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Preface

This book explains the fundamentals of structural analysis, materials and design. These topics are often
treated as separate subjects, but it is my belief that it is better to introduce all three topics in an integrated
fashion. This enables the student to tackle realistic design problems in the shortest possible time, and,
because he or she can see the relevance of the theory, it produces good motivation. It is also a way of
providing early exposure to the actual process of design — from initial concept through to final details.
Although much of the book deals with the design of individual structural elements in various materials, it
also considers the way these elements are used in complete structures, which is the essence of structural
form. To attempt to cover such a wide range of material in a modestly sized book has not been easy. In
selecting material for inclusion I have given preference to those issues which occur most frequently in the
real world of structural design.

The book is intended for students of civil and structural engineering, building, architecture and surveying.
It is of use at both first year degree and BTEC level. Because it contains much real design data, it may also
be useful as a work of reference for the non-specialist practitioner.

In order to produce safe and economic structures, a large part of the structural design process is inevitably
numerical. However, where possible, the book avoids a mathematical approach. The aim is to develop a
'feel' and awareness for the physical behaviour of structures. As the title of the book suggests, the emphasis
is placed on understanding. For this reason a large number of illustrations are used to portray structural
behaviour. A minimum of mathematical knowledge is required — largely simple algebra and trigonometry.
Where, as in certain proofs of formulae, slightly more advanced mathematics is unavoidable, it is presented
in such a way that uninterested readers can avoid it without affecting their wider understanding of the book.
The scope of the book is restricted to statically determinate structures, in the belief that a thorough
understanding of these is required before moving on to structures which contain redundant members.

The treatment is in line with the latest limit state approach, now adopted by national standards for
structural design in most materials. However, mention is also made of the more traditional permissible stress
approach, which is still in common use for some materials. An unusual feature of the book is the inclusion of
a chapter on structural loads. This vital stage in the design process is often difficult for the beginner, and yet
is rarely covered in text books. A more controversial feature is the way that the book explains ultimate
plastic bending strength before the elastic case. The basic design method adopted in national standards for
the principal structural materials now assumes that full plastic strength can be developed. Indeed, run-of-the-
mill design of steel and reinforced concrete beams can now take place without any knowledge of elastic
theory. Plastic strength is also easier to understand. It is only for historical reasons that elasticity is usually
taught before plasticity.

Each stage of the design process is illustrated by a realistic numerical example which is based on genuine
design data. It is hoped that after reading this book the student will have developed a real skill for structural
design, as well as sharing in the satisfaction, pleasure and excitement of this highly creative process.

Derek Seward

vii



Acknowledgements

The author and publishers wish to thank the following for
permission to use copyright material.

BSI Standards for extracts from British Standards. Complete
editions of the standards can be obtained by post from BSI
Customer Services, 389 Chiswick High Road, London W4 4AL.

The Appendix on standard rolled steel sections contains data
from A Check List for Designers and is reproduced by kind
permission of the Director, The Steel Construction Institute.

Cover design photographs of the Humber Bridge and the Forth
Road Bridge were kindly provided by Acer Consultants Limited.



Symbols

R RS

P na A DA W g

=

ka

&

fyv

>3 Nzl edrroe ol

P crit

cross-sectional area

area of concrete

effective area

area of tensile reinforcement

area of compressive reinforcement

area of two legs of shear link

pitch angle of roof

beam width

width of concrete

width of column

beam depth, depth of arch

effective depth of reinforcement

modulus of elasticity

eccentricity of load

axial force

concrete characteristic strength

characteristic compressive strength of masonry

characteristic tensile bending strength of masonry

reinforcement characteristic strength

characteristic strength of shear links

characteristic dead load

horizontal component of force

second moment of area

number of joints

active earth pressure coefficient

passive earth pressure coefficient

length, length of span

effective length

bending moment

moment due to prestressing force

number of members

number of stress cycles, ultimate load capacity of a
reinforced concrete column

concentrated point load, column load

critical buckling load

hydrostatic pressure

X
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Symbols

bending strength

compressive strength

first moment of area about neutral axis

characteristic imposed load

ground pressure under foundation

shear flow

radius of curvature, resultant force

vertical reaction force at A

radius of gyration

plastic section modulus, magnitude of stress fluctuation

spacing of shear links

beam web thickness, wall thickness

vertical component of force, shear force

design shear stress

concrete shear strength

characteristic wind load

magnitude of uniformly distributed load

an arbitrary or unknown distance, neutral axis depth in
concrete, torsional index

distance from beam surface to neutral axis

distance from neutral axis

elastic section modulus

depth of liquid or soil, lever-arm in concrete beam

unit weight

partial safety factor for loads
partial safety factor for material strength
deflection of structure
extension of member

angle

slip factor

stress

yield stress

ultimate stress

shear stress
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Figure 1.1
A building structure safely transmits loads
down to Earth

Figure 1.2a

The human skeleton is a structure which
maintains the shape of the body, keeps the
various organs and muscles in the right
place and transmits loads down to the
ground

1.1 Introduction

This book is about the design and analysis of structures in the
commonly used structural materials. This chapter starts by looking
at what we mean by these words, and then goes on to explain the
process that designers perform in order to successfully evolve
solutions to structural problems. Finally two distinct approaches or
'design philosophies' are explained — the traditional permissible
stress method, and the more modern limit state method.

An important point to make at the outset is that structural
design is a highly creative activity, and not just a case of plugging
numbers into formulae. It is also an activity which must be done
responsibly, in order to produce safe structures. In mechanical
engineering most manufactured products with a structural
component, like cars for example, can be repeatedly tested to
destruction to prove the design at the prototype stage.
Modifications can then be made before the product is put on the
market. With most civil engineering and building structures there
is no prototype. The design must be right first time. These
structures can also have a very long working life of a hundred
years or more, and it is the responsibility of the designer to ensure
that it remains safe throughout its projected life.

1.2 Structure

The word structure can be used to describe any organised system,
such as the 'management structure of a company' or the 'structure
of the atom'. However, for the purposes of this book we will limit
the definition to the following:

'A structure is a system for transferring loads from one place
to another.'

In the case of building structures this often means transferring the
load of people, furniture, the wind etc. (as well as the self-weight
of the building itself) safely down to the foundations and hence in-
to the ground (figure 1.1).

Also in this book we are limited to the consideration of man-
made structures. Nature can show us many superbly efficient
examples of structures which have evolved to support loads. Some
of these are shown in figures I.2a-c, and although natural



structures can be analysed and investigated using the methods
described in this book, we are really interested in the exciting task
of creating new structures.

1.3 Analysis

The word analysis is generally taken to mean the process whereby
a particular structure with known loads is investigated to
determine the distribution of forces throughout the various mem-
bers that make up that structure. Also it includes determining the
distribution of stresses within individual members, which result
from the forces imposed on them. Finally, it covers the calculation
of deflections (i.e. how far the structure will move) under a
particular set of loads. The analysis of a structure is necessary to
prove that it is strong enough to support a given set of loads.

Analysis tends to be based on mathematics, and the aim is to
get as close as possible to the uniquely correct solution. Analysis is
a vital part of the design of safe and cost-effective structures,
however, it cannot take place until the basic form of the structure
has been decided. We firstly need to settle such questions as
'should we use steel or concrete?', 'How many supports to the beam
should we provide?' These early decisions are referred to as design
and not analysis.

1.4 Design

Design is a more difficult word to define than analysis because it
means such different things to different people. The term designer
is commonly used to describe people who design patterns on
carpets, or determine the shape of motor car bodies. Whilst
aesthetic design is very important it is not the subject of this book.

Engineering design or structural design, which is the subject
of this book, is equally creative — just consider the brilliance of the
Forth Railway Bridge or the Golden Gate Suspension Bridge
(figure 1.3), two very different solutions to the similar problem of
building a long-span bridge over water.

Even within our own field the word 'design' can be used in two
very different ways. Firstly it is used to describe the whole creative
process of finding a safe and efficient solution to an engineering
problem. Consider, for example, the above case of designing a

Figure 1.2b

The spider's web is a good example of a
tension structure. The weight of the spider
and its prey is supported by the tensile
strength of the web

Figure 1.2¢

Shells are particularly efficient structures —
being rigid and lightweight. The curved
surfaces can be very thin
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Figure 1.3 bridge across a river. There is of course no 'correct' answer, but out
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Two brilliant, but very different, solutions
to a similar problem

(a) The Forth Railway Bridge, Edinburgh,
Scotland, 1890

(b) The Golden Gate Bridge, San
Francisco, USA, 1937

Figure 1.4a
Swing fixed to a tree

Figure 1.4b
Tubular steel swing

of the infinite number of possible solutions, some are clearly much
better than others. It is the job of the designer to come up with the
best solution within available resources. The design process is
dealt with in more detail in the next section.

The second way that we use the word 'design' is in a more
restricted sense. It refers to the activities, which often come after
the analysis stage, when the forces in each structural member are
known. It is the process of determining the actual size of a particu-
lar steel column or the number of reinforcing bars in a reinforced
concrete beam. This is referred to as element design. Determining
the number of bolts in a connection or the length of a weld is
called detail design. There may be several choices open to the
designer, but element design and detail design are not as creative
as the broader design process. They are, however, very important,
and bad detail design is a major cause of structural failures.

1.5 The design process

The best way to explain the general approach adopted by a
designer in solving an engineering problem is to take a simple
example — in this case the design of a child's garden swing. Clear-
ly, with a small project like this, the formal procedure outlined
here would not be consciously followed. The designer would
simply use his or her judgement to determine the shape of the
swing support structure and the size of the members. Nevertheless
it illustrates the steps necessary for the successful completion of
larger projects.

The usual starting point for a project is a client who has a
requirement, and the client will approach the designer, who is



often a consulting engineer or architect, and commission him or
her to produce a design which satisfies the requirement. The first
thing that the designer will request from the client is a clear des-
cription of exactly what is wanted. This is called the design brief.

In our case the client is a child who requires a garden swing,
and the brief is:

'Provide, within a period of two weeks, a garden swing, which
will be a play facility for many years.'

To arrive at a satisfactory solution the designer will go through the
following stages:

e Stage 1 is the site survey and investigation. Suitable
locations will be examined and checked to ensure that there
are no obstructions within the arc of the swing. Problems of
access must be considered and the ground conditions in wet
weather taken into account. Finally a few trial-holes might be
dug to check that any rock is not too close to the surface to
prevent foundations being excavated.

e Stage 2 involves investigating alternative structural
concepts. There are an enormous range of structural shapes
and materials which could be used and a few of these are
shown in figures 1.4a—f. Each of these must now be evaluated
against clear rational criteria in order to select just one or two
schemes for further detailed consideration. The type of factors
that would be considered in relation to each scheme are as
follows:

(a) Fixed to tree. This is the cheapest and best solution, but
there is no convenient tree.

(b) A tubular steel frame. They are available from the super-
market. Little labour is involved and the swing is mobile.
There are some concerns about cost, durability and appear-
ance, but it is worth bearing in mind.

(c) Suspended from a helium balloon. An interesting solution,
but totally impractical.

(d) Welded and bolted steel beams. Very robust but it would
have to be prefabricated by a local welder. The result is ex-
ceedingly ugly and would require painting to prevent rust.

Figure 1.4c

Suspended from a helium balloon

Figure 1.4d
Heavy steel sections

Figure 1.4e

A timber-framed structure

—
—
—

i
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Figure 1.4f

Swing fixed to a wall
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Figure 1.5
Basic dimensions
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Side-sway Method 1 Method 2

Figure 1.6
The problem of side-sway and two possible
methods of preventing it

Yz

Figure 1.7
Inclined load acting at the top of the swing
frame

(e) Timber frame with concrete foundations. Good appear-
ance and relatively cheap but high labour content and some
maintenance required for good durability.

(f) Timber and steel bracket fixed to wall. Unless it is possible
to fix the swing away from the corner of the wall there will be
safety problems.

The choice therefore comes down to either (b) from the super-
market or (e) the timber frame. We will assume that after due
investigation of available products the decision is made to go
for the timber frame.

Stage 3 involves more detailed development of the selected
scheme. The basic overall dimensions must be decided (figure
1.5). A method of bracing the frame to prevent side-sway must
be found (figure 1.6). The type of timber to be used will
probably be decided at this stage and the range of available
sizes investigated.

Stage 4 is the assessment of loads on the structure. This is
not such a staightforward task as you might at first think. The
following issues need to be settled.

1. Should the swing be designed solely for the weight of a
child, or should it be assumed that at some time during its life
an adult may use it? I would suggest the latter.

2. We need to increase the load by a percentage to allow for
the fact that the load is dynamic, i.e. the load is moving, and
we must take account of the effects of its inertia. Also the load
may be suddenly applied if someone jumps onto the swing.
Increasing the static load by, say, 100% ought to be enough to
compensate for these effects.

3. The load is not always applied vertically downwards.
When the load is inclined, as shown in figure 1.7, it causes
much more severe bending and overturning problems for the
structure. Wind loads often cause severe lateral loads, al-
though they are not much of a problem with thin skeletal
structures such as this.

4. Additional forces result from the actual self-weight of the
structural members. With structures such as large bridges
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these forces are usually much bigger than those that result
from the traffic passing over the bridge. These self-weight
loads present a problem at this stage of the design process
because we do not yet know the final size (and hence weight)
of the structural members. The designer must therefore make
intelligent estimates which should be checked later. Obvious-
ly, with increased experience the designer gets better at
making these estimates. In our case the effect of self-weight

will be very small and could be ignored. 0'2_5_m
. . T [0.25m
e Stage 5 is the analysis of the structure. Firstly we must trans- )
form the diagram of the proposed structure to obtain a simpli- P P

fied structural model which is amenable to analysis. This ;3
chiefly involves classifying the joints between the members as

either pinned or continuous. This topic is dealt with in more Ios
detail later in the book. Our structural model is shown in fig- A
%A %/, 72 “ 72

ure 1.8.

The loads are now applied to the structural model and the I"To__'lm i‘"‘l‘_'{

. 0.45m 0.45m

frame analysed to determine the forces and the amount of
.. Figure 1.8
bending in each member. It may be necessary to carry out
. . ) The structural model

more than one analysis for different load cases. For the swing
structure we would probably do it twice — firstly with the load
vertical and secondly with the load inclined to produce the v 1

worst overturning effect. /

e Stage 6 is element design and detail design. Each member

must be considered in turn. Taking into account the forces H £ . }

obtained from the analysis, the required size of the member is %% / \

calculated so that acceptable stresses are not exceeded. ~ =77 Z
Careful thought must be given to the connections so that

forces are adequately transmitted from one member to an- Figure 1.9a Figure 1.9b
other. The designer must check all the possible ways in which Seat breaks Rope snaps

the structure could fail. Some of these are shown in figure 1.9
and you may be able to think of some others.

Finally, with real structures, the designer must clearly commun-
icate his requirements to the builder by means of detailed drawings
and specifications.

The stages of design are summarised in figure 1.10. It is not
always possible to separate the process into such neat steps and
often analysis and element design will proceed in parallel. Also the  Figure 1.9¢ Figure 1.9d
analysis to calculate the displacement of the structure can only Bracing connections fail Beam breaks
take place after the member sizes are known.
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Define problem

Site survey and
investigation

Investigate
alternatives

Detailed development

Assess loads

[ ——

Analyse

Element design
and
detail design

Figure 1.10
The stages of design

1.6 National standards

Because the safety of structures is so important, the major industrial
countries produce guidance documents, codes of practice, containing
the wisdom and experience of eminent researchers and practising
professionals. There tends to be a separate document for each
structural material. In the UK these are British Standards or BSs, in
the USA they are ASTM standards and in Germany they are DIN
standards. In Europe the process of replacing the separate national
codes by single Eurocodes is well advanced. Each Eurocode is,
however, produced with a series of National Application Documents
(NAD’s). These contain factors and constants to ensure that the code is
tuned to the national practice of each country.

These documents contain rules of a very general nature, and they
should always be complied with where they are relevant. However,
because they are so general, they do require interpretation by qualified
designers who understand the underlying theory. They do not replace
sound experience, understanding and judgement.

Very small structures, such as those involved in individual houses,
are covered by national of local Building Regulations. These contain
simple rules covering such issues as the minimum thickness of walls
for certain heights. If designers stay within the stated limits then no
calculations are required. However, designers are at liberty to go
beyond the limits provided that they can justify it by calculation and
reference to the relevant standards.

It is not intended that this book should explain particular codes of
practice in any detail; however, the theories and procedures presented
generally comply with the major national and international standards.

1.7 Design philosophies

Clearly the loads which will act on a structure throughout its life are
clearly very difficult to predict at the design stage, and we must accept
that even the best of estimates may be in error. Likewise the strength of
many structural materials is difficult to predict — particularly those that
involve naturally variable materials such as timber, masonry and
concrete. It follows that sensible design procedures must allow for
these uncertainties by including factors of safety. A simple definition
of a factor of safety is:

load to cause failure

factor of safety =
actual load on structure




Clearly the value of the factor of safety must be greater than 1 to
prevent collapse. The magnitude of the factor of safety that we should
aim for depends upon the predictability of both the loading and the
material properties, but can range from about 1.5 for steel structures up
to 5.5 for brickwork.

The main difference between the two approaches described in the
following two sections is the way in which adequate factors of safety
are achieved.

1.7.1 Permissible stress design

Permissible stress design (sometimes called allowable stress design) is
the method formerly advocated by the national standards for all
materials. It has now largely been replaced by the following limit state
approach. It is included here because it is still in widespread use by
many designers and it remains the accepted approach for mechanical
engineering components.

In essence, the permissible stress codes of practice provide the
designer with a maximum stress value that can be used for a particular
material. This permissible stress is not, the failure stress for the
material, but is reduced to provide a factor of safety. As an example,
designers are instructed to limit the stress in a mild steel beam to a
permissible value of 165 N/mm?, whereas we know that it can actually
withstand about 275 N/mm? before yielding. The designer must ensure
that the permissible stress is not exceeded at any point in a structure.
This process is intended to provide an adequate factor of safety to
compensate for errors in both loading and material strength. The
designer may, however, be unaware of the precise value of the factor of
safety.

Apart from collapse, there are other defects which can render a
structure inadequate, such a floor beams which sag too much under
load, or cracks in concrete which are too wide. These problems must
be dealt with in addition to checking the stresses.

The main criticism of this approach is the fact that the designer
cannot vary the factor of safety to compensate for the degree of
uncertainty concerning the loads.

1.7.2 Limit state design
This approach was developed on the Continent of Europe and has now

been accepted throughout the world. The aim is to be clearer and more
scientific about the aims of the design process.

Design

9



10  Understanding Structures

Figure 1.11a
A brick column supporting the corner of a
warehouse

We have seen how a structure can be in such a state that it is
unfit for use — e.g. excessive deflections or cracking. The point at
which it is unacceptable is known as a limit state. The aim of the
design process is therefore:

'To ensure that a structure has an acceptable probability of not
reaching a limit state throughout its life.'

This seems to be largely stating the obvious, although the use of
the word probability is highly significant. It implies that we are
aware that in the real world we must accept some failures from
time to time. Clearly some limit states are more important than
others — the most important obviously being collapse, and this is
termed the ultimate limit state. All the others, such as excessive
deflections, are termed serviceability limit states. The limit state
approach allows us to set a higher probability against reaching the
ultimate limit state than the other less important serviceability
limit states.

In practice, the principal way in which the limit state approach
differs from the permissible stress approach is that the factors of
safety are explicitly stated, and applied separately, firstly to the
loads and secondly to the ultimate strength of the material. This
process is clearly illustrated in the following example.

Example 1.1

Figure 1.11a shows the corner of a warehouse building which is
supported on a short brickwork column. The load on the column is
estimated to be as follows:

Load from weight of the building itself (dead load) = 600 kN
Load from contents of the warehouse (imposed load) = 450 kN

The column is constructed from Class B engineering bricks with
mortar made from 3 parts sand to 1 part cement.

Determine the required cross-sectional area of the column if the
design is based on:

a. Permissible stress principles to CP 111:1970 (now withdrawn).
b. Limit state principles to BS 5628:1978.




Solution

Comment — Do not worry too much about the details at this stage —
the purpose of this example is to illustrate the different approach
to safety factors.

a. Permissible stress design
Total load on column = 600+ 450 = 1050 kN

Comment — Class B engineering bricks have a guaranteed mini-
mum crushing strength of 48.5 Nimm® as individual bricks.
However, when built into a brickwork wall the mortar joints
produce a considerable reduction in crushing strength. CP 111
gives the permissible basic stress for brickwork made with class B
engineering bricks and 3 to 1 .mortar as:

Permissible basic stress = 3.3 N/mm?

Comment — This figure already contains a safety factor to take
account of errors in estimating the loads and also possible
variations in material strength. As we shall see in the next chapter
— stress = forcelarea or area = forcelstress.

1050 x 103

Answer Arearequired = 33 - 318 200 mm?

b. Limit state design

Comment — The first stage is to apply a load factor () to the
loads. Limit state design recognises the fact that it is easier to pre-
dict the dead loads than the imposed loads. Therefore a safety
factor of 1.4 is applied to the dead load and a higher factor of 1.6
to the imposed load. The factored load is called the design load.

Design dead load= 1.4 x 600 840 kN
Design imposed load = 1.6 X 450 720 kN

Total design load= 1560 kN

Comment — The strength given in a limit state code for a particular
material is known as the characteristic strength. It does not con-
tain a safety factor. We must therefore apply a safety factor, Y, to

the material strength. BS 5628 is more complicated than most stan-

Design
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Figure 1.11b
A suitable brick arrangement for limit state
design

dards in recommending a factor which varies between 2.5 and 3.5
depending upon the degree of quality control used. We will assume
that the highest standards of quality control are used for both the
manufacture of the bricks and the site construction work — hence
Ym = 2.5.

Characteristic compressive strength = 15 N/mm?
(from BS 5628)
15 5
Design strength = 55 6.0 N/mm
1560 x 10° 5
Answer: Area required = %0 " 260 000 mm

Comments:

1. The two methods have produced roughly the same result with
the permissible stress method requiring an area of column 22%
greater. If we had not assumed special quality control in the limit
state method and consequently increased the material factor, Yy, to
3.5, then the limit state area would be the bigger.

2. 1t is clear that the permissible stress approach is simpler and
quicker than the limit state approach, but it does not provide as
much scope for logically fitting the design to the prevailing con-
ditions. Some designers argue that the permissible stress approach
should have been retained for simple jobs.

3. In practice the actual size of the column would be rounded-up
to suit the modular dimensions of bricks. The arrangement of|
bricks shown in figure 1.11b has a cross-sectional area of]
305 300 mm?. It would therefore be adequate for limit state design,
but not for permissible stress design.
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1.7.3 Accuracy of structural calculations

It is becoming clear that the design of structures requires many
assumptions to be made about the nature of the loads acting on a
structure, the strength of the structural materials used and the
form of the simplified structural model. All of these factors mean
that there is absolutely no point in presenting calculations with too
much precision. Even the simplest scientific calculators give a
minimum of eight figures, and it is the mark of an amateur to copy
them all down in structural calculations. Three, or at most four,
significant figures are generally adequate.

On many occasions a designer needs to round off a calculated
value of a dimension to suit a commonly available size. For
example calculations may indicate that a steel plate needs to be 9.7
mm thick. In this case it would be specified as 10 mm, which is a
standard size that can be obtained ‘off the shelf’. A difficult
decision is sometimes needed if the calculations indicate a
thickness of say 10.2 mm. Should a thickness of 10 mm be
specified or the next size up of 12 mm? In general it is prudent to
play safe and round up. In this way, if the calculations are in
accordance with a particular standard, it can be said that the
design fully complies with that standard.

1.8 Summary of key points from chapter 1

1. For the purposes of this book a structure can be defined as a
system for transferring loads from one place to another.

2. Design is a widely used term that is applied to everything from
say the creative conceptual design of a bridge to the detail
design of a bolted connection. ‘Analysis’ is the mathematical
part of the design process that is concerned with the deter-
mination of forces, stresses and deflections within a given
structure.

3. In general all structural design should comply with national or
international standards and should only be carried out by
competent and qualified designers.

4. Permissible or allowable stress design tries to ensure that at
no time during the working life of a structure will the stresses
exceed a safe value which is always less than the actual
strength of the material. This approach has been largely
superseded.

5. Current practice uses Limit state design which is based on
probabilities. To guard against reaching the ultimate limit
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Balcony supported by steel rod
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state of collapse, individual safety factors are applied to both
the loads (i.e. the loads are multiplied by y¢) and the material
strength (i.e. the material strength is divided by y,,).

1.9 Exercises

El.1 Section 1.2 showed examples of natural structures. Bearing
in mind that the purpose of a structure is to transfer loads from
one place to another, draw simple sketches of three structures
either taken from other examples in nature and/or from examples
in the home such as furniture.

E1.2 Figure 1.3 showed two very different design concepts for a
large-span bridge. Sketch two different concepts for either:

a) A tall tower to support a television transmission mast,or
b) the roof of an Olympic sports stadium.

E1.3 A farmer requires an access bridge over a stream (about 5.5
metres span and 2.5 metres roadway width). The bridge will be
used for farm vehicles and animals. Describe the six stages of
design as illustrated in section 1.5 for a garden swing. Use plenty
of simple sketches to illustrate your answer.

a) In stage 1 describe the factors that would be taken into account
in siting the bridge. Produce a simple cross-section, drawn
roughly to scale, showing the banks of the stream and the
water level.

b) Suggest and discuss the advantages and disadvantages of at
least three alternative concepts in stage 2 before selecting one
for further development.

¢) In stage 3 produce a roughly dimensioned side elevation and
cross-section of your chosen concept.

d) In stage 4 try to think of some of the loads that the bridge must
be designed to carry.

e) For stage S transform your sketch of the bridge into a simple
line diagram with either pinned or continuous joints. Ignore
further analysis.

f) Finally, for stage 6, show at least three ways in which your
bridge could fail.

El.4 Figure 1.12 shows a balcony structure supported by a tensile
steel rod. The force in the rod is as follows:



Load from self-weight of balcony (dead load) = 12 kN
Load from people (imposed load) = 16 kN

Determine the required cross-sectional area of the rod based on
each of the following two design philosophies:

a) Permissible stress design:

permissible stress for steel in tension = 150 N/mm’
b) Limit state design:
characteristic ultimate stress for steel = 275 N/mm’

partial safety factor for material strength, v, = 1.0

partial safety factor for dead load, y; 14

partial safety factor for imposed load, ¢ 1.6
a) permissible stress area = 187 mm’

b) limit state area = 154 mm’*

Design

15
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Basics

Topics covered

Units

Forces — vectors, components, resultants
Moments

Equilibrium

Reactions and types of support

Stress

Strain
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Figure 2.1

Because of gravity, objects with the same
mass only exert a sixth of the force on the
moon

Figure 2.2
A newton is roughly the force exerted on
earth by a (stationary) apple

2.1 Introduction

For most readers this chapter will be revision of material
previously covered. It can be described as simple statics. This
means that we are only concerned with the mechanics of forces
applied to bodies which are not moving. They are said to be in
statical equilibrium. Although much of this material may be
familiar, it is worth ensuring that you fully understand it because it
is fundamental to the rest of the book.

2.2 Forces

The loads acting on a structure have mass which is usually
measured in kilograms (kg). For the design of static structures on
earth it would be possible to work in kg throughout — but things
are never that simple! In order to be consistent with physics and
mechanics, we must convert the mass into a force.

The basic unit of force is the newton (N). The force exerted on
a structure by a static load is dependent upon both its mass and the
force of gravity. The mass of a body, measured in (kg), is a
fundamental measure of quantity and is related to the number of
atoms of material present. If you consider the beam shown in
figure 2.1, it would have exactly the same mass on earth as it
would have on the moon. The force that it exerts on the man's
shoulder, however, would be six times greater on earth than on the
moon because of the earth's greater gravitational pull. Gravity is
measured by the acceleration (g) that it imparts to a falling body,
and on earth can be taken as 9.81 m/s2,

From Newton's second law of motion:
force = mass X acceleration

and 1 newton

force to accelerate 1 kg at 1 m/s?
Therefore, on earth, the force exerted by a mass of 1 kg is:

force = 1xg = 981N
The force exerted by a body as a result of gravity can be described

as its weight. However, weight can also be used less formally to
mean mass.



To develop some feel for the magnitude of a newton, it is easy
to remember that it is roughly the weight of an apple (figure 2.2).
For many structural loads this is rather a small unit; therefore it is
common to use the kilonewton (kN):

1kN = 1000N
Again, to give some idea of the magnitude of a kilonewton:

e 0.5 kN is the weight of a full bag of cement, which is about the
limit for the average person to lift (figure 2.3).

e 10 kN is about the total force exerted on the road by a small
car (figure 2.3). This has roughly a mass of 1 tonne (1 tonne =
1000 kg).

To summarise, if we wish to convert a mass (kg) to a force (N)
we multiply by 9.81. If the result is large we can then divide by
1000 to get kN.

2.2.1 Vectors

Because a force has both a magnitude and a direction it is a vector
quantity. It is often convenient to represent force vectors graphic-
ally by a line whose length is proportional to the magnitude of the
force and whose direction is parallel to the force.

Figure 2.4 shows a force acting on a structure and its vector
drawn to a scale of 1 kN = 1 mm.

2.2.2 Resolving forces

We can frequently simplify problems by splitting a single force
into its components in say the vertical and horizontal directions —
this is called resolving.

Figure 2.5 shows the previous force vector resolved into its
vertical component, V, and its horizontal component, H. Either by
scale drawing or from simple trigonometry it can be seen that:

Vv 30xcos 30° = 26.0kN

H 30 xsin30° = 15.0kN

Basics 19

10kN

/7 /////////////////V/m
JKkN

Figure 2.3
Half a kilonewton (0.5 kN) is about the
limit for the average person to lift and
10 kN is the force exerted on the road by a
small car

/
7
7
7 - = - —®— Force
7 =
Z 30 kN
30°
30° 30 mm
Vector
Figure 2.4

A force vector

30°

H
Figure 2.5
Forces can be resolved into vertical and
horizontal components
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Figure 2.6

A force can be replaced by resolving it into
its components without changing the effect
on the structure
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Figure 2.7

Multiple forces acting at a point may be
replaced by their resultant

Thus, so far as our original structure is concerned, the 30 kN load
could be replaced by its two components as shown in figure 2.6.
The effect on the structure is identical.

2.2.3 Resultant forces

The previous process can be reversed, and two or more forces can
be combined to produce their resultant. The vectors of each force
are simply added (in any order) and the resultant is the vector
required to close the circuit.

This is shown in figure 2.7a for two forces, which produce a
force triangle, and in figure 2.7b for several forces, which
produce a force polygon. Note that the vectors of the original
forces must be drawn so that their directions form a continuous
string, whereas the direction of the resultant force opposes the
flow. (Some readers may be familiar with resolving two forces by
drawing a parallelogram of forces. The same result is obtained.)

An alternative approach is to use trigonometry instead of
drawing. Firstly the forces must each be resolved into two
perpendicular directions (usually vertical and horizontal). We then
find the net sum of all the vertical components, followed by the net
sum of all the horizontal components. Pythagoras's theorem can
then be used to find the length of the diagonal, which is the
required resultant force. For the two forces shown in figure 2.7a
this would be as follows:

vertical components = 25 cos 20° — 15 cos 40°
= 23.5-11.5 = 12kN downwards

horizontal components = 25 sin 20° + 15 sin 40°
= 855+9.64 = 18.2KkN 1o the right

Resultant = +V(122+18.2%) = 21.8kN

2182

Angle to vertical = tan 1z =56.6°



2.3 Moments

If the line of action of a force does not act directly through a
particular point, then it exerts a moment about that point. The
magnitude of a moment about a point is the value of the force
multiplied by the perpendicular distance from the line of action of
the force to the point. In other words the distance is the shortest
distance between the line of action and the point under
consideration. This is shown in figure 2.8b.

Thus Moment = force X perpendicular distance

Therefore the units of moment are Nm or more frequently KNm.
Figure 2.8a shows a force acting perpendicular to the axis of a
member.

Moment of P about the point X = PXL

To talk about the moment of P, without specifying the point about
which moments are taken, is meaningless.

Figure 2.8b shows a force inclined at an angle 0. To find the
moment of this force about the point X it is necessary to calculate
the perpendicular distance from the line of the force to the point X.

Moment of P about the point X = P XL cos0

As an alternative to the above we could firstly resolve the force
into its perpendicular and parallel components:

Pcos 0

Perpendicular component, V

Psin©

Parallel component, H
From figure 2.8c:
Moment of P about the point X = P cos 8 XL as before.

Note that because the line of the parallel component, H, passes
through the point X, it does not affect the moment. Remember, a
force only produces a moment about a point when the line of
action of the force acts at a distance from a point. In this case the
distance is zero.
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Figure 2.8

The moment of a force about a point is
equal to the magnitude of the force
multiplied by the perpendicular distance
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2.4 Equilibrium and reactions

Any structure subjected to loads must be provided with supports to
prevent it from moving. The forces generated on the structure by
these supports are called reactions. If the structure is in equi-
librium (i.e. not moving) then the net forces from the loads and
reactions must be zero in all directions. This simply means that a
structure with say total downward loads of 100 kN must be
supported by upward reactions of 100 kN. Also there must be no
out-of-balance moments about any point.

2.4.1 Reactions from vertical loads

If a structure is subjected to only vertically downward loading then
in general the net support reactions will be vertically upwards. An
exception is with arch structures and these are dealt with in
chapter 11. For rigid bodies two basic independent equilibrium
equations can be used:

e summing vertical forces
e taking moments.

The term 'taking moments' exploits the fact that for any point
on a structure the sum of all the clockwise moments must equal the
sum of all the anti-clockwise moments (otherwise the structure
would spin round). The point selected for taking moments about is
usually at one of the unknown reactions. Remember that a moment
is a force times a perpendicular distance. Thus when taking
moments about a point all distances must be measured from that
point.

Because only two independent equations are available we can
generally only solve problems which involve two unknown vertical
support reactions. Structures which contain more supports must be
analysed by more advanced techniques, which are beyond the
scope of this book.



Example 2.1

Figure 2.9a shows a bridge deck, of weight 500 kN, supporting a
heavy vehicle weighing 300 kN. Suppose we wish to find the value
of the support reactions at A and B when the load is in the position
shown.

Fixed Sliding bearing to
bearing allow expansion

:}:] T i I

1 In] 1

) 8 myes AN L1 1 8 A ) o L

A l B ~
am 7
500 kN i
A =
10m
e ——
Figure 2.9a

A bridge with a heavy vehicle

Solution

The first stage is to convert the diagram of the bridge into a
structural model which can be analysed. This is shown in figure
2.9b. Note that the fixed bearing has been replaced with a pinned
support which will allow rotation to take place but no lateral
movement. The sliding bearing has been replaced by a roller which
permits both rotation and lateral movement. This combination is
known as simply supported. Types of support are dealt with more
fully in section 2.5.

Analysis

Take moments about A to find the unknown vertical reaction Rg.
(From now on this will be written in the form ‘>A/ about A to find
Rg’. ¥ is the Greek capital letter sigma and means ‘the sum of’.)
The sum of the clockwise moments are equated with the sum of
the anticlockwise moments.

(500 x 5) + (300 x 4) = Rpx 10
clockwise anticlockwise
Answer Rg= 370 kN
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Figure 2.9b
The above structure can be reduced to this
simplified structural model for analysis
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430 kN 370 kN
E—_a A BEE

Figure 2.9¢

The forces on the bridge abutments are
equal but opposite in direction to the
reaction forces on the beam

Comment — Make sure you understand where the above figures
come from. Each bracket contains a moment which consists of a
force times a distance, and all the distances are measured from the
point A.

We could now XM about B to find R,, but an easier way is to
consider vertical equilibrium — written (2 = 0). That is the sum
of all vertically downward forces must equal the sum of all
vertically upward forces.

500+300 = 370+R,
downwards upwards
Answer R,o= 430 kN
Comments:

1. Representing the reactions by upward forces may seem
confusing at first. Remember that we are investigating the
equilibrium of the beam. The forces must therefore be those
experienced by the beam. If we now wished to consider the forces
acting on the bridge abutments from the beam the directions
would be reversed (figure 2.9c).

2. Clearly if the load had been precisely in the centre of the span
we could have concluded from symmetry and vertical equilibrium
that R, = Rg = (300 + 500)/2 = 400 kN.

3. In this case the load was represented by a single force located at
the centre of gravity of the vehicle. If we had been presented with
a series of three individual axle loads, then obviously we would
have had extra terms when taking moments, but the result would

have been the same.

Example 2.2

Figure 2.10a shows a worker, of mass 70 kg, standing on the edge
of an elevated access platform. The plank she is standing on
weighs 8 kg. Find the plank support reactions.



Solution
Loads

The first step is to convert the loads into forces and produce the
structural model.

70 % 9.81
8x9.81

687N
78 N

weight of worker
weight of plank

The structural model is shown in figure 2.10b.

Comment — Clearly the weight of the plank is evenly spread
throughout its length (known as a uniformly distributed load).
However, for the purposes of this example we will, quite correctly,
consider its weight acting as a point load concentrated at its
centre of gravity. Uniformly distributed loads are dealt with in
more detail in chapter 4.

Analysis

(EM about A to find Rp)

(78 x 1.0) + (687 %2.5) = Rpx20
Answer Rg = 898N
ZV=0) 78 +687 = 898 + Ra
Answer Ry, = -133N
Comments:

1. The negative value for R, implies that the original direction
shown in figure 2.10b is wrong and that the plank must be held

down to prevent it from tipping.

2. It can be seen in figure 2.10b that the supports to the plank are
again shown as a roller and a pin. This is of little significance
when all the loads are vertical, but we will see in the next section
that it is important with non-vertical loads.

25
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Figure 2.10b
The structural model of the plank
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Figure 2.11a
A ski-lift anchorage

191 kN
110 kN
33m
A B
e
R
An 18m |09m
Aay Rs
Figure 2.11b

The structural model of the ski-lift
anchorage

197 kN

Figure 2.11c

The horizontal and vertical reactions at A
could be replaced by the resultant force
inclined as shown in the force triangle

2.4.2 Reactions from non-vertical loads

If a structure is loaded by horizontal or inclined loads then we
cannot assume that the support reactions are simply vertically up-
wards. One of the supports must provide a horizontal reaction
component in order to satisfy horizontal equilibrium. Another
basic equilibrium equation is available to add to the other two:

. summing vertical forces
. taking moments
° summing horizontal forces.

This enables us to evaluate three unknown support reactions
including one which is horizontal. This explains why the previous
examples have shown structures with one roller and one pin as
supports. If a structure had two pinned supports then an extra
horizontal reaction is introduced — making four unknowns, i.e. two
vertical and two horizontal at each support. Evaluating the
reactions then requires a more advanced method of analysis, taking
into account the stiffness of the structure, which is beyond the
scope of this book.

Example 2.3

Figure 2.11a shows an anchorage for the cable of a ski-lift. The
cables produce a total pull of 220 kN at the top of the anchorage.
Determine the support reactions.

Solution

Loads

It is usually convenient to resolve inclined loads into their vertical
and horizontal components.

Vi
H,

220 sin 30°
220 cos 30°

110 kN
191 kN

The structural model is as shown in figure 2.11b.
Analysis

By definition a roller can only resist forces perpendicular to the




plane of its rollers. Any horizontal forces must therefore be
resisted by the pinned support at A.

(ZH =0) Rau = 191
left right
Answer Rsg = 191kN

(XM about A to find Rgp)
(191 x3.3)+(110x1.8) = Rgx2.7

Answer Rg = 307kN
(ZV=0) 110 = 307 +Rav
Answer Rav = -197kN

Comment — In the above we have considered the reaction at A to
be resolved into its horizontal and vertical components. It can be
equally well represented as the resultant, as shown in figure 2.11c.

2.5 Supports

In order to be able to analyse a structure it is necessary to be clear
about the forces that can be resisted by each support. Figure 2.12
shows the principal types of support and the number of reactive
forces provided by each.

A fixed support can resist vertical and horizontal forces as well
as a rotational moment. This means that a structure only requires
one fixed support to satisfy all three equations of equilibrium. In
practice a beam which is rigidly built-in to a massive concrete wall
may be considered to have a fixed support. However, the support
must be rigid enough to prevent any rotation if it is to be consider-
ed truly fixed.

A pinned support can resist vertical and horizontal forces but
not a moment. This means that a single pinned support is not
sufficient to make a structure stable. Another support must be
provided at some point to prevent the structure from rotating about
the pin. In practice, many structural connections are assumed to be
pins, even if a specific point of rotation is not provided. Thus
simple bolted connections in a steel frame are often considered to
be pinned connections for the purposes of design. In reality a small
moment may be resisted, but it is ignored.

A roller support can provide only a single reaction force, which
is always perpendicular to the axis of the rollers. A good
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Figure 2.13a
An axial tensile force applied to a member

Cross-sectional
area = A

P
}Force P produces stress o
Cut

Figure 2.13b
An internal force must balance the external
load to satisfy vertical equilibrium

Figure 2.13c
A member subject to compression

combination of supports for a structure is therefore a pin plus a
roller. Between them they provide enough support to satisfy the
three equations of equilibrium. Roller supports must be provided
for very long structures such as bridge beams so that large forces
are not produced by thermal expansion and contraction. They can
take the form of rubber bearings, which are designed to permit
lateral movement.

Supports to real structures are usually approximated to one of
the above.

2.6 Stress

It is important to be able to distinguish between external forces —
such as applied loads, and internal forces which are produced in
structural members as a result of applying the loads. Thus if a
person weighing say 70 kg were to dangle from a vertical rope,
they would be applying an external force to the rope of 70 x 9.81 =
68.67 N. However, for vertical equilibrium the rope must contain
an internal tensile force of 68.67 N (assuming the rope is
weightless). Internal forces cause stress.

stress = internal force per unit area
force
therefore stress = ———
area

Thus stress can be thought of as the intensity of internal force.
Stress is usually symbolised by o, the Greek lower case letter
sigma. The units of stress are commonly taken to be N/mm?.
Another unit which may be used is the pascal (Pa).
1 pascal = 1N/m?

This is, however, an inconveniently small quantity and most
stresses would be measured in mega-pascals (1 MPa = 10° Pa). In
this book we will use N/mm? throughout which is consistent with
most of the national standards.

An external force, P, is axially applied to a structural member,
of cross-sectional area A, as shown in figure 2.13a. Make an
imaginary cut through the member and consider the equilibrium of

the remaining piece shown in figure 2.13b. Clearly there must be
an internal force, P, to satisfy vertical equilibrium.



>

stress in member, o=

In this case the force and the stress are tensile.

In figure 2.13¢ the member contains compressive force and
stress.

Because the forces are applied axially (i.e. on the centroid of
the member) the above stresses are uniform right across the whole
cross-section.

Example 2.4

Consider the structure shown in figure 2.14a which is a weight-
hanger for applying loads to a piece of laboratory equipment. The
steel rod is 600 mm long and has a diameter of 10 mm. Calculate
the stress in the rod when the hanger is fully loaded by ten 10 kg
weights. Ignore the self-weight of the hanger itself.

Solution

Load

Total force on hanger = 10x10x9.81 = 981N

The structural model is shown in figure 2.14b.

Analysis
nx 107 s
Cross-sectional area = 1 = 78.5 mm
force
stress =
area
981 5
Answer stress, 0 = —— = 12.5N/mm

78.5

2.7 Strain

In common conversation the words stress and strain are often taken
to be synonymous; however, they do have very distinct meanings,
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Figure 2.14a
A weight-hanger for applying loads

981N

10 mm dia.

600 mm

981 N

Figure 2.14 b
The structural model of the weight-hanger
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and it is vital that you understand the difference. Whereas stress is
a measure of the load on each square millimetre of material, strain
is a measure of how much each millimetre length of the
material deforms under stress. It is therefore related to the
stiffness of the material rather than the strength. Thus when
someone says 'can it take the strain?' they usually mean 'can it take
the stress?'.

strain,g = ————————=
original length

change inlength ~ AL
L
This means that strain is the change in length per unit length.
Strain is usually symbolised by €, the Greek lower case letter
epsilon. The units of strain are dimensionless. Because strains
are usually small they are often presented as a percentage.
The property which determines how much strain occurs for a
given stress is the modulus of elasticity (E) or Young's modulus.
This tends to be a constant for a particular material.

stress

strain

As the units of strain are dimensionless, the units of modulus of
elasticity are clearly the same as stress i.e. N/mm?,

stress
E

From above strain =

We can see from this that materials with high E values will have
relatively small strains and can be described as stiff. Some exam-
ples of E values are given in the next chapter.

Example 2.5

Consider again the weight-hanger in example 2.4. If the steel rod
has a modulus of elasticity, E, of 205 000 N/mm?, determine:

a. the percentage strain in the rod.
b. the extension of the rod.




Answer extension

Solution
From example 2.4 stressinrod = 12.5 N/mm?
stress
From above strain, € = £
= 125 _ 610x10°°
205000
Answer % strain = 6.1x107
) change in length
From strain, € = ——/——————
original length
extension = strain X original length

= 61.0x 107®x 600

0.0366 mm

Comment — The small value of the extension reflects the fact that
the rod is fairly short and is only stressed to about 1/20th of the
value required to break the rod. Also steel has a high E value
compared to many other materials.

2.7 Summary of key points from chapter 2

1. For structural calculations loads given in kilograms must be

converted into Newtons:
1kg = 9.81N

. A force can be represented by a vector whose length is pro-
portional to the magnitude of the force and whose direction is
parallel to the force.
. A force, P, inclined at 6° to the vertical can be resolved into
vertical and horizontal components:

vertical component = Pxcos0

horizontal component = P x sin 0
. Two or more forces acting at a point can be combined into the
resultant force by constructing a force polygon.

Basics
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Figure 2.16

Pin-jointed structure

10mm dia steel rod
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Figure 2.17
Beam and tie structure
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If a force, P, does not act through a point then it exerts a
moment about that point. The units of a moment are kKNm.

Moment = P x perpendicular distance to P

Stress, s = internal force per unit area (N/mm?)
c = PA

Strain, ¢ = change in length per unit length (dimensionless)
e = AL/L

Modulus of Elasticity, £ = Stress per unit strain (N/mm?)
E = stress/strain = o/e

A material with a high E value is stiff and hence deforms
relatively little under load.

2.8 Exercises

E2.1 Figure 2.15 shows some traction weights (loads in kg) being
applied to a patient’s leg.

a)
b)
©)
d)

Determine the forces in the cables in Newtons.

Find the total horizontal and vertical components of the force.
Determine the magnitude and direction of the resultant force.
If the cables are 1.5 mm diameter, what is the stress in the
cable supporting the 3.5 kg mass?

a) forces =19.6 N and 34.3 N

b)
c)
d

SFy=297N ¢, ZF,=368N T
resultant = 47.3 N, direction = 51.1° to horizontal
stress = 19.4 N/mm?

E2.2 For the structure shown in figure 2.16

a)

b)

Determine the vertical and horizontal components of the 20 kN
force at C.

Calculate the vertical the vertical and horizontal reactions at
the supports A and B.

Fey=10.00 kNY, Feyy = 17.32 kN—

Rauy=14.00 kNV, Ry = 17.32 kN<~ Rgp = 24.00 kN7,

RBH =0

E2.3 For the structure shown in figure 2.17 determine:

The support reactions at A and C.

The stress in the vertical rod.

The extension of the vertical steel rod in mm if the rod has a
modulus of elasticity, E, of 205 000 N/mm?.

R,=6kN, Rc =4 kN

stress = 51 N/mm?

extension = 0.75 mm
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3.1 Introduction

Some knowledge concerning the behaviour of materials is vital if
safe, reliable and long-lasting structures are to result. Materials fall
into three categories. Natural materials such as stone and timber
have been used for centuries as building materials, and their
properties are well understood by craftsmen for use in small-scale
building. However, because they are natural materials, they are of
variable quality and often contain significant defects. This means
that, for use in large-scale engineered structures, they need to be
carefully selected and subject to large material safety factors to
ensure safety. Manufactured materials such as steel and
aluminium alloy are produced under carefully controlled factory
conditions, with frequent testing and monitoring throughout the
manufacturing process. This obviously produces a more predict-
able and consistent material which is reflected in lower material
safety factors being required. Concrete lies somewhere between
these two — being manufactured from natural materials with little
intermediate processing. The third category is new materials, such
as fibre reinforced composites. These are highly manufactured
materials, but unlike steel, have not been in existence long enough
to be fully understood. Because of this ignorance they tend to be
used with fairly high material safety factors. As research into their
properties and use advances we would expect these factors to come
down.

We could also perhaps talk about a fourth category of old
materials. Materials such as cast iron and wrought iron are now no
longer used, but the designer may occasionally be faced with the
problem of assessing the strength of old structures containing
them. Stronger and cheaper alternatives have now been found for
both of these examples, and cast iron possesses the unfortunate
property of being brittle and hence unpredictable in tension.

This chapter briefly describes the commonly used materials.
We then go on to examine the various factors that must be
considered when selecting a material for the building of safe and
durable structures. This is firstly done by considering the proper-
ties of mild steel, which is one of the most commonly used mat-
erials. The performance of the other materials is then given for
comparison.

In certain cases data is provided which is referred to in later
chapters of the book as the need arises.

Materials
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3.2 Commonly used structural materials

The six materials that we will be considering in detail are steel,
concrete, timber, masonry, aluminium and fibre composites. This
covers the vast majority of materials used in modern structures.

3.2.1 Steel

The basic raw material for steel is iron‘ore which is first converted
to pig iron. This contains both iron and carbon. The percentage of
carbon is then reduced to produce steel. The quantity of carbon
remaining, and other factors such as the rate of cooling, influence
the properties of the finished steel very significantly, and so good
quality control is required to produce a consistent and reliable
steel for structural purposes. The commonest type is mild steel and
this is very widely used in structural frames. It combines the
qualities of being relatively strong, cheap, ductile (i.e. not brittle)
and easy to weld.

A stronger grade known as high yield steel is also produced,
and this is commonly used for reinforcing bars in concrete. High
yield steel can also be used in structural frames but it is less likely
to be available at local steel stockholders. Although it is stronger
than mild steel, as we shall see later, it has the same stiffness, and
consequently the deflection of structures may become more of a
problem.

Other elements can also be added to produce special purpose
steels. For example chromium is added to produce stainless steel;
however, this tends to be too expensive for general use in
structures. Very high strength steels are produced for the reinforc-
ing wires in pre-stressed concrete. The process of pre-stressing is
explained briefly in chapter 9.

Most steel structures use standard structural sections. Each
major industrial country produces a range of standard cross-
sectional shapes which are widely available for general use. Red-
hot billets of steel are passed through a series of rollers until the
shape is gradually transformed to the desired profile. These are
then cut to transportable lengths for distribution throughout the
country. Figure 3.1 shows the types of standard rolled section
available. Each profile is available in a range of standard sizes and
weights. The different weights are achieved by moving the rollers
further apart in the manufacturing process to produce thicker sec-
tions. Details of some of the available standard sections are
provided in the Appendix. Only a small percentage of those avail-
able are included.



As stated above, most reinforcing bars for concrete are made of
high yield steel but some mild steel bars are used. They can be
distinguished visually by the fact that mild steel bars are smooth
and high yield bars have an irregular surface pattern to improve
bond with the concrete. See figure 3.2. The standard available bar
diameters are shown in table 3.1 together with their cross-sectional
areas which will be used for worked examples later in this book.

Table 3.1
Diameters and areas of reinforcing bars

Bardia.(mm) 6 8 10 12 16 20 25 32 40
Cl/sarea (mm?) 28 50 79 113 201 314 491 804 1256

3.2.2 Concrete
Concrete has four principal constituents:

e cement

o fine aggregate (i.e. sand)

e coarse aggregate (i.e. chippings)
e water.

The commonest type of cement is known as ordinary portland
cement (OPC). Special cements are available (such as rapid-
hardening cement) and there is also an extensive range of admix-
tures to modify the properties of concrete. Examples are water-
proofing agents and plasticisers which improve the flow of the wet
concrete mix.

The proportions of the constituents are varied to produce a
workable mix of the required strength. This process is known as
mix design and is beyond the scope of this book. A general pur-
pose mix suitable for small foundations is obtained if the ratio by
weight of cement/fine aggregate/course aggregate is 1:2:4. For
more important structural work the strength of a mix is defined in
terms of the crushing strength of a sample cube at 28 days. Typical
crushing strengths vary from 30 N/mm? to 50 N/mm?. A concrete
mix with a crushing strength of, say, 40 N/mm? is referred to as
grade C40 concrete.

When water is added to cement a chemical reaction called
hydration takes place. The setting process should not be thought
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of as 'drying out', and in fact concrete can be placed quite
successfully below water. Normal concrete starts to set about 45
minutes after the water is added, and it should not be disturbed
after this initial set has begun. The concrete should then be
protected against evaporation and excesses of temperature until the
final set is complete after three to six days. This is known as
curing. The concrete continues to harden for many years although
the rate of increase declines rapidly after fourteen days. This is
shown in figure 3.3 for grade C30 concrete (i.e. concrete with a 28
day cube crushing strength of 30 N/mm?). It can be seen that the 7
day strength is roughly two-thirds of the 28 day strength.

Concrete is a brittle material whose tensile strength is only
about 10% of its compressive strength. For this reason it is usually
reinforced with steel bars. The exception to this is the case of mass
concrete structures. These are invariably bulky structures which
rely upon the weight of the concrete to prevent significant tensile
stresses arising. Figure 3.4 shows an example of a mass concrete
foundation together with its more slender reinforced concrete equi-
valent. Figure 3.5 shows the same comparison for a retaining wall.
Although mass concrete structures contain large volumes of con-
crete, they can still be economic because of the simplicity of con-
struction.

3.2.3 Timber

Timber or wood can be divided into two main types — hardwoods
and softwoods. Hardwoods originate from broad-leaved trees such
as oak, ask and mahogany, whereas softwoods orignate from
coniferous trees such as spruce, pine and Douglas fir. The terms
hardwood and softwood are loosely accurate, but can be mislead-
ing — balsa, as used by model aeroplane makers, is classed as a
hardwood but is in fact very soft. On the other hand pitch pine,
which is a softwood, is quite hard.

Softwoods tend to be quicker growing than hardwoods, and
consequently are cheaper to buy. Most structures are, for this
reason, manufactured in softwood. In the UK timber is currently
designed to comply with BS 5268:1996, and this is one of the few
standards which is still written in terms of permissible stresses
rather than the more modern limit state approach. However,
Eurocode 5 uses a limit state approach.

Any timber which is used for structural purposes should be
stress graded. Two methods of stress grading are available. It can
be carried out manually by specially trained inspectors. They
assess individual pieces of timber for the number and position of



such defects as knots and splits, and then, if suitable, each piece is
stamped with its appropriate grade. There are two manual grades
— GS (general structural) and SS (special structural). Knowing the
timber species and the stress grade it is then possible to place the
timber into a strength class, which determines the permissible
stresses to be used in structural design calculations.

The second stress grading method is by machine. Each piece of
timber is fed through a machine which measures the force
required to bend the timber. A relationship between the bending
stiffness and the appropriate stress class is then assumed, and the
piece stamped accordingly.

For softwoods the strength classes range from C14 to C30,
where the number refers to the ultimate bending stress in N/mm?.
For example, two of the most commonly used timbers -
whitewood and redwood — are both classed as shown in table 3.2.

Table 3.2
Strength classifications for
whitewood and redwood timber

Stress grade Strength class

GS Cl16
SS C24

Based on BS 5268:Part 2:1996

Figure 3.6 shows a piece of timber magnified to show its grain
structure. It can clearly be seen that the tubular cells produce a
highly anisotropic material (i.e. having different properties in
different directions). This explains why, unlike steel, timber is
subject to different permissible stresses depending upon whether
the direction of loading is parallel or perpendicular to the grain.

Table 3.3
Standard timber sizes

Thickness Width
(mm) (mm)

75 100 125 150 175 200 225

38 * * * * * * *
47 * * * * * * *
63 * * * *
75 * * * *

Based on BS EN 336: 1995
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Stress graded timber is available in a range of sizes, some of
which are indicated by an asterisk in table 3.3. The sizes are for
sawn timber, but if it is planed, to improve the surface finish, each
dimension must be reduced by approximately 5 mm.

3.2.4 Masonry

Structural masonry covers building with bricks, stone and concrete
blocks. Like concrete these are brittle materials which are weak in
tension, and hence their use is restricted to use in situations where
they largely remain in compression. An exception to this is when
large wall panels are subject to horizontal wind loads. This pro-
duces bending, and a small tensile stress is often assumed to be
carried by the masonry.

Bricks are usually made from clay shale which is ground up and
mixed with water. They are then shaped either by being cast in
moulds or by being extruded through a die (like toothpaste from a
tube) and then chopped into individual bricks. The bricks are then
fired in a kiln to make them hard and weatherproof. The moulded
bricks often have an indentation in one or more face called a frog.
Extruded bricks often contain holes and are known as perforated
(see figure 3.7). These are chiefly to aid the distribution of heat
during the firing process, but they also help to improve the bond
with the mortar. Most bricks are made to a standard size which is
shown in figure 3.8a although non-standard sizes can be made.
With a standard thickness of mortar bed of 10 mm this produces a
basic dimensional module of 225 mm X 75 mm as shown in figure
3.8b. The original clay considerably influences the strength and
appearance of the finished bricks. Facing bricks, as the name
suggests, are of good appearance but can have a very wide range
of strengths. They can be used for structural work but the designer
must ensure that the strength is adequate. Engineering bricks may
not look too good, but have a minimum guaranteed crushing
strength. It is important to distinguish between bricks and brick-
work. Bricks are the individual units whereas brickwork refers to
the complete product and includes the mortar. The crushing
strength of brickwork is significantly less than that of the individ-
ual bricks.

The mortar itself is available in different grades. It commonly
consists of a mixture of building sand and cement with the addition
of a small amount of plasticizer to make the mix more workable.
The proportions of cement to sand range from 1:3 to 1:8. The
lower sand ratios produce a stronger mortar, but the mortar should
never be stronger than the masonry units. A mortar which is too



strong can cause bricks to crack under the influence of settlement
or temperature movements.

Natural stone is a relatively expensive building material but is
often used for prestige buildings or to blend with older structures.
Again its appearance and strength are very variable, and it can be
used in many forms ranging from rough random cobbles to finely
sawn blocks. There are no standard sizes. The design procedures
for natural stone structures are similar to those for brickwork.

Concrete blocks are one of the cheapest building materials.
They are available solid or hollow (see figure 3.9). Special light-
weight aggregates are often used in their manufacture to improve
insulation properties. They are usually of poor appearance and
need to be covered with plaster for internal use and a cement
render for external use; however, good quality facing blocks, in
various colours, are available. The commonest size of block is
shown in figure 3.10 and, when combined with a 10 mm mortar
bed, this produces a basic dimensional module of 450 mm x 225
mm. Available thicknesses include 75 mm, 90 mm, 100 mm, 115
mm, 190 mm and 215 mm.

3.2.5 Aluminium

Aluminium's light weight, good strength and corrosion resistance
make it a viable alternative to steel in certain circumstances.
Bauxite, the ore from which aluminium is obtained, is very
common, but the extraction process is energy intensive which
makes the finished metal relatively expensive.

Pure aluminium is too soft and weak for use as a structural
material, but aluminium alloys containing about 5% of other
elements such as magnesium and silicon have much improved
properties. Many different alloys exist but the properties given in
this book refer to a particular alloy designated as 6082 (formerly
H30). This is a general purpose structural grade with good
strength, durability and machining properties. However, unlike
mild steel, the heat produced when welding causes a significant
reduction in strength (to about a half of its original value). This
only occurs locally to the weld, but it can add considerably to the
complexity of the design process. Other alloys such as 5083
(formerly N8) are less strong when unwelded but suffer much less
reduction in strength when welded.

Aluminium can be extruded into complex prismatic shapes, but
the available range of structural shapes is restricted to smaller sizes
than the steel sections.

Materials
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3.2.6 Fibre composites

One type of fibre composite is commonly referred to as glass-fibre.
Glass-fibre boats and car bodies have been commonplace for many
years, but until recently their design has been based on experience
and judgement rather than rational calculation. There is still no
official standard document to provide design guidance, but never-
theless, more designers are using fibre composites in real struc-
tures.

Fibre-reinforced polymer composites, to give them their full
title, are often referred to simply as composites. As the name
suggests, they are formed from two distinct materials in a similar
way to reinforced concrete. The fibre reinforcement is invariably
glass fibre for applications in building. Carbon fibres produce
about three or more times the stiffness and strength of glass,
however, they cost about thirty times as much. This limits their use
to high cost industries such as aerospace, formula 1 racing cars and
expensive tennis rackets! In glass reinforced polymers (GRP) the
glass fibres can be in the form of randomly oriented chopped
fibres, a woven mat or unidirectional fibres — which, as the name
suggests, means that most of the fibres lie in one direction. Uni-
directional fibres are the most efficient for structural purposes.

The other component of a composite is the resin polymer or
matrix. Three types are available — polyester, vinylester and
epoxy. Polyester is the most widely used because it is cheaper than
the other two, but they have better resistance to heat and chemic-
als.

Many techniques are available for manufacturing composites
which range from early labour-intensive methods, or hand lay-
ups, to modern processes such as pultrusion. This is a process
whereby the fibres, in mat and unidirectional form, are pulled
firstly through a bath of resin and then through a heated die which
causes the resin to cure or harden. In this way long lengths of
structural section can be economically produced (see figure 3.11).
A range of standard structural sections is produced but, like
aluminium, they are at the small end of the range compared to
steel sections. The properties of fibre composites given in the rest
of this chapter refer to pultruded sections with glass reinforcement
and polyester resin.

Techniques are also now available for 'knitting' the fibres into
complex shapes for the production, in moulds, of three-dimen-
sional components.



3.3 Properties of structural materials

3.3.1 Strength and stiffness

Strength and stiffness are probably the most important of all
properties when considering whether a material is suitable for use
in structures. The strength of a material obviously dominates the
determination of the collapse load of a structure. Stiffness is vital
to ensure that structures do not deflect too much under load:
however, as we shall see later, it also affects collapse as it controls
the buckling load of compression members.

The two properties are considered together because they can be
investigated in the same simple test. Suppose we wished to in-
vestigate the strength and stiffness of mild steel — one of the
commonest structural materials. The first step is to prepare a test
specimen or coupon. A typical specimen is shown in figure 3.12.
It is shaped in this way so that it will fail in the centre portion —
well away from the ends which are gripped in the test machine.
The specimen is then placed in a tensile testing machine which
will pull it until it snaps. The load is applied in small increments
and the extension over the gauge length is measured at each
increment. (Modern test machines are equipped to provide a con-
tinuous readout of load and extension.)

We could now draw a graph of load versus extension for the
entire test. However, this would only gives us information about
the particular specimen that we have tested. If we want it to
provide information about the fundamental properties of the
material it is preferable to change the axes of the graph:

Instead of load plot stress:
load

area

(from chapter 2) stress =

Instead of extension plot strain:

extension

(from chapter 2) strain =

original length

This produces the graph shown in figure 3.13. This plot contains
some key characteristics:

e In the early stages of the test it can be seen that the plot rises
steeply in a straight line. This is the linear elastic range.
Linear simply means that stress is directly proportional to
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strain. Elastic means that the extension is reversible — i.e. if
the load was removed at this stage the specimen would return
to its original length. The energy put into the steel specimen
by the testing machine is stored in the specimen like in the
spring of a clock.

o The tangent of the slope of the initial straight portion of the plot:

stress

tan@ = -
strain

We saw in chapter 2 that this is the modulus of elasticity, E,
of the material, which is of course the measure of the stiffness
of the material. So the steeper the slope of the line, the stiffer
the material, and the hence the more resistance to deform-
ation.

Beyond a certain load the sample starts to stretch significantly
under more or less constant load. This is the plastic range. If
the load was now removed the specimen would not return to
its original length. The specimen would feel warm if touched.
This indicates that the extra energy put into the specimen has
been lost in friction as the steel crystals have been dragged
over each other.

The kink in the curve between the elastic and plastic regions
(point Y) is the yield point. The stress in the specimen at this
point is the yield stress, oy. Mild steel has a very distinct yield
point but, as we shall see later, many materials have an in-
distinct elastic—plastic transition zone.

Beyond the flat plastic region the load starts to increase again.
The sample is now strain hardening. This simply means that
as a result of high strains the sample is getting stronger. If the
load was removed from the specimen at this stage (point X)
the plot would follow a straight line back to zero load (point
Z). If the load was now reapplied it would retrace the line
back to point X before yielding again. Strain hardening is a
factory technique used to increase the yield strength of steels.

Eventually the specimen reaches its ultimate load and then
snaps. The failed sample would look like figure 3.14. The
narrowing of the specimen just before failure is known as
necking. The stress (based on the original cross-sectional area



of the specimen) is the ultimate tensile stress, but this is less
important than the yield stress for structural design. This is
because, by the time the ultimate tensile stress is reached, the
structure has already suffered unacceptable permanent de-
formation.

e Two other points are worth defining at this stage. The elastic
limit is the point beyond which strains are not completely
reversible. The limit of proportionality is the point at the end
of the straight-line portion of the plot. With mild steel these
points effectively coincide with the yield point but this is not
the case with all materials.

In general, structures must be designed so that, throughout their
normal working life, stresses are always below the yield stress. To
go beyond this point would imply that the structure would suffer
large and permanent deformations. The plastic zone is, however, a
very useful and comforting property of the material. It means that
the material is ductile and not brittle like cast iron. Structures
made from ductile materials can often avoid catastrophic collapse
by deforming in such a way that loads are distributed to other
supporting members. Energy is absorbed by plastic deformation.
With brittle materials, on the other hand, energy is released
suddenly producing violent explosive failures. Consider the
difference between the failure of an aluminium drink can and a
glass bottle! The permanent strain at failure is the elongation.
From the above it can be seen how important stress-strain
characteristics are in assessing the suitability of a material. They
give us information about the strength, the stiffness and the plastic
properties of the material. Figure 3.15 shows how a range of
materials compare. Note that the strain has been cut off at 3% so
that the elastic regions can be seen more clearly. Remember that
materials such as mild steel can strain up to 25% before failure.
We can make some interesting observations:

e Note how the higher grades of steel have much superior
strengths, yet the elastic modulus remains the same. This
means that excessive deflection of structures may be more of a
problem when using the higher grades. Also note the lack of
ductility with the very high strength pre-stressing steel.

e  Where a material does not have a distinct yield point, such as
aluminium alloy or cold worked high yield steel, it is
necessary to define a proof stress for use in strength calcula-
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tions. This is the stress which occurs at a given permanent
strain — say 0.2%. Figure 3.16 shows how this is obtained by
drawing a line parallel to the linear elastic portion of the
curve.

e Concrete and masonry are normally restricted to use as com-
pressive materials and the curves shown are based on com-
pression tests. Concrete is tested by crushing cubes as shown
in figure 3.17. The normal size is either 100 mm or 150 mm.
The tensile strength of concrete is about 10% of its com-
pressive strength and is usually ignored in structural calcula-
tions.

e The curve for fibre composite indicates a brittle material with
no plasticity. In fact the curve for plate glass would be very
similar. This is rather misleading, however, as plate glass is an
homogeneous material which would shatter as a crack
instantly propagated across it. With composites, on the other
hand, the fact that the glass is in the form of individual fibres
means that damage is localised.

From the above stress/strain curves it is possible to extract the data
shown in table 3.4 for use in design calculations.



Table 3.4
Strength and stiffness properties of
commonly used structural materials

Material  Yield stress Ultimate  Permissible Modulus
or 0.2% stress stress of
proof stress elasticity
(N/mm?) (N/mm?)  (N/mm?) (N/mm?)
Mild steel 275 - - 205 000
High yield
steel 460 - - 200 000
Pre-stressing
wire - 1570 - 200 000
Concrete - 25-60 - 28 000
Timber:
softwood - 16 7.5 7 000
hardwood - 30 14 12 000
Engineering
brickwork - 15 - 20 000
Aluminium
alloy 255 - . 70 000
Glass fibre
composite - 250 - 20 000
Example 3.1

A specimen of aluminium alloy has a gauge length of 50 mm and a
cross-section which measures 20 mm X 5 mm. It gave the follow-
ing results when subjected to a tensile test. Plot the stress/strain
curve for the first 1.2% of strain and determine:

a. The 0.2% proof stress for the material.
b. The modulus of elasticity, E.

c. The ultimate tensile stress.

d. The percentage elongation at failure.

Materials
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The solution to example 3.1

Load (kN) Extension (mm)

4 0.028
8 0.057
12 0.083
16 0.115
20 0.160
24 0.221
28 0.332
29 0.395
29.5 0.652
30.9 (max.) 7.25 (at failure)

Solution

The first stage is to convert the loads into stresses and the
extensions into strains:

load load
Stress = — =
area 20%x 5
extension X 100%
% Strain =

gauge length

extension X 100%
50

The final extension of 7.25 mm is way beyond the 1.2% strain
limit and so is ignored at this stage.

Load (kN)  Stress (N'mm?) % Strain
4 40 0.056

8 80 0.114
12 120 0.166
16 160 0.230
20 200 0.320
24 240 0.442
28 280 0.662
29 290 0.790
29.5 295 1.304

This produces the curve shown in figure 3.18.

a. Answer  From the curve 0.2% proof stress = 270 N/mm?




Modulus of elasticity, E, is given by the tangent of the slope of the
straight portion of the curve.

b. Answer

270
Modulus of elasticity, E = ——— = 2
odulus of elasticity, 0.0035 69 200 N/mm

Finally from the values at failure:

c. Answer
Ultimate st 1000309 309 N/mm?
imate stress, o, = W = mm

d. Answer

7.25
% Elongation at failure 50 x100% = 14.5%

3.3.2 Durability

Clearly when selecting a structural material it is important that it
remains intact and fully functional for a reasonable lifetime.

Durability is closely related to the environment and climate in
which the material is expected to perform. Thus unfired mud
bricks may be adequate for small structures in very hot and dry
climates. They would, however, be useless in cold wet climates,
where they would disintegrate quickly with the action of rain and
frost.

Factors which can affect durability are:

Temperature

Humidity

Rainfall

Degree of exposure

Polluted industrial atmospheres

Salty coastal atmospheres

Abrasion from wind-borne sand

Electrolytic contact with disimilar materials.

Where any of these are known to be a particular problem, special

care should be taken in the selection and protection of materials.
Many materials, such as steel and timber, require special treat-

ment to increase their resistance to decay. The following brief
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notes describe how durability problems can be avoided for each of
the common materials.

Steel structures need protection from rust, which forms on the
surface of the metal in the presence of oxygen and moisture. Rust-
ing is a progressive process which can completely reduce sound
metal to a heap of rust particles (as owners of old cars will know).
Most of the methods available to protect steel involve applying a
protective coating. This can take the form of galvanising and/or a
properly designed paint system. Galvanising is a process whereby
a zinc coating is added. Paint systems must include compatible
primer, undercoats and finishing coats. In both cases the surface of
the steel must be adequately prepared to accept the coating. This
can be a particular problem with rolled steel sections, as the
surface is covered with loose steel flakes or millscale. This is best
removed by shotblasting before the primer is applied. Paint
requires routine maintenance to keep it effective, and the cost of
this should be taken into account when choosing steel for use in
exposed situations.

Concrete structures can be very durable and require no
maintenance, but problems can arise. In reinforced concrete the
concrete provides protection to the steel reinforcement, but this
depends on good quality concrete and adequate cover. Cover is
defined as the minimum distance from the surface of a reinforcing
bar to the face of the concrete (see figure 3.19). Table 3.5 gives the
recommended minimum cover for different degrees of exposure. If
the steel reinforcement does start to corrode it increases in volume,
which can cause the surface of the concrete to spall away, thus
exposing the reinforcement even more.

Concrete is also susceptible to chemical attack. Excess sulph-
ates in groundwater can attack concrete in foundations. A sample
of groundwater should always be analysed as part of the initial site
investigation and, if it is a problem, special sulphate-resisting
cement can be specified. Concrete has also been found to deterior-
ate as a result of using certain aggregates and additives. Even road
salt added to highways to prevent icing has caused problems with
concrete bridges.

Aluminium alloys particularly deteriorate in the salty atmos-
pheres of coastal regions where the surface can become pitted and
covered with a white furry deposit. To overcome this they can be
painted like steel, or alternatively a very good quality finish can be
obtained by anodizing. This is an electrolytic process which
produces an inert coating on the surface of the alloy. This provides
adequate protection even for yacht masts.

Aluminium alloys can also corrode if brought into direct con-



Table 3.5
Durability cover to concrete reinforcement (mm)

Degree of exposure Concrete grade
C30 C35 C40 C45 Cs0

Mild 25 20 20 20 20
Moderate - 35 30 25 20
Severe - - 40 30 25
Very severe - - 50 40 30
Extreme - - - 60 50

Based on BS 8110:Part 1: 1997

tact with dissimilar metals. Insulating plastic washers must be used
to prevent this electrolytic corrosion taking place (see figure 3.20).

Timber is subject to decay from both fungal attack and wood-
boring insects. Wet rot is a fungal attack which occurs when the
wood is actually wet, whereas the more sinister dry rot occurs
when the moisture content is above 20%. Dry rot is particularly
troublesome because it can spread rapidly, even through brick-
work, by releasing long tendrils. It particularly thrives in damp,
dark and unventilated spaces.

The principal insects which cause damage are wood worm and
death watch beetle. Given time, all of these infestations can reduce
the strength of timber to zero.

Timber can be protected from attack by impregnating it with
preservative — preferably under pressure. In addition the traditional
method of protecting external timber is by coating with paint or
varnish. However, the natural tendency of timber to shrink and
swell with the seasons means that the coating is prone to split and
flake. Also moisture can be trapped beneath the paint skin. Modern
coatings are now available which are both elastic and micro-
porous. Micro-porous coatings provide a barrier to water particles
but allow water vapour to evaporate from the timber.

Brick and stone are generally highly durable materials as
evidenced by the large number of ancient buildings which still sur-
vive. There is, however, considerable variation between different
types of masonry. As usual, the main enemy of durability is water.
Some types of brick and stone are particularly susceptible to frost
damage. Repeated wetting and freezing can cause cracks to form
and the surface of walls to flake away. Damage can also be caused
by acid rain, which occurs when sulphur dioxide, from the burn-
ing of fossil fuels, reacts with water to form sulphuric acid.
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Figure 3.21
A paperclip undergoing a fatigue test
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Figure 3.22
Fatigue failure curves for mild steel

Special masonry paints are available to provide protection, but
their periodic replacement adds to maintenance costs. Sealants can
be sprayed onto the surface of masonry to prevent water penetra-
tion, but the natural passage of water vapour out of the building
can be impaired. The best solution is to leave masonry untreated
unless a particular problem arises.

Fibre composites are highly durable and require no main-
tenance. For this reason they are used in hostile chemical and
atmospheric environments. Vinylester and epoxy resins are the
most resistant.

3.3.3 Fatigue

Consider the paperclip shown in figure 3.21. If it is bent beyond its
yield point and then back again, only once, it will not suffer any
reduction in strength. (In fact the material may have increased in
strength owing to strain hardening.) If, however, this is repeated
several times it will break. This is a fatigue failure and is caused
by fluctuations in stress. If the paperclip had been bent gently so
that it stayed within its elastic range it could still suffer a fatigue
failure, but the number of cycles required would be very much
greater — say a million! Fatigue failure is caused by small cracks
which gradually propagate through the material with each stress
cycle.

Fatigue is therefore a problem in structural members which are
subject to variations in stress, and this applies to all structures
subject to varying loads. For normal structural members in build-
ings, however, the variation in stress and the number of cycles are
not great enough to cause a problem. Consequently it is rare to
have to check such structures for fatigue.

It is a problem in vehicles which are subject to vibration and
dynamic loads, and has been responsible for the failure of chassis
members and aircraft wings. It can often explain why engine
components eventually break in old cars. Special consideration
must be given to fatigue in the following types of structure:

¢ Cranes and hoists
e Lightweight structures subject to flutter or oscillations in wind
e Bracing members subject to frequent stress reversals.

Figure 3.22 shows the relationship between stress fluctuation ()
and the log of the number of cycles (N) to cause failure for two
mild steel members. One is a simple member with smooth curves
and carefully ground flush connections. The other is a member



with sudden changes in cross-section, holes and crudely welded
attachments. It can be seen that the latter member deteriorates
much more rapidly from fatigue. This is because the abrupt
changes in cross-section produce local stress concentrations — i.e.
points of high stress which act as triggers for the propagation of
fatigue cracks. Corrosion can cause pitting of the surface of metals
which also induces early fatigue failure. Note that the levelling-off
of the S—N curves indicates that provided stress amplitudes are
kept below a certain fatigue limit then an infinite life can be
expected. This is not the case with all materials, and figure 3.23
shows the S—-N curves for aluminium alloys and glass-fibre
composites, in which it can be seen that the fatigue strength
continues to reduce indefinitely.

Most materials suffer from fatigue and this eventually leads to a
stress limit of around 20-70% of the static ultimate stress. The
usual way of dealing with fatigue is to reduce the stress range in
the material by increasing the size of structural members, and also
to avoid unnecessary local stress concentrations.

3.3.4 Brittle fracture

Under certain conditions normally ductile mild steel and some
plastics can become brittle. The three conditions which are most
influential are impact loading, low temperatures and relatively
thick material. Ships have been known to break in two as a result
of brittle fracture in Arctic storm conditions.

If structures are thought to be at risk from brittle fracture,
special consideration must be given to the selection of the
material. For example, special grades of steel are available which
retain their ductility at lower temperatures. Brittle fracture is not a
problem with the other structural materials.

3.3.5 Creep

When a load is applied to a structural member it causes an
immediate strain which produces deformation. If the load is left in
place it continues to deform slowly with time. This time-dependent
strain is known as creep, and materials which exhibit it are visco-
elastic. The roofs of old buildings sometimes sag because of creep
deformation of the roof timbers. Some materials, such as bitumen,
are capable of enormous creep strains under small stresses. These
highly visco-elastic materials are not generally suitable for use in
structural members.

Fluctuating stress (s) (N/mm?)

300

200
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Fatigue failure curves for aluminium alloy
and glass-fibre composite
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A creep curve for concrete
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Stress relaxation of steel due to creep at

constant strain

In concrete the amount of creep strain is proportional to stress.
Figure 3.24 shows the expected amount of creep strain with time
for each N/mm? of stress.

Steel is not generally affected by creep at room temperature but
it becomes significant at higher temperatures, and so it is particu-
larly a problem in pressure vessels or other production plant which
gets hot. A creep phenomenon which is significant at room temp-
erature is relaxation. If steel is held at a high stress under constant
strain (i.e. the length is fixed) the stress will reduce with time.
Figure 3.25 shows a typical relaxation curve for pre-stressing steel.
The combination of concrete creep and steel relaxation means that
some of the stressing force in pre-stressed concrete cables is lost.
This must be allowed for in calculations.

Timber creeps very little at stress levels below 70% of ultim-
ate, but above this figure it increases rapidly. However, with
properly designed structures the stresses should be well below this
level.

For glass-fibre composites, at normal stress levels, creep can
be expected to add about 25% to the immediate elastic strains.

Bricks are not affected by creep; however, dry bricks, straight
from the kiln, are subject to swelling when exposed to a damp
atmosphere.

Beams are often constructed with a slight upward camber to
allow for the fact that in the long term creep may cause some
downward deflection.

3.3.6 Fire resistance

If materials are to be suitable for use in building structures they
must satisfy certain requirements when subjected to fire. The ideal
material would:

¢ Be incombustible and hence not spread flames
e Not produce smoke or fumes
e Retain its strength as it gets hot.

Surprisingly combustibility, or the ability to burn, is not necessari-
ly regarded as the principal problem. More important is the ability
to retain structural strength for a period of time in order to allow
people to escape. For this reason structural members are required
to resist fire for a specified period depending on the use of the
building. This period ranges from half an hour for small low rise
buildings to four hours for the basements of large multi-storey
buildings. The provision of adequate means of escape and the divi-



sion of buildings into fireproof compartments are also very im-
portant factors but beyond the scope of this book.

In a typical fire the temperature can rise to 1200°C and be at
800°C within just half an hour. Most materials suffer a reduction in
both strength and stiffness as temperature rises. Figure 3.26 shows
the effect of temperature on the original strength of structural
materials. It can be seen that all our structural materials will be
effectively destroyed. The key question is how long will this take?

Metals suffer from the disadvantage that they are good thermal
conductors, and so the heat spreads throughout the structural mem-
bers very quickly. For this reason all metal structural members
which support floors and walls must be protected by special fire-
proof cladding. This can add considerably to the cost of steel-
framed buildings.

Concrete and masonry transmit heat roughly forty times more
slowly than metals. Also because of their relative lack of strength,
compared to metals, the structural members are more bulky. This
means that these materials perform well in fires. Any steel rein-
forcement must be protected by adequate concrete cover, and
national standards specify minimum values for different types of
structural member. Concrete made with aggregates which contain
silica can suffer from explosive spalling of the exposed concrete
surface, but this process should be slow enough to allow escape.

Timber is the only truly combustible material in our list,
however, it transmits heat even more slowly than concrete. This
means that although the outside of a structural member may be
charred, the inside still retains its strength. Timber typically chars
at the rate of about 0.6 mm/minute. We can therefore provide a
half-hour fire resistance by simply adding 20 mm to each face of
structural members. Special paints are available to reduce the
spread of flame over the surface of timber.

Fibre composites can be manufactured. with special heat-
resisting resins to improve their performance in fire. Care needs to
be taken to select resins which will not give off toxic fumes. No
firm guidelines yet exist for the protection of structural members
made from fibre composites, and until they do it is prudent to treat
them in the same way as steel members.

3.3.7 Weight

As we shall see in the next chapter, the weight of a building is
usually greater than its contents. This means that structural
members can be made significantly smaller and cheaper if the
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structure itself is made lighter. On the other hand weight can often
be useful when resisting wind loads. The unit weights of structural
materials are given in fable 4.1. It is interesting to compare the
strength of the different materials per unit weight — known as
specific strength. Figure 3.27 shows the relative specific
strengths. With many structures the design is limited by excessive
deflections rather than strength. In this case the stiffness per unit
weight, i.e. specific modulus, is important and this is compared in
figure 3.28.
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Steel Concrete Timber Aluminium Masonry Fibre
' composite
Figure 3.27

Design strength per unit weight for
structural materials

Relative
specific modulus

Steel Concrete Timber Aluminium Masonry Fibre
composite

Figure 3.28
Modulus of elasticity per unit weight for
structural materials

3.3.8 Cost

Apart from a few prestigious status symbols, structures are design-
ed so that they will perform their function as cheaply as possible.
Relative cost comparisons between materials are complex and
constantly changing as a result of technological developments and
changes in world markets. A crude measure of structural economy



can be obtained by comparing structural strength per unit cost (see
figure 3.29). These comparisons are obtained by dividing the
typical design strength of each material by the cost of a unit vol-
ume of that material. Labour costs are ignored and no account is
taken of the fact that some materials can be made into more
efficient shapes, or that some materials may require fire protection
etc. It should also be remembered that concrete and masonry can
only be used in compression. All of the materials considered here
are economically viable under certain circumstances.
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Relative cost of structural materials per
unit of stress carried

3.3.9 Environmental factors

There is a growing awareness of the importance of environmental
issues in construction. Firstly the designer should ensure that the
workers involved in the actual construction are not put at risk by
handling hazardous materials. As an example, asbestos was
formerly used extensively in roof sheeting and fireproofing
materials, however, it has now been established that inhalation of
asbestos dust can cause cancer. Problems have arisen from the
fumes given off when welding certain materials in unventilated
spaces. Fumes emitted by a particular timber preservative have
caused illness in both workers and subsequent building users. In all
cases care must be taken to comply with current health and safety
requirements.

Designers may also wish to take account of wider environ-
mental concerns when selecting materials. In order to protect the
rain-forests, the use of tropical hardwoods should be restricted to
those obtained from properly managed schemes where timber is
replaced. The long-term re-use of materials after demolition of
structures may also be taken into account. Steel is easily recycled
and concrete and masonry can be used as hardcore. Fibre
composites may present a problem here as they are not bio-
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degradable, however, they are not yet used widely enough to
present a problem.

Only timber can be regarded as a renewable resource, and the
manufacture of all the other structural materials uses up limited
natural resources and energy. The cost of purchasing a material
can, however, be a good crude measure of its environmental
importance; i.e. if it is cheap, then its raw materials are probably
available in abundance and its manufacture does not consume a
great deal of energy. Unfortunately this is not foolproof, and wider
environmental factors may not be reflected in the purchase price.

3.4 Materials and limit state design

3.4.1 Characteristic strength

Table 3.4 gave typical values of stress for different structural
materials. Clearly they are based on strength tests carried out on,
not one, but many specimens. No two tests would give exactly the
same result, so how is a single strength value arrived at? An
obvious answer would be to take the mean or average test value.
This would not, however, be satisfactory as, to ensure adequate
safety, we really need to concern ourselves more with the weaker
specimens. Limit state codes define the characteristic strength of
a particular grade of material as:

'The strength, below which, not more than 5% (or one in
twenty) samples will fail.'

Experience has shown that, in general, the strength of a large
number of samples of the same structural material will be distribu-
ted about the mean value in the form of a normal distribution. If
we plot strength against the frequency of a particular strength
occurring we get the familiar bell-shaped curve shown in figure
3.30. This indicates that most sample strengths are close to the
mean value, but a few are significantly stronger and a few are
significantly weaker. Consistent materials produce a bell with a
narrow base whereas unreliable materials have a large spread. In
statistical terms the amount of variation from the mean can be
measured in terms of the standard deviation.

Standard deviation = V[Z(x —x,)%(n—1)]



Where x = individual result
Xm = mean of results
n = number of results

It can be shown from the mathematics of the normal distribution
curve that:

Characteristic strength = mean value — 1.64 X standard deviation

Using the above formula should ensure that not more than 5% of
specimens will fall below the characteristic strength.

3.4.2 Partial safety factor for strength, v,

In critical state design, the characteristic strength of the various
structural materials must be divided by a safety factor before it can
be used in design calculations. This is known as a partial safety
factor because other safety factors are applied to the loads on the
structure. The size of the load factor depends upon the consistency,
reliability and state of knowledge concerning the material. Table
3.6 indicates typical values of safety factor:

Characteristic strength
Ym

Design strength =

Table 3.6
Partial safety factors for material strength, v,,

Material Safety factor vy, Source
Structural steelwork 1.0 BS 5950
Steel reinforcement 1.15 BS 8110
Concrete 1.5 BS 8110
Timber 1.3 Eurocode 5
Masonry 2.5-3.5" BS 5628
Aluminium 1.2 BS 8118
Fibre composite 1.7 author

i Modified to take account of the duration of the load.

-

Depending upon the degree of quality control.

Example 3.2

Ten concrete cubes were prepared and tested by crushing in
compression at 28 days. The following crushing strengths in
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N/mm? were obtained:

445 473 421 39.6 473 46.7 43.8 49.7 452 42.7

Determine:
a. the mean strength
b. the standard deviation
c. the characteristic strength
d. the design strength.
Solution
result (x)  (x — xp) (x = xm)?
44.5 -0.4 0.2
473 2.4 5.8
42.1 -2.8 7.8
39.6 =53 28.1
47.3 2.4 5.8
46.7 1.8 3.2
43.8 -1.1 1.2
49.7 4.8 23.0
45.2 0.3 0.1
2.7 -2.2 4.8
448.9 80.0
a. Answer
448.9
Mean strength x,, = o 44.9 N/mm?
b. Answer
Standard deviation = V[(x—x)¥(n—1)] = V(80/9)
= 2.98 N/mm?
c. Answer
Characteristic strength =  44.9 — (1.64 x 2.98)
= 40.0 N/mm?
d. Answer
. 40.0 40.0
Design strength = —Y; = Ts
= 26.7 N'mm?

* value obtained from table 3.6
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Comment — In practice the calculation of a reliable standard
deviation should be based on many more test results — say about a
hundred. A computer or calculator with statistical functions then
becomes indispensable.

3.5 Summary of key points from chapter 3

1. The principal structural materials are steel, concrete, timber,
masonry (bricks and blocks), aluminium and more recently
fibre-reinforced polymer composites.

2. Structural steelwork is largely fabricated from standard struct-
ural sections made from mild steel, whereas the bulk of steel
used for concrete reinforcement is high yield steel.

3. Concrete is made from cement, fine aggregate (sand) coarse
aggregate (gravel) and water. It is weak in tension and so is
usually reinforced with steel bars.

4. The most important properties of structural materials are
strength and stiffness. These are determined by testing speci-
mens of the material in a testing machine and producing
stress/strain curves.

5. The curve for mild steel is typified by a linear elastic region
(slope = elastic modulus, F) and, following the yield point, a
plastic region where the strains are large and non-reversible.

6. Durability is also an important property and steel and timber
usually require special protection. With reinforced concrete
structures, the steel reinforcement must be protected by an
adequate thickness of concrete known as cover.

7. Structural steelwork often requires special protection from fire.

8. In limit state design the characteristic strength is defined as
that strength, below which, not more than 5% of tested
samples will fail. For a series of test specimens:

Characteristic strength = mean value — 1.64 x standard
deviation

9. The characteristic strength must then be divided by a partial
safety factor for material strength, y,,, before it becomes a
design strength for use in structural calculations.
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3.6 Exercises

E3.1 Select suitable structural materials for the following applic-
ations. Justify your decision by referring to the properties that
make your choice suitable.

a) An underground water-storage reservoir.

b) A short-span foot-bridge in a corrosive chemical plant.

c) A portable grandstand structure for one-off sporting events.

E3.2 A tensile stress/strain test is carried out on a sample of mild
steel:

a) What are the two most important structural parameters that
can be obtained from the test?

b) What is meant by the ‘gauge length’ of a specimen?

c) Why is a certain amount of plastic behaviour a good thing for a
structural material?

d) Why is the ultimate stress of less interest to designers than the
yield stress?

e) What three points effectively coincide in the stress/strain curve
for mild steel?

E3.3 A circular mild steel specimen was subjected to a tensile
test. The results for the early part of the test are shown below. Plot
the stress/strain curve and determine:

a) The yield stress, o,

b) The modulus of elasticity, E.

diameter of specimen = 5.0 mm
gauge length 40 mm

1

Load (kN)  Length (mm)

0.00 40.00
1.00 40.01
2.00 40.02
3.00 40.03
4.00 40.04
5.00 40.05
5.32 4.006
5.38 40.07
5.34 40.08

a) yield stress, 6, = 273 N/mm2
b) modulus of elasticity, E = 204 000 N/mm?



E3.4 Six samples of steel reinforcing bar were tested and gave the
following yield stresses in N/mm®. Determine the design strength
to be used in reinforced concrete calculations.

455 467 449 452 471 462

design strength = 387 N/mm’*
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4.1 Introduction

We have already defined the purpose of a structure as being to
transmit loads from one place to another. This chapter examines
the various types of load that can act on a structure, and then goes
on to explain how the loads carried by individual structural
members are calculated. this vital stage in the design process can
be quite tricky — particularly if it is necessary to analyse an old
existing structure.

There are three principal types of load that must be considered:
e Dead loads
¢ Imposed loads
¢ Wind loads.

It is also sometimes necessary to take account of loads which
do not fit neatly into the above categories, such as those from
liquids and soil pressures.

In addition to above primary loads, structures can be subjected
to secondary loads from temperature changes, shrinkage of
members and settlement of supports. However, for the simple
structures discussed in this book these are rarely a problem, and
hence will be ignored.

Eurocodes use a different terminology with respect to loads.
They refer to loads as actions. Dead loads are permanent actions
and imposed loads are variable actions. A category of accidental
actions is also introduced, which covers such things as gas
explosions and impact from vehicles. Specific values given for
loads in Eurocodes vary somewhat from the values provided in
this book which are based on British Standards; however, the
underlying principles are similar.

4.2 Dead loads

Dead loads, as the name suggests, are those loads on a structure
which are permanent and stationary. The actual self-weight of the
structural members themselves normally provides the biggest
contribution to dead load. Permanent non-structural elements such
as tiled floor finishes, suspended ceilings, service pipes and light
fittings must also be included if significant. obviously, the dead
load arising from structural members depends upon the density of
materials used. Rather than express densities in terms of kg/ma,
table 4.1 gives unit weights in terms of kN/m®. This means that
we do not need to worry about converting mass to force. Items of
permanent plant such as lift machinery and air conditioning
equipment are also considered to be dead loads; however, most
machinery and computers are assumed to be movable and hence
not dead load.

Loads
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Table 4.1
Unit weights of various building materials (kN/m®)

Aluminium 24
Bricks 2"
Concrete 24
Concrete blocks (lightweight) 12:
Concrete blocks (dense) 22
Glass-fibre composite 18
Steel 70
Timber 6"

*
Subject to considerable variation.

It is necessary to calculate the dead loads of structural members
using the above unit weights. As we shall see later, when we come
to evaluate bending moments in beams, it is often more convenient
to express the dead load as a weight per unit length. This is simply
the weight of a one metre length of member. We therefore simply
calculate the volume of a piece of member one metre long and
multiply it by the material unit weight. The volume of such a piece
will of course be equal to the cross-sectional area of the member in
square metres (multiplied by the length in metres which is one).

To get the total dead weight of the member we can of course
simply multiply the weight per unit length by the length of the
member in metres. It is vital that the correct units are used for dead

7 weight — kN/m indicates a weight per unit length and kN indicates
Too a total weight. This is illustrated in the following example.

600 Example 4.1

100—__|

-E a. Calculate the weight of the beam per unit length in kN/m.

20
L\‘ b. Calculate the total weight of the beam.
250 Solution

Figure 4.1 shows a precast concrete beam which is 10.5 m long.

Figure 4.1
A precast concrete beam a.
Cross-sectional area of beam = (0.6 X 0.25) — (0.4 X 0.15)
= 0.09m?
From table 4.1
Unit weight of concrete = 24 kN/m’




Loads

Answer

Weight per unit length = 0.09x24 = 2.16 kN/m
b. Answer

Total weight of beam = 2.16x10.5 = 22.68 kN

In addition to the above it is usually more convenient for the
weights of certain sheet materials to be quoted in terms of kN/m?
and these are provided in table 4.2.

Table 4.2
Unit weights of various sheet materials (kN/m?)

Acoustic ceiling tiles 0.1
Asphalt (19 mm) 0.45
Aluminium roof sheeting 0.04
Glass (single glazing) 0.1
Plaster (per face of wall) 0.3
Plasterboard and skim 0.15
Rafters, battens and felt 0.14
Sand/cement screed (25 mm) 0.6
Slates 0.6
Steel roof sheeting 0.15
Timber floorboards 0.15
Vinyl tiles 0.05

The dead load of a floor or a roof is generally evaluated for one
square metre of floor or roof area. This is illustrated in the follow-
ing example.

Example 4.2

The floor in a multi-storey office building consists of the follow-
ing:

Vinyl tiles

40 mm sand/cement screed

125 mm reinforced concrete slab
Acoustic tile suspended ceiling

Determine the dead load in kN/m?.
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Solution

A cross-section through the floor is shown in figure 4.2.

table 4.2 vinyl tiles = 0.05
table 4.2 screed = 0.6 x40/25 = 0.96
table 4.1 concreteslab = 0.125x24 = 3.00
table 4.2 acoustic tiles = 0.10
Answer dead load/m?> = 4.11 kN/m?
Vinyl tiles
40 Sand/cement screed
Reinforced concrete
125 slab
r }~—— Suspended ceiling
Figure 4.2

Floor construction in an office building

This beam supports load

from wall above The dead load of a wall acting on a beam is generally given in

terms of the load per metre-run along the beam. In other words,
what is the weight acting on each metre length of beam?

13m L/Double glazing

Cavity wall
1.2m

Example 4.3

IAMMAVM VAWM WAWY =

Figure 4.3a shows the outer wall of a multi-storey building which
is supported on a beam at each floor level. The walls consist of a
1.2 m height of cavity wall supporting 1.3 m high double glazing.
The cavity wall construction is 102.5 mm of brickwork, a 75 mm
cavity and 100 mm of plastered lightweight concrete blockwork.
Determine the dead load on one beam in kN/m of beam.

This wall supported
on beam at floor below

Figure 4.3a
Cross-section through the wall of a
multi- storey building




Solution

Each metre length of beam supports the dead load shown in figure
4.3b.

table 4.1 brickwork = 1.2x0.1025%x22 = 2.71

table 4.1 blockwork = 1.2x0.1x12 = 1.44

table 4.2 plaster = 1.2x0.3 = 036

table 4.2 double glazing = 2x1.3x0.1 = 0.26
Answer load on beam = '4.77 KN/m
4.3 Imposed loads

Imposed loads (or live loads) are those movable loads which act on
a structure as it is being used for its designed purpose. This in-
cludes such things as people, furniture, cars, computers, machinery
and cans of beans. Imposed loads are subdivided into two cate-
gories: imposed floor loads and imposed roof loads.

4.3.1 Imposed floor loads. (BS 6399: Part 1: 1996)

Most buildings have a working life of at least fifty years and it is
clearly an impossible task to predict with any accuracy the loads
which will be placed on the floors throughout that period. National
standards exist which attempt to give reasonable upper estimates to
the loads that can occur on the floors of buildings used for
different purposes. If, during the life of a building, its purpose is
changed, say from a private house to a museum, it is usually
necessary to carry out calculations to prove that the floors are
strong enough to carry the new loads. Some typical floor loads are
given in table 4.3.

Loads

1.0m

1.3m

B2

1.2m

Figure 4.3b
Load on each metre of a beam
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Table 4.3
Floor loads in kN/m?

Art galleries 4.0
Banking halls 3.0
Bars 5.0
Car parks 2.5
Classrooms 3.0
Churches 3.0
Computer rooms 35
Dance halls 5.0
Factory workshop 5.0
Foundries 20.0
Hotel bedrooms 2.0
Museums 4.0
Offices (general) 2.5
Offices (filing) 5.0
Private houses 1.5
Shops 4.0
Theatres (fixed seats) 4.0

Based on BS 6399:Part 1:1996

The above loads are assumed to occur over the entire floor area.
There is an alternative requirement for a concentrated load to be
applied at any point on the floor, but this is rarely critical in
structural calculations.

Example 4.4

The average weight of a person can be assumed to be 80 kg.

a. Table 4.3 indicates that a bar should be designed for a load of 5
kN/m?. Calculate how many people that represents standing on one
square metre of floor.

b. A student has a flat in a private house. If the living room
measures 4.0 m X 5.5 m, how many people can be invited to a
party if the floor loading is not to be exceeded?

Solution

a. Force exerted by one person = 80x9.81 = 785N




Answer
5x10°

6.4
785

Number of people in one m?

b. Floorarea = 4x5.5 = 22m?

From table 4.3 load for domestic houses = 1.5 kKN/m?
22x1.5x%10°

Answer  Number of people = — g " 42

Warning! — Before you rush out to invite 42 people to your party,
the above loads are assumed to be static. Certain types of dancing
can cause dynamic effects which greatly increase the effect of the
load on the structure. This is why soldiers are ordered to break
step when marching over slender bridges. Also the above calcula-
tion assumes that the people are uniformly distributed throughout
the room. If people are forced towards the centre of the room
because of furniture around the perimeter, this will also increase
the stress in the structure.

4.3.2 Imposed roof loads (BS 6399: Part 3: 1988)

If access is provided to a roof, then it must be designed to support
the same imposed load as the adjacent floor area. This implies a
minimum of 1.5 kN/m?. Where access is only for the purpose of
maintenance, the predominant load on roofs in most countries is
caused by a build-up of snow. The magnitude of load to be con-
sidered depends upon several factors including:

e Geographical location

e Height above sea level

e Shape of roof

¢ The wind redistributing the snow in drifts.

In the UK the standard gives basic snow loads which range from
0.3 kN/m? on the south coast to 1.0 kN/m? in northern Scotland.
However, for simple flat roofs it is traditional to use a value of
0.75 kN/m”.

For obvious reasons, less snow will form on steeply pitched
roofs. The standard therefore allows us to reduce the intensity of
snow loading on roofs where the pitch exceeds 30°. For a roof of
slope a°:

Loads
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A—

£

|0.6 m spacing

Plan

Trussed

40° pitch
Front elevation

\Supporting wall

! 70m I

Figure 4.4a
Elevation and plan of roof structure

Trussed rafter

0.6 m
oem I —— l06m
Plan
1.0m

Front elevation

Figure 4.4b
Snow load per metre run on rafter

l._;.'
‘§~

I__*__l Plan
35

Figure 4.4c
Snow load per metre run on wall

the basic snow load is multiplied by (60 — a)/30.

When the roof pitch is 60° or more the snow load is zero.

Example 4.5

Figure 4.4a shows the plan and front elevation of a house roof
which is formed by a series of 7 m wide timber trussed rafters
spaced at 0.6 m. The basic snow load can be assumed to be 0.75
kN/m?.

a. Determine the reduced snow load because of the roof pitch in
kN/m”.

b. What is the snow load per metre run on one roof truss?
c. What is the total snow load on one roof truss?

d. What is the load per metre run on the supporting wall assuming
that the loads from the trusses can be considered to be uniformly
distributed?

Solution

400

(60 — a)/30 x 0.75
= (60— 40)/30 x0.75

Answer = 0.5 kN/m?

a. Pitch of roof, a
Load on pitched roof

b. Because the roof trusses are spaced at 0.6 m, the load supported
per metre run by one truss is as shown in figure 4.4b.

0.5%x0.6
0.3 kN/m

Load per metre on truss
Answer

Comment — Note how the load acts vertically downwards (due to
gravity), and that the one metre dimension is measured horizontal-
ly rather than parallel to the slope of the rafter.

c. For a7 m wide roof:

03x7.0
2.1 kN

Total load per truss
Answer




d. The load per metre run along the supporting wall is shown in
 figure 4.4c.

0.5x3.5
1.75 kN/m

Load on wall

Answer

Comment — For structural design purposes the above snow loads
must be added to the roof dead loads. Also if limit state design is
used the loads must be multiplied by the safety factors given in
section 4.5.

4.4 Wind loads

Wind loads probably cause more structural failures than any other
type of load. This is because wind loads act normal to building
surfaces and can produce either positive pressures or negative suc-
tions. In other words, they can apply loads to structures in unex-
pected directions which can sometimes catch the designer un-
awares. It means that structures must be designed to resist
horizontal forces as well as vertical forces from gravity. In
addition, lightweight structures and roofs can be subject to uplift
forces from wind, and so they must be adequately held down.

Like snow loads, wind loads vary throughout the country and
are based on meteorological data. Factors which must be taken into
-account include:

Geographical location

Degree of exposure

Building height and size

Building shape

Time of exposure

Wind direction in relation to the structure

¢ Positive or negative pressures within the building.

The above factors are taken into account using a range of charts
and tables in the standard, however, their detailed use is beyond
the scope of this book. The magnitude of the wind pressure on the
side of a building is proportional to the square of the wind speed,
and consequently quite wide variations are possible. The range can
be from about 0.25 kN/m? for a low building in London up to 2.0
kN/m? for a tall building near Edinburgh.

Loads
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_+ velnternal

pressure
»

Figure 4.5a
Maximum wind uplift case

Wind

Internal pressure
irrelevant

Figure 4.5b
Maximum wind sway case

>

Wind

4

Figure 4.6
The failure of a structure designed to resist
only vertical loads

Figure 4.7a
Walls parallel to the wind direction provide
stability

For structural design purposes, it may be necessary to consider
several load cases produced by the wind blowing from different
directions. Figure 4.5a shows the effect of wind blowing on the
end of a factory building. This is the worst case for uplift. The
structural designer must ensure that the structural components are
both heavy enough, and adequately connected together, in order to
resist the uplift pressure.

Figure 4.5b shows the effect of wind blowing on the side of the
same building. This is the worst case for sidesway. The structure
must be provided with the means to resist the sidesway forces, and
some of the methods of doing this are described in the next
section.

4.4.1 Structural forms for resisting wind loads

It is vital that the horizontal forces that result from wind loads are
given careful consideration in structural design. The designer must
provide a logical and coherent path to transmit the forces safely
down to the ground. There is the danger that a structure, which is
designed to support only vertical loads, will collapse as shown in
figure 4.6 under the influence of horizontal wind loads. The lateral
stability of a structure is very important and must be considered at
the very beginning of a design — not left as an afterthought. One
approach is to provide a structural frame which has rigid joints.
This is the approach usually adopted for the factory portal-frame
buildings shown in the previous section. Other structural solutions
include the building of rigid infill panels between the frame
members and the provision of diagonal bracing members. Figures
4.7a—f show some structural forms that can resist horizontal wind
forces.

Figure 4.7a shows the shell of a small domestic masonry building.
The precise behaviour of such a building is complex, however, in
simplistic terms the walls which face the wind span horizontally to
transmit the wind force to the perpendicular walls which provide
the stability. These are shown hatched. Provided there are enough
bracing walls in each direction, the building will resist wind from
any direction. It is rare for actual calculations to be performed for
such small structures, however, the National Building Regulations
specify minimum wall lengths and maximum opening sizes to
ensure that the bracing walls are adequate.

It is also a requirement to provide adequate ties between the
walls and the intermediate floors and the roof. This is to prevent
the walls from being sucked out by negative wind pressures.



The skeleton of a portal framed factory building is shown in figure
4.7b. When the wind blows from the direction shown, the gable
posts span vertically between the portal rafter and the base slab.
The horizontal roof bracing then acts as a wind girder to transfer
the force out to the side walls of the building. Finally the vertical
bracing transmits the force down to the ground. When the wind
blows from a perpendicular direction, stability is maintained by the
rigid joints of the portal frames.

It is particularly important to consider the stability of tall
buildings. Figure 4.7c shows one in which the wind forces are
resisted by shear walls at each end of the building. They are norm-
ally made from reinforced concrete. These must be securely
anchored at foundation level so that they can act as vertical
cantilevers.

Figure 4.7d shows a similar concept where the shear walls have
been replaced by diagonal bracing.

Stability can be obtained by anchoring the building back to one or
more internal cores. A single central core is shown in figure 4.7e.
Cores are normally made from reinforced concrete, and they
usually act as a fireproof housing for lifts, stairs and service ducts.

Shells, domes and arches (figure 4.7f) are structural forms that
usually have high lateral strength, and hence are good for resisting
horizontal wind loads. (A shell, as the name suggests, is a thin,
curved membrane structure.)

4.5 Loads from liquids and soils

Other sources of horizontal loads on structures are liquids and
soils.

4.5.1 Liquids

Liquids produce horizontal forces in structures such as swimming
pools, storage tanks and dams. We need to understand the relation-
ship between the density of the liquid, its depth, and the horizontal
forces produced. We know from simple physics that the pressure in
a liquid, at any depth, is the same in all directions. It is known as

Loads

Horizontal
bracing

Vertical
bracing Gable
posts
Figure 4.7b

Bracing of a portal frame building

oooo0o0ooog,

/N

Shear
wall

Figure 4.7¢c
A tall building supported by shear walls

Figure 4.7d
A tall building with diagonal bracing
Concrete
. core

Figure 4.7¢
A tall building with a central core
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Wind
Figure 4.7f
Arched structures have inherent lateral
strength

id surface

Liqu

|

Depth, z

i

pressure = yZ

i/

Figure 4.8
Water pressure at depth z is equal to the
weight of the column of liquid above

Water level

L

24m

0

>
<
_.«N._

p = 23.54 kN/m?

Figure 4.9a
Hydrostatic pressure distribution on the
side-wall of a swimming pool

hydrostatic pressure. Hydrostatic pressure, p, increases linearly
with depth, and is proportional to the density or unit weight of the
liquid. This is easy to visualise if you imagine the pressure at, say,
depth z being caused by having to support the weight of the
column of liquid above it. See figure 4.8.

Thus hydrostatic pressure, p = Yz

where ¥:= unit weight of liquid
=9.81 kN/m® for fresh water
(The unit weight is, of
course, equal to the density
multiplied by gravity, g)

The hydrostatic pressure on the vertical wall of a 2.4 m deep
swimming pool therefore increases with depth and produces the
triangular distribution shown in figure 4.9a.

Pressure at 2.4 mdepth = 9.81x2.4 = 23.54kN/m’
The hydrostatic force produced is simply the average pressure

multiplied by the area over which it acts. For each metre length of
wall this is as follows:

23.54x1/2x2.4
28.25 kN/m

Force on wall

The position of the resultant of this force occurs at the centroid of
the triangular pressure distribution — i.e. a third of the depth up
from the bottom. See figure 4.9b. This is used to evaluate the
bending moment at the base of the wall:

force x distance
28.25x2.4/3
22.6 kNm/metre of wall

Bending moment

4.5.2 Soils

In the case of soils, horizontal pressures result wherever a structure
supports a vertical change in ground level. Such a structure is
known as a retaining wall. Figure 4.10 shows a cross-section
through a typical retaining wall. Soils possess a property known as
shear strength. This is the property which enables soil to be
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formed into a stable slope or embankment (unlike liquids!).
Because of shear strength, the pressure on retaining walls is re-
duced from the simple hydrostatic value:

Horizontal pressure from soil = k,Y.z

p =28.25kN

where k,= active pressure coefficient ,g \ 08 m
¥, = unit weight of soil (i.e. about 20 kN/m?) b ?]

z = height of wall ORI -

The value of k, should be determined from special shear strength  Figure 4.9b
tests on the soil, but in the absence of further information a value ~ The magnitude and position of the resultant
of k, = 1/3 is often used. Further information on this topic can be hydrostatic force
obtained from any text book on soil mechanics. The above equa-
tion indicates that the pressure increases linearly with depth, and
hence the resulting pressure distribution is also triangular (see ;’rr;z;sure
figure 4.10). . soil
.. .. . . Reinforced

It is important that retaining walls are provided with adequate  concrete
drainage. If water is allowed to build up behind a retaining wall it
has two effects:

Drainage
material

Weep hole

. The horizontal pressure from the soil is reduced because the
unit weight of the submerged soil is effectively reduced due Kavsz

to bouyancy. Figure 4.10

A typical retaining wall to support soil at a

. Hydrostatic pressure from the water must be added to the change in ground level

soil pressure.

The net effect of these changes is to produce a significantly higher
horizontal pressure on the wall. For the case where the water level
has risen to the full height behind a wall, the pressure becomes:

Pressure from soil and water = k,(y; —Yw) 2+ Vw2 Max. water level

where 7, = unit weight of water Original —_——
= 9.81 kN/m* ground N\ ' gackfil

40m 36m

Example 4.6
1

A section through the wall of a concrete reservoir is shown in ]
figure 4.11a. Estimate the pressure distribution on the wall, and the
bending moment at the base of the wall, for the following three Figure 4.11a
load cases: A section through a reservoir wall
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Water level

p = 35.32 kN/m?

Figure 4.11b
The pressure distribution from the water

/RIS

E s

26.67 kN/m?

Figure 4.11c
The pressure distribution from the soil

Water level

from soil

39.24 |
13.59

T
52.83 kN/m?

Figure 4.11d
Increased pressure due to the rise in water
level behind the wall

a. reservoir full of water but soil backfill not in place
b.  backfill in place but reservoir empty and good drainage
c. asb. but no drainage so that water rises to top of soil level.

Solution
a.Water pressure atbase = 7Yz = 9.81x3.6
= 3532kN/m?
Answer see figure 4.11b
Force = 35.32/2x3.6 = 63.57kN
Answer Moment = 63.57x3.6/3 = 76.28 kNm
b. Assume: Y = 20kN/m’?
k, = 1/3
Soil pressure at base = k,yz = 1/3x20x4.0
= 26.67kN/m’
Answer see figure 4.11¢
Force = 26.67/2x4.0 = 53.33kN
Answer Moment = 53.33x4.0/3 = 71.11KkNm

c. Pressure from soil and water = k,(Y; — Yw) 2 + Vw2

1/3 X (20 — 9.81) X 4.0 + (9.81 x 4)
13.59 + 39.24 = 52.83 kN/m?

Answer see figure 4.11d
Force = 52.83/2x4.0 = 105.66 kN
Answer Moment = 105.66x 4.0/3 = 140.88 kNm

Comment — The lack
pressures on the wall.

of adequate drainage has doubled the




4.6 Loads and limit state design

The dead, imposed and wind loads discussed so far are the best
realistic estimates of the loads that can occur on the structure
throughout its life. In limit state design these are termed charac-
teristic loads:

Gy = characteristic dead load
Ox = characteristic imposed load
W, = characteristic wind load

We saw in example 1.1 that, for checking ultimate strength, these
loads must be increased by multiplying them by safety factors.
These are termed partial safety factors for loads, y;. The result is
the design load.

Thus Designload = characteristic load x y;

The values of the partial safety factors for loads depend upon the
type of loading and way in which loads are combined. For design
in most structural materials the values of Yy given in table 4.4 are
used.

Table 4.4
Partial safety factors for loads, y;

Load combination Dead Imposed Wind
Dead and imposed 1.47or 1.0 1.6" -
Dead and wind l.40r1.0 - 1.4
Dead and imposed 1.2 1.2 1.2

and wind

i Eurocodes give these values as 1.35 and 1.5 respectively.

Loads from liquids and earth pressure use the same factors as dead
load.

Where two values are given for dead load then the most adverse
value must be used. Also the imposed load is only to be present if
it makes the loading condition more adverse. Consider the forest
fire observation tower shown in figure 4.12 with wind blowing on
the side.

Loads
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Figure 4.12

A forest fire observation tower with wind

forces on the side

Uniformly distributed
load (kN/m)

EREEREREER

Point
load (kN)

—

777,

Figure 4.13

The representation of uniformly distributed
loads and point loads on a beam

2

To obtain the maximum compressive design load in the
support leg at B, two load combinations should be checked and the
larger value used in subsequent design calculations:

1'4Gk + 1'6Qk

or
1.2G, + 1.20, + 1.2W,

To obtain the maximum tensile design load in the support leg at
A, we must minimise the effect of dead and imposed load by using
the following combination:

IOGk + 14Wk

In other words the tower is much more likely to blow over when
the tank is empty.

For large and complex structures the theoretical number of
possible load combinations can be formidable. However, the ex-
perienced designer quickly learns which ones are most critical.

When checking structures against serviceability limit states
such as deflection or cracking, the loads are usually used un-
factored.

4.7 Calculating loads on beams

Before a beam can be designed it is clearly necessary to establish
the design load that it is to carry. Very often, loads are assumed to
be either pure point loads or uniformly distributed loads
(UDLs), or a combination of the two. A UDL is a load which is
evenly spread out over a particular length of the beam. In practice
they may not be pure point loads or pure uniformly distributed
loads, but this is usually a good enough assumption for design
purposes. Figure 4.13 shows how point loads and uniformly
distributed loads are represented. Care must be taken with the units
of UDLs. They are usually given as a load-per-unit-length of beam
— kN/m, but sometimes they may be given in the form of the total
load — kN, which is then assumed to be evenly spread throughout a
length of beam. Always look at the units carefully to make sure
that you are interpreting the load correctly.



4.7.1 Loads from one-way spanning floors

Certain types of floor and roof slab construction have a clear
direction of span. Examples of this type include timber joists and
precast concrete beam-and-pot construction. See figure 4.14. It is
easy to see that all loads (dead and imposed) are carried by the
supporting beams which run perpendicular to the direction of span.
The beams which run parallel to the direction of span, in this case,
carry no load other than their own self-weight. Although the load
is applied to the supporting beams in the form of a series of point
loads (one from each joist in the case of the timber floor), they can
be considered close enough together to form a uniformly distrib-
uted load.

The load on each beam is clearly related to the area of floor or
roof that it supports. The following example shows how beam
loads are calculated.

Example 4.7

Figure 4.15a shows a plan view of a corner of a typical floor in a
multi-storey building. The arrows indicate the direction of span of
the floor. Determine the design loading and beam reactions for all
the beams numbered B/ to BS for the case of dead + imposed load.

Use of building
Floor construction as example 4.2 — i.e. 4.11 kN/m?
Perimeter wall construction — as example 4.3 —i.e. 4.77 kN/m
Estimated self-weight of beams — 0.6 kN/m

general office

Solution
Design loads

The above loads are characteristic loads. Table 4.4 indicates that
we must multiply the characteristic dead load, Gy, by 1.4 and the
characteristic imposed load, @y, by 1.6 in order to obtain design
loads.

Design dead load (floor) = 1.4x4.11 = 5.75kN/m?
Design dead load (wall) = 1.4%x4.77 = 6.68 kN/m?
Design dead load (beams) = 1.4x0.6 = 0.84kN/m

Loaded
beam

Loads 81

Direction of span

Unloaded
beam

Steel frame

Concrete
frame Unloaded
beam
Figure 4.14

Examples of one-way spanning floors
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The plan view of the comer of a multi-
storey building floor
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Total area of load supported
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Figure 4.15b
Loading on beams B/ and B2
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Loading on beam B3
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Figure 4.15d
Loading on beam B4

From table 4.3 for general office loading

1.6x2.5 = 4.00kN/m?

Design imposed load (floor)

Total design floor load 5.75+4.00 = 9.75 kN/m?

Beam Bl

The beam supports a total width of floor of 6.0 m — see figure
4.15b. For each metre length of beam the load supported is as
follows:

Load from floor = 9.75x6.0 = 58.50 kN/m
Self-weight of beam = 0.84kN/m
AnswerTotal design UDL = 59.34 kN/m

From symmetry, the reactions at each end of all the beams must be
the same, and equal to half the total load on the beam.

(59.34x 8)
2

Answer Reaction = = 2374 kN

See figure 4.15b.
Beam B2
Answer As Beam BI

Beam B3

The beam supports a width of floor of 3 m plus the weight of the
perimeter wall.

load from floor = 9.75%x3.0 = 29.25kN/m
load from wall = 6.68 kN/m
self-weight of beam = 0.86 kN/m
Answer Total design UDL = 36.79 kN/m
36.90 x 8
Answer Reaction = — = 147.6 kN

See figure 4.15¢
Beam B4

Answer Total design UDL per metre is the same as beams
B1 and B2 —i.e. 59.34 KN/m




59.34%x 6
Answer Reaction = —— = 178.0kN

2
See figure 4.15d

Beam B5

The beam supports the weight of the perimeter wall. No floor load
is carried directly, but the reaction from beam B2 acts as a point
load at mid-span.

6.68 kN/m
0.86 kN/m

7.54 kN/m

load from wall
self-weight of beam

Answer Design UDL

AnswerDesign point load = 237.4 kN

(7.54x12) + 237.4

= 163.9 kN
> 6

Answer Reaction

See figure 4.15e.

Example 4.8

Figure 4.16a shows a typical private double garage. Access is to
be provided to the roof so that it can be used as a patio. Determine
the loading on the two steel beams — B/ and B2. (In a later
example we will actually determine the size of these two beams.)

Solution
Design loads

The imposed loading on the roof must be taken as the worst of]
either snow loading or 1.5 kN/m? (because access is provided). We
know from section 4.3.2 that the snow loading is only of the order
of 0.75 kN/m?, and hence will not be critical.

The first step is to calculate the characteristic dead load of one
square metre of roof. Refer to fables 4.1 and 4.2 for weights of the

various materials.
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Figure 4.16b

Loading on beams B/ and B2

asphalt - 0.45x25/19 = 0.59
boards - 6.0x0.025 = 0.15
joists - 6.0x0.15%x0.05x1/0.4 = 0.11
plasterboard + skim = 0.15
characteristic roof dead load = 1.00 KN/m?

Comment — The joist loading requires some explanation. The 6.0 is
clearly the unit weight of timber. This is then multiplied by the
volume of timber in 1 square metre of roof. 0.15 x 0.05 X 1 is the
volume of one joist. 1/0.4 is the number of joists in one square
metre — based on a spacing of 400 mm.

Design dead load = 1.4%x1.00 = 1.4kN/m?
Design imposed load = 1.6 x 1.5 = 2.4kN/m?

Total roof design load - 3.8kN/m’
Self-weight (beam) = 1.4%x0.3 = 0.42 kN/m
Dead load of walls =  1.4x22.0x0.215 = 6.62 kN/m?
Self-weight (handrail) = 1.4 x0.07 = 0.10 kN/m

Beam Bl

Comment — The load from the joists actually forms a series oﬂ
point loads along beam Bl — one every 400 mm. However, this is
an example where the load is assumed to be a uniformly distribut-
ed load (UDL).

Answer UDL

(3.8 X 3.5) + 0.42
13.72 kN/m

Beam B2

This supports a UDL from the 0.4 m high strip of brickwork and
the handrail plus a point load from beam B/.

Answer Design pointload = 13.72x6/2 = 41.2kN
UDL from brickwork =6.62x0.4 = 2.65
Handrail = 0.10
Self-weight = 0.42
Answer Design UDL = 3.17 kN/m

See figure 4.16b.



4.8 Summary of key points from chapter 4

1.

The three principal types of load to be considered are dead,
imposed and wind.

Dead loads arise from the weight of permanent parts of a
structure such as the weight of the structural members. For
linear members such as beams this is usually calculated in kN/m,
and for flat members such as walls and floors it is usually
calculated in kN/m?.

. Imposed (or live) loads are variable and result from the ‘users’ of

a structure such as people, cars or library books. Characteristic
values are given in Standards in kN/m?.

Wind loads are important because they can impose horizontal
forces on a structure, and some way of resisting these forces
must be provided.

Liquids and soils can also impose horizontal forces.

hydrostatic liquid pressure p = 7y, x depth

horizontal soil pressure = k, x v, x depth

It is important to provide drainage at the back of retaining walls
to prevent the build-up of water pressure.

Each load must be multiplied by a partial safety factor for
loads, i, before it becomes a design load for use in limit state
design.

Loads on beams are often either point loads (kN) or uniformly
distributed loads (kN/m).

4.9 Exercises

E4.1 A factory workshop floor is made from steel plates 6 mm
thick.

a)
b)

a)
b)

Determine the characteristic dead load of the floor in kN/m?.
What is the total design load for the floor if imposed load is
included?

characteristic dead load = 0.42 kN/m’

design load = 8.59 kN/m®

E4.2 A large tank in a chemical plant has vertical walls 4.5 metres
high. It is full to the top with a liquid which has a unit weight of 8.5
kN/m’.

a)

b)

Sketch the shape of the pressure distribution on the wall and
indicate the peak value.

What is the total characteristic horizontal force on the wall for
each metre length of wall.

Loads
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¢) What bending moment does this force exert about the base of the
wall?

a) peak pressure =38.25 kN/m’

b) force/m = 86.1 kN/m

¢) bending moment = 129.2 kNm/m

E4.3 Each tower of the World Trade Centre in New York is about
60 metres square and has 110 storeys. Each storey has a height of
about 4 metres. It can be assumed that the floors are made from
concrete 200 mm thick and the walls weigh an average of 1.0
KN/m?. It is used for general offices. Give a rough estimate of the
total design load that must be carried by each tower’s foundations if
all the floors are fully loaded. (Note: In practice the design load can
be reduced somewhat because it is assumed that not all floors will be
fully loaded at the same time. Take care: 60 metres square is not the
same as 60 square metres!)

Approx. 8.4 x 10° kN

E4.4 Figure 4.17 shows a cross-section through part of the roof of a
building which is used for car parking. Calculate the design load on
the steel beam in kN/m.

design load on beam = 743 kN/m

215 mm thick A
EL/ brick wall 300 mm thick
1.0m Vs concrete slab
R R AR S TR S T I 78.g

:E\ 686 x 254 x 140 universal beam

1.8 m } 8.0m M)
>

Figure 4.17
Cross-section through car park slab



Chapter 5

Topics covered

Examples of pin-jointed frame structures

Analysis of frames to obtain the compressive or
tensile force in each member

Identification of frames which are unstable or
contain redundant members

Unloaded members

Space frames

Pin-jointed trusses

87



88 Understanding Structures

Figure 5.1

Typical bolted "gusset plate" connections —
assumed to be pinned for the purpose of
analysis

Figure 5.2a
A tower crane

Warren

Pratt

K truss
Figure 5.2b
Tubular steel footbridge and truss types

5.1 Introduction

A pin-jointed truss is a structure made up from separate compo-
nents by connecting them together at pinned joints or nodes,
usually to form a series of triangles. In practice, modern structures
rarely have true pinned joints (figure 5.1); however, if pins are
assumed it simplifies the analysis and results in reasonably
accurate and practical solutions in most cases. It is only with very
large or repetitive structures that a more complex computer
analysis is really justified. Initially we shall be restricting the
analysis to plane trusses, which means that all of the members and
loads lie in one flat plane.

This chapter is largely concerned with the analysis of trusses,
which in this context means determining the magnitude of the ten-
sile and compressive forces in the truss members. Tensile members
are called ties and compression members are called struts.
Chapters 6 and 8 continue the design process by looking at how
we determine the dimensions of suitable members to carry these
forces, and chapter 10 looks at how we might connect the
members together. Chapter 13 shows how to calculate the
deflection of trusses.

In general, trusses are good for carrying relatively light loads
over large distances, and they tend to be relatively rigid, so that
such structures do not sway or deflect as much as solid structures
of equivalent weight. They do, however, take up more room than
solid structures of the same strength. They are an efficient way of
minimising material weight, but their manufacture can be labour
intensive and hence expensive. The advent of more automation
and robotics in the manufacturing process is likely to give pin-
jointed structures an economic boost.

5.2 Examples of trusses

Many types of crane (figure 5.2a) use trusses because of the
combination of lightness and rigidity that they provide. The crane
jibs are, in fact, made from three or four plane trusses joined at the
corners to form a 'box' structure, which provides strength in all
directions.

The footbridge (figure 5.2b) is fabricated from steel tubing with
welded joints, which gives a clean pleasing appearance. The most
economic depth for a truss is usually around one-sixth to one-
eighth of the span.



Several styles of truss have evolved and some of these are
shown. Under certain cicumstances a particular style can be the
most economic. The usual aim is to minimise the length of the
compression members because, as we shall see later, the strength
of a strut is inversely proportional to the square of its length, but
with a tension member the length is irrelevant to its load-carrying
capacity.

The transmission tower (figure 5.2¢) is, like the crane jibs,

made up from plane trusses. The principal force on tower
structures is often horizontal wind loading, which, when blowing

on one face, would be divided between the two perpendicular
trusses. Note how the pattern of bracing changes as the tower
narrows towards the top. This is done to restrict the length of the
struts and at the same time to achieve a well proportioned set of
triangles. Angles between adjacent members should be kept
between 30° and 60° where possible.

Although the tower looks a relatively simple structure, the very
high numbers of identical structures justify a detailed and complex
analysis. They are even subjected to full-scale destructive testing
in order to fully prove the design. They must be designed to cover
such incidents as the cables being weighed down by ice and snow,
and also a cable snapping on one side of the tower, which subjects
the tower to a large twisting torque.

Timber roof trusses (figure 5.2d) are now regarded as the most
economic way of providing pitched roofs of spans up to say 12 m.
They have largely displaced the more traditional use of heavy
timber beams or purlins supporting separate sloping rafters in
routine house building. The trusses are closely spaced at 600 mm
centres and each one is light enough to be manhandled into
position.

The simple farm gate (figure 5.2¢) is a truss structure. The only
load is its own self-weight, and the top and bottom rails together
with the internal vertical and diagonal members actually form the
structure (the other rails are to keep the sheep in the field!).

5.3 Forces in members

Although not always possible, it is best to apply loads to a truss
only at the node points. If this is the case, and frictionless pinned

Pin-jointed trusses

v
A2
8

Figure 5.2¢
A transmission tower

Figure 5.2d
A timber trussed rafter

Figure 5.2¢
A field gate
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Figure 5.3a

A cantilever bracket for supporting pipes

12m | 15m

Figure 5.3b
The structural model

Figure 5.3¢c ’
Member AC

Figure 5.3d * ’ €
Member CE

Figure 5.3e ‘
Member BD

D E
Figure 5.3f ‘ - '
Member DE

joints are assumed, then the members will be subject only to axial
compression or tension. There is no bending or shear on the
individual members. The load from the actual weight of the truss
members presents a problem here, since their weight is spread
throughout the structure and not just concentrated at the nodes.
The usual practice is to use increased values for the nodal loads
during the calculations to compensate for the self-weight of the
truss. The size of the increase required is initially a guess based on
experience, but should be checked at the end of the design when
the actual weights of the members are known. Occasionally a re-
design is required if the original guess turns out to be an under-
estimate.

5.3.1 Finding compression or tension by inspection

In most cases it is easy to determine whether a truss member is in
compression or tension simply by looking at the structure. This is
an important skill that should be developed as it can expose
embarrassing fundamental errors in numerical calculations.

The key is to imagine each member in turn to be cut or
removed from the structure while under load. This will produce an
unstable structure or mechanism. If the nodes at each end of the
member would move closer together (and hence have to be pushed
apart to prevent collapse) then the member is in compression. This
is shown on a diagram by placing a small arrow close to the end of
the member as follows: —¢—————, i.e. pushing the nodes apart.
Conversely, if the nodes at each end of the member would move
apart (and hence have to be pulled together to prevent collapse)
then the member is in tension. This is indicated as: -——«—, i.e.
pulling the nodes together. This is best illustrated by considering
an example.

Example 5.1

Figure 5.3a shows one of a series of cantilever brackets used to

support pipes in a chemical plant. Put arrows on a diagram of the

structure to indicate whether the force in each member is tensile
—»——— OI COMPIessive ———>—

Solution

The first step is to transform the diagram of the actual structure
into a structural model with loads (figure 5.3b).




The procedure is to cut mentally each member in turn and to
picture how the structure would deform.

The perimeter members are easy.

Member AC — C tries to move away from A so member AC must
pull — hence tension (figure 5.3¢).

Member CE — Also tension (figure 5.3d).

Member BD — D tries to move towards B so BD must push — hence
compression (figure 5.3¢).

Member DE — Also compression (figure 5.3f).

The internal members can be a little more difficult.

Member BC — With BC removed the rectangle ACDB wants to
form into a parallelogram with C moving closer to B. BC must

therefore push to prevent this — hence compression (figure 5.3g).

Member CD — D tries to drop away from C so CD must pull —
hence tension (figure 5.3h).

Answer  see figure 5.3].

For structures with more complex loads it is not always possible to
establish whether a member is in tension or compression simply by
inspection, and the numerical values of the forces must be found.

5.3.2 Method of joints

We saw in chapter 2 that the external loads and reactions on a
structure must be in equilibrium. However, for each individual
joint, the vector sum of the member forces plus any applied loads
must also be in equilibrium.

Point A in figure 5.4a symbolises a pinned joint in a truss. If
this system is in equilibrium, i.e. not moving, then the various
forces meeting at A must cancel each other out. The force triangles
(figure 5.4b) show the unknown forces F g and F ¢ split into their
horizontal and vertical components. The directions of the forces
have been deduced by inspection — i.e. F,p pulling away from A
and Fc pushing towards A. However, if they had been deduced
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B
Figure 5.3
Member B

Figure 5.3h ° |
Member CD
4A C
E
o
Figure 5.3j

The representation of tension and com-
pression

Figure 5.4a
Concider the equilibrium of joint A

30° e Vas
Hac
A Hy
20° - Vac
4 AC
Figure 5.4b

Forces resolved into vertical and horizontal
components
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Fag
A 30°
P 20° ©
60| Fac
Fac
60°
1kN
Figure 5.4c

Forces resolved perpendicular to member
AB

wrongly it would simply result in negative values emerging from
the calculations. It is important that we can use the direction of the
vector arrows to determine whether the member is in tension or
compression. Imagine the arrow at the other end of the member to
be in the opposite direction. It should then be clear whether the
member is in compression — —¢————— , or tension —
>

Thus for vertical equilibrium:
(ZV = 0) 1kN = VAB + VAC

and for horizontal equilibrium:

(2H =0) Hpp = Hac

Also Vagp = FapXxsin30°
HAB - FAB X cos 30°
VAC = FAC X sin 20°
Hpce = FpcXcos 20°

The equations can be written:

FAB sin 30° + FAC sin 20°

I
—

[5.1]

F pg cos 30° — F ¢ cos 20°

I
(=)

[5.2]

From these two simultaneous equations the two unknown forces
can be found.

1.23 kN tension
1.13 kN compression

Giving: Fap

Fac
The need to solve simultaneous equations can usually be avoided,
however, if the forces are resolved perpendicular to one of the
unknown forces, rather than vertically and horizontally. This has

the effect of eliminating that force from the equations, because a
force does not have a component perpendicular to itself.

For example resolve forces perpendicular to AB:
From figure 5.4c

1 xsin60° = F,csin 50° hence Fsc



and now resolve parallel to AB, F,c now being a known quantity:
Fag = 1xcos60°+ Fpccos 50° hence F,p

The same problem can be solved even more easily and quickly by
a scale drawing of the vectors of the forces meeting at A. The
length of each line is drawn proportional to the force, so a suitable
scale must be determined. The vectors are drawn parallel to each
force, starting with the known value. The magnitudes of the two
unknown forces are determined by intersection. Starting from each
end of the known force vector, draw lines parallel to the two
unknown forces until they intersect (figure 5.4d). The fact that the
vectors form a closed circuit ensures that equilibrium has been
satisfied. Obviously the horizontal components of Fg and Fac
must cancel out, and likewise with the sum of the vertical
components of all the forces.

You can see that the arrows form a continuous loop around the
circuit. This means that if you are uncertain about the directions of
the unknown forces, they can be added by following the direction
of the known force. They can then be transferred to the diagram of
the structure in the form of figure 5.3j. Remember, however, that
the arrows at each end of a particular member are in opposite
directions. In this case the arrows are added to the appropriate
members adjacent to joint A.

More than three forces at one point can be dealt with, but not
more than two of them can be unknown. This is because there are
only two independent equilibrium equations available. This is
illustrated in the following example.

Example 5.2

If, in example 5.1, the brackets occur every 5 m, and the total
design load of the pipes is 3.8 kN/m, determine the value of the
forces in all the members:

a. by calculation
b. by scale drawing.

Ignore the self-weight of the truss.

Pin-jointed trusses

Scale 1 kN = 2cm

Fas

Figure 5.4d
Force triangle at A

1kN

93



94 Understanding Structures

Figure 5.5a
Length of pipe supported by one bracket

C
A
1.0m
D E
B
[ 12m 15m |
" 10 kN 10kN'
Figure 5.5b

The structural model

D
15

. Fec
LAY
Feo
10

Figure 5.5¢c
The equilibrium of joint E

Solution
Loads

It is first necessary to determine the design load on one bracket
(figure 5.5a).

Weight of pipes supported by each bracket = 5x3.8 = 19kN

Because of symmetry of pipes, divide this weight equally between
nodes D and E (figure 5.5b).

19
load per joint = 5 = 9.5kN
Allowing for self-weight of truss, load per joint, say = 10kN
The structural model is therefore as shown in figure 5.5b.

a. By calculation

Joint E

The two unknown forces, Fgc and Fgp (figure 5.5¢), must be in
equilibrium with the applied load of 10 kN.

In other words the vertical components of all the forces must
sum to zero and likewise with horizontal components.

i.e. Vv = 0

IH = 0
ZV=0) Fgcxsin® = 10

Fgex 1 10
V325
Answer Fgc = 18.0 kN tension
(ZH=0) Fgp = FcgcosB
18.0x 1.5
T Bkas

Answer Fgp = 15.0 kN compression
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Comments:

1. Because only two equations of equilibrium are available (XV =
0 and £H = 0) it is only possible to deal with two unknown forces
at any joint. This is why joint E was considered first.

2. The initial directions of Fgc and Fgp, as indicated by the arrows
on figure 5.5¢ were determined by inspection. If they had been
wrongly chosen it would merely result in the calculation producing
negative values for the forces.

3. With many problems it is easier to work with distances rather
than angles. In the above example it was not necessary to evaluate
the magnitude of the angle 0.

4. Vertical equilibrium was deliberately considered first because,
as member ED is horizontal, it does not have a vertical component
and hence is eliminated from the calculation, leaving only one

unknown.
Joint D
Foc
Having found the forces in all the members meeting at E, it is Fos 1“5050 W
possible to move to joint D (figure 5.5d) as the force in member 5T —
DE is now a known quantity. (Joint C still has more than two ‘kaN
unknowns and so must come later.) '
Figure 5.5d
ZV=0) Fpc = 10.0kN Joint D
(ZH=0) Fpg = 15.0kN
Fea C
Joint C — See figure 5.5e. Fes Fee = 18.0kN
FCBXl FCEXl “2'%1 Fep = 10.0 kN 1&3'25
(2V=0) = FCD + —F
V2.44 V3.25 12 15
i S
100 + 81 e
= + —
V325
Fcg = 31.2 kN compression
Fegx12 FeXx1.5
(ZH = 0) Fern = CB CE

V244 T 325

31.2x1.2 18%x 1.5
+
V2.44 V3.25
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Figure 5.5f
Wall reactions

Ra (A [

1.0m

Ren T,B 1.2m 1.5m
Rev 10.0 10.0

Figure 5.5g
Overall equilibrium check

390(A 390 C

———

39.0

—

O

Figure 5.5h
The forces in the members

Fca = 38.9KkN tension

The values of all member forces have now been found. However, a
designer would also need to consider the connections to the wall at
A and B. Hence values for the reactions are required.

Because only a single member is connected to A, the reaction at A
must be in-line with the member and of equal and opposite value.
See figure 5.5f.

Hence Ry, = 38.9kN

Consider the reaction at B divided into its vertical and horizontal
components.

31.2x1

R =
BV V2.44
Rgy = 20.0kN

150+31.2x 1.2
V2.44

Rgy = 39.0KkN

These two components may now be converted to the resultant
reaction force and its angle of action can be calculated.

Resultant Ry = V(20% + 39?)
Ry = 438kN
. . O 20
Direction® = tan ——
39
0 = 27.1°

Overall equilibrium check

It is very easy to make numerical errors in calculating the forces in
large trusses, but there is always enough information to make an
independent check. In this case it is possible to check the reaction
forces by looking at the equilibrium of the whole structure (figure
5.59).

(EM about B)
(10x 1.2) + (10 x 2.7) Rox1
Ry 39.0 kN ... check
(The previous value of 38.9 contained a small rounding error.)




ZV=0) Rgy = 10+10 = 20.0kN ... check
(ZH =0) Rgy = Ra = 39.0kN ... check
Answer see figure 5.5h.

b. By scale drawing of a vector diagram

Careful scale drawing provides sufficient accuracy for structural
design, and the likelihood of mathematical slips is reduced. A
proper drawing board should be used, and the starting point is an
accurate scale drawing of the structure (figure 5.6a).

The joints must be considered in the same order as in the
previous approach — i.e. not more than two unknowns at the joint|
under consideration. The procedure is to draw a force triangle or
polygon for each joint. A suitable scale must be determined — in}
this case 10 kN = lcm.

Joint E (figure 5.6b)
Joint D (figure 5.6¢)
Joint C (figure 5.6d)

Joint B (figure 5.6¢)

Comments:

1. Other than leaving the unknown forces until last, the order in
which the vectors are drawn is immaterial.

2. As with the calculation approach, it is desirable to carry out an
overall equilibrium check by taking moments to obtain the
reactions, and comparing with the values obtained from the force
triangle at joint B.

Answer by scaling from the force polygons and noting the di-

rections of the forces we obtain the results shown in figure 5.5h.

5.3.3 Composite force diagram

In the previous graphical method of joints the vector for each
member needed to be drawn twice, because it was included in the
force polygon at both end joints. With a composite force diagram
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A Cc
B D E‘
10.0 10.0
Figure 5.6a
The structural model
FEC = 18.0
Load = 10.0
Fep =15.0
Figure 5.6b
Joint E
Fpg =15.0
Fpc = 10.0 “ D l Load = 10.0
Foe = 15.0
Figure 5.6¢c
Joint D
Fce =18.0
Load
=10.0

Figure 5.6d
Joint C

Rgy
=200 4

FBD =15.0

Figure 5.6e
Reactions
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A c
-
2
1
5 6
E
-~ B 4 ‘ D 3
10.0 10.0
Figure 5.7a

The numbering for Bow's notation

2
3 k 6
Figure 5.7b

The first step in drawing the composite
force diagram at joint E

(sometimes called a Maxwell diagram) this is not necessary as all
the joint resolutions are combined into one diagram. To prevent
confusion it is necessary to adhere to a convention known as
Bow's notation. This is explained in the following example.

Example 5.3

Repeat the analysis of the truss shown in example 5.2 using a
composite force diagram.

Solution

Step 1 — Number all the spaces between the members and the
external forces and reactions (figure 5.7a). Each force can then be
identified by the two numbers on each side of it.

Comments:

1. Although the direction of the reaction at B is not yet known, it
can be added approximately at this stage.

2. Number 1 covers the whole space from R, to Ry as far as the
member BC.

3. Number 2 covers the whole space from R4 to the load at E.

4. Force 1-2 therefore represents both R, and the force in member
AC.

Step 2 — Again starting at a joint with only two unknowns (joint E
in this case) draw the force polygon to a suitable scale. Add the
numbers to define the force by working consistently clockwise
around the joint (figure 5.7b).

Comments:

1. The known force of 10 kN is drawn first. Going clockwise
around joint E in figure 5.6b, force 2-3 is 10kN 1 | therefore
point 3 is shown below point 2 on the force diagram.

2. Force 3—6 represents the force in member DE and it can be seen
that on the force diagram point 6 is to the right of point 3.
Therefore the direction of the force in DE is — . This arrow
could therefore be added to the diagram of the structure close to




E, as in figure 5.5h, thus indicating that member DE is in
compression.»

Step 3 — Moving on to the next joint with only two unknowns
(joint D) the forces are now added to the same diagram (figure
5.7¢).

Step 4 — Joint C (figure 5.7d).

Step 5 — From figure 5.7d it can be seen that force 4—1 represents
the reaction at B. Its magnitude and direction can therefore be
determined.

Step 6 — Again the reactions should be checked by taking moments
for the whole structure as in example 5.2.

Answer  The magnitudes of the forces are scaled off the diagram
and the directions of the forces determined either by inspection or
by the method described in step 2. The results are as shown in
figure 5.5e.

Example 5.4

Figure 5.8a shows a footbridge spanning 12 m across a river. All
the members, except those in the lateral bracing, are 3 m long and
the walkway is 2 m wide. An estimated weight for the bridge itself
is 35 kN and the required characteristic imposed load is 4 kN/m?.
Partial safety factors of 1.4 on dead load and 1.6 on imposed load
should be used.

Find the forces in all the members of a main truss.

Solution

Figure 5.8b shows the structural model of one truss. The first step
is to determine the the value of the loads, P, acting at each node.
They are made up of a dead load component and an imposed load
component.

Loads

Dead load — assume uniformly distributed throughout the bridge.

2.92 kN/m

35
Weight of bridge/m = o -
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2
3 6
4 5
Figure 5.7c
Adding joint D
2 1
P ~
P ”
”~
3 6.~
rd - ’
- ”
4
5
Figure 5.7d
Adding joint C

Figure 5.8a
Footbridge structure

B D F H
A J
C ‘ E { G‘

f P P P 1
Ra R,
3m of
load at

E

Figure 5.8b
The structural model
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B D F H
7 9 1
A 8 10 12\
A— = S go %o}
f 5 4 3 2 *
R. 253 253 253 R,
Figure 5.8¢

The structural loads

12
10
8
6
Figure 5.8d

The composite force diagram

Nodal loads occur every 3 m, so for 3 m:
Weight = 2.92x3 = 8.76 kN

This must now be divided evenly between the two trusses:

8.76
Dead load per truss = - = 4.38 kN

Imposed load — Each cross beam supports a 3 m length of deck
which is 2 m wide:

. (4%x2x3)
Nodal imposed load per truss = — - 12.0 kN

Now applying the safety factors

Design load, P (438x1.4) + (12.0x 1.6)

25.3kN

Comment — There are also loads of PI2 occurring at the end nodes
A and J. These need to be included when designing the bearings
and foundations, but are irrelevant to the design of the truss as
they pass straight into the supports without transmitting any load
to the truss. Hence they can be ignored here.

Forces

From figure 5.8c it can be seen that there is no joint with only two
unknown forces. In cases like this it is therefore necessary to find
one of the reactions by taking moments.

(XM about A)
(253%x3)+(253x6)+(253%x9) = R;x12

Ry = 37.95kN

Because, in this case, both structure and loads are symmetrical
both reactions should simply be half the total load.

(3x25.3)

check Ry, = = 37.95kN

A composite force diagram can now be drawn, starting at node J
and moving on to nodes H, G, F, E, D, C, B and A (figure 5.8d).




Comments:

1. It can be seen in this case that, as expected, the diagram is
symmetrical and hence it was really only necessary to draw the
half of it up node E.

2. The last force to be drawn, 6-1, should be both parallel to
member AB and also should close at point 1. This provides a check
on the accuracy of drawing.

The forces, and their directions, can now be extracted from the
diagram and are shown in the table below:

Answer

Member Force (kN)

tension  compression

AB 43.8
AC 21.9
BC 43.8
BD 43.8
CD 14.6
CE 51.1
DE 14.6
DF 58.4

5.3.4 Method of sections

This method is particularly suitable when it is necessary to find the
force in only a few members of a truss.

In chapter 2 we saw how the external loads and reactions acting
on a structure must be in equilibrium. The method of joints
showed that the forces acting on each joint must be in equilibrium.
The method of sections is based on the fact that the internal forces
and external loads and reactions on any part or section of a
structure must be in equilibrium.

The procedure is to make a complete imaginary cut through the
truss and, considering the forces only to one side of the cut, use
the equilibrium equations to solve for the unknown forces in the
cut members.

Pin-jointed trusses
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Cc
A
B . E
cut ‘D J
10.0 10.0
Figure 5.9a

The "cut" through the structure

Figure 5.9b
The equilibrium of the structure to one side
of the "cut"

1.2

Figure 5.9c
The calculation of unknown forces by the
method of sections

Consider the truss in example 5.2 and suppose only the forces
in members AC, BC and BD are required (figure 5.9a).

A 'cut' is made through the structure which must pass through
the member whose force is required. In this case all the required
members can be cut at one go; however, sometimes several cuts
may be required. The forces on the structure to the left of the cut
are completely ignored. The forces in the three cut members must
be sufficient to put the remaining section of the structure into
equilibrium (figures 5.9b and c).

The three basic equilibrium equations can now be used to solve
for the three unknown forces. By applying these intelligently it is
possible to avoid having to solve simultaneous equations.

To find Fc, it is obviously advantageous to eliminate the other
two unknown forces Fcg and Fpg. Therefore take moments about
B — the point of intersection of the other two unknowns.

(ZM about B)
(10x 1.2) + (10 x 2.7)

Fca

Fcoax1
39 kN tension

Likewise, to find Fpg take moments about C in order to eliminate
Fcyand Feg,

(EM aboutC) 10x1.5
Fpg

Fpg X1
15 kN compression

To find Fcg the above strategy cannot operate as Fcp and Fpg are
parallel, however, there is the simple alternative of using vertical
equilibrium to eliminate F, and Fpg.

_ FCB X 1
(EV = 0) W = 10+ 10
Fcg = 31.2 kN compression

Alternatively, it is possible to take moments about D as F, is now
known. This does, however, require the perpendicular distance
from D to Fp to be calculated or scaled.

0 tan"'(1.2/1) = 50.19°

Perpendicular distance 1 xsin 50.19° = 0.768 m

(XM about D)
(Fcp x0.768) + (10X 1.5) = Fcax 1



F (39.0x1)-15
< 0.768
Feg = 31.25 kN compression check

A negative value for a force simply means that the direction was
originally chosen wrongly.

The basic strategy to adopt therefore is:

To eliminate the effect of two parallel members — sum forces
perpendicular to them.

To eliminate the effect of two members whose lines of action
intersect — take moments about the intersection point.

Example 5.5

Figure 5.10a shows a water tower structure with wind blowing on
the side of the water tank. Find the force in members AC, BC and
CD due to the wind load only. Wind pressure is 0.6 kN/m? and a
partial safety factor for load of 1.2 should be used. Scale drawing
is acceptable.

Solution
Loads
2%x2 = 4m?

4x0.6 = 2.4kN
1.2x24 = 2.88kN

Front area of tank
Characteristic wind force
Design load

Divide between the two sides of the tower:

. 2.88
Design load per truss = - - 1.44 kN

This load is assumed to be acting at the level of the centre of the
tank, which is 7 m above ground level.

Cut 1 (refer to figure 5.10b)

To find Fc, eliminate Fcg and Fpg by taking moments about B.
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25m ' Front

Side elevation
elevation

Figure 5.10a
A water tower structure

Figure 5.10b
Elimination of forces FCB and FDB
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Figure 5.10c

Elimination of forces FCA and FDB

4.0

Figure 5.11a

The effect of removing a diagonal member

Figure 5.11b

The effect of removing a vertical member

Figure 5.11c

The effect of reducing a pinned support to

aroller

(=M about B) 1.44%x7
Answer Fca

Foa X 2.45
4.11 kN tension

To find Fcp eliminate Fcp and Fpg by taking moments about point
of intersection at X.

(ZM about X) Fcp % 6.1
Answer Fcp

1.44x3
0.71 kN compression

Cut 2 (refer to figure 5.10c)
Again take moments about point X:

(M about X) Fpcx8
Answer Fpc

1.44x 3
0.54 kKN

5.4 Unstable structures and redundant members
5.4.1 Identification by inspection

All of the trusses considered up to now have contained just
sufficient members and supports to support the loads. These are
known as statically determinate structures, and are always
capable of analysis by the methods previously described. In
example 5.1 it was shown that if any member is cut or removed,
the truss becomes unstable and turns into a mechanism. Likewise
if either of the pinned supports is reduced to a roller support then a
mechanism would result. It is obviously vital to be able to
distinguish between structures and mechanisms.

Figure 5.11a shows the structure used in example 5.1. However, a
diagonal bracing member has been removed. Unbraced
quadrilaterals should always be treated cautiously as they indicate
a mechanism.

The removal of any member results in collapse (figure 5.11b).

Figure 5.11c shows the effect on a structure of reducing the
support restraints on a structure.

If more members are present in a structure than are necessary for
equilibrium, then it is known as statically indeterminate. This
means that it is not possible to analyse it fully by the simple




methods of equilibrium previously described. In practice, it means
that it may be possible to analyse part of the structure by these
methods, but sooner or later you would encounter no remaining
joint with only two unknowns and the analysis would grind to a
halt. Each extra member or support restraint, above the minimum
sufficient, is called a redundancy.

In figure 5.12a it is clear that if either of the diagonal members
were removed the structure would not collapse. This structure has
one redundancy.

As the structure is loaded one diagonal would go into tension and
the other into compression.

If one of the diagonals was very robust and stiff, and the other
very slender and flexible (figure 5.12b), then clearly the robust
member would carry most of the load and the slender one very
little. Thus without information concerning the stiffness of the
members the distribution of forces throughout the structure cannot
be determined. It is possible to analyse statically indeterminate
structures but this is beyond the scope of this book.

Figure 5.12c shows a statically indeterminate structure. Crossed
members often indicate a redundancy.

Figure 5.12d also shows a structure with one redundancy.

Figure 5.12e shows a structure with four redundancies. One arises
from the crossed members and the three others from extra support
restraints. A roller adds one and a pin adds two.

It is obviously important to be able to recognise statically
indeterminate structures so that time is not wasted in trying to
analyse them by simple statics. Statically indeterminate structures
can be subject to large changes in member forces if a support
settles or a member is not quite the correct length and has to be
forced in — known as lack of fit. A statically determinate structure,
however, can accommodate small errors by changing its geometry.

Most mechanisms and indeterminate structures can be
identified by simple inspection. Try to imagine building the truss
member-by-member starting from the supports. If the members
were slightly the wrong length, would they have to be forced to
fit? If so, the structure is indeterminate. Is the final result stable? If
not, we have a mechanism.

Pin-jointed trusses
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Figure 5.12a

One redundant member

<

The effect of a very stiff redundant mem-

Figure 5.12b

B

ber
%

Figure 5.12c
One redundancy

e

Figure 5.12d
One redundancy

Figure 5.12¢
Four redundancies
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Figure 5.13a

The triangle is the basic building block of

trusses
7

Figure 5.13b

Building up a statically determinate struc-

ture

Figure 5.13c

An extra member is required to restrain the

roller support

A

Figure 5.14a
A girder bridge

5.4.2 Identification by application of a formula

Starting with two pinned supports it can be seen that a statically
determinate truss is formed by adding two members plus one more
pinned joint (figure 5.13a). This process can be repeated — each
time adding two members plus one joint — and the structure
remains statically determinate (figure 5.13b).

Hence for a statically determinate structure

m = 2j
where:
m = number of members

number of joints excluding original pin supports.

~.
]

It follows that if:

m > 2j the structure is indeterminate
m < 2j the structure is a mechanism

If one of the supports is reduced from a pin to a roller, then an
extra member is required to restrain the roller (figure 5.13c).

Now m = 2j+1 for astatically determinate structure
with one roller support

Warning! Using this formula can be misleading and it is not a
substitute for common sense. The following example contains a
case where the formula gets it wrong.

Example 5.6

For each of the following pin-jointed trusses (figure S5.14a-h),
indicate whether the structure is statically determinate, statically
indeterminate or a mechanism. In the case of a statically indeter-
minate structure state the number of redundancies. Assume that a
load may be applied at any node.

Solution

(a) By inspection no member could be removed without collapse,

therefore the truss is statically determinate.




Using the formula: m = 21
Jj =10

Therefore m=2j+1

One support is a roller therefore the formula checks.

(b) By inspection one member can be removed from each of the
bays where the members cross. One pinned support, which pro-
vides two restraints, can be removed completely. One remaining
support can be reduced to a roller. Hence the structure is statically
indeterminate with five redundancies.

Using the formula: m= 23

Jj=9
Therefore m=2j+5
Formula checks.

(c) Crossed members indicate an indeterminacy, but the unbraced
quadrilateral is obviously not stable. Therefore the truss is part
statically indeterminate with one redundancy plus part mech-
anism.

Using the formula: m= 16

j =8
Therefore m=2j
The formula indicates a statically determinate structure! This is
where the formula approach breaks down and gives a misleading
result. The structure has the correct number of members but they
are in the wrong place.

(d) Either the bottom member could be removed or one support
could be made into a roller. Therefore, it is statically indeter-
minate with one redundancy.

Using the formula: m= 19
Jj=9
Therefore m=2j+1

Formula checks.

(e) We can remove one crossed member plus one of the members
connected to the support without collapse. Therefore the structure
is statically indeterminate with two redundancies.

Pin-jointed trusses 107

Figure 5.14b
A girder bridge

Figure 5.14¢
A floodlight tower

Figure 5.14d
A transmission tower

?x

Figure S.14e
A cantilever bracket
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Figure 5.14f
A cantilever bracket

Figure 5.14g
A roof truss

7.

Figure 5.14h
A roof truss

Figure 5.15a
Unloaded member, CD, at joint D

Figure 5.15b
Unloaded members, CE and EF, at joint E

Using the formula: m= 12

j =5
Therefore m=2j+2
Formula checks.

(f) Not an easy one, but in fact this is statically determinate. The
extra support member compensates for the unbraced quadrilateral.

Using the formula: m= 10

j =5
Therefore m=12j
Formula checks.

(g) This is a compound roof truss and is statically determinate if
one support is a roller.

Using the formula: m = 23

Jj =11
Therefore m=2j+1
Formula checks.

(h) This is a mechanism because of the unbraced quadrilateral. (In
practice some traditional timber roofs use this shape of truss but
they are not pin-jointed. The bottom tie member is deep, con-
tinuous and hence in bending.)

Using the formula: m= 10
j=5
m=12j

But one support is a roller, therefore the formula checks.

5.5 Unloaded members

There are often members in trusses which are unloaded, but they
must not be confused with redundant members in statically in-
determinate structures. It may be that they become loaded under
different conditions.

In figure 5.15a it can be seen that, by considering vertical
equilibrium of joint D, member CD must be unloaded. However,
the fact that it is unloaded does not mean that it is superfluous and
can be removed. It would of course be loaded if a load were




applied at D. It is still required to restrain joint D and prevent a
mechanism forming. It therefore will, in practice, have a small but
unknown force in it. It is also significant that members BD and DE
are in compression. We will see in chapter 8 that the load capacity
of compression members is dependent on their length, with short
members able to carry more load. We can conclude therefore that
if member CD were removed and member BDE made continuous
it would result in a bigger and more expensive member being
required for BDE.

In figure 5.15b we can see that, by resolving perpendicularly to
either of the members meeting at node E, the forces in members
EC and EF are zero. So long as there is not a load applied at E,
then both these members are superfluous and can be removed. In
general we can say that, where only two members meet at an
unloaded joint, they have zero load.

5.6 Crossed tension members

In some structures members are subject to stress reversal. Consider
for example the water tower shown in figure 5.16a. When the wind
blows from the left as shown, the diagonal bracing is in tension.
However, if the wind blew from the right the diagonal bracing
would be in compression. It must therefore be designed to carry
both tensile and compressive loads. Compression members are in-
variably heavier and hence more expensive than tension members,
and so it can sometimes pay to provide double the number of
tension members.

Figure 5.16b shows such a structure. This appears to be static-
ally indeterminate but the diagonal bracing members are so slender
that they can only operate in tension. If subjected to a compressive
load they would simply buckle under negligible load and play no
further part in supporting the structure. Thus when the wind is
blowing from the left only the bracing shown in figure 5.16¢
operates. When the wind is blowing from the right only the bracing
shown in figure 5.16d operates. Under this system the bracing
could take the form of flat bar or flexible steel cable.

5.7 Space trusses

Up to now we have been dealing with plane trusses where both the
structural members and the loads exist in the same two-
dimensional plane. Space trusses extend the concept into three
dimensions. A space truss is a truly three-dimensional structure.
Space trusses are efficient structures, partly because all the joints
are well braced, but the connections are often complex and
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7
(a) (b)
Figure 5.16a
Water tower with single bracing acting in
either tension or compression

Figure 5.16b
Water tower with crossed bracing

o] [

| Ig nore<_|

Figure 5.16¢
Only the bracing shown solid acts when the
wind blows from the left

Figure 5.16d
Only the bracing shown solid acts when the
wind blows from the right
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Figure 5.17a
The tetrahedron

Y
KX
z

/* *\

A

Figure 5.17b

Six reactive forces are required for equilib-

rium

Figure 5.17¢
Forces are resolved in three directions

expensive. In this book we shall only be considering very simple
space trusses because larger structures invariably require a com-
puter for their design.

We have seen that the basic building block of the plane truss is
the triangle, with two members plus one joint being added to
extend a truss. The equivalent building block for the space truss is
the tetrahedron (figure 5.17a), with three members plus one joint
being added to extend structures and maintain statical determin-
acy.

5.7.1 Space truss reactions

We saw that a plane truss required a minimum of three reactive
forces to keep it in equilibrium. The equivalent number for a space
truss is six and this can be seen by considering the structure shown
in figure 5.17b. Initially imagine that the truss is supported on
three roller-ball bearings at A, B and C. This prevents it moving in
the Z direction, but it could still slide around on a flat surface in
the X-Y plane and so three more reactive forces are required to
restrain it. These three reactions must prevent it moving in the X
direction, the Y direction and also from rotation.

5.7.2 Forces in space trusses

It is possible to analyse space trusses by the method of joints
previously described for plane trusses, however, forces must be
resolved in three directions (figure 5.17¢) and for large structures
this can often lead to having to solve many sets of three simul-
taneous equations. This is somewhat tedious for hand calculations
and the use of a computer is advisable. It is, however, relatively
easy to identify certain unloaded members:

Rule 1 If only three members meet at an unloaded joint and they
do not all lie in the same plane then they must all be unloaded.

Rule 2 1f all but one of the members meeting at a joint are in one
plane then the odd member must be unloaded.

For simple structures the intelligent use of the method of sections
and the method of joints can save on tedious calculations. This is
illustrated in the following example.
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|4m| 4m_J

Example 5.7

Figure 5.18a shows the plan and elevation of a hoist structure
which is attempting to lift a load which does not lie vertically
below the point E. Determine the forces in all the members of the
structure when the load in the lifting cable is 100 kN.

Solution

The first step is to resolve the 100 kN cable force into X, Y and Z
components (figure 5.18b).

Le = V3*+22+1%) = V30 _
2m A
_i_
= 5.48m 2m ye
-100 x 1 Plan
Fx = ————— = -183kN
X 5.48
—-100 x 2 Figure 5.18a
Fy = ———— = -365kN Elevation and plan of hoist
5.48
+100x 5
F; = ———— = 913kN
5.48

To find the force in DA use the method of sections (figure 5.18c).

To find the perpendicular distance p

3
Angle® = tan”! i 36.9°
p = 3cos® = 24m Figure 5.18b
Resolving the load into x, y and z
t
(ZM about B, C) components
913x4 = Fpax2.4 o
Answer Fpy, = 152.2KkN tension Foa
Joint D — Consider the equilibrium of joint D in the X direction. PN \ £
B, C j
. 91.3
(ZX=0) Answer Fpr = 152.2 kN tension

Figure 5.18¢
The method of sections

By symmetry members DB and DC must be equally loaded.
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Ipg = Ipc = V3*+2%) = 36lm
Ipn = Ipg =5m (3:4:5 triangle)
2x1522x%3 2XxFpgXx3
(z-0) 2X1322x3 _ 2xFoex3
5 3.61
Answer Fpg = Fpc = 11099 kN compression
Joint E
lgg=lgc=V(4*+2%) = 447m
(Y = 0) Foe x —2 36.5 Fip x 2
= — + . = —_—_—
BT 447 4.47
rearranging Fgg — Fgc = 81.6 [5.3]
Fgc+ Fgg) x4 1522x4
(=X -0) Frc* Fep) X4 _ + 183
4.47 5
rearranging Fgg + Fgc = 156.5 [5.4]
solving the two simultaneous equations gives:
Answer Fgg = 119.1 kN compression
Answer Fgc= 37.5 kN compression

5.8 Summary of key points from chapter 5

1. Triangulated or ‘trussed’ structures are often assumed to have
simple pinned joints for design purposes.

2. Provided that loads are only applied at the nodes (joints), the
structural members can be considered to be in either pure tension
or pure compression (i.e. no bending).

3. The method of joints is a way of evaluating the forces in the
members by considering the equilibrium of each joint in turn.

4. A composite force diagram using Bow’s notation is a more
streamlined version of the above.



. The method of sections looks at the equilibrium of ‘chunks’ of
the structure and is a good method if the forces in only a few
members are required.

. The above methods can only be applied to statically determin-
ate structures. Structures with too few members or supports are
unstable mechanisms. Structures with too many members or
supports are redundant and can only be analysed by more
advanced techniques.

. When only two members meet at an unloaded joint they each
have zero load.

. Space trusses have diagonal members in three dimensions, but
the analysis of large space trusses can be tedious without a
computer.
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5.9 Exercises

D

Pin-jointed tower

E5.1 For the pin-jointed structure shown in figure 5.19 indicate by 15m | 20m 20m |
inspection whether each member is in tension ->——— compression
—<——— or unloaded —0—.
tension — BC, CD, CE, EG, FG —
compression — BD, CF, DF, FH 7 1.5m
unloaded — AB, AC, EF v
E5.2 Figure 5.20 shows a plane pin-jointed structure. Find the 1em
forces in all the members and determine if they are tensile or — é , 0.5m
compressive. - tiom
1.5m
Member Force (kN) 45 kN
tension compression

AB 74 Fqurg 5.20 .

BC 56 Pin-jointed cantilever

CD 102

EF 105

FG 110 g ¢

AG 42 < Tf.om

Om

5G >3 A/W\D 2L

CG 83 '

CE 27 “a y 7

CF 34 l‘ 180 kN 200 kN 120 kN J

[ 1

E5.3 A pin-jointed bridge structure is shown in figure 21. Find the 6 equal bays of 40 m =24 m
forces in members BC and CE only due to the loading given. Figure 5.21

Fgc =429 kN tension, Fcg = 28.8 kN compression Pin-jointed bridge
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(a) (b)

(c) (d)

(e)

Figure 5.22
Pin-jointed trusses

E5.4 For each of the pin-jointed trusses shown in figure 5.22a-e
indicate whether the structure is statically determinate, s, statically
indeterminate, /, or a mechanism, m. In the case of a statically
indeterminate structure state the number of redundancies.

Structure
a i(l)
b mc&i(l)
c i(l)
7 d s
e i(l)
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000

Figure 6.1a

A structure for supporting traffic lights

with tensile members shown in bold

/

Cable

AN

/

Figure 6.1

A roof structure supported by tensile cables

Cables

Insulators

L—4&
@ @————Train

Figure 6.1c

A cable structure supporting overhead elec-

tric railway lines

Figure 6.1d

A broadcasting mast supported by cable

guys

6.1 Introduction

We saw in the previous chapter how framed structures with pinned
joints contain members which are in either pure tension or pure
compression, provided loads are only applied at the nodes. We also
saw how such structures can be analysed to determine the magnit-
ude of the force in each member. This chapter considers the design
of members in pure tension, i.e. for a known tensile load, what are
the actual required dimensions of a steel or aluminium tie to safely
support the load?

We then go on to consider the design of cable structures. These
are tensile structures that can be used in highly exciting and inno-
vative ways. Tensile members can be very slender and cables can
form graceful curves. A common example is the suspension
bridge, which most people invariably regard as a particularly
pleasing structural form.

6.2 Examples of tensile structures

We saw in chapter 5 that many of the structural members of pin-
jointed frames are in tension. In figure 6.1a the tensile members
are indicated by bold lines.

Many interesting ‘hi-tech' architectural designs use tensile
cables to support floor and roof structures. This permits large clear
spans for lightweight structures. Figure 6.1b shows the construct-
ion for a leisure complex.

Figure 6.1c shows a common tensile cable structure for
supporting overhead electric transmission lines for a high speed
railway.

Many tall broadcasting masts use tensile guys or stays to
improve stability — particularly to counter the effect of lateral load
from wind (figure 6.1d). The masts of sailing yachts use cables in
similar ways.

The cable-stayed bridge shown in figure 6.le uses straight
cables or rods to reduce the bending in the bridge deck.

Suspension bridges (figure 6.1f) use tensile cables both for the
main curved suspension cables and for the hangers that support the
deck. Bridges of this type are used for the world's longest spans.

Figure 6.1g shows one of the oldest and most well known
forms of tensile structure.
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6.3 The design of axially loaded ties

Ties (members in tension) are the simplest of all members to / \ / \
design. The load required to break a tie is directly proportional to / \ / \

its cross-sectional area. This is the hatched area shown in figure

6.2. The aim, therefore, is simply to make the cross-sectional area ~ L _ /

of the tie big enough to ensure that the stress in it always remains
less than a specified safe value.

Figure 6.1e
A cable-stayed bridge

force
From chapter 2 stress =
area
force
therefore area >= .
stress Main cables

(The symbol >= means 'greater than or equal to')

In limit state terms this can be re-written as follows:

design load

effective area, > — =
Ae design strength

Figure 6.1f
A suspension bridge

where the effective area, A, is simply the cross-sectional area of
the tie with a suitable reduction made for any bolt holes that might
reduce its strength.

The design strength, in limit state design, is the characteristic
strength divided by v, the partial safety factor for material
strength. (Table 3.6 indicates that 7y, for steel is, in fact, 1.0.)

. L. . Figure 6.1g
' The design load on the tie is the load obtained frgm the analy- washing line is a common tensile struc-
sis of the structure, remembering that the characteristic loads must

be multiplied by 7, the partial safety factor for loads given in table
44.

Example 6.1

Effective

area

A tie member in a pin-jointed frame structure must support a
design load of 72 kN tension. Determine the required width of 6 A
mm thick flat mild steel bar.

Solution \

| —

. . design load
Minimum effective area =

design strength Figure 6.2

The effective area of a plain axially loaded
tie
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Failure plane

N

@

/

= -
%Eﬁ‘ective

area

Figure 6.3
The effective area of a bolted connection

counterweight

Figure 6.4a
Part of a tower crane

Fas
Fac ‘ A

210 kN

Figure 6.4b
Resolving forces at A

Table 3.4 gives the yield stress of mild steel as 275 N/mm? and
table 3.6 indicates a partial safety factor for material strength of
1.0.

. 72 % 10° )
Henceminimum A, = = 262 mm
275
. . 262
Required width = s = 44 mm, say 50 mm
Answer Use 50 mm X 6 mm mild steel bar

6.3.1 Ties containing holes

In the above example, the calculated area would be acceptable for
a tie in a welded frame where it was not weakened by holes at the
ends to accommodate bolts. If bolts are to be used, then generally,
the size of the tie must be increased to compensate for the
weakening effect. The most likely place for the tie to break is at
the hole, where the cross-sectional area is a minimum. Figure 6.3
shows a typical bolted connection together with the effective area
that must be used in calculations. The diameter of the bolt hole
must be deducted from the width of the tie.

effective area = (width — bolt diameter) X thickness

Example 6.2
Figure 6.4a shows part of a tower crane where the counterweight
is supported by an inclined tie as shown. The characteristic dead

weight of the counterweight is 150 kN. Ignore the self-weight of|
the crane structure and any other loads that may be acting.

Determine:

a. The design tensile force in the tie.

b. The required width of a 20 mm thick mild steel tie if it is
to contain a single row of 27 mm diameter bolt holes.

Solution

Loads




The first step is to convert the characteristic load into a design
load. From table 4.4 the partial safety factor for dead load is 1.4.

Therefore Designload = 150 x 1.4 = 210kN
Analysis

We can now determine the force in the tie by using the method of
joints at joint A (figure 6.4b).

(ZV=0) FABXSine = 210

We can see that ABC is a 3:4:5 triangle

210 x5

AB —

= 350kN

Answer
Design force in tie = 350 kN tension

Design of tie

As in example 6.1 the design strength of mild steel is 275 N/mm?

' , 350 x 10° 2
Effective area required = ———— = 1273 mm
275
. i 1273
Required width = 20 + 27 = 91 mm

Answer Use 100 x 20 mild steel tie

6.3.2 Angles as ties

Angle sections are commonly used for ties, particularly in framed
structures. A problem is that they are usually connected by bolts or
welds through only one leg (figure 6.5). This means that the load is
not applied axially. The eccentricity of the end connection pro-
duces a combination of tension and bending in the tie. To com-
pensate for this a simple empirical formula is used to reduce the
gross area of the angle:

3(1]02

effective area = +a

a +a

The areas are as defined in figure 6.6.
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Figure 6.5
An angle connected by only one leg

a;

H_J

a
Figure 6.6

The areas used to calculate the effective
area of an angle
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Example 6.3

Determine the dimensions of a standard mild steel equal angle to
support a design load of 210 kN if it contains 22 mm diameter bolt
holes in one leg only.

Solution

As in example 6.1 the design strength of mild steel is 275 N/mm?

. , 210x 10° )
Effective area required = 575 " 764 mm

We now select an angle from the section tables in the Appendix
whose gross area is somewhat bigger than this area.

Try 90 x 90 x 7 Angle
area = 12.2 cm? = 1220 mm?

a;= 610 — (6 x 22) = 478 mm?
a,= 610 mm?

3x478 x610

478
(3x478)+ 610

Effective area =

= 906 mm? > 764 mm?

Answer Use 90 x 90 x 7 Angle

6.4 Cable structures

Cable structures can be exciting, lightweight and highly efficient.
It is usual to use cables made from a very high grade steel. This
produces large concentrations of load, and hence particular care
must be taken with the design and manufacture of end connections
if catastrophic failure is to be avoided.

A key feature of all design involving cables is that they are
assumed to support only tensile loads. That is they are assumed to
be incapable of carrying compressive forces or bending.

Cable structures can be divided into two main classes. Firstly
there are relatively lightweight cables with a few point loads, and
secondly there are heavier cables with a more uniform distribution
of load. These two cases will now be considered separately.



6.4.1 Lightweight cables with point loads

For the purposes of this simplified approach we will actually
consider the cables to be weightless relative to the applied point
loads. This means that we can assume that the cables are straight
between the points of load application.

Firstly consider the simple case of a single point load as shown
in figure 6.7. Clearly, provided the load is applied in an appro-
priate direction to keep the cable tight, the geometry is independ-
ent of the load and fixed only by the lengths of the cable. Or is it?
To be strictly correct, the geometry of the structure changes as the
cable extends under load. This is significant for structures such as
cable-stayed bridges, but not important for small determinate
structures.

The tensile forces in the two sections of the cable can be easily
determined by resolving the forces at the load point.

Tension

Load

Figure 6.7
A light cable with a single point load

Figure 6.8a

A climber suspended from a cable
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Fac
Fag
02
04
736 N
Figure 6.8b
Forces at A
Fac
Fag 03
04
AN
Figure 6.8c

Resolving forces perpendicular to AB

Figure 6.9a
A cable with multiple point loads at vari-
ous angles

Example 6.4

If the climber suspended from the rope in figure 6.8a weighs
75 kg, calculate the force in the rope to each side of him.

Solution
Loads

Load from climber = 75 x9.81 = 736 N

Analysis

From figure 6.8b

6] = 450
0, =tan! 4/2=63.4°

Comment — We could now resolve vertical and horizontal forces at
A in the usual way, and then solve the resulting two simultaneous
equations for F,p and Fc . However, as pointed out in section
5.3.2, if we resolve perpendicular to one of the unknown forces it
removes the need to solve simultaneous equations.

From figure 6.8¢c
0; = 180°—-45°-63.4°
6, =45°

= 71.6°

(Zforces perpendicular to AB)
F oc X sin 71.6° = 736 X sin 45°

Answer Fpoc=548 N
ZV=0) 736 = (F ap X sin 45°) + (548 X sin 63.4°)
Answer F,pg= 348 kN

If we consider the general case of multiple point loads acting at
various angles as shown in figure 6.9a, we are faced with a
difficult problem. Not only are the cable tensions unknown, but the
basic geometry of the structure changes as the magnitude of the
loads change. The structure is effectively a mechanism whose
shape changes to restore equilibrium. This is illustrated in figure
6.9b. Even without considering the change in length of the cable
owing to axial strain, there are too many unknowns for us to
analyse such structures using the three basic equilibrium equations.
They are therefore beyond the scope of this book.
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However, such structures are not very common, and we can
carry out useful analysis of simplified structures which contain:

e  Only vertical loads
e A partly fixed geometry.

The following example illustrates the power of simple reasoning
based on consideration of equilibrium.

Figure 6.9b
Example 6.5 The geometry changes to restore equilib-
rium as the forces change
Figure 6.10a shows a cable structure supporting overhead electric
railway lines. The loads are as follows:

n

|25m,25m,25m 25m, 25m,

e Each insulated hanger weighs an estimated 60 kg i l l | | )
e  Each hanger supports a conducting line weighing 20 kg \'\'—‘/‘/ Ix
e There is the possibility of an extra imposed load on each con- VA . N 0 ?5_
ing li i = < 5% > m
ducting line from snow and ice of 400 N. S
7
All other loads, including the self-weight of the supporting cable,
may be considered to be negligible. Figure 6.10a
A cable structure supporting overhead elec-
Find: tric railway lines
a. The design point loads.
b. The unknown dimension X.
c. The tensile force throughout the supporting cable.
d. The required diameter of cable. (Assume an ultimate stress of RAV’A F’R;:H
1570 N/mm? and use a partial safety factor for strength, 7y ,,, of o™ B c E I
D =
5.) - f
1.74 kN ‘ J 1.74 kN 0.5m
1.74 kN 1.74 kN
Solution
Load
oaas Figure 6.10b
. The structural model
Design deadload = 9.81x(60+20)x 1.4 = 1099 N ¢ sirictirat mode
Design imposed load = 400 x 1.6 = 640N
Total for each point load =1739N

say = 1.74 kN
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Fea

C
Feo
1.74 kN

Figure 6.10c
The forces at point C

Fga
8.87 kN

1.74 kN

Figure 6.10d
The forces at-point B

Analysis

Comment — The lower horizontal cables shown in figure 6.10a
provide lateral stability to the insulated hanger, but make no
contribution to supporting vertical loads.

The structural model is as shown in figure 6.10b. The first observa-
tion that we can make is that both the structure and loading are
symmetrical, and hence we only need to consider one half.

Point C — See figure 6.10c.

lgc = V(2.52+05%) = 255m

0.5
3V=0) Fepgx—— =174
( ) Fcs 735
Answer Fcg =8.87KkN

2.5

XH=0 F = 8.87x
( ) cD 2355
Answer Fcop = 87KkN

Point B — See figure 6.10d.

Both the direction and magnitude of Fg, are unknown. By
considering the horizontal equilibrium of point B we can conclude
that the horizontal component of Fg, must be equal and opposite
to the horizontal component of Fgc. Secondly, we can reason that
the vertical component of Fg, must be double (and opposite) to
that of Fpc (because an extra downward load of 1.74 kN has been
added). These two conditions can only be satisfied if the slope of
BA is double that of CB. In other words, as extra vertical load is
added to the cable its slope must be increased to maintain equi-
librium.

2x05 = 1.0m

Answer dimension, X

Iapg =V(2.5%+1.0) = 2.69m
2.5 25

SH=0 Fpp X —— = 8.87 X ——

( ) BAX 560 X355

Answer Fga=9.36 kN




Design of cable
) 1570 )
Design stress = — - 314 N/mm
. f
Area of cable required = Tax. oree
stress
9.36 x 10°
= = 29.8mm’
314
Cable diameter = 6.16 mm

Answer Use 7 mm diameter cable

Comments:

1. The use of such a large partial safety factor on material strength
is justified on the following grounds:

e Structural members with such small cross-sectional areas are
particularly susceptible to damage through corrosion or rough
handling.

e The consequencies of failure are particularly serious.

e Cables are relatively cheap, and so there is only a small in-
crease in cost.

2. Because the cable can support only pure tensile forces, the
reactions at the ends must be parallel with the cable. We could of
course easily resolve these into vertical and horizontal comp-

onents.

6.4.2 Heavy cables with uniform loads

In the previous section we assumed that the cables formed straight
lines between point loads. In this section the cables are considered
to be curved.

Figure 6.11 shows a typical centre span of a large suspension
bridge. We shall assume that the vertical hangers, which join the
bridge deck to the main cables, occur frequently enough to con-
stitute a uniform load on the cable. It is an easy matter to develop
expressions for the cable reactions and the force in the cable.
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Uniform load = w/m
Span = L
Figure 6.11

The centre span of a suspension bridge
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2 T

w/im

N~

Figure 6.12
The moment at B must be zero

from symmetry and vertical equilibrium we know:

=R, =— [6.1]

Because a cable cannot support bending, the net sum of clockwise
and anticlockwise moments to one side of any point must be zero.
Consider one half of the span (see figure 6.12).

(CMabout B)  (WL/2 x L/4) + (Rcu x D) = Rev x L/2

clockwise anticlockwise

Substitute for Rcy from equation [6.1] and rearrange:

wL?
8D

Rey = [6.2]
We can see, by considering the horizontal equilibrium of the cable
in figure 6.12, that the force in the cable at mid-span, Fg, is equal to
RCH.

The maximum force in the cable occurs at the support and is
obtained by finding the resultant of the vertical and horizontal
reactions.

Maximum force in cable = V(Rcy? + Row?) [6.3]

Inspection of equations [6.2] and [6.3] reveals that the horiz-
ontal reaction and the force in the cable is reduced if the height of
the bridge, D, is increased. Thus tall bridges require thinner cables,
but of course the length of the cables and towers is increased.

What is interesting is that the above expressions have been
derived without making any assumptions about the actual shape of
the cable form. In fact, for a uniform load the cable must be a
parabola. This is easily proved by showing that, with a parabola,
there is no bending at any point in the cable. In effect, the proof is
identical to that given in chapter 11 for the parabolic arch, which
is in pure compression, and hence the inverse of this case.

If a cable is supporting only its own self-weight then, because
of the change of slope, the weight is not uniformly distributed
throughout the length of the cable. Under these circumstances the
cable takes up a hyperbolic catenary form. For real bridges the
form of the curve is obviously complex, and lies somewhere
between the straight line, the parabola and the catenary. However,
as we shall see in the next example, this is not important in
determining the principal member sizes.



Example 6.6

Figure 6.13a shows the Bosphorous Bridge in Turkey. The main
cables are made up from a bundle of small wires. The following

data applies:

Central span, L
Height of cable rise, D
Concrete anchor blocks
Slope of cables at towers

Number of main cables
Ultimate strength of cables
Diameter of wires
Number of wires

Dead load (cables + deck), G
Imposed load, Q

1074 m

95 m

42.0mx20.0mx 12.0m
same angle both sides of
tower

2
1590 N/mm?
S mm
10412

147 kN/m
20.3 kN/m

Determine:

a. The design load for the suspended part of the structure.
b. The total compression load, P, in one supporting tower.

¢. The maximum force, T, in the cable.
d. The value of the partial safety factor for material strength, y ,, in

the cable at full load.
e. The factor of safety against vertical uplift of an anchor block.

Solution

Comment — Figure 6.13b shows a visualisation of the forces in a
suspension bridge. The Bosphorous Bridge is unusual in having
inclined suspension cables for the deck, however, for the purposes

of this example they can be assumed to be vertical as shown in the
visualisation.

Loads
a. Applying the usual partial safety factors for loads:

Design load = (1.4 x 147) + (1.6 x 20.3)

Answer Design load = 238.8 kN/m

Figure 6.13c shows the structural model.
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L 1074 m K
r 95 m I

Anchor block

Figure 6.13a
The Bosphorous Bridge, Turkey

Figure 6.13b

Visualisation of suspension bridge with the
'towers' in compression and the cables in
tension

B 95 m
T N, © F
A »
equal |ir TV yyy
Anchor 238.8 kN/m
block P
| 1074 m
Figure 6.13c

Structural model of suspension bridge
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Figure 6.13d
Cable forces at the top of the tower

Analysis

b. The compressive load in a tower is the sum of the vertical
components of the force in the cable at each side of the tower — see
figure 6.13d. If the slope of the cable is the same at each side of
the tower, then the vertical component force will be the same at
each side of the tower.

. wL
From equation [6.1] Rey = >
238.8 x 1074
cyv =————=128236kN
Answer load in tower = 2 x 128 236 = 256 472 kN

¢. To find the maximum force in the cable we must first find the
horizontal component of force.

F ti [6 2] R __W i
rom equation |O.
CH 8D

From equation [6.3] — divide by 2 because of two cables.

VR ov? + R cw?)
2

Max. force per cable =

- V(128 2362 + 362 434%)
- 2

Answer Maximum cable force = 192 230 kN
d. The first step is to find the actual stress in the cable.

Area of steel in cable = Tt X 2.52 x 10 412
= 204 466 mm?

force 192230 x 10°
area 204 466

stress

= 940 N/mm?




The partial safety factor for material strength is given by the
characteristic ultimate stress divided by the actual stress:

1590
Answer Ym =930 " 1.69

e. The factor of safety against uplift of an anchor block is the
weight of the block divided by the vertical component of force in
one cable, Rpy.

From table 4.1 the unit weight of concrete is 24 kN/m®.

Weight of anchor block = 42 x 20 X 12 X 24 = 241 920 kN

i 128 236
Rpy in one cable = 3 = 64 118 kN
Answer 241 920
Factor of safety against uplift = ca1is - 3.77

Comment — The Bosphorous Bridge is also unusual in not having
suspended side-spans. Figure 6.13e shows the more common
arrangement. In this case the anchor blocks only have to support
horizontal forces.

6.5 Summary of key points from chapter 6

1. Tension members (ties) can be relatively slender and cables can

be used.
2. The required cross-sectional area of a tie is given by:
ign 1
effective area, 4, >= M
design strength

3. The effective area, A, must be reduced to allow for bolt holes
and eccentric loading on angle members.

4. For a structure consisting of a lightweight cable and relatively
heavy loads it can be assumed that the cable forms straight lines
between the load points.

Tension 129

S —

More common arrangement with
suspended side-spans

Figure 6.13e
A more conventional arrangement with
suspended side spans
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 3:0m 12.0m 30m
20m
2 kN 2 kN
7 7
Figure 6.14

Cable-suspended traffic lights

77,

5. A structure with a single loading point can be analysed by
considering the equilibrium of that point. In most cases where
there is more than one loading point the geometry of the
structure will change to restore equilibrium. This makes analysis
difficult.

6. When a cable is relatively heavy, compared to the loads, it forms
a curve as in a suspension bridge.

7. For a suspension bridge cable with uniform load, the horizontal
component of force in the cable is given by:

= W
8D
and the vertical component at the tower is given by:

RAV = Rcv = w_L

8. The maximum force in the cable is determined by finding the
resultant of the above components:
Maximum force in cable = VR_’+R_?)

6.6 Exercises

E6.1 A mild steel tie member is required to support a design tensile

load of 150 kN. Compare the steel area required of the following

two options:

a) A 5 mm thick flat bar with a single row of 22 mm diameter
holes for bolts. (round-up width to the nearest 5 mm).

b) An equal angle with only one leg of the angle welded to form the
connection.

a) Flat area = 675 mm’®

b) Angle area = 691 mm*

E6.2 A lightweight cable is used to support two sets of traffic lights
over a road as shown in figure 6.14. The design loads can be
considered to be two point loads of 2.0 kN each.

a) Determine the force in the cable both at the support and at mid-
span.

b) What diameter of cable is required if the material has a yield
stress o, of 1200 N/mm? and a partial safety factor for material
strength, y,, of 5 is required.

a) forces = 3.60 kN and 3.00 kN

b) cable diameter = 4.4 mm, say 5 mm
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E6.3 Figure 6.15 shows a suspended footbridge. The following data

applies:

Central span = 64m
Side-spans = 32m
Height of cable rise = 15m
Width of walkway = 2m
Imposed deck load = 5kN/m’
Dead load (cable and deck) = 6 kN/m
Number of main cables =2

Figure 6.15
Suspended footbridge

Determine:

a) The maximum force in the cable

b) The compressive force in a tower

¢) The diameter of a suitable cable if material with a yield stress of
1590 N/mm’ is used combined with a partial safety factor for
material strength of 3

d) The horizontal force acting on one of the cable anchor blocks

a) cable force = 571 kN

b) tower force = 1562 kN

¢) cable diameter = 37.0 mm say 40.0 mm

d) horizontal anchor force = 417 kN/cable

E6.4 Figure 6.16 shows a suspended lighting rail for use in a
theatre. Each light weighs 25 kg. All other loads can be ignored. For
the particular light positions shown:

a) Determine the design force in the two wire suspension cables if a
partial safety factor for loads of 1.6 is used.

b) Assuming a partial factor of safety for material strength of 4,
determine the required diameter of steel wire if the material has
ayield stress of 300 N/mm*

a) forces =472 N and 704 N

b) diameter = 3.86 mm, say 4.0 mm

wire wire
-(--/ \,

10 kN
3.1m

- |-

| | |
s

E),?m 1.3m
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The concepts of shear force and bending moment

Drawing shear force and bending moment diagrams

Bending stresses — plastic and elastic

Shear stresses in beams

The design of standard beams in steel, concrete and timber
The calculation of section properties for non-standard beams
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Figure 7.1a
A simply supported beam

Figure 7.1b
A cantilever beam

Figure 7.1c
A simply supported beam with a cantilever
end

"’(L =]
Figure 7.1d

A continuous beam

LAY, 7
Flange
Web

Figure 7.2a
Universal beams in a steel-framed building

7.1 Introduction

A beam is a structural member subject to bending and is probably
the most common structural element that designers have to cope
with. Bending occurs in a member when a component of load is
applied perpendicular to the member axis, and some distance from
a support. Bending causes curvature of a member. Commonly,
beams are horizontal, and loads vertically downwards. Most beams
span between two or more fixed points as shown in figure 7.1a.
The types of support were discussed in section 2.5. As with plane
trusses there must be at least three reactive forces to put a beam
into equilibrium. In figure 7.1a the supports are one pin and one
roller, and this is called simply supported. Another common beam
type is the cantilever, as shown in figure 7.1b. Here one end is un-
supported but the other must be rigidly built-in to prevent rotation.
The third reaction force has now become a moment or couple, but
more of that later. A simply supported beam can have a cantilever-
end as shown in figure 7.1c.

With a few exceptions, beams with extra supports such as that
shown in figure 7.1d are statically indeterminate and their analysis
is beyond the scope of this book. These are known as continuous
beams. There are too many unknown support reactions for solution
by the three basic equilibrium equations.

7.2 Examples of beams and beam types

Figure 7.2a shows the use of a standard universal beam in a steel-
framed multi-storey building. Universal beams are widely avail-
able from local stock holders in a range of sizes and weights. Some
of these are tabulated in the Appendix. The beam is made up of
two flanges and a web — figure 7.2a. The 'I' shape of the beam
cross-section is efficient, as the steel works more effectively if it is
concentrated in the flanges at the top and bottom of the beam. This
will be proved later.

Bridges often have a requirement for a long-span beam. A
modern form of bridge is the steel box-girder, made by welding
flat steel plates together to form a hollow stiffened box (figure
7.2b).



Alternatively, multi-storey buildings can have reinforced
concrete frames. Figure 7.2c shows a typical cross-section through
a reinforced concrete beam. We saw in chapter 3 that concrete is
reasonably strong in compression but weak in tension. In fact we
usually ignore the tensile strength of concrete altogether, and
provide steel reinforcement to resist the tensile forces. The main
reinforcement bars must occur on the tensile side of the beam.

Slabs are widely used for floors and roofs in buildings. They
are designed simply as wide but shallow beams. Figure 7.2d shows
a concrete slab spanning between steel beams. Again the reinforce-
ment must be on the tensile side of the slab.

Extra economy can be achieved by joining a slab to a beam, so
that they function as one combined unit. Figure 7.2¢ shows two
examples of this. Firstly there is a reinforced concrete 'T' beam,
where the slab is cast monolithically with the beam. Secondly
there is composite construction, where a concrete slab is joined to
a steel beam by shear connectors welded to the top of the beam at
regular intervals.

A variant of the above is stressed skin construction where
plates are fixed to both the top and bottom of a beam. Figure 7.2f
shows the aluminium alloy floor of an aircraft, where rivets have
been used to join the components together.

Small timber beams are often used in the floor construction of
houses, where they are known as joists (figure 7.2g).

For larger timber beams either plywood box beams or
laminated timber beams can be used (figure 7.2h). Laminated
beams are formed from strips of timber which are glued together.
They can be sanded and varnished to produce a high quality
appearance, but they tend to be rather expensive.

7.3 The concept of shear force and bending moment

Stresses within a member due to bending are clearly more complex
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Figure 7.2b
A steel box-girder bridge

Main
reinforcement bars

Figure 7.2¢
A reinforced concrete beam

Reinforcement

Figure 7.2d
A concrete slab spanning between steel
beams



136  Understanding.Structures

Shear
connector

Figure 7.2¢
A concrete "T" beam and composite con-
struction
Plate Rivets
./ Pl
ilI
v a's e
Figure 7.2f

The aluminium floor of an aircraft

Floorboards or chipboard

tl 2\

=

Joists

Plasterboard and plaster ceiling

Figure 7.2g

Typical house floor construction using tim-

ber joists

L

Figure 7.2h

A plywood box beam and a laminated tim-

ber beam

than those from simple axial tension. An important step in
evaluating the stresses within a beam is to determine the mag-
nitude of the shear force and bending moment at the point under
consideration. Students often seem to find these concepts difficult,
but it is worth persevering with them as, with a little practice, they
can be very rewarding.

7.3.1 Cantilever with point load

Consider the cantilever beam shown in figure 7.3a which has a
point load of magnitude P at the end. Make an imaginary cut
through the beam at some point distance x from the end and
consider the equilibrium of the section of beam to the right of the
cut (figure 7.3b). The sum of the stresses on the cut surface must
ensure the equilibrium of this piece of beam. Considering the
equilibrium of an isolated section of a structure in this way is a
common and powerful technique. The section under consideration
is known as a free body. Think of the free body floating weight-
lessly in space. When the load is applied, the free body would
move if it were not for the presence of stresses at the cut surface.
(There is an obvious parallel here with the method of sections
analysis of plane frames, where the forces in the cut members must
put a section of the structure into equilibrium.)

Clearly a force, V, is required to satisfy vertical equilibrium
(figure 7.3c). In this case obviously V = P and is independent of
the distance along the beam, x. This force V, which is always
normal to the axis of the beam, is termed shear force.

We have still not satisfied equilibrium, however, and, as it
stands, the free body would spin around in a clockwise direction.
To prevent this we need a couple or moment, M, applied as shown
in figure 7.3d. In this case, taking moments about the cut:

M=Pxx

M is termed the bending moment and as expected increases as the
distance from the load increases. It reaches a peak value of M = PL
at the wall support. Clearly, in the case of cantilevers, the support
must be capable of resisting this moment if collapse is to be
avoided.

If values of V and M are plotted for all values of x, to some
suitable scale, we get the shear force diagram (figure 7.3¢) and
the bending moment diagram (figure 7.3f). We shall see later that
bending moment and shear force diagrams are important because
we use them to determine the actual sizes of beams.



7.3.2 Convention for shear force and bending moment diagrams

It is important to be consistent in the way that shear force and
bending moment diagrams are drawn. Different designers use
different conventions but in this book the following is used
throughout:

Clockwise shears (i.e. when the left-hand side of the beam is
being pushed upwards and the right-hand side of the beam is being
pushed downwards — figure 7.4a) are drawn below the zero line.

Anticlockwise shears (figure 7.4b) are drawn above the zero line.

Bending moments are always drawn on the tensile side of the
beam.

Therefore:
Hogging moments (figure 7.4c) are drawn above the line.
Sagging moments (figure 7.4d) are drawn below the line.

We shall now look at two more commonly occurring cases.

7.3.3 Simply supported beam with point load at mid-span

The beam has a span of L and a point load of P at mid-span (figure
7.5a).

The first step is to find the reactions. In this case from sym-
metry:

We can now draw the shear force diagram. We will start from Ry
and work to the left, considering vertical equilibrium as we go.
Inspection of the free body (figure 7.5b) indicates an anticlockwise
shear which means that the diagram is plotted above the line.
However, as we go beyond the mid-span load the direction of the
shear force is reversed, and it becomes clockwise (figure 7.5¢). It
can be seen that the value of the shear force is V = P/2 throughout
in order to satisfy vertical equilibrium. The final shear force dia-
gram is as shown (figure 7.5d).

Figure 7.3a
A cantilever beam with a point load

.
A
Figure 7.3b

Free body diagram

Figure 7.3c
Vertical equilibrium satisfied

v { P
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Figure 7.3d

Moment equilibrium also satisfied

Zero line
vi | P

Figure 7.3e
Shear force diagram

Figure 7.3f
Bending moment diagram
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Clockwise shear
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Hogging moment
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Figure 7.4d
Sagging moment

Figure 7.5a
A simply supported beam with a point load
at mid-span

vik )
‘mf;”

Figure 7.5b
Free body to the right of P
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Free body to the left of P
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Figure 7.5d
Shear force diagram
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Figure 7.5e
Free body to the right of P

At this stage we can deduce a simple procedure for ensuring
that the shear force diagram always complies with our convention:

Start at the right hand side of the structure and follow the
direction of each force as you work towards the left-hand side.

So in this case we start at the right-hand reaction Rg and draw a line
vertically upwards representing P/2. As we move to the left there no
change until we reach the central point load, where we descend an
amount P. There is no further change until we reach the reaction Ry
where we move up P/2. This should always take us back to the base-
line and hence provides a check.

Turning to bending moment, it should firstly be obvious that
this is a sagging beam with the bottom of the beam in tension. We
therefore plot the diagram below the line. The magnitude of the
bending moment, M, varies with the distance along the beam, x.
Up to the mid-point we can see from figure 7.5e that:

PXxx
2

(x<L/2) M =

Beyond the mid-point we can see from figure 7.5f that:

(x> L/2) M = (P2xx)—[Px(x—-L2)]
M = PxL2-x2)

At the mid-span point itself:

PL
(x=L/I2) My = —

If these values are now plotted for the whole beam, then the
bending moment diagram shown in figure 7.5g results.

7.3.4 Simply supported beam with uniformly distributed load

We shall now consider the case of a beam of span L which carries
a uniformly distributed load (UDL) of w kN per m (figure 7.6a).

Shear forces  The free body diagram (figure 7.6b) shows how the
shear force, V, now varies with x as the gradually applied down-
ward load affects the vertical equilibrium of the free body. The
shear force must be equal to the difference between the downward



load and the upward reaction. Thus as x increases, V gradually
reduces until it is zero at mid-span (where the load and the reaction
are equal). Beyond mid-span there is a change of sign. You can
obtain the value of V at any point in the beam by simply substitut-
ing the appropriate value of x into the following equation:

wL

V = —2‘——(WXX)

Plotting this results in the shear force diagram shown in figure
7.6¢. As expected, the slope of the shear force line is equal to the
magnitude of the UDL.

Bending moments  The magnitude of the UDL load is wx. When
taking moments we consider the UDL to be concentrated at its
mid-point. Remember we always take moments about the cut end
of the free body. Therefore all distances are measured from this
point when we take moments. The distance from the cut to the
mid-point of the UDL is thus x/2.

M = (WL/2 X x)— (wx X x/2)
w X (Lx — x%)
M = —

The above is the equation of a parabola and when plotted produces
the bending moment diagram shown in figure 7.6d.
At mid-span when x = L/2 we find:

Beams
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Figure 7.5f
Free body to the left of P
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Bending moment diagram
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Figure 7.6a
A simply supported beam with a UDL
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Free body

Figure 7.6¢c
Shear force diagram

Figure 7.6d
Bending moment diagram
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(1]

Figure 7.7
A short length of beam

7.3.5 General rules concerning shear force and bending moment
diagrams

In practice, bending moment diagrams are not usually drawn by
plotting equations, as suggested above, but by simply evaluating
the peak moments at key points and then sketching the inter-
mediate shape. Peak values for common cases, such as M = PL/4
for a point load at mid-span and M = wL%8 for a UDL over the
whole span, should be remembered.

We can conclude from the above cases that:

Between point loads

Shear force is constant.
- Bending moment varies as a
straight line.

Throughout a UDL - Shear force varies as a straight
line.
- Bending moment varies as a
parabola.

The peak value of the bending moment occurs at the point in the
beam where the shear force passes through zero.

This last point can be very useful for locating the position and
magnitude of the maximum bending moment. We shall now prove
it mathematically. Those readers who are not interested in the
proof can skip the following section.

Proof that a peak value of bending moment occurs at a point of
zero shear

Consider a free body consisting of a short length, 8x, of beam
supporting a UDL of magnitude w/m (figure 7.7). The values of
shear force and bending moment increase from V and M at one end
to V + 8V and M + 8M at the other.

Now consider the moment equilibrium of the free body by sum-
ming moments about point A:

(ZM about A)

M + Vx= (Wwdx X 8x/2) + M + SM
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Neglecting multiples of small quantities and cancelling M from 1kN 2kN
both sides: /A ‘

Véx = 3M 1.5m

As 8x approaches zero this can be written as the differential:

aM 4kN
V=— 7.1
dx (7.1] A l _8
In words, this means that the shear force is equal to the rate of 7%7 I ﬁ
change of the bending moment diagram. Thus when the shear M ogm ! 12m I
force is zero the slope of the bending moment is zero, indicating (b}
either a maximum or minimum value. 3kN 2kN  2kN
I
Example 7.1 B A 7
A
For each of the beams shown in figure 7.8a-e draw the shear force 2m Tzm Tzm 1 2m |
and bending moment diagrams. Indicate the magnitude of all peak ()
values.
3kN
Solution 2 2 kN/m
ZBEEEERERK] .
B8
Beam (a) g'A 2m 1m ‘
r 1
This is clearly a cantilever beam, and as there is no unknown re- (d)
action at the end B we can start straight away with the shear force 3N 8 kN/m
diagram. Starting at B we draw a line vertically downwards A LﬂIiTrTl_rq
representing 2 kN (figure 7.9a). Moving leftwards there is no > 7B ]
change in vertical load until we reach the next point load where we e e f o]

descend another 1 kN. Continuing leftwards without further
change we find that, at A, we require an upward force of 3 kN to
return to the base-line. This is the upward vertical reaction at A,
and we can see by inspection that vertical equilibrium is satisfied.| Figure 7.8
i.e. the sum of the downward forces equals the upward reaction.

As far as the bending moment is concerned, because of the
point loads, we would expect it to consist of a series of straight
lines. We can also see by inspection that these particular loads
would cause the beam to deflect downwards at B, producing
tension in the top face. We therefore plot the diagram on the top. If
we consider the free body diagram shown, it is clear that the
bending moment:

M=2xx
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Figure 7.9a
Solution to beam a

1.92

Figure 7.9b
Solution to beam b

Hence it has a zero value at B (where x = 0) and a value of 3 kNm
at the mid-point of the beam. At the support A we must take both
point loads into account. Hence:

My = (2x3)+(1x1.5)
= 7.5 kNm

Remember, if we want the moment at A, then all distances must be
measured from A.

Comment — This result tells us that both the wall and the beam
connection at A must be capable of resisting a moment of 7.5 kNm
if collapse is to be avoided.

Beam (b)
In this case we must first find the unknown reaction at B before we
can start to draw the shear force diagram.

(M about A) 4x0.8 =Rgx?2
clockwise  anticlockwise

HenceRg =1.6kN T

We could find R, in a similar way, by taking moments about B,
but there is an easier way. Simply use vertical equilibrium.

(ZV = 0) 4=Rp+1.6
downwards  upwards
Hence Ry =24kNT

We are now in a position to draw the shear force diagram. Again
start at the right-hand end and follow the direction of the force
(figure 7.9b).

The peak bending moment will occur at the position of the
point load, C, and from the free body, is given by:

Mc =12xRg=12%x1.6

1.92 kNm

Clearly we would get the same answer if, as an alternative, we had
considered the equilibrium of the left-hand end:

Mc =08xR,=08x24
1.92 kNm

This time the bottom of the beam is in tension.




Beam (c)
First find the reactions.

(EM about A) (2x2)+(2x4) = (3%2)+ (Rg X 6)

clockwise anticlockwise
Rg =1kNT
v =0) 3+2+2=Rp+1
downwards  upwards
Ry =6kNT

Comment — Examination of the above calculations shows that if]
the 3 kN load on the cantilever was doubled, the reaction at B
would reduce to zero as the moments became balanced about A. A
 further increase in the load would result in Ry becoming negative,
which implies that the beam must be held down at B in order to
maintain equilibrium. Thus when calculating reactions, if a nega-
tive sign results, it simply means that the direction of the reaction
was originally guessed wrongly.

Hence the shear force diagram can be drawn (figure 7.9¢)

We can now determine the bending moment at the significant
points by breaking the beam, and considering the equilibrium of
the resulting free body by summing the moments to one side of the
break. We choose either the left-hand or right-hand side depending
upon which is the simpler calculation.

MD="1X2 = "‘2
Mc=(-1x4)+2x2) =0
My =-3x2 = -6

If these values are plotted and joined up by straight lines we have
the bending moment diagram.

Comment — In the preceding calculations clockwise moments have
been considered positive and anticlockwise moments negative.
However, inspection of the bending moment diagram reveals no
apparent connection between these signs and the side of the beam
on which the bending moment is plotted. This is because we
changed from considering the right-hand end to considering the
left-hand end. Remember that our convention is always to plot the

diagram on the tension side.
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Solution to beam ¢
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Figure 7.9d
Solution to beam d

M
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2.06

Figure 7.9¢
Solution to beam e

Beam (d)

This is a cantilever, similar to beam (a), but with the added
complication of a UDL. Starting at B we can see that the first
metre is unloaded and hence remains at zero on the shear force
diagram (figure 7.9d). We then have a 3 kN vertical drop followed
by a gradually applied load (at the rate of 2 kN/m), i.e. over 2 m
this represents a further downward force of 4 kN.

Because of the UDL, the bending moment will be curved.

My =(3x2)+@2x2x1)
= 10kNm

In the above term for the UDL we multiply the magnitude
(2 kN/m) by the length over which it acts (2 m) by the distance
from A to the centre of the UDL load (1 m). Figure 7.9d shows the
resulting bending moment diagram.

Comment — It is an easy matter to plot the actual shape of the
curve by evaluating the bending moment at several intermediate
points. Simply cut the structure at any point, and determine the
value of M to put the resulting free body into equilibrium.

Beam (e)

Firstly evaluate the reactions:

(XM about A)
(3%x0.5) +(8x1.5%1.25) =Rgx 1.5
Rg =11kNT
(ZV =0) 3+(8x1.5)=Ry+11
Ry =47

The shear force diagram is shown in figure 7.9e. Look at it
carefully and make sure that you understand the shape. A signific-
ant point is the fact that the diagram crosses the zero axis at two
points, and we have already shown how this indicates maxima or
minima values of bending moment. We can calculate the distance
of the zero shear point from B as follows:

Distance, x = 7/8 =0.875m




The above is simply the value of the shear force at B divided by
the slope of the line (which is equal to the UDL).

For the bending moment, firstly calculate M at B by con-
sidering the cantilever end to the right:

Mg = 8x%x0.5x0.25
=1 kNm

Now evaluate the moment at C by considering the left-hand end:
Mc =4%x0.5 = 2kNm

Lastly evaluate the maximum value of moment which occurs
0.875 m from B:

M., = (8% 1.375x 1.375/2) — (11 x 0.875)
= —2.06 kNm

The final bending moment diagram is shown in figure 7.9e.

Bending moment diagrams can become quite complicated,
however, you should not lose sight of what they mean in physical
terms. Quite simply, the shear force and bending moment at any
point in a structure are those values necessary to satisfy
equilibrium if a free body is considered to one side of the point.

Beams therefore have to resist shear forces which try to deform
them as shown in figure 7.10a, and bending moments which try to
deform them as shown in figure 7.10b. We shall consider bending
moments first, and the next stage is to understand the relationship
between the bending moment, M, on a beam and the bending
stresses, 0, that this produces in the beam.

7.4 Bending stresses
7.4.1 Approximate bending strength (ignoring the web)

An 'T' beam resists bending by one flange 'pushing' and the other
flange 'pulling'. The web also contributes to the bending strength,
but it is less effective than the flanges. A crude, but safe, approx-
imation to 'I' beam behaviour is to ignore the contribution of the
web to bending strength and hence assume that it is the flanges
that do all the work. In practice this would not be an economic

Beams

V?z;v

Figure 7.10a
The effect of shear

QUL

Figure 7.10b
The effect of bending
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Figure 7.11a

One flange pushes and the other pulls
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Figure 7.11b
Take moments about the point A

| 146.1
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251.5 D

Figure 7.12a
Beam dimensions

method of design but it gives a useful insight into the way beams
work. In effect, as shown in figure 7.11a we are assuming that the
web functions in the way that diagonal bracing does in a truss. It
keeps the flanges apart and carries the shear.

The moment, M, at section y—y, produces the two flange forces,
Frin tension and F¢ in compression as shown in figure 7.11b. The
distance between the centres of the top and bottom flanges is D. As
in the method of sections for pinned trusses:

(M about A) PXxXx =FrxD
but Px = bending moment = M
therefore M=F;xD

in the above stress X area

force, Ft

so for a beam with equal flanges of area, A,

M=0,xAXD
o,= the tensile stress in the flange

where

and if the beam is made from material with an ultimate yield stress
of o, then the ultimate moment that the beam can support is:

My =0y xDXxA

It can clearly be seen that the moment capacity increases with
beam depth and flange area. This explains why 'I' shaped beams
are used where the aim is to concentrate the material as far apart as
possible.

Example 7.2

A 254 x 146 x 31 kg/m universal beam is used as a 3 m long
cantilever. What is the maximum ultimate load that can be applied
at the end of the cantilever if the steel yields at a stress of 275
N/mm?? Use an approximate method ignoring the contribution of
the web, and ignore the self-weight of the beam.

Solution

The first step is to extract the relevant dimensions of the beam
cross-section (figure 7.12a) from the table given in the Appendix.




Depth to centre of flanges
D=12515-8.6

242.9 mm

Flange area, A = 146.1 x 8.6 1256 mm?

My =0,xXDXxXA
=275%242.9 x 1256 x 107%
= 83.9kNm

Clearly the maximum bending moment occurs adjacent to the
support (figure 7.12b).

Maximum M= 3 X P
therefore at failure 3 X P = 83.9 kNm

Answer P = 28.0 kN

7.4.2 Elastic and plastic bending

We shall now develop a more accurate theory for the relationship
between bending moments and stresses. The whole cross-section,
including the web, is included. Initially the treatment is descriptive
but we shall then go on to derive the mathematical relationships.

Consider a pencil eraser with two parallel lines as shown in
figure 7.13a. If the eraser is bent as shown in figure 7.13b you can
see that on the tension side the lines have moved apart, and on the
compression side they have moved together. At the mid-height of
the eraser they remain the same distance apart. Obviously where
the lines have moved apart a tensile strain is indicated, and where
they have moved together a compressive strain is indicated. We
could therefore represent the variation in strain throughout the
depth of the eraser as shown in figure 7.13c. Note that the
maximum strains occur at the top and bottom faces, and in the
middle the strain (and hence the stress) is zero. The level where
the strain is zero is known as the neutral axis.

If we now make the assumption that the eraser is made from a
linear elastic material this implies that stress is proportional to
strain. In fact stress = E X strain, where E is the constant modulus
of elasticity. The variation in stress throughout the depth of the
eraser must therefore be of the same shape as the variation in strain
(figure 7.13c).
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Figure 7.12b
Bending moment diagram

Figure 7.13a
Pencil eraser under no load

Figure 7.13b
Pencil eraser after bending
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Figure 7.13c
Stress and strain in eraser after bending
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Stresses reach the yield point

Let us now switch to an 'I' beam cantilever as shown in figure
7.14a, which is assumed to be made from a steel with an elastic-
perfectly plastic stress/strain relationship as shown in figure 7.14b.
The aim is to understand what happens to the stresses on the cross-
section of the beam at the point of maximum bending moment,
y-y, as the load, P, is gradually increased until ultimate failure
occurs.

Initially the load, P, is modest so that it only produces strains
€, well below the yield strain €,. Consequently the accompany-ing
stresses are also well below yield, as shown in figure 7.14c. It is
interesting to compare the effectiveness of the steel at different
levels in contributing to the bending resistance of the beam. Level
a is close to the neutral axis and level b is within the flange of the
beam. Remember, the aim is to provide an anticlockwise moment
throughout the cross-section in order to cancel the clockwise
moment induced by the load P acting at distance L. Compared to
level a the steel at level b is more effective because:

1. It is subject to higher strains and hence stresses.

2. The extra width of the flange means there is a bigger area of
steel available for 'pushing' and 'pulling' (force = stress X
area).

3. The moment resisted is obviously proportional to the distance
between the forces. Hence the further the steel is from the
neutral axis, the more effectively it works.

We shall now increment the load to P,, which is the load which
just causes the strains in the extreme top and bottom fibres of the
beam to reach the yield stress — o, (figure 7.14d). This is the
highest load at which the deflection of the beam is fully recover-
able. If the load is removed the beam will spring back to its orig-
inal position. The beam is now at the limit of elastic bending.

A further small increment of load to P; takes the steel near the
top and bottom surfaces beyond its yield point. Figure 7.14e shows
how, beyond the yield point, as the strain continues to increase the
stress remains constant at its yield value. However, closer to the
centre of the beam, where the strain is less than oy, the steel
remains elastic. The beam is not yet at its ultimate failure state,
although some permanent deflection has occurred which is not
recoverable when the load is removed. This is elastic-partially
plastic bending.

If the load is incremented further to P, the first thing that



becomes obvious is the way that relatively small additions to the
load produce large deflections. Because of the ductile nature of the
mild steel it can be strained to say fifteen times its yield strain, as
shown in figure 7.14f, ensuring that virtually all the steel has
yielded. As already explained, the material close to the neutral axis
makes a very small contribution to bending resistance, so for all
practical purposes the small remaining elastic zone on the neutral
axis can be ignored. A stress distribution as shown in figure 7.14g
can thus be assumed.

Once full plastic bending has been reached the beam would
rotate at constant load (in theory) about the point of maximum
bending moment which has become a plastic hinge (figure 7.14h).
Obviously ultimate collapse has been reached. For standard 'T'
beams the load to cause ultimate failure, P,4, is about 15% more
than the load to cause first yield, P,.

7.5 Plastic theory of bending

In limit state design it is of prime importance to ensure that a
structure has an adequate safety factor against reaching the
ultimate limit state or collapse. As plastic bending is taking place
at collapse we must derive a numerical relationship between the
collapse moment, the yield stress of the material and the cross-
sectional dimensions of the beam.

Initially we shall assume that all beams are provided with
lateral restraint. This means that they will not buckle sideways
before the full yield stress of the material is reached. Beams
without lateral restraint are considered later in section 7.8.

7.5.1 Rectangular cross-section in plastic bending

Consider a portion of rectangular beam subject to its ultimate
bending moment, M, so that it is on the point of collapse. By
considering the horizontal equilibrium of the beam free body in
figure 7.15 we can see that tensile force = compressive force and
hence that the neutral axis must lie at the mid-height of the beam.

force = stress xarea
'pull’ force = 'push’ force = o, X B x D/2
The distance between the centroids of the two forces or lever arm
= D/2
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Figure 7.15
Rectangular beam at full yield

A

Figure 7.16
Dividing a cross-section into rectangles

therefore My, =0, X BD*/4
or My =0,XxS§ [7.2]

where S is the plastic section modulus, and equals BD*/4 for a
rectangular section. The plastic section modulus can be seen to be
a geometric property of the cross-section of the beam. This means
that it depends only upon the size and shape of the beam, and is
independent of the beam material. It is important, however,
because it is a direct measure of the ultimate plastic bending
strength of a beam. We shall now look at the way the plastic
section modulus, S, varies for differently shaped cross-sections.

7.5.2 'l' beams in plastic bending

Again, for horizontal equilibrium, the total tensile force = total
horizontal force and so for a standard 'I' beam with equal flanges
the neutral axis must lie at the mid-height of the beam. If we
divide the cross-section into four rectangles as shown in figure
7.16 and take moments about the neutral axis for each rectangle
we get:

My =0, X (A X Y)) + (A X Y3) + ... etc.)

where A, etc. is the area of each rectangle, and Y, etc. is the
distance from the neutral axis to the centroid of each rectangle.

However, if the flanges are equal, this simplifies to:
My = 0y X2 X ((A; XY)) + (A2 X T3))
=0,XXAY = o, XS§

In this case the plastic section modulus, S, is defined as the first
moment of area of the section about the neutral axis. Values of S
are given in section tables for standard sections (see the Appendix).
Therefore to obtain a suitable beam size for a given ultimate
moment we simply use:

. Mull
required S =

(7.3]
Oy



and select a beam from the section tables with an adequate plastic
section modulus, S. Always aim for a section whose value is equal
to, or slightly greater than, the required value. Normally steel is
paid for by weight and so the lightest section that will do the job is
usually the most economic choice.

7.5.3 General cross-sections in plastic bending

It is now an easy matter to extend these concepts to sections of any
cross-sectional shape. (figure 7.17). To find the ultimate moment
that a beam will support it is simply a case of evaluating the plastic
section modulus, S, and using equation [7.2]. For horizontal
equilibrium the neutral axis must divide the section into two equal
areas:

Ac=Ar

We then proceed to sum the first moments of area about the
neutral axis, as before, in order to obtain the plastic section
modulus, S.

Example 7.3

The three beam cross-sections shown in figure 7.18a-c all contain
the same amount of steel. Find the plastic section modulus, S, for
each one.

Solution

Comment — The standard section tables (see the Appendix) give the
values of S in centimetres®. Although these are non-standard SI
units, they produce more manageable numbers, and it is proposed

that we also work in centimetres.

Beam (a)

From section 7.5.1 S =BDY4 = 4x10%4
Answer S =100 cm?

Beam (b)

From section 7.5.2 — refer to figure 7.19a
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Figure 7.17
A non-standard shape
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Figure 7.18
Beam cross-sections
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(a) (b)

Figure 7.19
Divide the sections into rectangles to
evaluate the first moments of area

All dimensions in cm.

Item Area, A y Ay
1 4.6 x0.86 = 12.56 12.17 1529
2 11.74x0.61 = 7.16 5.87 42.0
194.9
S =2x1949
Answer S = 389.8 cm®

Comment — The above beam is a standard 254 x 146 x 31 kg/m
universal beam, and consequently we can check this result from
the standard section table given in the Appendix. The value given
is 396 cm’. The small difference is due to rounding error and the
presence of fillet radii on the actual section.

Beam (c) — refer to figure 7.19b
The first step is to calculate the depth of the neutral axis, Y, which

must divide the area into two equal halves. After this step the table
can be completed.

Total area = (1 x25) + (1 x15) = 40 cm?

40
Depth, Y= —— = 20cm
2x1

All dimensions in cm.

Item Area, A y Ay
1 1 x20=20 10 200
2 1x 5= § 2.5 12.5
3 1x15=15 55 825
295.0
Answer S =295 cm®

Comment — The above results show that, as expected, the 'I' beam
has the biggest plastic section modulus, and hence is the most

efficient for resisting bending.




Example 7.4

In example 7.2 we used an approximate method to calculate the
maximum ultimate load that can be placed on the end of a 3 m
long cantilever made from a 254 x 146 x 31 kg/m universal beam.
Repeat the example assuming full plastic bending of the whole
section.

Solution
From section tables (see Appendix) the plastic modulus, S, for a

254 x 146 x 31 kg/m universal beam = 396 cm’. As before, the
yield stress, 6, = 275 N/mm®.

Mull
From equation [7.3] S=—
Oy
therefore My = S x 0, =396 x 275 x 10
= 108.9 kNm
As in example 7.2
maximum M=3xP

hence at failure 3xP =108.9 kNm
Answer P = 36.3 kN

Comment — This is a 30% increase compared to the value of 28.0
kN obtained in example 7.2. This represents the contribution of the
web to the bending strength.

7.6 Shear stresses in beams

If you take a flexible plastic ruler and apply a shear force to it
(figure 7.20), you will notice how it is very much stiffer when the
loads are applied parallel to the flat surface of the ruler, compared
to when the ruler is laid flat. This suggests that if a shear force is
applied to an 'T' beam, most of it will be resisted by the web. This
is indeed the case. In fact it is usual to assume that only the web
resists shear.

Beams

f Flexible

t Stiff

Figure 7.20
Shear forces applied to a flexible ruler
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Figure 7.21
Shear stresses on the web of a beam

IEEEEEEREREN!

7 N
Compressive

buckle

Figure 7.22a
Shear failure in a steel web

Thin steel
Y web

Consider a portion of beam subjected to a shear force (figure
7.21a). If we consider a small element of the web (figure 7.21b)
the shear forces will produce shear stresses, T, on the vertical sides.
However, the element is not in moment equilibrium. Equal shear
stresses must be present on the horizontal faces of the element to
prevent it spinning in a clockwise direction. These are known as
complementary shear stresses (figure 7.21c). These stresses can
be resolved as shown in figure 7.21d. Thus shear forces can be
considered to produce diagonal tensile and compressive forces in
the web of a beam. In a thin ductile material, such as the web of a
steel beam, the compressive force can cause web buckling (figure
7.22a). In a brittle material, such as concrete, the tensile force can
cause tensile cracking (figure 7.22b). Inspection of the shear force
diagrams that we have drawn so far indicates that maximum shear
forces occur at supports. These are therefore usually the critical
points.

The magnitude of the shear stress, T, is reasonably constant
throughout the depth of the web. It is therefore only necessary to
check that the average value of the shear stress is less than a
permitted ultimate value — usually taken as 0.6 x yield stress, 0.

shear force %

Average shear stress on web= =
web area Dxt

D is the total depth of the beam and ¢ is the thickness of the web.

For mild steel this should be less than 0.6 X 275 = 165 N/mm?

Example 7.5

In example 4.8 we calculated the loading on two beams which
form the support structure for the roof of a double garage.
Determine the dimensions of suitable standard universal beams.

Solution

Figure 7.23 shows the loading on the two beams from example
4.8.

The first stage is to evaluate the beam reactions and then to draw

the shear force and bending moment diagrams.

Beam Bl




From symmetry:

Reactions Ry, =Rg = 13.72x6/2 = 41.2kN

The resulting diagrams are shown in figure 7.23. Beam B1 is a
standard case — i.e. a simply supported beam with a uniformly
distributed load. We saw in section 7.3.4 that for this case:

wL? 13.72 x 6°
Mo = —g= =g
= 61.74kNm

From table 3.4 a typical yield stress for mild steel is 275 N/mm?.

From equation [7.3]

My, 61.74x10°

S = -
o 275 x 10°

Required
y

=2245cm’

From the Appendix
Try 254 x 102 x 22 kg/m universal beam
(S=262cm’,D =254mm, t="58mm)

41.2x 10°
254% 5.8

Average shear stress = 28 N/mm?

(< 165 N/mm?)

Answer Use 254 x 102 x 22 kg/m universal beam

Beam B2
From symmetry:

(3.17%6) + 41.2
-

Rp =Rg
= 30.1kN

Reactions

The shear force diagram is quite straightforward provided you
obey the guidelines — start at the right and draw in the direction of
the force (figure 7.23). The peak bending moment again occurs at
mid-span, and can be obtained in either of two ways. Firstly
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Figure 7.22b
Shear failure in a concrete beam

13.7 kN/m
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(kN §A Bearn B2 3

3.17 kN/m
Free body M(

¢

76.1

Figure 7.23
The beams over a double garage
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consider the free body diagram shown:

M= (30.1 x3) — (3.17 x 3 x 3/2)
= 76.0 kNm

The second method is to combine two standard cases. We have a
simply supported beam with a point load at mid-span (M., =
PL/4), plus a simply supported beam with a UDL throughout
(Max = wL?/8). As the maximum bending moments both occur at
mid-span we can simply add the two cases together. This is an
example of what is known as the principle of superposition.

41.2%6 3.17 x 6

R 3

=61.8+ 143 =76.1 kNm

od M, 76.1x10°
require T, T 275%10°
=276.7 cm®
From the Appendix

Try 254 x 102 x 25 kg/m universal beam
(S =306 cm®, D =257 mm, t = 6.1 mm)

30.1 x 10°

A hear stress = ———— = 19.2 N/mm’
verage shear stress 757 %61 9.2 N/mm

(< 165 N/mm?)

Answer Use 254 x 102 x 25 kg/m universal beam

Comments:

1. It can be seen from the above that the average shear stresses are
well below the permitted values. This is typical for most beams and
consequently many designers do not bother to check shear. It can,
however, be a problem if a large point load occurs close to a
support. This causes large shear forces without necessarily in-
creasing the bending moment very much.

2. The above two beams were selected from section tables (see the
appendix) on the basis that they are the lightest sections to have an
adequate plastic section modulus. In practice, if the steel beams
have to be ordered from a steel stockholder, it may be more




economical to order two beams of the same size and weight. This
means that they would have to be the heavier section.

7.7 Elastic theory of bending

Limit state design puts great stress on securing an adequate safety
factor against ultimate collapse, which means considering fully
plastic failure in most cases. There are, however, situations where
it is necessary to carry out an elastic analysis, and these include:

1. In the design of structures subject to frequent variations in
stress, such as cranes, the stresses must be kept well below the
yield value in order to provide adequate protection against
fatigue failure. Only an elastic analysis can give an indication
of the actual magnitude of stresses under normal working loads.

2. Most mechanical engineering structures are not covered by
national standards and the traditional design methods employ
an elastic approach.

3. Steel beams with relatively thin components may buckle
locally before the fully plastic moment is reached, and their
performance must therefore be restricted to the elastic range.
Only very few standard beam sections are affected in this way.

4. Timber members are designed using elastic principles.

5. Prestressed concrete designs are often governed by service-
ability criteria, such as keeping tensile stresses below a certain
value, rather than the ultimate collapse criterion. An elastic
approach must be adopted to make these serviceabilty checks.

7.7.1 Rectangular cross-section in elastic bending

Consider a portion of rectangular beam subject to a bending
moment, M, which causes a maximum stress, O, , Which is less
than the yield stress, o, (figure 7.24). We must still satisfy horiz-
ontal equilibrium and hence the total tensile force = total com-
pressive force. For symmetrical sections, therefore, the neutral
axis must lie at mid-height as in plastic analysis. We need to find
the relationship between the stress, O, the bending moment, M,
and the beam cross-sectional dimensions, B and D.

Beams 157

Figure 7.24
A rectangular beam with elastic bending
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Area = dA
_ Omax
% Stress level
Y o ~on element
y
. ) F\leutral_ T
axis
Figure 7.25a

A non-standard beam

pull force = push force = mean stress X area
= Oma/2 X B X D/2
= Opmax X BD/4

For a triangle the centroid is one third of the height from the base,
therefore the distance between the centroids of the two forces:

leverarm = 2/3xD
therefore M = 0., XxBD/4x2D/3
= O X BDY6
or M =0,.XZ [7.4]

where Z is the elastic section modulus, and equals BD*/6 for a
rectangular section. The elastic section modulus, Z, is obviously
analogous to the plastic section modulus, S. (Take care not to con-
fuse the 'elastic section modulus' with the 'modulus of elasticity'.
There is no connection. The first is a geometric property, based on
the shape and dimensions of a section. The second is a material
stiffness property.)

7.7.2 General cross-sections in elastic bending

Because the stress varies throughout the section, the above
approach would get too tedious for more complex shapes and we
need to develop a more elegant and general theory.

Consider the beam cross-section shown in figure 7.25a, which
has a value of stress of o, at the distance Y from the neutral
axis. The first step is to determine the position of the neutral axis.
We must still satisfy horizontal equilibrium on the section and thus
ensure that tensile forces = compressive forces.

Consider a small element of area, a, shown in figure 7.25a. We
know, from similar triangles, that the stress on this element is
proportional to the distance of the element, y, from the neutral
axis:

Omax XY

stress =
Y

and force = stress X area



Omax XY X a
B Y
For the whole cross-section:
O
Z(OmaY X y.0) = )":‘”‘x (y.a)

If y is considered positive above the neutral axis and negative
below, then for horizontal equilibrium (tensile forces = com-
pressive forces) the sum of forces over the whole cross-section
must be zero.

0 Fmax 5, 75
= (y.a) [7.5]

The first term in [7.5] cannot be zero, as this implies zero stresses
in the beam. Therefore the summation, Lya, must be zero. This
summation is known as the first moment of area.

Now consider a thin uniformly thick slice of the cross-section
balanced over a knife edge support as shown in figure 7.25b.
Clearly for equilibrium. the centre of gravity or centroid, C, of the
section must be placed directly over the support. As with a see-
saw, if equilibrium is to be maintained, the net sum of each
element of area, a, multiplied by its distance to the pivot, y, must
be zero. Writing this in mathematical terms we get:

Tya =0 [7.6]

By comparing equations [7.5] and [7.6] above we can conclude
that the neutral axis passes through the centroid. (Notice that
this is not the same as for plastic bending and hence the neutral
axis must move as the bending changes from elastic to plastic.)
Now take moments about the neutral axis for each element of
force. Remember moment = force x distance. This means that each
element within the summation must be multiplied by y again.

om' X
M = —Y—“- x 2(y*.a)

The summation Z(y*.a) is termed the second moment of area, I.
(It is similar to, and often erroneously called, the moment of
inertia, but strictly speaking moment of inertia should contain a
mass term in place of the area.)

Beams

Area = dA

y

Figure 7.25b
The beam shape balances when the
centroid is over the knife edge
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Floor boards

Figure 7.26
Timber floor construction

We therefore get M=

or

[7.7]

Values of I for standard beams are given in section tables (see the
Appendix), and we shall look at how to evaluate I for non-standard
shapes of cross-section later.

Equation [7.7] is very important and is sometimes known as the
engineer's equation of bending. It can be used in many ways:

Question 1 — For a given beam what is the maximum moment that
can be supported if the stress is not to exceed a given maximum
value of Op,,?

Rearranging [7.7] M=o __ x {7

but from /7.4] M=o xZ

hence elastic section modulus

Z=

o~

Thus Z is a geometric property of a beam which is directly
proportional to its bending strength. Values of Z are also given in
section tables (see the Appendix) for standard beams. We shall
look at how to calculate Z values for non-standard beams later.

Example 7.6

Figure 7.26 shows a house floor which uses 50 mm wide x 150 mm
deep timber joists spaced at 400 mm centres. If the maximum
permissible stress in the timber is limited to 7.5 N/mm® determine
the maximum allowable simply supported span of the floor if it
supports the following loads:

dead load of floor = 0.45 kN/m?
imposed load on floor= 1.5 kN/m?




Solution

Comment — It has aleady been stated that timber structures are
still designed using the permissible stress philosophy (section
1.7.1). In this approach partial safety factors are not applied to the
loads.

Total load = 0.45 + 1.5 = 1.95 kN/m?
Load/m, w, on each joist = 1.95x0.4 = 0.78 kN/m

For a simply supported floor joist with a uniformly distributed
load:

wL? 0.78L2

-3 "%

For a beam with a rectangular cross-section:

. . BD? 50 x 150?
Elastic sectionmod. Z= —= ———

6 6
= 187 500 mm’®
From above M = Gpax x Z=17.5 x 187 500
=1 406 000 Nmm
=1.406 kNm
Equating the two values of M:
2
1.406 = 0.78L
From this L=379m
Answer Allowable span =3.79 m

Question 2 — Given a moment and a maximum allowable stress,
what beam should be used?

R ing [7.14] r_M
earranging [7. - =
Y omax
d z-1
a ==
n Y
M

Beams
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| 15m | 45m |
I |
. L I.
E o)
«!—»
Figure 7.27a
A crane hoist
l 38.5 kN
) A
! 45m o
M
(mmr—wummﬂﬂmwmw
43.3
Figure 7.27b
Load case 1
{ 385
5
I'_“_J 57.75 }
M .lIlllmlm|||||||“|||"""““""m"||Il||||..
(kNm)
Figure 7.27¢
Load case 2

Therefore use a beam with a Z value at least equal to that required
by the above formula. In the case of standard beams, look in
section tables for a beam with a suitable Z value.

Example 7.7

Figure 7.27a shows a crane hoist which slides on the bottom
flange of a universal beam, ABC. It is required to have a safe
working load of 30 kN which should be increased by 25% to allow
for sudden impact loading. The hoist and chain etc. weigh 1 kN.
The self-weight of the beam can be ignored. If the following
stresses are not to be exceeded, determine a suitable standard
universal beam:

165 N/mm?
60 N/mm?

bending tension
bending compression

Solution

The load to be used in calculations is the safe working load in-
creased by 25% plus the weight of the hoist and chain:

Load = (30x1.25)+1 = 38.5kN

This is a point load which can act anywhere along the beam. We
need to find the position which leads to the maximum possible
bending moment. Two cases need to be checked.

Case ] —load mid-way between B and C

PxL 385x45

7.27b M
see figure ) 7

= 43.3 kNm

Case 2 —load at A

M=Px15 = 385x%x1.5
= 57.75 kNm

see figure 7.27¢

Therefore case 2 is critical. For a standard 'I' beam the stresses in
tension and compression will be equal. The allowable stress must
therefore be limited to the compressive value of 60 kN/mm?.




M 57.75 x 10°

From 7= T
Omax 60 x 10
= 962.5cm’

Answer Use 406 x 178 x 60 kg/m universal beam
(Z =1060 cm’)

Question 3 — Given a moment and a particular beam, what is the
maximum stress in the beam?

) MxY
Rearranging [7.7] Ormax 7
M
S Z
Example 7.8

Figure 7.28a shows a heavy-goods vehicle trailer with the main
chassis members consisting of two 533 x 210 x 82 kg/m universal
beams, which can be considered simply supported at A and B. If
the vehicle carries a load of 300 kN in the position shown, what is
the maximum bending stress in the beam. Assume the load is
uniformly distributed and ignore the self-weight of the beams.
Also determine the average shear stress on the web.

Solution

If the load is assumed to be evenly divided between the two
beams:

Distributed load/beam = 150/10 = 15 kN/m
(M about B)
reaction,R, X 11 = 15x 10 x 2

Ry =273kN

Comment — The '2' in the above equation is the distance from B to
the centre of the uniformly distributed load.

XV=0) Rg =150-27.3 = 122.7kN

The shear force diagram is shown in figure 7.28b.

Beams 163

Rear view
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Total load = 300 kN|
533 x 210 x 82 kg/m_UB "]

Figure 7.28a
A load on the trailer of a heavy goods
vehicle
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Figure 7.28b
Shear force and bending moment diagrams
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A peak bending moment occurs at the point of zero shear which is
distance x from A:

Distance x= 4+ 27.3/15 = 5.82m

Mo = (27.3%5.82) — (15 x 1.82x 0.91)

= 134 kNm
Also Mg =15x3x1.5

= 67.5kNm
and Mc =273x%x4

= 109 kNm

The bending moment diagram is also shown in figure 7.28b. From
section tables, the elastic section modulus, Z, for a 533 x 210 x 82
kg/m universal beam is 1800 cm’, and D = 528.3 mm, ¢ = 9.6 mm.

M 134x10°

H o —_ 2AXH
ence max = 7~ 1300 x10°

Answer max. bending stress = 74.4 N/mm?
From the shear force diagram:

Viax = 77.7kN

shear force  77.7 x 10°
webarea  528.3x9.6

Average shear stress =

Answer Av. shear stress= 15.3 N/mm?

Question 4 — Given a moment and a particular beam, what is the
stress at a certain distance, y, from the neutral axis?

We saw above, from similar triangles, that the stress at any dis-
tance, y, from the neutral axis is given by:

Omax X'y
stress, G =
Y
o O,
therefore =
y Y

Thus our original engineer's equation can be rewritten:

il (7.8]
; .

<1Q




This is a more fundamental form as it can be used to evaluate the
stress at any point in a beam, not just at the top and bottom.

_Mxy
1

Rearranging [7.8]

Example 7.9

For the chassis beams in example 7.8, what is the bending stress at
the junction between the web and the flange?

Solution

From section tables, the dimensions for a 533 x 210 x 82 kg/m
universal beam are as shown in figure 7.29. Also from section
tables, the second moment of area, /, is 47 500 cm?,

Distance,y =264.2-13.2

251 mm

- Mxy 134 x 10® x 251

hence v
1 47 500 x 10

Answer bending stress= 70.8 N/mm?

Before we leave the engineer's theory of bending it is necessary
to link bending moment and stress with strain. This will be used
later when we come to consider the buckling of compression
members and the deflection of beams. If you are not interested in
the derivation you can skip the following section.

Beams 165
13.2
|
y 264.2
528.3
T T —ﬂ— _Neu.tral— B
axis
-1 r—’___L'l
Figure 7.29

| The dimensions of a 533 x 210 x 82 kg/m
universal beam. All dimensions in mm

Neutral
axis
ale

Consider the short length of beam shown unloaded in figure 7.30a.
If a bending moment is applied, the beam is assumed to take the
curved shape shown in figure 7.30b. It has a radius of R. We know
that there will be no strain, and hence stress, on the neutral axis.
Therefore the length at this level will remain /. However, above
the neutral axis the curvature will cause the material to be in
tension and extend, and below the neutral axis it will be in
compression and contract. We can say that:

length, /= RO (0 in radians)

At an arbitrary level, distance y from the neutral axis:

length,l;, = (R +y)8

Cross-section /

Figure 7.30a
A short length of beam before bending

72227y,

~ ~Neutral
axis

Figure 7.30b
A short length of beam after bending
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Second moments of area for simple
geometric shapes
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All dimensions in cm.

Figure 7.33
A non-standard beam.

. J
Strain at this level = e.xiz’ensmn _h!
original length l
(R+y0—-R6 y
- RO "R

E
Stress at this level, 0 = E X strain = —R)—,

o_E
y—R

or—

Thus the engineer's equation of bending can be extended to:

M
T [7.9]

o] E
_y_R

7.7.3 Second moments of area for simple shapes

We have seen how [/ values for standard sections are given in
tables. Values of / for simple geometric shapes can be obtained by
integration and are widely published. Two are shown in figure
7.31.

Holes in sections can be treated as negative areas. For example
the two sections shown in figure 7.31 have a second moment of
area given by:

bd® ot
Inn =75 — —/—

12 4

7.7.4 Section properties for non-standard beams

This section is concerned with the calculation of the second
moment of area, I, and the elastic section modulus, Z, for non-
standard shapes. We shall also derive an expression for a third
geometric property known as the radius of gyration, which will
be used in the next chapter for the design of compression mem-
bers. We shall concentrate at first on finding the second moment of
area.

Consider the cross-section shown in figure 7.33. Because this
is an unsymmetrical beam (i.e. the top and bottom flanges are
unequal) we first need to find the position of the neutral axis. We
have already proved that it passes through the centroid, C, of the
section. The process starts by dividing the cross-section into items
of simple shape. In this case that consists of the three rectangles
numbered 1-3. The distance, Y, from any arbitrary axis — say x-x,




to the neutral axis is given by:

y=ZW

> A [7.10]

where: A = area of each item
yn= distance from the arbitrary x-x axis to the centroid of
each item
YAy, = sum of the first moments of area.

The whole calculation is best performed in tabular form for all but
the simplest of cases.

All dimensions are in cm

Item Area Yn Ay,
A

1 75 27.5 2063
2 100 15 1500
3 125 2.5 312
300 3875

ZA 75

From this y= 20 3875

YA 3
=12.92 cm

The next step is to use the parallel axes theorem to determine the
second moment of area, I, of each item about the neutral axis. The
parallel axes theorem is used to evaluate the I of a particular item
about any axis parallel to its own. If the distance from the neutral
axis of the item to the new axis is y, the theorem states:

Ina = Leg + AY [7.11]

where: I, = second moment of area of the element about its
own neutral axis — from figure 7.31
A = area of the item
y = distance from the neutral axis of the item to the
new axis

or INA = Iself + Itransfer

Beams
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total Ina = Z Lieig + Z Lranser [7.12]

The previous tabular calculations will now be extended:

Item Area y, Ay, Y Ly I
A Ay?
75 275 2063 1458 15943 15x5%12 = 156
100 150 1500 208 433 5x20%12 = 3333
3 125 25 312 1042 13572 25x5%12 = 260
300 3875 29 948 3749

From equation [7.12]

INA = leelf + thmnsfer
=3749 +29 948 = 33 697 cm*

We can now proceed to determine the elastic section moduli.
Because the neutral axis does not lie at the mid-height of the beam,
there will be two elastic section moduli to consider — Z,, and
Zyowom- This of course implies that, when subjected to a bending
moment, the maximum tensile and compressive stresses will not be
equal.

Elastic section moduli:
33697

Z = L3807 1973 cm’
Y, ((30-1292)

I 33697
botom Ty T 12,92

bottom
hence maximum stresses at top and bottom of beam are given by:

M

ot()p =
Z,
P

M

Zbolmm

VA = 2608 cm’

Obotiom=

The radius of gyration, r, of a section is defined as the radius at
which the whole area can be considered to be concentrated in order
to have the same second moment of area. The self-inertia of such a
small area is zero. The inertia of such an area about the neutral
axis is therefore given by the transfer inertia only. From the
parallel axes theorem:

Ina = AP



hence

radius of gyration, r = V(Iy4/A) [7.13]
We shall use the radius of gyration later, when we come to
consider the design of unrestrained beams and columns.

Example 7.10

A 254 X 146 x 31 kg/m universal beam has a 175 mm X 10 mm
plate welded to the top flange. If fatigue considerations limit the
maximum permissible stresses to the following values, determine
the maximum sagging and hogging bending moments to which the
beam can be subjected.

Maximum compressive stress = 120 N/mm?
Maximum tensile stress = 165 N/mm?

Solution
Comment — Because values for I and A are available in section
tables for the standard beam, we can consider it as one 'item',

rather than dividing it into three rectangles.

From the Appendix, for a 254 x 146 x 31 kg/m universal beam,
A =40.0 cm? and I = 4 439 cm’. Refer to figure 7.34.

Item Area Yn Ay,. y I(ransf. Iself
A Ay?
plate 17.5 25.65 4499.09 1446 17.5x1%/12 = 1
UB 40.0 12.58 5033.98 634 4439
575 952 2080 4440
" this ¥ ZAy, 952
rom this = =—
ZA 57.5
= 16.56 cm
INA = z:Iself + ZIlrdnsfer= 4440 + 2080
= 6520 cm*
Elastic section modului:
1 6 520

Yp (26.15 - 16.56)
= 680 cm®

Z top

axis

—

Beams

175 x 10 plate

l.—254 x 146 x 31 UB

L""ﬂ

Figure 7.34

A standard beam with a welded top-plate

169



170  Understanding Structures

Figure 7.35
A section of beam subject to lateral
torsional buckling

z I 6520 394 em?
= — = — = cm
bottom Ybom)m 16.56
Sagging — this produces compression in the top and tension in the
bottom. Therefore the maximum permitted sagging bending

moment is given by the lesser of:

o'comp X Ztop = 120 x 680 x 10_3

= 81.6 kNm
or
Oiens. X Zbol. =165 x 394 x 10'3
= 65.0 kNm
Answer Miagping = 65.0 KNm

Hogging — this produces tension in the top and compression in the
bottom. Therefore the maximum permitted hogging bending
moment is given by the lesser of:

Otens. X Zmp =165 % 680 % 103
= 122.0 kNm
or
Ocomp. X Zpor.= 120 x 394 x 1073
= 47.3 kNm
Answer Miogging = 47.3 kNm

7.8 Beams without lateral restraint

We saw in section 7.5.2 that standard beams could be designed
using equation [7.3]:

Mult

required § = 3,
This implies that the beam will reach full plastic yield at failure.
This is a reasonable assumptiom for hollow sections. However, for
ordinary 'I' beams, this is only true if the top flange of the beam is
restrained from sideways movement. Such restraint is usually
provided if a floor slab sits directly on the top flange. An
unrestrained beam will fail by twisting before the full yield stress
is reached, as shown in figure 7.35. This failure mode is known as
lateral torsional buckling. The theory is beyond the scope of this
book, however, the design procedure for unrestrained beams is
relatively simple. Equation 7.3 above is simply modified to:

ult

required S = [7.14]

b




where p, is a reduced bending stress to take account of lateral
torsional buckling. Values of p, are given in tables or charts and
depend upon two factors:

L
1. The slenderness ratio = E [7.15])
Tmin
where Lg = effective length
Fmin = Mminimum radius of gyration

2. The torsional index, x. This is given in section tables but can
also be taken as equal to the beam depth divided by the flange
thickness.

The effective length is obtained by multiplying the actual length
by a factor which depends upon the degree of restraint at the ends
of the beam. This is often a situation where 'engineering judge-
ment' is called for. The factor can range from 0.5 to 7.5, but for
simple beam and column construction the effective length is often
taken to be the actual distance between column centres. If inter-
mediate restraints are provided to the top flange, as shown in
figure 7.36, then the effective length is taken as the distance
between restraints.

Figure 7.37 shows the values of the stress, py, to be used for the
design of unrestrained beams in Grade 43 mild steel. The design of
unrestrained beams, to support a particular bending moment,
becomes a case of trial-and-error as shown in the following ex-
ample.

Example 7.11

A two-storey car park is to be formed in an existing building
(figure 7.38a). The elevated floor consists of a 200 mm thick
reinforced concrete slab, measuring 12 m X 8 m, which is
supported by two parallel steel beams — beams A. It is also
supported by the perimeter walls which run parallel to the beams.
For ease of access, a 12 m wide opening is formed on the ground
floor by using beam B to support the ends of these two beams.
Determine the size of suitable standard beams for both beams A
and B.

Solution

Loads — From table 4.1 the unit weight of concrete is 24 kN/m*

and from table 4.3 an appropriate imposed load for a car park is
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Restraint securely fixed

Restraint connected
close to top flange

Figure 7.36
Restraints to reduce the effective length of
a beam
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Figure 7.37
Bending stresses for unrestrained beams in
Grade 43 steel
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Figure 7.38a
A two-storey car park structure
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Figure 7.38b
Shear force and bending moment diagrams
for beams A and B

2.5 kN/m?. Using the normal partial safety factors for loads of 1.4
and 1.6 on dead and imposed loads respectively:

Design load of slab (1.4x0.2%x24) + (1.6 x2.5)

10.72 kN/m?

Each beam A supports a width of slab of 4 m and is 8 m long.

10.72x4 = 42.88 kN/m
45 kN/m including self-weight

Load on beam A
say

The reaction forces from each beam A will form a point load on
beam B.

Point loads on beam B = 45 x 8/2 = 180kN each
say = 185 kN including self-weight

Comment — The self-weight of beam B is, of course, a uniformly
distributed load. However, it is small compared to the point loads.
Therefore the above procedure of simply increasing the point loads
is acceptable.

Analysis

wL?  45x 8
M.« for beam A = T=

= 360 kNm

M., for beam B = 185 x 4 = 740 kNm

The shear force and bending moment diagrams are shown in figure
7.38b.

Design

Beams A
The slab will provide full lateral restraint and we can use equation
[7.3] with o, = 275 for Grade 43 steel:

My, 360x10°
C275%10°

required S =
y

= 1309 cm?

Answer Use 457 x 191 x 67 kg/m universal beam
(S = 1470 cm®)




Beam B
This beam must be considered unrestrained between the
connection points to the other beams.

Effective length, Lg= 4000 mm

In order to proceed we must now estimate the bending stress, py, so
that a first trial section can be selected. Try p, = 150 N/mm?

From equation [7.14]
) M, 740 x 10°
required S = = 3
28 150 x 10
= 4933 cm’

Try 762 x 267 %X 147 kg/m universal beam
(S=5170 cm’, ¥ppip = 5.39 cm, x = 45.1).

From equation [7.15]
. Lg 4000
Slenderness ratio = = —
Fmin  53.9
=742
From figure 7.37 po =195 N/mm?
740 x 10° )
Actual stress = —————— = 143 N/mm
5170 x 10

< 195 N/mm?

Comment — As the actual stress is less than py, the beam would be
safe, however, it is possibly worth trying to improve economy by
trying a smaller beam.

Try 686 x 254 x 125 universal beam
(S = 4000 cn?’, v,y = 5.24 cm, x = 43.9).

From equation [7.14]

Slender atio Le _ 4000
1 -= = ——
en ness r rouir 574
=763
From figure 7.36 py = 196 N/mm?
740 x 10°
Actual = ——— = 185 N/mm?
ctual stress 2000 < 10° 1 mm

< 196 N/mm?

Beams
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Compression

flange .
7
/?// / B Link bar
/ 7 Concrete in
5 compression
” %

TT~Neutral axis

1 _—— Cracked

- concrete

| e

Tension Area of steel =
flange tension flange
Figure 7.39

Steel and reinforced concrete beams of
roughly equivalent strength

Answer Use 686 x 254 x 125 kg/m universal beam

Comment — Strictly speaking we should check the value of the
average shear stress on the webs. However, as already stated, this
is rarely a problem unless we have large point loads close to
supports.

7.9 Rectangular reinforced concrete beams (BS 8110: 1997)

To explain, in detail, the design of reinforced concrete structures
requires a complete book in itself. However, the concepts behind
simple reinforced concrete beams are easy to grasp with our
current knowledge. We saw in chapter 3 that concrete is a brittle
material with little tensile strength. It does, however, perform quite
well in compression, although it is still less than 10% as strong as
steel. In a reinforced concrete beam, the concrete is assumed to
have zero tensile strength, the whole of the tensile force being
resisted by the steel reinforcement. In fact the concrete on the
tensile side of the beam is assumed to have cracked. Figure 7.39
shows a steel 'T' beam and a rectangular reinforced concrete beam
of roughly equivalent strength. A key difference between them is
that the steel beam is reversible, whereas the concrete beam must
operate with the reinforcement in the tensile face. A significant
number of structural failures are caused by reinforcement being in
the wrong face. In steel beams the web supports the shear force,
whereas in concrete beams this is partly the job of the concrete and
partly that of the link or stirrup bars, also shown in figure 7.39.
The links are spaced at regular intervals throughout the length of
the beam and, together with the small longitudinal bars in the
compression zone, form a reinforcement cage.

7.9.1 Reinforced concrete in bending

Because reinforced concrete consists of two dissimilar materials it
can fail in two ways. Either it can fail due to a lack of reinforce-
ment — known as an under-reinforced failure. Or it can fail due to
crushing of the concrete — an over-reinforced failure. Under-
reinforced beams are preferred, as the plastic nature of the steel as
it yields produces a beam which continues to support its load over
large deformations. Over-reinforced beams, on the other hand, can
fail rapidly as the relatively brittle concrete crushes.



Beams

At its ultimate moment, the distribution of stresses over the
cross-section of a reinforced concrete beam is as shown in figure
7.40b. The shape of the concrete stress distribution is known as a
stress block. For design purposes this can be simplified to the
rectangular stress block shown in figure 7.40c. Eurocode 2 allows a
similar simplification to figure 7.40c but the stress is 0.57 f,, and
the depth of the stress block is 0.8x. The following definitions apply:

d = effective depth of reinforcement (measured from com-
pressive face of concrete to centre of reinforcement)
width of concrete
neutral axis depth

z = lever arm (centre of compression to centre of tensile bars)
F¢ = total compressive force

= Qo
[

Ft = total tensile force
A, = area of tensile reinforcement
few = concrete characteristic strength
fy = reinforcement characteristic strength

Ym = partial safety factor for material strength (from rable 3.6,
Ym for concrete = 1.5 and 7, for steel reinforcement =
1.15)

0.67 =+
b Ym 0.45 fcu

%

/ x 0.9x ——F,

d A
)\ :
parabola
1 U ’ I Fr
M
(a) (b) (c)

Figure 7.40

Stresses in a reinforced concrete beam at
ultimate failure

We know that, to satisfy horizontal equilibrium, Fc = Fy at all
times. However, it is likely that either the concrete or the steel will
reach ultimate collapse before the other. The ultimate moment that
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can be carried by the beam is therefore given by the minimum of
the following two cases:

1. Based on the concrete in compression:
(XM about Fp) My, = Fc X 2

where Fc =0.67fy/mx09x X b
and z =d—0.45x

Most designers limit the maximum depth of the neutral axis, x, to
0.5d. If we substitute in the above for this and v, we get:

Fc = 0.444f., x 0.45d x b

and z =d—0.225d= 0.775d
Hence M, = 0.444f,, x 0.45d x b x 0.775d
M= 0.156f,, bd® [7.16]

2. Based on the steel in tension:

(ZM about F¢) My =Frxz
where Fr =AgXfylYm = Agfy/1.15
and conservatively -~z = 0.775d as above

(This is conservative because, with an under-reinforced beam, the
depth to the neutral axis, x, will be less than 0.5d. This is because a

300 smaller depth of concrete is sufficient to balance the tensile force
from the reinforcement. Consequently z will be greater than
0.775d.) This is dealt with in more detail in section 7.8.3 which
deals with slabs, however, the method is equally applicable to
beams.

600 Hence My, = 0.674A,f, d [7.17]
Example 7.12
3 ) . N
Analyse the beam shown in figure 7.4/ to determine its ultimate
\ moment capacity.
3 No. 25 mm dia. bars
Concrete characteristic strength, £., = 30 N/mm?
Figure 7.41 Steel characteristic strength, £, = 460 N/mm?
A reinforced concrete beam Concrete cover to main bars = 40 mm




Solution

effective depth, d= Total depth — cover — 0.5 x bar dia.
d=600-40-125 =547.5mm

1.Based on concrete:
From [7.16] M, = 0.156f,,bd®
= 0.156 x 30 x 300 x 547.5°
= 420.9 x 10° N mm
= 4209kN m

2.Based on steel reinforcement:
Area of steel, A, = 3 X T X 12.5 = 1473 mm?

From [7.17] M, = 0.674A, f,d
= 0.674 x 1473 x 460 x 547.5
=250.0 x 10° N mm
= 250.0 kNm

M, must be limited to the lower of the above values.
Answer M= 250.0 kKNm

Comment — Because the limiting value of My, is based on the
reinforcement and not the concrete area, this beam is under-
reinforced. This means that if a bending moment of 250.0 kNm was
applied to the beam, the steel reinforcement would be on the point
of yielding.

7.9.2 Reinforced concrete in shear

The actual behaviour of reinforced concrete under shear loading is
very complex and still the subject of debate among researchers.
However, design techniques have been developed which work in
practice. The first step is to convert the shear force, V, into an
equivalent design shear stress, v, by dividing by the effective
cross-sectional area of the beam:

1%
Design shear stress, v = ——
& bxd

The magnitude of the stress supported by the concrete alone is v,
which depends upon the depth of the beam, the concrete strength

Beams
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’/Links
/1 <

%

Figure 7.42
The free body to one side of a 45° shear
crack

and the percentage of tensile reinforcement. Values of v, can be
obtained from table 7.1. These values already contain a partial
safety factor for material strength.

Table 7.1
Values of concrete shear strength, v, (N/mm?)

100 A Effective depth, d (mm)

bd 200 >=400
0.15 0.47 0.40
0.25 0.55 0.47
0.50 0.70 0.59
0.75 0.80 0.67
1.00 0.88 0.74
1.50 1.01 0.84
2.00 1.11 0.94
3.00 1.27 1.07

The above values are for grade 40 concrete.

For grade 30 concrete multiply by 0.909.

Based on BS 8110:Part 1:1985
To determine the shear force supported by the link reinforcement
consider the free body diagram to one side of the crack, shown in
figure 7.42. Clearly only the bars which actually cross the crack
contribute. For a 45° crack:

Number of bars = d/s,

Shear force supported= d/s, X fy,/Y m X A &

where: -
s, = spacing of links
A,, = area of all legs of each shear link (here two)
fyv = characteristic strength of shear links — usually mild steel
bars with f,, = 250 N/mm? are used

Ymn = 1.15 — partial safety factor for steel reinforcement
strength.

Hence S/ ¥m = 250/1.15 =217 N/mm?

and

Shear force supported = 217A . d/s,
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The above force is converted to an equivalent stress over the whole
beam, v,, by dividing by the cross-sectional area of the concrete,
bd

217A,,
- bs,

Vg

Summing the contributions from the concrete and steel we get:

Vo=V + v
. 217A,,
=V —_—
¢ bs,
v —vo)b.
Rearranging Ay = —(—%v [7.18]

The above formula allows the size of mild steel shear links to be
determined for a particular spacing.

In all but the most minor beams, a minimum area of links must
be provided throughout the whole beam. This area is defined as
that which will support a shear stress of 0.4 N/mm?. So for mild
steel links:

0.4bs, bs,

Minimum A, = 717 23

[7.19]

This means that whenever the shear stress on a beam is less than
(v. + 0.4), at least minimum links must be used.

7.9.3 Reinforcement spacing

The production of detailed reinforcement drawings is beyond the
scope of this book, however, there are some simple rules
concerning the spacing of reinforcement that should be complied
with. If bars are too closely spaced they impede the placing and
compacting of the concrete, and hence voids can form. If bars are
too widely spaced, excessively large cracks can occur.

Minimum spacing of bars = bar diameter or maximum size of
aggregate plus S mm.

Maximum spacing of main bars = 300 mm for mild steel bars
(f, = 250 N/mm?) and 160 mm for high yield bars (f, =
460 N/mm?).

Maximum spacing of shear links = 0.75 x beam effective depth.
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Example 7.13
In examples 4.8 & 7.5 we considered the design of steel beams to
support the roof of a double garage. Beam B1 was subjected to a

bending moment, M = 61.74 kNm, and a shear force, V = 41.2 kN.
Design an alternative beam in reinforced concrete.

Given: f,, = 40 N/mmz,fy = 460 N/mm?, Jyv =250 N/mm?, cover
=20 mm.

Solution

Concrete dimensions

As the overall cross-sectional dimensions of the concrete beam are
not prescribed, there is an infinite number of solutions to this
problem. The aim is to produce a solution which is 'reasonable’ and
economic in practical terms.

A beam has reasonable proportions when its depth is twice its
width. We can therefore use equation [7.16] to obtain an estimate
of b and d.

M, = 0.156f, bd*
If b=4dn2

M, = 0.0785f.,d°
But we require M= 61.74 kNm

therefore 61.7 x 10% = 0.0785 x 40 x &*
d =270 mm

Allowing for cover and the diameters of the link and main bars we

can round up the sizes to 325 mm X 160 mm. If we assume 20 mm
diameter main bars and 8 mm links:

d=325-20-10-8 =287 mm
Main reinforcement

Equation [7.17] My = 0.674A fid
Also M, = 61.74 kNm




61.74 x 10°
0.674 x 460 x 287

Therefore A

= 694 mm?

From table 3.1 we can see that two 20 mm diameter bars plus one
10 mm diameter bar have the following area:

Area = (2% 314) +78.5 = 706.5 mm?
> 694 mm?

Answer Use two 20 mm dia. and one 10 mm dia. high yield
bars

Shear reinforcement

\Y% 41.2x10°
bxd 160 x 287
= 0.90 N/mm?

100A, 100 x 706.5
bd 160 x 287
= 1.54

Design shear stress, v =

Reinforcement %=

Interpolating from table 7.1 we obtain v, = 0.91 N/mm?.

As the design shear stress, v < (v, + 0.4) minimum links apply.
Place the links at 150 mm spacing:

from equation [7.19]

.. bs, 160 x 150
Minimum A, = s s;

= 44.2 mm?

From table 3.1, area of two 6 mm diameter bars = 56.6 mm?
Answer Use 6 mm dia. mild steel links at 150 mm spacing

The solution is shown in figure 7.43.

7.9.4 Reinforced concrete slabs

A solid reinforced concrete slab is designed as a shallow
rectangular beam. The usual procedure is to consider a strip 1 m

l 160

320

Figure 7.43
Solution to example
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Say 2 No. 10 mm bars

6 mm link at
150 mm spacing

2 No. 20 mm bars
plus 1 No. 10 mm bar
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Tm
Slab

|
i

Figure 7.44
A one metre wide strip is considered in the

design of slabs
0.67 fou/yem
B

d Lever arm
z = (d—0.45x)

0.87 f,

»
Figure 7.45
The stresses in an under-reinforced beam
or slab

wide (figure 7.44). The depth of a slab is generally determined by
the need to control its deflection, rather than by the strength of the
concrete. Deflections are dealt with in more detail in chapter 13. A
good starting point is to say that the effective depth will equal the
span length divided by 20. To determine the area of reinforcement
we could conservatively use equation [7.17] given in section 7.8.1:

My, = 0.674 A, f,d

The above equation is based on the assumption that the depth of
concrete in compression, x, is equal to the maximum value of d/2.
In fact with an under-reinforced beam or slab a smaller depth of
concrete will provide sufficient 'push’' to balance the 'pull' from the
tensile reinforcement. This increases the lever arm, z, and hence
reduces the amount of tensile reinforcement required, thus improv-
ing economy. From figure 7.45 for a beam of width b and effective
depth, d:

Taking moments about the tensile reinforcement

My = 0.67 £, /Y m X 0.9bx X (d — 0.45x)
M, = 0.4 f., bdx — 0.18 f., bx* [7.20]
We can now solve the above quadratic equation for x. The lever
arm is then obtained from z = d — 0.45 x. An upper limit to the
value of the lever arm, z, is 0.95d. The reinforcement area is then
evaluated from:

Muh = mxfi{ /Ym
My = 0.87 ZA, fy [7.21]
This method clearly has the disadvantage of the designer having to
solve a quadratic equation for each beam or slab. To avoid this,
design charts (figure 7.46) have been produced for different con-
crete and reinforcement strengths. The designer simply evaluates
M, /bd? and then reads the value of 100 A/bd off the chart. A
wide range of charts has been produced to cover the design of
almost all rectangular beams and slabs.

Once an area of tensile steel has been obtained, rather than
converting it to a number of bars, it is more convenient for slabs to
convert it to a particular bar size at a particular spacing. Table 7.2
can be used for this purpose.
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Figure 7.46
Beam design chart
Table 7.2
Reinforcement areas per metre width for various bar spacings
(mm?)
Bar size Bar spacing (mm)

(mm)
75 100 125 150 175 200 225 250 300

8 671 503 402 335 287 252 223 201 168
10 1047 785 628 523 449 393 349 314 262
12 1508 1131 905 754 646 566 503 452 377
16 2681 2011 1608 1340 1149 1005 894 804 670
20 4189 3142 2513 2094 1795 1571 1396 1257 1047

As well as the main reinforcing bars, which obviously run parallel
to the direction of span, we must provide secondary reinforce-
ment, which is perpendicular to the main bars, The two sets of
bars are wired together to form a grid. The purpose of the
secondary bars is to control cracking and to distibute concentrated

Beams
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loads. The minimum area of secondary reinforcement is given as a
percentage of the total concrete area, as follows:

for f, = 460 N/mm? — minimum area = 0.13% of bh
for f, = 250 N/mm? — minimum area = 0.24% of bh

where b is the width being considered, and 4 is the overall
thickness of the slab. So for a width of slab of 1 m the above areas
become 1.3A mm? and 2.4h mm? respectively.

Shear is rarely a problem with solid simply supported slabs.
The shear stress in the concrete will normally be less than the
value of v, from rable 7.1, and in this case there is no need to
provide shear reinforcement. If the shear stress does exceed v,
shear reinforcement can be provided, but more generally the
thickness of the slab is increased until the value of stress falls
below that level.

To summarise, the steps involved in the design of a solid
concrete slab are as follows:

Step 1 — Evaluate the effective depth of the slab by assuming that
it is equal to span/20. Add on the required concrete cover, plus half

a reinforcing bar diameter, to obtain the total depth.

Step 2 — Determine the total design load on the slab for one square
metre.

Step 3 — Evaluate the maximum shear force and bending moment
for a one metre wide strip of slab.

Step 4 — Determine the required area of tensile reinforcement from
either equation [7.17], equations [7.20] and [7.2]] or the design
chart.

Step 5 — Check that the shear stress is less than v, from table 7.1.

Step 6 — Convert the steel area to a particular bar size and spacing
from rable 7.2.

Step 7 — Design the secondary reinforcement.

Example 7.14

A simply supported concrete slab spans 4.5 m, and supports a



characteristic imposed load of 3.0 kN/m?. The characteristic dead
load from finishes is 1.0 kN/m? in addition to the self-weight of the
slab. Determine a suitable slab depth and arrangement of main and
secondary reinforcement.

Unit weight of concrete = 24 kN/m?,
£., = 40 N/mm?, fy = 460 N/mm?, cover = 20 mm

Solution
Step 1

Effective depth,d = 4500/20 = 225 mm
Estimating the diameter of main bars at 16 mm

Total depth, h = 225+20+8 = 253 mm
Try 250 mm thick slab (effective depth, d = 222 mm)

Step 2
Dead load of finishes = 1.0 kN/m?
Dead load of slab =24x0.25 = 6.0 kN/m?
Total characteristic dead load = 7.0 kN/m?
Design load =(1.4x7.0) + (1.6 X 3.0)
= 14.6 kN/m?
Step 3
Design bending moment = wL?/8 = 14.6 x 4.5%/8
= 37.0kNm
Design shear force =wL/2 =14.6x4.5/2
=32.9kN

See figure 7.47a for the shear force and bending moment dia-
grams.

Step 4 We will evaluate the required area of reinforcement by
three methods and compare the results.

Method 1 — Using equation [7.17]
From My = 0.674 A f, d

32.9x 10° R
A, = = 478 mm
460 x 0.674 x 222
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Figure 7.47a
Shear force and bending moment diagrams



186 Understanding Structures

Method 2 — Using equations [7.20] and [7.21]
From equation [7.20]

M = 0.4 f. bdx — 0.18 f. ,bx*
32.9x 10° = 0.4 X 40 x 1000 x 222x — 0.18 X 40 X X%

Rearranging

0.72x% = 355.2x + 3290 = 0

355.2 + V(355.22 - 4 x 0.72 x 3290)

solving x =
2x0.72

x = 696.8 mm or 9.44 mm

The first of these is clearly not possible, as it is greater than the
depth of the slab.

Therefore leverarm,z =d—0.45x
=222 -(0.45%x9.44)=217.8 mm
but upper limit =0.95d = 0.95 x222
= 210.9 mm
From [7.21] My, = 0.87 ZA, f,
32.9x 108

= = 390 mm?
0.87 x 460 x 210.9

S

Method 3 — Using the design chart

M/bd? = 32.9 x 1091000 x 2222
= 0.67

From figure 7.46

100 A/bd = 0.175
A, =0.175 x 1000 x 222/100
=389 mm?

Comment — It can be seen that the second two methods are in
reasonable agreement. In this case method | produces more than
25% extra reinforcement compared to the other two methods.




Step 5
Design shear stress v
esign s ess, V= ——
& bxd
32.9%10° 5
=——+——— =0.148 N/mm
1000 x 222

From table 7.1
Shear strength, v.= 0.48 N/mm? > 0.148 N/mm?
Shear satisfactory
Step 6
Using A, =389 mm? and table 7.2

Answer Use 12 mm dia. high yield bars at 275 mm spacing
(A, = 411 mm?)

Step 7

Area of secondary bars = 1.3h mm?
=1.3%x250 = 325mm’

Answer Use 10 mm dia. high yield bars at 225 mm spacing
(A, = 349 mm?)
The solution is shown in figure 7.47b.

Beams

10 mm bars at
225 mm spacing

Direction
of span

12 mm bars at 275 mm
spacing

Figure 7.47b
A detail of the bars in the slab
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7.10 Summary of key points from chapter 7

1.

10

11.

12.

13.

14.

The common types of beam are simply supported (pin at one
end and roller at the other) and cantilever (built in at one end
and free at the other).

If a beam is ‘cut’ and the equilibrium of the remaining free-body
to one side of the cut is considered, it is necessary to impose a
shear force and a bending moment at the cut to restore equi-
librium.

If values of shear force and bending moment are plotted
throughout the length of the beam the shear force diagram and
the bending moment diagram result. These are vitally import-
ant in the design of beams.

. One face of a beam has tensile stresses whereas the other is in

compression. Our convention is always to plot bending mom-
ents on the tensile face of the beam.

For a simply supported beam of span L with a point load, P at
mid-span, the maximum bending moment is PL/4.

For a simply supported beam of span L with a uniformly
distributed load, w (UDL) throughout, the maximum bending
moment is wi*/8.

Throughout a uniformly distributed load, shear force diagrams
slope and bending moment diagrams are curved.

The peak bending moment always occurs at a point of zero
shear.

Bending stresses are zero on the neutral axis of a beam which
passes through the centroid of the beam cross-section during
elastic bending.

. In limit state design it is generally the aim to ensure that a beam

has an adequate factor a safety against reaching its fully plastic
bending strength, M, where, for a steel beam:

My, = yield stress, o, x plastic section modulus, S.

In elastic design the relationship between bending moment and
stress is as follows:

M = maximum stress, O, x elastic section modulus, Z.

Both the plastic section modulus, S, and the elastic section
modulus, Z, are geometric properties of a particular beam cross-
section, and can be calculated or looked up in tables for standard
beams.

If the top flange of a beam is not restrained against lateral
buckling, the fully plastic bending strength must be reduced.
With an ‘I’ beam it is usual to assume that the shear force is
resisted only by the web.
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v
Average shear force = —
Dt

15. Concrete is weak in tension so beams must be reinforced with
steel on the tensile face. The ultimate strength is the minimum
of either the moment to cause the concrete in the compression
zone to crush:

My, = 0.156 fbd

or the moment to cause tensile failure of the reinforcement:

My = 0.674 Af,d (conservative)

For a more economic solution to the latter, either solve a
simultaneous equation or use a design chart.

16. Links (or stirrups) are provided to resist shear in reinforced
concrete beams. For mild steel links the area required, Ay, for a
particular spacing, sy, is given by:

_ (v = v )bs,
Asv 217
17. Reinforced concrete slabs are designed as beams of unit width

4 kN 2kN

4

AN

and must also be provided with secondary bars perpendicular to 1 a)
the direction of span. Ts kN
125m |1.0m_  125m |1.0m
I T | |
3 kN 5 kN
5 kN/m
] N T T Y
7 A B .
‘1.0m 20m l1.0m
7.11 Exercises 15 kN
5 kN/m
E7.1 For each of the beams shown in figure 7.48 a-d draw the shear DI Iy i IR 4
force and bending moment diagrams. Indicate the magnitude of all # A B
peak values. 15m 40 20 °
Q) Mg = 0.5 kNm, Myog = 2.5 kNm =0 o
b) My = 3.71 kNm, My,e = 5 kNm
¢) Mg = 30 kNm SN skm 7 KN
d) Mg = 11.3 kNm, Myog = 4.5 kNm L Fﬁ'ﬂ' ,
. . . A B
E7.2 A simply supported beam spans 6.0 m and carries a design 7 d)
uniformly distributed load (UDL) of 12.0 kN/m. The top flange is 1.5m 27m [1.4m

fully restrained against lateral torsional buckling. Select a suitable
mild steel standard universal beam.
use 406 x 140 x 39 U.B. Figure 7.48
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E7.3 Figure 7.49a shows the cross-sectional dimensions of steel
beams which are placed at 350 mm centres to support removable
floor panels in a computer room — see figure 7.49b. The whole of
the floor area is subject to the following characteristic loads:

Characteristic dead load = 0.9 kN/m?
Characteristic imposed load 3.5 kN/m?

a) Calculate the plastic section modulus for the beam.

b) Determine the design uniformly distributed load for a typical
beam (in kKN/m).

c) Calculate the maximum design span of a beam (c, = 275
N/mm?).

a) S=81.3cm’

b) w=24kNm

¢) lpax =8.63m

E7.4 A garage crane used to lift car engines is shown in figure

7.50. The jib ABC is lifted by means of the hydraulic ram BD. The

characteristic imposed load to be lifted is 10kN. All other loads can

be neglected.

a) Convert the characteristic imposed load into a design load.

b) Calculate the design load in the hydraulic ram and the axle loads
at E and F when the jib is horizontal as shown.

c) Draw the bending moment diagram for the jib, and determine
the dimensions of a suitable square hollow section (SHS)
assuming that the jib is made from mild steel (o, = 275 N/mm?).
Ignore the effect of axial forces in the jib.

a) Design load = 16 kN

b) Frum =48.1 kN, Rg = 3.64 kN, Rp = 12.36 kN

¢) Use 100 x 100 x 4.0 SHS



E7.5 Figure .7.51 shows the cross section of a mechanical part
which is in bending. Determine the elastic stresses at the top and
bottom of the section when subjected to a sagging bending moment
of 0.5 kNm

G 1op = 153 N/mm®, Gottom = 131 N/mm®

E7.6 A rectangular reinforced concrete beam has overall cross-

sectional dimensions of 450 mm deep and 200 mm wide and

contains two 25 mm diameter tensile reinforcing bars which have 30

NI COVer.

Concrete characteristic strength £, = 30 N/mm’

Steel characteristic strength Jfy = 460 N/mm?

It is subject to a total uniformly distributed design load of 40.0

kN/m.

a) What is the maximum design span of the beam?

b) Determine a suitable arrangement of shear reinforcement at this
maximum span.

a) Maximum span = 4.98 m

b) Shear reinforcement say 10 mm diameter mild steel links at 300
mm spacing
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L
40 mm
\— 10 mm dia. hole
15 mm
Figure 7.51

Component with hole
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8.1 Introduction

This chapter is concerned with the design of structural members
subjected to compressive forces. A small compression member,
such as that in a framed structure, is known as a strut. A larger
member, such as the main support for a beam in a building, is
known as a column, or more traditionally a stanchion.

Axially loaded compression members can fail in two principal
ways:

e Short fat members fail by crushing or splitting of the material.
This is a strength criterion.

e Long thin members fail by sideways buckling. This is a stiffness
criterion.

Most structural members either lie in the long thin category, or
somewhere in-between the two extremes where the behaviour can
get very complex. Compression members subjected to eccentric
loads or bending moments can also fail by local crushing of the
material, but that is beyond the scope of this book.

8.2 Examples of compression members

Figure 8.1a shows the end of a steel roof truss. The sloping
compression member (or rafter) is formed from two parallel angle
sections fixed each side of the gusset plates. These are known as
back-to-back angles, and it can be seen that the two angles are
also connected together at regular intervals throughout their length.
This increases the load-carrying capacity of the angles as they are
less likely to buckle if joined together.

Figure 8.1b shows a typical universal column section at the
corner of a steel-framed building. Whereas beams are usually 'T'
shaped for maximum efficiency, columns are 'H' shaped — the aim
being to get an approximately equal second moment of area, and
hence stiffness, in all directions. Otherwise the column would
invariable fail by buckling about its weaker axis.

A particularly efficient shape for compression members is the
hollow box section (figure 8.Ic). This is available in steel,
aluminium alloy and fibre composite. However, it is more difficult

Compression
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Figure 8.1a

The end of a steel roof truss with a top
member (rafter) in compression

Figure 8.1b

The corner column of a stéel-framed

building

Figure 8.1¢

Hollow sections make efficient

compression members

/
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Figure 8.1d
A reinforced concrete column

Figure 8.1e
A brickwork column

Padstone

to connect to than open sections such as angles and universal
columns. The circular hollow section is the most efficient shape of
all, but the ratio of the overall tube diameter to the wall thickness
should be kept below about 40 to prevent local crushing.

A reinforced concrete column, with part of the concrete
removed, is shown in figure 8.1d. The compressive strength of the
concrete is supplemented by the four corner steel reinforcing bars.
Steel link bars must be fixed at regular intervals throughout the
column to restrain the corner bars, and prevent them from bursting
out of the concrete when fully loaded. The corner bars must also
be properly anchored into the foundation at the bottom, so that the
load is suitably dispersed.

Figure 8.1e shows a brickwork column. As with all brickwork
structures, the bricks must be properly bonded so that there are no
continuous vertical joints between two adjacent courses. Where
concentrated loads from steel beams bear onto brickwork, it is
often necessary to provide concrete padstones to spread the load.

8.3 Short axially loaded columns

A rectangular column is described as 'short' when its height to
minimum width ratio is less than 15 if the top is restrained against
lateral movement and less than 10 if unrestrained. In practice it is
usually only reinforced concrete or brickwork columns that fall
into this category. The design procedure is similar to that adopted
for tension members, i.e ensure that the cross-sectional area of the
member is adequate to reduce the ultimate stress to an acceptably
low value. Example 1.1, part b shows the process of designing a
short column in brickwork.

8.3.1 Short axially loaded columns in reinforced concrete

If we consider the rectangular column cross-section shown in
figure 8.2, we would expect the ultimate compressive load
capacity, N, to be the sum of the strengths of both the concrete and
steel components:

N=fcuAc +fyAsc

where
feu = characteristic concrete cube crushing strength
A, = area of concrete



fy = characteristic yield stress of steel
A, = area of steel.

However, as with beams, the cube test overestimates the strength
of the concrete because of the restraint provided by the st<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>