).

Letnat (x) mean “xisanatural number.” Describing exactly which numbers
are natural requires an infinite number of these terms: nat (0),nat (1), and
so on. But, let inc (x) mean “the number after x” and only two terms are
needed: nat (0),nat (inc (b)) if nat (b).Zeroisnatural, and the next
number after any natural is also natural. Under reduction, these terms generate
the desired infinite list of terms. Although, at any finite time the pool of facts
will be finite.

nat (0)
nat (x) -> nat(inc (x))

In the sea, the rules nondeterministically lock onto a term. If it matches the
left-hand side, the right-hand side is added to the sea. The sea is gradually filled
with statements: nat(0), nat(inc(0)), nat(inc(inc(0))), and so on.

The system can be expanded to prove relative size. Every natural is less than
the next natural. If a < band b < ¢, then a < c.

X<y, Y<Z -> X<Z
nat (x) -> X<inc (x)

Rules collect premises from a sea and generate conclusions. A fact (fx) is
a special rule — (£ x) with an empty premise. Each rule attaches to the
conclusions of other rules and generates new rules. If all the premises are facts,
then so are the conclusions. This is monotonic: the sea of rules expands without
contracting. But if a rule means that the premises are replaced by the conclusion,
then rules can disappear. Rules of the form A -> A, B act like the original
rules given above. For most uses, the release of the premise back into the sea
is implicitly assumed. Reduction is metalogical, not described within the logic
system.

The logic of negation

... I think I'd better think it out again (Fagin)

Natural numbers are generated one by one; are they all unique? Does inc(0)=0?
Does inc(inc(0))=0? Do the naturals loop? The system does not prove any
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incredulity is negation
by failure.
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represented by the
Markov machine.

This mapping does
not need to be
mystical; it could be a
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Guns are restricted
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equalities, does that mean that the numbers are unique? If a new axiom 0=23
is added, the result is modulo arithmetic, not an explosion. If lack of proved
equality means inequality, then adding a new falsehood has negated an old truth:
extra premises cannot always be ignored. The logic is not monotonic. It is an
example of negation by failure. It is metalogical.

The axioms given are satisfied by natural numbers and by modulo arithmetic.
Thelogic, if correct, cannot prove inequality because equality varies between ap-
plications. To distinguish modulo and natural numbers, axioms about inequality
are needed.

nat (x) -> equals(x,x)
nat (x) -»> less(x,inc(x))
less (x,y) -> less(x,inc(y))
less (x,y) ->, (not equals(x,y)), (not equals(y,x))

This is negation by predication. As well as equality, it is also defining
negation within the system, negation that has metalogical expectation. If
it is provable that (not equals (x,y)), then it should not be provable
that equals (x,y) . The logic must include the rules of how to argue about
negation, rules that are part of the software, rules that might be wrong.

What is negation? What does “not x” mean? It is hard to answer. Classical
negation is defined by two axioms: (x or not x) and not (x and not x). But adding
these rules into an axiom system does not legislate correct behaviour; rather, it
leaves the system open to internal conflict. Logic systems naturally prove positive
facts. With no negation predicate, there is no contradiction, only theorems. The
author of metalogical rules implicitly makes a material hypothesis. Metalogic
desires might be unimplementable.

Term logic is a programming language. But like machine code, it is not just
any language. It is distinct; it is the prototype for all the common languages.

Term logic behaves but means nothing. Meaning is our mapping of the terms
to some other domain. Conflict arises only in meaning, and then there is no
paradox, only error. The logic intended to mechanize the intuition conflicts
instead. Whether the logic or the intuition should be debugged depends on the
case at hand. For some intuitions, there is no error-free term logic. The problems
always involve a logic speaking about itself.

So should one avoid introspection? It is not possible in practice. Apparently
simple logics can have alternative and introspective meaning. If there exists (even
if we do not know it) such a meaning, the system is flavored by it. There is no
term system for finding all solutions in semigroup equations. The proof finds a
partial mapping of semigroup equations onto introspective software.
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True and unreadable
is unreadable.

Some have suggested
“and-then” and
“or-else.”

The logic of proof
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Metalogic is about the generation of terms. Proof means the system can
generate the term from an empty premise. One thing implies another means
the reductions can go from one to the other. Negation means that proof denies
disproof. All say something nonlocal about the system. These assertions cannot
be legislated, as they might be false. Many software proofs show that a given
introspection is impossible.

It is possible to give axioms for reduction. But these axioms are functionally
circular, because reduction must already be understood for the axioms to have
any meaning. But this is like the modeling of any metalogical aspect of the
system. The relation between the model and the reality is a matter of material
conjecture.

A logic system is a nondeterministic program. Rules, axioms, and theorems
are combined to add more theorems to the mix. By repeated use of this principle,
more and more statements are added until a particular target statement is found.

Inconsistent means the logic can prove “(A and not A).” But what does “not”
mean? In Prolog, one form of “not” is failure to prove. Anything unprovable
is false. This logic is not monotonic: adding more statements can make false
something that used to be true.

In common logic, this is false and this is true are indeterminate, but differ-
ently. The first can be proved both true and false, the second neither. The first
bug cannot be fixed in a binary logic; the second can, arbitrarily. Statements
naturally have four states: true, false, ambivalent, and contradictory. How many
truth states are there? Probability is a form of logic, and it has an infinite
number.*

Please write your name in this box or @%*!- 3$>; ¢¢»((. The sentence was
scrambled in transmission after the “or,” but you can still obey the instruction:
do the first part. The truth status of an expression might be unreadable. True or
unreadable is true. Detailed interpretation of the scrambled part is not always
required. Scrambled parts can be part of the syntax. Reasoning with badly
formed expressions is possible. In software, there is nontermination; how do the
operators respond? In Pascal, true or nonterminating would be nonterminating,
whereas in C it would be true.

Intuition says that the above natural number logic proves nat (n) for each
natural number n. But the logic cannot prove that it proves this. Even more,
it would be no internal contradiction to add the axiom that there are missing
natural numbers. Software works with proof, not with truth. What can the
system prove? How do you build a program that proves exactly what is needed?
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Is it even possible? To prove that the system generates exactly the right terms
requires anotherlogic system to act as the metalogic of the first. But the relation
between the terms of the metalogic system and the proofs of the original is a
material hypothesis.

In term logic with negation by predication, a term is disproved if its negation
is proved. Any given term might be proved, disproved, both, or none: four truth
values. Let true mean proved and not disproved and false mean disproved and
not proved. In some cases, the metalogic of proof is truth functional (finite
Boolean logic is an example).

The standard metalogic of the operators and and not says that to prove
(x and y) is precisely the same as to prove x and to prove y. If either x or
y can be disproved, then (x and y) can also be disproved. But working
backward, a disproof of (x and y) proves (not x or not vy),butdoes
not have to prove either not xornot vy.

Proved Disproved
X y xandy X vy xandy
yes yes | yes yes yes | yes
yes no | no yes no | yes
no yes | no no yes | yes
no no | no no no | maybe

From the tables above, if x=both and

y=both, that is, both x and y are both true and true = true, both
. . true and both =Dboth
provable and disprovable, then so is (x
and v). Similar thinking fills in the both and true  =both
vl 8 both and both =both

following table.

The full table has 16 entries. The operator and in the proof metalogic is not
truth functional, because of the ambiguity of the disproof of (x and y) when
both disproofs of x and y are missing. The full table has 8 clear entries and 8
double entries. This represents the truth relation between x, y and (x and

y).
There always is a truth relation, even if uninteresting:

X y | ximpliesy
yes yes | maybe

yes no | no

no yes | maybe

no no | maybe

An operator is truth functional when its truth value is determined by the
truth value of its arguments. That is, P is truth functional if there exists p such
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that truth((P(x)) = p(truth(x)). In common argument, and in most logics,
implication is not truth functional.

A logic in which there is a definite stepwise process for determining whether a
proof exists, or not, is said to have a decision procedure. The existence of a proof
in a truth-functional system can be determined by evaluating the expression
with all combinations of truth values to its unbound variables. If the result is
true in all cases, then there must exist a proof. If it is not, then there does not.

Exercise 2-7 (medium)
Work out the truth table for the proof using “or.”

Exercise 2-8 (hard)
Develop truth tables as above for the principle of easy, hard, and impossible
to prove. Clearly state your assumptions about how levels of difficulty should
be combined.

Sometimes it rains, but the sun will always eventually shine. Modal logic deals
with qualification of truth: sometimes, always, eventually. It is common to find
qualification in pairs: it sometimes does not rain means not always does it rain.
In symbols & not rain =not O rain. Not always is sometimes not. Not
necessarily is possibly not. Not every is some not. The dual of provable is not
provably not, that is, not disprovable. In each case, there is a clear concept of
the strong and weak forms. Always is strong; sometimes is weak. Necessarily is
strong; possibly is weak. Being able to prove is strong; the inability to disprove is
weak. The same operators 0 and < may be used for each of these — the O being
the stronger form and the < the weaker. So, =0 = <—, which allows negation
to be passed through a qualifier.

Possibly this and possibly that is not the same as possibly this and that. But
possibly this or possibly that is the same as possibly this or that.

Implication is characterized by (A and (A implies B)) implies
B. Modal implication is that A = B means there exists C, such that A = A A C
and B = B Vv C. In some discussions, there can be no implications inside a
premise or conclusion (such a thing does mix metalogic and logic). Treating it
as A — B inaterm logic, it is clear that this is just the metalogical statement of
the operation of the system — nothing more or less.’

Many implications are transitive; certainly classical ones are. If B follows from
A and C follows from B, then C follows from A. (A implies B implies C) implies
(A implies C).

The contra positive, if B follows from A, then not A must follow from not B.
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The three rules are as follows:

(A implies B implies C) implies (A implies C).
(A and (A implies B)) implies B.
(A implies B) implies (not B implies not A).

Exercise 2-9 (medium)
Write each of the following as a rule of reasoning, an implication, using
suitable predicates. For example, the first might be house(x) = cat(x). Use
transitivity, and the contra positive, as required to find a conclusion that needs
allthe premises for its argument. What is that conclusion? State it in common
English.

The only animals in this house are cats.

Every animal is suitable for a pet that loves to gaze at the moon.
When I detest an animal, I avoid it.

No animals are carnivorous unless they prowl at night.

No cat fails to kill mice.

No animals ever take to me, except when they are in the house.
Kangaroos are not suitable as pets.

None but carnivora kill mice.

I detest animals that do not take to me.

Animals that prowl at night always love to gaze at the moon.

2.6 Propositional logic

This is connected with
lazy evaluation in
software.

Gentlemen, I have a proposition to put to you.

Did he keep his cake and eat i? Knowing whether he kept his cake and whether he
ate his cake is enough to work out the truth of the combination. Similarly, if he
did keep his cake is true, then he did not keep his cake is false. The truth of these
compound terms depends only on the truth of the elements and not at all on
their structure. Contrariwise, the truth of “you can’t keep your cake and eat it” is
a saying has nothing to do with the truth of you can’t keep your cake and eat it.
The operator is a saying speaks of the expression and not its truth value.

When the truth of a statement form can be determined from the truth of
the elements included, without any other information, then the statement form
is a truth-functional operator. In practice, most reasoning involves statements
whose truth value is not known. Conclusions that can still be drawn are more
firm than those that depend on the contingency of the truth value.

By origin, binary propositional logic is a logic of truth-functional operators.
But in software, it is much more used as the algebra of functions with a binary
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range, which could be “false” and “true,” but is more commonly notated 0 and 1.

The meaningis unimportant: 0 volts and 5 volts, positive and negative, clockwise

and anticlockwise. What is important is the mechanics of the manipulation

of the bits in computer memory. Logic in computer hardware is not about

truth and propositions, but about operations on bit patterns: binary algebra.

A bit has meaning only in the way that the elements of a car engine have meaning.

Let T be the set of truth values. By T"— T" is x y z|a b

meant a function that take n value and returns m 0 0 0]1 O

values. A nil-adic (0-adic) functionis T — T, 0 0 1]0 1

a mon-adic (1-adic) function is T' — T!, and 0 1 0|1 O

in general a n-adic function is 7" — T'. For 0 1 1/]0 O

a function f (x, y, z) = (a, b), the values can be 1 0 0|1 O

placed in a table. There are 2" entries in the table, 1 0 1/1 1

and each contains one of 2™ return values. Thus, 1 1 0l0 1

there are (2")A(2") possible functions. 1 1 110 1
X Y| XAy xVy In binary logic, there are 2 0-adic functions: the
0 0 0 0 constants 0 and 1. There are 4 1-adic functions:
0 1 0 1 0, 1, negation, and neutral. Two special 2-adic
1 0 0 0 functions are conjunction “and” A and disjunc-
1 1 1 1 tion “or” V.

A simple tabular method determines the truth value of an expression for

each value of the arguments. Fill in the table, starting with the single variables.

Gradually fill in the value of more complex subexpressions. The letters in the

bottom row of the example indicate the order in which the columns have been

filled in. In effect, this is a method for combining tables to produce more tables.

( ) (

)

=l k== ]
— | O O|<

O | == O™
o|lo|l—lOo|lOo| >
glol—|o|—] ]
O = OO
alol—=|~lo|<L
o~ ]

0| OO~ X

ajlojo|l—=o|>

Q=] OO

Although this method is simple and sure to work in principle, in practice

thousands of variables might be in use. The number of entries in a table is

2 to the power of the number of variables. Such a table is a gazillion times

beyond the computing power of the entire earth. In practice, the expressions are
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manipulated directly, and the tables are never generated. This is a clean example
of developing a term logic to compute the behavior of a system whose direct
study is impractical.

The expressions —(x A y) and (—x) Vv (—y) produce the same table. So the
term reduction rule =(x A y) — (—x) V (—y) can never change the table that
an expression represents. Nor can its reverse. There are an infinite number of
these pairs. Is there a finite collection that can generate all the pairs that the
tables imply? Such a set has been found. The logic here is now, crucially, looking
at the structure of the expressions, not just their values.

This is a clear example of the principle of the axiomatization of a system.
The tables (which are just listings of the functions) are the “reality,” and the
manipulation of the expressions is a logic whose expressions are mapped to
tables and whose reductions should correspond to the composition of tables as
shown above.

Unknown Error Why stop at two? An indeter-
X Yy XAy xVy XAy xVy minate value leads to other ta-
0 0 0 0 0 0 bles. Unknown means x could
0 x 0 X X X be either value, 0 or 1, and error
0 1 0 1 0 1 means an unrecoverable fault in
x 0 0 X X X the program, so any occurrence
X X X X X X makes the whole value an error.
x 1 X 1 X X In C, using &, error is the correct
1 0 0 0 0 0 logic, but && is lazy evaluating,
1 x X 0 X X X && 0isx,and 0 && x is
1 1 1 1 1 1 0.
Exercise 2-10 (medium)

Call a logic function permutative if all permutations of arguments give the
same value. How many n-input permuatitive binarylogic functions (1 output)
are there?

2.7 Predicate calculus

All these variations
exist in natural
language.

The cat is behind the tree. The dog is behind the tree. Generically: the X is behind
the tree. Let the mouse is retrowood mean the mouse is behind the tree. Using
an implicit “be,” it is the mouse retrowood. Changing the order, it is retrowood
the mouse. Finally, with grouping it is retrowood (the mouse), and the
mouse is still behind the tree. Pause here and stare at retrowood the mouse until
you feel that it really has this meaning. This is an exercise in mental control like
Necker cube flipping. Linguistic flexibility is vital to software engineering.®-’
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A simple English statement is thing-predicate: (the cat) (is sitting). The predi-
cate calculus is a prefix syntax (is sitting) (the cat) and uses a single word sit(cat)
or even a single letter s(c) or abbreviations. It also allows multiple place holders.
The X sat on the Y becomes sit(X,Y). So sit(cat, mat) means the cat sat on the
mat.8

In propositional calculus, the variables stand for statements: Let p mean the
cat sat on the mat, but the statement structure is not recognized. Predicate
calculus is designed to speak about statement structure. Let £ (x) mean the
x fell in the water. Let w(x) mean the x is wet. If the cat fell in the water,
then the catis wet. £ (cat) implies w(cat). If the dog fell in the water,
then the dog is wet. £ (dog) implies w(dog). Everything that falls in
the water gets wet. for each x : f(x) implies w(x).Adjectivesare
also used. Rather than, every thing that is large and a dog eats bones, say every
large dog eats bones. for each dog x : large(x) implies for
some bone b : eats (x,Db).Thisis beyond the propositional calculus, a
potential infinity of propositions.

Specifying which values a variable can take is quantification — in this case,
universal quantification: the statement is true for each x and y. Another option
is to say that it is true for some 3 or for a unique 3! value.

Vx:P(x) P(x)istrue for every value of x

dx: P(x) P(x)is true for at least one value of x
Alx: P(x) P(x) is true for a unique value of x
d,x: P(x) P(x)is true for exactly n values of x

In algebra, 2* % 27 = 2**7 often means for each real x and each real y, the
equality holds. This is understood from the context. Strict predicate calculus is
explicit: for each real x : for each real y : 2* x 2/ = 2*?

Above, £ and w were known predicates. The algebra was about the square
function. But it was about a type of number. Mathematics does make statements
about types of functions. For example, if £ (x+y) =f (x) £ (y) and £ is contin-
uous, then £ (x) =pow (£ (1) , x) . Similarly, classes of predicate. If all fish are
animals and all animals are alive, then all fish are alive. This type of argument is
generic. If all P are Q and all Q are R, then all Q are R. P, Q, and R stand in for
variable predicates:

for  each predicate PQ,R:

if (for each x : P(x) implies Q(x)) and
(for each x : Q(x) implies R(x))

then (for each x : P(x) implies R(x)).

Normally, predicate calculus uses a more compact style:
Vp,q,reP: (Vx: (p(x) = q(x))) A (Vx: (q(x) = r(x))) = (Vx: (p(x) = r(x))) :
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Despite its name, predicate calculus is flavored by the quantifiers. These can
be very powerful. Often English is ambiguous. All frogs are not green, often
means not all frogs are green. All girls like some movie might mean that there is
a movie that is liked by all girls or that every girl has a move that she likes. A
lot of English also has hidden assertions. I am smaller than my brothers does not
translate to Vb : brother(b) = bigger(b, me). Because this piece of symbolism
does not imply that there are any brothers, it just says, in plain English, that the
speaker has no smaller brothers. Furthermore, the use of the plural asserts that
the speaker has at least two brothers, not just one, for example. The predicate
symbolism behind predicate calculus is not simply a mechanical logic; it comes
with meaning in the manner of a natural language (albeit a rather precise one).
The universal and existential quantifiers are often taken to have effectively the
meaning of English words, such as some and all, rather than being defined by
axioms.

Often the term = turns up unexpectedly. My cat scratches all sofas.
Ve : Vs cat(c) A mine(c) A sof a(s) = scratch(c, s). For this reason, an abbre-
viation is used: V¢ € cat A mine : Vs € sof a : scratch(c, s). The ¢ € cat parts

>

are effectively variable declarations, like “int x;” in C. They put in the con-
straints and can often make expressions shorter and clearer, but on the other
hand, the reasoning with transitive implication is often easier than with typed

variables in the shorter form.

Exercise 2-11 (medium)
Convert this English into predicate symbolism.
All boats float.
All dogs eat all meat.
All my dogs eat some meat.
All my brothers like all ice cream.
My brother likes all ice cream.
Only one of my brothers likes all ice cream.

Exercise 2-12 (medium)
Write down an English sentence. Convert it as accurately as possible into
predicate symbolism. Try to respect the flavor of the English. Now repeat this
task.

The main purpose of this chapter is to introduce the principle that there are
many logics, and, unlike most arithmetic systems, they might conflict with each
other. The unifying principle is term matching and replacement. This simple
mechanism, sometimes lightly disguised, is the machinery of all formal systems
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of reasoning. The machinery of each logic exists, regardless of the meaning that
might or might not be applied. The concept of conservative extension is an
important one. An extended logic implies about the original elements only that
which the original logic did, but the proofs are easier. Formal reasoning occurs
on the form of the expression, not its meaning. This is a central theme repeated
throughout the book. It promotes afactual reasoning, with statements known to
be false or whose truth value is unknown. It is impossible to understand much
about formal software without this.

Notes

There are 12 exercises in this chapter.

The unifying principle of this book is term logics. All the systems given in
this chapter can be expressed as term logics, and it is a generic exercise to do so,
completing all details.

In software logic, manipulation of expressions is used to determine whether
they have meaning, and presupposing this is circular. A conservative extension of
alogic exists and is useful even when no “meaning” can be given to the extended
entities. The main purpose of this chapter is served if the student learns to
reason from the form of a statement rather than from its meaning. This purpose
is tested through the ability of the student to use a variety of formal systems:

. To fill in tables for propositional logic expressions
. To write expressions for propositional tables

. To use multivalued propositional logic

. To manipulate predicate calculus expression

O I O S

. To manipulate modal logic expressions

Further study could include Prolog and historical and logical consideration
of the impact of negative and complex numbers. Much work was done using
complex formula without any idea that these formulas applied to anything but
just as a method of obtaining an answer about real numbers (that could often be
checked by other means). Solution of polynomials over radicals and then over
trigonometric formulas also makes very good background material.

1. The game Nomic (invented in 1982 by Peter Suber, Department of Philosophy, Earlham College,
Richmond, Indiana), published in the Scientific American in June 1982 in Douglas Hoffstader’s col-
umn Metamagical Themas, is a game of changing the rules of the game (http://www.earlham.
edu/~peters/writing/nomic.htm). His book The Paradox of Self-Amendment: A Study
of Law, Logic, Omnipotence, and Change, published by Peter Lang Publishing in 1990, is out of
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print, but it is available as html on the Web site http://www.earlham.edu/~peters/
writing/psa/index.htm.

. “If T ordered a general to fly from one flower to another like a butterfly, or to write a tragic drama, or

to change himself into a sea bird, and if the general did not carry out the order that he had received,
which one of us would be in the wrong?” the king demanded. “The general, or myself¢” From The
Little Prince, by Antoine de Saint Exupery (1943).

. A statement is declarative, a command imperative. Software languages are often classified as one or

the other. But while C has many commands, int x; is declarative. Similarly, although a Haskell
program is a list of statements, at least implicitly there are commands: I would like you to do this, said
with the right authority, is a command in disguise.

. Eric Schechter of Vanderbilt University states that it is proved that there is a classification small of sets

of natural numbers where (a) any set of 0 or 1 elements is small, (b) the union of two small sets is
small, (c) a set is small iff its compliment is not small. But, also provably, no example classification
can be constructed. On its existence, he says we are dealing with the properties of axiom systems for
hypothetical structures (http://www.math.vanderbilt.edu/~schectex/ccc/choice.html).

. Tuse implication, usually, to mean the rules within the system, which is closer to the concept of proves,

as stated by some other writers. But since it is a theme of this book that there is no clear other meaning,
I leave it at this.

. “When I use a word,” Humpty Dumpty said, in a rather scornful tone, “it means just what I choose it

to mean — neither more nor less.” “The question is,” said Alice, “whether you can make words mean
so many different things.” “The question is,” said Humpty Dumpty, “which is to be the master — that’s
all” From Through the Looking-Glass, by Charles Dodgson, writing as Lewis Carroll.

In an Appendix of “Symbolic Logic” by Lewis Carroll: I maintain that any writer of a book is fully
authorised in attaching any meaning he likes to any word or phrase he intends to use. If I find an
author saying, at the beginning of his book, “Let it be understood that by the word “black” I shall
always mean “white,” and that by the word “white” I shall always mean “black,”” I meekly accept his

ruling, however injudicious I may think it. (This is a good attitude for the software engineer.)

. Parentheses are used here for grouping as in programming languages and mathematical symbolism.

In natural language, parentheses behave more like comments in programming languages.

. Caution is needed: (x + 1)> = x? + 2x + 1 might have an understood range for x, but it might also

mean that the square of the formal polynomial (x + 1) is (x? + 2x + 1).
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Clock arithmetic is finite. The list of all instances of addition of hours on a 12-hour
clock can be completed: there are 144 entries. Clock arithmetic can be a digital data
instance. Addition of naturals cannot be listed, but it can be described by finite code
that acts on finite strings of digits. Naturals is not a data instance, but it can be a
data type. By combining tuples of naturals with fixed code with no loops, integers,
rationals, and many other number types can be constructed. But not reals and not
integer functions; neither of these are ever data instances or types. Whenever they seem
to be required, in their place appears a proxy finitary term logic. Finite lists and sets
are digital types but not infinite lists or sets. The software engineer has familiarity with
what can and cannot exist in the digital world.

How many goats do you own? Zero, one, two, or more? The number of goats

you own is a natural number. Live goats, that is: if you slaughter goats, you
13 25
208 &
own your goats? If you have two goats in the field but owe three goats to your

might have or 0.41236 of a goat, a rational number. Do you really
neighbor, then overall you owe one goat: you own minus one goat. When will
your neighbor arrive to pick up his goats? In 2 hours time? It is now 11 o’clock;
11 o’clock plus 2 hours is 1 o’clock, 11+2=1; this is modulo arithmetic.

How many different types of numbers are there? A number system is some-
thing that acts like the naturals. How much alike? It is a convention; there is
no exact definition of number. Most popular systems are constructed from the
naturals using simple operations on fixed-size tuples. These constructions are
directly useful and inspire other constructions.

The prime concept of a constructed data type, in analogy to the naturals, is a
collection of elements together with operations that take and return elements.
Each element should be described by at least one finite formula. The operations
should be described clearly and always complete in finite time. There is normally
a substitutional equality — a way of saying x=y, so that also £ (x) =f (y) forall
operations £. An algebra is the metalogic of a data type.
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An axiom system is constructive if random application of valid reductions
leads, in each case, eventually to the value of an expression. Natural arithmetic,
as given by the Hindu algorithms, is constructive. Some axiom systems are
constructive, some have equivalent constructive systems, but some cannot be
constructed at all.

3.1 Mathematical induction

In software terms, a constructive type has two components: a language to de-
scribe elements and operations that take terms in that language and return other
terms. For example, natural arithmetic describes its elements as sequences of
digits: 0, 123, 51099, and so on. The operation of addition acts on these:
add (142,56)=198. More generally, each element is a block of bytes, each
operation takes some blocks, and returns some blocks. The algebra of a con-
structive type is the study of patterns that are always true for the operations and
elements of that type. For example, add (x,y) = add (y, x), no matter what
natural numbers replace x and y.!

For finite data types such as modulo-12 arithmetic, an algebraic formula
may be checked explicitly in all cases. But there are an infinite number of
naturals, so how is a formula checked in these cases? One very common
and powerful technique, fundamental to formal software, is mathematical
induction.

Because of its simplicity, the Peano definitions will be used here, but the
Hindu algorithms can also be handled using the same basic techniques. The
natural numbers are 0, s (0), s(s(0) ), and so on. Addition is defined by
the two rules add (x, 0) =x and add (x, s (y) ) =s (add (x,y) ). It is not
stated that add (0, y) =y, although the reader may be convinced that this is
true. How is it proved?

It is easy to prove for specific small cases:

add (0,s(s(s(0))))

= (add( s(s(0))))

= s(s (add(O s(0))))

= s(s(s(add(0,0))))
s(s(s(0)))

Itis clear from this how a proof could be constructed for larger cases, although
the process might be very long. This is a metaproof, proving that while the proof
might be too large to write down in practice, it does exist. The argument so far
is informal. It can be formalized.
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There is a relation between the third case above and the fourth case below.
add(0,s(s(s(s(0)))))

add(0,s(s(s(
s(add(0,s(s(
s (s (add (0, s(
s(s(s(add (o0,
s(s(s(0)))

( S 0))))
( s 0))))
( 0))))
( 0))))
(

—_ — — — ~—

n n n n 0

Most of the work in the fourth case is the content of the third case.

To prove that add (0, s (s(s(s(0))))) iss(s(s(s(0)))),
first prove that add (0, s (s (s(0)))) iss(s(s(0))),
then note that add (0, s (s (s(s(0))))) iss(add(0,s(s(s(0))))).

That is, if the Oth case can be proved, then the first case can; if the first case
can, then the second case can; if the second case can then the third case can; and
so on as high as is required.

It is clear that the Oth case is proved, since add (0, 0) =0 is a special case of
the given rule add (x, 0) =x. Thus, itis clear that add (0, y) =y can be proved
for every natural y. This is the required result.

This can be streamlined.

Let add (0, y) =y be the nth case. If it is proved, then the next case is proved
by first using the definition of addition, add (0, s (y) ) =s (add (0, y) ),and
then using the proof of the nth case, s (add (0, y) ) =s (y) . Since the Oth case
is proved as a special case of rule 1, the general case is proved.>

Another example may help make the concept clear.

1 = 1 = 1?
143 = 4 = 2?
1+3+5 = 9 = 3
14+34+5+7 = 16 = 4

The diagram illustrates the pattern of the intuition. The sum of the first n
odd numbers is n%. Will this pattern continue, or was it an accident? Let sum(n)
mean the sum of the first n odd numbers. The nth odd number is 2n—1, clearly,
sum(1)=1, and sum(n+1)=sum(n)+2n+1. Let sqr(n) be the square of n. Clearly,
sqr(1)=1. Given a diagram as above with n squares on each side, extend to the
top with n squares, to the right with n squares, and add one more in the top right
corner. This produces the diagram with n+1 squares on each side. So sqr(n+1)
is sqr(n)+n+n+1. That is sqr(n+1)=sqr(n)+2n+1. The sum and sqr functions
are following the same pattern exactly. Each value is defined by this behavior,
and so the two values are the same.
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1 sgr(l)=sum(l)
2 Ifsgr(n)=sum(n) then sqgr (n+1) =sum (n+1)

3 Therefore, for each nin 1,2,3, ... sum(n)=sqr(n).

Generalizing to any predicate P,

1 P(0)
2 P(n) implies P(n+1)

3 Therefore, for each natural n, P (n) is true.

This is the principle of mathematical induction. Sometimes the premise of
step 2 is expanded to P (m) for all natural m < n.

It is a principle of proof that is commonly agreed upon, but not derivable
from more basic proof techniques.

The following example is more formal:

Let sum(i=0,0) f£(i) = £(0).

Letsum(i=0,n+1) £(i) = sum(i=0,n)+f (n+1).

Let P(n) mean sum(i=0,n) 1 = n(n-1)/2.

Clearly, sum (i=0,0) i = 0 = 0%(0-1) /2.

If sum(i=0,n) i =n(n-1)/2 then sum(i=0,n+1) i = n(n-1)/
2 + n+1.

Now, n¥n-n + 2n+2 = nxn+n+2 = (n+1l)x*(n). So P(n) implies
P(n+1)

Thus, since P (0) is true and P (n) implies P (n+1), P(n) is true, by
induction, for all natural numbers n.

Exercise 3-1 (easy)
Prove by induction that 2" > 2, for all naturals n > 2.

3.2 Number systems

Integer numbers

There are many ways to extend the axioms of natural numbers. In many of these,
the intuition is to include new numbers with previously impossible properties.
Some of these extensions are conservative; they do not add any new properties
to old numbers: for example, conclusions about natural numbers derived from
a study of rational numbers are still correct for natural numbers and could be
proved without rationals. Modulo arithmetic, however, is not a conservative
extension. Conservative nature should not be taken for granted; it is something
that needs proving and might be false.

To owe one goat is to be one goat worse off than to have no goats at all. But
counting down using natural numbers must stop at 0. Some other method is
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needed. Take away one goat from no goats and one goat is owed. There is an
arithmetic, but it is not natural arithmetic.

It is possible to reason about this using only natural arithmetic, with some
extra logic. If in one city you hold 3 goats and owe 4 and in another city you
hold 5 goats and owe 3, then overall you hold 8 goats and owe 7. Let (x,y)
mean to hold x goats and to owe y, then (3,4) +(5,3)=(8,7).

For software, this must be formalized. Intuitively, (a, ) means to take away
b from a —that is, (a,b) means a-b. But this intuition is only a guide; it is
not part of the formal definition. The formal definition is checked by proving
axioms provided by intuition.

For example, (a,b) = (c, d) means that a-b=c-d, which happens exactly
when a+d=c+b. Because this test uses only known operations on natural
numbers, it can be used to define equality in these new, integer, numbers.
Intuition demands that equality be reflexive, commutative, and transitive. That
is, x=x, x=y — y=X, and x=y, y=z — x=z. From the definition,
(x,y)=(x,y) exactly when x+y=x+y. So equality is reflexive. The other
properties are proved similarly:

we want = ‘ so define =

(a-b) + (c-d)=(a+c) - (b+d) (a,b)+(c,d)=(a+c,b+d)
(a-b)*(c-d) =(ac+bd) - (bc+ad) (a,b)*(c,d) =(ac+bd, bc+ad)
(a-b) - (c-d)=(a+c) - (b+d) (a,b)-(c,d)=(a+c,b+d)

Addition is commutative, x+y=y+x, and associative, X+ (y+z) = (X+y) +2.
Similarly, multiplication. Multiplication distributes over addition: x* (y+2z) =
(xxy) + (x*z).Subtraction reverses addition, (x+y) -y=x. These axioms
are proved by the straightforward use of the reductions given above.’

The integers of the form (a, 0) behave like the natural numbers, so much
so that the identification a=(a, 0) is a good way of saying that the integers
extend the naturals, adding more numbers, but not changing the logic of the
ones that were already there. This type of extension is called a conservative
extension.

Naturals are not closed under subtraction; that is, for naturals x and y, the
value x -y might not exist (as a natural). Integers are closed under subtraction
and include exactly those numbers required by that one observation. Thus, the
integers are called the closure of the naturals under subtraction. Intuitively, the
integers are built by assuming that subtraction is always defined.

Call (0,0) neutral, (a, 0) positive, and (0, b) negative (where neither a
nor b is 0). Every integer is equal to exactly one instance of one of these forms.
This gives a unique normalised form, norm (a,b) for each integer (a,b).
Integers are equal exactly when their normalized forms are exactly the same
tuple.
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Exercise 3-2 (medium)
Prove by direct substitution the properties asserted for the arithmetic opera-
tions defined in this section.

Exercise 3-3 (medium)
Prove the three properties of equality. Prove also that a=b and c=d implies
a+c=b+d. That addition respects equality.

Exercise 3-4 (medium)
This task requires induction. Prove that every integer is equal to one of the
form (0,a) or (a,0),andifbothitisequalto (0, 0).

Take 2 lemon meringue pies and divide into 3 parts; one of these parts is 2/3
of a pie. Let (x,y) mean dividing x pies into y parts and taking one. It is not
clear what dividing 2 pies into a negative integer number of pieces means, but a
formalization of the intuition of a conservative extension can provide an answer.

The desired operation is + so that (x*y)-+y=x. Since xx0=0 for all x,
division by 0 is awkward. Let (a,b) intuitively mean a--b. Define in anal-
ogy to a--b=c—+d, that (a,b) = (c,d) when axd=bx*c. This is reflexive and
commutative and if restricted to cases where the second element is not 0, it is
transitive.

If the second element is unrestricted, then equality is nontransitive, a paracon-
sistent logic. The element (0, 0) is equal to all other numbers, and all numbers
(a, 0) areequal to each other, but not to anything else except (0, 0) . Numbers
(a, 0) act as a single entity oo, except for (0, 0), which acts as “indetermi-
nate”

Use the expected properties as definitions:

(a,b) + (c,d) = (axd+cxb,bxd)
(a,b) - (c,d) = (axd-cx*b, bxd)
(a,b) *x (c,d) = (axc,bxd)
(a,b) + (c,d) = (axd, bxc)

When neither b nor d is 0, + always reverses .
Any rational is equal to a unique (a,b), where a and b have no common
factors (except +1), b is natural, and a is positive when possible.

Exercise 3-5 (trivial)
What is the normal form of (-23,0)?

Exercise 3-6 (hard)
Prove the laws of arithmetic for this system of numbers.
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Matrices

Within rationals, there is a square root of %, but not of %. Is this important?
Other than abstract curiosity, the motivation to include more square roots comes
from external considerations. Under standard axioms, the length of the diagonal
of a unit square acts like a square root of 2. So if logic of squares is desired, then
more square roots will be needed as well.

Using the by now familiar tuple, v/2 can be included. Let (a,b) informally
represent a+b+/2. The arithmetic is defined from key properties:

(a,b) + (c,d) = (a+c,b+d)
(a,b) % (c,d) = (ac+2bd,bc+ad)

The intuition (a,b,c) = a + b2 + c(+/2)? introduces cube roots.
Addition is elementwise, and the rule for multiplication is straightforward to
compute. With V2 comesalso+/2. (a,b)x(c,d) = (ac+a bd,bc+ad)
provides the square root of any number «.

Square roots of multiple numbers can be included, but all the interesting
products must be represented in the tuple. For example, for /2 and /3, the
product /6 must be included. Root 2 solves x> — 2 = 0. Given ax? + bx + ¢ =
0, the solutions, if they do not already exist, can be included by similar techniques.
Define the tuple, and define the operations by changing some theorems into
axioms. Exactly what to include and why is outside the scope of this discussion.

All the additions have been elementwise. Multiplication has been the com-
plication. Multiplication introduces some equalities, and algebra implies more.
The original numbers become a special case of the extension. The result cannot
be either inconsistent or illogical; it just is. The only problem is implosion.
Are more equalities than intended implied? If no further equalities are intro-
duced into the original numbers, then the extension is logically conservative. The
extension does not change the meaning of the original.

How is it known that an extension is conservative? Is it possible to use the
rules of complex numbers to deduce something about the rational numbers that
could not be deduced using rational numbers alone? The study of extensions
involves deeper algebra.

Matrices are also a conservative extension of number systems, and, they contain
the other common systems as special cases.
A system of linear equations in variables x, y, z:
3x + 2y + 5z = 12
5« + 7y + 9z = 10
15 — 23y + 8z = 14
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They can be expressed using equality of corresponding grid elements:

[ 3x+2y+5z 12

5x+7y+9z | =] 10
| 15x — 23y 4 8z 14
The names can be separated out in this tableau:
[ 3 2 51 [x1 [12

5 7 9 y | =110
|15 —23 8] Lz | L14
Let catenation of grids have the induced meaning:
3 2 57[x7 [ 3x+2y+5z

5 7 9 y|=1 5x+7y+9z
15 —23 8] | z]| |15x—23y+8z

The grids are called matrices, and the operation is matrix multiplication,

which is defined as long as the width of the left-hand matrix equals the height
of the right hand:

a aw+ by ax+ bz

cwtdy cx+dz

ally

Index the matrix with subscripts:

bt

_C Z—

X11
X21

L X31

X12
X22
X32

X33 _|

(X + Y)ij = xij + i

(XY)ifzzxikykj (X = Y)i; = xii — yii
ij = Xij ij

k=1

These definitions satisfy many axioms of natural algebra: X+ Y=Y+ X,
X(Y+ Z) = XY+ XZ, and so on. One significant exception is that XY equals
YX only in very special cases. Expanding (X + Y)? = X? + XY + YX + Y?does
not combine XY + YX into 2XY. Division is sometimes possible but has pre-
and postversions.

Although developed for algorithmic solution of linear equations, the matrix
is more interesting as a construction tool. Matrices are important for their me-
chanical properties that encode many other structures. Applications to geometry
and computer graphics are only one aspect.’

0 ..
Let R(a) = |:(6)l ] represent a, a real number; then it is clear that each a
a

is represented by exactly one matrix of this form, and that R(ab) = R(a)R(D).
Real multiplication is embedded in 2nd-order matrices, but this is no advantage.

2 2
—a] admits|:O _1:| = [_1 0 i| .
0 1

0 0 -1
0

—1
1 0 |

The matrix form |: 0
a

a
N
o

_”] =R<a>+R<b)[
a
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These expressions mimic a + ib where i* = —1: complex numbers.

0 a||0 a| |a O
1 0ofl1 o] [0 a
There are no exact digital real numbers. But using exact rationals and repre-

senting then as matrices, the square roots of rationals are found directly with no
approximation.

[ ¢ bc] represents a + cv/b
c a

This provides the root of any rational, but individually. If v/2 and +/3 are wanted,
then a 3rd-order matrix is needed. But only the roots of rationals, root of root
2 is missing. Similarly, the cube roots can be included. Matrices can give neat
algebraic extensions of other types of numbers.®

Matrices are versatile, and there is a large literature about them. There are
matrices that represent Markov processes, matrices that represent graphs and
directed graphs, rotations in space, and so on.

Matrix multiplication is defined in terms of * and + in a regular manner.
Replacing these with other operations — union and intersection of sets, conjunc-
tion and disjunction in propositional calculus — obtains further matrix uses.
The language APL is based on matrix operations like this and generalizations.

Matrix multiplication with complexity is not associative. Let (A, a) mean the
matrix A taking effort a to obtain. Define (A, a) x (B, b) = (AB, a4+ b + xy=z),
where A is xby y and B is y by z. This determines the product of two matrices and
the effort required. The operation is not associative. So A * B x C * D becomes
(A,0) % (B,0) =« (C,0) = (D,0), but the bracketing matters. Explicit inclusion
of the complexity creates a formal algebra that models the complexity of reduc-
tion strategies without having to worry about introspection of the algorithms.

There are many other uses of matrices.

A left-hand head is

common in lists, but a
right-hand head is the
numerical convention.

The Peano natural code given earlier clearly defines the operations but is very
inefficient. One number is added to another by repeated incrementing. Multi-
plying two 6-digit numbers takes billions of operations. Efficiency is an intrinsic
property central to any study of software, not a side issue.

In standard practice, numbers are lists of digits. Lists are quickly defined
using pairs: (a,b) means the list with tail a, and head b. head (a, b) =b,
tail(a,b)=a,cons(a,b)=(a,b),and a=b,c=d— (a,b)=(c,d).

A number 1253 is written ((((z,1),2),5),3), where z is either an
infinity of zeros to the left or an end-of-list marker. Clearly, z+X = X+z =
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X. The rule z=cons (z, 0) defines z more naturally but would cause padding
with zeros to the left, forever. Intuitively, (a,b) means 2xa+b. The standard
algorithm for binary addition is used as the definition.

(X,0)+(Y,0)— ((X+Y)+0,0)
(X,0)+(Y,1)— ((X+Y)+0,1)
(X,1)+(Y,0)— ((X+Y)+0,1)
(X,1)+(Y,1)— ((X+Y)+1,0)
Exercise 3-7 (medium)

Prove, by induction on the length of the list, that this reduction system
is correct for arithmetic, starting with known properties of numbers from
orthodox arithmetic. Warning;: it is easy to produce circular logic here; this
exercise is fairly easy, once it is clear exactly what is actually being proved.
Being clear is really what the exercise is about.

Being highly modular, the earlier extensions can use this construction for
naturals instead of the earlier one. This construction is just as pure as the
first and is exponentially faster, enough for some practical applications. But
it is not the final word in fast arithmetic. Better multiplication comes from
shifting, multiplying by digits, and adding. Normalizing rationals by dividing
out common divisors produces smaller numbers and faster code.

Complete pure term code for all this can be written from scratch on a page.
A practical Haskell program would be almost the same. Practical C code may
require careful memory handling for the lists of integers but is otherwise analo-
gous. Convolution can be used for multiplication, leading to Fourier techniques.
Recursive subdivision can also yield faster code.

But execution speed is not everything. Theorems may be easier to prove using
induction over the slow axioms. Then a single proof of equivalence of the fast
axioms completes the proofs with greater speed and certainty than if it was all
done with the fast axioms.

Exercise 3-8 (serious)
Implement the rationals efficiently in C, staying as close as possible to the
purity of the operations as defined here and above. Arithmetic should act well
at least on numbers with several hundred digits.

3.3 Abstract types

Each of the above developments uses tuples with rules of equality and
manipulation. One manipulation rule for rationals is (a,b)+(c,d) =
(ad+bc,bd). It and all the other manipulation rules are equalities. This is
term logic.
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Stacks are defined by pop (cons (a,b) ) =b and top (cons (a, b)) =a.
Where a and b are variables, and pop, top, and cons are constants that
always take arguments. Adding type constraints prevents pushing stacks onto
items.

-> gtack(nil)
stack(a),item(b) -> stack(cons(a,b))

stack (a) -> stack(top(a))
stack (a) -> item(pop(a))
stack(a),item(b) -> pop(cons(a,b))=a
stack(a),item(b) -> top(cons(a,b))=b
natural (a) -> item(a)

The final rule specializes to stacks of naturals. Negation by failure is assumed:
any two expressions not explicitly proved equal are unequal. Valid terms are
defined the same way. Invalid terms are not prevented; that is metalogic. But
they do not interfere with the intended use. Axioms might apply to more than
is intended. The check produced finitely from the given material is a standard
metalogic. Only theorems proved from the axioms are accepted.

A question without answer, where one might be expected, is what are
pop (nil) and top (nil). Possibly, nil and 0, but alternatively “error”
can be used. A common metalogic says any nonterminating computation has
this value.

Each stack expression equals a unique expression in cons, nil, and items,
which can be computed, after finite steps, by the pop and top rules. A finite
means of checking is a decision process, the primary distinction between defi-
nition and construction. A pure construction is its own decision process, as the
stacks above. However, a correct metalogic of the axioms, which is also a pure
construction, allows the logic to be used in practice as a program. The metalogic
is the software environment.

Stacks have a simple definition. A deque is a two-ended stack but has no simple
definition; all definitions of deques feel like programs. The deque intuition is
simple, but geometric, and geometry is often very hard to capture in term logic.”
The fallback is internal, state-based definitions. The term ( (a,b), (c,d))
encodes a matrix, and operations explicitly use internal elements. But atomic
matrices can be used with index functions such as topLeft (m). The barrier
is permeable. The distinction is a point of view.

Exercise 3-9 (medium)
A common intuition of stacks is last-in, first-out. Define this precisely enough
so it becomes a property that could be proved of the stack system above.
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Shades of The Laws
of Form by George
Spencer-Brown.

To program is to create the desired from the provided, for which tuples are
powerful material. With tuples, naturals, and glue-code, most number systems
are easily created. Matrices with arithmetic are also powerful. Both of these
create many abstract types. In Boolean algebra, all functions can be built from
expressions using the nand function. Is there a similar universal abstract type?
None are universally accepted.

To the software engineer, mathematics is a warehouse of carefully examined
abstract types. In mathematics, term logic is machine code and set theory is
assembler. Most popular specification languages are based at least implicitly
on set theory. Most of modern mathematics is phrased at least partially in set
theory.

Pebbles are scattered on the ground. Draw a closed loop that does not cross
itself or pass under a pebble. The loop divides the pebbles into those inside and
those outside. This is the first intuition of a mathematical set. The core predicate
of set theory is membership. An inside pebble is a member of, an element of, or
just in the set. An item is either in the set or it is not.

The set abstract type

The list datatype is very powerful; its basic axioms are

pop (cons (list,x)) = list
top (cons (list,x)) = x
Exercise 3-10 (hard)

Applying cons and pop to a list repeatedly, in any order, might produce any
other list. Suppose that in applying these operators (1) the number of pops
never exceeds the number of cons (2) the total number of pops is equal to the
number of cons. Prove by induction (on what?) that the value of the expression
is the original list. Notice, the first axiom of lists pop (cons (1,x) ) =1lisa
special case of this rule.

There is an empty nil list; all other lists have members.

member (cons (list,x),y) = (y=x) or member (list,y)
The difference between a bag and a list is lack of order.

cons (cons (list,x),y) = cons(cons(list,y),x)

The difference between a set and a bag is no duplicates.

cons (cons (list,x),x) = cons(list,x)
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In English, the order in which two elements are put in a set does not matter,
and putting something in twice is the same as putting it in once. This completes
the axioms of finite sets. Sets are an axiomatic extension of lists. But equality
has changed (with the help of negation as failure), so it is not a conservative
extension. Sets have very different properties. Pop and top are not meaningful,
just scaffolding. But a choice function is important.

(s,x) =choose (set) — set=cons(s,x), (not member(x,s))
This is commonly used in iterators ...
for(s=set; s!=nil; (s,x)=choose(s)) body(state,x) ;

The above defines sets as lists. But lists can be defined as sets. Let {a} mean
cons (nil,a) and {a,b} mean cons ({a},b). An ordered pair can be
defined, let (a,b) mean {{a}, {a,b}}. Now cons (a,b)=(a,b) gives
lists as sets. Then pop ( (a,b) ) =a and top ( (a,b) ) =b completes the in-
ternal description of the operators. The rules pop (cons (a,b))=a and
top (cons (a, b) ) =b require proving, although this is simple.

Infinite lists are special elements with extra axioms:

natural = cons(shift (natural), 0)
shift (cons(x,a)) = cons(shift(x),inc(a))

Infinite lists as a type are awkward. The sum always exists for a finite list of

naturals, but not always for an infinite list. Sort (1,2,1,2, ...) might be
(1,1,1,...);some of the elements have vanished. But more deeply, there is
no finite term logic that acts like the standard concept of infinite lists. And it is
just the same with infinite sets.

A list, stack, or sequence is an ordered structure. The list of the first 5 naturals
is (0,1,2,3,4). Finite lists have a complete axioms scheme, as above. Finite bags
and sets can be defined by relaxing the conditions for equality. Finite lists of
finite lists are finite ordered trees. Finite bags of finite bags are finite unordered
trees. Finite sets of finite sets are finite unordered trees with no two branches
from the same node being the same.

Often, when defining an abstract type from sets, it is insisted that equality
be induced rather than separately defined. A generic technique is to shift to
equivalence classes. A data becomes the set of all things equal to the protodata
element. But the resulting sets are usually difficult or impossible to implement
directly.

Lists are prior to sets; set theory needs expressions, which are ordered lists of
symbols. Extra axioms are needed to remove ordering. In a Neumann machine,
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the memory is strongly ordered. Extra codeis needed to hide ordering. A physical
bag of rocks acts like an abstract bag, but no practical machines are built this
way. Sets are used in some software but usually accessed through iterators, which
give order. Efficient implementation of sets always uses an ordering. If there is
no natural one, then an arbitrary one is chosen. Set union can be implemented
in lists as a combination of append, sort, and remove duplicates. On sorted lists,
this is a single merge operation.

Infinite sets always need special treatment and are never foundational. In
practice, finite lists are the foundation of software, and sets are a composite
defined in terms of lists.

Ignore duplicates and
order in sets.

Orwhen A AB = A. |

Software arithmetic is normally expressed as x+y not as add (x, y) . The no-
tation is clearer to the expert. Similarly, set membership is denoted a€b, lack
of membership a¢b. Because cons (cons (cons (nil, 1) ,2),3) iscum-
bersome, set builder notation is used. The short form {1, 2, 3} is much more
clear. So1€{1,2,3},4¢{1,2,3},and {1,3,2,2,1}={1,2,3}.

Sets can be described by selection: {x | x€X, P (x) } means those elements
of X that pass the test P. For example, the set {x | x€{1,2,3,4,5},x>3}
is the set {4, 5}, 4 and 5 are the elements of {1,2,3,4, 5} that are greater
than 3.

Sets can be described by replacement: {f (x) | x€X} is a new set
made by replacing the elements of the original. {x*> | x€{1,2,3}} means
{1%,2%,32},whichis {1, 4, 9}. Replacement can change the size of a set {x?
| xe{-1,0,1}}={0,1}.

The combination { £ (x) | x€X, P (x) }issetcomprehension.In English,
this is the set containing f at x for each x in X such that P.

Some set comprehensions mimic logical expressions. The union (or join)
of several sets is the set of all elements in at least one of the sets. {1,23,5}
U{2,5,7} = {1,2,23,5,7}. The intersection (or meet) contains only
elements that occur in all the sets. {1,23,5} N {2,5,7} = {5}. Clearly,
x € (AU B) exactly when (x € A) or (x € B). So AN B = {x| x€éA A xeB}.
Also x € (A N B) exactlywhen (x € A) and (x € B)andso A U B = {x|x€A Vv
xeB}. The N and A go together, the U and Vv also. Any logical combination
of membership predicates can be converted into an equivalent operation with
union, intersection, and complementing.®

A is a subset of B if all the elements of A are also elements of B. Thatis, A € B
when x€A implies x€B. {1,2} € {1, 2, 3}. There are different concepts of
implication, and each leads to a potentially different concept of set theory.
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Although sets as described so far can be a useful data type for manipulating
collections of elements, the power of set theory is in the use of sets of sets.
In most set theories, {{1,2}, {3,4}} is distinct from {1,2,3,4}. Once
sets can belong to sets, it is important to be certain of the distinction be-
tween element and subset. {1,2}<C{1,2,3}, {1,2}¢{1,2,3}, 1¢{{1,
2},3}.

Finite sets and lists have simple term logic constructions. But there is no term
logic implementing the metalogic required by either infinite sets or infinite lists.
When needed, special cases are given special axioms. Attempts to axiomatize
infinite sets have produced several set theories. In the same sense that C++, Java,
PERL, and so on are based on the C language, most set theories are based on ZF,
or Zermelo-Fraenkel set theory axioms.

Extension Sets are equal when their membership is the same.
Pairing For any two elements, there is a set containing both.
Union For any two sets, the union of those sets exists.
Selection Every predicate gives a subset of any set.
Replacement Every function gives an image set of any set.

Power The set of subsets exists uniquely for each set.
Infinite There exists an infinite set.

Choice Each family of sets has a choice function.

Foundation  Every non-empty set is disjoint from some element.

Denial of infinite gives finite set theory, of which all the others are axioms
or theorems. Extension defines equality. Pairing to power are constructions.
A choice function takes a set and returns an element of that set. Choice and
foundation are simple theorems.

In infinite set theory, choice permits some desirable proofs and foundation
denies some undesirable ones. However, choice proves that assembling finite col-
lections of solid pieces does not conserve volume, and foundation (intentionally)
forbids recursion. Neither axiom is universally accepted. The continuum axiom,
which states there are no sets intermediate in size between the naturals and their
power set, has support but is not included as a core set theory axiom.

By definition, a set X is no smaller than a set Y if there is an injection from Y
into X. If there is any map from X onto Y, then selecting one element of its level
set for each element in y gives an injection from Y into X. The axiom of choice
permits this construction. An infinite set is a set that contains a proper subset
of the same size; it is unchanged in size by the removal of a few elements.

Let the set { £ (x) | x€X} be denoted £ (X).
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There is no natural x such that inc (x)=0. So, inc (natural) is a
proper subset of natural. However, dec (inc (natural) ) =natural, so
inc (natural) is no smaller than natural. Thus, natural is an infinite
set. A set is countable if it is the same size as natural.

The definition of relative size of sets depends on the existence of certain
mappings. Which mappings? If this must be mappings that can be written
as software, then the behavior of sizes means something intuitively different
from what it means if we take the intuition of the vast array of pure functions.
Countability is relative to the concept of function.

Theorem
The power set of any set is bigger than the set.

Proof

Suppose f is any function from a set X into its power set. Let S be {x |
x¢f (x) }, clearly S is not the image of any element in x, but is a subset of X;
thus, there is a subset missing, no fis onto, and the power set is bigger than the set.

This suggests a hierarchy of infinites: the naturals, the power set of the naturals,
the power set of the power set, and so on. The continuum axiom says that there
is nothing between. But set theories that assume more infinite sets have been
built.

The neatest variant of ZF is Neumann-Godel-Bernays (NGB) set theory. The
main distinction is that ZF pairing means everything is an element of something.
In NGB, some things are and some are not. Sets that are not elements of anything
are called classes. This fairly natural mechanism avoids some logical difficulties.

What can be in a set? In pure set theory, only sets. Without recursive sets, every
descending chain of membership must terminate at the empty set: every set is
analogous to a finite tree. Many mathematicians reject recursive sets because
of logical difficulties. But in software, recursive sets have their uses, and most
logical problems can be rephrased to avoid recursion. Recursion is an easy way
of stating the problem, rather than a cause of the problem.

In mathematics, to construct means to find a set satisfying given axioms.
The axioms are metalogic to the construction: Specification to implementation.
Some infinite set theory constructions have metalogic that is impossible in
digital software but might be useful as intuition. The software engineer should
develop a technical intuition about possible constructions and limitations. Like
C-family languages, set theories differ, while having popular themes that may
change over time. Learn the flavor of set theories as a whole, rather than fixing
on the details of a given variant. The real power of set theory is the intuition it
provides to humans.



59

Model logic

Algebra

Skolem said set
theory is a bad
foundation for
mathematics.

See Ramsey theory
and the Banach-Tarski
paradox.

A model might be right but irrelevant. (Manfred Eigen)

Model theory is the study of the interpretation of languages, formal or natural,
by means of set theory structures.’

Sometimes two different things act the same. A Western games board is
covered in small triangles, squares, or hexagons, in which the playing pieces sit.
An Eastern games board has lines connecting dots on which the pieces sit. This
is a difference of style; the logic of the games might be identical.

An interpretation of a logic is something that does what the logic says. Earlier,
the definition top (cons (a,b) ) =a and pop (cons (a, b) ) =b was given
for a stack. One model is a pack of cards face-up on the table. Cons is a pack with
one more card on the top, pop is a pack with one less card from the top, and
top is the top card. But naturals, mod, and div also work: cons(a,b)=10a+Db,
pop(x)=(x div 10), and top(x) = (x mod 10). For example, pop(23)=3,
cons(23,1)=231.

Programming is explicitly about building formal models. For example, poly-
nomials might be expressed as (x* 4+ 2x + 1) or in C using arrays:

typedef float poly[3]; poly add(poly x, poly V)
{poly c={x[0]+y[0],x[1]+y[1],x[2]+y[2]}; return c;}

The principle is to find a way to relate expressions. Numerical parity and
Boolean algebra: even times even is even, true or true is true, even times odd is
even, true or false is true. Using even=true, odd=false, times=or, plus=equals, a
problem in one is solved in the other. Similarly, logarithms convert multiplica-
tion into addition.

Model theory is the study of interpreting axioms in set theory. This means
constructing a set that satisfies the given algorithms. In practice, this means
giving expressions in set theory language for terms in the given axioms so that
the expressions act like the original terms under the logic in which the axioms
where posed.

Some claim a physical reality for sets, or self-evident consistency for the theory,
so that giving a model in set theory gives meaning to and proves consistency
of the axioms being modeled. Certainly, set theory is a common language of
mathematical studies; if it is consistent, then so are many other things. But how
solid is the concept?

The reality of set theory is a material hypothesis. The assertion that we know in
our hearts what is a set is unjustified, for people disagree. The behavior of small
sets is a common agreement, but the agreement is about small, not about sets.
Our intuitions are about pebbles, and no one has seen a googleplex of pebbles.
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Precise reasoning with sets needs the concept of formal term reduction, which
does not need set theory. Basing logic on set theory is circular. On the positive
side, finite expressions are enough. Every proof is a finite expression. Infinite
things are known only through finite sets of axioms. Axiom schemes are not
infinite axiom sets; they are finite second-order axioms.

Functions

1. {} is a natural.

2. if X is a natural, then {X} is a natural.'’

But the axioms do not exclude extra elements: {dog}, { {dog} },and so on.
The intention was to include only { }, {{}}, and so on. To say this requires a
negative axiom. A generic solution is a metalogical axiom: nothing is a natural
unless proved to be by the axioms. In set theory terms, natural is the smallest set that
satisfies the axioms, or natural is the intersection of all the solutions. Alternatively,
the least fixed point of the operation f (X) = XU {X} U {{} }, adynamic view.
Start with X={}, and then compute f (X) and f *(X) and build the naturals
one at a time. This is a form of closure rule. Close { { } } under the operation
X - {x}.1

The practical impact of these responses is the same.

The extensional definition of a function is a set of ordered argument-result pairs.
The increment function can be defined explicitly as a set: ({}, {{}}) €inc
andV (a,b) e€inc: ({a}, {b}) €inc.

It is common in mathematics to give high-level definitions to phrases. Rather

«_»

than defining exactly what means, a phrase using it is defined. inc(x) = y =
(x, y) € inc defines the functional notation inc(x).

By definition, a function gives a unique result. For multiple possible results,
the multivalued function, or relation, is used. The phrase is a single-valued
function to avoid ambiguity. The axiom “if inc(x)=y and inc(x)=z, then y=2" in
set theory (x, y) € inc and (x, z) € inc implies y = z. Each first element occurs
uniquely in a listing of the pairs in the function.

A two-argument, or diadic, function takes a pair as its first element; for
example, ((0,1),1) is in the add function. Although misleading, this is sometimes
written (0,1,1). But is this a diadic function returning 1 or a monadic function
returning (1,1)? More generally, it is a relation.

((x,0), x) € add
Y((x, y),z) € add : ¥(y, a), (z, b) € inc: ((x, a), b) € add

add (x,0)=x
add(x,y)=z — add(x,inc(y)) = inc(z)
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This definition does not treat x and y the same. It is required to prove that addi-
tion is commutative, that add(x,y)=add(y;x). Now, add(0,0) = 0, and add(0,x) =
x implies add(0,inc(x)) = inc(x). Thus, by induction, add(0,x)=add(x,0). The
same approach can be used to prove add(1,x)=add(x,1) and, by a nested induc-
tion, that add(x,y)=add(y,x).

mul (x,0)=0
mul (x, inc(y))=add (mul (x,y) ,x)

Exercise 3-11 (hard)
Prove that addition is commutative and associative.
Exercise 3-12 (hard)

Prove that multiplication is commutative and associative.

Exercise 3-13 (hard)
Prove that multiplication distributes over addition.

This is the Kuratowski
definition of ordered
pair.

But what is an ordered pair, as a set? A binary set is an unordered pair. A
definition of an ordered pair is a program to a specification. It might have bugs.

One definition is (a,b)={a, {b}}. But ({{1}},{2}) are ({2},
{{1}}) areboth {{{1}},{{2}}}. These distinct ordered pairs cannot be
told apart. Variations such as { {a}, { {b} } } have the same problem.

Another definition is (a,b) = {{a}, {a,b}}. Two sets can be equal
only if they have the same number of elements. If {{a},{a,b}} =
{{c},{c,a}}, then {a}={c}, and so a=c, thus {a,b}={a,d}, and so
b=d. So (a,b)=(c,d) exactly when a=c and b=d, which is the definitive
axiom for ordered pairs.

Sometimes {a, {a,b}} is used, but if a={{a,1},0} and b=
{{b,0},1}, then (a,0) and (b, 1) can be confused. There is no prob-
lem if recursive sets are not allowed, but the previous definition works in both
cases and should be preferred.

For either definition to work, the concept must already exist. In (a, b), the a
comes first. Without a prior concept of order, the definition of a pair is empty.
The sequence is logically prior to the set.

Once pair has been defined, triples can be defined as (a,b,c)=
(a, (b,c)).But does ((a,b),c) equal (a, (b,c))? In OCL, they are
the same, in Haskell different. The first makes the Cartesian product associative;
the second quickly builds many complex structures. The OCL style requires a
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compound definition of equality, whereas the Haskell style can use equality over
sets directly.

Alternatively, (a,b,c)={(1,a), (2,b), (3,c) }.Itis neat but requires
a prior definition of order pair. It is a higher-level convenience not an alternative
foundation. Use of this definition can require complex index arithmetic.

Exercise 3-14 (medium)
What extra axioms are needed so that any construction produces the same
(flat) tuple, as in OCL? For example, ((a,b),(c,d))=(a,(b,c),d) and so on.

Outcomes

Proof by mathematical induction is vital: there is no understanding of loops
or recursion without induction. The principle behind induction proof is also
behind any construction of an infinite data type. Each such construction needs
base elements and containers. Finite lists, sets, and matrices are powerful con-
structors. All of these are powerful. None is supreme, but the list is the most
natural in software. The specific examples of construction of number systems
are important for the techniques illustrated. The theme that software is the
construction of axioms is common in the rest of the book. Thus, the studies of
abstract types is important.

The reals are fundamentally more troublesome than the other common ex-
tensions. The reals are an excellent start to a study of things that cannot be done
in software. Infinite sets are even less computable than real numbers, and the
paradoxes of set theory are all to do with infinite things. It is a general theme
of this book that only countable interpretations are ever seriously considered
in software and that study of transfinite data types is really a study of entirely
countable logic systems. Infinite containers should not be accepted as a base
type, should be introduced seperately, and commonly have several conflicting
variations.

Importantly, the limitation is on exact reasoning and applies to humans
equally as it does to electronic machinery.

There are 14 exercises in this chapter.

A theme of this chapter is construction: to use the mechanics of one logic to
simulate those of another. For example, matrix algebra can be used to construct
complex numbers from reals. It is a generic exercise to perform these con-
structions, in particular, based on lists, sets, and matrices (for example, how to
construct finite stacks from matrix multiplication). Another highly recomended
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exercise is to implement any or all of the abstract types in a language such as C

or Java.

These constructions often use some form of induction. An understanding

of this is tested both in the construction and in its proof. However, the most

important single element of this chapter is inductive proof.

1.
2.
3.
4

Use inductive proof

Describe the construction of number systems
Prove properties of abstract types

Perform basic operations on sets

Further study could include implementation of term reduction systems using

Prolog (especially by avoiding all use of the logical operators and using only

unification reduction). Examples of applications of matrices would be useful.

Beyond this, any abstract algebra and category theory is useful background,

although not deeply required in the rest of the book.

~

. Clearly, every constructive type has an algebra, but there is no reason to expect that every algebra

corresponds to a constructive type. In fact, there are algebras known not to correspond to any
constructive type.

. Or is it? Actually, the correctness of mathematical induction is a material conjecture based on a

very strong intuition. As a completely formal process, induction can be included in a metalogic
of addition, and then inductive proofs formed, but the statement that the metalogic is correct is a
material conjecture. If induction is included in the definition of addition, then we have no way of
knowing for certain that the system is consistent, except by using other metalogics, whose relation
to arithmetic is a material conjecture. And so on.

. The neutral permutation leaves everything where it is. Every operation has some collection of

permutations under which it is unchanged, even if this is only the neutral permutation. The prac-
tical effect of commutative—associative, the reason it is a common axiom in algebraic studies is
that it generates all permutations. No matter how an addition is rearranged, the result is still the
same.

. In floating operations, division by zero produces INF, and 0 + 0 is NAN (not a number). Any

INF is only equal to another INE. NAN is an error condition. NAN above is equal to everything. If
lim(x—0)f (x) = 3 and lim(x—0)g(x) = 00, then lim(x—0)f (x) * g(x) is also co. The operations
inside limits are modeled by the above logic. 0 ~+ 0 could be any value; hence, “=” means might be
equal. If the transitivity axiom is added, then, since everything is equal to NAN, everything is equal to
everything else. This implosion of structure reduces it to a trivial algebra. But in the para-consistent
approach, no implosion occurs. The logic is classical if equality is renamed. But classical logic adds
a layer of interpretation for no increase in utility.

. Any finite dimensional linear algebra with associative multiplication can be realized by using special

form matrices.

. Many algebras are defined as formal algebraic factorings of others. This requires an element that

follows a formal equation. A matrix always satisfies its characteristic equation. So the matrix algebras
are automatically isomorphic to these factored algebras.

. David Hilbert, Foundations of Geometry.
. Theodore Hailperin showed in 1944 that comprehension is equivalent to a finite collection of its

instances. Basically, give instances for each operator used in the first-order language, and you can
convert any comprehension using a formula F, to a formula of comprehensions using only the finite
set of basic operators.
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9. This definition is taken from the Standford Encylopedia of Philosophy.
10. Insymbols: { }€ NandVx € N : {x} € N. Alternatively, one equation, N = N U {{x} : x € N} U {{}},

11.

means the same thing, and it can be written (by abuse of notation) as N = N U {N} U {{}}. This is
a common abuse; sometimes f (S) means the set of elements f (s) for s € S. This can be apparent
from the context but is ambiguous if f takes sets and S is a set of sets.

The original definition was recursive: N = N U {N} U {{}}, but the fixed-point definition shows
generically how to convert a recursive definition into a nonrecursive definition.
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Diagrams

Human reasoning is based on sight and sound, diagrams and logic. Logic using
algebraic symbols is an encoding into a diagram; the symbols could be tiles being moved
around. This idea can be expanded to complex mechanisms using many interconnected
parts. This gives a way of reasoning with geometry. The other side of the coin is reasoning
about geometry, which requires methods to convert an apparently continuous diagram
into its essential discrete components.

Precise human reasoning is either a form of algebra or a form of geometry:
manipulation of strings or diagrams. These two modes correspond to the human
instincts for language and vision. Text is a simple generic method of embedding
a string in a diagram. The opposite, embedding a diagram in a string, is not so
easy.

Unfortunately, electronic digital computers only automate algebra, not ge-
ometry. Machine and human instincts for algebra are similar: the machine does
the steps faster, and the human is (often) better at picking the steps, but a ma-
chine can follow (and check) a completed human algebraic proof. The machine
instinct for geometry is not analogous. As a result, software development must
be in algebraic terms.

The human instinct for geometry is only two dimensional, not three. In
many cases, human reasoning about solids and rotations has been flawed. Today
there exists a technology for useful expression of some geometry as algebra,
developed to map the reasoning back into two dimensions. These technologies
are an excellent example of what formal software engineering should be about.

However, for the software engineer (as opposed to the machine) it is impor-
tant to note that diagrams can be reasoned with as well as about. Thus, the
connection between algebra and geometry allows the engineer to reason not
only algebraically about geometry but also geometrically about algebra. Often a
simple diagram can be much more clear, and less prone to error, than the pure
text equivalent.!
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Modern physics
suggests the
geometry of the
outside world is
different from our
instinctive geometry.

There is a strong interaction between algebra and diagrams.

a b
N o Here is a diagramatic proof that (a + b)* = a*> + 2ab + b*.
Each tile is a rectangle. The area of a rectangle is the product
bloal b of its side lengths. The areas of the tiles making a shape add
to the area of the shape. (This assumes a, b > 0.)
Exercise 4-1 (easy)

Use a similar diagram to show that (a — b)? = a* — 2ab + b?. Assume a >
b > 0.

The triangles are all right angle, with sides a, b, and c. The
square in the middle is (a — b)%. The four triangles add
€ up to 2ab, so ¢> = (a — b)> + 2ab = a*> + b>. This gives a
semidiagrammatic proof of the length of the hypotenuse of

a right-angle triangle.?

Term logic is a method of manipulating logical terms by using movement
and replacement. It is based on the human instinct for language. The behavior
of diagrams is analogous. It is not an observation of the outside world; it is
an instinctive concept of manipulation of geometric terms, by movement and
replacement. Like term logic, it can be used directly for reasoning.

A relation can be defined explicitly as a set of ordered pairs:

{ (aa,ab), (aa,ba), (ab,bb), (ab,ac), (ac,bc), (ba,ca),
(ba,bb), (bb,cb), (bb,bc), (bc,cc), (ca,cb), (cb,cc) }

Some prefer a maplet notation as more intuitive:

{ aar»ab, aarr>ba, abr—bb, abr—rac, ac—bc, bar>ca,
bar—>bb, bbt>cb, bbr—bc, bc—cc, car»cb, cbrcc }

But it is in a diagram that the relation becomes clear:

ca b e Programming is manipulation, always of a network. It is

T I easier to work on nearby elements. A term is a flattened
tree, preserving nearness. But although all networks can be

ba—»bb—»bc P g g
T T coded as terms, not all can be coded to preserve nearness.
There is no analogous string action to cross-linking a tree.

aad——ab———ac

This lowers efficiency and reliability.

Thus, the utility of network diagrams. But sometimes the corners, edges,
and faces of a polyhedron or other geometric solids are better. The utility of
these diagrams is that the human visual system is able to extract the locality
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information from them, because of its instinctive (partial) understanding of
three-dimensional space. When four or more dimensions are required, humans
find it harder to use diagrams.

Planar graphs

Diagrams with a scattering of symbols on a page, connected by lines whose exact
shape is not important, are very useful for many types of reasoning.
On a square grid, a knight move is from one corner to the other

of the 23 rectangle, in any orientation. That means that on a

large enough grid, there are 8 places that a piece, using knight

moves, can go in one step.
On a 3x3 grid, there are not so many places to go. But which cells can a

knight, starting in the bottom left corner get to, without repeating any cell? An
answer becomes clear in two steps. Label the cells 1 to 9, and draw in each knight
move. Then extract the network, and lay it out more clearly.

4—9

w
N——bo

Although the algebra has not changed, the solution is now obvious to the
human visual system.

This technique is not limited to humans; developing various problems by
constructing a graph according to known rules is a generic method of solving
many problems.

Knotted string is a network. Each knot is a node, and each length of string is an
edge. A connected network can be picked up by a single knot. The components
of a general network are the pieces that hold together.

When a network can be laid out flat on a table, with no piece of string crossing
another, the network is planar. Four nodes all joined to each other are a planar;
five nodes are not. The four-node network divides the paper into four 3-cornered
regions. No matter which one the 5th node is placed in, it can see only 3 of the
other nodes.

Cut along the lines; the pieces produced are the faces of the network. The
network of 4 nodes has 6 lines and 4 faces; nodes+faces-lines = 4+4-6 = 2. A
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Figure 4.2
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Planar and nonplanar networks.

The two ways of extending a connected network.

single node is 1-0+1=2; a square is 4+2-4=2. It is clearly not the case for every
network, but is this true for every planar network?

It is true of a single node, and any connected network can be built up from a
single node by repetitions of moves that are either (1) adding a new node and
an edge joining it to an existing dot or (2) joining two existing nodes. Joining a
new node, E increases by 1 and so does N, canceling out. Joining existing nodes,
E goes up by 1, and so does F, canceling out. This is a proof by induction. The
formula is true of the initial graph and is preserved every single step; thus, it is
preserved after any finite number of steps.’

The formula nodes+faces-lines=2 is not true for a network that has other
than exactly 1 connected component. For example, an empty page has zero
components, and the total is 1, not 2.

Exercise 4-2 (medium)
Prove that nodes-+faces-lines=components+1.

The same idea works for networks drawn on the surface
of shapes in three dimensions. The number 2 is also the
number for the sphere. In the case here, 4 faces, 4 edges, and
2 nodes is 4+2-4=2.

For this to work properly, there are some extra rules. The central inspiration
is a large sheet of stretchable plastic. Mark out shapes with no holes in them, cut
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There are many
generalizations of this
idea.
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these shapes out, and glue them together at their edges. The resulting surface
is like a Macy’s thanksgiving parade balloon. It has an inside and an outside; it
can be inflated. Every piece is joined at every edge to exactly one piece. There
are no edges left unjoined, no three edges glued together, and no edge glued to
the middle of another piece. Wherever three or more glued joins meet, there is
anode.

This cross-shape cut, folded and glued, makes a

cube. Although it has 19 edges, the 14 exterior /1

edges will be glued together as pairs (one pair

indicated by the arrow) so there will be only 12

edges in the final cube. A similar thing happens
with the nodes.

A torus is made from a rectangle. The edges are

b

marked so that edges to be glued have the same

b symbol. The direction shows which of the two pos-

sible ways to glue.

The number for a torus (British doughnut or tire-
tube surface) is 0. In this case, 1 face, 2 edges, and 1
node. But a single node on a torus gives a total of 2,
because the faces are not simple sheets.

Tracing around the rectangle, the term abab is obtained, where X means x in
the opposite direction. In this way, the combinatorial nature of an entire Macy’s
balloon can be described by one algebraic term per sheet of plastic. Of course,
this does not give the exact shape, but it stores a lot of information about the
shape and can be used to do many operations on it using algebra.

The dual planar network

An edge in a network connects two nodes; less obviously, it also connects two
faces. A loop of edges surrounds a face, but also a star of edges surrounds a
node. In the formula F+N-E, swapping the F and N makes no difference. These
correspondences are not accidental.
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The dual network of a planar network is obtained by drawing a node in
each face and connecting them up with edges, one crossing each edge of the
original network. Thus, the number of edges is the same, and the face and
nodes are swapped. This is the dual in that it is unique up to movement of
the resulting diagram; and if it is done twice, the original network is produced
again.

The connection matrix

Each edge goes between two nodes. Putting this differently, between each two
nodes is a set of edges. These edges might be decorated, but ultimately there is a
method for describing such a set. A table of these values describes the network
completely (the network not its embedding in the plane), for example:

to | x y Z

x | {a} | {e} | {}

y | {p} | {} {)
{£} | {e

—F ¢
Q » [ {8} [{e. ) [0
1 1 0]
If the edges are not decorated, then only the number of L o0 o
edges matters, which gives a standard matrix. L 2 0

One way to interpret this matrix is the i-j element is the number of ways to
£0 from node-i to node-j using exactly one step. The curious thing is that normal
matrix multiplication gives the number of ways to go from x to y, using exactly

2 steps.
1 10 1 10 210
1 00 1 0 0]=]1 10
1 20 1 20 310

This is continued for the nth power of the matrix giving information about
n-step paths. More generally, the product of two matrices for different edge sets
on the same node set gives the number of paths, when taking one step in one
network and the next step in the other.

There are many similar relations between matrices and networks that can
be useful for regular algorithms for computing complex properties of simple
networks. Contrariwise, for very large matrices with most entries equal to 0, a
network can be a more efficient way of handling it than an explicit listing of all
elements in memory.
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Term reduction

The term f (a,g(a,b)) contains the subterms
f(a,g(a,b)),a,g(a,b),a, b, where a is listed

for each of the two times it occurs. All these terms g(a,b)
can be placed on a diagram and joined by an arrow
when one is a subterm of the other. a o
£
Because the arguments can be worked out from the
a g rest of the diagram, only the function symbol itself
is required. However, it does mean that it takes more
a b effort to work out what each node represents.
The two nodes labeled “a” can be combined. How- £
ever,ifboththeterm £ (1, 2) andtheterm £ (3, 4)
appear, they cannot be combined, even though the g
symbol on the node is the same. Nodes may be com-
bined only when they represent exactly the same b
term. a
£ In the earlier diagrams, the arguments were identi-
4 fied by the order of the arrows attached to the nodes,
x J and the height of the node also helped clarify. But
Y with combined nodes, the links should be labeled
a b with argument names.

When the term £ (a,g(a,b)) is viewed by a human, the brain extracts
from it information that is logically like the diagrams as shown above. Thus, a
string "£ (a, g (a,b)) " in software does not faithfully represent the term.

So far, the network will be acyclic. But this condi- f
tion is artificial. An infinite term £ (£ (£(...)))
invokes a simple finite graph.

The encoding of terms as network diagrams above also allows calculation to

/ ilf —>—mul\

Zero | fact

— 1 *

occur using the diagrams themselves.

fact
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Ordering the nodes in
a list can help find
duplicates.

Signal flow
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Thisruleisfact (a) — if (zero(a),1l,mul (a,fact (dec(a)))).
Therulesforifareif (true,a,b) — a,andif (false,a,b) — b.

Exercise 4-3 (medium)
Using the representation of number as 0, s(0), s(s(0)), and so on, give the
rules for zero, dec, add, and mul, as diagrams.

Exercise 4-4 (medium)
If a natural number type is used, then dec is not defined on 0. But the term
dec(0) will be generated in the computation of each factorial. What happens
to this term?

This principle is useful in computation. When a subterm appears multiple
times, it is automatically evaluated only once. All other nodes then link to
the reduced subterm. The effect is similar to remembering useful reductions
computed earlier in the calculation. But not all duplication is easy to recognize,
and it is not worth the effort to try to eliminate it entirely.

Equations x = 3x + 2y + 6z, and y = 5x + 1z can be drawn as a graph, and
then the graph can be used to manipulate the material.

For example, in the diagram below, consider the node with x in it, the equation
associated with it is x = ax + B, where B is any accumulation of other variables.
This can be restated as (1-a)x=B, or x = B/(1-a). So, a loop on a node can be
eliminated, as long as the factors on all other incoming links are divided by 1-a,
where a is the loop factor.

y y
2 5 1 -1 5 1
N
Q‘é—z Tt

3

When a node has no loops on it, it can be removed by the equivalent of
substitution into the other equations. That is, eliminate y, by putting a loop
on x with value -5, and a new path from z to x of value -1. y=5x+z into
x=-y-3z gives x=-(5x+z)-3z=-5x-4z. The loop on x can then be removed as
well.

Continuing this process, a network of equations can be reduced to a mini-
mum.
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The logic is not identical with the principle of linear equations; there is a
definite directedness. To say that x = 2y is not the same as y = x/2, but there is a
strong relation between the two ideas.

The nodes, if using
Eastern style.

There are many ways to attach numbers to planar networks. The most obvious
of these are as follows: decorate the nodes, decorate the edges, and decorate the
faces. Often in decorating edges, the decoration has a meaning similar to flow
through the edge as fluid in a pipe. The direction in which the flow is measured
makes a difference. Decorating each edge with an arrow shows this direction.
Similarly, giving a rotation (an arrow around in a circle) to each face has its uses,
and if an equivalent is needed for a node, it is just the assignment of a +1 or -1.
In fact, these are all instances of a more general notion, known as orientation,
but not to be discussed further here.

e

[o[0]

A matrix is a special case, in which the faces of a square grid are decorated
with numbers.

Something is flowing in a system of pipes, and e; be the value on the ith
edge. A further constraint is that the flow is conservative. That means that the
total amount on each edge coming into any given node is 0, after account is
taken for the direction in which the flow is indicated (by the arrow on the
edge).

The number of degrees of freedom is the minimum number of edge variables
you can specifiy such that all the rest can be determined. The difference between
any two solutions is also a solution.

Theorem

The number of degrees of freedom in assigning the values to a connected
component is equal to the number of faces minus one. F-1=E-N+C

Proof

by induction.

For a single node, there are zero edge variables. If this idea is true for a
connected graph, then when we add a new node and edge, the edge variable
has to be zero, with no new degrees of freedom. The difference between two
solutions is also a solution. Take two solutions with the same current in the extra
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edge, then the current in the difference of the solutions is zero and so a solution
for the lesser graph. Thus, at most one degree of freedom is added.

Assuming the conjecture is true for all networks with F faces, consider one
with F+1 faces. Remove all the edges that are not between 2 distinct faces. Select
2 edges, el and e2, from this. If we remove el, we can find a solution in which e2
has a nonzero value and effectively el has a 0 value and vice versa. The difference
between these two solutions is also a solution, one in which el can have an
arbitrarily chosen value. Letting el be the new edge added (that increased the
number of faces); this shows that each edge between old nodes does increase the
number of degrees of freedom. Thus, for each new face the number of degrees
of freedom is increased by exactly 1.

The difficulty arises of how to handle this if the graph is nonplanar. The
simple answer is homology. Consider any collection of (directed) loops in the
graph, assign currents to them, and get the link currents by adding up (with the
right sense) each of the loop currents through the link. The key problem is to
find a basis for the loop currents. In the case of the planar graph and a connected
component, the interior faces turn out to be, fairly naturally, a basis, a point that
can be understood from specialized arguments about planar topology, rather
than more complex arguments from homological algebra.

4.4 Computation

______________________________|
b-a-n-a-n-a-n-a. . . .1 know how to spell banana, but not when to stop.
A string can be written as a network:

S t r 1 n 8
@ { L L L L { ]

With the rule of starting at any node that has no incoming edges and stopping

when there are no outgoing edges, multiple strings can be stored.

Multiple starting and stopping points, edges with no letters, and paths that
join up all are acceptable, the next network encodes, bring, string, and strung.

b r i n 8
@ { 2 { { 2 { o

et

Exercise 4-5 (easy)

The bring, string, strung network has more nodes and edges than it needs.
Draw the smallest network that encodes these three words.
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In practice, and end of
string character.
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In this way, infinite strings, such as %, can also be finitely encoded.

0 .
O—>Q—>.Q 3

Likewise, infinite classes, such as all binary num- 0

bers, can be encoded by using loops and a choice

of which way to go. However, this network also *—o—0
includes the infinite string of Os and 1s. Thisis a Q
generic characteristic of these (finite) diagrams. !

If a behavior can be repeated indefinitely, it can be repeated infinitely. If a
string is longer than the number of nodes, then during the development some
node must have been visited more than once, leading to a loop; thus, any string
that is longer than the number of nodes can be expanded out indefinitely by
repeating this loop. This is called the pumping lemma.

The process of complementing a binary number, 01100 to 10011, can be
encoded by indicating an input value that will invoke the output value. The
pairs x | y mean, if the machine reads x, it outputs y.

0|1
——eo—o
1|0

The process of adding 1 to a binary number can be represented by a diagram.
The input digits are read in, one by one, on a tape (without rewind) and the
output printed on another. Scan from the right, change all 1s to 0s, and the first
0 to a 1; after that, output the number as it is. For simplicity, the number is
padded indefinitely with Os to the left.

Let N mean no, I have not seen a 0 yet, and
O ofo Y mean yes [ have already seen a 0. Then if

N, then for each 1 output a 0 and remain

10 CN 0|1 Y N, if 1 then output a 0 and become Y. If
Q 1]1 Y, then output a 1 for each 1 and a 0 for
each 0.

By allowing (a, b; c) pairs, two binary numbers can be added. The machine
reads the input numbers on two tapes and then writes out the answer on a
third. For both the increment and addition there are diagrams involving a fixed
number of nodes that work for indefinitely long numbers. However, binary
multiplication is different: more nodes are needed for longer input numbers.

Exercise 4-6 (medium)
Draw a machine that adds two binary numbers.
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It is not required that there is exactly one link for each possible input; of
course, if there is an input for which the link does not exist, then there is a
problem. But there can be multiple links, in which case an interpretation is that
the machine makes a nondeterministic choice.*

There are many diagrams of this type, including the standard flowchart, that
represent computation in a useful way. But none of these diagrams are the best
for all circumstances.

4.5 Relationship diagrams

o ] That f (g(x)) = g(f (x)) can be stated in a diagram. The rule

is that every pair of paths between two given nodes provides

! an algebraic identity. The nodes can be decorated with the
*e—— o domain and codomain of the functions.

This does not seem like a great gain, until one tries

[ ]
to state what this simple diagram says, but in algebra. T
In mathematical work of this kind, these commuting @
diagrams are often indispensable for expressing the re- T

lations between various sets and operators. *o——0—0

The principle is not limited to functions. Subset relations are often made
more clear by a diagram. For example, the natural N, integer Z, rational @, real
R, and complex € numbers are contained in each other. But integer, and rational,
as well as real can be extended by including a square root of negative 1.

Z]i]—Alil— €
]
N z Q R

Although the nodes are sets in the above diagram, the relation is between
the sets themselves and not between the elements of the set. This shows how a
single relation can be described as a diagram, by placing each of the elements of
the domain and codomain on the page and drawing a line for each pair in the
relation.

But likewise, a set of relations can be described, as to their type and inter-
relation, by placing a symbol for each domain and codomain on the page and
drawing a line to represent each relation. In this context, the diagram is called
an entity relation diagram.

Not all the edges are included; for example, the integers are a subset of the
reals. However, the graph has the property that any path goes from a set to a
superset.
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° — —
[ ] [
Figure 4.3 Example of a two-dot sprouts game.
Exercise 4-7 (easy)

Consider the set of all subsets of {1, 2, 3 }. Draw these in a diagram to show
the subset relation; use as few lines as possible, so that paths, rather than
edges, show the relation.

4.6 Digital sprouts

For the game of sprouts, place several dots on a blank piece of paper. Now each
player places one line between two dots, and then a dot on that line. No line
may cross another; no dot may have more than 3 lines connected to it. In this
sense, each dot has 3 lives. Initially there are 3n lives, each move removes two,
and adds one, thus in total reducing the lives by 1, thus the game must finish.
The last player to make a move wins.

The precise specification of this game appears to make strong use of the
intuition of the geometry of paper. How could this game be mapped exactly
into a term logic? At first, it seems difficult, but there is a systematic way to app-
roach it.

The state of the game is a network. This network has several connected com-
ponents. Each connected component is within a face of some other connected
component or the one face that the game started with. The logic of the game
is not affected by moving or distorting the components as long as no lines are
crossed. Thus, the important information are the faces, nodes, and edges within
each component and the information about which face each component is in.

Each component is uniquely identified by the loop of edges around its ex-
terior or, equivalently, the sequence of nodes. Similarly, each face, interior to a
component, is identified by the loop that surrounds it. No face can have a hole in
its interior, as the contained components are ignored for the sake of describing
each component.

The state of the game is a planar graph, which means a set of nodes, a set
of edges, and a set of faces. The boundary relation says for each edge, which
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Figure 4.4
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Sprouts game with components in components.

nodes are its end points, and for each region, which node and edges form its
boundary.

piece(1l) = (acedb, {acb, bced})

piece(2) = (gfh, {gfh})

piece(3) = (n,{n})
piece(4) = (ilkj, {ilkmkj})
piece(5) = (op,{})

Each component of the network has an exterior loop and a set of interior
loops. Each interior loop contains a set of components. Each component can
be identified by its exterior loop. Each face is a separate game of sprouts, using
its loop and the exterior loops of the components it contains, except that these
games are connected through the number of lives that each dot has.

[acedb]
A tree is built. The root node is the orig- /\
inal face. The children of this face are  (acb) (beed)
the connected components directly on |
it. The children of each component are [gfh] [ilkj]  [op]
its faces. This pattern repeats down the |
tree. Each component can be seen asa  (8th) (ilkmkj)

set of faces. Fach face hasaloop of nodes. |

This can be expressed as a term:
acedb[ acb(gfhlgfh(n[]), bced(ijkl[ilkmk]j ()] ;opl])]

The use of [] and () is redundent but helps clarify the expression for the
human reader. Each name that is followed by [ means an exterior loop, and each
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Figure 4.5

Figure 4.6
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/4\ /4 4\
— +

\1/ \1 1/
How to split one loop into two.

2\ /5 2—)—3 —6—5
/3 ....... 6\ —

1 4 —3—6—4

How to join two loops into one.

(indicates an interior loop; however, this can be worked out from how far down
the tree the name is located.

A move consists of picking an interior face and joining two dots on the exterior
of any components in that face (or the loop of the face itself). If the two dots are
in distinct loops, then the two components are merged, using the same interior
loops, but the new exterior loop is the join of the two original loops. If the two
dots are on the exterior of the same component (possibly the same dot), then
a new face is added to that component. The exterior loop of that component is
split; the player chooses which of the two new loops will be the exterior of the
component, and the other becomes the new face. The player may choose any of
the other components in the original face to be placed in the new face.

To split a loop, for example, if the loop is (1,2,3,4,5,6) and nodes 2 and 4
are joined, then the two loops are (4,5,6,1,2) and (2,3,4). To join a loop, if the
loops are (1,2,3,4) and (5,6,7,8) and nodes 1 and 5 are joined, then we have
(1,2,3,4,1,5,6,7,8,5).

The boundary of each face is a set of loops; sometimes an edge appears in
a loop twice (a degenerate case). The boundary is just the set of all the loops,
but the loops can be obtained from the boundary relation. Get a connected
component of the boundary of a region, and if the removal of an edge causes
the component to be split into two pieces, then it must present both sides to
the face. It appears twice in the loop for this component. Grow a path in the
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component so that each nonseparating edge occurs once and each separating
edge occurs twice.

When joining two dots, their life count must be considered.

There is a set of regions on the paper that are topological disks and contain
other regions (these are the loops). The tree is the tree of containment. The
initial loop is an empty path, the root loop, and it contains all the initial dots.
If we connect a component to itself, we split the parent of that component. The
component goes into both families, and its siblings are divided into either by
the player.

Itisnot possible to provesuch a program. The main work above is in describing
the geometric game in terms of algebra. The relation between the algebra and
the geometry is a matter of material science, not subject to formalism, unless a
deeper formalism is already given.

4.7 Digital geometry

The essential feature of coordinates in planar geometry is to set up a one-to-one
correspondence between the points in a geometric region and pairs of numbers.
Which type of number is correct? On a computer screen, those numbers are
integers, points on a square grid.

What is a digital line? If a curve is defined as a sequence of points (analogous
to a line in standard planar geometry), then it is possible for two curves to cross
over visually without having any points in common. Ifa curve is defined as being
a sequence of points that are edge connected, then two curves that cross must
have a point in common, but the natural definition of length, as proportional
to the number of edges, means that the diagonal of a square has a length that is
twice the length of the side. This effect remains no matter how finely the grid
is made. In this sense, a square grid does not naturally reflect the structure of a
physical plane.

There are exactly three regular tiles that cover the plane in a regular manner:
triangles, squares, and hexagons. Most monitor manufacturers chose squares.

But a hex grid does not have this problem. Define a curve as a sequence of
points such that each is connected to the previous one by an edge. Then no
curves can cross without intersecting, and the length of the curve as the number
of points in it works well. More precisely, define a line as a curve of least length
between two points, and although there may be multiple lines between two
points, as the grid spacing goes to zero, the length of the line (times the spacing)
corresponds to the length measured by a ruler, which is not true on a square
grid.
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A square grid that is so fine that its discrete nature cannot be seen by a human
still leaves artifacts, a bias toward up-down and left-right. There are ways to
compensate for this, like floating-point numbers can be fixed up at a higher
level. But with the hex grid, even when the grid is large enough to see, often the
simulation of fluid flow still seems fairly reasonable.

Of course, square grids do horizontal and vertical lines very nicely, but slightly
nonhorizontal lines are very much worse than perfectly horizontal lines. There is
no concept of jaggies in a hex grid. Similarly, there are more perfect (reversible)
rotations in a hex grid.

Exercise 4-8 (medium)
How would triangular grids score as a basis of discrete screens?

Outcomes

This chapter introduces reasoning with and about diagrams, a form of precise
logic, distinct from terms. Of particular significance are network diagrams, used
in the understanding and construction of many algorithms. A theme is how to
write software to manipulate geometric entities, by finding a reduction system
that mimics the important features of an apparently continuous problem. It is
illustrated by the study of digital sprouts and repeated throughout the rest of
the book. More generally, the concept of morphisms between seemingly very
different logics is important.

The study of entity-relation diagrams and state machines is directly relevant
to understanding the material in the UML chapter.

There are eight exercises in this chapter.

The goal of this chapter is to introduce the principle of precise reasoning
with diagrams, rather than terms. The skill involved is manipulation of the
diagrams and conversion of the diagrams to an equivalent term logic. For any
type of diagram, writing term logic, C, or Java code to manipulate it is a generic
exercise. Related to this is definition of the diagram as an abstract type.

1. To list and describe diagrams and how to reason with them
2. To give models for diagrams using term logic
3. To describe and use matrices derived from networks

An immediate source of further study is the relation between graphs and
matrices, in particular how operations on graphs can be defined as operations
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on their connection matrices. Any studies of the properties of networks (graph
theory) simplicial complexes, topology, homology, vector space theory, funda-
mental group, and so on are useful backgrounds for the rest of the book. A
study of colorability and the four-color map problem, in particular, would be
interesting.

1. The state of a logic system could just as easily be a diagram as an algebraic term. Usually, an exact
diagram can also be expressed as a term, but the type of reasoning it promotes is different. Often
things can be obvious from a diagram and obscure from a term. But also, the reverse can be true. A
diagram might be used to gain an intuition for what type of behavior might be correct and then to
verify it using an algebraic model of the diagram.

2. This diagram is often presented as an ingenious instant proof of a theorem labored in books on
classical geometry. In fact, it is no such thing. If the proof is intended to be about physical space, then
the proof is incorrect. It relies on subtle assumptions about the behavior of tiles: in curved space, the
implied decomposition is impossible and the conclusion is false.

3. This proof uses the intuition of the plane. An algebraic proof, generally accepted as more rigorous,
requires a lot more work, mainly related to proving that a simple closed curve divides the plane into
an interior and exterior; this is the Jordan Curve Theorem.

4. This choice is different from a “random” choice in that no stochastic model needs be supplied. If a
stochastic model is supplied, in which the chance of each next state depends only on the current state
and the input value, then this is said to be a Markov machine.
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Language

At first glance, a program is an instruction to the computer explaining exactly
what it will do, while a specification describes what a program should achieve, but
leaves the implementation details to the programmer. However, a C script does
not tell the computer exactly what to do. Different compiles might produce very
different machine code for the same C program. Especially with optimizations. The
C script itself is a specification, explaining what the machine code should achieve.
It is implemented by machine not human, but is still an indirect meta-logic to the
machine logic.

Some languages are called specification languages, and sometimes it is denied
that they could be programming languages. But, Haskell, which is definitely a
programming language, has a nature very similar to some specification languages.
Haskell scripts are sometimes mistaken for specifications by those not familiar with
it. Similarly, Prolog and Scheme. The Haskell compiler does a lot of nontrivial
reasoning about the code, but it is still a compiler.

The tradition of transcribing each element of C directly into an element of
machine code was due to compiler limitations; C was designed to make compilation
easy. But, with improved compiler technology, the machine code can bare as indirect
arelation to C as it does to Haskell. When a specification language is useful, someone
will make it precise, when it is precise someone will compile it. If it is such a good
idea to write in the specification language, why not compile it? Calling it automated
implementation is playing with words.

Specification as an activity opposed to programming recognizes that the script
is describing another script. In practice, a specification language includes features
that are easy to use for this but pro