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Preface

The book deals with a new set of orthogonal functions, termed as ‘hybrid functions’
(HFs). This new set is a combination of ‘sample-and-hold functions’ (SHFs) and
‘triangular functions’ (TFs), which are also orthogonal as well. The set of hybrid
functions are apt to approximate functions in a piecewise linear manner. From this
starting point, the presented analysis takes off and explores many aspects of control
system analysis and identification.

Application of non-sinusoidal piecewise constant orthogonal functions was
initiated by Walsh functions, which was introduced by J.L. Walsh in 1922 in a
conference and a year later was published in the American Journal of Mathematics.
The very look of the Walsh function set was very different from the set of sine–
cosine functions in the basic sense that it did not contain any curved lines at all!

But Walsh function set was not the first of its kind. Its forerunner was the set of
Haar functions, proposed in 1910, which belonged to the same class of piecewise
constant orthogonal functions. However, the Haar function set could not make a
very significant stir for many decades. But with the advent of wavelet analysis in
the 1960s, wider cross section of researchers came to take notice of the Haar
function set, now known to be the first ever wavelet function.

For more than four decades, the Walsh function set remained dormant by way of
its applications. It became attractive to a few researchers only during the mid-1960s.
But in the next 10–15 years, the Walsh function set found its application in many
areas of electrical engineering such as communication, solution of differential as
well as integral equations, control system analysis, control system identification,
and in other various fields. But from the beginning of the 1980s, the spotlight
shifted to block pulse functions (BPFs). The BPF set was also orthogonal and
piecewise constant. Further, it was related to Walsh functions and Haar functions by
similarity transformation. This function set was the most fundamental and simplest
of all piecewise constant basis functions (PCBFs). So it is no wonder that the BPF
set has been enjoying moderate popularity till date.

In the last decade of the twentieth century and in the first decade of the
twenty-first century, few other function sets were introduced in the literature by
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Anish Deb and his co-researchers. These are the sample-and-hold function set
(1998) and the triangular function set (2003).

In 2010, Anish Deb and his co-workers invented and introduced yet another new
set of piecewise linear orthogonal hybrid functions (HFs). This new set could
approximate square integrable time functions of Lebesgue measure in a piecewise
linear manner, and it used the samples of the function as expansion coefficients,
without using the traditional integration formula employed for orthogonal
function-based expansions. Compared to Walsh, block pulse function, and other
PCBF-based approximations, this was the main advantage of the HF set because it
reduced the computational burden appreciably. Moreover, HF-based approximation
incurred much less mean integral square error (MISE) as compared to BPF and
other PCBF-based approximations.

In the preliminary chapters, the following topics have been discussed in detail
with suitable numerical examples:

(i) properties of hybrid function (HF) and its operational rules,
(ii) function approximation and error estimates,
(iii) integration and differentiation using HF domain operational matrices,
(iv) one-shot operational matrices for integration,
(v) solution of linear differential equations, and
(vi) convolution of time functions.

In later parts of the book, in general, analysis and synthesis of many linear
continuous time control systems, which include time-invariant systems,
time-varying systems, and multi-delay systems, of homogeneous as well as
non-homogeneous types, are discussed. And what attractive results the HF domain
technique yielded!

In later chapters, the discussed topics are as follows:

(i) time-invariant and time-varying system analysis via state-space approach,
(ii) multi-delay system analysis via state-space approach,
(iii) time-invariant system analysis using the method of convolution,
(iv) time-invariant and time-varying system identification in state-space

environment,
(v) time-invariant system identification using ‘deconvolution,’ and
(vi) parameter estimation of transfer function from impulse response data.

All the topics are supported with relevant numerical examples. And to make the
book user-friendly, many MATLAB programs are appended at the end of the book.

Now, about the hybrid functions and the three authors. The first author started
working on this function set in 2005, and the third author was associated with him
constantly. The second author got interested in the hybrid function set and joined
the other two authors in 2010. Then, from 2012, after publication of a few works on
hybrid functions, the first author dreamt about a whole book on hybrid functions
and the other two authors strongly supported the dream and joined the mission.
Then, all of them toiled and toiled to make the dream come true. It was a great
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feeling to work with HF, and though toil was the major component during the past
few years, it never was able to overtake the academic enjoyment of the authors.

Finally, the authors acknowledge the support of the Department of Applied
Physics, University of Calcutta, and the second author acknowledges the support of
her institute Budge Budge Institute of Technology, Kolkata, India, during prepa-
ration of this book. Also, the support of Dr. Amitava Biswas, Associate Professor,
Department of Electrical Engineering, Academy of Technology, Hooghly, India, is
gratefully acknowledged.

Kolkata Anish Deb
September 2015 Srimanti Roychoudhury

Gautam Sarkar
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Chapter 1
Non-sinusoidal Orthogonal Functions
in Systems and Control

Abstract This chapter discusses different types of non-sinusoidal orthogonal
functions such as Haar functions, Walsh functions, block pulse functions,
sample-and-hold functions, triangular functions, non-optimal block pulse functions
and a few others. It also discusses briefly the application of Walsh, block pulse and
triangular functions, three major members of the non-sinusoidal orthogonal func-
tion family, in the area of systems and control. Finally, this chapter proposes a new
set of orthogonal functions named ‘Hybrid Function’ (HF). At the end of the
chapter, more than hundred useful references are given.

Orthogonal properties [1] of familiar sine-cosine functions have been known for
more than two centuries; but the use of such functions to solve complex analytical
problems was initiated by the work of the famous mathematician Baron
Jean-Baptiste-Joseph Fourier [2]. Fourier introduced the idea that an arbitrary
function, even the one defined by different equations in adjacent segments of its
range, could nevertheless be represented by a single analytic expression. Although
this idea encountered resistance at the time, it proved to be central to many later
developments in mathematics, science, and engineering.

In many areas of electrical engineering the basis for any analysis is a system of
sine-cosine functions. This is mainly due to the desirable properties of frequency
domain representation of a large class of functions encountered in engineering design
and also immense popularity of sinusoidal voltage in most engineering applications.

In the fields of circuit analysis, control theory, communication, and the analysis
of stochastic problems, examples are found extensively where the completeness and
orthogonal properties of such a system of sine-cosine functions lead to attractive
solutions. But with the application of digital techniques in these areas, awareness
for other more general complete systems of orthogonal functions has developed.
This “new” class of functions, though not possessing some of the desirable prop-
erties of sine-cosine functions, has other advantages to be useful in many appli-
cations in the context of digital technology. Many members of this class of
orthogonal functions are piecewise constant binary valued, and therefore indicate
their possible suitability and applicability in the analysis and synthesis of systems
leading to piecewise constant solutions.

© Springer International Publishing Switzerland 2016
A. Deb et al., Analysis and Identification of Time-Invariant Systems, Time-Varying
Systems, and Multi-Delay Systems using Orthogonal Hybrid Functions,
Studies in Systems, Decision and Control 46, DOI 10.1007/978-3-319-26684-8_1
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1.1 Orthogonal Functions and Their Properties

Any continuous time function can be synthesized completely to a tolerable degree
of accuracy by using a set of orthogonal functions. For such accurate representation
of a time function, the orthogonal set should be complete [1].

Let a time function f ðtÞ, defined over a time interval [0, T), be represented by an
orthogonal function set S nð ÞðtÞ. Then

f ðtÞ ¼
X1
j¼0

cjsjðtÞ ð1:1Þ

where, cj is the coefficient or weight connected to the (j + 1)th member of the
orthogonal set.

The members of the function set S nð ÞðtÞ are said to be orthogonal in the interval
0� t� T if for any positive integral values of p and q, we have

ZT
0

spðtÞsqðtÞ dt ¼ dpq a constantð Þ ð1:2Þ

where, dpq is the Kronecker delta and

dpq ¼ 0 for p 6¼ q
constant for p ¼ q

�

When dpq ¼ 1, the set is said to be orthonormal. An orthogonal set is said to be
complete or closed if no function can be found which is normal to each member of
the defined set, satisfying Eq. (1.2).

Since, only a finite number of terms of the series S nð ÞðtÞ can be considered for
practical realization of any time function f ðtÞ, right-hand side (RHS) of Eq. (1.1)
has to be truncated and we write

f ðtÞ �
XN
j¼0

cjsjðtÞ ð1:3Þ

where N is an integer. A point to remember is, N has to be large enough to come up
with a solution of the problem with the desired accuracy.

When N is appreciably large, the accuracy of representation is good enough for
all practical purposes. Also, it is necessary to choose the coefficients cj;s in such a
manner that the mean integral square error (MISE) [3] is minimized. The MISE is
defined as

2 1 Non-sinusoidal Orthogonal Functions in Systems and Control



MISE D
1
T

ZT
0

f ðtÞ �
XN
j¼0

cjsjðtÞ
" #2

dt ð1:4Þ

and its minimization is achieved by making

cj ¼ 1
T

ZT
0

f ðtÞsjðtÞ dt ð1:5Þ

For a complete orthogonal function set, the MISE in Eq. (1.4) decreases
monotonically to zero as N tends to infinity.

1.2 Different Types of Non-sinusoidal Orthogonal
Functions

For more than four decades different piecewise constant basis functions (PCBF)
have been employed to solve problems in different fields of engineering including
the area of control theory.

1.2.1 Haar Functions

In 1910, Hungarian mathematician Haar [4] proposed a complete set of piecewise
constant binary-valued orthogonal functions that are shown in Fig. 1.1. In fact, Haar
functions have three possible states 0 and ±A where A is a function of √2. Thus, the
amplitude of the component functions varies with their place in the series.

The component functions of the Haar function set have both scaling and shifting
properties. These properties are a necessity for any wavelet [5]. That is why it is
now recognized as the first known wavelet basis and at the same time, it is the
simplest possible wavelet.

An m-set of Haar functions may be defined mathematically in the semi-open
interval t 2 ½0; 1Þ as given below.

The first member of the set is

har 0; 0; tð Þ ¼ l; t 2 0; 1½ Þ

while the general term for other members is given by

1.1 Orthogonal Functions and Their Properties 3



Fig. 1.1 A set of Haar
functions
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harðj; n; tÞ ¼
2j=2; ðn� 1Þ=2 j � t\ n� 1

2ð Þ=2 j

�2j=2; ðn� 1
2Þ=2 j � t\n=2 j

0; elsewhere

8><
>: ð1:6Þ

where, j, n and m are integers governed by the relations 0� j\ log2ðmÞ, 1� n� 2 j.
The number of members in the set is of the form m = 2 k, k being a positive integer.
Following Eq. (1.6), the members of the set of Haar functions can be obtained in a
sequential manner. In Fig. 1.1, k is taken to be 3, thus giving m = 8.

Haar’s set is such that the formal expansion of a given continuous function in
terms of these new functions converges uniformly to the given function.

1.2.2 Rademacher Functions

In 1922, inspired by Haar, German mathematician H. Rademacher presented
another set of two-valued orthonormal functions [6] that are shown in Fig. 1.2. The
set of Rademacher functions is orthonormal but incomplete. As seen from Fig. 1.2,
the function rad(n, t) of the set is given by a square wave of unit amplitude and 2n−1

cycles in the semi-open interval [0, 1). The first member of the set rad(0, t) has a
constant value of unity throughout the interval.

Fig. 1.2 A set of
Rademacher functions
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1.2.3 Walsh Functions

After the Rademacher functions were introduced in 1922, around the same time,
American mathematician J.L. Walsh independently proposed yet another
binary-valued complete set of normal orthogonal functions U, later named Walsh
functions [3, 7], that is shown in Fig. 1.3.

As indicated by Walsh, there are many possible orthogonal function sets of this
kind and several researchers, in later years, have suggested orthogonal sets [8–10]
formed with the help of combinations of the well-known piecewise constant
orthogonal functions.

In his original paper Walsh pointed out that, “… Haar’s set is, however, merely
one of an infinity of sets which can be constructed of functions of this same
character.” While proposing his new set of orthonormal functions U, Walsh wrote

Fig. 1.3 A set of Walsh
functions arranged in dyadic
order
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“… each function u takes only the values +1 and −1, except at a finite number of
points of discontinuity, where it takes the value zero.”

However, the Rademacher functions were found to be a true subset of the Walsh
function set. The Walsh function set possesses the following properties all of which
are not shared by other orthogonal functions belonging to the same class. These are:

(i) Its members are all two-valued functions,
(ii) It is a complete orthonormal set,
(iii) It has striking similarity with the sine-cosine functions, primarily with respect

to their zero-crossing patterns.

1.2.4 Block Pulse Functions (BPF)

During the 19th century, voltage and current pulses, such as Morse code signals,
were generated by mechanical switches, amplified by relays and finally detected by
different magneto-mechanical devices. These pulses are nothing but block pulses—
the most important function set used for communication.

However, until the 80s of the last century, the set of block pulses received less
attention from the mathematicians as well as application engineers possibly due to
their apparent incompleteness. But disjoint and orthogonal properties of such a
function set were well known.

A set of block pulse functions [11–13] in the semi-open interval t 2 ½0; TÞ is
shown in Fig. 1.4.

An m-set block pulse function is defined as

wiðtÞ ¼
1 for ih� t\ðiþ 1Þh
0 elsewhere

(

where, i = 0, 1, 2, …, (m − 1) and h ¼ T
m.

The block pulse function set is a complete [14] orthogonal function set and can
easily be normalized by defining the component functions in the interval [0, T) as

wiðtÞ ¼
1ffiffi
h

p for ih� t\ðiþ 1Þh
0 elsewhere

(

1.2.5 Slant Functions

A special orthogonal function set, known as the slant function set, was introduced
by Enomoto and Shibata [15] for image transmission analysis. These functions are
also applied successfully to image processing problems [16, 17].

1.2 Different Types of Non-sinusoidal Orthogonal Functions 7



Slant functions have a finite but a large number of possible states as can be seen
from Fig. 1.5. The superiority of the slant function set lies in its transform char-
acteristics, which permit a compaction of the image energy to only a few trans-
formed samples. Thus, the efficiency of image data transmission in this form is
improved.

Fig. 1.4 A set of block pulse
functions
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1.2.6 Delayed Unit Step Functions (DUSF)

Delayed unit step functions, shown in Fig. 1.6, were suggested by Hwang [18] in
1983. Though not of much use due to its dependency on BPFs, shown by Deb et al.
[13], it deserves to be included in the record of piecewise constant basis functions
as a new variant. The (i + 1)th member of this function set is defined as

Fig. 1.5 A set of slant
functions
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uiðtÞ ¼ 1 t� ih
0 t\ih

�

where, i = 0, 1, 2, …, (m − 1).

1.2.7 General Hybrid Orthogonal Functions (GHOF)

So far the discussion centered on different types of orthogonal functions having a
piecewise constant nature. The major departure from this class was the formulation
of general hybrid orthogonal functions (GHOF) introduced by Patra and Rao [19,
20]. While sine-cosine functions or orthogonal polynomials can represent a con-
tinuous function quite nicely, these functions/polynomials become unsatisfactory
for approximating functions with discontinuities, jumps or dead time. For repre-
sentation of such functions, undoubtedly piecewise constant orthogonal functions
such as Walsh or block pulse functions, can be used more advantageously. But with

Fig. 1.6 A set of DUSF for
m-component functions
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functions having both continuous nature as well as a number of discontinuities in
the time interval of interest, it is quite clear that none of the orthogonal
functions/polynomials of continuous nature is suitable for approximating the
function with a reasonable degree of accuracy. Also, piecewise constant orthogonal
functions are not suitable for the job either.

Hence, to meet the combined features of continuity and discontinuity in such
situations, the framework of GHOF was proposed and applied by Patra and Rao and
it seemed to be more appropriate. The system of GHOF formed a hybrid basis
which was both flexible and general.

However, the main disadvantage of GHOF seems to be it requires a priori
knowledge about the nature as well as discontinuities of the function, which are to
be matched with the segment boundaries of the system of GHOF comprised of
different types of orthogonal function sets chosen for the analysis. This also requires
a complex algorithm for better results.

1.2.8 Variants of Block Pulse Functions

In 1995, a pulse-width modulated version of the block pulse function set was
presented by Deb et al. [21, 22] where, the pulse-width of the component functions
of the BPF set was gradually increased (or, decreased) depending upon the nature of
the square integrable function to be handled.

In 1998, a further variant of the BPF set was proposed by Deb et al. [23] where,
the set was called sample-and-hold function (SHF) set and the same was utilized for
the analysis of sampled data systems with zero-order hold.

1.2.9 Sample-and-Hold Functions (SHF)

Any square integrable function f ðtÞ may be represented by a sample-and-hold
function set [23] in the semi-open interval [0, T) by considering the (i + 1)th
member of the set to be

fiðtÞ ¼ f ðihÞ; i ¼ 0; 1; 2; . . .; m� 1ð Þ

where, h is the sampling period (=T/m), fiðtÞ is the amplitude of the function f ðtÞ at
time ih and f ðihÞ is the first term of the Taylor series expansion of the function f ðtÞ
around the point t = ih, because, for a zero order hold (ZOH) the amplitude of the
function f ðtÞ at t = ih is held constant for the duration h.

A set of SHF, comprised of m component functions, is defined as
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siðtÞ ¼ 1 for ih� t\ðiþ 1Þh
0 elsewhere

�
ð1:7Þ

where, i = 0, 1, 2, …, (m − 1).
The basis functions of the SHF set are look-likes of the members of the BPF set

shown in Fig. 1.4. Only the method of computation of the coefficients differs in
respective cases. That is, the expansion coefficients in SHF domain do not depend
upon the traditional integration Formula (1.5).

1.2.10 Triangular Functions (TF)

A rectangular shaped block pulse function can be dissected along its two diagonals
to generate two triangular functions [24–26]. That is, when we add two component
triangular functions, we get back the original block pulse function. This dissection
process is shown in Fig. 1.7, where the first member w0ðtÞ is resolved into two
component triangular functions T10(t) and T20(t).

From a set of block pulse function, WðmÞðtÞ, we can generate two sets of
orthogonal triangular functions (TF), namely T1ðmÞðtÞ and T2ðmÞðtÞ such that

WðmÞðtÞ ¼ T1ðmÞðtÞþT2ðmÞðtÞ

These two TF sets are complementary to each other. For convenience, we call
T1ðmÞðtÞ the left handed triangular function (LHTF) vector and T2ðmÞðtÞ the right
handed triangular function (RHTF) vector. Figure 1.8a, b show the orthogonal
triangular function sets, T1ðmÞðtÞ and T2ðmÞðtÞ, where m has been chosen arbitrarily
as 8. For triangular function domain expansion of a time function, the coefficients
are computed from function samples only [26], and they do not need any assistance
from Eq. (1.5).

Fig. 1.7 Dissection of the first member of a BPF set into two triangular functions
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1.2.11 Non-optimal Block Pulse Functions (NOBPF)

The ‘non-optimal’ method of block pulse function coefficient computation has been
suggested by Deb et al. [27] which employs trapezoidal [28] integration instead of
exact integration. The approach is ‘new’ in the sense that the BPF expansion
coefficients of a locally square integrable function have been determined in a more
‘convenient’ manner.

This ‘non-optimal’ expansion procedure for computation of coefficients uses the
trapezoidal rule for integration where only the samples of the function to be
approximated are needed in any particular time intervals to represent the function in
NOBPF [27] domain and thus reduces the computational burden.

Fig. 1.8 a A set of eight
LHTF T1ð8ÞðtÞ. b A set of
eight RHTF T2ð8ÞðtÞ
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Let us employ the well-known trapezoidal rule for integration to compute the
non-optimal block pulse function coefficients of a time function f ðtÞ. Calling these
coefficients f 0i ’s, we get

f 0i �
1
2 f ðihÞþ f ðiþ 1Þhgf �½ � h

h
¼ f ðihÞþ f ðiþ 1Þhf g½ �

2
ð1:8Þ

f 0i ’s are ‘non-optimal’ coefficients computed approximately from Eq. (1.8). It is
observed that f 0i ’s are in effect, the average values of two consecutive samples of the
function f ðtÞ, and this is again a significant deviation from the traditional Formula
(1.5).

The process of function approximation in non-optimal block pulse function
(NOBPF) domain is shown in Fig. 1.9.

A time function f ðtÞ can be approximated in NOBPF domain as

f ðtÞ � f 00 f 01 f 02 . . . f 0i . . . f 0ðm�1Þ
� �

W0
ðmÞðtÞ ¼ F0TW0

ðmÞðtÞ ð1:9Þ

It is evident that f ðtÞ in (1.9) will not be approximated with guaranteed mean
integral square error (MISE).

Figure 1.10 shows a time scale history of all the functions discussed above.

1.3 Walsh Functions in Systems and Control

Among all the orthogonal functions outlined earlier, Walsh function based analysis
first became attractive to the researchers from 1962 onwards [7, 29–31]. The reason
for such success was mainly due to its binary nature. One immediate advantage is
the task of analog multiplication. To multiply any signal by a Walsh function, the
problem reduces to an appropriate sequence of sign changes, which makes this
usually difficult operation both simple and potentially accurate [29]. However, in

Fig. 1.9 Function approximation in non-optimal block pulse function (NOBPF) domain where
area preserving transformation is employed
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Fig. 1.10 Time scale history of piecewise constant and related basis function family
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system analysis, Walsh functions were employed during the early 1970s. As a
consequence, the advantages of Walsh analysis were unraveled to the workers in
the field compared to the use of conventional sine-cosine functions. Ultimately, the
mathematical groundwork of the Walsh analysis became strong to lure interested
researchers to try every new application based upon this function set.

In 1973, it was Corrington [32] who proposed a new technique for solving linear
as well as nonlinear differential and integral equations with the help of Walsh
functions. In 1975, important technical papers relating Walsh functions to the field
of systems and control were published. New ideas were proposed by Rao [33–41]
and Chen [42–47]. Other notable workers were Le Van et al. [48], Tzafestas [49],
Chen [50–53], Mahapatra [54], Paraskevopoulos [55], Moulden [56], Deb and
Datta [57–59], Lewis [60], Marszalek [61], Dai and Sinha [62], Deb et al. [63–68],
and others.

The first positive step for the development of the Walsh domain analysis was the
formulation of the operational matrix for integration. This was done independently
by Rao [33], Chen [42], and Le Van et al. [48]. Le Van sensed that since the
integral operator matrix had an inverse, the inverse must be the differential operator
in the Walsh domain. However, he could not represent the general form of the
operator matrix that was done by Chen [42, 43]. Interestingly, the operational
matrix for integration was first presented by Corrington [32] in the form of a table.
But he failed to recognize the potentiality of the table as a matrix.

This was first pointed out by Chen and he presented Walsh domain analysis with
the operational matrices for integration as well as differentiation:

(i) to solve the problems of linear systems by state space model [42];
(ii) to design piecewise constant gains for optimal control [43];
(iii) to solve optimal control problem [44];
(iv) in variational problems [45];
(v) for time domain synthesis [46];
(vi) for fractional calculus as applied to distributed systems [47].

Rao used Walsh functions for:

(i) system identification [33];
(ii) optimal control of time-delay systems [35];
(iii) identification of time-lag systems [36];
(iv) transfer function matrix identification [38] and piecewise linear system iden-

tification [39];
(v) parameter estimation [40];
(vi) solving functional differential equations and related problems [41].

Rao first formulated the operational matrices for stretch and delay [41]. He
proposed a new technique for extension of computation beyond the limit of initial
normal interval with the help of “single term Walsh series” approach [37], and
estimated the error due to the use of different operational matrices [40]. Rao and
Tzafestas indicated the potentiality of Walsh and related functions in the area of
systems and control in a review paper [69]. Tzafestas [70] assessed the role of
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Walsh functions in signal and system analysis and design, in a rich collection of
papers.

W.L. Chen defined a “shift Walsh matrix” for solving delay-differential equa-
tions [51], and used Walsh functions for parameter estimation of bilinear systems
[50] as well as for the analysis of multi-delay systems [53]. Paraskevopoulos
determined the transfer functions of a single input single output (SISO) system from
its impulse response data with the help of Walsh functions and a fast Walsh
algorithm [55]. Tzafestas applied Walsh series approach for lumped and distributed
system identification [49]. Mahapatra used Walsh functions for solving matrix
Riccati equation arising in optimal control studies of linear diffusion equations [54].
Moulden’s work was concerned with the application of Walsh spectral analysis of
ordinary differential equations in a very formal manner [56]. Deb applied Walsh
functions to analyze power-electronic systems [57, 58], Deb and Datta was the first
to define the Walsh Operational Transfer Function (WOTF) for the analysis of
linear SISO systems [57, 58, 63–65]. Deb was the first to notice the oscillatory
behavior in the Walsh domain analysis of first-order systems [68].

1.4 Block Pulse Functions in Systems and Control

The earliest work concerning completeness and suitability of BPF for use in place
of Walsh functions, is a small technical note of Rao and Srinivasan [71]. Later
Kwong and Chen [14], Chen and Lee [72], and Sloss and Blyth [73] discussed
convergence properties of BPF series and the BPF solution of a linear time invariant
system.

Sannuti’s paper [74] on the analysis and synthesis of dynamical systems in state
space was a significant step toward BPF applications. Shieh et al. [75] dealt with the
same problems. The doctoral dissertation of Srinivasan [76] contained several
applications of BPF to a variety of problems. Rao and Srinivasan proposed methods
of analysis and synthesis for delay systems [77] where an operational matrix for
delay via BPF was proposed.

Chen and Jeng [78] considered systems with piecewise constant delays. BPF’s
are also used to invert Laplace transforms [79–82] numerically. Differential equa-
tions, related to the dynamics of current collection mechanism of electric loco-
motives, contain terms with a stretched argument. Such equations have been treated
in Ref. [83] using BPF. Chen [84] also dealt with scaled systems. BPFs have been
used in obtaining discrete-time approximations of continuous-time systems. Shieh
et al. [75] and recently Sinha et al. [85] gave some interesting results in this
connection. The BPF method of discretization has been compared with other
techniques employing bilinear transformation, state transition matrix, etc.

The higher powers of the operational matrix for integration accomplished the
task of repeated integration. However, the use of higher powers led to accumulation
of error at each stage of integration. This has been recognized by Rao and
Palanisamy who gave one shot operational matrices for repeated integration via
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BPF and Walsh functions. Wang [86] deals with the same aspect suggesting
improvements in operational matrices for fractional and operational calculus.
Palanisamy reveals certain interesting aspects of the operational matrix for inte-
gration [87]. Optimal controls for time-varying systems have also been worked out
[88]. Kawaji [89] gave an analysis of linear systems with observers.

Replacement of Walsh function by block pulse took place in system identifi-
cation algorithms for computational advantage. Shih and Chia [90] used BPF in
identifying delay systems. Jan and Wong [91] and Cheng and Hsu [92] identified
bilinear models. Multidimensional BPFs have been proposed by Rao and
Srinivasan [93]. These were used in solving partial differential equations. Nath and
Lee [94] discussed multidimensional extensions of block pulse with applications.

Identification of nonlinear distributed systems and linear feedback systems via
block pulse functions were done by Hsu and Cheng [95] and Kwong and Chen [96].
Palanisamy and Bhattacharya also used block pulse functions in system identifi-
cation [97] and in analyzing stiff systems [98]. Solution of multipoint boundary
value problems and integral equations were obtained using a set of BPF [99, 100].
In parameter estimation of bilinear systems Cheng and Hsu [101] applied block
pulse functions. Still many more applications of block pulse functions remain to be
mentioned.

Thus block pulse function continued to reign over other piecewise constant
orthogonal functions with its simple but powerful attributes. But numerical insta-
bility is observed when deconvolution operation [102] in BPF domain is executed
for system identification. Also, oscillations where observed [68] for system analysis
in BPF domain.

1.5 Triangular Functions (TF) in Systems and Control

It was Corrington [32] who initiated application of Walsh functions in the area of
systems and control by solving differential and integral equations with this new set.
Only four years later, Chen et al. [47] took up the trail and came up with formal
representation of block pulse functions and partially used them in conjunction with
Walsh functions for solving problems related to distributed systems. Two years
earlier, operational matrices for integration and differentiation in Walsh domain
were proposed by Chen et al. [46]. It was also independently presented by Rao and
Sivakumar [33] and Le Van et al. [48]. Such operational matrices played a vital role
in the analysis and synthesis of control systems.

With the onset of the 80s, the block pulse function set proved to be more elegant,
simple and computationally attractive compared to Walsh functions. Thus, it
enjoyed immense popularity for more than a decade. Later variants of block pulse
functions were employed successfully by Deb et al. [22, 23]. In the last decade, a
new set of functions, namely, triangular function set were introduced by Deb et al.
[24–26]. Gradually, these new sets of functions attracted many researchers
[103–106].
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1.6 A New Set of Orthogonal Hybrid Functions (HF):
A Combination of Sample-and-Hold Functions
(SHF) and Triangular Functions (TF)

In the present work, a new set of piecewise orthogonal hybrid function (HF),
derived from sample-and-hold [23] functions and triangular functions [24–26], is
proposed. This new set of functions is used for the analysis and synthesis of various
types of linear continuous time non-homogeneous as well as homogeneous control
systems, namely, time-invariant systems, time varying systems and multi-delay
systems. The main advantage of the hybrid function set is it works with function
samples. Also, it provides the time solutions in a piecewise linear manner in two
parts: sample-and-hold function component and the triangular function component.
And if we leave out the TF component of the solution, we are left with the
sample-and-hold function component which is sometimes needed for analyzing
digital control systems and related research.

Function approximation in traditional BPF domain requires many integration
operations. That is, computation of each coefficient means performing one
numerical integration, thus requiring more time as well as memory space increasing
the computational burden. But, this ‘new’ HF domain approach is more suited to
handle complicated functions because it works with function samples as coeffi-
cients. Also, for identification of control systems, block pulse domain technique
gives rise to numerical instability [102], while the HF domain approach does not.
Thus, the HF domain approach seems to be more efficient in many ways than
traditional approaches, the main reason being this set works with samples only.

With this rich background, it seems worthwhile to explore this field.
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Chapter 2
The Hybrid Function (HF) and Its
Properties

Abstract Starting with a brief review of block pulse functions (BPF),
sample-and-hold functions (SHF) and triangular functions (TF), this chapter pre-
sents the genesis of hybrid functions (HF) mathematically. Then different ele-
mentary properties and operational rules of HF are discussed. The chapter ends with
a qualitative comparison of BPF, SHF, TF and HF.

In this chapter, we propose a new set of orthogonal functions [1]. The function set is
named ‘hybrid function (HF)’. This set is a combination of the sample-and-hold
function (SHF) set [2] and a right handed triangular function (RHTF) set [3, 4]. This
new function set is different from piecewise constant orthogonal functions [5] and
approximates square integrable time functions of Lebesgue measure in a piecewise
linear manner.

In the following, we discuss different properties of the proposed hybrid function
(HF) set. That is, its elementary properties and the operational rules like, addition,
subtraction, multiplication and division in HF domain are discussed.

2.1 Brief Review of Block Pulse Functions (BPF) [6]

Referring to Fig. 1.4 and definition of block pulse functions given in Sect. 1.2.4, a
square integrable time function f(t) of Lebesgue measure may be expanded into an
m-term BPF series in t 2 ½0; TÞ as

f ðtÞ �
Xm�1

i¼0

fiwiðtÞ ¼ f0 f1 f2 � � � fi � � � fðm�1Þ
� �

WðmÞðtÞ for i ¼ 0; 1; 2; . . .; m� 1ð Þ

,FTðmÞWðmÞðtÞ
ð2:1Þ
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where, ½ � � � �T denotes transpose and the (i + 1)th BPF coefficient fi is given by

fi ¼ 1
h

Zðiþ 1Þh

ih

f tð Þwi tð Þdt ð2:2Þ

where, h ¼ T
ms:

Coefficients evaluated via Eq. (2.2) always ensures minimum mean integral
square error (MISE) [6] with respect to function approximation. Thus, the coeffi-
cients fi’s may be termed ‘optimal’.

If Eq. (2.2) is computed via trapezoidal rule, the coefficients will slightly deviate
from the fi’s of (2.2) due to inexact integration. However, such ‘approximate’
computation leading to ‘approximate’ coefficients f 0i ’s has the advantage of working
with function samples only. Thus

fi ¼ 1
h

Zðiþ 1Þh

ih

f tð Þwi tð Þdt �
f ðihÞþ f fðiþ 1Þhg½ �

2
¼ f 0i ð2:3Þ

We call such BPF expansion a ‘non-optimal’ one and any analysis based upon
this technique may be called ‘non-optimal’ BPF (NOBPF) analysis.

2.2 Brief Review of Sample-and-Hold Functions (SHF) [2]

Any square integrable function f(t) may be represented by a sample-and-hold
function set in the semi-open interval [0, T) by considering

fiðtÞ ¼ f ðihÞ; i ¼ 0; 1; 2; . . .; m� 1ð Þ

where, h is the sampling period (=T/m), fiðtÞ is the amplitude of the function f(t) at
time ih and f(ih) is the first term of the Taylor series expansion of the function f
(t) around the point t = ih, because, for a zero order hold (ZOH) the amplitude of the
function f(t) at t = ih is held constant for the duration h.

SHFs are similar to BPFs in many aspects. The (i + 1)th member of an SHF set,
comprised of m component functions, is defined as

SiðtÞ ¼ 1 for ih� t\ðiþ 1Þh
0 elsewhere

�
ð2:4Þ

where, i = 0, 1, 2, …, (m − 1).
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A square integrable time function f(t) of Lebesgue measure may be expanded
into an m-term SHF series in t 2 ½0; TÞ as

f ðtÞ �
Xðm�1Þ

i¼0

giSiðtÞ ¼ g0 g1 g2 � � � gi � � � gðm�1Þ
� �

SðmÞðtÞ for i ¼ 0; 1; 2; . . .; m� 1ð Þ

,GT
ðmÞSðmÞðtÞ

ð2:5Þ

where ½� � ��T denotes transpose and gi ¼ f ðihÞ, the (i + 1)th sample of the function f
(t). In fact, gi’s are the samples of the function f(t) with the sampling period h.

Considering the nature of the SHF set, which is a look alike of the BPF set, it is
easy to conclude that this set is orthogonal as well as complete in t 2 ½0; TÞ.
However, the special property of the SHF is revealed by using the sample-and-hold
concept in deriving the required operational matrices. If a time signal f(t) is fed to a
sample-and-hold device as shown in Fig. 2.1, the output of the device approximates
f(t) as per Eq. (2.5).

2.3 Brief Review of Triangular Functions (TF) [3, 4]

From a set of block pulse function,WðmÞðtÞ, we can generate two sets of orthogonal
triangular functions (TF) [3, 4], namely T1ðmÞðtÞ and T2ðmÞðtÞ such that

WðmÞðtÞ ¼ T1ðmÞðtÞþT2ðmÞðtÞ ð2:6Þ

Figure 1.8a, b show the orthogonal triangular function sets, T1ðmÞðtÞ and T2ðmÞðtÞ,
where m has been chosen arbitrarily as 8. These two TF sets are complementary to
each other. For convenience, we call T1ðmÞðtÞ the left-handed triangular function
(LHTF) vector and T2ðmÞðtÞ the right handed triangular function (RHTF) vector.

Using the component functions, we could express the m-set triangular function
vectors as

T1ðmÞ tð Þ, T10ðtÞ T11ðtÞ T12ðtÞ � � � T1iðtÞ � � � T1m�1ðtÞ½ �T
T2ðmÞ tð Þ, T20ðtÞ T21ðtÞ T22ðtÞ � � � T2iðtÞ � � � T2m�1ðtÞ½ �T

where ½� � ��T denotes transpose.

Fig. 2.1 A sample-and-hold device

2.2 Brief Review of Sample-and-Hold Functions (SHF) … 27

http://dx.doi.org/10.1007/978-3-319-26684-8_1


The (i + 1)th component of the LHTF vector T1ðmÞðtÞ is defined as

T1iðtÞ ¼ 1� ðt � ihÞ=h; for ih� t\ðiþ 1Þh
0; elsewhere

�
ð2:7Þ

and the (i + 1)th component of the RHTF vector T2ðmÞðtÞ is defined as

T2iðtÞ ¼ ðt � ihÞ=h; for ih� t\ðiþ 1Þh
0; elsewhere

�
ð2:8Þ

where i = 0, 1, 2, …, (m − 1).
A square integrable time function f(t) of Lebesgue measure may be expanded

into an m-term TF series in t 2 ½0; TÞ as

f ðtÞ � c0 c1 c2 � � � cm�1½ �T1ðmÞðtÞþ d0 d1 d2 � � � dm�1½ �T2ðmÞðtÞ
,CTT1ðmÞðtÞþDTT2ðmÞðtÞ

ð2:9Þ

The constant coefficients c0is and d0i s in Eq. (2.9) are given by

ci , f ðihÞ and di , f ðiþ 1Þh½ � ð2:10Þ

and the relation ciþ 1 ¼ di holds between c0is and d0i s:

2.4 Hybrid Function (HF): A Combination of SHF and TF

We can use a set of sample-and-hold functions and the right handed triangular
function set to form a new function set, which we name a ‘Hybrid Function set’. To
define a hybrid function (HF) set, we express the (i + 1)th member HiðtÞ of the m-
set hybrid function HðmÞðtÞ as

HiðtÞ ¼ aiSiðtÞþ biT2iðtÞ

where, i = 0, 1, 2, …, (m − 1), ai and bi are scaling constants, 0 ≤ t < T, Si and T2i
are the (i + 1)th component sample-and-hold function and right handed triangular
function.

For convenience, in the following, we write T instead of T2. The above equation
can now be expressed as

HiðtÞ ¼ aiSiðtÞþ biTiðtÞ ð2:11Þ

Let us now illustrate how a function f(t) is represented via a set of hybrid functions.
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In Fig. 2.2, the function f(t) is sampled at three equidistant points (sampling
interval h) A, C and E respectively with corresponding sample values c0, c1 and c2.
Now, f(t) can be approximated in a piecewise linear manner by the two straight
lines AC and CE, which are the sides of two adjacent trapeziums. The trapezium
ACFO may be considered to be a combination of the SHF block ABFO, and the
triangular block ACB. Similar is the case for the second trapezium CEGF.

Hence, for the first trapezium, the hybrid function representation may be written
as a combination of SHF and TF as

H0ðtÞ ¼ c0S0ðtÞþ ðc1 � c0ÞT0ðtÞ

Then the function f(t) may be represented in an interval t 2 ½0; 2hÞ as

f ðtÞ ¼ H0ðtÞþH1ðtÞ
¼ c0S0ðtÞþ ðc1 � c0ÞT0ðtÞf gþ c1S1ðtÞþ ðc2 � c1ÞT1ðtÞf g
¼ c0S0ðtÞþ c1S1ðtÞf gþ ðc1 � c0ÞT0ðtÞþ ðc2 � c1ÞT1ðtÞf g
,CTSð2Þ(t)þDTTð2Þ(t)

where, c0 c1½ � ¼ CT and c1 � c0ð Þ c2 � c1ð Þ½ � ¼ DT:
Generalizing this, we can extend the concept for an m-component function set as

f ðtÞ,CTSðmÞðtÞþDTTðmÞðtÞ ð2:12Þ

where, CT ¼ c0 c1 � � � cm�1½ � and DT ¼ c1 � c0ð Þ c2 � c1ð Þ � � � cm�ð½
cm�1Þ�

The radical difference between block pulse domain representation and hybrid
function domain representation of a function is, the BPF representation and sub-
sequent analysis always provides us with a staircase solution, while the HF domain
technique provides us with piecewise linear results.

Fig. 2.2 Function
approximation via hybrid
functions (HF) domain
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It is noted that, the SHF coefficients are simply the samples at the sampling
instants, while the TF coefficients are the differences between two consecutive
samples, e.g., ci � ci�1ð Þ, i being a positive integer. An added advantage of HF
domain representation is, by dropping the TF domain components, we are left with
only the SHF domain representation. This is sometimes convenient in function
analysis, especially, for digital control systems or sample-and-hold systems.

2.5 Elementary Properties of Hybrid Functions [7]

In solving certain problems of control engineering, the advantages of using the
hybrid function technique are their easy operations and satisfactory approximations.
These advantages are due to the distinct properties of hybrid functions. The ele-
mentary properties are as follows.

2.5.1 Disjointedness

Hybrid function (HF) set is a combination of the sample-and-hold function
(SHF) set and the triangular function (RHTF) set.

The sample-and-hold functions are disjoint with each other in the interval
t 2 ½0; TÞ. This property can be formulated as

SiSj ¼ 0 where i 6¼ j
Si where i ¼ j

�
ð2:13Þ

where i, j = 0, 1, 2,…, (m − 1) and the argument (t) is dropped for simplicity.
Henceforth, for both sample-and-hold and triangular functions, the argument
indicating time dependency will be discarded.

The property of Eq. (2.13) can directly be obtained from the definition of
sample-and-hold functions.

Triangular functions (TF) are derived from the block pulse function set. A block
pulse function can be dissected along its two diagonals to generate two triangular
functions. That is, when we add two component triangular functions, we get back the
original block pulse function. This dissection process has been shown in Fig. 1.7.

Since, the component block pulse functions of a set are mutually disjoint, the
triangular functions of the LHTF set are disjoint, and so are the functions of the
RHTF set.
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Hence, the product of two right handed triangular functions Ti and Tj in the
semi-open interval t 2 ½0; TÞ is

TiTj ¼ 0 where i 6¼ j and i; j ¼ 0; 1; 2; . . .; m� 1ð Þ

when i ¼ j, the product at the sample points, namely ih and (i + 1)h are 0 and 1,
respectively. Since we are concerned only with the triangular function representa-
tion of the product, shown in Fig. 2.3, the result is Ti only. Thus [3]

TiTj � Ti where i ¼ j

This property can be formulated as

TiTj ¼ 0 where i 6¼ j
Ti where i ¼ j

�
ð2:14Þ

This property can directly be obtained from the definition of triangular functions.

2.5.2 Orthogonality [1]

The sample-and-hold functions of a SHF set are orthogonal with each other in the
interval t 2 ½0; TÞ:

ZT
0

SiSjdt ¼ 0 where i 6¼ j
dij where i ¼ j

�
ð2:15Þ

where, i, j = 0, 1, 2, …, (m − 1). This property can directly be obtained from the
disjointedness of sample-and-hold functions.

Fig. 2.3 The product ðTiTjÞ and its triangular function representation

2.5 Elementary Properties of Hybrid Functions … 31



Similarly, the triangular functions of a TF set are orthogonal with each other in
the interval t 2 ½0; TÞ:

ZT
0

TiTjdt ¼ 0 where i 6¼ j
dij where i ¼ j

�
ð2:16Þ

where, i, j = 0, 1, 2, …, (m − 1).
Now, the hybrid function is orthogonal because each of the SHF and TF sets are

orthogonal.

2.5.3 Completeness

Like the block pulse functions, the sample-and-hold function set is also complete
when i approaches infinity. This means that we have:

ZT
0

f 2 tð Þdt ¼
X1
i¼0

f 2i Sik k2 ð2:17Þ

for any real bounded function f(t) which is square integrable in the interval
t 2 ½0; TÞ:

Here, the expression:

SiðtÞk k ¼
ZT
0

S2i dt

2
4

3
5
1=2

ð2:18Þ

is the norm of Si:
From a set of block pulse function, we can generate two sets of orthogonal

triangular functions (TF) [3], namely T1ðmÞ and T2ðmÞ: The triangular function sets
are complete when i approaches infinity. This means that we have:

ZT
0

f 2 tð Þdt ¼
X1
i¼0

ciT1i þ diT2i½ �k k2 ð2:19Þ

for any real bounded function f(t) which is square integrable in the interval
t 2 [0;T).

32 2 The Hybrid Function (HF) and Its Properties



Here, the expression:

ciT1i þ diT2i½ �k k ¼
ZT
0

ciT1i þ diT22i dt
� �2

4
3
5
1=2

ð2:20Þ

is the norm of ciT1i þ diT2i½ �.
The hybrid function set is also complete when i approaches infinity. This means

that we have:

ZT
0

f 2 tð Þdt ¼
X1
i¼0

fiSi þ diT2ik k2

or
ZT
0

f 2 tð Þdt ¼
X1
i¼0

fiSi þ diTik k2
ð2:21Þ

for any real bounded function f(t) which is square integrable in the interval t 2 [0,T)
and piecewise linear approximation.

The completeness of hybrid functions guarantees that an arbitrarily small mean
square error can be obtained for a real bounded function, which has only a finite
number of discontinuous points in the interval t 2 [0; T), by increasing the number
of terms in the sample-and-hold function series and the triangular function series.

2.6 Elementary Operational Rules

2.6.1 Addition of Two Functions

For addition of two time functions f(t) and g(t), the following cases are considered.
Let, a(t) = f(t) + g(t), where, a(t) is the resulting function.
We call the samples of each functions f(t) and g(t) in t 2 ½0; TÞ f0, f1, f2, … fi, …,

fm and g0, g1, g2, … gi, … gm respectively, as shown in Fig. 2.4.

(a) The continuous functions are expanded in HF domain separately and then
added
The functions f(t) and g(t) can be expanded directly into hybrid functions
series and then added to find the resultant function in HF domain. The HF
domain expanded form of a(t) may be called �aðtÞ. It should be noted that �aðtÞ
is piecewise linear in nature. Thus
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Fig. 2.4 Two time functions f(t) and g(t) expressed in HF domain and their sum �aðtÞ in HF
domain
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aðtÞ ¼ f ðtÞþ gðtÞ � f0 f1 f2 � � � fi � � � fm�1½ � SðmÞ
þ f 00 f 01 f 02 � � � f 0i � � � f 0m�1

� �
TðmÞ

þ g0 g1 g2 � � � gi � � � gm�1½ � SðmÞ
þ g00 g01 g02 � � � g0i � � � g0m�1

� �
TðmÞ

¼
Xm�1

i¼0

fiSi þ
Xm�1

i¼0

f 0i Ti

" #
þ

Xm�1

i¼0

giSi þ
Xm�1

i¼0

g0i Ti

" #

, FT
SSðmÞ + FT

TTðmÞ
� �þ GT

SSðmÞ + GT
TTðmÞ

� � ð2:22Þ

where,

FT
S , f0 f1 f2 � � � fi � � � fm�1½ �

FT
T , f 00 f 01 f 02 � � � f 0i � � � f 0m�1

� �
f 0i ¼ fiþ 1 � fið Þ

GT
S , ½g0 g1 g2 � � � gi � � � gm�1�

GT
T , ½g00 g01 g02 � � � g0i � � � g0m�1�

and g0i ¼ giþ 1 � gið Þ

Now,

�aðtÞ, FT
S + GT

S

� �
SðmÞ þ FT

T + GT
T

� �
TðmÞ

¼ ðf0 þ g0Þ ðf1 þ g1Þ � � � ðfi þ giÞ � � � ðfm�1 þ gm�1Þ½ �SðmÞ
þ ðf 00 þ g00Þ ðf 01 þ g01Þ � � � ðf 0i þ g0iÞ � � � ðf 0m�1 þ g0m�1Þ
� �

TðmÞ
,AT

SSðmÞ þAT
TTðmÞ

ð2:23Þ

where, AT
S ¼ FT

S þGT
S

� �
and AT

T ¼ FT
T þ GT

T

� �
AT

S , a0 a1 a2 � � � ai � � � am�1½ �
and AT

T , ða1 � a0Þ ða2 � a1Þ ða3 � a2Þ � � � ðai � ai�1Þ � � � ðam � am�1Þ½ �

Equation (2.23) shows that the hybrid function coefficients of the sum a(t) are
the sums of the hybrid functions coefficients of the individual functions f
(t) and g(t), in each subinterval. This is shown in Fig. 2.4.

(b) The continuous functions f(t) and g(t) are first added and then the resulting
function aðtÞ ¼ f ðtÞþ gðtÞ is expressed in HF domain
In this case, the resulting continuous function aðtÞ ¼ f ðtÞþ gðtÞ is expanded in
HF domain as
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aðtÞ � �aðtÞ ¼ a0 a1 a2 � � � ai � � � am�1½ �SðmÞ
þ ða1 � a0Þ ða2 � a1Þ � � � ðai � ai�1Þ � � � ðam � am�1Þ½ �TðmÞ

ð2:24Þ

where a0; a1; a2; . . .; ai; . . .; am are the samples of aðtÞ or �aðtÞ at time instants
0; h; 2h; . . .; ih; . . .;mh:
It is evident from Fig. 2.4 that at sampling instants the function values i.e.,
samples will be added as before. Hence,

�aðtÞ ¼ �f ðtÞþ �gðtÞ
¼ ðf0 þ g0Þ ðf1 þ g1Þ � � � ðfi þ giÞ � � � ðfm�1 þ gm�1Þ½ � SðmÞ
þ ðf 00 þ g00Þ ðf 01 þ g01Þ � � � ðf 0i þ g0iÞ � � � ðf 0m�1 þ g0m�1Þ
� �

TðmÞ

That is

�aðtÞ,AT
SSðmÞ þAT

TTðmÞ ð2:25Þ

From Eqs. (2.23) and (2.25), it is seen that both the results of addition are
identical.
Considering two functions f(t) = 1 − exp(−t) and g(t) = exp(−t), the result of
addition of these two functions, using their individual coefficients, is shown in
Fig. 2.5.

Fig. 2.5 Hybrid function
expansion of f(t) = 1 − exp
(−t) and g(t) = exp(−t) and the
result of their addition
�f ðtÞþ �gðtÞ ¼ �aðtÞ in HF
domain with m = 8 and
T = 1 s. Due to high degree of
accuracy, the piecewise linear
curves look like continuous
curves (vide Appendix B,
Program no. 1)
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2.6.2 Subtraction of Two Functions

For subtraction of two time functions f(t) and g(t), the following cases are
considered.

Let, s(t) = f(t) − g(t), where, s(t) is the resulting function of subtraction.
As before, the samples of individual functions f(t) and g(t) in time domain are f0,

f1, f2, … , fi, … , fm and g0, g1, g2, …, gi,…, gm respectively.
The functions f(t) and g(t) are expressed in HF domain. Then we subtract the HF

domain expanded functions to obtain s(t) in HF domain. The HF domain expanded
form of s(t) may be called �sðtÞ.
(a) The continuous functions are expanded in HF domain separately and then

subtracted
The difference of two time functions f(t) and g(t) can be expressed via HF
domain as

sðtÞ ¼ f ðtÞ � gðtÞ � f0 f1 f2 � � � fi � � � fm�1½ � SðmÞ
þ f 00 f 01 f 02 � � � f 0i � � � f 0m�1

� �
TðmÞ

� g0 g1 g2 � � � gi � � � gm�1½ � SðmÞ
� g00 g01 g02 � � � g0i � � � g0m�1

� �
TðmÞ

, FT
SSðmÞ + FT

TTðmÞ
� �� GT

SSðmÞ + GT
TTðmÞ

� � ð2:26Þ

Hence; �sðtÞ, FT
S �GT

S

� �
SðmÞ þ FT

T �GT
T

� �
TðmÞ

¼ f0 � g0 f1 � g1 � � � fi � gi � � � fm�1 � gm�1½ �SðmÞ
þ f 00 � g00 f 01 � g01 � � � f 0i � g0i � � � f 0m�1 � g0m�1

� �
TðmÞ

,STSSðmÞ þ STTTðmÞ
ð2:27Þ

where,

STS , FT
S �GT

S

� �
, s0 s1 s2 � � � si � � � sm�1½ �

and,

STT ¼ FT
T �GT

T

� �
, ðs1 � s0Þ ðs2 � s1Þ ðs3 � s2Þ � � � ðsi � si�1Þ � � � ðsm � sm�1Þ½ �

Equation (2.27) shows that the hybrid function coefficients of the difference of
two functions s(t) is the differences of the hybrid functions coefficients of the
individual functions at each sampling points. This is shown in Fig. 2.6.
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(b) The continuous functions f(t) and g(t) are first subtracted and then the
resulting function s(t)¼ f (t)�g(t) is expanded via HF domain
In this case, the resulting continuous function sðtÞ ¼ f ðtÞ � gðtÞ is expanded in
HF domain as

�sðtÞ ¼ s0 s1 s2 � � � si � � � sm�1½ � SðmÞ
þ ðs1 � s0Þ ðs2 � s1Þ � � � ðsi � si�1Þ � � � ðsm � sm�1Þ½ �TðmÞ

Coefficients of the resulting function s(t) are found directly by subtracting the
corresponding coefficients of both the time functions at same sampling
instants. From Fig. 2.6, we can write the resultant function s(t) are as follows

Fig. 2.6 Two time functions f
(t) and g(t) expressed via HF
domain and their difference
�sðtÞ in HF domain

38 2 The Hybrid Function (HF) and Its Properties



�sðtÞ ¼ �f ðtÞ � �gðtÞ
¼ ðf0 � g0Þ ðf1 � g1Þ � � � ðfi � giÞ � � � ðfm�1 � gm�1Þ½ � SðmÞ
þ ðf 00 � g00Þ ðf 01 � g01Þ � � � ðf 0i � g0iÞ � � � ðf 0m�1 � g0m�1Þ
� �

TðmÞ

�sðtÞ, STSSðmÞ þ STTTðmÞ ð2:28Þ

Thus, the result of Eq. (2.28) is same as expression (2.27).
Considering two functions f(t) = 1 − exp(−t) and g(t) = exp(−t), the result of
subtraction of these two functions in HF domain is shown in Fig. 2.7.

2.6.3 Multiplication of Two Functions

We consider multiplication of two functions r(t) and g(t) in HF domain.
Let, r(t) × g(t) = m(t), where, m(t) is the result of multiplication.
Let the samples of the individual time functions r(t) and g(t) be r0, r1, r2, …, ri,

…, rm and g0, g1, g2,…, gi,…, gm respectively at the sampling instants 0, h, 2h,…,
ih, …. mh. Now the time functions are expanded in HF domain, as shown in
Fig. 2.8.

(a) The functions r(t) and g(t) are expanded separately in HF domain and then
multiplied
For functions r(t) and g(t), we expand them via hybrid function series and then
multiply. The resulting output function m(t) can be expressed as

Fig. 2.7 Hybrid function
expansion of f(t) = 1 − exp
(−t) and g(t) = exp(−t) and the
result of their subtraction
�f ðtÞ � �gðtÞ ¼ �sðtÞ in HF
domain, with m = 8 and
T = 1 s. Due to high degree of
accuracy, the piecewise linear
curves look like continuous
curves
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Let m(t) = r(t)� g(t)

and,

r(t) � �r(t) ¼ [r0 r1 r2 � � � ri � � � rm�1] SðmÞ
+ [r00 r01 r02 � � � r0i � � � r0m�1]TðmÞ

Also,

g(t) � �g(t) ¼ g0 g1 g2 � � � gi � � � gm�1½ � SðmÞ
þ g00 g01 g02 � � � g0i � � � g0m�1

� �
TðmÞ

Then

�rðtÞ � �gðtÞ ¼
Xm�1

i¼0

riSi þ
Xm�1

i¼0

r0iTi

" #
�

Xm�1

i¼0

giSi þ
Xm�1

i¼0

g0iTi

" #

, RT
SSðmÞ + RT

TTðmÞ
� �� GT

SSðmÞ + GT
TTðmÞ

� � ð2:29Þ

where,

RT
S , r0 r1 r2 � � � ri � � � rm�1½ �

RT
T , r00 r01 r02 � � � r0i � � � r0m�1

� �
GT

S , g0 g1 g2 � � � gi � � � gm�1½ �
and GT

T , g00 g01 g02 � � � g0i � � � g0m�1

� �
In Eq. (2.29), there are three types of products involved, related to
sample-and-hold functions and triangular functions. Results of these three

Fig. 2.8 Two time functions r(t) and g(t) are expanded in HF domain
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types of products of the basis component functions are studied in the
following:

(i) (Sample-and-hold function) × (Sample-and-hold function)
Two sample-and-hold functions of an SHF set are mutually disjoint.
Thus, the product rule is

SiSj ¼ 0 where i 6¼ j
Si where i ¼ j

�

This also holds for multiplication of two sample-and-hold functions
belonging to two different but equivalent SHF sets. That is, both the sets
having the same h and T.
For example, the product of the first members of two such SHF sets in
HF domain is shown in Fig. 2.9.

(ii) (Triangular function) × (Sample-and-hold function)
If a triangular function of a TF set is multiplied with a sample-and-hold
function of an SHF set, both the sets having the same h and T, and
matched along the time scale, then the product rule is

TiSj ¼ 0 where i 6¼ j
Ti where i ¼ j

�

For example, the product of the first members of two such TF and SHF
sets, in HF domain, is shown in Fig. 2.10.

Fig. 2.9 Multiplication of the first members of two SHF sets

Fig. 2.10 Multiplication of the first member of TF set and the first member of SHF set
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(iii) (Triangular function) × (Triangular function)
Two triangular functions of a TF set are mutually disjoint. Thus, the
product rule is

TiTj ¼ 0 where i 6¼ j
Ti where i ¼ j

�

This also holds for multiplication of two triangular functions belonging
to two different TF sets, both having the same h and T, and matched
along the time scale.
The product of the first members of two such TF sets, in HF domain, is
shown in Fig. 2.11.
The result of multiplication of the first components of two equivalent
triangular function sets, is converted to HF domain. The sample-and-hold
function component of the product being zero, as seen from Fig. 2.11, the
multiplication result is represented by only a triangular function
component.
Following above rules, the result of multiplication of the two functions r
(t) and g(t) are expressed in HF domain for m = 4 and T = 1 s as follows

�mðtÞ, r0g0 r1g1 r2g2 r3g3½ � SðmÞ
þ ðr1g1 � r0g0Þ ðr2g2 � r1g1Þ ðr3g3 � r2g2Þ ðr4g4 � r3g3Þ½ �TðmÞ

The generalized result of multiplication of two time functions r(t) and g
(t) are expressed in HF domain as follows :

�mðtÞ, r0g0 r1g1 � � � rigi � � � rm�1gm�1½ � SðmÞ
þ ðr1g1 � r0g0Þ ðr2g2 � r1g1Þ � � � ðrigi � ri�1gi�1Þ � � �½

ðrmgm � rm�1gm�1Þ� TðmÞ
ð2:30Þ

Now; �mðtÞ,RT
SDG1SðmÞ + R0T

SDG2 � RT
SDG1

h i
TðmÞ

,MT
SSðmÞ + MT

TTðmÞ
ð2:31Þ

Fig. 2.11 Multiplication of the first members of two TF sets. The actual product and its HF
domain equivalent are also shown
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where, MT
S ,RT

SDG1 and MT
T , R0T

SDG2 � RT
SDG1

h i
RT

S , r0 r1 r2 � � � ri � � � rm�1½ �
R0T

S , r1 r2 r3 � � � riþ 1 � � � rm½ �
MT

S , m0 m1 m2 � � � mi � � � mm�1½ �
MT

T , ðm1 � m0Þ ðm2 � m1Þ ðm3 � m2Þ � � � ðmi � mi�1Þ � � � ðmm � mm�1Þ½ �

and DG1 denotes a diagonal matrix whose entries are the m elements of
the vector G1, i.e. g0; g1; g2; . . .; gm�1 and DG2 denotes a diagonal matrix
whose entries are the m elements of the vector G2, i.e. g1; g2; g3; . . .; gm:

DG1 ¼ diag g0; g1; g2; . . .; gm�1ð Þ
and DG2 ¼ diag g1; g2; g3; . . .; gmð Þ

(b) The functions r(t) and g(t) are first multiplied and then the resulting
function m(t) is expanded via HF domain
In this case, the resulting continuous function m(t) ¼ r(t)� g(t) is expressed
in HF domain as

mðtÞ ¼ rðtÞ � gðtÞ � �rðtÞ � �gðtÞ
¼ ½m0 m1 m2 � � � mi � � � mm�1�SðmÞ
þ ½ðm1 � m0Þ ðm2 � m1Þ � � � ðmi � mi�1Þ � � � ðmm � mm�1Þ�TðmÞ

where m0;m1;m2; . . .;mi; . . .;mm are the samples of mðtÞ at time instants
0; h; 2h; . . .; ih; . . .;mh:
At sampling instants the function values i.e., samples, will be multiplied as
before. Hence,

�mðtÞ ¼ r0g0 r1g1 r2g2 � � � rigi � � � rm�1gm�1½ � SðmÞ
þ ðr1g1 � r0g0Þ ðr2g2 � r1g1Þ � � � ðrigi � ri�1gi�1Þ � � � ðrmgm � rm�1gm�1Þ½ �TðmÞ

That is

�mðtÞ,MT
SSðmÞ þMT

TTðmÞ ð2:32Þ

From Eqs. (2.31) and (2.32), it is seen that both the results of multiplication
are identical.
Considering two functions r(t) = 1 − exp(−t) and g(t) = exp(−t), the result of
multiplication of these two functions, using their individual coefficients, is
shown in Fig. 2.12.
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2.6.4 Division of Two Functions

We consider division of two nonzero time functions r(t) and y(t) in HF domain.

Let, dðtÞ ¼ yðtÞ
rðtÞ, where, d(t) is the resulting continuous function after division.

The HF domain expanded form of d(t) may be called �dðtÞ:
Thus, we have,

y tð Þ ¼ r tð Þ � d tð Þ ð2:33Þ

The m number of samples of the functions r(t) and y(t) with sampling period h are
r0, r1, r2, … ,ri, … rm and y0, y1, y2, … ,yi, … ym respectively. After division, let the
resulting function d(t) have the samples d0, d1, d2, … ,di, … dm with the same
sampling period h.

(a) The functions r(t) and y(t) are expanded in HF domain and then the division
operation is executed
Using Eqs. (2.30), (2.33) can be written as follows

yðtÞ ¼ rðtÞ � dðtÞ
� ½r0d0 r1d1 r2d2 � � � ridi � � � rm�1dm�1� SðmÞ
þ ½ðr1d1 � r0d0Þ ðr2d2 � r1d1Þ � � � ðridi � ri�1di�1Þ

� � � ðrmdm � rm�1dm�1Þ�TðmÞ

ð2:34Þ

Again, the time function y(t) is expressed in HF domain as

Fig. 2.12 Hybrid function
expansion of r(t) = 1 − exp
(−t) and g(t) = exp(−t) and the
result of their multiplication
�mðtÞ in HF domain with m = 8
and T = 1 s. Due to high
degree of accuracy, the
piecewise linear curves look
like continuous curves
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yðtÞ � y0 y1 y2 � � � yi � � � ym�1½ � SðmÞ
þ ðy1 � y0Þ ðy2 � y1Þ � � � ðyi � yi�1Þ � � � ðym � ym�1Þ½ �TðmÞ

ð2:35Þ

Comparing the coefficients of the Eqs. (2.34) and (2.35), we have y0 ¼ r0d0;
y1 ¼ r1d1; . . . yi ¼ ridi. . . and so on.
Thus, d0 ¼ y0

r0
; d1 ¼ y1

r1
; . . . di ¼ yi

ri
. . . and so on.

Now, the above results can be expressed as follows

d0 d1 d2 � � � di � � � dm�1½ � SðmÞ
þ ðd1 � d0Þ ðd2 � d1Þ � � � ðdi � di�1Þ � � � ðdm � dm�1Þ½ �TðmÞ

¼ y0
r0

y1
r1

� � � yi
ri

� � � ym�1

rm�1

� �
SðmÞ

þ y1
r1

� y0
r0

� �
y2
r2

� y1
r1

� �
� � � yi

ri
� yi�1

ri�1

� �
� � � ym

rm
� ym�1

rm�1

� �� �
TðmÞ

Now, the resulting function �dðtÞ of the division is expressed as

�dðtÞ ¼
Xm�1

i¼0

yi
ri

� �
Si þ

Xm�1

i¼0

yiþ 1

riþ 1
� yi

ri

� �
Ti

or �d(t),YT
SD

�1
R1SðmÞ + Y0T

SD
�1
R2 � YT

SD
�1
R1

h i
TðmÞ

,DT
SSðmÞ þDT

TTðmÞ
ð2:36Þ

where,

YT
S , y0 y1 y2 � � � yi � � � ym�1½ �

Y0T
S , y1 y2 y3 � � � yiþ 1 � � � ym½ �

DT
S¼ YT

SD
�1
R1 , d0 d1 d2 � � � di � � � dm�1½ �

DT
T¼ Y0T

SD
�1
R2 � YT

SD
�1
R1

h i
, ðd1 � d0Þ ðd2 � d1Þ � � � ðdi � di�1Þ � � � ðdm � dm�1Þ½ �

and DR1 denotes a diagonal matrix whose entries are the m elements of the
vector R1, i.e. r0; r1; r2; . . .; rm�1, and DR2 denotes another diagonal matrix
whose entries are the m elements of the vector R2, i.e. r1; r2; r3; . . .; rm. That is

DR1 ¼ diag r0; r1; r2; . . .; rm�1ð Þ
and DR2 ¼ diag r1; r2; r3; . . .; rmð Þ
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D�1
R1 ¼ diag

1
r0
;
1
r1
;
1
r2
; . . .;

1
rm�1

� �

and D�1
R2 ¼ diag

1
r1
;
1
r2
;
1
r3
; . . .;

1
rm

� �

(b) The functions y(t) is first divided by r(t) and then the resulting function d(t)
is expanded in HF domain

In this case, the samples of the resulting continuous function d(t) ¼ y(t)
r(t) will be

the results of division of the corresponding samples of the functions y(t) and r
(t). That is

di ¼ yi
ri

Hence,

dðtÞ ¼ yðtÞ
rðtÞ �

�dðtÞ ¼ �yðtÞ
�rðtÞ

¼ d0 d1 d2 � � � di � � � dm�1½ � SðmÞ
þ ðd1 � d0Þ ðd2 � d1Þ � � � ðdi � di�1Þ � � � ðdm � dm�1Þ½ �TðmÞ

where, �dðtÞ is the HF domain representation of d(t) and
d0; d1; d2; . . .; di; . . .; dm are the samples of dðtÞ at time instants
0; h; 2h; . . .; ih; . . .mh:
So, at sampling instants, the sample value of d(t) will be division as discussed
before.
Hence,

�dðtÞ ¼ y0
r0

y1
r1

y2
r2

� � � yi
ri

� � � ym�1

rm�1

� �
SðmÞ

þ y1
r1

� y0
r0

� �
y2
r2

� y1
r1

� �
� � � yi

ri
� yi�1

ri�1

� �
� � � ym

rm
� ym�1

rm�1

� �� �
TðmÞ

That is

�dðtÞ,DT
SSðmÞ þDT

TTðmÞ ð2:37Þ

From Eqs. (2.36) and (2.37), it is seen that both the results of division are
identical.
Considering two functions y(t) = 1 − exp(−t) and r(t) = exp(−t), the result of

their division dðtÞ ¼ yðtÞ
rðtÞ ¼ exp tð Þ � 1, using their individual coefficients (i.e.,

samples), is shown in Fig. 2.13.
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2.7 Qualitative Comparison of BPF, SHF, TF and HF

The basic properties of BPF, SHF, TF and HF are tabulated in Table 2.1 above to
provide a qualitative appraisal.

2.8 Conclusion

A new set of orthogonal hybrid function (HF) has been proposed for function
approximation, and its subsequent application to control system analysis and
identification. The set of hybrid functions is formed using the set of
sample-and-hold functions and the set of triangular functions.

The hybrid function set works with function samples, and this makes it more
convenient for use. That is, the expansion coefficients of SHF and TF components
of the HF set are simply the samples of the function to be approximated indicating a
non-optimal approach. Thus, like traditional orthogonal function sets, the HF set
does not use the well known integration formula for coefficient computation. This
presents a faster algorithm, makes the mathematics less involved, and also, reduces
the computation time.

The comparison of the basic qualitative properties of the hybrid function set with
different related orthogonal functions have been presented in Table 2.1.

In the following chapters, it will be shown that the hybrid function set is not only
suitable for function approximation, but it can efficiently integrate time functions as
well. Furthermore, it is a strong tool for various applications in the area of control
theory.

Fig. 2.13 Hybrid function
expansion of r(t) = exp
(−t) and y(t) = 1 − exp
(−t) and the result of their
division �dðtÞ in HF domain
with m = 8 and T = 1 s. Due to
high degree of accuracy, the
piecewise linear curves look
like continuous curves (vide
Appendix B, Program no. 2)
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Table 2.1 Qualitative comparison of BPF, SHF, TF and HF

Property BPF SHF TF HF

Piecewise
constant

Yes Yes No (piecewise
linear)

No (piecewise
linear)

Orthogonal Yes Yes Yes Yes

Finite Yes Yes Yes Yes

Disjoint Yes Yes Yes Yes

Orthonormal Can easily be
normalized

Can easily be
normalized

Can easily be
normalized

Can easily be
normalized

Implementation Easily
implementable

Easily
implementable

Implementation
is relatively
complex

Easily
implementable

Coefficient
determination
of f(t)

Involves
integration of f
(t) and scaling

Needs only
samples of f(t)

Needs only
samples of f(t)

Needs only samples
of f(t)

Accuracy of
analysis

Staircase
solution
having more
error than TF

Staircase solution
having less error
than BPF for
sample-and-hold
systems

Piecewise linear
solution having
less error than
BPF

Provides two part
(SHF and TF)
piecewise linear
solution having less
error than BPF as
well as SHF.
Staircase solution in
SHF mode is
available as a
‘by-product’ by
setting the TF part
of the solution equal
to zero. This gives
an edge to HF
analysis over TF
analysis
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Chapter 3
Function Approximation via Hybrid
Functions

Abstract In this chapter, square integrable time functions of Lebesgue measure are
approximated via hybrid functions and such approximations are compared with
similar approximations using BPF and Legendre polynomials. For handling dis-
continuous functions, a modified method of approximation is suggested in hybrid
function domain. This modified approach, named HFm approach, seems to be more
accurate than the conventional HF domain technique, termed as HFc approach. The
mean integral square errors (MISE) for both the approximations are computed and
compared. Finally, error estimates for the SHF domain approximation and TF
domain approximation are derived. The chapter contains many tables and graphs
along with six illustrative examples.

In this chapter, similar to block pulse function [1, 2] domain approximation, we use
the complementary hybrid function (HF) set, combination of the sample-and-hold
function (SHF) set [3] and the triangular function (TF) set [4–6], for function
approximation. Earlier, we presented the principle for the proposed hybrid function
domain expansion where the expansion coefficients were the sample values of the
function to be approximated. The hybrid function set may now be utilized for
approximating square integrable functions in a piecewise linear manner.

The HF set obeys the conditions of orthogonality because it approximates
functions using the linear combination of two orthogonal function sets, namely SHF
set and TF set. For each of the orthogonal function sets, the members of the set
satisfy the criteria of completeness, and hence, this complementary orthogonal set is
a complete orthogonal function set.

3.1 Function Approximation via Block Pulse Functions
(BPF)

A square integrable time function f(t) of Lebesgue measure [7] may be expanded
into an m-term BPF series in t 2 ½0; TÞ as

© Springer International Publishing Switzerland 2016
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f ðtÞ �
Xm�1

i¼0

fiwiðtÞ for i ¼ 0; 1; 2; . . .; m� 1ð Þ
¼ f0 f1 f2 . . . fi . . . fm�1½ �WðmÞðtÞ
,FT

ðmÞWðmÞðtÞ
ð3:1Þ

where, [ � � � ]T denotes transpose and f0, f1, f2, … , fi, … f(m−1) are the coefficients of
block pulse function expansion. The (i + 1)th BPF coefficient fi is given by

fi ¼ 1
h

Zðiþ 1Þh

ih

f ðtÞwiðtÞdt ð3:2Þ

where, h ¼ T
ms.

The coefficients fi
’s are determined in such a way that the integral square error

[ISE] [7] is minimized.

3.1.1 Numerical Examples

At first we determine the coefficients of a time function f(t) in BPF domain using
Eq. (3.2). We consider the following two examples:

Example 3.1 Let us expand the function f1(t) = t in block pulse function domain
taking m = 8 and T = 1 s. Following the method mentioned above, the result is

f1 tð Þ � ½ 0:06250000 0:18750000 0:31250000 0:43750000

0:56250000 0:68750000 0:81250000 0:93750000 �Wð8Þ(t)
ð3:3Þ

Figure 3.1 shows the original function along with its BPF approximation.

Example 3.2 Now we take up the function f2(t) = sin(πt) and express it in block
pulse function domain for m = 8 and T = 1 s. The result is

f2 tð Þ � ½ 0:19383918 0:55200729 0:82613728 0:97449537

0:97449537 0:82613728 0:55200729 0:19383918 �Wð8Þ(t)
ð3:4Þ

Figure 3.2 shows the original function along with its BPF domain
approximation.
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3.2 Function Approximation via Hybrid Functions
(HF) [8, 9]

Consider a function f(t) in an interval t 2 ½0; TÞ. If we consider (m + 1) equidistant
samples f0; f1; f2; . . .; fi; . . .; fm of the function with a sampling period h (i.e.,
T = mh), f(t) can be expressed as per Eq. (2.12) as discussed in Sect. 2.4.

Fig. 3.1 Exact curve for
f1(t) = t and its block pulse
function approximation for
m = 8 and T = 1 s

Fig. 3.2 Exact curve for
f2(t) = sin(πt) and its block
pulse function approximation
for m = 8 and T = 1 s (vide
Appendix B, Program no. 3)
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f ðtÞ � f0 f1 f2 . . . fi . . . fðm�1Þ
� �

SðmÞ
þ ðf1 � f0Þ ðf2 � f1Þ ðf3 � f2Þ . . . ðfi � fi�1Þ . . . ðfm � fðm�1ÞÞ
� �

TðmÞ

¼
Xm�1

i¼0

fiSi þ
Xm�1

i¼0

ðfiþ 1 � fiÞTi

D FT
SSðmÞ þFT

TTðmÞ

ð3:5Þ

3.3 Algorithm of Function Approximation via HF

The algorithm of function approximation via hybrid function domain is explained
below in Fig. 3.3.

3.3.1 Numerical Examples

A few functions are now approximated in hybrid function domain using Eq. (3.5).
We consider the following two examples:

Example 3.3 Let us expand the function f1(t) = t in hybrid function domain taking
m = 8 and T = 1 s. Following the method presented above, the result is

f1 tð Þ � ½ 0:00000000 0:12500000 0:25000000 0:375000000

0:50000000 0:62500000 0:75000000 0:87500000 �Sð8Þ
þ ½ 0:12500000 0:12500000 0:12500000 0:12500000

0:12500000 0:12500000 0:12500000 0:12500000 �Tð8Þ

ð3:6Þ

Figure 3.4 shows the plot of the function f1(t) = t and its hybrid function
approximation, as per Eqs. (3.5) and (3.6). It is observed that the exact curve
entirely matches with its HF domain approximation, as is expected for a ramp
function.

Hence, it is apparent that hybrid function domain representation can generally
give the exact presentation of a piecewise linear function.

Example 3.4 Now we take up the function f2(t) = sin(πt) and express it via hybrid
functions for m = 8 and T = 1 s. The result is presented below:

f2 tð Þ � ½ 0:00000000 0:38268343 0:70710678 0:92387953

1:00000000 0:92387953 0:70710678 0:38268343 �Sð8Þ
þ ½ 0:38268343 0:32442335 0:21677275 0:07612047

�0:07612047 �0:21677275 �0:32442335 �0:38268343 �Tð8Þ
ð3:7Þ
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Start

Determine the coefficients if ’s of 

sample-and-hold functions using the 
samples of the function f(t)

Determine the coefficients ig ’s of 

triangular functions using the relation
( )i i+1 ig f f= −

Reconstruct the function f(t) using the 
coefficients if ’s of  SHF functions

Improve the reconstruction further using 
the triangular function coefficients ig ’s

Stop

Fig. 3.3 The algorithm of
function approximation via
hybrid function domain

Fig. 3.4 Exact curve for
f1(t) = t and its hybrid
function approximation for
m = 8 and T = 1 s. It is seen
that the curves overlap
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Figure 3.5 shows the plot of the function f2(t) = sin(πt), and its hybrid function
approximation. It is observed that the curve approximated by hybrid function is
much closer to the exact curve compared to the BPF approximation of Fig. 3.2. This
result may further be improved by increasing the number of samples. The closeness
of the results with the exact curves and the pictorial presentation of the original
functions along with their HF domain equivalent show the usefulness of the HF
domain description.

3.4 Comparison Between BPF and HF Domain
Approximations

Figures 3.6 and 3.7 show comparison of block pulse function and hybrid function
based approximations for the functions f1(t) and f2(t). It is obvious from the figures
that HF domain approximations are much better than BPF based approximations.

Quantitative estimates of MISE’s of these two approximations are presented in
Table 3.1. If we define an index Δ which is the ratio of the respective MISE’s of
BPF domain approximation and that of HF domain approximation, we see that, in
case of ramp function, BPF domain approximation is no match for HF domain
approximation. And for the time function f2(t), the MISE of BPF domain repre-
sentation is about 25 times than that of HF domain. That is, for the sine wave, we
have

D ¼ MISEBPF

MISEHF
¼ 25:43420823 ð3:8Þ

Fig. 3.5 Exact curve for
f2(t) = sin(πt) and its hybrid
function approximation for
m = 8 and T = 1 s (vide
Appendix B, Program no. 4)
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Fig. 3.6 Approximated
curves for f1(t) = t in BPF
domain and hybrid function
domain for m = 8 and T = 1 s
along with the exact curve.
The HF domain
approximation overlaps with
the exact curve (vide
Appendix B, Program no. 5)

Fig. 3.7 Approximated
curves for f2(t) = sin(πt) in
BPF domain and hybrid
function domain for m = 8 and
T = 1 s along with the exact
curve

Table 3.1 Comparison of
MISE’s of function
approximation via BPF and
HF for two time functions, for
m = 10 and T = 2 s

Function MISE D ¼ MISEBPF

MISEHFBPF HF

f1(t) = t 0.00333333 0.00000000 –

f2(t) = sin
(πt)

0.01623440 6.382897e−04 25.43420823
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3.5 Approximation of Discontinuous Functions

In some cases, the value of a function changes rapidly, i.e., almost instantly, from
one value to some other higher or lower value. This is termed as a ‘jump discon-
tinuity’. For such a discontinuity, both the left and right limits exist at the jump
point, but obviously they are not equal. An attempt to analyse systems with such
input discontinuities (say) in any orthogonal function domain framework, produces
a large error at the function approximation stage. This error is propagated
throughout the rest of the analysis.

For approximating a discontinuous function g tð Þ having jumps at a finite number
of points, i.e., a0, a1, …, ai, …, am−1 over a semi-open interval [0, T) we can select
the sampling interval h randomly and employ hybrid function approximation
method to come up with a piecewise linear reconstruction of the function g tð Þ (let
us call it �g tð Þ). Obviously, the resulting function �g tð Þ will be a piecewise linear
function with its equidistant break points (i.e., sample points) evenly distributed
over [0, T). Due to random or non-judicious selection of h, it may so happen that the
sampling instants and jump points may or may not coincide on the time scale.
Rather, coincidence of the sampling instants and the jump points, if any, will
entirely depend on chance. However, judicious selection of the sampling period
h may lead to the best approximation of a time function as far as jumps are
concerned.

Figure 3.8 shows a piecewise continuous function g tð Þ in [0, T) with three jump
points (say) at t1, t2 and t3 respectively. So, the four time intervals are:

(i) from the origin to the first jump point = t1 ¼ a(say)
(ii) from the first jump point to the second jump point = t2 � t1 ¼ b
(iii) from the second jump point to the third jump point = t3 � t2 ¼ c
(iv) from the third jump point to the end of the interval = T � t3 ¼ d

Fig. 3.8 A piecewise continuous function g(t) having three jumps at points t1; t2 and t3 over a
period [0, T) seconds
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The reconstruction of such a function in HF domain may be achieved in the
following ways:

Case I For reconstructing this function via hybrid functions, we can take samples
of g(t) very closely with a small sampling period in the regions a, b, c and d,
excluding the jump points. If these samples are now joined by straight lines to form
a piecewise linear reconstruction, the function will be almost truthfully represented
in HF domain in all the four regions. However, such reconstruction will involve a
huge volume of data to represent the jump situations with reasonable accuracy.

Case II We can choose the sampling period h in such a fashion that the sample
points always coincide with all the jump points. To make this happen, h should be
the GCD of the four time intervals a, b, c and d, where a + b + c + d = T. Then, each
of the intervals a, b, c and d will be divisible by h and the sampling points over [0,
T) will coincide with the three jump points. This is shown in Fig. 3.9. Under such
circumstances, the HF reconstruction will not be able to indicate truthfully the jump
points of the function g tð Þ. That is, hybrid function domain approximation will
represent the piecewise continuous function g tð Þ as shown in Fig. 3.9 in magenta.

Case III If we make h to be even smaller, say k, then if k ¼ h
n, n being an integer,

this will again make the sampling points almost coincide with the jump points and
the HF domain reconstruction will show all the jump situations with reasonable
accuracy, as shown in Fig. 3.10.

Case IV However, if h is not chosen judiciously, then the samples will not
coincide with the jump points and HF domain reconstruction will be de-shaped
compared to the original function and in the reconstructed function the jumps would
be unrecognizable. This is shown in Fig. 3.11, where, the lines CD, EF and FG
represent the function in the regions of discontinuities.

In the following, we discuss a modified HF domain approach for approximating
such functions with jump discontinuities.

Fig. 3.9 The function g(t) is sampled with a moderate sampling period h. it is noticed that the
jumps are represented fairly accurately (shown in magenta) in the hybrid function reconstruction
of the function
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3.5.1 Modified HF Domain Approach for Approximating
Functions with Jump Discontinuities

We know that with conventional HF domain (HFc, say) approximations, we end up
with attractive piecewise linear reconstructions. But when the functions involve
jump discontinuities, the approximations are not so attractive anymore, because a
large amount of approximation error is introduced in the interval containing the
jump, as is obvious from Fig. 3.9. This mars the quality of approximation, and this
error is transmitted through the whole of the remaining analysis to infect the final
results with unacceptable error.

To overcome such situations involving ‘jump functions’ (that is, functions with
jump discontinuities), a modified approach in HF domain (HFm domain, say) may
be proposed. This approach is superior to the conventional HFc approach.

For example, to approximate a function as shown in Fig. 3.12, having a jump
discontinuity at t = td, the HFm approach produces much better result than the HFc

Fig. 3.10 The function g(t) is sampled very closely with a small sampling period in the regions a,
b, c and d, excluding the jump points. these samples are joined by straight lines to form a piecewise
linear almost truthful reconstruction

Fig. 3.11 The function g(t) is sampled with a sampling period h chosen at random. It is noticed
that the jumps are represented erroneously (shown in magenta) in the hybrid function
reconstruction of the function. In the reconstructed function, no jumps are noticeable
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approach. For most of the functions, this is so and will be illustrated later in
Sect. 3.5.2. A ‘better’ approximation is always judged by the quantitative factor
mean integral square error (MISE) [2], mentioned in Sect. 1.1.

To illustrate the superiority of the HFm approach, we consider a simple delayed
unit step function having a delay of kh seconds, shown in Fig. 3.13a. Using the HFc
approach, the HF domain approximation of u(t − kh) is shown in Fig. 3.13b,
whereas, Fig. 3.13c illustrates the approximation of u(t − kh) using the modified
HFm approach. In this approach, we have dropped the triangular function compo-
nent in the kth sub-interval (that is from (k − 1)h to kh) by making the TF coefficient
zero. This makes the approximation one hundred per cent accurate.

Comparing the figures, we see that while the conventional HF domain
approximation produces a large error (the shaded triangular zone), the modified
HFm approach produces zero error.

The two approximations can be represented mathematically, as under.
Using HFc approach, the approximation is given by

Fig. 3.12 A function f3(t) with jump discontinuity at t = td

Fig. 3.13 a Delayed unit step function with a step change at t = kh with b its approximation in HF
domain using conventional approach and c a modified HF domain approach to tackle the step
change leading to a better approximation
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�u t � khð Þ � 0 . . . 0|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
k zeros

1 . . . 1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
all ones

2
4

3
5S mð Þ þ 0 . . . 0|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

ðk�1Þ zeros

1
kth term

"
0 . . . 0|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

all zeros

2
64

3
75T mð Þ

ð3:9Þ

This is shown in Fig. 3.13b.
If we approximate the same function using the HFm approach, the result is

��u t � khð Þ ¼ 0 . . . 0|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
k zeros

1 . . . 1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
all ones

2
4

3
5S mð Þ þ 0 0 . . . 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

all zeros

2
4

3
5T mð Þ ð3:10Þ

as illustrated in Fig. 3.13c.
Now consider the following function

f4 tð Þ ¼ c0 þ ktð Þu tð Þþ u t � 3hð Þ

where, c0 is the DC bias and k is the slope of the ramp function. The function is
depicted in Fig. 3.14a. It is noted that the function has a jump of one unit at
t = 3 h (say).

This function may be approximated via HFc approach for m ¼ 6 and T ¼ 1 s as
shown in Fig. 3.14b.

Mathematically, we can write

�f4 tð Þ � c0 c1 c2 c3 c4 c5½ �S 6ð Þ
þ c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ c4 � c3ð Þ c5 � c4ð Þ c6 � c5ð Þ½ �T 6ð Þ

,CT
SS 6ð Þ þCT

TT 6ð Þ
ð3:11Þ

Fig. 3.14 a A typical time function f4(t) having a jump at t ¼ 3h, b its approximation using the
HFc based approach and c the HFm approach to approximate the jump discontinuity, for m = 6 and
T = 1 s
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Now, using the new approach HFm, we have

��f 4 tð Þ � c0 c1 c2 c3 c4 c5½ �S 6ð Þ
þ c1 � c0ð Þ c2 � c1ð Þ 0 c4 � c3ð Þ c5 � c4ð Þ c6 � c5ð Þ½ �T 6ð Þ

,CT
SS 6ð Þ þCT

TJ3 6ð ÞT 6ð Þ
ð3:12Þ

where, J3 6ð Þ is a diagonal matrix, very much like the unit matrix I, but having a zero
as the third element of the diagonal. This special matrix is introduced to handle the
jump discontinuity mathematically and it is defined as

J3 6ð Þ ,

1
1

0
" 1
3rd 1
term 1

2
6666664

3
7777775

6�6ð Þ

According to Eq. (3.12), the approximated function f4(t) is shown in Fig. 3.14c.
For any time function f(t), if the jump occurs at t = kh, then the J matrix becomes

Jk mð Þ ¼

1
. .
.

1
0
" 1

kth . .
.

term 1

2
6666666664

3
7777777775

m�mð Þ

ð3:13Þ

If the function involved has more than one jump, obviously, the matrix J will
have more than one zeroes in its diagonal at the locations, as discussed. If the
function has no jump at all, the J matrix is simply replaced by the I matrix.

Consider a function with a downward jump at t = kh, shown in Fig. 3.15a.
Figure 3.15b illustrates the approximation of the function using the HFc approach.
Here, the area of the shaded portion is some sort of indicator of the approximation
error, and it is apparent that with respect to MISE, this approximation will incur
more error compared to the approximation based upon the HFm approach, shown in
Fig. 3.15c.
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3.5.2 Numerical Examples

Example 3.5 Consider the function f4 tð Þ ¼ 0:2þ tð Þu tð Þþ u t � 1ð Þ having a jump
discontinuity at t = 1 s.

It may seem that the HFm approach always provides a better approximation than
the HFc approach. But it is not always so.

Using Eqs. (3.11) and (3.12), approximations of this function via the HFc and the
HFm approaches is compared graphically in Fig. 3.16a for m = 10 and in Fig. 3.16b
for m = 20.
However, for linear or piecewise linear functions with jumps, we can improve the
reconstruction further. To implement such improvement we need to use both the
HFc and HFm approaches combined together. It should be kept in mind that a
piecewise linear functions with jump is necessarily a combination of ramp and step
functions. And a jump in such a function is always contributed by a delayed step
function. The function f4(t) of Fig. 3.16 is one such example. For a flawless
reconstruction, the jump points or break points (combination of ramp function
having different slopes) have to coincide with the partition line of two adjacent
sub-intervals, each of duration h.

Now let us again consider the function f4(t) of Fig. 3.16, which is

f4 tð Þ ¼ 0:2þ tð Þu tð Þþ u t � 1ð Þ ð3:14Þ

It is apparent that the function is a combination of step and ramp functions. We
now express the component functions without delay by HFc approach and the
component functions with delay via HFm approach. It is obvious that the recon-
struction in such a fashion will be exact in nature. That is, for m = 10 and T = 2 s,
we can express the component functions of f4(t) is HF domain as

Fig. 3.15 a A typical time function having a downward jump at kh, with its approximation using
b the HFc approach and c the HFm approach, for a typical value of k = 3
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0:2u tð Þ ¼ 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2½ �S 10ð Þ
þ 0 0 0 0 0 0 0 0 0 0½ �T 10ð Þ

ð3:15Þ

tu tð Þ ¼ 0 0:2 0:4 0:6 0:8 1:0 1:2 1:4 1:6 1:8½ �S 10ð Þ
þ 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2½ �T 10ð Þ

ð3:16Þ

u t � 1ð Þ � 0 0 0 0 0 1:0 1:0 1:0 1:0 1:0½ �S 10ð Þ
þ 0 0 0 0 1:0 0 0 0 0 0½ �J5 10ð ÞT 10ð Þ

ð3:17Þ

Fig. 3.16 Graphical
comparison of HF domain
approximation with the exact
function, of function f4(t) of
Example 3.5 using the HFc
and the HFm approach, for
a m = 10, T = 2 s and
b m = 20, T = 2 s (vide
Appendix B, Program no. 6)

3.5 Approximation of Discontinuous Functions 63



For Eqs. (3.15) and (3.16), we have used the HFc approach, while for Eq. (3.17),
we have employed the HFm approach.

Combining the above three equations, we can write

f4 tð Þ ¼ 0:2 0:4 0:6 0:8 1:0 2:2 2:4 2:6 2:8 3:0½ �S 10ð Þ
þ 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2 0:2½ �T 10ð Þ
þ 0 0 0 0 1:0 0 0 0 0 0½ �J5 10ð ÞT 10ð Þ

ð3:18Þ

Thus, the function f4(t) has been represented through HF domain in an exact
manner. This representation has been shown in Fig. 3.17 along with the exact
function.

Table 3.2 compares the MISE’s of the function via the HFc, the HFm and the
combined approaches for different values of m. It is noted that the MISE is much
less for the HFm approach for all values of m, but for the combined approach, the
MISE is zero. Figure 3.18 depicts the comparison of MISE’s for different values of
m using all the three approaches.

Example 3.6 Consider the function of Fig. 3.12, having a jump discontinuity at
td = 1 s (say). Calling this function f3(t), we write

f3 tð Þ ¼ t2 for t� td
2� t � tdð Þ2 for t[ td

�
ð3:19Þ

Consider Fig. 3.19a. If we try to compare the amount of errors of approximation
of the ramp function, it is noted that the areas of triangles ΔABD and ΔABC are
rather head to head contenders. If CD = H and CA = xH, then the areas become
equal only when x = ½. That is, CA = AD. At this point the errors are exactly equal

Fig. 3.17 Graphical
comparison of HF domain
approximation with the exact
function, of function f4(t) of
Example 3.5 using the
combined HFc and HFm
approach for m = 10 and
T = 2 s
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and it is obvious that if CA > AD ðx[ 0:5Þ then the error of HFm approach based
approximation is larger than HFc based approximation.

But since, for different practical applications we rarely have ramp type functions
which are very steep, for most of the cases, HFm wins the competition.

Table 3.3 computes the MISE’s of the function f3(t) of Example 3.6 via the HFc,
HFm and the combined approaches, for two different values of m (m = 12 and 24). It
is noted that the MISE for the combined approach is significantly much less than
that of the other two approaches.

Table 3.2 Comparison of MISE’s for HF domain approximation of the function f4(t) of Example
3.5 using the HFc, the HFm and the combined approaches for different values m for T = 2 s (vide
Appendix B, Program no. 7)

Number of
sub-intervals used
(m)

MISE using
HFc approach

MISE using
HFm approach

MISE using combined HFc
and HFm approaches

4 0.16666667 0.04166667 0.00000000

6 0.11111111 0.01234568 0.00000000

8 0.08333333 0.00520833 0.00000000

10 0.06666667 0.00266667 0.00000000

12 0.05555556 0.00154321 0.00000000

14 0.04761905 0.00097182 0.00000000

16 0.04166667 0.00065104 0.00000000

18 0.03703704 0.00045725 0.00000000

20 0.03333333 0.00033333 0.00000000

24 0.02777778 0.00019290 0.00000000

30 0.02222222 0.00009877 0.00000000

Fig. 3.18 Comparison of
MISE’s for different values of
m for approximation of the
function of Example 3.5,
using the HFc approach, the
HFm approach and the
combined approach (vide
Table 3.2 and Appendix B,
Program no. 7)
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Figure 3.19a, b show the HF domain approximation of f3(t) with different
number of segments m and T = 2.4 s using the HFc approach (along the dashed line
BD) and HFm approach (along the line BCAD).

In Fig. 3.19, with increase in m, both the areas of the triangles ΔABC and ΔBDA
reduce and approach zero in the limit. When m is increased to 240, the ΔABC
reduces almost to a point and the MISE is reduced almost to zero. This is shown in
Fig. 3.19c for m = 240 and T = 2.4 s.

Fig. 3.19 Comparison of the exact function f3(t) of Example 3.6 with its HF domain
approximations using the HFc and the HFm approaches, for a m = 12, b m = 24, and
c m = 240, for T = 2.4 s. It is to be noted that for m = 240, both the approximations become
indistinguishable from the exact function
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3.6 Function Approximation: HF Versus Other Methods

The essence of function approximation by other functions, e.g., polynomial func-
tions, orthogonal polynomials, orthogonal functions etc., is to satisfy the need of
efficient computing keeping the mean integral square error (MISE) within tolerable
limits. The general form to represent a square integrable function f tð Þ via a set of
orthogonal functions is given in Eq. (1.3). Such approximation via HF method may
now be compared with a few other methods.

We consider block pulse functions [1] and Legendre polynomials [10, 11] to
approximate a function of the form f tð Þ ¼ exp t � 1ð Þ in t 2 0; 2½ Þ and compare it
with its HF equivalent.

To approximate f tð Þ via Legendre polynomials [10, 11], we write

f tð Þ �
Xn�1

0

ciPi

where, Pi is the (i + 1)th Legendre polynomial and c0; c1; . . .; ci are the respective
coefficients given by

ci ¼ 2iþ 1
2

Z1

�1

f tð ÞPi tð Þdt; i ¼ 0; 1; 2; 3; . . .

For the example treated in the following, we consider up to sixth degree
Legendre polynomial. The polynomials are

P0 tð Þ ¼ 1;P1 tð Þ ¼ t;P2 tð Þ ¼ 3t2 � 1
2

;P3 tð Þ ¼ 5t3 � 3t
2

;P4 tð Þ ¼ 35t4 � 30t2 þ 3
8

;

P5 tð Þ ¼ 63t5 � 70t3 þ 15t
8

;P6 tð Þ ¼ 231t6 � 315t4 þ 105t2 � 5
16

:

obtained from the well known recurrence formula for Legendre polynomials.
Figure 3.20 depicts the comparison of the function f(t) with its approximation

obtained via sixth degree Legendre polynomial. Figure 3.21 compares f(t) with its

Table 3.3 Comparison of MISE’s for HF domain approximation of the function f3(t) of Example
3.6 using the HFc, HFm and the combined approaches for different values m (m = 12 and 24) and
T = 2.4 s

Number of
sub-intervals
used (m)

MISE using HFc
approach

MISE using HFm
approach

MISE using combined
HFc and HFm
approaches

12 2838.66666667e−05 345.33333333e−05 5.33333333e−05

24 13961.66666667e−06 491.52777778e−06 3.33333333e−06
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HF domain approximation for m = 10. Finally, Fig. 3.22 shows the comparison of f
(t) with its BPF domain approximation for m = 10.

However, for function approximation via BPF or HF, the sampling theorem has
to be satisfied while selecting the width of sub-interval, h. This takes care of the
accuracy of approximation. And also, to approximate oscillatory functions—that is,
high frequency signals—we need a smaller h to reach useful result, which in effect,
is in compliance with the sampling theorem.

For function approximation via Legendre polynomials, the oscillatory property
is inherently present in the polynomial set which helps in successful approximation
of high frequency signals. Also, the Legendre approach and least squares approach
usually come up with the same result.

In case of HF based approximation, we work with m number of samples and
number of operations for function approximation is only m number of subtractions.
In case of Legendre polynomial based approximation, we need to evaluate as many
as n integrals (for n number of Legendre polynomials) numerically and also we

Fig. 3.20 Comparison of the
function f(t) = exp(t − 1) with
its Legendre polynomial
approximated version using
up to sixth degree polynomial
with T = 2 s (vide
Appendix B, Program no. 8)

Fig. 3.21 Comparison of the
function f(t) = exp(t − 1) with
its HF approximated version
using m = 10 and T = 2 s
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need many addition and multiplication operations. Thus, it is expected that its
computational burden is much more compared to the HF method.

In case of block pulse based approximation, to evaluate each expansion coeffi-
cient we need to perform one numerical integration applying Simpson’s 3/8th rule
or the like. Such integration obviously add to the computational burden by way of
memory as well as execute on time.

Also, hardware implementation of Legendre polynomials is hardly possible, and
for generating BPF’s, we need to take care of the ‘orthogonality error’ via hardware
which is complex. Compared to these hassles, HF is much simpler to generate
because we do not need to construct the sample-and-hold functions or the triangular
functions. Instead, we take samples of the concerned function and produce its
piecewise linear version.

Tables 3.4 and 3.5, along with Figs. 3.23 and 3.24, illustrate the essence of
efficiency of approximation via three different methods.

From Table 3.4, Legendre polynomial based approximation with sixth degree
polynomial fit incurs an error 3.88664563e−12, while for about the same MISE, the
HF domain approximation needs m = 500. In Table 3.5, for BPF approximation
method with m = 128, the MISE is 3.68934312e−005. This MISE is obtained for
m = 9 in HF domain.

Data for Tables 3.4 and 3.5 are calculated via MATLAB 7.9 [12] and we have
presented the result up to the eighth place of decimal. It is observed that with
respect to MISE, fifth order polynomial fit of Legendre is somewhat equivalent to
HF approximation with m = 134.

For BPF and HF approximation, such equivalence is obtained with m = 158
(BPF) and m = 10 (HF) for T = 2 s.

In Table 3.4, elapsed times are computed for evaluation of the expression f tð Þ �Pn�1
0 ciPi with Legendre polynomials for different values of n from 1 to 7, and also

respective MISE’s. It is observed that for computations with the index n = 6 and 7,
elapsed times are much less compared to HF with m = 134 and 500 respectively.

Fig. 3.22 Comparison of the
function f(t) = exp(t − 1) with
its BPF approximated version
using m = 10 and T = 2 s
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This is because, the evaluation of MISE for HF based approximation takes up much
more time for m number of squaring operations and subsequent numerical
integrations.

In fact, for any value of n, i.e., n = 1 to 5, this is true and the elapsed times are
less compared to that of HF based procedure. Had we been able to represent the HF
domain piecewise linear curve by a single analytical expression, suitable for
MATLAB, it is possible that the HF based computations would have taken much
less computational time.

Figure 3.25a, b show elapsed times for MISE computation for Legendre poly-
nomial and HF based approximations. Also, from these two figures, for the same

Fig. 3.23 Ratio of Legendre
polynomial approximation
MISE and HF approximation
MISE for T = 2 s (refer to
Table 3.4) for different values
of m where Pn(t) (n = 0,…, 5)
denotes the highest degree of
Legendre polynomial used.
Due to inconvenience in
choosing the scale, the last
entry of Table 3.4 is excluded
from the figure

Fig. 3.24 Ratio of BPF
approximation MISE and HF
approximation MISE (refer to
Table 3.5) for different values
of m for T = 2 s
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range of MISE, number of Legendre polynomials required for the approximation
may be compared with the number of sub-intervals (m) required for the HF based
approach.

Also if we use only one sub-interval for HF domain approximation and one
polynomial for Legendre, the MISE for HF based approach is noted as one-third of
that of the Legendre approximation. It proves the effectiveness of HF based
approximation even in smallest number of sub-interval.

Fig. 3.25 MISE and elapsed time (vide Table 3.4) with respect to a number of Legendre
polynomials and b number of sub-intervals m for HF approximation
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However, for approximation of functions with jump discontinuities, the
Legendre polynomial approach is not the best suited orthogonal polynomial set
compared to hybrid function based approximation. This is because, the Legendre
polynomial set contains only two members, one the constant u(t) and the other unit
ramp function, which are linear. All the other remaining polynomials being of curvy
nature, it is a contention that approximation of ‘jump functions’ by Legendre
polynomials will be met with difficulty.

That this is so, is proved by Fig. 3.26, where the approximation of the function
of Example 3.6 is attempted with seven Legendre polynomials, that is P0(t) to P6(t).
It is seen from Fig. 3.26 that such attempt turns out to be a fiasco, whereas with HFc
and HFm, we have been able to approximate this function in a reasonably well
manner, vide Fig. 3.17.

In Fig. 3.27a, b, comparison has been made between BPF approximation and HF
approximation. It is noted that approximately same range of MISE can be obtained
in HF based approximation using much lesser number of sub-intervals. Also the
elapsed times for MISE computation for HF based computation are comparatively
negligible as obtained in BPF based approximation.

3.7 Mean Integral Square Error (MISE) for HF Domain
Approximations [8]

The representational error for equal width block pulse function expansion of any
square integrable function of Lebesgue measure has been investigated by Rao and
Srinivasan [13], while the error analysis for pulse-width modulated generalized
block pulse function (PWM-GBPF) expansion has been carried out by Deb et al.
[14].

Fig. 3.26 Comparison of the
function f3(t) of Example 3.6
with its Legendre polynomial
approximated version using
up to sixth degree polynomial
with T = 2 s ð�1 s� t� 1 s)
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Hybrid function approximation has two components: sample-and-hold function
component and triangular function component. To present an error analysis in HF
domain, it is obvious that the upper bound of representational error will be com-
prised of two parts: error in the component of sample-and-hold function based
approximation and in the component of triangular function based approximation.

Any time function can be represented by Taylor series as an infinite sum of terms
those are calculated from the values of the function’s derivatives at a single point. In
practice all the time functions are usually approximated using a finite number of
terms of its Taylor series, which gives quantitative estimates on the error. Here the
time function f(t) first expanded into Taylor series polynomials. The maximum error
that can incur in approximating a function within a time interval is termed as upper
bound of error.

As sample-and-hold function gives a stair-case approximation, two terms of
Taylor series i.e. two-degree Taylor polynomials are sufficient to approximate a
function. Similarly the triangular function gives linear approximation, three terms
of Taylor series or minimum three-degree Taylor polynomials are used to
approximate a function.

3.7.1 Error Estimate for Sample-and-Hold Function
Domain Approximation [2]

Let us consider m cells of equal width h spanning an interval [0, T) such that
T = mh. In the (i + 1)th interval, the representational error is

EiðtÞ, f ðtÞ � f ðihÞj j ð3:20Þ

The mean integral square error (MISE) is given by

Ei½ �2 ,
Ziþ 1ð Þh

ih

f ðtÞ � f ðihÞ½ �2dt ð3:21Þ

Now expanding f(t) in the ith interval around any point µi, by Taylor series, we
can write,

f ðtÞ � f ðliÞþ _f ðliÞðt � liÞþ€f ðliÞðt � liÞ2=2!þ � � � ð3:22Þ

where, li 2 ih; ðiþ 1Þh½ �
Neglecting second and higher order derivatives of f(t) and substituting (3.22) in

(3.21), we have
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Ei½ �2 ,
Ziþ 1ð Þh

ih

f ðliÞþ _f ðliÞðt � liÞ � f ðihÞ� �2
dt

Now considering

_fmax ¼ max _f ðliÞ
� �

dmax ¼ f ðliÞ � f ðihÞ ¼ max dif g
lmax ¼ max lif g

Then the upper bound of MISE over the interval [0, T) is [2]

Xm�1

i¼0

E2
i ¼ E2 ¼ mhdmax dmax þmh _fmax � 2lmax

_fmax
� �

þmh_f 2max
m2h2

3
þ lmax lmax � mhð Þ

� 	 ð3:23Þ

3.7.2 Error Estimate for Triangular Function Domain
Approximation [3–5]

Let us consider (m + 1) sample points of the function f(t), having a sampling period
h, denoted by f(ih), i = 0, 1, 2, …, m. Then piecewise linear representation of the
function f(t) by triangular functions is obtained simply by joining these sample
points. The equation of one such straight line f̂ ðtÞ, approximating f(t), in the (i + 1)
th interval is

f̂ ðtÞ ¼ mitþ f ðihÞ � imih ð3:24Þ

where mi ¼ f ½ðiþ 1Þh��f ðihÞ
h .

Then integral square error (ISE) in the (i + 1)th interval is

Ei½ �2D
Zðiþ 1Þh

ih

f ðtÞ � f̂ ðtÞ� �2
dt ð3:25Þ

Let the function f(t) be expanded by Taylor series in the (i + 1)th interval around
the point li considering second order approximation. Then
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f ðtÞ � f ðliÞþ _f ðliÞðt � liÞþ€f ðliÞðt � liÞ2=2! ð3:26Þ

Using Eqs. (3.26) and (3.25) may be written as

Ei½ �2 ¼
Zðiþ 1Þh

ih

�
f ðihÞ � imih� f ðliÞþ li _f ðliÞ

� �

þ mi � _f ðliÞ
� �

t � €f ðliÞðt � liÞ2=2!
	2
dt

¼
Zðiþ 1Þh

ih

AþBtþCðt � liÞ2
h i2

dt

ð3:27Þ

where

A, f ðihÞ � imih� f ðliÞþ li _f ðliÞ
B,mi � _f ðliÞ
C, � €f ðliÞ=2!

9=
; ð3:28Þ

Hence, Eq. (3.27) may be simplified to

Ei½ �2 ¼ A2hþ B2h3

3
ð3i2 þ 3iþ 1Þþ C2h5

5
ð5i4 þ 10i3 þ 10i2 þ 5iþ 1Þ � h4liC

2ð4i3þ 6i2 þ 4iþ 1Þ
þ 2h3l2i C

2ð3i2 þ 3iþ 1Þ � 2h2l3i C
2ð2iþ 1Þþ hl4i C

2 þABh2ð2iþ 1Þ

þ h4BC
2

ð4i3 þ 6i2þ 4iþ 1Þ � 4h3BCli
3

ð3i2þ 3iþ 1Þþ h2BCl2i ð2iþ 1Þ

þ 2h3CA
3

ð3i2 þ 3iþ 1Þ � 2h2CAlið2iþ 1Þþ 2hCAl2i

ð3:29Þ
Then the upper bound of ISE over m subintervals is given by

Xm�1

i¼1

E2
i max

� � ¼ E2

¼ €f
2
max

m5h5

20
� m4h4

4
lmax þ

m3h3

2
l2max �

m2h2

2
l3max þ

mh
4

l4max

� 	

þ _f 2max
ð2m3 � 3m2 þmÞh3

6
� ðm2 � mÞh2lmax þmhl2max

� 	

þ€fmax
_fmax

ð3m4 � 2m3 � m2Þh4
12

� ð6m3 � 3m2 � mÞh3
6

lmax

�

þ ð3m2 � mÞh2
2

l2max � mhl3max

	
ð3:30Þ
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where

fmax ,max f ðihÞ; f ½ðiþ 1Þh�; f ðliÞf g;
_fmax ,max _f ðliÞ;mi

� �
€fmax ,max €f ðliÞ

� �
and

lmax ,max lif g

These maximum values are considered to be the largest over the entire period.
So, Eq. (3.30) gives the upper bound of ISE for the triangular function component.

For simplicity, assume that the function is approximated by first-order Taylor
series expansion. In that case, €f ðliÞ ¼ 0. Then from Eq. (3.28), C = 0.

Equation (3.29) now can be simplified to

Ei½ �2¼ A2hþ B2h3

3
3i2 þ 3iþ 1

 �þABh2 2iþ 1ð Þ ð3:31Þ

Case I Let us assume that the function f(t) is a step function. Then,

f ðihÞ ¼ f ðliÞ;mi ¼ 0 and _f ðliÞ ¼ 0:

This implies, from Eq. (3.29),
A = 0, and B = 0.
Hence, from Eq. (3.31), we have ISE in the ith interval, i.e.

Ei½ �2¼ 0

Case II If f(t) is a ramp function, then, mi ¼ mr (constant). Since, mr ¼ _f ðliÞ, we
have

B = 0.
Consider li ¼ ihþ x; 0� x� h.
Then,

f ðliÞ ¼ f ½ðihÞþ x� ¼ f ðihÞþmrx

Hence, from Eq. (3.22), we get

A ¼ f ðihÞ � mrih� f ðihÞ � mrxþðihþ xÞmr ¼ 0

Then, from Eq. (3.31), ISE in the ith interval is zero.

Case III Let f(t) be a piecewise ramp function having different slope in different
sampling period. Then, considering the slope to be mi in the ith interval, we have
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mi ¼ _f ðliÞ and li ¼ ihþ x; 0� x� h

If follows from Eq. (3.28) that A = B = 0, implying zero ISE.
As the result of case II and case III are independent of x, we can conclude that

for a ramp function, whether continuous or piecewise, ISE is zero irrespective of the
magnitude of li, the focal point of Taylor series expansion.

3.8 Comparison of Mean Integral Square Error (MISE)
for Function Approximation via HFc and HFm

Approaches

For the function of Example 3.6, the time interval under consideration is
T ¼ 1þ ffiffiffi

2
p

s. We have considered an approximate interval of T = 2.4 s and have
approximated the function for different number of m (for m = 12–240). But if we
intend to improve the approximation even more, let us consider T = 2.41 s, and
m = 241, so that each sub-interval matches with 0.01 s. It is found that the MISE
remains the same as before, i.e., for m = 240. This indicates, the infinitesimal
change in MISE is not reflected in the approximation.

For different values of m, as mentioned above, the MISE’s for both the
approaches within a specified time zone, are computed and the modified approach
always comes up with less MISE. This has been studied deeply for no less than ten
different values of m and two curves are drawn for approximation of f3(t) using the
HFc approach and HFm approach, and as expected, the MISE for HFm approach is
always less than the HFc approach. Figure 3.28 represents this fact visually.

Figure 3.27, MISEc and MISEm, are computed for twelve different values of

m. If we determine the ratio of the errors RHFcm , MISEc

MISEm
for each value of m, we

can plot a curve of RHFcm with m. Figure 3.29a shows the variation where, with
increasing m, the ratio RHFcm increases parabolically. Study of Figs. 3.28 and 3.29a
apparently presents a paradox: while both the MISEs converge to zero, with
increasing m, their ratio RHFcm increases. This is because the MISEm converges at a
much faster rate compared to its counterpart MISEc.

To explain this ‘phenomenon’ in more detail, we present Table 3.5 with different
MISEs for approximations via different orthogonal function sets.

Remembering the fact that approximation of a function by conventional hybrid
functions and orthogonal triangular functions yield identical results, in Table 3.6,
MISEs for approximation via modified HF based method, conventional HF based
method (equivalent to triangular function based approximation) and block pulse
function domain approximation are tabulated for ten different values of m from 12
to 240.

Also, the ratios MISETF

MISEm
,RTFm = RHFcm and MISEBPF

MISEm
,RBPFm are defined.
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Using the data of Table 3.6, we draw another curve, shown in Fig. 3.29b, to
study the variation of the ratio of MISEBPF and MISEm with different values of m. It
is observed that this ratio increases linearly with m.

Studying the two ratio curves, it is noted that for Fig. 3.29a, when m becomes
greater than 100, the curve becomes acutely steep. At the end, when m reaches 240,

Fig. 3.27 Elapsed time and MISE (vide Table 3.5) with respect to number of sub-intervals used in
a BPF based and b HF based approximation
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the magnitude of RHFcm becomes 2525.3788, which is very high, tilting the case
significantly in favour of HF based modified approach.

In contrast to the curve of Fig. 3.29a, the curve of Fig. 3.29b is linear, as
indicated above. And at a value of m = 240, the magnitude of the ratio is only
13.1288. This apparently indicates, with increasing m, the rates of convergence to
zero MISE for both the approaches are comparable. But this does not weaken the
case for HFm approach.

This small ratio 13.1288 keeps one wondering about the established superiority
of HF based approximation over BPF based approximation in general. Though we

Fig. 3.28 Comparison of MISEs for different values of m, using the HFc approach and the HFm
approach for approximating the function of Example 3.6, with T = 2.4 s

Fig. 3.29 Ratio of MISEs of a the HFc approach and the HFm approach, and b the BPF approach
and the HFm approach, for approximating the function of Example 3.6 for different values of m and
T = 2.4 s
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have used HF based modified approach for this special kind of function f3(t) with
one jump, the ratio is still more uncomfortable. For this reason, we investigated cell
wise MISE for three approximations, namely, BPF based approximation and HF
based approximation, both conventional and modified. The results are tabulated in
Table 3.7.

It is noted from the table that for the cell immediately before the jump, MISE is
maximum (=0.34005333) for HFc and minimum (=0.01080889) for BPF. And for
the same cell, for HFm based approximation, MISE is 0.04085333 which is mod-
erate. But for all other cells, HFm and HFc methods have the same MISE and its
magnitude is much less than that of BPF method. In fact, the sum of MISEs of all
cells for HFc or HFm methods, excluding the cell just before the jump, is
0.00058666 (for HFc and HFm) and 0.06862221 for BPF. This proves the efficiency
of HF based approximation and indicates its superiority over BPF technique.

Further, when m is increased from 12 to 24 or even higher values, it is noted
from Table 3.6 that HFm method is always more accurate than BPF based
approximation, while HFc method is not. This proves, HFm method is the most
competent for handling functions with jumps.

3.9 Conclusion

The orthogonal hybrid function (HF) set has been employed for piecewise linear
approximation of time functions of Lebesgue measure. For HF domain approxi-
mation, the expansion coefficients are simply the samples of the function to be
approximated, where as for BPF [1] domain approximation, each expansion coef-
ficient is determined via integration of the function making the computation more
complex. So is the case for approximation of a function using Legendre polynomial
or any other orthogonal polynomial for that matter. Also, the block pulse function
based approximation, being staircase in nature, incurs higher mean integral square
error (MISE) compared to that via hybrid functions because HF domain approxi-
mation reconstructs a function in a piecewise linear manner.

For linear functions like f1(t) = t, HF domain approximation comes up with zero
mean integral square error (MISE) as expected. This fact is shown in Fig. 3.4. Also,
HF domain approximation proved to be much more accurate compared to equiv-
alent BPF domain approximation. For example, for the function f2(t) = sin(πt),
MISE for HF domain approximation is much less than BPF domain approximation.
These facts are evident from Figs. 3.5, 3.6 and 3.7; Table 3.1. In Table 3.1 the ratio

D ¼ MISEBPF

MISEHF
is found to be 25.43420823.

For approximation of discontinuous function, the outcome of HF domain
approximation is illustrated via Fig. 3.8 through Fig. 3.11 qualitatively. It is noted
that if the sampling period h is small enough, hybrid functions could turn out
reasonably good approximation of discontinuous functions. However, the accuracy
of approximation is much improved for most of the functions if we employ a
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modified HF domain approach. Calling this technique the HFm approach, it has
been established through numerical Examples 3.5 and 3.6 that HFm approach is
much more accurate than the conventional HF domain approach (named, HFc
approach). Table 3.2 is evidence enough to establish the superiority of the HFm
approach for eleven different values of m. Figure 3.18 provides the pictorial
translation of Table 3.2 where the fineness of approximation using the HFm
approach is quite apparent.

For the numerical Example 3.6; Fig. 3.19 compares HF domain approximations
with the exact function for three different values of m, namely, m = 12, 24 and 240
and thus compares effectiveness of approximation via HFc and HFm qualitatively.

Function approximation via Legendre polynomials are also compared with HF
approximation. These are illustrated in Table 3.4 and Figs. 3.20 and 3.23. From
Table 3.4, it is observed that with up to sixth degree Legendre polynomial
approximation, the same order of MISE is achieved in HF domain approximation
with m = 500. But with up to fifth degree polynomial approximation, the same order
of MISE is achieved in HF domain approximation with m = 134. However, for BPF
domain approximation with m = 128 and T = 2 s the MISE is 3.68934312e-05 and
for the same order of MISE, HF domain approximation requires only m = 9, vide
Table 3.5.

From Fig. 3.25a, b we find that the HF based approach proves to be more
effective than Legendre polynomial based approximation, in the sense that HF
based approximation provides a better deal even in smallest number of sub-interval.

For approximation of functions with jump discontinuities, again the HF domain
approximation turns out to be the winner compared to Legendre polynomial
approach.

In Fig. 3.27a, b, a comparison of BPF approximation and HF approximation
shows that HF based approximation comes up with the same range of MISE using
much lesser number of sub-intervals compared to its BPF equivalent with respect to
MISE.

From the above discussion, it may be concluded that function approximation
using hybrid functions is more simple as well as advantageous compared to block
pulse function based equivalent approximation. Though Legendre polynomial
based approximation produces good results, computation of its coefficients are
much more tedious and complicated. Further, the HF based approximation works
with function samples which is a great advantage in view of the present digital age.
This advantage is offered neither by BPF approximation, nor Legendre polynomial
based approximation.

For approximating functions with jump discontinuities, the modified HF domain
approach seems to be more efficient than the conventional HF domain approach and
examples have been provided to prove the point. This broadens application suit-
ability of HF domain approach still more.
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Chapter 4
Integration and Differentiation Using HF
Domain Operational Matrices

Abstract This chapter introduces the operational matrices for integration as well as
differentiation. In such hybrid function domain integration or differentiation, the
function to be integrated or differentiated is first expanded in hybrid function
domain and then operated upon by some special matrices to achieve the result.
These special matrices are the operational matrices for integration and differentia-
tion and these are derived in this chapter. Also, the nature of accumulation of error
at each stage of integration-differentiation dual operation is investigated. Four
examples are treated to illustrate the operational methods. Three tables and fifteen
figures are presented for user friendly clarity.

The proposed hybrid function (HF) set has been utilized for approximating square
integrable functions in a piecewise linear manner. The spirit of such approximation
was explained in the previous chapter. As was done with block pulse functions [1,
2], in this chapter, we use the complementary hybrid function sets in a similar
fashion, to develop the operational matrices for integration [3, 4] and these new
operational matrices are employed to integrate time functions in HF domain. These
matrices are finally used for the analysis and synthesis of control systems, for
solving the identification problem from state space description of systems, and
parameter estimation of transfer functions from impulse response data.

4.1 Operational Matrices for Integration

A hybrid function set is a combination of a sample-and-hold function (SHF) [5] set
and a triangular function set [6–8]. Thus, when we express a time function in HF
domain, the result is comprised of two parts, namely, SHF part and TF part. So, to
integrate such a function in HF domain, we need to integrate both the parts.
Integration of each part would again produce SHF and TF parts, the combination of
which is the result of integration in HF domain. This is achieved by means of
operational matrices.

© Springer International Publishing Switzerland 2016
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In order to derive the operational matrices for integration in HF domain, we
proceed in a manner adopted for Walsh and block pulse functions. Here, we con-
sider for both the component function sets separately and develop the integration
operational matrix for each of them to eventually derive the operational matrices for
integration in HF domain [9].

4.1.1 Integration of Sample-and-Hold Functions [5]

First we take up the m-member sample-and-hold function set and integrate each of
its components and consequently express the result in terms of hybrid function.

Figure 4.1a shows the first member S0 of the SHF set and Fig. 4.1b shows its
decomposition into two step functions.

Mathematically, S0 can be expressed as

S0 ¼ u tð Þ � u t � hð Þ

Subsequent integration of S0 produces two ramp functions as shown in Fig. 4.1c,
while Fig. 4.1d depicts the resulting function

R
S0 dt. It is noted that the result is

comprised of one triangular function and several sample-and-hold function blocks
[9].

Fig. 4.1 Decomposition of the first member of the SHF set S0 and its subsequent integration
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Figure 4.2 shows the (i + 1)th member of the SHF set and its integration.
Mathematically, the function

R
Si dt is given by

Z
Si tð Þdt ¼ ðt � ihÞu t � ihð Þ � ½t � ðiþ 1Þh�u½t � ðiþ 1Þh� ð4:1Þ

It is apparent that integration of the (i + 1)th member of the SHF set produces the
same result of Fig. 4.1d, but with a shift of ih to the right as shown in Fig. 4.2.
Putting different values of i in (4.1), e.g., 0, 1, 2, …, we can obtain expressions for
integrations of different component SHF’s.

Starting with the first member S0 of the SHF set, we integrate each member and
express the result [9] in hybrid function domain. Let us consider four members of
the sample-and-hold function set, i.e. m = 4 and T = 1 s and h = T/m. Figure 4.3
shows the result of integration which is comprised of one triangular function and
three sample-and-hold functions. The figure also contains the integration results of
other three SHF’s, namely, S1, S2 and S3:

Fig. 4.2 Integration of the (i + 1)th member of the SHF set

Fig. 4.3 Integration of first
four members of the SHF set
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Integration of the first member of the SHF set can be expressed mathematically
as

Z
S0 dt ¼ h 0 1 1 1½ �

S0
S1
S2
S3

2
664

3
775 þ h 1 0 0 0½ �

T0
T1
T2
T3

2
664

3
775

where, for convenience, we can writeZ
S0 dt ¼ h 0 1 1 1½ � Sð4Þ þ h 1 0 0 0½ � Tð4Þ ð4:2Þ

It is noted that, when the first member of the sample-and-hold function set is
integrated and the result is expressed in HF domain, its approximation is comprised
of two parts: sample-and-hold functions as well as triangular functions.

Following Eq. (4.2), the results of integration of the second, third and fourth
members of the SHF set, as shown in Fig. 4.3, may be expressed as

Z
S1 dt ¼ h 0 0 1 1½ � Sð4Þ þ h 0 1 0 0½ �T ð4Þ ð4:3Þ

Z
S2 dt ¼ h 0 0 0 1½ � Sð4Þ þ h 0 0 1 0½ �T ð4Þ ð4:4Þ

Z
S3 dt ¼ h 0 0 0 0½ � Sð4Þ þ h 0 0 0 1½ �T ð4Þ ð4:5Þ

Expressing Eqs. (4.2)–(4.5) in matrix form, we have

R
S0dtR
S1dtR
S2dtR
S3dt

2
664

3
775 ¼ h

0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 0

2
664

3
775Sð4Þ þ h

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775Tð4Þ

or,

Z
Sð4Þdt ¼ h

X3
i¼1

Qi
ð4ÞSð4Þ þ hIð4ÞTð4Þ ð4:6Þ

where, Ið4Þ is the (4 × 4) identity matrix and Qð4Þ is the delay matrix [3] of order 4,
having a general structure
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Q i
ðmÞ ¼

0ðm�iÞ� i

� � � � � � � � � � � �
0 ið Þ

..

.

..

.

..

.

..

.

Iðm�iÞ
� � � � � � � � � � � �
0i�ðm�iÞ

2
666664

3
777775

ðm�mÞ

ð4:7Þ

where, i = 1, 2, 3, …, (m − 1) and QðmÞ has the property such that

Q m
ðmÞ ¼ 0ðmÞ

Equation (4.6) may be expressed as

Z
Sð4Þ dt ¼ P1ssð4Þ Sð4Þ þP1stð4Þ Tð4Þ ð4:8Þ

where,

P1ss 4ð Þ , h

0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 0

2
664

3
775 and P1st 4ð Þ , h

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775

The square matrices P1ss(4) and P1st(4) may be expressed in the following
compact form

P1ss 4ð Þ ¼ h 0 1 1 1½ �½ � and P1st 4ð Þ ¼ h 1 0 0 0½ �½ �

in which a b c½ �½ �,
a b c
0 a b
0 0 a

2
4

3
5

Following (4.7), in general, for m component functions in each of the SHF set
and TF set, we can write

Z
SðmÞdt ¼ h

Xm�1

i¼1

Qi
ðmÞ SðmÞ þ hIðmÞTðmÞ ¼ P1ssðmÞSðmÞ þP1stðmÞTðmÞ ð4:9Þ

where,
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P1ss mð Þ , h 0 1 . . . . . . 1 1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m terms

2
4

3
5

2
4

3
5 and

P1st mð Þ , h 1 0 . . . . . . 0 0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m terms

2
4

3
5

2
4

3
5

Thus, P1ss(4) and P1st(4) are the first order operational matrices for integration
for the sample-and-hold function part.

4.1.2 Integration of Triangular Functions [6]

Figure 4.4a shows the first member T0 of the TF set and Fig. 4.4b shows its
decomposition into two ramp functions and one delayed negative step function.

Fig. 4.4 Decomposition of the first member of the TF set and its subsequent integration. a the
triangular function, b its decomposition into three functions, c integration of the component
functions of (b), and (d) the result of integration after combining all the three component integrated
functions of (c)
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Mathematically, the function T0 can be expressed as

T0 ¼ 1
h
t � 1

h
t � hð Þu t � hð Þ � u t � hð Þ

Subsequent integration of the first member T0 produces two parabolic functions
and one ramp function as shown in Fig. 4.4c. The integrated function may be
expressed as

Z
T0dt ¼ 1

h
t2

2
� 1
h

t � hð Þ2
2

u t � hð Þ � t � hð Þu t � hð Þ

Figure 4.4d depicts the resulting function
R
T0 dt.

Similar to the case for sample-and-hold functions, the mathematical expression
for the (i + 1)th member of the TF set is

Z
Ti dt ¼ 1

h
ðt � ihÞ2

2
uðt � ihÞ � 1

h
½t � ðiþ 1Þh�2

2
u½t � ðiþ 1Þh� � ½t � ðiþ 1Þh�u½t � ðiþ 1Þh�

ð4:10Þ

Figure 4.5 shows pictorially the result integration of the (i + 1)th member of the
TF set.

Taking different values of i in (4.10), e.g., 0, 1, 2, …, we can obtain expressions
for integrations of different component TF’s.

Following a similar procedure [1, 6] for other components of the TF set and
using Eq. (4.10), we integrate each member and express the result of integration in
hybrid function domain.

The result of integration of T0 is now to be expressed in HF domain. Since the
HF technique works with function samples, it is apparent that the expansion will be
comprised of one triangular function and three sample-and-hold functions, where,
the triangular function represents the parabolic part of the exact integration.

This is shown in Fig. 4.6. The figure also depicts similar results for the next three
members of the TF set.

This can be represented mathematically as

Fig. 4.5 Integration of the (i + 1)th member of the TF set
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Z
T0dt � h

2
0 1 1 1½ �

S0
S1
S2
S3

2
6664

3
7775þ h

2
1 0 0 0½ �

T0
T1
T2
T3

2
6664

3
7775

¼ h
2

0 1 1 1½ �Sð4Þ þ h
2

1 0 0 0½ �Tð4Þ

ð4:11Þ

Following a similar procedure as in Sect. 4.1.1, we integrate other three members
of the triangular functions set and express the result in HF domain.

Following Eq. (4.11), integration of the second, third and fourth members of the
TF set are given by

Z
T1dt ¼ h

2
0 0 1 1½ �Sð4Þ þ h

2
0 1 0 0½ �Tð4Þ ð4:12Þ

Z
T2dt ¼ h

2
0 0 0 1½ �Sð4Þ þ h

2
0 0 1 0½ �Tð4Þ ð4:13Þ

Z
T3 dt ¼ h

2
0 0 0 0½ � Sð4Þ þ h

2
0 0 0 1½ �T ð4Þ ð4:14Þ

Expressing Eqs. (4.11)–(4.14) in matrix form, we have

R
T0dtR
T1dtR
T2dtR
T3dt

2
664

3
775 ¼ h

2

0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 0

2
664

3
775Sð4Þ þ h

2

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775Tð4Þ

Fig. 4.6 Integration of first
four members of the TF set
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or

Z
Tð4Þdt ¼ h

2

X3
i¼1

Qi
ð4ÞSð4Þ þ

h
2
Ið4ÞTð4Þ ð4:15Þ

Equation (4.15) can be expressed asZ
Tð4Þ dt ¼ P1tsð4Þ Sð4Þ þP1ttð4Þ Tð4Þ ð4:16Þ

where,

P1ts 4ð Þ ,
h
2

0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 0

2
664

3
775 and P1tt 4ð Þ ,

h
2

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775

The square matrices P1ts(4) and P1tt(4) may be expressed in the following
compact forms

P1ts 4ð Þ ¼ h
2

0 1 1 1½ �½ � and P1tt 4ð Þ ¼ h
2

1 0 0 0½ �½ �

Hence, as in Eq. (4.8), P1ts(4) and P1tt(4) are the first order integration opera-
tional matrices for integration of triangular function components of an HF domain
expanded time function.

The following relations are noted amongst the operational matrices:

P1ts ¼ 1
2
P1ss

P1tt ¼ 1
2
P1st

9>=
>; ð4:17Þ

In general, for an m-set function, similar to (4.9), we can write

Z
TðmÞ dt ¼ h

2

Xm�1

i¼1

Qi
ðmÞ SðmÞ þ

h
2
IðmÞTðmÞ ¼ P1tsðmÞ SðmÞ þP1ttðmÞTðmÞ ð4:18Þ

where,
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P1ts mð Þ ,
h
2

0 1 . . . . . . 1 1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m terms

2
4

3
5

2
4

3
5 and

P1tt mð Þ ,
h
2

1 0 . . . . . . 0 0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m terms

2
4

3
5

2
4

3
5

4.2 Integration of Functions Using Operational Matrices

The integration operational matrices developed for SHF and TF in Sects. 4.1.1 and
4.1.2 will now be used to integrate any time function in HF domain.

Let f(t) be a square integrable function which can be expanded in hybrid function
domain as

f ðtÞ � c0 c1 c2 . . . ci . . . cm�1½ �SðmÞ
þ ðc1 � c0Þ ðc2 � c1Þ ðc3 � c2Þ . . . ðci � ci�1Þ . . . ðcm � cm�1Þ½ �TðmÞ

,CT
SSðmÞ þCT

TTðmÞ
ð4:19Þ

where, c0; c1; c2; . . .; cm are (m + 1) equidistant samples of f(t) with a sampling
period h and […]T denotes transpose.

Integrating Eq. (4.19) with respect to t, we getZ
f ðtÞdt �

Z
CT

SSðmÞdtþ
Z

CT
TTðmÞdt

¼ CT
S

Z
SðmÞdtþCT

T

Z
TðmÞdt

¼ CT
S P1ssðmÞSðmÞ þP1stðmÞTðmÞ
� �þCT

T P1tsðmÞSðmÞ þP1ttðmÞTðmÞ
� �

¼ CT
S þ

1
2
CT

T

� �
P1ssðmÞSðmÞ þP1stðmÞTðmÞ
� �

ð4:20Þ

where we have been made of the relations (4.17).
Now we use (4.20) to perform integration of a few simple square integrable

functions.

96 4 Integration and Differentiation Using HF …



4.2.1 Numerical Examples

To show the validity of Eq. (4.20), we first compute the exact integration of time
function f(t) and then expand it directly in HF domain. Then we perform the same
integration via operational technique using Eq. (4.20) and compare the results with
the previous one.

Example 4.1 We integrate the function f1(t) = t via hybrid function method taking
T = 1 s, m = 8 and h = T/m s.

Exact integration of the given function is t2
2 and direct expansion of t2

2 in hybrid
function domain, using Eq. (3.5), is

Z t

0
f1ðsÞds ¼ t2

2
� ½0:00000000 0:00781250 0:03125000 0:07031250

0:12500000 0:19531250 0:28125000 0:38281250�Sð8Þ
þ ½0:00781250 0:02343750 0:3906250 0:05468750

0:07031250 0:08593750 0:10156250 0:11718750 �Tð8Þ
ð4:21Þ

In hybrid function domain, the function f1(t) = t is expanded directly as

f1 tð Þ ¼ t � ½0:00000000 0:12500000 0:25000000 0:37500000

0:50000000 0:62500000 0:75000000 0:87500000�Sð8Þ
þ ½0:12500000 0:12500000 0:12500000 0:12500000

0:12500000 0:12500000 0:12500000 0:12500000�Tð8Þ

ð4:22Þ

Putting the values of CT
S and C T

T from Eq. (4.22) in Eq. (4.20), we perform
operational integration of the function f1(t) in hybrid function domain to obtain

Z t

0
f1ðsÞds ¼ t2

2
� ½0:00000000 0:00781250 0:03125000 0:07031250

0:12500000 0:19531250 0:28125000 0:38281250�Sð8Þ
þ ½0:00781250 0:02343750 0:03906250 0:05468750

0:07031250 0:08593750 0:10156250 0:11716750�Tð8Þ
ð4:23Þ

In Fig. 4.7, we compare the results obtained via direct expansion using
Eq. (4.21) and using the HF domain operational technique via Eq. (4.23). It is
observed that for the function f1(t) = t, the result of direct integration and subsequent
HF domain expansion, and integration by the operational method are identical. That
is, in this case, percentage error is zero as shown in Table 4.1.
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Example 4.2 Now we integrate the function f2(t) = sin (πt) in hybrid function
domain taking T = 1 s, m = 8 and h = T/m s. The exact integration of the given
function is ½1� cosðp tÞ�=p and direct expansion of ½1� cosðp tÞ�=p in HF domain
is

Z t

0
f2ðsÞds ¼ ½1� cosðp tÞ�=p

� ½0:00000000 0:02422989 0:09323080 0:19649796

0:31830988 0:44012180 0:54338896 0:61238987�Sð8Þ
þ ½0:02422989 0:06900090 0:10326715 0:12181191

0:12181191 0:10326715 0:06900090 0:0242298�Tð8Þ
ð4:24Þ

The function f2(t) = sin(πt), when expanded directly in hybrid function domain,
is expressed as

f2 tð Þ ¼ sin p tð Þ � ½0:00000000 0:38268343 0:70710678 0:92387953 1:00000000

0:92387953 0:70710678 0:38268343�Sð8Þ
þ ½0:38268343 0:32442334 0:21677275 0:07612046� 0:07612046

� 0:21677275� 0:32442334� 0:38268343�Tð8Þ

ð4:25Þ

Putting the values of CT
S and CT

T from Eq. (4.25) in Eq. (4.20), we perform
operational integration of the function f2(t) = sin (πt) in hybrid function domain to
obtain

Fig. 4.7 Comparison of
integration of the function
f1(t) = t via (i) direct
expansion of the integrated
function in HF domain
[Eq. (4.21)] and (ii) using HF
domain integration
operational matrices
[Eq. (4.23)]. It is noted that
the two curves overlap
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Table 4.1 Comparison of
samples obtained via two
methods and percentage error
for (a) SHF coefficients and
(b) TF coefficients for the
function f1(t) = t

t(s) Direct
expansion

Via operational
method

% Error

a Sample-and-hold function domain coefficients
0

0.00000000 0.00000000 –

1
8

0.00781250 0.00781250 0.00000000
2
8

0.03125000 0.03125000 0.00000000
3
8

0.07031250 0.07031250 0.00000000
4
8

0.12500000 0.12500000 0.00000000
5
8

0.19531250 0.19531250 0.00000000
6
8

0.28125000 0.28125000 0.00000000
7
8

0.38281250 0.38281250 0.00000000
8
8

b Triangular function domain coefficients
0

0.00781250 0.00781250 0.00000000
1
8

0.02343750 0.02343750 0.00000000
2
8

0.03906250 0.03906250 0.00000000
3
8

0.05468750 0.05468750 0.00000000
4
8

0.07031250 0.07031250 0.00000000
5
8

0.08593750 0.08593750 0.00000000
6
8

0.10156250 0.10156250 0.00000000
7
8

0.11718750 0.11718750 0.00000000
8
8
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Z t

0
f2ðsÞds ¼ ½1� cosðp tÞ�=p

� ½0:00000000 0:02391771 0:09202960 0:19396624 0:31420871

0:43445118 0:53638783 0:60449972�Sð8Þ
þ ½0:02391771 0:06811188 0:10193664 0:12024247 0:12024247

0:10193664 0:06811188 0:02391771�Tð8Þ
ð4:26Þ

In Fig. 4.8, the result of above integration via direct expansion and by the
operational method are plotted. It is noted that the two results are very close. This is
also apparent from Table 4.2, which shows the results from Eqs. (4.24) and (4.26).
It is seen from the table that percentage error is very small and reasonably constant
over the time interval of interest.

4.3 Operational Matrices for Differentiation [10]

4.3.1 Differentiation of Time Functions Using Operational
Matrices

Let a square integrable function f(t) of Lebesgue measure be expressed in HF
domain, for m = 4, as

Fig. 4.8 Comparison of integration of the function f2(t) = sin (πt) via (a) direct integration and
subsequent expansion of the integrated function in HF domain [Eq. (4.24)] and (b) using HF
domain integration operational matrices [Eq. (4.26)]. It is noted that the two curves almost overlap
(vide Appendix B, Program no. 11)
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Table 4.2 Comparison of
samples via two methods and
percentage error for (a) SHF
coefficients and (b) TF
coefficients for the function
f2(t) = sin (πt), (vide
Appendix B, Program no. 11)

t(s) Direct
expansion

Via operational
method

% Error

a Sample-and-hold function domain coefficients
0

0.00000000 0.00000000 –

1
8

0.02422989 0.02391771 1.288408656
2
8

0.09323080 0.09202960 1.288415416
3
8

0.19649796 0.19396624 1.288420501
4
8

0.31830988 0.31420871 1.288420579
5
8

0.44012180 0.43445118 1.288420614
6
8

0.54338896 0.53638783 1.288419625
7
8

0.61238987 0.60449972 1.288419418
8
8

b Triangular function domain coefficients
0

0.02422989 0.02391771 1.288408656
1
8

0.06900090 0.06811188 1.288417977
2
8

0.10326715 0.10193664 1.288415532
3
8

0.12181191 0.12024247 1.288412603
4
8

0.12181191 0.12024247 1.288412603
5
8

0.10326715 0.10193664 1.288415532
6
8

0.06900090 0.06811188 1.288417977
7
8

0.02422989 0.02391771 1.288408656
8
8
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f ðtÞ � c0 c1 c2 c3½ �S 4ð Þ þ c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ c4 � c3ð Þ½ �T 4ð Þ
DCT

S S 4ð Þ þCT
T T 4ð Þ

ð4:27Þ

When a function f(t) is expressed in HF domain, it is converted to a piecewise
linear function in [0, T). If this converted function is differentiated, the result will be
a staircase function. For such a function, any attempt to compute the higher
derivatives will give rise to delta functions as well as double delta functions.

To avoid this difficulty, we compute the first derivative from the samples of the
function f(t) by taking appropriate first order differences. Thus, from Eq. (4.27), we
can write

f
�
tð Þ � 1

h
c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ c4 � c3ð Þ½ �S 4ð Þ

þ 1
h

c2 � c1ð Þ � c1 � c0ð Þf g c3 � c2ð Þ � c2 � c1ð Þf g½
c4 � c3ð Þ � c3 � c2ð Þf g c5 � c4ð Þ � c4 � c3ð Þf g �T 4ð Þ ð4:28Þ

Let there be two square matrices DS(4) and DT(4) such that which, when operated
upon the S(4) vector and the T(4) vector of Eq. (4.27) respectively, yield Eq. (4.28).
That is, DS(4) acts as the differentiation matrix in sample-and-hold function domain
and DT(4) acts as the differentiation matrix in triangular function domain. Thus,
Eq. (4.28) may now be written as

f
�
tð Þ � c0 c1 c2 c3½ �DS 4ð Þ S 4ð Þ þ c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ c4 � c3ð Þ½ �DT 4ð Þ T 4ð Þ

¼ 1
h

c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ c4 � c3ð Þ½ �S 4ð Þ

þ 1
h

c2 � c1ð Þ � c1 � c0ð Þf g c3 � c2ð Þ � c2 � c1ð Þf g½
c4 � c3ð Þ � c3 � c2ð Þf g c5 � c4ð Þ � c4 � c3ð Þf g�T 4ð Þ

Thus, for DS(4), we can write

c0 c1 c2 c3½ �DS 4ð Þ ¼ 1
h

c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ c4 � c3ð Þ½ �

Solving for DS(4) algebraically, we have

DSð4Þ ¼ 1
h

�1 0 0 0
1 �1 0 0
0 1 �1 0
0 0 1 c4�c3ð Þ

c3

2
664

3
775 ð4:29Þ

Similarly, for the differentiation matrix DT(4) in triangular function domain, we
can write
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c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ c4 � c3ð Þ½ �DT 4ð Þ

¼ 1
h

c2 � c1ð Þ � c1 � c0ð Þf g c3 � c2ð Þ � c2 � c1ð Þf g½
c4 � c3ð Þ � c3 � c2ð Þf g c5 � c4ð Þ � c4 � c3ð Þf g �

Solving for DT(4), we have

DTð4Þ ¼
1
h

�1 0 0 0
1 �1 0 0
0 1 �1 0
0 0 1 ðc5�c4Þ�ðc4�c3Þ

ðc4�c3Þ

2
664

3
775 ð4:30Þ

Following Eqs. (4.29) and (4.30), the generalized matrices of order m may be
formed from the following equation, where m component functions have been used.
That is

f
�
tð Þ � 1

h
c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ . . . cm � cm�1ð Þ½ �S mð Þ

þ 1
h

c2 � c1ð Þ � c1 � c0ð Þf g c3 � c2ð Þ � c2 � c1ð Þf g½ . . . cmþ 1 � cmð Þ � cm � cm�1ð Þf g �T mð Þ

ð4:31Þ

Thus, the general forms of differentiation matrices, DS(m) and DT(m), are given by

DSðmÞ ¼ 1
h

�1 0 � � � 0 0
1 �1 � � � 0 0
0 1 � � � 0 0
..
. ..

. ..
. ..

. ..
.

0 0 � � � 1 cm�cm�1ð Þ
cm�1

2
666664

3
777775
ðm �mÞ

ð4:32Þ

DTðmÞ ¼ 1
h

�1 0 . . . 0 0
1 �1 . . . 0 0
0 1 . . . 0 0
..
. ..

. ..
. ..

. ..
.

0 0 . . . 1 ðcmþ 1�cmÞ�ðcm�cm�1Þ
ðcm�cm�1Þ

2
666664

3
777775
ðm �mÞ

ð4:33Þ

4.3.2 Numerical Examples

Example 4.3 Let us consider a function f3(t) = 1 − exp(−t).
Expanding it in HF domain, for m = 10 and T = 1 s, we have
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f3 tð Þ � 0 0:09516258 0:18126924 0:25918177 0:32967995½
0:39346934 0:45118836 0:50341469 0:55067103 0:59343034�S 10ð Þ

þ 0:09516258 0:08610666 0:07791253 0:07049818 0:06378939½
0:05771902 0:05222633 0:04725634 0:04275931 0:03869021�T 10ð Þ

ð4:34Þ

Now we differentiate the function given in (4.34) using the matrices of
Eqs. (4.32) and (4.33) for m = 10. The result of differentiation in HF domain is
obtained as

f
�
3 tð Þ � ½0:95162581 0:86106664 0:77912532 0:70498174 0:63789386

0:57719023 0:52226332 0:47256339 0:42759304 0:38690218�S 10ð Þ
þ ½�0:09055917 � 0:08194132 � 0:07414358 � 0:06708788 � 0:06070363

� 0:05492691 � 0:04969993 � 0:04497035 � 0:04069086 � 0:03681861�T 10ð Þ

ð4:35Þ

Direct expansion of the function exp(−t), that is f3
�
tð Þ, in HF domain is

f
�
3 tð Þ � ½1:00000000 0:90483741 0:81873075 0:74081822 0:67032004

0:60653065 0:54881163 0:49658530 0:44932896 0:40656965�S 10ð Þ
þ ½�0:09516259 � 0:08610666 � 0:07791253 � 0:07049818 � 0:06378939

� 0:05771902 � 0:05222633 � 0:04725633 � 0:04275930 � 0:03869021�T 10ð Þ

ð4:36Þ

Figure 4.9 shows the direct expansion of the original function f3(t) and its

derivative f3
�
tð Þ inHF domain usingEqs. (4.34) and (4.36). Thefigure also includesHF

domain representation of f3
�
tð Þ obtained via Eq. (4.35), using differentiation matrices.

From the curve, it is seen that at t = 0, the curve f3
�
tð Þ deviates from its exact

value 1. This deviation may be reduced by increasing m. That is, an increased value
of m will make the differentiated curve start from a value more close to 1 on the y
axis at t = 0.

Example 4.4 Let us consider a function f4(t) = sin(πt)/π. Expanding it in HF
domain, for m = 10 and T = 1 s, we have

f4 tð Þ �½0:00000000 0:09836316 0:18709785 0:25751810 0:30273069

0:31830988 0:30273069 0:25751810 0:18709785 0:09836316�S 10ð Þ
þ ½0:09836316 0:08873469 0:07042025 0:04521258 0:01557919

� 0:01557919 � 0:04521258 � 0:07042025 � 0:08873469 � 0:09836316�T 10ð Þ

ð4:37Þ
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Now we differentiate the function given in (4.37) using the matrices of
Eqs. (4.32) and (4.33) for m = 10. The result of differentiation in HF domain is
obtained as

f4
�
tð Þ � ½0:98363164 0:88734692 0:70420250 0:45212584 0:15579194

� 0:15579194 � 0:45212584 � 0:70420250 � 0:88734692 � 0:98363164�S 10ð Þ
þ ½�0:09628471 � 0:18314441 � 0:25207666 � 0:29633389 � 0:31158389

� 0:29633389 � 0:25207666 � 0:18314441 � 0:09628471 � 1:55431223e� 015�T 10ð Þ

ð4:38Þ

Direct expansion of the function cos(πt), that is f4
�
tð Þ, in HF domain is

f4
�
tð Þ � ½1:00000000 0:95105651 0:80901699 0:58778525 0:30901699

0:00000000 � 0:30901699 � 0:58778525 � 0:80901699 � 0:95105651�S 10ð Þ
þ ½�0:04894348 � 0:14203952 � 0:22123174 � 0:27876825 � 0:30901699

� 0:30901699 � 0:27876825 � 0:22123174 � 0:14203952 � 0:04894348�T 10ð Þ

ð4:39Þ

Figure 4.10 shows both the original function f4(t) and the differentiated function

f4
�
tð Þ expressed as HF domain direct expansions [using Eqs. (4.37) and (4.39)]. For

comparison, f4
�
tð Þ obtained via HF domain differential matrices [Eq. (4.38)] is also

plotted. On increasing sample density, that is m, the HF domain differentiated curve
moves closer to the exact solution.

Fig. 4.9 HF domain direct
expansion of the function
f3 tð Þ ¼ 1� exp �tð Þ, its exact
derivative f3

�
tð Þ along with

f3
�
tð Þ obtained using HF

domain differentiation
matrices for m = 10 and
T = 1 s (vide Appendix B,
Program no. 12)
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4.4 Accumulation of Error for Subsequent
Integration-Differentiation (I-D) Operation in HF
Domain

It is obvious that integer integration using the integral operational matrices intro-
duce error since the operation is approximate. So do the operational matrices for
differentiation, when any time function is differentiated in HF domain. Hence, it is
apparent that subsequent integration-differentiation (I-D) operation on a function in
HF domain would fail to come up with the original function, unlike the exact I-D
operation.

In the following, accumulation of error for subsequent I-D operation is studied in
detail with table and characteristic curves.

For m = 4, we expand a function f tð Þ in HF domain, as shown in Eq. (4.27), to
write

f tð Þ � c0 c1 c2 c3½ �S 4ð Þ þ c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ c4 � c3ð Þ½ �T 4ð Þ
,CT

SS 4ð Þ þCT
TT 4ð Þ

Now integrating f tð Þ using the operational matrices gives

Z
f tð Þdt,F tð Þ � h CT

S þ
1
2
CT

T

� �
P11 S 4ð Þ þ I T 4ð Þ
� �

, �F tð Þ sayð Þ

where P11 ¼ 0 1 1 1½ �½ � and I is an identity matrix of order 4.
It may be noted that P1ss ¼ hP11.

Fig. 4.10 HF domain direct
expansion of the function
f4 tð Þ ¼ sin ptð Þ=p, its
derivative f4

�
tð Þ along with

f4
�
tð Þ obtained using HF

domain differential matrices
for m = 10 and T = 1 s (vide
Appendix B, Program no. 13)
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Thus

�F tð Þ ¼ h
2

c0 þ c1ð Þ c1 þ c2ð Þ c2 þ c3ð Þ c3 þ c4ð Þ½ � P11 S 4ð Þ þ I T 4ð Þ
� �

¼ h
2

c0 þ c1ð Þ c1 þ c2ð Þ c2 þ c3ð Þ c3 þ c4ð Þ½ �P11S 4ð Þ

þ h
2

c0 þ c1ð Þ c1 þ c2ð Þ c2 þ c3ð Þ c3 þ c4ð Þ½ �T 4ð Þ

¼ h
2

0 c0 þ c1ð Þ c0 þ c1ð Þþ c1 þ c2ð Þf g c0 þ c1ð Þþ c1 þ c2ð Þþ c2 þ c3ð Þf g½ �S 4ð Þ

þ h
2

c0 þ c1ð Þ c1 þ c2ð Þ c2 þ c3ð Þ c3 þ c4ð Þ½ �T 4ð Þ

ð4:40Þ

Now, it is of interest to estimate the accumulation of error for subsequent
integration-differentiation operation (I-D operation) on a function f(t).

To achieve this end, we differentiate �F tð Þ of Eq. (4.40) using DS(4) and DT(4).
Usually, exact integration-differentiation always yields f(t) itself. But since HF
domain operational calculus is somewhat approximate, the resulting function is
expected to deviate from the HF domain representation of f(t).

Differentiating �F tð Þ using DS(4) and DT(4), we have

f tð Þ ¼ d
dt

F tð Þ½ �, f tð ÞI�D;1

¼ h
2

0 c0 þ c1ð Þ c0 þ c1ð Þþ c1 þ c2ð Þf g c0þ c1ð Þþ c1 þ c2ð Þþ c2 þ c3ð Þf g½ �DS 4ð ÞS 4ð Þ

þ h
2

c0þ c1ð Þ c1 þ c2ð Þ c2þ c3ð Þ c3 þ c4ð Þ½ �DT 4ð ÞT 4ð Þ

Substituting DS(4) and DT(4) from Eqs. (4.29) and (4.30), we have

f tð ÞI�D;1 ¼
1
2

c0 þ c1ð Þ c1 þ c2ð Þ c2 þ c3ð Þ c3 þ c4ð Þ½ �S 4ð Þ

þ 1
2

c1 þ c2ð Þ � c0 þ c1ð Þf g c2 þ c3ð Þ � c1 þ c2ð Þf g½ c3 þ c4ð Þ � c2 þ c3ð Þf g
c4 þ c5ð Þ � c3 þ c4ð Þf g�T 4ð Þ

, c00 c01 c02 c03½ �S 4ð Þ þ c01 � c00
� �

c02 � c01
� �

c03 � c02
� �

c04 � c03
� �� �

T 4ð Þ

ð4:41Þ

where,

c00 ¼
1
2

c0 þ c1ð Þ; c01 ¼
1
2

c1 þ c2ð Þ; c02 ¼
1
2

c2 þ c3ð Þ; c03 ¼
1
2

c3 þ c4ð Þ and

c04 ¼
1
2

c4 þ c5ð Þ
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The result obtained in Eq. (4.41) is somewhat deviated from �f tð Þ the original HF
domain expansion of f(t).

Similarly, subsequent I-D operation upon the function f tð ÞI�D;1 produces a

function still more deviated from �f tð Þ.
For two subsequent I-D operations on the function �f tð Þ, namely f tð ÞI�D;2, the

result is

f tð ÞI�D;2 , c000 c001 c002 c003½ �S 4ð Þ þ c001 � c000
� �

c002 � c001
� �

c003 � c002
� �

c004 � c003
� �� �

T 4ð Þ

ð4:42Þ

where,

c000 ¼
1
4

c0 þ c1ð Þþ c1 þ c2ð Þf g ¼ 1
4

c0 þ 2c1 þ c2ð Þ

c001 ¼
1
4

c1 þ c2ð Þþ c2 þ c3ð Þf g ¼ 1
4

c1 þ 2c2 þ c3ð Þ

c002 ¼
1
4

c2 þ c3ð Þþ c3 þ c4ð Þf g ¼ 1
4

c2 þ 2c3 þ c4ð Þ

c003 ¼
1
4

c3 þ c4ð Þþ c4 þ c5ð Þf g ¼ 1
4

c3 þ 2c4 þ c5ð Þ

and c004 ¼
1
4

c4 þ c5ð Þþ c5 þ c6ð Þf g ¼ 1
4

c4 þ 2c5 þ c6ð Þ

After three such operations, we have

f tð ÞI�D;3 , c0000 c0001 c0002 c0003½ �S 4ð Þ
þ c0001 � c0000

� �
c0002 � c0001
� �

c0003 � c0002
� �

c0004 � c0003
� �� �

T 4ð Þ
ð4:43Þ

where,

c0000 ¼ 1
2

1
4

c0 þ c1ð Þþ c1 þ c2ð Þf gþ 1
4

c1 þ c2ð Þþ c2 þ c3ð Þf g
� �

¼ 1
8

c0 þ 3c1 þ 3c2 þ c3ð Þ

c0001 ¼ 1
2

1
4

c1 þ c2ð Þþ c2 þ c3ð Þf gþ 1
4

c2 þ c3ð Þþ c3 þ c4ð Þf g
� �

¼ 1
8

c1 þ 3c2 þ 3c3 þ c4ð Þ

c0002 ¼ 1
2

1
4

c2 þ c3ð Þþ c3 þ c4ð Þf gþ 1
4

c3 þ c4ð Þþ c4 þ c5ð Þf g
� �

¼ 1
8

c2 þ 3c3 þ 3c4 þ c5ð Þ

c0003 ¼ 1
2

1
4

c3 þ c4ð Þþ c4 þ c5ð Þf gþ 1
4

c4 þ c5ð Þþ c5 þ c6ð Þf g
� �

¼ 1
8

c3 þ 3c4 þ 3c5 þ c6ð Þ

c0004 ¼ 1
2

1
4

c4 þ c5ð Þþ c5 þ c6ð Þf gþ 1
4

c5 þ c6ð Þþ c6 þ c7ð Þf g
� �

¼ 1
8

c4 þ 3c5 þ 3c6 þ c7ð Þ
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From inspection of Eqs. (4.41), (4.42) and (4.43), we can write down the
expression for HF coefficients obtained after n-times repeated I-D operations in
terms of the HF coefficients of the original function.

Thus, the kth coefficients of the SHF components are

cnj kð Þ ¼ nCj ¼ n!
j! n� jð Þ! for 0� j� n and 1� k� nþ 1ð Þ ð4:44Þ

where, n is the number of I-D operations executed, and, cj is the coefficient of jth
element of the SHF coefficient matrix after n repeated I-D operations.

The coefficients for the TF components can easily be derived from Eq. (4.44).
Now, let us define an index called ‘Average of Mod of Percentage’ (AMP) error,

which is given by

AMP error; eav rð Þ ,

Pr
j¼1

ej
		 		
r

ð4:45Þ

where,

r is the number of sample points, or number of items, or elements considered,
εj is the percentage error at each sample point (or, percentage error for each item or
element, as may be the case).

Figure 4.11 shows increasing trend of the Average of Mod of Percentage
(AMP) error with subsequent I-D operations for a particular function f(t) = t, using
only ten equidistant samples of the function. Though this pattern is somewhat
function dependent, it is interesting to note that the pattern traces a ramp function.
When the starting function is considered to be f tð Þ ¼ sin ptð Þ, once again the
variation of the AMP error with number of I-D operations resembles the pattern of a
sine wave. This is shown in Fig. 4.12.

Table 4.3 compares the SHF coefficients of the original function f(t) = t with its
SHF coefficients obtained after five subsequent I-D operations for m = 10 and
T = 1 s. Also, the AMP error is computed.

From Table 4.3, the fourth sample was chosen arbitrarily and its shifting to more
erroneous zone due to subsequent I-D operations in HF domain is depicted in
Fig. 4.13.

Figure 4.14 shows the decaying nature of the AMP error with increasing number
of sub-intervals, for four subsequent I-D operations of a typical ramp function over
a time interval of T = 1 s.

Therefore, for a particular need of subsequent I-D operations, the error can be
reduced by considering a larger number of samples within the particular time span.
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Figure 4.15 shows the deviation of the function f(t) = sin(πt) from its original
form with successive I-D operations.

4.5 Conclusion

In this chapter, the integration operational matrices for sample-and-hold functions
and triangular functions are derived independently. Integration of the SHF part
produces both SHF and TF components and the result is expressed in HF domain
using two operational matrices, as shown in Eq. (4.8). Integration of TF compo-
nents, like that of SHF part, also gives rise to both SHF and TF components, vide
Eq. (4.16). In fact, a total of four operational matrices are used conjunctively to
perform integration in the HF domain and the result of integration is again com-
prised of SHF and TF.

Fig. 4.11 Variation of AMP
error for the function f
(t) = t (for m = 10, T = 1 s)
with number of successive
I-D operations

Fig. 4.12 Variation of AMP
error for the function f(t) = sin
(πt) (m = 20, T = 1 s) with
number of successive I-D
operations (vide Appendix B,
Program no. 14)
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Fig. 4.13 Variation of a
typical SHF coefficient 0.3
(vide Table 4.3) for the
function f(t) = t for m = 10,
T = 1 s with number of
successive I-D operations

Table 4.3 Comparison of the SHF coefficients of the function f(t) = t before and after five
successive I-D operations for m = 10 and T = 1 s

t(s) SHF coefficients of the
original function f(t) = t

SHF coefficients of f(t) = t after
five subsequent I-D operations

% Error AMP
error

0

78.58

0 0.25 –

0.1

0.1 0.35 −250.00

0.2

0.2 0.45 −125.00

0.3

0.3 0.55 −83.33

0.4

0.4 0.65 −62.50

0.5

0.5 0.75 −50.00

0.6

0.6 0.85 −41.67

0.7

0.7 0.95 −35.71

0.8

0.8 1.05 −31.25

0.9

0.9 1.15 −27.78

1.0
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The integration operation is illustrated via a few examples. That is, the function
f1(t) = t has been integrated in an exact manner and the result is expanded in HF
domain.

Further, the function f1(t) = t is represented in HF domain and is then integrated
using Eq. (4.20). These two results are compared in Table 4.1. Figure 4.7 also
depicts this comparison for better clarity.

In Table 4.1, it is noted the percentage error is zero. This implies that for linear
functions, HF domain integration results are identical with the exact solutions.
However, for the second example, that is, the function f2(t) = sin(πt), shown in
Fig. 4.8, the results of integration via the two methods are not identical but very
close. Both the results are tabulated and compared in Table 4.2.

The hybrid function (HF) set has been used to derive the operational matrices for
differentiation as well. These matrices can be used for differentiation of functions in

Fig. 4.15 Shifting of the
original function f(t) = sin(πt)
due to successive I-D
operations for m = 20, T = 1 s
(vide Appendix B, Program
no. 15)

Fig. 4.14 Variation of AMP
error for the function f
(t) = t for four subsequent I-D
operations with increasing
m and T = 1 s
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hybrid function domain. The operational matrix DS(m) acts as the differentiation
matrix in sample-and-hold function (SHF) domain while DT(m) acts as the differ-
entiation matrix in triangular function (TF) domain. These matrices are presented in
Eqs. (4.32) and (4.33).

Figures 4.9 and 4.10 show graphically the application of differential operational
matrices for two typical time functions and also compare the same with respective
direct expansion in HF domain.

It is apparent that successive integration-differentiation (I-D) operation upon any
time function in HF domain accumulates error in the result. That is, we do not get
back the original time function as we do for exact I-D operation. The effect of HF
domain I-D operation is thus of interest and has been studied. Figures 4.11 and 4.12
show typical curves for accumulation of errors for such repeated I-D operations of
two different time functions, t and sin(πt).

The time function f(t) = t has been subjected to five successive I-D operations
considering ten sub-intervals over a period T = 1 s. For such successive operations
Table 4.3 shows the error accumulated at different sample points, i.e., the SHF
coefficients. As a typical case study, deviation of a sample 0.3 of the function after
each I-D operation, has been tracked. Figure 4.13 shows the locus of the sample
moving more and more into the erroneous zone. However, as is obvious, with
increasing number of sub-intervals within a fixed time period, the error reduces.
This is shown in Fig. 4.14 where for four successive I-D operations upon the
function f(t) = t, the AMP error goes down exponentially with increasing m.

Figure 4.15 shows deviation of a function f(t) = sin(πt) with successive I-D
operation for m = 20 and T = 1 s. It is noted that the original function shifts with
each I-D operation, but reasonably maintains the shape of the original. However,
this is merely function specific.
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Chapter 5
One-Shot Operational Matrices
for Integration

Abstract This chapter is devoted to develop the theory of one-shot operational
matrices. These matrices are useful for multiple integration and, in general, are
superior to repeated integration using the first order integration matrices. Theory of
one-shot operational matrices is presented and the one-shot operational matrices of
n-th order integration have been derived. Three examples with nine figures and four
tables elucidate the technique.

In this chapter, the hybrid function set has been utilized to derive one-shot oper-
ational matrices [1, 2] for integration of different orders in HF domain. These
matrices are employed for more accurate multiple integrations. That is, in case of
repeated integrations, one may use the first order integration matrices, derived in
Chap. 4, repeatedly. But this will lead to accumulation of errors at each stage, and
finally such error may disqualify the result to be of any further use.

In case of Walsh [1] and block pulse functions [2, 3] such one-shot matrices
were derived, and accumulation of errors was avoided. For hybrid functions, things
are a bit different because the hybrid function domain theories always deals with
function samples. But in this case also, the accumulation of errors is avoided and
much better results are obtained.

After derivation of the one shot matrices of different orders in HF domain, they
are used for many numerical examples to bring out the difference in computations
of multiple integrals by using (a) the first order integration matrices repeatedly and
(b) the one shot matrices only once.

First of all, second and third order one-shot operational matrices are derived and
then the general form of (m × m) integration matrices for n times multiple inte-
gration are derived. Superiority of these matrices over the repeated use of first order
integration matrices is strongly established from the examples treated here in.
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5.1 Integration Using First Order HF Domain Integration
Matrices

For first-order integration of sample-and-hold [4] function component, referring to
Eq. (4.9), we have Z

SðmÞdt ¼ P1ssðmÞSðmÞ þP1stðmÞTðmÞ

where,

P1ss mð Þ , h 0 1 � � � � � � 1 1½ �½ �ðm�mÞ
P1st mð Þ , h 1 0 � � � � � � 0 0½ �½ �ðm�mÞ

)
ð5:1Þ

Similarly, for first-order integration of triangular function component [5, 6],
referring to Eq. (4.18), we haveZ

TðmÞdt ¼ P1tsðmÞSðmÞ þP1ttðmÞTðmÞ

where,

P1ts mð Þ , h
2 0 1 � � � � � � 1 1½ �½ �ðm�mÞ

P1tt mð Þ , h
2 1 0 � � � � � � 0 0½ �½ �ðm�mÞ

)
ð5:2Þ

Using Eqs. (4.9), (4.17) and (4.18), we get

Z
T mð Þdt ¼ 1

2

Z
SðmÞdt ð5:3Þ

We know that the operational matrix for integration in block pulse function
domain is given by [2]

P mð Þ , h
1
2

1 � � � � � � 1 1|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
m terms

" #" #
ð5:4Þ

Using Eqs. (5.1) and (5.2), we can write the following relations:

P1ss mð Þ þ
P1st mð Þ

2
¼ 2P1ts mð Þ þP1tt mð Þ ¼ P mð Þ ð5:5Þ

If a square integrable function f(t) is expanded in hybrid function [7] domain as
per Eq. (4.19), we can write
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f tð Þ � c0 c1 c2 � � � c m�1ð Þ
� �

S mð Þ tð Þ
þ c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ � � � cm � cm�1ð Þ½ �T mð Þ tð Þ

,CT
SS mð Þ tð ÞþCT

TT mð Þ tð Þ
ð5:6Þ

where, T denotes transpose.
Then integration of the time function f(t) with respect to t, referring to Eq. (4.20),

we have

Z
f tð Þ dt � CT

S þ
1
2
CT

T

� �
P1ssðmÞSðmÞ þP1stðmÞTðmÞ
� � ð5:7Þ

5.2 Repeated Integration Using First Order HF Domain
Integration Matrices

Already we know that

Z
S mð Þdt ¼ P1ss mð ÞSðmÞ þP1st mð ÞTðmÞ

and

Z
T mð Þdt ¼ P1ts mð ÞSðmÞ þP1tt mð ÞTðmÞ

So we can write

ZZ
S mð Þdt ¼ P1ss mð Þ

Z
S mð ÞdtþP1st mð Þ

Z
T mð Þdt

¼ P1ss2mð ÞS mð Þ þP1ss mð ÞP1st mð ÞT mð Þ

þP1st mð ÞP1ts mð ÞS mð Þ þP1st mð ÞP1tt mð ÞT mð Þ

ð5:8Þ

Using the relations (5.3) and (5.5) in (5.8), we get

ZZ
SðmÞdt ¼ P1ss mð Þ þ

P1st mð Þ
2

� �
P1ss mð ÞS mð Þ þP1st mð ÞT mð Þ
� � ¼ P mð Þ

Z
SðmÞdt

ð5:9Þ

With n times repeated integration of the S(m) vector, we get
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ZZZ
� � �

Z
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

n

SðmÞdt ¼ P n�1ð Þ
mð Þ

Z
SðmÞdt where n ¼ 2; 3; 4; . . . ð5:10Þ

Similarly, repeated integration of T(m) vector gives

ZZZ
� � �

Z
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

n

TðmÞdt ¼ P n�1ð Þ
mð Þ

Z
TðmÞdt ¼

P n�1ð Þ
mð Þ
2

Z
SðmÞdt where n ¼ 2; 3; 4; . . .

ð5:11Þ

That is, for n times repeated integration, Eq. (5.11) takes the following form

ZZZ
� � �

Z
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

n

TðmÞdt ¼ 1
2

ZZZ
� � �

Z
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

n

SðmÞdt for n ¼ 1; 2; 3; . . . ð5:12Þ

5.3 One-Shot Integration Operational Matrices
for Repeated Integration [8]

It is noted from Fig. 4.8 and Table 4.2, that the operation of first order integration
using operational matrices P1ss;P1st;P1ts;P1tt the result of integration is some-
what approximate. If we carry on repeated integration using these matrices, error
will be introduced at each integration stage and such accumulated error may corrupt
the final result. Thus, higher order integrations in HF domain may become so
corrupted that the effort may lead to a fiasco.

For this reason, we present in the following, one-shot operational matrices of
different orders of integration suitable for computation of function integration with
improved accuracy.

The basic principle of determination of one-shot operational matrices for inte-
gration is elaborated by the following steps:

(i) Integrate the sample-and-hold basis function set repeatedly n times. Find out
the samples of the n times integrated curves.

(ii) From these samples, form corresponding sample-and-hold function coefficient
row matrices as well as the triangular function coefficient row matrices. That
is, the n times integrated sample-and-hold function is expressed in HF domain.

(iii) Integrate the triangular basis function set repeatedly n times. Find out the
samples of the n times integrated curves.
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(iv) From these samples, form corresponding sample-and-hold function coefficient
row matrices and the triangular function coefficient row matrices. That is, the
n times integrated triangular function is thus expressed in HF domain.

(v) From the above steps, form one-shot operational matrices of n-th order
integration.

5.3.1 One-Shot Operational Matrices for Sample-and-Hold
Functions

To improve accuracy of higher order integrations in hybrid function domain, we
develop one-shot integration matrices both for the sample-and-hold function set and
the triangular function set, since the hybrid function set is comprised of these sets.

As discussed in the earlier section, the integration matrices P1ss and P1st are
essentially the ‘one-shot operational matrices for single integration’ from SHF set.
For multiple integrations, instead of using these matrices repeatedly, one-shot
matrices of different orders of integration are derived to obtain improved accuracy.
These one-shot matrices from SHF set are presented in the following.

5.3.1.1 Second Order One-Shot Matrices

Referring to Sect. 4.1.1 and Fig. 4.1c, decomposition of first integration
R
S0 dt into

two ramp functions is shown in Fig. 5.1a. Their subsequent integration produces
two parabolic functions as shown in Fig. 5.1b. Finally Fig. 5.2 depicts the resulting
function

RR
S0 dt.

Mathematically it can be represented as,

ZZ
S0 dt ¼ t2

2
� t � hð Þ2

2
u t � hð Þ:

Fig. 5.1 Decomposition of a the first integration and b the double integration of the first member S0
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The samples of the above double integrated function at sampling instants 0, h, 2h,

3h and 4h are 0; h2
2 � h�hð Þ2

2

n o
; 2hð Þ2

2 � 2h�hð Þ2
2

n o
; 3hð Þ2

2 � 3h�hð Þ2
2

n o
; 4hð Þ2

2 � 4h�hð Þ2
2

n o
respectively.

As in Eq. (3.6), the first four samples of the function f tð Þ ¼ t are the coefficients
of the SHF components while differences of the consecutive samples provide the
coefficients of the TF components.

From these samples we develop the one-shot operational matrices P2ss and P2st
for double integration considering m = 4 as

ZZ
Sð4Þdt = P2ssð4ÞSð4Þ þP2stð4ÞTð4Þ ð5:13Þ

where

P2ss 4ð Þ ,
h2

2!
0 12 � 02ð Þ 22 � 12ð Þ 32 � 22ð Þ� �� �

and

P2stð4Þ ,
h2

2!
1 22 � 12ð Þ � 12 � 02ð Þ� ���
32 � 22ð Þ � 22 � 12ð Þ� �

42 � 32ð Þ � 32 � 22ð Þ� � ��
Following the above pattern, the generalized one-shot operational matrices for

m terms for double integration are

Fig. 5.2 Double integration
of the first member S0 of the
SHF set
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P2ssðmÞ , h2
2! 0 12 � 02ð Þ 22 � 12ð Þ 32 � 22ð Þ � � � m� 1ð Þ2� m� 2ð Þ2

n oh ih i
ðm�mÞ

and
P2stðmÞ , h2

2!

h
1 22 � 12ð Þ � 12 � 02ð Þ� �

32 � 22ð Þ � 22 � 12ð Þ� � � � �h
m2 � m� 1ð Þ2

	 

� m� 1ð Þ2� m� 2ð Þ2
	 
n oii

ðm�mÞ

9>>>>>=
>>>>>;

ð5:14Þ

5.3.1.2 Third Order One-Shot Matrices

The first member S0 of the SHF set is integrated thrice and Fig. 5.3 shows the
integrated function

RRR
s0dt. Mathematically it is represented as

ZZZ
S0 dt ¼ t3

6
� t � hð Þ3

6
u t � hð Þ

The samples of the resulting function at sampling instants 0, h, 2h, 3h and 4h are

given as 0; h3
6 � h�hð Þ3

6

n o
; 2hð Þ3

6 � 2h�hð Þ3
6

n o
; 3hð Þ3

6 � 3h�hð Þ3
6

n o
and 4hð Þ3

6 � 4h�hð Þ3
6

n o
respectively.

From these samples, the one-shot operational matrices P3ss and P3st for three
consecutive integrations, considering m = 4 can be developed as follows:

ZZZ
S 4ð Þdt = P3ssð4ÞSð4Þ þP3stð4ÞTð4Þ ð5:15Þ

Fig. 5.3 Triple integration of
the first member S0 of the
SHF set
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where,

P3ss 4ð Þ ,
h3

3!
0 13 � 03ð Þ 23 � 13ð Þ 33 � 23ð Þ� �� �

and

P3st 4ð Þ ,
h3

3!
1 23 � 13ð Þ � 13 � 03ð Þ� �

33 � 23ð Þ � 23 � 13ð Þ� ���
43 � 33ð Þ � 33 � 23ð Þ� � ��

For m terms, the generalized one-shot operational matrices for triple integration
are

P3ssðmÞ , h3
3! 0 13 � 03ð Þ 23 � 13ð Þ 33 � 23ð Þ � � � m� 1ð Þ3� m� 2ð Þ3

n oh ih i
ðm�mÞ

and
P3stðmÞ , h3

3! 1 23 � 13ð Þ � 13 � 03ð Þ� �
33 � 23ð Þ � 23 � 13ð Þ� � � � ���

m3 � m� 1ð Þ3
	 


� m� 1ð Þ3� m� 2ð Þ3
	 
n oii

ðm�mÞ

9>>>>>=
>>>>>;

ð5:16Þ

5.3.1.3 n-th Order One-Shot Matrices

Now considering n times repeated integration, and proceeding via a similar track,
we can write the one-shot operational matrices for n times repeated integration for
sample-and-hold functions as

PnssðmÞ , hn
n! 0 1n � 0nð Þ 2n � 1nð Þ 3n � 2nð Þ � � � m� 1ð Þn� m� 2ð Þnf g½ �½ �ðm�mÞ

and
PnstðmÞ , hn

n! 1 2n � 1nð Þ � 1n � 0nð Þf g 3n � 2nð Þ � 2n � 1nð Þf g � � �½½
mn � m� 1ð Þnð Þ � m� 1ð Þn� m� 2ð Þnð Þf g��ðm�mÞ

9>>=
>>;

ð5:17Þ

where, n; m� 2.

5.3.2 One-Shot Operational Matrices for Triangular
Functions

To develop the one-shot integration matrices for the TF set, we proceed as in
Sect. 5.3.1.
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The integration matrices P1ts and P1tt are essentially the ‘one-shot operational
matrices for single integration’ for the TF set. For multiple integrations, instead of
using these matrices repeatedly, one-shot matrices of different orders of integration
are derived to obtain improved accuracy. These one-shot matrices from TF set are
presented in the following.

5.3.2.1 Second Order One-Shot Matrices

The first member T0 of the triangular function set is integrated twice and Fig. 5.4
shows the integrated function

RR
T0 dt. Mathematically, it can be represented as,

ZZ
T0 dt ¼ 1

h
t3

6
� 1
h

t � hð Þ3
6

u t � hð Þ � t � hð Þ2
2

u t � hð Þ

The samples of the resulting function at sampling instants 0, h, 2h, 3h and 4h are

0; 1
h
h3
6 � 1

h
h�hð Þ3
6 � h�hð Þ2

2

n o
; 1

h
2hð Þ3
6 � 1

h
2h�hð Þ3

6 � 2h�hð Þ2
2

n o
; 1

h
3hð Þ3
6 � 1

h
3h�hð Þ3

6 � 3h�hð Þ2
2

n o
;

1
h

4hð Þ3
6 � 1

h
4h�hð Þ3

6 � 4h�hð Þ2
2

n o
respectively.

From these samples we develop the one-shot operational matrices P2ts and P2tt
for double integration with m = 4, as follows.

ZZ
T 4ð Þdt = P2tsð4ÞSð4Þ þP2ttð4ÞTð4Þ ð5:18Þ

Fig. 5.4 Double integration
of the first member T0 of the
triangular function set
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where,

P2ts 4ð Þ ,
h2

2þ 1ð Þ! 0 1 23 � 13 � 3:12ð Þ 33 � 23 � 3:22ð Þ� �� �

and

P2tt 4ð Þ ,
h2

2þ 1ð Þ! 1 23 � 13
� �� 13 � 03

� �� 3: 12 � 02
� �� ���

33 � 23
� �� 23 � 13

� �� 3: 22 � 12
� �� �

43 � 33
� �� 33 � 23

� �� 3: 32 � 22
� �� ���

For m terms, the generalized one-shot operational matrices for double integration
are:

P2tsðmÞ , h2
2þ 1ð Þ! 0 1 23 � 13 � 3:12ð Þ 33 � 23 � 3:22ð Þ � � �½½

m� 1ð Þ3� m� 2ð Þ3�3: m� 2ð Þ2
n oii

ðm�mÞ
and

P2ttðmÞ , h2
2þ 1ð Þ! 1 23 � 13ð Þ � 13 � 03ð Þ � 3: 12 � 02ð Þ� �

33 � 23ð Þ � 23 � 13ð Þ � 3: 22 � 12ð Þ� � � � ���
m3 � m� 1ð Þ3

	 

� m� 1ð Þ3� m� 2ð Þ3
	 


� 3: m� 1ð Þ2� m� 2ð Þ2
	 
n oii

ðm�mÞ

9>>>>>>>>=
>>>>>>>>;

ð5:19Þ

5.3.2.2 Third Order One-Shot Matrices

The first member T0 of the triangular function set is repeatedly integrated thrice and
Fig. 5.5 shows the integrated function

RRR
T0 dt, while its magnified view is shown in

Fig. 5.6.
Mathematically,

RRR
T0dt can be represented as

ZZZ
T0 dt ¼ 1

h
t4

24
� 1
h

t � hð Þ4
24

u t � hð Þ � t � hð Þ3
6

u t � hð Þ

The samples of the resulting function at sampling instants 0, h, 2h, 3h and 4h are

0; 1
h
h4
24 � 1

h
h�hð Þ4
24 � h�hð Þ3

6

n o
; 1

h
2hð Þ4
24 � 1

h
2h�hð Þ4
24 � 2h�hð Þ3

6

n o
; 1

h
3hð Þ4
24 � 1

h
3h�hð Þ4
24 � 3h�hð Þ3

6

n o
;

1
h

4hð Þ4
24 � 1

h
4h�hð Þ4
24 � 4h�hð Þ3

6

n o
respectively.

The one-shot operational matrices P3ts and P3tt for three times repeated inte-
grations with m = 4 can be developed from these samples as follows.ZZZ

T 4ð Þdt = P3tsð4ÞSð4Þ þP3ttð4ÞTð4Þ ð5:20Þ
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where

P3ts 4ð Þ ,
h3

3þ 1ð Þ! 0 1 24 � 14 � 4:13ð Þ 34 � 24 � 4:23ð Þ� �� �

and

P3tt4 ,
h3

3þ 1ð Þ! 1 24 � 14
� �� 14 � 04

� �� 4: 13 � 03
� �� ���

34 � 24
� �� 24 � 14

� �� 4: 23 � 13
� �� �

44 � 34
� �� 34 � 24

� �� 4: 33 � 23
� �� ���

Fig. 5.5 Triple integration of
the first member T0 of the
triangular function set

Fig. 5.6 Magnified view of
the triple integration of the
first member T0 of the
triangular function set
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For m terms, the generalized one-shot operational matrices for triple integration
are

P3tsðmÞ , h3
3þ 1ð Þ! 0 1 24 � 14 � 4:13ð Þ 34 � 24 � 4:23ð Þ � � � m� 1ð Þ4� m� 2ð Þ4�4: m� 2ð Þ3

n oh ih i
ðm�mÞ

and

P3ttðmÞ , h3
3þ 1ð Þ! 1 24 � 14ð Þ � 14 � 04ð Þ � 4: 13 � 03ð Þ� �

34 � 24ð Þ � 24 � 14ð Þ � 4: 23 � 13ð Þ� � � � ���
m4 � m� 1ð Þ4

	 

� m� 1ð Þ4� m� 2ð Þ4
	 


� 4: m� 1ð Þ3� m� 2ð Þ3
	 
n oii

ðm�mÞ

9>>>>>>=
>>>>>>;

ð5:21Þ

5.3.2.3 n-th Order One-Shot Matrices

Now considering n times repeated integration, and following a similar track, we can
write the one-shot operational matrices for n times repeated integration for trian-
gular functions as

PntsðmÞ , hn
nþ 1ð Þ! 01 2 nþ 1ð Þ � 1 nþ 1ð Þ � nþ 1ð Þ0:1n� �

3 nþ 1ð Þ � 2 nþ 1ð Þ � nþ 1ð Þ0:2n� � � � ���
m� 1ð Þ nþ 1ð Þ� m� 2ð Þ nþ 1ð Þ� nþ 1ð Þ: m� 2ð Þn

n oii
ðm�mÞ

PnttðmÞ , hn
nþ 1ð Þ! 1 2 nþ 1ð Þ � 1 nþ 1ð Þ� �� 1 nþ 1ð Þ � 0 nþ 1ð Þ� �� nþ 1ð Þ: 1n � 0nð Þ� � � � � � � ���

m nþ 1ð Þ � m� 1ð Þ nþ 1ð Þ
	 


� m� 1ð Þ nþ 1ð Þ� m� 2ð Þ nþ 1ð Þ
	 


� nþ 1ð Þ: m� 1ð Þn� m� 2ð Þnð Þ
n oii

ðm�mÞ

9>>>>>>=
>>>>>>;

ð5:22Þ

where, n; m� 2.

5.3.3 One-Shot Integration Operational Matrices in HF
Domain: A Combination of SHF Domain and TF
Domain One-Shot Operational Matrices

In the Sects. 5.3.1 and 5.3.2, we have constructed the one-shot integration opera-
tional matrices both for the sample-and-hold functions and the triangular functions.
With the help of these one-shot operational matrices, we can perform repeated
integration in HF domain with much better accuracy. First of all, the function to be
integrated is described in HF domain and then the one-shot matrices are applied to
obtain the desired degree of integration with higher accuracy.

Let us consider a function f tð Þ to be integrated, is defined in HF domain as

f tð Þ � CT
SS mð Þ þCT

TT mð Þ

After referring to Sects. 5.3.1 and 5.3.2, for getting improved accuracy, using
higher-order one-shot operational matrices, the repeated integrations of function
f tð Þ can be expressed as follows:
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For double integrationZZ
f tð Þ dt �

ZZ
CT

SS mð Þ þCT
TT mð Þ

� �
dt

¼ CT
S

ZZ
S mð Þ dtþCT

T

ZZ
T mð Þ dt

¼ CT
S P2ssðmÞSðmÞ þP2stðmÞTðmÞ
� �þCT

T P2tsðmÞSðmÞ þP2ttðmÞTðmÞ
� �

¼ CT
S P2ssðmÞ þCT

TP2tsðmÞ
� �

SðmÞ þ CT
S P2stðmÞ þCT

T P2ttðmÞ
� �

TðmÞ
ð5:23Þ

Similarly for triple integration of function f tð Þ can be expressed asZZZ
f tð Þ dt � CT

S P3ssðmÞ þCT
TP3tsðmÞ

� �
SðmÞ þ CT

S P3stðmÞ þCT
T P3ttðmÞ

� �
TðmÞ

ð5:24Þ

In a similar track, using higher-order one-shot matrices, the n-times repeated
integration can be mathematically expressed as

ZZZ
� � �|fflfflfflffl{zfflfflfflffl}

n

Z
f tð Þ dt � CT

S PnssðmÞ þCT
TPntsðmÞ

� �
SðmÞ þ CT

S PnstðmÞ þCT
T PnttðmÞ

� �
TðmÞ

ð5:25Þ

The process is illustrated in detail through the following numerical examples.

5.4 Two Theorems [8]

It should be noted that all the operational matrices P, P1ss, P1st, P1ts, P1tt, P2ss,
P2st, P2ts, P2tt, P3ss, P3st, P3ts, P3tt, …, Pnss, Pnst, Pnts, Pntt are of regular
upper triangular nature and may be represented by S having the following general
form:

S ¼
Xj

n¼0

an Q n

where, the delay matrix Q [12] is given by

Q mð Þ , 0 1 0 0 � � � 0½ �½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m terms
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We present the following two theorems regarding commutative property of
matrices of class S and its polynomials.

Theorem 1 If a regular upper triangular matrix S of order m can be expressed as

SðmÞ ¼
Xj

n¼0

an Qn
ðmÞ

where, the coefficients an’s are constants, j� m� 1ð Þ, then the product of two
matrices S1 and S2, similar to S, raised to different integral power p and q, is
always commutative and of the form

S1pmð ÞS2
q
mð Þ ¼

Xk
n¼0

cnQn
mð Þ

where, the coefficients cn’s are constants and p, q, k are positive integers and
k� m� 1ð Þ.
Proof Let,

S1 mð Þ ¼
Xl

n¼0

anQn
mð Þ

and

S2 mð Þ ¼
Xs

n¼0

bnQn
mð Þ

where l; s� m� 1ð Þ and an and bn are constant coefficients.

Then the product S1pmð ÞS2
q
mð Þ

h i
is given by

S1pmð ÞS2
q
mð Þ ¼

Xl

n¼0

anQn
mð Þ

" #p Xs

n¼0

bnQn
mð Þ

" #q

ð5:26Þ

The resulting polynomial would contain different coefficients with different
powers of Q(m) from 0 to u (say) where u� m� 1ð Þ, as Q(m) has the property [12]

Qn
mð Þ¼ 0 mð Þ for n[ m� 1ð Þ

Then Eq. (5.26) reduces to

S1pmð ÞS2
q
mð Þ ¼

Xk
n¼0

cnQn
mð Þ for k� m� 1ð Þ h
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Theorem 2 If a regular upper triangular matrix S(m)of order m can be expressed
as

S mð Þ ¼
Xv

n¼0

anQn
mð Þ

where, the coefficients an’s are constants and v� m� 1ð Þ, then any polynomial of
S(m)can be expressed as

Xj

n¼0

cnSnmð Þ ¼
Xk
n¼0

dnQn
mð Þ

where, cn’s, dn’s are constants and j; k� m� 1ð Þ
Proof The rþ 1ð Þth term of the polynomial

P j
n¼0 cnS

n
mð Þ is

crSr ¼ cr
Xv

n¼0

anQn

" #r

¼ cr
Xw
n¼0

fnQn ¼
Xw
n¼0

gnQn ð5:27Þ

Since Q has the property

Qn
mð Þ¼ 0 mð Þ for n[ m� 1ð Þ

Hence, putting r = n, Eq. (5.27) can be written as

Xj

0

cnSn ¼
Xj

0

Xw
0

gnQn ¼
Xk
0

dnQn h

Since all the HF domain integration operational matrices are of upper triangular
nature having a form similar to S1(m) or S2(m) above, by virtue of Theorem 5.1, their
products will always be commutative. Also, if higher power of any of the opera-
tional matrices is multiplied with any other operational matrix, or its higher power,
the product is commutative as well.

These properties are frequently used in the derivations presented later in this
chapter.

5.5 Numerical Examples

Let us consider few examples to compare the efficiencies of higher order one-shot
integration matrices over the repeated use of first order integration matrices.
Example 5.1 will illustrate the process of finding second order integration of
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function f tð Þ ¼ t. Similarly, Example 5.2 will compare the effectiveness of higher
order one-shot operational matrices in case of third order integration of function
f tð Þ ¼ t. Finally, Example 5.3 will show the cumulative effect of two higher order
one-shot operational matrices for second and third order integrations and will
compare the deviations of the samples obtained, with respect to exact values, using
two different methods, as explained in previous sections.

5.5.1 Repeated Integration Using First Order Integration
Matrices

Example 5.1 (vide Appendix B, Program no. 16) Consider the function f(t) = t.
Integrating twice, we have

RR
f tð Þ ¼ t3

6.
We expand this function directly in HF domain, for m = 10 and T = 1 s, to obtain

ZZ
f tð Þ � ½0:00000000 0:00016667 0:00133333 0:00450000 0:01066667

0:02083333 0:03600000 0:05716667 0:08533333 0:12150000�Sð10Þ
þ ½0:00016667 0:00116667 0:00316667 0:00616667 0:01016667

0:01516667 0:02116667 0:02816667 0:03616667 0:04516667�Tð10Þ

ð5:28Þ

Now, the expansion of the function f(t) in HF domain, for m = 10 and T = 1 s,
results in

f tð Þ � 0 0:1 0:2 0:3 0:4 0:5 0:6 0:7 0:8 0:9½ �S 10ð Þ
þ 0:1 0:1 0:1 0:1 0:1 0:1 0:1 0:1 0:1 0:1½ �T 10ð Þ

Using second order one-shot integration operational matrices from Eq. (5.23),
we obtain the results of double integration of f(t) in HF domain as

ZZ
f tð Þ � ½0:00000000 0:00016667 0:00133333 0:00450000 0:01066667

0:02083333 0:03600000 0:05716667 0:08533333 0:12150000�Sð10Þ
þ ½0:00016667 0:00116667 0:00316667 0:00616667 0:01016667

0:01516667 0:02116667 0:02816667 0:03616667 0:04516667�Tð10Þ

ð5:29Þ
It is noted that the results obtained in Eqs. (5.28) and (5.29) match exactly for this
particular case. This is because, the function f(t) = t is a linear function and hybrid
functions represent any linear function in an exact manner. But had the function
been non-linear, the results would have been very close, though not exact,
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indicating much less error for repeated integration by the use of one-shot matrices.
This is also illustrated by examples to follow.

Let the derivation of the (i + 1)-th sample of an HF domain integrated function
from its corresponding exact sample obtained via conventional integration, be Di

(i = 0, 1, 2, …, m). Then we can define the following two terms as indicators of the
efficiency of multiple integration, calling each of them ‘deviation index’, we can write

dR ,

Pmþ 1

i¼1
DRij j

mþ 1ð Þ and dO ,

Pmþ 1

i¼1
DOij j

mþ 1ð Þ

where, DRi is the deviation of the (i + 1)-th sample from its exact value for repeated
integration, dR is the related ‘deviation index’ and DOi is the deviation of the (i + 1)-
th sample from its exact value for one-shot integration, and dO is the related
‘deviation index’.

In the following, computational efficiency of the second order one-shot inte-
gration operational matrices for different types of standard functions like t, exp(−t),
sin(πt) and cos(πt) are studied rather closely. As expected, the higher order one-shot
operational matrices provide better results compared to integration with repeated
use of first order operational matrices. Table 5.1 tabulates the deviation indices for
different types of standard functions, obtained using these two methods and has
proved the effectiveness of using one-shot matrices.

Figure 5.7 translates Table 5.1 into visual form. It shows the deviation indices δR
and δO for double integration of four functions t, exp(−t), sin(πt) and cos(πt) for
m = 10 and T = 1 s. It is observed that there is difference in deviation indices (δR
and δO) for repeated integration and one-shot integration for each of the four
functions as expected. While the difference of the deviation indices is a maximum
for the function cos(πt), δO being smaller, the same for the function sin(πt) is a
minimum where δO is larger. This is an oddity which has been removed for triple
integration illustrated later.

It is also seen from Fig. 5.7 that for the linear ramp function the deviation index
for one-shot integration is zero. This is a specific case for linear functions.

Table 5.1 Deviation indices for double integration of four different functions for m = 10 and
T = 1 s (vide Appendix B, Program no. 17)

Method of
integration

Deviation indices dR and dO for different functions

t exp �tð Þ sin ptð Þ cos ptð Þ
Repeated
integration
(dR)

4.166667e−004 1.880368e−004 7.485343e−004 16.625382e−004

One-shot
integration
matrices (dO)

0.000000e−004 1.142047e−004 8.352104e−004 8.292048e−004
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5.5.2 Higher Order Integration Using One-Shot
Operational Matrices

Example 5.2 Let us take up an example to compare the efficiencies of repeated use
of first order integration matrices and third order one-shot integration matrices for
the function f tð Þ.

Consider the function

f tð Þ ¼
ZZZ

t dt ð5:30Þ

Let

f tð Þ � DT
SS mð Þ þDT

TT mð Þ ð5:31Þ

where, DS and DT are HF domain coefficient vectors of f tð Þ known from the actual
samples of the function t.

Also, let

t � CT
SS mð Þ þCT

TT mð Þ ð5:32Þ

where, CS and CT are HF domain coefficient vectors known from actual samples of
the function t.

Fig. 5.7 Deviation indices
(δR and δO) for double
integration of four different
functions, t, exp(−t), sin(πt)
and cos(πt) for m = 10 and
T = 1 s
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Now we perform triple integration on the RHS of Eq. (5.32) via HF domain and
obtain HF domain solution of f tð Þ for Eq. (5.30).
Considering the discussion in earlier sections, we can determine the result by
performing the integration in HF domain in the following two ways:

(i) Using the first order HF domain integration operational matrices P1ss(m),
P1st(m), P1ts(m) and P1tt(m) of Eqs. (5.1) and (5.2).

(ii) Using HF domain one-shot integration operational matrices of third order from
Eqs. (5.16) and (5.21).

Finally, the results obtained via above two integration methods are compared
with the exact samples of the function f tð Þ of Eq. (5.30).

5.5.2.1 By Repeated Use of HF Domain 1st Order Integration
Matrices P1ss(m), P1st(m), P1ts(m) and P1tt(m)

We know that
RRR
t dt ¼ CT

S

RRR
S mð Þ dtþCT

T

RRR
T mð Þ dt ¼ CT

S þ 1
2C

T
T

� �
P2

R
S mð Þ dt

Putting these results in Eq. (4.8), we obtain

f tð Þ � CT
S þ

1
2
CT

T

� �
P2 P1ss mð ÞS mð Þ þ CT

S þ
1
2
CT

T

� �
P2 P1st mð ÞT mð Þ

,DT
1SS mð Þ þDT

1TT mð Þ

ð5:33Þ

From the two vectors DT
1S and DT

1T, the samples of f tð Þ can be computed easily.

5.5.2.2 By Use of HF Domain One-Shot Integration Operational
Matrices

Knowing relations (4.8) and (4.15) and the one-shot operational matrices from Eqs.
(5.16) and (5.21), we can express RHS of Eq. (5.30) as

f tð Þ � CT
SP3ss mð Þ þCT

TP3ts mð Þ
� �

S mð Þ þ CT
SP3st mð Þ þCT

TP3tt mð Þ
� �

T mð Þ
,DT

2SS mð Þ þDT
2TT mð Þ

ð5:34Þ

From Eq. (5.34), we have

DT
2S ¼ CT

SP3ss mð Þ þCT
TP3ts mð Þ

� �
and
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DT
2T ¼ CT

SP3st mð Þ þCT
TP3tt mð Þ

� �
From the two vectors DT

2S and DT
2T the samples of f tð Þ can be computed.

After computation of f (t) by the above three methods [using Eqs. (5.31), (5.33)
and (5.34)], we get the solution for the coefficients DT

S,D
T
T,D

T
1S; D

T
1T,D

T
2S; and DT

2T
can easily find out the different sets of samples which are compared in Fig. 5.8,
which shows that the application of one-shot operational matrices provides much
more better approximation compared to the repeated use of first order integration
matrices only as shown in Table 5.2.

Like in the case of second order one shot matrices, the computational efficiency
of the third order one-shot integration operational matrices are studied for the same
standard functions t, exp(−t), sin(πt) and cos(πt). As expected, the higher order
one-shot operational matrices provide better results compared to integration with
repeated use of first order operational matrices. Table 5.3 shows the deviation
indices for different functions, obtained using these two methods.

Figure 5.9 translates Table 5.3 into visual form. It shows the deviation indices δR
and δO for triple integration of four functions t, exp(−t), sin(πt) and cos(πt) form = 10
and T = 1 s. It is observed that there is difference in deviation indices (δR and δO) for
repeated integration and one-shot integration for each of the four functions as
expected. While the difference of the deviation indices is a maximum for the function
t, δR being larger, the same for the function sin(πt) is a minimum. It is observed that
for all the cases, δR is larger than δO, proving the case for one-shot integration.

It is also seen from Fig. 5.9 that for the linear ramp function the deviation index
for one-shot integration is zero. As mentioned earlier, this is a specific case for
linear functions.

Fig. 5.8 Comparisons of three sets of solutions of the function f(t) (Example 5.2) obtained (i) via
direct expansion, (ii) via repeated application of integration operational matrices of first order only
and (iii) via one-shot operational matrices of third order
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5.5.3 Comparison of Two Integration Methods Involving
First, Second and Third Order Integrations

Example 5.3 Now let us consider an example involving single integration, double
integration and triple integration to study the overall effect and make comparisons
of the results obtained via two integration methods explained earlier.

f tð Þ ¼
Z

t dtþ
ZZ

t dtþ
ZZZ

t dt ¼ t2

2
þ t3

6
þ t4

24
ð5:35Þ

Let

f tð Þ � DT
SS mð Þ þDT

TT mð Þ ð5:36Þ

Table 5.3 Deviation indices for triple integration of four different functions for m = 10 and T = 1 s

Method of integration Deviation indices dR and dO for different functions

t exp �tð Þ sin ptð Þ cos ptð Þ
Repeated integration (dR) 2.916667e

−004
2.195964e
−004

3.316339e
−004

4.571223e
−004

One-shot integration
matrices (dO)

0.000000e
−004

0.312764e
−004

1.945120e
−004

2.628472e
−004

Fig. 5.9 Deviation indices
(δR and δO) for tripple
integration of four different
functions, t, exp(−t), sin(πt)
and cos(πt) for m = 10 and
T = 1 s
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where, DS and DT are the HF domain coefficient vectors of f tð Þ known from its
direct expansion.

Also, let

t � CT
SS mð Þ þCT

TT mð Þ ð5:37Þ

where, CS and CT are HF domain coefficient vectors known from actual samples of
the function t.

Now we perform single, double and triple integration on the RHS of Eq. (5.37)
via HF domain one-shot operational matrices and substitute the results in Eq. (5.35)
to obtain HF domain representation of f tð Þ.

Finally, the results obtained via two integration methods (as discussed earlier)
are compared with the exact samples of the function f tð Þ of Eq. (5.36).

5.5.3.1 By Repeated Use of HF Domain 1st Order Integration
Matrices P1ss(m), P1st(m), P1ts(m) and P1tt(m)

We know that

Z
t dt ¼ CT

S

Z
S mð Þ dtþCT

T

Z
T mð Þ dt ¼ CT

S þ
1
2
CT

T

� � Z
S mð Þ dtZZ

t dt ¼ CT
S

ZZ
S mð Þ dtþCT

T

ZZ
T mð Þ dt ¼ CT

S þ
1
2
CT

T

� �
P
Z

S mð Þ dtZZZ
t dt ¼CT

S

ZZZ
S mð Þ dtþCT

T

ZZZ
T mð Þ dt ¼ CT

S þ
1
2
CT

T

� �
P2

Z
S mð Þ dt

Putting these results in RHS of Eq. (5.35) and using Eqs. (5.10) and (5.11), we
obtain

f tð Þ � CT
S þ

1
2
CT

T

� �
P2 þPþ I
� �

P1ss mð ÞS mð Þ þ CT
S þ

1
2
CT

T

� �
P2 þPþ I
� �

P1st mð ÞT mð Þ

,DT
1SS mð Þ þDT

1TT mð Þ
ð5:38Þ

From the two vectors DT
1S and DT

1T the samples of f tð Þ can be computed easily.
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5.5.3.2 By Use of HF Domain One-Shot Integration Operational
Matrices

Knowing the one-shot operational matrices from Eqs. (5.23) and (5.24), we can
express RHS of Eq. (5.35) as

f tð Þ � CT
SP1ss mð Þ þCT

TP1ts mð Þ
� �

S mð Þ þ CT
SP1st mð Þ þCT

TP1tt mð Þ
� �

T mð Þ
þ CT

SP2ss mð Þ þCT
TP2ts mð Þ

� �
S mð Þ þ CT

SP2st mð Þ þCT
TP2tt mð Þ

� �
T mð Þ

þ CT
SP3ss mð Þ þCT

TP3ts mð Þ
� �

S mð Þ þ CT
SP3st mð Þ þCT

TP3tt mð Þ
� �

T mð Þ
,DT

2SS mð Þ þDT
2TT mð Þ

ð5:39Þ

From Eq. (5.39), rearranging coefficients of S mð Þ, we have

DT
2S ¼ CT

SP1ss mð Þ þCT
TP1ts mð Þ

� �þ CT
SP2ss mð Þ þCT

TP2ts mð Þ
� �þ CT

SP3ss mð Þ þCT
TP3ts mð Þ

� �

Rearranging coefficients of T mð Þ, we get

DT
2T ¼ CT

SP1st mð Þ þCT
TP1tt mð Þ

� �þ CT
SP2st mð Þ þCT

TP2tt mð Þ
� �þ CT

SP3st mð Þ þCT
TP3tt mð Þ

� �

From the two vectors DT
2S and DT

2T the samples of f tð Þ can be computed.
After computation of f (t) by the above three methods [using Eqs. (5.36), (5.38)

and (5.39)], we get the solution for the coefficients DT
S ; D

T
T,D

T
1S,D

T
1T,D

T
2S; and DT

2T
and can easily find out the different sets of samples which are compared in
Table 5.4.

5.6 Conclusion

In this chapter we have derived one-shot operational matrices of different orders in
HF domain and the same have been employed for multiple integration. Finally, the
generalized form of such matrices for n times repeated integration having the
dimension (m × m) have been derived.

For evaluating multiple integrals, the one-shot operational matrices have been
proved to be more efficient and they produced much more accurate results com-
pared to the method of repeated use of the first order integration matrices.

Few examples are treated to compare the results obtained via repeated use of the
first order operational matrices and using higher order one-shot operational matri-
ces. The results are presented in Fig. 5.8 and Tables 5.2 and 5.4 to compare them
closely. The maximum deviation with respect to exact solution for the samples
obtained via one-shot integration matrices for second and third order integrations
are found to be −0.138778e−016 and −0.111022e−015, vide Tables 5.2 and 5.4.
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00

00
00

8 10
0.
42

24
00

0.
42

36
00

0.
42

24
00

−
0.
00

12
00

0.
00

00
00

9 10
0.
55

38
38

0.
55

52
63

0.
55

38
38

−
0.
00

14
25

0.
00

00
00

10 10
0.
70

83
33

0.
71

00
00

0.
70

83
33

−
0.
00

16
67

0.
00

00
00
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However, for the samples obtained via repeated use of first order integration
operational matrices, maximum deviations, in terms of magnitudes, for second and
third order integration turns out to be −0.833333e−003 and −1.666667e−003, vide
Tables 5.2 and 5.4.

From Figs. 5.7 and 5.9, we observe that for most of the cases, while computing
via first order integration operational matrices, the deviation indices for four dif-
ferent standard functions are much larger than that of one-shot matrices. Hence, it
implies that for multiple integrations of any linear or non-linear function, the use of
one-shot operational matrices provide highly accurate results.
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Chapter 6
Linear Differential Equations

Abstract This chapter is devoted to linear differential equations. That is, it presents
the solution of first order differential equations using both HF domain differentiation
operational matrices and integration operational matrices. Higher order differential
equations are also solved via the same first order operational matrices, and again
employing one-shot integration matrices. The results are compared by way of
treating five examples. Eleven figures are presented as illustration of the HF domain
techniques.

The main tool for tackling differential equations in the modern age is the numerical
analysis, and to be explicit, numerical integration. Differential equations, in general,
have a wide range of varieties [1–3] along with different degrees of difficulties. For
handling differential equations arising out of modern complex systems, numerical
analysis is the forerunner of all solution techniques and modern day algorithms and
number crunching capability of computers help in solving varieties of such equa-
tions to obtain practical solutions avoiding numerical instability. Work by Butcher
[4] gives an exhaustive overview of numerical methods for solving ordinary dif-
ferential equations. The 4th order Runge-Kutta method has undergone many
improvements and modifications discussed by Butcher [2].

Differential equations having oscillatory solutions need special techniques for
obtaining reasonable solution within tolerable error limits. Simos’s [5] work on
modified Runge-Kutta methods for the numerical solution of ODEs with oscillating
solutions tackles simultaneous first order ODE’s to obtain the required solution.

In control theory, essentially we handle differential equations of different forms
and different orders. Any method based upon numerical techniques for solving such
equations is of interest in modern control theory and applications.

For more than three decades, solution of differential equations as well as integral
equations was also attempted by employing piecewise constant basis functions
(PCBF) [6] like Walsh functions, block pulse functions [7] etc. In such attempts
function approximation plays a pivotal role because the initial error in function
approximation is propagated in a cumulative manner in different stages of com-
putations. Apart from orthogonal functions, orthogonal polynomials have also
played their important role [8] in this area.
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Now solution of differential equations is attempted using both differentiation and
integration operational matrices.

6.1 Solution of Linear Differential Equations Using HF
Domain Differentiation Operational Matrices

If we try to solve any differential equation with the operational matrices DS and DT,
(vide Eqs. 4.32 and 4.33), the attempt is met with a permanent difficulty: The
samples of the unknown function, say x(t), are required as elements of both the
differentiation matrices. Obviously, any such attempt is certain to fail, because these
samples of x(t) are yet to be derived as the solution of the differential equation.
However, the use of integral operational matrices to solve the problem do not have
such difficulty.

Now, we employ the concept of numerical differentiation to solve a first order
differential equation and derive the necessary theory.

Let us consider the following first order non-homogeneous differential equation.

_gðtÞþ agðtÞ ¼ b ð6:1Þ

where a and b are constants and g(0) = 0.
With m component functions in HF domain, we can express g(t) in the following

form as in Eq. (2.12). That is

g tð Þ � c0 c1 c2 � � � cm�1½ �S mð Þ
þ c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ � � � cm � cm�1ð Þ½ �T mð Þ

,CT
SS mð Þ þCT

TT mð Þ ð6:2Þ

Also, following Eq. (4.31), _gðtÞ may be expressed as

_g tð Þ � 1
h

c1 � c0ð Þ c2 � c1ð Þ c3 � c2ð Þ � � � cm � cm�1ð Þ½ �S mð Þ

þ 1
h

c2 � c1ð Þ � c1 � c0ð Þf g c3 � c2ð Þ � c2 � c1ð Þf g½
� � � cmþ 1 � cmð Þ � cm � cm�1ð Þf g �T mð Þ

, 1
h
CT

TS mð Þ þ 1
h
CT

DT mð Þ ð6:3Þ

where, CT
D , c2 � c1ð Þ � c1 � c0ð Þf g c3 � c2ð Þ � c2 � c1ð Þf g � � � cmþ 1�ðf½

cmÞ � cm � cm�1ð Þg�
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Substituting (6.2) and (6.3) in (6.1), we get

1
h
CT

T þ aCT
S

� �
S mð Þ þ

1
h
CT

D þ aCT
T

� �
T mð Þ ¼ b � � � b½ �S mð Þ

þ 0 0 � � � 0½ �T mð Þ ð6:4Þ

Equating the like coefficients of the vectors in (6.4), we have

1
h
CT

T þ aCT
S

� �
¼ b b � � � b½ � ð6:5Þ

and

1
h
CT

D þ aCT
T

� �
¼ 0 0 � � � 0½ � ð6:6Þ

Proceeding further with (6.5), we get

CT
T þ a hCT

S

� � ¼ bh bh � � � bh½ �

or, ðc1 � c0Þ ðc2 � c1Þ � � � ðcm � c m�1Þ
� �þ a h c0 c1 � � � cm�1½ � ¼

bh bh � � � bh½ � or, ðcm � cm�1Þþ ahcm�1 ¼ bh
Thus we obtain the following recursive equation as the solution for the HF

domain coefficients of the unknown function g(t) as

cm ¼ bhþ 1� ahð Þcm�1 ð6:7Þ

6.1.1 Numerical Examples

Example 6.1 (vide Appendix B, Program no. 18) Consider the non- homogeneous
first order differential equation

_g1ðtÞþ 0.5g1ðtÞ ¼ 1.25, where, g1ð0Þ ¼ 0 ð6:8Þ

The exact solution of (6.8) is

g1ðtÞ ¼ 2:5 1� exp �0:5tð Þ½ � ð6:9Þ

The direct expansion of g1(t) in HF domain, for T = 1 s and m = 4, can be
expressed as
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g1 tð Þ � 0:00000000 0:29375774 0:55299804 0:78177680½ �S mð Þ
þ 0:29375774 0:25924030 0:22877876 0:20189655½ �T mð Þ

Whereas using the recursive relation of (6.7), for T = 1 s and m = 4, the HF
domain expansion of g1(t) may be written as

g1 tð Þ � 0:00000000 0:31250000 0:58593750 0:82519531½ �S mð Þ
þ 0:31250000 0:27343750 0:23925781 0:20935059½ �T mð Þ

The exact solution of g1(t) expressed in HF domain is compared with the HF
domain solution of (6.8) obtained using the recursive relation (6.7) in the above two
expressions and in Fig. 6.1a. Figure 6.1b shows the same result with better accuracy
due to increased m.

Fig. 6.1 Solution of Example
6.1 in hybrid function
(HF) domain, using recursive
relation (6.7) for a m = 4,
T = 1 s and b m = 12, T = 1 s,
along with the exact solution
g1(t) of Eq. (6.8) (vide
Appendix B, Program no. 18)
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6.2 Solution of Linear Differential Equations Using HF
Domain Integration Operational Matrices

Solving any differential equation in HF domain, provides the extra advantage that
the differential equation is converted into a simple algebraic equation. This obvi-
ously reduces computational burden. Moreover, the HF domain analysis technique
works with time samples of functions, meaning the whole analysis is carried out in
time domain. So the final solution of the differential equation is also obtained
directly in time domain.

We start with Eq. (6.1) and integrate it to get

g tð Þ � g 0ð Þu tð Þþ a
Z

g tð Þ dt ¼ b
Z

u tð Þ dt ð6:10Þ

Expanding each of the functions g(t), g(0)u(t) and u(t) in hybrid function domain
with m terms, we have

g tð Þ � CT
SS mð Þ þCT

TT mð Þ ð6:11Þ

g 0ð Þu tð Þ ¼ g 0ð Þ 1 1 � � � 1 1|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m terms

2
4

3
5S mð Þ þ g 0ð Þ 0 0 � � � 0 0|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m terms

2
4

3
5T mð Þ

, g 0ð Þ UT
SS mð Þ þZT

TT mð Þ
� �

ð6:12Þ

where, UT
S , 1 1 � � � 1 1½ � 1�mð Þ, Z

T
T , 0 0 � � � 0 0½ � 1�mð Þ and

u tð Þ ¼ UT
SS mð Þ þZT

TT mð Þ
� � ð6:13Þ

In the following, we drop the subscript (m) for simplicity.
Substituting Eqs. (6.11) to (6.13) in Eq. (6.10), we have

CT
SSþCT

TT� g 0ð Þ UT
SSþZT

TT
� �þ a

Z
CT

SSþCT
TT

� �
dt ¼ b

Z
UT

SSþZT
TT

� �
dt

ð6:14Þ

or

CT
SSþCT

TT� g 0ð ÞUT
SSþ aCT

S

Z
S dtþ aCT

T

Z
T dt ¼ bUT

S

Z
S dt ð6:15Þ

Using the operational matrices for integration in SHF and TF domain from
Eqs. (4.9) and (4.18), we can write
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Z
SðmÞ dt ¼ P1ssðmÞSðmÞ þP1stðmÞTðmÞZ
TðmÞ dt ¼ P1tsðmÞ SðmÞ þP1ttðmÞTðmÞ

Employing (4.9) and (4.18) in (6.15) we get

CT
SSþCT

TT� g 0ð ÞUT
SSþ aCT

S P1ss SþP1st T½ � þ aCT
T P1ts SþP1tt T½ �

¼ bUT
S P1ss SþP1st T½ �

Equating the like coefficients of two vectors S and T, we have

CT
S Iþ aP1ss½ � � g 0ð ÞUT

S þ
1
2
aCT

T P1ss ¼ bUT
S P1ss ð6:16Þ

where, I is the identity matrix of order m, and,

1þ 1
2
ah

� �
CT

T þ ahCT
S ¼ bhUT

S ð6:17Þ

Using these two Eqs. (6.16) and (6.17), we will solve for the two row matrices
CT

S and CT
T.

From Eq. (6.17), putting 2
2þ ah ¼ f , we have

1
f
CT

T þ ahCT
S ¼ bhUT

S

or
CT

T ¼ bfhUT
S � afhCT

S ð6:18Þ

Substituting the expression for CT
T from Eq. (6.18) into (6.16), we have,

CT
S 1 ah ah � � � ah½ �½ � � g 0ð ÞUT

S þ
a
2

bfhUT
S � afhCT

S

� �
P1ss ¼ bUT

SP1ss

or; CT
S 1 ah ah � � � ah½ �½ � � a2fh

2
CT

SP1ss ¼ bUT
SP1ss �

abfh
2

UT
SP1ssþ g 0ð ÞUT

S

or, CT
S 1 ah ah � � � ah½ �½ � � CT

S 0 a2fh
2

2 a2fh2

2 � � � a2fh
2

h ih i
¼ bh 0 1 2 � � � m� 1ð Þ½ � � abfh2

2
0 1 2 � � � m� 1ð Þ½ � þ g 0ð ÞUT

S

or, CT
S 1 ah 1� afh

2

	 

ah 1� afh

2

	 
 � � � ah 1� afh
2

	 
h ih i
¼ bh 1� afh

2

� �
0 1 2 � � � m� 1ð Þ½ � þ g 0ð ÞUT

S
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Now

1� afh
2

� �
¼ f

Therefore, we can write,

CT
S 1 afh afh � � � afh½ �½ � ¼ bfh 0 1 2 � � � m� 1ð Þ½ � þ g 0ð ÞUT

S

CT
S ¼ bfh 0 1 2 � � � m� 1ð Þ½ � 1 afh afh � � � afh½ �½ ��1

þ g 0ð Þ 1 1 � � � 1½ � 1 afh afh � � � afh½ �½ ��1 ð6:19Þ

In (6.19), the inverse is given by

1 afh afh � � � afh½ �½ ��1¼

1 �afh �afh 1� afhð Þ �afh 1� afhð Þ2 � � � �afh 1� afhð Þm�2

1 �afh �afh 1� afhð Þ � � � �afh 1� afhð Þm�3

1 �afh � � � �afh 1� afhð Þm�4

. .
. � � � ..

.

0 1 �afh
1

2
66666664

3
77777775

Therefore, we can write,

CT
S ¼ bfh 0 1 1þ 1� afhð Þð Þ 1þ 1� afhð Þþ 1� afhð Þ2 � � � 1þ � � � þ 1� afhð Þm�3 þ 1� afhð Þm�2

� �h i
þ g 0ð Þ 1 1� afhð Þ 1� afhð Þ2 � � � 1� afhð Þm�1

� �
ð6:20Þ

In (6.20), the r-th element of CT
S can be expressed as

CT
S 1; rð Þ ¼ bfh

Xr�2

n¼0

1� afhð Þn þ g 0ð Þ 1� afhð Þr�1 where; r ¼ 1; 2; . . .;m:

Now, we substitute the expression of CT
S from (6.20) in (6.18) to obtain CT

T.
Hence,

CT
T ¼ fh b� ag 0ð Þð Þ b� ag 0ð Þð Þ 1� afhð Þ b� ag 0ð Þð Þ 1� afhð Þ2 � � � b� ag 0ð Þð Þ 1� afhð Þm�1

� �
¼ fh b� ag 0ð Þð Þ 1 1� afhð Þ 1� afhð Þ2 � � � 1� afhð Þm�1

� �

Now, the r-th element of CT
T is CT

T 1; rð Þ ¼ fh b� ag 0ð Þð Þ 1� afhð Þr where, r = 0,
1, 2, …, m.
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Therefore, finally we can write

CT
S ¼ g 0ð Þ b

a þ g 0ð Þ � b
a

	 

1� afhð Þ b

a þ g 0ð Þ � b
a

	 

1� afhð Þ2

h
� � � b

a þ g 0ð Þ � b
a

	 

1� afhð Þm�1

i
ð6:21Þ

and

CT
T ¼ fh b� ag 0ð Þð Þ 1 1� afhð Þ 1� afhð Þ2 � � � 1� afhð Þm�1

� � ð6:22Þ

Equations (6.21) and (6.22) provide the required solution for the samples of the
unknown function g(t) of Eq. (6.1). It is to be noted that for the solution to exist,
h should be selected such that ah ≠ 2.

From these two equations, we can derive a recursive formula for determining the
samples of the solution. If we call the (m + 1)-th sample of g(t) to be cS;m, and since
the m-th sample of g(t) is cS;m�1, then according to Eqs. (6.20) we can write

cS;m ¼ bfhþ 1� afhð ÞcS;m�1 ð6:23Þ

6.2.1 Numerical Examples

Example 6.2 (vide Appendix B, Program no. 18) Consider the non-homogeneous
first order differential equation of Example 6.1 having the solution

g1ðtÞ ¼ 2:5 1� exp �0:5tð Þ½ �

The samples of exact solution of g1(t) and the samples obtained using Eq. (6.23)
in HF domain, for T = 1 s and m = 12, are tabulated and compared in Table 6.1.

Accuracy of the recursive relation (6.23) is apparent from the curves of the
Fig. 6.2. While Fig. 6.3 compares sample values of the solution of Eq. (6.8) with
those obtained with two HF domain solutions via relations (6.7) and (6.23), derived
from application of the HF domain differential matrices and integration operational
matrices respectively. In the latter case, since all the sample points almost overlap, it
shows that the relation (6.23) is a shade better than (6.7). However, the choice of
use of either of (6.7) or (6.23) depends entirely on the degree of accuracy desired
for any first order differential equation.

In Fig. 6.3, since the solution points almost overlap, comparison of the samples
of the function g1(t) is presented in Table 6.1 for better clarity.

Now, it seems fit that the solution obtained via the present method is compared
with a standard proven method to assess its credibility. The method most proven
and popular is the 4th order Runge-Kutta (RK4) method [5].
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Its importance as well as span is apparent from the extensive insightful dis-
cussions presented in. Hence, RK4 is taken as the benchmark for comparison which
is presented in Table 6.2.

It is observed that the order of accuracy for RK4 is slightly better than the
proposed recursive Eq. (6.23). A point to be noted is that for RK4 method each
iteration requires computation of four equations [2], where as Eq. (6.23) alone is
competent to perform the iteration to produce updated values of the solution.

Table 6.1 Comparison of samples obtained from exact solution and the results obtained by using
Eqs. (6.7) and (6.23) with respective percentage errors for SHF coefficients for Example 6.2 (vide
Appendix B, Program no. 18)

t(s) Direct
expansion

SHF domain
coefficients
using Eq. (6.7)

% Error SHF domain
coefficients
using Eq. (6.23)

% Error

0

0.00000000 0.00000000 – 0.00000000 –

1
12

0.10202636 0.10416667 −2.09780051 0.10204082 −0.01417193
2
12

0.19988896 0.20399306 −2.05318596 0.19991670 −0.01387668
3
12

0.29375774 0.29966001 −2.00922977 0.29379765 −0.01358562
4
12

0.38379569 0.39134084 −1.96593054 0.38384673 −0.01329874
5
12

0.47015913 0.47920164 −1.92328667 0.47022033 −0.01301604
6
12

0.55299804 0.56340157 −1.88129632 0.55306848 −0.01273750
7
12

0.63245625 0.64409318 −1.83995747 0.63253507 −0.01246314
8
12

0.70867172 0.72142263 −1.79926788 0.70875813 −0.01219292
9
12

0.78177680 0.79553002 −1.75922511 0.78187004 −0.01192685
10
12

0.85189842 0.86654960 −1.71982651 0.85199780 −0.01166491
11
12

0.91915834 0.93461003 −1.68106925 0.91926319 −0.01140708
12
12
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For a homogeneous first order differential equation of the form

_g2ðtÞþ a g2ðtÞ ¼ 0 with g2 0ð Þ ¼ 1
a

ð6:24Þ

Its general solution is of the form 1
a exp �atð Þ:

Thus, for this case when b = 0, the recursive relations (6.7) and (6.23) are
respectively modified as

cm ¼ 1� ahð Þcm�1 ð6:25Þ

cS;m ¼ 1� afhð ÞcS;m�1 ð6:26Þ

Either of the relations (6.25) or (6.26) may be used for solution of Eq. (6.24).

Fig. 6.3 Solution of Eq. (6.8)
in hybrid function
(HF) domain, using recursive
relations (6.7) and (6.23) for
m = 12, along with direct
expansion of g1(t) via HF
(vide Appendix B, Program
no. 18)

Fig. 6.2 Solution of Eq. (6.8)
in hybrid function
(HF) domain, using recursive
relation (6.23) for m = 12,
along with direct expansion of
g1(t) via HF (vide
Appendix B, Program no. 18)
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Figure 6.4 shows the solution of Eq. (6.24) in hybrid function (HF) domain for
a = 1, using both the recursive relations (6.25) or (6.26) for m = 12 and T = 1 s. The
figure also plots the samples of the solution obtained via direct expansion in HF
domain.

Table 6.2 Exact samples of the solution g1(t) of Eq. (6.8) compared with its solutions obtained
recursively from relations (6.7) and (6.23) in HF domain with m = 12 and T = 1 s. For further
comparison, Eq. (6.8) has been solved via standard 4th order Runge-Kutta method with the results
tabulated in the last column (vide Appendix B, Program no. 19)

t(s) Exact
samples of
g1ðtÞ

g1ðtÞ solved
via Eq. (6.7)

g1ðtÞ solved via
Eq. (6.23)

g1ðtÞ solved via 4th order
Runge-Kutta method

0 0.00000000 0.00000000 0.00000000 0.00000000
1
12

0.10202636 0.10416667 0.10204082 0.10202635
2
12

0.19988896 0.20399306 0.19991670 0.19988896
3
12

0.29375774 0.29966001 0.29379765 0.29375774
4
12

0.38379569 0.39134084 0.38384673 0.38379568
5
12

0.47015913 0.47920164 0.47022033 0.47015912
6
12

0.55299804 0.56340157 0.55306848 0.55299803
7
12

0.63245625 0.64409318 0.63253507 0.63245624
8
12

0.70867172 0.72142263 0.70875813 0.70867171
9
12

0.78177680 0.79553002 0.78187004 0.78177678
10
12

0.85189842 0.86654960 0.85199780 0.85189841
11
12

0.91915834 0.93461003 0.91926319 0.91915833
12
12

0.98367335 0.99983461 0.98378306 0.98367333

Fig. 6.4 Solution of
Eq. (6.24) (homogeneous
form of Example 6.2) in
hybrid function (HF) domain
for a = 1, using recursive
relations (6.25) and (6.26) for
m = 12 and T = 1 s, along with
direct expansion of g2(t) via
HF
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6.3 Solution of Second Order Linear Differential
Equations

We present the two methods in the following based upon

(i) The repeated use of first order integration matrices.
(ii) The use of second order one-shot integration matrices.

6.3.1 Using HF Domain First Order Integration
Operational Matrices

Consider the linear differential equation

€x tð Þþ a _x tð Þþ b x tð Þ ¼ d ð6:27Þ

where, a, b and d are positive constants.
Let the initial conditions be x 0ð Þ ¼ k1 and _x 0ð Þ ¼ k2:
Integrating Eq. (6.27) twice we get,

x tð Þþ a
Z

x tð Þ dtþ b
ZZ

x tð Þ dt ¼ d
ZZ

u tð Þ dtþ ak1 þ k2ð Þ
Z

u tð Þ dtþ k1u tð Þ
ð6:28Þ

Let ak1 þ k2ð Þ, r2 and k1 , r3.
So, Eq. (6.28) takes the form

x tð Þþ a
Z

x tð Þ dtþ b
ZZ

x tð Þ dt ¼ d
ZZ

u tð Þ dtþ r2

Z
u tð Þ dtþ r3 u tð Þ ð6:29Þ

Expanding all the time functions in m-term HF domain, we have

CT
SSþCT

TTþ a CT
S

Z
S dtþCT

T

Z
T dt

� �
þ b CT

S

ZZ
S dtþCT

T

ZZ
T dt

� �

¼ dUT
S

ZZ
S dtþ r2 UT

S

Z
S dtþ r3 UT

SS
ð6:30Þ

where, UT
S ¼ 1 1 � � � 1 1|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m terms

2
4

3
5
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Using (5.10), (5.11) and (5.12), we can write

CT
SSþCT

TTþ 2a CT
S þ

1
2
CT

T

� � Z
T dtþ 2b CT

S þ
1
2
CT

T

� �ZZ
T dt

¼ 2dUT
S

ZZ
T dtþ 2r2 UT

S

Z
T dtþ r3 UT

SS

or; CT
SSþCT

TTþ 2a CT
S þ

1
2
CT

T

� � Z
T dtþ 2b CT

S þ
1
2
CT

T

� �
P
Z

T dt

¼ 2dUT
S P

Z
T dtþ 2r2 UT

S

Z
T dtþ r3 UT

SS

ð6:31Þ

Rearranging the terms and using the first order integration matrices we can write

CT
S � r3 UT

S

	 

SþCT

TT ¼ 2dUT
S Pþ 2r2 UT

S

� � Z
T dt � CT

S þ
1
2
CT

T

� �
2aIþ 2bP½ �

Z
T dt

or; CT
S � r3 UT

S

	 

SþCT

TT ¼ 2dUT
S Pþ 2r2 UT

S

� �
P1ts SþP1tt T½ �

� CT
S þ

1
2
CT

T

� �
2aIþ 2bP½ � P1ts SþP1tt T½ �

ð6:32Þ

Equating the like coefficients of S from both the sides

CT
S � r3 UT

S

	 
 ¼ 2dUT
S Pþ 2r2 UT

S

� �
P1ts� CT

S þ
1
2
CT

T

� �
2aIþ 2bP½ �P1ts

Let 2d Pþ 2r2 I,L and � aIþ bPð Þ,Q
Then

CT
S � r3 UT

S

	 
 ¼ UT
S Lþ 2CT

S QþCT
T Q

� �
P1ts ð6:33Þ

Now, rearranging the coefficients of T of Eq. (6.32), we get

CT
T ¼ 2dUT

S Pþ 2r2 UT
S

� �
P1tt� CT

S þ
1
2
CT

T

� �
2aIþ 2bP½ �P1tt

or; CT
T ¼ UT

S Lþ 2CT
S QþCT

T Q
� �

P1tt
ð6:34Þ

From Eqs. (6.33) and (6.34), we can write

CT
S � r3 UT

S

	 
 ¼ CT
T P1tt

�1P1ts ð6:35Þ

Using the Eq. (5.2) in (6.35), we get

CT
S � r3 UT

S

	 
 ¼ 2
h
CT

T P1ts ð6:36Þ
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Solving the simultaneous Eqs. (6.33) and (6.36) for CT
S and CT

T, we have

CT
T ¼ UT

S Lþ 2r3 Q½ � 2
h
I�Q� 4

h
P1tsQ

� ��1

ð6:37Þ

CT
S ¼ 2

h
UT

S Lþ 2r3 Q½ � 2
h
I�Q� 4

h
P1tsQ

� ��1

P1tsþ r3UT
S ð6:38Þ

6.3.2 Using HF Domain One-Shot Integration Operational
Matrices

We consider Eq. (6.27) and use one-shot operational matrices for integration of
second order differential equation and to determine its solution.

After integrating the Eq. (6.27) twice, now we start from Eq. (6.29). We expand
all the time functions in m-term HF domain and employ the one-shot integration
matrices.

From Eq. (6.29), we can write

CT
SSþCT

TTþ a CT
S P1ssþCT

T P1ts
� �

Sþ a CT
S P1stþCT

T P1tt
� �

T

þ b CT
S P2ssþCT

T P2ts
� �

Sþ b CT
S P2stþCT

T P2tt
� �

T

¼ dUT
S P2ss SþP2st T½ � þ r2 UT

S P1ss SþP1st T½ � þ r3 UT
S S ð6:39Þ

Rearranging the coefficients of S, we have

CT
S þ aCT

S P1ssþ aCT
T
P1ss
2

þ bCT
S P2ssþ bCT

T
P2ss
2

¼ UT
S d P2ssþ r2 P1ssþ r3 I½ �

or; CT
S Iþ aP1ssþ bP2ss½ � þCT

T a
P1ss
2

þ b
P2ss
2

� �
¼ UT

S d P2ssþ r2 P1ssþ r3 I½ �
ð6:40Þ

Rearranging the coefficients of T, we get

CT
T þ aCT

S P1stþ aCT
T
P1st
2

þ bCT
S P2stþ bCT

T
P2st
2

¼ UT
S d P2stþ r2 P1st½ �

or; CT
S aP1stþ bP2st½ � þCT

T Iþ a
P1st
2

þ b
P2st
2

� �
¼ UT

S d P2stþ r2 P1st½ �

ð6:41Þ
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In Eq. (6.40), let us define

Iþ aP1ssþ bP2ss,X and a
P1ss
2

þ b
P2ss
2

,Y:

Then Eq. (6.40) may be written as

CT
S XþCT

T Y ¼ UT
S d P2ssþ r2 P1ssþ r3 I½ � ð6:42Þ

In Eq. (6.41), let us define

aP1stþ bP2st,W and Iþ a
P1st
2

þ b
P2st
2

,Z:

Then Eq. (6.41) may be expressed as

or; CT
S WþCT

T Z ¼ UT
S d P2stþ r2 P1st½ � ð6:43Þ

Solving the matrix Eqs. (6.42) and (6.43) for CT
S and CT

T, we get

UT
S d P2ssþ r2 P1ssþ r3 I½ �X�1 � CT

T YX�1 ¼ UT
S d P2stþ r2 P1st½ �W�1 � CT

T ZW�1

or; CT
T YX�1 � ZW�1� � ¼ UT

S d P2ssþ r2 P1ssþ r3 I½ �X�1 � UT
S d P2stþ r2 P1st½ �W�1

ð6:44Þ

Let YX�1 � ZW�1 ,M1

and UT
S d P2ssþ r2 P1ssþ r3 I½ �X�1 � UT

S d P2stþ r2 P1st½ �W�1 ,M2

So Eq. (6.44) becomes

or; CT
T ¼ M2 M�1

1 ð6:45Þ

Now substituting the expression of CT
T in Eq. (6.43), we get

or; CT
S ¼ UT

S d P2stþ r2 P1st½ �W�1 �M2 M�1
1 ZW�1 ð6:46Þ

Let M2 M�1
1 ZW�1 ,M3 and UT

S d P2stþ r2 P1st½ �W�1 ,M4

Therefore Eq. (6.46) may be expressed as

CT
S ¼ M4 �M3 ð6:47Þ

6.3.3 Numerical Examples

Example 6.3 (vide Appendix B, Program no. 20) Consider the non- homogeneous
second order differential equation
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€g3ðtÞþ 3 _g3ðtÞþ 2g3ðtÞ ¼ 2; with; _g3ð0Þ ¼ �1 and g3ð0Þ ¼ 1 ð6:48Þ

The exact solution of (6.48) is

g3ðtÞ ¼ exp �2tð Þ � exp �tð Þþ 1 ð6:49Þ

The samples of exact solution of g3(t) and the samples obtained using Eqs. (6.38)
and (6.47) in HF domain, for T = 1 s and m = 8, are compared in Fig. 6.5.

Example 6.4 (vide Appendix B, Program no. 20) Consider the homogeneous
second order differential equation

€g4ðtÞþ 100g4ðtÞ ¼ 0; with; _g4ð0Þ ¼ 0 and g4ð0Þ ¼ 2 ð6:50Þ

Fig. 6.5 Solution of Example
6.3 in hybrid function
(HF) domain for, using a first
order integration matrices
(vide Eq. 6.38) and b using
one-shot integration
operational matrices (vide
Eq. 6.47), for m = 8 and
T = 1 s, along with direct
expansion of g3(t) via HF
(vide Appendix B, Program
no. 20)
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The exact solution of (6.48) is

g4ðtÞ ¼ 2 cos 10tð Þ ð6:51Þ

Hybrid function domain solutions of Example 6.3 and Example 6.4, obtained via
Eqs. (6.38) and (6.47) are presented in Tables 6.3 and 6.4 and parallely shown in
Figs. 6.5 and 6.6. The results are contrary to the expectation that the use of second
order one-shot integration operational matrices will yield better results. In fact,
results obtained via repeated integration (vide Eq. 6.38) method and one-shot
integration method (vide Eq. 6.47) are the same.

Table 6.3 Comparison of sample values of the function g3(t) of Example 6.3 and its solutions
obtained via recursive relations (6.38) and (6.47) in HF domain (vide Appendix B, Program no.
20)

t(s) Exact samples of g3ðtÞ g3ðtÞ solved via Eq. (6.38) g3ðtÞ solved via Eq. (6.47)

0 1.00000000 1.00000000 1.00000000
1
8

0.89630388 0.89542484 0.89542484
2
8

0.82772988 0.82639156 0.82639156
3
8

0.78507727 0.78355456 0.78355456
4
8

0.76134878 0.75981533 0.75981533
5
8

0.75124337 0.74980303 0.74980303
6
8

0.75076361 0.74947295 0.74947295
7
8

0.75691192 0.75579615 0.75579615
8
8

0.76745584 0.76652001 0.76652001

Table 6.4 Comparison of sample values of the function g4(t) of Example 6.4 and its solutions
obtained via recursive relations (6.38) and (6.47) in HF domain (vide Appendix B, Program no.
20)

t(s) Exact samples of g4ðtÞ g4ðtÞ solved via Eq. (6.38) g4ðtÞ solved via Eq. (6.47)

0 2.00000000 2.00000000 2.00000000
1
8

1.75516512 1.76470588 1.76470588
2
8

1.08060461 1.11418685 1.11418685
3
8

0.14147440 0.20150621 0.20150621
4
8

−0.83229367 −0.75858766 −0.75858766
5
8

−1.60228723 −1.54019031 −1.54019031
6
8

−1.97998499 −1.95939525 −1.95939525
7
8

−1.87291337 −1.91756601 −1.91756601
8
8

−1.30728724 −1.42454476 −1.42454476
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This paradox may be explained as follows:

(i) For second order repeated integration the result of exact integration at each
stage is transformed to hybrid function domain. This should incur error at each
stage. However, for the sample-and-hold component, the first stage integration
does not incur any error, while the integration of the triangular function
component does. That is, integration of SHF components incur error at one
stage (i.e., the second stage) only, and integration of TF components incur
error at both the stages. Thus, with respect to SHF component integration, the
incurred error is the same for repeated integration method and one-shot inte-
gration method. This has been illustrated in Fig. 6.7.

(ii) For second order repeated integration, the expression for error for the SHF
component is h3

12 and that for the TF component is h2
12þ h3

24ð Þ, where, h is the width
of the sub-interval. The error for one-shot integration is h3

12 for the SHF

Fig. 6.6 Solution of Example
6.4 in hybrid function
(HF) domain for, using a first
order integration matrices
(vide Eq. 6.38) and b using
one-shot integration
operational matrices (vide
Eq. 6.47), for m = 8 and
T = 0.4 s, along with direct
expansion of g4(t) via HF
(vide Appendix B, Program
no. 20)
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component and that for the TF component is h3
24. It is noted that, h being small,

the difference in error for second order integration using the two methods are
really very small. Thus, the result obtained in Table 6.3 is found to be the same
indicating non-superiority of the second order integration matrices in HF
domain.

(iii) In view of the above, it is expected that for even higher order integrations, like
third order integration, the results obtained via the above two methods will
differ appreciably. This is because, for third order repeated integration (say),
the integration of the SHF component will incur error at the second and third
stages, while such integration of the TF components will incur error at all the
three stages. However, for one-shot integration, the error is incurred at one go.

So, now we proceed to the task of comparing the repeated approach and the
one-shot approach for third order integration in hybrid function domain.

6.4 Solution of Third Order Linear Differential Equations

We present the two methods in the following based upon

(i) The repeated use of first order integration matrices.
(ii) The use of second order one-shot integration matrices.

Fig. 6.7 Repeated integration of the first member of the hybrid function set: a first member S0 of
the HF set, b first integration of S0 and c subsequent integration of the function of figure b
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6.4.1 Using HF Domain First Order Integration
Operational Matrices

Consider the third order linear differential equation

x
...
tð Þþ a€x tð Þþ b _x tð Þþ c x tð Þ ¼ d ð6:52Þ

where, a, b, c and d are positive constants.
Let the initial conditions be x 0ð Þ ¼ k1; _x 0ð Þ ¼ k2 and €x 0ð Þ ¼ k3:
Integrating Eq. (6.52) thrice we get,

x tð Þþ a
Z

x tð Þ dtþ b
ZZ

x tð Þ dtþ c
ZZZ

x tð Þ dt

¼ d
ZZZ

u tð Þ dtþ bk1 þ ak2 þ k3ð Þ
ZZ

u tð Þ dtþ ak1 þ k2ð Þ
Z

u tð Þ dtþ k1u tð Þ
ð6:53Þ

Let bk1 þ ak2 þ k3ð Þ, r1, ak1 þ k2ð Þ, r2 and k1 , r3:
So, Eq. (6.53) takes the form

x tð Þþ a
Z

x tð Þ dtþ b
ZZ

x tð Þ dtþ c
ZZZ

x tð Þ dt

¼ d
ZZZ

u tð Þ dtþ r1

ZZ
u tð Þ dtþ r2

Z
u tð Þ dtþ r3u tð Þ

ð6:54Þ

Expanding all the time functions in m-term HF domain, we have

CT
SS mð Þ þCT

TT mð Þ þ a CT
S

Z
S mð Þ dtþCT

T

Z
T mð Þ dt

� �
þ b CT

S

ZZ
S mð Þ dtþCT

T

ZZ
T mð Þ dt

� �

þ c CT
S

ZZZ
S mð Þ dtþCT

T

ZZZ
T mð Þ dt

� �

¼ dUT
S

ZZZ
S mð Þ dtþ r1 UT

S

ZZ
S mð Þ dtþ r2 UT

S

Z
S mð Þ dtþ r3 UT

SS mð Þ

ð6:55Þ

where, UT
S ¼ 1 1 � � � 1 1|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m terms

2
4

3
5
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Using (5.10), (5.11) and (5.12), we can write

CT
SS mð Þ þCT

TT mð Þ þ 2a CT
S þ

1
2
CT

T

� � Z
T mð Þ dtþ 2b CT

S þ
1
2
CT

T

� �ZZ
T mð Þ dt

þ 2c CT
S þ

1
2
CT

T

� �ZZZ
T mð Þ dt

¼ 2dUT
S

ZZZ
T mð Þ dtþ 2r1 UT

S

ZZ
T mð Þ dtþ 2r2 UT

S

Z
T mð Þ dtþ r3 UT

SS mð Þ

or; CT
SS mð Þ þCT

TT mð Þ þ 2a CT
S þ

1
2
CT

T

� � Z
T mð Þ dtþ 2b CT

S þ
1
2
CT

T

� �
P
Z

T mð Þ dt

þ 2c CT
S þ

1
2
CT

T

� �
P2

Z
T mð Þ dt

¼ 2dUT
S P

2
Z

T mð Þ dtþ 2r1 UT
S P

Z
T mð Þ dtþ 2r2 UT

S

Z
T mð Þ dtþ r3 UT

SS mð Þ

ð6:56Þ

Rearranging the terms and using the first order integration matrices we can write

CT
S � r3 UT

S

	 

S mð Þ þCT

TT mð Þ ¼ 2dUT
S P

2 þ 2r1 UT
S Pþ 2r2 UT

S

� � Z
T mð Þ dt

� CT
S þ

1
2
CT

T

� �
2aIþ 2bPþ 2cP2� � Z

T mð Þ dt

or; CT
S � r3 UT

S

	 

S mð Þ þCT

TT mð Þ ¼ 2dUT
S P

2 þ 2r1 UT
S Pþ 2r2 UT

S

� �
P1ts S mð Þ þP1tt T mð Þ
� �

� CT
S þ

1
2
CT

T

� �
2aIþ 2bPþ 2cP2� �

P1ts S mð Þ þP1tt T mð Þ
� �

ð6:57Þ

Equating the like coefficients of S mð Þ from both the sides

CT
S � r3 UT

S

	 
 ¼ 2dUT
S P

2 þ 2r1 UT
S Pþ 2r2 UT

S

� �
P1ts

� CT
S þ

1
2
CT

T

� �
2aIþ 2bPþ 2cP2� �

P1ts

Let 2d P2 þ 2r1 Pþ 2r2 I,L and � aIþ bPþ cP2
	 


,Q
Then

CT
S � r3 UT

S

	 
 ¼ UT
S Lþ 2CT

S QþCT
T Q

� �
P1ts ð6:58Þ
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Now, rearranging the coefficients of T mð Þ of Eq. (6.57), we get

CT
T ¼ 2dUT

S P
2 þ 2r1 UT

S Pþ 2r2 UT
S

� �
P1tt� CT

S þ
1
2
CT

T

� �
2aIþ 2bPþ 2cP2� �

P1tt

or; CT
T ¼ UT

S Lþ 2CT
S QþCT

T Q
� �

P1tt

ð6:59Þ

From Eqs. (6.58) and (6.59), we can write

CT
S � r3 UT

S

	 
 ¼ CT
T P1tt

�1P1ts ð6:60Þ

Using the Eq. (5.2) in (6.60), we get

CT
S � r3 UT

S

	 
 ¼ 2
h
CT

T P1ts ð6:61Þ

Solving the simultaneous Eqs. (6.58) and (6.61) for CT
S and CT

T, we have

CT
T ¼ UT

S Lþ 2r3 Q½ � 2
h
I�Q� 4

h
P1tsQ

� ��1

ð6:62Þ

CT
S ¼ 2

h
UT

S Lþ 2r3 Q½ � 2
h
I�Q� 4

h
P1tsQ

� ��1

P1tsþ r3UT
S ð6:63Þ

6.4.2 Using HF Domain One-Shot Integration Operational
Matrices

We consider Eq. (6.52) and use one-shot operational matrices for integration of
second order differential equation and to determine its solution.

After integrating the Eq. (6.52) twice, now we start from Eq. (6.54). We expand
all the time functions in m-term HF domain and employ the one-shot integration
matrices.

From Eq. (6.54), we can write

CT
SS mð Þ þCT

TT mð Þ þ a CT
S P1ssþCT

T P1ts
� �

S mð Þ þ a CT
S P1stþCT

T P1tt
� �

T mð Þ
þ b CT

S P2ssþCT
T P2ts

� �
S mð Þ þ b CT

S P2stþCT
T P2tt

� �
T mð Þ

þ c CT
S P3ssþCT

T P3ts
� �

S mð Þ þ c CT
S P3stþCT

T P3tt
� �

T mð Þ
¼ dUT

S P3ss S mð Þ þP3st T mð Þ
� �þ r1 UT

S P2ss S mð Þ þP2st T mð Þ
� �

þ r2 UT
S P1ss S mð Þ þP1st T mð Þ
� �þ r3 UT

S S mð Þ
ð6:64Þ
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Rearranging the coefficients of S mð Þ, we have

CT
S þ aCT

S P1ssþ aCT
T
P1ss
2

þ bCT
S P2ssþ bCT

T
P2ss
2

þ cCT
S P3ssþ cCT

T
P3ss
2

¼ UT
S d P3ssþ r1 P2ssþ r2 P1ssþ r3 I½ �

or; CT
S Iþ aP1ssþ bP2ssþ cP3ss½ � þCT

T a
P1ss
2

þ b
P2ss
2

þ c
P3ss
2

� �
¼ UT

S d P3ssþ r1 P2ssþ r2 P1ssþ r3 I½ �
ð6:65Þ

Rearranging the coefficients of T mð Þ, we get

CT
T þ aCT

S P1stþ aCT
T
P1st
2

þ bCT
S P2stþ bCT

T
P2st
2

þ cCT
S P3stþ cCT

T
P3st
2

¼ UT
S d P3stþ r1 P2stþ r2 P1st½ �

or; CT
S aP1stþ bP2stþ cP3st½ � þCT

T Iþ a
P1st
2

þ b
P2st
2

þ c
P3st
2

� �
¼ UT

S d P3stþ r1 P2stþ r2 P1st½ �
ð6:66Þ

In Eq. (6.65), let us define
Iþ aP1ssþ bP2ssþ cP3ss,X and a P1ss

2 þ b P2ss
2 þ c P3ss

2 ,Y:
Then Eq. (6.65) may be written as

CT
S XþCT

T Y ¼ UT
S d P3ssþ r1 P2ssþ r2 P1ssþ r3 I½ � ð6:67Þ

In Eq. (6.66), let us define
aP1stþ bP2stþ cP3st,W and Iþ a P1st

2 þ b P2st
2 þ c P3st

2 ,Z:
Then Eq. (6.66) may be expressed as

or; CT
S WþCT

T Z ¼ UT
S d P3stþ r1 P2stþ r2 P1st½ � ð6:68Þ

Solving the matrix Eqs. (6.67) and (6.68) for CT
S and CT

T, we get

UT
S d P3ssþ r1 P2ssþ r2 P1ssþ r3 I½ �X�1 � CT

T YX�1

¼ UT
S d P3stþ r1 P2stþ r2 P1st½ �W�1 � CT

T ZW�1

or; CT
T YX�1 � ZW�1� � ¼ UT

S d P3ssþ r1 P2ssþ r2 P1ssþ r3 I½ �X�1

� UT
S d P3stþ r1 P2stþ r2 P1st½ �W�1

ð6:69Þ
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Let YX�1 � ZW�1 ,M1

and UT
S d P3ssþ r1 P2ssþ r2 P1ssþ r3 I½ �X�1 � UT

S d P3stþ r1 P2stþ r2½
P1st�W�1 ,M2

So Eq. (6.69) becomes

or; CT
T ¼ M2 M�1

1 ð6:70Þ

Now substituting the expression of CT
T in Eq. (6.68), we get

or; CT
S ¼ UT

S d P3stþ r1 P2stþ r2 P1st½ �W�1 �M2 M�1
1 ZW�1 ð6:71Þ

Let M2 M�1
1 ZW�1 ,M3 and UT

S d P3stþ r1 P2stþ r2 P1st½ �W�1 ,M4

Therefore Eq. (6.71) may be expressed as

CT
S ¼ M4 �M3 ð6:72Þ

It is known that inversion of upper or lower triangular matrices can be computed
by simple decomposition and multiplication.

6.4.3 Numerical Examples

Example 6.5 Consider the non- homogeneous third order differential equation

vg5ðtÞþ 3€g5ðtÞ � _g5ðtÞ � 3g5ðtÞ ¼ 0,

with; €g5ð0Þ ¼ 22; _g5ð0Þ ¼ �6 and g5ð0Þ ¼ 6
ð6:73Þ

Fig. 6.8 Exact solution of
Example 6.5 and comparison
of deviation using first order
integration matrices (vide
Eq. 6.63) and one-shot
integration operational
matrices (vide Eq. 6.72), for
m = 30 and T = 3 s
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The exact solution of (6.73) is

g5ðtÞ ¼ 2 exp tð Þþ 2 exp �tð Þþ 2 exp �3tð Þ ð6:74Þ

The samples of exact solution of g5(t) and deviations of the samples obtained
using Eqs. (6.63) and (6.72) in HF domain, for T = 3 s and m = 30, are compared in
Fig. 6.8.

6.5 Conclusion

One shot integration operational matrices like P2ss, P2st, P2ts, P2tt, P3ss, P3st,
P3ts, P3tt for 2nd and 3rd order repeated integration and consequently the gen-
eralized one-shot matrices for n times repeated integration, have been used for
solution of higher order differential equations. Some examples, separately for
second order and third order differential equations, are treated to compare the results
obtained via repeated use of 1st order operational matrices and using higher order
one-shot operational matrices. The results are presented in Figs. 6.5, 6.6 and 6.8 to
compare them graphically. It is observed that (vide Fig. 6.8) the method based upon
one-shot operational matrices produces much accurate result compared to the
method using only 1st order integration operational matrices.

One second order differential equation has been solved via the well established
4th order Runge-Kutta method and the results obtained via HF domain one-shot
operational matrices and the results obtained via repeated use of 1st order inte-
gration operational matrices, are compared in Table 6.2. It is noted that 4th order
Runge-Kutta method maintains its supremacy compared to HF domain analysis, as
far as solution of 2nd order differential equation is concerned. But it should be kept
in mind that while the 4th order Runge-Kutta method provides smart solution to
differential equations only, the HF domain technique can (i) approximate square
integrable time functions (ii) integrate time functions and (iii) can solve higher
order differential equations with considerable accuracy. However, HF domain
analysis with a higher value of m can produce more improved result to become a
significant contender to 4th order Runge-Kutta method.

It is known that inversion of upper or lower triangular matrices can be computed
by simple decomposition and multiplication. Hence the inversions in Eqs. (6.37),
(6.38), (6.46), (6.47), (6.62), (6.63), (6.70) and (6.72) will not pose any compu-
tational burden while solving for the HF domain solution matrices CT

s and CT
T.

Finally, an advantage of HF based analysis is, the sample-and-hold function
based results may easily be obtained by simply dropping the triangular part of the
hybrid function domain solution.
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Chapter 7
Convolution of Time Functions

Abstract In this chapter, theory of hybrid function domain convolution technique
is presented. First, the rules for convolution for sample-and-hold functions and
triangular functions are derived. Then, these two component results are combined to
get the rules for convolution in HF domain. This idea is used to determine the result
of convolution of two time functions in HF domain. One example and eleven
figures are presented to illustrate the idea.

Having established the theoretical principles of the orthogonal hybrid function set,
it is worthwhile to investigate the convolution operation of two real-valued func-
tions, in hybrid function domain. This will later be useful for analysing control
systems.

In control system analysis, the well-known relation [1] involving the input and
the output of a linear time invariant system is given by

CðsÞ ¼ GðsÞRðsÞ ð7:1Þ

where, C(s) is the Laplace transform of output, G(s) is the transfer function of the
plant, R(s) is the Laplace transform of the input, and s is the Laplace operator.

In time domain, Eq. (7.1) takes the form

cðtÞ ¼ gðtÞ � rðtÞ ¼
Z1
0

gðsÞrðt � sÞ ds ð7:2Þ

That is, the output c(t) in the time domain involves the convolution of the plant
impulse response and the input function. The output c(t) is determined by evalu-
ating the convolution integral of the RHS of Eq. (7.2), where, it has been assumed
that the integral exists.

Evaluation of this integral is frequently needed in the analysis of control sys-
tems. In what follows, such an integral is evaluated in its general form in hybrid
function domain and the results are used to determine the output of a single input
single output (SISO) linear control system.
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7.1 The Convolution Integral

Convolution [2] of two functions is a significant physical concept in many diverse
scientific fields. However, as in the case of many important mathematical rela-
tionships, the convolution integral does not readily unveil itself as to its implica-
tions. The convolution integral of two convolving time function x(t) and h(t) over
the entire time scale is given by

yðtÞ ¼ xðtÞ � hðtÞ ¼
Z1
�1

xðsÞhðt � sÞ ds ð7:3Þ

where � indicates convolution.
Let x(t) and h(t) be two time functions represented by Figs. 7.1a, b, respectively.
To evaluate Eq. (7.3), functions x(τ) and h(t − τ) are required. The functions x(τ)

and h(τ) are obtained by simply replacing the variable t to the variable τ. h(−τ) is the
image of h(τ) about the orthogonal axis and h(t − τ) is the function h(−τ) shifted by
the quantity t. Functions x(τ), h(−τ), and h(t − τ) are shown in Fig. 7.2. The resultant
of convolution of x(t) and h(t), as per Eq. (7.3), is the triangular function shown in
Fig. 7.3.

We can now summarize the steps for convolution as:

(i) Folding: Take the mirror image of h(τ) about the ordinate as shown in
Fig. 7.2b.

(ii) Shifting: Shift h(−τ) by the amount t as shown in Fig. 7.2c.

Fig. 7.1 Two typical waveforms for convolution

Fig. 7.2 Graphical illustration of folding and shifting operations
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(iii) Multiplication: Multiply the shifted function h(t − τ) and x(τ).
(iv) Integration: The area under the product of h(t − τ) and x(τ) is the value of the

convolution at time instant t.

7.2 Convolution of Basic Components of Hybrid
Functions

The convolution process and ‘deconvolution’ in block pulse domain [3, 4] was
introduced by Kwong and Chen [5] for identification of a system. We introduce the
convolution as well as ‘deconvolution’ in hybrid function domain and subsequently
use the results for control system analysis and synthesis.

Hybrid function expansion involves two kinds of basis functions:
sample-and-hold function [6] and triangular function [7]. To derive the expression
for convolution of two time functions in hybrid function domain, we consider
convolution of different interactive components of hybrid functions [8]. That is, we
need to compute the equidistant samples, having the same sampling period as the
convolving functions, of the resulting function. These samples may be used for
hybrid function expansion of the resulting function as per Eq. (2.13).

That is, the principle of HF domain convolution is:

(i) Expand the convolving functions in HF domain using their samples.
(ii) Convolve the component sample-and-hold functions [9] and triangular func-

tions [7].
(iii) Express the result of convolution in hybrid function domain using the samples

of the resulting function.

Let us consider two functions r(t) and g(t) and expand these functions into
hybrid function domain as

Fig. 7.3 Graphical example of convolution [2]
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rðtÞ � RT
SSðmÞ þRT

TTðmÞ
� �

and gðtÞ � GT
SSðmÞ þGT

TTðmÞ
� �

Then the result of convolution y(t) is given by

yðtÞ ¼ rðtÞ � gðtÞ � RT
SSðmÞ þRT

TTðmÞ
� � � GT

SSðmÞ þGT
TTðmÞ

� �
or; yðtÞ � RT

SSðmÞ
� � � GT

SSðmÞ
� �þ RT

SSðmÞ
� � � GT

TTðmÞ
� �

þ RT
TTðmÞ

� � � GT
SSðmÞ

� �þ RT
TTðmÞ

� � � GT
TTðmÞ

� � ð7:4Þ

where

RT
S ¼ ½r0 r1 r2 � � � ri � � � rm�1�;

RT
T ¼ ½ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ � � � ðri � ri�1Þ � � � ðrm � rm�1Þ�

GT
S ¼ ½g0 g1 g2 � � � gi � � � gm�1� and

GT
T ¼ ½ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ � � � ðgi � gi�1Þ � � � ðgm � gm�1Þ�

Inspection of Eq. (7.4) reveals that to determine y(t), we need to compute the
results of three types of convolution operations, namely

(i) Convolution between two sample-and-hold functions trains.
(ii) Convolution between a sample-and-hold function train and a triangular

function train (or vice versa).
(iii) Convolution between two triangular function trains.

To achieve this end, we present below the convolution of all possible combi-
nations of elementary sample-and-hold functions, triangular functions and subse-
quently their trains.

7.2.1 Convolution of Two Elementary Sample-and-Hold
Functions

In Figs. 7.4a, b, a1(t) and b1(t) are two sample-and-hold functions of different
amplitudes, both occurring at t = 0. The result of convolution of these two functions
a1(t) and b1(t) is the triangular function c1(t) shown in Fig. 7.4c.

The function c1(t) may be expressed in hybrid function domain using its three
samples, namely, 0, ha1b1 and 0.
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7.2.2 Convolution of Two Sample-and-Hold Function
Trains

Now, we extend our idea to the convolution of two sample-and-hold function trains
r1(t) and g1(t), comprised only of four component functions (m = 4), with different
amplitudes. These function trains are shown in Fig. 7.5 along with their sample
values. Finally, we represent the result in hybrid function domain.

Five samples of the resulting function y1(t), with the sampling period h, are
0; hg10r10; hðg10r11 þ g11r10Þ, hðg10r12 þ g11r11 þ g12r10Þ, and
hðg10r13 þ g11r12 þ g12r11 þ g13r10Þ.

The resulting function y1(t) may be described in the HF domain as

y1ðtÞ ¼ r1ðtÞ � g1ðtÞ D Y1TSSð4Þ þY1TTTð4Þ ð7:5Þ

where

Y1TS ¼ 0 hg10r10 hðg10r11 þ g11r10Þ hðg10r12 þ g11r11 þ g12r10Þ½ �
, ½y1S0 y1S1 y1S2 y1S3�

and

Fig. 7.4 Convolution of two elementary sample-and-hold functions (SHF)

Fig. 7.5 Two trains of sample-and-hold functions
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Y1TT ¼ fhg10r10 � 0g fhðg10r11 þ g11r10Þ � hg10r10g½
fhðg10r12 þ g11r11 þ g12r10Þ � hðg10r11 þ g11r10Þg
fhðg10r13 þ g11r12 þ g12r11 þ g13r10Þ � hðg10r12 þ g11r11 þ g12r10Þg�

, ½y1T0 y1T1 y1T2 y1T3�

Writing Eq. (7.5) in matrix form, we have

y1ðtÞ ¼ h g10 g11 g12 g13½ �

0 r10 r11 r12
0 0 r10 r11
0 0 0 r10
0 0 0 0

2
6664

3
7775Sð4Þ

þ h g10 g11 g12 g13½ �

r10 ðr11 � r10Þ ðr12 � r11Þ ðr13 � r12Þ
0 r10 ðr11 � r10Þ ðr12 � r11Þ
0 0 r10 ðr11 � r10Þ
0 0 0 r10

2
6664

3
7775Tð4Þ

ð7:6Þ

Writing (7.6) in a compact form, we get

y1ðtÞ ¼ h g10 g11 g12 g13½ � 0 r10 r11 r12½ �½ �Sð4Þ
þ h g10 g11 g12 g13½ � r10 ðr11 � r10Þ ðr12 � r11Þ ðr13 � r12Þ½ �½ �Tð4Þ

ð7:7Þ

where a b c½ �½ �,
a b c
0 a b
0 0 a

2
4

3
5

2
4

3
5

7.2.3 Convolution of an Elementary Sample-and-Hold
Function and an Elementary Triangular Function

The result of convolution of a sample-and-hold function and a triangular function is
shown in Fig. 7.6.

The function c2(t) may now be expressed in hybrid function domain using its
three equidistant samples 0, h

2a1b2 and 0.
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7.2.4 Convolution of a Triangular Function Train
and a Sample-and-Hold Function Train

A triangular function train and a sample-and-hold function train of four component
functions (m = 4) each, having different amplitudes, are shown in Fig. 7.7.

After convolution of these two trains, five samples of the resulting function y2(t),
with the sampling period h, are 0, h

2g10r20, h
2ðg10r21 þ g11r20Þ,

h
2ðg10r22 þ g11r21 þ g12r20Þ, and h

2ðg10r23 þ g11r22 þ g12r21 þ g13r20Þ.
The function y2(t) may be described in HF domain as

y2ðtÞ ¼ r2ðtÞ � g1ðtÞ , Y2TSSð4Þ þY2TTTð4Þ ð7:8Þ

where

Y2TS ¼ 0 h
2g10r20 h

2ðg10r21 þ g11r20Þ h
2ðg10r22 þ g11r21 þ g12r20Þ½ �

, ½y2S0 y2S1 y2S2 y2S3�

and

Y2TT ¼ h
2
fg10r20 � 0g h

2
fðg10r21 þ g11r20Þ � g10r20g

h
h
2
fðg10r22 þ g11r21 þ g12r20Þ � ðg10r21 þ g11r20Þg
h
2
fðg10r23 þ g11r22 þ g12r21 þ g13r20Þ � ðg10r22 þ g11r21 þ g12r20Þg

i
, ½y2T0 y2T1 y2T2 y2T3�

Fig. 7.6 Convolution of a sample-and-hold function and a right handed triangular function

Fig. 7.7 Trains of triangular function and sample-and-hold functions
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Writing Eq. (7.8) in matrix form, we get

y2ðtÞ ¼ h
2

g10 g11 g12 g13½ �

0 r20 r21 r22
0 0 r20 r21
0 0 0 r20
0 0 0 0

2
6664

3
7775Sð4Þ

þ h
2

g10 g11 g12 g13½ �

r20 ðr21 � r20Þ ðr22 � r21Þ ðr23 � r22Þ
0 r20 ðr21 � r20Þ ðr22 � r21Þ
0 0 r20 ðr21 � r20Þ
0 0 0 r20

2
6664

3
7775Tð4Þ

ð7:9Þ

Writing (7.9) in a compact form, we have

y2ðtÞ ¼ h
2

g10 g11 g12 g13½ � 0 r20 r21 r22½ �½ �Sð4Þ

þ h
2

g10 g11 g12 g13½ � r20 ðr21 � r20Þ ðr22 � r21Þ ðr23 � r22Þ½ �½ �Tð4Þ

ð7:10Þ

7.2.5 Convolution of Two Elementary Triangular Functions

Let, a2(t) and b2(t) be two elementary triangular functions, as represented in
Fig. 7.8a, b. Figure 7.8c shows the convolution result of these two functions. The
function c3(t) may now be expressed in hybrid function domain using its three
samples, namely, 0, h

6 a2b2 and 0.

7.2.6 Convolution of Two Triangular Function Trains

Now we compute the result of convolution of two triangular function trains com-
prised of four component functions (m = 4) each, having different amplitudes. These
trains are shown in Fig. 7.9.

Five samples of the resulting convolution function y3(t), with the sampling
period h, are 0, h

6 g20r20,
h
6 ðg20r21 þ g21r20Þ, h

6 ðg20r22 þ g21r21 þ g22r20Þ, and
h
6 ðg20r23 þ g21r22 þ g22r21 þ g23r20Þ.

Hence, y3(t), expressed in HF domain, is
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y3ðtÞ ¼ r2ðtÞ � g2ðtÞ,Y3TSSð4Þ þY3TTTð4Þ ð7:11Þ

where

Y3TS ¼ 0 h
6 g20r20

h
6 ðg20r21 þ g21r20Þ h

6 ðg20r22 þ g21r21 þ g22r20Þ
� �

, ½y3S0 y3S1 y3S2 y3S3�

and

Y3TT ¼ h
6
fg20r20 � 0g h

6
fðg20r21 þ g21r20Þ � g20r20g

�
h
6
fðg20r22 þ g21r21 þ g22r20Þ � ðg20r21 þ g21r20Þg

h
6
fðg20r23 þ g21r22 þ g22r21 þ g23r20Þ � ðg20r22 þ g21r21 þ g22r20Þg�

, ½y3T0 y3T1 y3T2 y3T3�

Writing equation in matrix form, we get

Fig. 7.8 Convolution of two elementary triangular functions

Fig. 7.9 Two trains of triangular functions
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y3ðtÞ ¼ h
6

g20 g21 g22 g23½ �

0 r20 r21 r22
0 0 r20 r21
0 0 0 r20
0 0 0 0

2
6664

3
7775Sð4Þ

þ h
6

g20 g21 g22 g23½ �

r20 ðr21 � r20Þ ðr22 � r21Þ ðr23 � r22Þ
0 r20 ðr21 � r20Þ ðr22 � r21Þ
0 0 r20 ðr21 � r20Þ
0 0 0 r20

2
6664

3
7775Tð4Þ

ð7:12Þ

Writing in a compact form, we have

y3ðtÞ ¼ h
6

g20 g21 g22 g23½ � 0 r20 r21 r22½ �½ �Sð4Þ

þ h
6

g20 g21 g22 g23½ � r20 ðr21 � r20Þ ðr22 � r21Þ ðr23 � r22Þ½ �½ �Tð4Þ

ð7:13Þ

7.3 Convolution of Two Time Functions in HF Domain [8]

Consider two square integrable time functions r(t) and g(t). These two time func-
tions are expressed in HF domain using their equidistant samples. Figure 7.10
shows these functions with their five time samples each. If we express these
functions in hybrid function domain for m = 4, we have

rðtÞ � ½r0 r1 r2 r3�Sð4ÞðtÞþ ½ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ ðr4 � r3Þ�Tð4ÞðtÞ
gðtÞ � ½g0 g1 g2 g3�Sð4ÞðtÞþ ½ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ�Tð4ÞðtÞ

Hence, the result of convolution in HF domain may be derived using the
sub-results of convolutions between different sample-and-hold and triangular
function trains of both r(t) and g(t), deduced in Sect. 7.2.

Fig. 7.10 Two time functions r(t) and g(t) and their equidistant samples
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Using the results of Eqs. (7.7), (7.10) and (7.13), we can write

yðtÞ ¼ rðtÞ � gðtÞ
� h g0 g1 g2 g3½ � 0 r0 r1 r2½ �½ � Sð4Þ
þ h g0 g1 g2 g3½ � r0 ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ½ �½ �Tð4Þ

þ h
2

ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ½ � 0 r0 r1 r2½ �½ � Sð4Þ

þ h
2

ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ½ � r0 ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ½ �½ � Tð4Þ

þ h
2

g0 g1 g2 g3½ � 0 ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ½ �½ �Sð4Þ

þ h
2

g0 g1 g2 g3½ � ðr1 � r0Þ ðr2 � 2r1 þ r0Þ ðr3 � 2r2 þ r1Þ ðr4 � 2r3 þ r2Þ½ �½ �Tð4Þ

þ h
6

ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ½ � 0 ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ½ �½ �Sð4Þ

þ h
6

ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ½ �
� ðr1 � r0Þ ðr2 � 2r1 þ r0Þ ðr3 � 2r2 þ r1Þ ðr4 � 2r3 þ r2Þ½ �½ � Tð4Þ

¼ h g0 g1 g2 g3½ � 0 r0 r1 r2½ �½ �f
þ h

2
ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ½ � 0 r0 r1 r2½ �½ �

þ h
2

g0 g1 g2 g3½ � 0 ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ½ �½ �

þ h
6

ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ½ � 0 ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ½ �½ �
�
Sð4Þ

þ h g0 g1 g2 g3½ � r0 ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ½ �½ �f
þ h

2
ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ½ � r0 ðr1 � r0Þ ðr2 � r1Þ ðr3 � r2Þ½ �½ �

þ h
2

g0 g1 g2 g3½ � ðr1 � r0Þ ðr2 � 2r1 þ r0Þ ðr3 � 2r2 þ r1Þ ðr4 � 2r3 þ r2Þ½ �½ �

þ h
6

ðg1 � g0Þ ðg2 � g1Þ ðg3 � g2Þ ðg4 � g3Þ½ �
� ðr1 � r0Þ ðr2 � 2r1þ r0Þ ðr3 � 2r2 þ r1Þ ðr4 � 2r3 þ r2Þ½ �½ �g Tð4Þ

ð7:14Þ
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Equation (7.14) can be simplified to be arranged in the following form:

yðtÞ ¼ h
6

g0 g1 g2 g3½ �

0 ð2r1 þ r0Þ ð2r2 þ r1Þ ð2r3þ r2Þ
0 0 ð2r1 þ r0Þ ð2r2þ r1Þ
0 0 0 ð2r1þ r0Þ
0 0 0 0

2
6664

3
7775

8>>><
>>>:

þ g1 g2 g3 g4½ �

0 ðr1 þ 2r0Þ ðr2þ 2r1Þ ðr3 þ 2r2Þ
0 0 ðr1þ 2r0Þ ðr2 þ 2r1Þ
0 0 0 ðr1 þ 2r0Þ
0 0 0 0

2
6664

3
7775
9>>>=
>>>;

Sð4Þ

þ h
6

g0 g1 g2 g3½ �

ð2r1 þ r0Þ ð2r2 � r1 � r0Þ ð2r3 � r2 � r1Þ ð2r4 � r3 � r2Þ
0 ð2r1þ r0Þ ð2r2 � r1 � r0Þ ð2r3 � r2 � r1Þ
0 0 ð2r1 þ r0Þ ð2r2 � r1 � r0Þ
0 0 0 ð2r1 þ r0Þ

2
6664

3
7775

8>>><
>>>:

þ g1 g2 g3 g4½ �

ðr1 þ 2r0Þ ðr2þ r1 � 2r0Þ ðr3þ r2 � 2r1Þ ðr4 þ r3 � 2r2Þ
0 ðr1 þ 2r0Þ ðr2þ r1 � 2r0Þ ðr3 þ r2 � 2r1Þ
0 0 ðr1 þ 2r0Þ ðr2 þ r1 � 2r0Þ
0 0 0 ðr1 þ 2r0Þ

2
6664

3
7775
9>>>=
>>>;

Tð4Þ

¼ h
6

g0 g1 g2 g3½ �

0 ð2r1 þ r0Þ ð2r2 þ r1Þ ð2r3þ r2Þ
0 ðr1þ 2r0Þ ðr2 þ 4r1 þ r0Þ ðr3 þ 4r2þ r1Þ
0 0 ðr1 þ 2r0Þ ðr2 þ 4r1þ r0Þ
0 0 0 ðr1 þ 2r0Þ

2
6664

3
7775 Sð4Þ

þ h
6

g0 g1 g2 g3½ �

ð2r1 þ r0Þ ð2r2 � r1 � r0Þ ð2r3 � r2 � r1Þ ð2r4 � r3 � r2Þ
0 ð2r1 þ r0Þ ð2r2 � r1 � r0Þ ð2r3 � r2 � r1Þ
0 0 ð2r1þ r0Þ ð2r2 � r1 � r0Þ
0 0 0 ð2r1 þ r0Þ

2
6664

3
7775

8>>><
>>>:

þ g1 g2 g3 g4½ �

ðr1þ 2r0Þ ðr2 þ r1 � 2r0Þ ðr3 þ r2 � 2r1Þ ðr4 þ r3 � 2r2Þ
0 ðr1 þ 2r0Þ ðr2 þ r1 � 2r0Þ ðr3 þ r2 � 2r1Þ
0 0 ðr1þ 2r0Þ ðr2 þ r1 � 2r0Þ
0 0 0 ðr1þ 2r0Þ

2
6664

3
7775
9>>>=
>>>;

Tð4Þ

ð7:15Þ

Now let,

178 7 Convolution of Time Functions



R0 , 2r1 þ r0

R1 , 2r2 þ r1

R2 , 2r3 þ r2

R3 , 2r4 þ r3

R4 , r1 þ 2r0

R5 , r2 þ 4r1 þ r0

R6 , r3 þ 4r2 þ r1

R7 , r4 þ 4r3 þ r2

R8 , r2 þ r1 � 2r0

R9 , r3 þ r2 � 2r1

R10 , r4 þ r3 � 2r2

9>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>;

ð7:16Þ

Now, Eq. (7.15) can be written as follows

yðtÞ ¼ h
6

g0 g1 g2 g3½ �

0 R0 R1 R2

0 R4 R5 R6

0 0 R4 R5

0 0 0 R4

2
6664

3
7775Sð4Þ

þ h
6

g0 g1 g2 g3½ �

R0 ðR1 � R0Þ ðR2 � R1Þ ðR3 � R2Þ
0 R0 ðR1 � R0Þ ðR2 � R1Þ
0 0 R0 ðR1 � R0Þ
0 0 0 R0

2
6664

3
7775

8>>><
>>>:

þ h
6

g1 g2 g3 g4½ �

R4 R8 R9 R10

0 R4 R8 R9

0 0 R4 R8

0 0 0 R4

2
6664

3
7775
9>>>=
>>>;
Tð4Þ

ð7:17Þ

yðtÞ ¼ h
6
0 ðg0R0 þ g1R4Þ ðg0R1 þ g1R5 þ g2R4Þ½ ðg0R2 þ g1R6 þ g2R5 þ g3R4Þ�Sð4Þ

þ h
6
fg0R0 þ g1R4g½ fg0ðR1 � R0Þþ g1ðR0 þR8Þþ g2R4gfg0ðR2 � R1Þ

þ g1ðR1 � R0 þR9Þþ g2ðR0 þR8Þþ g3R4gfg0ðR3 � R2Þ
þ g1ðR2 � R1 þR10Þþ g2ðR1 � R0 þR9Þþ g3ðR0 þR8Þþ g4R4g�Tð4Þ

ð7:18Þ
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Equation (7.18) can be modified to

yðtÞ ¼ h
6
0 ðg0R0 þ g1R4Þ ðg0R1 þ g1R5 þ g2R4Þ½ ðg0R2 þ g1R6 þ g2R5 þ g3R4Þ�Sð4Þ

þ h
6
fg0R0 þ g1R4g½ fg0ðR1 � R0Þþ g1ðR5 � R4Þþ g2R4g
fg0ðR2 � R1Þþ g1ðR6 � R5Þþ g2ðR5 � R4Þþ g3R4g
fg0ðR3 � R2Þþ g1ðR7 � R6Þþ g2ðR6 � R5Þþ g3ðR5 � R4Þþ g4R4g�Tð4Þ

ð7:19Þ

Equation (7.19) represents the final output/result of the two convolving time
functions, for m = 4, in hybrid function domain. In doing so, we have utilized the
results of convolution of different possible combination of SHF and TF trains to
yield the final result expressed in HF domain.

Direct expansion of the output y(t) in HF domain is

yðtÞ, y0 y1 y2 y3½ �Sð4Þ þ ðy1 � y0Þ ðy2 � y1Þ ðy3 � y2Þ ðy4 � y3Þ½ �Tð4Þ
ð7:20Þ

Comparing Eqs. (7.19) and (7.20), we get

y0 ¼ 0

y1 ¼ h
6
g0R0 þ g1R4½ �

y2 ¼ h
6
g0R1 þ g1R5 þ g2R4½ �

y3 ¼ h
6
g0R2 þ g1R6 þ g2R5 þ g3R4½ �

By following the pattern, we can write down the expression for y4 as

y4 ¼ h
6

g0R3 þ g1R7 þ g2R6 þ g3R5 þ g4R4½ �

If we determine the term y4 by adding the 4-th term of the row matrix for the Sð4Þ
vector and the 4-th term of the row matrix for the Tð4Þ vector, the result turns out to
be the same as above.

Hence, the generalized form of the i-th output coefficient is

yi ¼ h
6

g0Rði�1Þ þ
Xi

p¼1

gpRðmþ i�pÞ

" #
for i = 1,2,3,. . .,m ð7:21Þ
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7.4 Numerical Example

To determine the convolution result using Eq. (7.21), we first compute the samples
of both the functions and express the functions in HF domain. Then we use
Eq. (7.21) to arrive at the results.

Example 7.1 (vide Appendix B, Program no. 21) Consider two time functions r
(t) = u(t) and g(t) = exp(−0.5t) (2 cos2t − 0.5 sin2t) and the exact convolution result
of these two functions is y(t) = exp(−0.5t) sin(2t) for t� 0.

To note the variation of the result for an appreciable time, we consider T = 5 s
and for HF domain analysis, take m = 25, i.e., h = T/m = 0.2 s.

Then, in HF domain, r(t) is

r tð Þ ¼ 1 1 � � � 1 � � � 1 1½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
25 terms

Sð4Þ þ 0 0 � � � 0 � � � 0 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
25 terms

Tð4Þ

and g(t) is given by

g tð Þ � 2:00000000 1:49064076 0:84716967 0:19164669 �0:37416316½
�0:78057001 �0:99473153 �1:01896263 �0:88401092 �0:63923184

�0:34171806 �0:04622404 0:20272788 0:37575612 0:46033860

0:45965891 0:38927571 0:27251601 0:13552338 0:00277597

�0:10633011 �0:17950603 �0:21214867 �0:20664673 �0:17075045 �Sð25Þ
þ �0:50935924 �0:64347109 �0:65552299 �0:56580985 �0:40640685½
�0:21416151 �0:02423110 0:13495171 0:24477908 0:29751377

0:29549402 0:24895193 0:17302824 0:08458248 �0:00067969

�0:07038320 �0:11675970 �0:13699263 �0:13274741 �0:10910609

�0:07317592 �0:03264264 0:00550194 0:03589628 0:05532806 �Tð25Þ

Using Eqs. (7.19) or (7.21), convolution of r(t) and g(t) in HF domain yields

yc tð Þ � 0:00000000 0:34906408 0:58284512 0:68672675 0:66847511½
0:55300179 0:37547163 0:17410222 �0:01619514 �0:16851941

�0:26661440 �0:30540861 �0:28975823 �0:23190983 �0:14830036

�0:05630060 0:02859286 0:09477203 0:13557597 0:14940591

0:13905049 0:11046688 0:07130141 0:02942187 �0:00831785 �Sð25Þ
þ 0:34906408 0:23378104 0:10388164 �0:01825165 �0:11547332½
�0:17753015 �0:20136942 �0:19029735 �0:15232428 �0:09809499

�0:03879421 0:01565038 0:05784839 0:08360947 0:09199975

0:08489346 0:06617917 0:04080394 0:01382994 �0:01035541

�0:02858361 �0:03916547 �0:04187954 �0:03773972 �0:02884140 �Tð25Þ
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Direct expansion of y(t), in HF domain, for m = 25 and T = 5 s, is given by

yd tð Þ � 0:00000000 0:35236029 0:58732149 0:69047154 0:67003422½
0:55151677 0:37070205 0:16635019 �0:02622919 �0:17991539

�0:27841208 �0:31676081 �0:30003901 �0:24076948 �0:15566844

�0:06234602 0:02353088 0:09026637 0:13119242 0:14477041

0:13389508 0:10465113 0:06481067 0:02234669 �0:01581457 �Sð25Þ
þ 0:35236029 0:23496121 0:10315004 �0:02043731 �0:11851746½

�0:18081471 �0:20435186 �0:19257939 �0:15368619 �0:09849669

�0:03834873 0:01672180 0:05926953 0:08510105 0:09332241

0:08587690 0:06673549 0:04092605 0:01357799 �0:01087533

�0:02924395 �0:03984046 �0:04246399 �0:03816125 �0:02884140 �Tð25Þ

Figure 7.11 presents graphically the samples obtained through HF domain
convolution of the functions r(t) and g(t) along with HF domain direct expansion of
the result y(t). These two results are compared for a typical of eleven samples in
Table 7.1 and respective percentage errors are computed.

From Table 7.1, it is observed that error is quite large for the 17th sample
(t ¼ 80

25 s) and the 24th sample (t ¼ 115
25 s). The reason for such sudden increase in

error may be due to the fact that the sample values for these two cases are quite
small, e.g., 0.02353088 and 0.02234669; in fact the lowest two of all the sample
values, and computation of error needs the deviations (yd − yc) to be divided by
these small sample values.

Fig. 7.11 Convolution of two functions r(t) = u(t) and g(t) = exp(−0.5t) (2 cos2t − 0.5 sin2t),
computed using Eq. (7.21) in HF domain and through direct expansion (yd) for T = 5 s and m = 25.
It is observed that that the two curves fairly overlap validating the HF domain convolution
technique (vide Appendix B, Program no. 21)
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7.5 Conclusion

In this chapter we have introduced the idea of convolution in hybrid function
domain. This idea has been built up in a step by step manner. That is, first of all
convolution result for two elementary functions of the sample-and-hold function set
and two elementary functions of the triangular function set are derived. Also,
convolution of an elementary function of the SHF set with an elementary function
of the TF set has also been treated. Then the idea of convolution of sample-and-hold
function trains and triangular function trains are discussed with mathematical
support for m = 4. All these results are transformed to hybrid function domain.

These sub-results of convolution, presented through Eqs. (7.7), (7.10) and
(7.13), are the basic results involving different combinations of two function trains
—SHF and TF. These three equations have been utilized to arrive at the general
Eq. (7.21), giving the result of convolution of two time functions, expressed in HF
domain.

Using the developed theory of HF domain convolution, an example has been
treated to prove the viability of the method. Table 7.1 presents eleven typical
sample values obtained via HF domain convolution technique and compares the
same with the sample values obtained through direct HF domain expansion of the
exact convolution result. It is noted that for two samples, the error is quite large, that
is, −21.51203015 and −31.66097529 %. This may be due to low sample values as
mentioned above. Since, the HF domain analysis uses only function samples, the
numerical computation is rather simple, straight forward and computationally
attractive.

Table 7.1 Convolution results via (a) HF domain direct expansion (yd), and (b) HF domain
convolution (yc) along with percentage errors for eleven typical samples chosen randomly for
Example 7.1 for T = 5 s and m = 25 (vide Appendix B, Program no. 21)

t (s) Via direct expansion in HF
domain ðydÞ

Via convolution in HF
Domain ðycÞ

% Error

e ¼ ðyd�ycÞ
yd

� 100

5
25 0.35236029 0.34906408 0.93546580
20
25 0.67003422 0.66847511 0.23269110
25
25 0.55151677 0.55300179 −0.26926108
35
25 0.16635019 0.17410222 −4.66006681
50
25 −0.27841208 −0.26661440 4.23748855
60
25 −0.30003901 −0.28975823 3.42648111
70
25 −0.15566844 −0.14830036 4.73318805
80
25 0.02353088 0.02859285 −21.51203015
95
25 0.14477041 0.14940591 −3.20196648
105
25 0.10465112 0.11046687 −5.55727449
115
25 0.02234669 0.02942187 −31.66097529
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Chapter 8
Time Invariant System Analysis: State
Space Approach

Abstract This chapter is devoted to time invariant system analysis using state
space approach in hybrid function platform. Both homogeneous and
non-homogeneous systems are treated along with numerical examples. States and
outputs of the systems are solved. Also, a non-homogeneous system with a jump
discontinuity at input is analyzed. Exhaustive illustration has been provided with
the support of nine examples, twenty two figures and twenty one tables.

In this chapter, we deal with linear time invariant (LTI) control systems [1]. A linear
control system abides by the superposition law and being time invariant, its
parameters do not vary with time. We intend to analyse two types of LTI control
systems in hybrid function platform, namely non-homogeneous system and
homogeneous system [1, 2].

Analysing a control system means, knowing the system parameters and the
nature of input signal or forcing function, we determine the behavior of different
system states over a common time frame. The output of the system may be any one
of the states or a combination of two or many states. Therefore, after knowing all
the states within the system, we can easily assess the performance of the system.

In practice, application of linear time-invariant systems may be found in circuits,
control theory, NMR spectroscopy, signal processing, seismology and in many
other areas.

Any LTI system can be classified into two broad categories: one is
‘non-homogeneous’ system and the other being ‘homogeneous’ system. In a
homogeneous system, no external signal is applied and we look for behavior of the
states due to the presence of initial condition only. So, in short, the analysis of a
homogeneous system helps us to know about the internal behavior of the system.

In a non-homogeneous system, we deal with the presence of both the initial
conditions and external input signals simultaneously.

In this chapter, the hybrid function set is employed for the analysis of
non-homogeneous as well as homogeneous systems described as state space
models [2].

© Springer International Publishing Switzerland 2016
A. Deb et al., Analysis and Identification of Time-Invariant Systems, Time-Varying
Systems, and Multi-Delay Systems using Orthogonal Hybrid Functions,
Studies in Systems, Decision and Control 46, DOI 10.1007/978-3-319-26684-8_8
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First we take up the problem of analysis of a non-homogeneous system in HF
domain, because, after putting the specific condition of zero forcing function, we
can arrive at the result of analysis of a homogeneous system.

8.1 Analysis of Non-homogeneous State Equations [3]

Consider the non-homogeneous state equation,

_x tð Þ ¼ Ax tð ÞþBu tð Þ ð8:1Þ

where, A is an (n × n) system matrix given by

A,

a11 a12 a13 � � � a1n
a21 a22 a23 � � � a2n
..
. ..

. ..
. ..

.

..

. ..
. ..

. ..
.

an1 an2 an3 � � � ann

2
666664

3
777775

B is the (n × 1) input vector given by B ¼ b1 b2 � � � bn½ �T
x(t) is the state vector given by x tð Þ ¼ x1 x2 � � � xn½ �T
with the initial conditions,

x 0ð Þ ¼ x1ð0Þ x2ð0Þ � � � xnð0Þ½ �T

where, � � �½ �T denotes transpose, and u is the forcing function.
Integrating Eq. (8.1) we have

x tð Þ � x 0ð Þ ¼ A
Z

x tð ÞdtþB
Z

u tð Þdt ð8:2Þ

Expanding x(t), x(0) and u(t) via an m-set hybrid function [4], we get

x tð Þ,CSxS mð Þ þCTxT mð Þ
x 0ð Þ,CSx0S mð Þ þCTx0T mð Þ and

u tð Þ,CT
SuS mð Þ þCT

TuT mð Þ
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where,

CSx ¼

CT
Sx1

CT
Sx2

..

.

..

.

CT
Sxi

..

.

..

.

CT
Sxn

2
666666666666664

3
777777777777775

; CTx ¼

CT
Tx1

CT
Tx2

..

.

..

.

CT
Txi

..

.

..

.

CT
Txn

2
666666666666664

3
777777777777775

; CSx0 ¼

CT
Sx01

CT
Sx02

..

.

..

.

CT
Sx0i

..

.

..

.

CT
Sx0n

2
666666666666664

3
777777777777775

and CTx0 ¼

CT
Tx01

CT
Tx02

..

.

..

.

CT
Tx0i

..

.

..

.

CT
Tx0n

2
666666666666664

3
777777777777775

CSxi ¼ cSxi1 cSxi2 cSxi3 � � � cSxim½ �T
CTxi ¼ cTxi1 cTxi2 cTxi3 � � � cTxim½ �T
CSx0i ¼ cSx0i1 cSx0i2 cSx0i3 � � � cSx0im½ �T

CTx0i ¼ cTx0i1 cTx0i2 cTx0i3 � � � cTx0im½ �T

Csu ¼ csu;1 csu;2 csu;3 � � � csu;m½ �T

CTu ¼ cTu;1 cTu;2 cTu;3 � � � cTu;m½ �T

Substituting in (8.1) and rearranging we have

CSx � CSx0ð ÞSðmÞ þ CTx � CTx0ð ÞTðmÞ = A
Z

xdtþB
Z

udt ð8:3Þ

We take up the first term on the RHS of (8.3) to write

A
Z

xdt ¼ A
Z

CSxSðmÞ þCTxTðmÞ
� �

dt ¼ ACSx

Z
SðmÞdtþACTx

Z
TðmÞdt

Using relations (4.9) and (4.18), we have

A
Z

xdt ¼ ACSx P1ss mð ÞS mð Þ þP1st mð ÞT mð Þ
� �þACTx P1ts mð ÞS mð Þ þP1tt mð ÞT mð Þ

� �
¼ A CSxþ 1

2
CTx

� �
P1ss mð ÞS mð Þ þ hA CSxþ 1

2
CTx

� �
T mð Þ

ð8:4Þ
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and similarly for the second term on the RHS of (8.3) we have

B
Z

udt ¼ B
Z

CT
SuSðmÞ þCT

TuTðmÞ
� �

dt

¼ B CT
Suþ

1
2
CT

Tu

� �
P1ss mð ÞS mð Þ þ hB CT

Suþ
1
2
CT

Tu

� �
T mð Þ

ð8:5Þ

Hence we can rewrite Eq. (8.3) as (dropping the dimension argument m)

CSx � CSx0ð ÞSþ CTx � CTx0ð ÞT ¼ A CSxþ 1
2
CTx

� �
P1ss Sþ hA CSxþ 1

2
CTx

� �
T

þB CT
Suþ

1
2
CT

Tu

� �
P1ss Sþ hB CT

Suþ
1
2
CT

Tu

� �
T

¼ ACSxþ 1
2
ACTxþBCT

Suþ
1
2
BCT

Tu

� �
P1ss S

þ h ACSxþ 1
2
ACTxþBCT

Suþ
1
2
BCT

Tu

� �
T

ð8:6Þ

Now equating like coefficients of (8.6), we get

CSx � CSx0 ¼ ACSxþ 1
2
ACTxþBCT

Suþ
1
2
BCT

Tu

� �
P1ss ð8:7Þ

CTx � CTx0 ¼ h ACSxþ 1
2
ACTxþBCT

Suþ
1
2
BCT

Tu

� �
ð8:8Þ

These two Eqs. (8.7) and (8.8) are to be solved for CSx and CTx respectively. We
can solve for CSx and CTx, either from sample-and-hold function vector, or from
triangular function vector. Both these approaches are described below.

8.1.1 Solution from Sample-and-Hold Function Vectors

The initial values of all the states being constants, they always essentially represent
step functions. Hence, HF domain expansions of the initial values will always yield
null coefficient matrices for the T vectors.

So, from Eq. (8.8)
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CTx ¼ h ACSxþ 1
2
ACTxþBCT

Suþ
1
2
BCT

Tu

� �

or, ACSx ¼ 1
h
CTx � 1

2
ACTx � B CT

Suþ
1
2
CT

Tu

� � ð8:9Þ

Substituting relation (8.8) into (8.7) and simplifying, we have

CTxP1ss ¼ h CSx � CSx0ð Þ ð8:10Þ

From Eq. (8.7),

CSx � CSx0 ¼ ACSxþ 1
2
ACTxþBCT

Suþ
1
2
BCT

Tu

� �
P1ss

¼ ACSxP1ssþ 1
2
ACTxP1ssþB CT

Suþ
1
2
CT

Tu

� �
P1ss

ð8:11Þ

Using (8.10) on the RHS of (8.11), we have

CSx � CSx0 ¼ ACSxP1ssþ 1
2
Ah CSx � CSx0ð ÞþB CT

Suþ
1
2
CT

Tu

� �
P1ss

Calling the operational matrix for integration in (BPF) domain P [5] we have the
following relation:

P1ss ¼ P� h
2
I ð8:12Þ

Replacing P1ss following (8.12), we get

CSx � CSx0 ¼ ACSx P� h
2
I

� �
þ 1

2
Ah CSx � CSx0ð ÞþB CT

Suþ
1
2
CT

Tu

� �
P1ss

¼ ACSxP� h
2
ACSx0þB CT

Suþ
1
2
CT

Tu

� �
P1ss

Therefore,

CSx � ACSxP ¼ I� h
2
A

� �
CSx0þB CT

Suþ
1
2
CT

Tu

� �
P1ss ð8:13Þ

Now subtracting the ith column from the (i + 1)th column, we get
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CSx½ �iþ 1� CSx½ �i� ACSxP½ �iþ 1þ ACSxP½ �i
¼ I� h

2
A

� �
CSx0

� �
iþ 1
� I� h

2
A

� �
CSx0

� �
i

þ B CT
Suþ

1
2
CT

Tu

� �
P1ss

� �
iþ 1
� B CT

Suþ
1
2
CT

Tu

� �
P1ss

� �
i

¼ B CT
Suþ

1
2
CT

Tu

� �
P1ss

� �
iþ 1
� B CT

Suþ
1
2
CT

Tu

� �
P1ss

� �
i

ð8:14Þ

Now, the (i + 1)th column of ACSxP is

ACSxP½ �iþ 1 ¼

a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

an1 an2 � � � ann

2
66664

3
77775

cSx11 cSx12 � � � cSx1m
cSx21 cSx22 � � � cSx2m

..

. ..
. ..

.

cSxn1 cSxn2 � � � cSxnm

2
66664

3
77775h

1

1

..

.

1
2

0

..

.

0

2
6666666666664

3
7777777777775

iþ 1ð Þth column

#

 
 

iþ 1ð Þth element

iþ 2ð Þth element

¼ h

a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

an1 an2 � � � ann

2
66664

3
77775

cSx11þ cSx12þ � � � þ 1
2 cSx1 iþ 1ð Þ

cSx21þ cSx22þ � � � þ 1
2 cSx2 iþ 1ð Þ

..

.

cSxn1þ cSxn2þ � � � þ 1
2 cSxn iþ 1ð Þ

2
666664

3
777775

¼ h

a11 cSx11þ cSx12þ � � � þ 1
2
cSx1 iþ 1ð Þ

� �
þ a12 cSx21þ cSx22þ � � � þ 1

2
cSx2 iþ 1ð Þ

� �
þ � � �

þ a1n cSxn1þ cSxn2þ � � � þ 1
2
cSxn iþ 1ð Þ

� �

a21 cSx11þ cSx12þ � � � þ 1
2
cSx1 iþ 1ð Þ

� �
þ a22 cSx21þ cSx22þ � � � þ 1

2
cSx2 iþ 1ð Þ

� �
þ � � �

þ a2n cSxn1þ cSxn2þ � � � þ 1
2
cSxn iþ 1ð Þ

� �

..

.

an1 cSx11þ cSx12þ � � � þ 1
2
cSx1 iþ 1ð Þ

� �
þ an2 cSx21þ cSx22þ � � � þ 1

2
cSx2 iþ 1ð Þ

� �
þ � � �

þ ann cSxn1þ cSxn2þ � � � þ 1
2
cSxn iþ 1ð Þ

� �

2
666666666666666666666666664

3
777777777777777777777777775

ð8:15Þ
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Similarly, the ith column of ACSxP is

ACSxP½ � i ¼ h

a11 cSx11þ cSx12þ � � � þ 1
2
cSx1i

� �
þ a12 cSx21þ cSx22þ � � � þ 1

2
cSx2i

� �
þ � � �

þ a1n cSxn1þ cSxn2þ � � � þ 1
2
cSxni

� �

a21 cSx11þ cSx12þ � � � þ 1
2
cSx1i

� �
þ a22 cSx21þ cSx22þ � � � þ 1

2
cSx2i

� �
þ � � �

þ a2n cSxn1þ cSxn2þ � � � þ 1
2
cSxni

� �
..
.

an1 cSx11þ cSx12þ � � � þ 1
2
cSx1i

� �
þ an2 cSx21þ cSx22þ � � � þ 1

2
cSx2i

� �
þ � � �

þ ann cSxn1þ cSxn2þ � � � þ 1
2
cSxni

� �

2
666666666666666666666664

3
777777777777777777777775

ð8:16Þ

Subtracting (8.16) from (8.15), we can write

ACSxP½ �iþ 1� ACSxP½ �i ¼ h

a11
2 cSx1iþ a11

2 cSx1 iþ 1ð Þ þ � � � þ a1n
2 cSxniþ a1n

2 cSxn iþ 1ð Þ
a21
2 cSx1iþ a21

2 cSx1 iþ 1ð Þ þ � � � þ a2n
2 cSxniþ a2n

2 cSxn iþ 1ð Þ

..

.

an1
2 cSx1iþ an1

2 cSx1 iþ 1ð Þ þ � � � þ ann
2 cSxniþ ann

2 cSxn iþ 1ð Þ

2
666664

3
777775

¼ h
2

a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

an1 an2 � � � ann

2
66664

3
77775

cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775þ

h
2

a11 a12 � � � a1n
a21 a22 � � � a2n

..

. ..
. ..

.

an1 an2 � � � ann

2
66664

3
77775

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775

or, ACSxP½ �iþ 1� ACSxP½ �i¼
h
2
A

cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775þ

h
2
A

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775

ð8:17Þ

Substituting relation (8.17) in the LHS of Eq. (8.14), we get,
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CSx½ �iþ 1� CSx½ �i� ACSxP½ �iþ 1þ ACSxP½ �i

¼

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775�

cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775�

h
2
A

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775�

h
2
A

cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775

¼ I� h
2
A

� � cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775� Iþ h

2
A

� � cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775

ð8:18Þ

Now from RHS of Eq. (8.14)

B CT
Suþ

1
2
CT

Tu

� �
P1ss

� �
iþ 1
¼ B CT

Suþ
1
2
CT

Tu

� �
P1ss½ �iþ 1

and,

B CT
Suþ

1
2
CT

Tu

� �
P1ss

� �
i
¼ B CT

Suþ
1
2
CT

Tu

� �
P1ss½ �i

We know from (8.12) that P1ss ¼ P� h
2 I ¼

0 h h � � � h
0 0 h � � � h
..
. ..

. ..
. ..

.

0 0 0 � � � 0

2
664

3
775

Therefore,
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B CT
Suþ

1
2
CT

Tu

� �
P1ss½ �iþ 1¼ B CT

Suþ
1
2
CT

Tu

� �
h

h

..

.

h

0

..

.

0

2
6666666666664

3
7777777777775

iþ 1ð Þth column

#

 
 

ith element

iþ 1ð Þth element

¼ B½ �n�1 CT
Suþ

1
2
CT

Tu

� �
1�m

h

h

..

.

h

0

..

.

0

2
6666666666664

3
7777777777775
m�1

¼ h B½ �n�1
Xi

j¼1
CT

Suþ
1
2
CT

Tu

� �
j

Similarly,

B CT
Suþ

1
2
CT

Tu

� �
P1ss½ �i ¼ B CT

Suþ
1
2
CT

Tu

� �
h

h

..

.

h

0

..

.

0

2
6666666666664

3
7777777777775

ith element

#

 
 

i� 1ð Þth element

ith element

¼ h B½ �n�1
Xi�1
j¼1

CT
Suþ

1
2
CT

Tu

� �
j

Therefore,
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B CT
Suþ

1
2
CT

Tu

� �
P1ss

� �
iþ 1
� B CT

Suþ
1
2
CT

Tu

� �
P1ss

� �
i

¼ h B½ �n�1
Xi

j¼1
CT

Suþ
1
2
CT

Tu

� �
j
� h B½ �n�1

Xi�1
j¼1

CT
Suþ

1
2
CT

Tu

� �
j

¼ h B½ �n�1 CT
Suþ

1
2
CT

Tu

� �
i

ð8:19Þ

After substituting the expressions from Eqs. (8.14), (8.18) and (8.19), we can
write the following recursive structure of system states

I� h
2
A

� � cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775� Iþ h

2
A

� � cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775 ¼ hB CT

Suþ
1
2
CT

Tu

� �
i

or;
2
h
I� A

� � cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775�

2
h
IþA

� � cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775 ¼ 2B CT

Suþ
1
2
CT

Tu

� �
i

ð8:20Þ

From Eq. (8.20), using matrix inversion, we have

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
6664

3
7775 ¼ 2

h
I� A

� ��1 2
h
IþA

� � cSx1i
cSx2i
..
.

cSxni

2
6664

3
7775þ 2

2
h
I� A

� ��1
B CT

Suþ
1
2
CT

Tu

� �
i

ð8:21Þ

The inverse in (8.21) can always be made to exist by judicious choice of h.
Equation (8.21) provides a simple recursive solution of the states of a

non-homogeneous system, or, in other words, time samples of the states, with a
sampling period of h knowing the system matrix A, the input matrix B, the input
signal u, and the initial values of the states.
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8.1.2 Solution from Triangular Function Vectors

Now from Eq. (8.8), we have

CTx ¼ h ACSxþ 1
2
ACTxþBCT

Suþ
1
2
BCT

Tu

� �

And from Eq. (8.7), using (8.12), we have

CSx � CSx0 ¼ ACSxþ 1
2
ACTx

� �
P� h

2
I

� �
þB CT

Suþ
1
2
CT

Tu

� �
P1ss

¼ ACSxP� h
2
ACSxþ 1

2
ACTxP� h

4
ACTxþB CT

Suþ
1
2
CT

Tu

� �
P1ss

or; CSx � ACSxPð Þ � CSx0þ h
2
ACSx

¼ 1
2
ACTxP� h

4
ACTxþB CT

Suþ
1
2
CT

Tu

� �
P1ss

ð8:22Þ

From Eqs. (8.13) and (8.22), we have

I� h
2
A

� �
CSx0þB CT

Suþ
1
2
CT

Tu

� �
P1ss� CSx0þ h

2
ACSx

¼ 1
2
ACTxP� h

4
ACTxþB CT

Suþ
1
2
CT

Tu

� �
P1ss

or, ACSx ¼ ACSx0þ 1
h
ACTxP� 1

2
ACTx ð8:23Þ

The initial values of all the states being constants, they always essentially rep-
resent step functions. Hence, HF domain expansions of the initial values will
always yield null coefficient matrices for the T vectors. That means CTx0 ¼ 0.

Using (8.23) in (8.8) we have

CTx ¼ h ACSx0þ 1
h
ACTxP� 1

2
ACTxþ 1

2
ACTxþB CT

Suþ
1
2
CT

Tu

� �� �

or, CTx � ACTxP ¼ hACSx0þ hB CT
Suþ

1
2
CT

Tu

� � ð8:24Þ

Subtracting the ith column from the (i + 1)th column, we have
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CTx½ �iþ 1� CTx½ �i� ACTxP½ �iþ 1þ ACTxP½ �i
¼ hB CT

Suþ
1
2
CT

Tu

� �� �
iþ 1
� hB CT

Suþ
1
2
CT

Tu

� �� �
i

ð8:25Þ

Similar to Eqs. (8.18) and (8.25) can be written as

CTx½ �iþ 1� CTx½ �i� ACTxP½ �iþ 1þ ACTxP½ �i

¼ I� h
2
A

� � cTx1 iþ 1ð Þ
cTx2 iþ 1ð Þ

..

.

cTxn iþ 1ð Þ

2
666664

3
777775� Iþ h

2
A

� � cTx1i
cTx2i

..

.

cTxni

2
66664

3
77775

ð8:26Þ

From Eqs. (8.25) and (8.26), we have

I� h
2
A

� � CTx1 iþ 1ð Þ
CTx2 iþ 1ð Þ

..

.

CTxn iþ 1ð Þ

2
666664

3
777775� Iþ h

2
A

� � cTx1i
cTx2i

..

.

cTxni

2
66664

3
77775

¼ h B CT
Suþ

1
2
CT

Tu

� �� �
iþ 1
�h B CT

Suþ
1
2
CT

Tu

� �� �
i

ð8:27Þ

or,

cTx1 iþ 1ð Þ
cTx2 iþ 1ð Þ

..

.

cTxn iþ 1ð Þ

2
666664

3
777775 ¼

2
h
I� A

� ��1 2
h
IþA

� � cTx1i
cTx2i

..

.

cTxni

2
66664

3
77775

þ 2
2
h
I� A

� ��1
B CT

Suþ
1
2
CT

Tu

� �� �
iþ 1
� B CT

Suþ
1
2
CT

Tu

� �� �
i

� 	
ð8:28Þ

Equation (8.28) provides an alternative recursive solution of the states of a
non-homogeneous system, knowing the system matrix A, the input matrix B, the
input signal u, and the initial values of the states. The solution as obtained via
Eq. (8.21) can be verified by Eq. (8.28) as well. But the only thing we have to
remember that, in case of Eq. (8.28), to know the initial value of T matrix, we
should have first two samples of the states. Whereas the second sample of the state
can be determined with the help of Eq. (8.21) only. So when only first sample of the
states are given, the system states can be solved only by Eq. (8.21). And if fortu-
nately first two samples of states are available, then only with the help of T matrix
i.e. equation (8.28), the system states can be solved.
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8.1.3 Numerical Examples

Example 8.1 [1] (vide Appendix B, Program no. 22) Consider a non-homogeneous
system given by _x tð Þ ¼ Ax tð ÞþBu tð Þ where

A ¼ 0 1
�2 �3

� �
; B ¼ 0

1

� �
; x0 ¼ 0

0:5

� �
and u tð Þ ¼ 1

having the solution x1 tð Þ ¼ 0:5 1� exp �tð Þð Þ and x2 tð Þ ¼ 0:5 exp �tð Þ.
The graphical comparison of the system states of Example 8.1, obtained via HF
domain analysis (for m = 12) with their direct expansion are presented in Fig. 8.1,
whereas in Table 8.1 we compare the results obtained in HF domain using direct
expansion for m = 8.

Figure 8.2 is proof enough that the percentage error of HF based recursive
solution decreases drastically as the number of segments m increases. With the
increase in m, it is observed that the number of zero error points has increased.

8.2 Determination of Output of a Non-homogeneous
System [3]

Consider the output of a non-homogeneous system described by

y tð Þ ¼ Cx tð ÞþDu tð Þ ð8:29Þ

where,

x is the state vector given by x ¼ x1 x2 � � � xn½ �T

Fig. 8.1 Comparison of HF
based recursive solution of
Example 8.1, for m = 12 with
the exact solutions of state x1
and state x2 (vide
Appendix B, Program no. 22)
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y(t) is the output vector, is expressed by y tð Þ, y1 y2 � � � yv½ �T
u(t) is the input vector, is expressed by u tð Þ, u1 u2 � � � ur½ �T

C is the output matrix given by C,

c11 c12 c13 � � � c1n
c21 c22 c23 � � � c2n
..
. ..

. ..
. ..

.

..

. ..
. ..

. ..
.

cv1 cv2 cv3 � � � cvn

2
666664

3
777775

Table 8.1 Solution of states x1 and x2 of the non-homogeneous system of Example 8.1 with
comparison of exact samples and corresponding samples obtained via HF domain with percentage
error at different sample points for m = 8 and T = 1 s (vide Appendix B, Program no. 22)

(a)

t(s) System state x1
Exact samples of the
state x1;d

Samples from HF analysis, using
Eq. (8.21), x1;h

% error
�1 ¼ x1;d�x1;h

x1;d
� 100

0 0.00000000 0.00000000 –

1
8 0.05875155 0.05882353 −0.12251592
2
8 0.11059961 0.11072664 −0.11485574
3
8 0.15635536 0.15652351 −0.10754348
4
8 0.19673467 0.19693251 −0.10056184
5
8 0.23236929 0.23258751 −0.09391086
6
8 0.26381672 0.26404780 −0.08759111
7
8 0.29156899 0.29180688 −0.08158961
8
8 0.31606028 0.31630019 −0.07590641

(b)

t(s) System state x2
Exact samples of the
state x2;d

Samples from HF analysis, using
Eq. (8.21), x2;h

% error
�2 ¼ x2;d�x2;h

x2;d
� 100

0 0.50000000 0.50000000 0.00000000
1
8 0.44124845 0.44117647 0.01631281
2
8 0.38940039 0.38927336 0.03262195
3
8 0.34364464 0.34347649 0.04893136
4
8 0.30326533 0.30306749 0.06523660
5
8 0.26763071 0.26741249 0.08153773
6
8 0.23618328 0.23595220 0.09783927
7
8 0.20843101 0.20819312 0.11413369
8
8 0.18393972 0.18369981 0.13042860
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D is the direct transmission matrix given by D,

d11 d12 d13 � � � d1r
d21 d22 d23 � � � d2r
..
. ..

. ..
. ..

.

..

. ..
. ..

. ..
.

dv1 dv2 dv3 � � � dvr

2
666664

3
777775

As before, expanding state vector x, output vector y(t) and the forcing function
u(t) via an m-set hybrid function set, we get

x tð Þ,CSxS mð Þ þCTxT mð Þ y tð Þ, ySS mð Þ þ yTT mð Þ u tð Þ,CSuS mð Þ þCTuT mð Þ

Fig. 8.2 Percentage error for
three different values of m
(m = 4, 8 and 20) and T = 1 s
for a state x1 and b state x2 of
Example 8.1
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where,

CSx ¼

CT
Sx1

CT
Sx2

..

.

..

.

CT
Sxi

..

.

..

.

CT
Sxn

2
666666666666664

3
777777777777775
n�m

; CTx ¼

CT
Tx1

CT
Tx2

..

.

..

.

CT
Txi

..

.

..

.

CT
Txn

2
666666666666664

3
777777777777775
n�m

; CSu ¼

CT
Su1

CT
Su2

..

.

..

.

CT
Sui

..

.

..

.

CT
Sur

2
666666666666664

3
777777777777775
r�m

;

CTu ¼

CT
Tu1

CT
Tu2

..

.

..

.

CT
Tui

..

.

..

.

CT
Tur

2
666666666666664

3
777777777777775
r�m

yS ¼

yTS1
yTS2
..
.

..

.

yTSi
..
.

..

.

yTSv

2
66666666666664

3
77777777777775
v�m

; yT ¼

yTT1
yTT2
..
.

..

.

yTTi
..
.

..

.

yTTv

2
66666666666664

3
77777777777775
v�m

and,

CT
Sxi ¼ cSxi1 cSxi2 cSxi3 � � � cSxim½ �; CT

Txi ¼ cTxi1 cTxi2 cTxi3 � � � cTxim½ �
CT

Sui ¼ cSui1 cSui2 cSui3 � � � cSuim½ �; CT
Tui ¼ cTui1 cTui2 cTui3 � � � cTuim½ �

yTSi ¼ cSi1 cSi2 cSi3 � � � cSim½ �; yTTi ¼ cTi1 cTi2 cTi3 � � � cTim½ �

Substituting in (8.29) we have

ySS mð Þ þ yTT mð Þ ¼ C CSxS mð Þ þCTxT mð Þ

 �þD CSuS mð Þ þCTuT mð Þ


 �
¼ CCSxþDCSuð ÞS mð Þ þ CCTxþDCTuð ÞT mð Þ

ð8:30Þ

From Eq. (8.30) we can write

yS ¼ CCSxþDCSu ð8:31Þ

yT ¼ CCTxþDCTu ð8:32Þ
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8.2.1 Numerical Examples

Example 8.2 (vide Appendix B, Program no. 23) Consider a non-homogeneous
system _x tð Þ ¼ Ax tð ÞþBu tð Þ; y tð Þ = Cx tð Þ with unit step forcing function, where

A ¼ 0 1
�2 �3

� �
;B ¼ 0

1

� �
;C ¼ 1 0½ �;D ¼ 0 and x0 ¼ 0

0:5

� �
The time variation of the output y(t) is shown in Fig. 8.3 and the respective sample
values are compared in Table 8.2.

Fig. 8.3 Hybrid function
based analysis of system
output with m = 10 and its
comparison with the exact
output of Example 8.2 (vide
Appendix B, Program no. 23)

Table 8.2 Solution of output of the non-homogeneous system of Example 8.2 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 8 and T = 1 s (vide Appendix B, Program no. 23)

t(s) System output y(t)

Direct expansion HF coefficients using Eq. (8.31) % error

0 0.00000000 0.00000000 –

1
8 0.05875155 0.05882353 −0.12251592
2
8 0.11059961 0.11072664 −0.11485574
3
8 0.15635536 0.15652351 −0.10754348
4
8 0.19673467 0.19693251 −0.10056184
5
8 0.23236929 0.23258751 −0.09391086
6
8 0.26381672 0.26404780 −0.08759111
7
8 0.29156899 0.29180688 −0.08158961
8
8 0.31606028 0.31630019 −0.07590641
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8.3 Analysis of Homogeneous State Equation [4]

For a homogeneous system, B is zero and Eq. (8.21) will be reduced to

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
6664

3
7775 ¼ 2

h
I� A

� ��1 2
h
IþA

� � cSx1i
cSx2i
..
.

cSxni

2
6664

3
7775 ð8:33Þ

Whereas Eq. (8.33) provides a simple recursive solution of the states of
homogeneous system, or, in other words, time samples of the states, with a sam-
pling period of h knowing the system matrix A and the initial values of the states.

8.3.1 Numerical Examples

Example 8.3 (vide Appendix B, Program no. 24) Consider a homogeneous system

_x tð Þ ¼ Ax tð Þ; where A ¼ 0 1
�1 �2

� �
and x 0ð Þ ¼ 0

1

� �
having the solution x1 tð Þ ¼

t exp �tð Þ and x2 tð Þ ¼ 1� tð Þ exp �tð Þ.
The results of analysis of the given system are presented in Table 8.3 and Fig. 8.4
compares the result obtained in HF domain for m = 4 with its direct expansion.

Example 8.4 [6] Consider a homogeneous system _x tð Þ ¼ 0 x
x 0

� �
; x tð Þ,Ax tð Þ;

with initial condition x 0ð Þ ¼ 1 0½ �T and the exact solution is given by

x tð Þ ¼ cos xtð Þ
� sin xtð Þ

� �
.

It is observed that the use of only Eq. (8.33) provides the complete solution of
the states x1(t) and x2(t) in hybrid function domain as the method is recursive and
we can solve for any sample point using the previous sample.

From Eq. (8.33), we solve for the vector x(t) and study four cases with h = 0.1,
0.01, 0.001 and 0.0001 s, ω = 10 and m = 10. The Tables 8.4, 8.5, 8.6, 8.7, 8.8, 8.9,
8.10 and 8.11 compares the HF domain results with the exact solution. The last
column in each table contain the percentage errors for different samples of x1(t) and
x2(t). Also, respective figures are shown from Figs. 8.5, 8.6, 8.7, 8.8, 8.9, 8.10, 8.11
and 8.12.

Since we have considered values of h from 0.1 to 0.0001, it may be expected that
for smaller h, HF domain solutions will match almost exactly with the exact sample
values of the states x1(t) and x2(t). For this reason, to bring out the difference
between these two solutions, whatever less it may be, we have used MATLAB long
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format computations for computing the HF domain as well as exact values of the
samples of the states tabulated Tables 8.8, 8.9, 8.10 and 8.11.

Table 8.12 [6] compare the maximum absolute errors of five different methods
including the HF domain approach.

Table 8.3 Solution of states x1 and x2 of the homogeneous system of Example 8.3 with
comparison of exact samples and corresponding samples obtained via HF domain with percentage
error at different sample points for m = 4 and T = 1 s (vide Appendix B, Program no. 24)

(a)

t(s) System state x1
Exact samples of
the state
x1;d

Samples from HF domain, using
Eq. (8.33), x1;h

% error
�1 ¼ x1;d�x1;h

x1;d
� 100

0 0.00000000 0.00000000 –

1
4 0.19470020 0.19753086 −1.45385572
2
4 0.30326533 0.30727023 −1.32059276
3
4 0.35427491 0.35848194 −1.18750436
4
4 0.36787944 0.37175905 −1.05458734

(b)

t(s) System state x2
Exact samples of the
state x2;d

Samples from HF domain, using
Eq. (8.33), x2;h

% error
�2 ¼ x2;d�x2;h

x2;d
� 100

0 1.00000000 1.00000000 0.00000000
1
4 0.58410059 0.58024691 0.65976307
2
4 0.30326533 0.29766804 1.84567421
3
4 0.11809164 0.11202561 5.13671417
4
4 0.00000000 −0.00580874 –

Fig. 8.4 Comparison of HF
domain recursive solution of
Example 8.3, for m = 4 and
T = 1 s with the exact
solutions of states x1 and x2
(vide Appendix B, Program
no. 24)
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Example 8.5 Consider another homogeneous system _x tð Þ ¼ Ax tð Þ,

where A ¼
0 1 0
0 0 1
�6 �11 �6

2
4

3
5 and x 0ð Þ ¼

1
0
0

2
4

3
5having the

Table 8.4 Solution of states x1 of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 1 s

t(s) System state x1
Exact samples of the
state x1;d

Samples from HF domain, using
Eq. (8.33), x1;h

% error
�1 ¼ x1;d�x1;h

x1;d
� 100

0 1.00000000 1.00000000 0.00000000
1
10 0.54030231 0.60000000 −11.04894221
2
10 −0.41614684 −0.28000000 32.71605763
3
10 −0.98999250 −0.93600000 5.45382920
4
10 −0.65364362 −0.84320000 −28.99995872
5
10 0.28366219 −0.07584000 126.73602710
6
10 0.96017029 0.75219200 21.66056294
7
10 0.75390225 0.97847040 −29.78743597
8
10 −0.14550003 0.42197248 390.01539037
9
10 −0.91113026 −0.47210342 48.18485998
10
10 −0.83907153 −0.98849659 −17.80838160

Table 8.5 Solution of state x2 of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 1 s

t(s) System state x2
Exact samples of the
state x2;d

Samples from HF domain, using
Eq. (8.33), x2;h

% error
�2 ¼ x2;d�x2;h

x2;d
� 100

0 0.00000000 0.00000000 –

1
10 −0.84147098 −0.80000000 4.92839099
2
10 −0.90929743 −0.96000000 −5.57601598
3
10 −0.14112001 −0.35200000 −149.43308890
4
10 0.75680250 0.53760000 28.96429385
5
10 0.95892427 0.99712000 −3.98318524
6
10 0.27941550 0.65894400 −135.82943681
7
10 −0.65698660 −0.20638720 68.58578242
8
10 −0.98935825 −0.90660864 8.36396826
9
10 −0.41211849 −0.88154317 −113.90527030
10
10 0.54402111 −0.15124316 127.80097265
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solution

x1 tð Þ ¼ 3 exp �tð Þ � 3 exp �2tð Þþ exp �3tð Þ;
x2 tð Þ ¼ �3 exp �tð Þþ 6 exp �2tð Þ � 3 exp �3tð Þ and
x3 tð Þ ¼ 3 exp �tð Þ � 12 exp �2tð Þþ 9 exp �3tð Þ

Figure 8.13 shows the solution of the system states x1(t), x2(t) and x3(t) and the
results obtained for m = 8 in HF domain are compared with the direct expansion.

Table 8.6 Solution of state x1 of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 0.1 s

t(s) System state x1
Exact samples of the
state x1;d

Samples from HF domain, using
Eq. (8.33), x1;h

% error
�1 ¼ x1;d�x1;h

x1;d
� 100

0 1.00000000 1.00000000 0.00000000
1

100 0.99500417 0.99501247 −0.00083417
2

100 0.98006658 0.98009963 −0.00337222
3

100 0.95533649 0.95541023 −0.00771875
4

100 0.92106099 0.92119055 −0.01406639
5

100 0.87758256 0.87778195 −0.02272037
6

100 0.82533561 0.82561741 −0.03414369
7

100 0.76484219 0.76521729 −0.04904280
8

100 0.69670671 0.69718408 −0.06851807
9

100 0.62160997 0.62219641 −0.09434212
10
100 0.54030231 0.54100229 −0.12955340

Table 8.7 Solution of state x2 of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 0.1 s

t(s) System state x2
Exact samples of the
state x2;d

Samples from HF domain, using
Eq. (8.33), x2;h

% error
�2 ¼ x2;d�x2;h

x2;d
� 100

0 0.00000000 0.00000000 –

1
100 −0.09983342 −0.09975062 0.08293816
2

100 −0.19866933 −0.19850623 0.08209621
3

100 −0.29552021 −0.29528172 0.08070176
4

100 −0.38941834 −0.38911176 0.07872767
5

100 −0.47942554 −0.47906039 0.07616407
6

100 −0.56464247 −0.56423035 0.07298778
7

100 −0.64421769 −0.64377209 0.06916917
8

100 −0.71735609 −0.71689216 0.06467220
9

100 −0.78332691 −0.78286118 0.05945538
10
100 −0.84147098 −0.84102112 0.05346114
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The results of analysis of the system are presented in Table 8.13 and we have
compared the samples obtained via HF domain analysis with its direct expansion
for m = 8.

Table 8.8 Solution of state x1 of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 0.01 s

t(s) System state x1
Exact samples of the
state x1;d

Samples from HF domain, using
Eq. (8.33), x1;h

% error
�1 ¼ x1;d�x1;h

x1;d
� 100

0 1.000000000000000 1.000000000000000 0.000000000000000
1

1000 0.999950000416665 0.999950001249969 −8.333450931694e−8
2

1000 0.999800006666578 0.999800009999625 −3.333713781104e−7
3

1000 0.999550033748988 0.999550041247719 −7.502106664312e−7
4

1000 0.999200106660978 0.999200119990500 −1.334019299526e−6
5

1000 0.998750260394966 0.998750281219221 −2.085031178134e−6
6

1000 0.998200539935204 0.998200569916632 −3.003547586832e−6
7

1000 0.997551000253280 0.997551041052492 −4.089937456679e−6
8

1000 0.996801706302619 0.996801759578061 −5.344637849625e−6
9

1000 0.995952733011994 0.995952800419614 −6.768154521393e−6
10

1000 0.995004165278026 0.995004248470945 −8.361062463701e−6

Table 8.9 Solution of state x2 of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 0.01 s

t(s) System state x2
Exact samples of the
state x2;d

Samples from HF domain, using
Eq. (8.33), x2;h

% error
�2 ¼ x2;d�x2;h

x2;d
� 100

0 0.000000000000000 0.000000000000000 –

1
1000 −0.009999833334167 −0.009999750006250 8.332930563493e−4
2

1000 −0.019998666693333 −0.019998500062498 8.332097225479e−4
3

1000 −0.029995500202496 −0.029995250318735 8.330708254490e−4
4

1000 −0.039989334186634 −0.039989001124926 8.328763539592e−4
5

1000 −0.049979169270678 −0.049978753130974 8.326262924834e−4
6

1000 −0.059964006479445 −0.059963507386653 8.323206210049e−4
7

1000 −0.069942847337533 −0.069942265441499 8.319593150895e−4
8

1000 −0.079914693969173 −0.079914029444652 8.315423457460e−4
9

1000 −0.089878549198011 −0.089877802244640 8.310696795552e−4
10

1000 −0.099833416646828 −0.099832587489093 8.305412786219e−4
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Table 8.10 Solution of state x1 of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 0.001 s

t(s) System state x1
Exact samples of the
state x1;d

Samples from HF domain, using
Eq. (8.33), x1;h

% error
�1 ¼ x1;d�x1;h

x1;d
� 100

0 1.000000000000000 1.000000000000000 0.000000000000000
1

10000 0.999999500000042 0.999999500000125 −8.337779083824e−12
2

10000 0.999998000000667 0.999998000001000 −3.335116636205e−11
3

10000 0.999995500003375 0.999995500004125 −7.501810735515e−11
4

10000 0.999992000010667 0.999992000012000 −1.333499542859e−10
5

10000 0.999987500026042 0.999987500028125 −2.083581595030e−10
6

10000 0.999982000054000 0.999982000057000 −3.000320707358e−10
7

10000 0.999975500100042 0.999975500104125 −4.083722379966e−10
8

10000 0.999968000170666 0.999968000176000 −5.333904138926e−10
9

10000 0.999959500273374 0.999959500280125 −6.750762460663e−10
10

10000 0.999950000416665 0.999950000424999 −8.334194818315e−10

Table 8.11 Solution of state x2 of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 0.001 s

t(s) System state x2
Exact samples of the
state x2;d

Samples from HF domain, using
Eq. (8.33), x2;h

% error
�2 ¼ x2;d�x2;h

x2;d
� 100

0 0.000000000000000 0.000000000000000 –

1
10000 −0.000999999833333 −0.000999999750000 8.333329318508e−6

2
10000 −0.001999998666667 −0.001999998500001 8.333320995157e−6

3
10000 −0.002999995500002 −0.002999995250003 8.333307115657e−6

4
10000 −0.003999989333342 −0.003999989000011 8.333287679974e−6

5
10000 −0.004999979166693 −0.004999978750031 8.333262666380e−6

6
10000 −0.005999964000065 −0.005999963500074 8.333232118187e−6

7
10000 −0.006999942833473 −0.006999942250154 8.333196004346e−6

8
10000 −0.007999914666940 −0.007999914000294 8.333154330969e−6

9
10000 −0.008999878500492 −0.008999877750523 8.333107091766e−6
10

10000 −0.009999833334167 −0.009999832500875 8.333054300258e−6
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8.4 Determination of Output of a Homogeneous System [3]

For an n × n homogeneous system, D will be zero and Eqs. (8.31) and (8.32) will be
reduced to,

yS ¼ CCSx ð8:34Þ

yT ¼ CCTx ð8:35Þ

These Eqs. (8.34) and (8.35) provide simple solution of the output of homo-
geneous system.

Fig. 8.5 Solution of state x1
in HF domain a using step
size h = 0.1 s, m = 10, T = 1 s
and b using step size
h = 0.01 s, m = 100, T = 1 s,
along with the exact solution
of Example 8.4
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Fig. 8.6 Solution of state x2
in HF domain a using step
size h = 0.1 s, m = 10, T = 1 s
and b using step size
h = 0.01 s, m = 100, T = 1 s,
along with the exact solution
of Example 8.4

Fig. 8.7 Solution of state x1
in HF domain, using step size
h = 0.01 s, for m = 10 and
T = 0.1 s along with the exact
solution of Example 8.4
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Fig. 8.8 Solution of state x2
in HF domain, using step size
h = 0.01 s, for m = 10 and
T = 0.1 s along with the exact
solution of Example 8.4

Fig. 8.9 Solution of state x1
in HF domain, using step size
h = 0.001 s, for m = 10 and
T = 0.01 s along with the
exact solution of Example 8.4

Fig. 8.10 Solution of state x2
in HF domain, using step size
h = 0.001 s, for m = 10 and
T = 0.01 s along with the
exact solution of Example 8.4
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Fig. 8.11 Solution of state x1
in HF domain, using step size
h = 0.0001 s, for m = 10 and
T = 0.001 s along with the
exact solution of Example 8.4

Fig. 8.12 Solution of state x2
in HF domain, using step size
h = 0.0001 s, for m = 10 and
T = 0.001 s along with the
exact solution of Example 8.4

Table 8.12 Comparison of maximum absolute error obtained via MERKDP510, MERKDP512,
MERKDP514 [6, 7] and HF based approaches for step sizes h of 0.1, 0.01, 0.001 and 0.0001 s
respectively, for Example 8.4

h(s) Maximum absolute error

MERKDP510 MERKDP512 MERKDP514 HF domain

0.1 1.6 × 10−1 4.4 × 10−2 1.8 × 10−3 390.01539037

0.01 3.1 × 10−3 1.1 × 10−3 7.4 × 10−4 0.12955340

0.001 2.9 × 10−4 2.8 × 10−5 1.9 × 10−6 8.332930563493e−4

0.0001 2.9 × 10−5 1.0 × 10−6 2.9 × 10−7 8.333329318508e−6
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8.4.1 Numerical Examples

Example 8.6 Consider a homogeneous system _x tð Þ ¼ Ax tð Þ; y tð Þ = Cx tð Þwhere,
A ¼ 0 1

�1 �2
� �

C ¼ 1 0½ � x0 ¼ 0
1

� �
The samples of the system output y(t) is presented in Table 8.14 and its time
variation is shown in Fig. 8.14 for m = 10 and T = 1 s.

Example 8.7 Consider a homogeneous system _x tð Þ ¼ Ax tð Þ; y tð Þ = Cx tð Þwhere

A ¼
0 1 0
0 0 1
�6 �11 �6

2
4

3
5;C ¼ 4 5 1½ �; x0 ¼

1
0
0

2
4

3
5

The system output y(t) is presented in Table 8.15 and its time variation is shown
in Fig. 8.15 for m = 10 and T = 1 s.

8.5 Analysis of a Non-homogeneous System with Jump
Discontinuity at Input

We can modify Eq. (8.21) to make it suitable for the HFm based approach (as
described in Chap. 3), so that it can come up with good results in spite of the jump
discontinuities. The modification is quite simple in the sense that in the RHS of Eq.
(8.21), all the triangular function coefficient matrices associated with the matrix
B have to be modified as discussed in Chap. 3, Sect. 3.5.1. That is, all the CT

Tu’s in
(8.21) are to be replaced by C0TTu, where C0TTu ,CT

TuJk mð Þ. This modification will
come up with good results for system analysis, shown in the numerical section. The
modified form for analyzing the system with jump discontinuities, is given by

Fig. 8.13 Comparison of HF
domain recursive solution for
m = 8 and T = 1 s with the
exact solutions of state x1,
state x2 and state x3 of
Example 8.5
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Table 8.13 Solution of states x1, x2 and x3 of the homogeneous system of Example 8.5 with
comparison of exact samples and corresponding samples obtained via HF domain with percentage
error at different sample points for m = 8 and T = 1 s

(a)

t(s) System state x1
Exact samples of the
state x1;d

Samples from HF domain, using
Eq. (8.33), x1;h

% error
�1 ¼ x1;d�x1;h

x1;d
� 100

0 1.00000000 1.00000000 0.00000000
1
8 0.99837764 0.99793602 0.04423376
2
8 0.98917692 0.98896937 0.02098209
3
8 0.96942065 0.96964539 −0.02318292
4
8 0.93908382 0.93971286 −0.06698444
5
8 0.89962486 0.90054168 −0.10191137
6
8 0.85310840 0.85417906 −0.12550105
7
8 0.80170398 0.80281012 −0.13797362
8
8 0.74741954 0.74847056 −0.14061982

(b)

t(s) System state x2
Exact samples of the
state x2;d

Samples from HF domain, using
Eq. (8.33), x2;h

% error
�2 ¼ x2;d�x2;h

x2;d
� 100

0 0.00000000 0.00000000 –

1
8 −0.03655385 −0.03302374 9.65728644
2
8 −0.11431805 −0.11044264 3.39002458
3
8 −0.20162592 −0.19874093 1.43086265
4
8 −0.28170581 −0.28017962 0.54176731
5
8 −0.34682040 −0.34655920 0.07531276
6
8 −0.39451637 −0.39524283 −0.18413938
7
8 −0.42526167 −0.42666011 −0.32884224
8
8 −0.44098783 −0.44277287 −0.40478215

(c)

t(s) System state x3
Exact samples of the
state x3;d

Samples from HF domain, using
Eq. (8.33), x3;h

% Error
�3 ¼ x3;d�x3;h

x3;d
� 100

0 0.00000000 0.00000000 –

1
8 −0.51251518 −0.52837977 −3.09543807
2
8 −0.69066659 −0.71032272 −2.84596508
3
8 −0.68465859 −0.70244984 −2.59855792
4
8 −0.58678987 −0.60056918 −2.34825288
5
8 −0.45207858 −0.46150419 −2.08494948
6
8 −0.31186924 −0.31743382 −1.78426702
7
8 −0.18274345 −0.18524277 −1.36766598
8
8 −0.07230146 −0.07256132 −0.35941183
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cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
6664

3
7775 ¼ 2

h
I� A

� ��1 2
h
IþA

� � cSx1i
cSx2i
..
.

cSxni

2
6664

3
7775þ 2

2
h
I� A

� ��1
B CT

Suþ
1
2
C0TTu

� �
i

ð8:36Þ

The inverse in (8.36) can always be made to exist by judicious choice of h.

Table 8.14 Solution of output of the homogeneous system of Example 8.6 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 1 s

t(s) System output y(t)

Direct expansion HF coefficients using Eq. (8.34) % error

0 0.00000000 0.00000000 –

1
10 0.09048374 0.09070295 −0.24226452
2
10 0.16374615 0.16412914 −0.23389252
3
10 0.22224547 0.22274670 −0.22552991
4
10 0.26812802 0.26871030 −0.21716492
5
10 0.30326533 0.30389855 −0.20880066
6
10 0.32928698 0.32994700 −0.20043914
7
10 0.34760971 0.34827739 −0.19207749
8
10 0.35946317 0.36012356 −0.18371562
9
10 0.36591269 0.36655434 −0.17535604
10
10 0.36787944 0.36849378 −0.16699493

Fig. 8.14 Hybrid function
based solution of system
output with m = 10, T = 1 s,
and its comparison with exact
output of Example 8.6

214 8 Time Invariant System Analysis: State Space Approach



8.5.1 Numerical Example

Example 8.8 (vide Appendix B, Program no. 25)
Consider the non-homogeneous system _x tð Þ ¼ Ax tð ÞþBu tð ÞþBu t � að Þ

where A ¼ 0 1
�2 �3

� �
;B ¼ 0

1

� �
; x 0ð Þ ¼ 0

0:5

� �
; u(t) is the unit step function and

u(t − a) is the delayed unit step function, having the solution

Table 8.15 Solution of output of the non-homogeneous system of Example 8.7 with comparison
of exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T = 1 s

t(s) System output y(t)

Direct expansion HF coefficients using Eq. (8.34) % error

0 4.00000000 4.00000000 0.00000000
1
10 3.43074808 3.43083004 −0.00238898
2
10 2.92429700 2.92390133 0.01353043
3
10 2.47973050 2.47865663 0.04330592
4
10 2.09358536 2.09183323 0.08369040
5
10 1.76101633 1.75868707 0.13226794
6
10 1.47656750 1.47380325 0.18720783
7
10 1.23466893 1.23161802 0.24710348
8
10 1.02994320 1.02674151 0.31086083
9
10 0.85738230 0.85414466 0.37761917
10
10 0.71243756 0.70925511 0.44669880

Fig. 8.15 Hybrid function
based solution of system
output with m = 10, T = 1 s,
and its comparison with exact
output of Example 8.7
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x1 tð Þ ¼ 1� 1
2
exp �tð Þ � exp � t � að Þð Þ � 1

2
exp �2 t � að Þð Þ

� �
u t � að Þ

x2 tð Þ ¼ 1
2
exp �tð Þþ exp � t � að Þð Þ � exp �2 t � að Þð Þ½ �u t � að Þ

Considering a = 0.2 s, the exact solution of the states x1(t) and x2(t) are shown in
Fig. 8.16a along with results computed using the HFc approach, with the effect of
combined presence of non-delayed and delayed inputs to the system for m = 10 and
T = 1 s. Figure 8.16b shows similar results using the HFm approach and presents a
visual comparison of the results with the exact solution and the results obtained via
the HFc approach. It is evident that the HFm approach produces much better result
compared to the HFc based analysis.

Fig. 8.16 Comparison of
exact samples of the states x1
and x2 of the
non-homogeneous system of
Example 8.8 with the samples
obtained using a the HFc
approach and b the HFm
approach, for m = 10 and
T = 1 s (vide Appendix B,
Program no. 25)
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To have an idea about the variation of error with increasing m for both of HFc
and HFm approaches, we compute percentage errors of (m + 1) number of samples
of each an individual state and calculate AMP error, vide Eq. (4.45). Only in this
case, number of elements in the denominator will be r = m + 1.

When we compute the AMP error using the conventional HF based approach, let
us call it εavic, and when we compute the same using the modified HF based
approach, we call it εavim.

Table 8.16 presents the percentage error at different sample points in a tabular
form. It is observed that the error is much less for the HFm approach. Also, the ratio
of the AMP errors of the states x1 and x2, via HFc approach and the HFm approach,
are given by

eav1c
eav1m

¼ 46.23544541 ðfor x1Þ and
eav2c
eav2m

¼ 24.26089295 ðfor x2Þ

This indicates superiority of the HFm approach beyond any doubt.

Example 8.9 Consider the non-homogeneous system _x tð Þ ¼ Ax tð ÞþBu1 tð Þþ
Bu2 t � að Þwhere A ¼ 0 1

�2 �3
� �

;B ¼ 0
1

� �
; x 0ð Þ ¼ 0

0:5

� �
; u1(t) is a unit ramp

function and u2(t − a) is a delayed unit step function.
The system has the following solution

x1 tð Þ ¼ � 1
4
þ 1

2
tþ 3

2
exp �tð Þ � 3

4
exp �2tð Þ � exp � t � að Þð Þ � 1

2
exp �2 t � að Þð Þ

� �
u t � að Þ

x2 tð Þ ¼ 1
2
� 3
2
exp �tð Þþ 3

2
exp �2tð Þþ exp � t � að Þð Þ � exp �2 t � að Þð Þ½ �u t � að Þ

Considering a = 0.2 s, Fig. 8.17a shows the solution of the system states
x1(t) and x2(t), along with the effect of the combined presence of non-delayed and
delayed inputs to the system, using the HFc approach.

Figure 8.17b represents the effectiveness of the HFm approach compared to the
HFc approach. It is noted that for the state x2, which is affected by the jump input,
the samples derived using the HFm approach, are very close to the exact samples of
the states, while that obtained via the HFc approach are not that close to the exact
samples. This indicates reasonably less MISE with the HFm based analysis com-
pared to the HFc based analysis.
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8.6 Conclusion

In this chapter, we have analysed the state space model of a non-homogeneous
system and solved for the states in hybrid function platform. The method of analysis
is attractive in the sense that it offers a simple recursive solution in a generalized
form. This recursive equation has been used for the analysis of homogeneous
systems by putting the condition B = 0. Different types of numerical examples have
been treated using the derived recursive matrix equations for homogeneous as well
as non-homogeneous systems, and the results are compared with the exact solutions
of the system states with error estimates. It is found that the HF method is a strong
tool for such analysis. This fact is reflected through various tables and curves.

As an interesting example [6], we have taken up a set of simultaneous differ-
ential equations, which are no different from the well known homogeneous state
equation, having oscillatory solution. This example has been treated for various step

Fig. 8.17 Comparison of
exact samples of the states x1
and x2 of the
non-homogeneous system of
Example 8.9 with the samples
obtained using a the HFc
approach and b the HFm
approach, for m = 10 and
T = 1 s
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sizes, i.e., h = 0.1, 0.01, 0.001 and 0.0001 s and the maximum absolute errors
incurred in HF domain analysis have been compared with other improved fifth
order Runge-Kutta methods, such as MERKDP510, MERKDP512 and
MERKDP514 suggested by Dormand and Prince [7].

Apart from deriving recursive equations for solving the system states, yet
another recursive matrix equation has been derived for solving for the outputs
equations for any non-homogeneous as well as homogeneous systems. As before,
HF domain solutions are compared with the exact outputs and found to be reliably
close.
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Chapter 9
Time Varying System Analysis: State
Space Approach

Abstract In this chapter, time varying system analysis is presented using state
space approach in hybrid function domain. Both homogeneous and
non-homogeneous systems are treated along with numerical examples. States and
outputs of the systems are solved. Illustration has been provided with the support of
five examples, six figures and nine tables.

As the heading implies, this chapter is dedicated for linear time varying
(LTV) control system analysis.

A time varying system means, its parameters do vary with time. In the following,
we intend to analyse two types of LTV control system in hybrid function platform,
namely non-homogeneous system and homogeneous system [1, 2].

As discussed in Chap. 8, analysing a control system means, we determine the
behavior of each system state of a system over a common time frame, knowing the
system parameters and the input signal or forcing function. Like linear time
invariant (LTI) systems, the output of a linear time varying system may be any one
of the states or a linear combination of two or many states. Therefore, knowing all
the states of the system, we can assess its performance.

In this chapter, the hybrid function set is employed for the analysis of time
varying non-homogeneous as well as homogeneous systems described by their state
space models [2].

First we take up the problem of analysis of a time varying non-homogeneous
system in HF domain. After putting the specific condition of zero forcing function,
we can easily arrive at the result of analysis of a time varying homogeneous system.

In practice, applications of time varying systems may be found in aircraft con-
trol, like during its takeoff, cruise and landing. Also, the aircraft has to adapt itself
to the continuous decrease of its fuel leading to loss of weight.

The human vocal tract is another example. It is a time variant system due to time
dependent nature of the shape of the vocal organs.

The last example is the discrete wavelet transform, used in modern signal pro-
cessing. It is often used in its time variant form. And of course there are many more
such examples.
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9.1 Analysis of Non-homogeneous Time Varying State
Equation [3]

Consider the following n-state non-homogeneous equation of a time varying control
system

x
�
tð Þ ¼ A tð Þx tð ÞþB tð Þu tð Þ ð9:1Þ

where,

A(t) is the time varying system matrix of order n,
B(t) is the time varying input vector of order (n × 1),
x(t) is the state vector with the initial conditions x(0), of order (n × 1),
and u(t) is the forcing function.
Integrating Eq. (9.1) we have

x tð Þ � x 0ð Þ ¼
Z t

0

A sð Þx sð Þdsþ
Z t

0

B sð Þu sð Þds ð9:2Þ

Expanding x(t), x(0) and u(t) via an m-set hybrid function, we get

x tð Þ ¼

x1 tð Þ
x2 tð Þ
..
.

xn tð Þ

2
66664

3
77775 �

x10 x11 . . . x1ðm�1Þ
x20 x21 . . . x2ðm�1Þ

..

. ..
. ..

.

xn0 xn1 . . . xnðm�1Þ

2
666664

3
777775SðmÞ

þ

x11 � x10ð Þ x12 � x11ð Þ . . . x1m � x1ðm�1Þ
� �

x21 � x20ð Þ x22 � x21ð Þ . . . x2m � x2ðm�1Þ
� �

..

. ..
. ..

.

xn1 � xn0ð Þ xn2 � xn1ð Þ . . . xnm � xnðm�1Þ
� �

2
666664

3
777775TðmÞ

ð9:3Þ

x 0ð Þ ¼
x1 0ð Þ
x2 0ð Þ
..
.

xn 0ð Þ

2
6664

3
7775 �

x10 x10 . . . x10
x20 x20 . . . x20
..
. ..

. ..
.

xn0 xn0 . . . xn0

2
6664

3
7775SðmÞ ð9:4Þ
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u tð Þ � u0 u1 u2 . . . um�1½ �SðmÞ
þ u1 � u0ð Þ u2 � u1ð Þ u3 � u2ð Þ � � � um � um�1ð Þ½ �TðmÞ

ð9:5Þ

We now follow the rule of multiplication of two time functions, as given in
Chap. 2, Sect. 2.6.3 and Eq. (2.30), to expand A tð Þx tð Þ and B tð Þu tð Þ via an m-set
hybrid functions.

We have

A tð Þx tð Þ ¼

a11 tð Þ a12 tð Þ . . . a1k tð Þ . . . a1n tð Þ
a21 tð Þ a22 tð Þ . . . a2k tð Þ . . . a2n tð Þ

..

. ..
. ..

. ..
.

an1 tð Þ an2 tð Þ . . . an k tð Þ . . . an n tð Þ

2
66664

3
77775

x1 tð Þ
x2 tð Þ
..
.

xk tð Þ
..
.

xn tð Þ

2
66666666664

3
77777777775

¼

Pn
j¼1

a1jðtÞxjðtÞ

..

.

Pn
j¼1

akjðtÞxjðtÞ

..

.

Pn
j¼1

anjðtÞxjðtÞ

2
666666666666664

3
777777777777775

ð9:6Þ

where, akj(t) is the kjth element of the square matrix A(t).
Following (2.30), the kth term of the first element of the RHS column matrix of

(9.6) can be represented in HF domain as

a1k tð Þxk tð Þ � �a1k tð Þ�xk tð Þ
¼ a1k0xk0 a1k1xk1 a1k2xk2 . . . a1kðm�1Þxkðm�1Þ
� �

SðmÞ
þ a1k1xk1 � a1k0xk0ð Þ a1k2xk2 � a1k1xk1ð Þ . . . a1kmxkm � a1kðm�1Þxkðm�1Þ

� �� �
TðmÞ
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We can express the first element of the resulting matrix of (9.6) as

Xn
j¼1

a1jðtÞxjðtÞ
¼ a110x10 þ � � � þ a1n0xn0ð Þ a111x11 þ � � � þ a1n1xn1ð Þ½

. . . a11ðm�1Þx1ðm�1Þ þ � � � þ a1nðm�1Þxnðm�1Þ
� � �

SðmÞ
þ a111x11 � a110x10ð Þþ � � � þ a1n1xn1 � a1n0xn0ð Þf g½

a112x12 � a111x11ð Þþ � � � þ a1n2xn2 � a1n1xn1ð Þf g
. . . a11mx1m � a11ðm�1Þx1ðm�1Þ

� �þ � � � þ a1nmxnm � a1nðm�1Þxnðm�1Þ
� �� ��

TðmÞ

¼
Pn
j¼1

a1j0xj0
Pn
j¼1

a1j1xj1 . . .
Pn
j¼1

a1jðm�1Þxjðm�1Þ
� 	

SðmÞ

þ Pn
j¼1

a1j1xj1 �
Pn
j¼1

a1j0xj0

 ! Pn
j¼1

a1j2xj2 �
Pn
j¼1

a1j1xj1

 !"

� � � Pn
j¼1

a1jmxjm �Pn
j¼1

a1jðm�1Þxjðm�1Þ

 !#
TðmÞ

A tð Þx tð Þ � �A tð Þ�x tð Þ ¼

Pn
j¼1

a1j0xj0
Pn
j¼1

a1j1xj1 . . .
Pn
j¼1

a1jðm�1Þxjðm�1Þ

Pn
j¼1

a2j0xj0
Pn
j¼1

a2j1xj1 . . .
Pn
j¼1

a2jðm�1Þxjðm�1Þ

..

. ..
. ..

.

Pn
j¼1

anj0xj0
Pn
j¼1

anj1xj1 . . .
Pn
j¼1

anjðm�1Þxjðm�1Þ

2
666666666664

3
777777777775
SðmÞ

þ

Pn
j¼1

a1j1xj1 �
Pn
j¼1

a1j0xj0

 ! Pn
j¼1

a1j2xj2 �
Pn
j¼1

a1j1xj1

 !
. . .

Pn
j¼1

a1jmxjm �Pn
j¼1

a1jðm�1Þxjðm�1Þ

 !

Pn
j¼1

a2j1xj1 �
Pn
j¼1

a2j0xj0

 ! Pn
j¼1

a2j2xj2 �
Pn
j¼1

a2j1xj1

 !
. . .

Pn
j¼1

a2jmxjm �Pn
j¼1

a2jðm�1Þxjðm�1Þ

 !

..

. ..
. ..

.

Pn
j¼1

anj1xj1 �
Pn
j¼1

anj0xj0

 ! Pn
j¼1

anj2xj2 �
Pn
j¼1

anj1xj1

 !
. . .

Pn
j¼1

anjmxjm �Pn
j¼1

anjðm�1Þxjðm�1Þ

 !

2
66666666666664

3
77777777777775
TðmÞ

,AT
XSS mð Þ þAT

XTT mð Þ

ð9:7Þ

Similarly, the product term BðtÞuðtÞ in (9.2) can also be expressed in HF domain.
We may write

BðtÞuðtÞ ¼

b1ðtÞ
b2ðtÞ
..
.

biðtÞ
..
.

bnðtÞ

2
666666664

3
777777775
uðtÞ ¼

b1ðtÞuðtÞ
b2ðtÞuðtÞ

..

.

biðtÞuðtÞ
..
.

bnðtÞuðtÞ

2
666666664

3
777777775
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where, bi(t) is the ith element of the matrix B(t).
Then

BðtÞuðtÞ �

b10u0 b11u1 � � � b1ðm�1Þuðm�1Þ
b20u0 b21u1 � � � b2ðm�1Þuðm�1Þ

..

. ..
. ..

.

bn0u0 bn1u1 � � � bnðm�1Þuðm�1Þ

2
666664

3
777775SðmÞ

þ

b11u1 � b10u0ð Þ b12u2 � b11u1ð Þ � � � b1mum � b1ðm�1Þuðm�1Þ
� �

b21u1 � b20u0ð Þ b22u2 � b21u1ð Þ � � � b2mum � b2ðm�1Þuðm�1Þ
� �

..

. ..
. ..

.

bn1u1 � bn0u0ð Þ bn2u2 � bn1u1ð Þ � � � bnmum � bnðm�1Þuðm�1Þ
� �

2
666664

3
777775TðmÞ

,BT
USS mð Þ þBT

UTT mð Þ

Therefore, considering the first term of the RHS of Eq. (9.2), we have

Z t

0

A sð Þx sð Þ ds � AT
XS þ

1
2
AT

XT

� 	
P1ss mð ÞS mð Þ þ h AT

XS þ
1
2
AT

XT

� 	
T mð Þ

¼ 1
2

Pn
j¼1

a1j0xj0 þ a1j1xj1
� � Pn

j¼1
a1j1xj1 þ a1j2xj2
� �

. . .
Pn
j¼1

a1jðm�1Þxjðm�1Þ þ a1jmxjm
� �

Pn
j¼1

a2j0xj0 þ a2j1xj1
� � Pn

j¼1
a2j1xj1 þ a2j2xj2
� �

. . .
Pn
j¼1

a2jðm�1Þxjðm�1Þ þ a2jmxjm
� �

..

. ..
. ..

.

Pn
j¼1

anj0xj0 þ anj1xj1
� � Pn

j¼1
anj1xj1 þ anj2xj2
� �

. . .
Pn
j¼1

anjðm�1Þxjðm�1Þ þ anjmxjm
� �

2
666666666664

3
777777777775
P1ss mð ÞS mð Þ

þ h
2

Pn
j¼1

a1j0xj0 þ a1j1xj1
� � Pn

j¼1
a1j1xj1 þ a1j2xj2
� �

. . .
Pn
j¼1

a1jðm�1Þxjðm�1Þ þ a1jmxjm
� �

Pn
j¼1

a2j0xj0 þ a2j1xj1
� � Pn

j¼1
a2j1xj1 þ a2j2xj2
� �

. . .
Pn
j¼1

a2jðm�1Þxjðm�1Þ þ a2jmxjm
� �

..

. ..
. ..

.

Pn
j¼1

anj0xj0 þ anj1xj1
� � Pn

j¼1
anj1xj1 þ anj2xj2
� �

. . .
Pn
j¼1

anjðm�1Þxjðm�1Þ þ anjmxjm
� �

2
666666666664

3
777777777775
T mð Þ

ð9:8Þ
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Similarly, the second term of the RHS of Eq. (9.2) can be expressed as

Z t

0

B sð Þu sð Þds � BT
US þ

1
2
BT
UT

� 	
P1ss mð ÞS mð Þ þ h BT

US þ
1
2
BT
UT

� 	
T mð Þ

¼ 1
2

b10u0 þ b11u1ð Þ b11u1 þ b12u2ð Þ . . . b1 m�1ð Þu m�1ð Þ þ b1mum
� �

b20u0 þ b21u1ð Þ b21u1 þ b22u2ð Þ . . . b2 m�1ð Þu m�1ð Þ þ b2mum
� �

..

. ..
. ..

.

bn0u0 þ bn1u1ð Þ bn1u1 þ bn2u2ð Þ . . . bn m�1ð Þu m�1ð Þ þ bnmum
� �

2
666664

3
777775P1ss mð ÞS mð Þ

þ h
2

b10u0 þ b11u1ð Þ b11u1 þ b12u2ð Þ . . . b1 m�1ð Þu m�1ð Þ þ b1mum
� �

b20u0 þ b21u1ð Þ b21u1 þ b22u2ð Þ . . . b2 m�1ð Þu m�1ð Þ þ b2mum
� �

..

. ..
. ..

.

bn0u0 þ bn1u1ð Þ bn1u1 þ bn2u2ð Þ . . . bn m�1ð Þu m�1ð Þ þ bnmum
� �

2
666664

3
777775T mð Þ

ð9:9Þ

Therefore, substituting P1ss from (4.9) in Eqs. (9.8) and (9.9), the RHS of
Eq. (9.2) can be written as

Z t

0

A sð Þx sð Þdsþ
Z t

0

B sð Þu sð Þds;

¼ h
2

0
Pn
j¼1

a1j0xj0 þ a1j1xj1
� �þ b10u0 þ b11u1ð Þ

0
Pn
j¼1

a2j0xj0 þ a2j1xj1
� �þ b20u0 þ b21u1ð Þ

..

. ..
.

0
Pn
j¼1

anj0xj0 þ anj1xj1
� �þ bn0u0 þ bn1u1ð Þ

2
666666666664

Pn
j¼1

a1j0xj0 þ a1j1xj1
� �þ a1j1xj1 þ a1j2xj2

� �� �þ b10u0 þ b11u1ð Þþ b11u1 þ b12u2ð Þ � � �
Pn
j¼1

a2j0xj0 þ a2j1xj1
� �þ a2j1xj1 þ a2j2xj2

� �� �þ b20u0 þ b21u1ð Þþ b21u1 þ b22u2ð Þ � � �

..

.

Pn
j¼1

anj0xj0 þ anj1xj1
� �þ anj1xj1 þ anj2xj2

� �� �þ bn0u0 þ bn1u1ð Þþ bn1u1 þ bn2u2ð Þ � � �
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Pn
j¼1

a1j0xj0 þ a1j1xj1
� �þ � � � þ a1j m�2ð Þxj m�2ð Þ þ a1j m�1ð Þxj m�1ð Þ

� �� �þ b10u0 þ b11u1ð Þþ � � � þ b1 m�2ð Þu m�2ð Þ þ b1 m�1ð Þu m�1ð Þ
� �� �

Pn
j¼1

a2j0xj0 þ a2j1xj1
� �þ � � � þ a2j m�2ð Þxj m�2ð Þ þ a2j m�1ð Þxj m�1ð Þ

� �� �þ b20u0 þ b21u1ð Þþ � � � þ b2 m�2ð Þu m�2ð Þ þ b2 m�1ð Þu m�1ð Þ
� �� �

..

.

Pn
j¼1

anj0xj0 þ anj1xj1
� �þ � � � þ anj m�2ð Þxj m�2ð Þ þ anj m�1ð Þxj m�1ð Þ

� �� �þ bn0u0 þ bn1u1ð Þþ � � � þ bn m�2ð Þu m�2ð Þ þ bn m�1ð Þu m�1ð Þ
� �� �

3
777777777775
S mð Þ

+
h
2

Pn
j¼1

a1j0xj0þ a1j1xj1
� �þ b10u0 þ b11u1ð Þ � � � Pn

j¼1
a1j m�1ð Þxj m�1ð Þ þ a1jmxjm
� �þ b1 m�1ð Þu m�1ð Þ þ b1mum

� �
Pn
j¼1

a2j0xj0þ a2j1xj1
� �þ b20u0 þ b21u1ð Þ � � � Pn

j¼1
a2j m�1ð Þxj m�1ð Þ þ a2jmxjm
� �þ b2 m�1ð Þu m�1ð Þ þ b2mum

� �
..
. ..

.

Pn
j¼1

anj0xj0þ anj1xj1
� �þ bn0u0 þ bn1u1ð Þ � � � Pn

j¼1
anj m�1ð Þxj m�1ð Þ þ anjmxjm
� �þ bn m�1ð Þu m�1ð Þ þ bnmum

� �

2
666666666664

3
777777777775
T mð Þ

ð9:10Þ

Using Eqs. (9.3) and (9.4), the LHS of Eq. (9.2) can be written as

x tð Þ � x 0ð Þ �

0 x11 � x10ð Þ x12 � x10ð Þ . . . x1 m�1ð Þ � x10
� �

0 x21 � x20ð Þ x22 � x20ð Þ . . . x2 m�1ð Þ � x20
� �

..

. ..
. ..

. ..
.

0 xn1 � xn0ð Þ xn2 � xn0ð Þ . . . xn m�1ð Þ � xn0
� �

2
666664

3
777775S mð Þ

þ

x11 � x10ð Þ x12 � x11ð Þ . . . x1m � x1 m�1ð Þ
� �

x21 � x20ð Þ x22 � x21ð Þ . . . x2m � x2 m�1ð Þ
� �

..

. ..
. ..

.

xn1 � xn0ð Þ xn2 � xn1ð Þ . . . xnm � xn m�1ð Þ
� �

2
666664

3
777775T mð Þ

ð9:11Þ

Equating the SHF components of second column of Eqs. (9.10) and (9.11), we
get,

x11 � x10ð Þ ¼ h
2

Pn
j¼1

a1j0xj0 þ a1j1xj1
� �þ b10u0 þ b11u1ð Þ

" #

x21 � x20ð Þ ¼ h
2

Pn
j¼1

a2j0xj0 þ a2j1xj1
� �þ b20u0 þ b21u1ð Þ

" #

..

.

xn1 � xn0ð Þ ¼ h
2

Pn
j¼1

anj0xj0 þ anj1xj1
� �þ bn0u0 þ bn1u1ð Þ

" #

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð9:12Þ
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From these n number of equations, we can write

1� h
2
a111


 �
x11 � h

2
a121x21 � � � � � h

2
a1n1xn1

¼ 1þ h
2
a110


 �
x10 þ h

2
a120x20 þ � � � þ h

2
a1n0xn0 þ h

2
b10u0 þ b11u1ð Þ

� h
2
a211x11 þ 1� h

2
a221


 �
x21 � � � � � h

2
a2n1xn1

¼ h
2
a210x10 þ 1þ h

2
a220


 �
x20 þ � � � þ h

2
a2n0xn0 þ h

2
b20u0 þ b21u1ð Þ

..

.

� h
2
an11x11 � h

2
an21x21 � � � þ 1� h

2
ann1


 �
xn1

¼ h
2
an10x10 þ h

2
an20x20 þ � � � þ 1þ h

2
ann0


 �
xn0 þ þ h

2
bn0u0 þ bn1u1ð Þ

9>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>;

ð9:13Þ

Writing in matrix form, we have

1� h
2 a111

� � � h
2 a121 . . . � h

2 a1n1
� h

2 a211 1� h
2 a221

� �
. . . � h

2 a2n1

..

. ..
. ..

.

� h
2 an11 � h

2 an21 . . . 1� h
2nn1

� �

2
666664

3
777775

x11
x21

..

.

xn1

2
66664

3
77775

¼

1þ h
2 a110

� �
h
2 a120 . . . h

2 a1n0
h
2 a210 1þ h

2 a220
� �

. . . h
2 a2n0

..

. ..
. ..

.

h
2 an10

h
2 an20 . . . 1þ h

2 ann0
� �

2
666664

3
777775

x10
x20

..

.

xn0

2
66664

3
77775þ h

2

b10
b20

..

.

bn0

2
66664

3
77775u0þ

h
2

b11
b21

..

.

bn1

2
66664

3
77775u1

ð9:14Þ

Similarly, comparing the SHF coefficients of third column of Eqs. (9.10) and
(9.11), we have

x12 � x10ð Þ ¼ h
2

Pn
j¼1

a1j0xj0 þ 2
Pn
j¼1

a1j1xj1 þ
Pn
j¼1

a1j2xj2 þ b10u0 þ b11u1ð Þþ b11u1 þ b12u2ð Þ
" #

x22 � x20ð Þ ¼ h
2

Pn
j¼1

a2j0xj0 þ 2
Pn
j¼1

a2j1xj1 þ
Pn
j¼1

a2j2xj2 þ b20u0 þ b21u1ð Þþ b21u1 þ b22u2ð Þ
" #

..

.

xn2 � xn0ð Þ ¼ h
2

Pn
j¼1

anj0xj0 þ 2
Pn
j¼1

anj1xj1 þ
Pn
j¼1

anj2xj2 þ bn0u0 þ bn1u1ð Þþ bn1u1 þ bn2u2ð Þ
" #

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð9:15Þ
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From the set of Eqs. (9.15), we can write

1� h
2
a112


 �
x12 � h

2
a122x22 � � � � � h

2
a1n2xn2

¼ 1þ h
2
a111


 �
x11 þ h

2
a121x21 þ � � � þ h

2
a1n1xn1 þ h

2
b11u1 þ b12u2ð Þ

� h
2
a212x12 þ 1� h

2
a222


 �
x22 � � � � � h

2
a2n2xn2

¼ h
2
a211x11 þ 1þ h

2
a221


 �
x21 þ � � � þ h

2
a2n1xn1 þ h

2
b21u1 þ b22u2ð Þ

..

.

� h
2
an12x12 � h

2
an22x22 � � � þ 1� h

2
ann2


 �
xn2

¼ h
2
an11x11 þ h

2
an21x21 þ � � � þ 1þ h

2
ann1


 �
xn1 þ þ h

2
bn1u1 þ bn2u2ð Þ

9>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>;

ð9:16Þ

Writing these equations in matrix form, we get

1� h
2 a112

� � � h
2 a122 . . . � h

2 a1n2
� h

2 a212 1� h
2 a222

� �
. . . � h

2 a2n2

..

. ..
. ..

.

� h
2 an12 � h

2 an22 . . . 1� h
2 ann2

� �

2
666664

3
777775

x12
x22

..

.

xn2

2
66664

3
77775

¼

1þ h
2 a111

� �
h
2 a121 . . . h

2 a1n1
h
2 a211 1þ h

2 a221
� �

. . . h
2 a2n1

..

. ..
. ..

.

h
2 an11

h
2 an21 . . . 1þ h

2 ann1
� �

2
666664

3
777775

x11
x21

..

.

xn1

2
66664

3
77775þ h

2

b11
b21

..

.

bn1

2
66664

3
77775u1þ

h
2

b12
b22

..

.

bn2

2
66664

3
77775u2

ð9:17Þ
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Equations (9.14) and (9.17), give a recursive solution for the states, for
m number of subintervals.

That is,

x1 kþ 1ð Þ
x2 kþ 1ð Þ

..

.

xn kþ 1ð Þ

2
666664

3
777775 ¼

2
h � a11 kþ 1ð Þ
� � �a12 kþ 1ð Þ . . . �a1n kþ 1ð Þ
�a21 kþ 1ð Þ 2

h � a22 kþ 1ð Þ
� �

. . . �a2n kþ 1ð Þ

..

. ..
. ..

.

�an1 kþ 1ð Þ �an2 kþ 1ð Þ . . . 2
h � ann kþ 1ð Þ
� �

2
666664

3
777775

�1

2
h þ a11k
� �

a12k . . . a1nk
a21k 2

h þ a22k
� �

. . . a2nk

..

. ..
. ..

.

an1k an2k . . . 2
h þ annk
� �

2
666664

3
777775

x1k
x2k

..

.

xnk

2
66664

3
77775þ

b1k
b2k

..

.

bnk

2
66664

3
77775uk þ

b1 kþ 1ð Þ
b2 kþ 1ð Þ

..

.

bn kþ 1ð Þ

2
666664

3
777775u kþ 1ð Þ

0
BBBBB@

1
CCCCCA

ð9:18Þ

for k = 0, 1, 2, …, (m − 1).

9.1.1 Numerical Examples

Example 9.1 (vide Appendix B, Program no. 26) Consider the non-homogeneous

system x
� ¼ AxþBu, where A ¼ 0 0

t 0

� 	
;B ¼ 1

0

� 	
; x 0ð Þ ¼ 1

1

� 	
and u ¼ u tð Þ; a

unit step function.
The solution of the equation is x1 tð Þ ¼ 1þ t and x2 tð Þ ¼ 1þ t2

2 þ t3
3.

Figure 9.1 graphically shows the comparison of the results obtained in HF
domain using Eq. (9.18) with the exact curve. It is noted that the HF domain
solutions (black dots) are right upon the exact curves. Table 9.1a, b show the
comparison of the exact samples with HF domain solutions for the states of the
system of Example 9.1 for m = 4 and T = 1 s.

Example 9.2 Consider the non-homogeneous system x
� ¼ AxþBu,

where A ¼ 0 1
0 t

� 	
;B ¼ 0

1

� 	
; x 0ð Þ ¼ 0

1

� 	
and u ¼ uðtÞ a unit step function;

having the solution

x1 tð Þ ¼ tþ 1
2
t2 þ 1

6
t3 þ 1

12
t4 þ 1

40
t5 þ 1

90
t6 þ � � �

and x2 tð Þ ¼ 1þ tþ 1
2
t2 þ 1

3
t3 þ 1

8
t4 þ 1

15
t5 þ 1

48
t6 þ 1

105
t7 þ � � �
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Table 9.2a and b show the comparison of the exact samples with HF domain
solutions for the states of the system of Example 9.2 for m = 4 and T = 1 s.

Results obtained via direct expansion and using Eq. (9.18) are plotted in Fig. 9.2.
It is noted that the HF domain solutions (black dots) are right upon the exact curves.

Fig. 9.1 Comparison of the
HF domain solution of the
states x1 and x2 of Example
9.1 with the exact solutions
for m = 4 and T = 1 s (vide
Appendix B, Program no. 26)

Table 9.1 Solution of the non-homogeneous system of Example 9.1 in HF domain compared
with the exact samples along with percentage error at different sample points for (a) state x1 and
(b) state x2, with m = 4, T = 1 s (vide Appendix B, Program no. 26)

t(s) Samples of the exact
solution
sd

Samples from HF analysis using
Eq. (9.18)
sh

% Error
e ¼ sd�sh

sd
� 100

(a) System state x1 (m = 4)
0 1.00000000 1.00000000 0.00000000
1
4 1.25000000 1.25000000 0.00000000
2
4 1.50000000 1.50000000 0.00000000
3
4 1.75000000 1.75000000 0.00000000
4
4 2.00000000 2.00000000 0.00000000

(b) System state x2 (m = 4)
0 1.00000000 1.00000000 0.00000000
1
4 1.03645833 1.03906250 −0.25125660
2
4 1.16666667 1.17187500 −0.44642828
3
4 1.42187500 1.42968750 −0.54945055
4
4 1.83333333 1.84375000 −0.56818200
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9.2 Determination of Output of a Non-homogeneous Time
Varying System

Consider the output of a time varying non-homogeneous system described by

y tð Þ ¼ C tð Þx tð ÞþD tð Þ u tð Þ

Table 9.2 Solution of the non-homogeneous system of Example 9.2 in HF domain compared
with the exact samples along with percentage error at different sample points for (a) state x1 and
(b) state x2 with m = 4, T = 1 s

t (s) Samples of the exact
solution
sd

Samples from HF analysis using
Eq. (9.18)
sh

% Error
e ¼ sd�sh

sd
� 100

(a) System state x1 (m = 4)
0 0.00000000 0.00000000 –

1
4 0.28421139 0.28629032 −0.73147315
2
4 0.65228950 0.65833333 −0.92655638
3
4 1.13917694 1.15065814 −1.00785046
4
4 1.80486111 1.81990969 −0.83378050

(b) System state x2 (m = 4)
0 1.00000000 1.00000000 0. 00000000
1
4 1.28701739 1.29032258 −0.25681005
2
4 1.67696243 1.68602151 −0.54020768
3
4 2.23222525 2.25257694 −0.91172205
4
4 3.05535714 3.10143546 −1.50811568

Fig. 9.2 Comparison of the
HF domain solution of the
states of Example 9.2 with the
exact solutions for m = 4 and
T = 1 s
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where,

x(t) is the state vector given by x tð Þ ¼ x1 x2 � � � � � � xn½ �T;
y(t) is the output vector, is expressed by y tð Þ, y1 y2 � � � � � � yv½ �T;
u(t) is the input vector, is expressed by u tð Þ, u1 u2 � � � � � � ur½ �T;
C(t) is the time varying output matrix and
D(t) is the time varying direct transmission matrix.

As we have shown in Sect. 9.1, we can easily expand the products C tð Þx tð Þ and
D tð Þ u tð Þ in HF domain, vide Eqs. (9.6) and (9.7). Since, C(t), D(t), x(t) and u(t) are
already known, y(t) can easily be determined.

9.3 Analysis of Homogeneous Time Varying State
Equation [3]

If we consider the time varying input vector B(t) as zero, the resulting expression
from Eq. (9.18) provides the recursive solution for an n-state homogeneous time
varying system.

That is,

x1 kþ 1ð Þ
x2 kþ 1ð Þ

..

.

xn kþ 1ð Þ

2
666664

3
777775 ¼

2
h � a11 kþ 1ð Þ
� � �a12 kþ 1ð Þ � � � �a1n kþ 1ð Þ
�a21 kþ 1ð Þ 2

h � a22 kþ 1ð Þ
� � � � � �a2n kþ 1ð Þ

..

. ..
. ..

.

�an1 kþ 1ð Þ �an2 kþ 1ð Þ � � � 2
h � ann kþ 1ð Þ
� �

2
666664

3
777775

�1

2
h þ a11k
� �

a12k � � � a1nk
a21k 2

h þ a22k
� � � � � a2nk

..

. ..
. ..

.

an1k an2k � � � 2
h þ annk
� �

2
666664

3
777775

x1k
x2k

..

.

xnk

2
66664

3
77775

ð9:19Þ

for k = 0, 1, 2, …, (m − 1)
For a time-invariant system, A(t) = A and B(t) = B. For such a system Eq. (9.18)

can be modified as
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x1 kþ 1ð Þ
x2 kþ 1ð Þ

..

.

xn kþ 1ð Þ

2
666664

3
777775 ¼

2
h � a11
� � �a12 � � � �a1n
�a21 2

h � a22
� � � � � �a2n

..

. ..
. ..

.

�an1 �an2 � � � 2
h � ann
� �

2
666664

3
777775

�1

2
h þ a11
� �

a12 � � � a1n
a21 2

h þ a22
� � � � � a2n

..

. ..
. ..

.

an1 an2 � � � 2
h þ ann
� �

2
666664

3
777775

x1k
x2k

..

.

xnk

2
66664

3
77775þ

b1
b2

..

.

bn

2
66664

3
77775uk þ

b1
b2

..

.

bn

2
66664

3
77775u kþ 1ð Þ

0
BBBBB@

1
CCCCCA

ð9:20Þ

This (9.20) can be written as

xkþ 1 ¼ 2
h
I� A

� 	�1 2
h
IþA

� 	
xk þB uk þ ukþ 1ð Þ


 �
;

for k ¼ 0; 1; 2; � � � ; m� 2ð Þ
ð9:21Þ

where,

xk ¼
x1k
x2k
..
.

xnk

2
6664

3
7775 and x kþ 1ð Þ ¼

x1 kþ 1ð Þ
x2 kþ 1ð Þ

..

.

xn kþ 1ð Þ

2
6664

3
7775

In (9.21), if we set the vector B as zero, we get the recursive solution for the
states of a homogeneous linear time-invariant (LTI) system.

9.3.1 Numerical Examples

Example 9.3 Consider the first order homogeneous system x
� ¼ Ax where A ¼

2t and x 0ð Þ ¼ 1: having the solution x tð Þ ¼ exp t2ð Þ.
It is noted from Table 9.3a, b that an increasing m from 4 to 10 improves the

accuracy to such a degree that the HF domain solution almost coincides with the
exact samples of the states. Figures 9.3 and 9.4 prove this point graphically.

Example 9.4 [4] Consider the homogeneous system x
� ¼ Ax, where

A ¼ 0 0
t 0

� 	
and x 0ð Þ ¼ 1

1

� 	
having the solution x1(t) = 1 and x2 tð Þ ¼ 1

2 t
2 þ 1.
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We see that the system state x2, obtained via direct expansion and the proposed
HF domain technique, are the same leading to zero error, vide Table 9.4.

Figure 9.5 shows the results obtained via HF analysis with the exact solutions,
for m = 4 and T = 1 s.

Table 9.3 Solution of the homogeneous system of Example 9.3 in HF domain compared with the
exact samples along with percentage error at different sample points for (a) m = 4, T = 1 s and
(b) m = 10, T = 1 s

t(s) Samples of the exact
solution
sd

Samples from HF analysis using
Eq. (9.19)
sh

% Error
e ¼ sd�sh

sd
� 100

(a) System state x (m = 4)
0 1.00000000 1.00000000 0.00000000
1
4 1.06449446 1.06666667 −0.20406024
2
4 1.28402542 1.29523810 −0.87324439
3
4 1.75505466 1.79340659 −2.18522709
4
4 2.71828183 2.83956044 −4.46159072

(b) System state x (m = 10)
0 1.00000000 1.00000000 0.00000000
1
10 1.01005017 1.01010101 −0.00503341
2
10 1.04081077 1.04102247 −0.02033991
3
10 1.09417428 1.09468342 −0.04653189
4
10 1.17351087 1.17450409 −0.08463663
5
10 1.28402542 1.28577290 −0.13609388
6
10 1.43332941 1.43623568 −0.20276358
7
10 1.63231622 1.63699981 −0.28692909
8
10 1.89648088 1.90390195 −0.39130740
9
10 2.24790799 2.25957594 −0.51905817
10
10 2.71828183 2.73659753 −0.67379695

Fig. 9.3 Comparison of the
HF domain solution of state x
of Example 9.3 with the exact
solutions for m = 4 and T = 1 s
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Example 9.5 [5] (vide Appendix B, Program no. 27) Consider the homogeneous

system x
� ¼ Ax, where A ¼ cos tð Þ sin tð Þ

� sin tð Þ cos tð Þ
� 	

and x 0ð Þ ¼ 1
2

� 	
having the

solution

x1 tð Þ ¼ cos 1� cos tð Þþ 2 sin 1� cos tð Þð Þesin t
and x2 tð Þ ¼ � sin 1� cos tð Þþ 2 cos 1� cos tð Þð Þesin t

Analysis of the given system produces the following results:
Tables 9.5a, b show the comparison of the exact samples with HF domain

solutions for the states of the system of Example 9.5 for m = 8 and T = 1 s. Results
obtained via direct expansion and using Eq. (9.19) are plotted in Fig. 9.6. It is noted
that the HF domain solutions (black dots) are right upon the exact curves.

Fig. 9.4 Comparison of the
HF domain solution of state x
of Example 9.3 with the exact
solutions for m = 10 and
T = 1 s

Table 9.4 HF domain solution of the state x2 of the system of Example 9.4 compared with the
exact samples along with percentage error at different sample points, for m = 4 and T = 1 s

t(s) System state x2 (m = 4)

Samples of the exact
solution
sd

Samples from HF analysis using
Eq. (9.19)
sh

% Error
e ¼ sd�sh

sd
� 100

0 1.00000000 1.00000000 0.00000000
1
4 1.03125000 1.03125000 0.00000000
2
4 1.12500000 1.12500000 0.00000000
3
4 1.28125000 1.28125000 0.00000000
4
4 1.50000000 1.50000000 0.00000000
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Fig. 9.5 Comparison of the
HF domain solution of the
states x1 and x2 of Example 9.4
with the exact solutions
for m = 4 and T = 1 s

Table 9.5 HF domain solution of the (a) state x1 and (b) state x2 of the homogeneous system of
Example 9.5 compared with the exact samples along with percentage error at different sample
points, with m = 8, T = 1 s (vide Appendix B, Program no. 27)

t(s) Samples of the exact
solution
sd

Samples from HF analysis using
Eq. (9.19),
sh

% Error
e ¼ sd�sh

sd
� 100

(a) System state x1 (m = 8)
0 1.00000000 1.00000000 0.00000000
1
8 1.15042193 1.15148482 −0.09239132
2
8 1.35969222 1.36188071 −0.16095481
3
8 1.63917010 1.64229144 −0.19042197
4
8 1.99751628 2.00098980 −0.17389195
5
8 2.43785591 2.44061935 −0.11335535
6
8 2.95465368 2.95517291 −0.01757329
7
8 3.53102052 3.52746220 0.10077313
8
8 4.13741725 4.12800452 0.22750256

(b) System state x2 (m = 8)
0 2.00000000 2.00000000 0. 00000000
1
8 2.25665267 2.25592250 0.03235633
2
8 2.52034777 2.51828652 0.08178435
3
8 2.77758241 2.77342604 0.14963984
4
8 3.00888958 3.00181231 0.23521202
5
8 3.18903687 3.17834568 0.33524824
6
8 3.28860794 3.27401580 0.44371784
7
8 3.27727645 3.25919411 0.55174900
8
8 3.12867401 3.10841539 0.64751457
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9.4 Determination of Output of a Homogeneous Time
Varying System

Consider the output of a time varying homogeneous system described by

y tð Þ ¼ C tð Þx tð Þ

where,

x(t) is the state vector given by x tð Þ ¼ x1 x2 . . . . . . xn½ �T;
y(t) is the output vector, is expressed by y tð Þ, y1 y2 . . . . . . yv½ �T and
C(t) is the time varying output matrix.
We can easily solve for y(t) in a fashion similar to that of Sect. 9.2.

9.5 Conclusion

In this chapter, we have analysed the state space model of a time varying
non-homogeneous system and solved for the states in hybrid function platform. The
proficiency of the method has been illustrated by suitable examples. Also, by
putting B(t) = 0, the same method has been applied successfully to analyze
homogeneous time varying systems as well. With slight modification, we arrive
from Eqs. (9.19) to (9.21) which is suitable for the analysis of time-invariant
non-homogeneous systems. Further, by setting B = 0, Eq. (9.21) becomes suitable
for the analysis of linear time-invariant homogeneous system.

Using the above mentioned recursive matrix equations, different types of
numerical examples have been treated for homogeneous as well as

Fig. 9.6 Comparison of the
HF domain solution of the
states of Example 9.5 with the
exact solutions for m = 8 and
T = 1 s (vide Appendix B,
Program no. 27)
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non-homogeneous systems, and the results are compared with the exact solutions
along with error estimates for each sample point. It is found that the HF method is a
strong as well as convenient tool for such analysis. This fact is reflected through
various tables and curves.

For the analysis of output equations, since it has been treated in Chap. 8, we
avoid repeating the same here. However, it has already been shown that the HF
domain solutions are reliably close.
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Chapter 10
Multi-delay System Analysis: State Space
Approach

Abstract This chapter is devoted to multi-delay system analysis using state space
approach in hybrid function domain. First, the theory of HF domain approximation
of functions with time delay is presented. This is followed by integration of func-
tions with time delay. Then analysis of both homogeneous and non-homogeneous
systems are given along with numerical examples. States of the systems are solved.
Illustration of the theory has been provided with the support of eight examples,
nineteen figures and four tables.

In this chapter, we deal with multi-delay control systems. In practice we can find
time delays in different electrical systems, industrial processes, mechanical systems,
population growth, economic growth and chemical processes. We intend to analyse
two types of control systems in hybrid function platform, namely non-homogeneous
system and homogeneous system.

Analysing a time delay control system means, knowing the system parameters,
the nature of input signal or forcing function and the presence of delay in the
system, we determine the behavior of each system states of a time delay system
over a common time frame, to assess the performance of the system.

In this chapter, the hybrid function set is employed for the analysis of time delay
non-homogeneous as well as homogeneous systems described in state space plat-
form. Here we have converted the multi-delay differential equation to an algebraic
form using the orthogonal hybrid function (HF) set.

First we take up the problem of analysis of a delayed non-homogeneous system
in HF domain, because after putting the specific condition of zero forcing function,
we can arrive at the result of analysis of a delayed homogeneous system.

10.1 HF Domain Approximation of Function with Time
Delay

Let us consider a time function f tð Þ which consists of single delay or multiple
delays along the time scale. In case of HF approximation of the delayed time
function, following situations may arise:

© Springer International Publishing Switzerland 2016
A. Deb et al., Analysis and Identification of Time-Invariant Systems, Time-Varying
Systems, and Multi-Delay Systems using Orthogonal Hybrid Functions,
Studies in Systems, Decision and Control 46, DOI 10.1007/978-3-319-26684-8_10
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• The function f tð Þ consists of multiple delays with one delay equal to τ (say) and
the rest its integral multiples. Then we can select the sampling interval h judi-
ciously as equal to the delay τ, or τ may be integral multiple of h when h is
smaller than v. Then we can approximate the delayed time function in HF
domain comfortably.

• The function f tð Þ consists of multiple delays with one delay equal to τ
(say) while the other delays are not integral multiples of τ. This situation may be
handled in a different way. In this case the sampling interval h has to be chosen
in such a way that all the delays are integral multiples of h. So we find the
highest common factor (HCF) of the delays to determine a suitable value of the
sampling interval h. That is, if hn ¼ highest common factor s1; s2; . . .; snð Þ, the
sampling interval h ¼ hn

k ; where, k is an integer greater than zero.

Figure 10.1a shows equidistant samples of a time function f tð Þ while Fig. 10.1b
illustrates its delayed version f t � sð Þ with s ¼ 2h:

Fig. 10.1 Equidistant samples of a a function f tð Þ and b its delayed version f t � sð Þ with s ¼ 2h
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Let us now recall the delay matrix Q, defined as

Q mð Þ, 0 1 0 0 � � � 0 0½ �½ � m �mð Þ

Q(m) has the property

Qk
mð Þ ¼ 0 0 . . .0 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

k terms

1 0 0 . . . 0 0|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�k�1ð Þ terms

2
4

3
5

2
4

3
5

m �mð Þ

and Qk
mð Þ ¼ 0 mð Þ

If we post-multiply any row matrix A by a Q matrix of proper dimension, the
A matrix will be shifted towards right by one element, and a zero will be introduced
as the first element of AQ.

However, if we post-multiply AQ by Q again, the result will be shifted further
towards right by another element, and the vacant place at the start of AQ2 will again
be taken up by another zero. If we continue such post multiplication with Q, at each
step of multiplication the result will be shifted towards right by one element.

That means, if

A ¼ a11 a12 � � � a1m½ � 1�mð Þ; then

AQk ¼ 0 0 . . . 0 0|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
k terms

a11 a12 . . . a1 m�kð Þ

2
4

3
5

1�mð Þ

ð10:1Þ

We find that, transpose of Q, namely QT, behaves in a manner contrary to that of
Q. That is, if we post-multiply a row matrix A by the QT matrix of proper
dimension, the result will be the A matrix shifted towards left by one element, and a
zero will be introduced as the last element of AQT. Thus, we can call QT as the
advance matrix.

Like repeated multiplication by Q, if we proceed similarly with QT, at each stage
of multiplication, the resulting row matrix will be shifted towards left by one
element.

That means

A QT� �k¼ a1 m�kð Þ a1 m�kþ 1ð Þ . . . a1 m�1ð Þ a1m|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�kð Þterms

0 0 . . . 0 0|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
k terms

2
64

3
75

1�mð Þ
ð10:2Þ
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In approximating time functions with delays, Q as well as QT have vital roles to
play.

For convenience in representation, let us define

QT ,Qt

Referring to Fig. 10.1a, we can represent the function f(t) in HF domain with a
sampling period of h in the interval t 2 [0, mh). That is

f ðtÞ � �f ðtÞ ¼ c0 c1 c2 . . . cm�1½ �S mð ÞðtÞ
þ ðc1 � c0Þ ðc2 � c1Þ ðc3 � c2Þ . . . ðcm � cm�1Þ½ �T mð ÞðtÞ

,CT
S SðmÞ þCT

TTðmÞ

where �f ðtÞ is the piecewise linear approximation of f ðtÞ in HF domain.
Consider that we know m number of samples of the function f ðtÞ for time t < 0.

That is, we want to work with a row matrix of dimension (1 × m). Thus, for t < 0,
the function f ðtÞ may be represented via sample-and-hold functions as

f ðtÞjt\ 0� c0m c0m �1 . . . c03 c02 c01½ �SðmÞðtÞ ð10:3Þ

Now, consider the samples of the function for t ≥ 0. Again, if we consider
m number of samples and represent the function f ðtÞ via sample-and-hold functions,
we have

f ðtÞjt [ 0� c0 c1 c2 . . . cm�1½ �S mð ÞðtÞ ð10:4Þ

If we work with m samples in total within the time interval t 2 [−kh, (m-k)h] then
we can express this particular section of the function in SHF domain as

f ðtÞj�kh � t � ðm�kÞh� c0k c0k�1 c0k�2 . . . c01 c0 c1 . . . cm�k�1½ �S mð ÞðtÞ
ð10:5Þ

Using Eq. (10.5), we can handle a function delayed by kh (k being an integer).
Also, by employing the Q and Qt matrices, we can arrive at (10.5) from the
generalized Eqs. (10.3) and (10.4). That is

f ðtÞj�kh � t � ðm�kÞh � c0 c1 c2 . . . cm�1½ �QkSmðtÞ
þ c0m c0m �1 . . . c02 c01½ �Qk

tSmðtÞ
¼ c0k c0k�1 c0k�2 . . . c01 c0 c1 . . . cm�k�1½ �S mð ÞðtÞ

Now, representation of the delayed function f t � khð Þ in HF domain in an
interval t 2 [−kh, (m − k)h] is given by
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f ðt � khÞ � �f ðt � khÞ ¼ c0k c0k�1 c0k�2 . . . c01 c0 c1 . . . cm�k�1½ �S mð ÞðtÞ
þ c0k�1 � c0k

� �
c0k�2 � c0k�1
� �

. . . c0 � c01
� �

c1 � c0ð Þ�
. . . cm�k � cm�k�1ð Þ�T mð ÞðtÞ
¼ c0 c1 c2 . . . cm�1½ �QkSmðtÞ
þ c0m c0m�1 . . . c02 c01½ �Qk

tSmðtÞ
þ ðc1 � c0Þ ðc2 � c1Þ ðc3 � c2Þ . . . ðcm � cm�1Þ½ �QkTmðtÞ
þ ðc0m�1 � c0mÞ ðc0m�2 � c0m�1Þ . . . ðc01 � c02Þ ðc0 � c01Þ½ �Qk

tTmðtÞ
, CT

SQ
k þCT

SsQ
k
t

� �
SðmÞ þ CT

TQ
k þCT

TsQ
k
t

� �
TðmÞ

ð10:6Þ

where, use is made of Eq. (10.5), Qk is termed as the delay matrix of degree k and
Qk

t is termed as the advance matrix of degree k.
Here CT

Ss is the sample-and-hold coefficient vector for initial values of the state,
representing the coefficients belong to time scale �kh� t\0. Whereas CT

Ts is the
triangular function coefficient vector for initial values of the state, representing the
coefficients belong to time scale �kh� t\0.

10.1.1 Numerical Examples

Example 10.1 Consider a function f1 tð Þ ¼ t having a delay at t = 0.4 s. Using
Eq. (10.6), approximations of this function is graphically shown in Fig. 10.2, for
m = 10 and T = 1 s.

Here the delay time s ¼ kh ¼ 0:4 s, and time period T = 1 s. That means k = 4.
Using Eq. (10.1), the approximation of function f1 t � khð Þ ¼ t � 0:4ð Þ can be

represented by

Fig. 10.2 Graphical
representation of HF domain
approximation with exact
function, of function f1 tð Þ of
Example 10.1, for m = 10 and
T = 1 s
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t � 0:4ð Þ � �0:4 �0:3 �0:2 �0:1 0 0:1 0:2 0:3 0:4 0:5½ �S 10ð ÞðtÞ
þ 0:1 0:1 0:1 0:1 0:1 0:1 0:1 0:1 0:1 0:1½ �T 10ð ÞðtÞ

ð10:7Þ

In Fig. 10.2, we see that the samples of the delayed time function, obtained via
HF domain approximation, coincide with exact samples of the function f1 t � khð Þ
due to its linear nature.

Example 10.2 Consider a function f2 tð Þ ¼ sin ptð Þ over a time period of T = 2 s,
having a delay of τ = 0.4 s. For m = 20 and T = 1 s, h = 0.1 and k ¼ s

h :

Using Eq. (10.6), the approximation of this function is graphically shown in
Fig. 10.3 as in Example 10.2.

10.2 Integration of Functions with Time Delay

Let us consider a time delayed square integrable function f t � khð Þ which can be
expanded in HF domain, using Eq. (10.6). Now, if we consider all the initial values
of the function for �kh� t\0 to be zero, then integrating Eq. (10.6) with respect to
t, we have Z

f ðt � khÞdt �
Z

CT
SQ

kSðmÞdtþ
Z

CT
TQ

kTðmÞdt ð10:8Þ

Using Eqs. (10.8), (4.9) and (4.18), the integration of a time delayed function
with all zero initial values, can be expressed as

Fig. 10.3 Pictorial
representation of HF domain
approximation of f2 tð Þ ¼
sin pðt � 0:4Þ½ � of Example
10.2 along with the exact
function for m = 20 and
T = 2 s
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Z
f ðt � khÞdt � CT

S þ
1
2
CT

T

� �
QkP1ssðmÞSðmÞ

þ h CT
S þ

1
2
CT

T

� �
QkTðmÞ

ð10:9Þ

But in reality, most of the practical systems have some non-zero initial values of
their states. In that case, the integration of a delayed time function can be repre-
sented by

Z
f ðt � khÞ dt �

Z
CT

SQ
k þCT

SsQ
k
t

� �
SðmÞdt

þ
Z

CT
TQ

k þCT
TsQ

k
t

� �
TðmÞdt

ð10:10Þ

Using Eqs. (10.10), (4.9) and (4.18), integration of a time delayed function with
initial values, may be expressed as

Z
f ðt � khÞdt � CT

SQ
k þCT

SsQ
k
t

� �þ 1
2

CT
TQ

k þCT
TsQ

k
t

� �� �
P1ssðmÞSðmÞ

þ h CT
SQ

k þCT
SsQ

k
t

� �þ 1
2

CT
TQ

k þCT
TsQ

k
t

� �� �
TðmÞ

ð10:11Þ

Using Eq. (10.11), integration of some basic time delayed functions are illus-
trated below.

10.2.1 Numerical Examples

Example 10.3 Consider the function f1 tð Þ ¼ t having a delay at t = 0.4 s, from
Example 10.1. Using Eq. (10.11), integration of the function in HF domain is
plotted with the exact integration in Fig. 10.4, for m = 10 and T = 1 s.

Here we note that the samples obtained via HF domain integration approach
coincide with the exact integration curve.

Example 10.4: Consider the function f2 tð Þ ¼ sin ptð Þ having a delay of τ = 0.4 s.
Using Eq. (10.11), integration of the function in HF domain is plotted along with
the exact curve in Fig. 10.5, for m = 20 and T = 2 s.

As in Example 10.2, here, k = 4, the delay time s ¼ kh ¼ 0:4 s, and time period
T = 2 s.
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10.3 Analysis of Non-homogeneous State Equations
with Delay

Consider the non-homogeneous delayed state equation as,

x
�
tð Þ ¼ Ax tð ÞþBu tð Þþ

XM
k¼1

Akx t � khð Þþ
XN
k¼1

Bku t � khð Þ ð10:12Þ

where, A is an (n × n) system matrix given by

Fig. 10.4 Graphical
representation of HF domain
integration of the function
f1 tð Þ ¼ ðt � 0:4Þ of Example
10.1 along with its exact
integration, for m = 10 and
T = 1 s

Fig. 10.5 Graphical
representation of HF domain
integration, of the function
f2 tð Þ of Example 10.2, along
with its exact integration, for
m = 10 and T = 1 s
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A,

a11 a12 a13 � � � a1n
a21 a22 a23 . . . a2n
..
. ..

. ..
. ..

.

..

. ..
. ..

. ..
.

an1 an2 an3 . . . ann

2
666664

3
777775

Ak is an (n × n) system matrix associated with the delayed state vector,
B is the (n × 1) input vector given by B ¼ b1 b2 � � � � � � bn½ �T
Bk is the (n × 1) input vector associated with the delayed input,
x(t) is the state vector given by x tð Þ ¼ x1 x2 . . . . . . xn½ �T with the initial
conditions

x 0ð Þ ¼ x1ð0Þ x2ð0Þ . . . . . . xnð0Þ½ �T where; ½. . .�Tdenotes transpose;

x(t − kh) is the state vector with a delay of t = kh, k being an integer,
u is the forcing function,
u(t − λh) is the forcing function with a delay of t = λh, λ being an integer,

and M and N are upper limits of k and λ respectively.
For simplicity, let us consider the following multi-delay system

x
�
tð Þ ¼ Ax tð ÞþBu tð ÞþA1x t � k1hð ÞþA2x t � k2hð Þ
þB1u t � k1hð ÞþB2u t � k2hð Þ ð10:13Þ

Integrating Eq. (10.13), we get

x tð Þ � x 0ð Þ ¼ A
Z

x tð ÞdtþB
Z

u tð ÞdtþA1

Z
x t � k1hð ÞdtþA2

Z
x t � k2hð Þdt

þB1

Z
u t � k1hð ÞdtþB2

Z
u t � k2hð Þdt

ð10:14Þ
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Expanding x(t), x(0), x t � k1hð Þ, x t � k2hð Þ, u(t), u t � k1hð Þ and u t � k2hð Þ via
an m-set hybrid function, we get

x tð Þ,CSxS mð Þ þCTxT mð Þ; x 0ð Þ,CSx0S mð Þ þCTx0T mð Þ
x t � k1hð Þ, CSxQk1þCSxs1Qk1

t

� �
S mð Þ þ CTxQk1þCTxs1Qk1

t

� �
T mð Þ

x t � k2hð Þ, CSxQk2þCSxs2Qk2
t

� �
S mð Þ þ CTxQk2þCTxs2Qk2

t

� �
T mð Þ

u tð Þ,CT
SuS mð Þ þCT

TuT mð Þ

u t � b1hð Þ, CT
SuQ

b1þCT
Sus1Q

b1
t

h i
S mð Þ þ CT

TuQ
b1þCT

Tus1Q
b1
t

h i
T mð Þ

u t � b2hð Þ, CT
SuQ

b2þCT
Sus2Q

b2
t

h i
S mð Þ þ CT

TuQ
b2þCT

Tus2Q
b2
t

h i
T mð Þ

where,

CSx ¼

CT
Sx1

CT
Sx2

..

.

..

.

CT
Sxi

..

.

..

.

CT
Sxn

2
666666666666664

3
777777777777775

n�mð Þ

; CTx ¼

CT
Tx1

CT
Tx2

..

.

..

.

CT
Txi

..

.

..

.

CT
Txn

2
666666666666664

3
777777777777775

n�mð Þ

; CSx0 ¼

CT
Sx01

CT
Sx02

..

.

..

.

CT
Sx0i

..

.

..

.

CT
Sx0n

2
666666666666664

3
777777777777775

n�mð Þ

; CTx0 ¼

CT
Tx01

CT
Tx02

..

.

..

.

CT
Tx0i

..

.

..

.

CT
Tx0n

2
666666666666664

3
777777777777775

n�mð Þ

CSxi ¼ cSxi1 cSxi2 cSxi3 . . . . . . cSxim½ �T
CTxi ¼ cTxi1 cTxi2 cTxi3 . . . . . . cTxim½ �T
CSx0i ¼ cSx0i1 cSx0i2 cSx0i3 . . . . . . cSx0im½ �T
CTx0i ¼ cTx0i1 cTx0i2 cTx0i3 . . . . . . cTx0im½ �T

Csu ¼ csu;1 csu;2 csu;3 . . . . . . csu;m½ �T

CTu ¼ cTu;1 cTu;2 cTu;3 . . . . . . cTu;m½ �T

Therefore LHS of Eq. (10.14), can be expressed as

x tð Þ � x 0ð Þ � CSx � CSx0ð ÞSðmÞ þ CTx � CTx0ð ÞTðmÞ ð10:15Þ
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The initial values of all the states being constants, they always essentially rep-
resent step functions. Hence, HF domain expansions of the initial values will
always yield null coefficient matrices for the T vectors.

Therefore in HF domain, integration of the above terms can be represented by

Z
x tð Þdt � CSxþ 1

2
CTx

h i
P1ss S mð Þ þ h CSxþ 1

2
CTx

h i
T mð ÞZ

x t � k1hð Þdt � CSxQk1þCSxs1Qk1
t

� �þ 1
2
CTxQk1þCTxs1Qk1

t

� �h i
P1ss S mð Þ

þ h CSxQk1þCSxs1Qk1
t

� �þ 1
2
CTxQk1þCTxs1Qk1

t

� �h i
T mð ÞZ

x t � k2hð Þdt � CSxQk2þCSxs2Qk2
t

� �þ 1
2
CTxQk2þCTxs2Qk2

t

� �h i
P1ss S mð Þ

þ h CSxQk2þCSxs2Qk2
t

� �þ 1
2
CTxQk2þCTxs2Qk2

t

� �h i
T mð ÞZ

u tð Þdt � CT
Suþ 1

2
CT

Tu

h i
P1ss S mð Þ þ h CT

Suþ 1
2
CT

Tu

h i
T mð ÞZ

u t � b1hð Þdt � CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
P1ss S mð Þ

þ h CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
T mð ÞZ

u t � b2hð Þdt � CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
P1ss S mð Þ

þ h CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
T mð Þ

Substituting the above terms in RHS of Eq. (10.14), we get

A
Z

x tð ÞdtþB
Z

u tð ÞdtþA1

Z
x t � k1hð ÞdtþA2

Z
x t � k2hð Þdt

þB1

Z
u t � b1hð Þ dtþB2

Z
u t � b2hð Þ dt

� A CSxþ 1
2
CTx

	 

P1ss S mð Þ þ h CSxþ 1

2
CTx

	 

T mð Þ

h i
þB CT

Suþ 1
2
CT

Tu

	 

P1ss S mð Þ þ h CT

Suþ 1
2
CT

Tu

	 

T mð Þ

h i
þA1 CSxQk1þCSxs1Qk1

t

� �þ 1
2
CTxQk1þCTxs1Qk1

t

� �h i
P1ss S mð Þ

þA1h CSxQk1þCSxs1Qk1
t

� �þ 1
2
CTxQk1þCTxs1Qk1

t

� �h i
T mð Þ

þA2 CSxQk2þCSxs2Qk2
t

� �þ 1
2
CTxQk2þCTxs2Qk2

t

� �h i
P1ss S mð Þ

þA2h CSxQk2þCSxs2Qk2
t

� �þ 1
2
CTxQk2þCTxs2Qk2

t

� �h i
T mð Þ

þB1 CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
P1ss S mð Þ

þB1h CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
T mð Þ

þB2 CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
P1ss S mð Þ

þB2h CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
T mð Þ

ð10:16Þ
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Now equating the SHF part of Eqs. (10.15) and (10.16), we get

CSx � CSx0 ¼ A CSxþ 1
2
CTx

	 

P1ssþB CT

Suþ 1
2
CT

Tu

	 

P1ss

þA1 CSxQk1þCSxs1Qk1
t

� �þ 1
2
CTxQk1þCTxs1Qk1

t

� �h i
P1ss

þA2 CSxQk2þCSxs2Qk2
t

� �þ 1
2
CTxQk2þCTxs2Qk2

t

� �h i
P1ss

þB1 CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
P1ss

þB2 CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
P1ss

ð10:17Þ

Similarly, equating the TF part of Eqs. (10.15) and (10.16), we have

CTx¼ Ah CSxþ 1
2
CTx

	 

þBh CT

Suþ 1
2
CT

Tu

	 

þA1h CSxQk1þCSxs1Qk1

t

� �þ 1
2
CTxQk1þCTxs1Qk1

t

� �h i
þA2h CSxQk2þCSxs2Qk2

t

� �þ 1
2
CTxQk2þCTxs2Qk2

t

� �h i
þB1h CT

SuQ
b1þCT

Sus1Q
b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
þB2h CT

SuQ
b2þCT

Sus2Q
b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
ð10:18Þ

Therefore, from Eqs. (10.17) and (10.18), we can write

CTx P1ss ¼ h CSx � CSx0

� �
Substituting this relation in Eq. (10.17), we have

CSx � CSx0 ¼ ACSxP1ssþB CT
Suþ 1

2
CT

Tu

	 

P1ssþ h

2
A CSx � CSx0ð Þ

þA1CSxQk1P1ssþ h
2
A1 CSx � CSx0ð ÞQk1þA1 CSxs1þ 1

2
CTxs1

	 

Qk1

t P1ss

þA2CSxQk2P1ssþ h
2
A2 CSx � CSx0ð ÞQk2þA2 CSxs2þ 1

2
CTxs2

	 

Qk2

t P1ss

þB1 CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
P1ss

þB2 CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
P1ss

ð10:19Þ
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or,CSx � ACSxP1ss� h
2
ACSx � A1CSxQk1P1ss� h

2
A1CSxQk1

� A2CSxQk2P1ss� h
2
A2CSxQk2

¼ CSx0 � h
2
ACSx0 � h

2
A1CSx0Qk1þA1 CSxs1þ 1

2
CTxs1

	 

Qk1

t P1ss

� h
2
A2CSx0Qk2þA2 CSxs2þ 1

2
CTxs2

	 

Qk2

t P1ssþB CT
Suþ 1

2
CT

Tu

	 

P1ss

þB1 CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
P1ss

þB2 CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
P1ss

ð10:20Þ

Replacing P1ss in Eq. (10.20), following (8.12), we get

CSx � ACSxP� A1CSxQk1P� A2CSxQk2P

¼ I� h
2
A� h

2
A1Qk1 � h

2
A2Qk2

h i
CSx0þA1 CSxs1þ 1

2
CTxs1

	 

Qk1

t P1ss

þA2 CSxs2þ 1
2
CTxs2

	 

Qk2

t P1ssþB CT
Suþ 1

2
CT

Tu

	 

P1ss

þB1 CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
P1ss

þB2 CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
P1ss

ð10:21Þ

Now, the (i + 1)th column of ACSxP is

ACSxP½ �iþ 1¼
a11 a12 . . . a1n
a21 a22 . . . a2n
..
. ..

. ..
.

an1 an2 . . . ann

2
6664

3
7775

cSx11 cSx12 . . . cSx1m
cSx21 cSx22 . . . cSx2m
..
. ..

. ..
.

cSxn1 cSxn2 . . . cSxnm

2
6664

3
7775h

1
..
.

1
1
2

0
..
.

0

2
6666666664

3
7777777775

iþ 1ð Þ � th column
#

 
 

iþ 1ð Þth element
iþ 2ð Þth element

¼ h

a11 a12 . . . a1n
a21 a22 . . . a2n
..
. ..

. ..
.

an1 an2 . . . ann

2
6664

3
7775

cSx11þ cSx12þ � � � þ cSx1iþ 1
2cSx1 iþ 1ð Þ

cSx21þ cSx22þ � � � þ cSx2iþ 1
2cSx2 iþ 1ð Þ

..

.

cSxn1þ cSxn2þ � � � þ cSxniþ 1
2cSxn iþ 1ð Þ

2
6664

3
7775
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¼ h

a11 cSx11þ cSx12þ � � � þ cSx1iþ 1
2
cSx1 iþ 1ð Þ

	 

þ a12 cSx21þ cSx22þ � � � þ cSx2iþ 1

2
cSx2 iþ 1ð Þ

	 

þ � � � þ a1n cSxn1þ cSxn2þ � � � þ cSxniþ 1

2
cSxn iþ 1ð Þ

	 

a21 cSx11þ cSx12þ � � � þ cSx1iþ 1

2
cSx1 iþ 1ð Þ

	 

þ a22 cSx21þ cSx22þ � � � þ cSx2iþ 1

2
cSx2 iþ 1ð Þ

	 

þ � � � þ a2n cSxn1þ cSxn2þ � � � þ cSxniþ 1

2
cSxn iþ 1ð Þ

	 

..
.

an1 cSx11þ cSx12þ � � � þ cSx1iþ 1
2
cSx1 iþ 1ð Þ

	 

þ an2 cSx21þ cSx22þ � � � þ cSx2iþ 1

2
cSx2 iþ 1ð Þ

	 

þ � � � þ ann cSxn1þ cSxn2þ � � � þ cSxniþ 1

2
cSxn iþ 1ð Þ

	 


2
666666666666666664

3
777777777777777775

ð10:22Þ

Similarly, the (i + 1)th column of A1CSxQk1P is

A1CSxQk1P
� �

iþ 1

¼ h

a 1ð Þ11 a 1ð Þ12 . . . a 1ð Þ1n
a 1ð Þ21 a 1ð Þ22 . . . a 1ð Þ2n

..

. ..
. ..

.

a 1ð Þn1 a 1ð Þn2 . . . a 1ð Þnn

2
666664

3
777775

cSx11 cSx12 . . . cSx1m
cSx21 cSx22 . . . cSx2m

..

. ..
. ..

.

cSxn1 cSxn2 . . . cSxnm

2
66664

3
77775

1

..

.

1
1
2

0

..

.

0

2
6666666666664

3
7777777777775

iþ 1ð Þ � thcolumn

#

 i� k1þ 1ð Þ
th element

¼ h

a 1ð Þ11 a 1ð Þ12 . . . a 1ð Þ1n
a 1ð Þ21 a 1ð Þ22 . . . a 1ð Þ2n
..
. ..

. ..
.

a 1ð Þn1 a 1ð Þn2 . . . a 1ð Þnn

2
6664

3
7775

cSx11þ cSx12þ � � � þ cSx1 i�k1ð Þ þ 1
2cSx1 i�k1þ 1ð Þ

cSx21þ cSx22þ � � � þ cSx2 i�k1ð Þ þ 1
2cSx2 i�k1þ 1ð Þ

..

.

cSxn1þ cSxn2þ � � � þ cSxn i�k1ð Þ þ 1
2cSxn i�k1þ 1ð Þ

2
6664

3
7775

¼ h

a 1ð Þ11 cSx11þ cSx12þ � � � þ cSx1 i�k1ð Þ þ 1
2cSx1 i�k1þ 1ð Þ

� �
þ a 1ð Þ12 cSx21þ cSx22þ � � � þ cSx2 i�k1ð Þ þ 1

2cSx2 i�k1þ 1ð Þ
� �þ � � � þ

þ a 1ð Þ1n cSxn1þ cSxn2þ � � � þ cSxn i�k1ð Þ þ 1
2cSxn i�k1þ 1ð Þ

� �
a 1ð Þ21 cSx11þ cSx12þ � � � þ cSx1 i�k1ð Þ þ 1

2cSx1 i�k1þ 1ð Þ
� �
þ a 1ð Þ22 cSx21þ cSx22þ � � � þ cSx2 i�k1ð Þ þ 1

2cSx2 i�k1þ 1ð Þ
� �þ � � � þ

þ a 1ð Þ2n cSxn1þ cSxn2þ � � � þ cSxn i�k1ð Þ þ 1
2cSxn i�k1þ 1ð Þ

� �
..
.

a 1ð Þn1 cSx11þ cSx12þ � � � þ cSx1 i�k1ð Þ þ 1
2cSx1 i�k1þ 1ð Þ

� �
þ a 1ð Þn2 cSx21þ cSx22þ � � � þ cSx2 i�k1ð Þ þ 1

2cSx2 i�k1þ 1ð Þ
� �þ � � � þ

þ a 1ð Þnn cSxn1þ cSxn2þ � � � þ cSxn i�k1ð Þ þ 1
2cSxn i�k1þ 1ð Þ

� �

2
6666666666666664

3
7777777777777775

for iþ 1ð Þ[ k1

ð10:23Þ
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Similarly, the (i + 1)th column of A2CSxQk2P is given by

A2CSxQk2P
� �

iþ 1

¼ h

a 2ð Þ11 a 2ð Þ12 . . . a 2ð Þ1n
a 2ð Þ21 a 2ð Þ22 . . . a 2ð Þ2n
..
. ..

. ..
.

a 2ð Þn1 a 2ð Þn2 . . . a 2ð Þnn

2
6664

3
7775

cSx11þ cSx12þ � � � þ cSx1 i�k2ð Þ þ 1
2cSx1 i�k2þ 1ð Þ

cSx21þ cSx22þ � � � þ cSx2 i�k2ð Þ þ 1
2cSx2 i�k2þ 1ð Þ

..

.

cSxn1þ cSxn2þ � � � þ cSxn i�k2ð Þ þ 1
2cSxn i�k2þ 1ð Þ

2
6664

3
7775

¼ h

a 2ð Þ11 cSx11þ cSx12þ � � � þ cSx1 i�k2ð Þ þ 1
2cSx1 i�k2þ 1ð Þ

� �
þ a 2ð Þ12 cSx21þ cSx22þ � � � þ cSx2 i�k2ð Þ þ 1

2cSx2 i�k2þ 1ð Þ
� �þ � � � þ

þ a 2ð Þ1n cSxn1þ cSxn2þ � � � þ cSxn i�k2ð Þ þ 1
2cSxn i�k2þ 1ð Þ

� �
a 2ð Þ21 cSx11þ cSx12þ � � � þ cSx1 i�k2ð Þ þ 1

2cSx1 i�k2þ 1ð Þ
� �
þ a 2ð Þ22 cSx21þ cSx22þ � � � þ cSx2 i�k2ð Þ þ 1

2cSx2 i�k2þ 1ð Þ
� �þ � � � þ

þ a 2ð Þ2n cSxn1þ cSxn2þ � � � þ cSxn i�k2ð Þ þ 1
2cSxn i�k2þ 1ð Þ

� �
..
.

a 2ð Þn1 cSx11þ cSx12þ � � � þ cSx1 i�k2ð Þ þ 1
2cSx1 i�k2þ 1ð Þ

� �
þ a 2ð Þn2 cSx21þ cSx22þ � � � þ cSx2 i�k2ð Þ þ 1

2cSx2 i�k2þ 1ð Þ
� �þ � � � þ

þ a 2ð Þnn cSxn1þ cSxn2þ � � � þ cSxn i�k2ð Þ þ 1
2cSxn i�k2þ 1ð Þ

� �

2
6666666666666664

3
7777777777777775

for iþ 1ð Þ[ k2

ð10:24Þ

Now, the ith column of ACSxP is

¼ h

a11 cSx11þ cSx12þ � � � þ cSx1 i�1ð Þ þ 1
2
cSx1i

	 

þ a12 cSx21þ cSx22þ � � � þ cSx2 i�1ð Þ þ 1

2
cSx2i

	 

þ � � � þ a1n cSxn1þ cSxn2þ � � � þ cSxn i�1ð Þ þ 1

2
cSxni

	 

a21 cSx11þ cSx12þ � � � þ cSx1 i�1ð Þ þ 1

2
cSx1i

	 

þ a22 cSx21þ cSx22þ � � � þ cSx2 i�1ð Þ þ 1

2
cSx2i

	 

þ � � � þ a2n cSxn1þ cSxn2þ � � � þ cSxn i�1ð Þ þ 1

2
cSxni

	 

..
.

an1 cSx11þ cSx12þ � � � þ cSx1 i�1ð Þ þ 1
2
cSx1i

	 

þ an2 cSx21þ cSx22þ � � � þ cSx2 i�1ð Þ þ 1

2
cSx2i

	 

þ � � � þ ann cSxn1þ cSxn2þ � � � þ cSxn i�1ð Þ þ 1

2
cSxni

	 


2
666666666666666664

3
777777777777777775

ð10:25Þ
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The ith column of A1CSxQk1P is

¼ h

a 1ð Þ11 cSx11þ cSx12þ � � � þ cSx1 i�k1�1ð Þ þ 1
2cSx1 i�k1ð Þ

� �
þ a 1ð Þ12 cSx21þ cSx22þ � � � þ cSx2 i�k1�1ð Þ þ 1

2cSx2 i�k1ð Þ
� �þ � � � þ

þ a 1ð Þ1n cSxn1þ cSxn2þ � � � þ cSxn i�k1�1ð Þ þ 1
2cSxn i�k1ð Þ

� �
a 1ð Þ21 cSx11þ cSx12þ � � � þ cSx1 i�k1�1ð Þ þ 1

2cSx1 i�k1ð Þ
� �
þ a 1ð Þ22 cSx21þ cSx22þ � � � þ cSx2 i�k1�1ð Þ þ 1

2cSx2 i�k1ð Þ
� �þ � � � þ

þ a 1ð Þ2n cSxn1þ cSxn2þ � � � þ cSxn i�k1�1ð Þ þ 1
2cSxn i�k1ð Þ

� �
..
.

a 1ð Þn1 cSx11þ cSx12þ � � � þ cSx1 i�k1�1ð Þ þ 1
2cSx1 i�k1ð Þ

� �
þ a 1ð Þn2 cSx21þ cSx22þ � � � þ cSx2 i�k1�1ð Þ þ 1

2cSx2 i�k1ð Þ
� �þ � � � þ

þ a 1ð Þnn cSxn1þ cSxn2þ � � � þ cSxn i�k1�1ð Þ þ 1
2cSxn i�k1ð Þ

� �

2
6666666666666664

3
7777777777777775

for i[ k1

ð10:26Þ

The ith column of A2CSxQk2P is

¼ h

a 2ð Þ11 cSx11þ cSx12þ � � � þ cSx1 i�k2�1ð Þ þ 1
2cSx1 i�k2ð Þ

� �
þ a 2ð Þ12 cSx21þ cSx22þ � � � þ cSx2 i�k2�1ð Þ þ 1

2cSx2 i�k2ð Þ
� �þ � � � þ

þ a 2ð Þ1n cSxn1þ cSxn2þ � � � þ cSxn i�k2�1ð Þ þ 1
2cSxn i�k2ð Þ

� �
a 2ð Þ21 cSx11þ cSx12þ � � � þ cSx1 i�k2�1ð Þ þ 1

2cSx1 i�k2ð Þ
� �
þ a 2ð Þ22 cSx21þ cSx22þ � � � þ cSx2 i�k2�1ð Þ þ 1

2cSx2 i�k2ð Þ
� �þ � � � þ

þ a 2ð Þ2n cSxn1þ cSxn2þ � � � þ cSxn i�k2�1ð Þ þ 1
2cSxn i�k2ð Þ

� �
..
.

a 2ð Þn1 cSx11þ cSx12þ � � � þ cSx1 i�k2�1ð Þ þ 1
2cSx1 i�k2ð Þ

� �
þ a 2ð Þn2 cSx21þ cSx22þ � � � þ cSx2 i�k2�1ð Þ þ 1

2cSx2 i�k2ð Þ
� �þ � � � þ

þ a 2ð Þnn cSxn1þ cSxn2þ � � � þ cSxn i�k2�1ð Þ þ 1
2cSxn i�k2ð Þ

� �

2
6666666666666664

3
7777777777777775

for i[ k2

ð10:27Þ

After subtracting the ith column of LHS of Eq. (10.21) from its (i + 1)th column,
using the relations from (10.22) to (10.27), we get
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CSx½ �iþ 1� ACSxP½ �iþ 1� A1CSxQk1P
� �

iþ 1� A2CSxQk2P
� �

iþ 1

	 

� CSx½ �i� ACSxP½ �i� A1CSxQk1P

� �
i� A2CSxQk2P

� �
i

� �
¼ CSx½ �iþ 1� CSx½ �i

� �� ACSxP½ �iþ 1� ACSxP½ �i
� �

� A1CSxQk1P
� �

iþ 1� A1CSxQk1P
� �

i

	 

� A2CSxQk2P

� �
iþ 1� A2CSxQk2P

� �
i

	 


¼

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775�

cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775� h

2
A

cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775� h

2
A

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775�

h
2
A1

cSx1 i�k1ð Þ
cSx2 i�k1ð Þ

..

.

cSxn i�k1ð Þ

2
666664

3
777775

� h
2
A1

cSx1 i�k1þ 1ð Þ
cSx2 i�k1þ 1ð Þ

..

.

cSxn i�k1þ 1ð Þ

2
666664

3
777775�

h
2
A2

cSx1 i�k2ð Þ
cSx2 i�k2ð Þ

..

.

cSxn i�k2ð Þ

2
666664

3
777775�

h
2
A2

cSx1 i�k2þ 1ð Þ
cSx2 i�k2þ 1ð Þ

..

.

cSxn i�k2þ 1ð Þ

2
666664

3
777775

ð10:28Þ

Similar to Eq. (10.28), we subtract the ith column of RHS of Eq. (10.21) from its
(i + 1)th column and express the result of subtraction in parts. First, we subtract the
first terms of the two columns in the RHS of Eq. (10.21) and get

I � h
2
A � h

2
A1Qk1 � h

2
A2Qk2

h i
CSx0

	 

iþ 1

� I � h
2
A � h

2
A1Qk1 � h

2
A2Qk2

h i
CSx0

	 

i
¼ 0

Subtractions of the remaining terms, we have

A1 CSxs1þ 1
2
CTxs1

	 

Qk1

t P1ss
h i

iþ 1
� A1 CSxs1þ 1

2
CTxs1

	 

Qk1

t P1ss
h i

i

¼ hA1 CSxs1þ 1
2
CTxs1

	 

Qk1

t

� �
i

Similarly,

A2 CSxs2þ 1
2
CTxs2

	 

Qk2

t P1ss
h i

iþ 1
� A2 CSxs2þ 1

2
CTxs2

	 

Qk2

t P1ss
h i

i

¼ hA2 CSxs2þ 1
2
CTxs2

	 

Qk2

t

� �
i

10.3 Analysis of Non-homogeneous State Equations … 257



Now

B CT
Suþ 1

2
CT

Tu

	 

P1ss

h i
iþ 1
� B CT

Suþ 1
2
CT

Tu

	 

P1ss

h i
i
¼ hB CT

Suþ 1
2
CT

Tu

	 

i

Similarly

B1 CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
P1ss

	 

iþ 1

� B1 CT
SuQ

b1þCT
Sus1Q

b1
t

	 

þ 1

2
CT

TuQ
b1þCT

Tus1Q
b1
t

	 
h i
P1ss

	 

i

¼ hB1 CT
Suþ 1

2
CT

Tu

	 

Qb1� �

iþ hB1 CT
Sus1þ 1

2
CT

Tus1

	 

Qb1

t

h i
i

and

B2 CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
P1ss

	 

iþ 1

� B2 CT
SuQ

b2þCT
Sus2Q

b2
t

	 

þ 1

2
CT

TuQ
b2þCT

Tus2Q
b2
t

	 
h i
P1ss

	 

i

¼ hB2 CT
Suþ 1

2
CT

Tu

	 

Qb2� �

iþ hB2 CT
Sus2þ 1

2
CT

Tus2

	 

Qb2

t

h i
i

Therefore, finally the subtraction of ith columns of Eq. (10.21) from respective
(i + 1)th columns can be expressed as

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775�

cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775� h

2
A

cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775� h

2
A

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775�

h
2
A1

cSx1 i�k1ð Þ
cSx2 i�k1ð Þ

..

.

cSxn i�k1ð Þ

2
666664

3
777775

� h
2
A1

cSx1 i�k1þ 1ð Þ
cSx2 i�k1þ 1ð Þ

..

.

cSxn i�k1þ 1ð Þ

2
666664

3
777775�

h
2
A2

cSx1 i�k2ð Þ
cSx2 i�k2ð Þ

..

.

cSxn i�k2ð Þ

2
666664

3
777775�

h
2
A2

cSx1 i�k2þ 1ð Þ
cSx2 i�k2þ 1ð Þ

..

.

cSxn i�k2þ 1ð Þ

2
666664

3
777775

¼ hA1 CSxs1þ 1
2
CTxs1

	 

Qk1

t

� �
iþ hA2 CSxs2þ 1

2
CTxs2

	 

Qk2

t

� �
iþ hB CT

Suþ 1
2
CT

Tu

	 

i

þ hB1 CT
Suþ 1

2
CT

Tu

	 

Qb1� �

iþ hB1 CT
Sus1þ 1

2
CT

Tus1

	 

Qb1

t

h i
i

þ hB2 CT
Suþ 1

2
CT

Tu

	 

Qb2� �

iþ hB2 CT
Sus2þ 1

2
CT

Tus2

	 

Qb2

t

h i
i

¼ hA1 CSxs1þ 1
2
CTxs1

	 

iþ k1
þ hA2 CSxs2þ 1

2
CTxs2

	 

iþ k2
þ hB CT

Suþ 1
2
CT

Tu

	 

i

þ hB1 CT
Suþ 1

2
CT

Tu

	 

i�b1
þ hB1 CT

Sus1þ 1
2
CT

Tus1

	 

iþ b1

þB2 h CT
Suþ 1

2
CT

Tu

	 

i�b2
þB2 h CT

Sus2þ 1
2
CT

Tus2

	 

iþb2

ð10:29Þ

258 10 Multi-delay System Analysis …



Following Eq. (10.12), the generalized form of Eq. (10.29) can be written as

I� h
2
A

h i
cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775 ¼ Iþ h

2
A

h i cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775þ h

2

XNx
k¼1

Ak½ � CSx½ �i�k þ h
2

XNx
k¼1

Ak½ � CSx½ �i�kþ 1

þ h
XNx
k¼1

Ak½ � CSxs k þ 1
2
CTxs k

h i
iþ k
þ hB CT

Suþ 1
2
CT

Tu

	 

i

þ h
XNu
k¼1

Bk½ � CT
Suþ 1

2
CT

Tu

h i
i�k
þ h

XNu
k¼1

Bk½ � CT
Sus kþ 1

2
CT

Tus k

h i
iþ k

ð10:30Þ

From Eq. (10.30), using matrix inversion, we have

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775 ¼ I� h

2
A

h i�1
Iþ h

2
A

h i cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775þ h

2

XNx
k¼1

Ak½ � CSx½ �i�k

8>>>><
>>>>:

þ h
2

XNx
k¼1

Ak½ � CSx½ �i�kþ 1

þ h
XNx
k¼1

Ak½ � CSxs k þ 1
2
CTxs k

h i
iþ k
þ hB CT

Suþ 1
2
CT

Tu

	 

i

þ h
XNu
k¼1

Bk½ � CT
Suþ 1

2
CT

Tu

h i
i�k
þ h

XNu
k¼1

Bk½ � CT
Sus kþ 1

2
CT

Tus k

h i
iþ k

)

or,

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775 ¼

2
h
I� A

h i�1 2
h
IþA

h i cSx1i
cSx2i

..

.

cSxni

2
66664

3
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XNx
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Ak½ � CSx½ �i�k

8>>>><
>>>>:

þ
XNx
k¼1
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þ 2
XNx
k¼1

Ak½ � CSxs k þ 1
2
CTxs k

h i
iþ k
þ 2B CT

Suþ 1
2
CT

Tu

	 

i

þ 2
XNu
k¼1

Bk½ � CT
Suþ 1

2
CT

Tu

h i
i�k
þ 2

XNu
k¼1

Bk½ � CT
Sus kþ 1

2
CT

Tus k

h i
iþ k

)

ð10:31Þ

The inverse in (10.31) can always be made to exist by judicious choice of h.
Equation (10.31) provides a simple recursive solution of the states of a

multi-delay non-homogeneous system, or, in other words, time samples of the
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states, with a sampling period of h knowing the system matrix A, the input matrix
B, the input signal u, the delay matrices for states and for input, and the initial
values of the states.

For a time-invariant system, all the delay matrices are zero. For such a system
Eq. (10.31) can be modified as

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775 ¼

2
h
I� A

� ��1 2
h
IþA

� � cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775

+ 2
2
h
I� A

� ��1
B CT

Suþ
1
2
CT

Tu

� �
i

like Eq. (8.21).

10.3.1 Numerical Examples

Example 10.5 (vide Appendix B, Program no. 28)
Consider the non-homogeneous time-delay system

_x tð Þ ¼ x t � 1ð Þþ u tð Þ; 0� t� 1

x tð Þ ¼ 1; for � 1� t� 0

and u tð Þ ¼ �2:1þ 1:05t; 0� t� 1

�1:05; 1� t� 2

�

having the solution

x tð Þ ¼ 1� 1:1tþ 0:525t2; 0� t� 1
�0:25þ 1:575t � 1:075t2þ 0:175t3; 1� t� 2

�

The exact solution of the state x(t) along with samples computed using the HF
approach, are shown in Fig. 10.6, for m = 4 and m = 8 with T = 2 s.

For quantitative analysis of this HF based approach, we have compared
sample-wise computational error with the exact samples, in Table 10.1. From
Table 10.1 it is noted that, instead of using a small number of segments (m = 4), the
samples obtained using HF domain analysis are reasonably close to their respective
exact samples.
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Example 10.6 Consider the non-homogeneous time-delay system

_x tð Þ ¼ �x tð Þ � 2x t � 1
4

� 

þ 2u t � 1

4

� 

; 0� t� 1

x tð Þ ¼ u tð Þ ¼ 0; for � 1
4
� t� 0

and u tð Þ ¼ 1 for t	 0

Fig. 10.6 Comparison of the
exact samples of the state x
(t) of the non-homogeneous
time-delay system of Example
10.5, with the samples
obtained in HF domain, for a
m = 4 and b m = 8, with
T = 2 s (vide Appendix B,
Program no. 28)
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having the solution

x tð Þ ¼
0; 0� t� 1

4
2� 2 exp � t � 1

4

� �� �
; 1

4 � t� 1
2�2� 2 exp � t � 1

4

� �� �þ 2þ 4tð Þ exp � t � 1
2

� �� �
; 1

2 � t� 3
4

6� 2 exp � t � 1
4

� �� �þ 2þ 4tð Þ exp � t � 1
2

� �� �� 17
4 þ 2tþ 4t2

� �
exp � t � 3

4

� �� �
; 3

4 � t� 1

8>><
>>:

The exact solution of the state x(t) along with results computed using the HF
approach, are shown in Fig. 10.7, for m = 10 and T = 1 s.

Example 10.7 Consider a homogeneous time-delay system

_x tð Þ ¼ x t � 0:35ð Þþ x t � 0:7ð Þþ u tð Þ;
x tð Þ ¼ 0; for t� 0;

u tð Þ ¼ 1

The exact solution is

x tð Þ ¼
t; 0� t� 0:35

tþ 1
2 t � 0:35ð Þ2; 0:35� t� 0:7

tþ 1
2 t � 0:35ð Þ2þ 1

2 t � 0:7ð Þ2þ 1
6 t � 0:7ð Þ3; 0:7� t� 1:05

8<
:

Table 10.1 Solution of state x(t) of the non- homogeneous time delay system of Example 10.5
with comparison of exact samples and corresponding samples obtained via HF domain with
percentage errors at different sample points for (a) m = 4 and (b) m = 8, with T = 2 s (vide
Appendix B, Program no. 28)

t (s) Exact samples of the
state xd

Samples from HF analysis, using
Eq. (10.31), xh

% Error e ¼
xd�xh
xd
� 100

(a) System state x(t)
0 1.00000000 1.00000000 0.00000000
2
4 0.58125000 0.58125000 0.00000000
4
4 0.42500000 0.42500000 0.00000000
6
4 0.28437500 0.29531250 −3.84615385
8
4 0.00000000 0.02187500 –

(b) System state x(t)
0 1.00000000 0.00000000 0.00000000
2
8 0.75781250 0.75781250 0.00000000
4
8 0.58125000 0.58125000 0.00000000
6
8 0.47031250 0.47031250 0.00000000
8
8 0.42500000 0.42500000 0.00000000
10
8 0.38085938 0.38222656 −0.35897239
12
8 0.28437500 0.28710938 −0.96154022
14
8 0.15195313 0.15605469 −2.69922706
16
8 0.00000000 0.00546875 –
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The exact solution of the state x(t) along with the results obtained via HF
approach, are shown in Fig. 10.8a and b, for m = 3 and 6, for T = 1 s. Figure 10.9
graphically compares the exact solution of the state with the results obtained using
Walsh series (m = 4), Taylor series (4th order) and HF domain (m = 6) analyses. It
seems that the HF based analysis results are more close than the results obtained via
Walsh series or Taylor series. To show the differences in the three results,
Fig. 10.10 is presented where a magnified view of some portion of Fig. 10.9. is

Fig. 10.7 Comparison of
exact samples of the state x
(t) of the non-homogeneous
time-delay system of Example
10.6, with the samples
obtained in HF domain, for a
m = 8 and b m = 16, with
T = 1 s
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shown for better clarity. In Fig. 10.10, it is noted that the samples obtained via HF
domain analysis fall directly on the exact curve, while this is not the case for Taylor
series as well as Walsh series analyses.

To assess this attribute quantitatively, we present Table 10.2 where the MISE’s
[1, 2] of three different analyses are compared.

It is noted from Table 10.2 that the MISE for Taylor series analysis [3] is much
less compared to Walsh series analysis [4]. But the HF analysis produces even less

Fig. 10.8 Comparison of
exact samples of the state x
(t) of the non-homogeneous
time-delay system of Example
10.7, with the samples
obtained in HF domain, for a
m = 3 and b m = 6, with
T = 1.05 s
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Fig. 10.9 Comparison of the
exact samples of the state x
(t) of the non-homogeneous
time-delay system of Example
10.7, for T = 1.05 s, with a the
samples obtained via HF
domain analysis for m = 6, b
Taylor series analysis of 4th
order [3] and c Walsh series
analysis [4] with m = 4

Fig. 10.10 Magnified view
of Fig. 10.9, of Example 10.7

Table 10.2 Computation of MISE for the analysis of state x(t) of Example 10.7 for T = 1.05 s, for
(a) Walsh series analysis [4] with m = 4 (b) Taylor series analysis of 4th order [3] and (c) HF
domain analysis for m = 6

Walsh series analysis with
m = 4
MISEWalshð Þ

4th order Taylor series
analysis
MISETaylor
� �

HF domain analysis with
m = 6
MISEHFð Þ

0.01385083 9.04236472e-05 1.67268017e-05
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error. Also, a fourth order Taylor series involves much more computation burden
compared to the HF analysis. Therefore, the HF domain analysis proves to be more
efficient and it produces best results compared to the other two methods.

This is further evident from Table 10.3 where the MISE’s of Walsh series and
Taylor series analyses are expressed as percentages of the MISE of HF based
analysis.

The numerical figures are self explanatory, because, in case of Walsh series
analysis, the increase in percentage error is 82,706.2069 % and that for the Taylor
series analysis is 440.591376 %.

10.4 Analysis of Homogeneous State Equations with Delay

For a homogeneous system, B and the input delay matrices are zero and Eq. (10.26)
will be reduced to

cSx1 iþ 1ð Þ
cSx2 iþ 1ð Þ

..

.

cSxn iþ 1ð Þ

2
666664

3
777775 ¼ I� h

2
A

h i�1
Iþ h

2
A

h i cSx1i
cSx2i

..

.

cSxni

2
66664

3
77775þ h

2

XNx
k¼1

Ak½ � CSx½ �i�k

8>>>><
>>>>:

þ h
2

XNx
k¼1

Ak½ � CSx½ �i�kþ 1

þ h
XNx
k¼1

Ak½ � CSxs k þ 1
2
CTxs k

h i
iþ k

)

ð10:32Þ

The inverse in (10.32) can always be made to exist by judicious choice of h.
Equation (10.32) provides a simple recursive solution of the states of a

multi-delay homogeneous system, or, in other words, time samples of the states,

Table 10.3 Computation of percentage increase in MISE for Walsh analysis (m = 4) and Taylor
analysis (4th order) with respect to HF domain analysis (m = 6), for the state x(t) of Example 10.7,
with T = 1.05 s

Percentage increase in MISE MISEWalsh�MISEHF

MISEHF
� 100 Percentage increase in MISE

MISETaylor�MISEHF

MISEHF
� 100

82,706.2069 440.591376

266 10 Multi-delay System Analysis …



with a sampling period of h knowing the system matrix A, the delay matrices for
states, and the initial values of the states.

10.4.1 Numerical Examples

Example 10.8 Consider a homogeneous time-delay system

_x tð Þ ¼ 4x t � 1
4

� 

; 0� t� 1

x 0ð Þ ¼ 1

x tð Þ ¼ 0; for � 1
4
� t\0

having the solution

x tð Þ ¼
1; 0� t� 1

4
1þ 4 t � 1

4

� �
; 1

4 � t� 1
2

1þ 4 t � 1
4

� �þ 8 t � 1
2

� �2
; 1

2 � t� 3
4

1þ 4 t � 1
4

� �þ 8 t � 1
2

� �2þ 32
3 t � 3

4

� �3
; 3

4 � t� 1

8>>><
>>>:

The exact solution of the state x(t) along with results computed using the HF
approach, are shown in Fig. 10.11, for m = 4, 12, 20 with T = 1 s.

In Example 10.8, the initial values of the state x(t) are zero for time t\0 second,
and the state jump to one at t = 0 s. If we do not approximate the initial values in HF
domain, considering this jump, will analysis the state of the delay system with error.
Though we can reduce this error using increasing number of segments, m.

In Example 10.8, it is noted that a jump is involved in the initial values of the
state at t = 0. To obtain even better results in HF domain, we utilize the concept of
jump discontinuity, as illustrated in Chap. 3. Hence we can refine the results in
system analysis, using minimum number of sub-intervals. This is evident from
Fig. 10.12a and b.
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Fig. 10.11 Comparison of
exact samples of the state
x(t) of the homogeneous
time-delay system of
Example 10.8, with the
samples obtained in HF
domain, for a m = 4, b m = 12
and c m = 20, with T = 1 s
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10.5 Conclusion

In this chapter, we have analysed the state space models of non-homogeneous
multi-delay systems in hybrid function platform. In the generalized form of solu-
tion, vide Eq. (10.31), it is noted that the structure of the solution is recursive in
manner. Thus, the computation is simple as well as attractive.

The same Eq. (10.31) has been used for the analysis of homogeneous systems by
simply putting B = 0.

Fig. 10.12 Comparison of
exact samples of the state x
(t) of the homogeneous
time-delay system of Example
10.8, with the samples
obtained in HF domain,
considering the concept of
jump discontinuity, for a
m = 4, and b m = 8, with
T = 1 s
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Different types of numerical examples have been treated using the derived
matrix equations for homogeneous as well as non-homogeneous systems, and the
results are compared with the exact solutions of the system states with respective
error estimates. These facts are reflected in Figs. 10.6, 10.7, 10.8, 10.9, 10.10,
10.11, 10.12 and Table 10.1, 10.2 and 10.3 both qualitatively and quantitatively.
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Chapter 11
Time Invariant System Analysis: Method
of Convolution

Abstract This chapter presents analysis of both open loop as well as closed loop
systems based upon the idea of convolution in HF domain. Three numerical
examples have been treated, and for clarity, thirteen figures and six tables have been
presented.

As the heading implies, this chapter is dedicated for linear time invariant
(LTI) control system [1] analysis using convolution method. The convolution
operation in HF domain was discussed in detail in Chap. 7 where the key equation
giving the samples of the result of convolution was Eq. (7.21).

In any control system block diagram, we find many blocks through which a
signal passes. Since the block diagram is usually drawn in Laplace domain, we
frequently have products of two functions described in s-domain. Such a product in
s-domain means convolution in time domain. Thus, analysis of control systems
involves convolution. The principles of convolution in HF domain are now
employed for analysis of time invariant non-homogeneous system, both open loop
as well as closed loop. As mentioned earlier, HF domain analysis is always based
upon function samples and it provides attractive computational advantages.

11.1 Analysis of an Open Loop System

An input r(t) is applied to a causal SISO system, as shown in Fig. 11.1, at t = 0. If
the impulse response of the plant is g(t), we obtain the output y(t) simply by
convolution of r(t) and g(t). Knowing r(t) and g(t), we can employ the generalized
Eq. (7.21) for computing the samples of the output y(t) so that the result is obtained
in HF domain [2–4].

© Springer International Publishing Switzerland 2016
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11.1.1 Numerical Examples

Example 11.1 Consider a linear open loop system, shown in Fig. 11.2, with its
impulse response given by g1 tð Þ ¼ exp �tð Þ.

Taking T = 1 s, m = 4 and h = T/m = 0.25 s, we analyze the system in HF domain
for a step input. Then the actual output is y1 tð Þ ¼ 1� exp �tð Þ

In HF domain, for m = 4 and T = 1 s, u tð Þ and g1 tð Þ are given by

u tð Þ ¼ 1 1 1 1½ �S 4ð Þ þ 0 0 0 0½ �T 4ð Þ

and

g1 tð Þ ¼ 1:00000000 0:77880078 0:60653066 0:47236655½ �S 4ð Þ
þ �0:22119922 �0:17227012 �0:13416411 �0:10448711½ �T 4ð Þ

Using Eq. (7.18) or (7.21), convolution of u tð Þ and g1 tð Þ in hybrid function
domain yields the output as

y1c tð Þ ¼ 0:00000000 0:22235010 0:39551653 0:53037868½ �S 4ð Þ
þ 0:22235010 0:17316643 0:13486215 0:10503075½ �T 4ð Þ

Direct expansion of the output y1d tð Þ, in HF domain, for m = 4 and T = 1 s, is

y1d tð Þ ¼ 0:00000000 0:22119922 0:39346934 0:52763345½ �S 4ð Þ
þ 0:22119922 0:17227012 0:13416411 0:10448711½ �T 4ð Þ

We compute percentage errors at different sample points of the function y1c tð Þ
and compare the same with respective reference samples of the function y1d tð Þ for
m = 4 and m = 10. These are presented in Tables 11.1 and 11.2. Also, percentage
errors at different sample points for different values of m are plotted in Fig. 11.3 to

Fig. 11.1 An open loop SISO control system

Fig. 11.2 System having an impulse response exp �tð Þ with a unit step input
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Table 11.1 Percentage error of different samples of y1c tð Þ for Example 11.1, with T = 1 s, m = 4

t (s) Via direct expansion in HF
domain
y1dð Þ

Via convolution in HF domain,
using (7.21)
y1cð Þ

% Error

e ¼ y1d�y1cð Þ
y1d

� 100

0 0.00000000 0.00000000 –

1
4 0.22119922 0.22235010 −0.52029160
2
4 0.39346934 0.39551653 −0.52029160
3
4 0.52763345 0.53037868 −0.52029160
4
4 0.63212056 0.63540943 −0.52029160

Table 11.2 Percentage error of different samples of y1c tð Þ for Example 11.1, with T = 1 s, m = 10

t (s) Via direct expansion in
HF domain
ðy1dÞ

Via convolution in HF Domain,
using (7.21)
ðy1cÞ

% Error

e ¼ y1d�y1cð Þ
y1d

� 100

0 0.00000000 0.00000000 –

1
10 0.09516258 0.09524187 −0.08331945
2
10 0.18126925 0.18142028 −0.08331945
3
10 0.25918178 0.25939773 −0.08331945
4
10 0.32967995 0.32995464 −0.08331945
5
10 0.39346934 0.39379718 −0.08331945
6
10 0.45118836 0.45156429 −0.08331945
7
10 0.50341470 0.50383414 −0.08331945
8
10 0.55067104 0.55112985 −0.08331945
9
10 0.59343034 0.59392478 −0.08331945
10
10 0.63212056 0.63264724 −0.08331945

Fig. 11.3 Percentage error at
different sample points for
different values of m, with
T = 1 s for Example 11.1
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show that with increasing m, error reduces at a very fast rate. Figure 11.4 shows the
AMP error for different values of m. The curve resembles a rectangular hyperbola.
It is seen that for m = 20, average absolute percentage error is less than 0.05 %.

Example 11.2 (vide Appendix B, Program no. 29) Consider the open loop system,
shown in Fig. 11.5, with an impulse response given by

g2 tð Þ ¼ 2 exp �2tð Þ cos 2tð Þ � sin 2tð Þ½ �

Taking T = 1 s, m = 4 and we analyze the system in HF domain for a step input.
The exact solution is y2 tð Þ ¼ exp �2tð Þ sin 2tð Þ.

In HF domain, for m = 4 and T = 1 s, u tð Þ and g2 tð Þ are given by

u tð Þ ¼ 1 1 1 1½ �S 4ð Þ þ 0 0 0 0½ �T 4ð Þ

and

g2 tð Þ ¼ 2:00000000 0:48298888 �0:22158753 �0:41357523½ �S 4ð Þ
þ �1:51701112 �0:70457641 �0:19198770 0:05481648½ �T 4ð Þ

Fig. 11.4 AMP Error for different values of m, with T = 1 s for Example 11.1

Fig. 11.5 Open loop SISO system with the impulse response 2 exp �2tð Þ cos 2tð Þ � sin 2tð Þ½ � and a
unit step input

274 11 Time Invariant System Analysis: Method of Convolution



Convolution of u tð Þ and g2 tð Þ in HF domain yields the output y2 tð Þ as

y2c tð Þ ¼ 0:00000000 0:31037361 0:34304878 0:26365344½ �S 4ð Þ
þ 0:31037361 0:03267517 �0:07939534 �0:09654175½ �T 4ð Þ

Direct expansion of the output y2d tð Þ, in HF domain, for m = 4 and T = 1 s, is

y2d tð Þ ¼ 0:00000000 0:29078628 0:30955988 0:22257122½ �S 4ð Þ
þ 0:29078629 0:01877359 �0:08698866 �0:09951119½ �T 4ð Þ

Now we compare the corresponding sample points of y2c tð Þ and y2d tð Þ, of
example 2, and compute percentage errors at different sample points with reference
to the samples of y2d tð Þ for m = 4 and m = 10. The results of comparison are
presented in tabular form in Tables 11.3 and 11.4.

Table 11.3 Percentage error of different samples of y2c tð Þ for Example 11.2, with T = 1 s, m = 4
(vide Appendix B, Program no. 29)

t (s) Via direct expansion in HF
domain
y2dð Þ

Via convolution in HF domain,
using (7.21)
y2cð Þ

% Error

e ¼ y2d�y2cð Þ
y2d

� 100

0 0.00000000 0.00000000 –

1
4 0.29078628 0.31037361 −6.73598553
2
4 0.30955988 0.34304878 −10.81823151
3
4 0.22257122 0.26365344 −18.45801075
4
4 0.12306002 0.16711169 −35.79689134

Table 11.4 Percentage errors of samples of y2c tð Þ for Example 11.2, with T = 1 s, m = 10 (vide
Appendix B, Program no. 29)

t (s) Via direct expansion in HF
domain
y2dð Þ

Via convolution in HF domain,
using (7.21)
y2cð Þ

% Error

e ¼ y2d�y2cð Þ
y2d

� 100

0 0.00000000 0.00000000 –

1
10 0.16265669 0.16397540 −0.81072892
2
10 0.26103492 0.26358786 −0.97800816
3
10 0.30988236 0.31353208 −1.17777597
4
10 0.32232887 0.32691139 −1.42168985
5
10 0.30955988 0.31490417 −1.72641797
6
10 0.28072478 0.28666632 −2.11650235
7
10 0.24300891 0.24939830 −2.62928134
8
10 0.20181043 0.20851818 −3.32378529
9
10 0.16097593 0.16789439 −4.29781955
10
10 0.12306002 0.13010323 −5.72338986
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Also, percentage errors at different sample points for different values of
m (m = 4, 6, 10, 20) are plotted in Fig. 11.6 to show that with increasing m, error
reduces quite rapidly.

Figure 11.7 shows the AMP error for several values of m. It is seen that for
m = 20, AMP error is less than 1.0 %.

11.2 Analysis of a Closed Loop System

Consider a single-input-single-output (SISO) time-invariant system [1].
An input r tð Þ is applied to the system at t ¼ 0. The block diagram of the system

using time variables is shown in Fig. 11.8. Application of r tð Þ to the system g tð Þ
with feedback h tð Þ produces the corresponding output y tð Þ for t� 0.

Fig. 11.6 Percentage error at
different sample points for
different values of m, with
T = 1 s for Example 11.2
(vide Appendix B, Program
no. 29)

Fig. 11.7 AMP Error for
different values of m, with
T = 1 s for Example 11.2
(vide Appendix B, Program
no. 29)
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Considering r tð Þ, g tð Þ, y tð Þ and h tð Þ to be bounded (i.e. the system is BIBO
stable) and absolutely integrable over t 2 0; T½ Þ, all these functions may be
expanded via HF series. For m = 4, we can write and

r tð Þ,RT
SS 4ð Þ þRT

TT 4ð Þ
g tð Þ,GT

SS 4ð Þ þGT
TT 4ð Þ

y tð Þ,YT
SS 4ð Þ þYT

TT 4ð Þ
and h tð Þ,HT

SS 4ð Þ þHT
TT 4ð Þ

9>>>>=
>>>>;

ð11:1Þ

Where

RT
S ¼ r0 r1 r2 r3½ � RT

T ¼ r1 � r0ð Þ r2 � r1ð Þ r3 � r2ð Þ r4 � r3ð Þ½ �
GT

S ¼ g0 g1 g2 g3½ � GT
T ¼ g1 � g0ð Þ g2 � g1ð Þ g3 � g2ð Þ g4 � g3ð Þ½ �

YT
S ¼ y0 y1 y2 y3½ � YT

T ¼ y1 � y0ð Þ y2 � y1ð Þ y3 � y2ð Þ y4 � y3ð Þ½ �
HT

S ¼ h0 h1 h2 h3½ � HT
T ¼ h1 � h0ð Þ h2 � h1ð Þ h3 � h2ð Þ h4 � h3ð Þ½ �

Output of the feedback system is b tð Þ ¼ y tð Þ � h tð Þ.
Following Eq. (7.17), we can write

b tð Þ ¼ y tð Þ � h tð Þ

bðtÞ ¼ h
6

y0 y1 y2 y3½ �

0 H0 H1 H2

0 H4 H5 H6

0 0 H4 H5

0 0 0 H4

2
6664

3
7775 Sð4Þ

þ h
6

y0 y1 y2 y3½ �

H0 ðH1 � H0Þ ðH2 � H1Þ ðH3 � H2Þ
0 H0 ðH1 � H0Þ ðH2 � H1Þ
0 0 H0 ðH1 � H0Þ
0 0 0 H0

2
6664

3
7775

8>>><
>>>:

þ y1 y2 y3 y4½ �

H4 H8 H9 H10

0 H4 H8 H9

0 0 H4 H8

0 0 0 H4

2
6664

3
7775
9>>>=
>>>;

Tð4Þ

ð11:2Þ

Fig. 11.8 Block diagram of a closed loop control system
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where

H0 , 2h1 þ h0 H1 , 2h2 þ h1
H2 , 2h3 þ h2 H3 , 2h4 þ h3
H4 , h1 þ 2h0 H5 , h2 þ 4h1 þ h0
H6 , h3 þ 4h2 þ h1 H7 , h4 þ 4h3 þ h2
H8 , h2 þ h1 � 2h0 H9 , h3 þ h2 � 2h1
H10 , h4 þ h3 � 2h2

9>>>>>>=
>>>>>>;

ð11:3Þ

After simplification, we have

bðtÞ ¼ h
6

0 H0y0 þH4y1ð Þ H1y0 þH5y1 þH4y2ð Þ ðH2y0 þH6y1 þH5y2 þH4y3Þ½ �Sð4Þ

þ h
6

H0y0 þH4y1f g½ H1 � H0ð Þy0 þ H0 þH8ð Þy1 þH4y2f g
H2 � H1ð Þy0 þ H1 � H0 þH9ð Þy1 þ H0 þH8ð Þy2 þH4y3f g
H3 � H2ð Þy0 þ H2 � H1 þH10ð Þy1 þ H1 � H0 þH9ð Þy2 þ H0 þH8ð Þy3 þH4y4f g�Tð4Þ

ð11:4Þ

Now the error signal of the system is

e tð Þ ¼ r tð Þ � b tð Þ
¼ r0½ r1 � h

6
H0y0 þH4y1ð Þ r2 � h

6
H1y0 þH5y1 þH4y2ð Þ

r3 � h
6
H2y0 þH6y1 þH5y2 þH4y3ð Þ

i
Sð4Þ

þ r1 � r0ð Þ � h
6
H0y0 þH4y1ð Þ r2 � r1ð Þ � h

6
H1 � H0ð Þy0 þ H0 þH8ð Þy1 þH4y2f g

h
r3 � r2ð Þ � h

6
H2 � H1ð Þy0 þ H1 � H0 þH9ð Þy1 þ H0 þH8ð Þy2 þH4y3f g

r4 � r3ð Þ � h
6

H3 � H2ð Þy0 þ H2 � H1 þH10ð Þy1 þ H1 � H0 þH9ð Þy2f
þ H0 þH8ð Þy3 þH4y4�gT 4ð Þ

ð11:5Þ

Again, direct expansion of the error signal e tð Þ in HF domain is

e tð Þ, e0 e1 e2 e3½ �S 4ð Þ þ e1 � e0ð Þ e2 � e1ð Þ e3 � e2ð Þ e4 � e3ð Þ½ �T 4ð Þ
ð11:6Þ
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Comparing Eqs. (11.5) and (11.6), HF coefficients of error e tð Þ are
e0 ¼ r0

e1 ¼ r1 � h
6
H0y0 þH4y1ð Þ

e2 ¼ r2 � h
6
H1y0 þH5y1 þH4y2ð Þ

e3 ¼ r3 � h
6
H2y0 þH6y1 þH5y2 þH4y3ð Þ

e4 ¼ r4 � h
6
H3y0 þ H2 � H1 þH10 þH6ð Þy1 þ H1 � H0 þH9 þH5ð Þy2f

þ H0 þH8 þH4ð Þy3 þH4y4g
¼ r4 � h

6
H3y0 þH7y1 þH6y2 þH5y3 þH4y4ð Þ

ð11:7Þ

Hence, the output y tð Þ of the system is

y tð Þ ¼ e tð Þ � g tð Þ

Thus, following Eq. (7.17), we can write

yðtÞ � h
6

e0 e1 e2 e3½ �

0 G0 G1 G2

0 G4 G5 G6

0 0 G4 G5

0 0 0 G4

2
6664

3
7775Sð4Þ

þ h
6

e0 e1 e2 e3½ �

G0 ðG1 � G0Þ ðG2 � G1Þ ðG3 � G2Þ
0 G0 ðG1 � G0Þ ðG2 � G1Þ
0 0 G0 ðG1 � G0Þ
0 0 0 G0

2
6664

3
7775

8>>><
>>>:

þ h
6

e1 e2 e3 e4½ �

G4 G8 G9 G10

0 G4 G8 G9

0 0 G4 G8

0 0 0 G4

2
6664

3
7775
9>>>=
>>>;

Tð4Þ

ð11:8Þ

where

G0 , 2g1 þ g0 G1 , 2g2 þ g1
G2 , 2g3 þ g2 G3 , 2g4 þ g3
G4 , g1 þ 2g0 G5 , g2 þ 4g1 þ g0
G6 , g3 þ 4g2 þ g1 G7 , g4 þ 4g3 þ g2
G8 , g2 þ g1 � 2g0 G9 , g3 þ g2 � 2g1
G10 , g4 þ g3 � 2g2

9>>>>>>=
>>>>>>;

ð11:9Þ
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and

E0 , 2e1 þ e0 E1 , 2e2 þ e1
E2 , 2e3 þ e2 E3 , 2e4 þ e3
E4 , e1 þ 2e0 E5 , e2 þ 4e1 þ e0
E6 , e3 þ 4e2 þ e1 E7 , e4 þ 4e3 þ e2
E8 , e2 þ e1 � 2e0 E9 , e3 þ e2 � 2e1
E10 , e4 þ e3 � 2e2

9>>>>>>=
>>>>>>;

ð11:10Þ

Hence,

yðtÞ � h
6

0 G0e0 þG4e1ð Þ G1e0þG5e1 þG4e2ð Þ½
ðG2e0þG6e1 þG5e2 þG4e3Þ�Sð4Þ

þ h
6

G0e0 þG4e1f g G1 � G0ð Þe0þ G0 þG8ð Þe1 þG4e2f g½
G2 � G1ð Þe0 þ G1 � G0 þG9ð Þe1 þ G0 þG8ð Þe2þG4e3f g
G3 � G2ð Þe0 þ G2 � G1 þG10ð Þe1 þ G1 � G0þG9ð Þe2 þ G0 þG8ð Þe3 þG4e4f g�Tð4Þ

or, yðtÞ � h
6

0 G0e0 þG4e1ð Þ G1e0þG5e1 þG4e2ð Þ½
ðG2e0þG6e1 þG5e2 þG4e3Þ�Sð4Þ

h
6

G0e0 þG4e1f g G1 � G0ð Þe0 þ G5 � G4ð Þe1 þG4e2f g½
G2 � G1ð Þe0 þ G6 � G5ð Þe1 þ G5 � G4ð Þe2 þG4e3f g
G3 � G2ð Þe0 þ G7 � G6ð Þe1 þ G6 � G5ð Þe2 þ G5 � G4ð Þe3þG4e4f g�Tð4Þ

ð11:11Þ

Since convolution operation is commutative, using Eq. (11.10) instead of (11.9),
an alternative expression for the output y tð Þ can be

yðtÞ � h
6

0 E0g0 þE4g1ð Þ E1g0 þE5g1 þE4g2ð Þ½
� ðE2g0 þE6g1 þE5g2 þE4g3Þ�Sð4Þ
þ h

6
E0g0 þE4g1f g E1 � E0ð Þg0 þ E5 � E4ð Þg1 þE4g2f g½

� E2 � E1ð Þg0 þ E6 � E5ð Þg1 þ E5 � E4ð Þg2 þE4g3f g
� E3 � E2ð Þg0 þ E7 � E6ð Þg1 þ E6 � E5ð Þg2 þ E5 � E4ð Þg3 þE4g4f g�Tð4Þ

ð11:12Þ

Again, direct expansion of the output y tð Þ of the system in HF domain is

y tð Þ, y0 y1 y2 y3½ �S 4ð Þ
þ y1 � y0ð Þ y2 � y1ð Þ y3 � y2ð Þ y4 � y3ð Þ½ �T 4ð Þ

ð11:13Þ
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We equate respective coefficients of y tð Þ from Eqs. (11.11) and (11.13), and use
Eqs. (11.3), (11.7), (11.9) and (11.10) to determine the five output coefficients

ðiÞ y0 ¼ 0 ð11:14Þ

ðiiÞ
y1 � h

6
G0e0 þG4e1ð Þ

¼ h
6

G0r0 þG4r1 � h
6

G4H0ð Þy0 � h
6

G4H4ð Þy1
� �

Solving for y1

y1 ¼ h
6

1

1þ h2
36G4H4

� � G0r0 þG4r1 � h
6

G4H0ð Þy0
� �

ð11:15Þ

ðiiiÞ
y2 � h

6
G1e0 þG5e1 þG4e2ð Þ

¼ h
6

G1r0 þ r1 � h
6

H0y0 þH4y1ð ÞG5

� �
þ r2 � h

6
H1y0 þH5y1 þH4y2ð ÞG4

� �� �

Solving for y2

y2 ¼ h
6

1

1þ h2
36G4H4

� � G1r0 þG5r1 þG4r2 � h
6

G5H0 þG4H1ð Þy0
�

� h
6

G5H4 þG4H5ð Þy1
� ð11:16Þ

ðivÞ

y3 � h
6

G2e0 þG6e1 þG5e2 þG4e3ð Þ

¼ h
6

G2r0 þ r1 � h
6

H0y0 þH4y1ð ÞG6

� �
þ r2 � h

6
H1y0 þH5y1 þH4y2ð ÞG5

� ��

þ r3 � h
6

H2y0 þH6y1 þH5y2 þH4y3ð ÞG4

� ��
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Solving for y3

y3 ¼ h
6

1

1þ h2
36G4H4

� � G2r0 þG6r1 þG5r2 � h
6

G6H0 þG5H1 þG4H2ð Þy0
�

� h
6

G6H4 þG5H5 þG4H6ð Þy1 � h
6

G5H4 þG4H5ð Þy2
�

ð11:17Þ

ðvÞ

y4 � h
6

G3 � G2ð Þe0 þ G7 � G6ð Þe1 þ G6 � G5ð Þe2 þ G5 � G4ð Þe3 þG4e4½ �

þ h
6
G2e0 þG6e1 þG5e2 þG4e3½ �

¼ h
6
G3e0 þG7e1 þG6e2 þG5e3 þG4e4½ �

¼ h
6

G3r0 þG7r1 þG6r2 þG5r3 þG4r4 þ h
6

G7H0 þG6H1 þG5H2 þG4H3ð Þy0
�

� h
6

G7H4 þG6H5 þG5H6 þG4H7ð Þy1 � h
6

G6H4 þG5H5 þG4H6ð Þy2

� h
6

G5H4 þG4H5ð Þy3 � h
6
G4H4

�

Solving for y4

y4 ¼ h
6

1

1þ h2
36G4H4

� � G3r0 þG7r1þG6r2þG5r3þG4r4 � h
6

G7H0þG6H1 þG5H2þG4H3ð Þy0
�

� h
6

G7H4þG6H5 þG5H6þG4H7ð Þy1 � h
6

G6H4þG5H5 þG4H6ð Þy2

� h
6

G5H4 þG4H5ð Þy3
�

ð11:18Þ

To write down the generalized form of the output coefficients, first we express
G0

is and H0
i s by their following general forms:

Gi ¼
2g iþ 1ð Þ þ gi for i ¼ 0 to m� 1ð Þ
g1 þ 2g0 for i ¼ m
g i�mþ 1ð Þ þ 4g i�mð Þ þ g i�m�1ð Þ for i ¼ mþ 1ð Þ to 2m� 1ð Þ
g i�2mþ 2ð Þ þ g i�2mþ 1ð Þ � 2g i�2mð Þ for i ¼ 2m to 3m� 2ð Þ

8>><
>>:

ð11:19Þ
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Hi ¼
2h iþ 1ð Þ þ hi for i ¼ 0 to m� 1ð Þ
h1 þ 2h0 for i ¼ m
h i�mþ 1ð Þ þ 4h i�mð Þ þ h i�m�1ð Þ for i ¼ mþ 1ð Þ to 2m� 1ð Þ
h i�2mþ 2ð Þ þ h i�2mþ 1ð Þ � 2h i�2mð Þ for i ¼ 2m to 3m� 2ð Þ

8>><
>>:

ð11:20Þ

It is noted that G0
is and H0

i s have the same general form.
Now, we use Eqs. (11.14)–(11.20) to write down the generalized form of the

output coefficients as

yi ¼
h
6 G i�1ð Þr0 þ

Pi
p¼1

G mþ i�pð Þrp � h
6

Pi
p¼1

G mþ i�pð ÞH p�1ð Þy0 � h
6

Pi
p¼2

K i�pþ 2ð Þy p�1ð Þ

" #

1þ h2
36GmHm

ð11:21Þ

where Kj ¼
Pj
p¼1

G mþ j�pð ÞH mþ p�1ð Þ and j ¼ i� pþ 2.

11.2.1 Numerical Examples

To analyse a closed loop system, we use Eqs. (11.14)–(11.21) to determine the
output coefficients in HF domain. The results are compared with direct expression
of the output of the system in HF domain.

Example 11.3 (vide Appendix B, Program no. 30) Consider a closed loop system
with input r tð Þ, plant g3 tð Þ, feedback h3 tð Þ and output y3 tð Þ, shown in Fig. 11.9.

Taking T = 1 s and m = 4, we analyse the system in HF domain for a step input
u tð Þ and feedback h3 tð Þ ¼ 4u tð Þ with its impulse response given by
g3 tð Þ ¼ 2 exp �4tð Þ. The exact solution of the system is y3 tð Þ ¼ exp �2tð Þ sin 2tð Þ.

Fig. 11.9 A closed loop system with unit step input
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Using Eqs. (11.19)–(11.21), the output coefficients of closed loop system y3c tð Þ
in HF domain, for m = 4 and T = 1 s, is

y3c tð Þ ¼ 0:00000000 0:31126040 0:33909062 0:24469593½ �S 4ð Þ
þ 0:31126040 0:02783022 �0:09439469 �0:11398545½ �T 4ð Þ

Direct expansion of the output y3d tð Þ, in HF domain, for m = 4 and T = 1 s, is

y3d tð Þ ¼ 0:00000000 0:29078629 0:30955988 0:22257122½ �S 4ð Þ
þ 0:29078629 0:01877358 �0:08698865 �0:09951120½ �T 4ð Þ

Now we compare the corresponding samples of y3c tð Þ and y3d tð Þ and compute
percentage errors at different sample points with reference to the samples of y3 tð Þ

Table 11.5 Percentage error at different sample points of y3c tð Þ for Example 11.3, with m = 4,
T = 1 s and (b) m = 10, T = 1 s (vide Appendix B, Program no. 30)

t (s) Via direct expansion in
HF domain
y3dð Þ

Via convolution in HF domain,
using (11.19)–(11.21)
y3cð Þ

% Error

e ¼ y3d�y3cð Þ
y3d

� 100

(a)

0 0.00000000 0.00000000 –

1
4 0.29078629 0.31126040 −7.04094744
2
4 0.30955988 0.33909062 −9.53959161
3
4 0.22257122 0.24469593 −9.94050884
4
4 0.12306002 0.13071048 −6.21685153

(b)

0 0.00000000 0.00000000 –

1
10 0.16265669 0.16411049 −0.89378245
2
10 0.26103492 0.26393607 −1.11140316
3
10 0.30988236 0.31388535 −1.29177880
4
10 0.32232887 0.32694277 −1.43142705
5
10 0.30955988 0.31428062 −1.52498673
6
10 0.28072478 0.28511656 −1.56444413
7
10 0.24300891 0.24674586 −1.53778446
8
10 0.20181043 0.20468938 −1.42656376
9
10 0.16097593 0.16290972 −1.20128964
10
10 0.12306002 0.12405920 −0.81193829
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for m = 4 and m = 10. The results of computation are presented in tabular form in
Table 11.5a, b. Figure 11.10a, b shows the graphical comparison of improvement in
HF domain convolution with increasing m, for m = 4 and m = 10. Also, percentage
errors at different sample points for different values of m (m = 4, 6, 10 and 20) are
plotted in Fig. 11.11 to show that with increasing m, error reduces at a very fast rate.

Figure 11.12 shows AMP error for several different values of m. It is seen that
for m = 20, AMP error is less than 1.0 %.

Fig. 11.10 Output of the
closed loop system of
Example 11.3, obtained via
convolution in HF domain for
a m = 4, T = 1 s and b m = 10,
T = 1 s (vide Appendix B,
Program no. 30)
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11.3 Conclusion

In this chapter, we have studied the analysis of open loop as well as closed loop
linear systems in hybrid function domain, employing the rules of HF domain
convolution. As a foundation, convolution of basic component functions of the HF
set was discussed in Chap. 7 and relevant sub-results were derived. These
sub-results were subsequently used to determine the convolution of two time
functions.

Using this theory, output of a linear open loop system is determined. For the
open loop system, two examples are treated and related tables are presented for
m = 4 and 10, m being the number of component functions used in HF set. For these

Fig. 11.12 AMP error for
different values of m, with
T = 1 s for Example 11.3
(vide Appendix B, Program
no. 30)

Fig. 11.11 Percentage error
at different sample points for
different values of m, with
T = 1 s for Example 11.3
(vide Appendix B, Program
no. 30)
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two cases, percentage errors at different sample points are also computed. These are
tabulated in Tables 11.1, 11.2, 11.3 and 11.4. It is observed that with increasing m,
the error is rapidly reduced. This fact is also supported by Figs. 11.3, 11.4, 11.6,
11.7, 11.11 and 11.12.

For analyzing a closed loop control system the same technique has been
employed and Eq. (11.8) has been derived. In this equation, the output is obtained
from algebraic operations of some special matrices determined from the convolu-
tion operation in HF domain. However, apart from Eq. (11.8), an interesting re-
cursive equation has been derived in the form of Eq. (11.21). A few relevant
examples have been treated for m = 4 and 10, and the results are found to be in good
agreement with the exact solutions. Percentage errors at different sample points are
shown in Table 11.5a, b. As observed before, with increasing m, the error is
reduced rapidly and this fact is apparent from Figs. 11.11 and 11.12.
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Chapter 12
System Identification Using State Space
Approach: Time Invariant Systems

Abstract In this chapter, HF domain identification of time invariant systems in
state space is presented. Both homogeneous and non-homogeneous systems are
treated. State and output matrices of the systems are identified. A non-homogeneous
system with a jump discontinuity at input is also identified. Illustration has been
provided with the support of six examples, eleven figures and eleven tables.

In this chapter, we deal with linear time invariant (LTI) control systems [1]. We
intend to identify two types of LTI systems in hybrid function platform, namely
non-homogeneous system and homogeneous system [1, 2].

Identifying a control system [3] means, knowing the input signal or forcing
function and the output of the system, we determine the system parameters. For a
time invariant system, these parameters do not vary with time.

In a homogeneous system, though no external signal is applied, the initial
conditions of system states may exist. While in a non-homogeneous system, we
deal with a situation where the initial conditions and external input signals exist
simultaneously.

Here, we solve the problem of system identification [4, 5], both for
non-homogeneous systems and homogeneous systems, described as state space
models, by using the concept of HF domain.

First, we take up the problem of identification [6] of a non-homogeneous system,
because after putting the specific condition of zero forcing function in the solution,
we can arrive at the result of identification of a homogeneous system quite easily.

12.1 Identification of a Non-homogeneous System [3]

For solving the identification problem, we refer to Eq. (8.20). That is
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It is noted that, if we try to solve A from Eq. (12.1) we meet with one immediate
difficulty. The coefficient matrix of A is a column matrix, and so no question of
inversion arises.

To tackle this problem, we proceed to construct a coefficient matrix which is
square and can be inverted. To achieve this end, we can write down (n − 1) more
equations similar to Eq. (12.1), by varying the index i from i to (i + n − 1) by
incrementing i by 1. For example, by incrementing i by 1, we can write down the
following equation:

A

cSx1 iþ 1ð Þ þ cSx1 iþ 2ð Þ
cSx2 iþ 1ð Þ þ cSx2 iþ 2ð Þ

..
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From these n numbers of equations, we rearrange them in a manner to produce the
following equation:

A
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Now, in (12.3), we have the coefficient matrix of A which is square of order n and
invertible.
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It is evident from (12.3) that for solving n elements of the matrix A, we need
(n + 1) samples of the states and subsequently use them to form an (n × n) coeffi-
cient matrix. That is, if A has a dimension (2 × 2), say, we need at least 3 samples of
the states. Also, if we have m samples of the states, we normally use a set of
consecutive samples from the states and the inputs, starting from any ith sample.
Hence, if any system has the order n, the number of sub-intervals to be chosen
should be greater than n to take advantage of Eq. (12.3). That is, m ≥ n.

It is noted that the pattern of the coefficient matrix of A in (12.3) indicates that
each column of the coefficient matrix uses a pair of consecutive samples. However,
if we choose the samples of the states and the inputs erratically, to obtain reliable
results, such erratic choice should not violate the indicated pattern requirement.
Thus, it is a necessity to consider 2n number of samples, instead of (n + 1) number
of samples, to identify a system of order n.

Now, from Eq. (12.3), we have identified the system matrix A as,
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12.1.1 Numerical Examples

Example 12.1 [1] (vide Appendix B, Program no. 31) Consider the system

_x tð Þ ¼ Ax tð ÞþBu tð Þwhere A ¼ 0 1
�2 �3

� �
B ¼ 0

1

� �
and x0 ¼ 0

0:5

� �
with a unit step forcing function.

This system is identified using Eq. (12.4). The identified elements of system for
increasing number of segments m, are tabulated in Table 12.1.
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Table 12.2 shows the comparison of the actual elements of the system matrix
with respective computed elements in HF domain along with percentage errors for
m = 10 and T = 1 s.

Results obtained for Example 12.1, using Eq. (12.4), are plotted in Fig. 12.1. It is
noted that, with an increase in m from 4 to 25, the HF domain solution (black dots)
improves rapidly.

Example 12.2 Consider the system _x tð Þ ¼ Ax tð ÞþBu tð Þ where A ¼

0 1 0
0 0 1
�6 �11 �6

2
4

3
5; B ¼

0
0
1

2
4

3
5 and x0 ¼

1
0
0

2
4

3
5 with a unit step forcing

function.
This system is identified using Eq. (12.4). The results are tabulated in

Table 12.3.
Table 12.4 shows the comparison of the actual elements of the system matrix

with respective computed elements in HF domain along with percentage errors for
m = 12 and T = 1 s.

Table 12.1 Identification of the non-homogeneous system matrix A of Example 12.1 for different
values of m = 4, 10, 12 15, 20, 25 tabulated with the actual elements of A (vide Appendix B,
Program no. 31)

Elements of
system matrix A

Exact
values

HF domain solution for

m = 4 m = 10 m = 12 m = 15 m = 20 m = 25

a11 0 0.0000 −0.0000 −0.0000 −0.0000 −0.0000 −0.0000

a12 1 0.9948 0.9992 0.9994 0.9996 0.9998 0.9999

a21 −2 −2.0000 −2.0000 −2.0000 −2.0000 −2.0000 −2.0000

a22 −3 −2.9948 −2.9992 −2.9994 −2.9996 −2.9998 −2.9999

Table 12.2 Hybrid function based system identification for Example 12.1 with m = 10

Elements of system
matrix A

Exact
values (E)

HF domain solution for
(m ¼ 10Þ (H)

% Error

e ¼ E�H
E � 100

a11 0 0.0000 –

a12 1 0.9992 0.0800

a21 −2 −2.0000 0.0000

a22 −3 −2.9992 0.0266

The results are compared with the actual elements of A and corresponding percentage errors are
computed
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Fig. 12.1 Hybrid function
domain system identification
for increasing m, for the
elements a a12 and b a22 (vide
Appendix B, Program no. 31)

Table 12.3 Identification of the non-homogeneous system matrix A of Example 12.2 for different
values of m = 4, 10, 12 15, 20, 25 tabulated with the actual elements of A

Elements of
system
matrix A

Exact
values

HF domain solution for

m = 4 m = 10 m = 12 m = 15 m = 20 m = 25

a11 0 0.0222 0.0041 0.0028 0.0018 0.0010 0.0007

a12 1 1.0518 1.0091 1.0063 1.0041 1.0023 1.0015

a13 0 0.0282 0.0049 0.0034 0.0022 0.0012 0.0008

a21 0 −0.1423 −0.0246 −0.0172 −0.0110 −0.0062 −0.0040

a22 0 −0.2978 −0.0501 −0.0348 −0.0223 −0.0126 −0.0080

a23 1 0.8813 0.9795 0.9857 0.9908 0.9948 0.9967

a31 −6 −5.3961 −5.8971 −5.9283 −5.9540 −5.9740 −5.9834

a32 −11 −9.7937 −10.8000 −10.8610 −10.9110 −10.9500 −10.9680

a33 −6 −5.5705 −5.9260 −5.9484 −5.9669 −5.9813 −5.9880
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Results obtained for Example 12.2, using Eq. (12.4) is plotted in Fig. 12.2a–e. It
is noted that, with an increase in m the HF domain solutions (black dots) has
improved much more from 4 to 24.

12.2 Identification of Output Matrix
of a Non-homogeneous System [3]

Referring to Eq. (8.31), we can write,

yS ¼ CCSx þDCSu

or,CCSx ¼ yS � DCSu

or,C ¼ yS � DCSu½ �C�1
Sx

ð12:5Þ

Similarly from Eq. (8.32), we have

yT ¼ CCTx þDCTu

or,C ¼ yT � DCTu½ �C�1
Tx

ð12:6Þ

For identification of the output matrix C, we can use either Eq. (12.5) or (12.6). If
we use Eq. (12.5), the dimension of the matrix CSx should be n × n, so that it is
invertible. That is, for n states, we need to expand each state in HF domain and
consider n consecutive samples of each state to form the square matrix CSx.

If we use Eq. (12.6), for identification of the output matrix C, we need (n + 1)
samples of the output y and of each state. This will help to form n number of
respective triangular function coefficients of the variables when they are expanded
in HF domain. This is because, as before, the dimension of the matrix CTx should

Table 12.4 Hybrid function based system identification for Example 12.2 with m = 12

Elements of system
matrix A

Exact
values (E)

HF domain solution for
(m = 12) (H)

% Error

e ¼ E�H
E � 100

a11 0 0.0028 –

a12 1 1.0063 −0.6300

a13 0 0.0034 –

a21 0 −0.0172 –

a22 0 −0.0348 –

a23 1 0.9857 1.4300

a31 −6 −5.9283 1.1950

a32 −11 −10.8610 1.2636

a33 −6 −5.9484 0.8600

The elements obtained via HF domain are compared with the actual elements of A and
corresponding percentage errors are computed
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be such that it is invertible. Meeting this condition will lead to the identification of
the output matrix quite easily.

12.2.1 Numerical Examples

Example 12.3 Consider a system of Example 12.1 having two states and let its
output curve be given by Fig. 12.3. Using three samples from the output curve
and Eq. (12.5) or (12.6), we identify the output matrix as

Fig. 12.2 Hybrid function based identification for Example 12.2 for the elements a a12, b a23, c
a31, d a32 and e a33 of A

12.2 Identification of Output Matrix of a Non-homogeneous System … 295



C ¼ 1 0½ �:
Example 12.4 (vide Appendix B, Program no. 32) Consider a system of Example
12.2 having three states and the output curve of Fig. 12.4. From the given output
curve, we consider four samples, and then using Eq. (12.5) or (12.6), we may
identify the output matrix as

C ¼ 4 5 1½ �:

Fig. 12.3 Hybrid function
based identification of system
output matrix C using three
samples from the exact
solution of Example 12.3

Fig. 12.4 Hybrid function
based identification of system
output matrix C using four
samples from the exact
solution of Example 12.4
(vide Appendix B, Program
no. 32)
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12.3 Identification of a Homogeneous System [3]

Similarly if we like to identify the system matrix A for an n × n homogeneous
system, Eq. (12.4) will be modified to

A =
2
h
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12.4 Identification of Output Matrix of a Homogeneous
System [3]

Referring to Eq. (12.5), we can identify the output matrix of a homogeneous system
by substituting a condition of zero to the direct coupling matrix D, and we get

C ¼ ySC
�1
Sx ð12:8Þ

Similarly from Eq. (12.6), we have

C ¼ yT C
�1
Tx ð12:9Þ

12.5 Identification of a Non-homogeneous System
with Jump Discontinuity at Input

Equation (12.4) is derived in HF domain and is based upon the conventional HF
technique. That is, it is essentially the HFc based approach and it has one incon-
venience: it comes up with utterly erroneous results for identification, shown later,
if the samples are chosen from the zones where the jumps have occurred. And for
system analysis as well, vide Figs. 8.16 and 8.17, and Table 8.16, we ended up with
unacceptable errors in the results due to jump discontinuities in the inputs.

But we can modify Eq. (12.4) to make it suitable for the HFm based approach, so
that it can come up with good results in spite of the jump discontinuities. The
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modification is quite simple in the sense that in the RHS of Eq. (12.4), all the
triangular function coefficient matrices associated with the matrix B have to be
modified as discussed in Chap. 3, Eq. (3.12). That is, all the CT

Tu’s in (12.4) are to be
replaced by C0T

Tu, where C
0T
Tu ,CT

TuJk mð Þ. This modification will come up with good
results for system identification, shown in the following, even if we choose the
samples of the states from the region containing the jump. It will also be shown that
if we take the samples of the inputs from a region excluding the jump portion, and
corresponding samples of the states, the results of identification through any of the
HFc or HFm approach will have no difference at all.

The HFm approach shows its usefulness only when the samples are selected from
the jump region. Thus, with the HFm approach we can be careless about the chosen
region where from the involved samples are selected. But, as delineated, we have to
be careful in selecting the samples while using the HFc based approach because it is
no different from the conventional HF domain analysis.

From (12.4), in HFc approach, we write

A ¼ 2
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Whereas from (12.4), in HFm approach, we have

A ¼ 2
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Similarly, if we want to identify the system matrix A for an n × n homogeneous
system, we simply put B = 0 in Eq. (12.11) and get

A ¼ 2
h

cSx1 iþ 1ð Þ � cSx1i � � � cSx1 iþ nð Þ � cSx1 iþ n�1ð Þ
..
. ..

.

cSxn iþ 1ð Þ � cSxni � � � cSxn iþ nð Þ � cSxn iþ n�1ð Þ

2
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3
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cSx1i þ cSx1 iþ 1ð Þ � � � cSx1 iþ n�1ð Þ þ cSx1 iþ nð Þ
..
. ..

.

cSxni þ cSxn iþ 1ð Þ � � � cSxn iþ n�1ð Þ þ cSxn iþ nð Þ

2
64

3
75
�1

ð12:12Þ

12.5.1 Numerical Examples

Example 12.5 Consider the non-homogeneous system _x tð Þ ¼ Ax tð ÞþBu tð Þþ
Bu t � að Þ where A ¼ 0 1

�2 �3

� �
; B ¼ 0

1

� �
; x 0ð Þ ¼ 0

0:5

� �
;u(t) is a unit step

function and u(t − a) is a delayed unit step function.
The system has the solution

x1 tð Þ ¼1� 1
2
exp �tð Þ � exp � t � að Þð Þ � 1

2
exp �2 t � að Þð Þ

� �
u t � að Þ

x2 tð Þ ¼ 1
2
exp �tð Þþ exp � t � að Þð Þ � exp �2 t � að Þð Þ½ �u t � að Þ

Knowing the states and inputs, this system can be identified in HF domain.
It may be noted that the input to the system has a jump discontinuity. Though we

can represent this function using conventional HF set, the approximation is not
exact due to the jump. However if we employ the HFm based approximation
technique, the input function may be represented in an exact manner. So we use
both the approximation techniques and take help of Eqs. (12.10) and (12.11) to
identify the system. Here, we take a = 0.5 s. It is expected that the HFm approach
will bring out much better result compared to the HFc approach.

The results obtained via the HFc approach and HFm approach, for five different
values of m, are tabulated in Table 12.5a, b respectively, where the samples of the
inputs and corresponding states are purposely selected from the jump region. It is
noted that for the HFc approach the effort ends in a fiasco, producing results which
are unreliable. But the HFm approach identifies the system with much less error.

However, if the samples are chosen from a region excluding the sub-interval
containing the jump point, the results of identification derived via any of the
approaches yields the same results. Table 12.6 presents these results.

From the data presented in Table 12.5b, we show a typical comparison of the
actual elements of the system matrix with respective elements computed using the
HFm based approach for m = 10, in Table 12.7.

Percentage errors are computed to figure out the efficiency of the method
through quantitative estimates. To have an idea about the behavior of error with
increasing m, for both HFc and HFm approach, we compute percentage errors of all
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Table 12.5 Identification of the system of Example 12.5 using the (a) HFc approach and the
(b) HFm approach for different values of m = 8, 10, 20, 40 and 50 for T = 1 s, with the samples
chosen from the jump region

Elements of
system matrix
A

Exact
values

m ¼ 8 m ¼ 10 m ¼ 20 m ¼ 40 m ¼ 50

(a) HFcbased approach
a11 0 0.0000 0.0000 0.0000 0.0000 0.0000

a12 1 0.9987 0.9992 0.9998 0.9999 1.0000

a21 −2 −10.5104 −12.5083 −22.5042 −42.5021 −52.5017

a22 −3 0.1006 1.3859 7.8492 20.8118 27.2967

(b) HFmbased approach
a11 0 0.0000 0.0000 0.0000 0.0000 0.0000

a12 1 0.9987 0.9992 0.9998 0.9999 1.0000

a21 −2 −2.0000 −2.0000 −2.0000 −2.0000 −2.0000

a22 −3 −2.9987 −2.9992 −2.9998 −2.9999 −3.0000

The results are compared with the actual elements of A. It is noted that the results obtained via the
HFc approach are simply unreliable while that obtained via the HFm approach are reasonably
accurate

Table 12.6 Identification of the system of Example 12.5, considering the samples chosen from a
region excluding the sub-interval containing the jump point

Elements of
system matrix A

Exact
values

HFc or HFm based approach

m ¼ 8 m ¼ 10 m ¼ 20 m ¼ 40 m ¼ 50

a11 0 0.0000 0.0000 0.0000 0.0000 0.0000

a12 1 0.9987 0.9992 0.9998 0.9999 1.0000

a21 −2 −2.0000 −2.0000 −2.0000 −2.0000 −2.0000

a22 −3 −2.9987 −2.9992 −2.9998 −2.9999 −3.0000

It is noted that in such a case both the approaches yields the same results. These are compared with
the actual elements of the system matrix A for different values of m = 8, 10, 20, 40 and 50 with
T = 1 s

Table 12.7 Identification of the system of Example 12.5 with comparison of actual elements of
A with corresponding elements computed via HFm approach, for m = 20, T = 1 s

Elements of system
matrix A

Exact
values (E)

Values obtained via HFm
approach for m = 20 (H)

% Error

e ¼ E�H
E � 100

a11 0 0.0000 –

a12 1 0.9998 0.0200

a21 −2 −2.0000 0.0000

a22 −3 −2.9998 0.0067
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the elements of a system matrix A of order n for any particular value of m and
calculate AMP error, vide Eq. (4.45). Only in this case, number of elements in the
denominator will be r = n2.

Figure 12.5 is drawn to show the variation of εav(r) with m for both the HFc and
HFm approaches. It is noted that for the HFc approach, εav(r) is large and increases
with increasing m, but for the HFm approach, it is comparatively much smaller and
decreases steadily and rapidly with increasing m.

Example 12.6 (vide Appendix B, Program no. 33) Consider the non-homogeneous
system _x tð Þ ¼ Ax tð ÞþB u1 tð ÞþB u2 t � að Þwhere
A ¼ 0 1

�2 �3

� �
; B ¼ 0

1

� �
; x 0ð Þ ¼ 0

0:5

� �
u1(t) is a ramp function and

u2(t − a) is a delayed unit step function, having the jump at t = a s.
The system has the solution

x1 tð Þ ¼ � 1
4
þ 1

2
tþ 3

2
exp �tð Þ � 3

4
exp �2tð Þ � exp � t � að Þð Þ � 1

2
exp �2 t � að Þð Þ

� �
u t � að Þ

x2 tð Þ ¼ 1
2
� 3
2
exp �tð Þþ 3

2
exp �2tð Þþ exp � t � að Þð Þ � exp �2 t � að Þð Þ½ �u t � að Þ

Knowing the states and inputs, this system can be identified in HF domain.
It may be noted that the input to the system has a jump discontinuity which can

not be represented in an exact manner if we approximate this function using con-
ventional HF set. Here, even if we employ the HFm based approximation technique,
the input function can not be represented exactly, because of its nature. Anyway, we

Fig. 12.5 Error in system identification for increasing m (m = 8, 10, 20, 40 and 50) using the
a HFc approach and the b HFm approach for Example 12.5, with T = 1 s. It is noted that the error is
large and increases with increasing m for the HFc approach, while for the HFm approach, the error
is comparatively much smaller and decreases steadily and rapidly with increasing m
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use both the approximation techniques two identify the system using Eqs. (12.10)
and (12.11). Here, we take a = 0.5 s. Here also, we expect that the HFm approach
will produce better result compared to the HFc approach. However, if we employ
the combined HFc and HFm technique, the input function can be approximated in an
exact fashion as was done for the function of Example 3.5, vide Eq. (3.18). For the
combined HFc and HFm technique, we expect best results of all the above three
approaches.

The inputs u1 tð Þ and u2 t � að Þ to the system are basically a combination of a
ramp function and a delayed step function. Such a function can be expanded in HF
domain using a combination of HFc and HFm approaches, as was done in Eq. (3.18)
in Sect. 3.5.2. In such a case, to solve the identification problem via Eq. (12.11), the
C0T

Tu matrix has to be modified accordingly.
Knowing the states and inputs, this system can be identified in HF domain using

the Eqs. (12.10) and (12.11). That is, we identify the system using both the HFc and
HFm based approaches.

The results obtained via the HFc, HFm and the combined approaches, for five
different values of m, are tabulated in Table 12.8a, b, c respectively, where the
samples of the inputs and corresponding states are purposely selected from the jump
region. It is noted that for the HFc approach the effort ends in a fiasco, producing

Table 12.8 Identification of the system of Example 12.6 using the (a) HFc approach, (b) HFm
approach and (c) the combination of HFc and HFm approaches, for different values of m = 8, 10,
20, 40 and 50 for T = 1 s, with the samples chosen from the jump region

Elements of system
matrix A

Exact
values

m ¼ 8 m ¼ 10 m ¼ 20 m ¼ 40 m ¼ 50

(a) HFc based approach
a11 0 0.0022 0.0019 0.0008 0.0002 0.0002

a12 1 0.9858 0.9905 0.9974 0.9993 0.9995

a21 −2 −12.6762 −15.4476 −30.1201 −60.4888 −75.7946

a22 −3 2.1893 4.7296 18.4059 46.9492 61.3603

(b) HFm based approach
a11 0 0.0022 0.0019 0.0008 0.0002 0.0002

a12 1 0.9858 0.9905 0.9974 0.9993 0.9995

a21 −2 −0.6663 −0.6572 −0.5952 −0.5382 −0.5244

a22 −3 −3.6110 −3.7482 −4.0637 −4.2470 −4.2861

(c) Combination of HFc and HFm based approaches
a11 0 0.0022 0.0019 0.0008 0.0002 0.0002

a12 1 0.9858 0.9905 0.9974 0.9993 0.9995

a21 −2 −2.0007 −2.0018 −2.0012 −2.0004 −2.0003

a22 −3 −2.9665 −2.9775 −2.9937 −2.9983 −2.9989

The results are compared with the actual elements of A. It is noted that the elements computed via
the HFc approach are simply unrecognizable. So is the case for identification via the HFm
approach. But use of the combined approach (HFc and HFm) comes up with reasonably accurate
results (vide Appendix B, Program no. 33)
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results which are unrecognizable. The HFm approach, though ends up with much
less error compared to the HFc approach, also fails to identify the system. However,
since the combined approach can represent the input function exactly, it identifies
the system with much less error.

Figure 12.6 is drawn to show the variation of AMP error with different values of
m (m = 8, 10, 20, 40 and 50) for the HFc, HFm and the combined approaches.
However, if the samples are chosen from a region excluding the sub-interval
containing the jump point, the results of identification derived via any of the
approaches yields the same results. Table 12.9 presents these results.

Fig. 12.6 Error in system identification for increasing m (m = 8, 10, 20, 40 and 50) using the
a HFc approach, b HFm approach and c combined approach, for Example 12.6, with T = 1 s. It is
noted that for the HFc approach the error is large, and it increases linearly with increasing m. So is
the case for error for the HFm approach, though the rate of increase is much decreased. But for the
combined approach (HFc and HFm), the error is very very less in comparison and decreases
steadily and rapidly with increasing m (vide Appendix B, Program no. 33)
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12.6 Conclusion

In this chapter the system identification problem has been tackled. For an
(n × n) system, the system matrix A is determined considering (n + 1) number of
consecutive samples of the states, the input vector B and the input function. The
output matrix C is determined from the knowledge of (n + 1) number of consec-
utive samples of the output function y and those of the states.

Also in this chapter, we have used the modified approach of hybrid function
domain, as discussed in Chap. 3, for identification of non-homogeneous systems
involving jump discontinuity in the applied input, thus affecting the system states.

Equation (12.10) presents the equation for solving the elements of the systems
matrix A via HFc approach. Equation (12.11) is the ultimate equation for solving
the elements of A using HFm approach.

It is noted that both the equations work with the samples of the states and the
inputs. And also, while using these samples for obtaining the elements of A, the
samples of the states are always to be considered in pairs. This fact is evident from
the structure of the Eqs. (12.10) and (12.11).

If the system matrix has a dimension of n, the number of sample pairs to be
considered for determining the solution is n pairs. If consecutive pairs are chosen,
then number of samples involved will be (n + 1). But if we choose the pairs
randomly from the sample sequence, then obviously, the number of samples will
become 2n. However, in both the cases, matching samples are to be chosen from
the input functions.

The major difference between (12.10) and (12.11) is, while (12.11) can work
effectively with samples chosen from anywhere within the time interval under
consideration, Eq. (12.10) has restrictions. That is, if the samples are chosen from
the jump portions of any of the functions, it will simply fail to compute the elements
of A. Should the selection of samples be made from non-jump portions, both the
Eqs. (12.10) and (12.11) produce the same result.

All these points are presented via Tables 12.5 and 12.6.

Table 12.9 Identification of the system of Example 12.6, considering the samples chosen from a
region excluding the sub-interval containing the jump point

Elements of
system matrix A

Exact
values

HFc or HFm based approach

m ¼ 8 m ¼ 10 m ¼ 20 m ¼ 40 m ¼ 50

a11 0 0.2829 0.0493 0.0059 0.0012 0.0008

a12 1 0.8195 0.9711 0.9972 0.9995 0.9997

a21 −2 −2.5797 −2.1011 −2.0120 −2.0025 −2.0016

a22 −3 −2.6303 −2.9409 −2.9942 −2.9989 −2.9993

It is noted that in such a case both the approaches yields the same results. These are compared with
the actual elements of the system matrix A for different values of m = 8, 10, 20, 40 and 50 with
T = 1 s (vide Appendix B, Program no. 33)
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Figure 12.5a, b present the variation of AMP error with m for Example 12.5. It is
noted that though the samples are chosen intentionally from the jump portion, the
error is large and increases with m for the HFc approach, but for the HFm approach,
the error is comparatively much smaller and decreases steadily and rapidly with m.

Similarly, for Example 12.6, the behavior of AMP error with m is illustrated
using Tables 12.8 and 12.9, and Fig. 12.6, when the samples are chosen from the
jump portion. It is noted that for the HFc approach the error is large and increases
linearly with increasing m. So is the case for error for the HFm approach, though the
rate of increase is much less. But for the combined approach (HFc and HFm), the
error is not only much less compared to the other two methods, but decreases
rapidly with increasing m.

The above results prove beyond any doubt that when handling stair case func-
tions with jump discontinuities, the HF based modified approach is superior to the
HF based conventional approach. However for jumps of different nature, the
combined HFc and HFm approach is much more suitable than either of HFc and
HFm approaches. This is because, good results are dependent upon proper
approximation of jump functions at the input. These facts are useful for identifi-
cation of control systems with jump discontinuity in the input functions.

References

1. Ogata, K.: Modern Control Engineering, 5th edn. Prentice Hall of India, New Delhi (2011)
2. Ogata, K.: System Dynamics, 4th edn. Pearson Education, Upper Saddle River (2004)
3. Roychoudhury, S., Deb, A., Sarkar, G.: Analysis and synthesis of

homogeneous/non-homogeneous control systems via orthogonal hybrid functions (HF) under
states space environment. J. Inf. Optim. Sci. 35(5–6), 431–482 (2014)

4. Rao, G.P.: Piecewise Constant Orthogonal Functions and Their Application to Systems and
Control, LNCIS Series, vol. 55. Springer, Berlin (1983)

5. Jiang, J.H., Schaufelberger, W.: Block Pulse Functions and Their Application in Control
System, LNCIS, vol. 179. Springer, Berlin (1992)

6. Unbehauen, H., Rao, G.P.: Identification of Continuous Systems. North-Holland, Amsterdam
(1987)

12.6 Conclusion 305



Chapter 13
System Identification Using State Space
Approach: Time Varying Systems

Abstract This chapter discusses HF domain identification of time varying systems
in state space. Both homogeneous and non-homogeneous systems are treated.
Illustration has been provided with the support of three examples, ten figures and
two tables.

As the name suggests, in this chapter, we deal with linear time varying
(LTV) control systems [1]. We intend to identify two types of LTV systems in
hybrid function platform, namely non-homogeneous system and homogeneous
system [1, 2]. For a time varying system, these parameters do vary with time.

The HF domain identification [3] pivot upon the samples of involved functions.
In today’s digital world, this is an important advantage.

Here, we solve the problem of system identification [4, 5], both for
non-homogeneous systems and homogeneous systems, described as state space
models, by using the concept of HF domain. First, we take up the problem of
identification of a non-homogeneous time varying system, because after putting the
specific condition of zero forcing function in the solution, we can arrive at the result
of identification of a homogeneous system quite easily.

13.1 Identification of a Non-homogeneous System [3]

Consider the system given by Eq. (9.1).
Its time varying system matrix A tð Þ is given by

A tð Þ,
a11 tð Þ a12 tð Þ � � � a1n tð Þ
a21 tð Þ a22 tð Þ � � � a2n tð Þ

..

. ..
. ..

.

an1 tð Þ an2 tð Þ � � � ann tð Þ

2
6664

3
7775
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To identify the elements of A(t), we take help of the first equation of the
equation set (9.12) and also the first equation of the equation set (9.15). Thus, we
have

x11 � x10ð Þ ¼ h
2

Xn
j¼1

a1j0 xj0 þ a1j1 xj1
� �þ b10 u0 þ b11 u1ð Þ

" #
ð13:1Þ

and

x12 � x10ð Þ ¼ h
2

Xn
j¼1

a1j0 xj0 þ 2
Xn
j¼1

a1j1 xj1 þ
Xn
j¼1

a1j2 xj2 þ b10 u0 þ b11 u1ð Þ
"

þ b11 u1 þ b12 u2ð Þ�
ð13:2Þ

For a second order system, we make use of the generalized Eqs. (13.1) and
(13.2), and solve for the off-diagonal elements a12 tð Þ and a21 tð Þ as

a12 kþ 1ð Þ ¼ 1
x2 kþ 1ð Þ

2
h
� a11 kþ 1ð Þ

� �
x1 kþ 1ð Þ � 2

h
þ a11k

� �
x1k � a12k x2k

�
� b1k uk þ b1 kþ 1ð Þ u kþ 1ð Þ
� �� ð13:3Þ

a21 kþ 1ð Þ ¼ 1
x1 kþ 1ð Þ

2
h
� a22 kþ 1ð Þ

� �
x2 kþ 1ð Þ � 2

h
þ a22k

� �
x2k � a21k x1k

�
� b2k u k þ b2 kþ 1ð Þ u kþ 1ð Þ
� �� ð13:4Þ

It can be shown that, for an nth order system, the off-diagonal elements can be
represented by the following general form:

aij kþ 1ð Þ ¼ 1
xj kþ 1ð Þ

2
h
� aii kþ 1ð Þ

� �
xi kþ 1ð Þ � 2

h
þ aiik

� �
xik �

Xn
l6¼j
l6¼i

ail kþ 1ð Þxl kþ 1ð Þ �
Xn
l6¼i

ailkxlk

2
664

� bikuk þ bi kþ 1ð Þu kþ 1ð Þ
� ��

ð13:5Þ

From Eqs. (13.1) and (13.2), the diagonal elements a11 tð Þ and a22 tð Þ can be
solved as
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a11 kþ 1ð Þ ¼ 2
h
� 1
x1 kþ 1ð Þ

2
h
þ a11k

� �
x1k þ a12k x2k þ a12 kþ 1ð Þ x2 kþ 1ð Þ

�
� b1k uk þ b1 kþ 1ð Þ u kþ 1ð Þ
� �� ð13:6Þ

a22 kþ 1ð Þ ¼ 2
h
� 1
x2 kþ 1ð Þ

a21k x1k þ 2
h
þ a22k

� �
x2k þ a21 kþ 1ð Þ x1 kþ 1ð Þ

�
� b2k uk þ b2 kþ 1ð Þ u kþ 1ð Þ
� �� ð13:7Þ

For an nth order system, the diagonal elements can be represented by the fol-
lowing general form:

aii kþ 1ð Þ ¼ 2
h
� 1
xi kþ 1ð Þ

2
h
þ aiik

� �
xik þ

Xn
l 6¼i

ail kþ 1ð Þ xl kþ 1ð Þ þ
Xn
l 6¼i

ailk xlk

"

þ bik uk þ bi kþ 1ð Þ u kþ 1ð Þ
� �� ð13:8Þ

Using above relevant equations, all unknown parameters of the system can be
computed.

13.1.1 Numerical Examples

Example 13.1 (vide Appendix B, Program no. 34) Consider the non-homogeneous

system x
� ¼ AxþBu where A ¼ 0 0

t 0

� �
; B ¼ 1

0

� �
, x 0ð Þ ¼ 1

1

� �
and u ¼ u tð Þ;

a unit step function.
The solution of the equation is

x1 tð Þ ¼ 1þ t

and

x2 tð Þ ¼ 1þ t2

2
þ t3

3

Identification of the given system parameter produces the following results:
Table 13.1 shows the comparison of the exact samples of a21(t) and the samples

obtained in HF domain using Eq. (13.5) and the percentage errors of respective
samples for m = 8, T = 1 s.
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Figure 13.1 compares graphically the exact curve for a21(t) with its hybrid
function domain solution. Though the sample points obtained via HF domain
technique seem to be reasonably close with the exact curve, a scrutiny of the error
column of Table 13.1 reveals that there is a slight tendency of oscillation in the HF
domain results. This possibly is due to numerical instability in the computation.
Such oscillation turned out to be predominant for another case study presented in
the following.

Table 13.1 Identification of the non-homogeneous system parameter a21(t) of Example 13.1 in
HF domain compared with its exact samples along with percentage error at different sample points
for m = 8 and T = 1 s (vide Appendix B, Program no. 34)

t (s) System parameter a21(t) (m = 8)

Samples of the exact solution Samples from HF domain synthesis % Error

0 0.00000000 0.00000000 –

1
8 0.12500000 0.12037037 3.70370370
2
8 0.25000000 0.24999999 0.00000000
3
8 0.37500000 0.37121212 1.01010101
4
8 0.50000000 0.49999999 0.00000000
5
8 0.62500000 0.62179487 0.51282051
6
8 0.75000000 0.75000000 0.00000000
7
8 0.87500000 0.87222222 0.31746031
8
8 1.00000000 1.00000000 0.00000000

Fig. 13.1 Identification of
a21(t) of the system matrix of
Example 13.1 via HF domain
for m = 8 and T = 1 s (vide
Appendix B, Program no. 34)
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13.2 Identification of a Homogeneous System [3]

Similarly if we like to identify the time-varying system matrix A(t) for an
n × n homogeneous system, Eqs. (13.5) and (13.8) will be modified to

aij kþ 1ð Þ ¼ 1
xj kþ 1ð Þ

"
2
h
� aii kþ 1ð Þ

� �
xi kþ 1ð Þ � 2

h
þ aiik

� �
xik �

Xn
l6¼j
l6¼i

ail kþ 1ð Þxl kþ 1ð Þ:

�
Xn
l 6¼i

ailkxlk

#

ð13:9Þ

It can be shown that, for an nth order homogeneous time-varying system, the
off-diagonal elements can be identified by the Eq. (13.9).

For an nth order homogeneous time-varying system, the diagonal elements can
be represented by the following general form:

aii kþ 1ð Þ ¼ 2
h
� 1
xi kþ 1ð Þ

2
h
þ aiik

� �
xik þ

Xn
l6¼i

ail kþ 1ð Þ xl kþ 1ð Þ þ
Xn
l6¼i

ailk xlk

" #

ð13:10Þ

Using above relevant equations, all unknown parameters of the homogeneous
system can be computed.

13.2.1 Numerical Examples

Example 13.2 (vide Appendix B, Program no. 35) Consider the time-varying

homogeneous system x
� ¼ Ax , where, A ¼ cos tð Þ sin tð Þ

� sin tð Þ cos tð Þ
� �

and x 0ð Þ ¼ 1
2

� �
having the solution

x1 tð Þ ¼ cos 1� cos tð Þþ 2 sin 1� cos tð Þð Þesin t

and

x2 tð Þ ¼ � sin 1� cos tð Þþ 2 cos 1� cos tð Þð Þesin t

Identification of the given system parameters produces results shown in
Figs. 13.2 through 13.6.
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For the given homogeneous system, Figs. 13.2 and 13.3 illustrate the identified
parameters a11(t) and a21(t) in HF domain for m = 40 and over a time period of 5
and 6 s respectively.

But interestingly, if instead of a11(t) and a21(t), we attempt to identify the elements
a12(t) and a22(t), we are met with numerical instability. That is, knowing a11(t) and
a21(t), the HF domain solution of a12(t) shows somewhat erratic results even for
m = 50 over a 20 s interval. The nature of instability is illustrated in Fig. 13.4.

To investigate this phenomenon, we have computed the same result with another
higher value of m, namely, m = 100, for a time period T = 20 s. Figure 13.5 shows
the results. While numerical instability is encountered, no specific pattern of such
instability emerged from the study.

Similarly, the effort to identify the parameter a22(t) ends up with the same fate.
Figure 13.6 demonstrates this instability.

Fig. 13.2 Identification of
a11(t) of the system matrix of
Example 13.2 via HF domain
for m = 40 and T = 5 s (vide
Appendix B, Program no. 35)

Fig. 13.3 Identification of
a21(t) of the system matrix of
Example 13.2 via HF domain
for m = 40 and T = 6 s (vide
Appendix B, Program no. 35)
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Example 13.3 Consider the time-varying homogeneous system x
� ¼ Ax , where,

A ¼ 0 1
0 t

� �
and x 0ð Þ ¼ 0

1

� �
having the solution

x1 tð Þ ¼ ln
2þ t
2� t

� �2

exp �tð Þ
( )

and

x2 tð Þ ¼ exp
t2

2

� �

Fig. 13.4 Identification of
a12(t) of system matrix of
Example 13.2 via HF domain
is met with numerical
instability for m = 50 and
T = 20 s

Fig. 13.5 Identification of
a12(t) of system matrix of
Example 13.2 again shows
numerical instability for
m = 100 and T = 20 s, though
the pattern is different from
the other two cases
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Identification of the given system parameters produces results shown in
Figs. 13.7 through 13.9.
For the given homogeneous system, Figs. 13.7 and 13.8 illustrate the identified
parameters a12(t) and a22(t) in HF domain for m = 10 and over a time period of 1 s.
It seems that the results are readily acceptable.

To study the results more minutely, Table 13.2 is presented where the exact
samples of a12(t) and a22(t) are compared with the samples computed via HF
domain analysis using Eqs. (13.9) and (13.10), for m = 10, T = 1 s.

Fig. 13.7 Identification of
a12(t) of the system matrix of
Example 13.3 via HF domain,
for m = 10 and T = 1 s

Fig. 13.6 Identification of
a22(t) of system matrix of
Example 13.2 via HF domain
causes numerical instability
for m = 100 and T = 20 s
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Interestingly, we find that though the sample points obtained for a12(t), via HF
domain technique seem to be extremely close with the exact samples, a scrutiny of

Table 13.2 reveals that there is a slight tendency of oscillation due to numerical
instability in the HF domain results for a12(t). Noting this fact, such oscillation has
been studied in more detail for three different values of m, namely, m = 10, 20 and
30. These results are depicted in Fig. 13.9, which seems to be oscillation free. But a
magnified view of a portion of Fig. 13.9 tells another story which is self evident
from Fig. 13.10. From the Fig. 13.10, it is noted that, the tendency of this oscillation
can be reduced with increasing number of segments.

Table 13.2 Identification of the system parameters a12(t) and a22(t) of Example 13.3 in HF
domain compared with its exact samples at different sample points for m = 10 and T = 1 s

t (s) System parameter a12(t) (m = 10) System parameter a22(t) (m = 10)

Samples of the
exact solution
sd

Samples from HF
domain synthesis
sh

Samples of the
exact solution
sd

Samples from HF
domain synthesis
sh

0 1.00000000 1.00000000 0.00000000 0.00000000
1
10 1.00000000 0.99833417 0.10000000 0.09975042
2
10 1.00000000 0.99995041 0.20000000 0.19949588
3
10 1.00000000 0.99830032 0.30000000 0.29923145
4
10 1.00000000 0.99980359 0.40000000 0.39895217
5
10 1.00000000 0.99822872 0.50000000 0.49865310
6
10 1.00000000 0.99956392 0.60000000 0.59832929
7
10 1.00000000 0.99810797 0.70000000 0.69797582
8
10 1.00000000 0.99922356 0.80000000 0.79758775
9
10 1.00000000 0.99788543 0.90000000 0.89716016
10
10 1.00000000 0.99868608 1.00000000 0.99668814

Fig. 13.8 Identification of
a22(t) of the system matrix of
Example 13.3 via HF domain,
for m = 10 and T = 1 s
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13.3 Conclusion

In this chapter, we have presented a generalized method for identifying
non-homogeneous as well as homogeneous time-varying systems. The proficiency
of the method has been illustrated by suitable examples. Also, by putting B(t) = 0,
the same methods have been successfully applied to identify homogeneous
time-varying systems as well.

Here the linear time-varying system identification problem has been solved for
an n-state system. However, the limitation of the proposed method is, it can solve
only a maximum of n number of system parameters of the system matrix A(t) out of
n2 parameters. Further, an essential requirement is, for solving the above mentioned
n parameters, the remaining n2 � nð Þ parameters have to be known.

Fig. 13.10 Magnified view
of Fig. 13.9 showing the
identified parameter a12(t) of
Example 13.3 via HF domain,
for three different values of
m (10, 20 and 30) for T = 1 s

Fig. 13.9 Identification of
a12(t) of the system matrix of
Example 13.3 via HF domain,
for three different values of
m (10, 20 and 30) for T = 1 s
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Some examples have been treated to establish the validity of the HF domain
methods. However, for the case of system identification, numerical instability is
encountered in Example 13.2. Such instability is vigorous and the same has been
illustrated via Figs. 13.4, 13.5 and 13.6. Since no regular pattern has immerged
from different unstable results, the reason for such instability needs to be explored
in detail.

A scrutiny of Table 13.2 for Example 13.3 reveals that there is a slight tendency
of oscillation for a12(t) in the HF domain results due to numerical instability. While
Fig. 13.9 can not reveal such oscillation, its magnified view, shown in Fig. 13.10,
can. It is noted that, such oscillation can be reduced with increased number of
sub-intervals m.
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Chapter 14
Time Invariant System Identification: Via
‘Deconvolution’

Abstract Control system identification using hybrid function domain ‘deconvo-
lution’ technique is discussed in this chapter. Both open loop as well as closed loop
systems have been identified. Two numerical examples have been treated, and for
clarity, eight figures and four tables have been presented.

System identification [1–3] is a common problem encountered in the design of
control systems. The known components, usually the plant under control, are
assumed to be described satisfactorily by its respective models. Then, the problem
of identification is the characterization of the assumed model based on some
observations or measurements.

It is well known that one may set up more than one model for a dynamic system,
and in control system design the choice of the most suitable one depends heavily on
the design method [3] being used. While in classical design, a nonparametric model
such as an impulse response function is more appropriate. Kwong and Chen [4], in
their work, presented a method based upon block pulse function (BPF) to identify
an unknown plant modeled by impulse-response.

In this chapter, as the name suggests, the orthogonal hybrid function (HF) set
[1], a combination of sample-and-hold functions (SHF) and triangular functions
(TF), is employed to identify an unknowing plant using method of deconvolution.

14.1 Control System Identification Via ‘Deconvolution’

The basic equation which relates the input-output of a control system in Laplace
domain is given by

C(s) ¼ G(s) R(s)

or G(s) ¼ C(s)
R(s)

ð14:1Þ

© Springer International Publishing Switzerland 2016
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where C(s) is the Laplace transformed output, G(s) is the transfer function of the
system and R(s) is the Laplace transformed input to the system. The problem of
identification is basically to determine G(s) of Eq. (14.1).

14.1.1 Open Loop Control System Identification [5]

Consider two time functions r(t) and g(t) expanded in hybrid function domain.
Considering the convolution between the time functions r(t) and g(t), we determine
the output y(t) in HF domain using Eq. (7.15). For m = 4, T = 1 s, the convolution
result can be written as

yðtÞ ¼ h
6

g0 g1 g2 g3½ �

0 ð2r1 þ r0Þ ð2r2 þ r1Þ ð2r3 þ r2Þ
0 ðr1 þ 2r0Þ ðr2 þ 4r1 þ r0Þ ðr3 þ 4r2þ r1Þ
0 0 ðr1 þ 2r0Þ ðr2 þ 4r1þ r0Þ
0 0 0 ðr1þ 2r0Þ

2
6664

3
7775 Sð4Þ

þ h
6
g0ð2r1 þ r0Þþ g1ðr1þ 2r0Þ½ g0ð2r2 � r1 � r0Þþ g1ðr2 þ 3r1 � r0Þþ g2ðr1þ 2r0Þ

g0ð2r3 � r2 � r1Þþ g1ðr3þ 3r2 � 3r1 � r0Þþ g2ðr2 þ 3r1 � r0Þþ g3ðr1þ 2r0Þ
g0ð2r4 � r3 � r2Þþ g1ðr4þ 3r3 � 3r2 � r1Þþ g2ðr3 þ 3r2 � 3r1 � r0Þ
þ g3ðr2þ 3r1 � r0Þþ g4ðr1 þ 2r0Þ�Tð4Þ

ð14:2Þ

Comparing the SHF vectors of output y(t) with Eq. (14.2), we get

y0 y1 y2 y3½ � ¼ h
6

g0 g1 g2 g3½ �
0 ð2r1 þ r0Þ ð2r2 þ r1Þ ð2r3 þ r2Þ
0 ðr1þ 2r0Þ ðr2 þ 4r1 þ r0Þ ðr3þ 4r2 þ r1Þ
0 0 ðr1þ 2r0Þ ðr2þ 4r1 þ r0Þ
0 0 0 ðr1 þ 2r0Þ

2
664

3
775

ð14:3Þ

where, because the first column contains all zeros, the matrix is singular and thus
poses restriction on its inversion. To avoid this problem, the leading element of the
first column may be replaced by a very small positive number e. But before
introducing e, the scaling factor h

6 is multiplied with each element of the square
matrix on the RHS of (14.3). This is done to avoid any adverse effect of the scaling
factor h

6 upon e.
Then Eq. (14.3) becomes

y0 y1 y2 y3½ � ¼ g0 g1 g2 g3½ �
e h

6 ð2r1þ r0Þ h
6 ð2r2 þ r1Þ h

6 ð2r3þ r2Þ
0 h

6 ðr1 þ 2r0Þ h
6 ðr2 þ 4r1 þ r0Þ h

6 ðr3 þ 4r2 þ r1Þ
0 0 h

6 ðr1 þ 2r0Þ h
6 ðr2 þ 4r1 þ r0Þ

0 0 0 h
6 ðr1 þ 2r0Þ

2
664

3
775

ð14:4Þ
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Now let,

R0 , 2r1 þ r0; R6 , r3 þ 4r2 þ r1;
R1 , 2r2 þ r1; R7 , r4 þ 4r3 þ r2;
R2 , 2r3 þ r2; R8 , r2 þ r1 � 2r0;
R3 , 2r4 þ r3; R9 , r3 þ r2 � 2r1;
R4 , r1 þ 2r0; R10 , r4 þ r3 � 2r2:
R5 , r2 þ 4r1 þ r0;

9>>>>>>=
>>>>>>;

ð14:5Þ

Using Eqs. (14.5) and (14.4) can be written as

y0 y1 y2 y3½ � ¼ g0 g1 g2 g3½ �

e h
6R0

h
6R1

h
6R2

0 h
6R4

h
6R5

h
6R6

0 0 h
6R4

h
6R5

0 0 0 h
6R4

2
6664

3
7775

or; y0 y1 y2 y3½ � ¼ g0 g1 g2 g3½ �R
ð14:6Þ

where, R,
e h

6R0
h
6R1

h
6R2

0 h
6R4

h
6R5

h
6R6

0 0 h
6R4

h
6R5

0 0 0 h
6R4

2
664

3
775

Hence,

g0 g1 g2 g3½ � ¼ y0 y1 y2 y3½ �W ð14:7Þ

where, R�1 ,W
The computation of Eq. (14.7) was carried out with different small values of e to

determine the first four samples of the impulse response function g(t). It was noted
that the values of the coefficients g0, g1, g2,…, etc. did not alter with different values
of e.

This was investigated theoretically and it was noted that the matrix R being
upper triangular, its inverse W is also upper triangular in nature. For an upper
triangular matrix, if the leading element is e, in its inverse, only the elements of the
first row contains expressions involving the factor e.

Now, in the row matrix y0 y1 y2 y3½ �; the first element y0 is zero. Usually,
for realistic causal systems, this is so. If the matrix multiplication in Eq. (14.7) was
executed using this value of y0, the first element g0 of plant impulse response would
have turned out to be zero. To avoid this problem, like the leading element of R, the
first element y0 of the output was also replaced by the same small number e, used in
R. Hence, when W was pre-multiplied by the row matrix in (14.7), the result did
not contain any term involving e. That is, the choice of e does not affect the result.

To determine the fifth sample of g(t), we proceed as follows.

14.1 Control System Identification Via ‘Deconvolution’ 321



We equate the last elements of the TF parts of Eqs. (11.13) and (14.2) to get

y4 � y3 ¼ h
6
g0ð2r4 � r3 � r2Þþ g1ðr4 þ 3r3 � 3r2 � r1Þþ g2ðr3 þ 3r2 � 3r1 � r0Þ½
þ g3ðr2 þ 3r1 � r0Þþ g4ðr1 þ 2r0Þ�

Solving for coefficient g4, we have

g4 ¼
½y4 � y3� � h

6 g0ðR3 � R2Þþ g1ðR7 � R6Þþ g2ðR6 � R5Þþ g3ðR5 � R4Þ½ �
h
6R4

For an analysis involving m terms, the generalized expression for the last
coefficient of the function g(t) is

gm ¼
½ym � yðm�1Þ� � h

6 g0 Rðm�1Þ � Rðm�2Þ
� �þ Pm�1

i¼1
gi Rð2m�iÞ � Rð2m�i�1Þ
� �� �

h
6Rm

ð14:8Þ

From Eqs. (14.7) and (14.8), we can calculate all the coefficient of the impulse
response of the plant.

14.1.1.1 Numerical Examples

Now, we consider an open loop system, whose input u(t) and output y(t) are known
in HF domain. With this information, we identify the plant g(t) in HF domain. For
such identification in HF domain, we use Eqs. (14.7) and (14.8).

Example 14.1 (vide Appendix B, Program no. 36) Consider an open loop system
with input r1ðtÞ ¼ uðtÞ and output y1ðtÞ ¼ 1� expð�tÞ. The plant g1ðtÞ ¼ expð�tÞ
is computed in HF domain via deconvolution and compared with the HF domain
direct expansion of the plant impulse response.

Let, time T = 1 s, m = 4 and 10, and ε = 10−5.
Tables 14.1 and 14.2 present the quantitative results and these are graphically

compared with the exact impulse response of the plant in Figs. 14.1 and 14.2, for
m = 4 and m = 10. Figure 14.3 shows the plots of percentage errors at different
sample points for various values of m when the exact samples of g1(t) are compared
with the samples computed via HF domain technique. Figure 14.4 shows the plot of
AMP error for different values of m. It is noted that the value of average absolute
percentage error decreases drastically with increasing m.
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From the error columns of Tables 14.1 and 14.2, and from Fig. 14.3, it is noted
that there is a slight oscillation in the result, and such oscillations are reduced with
increasing m.

14.1.2 Closed Loop Control System Identification

Consider the closed loop system shown in Fig. 11.8. The impulse response of the
plant is g(t). Hence, we obtain the output y(t) simply by convolution of e(t) and g(t).
In line with Eq. (7.15), for m = 4, T = 1 s, convolution result can directly be written
as

Table 14.1 Percentage error at different sample points of the impulse response of the plant g1(t) of
Example 14.1 for T = 1 s, m = 4 and ε = 10−5 (vide Appendix B, Program no. 36)

t (s) Samples obtained from
direct expansion of
g1(t)
g1d

Samples of g1(t) obtained via HF
domain analysis using Eqs. (14.7) and
(14.8)
g1c

% Error
e = g1d�g1c

g1d
� 100

0 1.00000000 1.00000000 0.00000000
1
4 0.77880078 0.76959374 1.18220832
2
4 0.60653066 0.60856725 −0.33577721
3
4 0.47236655 0.46474560 1.61335479
4
4 0.36787944 0.37115129 −0.88938024

Table 14.2 Percentage error at different sample points of the impulse response of the plant g1(t) of
Example 14.1 for T = 1 s, m = 10 and ε = 10−5 (vide Appendix B, Program no. 36)

t (s) Samples obtained from
direct expansion of
g1(t)
g1d

Samples of g1(t) obtained via HF
domain analysis using Eqs. (14.7) and
(14.8)
g1c

% Error
e = g1d�g1c

g1d
� 100

0 1.00000000 1.00000000 0.00000000
1
10 0.90483742 0.90325164 0.17525566
2
10 0.81873075 0.81888166 −0.01843180
3
10 0.74081822 0.73936899 0.19562594
4
10 0.67032005 0.67059450 −0.04094445
5
10 0.60653066 0.60519322 0.22050627
6
10 0.54881164 0.54918725 −0.06844146
7
10 0.49658530 0.49533940 0.25089517
8
10 0.44932896 0.44978740 −0.10202639
9
10 0.40656966 0.40539869 0.28801225
10
10 0.36787944 0.36840568 −0.14304711

14.1 Control System Identification Via ‘Deconvolution’ 323

http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_7


yðtÞ ¼ h
6

g0 g1 g2 g3½ �

0 ð2e1 þ e0Þ ð2e2 þ e1Þ ð2e3 þ e2Þ
0 ðe1 þ 2e0Þ ðe2 þ 4e1 þ e0Þ ðe3 þ 4e2 þ e1Þ
0 0 ðe1 þ 2e0Þ ðe2 þ 4e1 þ e0Þ
0 0 0 ðe1 þ 2e0Þ

2
6664

3
7775Sð4Þ

þ h
6

g0ð2e1 þ e0Þþ g1ðe1 þ 2e0Þf g½
g0ð2e2 � e1 � e0Þþ g1ðe2 þ 3e1 � e0Þþ g2ðe1 þ 2e0Þf g
g0ð2e3 � e2 � e1Þþ g1ðe3 þ 3e2 � 3e1 � e0Þþ g2ðe2 þ 3e1 � e0Þþ g3ðe1 þ 2e0Þf g
g0ð2e4 � e3 � e2Þþ g1ðe4 þ 3e3 � 3e2 � e1Þþ g2ðe3 þ 3e2 � 3e1 � e0Þf

þ g3ðe2 þ 3e1 � e0Þþ g4ðe1 þ 2e0Þg�Tð4Þ

ð14:9Þ

Fig. 14.1 Samples of the
plant g1(t) of Example 14.1
identified using HF domain
deconvolution are compared
with the exact curve for m = 4
and T = 1 s (vide Appendix B,
Program no. 36)

Fig. 14.2 Samples of the
plant g1(t) of Example 14.1
identified using HF domain
deconvolution are compared
with the exact curve for
m = 10 and T = 1 s (vide
Appendix B, Program no. 36)
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Comparing the SHF vectors of output y(t) with Eq. (14.9), we get

y0 y1 y2 y3½ � ¼ h
6

g0 g1 g2 g3½ �

�

0 ð2e1 þ e0Þ ð2e2 þ e1Þ ð2e3 þ e2Þ
0 ðe1 þ 2e0Þ ðe2 þ 4e1 þ e0Þ ðe3 þ 4e2 þ e1Þ
0 0 ðe1 þ 2e0Þ ðe2 þ 4e1 þ e0Þ
0 0 0 ðe1 þ 2e0Þ

2
6664

3
7775

ð14:10Þ

Fig. 14.3 Percentage error at
different sample points
computed via HF domain for
different values of m with
T = 1 s and ε = 10−5 for
Example 14.1. It is observed
that percentage error
decreases with increasing m

Fig. 14.4 AMP error of the
samples computed via HF
domain for different values of
m for T = 1 s and ε = 10−5 for
Example 14.1
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Proceeding in the same way as for Eqs. (14.6) and (14.10) can be written as

y0 y1 y2 y3½ � ¼ g0 g1 g2 g3½ �

e h
6E0

h
6E1

h
6E2

0 h
6E4

h
6E5

h
6E6

0 0 h
6E4

h
6E5

0 0 0 h
6E4

2
6664

3
7775

or; g0 g1 g2 g3½ � ¼ y0 y1 y2 y3½ �

e h
6E0

h
6E1

h
6E2

0 h
6E4

h
6E5

h
6E6

0 0 h
6E4

h
6E5

0 0 0 h
6E4

2
6664

3
7775
�1 ð14:11Þ

As before, the computation is carried out for a typical values of e, i.e., e = 10−5.
We equate the last elements of the TF parts of Eqs. (11.13) and (14.9) to get

y4 � y3 ¼ h
6
g0ð2e4 � e3 � e2Þþ g1ðe4 þ 3e3 � 3e2 � e1Þþ g2ðe3 þ 3e2 � 3e1 � e0Þ½
þ g3ðe2 þ 3e1 � e0Þþ g4ðe1 þ 2e0Þ�

Solving for coefficient g4, we have

g4 ¼
½y4 � y3� � h

6 g0ðE3 � E2Þþ g1ðE7 � E6Þþ g2ðE6 � E5Þþ g3ðE5 � E4Þ½ �
h
6E4

For an analysis involving m terms, the generalized expression for the last
coefficient of the plant is

gm ¼
½ym � yðm�1Þ� � h

6 g0 Eðm�1Þ � Eðm�2Þ
� �þ Pm�1

i¼1
gi Eð2m�iÞ � Eð2m�i�1Þ
� �� �

h
6Em

ð14:12Þ

From Eqs. (14.11) and (14.12), we can calculate all the coefficient of the plant
impulse response

G ¼ g0 g1 g2 g3 g4½ � ð14:13Þ

If we intend to compute further samples of G, we need to know the respective
HF coefficients of the error signal and the system response. This can easily be done
by using (14.12).
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14.1.2.1 Numerical Examples

An input r(t) is applied to a causal SISO system, shown in Fig. 11.8, at t = 0. If the
impulse response of the plant is g(t), we obtain the output y(t) simply by convo-
lution of e(t) and g(t). Knowing r(t), h(t) and y(t), we can employ Eqs. (14.11) and
(14.12) for computing the samples of the plant g(t) so that the result is obtained in
HF domain.

Example 14.2 (vide Appendix B, Program no. 37) Consider the closed loop system
of Fig. 11.8 with input r2ðtÞ = u(t), feedback h(t) = u(t) and output

y2ðtÞ ¼ 2ffiffi
3

p exp � t
2

� �
sin

ffiffi
3

p
2

	 

t. The plant g2ðtÞ ¼ exp �tð Þ is identified using HF

domain via deconvolution and compared with the direct expansion of the plant.

Table 14.3 Samples of the plant of the system via direct expansion and samples obtained from
HF domain identification for Example 14.2 for T = 1 s, m = 4 and ε = 10−5 (vide Appendix B,
Program no. 37)

t (s) Samples obtained
from direct expansion
of g2(t)
g2d

Samples of g2(t) obtained via HF
domain analysis using Eqs. (14.11)
and (14.12)
g2c

% Error
e = g2d�g2c

g2d
� 100

0 1.00000000 1.00000000 0.00000000
1
4 0.77880078 0.77656217 0.28744362
2
4 0.60653066 0.60289480 0.59945116
3
4 0.47236655 0.46770601 0.98663752
4
4 0.36787944 0.36267668 1.41425719

Table 14.4 Samples of the plant of the system via direct expansion and samples obtained from
HF domain identification for Example 14.2 for T = 1 s, m = 10 and ε = 10−5 (vide Appendix B,
Program no. 37)

t (s) Samples obtained
from direct expansion
of g2(t)
g2d

Samples of g2(t) obtained via HF
domain analysis using Eqs. (14.11)
and (14.12)
g2c

% Error
e = g2d�g2c

g2d
� 100

0 1.00000000 1.00000000 0.00000000
1
10 0.90483742 0.90468094 0.01729318
2
10 0.81873075 0.81844307 0.03513718
3
10 0.74081822 0.74041517 0.05440636
4
10 0.67032005 0.66982167 0.07434830
5
10 0.60653066 0.60594820 0.09603091
6
10 0.54881164 0.54816110 0.11853513
7
10 0.49658530 0.49587437 0.14316533
8
10 0.44932896 0.44857050 0.16879892
9
10 0.40656966 0.40576860 0.19702903
10
10 0.36787944 0.36704625 0.22648450
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Fig. 14.5 Samples of the
closed loop system of
Example 14.2 identified using
HF domain deconvolution
along with the exact curve for
m = 4 and T = 1 s (vide
Appendix B, Program no. 37)

Fig. 14.6 Samples of the
closed loop system of
Example 14.2 identified using
HF domain deconvolution for
m = 10 and T = 1 s (vide
Appendix B, Program no. 37)

Fig. 14.7 Percentage error at
different sample points,
computed via HF domain, for
different values of m with
T = 1 s and ε = 10−5 for
Example 14.2. It is observed
that percentage error
decreases with increasing m
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Here Tables 14.3 and 14.4 present the quantitative results in HF domain along
with the percentage errors. These facts are graphically compared with the exact
impulse response of the plant in Figs. 14.5 and 14.6, for m = 4 and m = 10.
Figures 14.7 and 14.8 show the characteristics of percentage errors for various
values of m.

14.2 Conclusion

In this chapter, we have studied identification of linear control systems, open loop
as well as closed loop, using the hybrid function platform employing the principle
of ‘deconvolution’.

As a foundation, convolution of basic component functions of the HF set was
computed in Chap. 7. These sub-results were further used to determine the con-
volution of two time functions.

Applying the deconvolution concept, an open loop system has been identified
for m = 4 and 10. Percentage errors at different sample points have been computed
and presented in Tables 14.1 and 14.2. Figures 14.3 and 14.4 show that, with
increasing m, the error is reduced.

Similarly, a closed loop system was identified successfully for m = 4 and m = 10.
The percentage errors in identification, at different sampling instants, are tabulated
in Tables 14.3 and 14.4, and for better clarity, they have been translated graphically
in Figs. 14.7 and 14.8.

In case of system analysis or identification, block pulse domain approach
showed oscillations in many instances indicating the onset of numerical instability.

Fig. 14.8 AMP error of the
samples for different values of
m for T = 1 s and ε = 10−5 for
Example 14.2
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We have noted such cases of instability in references [1, 4, 6–8]. But HF based
technique achieves the objective without any numerical instability, even with a
small number of sub-intervals m.
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Chapter 15
System Identification: Parameter
Estimation of Transfer Function

Abstract In this chapter, parameter estimation of the transfer function of a linear
system has been done employing many non-sinusoidal orthogonal function sets,
e.g., block pulse functions, non-optimal block pulse functions, triangular functions,
hybrid functions and sample-and-hold functions. A comparative study of the
parameters estimated by different methods are made with focus on estimated errors.
One numerical example has been studied extensively and ten figures and fourteen
tables have been presented as illustration.

A typical problem considered in system identification [1–4] is the design of esti-
mators trying to recover a discrete time linear time invariant (LTI) system based on
noise corrupted output sequence resulting from a known input sequence. The
unknown components, usually the plant under control, are assumed to be described
satisfactorily by its respective models.

In this chapter, as the name suggests, the orthogonal hybrid function (HF) set, a
combination of sample-and-hold functions (SHF) and triangular functions (TF), is
employed to identify an unknowing plant using method of deconvolution.

15.1 Transfer Function Identifications

The estimation method consists of finding a rough estimate of the impulse response
from the sampled input and output data. The impulse response estimate is then
transformed to a two dimensional time-frequency mapping [5]. The mapping pro-
vides a clear graphical method for distinguishing the noise from the system
dynamics. The information believed to correspond to noise is discarded and a
cleaner estimate of the impulse response is obtained from the remaining informa-
tion. The new impulse response estimate is then used to obtain the transfer function
estimate [6].

There are many transfer function estimation techniques available, given data
limitations, but these may yield poor results. One such method is the Empirical
Transfer Function Estimate (ETFE), which estimates the transfer function by taking
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the ratios of the Fourier transforms of the output y(t) and the input u(t). The estimate
is given by

ĜðxÞ ¼ FfyðtÞg
FfuðtÞg ð15:1Þ

If the data set is noisy, the resulting estimate is also noisy. Unfortunately, taking
more data points does not help. The variance does not decrease as the number of
data points increase, because there is no feature of information compression. There
are as many independent estimates as there are data points [4].

Parametric estimation methods are another class of system identification tech-
niques. The motivation behind these methods is to find an estimate or model of the
system in terms of a small number (compared to the number of measurements) of
numerical values or parameters. A linear system is typically represented by

yðtÞ ¼ GðsÞuðtÞþHðsÞeðtÞ ð15:2Þ

where e(t) is the disturbance, G(s) is the transfer function from input to output, H
(s) is the transfer function from disturbance to output, and s is the shift operator
(s ¼ ejx) used when dealing with discrete systems. The most generalized model
structure is

AðsÞyðtÞ ¼ BðsÞ
FðsÞ uðtÞþ

CðsÞ
DðsÞ eðtÞ ð15:3Þ

where A(s), B(s), C(s), D(s), F(s) are all parameter polynomials to be estimated.

15.2 Pade Approximation

The Pade approximant [7] of a given power series is a rational function of
numerator degree L and denominator degree M whose power series agrees with the
given one up to degree L + M inclusively. A collection of Pade approximants
formed by using a suitable set of values of L and M often provides a means of
obtaining information about the function outside its circle of convergence, and of
more rapidly evaluating the function within its circle of convergence. Applications
of these ideas in physics, chemistry, electrical engineering, and other areas have led
to a large number of generalizations of Pade approximants that are tailor-made for
specific applications. Applications to statistical mechanics and critical phenomena
are extensively covered, and there are newly extended sections devoted to circuit
design, matrix Pade approximation, computational methods, and integral and
algebraic approximants.

Approximants derived by expanding a function as a ratio of two power ser-
ies and determining both the numerator and denominator coefficients. Pade
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approximations are usually superior to Taylor series when functions contain poles,
because the use of rational functions allows them to be well-represented.

The relation between the Taylor series expansion and the function is given
classically by the statement that if the series converges absolutely to an infinity
differentiable function, then the series defines the function uniquely and the func-
tion uniquely defines the series.

The Pade approximants are a particular type of rational approximation. The L,
M Pade approximant is denoted by

L
M

� �
¼ PLðxÞ

QMðxÞ
¼ f ðxÞ ð15:4Þ

where PLðxÞ is a polynomial of degree less than or equal to L, and QMðxÞ is a
polynomial of degree less than or equal to M. Sometimes, when the function f being
approximated is not clear from the context, the function name is appended as a
subscript ½L=M�f . The formal power series

f ðxÞ ¼
X1
j¼ 0

fj x
j ð15:5Þ

determines the coefficients by the equation

f ðxÞ � PLðxÞ
QMðxÞ

¼ O xL þ M þ 1
� �

: ð15:6Þ

This is the classical definition. The Baker [8] definition adds the condition

QMð0Þ ¼ 1: ð15:7Þ

Let; f ðxÞ ¼ c0 þ c1xþ c2x
2 þ � � � ð15:8Þ

Let the Pade approximation (that is the reduced model) be

f ðxÞ ¼ PLðxÞ
QMðxÞ

¼ a0 þ a1xþ a2x2 þ � � � þ aLxL

b0 þ b1xþ b2x2 þ � � � þ bM�1xM�1 þ xM
ð15:9Þ

Hence, in accordance with the definition, Eqs. (15.8) and (15.9) yield the fol-
lowing set of linear equations:
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a0 ¼ b0c0
a1 ¼ b0c1 þ b1c0
a2 ¼ b0c2 þ b1c1 þ b2c0

..

. ..
. ..

. ..
.

am ¼ b0cm þ b1cm�1 þ � � � þ bmc0
0 ¼ b0cmþ 1 þ b1cm þ � � � þ bmþ 1c0

..

. ..
. ..

. ..
. � � � ..

.

0 ¼ b0cmþ n þ b1cmþ n�1 þ � � � þ bn�1cmþ 1 þ cm

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ð15:10Þ

which serve to determine the coefficients of Eq. (15.10) uniquely.
Baker et al. [8] introduced the concept of Pade approximation about more than

one point. They suggested that the Pade approximation be required to exactly
satisfy conditions at other points (they imposed the value of the function at infinity
on the Pade approximate) as well as at the origin. The required modifications in the
linear Eqs. (15.10) are very simple. The equation which makes the last power series
coefficient of the function and its approximant equal is replaced by one that makes
the Pade approximant equal to a given value at infinity.

15.3 Parameter Estimation of the Transfer Function
of a Linear System

Now we employ the set of hybrid functions to estimate the parameters of a linear
system from its impulse response [6] data.

Let h(t) be the p� r impulse response matrix of a linear time-invariant multi-
variable system where h(t) is specified graphically or analytically. Also, let H sð Þ ¼
L½hðtÞ� be the transfer function matrix of the system.

Now consider the rational function matrix G(s) of the form

GðsÞ ¼ Bp sp þ Bp�1 sp�1 þ � � � þ B1 s þ B0

sq þ aq�1 sq�1 þ � � � þ a1 s þ a0
; p\ q ð15:11Þ

Expansions of H(s) and G(s) in power series are as follows:

HðsÞ ¼
X1
k¼ 0

Hk s
k ð15:12Þ

GðsÞ ¼
X1
k¼ 0

Gk s
k ð15:13Þ

334 15 System Identification: Parameter Estimation …



The problem now may be stated as
Given h(t), the impulse response, find the parameters a0; a1; . . .; an�1 and the

elements of the matrices B0; B1; � � �Bp of G(s) such that G(s) matches H(s) in the
Pade sense [7], i.e., such that the power series coefficient matrices of H(s) and G
(s) match up to the power (p + q).

Thus,
Hk ¼ Gk , where, k ¼ 0; 1; � � � ; pþ q.
To solve the problem we first determine the power series coefficient matrices Hk

of HðsÞ. We use the following power series coefficient formula

HðsÞ ¼ H0s
0 þ H1s

1 þ H2s
2 þ H3s

3 þ � � � þ Hks
k þ � � � ð15:14Þ

Now, Eq. (7.14) is differentiated with respect to s to obtain

@HðsÞ
@s

¼ H1 þ 2H2 s
1 þ 3H3 s

2 þ � � � þ kHk s
ðk�1Þ þ � � � ð15:15Þ

Putting, s = 0 in Eq. (15.15), we get

@HðsÞ
@s

����
s¼ 0

¼ H1

Similarly, we get

@k HðsÞ
@sk

����
s¼ 0

¼ k! Hk ð15:16Þ

where, k ¼ 0; 1; � � � ; ðpþ qÞ .
Again, the transfer function H(s) can be written as

HðsÞ ¼
Z1
0

hðtÞ expð�stÞdt ð15:17Þ

Now, differentiating Eq. (15.17) with respect to s, we get
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@HðsÞ
@s

¼ ð�1Þ
Z1
0

t hðtÞ expð�stÞ dt

..

.

..

.

@kHðsÞ
@sk

¼ (� 1)k
Z1
0

tk hðtÞ expð�stÞ dt

ð15:18Þ

Putting s = 0 in Eq. (15.18), we get

@kHðsÞ
@sk

����
s¼ 0

¼ (� 1)k
Z1
0

tk hðtÞ dt ð15:19Þ

Assuming the system to be asymptotically stable, we consider a large positive
number λ to be the upper limit of the integral in (15.19) such that it converges to a
finite value [9]. Thus, using Eqs. (15.16) and (15.19), we get

Hk ¼ ð�1Þk
k!

Zk

0

tk hðtÞ dt ð15:20Þ

Let, t ¼ ks. Then dt ¼ k ds, for t ¼ 0; s ¼ 0 and t ¼ k; s ¼ 1.
Thus Eq. (15.20) becomes

Hk ¼ ð�1Þk
k!

k
Z1

0

skkk hðksÞ ds

or, Hk ¼ ð�1Þkkðkþ 1Þ
Z1

0

sk

k!
hðksÞ ds

ð15:21Þ

15.3.1 Using Block Pulse Functions

In block pulse function (BPF) domain [10], referring to Sect. 2.1, hðksÞ can be
written as
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hðksÞ ¼
Xðm�1Þ

i¼ 0

D1ðl�1ÞiwiðsÞ; 0� s\1 i ¼ 0; 1; 2; . . .; m� 1ð Þ ð15:22Þ

where, D1ðl�1Þi ¼ d10i d11i d12i � � � d1ðl�1Þi
� �T

and d1ðl�1Þi’s are the expansion coefficients in block pulse domain.

and D1ðl�1Þ i ¼ 1
h

Rðiþ 1Þh

ih
hðksÞwiðsÞ ds

where, l is the number of input variables of the system.
Again, let

uT0WðsÞ ¼
Xm�1

i¼0

wiðsÞ ¼ 1 ð15:23Þ

where, uT0 ¼ 1 1 � � � 1 1½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m columns

Now, we know

Zs

0

Zs

0

Zs

0

� � � Z
s

0|fflfflfflfflffl{zfflfflfflfflffl}
k times

ðdsÞk ¼ ðsÞk
k!

Zs

0

Zs

0

Zs

0

� � � Zs

0|fflfflfflfflffl{zfflfflfflfflffl}
k times

uT0WðsÞðdsÞk ¼ uT0 P
kWðsÞ ð15:24Þ

where, P is the operational matrix for integration in block pulse function domain
[10].

Then, from Eqs. (15.21)–(15.24), we can write

Hk ¼ ð�1Þk kðkþ 1Þ uT0 P
k
Xm�1

i¼ 0

Z 1

0
wi ðsÞW ðsÞ ds

� �
D1ðl�1Þi ð15:25Þ

Due to orthogonal property,

Z1

0

wiðsÞWðsÞds ¼ ei ¼ 0 � � � 0 h 0 � � � 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m columns

T

iþ 1ð Þth position
#

So, Eq. (15.25) becomes,

Hk ¼ ð�1Þkkðkþ 1ÞuT0 P
k
Xm�1

i¼ 0

ei D1ðl�1Þi ð15:26Þ
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For instance, if we take m = 4, then

X4� 1

i¼ 0

ei D1ðl�1Þi ¼
h
0
0
0

2
664

3
775 D1ðl�1Þ0 þ

0
h
0
0

2
664

3
775 D1ðl�1Þ 1 þ

0
0
h
0

2
664

3
775 D1ðl�1Þ2 þ

h
0
0
0

2
664

3
775 D1ðl�1Þ3

Thus, Eq. (15.26) becomes

Hk ¼ ð�1Þkkðkþ 1Þ uT0 P
k

h

0

0

0

2
6664

3
7775 D1ðl�1Þ0 þ

0

h

0

0

2
6664

3
7775 D1ðl�1Þ 1 þ

0

0

h

0

2
6664

3
7775 D1ðl�1Þ2þ

0

0

0

h

2
6664

3
7775 D1ðl�1Þ3

8>>><
>>>:

9>>>=
>>>;

or, Hk ¼ a
X3
i¼ 0

ei D1ðl�1Þi

ð15:27Þ

where, a , ð�1Þkkðkþ 1Þ uT0 P
k

Now, we consider a SISO system having a transfer function of the following
form:

a0 þ a1s
b0 þ b1s þ s2

¼ H0 þ H1s þ H2s
2 þ H3s

3 ð15:28Þ

From Eq. (15.28), equating the coefficients of like powers of s, we get

a0 ¼ b0H0 ð15:29Þ

a1 ¼ b0H1 þ b1H0 ð15:30Þ

b0H2 þ b1H1 ¼ �H0 ð15:31Þ

b0H3 þ b1H2 ¼ �H1 ð15:32Þ

Solving from (15.29)–(15.32), the ai’s and bi’s may be obtained as
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a0 ¼ 1
D

0 0 �H0 0

0 1 �H1 �H0

�H0 0 H2 H1

�H1 0 H3 H2

���������

���������

a1 ¼ 1
D

1 0 �H0 0

0 0 �H1 �H0

0 �H0 H2 H1

0 �H1 H3 H2

���������

���������

b0 ¼ 1
D

1 0 0 0

0 1 0 �H0

0 0 �H0 H1

0 0 �H1 H2

���������

���������

b1 ¼ 1
D

1 0 �H0 0

0 1 �H1 0

0 0 H2 �H0

0 0 H3 �H1

���������

���������

where, D ¼

1 0 �H0 0

0 1 �H1 �H0

0 0 H2 H1

0 0 H3 H2

���������

���������

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð15:33Þ

15.3.1.1 Numerical Example

Example 15.1 Consider the function

gðtÞ ¼ expð�tÞ � expð�2tÞ ð15:34Þ
We express it in s-domain in the form as in (15.28). That is

HðsÞ ¼ 1
s2 þ 3sþ 2

¼ a1s þ a0
s2 þ b1s þ b0

ð15:35Þ

Then using Eqs. (15.27) and (15.33), the unknown parameters may be solved for
m = 64 and λ = 1, λ = 6 and λ = 12 as shown in Table 15.1. Also, percentage errors
for such estimation for λ = 12 is presented in Table 15.2.
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15.3.2 Using Non-optimal Block Pulse Functions (NOBPF)

Referring to Sect. 1.2.11, if we use a set of non-optimal block pulse functions
W0 ðsÞ [11] instead of the traditional block pulse functions, the results obtained are
slightly different.

In non-optimal block pulse function domain hðksÞ can be written as

hðksÞ ¼
Xm�1

i¼ 0

D2ðl�1Þi w
0
iðsÞ; 0� s\1 ð7:36Þ

where, each element, d20i (say), of D2ðl�1Þi is the average of two consecutive
samples, ci and c(i+1) (say), of each component of the function hðksÞ. That is

d20i ¼
ci þ cðiþ 1Þ
� �

2

As before

uT0 W
0 ðsÞ ¼

Xðm�1Þ

i¼ 0

w0
i ðsÞ ¼ 1

Using the above relation in Eq. (15.24), we have, as per Eq. (15.25)

Table 15.1 Estimated parameters of the transfer function of Example 15.1 for m = 64 and For
three different values of λ, in block pulse function domain

Parameters Actual λ = 1 λ = 6 λ = 12

a0 1 2.54176555 0.76514514 0.97307956

a1 0 - 0.25154866 0.05825146 0.01235613

b0 2 12.72230064 1.55297667 1.94618304

b1 3 6.11098678 2.40403634 2.94373198

Table 15.2 Percentage errors
for parameter estimation of
the transfer function of
Example 15.1 for m = 64 and
λ = 12, in BPF domain

Parameters Actual
values
ca

BPF domain
values
ch

% Error

e ¼ ðca�chÞ
ca

� 100

a0 1 0.97307956 2.69204374

a1 0 0.01235613 –

b0 2 1.94618304 2.69084797

b1 3 2.94373198 1.87560054
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Hk ¼ ð�1Þk kðkþ 1Þ uT0 P
k
Xm�1

i¼ 0

Z1

0

w0
i ðsÞW0ðsÞ ds

2
4

3
5 D2ðl�1Þi ð15:37Þ

where, P is the operational matrix for integration in non-optimal block pulse
function domain.

It is to be noted that for both the traditional block pulse function based derivation
and non-optimal block pulse function based derivation P remains unaltered.

So, Eq. (15.37) becomes,

Hk ¼ ð�1Þk kðkþ 1Þ uT0 P
k
Xm�1

i¼ 0

ei D2ðl�1Þi ð15:38Þ

which is similar to Eq. (15.26).
If we take m = 4, then, following Sect. 15.3.1, we get

Hk ¼ ð�1Þkkðkþ 1Þ uT0 P
k

h

0

0

0

2
6664

3
7775 D2ðl�1Þ0 þ

0

h

0

0

2
6664

3
7775 D2ðl�1Þ 1 þ

0

0

h

0

2
6664

3
7775 D2ðl�1Þ2þ

0

0

0

h

2
6664

3
7775 D2ðl�1Þ3

8>>><
>>>:

9>>>=
>>>;

or, Hk ¼ b
X3
i¼ 0

ei D2ðl�1Þi

ð15:39Þ

where, b , ð�1Þkkðkþ 1Þ uT0 P
k

We use Eqs. (15.39) to solve for the parameters in (15.35) in NOBPF domain.
For m = 64 and λ = 1, λ = 6 and λ = 12 the results are shown in Table 15.3. Also,

percentage errors for such estimation for λ = 12 is presented in Table 15.4.

Table 15.3 Estimated parameters of the transfer function of Example 15.1 for m = 64 and for
three different values of λ, in non-optimal block pulse function domain

Parameters Actual λ = 1 λ = 6 λ = 12

a0 1 2.54147603 0.77203411 0.96755155

a1 0 −0.25160253 0.05617966 0.00373086

b0 2 12.72227298 1.55404255 1.94648567

b1 3 6.11095662 2.40494375 2.94403456
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15.3.3 Using Triangular Functions (TF)

In the triangular function domain [12], referring to Sect. 2.3, hðksÞ is given by

hðksÞ ¼
Xm�1

i¼ 0

D31ðl�1ÞiT1iðsÞþD32ðl�1ÞiT2iðsÞ
� �

; 0� s\1 ð15:40Þ

where, each element, d310i (say), of D31ðl�1Þi and d320i (say), of D32ðl�1Þi are i- th
and (i + 1)th samples of each component of the function hðksÞ.

For triangular functions, the unit step function is represented as

uðtÞ¼ uT0 T1ðsÞ þ T2ðsÞ½ �

To determine the formula for repeated integration in triangular function domain,
we proceed from the basic relation for first integration which isZ

T1 dt ¼ P1T1þP2T2 ¼
Z

T2 dt ð15:41Þ

where, P1 and P2 are operational matrices for integration related to T1 and T2 [12]
respectively. Also P1 and P2 are related to P, the operational matrix for integration
in BPF domain, by the following equation

P ¼ P1þP2 ð15:42Þ

Using relations (15.41) and (15.42), second integration of T1 is

ZZ
T1 dt ¼

Z
ðP1T1þP2T2Þ dt ¼ P1

Z
T1 dtþP2

Z
T2 dt ¼ ðP1þP2Þ

Z
T1 dt

¼ P
Z

T1 dt

Table 15.4 Percentage errors for parameter estimation of the transfer function of Example 15.1
for m = 64 and λ = 12, in non-optimal block pulse function domain

Parameters Actual values
ca

NOBPF domain values
ch

% Error

e ¼ ðca�chÞ
ca

� 100

a0 1 0.96755155 3.24484513

a1 0 0.00373086 –

b0 2 1.94648567 2.67571651

b1 3 2.94403456 1.86551468
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Similarly, third integration of T1 is given byZZZ
T1dt ¼ P2

Z
T1 dt

Thus, keeping in mind relations (15.41) and (15.42) above, k-times integration of
T1 and T2 yields

Z Z Z � � � Z
|fflfflfflfflffl{zfflfflfflfflffl}

k times

T1 dt ¼ Z Z Z � � � Z
|fflfflfflfflffl{zfflfflfflfflffl}

k times

T2 dt ¼ Pk�1Z
T1 dt Pk�1Z T2 dt

¼ Pk�1ðP1T1þP2T2Þ ð15:43Þ

Hence, using (15.43) and from Eq. (15.21) we have

Hk ¼ ð�1Þk kðkþ 1Þ 2uT0 P
ðk�1Þ

�
Z1

0

P1T1ðsÞþP2T2ðsÞ½ �
Xm�1

i¼ 0

D31ðl�1ÞiT1iðsÞþ
Xm�1

i¼ 0

D32ðl�1ÞiT2iðsÞ
" #

ds

¼ ð�1Þk kðkþ 1Þ 2uT0 P
ðk�1Þ �

Xm�1

i¼ 0

Z 1

0
P1D31ðl�1ÞiT1iðsÞT1ðsÞþ
�

P2D31ðl�1ÞiT1iðsÞT2ðsÞ

þ P1D32ðl�1ÞiT2iðsÞT1ðsÞþ P2D32ðl�1ÞiT2iðsÞT2ðsÞ
�
ds

¼ ð�1Þk kðkþ 1Þ 2uT0 P
ðk�1Þ �

Xm�1

i¼ 0

P1D31ðl�1Þi

Z1

0

T1iðsÞT1ðsÞ ds½
8<
:

þ
Xm�1

i¼ 0

P2D31ðl�1Þi0
Z1

T1iðsÞT2ðsÞ dsþ
Xm�1

i¼ 0

P1D32ðl�1Þi

Z1

0

T2iðsÞT1ðsÞ ds

þ
Xm�1

i¼ 0

P2D32ðl�1Þi

Z1

0

T2iðsÞT2ðsÞ ds
9=
;

ð15:44Þ

Due to orthogonal property

Z1

0

T1iðsÞT1ðsÞ ds ¼ e1i ¼ 0 � � � 0 h
3 0 � � � 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m columns

T

iþ 1ð Þth position
#

¼
Z1

0

T2iðsÞT2ðsÞ ds

ð15:45Þ
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Z1

0

T1iðsÞT2ðsÞ ds ¼ e2i ¼ 0 � � � 0 h
6 0 � � � 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m columns

T

iþ 1ð Þth position
#

¼
Z1

0

T2iðsÞT1ðsÞ ds

ð15:46Þ

So Eq. (15.44) becomes

Hk ¼ ð�1Þk kðkþ 1Þ 2uT0 P
ðk�1Þ � P1

Xm�1

i¼ 0

e1iD31ðl�1Þi

(
þP2

Xm�1

i¼ 0

e2iD31ðl�1Þi

þ P1
Xm�1

i¼ 0

e2iD32ðl�1Þi þP2
Xm�1

i¼ 0

e1iD32ðl�1Þi

)

For m = 4, following the earlier procedure, we get

Hk ¼ ð�1Þkkðkþ 1Þ2 uT0 P
ðk�1Þ

� P1

h
3

0

0

0

2
6664

3
7775D31ðl�1Þ0 þP1

0
h
3

0

0

2
6664

3
7775D31ðl�1Þ1 þP1

0

0
h
3

0

2
6664

3
7775D31ðl�1Þ2 þP1

0

0

0
h
3

2
6664

3
7775D31ðl�1Þ3

8>>><
>>>:

9>>>=
>>>;

2
6664

þ P2

h
6

0

0

0

2
6664

3
7775D31ðl�1Þ0 þP2

0
h
6

0

0

2
6664

3
7775D31ðl�1Þ1 þP2

0

0
h
6

0

2
6664

3
7775D31ðl�1Þ2 þP2

0

0

0
h
6

2
6664

3
7775D31ðl�1Þ3

8>>><
>>>:

9>>>=
>>>;

þ P1

h
6

0

0

0

2
6664

3
7775D32ðl�1Þ0 þP1

0
h
6

0

0

2
6664

3
7775D32ðl�1Þ1 þP1

0

0
h
6

0

2
6664

3
7775D32ðl�1Þ2 þP1

0

0

0
h
6

2
6664

3
7775D32ðl�1Þ3

8>>><
>>>:

9>>>=
>>>;

þ P2

h
3

0

0

0

2
6664

3
7775D32ðl�1Þ0 þP2

0
h
3

0

0

2
6664

3
7775D32ðl�1Þ1 þP2

0

0
h
3

0

2
6664

3
7775D32ðl�1Þ2 þP2

0

0

0
h
3

2
6664

3
7775D32ðl�1Þ3

8>>><
>>>:

9>>>=
>>>;

3
7775

or, Hk ¼ c
X3
i¼ 0

c1iD31ðl�1Þi þ c2iD31ðl�1Þi þ c3iD32ðl�1Þi þ c4iD32ðl�1Þi
� �

ð15:47Þ

where, c, ð�1Þkkðkþ 1Þ2 uT0 P
ðk�1Þ

and c1i ,P1e1i; c2i ,P2e2i; c3i ,P1e2i; c4i ,P2e1i
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Following the procedure used for Sect. 7.3.1, we determine the values of ai ’s
and bi’s in TF domain.

Tables 15.5 and 15.6 present the results of TF domain based estimation.

15.3.4 Using Hybrid Functions (HF)

In hybrid function domain [13], referring to Sect. 2.4, hðksÞ can be written as

hðksÞ ¼
Xm�1

i¼ 0

D41ðl�1ÞiSiðsÞþ
Xm�1

i¼ 0

D42ðl�1ÞiTiðsÞ; 0� s\1 ð15:48Þ

where, D41ðl�1Þi’s are the samples and D42ðl�1Þi’s are difference between two
consecutive samples of hðksÞ e.g. (D41ðiþ 1Þ � D41i).

As before, following (7.23), in hybrid function domain, we write

uT01SðsÞþ uT02TðsÞ ¼ uT01
Xm�1

i¼ 0

SiðsÞþ uT02
Xm�1

i¼ 0

TiðsÞ ¼ 1

where, uT01 ¼ 1 1 � � � 1 1½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m columns

and uT02 ¼ 0 0 � � � 0 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m columns

Table 15.5 Estimated parameters of the transfer function of Example 15.1 for m = 64 and for
three different values of λ, in triangular function domain

Parameters Actual λ = 1 λ = 6 λ = 12

a0 1 2.54176778 0.77261257 0.97296430

a1 0 −0.25152488 0.05825568 0.01226366

b0 2 12.72231195 1.55292352 1.94613618

b1 3 6.11098640 2.40394316 2.94367405

Table 15.6 Percentage errors
for parameter estimation of
the transfer function of
Example 15.1 for m = 64 and
λ = 12, in triangular function
domain

Parameters Actual
values
ca

TF domain
values
ch

% Error,

e ¼ ðca�chÞ
ca

� 100

a0 1 0.97296430 2.70357003

a1 0 0.01226366 –

b0 2 1.94613618 2.69319093

b1 3 2.94367405 1.87753173
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To determine the formula for repeated integration in hybrid function domain, we
proceed from the relation for first integration of sample-and-hold functions.

From Eq. (4.9), we have

Z
S mð Þdt ¼ h

Xm�1

i¼1

Qi
mð ÞS mð Þ þ h I mð Þ T mð Þ ¼ P1ss mð ÞS mð Þ þP1st mð ÞT mð Þ ð15:49Þ

Comparing Eqs. (4.9) and (4.18), we haveZ
TðmÞdt ¼

1
2

Z
SðmÞdt ð15:50Þ

Dropping the subscript m for convenience and using (15.49) and (15.50), the
second integration of S is given by

ZZ
S dt ¼

Z
ðP1ss Sþ h I TÞdt ¼ P1ss

Z
S dtþ h

Z
T dt ¼ P1ss

Z
S dt þ 1

2
hI

Z
S dt

¼ ðP1ssþ 1
2
hIÞ

Z
S dt

The third integration of S is

ZZZ
S dt ¼ ðP1ssþ 1

2
hIÞ

Z Z
S dt ¼ P1ssþ 1

2
hI


 �2Z
S dt

Repeating this procedure, we obtain

Z Z Z � � � Z
|fflfflfflfflffl{zfflfflfflfflffl}

k times

S dt ¼ P1ssþ 1
2
hI


 �ðk�1Þ
P1ss Sþ hI Tð Þ

¼ P1ssþ 1
2
hI


 �ðk�1Þ
P1ss Sþ hTð Þ

Then, proceeding as before, we have
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Hk ¼ ð�1Þk kðkþ 1Þ uT01

Z1

0

sk

k!
hðksÞ ds

¼ ð�1Þk kðk�1Þ uT01

Z1

0

P1ssþ h
2
I

� 
ðk�1Þ
ðP1ss Sþ h I TÞ

Xm�1

i¼ 0

D41ðl�1ÞiSiðsÞþ
Xm�1

i¼ 0

D42ðl�1ÞiTiðsÞ
" #" #

ds

¼ ð�1Þk kðkþ 1Þ uT01 P1ssþ h
2
I

� 
ðk�1Þ
�
Xm�1

i¼ 0

Z1

0

P1ssD41ðl�1ÞiSiðsÞSðsÞþ hD41ðl�1ÞiSiðsÞTðsÞ
�

þ P1ssD42ðl�1ÞiTiðsÞSðsÞþ hD42ðl�1ÞiTiðsÞTðsÞ
�
ds

¼ ð�1Þk kðkþ 1Þ uT01 P1ssþ h
2
I

� 
ðk�1Þ

�
Xm�1

i¼ 0

P1ssD41ðl�1Þi

Z1

0

SiðsÞSðsÞ ds
8<
: þ

Xm�1

i¼ 0

hD41ðl�1Þi

Z1

0

SiðsÞTðsÞ ds

þ
Xm�1

i¼ 0

P1ssD42ðl�1Þi

Z1

0

TiðsÞSðsÞ dsþ
Xm�1

i¼ 0

hD42ðl�1Þi

Z1

0

TiðsÞTðsÞ ds
9=
;

ð15:51Þ

Due to orthogonal property, we have the three following relations

Z1

0

SiðsÞ SðsÞ ds ¼ ei ¼ 0 � � � 0 h 0 � � � 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m columns

T

iþ 1ð Þth position
#

Z1

0

SiðsÞTðsÞ ds ¼
Z1

0

TiðsÞ SðsÞ ds ¼ e3i ¼ 0 � � � 0 h
2 0 � � � 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m columns

T

iþ 1ð Þth position
#

Z1

0

T1iðsÞTðsÞ ds ¼ e1i ¼ 0 � � � 0 h
3 0 � � � 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m columns

T

iþ 1ð Þth position
#

Using the above relations in Eq. (15.51), we get

Hk ¼ ð�1Þk kðkþ 1Þ uT01 P1ssþ h
2
I

� 
ðk�1Þ
� P1ss

Xm�1

i¼ 0

eiD41ðl�1Þi

(
þ h

Xm�1

i¼ 0

e3iD41ðl�1Þi

þ P1ss
Xm�1

i¼ 0

e3iD42ðl�1Þi þ h
Xm�1

i¼ 0

e1iD42ðl�1Þi

) ð15:52Þ

If we consider m = 4, then

15.3 Parameter Estimation of the Transfer … 347
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or, Hk ¼ d
X3
i¼ 0

d1iD41ðl�1Þi þ d2iD41ðl�1Þi þd3iD42ðl�1Þi þ d4iD32ðl�1Þi
� �

ð15:53Þ

where, d ¼ ð�1Þkkðkþ 1Þ uT01 P1ssþ h
2Ið Þðk�1Þ

and d1i ,P1ss ei; d2i , h e3i; d3i ,P1ss e3i; d4i , h e1i
Using Eq. (15.53) and following the earlier procedure, the values of ai ’s and bi’s

determined via HF domain are tabulated in Tables 15.7 and 15.8.

Table 15.8 Percentage errors
for parameter estimation of
the transfer function of
Example 15.1 for m = 64 and
λ = 12, in hybrid function
domain

Parameters Actual
values
ca

HF domain
values
ch

% Error,

e ¼ ðca�chÞ
ca

� 100

a0 1 0.99396497 0.60350298

a1 0 0.04655428 –

b0 2 1.94350586 2.82470706

b1 3 2.94075968 1.97467736

Table 15.7 Estimated parameters of the transfer function of Example 15.1 for m = 64 and for
three different values of λ, in hybrid function domain

Parameters Actual λ = 1 λ = 6 λ = 12

a0 1 2.54431980 0.77367044 0.99396497

a1 0 −0.23665257 0.06699767 0.04655428

b0 2 12.72939710 1.54597031 1.94350586

b1 3 6.11083725 2.39578631 2.94075968
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15.3.5 Solution in SHF Domain from the HF Domain
Solution

To find out the solution in sample-and-hold function domain [14], we simply
discard the triangular function component of the hybrid function part in Eq. (15.48)
for hðksÞ and write

hðksÞ ¼
Xm�1

i¼ 0

D41ðl�1ÞiSiðsÞ; 0� s \1

where, D41ðl�1Þi’s are the samples of hðksÞ with the sampling period h.
In this case also,

uT01 ¼ 1 1 � � � 1 1½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m columns

Then, from (15.51), we write

Hk ¼ ð�1Þk kðkþ 1Þ uT01 ðP1ssþ h
2
IÞðk�1Þ Xm�1

i¼ 0

Z1

0

P1ssD41ðl�1Þi Si ðsÞ SðsÞ
� �

ds

Due to orthogonal property,

Z 1

0
SiðsÞ SðsÞ ds ¼ ei ¼ 0 � � � 0 h 0 � � � 0½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m columns

T

iþ 1ð Þth position
#

Equation (15.51) now becomes,

Hk ¼ ð�1Þk kðkþ 1Þ uT01 P1ssþ h
2
I

� 
ðk�1ÞXm�1

i¼ 0

P1ss ei D41ð l�1Þ i
� �

If we take m = 4. Then
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or, Hk ¼ r
X3
i¼ 0

eiD41ðl�1Þi

ð15:54Þ

where, r, ð�1Þk kðkþ 1Þ uT01 P1ssþ h
2 Ið Þðk�1ÞP1ss

Using Eq. (15.54) the values of ai ’s and bi’s computed via SHF domain are
tabulated in Tables 15.9 and 15.10.

15.4 Comparative Study of the Parameters of the Transfer
Function Identified via Different Approaches [15]

The estimated values of the parameters for the transfer function, for λ = 1, 6 and 12
derived via five types of orthogonal basis functions i.e. BPF, NOBPF, TF, HF and
SHF for Example 15.1 are shown in Tables 15.11, 15.12 and 15.13 respectively.

The comparative study of the error estimates for the system under study for λ = 12
via block pulse function, non-optimal block pulse function, triangular function,
hybrid function and sample-and-hold function domains, are shown in Table 15.14.

Table 15.9 Estimated parameters of the transfer function of Example 15.1 for m = 64 and for
three different values of λ, in sample-and-hold function domain

Parameters Actual λ = 1 λ = 6 λ = 12

a0 1 2.54442701 0.77194125 0.98292877

a1 0 −0.22952649 0.06307111 0.02956877

b0 2 12.73277718 1.54703132 1.94374640

b1 3 6.11061106 2.39575881 2.94090502

Table 15.10 Percentage
errors for parameter
estimation of the transfer
function of Example 15.1 for
m = 64 and λ = 12, in
sample-and-hold function
domain

Parameters Actual
values
ca

SHF domain
values
ch

% Error,

e ¼ ðca�chÞ
ca

� 100

a0 1 0.98292877 1.70712349

a1 0 0.02956877 –

b0 2 1.94374640 2.81267981

b1 3 2.94090502 1.96983257
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Table 15.11 Comparative study of the parameters of the transfer function of Example 15.1 under
investigation in different function domains for λ = 1

Parameters Actual
values

BPF NOBPF TF HF SHF

a0 1 2.54176555 2.54147603 2.54176778 2.54431980 2.54442701

a1 0 −0.25154866 −0.25160253 −0.25152488 −0.23665257 −0.22952649

b0 2 12.72230064 12.72227298 12.72231195 12.72939710 12.73277718

b1 3 6.11098678 6.11095662 6.11098640 6.11083725 6.11061106

Table 15.12 Comparative study of the parameters of the transfer function of Example 15.1 under
investigation in different function domains for λ = 6

Para-meters Actual values BPF NOBPF TF HF SHF

a0 1 0.76514514 0.77203411 0.77261257 0.77367044 0.77194125

a1 0 0.05825146 0.05617966 0.05825568 0.06699767 0.06307111

b0 2 1.55297667 1.55404255 1.55292352 1.54597031 1.54703132

b1 3 2.40403634 2.40494375 2.40394316 2.39578631 2.39575881

Table 15.13 Comparative study of the parameters of the transfer function of Example 15.1 under
investigation in different function domains for λ = 12

Para-meters Actual values BPF NOBPF TF HF SHF

a0 1 0.97307956 0.96755155 0.97296430 0.99396497 0.98292877

a1 0 0.01235613 0.00373086 0.01226366 0.04655428 0.02956877

b0 2 1.94618304 1.94648567 1.94613618 1.94350586 1.94374640

b1 3 2.94373198 2.94403456 2.94367405 2.94075968 2.94090502

Table 15.14 Comparative study of error estimates of the parameters for the system of Example
15.1 under study for λ = 12 via different function domains

Parameters % Error in
BPF

% Error in
NOBPF

% Error in
TF

% Error in
HF

% Error in
SHF

a0 2.69204374 3.24484513 2.70357003 0.60350298 1.70712349

a1 – – – – –

b0 2.69084797 2.67571651 2.69319093 2.82470706 2.81267981

b1 1.87560054 1.86551468 1.87753173 1.97467736 1.96983257
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15.5 Comparison of Errors for BPF, NOBPF, TF, HF
and SHF Domain Approaches [15]

Figures 15.1a–d show the estimated values of the parameters, for λ = 1, derived via
five kinds of orthogonal function basis. Figure 15.2 shows estimated values of two
parameters a0 and b1 for λ = 6 to compute the results obtained via five different
basis functions, while Fig. 15.3 presents all the parameter for λ = 12.

Fig. 15.1 Magnified view of the estimated parameters (a0, a1, b0 and b1) as per Tables 15.1, 15.3,
15.5, 15.7 and 15.9 for λ = 1 (vide Appendix B, Program no. 38)

352 15 System Identification: Parameter Estimation …



Fig. 15.2 Magnified view of
two estimated parameters (a0
and b1) as per Tables 15.1,
15.3, 15.5, 15.7 and 15.9 for
λ = 6 (vide Appendix B,
Program no. 38)
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15.6 Conclusion

The problem of parameter estimation of a transfer function of a multivariable
system has been treated to determine the solution via orthogonal functions using a
generalized algorithm. The derived algorithm is employed to solve for the
parameters of the transfer function of a system via five different orthogonal sets e.g.,
(i) block pulse functions (BPF), (ii) non-optimal block pulse functions (NOBPF),
(iii) triangular functions (TF), (iv) hybrid functions (HF) and (v) sample-and-hold
functions (SHF).

Many tables are presented to compare the accuracies of different methods.
Different curves are plotted are to indicate the values of the four parameters, a0, a1,
b0 and b1 of a second order transfer function, computed via five different methods.
From Tables 15.11, 15.12 and 15.13, we conclude that the parameter a0 of the
transfer function is closer to the actual value in HF domain.

It is noted that none of the presented methods proves itself absolutely superior to
others, but from Table 15.14, it is observed that the minimum percentage error is
obtained for a0 for HF domain based computation.

Fig. 15.3 Magnified view of the estimated parameters (a0, a1, b0 and b1) as per Tables 15.1, 15.3,
15.5, 15.7 and 15.9 for λ = 12 (vide Appendix B, Program no. 38)
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Finally, an advantage of HF based analysis is, the sample-and-hold function
based result may easily be obtained by simply dropping the triangular part solution
of the hybrid function based result. This advantage may prove much significant for
function approximation as well as for control system analysis.
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Appendix A
Introduction to Linear Algebra

A matrix is a rectangular array of variables, mathematical expressions, or simply
numbers. Commonly a matrix is written as

A ¼
a11 a12 � � � a1n
a21 a22 � � � a2n
..
. ..

. . .
. ..

.

am1 am2 � � � amn

2
6664

3
7775: ðA:1Þ

The size of the matrix, with m rows and n columns, is called an m-by-n (or,
m × n) matrix, where, m and n are called its dimensions.

A matrix with one row [a (1 × n) matrix] is called a row vector, and a matrix with
one column [an (m × 1) matrix] is called a column vector. Any isolated row or
column of a matrix is a row or column vector, obtained by removing all other rows
or columns respectively from the matrix.

Square Matrices

A square matrix is a matrix with m = n, i. e., the same number of rows and columns.
An n-by-n matrix is known as a square matrix of order n. Any two square matrices
of the same order can be added, subtracted, or multiplied.

For example, each of the following matrices is a square matrix of order 4, with
four rows and four columns:

A ¼
1 2 7 0
3 4 3 1
8 3 1 1
2 4 0 3

2
664

3
775; B ¼

3 1 0 �1
2 �3 4 2
1 0 9 1
�3 2 �1 0

2
664

3
775

Then,
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A + B ¼
4 3 7 �1
5 1 7 3
9 3 10 2
�1 6 �1 3

2
664

3
775 and A� B ¼

�2 1 7 1
1 7 �1 �1
7 3 �8 0
5 2 1 3

2
664

3
775

Determinant

The determinant [written as det(A) or |A|] of a square matrix A is a number
encoding certain properties of the matrix. A matrix is invertible, if and only if, its
determinant is nonzero.

The determinant of a 2-by-2 matrix is given by

det
a b
c d

� �
¼ ad � bc ðA:2Þ

Properties

The determinant of a product of square matrices equals the product of their
determinants: det(AB) = det(A) · det(B).

Adding a multiple of any row to another row, or a multiple of any column to
another column, does not change the determinant.

Interchanging two rows or two columns makes the determinant to be multiplied
by −1.

Using these operations, any matrix can be transformed to a lower (or, upper)
triangular matrix, and for such matrices the determinant equals the product of the
entries on the main diagonal.

Orthogonal Matrix

An orthogonal matrix is a square matrix with real entries whose columns and rows
are orthogonal vectors, i.e., orthonormal vectors.

Equivalently, a matrix A is orthogonal if its transpose is equal to its inverse. That
is

AT ¼ A�1

which implies
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AT A ¼ AAT ¼ I;

where, I is the identity matrix.
An orthogonal matrix A is necessarily invertible with inverse A−1 = AT. The

determinant of any orthogonal matrix is either +I or −I.

Trace of a Matrix

In (A.1), the entries ai,i form the main diagonal of the matrix A. The trace, tr(A), of
the square matrix A is the sum of its diagonal entries. The trace of the product of
two matrices is independent of the order of the factors A and B. That is

tr ABð Þ ¼ tr BAð Þ:

Also, the trace of a matrix is equal to that of its transpose, i.e., tr(A) = tr(AT).

Diagonal, Lower Triangular and Upper Triangular
Matrices

If all entries of a matrix except those of the main diagonal are zero, the matrix is
called a diagonal matrix. If only all entries above (or, below) the main diagonal are
zero, it is called a lower triangular matrix (or, upper triangular matrix).

For example, a diagonal matrix of 3rd order is

d11 0 0
0 d22 0
0 0 d33

2
4

3
5

A lower triangular matrix of 3rd order is

l11 0 0
l21 l22 0
l31 l32 l33

2
4

3
5

and an upper triangular matrix of similar order is

u11 u12 u13
0 u22 u23
0 0 u33

2
4

3
5
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Symmetric Matrix

A square matrix A that is equal to its transpose, i.e., A = AT, is a symmetric matrix.
If instead, A is equal to the negative of its transpose, i.e., A = −AT, then A is a
skew-symmetric matrix.

Singular Matrix

If the determinant of a square matrix A is equal to zero, it is called a singular matrix
and its inverse does not exist. Examples of two singular matrices are

4 2
6 3

� �
and

2 �1 2
7�7 0 3

�2 �1 2

2
4

3
5

Identity Matrix or Unit Matrix

If A is a square matrix, then

AI ¼ IA ¼ A

where, I is the identity matrix of the same order.
The identity matrix I(n) of size n is the n-by-n matrix in which all the elements on

the main diagonal are equal to 1 and all other elements are equal to 0. An identity
matrix of order 3 is

I 3ð Þ ¼
1 0 0
0 1 0
0 0 1

2
4

3
5:

It is called identity matrix because multiplication with it leaves a matrix
unchanged. If A is an (m × n) matrix then

Aðm�nÞIðnÞ ¼ IðmÞAðm�nÞ
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Transpose of a Matrix

The transpose AT of a square matrix A can be obtained by reflecting the elements
along its main diagonal. Repeating the process on the transposed matrix returns the
elements to their original position.

The transpose of a matrix may be obtained by any one of the following
equivalent actions:

(i) reflect A over its main diagonal to obtain AT

(ii) write the rows of A as the columns of AT

(iii) write the columns of A as the rows of AT

Formally, the ith row, jth column element of AT is the jth row, ith column
element of A. That is

AT� �
ij¼ Aji

If A is an m × n matrix then AT is an (n × m) matrix.

Properties

For matrices A, B and scalar c we have the following properties of transpose:

(i) ðATÞT ¼ A
(ii) ðAþBÞT ¼ AT þBT

(iii) ðABÞT ¼ BTAT

Note that the order of the factors above reverses. From this one can deduce
that a square matrix A is invertible if and only if AT is invertible, and in this
case, we have (A−1)T = (AT)−1. By induction this result extends to the
general case of multiple matrices, where we find that

A1A2. . .Ak�1Akð ÞT¼ AT
k A

T
k�1. . .A

T
2A

T
1 :

(iv) (cA)T ¼ cAT

The transpose of a scalar is the same scalar.
(v) det(AT) = det(A)
(vi) det(A�1) = 1

det(A)
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Matrix Multiplication

Matrix multiplication is a binary operation that takes a pair of matrices, and pro-
duces another matrix. This term normally refers to the matrix product.

Multiplication of two matrices is defined only if the number of columns of the
left matrix is the same as the number of rows of the right matrix. If A is an m-by-
n matrix and B is an n-by-p matrix, then their matrix product AB is the m-by-
p matrix whose entries are given by dot product of the corresponding row of A and
the corresponding column of B. That is

AB½ �i;j¼ Ai;1B1;j þAi;2B2;j þ � � � þAi;nBn;j ¼
Xn
r¼1

Ai;rBr;j

where 1 ≤ i ≤ m and 1 ≤ j ≤ p.
Matrix multiplication satisfies the rules

(i) (AB)C = A(BC) (associativity),
(ii) (A + B)C = AC + BC
(iii) C(A + B) = CA + CB (left and right distributivity),

whenever the size of the matrices is such that the various products are
defined.

The product AB may be defined without BA being defined, namely, if A and B
are m-by-n and n-by-k matrices, respectively, and m ≠ k.

Even if both products are defined, they need not be equal, i.e., generally one has

AB 6¼ BA;

i.e., matrix multiplication is not commutative, in marked contrast to (rational, real,
or complex) numbers whose product is independent of the order of the factors. An
example of two matrices not commuting with each other is:

5 2
3 3

� �
1 0
0 0

� �
¼ 5 0

3 0

� �

where as

1 0
0 0

� �
5 2
3 3

� �
¼ 5 2

0 0

� �

Since det(A) and det(B) are just numbers and so commute, det(AB) = det(A)det
(B) = det(B)det(A) = det(BA), even when AB ≠ BA.
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A Few Properties of Matrix Multiplication

(i) Associative

A BCð Þ ¼ ABð ÞC

(ii) Distributive over matrix addition

A BþCð Þ ¼ ABþAC; AþBð ÞC ¼ ACþBC

(iii) Scalar multiplication is compatible with matrix multiplication

k ABð Þ ¼ kAð ÞB and ABð Þk ¼ A Bkð Þ

where, λ is a scalar. If the entries of the matrices are real or complex numbers, then
all four quantities are equal.

Inverse of a Matrix

If A is a square matrix, there may be an inverse matrix A−1 = B such that

AB ¼ BA ¼ I

If this property holds, then A is an invertible matrix. If not, A is a singular or
degenerate matrix.

Analytic Solution of the Inverse

Inverse of a square non-singular matrix A may be computed from the transpose of a
matrix C formed by the cofactors of A. Thus, CT is known as the adjoint matrix of
A. The matrix CT is divided by the determinant of A to compute A−1. That is

A�1 ¼ CT

detðAÞ ¼
1

detðAÞ

c11 c21 . . . cn1
c12 c22 . . . cn2
..
. ..

. . .
. ..

.

c1n c2n . . . cnn

2
6664

3
7775 ðA:3Þ

where, C is the matrix of cofactors, and CT denotes the transpose of C.
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Cofactors

Let a (3 × 3) matrix be given by

A ¼
a b c
d e f
g h k

2
4

3
5

Then a (3 × 3) matrix P formed by the cofactors of A is

P ¼
A B C
D E F
G H K

2
4

3
5

where,

A ¼ ek � fhð Þ; B ¼ fg� dkð Þ; C ¼ dh� egð Þ;
D ¼ ch� bkð Þ; E ¼ ak � cgð Þ; F ¼ gb� ahð Þ;
G ¼ bf � ceð Þ; H ¼ cd � afð Þ and K ¼ ae� bdð Þ:

Inversion of a 2 × 2 Matrix

The cofactor equation listed above yields the following result for a 2 × 2 matrix. Let
the matrix to be inverted be

A ¼ a b
c d

� �
:

Then

A�1 ¼ a b
c d

� ��1

¼ 1
detðAÞ

d �b
�c a

� �
¼ 1

ad � bcð Þ
d �b
�c a

� �
:

using Eqs. (A.2) and (A.3).
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Inversion of a 3 × 3 Matrix

Let the matrix to be inverted be

A ¼
a b c
d e f
g h k

2
4

3
5:

Then, its inverse is given by

A�1 ¼
a b c
d e f
g h k

2
4

3
5
�1

¼ 1
det Að Þ

A B C
D E F
G H K

2
4

3
5
T

¼ 1
det Að Þ

A D G
B E H
C F K

2
4

3
5 ðA:4Þ

where, A, B, C, D, E, F, G, H, K are the cofactors of the matrix A.
The determinant of A can be computed as follows:

det Að Þ ¼ a ek � fhð Þ � b dk � fgð Þþ c dh� egð Þ:

If the determinant is non-zero, the matrix is invertible and determination of the
cofactors subsequently lead to the computation of the inverse of A.

Similarity Transformation

Two n-by-n matrices A and B are called similar if

B ¼ P�1AP ðA:5Þ

for some invertible n-by-n matrix P.
Similar matrices represent the same linear transformation under two different

bases, with P being the change of basis matrix.
The determinant of the similarity transformation of a matrix is equal to the

determinant of the original matrix A.

det Bð Þ ¼ det P�1AP
� 	 ¼ det P�1� 	

det Að Þdet Pð Þ ¼ det Að Þ
det Pð Þ det Pð Þ ¼ det Að Þ

ðA:6Þ
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Also, the eigenvalues of the matrices A and B are also same. That is

det B� kIð Þ ¼ det P�1AP� kI
� 	

¼ det P�1AP� P�1kIP
� 	

¼ det P�1 A� kIð ÞP� 	
¼ det P�1

� 	
det A� kIð Þdet Pð Þ

¼ det A� kIð Þ

ðA:7Þ

where, k is a scalar.
The eigenvalues of an n × n matrix A are the roots of the characteristic equation

kI� Aj j ¼ 0

Hence, eigenvalues are also called the characteristic roots. Also, the eigenvalues
are invariant under any linear transformation.
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Appendix B
Selected MATLAB Programs

1. Program for adding two time functions in hybrid function
domain (Chap. 2, Fig. 2.5, p. 36)

clc
clear all
format long

%%---------- Number of Sub-intervals and Total Time ---------%%

m = input('Enter the number of sub-intervals chosen:\n')   
T = input('Enter the total time period:\n')   
h = T/m;
t = 0:h:T;

%%--------------- Functions for Addition -----------------%%

syms x
f = 1-exp(-x);
g = exp(-x);

%%------------------- Function Samples -------------------%%

F = subs(f,t)  %Samples of first function f(t) upto final time T
G = subs(g,t)  %Samples of second function g(t) upto final time T

%%--------- Hybrid Function Based Representation ---------%%

for i=1:m
F_SHF(i)=F(i);  % Sample-and-Hold Function Coefficients for f(t)

end

for i=1:m
F_TF(i)=F(i+1)-F(i); % Triangular Function Coefficients for f(t)

end

© Springer International Publishing Switzerland 2016
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plot(t,F,'-^k','LineWidth',2,'MarkerFaceColor','k') 
hold on 
plot(t,G,'-ok','LineWidth',2,'MarkerFaceColor','k') 
hold on 
plot(t,A,'-.>k','LineWidth',2) 
ylim([0 1.2]) 

for i=1:m
G_SHF(i)=G(i);  % Sample-and-Hold Function Coefficients for g(t)

end

for i=1:m
G_TF(i)=G(i+1)-G(i); % Triangular Function Coefficients for g(t)

end

%%---------- Addition in Hybrid Function Domain ----------%% 

A_SHF = F_SHF + G_SHF;    % SHF Part of Addition 
A_TF = F_TF + G_TF;       % TF Part of Addition 

A_m = A_SHF(m) + A_TF(m);  % m-th coefficient of Addition 
A = [A_SHF  A_m];          % Samples for plotting Addition  

%%------------------- Function Plotting -------------------%% 

2. Program for dividing two time functions in hybrid
function domain (Chap. 2, Fig. 2.13, p. 47)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T = input('Enter the total time period:\n')
h = T/m;
t = 0:h:T;

%%------------------- Functions for Division ---------------------%%

syms x
y = 1-exp(-x);
r = exp(-x);

%%----------------------- Function Samples -----------------------%%

Y = subs(y,t) % Samples of first function y(t) upto final time T
R = subs(r,t) % Samples of second function r(t) upto final time T

%%------------- Hybrid Function Based Representation -------------%%
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for i=1:(m+1)
Y_SHF(i)=Y(i);  % Sample-and-Hold Function Coefficients for y(t)

end

for i=1:(m+1)
R_SHF(i)=R(i);  % Sample-and-Hold Function Coefficients for r(t)

end

%%-------------- Division in Hybrid Function Domain --------------%%

D_SHF=Y_SHF./R_SHF;    % SHF Part of Multiplication

for i=1:m
D_TF(i)=D_SHF(i+1)-D_SHF(i);    % TF Part of Multiplication

end

%%----------------------- Function Plotting -----------------------%%

plot(t,Y,'-^k','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(t,R,'-ok','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(t,D_SHF,'-.>k','LineWidth',2)
ylim([0 1.8])

3. Program for approximating a function f(t) = sin(πt) in BPF
domain (Chap. 3, Fig. 3.2, p. 51)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T = input('Enter the total time period:\n')
h = T/m;
t = 0:h:T;

%%------------------ Functions for Approximated ------------------%%

syms x
f=sin(pi*x);   % the function to be approximated

j=0:0.01:T;
plot(j,sin(pi*j),'--k','LineWidth',2)  % plot of the exact function
hold on
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%%------------------- BPF Based Representation -------------------%%

C=zeros(1,m);

for k=1:m
C(k)=(m/T)*int(f,t(k),t(k+1));  % Calculating BPF Coefficients

end

Coeff=[C C(m)];   % For plotting the BPF Coefficients of the function

%%----------------------- Function Plotting -----------------------%%

stairs(t,Coeff,'-k','LineWidth',2)
ylim([0 1])

4. Program for approximating a function f(t) = sin(πt) in
hybrid function domain (Chap. 3, Fig. 3.5, p. 54)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T = input('Enter the total time period:\n')
h = T/m;
t = 0:h:T;

%%----------------- Function to be Approximated -----------------%%

syms x
f=sin(pi*x);     % Function to be Approximated
F=subs(f,t)      % Samples of first function f(t) upto final time T

%%------------- Hybrid Function Based Representation ------------%%

for i=1:m
F_SHF(i)=F(i);  % Sample-and-Hold Function Coefficients for f(t)

end

for i=1:m
F_TF(i)=F(i+1)-F(i);  % Triangular Function Coefficients for f(t)

end

%%----------------------- Function Plotting -----------------------%%

j=0:0.01:T;
plot(j,sin(pi*j),'-.k','LineWidth',2)  % plot of the exact function
hold on
plot(t,F,'-ok','LineWidth',2,'MarkerFaceColor','k')
ylim([0 1])
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5. Program for approximating a function f(t) = t in hybrid
function domain and BPF domain. (Chap. 3, Fig. 3.6, p. 55)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T = input('Enter the total time period:\n')
h = T/m;
t = 0:h:T;

%%----------------- Function to be Approximated -----------------%%

syms x
f=x;            % Function to be Approximated
F=subs(f,t)     % Samples of function f(t) upto final time T

%%------------------- BPF Based Representation -------------------%%

C=zeros(1,m);
for k=1:m

C(k)=(m/T)*int(f,t(k),t(k+1));  % Calculating BPF Coefficients
end
Coeff=[C C(m)]; % BPF Coefficients of the function

%%------------- Hybrid Function Based Representation -------------%%

for i=1:m
F_SHF(i)=F(i);  % Sample-and=Hold Function Coefficients for f(t)

end

for i=1:m
F_TF(i)=F(i+1)-F(i);  % Triangular Function Coefficients for f(t)

end

F_m = F_SHF(m)+F_TF(m);     % m-th coefficient of Subtraction
F = [F_SHF F_m];            % Final Samples for plotting

%%----------------------- Function Plotting ----------------------%%

stairs(t,Coeff,'-k','LineWidth',2)
hold on
plot(t,t,'--k','LineWidth',2)  % plot of the exact function
hold on
plot(t,F,'-ok','LineWidth',2,'MarkerFaceColor','k')
ylim([0 1])
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6. Program for comparing HFc and HFm based approach (Chap. 3,
Fig. 3.16, p. 63)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T1 = input('Enter the time at jump instant:\n')
T2 = input('Enter the time after jump instant:\n')
T=T1+T2; % Total time period
h = T/m;
m_jump = T1/h; % Number of sub-intervals up to jump instant
t = 0:h:T;

%%----------------- Function to be Approximated -----------------%%

syms t
f1 = t+0.2;       % Function before jump instant
f2 = t+1.2;       % Function after jump instant

%%------------------------ Exact Solution -----------------------%%

t1=0:0.001:T1;
t2=(T1+0.001):0.001:T;

f1t=subs(f1,t1);
f2t=subs(f2,t2);

te=[t1 t2];
fe=[f1t f2t];

%%------------ Hybrid Function Based Representation ------------%%

th1=0:h:(T1-h);
th2=T1:h:T;
th=[th1 th2];

F1=subs(f1,th1);
F2=subs(f2,th2);
cfsx=[F1 F2];    % total Sample-and-Hold function coefficients
for i=1:m

Cfsx(i)=cfsx(i);   % First m number of SHF coefficients
end

for i=1:m
Cftx(i)=cfsx(i+1)-cfsx(i);

end
Cftx(m_jump)=0; % to be considered only in HFm based approximation
Cftx;
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%%----------------------- Function Plotting -----------------------%%

tf=(T1-h):0.001:T1;
cf=[F1(m/T)*ones(1,length(tf)) 1.2];
Tf=[tf T1];

plot(te,fe,'k-','Linewidth',2)    % plot of the exact function
hold on
plot(th,cfsx,'ko','MarkerFaceColor','k','MarkerSize',7)
hold on
plot(Tf,cf,'k-')
xlim([-0.001 2.001])

7. Program for comparing MISEs using HFc and HFm based
approaches (Chap. 3, Table 3.2, , p. 65); Fig. 3.17, p. 64)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T1 = input('Enter the time at jump instant:\n')
T2 = input('Enter the time after jump instant:\n')
T = T1+T2; % Total time period
h = T/m;
m_jump = T1/h; % Number of sub-intervals up to jump instant
t = 0:h:T;

%%------------------ Function to be Approximated -----------------%%

syms t
f1=t+0.2;
f2=t+1.2;

%%-------------- Hybrid Function Based Approximation -------------%%

th1=0:h:(T1-h);
th2=T1:h:T;
th=[th1 th2];

F1=subs(f1,th1);
F2=subs(f2,th2);
cfsx=[F1 F2];
Cfsx=cfsx(1:m)

for i=1:m
Cftx(i)=cfsx(i+1)-cfsx(i); % Triangular function coefficients

end

Cftx(m_jump)=0; % to be considered only in HFm based approximation

%%--------------------- Calculation of MISE ---------------------%%
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mise=0;
for i=1:(T1/h)

ft=f1;
Fhf=(Cftx(i)/h)*(t-(i-1)*h)+Cfsx(i);
Fd=(ft-Fhf)^2;
mise1(i)=int(Fd,t,((i-1)*h),(i*h));
mise=mise1(i)+mise;

end
miseone=mise/T1;

mise=0;
for j=1:(T2/h)
ft=f2;
Fhf=(Cftx(j+(T1/h))/h)*((t-1)-(j-1)*h)+Cfsx(j+T1/h);
Fd=(ft-Fhf)^2;
mise2(j)=int(Fd,t,(T1+(j-1)*h),(T1+j*h));

mise=mise2(j)+mise;
end
misetwo=mise/T2;

MISE=double(miseone+misetwo)
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8. Program for approximating a function using Legendre
Polynomial (Chap. 3, Fig. 3.20, p. 68)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T = input('Enter the total time interval:\n')
h = T/m;

%%----------------- Function to be Approximated -----------------%%

syms t
f=exp(t-1);       % Function 

%%------------------------ Exact Solution -----------------------%%

te=0:0.001:T;
ft=subs(f,te);
plot(te,ft,'k-','LineWidth',2)
hold on

%%------------ Legendre Polnomial Based Approximation ----------%%

P0=1;              % Legendre polynomial of degree 0
P1=t;                     % Legendre polynomial of degree 1
P2=((3*t^2)-1)/2;         % Legendre polynomial of degree 1
P3=((5*t^3)-(3*t))/2;              % Legendre polynomial of degree 1
P4=((35*t^4)-(30*t^2)+3)/8;        % Legendre polynomial of degree 1
P5=((63*t^5)-(70*t^3)+(15*t))/8;   % Legendre polynomial of degree 1
P6=((231*t^6)-(315*t^4)+(105*t^2)-5)/16;

% Legendre polynomial of degree 1

P=[P0 P1 P2 P3 P4 P5 P6];

Func=subs(P,(t-1));

for i=1:7
c=double(int(P(i)*exp(t),-1,1));

Coeff(i)=((2*(i-1)+1)/2)*c;   % Legendre coefficient for i-th degree
end

F=sum(Coeff.*Func);

%%---------------------- Function Plotting ----------------------%%

th=0:h:T;
F_Legendre=double(subs(F,th));

plot(th,F_Legendre,'ok','MarkerFaceColor','k')
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9. Program for calculating MISE of a function, approximated
using Legendre Polynomial (Chap. 3, Table 3.4, p. 70)

clc
clear all
format long

%%------------------ Total Time Period considered-----------------%%

T = input('Enter the total time interval:\n')
Np = input('Enter the number of polynomials to be used:\n')

%%----------------- Function to be Approximated -----------------%%

syms t
f=exp(t-1);       % Function 

%%------------ Legendre Polnomial Based Approximation ----------%%

P0=1;              % Legendre polynomial of degree 0
P1=t;                     % Legendre polynomial of degree 1
P2=((3*t^2)-1)/2;         % Legendre polynomial of degree 1
P3=((5*t^3)-(3*t))/2;              % Legendre polynomial of degree 1
P4=((35*t^4)-(30*t^2)+3)/8;        % Legendre polynomial of degree 1
P5=((63*t^5)-(70*t^3)+(15*t))/8;       % Legendre polynomial of degree 1
P6=((231*t^6)-(315*t^4)+(105*t^2)-5)/16;   % Legendre polynomial of degree 1

P=[P0 P1 P2 P3 P4 P5 P6];

Func=subs(P,(t-1));

for i=1:Np
c=double(int(P(i)*exp(t),-1,1));
Coeff(i)=((2*(i-1)+1)/2)*c;   % Legendre coefficient for i-th degree

end
Coeff
F=sum(Coeff.*Func(1:i));
Func(1:i)
F

%%-------------------- Calculation of MISE --------------------%%

for p=1:Np
F_Legendre=sum(Coeff(1:p).*Func(1:p));
Fd=(f-F_Legendre)^2;
MISE=(1/T)*double(int(Fd,t,0,T));

end

MISE
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10. Program for calculating MISE of a function, approximated
in hybrid function domain (Chap. 3, Table 3.4, p. 70)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub -intervals chosen:\n')
T = input('Enter the total time period: \n')
h = T/m;
th = 0:h:T;

%%----------------- Function to be Approximated -----------------%%

syms t
f=exp(t-1);

%%--------------- Hybrid Function Based Approximation -----------%%

cfsx=subs(f,th);
Cfsx=cfsx(1:m);   % Sample -and-Hold function coefficients

for i=1:m
Cftx(i)=cfsx(i+1)-cfsx(i); % Triangular function coefficients

end

%%--------------------- Calculation of MISE -------------------- -%%

for i=1:m
Fhf=(Cftx(i)/h)*(t-(i-1)*h)+Cfsx(i);
Fd=(f-Fhf)^2;
mise(i)=(1/T)*double(int(Fd,t,((i -1)*h),(i*h)));

end

MISE=sum(mise)
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11. Program for integrating a function f(t) = sin(πt) in
hybrid function domain (Chap. 4, Fig. 4.8; Table 4.2, p.
100, 89)

f=sin(pi*x);     % Function to be Integrated
F=subs(f,th);    % Samples of the Function f(t)
fi=int(f,0,x);   % Function after Integration
Fi=subs(fi,th);  % Samples of integrated function fi(t) 

%%----- HF Based Representation of function to be Integrated -----%%

for i=1:m
F_SHF(i)=F(i);  % Sample-and-Hold Function Coefficients for f(t)

end

for i=1:m
F_TF(i)=F(i+1)-F(i);  % Triangular Function Coefficients for f(t)

end

%%----------- HF domain Integration Operational Matrices ----------%%

ps=zeros(m,m);

for i=1:m
for j=1:m

if j-i>0
Ps(i,j)=ps(i,j)+1;

else
Ps(i,j)=ps(i,j);

end
end

end

Pss=h*Ps;      % SHF part after integrating SHF components

Pst=h*eye(m);  % TF part after integrating SHF components

Pts=0.5*Pss;   % SHF part after integrating TF components

Ptt=0.5*Pst;   % TF part after integrating TF components

clc
clear all
format long

%%------------ Number of Sub -intervals and Total Time -----------%%

m = input('Enter the number of sub -intervals chosen: \n')
T = input('Enter the total time period: \n')
h = T/m;
th = 0:h:T;

%%------------------ Function to be Integrated ------------------%%

syms x
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%%------- Integartion using Integration Operational Matrices -------%%

Cs = (F_SHF*Pss)+(F_TF*Pts); % Sample-and-Hold Function Coefficients 
after integration in HF domain

Ct = (F_SHF*Pst)+(F_TF*Ptt); % Triangular Function Coefficients 
after integration in HF domain

Cs_m = Cs(m)+Ct(m); % m-th coefficient

Cs_plot=[Cs Cs_m]; % Samples for plotting the function 
after integration in HF domain

%%------------------------ Function Plotting ------------------------%%

plot(th,Fi,'r-','LineWidth',3)
hold on
plot(th,Cs_plot,'ok -','LineWidth',2,'MarkerFaceColor','k')
xlim([0 T])

12. Program for differentiating a function f(t) = 1 − exp(−t)
in hybrid function domain (Chap. 4, Fig. 4.9, p. 105)

clc
clear all
format long

%%------------ Number of Sub -intervals and Total Time -----------%%

m = input('Enter the number of sub -intervals chosen: \n')
T = input('Enter the total time period: \n')
h = T/m;
th=0:h:T;

%%----------------- Function to be Differentiated ---------------%%

syms x
f=1-exp(-x);     % Function to be Differentiated
fd=diff(f);      % Function after Differentiation
F=subs(f,th);    % Samples of the Function f(t)
Fd=subs(fd,th);  % Samples of differentiated function fd(t) 

%%----- HF Based Representation of Differentiated function -----%%

for i=1:m
F_SHF(i)=F(i);  % Sample -and-Hold Function Coefficients for f(t)

end

for i=1:m
F_TF(i)=F(i+1) -F(i);  % Triangular Function Coefficients for f(t)

end

%%-------------- HF domain Differentiation Matrices ------------%%
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Dt(i,j)=dt(i,j);
end

end
end

F_(m+2)=subs(f,(T+h));
Dt(m,m)=((F_(m+2)-F(m+1))-(F(m+1)-F(m)))/(F(m+1)-F(m));

Dt=(1/h)*Dt;   % TF part of Differentiation matrix

%%---------- Differentiation using Operational Matrices ----------%%

Cs = (F_SHF*Ds); % Sample-and-Hold Function Coefficients 
after differentiation in HF domain

Ct = (F_TF*Dt); % Triangular Function Coefficients 
after differentiation in HF domain

Cs_m=Cs(m)+Ct(m);

Cs_plot=[Cs Cs_m]; % Samples for plotting the function 
after differentiation in HF domain

%%----------------------- Function Plotting -----------------------%%

plot(th,F,'-^k','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(th,Fd,'-ok','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(th,Cs_plot,':>k','LineWidth',2)

ds=(-1)*eye(m);

for i=1:m
for j=1:m

if (i-j)==1
Ds(i,j)=ds(i,j)+1;

else
Ds(i,j)=ds(i,j);

end
end

end
Ds(m,m)=(F(m+1)-F(m))/F(m);

Ds=(1/h)*Ds;   % SHF part of Differentiation matrix

dt=(-1)*eye(m);

for i=1:m
for j=1:m

if (i-j)==1
Dt(i,j)=dt(i,j)+1;

else
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13. Program for differentiating a function f(t) = sin(πt)/π
in hybrid function domain (Chap. 4, Fig. 4.10, p. 106)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T = input('Enter the total time period:\n')
h = T/m;
th = 0:h:T;

%%----------------- Function to be Differentiated ---------------%%

syms x
f=sin(pi*x)/pi;  % Function to be Differentiated
fd=diff(f);      % Function after Differentiation
F=subs(f,th);    % Samples of the Function f(t)
Fd=subs(fd,th);  % Samples of differentiated function fd(t) 

%%------ HF Based Representation of Differentiated function ------%%

for i=1:m
F_SHF(i)=F(i);  % Sample-and-Hold Function Coefficients for f(t)

end

for i=1:m
F_TF(i)=F(i+1)-F(i);  % Triangular Function Coefficients for f(t)

end

%%-------------- HF domain Differentiation Matrices --------------%%

ds=(-1)*eye(m);

for i=1:m
for j=1:m

if (i-j)==1
Ds(i,j)=ds(i,j)+1;

else
Ds(i,j)=ds(i,j);

end
end

end
Ds(m,m)=(F(m+1)-F(m))/F(m);

Ds=(1/h)*Ds;   % SHF part of Differentiation matrix

dt=(-1)*eye(m);

for i=1:m
for j=1:m

if (i-j)==1
Dt(i,j)=dt(i,j)+1;

else
Dt(i,j)=dt(i,j);

end
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end
end
F_(m+2)=subs(f,(T+h));
Dt(m,m)=((F_(m+2)-F(m+1))-(F(m+1)-F(m)))/(F(m+1)-F(m));

Dt=(1/h)*Dt;   % TF part of Differentiation matrix

%%---------- Differentiation using Operational Matrices ----------%%

Cs=(F_SHF*Ds); % Sample-and-Hold Function Coefficients 
after differentiation in HF domain

Ct=(F_TF*Dt); % Triangular Function Coefficients 
after differentiation in HF domain

Cs_m=Cs(m)+Ct(m);

Cs_plot=[Cs Cs_m]; % Samples for plotting the function 
after differentiation in HF domain

%%----------------------- Function Plotting -----------------------%%

plot(th,F,'-^k','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(th,Fd,'-ok','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(th,Cs_plot,':>k','LineWidth',2)

z=zeros(length(th));
hold on
plot(th,z,'-k')
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14. Program for calculating average of mod of percentage
(AMP) error for nth repeated I-D operation of function f
(t)=sin(πt)inhybridfunctiondomain(Chap.4,Fig.4.12,
p. 110)

function Per_Err=ID(n)

%%%%%%% Integration-Differentiation (I-D) operation %%%%%%%% 
%%%%%%% For SINE Function
%Go to Command Window and type ID(required value of number of ID
%operations n) and ENTER

clc
clear all

%%---------- Defining the Function for I-D operation -----------%%

syms t
ft=sin(pi*t);

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T = input('Enter the total time period:\n')
h = T/m;

t1 = 0:h:(T+n*h);
Cs = subs(ft,t1); % SHF coefficients

Cid=zeros(1,(n+1));  %Create space for coefficients of ID operation

Cid(1)=1;
a=n;
for j=1:n

c=a/factorial(j);
Cid(j+1)=c;
a=a*(n-j);

end
Cid;

Cs_n=zeros(1,m);
for k=1:m

C=Cs(k:(n+k));
Cs_n(k)=(1/2^n)*sum(C.*Cid);

end

%%-------------------- Calculation of AMP Error ---------------------%%

Percentage_Error=(Cs(1:m)-Cs_n)*100./Cs(1:m);
AMP_Error=abs(sum(PE(2:m))/(m-1))
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15. Program for plotting the effect of repeated I-D operation
over a specific function f(t) = sin(πt) in hybrid function
domain (Chap. 4, Fig. 4.15, p. 112)

clc
clear all

%%------------ Defining the Function for I -D opeartion ------------%%
syms t

ft=sin(pi*t);

%%------------- Number of Sub-intervals and Total Time ------------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

n = input('Enter the maximum number of ID operations required:\n');

%%--------------------- Repeated I-D Opeartion --------------------%%

for id=1:n
t1=0:h:(T+id*h);
Cs=subs(ft,t1); % SHF component including m-th component
Cs_MAT(1,:)=Cs(1:(m+1));

Cid=zeros(1,(id+1));  %Create space for coefficients of ID operation

Cid(1)=1;
a=id;

for j=1:id
c=a/factorial(j);
Cid(j+1)=c;
a=a*(id-j);

end

Cs_n=zeros(1,m);

for k=1:m
C=Cs(k:(id+k));
Cs_n(k)=(1/2^id)*sum(C.*Cid);

end

% For m-th SHF component

t2=T:h:(T+id*h);
Cm=Cs((m+1):(m+id+1));
Cs_n(k+1)=(1/2^id)*sum(Cm.*Cid);

Cs_MAT((id+1),:)=Cs_n(1:(m+1))
end

%%------------- For Plotting the Effect of I-D Opeartion -------------%%
tn=0:h:T;
z=zeros(length(tn));
plot(tn,Cs_MAT(1,:),'r-',tn,Cs_MAT(2,:),'b',tn,Cs_MAT(3,:)

,'g',tn,Cs_MAT(4,:),'k-',tn,Cs_MAT(11,:),'m-','LineWidth',2)

hold on
plot(tn,z,'k-')
ylim([-1.2 1.2])
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16. Program for finding second order integration of function f
(t) = t, using HF domain one-shot integration opera-
tional matrices (Chap. 5, Example 5.1, p. 130)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n')
T = input('Enter the total time period:\n')
h = T/m;
th = 0:h:T;

%%------------------ Function to be Integrated ------------------%%

syms x
f=x;             % Function to be Integrated
F=subs(f,th);    % Samples of the Function f(t)

%%------------------------ Exact Solution -----------------------%%

fi=int(int(f));
Fi=subs(fi,th)

for j=1:m
Fi_SHF(j)=Fi(j); % Sample-and-Hold function part (Equation 5.28)

end

for j=1:m
Fi_TF(j)=Fi(j+1)-Fi(j);  % Triangular Function part (Equation 5.28)

end

%%----- HF Based Representation of function to be Integrated -----%%

for i=1:m
F_SHF(i)=F(i);  % Sample-and-Hold Function Coefficients for f(t)

end

for i=1:m
F_TF(i)=F(i+1)-F(i);  % Triangular Function Coefficients for f(t)

end

%%------- Using One-Shot Integration Operational Matrices --------%%
%%--------------- Formation of P2SS matrices ----------------%%

n=2;     %For Second order Integration

%%%%Formation of P2SS matrices %%%%%%
p=zeros(m,m);

for i=1:m
for j=1:m

if j-i>0
P2ss(i,j)=(j-i)^n-(j-i-1)^n;

else
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P2ss(i,j)=p(i,j);
end

end
end
P2SS=(h^n/factorial(n))*P2ss;

%%%%Formation of P2ST matrices %%%%%%

p=eye(m);

for i=1:m
for j=1:m

if j-i>0
P2st(i,j)=((j-i+1)^n-(j-i)^n)-((j-i)^n-(j-i-1)^n);

else
P2st(i,j)=p(i,j);

end
end

end
P2ST=(h^n/factorial(n))*P2st;

%%%%Formation of P2TS matrices %%%%%%

p=zeros(m,m);
for i=1:m

for j=1:m
if j-i>0

P2ts(i,j)=(j-i)^(n+1)-(j-i-1)^(n+1)-(n+1)*(j-i-1)^n;
else

P2ts(i,j)=p(i,j);
end

end
end
P2TS=(h^n/factorial(n+1))*P2ts;

%%%%Formation of P2TT matrices %%%%%%

p=eye(m);

for i=1:m
for j=1:m

if j-i>0
P2tt(i,j)=((j-i+1)^(n+1)-(j-i)^(n+1))-((j-i)^(n+1)

-(j-i-1)^(n+1))-(n+1)*((j-i)^n-(j-i-1)^n);
else

P2tt(i,j)=p(i,j);
end

end
end

P2TT=(h^n/factorial(n+1))*P2tt;

CS_oneshot=(F_SHF*P2SS+F_TF*P2TS) %SHF Coefficients after
double integration in HF domain

CT_oneshot=(F_SHF*P2ST+F_TF*P2TT); %TF Coefficients after
double integration in HF domain
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17. Program for finding deviation indices δR (using repeated
integration) and δO (using one-shot integration opera-
tional matrices) for second order integration of a typ-
ical functions f(t) = exp(−t) (Chap. 5, Table 5.1, p. 131)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;
th = 0:h:T;

%%---------------- Function under Consideration -----------------%%

syms x
f=exp(-x);

F_samples=subs(f,th);  % Samples of the Function f(t)

%%----- HF Based Representation of function to be Integrated -----%%

for i=1:m
Cfsx(i)=F_samples(i);  % SHF Coefficients for f(t)

end

for i=1:m

Cftx(i)=F_samples(i+1)-F_samples(i);  % TF Coefficients for f(t)
end

%%------- Exact Samples after double integration of function ------%%

FT=x+exp(-x)-1;

CFsx=subs(FT,th);

CFsx_Exact=CFsx; % (m+1) number of exact samples

for i=1:m
CFtx(i)=CFsx(i+1)-CFsx(i);  % TF coefficients

end
CFsx=CFsx(1:m) % SHF coefficients

%%----------- HF domain Integration Operational Matrices ----------%%

p1s=zeros(m,m);

for i=1:m
for j=1:m

if j-i>0
P1s(i,j)=p1s(i,j)+1;

else
P1s(i,j)=p1s(i,j);
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end
end

end

P1SS=h*P1s;      % SHF part after integrating SHF components

P1ST=h*eye(m);   % TF part after integrating SHF components

P1TS=0.5*P1SS;   % SHF part after integrating TF components

P1TT=0.5*P1ST;   % TF part after integrating TF components

%%------- Integration of Function through Repeated use of -------%%
%%------- First Order Integration Operational Matrices --------%%

n=2;   %For Second order Integration

Cs=Cfsx;
Ct=Cftx;
for j=1:n

Cs1=(Cs*P1SS)+(Ct*P1TS);
Ct1=(Cs*P1ST)+(Ct*P1TT);
Cs=Cs1;
Ct=Ct1;

end

Cs_m1=Cs(m)+Ct(m);        % (m+1)-th sample
CS_repeated=[Cs Cs_m1];   % SHF samples after Second order Integration

%%------- Using One-Shot Integration Operational Matrices -------%%
%%--------------- Formation of P2SS matrices ----------------%%

n=2;     %For Second order Integration

p=zeros(m,m);
for i=1:m

for j=1:m
if j-i>0

P2ss(i,j)=(j-i)^n-(j-i-1)^n;
else

P2ss(i,j)=p(i,j);
end

end
end
P2SS=(h^n/factorial(n))*P2ss;

%%%%Formation of P2ST matrices %%%%%%

p=eye(m);
for i=1:m

for j=1:m
if j-i>0

P2st(i,j)=((j-i+1)^n-(j-i)^n)-((j-i)^n-(j-i-1)^n);
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else
P2st(i,j)=p(i,j);

end
end

end
P2ST=(h^n/factorial(n))*P2st;

%%%%Formation of P2TS matrices %%%%%%

p=zeros(m,m);
for i=1:m

for j=1:m
if j-i>0

P2ts(i,j)=(j-i)^(n+1)-(j-i-1)^(n+1)-(n+1)*(j-i-1)^n;
else

P2ts(i,j)=p(i,j);
end

end
end
P2TS=(h^n/factorial(n+1))*P2ts;

%%%%Formation of P2TT matrices %%%%%%

p=eye(m);
for i=1:m

for j=1:m
if j-i>0

P2tt(i,j)=((j-i+1)^(n+1)-(j-i)^(n+1))-((j-i)^(n+1)
-(j-i-1)^(n+1))-(n+1)*((j-i)^n-(j-i-1)^n);

else
P2tt(i,j)=p(i,j);

end
end

end
P2TT=(h^n/factorial(n+1))*P2tt;

CS=(Cfsx*P2SS+Cftx*P2TS); %SHF Coefficients after
double integration in HF domain

CT=(Cfsx*P2ST+Cftx*P2TT);  %TF Coefficients after
double integration in HF domain

CS_m1=CS(m)+CT(m);        % (m+1)th sample
CS_oneshot=[CS CS_m1];    % SHF samples after Second order Integration

diff_repeated=CFsx_Exact-CS_repeated;
% differences between exact samples and samples obtained
% via repeated integration

diff_OneShot=CFsx_Exact-CS_oneshot;
% differences between exact samples and samples obtained
% using oneshot integration matrices

Deviation_Index_repeated=sum(abs(diff_repeated))/(m+1)

Deviation_Index_OneShot=sum(abs(diff_OneShot))/(m+1)
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18. Program for obtaining the recursive solution of first
order differential equation of Examples 6.1 and 6.2
(Chap. 6, Figs. 6.1, 6.2 and 6.3; Table 6.1, p. 143,
144, 148–150)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;
th = 0:h:T;

%%-------------- Solution of Differential Equation -------------%%

sol=dsolve('Dy + 0.5*y =1.25','y(0)=0','t')
t1=0:0.01:T;

F=subs(sol,t1);

plot(t1,F,'k-','Linewidth',2)

%%---------------- Direct Expansion of Solution ----------------%%

C=subs(sol,th);

Cs=C(1:m) % Sample-and-Hold function coefficients

for i=1:m
Ct(i)=C(i+1)-C(i); % Triangular function coefficients

end

%%--------- Solution in HF domain, using equation (6.7) --------%%

c1(1)=0;   % given initial value

a=0.5;  b=1.25;  % constants as per equations (6.1) and (6.8)

for i=1:m
c1(i+1)=(b*h)+(1-a*h)*c1(i);  % recursive solution

end

Cs_HF=c1(1:m);   % SHF coefficients obtained using equation (6.7)

for i=1:m
Ct_HF(i)=c1(i+1)-c1(i); %TF coefficients obtained using equation(6.7)

end

hold on
plot(th,c1,'ko','MarkerEdgeColor','k','MarkerFaceColor','k','MarkerSize',7)

ylim([-0.2 1.2])

390 Appendix B: Selected MATLAB Programs

http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6


f=2/(2+a*h);
for i=1:m

c2(i+1)=(b*f*h)+(1-a*f*h)*c2(i);  % recursive solution
end

Cs_HF=c2(1:m) % Sample-and-Hold function coefficients

for i=1:m
Ct_HF(i)=c2(i+1)-c2(i); % Triangular function coefficients

end

hold on
plot(th,c2,'ko','MarkerEdgeColor','k','MarkerFaceColor','k','MarkerSize',7)

ylim([0 1.2])

%%----------- Calculation of Sample wise Percentage Error -----------%%

Percentage_Error=(Cs-Cs_HF)./Cs*100

%%--------- Solution in HF domain, using equation (6.23) --------%%

c2(1)=0;   % given initial value

19. Program for obtaining the solution of first order dif-
ferential equation of Example 6.2 using Runge-Kutta
method (Chap. 6, Table 6.2, p. 151)

Function File

function v=f(t,y)
v=1.25-0.5*y;

M-file for obtaining solution via Runge-Kutta method

clc
clear all
format long

h = 1/12;   % step size
t = 0;      % initial time
y = 0;      % initial condition

for i=1:12
k1=h*v(t,y);
k2=h*v(t+h/2,y+k1/2);
k3=h*v(t+h/2,y+k2/2);
k4=h*v(t+h,y+k3);
y=y+(k1+2*k2+2*k3+k4)/6;
t=t+h;
y

end
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20. Program for obtaining the solution of second order dif-
ferential equation of Examples 6.3 and 6.4, in Hybrid
Function domain (Chap. 6, Tables 6.3 and 6.4; Figs. 6.5
and 6.6, pp. 153-158)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;
th = 0:h:T;

%%-------------- Solution of Differential Equation -------------%%

% sol=dsolve('D2y + 3*Dy + 2*y = 2','Dy(0)=-1','y(0)=1','t')
sol=dsolve('D2y + 100*y = 0','Dy(0)=0','y(0)=2','t')

Exact_samples=subs(sol,th)

tt=0:0.01:T;

F=subs(sol,t1);

plot(tt,F,'k-','Linewidth',2)

%%---------------- Direct Expansion of Solution ----------------%%

C=subs(sol,th);

Cs=C(1:m);   % SHF components

for i=1:m
Ct(i)=C(i+1)-C(i);   % TF components

end

%---- via repreated use of first order integration matrices ----%

% a=3; b=2; d=2;
% k1=1; k2=-1;

a=0; b=100; d=0;
k1=2; k2=0; 

r2=(a*k1)+k2;
r3=k1;
U=ones(1,m);
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I=eye(m);  % Identity matrix

%-------- Operational matrix for Integration in BPF domain, P --------%

P=zeros(m,m);
for i=1:m

P(i,i)=h/2;

for j=1:(i-1)
P(j,i)=h;

end
end
P;

%%----------- HF domain Integration Operational Matrices ----------%%

p1s=zeros(m,m);

for i=1:m
for j=1:m

if j-i>0
P1s(i,j)=p1s(i,j)+1;

else
P1s(i,j)=p1s(i,j);

end
end

end

P1SS=h*P1s;      % SHF part after integrating SHF components

P1ST=h*eye(m);   % TF part after integrating SHF components

P1TS=0.5*P1SS;   % SHF part after integrating TF components

P1TT=0.5*P1ST;   % TF part after integrating TF components

L=(2*d*P)+(2*r2*I);
Q=-((a*I)+(b*P));

Cs_repeated=(2/h)*U*(L+(2*r3*Q))*inv((2/h)*I-(4/h)*P1TS*Q-Q)*P1TS+(r3*U)

Ct_repeated=U*(L+(2*r3*Q))*inv((2/h)*I-(4/h)*P1TS*Q-Q);

Cs_R=[Cs_repeated (Cs_repeated(m)+Ct_repeated(m))]

%%------- Using One-Shot Integration Operational Matrices --------%%
%%------------ Formation of P2SS matrix -------------%%

n=2;      %For Second order Integration
%%----------------Formation of P2SS matrix ---------------%%
p=zeros(m,m);
for i=1:m

for j=1:m
if j-i>0

P2ss(i,j)=(j-i)^n-(j-i-1)^n;
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else
P2ss(i,j)=p(i,j);

end
end

end

P2SS=(h^2/factorial(2))*P2ss;

%%----------------Formation of P2ST matrix ---------------%%

p=eye(m);

for i=1:m
for j=1:m

if j-i>0
P2st(i,j)=((j-i+1)^n-(j-i)^n)-((j-i)^n-(j-i-1)^n);

else
P2st(i,j)=p(i,j);

end
end

end

P2ST=(h^2/factorial(2))*P2st;

%%----------------Formation of P2TS matrix ---------------%%

p=zeros(m,m);

for i=1:m
for j=1:m

if j-i>0
P2ts(i,j)=(j-i)^(n+1)-(j-i-1)^(n+1)-(n+1)*(j-i-1)^n;

else
P2ts(i,j)=p(i,j);

end
end

end

P2TS=(h^2/factorial(3))*P2ts;

%%----------------Formation of P2TT matrix ---------------%%

p=eye(m);
for i=1:m

for j=1:m

if j-i>0
P2tt(i,j)=((j-i+1)^(n+1)-(j-i)^(n+1))-((j-i)^(n+1)

-(j-i-1)^(n+1))-(n+1)*((j-i)^n-(j-i-1)^n);
else

P2tt(i,j)=p(i,j);
end

end
end
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M1=(Y*inv(X))-(Z*inv(W));
M2=U*((d*P2SS)+(r2*P1SS)+(r3*I))*inv(X)-U*((d*P2ST)+(r2*P1ST))*inv(W);

Ct_oneshot=M2*inv(M1);

M3=M2*inv(M1)*Z*inv(W);
M4=U*((d*P2ST)+(r2*P1ST))*inv(W);

Cs_oneshot=M4-M3

Cs_O=[Cs_oneshot (Cs_oneshot(m)+Ct_oneshot(m))] % For plotting the 
samples

Percentage_Error_repeated=(C-Cs_R)./C*100

Percentage_Error_OneShot=(C-Cs_O)./C*100

%%------ Plotting -----%%

hold on
plot(th,Cs_R,'k<','MarkerEdgeColor','k','MarkerFaceColor','k'

,'MarkerSize',7)

figure
plot(t1,F,'k-','Linewidth',2)
hold on
plot(th,Cs_O,'ko','MarkerEdgeColor','k','MarkerFaceColor','k'

,'MarkerSize',7)

P2TT=(h^n/factorial(n+1))*P2tt;

X=I+(a*P1SS)+(b*P2SS);
Y=0.5*((a*P1SS)+(b*P2SS));

W=(a*P1ST)+(b*P2ST);
Z=I+0.5*((a*P1ST)+(b*P2ST));
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21. Program for obtaining the convolution of two time func-
tions of Example 7.1, in Hybrid Function domain (Chap. 7,
Table 7.1; Fig. 7.11, p. 181, 182 and 183)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;
th = 0:h:(T+h);

%%-------------- Exact Solution -------------%%

R=ones(1,(m+2));
R_SH=R(1:(m+1)); % SHF coefficients of r(t)

for i=1:(m+1)
R_T(i)=R(i+1)-R(i); % TF coefficients of r(t)

end

syms t
gt=exp(-0.5*t)*(2*cos(2*t)-0.5*sin(2*t));
G=subs(gt,th);
G_SH=G(1:(m+1)); % Sample-and-Hold function coefficients of g(t)

for i=1:(m+1)
G_T(i)=G(i+1)-G(i); % TF coefficients of g(t)

end

yt=exp(-0.5*t)*sin(2*t);

Y_direct=subs(yt,th(1:(m+1)))
plot(th(1:(m+1)),Y_direct,'k-','LineWidth',2)

%%-------------- Convolution of a time function -------------%%

%%----------- Formation of R1 matrix ----------%%

R1=zeros((m+1),(m+1));
for i=1:(m+1)

for j=1:(m+1)
if j-i>0

R1(i,j)=2*R_SH(j)+R_SH(j-1);
end

end
end

G1=G_SH; % to be pre-multiplied with R1

%%----------- Formation of R2 matrix ----------%%

R2=zeros((m+1),(m+1));
for i=1:(m+1)

for j=1:(m+1)
if j-i>0

R2(i,j)=R_SH(j)+2*R_SH(j-1);
end
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end
end

G2=G(2:(m+2)); % to be pre-multiplied with R2

Y_HF=(h/6)*((G1*R1)+(G2*R2))

hold on
plot(th(1:(m+1)),Y_HF,'ko','LineWidth',2)

22. Program for analyzing a non-homogeneous system of
Example 8.1, Hybrid Function domain (Chap. 8, Table 8.1;
Fig. 8.1, pp. 197-198)

clc
clear all
format long

%%----------------- For step input --------------------%%

C_SH_input=1; % SHF part of input represented in HF domain

C_Triangular_input=0; % TF part of input represented in HF domain

C_input=C_SH_input+0.5*C_Triangular_input % Samples in HF domain

%%---------------------- System -----------------------%%

A=[0 1; -2 -3]; % System matrix
B=[0;1]; % Input matrix
x0=[0;0.5]; % Initial condition

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

%%----------------- Exact Solution of States -------------------%%

syms s
Us=laplace(C_input,s);
I=eye(length(A)); % Identity matrix
x=inv(s*I-A)*(x0+B*Us);
xt=ilaplace(x)
t=0:0.01:T;
x_time=subs(xt,t);
xt1=x_time(1,:); % Exact solution of state x1
xt2=x_time(2,:); % Exact solution of state x2

%%----------- Solution in Hybrid Function domain ------------%%

xi=x0; % Initial values of the states

for i=1:m
Cs(:,i)=inv((2/h)*I-A)*[((2/h)*I+A)*xi+2*B*C_input];
xi=Cs(:,i);

end
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HF_coefficients=[x0 Cs]

HF_State1=HF_coefficients(1,:);
HF_State2=HF_coefficients(2,:);

th=0:h:T;

x_t=subs(xt,th);

x1_t=x_t(1,:) % Direct expansion of state x1 in HF domain
x2_t=x_t(2,:) % Direct expansion of state x2 in HF domain

plot(t,xt1,'k-',th,HF_State1,'ko','MarkerFaceColor','k','Linewidth',2)
hold on
plot(t,xt2,'k-',th,HF_State2,'ko','MarkerFaceColor','k','Linewidth',2)
xlabel('Time (in Sec)')
ylabel('States X_1, X_2')

23. Program for analyzing output of a non-homogeneous sys-
tem of Example 8.2, Hybrid Function domain (Chap. 8,
Table 8.2; Fig. 8.3, p. 201 and 201)

clc
clear all
format long

%%----------------- For step input --------------------%%

C_SH_input=1; % SHF part of input represented in HF domain

C_Triangular_input=0; % TF part of input represented in HF domain

C_input=C_SH_input+0.5*C_Triangular_input % Samples in HF domain

%%---------------------- System -----------------------%%

A=[0 1; -2 -3]; % System matrix
B=[0;1]; % Input matrix
C=[1 0];                 % Output matrix
D=0;                     % Direct transmission matrix

x0=[0;0.5]; % Initial condition

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

%%----------------- Exact Solution of States -------------------%%

syms s
Us=laplace(C_input,s);
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I=eye(length(A)); % Identity matrix

x=inv(s*I-A)*(x0+B*Us);
xt=ilaplace(x)
t=0:0.01:T;
x_time=subs(xt,t);
xt1=x_time(1,:); % Exact solution of state x1
xt2=x_time(2,:); % Exact solution of state x2
yt=C*x_time; % Exact solution of output y

%%----------- Solution in Hybrid Function domain ------------%%

xi=x0; % Initial values of the states

for i=1:m
Cs(:,i)=inv((2/h)*I-A)*[((2/h)*I+A)*xi+2*B*C_input];
xi=Cs(:,i);

end

HF_coefficients=[x0 Cs]

HF_State1=HF_coefficients(1,:);
HF_State2=HF_coefficients(2,:);

%%----------- Output in Hybrid Function domain ------------%%

th=0:h:T;

Xt=subs(xt,th);
Yt=C*Xt
y_h=C*[HF_State1; HF_State2]+D*C_SH_input*ones(1,m+1)

plot(t,yt,'k-','Linewidth',2)
hold on
plot(th,y_h,'ko','MarkerFaceColor','k')
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24. ProgramforanalyzingahomogeneoussystemofExample8.3,
Hybrid Function domain (Chap. 8, Table 8.3; Fig. 8.4,
pp. 202-203)

clc
clear all
format long

%%---------------------- System -----------------------%%

A=[0 1; -2 -3]; % System matrix
B=[0;1]; % Input matrix
C=[1 0];                 % Output matrix
D=0;                     % Direct transmission matrix

x0=[0;1]; % Initial condition

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

%%----------------- Exact Solution of States ------------------%%

I=eye(length(A)); % Identity matrix

x=inv(s*I-A)*x0;
xt=ilaplace(x)
t=0:0.01:T;
x_time=subs(xt,t);
xt1=x_time(1,:); % Exact solution of state x1
xt2=x_time(2,:); % Exact solution of state x2

%%----------- Solution in Hybrid Function domain ------------%%

xi=x0; % Initial values of the states

for i=1:m
Cs(:,i)=inv((2/h)*I-A)*((2/h)*I+A)*xi;
xi=Cs(:,i);

end

HF_coefficients=[x0 Cs]
HF_State1=HF_coefficients(1,:);
HF_State2=HF_coefficients(2,:);

th=0:h:T;

x_t=subs(xt,th);

x1_t=x_t(1,:) % Direct expansion of state x1 in HF domain
x2_t=x_t(2,:) % Direct expansion of state x12 in HF domain

plot(t,xt1,'k-',th,HF_State1,'ko','MarkerFaceColor','k','Linewidth',2)
hold on
plot(t,xt2,'k-',th,HF_State2,'ko','MarkerFaceColor','k','Linewidth',2)
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25. Program for analyzing a non-homogeneous system with jump
discontinuity at input of Example 8.8, both in HFc and HFm
based approaches (Chap. 8, Table 8.16; Fig. 8.16, p. 215,
218, 216)

clc
clear all
format long

%%---------------------- System -----------------------%%

A=[0 1; -2 -3];          % System matrix
B=[0;1];                 % Input matrix

x0=[0;0.5];              % Initial condition

%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

a=2*h; % Instant of jump in input

%%-------------------- Exact Plot of States ---------------------%%

t1=0:0.001:a; % Interval before occurring jump
t2=(a+0.001):0.001:T; % Interval after occurring jump
tt=[t1 t2]; % Total interval

syms t

x1a=0.5-0.5*exp(-t);
X1a=subs(x1a,t1);            % State x1 before jump

x1b=1-(0.5*exp(-t))-exp(-(t-a))+(0.5*exp(-2*(t-a)));
X1b=subs(x1b,t2);            % State x1 after jump
X1=[X1a X1b];

x2a=0.5*exp(-t);
X2a=subs(x2a,t1);            % State x2 before jump

x2b=(0.5*exp(-t))+exp(-(t-a))-exp(-2*(t-a));
X2b=subs(x2b,t2);            % State x2 after jump

X2=[X2a X2b];

plot(tt,X1,'k-','LineWidth',2)
hold on
plot(tt,X2,'k--','LineWidth',2)

%%----------- Solution in Hybrid Function domain ------------%%

th1=0:h:(a-h);
th2=a:h:T;
th=[th1 th2];

% Approximation of input in Hybrid Function domain (convensional)

U_SH=ones(1,length(th))+[zeros(1,length(th1)) ones(1,length(th2))];
% SHF coefficients 
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U_TF=zeros(1,m);

for k=1:m
U_TF(k)=U_SH(k+1)-U_SH(k);

End

U_TF; % Triangular function coefficients

U=U_SH(1:m)+0.5*U_TF       % Input samples

I=eye(length(A));

xi=x0;

for i=1:m
Cs(:,i)=inv((2/h)*I-A)*[((2/h)*I+A)*xi+2*B*U(i)];
xi=Cs(:,i);

end

HF_coefficients_HFc=[x0 Cs];

HF_State1_HFc=HF_coefficients_HFc(1,:);
HF_State2_HFc=HF_coefficients_HFc(2,:);

plot(tt,X1,'k-',th,HF_State1_HFc,'ko','LineWidth',2)
hold on
plot(tt,X2,'k-',th,HF_State2_HFc,'ko','LineWidth',2)
hold on

% Approximation of input in Hybrid Function domain (modified)

U_SH=ones(1,length(th))+[zeros(1,length(th1)) ones(1,length(th2))];
% SHF coefficients 

U_TF=zeros(1,m);          % Triangular function coefficients

U=U_SH(1:m)+0.5*U_TF      % Input samples

I=eye(length(A));

xi=x0;

for i=1:m
Cs(:,i)=inv((2/h)*I-A)*[((2/h)*I+A)*xi+2*B*U(i)];
xi=Cs(:,i);

end

HF_coefficients_HFm=[x0 Cs];

HF_State1_HFm=HF_coefficients_HFm(1,:);
HF_State2_HFm=HF_coefficients_HFm(2,:);

plot(tt,X1,'k-',th,HF_State1_HFm,'ko','MarkerFaceColor','k'
,'LineWidth',2)

hold on
plot(tt,X2,'k-',th,HF_State2_HFm,'ko','MarkerFaceColor','k'

,'LineWidth',2)
xlabel('Time (in Sec)')
ylabel('States X_1, X_2')
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26. Program for analyzing a time-varying non-homogeneous
system of Example 9.1 (Chap. 9, Table 9.1; Fig. 9.1,
p. 230, 231)

clc
clear all
format long

x0=input('Enter the initial values:\n') % Initial values of the states

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

B=input('Enter the input vector:\n') % Input matrix

%%-------------------- Exact Plot of States ---------------------%%

t=0:0.01:T;

syms t1

X1=1+t1;
xt1=subs(X1,t);          % Exact values of state x1

X2=1+(t1^2/2)+(t1^3/3);
xt2=subs(X2,t); % Exact values of state x2

%%----------- Solution in Hybrid Function domain ------------%%

tt=0:h:T;

syms t2

A=[0 0;t2 0]; % System matrix

s=size(A,1);
x=zeros(s,(m+1));

x(:,1)=x0; % States x1 and x2 starts with initial values

I=eye(s); % Identity matrix of dimension s

% Solution of States in HF domain
for k=1:m;

for e=1:s;
for f=1:s;

a(e,f)=subs(A(e,f),tt(k+1));
end

end
b=(2/h)*I-a;

for e1=1:s;
for f1=1:s;

a1(e1,f1)=subs(A(e1,f1),tt(k));
end

end
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x(:,(k+1))=inv(b)*((b1)*x(:,k)+2*B);
end

x1=x(1,:);
x2=x(2,:);

plot(tt,x1,'ko','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(t,xt1,'k-','LineWidth',2)
hold on
plot(tt,x2,'ko','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(t,xt2,'k-','LineWidth',2)

xlabel('Time t(s)')
ylim([0 2.5])

 b1=(2/h)*I+a1;

27. Program for analyzing a time-varying homogeneous system
of Example 9.5 (Chap. 9, Table 9.5; Fig. 9.6, pp. 236-238)

clc
clear all
format long 

x0=input('Enter the initial values:\n')  % Initial values of the states

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

B=input('Enter the input vector:\n') % Input matrix

%%-------------------- Exact Plot of States ---------------------%%

t=0:0.01:T;

syms tt

Xt1=(cos(1-cos(tt))+2*sin(1-cos(tt)))*exp(sin(tt));
xt1=subs(Xt1,t);                         % Exact values of state x1

Xt2=(-sin(1-cos(tt))+2*cos(1-cos(tt)))*exp(sin(tt));
xt2=subs(Xt2,t); % Exact values of state x2

%%----------- Solution in Hybrid Function domain ------------%%

t1=0:h:T;

syms t2

A=[cos(t2) sin(t2);-sin(t2) cos(t2)];            % System matrix
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s=size(A,1);
x=zeros(s,(m+1));

x(:,1)=x0;             % States x1 and x2 starts with initial values

I=eye(s);              % Identity matrix of dimension s
% Solution of States in HF domain
for k=1:m;

for e=1:s;
for f=1:s;

a(e,f)=subs(A(e,f),t1(k+1));
end

end
b=(2/h)*I-a;

for e1=1:s;
for f1=1:s;

a1(e1,f1)=subs(A(e1,f1),t1(k));
end

end

b1=(2/h)*I+a1;
x(:,(k+1))=inv(b)*((b1)*x(:,k)+2*B);
end

x1=x(1,:);
x2=x(2,:);

plot(t1,x1,'ko','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(t,xt1,'k-','LineWidth',2)
hold on
plot(t1,x2,'ko','LineWidth',2,'MarkerFaceColor','k')
hold on
plot(t,xt2,'k-','LineWidth',2)

xlabel('Time t(s)')
ylim([0 4.5])
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28. Program for analyzing a time-delay non-homogeneous
system of Example 10.5 (Chap. 10, Table 10.1; Fig. 10.6,
pp. 260-262)

clc
clear all
format long

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

d1=m/2;    % Number of intervals up to delay time

%%----------- Information regarding the system ------------%%

A=input('The System Matrix without delay:\n');

A1=input('The System Matrix with delay:\n');

B=input('The Input Matrix without delay:\n');

%%-------------------- Exact Plot of States ---------------------%%

syms t

t1=0:.01:(1-0.01);
f1=1-(1.1*t)+(0.525*t^2); % Solution for time 0 s to 1 s
f1t=subs(f1,t1);

t2=1:0.01:T;
f2=-0.25+(1.575*t)-(1.075*t^2)+(0.175*t^3); % Solution for 1 s to 2 s
f2t=subs(f2,t2);

te=[t1 t2];
fe=[f1t f2t];
plot(te,fe,'k-','Linewidth',2)
hold on

%%----------- Solution in Hybrid Function domain ------------%%

I=eye(length(A1));  %Identity matrix

x=[1 zeros(1,m)];
xi=ones(1,m); % Initial value of state in HF domain

t1=0:h:(1-h);
t2=1:h:T;

%%----- Input represented in HF domain ------%%

u=zeros(1,(m+1));
u1=-2.1+(1.05*t); % Solution for time 0 s to 1 s
u1t=subs(u1,t1);

u2=-1.05;
u2t=u2*ones(1,length(t2)); % Solution for time 1 s to 2 s

U=[u1t u2t];
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Csu=U(1:m); % SHF coefficients of input

for j=1:m
Ctu(j)=U(j+1)-U(j); % TF coefficients of input

end

Cu=Csu+(0.5*Ctu)

for i=1:d1
if (i+d1)<=m

x(i+1)=inv((2/h)*I-A)*(((2/h)+A)*x(i)+(2*A1*xi(i+d1))+2*B*Cu(i));
else

x(i+1)=inv((2/h)*I-A)*(((2/h)+A)*x(i)+2*B*Cu(i));
end

end

for i=(d1+1):m
if (i+d1)<=m 

x(i+1)=inv((2/h)*I-A)*(((2/h)+A)*x(i)+(A1*x(i-d1))+(A1*x(i+1
-d1))+(2*A1*xi(i+d1))+2*B*Cu(i));

else
 x(i+1)=inv((2/h)*I-A)*(((2/h)+A)*x(i)+(A1*x(i-d1))+(A1*x(i+1

-d1))+2*B*Cu(i));
end

end

th=0:h:T;
plot(th,x,'ko','MarkerFaceColor','k','MarkerSize',8)
hold on
plot(te,fe,'k-','Linewidth',2)

29. Program for analyzing a time invariant open loop system
of Example 11.2 (Chap. 11, Table 11.3 and 11.4; Figs. 11.6
and 11.7, pp. 274-276)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m=input('Enter the number of sub-intervals chosen:\n');
T=input('Enter the total time period:\n');
h=T/m;
th=0:h:(T+h);

%%--------------------- Exact Solution ----------------------%%
R=ones(1,(m+2));
R_SH=R(1:(m+1)); % SHF coefficients of r(t)

for i=1:(m+1)
R_T(i)=R(i+1)-R(i); % TF coefficients of r(t)

end
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for i=1:(m+1)
G_T(i)=G(i+1)-G(i); % TF coefficients of g(t)

end

yt=exp(-2*t)*sin(2*t);
Y=subs(yt,th(1:(m+1)))

te=0:0.01:T;
Ye=subs(yt,te);

plot(te,Ye,'k-','LineWidth',2)
hold on

%%-------------- Convolution of a time function -------------%%

%%----------- Formation of R1 matrix ----------%%

R1=zeros((m+1),(m+1));
for i=1:(m+1)

for j=1:(m+1)
if j-i>0

R1(i,j)=2*R_SH(j)+R_SH(j-1);
end

end
end

G1=G_SH; % to be pre-multiplied with R1

%%----------- Formation of R1 matrix ----------%%

R2=zeros((m+1),(m+1));
for i=1:(m+1)

for j=1:(m+1)
if j-i>0

R2(i,j)=R_SH(j)+2*R_SH(j-1);
end

end
end

G2=G(2:(m+2)); % to be pre-multiplied with R2

Y_HF=(h/6)*((G1*R1)+(G2*R2))

plot(th(1:(m+1)),Y_HF,'ko','MarkerFaceColor','k','LineWidth',2)
Percentage_Error=(Y-Y_HF)./Y*100

AMP_Error=sum((abs(Percentage_Error(2:(m+1)))))/m

syms t
gt=2*exp(-2*t)*(cos(2*t)-sin(2*t));
G=subs(gt,th);
G_SH=G(1:(m+1)); % SHF coefficients of g(t)
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30. Program for analyzing a time invariant closed loop sys-
tem of Example 11.3 (Chap. 11, Table 11.5; Figs. 11.10,
11.11, and 11.12, pp. 283-286)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m=input('Enter the number of sub-intervals chosen:\n');
T=input('Enter the total time period:\n');
hh=T/m;
th=0:hh:T;

%%------------------ HF domain representation of ----------------%%
%%------------- input, output, plant and feedback signal ------------%%

r=ones(1,(m+1));   %% Input

syms t
g_t=2*exp(-4*t); % Plant Impulse Response
g=subs(g_t,th);

h=4*ones(1,length(th)); % Feedback Gain

yt=exp(-2*t)*sin(2*t);  % Output
Y=subs(yt,th)

te=0:0.01:T;
Ye=subs(yt,te); % Exact values of output

plot(te,Ye,'m-','LineWidth',2)
hold on

%%---------- Convolution of a time function in HF domain ----------%%

for i=1:m
G(i)=2*g(i+1)+g(i);

end

for i=(m+1)
G(i)=g(2)+2*g(1);

end

for i=(m+2):(2*m)
G(i)=g(i-m+1)+(4*g(i-m))+g(i-m-1);

end
G;

for i=1:m
H(i)=2*h(i+1)+h(i);

end

for i=(m+1)
H(i)=h(2)+2*h(1);

end
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for i=(m+2):(2*m)
H(i)=h(i-m+1)+(4*h(i-m))+h(i-m-1);

end
H;

Denominator=1+((hh^2)/36)*H(m+1)*G(m+1);
y(1)=0; % First term of output in HF domain after convolution

for i=1:m
y1(i)=r(1)*G(i);

for p=2:(i+1)
y_part2(p-1)=r(p)*G(m+i-p+2);

end

y2(i)=sum(y_part2);

for p=2:(i+1)
y_part3(p-1)=H(p-1)*G(m+i-p+2)*y(1);

end

y3(i)=sum(y_part3);

if i>=2
for p=2:i

j=i-p+2;
k=zeros(1,i);

for p1=1:j
k(p1)=H(m+p1)*G(m+j-p1+1);

end
K=sum(k);
y_part4(p-1)=K*y(p);

end
y4(i)=sum(y_part4);

else
y4(i)=0;
end

y4

y(i+1)=((hh/6)*(y1(i)+y2(i)-((hh/6)*y3(i)) -((hh/6)*y4(i))))
/Denominator;

end

Y_HF=y

plot(th(1:(m+1)),y,'ko-','MarkerFaceColor','k','LineWidth',2)

Percentage_Error=(Y-Y_HF)./Y*100

AMP_Error=sum((abs(Percentage_Error(2:(m+1)))))/m
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31. Program for identifying a non-homogeneous time invariant
system of Example 12.1 (Chap. 12, Table 12.1; Fig. 12.1,
pp. 291-293)

clc
clear all
format long

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;
th = 0:h:(T+h);

%%---------------------- System -----------------------%%

A=[0 1; -2 -3]; % System matrix
B=[0;1]; % Input matrix

x0=[0;1]; % Initial condition

%%---------- Approximating the step input in HF domain -----------%%

n=length(B);

C_SH_input=ones(1,n);

C_Triangular_input=zeros(1,n);

C_input=C_SH_input+0.5*C_Triangular_input

%%----------- Taking samples from system states ------------%%

syms t
x_expression=[1/2 - 1/(2*exp(t)); 1/(2*exp(t))]

x_time=subs(x_expression,th);

n1=1:n; n2=2:(n+1); % Required Dimensions

%%-------------------- Define Matrices ---------------------%%

Matrix_plus=x_time(:,n2)+x_time(:,n1);

Matrix_minus=x_time(:,n2)-x_time(:,n1);

%%------------- Identification of system matrix -------------%%

A=((2/h)*Matrix_minus-(2*B*C_input))*inv(Matrix_plus)
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32. Program for identifying the output matrix of a time
invariant system of Example 12.4 (Chap. 12, Fig. 12.4,
p. 296, 296)

clc
clear all
format short

%%---------------------- System -----------------------%%

B=[0;0;1]; % Input matrix

%%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;
th = 0:h:(T+h);

%%---------- Approximating the step input in HF domain -----------%%

n=length(B);

C_SH_input=ones(1,n);

C_Triangular_input=zeros(1,n);

C_input=C_SH_input+0.5*C_Triangular_input

%%----------- Taking samples from system states ------------%%

syms t

x_expression=[5/(2*exp(t))-5/(2*exp(2*t))+5/(6*exp(3*t))+1/6;

5/exp(2*t)-5/(2*exp(t))-5/(2*exp(3*t));

5/(2*exp(t))-10/exp(2*t)+15/(2*exp(3*t))];

output =5/exp(2*t)-5/(3*exp(3*t))+2/3;

x_time=subs(x_expression,th);

output_time=subs(output,t);

n1=1:n; n2=2:(n+1); %Required Dimensions

%%-------------------- Define Matrices ---------------------%%

Matrix_x=x_time(:,1:n);
Matrix_y=y_time(:,1:n);

%%------------- Identification of output matrix -------------%%

C=Matrix_output*inv(Matrix_x)
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33. Program for identifying the system matrix of a
non-homogeneous time invariant system involving jump
discontinuity at the input, of Example 12.6 (Chap. 12,
Tables 12.8 and 12.9; Fig. 12.6, pp. 301-304)

clc
clear all
format long

%%---------------------- System -----------------------%%

A=[0 1; -2 -3];          % System matrix
B=[0;1];                 % Input matrix

x0=[0;0.5];              % Initial condition

%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

a=0.5;      % Instant of jump in input

%%-------------------- Exact Plot of States ---------------------%%

syms t

t1=0:h:(a-h);
t2=a:h:T;
tt=[t1 t2];

x1a= -(3/4)+(0.5*t)+(3/2)*exp(-t)-(3/4)*exp(-2*t);
X1a=subs(x1a,t1);

x1b=-(1/4)+(0.5*t)+(3/2)*exp(-t)-(3/4)*exp(-2*t)-exp(-(t-a))
+0.5*exp(-2*(t-a));

X1b=subs(x1b,t2);

X1=[X1a X1b];

x2a=0.5-(3/2)*exp(-t)+(3/2)*exp(-2*t);
X2a=subs(x2a,t1);

x2b=0.5-(3/2)*exp(-t)+(3/2)*exp(-2*t)+exp(-(t-a))-exp(-2*(t-a));
X2b=subs(x2b,t2);

X2=[X2a X2b];

X=[X1;X2]

% Approximation of input in HF domain 

U_SH_Ramp=tt;
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U_TF=zeros(1,m);
for k=1:m

U_TF(k)=U_SH(k+1)-U_SH(k);
end

% U_TF; % For HFc method

% U_TF(a/h)=0; % For HFm method

U_TF(a/h)=U_SH(a/h)-U_SH((a/h)-1);    % For combined HFc and HFm method

U=U_SH(1:m)+0.5*U_TF % Samples of input

%%-------------------- Required Dimensions -------------------%%

n=length(B);

% n1=1:n; n2=2:(n+1); % for samples before jump point

% n1=(a/h+2):(a/h+1+n); n2=(a/h+1+n):(a/h+2+n); 
% for samples after jump

n1=(a/h-1):(a/h);  n2=(a/h):(a/h+1);   % for samples involving jump

%%--------------------- Define Matrices ---------------------%%

Matrix_plus=X(:,n2)+X(:,n1);

Matrix_minus=X(:,n2)-X(:,n1);

%%------------- Identification of system matrix -------------%%

A=((2/h)*Matrix_minus-(2*B*U(n1)))*inv(Matrix_plus)

U_SH_Delayed_Step=[zeros(1,length(t1))  ones(1,length(t2))];

U_SH = U_SH_Ramp + U_SH_Delayed_Step
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34. Program for identifying the time varying element of
system matrix of a non-homogeneous system, of Example
13.1 (Chap. 13, Table 13.1; Fig. 13.1, p. 309, 310)

clc
clear all
format long

%%---------------------- System -----------------------%%

B=[1;0];               % Input matrix

x0=[1;1];              % Initial condition

%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

%%----------- Taking samples from system states ------------%%

t=0:h:T;
syms tt 

Xt1=1+tt;
xt1=subs(Xt1,t)

Xt2=1+(tt^2/2)+(tt^3/3);
xt2=subs(Xt2,t)

%%------------- Identification of system matrix -------------%%

z=zeros(1,(m+1));

a11=z; a12=z; a21=z; a22=z;

a210=input('Enter the initial value of a21:\n')

a21(1)=a210;

for k=1:m
a21(k+1)=(1/xt1(k+1))*(((2/h)-a22(k+1))*xt2(k+1)- 

((2/h)+a22(k))*xt2(k)-a21(k)*xt1(k)-(2*B(2)));
end
a21

plot(t,t,'-k','LineWidth',2)
hold on
plot(t,a21,'ko-','MarkerFaceColor','k')
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35. Program for identifying the time varying elements of
system matrix of a homogeneous system, of Example 13.2
(Chap. 13, Figs. 13.2 and 13.3, p. 311, 312)

clc
clear all
format short

%%----------------- Initial values of the states ----------------%%

x0=[1;1];              % Initial condition

%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

%%----------- Taking samples from system states ------------%%

t=0:h:T;
syms tt 

Xt1=(cos(1-cos(tt))+2*sin(1-cos(tt)))*exp(sin(tt));
xt1=subs(Xt1,t)

Xt2=(-sin(1-cos(tt))+2*cos(1-cos(tt)))*exp(sin(tt));
xt2=subs(Xt2,t)

%%------------------- Identification of a11 -------------------%%

a12=sin(t);
a11(1)=1;

for k=1:m
a11(k+1)=(2/h)-(1/x1(k+1))

*(((2/h)+a11(k))*x1(k)+(a12(k)*x2(k))+(a12(k+1)*x2(k+1)));
end

plot(t,a11,'-ko','LineWidth',2,'MarkerFaceColor','k')

%%------------------- Identification of a21 -------------------%%

a22=cos(t);
a21(1)=0;

for k=1:m
a21(k+1)=(1/x1(k+1))*(((2/h)-a22(k+1))

*x2(k+1)-((2/h)+a22(k))*x2(k)-(a21(k)*x1(k)));
end

plot(t,a21,'-ko','LineWidth',2,'MarkerFaceColor','k')
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36. Program for identifying the impulse response of the
plant, of Example 14.1 via method of deconvolution
(Chap. 14, Figs. 14.1 and 14.2; Tables 14.1 and 14.2,
pp. 322-324)

clc
clear all
format long

%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

%%--------------- Exact Plot of impulse response ----------------%%

syms t

t_exact=0:0.01:T;

tt=0:h:T;

r=ones(1,length(tt)); % samples of input applied to system

yt=1-exp(-t);
y=subs(yt,tt); % samples of system output

gt=exp(-t);
g_direct=subs(gt,tt); % samples of impulse response
g_exact=subs(gt,t_exact);

%%------------ Formation of R coefficients -------------%%

for i=1:m
R(i)=2*r(i+1)+r(i);

end

R(m+1)=r(2)+2*r(1);

for i=(m+2):(2*m)
R(i)=r(i-m+1)+(4*r(i-m))+r(i-m-1);

end

for i=(2*m+1):(2*m+3)
R(i)=r(i-2*m+2)+r(i-2*m+1)-2*r(i-2*m);

end

for i=1:m
for j=1:m

if i==1
RR(i,:)=[0 R(1:(m-1))];

elseif j-i>=0
RR(i,j)=R(m+(j-i)+1);
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epsilon=0.01;
RR(1,1)=epsilon;

W=inv(RR);
g=[epsilon y(2:m)]*W;

for i=2:m

g_mult_R(i)=g(i)*(R(2*m-i+2)-R(2*m-i+1));
end

g_mult_R;

g(m+1)=((y(m+1)-y(m))-((h/6)*(g(1)*(R(m)-R(m-1))+sum(g_mult_R))))
/((h/6)*R(m+1));

plot(t_exact,g_exact,'-m','LineWidth',3)
hold on
plot(tt,g,'-ko','LineWidth',2,'MarkerFaceColor','k'

,'MarkerEdgeColor','k')

end
end

end

RR=(h/6)*RR;

37. Program for identifying the impulse response of the plant
of closed loop system, of Example 14.2 via method of
deconvolution (Chap. 14, Figs. 14.5 and 14.6; Tables 14.3
and 14.4, p. 328)

clc
clear all
format long

%------------ Number of Sub-intervals and Total Time -----------%%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

%%--------------- Exact Plot of impulse response ----------------%%

syms t

t_exact=0:0.01:T;

tt=0:h:T;

r=ones(1,length(tt)); % samples of input applied to system

h1=ones(1,length(tt)); % samples of feedback signal
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for i=1:m
H(i)=2*h1(i+1)+h1(i);

end

H(m+1)=h1(2)+2*h1(1);

for i=(m+2):(2*m)
H(i)=h1(i-m+1)+(4*h1(i-m))+h1(i-m-1);

end

for i=(2*m+1):(2*m+3)
H(i)=h1(i-2*m+2)+h1(i-2*m+1)-2*h1(i-2*m);

end

for i=1:m
for j=1:m

if i==1
HH(i,:)=[0 H(1:(m-1))];

elseif j-i>=0
HH(i,j)=H(m+(j-i)+1);

end
end

end

HH
HH=(h/6)*HH
b=y(1:m)*HH

for j=(m+1)
bm_part1=H(m)*y(1);
for k=2:(m+1)

bm_part2(k-1)=H(2*m-k+2)*y(k);
end
bm_2=sum(bm_part2);
bm=bm_part1+bm_2;

end

bm=bm*(h/6);
b=[b bm]

e=r-b

yt=(2/sqrt(3))*exp(-t/2)*sin((sqrt(3)*t)/2);
y=subs(yt,tt) % samples of system output

gt=exp(-t);
g_direct=subs(gt,tt); % samples of system output
g_exact=subs(gt,t_exact);

%%--------------- Formation of H coefficients -----------------%%
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for i=1:m
for j=1:m

if i==1
EE(i,:)=[0 E(1:(m-1))];

elseif j-i>=0
EE(i,j)=E(m+(j-i)+1);

end
end

end

EE
EE=(h/6)*EE;

epsilon=0.0001;
EE(1,1)=epsilon;
E_inverse=inv(EE);

g=[epsilon y(2:m)]*E_inverse

plot(t_exact,g_exact,'-m','LineWidth',3)
hold on

for i=2:m
E_mult_G(i)=g(i)*(E(2*m-i+2)-E(2*m-i+1));

end

g(m+1)=((y(m+1)-y(m))-((h/6)*(g(1)*(E(m)-E(m-1))+sum(E_mult_G))))
/((h/6)*E(m+1));

plot(tt,g,'-ko','LineWidth',2,'MarkerFaceColor','k'
,'MarkerEdgeColor','k')

%%--------------- Formation of E coefficients ---------------%%

for i=1:m
E(i)=2*e(i+1)+e(i);

end

E(m+1)=e(2)+2*e(1);
for i=(m+2):(2*m)

E(i)=e(i-m+1)+(4*e(i-m))+e(i-m-1);
end

for i=(2*m+1):(2*m+3)
E(i)=e(i-2*m+2)+e(i-2*m+1)-2*e(i-2*m);

end
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38. Program for drawing figures showing identified parameters
of the transfer function of a plant from impulse response
data, of Example 15.1 (Chap. 15, Figs. 15.1, 15.2 and 15.3,
p. 339 and 325-354)

clc
format long

% BPF   NOBPF   TF HF  SHF
x=[1 2 3 4 5];

%%------------ L=1, a0=1 -------------%%
color [ 0.267 0.647 0.106 ]
y=[2.54176555024836  2.54147603465520  2.54176778302942

2.54431980212434  2.54442700797934 ];
stem(x,y,'ko:')
Title('\lambda = 1')
ylabel('a_o')
xlim([0 6])
ylim([2.54 2.545])

%%------------ L=1, a1=0 -------------%%
% y=[-0.25154866105028 -0.25160253204068 -0.25152488460955

-0.23665257425908 -0.22952648857943];
% stem(x,y,'ko:')
% text(1, 0.05, 'a_1 (exact) = 0')
% Title('\lambda = 1')
% ylabel('a_1')
% xlim([0 6])
% ylim([0 -0.35])

%%------------ L=1, b0=2 -------------%%
% y=[12.72230063919302  12.72227298081633   12.72231194744942

12.72939709991139   12.73277717740051];
% stem(x,y,'ko:')
% text(1, 12.7325, 'b_o (exact) = 2')
% Title('\lambda = 1')
% ylabel('b_o')
% xlim([0 6])
% ylim([12.7 12.75])

%%------------ L=1, b1=3 -------------%%
% y=[6.11098678009208   6.11095661720580    6.11098640031485

6.11083725422649    6.11061105677642];
% stem(x,y,'ko:')
% text(1, 6.1113, 'b_1 (exact) = 3')
% Title('\lambda = 1')
% ylabel('b_1')
% xlim([0 6])
% ylim([6.11 6.1115])

%%------------ L=6, a0=1 -------------%%
% y=[0.76514513692653   0.77203410891583    0.77261257243453

0.77367044331709    0.77194124707928];
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%% ylim([6.11 6.1115])
% text(0.5, 0.7735, 'a_0 (exact) = 1')
% ylim([0.755 0.78])

%%------------ L=6, a1=0 -------------%%
% y=[0.05825145602514   0.05617965889910    0.05825567565826

0.06699766762652    0.06307111143826];
% stem(x,y,'bo:')
% Title('\lambda = 6')
% ylabel('a_1')
% xlim([0 6])
%% ylim([6.11 6.1115])
% text(1, 0.065, 'a_1 (exact) = 0')

%%------------ L=6, b0=2 -------------%%
% y=[1.55297667130353   1.55404255356324    1.55292351884170

1.54597030721091    1.54703131628115];
% stem(x,y,'ko:')
% Title('\lambda = 6')
% ylabel('b_o')
% xlim([0 6])
% ylim([2.37 2.43])
% text(1, 1.56, 'b_o (exact) = 2')

%%------------ L=6, b1=3 -------------%%
% y=[2.40403634491437   2.40494375238060    2.40394316332675

2.39578631301634    2.39575881018459];
% stem(x,y,'bo:')
% text(1, 2.407, 'b_1 (exact) = 3')
% Title('\lambda = 6')
% ylabel('b_1')
% xlim([0 6])

%%------------ L=12, a0=1 -------------%%
% y=[0.97307956262148   0.96755154868810    0.97296429969120

0.99396497018149    0.98292876505362];
% stem(x,y,'ko:')
% Title('\lambda = 12')
% ylabel('a_o')
% xlim([0 6])
% ylim([0.94 1.02])
% text(1, 1.015, 'a_o (exact) = 1')

%%------------ L=12, a1=0 -------------%%
% y=[0.01235612920984   0.00373085885751    0.01226365668376

0.04655427747571    0.02956876833446];
% stem(x,y,'ko:')
% Title('\lambda = 12')
% ylabel('a_1')
% xlim([0 6])
% ylim([-0.02 0.06])
% text(1, 1.94725, 'a_1 (exact) = 0')

% stem(x,y,'ko:')
% Title('\lambda = 6')
% ylabel('a_0')
% xlim([0 6])
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%%------------ L=12, b0=2 -------------%%
% y=[1.94618304069512   1.94648566973870    1.94613618137098

1.94350585887879    1.94374640375645];
% stem(x,y,'ko:')
% Title('\lambda = 12')
% ylabel('b_o')
% xlim([0 6])
% ylim([1.93 1.955])
% text(1, 1.948, 'b_o (exact) = 2')

%%------------ L=12, b1=3 -------------%%
% y=[2.94373198375025   2.94403455964053    2.94367404814152

2.94075967907800    2.94090502275678];
% stem(x,y,'ko:')
% Title('\lambda = 12')
% ylabel('b_1')
% xlim([0 6])
% ylim([2.93 2.955])
% text(1, 2.9483, 'b_1 (exact) = 3')
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