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Preface

The book deals with a new set of orthogonal functions, termed as ‘hybrid functions’
(HFs). This new set is a combination of ‘sample-and-hold functions’ (SHFs) and
‘triangular functions’ (TFs), which are also orthogonal as well. The set of hybrid
functions are apt to approximate functions in a piecewise linear manner. From this
starting point, the presented analysis takes off and explores many aspects of control
system analysis and identification.

Application of non-sinusoidal piecewise constant orthogonal functions was
initiated by Walsh functions, which was introduced by J.L. Walsh in 1922 in a
conference and a year later was published in the American Journal of Mathematics.
The very look of the Walsh function set was very different from the set of sine—
cosine functions in the basic sense that it did not contain any curved lines at all!

But Walsh function set was not the first of its kind. Its forerunner was the set of
Haar functions, proposed in 1910, which belonged to the same class of piecewise
constant orthogonal functions. However, the Haar function set could not make a
very significant stir for many decades. But with the advent of wavelet analysis in
the 1960s, wider cross section of researchers came to take notice of the Haar
function set, now known to be the first ever wavelet function.

For more than four decades, the Walsh function set remained dormant by way of
its applications. It became attractive to a few researchers only during the mid-1960s.
But in the next 10-15 years, the Walsh function set found its application in many
areas of electrical engineering such as communication, solution of differential as
well as integral equations, control system analysis, control system identification,
and in other various fields. But from the beginning of the 1980s, the spotlight
shifted to block pulse functions (BPFs). The BPF set was also orthogonal and
piecewise constant. Further, it was related to Walsh functions and Haar functions by
similarity transformation. This function set was the most fundamental and simplest
of all piecewise constant basis functions (PCBFs). So it is no wonder that the BPF
set has been enjoying moderate popularity till date.

In the last decade of the twentieth century and in the first decade of the
twenty-first century, few other function sets were introduced in the literature by
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Anish Deb and his co-researchers. These are the sample-and-hold function set
(1998) and the triangular function set (2003).

In 2010, Anish Deb and his co-workers invented and introduced yet another new
set of piecewise linear orthogonal hybrid functions (HFs). This new set could
approximate square integrable time functions of Lebesgue measure in a piecewise
linear manner, and it used the samples of the function as expansion coefficients,
without using the traditional integration formula employed for orthogonal
function-based expansions. Compared to Walsh, block pulse function, and other
PCBF-based approximations, this was the main advantage of the HF set because it
reduced the computational burden appreciably. Moreover, HF-based approximation
incurred much less mean integral square error (MISE) as compared to BPF and
other PCBF-based approximations.

In the preliminary chapters, the following topics have been discussed in detail
with suitable numerical examples:

(i) properties of hybrid function (HF) and its operational rules,
(i1) function approximation and error estimates,
(iii) integration and differentiation using HF domain operational matrices,
(iv) one-shot operational matrices for integration,
(v) solution of linear differential equations, and
(vi) convolution of time functions.

In later parts of the book, in general, analysis and synthesis of many linear
continuous time control systems, which include time-invariant systems,
time-varying systems, and multi-delay systems, of homogeneous as well as
non-homogeneous types, are discussed. And what attractive results the HF domain
technique yielded!

In later chapters, the discussed topics are as follows:

(i) time-invariant and time-varying system analysis via state-space approach,
(i) multi-delay system analysis via state-space approach,
(iii) time-invariant system analysis using the method of convolution,
(iv) time-invariant and time-varying system identification in state-space
environment,
(v) time-invariant system identification using ‘deconvolution,” and
(vi) parameter estimation of transfer function from impulse response data.

All the topics are supported with relevant numerical examples. And to make the
book user-friendly, many MATLAB programs are appended at the end of the book.

Now, about the hybrid functions and the three authors. The first author started
working on this function set in 2005, and the third author was associated with him
constantly. The second author got interested in the hybrid function set and joined
the other two authors in 2010. Then, from 2012, after publication of a few works on
hybrid functions, the first author dreamt about a whole book on hybrid functions
and the other two authors strongly supported the dream and joined the mission.
Then, all of them toiled and toiled to make the dream come true. It was a great
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feeling to work with HF, and though toil was the major component during the past
few years, it never was able to overtake the academic enjoyment of the authors.

Finally, the authors acknowledge the support of the Department of Applied
Physics, University of Calcutta, and the second author acknowledges the support of
her institute Budge Budge Institute of Technology, Kolkata, India, during prepa-
ration of this book. Also, the support of Dr. Amitava Biswas, Associate Professor,
Department of Electrical Engineering, Academy of Technology, Hooghly, India, is
gratefully acknowledged.

Kolkata Anish Deb
September 2015 Srimanti Roychoudhury
Gautam Sarkar
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Chapter 1
Non-sinusoidal Orthogonal Functions
in Systems and Control

Abstract This chapter discusses different types of non-sinusoidal orthogonal
functions such as Haar functions, Walsh functions, block pulse functions,
sample-and-hold functions, triangular functions, non-optimal block pulse functions
and a few others. It also discusses briefly the application of Walsh, block pulse and
triangular functions, three major members of the non-sinusoidal orthogonal func-
tion family, in the area of systems and control. Finally, this chapter proposes a new
set of orthogonal functions named ‘Hybrid Function’ (HF). At the end of the
chapter, more than hundred useful references are given.

Orthogonal properties [1] of familiar sine-cosine functions have been known for
more than two centuries; but the use of such functions to solve complex analytical
problems was initiated by the work of the famous mathematician Baron
Jean-Baptiste-Joseph Fourier [2]. Fourier introduced the idea that an arbitrary
function, even the one defined by different equations in adjacent segments of its
range, could nevertheless be represented by a single analytic expression. Although
this idea encountered resistance at the time, it proved to be central to many later
developments in mathematics, science, and engineering.

In many areas of electrical engineering the basis for any analysis is a system of
sine-cosine functions. This is mainly due to the desirable properties of frequency
domain representation of a large class of functions encountered in engineering design
and also immense popularity of sinusoidal voltage in most engineering applications.

In the fields of circuit analysis, control theory, communication, and the analysis
of stochastic problems, examples are found extensively where the completeness and
orthogonal properties of such a system of sine-cosine functions lead to attractive
solutions. But with the application of digital techniques in these areas, awareness
for other more general complete systems of orthogonal functions has developed.
This “new” class of functions, though not possessing some of the desirable prop-
erties of sine-cosine functions, has other advantages to be useful in many appli-
cations in the context of digital technology. Many members of this class of
orthogonal functions are piecewise constant binary valued, and therefore indicate
their possible suitability and applicability in the analysis and synthesis of systems
leading to piecewise constant solutions.

© Springer International Publishing Switzerland 2016 1
A. Deb et al., Analysis and Identification of Time-Invariant Systems, Time-Varying

Systems, and Multi-Delay Systems using Orthogonal Hybrid Functions,
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2 1 Non-sinusoidal Orthogonal Functions in Systems and Control

1.1 Orthogonal Functions and Their Properties

Any continuous time function can be synthesized completely to a tolerable degree
of accuracy by using a set of orthogonal functions. For such accurate representation
of a time function, the orthogonal set should be complete [1].

Let a time function f(¢), defined over a time interval [0, T), be represented by an
orthogonal function set S,(). Then

0= e (1)
=0

where, ¢; is the coefficient or weight connected to the (j + 1)th member of the
orthogonal set.

The members of the function set S,(#) are said to be orthogonal in the interval
0 <t <T if for any positive integral values of p and g, we have

/sp(t)sq(t) dr = &, (a constant) (1.2)
0

where, 0, is the Kronecker delta and

5 — 0 forp # q
P4 ) constant forp =g

When §,, = 1, the set is said to be orthonormal. An orthogonal set is said to be
complete or closed if no function can be found which is normal to each member of
the defined set, satisfying Eq. (1.2).

Since, only a finite number of terms of the series S,)(#) can be considered for
practical realization of any time function f(¢), right-hand side (RHS) of Eq. (1.1)
has to be truncated and we write

F0) =) csi(o) (1.3)
=0

where N is an integer. A point to remember is, N has to be large enough to come up
with a solution of the problem with the desired accuracy.

When N is appreciably large, the accuracy of representation is good enough for
all practical purposes. Also, it is necessary to choose the coefficients ¢;'s in such a
manner that the mean integral square error (MISE) [3] is minimized. The MISE is
defined as
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T

N 2
MISE A / lf(t) —;c,-s,-(t)] dr (1.4)

0
and its minimization is achieved by making

T

o= [ s (15)

0

For a complete orthogonal function set, the MISE in Eq. (1.4) decreases
monotonically to zero as N tends to infinity.

1.2 Different Types of Non-sinusoidal Orthogonal
Functions

For more than four decades different piecewise constant basis functions (PCBF)
have been employed to solve problems in different fields of engineering including
the area of control theory.

1.2.1 Haar Functions

In 1910, Hungarian mathematician Haar [4] proposed a complete set of piecewise
constant binary-valued orthogonal functions that are shown in Fig. 1.1. In fact, Haar
functions have three possible states 0 and +A where A is a function of 2. Thus, the
amplitude of the component functions varies with their place in the series.

The component functions of the Haar function set have both scaling and shifting
properties. These properties are a necessity for any wavelet [5]. That is why it is
now recognized as the first known wavelet basis and at the same time, it is the
simplest possible wavelet.

An m-set of Haar functions may be defined mathematically in the semi-open
interval 7 € [0, 1) as given below.

The first member of the set is

har(0,0,7) =1, t€]0,1)

while the general term for other members is given by
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Fig. 1.1 A set of Haar
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22 (n—1)/2<t<(n—1)/2
har(j,n, 1) = { 22 (n—1)/2/ <t<n/2] (1.6)

0, elsewhere

where, j, n and m are integers governed by the relations 0 <j < log,(m), 1 <n <2/,
The number of members in the set is of the form m = 2 , k being a positive integer.
Following Eq. (1.6), the members of the set of Haar functions can be obtained in a
sequential manner. In Fig. 1.1, k is taken to be 3, thus giving m = 8.

Haar’s set is such that the formal expansion of a given continuous function in
terms of these new functions converges uniformly to the given function.

1.2.2 Rademacher Functions

In 1922, inspired by Haar, German mathematician H. Rademacher presented
another set of two-valued orthonormal functions [6] that are shown in Fig. 1.2. The
set of Rademacher functions is orthonormal but incomplete. As seen from Fig. 1.2,
the function rad(n, 7) of the set is given by a square wave of unit amplitude and 2""
cycles in the semi-open interval [0, 1). The first member of the set rad(0, ) has a
constant value of unity throughout the interval.

Fig. 1.2 A set of

Rademacher functions ! I
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1
rad(1,2) 0 - i
_]_ _8_
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rad(2,¢7) 0
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-

-1

wen o 1HAAAA A A [
S NERERERERERRRERE
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1.2.3 Walsh Functions

After the Rademacher functions were introduced in 1922, around the same time,
American mathematician J.L. Walsh independently proposed yet another
binary-valued complete set of normal orthogonal functions ®, later named Walsh
functions [3, 7], that is shown in Fig. 1.3.

As indicated by Walsh, there are many possible orthogonal function sets of this
kind and several researchers, in later years, have suggested orthogonal sets [8—10]
formed with the help of combinations of the well-known piecewise constant
orthogonal functions.

In his original paper Walsh pointed out that, “... Haar’s set is, however, merely
one of an infinity of sets which can be constructed of functions of this same
character.” While proposing his new set of orthonormal functions ®, Walsh wrote

Fig. 1.3 A set of Walsh
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“... each function ¢ takes only the values +1 and —1, except at a finite number of
points of discontinuity, where it takes the value zero.”

However, the Rademacher functions were found to be a true subset of the Walsh
function set. The Walsh function set possesses the following properties all of which
are not shared by other orthogonal functions belonging to the same class. These are:

(i) Its members are all two-valued functions,
(i1) It is a complete orthonormal set,
(iii) It has striking similarity with the sine-cosine functions, primarily with respect
to their zero-crossing patterns.

1.2.4 Block Pulse Functions (BPF)

During the 19th century, voltage and current pulses, such as Morse code signals,
were generated by mechanical switches, amplified by relays and finally detected by
different magneto-mechanical devices. These pulses are nothing but block pulses—
the most important function set used for communication.

However, until the 80s of the last century, the set of block pulses received less
attention from the mathematicians as well as application engineers possibly due to
their apparent incompleteness. But disjoint and orthogonal properties of such a
function set were well known.

A set of block pulse functions [11-13] in the semi-open interval ¢ € [0,7) is
shown in Fig. 1.4.

An m-set block pulse function is defined as

Y1) =

1 forih<t<(i+1)h
0 elsewhere

where, i=0,1,2, ...,(m —1)and h =L
The block pulse function set is a complete [14] orthogonal function set and can
easily be normalized by defining the component functions in the interval [0, T) as

b0 ﬁ forih<t<(i+1)h
i\f) =
0 elsewhere

1.2.5 Slant Functions

A special orthogonal function set, known as the slant function set, was introduced
by Enomoto and Shibata [15] for image transmission analysis. These functions are
also applied successfully to image processing problems [16, 17].
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Fig. 1.4 A set of block pulse
functions :
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Slant functions have a finite but a large number of possible states as can be seen
from Fig. 1.5. The superiority of the slant function set lies in its transform char-
acteristics, which permit a compaction of the image energy to only a few trans-
formed samples. Thus, the efficiency of image data transmission in this form is
improved.
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Fig. 1.5 A set of slant
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1.2.6 Delayed Unit Step Functions (DUSF)

Delayed unit step functions, shown in Fig. 1.6, were suggested by Hwang [18] in
1983. Though not of much use due to its dependency on BPFs, shown by Deb et al.
[13], it deserves to be included in the record of piecewise constant basis functions
as a new variant. The (i + 1)th member of this function set is defined as
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Fig. 1.6 A set of DUSF for

m-component functions "
0
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where, i =0, 1, 2, ..., (m — 1).
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1.2.7 General Hybrid Orthogonal Functions (GHOF)

So far the discussion centered on different types of orthogonal functions having a
piecewise constant nature. The major departure from this class was the formulation
of general hybrid orthogonal functions (GHOF) introduced by Patra and Rao [19,
20]. While sine-cosine functions or orthogonal polynomials can represent a con-
tinuous function quite nicely, these functions/polynomials become unsatisfactory
for approximating functions with discontinuities, jumps or dead time. For repre-
sentation of such functions, undoubtedly piecewise constant orthogonal functions
such as Walsh or block pulse functions, can be used more advantageously. But with
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functions having both continuous nature as well as a number of discontinuities in
the time interval of interest, it is quite clear that none of the orthogonal
functions/polynomials of continuous nature is suitable for approximating the
function with a reasonable degree of accuracy. Also, piecewise constant orthogonal
functions are not suitable for the job either.

Hence, to meet the combined features of continuity and discontinuity in such
situations, the framework of GHOF was proposed and applied by Patra and Rao and
it seemed to be more appropriate. The system of GHOF formed a hybrid basis
which was both flexible and general.

However, the main disadvantage of GHOF seems to be it requires a priori
knowledge about the nature as well as discontinuities of the function, which are to
be matched with the segment boundaries of the system of GHOF comprised of
different types of orthogonal function sets chosen for the analysis. This also requires
a complex algorithm for better results.

1.2.8 Variants of Block Pulse Functions

In 1995, a pulse-width modulated version of the block pulse function set was
presented by Deb et al. [21, 22] where, the pulse-width of the component functions
of the BPF set was gradually increased (or, decreased) depending upon the nature of
the square integrable function to be handled.

In 1998, a further variant of the BPF set was proposed by Deb et al. [23] where,
the set was called sample-and-hold function (SHF) set and the same was utilized for
the analysis of sampled data systems with zero-order hold.

1.2.9 Sample-and-Hold Functions (SHF)

Any square integrable function f(r) may be represented by a sample-and-hold
function set [23] in the semi-open interval [0, T) by considering the (i + 1)th
member of the set to be

£6) =fFGh), i=0,1,2,... (m—1)

where, £ is the sampling period (=T/m), f;(z) is the amplitude of the function f(¢) at
time ih and f(ih) is the first term of the Taylor series expansion of the function f(¢)
around the point ¢ = ih, because, for a zero order hold (ZOH) the amplitude of the
function f(z) at ¢ = ih is held constant for the duration #.

A set of SHF, comprised of m component functions, is defined as
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1 1 1
AQ) — A0 + 1
¢ h 0 h

0 h
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Fig. 1.7 Dissection of the first member of a BPF set into two triangular functions

0 elsewhere (1.7)

() = { 1 forih<t<(i+1)h
where, i =0, 1, 2, ..., (m — 1).

The basis functions of the SHF set are look-likes of the members of the BPF set
shown in Fig. 1.4. Only the method of computation of the coefficients differs in
respective cases. That is, the expansion coefficients in SHF domain do not depend
upon the traditional integration Formula (1.5).

1.2.10 Triangular Functions (TF)

A rectangular shaped block pulse function can be dissected along its two diagonals
to generate two triangular functions [24-26]. That is, when we add two component
triangular functions, we get back the original block pulse function. This dissection
process is shown in Fig. 1.7, where the first member i (¢) is resolved into two
component triangular functions T1y(¢) and T2(2).

From a set of block pulse function, ¥, (z), we can generate two sets of
orthogonal triangular functions (TF), namely T1,,(¢) and T2, () such that

lP(m)(t) = Tl(m)(l) + TZ(m)(l‘)

These two TF sets are complementary to each other. For convenience, we call
T1,,) (1) the left handed triangular function (LHTF) vector and T2,,(¢) the right
handed triangular function (RHTF) vector. Figure 1.8a, b show the orthogonal
triangular function sets, T1,,(¢) and T2, (¢), where m has been chosen arbitrarily
as 8. For triangular function domain expansion of a time function, the coefficients

are computed from function samples only [26], and they do not need any assistance
from Eq. (1.5).
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1.2.11 Non-optimal Block Pulse Functions (NOBPF)

The ‘non-optimal’ method of block pulse function coefficient computation has been
suggested by Deb et al. [27] which employs trapezoidal [28] integration instead of
exact integration. The approach is ‘new’ in the sense that the BPF expansion
coefficients of a locally square integrable function have been determined in a more
‘convenient’ manner.

This ‘non-optimal’ expansion procedure for computation of coefficients uses the
trapezoidal rule for integration where only the samples of the function to be
approximated are needed in any particular time intervals to represent the function in
NOBPF [27] domain and thus reduces the computational burden.
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Fig. 1.9 Function approximation in non-optimal block pulse function (NOBPF) domain where
area preserving transformation is employed

Let us employ the well-known trapezoidal rule for integration to compute the
non-optimal block pulse function coefficients of a time function f(#). Calling these
coefficients f’s, we get

[f(ih) +f{G+ Dh}] -k [f(ih) +£{(+ Dh}]
h 2

1
fi=? (1.8)

f!’s are ‘non-optimal’ coefficients computed approximately from Eq. (1.8). It is
observed that f/’s are in effect, the average values of two consecutive samples of the
function f(¢), and this is again a significant deviation from the traditional Formula
(1.5).

The process of function approximation in non-optimal block pulse function
(NOBPF) domain is shown in Fig. 1.9.

A time function f(¢) can be approximated in NOBPF domain as

fO=[fe i foo o fu) ] Wi (1) = FT¥, (1) (1.9)

It is evident that f(¢) in (1.9) will not be approximated with guaranteed mean
integral square error (MISE).
Figure 1.10 shows a time scale history of all the functions discussed above.

1.3 Walsh Functions in Systems and Control

Among all the orthogonal functions outlined earlier, Walsh function based analysis
first became attractive to the researchers from 1962 onwards [7, 29-31]. The reason
for such success was mainly due to its binary nature. One immediate advantage is
the task of analog multiplication. To multiply any signal by a Walsh function, the
problem reduces to an appropriate sequence of sign changes, which makes this
usually difficult operation both simple and potentially accurate [29]. However, in
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system analysis, Walsh functions were employed during the early 1970s. As a
consequence, the advantages of Walsh analysis were unraveled to the workers in
the field compared to the use of conventional sine-cosine functions. Ultimately, the
mathematical groundwork of the Walsh analysis became strong to lure interested
researchers to try every new application based upon this function set.

In 1973, it was Corrington [32] who proposed a new technique for solving linear
as well as nonlinear differential and integral equations with the help of Walsh
functions. In 1975, important technical papers relating Walsh functions to the field
of systems and control were published. New ideas were proposed by Rao [33-41]
and Chen [42—47]. Other notable workers were Le Van et al. [48], Tzafestas [49],
Chen [50-53], Mahapatra [54], Paraskevopoulos [55], Moulden [56], Deb and
Datta [57-59], Lewis [60], Marszalek [61], Dai and Sinha [62], Deb et al. [63—-68],
and others.

The first positive step for the development of the Walsh domain analysis was the
formulation of the operational matrix for integration. This was done independently
by Rao [33], Chen [42], and Le Van et al. [48]. Le Van sensed that since the
integral operator matrix had an inverse, the inverse must be the differential operator
in the Walsh domain. However, he could not represent the general form of the
operator matrix that was done by Chen [42, 43]. Interestingly, the operational
matrix for integration was first presented by Corrington [32] in the form of a table.
But he failed to recognize the potentiality of the table as a matrix.

This was first pointed out by Chen and he presented Walsh domain analysis with
the operational matrices for integration as well as differentiation:

(i) to solve the problems of linear systems by state space model [42];
(i) to design piecewise constant gains for optimal control [43];
(iii) to solve optimal control problem [44];
(iv) in variational problems [45];
(v) for time domain synthesis [46];
(vi) for fractional calculus as applied to distributed systems [47].

Rao used Walsh functions for:

(i) system identification [33];
(i) optimal control of time-delay systems [35];
(iii) 1identification of time-lag systems [36];
(iv) transfer function matrix identification [38] and piecewise linear system iden-
tification [39];
(v) parameter estimation [40];
(vi) solving functional differential equations and related problems [41].

Rao first formulated the operational matrices for stretch and delay [41]. He
proposed a new technique for extension of computation beyond the limit of initial
normal interval with the help of “single term Walsh series” approach [37], and
estimated the error due to the use of different operational matrices [40]. Rao and
Tzafestas indicated the potentiality of Walsh and related functions in the area of
systems and control in a review paper [69]. Tzafestas [70] assessed the role of
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Walsh functions in signal and system analysis and design, in a rich collection of
papers.

W.L. Chen defined a “shift Walsh matrix” for solving delay-differential equa-
tions [51], and used Walsh functions for parameter estimation of bilinear systems
[50] as well as for the analysis of multi-delay systems [53]. Paraskevopoulos
determined the transfer functions of a single input single output (SISO) system from
its impulse response data with the help of Walsh functions and a fast Walsh
algorithm [55]. Tzafestas applied Walsh series approach for lumped and distributed
system identification [49]. Mahapatra used Walsh functions for solving matrix
Riccati equation arising in optimal control studies of linear diffusion equations [54].
Moulden’s work was concerned with the application of Walsh spectral analysis of
ordinary differential equations in a very formal manner [56]. Deb applied Walsh
functions to analyze power-electronic systems [57, 58], Deb and Datta was the first
to define the Walsh Operational Transfer Function (WOTF) for the analysis of
linear SISO systems [57, 58, 63-65]. Deb was the first to notice the oscillatory
behavior in the Walsh domain analysis of first-order systems [68].

1.4 Block Pulse Functions in Systems and Control

The earliest work concerning completeness and suitability of BPF for use in place
of Walsh functions, is a small technical note of Rao and Srinivasan [71]. Later
Kwong and Chen [14], Chen and Lee [72], and Sloss and Blyth [73] discussed
convergence properties of BPF series and the BPF solution of a linear time invariant
system.

Sannuti’s paper [74] on the analysis and synthesis of dynamical systems in state
space was a significant step toward BPF applications. Shieh et al. [75] dealt with the
same problems. The doctoral dissertation of Srinivasan [76] contained several
applications of BPF to a variety of problems. Rao and Srinivasan proposed methods
of analysis and synthesis for delay systems [77] where an operational matrix for
delay via BPF was proposed.

Chen and Jeng [78] considered systems with piecewise constant delays. BPF’s
are also used to invert Laplace transforms [79-82] numerically. Differential equa-
tions, related to the dynamics of current collection mechanism of electric loco-
motives, contain terms with a stretched argument. Such equations have been treated
in Ref. [83] using BPF. Chen [84] also dealt with scaled systems. BPFs have been
used in obtaining discrete-time approximations of continuous-time systems. Shieh
et al. [75] and recently Sinha et al. [85] gave some interesting results in this
connection. The BPF method of discretization has been compared with other
techniques employing bilinear transformation, state transition matrix, etc.

The higher powers of the operational matrix for integration accomplished the
task of repeated integration. However, the use of higher powers led to accumulation
of error at each stage of integration. This has been recognized by Rao and
Palanisamy who gave one shot operational matrices for repeated integration via
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BPF and Walsh functions. Wang [86] deals with the same aspect suggesting
improvements in operational matrices for fractional and operational calculus.
Palanisamy reveals certain interesting aspects of the operational matrix for inte-
gration [87]. Optimal controls for time-varying systems have also been worked out
[88]. Kawaji [89] gave an analysis of linear systems with observers.

Replacement of Walsh function by block pulse took place in system identifi-
cation algorithms for computational advantage. Shih and Chia [90] used BPF in
identifying delay systems. Jan and Wong [91] and Cheng and Hsu [92] identified
bilinear models. Multidimensional BPFs have been proposed by Rao and
Srinivasan [93]. These were used in solving partial differential equations. Nath and
Lee [94] discussed multidimensional extensions of block pulse with applications.

Identification of nonlinear distributed systems and linear feedback systems via
block pulse functions were done by Hsu and Cheng [95] and Kwong and Chen [96].
Palanisamy and Bhattacharya also used block pulse functions in system identifi-
cation [97] and in analyzing stiff systems [98]. Solution of multipoint boundary
value problems and integral equations were obtained using a set of BPF [99, 100].
In parameter estimation of bilinear systems Cheng and Hsu [101] applied block
pulse functions. Still many more applications of block pulse functions remain to be
mentioned.

Thus block pulse function continued to reign over other piecewise constant
orthogonal functions with its simple but powerful attributes. But numerical insta-
bility is observed when deconvolution operation [102] in BPF domain is executed
for system identification. Also, oscillations where observed [68] for system analysis
in BPF domain.

1.5 Triangular Functions (TF) in Systems and Control

It was Corrington [32] who initiated application of Walsh functions in the area of
systems and control by solving differential and integral equations with this new set.
Only four years later, Chen et al. [47] took up the trail and came up with formal
representation of block pulse functions and partially used them in conjunction with
Walsh functions for solving problems related to distributed systems. Two years
earlier, operational matrices for integration and differentiation in Walsh domain
were proposed by Chen et al. [46]. It was also independently presented by Rao and
Sivakumar [33] and Le Van et al. [48]. Such operational matrices played a vital role
in the analysis and synthesis of control systems.

With the onset of the 80s, the block pulse function set proved to be more elegant,
simple and computationally attractive compared to Walsh functions. Thus, it
enjoyed immense popularity for more than a decade. Later variants of block pulse
functions were employed successfully by Deb et al. [22, 23]. In the last decade, a
new set of functions, namely, triangular function set were introduced by Deb et al.
[24-26]. Gradually, these new sets of functions attracted many researchers
[103-106].
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1.6 A New Set of Orthogonal Hybrid Functions (HF):
A Combination of Sample-and-Hold Functions
(SHF) and Triangular Functions (TF)

In the present work, a new set of piecewise orthogonal hybrid function (HF),
derived from sample-and-hold [23] functions and triangular functions [24-26], is
proposed. This new set of functions is used for the analysis and synthesis of various
types of linear continuous time non-homogeneous as well as homogeneous control
systems, namely, time-invariant systems, time varying systems and multi-delay
systems. The main advantage of the hybrid function set is it works with function
samples. Also, it provides the time solutions in a piecewise linear manner in two
parts: sample-and-hold function component and the triangular function component.
And if we leave out the TF component of the solution, we are left with the
sample-and-hold function component which is sometimes needed for analyzing
digital control systems and related research.

Function approximation in traditional BPF domain requires many integration
operations. That is, computation of each coefficient means performing one
numerical integration, thus requiring more time as well as memory space increasing
the computational burden. But, this ‘new’ HF domain approach is more suited to
handle complicated functions because it works with function samples as coeffi-
cients. Also, for identification of control systems, block pulse domain technique
gives rise to numerical instability [102], while the HF domain approach does not.
Thus, the HF domain approach seems to be more efficient in many ways than
traditional approaches, the main reason being this set works with samples only.

With this rich background, it seems worthwhile to explore this field.
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Chapter 2
The Hybrid Function (HF) and Its
Properties

Abstract Starting with a brief review of block pulse functions (BPF),
sample-and-hold functions (SHF) and triangular functions (TF), this chapter pre-
sents the genesis of hybrid functions (HF) mathematically. Then different ele-
mentary properties and operational rules of HF are discussed. The chapter ends with
a qualitative comparison of BPF, SHF, TF and HF.

In this chapter, we propose a new set of orthogonal functions [1]. The function set is
named ‘hybrid function (HF)’. This set is a combination of the sample-and-hold
function (SHF) set [2] and a right handed triangular function (RHTF) set [3, 4]. This
new function set is different from piecewise constant orthogonal functions [5] and
approximates square integrable time functions of Lebesgue measure in a piecewise
linear manner.

In the following, we discuss different properties of the proposed hybrid function
(HF) set. That is, its elementary properties and the operational rules like, addition,
subtraction, multiplication and division in HF domain are discussed.

2.1 Brief Review of Block Pulse Functions (BPF) [6]

Referring to Fig. 1.4 and definition of block pulse functions given in Sect. 1.2.4, a
square integrable time function f{f) of Lebesgue measure may be expanded into an
m-term BPF series in 7 € [0, T) as

m—1
FO=Y =T A £ i S ¥e®) for i=0,1,2..,(m—1)
i=0

£ F’(rm)‘ll(m) (Z)
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where, | --- | denotes transpose and the (i + 1)th BPF coefficient f; is given by
(i+1)h
1
=y [ rowa 22)

ih

where, h = Ls.

Coefficients evaluated via Eq. (2.2) always ensures minimum mean integral
square error (MISE) [6] with respect to function approximation. Thus, the coeffi-
cients f;’s may be termed ‘optimal’.

If Eq. (2.2) is computed via trapezoidal rule, the coefficients will slightly deviate
from the fi’s of (2.2) due to inexact integration. However, such ‘approximate’
computation leading to ‘approximate’ coefficients f;’s has the advantage of working
with function samples only. Thus

(i+1)h ' .
ih

We call such BPF expansion a ‘non-optimal’ one and any analysis based upon
this technique may be called ‘non-optimal’ BPF (NOBPF) analysis.

2.2 Brief Review of Sample-and-Hold Functions (SHF) [2]

Any square integrable function f{f) may be represented by a sample-and-hold
function set in the semi-open interval [0, T) by considering

fi(t) =f(@h), i=01,2,...,(m—1)

where, £ is the sampling period (=7/m), f;(¢) is the amplitude of the function f{r) at
time ik and f(ih) is the first term of the Taylor series expansion of the function f
(#) around the point ¢ = ih, because, for a zero order hold (ZOH) the amplitude of the
function f{(¢) at ¢ = ih is held constant for the duration h.

SHFs are similar to BPFs in many aspects. The (i + 1)th member of an SHF set,
comprised of m component functions, is defined as

D <t (i
Si(t) = {1 forih<t<(i+1)h

0 elsewhere (2.4)

where, i =0, 1, 2, ..., (m — 1).
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Lk
f(r)—i—o/-—r ZOH G’ s

g (m) (m)

Fig. 2.1 A sample-and-hold device

A square integrable time function f{f) of Lebesgue measure may be expanded
into an m-term SHF series in z € [0, T) as

(m=1)
f(1) = ZgiS,-(t):[go g & o & v &m-n)|Sem(t) for i=0,1,2,... (m—1)
i=0

£ G’(Tm)S(m) (t)
2.5)

where [- - ~]T denotes transpose and g; = f(ih), the (i + 1)th sample of the function f
(®). In fact, g;’s are the samples of the function f{r) with the sampling period /.
Considering the nature of the SHF set, which is a look alike of the BPF set, it is
easy to conclude that this set is orthogonal as well as complete in 7 € [0, T).
However, the special property of the SHF is revealed by using the sample-and-hold
concept in deriving the required operational matrices. If a time signal f{¥) is fed to a
sample-and-hold device as shown in Fig. 2.1, the output of the device approximates

) as per Eq. (2.5).

2.3 Brief Review of Triangular Functions (TF) [3, 4]

From a set of block pulse function,‘l’(m>(t), we can generate two sets of orthogonal
triangular functions (TF) [3, 4], namely T1,,(r) and T2, () such that

\P(m)(t) = Tl(m)(t) + Tz(m)(t) (26)

Figure 1.8a, b show the orthogonal triangular function sets, T1(,,(¢) and T2, (z),
where m has been chosen arbitrarily as 8. These two TF sets are complementary to
each other. For convenience, we call T1,,(¢) the left-handed triangular function
(LHTF) vector and T2,,(¢) the right handed triangular function (RHTF) vector.

Using the component functions, we could express the m-set triangular function
vectors as

Tl ()2 [Tlo(t) Tli(t) Tla(t) - TL() -+ Tle(n)]"
T2 (1) 2 [T20(t) T2i(1) T25(t) - T2(t) - T2, 1(1)]"

where [---]" denotes transpose.
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The (i + 1)th component of the LHTF vector T1,,(¢) is defined as

1 —(t—ih)/h, forih<t<(i+1)h
0, elsewhere

Tl,‘([) = {
and the (i + 1)th component of the RHTF vector T2, (¢) is defined as

oy J(t—=in)/h, forih<t<(i+1)h
T2i(1) = {O, elsewhere (2:8)

where i =0, 1,2, ..., m — 1).
A square integrable time function f{(f) of Lebesgue measure may be expanded
into an m-term TF series in 7 € [0, T) as

f(t) ~ [CO cp C2 - Cp—1 ]Tl(m) (t) + [dO dl d2 e dm—l ]Tz(m) (t)
£ CTTl(m) (I) + DTTZ(,”) (l‘)
(2.9)
The constant coefficients ¢}s and d’s in Eq. (2.9) are given by
c;2f(ih) and d; Zf[(i+ 1)h] (2.10)

and the relation ¢;; | = d; holds between cs and ds.

2.4 Hybrid Function (HF): A Combination of SHF and TF

We can use a set of sample-and-hold functions and the right handed triangular
function set to form a new function set, which we name a ‘Hybrid Function set’. To
define a hybrid function (HF) set, we express the (i + 1)th member H;(¢) of the m-
set hybrid function Hy,, () as

H;(t) = a;Si(t) + biT2;(1)

where, i =0, 1,2, ..., (m — 1), @; and b; are scaling constants, 0 <t < T, S; and T2;
are the (i + 1)th component sample-and-hold function and right handed triangular
function.

For convenience, in the following, we write T instead of T2. The above equation
can now be expressed as

Hi(l‘) = aiSi(l‘)—Fb,‘Ti(l) (211)

Let us now illustrate how a function f{¥) is represented via a set of hybrid functions.
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Fig. 2.2 Function
approximation via hybrid
functions (HF) domain

VACY)

o F G
fe— h —rje—h —>]

t(s) ——=

In Fig. 2.2, the function f{r) is sampled at three equidistant points (sampling
interval &) A, C and E respectively with corresponding sample values ¢y, ¢; and c;.
Now, f(t) can be approximated in a piecewise linear manner by the two straight
lines AC and CE, which are the sides of two adjacent trapeziums. The trapezium
ACFO may be considered to be a combination of the SHF block ABFO, and the
triangular block ACB. Similar is the case for the second trapezium CEGF.

Hence, for the first trapezium, the hybrid function representation may be written
as a combination of SHF and TF as

Ho(l) = C()S()(l) + (Cl — C())To(l)

Then the function f{f) may be represented in an interval ¢ € [0,2h) as

f(t) = Ho(t) + Hi (1)
= {coSo(t) + (c1 — co)To(t)} + {c181 (1) + (c2 — ) T1 (1)}
= {coSo(t) +c1S1 (1)} + {(c1 — co)To() + (c2 — c)T1 (1)}
£CTS(5) () +D T o)1)

where, [¢o ¢;]=C"and [(¢; —cp) (¢ —c1)] =D
Generalizing this, we can extend the concept for an m-component function set as

F() 2 CTS (1) + DT (1) (2.12)

where, CT =[co ¢ -+ cp1]and DT =[(c; —co) (c2—c1) -+ (cm—
cmfl)]

The radical difference between block pulse domain representation and hybrid
function domain representation of a function is, the BPF representation and sub-
sequent analysis always provides us with a staircase solution, while the HF domain
technique provides us with piecewise linear results.
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It is noted that, the SHF coefficients are simply the samples at the sampling
instants, while the TF coefficients are the differences between two consecutive
samples, e.g., (¢; —ci—1), i being a positive integer. An added advantage of HF
domain representation is, by dropping the TF domain components, we are left with
only the SHF domain representation. This is sometimes convenient in function
analysis, especially, for digital control systems or sample-and-hold systems.

2.5 Elementary Properties of Hybrid Functions [7]

In solving certain problems of control engineering, the advantages of using the
hybrid function technique are their easy operations and satisfactory approximations.
These advantages are due to the distinct properties of hybrid functions. The ele-
mentary properties are as follows.

2.5.1 Disjointedness

Hybrid function (HF) set is a combination of the sample-and-hold function
(SHF) set and the triangular function (RHTF) set.

The sample-and-hold functions are disjoint with each other in the interval
t € [0,T). This property can be formulated as

« _ JO wherei#j
SiSj = {Si where i = j (2.13)

where i, j = 0, 1, 2,..., (m — 1) and the argument (¢) is dropped for simplicity.
Henceforth, for both sample-and-hold and triangular functions, the argument
indicating time dependency will be discarded.

The property of Eq. (2.13) can directly be obtained from the definition of
sample-and-hold functions.

Triangular functions (TF) are derived from the block pulse function set. A block
pulse function can be dissected along its two diagonals to generate two triangular
functions. That is, when we add two component triangular functions, we get back the
original block pulse function. This dissection process has been shown in Fig. 1.7.

Since, the component block pulse functions of a set are mutually disjoint, the
triangular functions of the LHTF set are disjoint, and so are the functions of the
RHTF set.
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Actual

0 ih (i+Dh T

{(5) — —

Fig. 2.3 The product (7;7;) and its triangular function representation

Hence, the product of two right handed triangular functions 7; and T; in the
semi-open interval ¢ € [0,7) is

T;Ti=0 wherei#jandi,j=0,1,2,...,(m—1)
when i = j, the product at the sample points, namely i# and (i + 1)k are O and 1,
respectively. Since we are concerned only with the triangular function representa-
tion of the product, shown in Fig. 2.3, the result is 7; only. Thus [3]

T;T;~T; wherei=j

This property can be formulated as

| O wherei#j
n1; = { T; wherei=j (2.14)

This property can directly be obtained from the definition of triangular functions.

2.5.2 Orthogonality [1]

The sample-and-hold functions of a SHF set are orthogonal with each other in the
interval ¢ € [0,T):

T
[0  wherei#j
/S,‘del = {5U where i = j (215)
0

where, i, j = 0, 1, 2, ..., (m — 1). This property can directly be obtained from the
disjointedness of sample-and-hold functions.
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Similarly, the triangular functions of a TF set are orthogonal with each other in
the interval ¢ € [0,T):

T
0 wherei#j

/TiTjdt - { 0;j wherei=j
0

(2.16)

where, i, j =0, 1,2, ..., (m — 1).
Now, the hybrid function is orthogonal because each of the SHF and TF sets are
orthogonal.

2.5.3 Completeness

Like the block pulse functions, the sample-and-hold function set is also complete
when i approaches infinity. This means that we have:

T

[rwa=>zis1 (2.17)
i=0

0

for any real bounded function f(f) which is square integrable in the interval
t€0,T).
Here, the expression:

r 1/2
I = | [ st 2.18)
0

is the norm of ;.

From a set of block pulse function, we can generate two sets of orthogonal
triangular functions (TF) [3], namely T1,,) and T2,,. The triangular function sets
are complete when i approaches infinity. This means that we have:

T

/fz(t)dt = Zoo: I[eiT1;+diT2) || (2.19)

0 i=0

for any real bounded function f(f) which is square integrable in the interval
t €[0,7).
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Here, the expression:
1/2

T
0

is the norm of [CiTli +le2,]
The hybrid function set is also complete when i approaches infinity. This means
that we have:

T

/fz(t)dt = i \IfiSi + di T2

‘. - (2.21)
or /fz(t)dt: > IS +diT?

0 i=0

for any real bounded function f{f) which is square integrable in the interval ¢ € [0,T)
and piecewise linear approximation.

The completeness of hybrid functions guarantees that an arbitrarily small mean
square error can be obtained for a real bounded function, which has only a finite
number of discontinuous points in the interval ¢ € [0, T), by increasing the number
of terms in the sample-and-hold function series and the triangular function series.

2.6 Elementary Operational Rules

2.6.1 Addition of Two Functions

For addition of two time functions f{f) and g(¢), the following cases are considered.
Let, a(r) = f(t) + g(¥), where, a(¢) is the resulting function.
We call the samples of each functions f{r) and g(¢) in ¢ € [0, T) fo, f1, 25 -+ fis - -+
fn and go, g1, &2, --- &i» --- &n respectively, as shown in Fig. 2.4.

(a) The continuous functions are expanded in HF domain separately and then
added
The functions f(f) and g(r) can be expanded directly into hybrid functions
series and then added to find the resultant function in HF domain. The HF
domain expanded form of a(f) may be called a(z). It should be noted that a(z)
is piecewise linear in nature. Thus



34

2 The Hybrid Function (HF) and Its Properties

g(8)
g(1)

go|
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aq
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t(s) ——wm—
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Fig. 2.4 Two time functions f{r) and g(r) expressed in HF domain and their sum a(z) in HF

domain
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at)=fO)+g®) =~ i L - fi  fu1]Sw

+ A H - o b T
+lg0 & & -+ & - &mu-1]Sw
+lg & & & o g Tw
m—1 m—1 m—1 m—1
s 8] - zgisi+zg;n]
i=0 i=0 =0 i=0
2 [F§Sim + FiTin] + [GSimy + G1T(m)] (2.22)
where,
B2 i oo fi o S
F%é[fé fll fz’ fi/ fr/nfl]
fi/:(fiﬂ—fi)
Gi=[g0 & & - & ' &ui]
GrZlgy & & & v &l
and gl = (gi+1— &)
Now,

a(t) £ [F§ + Gg|Su + [Fr + G| T

= [(fo +g0) (fl+gl) (fl+g1) (fmfl""_gmfl)]s(m
+((fh+g0) (F+e) - (F+eg) - (i +8n1)]Tm
éAgS(,ﬂ) +A$T(m)
(2.23)
where, Ag = [F§ + Gg| and Af = [F] + G1]
Agé[ao ay a @ Ape)
and AT2[(@ —a) (@2—a) (—a) - (G—a1) - (Gn—an1)]

Equation (2.23) shows that the hybrid function coefficients of the sum a(f) are
the sums of the hybrid functions coefficients of the individual functions f
() and g(?), in each subinterval. This is shown in Fig. 2.4.

(b) The continuous functions f(t) and g(t) are first added and then the resulting

Junction a(t) = f(t) +g(¢) is expressed in HF domain
In this case, the resulting continuous function a(t) = f(¢) + g(¢) is expanded in
HF domain as
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(1([) ~ a(l) = [aO ay a e a; amfl] S(m)
tl(a —a) (a2 —a) (ai — aj-1) (am — am-1)] Ty
(2.24)
where ag,ay,az, ..., a;, . .., a, are the samples of a(r) or a(t) at time instants

0,h,2h, ... ih,... mh.
It is evident from Fig. 2.4 that at sampling instants the function values i.e.,
samples will be added as before. Hence,

a(t) = f(t) + (1)
=[(fo+go) (fi+g)
+ (5 +e) (f+8)

(fi+gi)
(f +g)

(fmfl + gmfl)} S(m)
(et + 8m1)] T

That is

alt) 2 AlS ) + AT, (2.25)
From Eqgs. (2.23) and (2.25), it is seen that both the results of addition are
identical.

Considering two functions f(r) = 1 — exp(—#) and g(7) = exp(—#), the result of
addition of these two functions, using their individual coefficients, is shown in

Fig. 2.5.

Fig. 2.5 Hybrid function 1.2 T T T T T
expansion of f(r) = 1 — exp
(—1) and g(#) = exp(—¢) and the < = s . = . g |
result of their addition A A S il S
f(t)+g(t) = a(r) in HF
domain with m = 8 and 08} _
T =1 s. Due to high degree of
accuracy, the piecewise linear 5 L
curves look like continuous uo"‘ 1
curves (vide Appendix B, -
Program no. 1) -
0.4} :
—— Samples of 1-exp(-t)
—e— Samples of exp(-{) J
=-f»--- Results of addition
in HF domain
0 0.25 0.50 0.75 1.0

t(s) —=—
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2.6.2 Subtraction of Two Functions

For subtraction of two time functions f(r) and g(#), the following cases are
considered.

Let, s(¢) = f(r) — g(¢), where, s(¢) is the resulting function of subtraction.

As before, the samples of individual functions f{f) and g(¢) in time domain are fj,
fisfos oo s fis oo s fnand go, 815 825 -5 8is---» &m TeSpectively.

The functions f{z) and g(7) are expressed in HF domain. Then we subtract the HF
domain expanded functions to obtain s(f) in HF domain. The HF domain expanded
form of s(f) may be called 5(¢).

(a) The continuous functions are expanded in HF domain separately and then
subtracted
The difference of two time functions f{f) and g(f) can be expressed via HF
domain as

s@)=fO-sO~Mh fi o - fi - fa1]Sw

+h fAh o o f] T
—[g0 & & - & - &n1lSm)
—[s0 & & - & - gnt] T
= [FsSm + FiTi] = [GsSum) + G1T(n)] (2.26)

Hence, 5(t) £ [Fg — Gg| Stm) + [F1 — G1| T

:[fO_gO fl_gl fi_gi f;n—l_gm—l]s(m
Jr[fé*gf) fl/*gll fi/*gg frz—lfg:n—l]T(m)
2 85S(m +S1T(m)
(2.27)
where,
Sgé[FngEé[so S1 82 e Sitc Sme1)
and,
ST=[FI—GI]£[(s1—s0) (s2—s1) (s3—s2) -+ (si—si1) -+ (Sm—sm1)]

Equation (2.27) shows that the hybrid function coefficients of the difference of
two functions s(7) is the differences of the hybrid functions coefficients of the
individual functions at each sampling points. This is shown in Fig. 2.6.
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Fig. 2.6 Two time functions f
(1) and g(¢) expressed via HF
domain and their difference
5(t) in HF domain

70
HO)

g(e)
g()
Zo| .-

s(8)
5(8)

(b) The continuous functions f(t) and g(t) are first subtracted and then the
resulting function s(t)=f(t)—g(t) is expanded via HF domain
In this case, the resulting continuous function s(¢) = f(¢) — g(¢) is expanded in
HF domain as

5(¢))=1[s0 s1 s2 -+ s o Smo1]Swm)

+(s1—=s0) (s2—=s1) - (si=si1) o (Sm—Sm-1)] Tim)

Coefficients of the resulting function s(#) are found directly by subtracting the
corresponding coefficients of both the time functions at same sampling
instants. From Fig. 2.6, we can write the resultant function s(¢) are as follows
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Fig. 2.7 Hybrid function 1.2
expansion of f{t) = 1 — exp E
(—1) and g(#) = exp(—¢) and the 08t i
result of their subtraction |
f(t) — &) =5(1) in HF |
domain, with m = 8 and r 0.4 .
T = 1s. Due to high degree of N e -t
accuracy, the piecewise linear "’ 0.0 o i
curves look like continuous C __,.-«B"'—
curves R | "___,,b" g
-0.4 = 1
P —a— Samples of 1-exp(-t)
0.8 B>"'f— —e— Samples of exp(-f)
P =--4»--- Results of subtraction
[ in HF domain
0 0.25 0.50 0.75 1.0

f(s) ——=—

s(1) = f(r) — &(1)
=[(fo—g) (i—g) -~ (fi—&) -~ (Fu-1—8&u-1)]Swm
+ [(f(), - g()) (fl/ - gll) e (fi/ - g:) e (fr:1—1 - g;n—l)] T(m)

5(1) £ Sgs(m) + S$T(m) (2.28)

Thus, the result of Eq. (2.28) is same as expression (2.27).
Considering two functions f{(r) = 1 — exp(—t) and g(¢) = exp(—t), the result of
subtraction of these two functions in HF domain is shown in Fig. 2.7.

2.6.3 Multiplication of Two Functions

We consider multiplication of two functions #(f) and g(#) in HF domain.

Let, r(t) x g(t) = m(r), where, m(f) is the result of multiplication.

Let the samples of the individual time functions r(¢) and g(¢) be ro, 7y, 12, ..., 13,
wews Fpand go, g1, 825 ---» &is ---» &m TESPEcCtively at the sampling instants 0, A, 2h, ...,
ih, .... mh. Now the time functions are expanded in HF domain, as shown in
Fig. 2.8.

(a) The functions r(t) and g(t) are expanded separately in HF domain and then
multiplied
For functions r(f) and g(#), we expand them via hybrid function series and then
multiply. The resulting output function m(f) can be expressed as
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1(s) — o=

t(s) ——am=

Fig. 2.8 Two time functions 7(f) and g(f) are expanded in HF domain

Let m(z) = r(t) x g(t)

and,
r=rt)=1I[ro rn rn - r Fm—11S(m)
+ [r(/) ri r/2 rl{ 72171]T(m)
Also,
g =g =g & & g o 8m-1]Swm)
+gh g & - g &1] Tim)
Then
m—1 m—1 m—1 m—1
() x g(1) = Zri5i+ Zr,/-Ti X ZgiSi+ Zg;Ti
=0 =0 =0 =0 (2.29)
2 [RsSm) + RiT(] * [GsSim) + G
where,

Rgé[}"@ " r ri rm_l]
RIZ[ A b e o o]
Ggé[go 81 & - & gm—l]
andGr =gy & & - g 1]

In Eq. (2.29), there are three types of products involved, related to
sample-and-hold functions and triangular functions. Results of these three



2.6 Elementary Operational Rules 41

i R K

So() X So(2) = 50
0 h 0 h 0 h

1(s) —om— 1(s) —om— [(s) —om=

Fig. 2.9 Multiplication of the first members of two SHF sets

types of products of the basis component functions are studied in the
following:

(1) (Sample-and-hold function) x (Sample-and-hold function)
Two sample-and-hold functions of an SHF set are mutually disjoint.
Thus, the product rule is
0 wherei#j
SiSj = {S,- where i = j
This also holds for multiplication of two sample-and-hold functions
belonging to two different but equivalent SHF sets. That is, both the sets
having the same 4 and 7.
For example, the product of the first members of two such SHF sets in
HF domain is shown in Fig. 2.9.
(i) (Triangular function) x (Sample-and-hold function)
If a triangular function of a TF set is multiplied with a sample-and-hold

function of an SHF set, both the sets having the same 4 and T, and
matched along the time scale, then the product rule is

_J O wherei#j
TiSi_{T,- where i = j

For example, the product of the first members of two such TF and SHF
sets, in HF domain, is shown in Fig. 2.10.

b

= 1,(0)
0 h 0 h

1(s) —om— 1 (5) —o=— [(s) —om=

Fig. 2.10 Multiplication of the first member of TF set and the first member of SHF set
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(iii) (Triangular function) x (Triangular function)

Two triangular functions of a TF set are mutually disjoint. Thus, the
product rule is

|0 wherei#j
T’TJ{T,- where i = j

This also holds for multiplication of two triangular functions belonging
to two different TF sets, both having the same 4 and 7, and matched
along the time scale.

The product of the first members of two such TF sets, in HF domain, is
shown in Fig. 2.11.

The result of multiplication of the first components of two equivalent
triangular function sets, is converted to HF domain. The sample-and-hold
function component of the product being zero, as seen from Fig. 2.11, the
multiplication result is represented by only a triangular function
component.

Following above rules, the result of multiplication of the two functions r
(1) and g(r) are expressed in HF domain for m =4 and 7' =1 s as follows

m(t)E[rogo g1 g 383 Swm)
+[(rig1 —rogo) (22 —rig1) (r3gs —rag2)  (raga — r383)] T

The generalized result of multiplication of two time functions r(f) and g
(1) are expressed in HF domain as follows :

m(t) = rogo gt o g Tmo18mo1] S
+[(rig1 —rogo) (g —rngi) - (rigi—ri-18i-1)
(rmgm - rm—lgm—l)} T(m)
(2.30)
Now, ﬁ’l(t) S RgDG1S(m) + [R’gDCQ — REDGI} T(m) (2 31)

EMSS() + MIT(

Fig. 2.11 Multiplication of the first members of two TF sets. The actual product and its HF
domain equivalent are also shown
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where, M§ 2 RIDg; and M} 2 [R'gDg, — RIDg,

Rg £ o n n Fioocee Fped]

R’g R N T TR R

M§E(mg my my oo omp e ]

M$-é [(my —mp) (ma—m) (m3—mp) -+ (mi—mi_y) -+ (M —my_y)]

and Dg; denotes a diagonal matrix whose entries are the m elements of
the vector G1, i.e. go, g1, 82, - - -, &m—1 and D¢, denotes a diagonal matrix
whose entries are the m elements of the vector G2, i.e. g1, 82,83, - -, 8&m-

DGI = diag(g07glag27 <. -7gm71)
and DG2 :diag(gl,g2,837~~-7gm)

(b) The functions r(t) and g(t) are first multiplied and then the resulting
Sfunction m(¢t) is expanded via HF domain
In this case, the resulting continuous function m(f) = r(¢) x g(¢) is expressed
in HF domain as

m(r) = r(1) x g(r) = (1) x g(1)

= [mO mp  nyp to m; e mmfl} S(m)
+ [(ml - mo) (mz - ml) ce (mi - mi—l) e (mm - mm—l)] T(m)
where mg,my,my,...,m,...,m, are the samples of m(¢) at time instants

0,h,2h,...,ih, ..., mh.
At sampling instants the function values i.e., samples, will be multiplied as
before. Hence,

m(f) = [rogo ngr mn8& - T rmflgm—l] S(m)
+[(rigr —rogo) (g2 —rg1) -+ (rigi—ric1&i-1) - (Fm&@m — rm—18m-1)] T
That is
m(t) £ MES(n) +M{T(,) (2.32)

From Egs. (2.31) and (2.32), it is seen that both the results of multiplication
are identical.

Considering two functions r(f) = 1 — exp(—¢) and g(¢) = exp(—?), the result of
multiplication of these two functions, using their individual coefficients, is
shown in Fig. 2.12.
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Fig. 2.12 Hybrid function 1.2
expansion of r(f) = 1 — exp —a— Samples of 1-exp(~1)
(—1) and g(t).= exp(.—t)‘ an.d the p Saraples of exp(—t)
result. of their ml‘_lltlplhlcatlon -~ Results of multiplication
m(t) in HF domain with m =8 in HF domain
and T =1 s. Due to high boost 1
degree of accuracy, the |
piecewise linear curves look B -+
like continuous curves o
=" 04l |
]
I e &
s
o
0 I 0.25 I D.I50 0 I"S 1.0

2.6.4 Division of Two Functions

We consider division of two nonzero time functions r(¢) and y(¢) in HF domain.
Let, d(t) = %, where, d(t) is the resulting continuous function after division.

The HF domain expanded form of d(f) may be called d(t).
Thus, we have,

y(t) = r(r) x d(z) (2.33)

The m number of samples of the functions 7(f) and y(f) with sampling period % are
70s T'ls 725 «on sFiy v Fp@0d Yo, Y1, V2, ... Vi, ... Y TESpectively. After division, let the
resulting function d(r) have the samples dy, dy, d>, ... ,d;, ... d,, with the same
sampling period A.

(@) The functions r(t) and y(¢) are expanded in HF domain and then the division
operation is executed
Using Egs. (2.30), (2.33) can be written as follows

y(t) = r(r) x d(1)

[do ndy rdy - ridi oo Fpe1do1] Spy)

+[(ridy —rodo)  (rady —nidy) -+ (ridi — rioidioy)
(Fmdm — Tm—1dp—1)] Ty

Q

(2.34)

Again, the time function y(7) is expressed in HF domain as
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yO)~=o yi o y2 o Vi o Ym-1]Sm

+i=y) O02—=y1) - Gi—yi-1) o Om—Ym=1)] T
(2.35)

Comparing the coefficients of the Eqgs. (2.34) and (2.35), we have yy = rody,
y1 = nrdi,... y; =rd;. .. and so on.
Thus, d():{—g, d; :ﬁ—]‘,... d; =% ... and so on.

Now, the above results can be expressed as follows

do dv dy - di - dpt] S
+[(d1*d0) (dZ*dl) (di*difl) (dm*dmfl)]T(m)
:[y_o Booo% ym_l}s(m
ro r ri m—1

e e - e
r ro r r ri ri—1 'm m—1
Now, the resulting function d(¢) of the division is expressed as

m m—1
= Vi Yivr1 Vi
d)=3 <7i>si+ > (—ml _7,) T;

—1
i=0 i=0

or d)2YDg!Se + YDt - YIDg!| T

(2.36)
A Ny T
=DgS(m) + DT
where,
Ygéb)o Yioya o Yo Yme]
Ygéb’l Y2 y3 0 Yigro v ym]
Di=YiDyi 2[do di do - di 0 dyi]
DI=[YiD} — YID| 2[(di —do) (o —d)) -+ (di—di1) -+ (dn—dn1)]

and Dg; denotes a diagonal matrix whose entries are the m elements of the

vector R1, i.e. rg,r,72,...,1u—1, and Dgy denotes another diagonal matrix
whose entries are the m elements of the vector R2, i.e. r1, 7,3, ..., ry. That is
DRl = diag(ro, ri,r, ..., rm_l)

and DR2 = diag(rl, r,Fr3,..., rm)
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1 11 1
Dy =d — =,
R lag(i’o rn'rn’ 77’m—1>
1 11 1
and DR2 —dlag<— —,— ,—>
r'r’r’ T'm

(b) The functions y(¢) is first divided by r(t) and then the resulting function d(t)

is expanded in HF domain
In this case, the samples of the resulting continuous function d(r) = VE’% will be

the results of division of the corresponding samples of the functions y(7) and r
(?). That is

d; =2
Hence
0 _y)
W=~ =5
=ldy d d - di - dmfl]s(m)
+(dy—do) (da—dy) --- (di—di1) - (dn—du1)] T

where, d(tf) is the HF domain representation of d(f) and
do,di,da,...,d;,...,d, are the samples of d(f) at time instants
0,h,2h, ... ih,...mh.

So, at sampling instants, the sample value of d(#) will be division as discussed
before.

Hence,

= Yo Y1 N2 Yi Ym—1
d(r>:[— nozoLn }sw
o r r ¥ -1

e @)
. n N

That is
Zi(t) £ Dgs(m) + D¥T(m) (2.37)

From Egs. (2.36) and (2.37), it is seen that both the results of division are
identical.

Considering two functions y(f) = 1 — exp(—7) and 7(¢) = exp(—1), the result of
their division d(¢) = % = exp(t) — 1, using their individual coefficients (i.e.,
samples), is shown in Fig. 2.13.
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Fig. 2.13 Hybrid function 2.0 " T " T T r T
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2.7 Qualitative Comparison of BPF, SHF, TF and HF

The basic properties of BPF, SHF, TF and HF are tabulated in Table 2.1 above to
provide a qualitative appraisal.

2.8 Conclusion

A new set of orthogonal hybrid function (HF) has been proposed for function
approximation, and its subsequent application to control system analysis and
identification. The set of hybrid functions is formed using the set of
sample-and-hold functions and the set of triangular functions.

The hybrid function set works with function samples, and this makes it more
convenient for use. That is, the expansion coefficients of SHF and TF components
of the HF set are simply the samples of the function to be approximated indicating a
non-optimal approach. Thus, like traditional orthogonal function sets, the HF set
does not use the well known integration formula for coefficient computation. This
presents a faster algorithm, makes the mathematics less involved, and also, reduces
the computation time.

The comparison of the basic qualitative properties of the hybrid function set with
different related orthogonal functions have been presented in Table 2.1.

In the following chapters, it will be shown that the hybrid function set is not only
suitable for function approximation, but it can efficiently integrate time functions as
well. Furthermore, it is a strong tool for various applications in the area of control
theory.
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Table 2.1 Qualitative comparison of BPF, SHF, TF and HF

Property BPF SHF TF HF
Piecewise Yes Yes No (piecewise No (piecewise
constant linear) linear)
Orthogonal Yes Yes Yes Yes
Finite Yes Yes Yes Yes
Disjoint Yes Yes Yes Yes
Orthonormal Can easily be | Can easily be Can easily be Can easily be
normalized normalized normalized normalized
Implementation | Easily Easily Implementation | Easily
implementable | implementable is relatively implementable
complex
Coefficient Involves Needs only Needs only Needs only samples
determination integration of f | samples of f{¢) samples of f{(r) of f(7)
of () (#) and scaling
Accuracy of Staircase Staircase solution | Piecewise linear | Provides two part
analysis solution having less error | solution having | (SHF and TF)
having more than BPF for less error than piecewise linear
error than TF | sample-and-hold | BPF solution having less
systems error than BPF as
well as SHF.
Staircase solution in
SHF mode is
available as a
‘by-product’ by
setting the TF part
of the solution equal
to zero. This gives
an edge to HF
analysis over TF
analysis
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Chapter 3
Function Approximation via Hybrid
Functions

Abstract In this chapter, square integrable time functions of Lebesgue measure are
approximated via hybrid functions and such approximations are compared with
similar approximations using BPF and Legendre polynomials. For handling dis-
continuous functions, a modified method of approximation is suggested in hybrid
function domain. This modified approach, named HF,,, approach, seems to be more
accurate than the conventional HF domain technique, termed as HF, approach. The
mean integral square errors (MISE) for both the approximations are computed and
compared. Finally, error estimates for the SHF domain approximation and TF
domain approximation are derived. The chapter contains many tables and graphs
along with six illustrative examples.

In this chapter, similar to block pulse function [1, 2] domain approximation, we use
the complementary hybrid function (HF) set, combination of the sample-and-hold
function (SHF) set [3] and the triangular function (TF) set [4-6], for function
approximation. Earlier, we presented the principle for the proposed hybrid function
domain expansion where the expansion coefficients were the sample values of the
function to be approximated. The hybrid function set may now be utilized for
approximating square integrable functions in a piecewise linear manner.

The HF set obeys the conditions of orthogonality because it approximates
functions using the linear combination of two orthogonal function sets, namely SHF
set and TF set. For each of the orthogonal function sets, the members of the set
satisfy the criteria of completeness, and hence, this complementary orthogonal set is
a complete orthogonal function set.

3.1 Function Approximation via Block Pulse Functions
(BPF)

A square integrable time function f{¢) of Lebesgue measure [7] may be expanded
into an m-term BPF series in 7 € [0, T) as

© Springer International Publishing Switzerland 2016 49
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m—1
F&) =Y fap(e) fori=0,1,2,....(m—1)
= A F o fioe fud [P (3.1)
2 F?nl)w(m) (t)

where, [ - - -7 denotes transpose and fo, f1, f2, ... , fi» .. fon—1) are the coefficients of
block pulse function expansion. The (i + 1)th BPF coefficient f; is given by

(i+1)h
=y [ roue (3.2)

ih

where, h = Ls.
The coefficients f;s are determined in such a way that the integral square error
[ISE] [7] is minimized.

3.1.1 Numerical Examples

At first we determine the coefficients of a time function f{#) in BPF domain using
Eq. (3.2). We consider the following two examples:

Example 3.1 Let us expand the function f;(¢) = ¢ in block pulse function domain
taking m = 8 and T = 1 s. Following the method mentioned above, the result is

f1(7) = [0.06250000 0.18750000 0.31250000 0.43750000
0.56250000 0.68750000 0.81250000 0.93750000 ¥ 5)(r)

Figure 3.1 shows the original function along with its BPF approximation.

(3.3)

Example 3.2 Now we take up the function f>(¢) = sin(nf) and express it in block
pulse function domain for m = 8 and 7 = 1 s. The result is

f(r) =~ [0.19383918 0.55200729 0.82613728 0.97449537

34
0.97449537  0.82613728 0.55200729 0.19383918 |¥ 5)(1) (3.4)

Figure 3.2 shows the original function along with its BPF domain
approximation.
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3.2 Function Approximation via Hybrid Functions
(HF) [8, 9]

Consider a function f{7) in an interval 7 € [0, T). If we consider (m + 1) equidistant
samples fo,fi1,/2, .- fis.--,.fm Of the function with a sampling period % (i.e.,
T = mh), f(t) can be expressed as per Eq. (2.12) as discussed in Sect. 2.4.
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fO=fo A L - fi o S-S
+[h=f) a=hH) (B=fH) - i—fic) - (o =S1) [ Tim

m—1 m—1 3.5
ZZfiSi+ Z(ﬁ+| - )T (3:3)
i=0 i=0

A F5S,) +F1T()

3.3 Algorithm of Function Approximation via HF

The algorithm of function approximation via hybrid function domain is explained
below in Fig. 3.3.

3.3.1 Numerical Examples

A few functions are now approximated in hybrid function domain using Eq. (3.5).
We consider the following two examples:

Example 3.3 Let us expand the function f(#) = ¢ in hybrid function domain taking
m = 8 and T =1 s. Following the method presented above, the result is

f1(z) = [0.00000000 0.12500000 0.25000000 0.375000000
0.50000000 0.62500000 0.75000000 0.87500000 |Sg)
+[0.12500000 0.12500000 0.12500000 0.12500000
0.12500000 0.12500000 0.12500000 0.12500000]T g,

(3.6)

Figure 3.4 shows the plot of the function fi(f) = ¢ and its hybrid function
approximation, as per Egs. (3.5) and (3.6). It is observed that the exact curve
entirely matches with its HF domain approximation, as is expected for a ramp
function.

Hence, it is apparent that hybrid function domain representation can generally
give the exact presentation of a piecewise linear function.

Example 3.4 Now we take up the function f>(f) = sin(nf) and express it via hybrid
functions for m = 8 and T = 1 s. The result is presented below:

£(r) ~[0.00000000 0.38268343 0.70710678 0.92387953
1.00000000 0.92387953 0.70710678 0.38268343]S s,
+[0.38268343 0.32442335 0.21677275 0.07612047
—0.07612047 —0.21677275 —0.32442335 —0.38268343]T(8)

(3.7)
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Fig. 3.3 The algorithm of
function approximation via
hybrid function domain
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Fig. 3.5 Exact curve for 1.0 y T
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Figure 3.5 shows the plot of the function f5(f) = sin(nt), and its hybrid function
approximation. It is observed that the curve approximated by hybrid function is
much closer to the exact curve compared to the BPF approximation of Fig. 3.2. This
result may further be improved by increasing the number of samples. The closeness
of the results with the exact curves and the pictorial presentation of the original
functions along with their HF domain equivalent show the usefulness of the HF
domain description.

3.4 Comparison Between BPF and HF Domain
Approximations

Figures 3.6 and 3.7 show comparison of block pulse function and hybrid function
based approximations for the functions fi(#) and f>(). It is obvious from the figures
that HF domain approximations are much better than BPF based approximations.

Quantitative estimates of MISE’s of these two approximations are presented in
Table 3.1. If we define an index A which is the ratio of the respective MISE’s of
BPF domain approximation and that of HF domain approximation, we see that, in
case of ramp function, BPF domain approximation is no match for HF domain
approximation. And for the time function f5(¢), the MISE of BPF domain repre-
sentation is about 25 times than that of HF domain. That is, for the sine wave, we
have

_ MISEgpr

A=
MISEyyr

= 25.43420823 (3.8)
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Fig. 3.6 Approximated
curves for fi(f) = t in BPF
domain and hybrid function
domain form=8and T=1s
along with the exact curve.
The HF domain
approximation overlaps with
the exact curve (vide
Appendix B, Program no. 5)

Fig. 3.7 Approximated
curves for f5(f) = sin(nt) in
BPF domain and hybrid
function domain for m = 8 and
T =1 s along with the exact
curve

Table 3.1 Comparison of
MISE’s of function
approximation via BPF and
HF for two time functions, for
m=10and T=2s
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3.5 Approximation of Discontinuous Functions

In some cases, the value of a function changes rapidly, i.e., almost instantly, from
one value to some other higher or lower value. This is termed as a ‘jump discon-
tinuity’. For such a discontinuity, both the left and right limits exist at the jump
point, but obviously they are not equal. An attempt to analyse systems with such
input discontinuities (say) in any orthogonal function domain framework, produces
a large error at the function approximation stage. This error is propagated
throughout the rest of the analysis.

For approximating a discontinuous function g() having jumps at a finite number
of points, i.e., ag, ay, ..., a;, ..., a,,— over a semi-open interval [0, T) we can select
the sampling interval 4 randomly and employ hybrid function approximation
method to come up with a piecewise linear reconstruction of the function g() (let
us call it g(¢)). Obviously, the resulting function g(z) will be a piecewise linear
function with its equidistant break points (i.e., sample points) evenly distributed
over [0, T). Due to random or non-judicious selection of 4, it may so happen that the
sampling instants and jump points may or may not coincide on the time scale.
Rather, coincidence of the sampling instants and the jump points, if any, will
entirely depend on chance. However, judicious selection of the sampling period
h may lead to the best approximation of a time function as far as jumps are
concerned.

Figure 3.8 shows a piecewise continuous function g(¢) in [0, 7) with three jump
points (say) at #;, t, and #; respectively. So, the four time intervals are:

(i) from the origin to the first jump point = #; = a(say)

(ii) from the first jump point to the second jump point =1, —t; = b
(iii) from the second jump point to the third jump point =3 —f, = ¢
(iv) from the third jump point to the end of the interval = 7 — ;3 = d

2(1) —=—

Fig. 3.8 A piecewise continuous function g(#) having three jumps at points #;,#, and 3 over a
period [0, T) seconds
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The reconstruction of such a function in HF domain may be achieved in the
following ways:

Case I For reconstructing this function via hybrid functions, we can take samples
of g(r) very closely with a small sampling period in the regions a, b, ¢ and d,
excluding the jump points. If these samples are now joined by straight lines to form
a piecewise linear reconstruction, the function will be almost truthfully represented
in HF domain in all the four regions. However, such reconstruction will involve a
huge volume of data to represent the jump situations with reasonable accuracy.

Case II We can choose the sampling period % in such a fashion that the sample
points always coincide with all the jump points. To make this happen, /& should be
the GCD of the four time intervals a, b, ¢ and d, where a + b + ¢ + d = T. Then, each
of the intervals a, b, ¢ and d will be divisible by /& and the sampling points over [0,
T) will coincide with the three jump points. This is shown in Fig. 3.9. Under such
circumstances, the HF reconstruction will not be able to indicate truthfully the jump
points of the function g(r). That is, hybrid function domain approximation will
represent the piecewise continuous function g(z) as shown in Fig. 3.9 in magenta.

Case III If we make & to be even smaller, say k, then if k = £, n being an integer,
this will again make the sampling points almost coincide with the jump points and
the HF domain reconstruction will show all the jump situations with reasonable

accuracy, as shown in Fig. 3.10.

Case IV However, if h is not chosen judiciously, then the samples will not
coincide with the jump points and HF domain reconstruction will be de-shaped
compared to the original function and in the reconstructed function the jumps would
be unrecognizable. This is shown in Fig. 3.11, where, the lines CD, EF and FG
represent the function in the regions of discontinuities.

In the following, we discuss a modified HF domain approach for approximating
such functions with jump discontinuities.

t(5) ——=—

Fig. 3.9 The function g(¢) is sampled with a moderate sampling period 4. it is noticed that the
jumps are represented fairly accurately (shown in magenta) in the hybrid function reconstruction
of the function
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g(1) —o=—

I
: i
2 2 i T
1(s) —=—
Fig. 3.10 The function g(#) is sampled very closely with a small sampling period in the regions a,

b, ¢ and d, excluding the jump points. these samples are joined by straight lines to form a piecewise
linear almost truthful reconstruction

B(l) —=—

Fig. 3.11 The function g(¢) is sampled with a sampling period & chosen at random. It is noticed
that the jumps are represented erroneously (shown in magenta) in the hybrid function
reconstruction of the function. In the reconstructed function, no jumps are noticeable

3.5.1 Modified HF Domain Approach for Approximating
Functions with Jump Discontinuities

We know that with conventional HF domain (HF,, say) approximations, we end up
with attractive piecewise linear reconstructions. But when the functions involve
jump discontinuities, the approximations are not so attractive anymore, because a
large amount of approximation error is introduced in the interval containing the
jump, as is obvious from Fig. 3.9. This mars the quality of approximation, and this
error is transmitted through the whole of the remaining analysis to infect the final
results with unacceptable error.

To overcome such situations involving ‘jump functions’ (that is, functions with
jump discontinuities), a modified approach in HF domain (HF,, domain, say) may
be proposed. This approach is superior to the conventional HF,. approach.

For example, to approximate a function as shown in Fig. 3.12, having a jump
discontinuity at ¢ = #4, the HF,,, approach produces much better result than the HF,
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1(s) —=—

Fig. 3.12 A function f5(f) with jump discontinuity at t = #4

approach. For most of the functions, this is so and will be illustrated later in
Sect. 3.5.2. A ‘better’ approximation is always judged by the quantitative factor
mean integral square error (MISE) [2], mentioned in Sect. 1.1.

To illustrate the superiority of the HF,,, approach, we consider a simple delayed
unit step function having a delay of kh seconds, shown in Fig. 3.13a. Using the HF,
approach, the HF domain approximation of u(+ — kh) is shown in Fig. 3.13b,
whereas, Fig. 3.13c illustrates the approximation of u(t — kh) using the modified
HF,, approach. In this approach, we have dropped the triangular function compo-
nent in the kth sub-interval (that is from (k — 1) to k) by making the TF coefficient
zero. This makes the approximation one hundred per cent accurate.

Comparing the figures, we see that while the conventional HF domain
approximation produces a large error (the shaded triangular zone), the modified
HF,, approach produces zero error.

The two approximations can be represented mathematically, as under.

Using HF, approach, the approximation is given by

(a) 4
& :
1 _— :
0 kh T=mh
t(s)
(b) (c)
e 4 i : e ! H
1 o /2 ! 1 S ! ]
0 (k=Dh kh (k+Dh T=mh 0 k 1)11 ih (k+Dh  T=mh
f(s) — f(S)

Fig. 3.13 a Delayed unit step function with a step change at # = kk with b its approximation in HF
domain using conventional approach and ¢ a modified HF domain approach to tackle the step
change leading to a better approximation
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———

)
k zeros all ones kth term

u(t—kh)zlo 01 1}s(m>+ 0 ... 0 1 0 ... 0|Ty

(k—1) zeros all zeros

This is shown in Fig. 3.13b.
If we approximate the same function using the HF,,, approach, the result is

at—kh)= 10 ... 0 1 ... 1[Suy+|0 0 ... 0|T, (3.10)
—_———
k zeros all ones all zeros

as illustrated in Fig. 3.13c.
Now consider the following function

f(t) = (co+kt)u(t) + u(t — 3h)

where, c( is the DC bias and k is the slope of the ramp function. The function is
depicted in Fig. 3.14a. It is noted that the function has a jump of one unit at
t =3 h (say).

This function may be approximated via HF, approach form = 6 and T = 1s as
shown in Fig. 3.14b.

Mathematically, we can write

f_;;([) ~ [C() Cl C C3 C4 C5]S(6)
+l(c1—co) (2—c1) (c3—c2) (ca—c3) (cs—ca) (c6—cs)]T)
= CgS() + CrT(g)

(3.11)
(a) (b) (c)

T 66 * c C6
|
=~ =~ |
o= s :
|
c |
|
|
!

i 1
0 3h T=1s 0 3h T=1s

t(s) ——=— t(s) ——w=—

Fig. 3.14 a A typical time function f4(#) having a jump at r = 3h, b its approximation using the
HF, based approach and ¢ the HF,, approach to approximate the jump discontinuity, for m = 6 and
T=1s
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Now, using the new approach HF,,, we have

fa) =l o a ¢ a cs 1S
+[(c1 —co) (c2—c1) O (ca—c3) (cs—ca) (c6—cs5)]Te
2 CsS(s) + Crs)T(s)
(3.12)

where, J 3(6) is a diagonal matrix, very much like the unit matrix I, but having a zero
as the third element of the diagonal. This special matrix is introduced to handle the
jump discontinuity mathematically and it is defined as

1

0
J3(6) 1 1

3rd 1
term 1

1>

(6x6)

According to Eq. (3.12), the approximated function f4(¢) is shown in Fig. 3.14c.
For any time function f{(t), if the jump occurs at ¢ = kh, then the J matrix becomes

1 -

Jk(m) = 0 (3'13)

o = (mxm)

If the function involved has more than one jump, obviously, the matrix J will
have more than one zeroes in its diagonal at the locations, as discussed. If the
function has no jump at all, the J matrix is simply replaced by the I matrix.

Consider a function with a downward jump at ¢ = kh, shown in Fig. 3.15a.
Figure 3.15b illustrates the approximation of the function using the HF, approach.
Here, the area of the shaded portion is some sort of indicator of the approximation
error, and it is apparent that with respect to MISE, this approximation will incur
more error compared to the approximation based upon the HF,,, approach, shown in
Fig. 3.15c.
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kh 0 kh

t(s) ——=— t(s) ——=— t(s) —=—

Fig. 3.15 a A typical time function having a downward jump at kk, with its approximation using
b the HF, approach and ¢ the HF,, approach, for a typical value of k = 3

3.5.2 Numerical Examples

Example 3.5 Consider the function f4(z) = (0.2 +#)u(z) + u(t — 1) having a jump
discontinuity at t = 1 s.

It may seem that the HF,,, approach always provides a better approximation than
the HF, approach. But it is not always so.

Using Egs. (3.11) and (3.12), approximations of this function via the HF, and the
HF,, approaches is compared graphically in Fig. 3.16a for m = 10 and in Fig. 3.16b
for m = 20.

However, for linear or piecewise linear functions with jumps, we can improve the
reconstruction further. To implement such improvement we need to use both the
HF. and HF,, approaches combined together. It should be kept in mind that a
piecewise linear functions with jump is necessarily a combination of ramp and step
functions. And a jump in such a function is always contributed by a delayed step
function. The function fy(f) of Fig. 3.16 is one such example. For a flawless
reconstruction, the jump points or break points (combination of ramp function
having different slopes) have to coincide with the partition line of two adjacent
sub-intervals, each of duration A.

Now let us again consider the function f4(¢) of Fig. 3.16, which is

falt) = (024 Du(t) +u(t — 1) (3.14)

It is apparent that the function is a combination of step and ramp functions. We
now express the component functions without delay by HF. approach and the
component functions with delay via HF,, approach. It is obvious that the recon-
struction in such a fashion will be exact in nature. That is, form =10 and T =2 s,
we can express the component functions of f4(¢) is HF domain as
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Fig. 3.16 Graphical (a) 4.0 " T " " T
comparison of HF domain (B-A-D) Exact function
approximation with the exact r (B-C-A-D) HF
function, of function f4(¢) of m
Example 3.5 using the HF, 3.0f |* * ¢ B-D)HF,

and the HF,,, approach, for
am=10,T=2s and
bm=20,T=2s (vide
Appendix B, Program no. 6)

0 0.4 0.8 1.2 1.6 2.0

f(s) —v=—

(B-A-D) Exact function
e (B-C-A-D)HF
3.0r | & - e (B-D) HF,

0 0.4 0.8 1.2 1.6 2.0

0.2u(r) =102 02 02 02 02 02 02 02 02 0.2]S

(3.15)
+[0 00 00 0 0 0 0 0]Ty
w(t)=[0 02 04 06 08 10 12 14 1.6 18]Sy (316
+[02 02 02 02 02 02 02 02 02 02]Tyy
ut—1)~[0 0 0 0 0 1.0 1.0 1.0 10 1.0]Syo 5.17)

+[0 00 0 1.0 0 0 0 0 0Js510T(0)
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For Egs. (3.15) and (3.16), we have used the HF, approach, while for Eq. (3.17),
we have employed the HF,,, approach.
Combining the above three equations, we can write

() =[02 04 06 08 1.0 22 24 2.6 28 3.0]S
+[02 02 02 02 02 02 02 02 02 02]Ty, (3.18)
+[0 0 0 0 1.0 0 0 0 0 0)Js510T0)

Thus, the function f;(¢) has been represented through HF domain in an exact
manner. This representation has been shown in Fig. 3.17 along with the exact
function.

Table 3.2 compares the MISE’s of the function via the HF., the HF, and the
combined approaches for different values of m. It is noted that the MISE is much
less for the HF,,, approach for all values of m, but for the combined approach, the
MISE is zero. Figure 3.18 depicts the comparison of MISE’s for different values of
m using all the three approaches.

Example 3.6 Consider the function of Fig. 3.12, having a jump discontinuity at
tq = 1 s (say). Calling this function f5(7), we write

. 2 fort<t,
S = {2—(t—td)2 for t > (3.19)

Consider Fig. 3.19a. If we try to compare the amount of errors of approximation
of the ramp function, it is noted that the areas of triangles AABD and AABC are
rather head to head contenders. If CD = H and CA = xH, then the areas become
equal only when x = '. That is, CA = AD. At this point the errors are exactly equal

Fig. 3.17 Graphical 4.0
comparison of HF domain :
approximation with the exact (B-A-D) Exact function
function, of function f4(¢) of — === Combined HF_ and HF | 3
Example 3.5 using the |
combined HF, and HF,
approach for m = 10 and
T=2s

0 0.4 0.8 1.2 1.6 2.0

1(s) ——=—
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Table 3.2 Comparison of MISE’s for HF domain approximation of the function f;(f) of Example
3.5 using the HF,, the HF,, and the combined approaches for different values m for 7= 2 s (vide
Appendix B, Program no. 7)

Number of MISE using MISE using MISE using combined HF,

sub-intervals used HF, approach HF,, approach and HF,, approaches

(m)

4 0.16666667 0.04166667 0.00000000
0.11111111 0.01234568 0.00000000

8 0.08333333 0.00520833 0.00000000

10 0.06666667 0.00266667 0.00000000

12 0.05555556 0.00154321 0.00000000

14 0.04761905 0.00097182 0.00000000

16 0.04166667 0.00065104 0.00000000

18 0.03703704 0.00045725 0.00000000

20 0.03333333 0.00033333 0.00000000

24 0.02777778 0.00019290 0.00000000

30 0.02222222 0.00009877 0.00000000

Fig. 3.18 Comparison of 0.18

MISE’s for different values of

m for approximation of the
function of Example 3.5, 0.14F T
using the HF, approach, the @ - _
HF,, approach and the -g o.10 |
combined approach (vide o
Table 3.2 and Appendix B, § r MISE, .
Program no. 7) = 006

& !

& 002 \Mﬁn !

=1

[44] : *—o >

§ -0.02| MISE (combined)

o] 10 15 20 25 30
Number of sub-intervals used, m ——=—

-0.06 , : s . ,
0

and it is obvious that if CA > AD (x > 0.5) then the error of HF,, approach based
approximation is larger than HF, based approximation.

But since, for different practical applications we rarely have ramp type functions
which are very steep, for most of the cases, HF,, wins the competition.

Table 3.3 computes the MISE’s of the function f;5(f) of Example 3.6 via the HF,
HF,, and the combined approaches, for two different values of m (m = 12 and 24). It
is noted that the MISE for the combined approach is significantly much less than
that of the other two approaches.
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(a) . (b) :
2.6 (B-A-D) Exact function 36 (B-A-D) Exact function
o+ (B-C-A-D) HF e—e—e (B-C-A-D) HF
22 oo ¢ (B-D) H:FC 22 * oo (B-D) H'Fc
D D
1.8 1.8
:j m=12 | m=24
[
27 i LA :
= = J
Isgn _!r I [
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Fig. 3.19 Comparison of the exact function f3(f) of Example 3.6 with its HF domain
approximations using the HF. and the HF,, approaches, for a m = 12, b m = 24, and
cm =240, for T = 2.4 s. It is to be noted that for m = 240, both the approximations become
indistinguishable from the exact function

Figure 3.19a, b show the HF domain approximation of f3(f) with different
number of segments m and T = 2.4 s using the HF, approach (along the dashed line
BD) and HF,, approach (along the line BCAD).

In Fig. 3.19, with increase in m, both the areas of the triangles AABC and ABDA
reduce and approach zero in the limit. When m is increased to 240, the AABC
reduces almost to a point and the MISE is reduced almost to zero. This is shown in
Fig. 3.19c for m =240 and T = 2.4 s.
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Table 3.3 Comparison of MISE’s for HF domain approximation of the function f5(f) of Example
3.6 using the HF,, HF,,, and the combined approaches for different values m (m = 12 and 24) and
T=24s

Number of MISE using HF, MISE using HF,,, MISE using combined
sub-intervals approach approach HF, and HF,,

used (m) approaches

12 2838.66666667e—05 | 345.33333333e—05 | 5.33333333e—05

24 13961.66666667e—06 | 491.52777778e—06 | 3.33333333e—06

3.6 Function Approximation: HF Versus Other Methods

The essence of function approximation by other functions, e.g., polynomial func-
tions, orthogonal polynomials, orthogonal functions etc., is to satisfy the need of
efficient computing keeping the mean integral square error (MISE) within tolerable
limits. The general form to represent a square integrable function f(¢) via a set of
orthogonal functions is given in Eq. (1.3). Such approximation via HF method may
now be compared with a few other methods.

We consider block pulse functions [1] and Legendre polynomials [10, 11] to
approximate a function of the form f(¢) = exp(t — 1) in ¢ € [0,2) and compare it
with its HF equivalent.

To approximate f(¢) via Legendre polynomials [10, 11], we write

n—1
f(t) ~ Z ciP;
0
where, P; is the (i + 1)th Legendre polynomial and ¢y, cy, ..., c; are the respective

coefficients given by

2i

Ci =

1
1
;L /f(t)P,-(t)dt, i=0,1,23, ...
—1

For the example treated in the following, we consider up to sixth degree
Legendre polynomial. The polynomials are

3 —1 56 — 3t 35t — 3012+ 3
Po(t) = 1,P (1) = t,P(1) :T,Ps(t) :T,Pz;(t) R E—
63 — 7083 + 15¢ 2315 — 315¢* + 1052 — 5
Prlt) =g Pelt) = i6 ~

obtained from the well known recurrence formula for Legendre polynomials.
Figure 3.20 depicts the comparison of the function f{(r) with its approximation
obtained via sixth degree Legendre polynomial. Figure 3.21 compares f{¢) with its
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Fig. 3.20 Comparison of the

function f{(r) = exp(t — 1) with 25¢

its Legendre polynomial Actual f‘mC‘i‘m‘ )
approximated version using ok | F fgg;ﬁ;;“;fﬁ;;ﬁi‘:lm G
up to sixth degree polynomial .

with T = 2 s (vide
Appendix B, Program no. 8) L5r

I

0 0.4 0.8 1.2 1.6 2.0

t(s) ——=—

Fig. 3.21 Comparison of the
function f{(r) = exp(t — 1) with 251 -
its HF approximated version Actual funcnzn )
. _ _ * ¢ ¢ Approximated using
using m =10 and T'=2 s 20 hybrid functions
T 1.5f
1ot
051
L
0 0.4 0.8 1.2 1.6 2.0

1(s) —=—

HF domain approximation for m = 10. Finally, Fig. 3.22 shows the comparison of
(r) with its BPF domain approximation for m = 10.

However, for function approximation via BPF or HF, the sampling theorem has
to be satisfied while selecting the width of sub-interval, h. This takes care of the
accuracy of approximation. And also, to approximate oscillatory functions—that is,
high frequency signals—we need a smaller % to reach useful result, which in effect,
is in compliance with the sampling theorem.

For function approximation via Legendre polynomials, the oscillatory property
is inherently present in the polynomial set which helps in successful approximation
of high frequency signals. Also, the Legendre approach and least squares approach
usually come up with the same result.

In case of HF based approximation, we work with m number of samples and
number of operations for function approximation is only m number of subtractions.
In case of Legendre polynomial based approximation, we need to evaluate as many
as n integrals (for n number of Legendre polynomials) numerically and also we
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Fig. 3.22 Comparison of the
function ir) = exp( — 1) with 28] Actual function
1ts. BPF approximated version Approximated using
usingm =10and T=2s 2.0} BPF

T L5

<10}

0.5
0 0.4 0.8 1.2 1.6 2.0

t(s) —=—

need many addition and multiplication operations. Thus, it is expected that its
computational burden is much more compared to the HF method.

In case of block pulse based approximation, to evaluate each expansion coeffi-
cient we need to perform one numerical integration applying Simpson’s 3/8th rule
or the like. Such integration obviously add to the computational burden by way of
memory as well as execute on time.

Also, hardware implementation of Legendre polynomials is hardly possible, and
for generating BPF’s, we need to take care of the ‘orthogonality error’ via hardware
which is complex. Compared to these hassles, HF is much simpler to generate
because we do not need to construct the sample-and-hold functions or the triangular
functions. Instead, we take samples of the concerned function and produce its
piecewise linear version.

Tables 3.4 and 3.5, along with Figs. 3.23 and 3.24, illustrate the essence of
efficiency of approximation via three different methods.

From Table 3.4, Legendre polynomial based approximation with sixth degree
polynomial fit incurs an error 3.88664563e—12, while for about the same MISE, the
HF domain approximation needs m = 500. In Table 3.5, for BPF approximation
method with m = 128, the MISE is 3.68934312e—005. This MISE is obtained for
m =9 in HF domain.

Data for Tables 3.4 and 3.5 are calculated via MATLAB 7.9 [12] and we have
presented the result up to the eighth place of decimal. It is observed that with
respect to MISE, fifth order polynomial fit of Legendre is somewhat equivalent to
HF approximation with m = 134.

For BPF and HF approximation, such equivalence is obtained with m = 158
(BPF) and m = 10 (HF) for T =2 s.

In Table 3.4, elapsed times are computed for evaluation of the expression f () ~

371 c;P; with Legendre polynomials for different values of n from 1 to 7, and also
respective MISE’s. It is observed that for computations with the index n = 6 and 7,
elapsed times are much less compared to HF with m = 134 and 500 respectively.
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Fig. 3.23 Ratio of Legendre
polynomial approximation
MISE and HF approximation
MISE for T = 2 s (refer to
Table 3.4) for different values
of m where P,(f) (n=0, ..., 5)
denotes the highest degree of
Legendre polynomial used.
Due to inconvenience in
choosing the scale, the last
entry of Table 3.4 is excluded
from the figure

Fig. 3.24 Ratio of BPF
approximation MISE and HF
approximation MISE (refer to
Table 3.5) for different values
of mforT=2s
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This is because, the evaluation of MISE for HF based approximation takes up much
more time for m number of squaring operations and subsequent numerical

integrations.

In fact, for any value of n, i.e., n = 1 to 5, this is true and the elapsed times are
less compared to that of HF based procedure. Had we been able to represent the HF
domain piecewise linear curve by a single analytical expression, suitable for
MATLAB, it is possible that the HF based computations would have taken much

less computational time.

Figure 3.25a, b show elapsed times for MISE computation for Legendre poly-
nomial and HF based approximations. Also, from these two figures, for the same
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Fig. 3.25 MISE and elapsed time (vide Table 3.4) with respect to a number of Legendre
polynomials and b number of sub-intervals m for HF approximation

range of MISE, number of Legendre polynomials required for the approximation
may be compared with the number of sub-intervals (m) required for the HF based
approach.

Also if we use only one sub-interval for HF domain approximation and one
polynomial for Legendre, the MISE for HF based approach is noted as one-third of
that of the Legendre approximation. It proves the effectiveness of HF based
approximation even in smallest number of sub-interval.



74 3 Function Approximation via Hybrid Functions

Fig. 3.26 Comparison of the 20f
function f3(¢) of Example 3.6
with its Legendre polynomial
approximated version using 1.5}
up to sixth degree polynomial
with T=2s (—1s<t<1s)

-1.0 -0.6 -0.2 0.2 0.6 1.0
1(s) —=—

However, for approximation of functions with jump discontinuities, the
Legendre polynomial approach is not the best suited orthogonal polynomial set
compared to hybrid function based approximation. This is because, the Legendre
polynomial set contains only two members, one the constant u(f) and the other unit
ramp function, which are linear. All the other remaining polynomials being of curvy
nature, it is a contention that approximation of ‘jump functions’ by Legendre
polynomials will be met with difficulty.

That this is so, is proved by Fig. 3.26, where the approximation of the function
of Example 3.6 is attempted with seven Legendre polynomials, that is PO(¢) to P6(¥).
It is seen from Fig. 3.26 that such attempt turns out to be a fiasco, whereas with HF,
and HF,,, we have been able to approximate this function in a reasonably well
manner, vide Fig. 3.17.

In Fig. 3.27a, b, comparison has been made between BPF approximation and HF
approximation. It is noted that approximately same range of MISE can be obtained
in HF based approximation using much lesser number of sub-intervals. Also the
elapsed times for MISE computation for HF based computation are comparatively
negligible as obtained in BPF based approximation.

3.7 Mean Integral Square Error (MISE) for HF Domain
Approximations [8]

The representational error for equal width block pulse function expansion of any
square integrable function of Lebesgue measure has been investigated by Rao and
Srinivasan [13], while the error analysis for pulse-width modulated generalized
block pulse function (PWM-GBPF) expansion has been carried out by Deb et al.
[14].
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Hybrid function approximation has two components: sample-and-hold function
component and triangular function component. To present an error analysis in HF
domain, it is obvious that the upper bound of representational error will be com-
prised of two parts: error in the component of sample-and-hold function based
approximation and in the component of triangular function based approximation.

Any time function can be represented by Taylor series as an infinite sum of terms
those are calculated from the values of the function’s derivatives at a single point. In
practice all the time functions are usually approximated using a finite number of
terms of its Taylor series, which gives quantitative estimates on the error. Here the
time function f{¢) first expanded into Taylor series polynomials. The maximum error
that can incur in approximating a function within a time interval is termed as upper
bound of error.

As sample-and-hold function gives a stair-case approximation, two terms of
Taylor series i.e. two-degree Taylor polynomials are sufficient to approximate a
function. Similarly the triangular function gives linear approximation, three terms
of Taylor series or minimum three-degree Taylor polynomials are used to
approximate a function.

3.7.1 Error Estimate for Sample-and-Hold Function
Domain Approximation [2]

Let us consider m cells of equal width & spanning an interval [0, T) such that
T = mh. In the (i + 1)th interval, the representational error is

Ej(1) = |f (1) — f(ih))| (3.20)

The mean integral square error (MISE) is given by

(i+1)h
E 2 / OEOR (3.21)

ih

Now expanding f{(¥) in the ith interval around any point y;, by Taylor series, we
can write,

F0) 2 f () +F () = ) +F () (0 = ) /204 -+ (3.22)

where, y; € [ih, (i+ 1)h]
Neglecting second and higher order derivatives of f(f) and substituting (3.22) in
(3.21), we have
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(i+1)h

E 2 / 0 )+ () (¢ — ) — (i) Y
ih

Now considering

fmax = max{f(:ui)}
Aimax :f(.uz) _f(lh) = max{di}
Hmax = maX{,ui}

Then the upper bound of MISE over the interval [0, T) is [2]

m—1

Z E,2 =E = mhdax [dmax + mhfmax - 2//‘maxfmax}

i=0
. (3.23)

. m-h
+ mhfnzlax 3 + Hmax (:umax - mh)

3.7.2 Error Estimate for Triangular Function Domain
Approximation [3-5]

Let us consider (m + 1) sample points of the function f{(¢), having a sampling period
h, denoted by f(ih), i = 0, 1, 2, ..., m. Then piecewise linear representation of the
function f{f) by triangular functions is obtained simply by joining these sample
points. The equation of one such straight line f(r), approximating f(¢), in the (i + 1)
th interval is

f(t) = mit +f(ih) — im:h (3.24)

Fl+ D)k —f(ih)
5 .
Then integral square error (ISE) in the (i + 1)th interval is

where m; =

(i+ h

Efs [ o -fora 3.9

ih

Let the function f{#) be expanded by Taylor series in the (i + 1)th interval around
the point y; considering second order approximation. Then
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() 2 f ) +F () (0 = 1) +F () (0 = 1) /2! (3.26)
Using Egs. (3.26) and (3.25) may be written as
(i+1)h
[E) = / {{f(lh) — imih — f () + 1 f () }
ih
+ {mi = f () Y1 = f (i) (2 = ,ui)z/2!:| dr (3.27)
(i+1)h )
- / [A+Bt+c(t— ,ui)2:| dr
ih
where
Aéf(lh) imih — f (1) + 1. (1)
2y — (1) (3.28)
C2 — )2

Hence, Eq. (3.27) may be simplified to

B 2’
[E)? = A%h + T(3i2 +3i+1)+ ?(sf‘ +102 4102 4+ 5i 4+ 1) — B*p,C* (4% + 6i° +-4i + 1)

+ 28312 CP (32 + 3i+ 1) — 2023 C2 (26 + 1) + byt C* + ABR*(2i 4 1)
h*BC 4BCy;
o (4 6 i 1) - BCU: (3 1 3i 1 1) 4+ 2BCI2(2i+ 1)

3
2h A T (3 4 3i 4+ 1) — 2K CAw(2i + 1) 4 2hCA Y
(3.29)
Then the upper bound of ISE over m subintervals is given by

m—1

E : zmax -

i=1

:fmax

2 [mO mht m’n m’h? mh 4
W T:umax + T:umax - Tlumax + Tnumax

2m’ — 3m® + m)h
6 - m)hzumax + mh:urznax:|

3mt* —2m3 — mP)h* (6mP — 3m® — m)K
12 6 l’tmﬂx

2

i

— (m

+ f manimax {(

2 2
O g i (3.30)
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where

fiax = max{f (ih), f[(i + 1)A], f (1)},
fmax £ max{f(:ui)7 mi}
fmax é max{f(:ui)} and
Himax £ max{ﬂi}
These maximum values are considered to be the largest over the entire period.

So, Eq. (3.30) gives the upper bound of ISE for the triangular function component.
For simplicity, assume that the function is approximated by first-order Taylor

series expansion. In that case, f(u;) = 0. Then from Eq. (3.28), C = 0.
Equation (3.29) now can be simplified to

B*K?
[E]*= A%h + T(3i2+3i+1) +ABR*(2i + 1) (3.31)

Case I Let us assume that the function f{¢) is a step function. Then,
f(ih) =f(@),m; =0 and f(;) = 0.

This implies, from Eq. (3.29),
A=0,and B =0.
Hence, from Eq. (3.31), we have ISE in the ith interval, i.e.

[E]*=0

Case II If f(7) is a ramp function, then, m; = m, (constant). Since, m, = f(y;), we

have
B =0.
Consider y; =ih+x, 0<x<h.
Then,

[ ;) = fl(ih) +x] = f(ih) + m,x
Hence, from Eq. (3.22), we get
A = f(ih) — m,ih — f(ih) — mx+ (ih+x)m, = 0

Then, from Eq. (3.31), ISE in the ith interval is zero.

Case III Let f(r) be a piecewise ramp function having different slope in different
sampling period. Then, considering the slope to be m; in the ith interval, we have



3.7 Mean Integral Square Error (MISE) for HF Domain Approximations 79

mi =f(y;) and p;=ih+x, 0<x<h

If follows from Eq. (3.28) that A = B = 0, implying zero ISE.

As the result of case II and case III are independent of x, we can conclude that
for a ramp function, whether continuous or piecewise, ISE is zero irrespective of the
magnitude of y;, the focal point of Taylor series expansion.

3.8 Comparison of Mean Integral Square Error (MISE)
for Function Approximation via HF,. and HF,,
Approaches

For the function of Example 3.6, the time interval under consideration is

T = 1+/2s. We have considered an approximate interval of T = 2.4 s and have
approximated the function for different number of m (for m = 12-240). But if we
intend to improve the approximation even more, let us consider 7 = 2.41 s, and
m = 241, so that each sub-interval matches with 0.01 s. It is found that the MISE
remains the same as before, i.e., for m = 240. This indicates, the infinitesimal
change in MISE is not reflected in the approximation.

For different values of m, as mentioned above, the MISE’s for both the
approaches within a specified time zone, are computed and the modified approach
always comes up with less MISE. This has been studied deeply for no less than ten
different values of m and two curves are drawn for approximation of f5(¢) using the
HF, approach and HF,, approach, and as expected, the MISE for HF,,, approach is
always less than the HF, approach. Figure 3.28 represents this fact visually.

Figure 3.27, MISE, and MISE,,, are computed for twelve different values of

m. If we determine the ratio of the errors Rypem = MIISE for each value of m, we

can plot a curve of Ryg., with m. Figure 3.29a shows the variation where, with
increasing m, the ratio Ryg., increases parabolically. Study of Figs. 3.28 and 3.29a
apparently presents a paradox: while both the MISEs converge to zero, with
increasing m, their ratio Ryg.,, increases. This is because the MISE,, converges at a
much faster rate compared to its counterpart MISE,.

To explain this ‘phenomenon’ in more detail, we present Table 3.5 with different
MISEs for approximations via different orthogonal function sets.

Remembering the fact that approximation of a function by conventional hybrid
functions and orthogonal triangular functions yield identical results, in Table 3.6,
MISEs for approximation via modified HF based method, conventional HF based
method (equivalent to triangular function based approximation) and block pulse
function domain approximation are tabulated for ten different values of m from 12

to 240.
Also, the ratios % £ Rygm = Rypen and 1\&1155%” £ Rgppy are defined.




80 3 Function Approximation via Hybrid Functions

@ 0t
0.5r T : : T 125
0.49 100
Elapsed time
0.3 175
1 &
@ 0.2+ 150 B
p= 2
T L]
0.1} -, 425 a
B _“_“
‘—-.._.- .
‘ﬁ—-...__*
0.0F 40
39 60 80 100 120 140 158
Number of sub-intervals ——s=—
) x107*
0.5 . . . . . . . . . 10
0.4 ¢ 18
‘\
[, MISE Elapsed time 4
03f ¥ 16
-1 -+
wl .
v 0.2} . {4 E
2 .x,‘ 2
~ 1 o
\,\ L]
0.1t - {2 H
‘~‘.
- 4
el TSR
0.0 10
5 6 7 8 9 10

Number of sub-intervals ——sm=

Fig. 3.27 Elapsed time and MISE (vide Table 3.5) with respect to number of sub-intervals used in
a BPF based and b HF based approximation

Using the data of Table 3.6, we draw another curve, shown in Fig. 3.29b, to
study the variation of the ratio of MISEgpr and MISE,,, with different values of m. It
is observed that this ratio increases linearly with m.

Studying the two ratio curves, it is noted that for Fig. 3.29a, when m becomes
greater than 100, the curve becomes acutely steep. At the end, when m reaches 240,
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Fig. 3.28 Comparison of MISEs for different values of m, using the HF, approach and the HF,,
approach for approximating the function of Example 3.6, with T =24 s
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Fig. 3.29 Ratio of MISEs of a the HF, approach and the HF,, approach, and b the BPF approach
and the HF,,, approach, for approximating the function of Example 3.6 for different values of m and
T=24s

the magnitude of Rype, becomes 2525.3788, which is very high, tilting the case
significantly in favour of HF based modified approach.

In contrast to the curve of Fig. 3.29a, the curve of Fig. 3.29b is linear, as
indicated above. And at a value of m = 240, the magnitude of the ratio is only
13.1288. This apparently indicates, with increasing m, the rates of convergence to
zero MISE for both the approaches are comparable. But this does not weaken the
case for HF,, approach.

This small ratio 13.1288 keeps one wondering about the established superiority
of HF based approximation over BPF based approximation in general. Though we
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have used HF based modified approach for this special kind of function f3(f) with
one jump, the ratio is still more uncomfortable. For this reason, we investigated cell
wise MISE for three approximations, namely, BPF based approximation and HF
based approximation, both conventional and modified. The results are tabulated in
Table 3.7.

It is noted from the table that for the cell immediately before the jump, MISE is
maximum (=0.34005333) for HF. and minimum (=0.01080889) for BPF. And for
the same cell, for HF,, based approximation, MISE is 0.04085333 which is mod-
erate. But for all other cells, HF,, and HF, methods have the same MISE and its
magnitude is much less than that of BPF method. In fact, the sum of MISEs of all
cells for HF. or HF,, methods, excluding the cell just before the jump, is
0.00058666 (for HF. and HF,;,) and 0.06862221 for BPF. This proves the efficiency
of HF based approximation and indicates its superiority over BPF technique.

Further, when m is increased from 12 to 24 or even higher values, it is noted
from Table 3.6 that HF,, method is always more accurate than BPF based
approximation, while HF. method is not. This proves, HF,, method is the most
competent for handling functions with jumps.

3.9 Conclusion

The orthogonal hybrid function (HF) set has been employed for piecewise linear
approximation of time functions of Lebesgue measure. For HF domain approxi-
mation, the expansion coefficients are simply the samples of the function to be
approximated, where as for BPF [1] domain approximation, each expansion coef-
ficient is determined via integration of the function making the computation more
complex. So is the case for approximation of a function using Legendre polynomial
or any other orthogonal polynomial for that matter. Also, the block pulse function
based approximation, being staircase in nature, incurs higher mean integral square
error (MISE) compared to that via hybrid functions because HF domain approxi-
mation reconstructs a function in a piecewise linear manner.

For linear functions like fi(#) = t, HF domain approximation comes up with zero
mean integral square error (MISE) as expected. This fact is shown in Fig. 3.4. Also,
HF domain approximation proved to be much more accurate compared to equiv-
alent BPF domain approximation. For example, for the function f;(f) = sin(nt),
MISE for HF domain approximation is much less than BPF domain approximation.
These facts are evident from Figs. 3.5, 3.6 and 3.7; Table 3.1. In Table 3.1 the ratio

A= %IISS%BPF is found to be 25.43420823.
HF

For approximation of discontinuous function, the outcome of HF domain
approximation is illustrated via Fig. 3.8 through Fig. 3.11 qualitatively. It is noted
that if the sampling period £ is small enough, hybrid functions could turn out
reasonably good approximation of discontinuous functions. However, the accuracy
of approximation is much improved for most of the functions if we employ a
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modified HF domain approach. Calling this technique the HF,, approach, it has
been established through numerical Examples 3.5 and 3.6 that HF,, approach is
much more accurate than the conventional HF domain approach (named, HF.
approach). Table 3.2 is evidence enough to establish the superiority of the HF,,
approach for eleven different values of m. Figure 3.18 provides the pictorial
translation of Table 3.2 where the fineness of approximation using the HF,,
approach is quite apparent.

For the numerical Example 3.6; Fig. 3.19 compares HF domain approximations
with the exact function for three different values of m, namely, m = 12, 24 and 240
and thus compares effectiveness of approximation via HF, and HF,,, qualitatively.

Function approximation via Legendre polynomials are also compared with HF
approximation. These are illustrated in Table 3.4 and Figs. 3.20 and 3.23. From
Table 3.4, it is observed that with up to sixth degree Legendre polynomial
approximation, the same order of MISE is achieved in HF domain approximation
with m = 500. But with up to fifth degree polynomial approximation, the same order
of MISE is achieved in HF domain approximation with m = 134. However, for BPF
domain approximation with m = 128 and T = 2 s the MISE is 3.68934312e-05 and
for the same order of MISE, HF domain approximation requires only m = 9, vide
Table 3.5.

From Fig. 3.25a, b we find that the HF based approach proves to be more
effective than Legendre polynomial based approximation, in the sense that HF
based approximation provides a better deal even in smallest number of sub-interval.

For approximation of functions with jump discontinuities, again the HF domain
approximation turns out to be the winner compared to Legendre polynomial
approach.

In Fig. 3.27a, b, a comparison of BPF approximation and HF approximation
shows that HF based approximation comes up with the same range of MISE using
much lesser number of sub-intervals compared to its BPF equivalent with respect to
MISE.

From the above discussion, it may be concluded that function approximation
using hybrid functions is more simple as well as advantageous compared to block
pulse function based equivalent approximation. Though Legendre polynomial
based approximation produces good results, computation of its coefficients are
much more tedious and complicated. Further, the HF based approximation works
with function samples which is a great advantage in view of the present digital age.
This advantage is offered neither by BPF approximation, nor Legendre polynomial
based approximation.

For approximating functions with jump discontinuities, the modified HF domain
approach seems to be more efficient than the conventional HF domain approach and
examples have been provided to prove the point. This broadens application suit-
ability of HF domain approach still more.
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Chapter 4
Integration and Differentiation Using HF
Domain Operational Matrices

Abstract This chapter introduces the operational matrices for integration as well as
differentiation. In such hybrid function domain integration or differentiation, the
function to be integrated or differentiated is first expanded in hybrid function
domain and then operated upon by some special matrices to achieve the result.
These special matrices are the operational matrices for integration and differentia-
tion and these are derived in this chapter. Also, the nature of accumulation of error
at each stage of integration-differentiation dual operation is investigated. Four
examples are treated to illustrate the operational methods. Three tables and fifteen
figures are presented for user friendly clarity.

The proposed hybrid function (HF) set has been utilized for approximating square
integrable functions in a piecewise linear manner. The spirit of such approximation
was explained in the previous chapter. As was done with block pulse functions [1,
2], in this chapter, we use the complementary hybrid function sets in a similar
fashion, to develop the operational matrices for integration [3, 4] and these new
operational matrices are employed to integrate time functions in HF domain. These
matrices are finally used for the analysis and synthesis of control systems, for
solving the identification problem from state space description of systems, and
parameter estimation of transfer functions from impulse response data.

4.1 Operational Matrices for Integration

A hybrid function set is a combination of a sample-and-hold function (SHF) [5] set
and a triangular function set [6-8]. Thus, when we express a time function in HF
domain, the result is comprised of two parts, namely, SHF part and TF part. So, to
integrate such a function in HF domain, we need to integrate both the parts.
Integration of each part would again produce SHF and TF parts, the combination of
which is the result of integration in HF domain. This is achieved by means of
operational matrices.
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In order to derive the operational matrices for integration in HF domain, we
proceed in a manner adopted for Walsh and block pulse functions. Here, we con-
sider for both the component function sets separately and develop the integration
operational matrix for each of them to eventually derive the operational matrices for
integration in HF domain [9].

4.1.1 Integration of Sample-and-Hold Functions [5]

First we take up the m-member sample-and-hold function set and integrate each of
its components and consequently express the result in terms of hybrid function.
Figure 4.1a shows the first member S, of the SHF set and Fig. 4.1b shows its
decomposition into two step functions.
Mathematically, S, can be expressed as

So = u(t) —u(t —h)

Subsequent integration of S, produces two ramp functions as shown in Fig. 4.1c,
while Fig. 4.1d depicts the resulting function [ Sy dz. It is noted that the result is
comprised of one triangular function and several sample-and-hold function blocks

[9].

(a) (b)
2 H—
S So
0
0 h
0 h £ (s) —om—
I(S)—--
sy b i
(c) (d)
F
¢ f
P
f [s,at
Slope 1 | .
ISodt I 1 |
h I 1 |
0 1 } |
() —om= 0 h 2h 3h
f(s)—-—
Slope -1 <
N
N

Fig. 4.1 Decomposition of the first member of the SHF set S, and its subsequent integration
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£ (s) —om— £ (s) —o—

Fig. 4.2 Integration of the (i + 1)th member of the SHF set

Figure 4.2 shows the (i + 1)th member of the SHF set and its integration.
Mathematically, the function [ S;dr is given by

/Si(t)dt = (t—ihu(t —ih) — [t — (i+ Dhu[t — (i+ 1)h] (4.1)

It is apparent that integration of the (i + 1)th member of the SHF set produces the
same result of Fig. 4.1d, but with a shift of ik to the right as shown in Fig. 4.2.
Putting different values of i in (4.1), e.g., 0, 1, 2, ..., we can obtain expressions for
integrations of different component SHF’s.

Starting with the first member S, of the SHF set, we integrate each member and
express the result [9] in hybrid function domain. Let us consider four members of
the sample-and-hold function set, i.e. m =4 and T = 1 s and h = T/m. Figure 4.3
shows the result of integration which is comprised of one triangular function and
three sample-and-hold functions. The figure also contains the integration results of
other three SHF’s, namely, S;, S and ;.

Fig. 4.3 Integration of first 1 |-
four members of the SHF set SOT i | . [s,d Al R
0 X4 0 % b % 1
1F---- R
st ] ol T 1
0 4 1 1 %% % 1
R T
st [ [s,art P
0 b % 1 b % 1
1 l/aT ————————————————————
st [s,art /|
0 % 0 7
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Integration of the first member of the SHF set can be expressed mathematically
as

S() TO
/Sgdt:h[O 11 1]§l + h[1 0 0 O] ?
2 2
S3 T3

where, for convenience, we can write
/Sodt: R[O 1 1 I]S(4) + [l 0 O O]T(4) (4.2)

It is noted that, when the first member of the sample-and-hold function set is
integrated and the result is expressed in HF domain, its approximation is comprised
of two parts: sample-and-hold functions as well as triangular functions.

Following Eq. (4.2), the results of integration of the second, third and fourth
members of the SHF set, as shown in Fig. 4.3, may be expressed as

/Sldt

/Szdt:h[O 0 0 1]Sw + A[0 0 1 0]Ty  (44)

h[O 0 1 1]Su + h[0 1 0 0]Tgu (4.3)

/S3dt:h[0 0 0 0]Se + A[0 0 0 1]Ty  (45)

Expressing Eqgs. (4.2)-(4.5) in matrix form, we have

[ Sodt 01 11 1000
Tside| {00 11 0100
18| "o 0 0 1S9t o 1 ofT®
T S3de 0000 000 1
or,
/ ydr = hz Q(4yS(4) + M) Ty (4.6)

where, Iy is the (4 x 4) identity matrix and Q(4) is the delay matrix [3] of order 4,
having a general structure
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(m xm)

where, i =1, 2, 3, ..., (m — 1) and Q) has the property such that
Q= Om)

Equation (4.6) may be expressed as

/8(4) dr = PISS(4) S(4) +P1St(4) T(4) (48)
where,
01 1 1 1 0 0O
Plss(4)éh 8 8 (1) i and PlSt(4>éh 8 (1) ? 8
0000 000 1

The square matrices P1ss, and Plst,, may be expressed in the following
compact form

PlSS(4>=h[[O 1 1 1]] and PlSt<4>=h[[1 0 0 0]]

a b c
in which[a b c]2[0 a b
0 0 a

Following (4.7), in general, for m component functions in each of the SHF set

and TF set, we can write
m—1 )
/ S(m)dt =h Z Ql(m> S(m) + hI(m)T(m) = PlSS(m)S(m) —|—Plst(m)T(m) (4.9)
i=1

where,
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Plss(m)éh o1 ... ... 1 1 and

mterms

Plst,)2h||1 0 ... ... 0 0

mterms

Thus, Pl1ss4, and Plst, are the first order operational matrices for integration
for the sample-and-hold function part.

4.1.2 Integration of Triangular Functions [6]

Figure 4.4a shows the first member T, of the TF set and Fig. 4.4b shows its
decomposition into two ramp functions and one delayed negative step function.

(a) (b) ,
% b/
1 JrSk,p,:l
Ty I,
0
0 h 1(s)—u= h £ () —m—
-1+ s
y 1
\\ Slopc—-;,-
(c) (d)
i 2
|1y at %% |ryat
al.. h| _ i
H A
0
h £ () —o= 0" P p—
 Slope —1
‘\
1 (t-h)?
-3 3 u(t-hn

Fig. 4.4 Decomposition of the first member of the TF set and its subsequent integration. a the
triangular function, b its decomposition into three functions, ¢ integration of the component

functions of (b), and (d) the result of integration after combining all the three component integrated
functions of (c)
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Mathematically, the function T, can be expressed as

1 1
Ty :ﬁt—z(l—h)u(t—h) —u(t—h)
Subsequent integration of the first member 7}, produces two parabolic functions
and one ramp function as shown in Fig. 4.4c. The integrated function may be
expressed as

/ngt:%%—%O _Zh) u(t —h) — (1 — h)u(r — h)

Figure 4.4d depicts the resulting function [ 7T; dz.
Similar to the case for sample-and-hold functions, the mathematical expression
for the (i + 1)th member of the TF set is

1(t — ih)* o 1[t—(i+DhP
/T"dIZZT”(“’m_Zf (4.10)

ult — (i+ 1)k — [t — (i + Dhjult — (i+ 1)A]

Figure 4.5 shows pictorially the result integration of the (i + 1)th member of the
TF set.

Taking different values of i in (4.10), e.g., 0, 1, 2, ..., we can obtain expressions
for integrations of different component TF’s.

Following a similar procedure [1, 6] for other components of the TF set and
using Eq. (4.10), we integrate each member and express the result of integration in
hybrid function domain.

The result of integration of Ty is now to be expressed in HF domain. Since the
HF technique works with function samples, it is apparent that the expansion will be
comprised of one triangular function and three sample-and-hold functions, where,
the triangular function represents the parabolic part of the exact integration.

This is shown in Fig. 4.6. The figure also depicts similar results for the next three
members of the TF set.

This can be represented mathematically as

L bowl o
r /] g0 ® .
0 ih (i+1)h T 0 ih (i+1)h T

t(s) —om= 2 (s) —wm—

Fig. 4.5 Integration of the (i + 1)th member of the TF set
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Fig. 4.6 Integration of first
four members of the TF set
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S0 2 I (4.11)
83 T3

h
1 1 1]5(4)4-5[1 0 0 0]T(4)

Following a similar procedure as in Sect. 4.1.1, we integrate other three members
of the triangular functions set and express the result in HF domain.
Following Eq. (4.11), integration of the second, third and fourth members of the

TF set are given by

/Tldl:
/Tle:

[0

NS

/T3 dr

0 0 1

NS

0 0 0

NS

h
0.0 0]Sy + 5[0 0 0 1Ty

Expressing Egs. (4.11)—(4.14) in matrix form, we have

fT()dl
ledl
szdl
fT3dt

N

0
0 h
0 Swt3
0

SO —= O O

1 0
0 1
00
0 0

OO = =
O = = =

1
0
0
0

(4.12)

(4.13)

(4.14)
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or

A h
/ Taydr =2 QiySw + 51w T (4.15)
i=1

Equation (4.15) can be expressed as

/T(4> dt = Pltsy) S4) + Pltty) Ty (4.16)
where,
01 1 1 1 0 00
Pty 210 0 1 g g 2010 0
00 00 0 0 01

The square matrices P1ts,, and P1tty,, may be expressed in the following
compact forms

Plts, :-[[o I 1 1] and Pltty ==[1 0 0 O]

NS

Hence, as in Eq. (4.8), Plts, and Pltty, are the first order integration opera-
tional matrices for integration of triangular function components of an HF domain
expanded time function.

The following relations are noted amongst the operational matrices:

1
Pits = -P1
s = Plss

1 (4.17)
Pitt = —Plst
2
In general, for an m-set function, similar to (4.9), we can write
h& h
T dt = EZ 5 o Ty = PLtS() Sy + PAtt Ty (4.18)

where,
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NS

mterms

(1>

Plts(m)é—lo 1 ... ... 1 1 and
h
2

Pitt,,

m terms

4.2 Integration of Functions Using Operational Matrices

The integration operational matrices developed for SHF and TF in Sects. 4.1.1 and
4.1.2 will now be used to integrate any time function in HF domain.

Let f(r) be a square integrable function which can be expanded in hybrid function
domain as

f(l) ~ [Co cK, € ... Ci ... Cm,l]S(m)
+[(Cl *C()) (02 *Cl) (6‘3 762) (C,‘*C,;]) (Cm 76,,1,1)}'1'(,,,)
= C5S(m + Cr T
(4.19)
where, co,cy,c2,...,c are (m + 1) equidistant samples of f{f) with a sampling

period % and [...]" denotes transpose.
Integrating Eq. (4.19) with respect to ¢, we get

/ f(0)dt ~ / C3S(mydt + / CIT () dt
= Cg / S(m)dl‘—‘r C% / T(m)dt
= Cg [PISS(m)S(m) + PlSt(m)T(m)] + C$ [PltS(m)S(m) + Pltt(m)T(m)]
1
T T
= |:CS + ECT:| [PlSS(,H)S(m) + PlSt(,,oT(m)}
(4.20)

where we have been made of the relations (4.17).
Now we use (4.20) to perform integration of a few simple square integrable
functions.
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4.2.1 Numerical Examples

To show the validity of Eq. (4.20), we first compute the exact integration of time
function f{f) and then expand it directly in HF domain. Then we perform the same
integration via operational technique using Eq. (4.20) and compare the results with
the previous one.

Example 4.1 We integrate the function fi(r) = ¢ via hybrid function method taking
T=1s,m=8and h=T/ms.

Exact integration of the given function is £ and direct expansion of 2 in hybrid
function domain, using Eq. (3.5), is

t
/fl(r)drzgz[0.00000000 0.00781250 0.03125000 0.07031250
0

0.12500000 0.19531250 0.28125000 0.38281250]S5)

+ [0.00781250 0.02343750 0.3906250 0.05468750

0.07031250 0.08593750 0.10156250 0.11718750 T s,
(4.21)

In hybrid function domain, the function fi(f) = ¢ is expanded directly as

fi(r) =t =~ [0.00000000 0.12500000 0.25000000 0.37500000
0.50000000 0.62500000 0.75000000 0.87500000]S s,
+ [0.12500000 0.12500000 0.12500000 0.12500000
0.12500000 0.12500000 0.12500000 0.12500000]T g,

(4.22)

Putting the values of Cg and CTT from Eq. (4.22) in Eq. (4.20), we perform
operational integration of the function f(#) in hybrid function domain to obtain

t 2
/fl(r)dfzzz[0.00000000 0.00781250 0.03125000 0.07031250
0

0.12500000 0.19531250 0.28125000 0.38281250]S )

+ [0.00781250 0.02343750 0.03906250 0.05468750

0.07031250 0.08593750 0.10156250 0.11716750]T g,
(4.23)

In Fig. 4.7, we compare the results obtained via direct expansion using
Eq. (4.21) and using the HF domain operational technique via Eq. (4.23). It is
observed that for the function fi(¢) = ¢, the result of direct integration and subsequent
HF domain expansion, and integration by the operational method are identical. That
is, in this case, percentage error is zero as shown in Table 4.1.
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Fig. 4.7 Comparison of 0.50
integration of the function bi =
I wrect expansion

ho = rvia ® dlr.eCt | | ® e Viaoperational matrix
expansion of the integrated * 0.40 for integration
function in HF domain
[Eq. (4.21)] and (i) using HF = ]
domain integration WY
operational matrices k)
[Eq. (4.23)]. It is noted that § |
the two curves overlap E) s

@

=

0.10
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Example 4.2 Now we integrate the function f5(f) = sin (@f) in hybrid function
domain taking 7= 1s, m = 8 and h = T/m s. The exact integration of the given

function is [1 — cos(n#)]/m and direct expansion of [1 — cos(n )]/ in HF domain
is

/0 ' (2)dr = [1 — cos(nn)]/

~ [0.00000000 0.02422989 0.09323080 0.19649796
0.31830988 0.44012180 0.54338896 0.61238987]S s,
+ [0.02422989 0.06900090 0.10326715 0.12181191
0.12181191 0.10326715  0.06900090 0.0242298|T s,

(4.24)

The function f5(f) = sin(nf), when expanded directly in hybrid function domain,
is expressed as

J2(2) = sin(mz) ~ [0.00000000 0.38268343 0.70710678 0.92387953  1.00000000
0.92387953  0.70710678 0.38268343]S g
+ [0.38268343 0.32442334 0.21677275 0.07612046 — 0.07612046
—0.21677275 — 0.32442334 — 0.38268343|T s,

(4.25)
Putting the values of Cg and Ci from Eq. (4.25) in Eq. (4.20), we perform

operational integration of the function f5(¢) = sin (n¢) in hybrid function domain to
obtain
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Table 4.1 Comparison of
samples obtained via two
methods and percentage error
for (a) SHF coefficients and
(b) TF coefficients for the
function fi(¢) = ¢

99

1(s) Direct Via operational % Error

expansion method
a Sample-and-hold function domain coefficients
0

0.00000000 0.00000000 -
1

0.00781250 0.00781250 0.00000000
%

0.03125000 0.03125000 0.00000000
3

0.07031250 0.07031250 0.00000000
§

0.12500000 0.12500000 0.00000000
%

0.19531250 0.19531250 0.00000000
g

0.28125000 0.28125000 0.00000000
%

0.38281250 0.38281250 0.00000000
%
b Triangular function domain coefficients
0

0.00781250 0.00781250 0.00000000
%

0.02343750 0.02343750 0.00000000
%

0.03906250 0.03906250 0.00000000
%

0.05468750 0.05468750 0.00000000
8

0.07031250 0.07031250 0.00000000
3

0.08593750 0.08593750 0.00000000
§

0.10156250 0.10156250 0.00000000
%

0.11718750 0.11718750 0.00000000

ooloo
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Fig. 4.8 Comparison of integration of the function f5(f) = sin (nf) via (a) direct integration and
subsequent expansion of the integrated function in HF domain [Eq. (4.24)] and (b) using HF
domain integration operational matrices [Eq. (4.26)]. It is noted that the two curves almost overlap
(vide Appendix B, Program no. 11)

/Olfz(r)dr =[1 —cos(nt)]/n

~ [0.00000000 0.02391771 0.09202960 0.19396624 0.31420871
0.43445118 0.53638783  0.60449972]Ss,
+[0.02391771 0.06811188 0.10193664 0.12024247 0.12024247
0.10193664 0.06811188 0.02391771]T g,

(4.26)

In Fig. 4.8, the result of above integration via direct expansion and by the
operational method are plotted. It is noted that the two results are very close. This is
also apparent from Table 4.2, which shows the results from Eqs. (4.24) and (4.26).
It is seen from the table that percentage error is very small and reasonably constant
over the time interval of interest.

4.3 Operational Matrices for Differentiation [10]

4.3.1 Differentiation of Time Functions Using Operational
Matrices

Let a square integrable function f(r) of Lebesgue measure be expressed in HF
domain, for m = 4, as
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Table 4.2 Comparison of (s) | Direct Via operational % Error
samples via two methods and expansion method

percentage error for (a) SHF
coefficients and (b) TF

a Sample-and-hold function domain coefficients

coefficients for the function 0
() = sin (r), (vide 0.00000000 0.00000000 -
Appendix B, Program no. 11)
0.02422989 0.02391771 1.288408656
%
0.09323080 0.09202960 1.288415416
3
0.19649796 0.19396624 1.288420501
i
0.31830988 0.31420871 1.288420579
%
0.44012180 0.43445118 1.288420614
g
0.54338896 0.53638783 1.288419625
i
0.61238987 0.60449972 1.288419418

ooloe

b Triangular function domain coefficients
0

0.02422989 0.02391771 1.288408656
8

0.06900090 0.06811188 1.288417977
%

0.10326715 0.10193664 1.288415532
%

0.12181191 0.12024247 1.288412603
8

0.12181191 0.12024247 1.288412603
5

0.10326715 0.10193664 1.288415532
§

0.06900090 0.06811188 1.288417977

0.02422989 0.02391771 1.288408656

ooloo
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fy=[co c 2 3]Suy+[(c1—co) (ca—c1) (e3—ca) (ca—c3)|T
AC5Sw) +Cr Ty
(4.27)

When a function f{r) is expressed in HF domain, it is converted to a piecewise
linear function in [0, 7). If this converted function is differentiated, the result will be
a staircase function. For such a function, any attempt to compute the higher
derivatives will give rise to delta functions as well as double delta functions.

To avoid this difficulty, we compute the first derivative from the samples of the
function f{¢) by taking appropriate first order differences. Thus, from Eq. (4.27), we
can write

foymille—co) (e—a) (o-e) (o-e)Sy
t il —a)— (@ —a) {le-e)-(@-a)
{ca—c3) = (3 —c2)} {les —ca) = (ca—c3)} T (4.28)

Let there be two square matrices D4y and D4y such that which, when operated
upon the Sy, vector and the T, vector of Eq. (4.27) respectively, yield Eq. (4.28).
That is, D, acts as the differentiation matrix in sample-and-hold function domain
and D) acts as the differentiation matrix in triangular function domain. Thus,
Eq. (4.28) may now be written as
f@)=[co c1 ¢ c3]DsySuy+[(c1—co) (c2—c1) (e3—ca) (ca—c3)Dray T

1
=—[(c1—co) (ca—c1) (c3—c2) (ca—c3) ]5(4)

h
Falle—e) (e —a) {6 -e)-(e-a)
{(es —c3) = (3 —c2)t {(es —ca) = (ca —c3) Ty
Thus, for D), we can write
[co 1 ¢ 03]D5(4) = %[(Cl —co) (c2—c1) (c3—c2) (ca—c3)]

Solving for Dg, algebraically, we have

1 0 0 0
1l 1 -1 0 o0
Dswy=21 0 1 -1 o0 (4.29)
o o 1 e

Similarly, for the differentiation matrix D, in triangular function domain, we
can write
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[(c1—co) (ca—c1) (c3—c2) (ca—c3)Dry

= e —e)— (@ -a) {-a)-(@-a)

{(ea—e3) = (3 —c2)} {(es —ca) = (ca —3)}]

Solving for D), we have

—1 0 0 0
1 1 -1 0 0
Dry=210 1 -1 0 (4.30)
0 0 1 (CS*;‘-’Q:(‘(‘A*CB)
C4 13)

Following Egs. (4.29) and (4.30), the generalized matrices of order m may be
formed from the following equation, where m component functions have been used.
That is

[(c1—c0) (c2—c1) (c3—c2) ... (em—cm1)]Swm
[{(szcl)f(cl 7C0)} {(C37()2)7(C2*C1)} {(Cnx+1 70,,1)7(0,"7@”,1)}]1‘(,,,)
(4.31)

Thus, the general forms of differentiation matrices, Ds,,) and Dy, are given by

—1 0 ... 0 0
o 0 0
0 0 1 Cm—1 (m x m)
-1 0 0 0
| 1 -1 ... 0 0
Drimy =+ b ? " 33
ce (em—Cm—1) (m x m)

4.3.2 Numerical Examples

Example 4.3 Let us consider a function f5(f) = 1 — exp(—?).
Expanding it in HF domain, for m = 10 and 7 = 1 s, we have
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f(r) = [0 0.09516258 0.18126924 0.25918177 0.32967995
0.39346934 0.45118836 0.50341469 0.55067103 0.59343034]S ;)
+[0.09516258 0.08610666 0.07791253 0.07049818 0.06378939
0.05771902  0.05222633  0.04725634 0.04275931  0.03869021]T ;0

(4.34)

Now we differentiate the function given in (4.34) using the matrices of
Egs. (4.32) and (4.33) for m = 10. The result of differentiation in HF domain is
obtained as

):3(1)%[0.95162581 0.86106664 0.77912532 0.70498174 0.63789386
0.57719023 0.52226332 0.47256339 0.42759304 0.38690218]S 10
+[—0.09055917 —0.08194132 —0.07414358 —0.06708788 — 0.06070363
—0.05492691  —0.04969993  —0.04497035 —0.04069086 — 0.03681861]T ;)

(4.35)

Direct expansion of the function exp(—?), that is f3(¢), in HF domain is

f3(f) = [1.00000000 0.90483741 0.81873075 0.74081822 0.67032004
0.60653065 0.54881163 0.49658530 0.44932896 0.40656965]S 10
+[—0.09516259 —0.08610666 —0.07791253 —0.07049818 — 0.06378939
—0.05771902  —0.05222633 —0.04725633 —0.04275930 — 0.03869021]T ;)

(4.36)

Figure 4.9 shows the direct expansion of the original function f3(¢) and its
derivative f3(¢) in HF domain using Eqs. (4.34) and (4.36). The figure also includes HF
domain representation of f3(¢) obtained via Eq. (4.35), using differentiation matrices.

From the curve, it is seen that at ¢ = 0, the curve f3(¢) deviates from its exact
value 1. This deviation may be reduced by increasing m. That is, an increased value
of m will make the differentiated curve start from a value more close to 1 on the y
axis at = 0.

Example 4.4 Let us consider a function f4(f) = sin(nt)/n. Expanding it in HF
domain, for m = 10 and T = 1 s, we have

fa(2) ~[0.00000000 0.09836316 0.18709785 0.25751810 0.30273069
0.31830988 0.30273069 0.25751810 0.18709785 0.09836316]S 10
+[0.09836316 0.08873469 0.07042025 0.04521258 0.01557919
—0.01557919  —0.04521258 —0.07042025 — 0.08873469 — 0.09836316]T )

(4.37)
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Fig. 4.9 HF domain direct 1.2 - — — -
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derivative f3(r) along with Ny differentiation via HF
. . . r “--._b o=+ o= o Deerivative via differentiation |
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1(s) —o=—

Now we differentiate the function given in (4.37) using the matrices of
Egs. (4.32) and (4.33) for m = 10. The result of differentiation in HF domain is
obtained as

f.;;(t) ~ [0.98363164 0.88734692 0.70420250 0.45212584 0.15579194
—0.15579194  —0.45212584 —0.70420250 — 0.88734692 — 0.98363164]S )
+[—0.09628471 —0.18314441 —0.25207666 — 0.29633389 — 0.31158389
—0.29633389  —0.25207666 — 0.18314441 —0.09628471 — 1.55431223e — 015]T 4

(4.38)

Direct expansion of the function cos(n?), that is f4(¢), in HF domain is

f:;(z) ~ [1.00000000 0.95105651 0.80901699 0.58778525 0.30901699
0.00000000  —0.30901699  —0.58778525 —0.80901699  — 0.95105651]S ;0
+[—0.04894348  —0.14203952 —0.22123174 —0.27876825 — 0.30901699
—0.30901699 —0.27876825 —0.22123174 —0.14203952  — 0.04894348]T ()

(4.39)

Figure 4.10 shows both the original function f4(¢) and the differentiated function
fa(t) expressed as HF domain direct expansions [using Egs. (4.37) and (4.39)]. For

comparison, f4(¢) obtained via HF domain differential matrices [Eq. (4.38)] is also
plotted. On increasing sample density, that is m, the HF domain differentiated curve
moves closer to the exact solution.
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4.4

f(S}—l-—

Accumulation of Error for Subsequent

Integration-Differentiation (I-D) Operation in HF

Domain

It is obvious that integer integration using the integral operational matrices intro-
duce error since the operation is approximate. So do the operational matrices for
differentiation, when any time function is differentiated in HF domain. Hence, it is
apparent that subsequent integration-differentiation (I-D) operation on a function in
HF domain would fail to come up with the original function, unlike the exact I-D

operation.

In the following, accumulation of error for subsequent I-D operation is studied in
detail with table and characteristic curves.
For m = 4, we expand a function f(¢) in HF domain, as shown in Eq. (4.27), to

write

f(1) =[co
A ~T T
=CsS) + CrTy

€1

2 ¢3]Suy+[(c1 — o)

(c2—c1) (c3—c2) (ca—c3)|T

Now integrating f(¢) using the operational matrices gives

(say)

/ f(dt2F(r) ~ h [cg + ;Cﬂ (P11 Sw) +1Tw| £F(1)

where P;; = [0

1

1 1] and I is an identity matrix of order 4.

It may be noted that P1ss = h Py;.



4.4 Accumulation of Error for Subsequent Integration-Differentiation ... 107

Thus
F(t) = g[(CQ-f—C]) (c1+c2) (c2+c3) (c3+ca)][PiiSuy +1Tw)]
“leote) (@re) (re) (ore)Pusy
Fwtea) (ate) (ore) (o+e)Ty
=200 (te) {re)tleten) {leote)+late)+(ote)sy
leote) @re) (@te) (ote)Ty

(4.40)

Now, it is of interest to estimate the accumulation of error for subsequent
integration-differentiation operation (I-D operation) on a function f{z).

To achieve this end, we differentiate F(¢) of Eq. (4.40) using Ds) and D).
Usually, exact integration-differentiation always yields f(r) itself. But since HF
domain operational calculus is somewhat approximate, the resulting function is
expected to deviate from the HF domain representation of f(r).

Differentiating F(z) using Ds) and D), we have

4

£10) = S IFO1 270,

[0 (cotc1) {(coter)+(ci+e2)} {(coter)+(cr+ea)+(ca+e3)} DsaySe

d

h

2
h

+ z[(C0+C|) (C] +C2) (6‘2+C3) (C‘3+C4)]DT(4)T(4)

Substituting Dgy and Dy, from Egs. (4.29) and (4.30), we have

fihpi=5lleote) (@te) (@te) (otea)sy

+%[{(61+02)*(Co+61)} {lata)—(c1+)} {(s+cs)—(c2+c3)}
{(eates) = (c3+ca)} Ty
e & & ABwrld-d) @-c) G-d) G-
(4.41)
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The result obtained in Eq. (4.41) is somewhat deviated from f(¢) the original HF

domain expansion of f{f).

Similarly, subsequent I-D operation upon the function f(#); , produces a

function still more deviated from f(t).

For two subsequent I-D operations on the function f(¢), namely f (t);_po» the

result is
fOipa=leg o & 8w+ [(f —cg) (5—=cf) (=) (ch—cf)]Tw
(4.42)
where,
1 1
Cg = 1{(C0+C1) —+ (C1 +(,’2)} = Z(CO+2C1 +C2)
1 1
c/{ = Z{(cl +e)+(cate)l = Z(Cl +2¢+¢3)
1
= Z{(CZ +c3)+(c3+c)} = Z(Cz +2¢3+¢4)
1 1
s =g{les+e)+(cates)t = gles+2e+0s)
1 1
and ¢} = Z{(C4 +cs)+(cs+ce)} = Z(C4 +2¢s5 +cg)
After three such operations, we have
f(t)I—D‘S é [cgl C/IN Cl2” Cg/ ]S<4) (4 43)
) @) @) @y ¢
where,
L, L1 1 11
cy = 5 Z{(Co -I—Cl) + (Cl +Cz)} + Z{(Cl +Cz) + (62 +C3)} = g(t‘o + 3¢y + 3¢ +C3)
11 1 1 1
o = 3 Z{(cl +a)+(ea+e)}+ Z{(cz +e3)+(cta)}| = g(cl +3c+3c3+ca)
1 :1 1 7 1
oy = 3 Z{(CZ +c3)+ (c3+ca)} + Z{(C3 +ca)+(cates)} = g(Cz +3c343c4+cs5)
1 :1 1 7 1
¢ = 3 Z{(CS +c4) 4+ (catcs)}+ Z{(C4 +es)+(es+ce)}| = g(cs +3c4 43¢5 +¢6)
n l :l 1 : l
¢ =5 |glleates)+es+eo)}+ ;{(es+co) +(co+er)}| = gleat3es+3cs+cr)
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From inspection of Eqs. (4.41), (4.42) and (4.43), we can write down the
expression for HF coefficients obtained after n-times repeated I-D operations in
terms of the HF coefficients of the original function.

Thus, the kth coefficients of the SHF components are

n!
c”(k)z"Cj:m for 0<j<nmandl<k<(n+1) (4.44)
where, n is the number of I-D operations executed, and, ¢; is the coefficient of jth
element of the SHF coefficient matrix after n repeated I-D operations.
The coefficients for the TF components can easily be derived from Eq. (4.44).
Now, let us define an index called ‘Average of Mod of Percentage’ (AMP) error,
which is given by

M-

, |8j!
1

(1>
<
Il

AMP error, &,y(r) (4.45)

r

where,

r is the number of sample points, or number of items, or elements considered,
g; is the percentage error at each sample point (or, percentage error for each item or
element, as may be the case).

Figure 4.11 shows increasing trend of the Average of Mod of Percentage
(AMP) error with subsequent I-D operations for a particular function f{f) = ¢, using
only ten equidistant samples of the function. Though this pattern is somewhat
function dependent, it is interesting to note that the pattern traces a ramp function.
When the starting function is considered to be f(z) = sin(nt), once again the
variation of the AMP error with number of I-D operations resembles the pattern of a
sine wave. This is shown in Fig. 4.12.

Table 4.3 compares the SHF coefficients of the original function f{(r) = ¢ with its
SHF coefficients obtained after five subsequent I-D operations for m = 10 and
T =1 s. Also, the AMP error is computed.

From Table 4.3, the fourth sample was chosen arbitrarily and its shifting to more
erroneous zone due to subsequent I-D operations in HF domain is depicted in
Fig. 4.13.

Figure 4.14 shows the decaying nature of the AMP error with increasing number
of sub-intervals, for four subsequent I-D operations of a typical ramp function over
a time interval of 7 =1 s.

Therefore, for a particular need of subsequent I-D operations, the error can be
reduced by considering a larger number of samples within the particular time span.
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Figure 4.15 shows the deviation of the function f(¥) = sin(nf) from its original
form with successive I-D operations.

4.5 Conclusion

In this chapter, the integration operational matrices for sample-and-hold functions
and triangular functions are derived independently. Integration of the SHF part
produces both SHF and TF components and the result is expressed in HF domain
using two operational matrices, as shown in Eq. (4.8). Integration of TF compo-
nents, like that of SHF part, also gives rise to both SHF and TF components, vide
Eq. (4.16). In fact, a total of four operational matrices are used conjunctively to
perform integration in the HF domain and the result of integration is again com-
prised of SHF and TF.
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Table 4.3 Comparison of the SHF coefficients of the function f(r) = ¢ before and after five
successive I-D operations form =10 and T=1s

1(s) SHF coefficients of the SHF coefficients of f{r) = t after % Error AMP
original function f{r) = ¢ five subsequent I-D operations error
0
0 0.25 _
0.1
0.1 0.35 —250.00
0.2
0.2 0.45 —125.00
0.3
0.3 0.55 —83.33
0.4
0.4 0.65 —62.50 78.58
0.5
0.5 0.75 —50.00
0.6
0.6 0.85 —41.67
0.7
0.7 0.95 —35.71
0.8
0.8 1.05 —31.25
0.9
0.9 1.15 —27.78
1.0
Fig. 4.13 Variation of a 0.6F y ; T T e
typical SHF coefficient03 | P
(vide Table 4.3) for the 0.5 __,"“"'“‘. y
function f(_t) =t for m = 10, t o
T =1 s with number of e
successive I-D operations 0.4} e ol ]
‘E e ® -
E 0.3¢ 0 g
8
0.2¢ ]
5
0.1 ]
0 1 2 3 4 5 6

Number of I-D operations ——sme=-
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The integration operation is illustrated via a few examples. That is, the function
f1(® = t has been integrated in an exact manner and the result is expanded in HF
domain.

Further, the function f(#) = ¢ is represented in HF domain and is then integrated
using Eq. (4.20). These two results are compared in Table 4.1. Figure 4.7 also
depicts this comparison for better clarity.

In Table 4.1, it is noted the percentage error is zero. This implies that for linear
functions, HF domain integration results are identical with the exact solutions.
However, for the second example, that is, the function f5(f) = sin(mf), shown in
Fig. 4.8, the results of integration via the two methods are not identical but very
close. Both the results are tabulated and compared in Table 4.2.

The hybrid function (HF) set has been used to derive the operational matrices for
differentiation as well. These matrices can be used for differentiation of functions in
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hybrid function domain. The operational matrix Dg, acts as the differentiation
matrix in sample-and-hold function (SHF) domain while Dy, acts as the differ-
entiation matrix in triangular function (TF) domain. These matrices are presented in
Egs. (4.32) and (4.33).

Figures 4.9 and 4.10 show graphically the application of differential operational
matrices for two typical time functions and also compare the same with respective
direct expansion in HF domain.

It is apparent that successive integration-differentiation (I-D) operation upon any
time function in HF domain accumulates error in the result. That is, we do not get
back the original time function as we do for exact I-D operation. The effect of HF
domain I-D operation is thus of interest and has been studied. Figures 4.11 and 4.12
show typical curves for accumulation of errors for such repeated I-D operations of
two different time functions, ¢ and sin(mr).

The time function f{(r) = ¢ has been subjected to five successive [-D operations
considering ten sub-intervals over a period T = 1 s. For such successive operations
Table 4.3 shows the error accumulated at different sample points, i.e., the SHF
coefficients. As a typical case study, deviation of a sample 0.3 of the function after
each I-D operation, has been tracked. Figure 4.13 shows the locus of the sample
moving more and more into the erroneous zone. However, as is obvious, with
increasing number of sub-intervals within a fixed time period, the error reduces.
This is shown in Fig. 4.14 where for four successive I-D operations upon the
function f{(¢) = t, the AMP error goes down exponentially with increasing m.

Figure 4.15 shows deviation of a function f{(r) = sin(nf) with successive [-D
operation for m = 20 and T = 1 s. It is noted that the original function shifts with
each I-D operation, but reasonably maintains the shape of the original. However,
this is merely function specific.
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Chapter 5
One-Shot Operational Matrices
for Integration

Abstract This chapter is devoted to develop the theory of one-shot operational
matrices. These matrices are useful for multiple integration and, in general, are
superior to repeated integration using the first order integration matrices. Theory of
one-shot operational matrices is presented and the one-shot operational matrices of
n-th order integration have been derived. Three examples with nine figures and four
tables elucidate the technique.

In this chapter, the hybrid function set has been utilized to derive one-shot oper-
ational matrices [1, 2] for integration of different orders in HF domain. These
matrices are employed for more accurate multiple integrations. That is, in case of
repeated integrations, one may use the first order integration matrices, derived in
Chap. 4, repeatedly. But this will lead to accumulation of errors at each stage, and
finally such error may disqualify the result to be of any further use.

In case of Walsh [1] and block pulse functions [2, 3] such one-shot matrices
were derived, and accumulation of errors was avoided. For hybrid functions, things
are a bit different because the hybrid function domain theories always deals with
function samples. But in this case also, the accumulation of errors is avoided and
much better results are obtained.

After derivation of the one shot matrices of different orders in HF domain, they
are used for many numerical examples to bring out the difference in computations
of multiple integrals by using (a) the first order integration matrices repeatedly and
(b) the one shot matrices only once.

First of all, second and third order one-shot operational matrices are derived and
then the general form of (m X m) integration matrices for n times multiple inte-
gration are derived. Superiority of these matrices over the repeated use of first order
integration matrices is strongly established from the examples treated here in.
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5.1 Integration Using First Order HF Domain Integration
Matrices

For first-order integration of sample-and-hold [4] function component, referring to

Eq. (4.9), we have
/S(m)dt = PISS(m)S(m) + PlSt(m)T(m>

Plss;y 2A[0 1 o oo 1 1] 51)

where,
Plst,) = h[ 1 0 }

0 0 ﬂ (mxm)

Similarly, for first-order integration of triangular function component [5, 6]
referring to Eq. (4.18), we have

/ T(m>dt = PltS(m)S(m) +P1tt<m)T(m)

where,
} (5.2)

PltS(m 1 oot 1 1 ]] (mxm)

[o
Pltt,) 2 5[1 0 -+ -+ 0 0]

Lk
)~ 2
L L
)T 2

Using Egs. (4.9), (4.17) and (4.18), we get

1

We know that the operational matrix for integration in block pulse function

domain is given by [2]
L T 1 1
(5.4)

Using Egs. (5.1) and (5.2), we can write the following relations

=P, (5.5)

Plst,,
P1 =2P1t Pltt
SS(m) T S(m) T E1 )

If a square integrable function f{¥) is expanded in hybrid function [7] domain as

per Eq. (4.19), we can write
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f=fc e e o Cu)|Sw)
+ [(Cl - CO) (02 - Cl) (C3 —c) o (em— cmfl) ]T(W,)(t) (5-6)
= Cgs(m)(t) +C¥T(m)(t)

where, T denotes transpose.
Then integration of the time function f{r) with respect to ¢, referring to Eq. (4.20),
we have

1
/f(t) dr =~ |:C£ + 2C$:| [PlSS(m)S(m) + PlSt(m)T(m)] (57)

5.2 Repeated Integration Using First Order HF Domain
Integration Matrices

Already we know that

/ Smydt = P18S(,) S,y + Plst () T )
and

/ Tt = P1ts () S + P1tt () T

So we can write

//S(m)dt = PlSS(m)/S(m)dl-i-PlSt(m)/T(m)dt

= P1ss(,,) S () + P185( Pst) T

m

+ PlSt<m)P1tS(m)S(m> + Plst(m)Pltt(m)Tw)

Using the relations (5.3) and (5.5) in (5.8), we get

PlSt(m)
//S(m)dl = PlSS(m) + > [PISS(,,,)S(,,,) —l—PlSt(m>T(m)] = P(m) /S(m)dl‘

(5.9)

With n times repeated integration of the S, vector, we get


http://dx.doi.org/10.1007/978-3-319-26684-8_4
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[ynl/&mmng”/swm where n = 2,3, 4, ... (5.10)
—_—

Similarly, repeated integration of T, vector gives

(n—1)

T, dr=p" Y [T d*PW S, df wheren =2,3,4
(m)df = (m) (m)l—T (mdf  wheren =2,5,4, ...
-

(5.11)

That is, for n times repeated integration, Eq. (5.11) takes the following form

1
///“-/T(m)dtzz/[/---/S(m)dt forn=1,2,3, ... (5.12)
N—— S—

5.3 One-Shot Integration Operational Matrices
for Repeated Integration [8]

It is noted from Fig. 4.8 and Table 4.2, that the operation of first order integration
using operational matrices P1ss, P1st, P1ts, P1tt the result of integration is some-
what approximate. If we carry on repeated integration using these matrices, error
will be introduced at each integration stage and such accumulated error may corrupt
the final result. Thus, higher order integrations in HF domain may become so
corrupted that the effort may lead to a fiasco.

For this reason, we present in the following, one-shot operational matrices of
different orders of integration suitable for computation of function integration with
improved accuracy.

The basic principle of determination of one-shot operational matrices for inte-
gration is elaborated by the following steps:

(i) Integrate the sample-and-hold basis function set repeatedly n times. Find out
the samples of the n times integrated curves.

(i) From these samples, form corresponding sample-and-hold function coefficient
row matrices as well as the triangular function coefficient row matrices. That
is, the n times integrated sample-and-hold function is expressed in HF domain.

(iii) Integrate the triangular basis function set repeatedly n times. Find out the
samples of the n times integrated curves.


http://dx.doi.org/10.1007/978-3-319-26684-8_4
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(iv) From these samples, form corresponding sample-and-hold function coefficient
row matrices and the triangular function coefficient row matrices. That is, the
n times integrated triangular function is thus expressed in HF domain.

(v) From the above steps, form one-shot operational matrices of n-th order
integration.

5.3.1 One-Shot Operational Matrices for Sample-and-Hold
Functions

To improve accuracy of higher order integrations in hybrid function domain, we
develop one-shot integration matrices both for the sample-and-hold function set and
the triangular function set, since the hybrid function set is comprised of these sets.

As discussed in the earlier section, the integration matrices P1lss and Plst are
essentially the ‘one-shot operational matrices for single integration’ from SHF set.
For multiple integrations, instead of using these matrices repeatedly, one-shot
matrices of different orders of integration are derived to obtain improved accuracy.
These one-shot matrices from SHF set are presented in the following.

5.3.1.1 Second Order One-Shot Matrices

Referring to Sect. 4.1.1 and Fig. 4.1c, decomposition of first integration [ S, d into
two ramp functions is shown in Fig. 5.1a. Their subsequent integration produces
two parabolic functions as shown in Fig. 5.1b. Finally Fig. 5.2 depicts the resulting
function ['Sdr.

Mathematically it can be represented as,

//Sodtt;(t_zh)zu(th).

(a) (b)
< d )
e, flsoa| 1,
P
Slope 1 h2 2
2 I
0 0 -
1 (5) —am— h 1 (s) —wm—
Sl -1 2
e \\ "I —(I_h) u(t—h)
N ' 2

Fig. 5.1 Decomposition of a the first integration and b the double integration of the first member Sy
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Fig. 5.2 Double integration
of the first member S, of the
SHF set E2
2
f 5h
”S dr Slope h At
0
2
7
2 I
| . L .
0 h 2h 3h 4h

1(5) —w=—

The samples of the above double integrated function at sampling instants 0, A, 24,
h and a0, {5 -2} {1 ) fl” o an) fia )
respectively.

As in Eq. (3.6), the first four samples of the function f(z) = r are the coefficients
of the SHF components while differences of the consecutive samples provide the
coefficients of the TF components.

From these samples we develop the one-shot operational matrices P2ss and P2st
for double integration considering m = 4 as

/ / Suydr = P2ss(5)S(4) + P2st(y) Ty (5.13)
where
P2ssy) LS Z_Z' [[0 (12-0%) (22—1%) (32— 22”]
and
P2st ) 2 }; M1 {@2—13)—(12—0?)}

{@E-2)-2-1)} {(#-3)-3-2)}]

Following the above pattern, the generalized one-shot operational matrices for
m terms for double integration are


http://dx.doi.org/10.1007/978-3-319-26684-8_3
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Fig. 5.3 Triple integration of
the first member S, of the 37h
SHF set 6

4h

Pass 2 02 - 02 - )@ -2 fim - 22}
ff;;t(m) 2@ -1 - (- HE -2 - @ - 1))}
(- n 1)~ (@ -1-n-2) ],
(5.14)

5.3.1.2 Third Order One-Shot Matrices

The first member Sy of the SHF set is integrated thrice and Fig. 5.3 shows the
integrated function [sods. Mathematically it is represented as

///Sodt:%—(t;h)su(t—h)

The samples of the resulting function at sampling instants 0, &, 2k, 3h and 44 are
given as 0, {% - L;h)g}, {@ - ngh)}}, {% - L’ghf} and {@ — 7(4/:;;:)3}

respectively.
From these samples, the one-shot operational matrices P3ss and P3st for three

consecutive integrations, considering m = 4 can be developed as follows:

// S(4)dl‘ = P3SS(4)S(4) + P3st4) T4 (5.13)
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where,
h3
P3ss )éS! [0 (1P-0%) (2°-1%) (3°-2%)]
and
P A h3 3 3 3 3 3 3 3 3
3t = 57 [1 {@-1P) -1 -0)} {(3°-2))-(2°-1)}

(-3 - -2)]

For m terms, the generalized one-shot operational matrices for triple integration
are

P3ss,,) £ g—? [[0(13 -0%)(2 - 17)(3* -2%) - {(m — 1)~ (m ~ 2>3}H (mxm)

P3st(,, 2 D [[1{(2° - 1°) - 0*) (33 ~ 2=}

(- 17) - (m—l o =27)j,,..,

(5.16)

5.3.1.3 n-th Order One-Shot Matrices

Now considering n times repeated integration, and proceeding via a similar track,
we can write the one-shot operational matrices for n times repeated integration for
sample-and-hold functions as

Pnss ) = & [0(1" — 07)(2" — 1) (3" 212") o {m = 1)"=(m = 2)"H cm)
an
Pust,) 2 1 [1{(2" — 1") — (1" — 0")}{(3" — 2") — (2" — 1")} -
{(m" = (m = 1)") = ((m = 1)"=(m - )")}]] (mxm)
(5.17)

where, n, m>2.
5.3.2 One-Shot Operational Matrices for Triangular
Functions

To develop the one-shot integration matrices for the TF set, we proceed as in
Sect. 5.3.1.
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Fig. 5.4 Double integration
of the first member T of the
triangular function set

The integration matrices P1ts and P1tt are essentially the ‘one-shot operational
matrices for single integration’ for the TF set. For multiple integrations, instead of
using these matrices repeatedly, one-shot matrices of different orders of integration
are derived to obtain improved accuracy. These one-shot matrices from TF set are
presented in the following.

5.3.2.1 Second Order One-Shot Matrices

The first member T, of the triangular function set is integrated twice and Fig. 5.4
shows the integrated function [7jds. Mathematically, it can be represented as,

3 _ 3 AV
//Todt:%%—%(t 6h) u(t—h)—%u(t—h)

The samples of the resulting function at sampling instants 0, i, 2k, 3k and 4h are
0 {lﬁ 1=k} (hfh)z} {1(2/1)3 _10@h-h? (2/17/1)2} {l Gh®  1(3h-h)} (3h7h)2}
) ’ 2 ’ 2 )

"6 " h 6 2 A6 k6 6 R 6
4h)? ah—h)®  (4h—h)? .
{%—( 6) —%—( z ) (Bh—h) > ) respectively.

From these samples we develop the one-shot operational matrices P2ts and P2tt
for double integration with m = 4, as follows.

//T(4)dl‘ = P2t5(4)S(4) +P2tt4)T 4 (5.18)
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where,

h2
2+1)!

P2ts(y) = [o 1 (22-13-3.12) (3°-2°-3.2%)]

and

Py 2 (@) - (0 - 0) -3 - 0))

(F-2)-@-1) 3@ - PE-7) - (7 -2) 35 -2))]

For m terms, the generalized one-shot operational matrices for double integration
are:

P2s 2 im0 1 (20— 1P =3.0%) (3 -22-32%) ..
{(m 1 —(m — 2)*~3.(m — 2)2}ﬂ

(mxm)
and

P2ty 2 21 {2 1) = (1= 0%) = 3.(12 - 0)} {(3® ~2%) — (2~ 1) - 3.2~ 1)} -

(= =17) = (m =17 =m=2°) =3.(m = 1P =27 ]|
(5.19)

5.3.2.2 Third Order One-Shot Matrices

The first member T, of the triangular function set is repeatedly integrated thrice and
Fig. 5.5 shows the integrated function [T dz, while its magnified view is shown in
Fig. 5.6.

Mathematically, [Tods can be represented as

4 AL AT
///Todt:%;—ét—%(t 24h) u(t—n) & 6h) u(t —h)

The samples of the resulting function at sampling instants 0, &, 2k, 35 and 4#h are

PO S e (e W 3 M e /) W W M W ) M . )

'\h23 T h 2% 6 [r\h 2% h 2% 6 [\h2% h @ 6 [
4 4 3

{%—(42/2 — %—(4/';') — —W’gh) } respectively.

The one-shot operational matrices P3ts and P3tt for three times repeated inte-
grations with m = 4 can be developed from these samples as follows.

[//T(4)dl = P3tS(4)S(4) +P3tt(4)T(4) (520)
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Fig. 5.5 Triple integration of
the first member T of the
triangular function set

[[]701

1(5) —w=—

Fig. 5.6 Magnified view of
the triple integration of the
first member T of the
triangular function set

1(5) —w=—

where

[0 1 (2*—1*—4.13) (3*-2¢-42%)]

P3tt, £ (311)! [T {@ -1 - (1*=0" -4 (P -0 {3 -2 - 2* - 1Y) -4.(2° - 1)}
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For m terms, the generalized one-shot operational matrices for triple integration
are

P3ts,,) 2 2 ﬂm Q14— 41%) (3*—24—42%) ... {(m—1)4—(7'1—2)4—4‘(7’1—2)3}}]

(mxm)

P3tt,) 2 22 1 {24 - 1%) - (1* —0%) - -0} {(3*-2H-(2*—1H—-4.2° - 1%}

{(m—n =) - (<m* D'n=2)") —4 (('"*1 N

(5.21)

5.3.2.3 n-th Order One-Shot Matrices

Now considering n times repeated integration, and following a similar track, we can
write the one-shot operational matrices for n times repeated integration for trian-
gular functions as

Pats(,) £ 255 [[01{20F) — 100D — (n-1)0.17) - (3040 — 20D — (n4-1)0.2"}
{(m7 1)("+1>7(m72)("“)7(n+l).(m72) }H( :
Pntt,,, Y (”er [[1{ n+1 1(n+1)) _ (1(n+1) 0(n+1)) (”+1>_(11;70n)} .

{(m 0 = =D ) = (= 1) (=24 0) = (1) = 1) = 20 }]

(mxm)

(5.22)

where, n, m > 2.

5.3.3 One-Shot Integration Operational Matrices in HF
Domain: A Combination of SHF Domain and TF
Domain One-Shot Operational Matrices

In the Sects. 5.3.1 and 5.3.2, we have constructed the one-shot integration opera-
tional matrices both for the sample-and-hold functions and the triangular functions.
With the help of these one-shot operational matrices, we can perform repeated
integration in HF domain with much better accuracy. First of all, the function to be
integrated is described in HF domain and then the one-shot matrices are applied to
obtain the desired degree of integration with higher accuracy.

Let us consider a function f(z) to be integrated, is defined in HF domain as

After referring to Sects. 5.3.1 and 5.3.2, for getting improved accuracy, using
higher-order one-shot operational matrices, the repeated integrations of function
f(#) can be expressed as follows:
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For double integration

/ / floydr ~ / / [CsSm) + Cr T de
= Cg//s(m> dz+C$//T(m) dr

T T
=Cq [PZSS(m)S(m) + PZSt(m)T<m)] +Cr [PZtS(m)S(,m + Pztt(,,,>T(,,,)]
= [C§ P2ss(,) + CIP2ts(,) | S () + [C§ P25t + CF P2t | T,
(5.23)

Similarly for triple integration of function f(¢) can be expressed as

// f(#)dt & [C§ P3ss(,,) + C1P3ts,) | S() + [Cs P3st) + CT P3tt ) | T )
(5.24)

In a similar track, using higher-order one-shot matrices, the n-times repeated
integration can be mathematically expressed as

/// e / f(#)dt ~ [C§ Pnss ) + C1Pnts(,) ]S, + [Cg Pnst,, + C1 Pntt,) | T,
o —

(5.25)

The process is illustrated in detail through the following numerical examples.

5.4 Two Theorems [8]

It should be noted that all the operational matrices P, Plss, P1st, Plts, P1tt, P2ss,
P2st, P2ts, P2tt, P3ss, P3st, P3ts, P3tt, ..., Pnss, Pnst, Pnts, Pntt are of regular
upper triangular nature and may be represented by S having the following general
form:

J
$=> aqQ"
n=0
where, the delay matrix Q [12] is given by

Qm=[0 1 0 0 --- 0]

m terms




128 5 One-Shot Operational Matrices for Integration

We present the following two theorems regarding commutative property of
matrices of class S and its polynomials.

Theorem 1 If a regular upper triangular matrix S of order m can be expressed as

where, the coefficients a,’s are constants, j< (m — 1), then the product of two
matrices S1 and S2, similar to S, raised to different integral power p and g, is
always commutative and of the form

s, 82! Z nQfy

n=0

where, the coefficients c,’s are constants and p, q, k are positive integers and

k<(m-—1).
Proof Let,

!
Sl = Y @ Qy
n=0
and

Z b2 Ql)

where [, s<(m — 1) and a, and b,, are constant coefficients.
Then the product [SII(JWSZE’M)} is given by

1 p s q
p q n n
Sl(m SZ [Zo anQ(m)‘| [Zo an(m)‘| (5.26)

The resulting polynomial would contain different coefficients with different
powers of Qg from 0 to u (say) where u < (m — 1), as Q,, has the property [12]

Q?m): o(m) for n> (I’}’l — 1)

Then Eq. (5.26) reduces to

k
s, 82! => " ¢Q}, for k<(m—1) O

n=0



5.4 Two Theorems 129

Theorem 2 If a regular upper triangular matrix S, of order m can be expressed
as

S(m) = ZO aan(?m)

where, the coefficients a,’s are constants and v < (m — 1), then any polynomial of
Smcan be expressed as

J k
DSl = dQpy
n=0 n=0
where, c,’s, d,,’s are constants and j, k< (m — 1)

Proof The (r+ 1)th term of the polynomial >/, nS(y) i

oS =¢ [Z anQ"] =¢ ) HhQ'=) &Q" (5.27)
n=0 n=0

n=0
Since Q has the property
Q?m): O(m) forn > (m — 1)

Hence, putting r = n, Eq. (5.27) can be written as

J i w k
DS =3 > @0 =3 dQ" U
0 0 0 0

Since all the HF domain integration operational matrices are of upper triangular
nature having a form similar to S1,,, or S2,,, above, by virtue of Theorem 5.1, their
products will always be commutative. Also, if higher power of any of the opera-
tional matrices is multiplied with any other operational matrix, or its higher power,
the product is commutative as well.

These properties are frequently used in the derivations presented later in this
chapter.

5.5 Numerical Examples

Let us consider few examples to compare the efficiencies of higher order one-shot
integration matrices over the repeated use of first order integration matrices.
Example 5.1 will illustrate the process of finding second order integration of
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function f(¢) = ¢. Similarly, Example 5.2 will compare the effectiveness of higher
order one-shot operational matrices in case of third order integration of function
f(¢) = t. Finally, Example 5.3 will show the cumulative effect of two higher order
one-shot operational matrices for second and third order integrations and will
compare the deviations of the samples obtained, with respect to exact values, using
two different methods, as explained in previous sections.

5.5.1 Repeated Integration Using First Order Integration
Matrices

Example 5.1 (vide Appendix B, Program no. 16) Consider the function f{¢) = t.
_

Integrating twice, we have [f(r) =%
We expand this function directly in HF domain, for m = 10 and T =1 s, to obtain

//f(t)z[0.00000000 0.00016667 0.00133333 0.00450000 0.01066667

0.02083333  0.03600000 0.05716667 0.08533333 0.12150000]S)
+1[0.00016667 0.00116667 0.00316667 0.00616667 0.01016667
0.01516667 0.02116667 0.02816667 0.03616667 0.04516667]T ()

(5.28)

Now, the expansion of the function f{(r) in HF domain, for m = 10 and T =1 s,
results in

f(t)~[0 0.1 02 03 04 05 06 07 08 0.9]S,
+[0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1]Tp

Using second order one-shot integration operational matrices from Eq. (5.23),
we obtain the results of double integration of f{¢) in HF domain as

//f(t)z[0.00000000 0.00016667 0.00133333 0.00450000 0.01066667

0.02083333  0.03600000 0.05716667 0.08533333 0.12150000]S)
+1[0.00016667 0.00116667 0.00316667 0.00616667 0.01016667
0.01516667 0.02116667 0.02816667 0.03616667 0.04516667]T 19

(5.29)

It is noted that the results obtained in Eqgs. (5.28) and (5.29) match exactly for this
particular case. This is because, the function f{r) = ¢ is a linear function and hybrid
functions represent any linear function in an exact manner. But had the function
been non-linear, the results would have been very close, though not exact,
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indicating much less error for repeated integration by the use of one-shot matrices.
This is also illustrated by examples to follow.

Let the derivation of the (i + 1)-th sample of an HF domain integrated function
from its corresponding exact sample obtained via conventional integration, be 4;
(i=0,1,2,...,m). Then we can define the following two terms as indicators of the
efficiency of multiple integration, calling each of them ‘deviation index’, we can write

m+1 m+1

2 | Ari Zl 4o
L — and et —
R m+1) O m+1)

where, Ag; is the deviation of the (i + 1)-th sample from its exact value for repeated
integration, Jg is the related ‘deviation index’ and Ao; is the deviation of the (i + 1)-
th sample from its exact value for one-shot integration, and Jp is the related
‘deviation index’.

In the following, computational efficiency of the second order one-shot inte-
gration operational matrices for different types of standard functions like ¢, exp(—1),
sin(nr) and cos(ntf) are studied rather closely. As expected, the higher order one-shot
operational matrices provide better results compared to integration with repeated
use of first order operational matrices. Table 5.1 tabulates the deviation indices for
different types of standard functions, obtained using these two methods and has
proved the effectiveness of using one-shot matrices.

Figure 5.7 translates Table 5.1 into visual form. It shows the deviation indices Jg
and Jp for double integration of four functions ¢z, exp(—7), sin(nt) and cos(nt) for
m =10 and T = 1 s. It is observed that there is difference in deviation indices (Jg
and Jp) for repeated integration and one-shot integration for each of the four
functions as expected. While the difference of the deviation indices is a maximum
for the function cos(nf), o being smaller, the same for the function sin(mf) is a
minimum where 8¢ is larger. This is an oddity which has been removed for triple
integration illustrated later.

It is also seen from Fig. 5.7 that for the linear ramp function the deviation index
for one-shot integration is zero. This is a specific case for linear functions.

Table 5.1 Deviation indices for double integration of four different functions for m = 10 and
T =1 s (vide Appendix B, Program no. 17)

Method of Deviation indices dg and g for different functions

integration 1 exp(—1) sin(nr) cos(nt)
Repeated 4.166667¢—004 1.880368e—004 | 7.485343e—004 16.625382e—004
integration

(Jr)

One-shot 0.000000e—004 1.142047¢—004 8.352104e—004 8.292048e—004
integration

matrices (0g)
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Fig. 5.7 Deviation indices %103
(0r and dp) for double r *
integration of four different 1.6F
functions, 7, exp(—t), sin(xt) —e Repeated integration
and cos(rt) for m = 10 and —3¢ via one-shot integration matrices
T=1s
1.2+
(=]
“ 038 % X
]
04}
0 e i
t exp(=t) sin(mr) cos(mr)

Functions ——se

5.5.2 Higher Order Integration Using One-Shot
Operational Matrices

Example 5.2 Let us take up an example to compare the efficiencies of repeated use
of first order integration matrices and third order one-shot integration matrices for
the function f(7).

Consider the function

[ = ///tdt (5.30)

f(#) = DgSm + DT (5.31)

Let

where, Dg and Dt are HF domain coefficient vectors of f(¢) known from the actual

samples of the function .
Also, let

t = CS(m) + C1T () (5.32)

where, Cg and Ct are HF domain coefficient vectors known from actual samples of
the function .
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Now we perform triple integration on the RHS of Eq. (5.32) via HF domain and
obtain HF domain solution of f(z) for Eq. (5.30).
Considering the discussion in earlier sections, we can determine the result by
performing the integration in HF domain in the following two ways:

(i) Using the first order HF domain integration operational matrices P1ss,,),
P1st,,, Plts,, and P1tt.,, of Eqs. (5.1) and (5.2).

(i) Using HF domain one-shot integration operational matrices of third order from
Eqgs. (5.16) and (5.21).

Finally, the results obtained via above two integration methods are compared
with the exact samples of the function f(7) of Eq. (5.30).

5.5.2.1 By Repeated Use of HF Domain 1st Order Integration
Matrices Plss,,, P1st,,, P1ts,, and P1tt,,

We know that frdr = CgfS,, dt + C1JT,, dt = [Cg + 1 CT|P* ['S,, dt
Putting these results in Eq. (4.8), we obtain

1 1
)~ |CI+ CT] P? Plss, S + {CTJF CT] P2 Plst,, T,
f) {s ;€1 mSem + |Cs + 5 Cr ot 5 33
= DTSS(m) + DTTT(’”)
From the two vectors D] and D], the samples of f(¢) can be computed easily.
5.5.2.2 By Use of HF Domain One-Shot Integration Operational

Matrices

Knowing relations (4.8) and (4.15) and the one-shot operational matrices from Eqgs.
(5.16) and (5.21), we can express RHS of Eq. (5.30) as

f(t) = [C§P3SS(W,) + C¥P3tS<m)]S(m> + [C§P3St(m> + C¥P3tt(m)]T(W,)

(5.34)
= Dgss(m) + D;TT(m)

From Eq. (5.34), we have
D} = [CiP3ss ) + C1P3ts(,, ]

and
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DI, = [CIP3st,, + CIP3tt,]

From the two vectors D}g and Dy, the samples of f(¢) can be computed.

After computation of f(¢) by the above three methods [using Egs. (5.31), (5.33)
and (5.34)], we get the solution for the coefficients Dg, D1, D[, D], D, and D}
can easily find out the different sets of samples which are compared in Fig. 5.8,
which shows that the application of one-shot operational matrices provides much
more better approximation compared to the repeated use of first order integration
matrices only as shown in Table 5.2.

Like in the case of second order one shot matrices, the computational efficiency
of the third order one-shot integration operational matrices are studied for the same
standard functions ¢, exp(—f), sin(mf) and cos(nf). As expected, the higher order
one-shot operational matrices provide better results compared to integration with
repeated use of first order operational matrices. Table 5.3 shows the deviation
indices for different functions, obtained using these two methods.

Figure 5.9 translates Table 5.3 into visual form. It shows the deviation indices dg
and J¢ for triple integration of four functions #, exp(—t), sin(nt) and cos(nzt) for m = 10
and T =1 s. It is observed that there is difference in deviation indices (dr and dg) for
repeated integration and one-shot integration for each of the four functions as
expected. While the difference of the deviation indices is a maximum for the function
t, or being larger, the same for the function sin(zz) is a minimum. It is observed that
for all the cases, Jy is larger than dq, proving the case for one-shot integration.

It is also seen from Fig. 5.9 that for the linear ramp function the deviation index
for one-shot integration is zero. As mentioned earlier, this is a specific case for
linear functions.

0.047 Via direct integration
# ¢ ¢ Via repeated use of HF domain
1st order integration matrices

* 0.03 & © © Via One-shot operational matrices
o~
a 0.021

0.01F

0o 02 0.4 0.6 0.8 1.0
1(s) —»—

Fig. 5.8 Comparisons of three sets of solutions of the function f{¢) (Example 5.2) obtained (i) via
direct expansion, (ii) via repeated application of integration operational matrices of first order only
and (iii) via one-shot operational matrices of third order
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Table 5.3 Deviation indices for triple integration of four different functions form=10and T=1s

Method of integration Deviation indices 0 and do for different functions
t exp(—t) sin(mt) cos(nt)
Repeated integration (dg) 2.916667¢ 2.195964¢ 3.316339¢ 4.571223e
—004 —004 —004 —-004
One-shot integration 0.000000e 0.312764e 1.945120e 2.628472¢
matrices (dp) -004 -004 -004 -004
Fig. 5.9 Deviation indices % 10—4
(dg and dy) for tripple Sr
integration of four different .
functions, ¢, exp(—¥), sin(xt) I - -
and cos(xt) for m = 10 and a4t R‘epeated mti?g;ratlon‘ .
T=1s —X via one-shot integration matrices
I El
r [ ]
o b x
"~ L ]
w 2f X
I F
| X
0 x :
t exp(—t) sin(mt) cos(nt)

Functions — s

5.5.3 Comparison of Two Integration Methods Involving
First, Second and Third Order Integrations

Example 5.3 Now let us consider an example involving single integration, double
integration and triple integration to study the overall effect and make comparisons
of the results obtained via two integration methods explained earlier.

£ :/th—//th—///tdt:t;+t63+§:1 (5.35)

f(#) = DgS( + DT (5.36)

Let
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where, Dg and D are the HF domain coefficient vectors of f(¢) known from its
direct expansion.
Also, let

t & CgSm) + CrT () (5.37)

where, Cg and Ct are HF domain coefficient vectors known from actual samples of
the function 7.

Now we perform single, double and triple integration on the RHS of Eq. (5.37)
via HF domain one-shot operational matrices and substitute the results in Eq. (5.35)
to obtain HF domain representation of f(z).

Finally, the results obtained via two integration methods (as discussed earlier)
are compared with the exact samples of the function f(¢) of Eq. (5.36).

5.5.3.1 By Repeated Use of HF Domain 1st Order Integration
Matrices P1ssy), P1st,, P1ts,, and P1tt,,

We know that

1
/l‘dl‘ = Cg/S(W,) dl—|—C¥/T(m> dr = l:Cg-f— §C¥:| /S(m) dr
1
//ldl = Cg//S(m) dl+C$//T<m) dr = |:C§+ EC$:|P/S(,,1) dr
1
///l‘dl‘ = Cg// S(,,,) dr + C%///T(m) dr = [Cg + §C¥] P’ / S(m) dr

Putting these results in RHS of Eq. (5.35) and using Egs. (5.10) and (5.11), we
obtain

1 1
f(o) ~ [Cg +5 C$] [P? + P+ 1] P1ss S + {cg +3 Cﬂ [P? + P +1]Plst;,, T,

£ DTss(m) + DTTT(”‘)
(5.38)

From the two vectors D|g and D} the samples of f(¢) can be computed easily.
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5.5.3.2 By Use of HF Domain One-Shot Integration Operational
Matrices

Knowing the one-shot operational matrices from Egs. (5.23) and (5.24), we can
express RHS of Eq. (5.35) as

f(1) = [CgP1ss ) + CTP1ts () |S() + [CsP1st ) + CTPLtt ) | T,
+ [CgP2ss ) + C1P2ts(,) | Sy + [CgP2st(,) + CIP2tt(,,) | T,
+ [C§P3ss () + CTP3ts() | Sy + [CgP3st(,,) + CTP3tt(,,) | T
= D35S0m) + D31 T

(5.39)

From Eq. (5.39), rearranging coefficients of S,,), we have

D} = [C§Plss(,, + CiPlts(,)] + [C5P2ss ) + CP2ts )| + [CgP3ss ) + CTP3ts(, |

Rearranging coefficients of T, we get

DgT = [CgPlst(m) + C¥P1tt(m)} + [CgPZSt(m) + C¥P2tt(m>} + [C§P3st(,,,) + C¥P3tt(m>}

From the two vectors D¢ and D3 the samples of £(#) can be computed.

After computation of f(¢) by the above three methods [using Egs. (5.36), (5.38)
and (5.39)], we get the solution for the coefficients DE, D%, DTS, DTT, D;S, and DET
and can easily find out the different sets of samples which are compared in
Table 5.4.

5.6 Conclusion

In this chapter we have derived one-shot operational matrices of different orders in
HF domain and the same have been employed for multiple integration. Finally, the
generalized form of such matrices for n times repeated integration having the
dimension (m % m) have been derived.

For evaluating multiple integrals, the one-shot operational matrices have been
proved to be more efficient and they produced much more accurate results com-
pared to the method of repeated use of the first order integration matrices.

Few examples are treated to compare the results obtained via repeated use of the
first order operational matrices and using higher order one-shot operational matri-
ces. The results are presented in Fig. 5.8 and Tables 5.2 and 5.4 to compare them
closely. The maximum deviation with respect to exact solution for the samples
obtained via one-shot integration matrices for second and third order integrations
are found to be —0.138778e—016 and —0.111022e—015, vide Tables 5.2 and 5.4.
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However, for the samples obtained via repeated use of first order integration
operational matrices, maximum deviations, in terms of magnitudes, for second and
third order integration turns out to be —0.833333e—003 and —1.666667e—003, vide
Tables 5.2 and 5.4.

From Figs. 5.7 and 5.9, we observe that for most of the cases, while computing
via first order integration operational matrices, the deviation indices for four dif-
ferent standard functions are much larger than that of one-shot matrices. Hence, it
implies that for multiple integrations of any linear or non-linear function, the use of
one-shot operational matrices provide highly accurate results.
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Chapter 6
Linear Differential Equations

Abstract This chapter is devoted to linear differential equations. That is, it presents
the solution of first order differential equations using both HF domain differentiation
operational matrices and integration operational matrices. Higher order differential
equations are also solved via the same first order operational matrices, and again
employing one-shot integration matrices. The results are compared by way of
treating five examples. Eleven figures are presented as illustration of the HF domain
techniques.

The main tool for tackling differential equations in the modern age is the numerical
analysis, and to be explicit, numerical integration. Differential equations, in general,
have a wide range of varieties [1-3] along with different degrees of difficulties. For
handling differential equations arising out of modern complex systems, numerical
analysis is the forerunner of all solution techniques and modern day algorithms and
number crunching capability of computers help in solving varieties of such equa-
tions to obtain practical solutions avoiding numerical instability. Work by Butcher
[4] gives an exhaustive overview of numerical methods for solving ordinary dif-
ferential equations. The 4th order Runge-Kutta method has undergone many
improvements and modifications discussed by Butcher [2].

Differential equations having oscillatory solutions need special techniques for
obtaining reasonable solution within tolerable error limits. Simos’s [5] work on
modified Runge-Kutta methods for the numerical solution of ODEs with oscillating
solutions tackles simultaneous first order ODE’s to obtain the required solution.

In control theory, essentially we handle differential equations of different forms
and different orders. Any method based upon numerical techniques for solving such
equations is of interest in modern control theory and applications.

For more than three decades, solution of differential equations as well as integral
equations was also attempted by employing piecewise constant basis functions
(PCBF) [6] like Walsh functions, block pulse functions [7] etc. In such attempts
function approximation plays a pivotal role because the initial error in function
approximation is propagated in a cumulative manner in different stages of com-
putations. Apart from orthogonal functions, orthogonal polynomials have also
played their important role [8] in this area.
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Now solution of differential equations is attempted using both differentiation and
integration operational matrices.

6.1 Solution of Linear Differential Equations Using HF
Domain Differentiation Operational Matrices

If we try to solve any differential equation with the operational matrices Dg and Dr,
(vide Egs. 4.32 and 4.33), the attempt is met with a permanent difficulty: The
samples of the unknown function, say x(#), are required as elements of both the
differentiation matrices. Obviously, any such attempt is certain to fail, because these
samples of x(7) are yet to be derived as the solution of the differential equation.
However, the use of integral operational matrices to solve the problem do not have
such difficulty.

Now, we employ the concept of numerical differentiation to solve a first order
differential equation and derive the necessary theory.

Let us consider the following first order non-homogeneous differential equation.

8(t)+ag(t) = b (6.1)

where a and b are constants and g(0) =
With m component functions in HF domain, we can express g(¢) in the following
form as in Eq. (2.12). That is

gty =[co c1 2 - cm1|Sum
+[(c1—co) (c2—c1) (c3—c2) - (cm—Cm1)]Tim
£ CES(m) + C$T(m) (6.2)

Also, following Eq. (4.31), &(¢) may be expressed as

(0~ -e) (a-a) (e-a) o (o= a)Su
+%[{<cz—c1>—<c1—co>} fley =) = (2 - e1))
{(Cerl - Cm) - (Cm - Cm—l)}]T(m)
:—CTS )+ - cT (6.3)

where, CLE[{(cx—c1)—(c1—co)} {(s—c2)—(ca—c)} -+ {(emsr—
Cm) - (Cm - Cm—l)}}


http://dx.doi.org/10.1007/978-3-319-26684-8_4
http://dx.doi.org/10.1007/978-3-319-26684-8_4
http://dx.doi.org/10.1007/978-3-319-26684-8_2
http://dx.doi.org/10.1007/978-3-319-26684-8_4

6.1 Solution of Linear Differential Equations ... 143

Substituting (6.2) and (6.3) in (6.1), we get

1 1
[ﬁ Cl+ acg] Sim) + [ﬁ Cl+ aCﬂ Ty =[b - b|Sw
+[0 0 -+ 0Ty (6.4)

Equating the like coefficients of the vectors in (6.4), we have
1
{hchacg} =[b b - b] (6.5)
and
Lo T
ECD+aCT =[0 0 --- 0] (6.6)

Proceeding further with (6.5), we get

[CT+ahCy] =[bh bh --- bh]
or, [(cl—co) (ca—cy) -+ (cm—cmfl)]—i—ah[co ot Cmel] =
[bh bh --- bh]or, (¢ — 1)+ ahcy— = bh

Thus we obtain the following recursive equation as the solution for the HF
domain coefficients of the unknown function g(¢) as

cm = bh+ (1 — ah)c,—y (6.7)

6.1.1 Numerical Examples

Example 6.1 (vide Appendix B, Program no. 18) Consider the non- homogeneous
first order differential equation

&1(t) +0.5g,1(r) = 1.25, where, g1(0) =0 (6.8)
The exact solution of (6.8) is
g1(t) =2.5[1 — exp(—0.51)] (6.9)

The direct expansion of g;(#) in HF domain, for 7T = 1 s and m = 4, can be
expressed as
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g1(t) = [0.00000000 0.29375774 0.55299804 0.78177680 ]S,
+[0.29375774  0.25924030 0.22877876 0.20189655 T,

Whereas using the recursive relation of (6.7), for T = 1 s and m = 4, the HF
domain expansion of g;(rf) may be written as

g1(#) = [0.00000000 0.31250000 0.58593750 0.82519531]S,,
+[0.31250000 0.27343750 0.23925781  0.20935059 | T,

The exact solution of g(f) expressed in HF domain is compared with the HF
domain solution of (6.8) obtained using the recursive relation (6.7) in the above two
expressions and in Fig. 6.1a. Figure 6.1b shows the same result with better accuracy
due to increased m.

Fig. 6.1 Solution of Example (a) 1.2

6.1 in hybr.ld fugctlon ) ® & & Samples obtained from .
(HF) domain, using recursive LOf HF based recursive solution A
relation (6.7) for a m = 4, —— Exact curve

T=1sandbm=12,T=1s,
along with the exact solution
g1(?) of Eq. (6.8) (vide

Appendix B, Program no. 18)

-0.2 . . . . . . . . .
0 0.2 0.4 0.6 0.8 1.0
(b) 12
® # @ Samples obtained from
1.0} 1

HF based recursive solution
—— Exact curve

0 0.2 0.4 0.6 0.8 1.0

1(s) —=—
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6.2 Solution of Linear Differential Equations Using HF
Domain Integration Operational Matrices

Solving any differential equation in HF domain, provides the extra advantage that
the differential equation is converted into a simple algebraic equation. This obvi-
ously reduces computational burden. Moreover, the HF domain analysis technique
works with time samples of functions, meaning the whole analysis is carried out in
time domain. So the final solution of the differential equation is also obtained
directly in time domain.

We start with Eq. (6.1) and integrate it to get

g(t) —g(0)u(t) +a / g(t)dr = b/u(t) dr (6.10)

Expanding each of the functions g(#), g(0)u(f) and u(¢) in hybrid function domain
with m terms, we have

g(t) = C5S() + CrT () (6.11)

gOu(®)=gO) |1 1 -+ 1 1[S,)+g0)|0 0 -+ 0 0Ty,
m terms m terms

2 8(0) [UgS(m) +Z1T )]

(6.12)

>

where, Ug£[1 1 -+ 1 1], Zt2[0 0 --- 0 0],,, and

Ixm

In the following, we drop the subscript (m) for simplicity.
Substituting Egs. (6.11) to (6.13) in Eq. (6.10), we have

C5S+CIT — g(0)[UsS+ ZiT] +a / [CsS+CiT]dr=b / [UsS +Z1T] dr
(6.14)
or

C§S+C$T—g(O)U§s+aC§/Sdt+ac$/sz:bUg/Sdz (6.15)

Using the operational matrices for integration in SHF and TF domain from
Egs. (4.9) and (4.18), we can write


http://dx.doi.org/10.1007/978-3-319-26684-8_4
http://dx.doi.org/10.1007/978-3-319-26684-8_4
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/ S(m) dr = PlSS(m)S(m) +Plst(,,,)T(,,,)
/T(m) dr = PltS(m) S(m) + Pltt(m) T(m)

Employing (4.9) and (4.18) in (6.15) we get

C3S+ CIT — g(0)UsS + a Cg[P1ss S + P1st T] +a C1[P1ts S + P1tt T]
= bUg [P1ss S + Plst T

Equating the like coefficients of two vectors S and T, we have
C5[1+aPlss| — g(0)Us + %a C7 Plss = bUg Plss (6.16)
where, I is the identity matrix of order m, and,
<1+%ah)c$+ahc§:bhug (6.17)
Using these two Egs. (6.16) and (6.17), we will solve for the two row matrices

Cg and C$.
From Eq. (6.17), putting 5% = f, we have

1
?C$+ahcg =bh U

or
Ci = bfhUg — afh C} (6.18)

Substituting the expression for C% from Eq. (6.18) into (6.16), we have,

Ci[1 ah ah --- ah] - g(o)U§+%’[bfhug—afhcg]Plss:bnglss
o, Ci[l ah ah - ah]]—%CgPlss:bUgPlss—#UgPlsﬁ-g(O)Ug
or, CN1 ah ah - ah]]—cg[[o an’ ap %ﬂ

—bh[0 1 2 - (m—1)}—“b£h2[o 12 - (m=1)]+g0OU"
or, CH[1 an(1-4) an(1-%) - an(1-%)]]

:bh(l—?)[o 12 o (m—1)]+g0)UL


http://dx.doi.org/10.1007/978-3-319-26684-8_4
http://dx.doi.org/10.1007/978-3-319-26684-8_4
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Now

Therefore, we can write,

Cs[l afft am - am]=0bMm0 1 2 - (m—1)]+g(0)Us
Cs=bm0o 1 2 - (m=D][1 ah ah - an]”
+gO)1 1 - 1][1 afh ah --- am] (6.19)
In (6.19), the inverse is given by
L —ah —af(l—afh) —am(l—afh)’ --- —afh(l —afh)" "
! o) —am(l — afn)""
1 —q <o —afh(1 — afh)"”
[1 am am - am]'= .:f @ :ﬂl)
0 ' 1 7c.lfh
1

Therefore, we can write,

0 1 (I+(1—am) 1+(1—afh)+(1—am) - (1+,,,+(1_qfh)'"*3+(1—qfh)’”’2)}
1 (1-afh) (l—afh)2 (l—afh)’"*l}

C§ = bfh
+¢(0)

(6.20)

In (6.20), the r-th element of Cg can be expressed as

r—

(1 —afh)"+g(0)(1 —afh)™"  where,r =1,2,...,m.

gl

C5 1,y = b

Il
o

n

Now, we substitute the expression of CE from (6.20) in (6.18) to obtain C%.
Hence,

Cr=/h[(b—ag(0)) (b—ag(0)(1—afh) (b—ag(0))(1—afh)* --- (b—ag(0))(1—afm)" "]
=fmb—ag0)[1 (1—afh) (1-am)® --- (1—am)"']

Now, the r-th element of CT is Cr (; ,, = fh(b — ag(0))(1 — afh)" where, r = 0,
1,2, ..., m.
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Therefore, finally we can write

CE=[(0) L+ (s(0) ~4)(1 — )

b
2+ (8(0) ~£) (1 — am)"™" | (6.21)
and

Cl=pmb—agO)[1 (1—am) (L—am)® - (L—am)""'] (622)

Equations (6.21) and (6.22) provide the required solution for the samples of the
unknown function g(¢r) of Eq. (6.1). It is to be noted that for the solution to exist,
h should be selected such that ah # 2.

From these two equations, we can derive a recursive formula for determining the
samples of the solution. If we call the (m + 1)-th sample of g(7) to be cs i, and since
the m-th sample of g(#) is csm—1, then according to Egs. (6.20) we can write

csm = b+ (1 —afh)csm-1 (6.23)

6.2.1 Numerical Examples

Example 6.2 (vide Appendix B, Program no. 18) Consider the non-homogeneous
first order differential equation of Example 6.1 having the solution

g1(¢) = 2.5[1 — exp(—0.5¢)]

The samples of exact solution of g;(#) and the samples obtained using Eq. (6.23)
in HF domain, for 7= 1 s and m = 12, are tabulated and compared in Table 6.1.

Accuracy of the recursive relation (6.23) is apparent from the curves of the
Fig. 6.2. While Fig. 6.3 compares sample values of the solution of Eq. (6.8) with
those obtained with two HF domain solutions via relations (6.7) and (6.23), derived
from application of the HF domain differential matrices and integration operational
matrices respectively. In the latter case, since all the sample points almost overlap, it
shows that the relation (6.23) is a shade better than (6.7). However, the choice of
use of either of (6.7) or (6.23) depends entirely on the degree of accuracy desired
for any first order differential equation.

In Fig. 6.3, since the solution points almost overlap, comparison of the samples
of the function g(¢) is presented in Table 6.1 for better clarity.

Now, it seems fit that the solution obtained via the present method is compared
with a standard proven method to assess its credibility. The method most proven
and popular is the 4th order Runge-Kutta (RK4) method [5].
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Table 6.1 Comparison of samples obtained from exact solution and the results obtained by using
Eqgs. (6.7) and (6.23) with respective percentage errors for SHF coefficients for Example 6.2 (vide
Appendix B, Program no. 18)

1(s) Direct SHF domain % Error SHF domain % Error

expansion coefficients coefficients

using Eq. (6.7) using Eq. (6.23)

0

0.00000000 | 0.00000000 - 0.00000000 -
i

0.10202636 | 0.10416667 —2.09780051 | 0.10204082 —0.01417193
¥

0.19988896 | 0.20399306 —2.05318596 | 0.19991670 —0.01387668
i

0.29375774 | 0.29966001 —2.00922977 | 0.29379765 —0.01358562
is

0.38379569 | 0.39134084 —1.96593054 | 0.38384673 —0.01329874
i

0.47015913 | 0.47920164 —1.92328667 | 0.47022033 —0.01301604
i

0.55299804 | 0.56340157 —1.88129632 | 0.55306848 —0.01273750
b

0.63245625 | 0.64409318 —1.83995747 | 0.63253507 —0.01246314
i

0.70867172 | 0.72142263 —1.79926788 | 0.70875813 —0.01219292
o

0.78177680 | 0.79553002 —1.75922511 | 0.78187004 —0.01192685
%

0.85189842 | 0.86654960 —1.71982651 | 0.85199780 —0.01166491
%

0.91915834 | 0.93461003 —1.68106925 |0.91926319 —0.01140708
12
¥

Its importance as well as span is apparent from the extensive insightful dis-
cussions presented in. Hence, RK4 is taken as the benchmark for comparison which
is presented in Table 6.2.

It is observed that the order of accuracy for RK4 is slightly better than the
proposed recursive Eq. (6.23). A point to be noted is that for RK4 method each
iteration requires computation of four equations [2], where as Eq. (6.23) alone is
competent to perform the iteration to produce updated values of the solution.
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Fig. 6.2 Solution of Eq. (6.8)
in hybrid function

(HF) domain, using recursive
relation (6.23) for m = 12,
along with direct expansion of
g1(?) via HF (vide

Appendix B, Program no. 18)

Fig. 6.3 Solution of Eq. (6.8)
in hybrid function

(HF) domain, using recursive
relations (6.7) and (6.23) for
m = 12, along with direct
expansion of g(¢) via HF
(vide Appendix B, Program
no. 18)
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—— Exact curve

® & @ Samples obtained using
equation (6.23)

For a homogeneous first order differential equation of the form

0.8} 1
0.6 _
S 04 .
Ny
0.2 1
04 1
-02 . ) . . ) L ) L
] 0.2 0.4 0.6 0.8 1.0
t(s) —=—
1.2 z z : x X x z
© 00 Samples obtained using equation (6.7)
1.0+ ®®® Samples obtained using equation (6.23) 3
" | |[— Exact curve
-0.2 . ) . L ) ) . L
0 0.2 0.4 0.6 0.8 1.0
t(5) ——==
. . 1
&(t)+aga(t) =0 with g2(0) = . (6.24)

Its general solution is of the form Lexp(—ar).
Thus, for this case when b = 0, the recursive relations (6.7) and (6.23) are

respectively modified as

Cy =

CSm = (1 - afh)CS,mfl

(I —ah)cp—y

(6.25)

(6.26)

Either of the relations (6.25) or (6.26) may be used for solution of Eq. (6.24).
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Table 6.2 Exact samples of the solution g;() of Eq. (6.8) compared with its solutions obtained
recursively from relations (6.7) and (6.23) in HF domain with m = 12 and T = 1 s. For further
comparison, Eq. (6.8) has been solved via standard 4th order Runge-Kutta method with the results
tabulated in the last column (vide Appendix B, Program no. 19)

#(s) |Exact g1(r) solved g1(t) solved via | gi(t) solved via 4th order
samples of via Eq. (6.7) Eq. (6.23) Runge-Kutta method
81(t)

0 0.00000000 0.00000000 0.00000000 0.00000000

é 0.10202636 0.10416667 0.10204082 0.10202635

% 0.19988896 0.20399306 0.19991670 0.19988896

& 0.29375774 0.29966001 0.29379765 0.29375774

% 0.38379569 0.39134084 0.38384673 0.38379568

= 0.47015913 0.47920164 0.47022033 0.47015912

% 0.55299804 0.56340157 0.55306848 0.55299803

5 0.63245625 0.64409318 0.63253507 0.63245624

L 0.70867172 0.72142263 0.70875813 0.70867171

% 0.78177680 0.79553002 0.78187004 0.78177678

% 0.85189842 0.86654960 0.85199780 0.85189841

4 0.91915834 0.93461003 0.91926319 0.91915833

% 0.98367335 0.99983461 0.98378306 0.98367333

Fig. 6.4 Solution of 1.2 g T T g y y T

Eq. (6.24) (homogeneous oo o Samples obtained using equation (6.25)

form of Example 6.2) in 1.04 e Samples obtained using equation (6.26) | |

hybrid function (HF) domain Exact curve

for a = 1, using recursive
relations (6.25) and (6.26) for 0.8f
m=12and T=1s, along with

direct expansion of g,(f) via —~ 0.6
HF :;v
0.4
0.2 ]
0 0.2 0.4 0.6 0.8 1.0

1(s) —=—

Figure 6.4 shows the solution of Eq. (6.24) in hybrid function (HF) domain for
a = 1, using both the recursive relations (6.25) or (6.26) form =12 and T = 1s. The
figure also plots the samples of the solution obtained via direct expansion in HF
domain.
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6.3 Solution of Second Order Linear Differential
Equations

We present the two methods in the following based upon

(i) The repeated use of first order integration matrices.
(i) The use of second order one-shot integration matrices.

6.3.1 Using HF Domain First Order Integration
Operational Matrices

Consider the linear differential equation
() +ax(t)+bx(r) =d (6.27)
where, a, b and d are positive constants.

Let the initial conditions be x(0) = k; and x(0) = k,.
Integrating Eq. (6.27) twice we get,

x(z)+a/x(t) dt+b//x(t) dt:d//u(t) dt+(ak1+k2)/u(t) dt + kyu(r)

(6.28)

Let (ak; +ky) = r, and ky 2 r3.
So, Eq. (6.28) takes the form

x(t)+a/x(t)dt+b//x(t)dt:d//u(t)dt—i—rz/u(t)dt+r3u(t) (6.29)

Expanding all the time functions in m-term HF domain, we have

C§S+C¥T+a[C§/Sdr+C$/Tdt} +b[C§//Sdt+C$//Tdt}
(6.30)
:dU§//Sdz+r2Ug/Sdt+r3U§s
where, U = |1 1 --- 1 1

————————

m terms
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Using (5.10), (5.11) and (5.12), we can write

i . i .
CsS+CIT +2a C§+§C$ /Tdt+2b C§+§C$ //Tdt

= 2dU§//Tdt+2r2U§/Tdt+r3U§s

_ I ] E
or, C§S+CIT+2a C§+§C$ /Tdt+2b c§+§C$ P/Tdt

:2dU§P/sz+2r2U§/Tdt+r3U§S

153

(6.31)

Rearranging the terms and using the first order integration matrices we can write

: 1
(C§ — r3U§)S+ CIT = [2d U P +2r, U /szf {C§+ Ecﬂ [2al + 2bP) /sz

or, (C§—r;U§)S+CIT = [2d U P+ 2r, US| [P1tsS + P1tt T]

1
_ {cg +5 cﬂ [2al + 2bP][P1ts S + P1tt T]

Equating the like coefficients of S from both the sides

(6.32)

1
(C5 — r3Ug) = [2d Ug P +2r, Ug|Plts — [cg +3 Cﬂ [2al + 2bP]Plts

Let 2dP+2r 12 L and —(al +bP) £ Q
Then

(C§ — r3Ug) = [U§L+2C5 Q-+ C1 Q] Plts
Now, rearranging the coefficients of T of Eq. (6.32), we get
Cr = [2d UgP+2r, Ug|P1tt — [cg + %cﬂ [2al + 2bP]|P1tt
or, Ci = [UsL+2C§Q+CiQ]P1tt
From Egs. (6.33) and (6.34), we can write
(C5 — r;Ug) = C{P1tt'Plts
Using the Eq. (5.2) in (6.35), we get

(Cs —rUg) = %C% Plts

(6.33)

(6.34)

(6.35)

(6.36)


http://dx.doi.org/10.1007/978-3-319-26684-8_5
http://dx.doi.org/10.1007/978-3-319-26684-8_5
http://dx.doi.org/10.1007/978-3-319-26684-8_5
http://dx.doi.org/10.1007/978-3-319-26684-8_5
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Solving the simultaneous Eqs. (6.33) and (6.36) for Cg and C$, we have

—1
Ci = U§[L+2r; Q] { I-Q- %Plts Q} (6.37)
-1
Cs = —US [L+2r; Q] [ I1-Q- %Plts Q} Plts + r3Ug (6.38)

6.3.2 Using HF Domain One-Shot Integration Operational
Matrices

We consider Eq. (6.27) and use one-shot operational matrices for integration of
second order differential equation and to determine its solution.

After integrating the Eq. (6.27) twice, now we start from Eq. (6.29). We expand
all the time functions in m-term HF domain and employ the one-shot integration
matrices.

From Eq. (6.29), we can write

C§S + C{T + a[Cg P1ss + C1 P1ts]S + a[C§ P1st + C{ P1tt] T
+b[Cg P2ss + C1 P2ts]S + b[Cg P2st + C1 P2tt] T
= dUL[P2ssS + P2st T| + r, U [P1ss S + P1st T| + 3 US S (6.39)

Rearranging the coefficients of S, we have

Cl+aClPIss+aCl —> 1 S L bCTP2ss+5CL Piss Ul[dP2ss + 1, Plss + 13 ]

or, C§[I+aPlss+bP2ss|+ C¥ {a ? +b @}
= UL [dP2ss +ry Plss + 3 1]
(6.40)
Rearranging the coefficients of T, we get
T T T T 7 P2st
Cr+aCyPlst+aC; —+bC P2st+ b C; — =U! s [d P2st + ry Plst]
Plst P25t

or, CglaPlst+bP2st]+Ct|I+a +b ——| = Ui[dP2st+ r, Plst]

2
(6.41)
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In Eq. (6.40), let us define

Plss P2ss

I+aPlss+bP2ss=X and a - bTéY.
Then Eq. (6.40) may be written as
CiX+CTY = Ul[dP2ss+ 7, Plss+ 131 (6.42)
In Eq. (6.41), let us define
aPlst+bP2st2 W and I +a ? b ? £7.
Then Eq. (6.41) may be expressed as
or, C; W+ CLZ = Ul[d P2st + r, Plst] (6.43)

Solving the matrix Egs. (6.42) and (6.43) for Cg and C%, we get

Ug[dP2ss+r Plss+ X' — CTYX ™! = U§[dP2st + r» PIsfW ™' — CTZW™!
or, Cp[YX'—ZW'|=U[dP2ss+rPlss+r;IX " — Ug[dP2st+r, PIst|W ™!

(6.44)
Let YX ' -ZW'&2M
and Ug[d P2ss + r, Plss + 3 X! — Ug[d P2st + r, PIstfW ' £ M,
So Eq. (6.44) becomes
or, CL=M,M;' (6.45)
Now substituting the expression of C$ in Eq. (6.43), we get
or, Cg=UgdP2st+rPIsttW ' — M, M,'ZW! (6.46)
Let M, M 'ZW~! £M; and Ug[d P2st + r, PIstfW ' £ M
Therefore Eq. (6.46) may be expressed as
Cs =M, —M; (6.47)

6.3.3 Numerical Examples

Example 6.3 (vide Appendix B, Program no. 20) Consider the non- homogeneous
second order differential equation
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The exact solution of (6.48) is

6 Linear Differential Equations

&5(t) +383(1) +2g3(¢) = 2, with, g3(0) = —1 and g3(0) = 1

g3(t) = exp(—2t) — exp(—1) + 1

(6.48)

(6.49)

The samples of exact solution of g3(f) and the samples obtained using Eqgs. (6.38)

and (6.47) in HF domain, for 7 = 1 s and m = §, are compared in Fig. 6.5.

Example 6.4 (vide Appendix B, Program no. 20) Consider the homogeneous
second order differential equation

£4(1) +100g4(z) = 0, with, £4(0) =0 and g4(0) =2

Fig. 6.5 Solution of Example
6.3 in hybrid function

(HF) domain for, using a first
order integration matrices
(vide Eq. 6.38) and b using
one-shot integration
operational matrices (vide
Eq. 6.47), for m = 8 and

T =1 s, along with direct
expansion of g3(¢) via HF
(vide Appendix B, Program
no. 20)

g5(1)

(b)

(6.50)

1.0
# o ¢ Samples obtained using equation (6.38)
—— Exact curve 1
0.9 1
0.8F 1
|
0.7 : i A ; ; i ; .
0.2 0.4 0.6 0.8 1.0
1(s) —o=—
1.0
¢ ¢ ¢ Samples obtained using equation (6 47)
—— Exact curve 7
0.9 1
0.8F 1
]
0.7 L L L L L L L
0 0.2 0.4 0.6 0.8 1.0

f(s) e
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Table 6.3 Comparison of sample values of the function g3(f) of Example 6.3 and its solutions
obtained via recursive relations (6.38) and (6.47) in HF domain (vide Appendix B, Program no.

20)

#(s) | Exact samples of g3(¢) g3(r) solved via Eq. (6.38) | g3(¢) solved via Eq. (6.47)
0 1.00000000 1.00000000 1.00000000
é 0.89630388 0.89542484 0.89542484
% 0.82772988 0.82639156 0.82639156
% 0.78507727 0.78355456 0.78355456
% 0.76134878 0.75981533 0.75981533
% 0.75124337 0.74980303 0.74980303
% 0.75076361 0.74947295 0.74947295
% 0.75691192 0.75579615 0.75579615
% 0.76745584 0.76652001 0.76652001

Table 6.4 Comparison of sample values of the function g4(f) of Example 6.4 and its solutions
obtained via recursive relations (6.38) and (6.47) in HF domain (vide Appendix B, Program no.

20)

#(s) | Exact samples of g4(¢) g4() solved via Eq. (6.38) | g4(1) solved via Eq. (6.47)
0 2.00000000 2.00000000 2.00000000
% 1.75516512 1.76470588 1.76470588
% 1.08060461 1.11418685 1.11418685
% 0.14147440 0.20150621 0.20150621
% —0.83229367 —0.75858766 —0.75858766
% —1.60228723 —1.54019031 —1.54019031
g —1.97998499 —1.95939525 —1.95939525
% —1.87291337 —1.91756601 —1.91756601
% —1.30728724 —1.42454476 —1.42454476

The exact solution of (6.48) is

g4(t) = 2cos(10¢)

(6.51)

Hybrid function domain solutions of Example 6.3 and Example 6.4, obtained via
Egs. (6.38) and (6.47) are presented in Tables 6.3 and 6.4 and parallely shown in
Figs. 6.5 and 6.6. The results are contrary to the expectation that the use of second
order one-shot integration operational matrices will yield better results. In fact,
results obtained via repeated integration (vide Eq. 6.38) method and one-shot

integration method (vide Eq. 6.47) are the same.
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Fig. 6.6 Solution of Example (a) 2
6.4 in hybrid function

(HF) domain for, using a first

order integration matrices

(vide Eq. 6.38) and b using 1
one-shot integration
operational matrices (vide
Eq. 6.47), for m = 8 and

T = 0.4 s, along with direct = or i

expansion of g4(¢) via HF ag" i
(vide Appendix B, Program

no. 20) 1t ]

;

-2 . /
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¢ ¢ Samples obtained using |
equation (6.47)
Exact curve

1(s) —=—

# # ¢ Samples obtained using | |
equation (6.38)
Exact curve

This paradox may be explained as follows:

(1)

(i)

For second order repeated integration the result of exact integration at each
stage is transformed to hybrid function domain. This should incur error at each
stage. However, for the sample-and-hold component, the first stage integration
does not incur any error, while the integration of the triangular function
component does. That is, integration of SHF components incur error at one
stage (i.e., the second stage) only, and integration of TF components incur
error at both the stages. Thus, with respect to SHF component integration, the
incurred error is the same for repeated integration method and one-shot inte-
gration method. This has been illustrated in Fig. 6.7.

For second order repeated integration, the expression for error for the SHF
component is 2 and that for the TF component is (2 + ), where, & is the width
of the sub-interval. The error for one-shot integration is % for the SHF
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(a) (b)

1(s) —m—

1(s) —o=—

Fig. 6.7 Repeated integration of the first member of the hybrid function set: a first member S, of
the HF set, b first integration of S, and ¢ subsequent integration of the function of figure b

(iii)

component and that for the TF component is £. It is noted that, 4 being small,
the difference in error for second order integration using the two methods are
really very small. Thus, the result obtained in Table 6.3 is found to be the same
indicating non-superiority of the second order integration matrices in HF
domain.

In view of the above, it is expected that for even higher order integrations, like
third order integration, the results obtained via the above two methods will
differ appreciably. This is because, for third order repeated integration (say),
the integration of the SHF component will incur error at the second and third
stages, while such integration of the TF components will incur error at all the
three stages. However, for one-shot integration, the error is incurred at one go.

So, now we proceed to the task of comparing the repeated approach and the
one-shot approach for third order integration in hybrid function domain.

6.4 Solution of Third Order Linear Differential Equations

We present the two methods in the following based upon

(1)
(i)

The repeated use of first order integration matrices.
The use of second order one-shot integration matrices.
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6.4.1 Using HF Domain First Order Integration
Operational Matrices

Consider the third order linear differential equation
X(t) +ax(t)+bx(t) +cx(t) =d (6.52)
where, a, b, ¢ and d are positive constants.

Let the initial conditions be x(0) = &, x(0) = k, and ¥(0) = k.
Integrating Eq. (6.52) thrice we get,

x(t)+a/x(t) dt+b//x(t) dt+c///x(t)dt
- d/[/u(t) dt -+ (bhy + ako +k3)//u(t) dr + (aky + o) / u(t) di + kru(?)

(6.53)

Let (bk] +ak2 +k3) £ ry, (Clkl +k2) él"z and kl £ r3.
So, Eq. (6.53) takes the form

X() +a/x(t) dt+b//x(z) dt+c///x(t) dr
(6.54)
_ d///u(t) dt+r1//u(t) dt+r2/u(t) dt + ryu(t)
Expanding all the time functions in m-term HF domain, we have
C{Sm) + C1T(m) +a{C’£ / S(m dt + CL / T(m) dt} +b{c§ / / S(m dt + C}. / / T(m) dt}

+c {cg // S(m) dt + CT /// Tim) dt]

=dU§ // S(m) dt +r US / / S(m) dt +r, US / S(m) dt + 3 U§S )

(6.55)

where, Ut = |1 1 -+ 1 1
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Using (5.10), (5.11) and (5.12), we can write
1 1
C5S() + CTT () +2a [cg + Ecﬂ / T () dt +2b [Cg + Ecﬂ / / Ty dt

+2¢ {cg + %cﬂ /// T, dt
=2dUg /// Ty di + 21, Ug / / T () di + 21, Ug / Ty dt + r3 UGS )
or, C§S(u +CiT( +2a {cg + %cﬂ / T () dt +2b [Cg + %cﬂ P / Ty dt
+2c {cg + ;cﬂ p’ / T () dt
=24 Uy P* / Ty dt + 2 Ug P / T dt +2r, Ug / Ty dt + 73 UgS ()

(6.56)

Rearranging the terms and using the first order integration matrices we can write
(C§ — r3US)S( + C1T ) = [2d U§ P* + 21 Ug P +2r, Ug | / T dt

1
- [cg + Ecﬂ [2al +2bP + 2cP?| / T dt
or, (C§—r3US)Sey +CiT( = [2d U P? +2r UG P+ 2, US| [P1ts S, + P1tE T, |
1
- {Cg +3 cﬂ [2al +2bP + 2cP?| [P1ts S, + P1tt T,,)|
(6.57)
Equating the like coefficients of S,y from both the sides
q g (m)
(C5 — 3 Ug) = [2d U P> +2r, Ug P+ 2r, Ug | Plts

1
. [Cg +5 c$] [2al + 2bP + 2cP | Plts

Let 2dP? +2r P+2r, 12 L and —(al + bP + cP?) £Q
Then

Ci —nrU}) = [USL+2C5Q+ClQ|Pits (6.58)
S S S S T


http://dx.doi.org/10.1007/978-3-319-26684-8_5
http://dx.doi.org/10.1007/978-3-319-26684-8_5
http://dx.doi.org/10.1007/978-3-319-26684-8_5
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Now, rearranging the coefficients of T, of Eq. (6.57), we get

1
Ci = [2d U P* +2r, Ug P+ 2r, Uy | P1tt — {Cg +5 Cﬂ [2a1 + 2bP + 2cP?| P1it

or, Cp= [U§L+2C§Q+ClQ]Pltt

(6.59)
From Eqgs. (6.58) and (6.59), we can write
(C5 — r3Ug) = C{P1tt'Plts (6.60)
Using the Eq. (5.2) in (6.60), we get
(Cs —rUg) = %C% Plts (6.61)

Solving the simultaneous Egs. (6.58) and (6.61) for Cg and C%, we have

2 4 -
CI =Ul[L+2r;Q] {EI - Q- Plts Q] (6.62)
T 2 T 2 4 - T
Cs = Us[L+2r3Q] |71 Q— PltsQ|  Plts+73Ug (6.63)

6.4.2 Using HF Domain One-Shot Integration Operational
Matrices

We consider Eq. (6.52) and use one-shot operational matrices for integration of
second order differential equation and to determine its solution.

After integrating the Eq. (6.52) twice, now we start from Eq. (6.54). We expand
all the time functions in m-term HF domain and employ the one-shot integration
matrices.

From Eq. (6.54), we can write

C§S(m) + C1T () +a[C§ Plss + CL P1ts]S ) + a[C§ Plst + CT P1tt] T,
+ b[C§ P2ss + C1 P2ts]S ) + b[Cg P2st + C1 P2tt] T,
+ ¢[C§ P3ss + C P3ts]S,,,) + c[Cg P3st + CT P3tt] T,
= dUg [P3ssS,) +P3stT,,| +r U§ [P2ssS,) +P2st T ,]
+ 1, Ug [P1ss S,y + PIst T, | + 3 U§ S
(6.64)


http://dx.doi.org/10.1007/978-3-319-26684-8_5
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Rearranging the coefficients of S,,), we have

P1 P2 P3
Cl+aClPlss+aCh % +bCIP2ss + b CT % +cCTP3ss + T %

= Ug [dP3ss +r; P2ss + r, Plss+ 3 1]

Plss  P2ss  P3
or, CI[I+aPlss+bP2ss+cP3ss|+CL|a ; +b % +e %

= U [dP3ss + r| P2ss + r, Plss + 73 1]
(6.65)

Rearranging the coefficients of T,,), we get

P3st

Plst P2st
C!+aClPIst+aCT TS +bCIP2st +5CL Ts +cCEP3st+cCf =

= U§[d P3st+ r; P2st + r, Plst]

Plst  P2st  P3st
or, CllaPlst+bP2st+cP3st] +Cl I+aTS+bTS+cTS

= Ug[d P3st+ r; P2st + r, Plst]
(6.66)

In Eq. (6.65), let us define
I+aPlss+bP2ss+cP3ss=X and a P18 + p P25 4 o PIs 2y,
Then Eq. (6.65) may be written as

CiX+CLY = Ul [dP3ss + ry P2ss +r, Plss + 13 ] (6.67)

In Eq. (6.66), let us define
aPlst+bP2st+ cP3st=W and I 4 q 21t 4 pp P2st | o B3st 277
Then Eq. (6.66) may be expressed as

or, C W+ C1Z = Ui [dP3st + r| P2st + r, Plst] (6.68)

Solving the matrix Egs. (6.67) and (6.68) for Cg and C$, we get

Ug[dP3ss+ 7 P2ss+r Plss+ s [[X ' — CTYX !
=Ug[dP3st+r P2st+ r, PIstf W' — CTZW~!
or, Cp[YX'—ZW '] =U§[dP3ss+r P2ss+r,Plss+r; X
— US[dP3st+ r; P2st + r, P1stf W™

(6.69)
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Let YX ' —ZW'2M,

and U [d P3ss + r; P2ss + r, Plss + r3 I X! — U [d P3st + 7 P2st + 1,
PlSt]W71 e M2

So Eq. (6.69) becomes

or, C; = Mo M (6.70)
Now substituting the expression of C% in Eq. (6.68), we get

or, C§=US[dP3st+r P2st+rPlsttW' —M, M 'ZW! (6.71)

3

Let Mo M{'ZW~' £M; and Ug[d P3st+ r P2st+r, P1stf W' £ M,
Therefore Eq. (6.71) may be expressed as

Cs =M, — M; (6.72)

It is known that inversion of upper or lower triangular matrices can be computed
by simple decomposition and multiplication.

6.4.3 Numerical Examples

Example 6.5 Consider the non- homogeneous third order differential equation

o gs(1) +3<§5(f) —&s(1) — 3g5(1) =0, (6.73)
with, g5(0) =22, ¢5(0) = —6 and gs(0) =6

Fig. 6.8 Exact solution of w102
Example 6.5 and comparison 50
of deviation using first order XX Deviation, repeated
integration matrices (vide WF leas Deviation, one-shot
Eq. 6.63) and one-shot ﬁ 30} [~ Esactcurve |
integration operational ﬁ
matrices (vide Eq. 6.72), for i 1
m=30and T=3s s g

) :

-20 L L L L L
0 0.5 1.0 1.5 2.0 2.5 3.0

1(s) —=—
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The exact solution of (6.73) is
gs(t) = 2exp(r) +2exp(—t) + 2 exp(—3t) (6.74)

The samples of exact solution of gs(f) and deviations of the samples obtained
using Egs. (6.63) and (6.72) in HF domain, for 7= 3 s and m = 30, are compared in
Fig. 6.8.

6.5 Conclusion

One shot integration operational matrices like P2ss, P2st, P2ts, P2tt, P3ss, P3st,
P3ts, P3tt for 2nd and 3rd order repeated integration and consequently the gen-
eralized one-shot matrices for n times repeated integration, have been used for
solution of higher order differential equations. Some examples, separately for
second order and third order differential equations, are treated to compare the results
obtained via repeated use of 1st order operational matrices and using higher order
one-shot operational matrices. The results are presented in Figs. 6.5, 6.6 and 6.8 to
compare them graphically. It is observed that (vide Fig. 6.8) the method based upon
one-shot operational matrices produces much accurate result compared to the
method using only 1st order integration operational matrices.

One second order differential equation has been solved via the well established
4th order Runge-Kutta method and the results obtained via HF domain one-shot
operational matrices and the results obtained via repeated use of 1st order inte-
gration operational matrices, are compared in Table 6.2. It is noted that 4th order
Runge-Kutta method maintains its supremacy compared to HF domain analysis, as
far as solution of 2nd order differential equation is concerned. But it should be kept
in mind that while the 4th order Runge-Kutta method provides smart solution to
differential equations only, the HF domain technique can (i) approximate square
integrable time functions (ii) integrate time functions and (iii) can solve higher
order differential equations with considerable accuracy. However, HF domain
analysis with a higher value of m can produce more improved result to become a
significant contender to 4th order Runge-Kutta method.

It is known that inversion of upper or lower triangular matrices can be computed
by simple decomposition and multiplication. Hence the inversions in Egs. (6.37),
(6.38), (6.46), (6.47), (6.62), (6.63), (6.70) and (6.72) will not pose any compu-
tational burden while solving for the HF domain solution matrices CST and C%.

Finally, an advantage of HF based analysis is, the sample-and-hold function
based results may easily be obtained by simply dropping the triangular part of the
hybrid function domain solution.
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Chapter 7
Convolution of Time Functions

Abstract In this chapter, theory of hybrid function domain convolution technique
is presented. First, the rules for convolution for sample-and-hold functions and
triangular functions are derived. Then, these two component results are combined to
get the rules for convolution in HF domain. This idea is used to determine the result
of convolution of two time functions in HF domain. One example and eleven
figures are presented to illustrate the idea.

Having established the theoretical principles of the orthogonal hybrid function set,
it is worthwhile to investigate the convolution operation of two real-valued func-
tions, in hybrid function domain. This will later be useful for analysing control
systems.

In control system analysis, the well-known relation [1] involving the input and
the output of a linear time invariant system is given by

C(s) = G(s)R(s) (7.1)

where, C(s) is the Laplace transform of output, G(s) is the transfer function of the
plant, R(s) is the Laplace transform of the input, and s is the Laplace operator.
In time domain, Eq. (7.1) takes the form

c(t) =g(t) xr(zr) = / gr(t—n1)de (7.2)
0

That is, the output c(¢) in the time domain involves the convolution of the plant
impulse response and the input function. The output c(?) is determined by evalu-
ating the convolution integral of the RHS of Eq. (7.2), where, it has been assumed
that the integral exists.

Evaluation of this integral is frequently needed in the analysis of control sys-
tems. In what follows, such an integral is evaluated in its general form in hybrid
function domain and the results are used to determine the output of a single input
single output (SISO) linear control system.
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7.1 The Convolution Integral

Convolution [2] of two functions is a significant physical concept in many diverse
scientific fields. However, as in the case of many important mathematical rela-
tionships, the convolution integral does not readily unveil itself as to its implica-
tions. The convolution integral of two convolving time function x(f) and h(f) over
the entire time scale is given by

¥(t) = x(t) * ht) = / (2t — 1) de (73)

where * indicates convolution.

Let x(r) and Ah(?) be two time functions represented by Figs. 7.1a, b, respectively.

To evaluate Eq. (7.3), functions x(z) and h(z — 7) are required. The functions x(z)
and /() are obtained by simply replacing the variable 7 to the variable 7. h(—7) is the
image of A(z) about the orthogonal axis and A(f — 7) is the function i(—7) shifted by
the quantity 7. Functions x(z), h(—7), and A(t — 7) are shown in Fig. 7.2. The resultant
of convolution of x(#) and h(?), as per Eq. (7.3), is the triangular function shown in
Fig. 7.3.

We can now summarize the steps for convolution as:

(1) Folding: Take the mirror image of h(r) about the ordinate as shown in
Fig. 7.2b.
(i) Shifting: Shift h(—7) by the amount ¢ as shown in Fig. 7.2c.

(a) {h}T
b,

(1) h(t) %

1 0

1(s) —om D ts) —m

Fig. 7.1 Two typical waveforms for convolution

(a) f (b) ? (c) *
x(7)
) h(-7) h(t-1) )
mE Tl
0 1 7(3) —w=— -1 0 7(s) —w=— .0 {1t ®—=

Fig. 7.2 Graphical illustration of folding and shifting operations
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x(1) :;(2: 7 4x(®
h(t,- ‘[)a mﬂm 9

2:
hegi® x )h(ar,- 7
*y ® / a1

h(-t,~7) [—_—I Dm h(st,~1)
Fig. 7.3 Graphical example of convolution [2]

-t, o a‘1 2:1 3:, 4:1 5r1 t

(iii) Multiplication: Multiply the shifted function h(z — 7) and x(z).
(iv) Integration: The area under the product of h(r — 7) and x(7) is the value of the
convolution at time instant f.

7.2 Convolution of Basic Components of Hybrid
Functions

The convolution process and ‘deconvolution’ in block pulse domain [3, 4] was
introduced by Kwong and Chen [5] for identification of a system. We introduce the
convolution as well as ‘deconvolution’ in hybrid function domain and subsequently
use the results for control system analysis and synthesis.

Hybrid function expansion involves two kinds of basis functions:
sample-and-hold function [6] and triangular function [7]. To derive the expression
for convolution of two time functions in hybrid function domain, we consider
convolution of different interactive components of hybrid functions [8]. That is, we
need to compute the equidistant samples, having the same sampling period as the
convolving functions, of the resulting function. These samples may be used for
hybrid function expansion of the resulting function as per Eq. (2.13).

That is, the principle of HF domain convolution is:

(i) Expand the convolving functions in HF domain using their samples.
(i) Convolve the component sample-and-hold functions [9] and triangular func-
tions [7].
(iii) Express the result of convolution in hybrid function domain using the samples
of the resulting function.

Let us consider two functions r(f) and g(f) and expand these functions into
hybrid function domain as


http://dx.doi.org/10.1007/978-3-319-26684-8_2
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r(t) ~ [RgS(m) —&-R?T(m] and g(t) ~ [GES(m) +G¥T(m)]
Then the result of convolution y(#) is given by

() = r(t) * g(1) ~ [RgS(m) + Ry Ty] * [GgS(m) + GrT(m]
or, y(t) = [RsSm)] * [GsSim] + [RsSm] * [GrT(m] (7:4)
+ [Ry T * [GsSpm] + [RyT ()] * [GTT ()

where

Ri=[0 n n ri Fnt],

Ri=[(r—r) (n—r) (n—r) - (ri—r1) - (rm—7rw1)]
Gi=[g0 & & -+ & - &nui] and

Gi=[(gi—%) (-g) (B-g) - (g—g1) - (gn—gn1)

Inspection of Eq. (7.4) reveals that to determine y(¢), we need to compute the
results of three types of convolution operations, namely

(i) Convolution between two sample-and-hold functions trains.
(i) Convolution between a sample-and-hold function train and a triangular
function train (or vice versa).
(iii) Convolution between two triangular function trains.

To achieve this end, we present below the convolution of all possible combi-
nations of elementary sample-and-hold functions, triangular functions and subse-
quently their trains.

7.2.1 Convolution of Two Elementary Sample-and-Hold
Functions

In Figs. 7.4a, b, a,(¢) and b(f) are two sample-and-hold functions of different
amplitudes, both occurring at 7 = 0. The result of convolution of these two functions
a,(?) and b,(¢) is the triangular function c(¢) shown in Fig. 7.4c.

The function c(f) may be expressed in hybrid function domain using its three
samples, namely, 0, ha;b; and O.
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(a) i (b) (c)
al(r)] bl(f)* ¢, (f)
a ha,b,
T, =/
|
0 h t(s) —e— 0 h o 1(s) —e=— 0 h 2h t(s) —e—

Fig. 7.4 Convolution of two elementary sample-and-hold functions (SHF)

0  h 2h 3h 4h 1(s) —e= 0 h 2h 3h 4h 1(s)—e

Fig. 7.5 Two trains of sample-and-hold functions

7.2.2  Convolution of Two Sample-and-Hold Function
Trains

Now, we extend our idea to the convolution of two sample-and-hold function trains
rl1(#) and g1(r), comprised only of four component functions (m = 4), with different
amplitudes. These function trains are shown in Fig. 7.5 along with their sample
values. Finally, we represent the result in hybrid function domain.

Five samples of the resulting function y1(f), with the sampling period &, are
0,hglorlo, h(glorly +glirly), h(glorly +glirly +glarly), and
h(glorls +glirly +glorl; +glsrly).

The resulting function y1(f) may be described in the HF domain as

y1(r) = rl(f) * gl(t) A Y1§Su)+ Y11T (7.5)
where

Ylgz [O hgl()}"l() h(g10r11+g11r10) h(g10r12+g11r11—|—g12r10)]

2|

vlso ylsi ylso  ylss3]

and



172 7 Convolution of Time Functions

Y1 = [{hglorlo — 0} {h(glorl; +glirly) — hglorlo}
{h(g10r12 —|—g1]r11 —|—g12r10) — h(glorh +g11r10)}
{h(glol"l:; +g11r12 +g127‘11 —|—g137‘10) — h(gloi‘lz —i—glﬂ”ll —i—glz?‘]o)}]
A
=

vlro ylri ylre  ylrs)

Writing Eq. (7.5) in matrix form, we have

0 rl() r11 }’12
0 0 rlo }"11
1(t) = h| gl 1 1 1 S
V0 =hlglo gl gla gls]| - 11, |59
0 0 0 0
l’lo (r11 — I’lo) (I”lz — I‘ll) (}’13 — I”lz)
i’lo (I’]l*rlo) (}’127}"11)
+hlgl 1 1 1
[80 g &% g3] 0 0 )"10 (rllfrlo) (4)
0 0 0 rlo

(7.6)
Writing (7.6) in a compact form, we get

yi(t) = hlglo gli gly gl3][0 rly rli rly]Su
+h[gl() gll glz glg][[rlo (rllfrlo) (rlzfrll) (rlgfrlz)]]T@)
(7.7)

where [a b c]=

S O
o o
ST

7.2.3 Convolution of an Elementary Sample-and-Hold
Function and an Elementary Triangular Function

The result of convolution of a sample-and-hold function and a triangular function is

shown in Fig. 7.6.
The function c,(f) may now be expressed in hybrid function domain using its
three equidistant samples 0, 42,5, and 0.



7.2 Convolution of Basic Components of Hybrid Functions 173

(a) (h) (c) }
| |
al(:‘) bz(r) *
a N _ Lap,-- |
- I
|
0 h o 1(s) —w=— ] ho1(s) —w=— 0 h 2h  t(s) —w—

Fig. 7.6 Convolution of a sample-and-hold function and a right handed triangular function

0 h 2h 3h 4h 1(s) —w= 0 h 2h 3h 4h 1(s) —e
Fig. 7.7 Trains of triangular function and sample-and-hold functions

7.2.4 Convolution of a Triangular Function Train
and a Sample-and-Hold Function Train

A triangular function train and a sample-and-hold function train of four component
functions (m = 4) each, having different amplitudes, are shown in Fig. 7.7.

After convolution of these two trains, five samples of the resulting function y2(z),
with the sampling period &, are 0, ‘Iglor2o, %(glor2,+gl1720),
bglor2; +glyr2y + glar2g), and 4(glor2s + g11r22 + g1ar2y + gl3r2y).

The function y2(f) may be described in HF domain as

y2(t) = r2(t) * g1(t) £ Y2Su) + Y21 T4 (7.8)
where

Y25 = [0 lglor2o 4(glor2i +g11r20) (glor2s +gl1721 +g12r20) ]
2250 ¥2s1 Y252 ¥2s3)]

and

h h
Y2T = [Mglor2o — 0} 2{(glor2i +glir20) — glor2e}
h
5{(g10}"22 +glir2, +g12V20) — (g10r21 +g117‘20)}
h
5{(g10r23 +g11r22 +g12r21 +g13r20) — (g10r22 +g11r2| +g12r20)}

o

Y2r0 Y211 Y212 ¥213)
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Writing Eq. (7.8) in matrix form, we get

0 r20 }"2] }"22
h O 0 }"20 }"2]
2(t) =gl 1 1 1 S
2() =5lglo gl gla gli]| o 20 | 5@
0 0 0 0
r20 (r21 — )"20) (}"22 — }"21) (}"23 — }"22)
h 0 r20 (}"21 7}"20) (}"227}"21)
+ =gl 1 1 1
plgto sl gl gL]i 0 2 (-2 | @
0 0 0 }“2()

(7.9)

Writing (7.9) in a compact form, we have

[glo gll glz gl';H[O r20 r21 r22]]S<4>

h
E[glo gli gly gl3][r20 (121 —12) (122 —121) (r23 —r2s) [T
(7.10)

7.2.5 Convolution of Two Elementary Triangular Functions

Let, ax(f) and by(f) be two elementary triangular functions, as represented in
Fig. 7.8a, b. Figure 7.8c shows the convolution result of these two functions. The
function c;(f) may now be expressed in hybrid function domain using its three
samples, namely, O, %azbz and 0.

7.2.6 Convolution of Two Triangular Function Trains

Now we compute the result of convolution of two triangular function trains com-
prised of four component functions (m = 4) each, having different amplitudes. These
trains are shown in Fig. 7.9.

Five samples of the resulting convolution function y3(f), with the sampling
period h, are 0, ggZOrZO, % (g20}’21 —|—g21r20), % (g2or22 —|—g2|r21 —|—g227‘20), and
b (820r23 + 821r2: + 822021 + g2312).

Hence, y3(7), expressed in HF domain, is
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(a) (b) (©)
(1)
ol ol ol
Gy DA _ fab--

|
|
1
0 h t(s) —e— 0 h o 1(s) —w 0 h 2h t(s) —w=—

Fig. 7.8 Convolution of two elementary triangular functions

rz(r)*

0 h 2k 3h ah {(s) —w— 0 h 2k 3h 4h 1(s)—=m

Fig. 7.9 Two trains of triangular functions

y3(1) = r2(t) = g2(1) £ Y3584 + Y31 Ty (7.11)
where

Y3§ = [0 %g2or20 %(g20r21 —|— g21r20) %(g20r22 +g21r21 +g22r20)]

2|

¥3s0o ¥3s1 ¥3s2 ¥3s3)

and

h h
Y35 = |={g20r20 — 0} —{(g20r21 + §21720) — g20r20}
6 6

h
8{(g20r22 +g21}"21 +g22}"20) — (g20r21 +g21r20)}

h
6 {(g20r23 +g21r22 +g22r21 +g23r20) — (g20r22 +g21r21 -+ g22r20)}]

o

V30 Y311 Y32 y3m3)

Writing equation in matrix form, we get
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0 r20 121 r2,
h 0 0 720 r2
3(1) =82 2 2 2 S
y() 6[80 821 842 gs]o 0 0 2 (4)
0 0 0 0
r20 (}"21 *VZ()) (}”22*}"21) (r23 *7’22)
h 0 r20 (}"21 —}’20) (I"22—}’21)
+ —182 2 2 2
gls?o 82 82 shll 0 2 (2i—120) | @
0 0 0 2o

(7.12)

Writing in a compact form, we have

h
y3(l) :8[g20 g21 g22 g23H[0 20 12y }"22]]8(4)

h
+ 8[g20 g21 g22 g23 ]HVZ() (r21 - I‘20) (r22 - r21) (r23 - r22) ]]T(4)
(7.13)

7.3 Convolution of Two Time Functions in HF Domain [8]

Consider two square integrable time functions r(f) and g(#). These two time func-
tions are expressed in HF domain using their equidistant samples. Figure 7.10
shows these functions with their five time samples each. If we express these
functions in hybrid function domain for m = 4, we have

rt)y=ro - rn nSw)+[(rn—r) (n—r) (n3—r) (r4a—r3)]T(r)
gt)=lg0 g1 & &ISw(t)+[(g1—2g) (g2—81) (g3—g2) (ga—83)|Ta)(1)

Hence, the result of convolution in HF domain may be derived using the
sub-results of convolutions between different sample-and-hold and triangular
function trains of both r(t) and g(¢#), deduced in Sect. 7.2.

fr zh  3h 4Jh 1(5) —o=—

h  2h  3h 4h H(s) —e

Fig. 7.10 Two time functions r(#) and g(#) and their equidistant samples
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Using the results of Egs. (7.7), (7.10) and (7.13), we can write

y(t) = r(t) xg(t)
~hlgo g1 g ][0 o rn ]Sy
+hlgo &1 & gllro (n—r) (n-rn) (r3—r2)]]T(4)

+g[(81*80) (2—81) (83— 82) (84—83)][0 ro ri ]S

+g[(81*go) (82—81) (g3—82) (ga—g)][r0 (n—r) (—r) (3—r)] Ty

h

580 &1 &2 &l[0 (n—r) (n-n) (3=r)]Sy

h

+t3ls0 & g &lln—rn) (n=2ri+rn) (n=2n+n) (n=2n+n)]Ty

+g[(81*go) (&2—81) (g3—82) (84—83)][0 (ri—r) (r—r1) (r3—12)]Su

Pl g0 (s (-8 (- 8]
><[[(r|—r0) (r2—2r1+r0) (r3—2r2+r1) (r4—2r3+r2)]]T<4)
={hlgo & & &l[0 0 n r]

s -g) -2 @-g)]0 o 1 nl

+§[80 g1 & &[0 (n—ro) (n—n) (n—n)]

Fill-m) @) @oe) @-n)l0 (-n) (n) (-m] s
+{hlgo &1 & &llr (n—n) (n—n) (3—r)]
+g[(81*go) (2—81) (e3—g) (ga—g)][r0o (n—r) (n—r) (n-r)]

h
+§[go g1 & &lln—r) (m—2r+r) (3—2n+rn) (rm—2r3+n)]

+ g[(gl —8) (2-8) (83—8) (8—8)]
X [[ (r1 — r()) (r2 —2r + r()) (r3 —2r + rl) (r4 —2r;+ rg) ]]} T(4)

(7.14)
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Equation (7.14) can be simplified to be arranged in the following form:

0 @2ri+r) @ra+r) (@2r3+n)
h 0 0 @2ri+r) (2ra+n
0= 6 o0 & & &) 0 0 0 (2r +r0;
0 0 0 0
0 (r|+2r0) (r2+2r1) (r3+2nr)
+g1 g g g4] 0 0 (ri+2r0) (r2+2r) .
. 0 0 0 (r1 +2ro)
0 0 0 0
2ri4r) @rn—-—rn—-rn) @n-rn-r) Q2rn-—r-—rn)
+ﬁ [0 &1 & &) 0 (2r1+r9) Q2ra—ri—ry) (@2rs—r—r)
6 0 0 (2r1 +ro) (2r — ri — o)
0 0 0 (2r1+ro)
(r+2r) (m+r—=2r) (r+mn—=2r) (r44+r—2r)
+(g1 & & &) 0 (r1 +2r9) (ra+r —2r) (r3+r—2r) To
0 0 (ri+2r0)  (r2+r1 —2n)
0 0 0 (r +2r0)
0 (2ri+rn) (2rn+n) (2r3+12)
h 0 (r1+2r) (n+4r+r) (+drn+n)
:6[80 g & &) 0 0 (r1 +2r0) (ry + 471 + 1o) ]
0 0 0 (r1 +2ro)
2ri4+ry) Q2rn—ri—r) @rs—r—r) (2rs—r3—r)
+ﬁ [0 & & ] 0 (2r1 +r9) 2ry—r—r) (2r;—ry—rp)
o 0 0 (2r1 + o) (2ry — 11 — 1p)
0 0 0 (2r1 +ro)
(ri+2r0) (ra+r —2r0) (r3+r2—2r) (ra+r;—2n)
+[g & g 8] 0 (ri +2r0) (rn+r—2ry) (r34+r—2n) T
0 0 (r1 +2r0) (ra4r1 —2rg)
0 0 0 (r1 +2r0)
(7.15)

Now let,
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Ry £ 2ri+rg
R £ 2r+n
R, £ 2ri4 1,
Ry £ 21+ 13
Ry 2 1 +2r
r+4r +ry
r3+4r +r
ra+4r3+n

r+r —2r

> 1> >

[I>

Rg
Ry
Rio

[I>

r34ry — 2r

>

Now, Eq. (7.15) can be written as follows

0 Ry Ry
0 R, Rs
0 0 Ry
0O 0 O
Ry
0
0
0
Ri Rg Ry
0 Ry Ry
0 0 Ry
0O 0 O

81 &2 83]

Ry
Ry

0
0

[g0 &1 & &3]

6

+-[a1 & g4]

h
6 83

h
y(t) = 3 [0 (goRo+giR4) (goR1+giRs+ g2R4)

ra+r;—2r

(R1 — Ry)
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(7.16)

(Ry — Ry)
(Ri — Ro)
Ro

(Rs — Ry)

(R2 — Ry)

(Ri — Ro)
Ry

(7.17)

(goR2 + &1Rs + g2Rs + g3R4)]|S 4)

h
+ 5 [{g0Ro +g1Rs}  {go(Ri — Ro) + &1 (Ro+ Rs) + g2Ra}{go(R2 — R1)

+g1(R1 — Ro+Ro) + g2(Ro + Rg) + ¢3R4 }{go(R3 — R»)
+&1(Ry — Ri +Ryo) + g2(Ry — Ry +Ro) +g3(Ro + Rg) + g4R4 }] T (4)

(7.18)
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Equation (7.18) can be modified to

h
y(t) = 3 [0 (goRo+giRs) (goR1+g1Rs+g2Rs) (goR2+ g1Rs + g2Rs + g3R4)]S (4

h
+ 6[{80130 +g1Rs}  {go(R1 — Ro) +g1(Rs — Ry) + g2R4}

{80(R2 — R1) + 81(Rs — Rs) + g2(Rs — R4) + g3R4}
{g0(Rs — R2) +81(R7 — Re) + 82(Re — Rs) +g3(Rs — R4) + g4Ra} T (4
(7.19)
Equation (7.19) represents the final output/result of the two convolving time
functions, for m = 4, in hybrid function domain. In doing so, we have utilized the
results of convolution of different possible combination of SHF and TF trains to

yield the final result expressed in HF domain.
Direct expansion of the output y(f) in HF domain is

YO Eyo v oy yISwHIi—y) (2—y) (3—y2) (a—y3)]Ty
(7.20)

Comparing Egs. (7.19) and (7.20), we get
yo=0
h
Nn=g [80Ro + g1R4]
h
»2=g [8oR1 + g1R5 + g2R4]

h
3= [0R2 + g1Rs + 82Rs + g3R4]

By following the pattern, we can write down the expression for y, as

h
V4 = 3 [0R3 + &1R7 + g2R6 + g3Rs + gaR4]

If we determine the term y4 by adding the 4-th term of the row matrix for the S4)
vector and the 4-th term of the row matrix for the T(4) vector, the result turns out to
be the same as above.

Hence, the generalized form of the i-th output coefficient is

h d ,
vi=g¢ g0R<i,1)+;g,,R(m+,-,p> for i=123,...m (7.21)
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7.4 Numerical Example

To determine the convolution result using Eq. (7.21), we first compute the samples
of both the functions and express the functions in HF domain. Then we use
Eq. (7.21) to arrive at the results.

Example 7.1 (vide Appendix B, Program no. 21) Consider two time functions r
(#) = u(?) and g(r) = exp(—0.57) (2 cos2t — 0.5 sin2¢) and the exact convolution result
of these two functions is y(¢¥) = exp(—0.57) sin(2¢) for # > 0.

To note the variation of the result for an appreciable time, we consider 7 =5 s
and for HF domain analysis, take m = 25, i.e., h = T/m = 0.2 s.

Then, in HF domain, r(¢) is

r)=[1 1 - 1 -+ 1 1]S4+[0 0 --- 0 --- 0 0]Ty

25 terms 25 terms

and g(#) is given by

g(r) ~ [2.00000000 1.49064076 0.84716967 0.19164669 —0.37416316
—0.78057001 —0.99473153 —1.01896263 —0.88401092 —0.63923184
—0.34171806 —0.04622404 0.20272788 0.37575612 0.46033860
0.45965891 0.38927571 0.27251601 0.13552338 0.00277597
—0.10633011 —0.17950603 —0.21214867 —0.20664673 —0.17075045]S 55,

+[—0.50935924 —0.64347109 —0.65552299 —0.56580985 —0.40640685
—0.21416151 —0.02423110 0.13495171 0.24477908 0.29751377
0.29549402  0.24895193 0.17302824 0.08458248 —0.00067969
—0.07038320 —0.11675970 —0.13699263 —0.13274741 —0.10910609
—0.07317592  —0.03264264 0.00550194 0.03589628 0.05532806 |T ss)

Using Egs. (7.19) or (7.21), convolution of #(¢) and g(¢) in HF domain yields

ye(t) 2[0.00000000 0.34906408 0.58284512 0.68672675 0.66847511
0.55300179 0.37547163 0.17410222 —0.01619514 —0.16851941
—0.26661440 —0.30540861 —0.28975823 —0.23190983 —0.14830036
—0.05630060 0.02859286 0.09477203 0.13557597 0.14940591
0.13905049  0.11046688 0.07130141 0.02942187 —0.00831785]S,5)

+[0.34906408 0.23378104 0.10388164 —0.01825165 —0.11547332

—0.17753015 —0.20136942 —0.19029735 —0.15232428 —0.09809499
—0.03879421 0.01565038 0.05784839 0.08360947 0.09199975
0.08489346  0.06617917 0.04080394 0.01382994 —0.01035541
—0.02858361 —0.03916547 —0.04187954 —0.03773972 —0.02884140]T s,
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Direct expansion of y(f), in HF domain, for m = 25 and T =5 s, is given by

y4(t) ~[0.00000000 0.35236029 0.58732149 0.69047154 0.67003422
0.55151677 0.37070205 0.16635019 —0.02622919 —0.17991539
—0.27841208 —0.31676081 —0.30003901 —0.24076948 —0.15566844
—0.06234602 0.02353088 0.09026637 0.13119242 0.14477041
0.13389508 0.10465113  0.06481067 0.02234669 —0.01581457]S 55
+[0.35236029 0.23496121 0.10315004 —0.02043731 —0.11851746
—0.18081471 —0.20435186 —0.19257939 —0.15368619 —0.09849669
—0.03834873 0.01672180 0.05926953 0.08510105 0.09332241
0.08587690 0.06673549 0.04092605 0.01357799 —0.01087533
—0.02924395 —0.03984046 —0.04246399 —0.03816125 —0.02884140]T »s)

Figure 7.11 presents graphically the samples obtained through HF domain
convolution of the functions r(¢) and g(¢) along with HF domain direct expansion of
the result y(r). These two results are compared for a typical of eleven samples in
Table 7.1 and respective percentage errors are computed.

From Table 7.1, it is observed that error is quite large for the 17th sample
(r= %s) and the 24th sample (r = %s). The reason for such sudden increase in
error may be due to the fact that the sample values for these two cases are quite
small, e.g., 0.02353088 and 0.02234669; in fact the lowest two of all the sample
values, and computation of error needs the deviations (yq — y.) to be divided by
these small sample values.

© 00 Convolution in HF domain
—— Direct expansion

0.0¢

_0.2 -

-0.4 P S i -
0 1.0 2.0 3.0 4.0 5.0

t(s) —=

Fig. 7.11 Convolution of two functions r(f) = u(t) and g(¢) = exp(—0.5¢) (2 cos2t — 0.5 sin2t),
computed using Eq. (7.21) in HF domain and through direct expansion (yg) for 7= 5 s and m = 25.
It is observed that that the two curves fairly overlap validating the HF domain convolution
technique (vide Appendix B, Program no. 21)
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Table 7.1 Convolution results via (a) HF domain direct expansion (y4), and (b) HF domain
convolution (y.) along with percentage errors for eleven typical samples chosen randomly for
Example 7.1 for T =5 s and m = 25 (vide Appendix B, Program no. 21)

t (s) | Via direct expansion in HF Via convolution in HF % Error
domain (yq) Domain (y.) 6= % % 100

3= 0.35236029 0.34906408 0.93546580
2 0.67003422 0.66847511 0.23269110
z 0.55151677 0.55300179 —0.26926108
3 0.16635019 0.17410222 —4.66006681
2 —0.27841208 —0.26661440 4.23748855
Q —0.30003901 —0.28975823 3.42648111
0 —0.15566844 —0.14830036 4.73318805
£ 0.02353088 0.02859285 —21.51203015
% 0.14477041 0.14940591 —3.20196648
1 0.10465112 0.11046687 —5.55727449
b 0.02234669 0.02942187 —31.66097529

7.5 Conclusion

In this chapter we have introduced the idea of convolution in hybrid function
domain. This idea has been built up in a step by step manner. That is, first of all
convolution result for two elementary functions of the sample-and-hold function set
and two elementary functions of the triangular function set are derived. Also,
convolution of an elementary function of the SHF set with an elementary function
of the TF set has also been treated. Then the idea of convolution of sample-and-hold
function trains and triangular function trains are discussed with mathematical
support for m = 4. All these results are transformed to hybrid function domain.

These sub-results of convolution, presented through Egs. (7.7), (7.10) and
(7.13), are the basic results involving different combinations of two function trains
—SHF and TF. These three equations have been utilized to arrive at the general
Eq. (7.21), giving the result of convolution of two time functions, expressed in HF
domain.

Using the developed theory of HF domain convolution, an example has been
treated to prove the viability of the method. Table 7.1 presents eleven typical
sample values obtained via HF domain convolution technique and compares the
same with the sample values obtained through direct HF domain expansion of the
exact convolution result. It is noted that for two samples, the error is quite large, that
is, —21.51203015 and —31.66097529 %. This may be due to low sample values as
mentioned above. Since, the HF domain analysis uses only function samples, the
numerical computation is rather simple, straight forward and computationally
attractive.
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Chapter 8
Time Invariant System Analysis: State
Space Approach

Abstract This chapter is devoted to time invariant system analysis using state
space approach in hybrid function platform. Both homogeneous and
non-homogeneous systems are treated along with numerical examples. States and
outputs of the systems are solved. Also, a non-homogeneous system with a jump
discontinuity at input is analyzed. Exhaustive illustration has been provided with
the support of nine examples, twenty two figures and twenty one tables.

In this chapter, we deal with linear time invariant (LTI) control systems [1]. A linear
control system abides by the superposition law and being time invariant, its
parameters do not vary with time. We intend to analyse two types of LTI control
systems in hybrid function platform, namely non-homogeneous system and
homogeneous system [1, 2].

Analysing a control system means, knowing the system parameters and the
nature of input signal or forcing function, we determine the behavior of different
system states over a common time frame. The output of the system may be any one
of the states or a combination of two or many states. Therefore, after knowing all
the states within the system, we can easily assess the performance of the system.

In practice, application of linear time-invariant systems may be found in circuits,
control theory, NMR spectroscopy, signal processing, seismology and in many
other areas.

Any LTI system can be classified into two broad categories: one is
‘non-homogeneous’ system and the other being ‘homogeneous’ system. In a
homogeneous system, no external signal is applied and we look for behavior of the
states due to the presence of initial condition only. So, in short, the analysis of a
homogeneous system helps us to know about the internal behavior of the system.

In a non-homogeneous system, we deal with the presence of both the initial
conditions and external input signals simultaneously.

In this chapter, the hybrid function set is employed for the analysis of
non-homogeneous as well as homogeneous systems described as state space
models [2].
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First we take up the problem of analysis of a non-homogeneous system in HF

domain, because, after putting the specific condition of zero forcing function, we
can arrive at the result of analysis of a homogeneous system.

8.1 Analysis of Non-homogeneous State Equations [3]

Consider the non-homogeneous state equation,
x(t) = Ax(t) + Bu(r) (8.1)

where, A is an (n X n) system matrix given by

appr a2 a3 o A
dazy dxp dy3 - Aoy
AL
anl  dp2  dp3 - dpp
B s the (n x 1) input vector given by B=[b, by --- b,]"
X(?) s the state vector given by x(r) =[x x, - - x,]"
with the initial conditions,
x(0) =[x (0) 2(0) - x(O)]
where, [- - ~]T denotes transpose, and u is the forcing function.
Integrating Eq. (8.1) we have
x(t) — x(0) = A / x(1)dt + B / u(r)dr (82)

Expanding x(7), x(0) and u(?) via an m-set hybrid function [4], we get
X(t) = CSXS(m) + CTXT(m)

X(O) = CSXOS(m) + CTx()T(m) and
u(t) £ Cgus(m) + C¥uT(m)
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where,
FT ] T 7] ol d Wal U
C%X 1 C%xl C%XO 1 C?(()]
CSX2 CTX2 CSx()2 CTx()2
CSx - CT 3 CTX - CT 5 CSxO - CT and CTXO - CT
Sxi Txi Sx0i Tx0i
T T T T
L Can a L CTxn a L CSXOn a L CTxOn i
T
Csxi = [Csxil  Csxiz Csxi3 “** CSxim |
C _ T
Txi = [CTxil CTxi2  CTxi3 " CTxim]
C _ T
Sx0i — [CSXOil Csx0i2  CSx0i3 CSXOim]
C _ T
Tx0i — [CTXOil CTx0i2  CTx0i3 e CTinm]
T
Csu = [csu,l Csu2 Csu3 Csu,m]
T
Cro =[Cry1 CTu2 CTu3 “** CTum]

Substituting in (8.1) and rearranging we have
(Csx — Csx0)S0m) + (Cry — Crxo) Ty = A / xdf+ B / wt (83
We take up the first term on the RHS of (8.3) to write
A / xdr = A/ [CSXS(m) + CTXT(m)]dt = ACg / Simydt +ACry / T dt
Using relations (4.9) and (4.18), we have
A / xdr = ACsy [P188()S () -+ P1st( T | + ACry [P1ts(,) S, + Pt T, |

1 1
=A |:C3x + 5 CTx:| PlSS(m)S(m) + hA |:CSx + E CTx:| T(m>

(8.4)
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and similarly for the second term on the RHS of (8.3) we have

B / udt = B/ [Cgus(m) + C%uT(’”)]dt
1 | (8.5)
-B [CEU +5 c%l Plss(,)S,,) + 1B [Cgu T3 Cﬁ} Tim)

Hence we can rewrite Eq. (8.3) as (dropping the dimension argument 1)
1 1
(CSx - CSXO)S + (CTx - CTxO)T =A |:CSx + ECTX:| Plss S+ hA |:CSx + ECTX:| T
1 1
+B {Cgu + 2C$u] Plss S+ /B [Cgu +5 c{l} T
1 T, loar
= |ACgx + EACTX +BCg, + EBCTu Plss S

1 1
+h [ACSX + S ACr + BCg, + EBCH T

(8.6)
Now equating like coefficients of (8.6), we get
1 v loar
Cgx — Csxo = |ACsx + EACTX +BCSu + EBCTu Plss (87)
1 v loar
Crx — Crxo = h|ACgy + EACTX +BCSu + EBCTu (88)

These two Egs. (8.7) and (8.8) are to be solved for Cgx and Cry respectively. We
can solve for Cgx and Cry, either from sample-and-hold function vector, or from
triangular function vector. Both these approaches are described below.

8.1.1 Solution from Sample-and-Hold Function Vectors

The initial values of all the states being constants, they always essentially represent
step functions. Hence, HF domain expansions of the initial values will always yield
null coefficient matrices for the T vectors.

So, from Eq. (8.8)
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1 1
Cry = h|ACsy + S ACry +BCg, + EBcﬂ

(8.9)
1 1 r 1 g
or, ACSX = zCTX — EACTX - B CSu + ECTu
Substituting relation (8.8) into (8.7) and simplifying, we have
CTXPISS = h(CSX — CSxO) (810)
From Eq. (8.7),
1 v, Lo
CSx — CSXO = ACSX + EACTX +BCSu + EBCTu Plss
(8.11)

1 1
= ACg,Plss + 3 ACrPlss+B (CEu + 3 C¥u> Plss
Using (8.10) on the RHS of (8.11), we have
1 T, Lear
CSx — CSxO = ACSXPISS + EAh(CSx — CSxO) +B CSu + ECTU Plss

Calling the operational matrix for integration in (BPF) domain P [5] we have the
following relation:

h
Plss =P -1 (8.12)

Replacing Plss following (8.12), we get

h 1 1
Csy — Csy0 = ACs, (P - EI) + 5 Ah(Csy — Csy0) +B(C§u + EC%J)PISS

h 1
=ACs.P —ZACs0+B (cgu +3 c$u) Plss

Therefore,

1

h
Csx — ACs P = (I - §A> Csxo+B (C;, + 5

C$u> Plss (8.13)

Now subtracting the ith column from the (i + 1)th column, we get
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[CSX]i+1_[CSX] [ACSX ]z+1+[ACSx ]1

(- t)e] (-]
+{B<C§u+;C¥u)Plss]i B(C 4o C )PISSL (8.14)
= {B (C§u+ %C%)Plss} [B( >Plss]i

Now, the (i + 1)th column of ACsP is

(i+ 1)th column

r1
1
apyy aiz o din Csx1l Csx12 ***  CSxim .
a1 dxp - Ay Csx21  Csx22 *°° Csxam )
[ACsP),, = | . . . . . o |n 1 — (i+1)th element
: : : : ’ 0 — (i+2)th element
apl  dp2 * dpn Csxnl  CSxn2 " CSxnm .
LO]
- 1
apy ap - A Csxil +Csx12 + « - + 3Csx1(i+1)
. 1.
axy ax - | | Csxa1 Fesx o 5Csxa(i41)
=h
1
Lant  Gn2 -+ @] | Csxnt +Csxm2+ -0+ 5Csxn(i+1)

1 1 1
11 <Csm +esxizt oo+ ECSXI(H»I)) +amn| csxa1 Hesx2 + o0+ 505x2(i+1)> + e
+am, <Canl + s+ - C§x11(1+1

1 1
asy <05x11 Fosxipt oo+ 2LSx1(1+l > +an| csxortesxn+ -+ 505x2(i+1)> + o

1 1
an) (C5x11 +esxizt oo+ ZCle (i+1 > +am| csxa1 +Csxn+ -+ ECsz(i+l)> + o

+ao <Canl +esxm+ CSXn i+1) >

+am <Lanl + s+ - Lan i+1)

(8.15)
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Similarly, the ith column of ACgP is

+amn, (Canl +csxm + - 05xm

ACs P, =h
[ACs:P]; + az, (Canl +Csxm2 + - CSan

+ any (Csm +esm2t o+ 5 ) CSxm>

Subtracting (8.16) from (8.15), we can write

ap

a a
Gresxit Grosxarny o+ Grosxn+ G

ay

a n
= Osxli + %CSXI(II#» 1) ++ Z Csxni + B

[ACSXPL‘H*[ACSXPL =h
[ o Aan.
Alessai+ Besxaa ) oo+ B Csxni + B
ajp dip o dip Csxli ary
h|@r axn - axp CSx2i h | @t
== + =
2 2
dpl  dp2 - dpp CSxni dnl
Csxli
h Csx2i
or, [ACSXP][+17[ACSXP][: EA ) +
CSxni

11 (Csm +oesxi+ o+ Csm) +an| csxa1 +csx2 + -

az| (Csm +esxipt+ o+ 5 Csm) +an <L5x21 + s+ e

nl (Csm +oesxi+ o+ Csm) +an | csxa1 +Csx2 + -

(ST
>

2

Can(Hr 1)

Can(z+1)

25 CSxn(i+1)
a

an

an2
Csx1(i+1)

Csx2(i+1)

CSxn(i+1)

Substituting relation (8.17) in the LHS of Eq. (8.14), we get,

1
+ *Cs)af) + o

din

o

Ann
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(8.16)

Csx1(i+1)

Csx2(i+1)

CSxn(i+1)

(8.17)
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[CSX]i+ 1~ [CSX]i_ [ACSXP]i+ 1+ [ACSXPL'

—Cle(i+1) Csxli Csx1(i+1) Csxli
Csx2(i+1) CSx2i h Csx2(i+1) h CSx2i
= — —=A —=A
: : 2 : 2
| CSxn(i+1) CSxni CSxn(i+1) CSxni (8.18)
Csx1(i+1) Csxli
[ h Csx2(i+1) h CSx2i
=|I-ZA — I+ A
|2 } ; { "2 } :
Can(i +1) CSxni

Now from RHS of Eq. (8.14)
T, 1ot T, 1ar
B| Cg, + ECTu Plss| =B|Cg, + ECTu [Plss]; |
i+1
and,

1 1
[B (Cgu +3 C$u> Plss} =B (cgu +3 c$u) [Plss],

0O h h h
0 0 h h
We know from (8.12) that PIss =P — 41 = | . . . )
0 0 O 0

Therefore,
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(i+ 1)th column

1
B
h
1 1 '
B (Cgu +3 c$u> [P1ss];, =B (Cgu +3 C¥u> h «— ith element
0 «— (i+ 1)th element
LO]
h
h
1 ' i 1
= [B]nxl |:C§u + EC%] h = h[Blelz (Cgu + EC%)
Ixm j=1 J
—0— mx1

Similarly,

ith element

!
.
h

1 1 '
B (cgu + Ec;]) [Plss], =B (cgu + Ec;l) h|  « (i—1)th element

0 — ith element

i—1

1
= h[B]nXlZ <Cgu + §C$u>

J=1

Therefore,
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1 1
[B (cgu +3 C$u) Plss] ~ {B (Cgu +3 c;,) Plss}
i+1 i

i 1 i—1 1
= h[B]nXlZ (Cgu + 2C$u> - h[B]nxlz (Cgu + 2C$u> (819)
j=1 J =1 J
1
= h[B]nxl |:C§u + §C¥u:|
After substituting the expressions from Egs. (8.14), (8.18) and (8.19), we can

write the following recursive structure of system states

Csx1(i+1)

Csx1i
h Csx2(i+1) h Csx2i 1
I-ZA — I+ ZA =hB|C, + ~CT
| e e )
CSxn(i+1) CSxni (8.20)
CSx1(i+1) CSx1i
o) Csx2(i+1) 2 Csx2i 1
or, [ZI—A} ; - [ZIJFA] E :2B[C§u+ EC%I],.
CSxn(i+1) CSxni
From Eq. (8.20), using matrix inversion, we have
Cle(i+l) CSx1i
Csx2(i+1) 2 ) CSx2i 2 - 1
= |ZI-A| |ZI+A 2|11-A| B|CS, + =Ci
N e e R A R T
Csxn(i+1) CSxni
(8.21)

The inverse in (8.21) can always be made to exist by judicious choice of A.
Equation (8.21) provides a simple recursive solution of the states of a
non-homogeneous system, or, in other words, time samples of the states, with a

sampling period of & knowing the system matrix A, the input matrix B, the input
signal u, and the initial values of the states.
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8.1.2 Solution from Triangular Function Vectors
Now from Eqg. (8.8), we have
1 T Lo r
Crx = h|ACs + EACTX +BCg, + EBCTU
And from Eq. (8.7), using (8.12), we have
1 h S .
Csx — Csxo = |ACsx + EACTX P-— EI +B CSu + ECTU Plss
h 1 h I .
= ACSXP — EACSX + EACTXP — ZACTX +B CSu + ECTU Plss

\ (8.22)
or, (Csx —ACsP) — Csxo+ EACSX

= %ACTXP - ZACTX +B [c;, + %c&} Plss
From Eqgs. (8.13) and (8.22), we have
h T I ¢ h
I- EA CSX() +B CSu + ECTu Plss — CSx(] + EACSX

1 h T 1 ¢

= EACTXP — ZACTX +B|Cg, + ECTu Plss

1 1
or, ACgx = ACgy + EACTXP — EACTX (823)

The initial values of all the states being constants, they always essentially rep-
resent step functions. Hence, HF domain expansions of the initial values will
always yield null coefficient matrices for the T vectors. That means Cyyxy = O.

Using (8.23) in (8.8) we have

1 1 1 1

Cry = h|ACsy + 7 ACP — S ACr + ACr + B (c;, + Ec{,)]
. (8.24)

or, Cry —ACP = hACs, +hB (Cgu +3 c$u>

Subtracting the ith column from the (i + 1)th column, we have
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[CTX]i+ 1 _[CTXL'_[ACTXP]NA + [ACTXPL'

1 1 8.25
= {hB (C};u + 2C$u)} - [hB (cgu + ZC%)] (823)
i+1 i

1

Similar to Eqgs. (8.18) and (8.25) can be written as

[CTX]i+ 1~ [CTX]i_ [ACTXPL'+ 1+ [ACTXPL‘

CTx1(i+1) CTx1i
h CTx2(i+ 1) h CTx2i (8.26)
= [I-=A — I+ A
SN R
CTxn(i+1) CTxni

From Egs. (8.25) and (8.26), we have

CTxl(i+1) CTx1i
Crxo(i .
h Tx2(i+ 1) h CTx2i
I--A — I+ =
||
. ~ (8.27)
CTxn(i +1) CTxni
1 1
=h {B (cgu + C{lﬂ —h {B <C§u + C$u>]
2 i+1 2 i
CTx1(i+1) CTxli
CTx2(i+1) ) D) CTx2i
: : (8.28)
chn(hL 1) CTxni

+2E1 - A} 1{ [B (C§u+ %C%,)LI— {B(C& " %C%)U

Equation (8.28) provides an alternative recursive solution of the states of a
non-homogeneous system, knowing the system matrix A, the input matrix B, the
input signal u, and the initial values of the states. The solution as obtained via
Eq. (8.21) can be verified by Eq. (8.28) as well. But the only thing we have to
remember that, in case of Eq. (8.28), to know the initial value of T matrix, we
should have first two samples of the states. Whereas the second sample of the state
can be determined with the help of Eq. (8.21) only. So when only first sample of the
states are given, the system states can be solved only by Eq. (8.21). And if fortu-
nately first two samples of states are available, then only with the help of T matrix
i.e. equation (8.28), the system states can be solved.
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Fig. 8.1 Comparison of HF 0.50
based recursive solution of L —— Exact solution
Example 8.1, for m = 12 with ® o ¢ HF analysis
the exact solutions of state x; 0.40r
and state x, (vide J
Appendix B, Program no. 22) Xy 3
o 030r :
- _
E
5 0.20F -
= y
£ X, i
= 1
n
0.10f 1
0.0 : ‘ L L L L : : "
0 0.2 0.4 0.6 0.8 1.0

t(s) —=—

8.1.3 Numerical Examples

Example 8.1 [1] (vide Appendix B, Program no. 22) Consider a non-homogeneous
system given by x(¢) = Ax(¢) + Bu(z) where

N O R L) R 1 ey

having the solution x; (f) = 0.5(1 — exp(—t)) and x,(¢) = 0.5 exp(—1).
The graphical comparison of the system states of Example 8.1, obtained via HF
domain analysis (for m = 12) with their direct expansion are presented in Fig. 8.1,
whereas in Table 8.1 we compare the results obtained in HF domain using direct
expansion for m = 8.

Figure 8.2 is proof enough that the percentage error of HF based recursive
solution decreases drastically as the number of segments m increases. With the
increase in m, it is observed that the number of zero error points has increased.

8.2 Determination of Output of a Non-homogeneous
System [3]

Consider the output of a non-homogeneous system described by
y(¢) = Cx(¢) +Du(z) (8.29)

where,

X is the state vector given by X =[x X, -+ X,
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Table 8.1 Solution of states x; and x, of the non-homogeneous system of Example 8.1 with
comparison of exact samples and corresponding samples obtained via HF domain with percentage
error at different sample points for m = 8 and 7 = 1 s (vide Appendix B, Program no. 22)

@

1(s) System state x;

Exact samples of the Samples from HF analysis, using % error

state x4 Eq. (8.21), x1p € = ’% x 100
0 0.00000000 0.00000000 -
5 0.05875155 0.05882353 —0.12251592
2 0.11059961 0.11072664 —0.11485574
3 0.15635536 0.15652351 —0.10754348
4 0.19673467 0.19693251 —0.10056184
3 0.23236929 0.23258751 —0.09391086
¢ 0.26381672 0.26404780 —0.08759111
z 0.29156899 0.29180688 —0.08158961
8 0.31606028 0.31630019 —0.07590641
(W)
1(s) System state x;

Exact samples of the Samples from HF analysis, using % error

state X q Eq. (8.21), xap € = % x 100
0 0.50000000 0.50000000 0.00000000
5 0.44124845 0.44117647 0.01631281
2 0.38940039 0.38927336 0.03262195
3 0.34364464 0.34347649 0.04893136
o 0.30326533 0.30306749 0.06523660
H 0.26763071 0.26741249 0.08153773
¢ 0.23618328 0.23595220 0.09783927
z 0.20843101 0.20819312 0.11413369
H 0.18393972 0.18369981 0.13042860
y(1) is the output vector, is expressed by y(1) 2 [y, y2 -+ |
u(?) is the input vector, is expressed by u(t) = [u; wuy - u,]T

Ci1 Ci2 €13 - Cin
Cy1 Cpp €23 -+ C2p

C is the output matrix given by C =

Gl G2 G3 Gy
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Fig. 8.2 Percentage error for
three different values of m
(m=4,8and20)and T=1s
for a state x; and b state x, of
Example 8.1

199

D is the direct transmission matrix given by D2

(a) 0.1
* 0.0
£
& -0.1
2
g' 3 Adhd m=8 | |
” : ©000- m=20
E
£ .03 e |
g
=
‘g -0.4 i
15}
S .05 T N R S R B R
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{b) 0.5 b
09 =4
0.4 dhh =g 1
E 000~ 1 =20
g 03 -
Y
[= 9
3 02 |
5
& o1 .
o
]
S 0.0 0—ok=-" S S T4 )
53]
3
-0.1 . ; ) . :
0 0.2 0.4 0.6 0.8 1.0
f(8) ——w—
dy dyp digs d,
dy dy dy dy
dvl de dv3 dvr

As before, expanding state vector X, output vector y(f) and the forcing function
u(?) via an m-set hybrid function set, we get

X(t) £ CsxSpm) + CrxTimy Y1) Z¥sSm) +¥1Timy  0(t) 2 CsuSpm) + CraTm)
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where,
T T T
C_%xl C%xl C%u]
CSxZ CTx2 CSu2
CSx = CT 5 CTx = CT ’ CSU = CT
Sxi Txi Sui
T T T
_C_SXﬂ nxm _CTXH d nxm _CSW d rxm
T T ~vT
C¥u1 y%l Y%l
Cru Ys2 Y12
Cr, = T Ys= | T YT = | T
Tui Ysi Y1
T T T
_CTur_ rxm —ySv— vXm -yTv- vxm
and,
T T
Cs,i = [osxit  Csxiz Cswiz csxim],  Crg =[emar e Cmai3
T T
Ci = [Csuit Csuz  Csuiz csuim],  Cry = [cTuit  CTuz  CTui3
T T
Ysi = [Csit Csi2 Csi3 csiml, ¥y =lem ot cms CTim

Substituting in (8.29) we have

YsS(m) + ¥1T(m = C(CsxSim) + CrxTm)) +D(CsuSm) + CruTim))
= (CCsx + DCSU)S(W,) + (CCryx + DCTU)T(m)

From Eq. (8.30) we can write
Ys = CCsy + DCs,

Yt = CCrx +DCry

8 Time Invariant System Analysis: State Space Approach

CTxim ]

CTuim ]

(8.30)

(8.31)

(8.32)
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Fig. 8.3 Hybrid function 0.35
based analysis of system X .
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Table 8.2 Solution of output of the non-homogeneous system of Example 8.2 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 8 and 7 = 1 s (vide Appendix B, Program no. 23)

1(s) System output y(7)
Direct expansion HF coefficients using Eq. (8.31) % error

0 0.00000000 0.00000000 -

5 0.05875155 0.05882353 —0.12251592
2 0.11059961 0.11072664 —0.11485574
3 0.15635536 0.15652351 —0.10754348
H 0.19673467 0.19693251 —0.10056184
H 0.23236929 0.23258751 —0.09391086
¢ 0.26381672 0.26404780 —0.08759111
z 0.29156899 0.29180688 —0.08158961
H 0.31606028 0.31630019 —0.07590641

8.2.1 Numerical Examples

Example 8.2 (vide Appendix B, Program no. 23) Consider a non-homogeneous
system x(¢) = Ax(¢) +Bu(r),y(f) = Cx(¢) with unit step forcing function, where

0 1 0 0
A= {_2 _3],B_ [1],C_ [1 0],D=0andx,= [015]
The time variation of the output y(¢) is shown in Fig. 8.3 and the respective sample
values are compared in Table 8.2.
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8.3 Analysis of Homogeneous State Equation [4]

For a homogeneous system, B is zero and Eq. (8.21) will be reduced to

CSx1(i+1) Csxli
Csxa(i+ 1) o) ) Csx2i

. = {ZI_A} {EI—FA} . (8.33)
Csxn(i+1) CSxni

Whereas Eq. (8.33) provides a simple recursive solution of the states of
homogeneous system, or, in other words, time samples of the states, with a sam-
pling period of & knowing the system matrix A and the initial values of the states.

8.3.1 Numerical Examples

Example 8.3 (vide Appendix B, Program no. 24) Consider a homogeneous system
x(t) = Ax(t), where A = {_01 _12} and x(0) = {ﬂ having the solution x; (f) =

texp(—t) and x,(7) = (1 — 1) exp(—1).
The results of analysis of the given system are presented in Table 8.3 and Fig. 8.4
compares the result obtained in HF domain for m = 4 with its direct expansion.

Example 8.4 [6] Consider a homogeneous system x(¢) = {2} UOJ] ,x(1) = Ax(1),

with initial condition x(0) =1 O]T and the exact solution is given by
| cos(wt)

x(1) = {—sin(wt)]'

It is observed that the use of only Eq. (8.33) provides the complete solution of
the states x1(#) and x,(7) in hybrid function domain as the method is recursive and
we can solve for any sample point using the previous sample.

From Eq. (8.33), we solve for the vector x(¢) and study four cases with 4 = 0.1,
0.01, 0.001 and 0.0001 s, @ = 10 and m = 10. The Tables 8.4, 8.5, 8.6, 8.7, 8.8, 8.9,
8.10 and 8.11 compares the HF domain results with the exact solution. The last
column in each table contain the percentage errors for different samples of x,(7) and
x(1). Also, respective figures are shown from Figs. 8.5, 8.6, 8.7, 8.8, 8.9, 8.10, 8.11
and 8.12.

Since we have considered values of & from 0.1 to 0.0001, it may be expected that
for smaller i, HF domain solutions will match almost exactly with the exact sample
values of the states x;(f) and x,(f). For this reason, to bring out the difference
between these two solutions, whatever less it may be, we have used MATLAB long
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Table 8.3 Solution of states x; and x, of the homogeneous system of Example 8.3 with
comparison of exact samples and corresponding samples obtained via HF domain with percentage
error at different sample points for m =4 and T = 1 s (vide Appendix B, Program no. 24)

(a)
1(s) System state x;
Exact samples of Samples from HF domain, using % error
the state Eq. (8.33), x1 € = ’% x 100
X1.d
0 0.00000000 0.00000000 -
i 0.19470020 0.19753086 —1.45385572
2 0.30326533 0.30727023 —1.32059276
3 0.35427491 0.35848194 —1.18750436
4 0.36787944 0.37175905 —1.05458734
(b
1(s) System state x;
Exact samples of the Samples from HF domain, using % error
state x4 Eq. (8.33), x2 € = xziz;:“ x 100
0 1.00000000 1.00000000 0.00000000
1 0.58410059 0.58024691 0.65976307
2 0.30326533 0.29766804 1.84567421
3 0.11809164 0.11202561 5.13671417
4 0.00000000 —0.00580874 -
Fig. 8.4 Comparison of HF 1.2 . T . T .
domain recursive solution of "
Example 8.3, for m = 4 and 1.04 « o & HF analysis .
T =1 s with the exact
solutions of states x; and x, * 0.8+
(vide Appendix B, Program
no. 24) = 06t
o
ff 0.4
K
% 02
0.0
0.2 . ) ' . ' ) A .
0 0.2 0.4 0.6 0.8 1.0

t(s) —=—

format computations for computing the HF domain as well as exact values of the
samples of the states tabulated Tables 8.8, 8.9, 8.10 and 8.11.

Table 8.12 [6] compare the maximum absolute errors of five different methods
including the HF domain approach.
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Table 8.4 Solution of states x; of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T=1 s

1(s) System state x;

Exact samples of the Samples from HF domain, using % error

state x4 Eq. (8.33), x1n € = % x 100
0 1.00000000 1.00000000 0.00000000
5 0.54030231 0.60000000 —11.04894221
2 —0.41614684 —0.28000000 32.71605763
& —0.98999250 —0.93600000 5.45382920
& —0.65364362 —0.84320000 —28.99995872
= 0.28366219 —0.07584000 126.73602710
& 0.96017029 0.75219200 21.66056294
= 0.75390225 0.97847040 —29.78743597
5 —0.14550003 0.42197248 390.01539037
2 —0.91113026 —0.47210342 48.18485998
1 —0.83907153 —0.98849659 —17.80838160

Table 8.5 Solution of state x, of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and T=1 s

1(s) System state x;

Exact samples of the Samples from HF domain, using % error

state x2 4 Eq. (8.33), x2p € = % x 100
0 0.00000000 0.00000000 -
5 —0.84147098 —0.80000000 4.92839099
2 —0.90929743 —0.96000000 —5.57601598
3 —0.14112001 —0.35200000 —149.43308890
& 0.75680250 0.53760000 28.96429385
3 0.95892427 0.99712000 —3.98318524
£ 0.27941550 0.65894400 —135.82943681
= —0.65698660 —0.20638720 68.58578242
3 —0.98935825 —0.90660864 8.36396826
2 —0.41211849 —0.88154317 —113.90527030
1 0.54402111 —0.15124316 127.80097265

Example 8.5 Consider  another = homogeneous  system  Xx(7) = Ax(7),
0 1 0 1

where A=1]0 0 1 | and x(0) = | O | having the
-6 —-11 -6 0
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Table 8.6 Solution of state x; of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and 7= 0.1 s

1(s) System state x;

Exact samples of the Samples from HF domain, using % error

state x g Eq. (8.33), x1n € = ’% x 100
0 1.00000000 1.00000000 0.00000000
5 0.99500417 0.99501247 —0.00083417
=5 0.98006658 0.98009963 —0.00337222
5 0.95533649 0.95541023 —0.00771875
5 0.92106099 0.92119055 —0.01406639
25 0.87758256 0.87778195 —0.02272037
55 0.82533561 0.82561741 —0.03414369
o 0.76484219 0.76521729 —0.04904280
=5 0.69670671 0.69718408 —0.06851807
5 0.62160997 0.62219641 —0.09434212
o 0.54030231 0.54100229 —0.12955340

Table 8.7 Solution of state x, of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and 7= 0.1 s

1(s) System state x;
Exact samples of the Samples from HF domain, using % error
state x2 4 Eq. (8.33), x2p € = % x 100
0 0.00000000 0.00000000 -
s —0.09983342 —0.09975062 0.08293816
2 —0.19866933 —0.19850623 0.08209621
25 —0.29552021 —0.29528172 0.08070176
2 —0.38941834 —0.38911176 0.07872767
2 —0.47942554 —0.47906039 0.07616407
&5 —0.56464247 —0.56423035 0.07298778
& —0.64421769 —0.64377209 0.06916917
2 —0.71735609 —0.71689216 0.06467220
5 —0.78332691 —0.78286118 0.05945538
o —0.84147098 —0.84102112 0.05346114
x1(t) = 3exp(—1) — 3exp(—21) + exp(—31),
solution x, (1) = —3 exp(—t) + 6 exp(—21) — 3 exp(—3t) and

x3(t) = 3exp(—t) — 12 exp(—2t) + 9 exp(—3¢)
Figure 8.13 shows the solution of the system states x;(f), x5(f) and x5(¢) and the
results obtained for m = 8 in HF domain are compared with the direct expansion.
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Table 8.8 Solution of state x; of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and 7'= 0.01 s

1(s) System state x;

Exact samples of the Samples from HF domain, using % error

state x g Eq. (8.33), x1 € = x"jcl;j”‘ x 100

1.000000000000000 1.000000000000000 0.000000000000000

0.9999500004 16665 0.999950001249969 —8.333450931694e—8

0.999800006666578 0.999800009999625 —3.333713781104e—7

0.999550033748988 0.999550041247719 —7.502106664312e—7
- 0.999200106660978 0.999200119990500 —1.334019299526e—6
o5 0.998750260394966 0.998750281219221 —2.085031178134e—6
=5 0.998200539935204 0.998200569916632 —3.003547586832e—6
o 0.997551000253280 0.997551041052492 —4.089937456679%¢—6
=5 0.996801706302619 0.996801759578061 —5.344637849625e—6
o5 0.995952733011994 0.995952800419614 —6.768154521393e—6
s 0.995004165278026 0.995004248470945 —8.361062463701e—6

Table 8.9 Solution of state x, of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and 7= 0.01 s

t(s) | System state x,

Exact samples of the Samples from HF domain, using % error

state x» g Eq. (8.33), x2 € = % x 100
0.000000000000000 0.000000000000000 -

—0.009999833334167 —0.009999750006250 8.332930563493e—4
—0.019998666693333 —0.019998500062498 8.332097225479¢—4
—0.029995500202496 —0.029995250318735 8.330708254490e—4
—0.039989334186634 —0.039989001124926 8.328763539592e—4
—0.049979169270678 —0.049978753130974 8.326262924834e—4
—0.059964006479445 —0.059963507386653 8.323206210049¢—4
—0.069942847337533 —0.069942265441499 8.319593150895e—4
—0.079914693969173 —0.079914029444652 8.315423457460e—4
—0.089878549198011 —0.089877802244640 8.310696795552e—4
—0.099833416646828 —0.099832587489093 8.305412786219¢e—4
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The results of analysis of the system are presented in Table 8.13 and we have
compared the samples obtained via HF domain analysis with its direct expansion
for m = 8.
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Table 8.10 Solution of state x; of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at

different sample points for m = 10 and 7' = 0.001 s

1(s) System state x;

Exact samples of the Samples from HF domain, using % error

state X1 4 Eq. (8.33), x1n € = X“‘“;:'“ x 100
0 1.000000000000000 1.000000000000000 0.000000000000000
oo | 0:999999500000042 0.999999500000125 —8.337779083824e—12
o | 0.999998000000667 0.999998000001000 —3.335116636205e—11
mw | 0.999995500003375 0.999995500004125 —7.501810735515e—11
| 0.999992000010667 0.999992000012000 —1.333499542859%—10
o | 0:999987500026042 0.999987500028125 —2.083581595030e—10
o | 0.999982000054000 0.999982000057000 —3.000320707358e—10
| 0.999975500100042 0.999975500104125 —4.083722379966e—10
o | 0.999968000170666 0.999968000176000 —5.333904138926e—10
| 0:999959500273374 0.999959500280125 —6.750762460663e—10
o | 0.999950000416665 0.999950000424999 —8.334194818315e—10

Table 8.11 Solution of state x, of the homogeneous system of Example 8.4 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m = 10 and 7 = 0.001 s

#(s) | System state x,

Exact samples of the Samples from HF domain, using % error

state x4 Eq. (8.33), xop € = % x 100
0 0.000000000000000 0.000000000000000 -
oo | —0.000999999833333 —0.000999999750000 8.333329318508e—6
2w | —0.001999998666667 —0.001999998500001 8.333320995157¢—6
s | —0.002999995500002 —0.002999995250003 8.333307115657¢—6
o | —0.003999989333342 —0.003999989000011 8.333287679974e—6
i | —0.004999979166693 —0.004999978750031 8.333262666380e—6
e | —0.005999964000065 —0.005999963500074 8.333232118187¢—6
oo | —0.006999942833473 —0.006999942250154 8.333196004346e—6
o | —0.007999914666940 —0.007999914000294 8.333154330969¢—6
oo | —0.008999878500492 —0.008999877750523 8.333107091766e—6
o5 | —0.009999833334167 —0.009999832500875 8.333054300258¢—6
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Fig. 8.5 Solution of state x; (a) : :
in HF domain a using step 1.0 — Exact solution
sizeh=0.1s,m=10,T=1s - &8 IiF snalysis
and b using step size 0.6+
h=0.01s,m=100,T=1s,
along with the exact solution "
of Example 8.4 i o
=
g -0.2
7
-0.6
_1_0 -

—— Exact solution
® ¢ ¢ HF analysis

£(s) —o=

8.4 Determination of Output of a Homogeneous System [3]

For an n x n homogeneous system, D will be zero and Egs. (8.31) and (8.32) will be
reduced to,

ys = CCsx (8.34)
yr = CCry (8.35)

These Eqs. (8.34) and (8.35) provide simple solution of the output of homo-
geneous system.
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—— Exact solution
® ¢ ¢ HF analysis

Exact solution
® ¢ & HF analysis

Exact solution
HF analysis

L L L

Fig. 8.6 Solution of state x, (a)
in HF domain a using step Lo
sizeh=0.1s,m=10,T=1s
and b using step size 0.6
h=0.01s,m=100,T=1s,
along with the exact solution 02
of Example 8.4 AT
3 L.
2 -02
7]
- 0_6 b
-1.0
0 0.2
(b) 1.0 '
0.6F
0.2
N
£ ¢
2
2 -02
-0.6+
-1.0 et
0 0.2
Fig. 8.7 Solution of state x;
in HF domain, using step size 1.04
h =0.01 s, for m = 10 and
T = 0.1 s along with the exact
solution of Example 8.4 0.9¢
_, 08
-
24
E 07
(2]
0.6
0.5 L L
0 0.02

0.06 0.08

1(s) ——=—

0.04
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Fig. 8.8 Solution of state x,

in HF domain, using step size
h =0.01s, for m = 10 and

T = 0.1 s along with the exact
solution of Example 8.4

Fig. 8.9 Solution of state x;
in HF domain, using step size
h =0.001 s, for m = 10 and
T =0.01 s along with the
exact solution of Example 8.4

Fig. 8.10 Solution of state x,
in HF domain, using step size
h =0.001 s, for m = 10 and
T =0.01 s along with the
exact solution of Example 8.4
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0.1 : v
4 —— Exact solution |
-0.1F ® @ & HF analysis .
-0.3f
~
e
g -os}
7]
-0.7F
-0.9
0
1.001
—— Exact solution
1.000+ # ¢ o HF analysis 1
T 0.999 - 1
s 0.998F 1
3
3
©r 0997 1
0.996 1
0995 i i i i L i
0 0.002 0.004 0.006 0.008 0.01
1(s) —=—
0.00
Exact solution | A
—0.02 ® o  HF analysis ]
’ -0.04} -
~] 1
=
o -0.06f 1
3
9] 4
-0.08} 1
0 " . . L " . . .
0 0.002 0.004 0.006 0.008 0.01

f(s) —=—
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Fig. 8.11 Solution of state x;
in HF domain, using step size
h =0.0001 s, for m = 10 and
T =0.001 s along with the

exact solution of Example 8.4

Fig. 8.12 Solution of state x,
in HF domain, using step size
h =0.0001 s, for m = 10 and
T =0.001 s along with the

exact solution of Example 8.4
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1.0000
Exact solution
1.00004 o o o HF analysis 1
T 1.0000F b
= 1.0000f :
g
“ 1.0000f 1
1.0000 R
0.9999 " . " L L L "
0 0.2 0.4 0.6 0.8 1.0
t(s) —om— x10 >
0.000
Exact solution | 7
—0.002} ® & ® HF analysis b
. o~ -
b
w
E —0.006 1
v -
—0.008 >
-0.010 P P —
0 0.2 0.4 0.6 0.8 1.0
£(s) —=— x10 >

Table 8.12 Comparison of maximum absolute error obtained via MERKDP510, MERKDP512,
MERKDP514 [6, 7] and HF based approaches for step sizes £ of 0.1, 0.01, 0.001 and 0.0001 s

respectively, for Example 8.4

h(s) Maximum absolute error
MERKDP510 MERKDP512 MERKDP514 HF domain
0.1 1.6 x 107! 4.4 %1072 1.8 x 1073 390.01539037
0.01 3.1 %1073 1.1 x 1073 7.4 %107 0.12955340
0.001 29 %107 28 x107° 1.9 %x107° 8.332930563493¢—4
0.0001 29 x107° 1.0 x 107° 2.9 %1077 8.333329318508e—6
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Fig. 8.13 Comparison of HF ; i 7 7 T i 7 ! d
domain recursive solution for 1.0 4
m=38and T = 1 s with the I L3 ]

) 0.8 ;
exact solutions of state xj, I

state x, and state x3 of
Example 8.5

-
o o
= =

Exact solution
® ¢ o HF analysis

3

21X, and x,

States .\’l

0.2 0.4 0.6 0.8 1.0

1(s) —=—

8.4.1 Numerical Examples

Example 8.6 Consider a homogeneous system X(7) = Ax(¢),y(r) = Cx(¢)where,

A= {_01 _lz]czu 0] %o = m

The samples of the system output y(¢) is presented in Table 8.14 and its time
variation is shown in Fig. 8.14 form = 10 and T =1 s.

Example 8.7 Consider a homogeneous system x(¢) = Ax(¢),y(t) = Cx(¢)where

0 1 0 1
A={0 0 1 [,C=[4 5 1],x=]|0
—6 —11 -6 0

The system output y(#) is presented in Table 8.15 and its time variation is shown
in Fig. 8.15 form =10 and T =1 s.

8.5 Analysis of a Non-homogeneous System with Jump
Discontinuity at Input

We can modify Eq. (8.21) to make it suitable for the HF,, based approach (as
described in Chap. 3), so that it can come up with good results in spite of the jump
discontinuities. The modification is quite simple in the sense that in the RHS of Eq.
(8.21), all the triangular function coefficient matrices associated with the matrix
B have to be modified as discussed in Chap. 3, Sect. 3.5.1. That is, all the C%u’s in
(8.21) are to be replaced by Cf,, where C’TTuéC%le(m). This modification will
come up with good results for system analysis, shown in the numerical section. The
modified form for analyzing the system with jump discontinuities, is given by


http://dx.doi.org/10.1007/978-3-319-26684-8_3
http://dx.doi.org/10.1007/978-3-319-26684-8_3
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Table 8.13 Solution of states xj, x, and x3 of the homogeneous system of Example 8.5 with
comparison of exact samples and corresponding samples obtained via HF domain with percentage
error at different sample points form =8 and T=1 s

@

1(s) System state x;

Exact samples of the Samples from HF domain, using % error

state x4 Eq. (8.33), x1 € = % x 100
0 1.00000000 1.00000000 0.00000000
i 0.99837764 0.99793602 0.04423376
2 0.98917692 0.98896937 0.02098209
3 0.96942065 0.96964539 —0.02318292
4 0.93908382 0.93971286 —0.06698444
3 0.89962486 0.90054168 —0.10191137
¢ 0.85310840 0.85417906 —0.12550105
z 0.80170398 0.80281012 —0.13797362
H 0.74741954 0.74847056 —0.14061982
(W)
1(s) System state x;

Exact samples of the Samples from HF domain, using % error

state X q Eq. (8.33), xo € = % x 100
0 0.00000000 0.00000000 -
o —0.03655385 —0.03302374 9.65728644
2 —0.11431805 —0.11044264 3.39002458
3 —0.20162592 —0.19874093 1.43086265
H —0.28170581 —0.28017962 0.54176731
H —0.34682040 —0.34655920 0.07531276
¢ —0.39451637 —0.39524283 —0.18413938
z —0.42526167 —0.42666011 —0.32884224
H —0.44098783 —0.44277287 —0.40478215
(©
1(s) System state x3

Exact samples of the Samples from HF domain, using % Error

state x3 4 Eq. (8.33), x31 € = % x 100
0 0.00000000 0.00000000 -
4 —0.51251518 —0.52837977 —3.09543807
2 —0.69066659 —0.71032272 —2.84596508
3 —0.68465859 —0.70244984 —2.59855792
4 —0.58678987 —0.60056918 —2.34825288
3 —0.45207858 —0.46150419 —2.08494948
¢ —0.31186924 —0.31743382 —1.78426702
z —0.18274345 —0.18524277 —1.36766598
H —0.07230146 —0.07256132 —0.35941183
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Table 8.14 Solution of output of the homogeneous system of Example 8.6 with comparison of
exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m =10 and T=1 s

t(s) System output y(7)
Direct expansion HF coefficients using Eq. (8.34) % error
0 0.00000000 0.00000000 -
L 0.09048374 0.09070295 —0.24226452
2 0.16374615 0.16412914 —0.23389252
& 0.22224547 0.22274670 —0.22552991
& 0.26812802 0.26871030 —0.21716492
3 0.30326533 0.30389855 —0.20880066
& 0.32928698 0.32994700 —0.20043914
= 0.34760971 0.34827739 —0.19207749
5 0.35946317 0.36012356 —0.18371562
2 0.36591269 0.36655434 —0.17535604
1 0.36787944 0.36849378 —0.16699493
Fig. 8.14 Hybrid function 0.40
based solution of system —— Exact solution 4
output with m = 10, T =1 s, s il PR HF analysis ]
and its comparison with exact 030k }

output of Example 8.6

Output y(f) —s==
(=]
S

0.15 b
0.10f .
0.05} g
0 I 0,I2 ' 0I,4 k 0:6 ' ol.s ‘ 1.0
1(s) ——=—
CSx1(i+1) Csx1i
Csx2(i+ 1) o) ) Csx2i 2 - 1
=|ZI-A| |ZI+A 2|51-A| B|CLI +_-CI
= G- e ol lengen]
Can(H— 1) CSxni

(8.36)

The inverse in (8.36) can always be made to exist by judicious choice of k.
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Table 8.15 Solution of output of the non-homogeneous system of Example 8.7 with comparison
of exact samples and corresponding samples obtained via HF domain with percentage error at
different sample points for m =10 and T=1 s

t(s) System output y(7)
Direct expansion HF coefficients using Eq. (8.34) % error

0 4.00000000 4.00000000 0.00000000
L 3.43074808 3.43083004 —0.00238898
2 2.92429700 2.92390133 0.01353043
& 2.47973050 2.47865663 0.04330592
& 2.09358536 2.09183323 0.08369040
= 1.76101633 1.75868707 0.13226794
£ 1.47656750 1.47380325 0.18720783
= 1.23466893 1.23161802 0.24710348
5 1.02994320 1.02674151 0.31086083
2 0.85738230 0.85414466 0.37761917
1 0.71243756 0.70925511 0.44669880

Fig. 8.15 Hybrid function

based solution of system 4.04 —— Exact solution | -
output with m = 10, T =1, ® & ¢ HF analysis
and its comparison with exact I

output of Example 8.7 ok

Output y(1) —w=—
[ ]
(=]

0 0.2 0.4 0.6 0.8 1.0

f(s) ———

8.5.1 Numerical Example

Example 8.8 (vide Appendix B, Program no. 25)
Consider the non-homogeneous system x(f) = Ax(¢) + Bu(t) + Bu(t — a)

0 1 0 0 . . .
where A = [_2 _3} ,B= [ 1 } ,x(0) = {0.5} , u(?) is the unit step function and

u(t — a) is the delayed unit step function, having the solution
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Fig. 8.16 Comparison of
exact samples of the states x;
and x, of the
non-homogeneous system of
Example 8.8 with the samples
obtained using a the HF,
approach and b the HF,,,
approach, for m = 10 and

T =1 s (vide Appendix B,
Program no. 25)

(a)

and X,

States xl

(b)

and X, ——s—

States xl

Time Invariant System Analysis: State Space Approach

0.8
0.71

061

oo o HEF, approach

— Exact solution

0.4 0.6 0.8

0 1.0
f(s) ——
0.8
ik oo o HEF, approach | |
eee HE, approach
0.6} — Exact solution |
0.5 S g
! :
0.4 - 1
0.3 )
0.2 M1 1
0.1 ]
0 0.2 0.4 0.6 0.8 1.0

t(s) ——w=—

6(0) =1~ gewp(—1) — |ewp(~ (i~ a)) ~ gewp(~2(t — ) ult — a)

1) = gexp(—1) + lewp(~(i — a)) — ewp(~2( — a))u(t — a)

Considering a = 0.2 s, the exact solution of the states x;(f) and x,(f) are shown in
Fig. 8.16a along with results computed using the HF, approach, with the effect of
combined presence of non-delayed and delayed inputs to the system for m = 10 and
T =1 s. Figure 8.16b shows similar results using the HF,,, approach and presents a
visual comparison of the results with the exact solution and the results obtained via
the HF, approach. It is evident that the HF,, approach produces much better result
compared to the HF, based analysis.
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To have an idea about the variation of error with increasing m for both of HF,
and HF,,, approaches, we compute percentage errors of (m + 1) number of samples
of each an individual state and calculate AMP error, vide Eq. (4.45). Only in this
case, number of elements in the denominator will be r = m + 1.

When we compute the AMP error using the conventional HF based approach, let
us call it &,,;, and when we compute the same using the modified HF based
approach, we call it &,y;m.

Table 8.16 presents the percentage error at different sample points in a tabular
form. It is observed that the error is much less for the HF,, approach. Also, the ratio
of the AMP errors of the states x; and x,, via HF, approach and the HF,,, approach,
are given by

Eavlc — 46.23544541 (forxl) and

Eavim
Eav2c

= 24.26089295  (forx,)

Eav2m

This indicates superiority of the HF,, approach beyond any doubt.
Example 8.9 Consider the non-homogeneous system x(r) = Ax(r) +Bu (¢) +
0 1 0 0 . .
Bu,(t — a)where A = {_2 _3] ,B= [1],)((0) = [0'5], u,(¢) is a unit ramp
function and u,(r — a) is a delayed unit step function.
The system has the following solution

xi(t) = —% + %t—}— %exp(—t) — %exp(—2t) - {exp(—(t —a)) — %exp(—Z(l - a))} u(t —a)

1) =3~ Sewp(—1) + Sexp(~20) + lexp(~(i — a)) ~ exp(~201 — a))Jult — a)

Considering a = 0.2 s, Fig. 8.17a shows the solution of the system states
x1(#) and x,(¢), along with the effect of the combined presence of non-delayed and
delayed inputs to the system, using the HF, approach.

Figure 8.17b represents the effectiveness of the HF,,, approach compared to the
HF. approach. It is noted that for the state x,, which is affected by the jump input,
the samples derived using the HF,,, approach, are very close to the exact samples of
the states, while that obtained via the HF, approach are not that close to the exact
samples. This indicates reasonably less MISE with the HF,, based analysis com-
pared to the HF. based analysis.


http://dx.doi.org/10.1007/978-3-319-26684-8_4
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Fig. 8.17 Comparison of (a) 0.6 ' T ' T
exact samples of the states x; coo HIFC approach
and x, of the 0.3 —— Exact solution | |
non-homogeneous system of
Example 8.9 with the samples 04}
obtained using a the HF, )
approach and b the HF,,, W
approach, for m = 10 and - 03
T=1s g
= 02
s
8
w01
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t(s) —=
(b) 0.6 . g : :
ooo HEF, approach
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H 02
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8.6 Conclusion

In this chapter, we have analysed the state space model of a non-homogeneous
system and solved for the states in hybrid function platform. The method of analysis
is attractive in the sense that it offers a simple recursive solution in a generalized
form. This recursive equation has been used for the analysis of homogeneous
systems by putting the condition B = 0. Different types of numerical examples have
been treated using the derived recursive matrix equations for homogeneous as well
as non-homogeneous systems, and the results are compared with the exact solutions
of the system states with error estimates. It is found that the HF method is a strong
tool for such analysis. This fact is reflected through various tables and curves.
As an interesting example [6], we have taken up a set of simultaneous differ-
ential equations, which are no different from the well known homogeneous state
equation, having oscillatory solution. This example has been treated for various step
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sizes, i.e., h = 0.1, 0.01, 0.001 and 0.0001 s and the maximum absolute errors
incurred in HF domain analysis have been compared with other improved fifth
order Runge-Kutta methods, such as MERKDP510, MERKDP512 and
MERKDP514 suggested by Dormand and Prince [7].

Apart from deriving recursive equations for solving the system states, yet
another recursive matrix equation has been derived for solving for the outputs
equations for any non-homogeneous as well as homogeneous systems. As before,
HF domain solutions are compared with the exact outputs and found to be reliably
close.
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Chapter 9
Time Varying System Analysis: State
Space Approach

Abstract In this chapter, time varying system analysis is presented using state
space approach in hybrid function domain. Both homogeneous and
non-homogeneous systems are treated along with numerical examples. States and
outputs of the systems are solved. [llustration has been provided with the support of
five examples, six figures and nine tables.

As the heading implies, this chapter is dedicated for linear time varying
(LTV) control system analysis.

A time varying system means, its parameters do vary with time. In the following,
we intend to analyse two types of LTV control system in hybrid function platform,
namely non-homogeneous system and homogeneous system [1, 2].

As discussed in Chap. 8, analysing a control system means, we determine the
behavior of each system state of a system over a common time frame, knowing the
system parameters and the input signal or forcing function. Like linear time
invariant (LTI) systems, the output of a linear time varying system may be any one
of the states or a linear combination of two or many states. Therefore, knowing all
the states of the system, we can assess its performance.

In this chapter, the hybrid function set is employed for the analysis of time
varying non-homogeneous as well as homogeneous systems described by their state
space models [2].

First we take up the problem of analysis of a time varying non-homogeneous
system in HF domain. After putting the specific condition of zero forcing function,
we can easily arrive at the result of analysis of a time varying homogeneous system.

In practice, applications of time varying systems may be found in aircraft con-
trol, like during its takeoff, cruise and landing. Also, the aircraft has to adapt itself
to the continuous decrease of its fuel leading to loss of weight.

The human vocal tract is another example. It is a time variant system due to time
dependent nature of the shape of the vocal organs.

The last example is the discrete wavelet transform, used in modern signal pro-
cessing. It is often used in its time variant form. And of course there are many more
such examples.
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9.1 Analysis of Non-homogeneous Time Varying State
Equation [3]

Consider the following n-state non-homogeneous equation of a time varying control
system

x(t) = A(1)x(7) + B(1)u(?) (9.1)

where,

A(?) is the time varying system matrix of order n,

B(?) is the time varying input vector of order (n x 1),

x(?) is the state vector with the initial conditions x(0), of order (n x 1),
and u(?) is the forcing function.

Integrating Eq. (9.1) we have

t t

x(t) — x(0) = /A(’L’)X(’L’)dT+ /B(r)u(r)d‘c (9.2)

0 0

Expanding x(7), x(0) and u(f) via an m-set hybrid function, we get

x1(7) X0 Xt .- Xim-1)
X (1) X0 X210 .. X2(m-1)
x(t) = ~ S(m)
Xn (t) Xn0  Xnl .-+ Xn(m—1)
_(xll —Xlo) (xlz—xll) (le—xl(m—l))
(XZI - Xz()) (x22 - x21) s (x2m - x2(m71))
+ . . . Tim)
L (xnl - an) (an - xnl) s (xnm - xn(mfl))
9.3)
[x1(0) X10 X0 --- X0
X2 (0) X20 X20 ... X0
_xn(o) Xn0  Xn0 .-+ Xp0
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m— Srﬂ
tn=1 1) 9.5)

u(t) = up w up
(U2 =) (u3 —uz)

+ [ (w1 — uo)

We now follow the rule of multiplication of two time functions, as given in
Chap. 2, Sect. 2.6.3 and Eq. (2.30), to expand A(#)x(¢) and B(#)u(z) via an m-set

(um - Mmfl) ]T(m)

hybrid functions.

We have
P (1)
—Clll(l) 6112(l) alk(t) aln(t) XQ(I)
ax(t) an(t) ax(t) ag (1)
A()x(t) = ()
_anl(t> anZ(t) ank(t) Clnn(t)
] ] L x,(2)
5> a1 () 96)
= | S a0l
> a0

where, a;(?) is the kjth element of the square matrix A(z).
Following (2.30), the kth term of the first element of the RHS column matrix of

(9.6) can be represented in HF domain as
alk(t)xk(t) ~ El]k(t)jck([)

= [alkoxk() A1k1 Xkl A1k2Xk2
+ [(auxu — anoxo)  (aueXie — axi)

A1(m—1)¥k(m—1) | S(m)
(alkmka - alk(mfl)xk(mfl)) }T(m)


http://dx.doi.org/10.1007/978-3-319-26684-8_2
http://dx.doi.org/10.1007/978-3-319-26684-8_2
http://dx.doi.org/10.1007/978-3-319-26684-8_2
http://dx.doi.org/10.1007/978-3-319-26684-8_2
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We can express the first element of the resulting matrix of (9.6) as

n
> ay(t)x(0)
=
= [(anoxio+ -+ +aioxw0) (@uxn + -+ +apxa)
(a11pn—1)X1(m—1) + ** + Qluim—1)Xn(m—1)) | Sem)
+ [{(ainix11 — anoxio) + -+ + (@1a1Xa1 — @10%00) }
{(a112%12 — a1n1xn1) + -+ + (@2Xn2 — a1mxm ) }

. { (allmxlm - all(mfl)xl(mfl)) + o+ (alnmxnm - aln(mfl)xn(mfl)) }]T(m)

n n n
DoaoXo Do AN <o D A1jm—1)Xjm—1) | S(m)
j=1 j=1 j=1
n n
+ | 2 aix — Z aijoxjo Z aijpXj — Z aijixj
J=1 Jj=1 J=1 Jj=1
n n
> AmXim = 2 @jim—1)Xjm—-1) | | Tim)
= s

" 0 "
Yayoxio o AuINL - D @ijm-1)Xjm-1)
j=1 =1 =1

B Do WmpXi0 I @pX - D W) Xjm-1)
A(n)x(r) = A(0)x(r) = | /=1 =1 j=1 Sim)
n : n ’ n
> anoxo Y anix 2 njm—1)Xj(m—1)
j Jj=1

j=1
n n n n n
Zal]lle - Zaljllxjo Z ajpXp — Zaljlle Z A1jmXjm — Z A1j(m—1)Xj(m—1)
J=1 j=1 j=1 j=1 =1
n n )

< NN

) ]azj'zsz - Eazjlle
J= =

<Z @y — 3 azjﬂ’%)
= =

n
E @jmXjm — Z @j(m—1)Xj(m—1)
j=1 T

n
<Z Apj1xj1 — Z amo)qo>

£ A;r(s S(H!) + AXTT(m)

<

1 n n
ApjpXjp — Zan/le) <Z AnjmXjm — Zan/ (m—1)Xj(m—1)
j- j: Jj=1

=1 j=1

9.7)

Similarly, the product term B(#)u(7) in (9.2) can also be expressed in HF domain.
We may write

o) by (0u(r) ]
bo(1) ba(tult)
B(t)u(r) = bi:(t) u(t) = bi(t):”(t)
L] Lba(u) ]
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where, b;(¢) is the ith element of the matrix B(7).
Then

bioug  byjuy Di(m—1)U(m-1)
byouy  bajuy Da(m—1)U(m-1)
B(t)u(t) ~ S(m)
buottg  by1u Dy(m—1)U(m—1)
(briuy — biouo)  (brauy — byyuy)
(baruy — byouo)  (bauy — byyuy)
+

(bnlul - bn()u()) (anuZ - bnlul)

£ B{sS(m) +BirTm)
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(blmum - bl(mfl)u(mfl))

(meum - b2(m71)u(mfl))
L)

(bnmum - bn(m—l)u(m—l))

Therefore, considering the first term of the RHS of Eq. (9.2), we have

1
1 1
/ A(t)x(t) dr ~ [Ag(s + EAf(T] Plss(,)S(u) +h [AE(S + EA}(T] Tim)
0

(flmle +a1fzsz)

M=
™=

(dljoxjo +alj1le)

.
Il
Il

> (i + azpxn)

M=

(112,0190 + azi X1 )

Il

o

T
o
T

N =

(anlle + anﬂxﬂ)

M=

> (anjoxio + njixi)

\

M=
-
Ti

(aljlle +alﬂxﬂ)

M=

(Lll;oX;o +a1,1x,1)

M=
T

T
-

(az;OX/O + az;lx;l) (avjlle + az;zx;z)

-

™M=
o
Ti

+
S AR

n
(aoxpo +anixt) Y (amixin + anppxpn)
j=1

.
|

(ulj(m—l)xj(m—l) + aljmxjm)

- IM-

(azj(M7 1)Xj(m—1) T !lzjm)fjm)
1 PlSS(m>S(m)

.
Il

.
X (@njtn—1)Xm-1) + Qajiim)
=

(al,(m 1)Xj(m— 1)+tl1,mxm1)

(dz](m 1)Xj(m— l)+a2jm-x]m)

M=

Tim)

.
I

(dﬂ](m DXj(m—1) +an]m-x1m)

M=

.
I

9.8)
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Similarly, the second term of the RHS of Eq. (9.2) can be expressed as

t

1 1
/ B(7)u(t)dt = [BES + EBH P1ss(,)S) + h [BES + EBET} Tm)
0

(brouo +biywr)  (brur +bioun) ... (Bigu—1)gn—1) + bimitm)
1 (baouo +byyuy)  (byyuy +bpuy) ... (b2(m—l)u(m—1) + b2mum)
= 5 . . . Plss(m)s(m)
(bnOMO + bnlul) (bnlul + bn2”2) s (bn(m—l)u(m—l) + bmn”m)
(biowo + b)) (bryu +bouz) .. (BrgueyU(m—1) + Dimltm)
| (Baouo +bonur)  (bagus +boouz) ... (B2gm—1)Mm—1) + b2t
+2 Tm)
2
(buotto + burtr)  (Burtts +bouz) . (Bugue)U(m—1) + Dumltm)
(9.9)

Therefore, substituting P1ss from (4.9) in Egs. (9.8) and (9.9), the RHS of
Eq. (9.2) can be written as

0 Z (arjoxio + arjixjt ) + (brouo + bryuy)

nl0 Z (azjoxjo + QZJI-XJI) + (baouto + bo1uy)

0 Z (anjoxjo + anjlle) + (bnOMO + bnlul)

n

Z {(aljoxjo “l‘aljlle) + (aljlle +aljzx_,'2)} + (brouo + b)) + (briug +brouz) - - -
=

n

Z {(azjoxjo + azjlle) + (Clz_,‘lle + azjzsz)} + (baouo + bo1ur) + (bayuy + bopuz) - - -

{ (anjoxjo + anjixp ) + (amixjn + anpxp) } + (buotto + buruer) + (burus + bypuz) -+ -

n

~
Il
_


http://dx.doi.org/10.1007/978-3-319-26684-8_4
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n
Zl {(ayjoxio +arixi) + -+ + (@yjon—2)Xim-2) + @tjom-1Xim-1)) } + { (brotto + brywr) + -+ + (brgu—2ytem—2) + brim—1)tm-1)) }
=

n

Zl {(azoxio + azixit) + -+ + (@gim—2)Xjm-2) + @jm-1)Xjm—1)) } + { (botto + bayur) + -+ + (bagu—2ytem—2) + baim—1)tm—1)) }

j= S,
(m)

"
Zl {(anjoxio + anixin) + -+ 4 (@ujn-2)%m-2) + @m0 Xim-1)) } + { Baoteo +burtnr) + -+ + (Ba(m—2)4m—2) + bugn-1)(m-1)) }

il (arj0xj0 + arjixt) + (brotto + biyn) il (@1m-1)%i0m-1) + @jnXim) + (B1n-1) (1) + Dimitm)
i= =
h 3 (azjoxio + axjixit) + (baotto + boyuy) i(azj(m DXi0n-1) + @jmXim) + (Bagn—1)Um—1) + Damttm)
+ 2 J=1 j=1 T ()
i; (anjoxo +anjixjr) + (buotto +byrun) Zn:l (@ngom—1)%i0m-1) F AnXim) + (Bun—1) (1) + Drumitn)
i= =
(9.10)
Using Egs. (9.3) and (9.4), the LHS of Eq. (9.2) can be written as
0 (xi1—x10) (x2—x10) oo (*ipu_1) —x10)
0 (%21 —x20) (22—x20) ... (%20m-1)—*0)
x(1) —x(0) = | . . . Sim)
0 (xnl - an) (an - an) e (xn(m—l) - an)
(x11 —x10)  (x12 —x11) ... (xlm - xl(mfl))
(21 —x20) (22 —X21) ... (sz - Xz(m—l))
+ . . : Tim)
(xnl - an) (an - xnl) ce (Xnm - xn(mfl))
(9.11)

Equating the SHF components of second column of Egs. (9.10) and (9.11), we
get,

(x11 — X10) Z% (al;ox,0+a1,1x/1)+(b10M0+b11M1)

M= 1=

(azjoxjo + azjixjt ) + (baouo + bayuy)

(v —x20) =3 . 9.12)

(an]OXJO + an]lle) + (bnOUO + bnl ul)

(xnl - an) - %

1
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number of equations, we can write

h h h
1- Fai | X1 = S = = S i
h h h h
= | 14 Zaio )Xo+ 5ai20%0 + -+ + = ai0%0 + = (brouo + briug)
2 2 2 2
h h h
— @21 +11- 74221 |X21 = e i X
h h h
=5 @10%10 + {1+ 59220 |20 + -+ 5 @2n0%n0 + 3 (baottg + bayuy)
X :
LR R LU TE TR +|1- 5 Gnnt | Xt
h h h
= ~anoX10+ 5 anoX20 + - + | 14+ S a@uwmo | X0 + + 5 (buotto + bypiuy)
2 2 2 2
(9.13)
Writing in matrix form, we have
(1-tay,) —lap —Lam X11
*%0211 ( *%0221) *%azm X21
—tau —tay (1=% )] Lxm
(14 2ayo) Tar LY X10 bio b
Bazio (14 Lax)  azno X20 n | b L | b
= +5 o+ u
%a,,lo %anzo (1 + %am,o) Xn0 buo byt
(9.14)

Similarly, comparing the SHF coefficients of third column of Egs. (9.10) and

(9.11), we have

h

(x12 —x10) =3

Ly

(X220 — x0) = %

=

(xn2 - xn()) = g

n

n n n
> anjoxjo + 23 aniXji + Y anpXpp + (buotto + byiutr) + (buiuy + bpou)
j=1 j=1 J=1

3

n n
aijoXjo + 2 Z ajjiXx + Z aypXp + (b10M0 + buul) + (b11u1 +b12M2)
1 j=1 j=1

azjoXjo + 2 arjixyi + Y, azpxjp + (baotto + bauy) + (ba1uy + boyus)
1 =1 =1

(9.15)
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From the set of Egs. (9.15), we can write

| h h h
52 | X2 = 5 d122X22 5 A1n2Xn2

1! L b P v+ broms)
= ~a X —apx e —ap X + 3 u u
) 111 11 ) 121421 2 Inlinl ) 1141 1242

h 4 (1 h h
261212)612 261222 X22 2612112xn2

h h h h
= 5@ + {1+ a1 |1 + -+ 5 @2n1%n1 + E(bZIMI + byour)

h h + 1. h
— A ani2X12 — 5 an22X22 " * * — X un2 | Xn
) 12412 2 22422 ) 2 2

h h h h
= —auX1 + zapxo + -+ ( 1+ 5 Gt | X + + E(bnlul + byouty)

2 2
(9.16)
Writing these equations in matrix form, we get
(1 —%61112) —galzz _/jlaan X12
—bayy (1-tayn) ... —ltay X2
- %Hnlz _%anz2 o (1 - %amﬂ) Xn2
(1+Lai) B Lyam X11 b bis
I h h
5as11 (1+Lan) ... 3 am1 X21 K| b n | b2
= = up = u
2 2
%an“ %anm (1+%a,m1) Xn1 b1 b
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Equations (9.14) and (9.17), give a recursive solution for the states, for
m number of subintervals.

That is,
) -1
X1(k+1) (; - 011(k+1)) —A12(k+1) “Ain(k+1)
X2(k+1) —a2(k+1) (% - dzz(k+1)) —Aon(k+1)
2
Xn(k+1) Al (k+1) —An2(k+1) s (h - an:z(k+l))
G +a) arok . A1nk X1k bix by
ik G+am) ... Aok Xk bk b t1)
+ | . | m+ . Uk +1)
Anlk A2k e (% + annk) Xnk D b+ 1)

(9.18)

fork=0,1,2, ..., (m— 1).

9.1.1 Numerical Examples

Example 9.1 (vide Appendix B, Program no. 26) Consider the non-homogeneous
system X = AX + Bu, where A = [? 8],B = [é],x(O) = “] andu = u(z), a
unit step function.

The solution of the equation is x;(f) = 1 +¢ and x,(¢) = 1 4+ % + %

Figure 9.1 graphically shows the comparison of the results obtained in HF
domain using Eq. (9.18) with the exact curve. It is noted that the HF domain
solutions (black dots) are right upon the exact curves. Table 9.1a, b show the
comparison of the exact samples with HF domain solutions for the states of the
system of Example 9.1 form =4 and T =1 s.

Example 9.2 Consider the non-homogeneous  system X = Ax+ Bu,

where A = {8 1],B = [(1)], x(0) = [ﬂandu =u(t) a unit step function,

having the solution
1, 15 1, 15 14,
f=t+=-t+-0r+—1'+—0+ 1"+
) =ik gt R T gt

1 1 1 1 1 1
do(t)=14+t+ P+ -P+-r+—pP+—FO04+—7+--
and x, (1) ++2 +3 +8 +15 +48 +105 +
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Fig. 9.1 Comparison of the
HF domain solution of the
states x; and x, of Example
9.1 with the exact solutions
form=4and T =1 s (vide
Appendix B, Program no. 26)

States X and Xy ——
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—— Exact solution

® # ¢ HF analysis

0.4 0.6 0.8 1.0

Table 9.1 Solution of the non-homogeneous system of Example 9.1 in HF domain compared
with the exact samples along with percentage error at different sample points for (a) state x; and
(b) state xp, with m = 4, T =1 s (vide Appendix B, Program no. 26)

t(s) | Samples of the exact Samples from HF analysis using % Error
solution Eq. (9.18) = % x 100
Sq Sh
(a) System state x; (m = 4)
0 1.00000000 1.00000000 0.00000000
i 1.25000000 1.25000000 0.00000000
2 1.50000000 1.50000000 0.00000000
3 1.75000000 1.75000000 0.00000000
4 2.00000000 2.00000000 0.00000000
(b) System state x, (m = 4)
0 1.00000000 1.00000000 0.00000000
1 1.03645833 1.03906250 —0.25125660
2 1.16666667 1.17187500 —0.44642828
3 1.42187500 1.42968750 —0.54945055
4 1.83333333 1.84375000 —0.56818200

Table 9.2a and b show the comparison of the exact samples with HF domain
solutions for the states of the system of Example 9.2 form =4 and T =1 s.

Results obtained via direct expansion and using Eq. (9.18) are plotted in Fig. 9.2.
It is noted that the HF domain solutions (black dots) are right upon the exact curves.
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Table 9.2 Solution of the non-homogeneous system of Example 9.2 in HF domain compared
with the exact samples along with percentage error at different sample points for (a) state x; and

(b) state x, withm=4,T=1s

t (s) | Samples of the exact Samples from HF analysis using % Error
solution Eq. (9.18) £= % x 100
Sd Sh
(a) System state x; (m = 4)
0 0.00000000 0.00000000 -
i 0.28421139 0.28629032 —0.73147315
2 0.65228950 0.65833333 —0.92655638
3 1.13917694 1.15065814 —1.00785046
H 1.80486111 1.81990969 —0.83378050
(b) System state x, (m = 4)
0 1.00000000 1.00000000 0. 00000000
i 1.28701739 1.29032258 —0.25681005
2 1.67696243 1.68602151 —0.54020768
3 2.23222525 2.25257694 —0.91172205
4 3.05535714 3.10143546 —1.50811568
Fig. 9.2 Comparison of the 357 T T T T T i i T T
HF domain solution of the Exact solution !
states of Example 9.2 with the 3.01 ® @ ¢ HF analysis
exact solutions for m = 4 and
T=1s f 1
(o]
o _
o b
4 ]
NS
g
5 _
o x
0.5F 1
0 0.2 0.4 0.6 0.8 1.0
f(s) —=—

9.2 Determination of Output of a Non-homogeneous Time

Varying System

Consider the output of a time varying non-homogeneous system described by

¥(t) = C(0)x() +D(e) u(r)



9.2 Determination of Output of a Non-homogeneous ... 233

where,

x(?) is the state vector given by x(1) = [x; x; -+ -+ x,]',

y(0) is the output vector, is expressed by y(1) 2 [y, yo -+ - w ],
u(t) is the input vector, is expressed by u(t) = [u; wuy -+ --- u,]T,

C(?) is the time varying output matrix and
D(?) is the time varying direct transmission matrix.

As we have shown in Sect. 9.1, we can easily expand the products C(#)x(¢) and
D(¢) u(¢) in HF domain, vide Egs. (9.6) and (9.7). Since, C(z), D(?), x(z) and u(z) are
already known, y(7) can easily be determined.

9.3 Analysis of Homogeneous Time Varying State
Equation [3]

If we consider the time varying input vector B(#) as zero, the resulting expression
from Eq. (9.18) provides the recursive solution for an n-state homogeneous time
varying system.

That is,
2 ~1
X1(k+1) (g*an(kﬂ)) —aA12(k+1) —Ain(k+1)
2
X2(k+1) D1 (k+1) (z - a22(k+1)) T —Aon(k+1)
X —a —a e (2 —a )
n(k+1) nl(k+1) n2(k+1) n nn(k+1)
2
(E +6111k) Ak e Alnk X1
2
a1k (ﬁ + azzk) e Aok Xok
2
anlk A2k e (ﬁ + annk) Xnk

(9.19)

fork=0,1,2,...,(m—1)
For a time-invariant system, A(#) = A and B(¢) = B. For such a system Eq. (9.18)
can be modified as
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-1

_xl(k+1) (%—6111) —ap —din
X2(k +1) —a (% - 022) T —d2n
_xn(k+ 1) —dnl —dp ce (% - ann)
¢ +an) a e Aip X1k by b
a (% + azz) e aon Xok by by
Sl B 7% o B R TP
an| ap2 ce (% + ann) Xnk bn bn
(9.20)
This (9.20) can be written as
= 2I A B 2I A B
Xp11 = E — Z + Xy + (Mk+uk+1) ) (921)
fork=0,1,2,---,(m—2)
where,
X1k X1(k+1)
X2k Xo(k+1)
X = | . and X4 =
Xnk Xn(k+1)

In (9.21), if we set the vector B as zero, we get the recursive solution for the
states of a homogeneous linear time-invariant (LTI) system.

9.3.1 Numerical Examples

Example 9.3 Consider the first order homogeneous system X = Ax where A =
2tand x(0) = 1. having the solution x(¢) = exp(#?).

It is noted from Table 9.3a, b that an increasing m from 4 to 10 improves the
accuracy to such a degree that the HF domain solution almost coincides with the
exact samples of the states. Figures 9.3 and 9.4 prove this point graphically.

Example 9.4 [4] Consider the homogeneous system X = AX, where

A= {(t) 8] andx(0) = [”having the solution x;() = 1 and x,(r) =12 + 1.
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Table 9.3 Solution of the homogeneous system of Example 9.3 in HF domain compared with the
exact samples along with percentage error at different sample points for (a) m =4, T =1 s and
b)ym=10,T=1s

t(s) | Samples of the exact Samples from HF analysis using % Error
solution Eq. (9.19) &= % x 100
Sd Sh
(a) System state x (m = 4)
0 1.00000000 1.00000000 0.00000000
i 1.06449446 1.06666667 —0.20406024
2 1.28402542 1.29523810 —0.87324439
3 1.75505466 1.79340659 —2.18522709
H 2.71828183 2.83956044 —4.46159072
(b) System state x (m = 10)
0 1.00000000 1.00000000 0.00000000
5 1.01005017 1.01010101 —0.00503341
2 1.04081077 1.04102247 —0.02033991
3 1.09417428 1.09468342 —0.04653189
& 1.17351087 1.17450409 —0.08463663
3 1.28402542 1.28577290 —0.13609388
5 1.43332941 1.43623568 —0.20276358
= 1.63231622 1.63699981 —0.28692909
5 1.89648088 1.90390195 —0.39130740
> 2.24790799 2.25957594 —0.51905817
1 271828183 2.73659753 —0.67379695
Fig. 9.3 Comparison of the 3.0

HF domain solution of state x —— Exact solution .
of Example 9.3 with the exact 251 ® ¢ o HF analysis
solutions form=4and T=1s

20t

15}

State x —=

1.0

05} 1

L I L L L N L L L

0 0.2 0.4 0.6 0.8 1.0
r(s) —-—

We see that the system state x,, obtained via direct expansion and the proposed
HF domain technique, are the same leading to zero error, vide Table 9.4.

Figure 9.5 shows the results obtained via HF analysis with the exact solutions,
form=4and T=1s.
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Fig. 9.4 Comparison of the 3.0 T " . "

HF domain solution of state x —— Exact solution s
of Example 9.3 with the exact 25l ® o o HF analysis |
solutions for m = 10 and

T=1s
2.0F

1.5}

State x —

1.0 4

0.5 1

0 0.2 0.4 0.6 0.8 1.0
f(g) —

Table 9.4 HF domain solution of the state x, of the system of Example 9.4 compared with the
exact samples along with percentage error at different sample points, form =4 and T=1 s

1(s) System state x, (m = 4)
Samples of the exact Samples from HF analysis using % Error
solution Eq. (9.19) &= “‘Y%“‘ x 100
Sd Sh

0 1.00000000 1.00000000 0.00000000

i 1.03125000 1.03125000 0.00000000

2 1.12500000 1.12500000 0.00000000

3 1.28125000 1.28125000 0.00000000

4 1.50000000 1.50000000 0.00000000

Example 9.5 [5] (vide Appendix B, Program no. 27) Consider the homogeneous

cos(t) sin(t)} and x(0) = [ﬂhaving the

system X = Ax, where A = [_ sin(f) cos(r)

solution

x1(f) = (cos(1 — cost) +2sin(1 — cost))e"™!

and x; (1) = (—sin(1 — cos ) +2cos(1 — cos))e'’

Analysis of the given system produces the following results:

Tables 9.5a, b show the comparison of the exact samples with HF domain
solutions for the states of the system of Example 9.5 for m = 8 and T = 1 s. Results
obtained via direct expansion and using Eq. (9.19) are plotted in Fig. 9.6. It is noted
that the HF domain solutions (black dots) are right upon the exact curves.
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Fig. 9.5 Comparison of the
HF domain solution of the

states x; and x, of Example 9.4

with the exact solutions
form=4and T=1s

States X and Xy ——
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1.0
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0.2}

L I 1 L 1

—— Exact solution
& & ¢ HF analysis

L I 1 L

0 0.2 0.4

0.6 0.8 1.0

f(s) —=

Table 9.5 HF domain solution of the (a) state x; and (b) state x, of the homogeneous system of
Example 9.5 compared with the exact samples along with percentage error at different sample
points, with m = 8, T =1 s (vide Appendix B, Program no. 27)

t(s) | Samples of the exact Samples from HF analysis using % Error
solution Eq. (9.19), = % x 100
Sd Sh
(a) System state x; (m = 8)
0 1.00000000 1.00000000 0.00000000
i 1.15042193 1.15148482 —0.09239132
2 1.35969222 1.36188071 —0.16095481
3 1.63917010 1.64229144 —0.19042197
H 1.99751628 2.00098980 —0.17389195
3 2.43785591 2.44061935 —0.11335535
¢ 2.95465368 2.95517291 —0.01757329
z 3.53102052 3.52746220 0.10077313
H 4.13741725 4.12800452 0.22750256
(b) System state x, (m = 8)
0 2.00000000 2.00000000 0. 00000000
5 2.25665267 2.25592250 0.03235633
2 2.52034777 2.51828652 0.08178435
3 2.77758241 2.77342604 0.14963984
H 3.00888958 3.00181231 0.23521202
3 3.18903687 3.17834568 0.33524824
¢ 3.28860794 3.27401580 0.44371784
z 3.27727645 3.25919411 0.55174900
H 3.12867401 3.10841539 0.64751457
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Fig. 9.6 Comparison of the 4.5
HF domain solution of the a0l ]
states of Example 9.5 with the ’
exact solutions for m = 8 and 3571
T =1 s (vide Appendix B, ? .
Program no. 27) |
=
E o A
o 2.09
& 15t ]
S
2 04 —— Exact solution 1
o5l #® # ¢ HF analysis |

0 0.2 0.4 0.6 0.8 1.0

t(s) —=—

9.4 Determination of Output of a Homogeneous Time
Varying System

Consider the output of a time varying homogeneous system described by

where,
X(7) is the state vector given by x(1) = [x1 x, ... ... x|,
y(7) is the output vector, is expressed by y(1)2 [y, y» ... ... ] and

C(z) is the time varying output matrix.
We can easily solve for y(¢) in a fashion similar to that of Sect. 9.2.

9.5 Conclusion

In this chapter, we have analysed the state space model of a time varying
non-homogeneous system and solved for the states in hybrid function platform. The
proficiency of the method has been illustrated by suitable examples. Also, by
putting B(#) = 0, the same method has been applied successfully to analyze
homogeneous time varying systems as well. With slight modification, we arrive
from Egs. (9.19) to (9.21) which is suitable for the analysis of time-invariant
non-homogeneous systems. Further, by setting B = 0, Eq. (9.21) becomes suitable
for the analysis of linear time-invariant homogeneous system.

Using the above mentioned recursive matrix equations, different types of
numerical examples have been treated for homogeneous as well as
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non-homogeneous systems, and the results are compared with the exact solutions
along with error estimates for each sample point. It is found that the HF method is a
strong as well as convenient tool for such analysis. This fact is reflected through
various tables and curves.

For the analysis of output equations, since it has been treated in Chap. 8, we
avoid repeating the same here. However, it has already been shown that the HF
domain solutions are reliably close.
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Chapter 10
Multi-delay System Analysis: State Space
Approach

Abstract This chapter is devoted to multi-delay system analysis using state space
approach in hybrid function domain. First, the theory of HF domain approximation
of functions with time delay is presented. This is followed by integration of func-
tions with time delay. Then analysis of both homogeneous and non-homogeneous
systems are given along with numerical examples. States of the systems are solved.
Mlustration of the theory has been provided with the support of eight examples,
nineteen figures and four tables.

In this chapter, we deal with multi-delay control systems. In practice we can find
time delays in different electrical systems, industrial processes, mechanical systems,
population growth, economic growth and chemical processes. We intend to analyse
two types of control systems in hybrid function platform, namely non-homogeneous
system and homogeneous system.

Analysing a time delay control system means, knowing the system parameters,
the nature of input signal or forcing function and the presence of delay in the
system, we determine the behavior of each system states of a time delay system
over a common time frame, to assess the performance of the system.

In this chapter, the hybrid function set is employed for the analysis of time delay
non-homogeneous as well as homogeneous systems described in state space plat-
form. Here we have converted the multi-delay differential equation to an algebraic
form using the orthogonal hybrid function (HF) set.

First we take up the problem of analysis of a delayed non-homogeneous system
in HF domain, because after putting the specific condition of zero forcing function,
we can arrive at the result of analysis of a delayed homogeneous system.

10.1 HF Domain Approximation of Function with Time
Delay

Let us consider a time function f(#) which consists of single delay or multiple
delays along the time scale. In case of HF approximation of the delayed time
function, following situations may arise:
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e The function () consists of multiple delays with one delay equal to 7 (say) and
the rest its integral multiples. Then we can select the sampling interval £ judi-
ciously as equal to the delay 7z, or 7 may be integral multiple of # when # is
smaller than v. Then we can approximate the delayed time function in HF
domain comfortably.

e The function f(r) consists of multiple delays with one delay equal to
(say) while the other delays are not integral multiples of z. This situation may be
handled in a different way. In this case the sampling interval % has to be chosen
in such a way that all the delays are integral multiples of 4. So we find the
highest common factor (HCF) of the delays to determine a suitable value of the
sampling interval 4. That is, if &, = highestcommon factor(t;, 12, . . ., 7,), the
sampling interval h = % , where, k is an integer greater than zero.

Figure 10.1a shows equidistant samples of a time function f(¢) while Fig. 10.1b
illustrates its delayed version f(r — 7) with © = 2h.
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-kh ,\/ -2h -h 0 h 2h 3h 4h )\/ kh
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f\/ (k+2)h

f(s) ——o=

Fig. 10.1 Equidistant samples of a a function f(z) and b its delayed version f (¢ — t) with T = 2h
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Let us now recall the delay matrix Q, defined as

Qm=[0 1 0 0 --- 0 0]

m Xm)

Qen) has the property

Q,y=1{[0.0 .00 1 00 ...00

k terms (m—k—1) terms

(m xm)

and Qf,,) = 0

If we post-multiply any row matrix A by a Q matrix of proper dimension, the
A matrix will be shifted towards right by one element, and a zero will be introduced
as the first element of AQ.

However, if we post-multiply AQ by Q again, the result will be shifted further
towards right by another element, and the vacant place at the start of AQ? will again
be taken up by another zero. If we continue such post multiplication with Q, at each
step of multiplication the result will be shifted towards right by one element.

That means, if

A= [Clll ap v alm]<lxm), then
AQk ={(0 0 ... 0 O ay; adpp o ... al(m,k> (101)
k terms (1xm)

We find that, transpose of Q, namely Q", behaves in a manner contrary to that of
Q. That is, if we post-multiply a row matrix A by the Q" matrix of proper
dimension, the result will be the A matrix shifted towards left by one element, and a
zero will be introduced as the last element of AQT. Thus, we can call Q" as the
advance matrix.

Like repeated multiplication by Q, if we proceed similarly with Q" at each stage
of multiplication, the resulting row matrix will be shifted towards left by one
element.

That means

A[QT:I — al(m*k) al(m,k+1) N al(m,l) Aim 0O 0 ... 00

(m—k)terms k terms (L)

(10.2)
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In approximating time functions with delays, Q as well as Q" have vital roles to
play.
For convenience in representation, let us define

Q' £Q;

Referring to Fig. 10.1a, we can represent the function f{r) in HF domain with a
sampling period of % in the interval ¢ € [0, mh). That is

f(l) %]_C(l‘) = [Co cL € ... Cp—1 ]S(m)(l‘)
+[(c1—co) (c2—c1) (c3—c2) oo (cm—cme1)|Tim(1)
2 Cs S + CrTim)

where f(t) is the piecewise linear approximation of f(¢) in HF domain.

Consider that we know m number of samples of the function f(¢) for time 7 < 0.
That is, we want to work with a row matrix of dimension (1 X m). Thus, for t < 0,
the function f(¢) may be represented via sample-and-hold functions as

fO, <o ¢, ¢y ... ¢ & 118y (2) (10.3)

Now, consider the samples of the function for # = 0. Again, if we consider
m number of samples and represent the function f(¢) via sample-and-hold functions,
we have

f(l‘)|t>0% [Co cG C ... Cm,l]S<m)(t) (10.4)

If we work with m samples in total within the time interval ¢ € [—kh, (m-k)h] then
we can express this particular section of the function in SHF domain as

f(t)|—kh§t§(m—k)h%[c;< Ciot Chp oo €1 €O €1 .. Cm—t—1 S (m) (1)

(10.3)
Using Eq. (10.5), we can handle a function delayed by kh (k being an integer).

Also, by employing the Q and Q, matrices, we can arrive at (10.5) from the
generalized Eqgs. (10.3) and (10.4). That is

TO <o <m0 e 2 oo cnm QS (1)
+lew oy - ]Q]{Sm([)
=[ck 1 Gy - € 0 c1 oo Cni1)Sem (1)

Now, representation of the delayed function f(r — kh) in HF domain in an
interval ¢ € [—kh, (m — k)h] is given by
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ft—kh) =f(t—kh)=[c, ¢ o - € co c1 o Cnik1]Sum(1)
+ (=) (s —chy) oo (co—¢}) (e1—co)
o (Cmer — cm,k,l)] T (t)
=[co ¢c1 ¢z ... cu1]Q'SL(D)
+ [C:n C:n—l e CIZ c/l }Q]t(sm(t)
+ler—c) (=) (3=c) oo (en—cn1)]QT(r)
e =) (o —choy) o (=ch) (o —¢})]QITu(7)

2 [CQ + €5, Q]S + [C1Q + Cr. Q] T
(10.6)

where, use is made of Eq. (10.5), Q is termed as the delay matrix of degree k and
Qf is termed as the advance matrix of degree k.
Here Cgr is the sample-and-hold coefficient vector for initial values of the state,

representing the coefficients belong to time scale —kh < <0. Whereas C7. is the
triangular function coefficient vector for initial values of the state, representing the
coefficients belong to time scale —kh <1 <0.

10.1.1 Numerical Examples

Example 10.1 Consider a function fi(f) = ¢ having a delay at r = 0.4 s. Using
Eq. (10.6), approximations of this function is graphically shown in Fig. 10.2, for
m=10and T =1s.
Here the delay time T = kh = 0.4s, and time period T = 1 s. That means k = 4.
Using Eq. (10.1), the approximation of function fi(# — kh) = (¢ — 0.4) can be
represented by

Fig. 10.2 Graphical
representation of HF domain
approximation with exact
function, of function f; (¢) of
Example 10.1, for m = 10 and
T=1s

0.0 0.2 0.4 0.6 0.8 1.0

t(s) —=—
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Fig. 10.3 Pictorial
representation of HF domain
approximation of f>(t) =
sin[n(t — 0.4)] of Example
10.2 along with the exact
function for m = 20 and
T=2s

p
00 02 04 06 08 10 12 14 16 18 20

1) ——=—

(t—04)~[-04 —03 —02 —01 0 0.1 02 03 04 0.5]S;0(t)
+[01 01 01 01 0.1 01 0.1 0.1 0.1 0.1]T(t)
(10.7)

In Fig. 10.2, we see that the samples of the delayed time function, obtained via
HF domain approximation, coincide with exact samples of the function fi (¢ — kh)
due to its linear nature.

Example 10.2 Consider a function f>(7) = sin(nt) over a time period of T = 2 s,
having a delay of t= 0.4 s. Form=20and T=1s,h=0.1and k=7.

Using Eq. (10.6), the approximation of this function is graphically shown in
Fig. 10.3 as in Example 10.2.

10.2 Integration of Functions with Time Delay

Let us consider a time delayed square integrable function f (¢ — ki) which can be
expanded in HF domain, using Eq. (10.6). Now, if we consider all the initial values
of the function for —kh <t <0 to be zero, then integrating Eq. (10.6) with respect to
t, we have

/ f(t — kh)dr =~ / C5 Q' S(,ydr + / CIQ T, dt (10.8)

Using Egs. (10.8), (4.9) and (4.18), the integration of a time delayed function
with all zero initial values, can be expressed as


http://dx.doi.org/10.1007/978-3-319-26684-8_4
http://dx.doi.org/10.1007/978-3-319-26684-8_4
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/ ft—kh)dr ~ {cg + %CTT} Q*P1ss(,)S(n)
(10.9)

1

i [cg " Ecﬂ QT

But in reality, most of the practical systems have some non-zero initial values of
their states. In that case, the integration of a delayed time function can be repre-
sented by

/f(t — kh) dr =~ / [Cg Qk + C;—Qﬂs(m)dt
(10.10)
+ / [CTQ" + CL. Q] Ty dr

Using Egs. (10.10), (4.9) and (4.18), integration of a time delayed function with
initial values, may be expressed as

1
. (10.11)
| (€10t + €Ll + 5 (€T + L0l

Using Eq. (10.11), integration of some basic time delayed functions are illus-
trated below.

10.2.1 Numerical Examples

Example 10.3 Consider the function f;(¢) = ¢ having a delay at + = 0.4 s, from
Example 10.1. Using Eq. (10.11), integration of the function in HF domain is
plotted with the exact integration in Fig. 10.4, form = 10 and T =1 s.

Here we note that the samples obtained via HF domain integration approach
coincide with the exact integration curve.

Example 10.4: Consider the function f(#) = sin(nt) having a delay of 7 = 0.4 s.
Using Eq. (10.11), integration of the function in HF domain is plotted along with
the exact curve in Fig. 10.5, for m =20 and 7 = 2 s.

As in Example 10.2, here, k = 4, the delay time 1 = kh = 0.4 s, and time period
T=2s.


http://dx.doi.org/10.1007/978-3-319-26684-8_4
http://dx.doi.org/10.1007/978-3-319-26684-8_4
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Fig. 10.4 Graphical
representation of HF domain
integration of the function
fi(t) = (1 — 0.4) of Example
10.1 along with its exact
integration, for m = 10 and
T=1s

Fig. 10.5 Graphical
representation of HF domain
integration, of the function
f>(t) of Example 10.2, along
with its exact integration, for
m=10and T=1s

10.3 Analysis of Non-homogeneous State Equations

with Delay

10 Multi-delay System Analysis ...

Consider the non-homogeneous delayed state equation as,

0.1r
—— Exact integration
o.061 ® e e HF approach
ﬂ 0.02f
©
© -0.02} 1
1
: -0.061 1
_01 L ' L L L L L 1 1
0.0 0.2 0.4 0.6 0.8 1.0
I [S) ——
0.5
Exact integration
e e e HF approach
0.3} 1
S 0.1}
N
1
R L
_03 i i i I i L i
0.0 0.4 0.8 1.2 1.6 2.0
1(5) —o=—
(10.12)

x(1) = Ax(¢) + Bu() + zM: Apx(t — kh) + XN: B,u(t — Ah)

k=1

=1

where, A is an (n X n) system matrix given by
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aip a2 4z ot dig

a dzxp a4z ... dy
A A

apl  Ap2  ap3 <o+ App

Ay is an (n X n) system matrix associated with the delayed state vector,

B is the (n x 1) input vector given by B = [by by -+ --- bn]T
B, is the (n x 1) input vector associated with the delayed input,
x(7) is the state vector given by x(f) = [x; X ... ... x,|' with the initial
conditions
x(0) = [x,(0) x2(0) ... ... x,(0)]" where, [...|"denotes transpose,

x(t — kh) is the state vector with a delay of ¢ = kh, k being an integer,
u is the forcing function,
u(t — Ah) is the forcing function with a delay of ¢t = Ak, A being an integer,

and M and N are upper limits of k and A respectively.
For simplicity, let us consider the following multi-delay system

x(1) = AX(1) +Bu(r) + A x(t — ki) + Ax(1 — koh)

(10.13)
—|—B1u(t — ilh) +B2M(l — izh)

Integrating Eq. (10.13), we get

x(1) — x(0) = A / x(1)dt + B / u(t)dr + Ay / x(t — kih)di+ Ao / X(t — kah)dr

+ B, /M(l‘ — }vlh)dl+B2 / Ll(l — izh)dt
(10.14)
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Expanding x(7), x(0), x( — k1 h),
an m-set hybrid function, we get

x(t — kah), u(®), u(t — Ayh) and u(t — Axh) via

[
oy
N

CSXS + CTx (m), X ( ) =
[CSXQ + CerlQl ]
[CSXQ + Cer2Qk2]

C + CTu (m)

Blh £ {Cquﬁl + CSurlQ{n] (m) + [CEuQﬁl + CTurlen] T

t - ﬁZ é |:C§uQﬁ2 + CSurZ {))2:| S m) |:C¥UQ/;2 + CTurZ t 1|T(m>

ConS(m> + Crx0T ()
[CTX(Qk1 + CTxrlel}
[CTx(zk2 + CTerka}

)
x(t — kih)
x(t — kah)
=
)
)

u(t

where,
[ ~T 7 [~T 7] Wall T [T T
Cle CTxl CSxOl CTxOl
T T C T
Sx2 Tx2 Sx02 Tx02
Csx = T ,Crx = | 1 , Csxo0 = | 1 , Crxo = T
CSxi CTxi CSin CTin
T T T T
Can (nx m) L CTxn d (nxm) L CSXOn d (nxm) L CTx()n d (nxm)
T
CSXZ [CSXII Csxi2  CSxi3 CSxim ]
C o T
Txi — [CTxil CTxi2  CTxi3 CTxim]
T
CSX(), = [C5xoi1 Csx0i2  CSx0i3 CSinm]
T
Crioi = [cTx0il  CTx022  CTx03 CTx0im)
T
Csu = [Csu,l Csu2  Csu3 Csu,m]
_ T
CTu = [CTu,l CTu2 CTuj3 CTuﬁm]
Therefore LHS of Eq. (10.14), can be expressed as
x(t) — x(0) ~ (Csx — Csx0)S(m) + (Crx — Crx0) T (10.15)



10.3  Analysis of Non-homogeneous State Equations ... 251

The initial values of all the states being constants, they always essentially rep-
resent step functions. Hence, HF domain expansions of the initial values will
always yield null coefficient matrices for the T vectors.

Therefore in HF domain, integration of the above terms can be represented by

/ x(1)dr ~ [CSX—F%CTXJPISS Sm +h[CSX+%CTX}T(m>
/ X(t — kah)dt ~ [(CSXQ“ +Csa Q1) +3(CnQ! + CTin‘l)] PlssS,)
B (C5:Q! + C511Q!) +2(CrQ + Crea1 Q1) Ty
/ x(t — koh)dt [(cS Q% + C5:0Q?) +1(CQ +CTx12Qf2)]PlssS<m)
+1[(€5:Q% + C5,2Q?) +5(CrQ? + CraQ?) | T
/ u(r)dr ~ [CF, +3C,| PLss S + h[CE, + €T, Ty
/ u(e = pihydr ~ [(€5,Q7 + €L, Q) + (€1, + €L, Qf ) |Pisss
H[(CLOP + L) + (0P + ).,
/ u(t = foh)dr ~ [ (CL,QP + €L, .0 ) 3(CLO™ + ], )]msss )

(L L) ek i

Substituting the above terms in RHS of Eq. (10.14), we get

A/ x(1)di + B / u(t)di + A, /X(t — ah)di + Ay / X(t — koh)dt
+B /u(t—ﬁlh) dt+B2/u(t—[f2h) dr

~ A[(Cs+3Cr ) P1ss Sy +5(Csy +3Cr ) T |
+B](CL,+3CT, )Plss S +h(C§u+1CT )T
A1 (C5Q" + Csr Q) +5(CreQ! + Crin @) [P
+ A (€5 Q" + C5a Q) +5(Cry Q! +chtl)]T (10.16)
+A[(€C5:Q% + cstf'z) +f(cTXQ + O

)] T

A1 31 T A1 A1
CSu ’ +CSurl /)+§<CTUQ/ +CTurlQ{

d
(
KC;IQ/“ +CgunQ )+1<CT Q" JFCTuﬂQ{f Tn
(cle
{
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Now equating the SHF part of Eqgs. (10.15) and (10.16), we get
Csy — Cso = A(Cs, +5Cr ) Plss + B(CL, + 3T, ) Plss
+ A1 (€C51Q" + CsaQf!) +5(Cr@ + Craa Q1Y) | Piss
+ A2 [(€5:Q + C5:2QP) +5(Cr @ + CriaQ?) | Plss

[
+ B [(Cqum + CSurl {“> (C%Qﬂ1 + CTu‘cl {))1)} Plss
It

+ B[ (CLQP +CL,,Q%) +5(CLQ% + C,,Q) |P1ss
(10.17)
Similarly, equating the TF part of Egs. (10.15) and (10.16), we have
1 1
Cro= Ah(Cs, +3Cry ) +Bh(CL, +3CT,)
+ A (C5:Q" + €51 Q) +5(Cr@' + Crii Q)
[ 1
+ Ao (€C5:Q" + C5:2QP?) +5(Cr@? + CreaQ?) | (10.18)

+ Blh (Cquﬂl + CSu‘cl {;l) (C$UQBI + CTu‘cl {“):|

+Boh[(CL,Q7 + €L, ) +1 (2 + 1,0

Therefore, from Eqs. (10.17) and (10.18), we can write
Cry Plss = h(Cg, — Cyy)
Substituting this relation in Eq. (10.17), we have
Csx — Csxo = ACsPlss +B(C§u +%c$u)P1ss+§A(ch ~ Cs0)

2
+ A Cs, Q" Plss + ]—1A2 (Csx — Csx0)Q + A, (Cs;qz + %CTXTZ) QfZPISS
+B, [(CT Q"+l Q! ) (C;lQ/“ + CTuTleH)}Plss
+B; [(Cquﬁz + CSurZQﬁz) + §<C¥uQﬁ2 + CTuer{n)} Plss

+ A1C5. Q" Pss + 3, (Cs, — Csy0) Q" + A1 (Csuet +5Crvct ) QI Plss

(10.19)
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or, Cs, — ACsPlss — gACSX — A, Cs,Q“'Plss — gAlchQ"‘
— A,Cs,QFPlss — gAZCSXka

h h 1
— Csu0 — 5ACs0 — 3A1Cs0 Q" + A1 (Cswat +3Crvct ) Q' Plss
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~18C50Q + A, (cs,xf2 + %CM) QP1ss + B (Cgu n %C&) Plss

+ B[ (CLQ" + €L, Q") +5(CLQ" + . Q") |P1ss

+ B2 {(CEUQ’BZ + Cgu‘cZ {32) + %(C$uQﬁ2 + C¥u12Qtﬁ2):| Plss

Replacing Plss in Eq. (10.20), following (8.12), we get

Csx — ACsxP — A;CsxQ'P — A,Cs, Q2P

= |:I - gA - gAlel - gAZQk2:| CSxO + Al (Cerl + %CTX‘IJ) QflPlSS

+A, (CSM2 v %cm) Q“Plss + B (Cgu v %c;) Plss

+B[(CLQ" + L. Q") +5(CLQ" + . Q" ) |P1ss

+ B2 (CLQ7 +CL,Q) +5(CLQ7 + C,,QP ) |P1ss
Now, the (i + 1)th column of ACsP is

(i+ 1) — th column

1
1
a dip ... din Csx1l Csx12 ---  CSxlm 1
az dxp ... dzp Csx21  €Csx22 -+ CSxam )
ACs.P),, = : i . :
0
anl dp2 ... dpn Csxnl  CSxn2 - -+ CSxnm R
0
1
aj;; ap ... d Csx11 + Csx12 + -+ Csxli T 5Csx1(i+ 1)
1
ay ap ... ay Csx21 + Csxa2 + -+ Csx2i T 5Csx2(i+ 1)
=h

ayl Ay ... Quy Csxnl +Csxn2 + -+ + Csxni +%CSXVL (i+1)

(10.20)

(10.21)

— (i+1)thelement
— (i+2)thelement


http://dx.doi.org/10.1007/978-3-319-26684-8_8
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an (Csm +csxiz+ o Fosxai + Csm it+1 ) +an(csxor +csxo2+ o +Csxai + -C5x2 (i+1 )
s+ a| Csxnl T Csxm2 + 0+ Csxni T Can (i+1

a) <CSx]I +oesxiz+ o Fosxait C5x1 (i+1 ) +an| csxa1 +Csxo2 + -0 +Csxai t+ *CS><2 (i+1

1
[ <Clel +esxiz+ o+ Csxai +§C5x1 (i+1 ) +an2 Csxa1 +Csx2 + -+ +Csxai + -05x2 (i+1

=h -+ ay (Csm +Csxn2 + 0+ Csxni +’Can (i+1 )

©+apn | Csxnt + Csxn2 + 0+ Csxni + ECan(i+ l))

(10.22)
Similarly, the (i + 1)th column of A;Cs,Q*'P is
[AICs5 Q"]
(i+1) — thcolumn
!
17
ami Az .- Ain | [esxir o Csxiz -+ CSxim 1
At 422 --- A2 | | Csxal Csx22 . CSx2 P
—h n . _ (i—k1+1)
0 th element
A(nt A2 --- Al)mn CSxnl CSxn2  ---  CSxnm .
L0
amin amiz -+ A1) Csx11 FCsx12 + -0+ Csxi(iok1) T 3CSx1(i—k1 +1)
aapr A2 .- Q@) csxat +Csxaz + 0+ Csxa(ir1) T aCsxa(i—k1 + 1)
A1 A2 -+ A1) Csxnl F Csxn2 + ++ + Csxa(i—k1) T 3CSxn(i—k1 + 1)
[amn (Can +esxiz+ o+ Csxagi-k1) +%05x1(i—k1+1)) i
+a(1)|z(65x21 +csx2+ o+ Csxa(i-k) +%0Sx2(i—kl+l)) + -+
+amm (Csm +esxn2 o Csxn(i—k1) T ACSxa(i—k1+ 1)
a2 (Can +osxat o+ Csxa(iok1) HaCsx1(i—k1 1 1)
+amn (Csm +Csxp2 + o0 A Csxa(i—k1) +%0Sx2(i—kl+l)) + -+ ]
=h + a1y (Csant + Csuz + -+ + Csan(iokt) + XCSun(ik1 +1) for (i+1) > k1

ayn (esxi1 +esxiz + -+ + Csxai—k1) + 2esxi(i—k1+ 1))
+amm (esxat + s+ -+ + Csxa(i—k1) 1 3Csxa(i—k1 +1)) +oe
+ a1y (Csm + s+ 0t Csxn(i—k1) T 3CSxn(i—k1+ 1) J

(10.23)
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Similarly, the (i + 1)th column of A,Cs,Q*’P is given by

a4z

Aoyl A2
=h| . .

Aot A2mn2

M@y (csxir + csaz + -
+a(2)|2(63x21 +esxnt+ -

+ an)in (chnl +Csxn2 + -

agp)21 (Csm +esxiz+ 0
+apm (Csm +cesxnt+ -

=h + a)2n (chnl +Csxm2 + -

a2)nl (Csm +csxizt+ -
+apum (esxa1 +esxaz+ -
+ a@ym (Csxnt + Csxnz + -+

2

[A2C5XQ P] i+1
ap)in Csxi1 +Csxi2+ 0
@y | | Csxa1 +Csxp2 + -+
Ay | | Csxnl +Csxma + -+

+ Csx1(i—k2) T 3Csx1(i—k2 + )

+ cs(ik2) Ficsi-n+1) +
+ Csxn(i—k2) tACSxn(i—k2 + 1)
+ Csx1(i—k2) T 3Csx1(i—k2 1 1)

+ csa(ik2) Ficsi-+1)) +
+ Csxn(i—k2) T ACSxn(i—k2 + 1)

+ Csx1(i—k2) +Csx1(i—k2+ 1))
+ Csxa(i—k2) T 1Csx2(i—k2 + 1)) +
+ Csxn(i—k2) T 5CSxn(i—k2+ 1)

Now, the ith column of ACgP is

aipg <CSx11 +csxi2 + -

asy <05x11 +csxi2 + -

an1 <Clel +csxi2 + -

st esxai-1y + Csm) +an|csxar+Csx+ -

s+ ap| csxnl +Csxm2 + -

-+ +amn

© T+ Csxii-1) T Csn:) +an2 Csxa1 T Csxa2 + -+

s+ esxai-1) + Csm) +an (Csm +Csxo+ -
-+ Ann (CSan + CSxn2 + .-

Csxnl +Csxm2 + - -
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+ Csxi(i—k2) T ACSx1(i—k2 + 1)
+ csxo(i-k2) HACsx2(i—k2+ 1)

+ Csxn(i—k2) +ACSxn(i—k2 + 1)

ot
o+
for (i+1) > k2
+
(10.24)
1
+ Csxa(i-1) Ecsm)
1
+Canz 1) +ZCSX)11)
1
+ Csxa(i-1) + zcsm)
1
+CSan 1) +2CSxm)
+ Csxa(i-1) + Csm)
+ CSXn(i—l) +§CSX;1i)

(10.25)
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The ith column of A1C5ka1P is

[ a1 (Csxin + Csx1a + -+ + Csxi(imk1—1) + KCsxi(i—k1)) i
+am(esar + s+ - Fesaion-1) Ficsai)) T oo+
+ a()1n (Csant + Csxm2 + -+ + Csxn(iki—1) + 3Csun(i=k1))
ayzt (Csm +esxizt+ - Fesxa(iki-1) Tt %cs“(,-,kl))
+ a2 (Cszl +Csxa2 + - F Csxa(i—k1-1) +%CSx2(i7kl)) + -+
=h + agyn (Csxnt + Csxna + -+ F Csxa(i—k1-1) + 3Csxa(i—k1))
a(1)n1 (Csm +cCsxi2 4 - FCsxa(i-k1-1) T %Cle(i—kl))
+amm (Csm +Csx22 + - F Csxa(i—k1-1) Jr%Cst(i—kl)) + ot
L + A(1)nn (Canl +Csxm2 o A+ CSxn(i—k1—-1) + %Can(ifkl)) _
fori > k1
(10.26)
The ith column of A,Cg,Q**P is
[a@)i1 (Csxin + Csxia + -+ + Csxi(izko—1) + KCsxi(i—k2)) 1
+agna(esor + s+ -t Csagr1) Ticsxaiik) T+
+a(2)ln (Canl +Csxm2+ -+ CSxn(i—k2—1) +%Can(i—k2))
agp (Csat 4 csxaz + -+ + Csxa(i—ka—1) +3su1(-12))
+ap) (CSx2l +Csx2 + 0+ Csxa(i-k2-1) +%ch2(i—k2)) + -+
=h + @20 (Csant + Csxm2 + -+ + Csxnlika—1) + 3Csun(i-k2))
apnl (Csm +cesxi2 + 0+ Csxa(i-ka—1) T %Cle(ika))
+apm (C5x21 +Csxp2 + 0 Csxa(i-ka-1) +%C5x2(i—k2)) + o+
L +a(2)nn (Canl +Csxm+ o+ Csxn(i—k2—1) +%Can(i—k2)) d
fori > k2
(10.27)

After subtracting the ith column of LHS of Eq. (10.21) from its (i + 1)th column,
using the relations from (10.22) to (10.27), we get
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([Csﬂw 1~ [ACSXPL'Jr 1 [AlCSkalP] i+1 [AZCSkaZP] i+ 1)
— ([Csx);—[ACs:P),—[A1 C5.Q"'P] — [A,CsxQ°P] )

= ([CSX]HI_[CSXL) - ([ACSXPLJrl_[ACSxP]i)
~ ([A1Cs QP ~[41C5, QP ) — ([A2C5:QP],,— [A2C5,Q7P] )

CSx1(i+1) Csxli Csxli CSx1(i+1) Csx1(i—k1)
Csx2(i+1) CSx2i n CSx2i n Csx2(i+1) n CSx2(i—k1)
= — —-A —-A —-A
: : 2 : 2 : 2!
CSxn(i+1) CSxni CSxni CSxn(i+1) CSxn(i—k1)
CSx1(i—k1+1) Csx1(i—k2) Csx1(i—k2+1)
n CSx2(i—k1+1) n Csx2(i—k2) " Csx2(i—k2+1)
—ZA —ZA —-A
2! : 22 22
CSxn(i—k141) CSxn(i—k2) CSxn(i—k2+1)
(10.28)

Similar to Eq. (10.28), we subtract the ith column of RHS of Eq. (10.21) from its
(i + 1)th column and express the result of subtraction in parts. First, we subtract the
first terms of the two columns in the RHS of Eq. (10.21) and get

h h h
(1= 34 - fAQ" - 24207 Cs0)
— ([ A - 210" - 2AxQ®] G ) =0
2 2 2 i
Subtractions of the remaining terms, we have

1
|:Al (CSXTI +§CTXTI)Q{(1PISS} )
i+1

=hA, (Csm +%CTXII> Q]

1
- |:Al (Csm + ECT"“ ) Q{dPlss} i
Similarly,

1
[AZ (CSx‘r2 + ECTX‘LQ) szPlSS} i -

=hA; (Csm + %CTm) Q7]

[A2 (CSX‘EZ + %CTXTZ) Q{CZPISS:|

i
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Now
[B (Cgu + %C%u) Plss} T [B (Cgu + %C%u) Plss} = hB (Cgu + %C%)i
Similarly
(B[ (€L +CL,00") + 1 (cho" + 0l [prss)
B (B] [( Qﬁl +CS“11 t ) <C¥uQﬁl +CTuﬂ i )}Plss)

B (€ L) Q7]+ (€L k) [

i

and

(Bz [( Qﬂ2 + Cguny {jz) (C%,Qﬂ2 + Clun {}2)} PISS)HI
— (Bz [( Q7+ C§,,,Qf ) (C%‘Qﬂz + CrLin Q! )}Plss)
=hB, (Cgu ) [Q],+hB, (CSuTZ + CTurZ) { ﬁz}i

Therefore, finally the subtraction of ith columns of Eq. (10.21) from respective
(i + Dth columns can be expressed as

Csx1(i+1) Csxli Csxli Csx1(i+1) CSx1(i—k1)
Csx2(i+ 1) CSx2i h Csx2i n Csx2(i+1) i CSx2(i—k1)
— - —= — A
741
CSxn(i+1) CSxni CSxni CSxn(i+1) CSxn(i—k1)
Csx1(i—k1+1) CSx1(i—k2) CSx1(i—k2+1)
n Csx2(i—k1+1) h CSx2(i—k2) n CSx2(i—k2+ 1)
- EAI . - EAZ . - EAZ
CSxn(i—k1 +1 CSxn(i—k2 CSxn(i—k2 +1
( ) (i—k2) ( ) (1029)

= A1 (Cswat +5Crat ) [QF'], +hAs (Csva +5Cre ) [Q], + B (CL, +3C, )
() () o]
1B (€L, 101 ) Q7]+ B (€l + 10T, [0,

= A1 (Cst +1Cnn) | +ho(Csa+1Cna)  +hB(CL+1CT,).
+ By (€l +5CR), +hBl(cguﬂ+ 2Cht),

1
+ B2 h <Cgu + §C$u> ) + B2 h (CSU‘[Z + CTurZ) i+p2
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Following Eq. (10.12), the generalized form of Eq. (10.29) can be written as

Csxl(i+1) Csxli
Csx2(i+1) CSx2i Nx
h h
[I — EA} = {I—FEA} ; [Ax][Csxli & +2 Z [AK[Csxl; g 11
Csxn(i+1) CSxni
Nx

+h3 (Al [Cowr+3Cnar]  +1B(CL+3CT,)

Nu Nu
1Y B[CL+3CR] +rYBiI[C iG]

=1 =1

(10.30)

From Eq. (10.30), using matrix inversion, we have
Csxl1(i+1) Csxli
CSxZ(:H— 1) _ [I B ’%A] -1 [I+§A] CS:x2i :’ZXI AJ(Csd , + :’Zl A1
CSxn(i+1) CSxni

Nx
1 1
+) A [Couet+3Cra] +hB(c§u +3Ch).

D SLHIC LAY S AT I

Csx1(i+1) Csx1i
Csx2(i41) 5 _1 5 CSx2i Nx Nx

o | | =[1-a] {[1+4] ; (AW [Csiliy + Z AJ[Csiss
CSxn(i+1) CSxni

oS e tenal | +on(el o1k
k=1

+2 %[BA][C&J%CH. +2§l: [ Sues T %‘”LM}

=1

(10.31)

The inverse in (10.31) can always be made to exist by judicious choice of 4.
Equation (10.31) provides a simple recursive solution of the states of a
multi-delay non-homogeneous system, or, in other words, time samples of the
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states, with a sampling period of & knowing the system matrix A, the input matrix
B, the input signal u, the delay matrices for states and for input, and the initial
values of the states.

For a time-invariant system, all the delay matrices are zero. For such a system
Eq. (10.31) can be modified as

Csx1(i+1) Csxli
Csxa(i+1) ) ) Csxi
=|-1-A -I+A
|l )
Csxn(i+1) CSxni

2 B T 1 T
+2[71-A| BICG,+5Cy,

i

like Eq. (8.21).

10.3.1 Numerical Examples

Example 10.5 (vide Appendix B, Program no. 28)
Consider the non-homogeneous time-delay system

x(t) =x(t—1)+u(r), 0<t<1
x(r)=1, for —1<r<0

—2.1+1.05t, 0<t<1
and u(t) =
—1.05, 1<t<2
having the solution
X(t) = 1—1.1¢40.5252, 0<t<1
T —0.2541.575t — 1.0752 +0.1758, 1<1<2

The exact solution of the state x(f) along with samples computed using the HF
approach, are shown in Fig. 10.6, for m = 4 and m = 8 with T = 2 s.

For quantitative analysis of this HF based approach, we have compared
sample-wise computational error with the exact samples, in Table 10.1. From
Table 10.1 it is noted that, instead of using a small number of segments (m = 4), the
samples obtained using HF domain analysis are reasonably close to their respective
exact samples.


http://dx.doi.org/10.1007/978-3-319-26684-8_8
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Fig. 10.6 Comparison of the
exact samples of the state x
(t) of the non-homogeneous
time-delay system of Example
10.5, with the samples
obtained in HF domain, for a
m =4 and b m = 8, with

T =2 s (vide Appendix B,
Program no. 28)

(a)

State xX(f) —=

(b)

State X(7) —=

261

1.0
Exact solution 1
08+ e e e HF approach, for m=4| |
06 1
04 4
02} 1
0 0.4 0.8 1.2 1.6 2.0
!(S) e
1.0
Exact solution 1
0.8 + ®ee HF approach, for m=8| |
0.6 1
04 1
0.2 1
0 0.4 0.8 1.2 1.6 2.0

t(s) ——=—

Example 10.6 Consider the non-homogeneous time-delay system
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Table 10.1 Solution of state x(f) of the non- homogeneous time delay system of Example 10.5
with comparison of exact samples and corresponding samples obtained via HF domain with
percentage errors at different sample points for (a) m = 4 and (b) m = 8, with T = 2 s (vide
Appendix B, Program no. 28)

t (s) | Exact samples of the Samples from HF analysis, using % Error ¢ =
state Xq Eq. (10.31), x4 % x 100

(a) System state x(f)

0 1.00000000 1.00000000 0.00000000

2 0.58125000 0.58125000 0.00000000

4 0.42500000 0.42500000 0.00000000

¢ 0.28437500 0.29531250 —3.84615385

H 0.00000000 0.02187500 -

(b) System state x(f)

0 1.00000000 0.00000000 0.00000000

2 0.75781250 0.75781250 0.00000000

H 0.58125000 0.58125000 0.00000000

¢ 0.47031250 0.47031250 0.00000000

H 0.42500000 0.42500000 0.00000000

o 0.38085938 0.38222656 —0.35897239

L 0.28437500 0.28710938 —0.96154022

u 0.15195313 0.15605469 —2.69922706

e 0.00000000 0.00546875 -

having the solution

0, 0<r<d
_ 2—2exp(—(r—1)), i<i<i
) = —2=2exp(-(t-1H)+(2 44} exp(4—(t 1), 1<i<?
7 —

The exact solution of the state x(f) along with results computed using the HF
approach, are shown in Fig. 10.7, form = 10 and T =1 s.

Example 10.7 Consider a homogeneous time-delay system

x(t) = x(t — 0.35) +x(r — 0.7) + u(z),
x(t) =0, fort<0,
u(t) =1

The exact solution is

t, 0<r<0.35
+1(r-035)?, 035<1<0.7

t+3(t—035°+1(t—07)7+L(r-07)°, 07<r<1.05
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Fig. 10.7 Comparison of
exact samples of the state x
(t) of the non-homogeneous
time-delay system of Example
10.6, with the samples
obtained in HF domain, for a
m = 8 and b m = 16, with
T=1s

(a)

State X(f) —=

(b)

State X(f) —w=—

0.8

0.6

04

02}

0.6 |

04 r

02 r
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Exact solution
e e e HF approach,

for m=28

0.2 0.4 0.6 0.8 1.0

f(s) ——w=—

Exact solution
® e e HF approach,

for m=16

The exact solution of the state x(f) along with the results obtained via HF
approach, are shown in Fig. 10.8a and b, for m = 3 and 6, for T = 1 s. Figure 10.9
graphically compares the exact solution of the state with the results obtained using
Walsh series (m = 4), Taylor series (4th order) and HF domain (m = 6) analyses. It
seems that the HF based analysis results are more close than the results obtained via
Walsh series or Taylor series. To show the differences in the three results,
Fig. 10.10 is presented where a magnified view of some portion of Fig. 10.9. is
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Fig. 10.8 Comparison of
exact samples of the state x
(t) of the non-homogeneous
time-delay system of Example
10.7, with the samples
obtained in HF domain, for a
m =3 and b m = 6, with
T=105s

(a) 14

12 ¢

State X(1) —=

02}

(b) 1.4

0.8

State x(7)

02
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1.0

0.8

0.6

04

—— Exact solution
e e e HF approach, for m=3

0.35 0.7
t(s) ——=—

Exact solution
eee HF approach, for m=6

0.6

0.4

L L

0.175

f(s) —=—

0.35 0.525 0.7

0.875 1.05

shown for better clarity. In Fig. 10.10, it is noted that the samples obtained via HF
domain analysis fall directly on the exact curve, while this is not the case for Taylor

series as well as Walsh series analyses.

To assess this attribute quantitatively, we present Table 10.2 where the MISE’s
[1, 2] of three different analyses are compared.
It is noted from Table 10.2 that the MISE for Taylor series analysis [3] is much
less compared to Walsh series analysis [4]. But the HF analysis produces even less
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Fig. 10.9 Comparison of the
exact samples of the state x
(t) of the non-homogeneous
time-delay system of Example
10.7, for T=1.05 s, with a the
samples obtained via HF
domain analysis for m = 6, b
Taylor series analysis of 4th
order [3] and ¢ Walsh series
analysis [4] with m = 4

Fig. 10.10 Magnified view
of Fig. 10.9, of Example 10.7
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1.5
Exact solution
e e e HF approach, for m=6
—— Taylor series
1.0 | =-=-=- Walsh series 1
=
t
2
[
& o5t -
0 0.2 0.4 0.6 0.8 1.0
t(s) ——
1.5 v
—— Exact solution
" | ®®e HF approach, for m=6
wkl— Taylor series ]
T ’ ------ Walsh series
S Ly 1
-
o ~
s
@
0.9 1
0.7 . . . ' -
0.7 0.8 0.9 1.0

t(s) ——a=—

Table 10.2 Computation of MISE for the analysis of state x(r) of Example 10.7 for 7= 1.05 s, for
(a) Walsh series analysis [4] with m = 4 (b) Taylor series analysis of 4th order [3] and (c) HF

domain analysis for m = 6

Walsh series analysis with
m=4
(MISEWalsh)

4th order Taylor series
analysis
(MISETaonr)

HF domain analysis with
m=06
(MISEgqr)

0.01385083

9.04236472e-05

1.67268017e-05
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Table 10.3 Computation of percentage increase in MISE for Walsh analysis (m = 4) and Taylor
analysis (4th order) with respect to HF domain analysis (m = 6), for the state x(¢) of Example 10.7,
with T=1.05 s

Percentage increase in MISE M—ISEI\‘}[“'I‘“SEMISE“F x 100 Percentage increase in MISE
e MISEr,-MISEwe 100
MISE,:
82,706.2069 440.591376

error. Also, a fourth order Taylor series involves much more computation burden
compared to the HF analysis. Therefore, the HF domain analysis proves to be more
efficient and it produces best results compared to the other two methods.

This is further evident from Table 10.3 where the MISE’s of Walsh series and
Taylor series analyses are expressed as percentages of the MISE of HF based
analysis.

The numerical figures are self explanatory, because, in case of Walsh series
analysis, the increase in percentage error is 82,706.2069 % and that for the Taylor
series analysis is 440.591376 %.

10.4 Analysis of Homogeneous State Equations with Delay

For a homogeneous system, B and the input delay matrices are zero and Eq. (10.26)
will be reduced to

Csx1(i+1) Csxli
Csx2(i+1) no1-1 / Csx2i P LS
plaE S RSS2 R RS DICRCR A ) BTN/ o
CSxn(i+1) CSxni
Nx 1
+h ; [Ak] |:CSx1k + ECTxrk] ik }

(10.32)

The inverse in (10.32) can always be made to exist by judicious choice of h.
Equation (10.32) provides a simple recursive solution of the states of a
multi-delay homogeneous system, or, in other words, time samples of the states,
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with a sampling period of & knowing the system matrix A, the delay matrices for
states, and the initial values of the states.

10.4.1 Numerical Examples

Example 10.8 Consider a homogeneous time-delay system

having the solution

1, 0<r<1i
Lra(i-d), } i<
x(t) = 1 N2 1 3
I+4(t—3) +8(t—3)° 3<r<3
a8 R0 Fsis

The exact solution of the state x(f) along with results computed using the HF
approach, are shown in Fig. 10.11, for m =4, 12, 20 with T =1 s.

In Example 10.8, the initial values of the state x(¢) are zero for time 7 <0 second,
and the state jump to one at ¢ = 0 s. If we do not approximate the initial values in HF
domain, considering this jump, will analysis the state of the delay system with error.
Though we can reduce this error using increasing number of segments, m.

In Example 10.8, it is noted that a jump is involved in the initial values of the
state at # = 0. To obtain even better results in HF domain, we utilize the concept of
jump discontinuity, as illustrated in Chap. 3. Hence we can refine the results in
system analysis, using minimum number of sub-intervals. This is evident from
Fig. 10.12a and b.
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Fig. 10.11 Comparison of
exact samples of the state

x(#) of the homogeneous
time-delay system of
Example 10.8, with the
samples obtained in HF
domain, foram=4,bm=12
andem=20,withT=1s
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Fig. 10.12 Comparison of
exact samples of the state x
(t) of the homogeneous
time-delay system of Example
10.8, with the samples
obtained in HF domain,
considering the concept of
jump discontinuity, for a

m =4, and b m = 8, with
T=1s
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(a) 8

State X(f) —

Exact solution

e e e HF approach, for m=4

(b) g

State X(7) ——

Exact solution
e e e HF approach, for m=38

0.8 1.0

In this chapter, we have analysed the state space models of non-homogeneous
multi-delay systems in hybrid function platform. In the generalized form of solu-
tion, vide Eq. (10.31), it is noted that the structure of the solution is recursive in
manner. Thus, the computation is simple as well as attractive.

The same Eq. (10.31) has been used for the analysis of homogeneous systems by

simply putting B = 0.
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Different types of numerical examples have been treated using the derived
matrix equations for homogeneous as well as non-homogeneous systems, and the
results are compared with the exact solutions of the system states with respective
error estimates. These facts are reflected in Figs. 10.6, 10.7, 10.8, 10.9, 10.10,
10.11, 10.12 and Table 10.1, 10.2 and 10.3 both qualitatively and quantitatively.
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Chapter 11
Time Invariant System Analysis: Method
of Convolution

Abstract This chapter presents analysis of both open loop as well as closed loop
systems based upon the idea of convolution in HF domain. Three numerical
examples have been treated, and for clarity, thirteen figures and six tables have been
presented.

As the heading implies, this chapter is dedicated for linear time invariant
(LTI) control system [1] analysis using convolution method. The convolution
operation in HF domain was discussed in detail in Chap. 7 where the key equation
giving the samples of the result of convolution was Eq. (7.21).

In any control system block diagram, we find many blocks through which a
signal passes. Since the block diagram is usually drawn in Laplace domain, we
frequently have products of two functions described in s-domain. Such a product in
s-domain means convolution in time domain. Thus, analysis of control systems
involves convolution. The principles of convolution in HF domain are now
employed for analysis of time invariant non-homogeneous system, both open loop
as well as closed loop. As mentioned earlier, HF domain analysis is always based
upon function samples and it provides attractive computational advantages.

11.1 Analysis of an Open Loop System

An input r(¢) is applied to a causal SISO system, as shown in Fig. 11.1, at = 0. If
the impulse response of the plant is g(f), we obtain the output y(z) simply by
convolution of r(f) and g(f). Knowing r(¢) and g(f), we can employ the generalized
Eq. (7.21) for computing the samples of the output y(¢) so that the result is obtained
in HF domain [2-4].
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() —=| &) [—= ¥»()

Fig. 11.1 An open loop SISO control system

11.1.1 Numerical Examples

Example 11.1 Consider a linear open loop system, shown in Fig. 11.2, with its
impulse response given by g;(f) = exp(—1).

Taking T=1s,m =4 and h = T/m = 0.25 s, we analyze the system in HF domain
for a step input. Then the actual output is y;(z) = 1 — exp(—1)

In HF domain, for m =4 and T =1 s, u(r) and g,(¢) are given by

u(t)=[1 1 1 1]S4H+[0 0 0 0]Ty
and

g1(#) = [1.00000000 0.77880078 0.60653066 0.47236655 |S 4)
+[-0.22119922  —0.17227012 —0.13416411 —0.10448711|T 4

Using Eq. (7.18) or (7.21), convolution of u(¢) and g;(¢) in hybrid function
domain yields the output as

yic(t) = [0.00000000 0.22235010 0.39551653 0.53037868 ]S4
+[0.22235010  0.17316643 0.13486215 0.10503075 |T 4

Direct expansion of the output y;,4(¢), in HF domain, for m =4 and T =1 s, is

yia(t) = [0.00000000 0.22119922 0.39346934 0.52763345]S 4
+[0.22119922  0.17227012 0.13416411 0.10448711]T 4

We compute percentage errors at different sample points of the function y;.(¢)
and compare the same with respective reference samples of the function y;4(¢) for
m =4 and m = 10. These are presented in Tables 11.1 and 11.2. Also, percentage
errors at different sample points for different values of m are plotted in Fig. 11.3 to

r()=u(t) —w=| gt)=exp(-1) |—= ¥ (0)=1-exp(-1)

Fig. 11.2 System having an impulse response exp(—¢) with a unit step input


http://dx.doi.org/10.1007/978-3-319-26684-8_7
http://dx.doi.org/10.1007/978-3-319-26684-8_7

11.1 Analysis of an Open Loop System

273

Table 11.1 Percentage error of different samples of y;.(¢) for Example 11.1, with T=1s, m = 4

t(s) Via direct expansion in HF | Via convolution in HF domain, % Error
domain using (7.21) e = by o 100
(1a) (01e) -

0 0.00000000 0.00000000 -

i 0.22119922 0.22235010 —0.52029160

2 0.39346934 0.39551653 —0.52029160

3 0.52763345 0.53037868 —0.52029160

4 0.63212056 0.63540943 —0.52029160

Table 11.2 Percentage error of different samples of y;.(¢) for Example 11.1, with T=1s, m = 10

1 (s) Via direct expansion in Via convolution in HF Domain, % Error
HF domain using (7.21) e = e o 10
Yid
(y1a) (V1e)
0 0.00000000 0.00000000 -
5 0.09516258 0.09524187 —0.08331945
2 0.18126925 0.18142028 —0.08331945
& 0.25918178 0.25939773 —0.08331945
& 0.32967995 0.32995464 —0.08331945
3 0.39346934 0.39379718 —0.08331945
& 0.45118836 0.45156429 —0.08331945
= 0.50341470 0.50383414 —0.08331945
5 0.55067104 0.55112985 —0.08331945
2 0.59343034 0.59392478 —0.08331945
1 0.63212056 0.63264724 —0.08331945
Fig. 11.3 Percentage error at
different sample points for
different values of m, with 0.0 1
T=1s for Example 11.1 R ... . ESP |
m=10 |
g o2 . . . . . )
@
=6
2 m |
g
[+
2 -04t R
P
¥
m=4 i
-0.6 L ' 1 1 L . . . L
0.0 0.2 0.4 0.6 0.8 1.0
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0.6

AMP error ——s—

! 6 8 10 12 14 16 13 20

Number of sub-intervals used, m ——w—

Fig. 11.4 AMP Error for different values of m, with T =1 s for Example 11.1

r(t)=u(t) —s| (1) =2exp(-2t)[cos(2t)-sin(21)] [—w== 3(1)=exp(-2¢)sin(2¢)

Fig. 11.5 Open loop SISO system with the impulse response 2 exp(—2¢)[cos(2¢) — sin(2¢)] and a
unit step input

show that with increasing m, error reduces at a very fast rate. Figure 11.4 shows the
AMP error for different values of m. The curve resembles a rectangular hyperbola.
It is seen that for m = 20, average absolute percentage error is less than 0.05 %.

Example 11.2 (vide Appendix B, Program no. 29) Consider the open loop system,
shown in Fig. 11.5, with an impulse response given by

g2(t) = 2 exp(—2t)[cos(2t) — sin(2¢)]

Taking T =1 s, m = 4 and we analyze the system in HF domain for a step input.
The exact solution is y,(¢) = exp(—2¢) sin(2¢).
In HF domain, for m =4 and T = 1 s, u(t) and g,(¢) are given by

ult) =11 1 1 1]8(4)+[0 00 O]T(4)
and

g2(t) = [2.00000000 0.48298888 —0.22158753 —0.41357523|S 4
+[—1.51701112  —0.70457641 —0.19198770 0.05481648 |T 4
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Convolution of u(¢) and g»(#) in HF domain yields the output y,(¢) as

y2¢(t) = [0.00000000 0.31037361 0.34304878 0.26365344 ]S4
+[0.31037361  0.03267517 —0.07939534 —0.09654175|T 4

Direct expansion of the output y»q(#), in HF domain, for m =4 and T =1 s, is

Yaa(7) = [0.00000000 0.29078628 0.30955988 0.22257122]S 4,
+10.29078629 0.01877359 —0.08698866 —0.09951119]T )

Now we compare the corresponding sample points of yy.(¢) and y,(f), of
example 2, and compute percentage errors at different sample points with reference
to the samples of yq(¢) for m = 4 and m = 10. The results of comparison are
presented in tabular form in Tables 11.3 and 11.4.

Table 11.3 Percentage error of different samples of y,.(¢) for Example 11.2, with T=1s,m =4
(vide Appendix B, Program no. 29)

1 (s) Via direct expansion in HF Via convolution in HF domain, % Error
domain using (7.21) e = Lur2) o 100
(24) (2c) -

0 0.00000000 0.00000000 -

1 0.29078628 0.31037361 —6.73598553

2 0.30955988 0.34304878 —10.81823151

3 0.22257122 0.26365344 —18.45801075

4 0.12306002 0.16711169 —35.79689134

Table 11.4 Percentage errors of samples of y,.(¢) for Example 11.2, with T= 1 s, m = 10 (vide
Appendix B, Program no. 29)

t(s) Via direct expansion in HF Via convolution in HF domain, % Error
domain using (7.21) e = D2ye) o 100
(524) (2c) -
0 0.00000000 0.00000000 -
& 0.16265669 0.16397540 —0.81072892
2 0.26103492 0.26358786 —0.97800816
3 0.30988236 0.31353208 -1.17777597
& 0.32232887 0.32691139 —1.42168985
3 0.30955988 0.31490417 —1.72641797
5 0.28072478 0.28666632 —2.11650235
= 0.24300891 0.24939830 —2.62928134
3 0.20181043 0.20851818 —3.32378529
> 0.16097593 0.16789439 —4.29781955
1 0.12306002 0.13010323 —5.72338986
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Fig. 11.6 Percentage error at
different sample points for
different values of m, with

T =1 s for Example 11.2
(vide Appendix B, Program
no. 29)

m=20

Percentage error ——s—

Fig. 11.7 AMP Error for 20
different values of m, with
T =1 s for Example 11.2
(vide Appendix B, Program
no. 29)

AMP error ——wm—

4 6 8 10 12 14 16 18 20

Number of sub-intervals used, 1 ——w—

Also, percentage errors at different sample points for different values of
m (m =4, 6, 10, 20) are plotted in Fig. 11.6 to show that with increasing m, error
reduces quite rapidly.

Figure 11.7 shows the AMP error for several values of m. It is seen that for
m = 20, AMP error is less than 1.0 %.

11.2 Analysis of a Closed Loop System

Consider a single-input-single-output (SISO) time-invariant system [1].

An input r(¢) is applied to the system at # = 0. The block diagram of the system
using time variables is shown in Fig. 11.8. Application of r(z) to the system g(¢)
with feedback A(f) produces the corresponding output y(¢) for ¢ > 0.
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¥

Fig. 11.8 Block diagram of a closed loop control system

Considering r(), g(#), y(¢) and h(z) to be bounded (i.e. the system is BIBO
stable) and absolutely integrable over ¢ € [0,T), all these functions may be
expanded via HF series. For m = 4, we can write and

(11.1)

Where

Rs=[r0 n n ] Rp=[(n-rn) (n-—n) (n-r) (n-r)]
ng (g0 &1 & &3] G¥: [(g1—80) (g2—281) (g3—8) (84—83)]
Yi=[yo » » ] Yr=[1—y) O02—y) (3—») (s—»s)]
H{=[hy h hy h3] Hi=[(h—hy) (ho—h) (h3—hs) (hs—h3)]

Output of the feedback system is b(z) = y(¢) * h(z).
Following Eq. (7.17), we can write

b(t) = y(t) = h(t)
Hy H, H,
H, Hs Hq
0 H, Hs
0 0 Hy
Hy (H —Hy) (Hy—H;) (Hs—H,)
0 Hy (Hy — Hy) (H»—Hp) (11.2)
0 0 H, (H, — Hyp)
0 0 0 H,
H, Hy Hy Hjp

S

(=N el el

h
+6 [yo y1 »2 ]
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where
H0é2h1+h0 HléZhg—l—hl
Hy, £2hs+hy Hiy 220y +hs3
H4éh1+2h0 Hs éh2+4h1+ho (11 3)

He = hy+4h+hy  Hy = hy+4hs +hy
Hgéhz—Fh]—zho Hgéh3+h2—2h1
Hyo = hy+hs — 2y

After simplification, we have

(Hoyo + Hay1) (Hiyo+Hsyi + Hayz)  (Hayo + Hey1 + Hsys + Hays) 1S

[({Hoyo + Hay1} {(Hy — Ho)yo + (Ho + Hg)y1 + Hay2}

{(Ha — Hy)yo + (Hi — Ho+ Ho)y1 + (Ho + Hg)y2 + Hays }
{(H3 — Hy)yo + (Hy — Hi + Hyo)y1 + (H1 — Ho+ Ho)y> + (Ho + Hg)ys + Hays }]T 4
(11.4)

Now the error signal of the system is
e(t) =r(t) — b(r)
=[no rn-— g(Hoyo +Hay) - %(Hlyo + Hsyy + Hay))
r;— %(Hzm + Hey: + Hsy» +H4)’3)] )

+|(r=ro) = g(Hoyo +Hyyt) (r2—r1) = Z{(Hl — Ho)yo + (Ho + Hg)y1 + Hays}
(3 —r)— g{(Hz — Hy)yo + (Hi — Ho + Ho)y1 + (Ho + Hg)y> + Hays }
(ra —r3) — %{(H3 — Hy)yo + (Hy — Hy +Hyo)y1 + (Hy — Ho+ Ho)yz

+ (Ho + Hg)ys + Haya] } T(a)

(11.5)

Again, direct expansion of the error signal e(¢) in HF domain is

e(t)2[en e er e3 ISy +[(er —eo) (e2—e1) (e3—e2) (es—e3)]Tiy
(11.6)
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Comparing Egs. (11.5) and (11.6), HF coefficients of error e(r) are

ey =1r
h
el =1y — E(Hoyo + Hay1)
h
e =1r)— E(Hlyo + Hsy; + Huy,)

h
e3 =73 — E(Hz)’o + Hesy\ + Hsy, + Hyys)

h
ey =14 _6{H3y0+ (Hy — Hy+ Hyo+ Hg)y1 + (Hy — Hy + Ho + Hs)y,

+ (Ho+ Hs + Hy)ys + Haya}
h
=r4— E(Hs)’o + Hyy1 + Hey, + Hsys + Hays)

Hence, the output y(¢) of the system is
y(1) = e(t) = g(2)

Thus, following Eq. (7.17), we can write

0 Gy G Gy
y(t) = g [eo er e e3] 8 %4 gi g: Sw)
0 0 0 Gy
Go (Gi—Go) (Gr—G)
+ h [eo e1 e e3] 0 Go (61 —Go)
6 ’ 0 0 Gy
0 0 0
Gy Gg Go Gy
+ ﬁ [e1 e e3 eq] 0 G Gy G T4
6 0 0 Gs Gg
0O 0 0 Gy
where
Go =281+ 8o G 22g +g
Gr22g3+ & Gs=2g4+ g3
G4 = g1+2g0 Gs = g2 +4g1 + 8o

Ge=g3+4g+ g1
Gs éAgz + 81 — 280
Gio=gs+8 — 2%

GrEgi+4g+ g
Go=g3+8 —2g1

279

(11.7)
(Gs — Gy)
(G2 — Gy)
(G1 — Gy)

Gy
(11.8)
(11.9)
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and
EOéZel +eo E, é262—|—€1
E2é263 + e E; é284-1—63
E4é€1+2€0 E5é€2+4el+€0 (11.10)
Ec=es+der+er  E;Ees+4des+e '
Egéez—l—el—Zeo Egée3—|-€2—2€1
EnnZes+e;3 —2e

Hence,

h
y(t) ~ g [0 (GQE() +G4€1) (G1€0+G5€1 +G4€2)
(6260 + Ggey + Gser + G4€3)]S(4)
h
-+ 6 [ {Gg@o + G4€1} {(G| — G())E() + (G() + Gg)@] + G4€2}

{(G2 = G1)eo + (G — Go + Go)ey + (Go + Gg)ez + Gaes}
{(G3 = G2)eg + (G2 — G1 + Go)er + (G1 — Go + Go)ez + (Go + Gs)es + Gaeg T 4
or, y(t)~ Ié [0 (Goeo+ Gaer) (Gireo+ Gser + Gaer)
(Gaeo + Geer + Gsey + Gae3)S )
g[{Goeo +Gae1} {(G1— Goleo+ (Gs — Ga)ey + Gaer }

{(G2 — Gy)eg+ (Gs — Gs)ey + (Gs — Ga)ez + Gaes}
{(G3 - Gz)E() + (G7 - G(,)el -+ (G(, — Gs)éz -+ (G5 - G4)€3 + G4€4}]T(4)
(11.11)

Since convolution operation is commutative, using Eq. (11.10) instead of (11.9),
an alternative expression for the output y(#) can be

y(t) = -[0  (Eogo+Esg1) (Eigo+Esg+Esg)

N

X (E2go + Ee81 + Esg2 + E4g3)|S ()
h
te [{Eogo +Esg1} {(E\ — Eo)go + (Es — E4)g1 + Eaga}

X {(Ex — E1)go+ (Es — Es)g1 + (Es — Eq)g2 + E4g3}
x {(E3 — Ez)go+ (E7 — E¢)g1 + (Es — Es)g2 + (Es — E4)g3 + Esg4}]T 4
(11.12)

Again, direct expansion of the output y(z) of the system in HF domain is

yO)E[yo yi y2 ¥3)Sw

Flni=y) Gr=y) (s—y) (u—ys) T (11.13)
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We equate respective coefficients of y(#) from Egs. (11.11) and (11.13), and use
Egs. (11.3), (11.7), (11.9) and (11.10) to determine the five output coefficients

(i) Yo =0 (11.14)
h
V= 3 (Goeo + Gaer)
(i) h h h
=z {Goro + Gyry — ¢ (GsHo)yo — 3 (G4H4)y1}

Solving for y;

hil {G +G h(GH) } (11.15)
= — 14 rh —— .
V1 6{1+%G4H4} 070 471 6 4110)Yo
h
A% %6(G160+G56‘1 +G4ez)
(iif) A n n
=5 |:G1'"0 + {rl - E(HoyO +H4y1)G5} + {Vz - g(HlyO + Hsy, +H4Y2)G4H

Solving for y,

1

h
P (11 EGuH,)

h
|:G1r0 + Gsry + Garp — 6 (GsHo + G4H, )yo
(11.16)

h
e (GsHy + G4H5)y1}

h
V3~ 8 (Ggeo + Ggey + Gsex + G4€3)
h h h
(iv) =5 Gyrg+ 41 — 3 (Hoyo + Hay1)Ge ¢ + 72 — 6 (Hyyo + Hsy1 + H4y»)Gs

h
+ {Ks ~% (Hayo + Hey\ + Hsy> +H4y3)G4H
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Solving for y3

3= ngGﬁh} Garo + Ger1 + Gsry, — g (GsHo + GsHy + G4H)yo
g (GeHs + GsHs + GaHe)y1 — 2 (GsHy + G4Hs)yz
(11.17)
g[(Gg Gr)eo+ (G7 — Ge)ey + (Go — Gs)ea + (Gs — Ga)es + Gaey]
+ Z [Gaeo + Goer + Gsep + Gaes)
= g [G3ep + Grey + Ggea + Gses + Gae]
) h

h
Gsrg+ Gory + Gegra + Gsrs + Garg + E(G7H0 + GgH| + GsH, + G4H3)y0

\
N

h h
~5 (G7Hy + GgHs 4 GsHe + G4H7)y) — 3 (GoHy + GsHs + G4He)y»

h h
% (GsHy + G4Hs)y; — 3 G4H,

Solving for y,

h 1 h
W=y {Gzro +Gyr1 + Gera + Gsry + Gary — - (G7Ho + GoHi + GsHy + GaH3)yp
6 {1+ % GyH4} 6
h h
~5 (G7Hs + GeHs + GsHe + GaH7)y; — 3 (G¢Hs + GsHs + G4He)y>
h
6

(GsHs + G4H5)y3}
(11.18)

To write down the generalized form of the output coefficients, first we express
Gis and H]s by their following general forms:

28(i+1) T & for i=0to(m—1)
g1+2g0 for i=m

8(i—m+1) T48(i-m) T &(i-m-1) for i=(m+1)to(2m—1)
Gli-2m+2) + &li—am+1) — 28(i—2m) for i=2mto(3m—2)

(11.19)

G =
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2hiiy 1)+ h for i=0to(m—1)
H— hi +2hg for i=m
T h(ifer 1) + 4h(i7m) + h(ifmfl) for i= (m + 1) to (21’)’1 - 1)

hiom+2) + hiicam+ 1) — 2h(i_am) for i=2mto(3m—2)
(11.20)

It is noted that Gs and H's have the same general form.
Now, we use Egs. (11.14)—(11.20) to write down the generalized form of the
output coefficients as

i
% G(11r0+ EGm+1pp_% anrlpH(pIyO_gZK —p+2)Y(p—1)
p=l1 p=l1

h2
1 36 GmHm

yi =

(11.21)

J
where Kj = 3 Gy jp)Himp-1) and j =i —p+2.
p=1

11.2.1 Numerical Examples

To analyse a closed loop system, we use Eqs. (11.14)—(11.21) to determine the
output coefficients in HF domain. The results are compared with direct expression
of the output of the system in HF domain.

Example 11.3 (vide Appendix B, Program no. 30) Consider a closed loop system
with input r(¢), plant g3(¢), feedback h3(¢) and output y3(¢), shown in Fig. 11.9.
Taking T =1 s and m = 4, we analyse the system in HF domain for a step input
u(t) and feedback h;(r) =4u(r) with its impulse response given by
g3(t) = 2exp(—4t). The exact solution of the system is y;(¢) = exp(—21) sin(2¢).

e(r)
() =u(t) e o 8,(1)=2exp(-41)

b(r)

Fig. 11.9 A closed loop system with unit step input
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Using Egs. (11.19)—(11.21), the output coefficients of closed loop system ys.(z)
in HF domain, form=4and T =1 s, is

y3c(t) = [0.00000000 0.31126040 0.33909062 0.24469593 |S 4
+[0.31126040 0.02783022 —0.09439469 —0.11398545|T 4

Direct expansion of the output ysq(z), in HF domain, for m =4 and T = 1 s, is

Yaa(7) = [0.00000000 0.29078629 0.30955988 0.22257122]S )
+10.29078629 0.01877358 —0.08698865 —0.09951120]T )

Now we compare the corresponding samples of ys.(#) and y34(f) and compute

percentage errors at different sample points with reference to the samples of y3(z)

Table 11.5 Percentage error at different sample points of ys.(¢) for Example 11.3, with m = 4,
T=1sand (b)m=10,T =1 s (vide Appendix B, Program no. 30)

t(s) Via direct expansion in Via convolution in HF domain, % Error
HF domain using (11.19)—(11.21) e = W) o 100
(30) (3e) -
(@
0 0.00000000 0.00000000 -
1 0.29078629 0.31126040 —7.04094744
2 0.30955988 0.33909062 —9.53959161
3 0.22257122 0.24469593 —9.94050884
4 0.12306002 0.13071048 —6.21685153
(d)
0 0.00000000 0.00000000 -
L 0.16265669 0.16411049 —0.89378245
2 0.26103492 0.26393607 —1.11140316
3 0.30988236 0.31388535 —1.29177880
& 0.32232887 0.32694277 —1.43142705
2 0.30955988 0.31428062 —1.52498673
& 0.28072478 0.28511656 —1.56444413
= 0.24300891 0.24674586 —1.53778446
5 0.20181043 0.20468938 —1.42656376
% 0.16097593 0.16290972 —1.20128964
1 0.12306002 0.12405920 —0.81193829
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for m = 4 and m = 10. The results of computation are presented in tabular form in
Table 11.5a, b. Figure 11.10a, b shows the graphical comparison of improvement in
HF domain convolution with increasing m, for m = 4 and m = 10. Also, percentage
errors at different sample points for different values of m (m = 4, 6, 10 and 20) are
plotted in Fig. 11.11 to show that with increasing m, error reduces at a very fast rate.

Figure 11.12 shows AMP error for several different values of m. It is seen that
for m = 20, AMP error is less than 1.0 %.

Fig. 11.10 Output of the
closed loop system of
Example 11.3, obtained via
convolution in HF domain for
am=4,T=1sandbm=10,
T =1 s (vide Appendix B,
Program no. 30)

(a) 04

e
[

Output ¥ () —s=
=4
(%]

ot
et

——— Exact solution

-e-e-e- HF approach, for m=4

1 I I L

(b) 04

0.3

0.2

Output (1) —s==

0.1

0.4 0.6 0.8

0.2 1.0
t(s) —=
p
Exact solution
-o-e-o- HF approach, for m=10|
0.2 04 0.6 0.8 1.0

1(s) —o=—



286 11 Time Invariant System Analysis: Method of Convolution

Fig. 11.11 Percentage error
at different sample points for
different values of m, with

T =1 s for Example 11.3
(vide Appendix B, Program
no. 30)

= m=20 —

W'

m=10 1
B w

m=6

Percentage error ——s—
T
»

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 11.12 AMP error for ' ) ! ' '
different values of m, with
T =1 s for Example 11.3
(vide Appendix B, Program
no. 30)

AMP error ——sm—

Number of sub-intervals used. m ——s—

11.3 Conclusion

In this chapter, we have studied the analysis of open loop as well as closed loop
linear systems in hybrid function domain, employing the rules of HF domain
convolution. As a foundation, convolution of basic component functions of the HF
set was discussed in Chap. 7 and relevant sub-results were derived. These
sub-results were subsequently used to determine the convolution of two time
functions.

Using this theory, output of a linear open loop system is determined. For the
open loop system, two examples are treated and related tables are presented for
m =4 and 10, m being the number of component functions used in HF set. For these
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two cases, percentage errors at different sample points are also computed. These are
tabulated in Tables 11.1, 11.2, 11.3 and 11.4. It is observed that with increasing m,
the error is rapidly reduced. This fact is also supported by Figs. 11.3, 11.4, 11.6,
11.7, 11.11 and 11.12.

For analyzing a closed loop control system the same technique has been
employed and Eq. (11.8) has been derived. In this equation, the output is obtained
from algebraic operations of some special matrices determined from the convolu-
tion operation in HF domain. However, apart from Eq. (11.8), an interesting re-
cursive equation has been derived in the form of Eq. (11.21). A few relevant
examples have been treated for m = 4 and 10, and the results are found to be in good
agreement with the exact solutions. Percentage errors at different sample points are
shown in Table 11.5a, b. As observed before, with increasing m, the error is
reduced rapidly and this fact is apparent from Figs. 11.11 and 11.12.
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Chapter 12
System Identification Using State Space
Approach: Time Invariant Systems

Abstract In this chapter, HF domain identification of time invariant systems in
state space is presented. Both homogeneous and non-homogeneous systems are
treated. State and output matrices of the systems are identified. A non-homogeneous
system with a jump discontinuity at input is also identified. Illustration has been
provided with the support of six examples, eleven figures and eleven tables.

In this chapter, we deal with linear time invariant (LTI) control systems [1]. We
intend to identify two types of LTI systems in hybrid function platform, namely
non-homogeneous system and homogeneous system [1, 2].

Identifying a control system [3] means, knowing the input signal or forcing
function and the output of the system, we determine the system parameters. For a
time invariant system, these parameters do not vary with time.

In a homogeneous system, though no external signal is applied, the initial
conditions of system states may exist. While in a non-homogeneous system, we
deal with a situation where the initial conditions and external input signals exist
simultaneously.

Here, we solve the problem of system identification [4, 5], both for
non-homogeneous systems and homogeneous systems, described as state space
models, by using the concept of HF domain.

First, we take up the problem of identification [6] of a non-homogeneous system,
because after putting the specific condition of zero forcing function in the solution,
we can arrive at the result of identification of a homogeneous system quite easily.

12.1 Identification of a Non-homogeneous System [3]

For solving the identification problem, we refer to Eq. (8.20). That is
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Csx1(i+1)

h

Csxn(i+1)
Csxli T Csx1(i+1)

Csx2i T Csx2(i+ 1)

o) Csx2(i+1) 2 Csx2i 1
[—IA} _ - [EI+A} = 2B<c§u+ 5CL)
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Csxli

i

CSxni

(12.1)

Csx1(i+1) — CSxli

2 | Esx2(i+1) — Csx2i

or,A W ) —2B <Cgu + %C%‘)
: i

Csxni + CSxn(i+ 1) CSxn(i+1) — CSxni

It is noted that, if we try to solve A from Eq. (12.1) we meet with one immediate

difficulty. The coefficient matrix of A is a column matrix, and so no question of

inversion arises.

To tackle this problem, we proceed to construct a coefficient matrix which is
square and can be inverted. To achieve this end, we can write down (rn — 1) more
equations similar to Eq. (12.1), by varying the index i from i to (i + n — 1) by
incrementing i by 1. For example, by incrementing i by 1, we can write down the

following equation:
Csxl(i+1) T Csxl(i+2)
Csx2(i+1) T Csx2(i+2)
A . =

Csxn(i+1) T Csxn(i+2)

Csx1(i+2) — Csxl(i+1)
Csx2(i+2) — Csx2(i+1) 1
—-2B <C§u + = C$u>
2 i+1
Csxn(i+2) — CSxn(i+1)
(12.2)

From these n numbers of equations, we rearrange them in a manner to produce the

following equation:

Csxli T Csxi(i+1)

Csx2i T Csx(i+1)
A

Csxni + Csxn(i + 1)
Csx1(i+1) — Csxli
2 | Csxa(i+1) — COsx2i

h

CSxn(i+1) — CSxni

Csxl(i+1) T Csxl(i+2)

Csx2(i+1) T Csx2(i+2)

CSxn(i+1) + CSxn(i+2)
Csxl1(i+2) — CSxl(i+1) “°*

CSx2(i+2) — CSx2(i+1) ***

CSxn(i+2) — CSxn(i+1) " *

1 1

Csx1(i+n—1) T CSx1(i+n)

Csx2(i+n—1) T Csx2(i+n)

CSxn(i+n—1) + Csxn (i+n) | yxn

Csxl(i+n) — CSxl(i+n-1) (12.3)

Csx2(i+n) — CSx2(i+n—1)

CSxn(i+n) — CSxn (i+n—1) nxn

T 1T
(CSu + ECTu)i+n—1
i+1 Ixn

Now, in (12.3), we have the coefficient matrix of A which is square of order n and

invertible.
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It is evident from (12.3) that for solving n elements of the matrix A, we need
(n + 1) samples of the states and subsequently use them to form an (n % n) coeffi-
cient matrix. That is, if A has a dimension (2 x 2), say, we need at least 3 samples of
the states. Also, if we have m samples of the states, we normally use a set of
consecutive samples from the states and the inputs, starting from any ith sample.
Hence, if any system has the order n, the number of sub-intervals to be chosen
should be greater than n to take advantage of Eq. (12.3). That is, m = n.

It is noted that the pattern of the coefficient matrix of A in (12.3) indicates that
each column of the coefficient matrix uses a pair of consecutive samples. However,
if we choose the samples of the states and the inputs erratically, to obtain reliable
results, such erratic choice should not violate the indicated pattern requirement.
Thus, it is a necessity to consider 2n number of samples, instead of (n + 1) number
of samples, to identify a system of order .

Now, from Eq. (12.3), we have identified the system matrix A as,

—Cle(iJrl) —Osxli Csx1(i+2) — CSxl(i+1) """ CSxl(i+n) — CSxl(i+n—1)
2 | Csx2(i+1) T Osx2i Csxa(i+2) T CSx2(i+1) T CSx2(i+n) T CSx2(i+n—1)
A=<
h
L CSxn(i+1) = CSxni CSxn(i+2) — CSxn(i+1) """ CSxn(i+n) — CSxn(i+n-1)
[ 1 1
T T T T T |, 10T
—2B <C8u+ ECTu)>(CSu+ ECTu)_Jrl (CSU+ ECTu)i+n71:| } (124)
L 1 1
-1
Csx1i T Csx1(i+1)  CSxl(i+1) T CSx1(i+2) ***  CSxl(i+n—1) T CSxl(i+n)
Csx2i T Csx2(i+1)  Csxa(i+1) TCSx2(i+2) **°  CSx2(i+n—1) T CSx2(i+n)
X
CSxni T CSxn(i+1)  CSxn(i+1) T CSxn(i+2) ***  CSxn(i+n—1) T CSxn(i+n)

12.1.1 Numerical Examples

Example 12.1 [1] (vide Appendix B, Program no. 31) Consider the system
. 0 1 0 0
x(r) = Ax(t) + Bu(r)where A= [_2 _3] B= [1] and Xx¢ = {0.5}
with a unit step forcing function.

This system is identified using Eq. (12.4). The identified elements of system for
increasing number of segments m, are tabulated in Table 12.1.
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Table 12.1 Identification of the non-homogeneous system matrix A of Example 12.1 for different
values of m = 4, 10, 12 15, 20, 25 tabulated with the actual elements of A (vide Appendix B,
Program no. 31)

Elements of Exact HF domain solution for

system matrix A |values | =4 |m=10 |m=12 |m=15 |m=20 |m=25
ap 0 0.0000 | —0.0000 | —0.0000 |—=0.0000 |—0.0000 |—0.0000
apn 1 0.9948 | 0.9992 | 0.9994 | 0.9996 | 0.9998 | 0.9999
s -2 —2.0000 | —2.0000 | —2.0000 |—2.0000 |—2.0000 |-—2.0000
axn -3 —2.9948 | —2.9992 | —2.9994 | —2.9996 |—2.9998 |—2.9999

Table 12.2 Hybrid function based system identification for Example 12.1 with m = 10

Elements of system Exact HF domain solution for % Error

matrix A values (E) (m=10) (H) e — % % 100
ap 0 0.0000 -

apn 1 0.9992 0.0800

asy -2 —2.0000 0.0000

an -3 —2.9992 0.0266

The results are compared with the actual elements of A and corresponding percentage errors are
computed

Table 12.2 shows the comparison of the actual elements of the system matrix
with respective computed elements in HF domain along with percentage errors for
m=10and T =1s.

Results obtained for Example 12.1, using Eq. (12.4), are plotted in Fig. 12.1. It is
noted that, with an increase in m from 4 to 25, the HF domain solution (black dots)
improves rapidly.

Example 12.2 Consider the system x(7) = Ax(¢#)+Bu(t) where A =

0 1 0 0 1
0 0 1|, B={0 and xo= 0| with a unit step forcing
-6 —-11 -6 1 0

function.

This system is identified using Eq. (12.4). The results are tabulated in
Table 12.3.

Table 12.4 shows the comparison of the actual elements of the system matrix
with respective computed elements in HF domain along with percentage errors for
m=12and T=1s.
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Fig. 12.1 Hybrid function (a) 1.002
domain system identification
for increasing m, for the r
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Table 12.3 Identification of the non-homogeneous system matrix A of Example 12.2 for different
values of m = 4, 10, 12 15, 20, 25 tabulated with the actual elements of A

Elements of | Exact | HF domain solution for

system values |z =4 m =10 m=12 m=15 m =20 m =25
matrix A

ap 0 0.0222 0.0041 0.0028 0.0018 0.0010 0.0007
ap 1 1.0518 1.0091 1.0063 1.0041 1.0023 1.0015
aps 0 0.0282 0.0049 0.0034 0.0022 0.0012 0.0008
a 0 —0.1423 | —0.0246 | —0.0172 | —0.0110 | —0.0062 | —0.0040
axn 0 -0.2978 | —0.0501 | —0.0348 | —0.0223 | —-0.0126 | —0.0080
ax 1 0.8813 0.9795 0.9857 0.9908 0.9948 0.9967
asy -6 —5.3961 | —5.8971 | —5.9283 | —5.9540 | —5.9740 | —5.9834
as -11 —9.7937 | —10.8000 |—10.8610 |—10.9110 |—10.9500 |—10.9680
asz ) =5.5705 | —5.9260 | —5.9484 | —5.9669 | —5.9813 | —5.9880
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Table 12.4 Hybrid function based system identification for Example 12.2 with m = 12

Elements of system Exact HF domain solution for % Error
matrix A values (E) m =12) (H) &= % % 100
ap 0 0.0028 -

apn 1 1.0063 —0.6300
az 0 0.0034 -

a2 0 -0.0172 -

an 0 —0.0348 -

ax 1 0.9857 1.4300
az -6 —5.9283 1.1950
as -11 —10.8610 1.2636
ass -6 —5.9484 0.8600

The elements obtained via HF domain are compared with the actual elements of A and
corresponding percentage errors are computed

Results obtained for Example 12.2, using Eq. (12.4) is plotted in Fig. 12.2a—e. It
is noted that, with an increase in m the HF domain solutions (black dots) has
improved much more from 4 to 24.

12.2 Identification of Output Matrix
of a Non-homogeneous System [3]

Referring to Eq. (8.31), we can write,

Ys = CCSx + DCSu
or, CCgx = yg — DCg,
or,C = [ys — DCs,]Cg;

Similarly from Eq. (8.32), we have

Yr = C CTX + DCTu
or,C = [yp — DCTu}Cﬁl

(12.5)

(12.6)

For identification of the output matrix C, we can use either Eq. (12.5) or (12.6). If
we use Eq. (12.5), the dimension of the matrix Cgx should be n X n, so that it is
invertible. That is, for n states, we need to expand each state in HF domain and
consider n consecutive samples of each state to form the square matrix Cgy.

If we use Eq. (12.6), for identification of the output matrix C, we need (n + 1)
samples of the output y and of each state. This will help to form n number of
respective triangular function coefficients of the variables when they are expanded
in HF domain. This is because, as before, the dimension of the matrix Cty should
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Fig. 12.2 Hybrid function based identification for Example 12.2 for the elements a ajp, b azs, ¢

asy, d asp and e ass of A

be such that it is invertible. Meeting this condition will lead to the identification of
the output matrix quite easily.

12.2.1 Numerical Examples

Example 12.3 Consider a system of Example 12.1 having two states and let its
output curve be given by Fig. 12.3. Using three samples from the output curve
and Eq. (12.5) or (12.6), we identify the output matrix as
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c=[1 0]

Example 12.4 (vide Appendix B, Program no. 32) Consider a system of Example
12.2 having three states and the output curve of Fig. 12.4. From the given output
curve, we consider four samples, and then using Eq. (12.5) or (12.6), we may
identify the output matrix as

c=[4 5 1]
Fig. 12.3 Hybrid function 0.40
based identification of system
output matrix C using three : System output
samples from the exact ¢ @ @ Three samples from output
solution of Example 12.3 0.30} |
o 0.20f b
\:—.‘:
5 !
B
8 0.10f b
0 0.2 0.4 0.6 0.8 1.0
1(5) —=—
Fig. 12.4 Hybrid function 4.0 T T - T r v . r
based identification of system
output matrix C using four ! —— System output |
samples from the exact & ¢ ¢ Four samples from output
solution of Example 12.4
(vide Appendix B, Program 301 1
no. 32) N
=
=]
g 2.0} 1
1.0 L L L L L L L " "
0 0.2 0.4 0.6 0.8 1.0

1(s) —o=—
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12.3 Identification of a Homogeneous System [3]

Similarly if we like to identify the system matrix A for an n X n homogeneous
system, Eq. (12.4) will be modified to

Csx1(i+1) = CSxli Csx1(i+2) — CSxl(i+1) """ CSxl(i+n) — CSxl(i+n-1)
A 2 | Osx2(i+1) T Osx2i Csx2(i+2) T CSx2(i+1) " CSx2(i+n) T CSx2(i+n-1)
h
CSxn(i+1) = CSxni CSxn(i+2) — CSxn(i+1) """ CSxn(i+n) — CSxn(i+n—1)
~1
Csxli T Csxl(i+1)  Csxi(i+1) TCsx1(i+2) *°°  Csxl(i+n—1) T CSxl1(i+n)
Csx2i T Csxa(i+1)  Csxa(i+1) TCsx2(i+2) *°°  Csx2(i+n—1) T CSx2(i+n)
X
CSxni 1 Csxn(i+1)  CSxn(i+1) + Csxn(i+2) " CSxn(i+n—1) + Csxn (i+n)

(12.7)

12.4 Identification of Output Matrix of a Homogeneous
System [3]

Referring to Eq. (12.5), we can identify the output matrix of a homogeneous system
by substituting a condition of zero to the direct coupling matrix D, and we get

C =ysCq, (12.8)
Similarly from Eq. (12.6), we have

C=y;Cq! (12.9)

12.5 Identification of a Non-homogeneous System
with Jump Discontinuity at Input

Equation (12.4) is derived in HF domain and is based upon the conventional HF
technique. That is, it is essentially the HF, based approach and it has one incon-
venience: it comes up with utterly erroneous results for identification, shown later,
if the samples are chosen from the zones where the jumps have occurred. And for
system analysis as well, vide Figs. 8.16 and 8.17, and Table 8.16, we ended up with
unacceptable errors in the results due to jump discontinuities in the inputs.

But we can modify Eq. (12.4) to make it suitable for the HF,,, based approach, so
that it can come up with good results in spite of the jump discontinuities. The
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modification is quite simple in the sense that in the RHS of Eq. (12.4), all the
triangular function coefficient matrices associated with the matrix B have to be
modified as discussed in Chap. 3, Eq. (3.12). That is, all the C¥u’s in (12.4) are to be
replaced by C’%u, where C’ ?u = C%J k(m)- This modification will come up with good
results for system identification, shown in the following, even if we choose the
samples of the states from the region containing the jump. It will also be shown that
if we take the samples of the inputs from a region excluding the jump portion, and
corresponding samples of the states, the results of identification through any of the
HF. or HF,, approach will have no difference at all.

The HF,,, approach shows its usefulness only when the samples are selected from
the jump region. Thus, with the HF,,, approach we can be careless about the chosen
region where from the involved samples are selected. But, as delineated, we have to
be careful in selecting the samples while using the HF, based approach because it is
no different from the conventional HF domain analysis.

From (12.4), in HF, approach, we write

Csx1(i4+1) —CSxli  --+ Csxl(i+n) — CSxl(i+n—1)
2
A=<-
h
Csxn(i4+1) — CSxni -+  CSxn(i+n) — CSxn(i+n—1)
1
w(ch+ien) o @ich)n]) a2
Csxli T Csx1(i+1) -+ CSxl(i+n—1) T CSxl(i+n) -
X
CSxni T Csxn(i+1) -+ CSxn(i+n—1) + CSxn(i+n)

Whereas from (12.4), in HF,,, approach, we have

Csx1(i4+1) —CSxli -+ CSxl(i+n) — CSxl(i+n—1)
2
A=<
h
CSxn(i+1) — CSxni -+  CSxn(i+n) — CSxn(i+n—1)
1 T T
T T 1 .
—ZB[(CSU+ 2C’Tu>i o (Chrdeh) ] } (12.11)
Csxli T Csxi(i+1) -+-  CSxl(i+n—1) T CSxl(i+n) !
X

CSxni T Csxn(i+1) -+ CSxn(i+n—1) + CSxn(i+n)
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Similarly, if we want to identify the system matrix A for an n X n homogeneous
system, we simply put B = 0 in Eq. (12.11) and get

|:Cle(i+l)Clei CSx](i+n)Cle(i+nl)] |:Csmi+05xl(i+1) Cle(i+lll)+Cle(i+n)]l

A==
h .
Csxn(i+1) — CSxni *" " CSxn(i+n) — CSxn(i+n—1) ] LCSxni tCsxn(i+1) **  CSxn(i+n—1) T CSxn(i+n)
(12.12)
12.5.1 Numerical Examples
Example 12.5 Consider the non-homogeneous system X(z ) +Bu(t) +
Bu(t — a) where A = [02 13}, B = [(1)], { } ,u(?) is a unit step

function and u(t — a) is a delayed unit step function.
The system has the solution

6 () =1~ Lew(—1) - [exp<—<t —a)) ~ Lew(-20- a>>]u<r )

x(1) :%exp(*t) + [exp(=(1 — a)) —exp(=2(t — a))[u(t — a)
Knowing the states and inputs, this system can be identified in HF domain.

It may be noted that the input to the system has a jump discontinuity. Though we
can represent this function using conventional HF set, the approximation is not
exact due to the jump. However if we employ the HF,, based approximation
technique, the input function may be represented in an exact manner. So we use
both the approximation techniques and take help of Egs. (12.10) and (12.11) to
identify the system. Here, we take a = 0.5 s. It is expected that the HF,,, approach
will bring out much better result compared to the HF, approach.

The results obtained via the HF, approach and HF,, approach, for five different
values of m, are tabulated in Table 12.5a, b respectively, where the samples of the
inputs and corresponding states are purposely selected from the jump region. It is
noted that for the HF, approach the effort ends in a fiasco, producing results which
are unreliable. But the HF,,, approach identifies the system with much less error.

However, if the samples are chosen from a region excluding the sub-interval
containing the jump point, the results of identification derived via any of the
approaches yields the same results. Table 12.6 presents these results.

From the data presented in Table 12.5b, we show a typical comparison of the
actual elements of the system matrix with respective elements computed using the
HF,, based approach for m = 10, in Table 12.7.

Percentage errors are computed to figure out the efficiency of the method
through quantitative estimates. To have an idea about the behavior of error with
increasing m, for both HF. and HF,,, approach, we compute percentage errors of all
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Table 12.5 Identification of the system of Example 12.5 using the (a) HF. approach and the
(b) HF,, approach for different values of m = 8, 10, 20, 40 and 50 for 7 = 1 s, with the samples
chosen from the jump region

Elements of Exact m=38 m=10 m =20 m =40 m =50
system matrix | values

A

(a) HF based approach

ap 0 0.0000 0.0000 0.0000 0.0000 0.0000
apn 1 0.9987 0.9992 0.9998 0.9999 1.0000
asy -2 -10.5104 |-12.5083 |-—22.5042 |—42.5021 |-52.5017
an -3 0.1006 1.3859 7.8492 20.8118 27.2967
(b) HF,,based approach

ap 0 0.0000 0.0000 0.0000 0.0000 0.0000
ap 1 0.9987 0.9992 0.9998 0.9999 1.0000
azy -2 —2.0000 —2.0000 —2.0000 —2.0000 —2.0000
an -3 —2.9987 —2.9992 —2.9998 —2.9999 —3.0000

The results are compared with the actual elements of A. It is noted that the results obtained via the
HF, approach are simply unreliable while that obtained via the HF,, approach are reasonably
accurate

Table 12.6 Identification of the system of Example 12.5, considering the samples chosen from a
region excluding the sub-interval containing the jump point

Elements of Exact HF, or HF, based approach

system matrix A values m=28 m=10 m =20 m = 40 m =50
ap 0 0.0000 0.0000 0.0000 0.0000 0.0000
ap 1 0.9987 0.9992 0.9998 0.9999 1.0000
asy -2 —2.0000 |—2.0000 |-2.0000 |-2.0000 |-—2.0000
axn -3 —2.9987 | —-2.9992 |-2.9998 |-2.9999 |-3.0000

It is noted that in such a case both the approaches yields the same results. These are compared with
the actual elements of the system matrix A for different values of m = 8, 10, 20, 40 and 50 with
T=1s

Table 12.7 Identification of the system of Example 12.5 with comparison of actual elements of
A with corresponding elements computed via HF,, approach, for m =20, T=1s

Elements of system Exact Values obtained via HF,, % Error

matrix A values (E) approach for m = 20 (H) &= Ej—aﬂ % 100
ai 0 0.0000 —

a 1 0.9998 0.0200

asy -2 —2.0000 0.0000

axn -3 —2.9998 0.0067
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Fig. 12.5 Error in system identification for increasing m (m = 8, 10, 20, 40 and 50) using the
a HF, approach and the b HF,,, approach for Example 12.5, with T'= 1 s. It is noted that the error is
large and increases with increasing m for the HF, approach, while for the HF,,, approach, the error
is comparatively much smaller and decreases steadily and rapidly with increasing m

the elements of a system matrix A of order n for any particular value of m and
calculate AMP error, vide Eq. (4.45). Only in this case, number of elements in the
denominator will be r = n’.

Figure 12.5 is drawn to show the variation of €,y(,y with m for both the HF, and
HF,, approaches. It is noted that for the HF, approach, €, is large and increases
with increasing m, but for the HF,, approach, it is comparatively much smaller and

decreases steadily and rapidly with increasing m.

Example 12.6 (vide Appendix B, Program no. 33) Consider the non-homogeneous
system x(t) = Ax(¢) + Bu; (1) + B uy (t — a)where
0 1 0 0 . .

A= {_2 _3], B = [1} , x(0)= [0.5]141(0 is a ramp function and
u>(t — a) is a delayed unit step function, having the jump at r = a s.

The system has the solution

x1(r) = f% + %H» %exp(fl) - Zexp(th) - {exp(f(t —a)) — %exp(fZ(l —a))|u(t—a)
1) = 5~ 3exp(—1) + Sep(~21) + fexp(—(r — ) — exp(~2(t — @))ult — a)

Knowing the states and inputs, this system can be identified in HF domain.

It may be noted that the input to the system has a jump discontinuity which can
not be represented in an exact manner if we approximate this function using con-
ventional HF set. Here, even if we employ the HF,,, based approximation technique,
the input function can not be represented exactly, because of its nature. Anyway, we
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use both the approximation techniques two identify the system using Eqgs. (12.10)
and (12.11). Here, we take a = 0.5 s. Here also, we expect that the HF,,, approach
will produce better result compared to the HF. approach. However, if we employ
the combined HF, and HF,,, technique, the input function can be approximated in an
exact fashion as was done for the function of Example 3.5, vide Eq. (3.18). For the
combined HF. and HF,, technique, we expect best results of all the above three
approaches.

The inputs u(¢) and u(¢ — @) to the system are basically a combination of a
ramp function and a delayed step function. Such a function can be expanded in HF
domain using a combination of HF, and HF,,, approaches, as was done in Eq. (3.18)
in Sect. 3.5.2. In such a case, to solve the identification problem via Eq. (12.11), the
C’?u matrix has to be modified accordingly.

Knowing the states and inputs, this system can be identified in HF domain using
the Eqs. (12.10) and (12.11). That is, we identify the system using both the HF, and
HF,, based approaches.

The results obtained via the HF., HF,, and the combined approaches, for five
different values of m, are tabulated in Table 12.8a, b, c respectively, where the
samples of the inputs and corresponding states are purposely selected from the jump
region. It is noted that for the HF, approach the effort ends in a fiasco, producing

Table 12.8 Identification of the system of Example 12.6 using the (a) HF, approach, (b) HF,
approach and (c) the combination of HF, and HF,, approaches, for different values of m = 8§, 10,
20, 40 and 50 for T = 1 s, with the samples chosen from the jump region

Elements of system Exact m=38 m =10 m =20 m =40 m =50
matrix A values

(a) HF based approach

ap 0 0.0022 0.0019 0.0008 0.0002 0.0002
ap 1 0.9858 0.9905 0.9974 0.9993 0.9995
as -2 —12.6762 | —15.4476 | —30.1201 | —60.4888 |—75.7946
axn -3 2.1893 47296 | 18.4059 | 46.9492 | 61.3603
(b) HF,, based approach

an 0 0.0022 0.0019 0.0008 0.0002 0.0002
an 1 0.9858 0.9905 0.9974 0.9993 0.9995
an) -2 -0.6663 | —0.6572 | —0.5952 | —0.5382 | —0.5244
ax -3 —3.6110 | —3.7482 | —4.0637 | —4.2470 | —4.2861
(¢) Combination of HF. and HF,, based approaches

ap 0 0.0022 0.0019 0.0008 0.0002 0.0002
ap 1 0.9858 0.9905 0.9974 0.9993 0.9995
an -2 —2.0007 | —2.0018 | —2.0012 | —2.0004 | —2.0003
axn -3 —2.9665 | —2.9775 | —2.9937 | —2.9983 | —2.9989

The results are compared with the actual elements of A. It is noted that the elements computed via
the HF. approach are simply unrecognizable. So is the case for identification via the HF,,
approach. But use of the combined approach (HF, and HF,,) comes up with reasonably accurate
results (vide Appendix B, Program no. 33)
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results which are unrecognizable. The HF,, approach, though ends up with much
less error compared to the HF, approach, also fails to identify the system. However,
since the combined approach can represent the input function exactly, it identifies
the system with much less error.

Figure 12.6 is drawn to show the variation of AMP error with different values of
m (m = 8, 10, 20, 40 and 50) for the HF., HF,, and the combined approaches.
However, if the samples are chosen from a region excluding the sub-interval
containing the jump point, the results of identification derived via any of the
approaches yields the same results. Table 12.9 presents these results.

~ 1000 1
y ’
S
o 3
w oL —_— e
10 20 30 40 50
Number of sub-intervals m ——s—
(b) 4
35
= :
w 25l : : : : : : ;
10 20 30 40 50
Number of sub-intervals m ——=
(c)
1.0 - - .
) -o-e-¢- using combined
0.5 approach
4
wﬂ (1] I 4 L L \ L
10 20 30 40 50

Number of sub-intervals m ——se=

Fig. 12.6 Error in system identification for increasing m (m = 8, 10, 20, 40 and 50) using the
a HF, approach, b HF,, approach and ¢ combined approach, for Example 12.6, with 7= 1 s. It is
noted that for the HF, approach the error is large, and it increases linearly with increasing m. So is
the case for error for the HF,, approach, though the rate of increase is much decreased. But for the
combined approach (HF. and HF,,), the error is very very less in comparison and decreases
steadily and rapidly with increasing m (vide Appendix B, Program no. 33)
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Table 12.9 Identification of the system of Example 12.6, considering the samples chosen from a
region excluding the sub-interval containing the jump point

Elements of Exact HF, or HF,, based approach

system matrix A values m=28 m=10 m =20 m = 40 m=>50
ap 0 0.2829 0.0493 0.0059 0.0012 0.0008
ap 1 0.8195 0.9711 0.9972 0.9995 0.9997
asy -2 -2.5797 |-2.1011 |-2.0120 |-2.0025 |-2.0016
an -3 —2.6303 | —2.9409 |-2.9942 |-2.9989 |-2.9993

It is noted that in such a case both the approaches yields the same results. These are compared with
the actual elements of the system matrix A for different values of m = 8, 10, 20, 40 and 50 with
T =1 s (vide Appendix B, Program no. 33)

12.6 Conclusion

In this chapter the system identification problem has been tackled. For an
(n x n) system, the system matrix A is determined considering (n + 1) number of
consecutive samples of the states, the input vector B and the input function. The
output matrix C is determined from the knowledge of (n + 1) number of consec-
utive samples of the output function y and those of the states.

Also in this chapter, we have used the modified approach of hybrid function
domain, as discussed in Chap. 3, for identification of non-homogeneous systems
involving jump discontinuity in the applied input, thus affecting the system states.

Equation (12.10) presents the equation for solving the elements of the systems
matrix A via HF, approach. Equation (12.11) is the ultimate equation for solving
the elements of A using HF,, approach.

It is noted that both the equations work with the samples of the states and the
inputs. And also, while using these samples for obtaining the elements of A, the
samples of the states are always to be considered in pairs. This fact is evident from
the structure of the Egs. (12.10) and (12.11).

If the system matrix has a dimension of n, the number of sample pairs to be
considered for determining the solution is n pairs. If consecutive pairs are chosen,
then number of samples involved will be (n + 1). But if we choose the pairs
randomly from the sample sequence, then obviously, the number of samples will
become 2n. However, in both the cases, matching samples are to be chosen from
the input functions.

The major difference between (12.10) and (12.11) is, while (12.11) can work
effectively with samples chosen from anywhere within the time interval under
consideration, Eq. (12.10) has restrictions. That is, if the samples are chosen from
the jump portions of any of the functions, it will simply fail to compute the elements
of A. Should the selection of samples be made from non-jump portions, both the
Egs. (12.10) and (12.11) produce the same result.

All these points are presented via Tables 12.5 and 12.6.
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Figure 12.5a, b present the variation of AMP error with m for Example 12.5. It is
noted that though the samples are chosen intentionally from the jump portion, the
error is large and increases with m for the HF, approach, but for the HF,,, approach,
the error is comparatively much smaller and decreases steadily and rapidly with m.

Similarly, for Example 12.6, the behavior of AMP error with m is illustrated
using Tables 12.8 and 12.9, and Fig. 12.6, when the samples are chosen from the
Jjump portion. It is noted that for the HF. approach the error is large and increases
linearly with increasing m. So is the case for error for the HF,,, approach, though the
rate of increase is much less. But for the combined approach (HF. and HF,,), the
error is not only much less compared to the other two methods, but decreases
rapidly with increasing m.

The above results prove beyond any doubt that when handling stair case func-
tions with jump discontinuities, the HF based modified approach is superior to the
HF based conventional approach. However for jumps of different nature, the
combined HF, and HF,, approach is much more suitable than either of HF. and
HF,, approaches. This is because, good results are dependent upon proper
approximation of jump functions at the input. These facts are useful for identifi-
cation of control systems with jump discontinuity in the input functions.
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Chapter 13
System Identification Using State Space
Approach: Time Varying Systems

Abstract This chapter discusses HF domain identification of time varying systems
in state space. Both homogeneous and non-homogeneous systems are treated.
[lustration has been provided with the support of three examples, ten figures and
two tables.

As the name suggests, in this chapter, we deal with linear time varying
(LTV) control systems [1]. We intend to identify two types of LTV systems in
hybrid function platform, namely non-homogeneous system and homogeneous
system [1, 2]. For a time varying system, these parameters do vary with time.

The HF domain identification [3] pivot upon the samples of involved functions.
In today’s digital world, this is an important advantage.

Here, we solve the problem of system identification [4, 5], both for
non-homogeneous systems and homogeneous systems, described as state space
models, by using the concept of HF domain. First, we take up the problem of
identification of a non-homogeneous time varying system, because after putting the
specific condition of zero forcing function in the solution, we can arrive at the result
of identification of a homogeneous system quite easily.

13.1 Identification of a Non-homogeneous System [3]

Consider the system given by Eq. (9.1).
Its time varying system matrix A(z) is given by

(111([) (Z]z(l) aln(t)

any (l) azz(l‘) B %) (l)
A2 | . "
anl (t> anZ(t) ctt App (t)
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To identify the elements of A(f), we take help of the first equation of the

equation set (9.12) and also the first equation of the equation set (9.15). Thus, we
have

(x11 —x10) =

N

[Z (arjoxi0 + ajix;1) + (brouo + by uy) (13.1)
=

and

h
(x12 = x10) = =3 [Zauoxjo + 2201/1 X+ Zalﬂsz + (bouo + briur)

+ (b + bio Mz)]
(13.2)

For a second order system, we make use of the generalized Eqs. (13.1) and
(13.2), and solve for the off-diagonal elements a;,(¢) and ay; () as

1 2 2
ank+1) 7x2(1<+1) Kh— all(k+l)>xl(k+l) - <h +allk>xlk — A12k X2k (13.3)

— (b + by ugs))]

1 2 2
a = —-—a X — |- +ta Xok — A1k X
21 (k+1) X1 ks 1) {(h 22(k+1)) 2(k+1) (h 22k> 2k 21k X1k

—(barug + byges1yugr1)))

(13.4)

It can be shown that, for an nth order system, the off-diagonal elements can be
represented by the following general form:

n

1 2 2
Qjj(k+1) = <E* aii(k+l)>)€i(k+1) - (h Jrank)xzk Zazl k+ D)X (k+1) Zazlkxlk

Xj(k+1) [ £
I#i

— (bitte + bi e+ 1)Uk + 1)) |
(13.5)

From Egs. (13.1) and (13.2), the diagonal elements a;;(f) and a(f) can be
solved as
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2 1 2

ay (k+1) = E_xl o (E +al1k>x1k+alzkx2k+012(k+1)x2(k+1) (13.6)
—(bucwx + by w1y ug+1)) ]
2 ! _ + 2+ +

a = - — a X - a X a X

2+ =y g | 21k X1k h 22k | X2k T Q21 (k+1) X1(k+1) (13.7)

—(bok w4 b e 1y Ui+ 1)) |

For an nth order system, the diagonal elements can be represented by the fol-
lowing general form:

2 1
Qii (k+1) = n

2 n n
<E +aiik>xik + Zail(k+1)xl(k+l) + Zailkxlk

Xi(k+1) I I#i (13.8)

+ (bix we + bi e+ 1) U+ 1)) ]

Using above relevant equations, all unknown parameters of the system can be
computed.

13.1.1 Numerical Examples

Example 13.1 (vide Appendix B, Program no. 34) Consider the non-homogeneous

system X = Ax + Bu where A = [(t) 8} , B= [(1)] , x(0) = “] and u = u(r),
a unit step function.

The solution of the equation is

xl(l‘):1+t
and
2 B
H=1+—+—
x(1) +5+ 3

Identification of the given system parameter produces the following results:

Table 13.1 shows the comparison of the exact samples of a,(f) and the samples
obtained in HF domain using Eq. (13.5) and the percentage errors of respective
samples form =8, T=1s.
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Table 13.1 Identification of the non-homogeneous system parameter a,;(f) of Example 13.1 in
HF domain compared with its exact samples along with percentage error at different sample points
form =8 and T =1 s (vide Appendix B, Program no. 34)

t(s) System parameter a,,(f) (m = 8)
Samples of the exact solution Samples from HF domain synthesis % Error

0 0.00000000 0.00000000 -
i 0.12500000 0.12037037 3.70370370
2 0.25000000 0.24999999 0.00000000
3 0.37500000 0.37121212 1.01010101
4 0.50000000 0.49999999 0.00000000
3 0.62500000 0.62179487 0.51282051
¢ 0.75000000 0.75000000 0.00000000
Z 0.87500000 0.87222222 0.31746031
8 1.00000000 1.00000000 0.00000000
Fig. 13.1 Identification of 1.2
a, () of the system matrix of
Example 13.1 via HF domain — Exact parameter a,,(7) ,
form=8and T =1 s (vide ® ¢ ¢ Samples identified
Appendix B, Program no. 34) 7

081 b

S; B
&1
=
04} 1
0 0.2 0.4 0.6 0.8 1.0

1(s) —w—

Figure 13.1 compares graphically the exact curve for a,(f) with its hybrid
function domain solution. Though the sample points obtained via HF domain
technique seem to be reasonably close with the exact curve, a scrutiny of the error
column of Table 13.1 reveals that there is a slight tendency of oscillation in the HF
domain results. This possibly is due to numerical instability in the computation.
Such oscillation turned out to be predominant for another case study presented in

the following.
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13.2 Identification of a Homogeneous System [3]

Similarly if we like to identify the time-varying system matrix A(f) for an
n x n homogeneous system, Egs. (13.5) and (13.8) will be modified to

1 2 2 z

Aijk+1) = <— - aii(k+l)>)€i(k+l) - (- +aiik>xik - Zail(k+l)xl(k+l)-
‘ X+ | \h h I#i
I#i

n
- § AilkXik

I£i
(13.9)

It can be shown that, for an nth order homogeneous time-varying system, the
off-diagonal elements can be identified by the Eq. (13.9).

For an nth order homogeneous time-varying system, the diagonal elements can
be represented by the following general form:

2 n n
<ﬁ +aiik>xik + Zail(k+l)xl(k+l) + Zailkxlk

I£i I£i

1

Xi(k+1)

2
Aij (k+1) = n
(13.10)

Using above relevant equations, all unknown parameters of the homogeneous
system can be computed.

13.2.1 Numerical Examples

Example 13.2 (vide Appendix B, Program no. 35) Consider the time-varying

o | cos(z)  sin(z) |1
homogeneous system X = Ax, where, A = {_ sin(?) cos(t)} and x(0) = {2

having the solution
x1 () = (cos(1 — cost) +2sin(1 — cos ))es™”
and
x,(t) = (—sin(1 — cos ) +2cos(1 — cos))e™

Identification of the given system parameters produces results shown in
Figs. 13.2 through 13.6.
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Fig. 13.2 Identification of 1.2
ay1(7) of the system matrix of ' reprerrry
Example 13.2 via HF domain 08k e S.amp i er{h . |
for m =40 and T = 5 s (vide via HF domain
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For the given homogeneous system, Figs. 13.2 and 13.3 illustrate the identified
parameters a;(¢) and a,(#) in HF domain for m = 40 and over a time period of 5
and 6 s respectively.

But interestingly, if instead of a;(¢) and a,, (), we attempt to identify the elements
a»(t) and ay,(1), we are met with numerical instability. That is, knowing a;(f) and
a»1(?), the HF domain solution of a;,(f) shows somewhat erratic results even for
m =50 over a 20 s interval. The nature of instability is illustrated in Fig. 13.4.

To investigate this phenomenon, we have computed the same result with another
higher value of m, namely, m = 100, for a time period T = 20 s. Figure 13.5 shows
the results. While numerical instability is encountered, no specific pattern of such
instability emerged from the study.

Similarly, the effort to identify the parameter a,,(f) ends up with the same fate.
Figure 13.6 demonstrates this instability.
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Example 13.3 Consider the time-varying homogeneous system X = AX, where,

0
Ao

and

1] and x(0) = [(1)] having the solution
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Identification of the given system parameters produces results shown in
Figs. 13.7 through 13.9.
For the given homogeneous system, Figs. 13.7 and 13.8 illustrate the identified
parameters a;,(f) and a,,(#) in HF domain for m = 10 and over a time period of 1 s.
It seems that the results are readily acceptable.

To study the results more minutely, Table 13.2 is presented where the exact
samples of a,(f) and ayy(f) are compared with the samples computed via HF
domain analysis using Egs. (13.9) and (13.10), for m = 10, T =1 s.
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Fig. 13.8 Identification of 1.0 T . . T T . . . .
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Table 13.2 Identification of the system parameters a;»(f) and a,»(f) of Example 13.3 in HF
domain compared with its exact samples at different sample points for m = 10 and T=1 s

1 (s) System parameter a,(f) (m = 10) System parameter ay(#) (m = 10)
Samples of the Samples from HF Samples of the Samples from HF
exact solution domain synthesis exact solution domain synthesis
Sd Sh Sd Sh

0 1.00000000 1.00000000 0.00000000 0.00000000

& 1.00000000 0.99833417 0.10000000 0.09975042

Z 1.00000000 0.99995041 0.20000000 0.19949588

3 1.00000000 0.99830032 0.30000000 0.29923145

& 1.00000000 0.99980359 0.40000000 0.39895217

= 1.00000000 0.99822872 0.50000000 0.49865310

& 1.00000000 0.99956392 0.60000000 0.59832929

& 1.00000000 0.99810797 0.70000000 0.69797582

% 1.00000000 0.99922356 0.80000000 0.79758775

> 1.00000000 0.99788543 0.90000000 0.89716016

1 1.00000000 0.99868608 1.00000000 0.99668814

Interestingly, we find that though the sample points obtained for a,(¢), via HF
domain technique seem to be extremely close with the exact samples, a scrutiny of

Table 13.2 reveals that there is a slight tendency of oscillation due to numerical
instability in the HF domain results for a,(#). Noting this fact, such oscillation has
been studied in more detail for three different values of m, namely, m = 10, 20 and
30. These results are depicted in Fig. 13.9, which seems to be oscillation free. But a
magnified view of a portion of Fig. 13.9 tells another story which is self evident
from Fig. 13.10. From the Fig. 13.10, it is noted that, the tendency of this oscillation
can be reduced with increasing number of segments.
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Fig. 13.9 Identification of
ay,(7) of the system matrix of
Example 13.3 via HF domain,
for three different values of
m (10, 20 and 30) for T=1s

Fig. 13.10 Magnified view
of Fig. 13.9 showing the
identified parameter a;,(f) of
Example 13.3 via HF domain,
for three different values of
m (10, 20 and 30) for T=1s

13.3 Conclusion
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In this chapter, we have presented a generalized method for identifying
non-homogeneous as well as homogeneous time-varying systems. The proficiency
of the method has been illustrated by suitable examples. Also, by putting B(7) = 0,
the same methods have been successfully applied to identify homogeneous
time-varying systems as well.

Here the linear time-varying system identification problem has been solved for
an n-state system. However, the limitation of the proposed method is, it can solve
only a maximum of n number of system parameters of the system matrix A(f) out of
n? parameters. Further, an essential requirement is, for solving the above mentioned
n parameters, the remaining (n*> — n) parameters have to be known.
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Some examples have been treated to establish the validity of the HF domain
methods. However, for the case of system identification, numerical instability is
encountered in Example 13.2. Such instability is vigorous and the same has been
illustrated via Figs. 13.4, 13.5 and 13.6. Since no regular pattern has immerged
from different unstable results, the reason for such instability needs to be explored
in detail.

A scrutiny of Table 13.2 for Example 13.3 reveals that there is a slight tendency
of oscillation for a;,(¢) in the HF domain results due to numerical instability. While
Fig. 13.9 can not reveal such oscillation, its magnified view, shown in Fig. 13.10,
can. It is noted that, such oscillation can be reduced with increased number of
sub-intervals m.
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Chapter 14
Time Invariant System Identification: Via
‘Deconvolution’

Abstract Control system identification using hybrid function domain ‘deconvo-
lution’ technique is discussed in this chapter. Both open loop as well as closed loop
systems have been identified. Two numerical examples have been treated, and for
clarity, eight figures and four tables have been presented.

System identification [1-3] is a common problem encountered in the design of
control systems. The known components, usually the plant under control, are
assumed to be described satisfactorily by its respective models. Then, the problem
of identification is the characterization of the assumed model based on some
observations or measurements.

It is well known that one may set up more than one model for a dynamic system,
and in control system design the choice of the most suitable one depends heavily on
the design method [3] being used. While in classical design, a nonparametric model
such as an impulse response function is more appropriate. Kwong and Chen [4], in
their work, presented a method based upon block pulse function (BPF) to identify
an unknown plant modeled by impulse-response.

In this chapter, as the name suggests, the orthogonal hybrid function (HF) set
[1], a combination of sample-and-hold functions (SHF) and triangular functions
(TF), is employed to identify an unknowing plant using method of deconvolution.

14.1 Control System Identification Via ‘Deconvolution’

The basic equation which relates the input-output of a control system in Laplace
domain is given by

C(s) = G(s) R(s)

C(s 14.1

or G(s) = Q ( )
R(s)
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where C(s) is the Laplace transformed output, G(s) is the transfer function of the
system and R(s) is the Laplace transformed input to the system. The problem of
identification is basically to determine G(s) of Eq. (14.1).

14.1.1 Open Loop Control System Identification [5]

Consider two time functions r(f) and g(f) expanded in hybrid function domain.
Considering the convolution between the time functions r(f) and g(f), we determine
the output y(r) in HF domain using Eq. (7.15). For m =4, T = 1 s, the convolution
result can be written as

0 (2r1+r0) (2r2+r1) (2}’3+l’z)
() = h 0 &1 2 o] 0 (ri+2r0) (r+4ri+ry) (r3+4r+nr) "
6 ’ O O (r1+2r0) (}"2+4}"1+}"0)
0 0 0 (r1 +2r0)

h

t5 [g0(2r1 +ro) +&1(ri +2r0)  go(2ra — ri — ro) +&1(r2 4+ 3r1 — o) + g2(r1 +2r0)
80(2rs —ry —r1) +g1(r3 +3r — 3r1 — ro) + g2(r2 + 311 — ro) + g3(r1 +2r9)
g0(2rs —r3s — )+ gi1(ra+3r3 — 32— r1) + g2(r3 +3r2, — 3r1 — o)
+83(r2 +3r1 — ro) + ga(r1 +2r9)]T(a)

(14.2)
Comparing the SHF vectors of output y(#) with Eq. (14.2), we get
0 (2ri+ro) (2ry+r1) (2rs+r2)
Yo » » »l= g (20 &1 & &) g (n 4;)2r0) (rQ(: i‘:lz:;)ro) E:: iig I:{;;
0 0 0 (ry +2r0)

(14.3)

where, because the first column contains all zeros, the matrix is singular and thus
poses restriction on its inversion. To avoid this problem, the leading element of the
first column may be replaced by a very small positive number ¢. But before
introducing ¢, the scaling factor % is multiplied with each element of the square
matrix on the RHS of (14.3). This is done to avoid any adverse effect of the scaling
factor 2 upon &.

Then Eq. (14.3) becomes

€ %(2r1+ro) b2r+r) 2(2r3+n)
0 2(ri+2r) &(Vz+4i’1+ro) E(I‘3+4r2+r1)
_ 6 6
oy 32 wl=ls0 & g ] 0 0 b (r +2r) g(r2+4r1+r0)
0 0 0 Blri+2r)

(14.4)
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Now let,
R0é2r1+r0, Réér3—|—4r2—|—r1,
R1é2r2+r1, R7ér4+4r3+r2,
Ry & 2r5 415, Ry =12+ 1 — 2ry, (14.5)
R3é21"4—i-}"37 Rgé}"3—|-}"2—2}"17 '
R4ér1+2r0, Rloér4—|—r3—2r2.
R5ér2+4r1—|—r0,
Using Egs. (14.5) and (14.4) can be written as
& ]éR() %Rl %Rz
0 &R, LRs IR
(Yo y1 2 yl=[g0 & & ] 60 2R ZR (14.6)
clka  ¢Ks
or, = R 0 o
[yo yro» y3] [80 81 &2 gE 0 0 %R4
h h h
o I ey Ik
A 64 615 glt
where, R= 0 0 ]é R, § Rs
0 O 0 gRy
Hence,
(g0 &1 & &l=[w y » »n|W (14.7)

where, R"12 W

The computation of Eq. (14.7) was carried out with different small values of ¢ to
determine the first four samples of the impulse response function g(¢). It was noted
that the values of the coefficients gg, g1, g2,..., etc. did not alter with different values
of ¢.

This was investigated theoretically and it was noted that the matrix R being
upper triangular, its inverse W is also upper triangular in nature. For an upper
triangular matrix, if the leading element is ¢, in its inverse, only the elements of the
first row contains expressions involving the factor .

Now, in the row matrix [ yo y; Y2 3], the first element yq is zero. Usually,
for realistic causal systems, this is so. If the matrix multiplication in Eq. (14.7) was
executed using this value of yy, the first element g, of plant impulse response would
have turned out to be zero. To avoid this problem, like the leading element of R, the
first element y, of the output was also replaced by the same small number ¢, used in
R. Hence, when W was pre-multiplied by the row matrix in (14.7), the result did
not contain any term involving &. That is, the choice of & does not affect the result.

To determine the fifth sample of g(f), we proceed as follows.
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We equate the last elements of the TF parts of Eqgs. (11.13) and (14.2) to get

h
ya—y=¢ [g0(2ra —r3 —r2) +g1(ra +3r3 — 32 — 1) + g2(r3 + 32 — 3r; — 19)

+g3(ra +3r1 — ro) + ga(r1 + 2r9)]

Solving for coefficient g4, we have

gi = [ya — y3] — 4[go(Rs — Ry) + 81(R7 — Re) + g2(Rs — Rs) + g3(Rs — R4)]
4= h
hR,
6

For an analysis involving m terms, the generalized expression for the last
coefficient of the function g(7) is

m—1
= Yon1)] — 21 80{ Rim—1) — Rim—2) } + ; 8i{Rm—iy = Rom—i—1)}

h
oBm

8m =
(14.8)

From Eqgs. (14.7) and (14.8), we can calculate all the coefficient of the impulse
response of the plant.

14.1.1.1 Numerical Examples

Now, we consider an open loop system, whose input u(#) and output y(f) are known
in HF domain. With this information, we identify the plant g(#) in HF domain. For
such identification in HF domain, we use Eqgs. (14.7) and (14.8).

Example 14.1 (vide Appendix B, Program no. 36) Consider an open loop system
with input 7 (f) = u(¢) and output y;(¢) = 1 — exp(—¢). The plant g, (¢) = exp(—1)
is computed in HF domain via deconvolution and compared with the HF domain
direct expansion of the plant impulse response.

Let, time T=1s, m =4 and 10, and ¢ = 1075

Tables 14.1 and 14.2 present the quantitative results and these are graphically
compared with the exact impulse response of the plant in Figs. 14.1 and 14.2, for
m = 4 and m = 10. Figure 14.3 shows the plots of percentage errors at different
sample points for various values of m when the exact samples of g;(f) are compared
with the samples computed via HF domain technique. Figure 14.4 shows the plot of
AMP error for different values of m. It is noted that the value of average absolute
percentage error decreases drastically with increasing m.
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Table 14.1 Percentage error at different sample points of the impulse response of the plant g (¢) of
Example 14.1 for T=1s, m =4 and ¢ = 107> (vide Appendix B, Program no. 36)

1 (s) Samples obtained from Samples of g;(#) obtained via HF % Error
direct expansion of domain analysis using Egs. (14.7)and |e= £ ‘gdg e % 100
810 (14.3)
81d 8lc

0 1.00000000 1.00000000 0.00000000

i 0.77880078 0.76959374 1.18220832

2 0.60653066 0.60856725 —0.33577721

3 0.47236655 0.46474560 1.61335479

4 0.36787944 0.37115129 —0.88938024

Table 14.2 Percentage error at different sample points of the impulse response of the plant g(¢) of
Example 14.1 for T=1s, m = 10 and ¢ = 10> (vide Appendix B, Program no. 36)

t(s) Samples obtained from Samples of g;(#) obtained via HF % Error

direct expansion of domain analysis using Eqs. (14.7) and |¢ = g“jg% x 100

810 (14.3)

81d 8lc
0 1.00000000 1.00000000 0.00000000
5 0.90483742 0.90325164 0.17525566
Z 0.81873075 0.81888166 —0.01843180
3 0.74081822 0.73936899 0.19562594
& 0.67032005 0.67059450 —0.04094445
= 0.60653066 0.60519322 0.22050627
£ 0.54881164 0.54918725 —0.06844146
5 0.49658530 0.49533940 0.25089517
5 0.44932896 0.44978740 —0.10202639
> 0.40656966 0.40539869 0.28801225
19 0.36787944 0.36840568 —0.14304711

From the error columns of Tables 14.1 and 14.2, and from Fig. 14.3, it is noted
that there is a slight oscillation in the result, and such oscillations are reduced with
increasing m.

14.1.2 Closed Loop Control System Identification

Consider the closed loop system shown in Fig. 11.8. The impulse response of the
plant is g(¢). Hence, we obtain the output y(7) simply by convolution of e(¢) and g().
In line with Eq. (7.15), form =4, T =1 s, convolution result can directly be written

as
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Fig. 14.1 Samples of the
plant g,(7) of Example 14.1
identified using HF domain
deconvolution are compared
with the exact curve form =4
and T =1 s (vide Appendix B,
Program no. 36)

Fig. 14.2 Samples of the
plant g,(r) of Example 14.1
identified using HF domain
deconvolution are compared
with the exact curve for
m=10and T =1 s (vide
Appendix B, Program no. 36)
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+ g[{go@el +e0) +g1(e1 +2e0)}

{g0(2e2 — e1 —ep) + g1(e2 +3e1 — eo) + ga(e1 +2e0) }
{g0(2e5 —ex —e1) +gi1(e3+3e2 — 3e; — ) +g2(e2 +3e1 — ep) + g3(er +2e0)}
{g0(2es —e3 —e2) + g1 (ea+3e3 —3es —e1) +g2(e3 +3e2 — 3¢ —¢)
+g3(ex +3e1 — eg) + galer +2e0) } T4
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1(s) —wm=

(22 +¢1) (2e3+e2)
(e2+4ey+ey) (e3+4der+e)
(e1 +2e) (e2 +4ey + o)

0 (e1 +2ep)

(14.9)



14.1 Control System Identification Via ‘Deconvolution’

325

Fig. 14.3 Percentage error at 2
different sample points
computed via HF domain for
different values of m with
T=1sande= 10" for
Example 14.1. It is observed
that percentage error
decreases with increasing m
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Comparing the SHF vectors of output y(#) with Eq. (14.9), we get

h
[Yo yi ¥ y3]=6[80 g & &)
0 (2e;+eg) (2e2+e1) (2e3+e3)
y 0 (e1+2e) (ext4dei+ey) (e3+4derte)
0 0 (e1 +2ep) (e2+4e; +eo)
0 0 0 (e1+2ey)

(14.10)
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Proceeding in the same way as for Egs. (14.6) and (14.10) can be written as

h h h
¢Eo ¢ GE2
h h h
sEs GEs ks

&

0
(Yo yi » ¥»]=[g & & &) 0 0 LE LE
0

0 0 !E
N (ER Y
& EEO EEI 6E2
h h h
or,[g0 & & &l|=[y ¥y » ] 0 ok EES EE6
0 0 Lg IEs
0 0 0 !

As before, the computation is carried out for a typical values of ¢, i.e., ¢ = 107,
We equate the last elements of the TF parts of Eqgs. (11.13) and (14.9) to get

h
V4 — Y3 = 8 [g0(2€4 —e3 — 62) +g1(e4 +3e3 — 3ey — 61) +g2(e3 +3e; — 3e; — 60)
+g3(ex +3e; — ep) + ga(er + 2ep)]
Solving for coefficient g4, we have

e — 3] — £lgo(Es — Ea) + g1(E7 — Ee) + 82(Es — Es) + 83(Es — Ey)]
- h

LE,

6

84

For an analysis involving m terms, the generalized expression for the last
coefficient of the plant is

m—1
b = Yon1)) — 21 80{ Emo1) — Egm—2) } + ; 8i{E@m—iy = Eom—i-1)}

h
6Em

8m =
(14.12)

From Eqgs. (14.11) and (14.12), we can calculate all the coefficient of the plant
impulse response

G=[g0 & & & s8] (14.13)

If we intend to compute further samples of G, we need to know the respective
HF coefficients of the error signal and the system response. This can easily be done
by using (14.12).
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14.1.2.1 Numerical Examples

An input () is applied to a causal SISO system, shown in Fig. 11.8, at # = 0. If the
impulse response of the plant is g(f), we obtain the output y(¢f) simply by convo-
lution of e(f) and g(#). Knowing r(¢), h(f) and y(f), we can employ Egs. (14.11) and
(14.12) for computing the samples of the plant g(¢) so that the result is obtained in
HF domain.

Example 14.2 (vide Appendix B, Program no. 37) Consider the closed loop system
of Fig. 11.8 with input rp(f) = u(f), feedback h(r) = u(r) and output
ya(t) = %exp(— £) sin (@) t. The plant g,(r) = exp(—t) is identified using HF
domain via deconvolution and compared with the direct expansion of the plant.

Table 14.3 Samples of the plant of the system via direct expansion and samples obtained from
HF domain identification for Example 14.2 for T=1s, m = 4 and ¢ = 107> (vide Appendix B,
Program no. 37)

t(s) Samples obtained Samples of g,(7) obtained via HF % Error
from direct expansion domain analysis using Eqgs. (14.11) &= % x 100
of g»(t) and (14.12)
82d 82c

0 1.00000000 1.00000000 0.00000000

1 0.77880078 0.77656217 0.28744362

2 0.60653066 0.60289480 0.59945116

3 0.47236655 0.46770601 0.98663752

4 0.36787944 0.36267668 1.41425719

Table 14.4 Samples of the plant of the system via direct expansion and samples obtained from
HF domain identification for Example 14.2 for T=1s, m = 10 and ¢ = 10> (vide Appendix B,
Program no. 37)

t(s) Samples obtained Samples of g,(f) obtained via HF % Error

from direct expansion domain analysis using Egs. (14.11) &= gz‘;% x 100

of g-(f) and (14.12)

82d 82¢
0 1.00000000 1.00000000 0.00000000
5 0.90483742 0.90468094 0.01729318
2 0.81873075 0.81844307 0.03513718
3 0.74081822 0.74041517 0.05440636
& 0.67032005 0.66982167 0.07434830
3 0.60653066 0.60594820 0.09603091
o 0.54881164 0.54816110 0.11853513
= 0.49658530 0.49587437 0.14316533
3 0.44932896 0.44857050 0.16879892
& 0.40656966 0.40576860 0.19702903
1 0.36787944 0.36704625 0.22648450
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Fig. 14.5 Samples of the
closed loop system of
Example 14.2 identified using
HF domain deconvolution
along with the exact curve for
m=4and T =1 s (vide
Appendix B, Program no. 37)

Fig. 14.6 Samples of the
closed loop system of
Example 14.2 identified using
HF domain deconvolution for
m=10and T =1 s (vide
Appendix B, Program no. 37)

Fig. 14.7 Percentage error at
different sample points,
computed via HF domain, for
different values of m with
T=1sande= 10" for
Example 14.2. It is observed
that percentage error
decreases with increasing m
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Fig. 14.8 AMP error of the 0.8 T T T T T T T
samples for different values of
mfor T=1sande=10"° for
Example 14.2

0 I L I L Il L
4 6 8 10 12 14 16 18 20

Number of sub-intervals used, m ——s=

Here Tables 14.3 and 14.4 present the quantitative results in HF domain along
with the percentage errors. These facts are graphically compared with the exact
impulse response of the plant in Figs. 14.5 and 14.6, for m = 4 and m = 10.
Figures 14.7 and 14.8 show the characteristics of percentage errors for various
values of m.

14.2 Conclusion

In this chapter, we have studied identification of linear control systems, open loop
as well as closed loop, using the hybrid function platform employing the principle
of ‘deconvolution’.

As a foundation, convolution of basic component functions of the HF set was
computed in Chap. 7. These sub-results were further used to determine the con-
volution of two time functions.

Applying the deconvolution concept, an open loop system has been identified
for m = 4 and 10. Percentage errors at different sample points have been computed
and presented in Tables 14.1 and 14.2. Figures 14.3 and 14.4 show that, with
increasing m, the error is reduced.

Similarly, a closed loop system was identified successfully for m = 4 and m = 10.
The percentage errors in identification, at different sampling instants, are tabulated
in Tables 14.3 and 14.4, and for better clarity, they have been translated graphically
in Figs. 14.7 and 14.8.

In case of system analysis or identification, block pulse domain approach
showed oscillations in many instances indicating the onset of numerical instability.
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We have noted such cases of instability in references [1, 4, 6-8]. But HF based
technique achieves the objective without any numerical instability, even with a
small number of sub-intervals m.
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Chapter 15
System Identification: Parameter
Estimation of Transfer Function

Abstract In this chapter, parameter estimation of the transfer function of a linear
system has been done employing many non-sinusoidal orthogonal function sets,
e.g., block pulse functions, non-optimal block pulse functions, triangular functions,
hybrid functions and sample-and-hold functions. A comparative study of the
parameters estimated by different methods are made with focus on estimated errors.
One numerical example has been studied extensively and ten figures and fourteen
tables have been presented as illustration.

A typical problem considered in system identification [1-4] is the design of esti-
mators trying to recover a discrete time linear time invariant (LTI) system based on
noise corrupted output sequence resulting from a known input sequence. The
unknown components, usually the plant under control, are assumed to be described
satisfactorily by its respective models.

In this chapter, as the name suggests, the orthogonal hybrid function (HF) set, a
combination of sample-and-hold functions (SHF) and triangular functions (TF), is
employed to identify an unknowing plant using method of deconvolution.

15.1 Transfer Function Identifications

The estimation method consists of finding a rough estimate of the impulse response
from the sampled input and output data. The impulse response estimate is then
transformed to a two dimensional time-frequency mapping [S]. The mapping pro-
vides a clear graphical method for distinguishing the noise from the system
dynamics. The information believed to correspond to noise is discarded and a
cleaner estimate of the impulse response is obtained from the remaining informa-
tion. The new impulse response estimate is then used to obtain the transfer function
estimate [6].

There are many transfer function estimation techniques available, given data
limitations, but these may yield poor results. One such method is the Empirical
Transfer Function Estimate (ETFE), which estimates the transfer function by taking
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the ratios of the Fourier transforms of the output y(¢) and the input u(z). The estimate
is given by

G(w) _Zh0) (15.1)

-~ Fu(}

If the data set is noisy, the resulting estimate is also noisy. Unfortunately, taking
more data points does not help. The variance does not decrease as the number of
data points increase, because there is no feature of information compression. There
are as many independent estimates as there are data points [4].

Parametric estimation methods are another class of system identification tech-
niques. The motivation behind these methods is to find an estimate or model of the
system in terms of a small number (compared to the number of measurements) of
numerical values or parameters. A linear system is typically represented by

¥(t) = G(s)ult) + H(s)e(r (15.2)

where e(?) is the disturbance, G(s) is the transfer function from input to output, H
(s) is the transfer function from disturbance to output, and s is the shift operator
(s = ¢/”) used when dealing with discrete systems. The most generalized model
structure is

C(s)
u(r) + Do) e(?) (15.3)

where A(s), B(s), C(s), D(s), F(s) are all parameter polynomials to be estimated.

15.2 Pade Approximation

The Pade approximant [7] of a given power series is a rational function of
numerator degree L and denominator degree M whose power series agrees with the
given one up to degree L + M inclusively. A collection of Pade approximants
formed by using a suitable set of values of L and M often provides a means of
obtaining information about the function outside its circle of convergence, and of
more rapidly evaluating the function within its circle of convergence. Applications
of these ideas in physics, chemistry, electrical engineering, and other areas have led
to a large number of generalizations of Pade approximants that are tailor-made for
specific applications. Applications to statistical mechanics and critical phenomena
are extensively covered, and there are newly extended sections devoted to circuit
design, matrix Pade approximation, computational methods, and integral and
algebraic approximants.

Approximants derived by expanding a function as a ratio of two power ser-
ies and determining both the numerator and denominator coefficients. Pade
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approximations are usually superior to Taylor series when functions contain poles,
because the use of rational functions allows them to be well-represented.

The relation between the Taylor series expansion and the function is given
classically by the statement that if the series converges absolutely to an infinity
differentiable function, then the series defines the function uniquely and the func-
tion uniquely defines the series.

The Pade approximants are a particular type of rational approximation. The L,
M Pade approximant is denoted by

ORI

M

where Py (x) is a polynomial of degree less than or equal to L, and Qy(x) is a
polynomial of degree less than or equal to M. Sometimes, when the function fbeing
approximated is not clear from the context, the function name is appended as a
subscript [L/M];. The formal power series

o0
f)=> fi (15.5)
j=0
determines the coefficients by the equation
PL(x)_O L+M+1 15.6
f(x)_QM(X)_ (x ) ( ’ )

This is the classical definition. The Baker [8] definition adds the condition
Qu(0) = 1. (15.7)
Let, f(x) = co+cix+cx® + - (15.8)
Let the Pade approximation (that is the reduced model) be

PL(X) o a0+a1x+a2x2+ +CleL
Qu(x) bo+bix+byx*+ -+ +by_1xM-14xM

fx) = (15.9)

Hence, in accordance with the definition, Eqs. (15.8) and (15.9) yield the fol-
lowing set of linear equations:
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ap = boco
a) = b()C] +b1€0
a, = bocy, +bicy + by

o ’ ’ (15.10)
am = bOCm +blcm—l + - +me0

0=bocpr1+bicu+ -+ +buiico

0= bOCm+n +blcm+n71 + - +bnflcm+l +Cm

which serve to determine the coefficients of Eq. (15.10) uniquely.

Baker et al. [8] introduced the concept of Pade approximation about more than
one point. They suggested that the Pade approximation be required to exactly
satisfy conditions at other points (they imposed the value of the function at infinity
on the Pade approximate) as well as at the origin. The required modifications in the
linear Eqgs. (15.10) are very simple. The equation which makes the last power series
coefficient of the function and its approximant equal is replaced by one that makes
the Pade approximant equal to a given value at infinity.

15.3 Parameter Estimation of the Transfer Function
of a Linear System

Now we employ the set of hybrid functions to estimate the parameters of a linear
system from its impulse response [6] data.

Let h(7) be the p x r impulse response matrix of a linear time-invariant multi-
variable system where h(?) is specified graphically or analytically. Also, let H(s) =
L[h(r)] be the transfer function matrix of the system.

Now consider the rational function matrix G(s) of the form

B,s” +Bp1s# 1+ -+ 4+ Bys+ By

G(s) =
(s) s9+ aqgg s+ -+ ags + ag

, p<gq (15.11)

Expansions of H(s) and G(s) in power series are as follows:

H(s) = insk (15.12)

G(s) = insk (15.13)
k=0
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The problem now may be stated as

Given h(7), the impulse response, find the parameters ag, a;, ..., a,—1 and the
elements of the matrices By, By, - - - B, of G(s) such that G(s) matches H(s) in the
Pade sense [7], i.e., such that the power series coefficient matrices of H(s) and G
(s) match up to the power (p + q).

Thus,

H; = Gy, where, k = 0,1, -+, p+gq.

To solve the problem we first determine the power series coefficient matrices Hy
of H(s). We use the following power series coefficient formula

H(s) = Hos" + Hys' + Hps” + Hs® + -+ + Hys* + -+ (15.14)
Now, Eq. (7.14) is differentiated with respect to s to obtain

OH(s)
Os

— H; + 2Hys' + 3H3s® + -+ 4 kHps®D 4 ... (15.15)

Putting, s = 0 in Eq. (15.15), we get

OH(s)
= H
Os |,_o !
Similarly, we get
O H(s)
= k'H 15.16
Dk o k ( )
where, k = 0, 1, .-+, (p+gq).

Again, the transfer function H(s) can be written as
H(s) = / h(7) exp(—s)dr (15.17)
0

Now, differentiating Eq. (15.17) with respect to s, we get
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ar;gs) = (~1) / th(z) exp(—st)dr
0

(15.18)
9"H(s) _ k r k
ok =(-1 /t h(r) exp(—st)dr
0
Putting s = 0 in Eq. (15.18), we get
O'H(s) -
Ws:O_(— 1) /t h(z) dt (15.19)
0

Assuming the system to be asymptotically stable, we consider a large positive
number 4 to be the upper limit of the integral in (15.19) such that it converges to a
finite value [9]. Thus, using Eqgs. (15.16) and (15.19), we get

0 T,
H, =——— [ *h(r) ds (15.20)
k! O/

Let,t = Jt. Thendr = Adr, fort = 0,7 =0andz = A, 7 = 1.
Thus Eq. (15.20) becomes

k

1
1)
H; :( ') l/rkikh(h) dr
C (15.21)

k
or, Hy=(—1)"2*+Y /%h(xf) de
0

15.3.1 Using Block Pulse Functions

In block pulse function (BPF) domain [10], referring to Sect. 2.1, h(At) can be
written as
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h(11) = D1,_py,(r), 0<t<l i=0,1,2,...,(m—1 15.22
. (I=Di¥i

where, D1y = [dlo; dly; dly - dlg p]"
and d1(;_y);’s are the expansion coefficients in block pulse domain.

(i+1)h
and D1_y; =1 [ h(it)y;()de

ih
where, [ is the number of input variables of the system.

Again, let
m—1
W) =) yi(r)=1 (15.23)
i=0
where,uyg =[1 1 - 1 1]
m columns
Now, we know
preowo oy (@frre oo Ty F_ JTphy 15.24
[[] @) =2 [ [ ug¥()(dD) = ug P (x) (15.24)
000 0 000 0
k times k times

where, P is the operational matrix for integration in block pulse function domain
[10].
Then, from Egs. (15.21)—(15.24), we can write

H, = (—1)* )¢+ Pkmzl {/ Y, (1 }Dla_l)i (15.25)

Due to orthogonal property,

(i + 1)™ position

/l//i(r)‘l’(r)dr:e,-:[o S0 hl 0 --- 0]"
0

m columns

So, Eq. (15.25) becomes,

m—1

H, = (—1)f2%+D PkZelDIUI (15.26)
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For instance, if we take m = 4, then

i h 0 0 h
Z)eiDl(l—l)i: 8 D11+ g D1, )+ 2 D1+ 8 D1, )3
- 0 0 0 0
Thus, Eq. (15.26) becomes
h 0 0 0
H = (—1)f &+ ol p* 8 D1 1)+ z D1, ) + 2 D1 i+ 8 D1 1y
0 0 0 h
or, Hk:aiel‘Dl(pl)i
i=0
(15.27)

where, a 2 (—1)F)¢+D ug P*
Now, we consider a SISO system having a transfer function of the following
form:

ap + ais

m :H() + HlS + H2S2 + H3S3 (1528)

From Eq. (15.28), equating the coefficients of like powers of s, we get

ay = boHy (15.29)
a; = boHy + b Hy (15.30)
boH, + biHy = —Hy (15.31)
boHs + biHy, = —H, (15.32)

Solving from (15.29)—(15.32), the a;’s and b;’s may be obtained as
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0 0 -Hy O
10 1 -H —H
“TAl“H, 0 H, H
“H, 0 H; H,
1 0 —-Hy O
1o o —H -H,
MTT Ao -H) H, H
0 -H, H; H,
1o 0 0
b= L[ O 0~ (15.33)
Alo 0 -Hy H
0 0 —-H; H,
1 0 —Hy O
p — L]0 1 —Hio0
Al0 0 H, —H,
0 0 H; —H
1 0 —Hy O
0 1 —H; —H,
where, A = 0 0 H, H,
00 Hy H

15.3.1.1 Numerical Example

Example 15.1 Consider the function

8(r) = exp(—1) — exp(—21) (15.34)
We express it in s-domain in the form as in (15.28). That is

1 ais + ap
H = = 15.35
() §s24+35+2 s2 4+ bis + by ( )

Then using Egs. (15.27) and (15.33), the unknown parameters may be solved for
m=64and 1 =1,1=06and A = 12 as shown in Table 15.1. Also, percentage errors
for such estimation for 4 = 12 is presented in Table 15.2.
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Table 15.1 Estimated parameters of the transfer function of Example 15.1 for m = 64 and For
three different values of 4, in block pulse function domain

Parameters Actual A=1 A=6 A=12

a 1 2.54176555 0.76514514 0.97307956
a 0 - 0.25154866 0.05825146 0.01235613
by 2 12.72230064 1.55297667 1.94618304
by 3 6.11098678 2.40403634 2.94373198

Table 15.2 Perc.enta.ge CITOTS  Parameters | Actual BPF domain % Error
for parameter estimation of values values e — a=a) o 100
the transfer function of Ca e Ca
Example 15.1 for m = 64 and
J = 12, in BPF domain ap 1 0.97307956 2.69204374

a; 0 0.01235613 -

by 2 1.94618304 2.69084797

by 3 2.94373198 1.87560054

15.3.2 Using Non-optimal Block Pulse Functions (NOBPF)

Referring to Sect. 1.2.11, if we use a set of non-optimal block pulse functions
W' (1) [11] instead of the traditional block pulse functions, the results obtained are
slightly different.

In non-optimal block pulse function domain h(At) can be written as

h(J1) = > D2y yi(r), 0<t<l (7.36)

where, each element, d2; (say), of D2_,); is the average of two consecutive
samples, ¢; and ¢, ) (say), of each component of the function h(At). That is

ci+cg
2 = | 2( +)]
As before
(m-1)
wW ()= yYi(r)=1

i=0

Using the above relation in Eq. (15.24), we have, as per Eq. (15.25)
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1
m—1
He = (1) 2% D ug Py /lﬁ; (0)¥'(v)dt| D2¢_yy; (15.37)
i=0 0

where, P is the operational matrix for integration in non-optimal block pulse
function domain.

It is to be noted that for both the traditional block pulse function based derivation
and non-optimal block pulse function based derivation P remains unaltered.

So, Eq. (15.37) becomes,

m—1
Hy = (1) 2% D ug P " e D2y, (15.38)
i=0

which is similar to Eq. (15.26).
If we take m = 4, then, following Sect. 15.3.1, we get

h 0 0 0
0 h 0 0
H = (—1)* 2%+ D of p* 0 D21y + 0 D2y, + N D2 + 0 D213
0 0 0 h
3
or, Hk:bzeiDz(l—l)i
i=0
(15.39)

where, b £ (—1)f 26D gl p¥
We use Egs. (15.39) to solve for the parameters in (15.35) in NOBPF domain.
Form=64and A =1, A =6 and 1 = 12 the results are shown in Table 15.3. Also,
percentage errors for such estimation for 4 = 12 is presented in Table 15.4.

Table 15.3 Estimated parameters of the transfer function of Example 15.1 for m = 64 and for
three different values of 4, in non-optimal block pulse function domain

Parameters Actual A=1 A=6 A=12

ap 1 2.54147603 0.77203411 0.96755155
a 0 —0.25160253 0.05617966 0.00373086
by 2 12.72227298 1.55404255 1.94648567
by 3 6.11095662 2.40494375 2.94403456
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Table 15.4 Percentage errors for parameter estimation of the transfer function of Example 15.1
for m = 64 and 1 = 12, in non-optimal block pulse function domain

Parameters Actual values NOBPF domain values % Error
Ca c e =1 % 100
ap 1 0.96755155 3.24484513
a, 0 0.00373086 -
by 2 1.94648567 2.67571651
by 3 2.94403456 1.86551468

15.3.3 Using Triangular Functions (TF)

In the triangular function domain [12], referring to Sect. 2.3, h(41) is given by

h(i‘[) = [D31(1,1)iT1i(T) + D32(1,1),’T2i(f)} , 0 S <1 (1540>

i

3

I
o

where, each element, d31¢; (say), of D31(;_); and d32¢; (say), of D32(;_,); are i- th
and (i + 1)th samples of each component of the function h(At).
For triangular functions, the unit step function is represented as

u(t)= up[T1(x) + T2(1) ]

To determine the formula for repeated integration in triangular function domain,
we proceed from the basic relation for first integration which is

/Tldt:P1T1+P2T2:/T2dt (15.41)

where, P1 and P2 are operational matrices for integration related to T1 and T2 [12]
respectively. Also P1 and P2 are related to P, the operational matrix for integration
in BPF domain, by the following equation

P = P1+P2 (15.42)

Using relations (15.41) and (15.42), second integration of T1 is

//Tldt:/(P1T1+P2T2)dt :Pl/TldH—PZ/TZdt :(P1+P2)/Tldt

:P/Tldt
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Similarly, third integration of T1 is given by

///Tldt:Pz/Tldt

Thus, keeping in mind relations (15.41) and (15.42) above, k-times integration of
T1 and T2 yields

[/ Tldi = /// <[ T2de = P! [T1ds P T2 dr
——

k times k times

=P (P1T1+P2T2) (15.43)
Hence, using (15.43) and from Eq. (15.21) we have

H = (—1) 26+ D 2q7 ple-1)
1
x/PlTl 7) +P2T2(1)
0

m—1 m—1

ZDSI(, niTLi(t) + > D321 T2i(x) | de
i=0

m—1

= (=1 2EH D o] Pl Z/ [P1D31_,),T1;()T1(x) + P2D31_,),T1;(7)T2(z)

+ P1D32_ ), T2(1)T1(7) + P2D32(_1),T2:(7)T2()]dz

m—1

= (=1)F 2+ D onl p=D 5 {ZPIDM, i /[Tl YT1(x) dr

1 1
+ z%szll 1>0/ 1;(x)T2(x) dt + E%lezl b /Tz (1)T1(7) de
1 1 0

1

m—1
+ > P2D32 ), / T2,(1)T2() dr}

=0 0

(15.44)
Due to orthogonal property

(i+1)™ position

/Tli(r)Tl(r)dr:eli:[O 0 gl 0 - O]T:/TE,-(r)TZ(I)dI
0 0

m columns

(15.45)
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(i+1)™ position

/Tli(T)TZ(r) dr=e2;,=[0 --- 0 gl 0 --- O]T = /TZ,'(‘E)TI(T) dr
0 0

mcolumns

So Eq. (15.44) becomes

m—1 m—1
H, = (—1)f 2&+ D 2uf pE-D 5 L p1 > elD31;_p); +P2> e2D31_y,
i=0 i=0

m—1 m—1
+ P1 Z 2,032 ;) +P2 Z el,D32 )
i=0 i=0

For m = 4, following the earlier procedure, we get

£j k41 T ple=D)
s 0 0 0
0 4 0 0
0 D31<[,1)0+P1 O D31([,1)1+P1 N D31(1,1)2+P1 0 D31(11
3
0 0 0 .
’ 0 0 0
0 4 0 0
o | P3N0+ P2| | D31 +P2| D31+ P2 | D31y
6
0 0 0 .
47 [07 [07 [07
0 . 0 0
o | D320+ PL| 0 D320 +PL| || D321+ P | D32
6
LO ] L0 ] L0 L%
47 [07] [07 [07
0 b 0 0
o | D320+ P2| D320+ P2| || D321+ P2 D32
3
LO ] LO ] L0 ] L2 ]

3
=c [eD311y; + €2D31_1); + e3D32( 1 + €4D32_ 1]
i

i

(15.47)

where, ¢ 2 (—1)f A6+ D2yl p-1)
and Cy; £ Pleli, Ci £ P2e2i, C3; £ P1e2i, Cy4; £ P2eli
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Table 15.5 Estimated parameters of the transfer function of Example 15.1 for m = 64 and for
three different values of 4, in triangular function domain

Parameters Actual A=1 A=6 A=12
ap 1 2.54176778 0.77261257 0.97296430
a 0 —0.25152488 0.05825568 0.01226366
by 2 12.72231195 1.55292352 1.94613618
by 3 6.11098640 2.40394316 2.94367405
Table 15.6 Perc.enta.ge CITOIS  Parameters | Actual TF domain % Error,
for parameter estimation of values values PR 7(,,) « 100
the transfer function of ¢ ch
Example 15.1 for m = 64 and
2 = 12, in triangular function % 1 0.97296430 2.70357003
domain a; 0 0.01226366 -
by 2 1.94613618 2.69319093
by 3 2.94367405 1.87753173

Following the procedure used for Sect. 7.3.1, we determine the values of a;’s
and b;’s in TF domain.
Tables 15.5 and 15.6 present the results of TF domain based estimation.

15.3.4 Using Hybrid Functions (HF)

In hybrid function domain [13], referring to Sect. 2.4, h(At) can be written as

ZD41, i

where, D41,_;);’s are the samples and D42 ,)’s are difference between two
consecutive samples of h(/t) e.g. (D41(;, ;) — D41,).
As before, following (7.23), in hybrid function domain, we write

m—1
= umZS +u0TzZT,-(r) =
i=0

l]andug, =[0 0 --- 0 0]

m columns

0<1t<l1

)+ ZD42, 0iTi(1), (15.48)

ug;S(7) + ug,T(7)

where, ug; =[1 1 --- 1

m columns
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To determine the formula for repeated integration in hybrid function domain, we

proceed from the relation for first integration of sample-and-hold functions.
From Eq. (4.9), we have

m—1
/ S(m)dl‘ =h Z Qém)S(m) +h I(m) T(m) = PlSS(m)S(m) + Plst(m)T<m) (15.49)
Comparing Egs. (4.9) and (4.18), we have

1
/T(m)dIZE/S(m)dl‘ (15.50)

Dropping the subscript m for convenience and using (15.49) and (15.50), the
second integration of S is given by

/ Sdt:/(PlssS+hIT)dt:Plss/ Sdl—l—h/Tdt:Plss/Sdt +%hI/Sdt

= (Plss + %hl)/Sdt
The third integration of S is

///Sdlz (Plss—&-%hl)//Sdt: (Plss—&—%hl)z/SdI

Repeating this procedure, we obtain

L\ &D
[/~ [Sdi= (Plss+§hl> (P1ssS + AIT)
/]

k times

1 (k=1)
= <Plss + 3 hI) (P1ssS+hT)

Then, proceeding as before, we have
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1

H' = (1) Ak“)uo/ h(/7)dt

mzlml,l T)Jerz,l T)H

i=0 i=0

1
<
(=1)F 25D /{Plss-&-l (PlssS+hIT)
0

() AR T (Plss+_1) . xZ/ Plss D41, ,S:(7)S(7) +h DA yS:(2)T(7)

+ Plss D421, T;(t)S(z) + h D42_y); (T)T(‘L’)] £
(k=1)

_(_ 2(k+1) hy
= (=1} 2% T, (Plss+2l)

1 ! m—1 L

{mZmSSml(, B /S,(r)S Tdr+ Y hDA /S,-(T)T(r) d

i=0 0 i=0 0

m—1

1 m—1 !
+ZPISSD42,1 /T(r) (r)dt+ thz(,l /T(r r)dr}

i=0 0 i=0 0

(15.51)

Due to orthogonal property, we have the three following relations

(i + 1)™ position
1

t=¢=[0 --- 0 h O --- 0]

o\_
g
—~
Q
~—"

m columns

(i+ 1)™ position
1

/S,-(T)T(‘L’)drz/Ti(r)S(T)d‘E:eS[z[0 o 0 L0 - 0]

m columns

(i + 1)™ position
!

/Tli(‘c)T(r)d‘c:eli:[O o 0t 0 - 0"
0

mcolumns

Using the above relations in Eq. (15.51), we get

(k—1) m—1 m—1
H, = (—1) 26Dl (Plss-&-gI) {PlssZeD4ll nith» e3Da1y,
=0 (15.52)

m—1 m—1
+ Plss ) e3D42 ) +hYy e1,~D42(,1),}

i=0 i=0

If we consider m = 4, then
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(k
H = (=124 D uf, (P1ss+21)
h 0 0 0
0 h 0 0
X Plss 0 D41_;y +Plss 0 D41,_,), + Plss i D41_,), +Plss 0 D413
0 0 0 h
N 0 0 0
0 i 0 0
+h 0 D41<1,1)0 + 0 D41(l—l)l + . D4l(l,1)2 + 0 D41(1,1)3
2
0] 0 0 4
[ 0 0 ro
0 5 0 0
+ ¢ Plss 0 D42(1,1)0 + Plss 0 D42(171)1 + Plss . D42(1,1)2 + Plss 0 D42(1,1)3
2
LO 0 0 L4
b 0 0 0 1
0 b 0 0
+h 0 D42(l*l)0 + 0 D42(l*l)1 + . D42(l*l)2 + 0 D42(l—1)3
3
0 0 0 4 |
3
or, Hy=d Z [d1D41 ;1) + do DAL yy; + d3 D42 1) + daD32(_1]
i=0
(15.53)

where, d = (—1)f2*+D uy; (Plss+ %I)(k_l)
and dy; 2 Plss e;, dy; £ he3;, dy; 2 Plss e3;, dy; = hel;
Using Eq. (15.53) and following the earlier procedure, the values of @;’s and b;’s

determined via HF domain are tabulated in Tables 15.7 and 15.8.

Table 15.7 Estimated parameters of the transfer function of Example 15.1 for m = 64 and for
three different values of 4, in hybrid function domain

Parameters Actual A=1 A=06 A=12
ag 1 2.54431980 0.77367044 0.99396497
a 0 —0.23665257 0.06699767 0.04655428
by 2 12.72939710 1.54597031 1.94350586
by 3 6.11083725 2.39578631 2.94075968
Table 15.8 Percentage errors  pyrameters | Actual HF domain % Error,
for parameter esti.mation of values values e = C=a) o 100
the transfer function of € e Ca
f’;arg” leinlf&lbrfl.‘g o nzct?jna“d @ 1 0.99396497 | 0.60350298
domain a; 0 0.04655428 -
bo 2 1.94350586 2.82470706
by 3 2.94075968 1.97467736
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15.3.5 Solution in SHF Domain from the HF Domain
Solution

To find out the solution in sample-and-hold function domain [14], we simply
discard the triangular function component of the hybrid function part in Eq. (15.48)
for h(/t) and write

ZD41,l ,0< 1 <1

where, D41;_;);’s are the samples of h(At) with the sampling period A.
In this case also,

u,=[1 1 - 1 1]

m columns

Then, from (15.51), we write

._.

1
H; = (—1)F 2+ D gl (Plss+ / PlssD41; ) S; (t) S(7)] de
0

i

I’
o

Due to orthogonal property,

(i+ 1)" position
1

/lSi(r)S(r)drei[O e 0 h 0 - 0]
0

m columns

Equation (15.51) now becomes,

( >m71
e = (-1 2% D ug, (PLss+1) ) {Plsse Da1, 1)}

i=0

If we take m = 4. Then
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Table 15.9 Estimated parameters of the transfer function of Example 15.1 for m = 64 and for
three different values of 4, in sample-and-hold function domain

Parameters Actual A=1 A=6 A=12
ap 1 2.54442701 0.77194125 0.98292877
a 0 —0.22952649 0.06307111 0.02956877
by 2 12.73277718 1.54703132 1.94374640
by 3 6.11061106 2.39575881 2.94090502
Table 15.10 Percentage Parameters | Actual SHF domain | % Error,
errors for parameter values values e — (=a) o 100
estimation of the transfer c ¢ Ca
function of Example 15.1 for z -
m =64 and A= 12, in ap 1 0.98292877 1.70712349
sample-and-hold function a 0 0.02956877 -
domain bo 2 1.94374640 2.81267981
by 3 2.94090502 1.96983257
k (k1) T h\ k=1
H = (—1)F 26+ D g, (Plss+ E1)
h 0 0 0
0 h 0 0
x P3 D41(1_1)0 + D41(1_1)1 + D41(1_1)2 + D41(l—1)3
0 0 h 0
0 0 0 h
3
or, H; = rZeiD41(,,1),~
i=0
(15.54)

where, r= (—1)

koa(k+1

A

Jul (Plss + 41)“ P1ss

Using Eq. (15.54) the values of g;’s and b;’s computed via SHF domain are
tabulated in Tables 15.9 and 15.10.

15.4 Comparative Study of the Parameters of the Transfer
Function Identified via Different Approaches [15]

The estimated values of the parameters for the transfer function, for A =1, 6 and 12
derived via five types of orthogonal basis functions i.e. BPF, NOBPF, TF, HF and
SHF for Example 15.1 are shown in Tables 15.11, 15.12 and 15.13 respectively.
The comparative study of the error estimates for the system under study for A = 12
via block pulse function, non-optimal block pulse function, triangular function,
hybrid function and sample-and-hold function domains, are shown in Table 15.14.
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Table 15.11 Comparative study of the parameters of the transfer function of Example 15.1 under

investigation in different function domains for 4 = 1

Parameters | Actual | BPF NOBPF TF HF SHF

values
ap 1 2.54176555 2.54147603 254176778 | 2.54431980 | 2.54442701
a 0 —0.25154866 | —0.25160253 | —0.25152488 | —0.23665257 |—0.22952649
by 2 12.72230064 | 12.72227298 | 12.72231195 | 12.72939710 | 12.73277718
b 3 6.11098678 6.11095662 | 6.11098640 | 6.11083725 | 6.11061106

Table 15.12 Comparative study of the parameters of the transfer function of Example 15.1 under
investigation in different function domains for 1 = 6

Para-meters | Actual values | BPF NOBPF TF HF SHF

ap 1 0.76514514 | 0.77203411 |0.77261257 |0.77367044 |0.77194125
a 0 0.05825146 | 0.05617966 | 0.05825568 |0.06699767 |0.06307111
by 2 1.55297667 | 1.55404255 | 1.55292352 |1.54597031 | 1.54703132
by 3 2.40403634 | 2.40494375 |2.40394316 |2.39578631 |2.39575881

Table 15.13 Comparative study of the parameters of the transfer function of Example 15.1 under
investigation in different function domains for A = 12

Para-meters | Actual values | BPF NOBPF TF HF SHF

ap 1 0.97307956 | 0.96755155 |0.97296430 |0.99396497 |0.98292877
a 0 0.01235613 | 0.00373086 | 0.01226366 | 0.04655428 | 0.02956877
by 2 1.94618304 | 1.94648567 | 1.94613618 | 1.94350586 | 1.94374640
b 3 2.94373198 |2.94403456 | 2.94367405 |2.94075968 | 2.94090502

Table 15.14 Comparative study of error estimates of the parameters for the system of Example
15.1 under study for 4 = 12 via different function domains

Parameters % Error in % Error in % Error in % Error in % Error in
BPF NOBPF TF HF SHF

ap 2.69204374 3.24484513 2.70357003 0.60350298 1.70712349

ai - - - - -

by 2.69084797 2.67571651 2.69319093 2.82470706 2.81267981

by 1.87560054 1.86551468 1.87753173 1.97467736 1.96983257
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15.5 Comparison of Errors for BPF, NOBPF, TF, HF

and SHF Domain Approaches [15]

Figures 15.1a—d show the estimated values of the parameters, for A = 1, derived via
five kinds of orthogonal function basis. Figure 15.2 shows estimated values of two
parameters ay and b, for 1 = 6 to compute the results obtained via five different
basis functions, while Fig. 15.3 presents all the parameter for 1 = 12.

(a) 2.545

[ ap(exact) = 1 |

L
E\.I
LA
i
&

BPF NOBPF TF
A=1
(¢) 1275 -

i bg{cx:\:t] =2

12.70 . -
BPF NOBFF TF

HF

U—' -0.2
-03¢

SHF
(d) 6.1115

N

< 6.1105 |

| 6.1100
SHF

(b) oo

L

a (eucl) =
BPF NOBPF TF HF  SHF
i=1

[ by (exact)=3 |

BPFF NOBFF TF HF SHF

Fig. 15.1 Magnified view of the estimated parameters (ag, a;, b and b,) as per Tables 15.1, 15.3,
15.5, 15.7 and 15.9 for 1 = 1 (vide Appendix B, Program no. 38)
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Fig. 15.2 Magnified view of A=6
two estimated parameters (aq (@) 0.780 T T T T T
and b,) as per Tables 15.1,
15.3, 155, 15.7 and 15.9 for
A = 6 (vide Appendix B, 0775 T ’ 1
Program no. 38) P ] .
T 0.770 .
S 0.765 1
0.760 .
0.755
BPF NOBPF TF HF SHF
A=6
(b) 243 :
-
2411 1
1 . b »
,.Qﬁ
2391 1
2.37

BPF NOBPF TF HF SHF
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] =12
A=12 A=12
(a) 102 (b) 0.06
: (J-_.{.t.‘KaCIH:;r: 1 l i [ ay (exact) =0 ] .
1.00 | 0.04
-
.
T 0.98 1 0.02
l::{o " . x . -
-
0.96 1 0.00 £
0.94 | | | 1 | ! 4 -0.02
BPF NOBPF TF HF SHF BPF NOBFF TF HF SHF
=12 A=12
(€) 1955 : : 1 (d) 2955 | : - -
. by (exact) =2 . [ b (exact) = 3
1.950 | — 2,950 | L1
L] L | .
1.945 | 1 2.945 |
. .
| + .
© 1940 | 2,940 | - |
1935 1 1 2,935 |
1.930 L 2,930 -

BPF NOBPF TF HF SHF BPF NOBPF TF HF SHF

Fig. 15.3 Magnified view of the estimated parameters (a, a;, by and b;) as per Tables 15.1, 15.3,
15.5, 15.7 and 15.9 for A = 12 (vide Appendix B, Program no. 38)

15.6 Conclusion

The problem of parameter estimation of a transfer function of a multivariable
system has been treated to determine the solution via orthogonal functions using a
generalized algorithm. The derived algorithm is employed to solve for the
parameters of the transfer function of a system via five different orthogonal sets e.g.,
(1) block pulse functions (BPF), (ii) non-optimal block pulse functions (NOBPF),
(iii) triangular functions (TF), (iv) hybrid functions (HF) and (v) sample-and-hold
functions (SHF).

Many tables are presented to compare the accuracies of different methods.
Different curves are plotted are to indicate the values of the four parameters, ag, a;,
by and by of a second order transfer function, computed via five different methods.
From Tables 15.11, 15.12 and 15.13, we conclude that the parameter a, of the
transfer function is closer to the actual value in HF domain.

It is noted that none of the presented methods proves itself absolutely superior to
others, but from Table 15.14, it is observed that the minimum percentage error is
obtained for a( for HF domain based computation.
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Finally, an advantage of HF based analysis is, the sample-and-hold function

based result may easily be obtained by simply dropping the triangular part solution
of the hybrid function based result. This advantage may prove much significant for
function approximation as well as for control system analysis.
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Appendix A
Introduction to Linear Algebra

A matrix is a rectangular array of variables, mathematical expressions, or simply
numbers. Commonly a matrix is written as

aypr dip -0 dig
ap an cr g

A= T L (A1)
aml  Am2 - Amn

The size of the matrix, with m rows and n columns, is called an m-by-n (or,
m X n) matrix, where, m and n are called its dimensions.

A matrix with one row [a (1 X n) matrix] is called a row vector, and a matrix with
one column [an (m % 1) matrix] is called a column vector. Any isolated row or
column of a matrix is a row or column vector, obtained by removing all other rows
or columns respectively from the matrix.

Square Matrices

A square matrix is a matrix with m = n, i. e., the same number of rows and columns.
An n-by-n matrix is known as a square matrix of order n. Any two square matrices
of the same order can be added, subtracted, or multiplied.

For example, each of the following matrices is a square matrix of order 4, with
four rows and four columns:

1 270 3 1 0 -1
3 4 3 1 2 -3 4 2
A= 8 3 1 1}’ B= 1 0 9 1
2 4 0 3 -3 2 -1 0
Then,
© Springer International Publishing Switzerland 2016 357
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Systems, and Multi-Delay Systems using Orthogonal Hybrid Functions,
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4 3 7 -1 21 7 1

5 1 7 3 1 7 -1 —1

A+B=1, 5 19 | ad A=B=}, 5 ¢ o

1 6 -1 3 5 2 1 3
Determinant

The determinant [written as det(A) or |A|] of a square matrix A is a number
encoding certain properties of the matrix. A matrix is invertible, if and only if, its
determinant is nonzero.

The determinant of a 2-by-2 matrix is given by

a b
det(c d)—ad—bc (A2)

Properties

The determinant of a product of square matrices equals the product of their
determinants: det(AB) = det(A) - det(B).

Adding a multiple of any row to another row, or a multiple of any column to
another column, does not change the determinant.

Interchanging two rows or two columns makes the determinant to be multiplied
by —1.

Using these operations, any matrix can be transformed to a lower (or, upper)
triangular matrix, and for such matrices the determinant equals the product of the
entries on the main diagonal.

Orthogonal Matrix

An orthogonal matrix is a square matrix with real entries whose columns and rows
are orthogonal vectors, i.e., orthonormal vectors.

Equivalently, a matrix A is orthogonal if its transpose is equal to its inverse. That
is

AT =A"!

which implies
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ATA=AAT=1,

where, I is the identity matrix.
An orthogonal matrix A is necessarily invertible with inverse A™' = AT. The
determinant of any orthogonal matrix is either +I or —L.

Trace of a Matrix

In (A.1), the entries a;; form the main diagonal of the matrix A. The trace, tr(A), of
the square matrix A is the sum of its diagonal entries. The trace of the product of
two matrices is independent of the order of the factors A and B. That is

tr(AB) = tr(BA).

Also, the trace of a matrix is equal to that of its transpose, i.e., tr(A) = tr(AT).

Diagonal, Lower Triangular and Upper Triangular
Matrices

If all entries of a matrix except those of the main diagonal are zero, the matrix is
called a diagonal matrix. If only all entries above (or, below) the main diagonal are
zero, it is called a lower triangular matrix (or, upper triangular matrix).

For example, a diagonal matrix of 3rd order is

dy 0 O
0 dn O
0 0 ds

A lower triangular matrix of 3rd order is

i 0 O
Ly In 0
L In I3

and an upper triangular matrix of similar order is

Ui Uy Ug3
0 ux ux
O 0 usz
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Symmetric Matrix

A square matrix A that is equal to its transpose, i.e., A = AT, is a symmetric matrix.
If instead, A is equal to the negative of its transpose, i.e., A = —A”, then A is a
skew-symmetric matrix.

Singular Matrix

If the determinant of a square matrix A is equal to zero, it is called a singular matrix
and its inverse does not exist. Examples of two singular matrices are

2 -1 2

7

{‘6‘ ﬂ and -7 0 3
-2 -1 2

Identity Matrix or Unit Matrix

If A is a square matrix, then
AI=TA=A

where, I is the identity matrix of the same order.

The identity matrix L, of size n is the n-by-n matrix in which all the elements on
the main diagonal are equal to 1 and all other elements are equal to 0. An identity
matrix of order 3 is

I3 =

SO =
—_— o O

0
1
0

It is called identity matrix because multiplication with it leaves a matrix
unchanged. If A is an (m x n) matrix then

Amxn) Ln) = Xom) A mxn)
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Transpose of a Matrix

The transpose AT of a square matrix A can be obtained by reflecting the elements
along its main diagonal. Repeating the process on the transposed matrix returns the
elements to their original position.

The transpose of a matrix may be obtained by any one of the following
equivalent actions:

(i) reflect A over its main diagonal to obtain AT
(i1) write the rows of A as the columns of AT
(ili) write the columns of A as the rows of AT

Formally, the ith row, jth column element of AT is the Jjth row, ith column
element of A. That is

[AT] = Aj

)

If A is an m x n matrix then AT is an (n X m) matrix.

Properties

For matrices A, B and scalar ¢ we have the following properties of transpose:

i (AH'=A
(i) (A+B)" =AT+B’
(iii) (AB)" = BTAT
Note that the order of the factors above reverses. From this one can deduce
that a square matrix A is invertible if and only if AT is invertible, and in this
case, we have (A™HT = (AH™". By induction this result extends to the
general case of multiple matrices, where we find that

(A1Ay. . A A) = ATAT | ATAT.

(iv) (cA)" = cAT

The transpose of a scalar is the same scalar.
(v) det(AT) = det(A)
(vi) det(A™") = m
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Matrix Multiplication

Matrix multiplication is a binary operation that takes a pair of matrices, and pro-
duces another matrix. This term normally refers to the matrix product.

Multiplication of two matrices is defined only if the number of columns of the
left matrix is the same as the number of rows of the right matrix. If A is an m-by-
n matrix and B is an n-by-p matrix, then their matrix product AB is the m-by-
p matrix whose entries are given by dot product of the corresponding row of A and
the corresponding column of B. That is

n
[AB|, ;= A;1B1j+AipByj+ - +AiuBy = ZAi,rBr,j
r=1

where | £i<mand 1 <j<p.
Matrix multiplication satisfies the rules
(1) (AB)C = ABC) (associativity),
(i) (A+B)C=AC+BC
(iii) C(A + B) = CA + CB (left and right distributivity),
whenever the size of the matrices is such that the various products are
defined.

The product AB may be defined without BA being defined, namely, if A and B
are m-by-n and n-by-k matrices, respectively, and m # k.
Even if both products are defined, they need not be equal, i.e., generally one has

AB # BA,

i.e., matrix multiplication is not commutative, in marked contrast to (rational, real,
or complex) numbers whose product is independent of the order of the factors. An
example of two matrices not commuting with each other is:

HIERE
o 21 3

Since det(A) and det(B) are just numbers and so commute, det(AB) = det(A)det
(B) = det(B)det(A) = det(BA), even when AB # BA.

where as
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A Few Properties of Matrix Multiplication

(i) Associative
A(BC) = (AB)C
(i) Distributive over matrix addition
AB+C)=AB+AC,(A+B)C=AC+BC
(iii) Scalar multiplication is compatible with matrix multiplication

J(AB) = (JA)B and (AB).=A(B1)

where, 1 is a scalar. If the entries of the matrices are real or complex numbers, then
all four quantities are equal.

Inverse of a Matrix

If A is a square matrix, there may be an inverse matrix A~' = B such that
AB=BA =1

If this property holds, then A is an invertible matrix. If not, A is a singular or
degenerate matrix.

Analytic Solution of the Inverse

Inverse of a square non-singular matrix A may be computed from the transpose of a
matrix C formed by the cofactors of A. Thus, C* is known as the adjoint matrix of
A. The matrix CT is divided by the determinant of A to compute A~". That is

Ci1 €21 Cnl
CT 1 Cl2 €2 ... Cp
Al=—— = | | .. ) A3
det(A) det(A) . : .. : ( )
Cln  Con oo Cpp

where, C is the matrix of cofactors, and CT denotes the transpose of C.
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Cofactors

Let a (3 x 3) matrix be given by

a b
A=1|d e
g h

>~ 0o

Then a (3 x 3) matrix P formed by the cofactors of A is

A B C
P=|D E F
G H K

where,
A= (ck —fn), B=fg—dk), C = (dh —eg),
D = (ch — bk), E = (ak—cg), F = (gb — ah),
G=(bf —ce), H=(cd—af) and K = (ae—bd).

Inversion of a 2 x 2 Matrix

The cofactor equation listed above yields the following result for a 2 x 2 matrix. Let
the matrix to be inverted be
a b
N

S i E B |

using Eqgs. (A.2) and (A.3).
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Inversion of a 3 x 3 Matrix

Let the matrix to be inverted be

>
I
R QU
>0 o
> 0

Then, its inverse is given by

a b ]! L [Aa B C A D G
Al= |4 —— |p E Fl=——|B E H| (A4
¢/ det(A) (A4)

¢ h G H K C F K

T

where, A, B, C, D, E, F, G, H, K are the cofactors of the matrix A.
The determinant of A can be computed as follows:

det(A) = a(ek — fh) — b(dk — fg) + c(dh — eg).

If the determinant is non-zero, the matrix is invertible and determination of the
cofactors subsequently lead to the computation of the inverse of A.

Similarity Transformation

Two n-by-n matrices A and B are called similar if
B =P 'AP (A.5)

for some invertible n-by-n matrix P.

Similar matrices represent the same linear transformation under two different
bases, with P being the change of basis matrix.

The determinant of the similarity transformation of a matrix is equal to the
determinant of the original matrix A.

det(A)
det(P)

det(B) = det(P~'AP) = det(P~")det(A)det(P) = det(P) = det(A)
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Also, the eigenvalues of the matrices A and B are also same. That is

det(B — AI) = det(P~'AP — AI)
= det(P"'AP — P~ IP)
=det(P"'(A — ZI)P) (A7)
= det(P~")det(A — AI)det(P)
= det(A — AI)

where, A is a scalar.
The eigenvalues of an n X n matrix A are the roots of the characteristic equation

JL—Al=0

Hence, eigenvalues are also called the characteristic roots. Also, the eigenvalues
are invariant under any linear transformation.
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1. Program for adding two time functions in hybrid function
domain (Chap. 2, Fig. 2.5, p. 36)

clc
clear all
format long

FF-—————————-— Number of Sub-intervals and Total Time --------- %%
m = input ('Enter the number of sub-intervals chosen:\n')

T = input('Enter the total time period:\n')

h = T/m;

t = 0:h:T;

g¥————mmmm—— - Functions for Addition ----------------- %%
syms X

f = l-exp(-x);
g = exp(-x);

FE—mmm e - Function Samples --------------——-—- %%

F = subs(f,t) %Samples of first function f(t) upto final time T
G = subs(g,t) %Samples of second function g(t) upto final time T

for i=1:m
F_SHF(i)=F(i); % Sample-and-Hold Function Coefficients for f(t)
end

for i=1:m
F_TF(i)=F(i+1)-F(i); % Triangular Function Coefficients for f(t)
end
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for i=1:m
G_SHF (i)=G(i); % Sample-and-Hold Function Coefficients for g(t)
end

for i=1:m

G_TF(1)=G(i+1)-G(i); % Triangular Function Coefficients for g(t)
end
F—————————— Addition in Hybrid Function Domain ---------- %%
A_SHF = F_SHF + G_SHF; % SHF Part of Addition
A_TF = F_TF + G_TF; % TF Part of Addition
A_m = A_SHF(m) + A_TF(m); % m-th coefficient of Addition
A = [A_SHF A_m]; % Samples for plotting Addition
F¥————mmmm e ——— - Function Plotting ------------------—- %%

plot(t,F,'-"k', 'LinewWidth', 2, 'MarkerFaceColor', 'k")

hold on

plot(t,G, '-ok', 'Linewidth', 2, 'MarkerFaceColor', 'k"')
hold on

plot(t,A,'-.>k', 'Linewidth',2)

ylim([0 1.2])

2. Program for dividing two time functions in hybrid
function domain (Chap. 2, Fig. 2.13, p. 47)

clc
clear all
format long

FF-———————————- Number of Sub-intervals and Total Time ----------- %%
m = input ('Enter the number of sub-intervals chosen:\n')

T = input('Enter the total time period:\n')

h = T/m;

t = 0:h:T;

FE = Functions for Division -------------------—- %%
Syms x

y = l-exp(-x);
r = exp(-x);

FE = Function Samples ----------------——————- %%
Y = subs(y,t) % Samples of first function y(t) upto final time T
R = subs(r,t) % Samples of second function r(t) upto final time T

F¥——————m———— - Hybrid Function Based Representation ------------- %%
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for i=1:(m+1)
Y_SHF(i)=Y(i); % Sample-and-Hold Function Coefficients for y(t)
end

for i=1:(m+1)

R_SHF(i)=R(i); % Sample-and-Hold Function Coefficients for r(t)
end
$¥—————————————- Division in Hybrid Function Domain -------------- %%
D_SHF=Y_SHF./R_SHF; % SHF Part of Multiplication

for i=1:m
D_TF(i)=D_SHF (i+1)-D_SHF (i) ; % TF Part of Multiplication
end

plot(t,Y,'-"k', 'LineWidth', 2, 'MarkerFaceColor', 'k")

hold on

plot(t,R, '-ok', 'LinewWidth', 2, 'MarkerFaceColor', 'k")
hold on

plot(t,D_SHF, '-.>k', 'Linewidth',2)

ylim ([0 1.8])

3. Program for approximating a function £(t) = sin(wt) in BPF
domain (Chap. 3, Fig. 3.2, p. 51)

clc
clear all
format long

FF————m——m—— - Number of Sub-intervals and Total Time ----------- %%
m = input('Enter the number of sub-intervals chosen:\n')

T = input ('Enter the total time period:\n')

h = T/m;

t = 0:h:T;

FE——mm = Functions for Approximated ------------------ %%
Syms x

f=sin(pi*x); % the function to be approximated

j=0:0.01:T;

plot(j,sin(pi*j),'--k', 'LineWidth',2) % plot of the exact function

hold on
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C=zeros(1l,m) ;

for k=1:m
C(k)=(m/T)*int (£,t (k) ,t(k+1)); % Calculating BPF Coefficients
end
Coeff=[C C(m)]; % For plotting the BPF Coefficients of the function
FE—mm Function Plotting ---------------—--———-——- %%

stairs(t,Coeff, '-k', 'Linewidth',2)
ylim ([0 17)

4. Program for approximating a function £f(t) = sin(wt) in

hybrid function domain (Chap. 3, Fig. 3.5, p. 54)

clc
clear all
format long

FF——mmm Number of Sub-intervals and Total Time ----------- %%
m = input('Enter the number of sub-intervals chosen:\n')

T = input('Enter the total time period:\n')

h = T/m;

t = 0:h:T;

FF————mmmmmmm - Function to be Approximated ----------------- %%
Syms x

f=sin (pi*x); % Function to be Approximated

F=subs (f, t) % Samples of first function f(t) upto final time T
FY————————————— Hybrid Function Based Representation ------------ %%

for i=1:m
F_SHF(1)=F(1i); % Sample-and-Hold Function Coefficients for f(t)
end

for i=1:m

F_TF(i)=F(i+1)-F(i); % Triangular Function Coefficients for f(t)
end
FF—————mmm e — - Function Plotting --------------------———- %%
3j=0:0.01:T;
plot(j,sin(pi*j),'-.k', 'Linewidth',2) % plot of the exact function
hold on

plot(t,F,'-ok', 'Linewidth', 2, 'MarkerFaceColor', 'k"')
ylim ([0 1])
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5. Program for approximating a function £f(t) = t in hybrid
function domain and BPF domain. (Chap. 3, Fig. 3.6, p. 55)

clc
clear all
format long

F¥—————m—— - Number of Sub-intervals and Total Time ----------- %%
m = input ('Enter the number of sub-intervals chosen:\n')

T = input('Enter the total time period:\n')

h = T/m;

t = 0:h:T;

FF————mmmmm————— Function to be Approximated ----------------- %%
Syms x

f=x; % Function to be Approximated

F=subs (f, t) % Samples of function f(t) upto final time T
¥ BPF Based Representation -----------------—- %%

C=zeros (1,m) ;

for k=1:m

C(k)=(m/T)*int (f,t(k),t(k+1)); % Calculating BPF Coefficients
end
Coeff=[C C(m)]; % BPF Coefficients of the function
F¥——————————— - Hybrid Function Based Representation ------------- %%

for i=1:m
F_SHF(i)=F(i); % Sample-and=Hold Function Coefficients for f(t)
end

for i=1:m

F TF(i)=F(i+1)-F(i); % Triangular Function Coefficients for f(t)
end
F_m = F_SHF (m)+F_TF (m) ; % m-th coefficient of Subtraction
F = [F_SHF F_m]; % Final Samples for plotting
FF————m e ———— - Function Plotting -----------------——-—- %%

stairs(t,Coeff, '-k', 'Linewidth',2)

hold on

plot(t,t,'--k', 'Linewidth',2) % plot of the exact function
hold on

plot(t,F,'-ok', 'Linewidth', 2, 'MarkerFaceColor', 'k")

ylim ([0 1])
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6. Program for comparing HFc and HFm based approach (Chap. 3,
Fig. 3.16, p. 63)

clc
clear all
format long

m = input ('Enter the number of sub-intervals chosen:\n')

T1 = input ('Enter the time at jump instant:\n')

T2 = input ('Enter the time after jump instant:\n')

T=T1+T2; % Total time period

h = T/m;

m_jump = T1/h; % Number of sub-intervals up to jump instant

t = 0:h:T;

FE——mm Function to be Approximated ----------------—- %%
syms t

fl = t+0.2; % Function before jump instant

f2 = t+1.2; % Function after jump instant

FF————mm e —————————— - Exact Solution ----------------——————— %%

£1=0:0.001:T1;
£2=(T1+0.001):0.001:T;

flt=subs (f1l,tl);
f2t=subs (£2,t2) ;

te=[tl t2];
fe=[flt f2t];

thl=0:h: (T1l-h);
th2=T1:h:T;
th=[thl th2];

Fl=subs(£f1l, thl);
F2=subs (f2, th2);

cfsx=[F1l F2]; % total Sample-and-Hold function coefficients
for i=1:m

Cfsx(i)=cfsx(1i); % First m number of SHF coefficients
end

for i=1:m
Cftx(i)=cfsx(i+1l)-cfsx(1i);
end
Cftx (m_jump)=0; % to be considered only in HFm based approximation
Ccftx;
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tf=(T1-h):0.001:T1;
cf=[F1(m/T) *ones (1, length(tf)) 1.2];
TEf=[tf T1];

plot(te, fe, 'k-', 'Linewidth', 2) % plot of the exact function
hold on

plot(th,cfsx, 'ko', 'MarkerFaceColor', 'k', 'MarkerSize',7)

hold on

plot (Tf,cf, 'k-")

x1im([-0.001 2.0011)

7. Program for comparing MISEs using HFc and HFm based
approaches (Chap. 3, Table 3.2, , p. 65); Fig. 3.17, p. 64)

clc
clear all
format long

m = input('Enter the number of sub-intervals chosen:\n')

T1 = input ('Enter the time at jump instant:\n')

T2 = input ('Enter the time after jump instant:\n')

T = T1+T2; % Total time period

h = T/m;

m_jump = T1/h; % Number of sub-intervals up to jump instant

t = 0:h:T;

FF———mmmmm o Function to be Approximated ----------------- %%
syms t

f1=t+0.2;

f2=t+1.2;

FX———mm = Hybrid Function Based Approximation ------------- %%

thl=0:h: (Tl1-h);
th2=T1:h:T;
th=[thl th2];

Fl=subs (f1l,thl);
F2=subs (f2, th2) ;
cfsx=[F1 F2];
Cfsx=cfsx(1l:m)

for i=1:m
Cftx(i)=cfsx(i+1l)-cfsx(i); % Triangular function coefficients

end

Cftx(m_jump)=0; % to be considered only in HFm based approximation
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mise=0;

for i=1:(T1/h)
ft=£1;
Fhf=(Cftx (i) /h)*(t-(i-1) *h)+Cfsx (1) ;
Fd=(ft-Fhf) "2;
misel (i)=int(Fd, t, ((i-1)*h), (i*h));
mise=misel (i)+mise;

end

miseone=mise/T1;

mise=0;

for j=1:(T2/h)

ft=£2;

Fhf=(Cftx(j+(T1/h)) /h)*((t-1)-(j-1)*h)+Cfsx(j+T1l/h);
Fd=(ft-Fhf) "2;

mise2 (j)=int(Fd, t, (T1+(j-1) *h), (T1+j*h));

mise=mise2 (j)+mise;
end
misetwo=mise/T2;

MISE=double (miseone+misetwo)
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Polynomial (Chap. 3, Fig. 3.20, p. 68)

clc
clear all
format long

m = input ('Enter the number of sub-intervals chosen:\n')
T = input ('Enter the total time interval:\n')
h

= T/m;
FF———mmm e ——— - Function to be Approximated ---------
syms t
f=exp(t-1); % Function
e Exact Solution --------------—-

te=0:0.001:T;

ft=subs (£, te);
plot(te, ft, 'k-', 'LineWidth',2)
hold on

$F-——————————— Legendre Polnomial Based Approximation ---
PO=1; % Legendre polynomial of degree 0
Pl=t; % Legendre polynomial of degree 1

P2=((3*t"2)-1)/2; % Legendre
P3=((5*t"3)-(3*t))/2; %
P4=((35*t"4)-(30*t"2)+3)/8; %
P5=((63*t"5)-(70*t"3)+(15*t))/8; %
P6=((231*t"6)-(315*t"4)+(105*t"2)-5

)
%

P=[P0 P1 P2 P3 P4 P5 P6];

Func=subs (P, (t-1));

for i=1:7

c=double (int (P (i) *exp(t),-1,1));
Coeff (i)=((2*(i-1)+1)/2) *c; % Legendre coefficient for i-th degree
end

F=sum(Coeff.*Func) ;

th=0:h:T;
F_Legendre=double (subs (F, th)) ;

polynomial of degree 1

Legendre polynomial
Legendre polynomial
Legendre polynomial

/16;

Legendre polynomial

plot (th, F_Legendre, 'ok', 'MarkerFaceColor', 'k')

of degree
of degree
of degree

of degree

375

8. Program for approximating a function using Legendre
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9. Program for calculating MISE of a function, approximated
using Legendre Polynomial (Chap. 3, Table 3.4, p. 70)

clc
clear all
format long

FE——m e m e — Total Time

T = input('Enter the total time
Np = input('Enter the number of

Period considered-----------—-—-—---—- %%

interval:\n"')
polynomials to be used:\n')

FE————mmmmm = Function to be Approximated ----------------- %%
syms t

f=exp(t-1); % Function

FY-———————————— Legendre Polnomial Based Approximation ---------- %%
P0=1; % Legendre polynomial of degree 0

Pl=t; % Legendre polynomial of degree 1
P2=((3*t"2)-1)/2; % Legendre polynomial of degree 1

P3=((5*t"3)-(3*t))/2;
P4=((35*t"4)-(30%t"2)+3)/8;
P5=((63*t"5) - (70*t"3)+(15%t))/8;
P6=( (

% Legendre polynomial of degree 1

% Legendre polynomial of degree 1
% Legendre polynomial of degree 1

231*t"6)-(315*t"4)+(105*t"2)-5)/16; % Legendre polynomial of degree 1

P=[P0O P1 P2 P3 P4 P5 P6];

Func=subs (P, (t-1));

for i=1:Np

c=double (int (P (i) *exp(t),-1,1));

Coeff(i)=((2*(i-1)+1)/2) *c; % Legendre coefficient for i-th degree
end
Coeff
F=sum(Coeff.*Func(1l:1));
Func(1l:1)
F
FF - Calculation of MISE ----------------———- %%
for p=1:Np
F_Legendre=sum(Coeff (1l:p).*Func(l:p));
Fd=(f-F_Legendre) "2;
MISE=(1/T) *double (int (Fd,t,0,T)) ;
end

MISE
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10. Program for calculating MISE of a function, approximated
in hybrid function domain (Chap. 3, Table 3.4, p. 70)

clc
clear all
format long

¥F———————————- Number of Sub-intervals and Total Time ----------- %%
m = input ('Enter the number of sub -intervals chosen:\n')

T = input ('Enter the total time period: \n')

h = T/m;

th = 0:h:T;

FF—— - Function to be Approximated ----------------- %%
syms t

f=exp (t-1);

FF-——————————————— Hybrid Function Based Approximation ----------- %%

cfsx=subs (f, th) ;
Cfsx=cfsx(1l:m); % Sample -and-Hold function coefficients

for i=1:m

Cftx(i)=cfsx(i+l) -cfsx(i); % Triangular function coefficients
end
FE = Calculation of MISE -----------———-—————— -%%

for i=1:m

Fhf=(Cftx (i) /h)*(t-(i-1)*h)+Cfsx (1) ;

Fd= (f-Fhf)"2;

mise(i)=(1/T)*double (int (Fd,t, ((i -1)*h), (i*h)));
end

MISE=sum(mise)
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11. Program for integrating a function £f(t) = sin(mt) in
hybrid function domain (Chap. 4, Fig. 4.8; Table 4.2, p.
100, 89)

clc
clear all
format long

FF-———————————- Number of Sub -intervals and Total Time  ----------- %%
m = input('Enter the number of sub -intervals chosen: \n')

T = input('Enter the total time period: \n')

h = T/m;

th = 0:h:T;

FE——m - Function to be Integrated  -----—----—----—---——- %%
Syms x

Function to be Integrated
Samples of the Function f(t)

f=sin(pi*x) ;
F=subs (£, th);

of o

fi=int(£f,0,x); % Function after Integration
Fi=subs(fi,th); % Samples of integrated function fi(t)
EE-————-— HF Based Representation of function to be Integrated ----- %%
for i=1:m
F_SHF(1)=F(i); % Sample-and-Hold Function Coefficients for f(t)
end
for i=1:m
F_TF(i)=F(i+1)-F(i); % Triangular Function Coefficients for f(t)
end
F¥——mmmmmm - HF domain Integration Operational Matrices ---------- %%
ps=zeros (m,m) ;
for i=1:m
for j=1:m
if j-1i>0
Ps(i,3)=ps(i,3)+1;
else
Ps(i,J)=ps(i,3);:
end
end
end
Pss=h*Ps; % SHF part after integrating SHF components

)

Pst=h*eye(m); % TF part after integrating SHF components
Pts=0.5*Pss; % SHF part after integrating TF components

Ptt=0.5*Pst; % TF part after integrating TF components
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Cs = (F_SHF*Pss)+ (F_TF*Pts) ; % Sample-and-Hold Function Coefficients
after integration in HF domain

Ct = (F_SHF*Pst)+ (F_TF*Ptt); % Triangular Function Coefficients
after integration in HF domain

Cs_m = Cs(m)+Ct (m) ; % m-th coefficient

Cs_plot=[Cs Cs_m]; % Samples for plotting the function
after integration in HF domain

FE—— e e Function Plotting -------------------————~ %%
plot(th,Fi, 'r-', 'LinewWidth',3)

hold on

plot(th,Cs_plot, 'ok-', 'LineWidth', 2, 'MarkerFaceColor', 'k"')

x1im ([0 T1)

12. Program for differentiating a function £(t) =1 —exp(—t)
in hybrid function domain (Chap. 4, Fig. 4.9, p. 105)

clc
clear all
format long

F¥———mmm—— Number of Sub-intervals and Total Time ----------- %%

m = input('Enter the number of sub -intervals chosen: \n')

T = input('Enter the total time period: \n')

h = T/m;

th=0:h:T;

F¥ - —m————— - Function to be Differentiated --------------- %%
Syms x

f=1l-exp(-x); % Function to be Differentiated

fd=diff (f); % Function after Differentiation

F=subs (f, th); % Samples of the Function f(t)

Fd=subs (fd,th); % Samples of differentiated function fd(t)

%-————— HF Based Representation of Differentiated function ----- %%

for i=1:m
F_SHF(i)=F(i); % Sample -and-Hold Function Coefficients for f(t)
end

for i=1:m
F_TF(i)=F(i+1) -F(i); % Triangular Function Coefficients for f(t)
end
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ds=(-1) *eye (m) ;

for i=1:m
for j=1:m
if (i-j)==
s(i,j)=ds(i,7)+1;
else
Ds(i,j)=ds(i,3);
end
end
end
Ds (m,m)=(F (m+1) -F(m) ) /F (m) ;

Ds=(1/h) *Ds; % SHF part of Differentiation matrix
dt=(-1) *eye (m) ;

for i=1:m
for j=1:m
if (i-j)==1
Dt(i,j)=dt(i,3)+1;
else
Dt(i,j)=dt(i,3);
end
end
end

F_(m+2)=subs (£, (T+h)) ;

Dt (m,m)=((F_(m+2)-F(m+1)) - (F(m+1)-F(m)) )/ (F(m+l)-F(m)) ;

Dt=(1/h) *Dt; % TF part of Differentiation matrix

F¥—————-———— Differentiation using Operational Matrices ---------- %%

Cs = (F_SHF*Ds); % Sample-and-Hold Function Coefficients

after differentiation in HF domain

Ct = (F_TF*Dt) ; % Triangular Function Coefficients
after differentiation in HF domain

Cs_m=Cs (m) +Ct (m) ;

Cs_plot=[Cs Cs_m]; % Samples for plotting the function
after differentiation in HF domain

G mm e m Function Plotting ------------

plot(th,F, '-~k', 'LineWidth', 2, 'MarkerFaceColor', 'k")
hold on

plot(th,Fd, '-ok', 'LineWidth', 2, 'MarkerFaceColor', 'k")
hold on

plot(th,Cs_plot, ':>k', 'LinewWidth',2)
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13. Program for differentiating a function £(t) = sin(nt)/=n
in hybrid function domain (Chap. 4, Fig. 4.10, p. 106)
clc

clear all
format long

m = input('Enter the number of sub-intervals chosen:\n')
T = input ('Enter the total time period:\n')
h

= T/m;
th = 0:h:T;
FE——mm e — Function to be Differentiated -------—-—----—--- %%
syms x
f=sin(pi*x)/pi; % Function to be Differentiated
fd=diff (f); % Function after Differentiation
F=subs (£f, th); % Samples of the Function f(t)
Fd=subs (fd, th); % Samples of differentiated function fd(t)
¥%-————— HF Based Representation of Differentiated function ------ %%
for i=1:m

F_SHF(1)=F(1); % Sample-and-Hold Function Coefficients for f(t)

end

for i=1:m
F TF(i)=F(i+1)-F(i); % Triangular Function Coefficients for f(t)
end

if (i-j)==1
Ds(i,j)=ds(i,3)+1;
else
Ds(i,j)=ds(i,3);
end
end
end

Ds (m,m)=(F(m+1)-F(m)) /F (m) ;

Ds=(1/h) *Ds; % SHF part of Differentiation matrix
dt=(-1) *eye (m) ;

for i=1:m
for j=1:m
if (i-j)==1
Dt(i,j)=dt(i,3j)+1;
else
Dt(i,3)=dt(i,3);
end


http://dx.doi.org/10.1007/978-3-319-26684-8_4
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end
end
F_(m+2)=subs (£, (T+h));
Dt (m,m)=((F_(m+2)-F(m+1))- (F(m+1l)-F(m)))/ (F(m+l) -F(m)) ;
Dt=(1/h) *Dt; % TF part of Differentiation matrix
¥E—————————— Differentiation using Operational Matrices ---------- %%
Cs=(F_SHF*Ds) ; % Sample-and-Hold Function Coefficients
after differentiation in HF domain
Ct=(F_TF*Dt) ; % Triangular Function Coefficients

after differentiation in HF domain
Cs_m=Cs (m) +Ct (m) ;

Cs_plot=[Cs Cs_m]; % Samples for plotting the function
after differentiation in HF domain

plot(th,F,'-"k', 'LineWidth', 2, 'MarkerFaceColor', 'k")
hold on

plot(th,Fd, '-ok', 'LineWidth', 2, 'MarkerFaceColor', 'k")
hold on

plot(th,Cs_plot, ':>k', 'LineWidth"', 2)

z=zeros (length(th)) ;
hold on
plot(th,z, '-k")
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14. Program for calculating average of mod of percentage
(AMP) error for nth repeated I-D operation of function f
(t) =sin(nt) inhybrid functiondomain (Chap. 4, Fig. 4.12,
p. 110)

function Per_Err=ID(n)

% Integration-Differentiation (I-D) operation %%%%%%%%
%%%%%%% For SINE Function
%$Go to Command Window and type ID(required value of number of ID
%operations n) and ENTER

clc
clear all

syms t

m = input ('Enter the number of sub-intervals chosen:\n')
T = input ('Enter the total time period:\n')
h = T/m;

tl = O0:h: (T+n*h);

Cs = subs(ft,tl); % SHF coefficients
Cid=zeros(1l, (n+l)); %Create space for coefficients of ID operation
cid(1)=1;
a=n;
for j=1:n
c=a/factorial (3);
cid(j+1)=c;
a=a*(n-Jj);
end
cid;

Cs_n=zeros(1l,m);

for k=1:m
C=Cs (k: (n+k));
Cs_n(k)=(1/2"n) *sum(C.*Cid) ;
end
F¥—mmm e ———— - Calculation of AMP Error ---------------—----- %%

Percentage_Error=(Cs(l:m)-Cs_n)*100./Cs(1l:m);
AMP_Error=abs (sum(PE(2:m) )/ (m-1))


http://dx.doi.org/10.1007/978-3-319-26684-8_4
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Program for plotting the effect of repeated I-Doperation
over a specific function £(t) = sin(nat) in hybrid function
domain (Chap. 4, Fig. 4.15, p. 112)

clc
clear all

FF-——————————— Defining the Function for I-D opeartion ------------ %%
syms t
ft=sin(pi*t);

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

n = input('Enter the maximum number of ID operations required:\n');

for id=1:n
tl=0:h:
Cs=subs (ft, tl); % SHF component including m-th component

(T+id*h) ;
(
Cs_MAT(1,:)=Cs(1: (m+1));

Cid=zeros (1, (id+1l)); %Create space for coefficients of ID operation

cid(1)=1;
a=id;
for j=1:id
c=a/factorial (j);
cid(j+1)=c;
a=a* (id-j);
end

Cs_n=zeros(1l,m);

for k=1:m
C=Cs (k: (id+k)) ;
Cs_n(k)=(1/271id) *sum(C.*Cid) ;
end

% For m-th SHF component
t2=T:h: (T+id*h) ;

Cm=Cs ( (m+1) : (m+id+1));
Cs_n(k+1)=(1/271d) *sum(Cm. *Cid) ;

Cs_MAT((id+1),:)=Cs_n(1l: (m+1))
end
FF——————mm——-—— For Plotting the Effect of I-D Opeartion -------------
tn=0:h:T;
z=zeros (length(tn)) ;
plot(tn,Cs_MAT(1,:),'r-',tn,Cs_MAT(2,:),'b', tn,Cs_MAT(3, :)

,'g',tn,Cs_MAT(4,:),'k-',tn,Cs_MAT(11,:), 'm-', 'LineWidth',2)

hold on

plot(tn,z, 'k-")
ylim([-1.2 1.2])


http://dx.doi.org/10.1007/978-3-319-26684-8_4
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16. Program for finding second order integration of function f
(t) = t, using HF domain one-shot integration opera-
tional matrices (Chap. 5, Example 5.1, p. 130)
clc

clear all
format long

== ——— - Number of Sub-intervals and Total Time ----------- %%
m = input ('Enter the number of sub-intervals chosen:\n')

T = input ('Enter the total time period:\n')

h = T/m;

th = 0:h:T;

FF-—mm o Function to be Integrated -----------------—- %%
syms x

f=x; % Function to be Integrated

F=subs (£f, th); % Samples of the Function f(t)

FE—mmm e Exact Solution --------------—--—————— %%

fi=int (int(£));
Fi=subs(fi, th)

for j=1:m

Fi_SHF (j)=Fi(3j); % Sample-and-Hold function part (Equation 5.28)
end
for j=1:m

Fi_TF(j)=Fi(j+1)-Fi(j); % Triangular Function part (Equation 5.28)
end
E%-————— HF Based Representation of function to be Integrated ----- %%

for i=1:m
F_SHF(i)=F(i); % Sample-and-Hold Function Coefficients for f(t)
end

for i=1:m

F_TF(i)=F(i+1)-F(i); % Triangular Function Coefficients for f(t)
end
%——————— Using One-Shot Integration Operational Matrices -------- %%
F¥————mmm———— - Formation of P2SS matrices ---------------- %%
n=2; %$For Second order Integration

%%%%Formation of P2SS matrices %%%%%%

for i=1:m
for j=1:m
if j-i>0
P2ss(i,3)=(j-1)"n-(j-i-1) " n;
else
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P2ss(i,3)=p(i,3);
end
end
end
P2SS=(h"n/factorial(n)) *P2ss;

%$%$%%Formation of P2ST matrices %%%%%%

p=eye (m) ;

for i=1:m

for j=1:m
if j-i>0
P2st(i,J)=((3-i+1)"n-(j-1)"n)-((3-1)*n-(J-1-1)"n);
else
P2st(i,3)=p(i,3);
end
end
end

P2ST=(h"n/factorial (n)) *P2st;

$%%%Formation of P2TS matrices %%%%%%

p=zeros (m,m) ;
for i=1:m

for j=1:m
if j-1i>0
P2ts(i,3)=(3-1)"(n+l)-(J-i-1) *(n+1l) - (n+1l) *(J-i-1)"n;
else
P2ts(i,J)=p(i,3);
end
end
end

P2TS=(h"n/factorial (n+1l)) *P2ts;

$%%%Formation of P2TT matrices %%%%%%

p=eye(m) ;
for i=1:m
for j=1:m
if j-i>0
P2tt(1,3)=((3-1+1) " (n+1)-(F-1) " (n+1)) - ((J-1) "~ (n+1)
-(j-i-1)"(n+1))-(n+1) *((j-1i) *n-(j-i-1)"n);
else
pP2tt(i,3)=p(i,3);
end
end
end
P2TT=(h"n/factorial (n+l)) *P2tt;
CS_oneshot=(F_SHF*P2SS+F_TF*P2TS) %SHF Coefficients after

double integration in HF domain

CT_oneshot=(F_SHF*P2ST+F_TF*P2TT) ; $TF Coefficients after

double integration in HF domain
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17. Program for finding deviation indices Jr (using repeated
integration) and dp (using one-shot integration opera-
tional matrices) for second order integration of a typ-
ical functions £f(t) =exp(—t) (Chap. 5, Table5.1, p. 131)

clc
clear all
format long

m = input ('Enter the number of sub-intervals chosen:\n');
T = input ('Enter the total time period:\n');
h

= T/m;
th = 0:h:T;
FE——mm = Function under Consideration -----------—---—-—-- %%
syms x
f=exp (-x) ;
F_samples=subs (f,th); % Samples of the Function f(t)
$E-————— HF Based Representation of function to be Integrated ----- %%

for i=1:m
Cfsx(i)=F_samples(i); % SHF Coefficients for f(t)
end

for i=1:m

Cftx(i)=F_samples(i+1l)-F_samples(i); % TF Coefficients for f(t)
end

FT=x+exp (-x)-1;
CFsx=subs (FT, th) ;
CFsx_Exact=CFsx; % (m+1) number of exact samples

for i=1:m

CFtx(1)=CFsx(i+1)-CFsx(i); % TF coefficients
end
CFsx=CFsx(1l:m) % SHF coefficients
$¥——————————- HF domain Integration Operational Matrices ---------- %%

pls=zeros (m,m) ;

for i=1:m
for j=1:m
if j-1i>0
Pls(i,j)=pls(i,])+1;
else
Pls(i,Jj)=pls(i,J);


http://dx.doi.org/10.1007/978-3-319-26684-8_5
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end
end
end
P1SS=h*Pls; % SHF part after integrating SHF components
P1ST=h*eye (m) ; % TF part after integrating SHF components

P1TS=0.5*P1SS;

90

SHF part after integrating TF components

P1TT=0.5*P1ST;

o0

TF part after integrating TF components

$¥-——————— Integration of Function through Repeated use of ------- %%
$%-—————— First Order Integration Operational Matrices -------- %%
n=2; $For Second order Integration

Cs=Cfsx;

Ct=Cftx;

for j=1:n

Csl=(Cs*P1SS)+ (Ct*P1TS) ;
Ctl=(Cs*P1ST)+ (Ct*P1TT) ;
Cs=Csl;
Ct=Ct1l;

end

Cs_ml=Cs(m)+Ct (m) ; % (m+l)-th sample
CS_repeated=[Cs Cs_ml]; % SHF samples after Second order Integration

¥%-——-——-—- Using One-Shot Integration Operational Matrices ------- %%
gF———mmmm——— Formation of P2SS matrices ---------------- %%

n=2; %$For Second order Integration
p=zeros (m,m) ;

for i=1:m
for j=1:m

if j-1>0
P2ss(i,j)=(j-1) n-(j-1i-1)"n;
else
P2ss(i,J)=p(i,3);
end
end

end
P2SS=(h"n/factorial (n)) *P2ss;

$%$%%$Formation of P2ST matrices %$%%%%%

p=eye (m) ;
for i=1:m
for j=1:m
if j-i>0
P2st(i,J)=((3-i+1)"n-(Jj-1)"n)-((j-1)"n-(j-i-1)"n);
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else
P2st(i,J)=p(i,3);
end
end
end
P2ST=(h"n/factorial (n)) *P2st;

$%%%Formation of P2TS matrices %%%%%%
p=zeros (m,m) ;

for i=1:m
for j=1:m

if j-i>0
P2ts(i,j)=(j-1)"(n+1)-(j-i-1)"(n+1l)-(n+1)*(j-i-1) " n;
else
P2ts(i,J)=p(i,3);
end
end

end
P2TS=(h"n/factorial (n+l)) *P2ts;

%%%%Formation of P2TT matrices %$%%%%%

p=eye (m) ;
for i=1:m
for j=1:m
if j-i>0
P2tt(i,3)=((3-1+1) " (n+1)-(3-1) "~ (n+1)) - ((F-1) ~(n+1)
-(j-i-1)"(n+1)) - (n+1)* ((F-1) *n-(j-i-1)"n);
else
P2tt(i,J)=p(i,3);
end
end
end

P2TT=(h"n/factorial (n+l)) *P2tt;

CS=(Cfsx*P2SS+CEftx*P2TS) ; $SHF Coefficients after
double integration in HF domain

CT=(Cfsx*P2ST+Cftx*P2TT) ; $TF Coefficients after
double integration in HF domain

CS_ml=CS(m)+CT (m) ; % (m+1)th sample
CS_oneshot=[CS CS_ml]; % SHF samples after Second order Integration

diff_repeated=CFsx_Exact-CS_repeated;
% differences between exact samples and samples obtained
% via repeated integration

diff OneShot=CFsx_Exact-CS_oneshot;
% differences between exact samples and samples obtained
% using oneshot integration matrices

Deviation_Index_repeated=sum(abs (diff_repeated))/ (m+1)

Deviation_Index_OneShot=sum(abs (diff_OneShot))/ (m+1)
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18. Program for obtaining the recursive solution of first
order differential equation of Examples 6.1 and 6.2
(Chap. 6, Figs. 6.1, 6.2 and 6.3; Table 6.1, p. 143,
144, 148-150)

clc
clear all
format long

FF———m Number of Sub-intervals and Total Time ----------- %%
m = input('Enter the number of sub-intervals chosen:\n');

T = input ('Enter the total time period:\n');

h = T/m;

th = 0:h:T;

$F—————————————— Solution of Differential Equation ------------- %%

sol=dsolve('Dy + 0.5*y =1.25','y(0)=0"',"'t")
t1=0:0.01:T;

F=subs (sol, tl);

plot(tl,F, 'k-', 'Linewidth',2)

C=subs (sol, th) ;
Cs=C(1l:m) % Sample-and-Hold function coefficients

for i=1:m

Ct(i)=C(i+1)-C(1); % Triangular function coefficients
end
§%————m———= Solution in HF domain, using equation (6.7) -------- %%
cl(1)=0; % given initial value

a=0.5; b=1.25; % constants as per equations (6.1) and (6.8)
for i=1:m
cl(i+1l)=(b*h)+(l-a*h)*cl(i); % recursive solution
end
Cs_HF=cl(1l:m); % SHF coefficients obtained using equation (6.7)
for i=1:m
Ct_HF (i)=cl(i+1)-cl(i); %TF coefficients obtained using equation(6.7)

end

hold on
plot(th,cl, 'ko', 'MarkerEdgeColor', 'k', 'MarkerFaceColor', 'k', 'MarkerSize',7)

ylim([-0.2 1.2])


http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
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FF-————————— Solution in HF domain, using equation (6.23) -------- %%
c2(1)=0; % given initial value
f=2/(2+a*h) ;
for i=1:m
c2(i+1)=(b*f*h)+(1l-a*f*h)*c2(i); % recursive solution
end
Cs_HF=c2(1:m) % Sample-and-Hold function coefficients

for i=1:m
Ct_HF (i)=c2(i+1)-c2(1i); % Triangular function coefficients
end

hold on
plot(th,c2, 'ko', 'MarkerEdgeColor', 'k', 'MarkerFaceColor', 'k', 'MarkerSize',7)

ylim([0 1.21)

Percentage_Error=(Cs-Cs_HF) ./Cs*100

19. Program for obtaining the solution of first order dif-
ferential equation of Example 6.2 using Runge-Kutta
method (Chap. 6, Table 6.2, p. 151)

Function File

function v=£(t,y)
v=1.25-0.5%y;

M-file for obtaining solution via Runge-Kutta method
clc

clear all
format long

h =1/12; % step size
t = 0; % initial time
vy = 0; % initial condition
for i=1:12
kl=h*v(t,vy);

k2=h*v(t+h/2,y+k1/2);
k3=h*v(t+h/2,y+k2/2);
k4=h*v (t+h,y+k3) ;
v=y+ (k1+2*k2+2*k3+k4) /6;
t=t+h;
Y

end


http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
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Program for obtaining the solution of second order dif-
ferential equation of Examples 6.3 and 6.4, in Hybrid
Function domain (Chap. 6, Tables 6.3 and 6.4; Figs. 6.5
and 6.6, pp. 153-158)

clc
clear all
format long

F¥————————— - Number of Sub-intervals and Total Time ----------- %%
m = input ('Enter the number of sub-intervals chosen:\n');

T = input('Enter the total time period:\n');

h = T/m;

th = 0:h:T;

FF—————————————— Solution of Differential Equation -------—-——-—--—- %%
% sol=dsolve('D2y + 3*Dy + 2*y = 2','Dy(0)=-1",'y(0)=1"','t")

sol=dsolve('D2y + 100*y = 0','Dy(0)=0"','y(0)=2"','t")

Exact_samples=subs (sol, th)

tt=0:0.01:T;

F=subs(sol, tl) ;
plot(tt,F, 'k-', 'Linewidth',2)
FE———————————m Direct Expansion of Solution ---------------- %%
C=subs (sol, th) ;
Cs=C(1l:m); % SHF components
for i=1:m
Ct(i)=C(i+1)-C(1i); % TF components
end
%---- via repreated use of first order integration matrices ----%
% a=3; b=2; d=2;
% kl=1; k2=-1;

a=0; b=100; d=0;
k1=2; k2=0;

r2=(a*kl)+k2;
r3=kl;

U=

ones (1l,m);


http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
http://dx.doi.org/10.1007/978-3-319-26684-8_6
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I=eye(m); % Identity matrix
§-——————- Operational matrix for Integration in BPF domain, P -------- %

P=zeros (m,m) ;
for i=1:m

P(i,i)=h/2;
for j=1:(i-1)
P(j,1)=h;
end
end
P;
f¥————mmm - HF domain Integration Operational Matrices ---------- %%

pls=zeros (m,m) ;

for i=1:m

for j=1:m
if j-i>0
Pls(i,Jj)=pls(i,J)+1;
else
Pls(i,j)=pls(i,J);
end
end
end
P1SS=h*Pls; % SHF part after integrating SHF components
P1ST=h*eye (m) ; % TF part after integrating SHF components
P1TS=0.5*P1SS; % SHF part after integrating TF components
P1TT=0.5*P1ST; % TF part after integrating TF components

L=(2*d*P) +(2*r2*I);
O=-((a*I)+(b*P));

Cs_repeated=(2/h) *U* (L+ (2*r3*Q) ) *inv ((2/h) *I-(4/h) *P1TS*Q-Q) *P1TS+ (r3*U)

Ct_repeated=U* (L+(2*r3*Q)) *inv ((2/h) *I-(4/h) *P1TS*Q-0Q) ;

Cs_R=[Cs_repeated (Cs_repeated(m)+Ct_repeated(m))]

fF——————— Using One-Shot Integration Operational Matrices -------- %%
FF———————— - Formation of P2SS matrix ------------- %%

n=2; $For Second order Integration

FF——mmmmmm e — = Formation of P2SS matrix --------------- %%

p=zeros (m,m) ;
for i=1:m
for j=1:m
if j-i>0
P2ss(i,j)=(j-1i)"n-(j-i-1)"n;
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else
P2ss(i,3)=p(i,3);
end
end
end
P2SS=(h"2/factorial (2)) *P2ss;

- Formation of P2ST matrix --------------- %%
p=eye (m) ;

for i=1:m

for j=1:m
if j-1i>0
P2st(i,3)=((3-1+1)*n-(3-1)"n)-((3-1) *n-(3-i-1)"n);
else
P2st(i,J)=p(i,3);
end
end

end

P2ST=(h"2/factorial(2)) *P2st;

p=zeros (m,m) ;

for i=1:m

for j=1:m
if j-i>0
P2ts(i,j)=(3j-1)"(n+1l)-(Jj-1i-1)"(n+1)-(n+1)*(j-1-1)"n;
else
P2ts(i,J)=p(i,3);
end
end

end

P2TS=(h"2/factorial (3)) *P2ts;

FE——mm Formation of P2TT matrix --------------- %%
p=eye(m) ;
for i=1:m
for j=1:m
if j-i>0
P2tt (i,J)=((J-i+1) " (n+1) - (3-1) " (n+l)) - ((J-1) " (n+1)
-(J-i-1)" (n+1)) - (n+1) * ((j-1) *n-(j-i-1)*n);
else
P2tt(i,J)=p(i,3);
end
end

end
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P2TT=(h"n/factorial (n+1)) *P2tt;

X=I+(a*P1SS)+ (b*P2SS) ;
¥Y=0.5*((a*P1SS)+ (b*P2S3) ) ;

W=(a*P1ST)+ (b*P2ST) ;
Z=I+0.5* ((a*PLlST)+ (b*P2ST)) ;

Ml=(Y*inv(X))-(zZz*inv (W) ) ;
M2=U* ( (d*P2SS) + (r2*P1SS) + (r3*I)) *inv (X) -U* ( (d*P2ST) + (r2*P1ST) ) *inv (W) ;

Ct_oneshot=M2*inv (M1) ;

M3=M2*inv (M1) *Z*inv (W) ;
M4=U* ( (d*P2ST) + (r2*P1ST) ) *inv (W) ;

Cs_oneshot=M4-M3

Cs_O=[Cs_oneshot (Cs_oneshot (m)+Ct_oneshot (m))] % For plotting the
samples

Percentage_Error_repeated=(C-Cs_R)./C*100

Percentage_Error_OneShot=(C-Cs_0O) ./C*100

hold on
plot(th,Cs_R, 'k<', 'MarkerEdgeColor', 'k', 'MarkerFaceColor', 'k'
, 'MarkerSize',7)

figure
plot(tl,F, 'k-', 'Linewidth',2)
hold on
plot(th,Cs_O, 'ko', 'MarkerEdgeColor', 'k', 'MarkerFaceColor', 'k'
, 'MarkerSize',7)
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21. Program for obtaining the convolution of two time func-
tions of Example 7.1, in Hybrid Function domain (Chap. 7,
Table 7.1; Fig. 7.11, p. 181, 182 and 183)

clc
clear all
format long

m = input('Enter the number of sub-intervals chosen:\n');
T = input ('Enter the total time period:\n');
h = T/m;

th = 0:h: (T+h);

R=ones (1, (m+2)) ;
R_SH=R(1l:(m+1)); % SHF coefficients of r(t)

for i=1:(m+1)
R_T(1)=R(i+1)-R(i); % TF coefficients of r(t)
end

syms t

gt=exp (-0.5*t) *(2*cos (2*t)-0.5*sin(2*t)) ;

G=subs (gt, th) ;

G_SH=G(1: (m+1)); % Sample-and-Hold function coefficients of g(t)

for i=1: (m+1)
G_T(i)=G(i+1)-G(i); % TF coefficients of g(t)
end

yvt=exp (-0.5*t) *sin(2*t) ;

Y_direct=subs (yt,th(l: (m+1))

plot(th(l: (m+1l)),Y _direct, 'k-', 'Linewidth',2)
FE———mmmm— Convolution of a time function ------------- %%
¥E--——-——————- Formation of R1 matrix ---------- %%

Rl=zeros ((m+1), (m+l));
for i=1:(m+1)
for j=1:(m+1)
if j-i>0
R1(i,Jj)=2*R_SH(J)+R_SH(j-1);
end
end
end

G1l=G_SH; % to be pre-multiplied with R1
SE———mm - Formation of R2 matrix ---------- %%

R2=zeros ( (m+1), (m+l));
for i=1:(m+1)
for j=1:(m+1)
if §-i>0
R2(1,3)=R_SH(J)+2*R_SH(j-1);
end


http://dx.doi.org/10.1007/978-3-319-26684-8_7
http://dx.doi.org/10.1007/978-3-319-26684-8_7
http://dx.doi.org/10.1007/978-3-319-26684-8_7
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end
end

G2=G(2: (m+2)); % to be pre-multiplied with R2
Y HF=(h/6)* ((G1*R1)+ (G2*R2))

hold on
plot(th(l: (m+1l)),Y_HF, 'ko', 'LineWidth"',2)

22. Program for analyzing a non-homogeneous system of
Example 8.1, Hybrid Function domain (Chap. 8, Table 8.1;
Fig. 8.1, pp. 197-198)
clc

clear all
format long

FF——mmmm e — For step input -----------------—-—- %%
C_SH_input=1; % SHF part of input represented in HF domain
C_Triangular_input=0; % TF part of input represented in HF domain
C_input=C_SH_input+0.5*C_Triangular_input % Samples in HF domain
EE System -----------————— %%

A=[0 1; -2 -31; % System matrix

B=[0;1]; % Input matrix

x0=[0;0.57; % Initial condition

m = input ('Enter the number of sub-intervals chosen:\n');
input ('Enter the total time period:\n');
= T/m;

S|
I

Us=laplace (C_input,s) ;

I=eye(length(a)); % Identity matrix
x=1inv (s*I-A)* (x0+B*Us) ;

xt=ilaplace (x)

t=0:0.01:T;

x_time=subs (xt, t);

xtl=x_time (1, :); % Exact solution of state x1
xt2=x_time (2, :); % Exact solution of state x2
$F-——————————— Solution in Hybrid Function domain ------------ %%
xi=x0; % Initial values of the states

for i=1:m
Cs(:,1)=inv((2/h)*I-A)*[((2/h)*I+A) *xi+2*B*C_input];
xi=Cs(:,1);

end


http://dx.doi.org/10.1007/978-3-319-26684-8_8
http://dx.doi.org/10.1007/978-3-319-26684-8_8
http://dx.doi.org/10.1007/978-3-319-26684-8_8
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HF_coefficients=[x0 Cs]

HF_Statel=HF_coefficients(1,:);
HF_State2=HF_coefficients(2,:);

th=0:h:T;
x_t=subs (xt, th);

x1_t=x_t(1,:) % Direct expansion of state x1 in HF domain
x2_t=x_t(2,:) % Direct expansion of state x2 in HF domain

plot(t,xtl, 'k-',th,HF_Statel, 'ko', 'MarkerFaceColor', 'k', 'Linewidth',2)
hold on

plot(t,xt2, 'k-',th,HF_State2, 'ko', 'MarkerFaceColor', 'k', 'Linewidth',2)
xlabel ('Time (in Sec)')

yvlabel ('States X_1, X _2"')

23. Program for analyzing output of a non-homogeneous sys-
tem of Example 8.2, Hybrid Function domain (Chap. 8,
Table 8.2; Fig. 8.3, p. 201 and 201)

clc

clear all
format long

FF———m—mmmmm - —— For step input --—--—-——--—-----——————— %%
C_SH_input=1; % SHF part of input represented in HF domain
C_Triangular_input=0; % TF part of input represented in HF domain
C_input=C_SH_input+0.5*C_Triangular_input % Samples in HF domain
B ——— e m System ------------——-———— - %%

A=[0 1; -2 -31; % System matrix

B=[0;1]; % Input matrix

c=[1 01; % Output matrix

D=0; % Direct transmission matrix

x0=[0;0.5]; % Initial condition

m = input ('Enter the number of sub-intervals chosen:\n');

T = input('Enter the total time period:\n');

h = T/m;

FF— = m - Exact Solution of States -----------------——- %%
syms s

Us=laplace(C_input,s) ;


http://dx.doi.org/10.1007/978-3-319-26684-8_8
http://dx.doi.org/10.1007/978-3-319-26684-8_8
http://dx.doi.org/10.1007/978-3-319-26684-8_8
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I=eye(length(A)); % Identity matrix

x=inv (s*I-A) * (x0+B*Us) ;
xt=1ilaplace (x)
£t=0:0.01:T;
x_time=subs (xt, t);

xtl=x_time(1l,:); % Exact solution of state x1
xt2=x_time (2, :); % Exact solution of state x2
vt=C*x_time; % Exact solution of output y
$Y-——————————— Solution in Hybrid Function domain ----------
x1=x0; % Initial values of the states

for i=1:m
Cs(:,1)=inv((2/h)*I-A)*[((2/h) *I+A) *xi+2*B*C_input];
xi=Cs(:,1);

end

HF_coefficients=[x0 Cs]

HF_Statel=HF_coefficients(1,:);
HF_State2=HF_coefficients(2,:);

FF-——————————— Output in Hybrid Function domain ------------
th=0:h:T;

Xt=subs (xt, th) ;
Yt=C*Xt
v_h=C* [HF_Statel; HF_State2]+D*C_SH_input*ones(1l,m+1)

plot(t,yt, 'k-', 'Linewidth',2)
hold on
plot(th,y_h, 'ko', 'MarkerFaceColor', 'k")
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24 . Programfor analyzingahomogeneous systemof Example 8.3,

Hybrid Function domain (Chap.

pp. 202-203)

clc
clear all
format long

= T/m;

FF——mm Exact
I=eye(length(Aa)); %
x=1inv(s*I-A) *x0;
xt=ilaplace (x)
t=0:0.01:T;

x_time=subs (xt, t);
xtl=x_time (1, :);
xt2=x_time (2, :);

o

xi=x0;

for i=1:m
Cs(:,
xi1=Cs(:
end

i);

’

HF_coefficients=[x0 Cs]

HF_Statel=HF_coefficients (1,
HF_State2=HF_coefficients (2,

th=0:h:T;

x_t=subs (xt, th);

x1_t=
xX2_t=

:)
;)

plot(t,xtl,
hold on
plot (t,xt2,

d° 00 0P o

oo

Solution in Hybrid Function domain

8, Table 8.3; Fig. 8.4,

o

s

%

System matrix
Input matrix
Output matrix
Direct transmission matrix

Initial condition

input ('Enter the number of sub-intervals chosen:\n');
input ('Enter the total time period:\n');

Solution of States

Identity matrix

Exact solution of state x1
Exact solution of state x2

Initial values of the states

i)=inv((2/h)*I-A)* ((2/h)*I+A) *xi;

1)
1)

% Direct expansion of state x1 in HF domain
% Direct expansion of state x12 in HF domain

'k-',th,HF_Statel, 'ko', 'MarkerFaceColor', 'k', 'Linewidth"', 2)

'k-',th,HF_State2, 'ko', 'MarkerFaceColor', 'k', 'Linewidth', 2)


http://dx.doi.org/10.1007/978-3-319-26684-8_8
http://dx.doi.org/10.1007/978-3-319-26684-8_8
http://dx.doi.org/10.1007/978-3-319-26684-8_8
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25. Program for analyzing a non-homogeneous systemwith jump
discontinuity at input of Example 8.8, both in HFc and HFm
based approaches (Chap. 8, Table 8.16; Fig. 8.16, p. 215,
218, 216)

clc

clear all
format long

e T System ------------—-—-—— %%

A=[0 1; -2 -31; % System matrix

B=[0;1]; % Input matrix

x0=[0;0.5]1; % Initial condition

g Number of Sub-intervals and Total Time ----------- %%
m = input ('Enter the number of sub-intervals chosen:\n');

T = input('Enter the total time period:\n');

h = T/m;

a=2*h; % Instant of jump in input

FE——m Exact Plot of States ------------------—-—- %%

t1=0:0.001:a; Interval before occurring jump

o0

t2=(a+0.001):0.001:T; % Interval after occurring jump
tt=[tl t2]; % Total interval

syms t

x1a=0.5-0.5%exp (-t);

Xla=subs (xla, tl); % State x1 before jump

x1b=1-(0.5%exp(-t))-exp(-(t-a))+(0.5%exp(-2*(t-a)));
X1lb=subs (x1b, t2) ; % State x1 after jump
X1l=[Xla X1b];

x2a=0.5%exp (-t) ;
X2a=subs (x2a,tl); % State x2 before jump

x2b=(0.5%exp (-t))+exp(-(t-a))-exp(-2*(t-a));
X2b=subs (x2b, t2) ; % State x2 after jump

X2=[X2a X2b];

plot(tt,X1, 'k-', 'LinewWidth',2)

hold on

plot(tt,X2, 'k--', 'LineWidth"', 2)

F¥——————————- Solution in Hybrid Function domain ------------ %%

thl=0:h: (a-h);
th2=a:h:T;
th=[thl th2];

% Approximation of input in Hybrid Function domain (convensional)

U_SH=ones (1, length(th))+[zeros(1l,length(thl)) ones(l,length(th2))];
% SHF coefficients


http://dx.doi.org/10.1007/978-3-319-26684-8_8
http://dx.doi.org/10.1007/978-3-319-26684-8_8
http://dx.doi.org/10.1007/978-3-319-26684-8_8
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U_TF=zeros(1l,m) ;

for k=1:m
U_TF (k) =U_SH (k+1) -U_SH (k) ;
End

U_TF; % Triangular function coefficients
U=U_SH(1l:m)+0.5*U_TF % Input samples

I=eye(length(a));
x1=x0;

for i=1:m
Cs(:,1)=inv((2/h)*I-A)*[((2/h) *T+A) *xi+2*B*U(i)];
xi=Cs(:,1);

end

HF_coefficients_HFc=[x0 Cs];

HF_Statel_ HFc=HF_coefficients_HFc (1, :);
HF_State2_HFc=HF_coefficients_HFc (2, :);

plot(tt,X1l, 'k-',th,HF_Statel_HFc, 'ko', 'Linewidth', 2)
hold on
plot (tt,X2, 'k-',th,HF_State2_HFc, 'ko', 'LineWidth',2)
hold on

% Approximation of input in Hybrid Function domain (modified)

U_SH=ones (1, length(th))+[zeros(1l,length(thl)) ones(1l,length(th2))];
% SHF coefficients

U_TF=zeros (1,m); % Triangular function coefficients

U=U_SH(1l:m)+0.5*U_TF % Input samples

I=eye(length(a));
xi=x0;

for i=1:m
Cs(:,1)=1inv((2/h)*I-A)*[((2/h) *I+A) *xi+2*B*U(1)];
xi=Cs(:,1);

end

HF_coefficients_HFm=[x0 Cs];

7

HF_Statel_HFm=HF_coefficients_HFm(1, :);
HF_State2_ HFm=HF_coefficients_HFm(2, :)

plot(tt,X1, 'k-',th,HF_Statel_HFm, 'ko', 'MarkerFaceColor', 'k’

, 'Linewidth',2)
hold on
plot(tt,X2, 'k-',th,HF_State2_HFm, 'ko', 'MarkerFaceColor', 'k’

, 'Linewidth', 2)
xlabel ('Time (in Sec)')
yvlabel('States X_1, X 2"')
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26. Program for analyzing a time-varying non-homogeneous
system of Example 9.1 (Chap. 9, Table 9.1; Fig. 9.1,
p. 230, 231)
clc

clear all
format long

x0=input ('Enter the initial values:\n') % Initial values of the states
m = input ('Enter the number of sub-intervals chosen:\n');

T = input('Enter the total time period:\n');

h = T/m;

B=input ('Enter the input vector:\n') % Input matrix

R s Exact Plot of States -------------——-----—- %%
£=0:0.01:T;

syms tl

X1=1+t1;

xtl=subs (X1,t); % Exact values of state x1

X2=1+(t172/2)+(t1"3/3);

xt2=subs (X2, t) ; % Exact values of state x2
FY-——————————— Solution in Hybrid Function domain ------------ %%
tt=0:h:T;

syms t2

A=[0 0;t2 0]; % System matrix

s=size(A,1);
x=zeros (s, (m+1)) ;

x(:,1)=x0; % States x1 and x2 starts with initial values

I=eye(s); % Identity matrix of dimension s

% Solution of States in HF domain
for k=1:m;
for e=1l:s;
for f=1:s;
a(e,f)=subs(A(e, f),tt(k+1));
end
end
b=(2/h)*I-a;

for el=1l:s;
for fl=1:s;
al(el, fl)=subs(A(el, fl),tt(k));
end
end


http://dx.doi.org/10.1007/978-3-319-26684-8_9
http://dx.doi.org/10.1007/978-3-319-26684-8_9
http://dx.doi.org/10.1007/978-3-319-26684-8_9
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bl=(2/h)*I+al;

x(:, (k+1))=inv(b) * ((bl) *x(:,k) +2*B) ;
end

x1=x(1,:);

x2=x(2,:);

plot(tt,x1l, 'ko', 'LinewWidth', 2, 'MarkerFaceColor', 'k")

hold on

plot(t,xtl, 'k-', 'Linewidth',2)

hold on

plot(tt,x2, 'ko', 'LinewWidth', 2, 'MarkerFaceColor', 'k")
hold on

plot(t,xt2, 'k-', 'Linewidth',2)

xlabel ('Time t(s)"')
ylim([0 2.5])

27. Program for analyzing a time-varying homogeneous system
of Example 9.5 (Chap. 9, Table 9.5; Fig. 9.6, pp. 236-238)

clc
clear all
format long

x0=input ('Enter the initial values:\n') % Initial values of the states
m = input('Enter the number of sub-intervals chosen:\n');

T = input('Enter the total time period:\n');

h = T/m;

B=input ('Enter the input vector:\n') % Input matrix

F¥————mm - Exact Plot of States --------------------—- %%
t=0:0.01:T;

syms tt

Xtl=(cos(l-cos(tt))+2*sin(l-cos(tt))) *exp(sin(tt));

xtl=subs (Xtl,t); % Exact values of state x1
Xt2=(-sin(l-cos(tt))+2*cos(l-cos(tt))) *exp(sin(tt));

xt2=subs (Xt2,t); % Exact values of state x2
¥E——————————— Solution in Hybrid Function domain ------------ %%
tl=0:h:T;

syms t2

A=[cos(t2) sin(t2);-sin(t2) cos(t2)]; % System matrix


http://dx.doi.org/10.1007/978-3-319-26684-8_9
http://dx.doi.org/10.1007/978-3-319-26684-8_9
http://dx.doi.org/10.1007/978-3-319-26684-8_9
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s=size(A,1);

x=zeros (s, (m+1l));

x(:,1)=x0;

I=eye(s);
for k=1:m;
for e=1:s;

for f=1:s;

% States x1 and x2 starts with initial values

% Identity matrix of dimension
% Solution of States in HF domain

a(e,f)=subs(A(e, f),tl(k+1));

end
end
b=(2/h)*I-a;

for el=1l:s;

for fl=1:s;
al(el,fl)=subs(A(el,fl),tl(k));

end
end

bl=(2/h)*I+al;

x(:, (k+1))=inv(b) * ((bl) *x(:,k)+2*B) ;

end

x1l=x(1,:);
x2=x(2,:);

plot(tl,x1, 'ko"
hold on
plot(t,xtl, 'k-"
hold on
plot(tl,x2, 'ko
hold on
plot(t,xt2, 'k-"

xlabel ('Time t (s

ylim ([0 4.5])

’

’

.

’

'LineWidth', 2, 'MarkerFaceColor', 'k")
'LinewWidth', 2)
'Linewidth', 2, 'MarkerFaceColor', 'k"')

'LineWidth', 2)

) ")
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28. Program for analyzing a time-delay non-homogeneous
system of Example 10.5 (Chap. 10, Table 10.1; Fig. 10.6,
pPp. 260-262)

clc
clear all
format long

m = input('Enter the number of sub-intervals chosen:\n');

T = input('Enter the total time period:\n');

h = T/m;

dl=m/2; % Number of intervals up to delay time

¥E———— - Information regarding the system -------—-—---—- %%

A=input ('The System Matrix without delay:\n');
Al=input ('The System Matrix with delay:\n');

B=input ('The Input Matrix without delay:\n');

F¥————mm—————— - Exact Plot of States --------------------- %%
syms t

£1=0:.01:(1-0.01);
f1=1-(1.1*t)+(0.525*t"2); % Solution for time 0 s to 1 s
flt=subs(fl,tl);

t2=1:0.01:T;
£f2=-0.25+(1.575*t)-(1.075*t"2)+(0.175*t"3); % Solution for 1 s to 2 s
f2t=subs (£2,t2) ;

te=[tl t2];

fe=[flt f2t];

plot(te, fe, 'k-', 'Linewidth',2)

hold on

¥F——————————— Solution in Hybrid Function domain -----------—- %%
I=eye(length(Al)); %$Identity matrix

x=[1 zeros(l,m)];

xi=ones (1,m); % Initial value of state in HF domain
tl=0:h: (1-h);

t2=1:h:T;

%-————-— Input represented in HF domain ------ %%

u=zeros (1, (m+1));
ul=-2.1+(1.05*t) ; % Solution for time 0 s to 1 s
ult=subs(ul, tl);

u2=-1.05;
u2t=u2*ones (1, length(t2)); % Solution for time 1 s to 2 s

U=[ult u2t];


http://dx.doi.org/10.1007/978-3-319-26684-8_10
http://dx.doi.org/10.1007/978-3-319-26684-8_10
http://dx.doi.org/10.1007/978-3-319-26684-8_10

Appendix B: Selected MATLAB Programs 407

Csu=U(1l:m) ; % SHF coefficients of input
for j=1:m

Ctu(j)=U(j+1)-U(3); % TF coefficients of input
end

Cu=Csu+ (0.5*Ctu)

for i=1:d41
if (i+dl)<=m
X (i+1)=inv((2/h) *I-A)* (((2/h)+A) *x (1) + (2*Al*xi (i+dl))+2*B*Cu(i)) ;
else
x(i+1)=inv ((2/h) *I-A)* (((2/h)+A) *x (1) +2*B*Cu(i)) ;
end
end

for i=(dl+1):m
if (i+dl)<=m
x(i+1)=inv((2/h) *I-A)* (((2/h)+A) *x (1) + (Al*x (i-dl) )+ (Al*x (i+1
-dl))+(2*Al*xi (i+dl))+2*B*Cu(i));
else
x(i+1)=inv((2/h) *I-A)*(((2/h)+2) *x (1) + (Al*x(i-dl) )+ (Al*x (i+1
-dl))+2*B*Cu(i));

end
end
th=0:h:T;
plot(th,x, 'ko', 'MarkerFaceColor', 'k', 'MarkerSize', 8)
hold on
plot(te, fe, 'k-', 'Linewidth', 2)

29. Program for analyzing a time invariant open loop system
of Example 11.2 (Chap. 11, Table 1ll1.3 and 11.4; Figs. 11.6
and 11.7, pp. 274-276)

clc
clear all
format long

m=input ('Enter the number of sub-intervals chosen:\n');
T=input ('Enter the total time period:\n');
h=T/m;

_SH=R(1l:(m+1)); % SHF coefficients of r(t)

for i=1:(m+1)
R_T(i)=R(i+1)-R(1); % TF coefficients of r(t)
end


http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_11
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syms t
gt=2*exp (-2*t) * (cos (2*t)-sin(2*t)) ;
G=subs (gt, th) ;

G_SH=G(1l: (m+1)); % SHF coefficients of g(t)
for i=1:(m+1)

G_T(1)=G(i+1)-G(1); % TF coefficients of g(t)
end

yt=exp (-2*t) *sin(2*t) ;
Y=subs (yt,th(l: (m+1)))

te=0:0.01:T;
Ye=subs (yt, te) ;

plot(te,Ye, 'k-', 'LineWidth',2)

hold on
FE——m Convolution of a time function ------------- %%
FF———————— == Formation of Rl matrix ---------- %%

Rl=zeros((m+1l), (m+1));
for i=1:(m+1)
for j=1:(m+1)

if j-i>0
R1(i,Jj)=2*R_SH(Jj)+R_SH(j-1);
end
end
end
G1=G_SH; % to be pre-multiplied with R1
FF-——————— = Formation of Rl matrix ---------- %%

R2=zeros ((m+1), (m+1));
for i=1:(m+1)
for j=1:(m+1)

if j-1>0
R2(1i,3j)=R_SH(Jj)+2*R_SH(j-1);
end
end
end
G2=G(2: (m+2)); % to be pre-multiplied with R2

Y_HF=(h/6)* ((G1*R1) +(G2*R2))

plot(th(l: (m+1)),Y_HF, 'ko', 'MarkerFaceColor', 'k', 'LineWidth"', 2)
Percentage_Error=(Y-Y_HF)./Y*100

AMP_Error=sum( (abs (Percentage_Error(2: (m+1)))))/m
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30. Program for analyzing a time invariant closed loop sys-
tem of Example 11.3 (Chap. 11, Table 11.5; Figs. 11.10,
11.11, and 11.12, pp. 283-286)

clc

clear all
format long

m=input ('Enter the number of sub-intervals chosen:\n');
T=input ('Enter the total time period:\n');

hh=T/m;

th=0:hh:T;

FF————mmmm HF domain representation of --------------—- %%
FF————————————-— input, output, plant and feedback signal -----————--- %%
r=ones (1, (m+1)); %% Input

syms t
g_t=2*exp(-4*t); % Plant Impulse Response
g=subs(g_t, th);

h=4*ones (1, length(th)) ; % Feedback Gain

yt=exp (-2*t) *sin(2*t) ; % Output
Y=subs (yt, th)

te=0:0.01:T;

Ye=subs (vt, te); % Exact values of output
plot(te,Ye, 'm-', 'LineWidth', 2)

hold on

FF——————---- Convolution of a time function in HF domain ---------- %%

for i=1:m
G(i1)=2*g(i+1l)+g(i);
end

for i=(m+1)
G(1)=g(2)+2*g(1);

end

for i=(m+2): (2*m)
G(i)=g(i-m+1)+(4*g(i-m))+g(i-m-1);

end

G;

for i=1:m
H(i)=2*h(i+1)+h(1);
end

for i=(m+1)
H(i)=h(2)+2*h(1);
end


http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_11
http://dx.doi.org/10.1007/978-3-319-26684-8_11
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for i=(m+2):(2*m)
H(i)=h(i-m+1)+(4*h(i-m))+h(i-m-1);

end

H;

Denominator=1+( (hh"2)/36) *H(m+1) *G (m+1) ;
v(1)=0; % First term of output in HF domain after convolution

for i=1:m
y1(i)=r(1)*G(i);

for p=2:(i+1)
y_part2 (p-1)=r(p) *G(m+i-p+2) ;

end

y2 (i) =sum(y_part2) ;

for p=2:(i+1)
y_part3(p-1)=H(p-1)*G(m+i-p+2) *y (1) ;

end

y3(i)=sum(y_part3);

if i>=2
for p=2:1
j=1i-p+2;
k=zeros(1,1);
for pl=1:3j
k(pl)=H(m+pl) *G(m+j-pl+1) ;
end
K=sum(k) ;
y_partd (p-1)=K*y(p) ;
end
v4(i)=sum(y_partd) ;
else
y4(i)=0;
end
va
y(i+1)=((hh/6)*(y1(i)+y2(i)-((hh/6)*y3(i)) -((hh/6)*y4(i))))
/Denominator;
end
Y_HF=y

plot(th(l: (m+1l)),y, 'ko-', 'MarkerFaceColor', 'k', 'LineWidth', 2)
Percentage_Error=(Y-Y_HF)./Y*100

AMP_Error=sum( (abs (Percentage_Error (2: (m+1)))))/m
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31. Program for identifying a non-homogeneous time invariant
system of Example 12.1 (Chap. 12, Table 12.1; Fig. 12.1,
pPp. 291-293)

clc
clear all
format long

o

FF————m——-———- Number of Sub-intervals and Total Time ----------- %%

= input ('Enter the number of sub-intervals chosen:\n');
input ('Enter the total time period:\n');

= T/m;

th = 0:h: (T+h);

b Has
I

FF - System -------------—--———-——— %%

A=[0 1; -2 -3]; % System matrix

B=[0;11; % Input matrix

x0=[0;1]; % Initial condition

FE-—————————— Approximating the step input in HF domain ----------- %%
n=length (B) ;

C_SH_input=ones(1,n);
C_Triangular_input=zeros(1l,n);

C_input=C_SH_input+0.5*C_Triangular_input

FF-—————————— Taking samples from system states ----——————--- %
syms t
x_expression=[1/2 - 1/ (2*exp(t)); 1/(2*exp(t))]

x_time=subs (x_expression, th) ;

nl=1:n; n2=2:(n+l); % Required Dimensions

FF————mmmmmm - Define Matrices --------------------—- %%
Matrix_plus=x_time(:,n2)+x_time(:,nl);

Matrix_minus=x_time(:,n2)-x_time(:,nl);

A=((2/h) *Matrix_minus- (2*B*C_input) ) *inv (Matrix_plus)


http://dx.doi.org/10.1007/978-3-319-26684-8_12
http://dx.doi.org/10.1007/978-3-319-26684-8_12
http://dx.doi.org/10.1007/978-3-319-26684-8_12
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32. Program for identifying the output matrix of a time
invariant system of Example 12.4 (Chap. 12, Fig. 12.4,
pP. 296, 296)

clc
clear all
format short

FE——mm e System ------------------————— %%
B=[0;0;11; % Input matrix
FF———————-———— Number of Sub-intervals and Total Time ----------- %%

m = input ('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

th = 0:h: (T+h);

n=length (B) ;
C_SH_input=ones(1l,n);
C_Triangular_input=zeros(1l,n);

C_input=C_SH_input+0.5*C_Triangular_input

x_expression=[5/(2*exp(t))-5/(2*exp(2*t))+5/(6*exp (3*t))+1/6;
5/exp(2*t) -5/ (2*exp(t))-5/(2*exp(3*t));
5/(2*exp(t))-10/exp(2*t)+15/(2*exp(3*t))];

output =5/exp(2*t)-5/(3*exp(3*t))+2/3;

x_time=subs (x_expression, th) ;

output_time=subs (output, t) ;

nl=1:n; n2=2:(n+l); %Required Dimensions
FF-—mmmm oo Define Matrices ------------------—-—- %%
Matrix_x=x_time(:,1:n);

Matrix_y=y_time(:,1l:n);

C=Matrix_output*inv (Matrix_x)


http://dx.doi.org/10.1007/978-3-319-26684-8_12
http://dx.doi.org/10.1007/978-3-319-26684-8_12
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33. Program for

clc
clear all
format long

identifying the

413

system matrix of a
non-homogeneous time invariant system involving jump
discontinuity at the input, of Example 12.6 (Chap. 12,
Tables 12.8 and 12.9; Fig. 12.6, pp. 301-304)

FE—mmm e System -------------——--—————- %%

A=[0 1; -2 -3]; % System matrix

B=[0;1]; % Input matrix

x0=[0;0.57]; % Initial condition

Fomm Number of Sub-intervals and Total Time ----------- %%

= input ('Enter the number of sub-intervals chosen:\n');

m
T = input ('Enter the total time period:\n');
h

= T/m;

a=0.5; % Instant of jump in input

syms t

tl=0:h: (a-h);
t2=a:h:T;
tt=[tl t2];

xla= -(3/4)+(0.5*t)+(3/2) *exp(-t)-(3/4)*exp(-2*t) ;

Xla=subs(xla, tl);

x1b=-(1/4)+(0.5*t)+(3/2) *exp(-t)-(3/4) *exp(-2*t) -exp (- (t-a))
+0.5%exp (-2*(t-a));

Xlb=subs (x1b, t2) ;

X1=[Xla X1b];

x2a=0.5-(3/2) *exp(-t)+(3/2) *exp(-2*t) ;

X2a=subs (x2a,tl);

x2b=0.5-(3/2) *exp(-t)+(3/2) *exp (-2*t) +exp (- (t

X2b=subs (x2b, t2) ;

X2=[X2a X2b];

X=[X1;X2]

% Approximation of input in HF domain

U_SH_Ramp=tt;

a))-exp(-2*(t-a));


http://dx.doi.org/10.1007/978-3-319-26684-8_12
http://dx.doi.org/10.1007/978-3-319-26684-8_12
http://dx.doi.org/10.1007/978-3-319-26684-8_12
http://dx.doi.org/10.1007/978-3-319-26684-8_12
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U_SH_Delayed_Step=[zeros(1l,length(tl))

U_SH

U_SH_Ramp + U_SH_Delayed_Step

U_TF=zeros(1l,m);
for k=1:m

U_TF (k) =U_SH (k+1) -U_SH (k) ;
end

o

S

% U_TF;

% U_TF(a/h)=0; %

%

U_TF(a/h)=U_SH(a/h)-U_SH((a/h)-1);

U=U_SH(1:m)+0.5*U_TF % Samples of i

n=length (B) ;

% nl=1:n; n2=2:(n+1); % for sample

%

nl=(a/h+2): (a/h+l1+n); n2=(a/h+1l+n):

nl=(a/h-1):(a/h); n2=(a/h):(a/h+l);

Matrix_plus=X(:,n2)+X(:,nl);

Matrix_minus=X(:,n2)-X(:,nl);
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ones(1l,length(t2))];

For HFc method
For HFm method

For combined HFc and HFm method

nput

s before jump point

(a/h+2+n) ;

% for samples after jump

% for samples involving jump

A=((2/h)*Matrix_minus- (2*B*U(nl))) *inv (Matrix_plus)
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34. Program for identifying the time varying element of
system matrix of a non-homogeneous system, of Example
13.1 (Chap. 13, Table 13.1; Fig. 13.1, p. 309, 310)

clc
clear all
format long

F¥-—mm - System -------------—--———--——— %%

B=[1;0]; % Input matrix

x0=[1;1]; % Initial condition

F——mm - Number of Sub-intervals and Total Time ----------- %%

m = input('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

FE-—————————— Taking samples from system states ------------ %%

t=0:h:T;
syms tt

Xtl=1+tt;
xtl=subs (Xtl,t)

Xt2=1+(tt"2/2)+(tt"3/3);
xt2=subs (Xt2, t)

z=zeros (1, (m+1));

all=z; al2=z; a2l=z; a22=z;

a2l10=input ('Enter the initial value of a2l:\n')
a21(1)=a210;

for k=1:m
a2l (k+1)=(1/xtl(k+1))*(((2/h)-a22 (k+1))*xt2 (k+1) -
((2/h)+a22 (k) ) *xt2 (k) -a2l (k) *xtl(k)-(2*B(2)));
end
a2l

plot(t,t,'-k', 'LinewWidth',2)
hold on
plot(t,a2l, 'ko-"', 'MarkerFaceColor', 'k")


http://dx.doi.org/10.1007/978-3-319-26684-8_13
http://dx.doi.org/10.1007/978-3-319-26684-8_13
http://dx.doi.org/10.1007/978-3-319-26684-8_13
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35. Program for identifying the time varying elements of
system matrix of a homogeneous system, of Example 13.2
(Chap. 13, Figs. 13.2 and 13.3, p. 311, 312)

clc
clear all
format short

% Initial condition

Number of Sub-intervals and Total Time ----------- %%

m = input ('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h

= T/m;

Taking samples from system states -—--—-—-—-—-—-—-—-—-—- %9

Xtl=(cos(l-cos(tt))+2*sin(l-cos(tt))) *exp(sin(tt));
xtl=subs (Xtl,t)

Xt2=(-sin(l-cos(tt))+2*cos(l-cos(tt))) *exp(sin(tt));
xt2=subs (Xt2, t)

al2=sin(t);
all(l)=1;

for k=1:m

Y

——————— Identification of a;; -——-----------------%

all(k+1)=(2/h)-(1/x1(k+1))

end

*(((2/h)+all(k))*x1(k)+(al2(k)*x2(k))+(al2 (k+1)*x2(k+1)));

plot(t,all, '-ko', 'LineWidth', 2, 'MarkerFaceColor', 'k")

a22=cos(t);
a2l1(1)=0;

for k=1:m

a2l (k+1)=(1/x1(k+1))*(((2/h)-a22(k+1))

end

*x2 (k+1)-((2/h)+a22 (k) ) *x2 (k) - (a2l (k) *x1(k)));

plot(t,a2l, '-ko', 'LinewWidth', 2, 'MarkerFaceColor', 'k")


http://dx.doi.org/10.1007/978-3-319-26684-8_13
http://dx.doi.org/10.1007/978-3-319-26684-8_13
http://dx.doi.org/10.1007/978-3-319-26684-8_13
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36. Program for identifying the impulse response of the
plant, of Example 14.1 via method of deconvolution
(Chap. 14, Figs. 14.1 and 14.2; Tables 14.1 and 14.2,
PpP. 322-324)

clc
clear all
format long

m = input ('Enter the number of sub-intervals chosen:\n');
T = input('Enter the total time period:\n');
h = T/m;

syms t

t_exact=0:0.01:T;

tt=0:h:T;

r=ones (1, length(tt)); % samples of input applied to system

yt=l-exp(-t);

y=subs (yt, tt); % samples of system output
gt=exp(-t);
g_direct=subs(gt, tt) ; % samples of impulse response

g_exact=subs (gt, t_exact) ;

for i=1:m
R(1)=2*r(i+1)+r(i);
end

R(m+1l)=r(2)+2*r (1) ;

for i=(m+2) : (2*m)
R(i)=r(i-m+1)+(4*r(i-m))+r(i-m-1);

end

for i=(2*m+1) : (2*m+3)
R(1)=r(i-2*m+2)+r (i-2*m+1) -2*r (i-2*m) ;

end

for i=1:m
for j=1:m
if i==
RR(1,:)=[0 R(1:(m-1))1;
elseif j-i>=0
RR(i,J)=R(m+(j-1)+1);


http://dx.doi.org/10.1007/978-3-319-26684-8_14
http://dx.doi.org/10.1007/978-3-319-26684-8_14
http://dx.doi.org/10.1007/978-3-319-26684-8_14
http://dx.doi.org/10.1007/978-3-319-26684-8_14
http://dx.doi.org/10.1007/978-3-319-26684-8_14
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end
end
end
RR=(h/6) *RR;

epsilon=0.01;
RR(1,1)=epsilon;

W=inv (RR) ;
g=[epsilon y(2:m)]*W;

for i=2:m
g mult_R(i)=g(i)*(R(2*m-i+2)-R(2*m-i+1)) ;
end

g mult_R;

g(m+l)=((y(m+l) -y (m))-((h/6)*(g(1l)*(R(m)-R(m-1))+sum(g_mult_R))))
/((h/6)*R(m+1));

plot (t_exact,g_exact, '-m', 'LineWidth', 3)
hold on
plot(tt,g, '-ko', 'LineWidth', 2, 'MarkerFaceColor', 'k'
, 'MarkerEdgeColor', 'k"')

37. Program for identifying the impulse response of the plant
of closed loop system, of Example 14.2 via method of
deconvolution (Chap. 14, Figs. 14.5and 14.6; Tables 14.3
and 14.4, p. 328)

clc
clear all
format long

)

F-——mmmmmm - Number of Sub-intervals and Total Time ----------- %%
= input ('Enter the number of sub-intervals chosen:\n');

m
T = input ('Enter the total time period:\n');
h = T/m;

syms t

t_exact=0:0.01:T;
tt=0:h:T;
r=ones (1, length(tt)); % samples of input applied to system

hl=ones(1l,length(tt)); % samples of feedback signal


http://dx.doi.org/10.1007/978-3-319-26684-8_14
http://dx.doi.org/10.1007/978-3-319-26684-8_14
http://dx.doi.org/10.1007/978-3-319-26684-8_14
http://dx.doi.org/10.1007/978-3-319-26684-8_14
http://dx.doi.org/10.1007/978-3-319-26684-8_14
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vt=(2/sqgrt(3)) *exp(-t/2) *sin((sqgrt(3)*t)/2);

y=subs (yt, tt) % samples of system output
gt=exp (-t);
g_direct=subs (gt, tt) ; % samples of system output

g_exact=subs(gt, t_exact) ;

for i=1:m
H(i)=2*h1l(i+1)+hl(1);
end

H(m+1)=h1(2)+2*h1l(1);

for i=(m+2):(2*m)
H(i)=hl(i-m+1)+(4*hl(i-m))+hl(i-m-1);

end

for 1=(2*m+1) : (2*m+3)
H(i)=hl(i-2*m+2)+hl(i-2*m+1)-2*hl(i-2*m) ;

end

for i=1:m
for j=1:m
if i==
HH(i,:)=[0 H(1:(m-1))];
elseif j-i>=0
HH(i,Jj)=H(m+(j-1)+1);
end
end
end

HH
HH= (h/6) *HH
b=y (1:m)*HH

for j=(m+1)
bm_partl=H(m)*y (1) ;
for k=2: (m+1)
bm_part2 (k-1)=H(2*m-k+2) *y (k) ;
end
bm_2=sum(bm_part2) ;
bm=bm_partl+bm_2;
end

bm=bm* (h/6) ;
b=[b bm]

e=r-b
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for i=1:m
E(i1)=2*e(i+1l)+e(1);

end

E(m+l)=e(2)+2*e (1) ;

for i=(m+2): (2*m)
E(i)=e(i-m+1)+(4*e(i-m))+e(i-m-1);

end

for i=(2*m+1) : (2*m+3)
E(i)=e(i-2*m+2)+e(i-2*m+1) -2*%e(i-2*m) ;
end

for i=1:m
for j=1:m
if i==1
EE(i,:)=[0 E(1:(m-1))1;
elseif j-i>=0
EE(i,J)=E(m+(§-1i)+1);
end
end
end

EE
EE=(h/6) *EE;

epsilon=0.0001;
EE(1,1)=epsilon;
E_inverse=inv (EE) ;

g=[epsilon y(2:m)]*E_inverse

plot (t_exact,g_exact,'-m', 'LineWidth', 3)
hold on

for i=2:m
E_mult_G(i)=g (1) *(E(2*m-1+2)-E(2*m-1+1));
end

g (m+1l)=((y(m+l) -y (m))-((h/6)*(g(1l)* (E(m)-E(m-1))+sum(E_mult_G))))
/((h/6)*E(m+1)) ;

plot(tt,g,'-ko', 'LineWidth', 2, 'MarkerFaceColor', 'k'
, 'MarkerEdgeColor', 'k")
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38. Program for drawing figures showing identified parameters
of the transfer function of a plant from impulse response
data, of Example 15.1 (Chap. 15, Figs. 15.1, 15.2and 15.3,
P. 339 and 325-354)

clc
format long

% BPF NOBPF TF HF SHF
=[1 2 3 4 5];

FF-——————————— L=1, al0=1 --————-—-———- %%
color [ 0.267 0.647 0.106 ]
y=[2.54176555024836 2.54147603465520 2.54176778302942
2.54431980212434 2.54442700797934 1;
stem(x,y, 'ko:")
Title('\lambda = 1')
ylabel('a_o")
x1im ([0 6])
y1lim([2.54 2.545]

FF———mmm L=1, al=0 ------------- %%

% y=[-0.25154866105028 -0.25160253204068 -0.25152488460955
-0.23665257425908 -0.22952648857943] ;

% stem(x,y, 'ko:")

% text(l, 0.05, 'a_l (exact) = 0")

% Title('\lambda = 1'")

% ylabel('a_1")

% x1im ([0 6])

% ylim([0 -0.351)

FE—mmm L=1, b0=2 ------—m-mm—- %%

% y=[12.72230063919302 12.72227298081633 12.72231194744942

12.72939709991139 12.732777177400517 ;
stem(x,y, 'ko: ")
text (1, 12.7325, 'b_o (exact) = 2')
Title('\lambda = 1')
ylabel('b_o")
x1im ([0 61)
ylim([12.7 12.75])

o0 o0

00 0P 0P o°

FF—m—m L=1, bl=3 -----e-mmemmm %

% y=[6.11098678009208 6.11095661720580 6.11098640031485
6.11083725422649 6.11061105677642];

% stem(x,y, 'ko:")

% text(l, 6.1113, 'b_1 (exact) = 3')

% Title('\lambda = 1'")

% ylabel('b_1")

% x1im ([0 61)

$ ylim([6.11 6.1115])

o — L=6, a0=1 ---——--———m—— %%
% y=[0.76514513692653  0.77203410891583 0.77261257243453
0.77367044331709 0.771941247079281;


http://dx.doi.org/10.1007/978-3-319-26684-8_15
http://dx.doi.org/10.1007/978-3-319-26684-8_15
http://dx.doi.org/10.1007/978-3-319-26684-8_15
http://dx.doi.org/10.1007/978-3-319-26684-8_15
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stem(x,y, 'ko: ")
Title('\lambda = 6')
ylabel('a_0")

x1im ([0 6]

0P dP of of

%% ylim([6.11 6.1115])
% text (0.5, 0.7735, 'a_0 (exact) = 1")
% ylim([0.755 0.78]

FE———mm— - L=6, al=0 --——-—-—-—-------—- %%

% y=[0.05825145602514 0.05617965889910 0.05825567565826
0.06699766762652 0.06307111143826];

% stem(x,y, 'bo:")

o

Title('\lambda = 6')

% ylabel('a_1")

% x1im ([0 6])

%% ylim([6.11 6.1115])

% text(l, 0.065, 'a_l (exact) = 0")

D — L=6, b0=2 -———————m——— %%
v=[1.55297667130353  1.55404255356324 1.55292351884170
1.54597030721091 1.54703131628115];

o

stem(x,y, 'ko: ")

Title('\lambda = 6')

yvlabel ('b_o")

x1im ([0 6])

yv1lim([2.37 2.43])

text(l, 1.56, 'b_o (exact) = 2"')

o0 o o of

o0

o

FF———————— L=6, bl=3 -----------—- %%

% y=[2.40403634491437 2.40494375238060 2.40394316332675
2.39578631301634 2.39575881018459] ;

stem(x,y, 'bo:")

text(l, 2.407, 'b_1 (exact) = 3")

Title('\lambda = 6')

vlabel ('b_1")

x1im ([0 6])

0P o oP

o0

o

L L=12, a0=1l ——-—-—---oem- %%
vy=[0.97307956262148  0.96755154868810 0.97296429969120
0.99396497018149 0.98292876505362] ;

o

stem(x,y, 'ko:")

Title('\lambda = 12"')
yvlabel('a_o')

x1im ([0 6])

y1lim([0.94 1.02])

text(l, 1.015, 'a_o (exact) = 1")

0P oP o of

o

o0

§%—————m—m - L=12, al=0 —----—------- %%
y=[0.01235612920984  0.00373085885751 0.01226365668376
0.04655427747571 0.02956876833446] ;

o0

o

stem(x,y, 'ko:")

Title('\lambda = 12')

yvlabel('a_1")

x1lim ([0 6])

ylim([-0.02 0.06])

text (1, 1.94725, 'a_l (exact) = 0")

0P dP 0P of

o0
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E——————————— L=12, b0=2 -———---——————- %%

% y=[1.94618304069512 1.94648566973870 1.94613618137098
1.94350585887879 1.94374640375645] ;

$ stem(x,y, 'ko:")

% Title('\lambda = 12'")

% ylabel('b_o")

% x1im ([0 61)

% ylim([1.93 1.955])

% text(l, 1.948, 'b_o (exact) = 2')

FF-———————————— L=12, bl=3 -—------————- %%

% y=[2.94373198375025 2.94403455964053 2.94367404814152

2.94075967907800 2.94090502275678] ;
stem(x,y, 'ko: ")
Title('\lambda = 12')
yvlabel('b_1")
x1im ([0 61)
ylim([2.93 2.955])
text (1, 2.9483, 'b_1 (exact) = 3'")

00 0P o0 of of

o0
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