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Preface

Switched systems, which are used to model many physical or man-made systems
displaying switching features, have been extensively studied since the 1990s.
Typical applications of switched systems can be seen in engineering practice such
as in the vehicle industry, process control, biological systems, and flight control
systems. These kinds of systems commonly contain a finite number of subsystems
and a switching signal governing the switching among them. The switching signals
are therefore crucial in dominating the behaviors of switched systems, which dif-
ferentiate switched systems from the general time-varying systems, since the
solutions of the former are dependent on both system initial conditions and
switching signals.

From a perspective of whether a stochastic process is attached to the represen-
tation of switching signals, the diverse switching can be categorized as nondeter-
ministic switching versus stochastic switching. Unlike stochastic switching systems
where a stochastic process, e.g., a Markov chain can greatly avail the analysis and
synthesis of the systems, nondeterministic switched systems are relatively more
challenging to cope with. A typical way in this area is to classify the switching
signals into different sets with certain time regularities while ignoring the concrete
generation mechanism, such as the state-dependent switching or time-dependent
switching with the latter being able to represent the former in general. This book
refines attention on nondeterministic switched systems that are commonly briefly
termed as switched systems in the literature, and mainly considers four types of
time-dependent switching signals: the arbitrary switching, dwell time
(DT) switching, average dwell time (ADT) switching, and persistent dwell time
(PDT) switching (the mode-dependent forms of the latter three cases are also
considered). The aim is to present the authors’ previous findings on the
discrete-time switched systems with various types of time-dependent switching
signals, as well as to provide some new results by relaxing some assumptions
required in existing works which usually introduce conservatism and/or restrict the
applications of developed approaches in practice.
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viii Preface

Focused on the basic control and filtering synthesis problems for discrete-time
switched linear systems under the four typical above-said switching signals, the
book is organized into the following seven chapters.

Chapter 1 introduces the backgrounds and motivations of this book. Some
preliminaries, the classification of switching signals, and comparisons with other
types of hybrid systems are also provided, which aims at giving readers an
understanding of the results that will be presented in the book.

In Chap. 2, we focus on the stability and stabilization issues of switched systems.
First, the frequently used multiple Lyapunov-like functions (MLFs) approach is
discussed, and four typical forms evolved from the general MLFs are introduced by
comparing their advantages and disadvantages. Then, considering several classes of
time-dependent switching signals, i.e., arbitrary switching, DT switching, ADT
switching, PDT switching, and their mode-dependent forms, the corresponding
stability and stabilization conditions are obtained based on the general MLFs or the
evolved ones.

In Chap. 3, the performance analysis issue is investigated for switched systems
with four types of switching signals in the discrete-time context. The results on /,-
gain analysis are first given for the switched systems under arbitrary switching and
with [, disturbances. The weighted/non-weighted /;-gain analyses are then studied
considering the ADT and PDT switching, respectively. In light of the set-theoretic
method, the tube-based robustness analysis is carried out when the modal PDT
(MPDT) switching and the [, disturbances are considered simultaneously.

Chapter 4 is concerned with the control synthesis problems for discrete-time
switched linear systems. First, for the switched systems under arbitrary switching
and with polytopic parameter uncertainties, the design of parameter-independent or
parameter-dependent H,, controller is addressed. A p-dependent approach is then
introduced to design the H,, state-feedback controllers for uncertain switched
systems with ADT switching. The parameter u defines an upper bound for the
increasing times of the MLFs at switching instants. Finally, considering the
redundant channels existed in the data transmission, the non-weighted H,, control
problem for discrete-time switched linear systems with MPDT switching is studied
via the quasi-time-dependent (QTD) Lyapunov function approach.

In Chap. 5, filtering issues for discrete-time switched linear systems with typical
switching signals are investigated in H,/l; — [, sense. Considering the switched
systems under arbitrary switching signals and with polytopic uncertainties, the
robust filter is designed. Then, under ADT switching and considering the systems
with time-varying parameters or polytopic uncertainties, the p-dependent approach
is also used to design the weighted (or called exponential) filter. Furthermore, a
class of non-weighted QTD H,, filter is designed with less conservatism for
discrete-time switched linear systems considering the PDT switching property.

Chapter 6 investigates a special problem in switched systems, the so-called
asynchronous switching phenomena. Considering that the mode-dependent
controllers/filters (less conservative than mode-independent ones) as well as the
switching signals that are designed in the case assuming synchronous switching
may cause instability or a performance reduction, the asynchronous switched
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control/filtering problems for discrete-time switched systems with ADT switching
are treated with the aid of the techniques developed in Chaps. 4 and 5. In addition,
the H., control problem is dealt with for a class of discrete-time switched linear
parameter-varying systems under modal ADT switching in the presence of asyn-
chronous switching phenomenon.

Chapter 7 deals with control and filtering issues for discrete-time switched linear
systems with time delays. First, instead of considering state feedback control, the
output feedback controller design is addressed for the switched systems under
arbitrary switching and with polytopic uncertainties. Under cyclic switching, the
stability conditions are derived allowing for the constraints on the DT of each
time-delay subsystem by virtue of the MLFs approach, and a numerical searching
algorithm is explored to compute the feasible values of DT of the subsystems.
Finally, considering the PDT switching regularities and mode-dependent
time-varying delays, the filtering problem is treated for a class of discrete-time
neural networks with the corresponding switching and time-delay dynamics in Hy,
sense.

To summarize, this book presents the most recent theoretical findings on control
and filtering issues for time-dependent discrete-time switched linear systems. By
integrating novel ideas, fresh insights, and rigorous results in a systematic way, this
book is aimed at providing a base for further theoretical research as well as a design
guide for engineering applications. This book can serve as a reference for the main
research issues and results on switched systems for researchers devoting to various
areas of control theory, as well as a material for graduate and undergraduate stu-
dents interested in switched systems and their applications. Some prerequisites for
reading this book include linear system theory, matrix theory, mathematics, set
theory, and so on.
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Chapter 1
Introduction

Abstract This chapter introduces the backgrounds and motivations of this book.
Some preliminaries, the classification of switching signals and the comparisons with
other types of hybrid systems, are also provided which aims at giving readers an
understanding on the results that will be presented in the book.

1.1 Switched Systems

Before deeply understanding what the switched systems are, it is usually suggested
to know about hybrid systems which are relatively more complex. Hybrid feature
in dynamic systems means a system that consists of interacting continuous and
discrete dynamics, with both of which could be described in either continuous-time
or discrete-time contexts. Concerned by both control and computer communities,
hybrid systems are studied in two different ways with different emphases. Computer
scientists commonly care about the discrete dynamics of hybrid systems, and simplify
the continuous dynamics for the sake of designing the relevant computer programs.
On the contrary, the researchers in the area of control and systems focus on the
continuous dynamics of hybrid systems, and abstract the evolutions of the discrete
dynamics to a set of supervisory switching laws. In such a way, the systems are
referred to as switched systemsand described by a group of indexed subsystems,
represented by differential or difference equations, with a switching rule governing
them. For formal definitions of hybrid systems and their application examples and
recent progress, readers are referred to [1] and the references therein. Note that
hybrid systems also cover other types of systems without switching patterns, such as
sampled-data control systems, c.f., [2]. In a later section, the detailed comparisons of
switched systems with the general hybrid systems, and other typical dynamic systems
displaying switching features but with different terminologies will be elaborated.
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2 1 Introduction

1.2 Backgrounds and Motivations

As has been well summarized in the literature, the motivations in physical world to
the studies on the switched systems are in twofold. First, switched systems can be
used to model a class of systems with multi-mode feature themselves. This kind of
systems includes piecewise linearized nonlinear systems, time-varying systems, the
systems with large-scale but segmentable uncertainties, systems with random faults,
etc. Typical examples include automotive geared box transmission systems [3], power
converter [4, 5], wind turbine regulation [6], networked control systems [7], vertical
and/or short take-off and landing (VSTOL) aircrafts [8], on-off continuously stirred
tank reactors (CSTR) [9, 10], activated sludge wastewater processes [11], etc., among
many other fields.

As pointed out in [12-14], the piecewise-linearization is a simple modeling
method which approximates the nonlinear mapping by each linear/affine model for
each divided region. In this sense, the piecewise-linearization can be viewed as a
class of state-dependent switched system with one local model in each division of
the state space. The resulting piecewise affine (PWA) systems switch among the
linear/affine models when the systems state reaches the boundary of some region.
As there is an additional constant affine term for each subsystem in the PWA sys-
tem (some domains do not contain the origin after being piecewise linearized), the
complexity of the system analysis and synthesis is greatly increased. In [15, 16], the
modeling method and the equivalent system model for PWA systems are summa-
rized, and the analysis for these systems using multi-logical dynamic systematization
method is given. The formulation of the piecewise continuous Lyapunov function
for a class of PWA systems and the optimal control performance analysis [17] for
these systems are given, in combination with linear matrix inequalities (LMIs) in
[18]. The stability analysis and filtering results are also presented for the discrete-
time piecewise affine systems in [19, 20]. Besides, the parameter-varying systems
can be modeled via switching behaviors especially when they are subject to large
parameter-varying scope. The most representative is the switched linear parame-
ter varying (LPV) system modeling problem [21] in which the parameter variation
is not smooth. In particular, the studies related to the analysis and control of the
switched LPV system under multi-switching rules are carried out in [22]. There-
fore, sometimes these switched LPV systems can be considered as switched systems
with multi-mode themselves. One typical example for this case is the utilization
of switched LPV systems to deal with the dramatic parameter variation and wide
flight range inherent in the model of the F-16 aircraft [22, 23]. Note that in LPV or
switched LPV systems, the varying parameters are often measurable. On the other
hand, it is well recognized that uncertainties (unmeasurable) always exist in many
practical systems, and the robust control theory based on quadratic framework gen-
erally solves the analysis and synthesis problems of uncertain systems. As pointed
out in [24], for the systems with large-scale uncertainties, the scope of uncertainty
can be partitioned into several regions, and each region is associated with one sub-
system, resulting in a class of switched systems. Moreover, in the fault detection
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and isolation (FDI) and fault-tolerant control (FTC), the potential faults in a system
often range over a large region [25]. In this case, a single controller (even an adaptive
one) is generally hard to find for stabilizing all faulty situations effectively. In order
to overcome this difficulty, the supervisory FTC approach is proposed by assuming
the plant to have a set of models (including the nominal situation and all possible
faulty situation) and designing a family of controller candidates so as to stabilize the
system by switching among them.

On the other hand, the switched systems are formed in a broader multi-controller
switching control mechanism. Strictly speaking, the resulting systems are better
called switched (hybrid) control systems. It is well known that, a controlled process
can achieve desired behavior by designing static or dynamic feedback controllers.
However, under some circumstances, a continuous feedback is absent or inappropri-
ate, which can be roughly divided into the following three categories:

(1) Due to special characteristics of the controlled plant, continuous control cannot
be achieved. For example, when there exist components that are sensitive to
environment or easily damaged, appropriate schemes should be used to achieve
switching control [26, 27]; and some plants have inherent state space boundaries
that require the implementation of switched control [28]. Meanwhile, in the
field of nonlinear control, there are corresponding necessary conditions for the
stabilization of such systems [29]. The nonholonomic systems [30] belong to
a class that does not meet these conditions and cannot be stabilized by using
continuous control [31-35], and the switching control strategy provides a simple
and effective solution for such systems. Note that in the nonlinear systems,
controllability does not imply the continuous feedback stabilization.

(2) Due to restrictions on the actuator or sensor, continuous control cannot be
achieved. For example, for the systems with input saturation, the Bang-Bang
control with switching between upper and lower bound is adopted so as to re-
alize the minimum-time control. In addition, sometimes the quantification of
transmission information due to the limitation on data transfer channel band-
width [36] makes the control or state information switch in the different quantify
regions [37, 38], and thus the continuous control cannot be realized.

(3) Due to large-scale uncertainties in some of the plants to be controlled, it is
inappropriate to apply traditional adaptive controller to the design of general un-
certain dynamical systems. A more direct solution is to partition the uncertainty
into several regions, and use switched control strategies to achieve effective
control. This scheme can overcome the shortcomings of traditional parameters
adjustment based on adaptive control algorithm, and has evident advantages in
modular design, simplified analysis and practical applications, cf. [39].

In addition to the application examples mentioned above that are suitable for
switched control strategy, even for the systems that can be applied by continuous
control, such as general linear time-invariant (LTT) systems, switching control strat-
egy can improve their performances as well. The benefits from switched or hybrid
control are discussed in [40]:
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(1) Improving the system transient performance. For example, the strategy of using
the temporal optimal controller when error is larger, and the linear feedback
controllers when error is small, can not only reduce the overshoots but also
shorten the response time.

(2) Expanding the domain of attraction (DOA). DOA is a region where the system
state can be attracted to the equilibrium point. Switched control scheme can
overcome the drawback that one single controller could not shift the system
from one equilibrium point to another and finally drive the systems to the stable
equilibrium [41, 42], and therefore can expand the DOA.

A more complete survey on the state-of-the-art of switched systems, in particular,
with respect to the control and filtering issues will be given in Sect. 1.6

1.3 Mathematical Descriptions

In general, a switched system can be expressed by a family of subsystems and a rule
that orchestrates the switching sequence among these subsystems. In mathematics,
the switched systems can be described as the following equations:

8x(1) = fo (x(2), u(t), w(r))
y(1) = 8o (x(1), w(1) (1.1)

where x(f) € R™ is the state vector, u(f) € R™ is the input vector and y(7) € R™ is
the output vector. w(t) represents the disturbance input vector. o is the switching
signal, which is a piecewise constant function of time and takes its values in the
finiteset Z = {1, ..., N}, N > 1 is the number of subsystems. f, and g, are vector
functions, and the symbol § denotes the derivative operator in the continuous time
case (6x(t) = x(7)) and the difference operator in the discrete-time case (6x(#) =
x(t+1)).

Generally, the switching signal is a piecewise constant function of time, its past
values, the state/output, and possibly the external signal. A general representation of
the switching signal can be given as [7]

o (t) = ¥ ([ty, 00), o ([to, 00)), x([t0, 00)) /y ([0, 00)), z([t0, 00))) t =1y  (1.2)

where 1, is the initial time, and z : [fy, c0) — R! is an external signal generated by
devices such as observer.

In particular, if the vector field is linear, and there exists no external disturbance
input, the switched system can be modeled as

Sx(t) = Agx(t) + By u(t)
(@) = Cox(1) (1.3)
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From the previous discussions, it can be easily seen that the studies on switched
system is focused on the continuous dynamic part including either the continuous-
time or discrete-time dynamics. The discrete events of the hybrid systems are hidden
in the switching signals which are assumed belonging to some sets. We will elaborate
the classifications on the sets of the switching signals later, and the regularities of
time-dependent switching signals.

In this book, our attention is confined to discrete-time linear switched systems,
which can be explicitly expressed as

x(k+ 1) = Agx(k) + Byu(k)
y(k) = Cyx(k) (1.4)

where the system state and output, control input and the switching signal are described
previously. At an arbitrary time k, o may be dependent on k or x(k), or both, or other
logic rules. For a switching sequence ky < k; < k < - - -, o is continuous from right
everywhere and may be either autonomous or controlled. The switching signal o is
assumed to be unknown a priori, but its instantaneous value is available in real time.
When k € [k;, ki+1), the o (k;)th subsystem is active and therefore the trajectory x (k)
of system (1.4) is the trajectory of the o (k;)th subsystem.
For the discrete-time switched systems with polytopic uncertainties, the model
can be expressed as
x(k+1) = Aggy (M)x (k) (1.5)

where A is the uncertainty parameter. For o (k) = i, A;(A) can be expressed as
Ai0) =D nAim (1.6)
m=1

where an:l Am=1LA,>0,ieZ,andm e S E {1,2,3, ..., s}. sis the number of
the vertices of the polytope.

If the uncertainty is norm-bounded, the corresponding uncertain discrete-time
switched system can be written as

x(k+1) = Agyx (k) + AAg iy x (k) (1.7)

where AA; ) represents the system parameter uncertainty, and it is assumed in this
book that the norm-bounded uncertainty can be decomposed as

AAsy = DUy (H)E, o (k) € T (1.8)
where D and E are known constant matrices with appropriate dimensions. I', ) (k) are

known matrices with Lebesgue measurable elements and satisfy Fz(k)(k)
Cow k) < 1.
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In this book, the following discrete time-delay switched systems will also be
considered:

x(k+1) = Asx (k) + Agsyx(k — d(k))
x(k) = ¢ k), k = —dy, —dys +1,...,0 (1.9)

The time delay is considered to be time-varying and has lower and upper bounds,
0 < d,, <d(k) < dy, which is very common in practice.

Before further proceeding, two basic hypotheses throughout this book are illus-
trated as follows

Assumption 1.1 The jumps of the states for discrete-time system (1.4), namely, a
continuous signal can not be reconstructed everywhere, are also not considered here.

Assumption 1.2 The switching instants are assumed to be exactly the sampling
instants of system (1.4).

1.4 Classifications of Switching Signals

Switching signals are crucial in switched systems, as summarized in [43—45], which
distinguish switched systems from other types of dynamic systems. The switching
signals can be classified from different perspective, and the types of switching signals
are fruitful, either developed by the systems themselves or invented by the designers,
making switched systems diverse.

1.4.1 Different Perspectives for Classifications

According to different standards, the switching in switched systems can be classified
as state-dependent versus time-dependent, autonomous versus controlled, nondeter-
mined versus stochastic, or arbitrary versus constrained, etc.

If the state space is partitioned into several operating regions, and the switching
takes place when the states hit the switching surfaces (the boarder of the operating
region corresponding to a subsystem), we define such switching as state-dependent
switching. If the switching among subsystems is governed by a piecewise constant
function of time taking values in the indices set of all the subsystems, we define such
switching signal as time-dependent switching signal.

Similar to the definition of autonomous system, the autonomous switching means
that the mechanism of the switching is self-triggered (there is no external interven-
tion). The autonomous switching is widespread in the industrial processes that are
subject to random component failures or repairs, sudden environmental disturbances.
On the other hand, if the designers impose any laws to the switching in order to achieve
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desired behavior and performance, the switchings are called nonautonomous in this
situation.

Note that for the above switching signals, in either the pair “time-dependent”
versus “state-dependent” or the pair “autonomous” versus “controlled”, are non-
deterministic. If both the switching sequence and the switching instants are fixed,
the switching is deterministic. If the autonomous switching in the above mentioned
nondeterministic switching signals is further attached with descriptions of a certain
stochastic process (e.g. Markov process or Markov chain), then the switching can be
regarded as stochastic switching. The readers can refer to Sect. 1.5 for the differences
and links.

Our attention will be focused on the time-dependent switching in this book. The
time-dependent switching concerned here can not only cover the switching signals
where the trigger mechanism is time, but also represent the state-dependent switching
in a general sense. In fact, as pointed out in [43], the time-dependent switching can
be regarded as coarse approximation of state-dependent switching in the case that
the locations of switching surfaces are unknown. According to different constraints
imposed on the switching signal so as to guarantee the stability (or performance),
the time-dependent switched systems can be generally grouped as arbitrary (fast)
switched systems and constrained (slow) switched systems. Clearly, one necessary
condition for the (asymptotic) stability of arbitrary switched system is that all the
individual subsystems are (asymptotically) stable, which will be a default assump-
tion throughout the research on the arbitrary switching in this book. Besides, for the
switched systems, a more desirable property is the uniformly asymptotic stability,
where the uniformly is referred to the fact that the stability is uniform over all switch-
ing signals with a certain regularity instead of the initial conditions in the case of
conventional non-switched systems.

In the following, several types of typical time-dependent switching signals are
first introduced and then their mode-dependence will be addressed. The arbitrary
switching is intuitive and the definition is omitted here. The inclusion relationships
among the switching signals are elaborated as well.

1.4.2 Several Typical Time-Dependent Switching Signals

Asis well known that under the assumption that each subsystem is stable, the switched
system can be stable if the switching signal is sufficiently slow. Then, the “dwell time”
switching logic is firstly proposed in [46], and the studies in the literature are devoted
to calculating the lower bound of the dwell time (DT) as a basic concern in this area.

Definition 1.1 ([47])Letty,t1,t2,....tk,...,WithO =ty <ty <tbh < --- <t < ---,
denote the switching instants. The positive constant 7 is called the dwell time if for
all k > O such that t3+1 — tx > 1p.
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Specifically, given a positive constant tp, let Syy.i[Tp] denote the set of all switch-
ing signals with interval between consecutive switchings being no smaller than tp.
Then the constant tp is called the “dwell time”.

However, in some occasions, it is too restrictive if requiring the activation time
of each subsystem to be larger than 7. Thus it will be attractive if the possibility
of “fast” switching is allowed for some subsystems with unacceptable performance
while the DT of other subsystems can be sufficiently large as compensation such
that the overall system behaviors can be satisfied. The concept of “average dwell
time” arises in this context in [48], which can be denoted as Sqverage[ 7D, Nol, Tp > 0,
N() > 0.

Definition 1.2 ([48]) For a switching signal o and any K > k > ko, let N, (K, k)
be the switching numbers of o over the interval [k, K). If for any given Ny > 0 and
Tp > 0, theinequality N, (K, k) < Ny + (K — k)/7p holds, then tp and Ny are called
average dwell time and the chatter bound, respectively.

It has been analyzed in [43] that Ny > 1 gives switching signals with ADT and
Ny = 1 corresponds exactly to those switching signals with DT. Also, as an extreme
case, tp — 0 implies that the constraint on the switching times is almost eliminated
and the resulting switching can be arbitrary. Therefore, as a typical set of switching
signals with regularities, the DT switching is contained in the ADT switching as a
special case.

A more general category of switching signals is called “persistent dwell time”
[49], denoted as Spawenltp, T1, Tp > 0, T € [0, 0o]. It can be defined as follows.

Definition 1.3 ([49]) The switching o belongs to the set SpaenlTp, T, if there is
an infinite number of disjoint intervals with length no smaller than 7, on which the
switching signal o is constant, and the consecutive intervals with this property are
separated by no more than T. The constant 7, is called the persistent dwell-time and
T is called the period of persistence.

An intuitive understanding about the persistent dwell time (PDT) S,ayeultp, T1
is that the switched system is running alternatively between the “normal mode” with
interval not less than tp and the “failure mode” with interval not longer than T.
In the normal mode, the switched system is running in one subsystem all the time
without any switching. In the failure mode, the switched system is switching among
subsystems arbitrarily instead of staying in one subsystem more than tp. Also note
that the set Spawenl[tp, T1 is equivalent to Syen[Tp] in the case of T = 0.

Therefore, as well summarized in [49], the relationship among these switching
signals for the same constant 7 > 0 is

deell[TD] = Saueruge[TDa 1] = Spdwel/[TDa 0]
C Saverage[TDv Nyl C Spdwell[STDa ntpl

Vip>0,No>1,8€(0,1), 528N, — 1)/(1 —8).
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Remark 1.4 The major difference between PDT switching and ADT switching is that
the PDT is more general since there is no requirement on the frequency of switching
during the period of persistence (as long as the switching belongs to S,pncnas, Where
Snoncharr denotes the sets of switching signals excluding chatter phenomenon), but
in the framework of the ADT switching, the parameter Ny strictly limits the upper
bound of switching times within an interval of length less than z,.

Remark 1.5 1Tt should be noted that the relationship only makes sense when all the
types of these switching signals to share a same constant tp. Otherwise, it is hard
to say which class of switching signals is wider. This argument also holds for the
following analysis of mode-dependent switching signals.

The mode-dependent switching signals are a class of more flexible switching
signals relative to the mode-independent ones since they no longer require all the
subsystems share one common DT, ADT, or PDT value. In [47], the definition of
modal dwell time (MDT) switching is proposed as a mode-dependent extension of
the typical DT switching.

Definition 1.6 ([47]) Let ko, k1, ko, ..., kg, ..., WithO = ko < k) < kp < -+ < ks <
-- -, denote the switching instants. The positive constant z; is the modal dwell time
associated with the jth mode if for all s > O such that o (k) =j for k € [ky, kt1),
k.s'+] - ks = Tj.

For convenience, the set of MDT switching signals can be denoted as Sy—guen
[tpil, Tpi > 0,Vi € Z,in which the subscript i in tp; means that this class of switching
signals are mode-dependent. In other words, each subsystem i has its own DT tp;. In
particular, if Tp; = tp, Vi € Z, the MDT switching signal will reduce to the typical
DT switching. Thus, it can be concluded that Vzp; > 0, Vi € Z,

deell I:n.'éaIX(TDi)i| C SM—dwell[TDi]
i

On the other hand, the property in the ADT switching Suveragel T, No] requires the
average time interval between any two consecutive switching to be at least tp, which
is independent of the system modes. Besides, it has been well shown in the literature
that the lower bound of ADT can be calculated by two mode-independent parameters,
which gives rise to certain conservativeness due to the two common parameters for
all the subsystems. The concept of “modal average dwell time (MADT)”, denoted
as Sy—average[Tpi, Noil, was firstly introduced in [50] as an relaxation of the typical
ADT switching logic.

Definition 1.7 ([50]) For a switching signal o and any K > k > ko, let N,;(K, k), i €
7 be the switching numbers that the ith subsystem is activated over the interval [k, K]
and T;[K, k] denote the total running time of the ith subsystem over the interval [k, K].
The switching signal o is said to have a modal average dwell time tp; if there exist
positive numbers Ny; (Ny; is called the mode-dependent chatter bound) and 7p; such
that N,;(K, k) < Ny; + T;[K, k]/tpi, VK > k > 0.
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The definition of MADT means that if there exist positive numbers tp;, Vi € Z,
such that the switching signal has the MADT property, we only require the ADT
among the intervals associated with the ith subsystem to be larger than tp;, where
the intervals here are not adjacent. Also, if 7p; = tp, No; = Ny, Vi € Z, the inclusion
relationship between the ADT switching and MADT switching can be shown as
Vip; > 0,Vi € 7,

Sauerage I:r%aIX(fDi)a maX(N()i)] C SM—average[TDh NOi]

Similarly, the definition of modal persistent dwell-time (MPDT) can be given as

Definition 1.8 The switching signal o belongs to the set Sy—pawenlTpi, T1, if there
is an infinite number of disjoint intervals with length no smaller than tp;, i € Z, on
which the switching signal o is constanto = i € 7, and the consecutive intervals with
this property are separated by no more than 7. The constant tp; is called the modal
persistent dwell-time of the ith subsystem, and T is called the period of persistence.

The MPDT can be interpreted as follows. For a switched system, each subsystem
has its own PDT, and if the switched system is running in the normal mode and stays
in the ith subsystem, i € Z, the dwell time on this subsystem is not less than tp,;. The
running intervals in the normal mode are separated by a mode-independent period
of persistence 7' in which the switched system can switch arbitrarily among all the
subsystems. Therefore, it can be concluded that, Vtp;, > 0, Vi € Z,

Spdwell [rigizn(TDi)a Ti| C Sprdwell[fDi» T]

In this book, our attention is mainly focused on the arbitrary switching, DT switching,
ADT switching, PDT switching and their mode-dependent form (i.e., MDT, MADT
and MPDT switching, respectively). The transitional dwell time (TDT) switching,
coined in [47], requires the knowledge of the index of next subsystem a priori, will
be not considered in the book.

1.5 Comparisons with Other Types of Hybrid Systems

Before further proceeding with this introduction, the comparisons between switched
systems and other typical dynamic systems with hybrid characteristics would be
addressed to further specify what a switched system is.
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Switched systems versus general hybrid systems. As mentioned above, switched
systems can be viewed as a class of control-oriented hybrid systems. The general
hybrid system involves continuous-time dynamics and discrete-event dynamics,
with more complex models, definitions and broader spectrums, such as sampled-
data control systems [51-54]. To simplify the studies on hybrid systems in the
control community, the discrete-event dynamics are commonly abstracted and
assumed a priori as a certain class of switching events. This defines the con-
text of switched systems by ignoring the evolutions of discrete-event dynamics.
Note that the abstractions, depending on the original hybrid systems, may be
various and probably bring more system solutions. The great advantage of us-
ing switched systems, however, is that the classical control theories in linear or
nonlinear systems could be fully utilized to probe hybrid systems. Moreover,
the mode switching in switched systems merely depends on current discrete
event excluding the former one. That is, the hybrid systems are much more com-
plicated, considering that the mode transitions of continuous dynamics can be
governed by complex discrete-event dynamics.

Switched systems versus general time-varying systems. Due to the time-
dependency of switching signals, switched systems can be viewed as a subset
of time-varying systems [49]. However, in the spectrum of switched systems,
the switching excludes the Zeno behavior. Thus, switched systems can not be
equivalent to the general time-varying systems even when the switching sig-
nals are arbitrary. In addition, the solutions of time-varying systems are only
parameterized by the initial states of the system, but for switched systems, the
solutions are parameterized both by initial states and the switching signals. Note
also that, the methodologies of studying the general time-varying systems are
established upon that the variations are known a priori, but the switching signals
are considered to be unknown (generally assumed to be instantly known) in the
switched systems.

Switched systems versus Markov jump systems. If the switching signal in the
switched systems is autonomous and further attached with Markovian stochastic
descriptions, the resulting system is commonly termed as “Markov jump system
(MIS)” [55]. It means that on the switching signals, the stochastic information
descriptions are further modeled, and the behavior of a system can be considered
in the stochastic sense. Moreover, in the Markov jump systems, the transition
probabilities are assumed to be known a priori in order to further conduct the
analysis and synthesis [56, 57]. Actually, it is difficult and time-consuming to get
the exact transition probabilities [S8—60]. In this case, the study on MJSs has to be
carried out by resorting to the switched systems theory with arbitrary switching
signals. In particular, if the transition probabilities are completely unknown,
the MJSs are equivalent to the switched systems with arbitrary switching. In
addition, in MJSs, the issues with respect to the DT are commonly implicitly
considered, but explicitly addressed in switched systems as a basic concern.
Note that in MJSs, the concept of sojourn time is the running time of each mode,
which differs from the DT.
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Switched systems versus LPV systems. The LPV systems have attracted extensive
attention during the past decades due to the widespread existence of time-varying
parameters in many practical systems as well as the great demand in the design of
gain-scheduling controllers [61, 62]. As introduced above, the variations of such
time-varying parameters are known a priori to the system analysis and synthesis.
The purpose of investigations on LPV systems is considered to overcome the
conservativeness arising in the research of uncertain dynamic processes, when
the uncertainties are measurable online or subject to some known rules in some
industrial applications [63, 64]. In the LPV systems theory, the system matri-
ces vary with the parameters. Thus the LPV systems can be viewed as a class
of switched systems in some sense. To be specific, the impacts of parameter
variations are equivalent to those of switching signals to the switched systems.
However, the parameter variations of LPV systems are required to be smooth,
while the variations of system matrices in switched systems are comparatively
flexible.

Switched control systems versus adaptive control systems. In essence, the gen-
eralized adaptive control is based on the switching, but the adaptive control in
a narrow sense emphasizes the design of controllers based on the regulation of
continuous parameters [65-69]. If the parameters are not continuous or not es-
timable, the controllers are not easy to obtain. Relatively speaking, the switched
control theory can design discontinuous controllers based on switching logics.
Moreover, different from traditional adaptive control systems, the controllers,
state estimators, and design of switching logics in switched systems are mutually
independent. Thus the modularization design approach can be adopted. Also, we
can utilize some controllers with good performance when realizing the control
units without the restrictions of continuous parameter adaptive algorithms.

switched control system

variable structure control system

invariable structure
switched control system

/ sliding mode
variable structure
control system

Fig. 1.1 Differences between switched control systems and variable structure control systems
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(6) Switched control systems versus sliding mode control systems. The generalized
variable structure control systems mean that the controllers or structure can
change in some situations, but the narrowly defined variable structure control
systems refer to that the switching takes place in the control, and the systems
will give rise to a class of sliding modes on the switching surface along the
fixed trajectory [70-73]. The switched systems induced by multi-controllers do
not involve the variable control systems with sliding modes. The differences
between switched control systems and variable structure control systems are
shown in Fig. 1.1.

1.6 Overview of Control and Filtering of Switched Systems

The stability of switched systems is an issue that needs to be considered before
studying problems of both control and filtering, thus we would like to give the
literature review on the stability results first.

The stability problem caused by various switching is the basic concern [43, 44,
74, 75]. So far two stability issues have been addressed in the literature, i.e., the
stability under arbitrary switching and the stability under constrained switching. The
former case is mainly investigated based on constructing a common Lyapunov func-
tion for all subsystems [76—78]. In the discrete-time domain, an improved approach
by using the switched Lyapunov function (SLF) is proposed in [79, 80]. On the other
hand, for the switched systems under constrained switching (either autonomous or
to be designed), it is well known that the multiple Lyapunov-like functions (MLFs)
approaches are more efficient in offering greater freedom for demonstrating stabil-
ity of the systems [81]. Some more general techniques in MLFs theory have also
been put forward allowing the latent energy function to moderately increase even
during the active time of certain subsystems except at the switching instants [51,
75]. As one typical constrained switching signal, the DT switching means that the
interval between consecutive switchings is no smaller than a constant. The heuristic
behind the DT switching lies in that a switched system is stable if all the individual
subsystems are stable and the switching is sufficiently slow, in order to allow the
dissipation of the transient effects after each switching. Note that determining the
minimum DT for a given switched system is not straightforward and is an impor-
tant research issue in the DT switched systems. Particularly, it is worth mentioning
that a class of quasi-time-dependent (QTD) Lyapunov function approach recently
developed in [82] is shown to be less conservative in obtaining shorter dwell-time.
The corresponding stabilization problem of switched systems has been investigated
in [83, 84]. Besides, the ADT switching means that the number of switches in a
finite interval is bounded and the average time between consecutive switching is not
less than a constant [48]. The ADT switching can cover the DT switching [43], and
its extreme case is actually the arbitrary switching [85]. Therefore, it is of practical
and theoretical significance to probe the stability of the switched systems with ADT,
and the corresponding results have been also available in [62, 86] for discrete-time
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version and [23, 87] for related applications. As an mode-dependent form of the
typical ADT switching, recently, a novel switching logic named MADT switch-
ing has also been proposed in [50]. The corresponding stability conditions for both
continuous-time and discrete-time switched systems are given in [50]. As pointed
out in [49], another important switching signal, the PDT switching, is more general
than the DT switching and the ADT switching. This type of switching signal means
that there exists an infinite number of disjoint intervals of length no smaller than a
dwell-time on which the system remains unswitched, and the consecutive intervals
with this property are separated by no more than a period of persistence. Therefore,
the PDT switching has the capability of describing a switched system with hybrid
slow and fast switching feature, such as the systems that may encounter abrupt and
intermittent faults [88]. Certain conditions ensuring the uniform asymptotic stability
of switched linear systems with PDT switching property have been primarily ex-
plored in [49], and the results have also been further extended to nonlinear cases
in [89-91]. These works provide a solid foundation for investigations on switched
systems with PDT switching property. Yet, it is worth noting that in these results,
the Lyapunov-like functions during the running time of subsystems are still required
to be non-increasing. Recent extensions given in [24, 92] extend the general MLFs
defined in [81] by allowing each Lyapunov function associated with each subsystem
to be locally increasing. Moreover, a novel class of Lyapunov functions called poly-
nomial and piecewise polynomial Lyapunov functions constructed via using positive
polynomials and the sum of squares decomposition have drawn great attention. It
should be pointed out that this approach provides a less conservative test for prov-
ing stability when switching between subsystems is arbitrary, provided that a finite
number of switches occur on every bounded time interval [93, 94].

In addition to the stability issue, the L,-gain (“/,” in discrete-time domain) analysis
of switched systems has also been frequently reported [24, 85, 95-101]. By the SLF
approach, the /,-gain analysis for a class of discrete-time switched systems under
arbitrary switching is given in [102]. It is worth noting that the switched systems com-
prising of a finite number of linear time-invariant symmetric systems will preserve
the stability and L, performance of its subsystems under the arbitrary switching.
In [103], the L,-gain properties under arbitrary switching for a class of switched
symmetric time-delay systems were studied. Imposing different requirements on the
used MLFs, some results on L,-gain analysis for switched systems with DT or ADT
switching have also been obtained in [85, 104]. Likewise, the considered MLFs need
mainly to be non-increasing during the running time of the subsystems. In [97], the
stability result in [92] was further extended to weighted L,-gain analysis. Afterwards,
the L,-gain characterization and a design method for stabilizing switching laws are
proposed based on the necessary and sufficient stability criteria by extending the
general MLFs approach in [98]. More recently, in [105], a non-weighted norm of
l,-gain which is of explicit physical sense as usual with less conservatism is obtained
via constructing a both mode-dependent and quasi-time-dependent (QTD) Lyapunov
function for PDT switched systems. Moreover, in [106], the L,-gain for a class of
switched systems subject to actuator saturation and time delays is given. The criteria
are in the form of delay-dependent and the analysis is under the ADT switching logic.
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By considering the individual L,-gain during the time interval when a subsystem is
active, the concept of vector L-gain was put forward in [107], and a small-gain
theorem for feedback systems with vector L,-gain assured for each subsystem is
established as well.

The control problems for switched systems have captured extensive interests. In
this book, instead of the pure state feedback, output feedback control strategies that
are generally concerned in the literature, we turn to review some results based on
advanced and/or complex control methodologies. Model predictive control (MPC) is
a model-based predictive control approach that has its origins in the process industry
and that has mainly been developed for linear or nonlinear systems [108]. The MPC
has been proven to be powerful when addressing the control problems with con-
straints. Thus it is of great interest to control the switched systems closed-loop via
MPC as the constraints are frequently encountered in practice. For state-dependent
switching, MPC of a class of piecewise affine systems—which is also termed hybrid
MPC in the literature—has been extensively investigated in [109, 110]. As for time-
dependent switching, if the switching sequence consisting of both switching instants
and switching indices is exactly prescribed, the results of the hybrid MPC literature
can be directly used [9, 111-113]. The switched MPC of a class of discrete-time
switched linear systems with MDT is investigated in [114]. In addition, adaptive
control is a methodology for controlling systems with large modeling uncertainties
which render robust control design tools inapplicable and thus require adaptation
[39]. One of the most notable limitations in the classical adaptive control is that the
continuously parameterized controllers are difficult to construct if unknown parame-
ters enter the process model. In [39], a novel framework is proposed by involving
the logic-based switching among candidate controllers with deterministic adaptive
control. The controller selection is carried out by means of logic-based switching
rather than continuous tuning. In [115], a leakage-type adaptive control is adopted
for a class of switched nonlinear systems. Other techniques and results related to
the adaptive switching control are available in [116—119] and the references therein.
Third, the Takagi—Sugeno (T-S) fuzzy model has recently attracted lots of attention
[120, 121], since it is regarded as a powerful solution to bridge the gap between
the fruitful linear control and the fuzzy logic control targeting complex nonlinear
systems [122—124]. This fuzzy model is described by a family of IF-THEN rules
which represent the local linear input-output relations of the system. The overall
fuzzy model of the system is achieved by smoothly blending these local linear mod-
els together through the membership functions. On the control of switched T-S fuzzy
systems, the readers could refer to [125-127] for more details. Before ending the
review part on control of switched systems, we would like to mention some results
on switched systems and fault-tolerant control that has become the focus in a wide
range of industrial and academic communities (many control methods have been put
forward and investigated [128]). Especially, in the field of active fault-tolerant con-
trol, some controller reconfiguration mechanisms based on switching system theories
have been introduced and studied, such as propulsion controlled aircraft [129].

As a dual problem to control design, the problem of state estimation for switched
systems has been widely studied in the field of control and signal processing in the
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past decades. When the states of the systems are not available or measurable, an
observer can be designed so as to estimate the states of the original systems. As
the classical filtering techniques, the Kalman filtering and extended Kalman filtering
have been widely applied in the industrial applications [130-132]. However, when
there exists uncertainties in the system parameters, the performance of the standard
Kalman filtering could be greatly degraded [133, 134]. In order to investigate the
robust filtering for switched systems with uncertainties, the H, filtering has been
extensively studied [135-140]. Recently, the moving horizon estimation (MHE) and
particle filtering (PF) methods have also been paid increasing attention [141-143].
They have been proved to be effective in dealing with the constrained state estima-
tion and filtering of non-Gaussian, nonlinear systems. For the filtering problem of
switched systems, the methodologies aforementioned have been widely applied as
well. For example, in [144], an exponential filtering approach was proposed, and the
exponential stability is achieved in the filtering processes for some complex systems.
The problem of exponential H,, filtering for a class of continuous-time switched lin-
ear system with interval time-varying delays is investigated in [99]. Other results
can be found in [145, 146] and the references therein. For the MHE of hybrid or
switched systems, a state-smoothing algorithm for hybrid systems is proposed based
on MHE in [147]. With respect to the PF for hybrid or switched systems, in [148], a
particle filtering based estimation algorithm for a class of distributed hybrid systems
is presented. What is worth mentioning is that there has been some results on using
the particle filtering approach to approximate the arrival cost in MHE, c.f. [149,
150], which demonstrates attractive potential. Similar to the FTC, there have been
some literature using switching or switching relevant techniques to model and ad-
dress the problem of fault detection and diagnosis (FDD) [151, 152]. For the FDD of
switched systems, in [153], the fault detection problem for a class of switched non-
linear systems with asynchronous switching is addressed. The H, fault detection for
continuous-time linear switched systems with its application to turntable systems is
investigated in [154].

Regarding the systems perturbed by parameter uncertainties, numerous efficient
control techniques have emerged up to now. Uncertainties always exist in many
practical systems, and the robust control theory based on quadratic framework is an
earlier method to solve the analysis and synthesis problems of uncertain systems.
Nowadays it has been well known that the quadratic framework is considered to be
conservative. The quadratic stability requires that there exists a common Lyapunov
function for all the admissible uncertain parameters [155]. In recent years, many re-
searchers have been devoted to the investigation of parameter-dependent Lyapunov
function approach. The target is to establish the Lyapunov functions related to the
uncertainty parameters so as to reduce the conservativeness inherent in the com-
mon Lyapunov function, and some results have been reported in [156-158]. In the
area of switched systems, the studies on the influence caused by uncertainties to the
switched systems have been also launched. In general, the class of switched systems
with uncertainties on each subsystem can be called uncertain switched systems. The
studies on uncertain switched systems generally combine the techniques in uncer-
tain dynamic systems with those methodologies commonly used in switched systems.
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Up to now, some issues such as stability analysis, control synthesis, /,-gain analysis,
and observer design have been preliminarily resolved for uncertain switched systems.
For example, feedback controller design and /,-gain analysis for continuous-time
switched systems with norm-bounded uncertainty [102, 159], control synthesis for
discrete-time uncertain switched systems [160], stabilization of polytopic uncertain
switched systems [155], stability and stabilizability of switched systems with un-
certainty and time-delay [161], etc. Besides, some results for switching signal with
uncertainty can be found in [162] and the references therein.

On the other hand, the existence of time delays is a common phenomenon in
engineering control design (see, for example, [163—166]). The studies on the analysis
and synthesis of time-delay systems can be classified into delay-dependent and delay-
independent approaches. The delay-dependent approach has become prevalent since
it facilitates greatly the further analysis and synthesis by making full use of the time
delays information. A switched system with time-delay individual subsystems is
called a switched time-delay system. Switched systems with time delays have strong
engineering backgrounds, such as power systems [85, 167], time-delay systems with
controller and/or actuator failures [ 168], and networked control systems [ 169]. For the
case of constant delay, the L,-gain properties under arbitrary switching for a class of
switched symmetric delay systems are studied in [103]. In [58], sufficient conditions
of the asymptotical stability are established for switched linear delay systems. In
[161], sufficient conditions for the robust stability and stabilization for a class of
uncertain linear switched systems with constant state delays are presented. With
the aid of piecewise Lyapunov functions, in [170], the stability of piecewise affine
time-delay system is analyzed. For the case of time-varying delay, many results have
also been published. For example, the delay-dependent minimum DT for exponential
stability of uncertain switched delay systems is given in [171]. In [172], the problem
of stability analysis for a class of switched neural networks with time-varying delay
is solved. The stabilization of arbitrary switched linear systems with unknown time-
varying delays is addressed in [173]. By including both the uncertainties and time-
varying delays, the problems of stability and stabilization for uncertain discrete-time
switched systems with mode-dependent time-varying delays are studied in [174].
More findings regarding the switched time-delay systems are available in [175-177]
and the references therein.

Finally, in switched systems, another noteworthy issue in the control/filtering
problems is the so-called asynchronous switching that has received widespread at-
tention. A common assumption in most of existing results is that the detection of
the switching signal is instant. However, in many real switched systems, the switch-
ing signal is created by some unknown or nondeterministic functions, for example,
unknown abrupt phenomena such as component and interconnection failures. One
cannot detect the changing of the switching signal instantly, but only after a time pe-
riod. In fact, the necessities of considering the asynchronous switching for efficient
control design have been shown in mechanical or chemical systems [9, 178] with
determining the admissible delay of asynchronous switching. Under the assumption
that all state variables are available for feedback, the state-feedback stabilization
problem is investigated in [179] for switched linear systems with constant time delay
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in the detection of switching signal. The case of the constant time delay is extended to
the time-varying case in [180]. The results in [179, 180] is generalized in [181] to the
observer-based state feedback. In [182], the exponential stabilizability of switched
linear systems with time-varying delays is investigated in the detection of switch-
ing signals via state feedback. In [183], the L,-gain control synthesis problem is
addressed for switched systems in the presence of delay in detection of switching
signal. Considering the time delays present in both the feedback state and switch-
ing signal, the asynchronous finite-time stabilization for a class of switched systems
with ADT switching is explored in [184]. Moreover, it should be pointed out that
all of these results are derived for the time-dependent switching with asynchronous
behavior, the corresponding results for state-dependent switching still remain open.
Besides, in the field of robust controller design for fuzzy systems, it is usually dif-
ficult to derive an accurate fuzzy model by imposing that all the premise variables
are exactly measurable. Consequently, the problem of asynchronous switching of
the premise variables between the fuzzy plant and the observer/controller occurs,
especially for the situations where general T-S fuzzy dynamic models are used to
represent complex nonlinear systems via offline modeling [120, 185]. Allowing for
the asynchronous switching of the premise variables, in [186], the stability of the
closed-loop fuzzy system is investigated based on the piecewise fuzzy affine approach
and the global static output-feedback controller approach, respectively.

Despite the fruitful results reviewed above, we are aware that it is hardly possible
to cover all the past contributions in studies on the control and filtering issues, even
in the aspect of time-dependent switching. Also the works are persistently updated
although we are trying to include more latest ones. We also have not thoroughly
commented on the pros and cons of the various developed methodologies, but hope
the literature review could give readers a basic understanding on the key problems
and methodologies in control and filtering of switched systems.
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Chapter 2
Stability and Stabilization

Abstract This chapter is devoted to the stability analysis for the four types of
time-dependent switched systems. We first summarize the mainly used multiple
Lyapunov-like functions (MLFs) approaches, sort out several typical MLFs and
review their characteristics. Then, the corresponding methodologies by different
MLFs such as switched Lyapunov function, MLFs with p-times increase at switch-
ing instants are developed to study the stability conditions for the underlying system
with arbitrary switching, dwell time (DT) switching, average dwell time (ADT)
switching, persistent dwell time (PDT) switching and their mode-dependent forms,
respectively. The generally analytic results in discrete-time context will be concretely
formulated in terms of linear matrix equalities (LMIs). Numerical examples are pro-
vided to verify the obtained criteria and to compare the four kinds of time-dependent
switched systems. The results obtained in this chapter will lay a foundation for future
developments in this book.

2.1 Multiple Lyapunov-Like Functions

In this chapter, consider the unforced discrete-time switched linear systems given by

{L'(k + 1) = Ag(k)i(k) (21)
where z(k) € R" is the state vector, o (k) is the switching signal, which is a piecewise
constant function of time and takes its values in the finitesetZ = {1, ..., M}, M > 1
is the number of subsystems. The switching sequences ko, ki, k2, ..., ks, ... are

unknown a priori, but are known instantly, in which the switching instant is denoted
asks,s € Z+.Whenk € [kg, ksy1), the o(k,)th subsystem (or system mode) is said to
be activated and the length of the current running time of the subsystem is ks | — k.
Other descriptions about system (2.1) can be referred to Sect. 1.3 of Chap. 1.

Our aim is to find the stability criteria for the time-dependent switched system
(2.1). The following definitions are needed to precisely state what is “stable” in the
context of switched systems.
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28 2 Stability and Stabilization

Definition 2.1 ([1]) The switched system (2.1) is globally uniformly asymptotically
stable (GUAS) if there exists a class L function 3(||-|| , -) such that for all switching
signals o and all initial conditions x(ky), the solutions of (2.1) satisfy the inequality
lz(B)ll < Blzko)ll . k — ko), Yk = ko.

Definition 2.2 ([1]) The switched system (2.1) is globally uniformly exponen-
tially stable (GUES) if for constants ¢ > 0, 0 < A < 1, all switching signals ¢ and
all initial conditions x(kp), the solutions of (2.1) satisfy the inequality ||z (k)| <
AFR) (ko) I, VE > K.

Note that for switched systems with above sets of switching signals, the uniformity
in above definitions means the uniformity over all switching signals and the set of
switching signals with the DT, ADT, PDT properties and their mode-dependent
forms, respectively. This differs from the general time-varying system, where the
uniformity is only with respect to the initial conditions.

In the stability analysis of switched systems, a common situation is that a global
Lyapunov function (GLF) for all subsystems may not exist, or although it does exist,
it may be hard to construct and the techniques based on GLF approach are also
conservative. Therefore, the so-called MLFs approach is proposed and gradually
improved. The key point of MLFs approach is to construct individual Lyapunov (or
energy) function for each subsystem and appropriately concatenate these functions
at switching instants, aiming to offer more possibilities to demonstrate the stability.
Here, the “Lyapunov-like” means that the function associated with each subsystem
is nonincreasing within that subsystem, but may increase during the running time
of other subsystems. It can be seen that a distinct characteristic of MLFs is that the
function values are allowed to jump unlike the continuity in the setting of GLF.

In this section, both the general MLF approach and several special MLFs
approaches will be reviewed which are useful to analyze the systems in the discrete-
time context. The conservatism and applicability of each MLF will be shown such
that the appropriate MLFs can be selected for the time-dependent switched systems
with specific switching signals.

Lemma 2.3 ([2]) For the discrete-time nonlinear system X,y : ©(k + 1) = fra
(x(k)),Yo(k)=i€Z,7T=C(1,...N). Suppose that the equilibrium point is at the
origin. For the Lyapunov functions V;, Vi € I, if at the switching instants ks and k,,
we have

o(ks) =o(ky), Vs<w, 2.2)

where o (k) is the switching signal, and the following conditions hold

(a) AV £V, (x(k+ 1)) —V;(z(k)) <0,Vi e I, when subsystem X; is active;
(b) Vit @(k) = Vi (@(ky)) < 0;
then the switched system composed by Xy, ..., Xy is Lyapunov-stable under a
certain switching signal.
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Fig. 2.1 Multiple Lyapunov function (N = 3)

The general idea of MLFs approach stated in Lemma?2.3 can be illustrated in
Fig.2.1, taking N = 3 for an example. As shown there, it does not only require
the Lyapunov stability of each subsystem, but also the monotonically decreasing
Lyapunov function values at two consecutive switching instants to a single system.
A solid line in the figure denotes that the corresponding subsystem is active.

It can be seen that Lemma2.3 gives a Lyapunov stability criterion for switched
systems from a general perspective. However, owing to the requirement of compar-
ing the Lyapunov function values at two consecutive switching instants to a signal
subsystem, Lemma 2.3 is merely able to be applied in the qualitative description of
the stability instead of giving the specific and easily-checked conditions. In particu-
lar, it is hardly applicable to the cases when the systems are involved with complex
behaviors, e.g., uncertainty, nonlinearity and time delays.

Based on the requirements in the two conditions of Lemma 2.3, the evolutions
of the general MLFs never ceased during the past decades, targeting the easily-
checked stability criteria with less conservatism for switched systems with different
regularities. Figure 2.2 shows four typical forms evolved from the general MLFs in
Fig.2.1. We would introduce them one by one by comparing their advantages and
disadvantages, respectively.

(1) Asshown inFig.2.2a, during the running time of each subsystem, the prescribed
MLF relaxes condition (a) in Lemma2.3 into the following condition

Vi@(k)) = h (Vi (x(k))) s k € (ks, Korr) (2.3)

The corresponding MLF is called weak Lyapunov function. From (2.3), allow-
ing the value of the weak Lyapunov function to increase during the running
time of each subsystem, the stability criterion is less conservative. However, the
rising amplitude h of Lyapunov function value during the running time of each
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subsystem is hard to be determined, then it is difficult to derive an easily-checked
stability criterion, even though the switched system without any complex dynam-
ics, such as uncertainties, time delays.

(2) AsshowninFig.2.2b, the Lyapunov function is monotonically decreasing during
the running time of each subsystem, which is consistent with condition (a) in
Lemma?2.3. However, the Lyapunov function value at the switching instant is
required to be not higher than that at last switching instant, i.e., condition (b) in
Lemma?2.3 can be rewritten as

Vi (@(kss1)) — Vi ((ks)) <0 2.4

Therefore, the stability criterion is more conservative, in that this kind of MLF
demands a further requirement of general MLF at the switching instant. Such an
approach would be very applicable to the stability analysis for switched systems
with DT and PDT switching. It could establish a good tradeoff between the
less conservative stability criteria (compared with the MLF in Fig.2.2c) and the
easily-checked conditions. However, the investigations based on this approach
remain largely open.

(3) As shown in Fig.2.2¢c, the Lyapunov function value at instant k5 + 1 is non-
increasing compared with that at instant k,, then the corresponding condition
(2) in Lemma2.3 can be rewritten as

Vi (@(ks + 1) = Vi((ky)) =0, i#j (2.5
(a) (b)
A
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Fig. 2.2 Several MLFs with different forms
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Note that k4 is the next switching instant and k&, 4 1 is the next sample time
to the switching instant.
The MLF with this form is called switched Lyapunov function (SLF) that is
coined in [3]. The corresponding stability criterion is much more conserva-
tive, since the SLF gives a further requirement between the two function values
at the switching instant. However, in the case of discrete time, each subsys-
tem must satisfy AV £ V; (z(k + 1)) — V; (z(k)) < 0. Then the requirement at
the switching instant in (2.5) and condition a) in Lemma2.3 can be uniformly
rewritten as

AV £V (x(k+1)) = Vi (z(k) <0 (2.6)

where 7 = j denotes that the switched system is during the running time of ith
subsystem, and ¢ # j means that the switched system is at the switching instant
from ith subsystem to jth subsystem. Therefore, the characteristic of unifying
the requirement for Lyapunov functions at the switching instant with that during
the running time of each subsystem reduces the difficulty in deriving the stability
criterion of discrete-time switched linear system. Then the obtained criterion is
quite easy to be checked. As a result, based on the SLF method, other analysis
and synthesis problems for the switched linear system under arbitrary switching
in the discrete-time domain can be solved effectively, e.g., controller design,
filter design, model reduction and so forth.

(4) The MLF shown in Fig.2.2d, requires constructing the Lyapunov function on
each subsystem. Meanwhile, the Lyapunov function values are required to be
continuous at the switching instant, which is similar to that in the common Lya-
punov function. However, the rates of decay may vary among different running
time of each subsystem and the required Lyapunov function is still multiple,
which is generally defined as piecewise Lyapunov function in some literature.
This kind of form facilitates the analysis for state-dependent switched linear
systems in the continuous-time domain according to the continuous feature of
function value at the switching instant.

From the above analysis, it can be observed that although the analysis approach
via weak Lyapunov function is less conservative, it is inconvenient to derive the
stability conditions. The general MLF in Fig. 2.1 requires the comparison between the
Lyapunov function values at two consecutive switching instants to a single subsystem,
and the MLF in Fig. 2.2b requires the comparison between the Lyapunov function
values at two consecutive switching instants. However, in the discrete-time domain,
for the nominal linear systems, the system state at each sample time can be given
by iterating the state space expression. Thus it is possible to obtain the specific
stability criterion for the discrete-time switched linear system. However, when the
result is extended to the uncertain switched systems or the stabilization issue, the
power of system matrices may appear in the iterative process, and it becomes hard to
eliminate the power only based on the MLF introduced above (a further quasi-time-
dependent Lyapunov function can be resorted to for a solution). In addition, for the
general MLF, note that in the situation that the switched system is under arbitrary
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switching and the number of subsystems N = 2, or under a certain switching rule
or a periodic switching sequence, the DT can be employed to derive the stability
criterion. Finally, for the SLF, although the requirement of the Lyapunov function
values at the switching instant is relatively strict, the method unifies the requirement
for Lyapunov function at the switching instant with that during the running time of
subsystems, since it is unnecessary to use system state at each sample time, which is
used to compare the Lyapunov function at the switching instant. In short, the easily-
checked stability criterion can be obtained by the SLF approach. In the following
sections, the stability analysis of the approaches based on the aforementioned MLFs
will be studied and the comparison of their advantages in concern of the conservatism,
easily-checked feature, extensibility, etc., will be addressed.

2.2 Arbitrary Switching

This section will utilize the SLF in Fig. 2.2¢ to conduct the stability analysis for a class
of discrete-time switched nominal linear systems. Consider a class of discrete-time
switched linear system (2.1), our objective here is to achieve the stability criterion
by constructing the SLF with the requirement at the switching instants in Fig.2.2¢c
as well as the following expression

V(z(k)) = z(k)" P (k) 2.7)

Firstly, the Schur complement lemma is recalled, which will be used in the proof of
the main results.

Lemma 2.4 ([4]) The linear matrix inequality

_ SIISIZ
S— [Slj; 522} <O

where S| = SIT1 and Sy = SZT2 is equivalent to
Sll < O, 522 — Sszsl_]lSlz < O; Szz < 0, S]l — Sszsz_ZlSlz < 0.

By Lemma 2.4, the following theorem presents the asymptotic stability conditions
for system (2.1).

Theorem 2.5 Under arbitrary switching, the discrete-time switched linear system
(2.1) is asymptotically stable if there exist matrices P; > 0,Vi € T such that

] <0, VG,/)eIxT 2.8)

—P; PjA;
* — PI
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Proof Consider positive constants & > 0 and 8 > 0. Then the SLF in (2.7) satisfies,
ol zk) I= V(zk) <6 || xk) | (2.9)

Note that, at the sampling instant k£ + 1, k& € [0, 00), the system may switch into
another subsystem. Thus, the following equation can be obtained, V(¢, j) € Z x

AV =V (z(k + 1) — V(z(k) = 27 (k)(A] PjA; — P)x(k) (2.10)

where, ¢ = j denotes the switched system is during ith subsystem and 7 # j means
that the switched system is at the switching instant from the ¢th subsystem to jth
subsystem. Thus, if

ATPjA; — P <0, VY(i,j)eIxT 2.11)

we have AV < 0, which means that system (2.1) is asymptotically stable. By
Lemma?2.4, (2.8) is equivalent to (2.11). U

The stability criteria in Theorem 2.5 are obtained via the SLF approach. If some
constraints are placed on the matrices, e.g., letting P; = P, Vi € Z, the corresponding
stability conditions based on the GLF approach can be obtained as follows.

Proposition 2.6 If there exists matrix P > 0 such that

—P PA;
* —P

]<O, Viel

then there exist GLFs in the form of V (k, x(k)) = x(k)” Px(k), which indicates that
the system (2.1) is asymptotically stable.

Remark 2.7 Theorem 2.5 presents the stability condition for discrete-time switched
systems under arbitrary switching, which is in the form of LMIs. By using the SLF
approach, the corresponding results can be easily derived for discrete-time switched
systems with complex dynamics such as uncertainty, time delays and so forth, which
we will show part of extensions in the following chapters.

For discrete-time switched system (2.1), it should be pointed out that the reason
why the switched system is not stable under arbitrary switching is due to the fact that
some (at least one) of the subsystems satisty || 4;|| > 1,4 € Z. Actually, the following
facts hold for system (2.1)

lz(k + DIl = [Aiz(W)Il < 1Al Iz (Rl

If | A;ll <1, Vi € Z, we have ||z(k + 1)|| < |lx(k)||, and it is straightforward that
lz(k)|]| — 0as k — oo for arbitrary switching signal. Therefore, our discussion for
the stability analysis of switched system under arbitrary switching is based on the
assumption that at least one of the subsystems satisfies || 4;|| > 1,7 € Z.
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Furthermore, for switched system with polytopic uncertainty in (1.5) and (1.6),
similarly,

etk + DIl = [ANz®I = | 3 AAina )
m=1
<> M [ Ain | 2B

m=1

If ||4;m| < 1, VieZ, ¥m € S, we have ||z(k + 1| < [|z(k)|l , which indicates
the asymptotic stability of uncertain switched system. Thus it can be concluded that
at least one vertex matrix satisfies ”A,;A,m H > 1,ie€Z,m e S, for the discrete-time
switched system with polytopic uncertainties.

Considering the discrete time-delay switched system (1.9), if || 4;|| + || Agll < 1,
Vo(k) =i € Z, we have

lz(DIl = | Aoeyz(0) + Adoyz )] < lz(0) ]|
lz@)ll = || Aotz (D) + Agogyz(1 — d(1)|| < lz(0) ]|

lz(da)ll = |Asayz(drr — D) + Adoyx(dyr — 1 —d(dyy — D) < lz(0)]
lz(dy + DIl = | Aoy z(@rr) + Adoiyz(drr — d(drp) || < lz(0)]

Therefore, for a time-delay switched system, if the condition || A;| + | Agll < 11is
satisfied, the stability can be guaranteed straightforwardly.

More details on stability of uncertain switched systems and switched systems
with time delays will be elaborated in later chapters. The discussions on the norm of
A can be used for a simple judgement or pre-check on the stability conditions.

Example 2.8 Consider the discrete-time switched linear system (2.1) comprising of
two subsystems
04 -0.8 -1.1-0.3
A= [0.5 1.2 } A= [ 07 04 }

First we can check that || A;|| > 1, || A2| > 1, whichindicates that the stability cannot
be obtained directly. Our objective here is to test the stability of the system under
arbitrary switching. According to Theorem 2.5, by using LMI Toolbox, we can get
that there exist feasible solutions to (2.8). The obtained Lyapunov matrices are shown
as follows.

p _ [ 124.8798 95.2966 p, _ [ 126.1364 70.7540
1= 1 95.2966 199.9269 [ "2 = | 70.7540 114.1096


http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_1
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Then it can be concluded that this switched system is stable for any switching
signals. In order to test this conclusion, two random switching sequences are gener-
ated by the following algorithm

Algorithm 2.1 (Switching signal generation) for sample_T =1toTime_Length
switching_value = rand
if swithing_value > Con,
switching_signal (sample_T) = 2;
else
switching_signal(sample_T)= 1;
end
end

where, the rand function generates random numbers which are uniformly distributed
in the interval (0, 1). For given initial condition zy = [ 5.5 3.2 17, Fig.2.3 illustrates
the state responses of the switched system under the two arbitrary switching signals,
respectively. It can be seen that all the trajectories converge to zero, which proves
the validity of Theorem2.5.

2.3 Dwell Time (DT) Switching

This section will employ the MLFs in Figs.2.1 and 2.2b, respectively, to investi-
gate the stability problem for system (2.1) with dwell time (DT) constraint on the
switching. The corresponding stability criteria of such systems are derived via LMI
formulation.

To begin with, based on the general MLF in Fig. 2.1, the same Lyapunov function
as shown in (2.7) can be constructed. By Lemma 2.3, one feature of the general MLF
is that the values of the Lyapunov function at two consecutive switching instants
should be compared as a requirement. However, if N > 2, it is almost impossible to
determine, under arbitrary switching, which subsystem among {4, ... Ay} the real
system will switch into. Thus, although the DT of each subsystem is available, it is
still difficult to formulate the state expression of one subsystem at two consecutive
switching instants through iteration. Correspondingly, the Lyapunov function in (2.7)
can not be obtained, let alone the stability analysis based on Lemma2.3. On the
other hand, if N = 2, namely, there exist only two subsystems, in which M| and M,
respectively, representing the DT of each subsystem, and k is one of the switching
instant, one can obtain that z(k + M, + M) = AéuzAiu‘x(k) (or AiWZAéw‘ z(k)) and
consequently, both the state expression at two consecutive switching instants and the
corresponding Lyapunov function in (2.7) are available. In addition, if the switching
signal of the system (2.1) is under a certain switching rule and the DT is available, it
is straightforward to obtain the state values at the corresponding switching instants
and the values of the Lyapunov function through iteration. Then, if the switching
signals are regulated by the following switching rule:

g e e T (2.12)



2.3 Dwell Time (DT) Switching 37
i.e., one rule of the cyclic switching, we have

x(k+M;+ M1+ + My + M+ + M)

= AT LAY AN AN A ()
where k is assumed to be the instant of the system switching into subsystem A;.
Furthermore, the stability analysis for the corresponding switched system can also
be conducted. The two-mode system under arbitrary switching (namely, N = 2) will
be covered as a special case of the rule in (2.12). In what follows, the switched
system under cyclic switching will be coped with and a stability criterion by using
the general MLF will be presented.

Theorem 2.9 Suppose that the switched system (2.1) switches into subsystem A;
at the switching instant kg, then after switching into subsystem A;, Ai.1, ..., An,
Ay, ..., Aj_1 consecutively under cyclic switching (2.12), and finally, switches into
subsystem A; again at the switching instant k,,. Let M;, Vi € T denote the DT of
each subsystem. Then the system (2.1) is asymptotically stable under cyclic switching
(2.12) if there exist matrices P; > 0, Vi € I such that

ATPA; — P <0 (2.13)
r'PY,— P <0 (2.14)
where 1; 2 A?{T ... Ai”‘ AJA}I’V .. A;H‘TIA?'I'.
Proof Vi € Z, system (2.1) can be described by the model of subsystem A;. Thus if
(2.13) holds, one obtains

AV; £ Vi(w(k + 1) = Vi(e(k) = 2" (k) (A] PiA; — P)a(k) <0

which means that subsystem A; is stable and satisfies condition (a) in Lemma2.3.
Meanwhile, in Fig. 2.1, we have V;(x(k,)) = =7 (ky) P;z(ks) at the switching instant
ks when the system switches into subsystem A;. Then at the instant k,, when the sys-
tem switches into subsystem A; again, system (2.1) has passed through subsystems
A, Ayt ..o AN, Ayq, ..., Ay consecutively under cyclic switching (2.12). Thus,
at the switching instant k,,,

w(ky) = A A AN AN AY (k) = Yia(ky)

q A |
and Vi (z(k,)) = z” (k,) Pix(k,) = (Yiz (k)" PiY;z(ks). Therefore,
Via(ky) — Vi(z(k) = a" (k) (Y] PY; — Pa(ks)
It is obvious to see that if (2.14) holds, V;(z(k,)) — V;(x(ks)) < 0 and condition (2)

in Lemma2.3 is satisfied. Thus, according to Lemma?2.3, system (2.1) is Lyapunov-
stable under cyclic switching (2.12). O
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By (2.14) in Theorem 2.9, it is clear that when the switching signals are arbitrary,
7; is unavailable, which indicates that the general MLF approach is inapplicable
to conduct the stability analysis for the switched system under arbitrary switch-
ing. According to (2.4), it can be seen that for the underlying MLF, the approach
does not require the comparison between the Lyapunov function values at two con-
secutive switching instants, and instead, requires the comparison between the Lya-
punov function values at two neighboring switching instants. Suppose that the system
switches into subsystem A; at the switching instant &, then switches into subsystem
Aj (kep1 — ks = M;),V(i, j) € T x T at the switching instant k1. Thus, with the
availability of the DT M;, i € Z, we obtain that (k, + M;) = A x(k,), which
is the state expression between two neighboring switching instants. Furthermore,
the expression of the corresponding Lyapunov function can be obtained by (2.7).
Through the above analysis, the stability criterion of switched system (2.1) with the
MLF in Fig.2.2b can be derived as follows.

Theorem 2.10 Suppose that the M;, Vi € I denote the DT of each subsystem. Then
system (2.1) is asymptotically stable if there exist matrices P; > 0, Vi € I such that

ATPA, — P <0, VieT (2.15)
AT P AM P <0, Yi,j) eI xT,i#]j (2.16)

Proof Vi € Z, system (2.1) can be described by A;. Thus if the inequality (2.15)
holds, one obtains

AV, 2 Via(k 4+ 1) — Viz(k)) = 27 (k) (AT P,A; — P)z(k) <0

which means that subsystem A; is stable and satisfies condition (a) in Lemma2.3.
Meanwhile, in Fig.2.2b, it is assumed that the system switches into subsystem A;
at the switching instant kg, then switches into subsystem A; (ki1 — ks = M;)
at the switching instant k... Thus, V;(z(k,)) = 27 (k,) Piz(k,), Vi(@(kst1)) =
xT(k5+1)ij(k5+1). If (2.16) holds, one obtains

Vi(z(ksin)) — Vi(x(ky)) = 27 (k) (AMTPjAY — Px(k) <0 (2.17)

Now suppose that system (2.1) switches into subsystem A; at the switching instant
ks+n, and through iteration of (2.17), we have V;(z(ks1,)) < V;(z(ks)), which sat-
isfies condition (b) in Lemma2.3 obviously. Thus, according to Lemma?2.3, system
(2.1) is stable. U

Remark 2.11 Note that, one mode-independent case of Theorem?2.10 can be found
in [5].

As shown in Theorems 2.9 and 2.10, with the availability of the DT of the subsys-
tems, whether or not the solutions of the corresponding stability conditions in (2.13)—
(2.14) and (2.15)—(2.16) are feasible can be verified by the corresponding functions
of LMIs toolbox in MATLAB (also, other toolboxes like sedumi and Yalmip). It is
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worth mentioning that Theorems 2.9 and 2.10 merely give the sufficient conditions.
In other words, for certain given values of the DT, the system has the potential to be
stable even without the feasible solutions of the stability conditions.

So far, the stability analysis for the discrete-time switched linear systems with
the general MLF and the MLF in Fig.2.2b has been discussed. From Theorems 2.9
and 2.10, it can be seen that the derivations of the stability criteria are based on the
assumption of viewing the DT of each subsystem as the known condition. However,
when there exist uncertainties in the system matrices, the corresponding form of AYM"
will appear, which inevitably brings the computational complexity of the matrices.
Correspondingly, it will be difficult to conduct the stability analysis for the uncertain
switched system, let alone dealing with other control and filtering issues. Thus, it is
difficult to extend the approaches of the stability analysis for the system with such
two sorts of MLFs if without additional tricks to the uncertain switched system.
In Sect.2.5, the so-called quasi-time-dependent (QTD) Lyapunov function will be
constructed to overcome this difficulty that also exists in the switched systems with
PDT switching. The readers can refer to [6] for more discussions how the QTD
technique evolves and how the conservatism in non-QTD techniques can be reduced.

Example 2.12 Consider the discrete-time switched linear system (2.1), the system
matrices of which are shown as follows

1.00 0.01 0.84 0.30
A= [—0.05 0.99] A= [—1.00 0.82] (2.18)

First, suppose that the DT of the subsystem M; = 1 ~ 20, M, = 1 ~ 20. Based
on Theorem2.9 derived from the general MLF and Theorem2.10 derived from the
MLF in Fig.2.2b, the corresponding DT pairs guaranteeing the stability of system
(2.18) are illustrated in Fig.2.4a, b, respectively, (“e” represents the feasible DT).
Obviously, the stability “region” of Fig.2.4a is larger than that of Fig.2.4b, which
indicates that the general MLF approach is less conservative than the approach of the
MLF in Fig.2.2b when the number of subsystems N = 2. In addition, the stability
criterion in Theorem 2.5 shows that the switched system (2.18) is unstable. Similarly,
in Fig.2.4, the case with the DT M| = M, = 1 also shows that the system is unstable.
Note that in this case, Theorem 2.10 is equivalent to Theorem 2.9.

As shown from the above verification, although the stability analysis based on
the SLF shows that the system is unstable, switched system (2.18) under arbitrary
switching, i.e., the switching instant and the switching sequence of the subsystems
are arbitrary, possesses the potential to become stable as the running time of the DT
increases. This demonstrates that the SLF approach is more strict and conservative.
However, as known in the conditions (2.14), (2.16) and Fig.2.4, the DT of each
subsystem has to be treated as the known condition in both Theorems 2.9 and 2.10,
which means, the switching instant is not completely arbitrary. Therefore, the stability
criteria for the systems based on the general MLF and the MLF in Fig. 2.2b suffer the
computational complexity and application limitations (i.e., constrained switching)
to a certain degree.
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Fig. 2.4 The pairs of MDT such that the switched system is stable
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2.4 Average Dwell Time (ADT) Switching

In what follows, the stability conditions for switched systems with average dwell
time (ADT) switching will be given. For the convenience of a comparison, we also
present the result in continuous-time domain that is first arrived at in [7]. The used
Lyapunov function in [7] is sort of MLFs with p-times increase at switching instants,
as can be clearly seen from the derivations in the criteria and thus not listed in Fig. 2.2.

Theorem 2.13 ([7]) Consider the continuous-time switched system x(t) = fo
(x(t)), o(t) € Z, and let A > 0, p > 1 be given constants. Suppose that there exist
C! Sunctions Vo) : R" — R, and two class K« functions k, ky such that,

k1(x(1)) = Vi(x (1)) < ra(x(1)) (2.19)
Vi) < =AVi(z(1) (2.20)

and V(o (t)) =i, 0(t7) = j) € T x T, i # j,
Vit (@) < pVi(x()) (2.21)

then the system is GUAS for any switching signal with ADT

1
> 7= (2.22)
A
Proof The proof of this theorem can be referred to [7] and is omitted here. O

Similar to the stability conditions for continuous-time switched systems, the cor-
responding results for the discrete-time case are given in the following theorem.

Theorem 2.14 (/8]) Consider the discrete-time switched system x(k + 1) = fyay
(x(k)), o(k) e ZandletO < \ < 1 and > 0, Vi € I be given constants. Suppose
that there exist positive definite C' functions Vouy : R" = R, o(k) € I and two
class Koo functions k1, Ky such that,
ri(llz(B)I) < Vi(z(k)) < sa(llz(R)|) (2.23)
AVi(z(k)) < —=AVi(z(k)) (2.24)
and V(o (k) =i, 0(ki-1) =j) € T xZI,i# j,

Vi(x(ki) = pVj(@ (k) (2.25)
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then the system is GUES for any switching signal with ADT

; In p (2.26)
> T = .
Te = Ta = T — N

Proof For k € [ki, ki41), it follows from (2.24) that
Vot @(k)) < (1= N Vo @) (2.27)
Then, according to (2.25) and (2.27), one can obtain

(1 =N V6, ) @)
e (L= N R Nek Ry (@ (o))

Vo(k) (x(k))

NN

From ek
N, (k, ko) < No + ——

a
it is straightforward to get

Vi (@ (k) < ™ ((1 = A /) <

Vortke) (@ (ko))

In addition, for the considered Lyapunov function, it is trivial to know that
as lz(R)| < Vo (@) < by llz(R)||, 0 €L

for some a, > 0 and b, > 0. Then we have

allz(BR) <V (x) < bz

where a £ inf (a,) and b £ sup (b,) .
Therefore, if the ADT satisfies (2.26), one can readily obtain

=N

1= X)) /7 < (1= ) A=/ < —
1I=Mp I=Mp Ty

Denoting 3 £ /(1 — \) p!/7, the system state satisfies
21 b Ny 206—ko) 2
le(R)I” < ZVJ(IC) (z(k)) < s B llz (ko) I

which means
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b .
Iz (k)| < ;u%ﬁ“ Fo) ||z (ko) |

thus the considered system is GUES, which completes the proof. (I

Remark 2.15 Tt can be seen from Theorem?2.14 that when we increase the value
of u, the existence likelihood of the multiple Lyapunov function for the system
stability will be increased, which means the stability of system can be ensured at
the expense of increasing p. In other words, for a given )\, the system stability will
be directly dependent on p. Note that the stability will also depend on decay rate of
Laypunov function )\, however, it is not regarded as a design parameter in the section
for simplicity.

In the following, the above results will be extended to the case of discrete-time
switched systems with modal (MADT) switching.

Theorem 2.16 Consider the discrete-time switched nonlinear system
z(k+ 1) = fom(@k), ok)el (2.28)
andlet 0 < \; < 1 and u; > 1, © € T be given constants. Suppose that there exist
C! functions V, 4 : R* — R, o(k) € Z, and class K, functions ry; and ry;, i € T,
such thatVo(k) =ieZ
k(e < Vite (k) = mai(lz(R)ID (2.29)
AVi(x(k)) = =AiVi(z(k)) (2.30)
and¥(o(k,) =1, 0(ky—1) =j) €I x I, 1 #j,
Vi (k) < piVj(x (ki) (2.31)

then the system is GUAS for any switching signal with MADT

* In y;
Tai > To; =

i —m (232)

Proof Forany K > 0, let kg = 0 and denote ki, k», ..., kp, kpy1, ..., kn,(k,0) the
switching times on the interval [0, K], where N, (K, 0) = Zqul N, (K, 0).
By (2.30),Vi € Z,
Vitx(k+ 1)) — Vi(x(k)) <0 (2.33)

and
Vitz(k+ 1)) < (A = )Vi(z(k)) (2.34)
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(2.34) together with (2.31) imply

Vot @(Ep11)) < tokyan) Vot —1) (@ (kpi1))
< fotkypan) Vot —) @ Kpyrr — D) = Ao,y 1))
= Uk, ) (1 = Aotre) Vot (@(kpt1 — 1))
< Pty (1= Ao, )7 0 Voo (@ (k)

P P
< [Tttt [TA = Aotr)) ™5 Vo (ko))
q=0 q=0
Then, by (2.34), one obtains
Vo) (®(K))
< (1= Ao )T Vo) (@ (Rin, )
N,—1 N,—1
< (1= o, ) T totten [T = Ao ™5V ((0))
j=0 j=0

N
H (1= A) V0 ((0))

’:lz u’:lz

N
1N exp [Z [T; In(1 — \; )]] Va0 (x(0))

1 i=1

N N
< exp [ZN(” In m] exp [Z 2 In p; + Zln(l -\ )T] Va0 (x(0))

i=1 =1 ai i=1

Thus, if there exist constants 7,;, ¢ € Z satisfying (2.32), the following holds

Vo) (®(K))

N
1
< CXP[ZNOilnMi] exp [I?Gazx[ 1y

. ai
i=1

L4 In(1 — /\i):l K] Va0 (z(0))

Then, it can be concluded that V) (z(K)) converges to zero as K — oo if the
MADT satisfies (2.32), and the asymptotic stability can be obtained with the aid
of (2.29). O

Remark 2.17 Tt can be seen from Theorems2.13 and 2.14 that the parameters A and
v are the same for all subsystems, i.e., mode-independent. However, the parameters
in Theorem 2.16 are mode-dependent. It can be concluded that 7, < 7%, Vi € Z, and
the mode-dependent features would reduce the conservativeness existed in Theo-
rems2.13 and 2.14. In fact, note that if 7, = 7, Vi € Z, one readily knows from
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Definition 1.7 that

D Noi(T, 1) SZNori-ZE, VT >1>0

T
iel ieT iez ¢

Thus, there exist positive numbers No = >, <7 Noi and 7, = 7,; such that

T—1t
N,(T,t) < Ny + , VT'>t>0
T

a

That is, a switching signal with bounded MADT 7; also has bounded ADT 7} = 7

Vi € T in the special case of A = \;, 4 = ;, Vi € Z. From this, it can be concluded
that the MADT switching has the advantage of flexibility for a switched system
where the switching is able to or needs be designed.

For the issue of stabilizing controller design, consider the switched linear system
given as
z(k+ 1) = Aoz (k) + Bogyu(k) (2.35)

Our objective here is to find an admissible controller in the form of
u(k) = Koayz(k) (2.36)

where K, is to be determined. Then, the resulting closed-loop system is given by

a2k + 1) = Aygyz(k) (2.37)

where Ag(k) = Asiry + Botoy Kowr)-
Next, based on the results obtained above, we first give the stability conditions
for switched systems (2.35) with MADT switching.

Theorem 2.18 Consider the switched linear system (2.35) when u(k) = 0 and let
0< X < landp; >1,VieT be given constants. If there exist matrices P; > 0,
Vi€ Z suchthatV(i,j) € T xXZI, 1 # 7,

ATPA; + NP, — P, <0 (2.38)

then the switched linear system (2.35) is GUES with MADT satisfying (2.32).
Proof Construct the Lyapunov function as follows
Vi(x(k)) =t (k) Pix(k) Yo (k) =i e T (2.40)

where P;, Vi € Z, is a positive definite matrix satisfying (2.38) and (2.39). Then,
from (2.30), (2.31), (2.35) and (2.40), it is not hard to obtain, V(¢, j) € Z X Z, 1 # 7,
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AVi(z(k)) + \iVi(x(k))
= X\’ (k) Pa(k) + & (k) A P, Aw(k) — 27 (k) P (k)
= 2”'(k) (A] P;A; + \; P, — P;) x(k)

and
Vi (k) — Vi (k) = o (ki) (P — pi Py) 2 (ky)

Thus, if (2.38) and (2.39) hold, system (2.35) is GUES for any switching signal with
MADT (2.32). O

Now, we are in a position to give the existence conditions of a stabilizing controller
for system (2.35) with the MADT switching.

Theorem 2.19 Consider the switched linear system (2.35) and let 0 < \; < 1 and
wi > 1, Vi € T be given constants. If there exist matrices U; > 0 and T}, Vi € T such
thatV(i,5) € T x 1,1 # j,

—U; AiU; + BiT;
[* —U—&MJSO (2.41)
U; < wU; (2.42)

then there exists a stabilizing controller such that system (2.35) is GUAS for any
switching signal with MADT satisfying (2.32). Moreover, if (2.41) and (2.42) have a
solution, the admissible controller can be given by

K, =TU™" (2.43)
Proof Theorem2.18 implies that if

system (2.35) is GUAS for any switching signal with MADT satisfying (2.32). Con-
sidering (2.36), setting U; £ P, and T} £ K; P;”', itcan be seen that, if (2.41) holds,
(2.38) is satisfied. Moreover, if (2.42) holds, one can obtain that U; — u;U; < 0. By
Lemma2.4, U; — p;U; < 0 can be rewritten as

a | U 1
A—|: I _Uj1:|§0

Furthermore, note that A < Oisequivalentto —U ];1 -1 (uiUZ-)_ll <0byLemma2.4.
Additionally, if the inequalities (2.41) and (2.42) have feasible solutions, the admissi-
ble controller gains can be given by (2.43) since T; = K; Pi_l, which ends
the proof. O



2.4 Average Dwell Time (ADT) Switching 47

Remark 2.20 From the above analysis mentioned, the ADT switching can be viewed
as a special case of MADT switching. The stabilizing conditions in the situation
of ADT switching can be achieved directly from Theorem?2.19 and therefore are
omitted here.

In the following, a numerical example in discrete-time domain will be presented
to demonstrate the potential and validity of the results obtained in Sect.2.4.

Example 2.21 Consider the discrete-time switched linear system (2.35) consisting
of three subsystems described by

3915 -0.2 14 03
A= [2.5 2.3]’31 - [ 0.1 ]Az - [ 1 —2.7]

0.1 —-2.2 0.1 0.1
Ba= [0.2} A= [ -2 —0.4] Bs = [0.1}

Our purpose here is to design a mode-dependent stabilizing controller and find the
admissible switching signals with MADT such that the resulting closed-loop system
is GUAS.

To illustrate the advantages of the proposed MADT switching scheme, the design
results of both controllers and switching signals should be presented for the systems
with ADT switching for the sake of comparison. By different approaches and setting
the relevant parameters appropriately, the computation results for system (2.35) with
two different switching schemes are listed in Table2.1.

It can be seen from Table2.1 that the minimal MADT are reduced to 7, = 1,
Ty = 1,7)3 =4, for given p = j1; = pp = p3 = 2, and one special case of MADT
switching is 7y = 7, = 7, = 7,3 = 4 by setting A = A\ = Ay = A3 = 0.2, which
is the ADT switching, i.e., the designed MADT switching is more general.

To further show the merit of MADT switching, let us now consider the result-
ing closed-loop system performances. Applying the obtained controller, under the
scheme of ADT switching and MADT switching, respectively, the obtained state
responses for each closed-loop subsystem are shown in Fig.2.5. For each closed-
loop subsystem A;, it is clear to see that the transient behavior for both subsystem

2 and 3 under controllers '] and I, are similar, while the response of subsystem 1
under I is much better than that under I7.

Table 2.1 Computation results for the system under two different switching schemes

Switching schemes | ADT switching MADT switching
Controller gains Iy: I>:
K1 =[36.1618.90] K =[41.6722.69]
K>, =[-794 —8.16] K> =[—8.646.83]
K3 =[21.081.30] K3 =[21.181.06]
Switching signals | 77 =4 (u=2,A=02) | 7, =L 75 =175 =4 = p2 = p3 =2,
A1 =097, 2 =08, =0.2)
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Subsystem 1 by controller T, Subsystem 2 by controller T, Subsystem 3 by controller T,

2 2

State response
State response
State response

-1 -1
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Time in samples Time in samples Time in samples
Subsystem 1 by controller T, Subsystem 2 by controller T, Subsystern 3 by controller r,

5 2 2
| 1 Xy Xy

State response
o
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State response

20 40 0 5 10 0 5 10

Time in samples Time in samples Time in samples

Fig. 2.5 The state response comparisons of the closed-loop subsystems by controllers I} and I

Then, generating one possible switching sequence with the ADT property and
the MADT property, one can obtain the corresponding state responses of the closed-
loop system as shown in Figs.2.6 and 2.7, respectively, for the same initial state
condition. It can be seen from the curves that the state response of closed-loop
system is fluctuated under the ADT switching scheme, but can converge to zero in a
short time under the MADT switching scheme. To present the reason more clearly,
denote the running time of the ith subsystem at the /th working as t; ;,Vi € Z,1 € N*,
and use tl-f‘l and tIAZ[ to represent the running time of the subsystem under ADT and
MADT switching schemes, respectively. It can be observed that the state responses
both begin with subsystem 2 and in Fig.2.6, 13!} = 2 and in Fig.2.7, 14 = 2. Then,
due to the constraint of ADT switching (7, = 4 in Fig.2.6), we need tfl > 6. For
the case of MADT switching, the constraint on thl can be removed. The comparison
of the switching signals in Figs.2.6 and 2.7 shows that even for 1"} < {!; (we want
tﬁ‘l to be a little shorter), we can attain thl < tfl. This will better the state response
because of the shorter running time needed on the subsequent subsystem 1, which
demands longer time to converge to zero as shown in Fig.2.5.
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Fig. 2.6 State response of the closed-loop system by controllers /] under switching signal o
with 7, = 4
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Fig. 2.7 State response of the closed-loop system by controllers I under switching signal o with
Tal =1, T2 =173 =4
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Thus, from the above discussions, it can be concluded that it will be more flexible in
practice to design an MADT switching to perfect or improve the system performances
with fewer constraints.

2.5 Persistent Dwell Time (PDT) Switching

Consider the discrete-time switched linear system (2.35), a more general switching
signal, “modal persistent dwell-time (MPDT)”, is introduced in this section, which
not only generalizes the commonly studied DT and ADT switchings, but also further
attaches mode-dependency to the PDT switching. The definition of MPDT has been
given in Sect. 1.4 of Chap. 1 and is therefore omitted here.

The example below is used to show what an admissible MPDT switchingse-
quence (we use f_Tm (k) denote inadmissible switching sequences) is. Consider a
switched system consisting of three subsystems. The admissible MPDT set, with
the period of persistence T = 3, is supposed to be 713! = {4, 3, 5}. Then &y (1) =
{1,1,1,1,2,1,3,2, 2,2, 2} is an admissible sequence, but both f_fm(l H=1{1,1,1,
3,2,1,3,3,3,3,3} and E'jm(ll) ={1,1,1,1,2,1, 3,1,2,2,2} are not since the
requirements of 71 > 4 and T < 3 are not satisfied in the former and latter cases,
respectively.

A

— p-th stage———————— »]
€T -pOrtion Py T-portion—- »1<T -portion
i Qn Qm Ql
T, S § Tj
: : >
0 ksp 5, T‘{pﬁ! (’H‘(ﬁ) ST) k}\_ﬁl +T(p) k
A7, (x(h), k) o | | ;
o B h _________ j-2
i i
ted !
icimio ECRRY
GEnl m#El
H NN N >
0 kY kqu-j R/R(-’k k

X

Fig. 2.8 A scenario of MPDT switching (on the fop), where the period of persistence is T, ¢ # n,
m#1, j#1 and T?) <T. The figure on the bottom illustrates the variation of the Lyapunov
function used in Theorem 2.22


http://dx.doi.org/10.1007/978-3-319-28850-5_1

2.5 Persistent Dwell Time (PDT) Switching 51

An illustration on MPDT is given in Fig.2.8, where the interval consisting of
the running time (7;-portion) of a certain subsystem and the period of persistence
(T-portion) is considered as an MPDT stage,' and ks, is denoted as the initial instant
of the pth stage, p € Z>, with ks, > ko (here “>" means a period of persistence
may exist before the 1st stage). Let the actual running time of the T-portion at the
pth stage be denoted as T”), p € Z-, it holds that

Q(k.s‘p+lak7.i,,+l)
T® 2 Z Ta(ké,ﬁ,) <T (2.44)

r=1

where To,,,,) < 7; denotes the running time of the subsystem activated at the

switching instant k4, € [ks,+1, ks,,,) - r € Z=1, and Q(ks, 11, ks, ,,) stands for the
switching times within [k;, 41, ks, )-

In this section, we would like to directly present the stabilization result for the
underlying system. The used methodology is similar to the one in Fig.2.2b, but
compares the MLFs at the instants entering into two consecutive stages (can be seen
in the derivations of later Theorem2.18).The specific objectvies are to develop a
control policy Fy)(-), and find a set of switching signals with admissible MPDT.
Here, we are interested in developing a fundamental stabilizing state-feedback policy,
but with the quasi-time-dependent (QTD) form below, as adopted in [6]

Sp+1

Foty (@(k)) = Fogpy (D) (k) (2.45)

where 9 is a scheduled index for the activated subsystem and can be computed online
according to the following rules: Vo (k) =i € Z,

(1) in the 7;-portion,

_ | k—ks,, ke [ksp, ks, + n)
V= [ Tio  k€lks, +Ti ks11) (2.46)
(ii) in the T-portion,
O =k—H k€ [ks11, ks,..) (2.47)

where Hr = arg{max(ks,ﬂrr» re Zzllks,,+r = ks ks,,+r € [ks,,+lv ks,,+1))} satis-
fies o(H,) = 1.

It has been demonstrated in [6] for switched systems with DT switching that the
QTD state-feedback law outperforms the conventional one with less conservatism
in achieving minimal DT ensuring the stability of the underlying system. In order
to obtain the stabilization criterion by using (2.45) for system (2.35) under MPDT
switching, we consider the corresponding QTD Lyapunov function as V) (z(k), 9),

'We will slightly abuse the concept as a stage in this book.
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where ¥ has been defined in (2.46) and (2.47). Then the stability conditions for the
nominal system in nonlinear case can be first arrived at.

Theorem 2.22 Consider a discrete-time switched nonlinear system x(k+ 1) =
foty(@(k)), and 0 < o; < 1, p; > 0 to be given constants. For a prescribed period
of persistence T, suppose that there exist functions Vyau : (R"™, Zjo 7)) — R,
o(k) € Z, and two class Ky, functions k| and K, such that Yo(k) =i € T and

T € L2, Qs by )]

(i) Vi € Z[O,m,
ki(llz(®) ) < Vi(z(k), 9) < salllz k)1 (2.48)

(ii) Vk € [k, ks, +7)

Vie(k + 1),k +1—ks) < o;Vi(w(k), k — ks,) (2.49)
(iii) Vk € [ks, + Tis ksp11) -
Vie(k+ 1), 13) < o Vi(z(k), 73) (2.50)

(v) Yk €lks, 41, ks,0). 7 € L1 Quhyi by )
Viwtk+ 1, k+1—H,) <o;Vi(x(k), k— H,) 2.51)
(v) Vo(ks,+1) =i# j=o0ks,41—1),
Vi@(ky,+1), 0) < V(@ ks, 41), 7)) (2.52)
(vi) Yo(ks,r) =i # j = 0(ks,+r — 1),
Vi@ (kg ), 0) < 1V @ (ks ), T)) (253)

where T; € [1, min(7; — 1, T(”))], Vi € Z, T”) € Z ). Then the switched nonlin-
ear system is GUAS for MPDT switching signals satisfying (2.48)—(2.53) and

1

T+ 1) In jiex + T 10 ey
S Ch )n’_ilfl; 1 %ma (2.54)

A A
where HMmax — MaX;ec7 Wi, Omax = MaAX;ec7 Q.

Proof First of all, if pimax@max < 1, then it is straightforward that a switched system
is GUAS with 7; = 1, i.e., under arbitrarily switching. If (2.54) holds, 7; is at least
1 in discrete-time domain. Then the proof boils down to the case fimax ¥max > 1.

Considering o'(k;,) = i,0(ks,+1 + T?’) = jinthe pthstage of MPDT switching,
and supposing an arbitrary switching occurs within T, it follows from (2.49)—(2.53)
that
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Vi(@(ks,+1 + TP), 0)
< Vi@ (kg 1 + TP, Tp)
< oy "V (@ ks, 41 + TP —T)), 0)
< pmp ey Vg @ (kg 1 + TP = Ty), Tyr)

T, T,, Tu o kspr1—ks,
< Hiftn s Qg " g e T Vi (k) 0)

Qlksp kspt1 +TP)
ax e}

< Uma max T T e TV (2 (K, ), 0)

< phe ol i Vita (ky,), 0) (2.55)
where [/, m, ...,n denote all the possible indices of subsystems being switched
within T®,

Thus $ince imaxmax = 1 and X0 1" < T+ hold. From (2.55), it fol-
lows that

Vi(@(ks,+1 + TP),0) < pptlon 0" Vi(a(ks,), 0)

max de

Then, 1f (2.54) is satisfied, p™tlal a;7 <1 holds. Letting \; = puHlal a7,
Amax = MaX;ez \i, Vi € Z, and con51dermg the fact that a period of persistence may

exist before the 1st stage, it follows

(r(k,p)(x(kep)» 0) =< )\maxv(f(k )71)(‘%(}{:5,},1)9 0) <--
< N Vot ) (@ (K ), 0) < A i Qon Vot (2(Ko)., 0).

From (2.48),
lzks I < &7 L B Cmax 52 (12 (ko))

holds. Thus, due to (2.48)—(2.53), |[x(k)|| < k3(|[z(ko)||) holds, Vk € (ks,, ks,,, 1.
where

"{3( ) = kK 1(lumax maxKZ(Kl I(Aﬁaxlu‘gax max’%Z( ))))

Thus the GUAS can be inferred by the denotation of A, and Definition 2.1. This
completes the proof. (]

Remark 2.23 Tt should be noted that since the running time of each activated subsys-
tem during the period of persistence is unknown a priori, the worst case of using fimax.
Qmax 10 the derivation of (2.55) is taken into account, as well as the consideration of
T times of switching during the period of persistence.

In Theorem 2.22, if V;(x(k), ¢) = V;(x(k)), ;i = p, a; = a,and T = 0, i.e., the
time-dependent Lyapunov function and the PDT switching are considered, and the
period of persistence vanishes, then the corresponding MPDT switching reduces to
the DT case in the end, and the corresponding stability criterion is simplified to the
following corollary.



54 2 Stability and Stabilization

Corollary 2.24 Consider nominal system (2.35) with u(k) =0, and let 0 < o <
1, u > 1 are given constants. If there exist matrices P; € 8%, Vi € I, such that
Yo(k) =i €T,

Vitx(k + 1)) < aVi(z(k))

holds and Vi x j € T X I, 1 # j,

Vi@(ks,41)) = pVj(@(ks,+1))

holds, then the switched system is GUAS for any switching signal with DT satisfying
7> —Inpu/In(l — ).

Remark 2.25 A noteworthy fact is that the conditions in Corollary 2.24 are also the
ones ensuring that the underlying switched systems are GUAS with ADT switching,
as have been derived in [9]. Therefore, Theorem 2.22 obtained in this section is more
general than the existing stability results on switched systems with either DT or ADT
switching.

Remark 2.26 Note that, in the frame of ADT switching, the requirement on the ADT
ensuring that the switched system is GUAS is also 7 > —In pu/ In(1 — «) (cf. [10]),
which holds for any Ny > 2. However, the requirement in the DT case reduced from
PDT switching when T = 0 only holds for Ny = 1.

Then, by considering the QTD Lyapunov functionas V, ) (z(k), ¥) 2 2T (k) P;(9)
x(k), the stabilization criterion for nominal system (2.35) can be readily established
in the following theorem.

Theorem 2.27 Consider system (2.35) and let 0 < a; < 1, p; > 0 be given con-
stants, i € L. Suppose there exist matrices S;(V) € S’;“’O and U;(¥), ¥ =0,1,..., 7,
VieZ suchthatV9=0,1,...,, —1,Viel

—Si(1;) AiSi(13) + B;U;(13)
|: * —0;8i(T;) i| =0 (2.56)
=S;(0 + 1) A;S;(0) + B;U; ()
[ v s ] <0 2.57)
and VG x j) € T x T, i # j,
Sj(T;) — pjSi(0) <0 (2.58)
S;(15) — 1;8:(0) <0 (2.59)

hold, where T € Z1 min(r,—1.10)), T® € Zy 1) with T be the given period of persis-
tence. Then, the resulting closed-loop system is GUAS for MPDT switching signals
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satisfying (2.54). Moreover, the QTD stabilizing controller gain can be obtained by
F,(9) = Ui S; ' ().

Proof Based on Theorem?2.22, the proof can be completed by basic matrix manip-
ulations and Lemma 2.4, cf. [11] and is omitted here.

Remark 2.28 In Theorem?2.27, a small 7; corresponding to fast switching may not
guarantee a feasible solution of the admissible controller, then considering «; and y;
to be variables, the MPDT can be minimized by solving the following minimization
problem.

Problem 2.1
min 7, s.t.(2.54), (2.56)—(7.84) (2.60)

i i, S, Uj

The minimum of 7; can be trivially found by bisection method. Note that, for a fixed
T, the minimal MPDT means to be the one with smallest ||7T'||;. Furthermore, if
the minimal MPDT obtained in such a way are many, the smallest variance of 7{"!
can be further used to refine them.

If setting U;(¢) = U, and S;(¥9) = S; in Theorem 2.27, one can obtain the corre-
sponding control policy with “non-QTD” controller gains F; = U;S; lieZ Asa
result, for a certain switched system, the minimal MPDT obtained by an optimiza-
tion problem similar to Problem 2.1, denoted by 6;, will be generally greater than the
minimal 7; derived from the QTD control policy. Nevertheless, such non-QTD F;
can be directly used as the stabilizing state-feedback gains for system (2.35).

Example 2.29 Consider system (2.35) consisting of two subsystems described by

1.00 —0.70 0.89 0.38
Ar= [0.50 —0.70]’ A= [1.65 1.14}

—0.1 0.1
B = [ 0.1 } Bz_|:0.1]

Our purpose here is to design a QTD stabilizing controller for the nominal system,
find out the admissible MPDT switching such that the corresponding closed-loop
system is GUAS. Firstly, it can be checked that the nominal switched system does not
admit a stabilizing controller under arbitrary switching. By Theorem 2.27 and solving

Problem 2.1 for given «; = 0.15, however, the minimal admissible MPDT 7; can be
solved as shown in Table 2.2 for given different T, as well as the 6; corresponding

Table 2.2 Minimal MPDT by QTD and non-QTD stabilizing controller for different T

T 2 3
(71, 0;) T1=3,m=4 TI=4,7=75;
01=4,0,=5 01 =560,=6
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Fig. 2.9 State trajectories of the closed-loop system with MPDT switching (T = 3)
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to the non-QTD stabilizing control. It can be seen that the QTD controller has less
conservatism in achieving shorter admissible MPDT. The associated controller gains
in both cases are omitted here. Given the initial condition ¢ = [1 —1]%, considering
the running time equivalent to the MPDT at each time of switching, and supposing
that there exists a period of persistence before the first MPDT stage, the resulting
switching signals and the state responses of the corresponding closed-loop system
under T = 3 and T = 2 are presented in Figs.2.9 and 2.10, respectively. It can be
seen from Figs.2.9 and 2.10 that the state trajectory of the resulting closed-loop
system converges, verifying the validity of the QTD stabilizing controller.

2.6 Conclusion

In this chapter, we have addressed the stability and stabilization problems of switched
systems with several typical time-dependent switching signals. The multiple Lya-
punov functions (MLFs) including several evolved forms are introduced to serve as
the tools for the stability analysis and stabilizing controller synthesis of switched
systems. Specifically, the switched Lyapunov functions are utilized to derive the
stability criteria for switched systems under arbitrary switching; the general MLFs
and an evolved one (with the comparisons between the Lyapunov function values at
two consecutive switching instants) for systems with DT switching; the MLFs with
p-times increase at switching instants for ADT switched systems; and that evolved
MLFs but with the comparisons between the MLFs at the instants entering into two
consecutive stages for PDT switched systems. Finally, four numerical examples were
provided to illustrate the effectiveness of the obtained results.
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Chapter 3
Performance Analysis

Abstract In this chapter, the issue of performance analysis for the time-dependent
switched systems with several typical switching signals will be studied. We will
first focus our attention on the switched systems with /, disturbances and present
the results of weighted/non-weighted /,-gain analyses for the switching signals sub-
ject to arbitrary switching, ADT switching, and PDT switching, respectively. Then,
considering the switching signals are to have MPDT property, we will give the tube-
based robustness analysis for switched systems with [, disturbances with the aid
of set-theoretic method. Finally, one example is given to verify the effectiveness of
developed results on the section of tube-based robustness analysis for discrete-time
switched systems with MPDT switching; the verifications of the results correspond-
ing to other switching signals will be illustrated in later chapters coping with Hy,
control or filtering.

3.1 [,-Gain Analysis: Arbitrary Switching

Consider a class of switched linear discrete-time systems given by

x(k+1) = Aspyx (k) + Eqgyw(k), (3.1
z(k) = Couyx (k) + Frayw (k) (3.2)

where x(k) € R" is the state vector, z(k) is the objective signal to be attenuated,
w(k) € R! is the disturbance input which belongs to 1,[0, 00), o (k) is the switching
signal, which is a piecewise constant function of time and takes its values in the finite
set Z={1,..., N}, N > 1 is the number of subsystems. At an arbitrary discrete
time k, the switching signal o (k), is dependent on k or x (k), or both, or other switch-
ing rules. We assume that the sequence of subsystems in the switching signal o is
unknown a priori, but its instantaneous value is available in real time. Meanwhile,
for the switching times sequence kg < k; < k» < --- of switching signal o(k), the
© Springer International Publishing Switzerland 2016 59
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interval [k;, k;4+1] is called the running time of the currently engaged subsystem,
where [ € N. In addition, when o(k) =i € Z, the matrices (A;, C;, E;, F;) denote
the ith subsystem. At an arbitrary discrete time k, the switching signal o (k), denoted
by i for simplicity, is dependent on k or x (k), or both, or other switching rules.

Our objective in this section is to find out the conditions to guarantee

(1) system (3.1) is asymptotically stable;

(2) a prescribed noise attenuation level «y is guaranteed in H,, sense, i.e. under
zero-initial condition, we have that ||z||, < 7 ||w||, for all nonzero w € /5[0, 00).

By Lemma?2.4, the following sufficient conditions are derived such that system
(3.1)—(3.2) satisfies Ho, performance.

Theorem 3.1 A switched linear system (3.1)—(3.2) will achieve an Hy, performance
index v > 0, Vi € Z, if there exist matrices P; > 0, Vi € I, satisfying: V(i, j) €
IxZ
—P; 0 P;jA; PE;
*x —1 C,‘ F,

« « —P. 0 < 0. (3.3)
* x  x =’
Proof Construct a Lyapunov function as
V(k, x(k)) = x" (k)Pix (k). (3.4)

Hence, along the trajectory of system (3.1)—(3.2), we have

AV =V(k+ 1, x(k + 1)) — V(k, x(k))
=x" (k) [A] P;A; — Pi]x(k) + 2x" (k) [A] P E;] w(k)
+w’ (k) [E] P E;]wk). (3.5)

In (3.5), the case when i = j shows that the switched system is described by
the ith mode, while the case when i # j represents the switched system is at the
switching times from mode i to mode j. For more details, we refer readers to [1].

When assuming the zero disturbance input to system (3.1)—(3.2), we have

AV =Vk+ 1, x(k + 1)) — Vk, x(k))
=x"(k) [A]P;A; = P;]x(k), VG, j)eIxT. (3.6)

Thus if
AI'P;A; —P; <0, Y, j)eIxT. (3.7)

then AY < 0 and the asymptotic stability of system (3.1)—(3.2) is guaranteed. By
Lemma?2.4, the condition (3.7) is equivalent to: V(i, j) € Z x T

—P; PjA;
[ . } <0. (3.8)
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On the other hand, if the inequality (3.3) holds, that is,

—P; 0 P;jA; P;E;
*x =1 C,’ Fl
* *x =P 0
A |

< 0. (3.9)

Then from basic matrices manipulations, we have the following inequality
—P; PjA;
R

which is the formula (3.8), thus the asymptotic stability of the system (3.1)—(3.2) is
ensured.

Now, to establish the Hy, performance for system (3.1)—(3.2), assume zero-initial
condition, and consider the following performance index

o0
TES [ Rzt — Yw" kwk)]
k=0
under zero initial condition, V(k, x(k)) |r—o= 0, and we have

[z" ()z(k) — v w” w(k) + AV] — V(00 x(0))

[z" Wz(k) = Y*w" kyw(k) + AV]

o7 (k) |:A11 A12:| 0(k)

Mg uMg T Mg

k=0
where 0(k) £ [x” (k) w” (k)]", and

An 2 AIPjA, =P, +CICi, Ay 2 ATPE; + C F;

A

Ap & -1 + EI'P/E; + F'F,.

By applying Lemma 2.4 twice, it can be shown that inequality (3.3) is equivalent to

Ay Ap -0
* A22

which guarantees J < 0, i.e. ||z]l, < 7 [[wll,, and the proof is completed. [l
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The analysis of Hy, performance of uncertain switched linear systems under
arbitrary switching signals will be conducted in what follows. The uncertain descrip-
tion of switched linear discrete-time systems (3.1)—(3.2) is given by

x(k+1) = Asqy(MNx (k) + Eggy (Mw(k), (3.10)
2(k) = Coy(Nx (k) + Fyy(Mw(k) (3.11)

when o (k) =i € Z, the matrices (A;()\), C;(N\), E;(\), F;(\)) denote the ith sub-
system and ) is a varying uncertain parameter.

The matrices of each subsystem have appropriate dimensions with partially
unknown parameters. It is assumed that (A;(\), C;(N), E; (M), F;()\)) € N;, where
9N; is a given convex bounded polyhedral domain described by s vertices in the ith
subsystem.

N = {[AN), GO, EN), FV)]

= iAm[Ai,m9 Ci,mv Ei,m’ Fi,m]; i)\m = 1’ )\m > O, i GI}

m=1 m=1

Without loss of generality, the number of vertices in each subsystem is assumed to
be equal here. Also, in this section, it is assumed that all the system state is measurable
and all the system mode is observable for the later use.

Remark 3.2 As shown in [2], the uncertainty with polytopic type can describe the
parametric uncertainty more precisely, thus less conservative than the norm-bounded
uncertainty. It is a generalization of the so-called matching condition.

Based on Lemma 2.4, sufficient conditions are derived as follows such that system
(3.10)—(3.11) achieves H, performance.

Theorem 3.3 Uncertain switched system (3.10)—(3.11) has an Hy, performance
index v > 0 over N;, Vi € L, if there exist matrices P;,, > 0,VieI, 1 <m <s
satisfying: Vi, j) € T x T

—1 Ci,m Fi,m
* _Pi,m 0
* * —~21

Lj A
P,/ =

_Pj,m 0 Pj,mAi,tn Pj,mEi,m
*
. <0. (3.12)
*

Proof Assume matrix function P; () to be the following form

PiN) =D APim, Viel (3.13)

m=1
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where P; ,, > 0 satisfies (3.12). Construct a Lyapunov function as
V(k, x(k)) £ x" (k)Pi(N)x (k) (3.14)

Then, if the inequality (3.12) holds, according to (3.12), we have @™/ (\) £ > |\,
@,/ <0, ie.

=P;A) 0 P;(MA; N Pi(ME(N

ooy | * —*’ _C%f?;) Fi(()” <0 (315
* * * —2I

Similar to the proof for Theorem3.1, it is straightforward to prove that (3.15)
ensures that the system is stable and has an H, noise attenuation performance. We
omit the proof for conciseness. (]

3.2 Weighted />-Gain Analysis: ADT Switching

In this section, we are interested in investigating a class of discrete-time switched
linear systems with average dwell time (ADT) switching, where the state-space
form of the presented discrete-time switched linear systems is given as (3.1)—(3.2).
In addition, the definition of ADT switching has been stated in Sect. 1.4 of Chap. 1,
and therefore is omitted here.

Note that the issue of /,-gain analysis has already been intensively addressed for
switched systems with diverse switching, see for example, [3-9]. In the frame of ADT
switching, most results of adopting mode-dependent Lyapunov function (towards less
conservatism) only admit a weighted noise attenuation level—a weaker attenuation
property, cf. [3, 4]. To present the main objective of this section more clearly, we
introduce the following exponential H,, performance definition for the switched
linear system (3.1)—(3.2), which will be essential for our later development.

Definition 3.4 Given scalars v > 0 and 0 < a < 1, system (3.1)—(3.2) is said to be
robustly exponentially stable with an exponential H,, performance -y if it is robustly
exponentially stable and under zero initial condition, Z;’ozo(l —a)'zT (s)z(s) <
> oY wl (s)w(s) for all nonzero w(s) € 1[0, 00).

Remark 3.5 For the switched systems under ADT switching, the Lyapunov function
values at switching instants are often considered to increase p times (¢ > 1) to reduce
the conservatism in system analysis and synthesis, which will imply that the normal
noise attenuation performance is hard to compute or check even in linear setting.
Here we adopt the exponential Hy, performance criterion here (see [4, 10] for more
details) to evaluate the underlying system while obtaining the expected exponential
stability. We will show the techniques how to obtain a non-weighted H, performance
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in the later section for switched systems with PDT switching. Note that the scalar
« in the sequel symbolizes the decreasing rate of the Lyapunov-like function within
each subsystem. Then, if &« — 0, the evaluated performance index will approach the
normal H,, performance for the whole time domain.

The objective of this section is to find the admissible ADT switching such that the
system (3.1)—(3.2) is exponentially stable and achieves exponential H,, performance
to some degree. Inspired by the stability results for the general continuous-time
switched systems in [11], we first give the exponential stability analysis for the
discrete-time system without switching in the following Lemma, which will be used
to derive our main results in the sequel.

The H., performance analysis for the underlying systems in this section is based
on the following unforced non-switched system

x(k+1) = Ax(k) + Ew(k) (3.16)
z(k) = Cx(k) + Fw(k) (3.17)

Constructing a Lyapunov function V (x;) = x/ Px; for this system, we have the
following Lemma.

Lemma 3.6 For given a > 0 and v > 0, if there exists a matrix function such that

—P 0 PA PE
* —1 C F
* x —(1—a)P O
* ok * -2

<0 (3.18)

then, along with the trajectory of system (3.16)—(3.17), we have

k—1
V(x(k) < (1= )V (xko) — D (1= a) ' T(s) (3.19)

S=k0

where,
r'(s) 22 (s)z(s) — yYw’ (sH)w(s)

Proof Setting AV (x;) £ V(x(k + 1)) — V(x(k)), we have

AV (x(0) + aV (x (k) + 2" (K)z(k) — v w' )w(k)
=x"(k)[A"PA+aP — P+ C'C]x(k)+2x" (k) [A"PE + C" F]w(k)
+w" (E" PEw(k) + w’ (k) [FTF — 1| w(k)
=0T (k)®O(k)
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where

0(k) = [xT (k) wl (k) 1"

P ATPA+aP—-P+C'C A"PE+4C'F
- * ETPE+F"F —~*1

If (3.18) holds, by Lemma?2.4, we can readily know @ < 0, then
AV (x(k)) + aV (x(k)) + z7 (k)z(k) — v*wT (w(k) < 0 (3.20)
Therefore, from (3.20), one can get that
Vixtko + 1) < (1 — )V (x(ko)) — (2" (ko)z(ko) — ¥*w (ko)w(ko)) ~ (3.21)

Iterating (3.21) gives (3.19), which completes the proof. (]

Then, the exponential Hy, performance analysis for system (3.1)—(3.2) with ADT
switching is presented based on Lemma 3.6 as follows.

Theorem 3.7 Consider system (3.1)—(3.2) and let o« > 0, v > O and p > 1 be given
constants. If there exist matrix functions P; > 0, Vi € T such that

*x —1 C,’ Fl

* * —(1—a)P; O

* ok * -2
P —pP; <0 (3.23)

<0 (3.22)

then the system (3.1)—(3.2) is exponentially stable and has a prescribed exponential
H, performance index v for switching signals with ADT satisfying (2.26).

Proof Construct a Lyapunov function as below.
Vi) 2xT(k)Pxk), ieT (3.24)

It is easy to obtain
alx(®)|* < V(x(k) < blx®)]* (3.25)

where positive scalars a and b can be given by

a 2 inf (inf(Oin(Pin))) . b 2 sup (sup(amaxm,m))) (3.26)
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Considering firstly the zero disturbance input to the system, along with the trajectory
of system (3.1)—(3.2),one has V(i, j) € Z x Z,i # j,

AV (x (k) + Vo (x (k) = x" (k) [A] PiA; + aP; — P] x(k),
Vot (X (k1)) — uVog—1) (x (k) = x" (ky) [Py — pP;] x(ky)

Vk € [k;, ki+1). Thus if

ATP A +aP,— P, <0 (3.27)

system (3.1)—(3.2) is globally asymptotically stable according to Theorem 2.14. By
Lemma?2.4, the condition (3.27) is equivalent to

a|—P  PA
lI/l-_|: ! _(1_Q)Pl}<o. (3.29)

Then, (3.22) gives (3.29), Therefore, the asymptotic stability of system (3.1)—(3.2)
is ensured. Meanwhile, from the derivation of Theorem2.14 and (3.25), we have

1 No ko
X =~ Voo (x(k)) = “7 ((1 = ) ™) T Vg (e (ko))
No
< B2 = a7 ) T x ko) P (3.30)

which means system (3.1)—(3.2) is robustly exponentially stable for any switching
signals with ADT satisfying (2.26).

Now, to establish the exponential H, performance for the system, consider the
following performance index

TED (11— a7 (9)z(5) = Y’ (5)w(s) (3.31)
s=0

From Lemma 3.6 and (3.23), one can get that

k—1
Vot (2 (k) < (1= ) M1V (k) = D (1= ) 7' (s)
S=k/
k—1
< (1= ) M Vo (k) = D (1= )7 (s)
S=k1

ki—1
<= | A=) Vg Glki) = D

s=kj—1
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k—1
X(l _ O()lafsflr(s)] _ Z(l _ a)kﬁrfllw(s)
S=k1
< (1 —afhy? [ - ik y o (e (ki—a)
ki—1—1
_ Z (1 _ oé)kl—lfS*lF(S) _ (1 _ Oé)kikllu
s=ki—2
k—1 k—1
x Z 1=l — 2(1 — ) (s)
s=kj—1 s=k;
< (1= ) oV (ko)) = (1= eV
ki—1
X D (=)0 (s) = (1 — ayf o pNEh
s=ko
ky—1 k—1
x> (1= () = D A=) ()
S:kl S:kl
k—1
= (1= o) oM OV, ) (ko)) = D700
s=ko

x (1 — )1 ()

then, under zero initial condition, the above formula gives

k—1
D NP~y (s) <0

S:ko

—No (ko

Multiplying both sides of the above inequality by u ) one can get that

k—1
M—Ng(ko,k) ZMNg(s,k)(l _ a)k—s—IZT(S)Z(s)

S:ko

k—1
<y Notkob) ZMNH(&k)(l — )12 (sHw(s)

S=k0

which is equivalent to

k—1
Zufzv”(ko,s)(l — )12 T (5)z(s)

S:k(]
k—1
< 37 Nk (1 — )T (s)w(s)

s=ko

67
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Then, due to the fact

—k — (s —ko)In(1 —
SR _ 4 2RI Z ) (3.32)
Ta In p

Ny (ko, s) < No +

we can know that

k—1
(s—kp)In(1—a) o
S TN - T ()2()
S=k(]
k—1

< Z N—Nn(ko,s)(l _ a)k*S*IZT(S)Z(S)

S:k()

k—1
< D w1 — ) T ()w(s)

S=k0
Therefore,

k—1

D=y —a)f i (9)2s)

S:ko
k—1
< Z MNU_Na(kUsS)(] — a)k_“_]'ysz(s)w(S)

N =k0

By Definition 1.2 and 1 > 1, we know that pMo—N-%0-9) < 1 which yields

k—1
S oMot (1 — sl 2wT (s)w(s)

s=ko

k—1
< D (0= Pw (uw(s)

S=k()
thus we can obtain
o0 oo
D (=) (9)z(s) < D Fw' (Hw(s) (3.33)
s=0 s=0

i.e. the considered system has an exponential H,, performance index, which com-
pletes the proof. g

Based on Theorem3.7, the exponential H,, performance of uncertain switched
system (3.10)—(3.11) with ADT switching is analyzed, and the following theorem is
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a sufficient condition such that system (3.10)—(3.11) is robustly exponentially stable
and has a prescribed exponential H,, performance index.

Theorem 3.8 Consider the uncertain switched linear system (3.10)—(3.11) and let
a > 0,7 > 0and pn > 1be given constants. If there exist matrix functions P;(\) > 0,
Vi € I such that

PN 0 B(MAN)  PI(NE(N)

* =1 Ci(N) Fi(N)
. « —(1—a)P V) 0 <0 (3.34)
* * * —2I

Pi(A) — pPi(A) <0 (3.35)

then the system (3.10)—(3.11) is robustly exponentially stable and has a prescribed
exponential Hy, performance index vy for all admissible uncertainties satisfying
(3.12) and any switching signals with ADT satisfying (2.26).

Proof Now, by adopting the classical parameter-dependent stability idea in coping
with uncertainties for general dynamic systems [12], we further construct a class of
parameter-dependent MLFs with the form

Vo) 2xIPVx, ieT (3.36)

Assume there exist P;,, > 0, Vi € T such that P;(\) e anzl Am Pim satisfy

(3.34) and (3.35). Then, from the quadratic form of Lyapunov function in (3.36),
we can know that

alxl? < Vi) <blxd? (3.37)

where positive scalars a and b can be given by

a 2 inf (infGmin(Pin))) b = sup (sup(emaxm,m))) (3.38)

Considering firstly the zero disturbance input to the system, along with the trajectory
of system (3.10)—(3.11), one has V(i, j) € Z x Z,i # j,

AV (xi) + Vo () = x{ [AT (VP N)A V) + aP;(N) — P;(V)] x,
Vit 01) — 1Voo—1) (1) = x{ [Pi(N) — Py (V)] x,

where Vk € [k;, k;+1). Thus if

AT P NVA) +aPi(N) = BN <0 (3.39)
Pi(A) = pPj(N) =0 (3.40)
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system (3.10)—(3.11) is globally asymptotically stable according to Theorem2.14.
By Lemma?2.4, the condition (3.39) is equivalent to

a[=PO)  P(VAO
Wi(/\)[ . —(l—a)Pi(/\)i|<0' (3.41)

Then, (3.34) gives (3.41), Therefore, the asymptotic stability of system (3.10)—(3.11)
is ensured. Meanwhile, from the derivation of Theorem2.14 and (3.37), (3.30) is
obtained which means system (3.10)—(3.11) is robustly exponentially stable for all
admissible uncertainties satisfying (3.12) and any switching signals with ADT sat-
isfying (2.26).

Now, to establish the exponential Hy, performance for the system, consider the
same performance index (3.31) as used in the proof of Theorem3.7, it is straight-
forward that (3.33) holds, i.e., the considered uncertain switched system has an
exponential Hy, performance index, which completes the proof. ]

3.3 Non-Weighted /,-Gain Analysis: PDT Switching

In this section, we focus our study of system (3.1)—(3.2) on a class of switching
signals with persistent dwell-time (PDT) property. The definition of PDT switching
has been stated in Sect. 1.4 of Chap. 1, and therefore is omitted here.

In the PDT switching, the interval consisting of the running time (7-portion) of
a certain subsystem and the period of persistence (T-portion) can be regarded as a
stage of switching. In the T-portion, one subsystem is activated and the running time
is at least 7. In the T-portion, if letting the actual running time at the pth stage be
denoted as T”, p € Z1, it holds that,

QU1 ks,
» _
T = > T, <T

r=1

where T, ,,,,) < 7 denotes the running time of the subsystem activated at the
switching instant &y, € [Ky,1,Ks,.,) 7 € 21,0k, 1.k, 15 QUks, ky) stands for
the switching times within [k, k,), and it hereby holds that Q(k;, k,) = Q(k;, k,) +
Qlkg, ky) for 0 < k; <k, < k,. Note that ks, +1 denotes the next switching instant
after k;, at the pth stage and k;,, represents the instant switching into the (p + 1)th
stage.

In addition, the following definition is required for proceeding further.

Sp+1

Definition 3.9 ([13]) For v > 0, system (3.1)—(3.2) is said to be GUAS with an
[>-gain, if under zero initial condition, system (3.1)—(3.2) is GUAS and
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> M ®)z) < DY ()w(s)

s=ko s=ko

holds for all nonzero w(k) € I, [0, c0).

As the set of ADT switching signals is a subset of PDT switching signals [14], it
will be more difficult to obtain a non-weighted norm of /,-gain which is of explicit
physical sense with less conservatism, if only mode-dependency of the Lyapunov
function to be constructed is invoked. In this section, a both mode-dependent and
quasi-time-dependent (QTD) Lyapunov function will be explored to overcome the
aforesaid difficulty.

The problems of stability and /,-gain analysis of the switched systems with PDT
switching will be addressed in this section. A stability criterion is first established
by constructing a time-dependent Lyapunov function.

Theorem 3.10 Consider a class of discrete-time switched system x(k + 1) = fyu)
(x(k)), and 0 < o < 1, p > 0 are given constants. For a prescribed period of per-
sistence T, suppose that there exist a family of functions Vyu : (R, Z;) — R,
o(k) € I, and two class Ko functions k1 and k; such thatVo(k) =i € Z,

ri([[x () < Vi(x(k), k) < ra(llx (&) ) (3.42)
Vitx(k + 1),k + 1) < aVi(x(k), k) (3.43)

forany (o(ky) =i, 0ks —1)=j)eI xZi#j
Vilx(ks), k) < pVj(x(ks), k) (3.44)
Then the switched system is GUAS for PDT switching signals satisfying
T+ DInp+Tha+7lna <0 (3.45)

Proof First of all, if pua < 1, then it is straightforward that a discrete-time switched
system is GUAS with 7 > 1, i.e., under arbitrarily switching. Note that if (3.45)
further holds, it holds that 7 is at least 1. Thus the proof boils down to the case po > 1.

Supposing that o (k,) =i, o(ks,+1 + TP) = j holds and considering an arbi-
trary switching occurs within T, it follows from (3.43)—(3.44) that

Vj(x ks, 41+ TP), ks, 1 + TP
< uVi(x (ks 1 + TP), kg 41 + TP)
< " Vi(x ks, 1+ TP = Tp), ky 1 + TP —T))
< 12"V, (x (k41 + TP —T)), kg, 4y + TP — T

(p)
< p Qs kip i FTO) (T Tyt ATy 7y (xx,, - ks,) (3.46)
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wherel, m, ..., ndenote all the possible indices of subsystems being switched within
T®, with corresponding running time to be T;, T,,, ..., T}, respectively.
Since pa > 1, ,uTw“aT(m < u™1aT holds. From (3.46), it follows that
Ve, 11+ T, ks, ir + TP < ™™V (k) ks, )
Then, if (3.45) is satisfied, ™' o™ < 1 holds. Let A £ pT+'a™7 it holds that

Vit ks, ). ksy) < AP Wiy (elh) k) = AP~ Vg (ko). ko)

Sp
(note that ks, = ko). From (3.42),
[xe,, 11 <y OP ™ a1, 1))

holds. Thus, due to (3.43) and (3.44), ||x (k) || < r3(||x(ko)||) holds, Vk € [ksp, k
where

Sp+1 ) ’
R3() £ Ry (el k(R P R ().
Thus the GUAS can be inferred by Definition2.1. This completes the proof. (]

Remark 3.11 Tt should be noted that the worst case of T times of switching during
the period of persistence is taken into account in the proof of Theorem 3.10 since the
actual switching times within the T-portion are unknown.

It can be seen from Theorem 3.10 that the invoked Lyapunov function is not only
mode-dependent, but also time-dependent, which will be further less conservative for
controllers/filters design in the later chapter. However, the resulting controller/filter
via such a Lyapunov function will be also time-dependent, then an infinite number
of computations and/or storage of the filter gains will be necessary and accordingly
unpractical. To circumvent the problem, we shall limit the Lyapunov function used
in Theorem 3.10 to be a QTD one by

Vitx(k), k) = Vi(x(k), qr), Viel (3.47)
which has been defined in Sect.2.5.

Note that by the definition of H,, the actual running time of the o (k)th subsystem
in the T-portion, T, € [1, min(r — 1, T'")], satisfies that

T _ ks,,+r+l - Hra k € ks,)+lvk.sl)+1—l)
O =V k. —H., kelk ke )

Such a setting will give rise to a simplified version of Theorem3.10 as below.

Sptl Spr1—1> Rspig


http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2

3.3 Non-Weighted /5-Gain Analysis: PDT Switching 73

Theorem 3.12 Consider a class of discrete-time switched system x(k + 1) = f5)
(x(k)), and 0 < o < 1, u > 0 are given constants. For a prescribed period of per-
sistence T, suppose that there exist a family of functions V,q) : (R™, Zy,-1) = R,
o(k) € Z, and two class Ko functions k| and k; such thatVo(k) =i € T

(i)Yo € Zyo.7,
ri((lx () = Vi(x k), ) < ra(llx &) D) (3.48)

(i) Vk € [ks, ks, +T) |
Vitx(k + 1),k + 1 — k) < aVi(x(k), k — k) (3.49)
(iii) Yk € [k, + 7. kg 41)
Vitx(k+ 1), 7) < aVi(x(k), 1) (3.50)
(v) Vk € [Kst15 ks, 1) 7 € L1, Qky ki, )]
Vitx(k+ 1),k +1 = H,) < aVi(x(k),k — H,) (3.51)
(v)Volks,+1) =i # j=o0lks,+1—1),
Vi(x(ks,+1), 0) < puVi(x(ks,+1), 7) (3.52)
(vi)Vo(ks,4r) =i # j = 0(ks,4r — 1),
Vi(x(ks,+r), 0) < pVj(x(ks,+r), T)) (3.53)
where T; € [1, min(r — 1, T?®)], T? € [1,T] and r € 212,90k, 1k, 411 Then

the switched system is GUAS for PDT switching signals satisfying (3.45) and (3.48)—
(3.53).

Proof Let the Lyapunov function be given as (3.47). From (3.49), we have

Vixtk+ 1), k+1) — aVi(x(k), k)
=Vixtk+ 1), k+1—ky,) —aVi(xk), k —k,)
<0

when k € [ksp, ks, + 7'), Vi € Z. In addition, since V;(x(k), k) = V;(x(k), 7), for
k € [ksp + 7, kXer]), Vi € Z, it yields from (3.50) that

Vix(k + 1), k+ 1) — aV;(x(k), k)
=Vix(k +1),7) — aVi(x(k), 7)
<0.
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By (3.51) and the definition of H,, it holds that, k € [k, 1. ks,,,),

Viktk+ 1), k+ 1) — aVi(x(k), k)
=Vixtk+1),k+1-H,)—aVi(x(k),k — H,)
<0.

Then, (3.49)—(3.51) imply that (3.43) in Theorem 3.10 is satisfied.

On the other hand, suppose that the system switches from jth subsystem to ith
subsystem at switching instant k;,,, when r € Zlg,g(kw,kxp“)H]. By (3.53), it can
be obtained that

Vi(x(ky,1r)s ki) < 1Vi(x(ks,4r), Tj) = pVi (kg0 Kspir)-

Likewise, it follows from (3.52) that

Vi(x(ksp-H)’ ks,,+1) =< UVj(x(ksp-H)’ ks,,+l)~

Thus, (3.52) together with (3.53) guarantees (3.44) in Theorem 3.10, and the GUAS
of the switched system with any switching signals satisfying (3.45) and (3.48)—(3.53)
can be therefore ensured. (]

Further, by the QTD Lyapunov function in (3.47), the criterion on /,-gain analysis
of switched systems can be also obtained as follows.

Theorem 3.13 Consider a discrete-time switched system

x(k+1) = fouw (x(k), wk))
2(k) = goq (x(k), w(k))

and 0 < a < 1, > 1 are given constants. For a prescribed period of persistence
T, suppose that there exist a family of functions V) : R"™, Zjp.-1) = R, o(k) € Z,
two class K functions k) and kp, and a scalar v such that Vo(k) =i € I, p =
0,1,...,7, (3.48), (3.52)—(3.53) are satisfied,
(i) Vk € [ky, ks, +T),

Vitx(k + D),k +1—k;,) < aVi(x(k), k —ks,) — I"(k) (3.54)
(i1) Vk € [ke, + 7. ks 1) .

Vix(k+ 1), 1) < aVi(x(k), 7) — I"(k) (3.55)

(iii) Vk € ks, 1. ks, ) 7 € 21, Qky i1 ks, )]

Vixtk+ 1), k+1—-H,) <aVi(xk),k—H,) —I(k) (3.56)
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where I'(k) 2 7T (k)z(k) — ’ysz(k)w(k). Then the switched system is GUAS and
has an ly-gain no greater than y; = (3, where 3 = [ uT+! ’% with h = M% for
PDT switching signals satisfying (3.45), (3.48) and (3.52)—(3.56).

Proof First of all, for w(k) = 0, if (3.54)—(3.56) hold, then (3.49)—(3.51) hold, thus

the stability of the underlying systems will be ensured by Theorem 3.12.
Now, consider w(k) # 0, if (3.54) holds, we have

Vix(k+ 1),k + 1) — aV;(x(k), k) + I (k)
= Vitx(k+ 1), k+1—k;,) —aVi(x(k), k — k) + I'(k)
<0

when k € ki, k, 4+ 7). Also, when k € [k, + T, ky,+1), one has

Vixtk+ 1),k +1) — aVi(x(k), k) + I' (k)
=Vilx(k+1),7) —aVixk), )+ I'(k)
<0.

From (3.56), Vk € [ks, 1, ks, .,),

Vix(k+ 1),k + 1) — aV;(x(k), k) + I (k)
=Vixtk+ 1), k+1—H,)—aV;(x(k),k — H,) + I'(k)
<0.

Moreover, from Theorem 3.12, we can know that, Vr € Z[]yg(k“ ks D
p ) Jp

Vi(x(kS,,Jrr)v kserr) < /~ij (x(ksl,+r)a kserr)-

Then, for the pth stage of switching, basic algebraic operations yield that

Va(kspﬂ ) (x (kspH ), kspﬂ )

— pC&r k) ol TRy (ks,), ks,)

sp
kllﬂrl -

+ > p@theabea I <o,
I=ks,

Then consider n € Zx,, it follows that

Va (k,

sn

)(X (kS,l)v ks,,) - ,U/Q(kll ’kd‘”)ak‘y” —ksy o(ks,) ()C (ks1 )» ksl )
k:;x -1

+ 3 pQtkn ka1 (p) < 0.
l:kxl
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Therefore, under zero initial condition, one has Vg(kd_l y(x(ks,), ks,) = 0, then

kg, —1
Z MQ(lak.m)akvn_l_IF(l) 5 0
I=ky,
which means that
i1 k-1
Z“Qa k=11 T (12 (1) < z,ug(l'k)ak’l’le(l)w(l).
I=ko I=ko

Due to the fact that

k—1 k—1
0< 9, k) < ’774—’]1‘—‘ (T+ D= (T—i-—T + 1) (T+1) (3.57)

it follows that

zak —I—1 T(l)Z(l) <,YZZM(T+T+I)(T+1) k=i=1,,T Dw) (3.58)

I=ko I=ko

then we have

k—1
> oz

1=k
<2 Z:M(qr Y T+DHT+HD+ T k] LT (w(l)
I1=ko

k—1
= > 0z

I=ko

k—i—1

< A2yt T Z ( a) wl Ow (). (3.59)

1=k

From (3.45), we have u%]ra < 1. Thus, it holds that

oo k-1
> D)z

k=ko+1 I=ko

oo

k—1
T+1 T+1 g
<Pu ™ T ) w w()

k=ko+1 =k
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[e9] 9]
= Z Z Oék_l_lZT(l)Z(l)
I=ko k=I+1
T+1 > > T+1
<P ) w().

I=ko k=I+1

Then, we have

o0 o0

r 11—«
> Dzl) < Purt ™ ———= > W Ow().
I=ko I —p~Ta 5

Therefore, the underlying system is GUAS with an /,-gain no greater than
Y =B O

Remark 3.14 Ttcanbe seen from Theorem 3.13 that, contrast to the existing weighted
I>-gain for the ADT switched systems, the achieved /,-gain is non-weighted in this
section for the more general PDT switching, which benefits from the techniques
explored in (3.57)—(3.59).

3.4 Tube-Based Robustness Analysis: Modal PDT
Switching

In this section, we will consider /, disturbance involved with the systems. The
robustness performance analysis for relatively general modal persistent dwell-time
(MPDT) switching signals that could cover DT, ADT, and PDT switching are only
addressed.
Consider a class of discrete-time switched linear systems with bounded additive
disturbances
x(tk+1) = Aygyx (k) + w(k) (3.60)

where x (k) € R™ is the system state, w(k) € W C R" is the additive disturbance
and W is a compact polyhedral set containing the origin in its interior.

In this section, an MPDT generalized robust positive invariant (GRPI) set of
system (3.60) under MPDT switching will be determined to address the system
stability in the sense of set theory. To this end, an MPDT robust positive invariant
(RPI) set of system (3.60) needs to be firstly determined, and the following definitions
and operators are required.

Let one step reachable set from a set X along subsystem i be denoted as
P{(X, W)L {Ax+w:xeX, we W) =A4,X ®W, then the H-step reachable
set PL (X, W) is defined as

P (X, W) £ P (PU(X, W), W),y € Zpnu
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where Pi(X, W) £ X. Thus Pi(X, W)= A X @ A 'Weo...0 AW W.
In addition, define two operators P(-, W) and 75(-, W) as

P(, W) 2 Uid Utne@,- Pi (-, W)
75(.7 ) - [UIQEZ[O,Tl UIEI PtlQ (UfQIEZIOVTl U’"GI
P ( U, U,y P

0
W), W)l #mon#i,0<> 1, <T
g=1

Definition 3.15 ([15]) A set O C R"  is said to be a robust positive invariant (RPT)
set for system x(k + 1) = f(x(k), w(k)), w(k) € W, if x(k) € O implies x(t) € O
for any w(t) e W, t € Zzr1.

Definition 3.16 A set O(7!T)) C R” is said to be an MPDT RPI set for system (3.60)
with MPDT set 71TV £ {7, 7, ..., 7y}, if x(0) € O(T™) implies x (k) € O™
for every admissible switching &, (k) and for w(t) € W, t € Zjo -1

Then, the MPDT GRPI set for the switched system (3.60) with MPDT switching
is defined as follows.

Definition 3.17 A set G(7!T)) € R™ is said to be an MPDT generalized robust pos-
itive invariant (GRPI) set for system (3.60) with MPDT set 7!/ £ {7;, 7, ..., 7y},
if x(k) € O™y € G(r™) implies x(t) € G(T!™) for any w(t) € W, t € Z=sni,
where O(7!™) is an MPDT RPI set for system (3.60).

Definition 3.18 An MPDT GRPI set G(7!T) C R” is said to be GUAS for system
(3.60) with MPDT switching, if forall k € Z, [|x (k)| g¢rimy < £([x(0)|lgm)) and
lx (k)| g(rimy — O as k — oo, where k € K.

The following theorem demonstrates the existence of an MPDT RPI set for sys-
tem (3.60).

Theorem 3.19 Suppose that system (3.60) with MPDT 6; for a given T is GUAS,
then an MPDT RPI set O(0'™) exists for system (3.60).

Proof Let

! t
Riig, 2 (H A[l]) Algi_lw ® (H A[l]) Af"_ZW

=1 =1

o o) e () e

=1 1=2
O AZW O W
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where H; IAU] stands for A[,]A[l 1" A[[] and A[z] Varying with l, l e Z21
denotes a matrix taken in set A; = {A, As, ..., Ay ). Then define ©; £ {6;, 0, +
1,...,260; — 1} and consider

t
OUJrl £ co [(H A[l])Af"(’)u D Rt,i,g,- it e Z[O'T],l’ €l, g € @i] 3.61)

=1

where Op is A2 co{([T.Z, AW (T AW - @ Ao WO W1 e
Zy1,m)} or {0}, respectively, for the cases that a period of persistence exists or not
before the 1st stage. Let R £ Co{R;ig 1t €Zpmy, i €L, g € 0}, Oy satisfies

t
Ov+l C co [(H A[l])AIgiOU OR:te Z[O,T],l’ e’ &g € @,] (3.62)
=1

Then, iterating (3.62) from v to 0 yields that, Vv € Z>,

ty ty—1
OU - lI/U £ co [(H A[[]) Aih (H A[[]) A‘f’ NN
=1 =1
15}
k
=1
ty 1]
© (H A[l]) Ay (H A[l]) ATR
=1 1=1

f
@-'-EB(HA[J])AihR@R

I=1
D te € Zpomy, € € Zpiw)s 8a € Ou,d €T,
(hxix---xjxkyeIxIx---xIxT}

Since system (3.60) under MPDT 0; for a given T is GUAS, then the system
Zkk+1) = Az(k) is asymptotically stable under arbitrary switching, where Ae
N {(]_[,=1 AuDAL it € Zom, i €Z,r € ©;}. Here the finite set ®; is
invoked with a similar usage in [16] such that all the admissible switching sequences
during [k;,, ks,,,), p € Z canbe represented equivalently by combinations of matri-
ces in @(O;, T) where ¢ can be zero. Therefore, there exists a constant ¢ € (0, 1)
and n > 0 satisfying R € nBB" such that AR C neB". Then

O, C¥, CnE"+e" '+ +e4+ 1B (3.63)

where n = v or n = v — 1 corresponds to the case Oy = A (C R) or Oy = {0},
respectively. Hence, from (3.61) and (3.63), it holds that O, € O,4, and O, is
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bounded above by 1%’58” as v — oo, respectively. Thus the set sequence {O, :
v € Z4} has a limit O that is dependent on the MPDT 6, and T. Therefore, for
system (3.60), it follows from the computations of O, that for any x(0) € OICANES
Owo, x(k) € O(8™) for the admissible MPDT switching with &,m (k) and for w(z) €

W, t € Zjox—1;- This completes the proof. (]

Based on Theorem3.19 and the definitions of both P(-, W) and 75(~, W), an
algorithm to compute the MPDT RPI set for system (3.60) can be obtained as shown
in what follows.

Algorithm 3.1 (Computation of O(0'™)) Input: W, T, M, 0™ A, i € T.

(i) Setv=0and O, = co{P({0}, W)}.
(i) Set Oy = co{P(P(O,, W), W)).
(iii) If Opyy = O,, set OOy = O, exit and output O(O'™); else, set v = v + 1
and go to step (ii).

Remark 3.20 Without loss of generality, in Algorithm3.1, Oy = Co{75({0}, W)} (=
A) is taken into account since {0} C c0{75({0}, W)}, though it brings conservatism
to the case that a period of persistence does not exist before the 1st stage. Also, note
that the existence of an MPDT RPI set ensures the convergence of Algorithm3.1.

It can be seen from Definition3.16 that the MPDT RPI set O(8'™) has the prop-
erties that, Vs € Zxy,, '
P00, W) € 00"

and
PPHOO™), W), W) € 06'™) (3.64)

Then if letting
GO £ co{PL_(OO™), W), PL _,(O@O™), W), .-, 00"} (3.65)

it concludes that x(r) € G' (0", t € Z>y+ forany x (k) € 0@ c gie™M).

Therefore, if the nominal system with MPDT 7; for a given T is GUAS, the
MPDT GRPI set for system (3.60) can be obtained by G(7171) = | J; .7 G' (7171), upon
which the stability of system (3.60) can be analyzed in the sense of Definition 3.18.
In the following theorem, we shall use an extended set G(7'71) x {0} to establish
the stability criterion of the composite switched system augmented by (3.60) and
the corresponding nominal system. To present more clearly, we rewrite the nominal
system with w(k) = 0 by

2k + 1) = Agpyz(k), (3.66)
and the error switched system is described as

ek + 1) = Appe(k) + w(k), (3.67)
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where e(k) £ x(k) — z(k), and e(0) = 0 is considered.

Theorem 3.21 Consider system (3.60) and the corresponding nominal system.
Suppose that the nominal system with MPDT T; for a given T is GUAS. Then the set
G4g (0™ x {0} is GUAS for the composite switched system with the admissible
MPDT switching satisfying A; £ max{0;, 7;}.

Proof If the nominal system with MPDT 7; for a given T is GUAS, then it
follows from Definition2.1 that [|z(k)|| < x(llz(ko)|l), Vk € Zsy, and ||z(k)|| — O
as k — oo, where k € K. Since for k € [ky, kgy1), x(k) = z(k) + e(k) where
e(k) € G0, it holds that ||lx(k)llggm, = d(z(k) + e(k), GO™)) < d(z(k) +
e(k), e(k)) = llz() Il < K(llz(ko) ) and [lx (k)| ggmy — O as k — oo.

Denoting ||(x(k), z(k))|| £ ||x(k)|| + [|z(k)|l, it follows that the extended state
(x(k), z(k)) of the composite system satisfies

[(x(k), z(k)llg = inf ¢cggm|[(x (k), z(k)) — (£, 0)]]

= inf teg (™) [[(x(k) — X, z(k))]|

= inf ;g m)|[(x(k) — X)|| + [z (k)|
lx(K)llggmy + llz(K)| = 2x(]|z(ko) 1)
< 26(]x ko)l g g, + ko)1)
= 26(|[(x(ko), z(ko))llg)

which implies that G is GUAS for the composite switched system in the sense of
Definition 3.18. (]

Remark 3.22 Tt can be concluded from Theorem 3.21 and the definition of G’ (Om)
in (3.65) that the trajectory of the error switched system will always remain inside
(9(0““) at switching instants k;, s € Z+ and gf(om) within subsystem &;, Vi € Z,
respectively. Such a fact implies that system (3.60), as well as the error system,
possesses a tube whose cross section displays as O (8™ or G (8'™) at each sampling
instant. The tube can be therefore viewed as an “uniform tube” as it is uniformly valid
for the whole set of switching signals satisfying MPDT property.

Remark 3.23 Two noteworthy observations can be further made. First, for a concrete
MPDT switching signal, we can conclude that the error system trajectory will be
contained in a tighter tube whose cross section belongs to O(0"™) and G'(0™) at
ky and within (3.67), respectively. The reason is that O(0') is offline determined,
which requires all the possible switching within T and all the possible values in ©;
to be considered (see Algorithm 3.1 and the definitions of the two operators 75(-, W)
and P(-, W)) to meet the uniformity of the asymptotic stability. Consequently, it
will be somewhat conservative to use G(6'™) to evaluate the system stability as far
as a concrete switching signal is concerned. Second, since any activated subsystem
will dwell less than the admissible MPDT within T, the tube may expand during T
and therefore tends to be rather tighter at the very switching instant of entering T to
prevent its subsequent evolution during T getting out of O(0") (see (3.64)).
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In the following, a numerical example is presented to demonstrate the validity of
the tube-based robustness analysis results for discrete-time switched systems with
MPDT switching.

Example 3.24 Consider the discrete-time switched linear system (3.60) consisting
of two subsystems described by

A _ [05598 —0.61627  _ [—0.2618 ~0.2517
17109402 —0.7838 | “2 = | 0.5002 0.5103

where A;,i = 1,2, are the stable matrices of closed-loop system (2.35), which
can be obtained by Theorem?2.27 considering the “non-QTD” Lyapunov func-
tion. By Theorem2.27 and solving Problem2.1, for given [w], =0.1, T =3,
and p; = 1.22, a; = 0.085, a, = 0.105, the admissible MPDT can be computed as
0, =5, 0, = 6. Given xo = [—51.8]", consider one admissible switching sequence
(shown in the subfigure in Fig. 3.1) where the running time of subsystems are equiv-
alent to the MPDT and a period of persistence exists before the first MPDT stage,
Figs.3.1 and 3.2 show the cluster of state trajectories of the practical system, and
Fig.3.3 the error system for 30 realizations of the random disturbance sequences.
Also, Fig. 3.4 shows the MPDT RPI set O(0") and the two components of the MPDT
GRPI set G0, G'(0P") and G*(6"), which can be obtained by Algorithm 3.1
and by (3.65), respectively. The evolution of the uniform tube (displays as O('!),
G0 or G%(0Y) at each sampling instant, see Remark 3.23 is also illustrated in
Figs.3.1 and 3.2 for the practical system, and Fig. 3.3 for the error system. Finally,
for one realization of the random disturbance sequences till kK = 1000, Fig.3.4 also
shows the projection of a state trajectory of the error system at switching instants
and within subsystems into one 2-dimension coordinate.

s~ :6(9[31) R R s Nominal system

N N Practical system
0 A A —

Time

Fig. 3.1 Practical system for 30 realizations of random disturbance sequences in 3-D
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-2

-4

-6

A SR ----Nominal system
— Practical system

| A SO N N

T e A P < R

o0 e o(em)G(G ) ‘ :
- | 1
(?(9 ). ‘ - :
M : ! :
L3 ] S

8. __-_———J‘\‘\"'—_ L <. - \ 3

15

1 Time

Fig. 3.3 Error system for 30 realizations of random disturbance sequences in 3-D

It can be first seen from Figs. 3.1 and 3.2 that the state trajectory of nominal system
converges. Also, Figs.3.1, 3.2, 3.3 and 3.4 show that the state trajectories either at
switching instants or within error subsystems remain inside G ('), illustrating that
the designed algorithm is effective against the random disturbances. Besides, as also
shown in Fig. 3.1 (or Fig. 3.3), all the system trajectories fall into a certain inner set of
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1.5
o within subsystem Q 1

4 within subsystem Q 2

|
+ Time of Q 1——>Q 2
% Time of Q ),

0.5 1

Fig. 3.4 Projection of state trajectory of error system into one coordinate for one realization of
random disturbance sequences

06" at switching instants, and inner set of G' (0P within E;, respectively. That
is, for a concrete realization of the MPDT switching signal, a tighter tube for the error
system rather than the uniform tube exists for the practical system, which is consistent
to the first observation in Remark 3.23. The second observation in Remark 3.23 is
also verified in Figs.3.1 and 3.3, where the tube expanding during T is relatively
“smaller” at switching instants of entering T (k = 9 and k = 16 within the first and
second stage, respectively).

3.5 Conclusion

This chapter firstly gives the results on the /-gain analysis for switched systems with
arbitrary switching and the weighted /,-gain analysis for switched systems with ADT
switching, respectively. Then, a quasi-time-dependent (QTD) Lyapunov function is
constructed to address the issues of stability and non-weighted /,-gain analysis for
the PDT switched systems. With the aid of set-theoretic method, an MPDT robust
positive invariant (RPI) set is determined for the underlying system allowing for the
I additive disturbance. A concept of generalized robust positive invariant (GRPI)
set under MPDT switching is proposed and it is demonstrated that the disturbed
system is asymptotically stable in the sense of converging to the MPDT GRPI set.



References 85

References

1.

10.

11.
12.

Daafouz, J., Riedinger, P., Iung, C.: Stability analysis and control synthesis for switched sys-
tems: a switched Lyapunov function approach. IEEE Trans. Autom. Control 47(11), 1883—1887
(2002)

Jin, S.H., Park, J.B.: Robust Hy filter for polytopic uncertain systems via convex optimization.
IEE Proc. Part D: Control Theory Appl. 2001 148(1), 55-59 (2001)

Sun, X., Zhao, J., Hill, D.: Stability and L;-gain analysis for switched delay systems: a delay-
dependent method. Automatica 42(10), 1769-1774 (2006)

Zhai, G., Ho, B., Yasuda, K., Michel, A.: Disturbance attenuation properties of time-controlled
switched systems. J. Frankl. Inst. 338(7), 765-779 (2001)

Zhao, J., Hill, D.: On stability, L,-gain and Hs, control for switched systems. Automatica
44(5), 1220-1232 (2008)

Zhang, L., Wang, C., Chen, L.: Stability and stabilization of a class of multimode linear discrete-
time systems with polytopic uncertainties. IEEE Trans. Ind. Electron. 56(9), 3684-3692 (2009)
Wang, D., Wang, W., Shi, P.: Exponential H, filtering for switched linear systems with interval
time-varying delay. Int. J. Robust Nonlinear Control 19(5), 532-551 (2009)

Colaneri, P., Bolzern, P., Geromel, J.C.: Root mean square gain of discrete-time switched linear
systems under dwell time constraints. Automatica 47(8), 1677-1684 (2011)

Lin, H., Antsaklis, P.J.: Hybrid state feedback stabilization with /> performance for discrete-
time switched linear systems. Int. J. Control 81(7), 11141124 (2008)

Hespanha, J., Morse, A.: L»-induced gains of switched linear systems. In: Blondel, V.D., Sontag,
E.D., Vidyasagar, M., Willenms, J.C. (eds.). Springer, London (1999)

Liberzon, D.: Switching in Systems and Control. Birkhauser, Boston, MA (2003)

Feron, E., Gahinet, P.: Analysis and synthesis of robust control systems via parameter-
dependent Lyapunov functions. IEEE Trans. Autom. Control 41(7), 1041-1046 (1996)

. Hespanha, J.P.: Root-mean-square gains of switched linear systems. IEEE Trans. Autom. Con-

trol 48(11), 2040-2045 (2003)
Hespanha, J.: Uniform stability of switched linear systems: Extensions of LaSalle’s invariance
principle. IEEE Trans. Autom. Control 49(4), 470-482 (2004)

. Rawlings, J., Mayne, D.: Model Predictive Control: Theory and Design. Nob Hill Press, Madi-

son (2009)

. Dehghan, M., Ong, C.: Characterization and computation of disturbance invariant sets for

constrained switched linear systems with dwell time restriction. Automatica 48(9), 2175-2181
(2012)



Chapter 4
Control

Abstract This chapter is concerned with the control problem for discrete-time
switched systems with several typical switching signals. Firstly, the problem of
designing H, state-feedback controllers is investigated for switched linear discrete-
time systems with arbitrary switching and polytopic uncertainties. Two approaches on
designing parameter-independent (robust) and parameter-dependent Hy, controllers
are proposed and the existence conditions of the desired controllers are derived and
formulated in terms of a set of linear matrix inequalities (LMIs). Then, considering
the average dwell time (ADT) switching, an y-dependent approach is then introduced
for the underlying systems to solve the H,, controller, and the obtained conditions
are dependent on the admissible increasing level p of Lyapunov-like function val-
ues at switching instants. Finally, in a network-based environment, the quasi-time-
dependent (QTD) H,, control problem is investigated for a class of discrete-time
switched linear systems with modal persistent dwell time (MPDT) switching. One
redundant channel is introduced in the data transmission from sensor to controller to
reduce the probabilities of packet dropouts occurred in the single channel case. Sev-
eral examples are used to demonstrate the effectiveness of the developed theoretical
results.

4.1 Robust H,, Control: Arbitrary Switching

Consider a class of uncertain switched linear discrete-time systems given by

x(k+1) = Agy(N)x (k) + Boy (Nu(k) + Eqpy(MNw(k), (4.1)
z(k) = Coy (Mx (k) + Doy (Mu(k) + Fruo (M w (k) 4.2)

where x(k) € R" is the state vector, z(k) is the objective signal to be attenuated,
u(k) € R™ is the control input vector, w(k) € R! is the disturbance input which
belongs to [;[0, 00), o(k) is the switching signal, which is a piecewise constant
function of time and takes its values in the finite set Z ={1,..., N}, N > 1 is
the number of subsystems. We assume that the sequence of subsystems in switch-
ing signal o is unknown a priori, but its instantaneous value is available in real
© Springer International Publishing Switzerland 2016 87
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time. Meanwhile, for the switching times sequence kg < k| < k» < ... of switching
signal o (k), the interval [k;, k;1] is called the running time of the currently engaged
subsystem, where [ € N. When o (k) =i € Z, the matrices (A;(\), B;(\), C;(N),
D;(N), E;(N\), F;(\)) denote the ith subsystem and A is a varying uncertain parame-
ter. In addition, at an arbitrary discrete time k, the switching signal o (k) is dependent
on k or x(k), or both, or other switching rules.

The matrices of each subsystem have appropriate dimensions with partially
unknown parameters. It is assumed that (A;(\), B;(N\), C;(N), D;(\), E;(N),
F;(\)) € N;, where N; is a given convex bounded polyhedral domain described
by s vertices in the ith subsystem.

0 = I[(Ai(/\), Bi(AN), Ci(N), Di(N), Ei(N), Fi(M)]

s
= Z)\m[Ai,mv Bi,m, Ci,mv Di,ms Ei,mv th]s

m=1

ZA,,,:L /\mzo,iel.] (4.3)

m=1

Without loss of generality, the number of vertices in each subsystem is assumed to
be equal here. Also, in this section, it is assumed that all the system state is measurable
and all the system mode is observable for feedback and control design purposes.

Remark 4.1 As shown in [1], the polytopic uncertainty can describe the parametric
uncertainty more precisely, thus less conservative than the norm-bounded uncer-
tainty.

Our objective in this section is to design a state-feedback controller such that for
all admissible uncertainties in each subsystem

(1) system (4.1)—(4.2) is asymptotically stable;
(2) aprescribed noise attenuation level ~ is guaranteed in H, sense, i.e. under zero-
initial condition, we have that ||z||, < 7y ||w||, for all nonzero w € /5[0, 00).

In addition, the H,, state-feedback controller to be designed has two kinds of
form here, one is the robust controller containing constant controller gain despite all
variations of parameter ) in each subsystem, and another is the parameter-dependent
controller, where the control gain of each subsystem varies with different parameter
A if it is measurable in real time.

4.1.1 Parameter-Independent Control

For general uncertain systems, a commonly used approach in robust control theory
is to design a robust controller containing constant controller gain, likewise, for the
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uncertain switched system (4.1)—(4.3), we consider the controller with the following
structure

u(k) = KCix (k) 4.4

where the controller gain KC; is constant for fixed ith subsystem.
By applying the above controller, we obtain the corresponding closed-loop system

x(k+1) = A;(Vx(k) + E;(Mw(k) (4.5)
2(k) = C;(N)x (k) + Fi(Mw(k) (4.6)

where A;(\) £ A;(\) + Bi(V)K;, C;(\) 2 Ci(\) + D (VK.
The following theorem presents sufficient conditions for the existence of an admis-
sible robust H,, controller with the form (4.4).

Theorem 4.2 Consider uncertain switched system (4.1)—(4.3). There exists a con-
troller (4.4) that asymptotically stabilizes the resulting closed-loop system (4.5)—(4.6)
and achieves an Hy, performance index v > 0 over W;, Vi € T if there exist matrices
Sim > 0, matrices G; and U;, Ni € T, 1 <m < s satisfying: V(i, j) € T x T

—Sim 0 AinGi+ Biwlhi Ein
x =1 CinGi+ Dinlhi Fipm
* x Sim—G—-G' 0
* % * -2

@i = <0, 1<m<s. (4.7)

If (4.7) has a solution, the controller is given by (4.4) with

Ki=UG™", viel. (4.8)

Proof Assume matrix function S; () to be the following form

SN =D AuSim. VieT (4.9)

m=1

where S; ,, > 0 satisfies (4.7).
Set matrix functions P;(\) £ Sl._l () and construct a Lyapunov functional as

Vik, x(k) £ x" ()S7 (Mx (k)
= xT(k)YP;(Nx (k). (4.10)

Hence, along the trajectory of system (4.5)—(4.6), we have

AY = V(k + 1, ka) - V(k, xk)
= x" () [AT VP VA ) = Pi(V)] x (k)
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+2x" (k) [A] VP, NVE; (V)] w(k)
+uw’ &) [ET VPN EMN] wk). @.11)

Informula (4.11), the case wheni = j shows that the switched system is described
by the ith mode, while the case when i # j represents the switched system is at the
switching times from mode i to mode j. For more details, we refer readers to [2].

When assuming the zero disturbance input to system (4.5)—(4.6), we have

AY = V(k + 1, )Ck+1) - V(k, )Ck)
= xI [ATOOP; VAN = PiV) |, VG, j) €T xT.  (4.12)

Thus if
AT VP, VAN —Pi(\) <0, Y@, j) eI xT, (4.13)

then AV < 0 and the asymptotic stability of system (4.5)—(4.6) is guaranteed. By
Lemma 2.4, the condition (4.13) is equivalent to: V(i, j) € (Z x 7)

—P;(N) Pj(VA; (V)
[ i J_Pi(A) ]<0. (4.14)

On the other hand, if the inequality (4.7) holds, according to (4.3), we have
PN 2D AP’ <0, e

=5;(N) 0 A;(NG; + Bi(MU; Ei(N)
PP A x =1 C;(NGi + D;(\MNU; Fi(N)
DI\ = . . SO -G — QiT 0 < 0. 4.15)

* * * —2I

From (4.15), we can explore the fact that S;(\) — G; — QiT < 0 so that the matri-
ces G; are nonsingular. In addition, we have (S;(\) — Qi)TSi*I()\) SN —-G) =0,
which implies S;(\) — Gi — G > —G'S7'(\)G:. Therefore, assuming the con-
troller gain to be of the form (4.8), we conclude

~S; (M) 0 ANG  Ei(V)
* —1  CNG  F\)
*  x =GIST'WNG 0
* * * -2

< 0. (4.16)

Performing a congruence transformation to above formula via dia g{SJT1 N, 1,
g;l, I}, and changing the matrix variables S;(\) £ 73171 (A), we obtain
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=PiA) 0 PiNAiN) P (NE(N)
* =1 GO Fi (M)
* * —PI(A) 0
* * * —~21

< 0. (4.17)

If (4.17) holds, then from basic matrices manipulations, we have the following
inequality

—P;(N) P'()\)Ai(/\)
[ RN }<0

which is the formula (4.14), thus the asymptotic stability of the closed-loop system
(4.5)—(4.6) is ensured.

Now, to establish the H,, performance for system (4.5)—(4.6), assume zero-initial
condition, and consider the following performance index

TED [0zt — v w wk)]
k=0
under zero initial condition, V(k, x(k)) |x=o = 0, and we have

2 ()z(k) — vw” wk) + AV] — V(oo, x(00))

2 (k)z(k) — Y w" (Qwk) + AV]

o7 (k) [An A12i| 0(k)

M8 ||M8 ||M8

k=0

where 0(k) 2 [ x” (k) w” (k) ]", and

(>

A 2 AT VP, VAN) = PN + CT VN,
Ap 2 ATO)P;NVEN) + CTOVE O,
Ap &~ T+ EFO)P,OVE(N) + FF(O)F ().

[1>

By applying Lemma 2.4 twice, it can be shown that inequality (4.17) is equivalent

to A*” 212 < 0 in above formula, which guarantees J < 0, i.e. ||z], < v |wll5,
2
and the proof is completed. (]

Remark 4.3 In Theorem 4.2, although a parameter-dependent Lyapunov function is
constructed for system (4.5)—(4.6), as is shown in (4.10), the uncertain parameter
A need not to be known in a priori for the robust controller design. However, if we
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choose the Lyapunov functional based on quadratic framework, we will get more
conservative results, for instance, if the matrices P; ,, = P; or further P; = P are
selected, note that the corresponding controller form for the latter is given by

u(k) = Kx (k) (4.18)

then we will get different existence conditions for robust controller, which is shown
in the following corollaries.

Corollary 4.4 There exists a controller (4.4) that asymptotically stabilizes the result-
ing closed-loop system (4.5)—(4.6) and achieves an Hy, performance index v > 0
over N;, Vi € T if there exist matrices S; > 0, matrices U;, Yi € , 1 <m < s sat-
isfying: Vi, j) e I xT

—Sj 0 A[,mSi + Bi,mui Ei,m
* -1 Ci,mSi + Di,mui Fi,m
. s, 0 < 0. 4.19)
* ok * —21

If (4.19) has a solution, the controller is given by (4.4) with
Ki=US " Viel. (4.20)

Corollary 4.5 There exists a controller (4.18) that asymptotically stabilizes the
resulting closed-loop system (4.5)—(4.6) and achieves an Hy, performance index
v > 0 over N;, Vi € T if there exist matrices S > 0, matrix U satisfying: V(i, j) €
IxZ

-S 0 Ai,mS + Bi,mu Ei,m
* % ) 0
* ok * —21

<0. 421

If (4.21) has a solution, the controller is given by (4.18) with
K=us'viel. (4.22)

The performance index  described in the above theorem and corollaries can be
respectively optimized by the convex optimization procedures given in Table4.1.
Then, the corresponding robust controller gains can be computed by (4.8), (4.20)
and (4.22), respectively.

Obviously, the robust controllers given in Theorem 4.2 and Corollaries 4.4 and
4.5 are accessible in practice since the controller gain of each subsystem is constant,
however, the results might be conservative if the information on the uncertain para-
meters can be obtained and utilized in real time. Therefore, in the next subsection,
we will hinge on the use of a parameter-dependent idea to design the desired Hy,
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Tab}e 41 R(,’buSt Heo Methods Convex optimization procedures
performance index —
optimization procedures Corollary 4.4 miny”, st (4.19)

Corollary 4.5 min 42, s.t (4.21)

Theorem 4.2 min 42, s.t. (4.7)

controller containing a variable gain, namely, the parameter A under the assumption
that the uncertain parameter is available online.

4.1.2 Parameter-Dependent Control

Consider the control input to polytopic uncertain switched systems (4.1)—(4.3) with
the following structure

u(k) =K (Mx (k). (4.23)
By applying the above controller, we obtain the corresponding closed-loop system

x(k+1) = A;V)x(k) + E:(\Nw(k) (4.24)
2(k) = C;(\V)x (k) + F(\w(k) (4.25)

where 4;(A) £ A;(\) + Bi(VK; V), G;(A) = Ci(N) + DMK (V).
The following theorem presents sufficient conditions for the existence of an admis-
sible parameter-dependent controller with the form (4.23).

Theorem 4.6 Consider uncertain switched system (4.1)—(4.3), there exists a con-
troller (4.23) that asymptotically stabilizes the resulting closed-loop system and
achieves an Ho, performance index v > 0 over N;, Vi € 1L if there exist matrices
Sim > 0, matrices U, Vi € I, 1 < m < s and matrices

i ] iJ i Aisd

Xm vj n m,jn Zm,Jn Om{n

i,j i,j ij i,j

oii & | R Hoiln Tun T

mmn i,j i,j ij ij s

Z/[m’n Vm,n Wm,n m,n

i,j i,j i,j ij

Em,n Mm,n Nm’n ’Cm,n

V(,j)€Z xZI,1 <m <n <s, satisfying,
ij i,j ~. i y
SR m’Jn - (ij’")T (1,3) Ein,n - Om{n - (Emj,n)T
i,j i i,] iLjN\T
*x =21 —sym(Hu'n) (2,3) Fy, — Twn — (Muin)

N x (3.3) —Qi, — (VLT
* * * 2721 — sym(K/ )T

<0, (4.26)
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ol 2l ol
S| el
QA <0 @2

* * .
* *  x .Q;"j
where
(LD 2 =8, —Sj,—sym(X5i),
(1,3) 2 Al — Zbi @b )T,

m,n m,n m,n

@.3)2&C, - T — VLT,

(3.3) & =Sim — Sin — symWV),
Aiﬂ,n é Ai,nSi,m + Ai,mSi,n + Bi,nui,m + Bi,mui,nv
érin,n £ Ci,nSi,m + Ci,mSi,n + Di,nui,m + Di,mui,n’
E;,n £ Ei,m + Ei,n»
ﬁ}”;’l,n é F‘l’ym + Fi,n,

=Sim 0 AiwSim+ Bimlim Eim
Qi,j é * -1 Ci,mSi,m +Di,mui,m Fi,m

" * * _Si,m 0
* * * —21

If (4.26)—(4.27) have solutions, the controller is given by (4.23) with

s K -1
Ki(\) = (Z Amui,m)(z A,,,s,-,m) ,VieI,l<m<s. (4.28)
m=1 m=1

Proof According to (4.17) in Theorem 4.2, system (4.24)—(4.25) is asymptotically
stable with an H,, noise-attenuation level bound ~ if there exist matrix functions
P; () satisfying

—PiA) 0 PiMAN) PiN)E(N)

sy A x =1 G Fi(\)
EYT (N = . PO 0 <0.
* * * —21

By performing a congruence transformation to above formula viadiag {73_,-*1 W\, 1,
731»71 (A), I}, and changing the matrix variables with

SN 2 PO, U 2 K (DVPH O, (4.29)
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we have
=S;(A) 0 A, (NS N + Bi(MU(N) Ei(N)
mijoyy A *x =1 C;(N)S;N) + Di(MNU;(N) Fi (M)
EM(N = * * -S;(\) 0 <0
* * * —21

Assume the matrix functions S; (A) and U; (M) to be the following forms

SN =D AnSims UiV = D" Nlhi, Vi €T, 1 <m <. (4.30)

m=1 m=1

Then, according to (4.3) and (4.30), we have

s _Sj,m 0 Ai,l71$i$n+Bi,mui,n Ei,m

=i, j A . * —1 Ci,mSi,il + Di,mui,n Fi,m
= (A) - Z Z )\m)\n * * _Si,n 0

* * * —’721
s _Sj,m 0 Ai,mSi,m + Bi,mui,m Ei,m
_ Z /\2 * —1 C,',mSi,m + D[,mui,m Fi,m
- m * * —S,',m 0
* * * —21

_Sj,m 0 Ai,mSi,n+Bi,mui,n Ei,m

s—=1 s —I1 C; ;ySin + Di i, Fin
+Z Z AmAn : * , ’_Si,n ’ ’ O

* * * —2T

_Sj,n 0 Ai,nSi,m+Bi,nui,m Ei,n

m=1 n=1

m=1

m=1 n=m+1

+ * —1 Ci,nSi,m + Di,nuz’,m Fi,n (4 31)
*  x —Sim 0 ’
* * * —’sz
On the other hand, the inequality (4.26) is equivalent to
_Sj,m 0 ‘%;n,n Ei,m _Sj,n 0 4::1,," Ei,n ]
x —1C,, Fin 4 x =1 C,, Fin
* * —S[,n 0 * * _Si,m 0
x  x  x =2 x  ox % =2 |
Xon Voin 2 Onln Xoin Vi Zuin Onln
| R it Tk T || R Tk T |
SRRV ARV e ) ULT Y T i :
m,n m,n m,n m,n m,n m,n m,n m,n
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Where Ai é Ai,mSi,n + Bi,mui,na é;nn é Ci,mSi,n + Di,mui,n’ Ai é Ai,nSt‘,m +

m,n n,m

B; Ui, ci £ CinSim + Dinlhi i, 1 <m < n <s. Then from (4.31) and (4.32)

n,m

we obtain

s s—1 s
EVON) =DM+ el + @2ni)"
m=1 m=1 n=m+1

=" 2"y

wheren £ [ A1 Mol -+ Al ]T. Then, the inequality (4.27) guarantees £/ (\) < 0.
Therefore, if the inequalities (4.26) and (4.27) are satisfied, then the close-loop system
(4.24)—(4.25) is asymptotically stable with an H, noise-attenuation level bound +,
meanwhile, if a solution exists, then according to (4.29), the gain matrix function of
stabilizing controller is given by (4.28). This completes the proof. (I

Likewise, the H,, performance index can also be optimized by the following
convex optimization problem.

Problem 4.1
min 2, s.t. (4.26) and (4.27)

and the corresponding parameter-dependent Hy, controller gain (4.28) can be com-
puted.

Remark 4.7 The derivation of Theorem 4.6 employs the parameter-dependent idea.
It is observed from (4.23) that in each subsystem, the solution of H, state-feedback
controller depends on the parameter A. Actually, in many practical applications, some
parameters can be measured online without difficulty, therefore, in contrast to the
robust controllers discussed in Sect.4.1.1, the controller designed in Theorem 4.6
should be less conservative.

Remark 4.8 1t is worth noting that the designed parameter-dependent H, controller
is analogous to gain scheduling control strategy, which is different from robust control
idea regardless of variations of uncertain parameters. In addition, when the uncertain
parameters and switching signals are all measurable in real time, the underlying
switched systems can be viewed as a special class of linear parameter varying (LPV)
systems. It is obvious that the variations of parameters in the system studied in this
subsection are not restricted to be smooth, which differs from that of the general
LPV systems. Furthermore, the parameters vary in N switched convex polytopes
according to (4.3) (N is the number of subsystems), which is also different from the
hybrid (switched) LPV systems proposed and studied in [3, 4].

In the following, an illustrative example emerging in networked control system
(NCS) is introduced to show the validity and respective advantages of the above
designed robust H,, controller and parameter-dependent H, controller.
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d[k] d(t) 2(t) z[k]
——{ZOH = y(t)=Ax(t)+Beu(t)+Ecd(t) [ Sampler |—
ulk] 70H u(t), | z(t)=Cx(t) x(t) x[k]

Sampler

Time Driven

Event Driven

Digital Controller {_____\___iDropout
P ———

¢ ¢ x[k]—>uk]

Fig. 4.1 Networked control systems modelled as switched systems

Example 4.9 Considering the three cases varying delays, packets dropout and quan-
tization errors in network transmission, Fig. 4.1 shows a reasonable modeling proce-
dure for widely studied NCS, which is given and explained in [5]. Firstly, the NCS
can be formulated as a certain switched system with Dy« + 2 modes as follows
(Dmax 1s the maximal delay bound in network)

x[k 4+ 1] = Apx[k] + Bhulk] + E,d[k] (4.33)
z[k] = Cpx[k] (4.34)

where,

N a 1 2|0 N

for h =0,1,2... Dnax, N. Then, the matrices (A, By, Ej;, Cj) represent the hth
subsystem, where A, B, C and E are the discretization system matrices of the con-
sidered linear continuous-time plant. Besides, due to the finite bit-rate constraints in
network data communication, quantization effect has to be taken into consideration
in NCS. Hence, the system in (4.33)—(4.34) can be further modeled as a polytopic
uncertain switched system with the following form:

xlk + 1] = Apx[k] + Byulk] + End[k] (4.35)
z[k] = Cux[k] (4.36)

Here, we consider the developed uncertain switched system (4.35)—(4.36) and
design two kinds of H,, controllers for such systems, i.e. robust and parameter-
dependent controllers studied respectively in Theorems 4.2 and 4.6. Note that in
designing parameter-dependent H, controller, we assume that the “uncertain” para-
meter A derived from quantization be measurable in real time.

For simplicity, we consider the uncertain discrete-time switched linear system
(4.35)—(4.36) consisting of two uncertain subsystems, where there are two groups of
vertex matrices in subsystem 1



98 4 Control

0 1 0 0
A]lzp 0 0 1 , BH =p —0.1 ,
| 0.0341 —0.2571 0.7769 -0.5
0.3
E11=p 0.1 , C11=p[0201 ]], D11=F11=0s
| 0.8
0 1 0 0
A12 =p 0 0 1 , BIZ =p —0.2 ,
| —0.0341 —0.2571 —0.7769 -0.3
0.3
E12=p 0.1 ’ Clzzp[—o.zo.l 1], D12=F12=0.
—0.8

and the two groups of vertex matrices in the subsystem 2

0 -1 0 0
A21 =p 0 0 1 , 321 =p —0.1 s
0.0341 —0.2571 0.7769 —0.8
[ —0.3
E21=p 0.1 . C21=p[0201 —1], D21=F21=0,
| 08
0 —1 0 0
An=p 0 0 1 , Bp=p| -1 |,
| —0.0341 —0.2571 —0.7769 —0.5
[ —0.3
E22:p 0.1 s C22=p[—0.2 0.1 —1], D22=F22=0.
—0.8

where p is a scalar parameter implying the size of convex polytope each uncertain
subsystem can be expanded into.

Our purpose is to design an H,, state-feedback controller for the above uncer-
tain switched system for given p and to check the H., performance of the system.
By solving the corresponding convex optimization problems in the theorems and
corollaries given in Table4.1 and Problem 4.1, respectively, we can obtain different
minimum H,, noise-attenuation level bounds -, and the different calculation results
by different methods are shown in Table4.2.

Meanwhile, the admissible controller gains can be constructed by necessary
matrices solved in the convex optimization procedures as well. For instance, when
p = 1.00, the robust H,, controller gains solved respectively by Theorem 4.2,
Corollaries 4.4 and 4.5 are listed in Table4.3.

As for the parameter-dependent H,, controller, we can get the matrices for the
calculation of the controller gain as follows
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Table 4.2 Minimum ~y by different Hy, controllers

Methods p=100 |p=125 |p=140
Robust Hy, controllers Corollary 4.5 4.3831 Infeasible | Infeasible
Corollary 4.4 3.8389 33.1361 Infeasible
Theorem 4.2 3.4810 29.2426 Infeasible
Parameter-dependent Hy, controller | Theorem 4.6 1.2145 2.2145 3.0593

Table 4.3 Robust Hy, controller gains

Methods Controller gains

Corollary 45 | K = [0.0044 —0.4812 0.1150]

Corollary 44 | k) = [0.0969 —0.5386 0.1560] K = [—0.0572 —0.4393 0.0876]

Theorem 4.2 | K = [0.1180 —0.4696 0.1958] Ky = [—0.0606 —03514 0.0647]

17.8650 —0.3173 —1.4947 17.5781 —0.1827 1.1777 |
S = | —0.3173 8.5616 —0.8476 |, Spp=| —0.1827 9.4150 —0.9129 |,
—1.4947 —0.8476 0.7861 1.1777 —=0.9129 0.6303 |
18.3237 —1.0429 1.4505 19.5579 0.5428 —1.3274]
Sy = | —1.0429 8.6960 0.6604 [, S =| 0.5428 6.7499 —0.1360 |,
1.4505 0.6604 0.7244 —1.3274 —0.1360 0.5156 |

Uy = [—0.9270 —5.7068 1.6573], U, = [ ~2.0878 —5.6798 —0.5206 ] ,
Uy = [2.2280 —2.2691 0.5152], Uy, = [—0.5100 —2.7960 —0.4610].

Then, the gain matrix functions for an admissible switched parameter-dependent
H, controller are given by

2 2 -1
ICI()\) = (Z /\muzm)(z )\mSi,m) s i = 17 2.
m=1 m=1

Thus, for given different parameter )\, the corresponding three components of the
controller gain functions in two subsystems /C;(\) and K, (\) are depicted respec-
tively in Figs.4.2 and 4.3.

In addition, for above given p = 1.00, the different time required are listed in
Table 4.4 to compute such robust H,, controller gains and parameter-dependent H,
controller gain matrix function values for given parameter A\ by different theorems
and corollaries. The computation time can be easily obtained by the function cputime
in Matlab.

Remark 4.10 From Tables4.3 and 4.4 and Figs.4.2 and 4.3, it can be seen that the
realization of parameter-dependent H,, controller is complex with longer computa-
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Fig. 4.2 Variations of parameter-dependent Hy, controller gain in subsystem 1
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Fig. 4.3 Variations of parameter-dependent Hy, controller gain in subsystem 2
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Table 4.4 Different CPU computation times
Methods Theorem 4.6 Theorem 4.2 Corollary 4.5 Corollary 4.4
CPU time (s) 5.5781 2.3906 2.0312 1.9687

tion time since the solution of the controller gain is dependent on uncertain parameter
A and calculated by more matrix variables in Theorem 4.6. On the other hand, the
robust Hy, controller gain is constant in each subsystem such that it can be easily
obtained with less computation burden. However, from Table4.2, it is not hard to
conclude that the parameter-dependent controller is less conservative than robust
controllers in ensuring an optimal H, performance index for the underlying uncer-
tain switched system. Therefore, both robust controller and parameter-dependent
controller have their own advantages and disadvantages regarding conservatism and
realization complexity. In the practical situation such as above discussed NCS with
uncertain switched system model, we can decide to choose which type of controller
to use according to the online measurability of the parameter A.

4.2 Robust H,, Control: ADT Switching

In this section, considering the average dwell time (ADT) switching, an H,, state-
feedback controller is designed for the underlying system (4.1)—(4.3) and the cor-
responding existence conditions are derived via LMIs formulation. The obtained
conditions are dependent on the admissible increasing level p of Lyapunov-like
function values at switching instants. The minimal x and the desired controller gains
are obtained for a given decay degree such that the resulting closed-loop system
(4.5)—(4.6) is robustly exponentially stable and ensures a prescribed exponential Hy,
performance index.

The following theorem presents sufficient conditions for the existence of an admis-
sible mode-dependent exponential Hy, controller with the form (4.4).

Theorem 4.11 Consider the uncertain switched linear system (4.1)—(4.3) and let
a > 0,v > 0and p > 1 be given constants. If there exist matrices S; ,, > 0, Vi € T,
1 < m < s and matrices U;, G; such that

=Sim O AimGi + Bi Ui Eim
* =1 CimGi + D; Ui Fim
x o« (1=)(Sm—-G -G o |9 (437)
* % * -2

Sim — HSim <0 (4.38)
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Then, there exists a stabilizing state feedback controller such that the corresponding
closed-loop system (4.5)—(4.6) is robustly exponentially stable with a prescribed
exponential Ho, performance index ~y for all admissible uncertainties satisfying (4.3)
and any switching signals with the ADT satisfying (2.26). Moreover, if (4.37) and
(4.38) have a solution, the mode-dependent controller is given by (4.4) with

K;=UG;", Viel (4.39)

Proof Assume matrix functions S;(\) to be the following form

N Z AnSim, Vi €T (4.40)

m=1

where S; ,, > O satisfies (4.37) and (4.38).
Then, if (4.38) holds, we can get that

Z)\m (Sj,m - ,uSi,m) <0
m=1

ie. §;(N) < uS;(N). Setting matrix functions P; () e Slfl()\), Vi € Z, one can get
that (3.35) is satisfied.
In addition, if (4.37) holds, according to (4.3) and (4.40), one can also have

=S\ 0 A;(VNG; + Bi(M)U; E;(N)
*x =1 Ci(NG; + Di(MU; F;(\)
* * (1—a) (Si()\)—Gi —GiT) 0
* * * —21

<0. 4.41)

From (4.41), one can readily explore the fact that S;(\) — G; — GiT < 0 so that
the matrices G; are nonsingular. In addition, we have (S; (\) — G,')TSI-*1 NS =
G,) > 0, which implies S;(\) — G; — GI > —G! S (\)G,. Therefore, assuming
the controller gain to be of the form (4.39), together with A;(\) and C;(\) in (4.5)
and (4.6), we conclude

—Si(N) 0 Ai(NG; Ei())
v GG, FEOY | _,
x« o« —(1-a)GTS'NG o0 | T
* * * -2

Performing a congruence transformation to above formula via diag{S; ', 1,
Gi_l, I}, and changing the matrix variables S; (\) £ Pl._l (A), we obtain
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—P,(N) 0 P(NVAN)  PVEN)
* =1 GO Fi(\)
* * —(1 —a)P;(N) 0
* * * —21

Therefore, by Theorem 3.8, one can know that the underlying system is robustly
exponentially stable with an exponential Hy, performance for any uncertainties sat-
isfying (4.3) and any switching signals satisfying (2.26) by applying the mode-
dependent controller with gains (4.39), which completes the proof. ]

Remark 4.12 Tt can be seen from (2.26) that the ADT in the solved switching signals
will be not less than 7. Then, we actually need to determine the minimal . for a given
system decay degree « to find the minimal ADT for the underlying systems, which
to some extent, is analogous to that delay-dependent issues in time-delay system to
determine delay bounds. Therefore, it can be viewed as an p-dependent approach in
switched systems to obtain some results on system analysis and synthesis, which will
present less conservativeness compared to the ones based on the global Lyapunov
function (GLF) or the switched Lyapunov function (SLF) approaches.

In the following, a numerical example is given to demonstrate the effectiveness
of the developed theoretical results in this section.

Example 4.13 Consider the following uncertain discrete-time switched linear sys-
tems consisting of two uncertain subsystems, where there are two vertices in subsys-
tem 1

Ao — [ 09500000957 [ 0.2850
"7 —0.04750.9405 |° M T | —0.0475 |
[0.0285
Ey = 0_0190], Ci1 =[0.7600 —0.0665 ], Dy; = 0.3800, F; = 0.0760,
A, — [0:9500 0.00957 o [0.9500
27 -0.04750.8740 |* 7> 7 [ 0.3800 |
[0.0950
Ep= 0.6650] , C12=[0.09500.5700], D, =0.2850, Fi; = 0.0095,

and the two vertices in the subsystem 2

Ao — [0.5985 0.2850 B, — [ 05700

2= -0.9500 0.7790 |* "' T [ —0.9500 |

Ey = 8:8?;8] Co1 = [0.8550 —0.9500]. Daj = 0.5700, Fz; = 0.0285,
A, — | 06080 028507, _ [0.3800

227 =0.9500 0.7600 |* 722 7 | 0.2850 |

Exn= 8:328] C2 =[0.3800 0.4750], Djy =0.7600, Fp = 0.0475.
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Table 4.5 dMif;iI?Ifol z t o 0.060 |0.065 |0.066 |0.067 |0.068

corresponding to ditteren

eiven decay degice o o 1.0280 | 1.3390 | 1.4070 | 1.4760 | 1.5460
* 0.4463 | 43435 |5.0010 |5.6141 |6.1865

Our purpose here is to design a mode-dependent state-feedback controller in the
form of (4.4) and to find out the admissible switching signals for the above uncertain
switched system such that the resulting closed-loop system (4.5)—(4.6) is robustly
exponentially stable with a prescribed exponential H,, performance for a given
decay degree «. In this example, we assume the noise attenuation level v = 3.3.
By solving LMIs in Theorem 4.11, we can obtain the different minimal p (u*) and
the corresponding minimal ADT for given different « as shown in Table4.5.

Meanwhile, the desired controller gains can be solved correspondingly. For
instance, if o = 0.065, we can obtain the controller with

K, =[-1.7466 0.8137], K, =[—1.9686 0.4284]

Furthermore, consider input signal w(k) = 0.01 exp(—0.03k) sin(0.027k), and
by using the solved controller and by randomly giving different uncertain parameters
Ain (4.3), we can obtain the state response of the closed-loop system in Figs.4.4,4.5,
4.6 and 4.7 for two different switching signals and the given initial condition x = [0.1
—0.05]7. It is clearly observed from the simulation curves that for given energy
bounded disturbance w(k), the closed-loop system (4.5)—(4.6) is stable against the
variations of uncertain parameters and two different switching signals (both are
with7, =5 > 7 = 4.3435 for « = 0.065), which thereby implies that the designed
mode-dependent controller is feasible and effective.

4.3 Observer-Based H,, Control: Modal PDT Switching

This section studies the observer-based robust control issue for a class of discrete-
time switched linear system described as

x(k+1) = Aypyx (k) + Bogoyu(k) + Egpw(k) (4.42)
z2(k) = Cogyx (k) + Dyyw(k) (4.43)

when o(k) =i € Z, the matrices (A;, B;, C;, D;, E;) denote the ith subsystem.
The switching signals are considered to have modal persistent dwell-time (MPDT)
property in this section, and the more details on the concept of MPDT switching can
be seen in Sect. 1.4.

The control problem in this section is considered to be realized via communication
network with redundant channels. As is well known, the single channel of data trans-
mission may be invalid off and on owing to low reliability, frequent traffic congestion
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and poor anti-interference ability of the communication network, which gives rise
to the random occurrence of packet dropouts. In order to reduce the possibility of
packet dropouts in single-channel case, one redundant channel will be considered in
the communication network in this section.

The actual output y(k) € R? subject to random packet dropouts in the communi-
cation network with redundant channels is described by

Y(k) = o) (k) Foyx (k) + (1 = 0gx) (k) Bo) (k) Fogoyx (k) + Goyw(k)  (4.44)

where F,y) and Gy, are known real matrices with appropriate dimensions. The
stochastic variables d,) (k) and B,x)(k), are assumed to be subject to Bernoulli
binary distribution taking values on 0 and 1 with

Pr{dsu) (k) = 1} = 0oy, Pri{dow (k) =0} =1 — Sy,
Pr{B,q)(k) = 1} = Bowy, Pr{Boy(k) =0} =1 — By

where d5), oy € [0, 1], Yo(k) =i € Z. Throughout the section, the stochastic
variables 6, (k), B-k) (k) and the switching signals o (k) are assumed to be mutually
independent. In addition, we have

E{0owy (k) = 0oy, BG4 (K)} = G0y, EfBoy ()} = Bows
E{ﬁg(k) (k)} = ﬁo’(k)o

Remark 4.14 The stochastic variables ) (k) and [,x)(k), which are mutually
independent, are introduced to model the random occurring packet dropouts phe-
nomena in (4.44). In particular, at each time instant, if 6, (k) = 1, By (k) = 1/0,
the measurement output is normal through the primary channel; and if 6, (k) = 0,
Bo (k) = 1, the measurement output is normal through the redundant channel; while
if 85y (k) = 0, By (k) = 0, the packet dropouts occur which means only noises are
contained in the measurement of output. Hence, the influences of packet dropouts
occurred in (4.44) will be weakened via the proposed redundant channels design
approach even inactivation of the primary channel, and its effectiveness will be
demonstrated via the numerical examples.

The dynamic observer-based control scheme for system (4.42)—(4.43) is described
by

Xk +1) = AsyX (k) + Boyu(k) + Lo (qr) (v (k) — do Fo X (k)
— (1 = b6)) Bot) Fo X (k)), (4.45)
u(k) = Ko (qr)x (k) (4.46)

where x(k) € R" is the state estimate of the system (4.42)—(4.43), u(k) € R™
is the control input vector, and L;(gqx) and K;(qx) are the observer and con-
troller gains to be designed, respectively, Yo (k) = i, and g; is a scheduler for the
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activated subsystem and can be simply computed online according to the fol-
lowing rules: (i) in the 7-portion, gy =k —k,, k € [k, ks, + 7) and g, = 73,
k € [ks, + 7i, ks,+1); (ii) in the T-portion, qx =k — H,, k € [k, 11, ks,,,), where
H, £ arg{max(ksp+r’ re Z[l,g(kspﬂ,kxpﬂ)]|kS,,+r <k, ks,,+r € [kSp+la k.vp+|))}~ Since
the scheduler g; only requires a finite number of computations (reset after each
switching), the controller of the above structure is referred to as quasi-time-dependent
(QTD) controller in this section. Note that by the definition of H,, the actual run-
ning time of the o (k)th subsystem in the T-portion, T, € [1, min(r; — 1, TP)]
satisfies that Ty ) = ksp+,+1 —H. . ke [kXpH,k —1)and Toqy =k, — Hr, k €
[ks,,_,_]fl B ksp.H )

Let the estimation error to be e(k) £ x (k) — % (k), the closed-loop system can be
obtained by substituting (4.44)—(4.46) into (4.42)—(4.43)

Sp+1 Sp+l

x(k+1) = A;(q)x (k) — BiK;(qu)e(k) + E;jw(k) (4.47)
e(k+1) = A;(quek) — 5; (k)L (qr) Fix (k)
— 8;(k)Li(q) Fix (k) + E;i (qr)w(k) (4.48)

where

Ai(qr) 2 A + BiKi(qu), Ai(qu) & A — 8iLi(qu) Fi — (1 = 8) B Li(qu) Fi,
Ei(q) 2 E; — Li(qu)Gi, 0i (k) & (1 — 6; (k)i (k) — (1 — ;) 3;,
5; (k) £ 6;(k) — 6;.

To more precisely describe the main objective in this section, we also introduce
the following definitions for system (4.47)—(4.48).

Definition 4.15 ([6]) The closed-loop system (4.47)—(4.48) is said to be expo-
nentially mean-square stable, if with w(k) = 0, there exist constants ¢ > 0 and
o € (0, 1), such that

E{ln()1%} < ¢ E{InO0)1%),
for all n(0) € R", k € Z+, where n(k) = [ x7 (k) eT(k)]T.
Definition 4.16 Given a scalar v > 0, system (4.47)—(4.48) is said to be exponen-
tially mean-square stable with a prescribed H, error performance v if it is exponen-

tially mean-square stable and under zero initial condition, the controlled output z (k)
satisfies

D Bz} <97 D B w1 )
k=0 k=0

for all nonzero w(k) € 5[0, 00).
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The problem to be addressed in this section will be to design the QTD controller
and observer (4.45)—(4.46), such that, in the presence of redundant channels subject
to random packet dropouts, the resulting closed-loop system (4.47)—(4.48) is expo-
nentially mean-square stable under admissible MPDT switching sequence and has a
guaranteed non-weighted H,, performance ~.

Throughout this section, without loss of generality, we will make the following
assumption for technical convenience.

Assumption 4.1 The matrix B; in (4.42) is of full column rank, i.e., rank(B;) = m.
By Assumption4.1, we have the singular value decomposition (SVD) of B; as
follows,

T T

UiB;V; =[UL UL BV =[Z] 0] (4.49)
where U; € R"*" and V; € R™*"™ are unitary matrices, ¥; = diag{o1;, 02, -- - » Omi}
is a diagonal matrix with nonnegative real numbers on the diagonal, gj;, j =
1,2, ..., m are nonzero singular values of B;.

Lemma 4.17 ([6]) For the matrix B; € R™*™ that is of full-column rank, if matrix
P; is of the following structure

P =UT

l

P 0
[ 0 Pw} Ui = Uf; PriUy; + Uy, P Uai,

where Pij; € R™™ > 0, and Py, € ]R("”")X("_’m) > 0, and Uy;, Uy; are defined in
(4.49), then there exists a nonsingular matrix P; € R™*™, such that B; P; = P; B.

The following theorem presents a sufficient criterion ensuring that the closed-
loop system (4.47)—(4.48) is exponentially mean-square stable and has a guaranteed
non-weighted H, performance index  under admissible MPDT switching.

Theorem 4.18 Consider the discrete-time switched linear system (4.42)—(4.43) and
let a; > 0, p; > 1, v > 0 be given constants, i € I. Suppose that both the QTD
controller gain matrix K;(&;) and the QTD observer gain matrix L;(&;) are given.
For a prescribed period of persistence T, the closed-loop system (4.47)—(4.48) is
exponentially mean-square stable and has a non-weighted Ho, performance index

1r_+11I (T+1) T_+1T
Ynon =Y (u&‘{zf (1 — atmin) fmax ) / (1 — L amin)

for MPDT switching signals satisfying

> (T+ 1) In pmax + TIn(1 — amin) (4.50)
—1In(1 — o)

where [imax £ max,cr i Cémin £ min;er oy, if there exist matrices P;(§;) € S, and
0i&) el &=0,1,...,7, Vi € L, such that
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~ A [ i) *
A 2 | 1 . 0 451
(P0) [1721(%01') Iy (p; + 1)] = (+31)

1:711(7'1‘) * i|

. 4.52
Iy (1) M (1) (452)

() £ [
where

M1 (pi) = diag{—ai Pi(gi), —ai Qi (), =71},
My (gi + 1) £ diag{—Qi (i + 1), —Qi(pi + . —Pi(pi + 1), — Qi (i + 1), —I},
() & diagl{—ai Pi(1), —ci Qi (1), =71},
(1) = diag{—Qi (1), — Qi (1), — Qi(1i), —Pi(7i), — Qi (1), —I},
(i) & [ MTar1(p) Thiz(ei) M3 ]
1 (1) & [ Tan (1) Thia(r) This() ],
11 (i) 2 [ 6 Qi(pi + DLi(pi) Fi; 8; Qi (i + DLi (i) Fis
Pi(pi + DAi(i); 0; Ci ],
M) 2 [0; 0; —Pi (i + DBiKi(pi): Qi(wi + DAi(gi): 0],
i3(pi) £ [0; 0; Pi(pi + DEi; Qilgi + DEi(p:); Di],
Ihyi () & [8: Qi (7)) Li (1) Fi; 8 Qi (i) Li (1) Fi; Pi(1)Ai(71); 0 C; |,
() £ [0; 0; —Pi(m) BiKi (11); Qi(1)Ai (1) 0],
Ih3(ri) 2 [0; 0; Pi(r)Ei; Qi(m)Ei(m); Di ],

and for any (o(ks) =i,oks — 1) =j)eI x1I,i # j,

Pi(0) — pjPi(T;) <0 (4.53)
Pi(0) — pjPi(tj) <0 (4.54)

hold, where Tj S Z[l,min(T]—LT(F))]’ T® e Z[l.'[[‘].

Proof In terms of the QTD scheduler g, we construct the following QTD Lyapunov
function

Vilx(k), k) = V1,i(x(k), k) + Vai(e(k), k) (4.55)

where

xT (k) P;(k — kg )x(k), k € [ks,, ks, + Ti)
Vii(e(k), k) = 3 xT (k) Pi(r)x k), k € Tks, + 73, kg, 11) (4.56)
x" (k) Pi(k — Hp)x(k), k € [ks, 41, k,.,,)

sp
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T (k) Qi k — ks, )e(k), k € [ks,, ks, +T0)
Vai(e(k), k) 2§ €7 (0 Qi(r)e k), k € [ky, + 77, ks, 1) (4.57)
T (k) Qi (k — He(k), k € ks, 11, ks, )

Then it follows that, for k € [k;,, ks, + 7)) U [kg,+1, ks,.,,)>

AV (x(k), k)

2 Viixk+ 1D, k+1) —a; Vyi(x(k), k)

=xT(k+ DP(k+1—k)x(k+ 1) — aix (k) Pi(k — k¢)x (k)

= ([Ai(@) —BiKi(g0) | n®)" Ptk + 1 — k) ([ Ai(qe) —BiKi(qr) | o))
—xT (k) P (k — k)x (k),
AV (e(k), k)

2V, i(etk + 1), k+ 1) — a; Vo (e(k), k)

= el (k+1)Qi(k + 1 —k)elk + 1) — cze” (k) Qi (k — ky)e(k)

= ([0 Ai(g) [ 1K) Qitk +1—ky) ([0 Ai(go) | nk))
+([Li@ F 0] 0()" 601k + 1 — ko) ([ Lita) F: 0] (k)
+([Lig) F: 0] n))" 8 itk + 1 — k) ([ Lilgo) F; 0] n(k))
—e" (k) Qi (k — ky)e(k),

where k; =k, in [ks,, ks, +7;), and ks = H, in [k, 41, ks, ), respectively. Then,
leto; =0,1,..., 7; — 1, we have

AV (x(k), k) = n" ()P (p)n(k)

where n(k) £ [ x” (k) eT(k)]

B () = Ai (o) —BiKi(pi) ’ P;(pi + A(ga,) —BiKi(pi)
I 0 Aien 0 Q,«ol A (o)
L[oLienR 0] e+ 0 {5 12 Fi 0

0iLi(pi)Fi O 0 Qi(pi +1) || 0;Li () F; 0

_|@Pitei) 0
0 aiQilp) |’

By Lemma 2.4, we have

D11(pi) * j|
Dr1 (i) Pl +1)

P (p) 2 [
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where

Pulpi + 1) £ diag{—P ' (pi + 1), =07 (i + 1. =07 ' (v + 1),
—Q; (i + D,
D11(pi) £ diag{—i Pi(¢:1), —a; Qi (i)}, P21 (i) = [ @an1(0i) Pana(epi) |
Da11(0i) £ [Ai(9i); 0; SiLi(pi) Fis SiLi(pi)F; ]
Paia() = [ —BiKi(w); Ai(pi); 05 0]
Now consider system (4.47)—(4.48) with w(k) = 0. If @ (y;) < 0 holds, we can
obtain that AV;(x(k), k) < 0,Vk € [ky,, ks, + 7i) U [ks,+1, ks,,.,). Likewise, for k €

[ks, + Ti, ks, +1), (4.52) ensures AV, (x(k), k) = AV;(x(k), 7;) < 0. By the proof of
Theorem 1 in [6], it is not hard to find ¢ > 0 and o € (0, 1), such that

E{lln()1I1?} < ¢o“E{In(0)11}, for all n(0) € R", k € Z,
which guarantees that the system (4.47)—(4.48) is exponentially mean-square stable
with w(k) = 0.

To establish the H, performance for system (4.47)—(4.48), assume the zero initial
condition V; (x(k), k)|x=o = 0, we consider the following performance index

J(k) & 2T (k)2 (k) — T (kw(k) (4.58)

for any non-zero w € /5[0, oo0) and k > 0. Because of the zero initial condition, it
can be verified that

Vi (g1, k+ 1) — (1= an) Vi, k) + 27 (0)z(k) — 7?0l (low(k) = €7 (k)T (p;)€ (k)

where

I (i) (i)
M (p) & @(p) + [ Ci O]T [ci o],
Iy (g + 1) & diag{P;(0; + 1), Qi(¢; + D},

£k £ [Z((’,?)} A £ [”“(“”’ p ]

s a Ai (i) —BiK;(¢i
I (p) = [E] E,-T(@i)]nzu(%-i-l)[ gp) A'(SD(';O)}—FD,T[QO],
E;

I (p;) = [EiT E,-T(S@i)]nzll(@i +D |: ] + DI'D; —+*1.

Ei(pi)
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If IT < 0, Ji < 0. Then for the pth stage of switching, it holds that

Glhsy ks, )

ks, oy —ks
Vo, 1)(Xk s K1) — Himax (I = amin) ™77 Vo, ) (X, Ks,)

Sp+l

ks i1 —

1,k
+ Z " (1 = Qi) T () < 0 (4.59)

Iterating from n > 2, n € Z, it follows that

G ks, ksy) —
(f(k )(xk s ks,,) Mmax (1 = Oémin)kxn Ko U(ksl)(xksl ’ ksl)
k»‘ll
+ z ’ug(l.km)(l _ amm)ksn—l—l_](k) <0 (4.60)
I=k,,

Therefore, under zero initial condition, one has V(,(kx])()ckxI , ks,) = 0, then

ks, —1
Z Mg(l’k“’”)(l — amin) T () <0 (4.61)
I=k;,
which means that
k1 k-1
DI = ) T D20 <4 D I = i)W Dw (D)
I=ko [=ko

Similar to the derivations of Theorem 3.13, we have

> ztk) < 72, D w" Dw),

I=ko I=ko

T+1 1r+|
where 7,0, = 7\/ (um (1— amin)uﬂii“) / (1 [ amm) . which implies
that 2(k) ||, < Ynon lw(k)||; for any k € Z*+ and w(k) € 1[0, c0). O

Then, based on Theorem 4.18, the observer-based controller can be designed and
its existence conditions are given in the following theorem.

Theorem 4.19 Consider the discrete-time switched linear system (4.42)—(4.43) and
let a; > 0, u; > 1, v > 0 be given constants, i € L. The observer-based QTD con-
troller (4.45)—(4.46) can be designed if there exist positive definite matrices Py ; (&),

Qi(&), Mi(&), Ni(&), such that
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a | Th(m) =
rim |:T21(7'i) Tzz(ﬂ')] <0 (+.62)
- NS *
Ty 2|l ; 0 4.63
(v |:Tzl(<Pi) Tn(pi + 1)i| = (463

hold, where

Ti1(pi) 2 diag{—a; Pi(¢;), —a; Qi (1), —7* I},
Yoo (i) £ diag{—Qi (1), —Qi(1i). —Pi(7;), — Qi (7). =1},
Tr2(1) £ Qi(1)Ai — §iNi(m) F; — (1 — 6)Bi Ni (1) F,
Tra(pi + 1) £ Qi(gi + DA; — 6iNi(pi + DF; — (1 — 6)BiNi(pi + DF},
T11(1) £ diag{—a; P;(11), —c; Qi (1), =71},
Tr3(pi + 1) £ Qi(pi + DE; — Ni(pi + DGy,
To1(i) = [ Tani (i) Tanalei) Taaslen) |
To1(r) £ [ a1 (m) Tona(m) Yoi3(mi) |,
Tan(pi) 2 [ Tailei + 1) Ts1(pi + 1 Toa(oi + D: 0; Ci ],
Taia(pi) 2 [0: 0; Toa(pi + D) Trolei + 1): 0],
Tai3(pi) £ [0: 0; Tos(pi + 1) Tr3(pi +1); Di ],
Ta1(r) & & Ni (i) F1 ;3 SiNi(Ti)FZ,p,i; Te,1(7); 05 Ci],
Tona(ri) £ [0: 0; —BiM;(7:); Y72(i); 0],
To13(ri) £ [0: 0; Pi(m)Eis Y1.3(7): Di],
Tua(pi + 1) 2 5 Ni(pi + DF, Tsa(pi + 1) £ 6:Ni (i + DF;,
Y73(ri) £ Qi()Ei — Ni(1)Gi, Teo(pi + 1) & —BiM;(p; + 1),
Y.1(1i) £ Pi(1)Ai + BiM; (1), Ts3(pi + 1) £ Pi(p; + DE;,
To1(pi +1) 2 Pi(oi + DA + BiMi(p;i + 1),
To(pi +1) £ diag{—Qi(gi + 1), —Qi(pi + 1), —Pi(p; + 1), —Qi(pi + 1), —I},

—_——— —_—

where p; =0,1,..., 7, — 1, Vi € Z, and for any (o(k;) = i,0(ks — 1) = j)e T x
i #],
P;(0) — pujP;j(T;) <0 (4.64)
P;(0) — p; Pi(1;) <0 (4.65)
hold, where T ; € Z1 min(r,—1,1%))> T € Zp1y. Then, the resulting closed-loop

system (4.47)—(4.48) is exponentially mean-square stable and has an Hy, perfor-
mance index ~; = e for MPDT switching signals satisfying (4.50), where € =
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T+1 T4l
\/ (u,};‘;{;ﬂ (1 - amin)ugtl)) / (1 — g amin) . Moreover; if a feasible solution
exists, both the QTD controller gains and the QTD observer gains can be obtained by
Li(pi) = Q7 (@i + DNi(pi + 1), Ki(pi) = P (pi + DMi(p; + 1), (4.66)
where  Pi(p; +1) = (VI (0 + D) T'E (@i + DPii(oi + DET (@i + DV
(i + D).

Proof Since there exist Py1;(¢; + 1) > 0 and Py;(; + 1) > 0, such that

Pi(pi + 1) = Uli(p;i + D Pl + DUy (p; + 1)
+ Ui (i + 1) Poi (pi + DUsi (p; + 1),

where Uj; (p; + 1) and Uy; (p; + 1) are deliined in (4.49), it follows from Lemma
4.17 that there exists a nonsingular matrix P;(p; + 1) such that

Pi(pi + 1)B; = B Pi(p; + ). (4.67)
Then, let us calculate such a matrix P; (¢i + 1) from the relation (4.67) as follows

P+ 00+ 1| FEED [vT ey

[Zi(pi+ D]

- 0 J

Plli(@i“‘l) 0 zl(@z‘i‘l) , |

|: 0 Pzzi(<,0i+l)][ 0 i|Vi (i +1)

[Zipi + 1]
0

=U/(pi+ 1D VI (pi + DPi(pi + 1)
= UiT(ﬁPi + 1

=U(pi +1) VI (o + D) Pi(gi + 1),

which implies that

Pi(pi+1) = (VI (i + D) ' i + D PG + 1)
x T @i + DV (i 4+ 1). (4.68)

Therefore, we can conclude from (4.66) and (4.68) that

Pi(pi + 1)B; = BiP;(p; + 1), Ni(p; + 1) = Qi (i + 1) Li()),
Mi(pi +1) = Pi(p; + DKi(pp),

then, it could be seen that (4.63) is equivalent to (4.51). Similarly, it could be directly
obtained that (4.62) is equivalent to (4.52). U
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Remark 4.20 In Theorem 4.19, the parameters «; and p; are considered to be vari-
ables since a small 7;, Vi € Z corresponding to fast switching may not guarantee the
existence of a feasible solution with admissible MPDT. Hence, the MPDT can be
minimized by solving the following minimization problem

Problem 4.2
min@/ i Ti

sta; >0, > 1, (4.50), (4.62) — (4.65)

In addition, the minimum of 7; can be trivially found by bisection method.

It is worth pointing out that the constructed Lyapunov function (4.55) containing
the QTD scheduler yields the controller design with less conservatism. For the sake
of a comparison, the time-independent controller is designed based on the corre-
sponding “q;-independent” Lyapunov function in the following corollary.

Corollary 4.21 Consider the discrete-time switched linear system (4.42)—(4.43) and
let a; >0, p; > 1, v > 0 be given constants, i € L. For a prescribed period of
persistence T, if there exist matrices P; € S%,, Q; € UL, M; and N;, Vi € I, such
that

a | T >
T_[Tzu Toi <0

and for any (o(ks) =i,oks — 1) = jl)e T x T,i # j,

P,—‘LLJ‘PI‘<0 (469)
hold, where
T & diag{—ci P, —; Qi, —7*1), Tu1 2 6,NiFi, Ts) 25N, F,
Yoo 2 —BiM;, Ye3 2 PE:, To 2diag{—Q;, —Qi, —P;,—Q;, -1},
T2 2 QiAi — 6;N;F; — (1 — 6)B;N;Fi, 173 = Q,E; — N;G;,
Yo1 £ PiA; + BiM;, Vo & [ Varni Tarzi Yoisi |
oy 2 [Yaa: Vs Yous 0: G|, Yoo £[0: 05 Yo 132: 0],

Yoz £ [0; 0; To3; o35 Di].

Then, the resulting closed-loop system (4.47)—(4.48) is exponentially mean-square
stable and has a guaranteed non-weighted Ho, performance index . = e, where

T+1 T+1
A Tmin+T Tmin +T
€= ( mr:l‘; (1 - amm),ufmdx ) /(l - Hn‘ﬂ; amin) s

for MPDT switching signals satisfying (4.50), where Nmin = min;cp n;, 0; is the
minimal MPDT. Moreover, if a feasible solution exists, the mode-dependent controller
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gains can be obtained by L; = Q;'N;, K; = P M; with P, = (V))"'27 Py, ;
= vl

Proof The proof can be obtained in a similar vein to the one for Theorem 4.19 and
omitted here. O

Remark 4.22 Note that the designed QTD controllers and observers in Theorem 4.19
contain the ones in Corollary 4.21 as a special case, which implies that the method-
ology for the QTD controller and observer design offers more freedom and will be
consequently less conservative than the case used in Corollary 4.21. That is to say, a
class of QTD controllers and observers exists but the time-dependent ones may not;
in addition, even though the two different controllers and observers exist simultane-
ously, the H., performance achieved by the former one can be better, which will be
verified as below.

Here we will present two examples to demonstrate the validity of the QTD con-
troller and observer design approach in the presence of MPDT switching and random
packet dropouts in the redundant channel case. The first numerical example is used
to show the effectiveness of the designed QTD controllers and observers, and the
second one is a PWM-driven DC-DC boost converter that is used to illustrate the
applicability of the theoretical results.

Example 4.23 Consider the following discrete-time switched linear system (4.42)—
(4.43) consisting of two subsystems given by

1.6 —0.8 0.50.1 —0.1
A= [08—0.8]’ A2 = [0.5 1.1] B _[ 0.1 }

[[ v)omell) V]
[

0.10.1], K =[010.1],G,=0.1,G,=0.1,
0.020.45], C,=[0.10.04], D;=0.1,D,=0.1.

Our purpose here is to design a QTD observer-based controller and to find out
the admissible switching signals with minimal MPDT such that the resulting closed-
loop system is exponentially mean-square stable with a guaranteed non-weighted
H, disturbance attenuation performance. Consider that the conditional probabilities
representing the occurrences of packet dropouts in two different channels are taken
as d; = 0.6, 5, = 0.8, B, = 0.4, 5, = 0.5, respectively, and designate ov; = 0.105,
ap = 0.085, uy = pp = 1.165. The minimization procedure given in Problem 4.2
can be realized in cases of T =1, 2,3 by solving LMIs in Theorem 4.19 and
Corollary 4.21, respectively, and the corresponding MPDT and optimal performance
indices are listed in Table 4.6. From Table 4.6 , the results by Theorem 4.19 are
less conservatism than the ones by Corollary 4.21. Meanwhile, the desired controller
and observer gains can be solved accordingly, for instance, the controller gain matri-
ces are given as follows for the case of T = 1 by Theorem 4.19. Moreover, from
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Table 4.6 The minimal T Theorem 4.19 Corollary 4.21
MPDT and performance a— " — "
index obtained by different i m) | m.m3) e
criteria 3 4,4 3.3247 (5,6) 5.8367
(3,4) 3.0877 4,5) 5.3282
2,3) 2.8768 3,4 4.8639

Table 4.7 The optimal Hy

. Cases Redundant channel | Single channel
error performance index v/
for different period of T=3 3.3247 72582
persistence T T=2 3.0877 6.7408
T=1 2.8768 6.2804

Table 4.7, it can be observed that the values of +; through the redundant channels
approach are better than the corresponding ones in single channel case, which shows
that the inclusion of one redundant channel alleviates the effect of packet dropouts
even inactivation of the primary channel.

K1(0) = [2.7563 0.7782] K;(1) = [2.1170 0.8891]

K1(2) = [2.1345 0.8902] K,(0) = [0.7741 —1.7743 ]
[—0.1173 —0.7406] K»(2) = [—0.1635 —0.8142]
|

K>(1) =

K>(3) = [ —0.1548 —0.8031 ]

b= [3m0) 1= s | 1= 3500]
Lo =[] Bo=[i] we=[0n]
o= [9300]

Further, given the initial condition x¢ = [—1 l]T and the disturbance signal
w(k) = exp(—0.5k), consider the running time equivalent to the MPDT at each time
of switching, and suppose that there exists a period of persistence before the first
MPDT stage, the resulting switching signals and the state response of the corre-
sponding closed-loop system under T = 3 and T = 2 are presented in Figs.4.8 and
4.9, respectively, for one realization of the disturbance sequence.

Example 4.24 In this example, a PWM (Pulse-Width-Modulation)-driven DC-DC
boost converter as shown in Fig.4.10 can be alternatively modeled as switched sys-
tems and will be used to verify the effectiveness of proposed control approaches. In
Fig.4.10, the switch S(k) is controlled by a PWM device and can switch at most once
in each period T;. Here, R is the load resistance, C the capacitance, D the diode, L
the inductance, and V;, the source voltage, and u. the output voltage, i.e., y = u..
There are two stable variables, the capacitor voltage u. and the inductor current i , if
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2 ; ; .
—r x1(Switching signal 1)
x2 (Switching signal 1)
. _ —me x1(Switching signal 2) ||
1 State trajectory (T=3) x2 (Switching signal 2)

3t i

. e Switching Signall
MPDT switching signal

— Switching Signal2

o N e 1 L i

—

0 5 15 20 25 30 35 40 45 50

Time in samples

Fig. 4.8 State trajectories of the closed-loop system with two different MPDT switching signals

(T=3)
2 : ; :
—r x1(Switching signal 1)
x2 (Switching signal 1)
i . _ —me x1(Switching signal 2) ||
1 State trajectory (T=2) x2 (Switching signal 2)

) . e Switching Signall
MPDT switching signal

— Switching Signal2

o I 0 1 N

0 5 10 15 20 25 30 35 40 45 50
Time in samples

Fig. 4.9 State trajectories of the closed-loop system with two different MPDT switching signals
(T=2)
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Vin—

| +
T

Fig. 4.10 DC-DC boost converter

. T .
we choose the state vector as x = [1L U, ] , the system dynamics can be expressed
in continuous-time switched form as follows,

. A1x+B1u ON nd _ Clx ON
T Ax+Bu OFF "¢ V7
where

0 0 0 —1
AIZI:O_L]a AZZ[I }s Bl
RC C ~ RC
Cl:l:l}’ C, = C,.

Given V;,, =5V, L =500 pH, C = 4.4 uF, R = 28 Q2. By setting the sampling

(=)

time 7y = 20 ws and considering that the disturbance input exists in the underlying
system, one can obtain that

10 0.9151 —0.0358
A1 = [o 0.8502]’ A2 = [

g, _ [ 004007 . 00388
4.0697 07698 |° CL=| o |° P27 |o0.0849 |
Clz[?], Cry=C1, Gy =Gr=0.1.

Suppose other system parameters to be

T
0 —0.1 0.1
E1=|:01:|, E2=[ 0 :| F1=F2=|:01:| , Di=D,=0.

In this example, the conditional probabilities representing the occurrences of
packet dropouts in two different channels are taken as §; = 0.6, 5, = 0.8, 5; = 0.7,

(B> = 0.6, designating a; = 0.105, ap = 0.085, 1 = pp, = 1.165, and T = 1, by
Theorem 4.19 and solving Problem 4.2, the optimum (u],a}) of (u;,c¢;),i = 1,2 can
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Table 4.8 The minimal T Theorem 4.19 Corollary 4.21

MPDT and performance

; ; ; (1) | (i m3) |

index obtained by different 12 ! 102 ¢

criteria 3 4,4 5.0689 4.5) 5.6571

(3,4) 4.7035 4,4 5.1504

(2,3) 4.3820 (3,3) 4.7214

Table 4.9 The optimal Hy

. Cases Redundant channel | Single channel
error performance index v/
for different period of T=3 5.0689 6.1502
persistence T T=2 4.7035 5.7083
T=1 4.3820 5.3183

be obtained and the feasible controller and observer gains associated with (u},0),

i = 1,2 can be solved as

Ki(0) = [—12.8317 —0.3729], K, (1) = [—5.7334 —0.5972],

K1(2) = [—5.7326 —0.6053 ], K»(0) = [ —5.2793 —0.9156 ],

K>(1) = [—0.5801 —0.2095], K»(2) = [—0.2966 —0.1686 | ,
[

K>(3) =| —0.3025 —0.1712];

0.2189 0.9016 0.9286
LI(O)__0.2308]’ Ll(l)‘[o.msz] Ll(z)_[o.mss]
0.9868 2.0852 1.9062
LZ(O):_7.0469]’ L2(1)2[16.2775]’ L2(2)2|:15.6429]
[ 1.8056
LG = _15.4325}'

Then, for different T, the minimal MPDT can be computed and three cases are
listed in Table 4.8, and the similar observations can be shown in Table 4.9 as dis-
cussed about the Table 4.7 in Example 4.23. Consider zero initial condition and the
disturbance input w(k) = exp(—0.5k), the reference state xy = [0.2 10 ]T. Then by
generating one admissible switching sequence, where the running time of subsys-
tems are equivalent to the MPDT and a period of persistence exists before the first
MPDT phase, the state trajectories of the closed-loop systems of DC-DC boost con-
verter and the corresponding switching signal under T = 3, and T = 2 are shown in

Figs.4.11 and 4.12, respectively.
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4.4 Conclusion

In this chapter, we have dealt with the H, control problem for discrete-time switched
systems with different types of switching signals. Considering the arbitrary switch-
ing, both robust H,, controller and parameter-dependent H,, controller have been
designed respectively for switched linear discrete-time systems with polytopic uncer-
tainties; the controller gains can be obtained by solving convex optimization prob-
lems subject to a set of LMIs. Moreover, the optimal Hy, noise-attenuation level
bounds of corresponding closed-loop system are computed as well. Then, an pu-
dependent approach has been introduced to the control synthesis for the underlying
systems with ADT switching, and the minimal p and the corresponding controller
gains can be obtained from such conditions for a given system decay degree. Finally,
the observer-based H,, control has been investigated for the MPDT switched lin-
ear systems, and the redundant channels design approach has been adopted in the
measurement output to reduce the influence of random occurring packet dropouts.
A QTD observer-based controller has been designed such that the resulting closed-
loop system is exponentially mean-square stable with a guaranteed non-weighted
H,, disturbance attenuation performance.
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Chapter 5
Filtering

Abstract This chapter first studies the problem of robust H,, filtering for switched
linear discrete-time systems with arbitrary switching and polytopic uncertainties.
Based on the mode-dependent idea and parameter-dependent stability result, a robust
switched linear filter is designed such that the corresponding filtering error system
achieves robust asymptotic stability and guarantees a prescribed H., performance
index for all admissible uncertainties. The existence condition of such filters is
derived and formulated in terms of a set of linear matrix inequalities (LMIs) by
the introduction of slack variables to eliminate the cross coupling of system matrices
and Lyapunov matrices among different subsystems. Then, an . -dependent approach
proposed in Chap. 2 is used to investigate the exponential Hy, filtering problem for
discrete-time uncertain switched systems with average dwell time (ADT) switching,
and a mode-dependent full-order filter is designed to guarantee that the resulting
filtering error system is robustly exponentially stable and has an exponential Ho,
performance. Moreover, a class of discrete-time switched linear parameter varying
(LPV) systems under ADT switching is considered to investigate the H, filtering
problem, and a mode-dependent full-order parameterised filter is then designed and
the corresponding existence conditions of such filters are derived via LMIs formula-
tion. Finally, the non-weighted H, filtering problem is studied for a class of switched
linear systems with persistent dwell-time (PDT) switching in discrete-time domain.
A proper Lyapunov function suitable to the PDT switching is constructed, which
is not only mode-dependent but also quasi-time-dependent (QTD). Then, a QTD
filter is designed such that the resulting filtering error system is globally uniformly
asymptotically stable and has a guaranteed H,, noise attenuation performance. Sev-
eral examples are illustrated to show the validity of the obtained theoretical results.

5.1 Robust H, Filtering: Arbitrary Switching

Consider a class of uncertain switched linear discrete-time systems given by

z(k+1) = Agiy(MN2 (k) + By (Mw(k) 5.1

y(k) = Coy(N)x(k) + Doy (Mw(k) 5.2)

2(k) = Ho gy (N2 (k) + Lo (Mw(k) (5.3)
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where (k) € R” is the state vector, w(k) € R/ is the disturbance input which belongs
to [,[0, +00), y(k) € R™ is the measurement, z(k) is the objective signal to be
attenuated, o (k) is the switching signal, which is a piecewise constant function of
time, and takes its values in the finite set Z = {1, ..., N}, N > 1 is the number of
subsystems. When o (k) = ¢ € Z, the matrices (A;(\), B;(\), C;(N), D;(\), H;(N),
L;(\)) denote the ith subsystem. As in [1], we assume that the switching signal 7 is
unknown a priori, but its instantaneous value is available in real time.

The matrices of each subsystem have appropriate dimensions with partially
unknown parameters. It is assumed that (A;(\), B;(A\), Ci(N), D;(N), H;(\),
L;(\)) € N;, where N; is a given convex bounded polyhedral domain described
by s vertices in the ¢th subsystem.

i = (LA, Bi(V), Ci(V), Di(N), Hi(V), Li(\)]

_Z)\m[Azms Zm1 ZTTL?D?m? 1771’ z’m Z)\m—l

m=1

)\m > O, 1 €1} 5.4)

Without loss of generality, the number of vertices in each subsystem is assumed
to be equal here. Our objective in this section is to design a filter being the form:

zp(k+ 1) = Apzs(k) + Bpy(k) (5.5)
2f(k) = Crixy(k) + Dyiy(k) (5.6)

In the filter with the above structure, the switching signal ¢ is also assumed
unknown a priori but available in real-time with the switching signal in system
(5.1)—(5.3).

Augmenting the model of (5.1)—(5.3) to include the states of the filter, denoting
F(k) & [xT (k) xj{ (k) ]T, e(k) £ z(k) — zs(k), we obtain the filtering error system:

Fk+1) = A;,N3k) + B;V)w(k) (5.7)
e(k) = C;(NVE(k) + Di(\w(k) (5.8)

where,

s oo | A) 0 = o\ oa | BiV)
A = |: ; :| B = |:Bf7',Di(>\)i| ’

Ci(\) 2 [ Hi(N) = DiCi(N) —Cyi |, Di(A\) £ Li(N) — Dy Di(\).

Then, the robust H filtering problem addressed in this section can be formulated
as follows: given uncertain switched system (5.1)—(5.3) and a prescribed level of noise
attenuation v > 0, determine a robust switched linear filter (5.5)—(5.6) such that the
filtering error system is robustly asymptotically stable and
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lella <y llwll (5.9)

under zero-initial conditions for any nonzero w € [;[0, 400) and all admissible
uncertainties.

In this section, a sufficient condition for the existence of robust H,, filter for
uncertain switched system (5.1)—(5.3) will be formulated in terms of a set of LMIs.
The following lemma is first presented which will be used in the sequel.

Lemma 5.1 Consider the uncertain switched system (5.1)—(5.3) and let v > 0 be a
given scalar. If there exist matrix functions P;(\) > 0 and matrices R;(\) satisfying

PiA) = Ri(N) = RI (D) 0 Ri(MA;(N) Ri(N)Bi(N)
* -1 G\ D;(\)
* * —P,()\) 0
* * * —21

IOV

(5.10)

then, system (5.1)—(5.3) is robustly asymptotically stable with an Hy, noise-attenu-
ation level bound .

Proof Construct a Lyapunov functional as
V(k, z(k)) = 2T (B)P;(Nz(k).
Then, along the trajectory of system (5.1)—(5.3), we have
AV =V(k+1,z(k+ 1)) = V(k, x(k))
= z" (k) [A] WP;(MA; D) — Pi(V)] =(k)
+ 22" (k) [A] VPN Bi(M)] w(k)
+w’ (k) [Bf WP; (N B; (M) ] w(k) (5.11)

When assuming the zero disturbance input to system (5.1)—(5.3), we have

AV =V(k + 1,2k + 1)) — V(k, z(k))
=z (k) [AT WP (VAN — PV ] z(k), Y, j) € T x T.

Thus if
AZ()\)PJ-()\)AZ-()\) — PN <0, VU,j)eIxTI (5.12)

then AV < 0 and the robust asymptotic stability of system (5.1)—(5.3) is guaranteed.
By Lemma 2.4, condition (5.12) is equivalent to: V(¢, j) € Z x T

(5.13)

migoy o | —PiA) Pi(AD)A;(N)
o) J(/\)—|: i ]_Pi()\) :|<0.
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On the other hand, if the inequality (5.10) holds, we can explore the fact that
P;(A) — Ri(A) — RI (M) < 0 so that the matrices R;()\) are nonsingular for each i.
In addition, we have (P;()\) — R,;()\))Pj_ ey (Pi(\) — R;(O)T > 0, which implies
PN —Ri(N) —RI(N) > —Ri()\)Pj_' (MRT (). Hence, we conclude

—RiMP ORI 0 Ri(W AN Ri(N) Bi(A)

gy A * -1 G D;(\)
e . x —PO) 0 =0
* * * -2

Then, by performing a congruence transformation to above inequality via
diag{R; " (\)P;(\), I, I, I}, we obtain

=Pi(N) 0 Pi(M)A;(N) Pj(N)B;(N)

. -1 GO D;(\
D)) 2 : . —7)(»(;) é ) <0. (5.14)
* * * —21

LMI (5.14) implies (5.13), thus the robust asymptotic stability of system (5.1)—
(5.3) is ensured.

Now, to establish the H,, performance for the uncertain switched system (5.1)—
(5.3), consider the same performance index J as given in the proof of Theorem 3.1,
under zero initial condition, i.e., V(k, x(k)) |x=o= 0, we have

J< ;9%) [A*“ ﬁ;} o(k)

where 0(k) 2 [27 (k) w” (k)]", and

ATVP; VAN — P\ + CF VGO,
AT VPNV BN + CF VD),
Ay £ =T+ Bl (MVP;(N)Bi(\) + D] (W D; (V).

A4
4L

By Lemma?2.4, inequality (5.14) guarantees J < O which means that ||y], <
v |lwl, , this completes the proof. O

Remark 5.2 Asshownin (5.13)—(5.14), the coupling of product terms is cross among
different subsystems so that the filter design is hard for whole switched systems. The
introduction of matrix variables R;(\) overcomes this difficulty, which transfers
the interaction among subsystems from terms P;(A)A;(A) or P;(A) B; () to another
form P;(\) — R;(A\) — RI (\), and the resulting terms R;(A)A;(\) and R;(\) B;(\)
are much easier to be dealt with.


http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_2

5.1 Robust Hy, Filtering: Arbitrary Switching 131

Now, based upon the above criterion for filtering analysis, we give the existence
condition of robust H filter in the following theorem.

Theorem 5.3 Consider the uncertain switched linear system (5.1)—(5.3) and let v >
0 be a given scalar. Then, there exists a robust switched linear filter (5.5)—(5.6) such
that, for all admissible uncertainties, the filtering error system (5.7)—(5.8) is robustly
asymptotically stable and (5.9) holds for any nonzero w € [;[0, +00), if for v € Z,
1 < m < s there exist matrices Xy, Vi, Zim, Afi, Bﬁ, C_’fi, Dfi, Pai.m. positive
definite matrix Py; p, P3i.m, and scalars €; such that

g, 487, <0, l<m<n<s), Vi,j)elxT, (5.15)
where,
. : T . ). T

Pl],n - )(z,n - Xi,n PZ],n - 52\)}2 - ZZ‘,” 0

* Pyjn—Yi—YI 0

oij A * * -1

“man T * * *

* * *

* * *

X‘i,nAi,m + Ei_BfiCi,m Ei_Afi -X'i,n Bi,m + Ei_éfiDi,m
Zi,n Ai,m ": Bf1C1,m A17 Zi,n Bi,m "i: sz Di,m
Hi,m - DfiCi,m _Cfi Li,m - D,fi,Di,m

0
_Pli,m _PZiJn, 0 =
* _PSi,m 0
* * —721

In this case, a suitable robust filter in the form (5.5) and (5.6) has the parameters as
follows

Ay =Y "Ay, By =Y "By, Cyi=Cyi, Dyi =Dy, i € L. (5.16)

Proof As shown in (5.7) and (5.8), the filtering error system is a switched linear
system with same structure of polytopic uncertainties as well as uncertain switched
system (5.1)—(5.3), thus, by Lemma5.1, system (5.7)—(5.8) is robustly asymptoti-
cally stable with a prescribed H,, noise-attenuation level bound - if the following
inequality holds

PN —RiN) —RI) 0 Ri(VA N Ri(N)B;(\)

2\ — * -1 G\ D;(\)
¥ . I X5Y 0 =0
* * * —~21
(5.17)

Y(i, j) € T x I, where, A;(\), B;(\), C;(\), D;(\) are described in (5.7) and (5.8).
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Then, by defining matrix functions

a | Pu(A) Pa(N) N A CYRNY
7’1‘“)‘[ R Psq-,(A)]Rz(”‘[z,;(A) y]

and matrix variables
Ay £ VA, Cp 2 Cyiy By £ ViByi, Dy = Dy,

respectively, and by some matrix manipulations, it can be readily established that
(5.17)is equivalent to: V(¢, j) € T x T

PN — X (D) — XN Poy(\) —eii — ZI(\) 0

* PN =Y, =Y 0
ij A * * —1
Y0 = * * *
* * *
* * *

Xi(MA; (N + €i_BfiCi(/\) 5i_A,fi Xi(M)B;(\) + 5i_BfiDi(/\)
Zi(MNA;MN) + B Ci(N) Ay Zi(MBi(M) + By Di(V)

H;(\) — DpiCi (N —Cy; L;(N) — Dy;Di(N) -0
=P (M) —P2i (N 0
* —P3:(N) 0
* * —2T

Hence, further assuming matrix functions P;(\) and R;(\) to be the following
forms

Py 2 Z AP = Z A [P‘* %m} , (5.18)
RN 2 3 AR = ZA [ 53’1} (5.19)
m=1 7 m 7

and taking (5.4) and (5.18)—(5.19) into account, we have

Eij ()\) = Z Z )\m)\ m n

m=1 n=1

=iA;1‘,{m+Z Z A (i + E,2)-

m=1 n=m+1
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Thus, if condition (5.15) holds, then Z%()\) < 0, which implies (5.17) holds,
i.e. the filtering error system is robustly asymptotically stable with an Hy, noise-
attenuation level bound . Meanwhile, if a solution exists, the parameters of admis-
sible filter is given by (5.16). (]

Remark 5.4 From the expression &, ,, it can be easily seen that a parameter-
dependent quadratic Lyapunov function is actually constructed in Theorem 5.3 for
the developed filtering error system, and all vertex systems in each subsystem are
considered by means of matrix variables P; ,,,. However, if we choose the Lyapunov
function based on quadratic framework, and correspondingly, the matrices P; ,,, and
Ri.m in Theorem5.3 are selected as P; and R;, we will get the following simpler
(but will be conservative) result.

Corollary 5.5 Consider the uncertain switched linear system (5.1)—(5.3) and let
v > 0 be a given scalar. Then, there exists a robust switched linear filter (5.5)—(5.6)
such that, for all admissible uncertainties, the filtering error system (5.7)—(5.8) is
robustly asymptotically stable and (5.9) holds for any nonzero w € [0, +00), if for
each i € 1 there exist matrices X;, V;, Z;, Aﬁ, Bﬁ, C_’fi, Df;, Pai, positive definite
matrix Py;, Ps;, and scalars €; such that

EJ <0, (1<m<s),VG,j)elxT
where,

Pij— X=X Py —edi =20 0

T
* Py —Yi—=Y, 0
mij A * * —1
o=
m * * *
* * *
* * *

/YiAz’,m + Ei_éfici,m Ei;’;fi -XiBi,m + Ei_éfiDi,m
ZiAim + BriCim  Aji ZiBim + BfiDim
Hi,m - DfiCi.m _C,fi Li,m - DfiDi,m

2
P P 0 <0 (5.20)
* —Psi 0
* * -2

Conditions (5.15) in Theorem 5.3 and (5.20) in Corollary 5.5 are all formulated
in terms of a set of LMIs. These LMIs can be solved by means of numerically
efficient convex programming algorithms [2]. Moreover, the performance index y
described in these conditions can be respectively optimized by the corresponding
convex optimization procedures.

In the following, a numerical example is presented to demonstrate the validity
and the less conservativeness of proposed filter design approach in Theorem 5.3.
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Example 5.6 Consider the uncertain discrete-time switched linear system (5.1)—

(5.3) consisting of two uncertain subsystems, where there are two groups of vertex
matrices in subsystem 1

0.82 0.10 0
Au —”[—006 0.77] Bu —9[0.1]

Cii=p[10], Diy=p, Hi=p[10], L1; =0

0.82 0.10 0
A = p[—0.06 —0.75] » B = p[—o.l} ’

C12=p[102], D12=0.8p, H12=p[IO], L12=O

two groups of vertex matrices in subsystem 2

0.82 0.06 By — 0.1
~0.10077 |* P2 TP o |
Cy =P[0 —1], Dy = —p, Hy =p[1 0], Ly =0

082 0061 , _ [0l
—0.10 =075 |* P2 =P o |

22:p[0.2 —1], D22:—0.8p, szzp[l O], L22:0

Ay =p
Apn=p

where p is a scalar parameter.

Our purpose is to design a robust H, filter for the above uncertain switched
system for a given p and check the H,, performance of the resulting filtering error
system. The disturbance w (k) = 0.001¢=%%93 sin(0.0027k) and the switching sig-
nal is generated randomly by Algorithm 2.1. Then, assuming Time_Length = 200
and Con = 0.6 in Algorithm 2.1 in the example, the switching signal can be realized
by Matlab and a possible case is shown in Fig.5.1.

By choosing €; = e, = 1 and solving the corresponding convex optimization
problems in Theorem 5.3 and Corollary 5.5, we can obtain different minimum H,
noise-attenuation level bounds -y as listed in Table 5.1 which lists the different calcu-
lation results by different methods. From obtained +, it can be clearly seen that the
condition in Theorem 5.3 using parameter-dependent stability idea for the existence
of a robust switched linear filter is less conservative.

In addition, for given p = 1.20, the admissible filter parameters can be obtained
by Theorem 5.3 as

A, _ [00391 —0.04007 o [-0.7140]  _ [0.2043 0.4062
sl 0.0703 0.4807 |° “/P T | 0.0432 |72 7] 0.2493 0.5090 |’

T T
—1.2090 0.0186 —1.1651
Bp = [ 0.6217 } Cn= [0.2056} Cn= |:—0.1088:| ’

Dy =0.9059, Dy, = 0.1191.
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25F 1
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Time in samples

Fig. 5.1 Switching signal

Table 5.1 Different minimum -y of filtering error system

Methods p=1.00 p=1.10 p =120
Corollary 5.5 0.5440 1.1819 6.7103
Theorem 5.3 0.5375 1.1414 4.4493

Then, given H, noise-attenuation level bound v = 4.4493, Fig.5.2 shows the
error response of the resulting filtering error system by applying above obtained
filter gains for given uncertain parameters A\; = 0.4, A, = 0.6 in (5.4), and Fig.5.3
shows the corresponding result if the uncertain parameters A} = 0.2, A\, = 0.8 . Itcan
be observed from simulation curves in Figs.5.2 and 5.3 that the designed switched
linear filter is feasible and effective against the variations of uncertain parameter
under the given arbitrary switching signal.

5.2 Robust H, Filtering: ADT Switching

5.2.1 Uncertain Switched Linear Systems

In this subsection, with the aid of Theorem 3.8, our objective is to design a full-
order mode-dependent exponential Hy, filter of form (5.5)—(5.6), and find admissible
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Fig. 5.2 Filtering error response corresponding to uncertain parameters. A\; = 0.4, A, = 0.6
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Fig. 5.3 Filtering error response corresponding to uncertain parameters. A; = 0.2, A\, = 0.8
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switching signals with the minimal average dwell time (ADT) such that the polytopic
uncertain switched filtering error system (5.7)—(5.8) is robustly exponentially stable
and achieves a prescribed exponential H,, performance index.

Theorem 5.7 Consider the uncertain switched linear system (. 5._ 1)—(5.3) an_d let o >
0, v > 0 and v > 1 be given constants. If there exist matrices Py; ,, > 0, P3j > 0
and matrices Pa; 1, Rim, Si.m, Tis Agi, By, Cri, Dy, Vi € I, 1 < m < s such that

g+ 8, <0, I<m=n<s) (5.21)
Tlil,m ﬁ%,m - uSi,7n —uT; RZT,m T]
Py — uTT — uT; T .
* P —pTE T Sy I <0,i£j (522
* * K Plj,m - If2j,m
* * * _u71P3j,7n,
where,
Ail,m A?Z,m 0 R{mAi,rl + l?ficim A}:fz RZ'T,mBz’,n + é\fiDi,m
* A222,fm 0 SZmAia" +AB/'77C73J" AZ7 S{val,n -’:BfiDi,m
gt A * * I Hiy—DyiCiy —Cpi Lim = DfiDim
m,n * * —(1 - Q)Pli,m A/éL}S,m 0
* * * * A%S,m 0
* * ok * * —21
Tlil,m = Pl’i,m - :U’szm - /ufRi.rm Alllm £ Isli,m - Ri]:m - Ri,m»
AZIZ,m £ P2i,m - Si,m - Tiv A%Zm £ P3i,m - TiT - Tz

Ais,m = _(1 - a)ISZi,m» Aés’m = _(1 - a)’%i,m-

Then, there exists a mode-dependent full-order filter such that the corresponding
filtering error system (5.7)—(5.8) is robustly exponentially stable with an exponential
H, performance index -y for all admissible uncertainties satisfying (5.4) and any
switching signal with ADT satisfying (2.26). Moreover, if the LMIs (5.21)—(5.22)
have a feasible solution, then the admissible filter in the form (5.5)—(5.6) can be

given by
Agi Bfi | a 7710 Ay Byi (5.23)
Cy; Dy 0 I][Cyi Dy

Proof By Theorem 3.8, system (5.7)—(5.8) is robustly asymptotically stable with a
prescribed exponential H, noise-attenuation level bound  if the following inequal-
ities hold
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—P(N) 0 P(VA,N)  Pi(VBi()
T e 10)) Di(\)
* % —(1—a)P(\) 0
* * * —72]
Pi(\) — pPi(N) <0 (5.25)

<0 (5.24)

where A;(\), B;(\), C;(\), D;()\) are described in (5.7)—(5.8).
Then, for a matrix function G;()\), Vi € Z, we have the fact that

PV = GO PTTON (PN = Gi() = 0
(P;V) = G, P V(PN — Gi(\) = 0

namely,

P,(N) — Gi(N) — G () = =GT (VP (VGi(N)
Pi(N) — Gi(N) = G (N) = =G (VP (NG

Therefore, if the following inequalities hold

P,() —Gi(N) —GI'(Y) 0 GIWAN) GIVBiY

N I G Di(\)
. « —(1—a)P.(X) 0 <0 (.26
* * * —’721

P;(\) — p[GiN) + GT (M) = GT WP (NG(W)] <0 (5.27)
then (5.27) implies (5.25). Also, from (5.26), we can obtain

—~GTVPT'NG,(N) 0 GTOVA(N) GTVBi(N)
x -1 GO Di(M)
* * —(1=a)P,(N) 0
* * * -2

<0

By performing a congruence transformation to above formula via diag{G;1 (A) x
P;(N), 1, 1, I} yields (5.24). In addition, by Lemma?2.4, (5.27) is equivalent to
Pi(\) = uGi(\) = pGI () GT (V)
[ N P <0 (5.28)

Now, let us show that conditions (5.21) and (5.22) ensure respectively that (5.26)
and (5.28) are satisfied. Firstly, if (5.22) holds, we have
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Pi(A) Py(N) — pSi(\) — Ty RI (V) T
* Py =Tl =l ST T; -
¢ L L 0 5.29
* * —p P (N —/flf_)zj()\) - (529)
* * * —/1,_1 P3j ()\)

where P;(\) £ P;;(\) — pRT (\) — uR;(N). Also, if (5.21) hold, we have

El(/\) = z Z >\m>\n Erin,n

m=1 n=1

s s—1 s
_ Z 2 i Z Z i i
- )‘m"‘m.m + )‘7”)\"("‘771,n + "‘n,m) <0
m=1

m=1 n=m+1

i.e.
AT ) A (V) 0 A7, (D) Aji RT (N Bi(N) + BiDi()

xARBN) 0 A5 Agi STV Bi(N) + BfiDy(N)

* * % A\ —(1 —a)Py(N) 0

* x x *x —(l—a)Py(\) 0

* * kX * —~2I

(5.30)

where,

ALY 2 PV = RIE V) = RV, AN 2 Py(N) — Si(V) — T,
AL 2 RT VAN + BriCi(V), Ay(N) 2 Py(N) — TF — T,
Ab () 2 ST VAN + BriCi(N), AL, () £ Hy(\) — DGV,
AN & —(1 =) P (V)

Note that from (5.30), we also know that
PN - T =T <0
thus we can infer that 7, + 7; > 0, which implies 7; is nonsingular. Then one can

always find nonsingular matrices G3; and G4 satisfying 7; = GIG;'G4, Viel.
Now, introduce the following matrix variables related to G3; and G4

2|l O o[RS (VGG
VT,—[OGMIGJ, G@(/\)—[ G oy

Then, by further performing a congruence transformation to (5.29) and (5.30) via
diag{V[l, ijl} and diag{V[l, 1, V[l, I}, respectively, and setting matrix func-
tions
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A T 5, 1yt [ Py PN T -1
PN =V TPV =V, [ . Pu(\ v
Agi Byi | a GZT 0 4/‘7 éfi GZIG% 0 (5.31)

we can obtain (5.45) and (5.47).
Meanwhile, from (5.31) we know that an admissible filter for the underlying
system can be given by

Ap = GZTAAﬁGZIG_%, By = Glréﬁ, Cy = éﬁGZle, Dy; = Bfi (5.32)
Now, denote the filter transfer function from y (k) to z(k) by
T(z) = Cyi(zl — Ap) ' By + Dy

By substituting the matrices (Ay;, By;, Cy;, Dy;) in (5.32) and considering T; =
GZG; G4, we have

T(z) = éfiGZle;i(ZI — GZTAAﬂGllG3i)71GZTéﬁ + bﬁ
= Criel =T 'Ap) ™' T, ' Byi + Dy

which implies an admissible filter is given by (5.23), and the proof is completed. [J

Remark 5.8 Note that the matrices of the desired H., filter can be obtained from
the LMISs in (5.21)—(5.23), which will be applied to the corresponding system (5.1)—
(5.3) under the switching signal from (2.26), (5.21)—(5.22), i.e. both the underlying
subsystem and the obtained filter will be switched by the obtained ADT switching
signals.

Remark 5.9 In addition, conditions (5.21)—(5.22) are formulated in terms of a set of
LMIs, which are not only over the matrix variables but also the scalar v2. Therefore,
the scalar can be optimized by a p-dependent convex optimization problem for a
fixed system decay degree as follows.

Problem 5.1
min 6, s.t.(5.21)=(5.22),VieZ,1 <m <s

with § = ’}/2 over Rj,,m, Sj,,m, Ti, AAfi, éﬂ, éﬁ, Dfia P]j,,m, le"m, P37j’m. The mini-
mum exponential noise attenuation level bound is then obtained by v* = /6%, where
6* is the optimal value of 9, and the corresponding filter matrices are given by (5.23).

In the following, we borrow the numerical example from Sect.5.1 to demon-

strate the potential and reduced conservatism of our developed theoretical results in
Sect.5.2.1.

Example 5.10 In this example, our first purpose is to design a mode-dependent full-
order filter in the form of (5.5)—(5.6) and find out the admissible switching signals
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for the above uncertain switched system such that the resulting filtering error system
is robustly exponentially stable with a p-dependent exponential Hy, performance
index, for a given decay degree ov. By giving p = 1.2 and solving Problem 5.1, we
can obtain different optimal * and minimal ADT 7 for different 1 as shown in
Table 5.2.

It can be easily seen from Table 5.2 that the obtained exponential Hy, performance
~v* is dependent on y for a given system decay degree « (it is straightforward from
(2.26) that the minimal ADT also depends on w). Moreover, it can be observed that
the larger p corresponds to the smaller ~*, but it will be at the expense of longer
ADT in the system.

Now, to further demonstrate the less conservatism of our results, we list the corre-
sponding p-independent H,, performance indexes, which is obtained by the switched
Lyapunov function approach in Theorem 5.3, and the y-dependent results in Table 5.3
for given av = 0.0005 and different p. It is clearly demonstrated that even if 7F = 1,
the least time interval between two consecutive subsystems in arbitrary switched
systems correspondingly (within discrete-time context), better noise attenuation per-
formance can be achieved by Theorem 5.7, showing that our u-dependent approach
is less conservative.

Table 5.2 u-dependent optimal v* for given different o

P 1.001 1.002 1.003 1.004 1.005
(a) a = 0.0001

* 10 20 30 40 50

o 4.0080 3.9864 3.9727 3.9649 3.9591
(b) a = 0.0005

T 2 4 6 8 10

o 4.0333 4.0129 3.9992 3.9916 3.9853
() a = 0.0015

T 1 2 2 3 4

o 4.1014 4.0807 4.0671 4.0599 4.0538
(d) a = 0.005

* 1 1 1 1 1

o 4.3663 43451 43316 4.3240 43182

Table 5.3 Minimum ~* by different approaches

p Ty 1.0 1.1 1.2
Theorem 5.3 > 1 0.5375 1.1414 4.4493
(p-independent)

Theorem 5.7 1 =1.0005,7=1 |0.5134 1.0282 4.0636
(p-dependent) w=1.001,7r=2 ]0.5133 1.0268 4.0333
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By giving p = 1.2 and a = 0.0015, the corresponding p-dependent full-order
filter can be also solved by Problem 5.1, e.g., for © = 1.004, the desired filter for the
underlying system with the matrices is obtained as follows

A _ [0:02750.0452 _ [—0.7074
F1=10512304102 | °F' = | 0.3935 |’

Cr1 = [0.2544 0.2263], Dy = 1.0033,

A [ 07809 07847 7 o [-0.4268
F2=1-0.0393 —0.1712 | °F2 = | 0.2870 |’

Cra = [—0.8610 —0.6773], Dy, = 0.5822.

Furthermore, applying the solved filter and giving different uncertain parame-
ters A in (5.4) randomly, we can obtain the error response of the resulting filtering
error system in Figs.5.4, 5.5 and 5.6 for given three different switching signals
(all are with 77 = 3), initial condition z =[—-0.8 0.5 0 0]7 and input signal
w(k) = 0.01 exp(—0.03k) sin(0.027k). It is clearly observed from the simulation
curves that for given energy bounded disturbance, the filtering error system is stable
against the variations of uncertain parameters under the different switching signals,
which thereby implies that the designed filter is feasible and effective.

).‘=0.95. }\2:005
— — 7,=055,1,2045
- = =1,20.15,3,,=0.85
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143

5.2 Robust Hy Filtering: ADT Switching
15
}.‘20,95, )\22005
- }\‘=0.55, "/\2:0.45
- h1:0.15, ?‘2=0,55
1 i
05 ]

Q
2
8
8
5 = = -
5
8
Switching signal o, (ADT=3)
-0.5 -1
2
1 J‘H‘M‘H‘WH-H-”JWH.MHM
4k i
0 50 100 150
15 | | | | | | | |
o 20 40 60 80 100 120 140 160 180
Time in samples
Fig. 5.5 Filtering error response under switching signal o2
15 T T I
—— 1,=0.95,2.,=0.05
— = %=055,1,=045
- - 7).‘=0.15, )\2=0v55
Wk i
0.5 -1
[}
2
g
8
s ST ET e -
5
o

k-

Switching signal LA (ADT=3)

JUH

50

100

150

40 60

80 100
Time in samples

Fig. 5.6 Filtering error response under switching signal o3

120

140

160 180



144 5 Filtering

5.2.2 Switched Linear Parameter Varying (LPV) Systems

Consider a class of discrete-time switched linear parameter varying (LPV) systems
given by

z(k+1) = Ay (p(R)x (k) + Boy (p(k))w (k) (5.33)
y(k) = Cowy (p(k)x(k) + Doqy (p(k))w (k) (5.34)
2(k) = Houy (p(k)x (k) + Loy (p(K))w(k) (5.35)

wheno (k) = i € Z, the matrices A, (p(k)), B;(p(k)), Ci(p(k)), Dy(p(k)), Hi(p(k)),
L;(p(k)), denoting the ith subsystem, are known functions of measurable p(k),
where p(k) = [p1(k), ...,ps(k)]T, lpy(R)| < py, V1 < v < s is a vector of time-
varying parameters which belong to a compact set it € R®.

In this subsection, we are interested in designing a full-order mode-dependent filter
for system (5.33)—(5.35) under ADT switching. Since the time-varying parameters
are real-time measurable, our desired filter can be constructed by

rp(k+1) = Api(pr)zr (k) + Bri(pr) y (k) (5.36)
zr (k) = Cri(pr)xr (k) + Dri(pr)y (k) (5.37)

where xr (k) is the filter state and Ag;(pr), Bri(pr), Cri(pr) and Dp;(pr), 1 € T
(we write p(k) as pj, for notation simplicity) are the filter matrices to be determined
with the same parameter dependence of system (5.33)—(5.35). Also, the filter with
the above form is assumed to be switched synchronously by the switching signal o
in system (5.33)—(5.35).

Augmenting the model (5.33)—(5.35) to include the states of the filter, denoting
(k) = [2T (k) 2L.(k) 17, e(k) £ z(k) — zr(k), we can obtain the following filtering
error system

F(k+1) = Ai(pr)i(k) + Bi(pr)w (k) (5.38)
e(k) = Ci(pr)E(k) + Di(pr)w(k) (5.39)
where,
o a [ A 0 = o [Bilow)
Ailor) = [Bm(pk)cxpk) Am(pk)}  Bilo) [Bm(pkwf(pk)} ’

Ci(pr) £ [ Hi(pr) — Drilpi)Cilpr) —Crilpr) |,
Di(pr) 2 Li(pr) — Dri(pr) Di(pp).

Thus, our objective here is to calculate matrices (A r;(pr), Bri(pr), Cri(pr), Dri
(pr)) of the parameterized filter, and find out admissible switching signals such that
the filtering error system (5.38)—(5.39) is exponentially stable and has a guaranteed
exponential Hy, performance index.
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Remark 5.11 Note that if we restrict [A Fi(Pk)7 BF,j (pk), Cpi (pk), Dpi (Pk)] £ [Api,
BFj, Cp;, Dpi] or select [AFi,v BFia Cpi, Dpi] £ [AF, Bp, CF, Dp] in (536)—(537),
one will readily obtain the different non-parameterized filters with different conser-
vatism and computational complexity.

Lemma 5.12 Consider switched linear system (5.38)—(5.39) and let 0 < a < 1,
v > 0 and p > 1 be given constants. If there exist matrix functions P;(pj) > 0,
Vi € I such that

—Pi(prr1) 0 P (Pk+1)A (or) P; (Pk+1)3 (or)

* _I C (Pk) D (pk')
* * —(1—a)Pi(pr) 0 <0 (5.40)
* * * _,)/21

Pi(pr) — p1Pj(pr) = 0 (5.41)

then over the entire parameter set, the filtering error system (5.38)—(5.39) is expo-
nentially stable and has an exponential Hy, performance index ~y for any switching
signals with ADT satisfying (2.26).

Remark 5.13 In Lemma5.12, the desired exponential H,, performance index for
the underlying system in the subsection is achieved by v = max{~;};,cz, where ~;
corresponds to the performance index for each subsystem. The proof of Lemma5.12
can be completed by referring to Theorems 3.8 and 3 in [3]. More specifically, the
time-varying parameters considered here can be dealt with as done in Sect. 3.2 for
the considered polytopic uncertainties. Then, the difference of the corresponding
parameterized Lyapunov function will present the variations of p from pj to piy1,
as shown in Theorem 3 in [3] with p; and py; mixed.

The following theorem presents a sufficient existence condition of an admissible
filter for the underlying systems.
Theorem 5.14 Consider switched linear system (5.33)— (5. 35)and let 0 < o < 1,
v > 0and i > 1 be given constants. If there exlstmatrzcec Pll(pk) > 0, P3l(pk) > 0,

and matrices Py(py), Ri(pr), Si(px), Ti, Ari(or), Bri(pr), Crilpr)s Drilpr),
Vi € Z, such that the following parameterized LMIs hold

Pii(pr) Pai(pr) — pSi(pr) — uTi R (pr) T;
*  Pyi(pp) — pTT — uT; ST(Pk) T; <0.i%]
* * 7 Prilp0) =i o) | T I
* * * —u 'P3; (pr)
A 4 (5.42)
Ay AR 0 Ay éFz‘(Pk) Al
x Ay 0 Ay Ari(pr) A
* o« Ay —Crilpr) A% | _ (5.43)
x % x—(1—)Pilpy) —(1 =) Polpy) O
* ok * * —(1=a)Psi(pr) O
* ok ok * * -2
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where,
Al £ Pprs) — R (or) — Ri(pr), ALy = Poiprr) — Si(or) — T,
Ay 2 Pyi(ppr) — T —Ti, Ay 2 RT (p) Ai(pr) + Bri(pn) Cilpr),
Aby & ST (o) Ai(pr) + Bri(pr) Cilpr), Ay = Hi(pr) — Dri(pi) Cilpi),
Alg 2 R (01)Bi(pr) + Bri(pn) Dilpr), Asg 2 ST (p) Bi(pr) + Bri(pr) Di(pr),
A 2 Li(pr) — Dri(pr) Di(pr), Pri(pr) £ Pri(pr) — uR! (pr) — uRi(pr).-

Then, there exists a mode-dependent full-order parameterized filter such that the
corresponding filter error system (5.38)—(5.39) is exponentially stable with a guar-
anteed exponential H, performance index ~y for any switching signal with the ADT
satisfying (2.26). Moreover, if the LMIs (5.42)—(5.43) have a feasible solution, then
the admissible filter in the form (5.36)—(5.37) can be given by

|:AFi(Pk) Bn(pk)} N I:Tzl 0] |:’§”(p’*‘) é”(p’“)} (5.44)
Cri(pr) Dri(pr) 0 I ]| Cri(pr) Dri(pr) '

Proof ByLemma5.12,system (5.38)—(5.39) is exponentially stable with a prescribed
exponential Hy, noise-attenuation level bound ~ if (5.40) and (5.41) hold. Then,

consider an arbitrary matrix function G;(py), Vi € Z with compatible dimension,
we have the fact

(Pi(prr1) — Gilpi)" P (prs ) (Pi(prst) — Gipr)) = 0
(Pi(pr) = Gilpi)" P (o) (Pi(pr) — Gi(pr)) = 0
thus one has
Pi(pr+1) — Gi(pr) — G (o) = =G (o) P (1) Gipr)
Pi(p) — Gi(pr) — G] (pr) = =G (pr) P (o) Gi(pr)
Therefore, if the following inequalities hold

Pi(pr+1) = Gilpr) = GT (o) 0 Gl (p)Ai(pr) G (pi) Bi(pr)

* -1 Ci(pr) D;(pr) <0
* * —(1— ) P;(pr) 0
* * * -2
(5.45)
Pi(pr) — 1 [Gipr) + G (pr) — G (o) P, (pr)Gipi)] < 0 (5.46)

then (5.46) implies (5.41). Also, from (5.45), we can obtain
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~Gl ()P (pes)Gilpr) 0 Gl (p)Ai(pr) G (p) Bipr)

* -1 Ci(p) Dip) | _
* * —(1 =) Pi(pr) 0
* * * -2

By performing a congruence transformation to above formula via dmg{G;1 (pr) %
P;(pr+1), 1, I, I} yields (5.40) (note that G;(pi) will be invertible if it satisfies
(5.45)). In addition, by Lemma?2.4, (5.46) is equivalent to

Pi(pr) — uGi(pr) — Gl (pr)  GT(py) }
[ * — Pi(pr) =0 (547)

Now, let us show that conditions (5.42) and (5.43) ensure respectively that (5.45) and
(5.47) are satisfied. Firstly, if (5.43) holds, we know that P3; (Pr+1) — TiT —-T;, <0,
thus we can infer that 7.7 + 7; > 0, which implies 7; is nonsingular. Then one can
always find nonsingular matrices G3; and G4 satisfying 7; = GZG;1G4, Viel.
Now, introduce the following matrix variables related to G3; and G4

I 0 Ri(pr) Si(pk)Glei}
1= - ,Gi £ 4
[063;@] (o0) [ 0 S0

By further performing a congruence transformation to (5.42) and (5.43) via diag
{VZ._', 1, Vi_], I} and diag{VZ._', Vj_1 }, respectively, and setting matrix functions

T 5 _ _ Pz' Pi _
Pion) 2 VT BV = V, T|: 1i(pr) P2 (Pk)}vi i

*  P3i(pr)

|:Aﬁ(/)1c) BFi(pk):| a [GN 0} [Am(p;a én(,ow} [Gﬁcsi

0
Cri(pr) Dripr) |~ | * I ][ Cri(pr) Dri(pr) N I} (5.48)

we can obtain (5.45) and (5.47).
Meanwhile, from (5.48) we know that an admissible filter for the underlying
system is given by

Ari(pr) = G;T Api(pr) G G, Bri(pr) = G Bri(pr), (5.49)
Cri(pr) = Cri(pr)G3' ' G3i, Dri(pr) = Dripr). (5.50)

Then, denoting the filter transfer function from y(k) to zx (k) by

T(z) = Cri(pr) @l — Ari(pr)) " Bri(pr) + Dri(pr),
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substituting the matrices (A g;, Br;, Cri, DF;)in (5.49)—(5.50) and considering 7; =
GIG;Z.I G4, we have

T(2) = Cri(p)Gy ' G3i(@l — Gy T Ari(pr) G G3) " G Bripr) + Drilpr)
= Cri(pp) @l — T, Ari(pr) ™" T, Bri(pp) + Drilpr),

which implies an admissible filter can be given by (5.44), and the proof is completed.
]

Remark 5.15 From (5.42)—(5.44), it can be obviously seen that the filter gains will be
dependent on p, which resembles, on some level, the delay-dependent issues in time-
delay system to determine delay-dependent filter. Therefore, a pi-dependent approach
for the underlying system is introduced here, and the results obtained via this approach
will be less conservative than those based on global Lyapunov function and switched
Lyapunov function [1] approaches, which one may refer to “u-independent”. In
addition, conditions (5.42)—(5.43) are formulated in terms of a set of parameterized
LMIs, which are not only over the matrix variables but also the scalar 'yz. Therefore,
the scalar can be optimized by a u-dependent convex optimization problem for a
fixed system decay degree « as follows.

Problem 5.2
min 6, s.t.(5.42)—(5.43),Vi € Z,

with § =2 over Py;(pr). Psi(pr). Pai(pr). Ri(pr). Si(pi). T Ari(pr). Bri(p),
Cri(pr), Dri(pr). The minimum noise attenuation level bound is then obtained by
v* = /6%, where 6* is the optimal value of &, and the corresponding filter matrices
are given by (5.44).

As shown in the most of LPV literature [4], by choosing appropriate basis func-
tions {f;(px)};_,, the matrix function variables Y;(p) = {P1;(ox), Pai(pi). Psi(pr),
Ri(pr), Si(pr), AFi(pr), Bri(pr), Cri(pr), Dri(pr)} in Problem 5.2 can be decom-
posed as the following affine fashion

ny
Yilp) =D filp) V! (5.51)

=1

where f;(p;;) and ny can be chosen by designers according to the dependence struc-
ture in system (5.33)(5.35), and V! = {P,, P}, P, R., S, AL, BL., Cl,, DL}
will be the corresponding decision variables in Problem5.2. Also, one can utilize
the gridding technique in non-switched LPV systems such that the above infinite-
dimension convex problem is solvable (more details can be referred to [4]).

In the following, an illustrate example is presented to demonstrate the feasibility
and efficiency of the designed filter in this subsection.



5.2 Robust Hy, Filtering: ADT Switching 149

Example 5.16 Consider the following discrete-time switched linear systems con-
sisting of two subsystems with time-varying parameters

0.95 1.10+01p | 5 [0
—0.06 0.75 P o0 |

_[o095  —1.10 5 |01
271006 —0.75+0.1p; | ">~ | 0 |’

Ci=[10]. G;=[0-1]. D=1,
H =H,=[10], Dy=—-1,Li =L, =0

=

1

B

where pr = cos(0.27k) is the time-varying measurable parameters.

Our purpose is to design a full-order mode-dependent filter in the form of (5.36)—
(5.37) and find out the admissible ADT switching signals for the above switched
system such that the resulting filter error system is exponentially stable and has a
guaranteed exponential H., performance for a given decay degree « .

According to the structure of the parameter dependence in above system, we
choose the basic functions in (5.51) as f1(pr) = 1 and f>(p;) = cos(0.27k). Further,
grid the parameter space of p; with 10 uniform grids, which means to uniformly
partition the value set of pj,, [—1, 1] with 10 parts. Then, giving o = 0.1 and different
1, and solving Problem 5.2, we can obtain the different y-dependent optimal v* and
the corresponding minimal ADT 7, as shown in Table 5.4. It is clear that the obtained
exponential H,, performance v* is actually dependent on y for a given system decay
degree . Also, the larger u corresponds to the smaller v*, but the longer ADT will
be demanded in the system.

In addition, the desired mode-dependent full-order filter can be also obtained by
solving Problem 5.2. We omit the filter gains for brevity. Furthermore, consider the
input signal w(k) = 0.1 exp(—0.03k) sin(0.027k), and by applying the solved filter,
we can obtain the error response of the resulting filtering error system in Figs.5.7
and 5.8 for given four different switching signals (all are with 7, =4 > 3.19 = 7
for ;1 = 1.4) and initial condition x = [—0.8 0.5 0 0]”. It is clearly observed from
the simulation curves that for given energy bounded disturbance w(k), the filtering
error system is stable against time-varying parameters under the different switching
signals, which thereby implies that the designed filter is valid.

Table 5.4 i-dependent optimal v* for given oo = 0.1

I 1.20 1.25 1.30 1.40
T 1.73 2.18 2.49 3.19
~y* 2.47 2.35 2.23 2.01
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5.3 Quasi-Time-Dependent (QTD) H,, Filtering: PDT
Switching

Consider a class of discrete-time switched linear systems

z(k+1) = Asayx(k) + Bygyw(k) (5.52)
y(k) = Cogyz(k) + Dogryw (k) (5.53)
2(k) = Hygyx (k) + Logyw (k) (5.54)

when o (k) = i € Z, the matrices (A;, B;, C;, D;, H;, L;) denote the ith subsys-
tem. The persistent dwell-time (PDT) switching is introduced in this section. The
definition of PDT has been given in Sect. 1.4 and is therefore omitted here.

Based on the discussions in Sect.3.3, a both mode-dependent and quasi-time-
dependent (QTD) Lyapunov function will be also explored in this section, upon
which a full-order switched filter with the following structure for system (5.52)—
(5.54) will be considered

rp(k+1) = Ar,, (@) xr (k) + Br,,, (q1)y (k) (5.55)
2r (k) = Cr,, (@)@ r (k) + Dr,, (qr)y (k) (5.56)

where Af,, (qr), BF,, (qr), CF,y,(qr) and Dr,, (qr), Yo (k) € Z, are filter gains to
be determined, and g, is a scheduler for the activated subsystem and can be simply
computed online according to the rules given as in Sect. 2.5.

Augmenting the model of (5.52)—(5.54) to include the states of the filter (5.55)—
(5.56), we obtain the following filtering error system

Z(k +1) = Ai(gr)E(k) + Ei(gr)w(k) (5.57)
e(k) = Ci(gn)Z(k) + Fi(gr)w (k) (5.58)

where #(k) 2 [27 (k) 2L.(k) ], e(k) £ z(k) — z# (k) and

- A Az' 0 O A Bi
Ai(qr) = |:BFi(qk)C’i Am(é]k)}  Eilgr) = |:BFi(q1c)Di] ’

Ci(qr) = [ Hi — Dri(gr)Ci —Crilqr) | (5.59)
Fi(qr) £ Li — Dri(q1) D;.

Then, our objective in this section is to design such a QTD full-order filter and
find a set of admissible PDT switching signals such that the resulting filtering error
system (5.57)—(5.58) is globally uniformly asymptotically stable (GUAS) and has a
guaranteed non-weighted H, noise attenuation performance, i.e., the /;-gain holds
lellz < 7* lwll3.


http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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In this section, the desired filter design will be carried out for system (5.52)—
(5.54), for which we will first present the linear case of Lemma5.17 as below, by
considering V;(Z(k), qr) = 2T (k) P;(qr)Z(k), Pi(qy) € Si'(')”, Vi € Z in (3.47).

Lemma 5.17 Consider switched linear system (5.57)—(5.58) and let 0 < o < 1,
w > 1 be given constants. For a prescribed period of persistence T, suppose that
2n,

there exist a set of matrices Pi(p) € S7y, ¢ =0,1,...,7, Vi € T and a scalar v >
0 such that p =0,1,...,7—1,

O(r,7) <0 (5.60)
Op+1,0) <0 (5.61)

and V(i x j) € T x T, i # j
P;(0) — pP;(T;) <0 (5.62)
P(0) — puP;(r) <0 (5.63)

where T}, Vi € T is denoted in Theorem 3.12, the period of persistence T is given and
(01, 62) = AT (0,)01.4;(62) — O with @y = diag{Pi(0)), I}, @, = diag{aP;

(02),7*1} and B B
- [Ai©) Ei0)
A = [c‘:i(o) Fi(e)] '

Then switched system (5.57)—(5.58) is GUAS and has an H, performance index no
greater than ~, = (3, where (3 is defined in Theorem 3.13, for PDT switching signals
satisfying (3.45) and (5.60)—(5.63).

Proof Considerp =0,1,...,7 — landk — k,, = ¢, Vk € [,

oo ks, + 7). 0(k) =
i € I. Letting ((k) £ [ 27 (k) w” (k) ]T, it follows that

Fk, @) 2 T (O (0 + 1, )¢ (k)
= (") [AT (p)©1 Ai(p) — ©2] C(h)

T {[é?(@ C}T(so)] [Pz-<so+ 1) 0] [f_iz-(so)
El(p) F] () 0 I|[Ciy

B I:aPE)(SO) ng]] )

=" (WA (k — ks ) Pi(k + 1 — ks ) Ai(k — ks,) + CT (kb — ks )Ci(k — k)
— aP;(k — ky)E(k) + 22" (B)[A] (k — ks,) Pi(k + 1 — kg ) Ei(k — ks,)
+ Cl (k — ky ) Fi(k — ks )w(k) + w' (R)E] (k — kg, )Pk + 1 — k)
x Ei(k — ks,) + Fl (k — kg ) Fi(k — ks,) — v Tw(k)

sl

() :|
i(©)
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If (5.61) is satisfied, then f (k, ¢) <0, o =0,1,...,7 — 1, which yields (3.54)
according to (5.57), (5.58) and the construction of V;(z(k), i) while replacing the
system state and output, (k) and y(k) in Theorem3.13 with z(k) and e(k) of
system (5.57)—(5.58), respectively. By the similar manipulation, it can be shown
that (3.55) is guaranteed by (5.60), Vk € [ksp + T, ksp+1). In addition, when k €
[ksﬁl, ks,,+l), Vo(k) =i € Z, since g, = k — H, < 7 holds, (5.61) ensures (3.56)
forp =0, 1,...,7 — 2. Then together with (5.62) and (5.63), which ensures (3.52)—
(3.53), respectively, the proof is completed by Theorem 3.13. (I

Based on Lemma5.17, we are in a position to give the existence conditions of the
QTD H, filter for the underlying system (5.52)—(5.54) in the following theorem.

Theorem 5.18 Consider switched linear system (5.52)—(5.54) and let 0 < a < 1,
w > 1 be given constants. For a prescribed period of persistence T, suppose that
there exist a set of matrices X;(), Yi(), Zi(p), Ari(), Bri(p), Cri(p), Dri(p),

Pi(p), Pii(p) € Sy, Pai(p) € 8%y, o =0,1,...,7, Vi € T and a scalar y > 0
such thatVp =0,1,...,7—1,

v(r,7) <0 (5.64)

Yilp+1,0) <0 (5.65)

and (5.62)—(5.63) hold for any (i x j) € T x L, i # j, where

lp’i(el, 92) vy |:diag{/*\i, —I} d’iag{)('l-(ez)7 [}Al(gz)]

—diag{aP;(6), v*1}

with A; = P;(0)) — diag{l, Y[ (0)}X] (62) — X;(62) diag{l, Yi(6>)} and

Pi(0) =

[ P1;(0) Py(0) a | Xi@) 1
. Psz-(e)} 4O = [er) 1}’

i s [AOEO] a0 a, A an
-AL(H) - _61(9) ﬁz(e):| ) Ft(e) - Lz DF?,(G)DM

A A A; 0 A N B;
A4i(6) = | Bri(0)C; AFi(a):| E:i0) = |:EF1(9)D¢:| ’

Ci(0) £ [H; — Dri(0)C; —Cri(®) ] .

Then the switched system (5.57)—(5.58) is GUAS and has an Hy, performance index
v: = 0, where (3 is defined in Theorem3.13, for PDT switching signals satisfying
(3.45) and (5.62)—(5.65). Moreover, if a feasible solution exists, then the admissible
filter gains are given by, ¢ =0,1,..., T,

Ari(p) = Y7 (©) Ari(9), Cri(p) = Cri(y),
Bri(p) = Y7 (9)Bri(), Dri(p) = Dri(). (5.66)


http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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Proof First of all, for matrix P;(¢+ 1), ¢ =0,1,...,7—1, Vi € Z, from the
fact that (P(p + 1) — Xi()diag{L, Yi(@)D P (¢ + D(Pi(p + 1) — Xi(p)diag
(LY (@) 20, we have Pip+1)—diag{l, YT (0)}X] (p) — Xi(p)diag
(1Y) = —Xi(p) diag{l. Yi(2)}P (¢ + Ddiag(l, Y] (9)}X] (). Then if
(5.64) and (5.65) hold, the following inequalities hold

Y(r,7) <0 (5.67)
Tp+1,9) <0 (5.68)

where A
2 [ diag{&;, 1} diag{X;(62), I}Ai(9,)
Y00, = [ * —diag{aP;(6), v*1} }

with & 2 —X;(0y)diag{l, Y;(0)} P (On)diag{l, Y] (02} XT (02).

Next, by performing congruence transformations to (5.67) via diag{X[T(T) X
diag{I, YT (1)} P(7), I} and (5.68) viadiag{X; " (p)diag{I, Y; " (p)} Pi(¢ + 1),
I}, respectively, setting matrix variables, Vo =0, 1, ..., T,

Ari(p) = Yi(©)Ari(p), Cri(p) = Cri(p)
Bri(p) = Yi(p)Bri(p), Dri(9) = Dri(p) (5.69)

and considering (5.3), one can obtain (5.60) and (5.61). Then by Lemma5.17, the
filtering error system (5.57)—(5.58) is GUAS for PDT switching signals satisfying
(3.45) and (3.52)—(3.56) and has an H,, performance index ~;. In addition, from
(5.69), the QTD H,, filter gains are given by (5.66). O

Remark 5.19 1In (5.62), T, is not known a priori, therefore it is required to check
(5.62) for all the possible cases of T; among [l, min(7 — 1, ’]I‘(p))] with T® ¢ [1, T,
but note that, equivalently, all the resulting conditions will be covered in the case of
TW =T,

For a comparison with the above QTD filter, we also present as below the time-
independent filter that can be obtained based on the corresponding “g-independent”
Lyapunov function V;(xz(k)), Vi € Z, reduced from (3.47). The proof can be obtained
in a similar vein to the one for Theorem 5.18 using the techniques (3.57)—(3.59) and
omitted here.

Corollary 5.20 Consider switched linear system (5.52)—(5.54) and let 0 < o < 1,
w > 1be given constants. For a prescribed period of persistence T, suppose that there
exist a set ofmatrices X, Y, Z, A_Fi) EFi: éFi’ l_)Fi) Py, Py; € SZ"E), P € Si'z),
Vi € Zandascalary > QOsuchthat IT; < QandV(i x j) € T xZ,1 # j, P, < uP;,
where R
m e [diag{szz-, —1} diaglX;, I}A; }
‘ * —diag{aP;, v*1}


http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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with $2; & P; — diag{l, YT)XT — X,diag{l,Y;} and
Py Py, a | Xil| 5 & A; E;
][5 as [34]

_ ) A, 07 - B;
i S Li— DD A= | 2 2 B R 2
r |:BF11C71 AFi,jI I:BFiDi,:|

¢ 2 [ H; — DriCi _éFi] .

lI>

P;

A

>

Then switched system (5.52)—(5.54) is GUAS with an Hy, performance index vy, =
B, for PDT switching signals satisfying (3.45), where (3 is defined in Theorem 3.13.
Moreover, if a feasible solution exists, then the admissible filter gains are given by
Ap; = YflAFi, Bp; = YleFi, Cr; = Cpj, Dp; = Dy;.

Remark 5.21 Clearly, ifsetting (Ar;(©), Bri(®), Cri(¢), Dri(9))=(AFi, Bri, Cr;,
Dp;), then the QTD filter designed by Theorem 5.18 reduces to the one by Corol-
lary 5.20, which implies that the QTD filtering methodology offers more freedom
and will be accordingly less conservative than the time-independent one used in
Corollary 5.20. In other words, for a same PDT switched system, a QTD filter exists
but a time-independent one may not; in addition, even though the two distinct fil-
ters both exist, the Hy, performance achieved by the former can be better. The two
observations will be verified in next section.

Example 5.22 Consider a mass-spring system as shown in Fig.5.9, where x; and
x, are the positions of the masses M; and M,, respectively; the spring stiffness
K¢ is constant and Kg(k,) is assumed to be changeable with o (k) € {1, 2}; c is the
viscous friction coefficient between the masses and the horizontal surface, and w the
disturbance input to the system. We suppose that K (‘f(k) is capable of automatically
being replaced according to PDT switching sequences, to reflect a scenario in certain
mechatronic systems that may encounter both low-frequency and high-frequency

Fig. 5.9 A mass-spring system


http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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motions in one control task, e.g., [5]. The purpose here is to design a QTD H,
filter to estimate x, by measuring x; against the switching of Kg(k), and show the
advantage of QTD methodology by comparison.

Suppose that the measurement noise on x; is also w, the state-space realization
of the system is given by (5.52)—(5.54) with

o 0 1 0 0
0 0 0 1 0
Aoy = | _K+Kow Ko ¢ o |"Bow=1] 1 |’
M M, M M
K _ Ko 0 —-=< 0
M, M,

Coty =[1000], Hyqy =[0100], Doy = 0.1, Loy = 0.

Assign parameters M| = 1 kg, M, =0.5kg, c =0.5kg/s, K = Kf =1N/m,
Kg = 6N /m and consider the sampling period 75 = 1 s.

For given o« = 0.87, by Theorem 5.18 and Corollary 5.20, respectively, the admis-
sible PDTs corresponding to feasible solutions of the filters can be obtained while
varying T and p, as shown in Fig.5.10. It can be clearly seen that the region of
the admissible PDTs determined by Theorem 5.18 (QTD filtering) completely cover
those by Corollary 5.20 (time-independent filtering). In addition, fix ¢ = 1.25 and
T = 1s, the Hy, performance indices are minimized based on Theorem5.18 and
Corollary 5.20, respectively, with ) = 1.0154 and v} = 3.0492.

Theorem 5.18

o Corollary 5.20
i L] Ci -
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Fig. 5.10 Admissible PDTs for different T and p
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Fig. 5.11 Actual Hy, performance indices by QTD filter (by Theorem 5.18) and time-independent
filter (by Corollary 5.20) for given T = 1s

Consider zero initial condition and the noise input w(k) = 0.9 exp(—0.1k),
Fig.5.11 gives the computation results of actual H,, performance indices for 100
realizations of random PDT switching sequences, by applying the filters obtained
from Theorem 5.18 and Corollary 5.20, respectively. All the actual H., performance
indices in both cases are below the respective optimal ones, illustrating the effective-
ness of the two filters. By comparison, however, the less conservatism of the QTD
filter is clearly shown by the three facts that ;" is less than +}, all the actual Hy, per-
formance indices achieved by QTD filter are lower than those by time-independent
filter, and the gap between the optimum and the actual indices is smaller in the former
case.

Figure 5.12 further presents three filtering error responses while randomly gener-
ating three realizations of PDT switching sequence for T = 2s and T = 3, respec-
tively, by applying the corresponding QTD filters. The convergence of the curves
demonstrates that the designed filter is valid despite the faster switching during the
period of persistence. Moreover, for given different ;1 and T, Fig.5.13 shows the
variations of # and +;° as 7 changes, where two remarkable monotonicities can be
observed. Specifically, for a fixed admissible PDT 7, a smaller v, corresponds to
smaller p and T, as shown in Fig. 5.13a, b, respectively; in addition, ;" is decreasing
as 7 increases in either case. Such phenomena verify the truth that, for a fixed «, the
achieved H,, performance becomes better when the three relevant factors p, T and
7 tend to be more positive, i.e., the jump of Lyapunov function values at switching
instants is smaller, the length of T-portion containing faster switching is shorter, and
the length of 7-portion of no switching is longer.
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Fig. 5.12 Three realizations e (k), e2(k) and e3(k) of filtering error response by QTD filters. a
Filtering error response in the case of T = 2s. b Filtering error response in the case of T = 3s
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5.4 Conclusion

In this chapter, the problem of robust H, filtering for switched linear discrete-time
systems with polytopic uncertainties has been first studied under arbitrary switch-
ing. A robust switched linear filter has been designed based on mode-dependent and
parameter-dependent stability approaches such that the corresponding filtering error
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system achieves robust asymptotic stability and guarantees a prescribed exponential
H, performance index for all admissible uncertainties. Then, considering the ADT
switching, an p-dependent approach has been used, in which the analysis and synthe-
sis of the underlying system are dependent on the increase degree i of the piecewise
Lyapunov function at the switching instants. Moreover, the filtering problem has been
investigated for a class of discrete-time switched LPV systems under ADT switching.
A mode-dependent full-order parameterized filter is designed and the corresponding
existence conditions of such filters are derived via LMI formulation. Finally, the
H,, filtering problem for a class of discrete-time switched linear systems with PDT
switching has been dealt with. A QTD Lyapunov function is constructed to address
the proposed problems for the PDT switched systems, upon which a QTD filter is
designed such that the filtering error system is globally uniformly asymptotically
stable with a guaranteed non-weighted H, noise attenuation performance.
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Chapter 6

Asynchronous Switched Systems:
ADT Switching

Abstract This chapter first investigates the stability and /,-gain analysis problems
for a class of discrete-time switched systems with average dwell time (ADT) switch-
ing by allowing the Lyapunov-like functions to increase during the running time of
subsystems. The obtained results then facilitate the studies on the issues of asyn-
chronous control, where “asynchronous” means the switching of the controllers has
a lag to the switching of system modes. The basic asynchronous stabilization and
asynchronous H, control problem are both studied and the case for the system with
time-varying parameter is further addressed under the modal average dwell time
(MADT). Finally, the asynchronous H, filter design problem is dealt with for the
underlying switched linear systems with ADT switching. The phenomenon of “asyn-
chronous” switching will unavoidably deteriorate the control performance such as
the H., noise attenuation index. However, it can be verified that the designed con-
troller/filter considering the synchronous switching will be not necessarily valid in
the presence of asynchronous switching. Several examples are provided to show the
potential of the developed results.

6.1 New Stability Analysis

Consider a class of discrete-time switched systems given by
x(k + 1) = Agyx (k) + Boyu(k) (6.1)

where x(k) € R™ is the state vector, u(k) € R™ is the control input, o (k) is a piece-
wise constant function of time, called a switching signal, which takes its values in a
finite set Z = {1, ..., N}, N > 1 is the number of subsystems. At an arbitrary time
k, o (k) is dependent on k or x(k), or both, or other logic rules. Also, for a switching
time sequence 0 < k; < ky < ---, o(k) is continuous from right everywhere and
may be either autonomous or controlled. When k € [k;, k;11), we say the o(k;)th
subsystem is active and therefore the trajectory x(k) of system (6.1) is the trajectory
of the o (k;)th subsystem. The two matrices pair (A;, B;), Vo (k) =i € Z, represents
the ith subsystem or ith mode of (6.1). In addition, we assume that the state of the
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system (6.1) does not jump at the switching instants, i.e., a continuous signal x (k)
can not be reconstructed everywhere. In this chapter, we focus our study of system
(6.1) on two classes of switching signals with average dwell time (ADT) switching
and modal average dwell time (MADT) switching, respectively, and their definitions
have been given in Sect. 1.4, and therefore are omitted here.

It has been well recognized that the Multiple Lyapunov-like functions (MLFs)
approach is an efficient stability analysis tool for switched systems [1-4], especially
for slowly switched systems with DT or ADT [5]. In MLFs theory, each Lyapunov-
like function constructed for each active subsystem is generally considered to be
decreasing. An interesting extension also gives the so-called weak Lyapunov func-
tion, where the Lyapunov-like function can rise to a limited extent [1].

In this section, by further considering a class of Lyapunov-like functions allowed
to increase with bounded increase rate, the improved results of Theorem2.14 can
be obtained as below. For concise notation, let k; and k;.1, VI € N denote the
starting time and ending time of some active subsystem, while 75 (k;, k;41) and
7, (k;, ki11) represent the unions of the dispersed intervals during which Lyapunov
function is increasing and decreasing within the interval [k;, k;41). The division
gives that [k;, kiy1) = T4 (ki k1) U Ty (k;, kig1) and Fig. 6.1 illustrates the consid-
ered Lyapunov-like function. Also, we use 74 (k;41 — k;) and 7 (k;+1 — k;) to denote
the length of 74 (k;, ki41) and 7 (k;, ki41), respectively.

Theorem 6.1 Consider switched system xj1 = f,(xXk, ux) with u, = 0 and let 0 <
a <1, 3>0and > 1 be given constants. Suppose that there exist C' functions
Vo : R" = R, o(k) € Z, and two class K functions k and k; such thatVo (k) =
iel,

mi(llxel) = Vit = ma(llxel) (6.2)
AV () < —aVik), Vke T, (k, k1) 6.3)
pYi(k), Yk € Ty (ki ki)

Fig. 6.1 Extended 4 71(/{“1 —k)
Lyapunov-like function. -
The sets 74 (k;, k;41) and -
T, (k;, ki41) denote the o
unions of the dispersed S /\’\ o /\f\"\/\
intervals during which 2 L
Lyapunov function is 2
increasing and decreasing E’
within the interval [k, k;41), K
respectively
Kok s
T (k/+l 7](1)
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andV(i,j) e I xZI,i#],

Vile) = pV; () 6.4)

then the system is globally uniformly asymptotically stable (GUAS) for any switching
signal with ADT

T, > 7_: _ Tmax [In(1 + 3) — In(1 — )] + Inp 6.5)
—In(1 — @)

where Trpax 2 mlax’TT(k,H —k)),VleN.

Proof For k € [k, k1), denoting 0 L 10 anda sl - «, it holds from (6.3) that

1-a

IA

=T, (k—k Tr (k—k
TR+ B TERY G (o)
~ 7, (k— Tr (k—k T (k—k
< a[ 1 (k—k)+T4 ( /)]9 1 (k Z)Va(k,)(xk,)

— ak—k)gTh (k—k) Vot (k) (6.6)

Vo oy (1)

Then, according to Definition 2.1, together with (6.4) and (6.6), one obtains

Vo) (k)

— (k—k;) nT+ (k—k,
< Oz( 1)9 1 ( [),UVa(k,—l)(xk,)
A\ ,Zrmax
ak R gTm v 01 ()

= (k=k0) (Tmax \No ®o:K) N (ko k
B e (e I VAL AR GV

IA |

IA

_ k—k
< MNoeNonax (aefmx/ﬁ,ul/n)( 0) VO'(](U)(xko)

Now if the ADT satisfies (6.5), one has
&HTmax/TuMl/Ta

—ZTmax In& Ina Ina

< &0 Tmax In0+In /'1’7 Tmax In0+Inpy — & (9771“6)( /’L) - Tmax Inf+In p

Ina

Tinax ln€+1n#)_7.mx moin = & /av = 1

=a (e
Therefore, we conclude that V) (x;) converges to zero as k — oo, then the asymp-
totic stability can be deduced with the aid of (6.2). ([l

Remark 6.2 Note that the hypothesis (6.3) relaxes the counterpart of Theorem 2.14,
namely, the considered energy function in Theorem6.1 can be increased both at
switching instants and during the running time of subsystems. However, the possible
increment will be compensated by the more specific decrement (by limiting the lower
bound of ADT), therefore, the system energy is decreasing from a whole perspective
and the system stability is guaranteed accordingly.
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Remark 6.3 In Theorem6.1, if 7;,.x = 0, one can readily get Theorem 2.14. There-
fore, Theorem 6.1 presents a more general version of stability results for the switched
systems with ADT in discrete-time case. In addition, if one regards the increasing
and decreasing intervals in one mode as two different modes (one stable and one
unstable), a similar study for linear cases in continuous-time context can be found
in [6].

In the following, we extend the results of Theorem 6.1 to the MADT case.

Theorem 6.4 Consider the discrete-time switched system Xyi1 = foy (X, ux) with
wy=0and let 0 < a; <1, 8; > 0 and p; > 1 be given constants. Suppose that
there exist C! Sunctions Vi : R — R, and two class Ko, functions ky; and ky;,
Vi € Z, such thatVo(k) =i e I,

Rrillxel) < Vit < mai(llxe ) (6.7)
avieo < | 5V Sk LT 9
andforN(i,j) €e T x 1, i # ],
Vilxg) < i V() (6.9)
then the system is GUAS for switching signal with MADT
Tai > Ty = —{Z[In(1 + 3;) —In(1 — )] + In p;}/ In(1 — ) (6.10)

where 7; denotes the increasing interval of the ith subsystem.

Proof Yk € [k;, ki41), V1 € N, denoting &; = (1 — ), 6; & (1 + 3;)/d;, we can get

Vo (k)

~k—k—T; 7
< Qo (LA Botp) ™ Vot (k)

~k—k; 0T}
= Qo) 0oty Vot (k)

~k—k; 0T}
< Qo Ot oty Vot (k)

~ (k—k) nT; ~ (ki—ki—1) n71-1
= Q) eaék,):“a(k:)aa(k,_l) 0oty Vot ()

_ ~k—k) ~ki—ki) g7, nTi
= %w) Y%k ea(kl)oa(k,,])uﬂ(kl)Vﬂ(k/—l)(‘xkl—l)

~ (k—kp) ~ (ki—ki—1) ~ (k1—ko) T} T
=00 Ykl T Yok ea(k,).'.ag(ko):ug(k/):uﬂ(kl—l)

Ptk Vo tke) Xk)
= exp {(k — k) In &y + (ki = ki) In G,
+ -+ (ki — ko) In G sy }
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x exp{Z/In(0) + T-1 MO ) + -+ + ToIn(Or) }
X o () o (ki) *** Ho k) Vo ko) (Kko)

M
= exp [Z Noi(In &;7e; + In6;.7; + In Mi)] Vo ko) k)

i=1

M
= exp {ZNoi(ln a7, +1n60;.7 +In /M)} Vo (ko) (Xky)

i=1
where we use N,; to denote N,);(ko, k) for simplicity. If supposing
111(1 — a,')Ta,' + In 9,2 + In i < 0

we get a sufficient condition which can guarantee the GUAS of the switched system.
The inequality above is equivalent to

Tai > —(ZiIn(0) +1Inpy)/ In(1 — ;)

Therefore, we conclude that V,)(x;) converges to zero as k — oo if the above
condition is satisfied, then the asymptotic stability can be deduced with the aid of
6.7). O

Remark 6.5 Theorem 6.4 relaxes the requirements in Theorem6.1 to be mode-
dependent. Since each subsystem has its own properties (stability or performance),
it is inevitable to be more conservative if we require all subsystems have the same
ADT while neglecting the properties of each subsystem. More specifically, e.g., for
the ith subsystem, if its decaying rate «; is relatively large while the increasing rate
0; is small, a shorter MADT can achieve the required performance, which reduces
the conservatism of the analysis and synthesis process.

6.2 New Performance Analysis

To facilitate the performance analysis in this section, we first recall the following
definition on the weighted /,-gain analysis for switched systems with synchronous
switching.

Definition 6.6 For v, > 0, the system

x(k+1) = fo (x(k), u(k)) (6.11)
y(k) = hg (x(k)) (6.12)
is said to be GUAS with weighted /,-gain no greater than -, if under zero

initial condition, the system is GUAS and the inequality > 2, (1 — oz)ky,fyk <
Z,fio fyszu,{uk, 0 < a < 1 holds for all nonzero u(k) € [0, 00).
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Now, further invoking the extended Lyapunov-like function illustrated in Fig. 6.1,
the following theorem can be obtained on the weighted />-gain analysis for system
(6.11)—(6.12).

Theorem 6.7 Consider the switched system (6.11)—(6.12), let 0 < a < 1, 3> 0,
1> 1and v > 0 be given constants. Suppose that there exist positive definite C'
functions V4 : R" = R, o(k) =i € Z, with zero initial condition Vg, (xg,) =0
such that ¥(i,j) € T x I, i #j, Vilxy) < nVi(x,) and Vi € I, denoting I' (k) £
Yive — Y ul uy and

—aVi(k) — I'(k), Yk € [k + Tu, kit1)

BVi(k) — I (k), Yk € [ki, ki + Tur) (6.13)

AVilxe) = [
then the switched system is GUAS for any switching signal with ADT satisfying
(6.5) and has weighted L-gain 32, (1 — a)*y{yi <77 D202, wiux, where 0 £

A+p/a, a 2(1-o), Ya = +/ @D p)YNOTu=1y and Ty has the same definition
as (6.5).

Proof From [7], we can get

Vo) (X)
k—1 ki+Tyu—1
< AT Vo) — D AT - D a
s=ki+Ty s=k;
x aTMJrszsfl]—v(S)
k—1 ki+Ty—1
< &0 UV, () — Z &) — Z akts
s=ki+Ty s=k;
x QTurk=s=1 (g
kT —1
< @D | @R )~ D @ TIT()
s=ki—1+ 7Ty
ki1 +Ty—1 k—1
_ Z dkl_s_leTM+k’7]_‘Y_1F(S) _ Z &k—l—xl—v(s)
s=ki_1 s=kit+7Tu
ki+7y—1
_ Z dkfsflaTMJrklfsle(s)
s=k;
ki—1

= GO (Vo () = D GO ()
s=ki_1+ 7Ty
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ki1 +Ty—1 k—1
_ Z G159 T g Ttk =s=1 P (g) — Z &1 (s)
s=k;_, s=ki+Ty
K+ Tu—1
_ Z &k—s—loTM—Fk,—s—lI-v(s)
s=k;
<.
ki—1
< &k—ko(HTM)Nﬂ(kO,k)MNﬂ(ko,k)—lVa(ko)(xko) _ Z Gh—1-s
s=ko+7Ty
ko+Ty—1
X (GTMM)NU(S,/()F(S) _ Z &k—l—S(QTMM)NU(SA,]()HTM-H(U—S—l I'V(s)
s=ko
k—1 ki+Ty—1
. Z &kfsflr(s) _ Z dkfsfloTMva,fsflr(s)
s=ki+Ty s=k;
Since Vg(ko) (xko) =0, Vg(k’)(xk) >0,and I'(k) = y;{yk — ’}/ZM]{M](, we have
ki—1 ko+Ty—1
Z dk_‘v_l(eTM/L)N ' (8,k) Ty + Z Otk s— I(QTM )N ' (8,k)
s=ko+Tu s=ko
ki+7Ty—1
x OTthosTly Ty 4o Z alylye+ D0 A
s=ki+Ty s=k;
% QTM-&-k/—s—lyZ'ys
k-1 ko+Ta—1
< Z ~k s—1 HTMM)N ' (s,k) ZMTMS+ Z &k—s—l
s=ko+Ty s=ko
x (QTMM)N,T(s,k)eTM+k0—x—l,YZusTub 4 Z Oék s— I,YZMTMA
s=ki+Ty
kT —1
+ Z dk s— IGTM+k, S— 1'}/ ulug
s=k;
Dueto | < §Tutki=s=l < 9Tu=1 g e (k;, ki+ Ty — 1),i=1,2,...,1, we have
k—1
Z dkfsfl (GTM ‘LL)N(,(s,k)yéTy
s=ko
k—1

< de s— IQTM 1(07,\4 )N (sk),y ul
S= k()
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which is equivalent to

k—1
z &k—s—l (GTM M)—Nn(ko,s)yzys

S=k0
k—1
< Z &kfsfleTMfl (HTM M)fNﬂ(ko,S),yZuZ"uS

s=ko
Due to N, (ko, s) < No + (s — ko) /7a, ™ ju > 1, we can get
(eTMM)—NAkU,s) . (GTMM)—NO (QTMM)—(s—kwm
From (6.5), we have —7, (In &) > In (GTM u), ie,Ina <1In (HTM u)il/T“. Therefore,
the following holds,

(QTM u) —No (ko,s) > (eTMM) —No dsfko

With 0 < (67) " < 1, we have

k—1 k—1
Z dkfsfl(l _ Oé)syzys < (QTM,[L)NO defsflaTMfl,YZuZ"uS
X:kg S:ko
then we can get
oo k-1
2.2 A -y
k=k() S=k(]
oo k—1
< (QTM/,L)NO Z Z dk—s—leTM—l,yZuZ'us
k=k0 S=k()
and
oo k—1
~k—s—1 s, T
D> aT A —ayyly,
k=ko k=s+1
0o o0
S (0TM/4L)NO Z Z dk—s—leTM—l,yzuz"us
k=ko k=s+1

ue to o = we can easily obtain -~ —« v < M
D g G = ly ob re o (L= o)yl y < (6 pyMo

_E’

gTn=1y2 "2\ ut i, which ends the proof. O
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To extend the results of Theorem6.7 to the MADT case, the weighted /,-gain
analysis of the discrete-time switched system (6.11)—(6.12) under the MADT switch-
ing signal is given as follows.

Theorem 6.8 Consider switched system (6.11)—(6.12) and let 0 < o; < 1, B; >
0,u; > 1 and v > 0, Vi € Z be given constants. Suppose that there exists posi-
tive definite C' function Vo : R" = R, o(k) € I, with V4, (xk,) = 0 such that
V(i,j) €L x I, Vi(xy) < p;Vi(xy,), denoting I" (k) 2 yZyk — qukruk, if the follow-
ing inequality is satisfied

—a;Vi(k) — I"(k), Vk € [ki +T;, ki41)

BiVik) — I (k), Yk € [k, ki + T) (6.14)

AVi(xy) < [

then the switched system is GUAS for any switching signal satisfying (6.10)
and has weighted b-gain 3 2, (1 — max) VI yve < 72 Dk ul wy, where ~y, =

\/ TT O iy 2 Ot ™', O = max{s) = max{(1 + 5)/(1 = @), and T
IE min
= max{.7},Vi € T.

Proof 1t yields from [7] that

k—1
~k—lk N T7 ~k—1—s
Vot k) < O 0gia) Vot (k) — Z By 170
s=ki+7;
ki+7;—1
~k—1—s nTi+k—s—1
— D aw e T
X:k[
k-1
~k—k; o T} ~k—1—s
= O Dok Hortk Vot (k) — Z Qo 17(5)
s=ki+7;
k+7;—-1
_ ~k—1—s T +kj—s—1
D a0 T
X=k1
k-1
~k—ki n71 ~ki—ki—1 n 71
Saa(/q)eo(kl)ua(kl) aa‘(k,_l)eg(kl_l)va(kl—l)(‘xkl—l)_ Z
s=ki_1+71-1
ki1 +7-1—1
~k—1—s ~ki—ki—1 n7i-1+ki-1—s—1
X Qg I'(8) = Z ity Oty ')
s=kj_1
k-1 K+ T—1
~k—1—s ~k—s—1nTj+kj—s—1
= D Gy T = D a0 T ()
s=ki+7; s=k;
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~k—k; ~ki—ki- ~ki—ko n71 -1 To
= Qo) Vo) " Vothy) Dotk Doty " Oolig) Ptk Hota-)

~k—k; ~ky—ki n7; -1
“ e Bt Yotk Ok) = Qo Qo) Oty Do)

ki—1
T ~kj—1—s
c O Mot o) oty D, Oy T ()
s=ko+To

~k—k ~ky—ki n7; -1 T
= Aoy Vo) OOty Oothny Ptk Ho )

ko+7To—1
~ki—1—s pko+70—5—1
TS SRR A R O R
S:ko
k—1 ki+7—1—s
~k—1—s ~k—s—1pki+7T;—1—s
= D Gy T = D g ey )
s=ki+7; s=k;

Since V) (xk,) = 0, denoting aumax = max{e;}, &umax = {1 — Omax}, Qmin = Min
{ay}, and ain = {1 — amin}, Vi € Z, similar to the proof of Theorem 6.7, we have

ki—1 ko+7o—1
Z ~k—1—s Ti  \Nyi(s,k),,T Z ~k—1—s
Xnax i{sYI(oi ,U,,) Vs yé+ Qax
s=ko+7o s=ko
ky—1
Ti  \N,i(s,k) pkot+To—1—s_ T ~k—1-s Ti  \Nsi(s,k
x H(91 i) ¢ )90—0(/{0)0 Yy Ys + E Anax H(el 1) o0
ieT i€
s=ki+T;
k+71-1
T ~k—1—s T, \N,i(s,k) pki+T1—1—s_ T
X yys + E Oax iIEYI(é)i i) Vo€ T Yy + -
s=k;
k=1 k+Ti—1
~k—1—s T § ~k—1—spki+T;—1—s_T
+ Z Qmax ysy5+ max 90’(/(1) Vs Vs
s=k;+7; s=k;
ki—1 ko+Zo—1
2: ~k—1—s Ti  \Nsi(s,k), T z ~k—1—s
= Qnin ig(ei I/U'l) Ug Us + Qmin
s=ko+7o s=ko
ky—1
Ti , \Nsi(s,k) pko+To—1-s_2 T Z ~k—1—s
X iIE'[I(Gi i) HU(kO) Yug Uy + Oin ilgl
s=k+7;
ki+71—1
T \Nai(s )2 T ~ k1 T \Noi(s.k
X O py" O ulug Y G O] )™
i
S=k1
k—1
ki+7T—1-s_2 T ~k—1-s_2 T
Xan’(k]) N e Z Qi Y U U
s=ki+T;
ki+7—1
~k—1—spki+T;—1—s_2 T
+ Z Xin 90’(/(1) VU U

S=k1
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Since 1 < 95"*7’_8_1 < 9;["_1, then the inequalities above can be formulated as

~k—1— T \—Nyi(k T
Z ®max vl.IYZ(ei Hi ) o Y)y; Vs
s=ko

~k—1—s T N—Nyilko,s) pZowy=1 T
< Z iIYZ(Hi i) 0 u,u

in a(s) s s
s=ko

From Definition 1.7 and (6.10) we get
—Noi(ko, s) = —No; — Hi(ko, 8)/Tai
hence we can get

< N+ Hitko) Iné;

~k—1—s T 0T T
> G PLACD) Py Vs
s=ko
2 ~k—1=5 0 Tmax 2, T
= nin amax YU Us,
s=ko
k—1
~k—1—s ~H(k0 S) T 22 ~k 1—s )Tmax—1,, T
Omax H Vs Vs = O’Y mm emax Us Us,
s=ko s=ko
oo k-1 oo k-1
E ~k 1—s ~ H(kos) T ~k 1—5 nTiax T
Z Umax Omax Vs Vs = @’7 : ‘,: / pin emn;;( Ug Us,
k= kOT ko k= k()&' ko
00
~k 1— SGS ~k 1=snTmax—1,,T
z , “max maxys Ys = Ot’}/ E E Qi ema;( ug Uy,
s=ko k=s+1 s=ko k=s+1
i, YNoi Gh—1-s — Gh-l-s — _1
where ®; = 17(9 pi)No'. Due to > 72 C a1 el =, D o O™ =L we
have
o0
s, T
E (1 — amax) Vs Vs
S=k0
9 Noi O'max T — 2
<H(0 )Oa'emdx E MMY
mn s=ko
which completes the proof. (I

Remark 6.9 Theorem 6.8 addresses the l,-gain of switched system (6.11)—(6.12)
with MADT switching signal, and Theorem 6.7 for the underlying system with ADT
switching. Then, according to the discussions in Sect. 1.4.2 (cf. Definition 1.7 and


http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_1

174 6 Asynchronous Switched Systems ...

the relationship between ADT switching and MADT switching), we can conclude
that

’)/XDT (tp, No) < 7;1ADT (Tpi> Noi)

where vi, (7p, No) and vy4pr (7pi, Noi) are the optimal weighted />-gains of
the switched system under the two switching logics with 7p = max{7p;} and Ny =
max{Ny;} (see the third inclusion relationship in Sect. 1.4.2), respectively.

6.3 Asynchronous Stabilization

In this section, we will consider the issue of asynchronous stabilization for the
switched linear system (6.1).

The control input u(k) in (6.1) is used to achieve system stability under certain
switching signals, and usually, the mode-dependent control pattern is considered
and formed as (if state feedback) u(k) = K,)x(k), where K; (Vo (k) = i € Z) is the
controller gain to be determined. In literature, however, a common assumption is that
the switches of K, coincide real time with those of system modes, which is hard
to satisfy in practice. Then, if the time lag of switched controllers to system modes
(asynchronous switching) is 7', the control input will become u(k) = K, —7)x(k),
hence the resulting closed-loop system is given by

xtk+1) = (Apwy + Botw Koe—1)) X (k) (6.15)

Obviously, the mode-unmatched (probably wrong) controllers in the loop, together
with the switching signals designed/found in the case of synchronous switching, may
cause a worse performance for the underlying system.

Therefore, in this section, we are interested in finding a mode-dependent state-
feedback controller and a set of admissible switching signals with ADT such that
the resulting closed-loop system (6.15) is globally uniformly exponentially stable
(GUES) in the presence of asynchronous switching. It is worth noting that for a
practical system, it also takes time to measure the system state besides identifying the
system modes. Thus the corresponding state-feedback stabilization problem needs
take both switching delays and state delays into account. This general case and
other more complex cases considering output-feedback control, H, control, etc.,
can be further studied based on the basic state-feedback stabilization methods to be
developed in this section.

In the presence of asynchronous switching, the mode-unmatched controller will
be applied in control loop for a certain time, then the energy function to evaluate the
system may be increased. This, together with the inspiration from [1], motivates us
to consider a class of Lyapunov-like function allowed to increase but the increase
rate is bounded.

Note that for Theorem 6.1, a natural question is how 7y, is known in advance.
Generally, this is hard since within [k;, k;41), VI € NT, T (k;, ki1) includes all
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Fig. 6.2 A typical case of A k —k
the extended Lyapunov-like T¢( I+ )
function in Fig. 6.1. Here,
T4 (ki, ki41) s the only g | /
interval close to the = \
switching times 2 e
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the randomly dispersed intervals during which the Lyapunov function is increas-
ing. However, for the asynchronously switched control problem, the corresponding
T4 (k;, ki1) will be only the interval close to the switching instants of subsystems
as shown in Fig.6.2, depending on the running time of unmatched controller. In
practice, the interval rests with the identification and scheduling process among all
the candidates of stabilizing controllers, which may be different in different envi-
ronments. Here we assume the maximal delay of asynchronous switching, 7., is
known a priori without loss of generality.

Now, we are in a position to give the existence conditions of an asynchronous
mode-dependent stabilizing controller for system (6.1).

Theorem 6.10 Consider the switched linear system (6.1) and let 0 <y < 1, n >
—1, u > 1 be given constants. If there exist matrices S; > 0 and U;, Vi € Z, such
that V(i,j) e T x I, i #j

—Si AiSi + B:U;
[* s =0 (6.16)
_S, A +BU;
[ . (1+n)(s,»—sj—sj)] =0 6.17)
Sj < wuS; (6.18)

then there exists a mode-dependent stabilizing controller with the asynchronous delay
Tmax Such that system (6.15) is GUES for any switching signal with ADT satisfying
(6.5). Moreover, if (6.16)—(6.18) has a solution, the admissible controller can be
given by K; = U,-Sl-_l.

Proof For mode-dependent controller input u(k) = K;x(k) in asynchronous switch-
ing case, namely, when the subsystem i has been switched, the controller K; will be
still active instead of K; for 7.« then we have
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Arjx(k + 1), Yk € [k, ki + Tnax)

k+1) =12
kD Aix(k + 1), Vk € [k + Tmax, kit1)

(6.19)

where Ai £ A,‘ + BiKi» Ai,j = Ai + BII(]
Then, consider the extended Lyapunov-like function V;(x(k)) = x7 (k)Pix(k),
together with (6.3) and (6.19), we have V(i,j) € T x Z,i # j,

AVi(x) + Vi) = x{ [A] PA; + P; — Pi] x
AViw) = Vitx) = xf AL PiAs; — P = Pi] xe
Vitk) — pVi(k) = x; [Pi — pP;] x

Thus if
ATPA; +~vP; —P; <0 (6.20)
Al PiA;j—nP;—P; <0 (6.21)
Pi—pP; <0 (6.22)

system (6.1) is GUAS for any switching signal with ADT (6.5) according to

Theorem 6.1. Replacing A;, A,», ;1 (6.19) and by Lemma 2.4, we have
—P; P;A; + PiB/K;
|: «  —(1—~)Pi :|§O (6.23)
| prat s <o (624)

Setting S; £ P LU, 2K;S; and performing a congruence transformation to
(6.23) via diag{S;, S;}, we can obtain (6.16). In addition, from the fact (S; — S,)T
Si(S; —S;) > 0, we have S; —S; — SjT > —SJ-TSflSj. Then, if (6.17) holds, one
has

_S; A+ B
T ool <0
« —(L+STS s,

Performing a congruence transformation to the above inequality via a’iag{Sl-_1 , S j_l 1,
we can obtain (6.24). Therefore, (6.16)—(6.18) ensure that (6.20)—(6.22) are satisfied.
In addition, by denoting ¢ = /(1 — )0%ma/741/7 the system state satisfies ||x;|| <
K(*=%)||x;. || for a certain K > 0, i.e. the underlying system is GUES. O
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Likewise, the following corollary gives the case of synchronous switching in the
discrete-time context.

Corollary 6.11 Consider the switched linear system (6.1) and let 0 < v < 1 and
w > 1 be given constants. If there exist matrices S; > 0 and U;, Vi € I, such that,
Vi,j) eI xZI,i#]j

IA

(6.25)

—S; AiSi + BiU;
* —(1=7)S;
J

0
1S, (6.26)

IA

then there exists a mode-dependent stabilizing controller such that system (6.1) is
GUES for any switching signal with ADT satisfying (2.26). Moreover, if (6.25)—(6.26)
has a solution, the admissible controller can be given by K; = U;S; L

Remark 6.12 The conditions derived in the above Theorems and Corollaries are
LMIs for given a, 8 (or a only) and p. Then, by providing other two parameters
(or one, respectively) a priori, the optimum for the other one can be approximately
obtained by the bisection method when a feasible solution of the corresponding LMIs
is guaranteed. This is actually due to the latent monotonicity of all of them, e.g., a
bigger 3 corresponding to more possibilities of feasible solutions in Theorem6.1.

6.4 H,, Control

6.4.1 Switched Linear Systems

In this subsection, we will investigate the problem of designing the mode-dependent
H controllers for the underlying systems in the presence of asynchronous switching.
Consider a class of discrete-time switched linear systems given by

x(k +1) = Ayyx(k) + Bogyu(k) + Esqyw(k) (6.27)
z2(k) = Copyx(k) + Doyu(k) + Fopyw(k) (6.28)

where the system description has been given in the previous sections. o (k) is the
switching signal discussed in Sect.6.1 and we also consider it to be with ADT
property. For the system in the presence of asynchronous switching, we are interested
in designing an H, state-feedback controller u(k) = K,x)x(k), where K; (Vo (k) =
i € 7) is the controller gain to be determined.

If there exists the asynchronous switching, i.e., the switches of K, do not coin-
cide in real time with those of system modes, then the control input will become
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u(k) = Ky—,,)x(k), Yk € [k;, k; + Thmax). Hence the resulting closed-loop system
is given by Vo (k — Thax) = J, 0(k) = 1,1 # J,

{x(k+1) =Ax(k) + Ewk)
2k) = Cx(k) + Frw(k), Yk € ki, ki + Tonax) 6.29)
x(k+1)  =Ax(k) + Ew(k) '
z2(k) = Cix(k) + Fiw(k), Yk € [k + Toax, ki1)
where
Ai 2 A+ BiK; A 2 A+ BK;, C; 2 A; + BKK;,
Ci2 A +BK, E2E =E,F,2F =F,.

Then, the controllers as well as the switching signals, designed in the case assuming
synchronous switching, may cause a worse performance.

Therefore, our objective in this subsection is to design a mode-dependent state-
feedback controller and find a set of admissible switching signals with ADT such that
the resulting closed-loop system (6.29) is GUAS and has a guaranteed exponential
H,, disturbance attenuation performance, i.e., ||z||§ <52 ||w||§ for a v > 0 in the
presence of asynchronous switching. Note that as shown in (6.29), the mismatched
controller only appears once during the closed loop interval for the active subsystems.

Using both Theorems 6.1 and 6.7, the above problem can be solved by the fol-
lowing theorem, which is used to give stability and exponential H., performance
analyses for system (6.29).

Theorem 6.13 Consider switched linear system (6.29) and let 0 < a < 1,0 >
0,7 > 0, and > 1 be given constants. If there exist matrices P; > 0, Vi € Z, such
thatV(i,j) € I x 1,1 #j, P; < puPj, ©; < 0and ©; <0, where

[—P; 0  PA;, PE
N * —I éi F,'
®; = * * —(1—a)P; O ’
| x x * —721_
[P, 0 PA;  PE ]
@“ é * —I éi ﬁi
v * x —(1+pP; 0
| *  * * —~* |

then under the asynchronous delay Ty, the corresponding system is GUAS for any
switching signal satisfying (6.5) and has a guaranteed exponential H, performance

index v, = / (0Tmox 11)No @ Tmax 1y,
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Proof Consider the extended Lyapunov-like function shown in Fig.6.2 as the fol-
lowing quadratic form

Vi) = x] Poxy, Yo(k) =i e T (6.30)

where P; is a positive definite matrix. Firstly, it is straightforward to know that (6.30)
satisfies the hypothesis (6.2).

Now assuming zero disturbance input to the system, we know from (6.3), (6.4)
and (6.29) thatV(i,j) e Z x Z,i #J,

AVi() — BVi() = x! Aixr, Yk € Tki, ki 4 Tonax)
AVi(x) + aVi(x) = xp Aixy, Yk € [k + Tonax, ki)
‘/i(.Xk[) - H"/j(-xkl) = x[z; [Pl - ILLPj].ku,

where IA\[ éAlTP,A, — ﬁP, — P;, 1_\,‘ éAITP,A, + aP; — P;. From ®; < 0 and @U <
0, we readily know that

—P; PiA; <o, —P;i  PA; <0
* —(l—a)P; |~ * —(1+0)P; | —

which, by Lemma2.4, imply A ; < 0and A; < 0. Therefore, if we further have P; —
uP; <0, system (6.29) is GUAS for any switching signal satisfying (6.5). Now
consider the disturbance input, one has that Vk € [k;, k; + Trax)
AVi(x) — BVia) + 2 2 — 7 uj w
=x'|A;+CTC|x 2 |ATPE; + CTF;
= X i i Ci| X + 2x; 5P1E1+CiFt Wk
twf [ =71+ ETPiE; + FTE wy
= ¢ (k) 24 (k)
and Vk € [kl + Tmax» kl+l)
AVi(x) + aVi(x) + 7 7 — 7 uj g
= .Xg [I_\, + élTé,] Xk + 2)(,{ [AITP,E, + élTF,] Wy
= (" (k) L2, (k)
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where C(k) 2 [¥ (k) w’(k)]" and

2l A+Cre;, ET P,f;,- +Aé,.T ﬁ’; A
* —~21 + ETPE; + FTF;

0. A [\,-{-CITC, EITP,_E,—F_CITF,_ ~
v * —21 + ETPE; + FTF;

By Lemma2.4, ®; < 0and ®; < 0 are equivalent to £2;; < 0 and £24; < 0, respec-
tively. Therefore, one has

—a Vi) + z{ 2 — v uf ue, Yk € [k + Toaxs kit1)
AV, < /9 k
() = [ BViK) + 2l 2% — 72l g, Yk € [k, i + Tonas)
According to Theorem 6.7, the system has a guaranteed l,-gain no greater than
4> Which means the system (6.29) satisfies ||z||% < 73 ||w||§. This completes the
proof. (]

Based on the above results, the following theorem presents a sufficient condition
of the existence of the mode-dependent state-feedback H, controllers for system
(6.27)—(6.28) in the presence of asynchronous switching.

Theorem 6.14 Consider switched system (6.27)—(6.28) and let 0 < o < 1, § >
0,7 > 0, and u > 1 be given constants. If there exist matrices S; > 0 and U;, Vi € I,
such thatV(i,j) € L x1,i#j, S < uS;, ¥; < 0and ¥; <0, where

=S, 0 AS;+BU: E

wa | * =1 CiS; +D;U; F;

T o« o« —(1=a)S; 0 ’

| *x * * -2
[—S; 0 AiS; + B:U; E;

v é *x =1 Cl‘Sj +D,[Jj Fi

i - —(1+5)(S,-—Sj—s]) o |’
| * x * —~*

then there exists a mode-dependent state-feedback controller with the asynchronous
delay Ty« such that system (6.29) is GUAS for any switching signal with ADT satisfy-
ing (6.5) and has an exponential H., performance index v, = / (6Tmox p1)NoTmax— 11,
Moreover, if a feasible solution exists, the admissible controller gain is given by

K =US;" (6.31)

Proof Replace A,-, A,- of ®; and @; in Theorem6.13 by the ones in (6.29). Set-
ting S; £ P; 1 U; £ K;S; and performing a congruence transformation [8] to ¥; < 0


http://dx.doi.org/10.1007/978-3-319-28850-5_2

6.4 Hy Control 181

via diag{Sl-_l,I, Si_l,l}, we can obtain @; < 0. In addition, from the fact (S; —
SHTSi(Si — ;) = 0, we have S; — S; — ST = —S7S;”'S;. Then, if ¥; < 0, one has

*x —1 Cl'Sj + D,l]j F,‘ O

« % —(L+@SIss; 0 | =

* K * -2
Performing a congruence transformation to the above inequality via diag(S; L,
S]_ ! , I}, we can obtain ®; < 0. Therefore, according to Theorem 6.13, we know if
S; < uS;, ¥ < 0and ¥j; < 0, system (6.29) is GUAS for any switching signal with
ADT satisfying (6.5) and has an exponential H,, performance index y,. Meanwhile,
the mode-dependent controller gainis given by K; = U;S;” ! This completes the proof.
O

Remark 6.15 Note that if setting Zp.x =0, then Theorem6.14 reduces to
Definition 6.6, i.e., the synchronous switching case, which we list here again as a
corollary for further comparison.

Corollary 6.16 Consider switched system (6.27)—(6.28) and let 0 < o < 1, v > 0,
and |1 > 1 be given constants. If there exist matrices S; > 0 and U;, Vi € Z, such that
Vi,j) eI x1,i#j,S8 < uSj, W <0, where W, is shown in Theorem6.14, then
there exists a mode-dependent state-feedback controller such that system (6.27)—
(6.28) is GUAS for any switching signal with ADT satisfying (6.5) and has an
exponential Hy, performance index ~. Moreover, if a feasible solution exists, the
admissible controller gain is given by (6.31).

Remark 6.17 Solving the convex problems contained in the above Theorem 6.14 and
Corollary 6.16, the scalars -y and +y, can be optimized in terms of the feasibility of the
corresponding conditions. In addition, it is obvious that v, > 7, which means that
the H,, performance achieved in the presence of asynchronous switching is worse
than the one in the case of synchronous switching. However, the controller designed
without considering asynchronous switching, even under the admissible switching
(6.5), may fail to obtain the prescribed (or optimized) v or even +,, which will be
shown via the following example.

Example 6.18 Consider discrete-time switched linear system (6.27)—(6.28) consist-
ing of three subsystems described by

A _[088-005] 0510247  ~_[-0800.16
"7 1040072 "7 708003277 T [ 0.80 0.64 |

[-0.30 14 15
Bi=1 _so ]’Bz— [0.30 }’33 = [0.10 }

[[0.70 0.20 ~1.10
b= _1.30} 2= [1.40} B = [0.90 }
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¢, =[0.200.10],C, = [0.30 0.40], C3 = [ -0.10 0.20],
Dy = 0.40, D, = —0.50, D3 = 0.60, F; = 0.20, F, = 0.30, F3 = —1.10.

The maximal delay of asynchronous switching 7., = 2.

Our purpose here is to design a mode-dependent state-feedback controller and
find out the admissible switching signals such that the resulting closed-loop system
is stable with an optimized exponential H., disturbance attenuation performance.

First, we shall demonstrate that if one studies the control problem of the above
system assuming synchronous switching, i.e., based on Corollary 6.16, the corre-
sponding design results will be invalid in the presence of asynchronous switch-
ing. Given p = 1.05 and a = 0.20 and solving the convex optimization problem in
Corollary 6.16 (minimizing -y in the criteria), one can obtain 77 = 0.2186, v* =
2.6309 and the controller gains as

K, =[0.9505 0.1529], K, = [0.3657 0.1847], K3 = [—0.8420 0.0741]  (6.32)

Applying controller (6.32) and generating a possible switching sequence satisfying
7, = 1 > 0.2186, one can get the steady state response of the resulting closed-loop
system as shown in Fig. 6.3a for w(k) = 0.5 exp(—0.5k). Now if there exists asyn-
chronous switching in practice with 7,,x = 2, the state response of the resulting sys-
tems for switching sequences with 7, = 1, 2, 3 are plotted, respectively, in Figs. 6.3b
and 6.4. One can observe that although the states become converging as the selected
ADT is increasing, all the practical Hy, performance indices are greater than the opti-
mized one. It is actually hard by trial-and-error to find admissible switching signals
since the designed controller may be also wrong.

Thus, we consider the asynchronous switching in the design phase and turn to
Theorem 6.14. By further giving 5 = 0.05 and solving the corresponding convex
optimization problem in Theorem 6.14, we obtain 7,1 = 2.6559, v = /(67w p)No~
with v; = 5.6886 and Ny = 1.2, and the controller gains as

K, =10.2698 0.1360], K, = [0.2897 0.1785], K3 = [—0.1711 0.1343]  (6.33)

Using the controller (6.33) and giving switching sequences with 7, = 3 and 7, = 4
(both are greater than 2.6559), respectively, the state responses of the resulting system
are given in Fig. 6.5. In addition, generating randomly 200 switching sequences with
T, = 3, Fig. 6.6 gives the comparison on the H,, performance indices that the result-
ing closed-loop systems can achieve when applying (6.32) and (6.33), respectively. It
can be seen from Figs. 6.5 and 6.6 that the designed controller (6.33) under the admis-
sible switching signals is effective despite asynchronous switching. Also, in Fig. 6.6,
it is obvious that the controller (6.32) even can not guarantee 7 = /(67w p)No~
with v} = 5.6886 and Ny = 1.2, although the given switching sequences with 7, = 3
are admissible. Therefore, combining with Figs. 6.3 and 6.4, we conclude that only
increasing ADT is not sufficient to ensure the system stability and/or performance,
which also shows the necessity of Theorem 6.14 and its potential in practice.
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Fig. 6.3 State responses of the closed-loop systems by controller (6.32) with different 7p,,x and
ADT. a Tnax = 0, ADT = 1; b Tpax = 2, ADT =1
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Fig. 6.4 State responses of the closed-loop systems by controller (6.32) with different 7p,,x and
ADT. a Tppax = 2,ADT =2;b Tpax = 2,ADT =3
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Fig. 6.5 State responses of the closed-loop systems by controller (6.33). a Tax = 2, ADT = 3;b
Tmax = 2,ADT =4
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Fig. 6.6 H., performance indices of the closed-loop systems by controller (6.32) and controller
(6.33)

6.4.2 Switched LPV Systems

Consider the following discrete-time switched linear parameter varying (LPV)
system

X1 = Aoy (P)Xk + Boo (P ur + Eq o (pr)wi (6.34)
Vi = Coky (Pr)Xk + Doy (pr)ux + Fooy (Pr)wk (6.35)

when o(k) =i € 7, the matrices (A;(px), Bi(p), Ci(px), Di(pr), Ei(pi), Fi(pr))
denote the ith subsystem, which are known functions of measurable p;, where
ok = [p1ks ---s Psils 1P| < po, Y1 <z < s is a vector of time-varying parameters
which belongs to a compact set.

Note that in the studies in the previous section and other literature, such as [9-13],
the delays in the switching of controllers are assumed to be constant or time-varying.
In this subsection, we assume that the delay of controllers to be mode-dependent.
Specifically, let .7, i € Z, be the value of the delay for the ith subsystem.

Based on the stability, /;-gain analysis results in Theorems 6.4 and 6.8, the con-
ditions and the corresponding Hy, controller ensuring the GUAS and /,-gain can
be obtained for discrete-time switched LPV system (6.34)—(6.35). As studied in
Sect.6.4.1, this subsection is to find mode-dependent state-feedback controllers
Ki(pr), Vi € Z, such that the closed-loop system can achieve anticipated performance
in spite of the asynchronous switching. When considering asynchronous switching,
the controller input can be expressed as uy = Kyx—17)(px) %k, Yk € [k, k1), VI e N.
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Hence, assuming o (k;) =i € Z, we have Vk € [k, ki + 1)), Koq—17) (px) = K (pi),
J # i,andVk € [k + 17, ki1), Ko k—7) (px) = Ki(pr). The resulting closed-loop sys-
tem can be written as

[xk-H = Ai(p)xx + Ei(pr)wi Vk € k. ki + T) (6.36)
Ci(p)xi + Fi(po)we
X1 = Ai(p)xx + Ei(pr)wi
Vk € [k + T, k 6.37
[ = Ci(p)xx + Fi(pr)wi L 1) (6.37)

where V(i,j) € T x I,

Ailpr) 2 Ai(p) + Bi(p)K;j(p), Ai(pr) = Ai(pr) + Bi(pi) Ki(pr),
Ci(p) 2 Ci(p) + Di(p)K; (o), Ci(pr) 2 Cilpr) + Dipi) Ki(pi),
Ei(p) 2 Ei(pr) = Ei(p), Fi(pr) 2 Fi(pr) = Fi(pr).

The controllers designed under the assumption of synchronous switching may cause
instability or other worse performance in the presence of asynchronous behavior
when controllers switch. To solve this problem, we deduce the following theorems
that can ensure the performance.

Theorem 6.19 Consider discrete-time switched LPV systems (6.36) and (6.37), let
O<a;<1, 3i=0,v>0and u; > 1, Vi € Z, be given constants. If there exist
matrices Pi(pr) > 0,Vi € Z, suchthatV(i,j) € T x I, i # j, Pi(pr) < piPj(pr), and
the following parameterized LMIs hold

[ —Pi(pes1) O P(Pk+1)A (1) P(Pk+1)E (pr) ]

* —I Ci(px) Fi(pr)
« % —(1+ B)Pip0) 0 =0 639
L * * * -2 |

[ —Pi(pes1) O PilpeyDAi(p) Pilpir)Ei(pi) ]

* -1 Ci(pr) Fi(px)
s« —(—apPip) 0 =0 639
* * * -2

Then under asynchronous delay T;, the corresponding system is GUAS for any MADT
switching signal satisfying (6.10) and has an exponential H, performance index

%= 67

Proof Choose the Lyapunov function of the form
Vi, pr) = x{ Pi(pp)xi, Yo (k) =i € T

For the zero disturbance input to the system, we have
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AVi(xie, pr) + i Vi, pi) = x; Qixie, Yk € Tk + o, ki)
AVi(, pr) — BiVilxr, pr) = X1 2ixr, Vk € [ky, ki + T))

where

2: 2 AT (p)Pi(pi DA (pr) — Pipr) + iPi(pr),
2 2 AT () Pi(pr)Ai(p) — Pipr) — BiPi(pr)-

In addition, we have V;(xy,, pr,) — Vi (i, pr,) = X [Pi(p,) — 1iPj(pr) s, By
Lemma?2.4, (6.38) and (6.39) imply

—0oy Vi(xw, pr), Yk € [ki + 714, kip1)

A‘/l 9 E
Xk, pr) [ GiVi(xk, pr), Yk € [k, ki + 1))

By Pi(pr) < piPj(pi), we have AV;(xy,, pr) < piAVi(xy,, pr). From Theorem 6.4,
discrete-time switched LPV systems (6.36) and (6.37) are GUAS under any MADT
switching signal satisfying (6.10). Now consider the disturbance input, we have Yk €
(ki + T, kivn), AV, pi) + Vil pi) + Yiyk — Vol we = §f 2y, and Vk €
(ki ki + T0), AViGxe, pr) — BiVilae, pi) + vk — YVwlwp = ] 246, where ¢ =
[x] w!], and

5. _ | 2+ CleoCilp AT (OPprs)Ei(p0) + CilpOFilpr)
! * 1+ EL (P (e D Eip) + FT (00 Fi(pi)

5 2+ CT (o) Ci(pe) AT () Pi(prs D Ei(pr) + Cilpi) Fi(pr)
" . —21 + ET (o0 Pipis DE: (o) + FT (o) Fioe)

From (6.38) and (6.39), by Lemma 2.4, we have S_Zw <0, S_ZTi < 0. Therefore, we
can get

—a; Vi(xi, pi) + yive — Ywl wy, Yk € [k + T, k1)

AVi(xg, pr) <
BiVixk, pi) + yi vk — v wl wy, Vk € [k, ki + T))

together with P;(pr) < p;Pj(pr) and Theorem 6.8, we can complete this proof. [

Then, the existence conditions of an asynchronous H,, controller for the under-
lying switched LPV systems can be obtained as follows.

Theorem 6.20 Consider discrete-time switched LPV system (6.34)—(6.35) with the
controllers in the form uy = Kyg—1)%r, Yk € [k, ki+1), VI e N. Let0 < o < 1, 3; >
0, v>0and p; > 1, Vi € I, be given constants. If there exist matrices S;(py) >
0, Ui(pr), Yi € L, such thatV(i,j) € T x I, i #j, Si(pr) < piSj(px), the following
parameterized LMIs hold
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—Si(pr+1) O Ai(p)Si(px) + Bi(p)Ui(pr)  Ei(pr) ]
* =1 Ci(p)Si(pr) + Di(p)Ui(px)  Fi(pr) 0 (640)
< .
s w8 St = S0 = ST0)] 0
* * * -2 |
—Si(per) 0 Ai(p)Si(p) + Bi(p) Ui(pr) Eipr) |
* —I Ci(p)Si(pr) + Di(p) Ui(pr) Fi(px)
) o |=0 ©4D
* * * —I |
then there exists a mode-dependent state-feedback controller
Ki(po) = Ui(po)S;" (pe) (6.42)

such that the discrete-time switched LPV system is GUAS with weighted H, perfor-

mance index v, = \/ iIEYI (9?” pi)Noi %0,{2{;‘_17 under any switching signal (6.10).
Proof Replace Ai(pk) and Ai(pk) in (6.38) and (6.39) by the ones in (6.36) and
(6.37). Defining S;(py) = Pi_l(pk) and U;(pr) £ Ki(pr)Si(px), and performing the
congruence transformation via diag{Sfl(pkH), 1, S;l (pr), 1} to (6.40) and (6.41),
we can easily obtain (6.39). Furthermore, from (S;(px) — SJ-(pk))TSlf1 () (Si(pr) —
Si(p)) = 0, wehave Si(px) — Sj(px) — S (pr) = —SjT(Pk)Sfl(Pk)Sj(pk).Therefore,
from (6.40), we have

=Si(pkr1) 0 Ai(p)S;(px) + Bi(p) Ui (pr)  Ei(pr)
* —I Ci(pr)Si(pr) + Di(p) Ui (pr)  Fi(pr)
x o =L+ 88T (oS (p)Si(p) O
* * * -2

<0 (6.43)

Performing the congruence transformation to (6.43) via diag{S; ! (Pk+1), 1, S; ! (Pr)>
I}, we can obtain (6.38). Furthermore, V(i,j) € Z x Z, i #j, Si(pr) < piS;(px)
implies P;(px) < 1;Pj(px). From Theorem 6.19, the proof can be completed. ([l

Remark 6.21 As shown in most of LPV literature (see for instance [14]), by choos-
ing appropriate basis functions U‘l(pk)}?f , the matrix function variables Y;(p) =
{Pi(px), Si(pr), Ui(pr)} in Theorems 6.19 and 6.20 can be decomposed as the fol-
lowing affine fashion

1y
Yilp) = D_filp) V! (6.44)

i=1

where fi(px) and ny can be chosen by designer in accordance with the dependence
structure in system (6.36)—(6.37). Consequently, y;(p) = {P;(pr), Si(pr), Ui(pr)}
becomes the decision variables of Theorems 6.19 and 6.20. In this sense, the gridding
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technique can be utilized to eliminate the dependence on the parameter vector p in
the parameterized LMIs [14].

In the following, we provide an example to illustrate the effectiveness of the
controller design method given in this subsection.

Example 6.22 Consider discrete-time switched LPV system (6.34)—(6.35) with the
following state-space matrices

0.9 —1.44 4 0.25 1.08 0.36+0.2
Al(”k)z[l.os 0.72 pk]’Az(pk)z[—o.n ~1.17 pk]’

Bi(py) = [82} ,By(pp) = |:_00511| , E1(pr) = Ei(pr) = |:0(.)4] )

Ci(pr) = Ca(pr) = [0.3 =0.11, Di(px) = D2(px) = 0.6,
Fi(pr) = F2(p) =0,

where p; = cos(0.27k) is the time-varying parameter. Our purpose is to design a
mode-dependent stabilizing controller and find admissible switching signals with
MADT such that the closed-loop asynchronous switched LPV system (6.36)—(6.37)
is stable with a guaranteed exponential H,, performance for given «;, [3;, and p;,
Viel.

According to the structure of the parameter dependence in the system above, we
choose the basic functions in (6.44) as fi (pr) = 1 and f>(pr) = cos(0.27k). Gridding
the parameter space of p; with 10 uniform grids, for the parameters given in Table 6.1,
we can obtain the different MADT 7j;, ADT 7 and the optimized H, performance
index ~* via Theorem 6.20. The obtained results under MADT and ADT switching
logics are illustrated in Table6.1.

It can be seen in Table 6.1 that the minimal MADT are reduced to 7;; = 5.7700,
Ty, = 2.8904, and one special case of MADT switching is 7, = 7, = 5.7700 by
setting @ = o) = ap = 0.12 and § = B = ($, = 0.15 (note that the ADT switching
logic is independent of the special system modes, thus any switching signal satisfying
the ADT of a system will satisfy the MADT of all subsystems, i.e., 7, > 7, Vi € I).
Therefore, the ADT switching can be viewed as a special case of MADT switching.

Table 6.1 Parameters and computation results for the system under two different switching logics

Switching schemes MADT switching ADT switching
Parameters m =p2=1.6 nw=1.6

a1 =0.12, ap =0.24 a=0.12

81 =0.15, B, = 0.05 6=0.15

S=Rh=1 T =1
Optimal Hy, performance Ty = 182779 vi =1.73717
Switching signals 72 = 5.7700, 7%, = 2.8904 Ty = 5.7700
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It should be noted that in Table 6.1, the optimal H,, performance index of MADT
switching ~y;; is larger than that of ADT case v}, i.e., vy, > ~vi, which is consistent
with Remark 6.9.

The obtained gain controllers for the MADT switching scheme are as follows

$i (o — [ 02142 00716 —0.1911 0.0623
WP =1 _0.0716 0.0452 PEL0.0623 —0.0357

Sy(o0) = 0.2019 —0.0973 —0.1823 0.0858
2006 =11 _0.0973 0.0697 k1 0.0858 —0.0557

Ui(pr) =[—0.4317 0.1693 ] 4 px[ 0.3828 —0.1444 ]
Us(pr) = [—0.4586 0.2487 ] 4 pi[0.4125 —0.2140]

and for the ADT switching scheme

S1(o0) = 0.2999 —0.0767 —0.2439 0.0588
WP = _0.0767 0.0603 k1 0.0588 —0.0437

S — | 02763 ~0.1179 —0.2361 0.0987
2P =11 _0.1179 0.0942 “10.0987 —0.0707

Ui (pr) = [ —0.5605 0.1831] + p[0.4477 —0.1371]

Us(pr) = [ —0.5922 0.2977 ] + p[0.5014 —0.2397 ]

In order to show the effectiveness and advantages of the MADT switching,
we construct a switching signal, which satisfies 7,1 = 5.9 > 7, and 7,0 = 3.9 >
T4. It is apparent that this switching signal does not satisfy the requirement
of ADT switching since 7, =4.5714 < 7. The initial conditions are assumed
to be xg = [0 0]7, which is aimed to guarantee the condition Vetke) k) = 0 in
Theorem6.8. The disturbance input is assumed to be w(k) = 0.5cos(0.27k)
exp(—0.5k). With the controllers obtained via LMI toolbox in Matlab, we can get
the state response of the closed-loop switched LPV system, which is demonstrated

in Fig.6.7. In Fig.6.7, all the states of the system converge to zero. Figure 6.8

shows the response of the ratio \/Zf;l(l — amax)"y(i)Ty(i)/\/Zf;l w@)Tw()
under disturbance input w(k). From Fig.6.8, it can be observed that the response
performances are satisfactory, and it can also be seen from Fig. 6.8 that the ratio

V(= Q)T y(G) / 3 w(i)Tw(iy s less than 1.5686 , which is below
the minimum disturbance-attenuation level «y;, = 18.2779, thus showing the effec-
tiveness of the controller design. In comparison with the MADT switching scheme,
the state response of the closed-loop system for the ADT case under the same switch-
ing signal is demonstrated in Fig. 6.9. It can be seen that the state response does not
converge to zero. Therefore, from Figs.6.7 and 6.9, we can conclude the MADT
switching logic is less rigid than the ADT switching in terms of the requirement of
the switching signal, which shows the advantage of the MADT switching.
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6.5 H Filtering

Consider a class of discrete-time switched linear systems given by

x(k +1) = Ay@yx (k) + By gyw(k) (6.45)
v(k) = Copyx(k) + Dgyw (k) (6.46)
2(k) = Hyqyx(k) + Lygyw(k) (6.47)

where the system description has been given in the previous sections, and when
o(k) =i € Z, the matrices (4;, B;, C;, D;, H;, L;) denote the ith subsystem. In this
section, we focus our study of system (6.45)—(6.47) on a class of switching signals
with ADT property.

Here, we are interested in designing the following mode-dependent full-order
filter for system (6.45)—-(6.47),Vo =il

xp(k + 1) = Apxp (k) + Briy(k) (6.48)
zr(k) = Crixp(k) + Driy(k) (6.49)

where Ap;, Br;, Cr; and Dp; are the filter gains to be determined. Also, we aim to
consider the more practical asynchronous filtering problem, that is, the switches of
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the filter gains do not coincide in real time with those of system modes. Thus, the
resulting filtering error system becomes

Sk+1) =Axk) + Ewk)

etk) = Citk) + Frw(k). Vk € ki, ki + Toa) 6.50)
¥k +1) =Axk) + Ewk)

ek) = Cxk) + Fw®), Vk € [k + T, ki)

where £(k) £ [x7 (k) xL(0)]", e(k) £ z(k) — z¢(k), and

Ai O E Ny Bi
BriCi Ap | BFjD< ’

})
>

A,é[H DFJC CF,] i 2 L; — Df;D;,
A‘A A Bi

e B CAF, E=1Bep; |

C: £ [H; — DpiC; —Cri ], F; £ L; — Dp;D;.

Then, our objective in this section is to design a mode-dependent full-order fil-
ter and find a set of admissible switching signals with ADT such that the resulting
filtering error system (6.50) is GUAS and has a guaranteed exponential H,, dis-
turbance attenuation performance, i.e., ||e||§ <52 ||w||§ for a given v > 0 in the
presence of asynchronous switching. A sufficient condition of the existence of the
mode-dependent full-order H,, filters for the underlying system in the presence of
asynchronous switching is given in the following theorem.

Theorem 6.23 Consider system (6.45)—(6.47)andlet0 < o < 1,3 > 0,~v > 0, and
1 > 1 be given constants. If there exist matrices Py; > 0, P3; > 0 and matrices P»;,
X, Y, Z, Aﬁ, Bﬁ, Cﬁ’ Dﬁ, Vi € 7T such that @; <0, @,j]' < 0and

|:P1i Pzij| Y I:Plj sz] <0 (6.51)

* P3i * P3I

where

o' @12 0 @!* X;B; + BsD;
* &2 0 & Z:B; + BsiD;
* x —1 &M L — DD,
* ok x 45?4 0

* Kk k% —~

[I>

D;
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ol 2 0 @} X;B; + B;D;
x ®2 0 O ZB; + ByD;

Qpij é * * —I @34 L,’ —_ DﬁD,
*  x % @;}4 0
* ok kX K -2
with
oM AP X —X O AP - X, - X ®PE Py —Y, - 2],
®;° £ Py~ Y, = Z], @[* 2 XiAi + BiCiAp, @ £ XjA; + B;Cilg,
O £ ZA; + BiC; A, D7 £ ZA; + B;C; Ay,
@ £ H, — DC; — C;, @' £ H; — DCi — Cyj.
and

ML —aP; —aPy; oML —f3Py; —5:P2i
! * —C_¥P3i C Ty * —ﬂpy ’

atl-aq, B £ 1 4+ B, then there exists a mode-dependent filter with the asynchro-
nous delay Ty.x such that the corresponding filtering error system (6.50) is GUAS
for any switching signal with ADT satisfying (6.5) and has an exponential Hy, per-
formance index ~y, = /(0T p)No@Tmx—1~ Moreover, if the feasible solutions exist,
the admissible filter gains are given by

Api = Y 'Ag, Bri = Y[ 'Bs, Cri = Cp, Dii = Dy (6.52)

Proof First of all, for a matrix R;, Vi € Z, from the fact (P; — R)TP;(P; — R;) > 0
we have P; — R; — RT > —RTP;"'R;, then we know the following inequalities

[Pi—Ri—Rl 0 RA; RE; ]
* -1 C,' F,'
. « —d—ap; 0 |=9 (6.53)
L * * * —’sz_
[Pi—R—R 0 RA  RE ]
* -1 G Fi | <o (6.54)
* * —(1+pP; O
L * * * —~ |

guarantee &; <0 and ®; <0 in Theorem6.13, respectively. Then, replace
A;, Ci E;, F;and A, C;, E;, F; in (6.53) and (6.54) by the ones in (6.50) and assume
the matrices P;, R; to have the following forms
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p A Py Py R 2 Xi Y
*x P Zi Y

Defining matrix variables
Ap = YiAp, By = YiBri, C = Cp, Dy = Dpy (6.55)

one can readily obtain @; and ®;;. Therefore, if &; < 0, @; < 0 and (6.51) holds, we
have ®; <0, ®; < 0 and P; < uP;, respectively. According to Theorem6.13, the
filtering error system (6.50) is GUAS for any switching signal with ADT satisfying
(6.5) and has an exponential Hy, performance index +. In addition, from (6.55), the
mode-dependent filter gains are given by (6.52). This completes the proof. (]

In the absence of asynchronous switching, i.e., 7.x = 0in Theorem 6.23, we can
get the following corollary (cf. Remark 6.15).

Corollary 6.24 Consider switched system (6.45)—(6.47) and let0 < o < 1, v > 0,
and | > 1 be given constants. If there exist matrices Py; > 0, P3; > 0and P»;, X;, Y,
Z;, A, Bg, Cg, Dj, Vi € T such thatV(i,j) € T x 1L, i #j, ®; < 0and (6.51) holds,
where @; is shown in Theorem6.23, then there exists a mode-dependent filter such
that the resulting filtering error system is GUAS for any switching signal with ADT
satisfying (6.5) and has an exponential Hy, performance index ~. Moreover; if a
feasible solution exists, the admissible filter gains are given by (6.52).

In what follows, we will present two examples to demonstrate the validity of the
filter design approach in the presence of asynchronous switching. The first numerical
example is used to show the necessity of considering asynchronous switching, and
the second example is derived from a PWM-driven boost converter, a typical circuit
system to illustrate the applicability of the theoretical results.

Example 6.25 Consider a discrete-time switched linear system (6.45)—(6.47) con-
sisting of three subsystems described by

A _[-060-005] , _[0.630.23 Au = [ 7075 —0.15
"= 1038 068 |"72710.75-068|""2710.75 090 |’

~0.30 —1.40 0.10
B = [ 0.20 ]’32 - [—0.30]33 - [—0.10]
C; =[0.10 =0.10], C; = [0.30 —0.40], C3 = [ -0.10 0.20],

Hy =[0.700.30], H, = [0.20 0.40] , H; = [ -0.10 0.20] ,
Ly = 0.20, L, = 0.30, Ly = —0.10, D; = 0.40, D; = —0.50, D3 = 0.20.

The maximal delay of asynchronous switching 7., = 2.

The objective is to design a mode-dependent full-order filter and find out the
admissible switching signals such that the resulting filtering error system is stable
with an optimized exponential H,, disturbance attenuation performance.
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We shall first demonstrate that if one studies the filtering problem of the above
system assuming synchronous switching, i.e., by Corollary 6.24, the corresponding
design results will be invalid in the presence of asynchronous switching. Giving . =
1.05 and o = 0.20 and solving the convex optimization problem in Corollary 6.24,
one can get 7 = 0.463, v* = 0.427 and the corresponding filter gains as

A _[-048 0027 _[127 100 _[-025-0.24
FL=1039 065 [~ 1032-0.18 """~ | -025 0.99

(6.56)

Due to the space limit, we omit Bp;, C;, Dp;, i = 1,2, 3 here. The filtering
error response in Fig.6.10 (a) shows that the above filter is effective with v =
0.1536 < 0.4273 under a switching sequence with 7, = 1 > 0.463 for given w (k) =
0.5 exp(—0.05k). However, the filtering error responses in the presence of asyn-
chronous switching, plotted in Figs.6.10 (b) and 6.11 for the switching sequences
with 7, = 1, 2, 3, respectively, show that the filtering error system is stable though,
the optimized exponential H., performance can not be guaranteed. In other words,
the designed filter can not estimate the state of the original system in a required
exponential H,, performance index. Now, turn to Theorem 6.23 and consider the
asynchronous switching. By further giving 3 = 0 and solving the convex optimiza-
tion problem in Theorem6.23, we can get 7 = 2.463, v¥ = /(67w )M~ with
No = 1.2 and +; = 1.872, and filter gains as (Bg;, Cri, Dg;, i = 1, 2, 3 are omitted)

A _[—015-018] , 036 098] , _ [-0.08-0.03
FL=1 043 052 "7 1026-0.13 "7 =] 060 0.58

(6.57)

Then, for the switching sequences with 7, = 3, 4 (both are greater than 2.463),
the filtering error responses using filter (6.57) are given in Fig.6.12. Also, Fig.6.13
gives the validation on the exponential H,, performance indices that the resulting
filter error systems can achieve when applying (6.56) and (6.57), respectively, under
randomly 200 switching sequences with 7, = 3. It can be observed from Figs. 6.10—
6.13 that the H,, filter (6.56) designed by Corollary 6.24 is invalid (even can not
ensure ¥ = /(67 pwNoys with Ng = 1.2 and v} = 1.872), on the contrary, the
filter obtained from Theorem 6.23 is effective in spite of asynchronous switching.

Example 6.26 Consider a PWM (Pulse-Width-Modulation)-driven boost converter,
shown in Fig. 6.14. The switch s(¢) is controlled by a PWM device and can switch
at most once in each period T; L is the inductance, C the capacitance, R the load
resistance, and e,(f) the source voltage. As a typical circuit system, the converter is
used to transform the source voltage into a higher voltage. The control problems for
such power converters have been widely studied in the literature, such as the optimal
control [15], the passivity-based control [16], and the sliding mode control [17], etc.
In recent years, the class of power converters is alternatively modeled as switched
system and the corresponding stabilization problem has also been investigated [18],
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Fig. 6.10 Filtering error response by filter (6.56). a Tax = 0, ADT = 1; b Tipax = 2, ADT =1

[19]. As done in [18, 19], by introducing variables 7 = ¢/T,L; = L/T and C; =
C/T, the differential equations for the boost converter are as follows

. 1
eolr) = =

RC,

1
ec(t) + (1 _S(T))aiL(T)

(6.58)
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Fig. 6.11 Filtering error response by filter (6.56). @ Tiyax = 2, ADT = 2; b Tipax = 2,ADT =3

. 1 1
ir(r) = —(1 - S(T))L_1€C(T) + S(T)L—les(T)

Then, (6.58)—(6.59) can be further expressed by

i=Ax 0e(l,2),

(6.59)

(6.60)
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Note that each mode in (6.60) is non-Hurwitz and the stabilization problem for it
is solved in [19] by designing stabilizing switching laws (the result for the buck-
boost converter therein is applicable to the boost converter). As a prerequisite of
employing the filtering techniques, however, all the modes of the filtered system
(6.45)—(6.47) should be stable. Here, differing from [19], we assume that each mode is
firstly stabilized by some control law and get a closed-loop continuous-time switched
system X = Af,x, o € {1, 2}, where the two subsystems are both Hurwitz. According
to the same normalization technique used in [19], the matrices in (6.60) can be

given by
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~110 ~100
A=|—-100[.45=] 001
000 000

Since the objective in the example is to testify the asynchronous H filter design tech-
niques and show the potential of the obtained theoretical results in circuit systems,
we assume the control matrices for (6.60) tobe B{ = B =[—0.1 0.4 0.5 17 and a set
of admissible controller gains can be solved as K} = [ —6.61 —1.07 —9.32], K, =
[—5.37 —12.42 —10.07]. Then, the closed-loop system can be obtained with
matrices

) —-0.34 1.11 0.93 ) —0.46 1.24 1.00
A{=| —3.65 -0.43 =3.73 | A5 = | —2.15 —4.97 -3.03
—3.30 —0.54 —4.66 —2.68 —6.21 —5.03

By setting a certain sampling time 7y = 7'/10 and considering that there exists the
disturbance input in the underlying system, one can obtain

0.94 0.10 0.06 0.93 0.08 0.07
A =|-030 095 —-0.30 |,A, =| —0.14 0.66 —0.20 |,
—-0.25 —-0.06 0.63 —0.16 —0.40 0.66

in (6.45)—(6.47) and suppose other system matrices to be

By =[—0.30 0.20 0.10]7, B, = [ —1.40 —0.30 0.20]7, C; = [0.10 —0.10 0.10],
C, =[0.30 —0.40 0.10], H; = [0.70 0 0.30], H, = [0.20 0 0.401,
Dy =04,D, = —0.5,L; = L, = 0.

Also, we assume the maximal delay of asynchronous switching 7y,.x = 2. Then, by
giving p = 1.02, a = 0.02, 8 = 0.01 and solving the convex optimization problem
in Theorem 6.23, we can get 7 = 3.9652, v} =/ (QTmﬂxu)N07; with Ny = 1.2 and
v = 2.2359 and filter gains as

0.84 0.02 0.23 0.83 024 0.13
App = | —0.07 0.67 —0.08 | ,App = | —0.37 0.96 —0.38
—0.13 —0.01 0.48 —0.28 —0.14 0.49

We also omit Bg;, C;, Dpi, i = 1, 2dueto space limit. The effectiveness of the desired
filter with the above gains can be verified by observing the responses of the filtering
error systems in the same rein of Example 6.25. We only demonstrate the applicability
of the developed filter design techniques and omit the curves here.
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6.6 Conclusion

By allowing the MLFs to increase during the running time of subsystems with a
limited increase rate, the more general results have been obtained on stability and /,-
gain analysis for the discrete-time switched systems under ADT switching. Aiming
at a class of practical problem that the switching of the controllers/filters may have
a lag to the switching of system modes, the problem of the so-called asynchronous
switching is then considered. Via LMIs formulation, the existence conditions of the
asynchronous H, controller/filter have been derived for the underlying systems in
linear cases. The developed approaches are further extended to the asynchronous
control of a class of discrete-time switched LPV systems with MADT switching.
Several numerical examples verify the necessity of considering the asynchronous
switching and the applicability of the obtained theoretical results.
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Chapter 7
Time-Delay Switched Systems

Abstract This chapter first investigates the stability problem of a class of discrete-
time linear switched systems with cyclic switching and state delays, and a numerical
searching algorithm is explored to compute the feasible values of dwell time of the
subsystems. Then, the problem of H, output feedback control for discrete-time
switched linear systems with time delays is investigated. The time delay is assumed
to be time-varying and has minimum and maximum bounds, which covers the con-
stant delay and mode-dependent constant delay as two special cases. By construct-
ing a switched quadratic Lyapunov function for the underlying system, both static
and dynamic H., output feedback controllers are designed respectively such that
the corresponding closed-loop switched system under arbitrary switching signals is
asymptotically stable and guarantees a prescribed H,, noise attenuation level bound.
Moreover, under the arbitrary switching, the problem of robust I, — I, filtering is
studied for discrete-time switched linear systems with polytopic uncertainties and
time-varying delays. The robust switched linear filters are designed based on the
mode-dependent idea and parameter-dependent stability approach, and the existence
conditions of such filters, dependent on the upper and lower bound of time-varying
delays, are formulated in terms of a set of linear matrix inequalities. Finally, the state
estimation problem is studied for a class of discrete-time switching neural networks
(NNs) with persistent dwell time (PDT) switching regularities and mode-dependent
time-varying delays in H., sense. The random packet dropouts, which are governed
by a Bernoulli distributed white sequence, are considered to exist together for the esti-
mator design of underlying switching NNs. The desired mode-dependent estimators
are designed such that the resulting estimation error system is exponentially mean-
square stable and achieves a prescribed Hy, level of disturbance attenuation. The
effectiveness and the superiority of the developed results are demonstrated through
numerical examples.
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7.1 Stability Analysis: DT Switching

Consider the discrete-time switched linear systems with state delays

z(k+1) = Asx(k) + Adoryz(k — d) (7.1)
2(k) = (k), k € [—d, 0] (12)

where z(k) € R” is the state vector, ¢(k) is the given initial condition sequence,
d > 0 is the constant time delay, o (k) is the switching signal, which is a piecewise
constant function of time and takes its values in the finite set Z = {1, ..., N}, N > 1
is the number of subsystems. The switching sequences ko, ki, k2, ..., ks, ... are
unknown a priori, but are known instantly, in which the switching instant is denoted
as kg, s € Z+. When k € [k, kqy1), the o(ks)th subsystem (or system mode) is
said to be activated and the length of the current running time of the subsystem is
ksi1 — ks. As in [1], we assume that the switching signal o (k) is available in real
time. At an arbitrary discrete time k, the switching signal o (k) is dependent on k or
z(k), or both, or other switching rules. In this section, the switching signal o (k) is
considered to be regulated by the following switching rule

Citl N il L
1 — wWYiel

i.e., the cyclic switching, which is denoted as o.(k). The subsystem model (A,
Agsy) can be chosen in the following set

{(A1, Aar), ..., (An, Agn))

where A;, Ay €R™™" are real constant matrices, which represent the different system
models of N subsystems. The time interval between two consecutive switchings is
denoted as M;, which represents the running time of ith subsystem. The above-side
system (7.1)—(7.2) is therefore called the cyclic switched linear time-delay system.
Here we assume that the equilibria of all the subsystems are located at the origin.

In this section, the purpose is to derive the stability condition, and to calculate
the corresponding running time M; ensuring the system (7.1)—(7.2) is stable in the
Lyapunov sense under the switching law o (k).

As discussed in Chap.?2, the multiple Lyapunov-like functions (MLFs) method
[2, 3] is the basic approach to study the stability of switched system, and it describes
the conditions which need to be satisfied from the view point of energy during the
activated subsystems and at the switching instants. The idea of this approach has
been given in Lemma 2.3, which not only requires that each subsystem is stable in
the Lyapunov sense, but also needs the value of Lyapunov function to be decreasing
in the two consecutive switchings for the same subsystem as shown in Fig.7.1.
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Fig. 7.1 Two Lyapunov Energy
functions, where the A
thick/thin solid line stands
for the active Lyapunov
function, and the dash/dot
line stands for the non-active
Lyapunov function

go

\4

to t t t3 t

Consider one subsystem in (7.1)—(7.2), which can be described as a discrete-time
linear system with state delays

2k + 1) = Az(k) + Agz(k — d) (7.3)
z(k) = ¢(k), k € [—d, 0] (7.4)

For system (7.3)—(7.4), denoting 6(k) £ x(k) — x(k — 1), the following Lya-
punov function is constructed

V(k) = Vi(k) + Va(k) + V3 (k) (7.5)

where

k—1
Vitk) £ 2" (k) Pa(k), Va(k) £ D 2" (HQx(),
j=k—d
-1 k
Vi) 2 >0 > 6T (HRIK).

0=—d j=k+0+1

Then, the sufficient condition that ensures the system (7.3)—(7.4) is asymptotically
stable is given in the following lemma.

Lemma 7.1 ([4]) If there exist positive definite matrices P, Q), R, matrices E, X,
such that

—PPAPA; O T
*x A =X dA-D'R
T <0
* x —Q dA;R
*  x * dr |
EX]
[*R_ZO

where A2 dE+ X+ X" — P+ Q, then AV(k)=V(k+1)—V(k) <0, and
the system (7.3)~(7.4) is asymptotically stable if the constant time delay satisfies
0<d<d
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Remark 7.2 Note that, when the constant time delay contained in (7.3)—(7.4) is
extended to the time-varying delays, or a new Lyapunov function is constructed
which is different from (7.5), the different sufficient conditions can be obtained in
ensuring the asymptotic stability of (7.3)—(7.4).

To derive the main results more conveniently, the following transformation is
made for system (7.1)—(7.2):

Fhk+1) = AEk)

where 7(k) £ [x(k) coal (k- d)]T and

A 0 - Ay
s .0

(d+1Dnx(d+1)n

Then, the following theorem gives the sufficient condition that ensures the system
(7.1)—(7.2) is asymptotically stable.

Theorem 7.3 As shown in Fig. 7.2, suppose that the system (7.1)—(7.2) switches into
the subsystem (A;, Ag;) at the switching instant k; in the cyclic switching law o4 (k),
the system switches into the subsystem (A;, Aq;) again at the switching instant k; after
passing through the subsystems (Aii1, Aai+n)), .., (AN, Aan), (A1, Aa1), ...,
(Ai—1, Aag—1)). Let the dwell time corresponding to each subsystem to be denoted as
My, ..., My, respectively. If there exist positive definite matrices P;, Q;, R;, matrices
E;, X;, i € Z, such that

A (Ai:Ad;) A.. A

(Ai+13Ad(i+l)) ( e dN) (Ai—l’Ad(i—l))
(4, 4,) (4,4,)
/ 12 “7di

| | I I I I I I
l l | | |’/ | | | \ :
: v : I I v I I I I I

, I—==-1 [ === [
Lo M"+1| | Ny M, | | M"“| ,:
I_k_I_L | I _a_dl_a_ | ol _«_l
K r—_ € A Y ¢ i t

kz’ k, i+2 kN k1 kz ko k t

Fig. 7.2 The switching of subsystems
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[—P; P;A; P;Ay . 0
A * A, —X,; d(A, - I)TR7
§2: = *  x —Q; dA_giRi <0
| * * * dR;
s Ei X;
22770, -0,<0,VieT
where
A 2dE+ X+ X" — P+ Qs
A AR AN,
_d_Ri —JR/I‘, 0 oo 0]
P,0O---0 _ _ .
) * 2d—DR;, —(d—-1DR; -
@, A * Ql " + - .
i ) * * 2d—-3)R; - O
* x . 0 )
* x * Q * * * . —R;
L * * * * R; |

then the system (7.1)~(7.2) is asymptotically stable at the switching law o.s(k) if the
constant time delay satisfies 0 < d < d.

Proof Foranyi € Z, the system (7.1)—(7.2) can be described by the subsystem model
(A;, Ag).If both £2; < 0and A; > 0hold, the subsystem (A;, Ay;) is asymptotically
stable by Lemma 7.1. Thus it yields from the Lyapunov candidate as listed in (7.5),
that AV; < 0, which satisfies the condition (a) in Lemma 2.3. Moreover, as shown
in Fig.7.2, once the system (7.1)—(7.2) switches into the subsystem (A;, Ay;) at the
switching instant k;, we have

Vi(k)) = 2" (k) ;3 (k). (7.6)

When the system (7.1)—(7.2) switches into the subsystem (A;, Ay) again at the
switching instant k;, the system passes through the subsystems (A1, Adg+1))s
.oy (AN, Agn), (A1, Agr), ..., (A1, Agi—1y) 1n the role of the cyclic switching
law o.4(k), hence at the switching instant &, it holds
Fky) = AN ATVANY LAY A G (k) = TiE (R,
then, it has
Vilky) = 2" (k) ©iZ(k)) = &' (k) T, O, 3 (k). (1.7)
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From (7.6) and (7.7), it holds that
Vi(kj) — Vitky) = 3" (k) (Y ©,7; — ©)i(ky) = & (k) Eii(ky),

if Z; < 0, we can obtain that,

Vi(kj) — Vi(ki) <0,

which satisfies the condition (b) of Lemma 2.3. Therefore, at the cyclic switching law
o¢s(k), the system (7.1)—(7.2) comprising of subsystems (A1, Ag1), ..., (Ay, Agn)
is asymptotically stable in the Lyapunov sense. ([

Remark 7.4 Due to the complexity of matrix @;, and the uncertainty of dimension
of matrix ®; before dis calculated, it is difficult to solve the required matrix variables
via the typical LMIs toolbox. Therefore, we could only first calculate d by using the
conditions £2; < 0 and A; > 0, then check the condition =; < 0 is satisfied or not.

Remark 7.5 In system (7.1)—(7.2), the upper bound of time delays maybe different
for each subsystem, i.e., there exists Ji (¢ € 7), such that 1&- * A]-, O; #0;,V1,j €
7 (i # 7). To deal with this problem, the state vector z (k) can be raised its dimension
as (k) = [2T k), ..., 2T (k — Jmax)]T, where dpma = max(d;), that is, the allowed
maximum time delay is chaX for system (7.1)—(7.2). To simplify the derivation, the
maximum time delay allowed in this section equals to the solved d satisfying the
stability conditions £2; < 0 and A; > 0, i.e., d = din (dmin = min(d;)).

Remark 7.6 The analytic form of computing the admissible dwell time is hard to
obtain in accordance with the condition Z; < 0 in Theorem 7.3 which is relevant
with the dwell time of each subsystem. However, a numerical approach as given in
the following algorithm can be used to verify the condition =; < 0 and to compute
the dwell time when the value of N is finite.

Algorithm 7.1 (Computation of the dwell time)

Step 1: Obtain the maximum time delay d ensuring the asymptotic stability of sys-
tem (7.1)—(7.2) via solving £2; < O and A; > 0, and calculating (P;, Q;, R;, E;, X;),
then ©®;;

Step 2: Given the constant M € Z*, consider 1 < M; < M, obtain the values of
M, ..., My while verifying the condition

min(eig(Z;)) <0,Vi e T (7.8)
where min(eig(U)) represents the minimum eigenvalue of matrix U.

Remark 7.7 Because Theorem 7.3 only gives the sufficient condition ensuring the
asymptotic stability of system (7.1)—(7.2), and the constraint (7.8) is strict, the system
(7.1)—=(7.2) may be asymptotically stable in some cases that (7.8) does not hold.

Example 7.8 Consider the following discrete-time cyclic switched linear system
with state delays
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z(k+1)=Axk) + Agiz(k —d),i=1,2 (7.9)

where

A —[09% 0.062] , _[-0050 0
' = 1-0.080 1.016 | 7" = [ =0.056 —0.048 |’

Ay =AT, Ap = Al

We could first calculate d = 6 via Algorithm 7.1, and then obtain the values of
dwell time of each subsystem which ensure that the system (7.9) is asymptotically
stable, as shown in Fig.7.3. In Fig.7.3, the shadow area consisting of “.” stands
for the feasible values of dwell time, and the z-axis represents the dwell time M| of
subsystem 1, and the y-axis represents the dwell time M, of subsystem 2, respectively.
The values of dwell time contained in the blank area enables the system (7.9) is
asymptotically stable or not.

Given the initial state zo = [—0.5 —0.1 ]T, and choosing the values of dwell
time located in the blank area of Fig.7.3, which cannot necessarily ensure the sys-
tem stability, for instance, M; = 10, M, = 10, the Lyapunov function is increasing
continuously at the switching time instant although the two Lyapunov functions are
decreasing when each corresponding subsystem is running individually; the state
trajectories are not convergent as shown in Fig.7.4.

Next, designating M| = 20, M, = 20, as given in Fig. 7.5, we can see that the two
Lyapunov functions behave as required in Lemma 2.3 (see Fig.7.3), and the system
is asymptotically stable from the state trajectories.

60 3132 133333331 3 3
333 133333331 H e
L2 i3 d L ldddd - -
3331 133333331 H e
333 133333331 : :
50 333t 133332321 4 e H
by SEE AR EE - -
3331 133333331 4 e
e L ldddd - -
123 133333381 H H
33333331 : :
40 *e33218 3 3 3
bl - -
o2t 4
- - -
M, | seiiiist 3 : :
30 (4313 i : 2 3
rhed - -
333 H 4
et d - -
123 H 4
: :
20 + : $ -]
- -
: 4
L3
t
:
10 | 3 H
- e -
111381813t 4
e - -
1333333
e -
0 1 1 hadld d 1
0 10 20 30 40 50 60

M,

Fig. 7.3 The values of dwell time
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Fig. 7.4 State trajectory and Lyapunov function curve as M = 10, M» = 10
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Fig. 7.5 State trajectory and Lyapunov function curve as M = 20, M, = 20
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7.2 Hy, Control: Arbitrary Switching

Consider a class of switched linear discrete-time systems given by

x(k+1) = Asz(k) + Aoz (k — d(k)) + Bou(k) + Biow(k)  (7.10)
2(k) = Cox(k) + Ciox(k — d(k)) + Dyu(k) + Disw(k)  (7.11)
y(k) = Gox(k) + G x(k — d(k)) + E;w(k) (7.12)
(k) = p(k), k=—dy,—dy+1,...,0 (7.13)

where (k) € R" is the state vector, w(k) € R/ is the disturbance input which belongs
to [0, 00), y(k) € R™ is the measurement output, z(k) is the objective signal to
be attenuated, ¢ (k) is a given initial condition sequence. Denote o = o (k), for
O'(k) =1 € I, the matrices (Aq, Alia Bi, quj, Ci, Chj, Di, D],j, qu, G],', E7) denote
the ith subsystem.

Insystem (7.10)—(7.13), the time delay d(k) is assumed to be time-varying and sat-
isfies d,,, < d(k) < dy, where d,, and d), are constant positive scalars representing
the lower and upper delay bounds respectively for any subsystem.

Remark 7.9 Note that if the lower and upper delay bounds in system (7.10)—(7.13)
become identical, that is d,,, = dj = d, then the time delay becomes constant delay.
Also, if d(k) only changes when system mode is switched, then the time delay
becomes mode-dependent constant delay, thus the time-varying delay considered
here covers the previous two cases.

Remark 7.10 Tt should be also mentioned that in continuous-time context, time delay
can be further assumed to be mode-dependent time-varying, as considered in [5].
However, the meaning of mode-dependent in [5] actually is that the delay derivative
is different when system mode changes, that is, if the delay derivative of each mode
is identical, then the delay is mode-independent and merely time-varying. On the
contrary, due to the limitation of classic Lyapunov-Krasovskii technique, the time-
delay difference has been rarely considered in discrete-time context and the type of
delay is only assumed to be time-varying as a consequence.

In this section, the state variables are assumed to be not available for feedback,
thus we are interested in designing an output-feedback controller for switched system
(7.10)—(7.13) such that the resulting closed-loop system is asymptotically stable with
a prescribed H, performance index. The output-feedback controller to be designed
has two classes here, one is the static output-feedback controller with the following
form

u(k) = Dy (k) (7.14)

and another is the dynamic output-feedback controller, which is assumed to have the
following structure
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zg(k +1) = Agizqa(k) + By (k) (7.15)
u(k) = Cgiwq(k) + Dgiy(k) (7.16)
zg(k) =0, k<0 (7.17)

The closed-loop system (7.10)—(7.13) with (7.14) is given by

2k + 1) = Ajz(k) + Auz(k — d(k) + Byw(k) (7.18)
2(k) = Ciz(k) + Crx(k — d(k)) + Dw(k) (7.19)
2k) = d(k),  k=—dy, —dy+1,...,0 (7.20)
where
Ai 2 Ai + BiDyGi, A, 2 Ay + BiDyGui, B; £ By, + B;D,E;,
Ci 2 Ci+ D;D,G;, Ci; 2 Ci;+ DiD,G;, D; 2 Dy; + D;DE;.

Likewise, by defining £(k) £ [a:T(k:) zh (k) ]T, for the dynamic output-feedback
case, the corresponding closed-loop system resulted from (7.10)—(7.13) and (7.15)—
(7.17) is given by

Ek+1) = AiE(k) + Apc(k — d(k)) + Baw(k) (7.21)
2(k) = Cié(k) + Crié(k — d(k)) + Diw(k) (7.22)
Eky=[6"k) 0], k=—du,—du+1,...,0 (7.23)

where

A;

(1>

Ai+ BiDqiCi BiCai | 7 o | Atit BiDyiGy; 0
BdiCz’ Adi ’ S BdiGli 0]’

Bii + B D4 E;
BdiE7

(1>

B; ] ,C; £[Ci+ D;Dy;G; D;iCy ],

Cii

(1>

[Cii + D;DyiG1; O], D; 2 [Dy; + D;DyiEy].

Our purpose is to determine the matrix gain Dy; in (7.14) and the matrix variables
Agi, Bai, Cg; and Dy; in (7.15)—(7.17) such that the obtained static and dynamic
output-feedback controllers asymptotically stabilize the corresponding closed-loop
systems (7.18)—(7.20) and (7.21)—(7.23) with a prescribed Hy, performance index,
respectively. Itis noted that the switching signal in the designed controllers is assumed
to be homogeneous with the one in system (7.10)—(7.13).

Before ending this section, we recall the following lemmas which will be used in
the proof of our main results.

Lemma 7.11 (/4]) Assume that a € R, b € R™ and N' € R"™*"%_ Then, for any
matrices X € R"*" Y € R"*™ agnd R € R"™*™ satisfying I:;(T 2i| > 0, the fol-
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lowing inequality holds
al X Y-N|a
T —
—2a Nbf[b] [YT—J\/’T R ][b]

7.2.1 Performance Analysis

In this subsection, according to (7.18)—(7.20) and (7.21)—(7.23), we establish a gen-
eral closed-loop system model for the performance analysis, which is denoted as

z(k+1) = Ajz(k) + Ayz(k — d(k)) + Biw(k) (7.24)
z2(k) = Ciz(k) + Crjz(k — d(k)) + Dyw(k) (7.25)
x(k) = ¢(k), k=—dy,—dy+1,...,0 (7.26)

where the state vector x(k) € R” (r > n) and ¢(k) is a given initial condition
sequence. Note that » = n corresponds to the case of using static output-feedback
controllers, and n < r < 2n corresponds to the case of using dynamic output-
feedback controllers (including the reduced or full-order output-feedback controller).
Also, the construction of system matrices (A;, Ay, B;, C;, Cyi, D;) is different when
applying the different types of controllers. For the closed-loop switched system
(7.24)—(7.26), we have the following lemma.

Lemma 7.12 Consider system (7.24)—(7.26) and let v > O be a given scalar. If
there exist appropriate matrices P; > 0, Q > 0, Z > 0 and matrices Xj; > 0, Vi,
V(i, 7) € I x 1 satisfying

-P; 0 0 PjA;  PjA; P;B; ]
x —dy'Z 0 Z(A;—1) ZAy; ZB,
* - C; Ci; D,
1 1 1 ‘2
. .. T, Y, 0 <0 (7.27)
* * * * -Q 0
* * * * *x =21 i
Xij Vij ]
[yg Z | >0 (7.28)

where T L£_P+ dulij + Vi; + yg + (dy — dp, + 1)Q. Then, system (7.24)-
(7.26) is robustly asymptotically stable with an Hy, noise-attenuation level bound .

Proof Letting
nim) = z(m+ 1) — z(m)
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we have
k—1

w(k—d(k) = xk) = D nm) (7.29)

m=k—d(k)
Then, system (7.24)—(7.26) can be transformed into

k—1
w(k+1) = (Ai+ Ay) (k) — Ay D nim) + Baw(k) (7.30)
m=k—d(k)

Construct a Lyapunov functional candidate as

Vk)=Vi+V,+V3+V,

where
k—1
Vi 22T (RPak), Va2 D 2T (1)Qu(),
I=k—d(k)
—dp+1 k—1 _ k_1
viE > > 0. it DT D> pTm)Znim)
n=—dy+2 l=k+n—1 n=—dy m=k+n

and P;, Q and Z satisfy (7.27) and (7.28). Define AV £ V(k + 1) — V(k), then
along the solution of (7.30), we have (V(i, 7) € Z x 1)

AV =2 (k+ V)Pjx(k + 1) — 2T (k)Pix(k)

=2 (k) [(A; + A Pj(A; + Ayy) — Pyl e(k) + 227 (k) (A; + AT

T
k—1 k-1

x PjBiw(k) + | Ay Z n(m) | P;lAy Z n(m)]
m=k—d(k) m=k—d(k)

T
k—1

—2| Ay D nem)| P;iBw(k)+w’ (k)B] P;Bw(k)
m=k—d(k)

k—1

+ [—22" () (A; + A1) PjAm(m)] (7.31)

m=k—d(k)

Now, identify a £ z(k), b £ n(m) and N' £ (A; + Ali)T P;Ay; in Lemma7.12,
we can obtain (7.28) and the following inequality (Y (i, 7) € Z x 7)
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k—1
D[22 B (A + AP Avn(m)]
m=k—d(k)
< dyxk)Xjzk) + 22" (k) [Vi; — (A; + A PjAy]
k—1 k—1
x> mm)+ > 0" m)Znim) (7.32)
m=k—d(k) m=k—dy
In addition, we have
k k—1
A, = > 2T 0Qey— D> 2" 1)Qu()
I=k—d(k+1)+1 I=k—d(k)
=o' (k) Qu(k) — x" (k — d(k)) Qu(k — d(k))
k—1 k—1
+ > 2w - D 21 (7.33)
I=k—d(k+1)+1 I=k—d(k)+1
Note that
k—1 k—1 k—d,,
> d0@0= D, Jd0Oun+ DY 20OQx0)
I=k—d(k+1)+1 I=k—d,,+1 I=k—d(k+1)+1
k—1 k—d,
< 2 0O+ D T 1OQu() (134
I=k—d(k)+1 I=k—dy+1

Therefore, we have

AVy < 2" (k) Qu(k) — " (k — d(k)) Qu(k — d(k))

k—d,,
+ > " )Qx®) (7.35)
I=k—dpy+1
Also, note that,
—dp,+1
AV; = Z [2" (1) Qz(n) —a" (k+n — 1)Qu(k +n — 1]
n=—dy+2
k—d,,
= (dy — dw)a" () Qz(k) — D 2" ()Qz() (7.36)

I=k—dy+1
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Finally, due to

n(m) = x(m + 1) — z(m)
= (A; — I) z(m) + Ayz(m — d(m)) + B;w(m)

one has

-1
AVi= D" [n" (k) Znk) — " (k+n)Znk +n)]

n=—dy
k—1

=dun" (&) Zn(k) — D 0" (m)Zn(m)
m=k—dy

— dy {xT(k) (A=) Z (A = 1) ak) + 22" (k) (A — 1) 2
x Apa(k — d(k) + 227 (k) (A, — 1) ZBiw(k) + 27 (k — d(k))

x Al ZAyx(k — d(k)) + 22" (k — d(k)A[,ZBw(k) + w' (k)}
k—1
x Bl ZBw(k) — > " (m)Rn(m) (7.37)

m:k—dM

Then, when assuming the zero disturbance input to system (7.24)—(7.26) and from
(7.31), (7.32), (7.35), (7.36) and (7.37), we have

AV = AV + AVa+ AV + AV, < AT (B)EX(K) (7.38)

where

= a | 11 & a x(k)
& [ R Ez,z]“’“)[ (k—d(k»]

Ei 2 ATPA ATy +du (Ai—1) Z(Ai— 1),
E12 2 ATPAL + (A —1) ZAy; = Vi,
Ezz éA-{PA +AllZAlz_Qv

then by Lemma 2.4 and simple matrices principle, the inequality (7.27) implies & <
0,1i.e. AV < 0, thus the asymptotic stability of system (7.24)—(7.26) is guaranteed.

Now, to establish the H,,, performance for switched system (7.24)—(7.26), consider
the following performance index

JEY [ (R)zk) — Y Rywk)]

k=0


http://dx.doi.org/10.1007/978-3-319-28850-5_2
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zero initial condition, V (k) |.—o= 0, we have

[z" ()z(k) — Y w" (k)yw(k) + AV] — V(c0)

M

k=0
<> [ Wztk) — Pw" ywk) + AV]
k=0
00 Ay Ap A
= ZQT(k) * Ap Ay | 0(k)
k=0 * * A33

where

Ok) 2 [z (k) 2" (k — d(k)) w” (k) ]"

A 2 ATPA + T +du (A — 1) Z(A,— 1) +CTC;,
ATPjAy + (A = 1) ZA,,— Yy + CI Cyi,

£ Al'P;jB; + (A; — I)T ZB; + C!' D,

Al PjAy + A, ZA; — Q+C[.Cyy,

ATP;B; + Al,ZB; + C|,D;,

—*1 + BT 2B, + BIP; B, + D! B,.

A

> s S
8 8 o
> > 1>

>~

(98]

(9%}
>

Also, by Lemma 2.4, inequality (7.27) guarantees J < 0, which means that ||z||, <
v llwll,, this completes the proof. a

Remark 7.13 1t is well known that the reasonable construction of Lyapunov func-
tional is very crucial to derive non (or less)-conservative stability conditions in sys-
tem theory. In the proof of Lemma 7.12, we attract the idea of switched quadratic
Lyapunov function proposed in [1] to construct a quadratic Lyapunov functional
candidate for switched system (7.24)—(7.26) by the positive definite matrices P;, Q
and Z. Evidently, the matrices Q and Z still are the common variables among all
subsystem. However, if we further choose common variables Q and Z as piecewise
variables Q; and Z;, then the condition will be hard to obtain due to the tight coupling
between Q and Z and time delay terms.

Remark 7.14 Within the LMIs framework, Lemma 7.12 presents the criterion for
switched system (7.24)—(7.26), which can be viewed as an unified model developed
by output feedback stabilizing control for system (7.10)—(7.13), hence, we can easily
extend Lemma 7.12 to design either static or dynamic output-feedback controllers
such that the developed closed-loop system of the form (7.18)—(7.20) or (7.21)—(7.23)
is asymptotically stable with a prescribed H,, performance index. In addition, it is
obvious that when the number of subsystems s = 1, the stability criterion presented
in Lemma 7.12 will cover the output-feedback stabilization problems for common
linear discrete-time system with state delays under no switchings as a special case.


http://dx.doi.org/10.1007/978-3-319-28850-5_2
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7.2.2 OQutput-Feedback Controller Design

In this subsection, we will present sufficient conditions for the existence of static
output-feedback controller of the form (7.14) and dynamic output-feedback con-
troller of the form (7.15)—(7.17) for the underlying switched system (7.10)—(7.13)
respectively based on the performance analysis results in Sect.7.2.1.

Static Output Feedback Control

Theorem 7.15 Consider system (7.10)—(7.13). A stabilizing static output-feedback
controller of the form (7.14) exists if there existn x n matrices J; > 0, P; > 0, Xj; >
0, Vij, @>0, Z2>0, R>0V(,j) €I xZ andl xm matrices D; satisfying
(7.28) and

=-J; 0 0 (1,4) Ay; + B;DsiG1; By + BiDE;

x —dy'R 0 (2,4) Aii+ BiDyGy; Bii+ BiDGE;
* x =1 3,4) Cy; + D;D;Gy; Dy; + D; D E;
N R _— Yy, 0 <0 (7.39
* * * % -9 0
* * * * * —721
P;T=1, RZ=1 (7.40)

where (1,4) & A; + B;D,;G;, (2,4) £ A;+ B;D,,G; — I,(3,4) £ C; + D;D,;G,,
and Vj is defined in (7.27). Moreover, if (7.28), (7.39) and (7.40) have solutions, the
controller is given by (7.14) with the controller gain Dy;.

Proof Consider the corresponding closed-loop system with the control (7.14), and
replace A;, Ay, B;, C;, Cy; and D; in (7.27) with ASZ, Ah, BZ, CZ, C” and D in
(7.18)—(7.20), respectively. Now performing a congruence transformation to (7.27)
via diag{Pj_l, R~V 1,1,1,1)}, wehave

—73]-_1 0 0 (1,4) Ay + BiDsG1; By + BiDE;

*  —dy'Z7' 0 (2,4) Ay + B;Ds;Gy; Bii + B;DE;

* * —1 3,4) Ci; + DiDsiGy; Dii + DiDGEi | _ (741)
* * * Yij —yi]' 0

* * * -Q 0

* * * * * _,YZI

where (1,4) £ A; + B;D,;G;,(2,4) £ A, + B;D,G; — 1,(3,4) £ C; + D;D,;G,;.
Then, the proof is done by defining J; £ P!, R £ 2~ O

It should be noted that although the resultant conditions in Theorem 7.15 are not
strict LMIs conditions due to (7.40), we can cope with this nonconvex feasibility
problem using the cone complementary linearization (CCL) algorithm developed in
[6], which has been proved to be efficient [4, 7]. Now, we first transform the noncon-
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vex feasibility problem in Theorem 7.15 into the following nonlinear minimization
problem subject to LMIs constraints.

Problem 7.1 minTr (3_;_, P;.J; + RZ) subject to (7.28), (7.39) and (7.42)

P 1 Z 1
[1%}20’[172]20 (7.42)

Thus, as discussed in [6], if the solution of the above minimization problem is
(s + Dn, that is, min Tr (Z;zl P T + RZ) = (s + 1)n, then the conditions in
Theorem 7.15 are solvable. Although it is still not possible to always find the global
optimal solution, the proposed nonlinear minimization problem is easier to solve than
the original nonconvex feasibility problem. In fact, we can easily modify Algorithm
1 in [6] to solve the above nonlinear problem and get the following algorithm.

Algorithm 7.2 (Solve a stabilizing output-feedback controller)

Step 1: Find a feasible set (Pi, Ji, Xij, Vijs Dsi, R, Q, Z, ¥(i,5) € T x I)O sat-
isfying (7.28), (7.39) and (7.42). Set k = 0.

Step 2: Solve the following LMIs problem

min Tr (Z (7)“7ik + Pbkjt) + (’Rk’Z + sz))’

i=1

subject to (7.28), (7.39) and (7.42).
Step 3: Substitute the obtained matrix variables (P;, J;, Xij, Vij, Dsi, R, Q, Z,
Y(,j) € Z x 7) into (7.41). If condition (7.41) is satisfied with

S

Tr> (PiJi+RZ) — (S+ Dn

i=1

<0

for some sufficiently small scalar 6 > 0, then output the feasible solutions (P;, J;,
Xij, Vij, Dsi, R, Q, Z,Y(i, j) € T x 1), exit, else Step 4.

Step 4: If k£ > N, where N is the maximum number of iterations allowed, exit,
else Step 5.

Step5:Seth =k + 1,(P,, 7, Xij, Vij, Dais R, Q, Z, V(i, ) € T x T)" = (P,
Ji» Xij, Vij» Dsin R, Q, Z,¥(1, j) € T x I), and go to Step 2.

Remark 7.16 A noteworthy fact is Algorithm 7.2 aims to find the feasible solution
of desired controller for given d,,, and dj,, then based on this, one can also find the
suboptimal Hy, performance index when an outside loop procedure of minimizing
v is used. For fixed « and N, the algorithm will be serviceable in finding the feasible
solution if there exists. Also, by increasing the values of two variables (positive),
one may get the feasible solution for the non-linear minimization problem as given
in Algorithm 7.2.
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Dynamic Output Feedback Control

Theorem 7.17 Consider system (7.10)—(7.13), let v > 0. A stabilizing dynamic
output-feedback controller of the form (7.15)—(7.17) exists if there exist r X r
matrices J; > 0, P; >0, Xj; > 0,);;,Q>0,R>0,Z>0,V(,j) €Z xZTand
(I +r —n) x (m +r — n) matrices 'H; satisfying (7.28), (7.40) and

[~ 0 0  Ai+BH,G,  Au+BH,Gu B+ BHE, ]
« —dy'R 0 (A + BiH,Gi — 1) A+ BH:Gr By + BIGE,
* * -1 é +I3H éi én-ﬁ-biHl‘éli élz‘-l-bﬂ‘(iéi <0
* * * Tij —Vij 0
* * * * -9 0
| * * * * * —’sz

T (7.43)
where T;; is defined in (7.27) and

o | DaiCau| ; a|Ai0 ‘ ‘
T | Bi Ax |7 " | 0O i
A0 % A [GuO| 5 A |Bu| 5 a|E
[00}7G12_[0O}sBll_[O]sz_I:o]a
= D; 0], Dy £ Dy,.

Moreover, if (7.28), (7.40) and (7.43) have solutions, the controller is given by (7.15)—
(7.17) with the matrix variables Ag;, Bgi, Cy;, Dg; in H;.

BS
>

2
(>

Q(
||>
o
o
9
>
9
||l>
S
||>
5

Proof Consider the corresponding closed-loop system (7.10)—(7.13) with the con-
trol (7 15) (7. 17) and replace A;, Ay, B;, C;, Cy; and D; in (7.27) with AZ, Alz,
B;, C;, Cy; and D; in (7.21)—(7.23), respectively. Now rewrite the matrices in (7.21)—
(7.23) in the following forms

U
I
O 2

2

Then, performing a congruence transformation to (7.27) via diag{Pj_l, z-h L,
we have

—_pri 0 0 A;+ B/HG; A12+BHGu Bu+BHE
—d' 271 0 2,4 Ah—i—BHGu Bu+BHE

*

* * —IC+DHG C17+DHG17D1,+DHE7; <0
* * * Yij —Vij 0

* * * * -9 0

* * * * * —21

(7.44)
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where (2,4) £ (Ai + éiHiGi — I). Then, the desired result can be worked out by
defining 7; £ P!, R £ 271, O

Analogous to the static output-feedback case, the obtained conditions in Theorem
7.17 are also not strict LMIs conditions, and the nonconvex feasibility problem in
Theorem 7.17 can also be transformed into the following nonlinear minimization
problem.

Problem 7.2 minTr (3.;_, P;.J; + RZ) subject to (7.28), (7.42) and (7.43)

Likewise, if min T'r (Zle P:T: + RZ) = (s 4+ 1)r, then the conditions in Theorem
7.17 are solvable. Moreover, the Algorithm 7.2 can be easily modified here to design
a dynamic output-feedback controller and the detail is omitted here.

In the following, we will present a numerical example to demonstrate the validity
of above designed output-feedback controllers, and their respective advantages.

Example 7.18 Consider the switched system (7.10)—(7.13) consisting of two sub-
systems. For subsystem 1, the dynamics of the system are described as

0.70 0 0.15 0 0.60
Ar= |:0.08 0.95] A= [—0.10 —0.10] Bi= [—0.50]

0.10 11 10 0.05
B = [—0.02]’(;1 - [01]’G11_ [1 1]’E1_ [0.01}’

€, =[0.200.10], €1y =[~0.50 0.30], D, = 0.8, Dy; = 0.01.

For subsystem 2, the dynamics of the system are described as
0.70 0 0.14 0 —0.70
A= [—0.08 0.90] Az = [—0.04 —0.05]’ Ba= [ 0.40 }

0.08 01 06 0 0.07
B = [—0.01}’ G2 = [1 1]’G‘2—[ 1 o.so]Ez— [—0.01]’

C> = [0.40 —0.10], Ci» = [~0.20 —0.30], D, = 0.4, Dy, = 0.04.

The disturbance w (k) = 0.05¢~%%% 5in(0.057k) and the switching signal is gen-
erated randomly by Algorithm 2.1 as given in Example 2.8.

Then, assuming Time_Length =200 and Con = 0.6 in Algorithm 2.1 of
Example 2.8 in the example, the switching signal can be realized by Matlab and
a possible case is shown in Fig.7.6. Note that the switching instants are arbitrary in
Fig.7.6 by the rand function in Algorithm 2.1 of Example 2.8, and the dwell time in
each mode, which is coined in [8] and detailed in [9], might be one sampling instant
or longer.

Our aim are to design static and dynamic stabilizing output-feedback controllers
for the above uncertain switched system for given time-varying delays 2 < d <5
and check the H,, performance of the resulted closed-loop system.


http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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System mode
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Fig. 7.6 Switching signal

Based on the existence conditions of admissible controller in Theorem 7.15 and
Algorithm 7.2, we can obtain static H,, output-feedback controller by solving the
corresponding CCL problem. The controller gain is calculated as follows

D, = [~0.0571 —0.0638], D, = [ —0.2826 0.1952].

Likewise, by the conditions in Theorem 7.17 and modified Algorithm 7.2, the
admissible dynamic H, output-feedback controller also can be obtained. Here, noted
that the expected controller is considered to be a full-order form, i.e. in Theorem 7.17,
r = 4 is selected. The dynamic controller is with the following matrix variables

Ay = [0.1524 0.0441 ] By = [0.0736 0.0114i|
: 0.1148 0.2929 | ¢ 0.1928 0.0287 |’

Car = [0.0967 0.1183], Dy = [—0.0920 —0.0599],

A, — [0-11360.00027 , _ [0.1047 0.0085
2= 10.01550.1804 |* 72 = | 0.2906 0.0181 |°

Car = [0.0697 0.0583 ], Dg» = [ —0.2142 0.1562] .

Furthermore, by applying the static output-feedback controller, we can obtain
the control trajectory and the state response of corresponding closed-loop system
in Figs.7.7 and 7.8 respectively for given initial condition = = [—0.05 0.03]” and
time-varying delays 2 < d(k) < 5. Similarly, using the dynamic output-feedback
controller, we can get the corresponding control trajectory and state response in
Figs.7.9 and 7.10, respectively. It is clearly observed from Figs.7.8 and 7.10 that
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Fig. 7.7 Control trajectory of static Hy, output-feedback controller
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Fig. 7.8 State response by static H, output-feedback controller

under the arbitrary switching signals, the obtained stabilizing output-feedback con-
troller stabilizes the switched system against the given variations of time delays.

In addition, when an outside loop procedure is used in Algorithm 7.2 as mentioned
in Remark 7.16, suboptimal H, performance index can be solved as well correspond-
ing to static and dynamic output-feedback controller respectively. Table 7.1 lists the
different calculation results by applying different classes of controller.
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Fig. 7.9 Control trajectory of dynamic H,, output-feedback controller
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Fig. 7.10 State response by dynamic Hx, output-feedback controller

Table 7.1 Different suboptimal ~y of the resulting closed-loop system
Static output-feedback controller 2.1909

Dynamic output-feedback controller 1.9748

Obviously, it can be seen that the dynamic output-feedback controller is complex
inrealization since more matrix variables needed to be computed and the static output-
feedback controller is easily to be realized with only a constant controller gain in each
subsystem. However, from Table 7.1, it concludes that the dynamic output-feedback
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controller is less conservative in ensuring a suboptimal H,, performance index for
the underlying switched system. Therefore, both static and dynamic output-feedback
controllers have their own advantages and disadvantages for the switched time-delay
systems studied in this section regarding conservatism and complexity, which is
analogous to the general dynamic systems.

7.3 Filtering

7.3.1 1y —l Sense: Arbitrary Switching

Consider a class of uncertain switched linear discrete-time systems given by

z(k+1) = Agy N (k) + Agey Nz (k — d(k)) + BogyMw(k)  (7.45)
y(k) = Coy Nz (k) + Coy Nk — d(k)) + Doy (Mw(k)  (7.46)
z(k) = Hy iy (N (k) (7.47)

where the system descriptions have been stated in Sect. 7.2, and therefore are omitted
here. The matrices of each subsystem have appropriate dimensions with partially
unknown parameters. When o (k) = ¢ € Z, it is assumed that (A;(\), A4 (), B;(N),
Ci(N), Cgi(N), D;(N), H;(\)) € Ny, where 9, is a given convex bounded polyhedral
domain described by s vertices in the ith subsystem.

" = [[(Ai()\)’ Agi(N), Bi(N), Ci(N), Cgi(N), Di(N), Hi(N)]

s
= § )\m[Ai,ma Adz‘,mv Bi,7ns Ci,ms Cdi,ms Dz‘,m» Hi,m];

m=1

D Am=1 Ay 20, ieI] (7.48)

m=1
In this subsection, the filter we shall design is assumed to have the following form

25 (k) = Cyizy (k) (7.50)

Augmenting the model of (7.45)—(7.47) to include the states of the filter, and
denoting £ (k) £ [xT(lc) x? (k) ]T,e(k) £ 7(k) — z¢(k), we obtain the filtering error
system

E+1) = A,NVER) + AWK EK — d(k)) + B;MNw(k)  (7.51)
e(k) = C;(NE(K) (7.52)
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where

fonal| A 0 ool Ad) 5o o | BV
Ao A0 0] A e | O L B2 [ 39 )]

Ci(\) 2 [H:(N) —Cyi ], K 2[10].

Then, the robust [, — [, filtering problem addressed in this subsection can be for-
mulated as follows: given uncertain switched system (7.45)—(7.47) and a prescribed
level of noise attenuation v > 0, determine a robust switched linear filter (7.49)—
(7.50) such that the filtering error system (7.51)—(7.52) is robustly asymptotically
stable and

lelloe < v llwll> (7.53)

under zero-initial conditions for any nonzero w € /[0, co) and all admissible uncer-
tainties satisfying (7.48). Note that the filtering error system is a switched linear
system with same structure of polytopic uncertainties as the uncertain switched sys-
tem (7.45)—(7.47).

In the following, a sufficient condition for the existence of robust I, — I, filter
for uncertain switched system (7.45)—(7.47) will be formulated in terms of a set
of LMIs. Before presenting our main results, we first conduct the delay-dependent
I, — l» performance analysis for the filtering error system (7.51)—(7.52).

Lemma 7.19 Consider the uncertain switched system (7.51)—(7.52) and let v > 0
be a given scalar. If there exist matrix functions P;(A\) > 0, Q(\) > 0, Z(\) > 0,
Xij(N) > 0 and Y;;(N) satisfying

-P;N) 0 Pi(NA; (V) PN AN PN Bi(N)
x  —d'Z0) 2K (Aj(A) — 1) ZVK Asa(N) ZOVK B; (V)
. * T\ A 0 <0
* * * -9 0
* * * * —1
(7.54)
[PZ’EA) C_@‘T(})} >0, (155)
I
[Xf:j*(k) 3;](%)} >0, (7.56)

where,  Y;;(A) £ —Pi(\) + duXi;(N) + Vi (VK + KTy,g(/\) +(dy —dn+1)
KTQ(NK, and A;(N), Ag;(N), Bi(N), Ci(N), K areasin(7.51) and (7.52), then, sys-
tem (7.51)—(7.52) is robustly asymptotically stable with an l, — |, noise-attenuation
level bound 7.
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Proof Set
nim) £ &m+ 1) — £(m)

and we have

k—1
Ek—dk) =&R)— D nim)

m=k—d(k)

Then, system (7.51)—(7.52) can be transformed into

Ee+1) = (AN + A (MVK)ER) + B;(Nw(k)
k—1

— AiVK D n(m)

m=k—d(k)

Construct a Lyapunov functional as

Vk)=Vi+ VL +V;+V,
where

k-1
Vi 2 BPVER), V2 2 D EFKTQKEWD),
I=k—d(k)
—dp+1 k—1
e > > TOKTQWKLD),
n=—dy+2 l=k+n—1
-1 k—1

S>> T amKTZ()Kn@m)

n=—dy m=k+n

[I>

\Z

Then, along the solution of (7.58), we have

AV =k + DP;EE + 1) — 7 (k)P (MNER)

=" BAN) + Au VKPP NVA; N + Ai(VK)
k—1
— PiVIEER + D =267 (A + AV K) PN
m=k—d(k)
~ ~ k71 ~
x AgWKnm)]+ (AaWVK D nm) PN Ak
m=k—d(k)
k—1

x K S nm) + 26T ) (A + Aa (VK PN
m=k—d(k)

229

(7.57)

(7.58)
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k—1

x B{Vw(k) — QAzNVK D nm) Py BVw(k)
m=k—d(k)
+ w (k)BT )P; ) B;(Mw (k) (7.59)

Now, identify @ 2 £(k), b 2 Kn(m) and N 2 (A;(\) + Az (V) K)TP; Az () in
Lemma 7.11, Y(i, j) € Z x Z, we can obtain (7.56) and the following inequality

k-1
> (27 WA + Aa(VK) PN Ag (N Kn(m))
m=k—d(k)
< db ()X NEE) + 267 (R (Vi V) — (AN + AV K)TP; (V)
k—1 k—1

xAuNK) Do mmy+ D n"mKTZMNKnm)  (7.60)
m=k—d(k) m=k—dy

In addition, we have

k k—1
AV, = > dOKTQWKED - D ETOKTQMKEWD)
I=k—d(k+1)+1 I=k—d(k)
=" RKTQKER) — &7 (k — d(k) K" QK E(k — d(k))
k—1 k—1
+ > OKTQMKLD - D ETOKTQMKLND)
I=k—d(k+1)+1 I=k—d(k)+1

Note that

k—1

> EOKTQNKEWD)

I=k—d(k+1)+1

k-1 k—dn,
= > FOKTQMKDO+ > FOKTQNKLD)
I=k—d,,+1 I=k—d(k+1)+1

k-1 k—dn

< > FOKTOQMKED+ D ETOKTQNKEND)

I=k—d(k)+1 I=k—dy+1
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Therefore, we have

AV, < ET(RKT QK ER) — €7 (k — d(k) KT QK E(k — d(k))

k—dm 7.61
+ > EOKTQMKED (7.on

I=k—dy+1
Also, note that,

—dp,+1
AVs= D [€"MKTQNKEm) — & (k+n— DK QM)
n=—dy+2
x K&(k+n—1)]
k—d,,

= (dy — d)& BRKTQNKER) — D ETOKTQMN)

I=k—dy+1
x K& (7.62)

Finally, bearing in mind
n(m) = £(m+ 1) = &(m)

then
n(k) = (40 = 1) €00 + AuOKEGk — () + BiVw(k)

thus, one has

-1
AVi= > [n" KT ZNKnk) —n" (k+ )K" Z)Kn(k+n)]
n=—dy
k—1
=dun" (k)K" Z(\)Kn(k) — Z n" (m)K" Z(\)Kn(m)

m=k—dy
~ T -
= dy [ﬁT(k) (A —1) KTZ00K (&) = 1) €k)
+267 () (A0~ 1) KT 2K A KECk — iy

+267(y (A~ 1) KT Z00K B (k)
+&7 (= diNKT ALK ZOK AN KEGR — d(h))

di
4267 (k —d(k)KT AT WK ZO)K Bi(Mw(k) +w’ (k)BT O)KT
k—1
X Z()\)Kéi(/\)w(k)} - Z T (m)KT Z(\)Kn(m) (7.63)

m:/{*dM
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Then, denoting x(k) = [¢7 (k) (K&(k — d(k)))T]T, when assuming the zero
disturbance input to system (7.51)—(7.52) and from (7.59)—(7.63), we have

AV = AV 4+ AVs + AVs 4+ AV, < xT (k) E V) x(k)

o 2 | B Er2(N)
BN = [ * Ez,z(A)]’

0100 2 AP VAN) +du (A0~ 1) KTZ00K (L) — 1) + 75,
~ ~ ~ T ~

1200 £ ATOP;NAGO) = VW) + (A = 1) KTZ0K A4,

F2200) £ ANVPiNAG () — Q) + A (MK ZVK Az ().

Now by Lemma 2.4 and simple matrix manipulations, the inequality (7.27) implies
E(M\) <0, ie. AV < 0, thus the asymptotic stability of system (7.51)—(7.52) is
guaranteed.

Now, to establish the [, — I, performance for the switched system (7.51)—(7.52),
assume the zero initial condition V(£(k)) |x—o= 0 and consider the following per-
formance index

k—1
TEVER) =D w @w)

v=0

for any nonzero w € [0, 0o) and k > 0, there holds

k—1
T =VEER) = VER) k=0 — D w" @)w ()

v=0

k=1 A A Agz
=200 | * An A | 6@)
v=0

* * A33
where 0(v) £ [ET(U) & (w—dw)HK" w’(v) ]T’ and
_ _ - T -
A 2 ATVPNAN) + dy (A,,;(A> - I) K"Z(\VK (AM) - 1) + T,
B 5 - T ~
A 2 ATOVPVAGON) + (A0 = 1) KTZO0K LX) = ViV,

2 AP VB + (K00~ 1) KTZ00K BV,

=
I

Ay 2 ALOVP;NAGO) + ALOVKTZO)K Agi (V) — OO,


http://dx.doi.org/10.1007/978-3-319-28850-5_2

7.3 Filtering 233

Ay 2 AL VPN Bi(N) + AL VKT ZOVK B(V),
Asz £ Bl WPN)Bi(\) + B WK ZWKBi(\) — 1.

Also, by Lemma 2.4, (7.54) guarantees J < 0, which implies that

k—1

ETRPVNER) < VER) < D w w) (7.64)

v=0

On the other hand, (7.56) is equivalent to C~‘LT NG < ¥*P;(A\). Then we can
conclude that for all k¥ > 0,

el (kye(k) = €T (B)CT (NCi(MEE) < 2T (R)Pi(VE (k)
<7 > w @w)

v=0

Taking the supremum over k > 0 yields |lel|o, < v [|w|l,, which completes the
proof. (]

Remark 7.20 Tt should be noted that the filter design based on Lemma 2.4 involves
the cross coupling of system matrices and Lyapunov matrices among different sub-
systems. However, applying the same techniques developed in [10], we can introduce
additional matrix variables to overcome this difficulty and present another sufficient
condition of robust I, — [, performance for system (7.51)—(7.52) in the following
lemma.

Lemma 7.21 Consider the uncertain switched system (7.51)—(7.52) and let v > 0
be a given scalar. If there exist matrix functions P;(A) > 0, Q(N\) >0, Z(\) >0
and R;(N) satisfying (7.55), (7.56) and

HO) 0 RiOVAN) RiN) Au(N) Ri(N)Bi(\)

2y

x =dy'ZO) TN ZOKAGO) ZWK B

* * ;00 =Y 0 <0 (7.65)
* * * -2\ 0

* * * * -1

where T 2 P;(0) — Ri(N) = RT(V), 177N £ ZWK(A;(N) — 1), and
Yij(N) is shown in Lemma 7.19. Then, system (7.51)—(7.52) is robustly asymptot-
ically stable with an l, — |, noise-attenuation level bound .

Proof we can prove the lemma by showing the equivalence between (7.54) and
(7.65). If (7.54) holds, (7.65) is easily established by choosing P;(\) = R;(\) =
RI(N). On the other hand, if the inequality (7.65) holds, we can explore the fact that
Pi(A) = Ri(A) — RlT (M) < 0so that the matrices R;(\) are nonsingular for each .
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In addition, we have (P;(A) — Ri(A\)P; (A (P;(X) = Ri(\) = 0, which implies
PiA) — Ri(N) —RI(N) > —Ri()\)Pfl()\)RiT()\). Hence, we conclude

Rij(N) 0 RiWVAN R Au(N) Ri(N)Bi(N)

x  —dy ' ZO0) TPPO) ZOVKAL(N) 20K Bi(\)

* * T —Vij(\) 0 <0 (7.66)
* * * -9\ 0

* * * * —1

where R, ;(\) £ —=R:(MP; WRT (N, 177 (\) £ Z(WK(A;(\) — I). By per-
forming a congruence transformation to (7.66) via diag{R; T()\)Pj N, I, 1, 1},
we obtain (7.54), thus the proof is completed. (]

Now, based upon the above criterion for filtering performance analysis, we give the
existence condition of robust /; — I, filter for the underlying system (7.45)—(7.47)
in the following theorem.

Theorem 7.22 Consider the uncertain switched linear system (7.45)—(7.47) and let
v > 0bea given scalar. Then, there exists a robust switched linear filter (7.49)—(7.50)
such that, for all admissible uncertainties satisfying (7.48), the filtering error system
(7.51)—(7.52) is robustly asymptotically stable and (7.53) holds for any nonzero
w € [0, 00), tfforz € 1,1 <m < s, there exist matrices Ri; y, R3im, Roi, Viijms
yZZJ m» XZU m» Afz; sz: Cfl) PZZ ms POSmV@ deﬁmte matrix 7)11 m» 7D3z ms Z’m: Xlzg ms
Xaijm, Qmand scalars €; such that

Y, 4+ 89, <0,0<m<n<s) V06 j)elxT, (7.67)
T
Pli,m PZi,m Hi,m Xlij,m XZij,m ylz’j,m
~T
* Piim —C{i >0, *  Asijm Voijm | =0, (7.68)
* * - 1 * * Z’m
where,
oLl 12 1.4 i 1.6 1,7
Hi,j,n nzzjzn 0 szrZLn 51_14f1 Hiz,rg,n niz.r%t,n
* Hi,},n 01 Hz?’rzz n Afi Hi,,rmn Hi,;n.n
* * _dM Zn H7 m,n 0 Z Adi m ZnBi,m
=ij A 44" 445
“~man T * * * Hz,].m Hl jaman ylzg m 0 (769)
5 5
* * * * HL,],’NLJ’! y27,].m 0
* * * * * —On 0
* * * * * * —1
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with

m'' 2Py, —Ry,— R, 2 Pyin—eiRy — RL
Z j n J» li,n Z j n J 3i,n

Hz mn — Rli.nAi,m + EiBfiCi,my szzn £ 'ng n— — RZTl,

7 2 RaiyAjm + BpiCin 110 2 2, (A — 1),

172;,‘,,,, L —Plim+ dy —dn +1Q,, + dMXIij,m + Vijm + lel-j,m,

U;ffm,,, £ —Poim + duXaijm + szZ-j m 1775]5,,, n = =Piim + duXaijm,

1.6

- R1111Ad1 m +51szcd1 m»s LHL" = R11n 1m+EzBf1Dz ms
2,6
Ii; £ RSi,nAdi,m + Bficdi,ma ,jyr,”_n £ R3i,n i,m + va',Di,m

i,m,n

1,Mm,n

Moreover, a suitable robust filter in the form (7.49)—(7.50) has the parameters as
follows B B B
Api=Ry'Ay, By =Ry'Byy, Cpi=Cyi, i€ (7.70)

Proof By Lemma 7.19, system (7.51)—(7.52) is robustly asymptotically stable with a
prescribed I, — I, noise-attenuation level bound + if the following inequalities hold
V@, j) € I xI)

g\ =
Fro) 00 1) Ri) Ai() Ri(V)Bi(Y)
x =y Z0) TN ZOWKAa(N) ZWVKBi(N)
N . T, —Yii(N) 0 <0 (7.71)
* * * —Q(N) 0
* * * * -1
P A CT A Xii(A) Vii(N)
i ) _7( I)} 0, [ f* ZJ(A) ] >0 (7.72)

where 7,5' () 2 P;(0) — RV — RT VD, 120 2 RiVAN), T £
(MK (Aq;(,\) - 1), A;(N), Agi(N), Bi(\), C;(\) and K have been described in (7.51)

and (7.52).
Then, by defining matrix functions

Py £ [7’”(” 7’21“)] RN 2 [Ru(» eiRﬂ]

* P3N R3i(N) Ry
a | Xz Azij (V) oy o | Vg
X““)‘[ " X3ij‘()\)]’ y”(”‘[y%}m}

and matrix variables

Asi=RyAy;, Cpi =Cyi, Bri= RaByi,
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respectively, and by some matrix manipulations, it can be readily established that
(7.71) is equivalent to: V(¢, j) € Z x T

[T (N Fl-lj()\) 0 Tt gidp THO)TH )]

x T2 0 o Ap TRXO) T
) * *  —dZO0THO) 0 T T
IOV * * * Y1i;(A) T2i5(N) V() 0 <0
* * * * o T3i(A) Moij(N) 0
* * * * * —QM 0
L x * * * * * -1
where,

L) £ PN = Ri(\) = RE), T]2N) £ Pyj(V) — iR — REO,
T2 £ Pyi(\) = Ry — RY,. THH) 2 RiinAi(N) + € B1iCi(N),
T10() 2 RiinAdi(N) + €iBriCai(N), T (N) 2 Ry Bi(N) + € B Di(V),
T2 2 RyinAi(N) + BriCi(N), T (V) 2 RaiwAai(N) + BriCai(N),
T2/ 2 Ry BiN) + BpiDi(N), TN 2 Z(0) (AN — D),

IO 2 ZW AL, TN 2 Z()B; (),

Y15;(N) £ =P\ + (dy — diy + 1O + darXii; (V) + Vi (V) + le;j()\),
T2ij(A) £ =Poi(N) + dy Xaij (V) + V35 (A,

T3i;(N) £ =P3i(\) + dyXsij ().

Hence, further assuming matrix functions P;(\), Q(\), Z(A) and R;(A) to be the
following forms

c - P i,m P i,Mm
PN 2D APim =D Am [ N 73;’ } : (7.73)
m=1 m=1 L
QN £ D XnQu 2N 2D NuZn (7.74)
m=1 m=1
) L : R . Rli.m gilty
7?’L()\) - Z_l ATTLR’LJ” - Z_l >\7’L [R:‘jz,m Rzz } (7.75)
/Yij ()\) £ Z )\TTLXij,TVL = Z )\m |:Xlij,m ;21]mj| s (776)
f—" fo— 3ij,m
Vi) £ Z A [y”-"””} : (1.77)
Waijm

m=1



7.3 Filtering 237

and taking (7.48) and (7.73)—(7.77) into account, we have

EUN) = Z Z A EY

m=1 n=1
s s—1 s
_ z 2 mij Z z —ij —ij
- /\m:‘m,m + )\m)\n ("‘m,n :‘n,m) .
m=1 m=1 n=m+1

Thus, if conditions (7.67) and (7.68) holds, then Z% (\) < 0, which implies (7.71)
and (7.72) hold, i.e. the filtering error system is robustly asymptotically stable with
an [, — [ noise-attenuation level bound ~. Therefore, if a solution to (7.67) and
(7.68) exists, the parameters of admissible filters are given by (7.70). This completes
the proof. (]

Remark 7.23 Conditions (7.67) and (7.68) in Theorem 7.22 are formulated in terms
of a set of LMIs, which can be solved by means of numerically efficient convex
programming algorithms [11]. Moreover, the performance index ~ described in the
conditions can be respectively optimized by the corresponding convex optimization
procedures. In addition, from (7.69), it can be easily seen that a switched parameter-
dependent quadratic Lyapunov function is actually constructed in Theorem 7.22 for
the developed filtering error system, and all vertex systems in each subsystem are
considered by means of matrix variables P; ,,,. Therefore, similar to the results in
[10], the filter designed in this subsection is less conservative than the one based
on switched quadratic framework, in which the matrices P; ,, Qm, Zm and R,
in Theorem 7.22 are selected as P; and R; correspondingly, and the one based on
quadratic framework, in which the matrices P; and R; are further selected as P
and R.

In the following, we present a numerical example to demonstrate the feasibility
and validity of the filter developed in Theorem 7.22.

Example 7.24 Consider the uncertain discrete-time switched linear system (7.45)—
(7.47) consisting of two uncertain subsystems, where there are two groups of vertex
matrices in subsystem 1

0.72 0.10 0
An = p[—0.06 0.77} Bu=p [0.1} :

Ci=p[10], Diy=p, Hy1=p[080], L;;=0

072 0.10 0
A = p[—0.06 —0.75] > B2 = p[—o.l} ’

Clzzp[] 02], D12:O.8p, lezp[l O], L12:0
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and two groups of vertex matrices in subsystem 2

0.72 0.06 0.1
Aot zp[—0.100.77]’ Ba :p[ 0 ]

Cai=p[0—1], Dy =—p. Hyy =p[0.80], Ly; =0

0.72 0.06 —0.1
A”:p[—o.lo —0.75] B”:p[ 0 }
C22:p[0.2 —1], D22:—0.8p, szzp[l()], L22:0

where p is a scalar parameter implying the size of convex polytope each uncertain
subsystem can be expanded into.

Our purpose is to design a robust [, — [, filter for the above uncertain switched
system for different given p and time-varying delays, and check the I, — [, per-
formance of the resulting filtering error system. The energy bounded disturbance
w(k) = 0.02¢7°%% 5in(0.027k) and the switching signal is generated randomly
by Algorithm 2.1 of Example 2.8. Then, assuming Time_Length = 200 and
Con = 0.6 in the example, the switching signal can be realized by Matlab and a
possible case is shown in Fig.7.11.

system mode

Il Il Il Il Il
0 20 40 60 80 100 120 140 160 180 200
Time in samples

Fig. 7.11 Switching signal


http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2

7.3 Filtering 239

Table 7.2 Different minimum +y of filtering error system
p 0.95 1.00 1.05
¥ 0.6812 0.8679 1.1885

0.12 T T T T T T T T T

0.06

0.04

Amplitude

1,=0.95, 1,=0.05
_%,=0.75,1,=0.25 B

- 1=05,,205

= 2,=0.25,2,=0.75

-0.02}- " 2,20.01, 2,,=0.99 J

_004 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200

Time in samples

Fig. 7.12 Filtering error response to different uncertain parameters

By choosing €; = ¢, = 1 and solving the corresponding convex optimization
problem in Theorem 7.22, we can obtain different minimum /, — [, noise-attenuation
level bounds ~y for given 2 < d < 5 and different p, which are listed in Table 7.2.

Furthermore, for p = 1.05, the admissible filter parameters can be obtained
according to Theorem 7.22 as

A [ 702275001927 o [-0.9453
S1=1-0.5107 07699 | °/1 = | —0.2277 |°

A | 07905 —0.04337 . [-0.3489
2= 1 -0.0903 0.6082 |> °/2= | 0.0007 |’

Cpi = [—0.1500 0.0922], Cfy = [ ~0.1590 0.0926].

Then, given v = 1.1885 and initial condition £(0) = [0.1 —0.200]7 in (7.51)
and (7.52), Fig. 7.12 shows the error response of the resulting filtering error system by
applying above filter for given different uncertain parameters in (7.48). Note that the
resulting system is certain when assuming the uncertain parameters are determined.
In addition, note that the smaller the \; or )\, is, the closer each corresponding
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subsystem is to some vertex of the convex polytope decided by different given values
of p. It can be easily observed from Fig. 7.12 that the error response curves will shake
with a larger amplitude when A or )\, is smaller for the same disturbance w (k). The
reason is that in such cases the two subsystems will both be closer to the vertex
systems in their respective convex polytope, and the difference between the modes
of two subsystems in the estimated system will be enlarged as a result . However,
despite the variations of uncertain parameters within the scope 0 < Ajp) < 1, as
shown in Fig.7.12, the resulting filtering error system is asymptotically stable for
given I, — [, performance index and energy bounded disturbance w(k). Therefore,
we can conclude that the designed switched linear filter is feasible and effective for
the underlying system under the given switching signal and time-varying delays.

7.3.2 Hy, Sense: PDT Switching

Consider the following discrete-time switching neural networks with mode-
dependent time-varying delays

z(k +1) = Asyw(k) + By f (w(k))

+Coy g(@(k — @oay(k))) + D1 oyw (k)
z(k) = Fogyz(k)
z(s) = "/)(5)’ $ = —Pmax, —Pmax T 1, . ..0

(7.78)

where z(k) £ [z1(k) z2(k) - -- z,(k)]" € R" is the state vector with n neurons,
z(k) € RP? is the linear combination of the neuron states to be estimated, w(k) € R?
is the external disturbance belonging to /5[0, co), and ¥ (s) is a given initial
condition sequence. f(z(k)) £ [fi(x1(K)), ..., fa(z,(k))]" € R" and g(x(k)) =
[g1(x1(Rk)), ..., &n (x,l(k:))]T € R” are the nonlinear neuron activation functions.
oy (k) denotes the mode-dependent discrete time delays satisfying 0 < @min <
Cotbym < Poty(k) < Goty.m < Pmaxs Where Omax = max{Qog) m}s Pmin = min
{©o),m}> and ©u(k).m» Poky,m are constant positive scalars representing the lower
and upper bounds of time delays in mode o (k), respectively. Aq £ diag{ai o),
a2,6(ky, - - - » Gn,o (k) } describes the rate in which each neuron resets its potential to the
resting state in isolation when disconnected from the networks and external inputs;
By and Cy(y are the connection weight matrix and the delayed connection weight
matrix, respectively; D ») and F ) are constant matrices with appropriate dimen-
sions. In addition, when o (k) = i € L, the matrices (4;, B;, C;, D1 ;, F;) denoting
the ¢th subsystem, are known real constant matrices with appropriate dimensions.
Specially, we focus our study of system (7.78) on a class of switching regularities
with persistent dwell-time (PDT) switching. The definition on the PDT switching
has been given in Sect. 1.4, and therefore is omitted here.
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The actual output model considered in this subsection is given as follows, which
satisfies random occurring packet dropouts,

Y(k) = o0ty (K)Ymo (k) + D2,y (k) (7.79)

where Y, (k) = E;gyx(k) is the measurement output, E; and D,; are constant
matrices with appropriate dimensions for any o (k) =i € L.

The stochastic variables ¢;(k), are assumed to be subject to Bernoulli binary
distribution taking values on O and 1 with

Pr{6;(k) = 1} = &;, Pr{0i(k) = 0} = 1 — 4, (7.80)

where §; € [0, 1] is the expectation of packet arrivals. Obviously, it gets from (7.80)
that
E{6; (k) — 6;} = 0, B{(6i(k) — 6,)*} = 6i(1 — ).

For system (7.78), we are interested in obtaining the estimate of the signal z(k)
from the actual measured output y(k). The full-order filter to be considered is given
as follows

wp(k+1) = ALy x (k) + B y(k)
z2p(k) = CL oy (k) (7.81)
.%‘f(S) =1(8), § = —Pmax, —Pmax + 1,...0

where x ¢ (k) € R", z5(k) € R?, are the estimator state and output vectors, respec-
tively, and v (s) is the initial estimator state. The matrices A,Lf s Bl.f and C{ are the
estimator gains to be determined for any o (k) =i € L.

Then, it follows from (7.78), (7.79) and (7.81) that the estimation error system is
given by

Bk +1) = Aig(k) + Bif (b#(k)) + C1ig(Li(k — ¢i(k)))
+H{8:(k) — 6:}11 B E; (k) + Dw(k) (7.82)
Z(k) = Fiz(k)

where

Fk) 2 [aT k) 2T k) ] ER) L 2k —zp (), h 2 [01], L 2[10],

N Al 0 5 oA Bz AN Cz S Dl,z'
A7|:(SqBZfELAZf 7B1,7 0 aCz* 0 7D7,7 BZfDZL ’

F2lFr-cl].

3

Due to the existences of the nondeterministic variable o(k) and the stochastic
variable 0, (k) in the estimation error system (7.82), the following definitions are
needed for the forthcoming issue of the stability and H., performance analysis.
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Definition 7.25 ([12]) The estimation error system (7.82) is said to be exponentially
mean-square stable with w(k) = 0 under switching regularity o(k), if there exist
constants ¢ > 0, and o € (0, 1), such that

E{IZ() 1%} < "™ 1ERo)II7 » Yk € Ze,-

where [|Z(ko)ll7 £ supy, . <<, E{IZ(s)[*} and g is called the decay rate.

Thus, consider system (7.78) subject to PDT switching regularities and actual
output model (7.79) with randomly occurring packet dropouts, the purpose of this
subsection is to design a mode-dependent estimator in the form of (7.81) such that
the resulting estimation error system (7.82) is exponentially mean-square stable and
has a non-weighted Hy, noise attenuation performance.

In what follows, we will thoroughly investigate the stability and H, estimation
performance analysis for the estimation error system (7.82). Before proceeding fur-
ther, let us restate the following lemma which will be useful in the derivation of our
main results.

Lemma 7.26 ([13])Suppose that A = diag{\|, M2, ..., \y} > 0, = diag{vy, t2,

coity}>0.Fors 20,s e R, i = 1,2, ..., n, the neuron activation functions satisfy
s s
where I, l;‘ , v; and v[+ are constant scalars, then
~ T ~
[ I%x~(k:) } |:AL1 —AL2] [ I%m~(k:) } <o (7.83)
f(hak)) * A f(hak))
~ T ~ .
g(ha(k)) *» T g(ha(k) | — 7
where
L & diag{lf’ll_, l;lz_, e, ljl;},
R e R Im+1-
L, 2 diag l+l72+2_._’n+n ’
2 2 2
71 £ diag{vivy,vivy, .., vt
T, £ diag vi"—l—vl_’ v;+v2_,..., v;r—i—v;
2 2 2

Remark 7.27 As discussed in [13], the constants /", Ir v; and v;L are allowed

70
to be positive, negative, or zero. Hence, the resulting neuron activation functions
could be non-monotonic and more general than the usual sigmoid-type functions and



7.3 Filtering 243

Lipschitz-type conditions. Such a description facilitates obtaining less conservative
results since it restricts the lower and upper bounds of the neuron activation functions.

With the aid of Lemma 7.26, we now present the analysis result for the estimation
error system (7.82) to be exponentially mean-square stable with an H, performance
attenuation level.

Theorem 7.28 Consider the discrete-time switching neural networks (7.78) with
PDT switching regularities and mode-dependent time-varying delays, and let pp.x >
wmin >0, 0<6; <1, i € L. For given scalars p >0 and 0 < « < 1, the esti-
mation error system (7.82) is exponentially mean-square stable for any switching
regularity o(k) with PDT property for the given period of persistence T and has
a non-weighted Hy, performance attenuation level v,, > 0, where ~y,, = ye with

= \/(u(%)um“)(l —a))/(1 — u(%)a), if there exist symmetric positive defi-
nite matrices P;, QQ;, positive diagonal matrices A, T, such that the following LMIs
hold for alli,j € L,i # j,

2122 0 0 2 23 Ff
* —A 0 0 0 $£25 0
* * 933 0 0 938 0
*x *x *x =21 0 £25 0 | <0 (7.85)
* ok *x * 2 0 0
*x  x * * * —P 0
*  x * x % =1 |
P, < P i Qi < pQj, (7.86)
(']I‘+1)lnu+']I‘lna+Tlna<0 (7.87)

911 é —OZP‘ — izTALliz — szl—vr]iz =+ 5(1 — (L)(i]BIfE,iz)TP,(ilBle,iz),
Qu A ITAL), 216 2 IITT, 215 2 AT P, 253 2 BI P!, 253 2 —a=(Q);,
233 2 CTPT, 255 2 DI' PP, 266 2 (0max — Pmin + DQ; — T.

Moreover, an estimate of the state decay is given by
~ 12 _k ~ 2
E{1Z1%) < o" 0 oB{|| 2, | ).

where 0 £ ™™ and ¢ £ 22 with k1 £ minvies Amin(P;), K2 2 MaXvics Amax
(P) + (290max Pmin + 1) maxvie. )\max(Qz

Proof Consider the following Lyapunov-Krasovskii candidate

3
Vi@, k) = D Vel k)
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where
Vi@, k) 2 37 (k) PiE(k),

k—1
Vi@ k) & Y g (hE()a" T Qig(hi (),
s=k—y;(k)
k—@mn k-1

Vi@ k) 2 > > gl (hEm)a T Qig(hiE(m).

s=k—Pmax+1m=s

Now, denoting AV;(Zy, k) = 22:1 AV, i(Zp, k), where AV, (Zy, k) £ Vi
Zpt1, K+ 1) —aV, (g, k), z =1, ...3, calculating the difference of V. ;(Zy, k)
along the trajectory of the estimation error system (7.82), z = 1, ... 3, and taking the
mathematical expectation, we have,

E{V1i(@pt1, k+ 1) — aVi i (@, k)}
=E@El(k+ DPE(k+ 1) — ail (k) P (k)
= i" (W) A] P A;i(k) + sym(ET () AT P;Cig(LE(k — ¢i(k)))
+sym @ (AT PDjw(k)) + 27 (k)8;(1 — ) (11 B! E: )" Pi(1y B E: )i (k)
+ T (L) Bl PiBi f (LE(K)) + sym(fT (LhE(k) B] PiCig(Li(k — ¢i(k))))
+ sym(fT (LE(k))B] P;Diw(k)) + g" (Li(k — ¢i(k)C] PiC;
x g(hE(k — @i(k))) + sym(g" (LhE(k — ;(k)))C] PiDijw(k))
+sym(@" (k)A] P;B; f (L (k) + w' (k)D] P;Diw(k) — a&” (k) PiE(k),  (7.88)
E{V2,i@ks1. k+1) — aVai(@, k) }

k k—1
=E| > T hE@O Qb)) — D g (his)

s=k+1—p;(k+1) s=k—q; (k)

x ak_SQig(izi(s))]

=E |gT(5ﬁ(k))Qi§(S~C(k))) — g (hiEk — i) ® Qig(hi(k — i (k)))

k—1 k—1
+ D dBEE)FTQiehis) - Y. g (L)
s=k—p;(k+1)+1 s=k—p;(k)+1

x a“@:g(izﬁc(s))]

<E lgT(M))Qig@(k)) — g1 Lk — pi(k)a?™Q;g(LE(k — ¢i(k)))

k—®min
> gT@(s))a’HQ@@(s))] , (7.89)

s=k—pmax+1
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E{V3,i(@pi1, k+ 1) — aVa i@, k)}
k+1—¢min k . _
=E{1 D > " (hEm)er"Qig(hi(m))

S:k*@maxﬂ»z m=s

52k—4€max+l m=s

k—@min k—1
—a > ZgT<izaz<m>)Qi,mg(i2:7:<m>>]

k—©min k
=E| > D gl (hEm)aQimg(him))

s=k—@max+1m=s+1

k_\}gmin k—1 B _ .
- > > T (hEm)aQimg(hE(m)

s=k—pmax+1m=s
=E |<somax — omin)g” (L7 (k)Qig(Li(k))
k*#’min

- > gr(izfc(s))OéQi,sg(izi(S))] : (7.90)

s=k—Pmax+1
Combining (7.88)—(7.90) together with (7.83)—(7.84), by Lemma 7.26, we get
E{AVi(@r. k) < ¢T () @1¢ (k)
where

¢T(k) & [3T (k) fT(LEk) g7 (hik — ¢i(k) wT (k) g" (Lik)].

and
Dy P2 P13 P15 P
*x Dy D3 @5 0
@1 £ * * @33 €D35 0
* * * 4555 0
* x ok *x Dgg
with
@ 2 ATP A, —aP,— I AL L — IITN L+ 6;(1 — 6)(I, B! E; 1)"
X Pi(ilBZ-fEiiz),
O 2 AP B+ I ALy, @13 2 AT P.C;, @15 & AT P,D;,
@16 £ Ty, @33 £ B P,C;, @25 £ B P,D;, &35 = C] P,D;,
®» 2 B/ PB; — A, @33 = C] P,.C; — a#™Q;, @55 = D] P,D;,
Des £ (¥max — Pmin + DQ; —T.
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In view of (7.85), by Lemma 2.4, we have @; < 0. Thus, it is straightforward to
obtain
AVi(Zg, k) <0,

which is equivalent to
Vi(Zpy1, b+ 1) < aVi(@y, k). (7.91)

Consider o(ks,) = i, 0(ks,+1 + T®) = j in the pth stage of PDT switching,
and suppose an arbitrary switching occurs within T”), with the aid of the proof of

Theorem 3.10, it follows from (7.86) that

)(l"k cks,) < AVoay, @k, ks, ) <0 S MWy (En s ks)

Vo,
<! a(ko)(ka ko).
(7.92)
On the other hand, there exist two scalars x; and x, such that
- -2
Votho) (i ko) < Ko || Tk, ||L (7.93)
2
Vo) @k, ks,) = K1 Hi’ksl, , (7.94)

~ 2 ~
where |5, [} £ sup, ., <1<, EUIEO]?), and
L oy (P N (P o (0.
R = \%1612 )\mm(Pz)v K2 {};122( )\de(Pl) + (2()0de ®min + l) {};122( )\de(QZ)

Then, denoting k;, = Lkpt k —ko+ 1,02 Nandgp £ 22 taking the mathemat-
ical expectations and using (7. 92) (7.93) and (7.94), we obtaln that

- —k -2
E{llZ]%} < o" M oR{|| 21, ||, )- (7.95)
Therefore, by Definition 7.25, the estimation error system (7.82) is exponentially
mean-square stable with w(k) = 0.
Now for w(k) # 0, letting I" (k) = z7 (k)z(k) — y>w” (k)w(k), we have
AVi(@, k) + T (k) = (T () P2( (k)
where @, £ &, + diag{ﬁfﬁ,;, 0,0, —721, 0}. By Lemma 2.4, (7.85) guarantees

@, < 0, which is equivalent to AV;(Zy, k) + I'(k) < 0.
Similar to the derivations of Theorem 3.13, it yields that

DT DIW =7y D W D)

I=ko I=ky
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for w(l) € 1[0, 00), where v,, = ye with

e 2\ (E TN - /(1 - pFa),

By Definition 4.16, it can be concluded that the estimation error system (7.82) is
exponentially mean-square stable with a non-weighted H,, performance index 7,,.
This completes the proof. ]

Next, we will continue to present a solution to the H,, estimator design problem
for the switching neural networks (7.78) with PDT switching regularities and mode-
dependent time-varying delays. The following theorem provides sufficient conditions
on the existence of the desired H,, estimators and explicit expression of the estimator
gains.

Theorem 7.29 Consider the discrete-time switching neural networks (7.78) with
PDT switching regularities and mode-dependent time-varying delays, and let v > 0,
Pmax = Pmin > 0,0 <6; <1, u> 0and0 < a < 1 be given constants, i € L. Fora
prescribed period of persistence T, suppose that there exist positive definite matrices
Pii, Py, Psj, Qi matrices Ry ;, Ry, R3, A'if, Bf, C~'l:f, positive diagonal matrices
A, T, such that forany i, j € L, 1 # j,

I, I
|: N 173:| <0 (7.96)
Po; < pPsj, Qi < pQj, s =1,2,3, (7.97)
where
[T, T, AL, 0 0
* H2.2 0 0 0
= * * —A 0 0 ,
* * Ilys O
| x x x % -2
[T, ITi; g F' My M
0 @ANHT @AD" —(€H" o 0
m=| o0 BIRI,B'RY, 0 0o o0 |,
0 CIR{,CIRI, o0 0 0
| 0 IIs7 Ilsg 0 0 0
I3 & diag{ge, [T;7, —1I, IT; 7},
with

;= —aPy;,— AL —TY\, 12 & —aPy;, [y = —aP;,,
My = —a?Q;, Mo 6 = (Pmax — Pmin + DQ; — I,
Ms; 2 DI R, + DY ,(B))T, Oss 2 DI R}, + D (B])T,
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248 7 Time-Delay Switched Systems

M, 2 Al R{, +5‘E~T(é-f)T M= AR, + 5iEiT(éif)T,

M0 2 Vo:(1—6)EN BT, 0y 2 V6;(0 —6)ET (BT,
é

2 T
;7 = Py — Ry — Rl,i’ Ihs =P — Ry, — R34,
A T A A . T
Mgy £ Py, — R}, — Rs;, Il77 = [IT77, [T 8; I17 g, Igg]

then there exists a mode-dependent estimator (7.81) such that the corresponding
estimation error system (7.82) is exponentially mean-square stable for any switching
regularities with PDT satisfying (7.87) and has an Ho, performance index ,,, where
Yno has been defined in Theorem 7.28. Moreover, if a feasible solution to (7.96)—(7.97)
exists, then the admissible estimator gains are given by

= RiIA!l B/ =R;!B/ ¢/ =¢/. (7.98)

Proof Firstof all, for amatrix R;, Vi € £, from the fact (P; — B;)T P;(P; — R;) > 0,
we have P, — R, — R > —R! P, R;, then we know the following inequality

O, 6,
[* @3} <0, (7.99)
where
O ITAL, 0 0 011, ATR! FT 040
ool *+ =4 0 0 | os| 0 BRI 0 0
! x  x O35 0 |7 0 C'RT 0 0 |’
* * *x =21 0 D[TRLT 0 O

O3 £ diag{Og ¢, O3, —1, Og s},

with

lI>

O 2 —aP, —ITALL — 1T L, O35 2 —a¥™Q,;, Og3 2 P, — Rl — R,
@66 2 (Pmax — min + DQi = T, O19 2 /6,1 = 6)(1B] Ei )" R} .
By the similar manipulation in the proof of Theorem 3 of [14], it follows that

(7.99) guarantees (7.85) holds. Then replacing AL, Bt, C1 ir Cz is D and F in (7.99)
by the ones in (7.82), considering the matrices P;, R; to have the following forms

o | Pri P s | Rii Ra
Fi= [ *x Py = Ryi R3]’
and defining the matrix variables

Al £ Rsy,Al, B/ 2 Ry;B/,C] 2/, (7.100)
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one can readily obtain (7.96)—(7.97). Therefore, if (7.96)—(7.97) hold, we have
(7.85)—(7.86), respectively. By Theorem 7.28, the corresponding estimation error
system (7.82) is exponentially mean-square stable for any switching regularities
with PDT satisfying (7.87) and has a non-weighted Hy, performance index +,,. In
addition, from (7.100), the mode-dependent estimator gains are given by (7.98). This
completes the proof. (I

Remark 7.30 In Theorem 7.29, the H., estimator design problem is solved for a
class of discrete-time switching neural networks with PDT switching regularities and
mode-dependent time-varying delays. In the presence of random packet dropouts, an
estimator is designed such that the resulting estimation error system is exponentially
stable in the sense of mean square and also achieves a prescribed non-weighted H,,
disturbance attenuation level. It is shown that the estimator design problem under
consideration is solvable if the conditions (7.96)—(7.97) are convex. Therefore, a
convex optimization problem can be formulated as follows.

Problem 7.3
min~y, s.t. (7.96) — (7.97).

Moreover, if the above optimization problem admits a solution v*, then the optimal
non-weighted H,, performance index can be calculated as ;) = "¢, where € has
been given in Theorem 7.28.

In the following, based on the work in [15] which presents and experimentally
investigates a class of synthetic oscillatory networks of transcriptional regulators as
mathematical model of the repressilator in Escherichia coli, a biological network
model is utilized to illustrate applications of the theoretical findings obtained in this
subsection.

Example 7.31 We consider a synthetic oscillatory network of transcriptional reg-
ulators with three repressor protein concentrations and their corresponding mRNA
concentrations, where,

mode 1:
024 0 0 —0.5C
A‘:[ 0 0.1A]’C1:[0.09I 0 }

D |07 005006 0 r g _[10-1001
=1 0 02030001 7"~ ]00 1000/

Fi=[110010],Dy; = —0.05,

mode 2:

014 0 0 —0.8C
AZ—[ 0 O.O9A]C2_[O.OSI 0 }
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Table 7.3 The optimal performance indices for different upper bounds ¢m,x of time delays and
period of persistence T as fixing §; = 0.6, Jo = 0.8 and ppin = 1

(Sominv Somax) (1, 1) (1,2) (1,3) (1,4) (1,5)

T=3 0.8714 1.2983 2.3641 11.9037 Infeasible

T=2 0.7794 1.1613 2.1145 10.6470 Infeasible

T=1 0.6971 1.0387 1.8913 9.5229 Infeasible
03 0 —0505 00

Dy, = |:

003 0 05020

F,=[100100], D, =0.05,

with
100 001
A=[010(,C=]100
001 010

"o _J030 -050500
271003 0 05020

Choosing the regulation function as g(z(k)) = x%(k)/(1 + 22(k)), we can
determine that the maximal value of the derivation of g(x(k)) is less than 0.65, it
is straightforward to verify that 7| = diag{1, 1, 1,0, 0,0}, Y, = diag{1, 1, 1, 0.65,
0.65, 0.65}. In addition, without loss of generalization, we assume that B = B, = 0,
and L; = L, = 0, and further discussions about this model can be seen in [12].

The purposes here are to design the mode-dependent estimators for the presented
synthetic oscillatory networks with mode-dependent time-varying delays, find out
the switching regularities with admissible PDT, such that the estimation error sys-
tem is exponentially mean-square stable and ensures a prescribed non-weighted H,
performance. Firstly, given a = 0.85, u = 1.25, the H,, performance index can be
minimized by Problem 7.3, and the values of v, can be calculated as listed in
Tables 7.3 and 7.4 respectively as designating different pairs (d1, d,) and different
upper bounds @y,,x of time delays. It can be shown from Table 7.3 that, the increasing
of upper bound ¢, of time delays has a negative impact on the system performance.

Table 7.4 The optimal performance indices for different probabilities pair (§;, d2) and period of
persistence T as fixing ¢min = 1 and pmax = 4

(01, 92) 0,0) 0.2,0.2) 0.4,0.4) (0.6,0.6) (0.8,0.8) (1, 1)

T=3 13.2986 12.9107 12.5044 12.3379 11.8335 11.4206
T=2 11.8946 11.5477 11.1843 11.0353 10.5842 10.2149
T=1 10.6389 10.3286 10.0035 9.8703 9.4668 9.1365
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Also, from Table 7.4, it can be seen that, the larger the probabilities §; and 9, rep-
resenting packet arrivals are, the better performance indices +y;;, can be obtained. In
addition, one consistent phenomenon has been captured in both Tables 7.3 and 7.4,
i.e., the achieved Hy, performance index becomes better as decreasing the length of
period of persistence T.

Further, assume that the mode-dependent time-varying delays satisfy 2 < (k) <
4 and 1 < py(k) < 3, respectively. In addition, the conditional probabilities of
Bernoulli distributions are taken as §; = 0.6, d; = 0.8, respectively. Next, consider
the external disturbance input w(k) = 0.5 exp(—0.1k), and designate 7 = 4, it yields
that the actual Hy, performance index v = 0.5057, which lowers the optimal one
vy, illustrating the effectiveness of the designed estimators, where v, = 11.9037.
Also, we have o = 0.7827 < 1 and ¢ = 1345.6 > 0, which satisfy the conditions of
Definition 7.25. The evolutions of the system modes satisfying PDT switching are
generated randomly as shown in Fig.7.13. Then, using the obtained estimator gains,
the trajectories of state, its state estimation and its state estimation error of mRNAs
and protein are presented in Figs.7.14, 7.15, 7.16 and 7.17, respectively. Also, the
output, its output estimation and its output estimation error are shown in Fig.7.18.
Finally, the convergence of Figs.7.14, 7.15, 7.16, 7.17 and 7.18 demonstrates that
the designed estimator is valid ensuring a satisfactory tracking in the presence of the
faster switching during the period of persistence, the random packet dropouts and the
time-varying delays for the proposed discrete-time switching synthetic oscillatory
networks.

25 T T T T T
—— PDT switching regularity
2 — — S — S — — — - 4
1.5F B
1 H U - - U - - - [y -
05 L L L L L
0 10 20 30 40 50 60

Time in samples

Fig. 7.13 The PDT switching regularity
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1 I T
State x1(k) of mMRNAs
0.5 R Estimate of x, (k) of mMRNAs|]
R ==
!
05 L L L L L
0 10 20 30 40 50 60

Time in samples

State xz(k) of mMRNAs
SR Estimate of x, (k) of mRNAs 1

05 10 20 30 40 50 60

Time in samples

State x,(k) of mRNAs
R Estimate of x,(k) of mRNAs I

20 30 40 50 60

Time in samples

Fig.7.14 The trajectories of state ; (k) and its estimate z 7,; (k) of mRNAs, respectively, i = 1,2, 3

1 T T T
i | --4--. State estimation error of x1(k) of mMRNAs
0.5 "‘
0 ’I‘k ,‘Nt‘y‘cmcwnﬂomumomom-m-moﬁmimoﬂ-
"ﬁ
05 L L L L L
0 10 20 30 40 50 60
Time in samples
1 T T T
\ --%--. State estimation error of xz(k) of mMRNAs
1
0 1‘| P S b hbadit o
o‘.l(
1 L L L L L
0 10 20 30 40 50 60
Time in samples
1 T T T
\ --%--. State estimation error of Xs(k) of mMRNAs
0.5K
\“
or ‘L'\'tma"’"ﬂ'm‘m e
05 L L L L L
0 10 20 30 40 50 60

Time in samples

Fig. 7.15 The trajectories of its estimation error x;(k) — xs;(k) of mRNAs, respectively, i =
1,2,3

7.4 Conclusion

In this chapter, the stability problem has been studied for a class of discrete-time linear
switched systems with state delays under cyclic switching, and a numerical searching
algorithm has been proposed for the determination of dwell time of the subsystems.
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étate X, (k) of ;)rotein
0.5 \N\ R Estimate of x, (k) of protein|]
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0.5 e L L L L L
0 10 20 30 40 50

253

Time in samples

60

Fig.7.16 The trajectories of state ; (k) and its estimate x 7 ; (k) of protein, respectively, i = 1,2, 3

1 : : :
\ | --4--. State estimation error of x1(k) of protein
0.5«
| it S N
05 L L L L L
0 10 20 30 40 50
Time in samples
1 T T T
i --%--. State estimation error of xz(k) of protein
0.50*
ol “’-"‘MM
05 L L L L L
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Time in samples
1 T T T
\ --%--. State estimation error of x3(k) of protein
0.5 1\"
ol tm.‘“."_
05 L L L L L
0 10 20 30 40 50

Time in samples

60

Fig.7.17 The trajectories of its estimation error z; (k) — z r,; (k) of protein, respectively, i = 1,2, 3

Then, under arbitrary switching, the H,, output feedback control problem has been
investigated for a class of switched linear discrete-time systems with time delays. The
time delay is assumed to be time-varying and bounded. Both static and dynamic Hy,
output feedback controllers are designed respectively. A CCL algorithm is exploited
to obtain the desired controllers and a suboptimal H, performance index such that the
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1.6 T T T T ;
—z(k)
14k memacee Estimate of z(k)
1.2 )
1 4
1 . . . . .
0.8 — ]
0.5 Estimation error 1
0.6 H * s, )
O swres weStd
I
H -0.5 ]
04 0 10 20 30 40 50 60
Time in samples

30 40 50 60

Time in samples

Fig. 7.18 The trajectories of z(k), its estimate z ¢ (k), and its estimation error e(k)

underlying switched systems can be stabilized for given time-varying delays bounds.
Furthermore, considering the system with polytopic uncertainties, the problem of
robust I, — I, filtering has been studied for the underlying systems with arbitrary
switching. Based on the mode-dependent and parameter-dependent stability analysis
approaches, a robust switched linear filter is designed such that the corresponding
filtering error system is robustly asymptotically stable, and a prescribed I, — [
performance index is guaranteed for all admissible uncertainties. Finally, under PDT
switching regularities, the state estimation problem has been investigated for a class of
discrete-time switching neural networks with mode-dependent time-varying delays
in H,, sense. Sufficient conditions on the existence of the desired mode-dependent
estimators, are established such that the estimation error system is exponentially
mean-square stable and achieves a guaranteed non-weighted H,, noise attenuation
performance level. The impacts of the random packet dropouts and the length of
period of persistence on the system performance have been found by comparison,
respectively.
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