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Preface

In recent years, significant advances have been made in the areas of risk, vulnerability and
uncertainty modeling, analysis and management. The joint International Conference on
Vulnerability and Risk Analysis and Management (ICVRAM) and International Symposium
on Uncertainty Modeling and Analysis (ISUMA) provided a forum for experts and decision
makers involved in vulnerability and risk analysis and management to share information on
current and emerging hazards and research results affecting the built environment with means
for an appropriate consideration of uncertainty. ISUMA complemented ICVRAM by
providing in-depth coverage on uncertainty modeling and analysis that would offer
opportunities for cross-pollination. As we make advancements in technology, exploit
resources, and step into new realms of human endeavors, we are exposed to new hazards. The
novelty of the situation with its attendant uncertainties can pose a challenging situation for
experts and decision makers charged with providing technical assistance and policy
recommendations. The proceedings of this joint conference contribute towards the
transitioning of intellectual discussions into robust frameworks for handling emerging
vulnerabilities and risks, and providing analytical bases to prepare for national and
international disasters.

The first International Conference on Vulnerability and Risk Analysis and Management was
initiated and sponsored by the Council on Disaster Risk Management (CDRM) of the
American Society of Civil Engineers (ASCE). This conference was held April 11-13, 2011 at
the Marriott Inn & Conference Center of the University of Maryland University College,
Hyattsville, Maryland, USA.

All papers in the proceedings were subjected to peer review by qualified engineers or
academics working or teaching in fields relating to the paper. This effort by the many
reviewers is truly appreciated. Hundreds of hours were volunteered to produce the
proceedings. The work of the International Program Committee is indeed noteworthy for its
excellence and support throughout the development of the program and the proceedings,
particularly Professor Nii Attoh-Okine, Professor William McGill, Professor Qingbin Cui, and
Dr. Scott Ferson.

The efforts of the Conference Department and Technical Activities Committee of ASCE,
particularly Ms. Barbara Hickman and Ms. Catherine Tehan, are acknowledged for providing
much of the conference preparation including scheduling, accommodations, local tours, and
the conference program. The University of Maryland, College Park campus provided student
helpers for the paper presentations. Special thanks to Ms. Che-yu Chang for her help and
support in making this conference successful.

Bilal M. Ayyub, Ph.D., P.E., F.ASCE

Proceedings Editor

Professor and Director, Center for Technology & Systems Management
University of Maryland, College Park, Maryland, USA
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Application of Evolutionary Computing to Disaster Restoration and Prevention
Problems

Hitoshi Furuta' and Koichiro Nakatsu®

'Department of Informatics, Kansai University, 2-1-1 Ryozenji-cho, Takatsuki,
Osaka, 569-1095, Japan; Tel &  Fax:  +81-72-690-2348;  e-mail:
furuta@res.kutc.kansai-u.ac.jp
*Department of Informatics, Kansai University, 2-1-1 Ryozenji-cho, Takatsuki,
Osaka, 569-1095, Japan; Tel & Fax:  +81-72-690-2348; e-mail:
inside2@sc.kutc.kansai-u.ac.jp

ABSTRACT

In this paper, an attempt is made to apply evolutionary computing for
earthquake disaster restoration and prevention problems. The relationships among
early restoration, minimization of life-cycle cost and target safety level of road
network are discussed by using multi-objective genetic algorithm. A comprehensive
disaster prevention program is developed based on the recognition that road networks
may be unavoidably damaged when very strong earthquakes occur. By introducing
the concept of multi-objective optimization into the restoration and prevention
scheduling for earthquake disasters, it is possible to find out several near-optimal
restoration and prevention scheduling plans.

INTRODUCTION

Japan has been exposed to many natural hazards such as typhoons, tsunamis and
earthquakes. After earthquake disaster, road networks play important roles in rescue,
evacuation activities, extinguishing fires, and disaster-relief activities. In this study,
an attempt is made to apply evolutionary computing for earthquake disaster
restoration and prevention problems. First, the early restoration of road networks
after the earthquake disasters is discussed, in which two issues are dealt with, the
first one is an allocation problem which groups restore which disaster places and the
second is a scheduling problem what order is the best for the restoration. In order to
solve the two problems simultaneously, Genetic Algorithm (GA), which is a
representative method of evolutionary computing, is applied, because it has been
proven to be very powerful in solving combinatorial problems.

The relationships among early restoration, minimization of LCC, and target
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safety level of road network are discussed by using Multi-Objective Genetic
Algorithm (MOGA). Moreover, it is intended to introduce various uncertainties
involved in the disaster restoration scheduling.

Next, a comprehensive disaster prevention program is developed because
road networks may be unavoidably damaged when very strong earthquakes occur.
The damage to the road network is associated with severe effects on the daily life and
economic activities of people. The seismic performance of road network is evaluated
based on the following three factors: (a) the characteristics of road network such as
existence or non-existence of detour, (b) importance of bridge such as existence or
non-existence of a medical center near a particular bridge of the network, and (c)
road traffic condition. The purpose of this study is to provide a framework for
optimal allocation of strengthening cost for increasing the seismic performance of
road networks. The relationship between strengthening cost of an entire road network
and safety level of this network is discussed by using MOGA. Namely, the
following two objective functions are considered: (a) strengthening cost of the road
network is minimized and (b) safety level of road network is maximized. By
introducing the concept of multi-objective optimization into the restoration and
prevention scheduling for earthquake disasters, it is possible to find out several
near-optimal restoration and prevention scheduling plans.

OPTIMAL RESTORATION SCHEDULING BY GENETIC ALGORITHM
CONSIDERING UNCERTAINTY

The purpose of this research is to propose an early restoration for road networks after
earthquake disasters. In general, road networks after earthquake disasters have an
uncertain environment, that is, the actual restoring process should be performed by
considering various uncertainties simultaneously. Genetic Algorithm Considering
Uncertainty (GACU) [Tamaki et al., 1999] can treat various uncertainties involved,
but it is difficult to obtain the schedule which has robustness. In this study, an
attempt is made to develop a decision support system of the optimal restoration
scheduling by using the improved GACU [Furuta and Nakatsu, 2010].

Here, it is assumed that a road network is damaged, in which multiple
portions are suffered from damage so that it can not function well. The objective of
this study is the realization of quick restoration of the road networks. It is intended to
determine the optimal allocation of restoring teams and optimal scheduling of
restoring process. Then, the following conditions should be taken into account
[Furuta and Nakatsu and ., 2004]:
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1. The optimal allocation of restoring team, optimal scheduling of restoring
process, and optimal allocation of restoring method must be determined
simultaneously.

2. A portion of the road network is suffered from several kinds of damage that
have a hierarchical relation in time.

At a devastated area after an earthquake disaster, the circumstances are
changing with aftershock, fire and bad weather. The devastated area may have
another damage and the circumstances may not be constant. This is due to the
uncertainty of a damage which occurs from the followings:

1. Delay: Delay induces the increase of restoring days of a work. The delay of
the work influences the whole restoring schedule.

2. Impossibility to restore: Impossibility to restore is such a situation that a
team without sufficient restoring equipment and facility is assigned to large
damage work. Such a team cannot restore the large damage work.
Impossibility of work to restore causes failure of restoring schedule.

In order to obtain the restoration schedule which has robustness to the
uncertainty of damage, it is necessary to implement sampling many times. In GACU,
objective function is defined as the expected value of F’(x) to consider the search

process as the sampling.

F'(x) = F(x) with Uncertainty (1)

F(x) contains a variable element, that is, uncertainty, so that F’(x) is changing
according to the uncertainty. It is assumed that the number of sampling is the age of
individual. This sampling is performed by considering the evolution mechanism of
inheritance, that is, gene of parents is resembled to that of children. The procedure of

GACU is applied to obtain the optimal robust restoration schedule. The
effects of increasing the damage obtained by 1000 simulations are shown in Table 1.
Table 2 presents the effects of the delay obtained by 1000 simulations. It is
considered that teams without restoring equipment are not assigned to large damage
works and medium damage works which are changeable to large damage, and
waiting time is properly assured to avoid the effects of delay. In addition, most of
larger damage works are assigned to restoration team with high ability. The schedule
is not only robust but also optimum for the early restoring.
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Table 1: Effects of increasing the damage obtained by 1000 simulations

Probability changed Average of evaluation Impossible to restore
5% 6.87 0/1000
10% 7.00 0/1000
20% 7.27 0/1000

Table 2 Effects of the delay obtained by 1000 simulation

Probability changed Evaluation SimpleGA GACU
Evaluation(Ave) 7.52 7.88
Evaluation(Max) 8.80 7.97
5%
Evaluation(Min) 7.11 7.18
Standard deviation 0.52 0.47
Evaluation(Ave) 9.12 7.91
Evaluation(Max) 17.22 8.31
10% - -
Evaluation(Min) 7.11 7.18
Standard deviation 2.12 0.57
Evaluation(Ave) 15.04 8.01
Evaluation(Max) 17.56 8.41
20%
Evaluation(Min) 14.35 7.20
Standard deviation 3.22 1.29

OPTIMAL COST ALLOCATION FOR IMPROVING SEISMIC
PERFORMANCE OF ROAD NETWORKS

The seismic performance of road network is evaluated based on the following three
factors: (a) the characteristics of road network such as existence or non-existence of
detour, (b) importance of bridge such as existence or non-existence of a medical
center near a particular bridge of the network, and (c) road traffic condition. The
purpose of this study is to provide a framework for optimal allocation of
strengthening cost for increasing the seismic performance of road networks. Here, an
attempt is made to discuss the relationship between strengthening cost of an entire
road network and safety level of this network by using Multi-Objective Genetic
Algorithm (MOGA) [Furuta, Kameda and Frangopol, 2004].
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As an example, an existing road network in Osaka, Japan is considered. As
indicated in Figure. 1, this network has 10 bridges, 27 nodes, 4 hospitals, and 4
emergency evacuation centers.

The user cost (UC) associated with the road network in Figure 1, is calculated as a
function of the relation between vehicle speed and traffic density and considering an
average cost of 82 yen/minutes/car.

(D : Bridge numer i
©® : Node number j
:four-lane

(two-lane
[l : Hospital

. : Emergency
Evacuation Center

Figure 1. Road network in Osaka, Japan

In addition to the user cost, the importance of a bridge depends on the access to a
hospital and/or an emergency evacuation center.

The total effect of bridge closing on the number of detours is defined by the
following relation

C=(0-H)+(1-E) @
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where H; is the ratio of total number of detours due to the closing of bridge i to arrive
at a hospital and total number of nodes in the network, and E; is the ratio of total
number of detours due to the closing of bridge i to arrive at a emergency evacuation
center and total number of nodes in the network.

The importance of bridge i to the road network is defined as follows:

uc, /¢,

i 10
;(UC,. /C,) )

where UC; is the user cost associated with the i-th bridge and C; is defined in (2).
In this study, strengthening cost and safety level are used as objective functions.
Strengthening cost is minimized and safety level is maximized. There are trade-off
relations among these two objective functions. For example, safety level decreases
when strengthening cost decreases. Therefore, multi-objective optimization can
provide a set of Pareto solutions that can not improve an objective function without
making other objective functions worse.

The strengthening cost of each bridge depends on the strengthening method.
The four strengthening methods considered, denoted as a, f, y and 6, are defined in
Table 3. It is assumed that all bridges in the network have the same safety level (i.e.,
0.5) before strengthening is applied.
The objective function is defined as

i=1
where SC is the strengthening cost of the road network, and SC; is the strengthening
cost of the i-th bridge of the network. The bridge strengthening cost is a function of
the safety level after strengthening as indicated in Table 3.
Safety level depends on the traffic volume and the condition of bridge. In this study,
bridge, and S;is the safety level of the i-th bridge.
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Table 3. Safety level and strengthening cost

Strengthening method Bridge safety level Bridge strengthening cost
after strengthening (thousand yen)
Strengthening method a 0.6 10000
Strengthening method £ 0.7 20000
Strengthening method y 0.8 27000
Strengthening method o 0.9 33000

the safety level (SL) of the road network is maximized, as follows

10
SL = B, x §, - max
12:1 4)

where SL is the safety level of the road network, B; is the importance of the i-th

In the implementation of MOGA, the GA parameters considered are as
follows: number of individuals = 200, crossover rate = 0.60, mutation rate = 0.05,
and number of generations = 5000. Figure 2 shows the results obtained by MOGA.
Table 4 shows the values of the two objectives of each Pareto solution. Comparing
the Pareto solutions D and E with respect to safety level, there is no significant
difference. However, considering strengthening cost, solution E is more expensive
than solution D. Conversely, the Pareto solutions G and H are similar with respect to
the associated strengthening cost, but they are very different with respect to their
associated safety level. Regarding safety level, the Pareto solutions D and F are
similar. However, there is a significant difference between the strengthening cost
associated with these two solutions. Table 5 shows the allocation of network
strengthening cost of the Pareto solutions in Figure 2. Figure 3 shows the detailed
allocation of earthquake strengthening cost associated with the solution D shown in
Figure 2. Therefore, when selecting a strengthening program, the proposed method
enables to compare feasible optimal solutions associated with different values of the
objectives.



VULNERABILITY, UNCERTAINTY, AND RISK

Table 4. The values of each Pareto solution

Pareto solution Network strengthening Network safety Level
cost
(thousand yen)
A 100000 0.600
B 160000 0.641
C 166000 0.661
D 194000 0.702
E 214000 0.704
F 267000 0.706
G 274000 0.712
H 276000 0.757
I 292000 0.775
J 330000 0.800
H

§ 080 R F ‘ oo o

é‘ 075 | ‘ Q: [ |

?5 070 | »°° ®o®e® oo[ 1

2 065 b (}

l oo@IE® ¢ [ E
<&
060 | © C

100000 150000 200000 250000 300000 350000
Network Strengthening Cost

Figure 2. Pareto solutions obtained by MOGA
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() :Bridge numer i
@ :Node number j

:four-lane

:two-lane
[l : Hospital

‘ : Emergency
Evacuation Center

[ :Strengtening method o
— O :Strengtening method S
£~y :Strengtening method ¥

-1 :Strengtening method &

Figure 3. Allocation of network strengthening methods to bridges
for Pareto solution D in Figrure 2

Table 5. Allocation of network strengthening methods to bridges
for Pareto solutions in Figure 2

) Bridge Number
Solution

1 2 3 4 5 6 7 8 9 10
A o o a o a a o o o a
B s p o o 0 a y o o o
C p p a a 0 a 0 o a a
D y y a o y @ 0 p o p
E Y Y B a 7 B é B o B
F 0 Y y B 0 B o Y B y
G 6 Y Y B o Y o Y B 7
H 0 0 y o 0 y 0 y p 0
1 0 0 y g y 0 0 0 p 0
J o 0 0 0 0 0 0 0 0
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CONCLUSIONS

In this paper an attempt was made to apply evolutionary computing, especially
genetic algorithms, for disaster restoration and prevention problems. Introducing
the genetic algorithm considering uncertainty, it is possible to obtain a restoration
schedule which can take into account various uncertainties involved in the restoration
process. Furthermore, it was attempted to formulate the optimal allocation of
seismic strengthening cost of a road network as a multi-objective optimization
problem. By considering network strengthening cost and network safety level as
objective functions, it is possible to obtain the relationships between these two
performance indicators. This paper provided of a framework for optimal allocation of

strengthening cost for improving the seismic performance of road networks.

REFERENCES

Furuta, H. and Nakatsu, K. (2004). “Optimal restoration scheduling for earthquake
disaster by emergent computing”, Reliability and Optimization of Structural
Systems.

Furuta, H., Kameda, T. and Frangopol, D. M. (2004). “Balance of structural
performance measures”, Proc. of Structures Congress, Nashville, Tennessee,
ASCE, May, CD-ROM.

Furuta, H. and Nakatsu, K. (2010). “Life cycle performance of infrastructure
networks considering seismic risk, J. Li et al. eds.: Proceedings of International
Symposium on Reliability Engineering and Risk Management, 45-56, Tongji
University Press, Shanghai, China.

Tamaki, H., Arai, T. and Abe, S. (1999). “A Genetic algorithm approach to
optimization problems with uncertainties”, Institute of Systems, Control and
Information Engineers Journal, 12(5), 297-303. (in Japanese).



Quantitative Risk Analysis of Damage to Structures During
Windstorms: Random Field and System Reliability Aspects

Erik Vanmarcke! and Ning Lin?

1 Department of Civil and Environmental Engineering, Princeton University,
Princeton, NJ; M. ASCE; PH (609) 751-0221; email: evin@princeton.edu

2 Department of Earth and Planetary Sciences, Massachusetts Institute of
Technology, Cambridge, MA,| U.S.A.; email: ninglin@mit.edu

ABSTRACT

Quantitative risk analysis (QRA) enables rational accounting for the ef-
fect of spatial scale on estimates of damage to individual (multi-component)
structures or to groups of closely spaced structures during severe windstorms.
The case of the window breakage on the facade of Boston’s John Hancock
Tower, which motivated a series of such risk-based studies, is summarized.
We further describe and illustrate an integrated vulnerability model to esti-
mate structural damage in clusters of residential buildings due to tropical-
cyclone winds, accounting for the “chain reaction” of events involving wind
pressure damage and wind-borne debris damage, amplifying aggregate losses.
The last part of the paper provides relevant background information on new
methodology to analyze multi-scale random fields, presented in the second
(2010) edition of the first author’s book Random Fields.

1 THE CASE OF BOSTON’S HANCOCK BUILDING
WINDOW BREAKAGE: RISK-RELATED STUDIES

Estimating economic losses resulting from damage to structures during severe
windstorms has become a topic of considerable research interest in scientific
fields such as meteorology, structural engineering and actuarial sciences. Of
particular interest herein is the dependence of estimates of overall damage
and economic loss on spatial scale, i.e., on the number of vulnerable com-
ponents in a single structure or on the number (and density and variability
of characteristics) of structures in a residential neighborhood. The senior
author gained much related experience, while on the faculty at M.I.T., in
connection with the problems, widely reported in the local press, of window

11
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Figure 1: Window breakage on the facade of Boston’s John Hancock
Tower in the mid-1970’s

breakage at the site of the John Hancock Tower in Boston, Massachusetts in
the mid-1970’s (see Figure 1), soon after the building’s completion and initial
occupancy. When an individual pane of glass failed on a high floor of this
62-story building during a moderate windstorm, as happened several times
during the first few months of occupancy, it often caused a cascade of dam-
age and failure of windows on lower floors. Consisting of more than 10,000
window panes, the building’s facade exhibited disastrous weakest-link vulner-
ability, as many possible combinations of high local pressure and low window-
specific resistance made the chance of failure of a window somewhere on the
building’s facade highly likely, with severe “system-wide” consequences. In
addition, some windows, damaged during one storm, had reduced resistance
to breakage during subsequent events or at a later time during the same
windstorm, exemplifying critical time-dependence of the risks.

Conventional component-focused and static-load-based deterministic build-
ing codes, like those still in force in Boston in the early 1970’s, considered
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neither the reality of occasional extremely high (random time-varying and
spatially correlated) local pressures on a building’s facade during windstorms
nor the probability distribution of breakage strength of individual glass panes.
Within the code framework, designers did not consider that, given a “de-
sign criterion” (as recommended in the glass manufacturer’s guide) of eight-
tenths of one percent (or 0.008) probability of failure for single glass-panes,
approximately 10,000 x 0.008 = 80 windows are expected to fail during a
design-intensity windstorm (not counting “secondary failures”). It was there-
fore no surprise that some windows did fail during several first-year modest-
intensity windstorms. Extensive subsequent analytical and experimental re-
search (funded by the then-owner and unpublished owing to only-recently-
relaxed legal constraints) demonstrated the need for quantitative risk analysis
(QRA). This eventually resulted, after several years during which the build-
ing was known as the “plywood palace”, in the replacement of all exterior
windows in the building with panes of glass having resistance-to-breakage
roughly 4 times the original. A number of consulting reports (heretofore not
made public) on the first author’s risk assessment research related to the case
of the John Hancock Tower (Vanmarcke, 1972, 1973, 1974a & b, 1975, 1976
& 1978; and a summary of the above in Vanmarcke, 1983) provide much de-
tail on the methodological breakthroughs and their application to the case.

2 PREDICTING DAMAGE TO DWELLINGS
DUE TO TROPICAL CYCLONES

2.1 Background and Scope of the Study. An integrated vulnerability
model developed by Lin, Vanmarcke and Yau (2010) for predicting damage
to low-rise structures during strong windstorms, and especially tropical cy-
clones, explicitly accounts for the interaction between pressure damage and
debris damage by fully coupling a debris risk model (Lin and Vanmarcke 2008
& 2010) and a component-based pressure damage model. This integrated
methodology can be applied to general site- and storm-specific analyses for
residential developments consisting of large numbers of houses, or it can
be combined with a “windstorm-event simulator” so as to yield estimates of
probability distributions of aggregate annual (or multi-year) economic losses.

A cluster of buildings is defined by specifying the location, orientation and
(significant) structural details of each building in a study area. Building types
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considered include one-story concrete and wood-frame houses with gable roof
or hip roof, of arbitrary overall dimensions, roof slope, number of openings,
and other features (as illustrated in Figure 2). Statistics on relevant house
characteristics, such as layouts and dimensions, structural components, and
component resistances, as well as types and characteristics of potential debris
sources (mainly on the house roof), are obtainable from information about
the local building stock, as in many cases building-specific data will not be
(readily) available. Specification of resistance, wind pressure coefficient, and
wind pressure zone distribution for each building component parallels that
in the Florida Public Hurricane Loss Projection (FPHLP) model (Gurley
et al. 2005) and the ASCE 7 standard (ASCE 2003). Various uncertain
quantities characterizing the structures, such as the component resistances,
are represented by (joint) probability distributions. The model implements
Monte Carlo simulation, with structural parameter values randomly assigned
to every building in each simulation run.

2.2 Tropical-Cyclone-Wind Characteristics. An appropriate, tractable
description of wind conditions is necessary to evaluate the structural damage
to (a cluster of) buildings. During a tropical cyclone event, a structure is ex-
posed to winds from different directions as the cyclone moves along its track.
After initial structural damage is incurred to a building component, a change
in wind direction may significantly affect the subsequent occurrences of dam-
age. This interdependence among component failures cannot be quantified
reliably without considering the incremental changes in wind speed and wind
direction over time within individual strong-wind events.

Currently, two ways of specifying wind characteristics are commonly used in
different vulnerability models. In the first method, used in damage estimation
models such as HAZUS-MH, the structural loading and performance are
evaluated at a series of steps in time at which wind speed and direction
are specified (Vickery et al. 2006); the structural damage at a particular
time step depends on the damage accumulated during previous time steps.
The second method, used in the FPHLP model, evaluates the structural
performance at a given wind speed and direction (Gurley et al. 2005, Li and
Ellingwood 2006). We considered both methods of analysis to assess damage
from windstorm events to clusters of buildings.

Due to the lack of historical tropical cyclone records, many advanced me-
teorological models have been developed to simulate wind data for various
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geographical regions (e.g., Powell et al. 2005, Vickery et al. 2000). Their
solutions, typically in the form of a time-dependent field having two spatial
dimensions, provide much more information than was needed for the purpose
of structural damage estimation. We adopted, instead, a simpler, geograph-
ically non-specific, parametric model (Lin et al. 2010, Yau 2011) that fairly
approximates the temporal features of the wind field at a single location.

Structural modeling

Resistance sampling

Loading estimation

Failure checking

Figure 2: Analysis of an idealized multi-component structure.

2.3 Integrated Vulnerability Model. The wind-borne debris risk model
developed by Lin and Vanmarcke (2008 & 2010) evaluates the risk of damage
to vulnerable components (e.g. windows and doors) on a building envelope
from the impact of roof-originated debris (e.g. covers and sheathing). This
then enables the coupling of the debris model with a component-based pres-
sure damage model, in an iterative mode of analysis.

Wind loads on structural components are calculated based on the specified
wind condition and designated load paths. By comparing the sample compo-
nent resistance to the load, the pressure damage model assesses wind-pressure
damage to each building component. The structural system being analyzed
comprises roof cover, roof sheathing panels, roof-to-wall connections, walls,
wall sheathing panels, doors, windows and garage doors. The levels of dam-
age to these building components are highly correlated in most cases. When
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opening damage (for instance, to windows, doors, or garage doors) occurs
due to pressure or debris damage, the internal pressure is adjusted (see Gur-
ley et al. 2005) in a way that affects the damage conditions of almost all the
components. After the adjustment, further damage to openings may again
change the internal pressure. An iterative algorithm is applied to obtain the
equilibrium between the internal pressure and the damage condition.

2.4 Case Study: Damage due to Hurricane Charley (2004) to a
Residential Development in Sarasota County, FL. A residential de-
velopment of 358 single-story houses in Sarasota County, Florida (see Figure
3) was selected to illustrate how the integrated vulnerability model can be
applied. The locations of the residences are known, while the structural
characteristics of each house are estimated based on information about the
building stock in central Florida (Gurley et al. 2005). We estimate wind
damage from Hurricane Charley (2004), which passed to the left of the study
area. Hurricane Charley was numerically simulated using the Weather Re-
search and Forecasting (WRF) model (Skamarock et al. 2005), which yields
a simulated wind-velocity time history at a representative location within
the study region.

Unlike other vulnerability models (Gurley et al. 2005, Vickery et al. 2005)
that evaluate individual prototype buildings, the integrated vulnerability

Figure 3: Study area of a residential development of 358 houses in
Sarasota County, Florida (left) and simulated storm track (middle)
and wind field (right) of Hurricane Charley of 2004.
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model analyzes a cluster of buildings as a whole, seeking to account for the
(time-varying) interaction between building damage levels due to wind-borne
debris. Evaluating building performance only at the maximum wind speed
(and the corresponding direction) has the advantage of reduced computa-
tional effort, but may significantly underestimate damage, compared to re-
sults based on (multi-structure) cumulative damage analysis, when pressure-
and-debris damage is estimated, in increments, over a time series of wind
speed and wind direction. Debris damage is found to contribute greatly to
overall average damage ratios, especially during high-intensity windstorms,
and its explicit consideration (in a multi-structure setting) tends to add
greatly to the uncertainty in estimates of overall damage ratios. Also, the
more variation there is in resistances and in quality of construction within a
residential neighborhood, the greater the overall mean damage ratio.

3 NEW RANDOM FIELD CONCEPTS AND METHODS

Random field concepts and methods have been applied in many areas of
science and engineering, as the need to account for the reality of complex
random variation and quantify risks in natural environments and complex
engineered systems is ever more widely recognized, and fast-growing comput-
ing power and sizes of databases provide further motivation and empirical
support for high-level probabilistic modeling.

In the recent 2nd edition of Random Fields: Analysis and Synthesis (Van-
marcke 2010), the treatment of the correlation structure of one-dimensional
(single-scale) random processes — in terms of the variance function and the
scale of fluctuation — is extended to multi-scale random processes, based on
the concept of the “scale spectrum”. Specifically, “multi-scale” random vari-
ation in space and/or time can be modeled, in many applications (e.g., in or-
der to represent random time-varying and spatially correlated local pressures
on a building’s facade during windstorms), as a summation of statistically
independent single-scale random processes. The composite model’s “scale
spectrum” depicts the variances of the component processes as a function of
their respective scales of fluctuation. The scale spectrum of any “single-scale
process” is a Dirac-delta function, while natural phenomena are typically
characterized by a wide, band-limited scale spectrum (that also happens to
be indicative of fractal or self-similar behavior).
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Another principal focus of Random Fields, essential to system reliability anal-
ysis, concerns threshold excursions and extreme values (and, related, condi-
tions for stable level-excursion statistics to exist). Lastly, new results are pre-
sented for a family of quantum-physics-based probability density functions
that express the inherent randomness of single energy quanta associated with
local thermal equilibrium (blackbody radiation — at any temperature). The
distributions have a simple analytical form and tractable statistical proper-
ties, and promise to be very useful in applications of random fields.

4 CONCLUSIONS

We present and illustrate improved methodology to assess structural vulner-
ability and wind-related economic losses in residential neighborhoods dur-
ing tropical cyclones or other severe windstorms. Involving the interaction
between a pressure damage model and a debris risk model, the method is
capable of estimating cumulative damage to the overall structural system
and the interior of buildings in a residential development. It also accounts
for the linkage, as to damage, between buildings that can be both sources
and recipients of debris. By means of a numerical example, it is shown that
wind-borne debris tends to contribute significantly to total damage and re-
sulting economic loss, and that the cumulative wind-related damage during
the passage of a storm may be much greater than would be estimated by
considering only the maximum wind speed during the storm. The methodol-
ogy, in broad outline, is also applicable to the assessment and management
of risk and vulnerability of tall buildings and clusters of tall buildings (as in
a mega-city core) during severe windstorms.

The window breakage problems of Boston’s John Hancock building exem-
plify the importance of accounting for weakest-link and cascading-damage
phenomena related to debris during windstorms. Only quantitative risk anal-
ysis (QRA) is capable of accounting for important effects of “spatial scale”
— when a system has increasingly many interacting components or “subsys-
tems” — and providing a rational basis for wind-hazard-related risk man-
agement. The temporal evolution of “systemic risk”, whether it relates, in
the case of civil infrastructure, to slowly deteriorating resistances or potential
long-term changes in windstorm frequencies and intensities (as a consequence
of global change), is likewise made tractable by means of QRA.
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ABSTRACT

In the majority of decision models used in practice all input data are assumed
to be precise. This assumption is made both for random results of measurements, and
for constant parameters such as, e.g. costs related to decisions. In reality many of
these values are reported in an imprecise way. When this imprecision cannot be
related to randomness the fuzzy set theory yields tools for its description. It seems to
be important to retain both types of uncertainty, random and fuzzy, while building
mathematical models for making decisions. In the paper we propose a fuzzy-
Bayesian model for making statistical decisions. In the proposed model the
randomness of data is reflected in related risks, and fuzziness is described by
possibility measures of dominance such as PSD (Possibility of Strict Dominance)
and NSD (Necessity of Strict Dominance). The proposed model allows a decision-
maker to reflect in his/hers decisions different types of uncertainty.

INTRODUCTION

Testing statistical hypotheses is one of the most important parts of statistical
inference. On the other hand it can be regarded as a part of the decision theory. In the
decision theory we assume that decisions (actions belonging to a certain action
space) should depend upon a certain state which is uncontrollable and unknown for a
decision maker. We usually assume that unknown states are generated by random
mechanisms. However, all we could know about these mechanisms is their
description in terms of the probability distribution Py that belongs to a family of
distributions {Py: 0 € O} indexed by a parameter 6 (one or multidimensional). In
such a case a state space is often understood as equivalent to the parameter space ©.
If we knew the true value of & we would be able to take a correct decision. The
choice of an appropriate decision depends upon a value of a certain utility function
that has to be defined on the product of the action space and the state space. If we
had known the unknown state we would have been able to choose the most preferred
action looking for the action with the highest value of the assigned utility. In
practice, we define the expected reward (or the loss) associated with the given action
for the given state 8 € O, and then we define the utility u € U that 'measures' the
preference the decision maker assigns to that reward (loss).

In the Bayesian setting of the decision theory we assume that there exists the
prior information about the true state, and that this information is expressed in terms
of the probability distribution 7(8) defined on the parameter space @. By doing this
we identify each action with probability distribution on a set of possible utilities U.
According to the Bayesian decisions paradigm we choose the action with the highest

21



22 VULNERABILITY, UNCERTAINTY, AND RISK

value of the expected utility, where expectation is calculated with respect to the
probability distribution defined on U.

When a decision maker has an opportunity to observe a random variable (or a
random vector) X that is related to the state 6, such an observation provides him with
additional information which may be helpful in making proper decisions. In such a
case the decision problem is called the statistical decision problem. Comprehensive
presentation of the Bayesian decision theory is presented in a classical textbook of
Raiffa and Schleifer (1961), and the Bayesian approach to statistical decision
problems may be found in DeGroot (1970) .

In the statistical decision theory we deal with many quantities which may be
vague and imprecise. First, our observation may be imprecise, described in linguistic
terms. In such a case we deal with imprecise (fuzzy) statistical data. Many books and
papers have been written on the statistical analysis of fuzzy data. Classical problems
of statistical decisions with fuzzy data have been discussed, e.g., in the paper of
Grzegorzewski and Hryniewicz (2001). More general approaches, referring to
different concepts of fuzzy randomness, are presented in an overview paper by Gil
and Hryniewicz (2008). First results presenting the Bayesian decision analysis for
imprecise data were given in papers published in the 1980™ and the 1990™ by such
authors like Casals, Delgado, Gil, Hryniewicz, Lopez-Diaz, Taheri and Behboodian,
and Viertl. The references to these early works can be found in Hryniewicz (2002).

The crucial problem of the fuzzy approach to the Bayes statistical decision
analysis is to compare fuzzy risks related to considered decisions. This problem
arises from the fact that fuzzy numbers that describe fuzzy risks are not naturally
ordered. Thus, the decisions depend upon the method used for such an ordering. In
this paper we propose to use the Necessity of Strict Dominance Index (NSD)
introduced by Dubois and Prade (1983). We claim that in specific situations this
approach is preferable to the others.

CALCULATION OF THE BAYES RISKS IN CRISP ENVIRONMENT

In the Bayesian approach to statistical decisions we take into consideration
potential losses and rewards associated with each considered decision. Let 6 € © be
a parameter describing an element of the state space, and § € A be a decision (action)
from a space of possible (admissible) decisions. Usually we define an utility function
u(6, ) which assigns a certain utility u € U to the decision d which describes a
decision maker's level of preference for the decision Jif the true state is described by
6.

Assume now that the decision maker knows the likelihood function L(x|0) =
L(x4,...,%x,|0) that summarizes the observations of a random sample (Xj,...,X,,).
Moreover, we assume that the decision maker has some prior information about
possible values of 6. This information, according to the Bayes decision theory, is
represented by the prior probability distribution 7(6). This information is merged
with the information yielded by the random sample. The updated information about
the true value of the state @ is calculated using the Bayes theorem, and expressed in
the form of the posterior probability distribution
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L(x|0)m(6) gn(61%)
901 = Iy Lalo)an(@)  n@ M
where x = (x4,...,%,), and g,(08]x) is the non-normalised posterior distribution.
Further analysis is performed in exactly the same way with the posterior probability
distribution g(0]x) replacing the prior probability distribution 7 (8).
Let 6(x) = 8(x4,...,x,) be a decision function which is used for choosing

an appropriate decision for given sample values (xy,...,%,). The risk function,
interpreted as an expected loss incurred by the decision 9, is calculated as
p(8) = f@ fX u(6,80xy,..., %)) f (x, ..., %, |0)(0)dxd )

Let A be the space of possible decision functions. Function §* that fulfils the
following condition

p(8*) = infsep p(6) &)
we call the Bayes decision function, and the corresponding risk p(6*) we call the
Bayes risk. Statistical decisions with the risk equal to the Bayes risk are called
optimal. In this paper we present a particular problem of the Bayes decisions, namely
to the Bayes test of statistical hypothesis H, : 6 € O, against the alternative
hypothesis H; : 8 € 01, where O, and 0, are the subsets of the state space © such
that ®, N ©; = @. Moreover, we show how this general approach can be used for
solving a particular problem of Bayes decisions - estimation of the parameter of the
Weibull distribution.

Let us define two functions:

H@ ={y geg mi mO={} gE° )
Now, let us define utility functions:

u(8,a0) = a(8)[1 — Hy(6)] %)
that describes the utility related to the acceptance of Hy , and

L(8,a,) = b(6)[1 — H,(6)] (6)

that describes the utility related to the acceptance of H,. Functions a(6) and b(8) are
two arbitrary nonnegative functions. In such a case we may consider only two risks:
the risk of accepting H; when H, is true given by

Ry = [o, u(6,a:)g(0]x)d0 (N
and the risk of accepting Hy when H, is true given by
Ro = [, (6, 20)g(61x)d0 (®)

In the following section we present methods for the computation of such a
risk in different cases representing situations when different parts of the decision
model are described in an imprecise way.

BAYES RISKS FOR FUZZY STATISTICAL DATA AND FUZZY PRIOR
INFORMATION

Let us consider situation when available statistical data are vague and are described
by fuzzy random variables. The notion of a fuzzy random variable has been defined
by many authors in a different way. One of these definitions, attributed to
Kwakernaak and — independently — to Kruse (see, e.g. Kruse and Meyer (1986) for
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more information), considers the fuzzy random variable X asa fuzzy (vague)
perception of an unknown ordinary random variable X : £2 — R, called an original
of X.In the presence of fuzzy statistical data the posterior distribution of the state

variable @ can be obtained by the application of Zadeh's extension principle to (1).

Let X =(~i?’L,)~cif’{]),i=1,...,n be the o-cuts of the fuzzy observations %,...,%,.

Following Friihwirth-Schnatter (1993) let’s denote by C(X),, the a-cut of the fuzzy

o
sample which is equal to the Cartesian product of the a-cuts %%,..., % . Frithwirth-
Schnatter (1993) also proposed a generalization of the fuzzy risk model by allowing
fuzziness in the description of the prior information. In such case the probability
density function 7(6,n) that describes the prior knowledge about the values of the
state variable 8 may be described as the function of fuzzy parameters i denoted by
7(6,%). Let us denote o-cut of the fuzzy vector 3 by C(n)a. Thus, the o-contours

of the fuzzy posterior probability density are now given by (see Frithwirth-Schnatter
(1993))

J&|0)z(6.m)

L 9)= 1
g“( ) x,nEC‘%li,EC(ﬁ)a Vl(ey Tl) (9)
&)= g SO0 "

x,l]ec(i)axC(ﬁ)a n(ﬁ,q)
where n(@,n) is a normalizing constant. Having these o-contours we can use the
general methodology for integrating fuzzy functions presented in Dubois and Prade
(1980) and compute the membership functions of fuzzy risks ﬁo and ﬁl. Let us

denote by C(IN?h )a = (ﬁha'L,ﬁha'L) the o-cuts of the fuzzy risks ﬁh,h =0,1. The lower
and upper bounds of these a-cuts are now calculated from the following formulae:
R = [1(0,,)¢L(6)d6, 1 =0,

i (11)
RV = [L(6,a))gs, (0)d6, h=0.1
O (12)

The knowledge of these o-cuts is thus equivalent to the knowledge of the
membership functions of fuzzy risks ﬁo and ﬁl , respectively. Further generalization
may be achieved by assuming a vague character of utilities (losses). The procedure
for finding the o-cuts of R, and IN{I is similar, and described in Hryniewicz (2002).

BAYES RISKS IN CASE OF FUZZY STATISTICAL HYPOTHESES

In this subsection we present a method proposed in Hryniewicz (2002) for the
computation of fuzzy risks related to the test of the fuzzy hypothesis H o against a

fuzzy alternative fll. First, let us suppose that all remaining information (i.e.
statistical data, prior information, and loss functions) are crisp.
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Let H):0€6,,h=01 be considered fuzzy statistical hypotheses, where
©,,h =0, are the fuzzy sets described by their membership functions Ho, (). To

simplify the problem let us assume that each fuzzy set @h may be presented in a

form of a fuzzy interval (@L,h,éU,h), where fuzzy sets @L‘h and @U,h have the o-
cuts (@Lahl@g;f/) and (@gi@gi’) such that @z’,{ < @l%, , and @f’j’ < 03:2’.
Denote the membership functions of éL,h and @U,h as 4y, and Hy,,
respectively. Using the notation of Dubois and Prade (1980) we may write the
membership functions of the fuzzy risks R nh=0]1 as
ﬂﬁh (t): sup min[luL,h(y)sluU,h(Z)J' (13)
y,z:t:J:lu(H,afh )g(a\x)dﬁ
Finally, let us consider the most general case when we deal with fuzzy statistical
data, fuzzy prior information, fuzzy loss function, and fuzzy statistical hypotheses. In
this case the fuzzy risks R »h=0]1 are given as integrals over fuzzy sets from fuzzy
functions, i.e.
R, = [ii(6,a,)2(0%)d6 . (14)
®,
Such a fuzzy integral is practically impossible to calculate. However, Hryniewicz
(2002) proposed its reasonable approximation form above using the following
formulae
i
R = [15(6,a,)25(01x)d0, (15)
%
Ei
RV = [15(0.a;)2 (016 . (16)
oL
When only two hypotheses are considered we have to deal with a relatively
simple problem of comparing two fuzzy numbers R, and R;. For doing such
comparison Hryniewicz (2002) proposed to use a possibilistic approach introduced
by Dubois and Prade (1983). To compare these fuzzy risks he proposed to use the
concept of the Necessity of Strict Dominance Index (NSD) and Possibility of
Dominance Index (PD). The PD index is defined for two fuzzy sets A and B as
PD = Poss(A » B) = supyy.czy min{uz(x), uz )}, 7)
where pz(x) and pz(y) are the membership functions of A4 and B, respectively. PD
is the measure for possibility that the set A is not dominated by the set B. The NSD
index is defined as
NSD = Ness(A > B) = 1 — supmin{uz(x), uz(»)}. (18)
X,y: X<y
NSD represents necessity that the set A dominates the set B. If NSD>0 there exists a
strong indication of the acceptance of one hypothesis (say A ) over another one (say
B.
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In the next section we show a simple example of this methodology for the
case of the lifetime data described by the Weibull distribution.

TESTING HYPOTHESES FOR THE WEIBULL DISTRIBUTION USING
IMPRECISE INFORMATION

Let X be the random variable describing lifetime data. The Weibull distribution,
defined by the probability density function (pdf)

st 1
f(x|%5)—m,x>0,5>0,]/>0 (19)

is frequently used for modeling such data. The parameter s determines the shape of
the pdf function, and the parameter y determines the spread of variability of X.
Because of its great applicability in the analysis of reliability (or survival, in a more
general setting) classical (non-Bayesian) methods of statistical analysis for the
Weibull distribution have been developed by many authors. For more detailed
information the reader can be directed to many textbooks, such as e.g. the book by
Lawless (1982). The number of papers devoted to the problem of the Bayesian
analysis of the lifetime data described by the Weibull distribution is not so high
because of difficulties with finding analytical solutions. Comprehensive bibliography
of the problem together can be found in the recent paper by Fernandez (2009). The
reason of these problems stems from the fact that the bivariate conjugate prior
distribution for both parameters of the Weibull distribution does not exist. Therefore,
indirect methods, such as the method proposed by Kaminskiy and Krivtsov (2005),
have to be used.

The problem of the statistical analysis of data described by the Weibull
distribution becomes much easier if the value of the shape parameter is s known. In
such case the random variable Y = X¥ is distributed exponentially with the scale
parameter equal to y Statistical analysis of lifetime data described by the exponential
distribution is well developed, both in classical (non-Bayesian) and Bayesian sense.
For example, in the case of Bayesian approach there exists the conjugate prior
probability distribution for the scale parameter y This is the inverted gamma
distribution defined by the following pdf function

b -aly

g()’)=%,y>0,a>0,b>0 (20)
Note, that the prior distribution for the inverse of the scale distribution A = 1/y is
the well known gamma distribution. Moreover, in case of the exponential distribution
there exists sufficient statistic that summarizes available statistical data. For example
in case of type-II censoring this statistic is given by (w(y),r), where w(y) =
Yim1Yo + (M =1y, and yay < Yy < - < Y. The posterior distribution of
yis also the inverted gamma distribution with parameters a’ = a + w(y) and
b"=b+r

Now let’s consider the case that we have only partial knowledge about the
value of the shape parameter 5. Formal description of partial knowledge is still the
subject of controversies. Some researchers claim that classical probabilities are
sufficient in this case. However, many other researchers present counterexamples
showing that some other methods, like imprecise probabilities, Dempster-Shafer
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belief functions, p-boxes, possibility distributions etc., should be used in order to
capture the essence of partial knowledge. In this paper we assume that our
knowledge about the value of s is described by a possibility distribution, which from
a formal point of view is equivalent to the membership function u(s) of a fuzzy
number §. Thus, we assume that we analyze a fuzzy random variable defined as

Y =x°%, 21
and the sample information is presented as the fuzzy number
W) =Yz Vo + (0 =1 (22)

Therefore, all results of statistical analyses, either Bayesian or non-Bayesian, will be
presented using terms related to fuzzy sets.

Let us consider the problem of the Bayesian estimation of the parameter yin
case of type-II censored lifetime data. As natural Bayesian estimators can be
considered such statistics like the mode of the posterior distribution or its median. In
case of the known s it can be done by solving nonlinear equations (see Fernandez
(2009)). However, when we have fuzzy data in the form of W(y) this task is rather
difficult to do. Much simpler result can be obtained when we use a decision-theoretic
approach. When the losses due to erroneous estimation are proportional to (yg — ¥)?
then the optimal estimator that minimizes the Bayesian risk is equal to the expected
value in the posterior distribution, and in the case of fuzzy data is given by a very

simple formula
~ _ atw(y)

Ve = (23)
The membership function of ¥ is similar to the membership function of W(y),
except for a linear transformation of the x-axis.

Acquisition of the parameters of the prior distribution is the most important
practical problem of the Bayesian approach to statistics. Usually, an expert proposes
his/hers evaluations of the moments of the prior distribution, and these values are set
equal to their theoretical counterparts, forming equations the parameters of the prior
distribution are calculated from. Implementation of this practice in the considered
case is rather questionable, as the parameter ydoes not have any direct interpretation.
Therefore such equations should be constructed using information that is directly
related to observed lifetimes or other reliability indices.

Let 4, be the value of the reliability function at time 7. Fernandez (2009)
shows that the expected value of the prior distribution of this index is given by
E = E[h,] = sbt5"1/a, and its variance is given by V = V[h,] = s2bt?57%/a2.
These two equations can be used for the calculation of a and b. However, in the
considered case of the fuzzy information about the value of s these equations have
fuzzy solutions.

Yy .

i=(o55) " ad b= (24)
Let (sf s{) be the o-cut of the fuzzy variable § that represents imprecise
information about the value of the shape parameter s. The o-cut of the Bayesian
estimator of the parameter ¥ can be calculated as follows

1
(gaimn) "+t ey

a
YL = lnfse(sf,sﬁ) E
o1

+7r+1
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1
2
. (gsz=s) + Ty + (=
Ysu = Sup_ E
se(sfsg) Sl’s—_l +r+1
In a similar, but more complicated, way one can calculated fuzzy risks related to
statistical hypotheses about yand its different functions such as reliability function or
hazard rate.
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ABSTRACT

Two broadly different approaches have been proposed for handling data that
contain non-negligible interval uncertainty from censoring, plus-minus digital
readouts, and other sources of measurement imprecision or incertitude. Modeling
interval data with uniform distributions over their ranges allows relatively
straightforward calculation of sample statistics, but does not guarantee these estimates
will approach the parameters of the actual distribution, even for asymptotically many
random samples. In contrast, modeling interval data as bounds on possible values
yields corresponding bounds on sample statistics that are easier to interpret although
often more difficult to calculate. We illustrate the approaches in estimating
descriptive statistics, empirical distribution functions, and best-fit distributions.
Statistical inference under the bounding approach generally yields a class of decisions
under the theory of imprecise probabilities. In contrast, the uniforms approach will
yield a unique decision (up to indifference), although this decision cannot be said to
be implied by the data alone because it depends on ancillary assumptions that may not
be tenable.

INTRODUCTION

Epistemic uncertainty in sample data that has the form of intervals about
imprecisely measured values can arise from many sources, including intermittent
observations or coarse measurements, the plus-minus intervals implied by digital
readouts, non-detects and data censoring of various kinds, missing values, post-hoc
data blurring for privacy or security reasons, and data binning to condense data when
capacity for information storage or transmission bandwidth is limited.

This kind of uncertainty is often neglected in statistical analyses, which is
probably reasonable when variance among the samples is relatively large compared to
the imprecision of the individual measurements. It is perhaps also reasonable when
the uncertainty due to measurement imprecision is swamped by other sources of
uncertainty such as sampling uncertainty because of small sample sizes. However,
there can be cases in which measurement incertitude should not be neglected. There is
a large statistical literature on handling data with interval uncertainty, which are
sometimes called “censored” data (Helsel 1990; 2005; Meeker and Escobar 1995).
There is also a growing literature on “symbolic” data (Bertrand and Groupil 2000;
Bock and Diday 2000), of which interval data are a special case. In this literature,
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different values within each data interval are presumed to be equally likely and
therefore modeled as uniform distributions, in an extension of Laplace’s principle of
insufficient reason. We consider all of these approaches to be with the current
tradition of statistical analysis.

An alternative approach, outside of the current tradition, arises from the
theory of imprecise probabilities (Walley 1991). This approach models each interval
as a set of possible values rather than a probability distribution of any shape (Manski
2003; Ferson et al. 2007). As a result it creates imprecisely specified probability
distributions, which can be characterized by p-boxes (Ferson et al. 2003) which are
interval-like bounds about a cumulative distribution function. A p-box may be
identified with a set or class of probability distributions in the same way that an
interval can be identified with a set of real numbers. We call this approach to
handling incertitude in data the interval statistics approach.

DESCRIPTIVE STATISTICS FOR INTERVAL DATA

The differences between the two approaches can be illustrated by considering
the following two measured data sets consisting of intervals:

Skinny Pufty
[3.99, 4.99] [5.5,8.4]
[8.11, 8.41] [3.8,5.7]
[1.34,1.49] [1.2,3.5]
[6.85,7.47] [0.0, 3.5]
[5.02, 5.57] [4.5,10.7]
[0.55, 1.47] [0.0,3.1]
[2.0,5.6]
[4.4,4.8]
[7.9,8.7]

The data set Skinny has 6 interval values, but they are fairly narrow, representing
good measurement precision. The data set Pufty has fifty percent larger sample size
of 9 interval values, but they are generally wider, representing poorer precision.
Skinny and Puffy are graphically displayed in Figure 1, in which the vertical
displacements are for the ease of visualization and don’t mean anything. In this and
other figures in this paper, Skinny is depicted in the left graph, and Puffy on the right
graph.

The interval statistics approach to characterizing data sets consisting of
intervals assumes that the measurands’ true values are somewhere in the reported
intervals (Manski 2003; Ferson et al. 2007). This approach can bound the empirical
distribution functions for the two data sets with the p-boxes depicted in Figure 2,
which were computed by cumulating the left and right endpoints of the intervals in
the respective data sets. These p-boxes clearly enclose the actual empirical
distribution functions wherever the actual values are within the intervals. They
capture both the variability of the sample data as well as their imprecision.
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Figure 1. Skinny data set (left) and Puffy data set (right).

The interval statistics approach can also bound the moments for the data sets.
For example, the mean of Skinny is the interval [4.31, 4.90]. The left endpoint of this
interval is the mean of the left endpoints of the underlying 6 intervals, and the right
endpoint is similarly the mean of the right endpoints. The mean of Puffy is the less
precise interval [3.25, 6.00]. The range of possible sample variances for Skinny is
[7.40, 10.22]. The configuration of values inside each of the six intervals of Skinny
that leads to the smallest possible variance is {4.586, 8.11, 1.49, 6.85, 5.02, 1.47}.
The configuration that leads to the largest possible variance is {3.99, 8.41, 1.34, 7.47,
5.57,0.55}. The range of possible sample variances for Puffy is [2.04, 16.29], which
is many times wider than that for Skinny. Ferson et al. (2008) reviewed algorithms to
compute a variety of univariate descriptive and inferential statistics for interval data
sets. Several of these statistics can be computationally challenging for large data sets,
although efficient algorithms are known for several special cases depending on the
nature of the interval data.

Cumulative probability
0

Figure 2. Bounds on empirical distribution functions for the two datasets.
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Several analysts have suggested an alternative treatment for interval data
based on modeling each interval as a uniform distribution (e.g., Bertrand and Groupil
2000; Billard and Diday 2000; Billard and Diday n.d.; Bock and Diday 2000; cf.
Gioia and Lauro 2005). Bertrand and Groupil (2000) call this the “equidistribution
hypothesis” and it represents the idea that each possible value in an interval is equally
likely. Billard and Diday (n.d.) survey some of the descriptive statistics that can be
computed from interval data under this model.

An empirical distribution under the equidistribution hypothesis would be
formed as an equal-weight mixture of the uniform distributions representing the
respective intervals. Figure 3 displays such empirical distributions for Skinny and
Pufty, which are superimposed over the p-boxes (gray) from using the interval
statistics approach previously depicted in Figure 2. As can be seen in the graphs, this
approach is a way to split the difference, as it were, in estimating the empirical
distribution. They capture the variability of the sample data, but seem to understate
their imprecision, at least as compared to the p-box summaries. Because this approach
yields ordinary, precise distributions, their summary statistics are fairly easy to
compute.

For instance, under the equidistribution hypothesis of interval uncertainty, the
estimated means are 4.605 for Skinny and 4.63 for Puffy. These means are simply the
averages of the midpoints of the respective intervals. The corresponding estimates of
variances are 7.283 for Skinny and 6.55 for Puffy, which are the variances of the
distributions formed from mixtures of uniform distributions having the same supports
as the respective intervals. Note that these moment estimates are very similar between
the two data sets, despite the considerable disparity between the data sets.
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Figure 3. Distribution functions under the ‘uniforms’ model.

FITTING DISTRIBUTIONS WITH SHAPE ASSUMPTIONS TO DATA

An empirical distribution summarizes the data themselves and makes no
assumption about the distribution shape or family. In many problems, however,
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analysts desire to make such distributional assumptions. The interval statistics
approach to fitting distributions to data via the maximum likelihood criterion creates a
class of maximum likelihood solutions. Every one of these solves a maximum
likelihood problem for some configuration of possible measurement values within the
respective intervals.

As an example, consider fitting exponential distributions to the two data sets.
The likelihood function for an interval datum x = [x, X ] is L(A) = f{x; A) where /'
denotes the probability density function, which is Lexp(—Ax) for an exponential
distribution with mean 1/A. Assuming samples are independent, these likelihoods for
each datum are multiplied to get the likelihoods for the overall data set. The set of
parameter values A that maximize any of these likelihood functions form an interval,
so the result is a p-box or class of exponential distributions, each of which are best-fit
to some possible configuration of measurement values. Figure 4 shows exponential p-
boxes fitted to the data via maximum likelihood, superimposed over the respective
bounds on the empirical distribution functions.
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Figure 4. P-boxes fitted by maximum likelihood.

In contrast, the traditional approach (Meeker and Escobar 1995) to fitting
distributions by maximum likelihood to data sets with interval censoring computes
the likelihood for an interval datum x = [x, X ] as

L(A)=Pr(x<X<X)

=Pr(x <X)-Pr(x<X)

=F(x;0)-Flx b
where F denotes the cumulative distribution function, which is F(x; ) = 1— exp(—Ax)
for an exponential distribution with mean 1/A. Assuming samples are independent,
these likelihoods for each datum are multiplied to get the likelihood for the overall
data set. The best fitting parameter A is found by maximizing this function for A.
Figure 5 shows exponential distributions fitted in this traditional way, superimposed
on the p-boxes (gray) previously depicted in Figure 4.

Are the results from the traditional method reasonable? It picks a single
precise exponential to fit interval data, no matter how wide those intervals might be.



34 VULNERABILITY, UNCERTAINTY, AND RISK

This seems counterintuitive. In this example, as was true for the moments computed
under the equidistribution hypothesis, the best-fit distributions for the two data sets
are very similar. In fact, if they were superimposed on a single graph, it would be
almost impossible to distinguish them visually. This is decidedly different from the
best-fit p-boxes in Figure 4 whose differences embody the disparity between the two
data sets. There is no guarantee that an answer computed by the traditional method
approaches the true distribution even if asymptotically many data are collected. Such
convergence depends on other implicit assumptions. For instance, it depends on the
measurement errors being independent among samples (which is different from the
assumption that samples are independent of each of other).
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Figure S. Precise distributions fitted by traditional maximum likelihood.

One might look to confidence procedures to express the uncertainty about the
best-fit distribution, but it turns out that confidence procedures cannot recapture the
imprecision once it has been lost by the traditional method. Confidence or credibility
intervals around A can be directly translated to confidence or credibility bands around
the exponential distribution. Confidence bands computed with the traditional method
are actually substantially smaller for Pufty than they are for Skinny. Of course, this
outcome is due to the fact that the confidence procedure is sensitive to sampling
uncertainty and neglects the imprecision of the individual measurements. It turns out
that analogous confidence bands computed about the best-fit p-boxes happen to be
fairly similar between the two data sets, which implies that, in this numerical
example, the imprecision in Pufty has roughly the same effect on overall uncertainty
as the smaller sample size in Skinny.

CONCLUSIONS

Data sets whose values contain interval uncertainty arise from various kinds
of censoring, intermittent measurements, missing data, plus-or-minus digital readouts,
data binning, and intentional data blurring for privacy and security reasons. Two
broadly different approaches to such data have been proposed for situations in which
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the uncertainty about the values cannot reasonably be neglected. The differences
between the two approaches have been illustrated in the paper with numerical
examples including the calculation of descriptive statistics, empirical distribution
functions, and distributions with known shape fitted by maximum likelihood.

The first approach, which can trace its roots to Laplace’s principle of
insufficient reason, models the interval uncertainty of each datum with a uniform
distribution over its range. It allows relatively straightforward calculation of sample
statistics. However, it does not necessarily have good statistical properties. In
particular, it cannot guarantee that estimates computed from such models will
approach the parameters of the actual distribution from which the data were drawn
even when there are asymptotically many random samples. This is related to the fact
that the resulting single distribution conflates the imprecision and variability of
sample data.

The second approach is completely different from the first and models the
interval uncertainty of each datum solely in terms of the bounds on the possible value,
which corresponds not to any single distribution but rather to a class of distributions
all having support over the interval’s range. This approach is motivated under the
theory of imprecise probabilities (Walley 1991) so it has a much more recent heritage.
Although calculation of even basic descriptive sample statistics such as the variance
is generally computationally difficult under this approach, it nevertheless has several
interpretational advantages. Its results are expressed as intervals or p-boxes (bounds
on cumulative distributions) that manifest measurement incertitude as well as
sampling uncertainty in ways that point estimates and precise distributions, or even
confidence limits thereon, cannot.

Under the interval statistics approach, calculations usually result in a class of
values or distributions, and, likewise, statistical inference under this approach
generally yields a class of decisions. In contrast, the traditional approaches will yield
a unique decision (up to indifference), although this decision cannot be said to be
implied by the data alone because it depends on ancillary assumptions that may not be
tenable for the analyst. However, if those assumptions such as the equidistribution
hypothesis or ancillary independence assumptions in censoring are correct, then the
traditional approach can be much more powerful and determinative than the interval
statistics approach. The choice between the two approaches will perhaps always be a
modeling decision beyond empirical justification because the data that would
distinguish between the two approaches is exactly the data that is absent (Manski
2003).
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ABSTRACT

Recently we proposed a new form of imprecise probability based on the
generalized interval, where the probabilistic calculus structure resembles the
traditional one in the precise probability because of the Kaucher arithmetic. In this
paper, we study the independence properties of the generalized interval probability. It
resembles the stochastic independence with proper and improper intervals and
supports logic interpretation. The graphoid properties of the independence are
investigated.

INTRODUCTION

Probability theory provides the common ground to quantify uncertainty.
However, it has limitations in representing epistemic uncertainty that is due to lack of
knowledge. It does not differentiate the total ignorance from other probability
distributions, which leads to the Bertrand-style paradoxes such as the Van Fraassen's
cube factory (van Fraassen 1989). Probability theory with precise measure also has
limitation in capturing indeterminacy and inconsistency. When beliefs from different
people are inconsistent, a range of opinions or estimations cannot be represented
adequately without assuming some consensus of precise values on the distribution of
opinions. Therefore imprecise probabilities have been proposed to quantify aleatory
and epistemic uncertainty simultaneously. Instead of a precise value of the probability
P(E)=p associated with an event E, a pair of lower and upper probabilities

P(E)=[p,p] are used to include a set of probabilities and quantify epistemic
uncertainty. The range of the interval [p,p] captures the epistemic uncertainty
component and indeterminacy. P =[0,1] accurately represents the total ignorance.
When p =7, the degenerated interval probability becomes a precise one. In a general

sense, imprecise probability is a generalization of precise probability.

Many representations of imprecise probabilities have been developed. For
example, the Dempster-Shafer evidence theory (Dempster 1967; Shafer 1990)
characterizes evidence with discrete probability masses associated with a power set
of values, where Belief-Plausibility pairs are used to measure uncertainties. The
behavioral imprecise probability theory (Walley 1991) models uncertainties with the
lower prevision (supremum acceptable buying price) and the upper prevision
(infimum acceptable selling price) following the notations of de Finetti's subjective
probability theory. The possibility theory (Dubois and Prade 1988) represents

37
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uncertainties with Necessity-Possibility pairs. Probability bound analysis (Ferson et
al. 2003) captures uncertain information with pairs of lower and upper distribution
functions. F-probability (Weichselberger 2000) represents interval probability as a set
of probabilities which maintain the Kolmogorov properties. A random set
(Malchanov 2005) is a multi-valued mapping from the probability space to the value
space. Fuzzy probability (Moller and Beer 2004) considers probability distributions
with fuzzy parameters. A cloud (Neumaier 2004) is a combination of fuzzy sets,
intervals, and probability distributions.

Recently we proposed a new form of imprecise probability based on the
generalized interval (Wang 2008; 2010), where the probabilistic calculus structure is
simplified based on the Kaucher arithmetic (Kaucher 1980). The generalized interval
is an extension of the classical set-based interval with enhanced algebraic and
semantic properties. Proper and improper interval probabilities are used. In this
paper, we study the independence properties of the generalized interval probability.

The concept of independence is essential for the probability theory to decompose
a complex problem into simpler and manageable components. Similarly, it is
fundamental for imprecise probability theories. Various definitions of independence
have been developed, such as epistemic irrelevance and independence (Walley 1991),
conformational irrelevance (Levi 1980), mutual independence (Weichselberger
2000), and interval independence (Kuznetsov 1995).

In the remainder of the paper, we first give a brief review of generalized interval.
Then the generalized interval probability is introduced. The conditional probability
and independence in the generalized interval probability are defined and discussed.

GENERALIZED INTERVAL

In the interval arithmetic, it is guaranteed that the output intervals calculated from
the arithmetic include all possible combinations of real values within the respective
input intervals. That is, if [z,z] and [y,3] are two real intervals (i.e., z,7,y,5 € R) and

let oe{+—x/}, then we have Vzelz,7],Vyelyy],3z<elz]o[yyl,z0y=2. For
example, [1,3]+[2,4]=[3,7] guarantees that Vze[,3],Vye(24],32€[3,7),z+y=2.
Similarly, [3,7]-[1,3]=[0,6] guarantees that vz € [3,7],Vy €[1,3],32 € [0,6],z —y = z. This
is an important property that ensures the completeness of range estimations. When
input variables are not independent, the output results will over-estimate the actual
ranges. This only affects the soundness of estimations, not completeness. Some
special techniques also have been developed to avoid over-estimations based on
monotonicity properties of functions.

Generalized interval (Gardefies et al. 2001; Dimitrova et al. 1994) is an extension
of the set-based classical interval (Moore 1966) with better algebraic and semantic
properties based on the Kaucher arithmetic (Kaucher 1980). A generalized interval
x = [z2,7] (z,7 € R) is not constrained by z <7z any more. Therefore, [4,2] is also a

valid interval and called improper, while the traditional interval is called proper.
Based on the Theorems of Interpretability (Gardeifies et al. 2001), generalized interval
provides more semantic power to help verify completeness and soundness of range
estimations by logic interpretations.
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The four examples in Table 1 illustrate the interpretations for operator “+”, where
the range estimation [z,%]=[4,7] in the 1% row is complete and the estimation

[2,2] =[7,4] in the 4% row is sound. —x,/ have the similar semantic properties.

Table 1. Illustrations of the semantic extension of generalized interval.

Algebraic Relation: | Corresponding Logic Interpretation Quantifier |[Range

[L ﬂ + [% g] - [ég] of [g, ;] Estiinalion of
[2.2]

(2,3]+[2,4] = [4,7] (Vz e[2,3])(Vy e[2,4])(3z € [ Nz +y=2) 3 [4,7] complete

[2,3]1+14,2]=16,5]  |(Vz e[2,3])(Vz e[5,6])(Ty € [2.4])(z +y = 2) v [5.6] sound

[3,2]+[2,4]=[5,6] (Vy e[2,4])(3z €[2,3])(3z € [5,6])(z +y = 2) 3 [5.6] complete

[3,2]+14,2]=17,4] (Vze[4,7)(3ze[2,3])(Ty [2 d))(z+y = z) v [4.7] sound

Compared to the semi-group formed by the classical set-based intervals,
generalized intervals form a group. Therefore, arithmetic operations of generalized
intervals are simpler. The set of generalized intervals is denoted by
KR = {[z,7]| 2,7 « R}. The set of proper intervals is IR = {[z,7]|z <7}, and the set of
improper interval is IR = {[z,7]| z > 7} . The relationship between proper and improper
intervals is established with the operator dual as dual|z,7 | =7,z .

The less than or equal to partial order relationship between two generalized
intervals is defined as
[27]<[y7] e zsyn

The inclusion relationship is defined as
[2.7]c[p7]ey<anT<y 2)
With the Kaucher arithmetic, generalized intervals form a lattice structure similar
to real arithmetic, which is not available in the classical interval arithmetic. This
property significantly simplifies the computational requirement. For instance, in
classical interval arithmetic, [0.2,0.3]+[0.2,0.4] =[0.4,0.7]. However,
[0.4,0.7]-[0.2,0.3] = [0.1,0.5] = [0.2,0.4] . Furthermore, [0.1,0.2] ~[0.1,0.2] = [-0.1,0.1] = 0. In
the Kaucher arithmetic, if a dual is associated with “-”, then
[0.4,0.7] - dual[0.2,0.3] = [0.4,0.7] - [0.3,0.2] = [0.2,0.4] . [0.1,0.2] - dual[0.1,0.2] =0. “x” and

.

<y (1

3*? |

are similar.

GENERALIZED INTERVAL PROBABILITY

Definition 1. Given a sample space Q and a c-algebra A of random events over Q,
the generalized interval probability p € KR is defined as p:.4 —[0,1]x[0,1] which

obeys the axioms of Kolmogorov: (1) p(Q)=[L1]; (2) [0,0]<p(E)<[L1](VE e A);

and (3) for any countable mutually disjoint events E nE, =@ (i#j),

p(U.,E)=2" p(E). Here “<” is defined as in Eq.(1).

Definition 2 (union). p(A) = ZSQ(—dual)“ﬂ"s‘p(S) for AcQ.
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Definition 3 (logic coherence constraint). For a mutually disjoint event partition

ULE =9, X p(E)=1.

The logic coherent constraint ensures that the imprecise probabilities are logically
coherent with precise probabilities. For instance, given that p(down)= [042,0.3] ,

p(idle) = [0.3,0.5] , p(busy) = [0.5,0.2] for a system’s working status, we can interpret it
as (Vp, €[0.2,0.3))(vp, €(0.3,0.5])(3p, €(0.2,0.5])(p, + p, + p, = 1).

With semantics, we differentiate non-focal events (“busy” in this example) from
focal events (“down”, “idle”). An event E is focal if the associated semantics for
p(E) is universal. Otherwise, it is a non-focal if the semantics is existential. While

the uncertainties associated with focal events are critical to the analyst, those
associated non-focal events are not.

CONDITIONAL PROBABILITY AND CONDITIONAL INDEPENDENCE

The concepts of conditional probability and independence are essential for the
classical probability theory. With them, we can decompose a complex problem into
simpler and manageable components. Similarly, they are critical for imprecise
probabilities. However, there is no agreement on how to define them yet.

Different from all other forms of imprecise probabilities, which are based on
convex probability sets, our conditional probability is defined directly from the
marginal ones.

Definition 4  (conditional ~ probability). p(E|C)=p(ENC)/dualp(C)
~[p(EnC)/p(C).5(EnC)/F(C)] forall E,CeA and p(C)>0.

Thanks to the algebraic properties of generalized intervals, this definition can
greatly simplify computation in applications. In traditional imprecise probabilities,
linear and nonlinear programming procedures are heavily dependent upon to compute
convex hulls of probability sets. In our definition, only algebraic computation is
necessary.

Definition 5. For 4,B,C € A, A is said to be conditionally independent with B on C
ifand only if p(AnB|C)=p(4|C)p(B|C).

Definition 6. For 4, Be A, 4 is said to be independent with B if and only if
p(Ar\B) = p(A)p(B).

The independence in Definition 5 is a special case of conditional independence in
Definition 4, where C is the complete sample space Q. In addition to computational
simplification, our approach also allows for logic interpretation of conditional
independence in Definition 4 is interpreted as
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(V;r)1 € p'(A | C))(sz € p'(B | C))(Hp3 € p'(Ar\ B| C))(p1p2 = ps)
This is useful to verify the completeness and soundness of interval bound
estimations. The conditional independence in Definition 4 also has a second form, as
shown in Theorem 3.1.

Theorem  3.1. For ABCeA, p(AnB|C)=p(A|C)p(B|C) =N
p(4|BnC)=p(4]C).

Proof. p(AnB|C)=p(4|C)p(B|C) o
p(AnBNC)/dualp(C)=p(4]C)-p(BNC)/dualp(C) o
P(ANBNC)/dualp(BNC)=p(4|C) & p(A|BAC)=p(4]|C). O

Corollary 3.2 For A B,C,De A and AnD =, the conditional independence
between A and B given C' and between A and D given C infers the independence
between AU D and B given C'.

Proof. p(AuD|BAC)=p((AuD)nBAC)/dualp(BnC)
:[p(Ar\Br\C)-%—p(DmBmC)]/dualp(BmC)
=p(AnBNC)/dualp(BAC)+p(DnBAC)/dualp(BNC)
=p(A4|BnC)+p(D|BnC)=p(A|C)+p(D|C)=p(AuD]|C) O

The most intuitive meaning of “independence” is that an independence
relationship satisfies several graphoid properties. With X,Y,Z W as sets of disjoint

random variables and “ L denoting independence, the axioms of graphoid are
(Al) Symmetry: X LY |Z=Y L X|Z

(A2) Decomposition: X L (W,Y)|Z= X LY |Z

(A3) Weak union: X L (W,Y)|Z= X LW |(V,2)

(A4) Contraction: (X LY | Z)A(X LW |(V,2))= X L(W,Y)|Z
(AS5) Intersection: (X LW [(V,2)) (X LY [(W,2))= X L(W,Y)|Z

The stochastic independence in precise probability is semi-graphoid satisfying
symmetry, decomposition, weak union and contraction. When the probability
distributions are strictly positive, intersection is also satisfied. Then, it becomes
graphoid. Here, we show that conditional independence in generalized interval
probability has these graphoid properties.

Corollary 3.3 (Symmetry) For random variables X,Y,Z, X LY |Z=Y L X |Z.

Proof. X1Y|Z = p(X:mr\Y:y\Z:z):p(X:;U|Z:z)p(Y:y|Z:z) for any
values of =9,z = p(Y:me:z\Z:z):p(Y=y|Z:z)p(X=z\Z=z) =
Y1X|Z. o
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Remark. If knowing Y does not tell us more about X, then similarly knowing X does
not tell us more about Y.

Corollary 3.4  (Decomposition) For random  variables XY, ZW,
X1(Wy)|Zz2=X1Y|Z.

Proof. X L(WY)|Z = p(X=snW=wnY=y|Z=2)=p(X=2|Z=2z) for any
values of =z,y,2. Since Y =y is equivalent to (W has all possibl evalues,Y = y) s
p(X:me=y|Z=z)=p(X:me:allvaluesﬁY=Z/\Z=z):p(X:z\Z=z) =

X1Y|Z. a)

Remark. If combined two pieces of information is irrelevant to X, either individual
one is also irrelevant to X.

Corollary 35 (Composition) For  random variables XY, ZW,
(XLY|Z)A(X LW [Z2)= X L(W,Y)|Z.

Proof. Because X1v|z =
p(X:sz:y|Z:z):p(X:zﬁW:allvaluesmY:y\Z:z):p(X:a:\Z:z) and
X1W|Z =

p(X:sz:w|Z:z):p(X:sz:urr‘\Y:allvalues\Z:z):p(X:a;\Z:z),the

combination of the above two gives us
p(X=2nW=wnY=y|Z=2)=p(X=2|%=2z),whichis X L(W,Y)|Z. o
Remark. The combined two pieces of information that are individually irrelevant to
X is also irrelevant to X.

Corollary 3.6 (Contraction) For  random variables XY, Z,W,
(X LY [Z)a(Xx LW [(v.2))= X L(W,Y)|Z.

Proof. X LW|(v,Z) and X LY |Z = p(X\Wm(YmZ)):p(XH’mZ):p(X\Z)
=> X1(wy)|z. o

Remark. If two pieces of information X and Y are irrelevant with prior knowledge of
Z and X is also irrelevant to a third piece of information W after knowing Y, then X is
irrelevant to both W and Y before knowing Y.

Corollary 3.7 (Reduction) For random variables XY, Z,W,
(X LY [Z)a(Xx L(W,Y)|2)= X LW |(V,2).

Proof. X1Y|Z and X1(wy)|z =
p(X|YnZ)=p(X|2)=p(X|(WnY)nZ)=p(X|WA(YnZ)) = X LW[(Y,Z). D

Remark. If two pieces of information X and Y are irrelevant with prior knowledge of
Z and at the same time X is also irrelevant to both W and Y, then X is irrelevant to the



VULNERABILITY, UNCERTAINTY, AND RISK 43

third piece of information W even after knowing Y.

Corollary 3.8 (Weak  union) For random  variables XY, ZW,
X1(wy)|z=x1w|(v,2)

Proof. From the decomposition property in Corollary 3.4, X L(W,Y)[Z= X LY |Z.
Then from the reduction property in Corollary 3.7,
(X LY | 2)A (X L(W,Y)|2)= (x LW |(v,2)). o

Remark. Gaining more information about irrelevant ¥ does not affect the irrelevance
between X and W.

Corollary 3.9 (Redundancy) For random variables For random variables X and Y,
X1Y|X.

Proof. p(Y\XmX):p(Y|X) = YLX|X = XL1Y|X because of symmetry
property in Corollary 3.3. o

Corollary 3.10 (Intersection) For random variables XY, ZW,
(X LW (v.2))a(x LY |(W,2))= X L(W,Y)| 2.

Proof. X LW|[(Y,2) = p(X|WnY=ynZ)=p(X|Y=ynZ) forany y. Therefore,
p(X|WmY:allmluest):p(X\Y:all'ua,luest). That is, p(X\WﬁZ):p(X|Z).
Then X LY [(W.2) = p(X [WAY nZ)=p(X|WnZ)=p(X|Z)= X L(W)Y)|Z O

Remark. If combined information W and Y is relevant to X, then at least either W or
Y is relevant to X after learning the other.

Compared to other definitions of independence in imprecise probabilities, the
independence defined in generalized interval probability has the most of graphoid
properties. Walley’s epistemic irrelevance (Cozman and Walley 2005) does not have
symmetry, whereas the epistemic independence as well as Kuznetsov’s interval
independence (Cozman 2008) do not have the contraction property. Among three
possibilistic conditional independence (de Campos and Huete 1999), the two with not
modifying information comparison operation and with default conditioning are not
symmetric, whereas the one with not gaining information satisfies all.

SUMMARY

In this paper, the conditional independence in a new form of imprecise
probability, generalized interval probability, is defined and studied. The generalized
interval probability is a generalization of traditional precise probability that considers
variability and incertitude simultaneously, in which proper and improper intervals
capture epistemic uncertainty. With an algebraic structure similar to the precise
probability, generalize interval probability has a simpler calculus structure than other
forms of imprecise probabilities. It is shown that the definition of independence in
generalized interval probability has graphoid properties similar to the stochastic
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independence in the precise probability.
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ABSTRACT

Whenever a disaster occurs, it's of utmost importance that the rescue system
recognizes accurately human behavior and evacuation command in the fire and its
black smoke. However, we have infinite pattern for movement instructions by our
personality. On the other hand, the singular spectrum analysis method has proposed
as analytical method for time-series data. In this paper, we propose a method for
acquiring embodied knowledge of human behavior from time-series gesture data
using singular spectrum analysis. A behavior is distinguished in terms of gesture
characteristic with similarity criteria by interval time-series data. We discuss the

usefulness of the proposed method using an example of gesture motion.

I. INTRODUCTION

In order to assure safety and security in the occurrence of a natural disaster or a
large-scale accident, it is important to communicate with each other in the disaster,
and such how to communicate can allow us to detect and avoid more dangers. For the
communication tool, we need a development of monitoring system which records
human behavior in the disaster, and distinguishes the gesture motion and informs
people a safety escape route automatically adding safety intelligence, e.g., disaster
information, criminal information. Especially, it's of utmost importance for evacuees
to recognize commands of inducer accurately to find an escape route under fire and
black smoke in the disaster. However, it is difficult to recognize an evacuation
command from inducer’s infinite gesture motion, and so we need a system which can

recognize human behavior automatically [1].
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In this paper, we aim a development of rescue robot which sense a movement of
evacuation command and acquire embodied knowledge of the movement [2, 3]. A
gesture recognition method [4] is proposed to enable the rescue robot to communicate
with humans. Gesture recognition has been studied extensively and there have been
varied approaches to handle gesture recognition, ranging from mathematical models
based on hidden Markov chains to tools or approaches based on soft computing [5].
We discuss a new gesture recognition method to identify 3-dimensional gesture
motions using singular value decomposition (SVD). Applications which employ the
SVD include computing the pseudoinverse, least squares fitting of data, matrix
approximation, and determining the rank, range and null space of a matrix [6].
Recently, the SVD have been utilized in time-series data analysis for knowledge
discovery [7] and motion analysis to extract similarities and differences in human
behavior [8]. In our proposed model, we measure the similarity criteria between the
gesture of evacuation command and the instruction we learned before using left
singular vectors and singular values decomposition, and distinguish the gestures. We
proposed two kinds of methods, first method to measure the similarity between the
gesture distances and the second method to measure the similarity of the gesture
vector. We discuss the usefulness of the proposed methods using an example of five

kinds of 3-dimensional gesture motions.

II. MESUREMENT OF 3-DIMENSIONAL EVACUATION GESTURE

The motions of the hand gestures are measured with Movetr/3D and GE60/W
(Library, Tokyo, Japan). Subjects are two males, SW and ST, in twenties. Five
markers, M; on the tip of the thumb, A% on the tip of the middle finger, M3 on the tip
of the little finger, M, on the thumb-side of the wrist and M5 on the little finger side of
the wrist, were measured. The gestures were
performed in a 50cmx50cmx50cm cubic space
shown in Figure 1. In the experiment, five kinds ~—
of hand gestures, CH (Come here), GA (Go
away), GR (Go right), GL (Go left), and CD
(Calm down), were performed by subjects. One
gesture was executed 9 times by each subject.

Data of the first 5 times execution were used as

patterns of the gesture. Data of last 4 times were

Figure 1: Experiment

used to be distinguished.
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Figure 2: Gesture of Examples (M2 of SW)

The measurement time-series data of M, when subject SW performed the five
kinds of gestures are shown in Figure 2. A movement change as for GA, CH, and CD
is big in the top and bottom direction (onto z-axis) and in the front and back direction
(onto y-axis), and as for GR and GL, the movement change is big in the right and left

direction (onto x-axis).

III. GESTURE ANALYSIS USING SINGULAR VALUE DECOMPOSITION
Suppose M is an m-by-n matrix. Then there exists a factorization of the form:
M=UXV", where U=(u,, uy, ..., u,), V=, v,, ..., v,,), and the matrix X is
m-by-n diagonal matrix with nonnegative real numbers on the diagonal. The matrix U
contains the left singular vectors of M and the matrix V' contains the right singular
vectors of M. Suppose that there are w measurement points (P;, P, ..., P,,). On point
P;, the measured data series of gesture G is denoted as 7"®  which consists of
3-dimentional data ( X" , Y*° , Z"9 ). We detect the time series
X0 =9, x5, ..., x29)" contains the x coordinate values of the P; point. Then
matrix M3° is defined as a collective of the change of x coordinate values of the
gesture, M.% =(X/9, Xi°, ..., X9).
The matrix M:% can be decomposed into a product of U%%, ¢ and V3°.

The design of matrix M’° is shown in Figure 3. Let us denote the singular values
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and the left singular vectors as ((5]’§,u )(52’f(,u < (5/’§,u v) , for

i,G i,G . . .
(ulj X,uzj xs" s UyystesUy ) in descending order of the singular values. The

parameter / represents the number of representative patterns under consideration, and

the parameter g represents the number of elements of the singular vector. The left
singular vectors, u}, u;, ..., u;§ of M;°, represent the change patterns of the

x coordinate values on this point of the hand gesture. We proposed two kinds of

motion analysis methods for gesture recognition using SVD.

1) Method for Similarity between Gesture Distances
Suppose that the measured data series are divided into 7}, as reference data

series and 7.5, as data series to be recognized. Let us denote the left singular
vectors of 7y%,, related to the x coordinate values of the P; point on the hand

: G _ . iG iG iG
while a hand gesture G as  uy%, =% o Uy ampoe o Uy p) 5 TOT

i,G

e Uy rp> > Uyy p ) » and the left singular vectors of
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to data series of 3-dimentional data (X*¢, Y"%, Z"“)are defined as follows;
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Since there are w measurement points (P, Py, ..., P,,), the estimated gesture G~
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is identified by the following two kinds of estimations;

E: G :{Gf \m‘axZn(Gi’/), for G}, ={G, \mfinn(u;‘;; ,ugHD)}} “
i=1

E: G :{G/ m}“;”i(”;’;[; a”é'uD)} ®
where, Gy is the f‘th gesture among five hand gestures, and n(G;) is a counting
function which is n(G}) =1 if the condition G is satisfied at the P; point.

2) Method for Similarity between Gesture Vectors

If one of the data series X,° in M}° is replaced by another data series

X{,p » the singular values and left singular vectors of M} ., will be different from
those of M}°.

My o =IX000 X505 s X5 Xowp, X550 X,6] ©)
The difference between the left singular vectors of X M}® and My s
determined by how X[, is different from the other p-1 data series. Therefore, if
X/,, comes from another kind of hand gesture, the difference can be utilized as a
criterion for judging whether X/, comes from the same kind of hand gesture as

the other data series. In our method, the location of X/, is fixed in the end of

data series, and three kinds of similarity between gestures related to data series of

3-dimentional data (X", Y"®, Z"9) are defined as follows;

3 1 ]g q
. G i _ i,G i
Syt 1 (U sUepp) = Zz Zuh/',k,TRD - Zuh/',k,CHD )
F; =

) ) 1 ALY
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iG i
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Since there are w measurement points (P;, P, ..., P,), the estimated gesture G
is identified by the following estimation;

w
. G,
mfm z 7, (U U e )} .

i=1

E,: G*={G,

IV. RESULTS AND DISCUSSIONS

In order to show the usefulness of the proposed methods, we distinguished
gestures of two subjects, SW and ST using two kinds of methods. Since the average
number of SW and ST’s gestures is 125.2 (SD: 29.0), the number of data m is set to
be 125. We also set n=5, g=125, /=1, and w=5.

1) Method for Similarity between Gesture Distances

Table I shows the recognition Table 1: Recognition of Gestures

Its. The pair of the similarit
resufts ¢ pair of the similarity 5, Similarity | Similarity | Similarity
and the estimation £ is 90.0 %. The
- ‘ ° S (S (S
recognition results suggest that the .
. . . . Estimation
pair of S; and E; is more feasible in (E) 70.0% 90.0% 80.0%
1
gesture recognition. Table 2 and —
. Estimation
Table 3 show the counting number () 60.0% 80.0% 80.0%
2

of measurement points for two
subjects with the pair of S, and E. The recognition results suggest that the gestures of
CH, GA, and CD are distinguished well, but it is not so well for two gestures of GR
and GL of SW. However, in general it is hard to distinguish between a gesture of GR
(Go right) and GL (Go left), and so the results are understandable.

2) Method for Similarity between Gesture Vectors

Table 4 shows the recognition results based on the three kinds of similarity
definitions of S4, S5, and Se. The recognition results suggest that similarity definitions
of Ss and S leaded to relatively higher correct recognition rates while the correct rate
of the recognition based on Ss was very low. Therefore, S5 and S¢ are more feasible in

gesture recognition.
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Table 2: Result of Subject SW Gestures Table 3: Result of Subject ST Gestures

Estimated Gesture of SW Estimated Gesture of ST

Gesture CH | GA | GR | GL | CD Gesture CH | GA| GR | GL | CD
CH 12 1 4 4 4 CH 8 2 3 2 0
GA 0 10 2 2 4 GA 1 9 1 0 2
GR 0 0 0 4 0 GR 0 0 11 1 0
GL 2 1 9 5 0 GL 3 2 0 10 2
CD 1 3 0 0 7 CD 3 2 0 2 11

Result CH | GA | GL | GL | CD Result CH | GA | GR | GL | CD

Table 4: Results of Method for Similarity between Gesture

Estimated | Similarity (S) | Similarity (S) | Similarity (Se)
Gesture Correct | Others | Correct | Others | Correct | Others
SW_CH 1 3 2 2 1 3
SW_GA 3 1 4 0 4 0
SW_GR 2 2 3 1 3 1
SW_GL 1 3 3 1 3 1
SW_CD 0 4 3 1 3 1
ST_CH 2 2 2 2 2 2
ST GA 1 3 4 0 4 0
ST_GR 3 1 4 0 4 0
ST_GL 0 4 3 1 2 2
ST_CD 0 4 4 0 4 0

Correct Rate 30.3% 80.0% 75.0%

3) Discussions

Similar to speech and handwriting, gestures vary between individuals, even for
the same individual between different instances. However, as shown in Table 1 to
Table 4, the recognition results based on S, and Ss illustrated high recognition rate
among several similarity measures. Since the formulation of S, and Ss are same, the
absolute differential of the left singular vectors at the same order is suitable for
gesture recognition as similarity definition. As for the incorrect recognitions, for

example, the gestures GR and GL have completely different meanings, but their
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motions are very similar in that the hand waves left and right. Their difference lies in
whether the hand moves faster from left to right, or from right to left. Sometimes

even humans make mistakes in distinguishing them from each other.

V. CONCLUSIONS

In this paper, a novel 3D motion analysis algorithm using singular value
decomposition (SVD) is proposed for gesture recognition. We applied the proposed
method to gesture recognition, and the experiment results verified the effectiveness of
the algorithm. This work was partially supported by the Ministry of Education,
Culture, Sports, Science, and Technology of Japan under Strategic Project to Support
the Formation of Research Bases at Private Universities, 2008-2012.
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ABSTRACT

Predicting the behavior and reliability of engineering structures and systems is often
plagued by uncertainty and imprecision caused by sparse data, poor measurements
and subjective information. Accounting for such limitations complicates the mathe-
matical modeling required to obtain realistic results in engineering analyses. The
framework of imprecise probabilities provides a mathematical basis to deal with
these problems which involve both probabilistic and non-probabilistic sources of un-
certainty. A common feature of the various concepts of imprecise probabilities is the
consideration of an entire set of probabilistic models in one analysis. But there are
differences between the concepts in the mathematical description of this set and in
the theoretical connection to the probabilistic models involved. This study is focused
on fuzzy probabilities, which combine a probabilistic characterization of variability
with a fuzzy characterization of imprecision. We discuss how fuzzy modeling can
allow a more nuanced approach than interval-based concepts. The application in an
engineering analysis is demonstrated by means of an example.

INTRODUCTION

The analysis and reliability assessment of engineering structures and systems in-
volves uncertainty and imprecision in parameters and models of different type. In
order to derive predictions regarding structural behavior and reliability, it is crucial to
represent the uncertainty and imprecision appropriately according to the underlying
real-world information which is available. To capture variation of structural parame-
ters, established probabilistic models and powerful simulation techniques are availa-
ble for engineers, which are widely applicable to real-world problems; for example,
see (Schenk and Schuéller 2005). The required probabilistic modeling can be rea-
lized via classical mathematical statistics if data of a suitable quality are available to
a sufficient extent.

In civil engineering practice, however, the available data are frequently quite
limited and of poor quality. These limitations create epistemic uncertainty, which can
sometimes be substantial. It is frequently argued that expert knowledge can compen-
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sate for the limitations through the use of Bayesian methods based on subjective
probabilities. If a subjective perception regarding a probabilistic model exists and
some data for a model update can be made available, a Bayesian approach can be
very powerful, and meaningful results with maximal information content can be de-
rived. Bayesian approaches have attracted increasing attention in the recent past and
considerable advancements have been reported for the solution of various engineer-
ing problems (Papadimitriou et al. 2001, Igusa et al. 2002, Der Kiureghian and Dit-
levsen 2009). An important feature of Bayesian updating is that the subjective influ-
ence in the model assumption decays quickly with growing amount of data. It is then
reasonable practice to estimate probabilistic model parameters based on the posterior
distribution, for example, as the expected value thereof.

When less information and experience are available, greater difficulties will be
faced. If the available information is very scarce and is of an imprecise nature rather
than of a stochastic nature, a subjective probabilistic model description may be quite
arbitrary. For example, a distribution parameter may be known merely in the form of
bounds. Any prior distribution which is limited to these bounds would then be an
option for modeling. But the selection of a particular model would introduce unwar-
ranted information that cannot be justified sufficiently. Even the assumption of a
uniform distribution, which is commonly used in those cases, ascribes more informa-
tion than is actually given by the bounds. This situation may become critical if no or
only very limited data are available for a model update. The initial subjectivity is
then dominant in the posterior distribution and in the final result. If these results,
such as failure probabilities, determine critical decisions, one may wish to consider
the problem from the following angle.

If several probabilistic models are plausible for the description of a problem,
and no information is available to assess the suitability of the individual models or to
relate their suitability with respect to one another, then it may be of interest to identi-
fy the worst case for the modeling rather than to average over all plausible model op-
tions with arbitrary weighting. The probabilistic analysis is carried out conditional
on each of many particular probabilistic models out of the set of plausible models. In
reliability assessment, this implies the calculation of an upper bound for the failure
probability as the worst case. This perspective can be extended to explore the sensi-
tivity of results with respect to the variety of plausible models, that is, with respect to
a subjective model choice. A mathematical framework for an analysis of this type
has been established with imprecise probabilities (see Walley 1991). Applications to
reliability analysis (Kozine and Filimonov 2000, Méller et al. 2003, Utkin 2004) and
to sensitivity analysis (Ferson and Tucker 2006, Hall 2006) have been reported. This
intuitive view, however, is by far not the entire motivation for imprecise probabilities
(see Klir 2006). Imprecise probabilities are not limited to a consideration of impre-
cise distribution parameters. They are also capable of dealing with imprecise condi-
tions and dependencies between random variables and with imprecise structural pa-
rameters and model descriptions. They allow statistical estimations and tests with
imprecise sample elements. Results from robust statistics in form of solution do-
mains of statistical estimators can be considered directly and appropriately (Augustin
and Hable 2010).
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In this paper, the implementation of intervals and fuzzy sets as parameters of
probabilistic models is discussed in the context of proposed concepts of imprecise
probabilities. A structural reliability analysis is employed to illustrate the effects in
an example.

PROBABILISTIC MODELS WITH IMPRECISE PARAMETERS

In engineering analyses, parameters of probabilistic models are frequently limited in
precision and are only known in a coarse manner. This situation can be approached
with different mathematical concepts. First, the parameter can be considered as un-
certain with random characteristics, which complies with the Bayesian approach.
Subjective probability distributions for the parameters are updated by means of ob-
jective information in form of data. The result is a mix of objective and subjective
information — both expressed with probability. Second, the parameter can be consi-
dered as imprecise but bounded within a certain domain, where the domain is de-
scribed as a set. In this manner, only the limitation to some domain and no further
specific characteristics are ascribed to the parameter, which introduces significantly
less information in comparison with a distribution function as used in the Bayesian
approach. Imprecision in the form of a set for a parameter does not migrate into
probabilities, but it is reflected in the result as a set of probabilities which contains
the true probability. Intervals and fuzzy sets can thus be considered as models for
parameters of probability distributions.

An interval is an appropriate model in cases where only a possible range be-
tween crisp bounds x; and x, is known for the parameter x, and no additional in-
formation concerning value frequencies, preference, etc. between interval bounds is
available nor any clues on how to specify such information. Interval modeling of a
parameter of a probabilistic model connotes the consideration of a set of probabilistic
models, which are captured by the set of parameter values

X,z{x‘xe[x,,x,,]} . (1)

This modeling corresponds to p-box approach (Ferson and Hajagos 2004) and to the
theory of interval probabilities (Weichselberger 2000). Events E; are assessed with
a range of probability, [P, (E;).P.(E )] <[0,1], which is directly used for the defini-
tion of interval probability, denoted as /P, as follows,

IP: Eq— 1 with
Eq=P(Q), I={[a,b]Vab

0<a<bh<lj. )

In Eq. (2), P (Q) is the power set on the set Q of elementary events ®. This defini-
tion complies with traditional probability theory. Kolmogorov's axioms and the gen-
eration scheme of events are retained as defined in traditional probability theory (see
also Yamauchi and Mukaidono 1999). Traditional mathematical statistics are appli-
cable for quantification purposes. In reliability analysis with interval probabilities,
the parameter interval X; is mapped to an interval of the failure probability,
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X, > P, ={p|p e[P.P, ]} 3)

Scrutinizing the modeling of parameters as intervals shows that an interval is a
quite crude expression of imprecision. The specification of an interval for a parame-
ter implies that, although a number’s value is not known exactly, exact bounds on the
number can be provided. This may be criticized because the specification of precise
numbers is just transferred to the bounds. Fuzzy set theory provides a suitable basis
for relaxing the need for precise values or bounds. It allows the specification of a
smooth transition for elements from belonging to a set to not belonging to a set.
Fuzzy numbers are a generalization and refinement of intervals for representing im-
precise parameters. The essence of an approach using fuzzy numbers that distin-
guishes it from more traditional approaches is that it does not require the analyst to
circumscribe the imprecision all in one fell swoop with finite characterizations hav-
ing known bounds. The analyst can now express the available information in form of
a series of plausible intervals, the bounds of which may grow, including the case of
infinite limits. This allows a more nuanced approach compared to interval modeling.

Fuzzy sets provide an extension to interval modeling that considers variants of
interval models, in a nested fashion, in one analysis. A fuzzy set X of parameter
values can be represented as a set of intervals X,

X, =X,
X=i(X,u(x,))u(x,)=a ¢, )
Vae(O,l]

which is referred to as a-discretization; see Figure 1 (Zimmermann 1992). In Eq.
(4), X, denotes an a-level set of the fuzzy set X', and z(.) is the membership func-
tion. This modeling applied to parameters of a probabilistic model corresponds to
the theory of fuzzy random variables and to fuzzy probability theory. Detailed dis-
cussions are provided, for example, in (Kruse and Meyer 1987, Li et al. 2002, Gil et
al. 2006, Beer 2009). The definition of a fuzzy random variable refers to imprecise
observations as outcome of a random experiment. A fuzzy random variable Y is the

mapping
Y: Q> F(Y) Q)

with F (Y) being the set of all fuzzy sets on the fundamental set Y, whereby the
standard case is Y =R". The pre-images of the imprecise events described by F (Y)
are elements of a traditional probability space [Q,S ,P]. This complies with tradi-
tional probability theory and allows statistics with imprecise data (Kruse and Meyer
1987, Bandemer and Néther 1992, Viertl 1996). As a consequence of Eq. (5), para-
meters of probabilistic models, including descriptions of the dependencies and distri-
bution type, and probabilities are obtained as fuzzy sets. This builds the relationship
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to the p-box approach and to the theory of interval probabilities. A representation of
a fuzzy probability distribution function of a fuzzy random variable Y with aid of a-
discretization leads to interval probabilities [ F ] for each a-level as one
plausible model variant,

(6)

As depicted in Figure 1, in a reliability analysis, the fuzzy set X of parameter values
is mapped to a fuzzy set of the failure probability,

XoB . ™
acceptable

parameter n(Py)
interval 1

1 acceptable Py

1
mapping Py : sensitivity
a = a 1 of Prw.rt. x
Ea.) | f—
X ( : Pf

0

Figure 1. Relationship between fuzzy parameters and failure probability.

The membership function serves only instrumentally to summarize various
plausible interval models in one embracing scheme. The interpretation of the mem-
bership value u as epistemic possibility, which is sometimes proposed may be use-
ful for ranking purposes, but not for making critical decisions. The importance of
fuzzy modeling lies in the simultaneous consideration of various magnitudes of im-
precision at once in the same analysis.

The features of a fuzzy probabilistic analysis can be utilized to identify sensi-
tivities of the failure probability with respect to the imprecision in the probabilistic
model specification; see Figure 1. Sensitivities of P, are indicated when the interval
size of Py, grows strongly with a moderate increase of the interval size of X, of the
parameters. If this is the case, the membership function of P; shows outreaching or
long and flat tails. An engineering consequence would be to pay particular attention
to those model options X,, which cause large intervals Py, and to further investigate
to verify the reasoning for these options and to possibly exclude these critical cases.

A fuzzy probabilistic analysis also provides interesting features for design pur-
poses. The analysis can be performed with coarse specifications for design parame-
ters and for probabilistic model parameters. From the results of this analysis, accept-
able intervals for both design parameters and probabilistic model parameters can be
determined directly without a repetition of the analysis; see Figure 1. Indications are
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provided in a quantitative manner to collect additional specific information or to ap-
ply certain design measures to reduce the input imprecision to an acceptable magni-
tude. This implies a limitation of imprecision only to those acceptable magnitudes
and so also caters for an optimum economic effort. For example, a minimum sample
size or a minimum measurement quality associated with the acceptable magnitude of
imprecision can be directly identified. Further, revealed sensitivities may be taken as
a trigger to change the design of the system under consideration to make it more ro-
bust. Beer and Liebscher (2008) describe a related method for designing robust struc-
tures in a pure fuzzy environment. These methods can also be used for the analysis of
aged and damaged structures to generate a rough first picture of the structural integri-
ty and to indicate further detailed investigations to an economically reasonable ex-
tent—expressed in form of an acceptable magnitude of input imprecision according to
some o-level.

EXAMPLE

To illustrate this approach, we use an example reliability analysis for a reinforced
concrete frame (Moller et al. 2003) shown in Figure 2. The structure is loaded by its
dead weight, a small horizontal load Py, and the vertical loads Pyy and p, which
are increased with the factor v until global structural failure is attained. For the pur-
pose of demonstration, only the load factor v is introduced as a random variable
with an extreme value distribution of Ex-Max Type I with mean , and standard
deviation &, . Imprecision of the probabilistic model is modeled with triangular
fuzzy numbers 7, =(5.7,5.9,6.0) and &, =(0.08,0.11,0.12). In addition, the rota-
tional stiffness of the springs at the column bases is modeled as a triangular fuzzy
number /:w :<5, 9,13> MNm/rad to take account of the only vaguely known soil
properties. Based on this input information, the fuzzy reliability index B shown in
Figure 3 is calculated.

concrete: f, = 20 N/mm? v-Pyo v-Po v-Pyo
reinforcement: f, = 420 N/mm’ Py TR
e -

| \

i 50/352m®16 ‘ Py =10 kN

| ‘ Pvo =100 kN

| 2016 1 E Po =10 kN/m

416 |. =

| | 0 v load factor

! |

| \ Kk ko

U7 % 5
TR 6,00 m 7N L 6.00 m |

Figure 2. Reinforced concrete frame, structural model, and loading.
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Figure 3. Fuzzy reliability index and evaluation against safety requirement.

_The result spreads over a large range of possible values for f. The shaded part
of [ does not comply with the safety requirements. This means that a sufficient
structural reliability is not ensured when the parameters are limited to the plausible
ranges for a = 0. In a traditional reliability analysis, using crisp assumptions for the
parameters out of their plausible range such as the values associated with the mem-
bership x4 = 1, this critical situation is not revealed. So far, the results from p-box
approach or from interval probabilities would lead to the same conclusions. As an
additional feature of fuzzy probabilities, it can be observed that the left tail of the
membership function of £ slightly tends to flatten towards small values. This indi-
cates a slight sensitivity of £ with respect to imprecision of the fuzzy input when
this grows in magnitude. So one may wish to reduce the input imprecision to a mag-
nitude which is associated with the steeper part of the membership function of f. In
Figure 3, the part u(f) > 0.4 is a reasonable choice in this regard. Further, the result
Peoa=[3.935,6.592] for u(f)>0.4= a (according to the definition of a-level sets)
satisfies the safety requirement f,-04 > 3.8. That is, a reduction of the imprecision of
the fuzzy input parameters to the magnitude on a-level « = 0.4 would lead to an
acceptable reliability of the structure despite the remaining imprecision in the input.
For example, a collection of additional information can be pursued to achieve the
requirements k, € [6.6, 11.4] MNm/rad = ky =04, M, 6[5.78,5.96] =m,, q,, and
o, € [0.092,0.1 16] =0, 404 I this cannot be achieved for one or more parameters,
the fuzzy analysis can be repeated with intervals for the parameters with non-
reducible imprecision and with fuzzy sets for the parameters with reducible impreci-
sion to separate the effects. The evaluation of the results then leads to a solution with
proposed reduction of the imprecision only of those parameters for which this is
possible. In this manner, it is also possible to explore sensitivities of the result f
with respect to the imprecision of certain groups of input parameters or of individual
input parameters. The repetition of the fuzzy analysis for these purposes can be
avoided largely when a global optimization technique is used for the fuzzy analysis.
This type of fuzzy analysis leads to a set of points distributed over the value ranges
of the fuzzy input parameters and associated with results € . For each construc-
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tion of membership functions for the fuzzy input parameters, it is then immediately
known which points belong to which a-level so that a discrete approximation of a
result can be obtained directly without a repeated analysis. Repetition of the analysis
is then only required for a detailed verification.
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ABSTRACT

In dealing with uncertainty and imprecision Fuzzy Project Scheduling (FPS)
has been presented as an alternative to well established traditional scheduling
methods. The aim of this paper is to propose a process for the estimation of the
duration of activities that are to be used in a FPS system. Initially, the sources of
uncertainty are distinguished into the project and activity level. Then, the work
focuses primarily on the calculation of the duration of activities based on the
productivity of resources and the fuzzy parameters that define it. Thereafter, a
specific example is presented from earthworks in a motorway project. Finally, the
estimated duration can be adjusted based on the perceived risks at the project level.
Overall, the paper presents a means for encoding a project manager’s perception of
uncertainty in the duration of activities that are to be used in FPS.

INTRODUCTION

The management of projects in an uncertain environment requires decisions
that are based on inconsistent, vague and imprecise data. The shortcomings of
traditional scheduling methods such as CPM and PERT, that employ deterministic or
basic probabilistic views mandate to the formulation of a methodology capable of
satisfying the real-world requirements for project scheduling. It should be noted that
probability theory and fuzzy set theory are two distinct approaches; the former deals
with random events by assigning probability distributions to the data whereas the
latter deals with the imprecision of the data. Fuzzy Project Scheduling (FPS) is based
on fuzzy set theory and is useful in dealing with circumstances involving uncertainty,
imprecision, vagueness and incomplete data (Herroelen and Leus, 2005).

In terms of FPS, Prade (1979) was the first researcher to propose the application of
fuzzy set theory in scheduling problems. Chanas and Kamburowski (1981) presented
a fuzzy version of PERT which they named FPERT. Important research in FPS has
been conducted by McCahon and Lee (1988), Chang et al. (1995), Hapke et al.
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(1994), Lorterapong and Moselhi (1996), Dubois et al. (2003), Bonnal et al. (2004),
Chen and Huang (2007). Guiffrida and Nagi (1998) provide a review of FPS.

The modeling of uncertainty in construction productivity with Fuzzy Set Theory has
been addressed by several researchers. Zhang et al. (2003) described the application
of a fuzzy logic rule-based model in dealing with uncertainties in the quantity of
resources involved in construction operations. Marzouk and Moselhi (2004)
developed a fuzzy clustering model for estimating haulers’ travel time in
earthmoving production. Fayek et al. (2005) illustrated the application of fuzzy
expert systems on predicting construction labor productivity in pipe rigging and
welding. Karimi et al. (2007) presented a fuzzy optimization model for earthwork
allocations with imprecise parameters that were modeled as fuzzy numbers. Castro-
Lacouture et al. (2009) used fuzzy mathematical models for examining the impact of
unexpected material shortages on project completion time.

A fundamental issue in the application of FPS is the selection of an appropriate
membership function of the fuzzy numbers that encode the estimation or perception
of uncertainty in the activity duration. However, the setting of guidelines for the
selection of the most appropriate membership function as well as the limits of the
fuzzy numbers remains an under-researched domain. In a real-world project a project
manager will receive estimates from many professionals from various disciplines and
different degrees of experience. Hence, a unified approach is required to homogenize
estimates and to ensure that uncertainty is not under or over estimated. At the same
time whereas significant research has been conducted in the modeling of construction
productivity with fuzzy set theory, the research results have not been integrated with
FPS. To this extent, this paper aims at presenting a methodology for the calculation
of the duration of activities based on the productivity of resources and the specific
fuzzy parameters that affect it. The ultimate goal is to view uncertainty in
construction productivity and FPS in a unified approach.

FUZZY SET THEORY - MEMBERSHIP FUNCTIONS

Fuzzy set theory is used to characterize and quantify uncertainty and
imprecision in data and functional relationships. It permits the gradual assessment of
the membership of elements in a set in the real unit interval [0, 1]. Hence, a fuzzy set
A of a universe X is characterized by a membership function ps: X [0, 1] which
associates with each element x of X a number pa(x) in the interval [0, 1] representing
the grade of membership of x in A. In fuzzy set theory the triangular membership
function which is defined by three numbers a, b, ¢ is encountered very often. At b
membership is 1, while a and ¢ are the limits between zero and partial membership.
The triangular fuzzy number X = a,b,c> has the following membership function:

0 x<a
- - <x<
1) = (x—a)/(b—a) a<x<bh )
(c—x)/(c=b) b<x<c
0x>c
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There are several ways to develop and assign membership functions to fuzzy
variables. The assignment process can be intuitive or it can be based on some
algorithmic or logical operations. Some straightforward methods are: intuition,
inference, rank ordering, neural networks, genetic algorithms, inductive reasoning
and statistics. (Ross, 2004). The choice of the method depends entirely on the
problem size and problem type. Triangular, trapezoidal and LR type are the most
common fuzzy numbers used in engineering problems.

The specific rules that govern the way in which the operators of summation,
subtraction, multiplication and division are applied on fuzzy arithmetic are termed
fuzzy arithmetic. It should be noted that the multiplication and division of fuzzy
numbers changes the shape of their membership functions. Overall, for triangular
fuzzy numbers, the operators are defined as follows:

)Z+jz:<abc>+<de,f>:<a+d,b+e,c+f> )
j=(ab.c)-(d.e.f)=(a~f.b-e.c~d) 3)

i® y (a.b,c)®(d.e.f)=(a-d.b-ec-f) )
+y=(ab.c)+(d.e.f)=(al f.blecld) %)

FRAMEWORK FOR ACTIVITY DURATION ESTIMATION

The first step in estimating the duration of activities of activities in FPS is to
distinguish the sources of uncertainty and imprecision into those of the project level
and that of the activity level (see Figure 1). Project level uncertainty can be
influenced by contractual issues, site conditions, weather, financial environment,
building regulations, health and environment legislation, exchange rate volatility,
funding restrictions etc. Activity level uncertainty is pertinent to the construction
methodology and the specific labor, machinery and materials that are selected.
Thereby, a specific construction activity may have different uncertainties if executed
in a different location with a different project context.

A serious pitfall in FPS is the use fuzzy activity durations with an obscure
convolution of uncertainty from many sources. Thus, an uncertainty classification
process is important in controlling the quality of duration estimates and consequently
that of the FPS schedule. In terms of assessing uncertainty at the activity level it
possible to distinguish three sub-levels. At level 1, direct estimates of the activity
durations are made. At level 2, the initial focus is on estimating the unit production
rates of labor and machinery. Thereafter, the activity duration is calculated from the
production rates. At level 3, uncertainty is entered at the level of the parameters that
affect production rates. Definitely, level 2 and 3 are more thorough than level 1, but
they require better knowledge of the project and a higher amount of effort in the
estimation process. In assessing level 3 uncertainties, because of the peculiarities of
fuzzy arithmetic, the processing of fuzzy parameters may create complex fuzzy
membership functions which are difficult to manipulate in FPS.
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Figure 1. Uncertainty in construction.

Overall, uncertainties can be also classified into controllable and non-controllable
risks. Examples of controllable risks (internal factors) are project characteristics,
service providers influences and client organizational influences. Uncontrollable
risks (external factors) can consist of socio-economic issues, unforeseen
circumstances, economic and global dynamics, governmental/statutory controls
(Mbachu and Nkado, 2007). In many cases, activity level risks are controllable
whereas project level ones may be uncontrollable. The differentiation of the source
of uncertainty between the project and activity level is crucial in determining the
degree of controllability of risks.

NUMERICAL EXAMPLE OF PRODUCTION RATE CALCULATION

Road and motorway projects are often characterized by many uncertainties and
require dedicated machinery and labor resources for their completion. For many
years various performance handbooks have assisted project managers in estimating
productivity and thereby project completion times. In particular, the Caterpillar
Performance Handbook (2004) includes productivity estimations for tractors,
graders, loaders, excavators, backhoe loaders, forest machines, pipelayers, scrapers,
trucks, landfill compactors, pavers and asphalt pavers. Factors bearing directly on
productivity include such things as weight to horsepower ratio, capacity, type of
transmission, speeds and operating costs and are considered in detail. There are other
less direct machine performance factors such as serviceability, parts availability and
operator convenience. The Performance Handbook serves as an aid which, when
coupled with experience and a good knowledge of local conditions, can assist in
estimating true machine performance. Although, the data is based on field testing,
computer analysis, laboratory research and experience it is sometimes necessary to
correct the results indicated in the handbook tables by appropriate factors. Provisions
are made for actual job efficiency, operator efficiency, material characteristics, haul
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road conditions, altitude and other factors which may reduce performance or
production on a particular job. More specifically, the production rate of a mass
excavator is given by the following formula.

601, f
Q.= - (6)

s

Where Q.: the production rate of an excavator in m*/h, V,: the bucket capacity in m’,
/- the bucket fill factor, #: the cycle time in min and #.: operational efficiency.

The above formula can be augmented with additional factors concerning operator
skill/efficiency and machine availability. However, the key issue is that in the
deterministic approach crisp numbers are utilized to calculate the excavator
production rate. In Table 1, the specific crisp parameters yield a production rate of
352.75 m’/h for a 365B Series II excavator with a 4.0 m rock bucket, an average
bucket fill factor of 85 % which is reasonable for blasted rock and an estimated cycle
time of 0.48 minutes. A general operational efficiency of 83 % is assumed.

Table 1. Excavator production rate

Deterministic Fuzzy
parameters parameters
bucket capacity Ve (m?) 4 4
bucket fill factor f 0.85 (0.75, 0.85, 0.90)
cycle time t; (min) 0.48 (0.43,0.48, 0.52)
operational efficiency e 0.83 (0.80, 0.83, 0.86)
production rate Q. (m*/h) 352.75

An interesting alternative is to consider that the production rate parameters are
uncertain and thereby they can be modeled with triangular fuzzy numbers. Table 1
shows how the bucket fill factor varies from 75-90 % for blasted rock. The fill factor
depends on the type of soil/rock and can even attain values close to 100 % in good
soil or 120 % in sand. The possible limits of uncertainty can be set by referring to the
Performance Handbook or other recorded statistical data. Similarly, the cycle time is
from 0.43-0.52 minutes for hard rock digging whereas the operational efficiency can
vary from 80-86 %. It is noted that the bucket capacity still has a crisp value.

In this case the calculation of the production rate requires the use of a fuzzy
calculator that performs the mathematical operations on these parameters. Because of
the non-linearity of the multiplication and division operations the resulting
membership function of the production rate depicted in Figure 2 is not a triangular
fuzzy number. Unlike the deterministic evaluation the production rate varies from
276.9 to 432 m’/h. Furthermore, it is possible to estimate the duration D of the
activity by dividing the total amount of work # with the production rate Q.

D=W/Q, @)
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Figure 2. Membership function of excavator production rate.

In the specific example the total amount of work (9800, 10000, 10200) m’ is also a
fuzzy number indicating that there is uncertainty in the initial total work quantity
estimation. Since the derived duration membership function (see Figure 3) is not a
triangular fuzzy number it may be difficult to manipulate in FPS and therefore an
approximation with a triangular fuzzy number may alternatively be considered with a
small degree of error. Here, the activity duration varies from 22.6 to 36.8 hrs.
Additionally, in the event that an activity is realized by different resources an
analysis is required to determine which one is driving the completion date.

1 T T T T T T

0.8F 1

0.6 1

ol L L L . L n
226 24 26 283 30 32 34 36.8

duration (hrs)
Figure 3. Membership function of activity duration.

Finally, the uncertainty in the calculated duration can be increased or decreased by
considering the risk stemming from the project level. Thus, a factor of 1 can be
considered in an average environment, a factor of 0.8 in an exceptionally favorable
location or a factor of 1.2 in an adverse project execution environment. Figure 4
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shows the inflation and deflation of project duration uncertainty of the initial fuzzy
duration which is noted with the bold line. Understandably, the precise values of
these inflation and deflation factors as well as the characteristics than define different
locations are a subject of future research.

1

0.6

0.4

20 22.6 24 26 283 30 32 34 36.8 38 40
duration (hrs)

Figure 4. Inflation and deflation of duration uncertainty.

CONCLUSIONS

FPS is a very promising alternative to traditional scheduling methods. However, the
current lack of transparency in the estimation of activity durations may hinder the
validity of FPS. Therefore, the setting of guidelines for the estimation of the
uncertainty of activities in FPS is crucial in avoiding certain pitfalls created by
inaccurate and ill-supported uncertainty estimates. The in-depth analysis and
calculation of productivity provides project managers with extra confidence about
the accuracy and sources of uncertainties in the project schedule. In the specific
example activity level uncertainty was identified from the type of soil, the total
amount of work, the cycle time and the operational efficiency whereas project level
uncertainty can be incorporated if deemed necessary. Furthermore, in large projects a
similar process can assist in achieving homogeneous duration estimates in all
activities. Obviously, there is a lot of hard work in moving from a vague perception
and estimation of uncertainty to a very thorough calculation process. Compared to
other approaches although this methodology involves fuzzy arithmetic, it is closer to
practitioners knowledge domain than neural networks, genetic algorithms, etc. A
software application including the parameters of the Caterpillar Performance
Handbook that generates membership functions for different types of machinery
could be an ideal starting point for this new approach and a means for performing
uncertainty sensitivity analysis. Finally, it is acknowledged that the estimations of
fuzzy productivity must be integrated with FPS in order to achieve widespread
application in the construction industry.
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ABSTRACT

Despite their limitations as a platform for calculations, Microsoft Excel
spreadsheets enjoy widespread use throughout much of engineering and science, and
they have emerged as a lingua franca for computations in some quarters. Given their
ubiquity, it would be useful if Excel spreadsheets could express uncertainty in inputs
and propagate uncertainty through calculations. We describe an add-in for Microsoft
Excel that supports arithmetic on uncertain numbers, which include intervals,
probability distributions, and p-boxes (i.e., bounds on probability distributions). The
software enables native calculations in Excel with these objects and ordinary scalar
(real) numbers. The add-in supports basic arithmetic operations (+, —, X, +, *, min,
max), standard mathematical functions (exp, sqrt, atan, etc.), and Excel-style cell
referencing for both function arguments and uncertain number results. Graphical
depictions of uncertain numbers are created automatically. Using function
overloading, the standard Excel syntax is extended for uncertain numbers so that the
software conducts uncertainty analyses almost automatically and does not require
users to learn entirely new conventions or special-purpose techniques.

INTRODUCTION

Engineering is about numerical calculation. Engineers need to make
calculations even when there is uncertainty about the quantities involved. Some
uncertainty comes from the intrinsic variability in fluctuating performance
environments, variation in materials, or small inconsistencies in manufacturing or
realization of systems. These sources produce ‘aleatory’ uncertainty. Another kind of
uncertainty, called ‘epistemic’ uncertainty, arises from measurement imprecision or
lack of perfect knowledge about a system. For instance, in the early phases of
engineering design, full specification of the intended system may not yet be available.
Even after design specifications have been settled, there may be uncertainty about the
future conditions in which the system will perform, or imperfect scientific
understanding about the underlying physics or biology involved. In some cases, these
uncertainties are small enough that they can be neglected, or swept away with a
simple worst-case analysis. But when the uncertainties are large, this may not be
possible, or will at least be suboptimal. Instead, a comprehensive strategy for
accounting for the two kinds of uncertainty is needed that can propagate imprecise
and variable numerical information through calculations.
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Although modern risk analyses comprehensively treat stochastic variation
using Monte Carlo simulation and other methods of probability, they often neglect
arguably more fundamental kinds of uncertainty that arise from measurement error.
Because all empirical measurements are unavoidably subject to some error, methods
are needed to propagate the effect of such uncertainty through mathematical
calculations. Dwyer (1951) introduced “range arithmetic” as a generalization of the
arithmetic of significant digits which had been traditionally used to estimate the
precision of calculations based on measured quantities. This approach is known today
as interval arithmetic or interval analysis (Moore 1966; Adams and Kulisch 1993).
The approach is broadly useful for epistemic uncertainty. Along with uncertainties
from measurements, there is often considerable model uncertainty about the correct
form of the mathematical expression that should be used, the appropriate family of
probability distributions, and the true nature of dependencies among variables
(Lambert et al. 1994; Haas 1997; 1999). Interval methods can be broadly useful in
characterizing and propagating these structural uncertainties as well (Ferson and
Ginzburg 1996). Although widely known, interval analysis is rarely formally used in
science and engineering, and it has been almost completely ignored in probabilistic
risk analysis. This is because intervals bounds are a rather crude encapsulation of
uncertainty that is associated with the old worst-case paradigm of risk analysis.

A more practical approach to wrangling the two forms of uncertainty is to
integrate interval analysis with probability theory. This combination can take many
forms including interval probability, imprecise probabilities (Walley 1991),
Dempster-Shafer theory, robust Bayes analysis, or probability bounds analysis (Yager
1986; Williamson and Downs 1990; Ferson 2002; Ferson et al. 2003), which is the
method implemented in the Excel add-in described in this paper.

UNCERTAIN NUMBERS AND THEIR ARITHMETIC

The add-in enables Excel to do arithmetic with numbers of four kinds:
e scalar (known or mathematically defined integer or real value),
e interval (unknown value or values for which sure bounds are known),
e probability distribution (random values varying according to specified law
such as normal, lognormal, Weibull, etc., with known parameters),
e p-box (random values for which the probability distribution cannot be
specified exactly but can be bounded).
The software allows these four types of numbers to be freely mixed together in
mathematical expressions to reflect what is known about each quantity. An interval is
an uncertain number representing values obeying an unknown distribution over a
specified range, or perhaps a single value that is imprecisely known even though it
may in fact be fixed and unchanging. Intervals thus embody epistemic uncertainty.
Uncertain numbers also include probability distributions which express aleatory
uncertainty (i.e., variability), and p-boxes which express both aleatory and epistemic
uncertainty (Ferson 2002; Ferson et al. 2003). Scalars in contrast may be called
certain numbers. A user can specify scalars using any of the traditional computer
representations such as 5 or 2.6 or —4.7e-3. Intervals can be specified by a pair of
scalars corresponding to the lower and upper bounds of the interval. When entering
an interval, the bounds are ordered, separated by a comma and enclosed by square



72 VULNERABILITY, UNCERTAINTY, AND RISK

brackets, e.g., [2, 3] or [13.8, 22.2]. Intervals may also be given in plus-or-minus
notation within square brackets, e.g., [2.5 +—0.5] to represent 2.5+0.5 which is
equivalent to [2, 3]. Enclosing a single scalar in square brackets creates an interval
implied by the significant digits the scalar has, e.g., [4.8] is equivalent to [4.75, 4.85].
Probability distributions are specified by their shape and parameters, such as
gaussian(5,1), uniform(0,9), or weibull(3,6). Over forty named distributions are
supported. P-boxes can be specified as probability distributions with intervals for one
or more of their parameters. If the shape of the underlying distribution is not known,
but some parameters such as the mean, mode, variance, etc. can be specified (or given
as intervals), the software will construct distribution-free p-boxes whose bounds are
guaranteed to enclose the unknown distribution subject to constraints specified.

Interval arithmetic computes with ranges of possible values, as if many
separate calculations were made under different scenarios. However, the actual
computations the software does are made all at once, so they are very efficient.
Probability bounds analysis integrates interval analysis and probabilistic convolutions
which are often implemented with Monte Carlo simulations. It uses p-boxes, which
are bounds around probability distributions, to simultaneously represent the aleatory
uncertainty about a quantity and the epistemic uncertainty about the nature of that
variability. Probability distributions are special cases of p-boxes, so one can do a
traditional probabilistic analysis with the add-in as well. The calculations the software
does are very efficient and do not require Monte Carlo replications.

Several example inputs for the add-in are listed in Figure 1. The add-in is
currently set to summarize results graphically and to give the range of the calculated
uncertain number, and, if determinable, its mean and variance (which may be known
only to within bounds), and the shape of is distribution. The summary numerical and
textual information is given on the cell in which the quantity was defined, as shown
in Figure 2. As with ordinary Excel input, the user can edit the cell by pressing F2 or
double-clicking on it. This restores the input originally entered by the user for
modification. The graphical displays corresponding to the six uncertain inputs and
calculations in the sample spreadsheet are shown in Figure 3. Intervals appear as
rectangles, and probability distributions and p-boxes are depicted in terms of
cumulative probability (which makes them graphically comparable to the intervals).
These graphs appear in a special window devoted to the current calculation beside the
worksheet, or on a separate tabbed worksheet. The detailed numerical information
used to create these graphs is also accessible to the user in a separate tabbed
worksheet. Whenever the user changes the current cell in the spreadsheet to one
containing an uncertain number, the graphs and numerical values in these two
worksheets are redisplayed.

[1,4]

[5,6]

uniform(5,12)
gaussian(C2,1)
=weibull(10,2)+weibull(8,12)
=C1+C3/C4+C5

Figure 1. Sample input for the Excel add-in.
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B3 Microsoft Excel - Book1
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| 1| [1.4]
| 2 | [5. 6]
| 3 | ~uniformi{range=[5,12], mean=8.5, var=4 083)
4 ~normal{range=[2 424 § 576], mean=[5 6], var=1)
| 5 | ~(range=[0,32.211], mean=16.529, var=22.062)
6| ~(range=[1.563,41.161], mean=[18.9,22 4], var=[22.21,24 76])
7
Figure 2. Excel spreadsheet with summary numerical output.
C1 C2 C3
_ 1 _ 1 _
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2 4 6 8 0 20 40 0 20 40

Figure 3. Graphical displays for the outputs of the sample spreadsheet.
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The calculations in the first three rows of the example spreadsheet created two
intervals and a uniform distribution, as depicted in the first row of graphs in Figure 3.
The fourth calculation was specified as a Gaussian (normal) distribution with unit
standard deviation but with mean given by the previously entered interval [5,6]. The
imprecision of the mean makes this structure a p-box, as depicted in the lower, left
graph of Figure 3. The lower, middle graph shows the convolution of two Weibull
distributions, and the lower, right graph shows the p-box that results from combing an
interval, a precise probability distribution, a p-box, and the sum-of-Weibulls
distribution according to a particular formula. From this result, we can infer bounds
on various statistics such as its range, mean, variance, median, and tail risks. For
instance, the probability that the quantity is larger than 25 is between 0.1 and 0.29.

In principle, an existing Excel spreadsheet can be enriched by uncertainty
analysis simply by altering one or more of the inputs to reflect the analyst’s
uncertainty. This might be as simple as placing square brackets around measured
inputs to propagate the uncertainties implied by reported significant digits. Or it
might be considerably more elaborate by expressing some uncertainty with
distributions or intervals or combinations of both. The user would not have to alter
the spreadsheet formulas used to compute results, nor specifically direct the
uncertainty analysis itself.

Dependence assumptions. By default, the add-in assumes that each newly specified
probability distribution or p-box is stochastically independent of every other. Users
can change this assumption by specifying cells containing uncertain numbers on
which the new distribution depends, and the nature of the dependence (perfect,
opposite, positive, negative, or unknown). In addition, the add-in automatically tracks
calculations that were used to compute uncertain numbers and will modify the default
assumption of independence if appropriate. For instance, an increasing monotone
function (such as log, exp, and sqrt) of a distribution creates an uncertain number that
is perfectly dependent on the original distribution. Reciprocation creates an uncertain
number that is oppositely dependent on the original distribution. When the function
that transforms an uncertain number is complex and the relationship between the
original distribution and the result cannot be educed, the two are assigned the
unknown dependence. If the two later are used in a calculation, Fréchet convolution,
which makes no assumption about the dependence between the arguments, is used to
combine them. Fréchet convolution must be used because an assumption of
independence would be untenable, because one argument is a direct function of the
other. Generally, Fréchet convolution creates p-boxes from precise probability
distributions, or widens the results from p-boxes relative to convolutions that assume
independence or some other precise dependence function. The extra width represents
the additional uncertainty arising from not knowing the dependence function. Users
can countermand the add-in’s automatic tracking of dependence and specify the
assumption to be used in any particular convolution.

EXCEL IS A POOR ENVIRONMENT FOR STATISTICAL COMPUTING

One might expect that the ergonomic disadvantages of spreadsheets generally
(Panko 1998; Powell et al. 2008) and the well-documented inconsistencies sported by
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the Microsoft Excel implementation particularly (Kniisel 1998; McCullough and
Wilson 2002; McCullough and Heiser 2008; Yalta 2008) might be sufficient
argument to dissuade a would-be user from adopting Excel spreadsheets as a platform
for professional calculations. McCullough and Heiser (2008) have railed against
Excel because of Microsoft’s inability or unwillingness to correct serious statistical
computing errors in the software, even many years after they have been documented.
But as constant as Microsoft’s failure to fix Excel is the public’s continued use of the
software and its expansion into error-critical domains. NASA even uses Excel as an
integration platform for collaborative design of spacecraft (Parkin et al. 2003).

Accepting the Chinese proverb “better to light a candle than to curse the
darkness” (or perhaps the English proverb “if you can’t beat ’em, join ’em”), our goal
in developing the add-in for Excel was to improve its usefulness in handling
uncertainty so that users who might not have facility with the theory of imprecise
probabilities can nevertheless benefit from uncertainty analyses. It surely does not
seem reasonable to ignore these uncertainties or pretend they are always negligible.
In fact, both epistemic and aleatory uncertainties are commonly quite large in many
engineering problems. Therefore, they ought to be incorporated into any calculations.
Making these analyses and their advantages widely available in a familiar and
popular platform should, we expect, increase the demand for them in all fields where
calculations are essential.

REPEATED UNCERTAIN NUMBERS

The main limitation to the routine use of the Excel add-in for risk and
uncertainty analyses is the numerical complication arising from multiple occurrences
of an uncertain variable in a mathematical expression. Consider the estimation of the
quantity ab + ac where a, b and ¢ are all uncertain numbers. In some situations, its
evaluation will differ from the evaluation of a (b + ¢). The reason is that the uncertain
number a appears twice in the first formulation and, in effect, the uncertainty it
represents is entered twice into the resulting calculation. This is a result of the fact
that the distributive law of real numbers ab + ac = a (b + ¢) does not generally hold
for uncertain numbers. This problem arises in most uncertainty calculi. Although the
signal advantage of Monte Carlo methods is that they can escape this problem, it can
also occur in a simulation conducted in multiple steps. For instance, if the first term
ab in the example above is estimated with one simulation and then the second term ac
and the final sum are estimated in a second, independent simulation, the uncertainty
of a will have been introduced into the result twice.

Repeated occurrences of uncertain numbers in an expression should be
canceled and reduced algebraically whenever possible to avoid possible distortion of
the uncertainty. This guideline applies whether the uncertain numbers are intervals,
probability distributions or p-boxes. Unfortunately, it is not always possible to reduce
all multiple occurrences. For example, the expression (a+b)/(a+tc) cannot be reduced
to a single instance of a. In such cases, special and often ad hoc strategies must be
devised. In the context of interval analysis, at least we are guaranteed that multiple
introduction of a quantity’s uncertainty will yield a final result with a width no
smaller than the correct answer. Thus, even if multiple occurrences of the variable
cannot be eliminated, we can always compute a conservative estimate, which may
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satisfy the practical needs of risk analyses. A similar guarantee accompanies Fréchet
convolutions of probability distributions and p-boxes, but does not extend to
convolutions that assume independence or other precise dependencies among the
arguments. The magnitude of the consequence of failing to correct for a multiple
occurrence of some quantity will depend on the details of the mathematical
expression and the particular quantities involved.

CONCLUSION

The new add-in for Microsoft Excel spreadsheets supports interval arithmetic,
probabilistic convolutions and their generalization probability bounds analysis. The
add-in enables Excel users to account for the uncertainties in their calculations with a
minimum of fuss and without having to learn a new software environment. The
software observes Excel conventions and permits calculations that are less expensive
computationally than alternative sampling-based approaches. It allows users to make
calculations involving uncertain numbers (i.e., intervals, probability distributions, and
p-boxes) which can be specified interactively according to what empirical
information is available. The add-in supports standard operators and functions,
including +, -, *, /, ~, max, min, exp, logs, sqrt, atan, etc. Binary operations are
computed according to what can be assumed about the stochastic dependence
between the operands. The add-in supports operations assuming the operands are
independent, perfect, opposite, positive, negatively dependent, or without any
assumption whatever about the dependence between the operands. The software
chooses the appropriate dependence assumption automatically, but the choice may be
overridden by the user. Operations and functions are transparently supported for pure
or mixed expressions involving scalars, intervals, probability distributions and p-
boxes. Expressions are evaluated as they are entered and the resulting values
automatically displayed graphically.

There have been attempts to introduce interval methods to spreadsheets
before, including the commercially unsuccessful Interval Solver from DeliSoft, which
have led to improvements in Excel’s Solver add-in (Fylstra et al. 1998). Add-ins for
Excel that support probabilistic risk analysis have also been developed, prominently
including the commercially successful Monte Carlo simulation software tools @Risk
(Salmento et al. 1989) and Crystal Ball (Burmaster and Udell 1990). Other stand-
alone software packages have supported probability bounds analysis, including
RAMAS Risk Calc (Ferson 2002) and DEnv (Berleant and Cheng 1998). The present
implementation seems to be the first time the methods of probability bounds analysis
have been made available for Excel spreadsheets.
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ABSTRACT

Increasingly, uncertainties are explicitly considered for important engineering
tasks. Often, little case-specific information is available for characterizing these
uncertainties. Uniform distributions are an easy way to describe errors in absence of
more precise information. In many situations, the bounds are fixed based on user
experience. The extended uniform distribution (EUD) provides a probability density
function that accounts for higher orders of uncertainty (uncertainty of uncertainty)
when using a uniform distribution to describe errors. Since the EUD accounts for
several orders of uncertainty it is more representative than uniform and curvilinear
distributions. The extended uniform distribution helps increase the reliability and
robustness of tasks requiring uncertainty combination through better representing
incomplete knowledge of parameters.

KEYWORDS
Uncertainties, Extended uniform distribution, System Identification, CMS4SI

Uncertainty is a fundamental part of applied science research. Uncertainty is
usually used to describe the distribution of an error through its probability density
function (PDF). An error PDF may either be used as itself or it may be combined
with other sources of uncertainties. This is called propagation of uncertainties.
Several methods are available to propagate uncertainties through models (JCGM
2008a; JCGM 2008b). These methods involve a combination of model-parameter
uncertainties into a single probability density function describing the overall
uncertainty of model predictions. Propagation methods assume that the uncertainties
are adequate representations of the error. In many cases, little information is available
for characterizing uncertainties. In absence of knowledge other than the position of
minimal and maximal error bounds, the uniform distribution is often chosen
according to the principle of maximum entropy (Jaynes 1957). Bounds are usually
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defined based on user experience. Therefore, an uncertainty can be assigned to the
position of minimal and maximal bounds. These three distributions can be combined
(the main uncertainty plus the two uncertainties on the minimal and maximal bound
position) into a curvilinear probability distribution function (Lira 2008; Raghu and
James 2007; Raghu and James 2010). Figure 1 shows an example of this function.

By | | ~<—— Main uncertainty
1 : :
] :i:' Eh Uncertainty on
8 .' inexact bound position
w
/_\ Combined uncertainty
(curvilinear distribution)

Error
Figure 1 — Example of a Curvilinear Probability Distribution Function

This distribution was adopted in a metrology guideline for expression of uncertainty
in measurements as the probability density function to use when the upper and lower
limit of an uniform distribution are not known exactly (JCGM 2008a).

The curvilinear distribution represents a more robust representation of uncertainty
when compared with the uniform distribution. However, one question remains; are
the bounds of the uncertainty on bound positions exactly known? Since the answer is
rarely positive, the concept behind the curvilinear distribution needs to be extended in
order to account for the inexact position of bounds for higher orders.

This paper introduces the extended uniform distribution (EUD) which overcomes the
limitation mentioned above. The first part presents the concepts behind EUD. The
second section explains how samples can be drawn from the extended uniform
distribution. The third section presents the result of a comparative study between
uniform, EUD and the curvilinear distribution and shows how curvilinear distribution
is a special case of EUD. In this section, the impact of the number of orders of
uncertainty accounted for is studied. Finally, the last section provides a discussion of
the results obtained and the use of the extended uniform distribution.

EXTENDED UNIFORM DISTRIBUTION

The Extended Uniform Distribution (EUD) accounts for the uncertainty over the
bound position for multiple orders of uniform distributions. Figure 2 shows the
resulting probability density function obtained using EUD.
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Figure 2 - Extended Uniform Distribution

In this figure, the main uncertainty (n=0) on a given quantity is expressed by a
uniform distribution. For illustration purposes, assume that it represents the
probability that a modelling error has a certain value. Since errors are never known
exactly, the position of the lower and higher bounds (A, B, A<B) of this distribution
are fixed based upon engineering experience. A constant f expresses the uncertainty
on the bound positions as a fraction of the zero-order uncertainty varying between
zero and one. For the zero-order uncertainty: "3 = [SO(B-A) = B-A. The first order of
uncertainty (n=1) accounts for incomplete knowledge of the exact position of each
bound. For the purpose of illustration, it is assumed that the uncertainty on the lower
and upper bounds are the same. The width of the uniform distributions representing
the uncertainty on the position of bound A and B is: B"8 = B8 = B(B-A). The
combination of these uncertainties would lead to a curvilinear distribution. However,
as mentioned above, the knowledge on the position of the bounds for the order one
(n=1) is also incomplete. Therefore, the second order of uncertainty (n=2) accounts
for incomplete knowledge of order one. The width of the uniform distributions
representing the uncertainty on the position of bound of the first order is: B"8 = p25 =
B%(B-A). Combining general uncertainty orders leads to the extended uniform
distribution (EUD). Compared with the uniform distribution, the EUD better
represents the lack of knowledge related to the upper and lower-bound positions
when user experience is used to fix uncertainties.
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SAMPLING FROM AN EXTENDED UNIFORM DISTRIBUTION

The extended uniform distribution may be used in a Monte-Carlo uncertainty
combination process as described in the Supplement 1 of JCGM (2008b). In this
section a sampling procedure is presented for the case where the uncertainties on the
lower and higher bounds are equal (a single value of B is required). These guidelines
also allow for unequal uncertainties.

The number of orders of uncertainty has to be fixed initially in order to obtain a stable
EUD probability density function. This step is required since it is not possible to
sample over an infinite number of uniform PDF in a numerical process. It is possible
to obtain a good approximation using a limited number of orders since the influence
of each order decreases exponentially. A study of the number of orders is presented in
Section 0. The sum of the maximal bound position for an infinite number of orders,
as shown in Equation 1, converge to a finite limit. As n becomes larger, the
contribution of each order tends to zero

iﬂn(ifA) (1)

In this equation, A and B are respectively the lower and upper bound of the main
uncertainty described by a uniform distribution and where £ varies between zero and
one.

To generate EUD samples, a sparse matrix M of size [NBO, 2"NBO] is created,
where NBO is the number of orders. For each row i=1.NBOQO, the columns 1 to 2% are
filled with uniformly distributed number between 0 and 1. For one sample, the
uncertainty propagation process starts with the last row (highest uncertainty order
number) and propagates up to the main uniform distribution (first row). The
algorithm that propagates uncertainties is presented below.

for i=[NBO:-1:2]
for 3j=1:2:(2"1)
beta loop=((beta/2)” (i-1))* (B-A)
M(i,3)=M(i,])-beta loop
M(i,3+1)=M(i,j+1)+beta loop
M(i-1, (3=1)/2+1)=M(i,3)+(M(i,J+1)-M(1i,])) *rand (1)
end
end

Logically, the upper bound for the error must always remain larger than its lower
bound. In the stochastic process for sampling in the EUD, it could be possible to
generate uncertainty of uncertainty that do not respect that criterion. Therefore, the
second part of the code verifies that at zero-order the upper bound (B) is larger or
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equal to the lower bound (A). If the condition is fulfilled, it generates a sample for the
extended uniform distribution, if falsified, it discards the generation.

if M(2,1)>=M(1,1)
EUD_sample= M(1,1)+M(2,1)-M(1,1)*rand (1)
end

Note that for B values smaller or equal to 0.5 the inequality is always satisfied.
During Monte-Carlo analysis, the procedure presented above is often repeated several
thousand times in order to achieve a target reliability.

A COMPARISON BETWEEN UNIFORM, EUD AND CURVILINEAR DISTRIBUTION

This section presents a comparative study between the uniform, the EUD and the
curvilinear distribution. Figure 3 show the EUD distribution obtained using only one
level of uncertainty (n=1). This case is equivalent to the curvilinear distribution. In
this figure, the horizontal axis represents the error and the vertical axis is the
normalized probability at which each error value should be obtained. The different
curves are computed from a Monte-Carlo analysis over 10,000,000 samples by
varying the value for § between zero and one. When B is equal to zero, the result
obtained is a uniform distribution having lower and upper bounds of -1 and 1.

’\ —bata = 0.0
\ s bgta = 0,33
| - - - -beta=0.88
z i, oo
F05F iy N
it Wi
g Y Wi
g it Wi
Y L1
E Hy W
g ’:’/ W
; .
S A
£ 3
E.Y
i i\
i N
’: i i\
/4 \ AN P—
4 3 2 1 0 1 2 8 4
Error

Figure 3 - Extended Uniform Distribution with one Order of Uncertainty (N=1)

The PDF shapes diverge from the uniformly distributed shape as the P value
increases; all curves have an integral equivalent to unity. Apart from the small
variations due to numerical sampling, the distribution shows sharp edges at their
extremities and at the intersection with the constant central portion. Figure 4 shows
the PDFs for the same conditions as in Figure 3, except that this time, several order of

uncertainty are used.
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Figure 4 - Extended Uniform Distribution with Several Orders of Uncertainty (N>1)

Again, when B is equal to zero, the result obtained is a uniform distribution having
lower and upper bounds of -1 and 1. For values of >0, the EUD curves shows
smoother transitions than the curvilinear distribution. When =1 the shape obtained is
close to a normal distribution (also shown in Figure 4) having the same standard
deviation (as EUD(B=1)).

Figure 5 presents the evolution of the 95% reliability bounds as a function of the 8
value and the number of orders taken into account in EUD distribution for zero-order
distribution of -1 to 1. In this figure, the B value is plotted on horizontal axis and the
bound defining a coverage interval of 95% for each PDF is plotted on the vertical
axis. In addition to the EUD distribution using one to four levels of uncertainty, the
results obtained with a uniform and a normal distribution (having the same standard
deviation as “EUD — 4 orders”) are shown. In the case of the uniform distribution and
when B=0 the 95% reliability bound has a value of 0.95. For EUD using any number
of uncertainty level, the reliability bound increases when the uncertainty over the
exact bound position increases. For small values of B (<0.5) there is no significant
change between a curvilinear and EUD distributions. For p>0.5, the discrepancy
between the two distributions types (curvilinear and EUD) increases. For =1, EUD
shows a reliability bound almost equal to a normal distribution having the same
standard deviation.
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Figure 5 - Evolution of 95% reliability bounds in relation with uncertainty order and
beta value for a zero-order distribution from -1 to 1

For 0>f>1 the reliability bounds obtained from extended uniform distributions using
a number of levels of uncertainty larger than one for these distributions can all be
considered as equivalent for engineering purposes and the PDFs obtained are all
similar to the one showed in Figure 4.

DISCUSSION

For engineering applications, two or three orders of uncertainties (as shown in
Figure 5) may be sufficient to obtain a close approximation of the extended uniform
distribution. Also, in every situation, the EUD distributions provide equal or
conservative reliability bounds compared with the curvilinear distributions.

Uniform distributions are often used to describe an error distribution. If the
knowledge related to the position of the bounds defining the distribution is
incomplete, the extended uniform distribution can be used. For practical applications,
when the uncertainty on the exact position of the bounds describing the distribution is
large (for instance B= 1), the EUD distribution can be replaced by a normal
distribution having the same mean as the main uniform distribution and a standard
deviation equal to 0.39 times the zero-order interval width. This value was
determined numerically from 1E7 samples.

The concept of higher order uncertainty and EUD can be used to define the
probability density function of errors in system identification tasks. A methodology
proposed by Goulet and Smith (2010) explicitly accounts for uncertainty coming
from model and measurements in order to identify the behaviour of systems. In such
a case, modelling uncertainties may only be quantified through relying on
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engineering experience. Therefore, the EUD may increase the utility the identification
outcome.

CONCLUSIONS

1. The extended uniform distribution (EUD) provides a probability density
function that accounts for uncertainty of uncertainty when using uniform
distributions to describe errors. EUD accounts for several orders of
uncertainty making it more representative than uniform and curvilinear
distribution.

2. The extended uniform distribution has the potential to increase the reliability
and robustness of decision making that requires the combination of
uncertainties through better representing incomplete knowledge of parameters
such as modelling uncertainty.
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ABSTRACT

Standard Monte Carlo (sMC) simulation models have been widely used in AEC
industry research to address system uncertainties. Although the benefits of
probabilistic simulation analyses over deterministic methods are well documented,
the sMC simulation technique is quite sensitive to the probability distributions of the
input variables. This phenomenon becomes highly pronounced when the region of
interest within the joint probability distribution (a function of the input variables) is
small. In such cases, the standard Monte Carlo approach is often impractical from a
computational standpoint. In this paper, a comparative analysis of standard Monte
Carlo simulation to Markov Chain Monte Carlo with subset simulation (MCMC/ss) is
presented. The MCMC/ss technique constitutes a more complex simulation method
(relative to sMC), wherein a structured sampling algorithm is employed in place of
completely randomized sampling. Consequently, gains in computational efficiency
can be made. The two simulation methods are compared via theoretical case studies.

INTRODUCTION

Although inherent to most of the AEC industry business activities, incorporating
uncertainty into process analysis has been a somewhat recent development, most
likely due to recent increases in personal computing power. The most prolific and
commonly used method in addressing the uncertainty in AEC industry has been the
Standard Monte Carlo Simulation (sMC) technique, which consists of a simple, yet
extremely robust algorithm. The sMC technique has been used in various aspects of
the AEC research from, risk analysis (Akintoye and McLeod 1997), to scheduling
(Lee, 2005) and cost engineering (Chau 1995).

The standard Monte Carlo simulation technique consists of repeatedly,
independently sampling values of random variables within a system and evaluating
performance functions of interest for each set of sampled values, if necessary. Each
set of sampled random variable values is considered to be one possible (simulated)
state for a physical system or process of interest. A certain number of repeated
simulations are carried out to obtain a probabilistic outcome for the process of
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interest. The effectiveness and pervasiveness of the sSMC approach as a probabilistic
simulation technique is well documented in the literature (e.g., Melchers 1999).

OVERVIEW OF THE sMC

The sMC simulation technique is used in conjunction with the inverse CDF method
of random variable value generation. The inverse CDF method begins with the
generation of a random number, Y;, which is obtained from a uniform probability
distribution function (PDF), gy. Given Y;, a CDF value (or cumulative probability),
Qy; is determined according to the governing CDF, Qy. A CDF value, Qu;, is then
defined subject to the constraint:

Oui = Oy, Equation 1

Using Qu; and the CDF, Qy (which corresponds to the random variable U), a
sample U; is then obtained. A random number is drawn for each variable within the
physical model, a value which is later used in order to obtain the value of the
parameter of interest using the probability distribution of the variable. By doing so,
randomization of the parameters that consist of the physical model, within their
respective distributions, is accomplished. Thus, the sSMC simulation technique has a
clear edge over the deterministic approaches because of its ability to incorporate
uncertainty to physical models developed without imposing any bias.

A PROBLEMATIC CASE: JOINT PROBABILITY DISTRIBUTION

One possible shortcoming of the SsMC approach results from its biggest strength, the
completely randomized sampling of the variables within the physical model. A
common assumption in using sMC in physical models is that the parameters within
the models are independent and only discretely related. When the main parameter of
the interest is dependent on the joint probability of the multiple variables, especially
when this area of interest is rather small, the completely randomized sampling will, as
a result, suffer from computational inefficiencies.

To illustrate this problem more accurately a hypothetical case scenario has
been devised (Davidson 2010), in which the reliability of a structural component is
assumed to be based on two factors only, load (S) and resistance (R). In this context,
structural failure will take place for any simulated state in which the load (S) exceeds
the design resistance (R). Four different case scenarios were designed in order to
assess the computation requirements to achieve meaningful solutions using sMC. In
each case the systems load is assumed to be normally distributed with a mean of 60
kips and a standard deviation of 10. Different resistance values were devised in order
to vary the joint probability of the load and resistance (Table 1). Note that the
resistance values were chosen to make the joint probability of two variables 0.1, 0.01,
0.001 and 0.0001 for different cases. As both S and R variables are assumed to be
normally distributed probability of load exceeding the resistance can be explicitly
calculated (The explicit calculation steps can be found in Field 2009).
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Table 1. Different Case Scenarios

S R R, |Rs Ry
Mean, p 60 |74.3 |86 94.5 | 101.5
St.Dev., ¢ |10 |5 5 5 5
P(R<S) 0.1 0.01 | 0.001 | 0.0001

OVERVIEW OF THE sMC ALGORITHM
An overview of the sMC algorithm, as it pertains to the two parameter demonstration
case, is shown in Table 1. Given statistical descriptions of the system random
variables R and S; the applicable limit state function (R<S); and, the corresponding
limit state exceedance probabilities (0.1, 0.01, 0.001, 0.0001), the approximate
number of simulations, #, required to obtain a meaningful sSMC estimate of the limit
state exceedance rate, psmc, may be determined using the required level of reliability
of the sMCS. Because of the unbiased random number generation, a sufficient
number of simulation cycles are necessary to confirm that the results are consistent.
i.e. the failure probability plane defined in this paper is, theoretically, a normally
distributed joint probability. Thus, provided enough sMCS were to be run, the
resulting failure plane would have to be normally distributed. Although it is not
critical in this case as the focus is point failure estimates rather than a distribution, if a
failure distribution were to be developed a substantial number of simulation runs
would have been necessary to achieve the failure probability distribution
convergence. The number of simulations run, thus, becomes highly influential in
determining the reliability of the estimates obtained from sMCS. In structural
reliability literature the sample size has been of great interest and using an empirical
formula and a predetermined standard dispersion measure, the sample size for a
probability failure can be determined.

A meaningful estimate is defined as—in the context of the two-parameter
demonstration case—a pgvc value with a coefficient of variation (COV) less than or
equal to 0.1, such that:

_ 1= Pac Equation 2
Sauc * P

where &8 %y is the COV associated with pgc. Note that COV is a measure
that is used to standardize the spread of the data points for a given set of points. In
this case, the COV has been selected to assess the reliability of different simulation
results and the rather conservative value 0.1 was chosen to signify the importance of
the accuracy of different simulation runs related to the structural reliability. Using the
explicit solution for the failure probability for the given R and S values and the COV
value of 0.1, the number of simulations necessary was determined. For probability of
failure values of 0.1, 0.01, 0.001 and 0.0001, the required number of simulations has
been determined to be 900, 9900, 99900 and 999900 respectively.

LIMITATIONS OF THE sMC APPROACH

It should be noted that the joint probability cases devised for this paper are overly
simplified interpretation of a real-world problem. More realistic modeling will not
only include more variables and more complex distributions, but also it might be



VULNERABILITY, UNCERTAINTY, AND RISK 89

more beneficial to obtain an outcome distribution instead of a point prediction which
was the case in this example. Thus, the number of necessary sSMC simulations is
likely to be much greater when additional complexities are incorporated. An
innovative approach, “Subset Simulation”, originally proposed by Au and Beck
(2001) is used to maximize the efficiency of the computational efforts. The authors
(Au and Beck) suggested use of the subset simulation for cases in which the joint
probability of the interest region is too small to efficiently utilize more traditional
sMC.

OVERVIEW OF THE MCMC/ss

For a given target reliability level for different batches of simulation sets(e.g., failure
probability estimate COV), the computational requirement associated with the SMC
approach increases inversely proportional to size of the probability region of interest.
In contrast, the corresponding computational requirement associated with the
MCMC/ss approach increases in an approximately logarithmic manner (Au et
al. 2007). Hence, the relative efficiency of the MCMC/ss approach increases slowly
(relative to the SMC approach) as the probability of interest approaches zero making
MCMC/ss a viable candidate for the extreme event simulation cases. Unlike sSMC, the
MCMC/ss procedure is divided into sequential stages of simulation (subsets), where
selected data from one subset is supplied to the next subset until the probability
estimate of the area of interest is obtained. For each subset, the simulation parameters
are constrained to the results at or below a prescribed probability of a specific
threshold value. For systems with small probability regions of interest, therefore, the
process of estimating these probabilities is divided into a series of generating
simulated states that satisfy prescribed, decreasing probability thresholds. As a result,
high levels of efficiency can be achieved through the use of MCMC/ss.

GENERAL OVERVIEW OF THE MCMC/ss ALGORITHM
The MCMC/ss process begins with sMC simulation, which is referred to as subset 0.
For subset 0, the minimum probability of exceedance threshold is initialized to 1 (no
constraint is placed on the generation of simulated states). Using the results from
subset 0, however, a probability of exceedance threshold is determined for the next
stage of simulation, subset /. Specifically, a pre-determined number of the subset 0
simulation results (points) are selected as subset / seed values that would be
evaluated as candidates for the next subset. Simultaneously, the selected points define
the probability of exceedance threshold for subset /, and furthermore, initialize (or
seed) the subset / simulations.

It has been recommended in the literature that, for all subsets, values at the
90 percentile and greater (in terms of proximity to failure) are carried over from one
subset to the next (Au and Beck 2001). This selection dictates the permissible region
that can be explored within a given subset. For example, a selection of simulation
results (from the pool of subset 0 simulations) at the 90" percentile is tantamount to
identifying those simulations with a probability of exceedance less than or equal to
0.1. The point among the subset / seed values that is farthest from the limit state
boundary has a probability of exceedance of 0.1 (in an empirical sense), and is used
to define a minimum demand boundary, which is referred to as the subset / threshold.
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The subset / threshold is simply a mapping of the probability of exceedance (i.e., 0.1)
in the plane (space) of the limit state.

Given the subset / seed values and the subset / threshold, the next stage of
simulation (subset /) can be carried out. In this stage, random variables are sampled
using a modified Metropolis-Hastings Sampling (MHS) scheme, rather than the
inverse CDF method (associated with the sMC approach). For a given simulated state
(e.g., a seed value), the modified MHS technique perturbs the present state in order to
produce the next state (rather than independently sampling the next simulated state).
Samples formed in this way “step” from one simulation point to the next, producing a
chain of simulations (referred to as a Markov Chain). Specific to the MCMC/ss
approach is the constraint that all simulations conducted in subset / are constrained
such that simulation results cannot fall below the subset / threshold (Fig. 1).

The subset / Markov Chain steps are continued until the total number of
simulations conducted in subset / becomes equal to the number of simulations, n,
conducted in subset (. Then, the process of selecting subset 2 seed values and the
subset 2 threshold is carried out in a manner that is analogous to that used for the
previous subset. Consequently, given that a 9™ percentile selection process is carried
out using the pool of subset / simulation results, then the probability of exceedance
threshold associated with the subset 2 seed values corresponds to a probability of
exceedance that is one-tenth of the corresponding subset / probability of exceedance
level (0.1). Consequently, the probability of exceedance threshold associated with the
subset 2 seed values is 0.01. The process of carrying out subsets of Markov Chain
simulations, selecting seed values, and determining a minimum threshold for the next
subset is repeated until all of the seed values for subset ¢ correspond to values that
reach or exceed the limit state boundary. Subsequently, the failure probability can be
estimated as (Au and Beck 2001):

Pricvcrss = foe " NF /g, Equation 3

where pyovcss 15 the MCMC/ss probability of failure estimate; 7, as an

exponent, is the final subset number; £

exc

is the probability of exceedance threshold
factor (e.g., a 90™ percentile selection process corresponds to a /... value equal to

0.1); NF is the number of simulation values in subset # that exceed the limit state
boundary; and, ny, is the number of simulations carried out in subset ¢.

RANDOM VARIABLE VALUE GENERATION FOR MCM(C/ss

For all subsets beyond subset 0, the MCMC/ss simulation technique requires the use
of the modified Metropolis-Hastings Sampling (MHS) (and starting seed values of
random variables) for random variable value generation as part of the Markov Chain
steps. The purpose of modified MHS is to facilitate the generation of “candidate”
random variable values. Candidate values of random variables are, in turn, used to
evaluate a limit state function of interest, and if the candidate values constitute an
acceptable simulated state (i.e., if the simulation results satisfy the applicable
probability of exceedance threshold), then the candidate random variable values are



VULNERABILITY, UNCERTAINTY, AND RISK 91

retained as seed values for the next step in the Markov Chain. Otherwise, the Markov
Chain remains in place (the step length is zero), and the sampling process is repeated.

The process of generating candidate random variable values is illustrated in
Fig. 2 for the random variable U of arbitrary distribution, gy. Given a previously

. seed . . . .
obtained seed value, U ;m , for simulation j, a uniform PDF, ¢, , is formed such
that the mean value is U ‘;M and the standard deviation is equal to that associated

with the random variable U. The PDF ¢, .. is then used to generate a “pre-candidate”

pre . .
sample value, U ;- Anacceptance ratio, 7, is then calculated as:

q,U]") ) Equation 4
9y (U

where gy() indicates the evaluation of the PDF frequency. The acceptance
ratio, ;, is then compared to Y;, which is a randomly sampled number between 0 and

r; = min(l,

1 in accordance with gy. If r; is greater than ¥, U’ is retained as the candidate

sample. Otherwise, the pre-candidate sample, U ]p ", is accepted as the candidate

sample.

DEMONSTRATION CASE SOLUTION USING MCMC/ss ALGORITHM:
SUBSET 0

Given values of nyp, for, and statistical descriptions for R and S, the sMC method is
employed. For each simulation i, values of R;, S;, and Z; are stored in arrays {R;}o,
{Si}to, and {Z;}o, respectively; additionally, for any instances where Z; is less than or
equal to zero (recall Equation 2), the failure tabulation parameter, NF, is incremented.
After ny, sMC simulations have been carried out, the entries of {Z}( are ranked in
increasing order, and the ranked values are stored in {Z*”"},. Arrays for the R and S
parameters are then formed ({R*”"}o and {S*”"},, respectively) to maintain
consistency with the ranked entries in {Z*”"},. Then, a threshold entry parameter, jrn,
is calculated:

jTH = |_nsuh ! f;xcj Equation 5

DEMONSTRATION CASE SOLUTION USING MCMC/ss ALGORITHM:
SUBSET I

Given values of ny,;; f..; the subset / seed values; and, the subset / threshold value,
Markov Chains are formed, where one Markov Chain is initialized at each subset /
seed value. The length (number of steps) of each Markov Chain, 7y, is dictated by:

nsrep = Lnsub /length( {Z“’Bd}] )J Equation 6
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where length() indicates the evaluation of the number of entries in an array.
Then, for each subset / seed, a Markov Chain consisting of ny., simulation points is
formed using modified MH sampling (Fig. 3, middle). During formation of the
Markov Chains, if any values stored {Z}, are found to be less than or equal to zero,
then the failure tabulation parameter, NF, is incremented. When the total number of
simulations conducted becomes equal to nys, the ranked {Z'”"}, array, and the
corresponding arrays {R*”"}; and {§*”"},, are formed in the same manner as that
described for subset 0. Then, the threshold entry parameter, ju, is calculated for

subset / using Eq. 5. Analogous to that of subse