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Preface

Switched systems, which are used to model many physical or man-made systems
displaying switching features, have been extensively studied since the 1990s.
Typical applications of switched systems can be seen in engineering practice such
as in the vehicle industry, process control, biological systems, and flight control
systems. These kinds of systems commonly contain a finite number of subsystems
and a switching signal governing the switching among them. The switching signals
are therefore crucial in dominating the behaviors of switched systems, which dif-
ferentiate switched systems from the general time-varying systems, since the
solutions of the former are dependent on both system initial conditions and
switching signals.

From a perspective of whether a stochastic process is attached to the represen-
tation of switching signals, the diverse switching can be categorized as nondeter-
ministic switching versus stochastic switching. Unlike stochastic switching systems
where a stochastic process, e.g., a Markov chain can greatly avail the analysis and
synthesis of the systems, nondeterministic switched systems are relatively more
challenging to cope with. A typical way in this area is to classify the switching
signals into different sets with certain time regularities while ignoring the concrete
generation mechanism, such as the state-dependent switching or time-dependent
switching with the latter being able to represent the former in general. This book
refines attention on nondeterministic switched systems that are commonly briefly
termed as switched systems in the literature, and mainly considers four types of
time-dependent switching signals: the arbitrary switching, dwell time
(DT) switching, average dwell time (ADT) switching, and persistent dwell time
(PDT) switching (the mode-dependent forms of the latter three cases are also
considered). The aim is to present the authors’ previous findings on the
discrete-time switched systems with various types of time-dependent switching
signals, as well as to provide some new results by relaxing some assumptions
required in existing works which usually introduce conservatism and/or restrict the
applications of developed approaches in practice.
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Focused on the basic control and filtering synthesis problems for discrete-time
switched linear systems under the four typical above-said switching signals, the
book is organized into the following seven chapters.

Chapter 1 introduces the backgrounds and motivations of this book. Some
preliminaries, the classification of switching signals, and comparisons with other
types of hybrid systems are also provided, which aims at giving readers an
understanding of the results that will be presented in the book.

In Chap. 2, we focus on the stability and stabilization issues of switched systems.
First, the frequently used multiple Lyapunov-like functions (MLFs) approach is
discussed, and four typical forms evolved from the general MLFs are introduced by
comparing their advantages and disadvantages. Then, considering several classes of
time-dependent switching signals, i.e., arbitrary switching, DT switching, ADT
switching, PDT switching, and their mode-dependent forms, the corresponding
stability and stabilization conditions are obtained based on the general MLFs or the
evolved ones.

In Chap. 3, the performance analysis issue is investigated for switched systems
with four types of switching signals in the discrete-time context. The results on l2-
gain analysis are first given for the switched systems under arbitrary switching and
with l2 disturbances. The weighted/non-weighted l2-gain analyses are then studied
considering the ADT and PDT switching, respectively. In light of the set-theoretic
method, the tube-based robustness analysis is carried out when the modal PDT
(MPDT) switching and the l1 disturbances are considered simultaneously.

Chapter 4 is concerned with the control synthesis problems for discrete-time
switched linear systems. First, for the switched systems under arbitrary switching
and with polytopic parameter uncertainties, the design of parameter-independent or
parameter-dependent H1 controller is addressed. A μ-dependent approach is then
introduced to design the H1 state-feedback controllers for uncertain switched
systems with ADT switching. The parameter μ defines an upper bound for the
increasing times of the MLFs at switching instants. Finally, considering the
redundant channels existed in the data transmission, the non-weighted H1 control
problem for discrete-time switched linear systems with MPDT switching is studied
via the quasi-time-dependent (QTD) Lyapunov function approach.

In Chap. 5, filtering issues for discrete-time switched linear systems with typical
switching signals are investigated in H1/l2 � l1 sense. Considering the switched
systems under arbitrary switching signals and with polytopic uncertainties, the
robust filter is designed. Then, under ADT switching and considering the systems
with time-varying parameters or polytopic uncertainties, the μ-dependent approach
is also used to design the weighted (or called exponential) filter. Furthermore, a
class of non-weighted QTD H1 filter is designed with less conservatism for
discrete-time switched linear systems considering the PDT switching property.

Chapter 6 investigates a special problem in switched systems, the so-called
asynchronous switching phenomena. Considering that the mode-dependent
controllers/filters (less conservative than mode-independent ones) as well as the
switching signals that are designed in the case assuming synchronous switching
may cause instability or a performance reduction, the asynchronous switched
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control/filtering problems for discrete-time switched systems with ADT switching
are treated with the aid of the techniques developed in Chaps. 4 and 5. In addition,
the H1 control problem is dealt with for a class of discrete-time switched linear
parameter-varying systems under modal ADT switching in the presence of asyn-
chronous switching phenomenon.

Chapter 7 deals with control and filtering issues for discrete-time switched linear
systems with time delays. First, instead of considering state feedback control, the
output feedback controller design is addressed for the switched systems under
arbitrary switching and with polytopic uncertainties. Under cyclic switching, the
stability conditions are derived allowing for the constraints on the DT of each
time-delay subsystem by virtue of the MLFs approach, and a numerical searching
algorithm is explored to compute the feasible values of DT of the subsystems.
Finally, considering the PDT switching regularities and mode-dependent
time-varying delays, the filtering problem is treated for a class of discrete-time
neural networks with the corresponding switching and time-delay dynamics in H1
sense.

To summarize, this book presents the most recent theoretical findings on control
and filtering issues for time-dependent discrete-time switched linear systems. By
integrating novel ideas, fresh insights, and rigorous results in a systematic way, this
book is aimed at providing a base for further theoretical research as well as a design
guide for engineering applications. This book can serve as a reference for the main
research issues and results on switched systems for researchers devoting to various
areas of control theory, as well as a material for graduate and undergraduate stu-
dents interested in switched systems and their applications. Some prerequisites for
reading this book include linear system theory, matrix theory, mathematics, set
theory, and so on.
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Chapter 1
Introduction

Abstract This chapter introduces the backgrounds and motivations of this book.
Some preliminaries, the classification of switching signals and the comparisons with
other types of hybrid systems, are also provided which aims at giving readers an
understanding on the results that will be presented in the book.

1.1 Switched Systems

Before deeply understanding what the switched systems are, it is usually suggested
to know about hybrid systems which are relatively more complex. Hybrid feature
in dynamic systems means a system that consists of interacting continuous and
discrete dynamics, with both of which could be described in either continuous-time
or discrete-time contexts. Concerned by both control and computer communities,
hybrid systems are studied in two different ways with different emphases. Computer
scientists commonly care about the discrete dynamics of hybrid systems, and simplify
the continuous dynamics for the sake of designing the relevant computer programs.
On the contrary, the researchers in the area of control and systems focus on the
continuous dynamics of hybrid systems, and abstract the evolutions of the discrete
dynamics to a set of supervisory switching laws. In such a way, the systems are
referred to as switched systemsand described by a group of indexed subsystems,
represented by differential or difference equations, with a switching rule governing
them. For formal definitions of hybrid systems and their application examples and
recent progress, readers are referred to [1] and the references therein. Note that
hybrid systems also cover other types of systems without switching patterns, such as
sampled-data control systems, c.f., [2]. In a later section, the detailed comparisons of
switched systemswith the general hybrid systems, and other typical dynamic systems
displaying switching features but with different terminologies will be elaborated.

© Springer International Publishing Switzerland 2016
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1.2 Backgrounds and Motivations

As has been well summarized in the literature, the motivations in physical world to
the studies on the switched systems are in twofold. First, switched systems can be
used to model a class of systems with multi-mode feature themselves. This kind of
systems includes piecewise linearized nonlinear systems, time-varying systems, the
systems with large-scale but segmentable uncertainties, systems with random faults,
etc. Typical examples include automotive geared box transmission systems [3], power
converter [4, 5], wind turbine regulation [6], networked control systems [7], vertical
and/or short take-off and landing (VSTOL) aircrafts [8], on-off continuously stirred
tank reactors (CSTR) [9, 10], activated sludgewastewater processes [11], etc., among
many other fields.

As pointed out in [12–14], the piecewise-linearization is a simple modeling
method which approximates the nonlinear mapping by each linear/affine model for
each divided region. In this sense, the piecewise-linearization can be viewed as a
class of state-dependent switched system with one local model in each division of
the state space. The resulting piecewise affine (PWA) systems switch among the
linear/affine models when the systems state reaches the boundary of some region.
As there is an additional constant affine term for each subsystem in the PWA sys-
tem (some domains do not contain the origin after being piecewise linearized), the
complexity of the system analysis and synthesis is greatly increased. In [15, 16], the
modeling method and the equivalent system model for PWA systems are summa-
rized, and the analysis for these systems usingmulti-logical dynamic systematization
method is given. The formulation of the piecewise continuous Lyapunov function
for a class of PWA systems and the optimal control performance analysis [17] for
these systems are given, in combination with linear matrix inequalities (LMIs) in
[18]. The stability analysis and filtering results are also presented for the discrete-
time piecewise affine systems in [19, 20]. Besides, the parameter-varying systems
can be modeled via switching behaviors especially when they are subject to large
parameter-varying scope. The most representative is the switched linear parame-
ter varying (LPV) system modeling problem [21] in which the parameter variation
is not smooth. In particular, the studies related to the analysis and control of the
switched LPV system under multi-switching rules are carried out in [22]. There-
fore, sometimes these switched LPV systems can be considered as switched systems
with multi-mode themselves. One typical example for this case is the utilization
of switched LPV systems to deal with the dramatic parameter variation and wide
flight range inherent in the model of the F-16 aircraft [22, 23]. Note that in LPV or
switched LPV systems, the varying parameters are often measurable. On the other
hand, it is well recognized that uncertainties (unmeasurable) always exist in many
practical systems, and the robust control theory based on quadratic framework gen-
erally solves the analysis and synthesis problems of uncertain systems. As pointed
out in [24], for the systems with large-scale uncertainties, the scope of uncertainty
can be partitioned into several regions, and each region is associated with one sub-
system, resulting in a class of switched systems. Moreover, in the fault detection
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and isolation (FDI) and fault-tolerant control (FTC), the potential faults in a system
often range over a large region [25]. In this case, a single controller (even an adaptive
one) is generally hard to find for stabilizing all faulty situations effectively. In order
to overcome this difficulty, the supervisory FTC approach is proposed by assuming
the plant to have a set of models (including the nominal situation and all possible
faulty situation) and designing a family of controller candidates so as to stabilize the
system by switching among them.

On the other hand, the switched systems are formed in a broader multi-controller
switching control mechanism. Strictly speaking, the resulting systems are better
called switched (hybrid) control systems. It is well known that, a controlled process
can achieve desired behavior by designing static or dynamic feedback controllers.
However, under some circumstances, a continuous feedback is absent or inappropri-
ate, which can be roughly divided into the following three categories:

(1) Due to special characteristics of the controlled plant, continuous control cannot
be achieved. For example, when there exist components that are sensitive to
environment or easily damaged, appropriate schemes should be used to achieve
switching control [26, 27]; and some plants have inherent state space boundaries
that require the implementation of switched control [28]. Meanwhile, in the
field of nonlinear control, there are corresponding necessary conditions for the
stabilization of such systems [29]. The nonholonomic systems [30] belong to
a class that does not meet these conditions and cannot be stabilized by using
continuous control [31–35], and the switching control strategy provides a simple
and effective solution for such systems. Note that in the nonlinear systems,
controllability does not imply the continuous feedback stabilization.

(2) Due to restrictions on the actuator or sensor, continuous control cannot be
achieved. For example, for the systems with input saturation, the Bang-Bang
control with switching between upper and lower bound is adopted so as to re-
alize the minimum-time control. In addition, sometimes the quantification of
transmission information due to the limitation on data transfer channel band-
width [36] makes the control or state information switch in the different quantify
regions [37, 38], and thus the continuous control cannot be realized.

(3) Due to large-scale uncertainties in some of the plants to be controlled, it is
inappropriate to apply traditional adaptive controller to the design of general un-
certain dynamical systems. A more direct solution is to partition the uncertainty
into several regions, and use switched control strategies to achieve effective
control. This scheme can overcome the shortcomings of traditional parameters
adjustment based on adaptive control algorithm, and has evident advantages in
modular design, simplified analysis and practical applications, cf. [39].

In addition to the application examples mentioned above that are suitable for
switched control strategy, even for the systems that can be applied by continuous
control, such as general linear time-invariant (LTI) systems, switching control strat-
egy can improve their performances as well. The benefits from switched or hybrid
control are discussed in [40]:
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(1) Improving the system transient performance. For example, the strategy of using
the temporal optimal controller when error is larger, and the linear feedback
controllers when error is small, can not only reduce the overshoots but also
shorten the response time.

(2) Expanding the domain of attraction (DOA). DOA is a region where the system
state can be attracted to the equilibrium point. Switched control scheme can
overcome the drawback that one single controller could not shift the system
from one equilibrium point to another and finally drive the systems to the stable
equilibrium [41, 42], and therefore can expand the DOA.

Amore complete survey on the state-of-the-art of switched systems, in particular,
with respect to the control and filtering issues will be given in Sect. 1.6

1.3 Mathematical Descriptions

In general, a switched system can be expressed by a family of subsystems and a rule
that orchestrates the switching sequence among these subsystems. In mathematics,
the switched systems can be described as the following equations:

δx(t) = fσ (x(t), u(t), w(t))

y(t) = gσ (x(t), w(t)) (1.1)

where x(t) ∈ R
nx is the state vector, u(t) ∈ R

nu is the input vector and y(t) ∈ R
ny is

the output vector. w(t) represents the disturbance input vector. σ is the switching
signal, which is a piecewise constant function of time and takes its values in the
finite set I = {1, . . . , N} , N > 1 is the number of subsystems. fσ and gσ are vector
functions, and the symbol δ denotes the derivative operator in the continuous time
case (δx(t) = ẋ(t)) and the difference operator in the discrete-time case (δx(t) =
x(t + 1)).

Generally, the switching signal is a piecewise constant function of time, its past
values, the state/output, and possibly the external signal. A general representation of
the switching signal can be given as [7]

σ(t) = ψ([t0,∞), σ ([t0,∞)), x([t0,∞))/y([t0,∞)), z([t0,∞))) t ≥ t0 (1.2)

where t0 is the initial time, and z : [t0,∞) → R
l is an external signal generated by

devices such as observer.
In particular, if the vector field is linear, and there exists no external disturbance

input, the switched system can be modeled as

δx(t) = Aσ x(t) + Bσ u(t)

y(t) = Cσ x(t) (1.3)
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From the previous discussions, it can be easily seen that the studies on switched
system is focused on the continuous dynamic part including either the continuous-
time or discrete-time dynamics. The discrete events of the hybrid systems are hidden
in the switching signals which are assumed belonging to some sets.Wewill elaborate
the classifications on the sets of the switching signals later, and the regularities of
time-dependent switching signals.

In this book, our attention is confined to discrete-time linear switched systems,
which can be explicitly expressed as

x(k + 1) = Aσ x(k) + Bσ u(k)

y(k) = Cσ x(k) (1.4)

where the systemstate andoutput, control input and the switching signal are described
previously. At an arbitrary time k, σ may be dependent on k or x(k), or both, or other
logic rules. For a switching sequence k0 < k1 < k2 < · · · , σ is continuous from right
everywhere and may be either autonomous or controlled. The switching signal σ is
assumed to be unknown a priori, but its instantaneous value is available in real time.
When k ∈ [kl, kl+1), the σ(kl)th subsystem is active and therefore the trajectory x(k)

of system (1.4) is the trajectory of the σ(kl)th subsystem.
For the discrete-time switched systems with polytopic uncertainties, the model

can be expressed as
x(k + 1) = Aσ(k)(λ)x(k) (1.5)

where λ is the uncertainty parameter. For σ(k) = i, Ai(λ) can be expressed as

Ai(λ) =
s∑

m=1

λmAi,m (1.6)

where
∑s

m=1 λm = 1, λm ≥ 0, i ∈ I, and m ∈ S
�= {1,2,3, . . . , s}. s is the number of

the vertices of the polytope.
If the uncertainty is norm-bounded, the corresponding uncertain discrete-time

switched system can be written as

x(k + 1) = Aσ(k)x(k) + �Aσ(k)x(k) (1.7)

where �Aσ(k) represents the system parameter uncertainty, and it is assumed in this
book that the norm-bounded uncertainty can be decomposed as

�Aσ(k) = D�σ(k)(k)E, σ (k) ∈ I (1.8)

whereD andE are knownconstantmatriceswith appropriate dimensions.�σ(k)(k) are
known matrices with Lebesgue measurable elements and satisfy �T

σ(k)(k)

�σ(k)(k) ≤ I .
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In this book, the following discrete time-delay switched systems will also be
considered:

x(k + 1) = Aσ(k)x(k) + Adσ(k)x(k − d(k))

x(k) = φ(k), k = −dM ,−dM + 1, . . . , 0 (1.9)

The time delay is considered to be time-varying and has lower and upper bounds,
0 < dm ≤ d(k) ≤ dM , which is very common in practice.

Before further proceeding, two basic hypotheses throughout this book are illus-
trated as follows

Assumption 1.1 The jumps of the states for discrete-time system (1.4), namely, a
continuous signal can not be reconstructed everywhere, are also not considered here.

Assumption 1.2 The switching instants are assumed to be exactly the sampling
instants of system (1.4).

1.4 Classifications of Switching Signals

Switching signals are crucial in switched systems, as summarized in [43–45], which
distinguish switched systems from other types of dynamic systems. The switching
signals can be classified from different perspective, and the types of switching signals
are fruitful, either developed by the systems themselves or invented by the designers,
making switched systems diverse.

1.4.1 Different Perspectives for Classifications

According to different standards, the switching in switched systems can be classified
as state-dependent versus time-dependent, autonomous versus controlled, nondeter-
mined versus stochastic, or arbitrary versus constrained, etc.

If the state space is partitioned into several operating regions, and the switching
takes place when the states hit the switching surfaces (the boarder of the operating
region corresponding to a subsystem), we define such switching as state-dependent
switching. If the switching among subsystems is governed by a piecewise constant
function of time taking values in the indices set of all the subsystems, we define such
switching signal as time-dependent switching signal.

Similar to the definition of autonomous system, the autonomous switching means
that the mechanism of the switching is self-triggered (there is no external interven-
tion). The autonomous switching is widespread in the industrial processes that are
subject to random component failures or repairs, sudden environmental disturbances.
On the other hand, if the designers impose any laws to the switching in order to achieve



1.4 Classifications of Switching Signals 7

desired behavior and performance, the switchings are called nonautonomous in this
situation.

Note that for the above switching signals, in either the pair “time-dependent”
versus “state-dependent” or the pair “autonomous” versus “controlled”, are non-
deterministic. If both the switching sequence and the switching instants are fixed,
the switching is deterministic. If the autonomous switching in the above mentioned
nondeterministic switching signals is further attached with descriptions of a certain
stochastic process (e.g. Markov process or Markov chain), then the switching can be
regarded as stochastic switching. The readers can refer to Sect. 1.5 for the differences
and links.

Our attention will be focused on the time-dependent switching in this book. The
time-dependent switching concerned here can not only cover the switching signals
where the triggermechanism is time, but also represent the state-dependent switching
in a general sense. In fact, as pointed out in [43], the time-dependent switching can
be regarded as coarse approximation of state-dependent switching in the case that
the locations of switching surfaces are unknown. According to different constraints
imposed on the switching signal so as to guarantee the stability (or performance),
the time-dependent switched systems can be generally grouped as arbitrary (fast)
switched systems and constrained (slow) switched systems. Clearly, one necessary
condition for the (asymptotic) stability of arbitrary switched system is that all the
individual subsystems are (asymptotically) stable, which will be a default assump-
tion throughout the research on the arbitrary switching in this book. Besides, for the
switched systems, a more desirable property is the uniformly asymptotic stability,
where the uniformly is referred to the fact that the stability is uniform over all switch-
ing signals with a certain regularity instead of the initial conditions in the case of
conventional non-switched systems.

In the following, several types of typical time-dependent switching signals are
first introduced and then their mode-dependence will be addressed. The arbitrary
switching is intuitive and the definition is omitted here. The inclusion relationships
among the switching signals are elaborated as well.

1.4.2 Several Typical Time-Dependent Switching Signals

As iswell known that under the assumption that each subsystem is stable, the switched
systemcan be stable if the switching signal is sufficiently slow.Then, the “dwell time”
switching logic is firstly proposed in [46], and the studies in the literature are devoted
to calculating the lower bound of the dwell time (DT) as a basic concern in this area.

Definition 1.1 ([47]) Let t0, t1, t2,…, tk ,…,with 0 = t0 < t1 < t2 < · · · < tk < · · · ,
denote the switching instants. The positive constant τ is called the dwell time if for
all k ≥ 0 such that tk+1 − tk ≥ τD.
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Specifically, given a positive constant τD, letSdwell[τD] denote the set of all switch-
ing signals with interval between consecutive switchings being no smaller than τD.
Then the constant τD is called the “dwell time”.

However, in some occasions, it is too restrictive if requiring the activation time
of each subsystem to be larger than τD. Thus it will be attractive if the possibility
of “fast” switching is allowed for some subsystems with unacceptable performance
while the DT of other subsystems can be sufficiently large as compensation such
that the overall system behaviors can be satisfied. The concept of “average dwell
time” arises in this context in [48], which can be denoted as Saverage[τD, N0], τD > 0,
N0 > 0.

Definition 1.2 ([48]) For a switching signal σ and any K > k > k0, let Nσ (K, k)

be the switching numbers of σ over the interval [k, K). If for any given N0 > 0 and
τD > 0, the inequalityNσ (K, k) ≤ N0 + (K − k)/τD holds, then τD andN0 are called
average dwell time and the chatter bound, respectively.

It has been analyzed in [43] that N0 > 1 gives switching signals with ADT and
N0 = 1 corresponds exactly to those switching signals with DT. Also, as an extreme
case, τD → 0 implies that the constraint on the switching times is almost eliminated
and the resulting switching can be arbitrary. Therefore, as a typical set of switching
signals with regularities, the DT switching is contained in the ADT switching as a
special case.

A more general category of switching signals is called “persistent dwell time”
[49], denoted as Spdwell[τD, T ], τD > 0, T ∈ [0,∞]. It can be defined as follows.

Definition 1.3 ([49]) The switching σ belongs to the set Spdwell[τD, T ], if there is
an infinite number of disjoint intervals with length no smaller than τD on which the
switching signal σ is constant, and the consecutive intervals with this property are
separated by no more than T. The constant τD is called the persistent dwell-time and
T is called the period of persistence.

An intuitive understanding about the persistent dwell time (PDT) Spdwell[τD, T ]
is that the switched system is running alternatively between the “normal mode” with
interval not less than τD and the “failure mode” with interval not longer than T.
In the normal mode, the switched system is running in one subsystem all the time
without any switching. In the failure mode, the switched system is switching among
subsystems arbitrarily instead of staying in one subsystem more than τD. Also note
that the set Spdwell[τD, T ] is equivalent to Sdwell[τD] in the case of T = 0.

Therefore, as well summarized in [49], the relationship among these switching
signals for the same constant τD > 0 is

Sdwell[τD] = Saverage[τD, 1] = Spdwell[τD, 0]
⊂ Saverage[τD, N0] ⊂ Spdwell[δτD, ητD]

∀ τD > 0, N0 ≥ 1, δ ∈ (0, 1), η � δ(N0 − 1)/(1 − δ).
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Remark 1.4 Themajor difference betweenPDTswitching andADTswitching is that
the PDT is more general since there is no requirement on the frequency of switching
during the period of persistence (as long as the switching belongs to Snonchatt , where
Snonchatt denotes the sets of switching signals excluding chatter phenomenon), but
in the framework of the ADT switching, the parameter N0 strictly limits the upper
bound of switching times within an interval of length less than τa.

Remark 1.5 It should be noted that the relationship only makes sense when all the
types of these switching signals to share a same constant τD. Otherwise, it is hard
to say which class of switching signals is wider. This argument also holds for the
following analysis of mode-dependent switching signals.

The mode-dependent switching signals are a class of more flexible switching
signals relative to the mode-independent ones since they no longer require all the
subsystems share one common DT, ADT, or PDT value. In [47], the definition of
modal dwell time (MDT) switching is proposed as a mode-dependent extension of
the typical DT switching.

Definition 1.6 ([47]) Let k0, k1, k2, …, ks, …, with 0 = k0 < k1 < k2 < · · · < ks <

· · · , denote the switching instants. The positive constant τj is the modal dwell time
associated with the jth mode if for all s ≥ 0 such that σ(k) = j for k ∈ [ks, ks+1),
ks+1 − ks ≥ τj.

For convenience, the set of MDT switching signals can be denoted as SM−dwell

[τDi], τDi > 0,∀i ∈ I, in which the subscript i in τDi means that this class of switching
signals are mode-dependent. In other words, each subsystem i has its own DT τDi. In
particular, if τDi ≡ τD, ∀i ∈ I, the MDT switching signal will reduce to the typical
DT switching. Thus, it can be concluded that ∀τDi > 0, ∀i ∈ I,

Sdwell

[
max
i∈I

(τDi)

]
⊂ SM−dwell[τDi]

On the other hand, the property in the ADT switching Saverage[τD, N0] requires the
average time interval between any two consecutive switching to be at least τD, which
is independent of the system modes. Besides, it has been well shown in the literature
that the lower bound ofADT can be calculated by twomode-independent parameters,
which gives rise to certain conservativeness due to the two common parameters for
all the subsystems. The concept of “modal average dwell time (MADT)”, denoted
as SM−average[τDi, N0i], was firstly introduced in [50] as an relaxation of the typical
ADT switching logic.

Definition 1.7 ([50]) For a switching signal σ and anyK > k > k0 , letNσ i(K, k), i ∈
I be the switching numbers that the ith subsystem is activated over the interval [k, K]
andTi[K, k] denote the total running time of the ith subsystemover the interval [k, K].
The switching signal σ is said to have a modal average dwell time τDi if there exist
positive numbers N0i (N0i is called the mode-dependent chatter bound) and τDi such
that Nσ i(K, k) ≤ N0i + Ti[K, k]/τDi, ∀K ≥ k ≥ 0.
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The definition of MADT means that if there exist positive numbers τDi, ∀i ∈ I,
such that the switching signal has the MADT property, we only require the ADT
among the intervals associated with the ith subsystem to be larger than τDi, where
the intervals here are not adjacent. Also, if τDi ≡ τD, N0i ≡ N0, ∀i ∈ I, the inclusion
relationship between the ADT switching and MADT switching can be shown as
∀τDi > 0, ∀i ∈ I,

Saverage

[
max
i∈I

(τDi),max(N0i)

]
⊂ SM−average[τDi, N0i]

Similarly, the definition of modal persistent dwell-time (MPDT) can be given as

Definition 1.8 The switching signal σ belongs to the set SM−pdwell[τDi, T ], if there
is an infinite number of disjoint intervals with length no smaller than τDi, i ∈ I, on
which the switching signalσ is constantσ = i ∈ I, and the consecutive intervalswith
this property are separated by no more than T . The constant τDi is called the modal
persistent dwell-time of the ith subsystem, and T is called the period of persistence.

The MPDT can be interpreted as follows. For a switched system, each subsystem
has its own PDT, and if the switched system is running in the normal mode and stays
in the ith subsystem, i ∈ I, the dwell time on this subsystem is not less than τDi. The
running intervals in the normal mode are separated by a mode-independent period
of persistence T in which the switched system can switch arbitrarily among all the
subsystems. Therefore, it can be concluded that, ∀τDi > 0, ∀i ∈ I,

Spdwell

[
min
i∈I

(τDi), T

]
⊂ SM−pdwell[τDi, T ]

In this book, our attention ismainly focused on the arbitrary switching,DT switching,
ADT switching, PDT switching and their mode-dependent form (i.e., MDT, MADT
and MPDT switching, respectively). The transitional dwell time (TDT) switching,
coined in [47], requires the knowledge of the index of next subsystem a priori, will
be not considered in the book.

1.5 Comparisons with Other Types of Hybrid Systems

Before further proceeding with this introduction, the comparisons between switched
systems and other typical dynamic systems with hybrid characteristics would be
addressed to further specify what a switched system is.
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(1) Switched systems versus general hybrid systems. As mentioned above, switched
systems can be viewed as a class of control-oriented hybrid systems. The general
hybrid system involves continuous-time dynamics and discrete-event dynamics,
with more complexmodels, definitions and broader spectrums, such as sampled-
data control systems [51–54]. To simplify the studies on hybrid systems in the
control community, the discrete-event dynamics are commonly abstracted and
assumed a priori as a certain class of switching events. This defines the con-
text of switched systems by ignoring the evolutions of discrete-event dynamics.
Note that the abstractions, depending on the original hybrid systems, may be
various and probably bring more system solutions. The great advantage of us-
ing switched systems, however, is that the classical control theories in linear or
nonlinear systems could be fully utilized to probe hybrid systems. Moreover,
the mode switching in switched systems merely depends on current discrete
event excluding the former one. That is, the hybrid systems are much more com-
plicated, considering that the mode transitions of continuous dynamics can be
governed by complex discrete-event dynamics.

(2) Switched systems versus general time-varying systems. Due to the time-
dependency of switching signals, switched systems can be viewed as a subset
of time-varying systems [49]. However, in the spectrum of switched systems,
the switching excludes the Zeno behavior. Thus, switched systems can not be
equivalent to the general time-varying systems even when the switching sig-
nals are arbitrary. In addition, the solutions of time-varying systems are only
parameterized by the initial states of the system, but for switched systems, the
solutions are parameterized both by initial states and the switching signals. Note
also that, the methodologies of studying the general time-varying systems are
established upon that the variations are known a priori, but the switching signals
are considered to be unknown (generally assumed to be instantly known) in the
switched systems.

(3) Switched systems versus Markov jump systems. If the switching signal in the
switched systems is autonomous and further attached withMarkovian stochastic
descriptions, the resulting system is commonly termed as “Markov jump system
(MJS)” [55]. It means that on the switching signals, the stochastic information
descriptions are further modeled, and the behavior of a system can be considered
in the stochastic sense. Moreover, in the Markov jump systems, the transition
probabilities are assumed to be known a priori in order to further conduct the
analysis and synthesis [56, 57]. Actually, it is difficult and time-consuming to get
the exact transition probabilities [58–60]. In this case, the study onMJSs has to be
carried out by resorting to the switched systems theory with arbitrary switching
signals. In particular, if the transition probabilities are completely unknown,
the MJSs are equivalent to the switched systems with arbitrary switching. In
addition, in MJSs, the issues with respect to the DT are commonly implicitly
considered, but explicitly addressed in switched systems as a basic concern.
Note that in MJSs, the concept of sojourn time is the running time of each mode,
which differs from the DT.
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(4) Switched systems versus LPV systems.The LPV systems have attracted extensive
attention during the past decades due to thewidespread existence of time-varying
parameters inmany practical systems aswell as the great demand in the design of
gain-scheduling controllers [61, 62]. As introduced above, the variations of such
time-varying parameters are known a priori to the system analysis and synthesis.
The purpose of investigations on LPV systems is considered to overcome the
conservativeness arising in the research of uncertain dynamic processes, when
the uncertainties are measurable online or subject to some known rules in some
industrial applications [63, 64]. In the LPV systems theory, the system matri-
ces vary with the parameters. Thus the LPV systems can be viewed as a class
of switched systems in some sense. To be specific, the impacts of parameter
variations are equivalent to those of switching signals to the switched systems.
However, the parameter variations of LPV systems are required to be smooth,
while the variations of system matrices in switched systems are comparatively
flexible.

(5) Switched control systems versus adaptive control systems. In essence, the gen-
eralized adaptive control is based on the switching, but the adaptive control in
a narrow sense emphasizes the design of controllers based on the regulation of
continuous parameters [65–69]. If the parameters are not continuous or not es-
timable, the controllers are not easy to obtain. Relatively speaking, the switched
control theory can design discontinuous controllers based on switching logics.
Moreover, different from traditional adaptive control systems, the controllers,
state estimators, and design of switching logics in switched systems aremutually
independent. Thus the modularization design approach can be adopted. Also, we
can utilize some controllers with good performance when realizing the control
units without the restrictions of continuous parameter adaptive algorithms.

Fig. 1.1 Differences between switched control systems and variable structure control systems
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(6) Switched control systems versus sliding mode control systems. The generalized
variable structure control systems mean that the controllers or structure can
change in some situations, but the narrowly defined variable structure control
systems refer to that the switching takes place in the control, and the systems
will give rise to a class of sliding modes on the switching surface along the
fixed trajectory [70–73]. The switched systems induced by multi-controllers do
not involve the variable control systems with sliding modes. The differences
between switched control systems and variable structure control systems are
shown in Fig. 1.1.

1.6 Overview of Control and Filtering of Switched Systems

The stability of switched systems is an issue that needs to be considered before
studying problems of both control and filtering, thus we would like to give the
literature review on the stability results first.

The stability problem caused by various switching is the basic concern [43, 44,
74, 75]. So far two stability issues have been addressed in the literature, i.e., the
stability under arbitrary switching and the stability under constrained switching. The
former case is mainly investigated based on constructing a common Lyapunov func-
tion for all subsystems [76–78]. In the discrete-time domain, an improved approach
by using the switched Lyapunov function (SLF) is proposed in [79, 80]. On the other
hand, for the switched systems under constrained switching (either autonomous or
to be designed), it is well known that the multiple Lyapunov-like functions (MLFs)
approaches are more efficient in offering greater freedom for demonstrating stabil-
ity of the systems [81]. Some more general techniques in MLFs theory have also
been put forward allowing the latent energy function to moderately increase even
during the active time of certain subsystems except at the switching instants [51,
75]. As one typical constrained switching signal, the DT switching means that the
interval between consecutive switchings is no smaller than a constant. The heuristic
behind the DT switching lies in that a switched system is stable if all the individual
subsystems are stable and the switching is sufficiently slow, in order to allow the
dissipation of the transient effects after each switching. Note that determining the
minimum DT for a given switched system is not straightforward and is an impor-
tant research issue in the DT switched systems. Particularly, it is worth mentioning
that a class of quasi-time-dependent (QTD) Lyapunov function approach recently
developed in [82] is shown to be less conservative in obtaining shorter dwell-time.
The corresponding stabilization problem of switched systems has been investigated
in [83, 84]. Besides, the ADT switching means that the number of switches in a
finite interval is bounded and the average time between consecutive switching is not
less than a constant [48]. The ADT switching can cover the DT switching [43], and
its extreme case is actually the arbitrary switching [85]. Therefore, it is of practical
and theoretical significance to probe the stability of the switched systems with ADT,
and the corresponding results have been also available in [62, 86] for discrete-time
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version and [23, 87] for related applications. As an mode-dependent form of the
typical ADT switching, recently, a novel switching logic named MADT switch-
ing has also been proposed in [50]. The corresponding stability conditions for both
continuous-time and discrete-time switched systems are given in [50]. As pointed
out in [49], another important switching signal, the PDT switching, is more general
than the DT switching and the ADT switching. This type of switching signal means
that there exists an infinite number of disjoint intervals of length no smaller than a
dwell-time on which the system remains unswitched, and the consecutive intervals
with this property are separated by no more than a period of persistence. Therefore,
the PDT switching has the capability of describing a switched system with hybrid
slow and fast switching feature, such as the systems that may encounter abrupt and
intermittent faults [88]. Certain conditions ensuring the uniform asymptotic stability
of switched linear systems with PDT switching property have been primarily ex-
plored in [49], and the results have also been further extended to nonlinear cases
in [89–91]. These works provide a solid foundation for investigations on switched
systems with PDT switching property. Yet, it is worth noting that in these results,
the Lyapunov-like functions during the running time of subsystems are still required
to be non-increasing. Recent extensions given in [24, 92] extend the general MLFs
defined in [81] by allowing each Lyapunov function associated with each subsystem
to be locally increasing. Moreover, a novel class of Lyapunov functions called poly-
nomial and piecewise polynomial Lyapunov functions constructed via using positive
polynomials and the sum of squares decomposition have drawn great attention. It
should be pointed out that this approach provides a less conservative test for prov-
ing stability when switching between subsystems is arbitrary, provided that a finite
number of switches occur on every bounded time interval [93, 94].

In addition to the stability issue, theL2-gain (“l2” in discrete-time domain) analysis
of switched systems has also been frequently reported [24, 85, 95–101]. By the SLF
approach, the l2-gain analysis for a class of discrete-time switched systems under
arbitrary switching is given in [102]. It is worth noting that the switched systems com-
prising of a finite number of linear time-invariant symmetric systems will preserve
the stability and L2 performance of its subsystems under the arbitrary switching.
In [103], the L2-gain properties under arbitrary switching for a class of switched
symmetric time-delay systems were studied. Imposing different requirements on the
used MLFs, some results on L2-gain analysis for switched systems with DT or ADT
switching have also been obtained in [85, 104]. Likewise, the consideredMLFs need
mainly to be non-increasing during the running time of the subsystems. In [97], the
stability result in [92] was further extended toweighted L2-gain analysis. Afterwards,
the L2-gain characterization and a design method for stabilizing switching laws are
proposed based on the necessary and sufficient stability criteria by extending the
general MLFs approach in [98]. More recently, in [105], a non-weighted norm of
l2-gain which is of explicit physical sense as usual with less conservatism is obtained
via constructing a bothmode-dependent and quasi-time-dependent (QTD) Lyapunov
function for PDT switched systems. Moreover, in [106], the L2-gain for a class of
switched systems subject to actuator saturation and time delays is given. The criteria
are in the form of delay-dependent and the analysis is under the ADT switching logic.
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By considering the individual L2-gain during the time interval when a subsystem is
active, the concept of vector L2-gain was put forward in [107], and a small-gain
theorem for feedback systems with vector L2-gain assured for each subsystem is
established as well.

The control problems for switched systems have captured extensive interests. In
this book, instead of the pure state feedback, output feedback control strategies that
are generally concerned in the literature, we turn to review some results based on
advanced and/or complex control methodologies. Model predictive control (MPC) is
a model-based predictive control approach that has its origins in the process industry
and that has mainly been developed for linear or nonlinear systems [108]. The MPC
has been proven to be powerful when addressing the control problems with con-
straints. Thus it is of great interest to control the switched systems closed-loop via
MPC as the constraints are frequently encountered in practice. For state-dependent
switching, MPC of a class of piecewise affine systems—which is also termed hybrid
MPC in the literature—has been extensively investigated in [109, 110]. As for time-
dependent switching, if the switching sequence consisting of both switching instants
and switching indices is exactly prescribed, the results of the hybrid MPC literature
can be directly used [9, 111–113]. The switched MPC of a class of discrete-time
switched linear systems with MDT is investigated in [114]. In addition, adaptive
control is a methodology for controlling systems with large modeling uncertainties
which render robust control design tools inapplicable and thus require adaptation
[39]. One of the most notable limitations in the classical adaptive control is that the
continuously parameterized controllers are difficult to construct if unknown parame-
ters enter the process model. In [39], a novel framework is proposed by involving
the logic-based switching among candidate controllers with deterministic adaptive
control. The controller selection is carried out by means of logic-based switching
rather than continuous tuning. In [115], a leakage-type adaptive control is adopted
for a class of switched nonlinear systems. Other techniques and results related to
the adaptive switching control are available in [116–119] and the references therein.
Third, the Takagi–Sugeno (T-S) fuzzy model has recently attracted lots of attention
[120, 121], since it is regarded as a powerful solution to bridge the gap between
the fruitful linear control and the fuzzy logic control targeting complex nonlinear
systems [122–124]. This fuzzy model is described by a family of IF-THEN rules
which represent the local linear input-output relations of the system. The overall
fuzzy model of the system is achieved by smoothly blending these local linear mod-
els together through the membership functions. On the control of switched T-S fuzzy
systems, the readers could refer to [125–127] for more details. Before ending the
review part on control of switched systems, we would like to mention some results
on switched systems and fault-tolerant control that has become the focus in a wide
range of industrial and academic communities (many control methods have been put
forward and investigated [128]). Especially, in the field of active fault-tolerant con-
trol, some controller reconfigurationmechanisms based on switching system theories
have been introduced and studied, such as propulsion controlled aircraft [129].

As a dual problem to control design, the problem of state estimation for switched
systems has been widely studied in the field of control and signal processing in the
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past decades. When the states of the systems are not available or measurable, an
observer can be designed so as to estimate the states of the original systems. As
the classical filtering techniques, the Kalman filtering and extended Kalman filtering
have been widely applied in the industrial applications [130–132]. However, when
there exists uncertainties in the system parameters, the performance of the standard
Kalman filtering could be greatly degraded [133, 134]. In order to investigate the
robust filtering for switched systems with uncertainties, the H∞ filtering has been
extensively studied [135–140]. Recently, the moving horizon estimation (MHE) and
particle filtering (PF) methods have also been paid increasing attention [141–143].
They have been proved to be effective in dealing with the constrained state estima-
tion and filtering of non-Gaussian, nonlinear systems. For the filtering problem of
switched systems, the methodologies aforementioned have been widely applied as
well. For example, in [144], an exponential filtering approach was proposed, and the
exponential stability is achieved in the filtering processes for some complex systems.
The problem of exponential H∞ filtering for a class of continuous-time switched lin-
ear system with interval time-varying delays is investigated in [99]. Other results
can be found in [145, 146] and the references therein. For the MHE of hybrid or
switched systems, a state-smoothing algorithm for hybrid systems is proposed based
on MHE in [147]. With respect to the PF for hybrid or switched systems, in [148], a
particle filtering based estimation algorithm for a class of distributed hybrid systems
is presented. What is worth mentioning is that there has been some results on using
the particle filtering approach to approximate the arrival cost in MHE, c.f. [149,
150], which demonstrates attractive potential. Similar to the FTC, there have been
some literature using switching or switching relevant techniques to model and ad-
dress the problem of fault detection and diagnosis (FDD) [151, 152]. For the FDD of
switched systems, in [153], the fault detection problem for a class of switched non-
linear systems with asynchronous switching is addressed. The H∞ fault detection for
continuous-time linear switched systems with its application to turntable systems is
investigated in [154].

Regarding the systems perturbed by parameter uncertainties, numerous efficient
control techniques have emerged up to now. Uncertainties always exist in many
practical systems, and the robust control theory based on quadratic framework is an
earlier method to solve the analysis and synthesis problems of uncertain systems.
Nowadays it has been well known that the quadratic framework is considered to be
conservative. The quadratic stability requires that there exists a common Lyapunov
function for all the admissible uncertain parameters [155]. In recent years, many re-
searchers have been devoted to the investigation of parameter-dependent Lyapunov
function approach. The target is to establish the Lyapunov functions related to the
uncertainty parameters so as to reduce the conservativeness inherent in the com-
mon Lyapunov function, and some results have been reported in [156–158]. In the
area of switched systems, the studies on the influence caused by uncertainties to the
switched systems have been also launched. In general, the class of switched systems
with uncertainties on each subsystem can be called uncertain switched systems. The
studies on uncertain switched systems generally combine the techniques in uncer-
tain dynamic systemswith thosemethodologies commonly used in switched systems.
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Up to now, some issues such as stability analysis, control synthesis, l2-gain analysis,
and observer design have been preliminarily resolved for uncertain switched systems.
For example, feedback controller design and l2-gain analysis for continuous-time
switched systems with norm-bounded uncertainty [102, 159], control synthesis for
discrete-time uncertain switched systems [160], stabilization of polytopic uncertain
switched systems [155], stability and stabilizability of switched systems with un-
certainty and time-delay [161], etc. Besides, some results for switching signal with
uncertainty can be found in [162] and the references therein.

On the other hand, the existence of time delays is a common phenomenon in
engineering control design (see, for example, [163–166]). The studies on the analysis
and synthesis of time-delay systems can be classified into delay-dependent and delay-
independent approaches. The delay-dependent approach has become prevalent since
it facilitates greatly the further analysis and synthesis by making full use of the time
delays information. A switched system with time-delay individual subsystems is
called a switched time-delay system. Switched systems with time delays have strong
engineering backgrounds, such as power systems [85, 167], time-delay systems with
controller and/or actuator failures [168], andnetworked control systems [169]. For the
case of constant delay, the L2-gain properties under arbitrary switching for a class of
switched symmetric delay systems are studied in [103]. In [58], sufficient conditions
of the asymptotical stability are established for switched linear delay systems. In
[161], sufficient conditions for the robust stability and stabilization for a class of
uncertain linear switched systems with constant state delays are presented. With
the aid of piecewise Lyapunov functions, in [170], the stability of piecewise affine
time-delay system is analyzed. For the case of time-varying delay, many results have
also been published. For example, the delay-dependent minimumDT for exponential
stability of uncertain switched delay systems is given in [171]. In [172], the problem
of stability analysis for a class of switched neural networks with time-varying delay
is solved. The stabilization of arbitrary switched linear systems with unknown time-
varying delays is addressed in [173]. By including both the uncertainties and time-
varying delays, the problems of stability and stabilization for uncertain discrete-time
switched systems with mode-dependent time-varying delays are studied in [174].
More findings regarding the switched time-delay systems are available in [175–177]
and the references therein.

Finally, in switched systems, another noteworthy issue in the control/filtering
problems is the so-called asynchronous switching that has received widespread at-
tention. A common assumption in most of existing results is that the detection of
the switching signal is instant. However, in many real switched systems, the switch-
ing signal is created by some unknown or nondeterministic functions, for example,
unknown abrupt phenomena such as component and interconnection failures. One
cannot detect the changing of the switching signal instantly, but only after a time pe-
riod. In fact, the necessities of considering the asynchronous switching for efficient
control design have been shown in mechanical or chemical systems [9, 178] with
determining the admissible delay of asynchronous switching. Under the assumption
that all state variables are available for feedback, the state-feedback stabilization
problem is investigated in [179] for switched linear systems with constant time delay
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in the detection of switching signal. The case of the constant time delay is extended to
the time-varying case in [180]. The results in [179, 180] is generalized in [181] to the
observer-based state feedback. In [182], the exponential stabilizability of switched
linear systems with time-varying delays is investigated in the detection of switch-
ing signals via state feedback. In [183], the L2-gain control synthesis problem is
addressed for switched systems in the presence of delay in detection of switching
signal. Considering the time delays present in both the feedback state and switch-
ing signal, the asynchronous finite-time stabilization for a class of switched systems
with ADT switching is explored in [184]. Moreover, it should be pointed out that
all of these results are derived for the time-dependent switching with asynchronous
behavior, the corresponding results for state-dependent switching still remain open.
Besides, in the field of robust controller design for fuzzy systems, it is usually dif-
ficult to derive an accurate fuzzy model by imposing that all the premise variables
are exactly measurable. Consequently, the problem of asynchronous switching of
the premise variables between the fuzzy plant and the observer/controller occurs,
especially for the situations where general T-S fuzzy dynamic models are used to
represent complex nonlinear systems via offline modeling [120, 185]. Allowing for
the asynchronous switching of the premise variables, in [186], the stability of the
closed-loop fuzzy system is investigated based on the piecewise fuzzy affine approach
and the global static output-feedback controller approach, respectively.

Despite the fruitful results reviewed above, we are aware that it is hardly possible
to cover all the past contributions in studies on the control and filtering issues, even
in the aspect of time-dependent switching. Also the works are persistently updated
although we are trying to include more latest ones. We also have not thoroughly
commented on the pros and cons of the various developed methodologies, but hope
the literature review could give readers a basic understanding on the key problems
and methodologies in control and filtering of switched systems.
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Chapter 2
Stability and Stabilization

Abstract This chapter is devoted to the stability analysis for the four types of
time-dependent switched systems. We first summarize the mainly used multiple
Lyapunov-like functions (MLFs) approaches, sort out several typical MLFs and
review their characteristics. Then, the corresponding methodologies by different
MLFs such as switched Lyapunov function, MLFs with μ-times increase at switch-
ing instants are developed to study the stability conditions for the underlying system
with arbitrary switching, dwell time (DT) switching, average dwell time (ADT)
switching, persistent dwell time (PDT) switching and their mode-dependent forms,
respectively. The generally analytic results in discrete-time context will be concretely
formulated in terms of linear matrix equalities (LMIs). Numerical examples are pro-
vided to verify the obtained criteria and to compare the four kinds of time-dependent
switched systems. The results obtained in this chapter will lay a foundation for future
developments in this book.

2.1 Multiple Lyapunov-Like Functions

In this chapter, consider the unforced discrete-time switched linear systems given by

x(k + 1) = Aσ(k)x(k) (2.1)

where x(k) ∈ R
n is the state vector, σ(k) is the switching signal, which is a piecewise

constant function of time and takes its values in the finite setI = {1, . . . ,M} ,M > 1
is the number of subsystems. The switching sequences k0, k1, k2, . . . , ks, . . . are
unknown a priori, but are known instantly, in which the switching instant is denoted
as ks, s ∈ Z+ . When k ∈ [ks, ks+1), the σ(ks)th subsystem (or system mode) is said to
be activated and the length of the current running time of the subsystem is ks+1 − ks.
Other descriptions about system (2.1) can be referred to Sect. 1.3 of Chap. 1.

Our aim is to find the stability criteria for the time-dependent switched system
(2.1). The following definitions are needed to precisely state what is “stable” in the
context of switched systems.
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28 2 Stability and Stabilization

Definition 2.1 ([1]) The switched system (2.1) is globally uniformly asymptotically
stable (GUAS) if there exists a classKL function β(‖·‖ , ·) such that for all switching
signals σ and all initial conditions x(k0), the solutions of (2.1) satisfy the inequality
‖x(k)‖ ≤ β(‖x(k0)‖ , k − k0),∀k ≥ k0.

Definition 2.2 ([1]) The switched system (2.1) is globally uniformly exponen-
tially stable (GUES) if for constants c > 0, 0 < λ < 1, all switching signals σ and
all initial conditions x(k0), the solutions of (2.1) satisfy the inequality ‖x(k)‖ ≤
cλ(k−k0) ‖x(k0)‖ ,∀k ≥ k0.

Note that for switched systems with above sets of switching signals, the uniformity
in above definitions means the uniformity over all switching signals and the set of
switching signals with the DT, ADT, PDT properties and their mode-dependent
forms, respectively. This differs from the general time-varying system, where the
uniformity is only with respect to the initial conditions.

In the stability analysis of switched systems, a common situation is that a global
Lyapunov function (GLF) for all subsystems may not exist, or although it does exist,
it may be hard to construct and the techniques based on GLF approach are also
conservative. Therefore, the so-called MLFs approach is proposed and gradually
improved. The key point of MLFs approach is to construct individual Lyapunov (or
energy) function for each subsystem and appropriately concatenate these functions
at switching instants, aiming to offer more possibilities to demonstrate the stability.
Here, the “Lyapunov-like” means that the function associated with each subsystem
is nonincreasing within that subsystem, but may increase during the running time
of other subsystems. It can be seen that a distinct characteristic of MLFs is that the
function values are allowed to jump unlike the continuity in the setting of GLF.

In this section, both the general MLF approach and several special MLFs
approaches will be reviewed which are useful to analyze the systems in the discrete-
time context. The conservatism and applicability of each MLF will be shown such
that the appropriate MLFs can be selected for the time-dependent switched systems
with specific switching signals.

Lemma 2.3 ([2]) For the discrete-time nonlinear system Σσ(k) : x(k + 1) = fσ(k)

(x(k)), ∀σ(k) = i ∈ I, I = (1, . . . N ). Suppose that the equilibrium point is at the
origin. For the Lyapunov functions Vi,∀i ∈ I, if at the switching instants ks and kv ,
we have

σ (ks) = σ (kv) , ∀s < v, (2.2)

where σ (ks) is the switching signal, and the following conditions hold

(a) �V � Vi (x(k + 1)) − Vi (x(k)) ≤ 0,∀i ∈ I, when subsystem Σi is active;
(b) Vσ(kv) (x(kv)) − Vσ(ks) (x(ks)) < 0;

then the switched system composed by Σ1, . . . , ΣN is Lyapunov-stable under a
certain switching signal.
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Fig. 2.1 Multiple Lyapunov function (N = 3)

The general idea of MLFs approach stated in Lemma 2.3 can be illustrated in
Fig. 2.1, taking N = 3 for an example. As shown there, it does not only require
the Lyapunov stability of each subsystem, but also the monotonically decreasing
Lyapunov function values at two consecutive switching instants to a single system.
A solid line in the figure denotes that the corresponding subsystem is active.

It can be seen that Lemma 2.3 gives a Lyapunov stability criterion for switched
systems from a general perspective. However, owing to the requirement of compar-
ing the Lyapunov function values at two consecutive switching instants to a signal
subsystem, Lemma 2.3 is merely able to be applied in the qualitative description of
the stability instead of giving the specific and easily-checked conditions. In particu-
lar, it is hardly applicable to the cases when the systems are involved with complex
behaviors, e.g., uncertainty, nonlinearity and time delays.

Based on the requirements in the two conditions of Lemma 2.3, the evolutions
of the general MLFs never ceased during the past decades, targeting the easily-
checked stability criteria with less conservatism for switched systems with different
regularities. Figure 2.2 shows four typical forms evolved from the general MLFs in
Fig. 2.1. We would introduce them one by one by comparing their advantages and
disadvantages, respectively.

(1) As shown in Fig. 2.2a, during the running time of each subsystem, the prescribed
MLF relaxes condition (a) in Lemma 2.3 into the following condition

Vi (x(k)) ≤ h (Vi (x(ks))) , k ∈ (ks, ks+1) (2.3)

The corresponding MLF is called weak Lyapunov function. From (2.3), allow-
ing the value of the weak Lyapunov function to increase during the running
time of each subsystem, the stability criterion is less conservative. However, the
rising amplitude h of Lyapunov function value during the running time of each
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subsystem is hard to be determined, then it is difficult to derive an easily-checked
stability criterion, even though the switched system without any complex dynam-
ics, such as uncertainties, time delays.

(2) As shown in Fig. 2.2b, the Lyapunov function is monotonically decreasing during
the running time of each subsystem, which is consistent with condition (a) in
Lemma 2.3. However, the Lyapunov function value at the switching instant is
required to be not higher than that at last switching instant, i.e., condition (b) in
Lemma 2.3 can be rewritten as

Vj (x(ks+1)) − Vi (x(ks)) < 0 (2.4)

Therefore, the stability criterion is more conservative, in that this kind of MLF
demands a further requirement of general MLF at the switching instant. Such an
approach would be very applicable to the stability analysis for switched systems
with DT and PDT switching. It could establish a good tradeoff between the
less conservative stability criteria (compared with the MLF in Fig. 2.2c) and the
easily-checked conditions. However, the investigations based on this approach
remain largely open.

(3) As shown in Fig. 2.2c, the Lyapunov function value at instant ks + 1 is non-
increasing compared with that at instant ks, then the corresponding condition
(2) in Lemma 2.3 can be rewritten as

Vj (x(ks + 1)) − Vi (x(ks)) ≤ 0, i �= j (2.5)

V
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Fig. 2.2 Several MLFs with different forms



2.1 Multiple Lyapunov-Like Functions 31

Note that ks+1 is the next switching instant and ks + 1 is the next sample time
to the switching instant.
The MLF with this form is called switched Lyapunov function (SLF) that is
coined in [3]. The corresponding stability criterion is much more conserva-
tive, since the SLF gives a further requirement between the two function values
at the switching instant. However, in the case of discrete time, each subsys-
tem must satisfy �V � Vi (x(k + 1)) − Vi (x(k)) ≤ 0. Then the requirement at
the switching instant in (2.5) and condition a) in Lemma 2.3 can be uniformly
rewritten as

�V � Vj (x(k + 1)) − Vi (x(k)) ≤ 0 (2.6)

where i = j denotes that the switched system is during the running time of ith
subsystem, and i �= j means that the switched system is at the switching instant
from ith subsystem to jth subsystem. Therefore, the characteristic of unifying
the requirement for Lyapunov functions at the switching instant with that during
the running time of each subsystem reduces the difficulty in deriving the stability
criterion of discrete-time switched linear system. Then the obtained criterion is
quite easy to be checked. As a result, based on the SLF method, other analysis
and synthesis problems for the switched linear system under arbitrary switching
in the discrete-time domain can be solved effectively, e.g., controller design,
filter design, model reduction and so forth.

(4) The MLF shown in Fig. 2.2d, requires constructing the Lyapunov function on
each subsystem. Meanwhile, the Lyapunov function values are required to be
continuous at the switching instant, which is similar to that in the common Lya-
punov function. However, the rates of decay may vary among different running
time of each subsystem and the required Lyapunov function is still multiple,
which is generally defined as piecewise Lyapunov function in some literature.
This kind of form facilitates the analysis for state-dependent switched linear
systems in the continuous-time domain according to the continuous feature of
function value at the switching instant.

From the above analysis, it can be observed that although the analysis approach
via weak Lyapunov function is less conservative, it is inconvenient to derive the
stability conditions. The general MLF in Fig. 2.1 requires the comparison between the
Lyapunov function values at two consecutive switching instants to a single subsystem,
and the MLF in Fig. 2.2b requires the comparison between the Lyapunov function
values at two consecutive switching instants. However, in the discrete-time domain,
for the nominal linear systems, the system state at each sample time can be given
by iterating the state space expression. Thus it is possible to obtain the specific
stability criterion for the discrete-time switched linear system. However, when the
result is extended to the uncertain switched systems or the stabilization issue, the
power of system matrices may appear in the iterative process, and it becomes hard to
eliminate the power only based on the MLF introduced above (a further quasi-time-
dependent Lyapunov function can be resorted to for a solution). In addition, for the
general MLF, note that in the situation that the switched system is under arbitrary
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switching and the number of subsystems N = 2, or under a certain switching rule
or a periodic switching sequence, the DT can be employed to derive the stability
criterion. Finally, for the SLF, although the requirement of the Lyapunov function
values at the switching instant is relatively strict, the method unifies the requirement
for Lyapunov function at the switching instant with that during the running time of
subsystems, since it is unnecessary to use system state at each sample time, which is
used to compare the Lyapunov function at the switching instant. In short, the easily-
checked stability criterion can be obtained by the SLF approach. In the following
sections, the stability analysis of the approaches based on the aforementioned MLFs
will be studied and the comparison of their advantages in concern of the conservatism,
easily-checked feature, extensibility, etc., will be addressed.

2.2 Arbitrary Switching

This section will utilize the SLF in Fig. 2.2c to conduct the stability analysis for a class
of discrete-time switched nominal linear systems. Consider a class of discrete-time
switched linear system (2.1), our objective here is to achieve the stability criterion
by constructing the SLF with the requirement at the switching instants in Fig. 2.2c
as well as the following expression

V (x(k)) = x(k)T Pix(k) (2.7)

Firstly, the Schur complement lemma is recalled, which will be used in the proof of
the main results.

Lemma 2.4 ([4]) The linear matrix inequality

S =
[

S11 S12

ST
12 S22

]
< 0

where S11 = ST
11 and S22 = ST

22 is equivalent to

S11 < 0,S22 − ST
12S

−1
11 S12 < 0;S22 < 0,S11 − ST

12S
−1
22 S12 < 0.

By Lemma 2.4, the following theorem presents the asymptotic stability conditions
for system (2.1).

Theorem 2.5 Under arbitrary switching, the discrete-time switched linear system
(2.1) is asymptotically stable if there exist matrices Pi > 0,∀i ∈ I such that

[−Pj PjAi

� −Pi

]
< 0, ∀(i, j) ∈ I × I (2.8)
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Proof Consider positive constants α > 0 and β > 0. Then the SLF in (2.7) satisfies,

α ‖ x(k) ‖≤ V (x(k)) ≤ β ‖ x(k) ‖ (2.9)

Note that, at the sampling instant k + 1, k ∈ [0,∞), the system may switch into
another subsystem. Thus, the following equation can be obtained, ∀(i, j) ∈ I × I

ΔV = V (x(k + 1)) − V (x(k)) = xT (k)(AT
i PjAi − Pi)x(k) (2.10)

where, i = j denotes the switched system is during ith subsystem and i �= j means
that the switched system is at the switching instant from the ith subsystem to jth
subsystem. Thus, if

AT
i PjAi − Pi < 0, ∀(i, j) ∈ I × I (2.11)

we have ΔV < 0, which means that system (2.1) is asymptotically stable. By
Lemma 2.4, (2.8) is equivalent to (2.11). �

The stability criteria in Theorem 2.5 are obtained via the SLF approach. If some
constraints are placed on the matrices, e.g., letting Pi ≡ P , ∀i ∈ I, the corresponding
stability conditions based on the GLF approach can be obtained as follows.

Proposition 2.6 If there exists matrix P > 0 such that

[−P PAi

� −P

]
< 0, ∀i ∈ I

then there exist GLFs in the form of V (k,x(k)) = x(k)T Px(k), which indicates that
the system (2.1) is asymptotically stable.

Remark 2.7 Theorem 2.5 presents the stability condition for discrete-time switched
systems under arbitrary switching, which is in the form of LMIs. By using the SLF
approach, the corresponding results can be easily derived for discrete-time switched
systems with complex dynamics such as uncertainty, time delays and so forth, which
we will show part of extensions in the following chapters.

For discrete-time switched system (2.1), it should be pointed out that the reason
why the switched system is not stable under arbitrary switching is due to the fact that
some (at least one) of the subsystems satisfy ‖Ai‖ ≥ 1, i ∈ I. Actually, the following
facts hold for system (2.1)

‖x(k + 1)‖ = ‖Aix(k)‖ ≤ ‖Ai‖ ‖x(k)‖

If ‖Ai‖ < 1, ∀i ∈ I, we have ‖x(k + 1)‖ < ‖x(k)‖, and it is straightforward that
‖x(k)‖ → 0 as k → ∞ for arbitrary switching signal. Therefore, our discussion for
the stability analysis of switched system under arbitrary switching is based on the
assumption that at least one of the subsystems satisfies ‖Ai‖ ≥ 1, i ∈ I.
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Furthermore, for switched system with polytopic uncertainty in (1.5) and (1.6),
similarly,

‖x(k + 1)‖ = ‖Ai(λ)x(k)‖ =
∥∥∥∥∥

s∑

m=1

λmAi,mx(k)

∥∥∥∥∥

≤
s∑

m=1

λm

∥∥Ai,m

∥∥ ‖x(k)‖

If
∥∥Ai,m

∥∥ < 1, ∀i ∈ I, ∀m ∈ S, we have ‖x(k + 1)‖ < ‖x(k)‖ , which indicates
the asymptotic stability of uncertain switched system. Thus it can be concluded that
at least one vertex matrix satisfies

∥∥Ai,m

∥∥ > 1, i ∈ I, m ∈ S, for the discrete-time
switched system with polytopic uncertainties.

Considering the discrete time-delay switched system (1.9), if ‖Ai‖ + ‖Adi‖ ≤ 1,
∀σ(k) = i ∈ I, we have

‖x(1)‖ = ∥∥Aσ(k)x(0) + Adσ(k)x(0)
∥∥ ≤ ‖x(0)‖

‖x(2)‖ = ∥∥Aσ(k)x(1) + Adσ(k)x(1 − d(1))
∥∥ ≤ ‖x(0)‖

...

‖x(dM )‖ = ∥∥Aσ(k)x(dM − 1) + Adσ(k)x(dM − 1 − d(dM − 1))
∥∥ ≤ ‖x(0)‖

‖x(dM + 1)‖ = ∥∥Aσ(k)x(dM ) + Adσ(k)x(dM − d(dM ))
∥∥ ≤ ‖x(0)‖

Therefore, for a time-delay switched system, if the condition ‖Ai‖ + ‖Adi‖ ≤ 1 is
satisfied, the stability can be guaranteed straightforwardly.

More details on stability of uncertain switched systems and switched systems
with time delays will be elaborated in later chapters. The discussions on the norm of
A can be used for a simple judgement or pre-check on the stability conditions.

Example 2.8 Consider the discrete-time switched linear system (2.1) comprising of
two subsystems

A1 =
[

0.4 −0.8
0.5 1.2

]
, A2 =

[−1.1 −0.3
0.7 0.4

]

First we can check that ‖A1‖ > 1, ‖A2‖ > 1, which indicates that the stability cannot
be obtained directly. Our objective here is to test the stability of the system under
arbitrary switching. According to Theorem 2.5, by using LMI Toolbox, we can get
that there exist feasible solutions to (2.8). The obtained Lyapunov matrices are shown
as follows.

P1 =
[

124.8798 95.2966
95.2966 199.9269

]
, P2 =

[
126.1364 70.7540
70.7540 114.1096

]

http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_1
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Fig. 2.3 State responses under two arbitrary switching signals
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Then it can be concluded that this switched system is stable for any switching
signals. In order to test this conclusion, two random switching sequences are gener-
ated by the following algorithm

Algorithm 2.1 (Switching signal generation) for sample_T = 1 to Time_Length
switching_value = rand
if swithing_value ≥ Con;

switching_signal (sample_T ) = 2;
else

switching_signal(sample_T )= 1;
end

end

where, the rand function generates random numbers which are uniformly distributed
in the interval (0, 1). For given initial condition x0 = [−5.5 3.2 ]T , Fig. 2.3 illustrates
the state responses of the switched system under the two arbitrary switching signals,
respectively. It can be seen that all the trajectories converge to zero, which proves
the validity of Theorem 2.5.

2.3 Dwell Time (DT) Switching

This section will employ the MLFs in Figs. 2.1 and 2.2b, respectively, to investi-
gate the stability problem for system (2.1) with dwell time (DT) constraint on the
switching. The corresponding stability criteria of such systems are derived via LMI
formulation.

To begin with, based on the general MLF in Fig. 2.1, the same Lyapunov function
as shown in (2.7) can be constructed. By Lemma 2.3, one feature of the general MLF
is that the values of the Lyapunov function at two consecutive switching instants
should be compared as a requirement. However, if N > 2, it is almost impossible to
determine, under arbitrary switching, which subsystem among {A1, . . . AN } the real
system will switch into. Thus, although the DT of each subsystem is available, it is
still difficult to formulate the state expression of one subsystem at two consecutive
switching instants through iteration. Correspondingly, the Lyapunov function in (2.7)
can not be obtained, let alone the stability analysis based on Lemma 2.3. On the
other hand, if N = 2, namely, there exist only two subsystems, in which M1 and M2,
respectively, representing the DT of each subsystem, and k is one of the switching
instant, one can obtain that x(k + M1 + M2) = AM2

2 AM1
1 x(k) (or AM2

1 AM1
2 x(k)) and

consequently, both the state expression at two consecutive switching instants and the
corresponding Lyapunov function in (2.7) are available. In addition, if the switching
signal of the system (2.1) is under a certain switching rule and the DT is available, it
is straightforward to obtain the state values at the corresponding switching instants
and the values of the Lyapunov function through iteration. Then, if the switching
signals are regulated by the following switching rule:

i
i+1,...,N ,1,...,i−1−→ i, ∀i ∈ I (2.12)



2.3 Dwell Time (DT) Switching 37

i.e., one rule of the cyclic switching, we have

x(k + Mi + Mi+1 + · · · + MN + M1 + · · · + Mi−1)

= A
Mi−1
i−1 . . . AM1

1 AMN
N . . . A

Mi+1
i+1 AMi

i x(k)

where k is assumed to be the instant of the system switching into subsystem Ai.
Furthermore, the stability analysis for the corresponding switched system can also
be conducted. The two-mode system under arbitrary switching (namely, N = 2) will
be covered as a special case of the rule in (2.12). In what follows, the switched
system under cyclic switching will be coped with and a stability criterion by using
the general MLF will be presented.

Theorem 2.9 Suppose that the switched system (2.1) switches into subsystem Ai

at the switching instant ks, then after switching into subsystem Ai,Ai+1, . . . ,AN ,

A1, . . . ,Ai−1 consecutively under cyclic switching (2.12), and finally, switches into
subsystem Ai again at the switching instant kv . Let Mi,∀i ∈ I denote the DT of
each subsystem. Then the system (2.1) is asymptotically stable under cyclic switching
(2.12) if there exist matrices Pi > 0,∀i ∈ I such that

AT
i PiAi − Pi ≤ 0 (2.13)

Υ T
i PiΥi − Pi ≤ 0 (2.14)

where Υi
�= A

Mi−1
i−1 . . . AM1

1 AMN
N . . . A

Mi+1
i+1 AMi

i .

Proof ∀i ∈ I, system (2.1) can be described by the model of subsystem Ai. Thus if
(2.13) holds, one obtains

ΔVi � Vi(x(k + 1)) − Vi(x(k)) = xT (k)(AT
i PiAi − Pi)x(k) < 0

which means that subsystem Ai is stable and satisfies condition (a) in Lemma 2.3.
Meanwhile, in Fig. 2.1, we have Vi(x(ks)) = xT (ks)Pix(ks) at the switching instant
ks when the system switches into subsystem Ai. Then at the instant kv when the sys-
tem switches into subsystem Ai again, system (2.1) has passed through subsystems
Ai,Ai+1, . . . ,AN ,A1, . . . ,Ai−1 consecutively under cyclic switching (2.12). Thus,
at the switching instant kv ,

x(kv) = A
Mi−1
i−1 . . . AM1

1 AMN
N . . . A

Mi+1
i+1 AMi

i x(ks) = Υix(ks)

and Vi(x(kv)) = xT (kv)Pix(kv) = (Υix(ks))
T PiΥix(ks). Therefore,

Vi(x(kv)) − Vi(x(ks)) = xT (ks)(Υ
T
i PiΥi − Pi)x(ks)

It is obvious to see that if (2.14) holds, Vi(x(kv)) − Vi(x(ks)) < 0 and condition (2)
in Lemma 2.3 is satisfied. Thus, according to Lemma 2.3, system (2.1) is Lyapunov-
stable under cyclic switching (2.12). �
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By (2.14) in Theorem 2.9, it is clear that when the switching signals are arbitrary,
Υi is unavailable, which indicates that the general MLF approach is inapplicable
to conduct the stability analysis for the switched system under arbitrary switch-
ing. According to (2.4), it can be seen that for the underlying MLF, the approach
does not require the comparison between the Lyapunov function values at two con-
secutive switching instants, and instead, requires the comparison between the Lya-
punov function values at two neighboring switching instants. Suppose that the system
switches into subsystem Ai at the switching instant ks, then switches into subsystem
Aj (ks+1 − ks = Mi),∀(i, j) ∈ I × I at the switching instant ks+1. Thus, with the
availability of the DT Mi, i ∈ I, we obtain that x(ks + Mi) = AMi

i x(ks), which
is the state expression between two neighboring switching instants. Furthermore,
the expression of the corresponding Lyapunov function can be obtained by (2.7).
Through the above analysis, the stability criterion of switched system (2.1) with the
MLF in Fig. 2.2b can be derived as follows.

Theorem 2.10 Suppose that the Mi,∀i ∈ I denote the DT of each subsystem. Then
system (2.1) is asymptotically stable if there exist matrices Pi > 0,∀i ∈ I such that

AT
i PiAi − Pi ≤ 0, ∀i ∈ I (2.15)

(AMi

i )T PjA
Mi

i − Pi < 0, ∀(i, j) ∈ I × I, i �= j (2.16)

Proof ∀i ∈ I, system (2.1) can be described by Ai. Thus if the inequality (2.15)
holds, one obtains

ΔVi
�= Vi(x(k + 1)) − Vi(x(k)) = xT (k)(AT

i PiAi − Pi)x(k) ≤ 0

which means that subsystem Ai is stable and satisfies condition (a) in Lemma 2.3.
Meanwhile, in Fig. 2.2b, it is assumed that the system switches into subsystem Ai

at the switching instant ks, then switches into subsystem Aj (ks+1 − ks = Mi)

at the switching instant ks+1. Thus, Vi(x(ks)) = xT (ks)Pix(ks), Vj(x(ks+1)) =
xT (ks+1)Pjx(ks+1). If (2.16) holds, one obtains

Vj(x(ks+1)) − Vi(x(ks)) = xT (ks)((A
Mi

i )T PjA
Mi

i − Pi)x(ks) ≤ 0 (2.17)

Now suppose that system (2.1) switches into subsystem Ai at the switching instant
ks+n , and through iteration of (2.17), we have Vi(x(ks+n)) ≤ Vi(x(ks)), which sat-
isfies condition (b) in Lemma 2.3 obviously. Thus, according to Lemma 2.3, system
(2.1) is stable. �

Remark 2.11 Note that, one mode-independent case of Theorem 2.10 can be found
in [5].

As shown in Theorems 2.9 and 2.10, with the availability of the DT of the subsys-
tems, whether or not the solutions of the corresponding stability conditions in (2.13)–
(2.14) and (2.15)–(2.16) are feasible can be verified by the corresponding functions
of LMIs toolbox in MATLAB (also, other toolboxes like sedumi and Yalmip). It is
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worth mentioning that Theorems 2.9 and 2.10 merely give the sufficient conditions.
In other words, for certain given values of the DT, the system has the potential to be
stable even without the feasible solutions of the stability conditions.

So far, the stability analysis for the discrete-time switched linear systems with
the general MLF and the MLF in Fig. 2.2b has been discussed. From Theorems 2.9
and 2.10, it can be seen that the derivations of the stability criteria are based on the
assumption of viewing the DT of each subsystem as the known condition. However,
when there exist uncertainties in the system matrices, the corresponding form of AMi

i

will appear, which inevitably brings the computational complexity of the matrices.
Correspondingly, it will be difficult to conduct the stability analysis for the uncertain
switched system, let alone dealing with other control and filtering issues. Thus, it is
difficult to extend the approaches of the stability analysis for the system with such
two sorts of MLFs if without additional tricks to the uncertain switched system.
In Sect. 2.5, the so-called quasi-time-dependent (QTD) Lyapunov function will be
constructed to overcome this difficulty that also exists in the switched systems with
PDT switching. The readers can refer to [6] for more discussions how the QTD
technique evolves and how the conservatism in non-QTD techniques can be reduced.

Example 2.12 Consider the discrete-time switched linear system (2.1), the system
matrices of which are shown as follows

A1 =
[

1.00 0.01
−0.05 0.99

]
, A2 =

[
0.84 0.30

−1.00 0.82

]
(2.18)

First, suppose that the DT of the subsystem M1 = 1 ∼ 20, M2 = 1 ∼ 20. Based
on Theorem 2.9 derived from the general MLF and Theorem 2.10 derived from the
MLF in Fig. 2.2b, the corresponding DT pairs guaranteeing the stability of system
(2.18) are illustrated in Fig. 2.4a, b, respectively, (“•” represents the feasible DT).
Obviously, the stability “region” of Fig. 2.4a is larger than that of Fig. 2.4b, which
indicates that the general MLF approach is less conservative than the approach of the
MLF in Fig. 2.2b when the number of subsystems N = 2. In addition, the stability
criterion in Theorem 2.5 shows that the switched system (2.18) is unstable. Similarly,
in Fig. 2.4, the case with the DT M1 = M2 = 1 also shows that the system is unstable.
Note that in this case, Theorem 2.10 is equivalent to Theorem 2.9.

As shown from the above verification, although the stability analysis based on
the SLF shows that the system is unstable, switched system (2.18) under arbitrary
switching, i.e., the switching instant and the switching sequence of the subsystems
are arbitrary, possesses the potential to become stable as the running time of the DT
increases. This demonstrates that the SLF approach is more strict and conservative.
However, as known in the conditions (2.14), (2.16) and Fig. 2.4, the DT of each
subsystem has to be treated as the known condition in both Theorems 2.9 and 2.10,
which means, the switching instant is not completely arbitrary. Therefore, the stability
criteria for the systems based on the general MLF and the MLF in Fig. 2.2b suffer the
computational complexity and application limitations (i.e., constrained switching)
to a certain degree.



40 2 Stability and Stabilization

(a)

(b)

Fig. 2.4 The pairs of MDT such that the switched system is stable
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2.4 Average Dwell Time (ADT) Switching

In what follows, the stability conditions for switched systems with average dwell
time (ADT) switching will be given. For the convenience of a comparison, we also
present the result in continuous-time domain that is first arrived at in [7]. The used
Lyapunov function in [7] is sort of MLFs with μ-times increase at switching instants,
as can be clearly seen from the derivations in the criteria and thus not listed in Fig. 2.2.

Theorem 2.13 ([7]) Consider the continuous-time switched system ẋ(t) = fσ(t)

(x(t)), σ(t) ∈ I, and let λ > 0, μ > 1 be given constants. Suppose that there exist
C

1 functions Vσ(t) : Rn → R, and two class K∞ functions κ1, κ2 such that,

κ1(x(t)) ≤ Vi(x(t)) ≤ κ2(x(t)) (2.19)

V̇i(x(t)) ≤ −λVi(x(t)) (2.20)

and ∀(σ(ti) = i, σ(t−
i ) = j) ∈ I × I, i �= j,

Vi(x(ti)) ≤ μVj(x(ti)) (2.21)

then the system is GUAS for any switching signal with ADT

τa ≥ τ ∗
a = ln μ

λ
(2.22)

Proof The proof of this theorem can be referred to [7] and is omitted here. �

Similar to the stability conditions for continuous-time switched systems, the cor-
responding results for the discrete-time case are given in the following theorem.

Theorem 2.14 ([8]) Consider the discrete-time switched system x(k + 1) = fσ(k)

(x(k)), σ(k) ∈ I and let 0 < λ < 1 and μ > 0, ∀i ∈ I be given constants. Suppose
that there exist positive definite C

1 functions Vσ(k) : Rn → R, σ(k) ∈ I and two
class K∞ functions κ1, κ2 such that,

κ1(‖x(k)‖) ≤ Vi(x(k)) ≤ κ2(‖x(k)‖) (2.23)

ΔVi(x(k)) ≤ −λVi(x(k)) (2.24)

and ∀(σ(ki) = i, σ(ki−1) = j) ∈ I × I, i �= j,

Vi(x(ki)) ≤ μVj(x(ki)) (2.25)
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then the system is GUES for any switching signal with ADT

τa > τ ∗
a = − ln μ

ln(1 − λ)
(2.26)

Proof For k ∈ [
kl , kl+1), it follows from (2.24) that

Vσ(k) (x(k)) � (1 − λ)k−kl Vσ(kl ) (x(kl)) (2.27)

Then, according to (2.25) and (2.27), one can obtain

Vσ(k) (x(k)) � (1 − λ)(k−kl ) μVσ(kl−1) (x(kl))

� · · · � (1 − λ)(k−k0) μNσ(k,k0)Vσ(k0) (x(k0))

From

Nσ(k, k0) ≤ N0 + k − k0

τa

it is straightforward to get

Vσ(k) (x(k)) ≤ μN0
(
(1 − λ)μ1/τα

)(k−k0)
Vσ(k0) (x(k0))

In addition, for the considered Lyapunov function, it is trivial to know that

aσ ‖x(k)‖ � Vσ (x) � bσ ‖x(k)‖ ,σ ∈ I

for some aσ > 0 and bσ > 0. Then we have

a ‖x(k)‖ � V (x) � b ‖x(k)‖

where a � inf (aσ) and b � sup (bσ) .

Therefore, if the ADT satisfies (2.26), one can readily obtain

(1 − λ)μ1/τα � (1 − λ)μ− ln(1−γ)/ ln μ � (1 − λ)

(1 − λ)
= 1

Denoting β �
√

(1 − λ)μ1/τα , the system state satisfies

‖x(k)‖2 � 1

a
Vσ(k) (x(k)) � b

a
μN0β2(k−k0) ‖x(k0)‖2

which means
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‖x(k)‖ �
√

b

a
μN0β(k−k0) ‖x(k0)‖

thus the considered system is GUES, which completes the proof. �

Remark 2.15 It can be seen from Theorem 2.14 that when we increase the value
of μ, the existence likelihood of the multiple Lyapunov function for the system
stability will be increased, which means the stability of system can be ensured at
the expense of increasing μ. In other words, for a given λ, the system stability will
be directly dependent on μ. Note that the stability will also depend on decay rate of
Laypunov function λ, however, it is not regarded as a design parameter in the section
for simplicity.

In the following, the above results will be extended to the case of discrete-time
switched systems with modal (MADT) switching.

Theorem 2.16 Consider the discrete-time switched nonlinear system

x(k + 1) = fσ(k)(x(k)), σ(k) ∈ I (2.28)

and let 0 < λi < 1 and μi ≥ 1, i ∈ I be given constants. Suppose that there exist
C

1 functions Vσ(k) : Rn → R, σ(k) ∈ I, and class K∞ functions κ1i and κ2i, i ∈ I,

such that ∀σ(k) = i ∈ I

κ1i(‖x(k)‖) ≤ Vi(x(k)) ≤ κ2i(‖x(k)‖) (2.29)

ΔVi(x(k)) ≤ −λiVi(x(k)) (2.30)

and ∀(σ(kp) = i, σ(kp−1) = j) ∈ I × I, i �= j,

Vi(x(ki)) ≤ μiVj(x(ki)) (2.31)

then the system is GUAS for any switching signal with MADT

τai > τ ∗
ai = − ln μi

ln(1 − λi)
(2.32)

Proof For any K > 0, let k0 = 0 and denote k1, k2, . . . , kp, kp+1, . . . , kNσ(K ,0) the
switching times on the interval [0, K ], where Nσ(K , 0) = ∑N

i=1 Nσi(K , 0).

By (2.30), ∀i ∈ I,
Vi(x(k + 1)) − Vi(x(k)) < 0 (2.33)

and
Vi(x(k + 1)) ≤ (1 − λi)Vi(x(k)) (2.34)
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(2.34) together with (2.31) imply

Vσ(kp+1)(x(kp+1)) ≤ μσ(kp+1)Vσ(kp+1−1)(x(kp+1))

≤ μσ(kp+1)Vσ(kp+1−1)(x(kp+1 − 1))(1 − λσ(kp+1−1))

= μσ(kp+1)(1 − λσ(kp))Vσ(kp)(x(kp+1 − 1))

≤ μσ(kp+1)(1 − λσ(kp))
kp+1−kp Vσ(kp)(x(kp))

· · ·
≤

p∏

q=0

μσ(kq+1)

p∏

q=0

(1 − λσ(kq ))
kq+1−kq Vσ(k0)(x(k0))

Then, by (2.34), one obtains

Vσ(K )(x(K ))

≤ (1 − λσ(kNσ ))
K−kNσ Vσ(kNσ )(x(kNσ

))

≤ (1 − λσ(kNσ ))
K−kNσ

Nσ−1∏

j=0

μσ(kj+1)

Nσ−1∏

j=0

(1 − λσ(kj ))
kj+1−kj Vσ(0)(x(0))

=
N∏

i=1

μNσi

i

N∏

i=1

(1 − λi)
TiVσ(0)(x(0))

=
N∏

i=1

μNσi

i exp

{
N∑

i=1

[Ti ln(1 − λi)]
}

Vσ(0)(x(0))

≤ exp

{
N∑

i=1

N0i ln μi

}
exp

{
N∑

i=1

Ti

τai
ln μi +

N∑

i=1

ln(1 − λi)Ti

}
Vσ(0)(x(0))

Thus, if there exist constants τai, i ∈ I satisfying (2.32), the following holds

Vσ(K )(x(K ))

≤ exp

{
N∑

i=1

N0i ln μi

}
exp

{
max
i∈I

[
ln μi

τai
+ ln(1 − λi)

]
K

}
Vσ(0)(x(0))

Then, it can be concluded that Vσ(K )(x(K )) converges to zero as K → ∞ if the
MADT satisfies (2.32), and the asymptotic stability can be obtained with the aid
of (2.29). �

Remark 2.17 It can be seen from Theorems 2.13 and 2.14 that the parameters λ and
μ are the same for all subsystems, i.e., mode-independent. However, the parameters
in Theorem 2.16 are mode-dependent. It can be concluded that τ ∗

ai ≤ τ ∗
a , ∀i ∈ I, and

the mode-dependent features would reduce the conservativeness existed in Theo-
rems 2.13 and 2.14. In fact, note that if τa = τai, ∀i ∈ I, one readily knows from
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Definition 1.7 that

∑

i∈I
Nσi(T , t) ≤

∑

i∈I
N0i +

∑

i∈I

Ti

τa
, ∀T ≥ t ≥ 0

Thus, there exist positive numbers N0 = ∑
i∈I N0i and τa = τai such that

Nσ(T , t) ≤ N0 + T − t

τa
, ∀T ≥ t ≥ 0

That is, a switching signal with bounded MADT τ ∗
ai also has bounded ADT τ ∗

a ≡ τ ∗
ai,∀i ∈ I in the special case of λ ≡ λi, μ ≡ μi, ∀i ∈ I. From this, it can be concluded

that the MADT switching has the advantage of flexibility for a switched system
where the switching is able to or needs be designed.

For the issue of stabilizing controller design, consider the switched linear system
given as

x(k + 1) = Aσ(k)x(k) + Bσ(k)u(k) (2.35)

Our objective here is to find an admissible controller in the form of

u(k) = Kσ(k)x(k) (2.36)

where Kσ(k) is to be determined. Then, the resulting closed-loop system is given by

x(k + 1) = Āσ(k)x(k) (2.37)

where Āσ(k) � Aσ(k) + Bσ(k)Kσ(k).
Next, based on the results obtained above, we first give the stability conditions

for switched systems (2.35) with MADT switching.

Theorem 2.18 Consider the switched linear system (2.35) when u(k) ≡ 0 and let
0 < λi < 1 and μi ≥ 1, ∀i ∈ I be given constants. If there exist matrices Pi > 0,
∀i ∈ I such that ∀(i, j) ∈ I × I, i �= j,

AT
i PiAi + λi Pi − Pi ≤ 0 (2.38)

Pi − μi Pj ≤ 0 (2.39)

then the switched linear system (2.35) is GUES with MADT satisfying (2.32).

Proof Construct the Lyapunov function as follows

Vi(x(k)) = xT (k)Pix(k),∀σ(k) = i ∈ I (2.40)

where Pi, ∀i ∈ I, is a positive definite matrix satisfying (2.38) and (2.39). Then,
from (2.30), (2.31), (2.35) and (2.40), it is not hard to obtain, ∀(i, j) ∈ I × I, i �= j,

http://dx.doi.org/10.1007/978-3-319-28850-5_1
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ΔVi(x(k)) + λiVi(x(k))

= λix
T (k)Pix(k) + xT (k)AT

i PiAix(k) − xT (k)Pix(k)

= xT (k)
(
AT

i PiAi + λi Pi − Pi

)
x(k)

and
Vi(x(ki)) − μiVj(x(ki)) = xT (ki) (Pi − μi Pi)x(ki)

Thus, if (2.38) and (2.39) hold, system (2.35) is GUES for any switching signal with
MADT (2.32). �

Now, we are in a position to give the existence conditions of a stabilizing controller
for system (2.35) with the MADT switching.

Theorem 2.19 Consider the switched linear system (2.35) and let 0 < λi < 1 and
μi ≥ 1, ∀i ∈ I be given constants. If there exist matrices Ui > 0 and Ti, ∀i ∈ I such
that ∀(i, j) ∈ I × I, i �= j,

[−Ui AiUi + BiTi

� −(1 − λiUi)

]
≤ 0 (2.41)

Uj ≤ μiUi (2.42)

then there exists a stabilizing controller such that system (2.35) is GUAS for any
switching signal with MADT satisfying (2.32). Moreover, if (2.41) and (2.42) have a
solution, the admissible controller can be given by

Ki = TiU
−1
i (2.43)

Proof Theorem 2.18 implies that if

ĀT
i PiĀi + λi Pi − Pi ≤ 0

Pi − μi Pj ≤ 0

system (2.35) is GUAS for any switching signal with MADT satisfying (2.32). Con-
sidering (2.36), setting Ui � P−1

i and Ti � Ki P−1
i , it can be seen that, if (2.41) holds,

(2.38) is satisfied. Moreover, if (2.42) holds, one can obtain that Uj − μiUi ≤ 0. By
Lemma 2.4, Uj − μiUi ≤ 0 can be rewritten as

Λ �
[−μiUi I

I −U−1
j

]
≤ 0

Furthermore, note thatΛ ≤ 0 is equivalent to−U−1
j − I(μiUi)

−1I ≤ 0 by Lemma 2.4.
Additionally, if the inequalities (2.41) and (2.42) have feasible solutions, the admissi-
ble controller gains can be given by (2.43) since Ti = Ki P−1

i , which ends
the proof. �
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Remark 2.20 From the above analysis mentioned, the ADT switching can be viewed
as a special case of MADT switching. The stabilizing conditions in the situation
of ADT switching can be achieved directly from Theorem 2.19 and therefore are
omitted here.

In the following, a numerical example in discrete-time domain will be presented
to demonstrate the potential and validity of the results obtained in Sect. 2.4.

Example 2.21 Consider the discrete-time switched linear system (2.35) consisting
of three subsystems described by

A1 =
[

3.9 1.5
2.5 2.3

]
, B1 =

[−0.2
0.1

]
,A2 =

[
1.4 0.3
1 −2.7

]

B2 =
[

0.1
0.2

]
,A3 =

[−2.2 0.1
−2 −0.4

]
, B3 =

[
0.1
0.1

]

Our purpose here is to design a mode-dependent stabilizing controller and find the
admissible switching signals with MADT such that the resulting closed-loop system
is GUAS.

To illustrate the advantages of the proposed MADT switching scheme, the design
results of both controllers and switching signals should be presented for the systems
with ADT switching for the sake of comparison. By different approaches and setting
the relevant parameters appropriately, the computation results for system (2.35) with
two different switching schemes are listed in Table 2.1.

It can be seen from Table 2.1 that the minimal MADT are reduced to τ ∗
a1 = 1,

τ ∗
a2 = 1, τ ∗

a3 = 4, for given μ = μ1 = μ2 = μ3 = 2, and one special case of MADT
switching is τ ∗

a = τ ∗
a1 = τ ∗

a2 = τ ∗
a3 = 4 by setting λ = λ1 = λ2 = λ3 = 0.2, which

is the ADT switching, i.e., the designed MADT switching is more general.
To further show the merit of MADT switching, let us now consider the result-

ing closed-loop system performances. Applying the obtained controller, under the
scheme of ADT switching and MADT switching, respectively, the obtained state
responses for each closed-loop subsystem are shown in Fig. 2.5. For each closed-
loop subsystem Āi, it is clear to see that the transient behavior for both subsystem
2 and 3 under controllers Γ1 and Γ2 are similar, while the response of subsystem 1
under Γ2 is much better than that under Γ1.

Table 2.1 Computation results for the system under two different switching schemes

Switching schemes ADT switching MADT switching

Controller gains Γ1:
K1 = [36.16 18.90]
K2 = [−7.94 − 8.16]
K3 = [21.08 1.30]

Γ2:
K1 = [41.67 22.69]
K2 = [−8.64 6.83]
K3 = [21.18 1.06]

Switching signals τ∗
a = 4 (μ = 2,λ = 0.2) τ∗

a1 = 1, τ∗
a2 = 1, τ∗

a3 = 4 (μ1 = μ2 = μ3 = 2,

λ1 = 0.97,λ2 = 0.8,λ3 = 0.2)
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Fig. 2.5 The state response comparisons of the closed-loop subsystems by controllers Γ1 and Γ2

Then, generating one possible switching sequence with the ADT property and
the MADT property, one can obtain the corresponding state responses of the closed-
loop system as shown in Figs. 2.6 and 2.7, respectively, for the same initial state
condition. It can be seen from the curves that the state response of closed-loop
system is fluctuated under the ADT switching scheme, but can converge to zero in a
short time under the MADT switching scheme. To present the reason more clearly,
denote the running time of the ith subsystem at the lth working as ti,l , ∀i ∈ I, l ∈ N

+,
and use tA

i,l and tM
i,l to represent the running time of the subsystem under ADT and

MADT switching schemes, respectively. It can be observed that the state responses
both begin with subsystem 2 and in Fig. 2.6, tA

2,1 = 2 and in Fig. 2.7, tM
2,1 = 2. Then,

due to the constraint of ADT switching (τa = 4 in Fig. 2.6), we need tA
1,1 ≥ 6. For

the case of MADT switching, the constraint on tM
1,1 can be removed. The comparison

of the switching signals in Figs. 2.6 and 2.7 shows that even for tM
1,1 < tA

1,1 (we want
tA
1,1 to be a little shorter), we can attain tM

1,1 < tA
1,1. This will better the state response

because of the shorter running time needed on the subsequent subsystem 1, which
demands longer time to converge to zero as shown in Fig. 2.5.
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Fig. 2.6 State response of the closed-loop system by controllers Γ1 under switching signal σ
with τa = 4
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Fig. 2.7 State response of the closed-loop system by controllers Γ2 under switching signal σ with
τa1 = 1, τa2 = 1, τa3 = 4
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Thus, from the above discussions, it can be concluded that it will be more flexible in
practice to design an MADT switching to perfect or improve the system performances
with fewer constraints.

2.5 Persistent Dwell Time (PDT) Switching

Consider the discrete-time switched linear system (2.35), a more general switching
signal, “modal persistent dwell-time (MPDT)”, is introduced in this section, which
not only generalizes the commonly studied DT and ADT switchings, but also further
attaches mode-dependency to the PDT switching. The definition of MPDT has been
given in Sect. 1.4 of Chap. 1 and is therefore omitted here.

The example below is used to show what an admissible MPDT switchingse-
quence (we use ξ̄τ [T ](k) denote inadmissible switching sequences) is. Consider a
switched system consisting of three subsystems. The admissible MPDT set, with
the period of persistence T = 3, is supposed to be τ [3] = {4, 3, 5}. Then ξa

τ [3](11) =
{1, 1, 1, 1, 2, 1, 3, 2, 2, 2, 2} is an admissible sequence, but both ξ̄a

τ [3](11) = {1, 1, 1,

3, 2, 1, 3, 3, 3, 3, 3} and ξ̄b
τ [3](11) = {1, 1, 1, 1, 2, 1, 3, 1, 2, 2, 2} are not since the

requirements of τ1 ≥ 4 and T ≤ 3 are not satisfied in the former and latter cases,
respectively.

Fig. 2.8 A scenario of MPDT switching (on the top), where the period of persistence is T, i �= n,
m �= l, j �= l and T

(p) ≤ T. The figure on the bottom illustrates the variation of the Lyapunov
function used in Theorem 2.22

http://dx.doi.org/10.1007/978-3-319-28850-5_1
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An illustration on MPDT is given in Fig. 2.8, where the interval consisting of
the running time (τi-portion) of a certain subsystem and the period of persistence
(T-portion) is considered as an MPDT stage,1 and ksp is denoted as the initial instant
of the pth stage, p ∈ Z≥1 with ks1 ≥ k0 (here “≥” means a period of persistence
may exist before the 1st stage). Let the actual running time of the T-portion at the
pth stage be denoted as T(p), p ∈ Z≥1, it holds that

T
(p) �

Q(ksp+1,ksp+1 )∑

r=1

Tσ(ksp+r ) ≤ T (2.44)

where Tσ(ksp+r ) < τi denotes the running time of the subsystem activated at the
switching instant ksp+r ∈ [

ksp+1, ksp+1

)
, r ∈ Z≥1, and Q(ksp+1, ksp+1) stands for the

switching times within
[
ksp+1, ksp+1

)
.

In this section, we would like to directly present the stabilization result for the
underlying system. The used methodology is similar to the one in Fig. 2.2b, but
compares the MLFs at the instants entering into two consecutive stages (can be seen
in the derivations of later Theorem 2.18).The specific objectvies are to develop a
control policy Fσ(k)(·), and find a set of switching signals with admissible MPDT.
Here, we are interested in developing a fundamental stabilizing state-feedback policy,
but with the quasi-time-dependent (QTD) form below, as adopted in [6]

Fσ(k)(x(k)) � Fσ(k)(ϑ)x(k) (2.45)

where ϑ is a scheduled index for the activated subsystem and can be computed online
according to the following rules: ∀σ(k) = i ∈ I,

(i) in the τi-portion,

ϑ =
{

k − ksp ,

τi,

k ∈ [
ksp , ksp + τi

)

k ∈ [
ksp + τi, ksp+1

) (2.46)

(ii) in the T-portion,
ϑ = k − Hr , k ∈ [

ksp+1, ksp+1

)
(2.47)

where Hr � arg{max(ksp+r , r ∈ Z≥1|ksp+r ≤ k, ksp+r ∈ [ksp+1, ksp+1))} satis-
fies σ(Hr ) = i.

It has been demonstrated in [6] for switched systems with DT switching that the
QTD state-feedback law outperforms the conventional one with less conservatism
in achieving minimal DT ensuring the stability of the underlying system. In order
to obtain the stabilization criterion by using (2.45) for system (2.35) under MPDT
switching, we consider the corresponding QTD Lyapunov function as Vσ(k)(x(k),ϑ),

1We will slightly abuse the concept as a stage in this book.
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where ϑ has been defined in (2.46) and (2.47). Then the stability conditions for the
nominal system in nonlinear case can be first arrived at.

Theorem 2.22 Consider a discrete-time switched nonlinear system x(k + 1) =
fσ(k)(x(k)), and 0 < αi < 1, μi > 0 to be given constants. For a prescribed period
of persistence T, suppose that there exist functions Vσ(k) : (Rnx ,Z[0,τσ(k)]) → R,

σ(k) ∈ I, and two class K∞ functions κ1 and κ2 such that ∀σ(k) = i ∈ I and
r ∈ Z[2,Q(ksp+1,ksp+1 )+1]

(i) ∀ϑ ∈ Z[0,τi],
κ1(‖x(k)‖) ≤ Vi(x(k),ϑ) ≤ κ2(‖x(k)‖) (2.48)

(ii) ∀k ∈ [
ksp , ksp + τi

)
,

Vi(x(k + 1), k + 1 − ksp ) ≤ αiVi(x(k), k − ksp ) (2.49)

(iii) ∀k ∈ [
ksp + τi, ksp+1

)
,

Vi(x(k + 1), τi) ≤ αiVi(x(k), τi) (2.50)

(iv) ∀k ∈ [ksp+1, ksp+1), r ∈ Z[1,Q(ksp+1,ksp+1 )]

Vi(x(k + 1), k + 1 − Hr ) ≤ αiVi(x(k), k − Hr ) (2.51)

(v) ∀σ(ksp+1) = i �= j = σ(ksp+1 − 1),

Vi(x(ksp+1), 0) ≤ μjVj(x(ksp+1), τj) (2.52)

(vi) ∀σ(ksp+r ) = i �= j = σ(ksp+r − 1),

Vi(x(ksp+r ), 0) ≤ μjVj(x(ksp+r ),Tj) (2.53)

where Tj ∈ [
1, min(τi − 1,T(p))

]
, ∀i ∈ I, T(p) ∈ Z[1,T]. Then the switched nonlin-

ear system is GUAS for MPDT switching signals satisfying (2.48)–(2.53) and

τi ≥ (T + 1) ln μmax + T ln αmax

− ln αi
(2.54)

where μmax � maxi∈I μi, αmax � maxi∈I αi.

Proof First of all, if μmaxαmax < 1, then it is straightforward that a switched system
is GUAS with τi = 1, i.e., under arbitrarily switching. If (2.54) holds, τi is at least
1 in discrete-time domain. Then the proof boils down to the case μmaxαmax ≥ 1.

Consideringσ(ksp ) = i,σ(ksp+1 + T
(p)) = j in the pth stage of MPDT switching,

and supposing an arbitrary switching occurs withinT(p), it follows from (2.49)–(2.53)
that
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Vj(x(ksp+1 + T
(p)), 0)

≤ μlVl(x(ksp+1 + T
(p)),Tl)

≤ μlαl
Tl Vl(x(ksp+1 + T

(p) − Tl), 0)

≤ μmμlαl
Tl Vm(x(ksp+1 + T

(p) − Tl),Tm)

≤ μiμn · · · μmμlαl
Tl αm

Tm · · · αn
Tn αi

ksp+1−ksp Vi(x(ksp ), 0)

≤ μ
Q(ksp ,ksp+1+T

(p))
max αmax

Tl+Tm+···+Tn αi
τiVi(x(ksp ), 0)

≤ μT
(p)+1

max αT
(p)

maxαi
τiVi(x(ksp ), 0) (2.55)

where l, m, . . . , n denote all the possible indices of subsystems being switched
within T

(p).

Thus since μmaxαmax ≥ 1 and μT
(p)+1

max αT
(p)

max ≤ μT+1
max αT

(p)

max hold. From (2.55), it fol-
lows that

Vj(x(ksp+1 + T
(p)), 0) ≤ μT+1

max αT

maxαi
τiVi(x(ksp ), 0)

Then, if (2.54) is satisfied, μT+1
max αT

maxαi
τi ≤ 1 holds. Letting λi � μT+1

max αT

maxαi
τi ,

λmax � maxi∈I λi, ∀i ∈ I, and considering the fact that a period of persistence may
exist before the 1st stage, it follows

Vσ(ksp )(x(ksp ), 0) ≤ λmaxVσ(ksp−1 )(x(ksp−1), 0) ≤ · · ·
≤ λp−1

max Vσ(ks1 )(x(ks1), 0) ≤ λp−1
max μT

maxα
T

maxVσ(k0)(x(k0), 0).

From (2.48),
||x(ksp )|| ≤ κ−1

1 (λp−1
max μT

maxα
T

maxκ2(||x(k0)||))

holds. Thus, due to (2.48)–(2.53), ||x(k)|| ≤ κ3(||x(k0)||) holds, ∀k ∈ (ksp , ksp+1 ],
where

κ3(·) � κ−1
1 (μT

maxα
T

maxκ2(κ
−1
1 (λp−1

max μT

maxα
T

maxκ2(·)))).

Thus the GUAS can be inferred by the denotation of λmax and Definition 2.1. This
completes the proof. �

Remark 2.23 It should be noted that since the running time of each activated subsys-
tem during the period of persistence is unknown a priori, the worst case of using μmax,
αmax in the derivation of (2.55) is taken into account, as well as the consideration of
T times of switching during the period of persistence.

In Theorem 2.22, if Vi(x(k),ϑ) ≡ Vi(x(k)), μi ≡ μ, αi ≡ α, and T ≡ 0, i.e., the
time-dependent Lyapunov function and the PDT switching are considered, and the
period of persistence vanishes, then the corresponding MPDT switching reduces to
the DT case in the end, and the corresponding stability criterion is simplified to the
following corollary.
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Corollary 2.24 Consider nominal system (2.35) with u(k) ≡ 0, and let 0 < α <

1, μ > 1 are given constants. If there exist matrices Pi ∈ Sn
>0, ∀i ∈ I, such that

∀σ(k) = i ∈ I,
Vi(x(k + 1)) ≤ αVi(x(k))

holds and ∀i × j ∈ I × I, i �= j,

Vi(x(ksp+1)) ≤ μVj(x(ksp+1))

holds, then the switched system is GUAS for any switching signal with DT satisfying
τ ≥ − ln μ/ ln(1 − α).

Remark 2.25 A noteworthy fact is that the conditions in Corollary 2.24 are also the
ones ensuring that the underlying switched systems are GUAS with ADT switching,
as have been derived in [9]. Therefore, Theorem 2.22 obtained in this section is more
general than the existing stability results on switched systems with either DT or ADT
switching.

Remark 2.26 Note that, in the frame of ADT switching, the requirement on the ADT
ensuring that the switched system is GUAS is also τ ≥ − ln μ/ ln(1 − α) (cf. [10]),
which holds for any N0 ≥ 2. However, the requirement in the DT case reduced from
PDT switching when T ≡ 0 only holds for N0 = 1.

Then, by considering the QTD Lyapunov function asVσ(k)(x(k),ϑ) � xT (k)Pi(ϑ)

x(k), the stabilization criterion for nominal system (2.35) can be readily established
in the following theorem.

Theorem 2.27 Consider system (2.35) and let 0 < αi < 1, μi > 0 be given con-
stants, i ∈ I. Suppose there exist matrices Si(ϑ) ∈ S

nx

>0 and Ui(ϑ), ϑ = 0, 1, . . . , τi,
∀i ∈ I, such that ∀ ϑ = 0, 1, . . . , τi − 1, ∀i ∈ I

[−Si(τi) AiSi(τi) + BiUi(τi)

� −αiSi(τi)

]
≤ 0 (2.56)

[−Si(ϑ + 1) AiSi(ϑ) + BiUi(ϑ)

� −αiSi(ϑ)

]
≤ 0 (2.57)

and ∀(i × j) ∈ I × I, i �= j,

Sj(Tj) − μjSi(0) ≤ 0 (2.58)

Sj(τj) − μjSi(0) ≤ 0 (2.59)

hold, where Tj ∈ Z[1,min(τj−1,T(p))], T(p) ∈ Z[1,T] with T be the given period of persis-
tence. Then, the resulting closed-loop system is GUAS for MPDT switching signals
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satisfying (2.54). Moreover, the QTD stabilizing controller gain can be obtained by

Fi(ϑ) = Ui(ϑ)S−1
i (ϑ).

Proof Based on Theorem 2.22, the proof can be completed by basic matrix manip-
ulations and Lemma 2.4, cf. [11] and is omitted here.

Remark 2.28 In Theorem 2.27, a small τi corresponding to fast switching may not
guarantee a feasible solution of the admissible controller, then considering αi and μi

to be variables, the MPDT can be minimized by solving the following minimization
problem.

Problem 2.1
min

μi,αi,Si,Ui

τi, s.t.(2.54), (2.56)–(7.84) (2.60)

The minimum of τi can be trivially found by bisection method. Note that, for a fixed
T, the minimal MPDT means to be the one with smallest ||τ [T]||1. Furthermore, if
the minimal MPDT obtained in such a way are many, the smallest variance of τ [T]
can be further used to refine them.

If setting Ui(ϑ) ≡ Ui and Si(ϑ) ≡ Si in Theorem 2.27, one can obtain the corre-
sponding control policy with “non-QTD” controller gains Fi = UiS

−1
i , i ∈ I. As a

result, for a certain switched system, the minimal MPDT obtained by an optimiza-
tion problem similar to Problem 2.1, denoted by θi, will be generally greater than the
minimal τi derived from the QTD control policy. Nevertheless, such non-QTD Fi

can be directly used as the stabilizing state-feedback gains for system (2.35).

Example 2.29 Consider system (2.35) consisting of two subsystems described by

A1 =
[

1.00 −0.70
0.50 −0.70

]
, A2 =

[
0.89 0.38
1.65 1.14

]

B1 =
[−0.1

0.1

]
, B2 =

[
0.1
0.1

]
.

Our purpose here is to design a QTD stabilizing controller for the nominal system,
find out the admissible MPDT switching such that the corresponding closed-loop
system is GUAS. Firstly, it can be checked that the nominal switched system does not
admit a stabilizing controller under arbitrary switching. By Theorem 2.27 and solving
Problem 2.1 for given αi = 0.15, however, the minimal admissible MPDT τi can be
solved as shown in Table 2.2 for given different T, as well as the θi corresponding

Table 2.2 Minimal MPDT by QTD and non-QTD stabilizing controller for different T

T 2 3

(τi, θi) τ1 = 3, τ2 = 4;
θ1 = 4, θ2 = 5

τ1 = 4, τ2 = 5;
θ1 = 5, θ2 = 6
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Fig. 2.9 State trajectories of the closed-loop system with MPDT switching (T = 3)

Fig. 2.10 State trajectories of the closed-loop system with MPDT switching (T = 2)
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to the non-QTD stabilizing control. It can be seen that the QTD controller has less
conservatism in achieving shorter admissible MPDT. The associated controller gains
in both cases are omitted here. Given the initial condition x0 = [1 −1]T , considering
the running time equivalent to the MPDT at each time of switching, and supposing
that there exists a period of persistence before the first MPDT stage, the resulting
switching signals and the state responses of the corresponding closed-loop system
under T = 3 and T = 2 are presented in Figs. 2.9 and 2.10, respectively. It can be
seen from Figs. 2.9 and 2.10 that the state trajectory of the resulting closed-loop
system converges, verifying the validity of the QTD stabilizing controller.

2.6 Conclusion

In this chapter, we have addressed the stability and stabilization problems of switched
systems with several typical time-dependent switching signals. The multiple Lya-
punov functions (MLFs) including several evolved forms are introduced to serve as
the tools for the stability analysis and stabilizing controller synthesis of switched
systems. Specifically, the switched Lyapunov functions are utilized to derive the
stability criteria for switched systems under arbitrary switching; the general MLFs
and an evolved one (with the comparisons between the Lyapunov function values at
two consecutive switching instants) for systems with DT switching; the MLFs with
μ-times increase at switching instants for ADT switched systems; and that evolved
MLFs but with the comparisons between the MLFs at the instants entering into two
consecutive stages for PDT switched systems. Finally, four numerical examples were
provided to illustrate the effectiveness of the obtained results.
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Chapter 3
Performance Analysis

Abstract In this chapter, the issue of performance analysis for the time-dependent
switched systems with several typical switching signals will be studied. We will
first focus our attention on the switched systems with l2 disturbances and present
the results of weighted/non-weighted l2-gain analyses for the switching signals sub-
ject to arbitrary switching, ADT switching, and PDT switching, respectively. Then,
considering the switching signals are to have MPDT property, we will give the tube-
based robustness analysis for switched systems with l∞ disturbances with the aid
of set-theoretic method. Finally, one example is given to verify the effectiveness of
developed results on the section of tube-based robustness analysis for discrete-time
switched systems with MPDT switching; the verifications of the results correspond-
ing to other switching signals will be illustrated in later chapters coping with H∞
control or filtering.

3.1 l2-Gain Analysis: Arbitrary Switching

Consider a class of switched linear discrete-time systems given by

x(k + 1) = Aσ(k)x(k) + Eσ(k)w(k), (3.1)

z(k) = Cσ(k)x(k) + Fσ(k)w(k) (3.2)

where x(k) ∈ R
n is the state vector, z(k) is the objective signal to be attenuated,

w(k) ∈ R
l is the disturbance input which belongs to l2[0,∞), σ(k) is the switching

signal, which is a piecewise constant function of time and takes its values in the finite
set I = {1, . . . , N } , N > 1 is the number of subsystems. At an arbitrary discrete
time k, the switching signal σ(k), is dependent on k or x(k), or both, or other switch-
ing rules. We assume that the sequence of subsystems in the switching signal σ is
unknown a priori, but its instantaneous value is available in real time. Meanwhile,
for the switching times sequence k0 < k1 < k2 < · · · of switching signal σ(k), the

© Springer International Publishing Switzerland 2016
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Control and Filtering, Studies in Systems, Decision and Control 53,
DOI 10.1007/978-3-319-28850-5_3
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interval [kl, kl+1] is called the running time of the currently engaged subsystem,
where l ∈ N. In addition, when σ(k) = i ∈ I, the matrices (Ai , Ci , Ei , Fi ) denote
the i th subsystem. At an arbitrary discrete time k, the switching signal σ(k), denoted
by i for simplicity, is dependent on k or x(k), or both, or other switching rules.

Our objective in this section is to find out the conditions to guarantee
(1) system (3.1) is asymptotically stable;
(2) a prescribed noise attenuation level γ is guaranteed in H∞ sense, i.e. under

zero-initial condition, we have that ‖z‖2 < γ ‖w‖2 for all nonzero w ∈ l2[0,∞).

By Lemma2.4, the following sufficient conditions are derived such that system
(3.1)–(3.2) satisfies H∞ performance.

Theorem 3.1 A switched linear system (3.1)–(3.2) will achieve an H∞ performance
index γ > 0, ∀i ∈ I, if there exist matrices Pi > 0, ∀i ∈ I, satisfying: ∀(i, j) ∈
I × I ⎡

⎢⎢⎣

−P j 0 P j Ai P j Ei

� −I Ci Fi

� � −Pi 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0. (3.3)

Proof Construct a Lyapunov function as

V(k, x(k)) = xT (k)Pi x(k). (3.4)

Hence, along the trajectory of system (3.1)–(3.2), we have

ΔV = V(k + 1, x(k + 1)) − V(k, x(k))

= xT (k)
[
AT

i P j Ai − Pi
]

x(k) + 2xT (k)
[
AT

i P j Ei
]
w(k)

+ wT (k)
[
E T

i P j Ei
]
w(k). (3.5)

In (3.5), the case when i = j shows that the switched system is described by
the i th mode, while the case when i �= j represents the switched system is at the
switching times from mode i to mode j . For more details, we refer readers to [1].

When assuming the zero disturbance input to system (3.1)–(3.2), we have

ΔV = V(k + 1, x(k + 1)) − V(k, x(k))

= xT (k)
[
AT

i P j Ai − Pi
]

x(k), ∀(i, j) ∈ I × I. (3.6)

Thus if
AT

i P j Ai − Pi < 0, ∀(i, j) ∈ I × I. (3.7)

then ΔV < 0 and the asymptotic stability of system (3.1)–(3.2) is guaranteed. By
Lemma2.4, the condition (3.7) is equivalent to: ∀(i, j) ∈ I × I

[−P j P j Ai

� −Pi

]
< 0. (3.8)

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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On the other hand, if the inequality (3.3) holds, that is,

⎡

⎢⎢⎣

−P j 0 P j Ai P j Ei

� −I Ci Fi

� � −Pi 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0. (3.9)

Then from basic matrices manipulations, we have the following inequality

[−P j P j Ai

� −Pi

]
< 0

which is the formula (3.8), thus the asymptotic stability of the system (3.1)–(3.2) is
ensured.

Now, to establish the H∞ performance for system (3.1)–(3.2), assume zero-initial
condition, and consider the following performance index

J �
∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k)

]

under zero initial condition, V(k, x(k)) |k=0= 0, and we have

J =
∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k) + ΔV]− V(∞, x(∞))

<

∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k) + ΔV]

=
∞∑

k=0

θT (k)

[
Λ11 Λ12

� Λ22

]
θ(k)

where θ(k) �
[

xT (k) wT (k)
]T
, and

Λ11 � AT
i P j Ai − Pi + CT

i Ci , Λ12 � AT
i P j Ei + CT

i Fi

Λ22 � −γ2 I + E T
i P j Ei + F T

i Fi .

By applying Lemma2.4 twice, it can be shown that inequality (3.3) is equivalent to

[
Λ11 Λ12

� Λ22

]
< 0

which guarantees J < 0, i.e. ‖z‖2 < γ ‖w‖2, and the proof is completed. �

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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The analysis of H∞ performance of uncertain switched linear systems under
arbitrary switching signals will be conducted in what follows. The uncertain descrip-
tion of switched linear discrete-time systems (3.1)–(3.2) is given by

x(k + 1) = Aσ(k)(λ)x(k) + Eσ(k)(λ)w(k), (3.10)

z(k) = Cσ(k)(λ)x(k) + Fσ(k)(λ)w(k) (3.11)

when σ(k) = i ∈ I, the matrices (Ai (λ), Ci (λ), Ei (λ), Fi (λ)) denote the i th sub-
system and λ is a varying uncertain parameter.

The matrices of each subsystem have appropriate dimensions with partially
unknown parameters. It is assumed that (Ai (λ), Ci (λ), Ei (λ), Fi (λ)) ∈ �i , where
�i is a given convex bounded polyhedral domain described by s vertices in the i th
subsystem.

�i � {[(Ai (λ), Ci (λ), Ei (λ), Fi (λ))]

=
s∑

m=1

λm[Ai,m, Ci,m, Ei,m, Fi,m];
s∑

m=1

λm = 1, λm ≥ 0, i ∈ I.

}

Without loss of generality, the number of vertices in each subsystem is assumed to
be equal here. Also, in this section, it is assumed that all the system state ismeasurable
and all the system mode is observable for the later use.

Remark 3.2 As shown in [2], the uncertainty with polytopic type can describe the
parametric uncertainty more precisely, thus less conservative than the norm-bounded
uncertainty. It is a generalization of the so-called matching condition.

Based on Lemma2.4, sufficient conditions are derived as follows such that system
(3.10)–(3.11) achieves H∞ performance.

Theorem 3.3 Uncertain switched system (3.10)–(3.11) has an H∞ performance
index γ > 0 over �i , ∀i ∈ I, if there exist matrices Pi,m > 0, ∀i ∈ I, 1 ≤ m ≤ s
satisfying: ∀(i, j) ∈ I × I

Φ i, j
m �

⎡

⎢⎢⎣

−P j,m 0 P j,m Ai,m P j,m Ei,m

� −I Ci,m Fi,m

� � −Pi,m 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0. (3.12)

Proof Assume matrix function Pi (λ) to be the following form

Pi (λ) =
s∑

m=1

λmPi,m, ∀i ∈ I (3.13)

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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where Pi,m > 0 satisfies (3.12). Construct a Lyapunov function as

V(k, x(k)) � xT (k)Pi (λ)x(k) (3.14)

Then, if the inequality (3.12) holds, according to (3.12),we haveΦ i, j (λ) �
∑s

m=1 λm

Φ
i, j
m < 0, i.e.

Φ i, j (λ) =

⎡

⎢⎢⎣

−P j (λ) 0 P j (λ)Ai (λ) P j (λ)Ei (λ)

� −I Ci (λ) Fi (λ)

� � −Pi (λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0 (3.15)

Similar to the proof for Theorem3.1, it is straightforward to prove that (3.15)
ensures that the system is stable and has an H∞ noise attenuation performance. We
omit the proof for conciseness. �

3.2 Weighted l2-Gain Analysis: ADT Switching

In this section, we are interested in investigating a class of discrete-time switched
linear systems with average dwell time (ADT) switching, where the state-space
form of the presented discrete-time switched linear systems is given as (3.1)–(3.2).
In addition, the definition of ADT switching has been stated in Sect. 1.4 of Chap.1,
and therefore is omitted here.

Note that the issue of l2-gain analysis has already been intensively addressed for
switched systemswith diverse switching, see for example, [3–9]. In the frame ofADT
switching,most results of adoptingmode-dependentLyapunov function (towards less
conservatism) only admit a weighted noise attenuation level—a weaker attenuation
property, cf. [3, 4]. To present the main objective of this section more clearly, we
introduce the following exponential H∞ performance definition for the switched
linear system (3.1)–(3.2), which will be essential for our later development.

Definition 3.4 Given scalars γ > 0 and 0 < α < 1, system (3.1)–(3.2) is said to be
robustly exponentially stable with an exponential H∞ performance γ if it is robustly
exponentially stable and under zero initial condition,

∑∞
s=0(1 − α)s zT (s)z(s) ≤∑∞

s=0 γ2wT (s)w(s) for all nonzero w(s) ∈ l2[0,∞).

Remark 3.5 For the switched systems under ADT switching, the Lyapunov function
values at switching instants are often considered to increaseμ times (μ > 1) to reduce
the conservatism in system analysis and synthesis, which will imply that the normal
noise attenuation performance is hard to compute or check even in linear setting.
Here we adopt the exponential H∞ performance criterion here (see [4, 10] for more
details) to evaluate the underlying system while obtaining the expected exponential
stability.Wewill show the techniques how to obtain a non-weighted H∞ performance

http://dx.doi.org/10.1007/978-3-319-28850-5_1
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in the later section for switched systems with PDT switching. Note that the scalar
α in the sequel symbolizes the decreasing rate of the Lyapunov-like function within
each subsystem. Then, if α → 0, the evaluated performance index will approach the
normal H∞ performance for the whole time domain.

The objective of this section is to find the admissible ADT switching such that the
system (3.1)–(3.2) is exponentially stable and achieves exponential H∞ performance
to some degree. Inspired by the stability results for the general continuous-time
switched systems in [11], we first give the exponential stability analysis for the
discrete-time system without switching in the following Lemma, which will be used
to derive our main results in the sequel.

The H∞ performance analysis for the underlying systems in this section is based
on the following unforced non-switched system

x(k + 1) = Ax(k) + Ew(k) (3.16)

z(k) = Cx(k) + Fw(k) (3.17)

Constructing a Lyapunov function V (xk) = xT
k Pxk for this system, we have the

following Lemma.

Lemma 3.6 For given α > 0 and γ > 0, if there exists a matrix function such that

⎡

⎢⎢⎣

−P 0 P A P E
� −I C F
� � −(1 − α)P 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0 (3.18)

then, along with the trajectory of system (3.16)–(3.17), we have

V (x(k)) ≤ (1 − α)k−k0 V (x(k0)) −
k−1∑

s=k0

(1 − α)k−s−1Γ (s) (3.19)

where,
Γ (s) � zT (s)z(s) − γ2wT (s)w(s)

Proof Setting ΔV (xk) � V (x(k + 1)) − V (x(k)), we have

ΔV (x(k)) + αV (x(k)) + zT (k)z(k) − γ2wT (k)w(k)

= xT (k)
[
AT P A + αP − P + CT C

]
x(k) + 2xT (k)

[
AT P E + CT F

]
w(k)

+ wT (k)ET P Ew(k) + wT (k)
[
F T F − γ2 I

]
w(k)

= θT (k)Φθ(k)



3.2 Weighted l2-Gain Analysis: ADT Switching 65

where

θ(k) � [ xT (k) wT (k) ]T

Φ �
[

AT P A + αP − P + CT C AT P E + CT F
� ET P E + F T F − γ2 I

]

If (3.18) holds, by Lemma2.4, we can readily know Φ < 0, then

ΔV (x(k)) + αV (x(k)) + zT (k)z(k) − γ2wT (k)w(k) < 0 (3.20)

Therefore, from (3.20), one can get that

V (x(k0 + 1)) < (1 − α)V (x(k0)) − (zT (k0)z(k0) − γ2wT (k0)w(k0)
)

(3.21)

Iterating (3.21) gives (3.19), which completes the proof. �

Then, the exponential H∞ performance analysis for system (3.1)–(3.2) with ADT
switching is presented based on Lemma3.6 as follows.

Theorem 3.7 Consider system (3.1)–(3.2) and let α > 0, γ > 0 and μ > 1 be given
constants. If there exist matrix functions Pi > 0, ∀i ∈ I such that

⎡

⎢⎢⎣

−Pi 0 Pi Ai Pi Ei

� −I Ci Fi

� � −(1 − α)Pi 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0 (3.22)

Pi − μPj ≤ 0 (3.23)

then the system (3.1)–(3.2) is exponentially stable and has a prescribed exponential
H∞ performance index γ for switching signals with ADT satisfying (2.26).

Proof Construct a Lyapunov function as below.

V (xk) � xT (k)Pi x(k), i ∈ I (3.24)

It is easy to obtain
a ‖x(k)‖2 ≤ V (x(k)) ≤ b ‖x(k)‖2 (3.25)

where positive scalars a and b can be given by

a � inf
i

(
inf
m

(θmin(Pi,m))
)

, b � sup
i

(
sup

m
(θmax(Pi,m))

)
(3.26)

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Considering firstly the zero disturbance input to the system, along with the trajectory
of system (3.1)–(3.2), one has ∀(i, j) ∈ I × I, i �= j,

ΔVσ(k)(x(k)) + αVσ(k)(x(k)) = xT (k)
[
AT

i Pi Ai + αPi − Pi
]

x(k),

Vσ(kl )(x(kl)) − μVσ(kl−1)(x(kl)) = xT (kl)
[
Pi − μPj

]
x(kl)

∀k ∈ [kl, kl+1). Thus if

AT
i Pi Ai + αPi − Pi < 0 (3.27)

Pi − μPj ≤ 0 (3.28)

system (3.1)–(3.2) is globally asymptotically stable according to Theorem2.14. By
Lemma2.4, the condition (3.27) is equivalent to

Ψi �
[−Pi Pi Ai

� − (1 − α) Pi

]
< 0. (3.29)

Then, (3.22) gives (3.29), Therefore, the asymptotic stability of system (3.1)–(3.2)
is ensured. Meanwhile, from the derivation of Theorem2.14 and (3.25), we have

||x(k)||2 ≤ 1

a
Vσ(k)(x(k)) ≤ μN0

a

(
(1 − α)μ1/τa

)(k−k0) Vσ(k0)(x(k0))

≤ μN0b

a

(
(1 − α)μ1/τa

)(k−k0) ||x(k0)||2 (3.30)

which means system (3.1)–(3.2) is robustly exponentially stable for any switching
signals with ADT satisfying (2.26).

Now, to establish the exponential H∞ performance for the system, consider the
following performance index

J �
∞∑

s=0

(1 − α)s zT (s)z(s) − γ2wT (s)w(s) (3.31)

From Lemma3.6 and (3.23), one can get that

Vσ(k)(x(k)) ≤ (1 − α)k−kl Vσ(k)(x(kl)) −
k−1∑

s=kl

(1 − α)k−s−1Γ (s)

≤ (1 − α)k−kl μVσ(kl−1)(x(kl)) −
k−1∑

s=kl

(1 − α)k−s−1Γ (s)

≤ (1 − α)k−kl μ

⎡

⎣(1 − α)kl−kl−1 Vσ(kl−1)(x(kl−1)) −
kl−1∑

s=kl−1

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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×(1 − α)kl−s−1Γ (s)
]−

k−1∑

s=kl

(1 − α)k−s−1Γ (s)

≤ (1 − α)k−kl−1μ2
[
(1 − α)kl−1−kl−2 Vσ(kl−2)(x(kl−2))

−
kl−1−1∑

s=kl−2

(1 − α)kl−1−s−1Γ (s)

⎤

⎦− (1 − α)k−kl μ

×
kl−1∑

s=kl−1

(1 − α)kl−s−1Γ (s) −
k−1∑

s=kl

(1 − α)k−s−1Γ (s)

≤ (1 − α)k−k0μN (k0,k)Vσ(k0)(x(k0)) − (1 − α)k−k1μN (k0,k)

×
k1−1∑

s=k0

(1 − α)k1−s−1Γ (s) − (1 − α)k−k2μN (k1,k)

×
k2−1∑

s=k1

(1 − α)k2−s−1Γ (s)... −
k−1∑

s=kl

(1 − α)k−s−1Γ (s)

= (1 − α)k−k0μN (k0,k)Vσ(k0)(x(k0)) −
k−1∑

s=k0

μN (s,k)

× (1 − α)k−s−1Γ (s)

then, under zero initial condition, the above formula gives

k−1∑

s=k0

μN (s,k)(1 − α)k−s−1Γ (s) ≤ 0

Multiplying both sides of the above inequality by μ−Nσ(k0,k), one can get that

μ−Nσ(k0,k)

k−1∑

s=k0

μNσ(s,k)(1 − α)k−s−1zT (s)z(s)

≤ μ−Nσ(k0,k)

k−1∑

s=k0

μNσ(s,k)(1 − α)k−s−1γ2wT (s)w(s)

which is equivalent to

k−1∑

s=k0

μ−Nσ(k0,s)(1 − α)k−s−1zT (s)z(s)

≤
k−1∑

s=k0

μ−Nσ(k0,s)(1 − α)k−s−1γ2wT (s)w(s)
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Then, due to the fact

Nσ(k0, s) ≤ N0 + s − k0
τa

≤ N0 + − (s − k0) ln(1 − α)

ln μ
(3.32)

we can know that

k−1∑

s=k0

μ
(s−k0) ln(1−α)

ln μ −N0(1 − α)k−s−1zT (s)z(s)

≤
k−1∑

s=k0

μ−Nσ(k0,s)(1 − α)k−s−1zT (s)z(s)

≤
k−1∑

s=k0

μ−Nσ(k0,s)(1 − α)k−s−1γ2wT (s)w(s)

Therefore,

k−1∑

s=k0

(1 − α)s−k0(1 − α)k−s−1zT (s)z(s)

≤
k−1∑

s=k0

μN0−Nσ(k0,s)(1 − α)k−s−1γ2wT (s)w(s)

By Definition1.2 and μ > 1, we know that μN0−Nσ(k0,s) ≤ 1, which yields

k−1∑

s=k0

μN0−Nσ(k0,s)(1 − α)k−s−1γ2wT (s)w(s)

≤
k−1∑

s=k0

(1 − α)k−s−1γ2wT (s)w(s)

thus we can obtain

∞∑

s=0

(1 − α)s zT (s)z(s) ≤
∞∑

s=0

γ2wT (s)w(s) (3.33)

i.e. the considered system has an exponential H∞ performance index, which com-
pletes the proof. �

Based on Theorem3.7, the exponential H∞ performance of uncertain switched
system (3.10)–(3.11) with ADT switching is analyzed, and the following theorem is

http://dx.doi.org/10.1007/978-3-319-28850-5_1
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a sufficient condition such that system (3.10)–(3.11) is robustly exponentially stable
and has a prescribed exponential H∞ performance index.

Theorem 3.8 Consider the uncertain switched linear system (3.10)–(3.11) and let
α > 0, γ > 0 and μ > 1 be given constants. If there exist matrix functions Pi (λ) > 0,
∀i ∈ I such that

⎡

⎢⎢⎣

−Pi (λ) 0 Pi (λ)Ai (λ) Pi (λ)Ei (λ)

� −I Ci (λ) Fi (λ)

� � −(1 − α)Pi (λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0 (3.34)

Pi (λ) − μPj (λ) ≤ 0 (3.35)

then the system (3.10)–(3.11) is robustly exponentially stable and has a prescribed
exponential H∞ performance index γ for all admissible uncertainties satisfying
(3.12) and any switching signals with ADT satisfying (2.26).

Proof Now, by adopting the classical parameter-dependent stability idea in coping
with uncertainties for general dynamic systems [12], we further construct a class of
parameter-dependent MLFs with the form

V (xk) � xT
k Pi (λ)xk, i ∈ I (3.36)

Assume there exist Pi,m > 0, ∀i ∈ I such that Pi (λ) �
∑s

m=1 λm Pi,m satisfy
(3.34) and (3.35). Then, from the quadratic form of Lyapunov function in (3.36),
we can know that

a ‖xk‖2 ≤ V (xk) ≤ b ‖xk‖2 (3.37)

where positive scalars a and b can be given by

a � inf
i

(
inf
m

(θmin(Pi,m))
)

, b � sup
i

(
sup

m
(θmax(Pi,m))

)
(3.38)

Considering firstly the zero disturbance input to the system, along with the trajectory
of system (3.10)–(3.11), one has ∀(i, j) ∈ I × I, i �= j,

ΔVσ(k)(xk) + αVσ(k)(xk) = xT
k

[
AT

i (λ)Pi (λ)Ai (λ) + αPi (λ) − Pi (λ)
]

xk,

Vσ(kl )(xkl ) − μVσ(kl−1)(xkl ) = xT
kl

[
Pi (λ) − μPj (λ)

]
xkl

where ∀k ∈ [kl, kl+1). Thus if

AT
i (λ)Pi (λ)Ai (λ) + αPi (λ) − Pi (λ) < 0 (3.39)

Pi (λ) − μPj (λ) ≤ 0 (3.40)

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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system (3.10)–(3.11) is globally asymptotically stable according to Theorem2.14.
By Lemma2.4, the condition (3.39) is equivalent to

Ψi (λ) �
[−Pi (λ) Pi (λ) Āi (λ)

� − (1 − α) Pi (λ)

]
< 0. (3.41)

Then, (3.34) gives (3.41), Therefore, the asymptotic stability of system (3.10)–(3.11)
is ensured. Meanwhile, from the derivation of Theorem2.14 and (3.37), (3.30) is
obtained which means system (3.10)–(3.11) is robustly exponentially stable for all
admissible uncertainties satisfying (3.12) and any switching signals with ADT sat-
isfying (2.26).

Now, to establish the exponential H∞ performance for the system, consider the
same performance index (3.31) as used in the proof of Theorem3.7, it is straight-
forward that (3.33) holds, i.e., the considered uncertain switched system has an
exponential H∞ performance index, which completes the proof. �

3.3 Non-Weighted l2-Gain Analysis: PDT Switching

In this section, we focus our study of system (3.1)–(3.2) on a class of switching
signals with persistent dwell-time (PDT) property. The definition of PDT switching
has been stated in Sect. 1.4 of Chap.1, and therefore is omitted here.

In the PDT switching, the interval consisting of the running time (τ -portion) of
a certain subsystem and the period of persistence (T-portion) can be regarded as a
stage of switching. In the τ -portion, one subsystem is activated and the running time
is at least τ . In the T-portion, if letting the actual running time at the pth stage be
denoted as T(p), p ∈ Z≥1, it holds that,

T
(p) =

Q(ksp+1,ksp+1 )∑

r=1

Tσ(ksp+r ) ≤ T

where Tσ(ksp+r ) < τ denotes the running time of the subsystem activated at the
switching instant ksp+r ∈ [ksp+1, ksp+1

)
, r ∈ Z[1,Q(ksp+1,ksp+1 )]; Q(kt , kv) stands for

the switching times within [kt , kv), and it hereby holds thatQ(kt , kv) = Q(kt , kg) +
Q(kg, kv) for 0 ≤ kt ≤ kg ≤ kv . Note that ksp+1 denotes the next switching instant
after ksp at the pth stage and ksp+1 represents the instant switching into the (p + 1)th
stage.

In addition, the following definition is required for proceeding further.

Definition 3.9 ([13]) For γ > 0, system (3.1)–(3.2) is said to be GUAS with an
l2-gain, if under zero initial condition, system (3.1)–(3.2) is GUAS and

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_1
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∞∑

s=k0

zT (s)z(s) ≤
∞∑

s=k0

γ2wT (s)w(s)

holds for all nonzero w(k) ∈ l2 [0,∞).

As the set of ADT switching signals is a subset of PDT switching signals [14], it
will be more difficult to obtain a non-weighted norm of l2-gain which is of explicit
physical sense with less conservatism, if only mode-dependency of the Lyapunov
function to be constructed is invoked. In this section, a both mode-dependent and
quasi-time-dependent (QTD) Lyapunov function will be explored to overcome the
aforesaid difficulty.

The problems of stability and l2-gain analysis of the switched systems with PDT
switching will be addressed in this section. A stability criterion is first established
by constructing a time-dependent Lyapunov function.

Theorem 3.10 Consider a class of discrete-time switched system x(k + 1) = fσ(k)

(x(k)), and 0 < α < 1, μ > 0 are given constants. For a prescribed period of per-
sistence T, suppose that there exist a family of functions Vσ(k) : (Rnx ,Z+) → R,

σ(k) ∈ I, and two class K∞ functions κ1 and κ2 such that ∀σ(k) = i ∈ I,

κ1(‖x(k)‖) ≤ Vi (x(k), k) ≤ κ2(‖x(k)‖) (3.42)

Vi (x(k + 1), k + 1) ≤ αVi (x(k), k) (3.43)

for any (σ(ks) = i , σ(ks − 1) = j) ∈ I × I, i �= j

Vi (x(ks), ks) ≤ μVj (x(ks), ks) (3.44)

Then the switched system is GUAS for PDT switching signals satisfying

(T + 1) ln μ + T lnα + τ lnα < 0 (3.45)

Proof First of all, if μα < 1, then it is straightforward that a discrete-time switched
system is GUAS with τ ≥ 1, i.e., under arbitrarily switching. Note that if (3.45)
further holds, it holds that τ is at least 1. Thus the proof boils down to the caseμα ≥ 1.

Supposing that σ(ksp ) = i , σ(ksp+1 + T (p)) = j holds and considering an arbi-
trary switching occurs within T

(p), it follows from (3.43)–(3.44) that

Vj (x(ksp+1 + T
(p)), ksp+1 + T

(p))

≤ μVl(x(ksp+1 + T
(p)), ksp+1 + T

(p))

≤ μαTl Vl(x(ksp+1 + T
(p) − Tl), ksp+1 + T

(p) − Tl)

≤ μ2αTl Vm(x(ksp+1 + T
(p) − Tl), ksp+1 + T

(p) − Tl)

≤ · · ·
≤ μQ(ksp ,ksp+1+T

(p))αTl+Tm+···+Tn ατ Vi (xksp
, ksp ) (3.46)
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where l, m, . . . , n denote all the possible indices of subsystems being switchedwithin
T

(p), with corresponding running time to be Tl,Tm, . . . ,Tn , respectively.
Since μα ≥ 1, μT

(p)+1αT
(p) ≤ μT+1αT holds. From (3.46), it follows that

Vj (x(ksp+1 + T
(p)), ksp+1 + T

(p)) ≤ μT+1αT+τ Vi (x(ksp ), ksp ).

Then, if (3.45) is satisfied, μT+1αT+τ < 1 holds. Let λ � μT+1αT+τ , it holds that

Vσ(ksp )(x(ksp ), ksp ) ≤ λp−1Vσ(ks1 )
(x(ks1), ks1) = λp−1Vσ(k0)(x(k0), k0)

(note that ks1 = k0). From (3.42),

||xksp
|| ≤ κ−1

1 (λp−1κ2(||xk0 ||))

holds. Thus, due to (3.43) and (3.44), ||x(k)|| ≤ κ3(||x(k0)||) holds,∀k ∈ [ksp , ksp+1

)
,

where
κ3(·) � κ−1

1 (μTαTκ2(κ
−1
1 (λp−1κ2(·)))).

Thus the GUAS can be inferred by Definition2.1. This completes the proof. �

Remark 3.11 It should be noted that the worst case of T times of switching during
the period of persistence is taken into account in the proof of Theorem3.10 since the
actual switching times within the T-portion are unknown.

It can be seen from Theorem3.10 that the invoked Lyapunov function is not only
mode-dependent, but also time-dependent, whichwill be further less conservative for
controllers/filters design in the later chapter. However, the resulting controller/filter
via such a Lyapunov function will be also time-dependent, then an infinite number
of computations and/or storage of the filter gains will be necessary and accordingly
unpractical. To circumvent the problem, we shall limit the Lyapunov function used
in Theorem3.10 to be a QTD one by

Vi (x(k), k) = Vi (x(k), qk), ∀i ∈ I (3.47)

which has been defined in Sect. 2.5.
Note that by the definition of Hr , the actual running time of the σ(k)th subsystem

in the T-portion, Tσ(k) ∈ [1,min(τ − 1,T(p))
]
, satisfies that

Tσ(k) =
{

ksp+r+1 − Hr ,

ksp+1 − Hr ,

k ∈ [ksp+1, ksp+1−1
)

k ∈ [ksp+1−1, ksp+1

) .

Such a setting will give rise to a simplified version of Theorem3.10 as below.

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Theorem 3.12 Consider a class of discrete-time switched system x(k + 1) = fσ(k)

(x(k)), and 0 < α < 1, μ > 0 are given constants. For a prescribed period of per-
sistence T, suppose that there exist a family of functions Vσ(k) : (Rnx ,Z[0,τ ]) → R,

σ(k) ∈ I, and two class K∞ functions κ1 and κ2 such that ∀σ(k) = i ∈ I

(i) ∀ϕ ∈ Z[0,τ ],
κ1(‖x(k)‖) ≤ Vi (x(k),ϕ) ≤ κ2(‖x(k)‖) (3.48)

(ii) ∀k ∈ [ksp , ksp + τ
)
,

Vi (x(k + 1), k + 1 − ksp ) ≤ αVi (x(k), k − ksp ) (3.49)

(iii) ∀k ∈ [ksp + τ , ksp+1
)
,

Vi (x(k + 1), τ ) ≤ αVi (x(k), τ ) (3.50)

(iv) ∀k ∈ [ksp+1, ksp+1), r ∈ Z[1,Q(ksp+1,ksp+1 )]

Vi (x(k + 1), k + 1 − Hr ) ≤ αVi (x(k), k − Hr ) (3.51)

(v) ∀σ(ksp+1) = i �= j = σ(ksp+1 − 1),

Vi (x(ksp+1), 0) ≤ μVj (x(ksp+1), τ ) (3.52)

(vi) ∀σ(ksp+r ) = i �= j = σ(ksp+r − 1),

Vi (x(ksp+r ), 0) ≤ μVj (x(ksp+r ),T j ) (3.53)

where T j ∈ [1,min(τ − 1,T(p))
]
, T(p) ∈ [1,T] and r ∈ Z[2,Q(ksp+1,ksp+1 )+1]. Then

the switched system is GUAS for PDT switching signals satisfying (3.45) and (3.48)–
(3.53).

Proof Let the Lyapunov function be given as (3.47). From (3.49), we have

Vi (x(k + 1), k + 1) − αVi (x(k), k)

= Vi (x(k + 1), k + 1 − ksp ) − αVi (x(k), k − ksp )

≤ 0

when k ∈ [ksp , ksp + τ
)
, ∀i ∈ I. In addition, since Vi (x(k), k) = Vi (x(k), τ ), for

k ∈ [ksp + τ , ksp+1
)
, ∀i ∈ I, it yields from (3.50) that

Vi (x(k + 1), k + 1) − αVi (x(k), k)

= Vi (x(k + 1), τ ) − αVi (x(k), τ )

≤ 0.
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By (3.51) and the definition of Hr , it holds that, k ∈ [ksp+1, ksp+1),

Vi (x(k + 1), k + 1) − αVi (x(k), k)

= Vi (x(k + 1), k + 1 − Hr ) − αVi (x(k), k − Hr )

≤ 0.

Then, (3.49)–(3.51) imply that (3.43) in Theorem3.10 is satisfied.
On the other hand, suppose that the system switches from j th subsystem to i th

subsystem at switching instant ksp+r when r ∈ Z[2,Q(ksp+1,ksp+1 )+1]. By (3.53), it can
be obtained that

Vi (x(ksp+r ), ksp+r ) ≤ μVj (x(ksp+r ),T j ) = μVj (x(ksp+r ), ksp+r ).

Likewise, it follows from (3.52) that

Vi (x(ksp+1), ksp+1) ≤ μVj (x(ksp+1), ksp+1).

Thus, (3.52) together with (3.53) guarantees (3.44) in Theorem3.10, and the GUAS
of the switched systemwith any switching signals satisfying (3.45) and (3.48)–(3.53)
can be therefore ensured. �

Further, by the QTD Lyapunov function in (3.47), the criterion on l2-gain analysis
of switched systems can be also obtained as follows.

Theorem 3.13 Consider a discrete-time switched system

x(k + 1) = fσ(k)(x(k), w(k))

z(k) = gσ(k)(x(k), w(k))

and 0 < α < 1, μ > 1 are given constants. For a prescribed period of persistence
T, suppose that there exist a family of functions Vσ(k) : (Rnx ,Z[0,τ ]) → R, σ(k) ∈ I,
two class K∞ functions κ1 and κ2, and a scalar γ such that ∀σ(k) = i ∈ I, ϕ =
0, 1, . . . , τ , (3.48), (3.52)–(3.53) are satisfied,

(i) ∀k ∈ [ksp , ksp + τ
)
,

Vi (x(k + 1), k + 1 − ksp ) ≤ αVi (x(k), k − ksp ) − Γ (k) (3.54)

(ii) ∀k ∈ [ksp + τ , ksp+1
)
,

Vi (x(k + 1), τ ) ≤ αVi (x(k), τ ) − Γ (k) (3.55)

(iii) ∀k ∈ [ksp+1, ksp+1), r ∈ Z[1,Q(ksp+1,ksp+1 )]

Vi (x(k + 1), k + 1 − Hr ) ≤ αVi (x(k), k − Hr ) − Γ (k) (3.56)
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where Γ (k) � zT (k)z(k) − γ2wT (k)w(k). Then the switched system is GUAS and

has an l2-gain no greater than γl = γβ, where β =
√

μT+1 h(1−α)

1−hα
with h = μ

T+1
τ+T for

PDT switching signals satisfying (3.45), (3.48) and (3.52)–(3.56).

Proof First of all, for w(k) ≡ 0, if (3.54)–(3.56) hold, then (3.49)–(3.51) hold, thus
the stability of the underlying systems will be ensured by Theorem3.12.

Now, consider w(k) �= 0, if (3.54) holds, we have

Vi (x(k + 1), k + 1) − αVi (x(k), k) + Γ (k)

= Vi (x(k + 1), k + 1 − ksp ) − αVi (x(k), k − ksp ) + Γ (k)

≤ 0

when k ∈ [ksp , ksp + τ
)
. Also, when k ∈ [ksp + τ , ksp+1

)
, one has

Vi (x(k + 1), k + 1) − αVi (x(k), k) + Γ (k)

= Vi (x(k + 1), τ ) − αVi (x(k), τ ) + Γ (k)

≤ 0.

From (3.56), ∀k ∈ [ksp+1, ksp+1),

Vi (x(k + 1), k + 1) − αVi (x(k), k) + Γ (k)

= Vi (x(k + 1), k + 1 − Hr ) − αVi (x(k), k − Hr ) + Γ (k)

≤ 0.

Moreover, from Theorem3.12, we can know that, ∀r ∈ Z[1,Q(ksp+1,ksp+1 )+1],

Vi (x(ksp+r ), ksp+r ) ≤ μVj (x(ksp+r ), ksp+r ).

Then, for the pth stage of switching, basic algebraic operations yield that

Vσ(ksp+1 )
(x(ksp+1), ksp+1)

− μQ(ksp ,ksp+1 )αksp+1−ksp Vσ(ksp )(x(ksp ), ksp )

+
ksp+1−1∑

l=ksp

μQ(l,ksp+1 )αksp+1−l−1
Γ (l) ≤ 0.

Then consider n ∈ Z≥2, it follows that

Vσ(ksn )(x(ksn ), ksn ) − μQ(ks1 ,ksn )αksn −ks1 Vσ(ks1 )
(x(ks1), ks1)

+
ksn −1∑

l=ks1

μQ(l,ksn )αksn −l−1Γ (l) ≤ 0.
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Therefore, under zero initial condition, one has Vσ(ks1 )
(x(ks1), ks1) = 0, then

ksn −1∑

l=ksp

μQ(l,ksn )αksn −l−1Γ (l) ≤ 0

which means that

k−1∑

l=k0

μQ(l,k)αk−l−1zT (l)z(l) ≤ γ2
k−1∑

l=k0

μQ(l,k)αk−l−1wT (l)w(l).

Due to the fact that

0≤ Q(l, k) ≤
⌈

k − l

τ + T

⌉
(T + 1)≤

(
k − l

τ + T
+ 1

)
(T + 1) (3.57)

it follows that

k−1∑

l=k0

αk−l−1zT (l)z(l) ≤ γ2
k−1∑

l=k0

μ( k−l
τ+T

+1)(T+1)αk−l−1wT (l)w(l) (3.58)

then we have

k−1∑

l=k0

αk−l−1zT (l)z(l)

≤ γ2
k−1∑

l=k0

μ( k−l−1
τ+T )(T+1)+(T+1)+ T+1

τ+T αk−l−1wT (l)w(l)

⇒
k−1∑

l=k0

αk−l−1zT (l)z(l)

≤ γ2μ
T+1
τ+T μT+1

k−1∑

l=k0

(
μ

T+1
τ+T α
)k−l−1

wT (l)w(l). (3.59)

From (3.45), we have μ
T+1
τ+T α < 1. Thus, it holds that

∞∑

k=k0+1

k−1∑

l=k0

αk−l−1zT (l)z(l)

≤ γ2μ
T+1
τ+T μT+1

∞∑

k=k0+1

k−1∑

l=k0

(μ
T+1
τ+T α)k−l−1wT (l)w(l)
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⇒
∞∑

l=k0

∞∑

k=l+1

αk−l−1zT (l)z(l)

≤ γ2μ
T+1
τ+T μT+1

∞∑

l=k0

∞∑

k=l+1

(μ
T+1
τ+T α)k−l−1wT (l)w(l).

Then, we have

∞∑

l=k0

zT (l)z(l) ≤ γ2μ
T+1
τ+T μT+1 1 − α

1 − μ
T+1
τ+T α

∞∑

l=k0

wT (l)w(l).

Therefore, the underlying system is GUAS with an l2-gain no greater than
γl = γβ. �

Remark 3.14 It can be seen fromTheorem3.13 that, contrast to the existingweighted
l2-gain for the ADT switched systems, the achieved l2-gain is non-weighted in this
section for the more general PDT switching, which benefits from the techniques
explored in (3.57)–(3.59).

3.4 Tube-Based Robustness Analysis: Modal PDT
Switching

In this section, we will consider l∞ disturbance involved with the systems. The
robustness performance analysis for relatively general modal persistent dwell-time
(MPDT) switching signals that could cover DT, ADT, and PDT switching are only
addressed.

Consider a class of discrete-time switched linear systems with bounded additive
disturbances

x(k + 1) = Aσ(k)x(k) + w(k) (3.60)

where x(k) ∈ R
nx is the system state, w(k) ∈ W ⊆ R

nw is the additive disturbance
and W is a compact polyhedral set containing the origin in its interior.

In this section, an MPDT generalized robust positive invariant (GRPI) set of
system (3.60) under MPDT switching will be determined to address the system
stability in the sense of set theory. To this end, an MPDT robust positive invariant
(RPI) set of system (3.60) needs to be firstly determined, and the following definitions
and operators are required.

Let one step reachable set from a set X along subsystem i be denoted as
P i
1(X ,W) � {Ai x + w : x ∈ X , w ∈ W} = AiX ⊕ W, then the H -step reachable

set P i
H (X ,W) is defined as

P i
y+1(X ,W) � P i

1

(P i
y(X ,W),W

)
, y ∈ Z[0,H−1]
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where P i
0(X ,W) � X . Thus P i

H (X ,W) = AH
i X ⊕ AH−1

i W ⊕ · · · ⊕ AiW ⊕ W.
In addition, define two operators P̄(·,W) and P̂(·,W) as

P̄(·,W) �
⋃

i∈I
⋃

t0∈Θi

P i
t0(·,W)

P̂(·,W) �
{⋃

tQ∈Z[0,T]

⋃
l∈I P l

tQ

(⋃
tQ−1∈Z[0,T]

⋃
m∈I

Pm
tQ−1

(
· · ·
⋃

t1∈Z[0,T]

⋃
n∈I Pn

t1(·,W), · · · ,

W) ,W) : l �= m, n �= i, 0 ≤
Q∑

q=1

tq ≤ T

⎫
⎬

⎭

Definition 3.15 ([15]) A setO ⊆ R
nx is said to be a robust positive invariant (RPI)

set for system x(k + 1) = f (x(k), w(k)), w(k) ∈ W, if x(k) ∈ O implies x(t) ∈ O
for any w(t) ∈ W, t ∈ Z≥k+1 .

Definition 3.16 A setO(τ [T]) ⊆ R
n is said to be anMPDTRPI set for system (3.60)

with MPDT set τ [T] � {τ1, τ2, . . . , τM }, if x(0) ∈ O(τ [T]) implies x(k) ∈ O(τ [T])
for every admissible switching ξτ [T](k) and for w(t) ∈ W, t ∈ Z[0,k−1].

Then, the MPDT GRPI set for the switched system (3.60) with MPDT switching
is defined as follows.

Definition 3.17 A set G(τ [T]) ⊆ R
nx is said to be anMPDT generalized robust pos-

itive invariant (GRPI) set for system (3.60) with MPDT set τ [T] � {τ1, τ2, . . . , τM },
if x(k) ∈ O(τ [T]) ⊆ G(τ [T]) implies x(t) ∈ G(τ [T]) for any w(t) ∈ W, t ∈ Z≥k+1 ,

where O(τ [T]) is an MPDT RPI set for system (3.60).

Definition 3.18 An MPDT GRPI set G(τ [T]) ⊆ R
n is said to be GUAS for system

(3.60) with MPDT switching, if for all k ∈ Z+, ‖x(k)‖G(τ [T]) ≤ κ(‖x(0)‖G(τ [T])) and
‖x(k)‖G(τ [T]) → 0 as k → ∞, where κ ∈ K∞.

The following theorem demonstrates the existence of an MPDT RPI set for sys-
tem (3.60).

Theorem 3.19 Suppose that system (3.60) with MPDT θi for a given T is GUAS,
then an MPDT RPI set O(θ[T]) exists for system (3.60).

Proof Let

Rt,i,gi �
(

t∏

l=1

A[l]

)
Agi −1

i W ⊕
(

t∏

l=1

A[l]

)
Agi −2

i W

⊕ · · · ⊕
(

t∏

l=1

A[l]

)
W ⊕

(
t∏

l=2

A[l]

)
W ⊕ · · ·

⊕ A[t]W ⊕ W
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where
∏t

l=1 A[l] stands for A[t] A[t−1] · · · A[1] and A[l] varying with l, l ∈ Z≥1

denotes a matrix taken in set A1 � {A1, A2, . . . , AM }. Then define Θi � {θi , θi +
1, . . . , 2θi − 1} and consider

Ov+1 � co

{(
t∏

l=1

A[l]

)
Agi

i Ov ⊕ Rt,i,gi : t ∈ Z[0,T], i ∈ I, gi ∈ Θi

}
(3.61)

where O0 is Λ � co{(∏t−1
l=1 A[l])W ⊕ (

∏t−1
l=2 A[l])W ⊕ · · · ⊕ A[t−1]W ⊕ W : t ∈

Z[1,T]} or {0}, respectively, for the cases that a period of persistence exists or not
before the 1st stage. Let R � co{Rt,i,gi : t ∈ Z[0,T], i ∈ I, gi ∈ Θi }, Ov+1 satisfies

Ov+1 ⊆ co

{(
t∏

l=1

A[l]

)
Agi

i Ov ⊕ R : t ∈ Z[0,T ], i ∈ I, gi ∈ Θi

}
(3.62)

Then, iterating (3.62) from v to 0 yields that, ∀v ∈ Z≥1

Ov ⊆ Ψv � co

{(
tv∏

l=1

A[l]

)
Agh

h

(
tv−1∏

l=1

A[l]

)
Agi

i · · ·
(

t2∏

l=1

A[l]

)
A

g j

j

(
t1∏

l=1

A[l]

)
Agk

k O0

⊕
(

tv∏

l=1

A[l]

)
Agh

h · · ·
(

t2∏

l=1

A[l]

)
A

g j

j R

⊕ · · · ⊕
(

tv∏

l=1

A[l]

)
Agh

h R ⊕ R

: tc ∈ Z[0,T], c ∈ Z[1,v], gd ∈ Θd , d ∈ I,

(h × i × · · · × j × k) ∈ I × I × · · · × I × I}

Since system (3.60) under MPDT θi for a given T is GUAS, then the system
ẑ(k + 1) = Âẑ(k) is asymptotically stable under arbitrary switching, where Â ∈
Φ(Θi ,T) � {(∏t

l=1 A[l])Ar
i : t ∈ Z[0,T], i ∈ I, r ∈ Θi }. Here the finite set Θi is

invoked with a similar usage in [16] such that all the admissible switching sequences
during [ksp , ksp+1), p ∈ Z+ can be represented equivalently by combinations ofmatri-
ces in Φ(Θi ,T) where t can be zero. Therefore, there exists a constant ε ∈ (0, 1)
and η > 0 satisfyingR ⊆ ηBn such that ÂR ⊆ ηεBn . Then

Ov ⊆ Ψv ⊆ η(εn + εn−1 + · · · + ε + 1)Bn (3.63)

where n = v or n = v − 1 corresponds to the case O0 = Λ (⊆ R) or O0 = {0},
respectively. Hence, from (3.61) and (3.63), it holds that Ov ⊆ Ov+1 and Ov is
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bounded above by η
1−ε

Bn as v → ∞, respectively. Thus the set sequence {Ov :
v ∈ Z+} has a limit O∞ that is dependent on the MPDT θi and T. Therefore, for
system (3.60), it follows from the computations ofOv that for any x(0) ∈ O(θ[T]) �
O∞, x(k) ∈ O(θ[T]) for the admissibleMPDT switchingwith ξθ[T](k) and forw(t) ∈
W, t ∈ Z[0,k−1]. This completes the proof. �

Based on Theorem3.19 and the definitions of both P̄(·,W) and P̂(·,W), an
algorithm to compute the MPDT RPI set for system (3.60) can be obtained as shown
in what follows.

Algorithm 3.1 (Computation of O(θ[T])) Input: W, T, M , θ[T], Ai , i ∈ I.
(i) Set v = 0 and Ov = co{P̂({0},W)}.
(ii) Set Ov+1 = co{P̂(P̄(Ov,W),W)}.
(iii) IfOv+1 ≡ Ov , setO(θ[T]) = Ov , exit and output O(θ[T]); else, set v = v + 1

and go to step (ii).

Remark 3.20 Without loss of generality, in Algorithm3.1,O0 = co{P̂({0},W)} (=
Λ) is taken into account since {0} ⊆ co{P̂({0},W)}, though it brings conservatism
to the case that a period of persistence does not exist before the 1st stage. Also, note
that the existence of an MPDT RPI set ensures the convergence of Algorithm3.1.

It can be seen from Definition3.16 that the MPDT RPI set O(θ[T]) has the prop-
erties that, ∀s ∈ Z≥θi ,

P i
s (O(θ[T]),W) ⊆ O(θ[T ])

and
P̂(P i

s (O(θ[T]),W),W) ⊆ O(θ[T]) (3.64)

Then if letting

Gi (θ[T]) � co{P i
τ i −1(O(θ[T]),W),P i

τ i −2(O(θ[T]),W), · · · ,O(θ[T])} (3.65)

it concludes that x(t) ∈ Gi (θ[T]), t ∈ Z≥k+1 for any x(k) ∈ O(θ[T]) ⊆ Gi (θ[T]).
Therefore, if the nominal system with MPDT τi for a given T is GUAS, the

MPDTGRPI set for system (3.60) can be obtained byG(τ [T ]) =⋃i∈I Gi (τ [T ]), upon
which the stability of system (3.60) can be analyzed in the sense of Definition3.18.
In the following theorem, we shall use an extended set G(τ [T ]) × {0} to establish
the stability criterion of the composite switched system augmented by (3.60) and
the corresponding nominal system. To present more clearly, we rewrite the nominal
system with w(k) ≡ 0 by

z(k + 1) = Aσ(k)z(k), (3.66)

and the error switched system is described as

e(k + 1) = Aσ(k)e(k) + w(k), (3.67)
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where e(k) � x(k) − z(k), and e(0) = 0 is considered.

Theorem 3.21 Consider system (3.60) and the corresponding nominal system.
Suppose that the nominal system with MPDT τi for a given T is GUAS. Then the set
Ĝ � G(θ[T]) × {0} is GUAS for the composite switched system with the admissible
MPDT switching satisfying Δi � max{θi , τi }.
Proof If the nominal system with MPDT τi for a given T is GUAS, then it
follows from Definition2.1 that ‖z(k)‖ ≤ κ(‖z(k0)‖),∀k ∈ Z≥k0 and ‖z(k)‖ → 0
as k → ∞, where κ ∈ K∞. Since for k ∈ [ks, ks+1), x(k) = z(k) + e(k) where
e(k) ∈ G(θ[T]), it holds that ‖x(k)‖G(θ[T]) = d(z(k) + e(k),G(θ[T])) ≤ d(z(k) +
e(k), e(k)) = ‖z(k)‖ ≤ κ(‖z(k0)‖) and ‖x(k)‖G(θ[T]) → 0 as k → ∞.

Denoting ||(x(k), z(k))|| � ||x(k)|| + ||z(k)||, it follows that the extended state
(x(k), z(k)) of the composite system satisfies

‖(x(k), z(k))‖Ĝ = inf x̂∈G(θ[T])||(x(k), z(k)) − (x̂, 0)||
= inf x̂∈G(θ[T])||(x(k) − x̂, z(k))||
= inf x̂∈G(θ[T])||(x(k) − x̂)|| + ||z(k)||
= ||x(k)||G(θ[T]) + ||z(k)|| ≤ 2κ(‖z(k0)‖)
≤ 2κ(||x(k0)||G(θ[T]) + ‖z(k0)‖)
= 2κ(||(x(k0), z(k0))||Ĝ)

which implies that Ĝ is GUAS for the composite switched system in the sense of
Definition3.18. �

Remark 3.22 It can be concluded from Theorem3.21 and the definition of Gi (θ[T])
in (3.65) that the trajectory of the error switched system will always remain inside
O(θ[T]) at switching instants ks , s ∈ Z+ and Gi (θ[T]) within subsystem 	i ,∀i ∈ I,
respectively. Such a fact implies that system (3.60), as well as the error system,
possesses a tubewhose cross section displays asO(θ[T]) orGi (θ[T]) at each sampling
instant. The tube can be therefore viewed as an “uniform tube” as it is uniformly valid
for the whole set of switching signals satisfying MPDT property.

Remark 3.23 Two noteworthy observations can be further made. First, for a concrete
MPDT switching signal, we can conclude that the error system trajectory will be
contained in a tighter tube whose cross section belongs to O(θ[T]) and Gi (θ[T]) at
ks and within (3.67), respectively. The reason is that O(θ[T]) is offline determined,
which requires all the possible switching within T and all the possible values in Θi

to be considered (see Algorithm3.1 and the definitions of the two operators P̄(·,W)

and P̂(·,W)) to meet the uniformity of the asymptotic stability. Consequently, it
will be somewhat conservative to use G(θ[T]) to evaluate the system stability as far
as a concrete switching signal is concerned. Second, since any activated subsystem
will dwell less than the admissible MPDT within T, the tube may expand during T

and therefore tends to be rather tighter at the very switching instant of entering T to
prevent its subsequent evolution during T getting out of O(θ[T]) (see (3.64)).

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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In the following, a numerical example is presented to demonstrate the validity of
the tube-based robustness analysis results for discrete-time switched systems with
MPDT switching.

Example 3.24 Consider the discrete-time switched linear system (3.60) consisting
of two subsystems described by

A1 =
[
0.5598 −0.6162
0.9402 −0.7838

]
, A2 =

[−0.2618 −0.2517
0.5002 0.5103

]

where Ai , i = 1, 2, are the stable matrices of closed-loop system (2.35), which
can be obtained by Theorem2.27 considering the “non-QTD” Lyapunov func-
tion. By Theorem2.27 and solving Problem2.1, for given ‖w‖∞ = 0.1, T = 3,
and μi = 1.22,α1 = 0.085,α2 = 0.105, the admissible MPDT can be computed as
θ1 = 5, θ2 = 6. Given x0 = [−51.8]T , consider one admissible switching sequence
(shown in the subfigure in Fig. 3.1) where the running time of subsystems are equiv-
alent to the MPDT and a period of persistence exists before the first MPDT stage,
Figs. 3.1 and 3.2 show the cluster of state trajectories of the practical system, and
Fig. 3.3 the error system for 30 realizations of the random disturbance sequences.
Also, Fig. 3.4 shows theMPDTRPI setO(θ[3]) and the two components of theMPDT
GRPI set G(θ[3]), G1(θ[3]) and G2(θ[3]), which can be obtained by Algorithm3.1
and by (3.65), respectively. The evolution of the uniform tube (displays as O(θ[3]),
G1(θ[3]) or G2(θ[3]) at each sampling instant, see Remark3.23 is also illustrated in
Figs. 3.1 and 3.2 for the practical system, and Fig. 3.3 for the error system. Finally,
for one realization of the random disturbance sequences till k = 1000, Fig. 3.4 also
shows the projection of a state trajectory of the error system at switching instants
and within subsystems into one 2-dimension coordinate.

Fig. 3.1 Practical system for 30 realizations of random disturbance sequences in 3-D

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Fig. 3.2 Practical system for 30 realizations of random disturbance sequences in 2-D

Fig. 3.3 Error system for 30 realizations of random disturbance sequences in 3-D

It can be first seen fromFigs. 3.1 and 3.2 that the state trajectory of nominal system
converges. Also, Figs. 3.1, 3.2, 3.3 and 3.4 show that the state trajectories either at
switching instants or within error subsystems remain inside G(θ[3]), illustrating that
the designed algorithm is effective against the random disturbances. Besides, as also
shown in Fig. 3.1 (or Fig. 3.3), all the system trajectories fall into a certain inner set of
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Fig. 3.4 Projection of state trajectory of error system into one coordinate for one realization of
random disturbance sequences

O(θ[3]) at switching instants, and inner set of Gi (θ[3]) within 	i , respectively. That
is, for a concrete realization of theMPDT switching signal, a tighter tube for the error
system rather than the uniform tube exists for the practical system,which is consistent
to the first observation in Remark3.23. The second observation in Remark3.23 is
also verified in Figs. 3.1 and 3.3, where the tube expanding during T is relatively
“smaller” at switching instants of entering T (k = 9 and k = 16 within the first and
second stage, respectively).

3.5 Conclusion

This chapter firstly gives the results on the l2-gain analysis for switched systems with
arbitrary switching and the weighted l2-gain analysis for switched systemswith ADT
switching, respectively. Then, a quasi-time-dependent (QTD) Lyapunov function is
constructed to address the issues of stability and non-weighted l2-gain analysis for
the PDT switched systems. With the aid of set-theoretic method, an MPDT robust
positive invariant (RPI) set is determined for the underlying system allowing for the
l∞ additive disturbance. A concept of generalized robust positive invariant (GRPI)
set under MPDT switching is proposed and it is demonstrated that the disturbed
system is asymptotically stable in the sense of converging to the MPDT GRPI set.
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Chapter 4
Control

Abstract This chapter is concerned with the control problem for discrete-time
switched systems with several typical switching signals. Firstly, the problem of
designing H∞ state-feedback controllers is investigated for switched linear discrete-
time systemswith arbitrary switching andpolytopic uncertainties. Twoapproaches on
designing parameter-independent (robust) and parameter-dependent H∞ controllers
are proposed and the existence conditions of the desired controllers are derived and
formulated in terms of a set of linear matrix inequalities (LMIs). Then, considering
the average dwell time (ADT) switching, anμ-dependent approach is then introduced
for the underlying systems to solve the H∞ controller, and the obtained conditions
are dependent on the admissible increasing level μ of Lyapunov-like function val-
ues at switching instants. Finally, in a network-based environment, the quasi-time-
dependent (QTD) H∞ control problem is investigated for a class of discrete-time
switched linear systems with modal persistent dwell time (MPDT) switching. One
redundant channel is introduced in the data transmission from sensor to controller to
reduce the probabilities of packet dropouts occurred in the single channel case. Sev-
eral examples are used to demonstrate the effectiveness of the developed theoretical
results.

4.1 Robust H∞ Control: Arbitrary Switching

Consider a class of uncertain switched linear discrete-time systems given by

x(k + 1) = Aσ(k)(λ)x(k) + Bσ(k)(λ)u(k) + Eσ(k)(λ)w(k), (4.1)

z(k) = Cσ(k)(λ)x(k) + Dσ(k)(λ)u(k) + Fσ(k)(λ)w(k) (4.2)

where x(k) ∈ R
n is the state vector, z(k) is the objective signal to be attenuated,

u(k) ∈ R
m is the control input vector, w(k) ∈ R

l is the disturbance input which
belongs to l2[0,∞), σ(k) is the switching signal, which is a piecewise constant
function of time and takes its values in the finite set I = {1, . . . , N } , N > 1 is
the number of subsystems. We assume that the sequence of subsystems in switch-
ing signal σ is unknown a priori, but its instantaneous value is available in real

© Springer International Publishing Switzerland 2016
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Control and Filtering, Studies in Systems, Decision and Control 53,
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time. Meanwhile, for the switching times sequence k0 < k1 < k2 < . . . of switching
signal σ(k), the interval [kl, kl+1] is called the running time of the currently engaged
subsystem, where l ∈ N. When σ(k) = i ∈ I, the matrices (Ai (λ), Bi (λ), Ci (λ),

Di (λ), Ei (λ), Fi (λ)) denote the i th subsystem and λ is a varying uncertain parame-
ter. In addition, at an arbitrary discrete time k, the switching signal σ(k) is dependent
on k or x(k), or both, or other switching rules.

The matrices of each subsystem have appropriate dimensions with partially
unknown parameters. It is assumed that (Ai (λ), Bi (λ), Ci (λ), Di (λ), Ei (λ),

Fi (λ)) ∈ �i , where �i is a given convex bounded polyhedral domain described
by s vertices in the i th subsystem.

�i �
{

[(Ai (λ), Bi (λ), Ci (λ), Di (λ), Ei (λ), Fi (λ))]

=
s∑

m=1

λm[Ai,m, Bi,m, Ci,m, Di,m, Ei,m, Fi,m];
s∑

m=1

λm = 1, λm ≥ 0, i ∈ I.

}
(4.3)

Without loss of generality, the number of vertices in each subsystem is assumed to
be equal here. Also, in this section, it is assumed that all the system state ismeasurable
and all the system mode is observable for feedback and control design purposes.

Remark 4.1 As shown in [1], the polytopic uncertainty can describe the parametric
uncertainty more precisely, thus less conservative than the norm-bounded uncer-
tainty.

Our objective in this section is to design a state-feedback controller such that for
all admissible uncertainties in each subsystem

(1) system (4.1)–(4.2) is asymptotically stable;
(2) a prescribed noise attenuation level γ is guaranteed in H∞ sense, i.e. under zero-

initial condition, we have that ‖z‖2 < γ ‖w‖2 for all nonzero w ∈ l2[0,∞).

In addition, the H∞ state-feedback controller to be designed has two kinds of
form here, one is the robust controller containing constant controller gain despite all
variations of parameter λ in each subsystem, and another is the parameter-dependent
controller, where the control gain of each subsystem varies with different parameter
λ if it is measurable in real time.

4.1.1 Parameter-Independent Control

For general uncertain systems, a commonly used approach in robust control theory
is to design a robust controller containing constant controller gain, likewise, for the
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uncertain switched system (4.1)–(4.3), we consider the controller with the following
structure

u(k) = Ki x(k) (4.4)

where the controller gain Ki is constant for fixed i th subsystem.
By applying the above controller, we obtain the corresponding closed-loop system

x(k + 1) = Āi (λ)x(k) + Ei (λ)w(k) (4.5)

z(k) = C̄i (λ)x(k) + Fi (λ)w(k) (4.6)

where Āi (λ) � Ai (λ) + Bi (λ)Ki , C̄i (λ) � Ci (λ) + Di (λ)Ki .

The following theorempresents sufficient conditions for the existence of an admis-
sible robust H∞ controller with the form (4.4).

Theorem 4.2 Consider uncertain switched system (4.1)–(4.3). There exists a con-
troller (4.4) that asymptotically stabilizes the resulting closed-loop system (4.5)–(4.6)
and achieves an H∞ performance index γ > 0 over �i , ∀i ∈ I if there exist matrices
Si,m > 0, matrices Gi and Ui , ∀i ∈ I, 1 ≤ m ≤ s satisfying: ∀(i, j) ∈ I × I

Φ i, j
m =

⎡

⎢⎢⎢⎣

−S j,m 0 Ai,mGi + Bi,mUi Ei,m

� −I Ci,mGi + Di,mUi Fi,m

� � Si,m − Gi − GT
i 0

� � � −γ2 I

⎤

⎥⎥⎥⎦ < 0, 1 ≤ m ≤ s. (4.7)

If (4.7) has a solution, the controller is given by (4.4) with

Ki = UiG−1
i , ∀i ∈ I. (4.8)

Proof Assume matrix function Si (λ) to be the following form

Si (λ) =
s∑

m=1

λmSi,m, ∀i ∈ I (4.9)

where Si,m > 0 satisfies (4.7).
Set matrix functions Pi (λ) � S−1

i (λ) and construct a Lyapunov functional as

V(k, x(k)) � xT (k)S−1
i (λ)x(k)

= xT (k)Pi (λ)x(k). (4.10)

Hence, along the trajectory of system (4.5)–(4.6), we have

ΔV = V(k + 1, xk+1) − V(k, xk)

= xT (k)
[
ĀT

i (λ)P j (λ) Āi (λ) − Pi (λ)
]

x(k)
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+ 2xT (k)
[
ĀT

i (λ)P j (λ)Ei (λ)
]
w(k)

+wT (k)
[
E T

i (λ)P j (λ)Ei (λ)
]
w(k). (4.11)

In formula (4.11), the casewhen i = j shows that the switched system is described
by the i th mode, while the case when i 	= j represents the switched system is at the
switching times from mode i to mode j . For more details, we refer readers to [2].

When assuming the zero disturbance input to system (4.5)–(4.6), we have

ΔV = V(k + 1, xk+1) − V(k, xk)

= xT
k

[
ĀT

i (λ)P j (λ) Āi (λ) − Pi (λ)
]

xk, ∀(i, j) ∈ I × I. (4.12)

Thus if

ĀT
i (λ)P j (λ) Āi (λ) − Pi (λ) < 0, ∀(i, j) ∈ I × I, (4.13)

then ΔV < 0 and the asymptotic stability of system (4.5)–(4.6) is guaranteed. By
Lemma 2.4, the condition (4.13) is equivalent to: ∀(i, j) ∈ (I × I)

[−P j (λ) P j (λ) Āi (λ)

� −Pi (λ)

]
< 0. (4.14)

On the other hand, if the inequality (4.7) holds, according to (4.3), we have
Φ i, j (λ) �

∑s
m=1 λmΦ

i, j
m < 0, i.e.

Φ i, j (λ) �

⎡

⎢⎢⎢⎣

−S j (λ) 0 Ai (λ)Gi + Bi (λ)Ui Ei (λ)

� −I Ci (λ)Gi + Di (λ)Ui Fi (λ)

� � Si (λ) − Gi − GT
i 0

� � � −γ2 I

⎤

⎥⎥⎥⎦ < 0. (4.15)

From (4.15), we can explore the fact that Si (λ) − Gi − GT
i < 0 so that the matri-

ces Gi are nonsingular. In addition, we have (Si (λ) − Gi )
TS−1

i (λ)(Si (λ) − Gi ) ≥ 0,
which implies Si (λ) − Gi − GT

i ≥ −GT
i S−1

i (λ)Gi . Therefore, assuming the con-
troller gain to be of the form (4.8), we conclude

⎡

⎢⎢⎢⎣

−S j (λ) 0 Āi (λ)Gi Ei (λ)

� −I C̄i (λ)Gi Fi (λ)

� � −GT
i S−1

i (λ)Gi 0

� � � −γ2 I

⎤

⎥⎥⎥⎦ < 0. (4.16)

Performing a congruence transformation to above formula via diag{S−1
j (λ), I,

G−1
i , I }, and changing the matrix variables Si (λ) � P−1

i (λ), we obtain

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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⎡

⎢⎢⎣

−P j (λ) 0 P j (λ) Āi (λ) P j (λ)Ei (λ)

� −I C̄i (λ) Fi (λ)

� � −Pi (λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0. (4.17)

If (4.17) holds, then from basic matrices manipulations, we have the following
inequality

[−P j (λ) P j (λ) Āi (λ)

� −Pi (λ)

]
< 0

which is the formula (4.14), thus the asymptotic stability of the closed-loop system
(4.5)–(4.6) is ensured.

Now, to establish the H∞ performance for system (4.5)–(4.6), assume zero-initial
condition, and consider the following performance index

J �
∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k)

]

under zero initial condition, V(k, x(k)) |k=0 = 0, and we have

J =
∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k) + ΔV]− V(∞, x(∞))

<

∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k) + ΔV]

=
∞∑

k=0

θT (k)

[
Λ11 Λ12

� Λ22

]
θ(k)

where θ(k) �
[

xT (k) wT (k)
]T
, and

Λ11 � ĀT
i (λ)P j (λ) Āi (λ) − Pi (λ) + C̄T

i (λ)C̄i (λ),

Λ12 � ĀT
i (λ)P j (λ)Ei (λ) + C̄T

i (λ)Fi (λ),

Λ22 � −γ2 I + E T
i (λ)P j (λ)Ei (λ) + F T

i (λ)Fi (λ).

By applying Lemma 2.4 twice, it can be shown that inequality (4.17) is equivalent

to

[
Λ11 Λ12

� Λ22

]
< 0 in above formula, which guarantees J < 0, i.e. ‖z‖2 < γ ‖w‖2,

and the proof is completed. �

Remark 4.3 In Theorem 4.2, although a parameter-dependent Lyapunov function is
constructed for system (4.5)–(4.6), as is shown in (4.10), the uncertain parameter
λ need not to be known in a priori for the robust controller design. However, if we

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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choose the Lyapunov functional based on quadratic framework, we will get more
conservative results, for instance, if the matrices Pi,m ≡ Pi or further Pi ≡ P are
selected, note that the corresponding controller form for the latter is given by

u(k) = Kx(k) (4.18)

then we will get different existence conditions for robust controller, which is shown
in the following corollaries.

Corollary 4.4 There exists a controller (4.4) that asymptotically stabilizes the result-
ing closed-loop system (4.5)–(4.6) and achieves an H∞ performance index γ > 0
over �i , ∀i ∈ I if there exist matrices Si > 0, matrices Ui , ∀i ∈ I, 1 ≤ m ≤ s sat-
isfying: ∀(i, j) ∈ I × I

⎡

⎢⎢⎣

−S j 0 Ai,mSi + Bi,mUi Ei,m

� −I Ci,mSi + Di,mUi Fi,m

� � −Si 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0. (4.19)

If (4.19) has a solution, the controller is given by (4.4) with

Ki = UiS−1
i ,∀i ∈ I. (4.20)

Corollary 4.5 There exists a controller (4.18) that asymptotically stabilizes the
resulting closed-loop system (4.5)–(4.6) and achieves an H∞ performance index
γ > 0 over �i , ∀i ∈ I if there exist matrices S > 0, matrix U satisfying: ∀(i, j) ∈
I × I

⎡

⎢⎢⎣

−S 0 Ai,mS + Bi,mU Ei,m

� −I Ci,mS + Di,mU Fi,m

� � −S 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0. (4.21)

If (4.21) has a solution, the controller is given by (4.18) with

K = US−1,∀i ∈ I. (4.22)

The performance index γ described in the above theorem and corollaries can be
respectively optimized by the convex optimization procedures given in Table4.1.
Then, the corresponding robust controller gains can be computed by (4.8), (4.20)
and (4.22), respectively.

Obviously, the robust controllers given in Theorem 4.2 and Corollaries 4.4 and
4.5 are accessible in practice since the controller gain of each subsystem is constant,
however, the results might be conservative if the information on the uncertain para-
meters can be obtained and utilized in real time. Therefore, in the next subsection,
we will hinge on the use of a parameter-dependent idea to design the desired H∞
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Table 4.1 Robust H∞
performance index
optimization procedures

Methods Convex optimization procedures

Corollary 4.4 min γ2, s.t. (4.19)

Corollary 4.5 min γ2, s.t (4.21)

Theorem 4.2 min γ2, s.t. (4.7)

controller containing a variable gain, namely, the parameter λ under the assumption
that the uncertain parameter is available online.

4.1.2 Parameter-Dependent Control

Consider the control input to polytopic uncertain switched systems (4.1)–(4.3) with
the following structure

u(k) = Ki (λ)x(k). (4.23)

By applying the above controller, we obtain the corresponding closed-loop system

x(k + 1) = Āi (λ)x(k) + Ei (λ)w(k) (4.24)

z(k) = C̄i (λ)x(k) + Fi (λ)w(k) (4.25)

where Āi (λ) � Ai (λ) + Bi (λ)Ki (λ), C̄i (λ) � Ci (λ) + Di (λ)Ki (λ).
The following theorempresents sufficient conditions for the existence of an admis-

sible parameter-dependent controller with the form (4.23).

Theorem 4.6 Consider uncertain switched system (4.1)–(4.3), there exists a con-
troller (4.23) that asymptotically stabilizes the resulting closed-loop system and
achieves an H∞ performance index γ > 0 over �i , ∀i ∈ I if there exist matrices
Si,m > 0, matrices Ui,m ∀i ∈ I, 1 ≤ m ≤ s and matrices

Ω i, j
m,n �

⎡

⎢⎢⎢⎢⎣

X i, j
m,n Y i, j

m,n Z i, j
m,n Oi, j

m,n

Ri, j
m,n Hi, j

m,n T i, j
m,n J i, j

m,n

U i, j
m,n V i, j

m,n W i, j
m,n Qi, j

m,n

Li, j
m,n Mi, j

m,n N i, j
m,n Ki, j

m,n

⎤

⎥⎥⎥⎥⎦
,

∀(i, j) ∈ I × I, 1 ≤ m < n ≤ s, satisfying,

⎡

⎢⎢⎢⎣

(1, 1) −Y i, j
m,n − (Ri, j

m,n)
T (1, 3) Ẽ i

m,n − Oi, j
m,n − (Li, j

m,n)
T

� −2I − sym(Hi, j
m,n) (2, 3) F̃ i

m,n − J i, j
m,n − (Mi, j

m,n)
T

� � (3, 3) −Qi, j
m,n − (N i, j

m,n)
T

� � � −2γ2 I − sym(Ki, j
m,n)

T

⎤

⎥⎥⎥⎦ ≤ 0, (4.26)
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Ω i, j �

⎡

⎢⎢⎢⎢⎢⎣

Ω
i, j
1 Ω

i, j
1,2 · · · Ω

i, j
1,s

� Ω
i, j
2 · · · Ω

i, j
2,s

� �
. . .

...

� � � Ω
i, j
s

⎤

⎥⎥⎥⎥⎥⎦
< 0 (4.27)

where

(1, 1) � −S j,m − S j,n − sym(X i, j
m,n),

(1, 3) � Ãi
m,n − Z i, j

m,n − (U i, j
m,n)

T ,

(2, 3) � C̃ i
m,n − T i, j

m,n − (V i, j
m,n)

T ,

(3, 3) � −Si,m − Si,n − sym(W i, j
m,n),

Ãi
m,n � Ai,nSi,m + Ai,mSi,n + Bi,nUi,m + Bi,mUi,n,

C̃ i
m,n � Ci,nSi,m + Ci,mSi,n + Di,nUi,m + Di,mUi,n,

Ẽ i
m,n � Ei,m + Ei,n,

F̃ i
m,n � Fi,m + Fi,n,

Ω i, j
m �

⎡

⎢⎢⎣

−S j,m 0 Ai,mSi,m + Bi,mUi,m Ei,m

� −I Ci,mSi,m + Di,mUi,m Fi,m

� � −Si,m 0
� � � −γ2 I

⎤

⎥⎥⎦ .

If (4.26)–(4.27) have solutions, the controller is given by (4.23) with

Ki (λ) =
(

s∑

m=1

λmUi,m

)(
s∑

m=1

λmSi,m

)−1

, ∀i ∈ I, 1 ≤ m ≤ s. (4.28)

Proof According to (4.17) in Theorem 4.2, system (4.24)–(4.25) is asymptotically
stable with an H∞ noise-attenuation level bound γ if there exist matrix functions
Pi (λ) satisfying

Ξ i, j (λ) �

⎡

⎢⎢⎣

−P j (λ) 0 P j (λ) Āi (λ) P j (λ)Ei (λ)

� −I C̄i (λ) Fi (λ)

� � −Pi (λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0.

Byperforming a congruence transformation to above formula viadiag{P−1
j (λ), I,

P−1
i (λ), I }, and changing the matrix variables with

Si (λ) � P−1
i (λ),Ui (λ) � Ki (λ)P−1

i (λ), (4.29)
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we have

Ξ i, j (λ) �

⎡

⎢⎢⎣

−S j (λ) 0 Ai (λ)Si (λ) + Bi (λ)Ui (λ) Ei (λ)

� −I Ci (λ)Si (λ) + Di (λ)Ui (λ) Fi (λ)

� � −Si (λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0.

Assume the matrix functions Si (λ) and Ui (λ) to be the following forms

Si (λ) =
s∑

m=1

λmSi,m , Ui (λ) =
s∑

m=1

λmUi,m, ∀i ∈ I, 1 ≤ m ≤ s. (4.30)

Then, according to (4.3) and (4.30), we have

Ξ i, j (λ) �
s∑

m=1

s∑

n=1

λmλn

⎡

⎢⎢⎣

−S j,m 0 Ai,mSi,n + Bi,mUi,n Ei,m

� −I Ci,mSi,n + Di,mUi,n Fi,m

� � −Si,n 0
� � � −γ2 I

⎤

⎥⎥⎦

=
s∑

m=1

λ2
m

⎡

⎢⎢⎣

−S j,m 0 Ai,mSi,m + Bi,mUi,m Ei,m

� −I Ci,mSi,m + Di,mUi,m Fi,m

� � −Si,m 0
� � � −γ2 I

⎤

⎥⎥⎦

+
s−1∑

m=1

s∑

n=m+1

λmλn

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

−S j,m 0 Ai,mSi,n + Bi,mUi,n Ei,m

� −I Ci,mSi,n + Di,mUi,n Fi,m

� � −Si,n 0
� � � −γ2 I

⎤

⎥⎥⎦

+

⎡

⎢⎢⎣

−S j,n 0 Ai,nSi,m + Bi,nUi,m Ei,n

� −I Ci,nSi,m + Di,nUi,m Fi,n

� � −Si,m 0
� � � −γ2 I

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
. (4.31)

On the other hand, the inequality (4.26) is equivalent to

⎡

⎢⎢⎣

−S j,m 0 Āi
m,n Ei,m

� −I C̄ i
m,n Fi,m

� � −Si,n 0
� � � −γ2 I

⎤

⎥⎥⎦+

⎡

⎢⎢⎣

−S j,n 0 Āi
n,m Ei,n

� −I C̄ i
n,m Fi,n

� � −Si,m 0
� � � −γ2 I

⎤

⎥⎥⎦

≤

⎡

⎢⎢⎢⎢⎣

X i, j
m,n Y i, j

m,n Z i, j
m,n Oi, j

m,n

Ri, j
m,n Hi, j

m,n T i, j
m,n J i, j

m,n

U i, j
m,n V i, j

m,n W i, j
m,n Qi, j

m,n

Li, j
m,n Mi, j

m,n N i, j
m,n Ki, j

m,n

⎤

⎥⎥⎥⎥⎦
+

⎡

⎢⎢⎢⎢⎣

X i, j
m,n Y i, j

m,n Z i, j
m,n Oi, j

m,n

Ri, j
m,n Hi, j

m,n T i, j
m,n J i, j

m,n

U i, j
m,n V i, j

m,n W i, j
m,n Qi, j

m,n

Li, j
m,n Mi, j

m,n N i, j
m,n Ki, j

m,n

⎤

⎥⎥⎥⎥⎦

T

(4.32)
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where Āi
m,n � Ai,mSi,n + Bi,mUi,n , C̄ i

m,n � Ci,mSi,n + Di,mUi,n , Āi
n,m � Ai,nSi,m +

Bi,nUi,m , C̄ i
n,m � Ci,nSi,m + Di,nUi,m , 1 ≤ m < n ≤ s. Then from (4.31) and (4.32)

we obtain

Ξ i, j (λ) ≤
s∑

m=1

λ2
mΩ i, j

m +
s−1∑

m=1

s∑

n=m+1

λmλn
{
Ω i, j

m,n + (Ω i, j
m,n)

T
}

= ηT Ω i, jη

where η �
[
λ1 I λ2 I · · · λs I

]T
. Then, the inequality (4.27) guaranteesΞ i, j (λ) < 0.

Therefore, if the inequalities (4.26) and (4.27) are satisfied, then the close-loop system
(4.24)–(4.25) is asymptotically stable with an H∞ noise-attenuation level bound γ,
meanwhile, if a solution exists, then according to (4.29), the gain matrix function of
stabilizing controller is given by (4.28). This completes the proof. �

Likewise, the H∞ performance index can also be optimized by the following
convex optimization problem.

Problem 4.1
min γ2, s.t. (4.26) and (4.27)

and the corresponding parameter-dependent H∞ controller gain (4.28) can be com-
puted.

Remark 4.7 The derivation of Theorem 4.6 employs the parameter-dependent idea.
It is observed from (4.23) that in each subsystem, the solution of H∞ state-feedback
controller depends on the parameterλ. Actually, inmany practical applications, some
parameters can be measured online without difficulty, therefore, in contrast to the
robust controllers discussed in Sect. 4.1.1, the controller designed in Theorem 4.6
should be less conservative.

Remark 4.8 It is worth noting that the designed parameter-dependent H∞ controller
is analogous to gain scheduling control strategy,which is different from robust control
idea regardless of variations of uncertain parameters. In addition, when the uncertain
parameters and switching signals are all measurable in real time, the underlying
switched systems can be viewed as a special class of linear parameter varying (LPV)
systems. It is obvious that the variations of parameters in the system studied in this
subsection are not restricted to be smooth, which differs from that of the general
LPV systems. Furthermore, the parameters vary in N switched convex polytopes
according to (4.3) (N is the number of subsystems), which is also different from the
hybrid (switched) LPV systems proposed and studied in [3, 4].

In the following, an illustrative example emerging in networked control system
(NCS) is introduced to show the validity and respective advantages of the above
designed robust H∞ controller and parameter-dependent H∞ controller.
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Fig. 4.1 Networked control systems modelled as switched systems

Example 4.9 Considering the three cases varying delays, packets dropout and quan-
tization errors in network transmission, Fig. 4.1 shows a reasonable modeling proce-
dure for widely studied NCS, which is given and explained in [5]. Firstly, the NCS
can be formulated as a certain switched system with Dmax + 2 modes as follows
(Dmax is the maximal delay bound in network)

x[k + 1] = Ah x[k] + Bhu[k] + Ehd[k] (4.33)

z[k] = Ch x[k] (4.34)

where,

Ah �
[
0 I
h B A

]
, Bh �

[
I

(N − h)B

]
, Eh �

[
0
E

]
, Ch �

[
0 C

]

for h = 0, 1, 2 . . . Dmax, N . Then, the matrices (Ah, Bh, Eh, Ch) represent the hth
subsystem, where A, B, C and E are the discretization system matrices of the con-
sidered linear continuous-time plant. Besides, due to the finite bit-rate constraints in
network data communication, quantization effect has to be taken into consideration
in NCS. Hence, the system in (4.33)–(4.34) can be further modeled as a polytopic
uncertain switched system with the following form:

x[k + 1] = Āh x[k] + B̄hu[k] + Ēhd[k] (4.35)

z[k] = C̄h x[k] (4.36)

Here, we consider the developed uncertain switched system (4.35)–(4.36) and
design two kinds of H∞ controllers for such systems, i.e. robust and parameter-
dependent controllers studied respectively in Theorems 4.2 and 4.6. Note that in
designing parameter-dependent H∞ controller, we assume that the “uncertain” para-
meter λ derived from quantization be measurable in real time.

For simplicity, we consider the uncertain discrete-time switched linear system
(4.35)–(4.36) consisting of two uncertain subsystems, where there are two groups of
vertex matrices in subsystem 1
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A11 = ρ

⎡

⎣
0 1 0
0 0 1

0.0341 −0.2571 0.7769

⎤

⎦ , B11 = ρ

⎡

⎣
0

−0.1
−0.5

⎤

⎦ ,

E11 = ρ

⎡

⎣
0.3
0.1
0.8

⎤

⎦ , C11 = ρ
[
0.2 0.1 1

]
, D11 = F11 = 0,

A12 = ρ

⎡

⎣
0 1 0
0 0 1

−0.0341 −0.2571 −0.7769

⎤

⎦ , B12 = ρ

⎡

⎣
0

−0.2
−0.3

⎤

⎦ ,

E12 = ρ

⎡

⎣
0.3
0.1

−0.8

⎤

⎦ , C12 = ρ
[−0.2 0.1 1

]
, D12 = F12 = 0.

and the two groups of vertex matrices in the subsystem 2

A21 = ρ

⎡

⎣
0 −1 0
0 0 1

0.0341 −0.2571 0.7769

⎤

⎦ , B21 = ρ

⎡

⎣
0

−0.1
−0.8

⎤

⎦ ,

E21 = ρ

⎡

⎣
−0.3
0.1
0.8

⎤

⎦ , C21 = ρ
[
0.2 0.1 −1

]
, D21 = F21 = 0,

A22 = ρ

⎡

⎣
0 −1 0
0 0 1

−0.0341 −0.2571 −0.7769

⎤

⎦ , B22 = ρ

⎡

⎣
0

−1
−0.5

⎤

⎦ ,

E22 = ρ

⎡

⎣
−0.3
0.1

−0.8

⎤

⎦ , C22 = ρ
[−0.2 0.1 −1

]
, D22 = F22 = 0.

where ρ is a scalar parameter implying the size of convex polytope each uncertain
subsystem can be expanded into.

Our purpose is to design an H∞ state-feedback controller for the above uncer-
tain switched system for given ρ and to check the H∞ performance of the system.
By solving the corresponding convex optimization problems in the theorems and
corollaries given in Table4.1 and Problem 4.1, respectively, we can obtain different
minimum H∞ noise-attenuation level bounds γ, and the different calculation results
by different methods are shown in Table4.2.

Meanwhile, the admissible controller gains can be constructed by necessary
matrices solved in the convex optimization procedures as well. For instance, when
ρ = 1.00, the robust H∞ controller gains solved respectively by Theorem 4.2,
Corollaries 4.4 and 4.5 are listed in Table4.3.

As for the parameter-dependent H∞ controller, we can get the matrices for the
calculation of the controller gain as follows
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Table 4.2 Minimum γ by different H∞ controllers

Methods ρ = 1.00 ρ = 1.25 ρ = 1.40

Robust H∞ controllers Corollary 4.5 4.3831 Infeasible Infeasible

Corollary 4.4 3.8389 33.1361 Infeasible

Theorem 4.2 3.4810 29.2426 Infeasible

Parameter-dependent H∞ controller Theorem 4.6 1.2145 2.2145 3.0593

Table 4.3 Robust H∞ controller gains

Methods Controller gains

Corollary 4.5 K =
[
0.0044 −0.4812 0.1150

]

Corollary 4.4 K1 =
[
0.0969 −0.5386 0.1560

]
;K2 =

[
−0.0572 −0.4393 0.0876

]

Theorem 4.2 K1 =
[
0.1180 −0.4696 0.1958

]
; K2 =

[
−0.0606 −0.3514 0.0647

]

S11 =
⎡

⎣
17.8650 −0.3173 −1.4947
−0.3173 8.5616 −0.8476
−1.4947 −0.8476 0.7861

⎤

⎦ , S12 =
⎡

⎣
17.5781 −0.1827 1.1777
−0.1827 9.4150 −0.9129
1.1777 −0.9129 0.6303

⎤

⎦ ,

S21 =
⎡

⎣
18.3237 −1.0429 1.4505
−1.0429 8.6960 0.6604
1.4505 0.6604 0.7244

⎤

⎦ , S22 =
⎡

⎣
19.5579 0.5428 −1.3274
0.5428 6.7499 −0.1360

−1.3274 −0.1360 0.5156

⎤

⎦ ,

U11 = [−0.9270 −5.7068 1.6573
]
, U12 = [−2.0878 −5.6798 −0.5206

]
,

U21 = [
2.2280 −2.2691 0.5152

]
, U22 = [−0.5100 −2.7960 −0.4610

]
.

Then, the gain matrix functions for an admissible switched parameter-dependent
H∞ controller are given by

Ki (λ) =
(

2∑

m=1

λmUi,m

)(
2∑

m=1

λmSi,m

)−1

, i = 1, 2.

Thus, for given different parameter λ, the corresponding three components of the
controller gain functions in two subsystems K1(λ) and K2(λ) are depicted respec-
tively in Figs. 4.2 and 4.3.

In addition, for above given ρ = 1.00, the different time required are listed in
Table4.4 to compute such robust H∞ controller gains and parameter-dependent H∞
controller gain matrix function values for given parameter λ by different theorems
and corollaries. The computation time can be easily obtained by the function cputime
in Matlab.

Remark 4.10 From Tables4.3 and 4.4 and Figs. 4.2 and 4.3, it can be seen that the
realization of parameter-dependent H∞ controller is complex with longer computa-
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Table 4.4 Different CPU computation times

Methods Theorem 4.6 Theorem 4.2 Corollary 4.5 Corollary 4.4

CPU time (s) 5.5781 2.3906 2.0312 1.9687

tion time since the solution of the controller gain is dependent on uncertain parameter
λ and calculated by more matrix variables in Theorem 4.6. On the other hand, the
robust H∞ controller gain is constant in each subsystem such that it can be easily
obtained with less computation burden. However, from Table4.2, it is not hard to
conclude that the parameter-dependent controller is less conservative than robust
controllers in ensuring an optimal H∞ performance index for the underlying uncer-
tain switched system. Therefore, both robust controller and parameter-dependent
controller have their own advantages and disadvantages regarding conservatism and
realization complexity. In the practical situation such as above discussed NCS with
uncertain switched system model, we can decide to choose which type of controller
to use according to the online measurability of the parameter λ.

4.2 Robust H∞ Control: ADT Switching

In this section, considering the average dwell time (ADT) switching, an H∞ state-
feedback controller is designed for the underlying system (4.1)–(4.3) and the cor-
responding existence conditions are derived via LMIs formulation. The obtained
conditions are dependent on the admissible increasing level μ of Lyapunov-like
function values at switching instants. The minimal μ and the desired controller gains
are obtained for a given decay degree such that the resulting closed-loop system
(4.5)–(4.6) is robustly exponentially stable and ensures a prescribed exponential H∞
performance index.

The following theorempresents sufficient conditions for the existence of an admis-
sible mode-dependent exponential H∞ controller with the form (4.4).

Theorem 4.11 Consider the uncertain switched linear system (4.1)–(4.3) and let
α > 0, γ > 0 and μ ≥ 1 be given constants. If there exist matrices Si,m > 0, ∀i ∈ I,
1 ≤ m ≤ s and matrices Ui , Gi such that

⎡

⎢⎢⎣

−Si,m 0 Ai,m Gi + Bi,mUi Ei,m

� −I Ci,m Gi + Di,mUi Fi,m

� � (1 − α)
(
Si,m − Gi − GT

i

)
0

� � � −γ2 I

⎤

⎥⎥⎦ < 0 (4.37)

Sj,m − μSi,m ≤ 0 (4.38)
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Then, there exists a stabilizing state feedback controller such that the corresponding
closed-loop system (4.5)–(4.6) is robustly exponentially stable with a prescribed
exponential H∞ performance index γ for all admissible uncertainties satisfying (4.3)
and any switching signals with the ADT satisfying (2.26). Moreover, if (4.37) and
(4.38) have a solution, the mode-dependent controller is given by (4.4) with

Ki = Ui G
−1
i , ∀i ∈ I. (4.39)

Proof Assume matrix functions Si (λ) to be the following form

Si (λ) �
s∑

m=1

λm Si,m, ∀i ∈ I (4.40)

where Si,m > 0 satisfies (4.37) and (4.38).
Then, if (4.38) holds, we can get that

s∑

m=1

λm
(
Sj,m − μSi,m

) ≤ 0

i.e. Sj (λ) ≤ μSi (λ). Setting matrix functions Pi (λ) � S−1
i (λ),∀i ∈ I, one can get

that (3.35) is satisfied.
In addition, if (4.37) holds, according to (4.3) and (4.40), one can also have

⎡

⎢⎢⎣

−Si (λ) 0 Ai (λ)Gi + Bi (λ)Ui Ei (λ)

� −I Ci (λ)Gi + Di (λ)Ui Fi (λ)

� � (1 − α)
(
Si (λ) − Gi − GT

i

)
0

� � � −γ2 I

⎤

⎥⎥⎦ < 0. (4.41)

From (4.41), one can readily explore the fact that Si (λ) − Gi − GT
i < 0 so that

the matrices Gi are nonsingular. In addition, we have (Si (λ) − Gi )
T S−1

i (λ)(Si (λ) −
Gi ) ≥ 0, which implies Si (λ) − Gi − GT

i ≥ −GT
i S−1

i (λ)Gi . Therefore, assuming
the controller gain to be of the form (4.39), together with Āi (λ) and C̄i (λ) in (4.5)
and (4.6), we conclude

⎡

⎢⎢⎣

−Si (λ) 0 Āi (λ)Gi Ei (λ)

� −I C̄i (λ)Gi Fi (λ)

� � −(1 − α)GT
i S−1

i (λ)Gi 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0.

Performing a congruence transformation to above formula via diag{S−1
i (λ), I,

G−1
i , I }, and changing the matrix variables Si (λ) � P−1

i (λ), we obtain

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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⎡

⎢⎢⎣

−Pi (λ) 0 Pi (λ) Āi (λ) Pi (λ)Ei (λ)

� −I C̄i (λ) Fi (λ)

� � −(1 − α)Pi (λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0.

Therefore, by Theorem 3.8, one can know that the underlying system is robustly
exponentially stable with an exponential H∞ performance for any uncertainties sat-
isfying (4.3) and any switching signals satisfying (2.26) by applying the mode-
dependent controller with gains (4.39), which completes the proof. �
Remark 4.12 It can be seen from (2.26) that the ADT in the solved switching signals
will be not less than τ ∗

a .Then, we actually need to determine theminimalμ for a given
system decay degree α to find the minimal ADT for the underlying systems, which
to some extent, is analogous to that delay-dependent issues in time-delay system to
determine delay bounds. Therefore, it can be viewed as an μ-dependent approach in
switched systems to obtain some results on system analysis and synthesis, which will
present less conservativeness compared to the ones based on the global Lyapunov
function (GLF) or the switched Lyapunov function (SLF) approaches.

In the following, a numerical example is given to demonstrate the effectiveness
of the developed theoretical results in this section.

Example 4.13 Consider the following uncertain discrete-time switched linear sys-
tems consisting of two uncertain subsystems, where there are two vertices in subsys-
tem 1

A11 =
[−0.9500 0.0095

−0.0475 0.9405

]
, B11 =

[
0.2850

−0.0475

]
,

E11 =
[
0.0285
0.0190

]
, C11 = [

0.7600 −0.0665
]
, D11 = 0.3800, F11 = 0.0760,

A12 =
[
0.9500 0.0095
−0.0475 0.8740

]
, B12 =

[
0.9500
0.3800

]
,

E12 =
[
0.0950
0.6650

]
, C12 = [

0.0950 0.5700
]
, D12 = 0.2850, F12 = 0.0095,

and the two vertices in the subsystem 2

A21 =
[
0.5985 0.2850
−0.9500 0.7790

]
, B21 =

[
0.5700

−0.9500

]
,

E21 =
[
0.0570
0.0190

]
, C21 = [

0.8550 −0.9500
]
, D21 = 0.5700, F21 = 0.0285,

A22 =
[
0.6080 0.2850
−0.9500 0.7600

]
, B22 =

[
0.3800
0.2850

]
,

E22 =
[
0.1900
0.4750

]
, C22 = [

0.3800 0.4750
]
, D22 = 0.7600, F22 = 0.0475.

http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Table 4.5 Minimum μ
corresponding to different
given decay degree α

α 0.060 0.065 0.066 0.067 0.068

μ∗ 1.0280 1.3390 1.4070 1.4760 1.5460

τ∗
a 0.4463 4.3435 5.0010 5.6141 6.1865

Our purpose here is to design a mode-dependent state-feedback controller in the
form of (4.4) and to find out the admissible switching signals for the above uncertain
switched system such that the resulting closed-loop system (4.5)–(4.6) is robustly
exponentially stable with a prescribed exponential H∞ performance for a given
decay degree α. In this example, we assume the noise attenuation level γ = 3.3.
By solving LMIs in Theorem 4.11, we can obtain the different minimal μ (μ∗) and
the corresponding minimal ADT for given different α as shown in Table4.5.

Meanwhile, the desired controller gains can be solved correspondingly. For
instance, if α = 0.065, we can obtain the controller with

K1 = [−1.7466 0.8137] , K2 = [−1.9686 0.4284]

Furthermore, consider input signal w(k) = 0.01 exp(−0.03k) sin(0.02πk), and
by using the solved controller and by randomly giving different uncertain parameters
λ in (4.3), we can obtain the state response of the closed-loop system in Figs. 4.4, 4.5,
4.6 and 4.7 for two different switching signals and the given initial condition x = [0.1
−0.05]T . It is clearly observed from the simulation curves that for given energy
bounded disturbance w(k), the closed-loop system (4.5)–(4.6) is stable against the
variations of uncertain parameters and two different switching signals (both are
with τa = 5 > τ ∗

a = 4.3435 forα = 0.065),which thereby implies that the designed
mode-dependent controller is feasible and effective.

4.3 Observer-Based H∞ Control: Modal PDT Switching

This section studies the observer-based robust control issue for a class of discrete-
time switched linear system described as

x(k + 1) = Aσ(k)x(k) + Bσ(k)u(k) + Eσ(k)ω(k) (4.42)

z(k) = Cσ(k)x(k) + Dσ(k)ω(k) (4.43)

when σ(k) = i ∈ I, the matrices (Ai , Bi , Ci , Di , Ei ) denote the i th subsystem.
The switching signals are considered to have modal persistent dwell-time (MPDT)
property in this section, and the more details on the concept of MPDT switching can
be seen in Sect. 1.4.

The control problem in this section is considered to be realized via communication
network with redundant channels. As is well known, the single channel of data trans-
missionmay be invalid off and on owing to low reliability, frequent traffic congestion

http://dx.doi.org/10.1007/978-3-319-28850-5_1
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Fig. 4.4 State response of the closed-loop system under switching signal σ1 with different λ1
and λ2. a λ1 = 1, λ2 = 0; b λ1 = 0.5, λ2 = 0.5
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Fig. 4.5 State response of the closed-loop system under switching signal σ1 with different λ1
and λ2. a λ1 = 0.25, λ2 = 0.75; b λ1 = 0, λ2 = 1
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Fig. 4.6 State response of the closed-loop system under switching signal σ2 with different λ1
and λ2. a λ1 = 1, λ2 = 0; b λ1 = 0.5, λ2 = 0.5
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Fig. 4.7 State response of the closed-loop system under switching signal σ2 with different λ1
and λ2. a λ1 = 0.25, λ2 = 0.75; b λ1 = 0, λ2 = 1
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and poor anti-interference ability of the communication network, which gives rise
to the random occurrence of packet dropouts. In order to reduce the possibility of
packet dropouts in single-channel case, one redundant channel will be considered in
the communication network in this section.

The actual output y(k) ∈ R
p subject to random packet dropouts in the communi-

cation network with redundant channels is described by

y(k) = δσ(k)(k)Fσ(k)x(k) + (1 − δσ(k)(k))βσ(k)(k)Fσ(k)x(k) + Gσ(k)ω(k) (4.44)

where Fσ(k) and Gσ(k) are known real matrices with appropriate dimensions. The
stochastic variables δσ(k)(k) and βσ(k)(k), are assumed to be subject to Bernoulli
binary distribution taking values on 0 and 1 with

Pr{δσ(k)(k) = 1} = δσ(k), Pr{δσ(k)(k) = 0} = 1 − δσ(k),

Pr{βσ(k)(k) = 1} = βσ(k), Pr{βσ(k)(k) = 0} = 1 − βσ(k)

where δσ(k), βσ(k) ∈ [0, 1], ∀σ(k) = i ∈ I. Throughout the section, the stochastic
variables δσ(k)(k), βσ(k)(k) and the switching signals σ(k) are assumed to bemutually
independent. In addition, we have

E{δσ(k)(k)} = δσ(k), E{δ2σ(k)(k)} = δσ(k), E{βσ(k)(k)} = βσ(k),

E{β2
σ(k)(k)} = βσ(k).

Remark 4.14 The stochastic variables δσ(k)(k) and βσ(k)(k), which are mutually
independent, are introduced to model the random occurring packet dropouts phe-
nomena in (4.44). In particular, at each time instant, if δσ(k)(k) = 1, βσ(k)(k) = 1/0,
the measurement output is normal through the primary channel; and if δσ(k)(k) = 0,
βσ(k)(k) = 1, themeasurement output is normal through the redundant channel;while
if δσ(k)(k) = 0, βσ(k)(k) = 0, the packet dropouts occur which means only noises are
contained in the measurement of output. Hence, the influences of packet dropouts
occurred in (4.44) will be weakened via the proposed redundant channels design
approach even inactivation of the primary channel, and its effectiveness will be
demonstrated via the numerical examples.

The dynamic observer-based control scheme for system (4.42)–(4.43) is described
by

x̂(k + 1) = Aσ(k) x̂(k) + Bσ(k)u(k) + Lσ(k)(qk)(y(k) − δσ(k)Fσ(k) x̂(k)

− (1 − δσ(k))βσ(k)Fσ(k) x̂(k)), (4.45)

u(k) = Kσ(k)(qk)x̂(k) (4.46)

where x̂(k) ∈ R
n is the state estimate of the system (4.42)–(4.43), u(k) ∈ R

m

is the control input vector, and Li (qk) and Ki (qk) are the observer and con-
troller gains to be designed, respectively, ∀σ(k) = i , and qk is a scheduler for the
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activated subsystem and can be simply computed online according to the fol-
lowing rules: (i) in the τi -portion, qk = k − ksp , k ∈ [ksp,ksp + τi ) and qk = τi ,
k ∈ [ksp + τi , ksp+1); (ii) in the T-portion, qk = k − Hr , k ∈ [ksp+1, ksp+1), where
Hr � arg{max(ksp+r , r ∈ Z[1,G(ksp +1,ksp+1 )]|ksp+r ≤ k, ksp+r ∈ [ksp+1, ksp+1))}. Since
the scheduler qk only requires a finite number of computations (reset after each
switching), the controller of the above structure is referred to as quasi-time-dependent
(QTD) controller in this section. Note that by the definition of Hr , the actual run-
ning time of the σ(k)th subsystem in the T-portion, Tσ(k) ∈ [1,min(τi − 1,T(p))]
satisfies that Tσ(k) = ksp+r+1 − Hr , k ∈ [ksp+1,ksp+1−1) and Tσ(k) = ksp+1 − Hr , k ∈
[ksp+1−1, ksp+1).

Let the estimation error to be e(k) � x(k) − x̂(k), the closed-loop system can be
obtained by substituting (4.44)–(4.46) into (4.42)–(4.43)

x(k + 1) = Āi (qk)x(k) − Bi Ki (qk)e(k) + Eiω(k) (4.47)

e(k + 1) = Ãi (qk)e(k) − δ̄i (k)Li (qk)Fi x(k)

− δ̃i (k)Li (qk)Fi x(k) + Ēi (qk)ω(k) (4.48)

where

Āi (qk) � Ai + Bi Ki (qk), Ãi (qk) � Ai − δi Li (qk)Fi − (1 − δi )βi Li (qk)Fi ,

Ēi (qk) � Ei − Li (qk)Gi , δ̃i (k) � (1 − δi (k))βi (k) − (1 − δi )βi ,

δ̄i (k) � δi (k) − δi .

To more precisely describe the main objective in this section, we also introduce
the following definitions for system (4.47)–(4.48).

Definition 4.15 ([6]) The closed-loop system (4.47)–(4.48) is said to be expo-
nentially mean-square stable, if with ω(k) ≡ 0, there exist constants φ > 0 and
� ∈ (0, 1), such that

E{‖η(k)‖2} ≤ φ�k
E{‖η(0)‖2},

for all η(0) ∈ R
n , k ∈ Z+ , where η(k) �

[
xT (k) eT (k)

]T
.

Definition 4.16 Given a scalar γ > 0, system (4.47)–(4.48) is said to be exponen-
tially mean-square stable with a prescribed H∞ error performance γ if it is exponen-
tially mean-square stable and under zero initial condition, the controlled output z(k)

satisfies

∞∑

k=0

E{ ‖z(k)‖2 } ≤γ2
∞∑

k=0

E{ ‖ω(k)‖2 }

for all nonzero ω(k) ∈ l2[0,∞).
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The problem to be addressed in this section will be to design the QTD controller
and observer (4.45)–(4.46), such that, in the presence of redundant channels subject
to random packet dropouts, the resulting closed-loop system (4.47)–(4.48) is expo-
nentially mean-square stable under admissible MPDT switching sequence and has a
guaranteed non-weighted H∞ performance γ.

Throughout this section, without loss of generality, we will make the following
assumption for technical convenience.

Assumption 4.1 The matrix Bi in (4.42) is of full column rank, i.e., rank(Bi ) = m.
By Assumption4.1, we have the singular value decomposition (SVD) of Bi as

follows,

Ui Bi Vi = [
U T

1i U T
2i

]T
Bi Vi = [

�T
i 0

]T
(4.49)

whereUi ∈ R
n×n and Vi ∈ R

m×m are unitarymatrices,�i = diag{�1i , �2i , . . . , �mi }
is a diagonal matrix with nonnegative real numbers on the diagonal, � j i , j =
1, 2, . . . , m are nonzero singular values of Bi .

Lemma 4.17 ([6]) For the matrix Bi ∈ R
n×m that is of full-column rank, if matrix

Pi is of the following structure

Pi = U T
i

[
P11i 0
0 P22i

]
Ui = U T

1i P11iU1i + U T
2i P22iU2i ,

where P11i ∈ R
m×m > 0, and P22i ∈ R

(n−m)×(n−m) > 0, and U1i , U2i are defined in
(4.49), then there exists a nonsingular matrix P̄i ∈ R

m×m, such that Bi P̄i = Pi Bi .

The following theorem presents a sufficient criterion ensuring that the closed-
loop system (4.47)–(4.48) is exponentially mean-square stable and has a guaranteed
non-weighted H∞ performance index γ under admissible MPDT switching.

Theorem 4.18 Consider the discrete-time switched linear system (4.42)–(4.43) and
let αi > 0, μi > 1, γ > 0 be given constants, i ∈ I. Suppose that both the QTD
controller gain matrix Ki (ξi ) and the QTD observer gain matrix Li (ξi ) are given.
For a prescribed period of persistence T, the closed-loop system (4.47)–(4.48) is
exponentially mean-square stable and has a non-weighted H∞ performance index

γnon = γ

√(
μ

T+1
τmin+T

max (1 − αmin)μ
(T+1)
max

)/(
1 − μ

T+1
τmin+T

max αmin

)

for MPDT switching signals satisfying

τi ≥ (T + 1) ln μmax + T ln(1 − αmin)

− ln(1 − αi )
(4.50)

where μmax � maxi∈I μi , αmin � mini∈I αi , if there exist matrices Pi (ξi ) ∈ Sn
>0 and

Qi (ξi ) ∈ U n
>0, ξi = 0, 1, . . . , τi , ∀i ∈ L, such that
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Π̃(ϕi ) �
[

Π̃11(ϕi ) �

Π̃21(ϕi ) Π̃22(ϕi + 1)

]
< 0 (4.51)

Π̆(τi ) �
[

Π̆11(τi ) �

Π̆21(τi ) Π̆22(τi )

]
< 0 (4.52)

where

Π̃11(ϕi ) � diag{−αi Pi (ϕi ),−αi Qi (ϕi ),−γ2 I },
Π̃22(ϕi + 1) � diag{−Qi (ϕi + 1),−Qi (ϕi + 1),−Pi (ϕi + 1),−Qi (ϕi + 1),−I },

Π̆11(τi ) � diag{−αi Pi (τi ),−αi Qi (τi ),−γ2 I },
Π̆22(τi ) � diag{−Qi (τi ),−Qi (τi ),−Qi (τi ),−Pi (τi ),−Qi (τi ),−I },
Π̃21(ϕi ) �

[
Π̃211(ϕi ) Π̃212(ϕi ) Π̃213(ϕi )

]
,

Π̆21(τi ) �
[
Π̆211(τi ) Π̆212(τi ) Π̆213(τi )

]
,

Π̃211(ϕi ) �
[
δ̄i Qi (ϕi + 1)Li (ϕi )Fi ; δ̃i Qi (ϕi + 1)Li (ϕi )Fi ;
Pi (ϕi + 1) Āi (ϕi ); 0; Ci

]
,

Π̃212(ϕi ) �
[
0; 0; −Pi (ϕi + 1)Bi Ki (ϕi ); Qi (ϕi + 1) Ãi (ϕi ); 0

]
,

Π̃213(ϕi ) �
[
0; 0; Pi (ϕi + 1)Ei ; Qi (ϕi + 1)Ēi (ϕi ); Di

]
,

Π̆211(τi ) �
[
δ̄i Qi (τi )Li (τi )Fi ; δ̃i Qi (τi )Li (τi )Fi ; Pi (τi ) Āi (τi ); 0 Ci

]
,

Π̆212(τi ) �
[
0; 0; −Pi (τi )Bi Ki (τi ); Qi (τi ) Ãi (τi ); 0

]
,

Π̆213(τi ) �
[
0; 0; Pi (τi )Ei ; Qi (τi )Ēi (τi ); Di

]
,

and for any (σ(ks) = i,σ(ks − 1) = j) ∈ I × I, i 	= j ,

Pi (0) − μ j Pj (T j ) < 0 (4.53)

Pi (0) − μ j Pj (τ j ) < 0 (4.54)

hold, where T j ∈ Z[1,min(τ j −1,T(p))], T(p) ∈ Z[1,T].

Proof In terms of the QTD scheduler qk , we construct the following QTD Lyapunov
function

Vi (x(k), k) = V1,i (x(k), k) + V2,i (e(k), k) (4.55)

where

V1,i (x(k), k) �

⎧
⎪⎨

⎪⎩

xT (k)Pi (k − ksp )x(k), k ∈ [ksp , ksp + τi )

xT (k)Pi (τi )x(k), k ∈ [ksp + τi , ksp+1)

xT (k)Pi (k − Hr )x(k), k ∈ [ksp+1, ksp+1)

(4.56)
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V2,i (e(k), k) �

⎧
⎪⎨

⎪⎩

eT (k)Qi (k − ksp )e(k), k ∈ [ksp , ksp + τi )

eT (k)Qi (τi )e(k), k ∈ [ksp + τi , ksp+1)

eT (k)Qi (k − Hr )e(k), k ∈ [ksp+1, ksp+1)

(4.57)

Then it follows that, for k ∈ [ksp , ksp + τi ) ∪ [ksp+1, ksp+1),

ΔV1,i (x(k), k)

� V1,i (x(k + 1), k + 1) − αi V1,i (x(k), k)

= xT (k + 1)Pi (k + 1 − ks)x(k + 1) − αi x
T (k)Pi (k − ks)x(k)

= ([
Āi (qk) −Bi Ki (qk)

]
η(k)

)T
Pi (k + 1 − ks)

([
Āi (qk) −Bi Ki (qk)

]
η(k)

)

−xT (k)αi Pi (k − ks)x(k),

ΔV2,i (e(k), k)

� V2,i (e(k + 1), k + 1) − αi V2,i (e(k), k)

= eT (k + 1)Qi (k + 1 − ks)e(k + 1) − αi e
T (k)Qi (k − ks)e(k)

= ([
0 Ãi (qk)

]
η(k)

)T
Qi (k + 1 − ks)

([
0 Ãi (qk)

]
η(k)

)

+ ([
Li (qk)Fi 0

]
η(k)

)T
δ̄i Qi (k + 1 − ks)

([
Li (qk)Fi 0

]
η(k)

)

+ ([
Li (qk)Fi 0

]
η(k)

)T
δ̃i Qi (k + 1 − ks)

([
Li (qk)Fi 0

]
η(k)

)

−eT (k)αi Qi (k − ks)e(k),

where ks = ksp in [ksp , ksp + τi ), and ks = Hr in [ksp+1, ksp+1), respectively. Then,
let ϕi = 0, 1, . . . , τi − 1, we have

ΔVi (x(k), k) = ηT (k)Φ(ϕi )η(k)

where η(k) �
[

xT (k) eT (k)
]T
, and

Φ(ϕi ) =
[

Āi (ϕi ) −Bi Ki (ϕi )

0 Ãi (ϕi )

]T [
Pi (ϕi + 1) 0

0 Qi (ϕi + 1)

] [
Āi (ϕi ) −Bi Ki (ϕi )

0 Ãi (ϕi )

]

+
[

δ̄i Li (ϕi )Fi 0
δ̃i Li (ϕi )Fi 0

]T [
Qi (ϕi + 1) 0

0 Qi (ϕi + 1)

] [
δ̄i Li (ϕi )Fi 0
δ̃i Li (ϕi )Fi 0

]

−
[

αi Pi (ϕi ) 0
0 αi Qi (ϕi )

]
.

By Lemma 2.4, we have

Φ(ϕi ) �
[

Φ11(ϕi ) �

Φ21(ϕi ) Φ22(ϕi + 1)

]

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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where

Φ22(ϕi + 1) � diag{−P−1
i (ϕi + 1),−Q−1

i (ϕi + 1),−Q−1
i (ϕi + 1),

−Q−1
i (ϕi + 1)},

Φ11(ϕi ) � diag{−αi Pi (ϕi ),−αi Qi (ϕi )}, Φ21(ϕi ) �
[
Φ211(ϕi ) Φ212(ϕi )

]
,

Φ211(ϕi ) �
[

Āi (ϕi ); 0; δ̄i Li (ϕi )Fi ; δ̃i Li (ϕi )Fi

]
,

Φ212(ϕi ) �
[−Bi Ki (ϕi ); Ãi (ϕi ); 0; 0

]

Now consider system (4.47)–(4.48) with ω(k) ≡ 0. If Φ(ϕi ) < 0 holds, we can
obtain that ΔVi (x(k), k) < 0, ∀k ∈ [ksp , ksp + τi ) ∪ [ksp+1, ksp+1). Likewise, for k ∈
[ksp + τi , ksp+1), (4.52) ensures ΔVi (x(k), k) ≡ ΔVi (x(k), τi ) < 0. By the proof of
Theorem 1 in [6], it is not hard to find φ > 0 and � ∈ (0, 1), such that

E{‖η(k)‖2} ≤ φ�k
E{‖η(0)‖2}, for all η(0) ∈ R

n, k ∈ Z+ ,

which guarantees that the system (4.47)–(4.48) is exponentially mean-square stable
with ω(k) ≡ 0.

To establish the H∞ performance for system (4.47)–(4.48), assume the zero initial
condition Vi (x(k), k)|k=0 = 0, we consider the following performance index

J (k) � zT (k)z(k) − γ2ωT (k)ω(k) (4.58)

for any non-zero ω ∈ l2[0,∞) and k > 0. Because of the zero initial condition, it
can be verified that

Vi (xk+1, k + 1) − (1 − αi )Vi (xk, k) + zT (k)z(k) − γ2ωT (k)ω(k) = ξT (k)Π̃(ϕi )ξ(k)

where

ξ(k) �
[

η(k)

ω(k)

]
, Π̃(ϕi ) �

[
Π11(ϕi ) �

Π21(ϕi ) Π22(ϕi )

]
,

Π11(ϕi ) � Φ(ϕi ) + [
Ci 0

]T [
Ci 0

]
,

Π211(ϕi + 1) � diag{Pi (ϕi + 1), Qi (ϕi + 1)},

Π21(ϕi ) �
[

E T
i Ē T

i (ϕi )
]
Π211(ϕi + 1)

[
Āi (ϕi ) −Bi Ki (ϕi )

0 Ãi (ϕi )

]
+ DT

i

[
Ci 0

]
,

Π22(ϕi ) �
[

E T
i Ē T

i (ϕi )
]
Π211(ϕi + 1)

[
Ei

Ēi (ϕi )

]
+ DT

i Di − γ2 I.
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If Π̃ < 0, Jk < 0. Then for the pth stage of switching, it holds that

Vσ(ksp+1 )
(xksp+1

, ksp+1) − μ
G(ksp ,ksp+1 )

max (1 − αmin)
ksp+1−ksp Vσ(ksp )(xksp

, ksp )

+
ksp+1−1∑

l=ksp

μ
G(l,ksp+1 )

max (1 − αmin)
ksp+1−l−1 J (k) ≤ 0 (4.59)

Iterating from n ≥ 2, n ∈ Z, it follows that

Vσ(ksn )(xksn
, ksn ) − μ

G(ks1 ,ksn )
max (1 − αmin)

ksn −ks1 Vσ(ks1 )
(xks1

, ks1)

+
ksn −1∑

l=ks1

μG(l,ksn )(1 − αmin)
ksn −l−1 J (k) ≤ 0 (4.60)

Therefore, under zero initial condition, one has Vσ(ks1 )
(xks1

, ks1) = 0, then

ksn −1∑

l=ks1

μG(l,ksn )(1 − αmin)
ksn −l−1 J (k) ≤ 0 (4.61)

which means that

k−1∑

l=k0

μG(l,k)(1 − αmin)
k−l−1zT (l)z(l) ≤ γ2

k−1∑

l=k0

μG(l,k)(1 − αmin)
k−l−1ωT (l)ω(l)

Similar to the derivations of Theorem 3.13, we have

∞∑

l=k0

zT (k)z(k) ≤ γ2
non

∞∑

l=k0

ωT (l)ω(l),

where γnon = γ

√(
μ

T+1
τmin+T

max (1 − αmin)μ
(T+1)
max

)/(
1 − μ

T+1
τmin+T

max αmin

)
, which implies

that ‖z(k)‖2 ≤ γnon ‖ω(k)‖2 for any k ∈ Z
+ and ω(k) ∈ l2[0,∞). �

Then, based on Theorem 4.18, the observer-based controller can be designed and
its existence conditions are given in the following theorem.

Theorem 4.19 Consider the discrete-time switched linear system (4.42)–(4.43) and
let αi > 0, μi > 1, γ > 0 be given constants, i ∈ I. The observer-based QTD con-
troller (4.45)–(4.46) can be designed if there exist positive definite matrices P11,i (ξi ),
Qi (ξi ), Mi (ξi ) , Ni (ξi ), such that

http://dx.doi.org/10.1007/978-3-319-28850-5_3
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Υ (τi ) �
[

Υ11(τi ) �

Υ21(τi ) Υ22(τi )

]
< 0 (4.62)

Υ̃ (ϕi ) �
[

Υ̃11(ϕi ) �

Υ̃21(ϕi ) Υ̃22(ϕi + 1)

]
< 0 (4.63)

hold, where

Υ̃11(ϕi ) � diag{−αi Pi (ϕi ), −αi Qi (ϕi ), −γ2 I },
Υ22(τi ) � diag{−Qi (τi ), −Qi (τi ), −Pi (τi ), −Qi (τi ), −I },
Υ7,2(τi ) � Qi (τi )Ai − δi Ni (τi )Fi − (1 − δi )βi Ni (τi )Fi ,

Υ̃7,2(ϕi + 1) � Qi (ϕi + 1)Ai − δi Ni (ϕi + 1)Fi − (1 − δi )βi Ni (ϕi + 1)Fi ,

Υ11(τi ) � diag{−αi Pi (τi ), −αi Qi (τi ), −γ2 I },
Υ̃7,3(ϕi + 1) � Qi (ϕi + 1)Ei − Ni (ϕi + 1)Gi ,

Υ̃21(ϕi ) �
[
Υ̃211(ϕi ) Υ̃212(ϕi ) Υ̃213(ϕi )

]
,

Υ21(τi ) �
[
Υ211(τi ) Υ212(τi ) Υ213(τi )

]
,

Υ̃211(ϕi ) �
[
Υ̃4,1(ϕi + 1); Υ̃5,1(ϕi + 1); Υ̃6,1(ϕi + 1); 0; Ci

]
,

Υ̃212(ϕi ) �
[
0; 0; Υ̃6,2(ϕi + 1); Υ̃7,2(ϕi + 1); 0 ] ,

Υ̃213(ϕi ) �
[
0; 0; Υ̃6,3(ϕi + 1); Υ̃7,3(ϕi + 1); Di

]
,

Υ211(τi ) �
[
δ̄i Ni (τi )F1,i ; δ̃i Ni (τi )F2,ρ,i ; Υ6,1(τi ); 0; Ci

]
,

Υ212(τi ) �
[
0; 0; −Bi Mi (τi ); Υ7,2(τi ); 0

]
,

Υ213(τi ) �
[
0; 0; Pi (τi )Ei ; Υ7,3(τi ); Di

]
,

Υ̃4,1(ϕi + 1) � δ̄i Ni (ϕi + 1)Fi , Υ̃5,1(ϕi + 1) � δ̃i Ni (ϕi + 1)Fi ,

Υ7,3(τi ) � Qi (τi )Ei − Ni (τi )Gi , Υ̃6,2(ϕi + 1) � −Bi Mi (ϕi + 1),

Υ6,1(τi ) � Pi (τi )Ai + Bi Mi (τi ), Υ̃6,3(ϕi + 1) � Pi (ϕi + 1)Ei ,

Υ̃6,1(ϕi + 1) � Pi (ϕi + 1)Ai + Bi Mi (ϕi + 1),

Υ̃22(ϕi + 1) � diag{−Qi (ϕi + 1), −Qi (ϕi + 1), −Pi (ϕi + 1), −Qi (ϕi + 1), −I },

where ϕi = 0, 1, . . . , τi − 1, ∀i ∈ I, and for any (σ(ks) = i,σ(ks − 1) = j )∈ I ×
I, i 	= j ,

Pi (0) − μ j Pj (T j ) < 0 (4.64)

Pi (0) − μ j Pj (τ j ) < 0 (4.65)

hold, where T j ∈ Z[1,min(τ j −1,T(p))], T(p) ∈ Z[1,T]. Then, the resulting closed-loop
system (4.47)–(4.48) is exponentially mean-square stable and has an H∞ perfor-
mance index γl = γε for MPDT switching signals satisfying (4.50), where ε �
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√(
μ

T+1
τmin+T

max (1 − αmin)μ
(T+1)
max

)/(
1 − μ

T+1
τmin+T

max αmin

)
. Moreover, if a feasible solution

exists, both the QTD controller gains and the QTD observer gains can be obtained by

Li (ϕi ) = Q−1
i (ϕi + 1)Ni (ϕi + 1), Ki (ϕi ) = P̄−1

i (ϕi + 1)Mi (ϕi + 1), (4.66)

where P̄i (ϕi + 1) = (V T
i (ϕi + 1))−1�−1

i (ϕi + 1)P11,i (ϕi + 1)�−1
i (ϕi + 1)V T

i
(ϕi + 1).

Proof Since there exist P11i (ϕi + 1) > 0 and P22i (ϕi + 1) > 0, such that

Pi (ϕi + 1) = U T
1i (ϕi + 1)P11i (ϕi + 1)U1i (ϕi + 1)

+ U T
2i (ϕi + 1)P22i (ϕi + 1)U2i (ϕi + 1),

where U1i (ϕi + 1) and U2i (ϕi + 1) are defined in (4.49), it follows from Lemma
4.17 that there exists a nonsingular matrix P̄i (ϕi + 1) such that

Pi (ϕi + 1)Bi = Bi P̄i (ϕi + 1). (4.67)

Then, let us calculate such a matrix P̄i (ϕi + 1) from the relation (4.67) as follows

Pi (ϕi + 1)U T
i (ϕi + 1)

[
�i (ϕi + 1)

0

]
V T

i (ϕi + 1)

= U T
i (ϕi + 1)

[
�i (ϕi + 1)

0

]
V T

i (ϕi + 1)P̄i (ϕi + 1)

⇒ U T
i (ϕi + 1)

[
P11i (ϕi + 1) 0

0 P22i (ϕi + 1)

] [
�i (ϕi + 1)

0

]
V T

i (ϕi + 1)

= U T
i (ϕi + 1)

[
�i (ϕi + 1)

0

]
V T

i (ϕi + 1)P̄i (ϕi + 1),

which implies that

P̄i (ϕi + 1) = (V T
i (ϕi + 1))−1�−1

i (ϕi + 1)P11,i (ϕi + 1)

× �−1
i (ϕi + 1)V T

i (ϕi + 1). (4.68)

Therefore, we can conclude from (4.66) and (4.68) that

Pi (ϕi + 1)Bi = Bi P̄i (ϕi + 1), Ni (ϕi + 1) = Qi (ϕi + 1)Li (ϕi ),

Mi (ϕi + 1) = P̄i (ϕi + 1)Ki (ϕi ),

then, it could be seen that (4.63) is equivalent to (4.51). Similarly, it could be directly
obtained that (4.62) is equivalent to (4.52). �
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Remark 4.20 In Theorem 4.19, the parameters αi and μi are considered to be vari-
ables since a small τi , ∀i ∈ I corresponding to fast switching may not guarantee the
existence of a feasible solution with admissible MPDT. Hence, the MPDT can be
minimized by solving the following minimization problem

Problem 4.2
minαi ,μi τi

s.t. αi > 0,μi > 1, (4.50), (4.62) − (4.65)

In addition, the minimum of τi can be trivially found by bisection method.

It is worth pointing out that the constructed Lyapunov function (4.55) containing
the QTD scheduler yields the controller design with less conservatism. For the sake
of a comparison, the time-independent controller is designed based on the corre-
sponding “qk-independent” Lyapunov function in the following corollary.

Corollary 4.21 Consider the discrete-time switched linear system (4.42)–(4.43) and
let αi > 0, μi > 1, γ > 0 be given constants, i ∈ I. For a prescribed period of
persistence T, if there exist matrices Pi ∈ Sn

>0, Qi ∈ U n
>0, Mi and Ni , ∀i ∈ I, such

that

Υ �
[

Υ11i �

Υ21i Υ22i

]
< 0

and for any (σ(ks) = i,σ(ks − 1) = j )∈ I × I,i 	= j ,

Pi − μ j Pj < 0 (4.69)

hold, where

Υ11i � diag{−αi Pi ,−αi Qi ,−γ2 I }, Ῡ4,1 � δ̄i Ni Fi , Ῡ5,1 � δ̃i Ni Fi ,

Ῡ6,2 � −Bi Mi , Ῡ6,3 � Pi Ei , Υ22i � diag{−Qi ,−Qi ,−Pi ,−Qi ,−I },
Ῡ7,2 � Qi Ai − δi Ni Fi − (1 − δi )βi Ni Fi , Ῡ7,3 � Qi Ei − Ni Gi ,

Ῡ6,1 � Pi Ai + Bi Mi , Υ21i �
[
Υ211i Υ212i Υ213i

]
,

Υ211i �
[
Ῡ4,1; Ῡ5,1; Ῡ6,1; 0; Ci

]
, Υ212i �

[
0; 0; Ῡ6,2; Ῡ7,2; 0

]
,

Υ213i �
[
0; 0; Ῡ6,3; Ῡ7,3; Di

]
.

Then, the resulting closed-loop system (4.47)–(4.48) is exponentially mean-square
stable and has a guaranteed non-weighted H∞ performance index γc = γε, where

ε �
√(

μ
T+1

ηmin+T

max (1 − αmin)μ
(T+1)
max

)/(
1 − μ

T+1
ηmin+T

max αmin

)
,

for MPDT switching signals satisfying (4.50), where ηmin � mini∈L ηi , ηi is the
minimal MPDT. Moreover, if a feasible solution exists, the mode-dependent controller
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gains can be obtained by Li = Q−1
i Ni , Ki = P̄−1

i Mi with P̄i = (V T
i )−1�−1

i P11,i

�−1
i V T

i .

Proof The proof can be obtained in a similar vein to the one for Theorem 4.19 and
omitted here. �

Remark 4.22 Note that the designedQTDcontrollers and observers in Theorem4.19
contain the ones in Corollary 4.21 as a special case, which implies that the method-
ology for the QTD controller and observer design offers more freedom and will be
consequently less conservative than the case used in Corollary 4.21. That is to say, a
class of QTD controllers and observers exists but the time-dependent ones may not;
in addition, even though the two different controllers and observers exist simultane-
ously, the H∞ performance achieved by the former one can be better, which will be
verified as below.

Here we will present two examples to demonstrate the validity of the QTD con-
troller and observer design approach in the presence ofMPDT switching and random
packet dropouts in the redundant channel case. The first numerical example is used
to show the effectiveness of the designed QTD controllers and observers, and the
second one is a PWM-driven DC–DC boost converter that is used to illustrate the
applicability of the theoretical results.

Example 4.23 Consider the following discrete-time switched linear system (4.42)–
(4.43) consisting of two subsystems given by

A1 =
[
1.6 −0.8
0.8 −0.8

]
, A2 =

[
0.5 0.1
0.5 1.1

]
, B1 =

[−0.1
0.1

]
,

B2 =
[−0.2

0.2

]
, E1 =

[
0
1.4

]
, E2 =

[−1
0

]
,

F1 = [
0.1 0.1

]
, F2 = [

0.1 0.1
]
, G1 = 0.1, G2 = 0.1,

C1 = [
0.02 0.45

]
, C2 = [

0.1 0.04
]
, D1 = 0.1, D2 = 0.1.

Our purpose here is to design a QTD observer-based controller and to find out
the admissible switching signals with minimal MPDT such that the resulting closed-
loop system is exponentially mean-square stable with a guaranteed non-weighted
H∞ disturbance attenuation performance. Consider that the conditional probabilities
representing the occurrences of packet dropouts in two different channels are taken
as δ1 = 0.6, δ2 = 0.8, β1 = 0.4 , β2 = 0.5, respectively, and designate α1 = 0.105,
α2 = 0.085, μ1 = μ2 = 1.165. The minimization procedure given in Problem 4.2
can be realized in cases of T = 1, 2, 3 by solving LMIs in Theorem 4.19 and
Corollary 4.21, respectively, and the correspondingMPDT and optimal performance
indices are listed in Table 4.6. From Table 4.6 , the results by Theorem 4.19 are
less conservatism than the ones by Corollary 4.21. Meanwhile, the desired controller
and observer gains can be solved accordingly, for instance, the controller gain matri-
ces are given as follows for the case of T = 1 by Theorem 4.19. Moreover, from
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Table 4.6 The minimal
MPDT and performance
index obtained by different
criteria

T Theorem 4.19 Corollary 4.21

(τ∗
1 , τ∗

2 ) γ∗
t (η∗

1 , η
∗
2) γ∗

c

3 (4, 4) 3.3247 (5, 6) 5.8367

2 (3, 4) 3.0877 (4, 5) 5.3282

1 (2, 3) 2.8768 (3, 4) 4.8639

Table 4.7 The optimal H∞
error performance index γ∗

l
for different period of
persistence T

Cases Redundant channel Single channel

T = 3 3.3247 7.2582

T = 2 3.0877 6.7408

T = 1 2.8768 6.2804

Table 4.7, it can be observed that the values of γl through the redundant channels
approach are better than the corresponding ones in single channel case, which shows
that the inclusion of one redundant channel alleviates the effect of packet dropouts
even inactivation of the primary channel.

K1(0) = [
2.7563 0.7782

]
K1(1) = [

2.1170 0.8891
]

K1(2) = [
2.1345 0.8902

]
K2(0) = [

0.7741 −1.7743
]

K2(1) = [−0.1173 −0.7406
]

K2(2) = [−0.1635 −0.8142
]

K2(3) = [−0.1548 −0.8031
]

L1(0) =
[
0.5462
1.2720

]
L1(1) =

[
3.6319

−0.0095

]
L1(2) =

[
3.6213

−0.0112

]

L2(0) =
[−0.0928

1.1433

]
L2(1) =

[
0.6944
4.1948

]
L2(2) =

[
0.7977
5.0922

]

L2(3) =
[
0.8011
5.1046

]
.

Further, given the initial condition x0 = [−1 1
]T

and the disturbance signal
ω(k) = exp(−0.5k), consider the running time equivalent to the MPDT at each time
of switching, and suppose that there exists a period of persistence before the first
MPDT stage, the resulting switching signals and the state response of the corre-
sponding closed-loop system under T = 3 and T = 2 are presented in Figs. 4.8 and
4.9, respectively, for one realization of the disturbance sequence.

Example 4.24 In this example, a PWM (Pulse-Width-Modulation)-driven DC–DC
boost converter as shown in Fig. 4.10 can be alternatively modeled as switched sys-
tems and will be used to verify the effectiveness of proposed control approaches. In
Fig. 4.10, the switch S(k) is controlled by a PWMdevice and can switch at most once
in each period Ts . Here, R is the load resistance, C the capacitance, D the diode, L
the inductance, and Vin the source voltage, and uc the output voltage, i.e., y = uc.
There are two stable variables, the capacitor voltage uc and the inductor current iL , if
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Fig. 4.8 State trajectories of the closed-loop system with two different MPDT switching signals
(T = 3)

Fig. 4.9 State trajectories of the closed-loop system with two different MPDT switching signals
(T = 2)



122 4 Control

Fig. 4.10 DC–DC boost converter

we choose the state vector as x = [
iL uc

]T
, the system dynamics can be expressed

in continuous-time switched form as follows,

ẋ =
{

A1x + B1u ON
A2x + B2u OFF

and y =
{

C1x ON
C2x OFF

where

A1 =
[
0 0
0 − 1

RC

]
, A2 =

[
0 − 1

L
1
C − 1

RC

]
, B1 =

[
1
L
0

]
, B2 =

[
1
L
0

]
,

C1 =
[
0
1

]
, C2 = C1.

Given Vin = 5V, L = 500µH, C = 4.4µF, R = 28�. By setting the sampling
time Ts = 20µs and considering that the disturbance input exists in the underlying
system, one can obtain that

A1 =
[
1 0
0 0.8502

]
, A2 =

[
0.9151 −0.0358
4.0697 0.7698

]
, B1 =

[
0.0400

0

]
, B2 =

[
0.0388
0.0849

]
,

C1 =
[
0
1

]
, C2 = C1, G1 = G2 = 0.1.

Suppose other system parameters to be

E1 =
[

0
0.1

]
, E2 =

[−0.1
0

]
, F1 = F2 =

[
0.1
0.1

]T

, D1 = D2 = 0.

In this example, the conditional probabilities representing the occurrences of
packet dropouts in two different channels are taken as δ1 = 0.6, δ2 = 0.8, β1 = 0.7,
β2 = 0.6, designating α1 = 0.105, α2 = 0.085, μ1 = μ2 = 1.165, and T = 1, by
Theorem 4.19 and solving Problem 4.2, the optimum (μ∗

i ,α
∗
i ) of (μi ,αi ), i = 1, 2 can
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Table 4.8 The minimal
MPDT and performance
index obtained by different
criteria

T Theorem 4.19 Corollary 4.21

(τ∗
1 , τ∗

2 ) γ∗
t (η∗

1 , η
∗
2) γ∗

c

3 (4, 4) 5.0689 (4, 5) 5.6571

2 (3, 4) 4.7035 (4, 4) 5.1504

1 (2, 3) 4.3820 (3, 3) 4.7214

Table 4.9 The optimal H∞
error performance index γ∗

l
for different period of
persistence T

Cases Redundant channel Single channel

T = 3 5.0689 6.1502

T = 2 4.7035 5.7083

T = 1 4.3820 5.3183

be obtained and the feasible controller and observer gains associated with (μ∗
i ,α

∗
i ),

i = 1, 2 can be solved as

K1(0) = [−12.8317 −0.3729
]
, K1(1) = [−5.7334 −0.5972

]
,

K1(2) = [−5.7326 −0.6053
]
, K2(0) = [−5.2793 −0.9156

]
,

K2(1) = [−0.5801 −0.2095
]
, K2(2) = [−0.2966 −0.1686

]
,

K2(3) = [−0.3025 −0.1712
] ;

L1(0) =
[
0.2189
0.2308

]
, L1(1) =

[
0.9016
0.6432

]
, L1(2) =

[
0.9286
0.6158

]
,

L2(0) =
[
0.9868
7.0469

]
, L2(1) =

[
2.0852
16.2775

]
, L2(2) =

[
1.9062
15.6429

]
,

L2(3) =
[
1.8056
15.4325

]
.

Then, for different T, the minimal MPDT can be computed and three cases are
listed in Table 4.8, and the similar observations can be shown in Table 4.9 as dis-
cussed about the Table 4.7 in Example 4.23. Consider zero initial condition and the
disturbance input ω(k) = exp(−0.5k), the reference state x f = [

0.2 10
]T
. Then by

generating one admissible switching sequence, where the running time of subsys-
tems are equivalent to the MPDT and a period of persistence exists before the first
MPDT phase, the state trajectories of the closed-loop systems of DC–DC boost con-
verter and the corresponding switching signal under T = 3, and T = 2 are shown in
Figs. 4.11 and 4.12, respectively.
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Fig. 4.11 State trajectories of DC–DC boost converter with two different MPDT switching signals.
(T = 3)

Fig. 4.12 State trajectories of DC–DC boost converter with two different MPDT switching signals.
(T = 2)
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4.4 Conclusion

In this chapter, we have dealt with the H∞ control problem for discrete-time switched
systems with different types of switching signals. Considering the arbitrary switch-
ing, both robust H∞ controller and parameter-dependent H∞ controller have been
designed respectively for switched linear discrete-time systemswith polytopic uncer-
tainties; the controller gains can be obtained by solving convex optimization prob-
lems subject to a set of LMIs. Moreover, the optimal H∞ noise-attenuation level
bounds of corresponding closed-loop system are computed as well. Then, an μ-
dependent approach has been introduced to the control synthesis for the underlying
systems with ADT switching, and the minimal μ and the corresponding controller
gains can be obtained from such conditions for a given system decay degree. Finally,
the observer-based H∞ control has been investigated for the MPDT switched lin-
ear systems, and the redundant channels design approach has been adopted in the
measurement output to reduce the influence of random occurring packet dropouts.
A QTD observer-based controller has been designed such that the resulting closed-
loop system is exponentially mean-square stable with a guaranteed non-weighted
H∞ disturbance attenuation performance.
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Chapter 5
Filtering

Abstract This chapter first studies the problem of robust H∞ filtering for switched
linear discrete-time systems with arbitrary switching and polytopic uncertainties.
Based on the mode-dependent idea and parameter-dependent stability result, a robust
switched linear filter is designed such that the corresponding filtering error system
achieves robust asymptotic stability and guarantees a prescribed H∞ performance
index for all admissible uncertainties. The existence condition of such filters is
derived and formulated in terms of a set of linear matrix inequalities (LMIs) by
the introduction of slack variables to eliminate the cross coupling of system matrices
and Lyapunov matrices among different subsystems. Then, an μ -dependent approach
proposed in Chap. 2 is used to investigate the exponential H∞ filtering problem for
discrete-time uncertain switched systems with average dwell time (ADT) switching,
and a mode-dependent full-order filter is designed to guarantee that the resulting
filtering error system is robustly exponentially stable and has an exponential H∞
performance. Moreover, a class of discrete-time switched linear parameter varying
(LPV) systems under ADT switching is considered to investigate the H∞ filtering
problem, and a mode-dependent full-order parameterised filter is then designed and
the corresponding existence conditions of such filters are derived via LMIs formula-
tion. Finally, the non-weighted H∞ filtering problem is studied for a class of switched
linear systems with persistent dwell-time (PDT) switching in discrete-time domain.
A proper Lyapunov function suitable to the PDT switching is constructed, which
is not only mode-dependent but also quasi-time-dependent (QTD). Then, a QTD
filter is designed such that the resulting filtering error system is globally uniformly
asymptotically stable and has a guaranteed H∞ noise attenuation performance. Sev-
eral examples are illustrated to show the validity of the obtained theoretical results.

5.1 Robust H∞ Filtering: Arbitrary Switching

Consider a class of uncertain switched linear discrete-time systems given by

x(k + 1) = Aσ(k)(λ)x(k) + Bσ(k)(λ)ω(k) (5.1)

y(k) = Cσ(k)(λ)x(k) + Dσ(k)(λ)ω(k) (5.2)

z(k) = Hσ(k)(λ)x(k) + Lσ(k)(λ)ω(k) (5.3)
© Springer International Publishing Switzerland 2016
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where x(k) ∈ R
n is the state vector, ω(k) ∈ R

l is the disturbance input which belongs
to l2[0,+∞), y(k) ∈ R

m is the measurement, z(k) is the objective signal to be
attenuated, σ(k) is the switching signal, which is a piecewise constant function of
time, and takes its values in the finite set I = {1, . . . , N }, N > 1 is the number of
subsystems. When σ(k) = i ∈ I, the matrices (Ai(λ), Bi(λ), Ci(λ), Di(λ), Hi(λ),

L i(λ)) denote the ith subsystem. As in [1], we assume that the switching signal i is
unknown a priori, but its instantaneous value is available in real time.

The matrices of each subsystem have appropriate dimensions with partially
unknown parameters. It is assumed that (Ai(λ), Bi(λ), Ci(λ), Di(λ), Hi(λ),

L i(λ)) ∈ �i, where �i is a given convex bounded polyhedral domain described
by s vertices in the ith subsystem.

�i � {[(Ai(λ), Bi(λ), Ci(λ), Di(λ), Hi(λ), L i(λ))]
=

s∑

m=1

λm[Ai,m, Bi,m, Ci,m, Di,m, Hi,m, L i,m];
s∑

m=1

λm = 1,

λm ≥ 0, i ∈ I} (5.4)

Without loss of generality, the number of vertices in each subsystem is assumed
to be equal here. Our objective in this section is to design a filter being the form:

xf (k + 1) = Afixf (k) + Bfiy(k) (5.5)

zf (k) = Cfixf (k) + Dfiy(k) (5.6)

In the filter with the above structure, the switching signal i is also assumed
unknown a priori but available in real-time with the switching signal in system
(5.1)–(5.3).

Augmenting the model of (5.1)–(5.3) to include the states of the filter, denoting

x̃(k) �
[
xT (k) xT

f (k)
]T

, e(k) � z(k) − zf (k), we obtain the filtering error system:

x̃(k + 1) = Ãi(λ)x̃(k) + B̃i(λ)w(k) (5.7)

e(k) = C̃i(λ)x̃(k) + D̃i(λ)w(k) (5.8)

where,

Ãi(λ) �
[

Ai(λ) 0
BfiCi(λ) Afi

]
, B̃i(λ) �

[
Bi(λ)

Bfi Di(λ)

]
,

C̃i(λ) �
[

Hi(λ) − DfiCi(λ) −Cfi

]
, D̃i(λ) � L i(λ) − Dfi Di(λ).

Then, the robust H∞ filtering problem addressed in this section can be formulated
as follows: given uncertain switched system (5.1)–(5.3) and a prescribed level of noise
attenuation γ > 0, determine a robust switched linear filter (5.5)–(5.6) such that the
filtering error system is robustly asymptotically stable and
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‖e‖2 < γ ‖w‖2 (5.9)

under zero-initial conditions for any nonzero w ∈ l2[0,+∞) and all admissible
uncertainties.

In this section, a sufficient condition for the existence of robust H∞ filter for
uncertain switched system (5.1)–(5.3) will be formulated in terms of a set of LMIs.
The following lemma is first presented which will be used in the sequel.

Lemma 5.1 Consider the uncertain switched system (5.1)–(5.3) and let γ > 0 be a
given scalar. If there exist matrix functions Pi(λ) > 0 and matrices Ri(λ) satisfying

Φi,j(λ) �

⎡

⎢⎢⎣

Pj(λ) − Ri(λ) − RT
i (λ) 0 Ri(λ)Ai(λ) Ri(λ)Bi(λ)

� −I Ci(λ) Di(λ)

� � −Pi(λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0

(5.10)

then, system (5.1)–(5.3) is robustly asymptotically stable with an H∞ noise-attenu-
ation level bound γ.

Proof Construct a Lyapunov functional as

V(k,x(k)) � xT (k)Pi(λ)x(k).

Then, along the trajectory of system (5.1)–(5.3), we have

ΔV = V(k + 1,x(k + 1)) − V(k,x(k))

= xT (k)
[
AT

i (λ)Pj(λ)Ai(λ) − Pi(λ)
]
x(k)

+ 2xT (k)
[
AT

i (λ)Pj(λ)Bi(λ)
]
w(k)

+ wT (k)
[
BT

i (λ)Pj(λ)Bi(λ)
]
w(k) (5.11)

When assuming the zero disturbance input to system (5.1)–(5.3), we have

ΔV = V(k + 1,x(k + 1)) − V(k,x(k))

= xT (k)
[
AT

i (λ)Pj(λ)Ai(λ) − Pi(λ)
]
x(k), ∀(i, j) ∈ I × I.

Thus if
AT

i (λ)Pj(λ)Ai(λ) − Pi(λ) < 0, ∀(i, j) ∈ I × I (5.12)

then ΔV < 0 and the robust asymptotic stability of system (5.1)–(5.3) is guaranteed.
By Lemma 2.4, condition (5.12) is equivalent to: ∀(i, j) ∈ I × I

Ξ i,j(λ) �
[−Pj(λ) Pj(λ)Ai(λ)

� −Pi(λ)

]
< 0. (5.13)

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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On the other hand, if the inequality (5.10) holds, we can explore the fact that
Pj(λ) − Ri(λ) − RT

i (λ) < 0 so that the matrices Ri(λ) are nonsingular for each i.
In addition, we have (Pj(λ) − Ri(λ))P−1

j (λ)(Pj(λ) − Ri(λ))T ≥ 0, which implies

Pj(λ) − Ri(λ) − RT
i (λ) ≥ −Ri(λ)P−1

j (λ)RT
i (λ). Hence, we conclude

Φi,j(λ) �

⎡

⎢⎢⎣

−Ri(λ)P−1
j (λ)RT

i (λ) 0 Ri(λ)Ai(λ) Ri(λ)Bi(λ)

� −I Ci(λ) Di(λ)

� � −Pi(λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0.

Then, by performing a congruence transformation to above inequality via
diag{R−T

i (λ)Pj(λ), I, I, I }, we obtain

Φi,j(λ) �

⎡

⎢⎢⎣

−Pj(λ) 0 Pj(λ)Ai(λ) Pj(λ)Bi(λ)

� −I Ci(λ) Di(λ)

� � −Pi(λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0. (5.14)

LMI (5.14) implies (5.13), thus the robust asymptotic stability of system (5.1)–
(5.3) is ensured.

Now, to establish the H∞ performance for the uncertain switched system (5.1)–
(5.3), consider the same performance index J as given in the proof of Theorem 3.1,
under zero initial condition, i.e., V(k,x(k)) |k=0= 0, we have

J <

∞∑

k=0

θT (k)

[
Λ11 Λ12

� Λ22

]
θ(k)

where θ(k) �
[
xT (k) wT (k)

]T
, and

Λ11 � AT
i (λ)Pj(λ)Ai(λ) − Pi(λ) + CT

i (λ)Ci(λ),

Λ12 � AT
i (λ)Pj(λ)Bi(λ) + CT

i (λ)Di(λ),

Λ22 � −γ2 I + BT
i (λ)Pj(λ)Bi(λ) + DT

i (λ)Di(λ).

By Lemma 2.4, inequality (5.14) guarantees J < 0 which means that ‖y‖2 <

γ ‖w‖2 , this completes the proof. �

Remark 5.2 As shown in (5.13)–(5.14), the coupling of product terms is cross among
different subsystems so that the filter design is hard for whole switched systems. The
introduction of matrix variables Ri(λ) overcomes this difficulty, which transfers
the interaction among subsystems from terms Pj(λ)Ai(λ) or Pj(λ)Bi(λ) to another
form Pj(λ) − Ri(λ) − RT

i (λ), and the resulting terms Ri(λ)Ai(λ) and Ri(λ)Bi(λ)

are much easier to be dealt with.

http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Now, based upon the above criterion for filtering analysis, we give the existence
condition of robust H∞ filter in the following theorem.

Theorem 5.3 Consider the uncertain switched linear system (5.1)–(5.3) and let γ >
0 be a given scalar. Then, there exists a robust switched linear filter (5.5)–(5.6) such
that, for all admissible uncertainties, the filtering error system (5.7)–(5.8) is robustly
asymptotically stable and (5.9) holds for any nonzero w ∈ l2[0,+∞), if for i ∈ I,
1 ≤ m ≤ s there exist matrices Xi,m, Yi, Zi,m, Āfi, B̄fi, C̄fi, D̄fi, P2i,m, positive
definite matrix P1i,m, P3i,m, and scalars εi such that

Ξ ij
m,n + Ξ ij

n,m < 0, (1 ≤ m ≤ n ≤ s) , ∀(i, j) ∈ I × I, (5.15)

where,

Ξ ij
m,n �

⎡

⎢⎢⎢⎢⎢⎢⎣

P1j,n − Xi,n − X T
i,n P2j,n − εiYi − ZT

i,n 0
� P3j,n − Yi − YT

i 0
� � −I
� � �

� � �

� � �

Xi,n Ai,m + εi B̄fiCi,m εi Āfi Xi,n Bi,m + εi B̄fi Di,m

Zi,n Ai,m + B̄fiCi,m Āfi Zi,n Bi,m + B̄fi Di,m

Hi,m − D̄fiCi,m −C̄fi L i,m − D̄fi Di,m

−P1i,m −P2i,m 0
� −P3i,m 0
� � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0

In this case, a suitable robust filter in the form (5.5) and (5.6) has the parameters as
follows

Afi = Y−1
i Āfi, Bfi = Y−1

i B̄fi, Cfi = C̄fi, Dfi = D̄fi, i ∈ I. (5.16)

Proof As shown in (5.7) and (5.8), the filtering error system is a switched linear
system with same structure of polytopic uncertainties as well as uncertain switched
system (5.1)–(5.3), thus, by Lemma 5.1, system (5.7)–(5.8) is robustly asymptoti-
cally stable with a prescribed H∞ noise-attenuation level bound γ if the following
inequality holds

Ξ i,j(λ) =

⎡

⎢⎢⎣

Pj(λ) − Ri(λ) − RT
i (λ) 0 Ri(λ) Ãi(λ) Ri(λ)B̃i(λ)

� −I C̃i(λ) D̃i(λ)

� � −Pi(λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0,

(5.17)
∀(i, j) ∈ I × I, where, Ãi(λ), B̃i(λ), C̃i(λ), D̃i(λ) are described in (5.7) and (5.8).
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Then, by defining matrix functions

Pi(λ) �
[P1i(λ) P2i(λ)

� P3i(λ)

]
, Ri(λ) �

[Xi(λ) εiYi

Zi(λ) Yi

]

and matrix variables

Āfi � Yi Afi, C̄fi � Cfi, B̄fi � Yi Bfi, D̄fi � Dfi,

respectively, and by some matrix manipulations, it can be readily established that
(5.17) is equivalent to: ∀(i, j) ∈ I × I

Ξ ij(λ) �

⎡

⎢⎢⎢⎢⎢⎢⎣

P1j(λ) − Xi(λ) − X T
i (λ) P2j(λ) − εiYi − ZT

i (λ) 0
� P3j(λ) − Yi − YT

i 0
� � −I
� � �

� � �

� � �

Xi(λ)Ai(λ) + εi B̄fiCi(λ) εi Āfi Xi(λ)Bi(λ) + εi B̄fi Di(λ)

Zi(λ)Ai(λ) + B̄fiCi(λ) Āfi Zi(λ)Bi(λ) + B̄fi Di(λ)

Hi(λ) − D̄fiCi(λ) −C̄fi L i(λ) − D̄fi Di(λ)

−P1i(λ) −P2i(λ) 0
� −P3i(λ) 0
� � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0

Hence, further assuming matrix functions Pi(λ) and Ri(λ) to be the following
forms

Pi(λ) �
s∑

m=1

λmPi,m =
s∑

m=1

λm

[P1i,m P2i,m

� P3i,m

]
, (5.18)

Ri(λ) �
s∑

m=1

λmRi,m =
s∑

m=1

λm

[Xi,m εiYi

Zi,m Yi

]
, (5.19)

and taking (5.4) and (5.18)–(5.19) into account, we have

Ξ ij(λ) =
s∑

m=1

s∑

n=1

λmλnΞ
ij
m,n

=
s∑

m=1

λ2
mΞ ij

m,m +
s−1∑

m=1

s∑

n=m+1

λmλn(Ξ
ij
m,n + Ξ ij

n,m).



5.1 Robust H∞ Filtering: Arbitrary Switching 133

Thus, if condition (5.15) holds, then Ξ ij(λ) < 0, which implies (5.17) holds,
i.e. the filtering error system is robustly asymptotically stable with an H∞ noise-
attenuation level bound γ. Meanwhile, if a solution exists, the parameters of admis-
sible filter is given by (5.16). �

Remark 5.4 From the expression Ξ
ij
m,n , it can be easily seen that a parameter-

dependent quadratic Lyapunov function is actually constructed in Theorem 5.3 for
the developed filtering error system, and all vertex systems in each subsystem are
considered by means of matrix variables Pi,m. However, if we choose the Lyapunov
function based on quadratic framework, and correspondingly, the matrices Pi,m and
Ri,m in Theorem 5.3 are selected as Pi and Ri, we will get the following simpler
(but will be conservative) result.

Corollary 5.5 Consider the uncertain switched linear system (5.1)–(5.3) and let
γ > 0 be a given scalar. Then, there exists a robust switched linear filter (5.5)–(5.6)
such that, for all admissible uncertainties, the filtering error system (5.7)–(5.8) is
robustly asymptotically stable and (5.9) holds for any nonzero w ∈ l2[0,+∞), if for
each i ∈ I there exist matrices Xi, Yi, Zi, Āfi, B̄fi, C̄fi, D̄fi, P2i, positive definite
matrix P1i, P3i, and scalars εi such that

Ξ ij
m < 0, (1 ≤ m ≤ s) , ∀(i, j) ∈ I × I

where,

Ξ ij
m �

⎡

⎢⎢⎢⎢⎢⎢⎣

P1j − Xi − X T
i P2j − εiYi − ZT

i 0
� P3j − Yi − YT

i 0
� � −I
� � �

� � �

� � �

Xi Ai,m + εi B̄fiCi,m εi Āfi Xi Bi,m + εi B̄fi Di,m

Zi Ai,m + B̄fiCi,m Āfi Zi Bi,m + B̄fi Di,m

Hi,m − D̄fiCi,m −C̄fi L i,m − D̄fi Di,m

−P1i −P2i 0
� −P3i 0
� � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0 (5.20)

Conditions (5.15) in Theorem 5.3 and (5.20) in Corollary 5.5 are all formulated
in terms of a set of LMIs. These LMIs can be solved by means of numerically
efficient convex programming algorithms [2]. Moreover, the performance index γ
described in these conditions can be respectively optimized by the corresponding
convex optimization procedures.

In the following, a numerical example is presented to demonstrate the validity
and the less conservativeness of proposed filter design approach in Theorem 5.3.
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Example 5.6 Consider the uncertain discrete-time switched linear system (5.1)–
(5.3) consisting of two uncertain subsystems, where there are two groups of vertex
matrices in subsystem 1

A11 = ρ

[
0.82 0.10

−0.06 0.77

]
, B11 = ρ

[
0

0.1

]
,

C11 = ρ
[

1 0
]
, D11 = ρ, H11 = ρ

[
1 0

]
, L11 = 0

A12 = ρ

[
0.82 0.10

−0.06 −0.75

]
, B12 = ρ

[
0

−0.1

]
,

C12 = ρ
[

1 0.2
]
, D12 = 0.8ρ, H12 = ρ

[
1 0

]
, L12 = 0

two groups of vertex matrices in subsystem 2

A21 = ρ

[
0.82 0.06

−0.10 0.77

]
, B21 = ρ

[
0.1
0

]
,

C21 = ρ
[

0 −1
]
, D21 = −ρ, H21 = ρ

[
1 0

]
, L21 = 0

A22 = ρ

[
0.82 0.06

−0.10 −0.75

]
, B22 = ρ

[−0.1
0

]
,

C22 = ρ
[

0.2 −1
]
, D22 = −0.8ρ, H22 = ρ

[
1 0

]
, L22 = 0

where ρ is a scalar parameter.
Our purpose is to design a robust H∞ filter for the above uncertain switched

system for a given ρ and check the H∞ performance of the resulting filtering error
system. The disturbance w(k) = 0.001e−0.003k sin(0.002πk) and the switching sig-
nal is generated randomly by Algorithm 2.1. Then, assuming Time_Length = 200
and Con = 0.6 in Algorithm 2.1 in the example, the switching signal can be realized
by Matlab and a possible case is shown in Fig. 5.1.

By choosing ε1 = ε2 = 1 and solving the corresponding convex optimization
problems in Theorem 5.3 and Corollary 5.5, we can obtain different minimum H∞
noise-attenuation level bounds γ as listed in Table 5.1 which lists the different calcu-
lation results by different methods. From obtained γ, it can be clearly seen that the
condition in Theorem 5.3 using parameter-dependent stability idea for the existence
of a robust switched linear filter is less conservative.

In addition, for given ρ = 1.20, the admissible filter parameters can be obtained
by Theorem 5.3 as

Af1 =
[

0.0391 −0.0400
0.0703 0.4807

]
, Bf1 =

[−0.7140
0.0432

]
, Af2 =

[
0.2043 0.4062
0.2493 0.5090

]
,

Bf2 =
[−1.2090

0.6217

]
, Cf1 =

[
0.0186
0.2056

]T

, Cf2 =
[−1.1651

−0.1088

]T

,

Df1 = 0.9059, Df2 = 0.1191.

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Fig. 5.1 Switching signal

Table 5.1 Different minimum γ of filtering error system

Methods ρ = 1.00 ρ = 1.10 ρ = 1.20

Corollary 5.5 0.5440 1.1819 6.7103

Theorem 5.3 0.5375 1.1414 4.4493

Then, given H∞ noise-attenuation level bound γ = 4.4493, Fig. 5.2 shows the
error response of the resulting filtering error system by applying above obtained
filter gains for given uncertain parameters λ1 = 0.4, λ2 = 0.6 in (5.4), and Fig. 5.3
shows the corresponding result if the uncertain parameters λ1 = 0.2,λ2 = 0.8 . It can
be observed from simulation curves in Figs. 5.2 and 5.3 that the designed switched
linear filter is feasible and effective against the variations of uncertain parameter
under the given arbitrary switching signal.

5.2 Robust H∞ Filtering: ADT Switching

5.2.1 Uncertain Switched Linear Systems

In this subsection, with the aid of Theorem 3.8, our objective is to design a full-
order mode-dependent exponential H∞ filter of form (5.5)–(5.6), and find admissible

http://dx.doi.org/10.1007/978-3-319-28850-5_3
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Fig. 5.2 Filtering error response corresponding to uncertain parameters. λ1 = 0.4, λ2 = 0.6

Fig. 5.3 Filtering error response corresponding to uncertain parameters. λ1 = 0.2, λ2 = 0.8
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switching signals with the minimal average dwell time (ADT) such that the polytopic
uncertain switched filtering error system (5.7)–(5.8) is robustly exponentially stable
and achieves a prescribed exponential H∞ performance index.

Theorem 5.7 Consider the uncertain switched linear system (5.1)–(5.3) and let α >

0, γ > 0 and μ > 1 be given constants. If there exist matrices P̄1i,m > 0, P̄3i,m > 0
and matrices P̄2i,m, Ri,m, Si,m, Ti, Âfi, B̂fi, Ĉfi, D̂fi, ∀i ∈ I, 1 ≤ m ≤ s such that

Ξ i
m,n + Ξ i

n,m < 0, (1 ≤ m ≤ n ≤ s) (5.21)

⎡

⎢⎢⎣

Υ i
11,m P̄2i,m − μSi,m − μTi RT

i,m Tj

� P̄3i,m − μT T
i − μTi ST

i,m Tj

� � −μ−1 P̄1j,m −μ−1 P̄2j,m

� � � −μ−1 P̄3j,m

⎤

⎥⎥⎦ ≤ 0, i 	= j (5.22)

where,

Ξ i
m,n �

⎡

⎢⎢⎢⎢⎢⎢⎣

Λi
11,m Λi

12,m 0 RT
i,m Ai,n + B̂fiCi,m Âfi RT

i,m Bi,n + B̂fi Di,m

� Λi
22,m 0 ST

i,m Ai,n + B̂fiCi,m Âfi ST
i,m Bi,n + B̂fi Di,m

� � I Hi,m − D̂fiCi,m −Ĉfi L i,m − D̂fi Di,m

� � � −(1 − α)P̄1i,m Λi
45,m 0

� � � � Λi
55,m 0

� � � � � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦

Υ i
11,m � P̄1i,m − μRT

i,m − μRi,m,Λi
11,m � P̄1i,m − RT

i,m − Ri,m,

Λi
12,m � P̄2i,m − Si,m − Ti, Λi

22,m � P̄3i,m − T T
i − Ti,

Λi
45,m � −(1 − α)P̄2i,m,Λi

55,m � −(1 − α)P̄3i,m.

Then, there exists a mode-dependent full-order filter such that the corresponding
filtering error system (5.7)–(5.8) is robustly exponentially stable with an exponential
H∞ performance index γ for all admissible uncertainties satisfying (5.4) and any
switching signal with ADT satisfying (2.26). Moreover, if the LMIs (5.21)–(5.22)
have a feasible solution, then the admissible filter in the form (5.5)–(5.6) can be
given by [

Afi Bfi

Cfi Dfi

]
�

[
T −1

i 0
0 I

] [
Âfi B̂fi

Ĉfi D̂fi

]
(5.23)

Proof By Theorem 3.8, system (5.7)–(5.8) is robustly asymptotically stable with a
prescribed exponential H∞ noise-attenuation level bound γ if the following inequal-
ities hold

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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⎡

⎢⎢⎣

−Pi(λ) 0 Pi(λ) Ãi(λ) Pi(λ)B̃i(λ)

� −I C̃i(λ) D̃i(λ)

� � −(1 − α)Pi(λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0 (5.24)

Pi(λ) − μPj(λ) ≤ 0 (5.25)

where Ãi(λ), B̃i(λ), C̃i(λ), D̃i(λ) are described in (5.7)–(5.8).
Then, for a matrix function Gi(λ),∀i ∈ I, we have the fact that

(Pi(λ) − Gi(λ))T P−1
i (λ)(Pi(λ) − Gi(λ) ≥ 0

(Pj(λ) − Gi(λ))T P−1
j (λ)(Pj(λ) − Gi(λ) ≥ 0

namely,

Pi(λ) − Gi(λ) − GT
i (λ) ≥ −GT

i (λ)P−1
i (λ)Gi(λ)

Pj(λ) − Gi(λ) − GT
i (λ) ≥ −GT

i (λ)P−1
j (λ)Gi(λ)

Therefore, if the following inequalities hold

⎡

⎢⎢⎣

Pi(λ) − Gi(λ) − GT
i (λ) 0 GT

i (λ) Ãi(λ) GT
i (λ)B̃i(λ)

� −I C̃i(λ) D̃i(λ)

� � −(1 − α)Pi(λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0 (5.26)

Pi(λ) − μ
[
Gi(λ) + GT

i (λ) − GT
i (λ)P−1

j (λ)Gi(λ)
] ≤ 0 (5.27)

then (5.27) implies (5.25). Also, from (5.26), we can obtain

⎡

⎢⎢⎣

−GT
i (λ)P−1

i (λ)Gi(λ) 0 GT
i (λ) Ãi(λ) GT

i (λ)B̃i(λ)

� −I C̃i(λ) D̃i(λ)

� � −(1 − α)Pi(λ) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0

By performing a congruence transformation to above formula via diag{G−1
i (λ) ×

Pi(λ), I, I, I } yields (5.24). In addition, by Lemma 2.4, (5.27) is equivalent to

[
Pj(λ) − μGi(λ) − μGT

i (λ) GT
i (λ)

� −μ−1 Pj(λ)

]
≤ 0 (5.28)

Now, let us show that conditions (5.21) and (5.22) ensure respectively that (5.26)
and (5.28) are satisfied. Firstly, if (5.22) holds, we have

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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⎡

⎢⎢⎣

P̃1i(λ) P̄2i(λ) − μSi(λ) − μTi RT
i (λ) Tj

� P̄3i(λ) − μT T
i − μTi ST

i (λ) Tj

� � −μ−1 P̄1j(λ) −μ−1 P̄2j(λ)

� � � −μ−1 P̄3j(λ)

⎤

⎥⎥⎦ ≤ 0 (5.29)

where P̃1i(λ) � P̄1i(λ) − μRT
i (λ) − μRi(λ). Also, if (5.21) hold, we have

Ξ i(λ) =
s∑

m=1

s∑

n=1

λmλnΞ
i
m,n

=
s∑

m=1

λ2
mΞ i

m,m +
s−1∑

m=1

s∑

n=m+1

λmλn(Ξ
i
m,n + Ξ i

n,m) < 0

i.e.

⎡

⎢⎢⎢⎢⎢⎢⎣

Λi
11(λ) Λi

12(λ) 0 Λi
14(λ) Âfi RT

i (λ)Bi(λ) + B̂fi Di(λ)

� Λi
22(λ) 0 Λi

24(λ) Âfi ST
i (λ)Bi(λ) + B̂fi Di(λ)

� � I Λi
34(λ) −C̄fi L i(λ) − D̂fi Di(λ)

� � � Λi
44(λ) −(1 − α)P̄2i(λ) 0

� � � � −(1 − α)P̄3i(λ) 0
� � � � � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0

(5.30)
where,

Λi
11(λ) � P̄i(λ) − RT

i (λ) − Ri(λ), Λi
12(λ) � P̄2i(λ) − Si(λ) − Ti,

Λi
14(λ) � RT

i (λ)Ai(λ) + B̂fiCi(λ),Λi
22(λ) � P̄3i(λ) − T T

i − Ti,

Λi
24(λ) � ST

i (λ)Ai(λ) + B̂fiCi(λ),Λi
34(λ) � Hi(λ) − D̂fiCi(λ),

Λi
44(λ) � −(1 − α)P̄1i(λ)

Note that from (5.30), we also know that

P̄3i(λ) − T T
i − Ti < 0

thus we can infer that T T
i + Ti > 0, which implies Ti is nonsingular. Then one can

always find nonsingular matrices G3i and G4 satisfying Ti = GT
4 G−1

3i G4,∀i ∈ I.

Now, introduce the following matrix variables related to G3i and G4

Vi �
[

I 0
0 G−1

3i G4

]
, Gi(λ) =

[
Ri(λ) Si(λ)G−1

4 G3i

G4 G3i

]

Then, by further performing a congruence transformation to (5.29) and (5.30) via
diag{V −1

i , V −1
j } and diag{V −1

i , I, V −1
i , I }, respectively, and setting matrix func-

tions
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Pi(λ) � V −T
i P̄i(λ)V −1

i = V −T
i

[
P̄1i(λ) P̄2i(λ)

� P̄3i(λ)

]
V −1

i

[
Afi Bfi

Cfi Dfi

]
�

[
G−T

4 0
� I

] [
Âfi B̂fi

Ĉfi D̂fi

] [
G−1

4 G3i 0
� I

]
(5.31)

we can obtain (5.45) and (5.47).
Meanwhile, from (5.31) we know that an admissible filter for the underlying

system can be given by

Afi = G−T
4 ÂfiG

−1
4 G3i, Bfi = G−T

4 B̂fi, Cfi = ĈfiG
−1
4 G3i, Dfi = D̂fi (5.32)

Now, denote the filter transfer function from y(k) to z(k) by

T (z) = Cfi(zI − Afi)
−1 Bfi + Dfi

By substituting the matrices (Afi, Bfi, Cfi, Dfi) in (5.32) and considering Ti =
GT

4 G−1
3i G4, we have

T (z) = ĈfiG
−1
4 G3i(zI − G−T

4 ÂfiG
−1
4 G3i)

−1G−T
4 B̂fi + D̂fi

= Ĉfi(zI − T −1
i Âfi)

−1T −1
i B̂fi + D̂fi

which implies an admissible filter is given by (5.23), and the proof is completed. �
Remark 5.8 Note that the matrices of the desired H∞ filter can be obtained from
the LMIs in (5.21)–(5.23), which will be applied to the corresponding system (5.1)–
(5.3) under the switching signal from (2.26), (5.21)–(5.22), i.e. both the underlying
subsystem and the obtained filter will be switched by the obtained ADT switching
signals.

Remark 5.9 In addition, conditions (5.21)–(5.22) are formulated in terms of a set of
LMIs, which are not only over the matrix variables but also the scalar γ2. Therefore,
the scalar can be optimized by a μ-dependent convex optimization problem for a
fixed system decay degree as follows.

Problem 5.1
min δ, s.t.(5.21)–(5.22),∀i ∈ I, 1 ≤ m ≤ s

with δ = γ2 over Ri,m, Si,m, Ti, Âfi, B̂fi, Ĉfi, D̂fi, P̄1i,m, P̄2i,m, P̄3i,m. The mini-
mum exponential noise attenuation level bound is then obtained by γ∗ = √

δ∗,where
δ∗ is the optimal value of δ, and the corresponding filter matrices are given by (5.23).

In the following, we borrow the numerical example from Sect. 5.1 to demon-
strate the potential and reduced conservatism of our developed theoretical results in
Sect. 5.2.1.

Example 5.10 In this example, our first purpose is to design a mode-dependent full-
order filter in the form of (5.5)–(5.6) and find out the admissible switching signals

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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for the above uncertain switched system such that the resulting filtering error system
is robustly exponentially stable with a μ-dependent exponential H∞ performance
index, for a given decay degree α. By giving ρ = 1.2 and solving Problem 5.1, we
can obtain different optimal γ∗ and minimal ADT τ ∗

a for different μ as shown in
Table 5.2.

It can be easily seen from Table 5.2 that the obtained exponential H∞ performance
γ∗ is dependent on μ for a given system decay degree α (it is straightforward from
(2.26) that the minimal ADT also depends on μ). Moreover, it can be observed that
the larger μ corresponds to the smaller γ∗, but it will be at the expense of longer
ADT in the system.

Now, to further demonstrate the less conservatism of our results, we list the corre-
sponding μ-independent H∞ performance indexes, which is obtained by the switched
Lyapunov function approach in Theorem 5.3, and the μ-dependent results in Table 5.3
for given α = 0.0005 and different ρ. It is clearly demonstrated that even if τ ∗

a = 1,
the least time interval between two consecutive subsystems in arbitrary switched
systems correspondingly (within discrete-time context), better noise attenuation per-
formance can be achieved by Theorem 5.7, showing that our μ-dependent approach
is less conservative.

Table 5.2 μ-dependent optimal γ∗ for given different α

μ 1.001 1.002 1.003 1.004 1.005

(a) α = 0.0001

τ∗
a 10 20 30 40 50

γ∗ 4.0080 3.9864 3.9727 3.9649 3.9591

(b) α = 0.0005

τ∗
a 2 4 6 8 10

γ∗ 4.0333 4.0129 3.9992 3.9916 3.9853

(c) α = 0.0015

τ∗
a 1 2 2 3 4

γ∗ 4.1014 4.0807 4.0671 4.0599 4.0538

(d) α = 0.005

τ∗
a 1 1 1 1 1

γ∗ 4.3663 4.3451 4.3316 4.3240 4.3182

Table 5.3 Minimum γ∗ by different approaches

ρ μ,τ∗
a 1.0 1.1 1.2

Theorem 5.3 τ∗
a ≥ 1 0.5375 1.1414 4.4493

(μ-independent)

Theorem 5.7 μ =1.0005,τ∗
a =1 0.5134 1.0282 4.0636

(μ-dependent) μ =1.001,τ∗
a =2 0.5133 1.0268 4.0333

http://dx.doi.org/10.1007/978-3-319-28850-5_2


142 5 Filtering

By giving ρ = 1.2 and α = 0.0015, the corresponding μ-dependent full-order
filter can be also solved by Problem 5.1, e.g., for μ = 1.004, the desired filter for the
underlying system with the matrices is obtained as follows

AF1 =
[

0.0275 0.0452
0.5123 0.4102

]
, BF1 =

[−0.7074
0.3935

]
,

CF1 = [
0.2544 0.2263

]
, DF1 = 1.0033,

AF2 =
[

0.7809 0.7847
−0.0393 −0.1712

]
, BF2 =

[−0.4268
0.2870

]
,

CF2 = [−0.8610 −0.6773
]
, DF2 = 0.5822.

Furthermore, applying the solved filter and giving different uncertain parame-
ters λ in (5.4) randomly, we can obtain the error response of the resulting filtering
error system in Figs. 5.4, 5.5 and 5.6 for given three different switching signals
(all are with τ ∗

a = 3), initial condition x = [−0.8 0.5 0 0]T and input signal
w(k) = 0.01 exp(−0.03k) sin(0.02πk). It is clearly observed from the simulation
curves that for given energy bounded disturbance, the filtering error system is stable
against the variations of uncertain parameters under the different switching signals,
which thereby implies that the designed filter is feasible and effective.

Fig. 5.4 Filtering error response under switching signal σ1
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Fig. 5.5 Filtering error response under switching signal σ2

Fig. 5.6 Filtering error response under switching signal σ3
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5.2.2 Switched Linear Parameter Varying (LPV) Systems

Consider a class of discrete-time switched linear parameter varying (LPV) systems
given by

x(k + 1) = Aσ(k)(ρ(k))x(k) + Bσ(k)(ρ(k))w(k) (5.33)

y(k) = Cσ(k)(ρ(k))x(k) + Dσ(k)(ρ(k))w(k) (5.34)

z(k) = Hσ(k)(ρ(k))x(k) + Lσ(k)(ρ(k))w(k) (5.35)

when σ(k) = i ∈ I, the matrices Ai(ρ(k)), Bi(ρ(k)), Ci(ρ(k)), Di(ρ(k)), Hi(ρ(k)),

L i(ρ(k)), denoting the ith subsystem, are known functions of measurable ρ(k),

where ρ(k) = [ρ1(k), . . . , ρs(k)]T , |ρv(k)| ≤ ρ̄v,∀1 ≤ v ≤ s is a vector of time-
varying parameters which belong to a compact set � ∈ R

s.

In this subsection, we are interested in designing a full-order mode-dependent filter
for system (5.33)–(5.35) under ADT switching. Since the time-varying parameters
are real-time measurable, our desired filter can be constructed by

xF (k + 1) = AFi(ρk)xF (k) + BFi(ρk)y(k) (5.36)

zF (k) = CFi(ρk)xF (k) + DFi(ρk)y(k) (5.37)

where xF (k) is the filter state and AFi(ρk), BFi(ρk), CFi(ρk) and DFi(ρk), i ∈ I
(we write ρ(k) as ρk for notation simplicity) are the filter matrices to be determined
with the same parameter dependence of system (5.33)–(5.35). Also, the filter with
the above form is assumed to be switched synchronously by the switching signal σ
in system (5.33)–(5.35).

Augmenting the model (5.33)–(5.35) to include the states of the filter, denoting
x̃(k) � [xT (k) xT

F (k) ]T , e(k) � z(k) − zF (k), we can obtain the following filtering
error system

x̃(k + 1) = Ãi(ρk)x̃(k) + B̃i(ρk)w(k) (5.38)

e(k) = C̃i(ρk)x̃(k) + D̃i(ρk)w(k) (5.39)

where,

Ãi(ρk) �
[

Ai(ρk) 0
BFi(ρk)Ci(ρk) AFi(ρk)

]
, B̃i(ρi) �

[
Bi(ρk)

BFi(ρk)Di(ρk)

]
,

C̃i(ρk) �
[

Hi(ρk) − DFi(ρk)Ci(ρk) −CFi(ρk)
]
,

D̃i(ρk) � L i(ρk) − DFi(ρk)Di(ρk).

Thus, our objective here is to calculate matrices (AFi(ρk), BFi(ρk), CFi(ρk), DFi

(ρk)) of the parameterized filter, and find out admissible switching signals such that
the filtering error system (5.38)–(5.39) is exponentially stable and has a guaranteed
exponential H∞ performance index.
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Remark 5.11 Note that if we restrict [AFi(ρk), BFi(ρk), CFi(ρk), DFi(ρk)] � [AFi,

BFi,CFi, DFi] or select [AFi, BFi, CFi, DFi] � [AF , BF , CF , DF ] in (5.36)–(5.37),
one will readily obtain the different non-parameterized filters with different conser-
vatism and computational complexity.

Lemma 5.12 Consider switched linear system (5.38)–(5.39) and let 0 < α < 1,
γ > 0 and μ > 1 be given constants. If there exist matrix functions Pi(ρk) > 0,

∀i ∈ I such that

⎡

⎢⎢⎣

−Pi(ρk+1) 0 Pi(ρk+1) Ãi(ρk) Pi(ρk+1)B̃i(ρk)

� −I C̃i(ρk) D̃i(ρk)

� � −(1 − α)Pi(ρk) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0 (5.40)

Pi(ρk) − μPj(ρk) ≤ 0 (5.41)

then over the entire parameter set, the filtering error system (5.38)–(5.39) is expo-
nentially stable and has an exponential H∞ performance index γ for any switching
signals with ADT satisfying (2.26).

Remark 5.13 In Lemma 5.12, the desired exponential H∞ performance index for
the underlying system in the subsection is achieved by γ = max{γi}i∈I , where γi

corresponds to the performance index for each subsystem. The proof of Lemma 5.12
can be completed by referring to Theorems 3.8 and 3 in [3]. More specifically, the
time-varying parameters considered here can be dealt with as done in Sect. 3.2 for
the considered polytopic uncertainties. Then, the difference of the corresponding
parameterized Lyapunov function will present the variations of ρ from ρk to ρk+1,

as shown in Theorem 3 in [3] with ρk and ρk+1 mixed.

The following theorem presents a sufficient existence condition of an admissible
filter for the underlying systems.

Theorem 5.14 Consider switched linear system (5.33)–(5.35) and let 0 < α < 1,
γ > 0 and μ > 1 be given constants. If there exist matrices P̄1i(ρk) > 0, P̄3i(ρk) > 0,
and matrices P̄2i(ρk), Ri(ρk), Si(ρk), Ti, ÂFi(ρk), B̂Fi(ρk), ĈFi(ρk), D̂Fi(ρk),

∀i ∈ I, such that the following parameterized LMIs hold

⎡

⎢⎢⎣

P̃1i(ρk) P̄2i(ρk) − μSi(ρk) − μTi RT
i (ρk) Tj

� P̄3i(ρk) − μT T
i − μTi ST

i (ρk) Tj

� � −μ−1 P̄1j(ρk) −μ−1 P̄2j(ρk)

� � � −μ−1 P̄3j(ρk)

⎤

⎥⎥⎦ ≤ 0, i 	= j

(5.42)⎡

⎢⎢⎢⎢⎢⎢⎣

Λi
11 Λi

12 0 Λi
14 ÂFi(ρk) Λi

16

� Λi
22 0 Λi

24 ÂFi(ρk) Λi
26

� � I Λi
34 −ĈFi(ρk) Λi

36
� � � −(1 − α)P̄1i(ρk) −(1 − α)P̄2i(ρk) 0
� � � � −(1 − α)P̄3i(ρk) 0
� � � � � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0 (5.43)

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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where,

Λi
11 � P̄1i(ρk+1) − RT

i (ρk) − Ri(ρk),Λ
i
12 � P̄2i(ρk+1) − Si(ρk) − Ti,

Λi
22 � P̄3i(ρk+1) − T T

i − Ti,Λ
i
14 � RT

i (ρk)Ai(ρk) + B̂Fi(ρk)Ci(ρk),

Λi
24 � ST

i (ρk)Ai(ρk) + B̂Fi(ρk)Ci(ρk),Λ
i
34 � Hi(ρk) − D̂Fi(ρk)Ci(ρk),

Λi
16 � RT

i (ρk)Bi(ρk) + B̂Fi(ρk)Di(ρk),Λ
i
26 � ST

i (ρk)Bi(ρk) + B̂Fi(ρk)Di(ρk),

Λi
36 � L i(ρk) − D̂Fi(ρk)Di(ρk), P̃1i(ρk) � P̄1i(ρk) − μRT

i (ρk) − μRi(ρk).

Then, there exists a mode-dependent full-order parameterized filter such that the
corresponding filter error system (5.38)–(5.39) is exponentially stable with a guar-
anteed exponential H∞ performance index γ for any switching signal with the ADT
satisfying (2.26). Moreover, if the LMIs (5.42)–(5.43) have a feasible solution, then
the admissible filter in the form (5.36)–(5.37) can be given by

[
AFi(ρk) BFi(ρk)

CFi(ρk) DFi(ρk)

]
�

[
T −1

i 0
0 I

] [
ÂFi(ρk) B̂Fi(ρk)

ĈFi(ρk) D̂Fi(ρk)

]
(5.44)

Proof By Lemma 5.12, system (5.38)–(5.39) is exponentially stable with a prescribed
exponential H∞ noise-attenuation level bound γ if (5.40) and (5.41) hold. Then,
consider an arbitrary matrix function Gi(ρk), ∀i ∈ I with compatible dimension,
we have the fact

(Pi(ρk+1) − Gi(ρk))
T P−1

i (ρk+1)(Pi(ρk+1) − Gi(ρk)) ≥ 0

(Pj(ρk) − Gi(ρk))
T P−1

j (ρk)(Pj(ρk) − Gi(ρk)) ≥ 0

thus one has

Pi(ρk+1) − Gi(ρk) − GT
i (ρk) ≥ −GT

i (ρk)P−1
i (ρk+1)Gi(ρk)

Pj(ρk) − Gi(ρk) − GT
i (ρk) ≥ −GT

i (ρk)P−1
j (ρk)Gi(ρk)

Therefore, if the following inequalities hold

⎡

⎢⎢⎣

Pi(ρk+1) − Gi(ρk) − GT
i (ρk) 0 GT

i (ρk) Ãi(ρk) GT
i (ρk)B̃i(ρk)

� −I C̃i(ρk) D̃i(ρk)

� � −(1 − α)Pi(ρk) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0

(5.45)
Pi(ρk) − μ

[
Gi(ρk) + GT

i (ρk) − GT
i (ρk)P−1

j (ρk)Gi(ρk)
] ≤ 0 (5.46)

then (5.46) implies (5.41). Also, from (5.45), we can obtain

http://dx.doi.org/10.1007/978-3-319-28850-5_2


5.2 Robust H∞ Filtering: ADT Switching 147

⎡

⎢⎢⎣

−GT
i (ρk)P−1

i (ρk+1)Gi(ρk) 0 GT
i (ρk) Ãi(ρk) GT

i (ρk)B̃i(ρk)

� −I C̃i(ρk) D̃i(ρk)

� � −(1 − α)Pi(ρk) 0
� � � −γ2 I

⎤

⎥⎥⎦ < 0

By performing a congruence transformation to above formula via diag{G−1
i (ρk) ×

Pi(ρk+1), I, I, I } yields (5.40) (note that Gi(ρk) will be invertible if it satisfies
(5.45)). In addition, by Lemma 2.4, (5.46) is equivalent to

[
Pi(ρk) − μGi(ρk) − μGT

i (ρk) GT
i (ρk)

� −μ−1 Pj(ρk)

]
≤ 0 (5.47)

Now, let us show that conditions (5.42) and (5.43) ensure respectively that (5.45) and
(5.47) are satisfied. Firstly, if (5.43) holds, we know that P̄3i(ρk+1) − T T

i − Ti < 0,

thus we can infer that T T
i + Ti > 0, which implies Ti is nonsingular. Then one can

always find nonsingular matrices G3i and G4 satisfying Ti = GT
4 G−1

3i G4,∀i ∈ I.

Now, introduce the following matrix variables related to G3i and G4

Vi �
[

I 0
0 G−1

3i G4

]
, Gi(ρk) �

[
Ri(ρk) Si(ρk)G

−1
4 G3i

G4 G3i

]

By further performing a congruence transformation to (5.42) and (5.43) via diag
{V −1

i , I, V −1
i , I } and diag{V −1

i , V −1
j }, respectively, and setting matrix functions

Pi(ρk) � V −T
i P̄i(ρk)V −1

i = V −T
i

[
P̄1i(ρk) P̄2i(ρk)

� P̄3i(ρk)

]
V −1

i

[
AFi(ρk) BFi(ρk)

CFi(ρk) DFi(ρk)

]
�

[
G−T

4 0
� I

] [
ÂFi(ρk) B̂Fi(ρk)

ĈFi(ρk) D̂Fi(ρk)

] [
G−1

4 G3i 0
� I

]
(5.48)

we can obtain (5.45) and (5.47).
Meanwhile, from (5.48) we know that an admissible filter for the underlying

system is given by

AFi(ρk) = G−T
4 ÂFi(ρk)G

−1
4 G3i, BFi(ρk) = G−T

4 B̂Fi(ρk), (5.49)

CFi(ρk) = ĈFi(ρk)G
−1
4 G3i, DFi(ρk) = D̂Fi(ρk). (5.50)

Then, denoting the filter transfer function from y(k) to zF (k) by

T (z) = CFi(ρk)(zI − AFi(ρk))
−1 BFi(ρk) + DFi(ρk),

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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substituting the matrices (AFi, BFi, CFi, DFi) in (5.49)–(5.50) and considering Ti =
GT

4 G−1
3i G4, we have

T (z) = ĈFi(ρk)G
−1
4 G3i(zI − G−T

4 ÂFi(ρk)G
−1
4 G3i)

−1G−T
4 B̂Fi(ρk) + D̂Fi(ρk)

= ĈFi(ρk)(zI − T −1
i ÂFi(ρk))

−1T −1
i B̂Fi(ρk) + D̂Fi(ρk),

which implies an admissible filter can be given by (5.44), and the proof is completed.
�

Remark 5.15 From (5.42)–(5.44), it can be obviously seen that the filter gains will be
dependent on μ, which resembles, on some level, the delay-dependent issues in time-
delay system to determine delay-dependent filter. Therefore, a μ-dependent approach
for the underlying system is introduced here, and the results obtained via this approach
will be less conservative than those based on global Lyapunov function and switched
Lyapunov function [1] approaches, which one may refer to “μ-independent”. In
addition, conditions (5.42)–(5.43) are formulated in terms of a set of parameterized
LMIs, which are not only over the matrix variables but also the scalar γ2. Therefore,
the scalar can be optimized by a μ-dependent convex optimization problem for a
fixed system decay degree α as follows.

Problem 5.2
min δ, s.t.(5.42)–(5.43),∀i ∈ I,

with δ = γ2 over P̄1i(ρk), P̄3i(ρk), P̄2i(ρk), Ri(ρk), Si(ρk), Ti, ÂFi(ρk), B̂Fi(ρk),

ĈFi(ρk), D̂Fi(ρk). The minimum noise attenuation level bound is then obtained by
γ∗ = √

δ∗, where δ∗ is the optimal value of δ, and the corresponding filter matrices
are given by (5.44).

As shown in the most of LPV literature [4], by choosing appropriate basis func-
tions {fl(ρk)}nf

l=1, the matrix function variables Yi(ρ) = {P̄1i(ρk), P̄2i(ρk), P̄3i(ρk),

Ri(ρk), Si(ρk), ÂFi(ρk), B̂Fi(ρk), ĈFi(ρk), D̂Fi(ρk)} in Problem 5.2 can be decom-
posed as the following affine fashion

Yi(ρ) =
nf∑

l=1

fl(ρk)Y l
i (5.51)

where fl(ρk) and nf can be chosen by designers according to the dependence struc-
ture in system (5.33)–(5.35), and Y l

i = {P̄l
1i, P̄l

2i, P̄l
3i, Rl

i, Sl
i, Âl

Fi, B̂l
Fi, Ĉl

Fi, D̂l
Fi}

will be the corresponding decision variables in Problem 5.2. Also, one can utilize
the gridding technique in non-switched LPV systems such that the above infinite-
dimension convex problem is solvable (more details can be referred to [4]).

In the following, an illustrate example is presented to demonstrate the feasibility
and efficiency of the designed filter in this subsection.
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Example 5.16 Consider the following discrete-time switched linear systems con-
sisting of two subsystems with time-varying parameters

A1 =
[

0.95 1.10 + 0.1ρk

−0.06 0.75

]
, B1 =

[
0

0.1

]
,

A2 =
[

0.95 −1.10
0.06 −0.75 + 0.1ρk

]
, B2 =

[
0.1
0

]
,

C1 = [
1 0

]
, C2 = [

0 −1
]
, D1 = 1, ,

H1 = H2 = [
1 0

]
, D2 = −1, L1 = L2 = 0

where ρk = cos(0.2πk) is the time-varying measurable parameters.
Our purpose is to design a full-order mode-dependent filter in the form of (5.36)–

(5.37) and find out the admissible ADT switching signals for the above switched
system such that the resulting filter error system is exponentially stable and has a
guaranteed exponential H∞ performance for a given decay degree α .

According to the structure of the parameter dependence in above system, we
choose the basic functions in (5.51) as f1(ρk) = 1 and f2(ρk) = cos(0.2πk). Further,
grid the parameter space of ρk with 10 uniform grids, which means to uniformly
partition the value set of ρk, [−1, 1] with 10 parts. Then, giving α = 0.1 and different
μ, and solving Problem 5.2, we can obtain the different μ-dependent optimal γ∗ and
the corresponding minimal ADT τ ∗

a , as shown in Table 5.4. It is clear that the obtained
exponential H∞ performance γ∗ is actually dependent on μ for a given system decay
degree α. Also, the larger μ corresponds to the smaller γ∗, but the longer ADT will
be demanded in the system.

In addition, the desired mode-dependent full-order filter can be also obtained by
solving Problem 5.2. We omit the filter gains for brevity. Furthermore, consider the
input signal w(k) = 0.1 exp(−0.03k) sin(0.02πk), and by applying the solved filter,
we can obtain the error response of the resulting filtering error system in Figs. 5.7
and 5.8 for given four different switching signals (all are with τa = 4 > 3.19 = τ ∗

a
for μ = 1.4) and initial condition x = [−0.8 0.5 0 0]T . It is clearly observed from
the simulation curves that for given energy bounded disturbance w(k), the filtering
error system is stable against time-varying parameters under the different switching
signals, which thereby implies that the designed filter is valid.

Table 5.4 μ-dependent optimal γ∗ for given α = 0.1

μ 1.20 1.25 1.30 1.40

τ∗
a 1.73 2.18 2.49 3.19

γ∗ 2.47 2.35 2.23 2.01
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Fig. 5.7 Filtering error response under τa = 4 with different switching signals σi, i = 1, 2. a
Switching signal σ1(ADT = 4). b Switching signal σ2(ADT = 4)
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Fig. 5.8 Filtering error response under τa = 4 with different switching signals σi, i = 3, 4. a
Switching signal σ3(ADT = 4). b Switching signal σ4(ADT = 4)
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5.3 Quasi-Time-Dependent (QTD) H∞ Filtering: PDT
Switching

Consider a class of discrete-time switched linear systems

x(k + 1) = Aσ(k)x(k) + Bσ(k)w(k) (5.52)

y(k) = Cσ(k)x(k) + Dσ(k)w(k) (5.53)

z(k) = Hσ(k)x(k) + Lσ(k)w(k) (5.54)

when σ(k) = i ∈ I, the matrices (Ai, Bi, Ci, Di, Hi, L i) denote the ith subsys-
tem. The persistent dwell-time (PDT) switching is introduced in this section. The
definition of PDT has been given in Sect. 1.4 and is therefore omitted here.

Based on the discussions in Sect. 3.3, a both mode-dependent and quasi-time-
dependent (QTD) Lyapunov function will be also explored in this section, upon
which a full-order switched filter with the following structure for system (5.52)–
(5.54) will be considered

xF (k + 1) = AFσ(k)
(qk)xF (k) + BFσ(k)

(qk)y(k) (5.55)

zF (k) = CFσ(k)
(qk)xF (k) + DFσ(k)

(qk)y(k) (5.56)

where AFσ(k)
(qk), BFσ(k)

(qk), CFσ(k)
(qk) and DFσ(k)

(qk), ∀σ(k) ∈ I, are filter gains to
be determined, and qk is a scheduler for the activated subsystem and can be simply
computed online according to the rules given as in Sect. 2.5.

Augmenting the model of (5.52)–(5.54) to include the states of the filter (5.55)–
(5.56), we obtain the following filtering error system

x̃(k + 1) = Āi(qk)x̃(k) + Ēi(qk)w(k) (5.57)

e(k) = C̄i(qk)x̃(k) + F̄i(qk)w(k) (5.58)

where x̃(k) �
[
xT (k) xT

F (k)
]T

, e(k) � z(k) − zF (k) and

Āi(qk) �
[

Ai 0
BFi(qk)Ci AFi(qk)

]
, Ēi(qk) �

[
Bi

BFi(qk)Di

]
,

C̄i(qk) �
[

Hi − DFi(qk)Ci −CFi(qk)
]
, (5.59)

F̄i(qk) � L i − DFi(qk)Di.

Then, our objective in this section is to design such a QTD full-order filter and
find a set of admissible PDT switching signals such that the resulting filtering error
system (5.57)–(5.58) is globally uniformly asymptotically stable (GUAS) and has a
guaranteed non-weighted H∞ noise attenuation performance, i.e., the l2-gain holds
‖e‖2

2 ≤ γ2 ‖w‖2
2.

http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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In this section, the desired filter design will be carried out for system (5.52)–
(5.54), for which we will first present the linear case of Lemma 5.17 as below, by
considering Vi(x̃(k), qk) � x̃T (k)Pi(qk)x̃(k), Pi(qk) ∈ S2nx

>0 ,∀i ∈ I in (3.47).

Lemma 5.17 Consider switched linear system (5.57)–(5.58) and let 0 < α < 1,
μ > 1 be given constants. For a prescribed period of persistence T, suppose that
there exist a set of matrices Pi(ϕ) ∈ S2nx

>0 , ϕ = 0, 1, . . . , τ , ∀i ∈ I and a scalar γ >
0 such that ϕ = 0, 1, . . . , τ − 1,

Θ(τ , τ ) < 0 (5.60)

Θ(ϕ + 1,ϕ) < 0 (5.61)

and ∀(i × j) ∈ I × I, i 	= j

Pi(0) − μPj(Tj) ≤ 0 (5.62)

Pi(0) − μPj(τ ) ≤ 0 (5.63)

where Tj,∀i ∈ I is denoted in Theorem3.12, the period of persistence T is given and
Θ(θ1, θ2) � ĀT

i (θ2)Θ1Āi(θ2) − Θ2 with Θ1 � diag{Pi(θ1), I }, Θ2 � diag{αPi

(θ2), γ
2 I } and

Āi(θ) �
[

Āi(θ) Ēi(θ)
C̄i(θ) F̄i(θ)

]
.

Then switched system (5.57)–(5.58) is GUAS and has an H∞ performance index no
greater than γt = γβ, where β is defined in Theorem3.13, for PDT switching signals
satisfying (3.45) and (5.60)–(5.63).

Proof Consider ϕ = 0, 1, . . . , τ − 1 and k − ksp = ϕ,∀k ∈ [
ksp , ksp + τ

)
, σ(k) =

i ∈ I. Letting ζ(k) �
[
x̃T (k) wT (k)

]T
, it follows that

�(k,ϕ) � ζT (k)Θ(ϕ + 1,ϕ)ζ(k)

= ζT (k)
[ĀT

i (ϕ)Θ1Āi(ϕ) − Θ2
]
ζ(k)

= ζT (k)

{[
ĀT

i (ϕ) C̄T
i (ϕ)

Ē T
i (ϕ) F̄ T

i (ϕ)

] [
Pi(ϕ + 1) 0

0 I

] [
Āi(ϕ) Ēi(ϕ)

C̄i(ϕ) F̄i(ϕ)

]

−
[

αPi(ϕ) 0
0 γ2 I

]}
ζ(k)

= x̃T (k)[ ĀT
i (k − ksp )Pi(k + 1 − ksp ) Āi(k − ksp ) + C̄T

i (k − ksp )C̄i(k − ksp )

− αPi(k − ksp )]x̃(k) + 2x̃T (k)[ ĀT
i (k − ksp )Pi(k + 1 − ksp )Ēi(k − ksp )

+ C̄T
i (k − ksp )F̄i(k − ksp )]w(k) + wT (k)[Ē T

i (k − ksp )Pi(k + 1 − ksp )

× Ēi(k − ksp ) + F̄ T
i (k − ksp )F̄i(k − ksp ) − γ2 I ]w(k)

http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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If (5.61) is satisfied, then �(k,ϕ) < 0, ϕ = 0, 1, . . . , τ − 1, which yields (3.54)
according to (5.57), (5.58) and the construction of Vi(x̃(k), qk) while replacing the
system state and output, x(k) and y(k) in Theorem 3.13 with x̃(k) and e(k) of
system (5.57)–(5.58), respectively. By the similar manipulation, it can be shown
that (3.55) is guaranteed by (5.60), ∀k ∈ [

ksp + τ , ksp+1
)
. In addition, when k ∈[

ksp+1, ksp+1

)
, ∀σ(k) = i ∈ I, since qk = k − Hr < τ holds, (5.61) ensures (3.56)

for ϕ = 0, 1, . . . , τ − 2. Then together with (5.62) and (5.63), which ensures (3.52)–
(3.53), respectively, the proof is completed by Theorem 3.13. �

Based on Lemma 5.17, we are in a position to give the existence conditions of the
QTD H∞ filter for the underlying system (5.52)–(5.54) in the following theorem.

Theorem 5.18 Consider switched linear system (5.52)–(5.54) and let 0 < α < 1,
μ > 1 be given constants. For a prescribed period of persistence T, suppose that
there exist a set of matrices X i(ϕ), Yi(ϕ), Zi(ϕ), ĀFi(ϕ), B̄Fi(ϕ), C̄Fi(ϕ), D̄Fi(ϕ),
P2i(ϕ), P1i(ϕ) ∈ Snx

>0, P3i(ϕ) ∈ Snx

>0, ϕ = 0, 1, . . . , τ , ∀i ∈ I and a scalar γ > 0
such that ∀ϕ = 0, 1, . . . , τ − 1,

Ψi(τ , τ ) < 0 (5.64)

Ψi(ϕ + 1,ϕ) < 0 (5.65)

and (5.62)–(5.63) hold for any (i × j) ∈ I × I, i 	= j, where

Ψi(θ1, θ2) �
[

diag{Λi,−I } diag{Xi(θ2), I }Âi(θ2)

� −diag{αPi(θ2), γ
2 I }

]

with Λi � Pi(θ1) − diag{I, Y T
i (θ2)}X T

i (θ2) − Xi(θ2) diag{I, Yi(θ2)} and

Pi(θ) �
[

P1i(θ) P2i(θ)
� P3i(θ)

]
,Xi(θ) �

[
Xi(θ) I
Zi(θ) I

]
,

Âi(θ) �
[

Âi(θ) Êi(θ)

Ĉi(θ) F̂i(θ)

]
, F̂i(θ) � L i − D̄Fi(θ)Di,

Âi(θ) �
[

Ai 0
B̄Fi(θ)Ci ĀFi(θ)

]
, Êi(θ) �

[
Bi

B̄Fi(θ)Di

]
,

Ĉi(θ) �
[

Hi − D̄Fi(θ)Ci −C̄Fi(θ)
]
.

Then the switched system (5.57)–(5.58) is GUAS and has an H∞ performance index
γt = γβ, where β is defined in Theorem3.13, for PDT switching signals satisfying
(3.45) and (5.62)–(5.65). Moreover, if a feasible solution exists, then the admissible
filter gains are given by, ϕ = 0, 1, . . . , τ ,

AFi(ϕ) = Y −1
i (ϕ) ĀFi(ϕ), CFi(ϕ) = C̄Fi(ϕ),

BFi(ϕ) = Y −1
i (ϕ)B̄Fi(ϕ), DFi(ϕ) = D̄Fi(ϕ). (5.66)

http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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Proof First of all, for matrix Pi(ϕ + 1), ϕ = 0, 1, . . . , τ − 1, ∀i ∈ I, from the
fact that (Pi(ϕ + 1) − Xi(ϕ)diag{I, Yi(ϕ)})P−1

i (ϕ + 1)(Pi(ϕ + 1) − Xi(ϕ)diag
{I, Y T

i (ϕ)}) ≥ 0, we have Pi(ϕ + 1) − diag{I, Y T
i (ϕ)}X T

i (ϕ) − Xi(ϕ)diag
{I, Yi(ϕ)} ≥ −Xi(ϕ) diag{I, Yi(ϕ)}P−1

i (ϕ + 1)diag{I, Y T
i (ϕ)}X T

i (ϕ). Then if
(5.64) and (5.65) hold, the following inequalities hold

Υ (τ , τ ) < 0 (5.67)

Υ (ϕ + 1,ϕ) < 0 (5.68)

where

Υ (θ1, θ2) �
[

diag{Ξi,−I } diag{Xi(θ2), I }Âi(θ2)

� −diag{αPi(θ2), γ
2 I }

]

with Ξi � −Xi(θ2)diag{I, Yi(θ2)}P−1
i (θ1)diag{I, Y T

i (θ2)}X T
i (θ2).

Next, by performing congruence transformations to (5.67) via diag{X−T
i (τ ) ×

diag{I, Y −T
i (τ )}Pi(τ ), I } and (5.68) via diag{X−T

i (ϕ)diag{I, Y −T
i (ϕ)}Pi(ϕ + 1),

I }, respectively, setting matrix variables, ∀ϕ = 0, 1, . . . , τ ,

ĀFi(ϕ) = Yi(ϕ)AFi(ϕ), C̄Fi(ϕ) = CFi(ϕ)

B̄Fi(ϕ) = Yi(ϕ)BFi(ϕ), D̄Fi(ϕ) = DFi(ϕ) (5.69)

and considering (5.3), one can obtain (5.60) and (5.61). Then by Lemma 5.17, the
filtering error system (5.57)–(5.58) is GUAS for PDT switching signals satisfying
(3.45) and (3.52)–(3.56) and has an H∞ performance index γt . In addition, from
(5.69), the QTD H∞ filter gains are given by (5.66). �

Remark 5.19 In (5.62), Tj is not known a priori, therefore it is required to check
(5.62) for all the possible cases of Tj among

[
1, min(τ − 1, T

(p))
]

with T
(p) ∈ [1, T],

but note that, equivalently, all the resulting conditions will be covered in the case of
T

(p) ≡ T.

For a comparison with the above QTD filter, we also present as below the time-
independent filter that can be obtained based on the corresponding “qk-independent”
Lyapunov function Vi(x(k)), ∀i ∈ I, reduced from (3.47). The proof can be obtained
in a similar vein to the one for Theorem 5.18 using the techniques (3.57)–(3.59) and
omitted here.

Corollary 5.20 Consider switched linear system (5.52)–(5.54) and let 0 < α < 1,
μ > 1 be given constants. For a prescribed period of persistence T, suppose that there
exist a set of matrices Xi , Yi, Zi, ĀFi, B̄Fi, C̄Fi, D̄Fi, P2i, P1i ∈ Snx

>0, P3i ∈ Snx

>0,
∀i ∈ I and a scalar γ > 0 such that Πi < 0 and ∀(i × j) ∈ I × I, i 	= j, Pi ≤ μPj ,
where

Πi �
[

diag{Ωi,−I } diag{Xi, I }Âi

� −diag{αPi, γ
2 I }

]

http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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with Ωi � Pi − diag{I, Y T
i }X T

i − Xidiag{I, Yi} and

Pi �
[

P1i P2i

� P3i

]
,Xi �

[
Xi I
Zi I

]
, Âi �

[
Âi Êi

Ĉi F̂i

]

F̂i � L i − D̄Fi Di, Âi �
[

Ai 0
B̄FiCi ĀFi

]
, Êi �

[
Bi

B̄Fi Di

]

Ĉi �
[

Hi − D̄FiCi −C̄Fi

]
.

Then switched system (5.52)–(5.54) is GUAS with an H∞ performance index γc =
γβ, for PDT switching signals satisfying (3.45), where β is defined in Theorem3.13.
Moreover, if a feasible solution exists, then the admissible filter gains are given by
AFi = Y −1

i ĀFi, BFi = Y −1
i B̄Fi , CFi = C̄Fi, DFi = D̄Fi.

Remark 5.21 Clearly, if setting (AFi(ϕ), BFi(ϕ), CFi(ϕ), DFi(ϕ))≡(AFi, BFi, CFi,

DFi), then the QTD filter designed by Theorem 5.18 reduces to the one by Corol-
lary 5.20, which implies that the QTD filtering methodology offers more freedom
and will be accordingly less conservative than the time-independent one used in
Corollary 5.20. In other words, for a same PDT switched system, a QTD filter exists
but a time-independent one may not; in addition, even though the two distinct fil-
ters both exist, the H∞ performance achieved by the former can be better. The two
observations will be verified in next section.

Example 5.22 Consider a mass-spring system as shown in Fig. 5.9, where x1 and
x2 are the positions of the masses M1 and M2, respectively; the spring stiffness
K c is constant and K d

σ(k) is assumed to be changeable with σ(k) ∈ {1, 2}; c is the
viscous friction coefficient between the masses and the horizontal surface, and w the
disturbance input to the system. We suppose that K d

σ(k) is capable of automatically
being replaced according to PDT switching sequences, to reflect a scenario in certain
mechatronic systems that may encounter both low-frequency and high-frequency

Fig. 5.9 A mass-spring system

http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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motions in one control task, e.g., [5]. The purpose here is to design a QTD H∞
filter to estimate x2 by measuring x1 against the switching of K d

σ(k), and show the
advantage of QTD methodology by comparison.

Suppose that the measurement noise on x1 is also w, the state-space realization
of the system is given by (5.52)–(5.54) with

Aσ(k) =

⎡

⎢⎢⎢⎣

0 0 1 0
0 0 0 1

− K c+K d
σ(k)

M1

K d
σ(k)

M1
− c

M1
0

K d
σ(k)

M2
− K d

σ(k)

M2
0 − c

M2

⎤

⎥⎥⎥⎦ , Bσ(k) =

⎡

⎢⎢⎣

0
0
1

M1

0

⎤

⎥⎥⎦ ,

Cσ(k) = [
1 0 0 0

]
, Hσ(k) = [

0 1 0 0
]
, Dσ(k) = 0.1, Lσ(k) = 0.

Assign parameters M1 = 1 kg, M2 = 0.5 kg, c = 0.5 kg/s, K c = K d
1 = 1N/m,

K d
2 = 6N/m and consider the sampling period Ts = 1 s.
For given α = 0.87, by Theorem 5.18 and Corollary 5.20, respectively, the admis-

sible PDTs corresponding to feasible solutions of the filters can be obtained while
varying T and μ, as shown in Fig. 5.10. It can be clearly seen that the region of
the admissible PDTs determined by Theorem 5.18 (QTD filtering) completely cover
those by Corollary 5.20 (time-independent filtering). In addition, fix μ = 1.25 and
T = 1 s, the H∞ performance indices are minimized based on Theorem 5.18 and
Corollary 5.20, respectively, with γ∗

t = 1.0154 and γ∗
c = 3.0492.

1
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Theorem 5.18
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Fig. 5.10 Admissible PDTs for different T and μ
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Fig. 5.11 Actual H∞ performance indices by QTD filter (by Theorem 5.18) and time-independent
filter (by Corollary 5.20) for given T = 1 s

Consider zero initial condition and the noise input w(k) = 0.9 exp(−0.1k),
Fig. 5.11 gives the computation results of actual H∞ performance indices for 100
realizations of random PDT switching sequences, by applying the filters obtained
from Theorem 5.18 and Corollary 5.20, respectively. All the actual H∞ performance
indices in both cases are below the respective optimal ones, illustrating the effective-
ness of the two filters. By comparison, however, the less conservatism of the QTD
filter is clearly shown by the three facts that γ∗

t is less than γ∗
c , all the actual H∞ per-

formance indices achieved by QTD filter are lower than those by time-independent
filter, and the gap between the optimum and the actual indices is smaller in the former
case.

Figure 5.12 further presents three filtering error responses while randomly gener-
ating three realizations of PDT switching sequence for T = 2 s and T = 3 s, respec-
tively, by applying the corresponding QTD filters. The convergence of the curves
demonstrates that the designed filter is valid despite the faster switching during the
period of persistence. Moreover, for given different μ and T, Fig. 5.13 shows the
variations of β and γ∗

t as τ changes, where two remarkable monotonicities can be
observed. Specifically, for a fixed admissible PDT τ , a smaller γ∗

t corresponds to
smaller μ and T, as shown in Fig. 5.13a, b, respectively; in addition, γ∗

t is decreasing
as τ increases in either case. Such phenomena verify the truth that, for a fixed α, the
achieved H∞ performance becomes better when the three relevant factors μ, T and
τ tend to be more positive, i.e., the jump of Lyapunov function values at switching
instants is smaller, the length of T-portion containing faster switching is shorter, and
the length of τ -portion of no switching is longer.
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Fig. 5.12 Three realizations e1(k), e2(k) and e3(k) of filtering error response by QTD filters. a
Filtering error response in the case of T = 2 s. b Filtering error response in the case of T = 3 s
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Fig. 5.13 H∞ performance indices with corresponding β for given different T or μ. a The cases
of μ = 1.15, 1.20, 1.25 for T =1 s. b The cases of T = 1 s, 2 s, 3 s for μ = 1.15

5.4 Conclusion

In this chapter, the problem of robust H∞ filtering for switched linear discrete-time
systems with polytopic uncertainties has been first studied under arbitrary switch-
ing. A robust switched linear filter has been designed based on mode-dependent and
parameter-dependent stability approaches such that the corresponding filtering error
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system achieves robust asymptotic stability and guarantees a prescribed exponential
H∞ performance index for all admissible uncertainties. Then, considering the ADT
switching, an μ-dependent approach has been used, in which the analysis and synthe-
sis of the underlying system are dependent on the increase degree μ of the piecewise
Lyapunov function at the switching instants. Moreover, the filtering problem has been
investigated for a class of discrete-time switched LPV systems under ADT switching.
A mode-dependent full-order parameterized filter is designed and the corresponding
existence conditions of such filters are derived via LMI formulation. Finally, the
H∞ filtering problem for a class of discrete-time switched linear systems with PDT
switching has been dealt with. A QTD Lyapunov function is constructed to address
the proposed problems for the PDT switched systems, upon which a QTD filter is
designed such that the filtering error system is globally uniformly asymptotically
stable with a guaranteed non-weighted H∞ noise attenuation performance.
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Chapter 6
Asynchronous Switched Systems:
ADT Switching

Abstract This chapter first investigates the stability and l2-gain analysis problems
for a class of discrete-time switched systems with average dwell time (ADT) switch-
ing by allowing the Lyapunov-like functions to increase during the running time of
subsystems. The obtained results then facilitate the studies on the issues of asyn-
chronous control, where “asynchronous” means the switching of the controllers has
a lag to the switching of system modes. The basic asynchronous stabilization and
asynchronous H∞ control problem are both studied and the case for the system with
time-varying parameter is further addressed under the modal average dwell time
(MADT). Finally, the asynchronous H∞ filter design problem is dealt with for the
underlying switched linear systems with ADT switching. The phenomenon of “asyn-
chronous” switching will unavoidably deteriorate the control performance such as
the H∞ noise attenuation index. However, it can be verified that the designed con-
troller/filter considering the synchronous switching will be not necessarily valid in
the presence of asynchronous switching. Several examples are provided to show the
potential of the developed results.

6.1 New Stability Analysis

Consider a class of discrete-time switched systems given by

x(k + 1) = Aσ(k)x(k) + Bσ(k)u(k) (6.1)

where x(k) ∈ R
nx is the state vector, u(k) ∈ R

nu is the control input, σ(k) is a piece-
wise constant function of time, called a switching signal, which takes its values in a
finite set I = {1, . . . , N}, N > 1 is the number of subsystems. At an arbitrary time
k, σ(k) is dependent on k or x(k), or both, or other logic rules. Also, for a switching
time sequence 0 < k1 < k2 < · · · , σ(k) is continuous from right everywhere and
may be either autonomous or controlled. When k ∈ [kl, kl+1), we say the σ(kl)th
subsystem is active and therefore the trajectory x(k) of system (6.1) is the trajectory
of the σ(kl)th subsystem. The two matrices pair (Ai, Bi), ∀σ(k) = i ∈ I, represents
the ith subsystem or ith mode of (6.1). In addition, we assume that the state of the
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system (6.1) does not jump at the switching instants, i.e., a continuous signal x(k)

can not be reconstructed everywhere. In this chapter, we focus our study of system
(6.1) on two classes of switching signals with average dwell time (ADT) switching
and modal average dwell time (MADT) switching, respectively, and their definitions
have been given in Sect. 1.4, and therefore are omitted here.

It has been well recognized that the Multiple Lyapunov-like functions (MLFs)
approach is an efficient stability analysis tool for switched systems [1–4], especially
for slowly switched systems with DT or ADT [5]. In MLFs theory, each Lyapunov-
like function constructed for each active subsystem is generally considered to be
decreasing. An interesting extension also gives the so-called weak Lyapunov func-
tion, where the Lyapunov-like function can rise to a limited extent [1].

In this section, by further considering a class of Lyapunov-like functions allowed
to increase with bounded increase rate, the improved results of Theorem2.14 can
be obtained as below. For concise notation, let kl and kl+1,∀l ∈ N denote the
starting time and ending time of some active subsystem, while T↑(kl, kl+1) and
T↓(kl, kl+1) represent the unions of the dispersed intervals during which Lyapunov
function is increasing and decreasing within the interval [kl, kl+1). The division
gives that [kl, kl+1) = T↑(kl, kl+1) ∪ T↓(kl, kl+1) and Fig. 6.1 illustrates the consid-
ered Lyapunov-like function. Also, we use T↑(kl+1 − kl) and T↓(kl+1 − kl) to denote
the length of T↑(kl, kl+1) and T↓(kl, kl+1), respectively.

Theorem 6.1 Consider switched system xk+1 = fσ(xk, uk) with uk ≡ 0 and let 0 <

α < 1, β ≥ 0 and μ ≥ 1 be given constants. Suppose that there exist C1 functions
Vσ(k) : Rn → R, σ(k) ∈ I, and two class K∞ functions κ1 and κ2 such that ∀σ(k) =
i ∈ I,

κ1(‖xk‖) ≤ Vi(xk) ≤ κ2(‖xk‖) (6.2)

ΔVi(xk) ≤
{

−αVi(k), ∀k ∈ T↓(kl, kl+1)

βVi(k), ∀k ∈ T↑(kl, kl+1)
(6.3)

Fig. 6.1 Extended
Lyapunov-like function.
The sets T↑(kl, kl+1) and
T↓(kl, kl+1) denote the
unions of the dispersed
intervals during which
Lyapunov function is
increasing and decreasing
within the interval [kl, kl+1),
respectively

0k 1k lk 1lk

1( )l lk k

1( )l lk k

http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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and ∀(i, j) ∈ I × I, i 
= j,

Vi(xkl ) ≤ μVj(xkl ) (6.4)

then the system is globally uniformly asymptotically stable (GUAS) for any switching
signal with ADT

τa > τ ∗
a = Tmax [ln(1 + β) − ln(1 − α)] + ln μ

− ln(1 − α)
(6.5)

where Tmax � max
l

T↑(kl+1 − kl),∀l ∈ N.

Proof For k ∈ [kl, kl+1), denoting θ � 1+β
1−α

and ᾱ � 1 − α, it holds from (6.3) that

Vσ(k)(xk) ≤ ᾱT↓(k−kl)(1 + β)T↑(k−kl)Vσ(kl)(xkl )

≤ ᾱ[T↓(k−kl)+T↑(k−kl)]θT↑(k−kl)Vσ(kl)(xkl )

= ᾱ(k−kl)θT↑(k−kl)Vσ(kl)(xkl ) (6.6)

Then, according to Definition2.1, together with (6.4) and (6.6), one obtains

Vσ(k)(xk)

≤ ᾱ(k−kl)θT↑(k−kl)μVσ(kl−1)(xkl )

≤ ᾱ(k−kl)θTmaxμVσ(kl−1)(xkl )

≤ ... ≤ ᾱ(k−k0)
(
θTmax

)Nσ(k0,k)
μNσ(k0,k)Vσ(k0)(xk0)

≤ μN0θN0Tmax
(
ᾱθTmax/τaμ1/τa

)(k−k0) Vσ(k0)(xk0)

Now if the ADT satisfies (6.5), one has

ᾱθTmax/τaμ1/τa

< ᾱθ
−Tmax ln ᾱ

Tmax ln θ+ln μ μ
− ln ᾱ

Tmax ln θ+ln μ = ᾱ
(
θTmaxμ

)− ln ᾱ

Tmax ln θ+ln μ

= ᾱ
(
eTmax ln θ+ln μ

)− ln ᾱ

Tmax ln θ+ln μ = ᾱ/ᾱ = 1

Therefore, we conclude that Vσ(k)(xk) converges to zero as k → ∞, then the asymp-
totic stability can be deduced with the aid of (6.2). �

Remark 6.2 Note that the hypothesis (6.3) relaxes the counterpart of Theorem2.14,
namely, the considered energy function in Theorem6.1 can be increased both at
switching instants and during the running time of subsystems. However, the possible
increment will be compensated by themore specific decrement (by limiting the lower
bound of ADT), therefore, the system energy is decreasing from a whole perspective
and the system stability is guaranteed accordingly.

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Remark 6.3 In Theorem6.1, if Tmax = 0, one can readily get Theorem2.14. There-
fore, Theorem6.1 presents a more general version of stability results for the switched
systems with ADT in discrete-time case. In addition, if one regards the increasing
and decreasing intervals in one mode as two different modes (one stable and one
unstable), a similar study for linear cases in continuous-time context can be found
in [6].

In the following, we extend the results of Theorem6.1 to the MADT case.

Theorem 6.4 Consider the discrete-time switched system xk+1 = fσ(xk, uk) with
uk ≡ 0 and let 0 < αi < 1, βi > 0 and μi > 1 be given constants. Suppose that
there exist C1 functions Vσ(k) : Rn → R, and two class K∞ functions κ1i and κ2i,
∀i ∈ I, such that ∀σ(k) = i ∈ I,

κ1i(‖xk‖) ≤ Vi(xk) ≤ κ2i(‖xk‖) (6.7)

ΔVi(xk) ≤
{−αiVi(k),∀k ∈ [kl + Tl, kl+1)

βiVi(k),∀k ∈ [kl, kl + Tl)
(6.8)

and for ∀(i, j) ∈ I × I, i 
= j,

Vi(xkl ) ≤ μiVj(xkl ) (6.9)

then the system is GUAS for switching signal with MADT

τai > τ ∗
ai = −{Ti[ln(1 + βi) − ln(1 − αi)] + ln μi}/ ln(1 − αi) (6.10)

where Ti denotes the increasing interval of the ith subsystem.

Proof ∀k ∈ [kl, kl+1), ∀l ∈ N, denoting α̃i � (1 − αi), θi � (1 + βi)/α̃i, we can get

Vσ(k)(xk)

≤ α̃k−kl−Tl
σ(kl)

(1 + βσ(kl))
Tl Vσ(kl)(xkl )

= α̃k−kl
σ(kl)

θTl
σ(kl)

Vσ(kl)(xkl )

≤ α̃k−kl
σ(kl)

θTl
σ(kl)

μσ(kl)Vσ(kl−1)(xkl )

≤ α̃(k−kl)

σ(kl)
θTl

σ(kl)
μσ(kl)α̃

(kl−kl−1)

σ(kl−1)
θ
Tl−1

σ(kl−1)
Vσ(kl−1)(xkl−1)

= α̃(k−kl)

σ(kl)
α̃

(kl−kl−1)

σ(kl−1)
θTl

σ(kl)
θ
Tl−1

σ(kl−1)
μσ(kl)Vσ(kl−1)(xkl−1)

≤ · · ·
≤ α̃(k−kl)

σ(kl)
α̃

(kl−kl−1)

σ(kl−1)
· · · α̃(k1−k0)

σ(k0)
θTl

σ(kl)
· · · θT0

σ(k0)
μσ(kl)μσ(kl−1)

· · · μσ(k1)Vσ(k0)(xk0)

= exp
{
(k − kl) ln α̃σ(kl) + (kl − kl−1) ln α̃σ(kl−1)

+ · · · + (k1 − k0) ln α̃σ(k0)
}

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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× exp
{Tl ln(θσ(kl)) + Tl−1 ln(θσ(kl−1)) + · · · + T0 ln(θσ(k0))

}

× μσ(kl)μσ(kl−1) · · · μσ(k1)Vσ(k0)(xk0)

= exp

{
M∑

i=1

Nσi(ln α̃iτai + ln θiTi + ln μi)

}
Vσ(k0)(xk0)

= exp

{
M∑

i=1

Nσi(ln α̃iτai + ln θiTi + ln μi)

}
Vσ(k0)(xk0)

where we use Nσi to denote Nσ(k)i(k0, k) for simplicity. If supposing

ln(1 − αi)τai + ln θiTi + ln μi < 0

we get a sufficient condition which can guarantee the GUAS of the switched system.
The inequality above is equivalent to

τai > −(Ti ln(θi) + ln μi)/ ln(1 − αi)

Therefore, we conclude that Vσ(k)(xk) converges to zero as k → ∞ if the above
condition is satisfied, then the asymptotic stability can be deduced with the aid of
(6.7). �
Remark 6.5 Theorem6.4 relaxes the requirements in Theorem6.1 to be mode-
dependent. Since each subsystem has its own properties (stability or performance),
it is inevitable to be more conservative if we require all subsystems have the same
ADT while neglecting the properties of each subsystem. More specifically, e.g., for
the ith subsystem, if its decaying rate αi is relatively large while the increasing rate
βi is small, a shorter MADT can achieve the required performance, which reduces
the conservatism of the analysis and synthesis process.

6.2 New Performance Analysis

To facilitate the performance analysis in this section, we first recall the following
definition on the weighted l2-gain analysis for switched systems with synchronous
switching.

Definition 6.6 For γs > 0, the system

x(k + 1) = fσ (x(k), u(k)) (6.11)

y(k) = hσ (x(k)) (6.12)

is said to be GUAS with weighted l2-gain no greater than γs, if under zero
initial condition, the system is GUAS and the inequality

∑∞
k=0(1 − α)kyT

k yk ≤∑∞
k=0 γ2

s uT
k uk, 0 < α < 1 holds for all nonzero u(k) ∈ l2[0,∞).
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Now, further invoking the extended Lyapunov-like function illustrated in Fig. 6.1,
the following theorem can be obtained on the weighted l2-gain analysis for system
(6.11)–(6.12).

Theorem 6.7 Consider the switched system (6.11)–(6.12), let 0 < α < 1, β ≥ 0,
μ ≥ 1 and γ > 0 be given constants. Suppose that there exist positive definite C

1

functions Vσ(k) : Rn → R, σ(k) = i ∈ I, with zero initial condition Vσ(k0)(xk0) ≡ 0

such that ∀(i, j) ∈ I × I, i 
= j, Vi(xkl ) ≤ μVj(xkl ) and ∀i ∈ I, denoting Γ (k)
�=

yT
k yk − γ2uT

k uk and

ΔVi(xk) ≤
{−αVi(k) − Γ (k),∀k ∈ [kl + TM, kl+1)

βVi(k) − Γ (k),∀k ∈ [kl, kl + TM)
(6.13)

then the switched system is GUAS for any switching signal with ADT satisfying

(6.5) and has weighted l2-gain
∑∞

k=k0
(1 − α)kyT

k yk ≤ γ2
a

∑∞
k=k0

uT
k uk, where θ

�=
(1 + β)/α̃, α̃

�= (1 − α), γa = √
(θTM μ)N0θTM−1γ and TM has the same definition

as (6.5).

Proof From [7], we can get

Vσ(kl)(xk)

≤ α̃k−kl θTM Vσ(kl)(xkl ) −
k−1∑

s=kl+TM

α̃k−1−sΓ (s) −
kl+TM−1∑

s=kl

α̃k−1−s

× θTM+kl−s−1Γ (s)

≤ α̃k−kl θTM μVσ(kl−1)(xkl ) −
k−1∑

s=kl+TM

α̃k−1−sΓ (s) −
kl+TM−1∑

s=kl

α̃k−1−s

× θTM+kl−s−1Γ (s)

≤ α̃k−kl θTM μ

⎡

⎣α̃kl−kl−1θTM Vσ(kl−1)(xkl−1) −
kl+TM−1∑

s=kl−1+TM

α̃kl−1−sΓ (s)

−
kl−1+TM−1∑

s=kl−1

α̃kl−s−1θTM+kl−1−s−1Γ (s)

⎤

⎦−
k−1∑

s=kl+TM

α̃k−1−sΓ (s)

−
kl+TM−1∑

s=kl

α̃k−s−1θTM+kl−s−1Γ (s)

= α̃k−kl−1(θTM )2μVσ(kl−1)(xkl−1) −
kl−1∑

s=kl−1+TM

α̃k−1−sθTM μΓ (s)
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−
kl−1+TM−1∑

s=kl−1

α̃k−1−sθTM μθTM+kl−1−s−1Γ (s) −
k−1∑

s=kl+TM

α̃k−s−1Γ (s)

−
kl+TM−1∑

s=kl

α̃k−s−1θTM+kl−s−1Γ (s)

≤ · · ·

≤ α̃k−k0(θTM )Nσ(k0,k)μNσ(k0,k)−1Vσ(k0)(xk0) −
k1−1∑

s=k0+TM

α̃k−1−s

× (θTM μ)Nσ(s,k)Γ (s) −
k0+TM−1∑

s=k0

α̃k−1−s(θTM μ)Nσ(s,k)θTM+k0−s−1Γ (s)

− · · · −
k−1∑

s=kl+TM

α̃k−s−1Γ (s) −
kl+TM−1∑

s=kl

α̃k−s−1θTM+kl−s−1Γ (s)

Since Vσ(k0)(xk0) = 0, Vσ(kl)(xk) ≥ 0, and Γ (k) = yT
k yk − γ2uT

k uk , we have

k1−1∑

s=k0+TM

α̃k−s−1(θTM μ)Nσ(s,k)yT
s ys +

k0+TM−1∑

s=k0

α̃k−s−1(θTM μ)Nσ(s,k)

× θTM+k0−s−1yT
s ys + · · · +

k−1∑

s=kl+TM

α̃k−s−1yT
s ys +

kl+TM−1∑

s=kl

α̃k−s−1

× θTM+kl−s−1yT
s ys

≤
k1−1∑

s=k0+TM

α̃k−s−1(θTM μ)Nσ(s,k)γ2uT
s us +

k0+TM−1∑

s=k0

α̃k−s−1

× (θTM μ)Nσ(s,k)θTM+k0−s−1γ2uT
s us + · · · +

k−1∑

s=kl+TM

α̃k−s−1γ2uT
s us

+
kl+TM−1∑

s=kl

α̃k−s−1θTM+kl−s−1γ2uT
s us

Due to 1 ≤ θTM+ki−s−1 ≤ θTM−1, s ∈ (ki, ki + TM − 1), i = 1, 2, . . . , l, we have

k−1∑

s=k0

α̃k−s−1(θTM μ)Nσ(s,k)yT
s ys

≤
k−1∑

s=k0

α̃k−s−1θTM−1(θTM μ)Nσ(s,k)γ2uT
s us
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which is equivalent to

k−1∑

s=k0

α̃k−s−1(θTM μ)−Nσ(k0,s)yT
s ys

≤
k−1∑

s=k0

α̃k−s−1θTM−1(θTM μ)−Nσ(k0,s)γ2uT
s us

Due to Nσ(k0, s) ≤ N0 + (s − k0)/τa, θTM μ ≥ 1, we can get

(
θTM μ

)−Nσ(k0,s) ≥ (
θTM μ

)−N0
(
θTM μ

)−(s−k0)/τa

From (6.5), we have −τa (ln α̃) > ln
(
θTM μ

)
, i.e., ln α̃ < ln

(
θTM μ

)−1/τa . Therefore,
the following holds, (

θTM μ
)−Nσ(k0,s) ≥ (

θTM μ
)−N0

α̃s−k0

With 0 ≤ (
θTM μ

)−Nσ(k0,s) ≤ 1, we have

k−1∑

s=k0

α̃k−s−1(1 − α)syT
s ys ≤ (θTM μ)N0

k−1∑

s=k0

α̃k−s−1θTM−1γ2uT
s us

then we can get

∞∑

k=k0

k−1∑

s=k0

α̃k−s−1(1 − α)syT
s ys

≤ (θTM μ)N0

∞∑

k=k0

k−1∑

s=k0

α̃k−s−1θTM−1γ2uT
s us

and

∞∑

k=k0

k−1∑

k=s+1

α̃k−s−1(1 − α)syT
s ys

≤ (θTM μ)N0

∞∑

k=k0

∞∑

k=s+1

α̃k−s−1θTM−1γ2uT
s us

Due to
∑∞

k=s+1 α̃k−s−1 = 1
α
, we can easily obtain

∑∞
k=k0

(1 − α)kyT
k yk ≤ (θTM μ)N0

θTM−1γ2∑∞
k=k0

uT
k uk , which ends the proof. �
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To extend the results of Theorem6.7 to the MADT case, the weighted l2-gain
analysis of the discrete-time switched system (6.11)–(6.12) under theMADT switch-
ing signal is given as follows.

Theorem 6.8 Consider switched system (6.11)–(6.12) and let 0 < αi < 1, βi ≥
0,μi ≥ 1 and γ > 0, ∀i ∈ I be given constants. Suppose that there exists posi-
tive definite C

1 function Vσ(k) : Rn → R, σ(k) ∈ I, with Vσ(k0)(xk0) ≡ 0 such that

∀(i, j) ∈ I × I, Vi(xkl ) ≤ μiVj(xkl ), denoting Γ (k)
�= yT

k yk − γ2uT
k uk, if the follow-

ing inequality is satisfied

ΔVi(xk) ≤
{−αiVi(k) − Γ (k),∀k ∈ [kl + Tl, kl+1)

βiVi(k) − Γ (k),∀k ∈ [kl, kl + Tl)
(6.14)

then the switched system is GUAS for any switching signal satisfying (6.10)
and has weighted l2-gain

∑∞
k=k0

(1 − αmax)
kyT

k yk ≤ γ2
a

∑∞
k=k0

uT
k uk, where γa =√

Π
i∈I

(θTi
i μi)N0i αmax

αmin
θTmax−1
max γ, θmax = max{θi} = max{(1 + βi)/(1 − αi)}, and Tmax

= max{Ti},∀i ∈ I.

Proof It yields from [7] that

Vσ(kl)(xk) ≤ α̃k−kl
σ(kl)

θTl
σ(kl)

Vσ(kl)(xkl ) −
k−1∑

s=kl+Tl

α̃k−1−s
σ(kl)

Γ (s)

−
kl+Tl−1∑

s=kl

α̃k−1−s
σ(kl)

θTl+kl−s−1
σ(kl)

Γ (s)

≤ α̃k−kl
σ(kl)

θTl
σ(kl)

μσ(kl)Vσ(kl−1)(xkl ) −
k−1∑

s=kl+Tl

α̃k−1−s
σ(kl)

Γ (s)

−
kl+Tl−1∑

s=kl

α̃k−1−s
σ(kl)

θTl+kl−s−1
σ(kl)

Γ (s)

≤ α̃k−kl
σ(kl)

θTl
σ(kl)

μσ(kl)

⎡

⎣α̃
kl−kl−1

σ(kl−1)
θ
Tl−1

σ(kl−1)
Vσ(kl−1)(xkl−1) −

kl−1∑

s=kl−1+Tl−1

× α̃kl−1−s
σ(kl−1)

Γ (s) −
kl−1+Tl−1−1∑

s=kl−1

α̃
kl−kl−1

σ(kl−1)
θ
Tl−1+kl−1−s−1
σ(kl−1)

Γ (s)

⎤

⎦

−
k−1∑

s=kl+Tl

α̃k−1−s
σ(kl)

Γ (s) −
kl+Tl−1∑

s=kl

α̃k−s−1
σ(kl)

θTl+kl−s−1
σ(kl)

Γ (s)

≤ · · ·
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≤ α̃k−kl
σ(kl)

α̃
kl−kl−1

σ(kl−1)
· · · α̃k1−k0

σ(k0)
θTl

σ(kl)
θ
Tl−1

σ(kl−1)
· · · θT0

σ(k0)
μσ(kl)μσ(kl−1)

· · · μσ(k1)Vσ(k0)(xk0) − α̃k−kl
σ(kl)

· · · α̃k2−k1
σ(k1)

θTl
σ(kl)

θ
Tl−1

σ(kl−1)

· · · θT1
σ(k1)

μσ(kl)μσ(kl−1) · · · μσ(k1)

k1−1∑

s=k0+T0

α̃k1−1−s
σ(k0)

Γ (s)

− α̃k−kl
σ(kl)

· · · α̃k2−k1
σ(k1)

θTl
σ(kl)

θ
Tl−1

σ(kl−1)
· · · θT1

σ(k1)
μσ(kl)μσ(k1)

· · · μσ(k1)

k0+T0−1∑

s=k0

α̃k1−1−s
σ(k0)

θk0+τ0−s−1
σ(k0)

Γ (s) − · · ·

−
k−1∑

s=kl+Tl

α̃k−1−s
σ(kl)

Γ (s) −
kl+Tl−1−s∑

s=kl

α̃k−s−1
σ(kl)

θkl+Tl−1−s
σ(kl)

Γ (s)

Since Vσ(k0)(xk0) = 0, denoting αmax = max{αi}, α̃max = {1 − αmax}, αmin = min
{αi}, and α̃min = {1 − αmin}, ∀i ∈ I, similar to the proof of Theorem6.7, we have

k1−1∑

s=k0+T0

α̃k−1−s
max Π

i∈I
(θTi

i μi)
Nσi(s,k)yT

s ys +
k0+T0−1∑

s=k0

α̃k−1−s
max

× Π
i∈I

(θTi
i μi)

Nσi(s,k)θk0+T0−1−s
σ(k0)

yT
s ys +

k2−1∑

s=k1+T1

α̃k−1−s
max Π

i∈I
(θTi

i μi)
Nσi(s,k)

× yT
s ys +

k1+T1−1∑

s=k1

α̃k−1−s
max Π

i∈I
(θTi

i μi)
Nσi(s,k)θk1+T1−1−s

σ(k1)
yT

s ys + · · ·

+
k−1∑

s=kl+Tl

α̃k−1−s
max yT

s ys +
kl+Tl−1∑

s=kl

α̃k−1−s
max θkl+Tl−1−s

σ(kl)
yT

s ys

≤
k1−1∑

s=k0+T0

α̃k−1−s
min Π

i∈I
(θTi

i μi)
Nσi(s,k)uT

s us +
k0+T0−1∑

s=k0

α̃k−1−s
min

× Π
i∈I

(θTi
i μi)

Nσi(s,k)θk0+T0−1−s
σ(k0)

γ2uT
s us +

k2−1∑

s=k1+T1

α̃k−1−s
min Π

i∈I

× (θTi
i μi)

Nσi(s,k)γ2uT
s us +

k1+T1−1∑

s=k1

α̃k−1−s
min Π

i∈I
(θTi

i μi)
Nσi(s,k)

× θk1+T1−1−s
σ(k1)

γ2uT
s us + · · · +

k−1∑

s=kl+Tl

α̃k−1−s
min γ2uT

s us

+
kl+Tl−1∑

s=kl

α̃k−1−s
min θkl+Tl−1−s

σ(kl)
γ2uT

s us
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Since 1 < θki+Ti−s−1
i < θTi−1

i , then the inequalities above can be formulated as

k−1∑

s=k0

α̃k−1−s
max Π

i∈I
(θTi

i μi)
−Nσi(k0,s)yT

s ys

≤
k−1∑

s=k0

α̃k−1−s
min Π

i∈I
(θTi

i μi)
−Nσi(k0,s)θ

Tσ(s)−1
σ(s) uT

s us

From Definition1.7 and (6.10) we get

−Nσi(k0, s) ≥ −N0i − Hi(k0, s)/τai

hence we can get

k−1∑

s=k0

α̃k−1−s
max Π

i∈I
(θTi

i μi)
−N0i+ Hi (k0 ,s) ln α̃i

ln(θ
Ti
i μi ) yT

s ys

≤
k−1∑

s=k0

α̃k−1−s
min θTmax−1

max γ2uT
s us,

k−1∑

s=k0

α̃k−1−s
max Π

i∈I
α̃Hi(k0,s)

i yT
s ys ≤ Θiγ

2
k−1∑

s=k0

α̃k−1−s
min θTmax−1

max uT
s us,

∞∑

k=k0

k−1∑

s=k0

α̃k−1−s
max α̃H(k0,s)

max yT
s ys ≤ Θiγ

2
∞∑

k=k0

k−1∑

s=k0

α̃k−1−s
min θTmax−1

max uT
s us,

∞∑

s=k0

∞∑

k=s+1

α̃k−1−s
max α̃s

maxyT
s ys ≤ Θiγ

2
∞∑

s=k0

∞∑

k=s+1

α̃k−1−s
min θTmax−1

max uT
s us,

whereΘi = Π
i∈I

(θTi
i μi)

N0i . Due to
∑∞

k=s+1 α̃k−1−s
max = 1

αmax
,
∑∞

k=s+1 α̃k−1−s
min = 1

αmin
, we

have
∞∑

s=k0

(1 − αmax)
syT

s ys

≤ Π
i∈I

(θTi
i μi)

N0i
αmax

αmin
θTmax−1
max γ2

∞∑

s=k0

uT
s us

which completes the proof. �

Remark 6.9 Theorem6.8 addresses the l2-gain of switched system (6.11)–(6.12)
with MADT switching signal, and Theorem6.7 for the underlying system with ADT
switching. Then, according to the discussions in Sect. 1.4.2 (cf. Definition1.7 and

http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_1
http://dx.doi.org/10.1007/978-3-319-28850-5_1
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the relationship between ADT switching and MADT switching), we can conclude
that

γ∗
ADT (τD, N0) ≤ γ∗

MADT (τDi, N0i)

where γ∗
ADT (τD, N0) and γ∗

MADT (τDi, N0i) are the optimal weighted l2-gains of
the switched system under the two switching logics with τD = max{τDi} and N0 =
max{N0i} (see the third inclusion relationship in Sect. 1.4.2), respectively.

6.3 Asynchronous Stabilization

In this section, we will consider the issue of asynchronous stabilization for the
switched linear system (6.1).

The control input u(k) in (6.1) is used to achieve system stability under certain
switching signals, and usually, the mode-dependent control pattern is considered
and formed as (if state feedback) u(k) = Kσ(k)x(k), where Ki (∀σ(k) = i ∈ I) is the
controller gain to be determined. In literature, however, a common assumption is that
the switches of Kσ(k) coincide real time with those of system modes, which is hard
to satisfy in practice. Then, if the time lag of switched controllers to system modes
(asynchronous switching) is T , the control input will become u(k) = Kσ(k−T)x(k),
hence the resulting closed-loop system is given by

x(k + 1) = (
Aσ(k) + Bσ(k)Kσ(k−T)

)
x(k) (6.15)

Obviously, the mode-unmatched (probably wrong) controllers in the loop, together
with the switching signals designed/found in the case of synchronous switching, may
cause a worse performance for the underlying system.

Therefore, in this section, we are interested in finding a mode-dependent state-
feedback controller and a set of admissible switching signals with ADT such that
the resulting closed-loop system (6.15) is globally uniformly exponentially stable
(GUES) in the presence of asynchronous switching. It is worth noting that for a
practical system, it also takes time tomeasure the system state besides identifying the
system modes. Thus the corresponding state-feedback stabilization problem needs
take both switching delays and state delays into account. This general case and
other more complex cases considering output-feedback control, H∞ control, etc.,
can be further studied based on the basic state-feedback stabilization methods to be
developed in this section.

In the presence of asynchronous switching, the mode-unmatched controller will
be applied in control loop for a certain time, then the energy function to evaluate the
system may be increased. This, together with the inspiration from [1], motivates us
to consider a class of Lyapunov-like function allowed to increase but the increase
rate is bounded.

Note that for Theorem6.1, a natural question is how Tmax is known in advance.
Generally, this is hard since within [kl, kl+1),∀l ∈ N

+, T↑(kl, kl+1) includes all

http://dx.doi.org/10.1007/978-3-319-28850-5_1


6.3 Asynchronous Stabilization 175

Fig. 6.2 A typical case of
the extended Lyapunov-like
function in Fig. 6.1. Here,
T↑(kl, kl+1) is the only
interval close to the
switching times

0k 1k lk 1lk

1( )l lk k

1( )l lk k

the randomly dispersed intervals during which the Lyapunov function is increas-
ing. However, for the asynchronously switched control problem, the corresponding
T↑(kl, kl+1) will be only the interval close to the switching instants of subsystems
as shown in Fig. 6.2, depending on the running time of unmatched controller. In
practice, the interval rests with the identification and scheduling process among all
the candidates of stabilizing controllers, which may be different in different envi-
ronments. Here we assume the maximal delay of asynchronous switching, Tmax, is
known a priori without loss of generality.

Now, we are in a position to give the existence conditions of an asynchronous
mode-dependent stabilizing controller for system (6.1).

Theorem 6.10 Consider the switched linear system (6.1) and let 0 < γ < 1, η >

−1, μ > 1 be given constants. If there exist matrices Si > 0 and Ui, ∀i ∈ I, such
that, ∀(i, j) ∈ I × I, i 
= j

[−Si AiSi + BiUi

� −(1 − γ)Si

]
≤ 0 (6.16)

[−Si AiSj + BiUj

� (1 + η)(Si − Sj − ST
j )

]
≤ 0 (6.17)

Sj ≤ μSi (6.18)

then there exists a mode-dependent stabilizing controller with the asynchronous delay
Tmax such that system (6.15) is GUES for any switching signal with ADT satisfying
(6.5). Moreover, if (6.16)–(6.18) has a solution, the admissible controller can be
given by Ki = UiS

−1
i .

Proof For mode-dependent controller input u(k) = Kix(k) in asynchronous switch-
ing case, namely, when the subsystem i has been switched, the controller Kj will be
still active instead of Ki for Tmax, then we have
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x(k + 1) =
{

Âi,jx(k + 1),∀k ∈ [kl, kl + Tmax)

Āix(k + 1),∀k ∈ [kl + Tmax, kl+1)
(6.19)

where Āi � Ai + BiKi, Âi,j � Ai + BiKj.
Then, consider the extended Lyapunov-like function Vi(x(k)) = xT (k)Pix(k),

together with (6.3) and (6.19), we have ∀(i, j) ∈ I × I, i 
= j,

ΔVi(xk) + γVi(xk) = xT
k

[
ĀT

i PiĀi + γPi − Pi
]

xk

ΔVi(xk) − ηVi(xk) = xT
k

[
ÂT

i,jPiÂi,j − ηPi − Pi

]
xk

Vi(kl) − μVj(kl) = xT
k

[
Pi − μPj

]
xk

Thus if

ĀT
i PiĀi + γPi − Pi ≤ 0 (6.20)

ÂT
i,jPiÂi,j − ηPi − Pi ≤ 0 (6.21)

Pi − μPj ≤ 0 (6.22)

system (6.1) is GUAS for any switching signal with ADT (6.5) according to
Theorem6.1. Replacing Āi, Âi,j in (6.19) and by Lemma2.4, we have

[−Pi PiAi + PiBiKi

� −(1 − γ)Pi

]
≤ 0 (6.23)

[−Pi PiAi + PiBiKj

� −(1 + η)Pi

]
≤ 0 (6.24)

Setting Si � P−1
i , Ui � KiSi and performing a congruence transformation to

(6.23) via diag{Si, Si}, we can obtain (6.16). In addition, from the fact (Si − Sj)
T

Si(Si − Sj) ≥ 0, we have Si − Sj − ST
j ≥ −ST

j S−1
i Sj. Then, if (6.17) holds, one

has
[−Si AiSj + BiUj

� −(1 + η)ST
j S−1

i Sj

]
≤ 0

Performing a congruence transformation to the above inequality via diag{S−1
i , S−1

j },
we can obtain (6.24). Therefore, (6.16)–(6.18) ensure that (6.20)–(6.22) are satisfied.
In addition, by denoting ζ = √

(1 − γ)θTmax/τaμ1/τa , the system state satisfies ||xk|| ≤
Kζ(k−k0)||xk0 || for a certain K > 0, i.e. the underlying system is GUES. �

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Likewise, the following corollary gives the case of synchronous switching in the
discrete-time context.

Corollary 6.11 Consider the switched linear system (6.1) and let 0 < γ < 1 and
μ > 1 be given constants. If there exist matrices Si > 0 and Ui, ∀i ∈ I, such that,
∀(i, j) ∈ I × I, i 
= j

[−Si AiSi + BiUi

� −(1 − γ)Si

]
≤ 0 (6.25)

Sj ≤ μSi (6.26)

then there exists a mode-dependent stabilizing controller such that system (6.1) is
GUES for any switching signal with ADT satisfying (2.26). Moreover, if (6.25)–(6.26)
has a solution, the admissible controller can be given by Ki = UiS

−1
i .

Remark 6.12 The conditions derived in the above Theorems and Corollaries are
LMIs for given α,β (or α only) and μ. Then, by providing other two parameters
(or one, respectively) a priori, the optimum for the other one can be approximately
obtained by the bisectionmethodwhen a feasible solution of the corresponding LMIs
is guaranteed. This is actually due to the latent monotonicity of all of them, e.g., a
bigger β corresponding to more possibilities of feasible solutions in Theorem6.1.

6.4 H∞ Control

6.4.1 Switched Linear Systems

In this subsection, we will investigate the problem of designing the mode-dependent
H∞ controllers for the underlying systems in the presence of asynchronous switching.

Consider a class of discrete-time switched linear systems given by

x(k + 1) = Aσ(k)x(k) + Bσ(k)u(k) + Eσ(k)ω(k) (6.27)

z(k) = Cσ(k)x(k) + Dσ(k)u(k) + Fσ(k)ω(k) (6.28)

where the system description has been given in the previous sections. σ(k) is the
switching signal discussed in Sect. 6.1 and we also consider it to be with ADT
property. For the system in the presence of asynchronous switching, we are interested
in designing an H∞ state-feedback controller u(k) = Kσ(k)x(k), where Ki (∀σ(k) =
i ∈ I) is the controller gain to be determined.

If there exists the asynchronous switching, i.e., the switches of Kσ(k) do not coin-
cide in real time with those of system modes, then the control input will become

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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u(k) = Kσ(k−Tmax)x(k),∀k ∈ [kl, kl + Tmax). Hence the resulting closed-loop system
is given by ∀σ(k − Tmax) = j,σ(k) = i, i 
= j,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{ x(k + 1) = Âix(k) + Êiw(k)

z(k) = Ĉix(k) + F̂iw(k), ∀k ∈ [kl, kl + Tmax)

x(k + 1) = Āix(k) + Ēiw(k)

z(k) = C̄ix(k) + F̄iw(k), ∀k ∈ [kl + Tmax, kl+1)

(6.29)

where

Âi � Ai + BiKj, Āi � Ai + BiKi, Ĉi � Ai + BiKj,

C̄i � Ai + BiKi, Êi � Ēi = Ei, F̂i � F̄i = Fi.

Then, the controllers as well as the switching signals, designed in the case assuming
synchronous switching, may cause a worse performance.

Therefore, our objective in this subsection is to design a mode-dependent state-
feedback controller and find a set of admissible switching signals with ADT such that
the resulting closed-loop system (6.29) is GUAS and has a guaranteed exponential
H∞ disturbance attenuation performance, i.e., ‖z‖22 ≤ γ2 ‖w‖22 for a γ > 0 in the
presence of asynchronous switching. Note that as shown in (6.29), the mismatched
controller only appears once during the closed loop interval for the active subsystems.

Using both Theorems6.1 and 6.7, the above problem can be solved by the fol-
lowing theorem, which is used to give stability and exponential H∞ performance
analyses for system (6.29).

Theorem 6.13 Consider switched linear system (6.29) and let 0 < α < 1,β ≥
0, γ > 0, and μ ≥ 1 be given constants. If there exist matrices Pi > 0, ∀i ∈ I, such
that ∀(i, j) ∈ I × I, i 
= j, Pi ≤ μPj,Θi ≤ 0 and Θij ≤ 0, where

Θi �

⎡

⎢⎢⎣

−Pi 0 PiĀi PiĒi

� −I C̄i F̄i

� � −(1 − α)Pi 0
� � � −γ2I

⎤

⎥⎥⎦ ,

Θij �

⎡

⎢⎢⎣

−Pi 0 PiÂi PiÊi

� −I Ĉi F̂i

� � −(1 + β)Pi 0
� � � −γ2I

⎤

⎥⎥⎦

then under the asynchronous delay Tmax, the corresponding system is GUAS for any
switching signal satisfying (6.5) and has a guaranteed exponential H∞ performance

index γa = √
(θTmaxμ)N0θTmax−1γ.
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Proof Consider the extended Lyapunov-like function shown in Fig. 6.2 as the fol-
lowing quadratic form

Vi(xk) = xT
k Pixk,∀σ(k) = i ∈ I (6.30)

where Pi is a positive definite matrix. Firstly, it is straightforward to know that (6.30)
satisfies the hypothesis (6.2).

Now assuming zero disturbance input to the system, we know from (6.3), (6.4)
and (6.29) that ∀(i, j) ∈ I × I, i 
= j,

ΔVi(xk) − βVi(xk) = xT
k �̂ixk,∀k ∈ [kl, kl + Tmax)

ΔVi(xk) + αVi(xk) = xT
k �̄ixk,∀k ∈ [kl + Tmax, kl+1)

Vi(xkl ) − μVj(xkl ) = xT
kl

[
Pi − μPj

]
xkl ,

where �̂i � ÂT
i PiÂi − βPi − Pi, �̄i � ĀT

i PiĀi + αPi − Pi. From Θi ≤ 0 and Θij ≤
0, we readily know that

[−Pi PiĀi

� −(1 − α)Pi

]
≤ 0,

[−Pi PiÂi

� −(1 + β)Pi

]
≤ 0

which, by Lemma2.4, imply �̂i ≤ 0 and �̄i ≤ 0. Therefore, if we further have Pi −
μPj ≤ 0, system (6.29) is GUAS for any switching signal satisfying (6.5). Now
consider the disturbance input, one has that ∀k ∈ [kl, kl + Tmax)

ΔVi(xk) − βVi(xk) + zT
k zk − γ2uT

k uk

= xT
k

[
�̂i + ĈT

i Ĉi

]
xk + 2xT

k

[
ÂT

i PiÊi + ĈT
i F̂i

]
wk

+wT
k

[
−γ2I + ÊT

i PiÊi + F̂T
i F̂i

]
wk

= ζT (k)Ω↑iζ(k)

and ∀k ∈ [kl + Tmax, kl+1)

ΔVi(xk) + αVi(xk) + zT
k zk − γ2uT

k uk

= xT
k

[
�̄i + C̄T

i C̄i
]

xk + 2xT
k

[
ĀT

i PiĒi + C̄T
i F̄i

]
wk

+wT
k

[−γ2I + ĒT
i PiĒi + F̄T

i F̄i
]
wk

= ζT (k)Ω↓iζ(k)

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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where ζ(k) � [ x̃T (k) wT (k) ]T
and

Ω↑i �
[

�̂i + ĈT
i Ĉi ÊT

i PiÊi + ĈT
i F̂i

� −γ2I + ÊT
i PiÊi + F̂T

i F̂i

]

Ω↓i �
[

�̄i + C̄T
i C̄i ĒT

i PiĒi + C̄T
i F̄i

� −γ2I + ĒT
i PiĒi + F̄T

i F̄i

]

By Lemma2.4, Θi ≤ 0 and Θij ≤ 0 are equivalent to Ω↓i ≤ 0 and Ω↑i ≤ 0, respec-
tively. Therefore, one has

ΔVi(xk) ≤
{−αVi(xk) + zT

k zk − γ2uT
k uk,∀k ∈ [kl + Tmax, kl+1)

βVi(k) + zT
k zk − γ2uT

k uk,∀k ∈ [kl, kl + Tmax)

According to Theorem6.7, the system has a guaranteed l2-gain no greater than
γa, which means the system (6.29) satisfies ‖z‖22 ≤ γ2

a ‖w‖22. This completes the
proof. �

Based on the above results, the following theorem presents a sufficient condition
of the existence of the mode-dependent state-feedback H∞ controllers for system
(6.27)–(6.28) in the presence of asynchronous switching.

Theorem 6.14 Consider switched system (6.27)–(6.28) and let 0 < α < 1, β ≥
0, γ > 0, and μ ≥ 1 be given constants. If there exist matrices Si > 0 and Ui, ∀i ∈ I,
such that ∀(i, j) ∈ I × I , i 
= j, Si ≤ μSj, Ψi ≤ 0 and Ψij ≤ 0, where

Ψi �

⎡

⎢⎢⎣

−Si 0 AiSi + BiUi Ei

� −I CiSi + DiUi Fi

� � −(1 − α)Si 0
� � � −γ2I

⎤

⎥⎥⎦ ,

Ψij �

⎡

⎢⎢⎢⎣

−Si 0 AiSj + BiUj Ei

� −I CiSj + DiUj Fi

� � −(1 + β)
(

Si − Sj − ST
j

)
0

� � � −γ2I

⎤

⎥⎥⎥⎦ ,

then there exists a mode-dependent state-feedback controller with the asynchronous
delay Tmax such that system (6.29) is GUAS for any switching signal with ADT satisfy-
ing (6.5) and has an exponential H∞ performance index γa = √

(θTmaxμ)N0θTmax−1γ.
Moreover, if a feasible solution exists, the admissible controller gain is given by

Ki = UiS
−1
i (6.31)

Proof Replace Āi, Âi of Θi and Θij in Theorem6.13 by the ones in (6.29). Set-
ting Si � P−1

i , Ui � KiSi and performing a congruence transformation [8] to Ψi ≤ 0

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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via diag{S−1
i , I, S−1

i , I}, we can obtain Θi ≤ 0. In addition, from the fact (Si −
Sj)

T Si(Si − Sj) ≥ 0, we have Si − Sj − ST
j ≥ −ST

j S−1
i Sj. Then, if Ψij ≤ 0, one has

⎡

⎢⎢⎣

−Si 0 AiSj + BiUj Ei

� −I CiSj + DiUj Fi

� � −(1 + β)ST
j S−1

i Sj 0
� � � −γ2I

⎤

⎥⎥⎦ < 0

Performing a congruence transformation to the above inequality via diag{S−1
i , I,

S−1
j , I}, we can obtain Θij ≤ 0. Therefore, according to Theorem6.13, we know if

Si ≤ μSj, Ψi ≤ 0 and Ψij ≤ 0, system (6.29) is GUAS for any switching signal with
ADT satisfying (6.5) and has an exponential H∞ performance index γa. Meanwhile,
themode-dependent controller gain is given byKi = UiS

−1
i .This completes the proof.

�

Remark 6.15 Note that if setting Tmax ≡ 0, then Theorem6.14 reduces to
Definition6.6, i.e., the synchronous switching case, which we list here again as a
corollary for further comparison.

Corollary 6.16 Consider switched system (6.27)–(6.28) and let 0 < α < 1, γ > 0,
and μ ≥ 1 be given constants. If there exist matrices Si > 0 and Ui, ∀i ∈ I, such that
∀(i, j) ∈ I × I, i 
= j, Si ≤ μSj, Ψi ≤ 0, where Ψi is shown in Theorem6.14, then
there exists a mode-dependent state-feedback controller such that system (6.27)–
(6.28) is GUAS for any switching signal with ADT satisfying (6.5) and has an
exponential H∞ performance index γ. Moreover, if a feasible solution exists, the
admissible controller gain is given by (6.31).

Remark 6.17 Solving the convex problems contained in the above Theorem6.14 and
Corollary6.16, the scalars γ and γa can be optimized in terms of the feasibility of the
corresponding conditions. In addition, it is obvious that γa ≥ γ, which means that
the H∞ performance achieved in the presence of asynchronous switching is worse
than the one in the case of synchronous switching. However, the controller designed
without considering asynchronous switching, even under the admissible switching
(6.5), may fail to obtain the prescribed (or optimized) γ or even γa, which will be
shown via the following example.

Example 6.18 Consider discrete-time switched linear system (6.27)–(6.28) consist-
ing of three subsystems described by

A1 =
[
0.88 −0.05
0.40 −0.72

]
, A2 =

[
0.51 0.24
0.80 0.32

]
, A3 =

[−0.80 0.16
0.80 0.64

]
,

B1 =
[−0.30

−5.0

]
, B2 =

[−1.4
0.30

]
, B3 =

[−1.5
0.10

]
,

E1 =
[
0.70
1.30

]
, E2 =

[
0.20
1.40

]
, E3 =

[−1.10
0.90

]
,
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C1 = [
0.20 0.10

]
, C2 = [

0.30 0.40
]
, C3 = [−0.10 0.20

]
,

D1 = 0.40, D2 = −0.50, D3 = 0.60, F1 = 0.20, F2 = 0.30, F3 = −1.10.

The maximal delay of asynchronous switching Tmax = 2.
Our purpose here is to design a mode-dependent state-feedback controller and

find out the admissible switching signals such that the resulting closed-loop system
is stable with an optimized exponential H∞ disturbance attenuation performance.

First, we shall demonstrate that if one studies the control problem of the above
system assuming synchronous switching, i.e., based on Corollary6.16, the corre-
sponding design results will be invalid in the presence of asynchronous switch-
ing. Given µ = 1.05 and α = 0.20 and solving the convex optimization problem in
Corollary6.16 (minimizing γ in the criteria), one can obtain τ ∗

a = 0.2186, γ∗ =
2.6309 and the controller gains as

K1 = [0.9505 0.1529], K2 = [0.3657 0.1847], K3 = [−0.8420 0.0741] (6.32)

Applying controller (6.32) and generating a possible switching sequence satisfying
τa = 1 > 0.2186, one can get the steady state response of the resulting closed-loop
system as shown in Fig. 6.3a for w(k) = 0.5 exp(−0.5k). Now if there exists asyn-
chronous switching in practice with Tmax = 2, the state response of the resulting sys-
tems for switching sequences with τa = 1, 2, 3 are plotted, respectively, in Figs. 6.3b
and 6.4. One can observe that although the states become converging as the selected
ADT is increasing, all the practicalH∞ performance indices are greater than the opti-
mized one. It is actually hard by trial-and-error to find admissible switching signals
since the designed controller may be also wrong.

Thus, we consider the asynchronous switching in the design phase and turn to
Theorem6.14. By further giving β = 0.05 and solving the corresponding convex
optimization problem in Theorem6.14, we obtain τ ∗

a = 2.6559, γ∗
a = √

(θTmaxμ)N0γ∗
d

with γ∗
d = 5.6886 and N0 = 1.2, and the controller gains as

K1 = [0.2698 0.1360], K2 = [0.2897 0.1785], K3 = [−0.1711 0.1343] (6.33)

Using the controller (6.33) and giving switching sequences with τa = 3 and τa = 4
(both are greater than 2.6559), respectively, the state responses of the resulting system
are given in Fig. 6.5. In addition, generating randomly 200 switching sequences with
τa = 3, Fig. 6.6 gives the comparison on the H∞ performance indices that the result-
ing closed-loop systems can achieve when applying (6.32) and (6.33), respectively. It
can be seen fromFigs. 6.5 and 6.6 that the designed controller (6.33) under the admis-
sible switching signals is effective despite asynchronous switching. Also, in Fig. 6.6,
it is obvious that the controller (6.32) even can not guarantee γ∗

a = √
(θTmaxμ)N0γ∗

d
with γ∗

d = 5.6886 andN0 = 1.2, although the given switching sequences with τa = 3
are admissible. Therefore, combining with Figs. 6.3 and 6.4, we conclude that only
increasing ADT is not sufficient to ensure the system stability and/or performance,
which also shows the necessity of Theorem6.14 and its potential in practice.
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(a)

(b)

Fig. 6.3 State responses of the closed-loop systems by controller (6.32) with different Tmax and
ADT. a Tmax = 0, ADT = 1; b Tmax = 2, ADT = 1



184 6 Asynchronous Switched Systems …

(a)

(b)

Fig. 6.4 State responses of the closed-loop systems by controller (6.32) with different Tmax and
ADT. a Tmax = 2, ADT = 2; b Tmax = 2, ADT = 3
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a

a

(a)

(b)

Fig. 6.5 State responses of the closed-loop systems by controller (6.33). a Tmax = 2, ADT = 3; b
Tmax = 2, ADT = 4
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Fig. 6.6 H∞ performance indices of the closed-loop systems by controller (6.32) and controller
(6.33)

6.4.2 Switched LPV Systems

Consider the following discrete-time switched linear parameter varying (LPV)
system

xk+1 = Aσ(k)(ρk)xk + Bσ(k)(ρk)uk + Eσ(k)(ρk)ωk (6.34)

yk = Cσ(k)(ρk)xk + Dσ(k)(ρk)uk + Fσ(k)(ρk)ωk (6.35)

when σ(k) = i ∈ I, the matrices (Ai(ρk), Bi(ρk), Ci(ρk), Di(ρk), Ei(ρk), Fi(ρk))
denote the ith subsystem, which are known functions of measurable ρk , where
ρk = [ρ1k , …, ρsk], |ρzk| ≤ ρ̄z, ∀1 ≤ z ≤ s is a vector of time-varying parameters
which belongs to a compact set.

Note that in the studies in the previous section and other literature, such as [9–13],
the delays in the switching of controllers are assumed to be constant or time-varying.
In this subsection, we assume that the delay of controllers to be mode-dependent.
Specifically, let Ti, i ∈ I, be the value of the delay for the ith subsystem.

Based on the stability, l2-gain analysis results in Theorems6.4 and 6.8, the con-
ditions and the corresponding H∞ controller ensuring the GUAS and l2-gain can
be obtained for discrete-time switched LPV system (6.34)–(6.35). As studied in
Sect. 6.4.1, this subsection is to find mode-dependent state-feedback controllers
Ki(ρk), ∀i ∈ I, such that the closed-loop system can achieve anticipated performance
in spite of the asynchronous switching. When considering asynchronous switching,
the controller input can be expressed as uk = Kσ(k−Tl)(ρk)xk , ∀k ∈ [kl, kl+1),∀l ∈ N.
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Hence, assuming σ(kl) = i ∈ I, we have ∀k ∈ [kl, kl + Tl), Kσ(k−Tl)(ρk) = Kj(ρk),
j 
= i, and ∀k ∈ [kl + Tl, kl+1),Kσ(k−Tl)(ρk) = Ki(ρk). The resulting closed-loop sys-
tem can be written as

{
xk+1 = Âi(ρk)xk + Ei(ρk)ωk

yk = Ĉi(ρk)xk + Fi(ρk)ωk
∀k ∈ [kl, kl + Tl) (6.36)

{
xk+1 = Āi(ρk)xk + Ei(ρk)ωk

yk = C̄i(ρk)xk + Fi(ρk)ωk
∀k ∈ [kl + Tl, kl+1) (6.37)

where ∀(i, j) ∈ I × I,

Âi(ρk) � Ai(ρk) + Bi(ρk)Kj(ρk), Āi(ρk) � Ai(ρk) + Bi(ρk)Ki(ρk),

Ĉi(ρk) � Ci(ρk) + Di(ρk)Kj(ρk), C̄i(ρk) � Ci(ρk) + Di(ρk)Ki(ρk),

Êi(ρk) � Ēi(ρk) = Ei(ρk), F̂i(ρk) � F̄i(ρk) = Fi(ρk).

The controllers designed under the assumption of synchronous switching may cause
instability or other worse performance in the presence of asynchronous behavior
when controllers switch. To solve this problem, we deduce the following theorems
that can ensure the performance.

Theorem 6.19 Consider discrete-time switched LPV systems (6.36) and (6.37), let
0 < αi < 1, βi ≥ 0, γ > 0 and μi ≥ 1, ∀i ∈ I, be given constants. If there exist
matrices Pi(ρk) > 0, ∀i ∈ I, such that ∀(i, j) ∈ I × I, i 
= j, Pi(ρk) ≤ μiPj(ρk), and
the following parameterized LMIs hold

⎡

⎢⎢⎣

−Pi(ρk+1) 0 Pi(ρk+1)Âi(ρk) Pi(ρk+1)Êi(ρk)

� −I Ĉi(ρk) F̂i(ρk)

� � −(1 + βi)Pi(ρk) 0
� � � −γ2I

⎤

⎥⎥⎦ ≤ 0 (6.38)

⎡

⎢⎢⎣

−Pi(ρk+1) 0 Pi(ρk+1)Āi(ρk) Pi(ρk+1)Ēi(ρk)

� −I C̄i(ρk) F̄i(ρk)

� � −(1 − αi)Pi(ρk) 0
� � � −γ2I

⎤

⎥⎥⎦ ≤ 0 (6.39)

Then under asynchronous delay Ti, the corresponding system is GUAS for any MADT
switching signal satisfying (6.10) and has an exponential H∞ performance index

γs =
√

Π
i∈I

(θTi
i μi)N0i αmax

αmin
θTmax−1
max γ.

Proof Choose the Lyapunov function of the form

Vi(xk, ρk) = xT
k Pi(ρk)xk,∀σ(k) = i ∈ I

For the zero disturbance input to the system, we have
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ΔVi(xk, ρk) + αiVi(xk, ρk) = xT
k Ω̄ixk,∀k ∈ [kl + Tl, kl+1)

ΔVi(xk, ρk) − βiVi(xk, ρk) = xT
k Ω̂ixk,∀k ∈ [kl, kl + Tl)

where

Ω̄i � ĀT
i (ρk)Pi(ρk+1)Āi(ρk) − Pi(ρk) + αiPi(ρk),

Ω̂i � ÂT
i (ρk)Pi(ρk+1)Âi(ρk) − Pi(ρk) − βiPi(ρk).

In addition, we have Vi(xkl , ρkl ) − μiVj(xkl , ρkl ) = xT
kl
[Pi(ρkl ) − μiPj(ρkl )]xkl . By

Lemma2.4, (6.38) and (6.39) imply

ΔVi(xk, ρk) ≤
{−αiVi(xk, ρk), ∀k ∈ [kl + Tl, kl+1)

βiVi(xk, ρk), ∀k ∈ [kl, kl + Tl)

By Pi(ρk) ≤ μiPj(ρk), we have ΔVi(xkl , ρk) ≤ μiΔVj(xkl , ρk). From Theorem6.4,
discrete-time switched LPV systems (6.36) and (6.37) are GUAS under any MADT
switching signal satisfying (6.10). Now consider the disturbance input, we have ∀k ∈
[kl + Tl, kl+1),ΔVi(xk, ρk) + αiVi(xk, ρk) + yT

k yk − γ2ωT
k ωk = ςT

k Ω̄↓iςk , and ∀k ∈
[kl, kl + Tl),ΔVi(xk, ρk) − βiVi(xk, ρk) + yT

k yk − γ2ωT
k ωk = ςT

k Ω̄↑iςk , where ςk =
[ xT

k ωT
k ], and

Ω̄↓i =
[

Ω̄i + C̄T
i (ρk)C̄i(ρk) ĀT

i (ρk)Pi(ρk+1)Ēi(ρk) + C̄i(ρk)F̄i(ρk)

� −γ2I + ĒT
i (ρk)Pi(ρk+1)Ēi(ρk) + F̄T

i (ρk)F̄i(ρk)

]

Ω̄↑i =
[

Ω̂i + ĈT
i (ρk)Ĉi(ρk) ÂT

i (ρk)Pi(ρk+1)Ēi(ρk) + C̄i(ρk)F̄i(ρk)

� −γ2I + ĒT
i (ρk)Pi(ρk+1)Ēi(ρk) + F̄T

i (ρk)F̄i(ρk)

]

From (6.38) and (6.39), by Lemma2.4, we have Ω̄↓i ≤ 0, Ω̄↑i ≤ 0. Therefore, we
can get

ΔVi(xk, ρk) ≤
{

−αiVi(xk, ρk) + yT
k yk − γ2wT

k wk, ∀k ∈ [kl + Tl, kl+1)

βiVi(xk, ρk) + yT
k yk − γ2wT

k wk, ∀k ∈ [kl, kl + Tl)

together with Pi(ρk) ≤ μiPj(ρk) and Theorem 6.8, we can complete this proof. �

Then, the existence conditions of an asynchronous H∞ controller for the under-
lying switched LPV systems can be obtained as follows.

Theorem 6.20 Consider discrete-time switched LPV system (6.34)–(6.35) with the
controllers in the form uk = Kσ(k−Tl)xk, ∀k ∈ [kl, kl+1), ∀l ∈ N. Let 0 < αi < 1, βi ≥
0, γ > 0 and μi ≥ 1, ∀i ∈ I, be given constants. If there exist matrices Si(ρk) >

0, Ui(ρk), ∀i ∈ I, such that ∀(i, j) ∈ I × I, i 
= j, Si(ρk) ≤ μiSj(ρk), the following
parameterized LMIs hold

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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⎡

⎢⎢⎢⎣

−Si(ρk+1) 0 Ai(ρk)Sj(ρk) + Bi(ρk)Uj(ρk) Ei(ρk)

� −I Ci(ρk)Sj(ρk) + Di(ρk)Uj(ρk) Fi(ρk)

� � (1 + βi)
[
Si(ρk) − Sj(ρk) − ST

j (ρk)
]

0

� � � −γ2I

⎤

⎥⎥⎥⎦ < 0 (6.40)

⎡

⎢⎢⎣

−Si(ρk+1) 0 Ai(ρk)Si(ρk) + Bi(ρk)Ui(ρk) Ei(ρk)

� −I Ci(ρk)Si(ρk) + Di(ρk)Ui(ρk) Fi(ρk)

� � −(1 − αi)Si(ρk) 0
� � � −γ2I

⎤

⎥⎥⎦ < 0 (6.41)

then there exists a mode-dependent state-feedback controller

Ki(ρk) = Ui(ρk)S
−1
i (ρk) (6.42)

such that the discrete-time switched LPV system is GUAS with weighted H∞ perfor-

mance index γa =
√

Π
i∈I

(θTi
i μi)N0i αmax

αmin
θTmax−1
max γ under any switching signal (6.10).

Proof Replace Âi(ρk) and Āi(ρk) in (6.38) and (6.39) by the ones in (6.36) and
(6.37). Defining Si(ρk) � P−1

i (ρk) and Ui(ρk) � Ki(ρk)Si(ρk), and performing the
congruence transformation via diag{S−1

i (ρk+1), I , S−1
i (ρk), I} to (6.40) and (6.41),

we can easily obtain (6.39). Furthermore, from (Si(ρk) − Sj(ρk))
T S−1

i (ρk)(Si(ρk) −
Sj(ρk)) ≥ 0,we have Si(ρk) − Sj(ρk) − ST

j (ρk) ≥ −ST
j (ρk)S

−1
i (ρk)Sj(ρk). Therefore,

from (6.40), we have

⎡

⎢⎢⎣

−Si(ρk+1) 0 Ai(ρk)Sj(ρk) + Bi(ρk)Uj(ρk) Ei(ρk)

� −I Ci(ρk)Sj(ρk) + Di(ρk)Uj(ρk) Fi(ρk)

� � −(1 + βi)ST
j (ρk)S

−1
i (ρk)Sj(ρk) 0

� � � −γ2I

⎤

⎥⎥⎦ < 0 (6.43)

Performing the congruence transformation to (6.43) via diag{S−1
i (ρk+1), I , S−1

i (ρk),
I}, we can obtain (6.38). Furthermore, ∀(i, j) ∈ I × I, i 
= j, Si(ρk) ≤ μiSj(ρk)

implies Pi(ρk) ≤ μiPj(ρk). From Theorem6.19, the proof can be completed. �

Remark 6.21 As shown in most of LPV literature (see for instance [14]), by choos-
ing appropriate basis functions {fl(ρk)}nf

l , the matrix function variables Yi(ρ) =
{Pi(ρk), Si(ρk), Ui(ρk)} in Theorems6.19 and 6.20 can be decomposed as the fol-
lowing affine fashion

Yi(ρ) =
nf∑

i=1

fl(ρk)Y l
i (6.44)

where fl(ρk) and nf can be chosen by designer in accordance with the dependence
structure in system (6.36)–(6.37). Consequently, Y l

i (ρ) = {Pi(ρk), Si(ρk), Ui(ρk)}
becomes the decision variables of Theorems6.19 and 6.20. In this sense, the gridding
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technique can be utilized to eliminate the dependence on the parameter vector ρk in
the parameterized LMIs [14].

In the following, we provide an example to illustrate the effectiveness of the
controller design method given in this subsection.

Example 6.22 Consider discrete-time switched LPV system (6.34)–(6.35) with the
following state-space matrices

A1(ρk) =
[
0.9 −1.44 + 0.25ρk

1.08 0.72

]
, A2(ρk) =

[
1.08 0.36 + 0.2ρk

−0.72 −1.17

]
,

B1(ρk) =
[
0.3
0.5

]
, B2(ρk) =

[
0.5

−0.1

]
, E1(ρk) = E1(ρk) =

[
0.4
0

]
,

C1(ρk) = C2(ρk) = [ 0.3 −0.1 ], D1(ρk) = D2(ρk) = 0.6,

F1(ρk) = F2(ρk) = 0,

where ρk = cos(0.2πk) is the time-varying parameter. Our purpose is to design a
mode-dependent stabilizing controller and find admissible switching signals with
MADT such that the closed-loop asynchronous switched LPV system (6.36)–(6.37)
is stable with a guaranteed exponential H∞ performance for given αi, βi, and μi,
∀i ∈ I.

According to the structure of the parameter dependence in the system above, we
choose the basic functions in (6.44) as f1(ρk) = 1 and f2(ρk) = cos(0.2πk). Gridding
the parameter space of ρk with 10 uniform grids, for the parameters given in Table6.1,
we can obtain the different MADT τ ∗

ai, ADT τ ∗
a and the optimized H∞ performance

index γ∗ via Theorem6.20. The obtained results under MADT and ADT switching
logics are illustrated in Table6.1.

It can be seen in Table6.1 that the minimal MADT are reduced to τ ∗
a1 = 5.7700,

τ ∗
a2 = 2.8904, and one special case of MADT switching is τ ∗

a1 = τ ∗
a2 = 5.7700 by

setting α = α1 = α2 = 0.12 and β = β1 = β2 = 0.15 (note that the ADT switching
logic is independent of the special systemmodes, thus any switching signal satisfying
the ADT of a systemwill satisfy theMADT of all subsystems, i.e., τ ∗

a ≥ τ ∗
ai, ∀i ∈ I).

Therefore, the ADT switching can be viewed as a special case of MADT switching.

Table 6.1 Parameters and computation results for the system under two different switching logics

Switching schemes MADT switching ADT switching

Parameters µ1 = μ2 = 1.6 µ = 1.6

α1 = 0.12, α2 = 0.24 α = 0.12

β1 = 0.15, β2 = 0.05 β = 0.15

T1 = T2 = 1 T = 1

Optimal H∞ performance γ∗
M = 18.2779 γ∗

A = 7.7377

Switching signals τ∗
a1 = 5.7700, τ∗

a2 = 2.8904 τ∗
a1 = 5.7700
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It should be noted that in Table6.1, the optimal H∞ performance index of MADT
switching γ∗

M is larger than that of ADT case γ∗
A, i.e., γ

∗
M > γ∗

A, which is consistent
with Remark6.9.

The obtained gain controllers for the MADT switching scheme are as follows

S1(ρk) =
[

0.2142 −0.0716
−0.0716 0.0452

]
+ ρk

[−0.1911 0.0623
0.0623 −0.0357

]

S2(ρk) =
[

0.2019 −0.0973
−0.0973 0.0697

]
+ ρk

[−0.1823 0.0858
0.0858 −0.0557

]

U1(ρk) = [−0.4317 0.1693 ] + ρk[ 0.3828 −0.1444 ]
U2(ρk) = [−0.4586 0.2487 ] + ρk[ 0.4125 −0.2140 ]

and for the ADT switching scheme

S1(ρk) =
[

0.2999 −0.0767
−0.0767 0.0603

]
+ ρk

[−0.2439 0.0588
0.0588 −0.0437

]

S2(ρk) =
[

0.2763 −0.1179
−0.1179 0.0942

]
+ ρk

[−0.2361 0.0987
0.0987 −0.0707

]

U1(ρk) = [−0.5605 0.1831 ] + ρk[ 0.4477 −0.1371 ]
U2(ρk) = [−0.5922 0.2977 ] + ρk[ 0.5014 −0.2397 ]

In order to show the effectiveness and advantages of the MADT switching,
we construct a switching signal, which satisfies τa1 = 5.9 > τ ∗

a1, and τa2 = 3.9 >

τ ∗
a2. It is apparent that this switching signal does not satisfy the requirement
of ADT switching since τa = 4.5714 < τ ∗

a . The initial conditions are assumed
to be x0 = [ 0 0 ]T , which is aimed to guarantee the condition Vσ(k0)(xk0) ≡ 0 in
Theorem6.8. The disturbance input is assumed to be w(k) = 0.5 cos(0.2πk)

exp(−0.5k). With the controllers obtained via LMI toolbox in Matlab, we can get
the state response of the closed-loop switched LPV system, which is demonstrated
in Fig. 6.7. In Fig. 6.7, all the states of the system converge to zero. Figure6.8

shows the response of the ratio
√∑k

i=1(1 − αmax)iy(i)T y(i)
/√∑k

i=1 w(i)Tw(i)

under disturbance input w(k). From Fig. 6.8, it can be observed that the response
performances are satisfactory, and it can also be seen from Fig. 6.8 that the ratio√∑k

i=1(1 − αmax)iy(i)T y(i)
/√∑k

i=1 w(i)Tw(i) is less than 1.5686 , which is below

the minimum disturbance-attenuation level γ∗
M = 18.2779, thus showing the effec-

tiveness of the controller design. In comparison with the MADT switching scheme,
the state response of the closed-loop system for the ADT case under the same switch-
ing signal is demonstrated in Fig. 6.9. It can be seen that the state response does not
converge to zero. Therefore, from Figs. 6.7 and 6.9, we can conclude the MADT
switching logic is less rigid than the ADT switching in terms of the requirement of
the switching signal, which shows the advantage of the MADT switching.
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Fig. 6.7 State response of closed-loop system with MADT
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Fig. 6.9 State response of closed-loop system with ADT

6.5 H∞ Filtering

Consider a class of discrete-time switched linear systems given by

x(k + 1) = Aσ(k)x(k) + Bσ(k)ω(k) (6.45)

y(k) = Cσ(k)x(k) + Dσ(k)ω(k) (6.46)

z(k) = Hσ(k)x(k) + Lσ(k)ω(k) (6.47)

where the system description has been given in the previous sections, and when
σ(k) = i ∈ I, the matrices (Ai, Bi, Ci, Di, Hi, Li) denote the ith subsystem. In this
section, we focus our study of system (6.45)–(6.47) on a class of switching signals
with ADT property.

Here, we are interested in designing the following mode-dependent full-order
filter for system (6.45)–(6.47), ∀σ = i ∈ I

xF(k + 1) = AFixF(k) + BFiy(k) (6.48)

zF(k) = CFixF(k) + DFiy(k) (6.49)

where AFi, BFi, CFi and DFi are the filter gains to be determined. Also, we aim to
consider the more practical asynchronous filtering problem, that is, the switches of
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the filter gains do not coincide in real time with those of system modes. Thus, the
resulting filtering error system becomes

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x̃(k + 1) = Âix̃(k) + Êiw(k)

e(k) = Ĉix̃(k) + F̂iw(k), ∀k ∈ [kl, kl + Tmax)

x̃(k + 1) = Āix̃(k) + Ēiw(k)

e(k) = C̄ix̃(k) + F̄iw(k), ∀k ∈ [kl + Tmax, kl+1)

(6.50)

where x̃(k) �
[
xT (k) xT

F (k)
]T
, e(k) � z(k) − zF(k), and

Âi �
[

Ai 0
BFjCi AF j

]
, Êi �

[
Bi

BF jDi

]
,

Ĉi �
[

Hi − DF jCi −CF j
]
, F̂i � Li − DF jDi,

Āi �
[

Ai 0
BFiCi AF i

]
, Ēi �

[
Bi

BF iDi

]
,

C̄i �
[

Hi − DF iCi −CF i
]
, F̄i � Li − DF iDi.

Then, our objective in this section is to design a mode-dependent full-order fil-
ter and find a set of admissible switching signals with ADT such that the resulting
filtering error system (6.50) is GUAS and has a guaranteed exponential H∞ dis-
turbance attenuation performance, i.e., ‖e‖22 ≤ γ2 ‖w‖22 for a given γ > 0 in the
presence of asynchronous switching. A sufficient condition of the existence of the
mode-dependent full-order H∞ filters for the underlying system in the presence of
asynchronous switching is given in the following theorem.

Theorem 6.23 Consider system (6.45)–(6.47) and let0 < α < 1,β ≥ 0, γ > 0, and
μ ≥ 1 be given constants. If there exist matrices P1i > 0, P3i > 0 and matrices P2i,
Xi, Yi, Zi, Afi, Bfi, Cfi, Dfi, ∀i ∈ I such that Φi ≤ 0, Φij ≤ 0 and

[
P1i P2i

� P3i

]
− μ

[
P1j P2j

� P3j

]
≤ 0 (6.51)

where

Φi �

⎡

⎢⎢⎢⎢⎢⎣

Φ11
i Φ12

i 0 Φ14
i XiBi + BfiDi

� Φ22
i 0 Φ24

i ZiBi + BfiDi

� � −I Φ34
i Li − DfiDi

� � � Φ44
i 0

� � � � −γ2I

⎤

⎥⎥⎥⎥⎥⎦
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Φij �

⎡

⎢⎢⎢⎢⎢⎣

Φ11
ij Φ12

ij 0 Φ14
ij XjBi + BfjDi

� Φ22
ij 0 Φ24

ij ZjBi + BfjDi

� � −I Φ34
ij Li − DfjDi

� � � Φ44
ij 0

� � � � −γ2I

⎤

⎥⎥⎥⎥⎥⎦

with

Φ11
i � P1i − Xi − XT

i , Φ11
ij � P1i − Xj − XT

j , Φ12
i � P2i − Yi − ZT

i ,

Φ12
ij � P2i − Yj − ZT

j , Φ14
i � XiAi + BfiCiAfi, Φ

14
ij � XjAi + BfjCiAfj,

Φ24
i � ZiAi + BfiCi Afi, Φ

24
ij � ZjAi + BfjCi Afj,

Φ34
i � Hi − DfiCi − Cfi, Φ

34
ij � Hi − DfjCi − Cfj,

and

Φ44
i �

[−ᾱP1i −ᾱP2i

� −ᾱP3i

]
, Φ44

ij �
[−β̃P1i −β̃P2i

� −β̃P3i

]
,

ᾱ � 1 − α, β̃ � 1 + β, then there exists a mode-dependent filter with the asynchro-
nous delay Tmax such that the corresponding filtering error system (6.50) is GUAS
for any switching signal with ADT satisfying (6.5) and has an exponential H∞ per-
formance index γa = √

(θTmaxμ)N0θTmax−1γ. Moreover, if the feasible solutions exist,
the admissible filter gains are given by

AFi = Y−1
i Afi, BFi = Y−1

i Bfi, CFi = Cfi, DFi = Dfi. (6.52)

Proof First of all, for a matrix Ri,∀i ∈ I, from the fact (Pi − Ri)
T Pi(Pi − Ri) ≥ 0

we have Pi − Ri − RT
i ≥ −RT

i P−1
i Ri, then we know the following inequalities

⎡

⎢⎢⎣

Pi − Ri − RT
i 0 RiĀi RiĒi

� −I C̄i F̄i

� � −(1 − α)Pi 0
� � � −γ2I

⎤

⎥⎥⎦ ≤ 0 (6.53)

⎡

⎢⎢⎣

Pi − Rj − RT
j 0 RjÂi RjÊi

� −I Ĉi F̂i

� � −(1 + β)Pi 0
� � � −γ2I

⎤

⎥⎥⎦ ≤ 0 (6.54)

guarantee Θi ≤ 0 and Θij ≤ 0 in Theorem6.13, respectively. Then, replace
Āi, C̄i, Ēi, F̄i and Âi, Ĉi, Êi, F̂i in (6.53) and (6.54) by the ones in (6.50) and assume
the matrices Pi, Ri to have the following forms
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Pi �
[

P1i P2i

� P3i

]
, Ri �

[
Xi Yi

Zi Yi

]

Defining matrix variables

Afi = YiAFi, Bfi = YiBFi, Cfi = CFi, Dfi = DFi (6.55)

one can readily obtainΦi andΦij. Therefore, ifΦi ≤ 0,Φij ≤ 0 and (6.51) holds, we
have Θi ≤ 0, Θij ≤ 0 and Pi ≤ μPj, respectively. According to Theorem6.13, the
filtering error system (6.50) is GUAS for any switching signal with ADT satisfying
(6.5) and has an exponential H∞ performance index γ. In addition, from (6.55), the
mode-dependent filter gains are given by (6.52). This completes the proof. �

In the absence of asynchronous switching, i.e., Tmax = 0 in Theorem6.23, we can
get the following corollary (cf. Remark6.15).

Corollary 6.24 Consider switched system (6.45)–(6.47) and let 0 < α < 1, γ > 0,
and μ ≥ 1 be given constants. If there exist matrices P1i > 0, P3i > 0 and P2i, Xi, Yi,
Zi, Afi, Bfi, Cfi, Dfi,∀i ∈ I such that ∀(i, j) ∈ I × I, i 
= j, Φi ≤ 0 and (6.51) holds,
where Φi is shown in Theorem6.23, then there exists a mode-dependent filter such
that the resulting filtering error system is GUAS for any switching signal with ADT
satisfying (6.5) and has an exponential H∞ performance index γ. Moreover, if a
feasible solution exists, the admissible filter gains are given by (6.52).

In what follows, we will present two examples to demonstrate the validity of the
filter design approach in the presence of asynchronous switching. The first numerical
example is used to show the necessity of considering asynchronous switching, and
the second example is derived from a PWM-driven boost converter, a typical circuit
system to illustrate the applicability of the theoretical results.

Example 6.25 Consider a discrete-time switched linear system (6.45)–(6.47) con-
sisting of three subsystems described by

A1 =
[−0.60 −0.05
0.38 0.68

]
, A2 =

[
0.63 0.23
0.75 −0.68

]
, A3 =

[−0.75 −0.15
0.75 0.90

]
,

B1 =
[−0.30

0.20

]
, B2 =

[−1.40
−0.30

]
, B3 =

[
0.10
−0.10

]
,

C1 = [
0.10 −0.10

]
, C2 = [

0.30 −0.40
]
, C3 = [−0.10 0.20

]
,

H1 = [
0.70 0.30

]
, H2 = [

0.20 0.40
]
, H3 = [−0.10 0.20

]
,

L1 = 0.20, L2 = 0.30, L3 = −0.10, D1 = 0.40, D2 = −0.50, D3 = 0.20.

The maximal delay of asynchronous switching Tmax = 2.
The objective is to design a mode-dependent full-order filter and find out the

admissible switching signals such that the resulting filtering error system is stable
with an optimized exponential H∞ disturbance attenuation performance.
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We shall first demonstrate that if one studies the filtering problem of the above
system assuming synchronous switching, i.e., by Corollary6.24, the corresponding
design results will be invalid in the presence of asynchronous switching. Givingµ =
1.05 and α = 0.20 and solving the convex optimization problem in Corollary6.24,
one can get τ ∗

a = 0.463, γ∗ = 0.427 and the corresponding filter gains as

AF1 =
[−0.48 −0.12

0.39 0.65

]
, AF2 =

[
1.27 1.00
0.32 −0.18

]
, AF3 =

[−0.25 −0.24
−0.25 0.99

]

(6.56)

Due to the space limit, we omit BFi, CFi, DFi, i = 1, 2, 3 here. The filtering
error response in Fig. 6.10 (a) shows that the above filter is effective with γ =
0.1536 < 0.4273 under a switching sequence with τa = 1 > 0.463 for givenw(k) =
0.5 exp(−0.05k). However, the filtering error responses in the presence of asyn-
chronous switching, plotted in Figs. 6.10 (b) and 6.11 for the switching sequences
with τa = 1, 2, 3, respectively, show that the filtering error system is stable though,
the optimized exponential H∞ performance can not be guaranteed. In other words,
the designed filter can not estimate the state of the original system in a required
exponential H∞ performance index. Now, turn to Theorem6.23 and consider the
asynchronous switching. By further giving β = 0 and solving the convex optimiza-
tion problem in Theorem6.23, we can get τ ∗

a = 2.463, γ∗
a = √

(θTmaxμ)N0γ∗
d with

N0 = 1.2 and γ∗
d = 1.872, and filter gains as (BFi, CFi, DFi, i = 1, 2, 3 are omitted)

AF1 =
[−0.15 −0.18

0.43 0.52

]
, AF2 =

[
0.36 0.98
0.26 −0.13

]
, AF3 =

[−0.08 −0.03
0.60 0.58

]

(6.57)

Then, for the switching sequences with τa = 3, 4 (both are greater than 2.463),
the filtering error responses using filter (6.57) are given in Fig. 6.12. Also, Fig. 6.13
gives the validation on the exponential H∞ performance indices that the resulting
filter error systems can achieve when applying (6.56) and (6.57), respectively, under
randomly 200 switching sequences with τa = 3. It can be observed from Figs. 6.10–
6.13 that the H∞ filter (6.56) designed by Corollary6.24 is invalid (even can not
ensure γ∗

a = √
(θTmaxμ)N0γ∗

d with N0 = 1.2 and γ∗
d = 1.872), on the contrary, the

filter obtained from Theorem6.23 is effective in spite of asynchronous switching.

Example 6.26 Consider a PWM (Pulse-Width-Modulation)-driven boost converter,
shown in Fig. 6.14. The switch s(t) is controlled by a PWM device and can switch
at most once in each period T ; L is the inductance, C the capacitance, R the load
resistance, and es(t) the source voltage. As a typical circuit system, the converter is
used to transform the source voltage into a higher voltage. The control problems for
such power converters have been widely studied in the literature, such as the optimal
control [15], the passivity-based control [16], and the sliding mode control [17], etc.
In recent years, the class of power converters is alternatively modeled as switched
system and the corresponding stabilization problem has also been investigated [18],
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(a)

(b)

Fig. 6.10 Filtering error response by filter (6.56). a Tmax = 0, ADT = 1; b Tmax = 2, ADT = 1

[19]. As done in [18, 19], by introducing variables τ = t/T , L1 = L/T and C1 =
C/T , the differential equations for the boost converter are as follows

ėc(τ ) = − 1

RC1
eC(τ ) + (1 − s(τ ))

1

C1
iL(τ ) (6.58)
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(a)

(b)

Fig. 6.11 Filtering error response by filter (6.56). a Tmax = 2, ADT = 2; b Tmax = 2, ADT = 3

i̇L(τ ) = −(1 − s(τ ))
1

L1
eC(τ ) + s(τ )

1

L1
eS(τ ) (6.59)

Then, (6.58)–(6.59) can be further expressed by

ẋ = Ac
σx,σ ∈ {1, 2}, (6.60)
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a

a

(a)

(b)

Fig. 6.12 Filtering error response by filter (6.57). a Tmax = 2, ADT = 3; b Tmax = 2, ADT = 4

where x = [eC, iL, 1]T and

Ac
1 =

⎡

⎢⎣
− 1

RC1

1
C1

0

− 1
L1

0 0

0 0 0

⎤

⎥⎦ , Ac
2 =

⎡

⎢⎣
− 1

RC1
0 0

0 0 1
L1

0 0 0

⎤

⎥⎦
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Fig. 6.14 The Boost converter

Note that each mode in (6.60) is non-Hurwitz and the stabilization problem for it
is solved in [19] by designing stabilizing switching laws (the result for the buck-
boost converter therein is applicable to the boost converter). As a prerequisite of
employing the filtering techniques, however, all the modes of the filtered system
(6.45)–(6.47) should be stable.Here, differing from [19],we assume that eachmode is
firstly stabilized by some control law and get a closed-loop continuous-time switched
system ẋ = Āc

σx,σ ∈ {1, 2}, where the two subsystems are both Hurwitz. According
to the same normalization technique used in [19], the matrices in (6.60) can be
given by
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Ac
1 =

⎡

⎣
−1 1 0
−1 0 0
0 0 0

⎤

⎦ , Ac
2 =

⎡

⎣
−1 0 0
0 0 1
0 0 0

⎤

⎦

Since the objective in the example is to testify the asynchronousH∞ filter design tech-
niques and show the potential of the obtained theoretical results in circuit systems,
we assume the control matrices for (6.60) to beBc

1 = Bc
2 = [−0.1 0.4 0.5 ]T and a set

of admissible controller gains can be solved as K1 = [−6.61 −1.07 −9.32 ], K2 =
[−5.37 −12.42 −10.07 ]. Then, the closed-loop system can be obtained with
matrices

Āc
1 =

⎡

⎣
−0.34 1.11 0.93
−3.65 −0.43 −3.73
−3.30 −0.54 −4.66

⎤

⎦ , Āc
2 =

⎡

⎣
−0.46 1.24 1.00
−2.15 −4.97 −3.03
−2.68 −6.21 −5.03

⎤

⎦

By setting a certain sampling time Ts = T/10 and considering that there exists the
disturbance input in the underlying system, one can obtain

A1 =
⎡

⎣
0.94 0.10 0.06

−0.30 0.95 −0.30
−0.25 −0.06 0.63

⎤

⎦ , A2 =
⎡

⎣
0.93 0.08 0.07

−0.14 0.66 −0.20
−0.16 −0.40 0.66

⎤

⎦ ,

in (6.45)–(6.47) and suppose other system matrices to be

B1 = [−0.30 0.20 0.10 ]T , B2 = [−1.40 −0.30 0.20 ]T , C1 = [ 0.10 −0.10 0.10 ],
C2 = [ 0.30 −0.40 0.10 ], H1 = [ 0.70 0 0.30 ], H2 = [ 0.20 0 0.40 ],
D1 = 0.4, D2 = −0.5, L1 = L2 = 0.

Also, we assume the maximal delay of asynchronous switching Tmax = 2. Then, by
giving µ = 1.02, α = 0.02, β = 0.01 and solving the convex optimization problem
in Theorem6.23, we can get τ ∗

a = 3.9652, γ∗
a = √

(θTmaxμ)N0γ∗
d with N0 = 1.2 and

γ∗
d = 2.2359 and filter gains as

AF1 =
⎡

⎣
0.84 0.02 0.23

−0.07 0.67 −0.08
−0.13 −0.01 0.48

⎤

⎦ , AF2 =
⎡

⎣
0.83 0.24 0.13

−0.37 0.96 −0.38
−0.28 −0.14 0.49

⎤

⎦

Wealso omitBFi, CFi, DFi, i = 1, 2due to space limit. The effectiveness of the desired
filter with the above gains can be verified by observing the responses of the filtering
error systems in the same rein of Example6.25.Weonly demonstrate the applicability
of the developed filter design techniques and omit the curves here.
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6.6 Conclusion

By allowing the MLFs to increase during the running time of subsystems with a
limited increase rate, the more general results have been obtained on stability and l2-
gain analysis for the discrete-time switched systems under ADT switching. Aiming
at a class of practical problem that the switching of the controllers/filters may have
a lag to the switching of system modes, the problem of the so-called asynchronous
switching is then considered. Via LMIs formulation, the existence conditions of the
asynchronous H∞ controller/filter have been derived for the underlying systems in
linear cases. The developed approaches are further extended to the asynchronous
control of a class of discrete-time switched LPV systems with MADT switching.
Several numerical examples verify the necessity of considering the asynchronous
switching and the applicability of the obtained theoretical results.
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Chapter 7
Time-Delay Switched Systems

Abstract This chapter first investigates the stability problem of a class of discrete-
time linear switched systems with cyclic switching and state delays, and a numerical
searching algorithm is explored to compute the feasible values of dwell time of the
subsystems. Then, the problem of H∞ output feedback control for discrete-time
switched linear systems with time delays is investigated. The time delay is assumed
to be time-varying and has minimum and maximum bounds, which covers the con-
stant delay and mode-dependent constant delay as two special cases. By construct-
ing a switched quadratic Lyapunov function for the underlying system, both static
and dynamic H∞ output feedback controllers are designed respectively such that
the corresponding closed-loop switched system under arbitrary switching signals is
asymptotically stable and guarantees a prescribed H∞ noise attenuation level bound.
Moreover, under the arbitrary switching, the problem of robust l2 − l∞ filtering is
studied for discrete-time switched linear systems with polytopic uncertainties and
time-varying delays. The robust switched linear filters are designed based on the
mode-dependent idea and parameter-dependent stability approach, and the existence
conditions of such filters, dependent on the upper and lower bound of time-varying
delays, are formulated in terms of a set of linear matrix inequalities. Finally, the state
estimation problem is studied for a class of discrete-time switching neural networks
(NNs) with persistent dwell time (PDT) switching regularities and mode-dependent
time-varying delays in H∞ sense. The random packet dropouts, which are governed
by aBernoulli distributedwhite sequence, are considered to exist together for the esti-
mator design of underlying switching NNs. The desired mode-dependent estimators
are designed such that the resulting estimation error system is exponentially mean-
square stable and achieves a prescribed H∞ level of disturbance attenuation. The
effectiveness and the superiority of the developed results are demonstrated through
numerical examples.

© Springer International Publishing Switzerland 2016
L. Zhang et al., Time-Dependent Switched Discrete-Time Linear Systems:
Control and Filtering, Studies in Systems, Decision and Control 53,
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7.1 Stability Analysis: DT Switching

Consider the discrete-time switched linear systems with state delays

x(k + 1) = Aσ(k)x(k) + Adσ(k)x(k − d) (7.1)

x(k) = φ(k), k ∈ [−d, 0] (7.2)

where x(k) ∈ R
n is the state vector, φ(k) is the given initial condition sequence,

d > 0 is the constant time delay, σ(k) is the switching signal, which is a piecewise
constant function of time and takes its values in the finite set I = {1, . . . , N }, N > 1
is the number of subsystems. The switching sequences k0, k1, k2, . . . , ks, . . . are
unknown a priori, but are known instantly, in which the switching instant is denoted
as ks, s ∈ Z+ . When k ∈ [ks, ks+1), the σ(ks)th subsystem (or system mode) is
said to be activated and the length of the current running time of the subsystem is
ks+1 − ks. As in [1], we assume that the switching signal σ(k) is available in real
time. At an arbitrary discrete time k, the switching signal σ(k) is dependent on k or
x(k), or both, or other switching rules. In this section, the switching signal σ(k) is
considered to be regulated by the following switching rule

i
i+1,...,N ,1,...,i−1−→ i,∀i ∈ I

i.e., the cyclic switching, which is denoted as σcs(k). The subsystem model (Aσ(k),

Adσ(k)) can be chosen in the following set

{(A1, Ad1), . . . , (AN , AdN )}

where Ai, Adi ∈Rn×n are real constant matrices, which represent the different system
models of N subsystems. The time interval between two consecutive switchings is
denoted as Mi, which represents the running time of ith subsystem. The above-side
system (7.1)–(7.2) is therefore called the cyclic switched linear time-delay system.
Here we assume that the equilibria of all the subsystems are located at the origin.

In this section, the purpose is to derive the stability condition, and to calculate
the corresponding running time Mi ensuring the system (7.1)–(7.2) is stable in the
Lyapunov sense under the switching law σcs(k).

As discussed in Chap. 2, the multiple Lyapunov-like functions (MLFs) method
[2, 3] is the basic approach to study the stability of switched system, and it describes
the conditions which need to be satisfied from the view point of energy during the
activated subsystems and at the switching instants. The idea of this approach has
been given in Lemma 2.3, which not only requires that each subsystem is stable in
the Lyapunov sense, but also needs the value of Lyapunov function to be decreasing
in the two consecutive switchings for the same subsystem as shown in Fig. 7.1.

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Fig. 7.1 Two Lyapunov
functions, where the
thick/thin solid line stands
for the active Lyapunov
function, and the dash/dot
line stands for the non-active
Lyapunov function

Consider one subsystem in (7.1)–(7.2), which can be described as a discrete-time
linear system with state delays

x(k + 1) = Ax(k) + Adx(k − d) (7.3)

x(k) = φ(k), k ∈ [−d, 0] (7.4)

For system (7.3)–(7.4), denoting δ(k) � x(k) − x(k − 1), the following Lya-
punov function is constructed

V (k) = V1(k) + V2(k) + V3(k) (7.5)

where

V1(k) � xT (k)Px(k), V2(k) �
k−1∑

j=k−d

xT (j)Qx(j),

V3(k) �
−1∑

θ=−d

k∑

j=k+θ+1

δT (j)Rδ(k).

Then, the sufficient condition that ensures the system (7.3)–(7.4) is asymptotically
stable is given in the following lemma.

Lemma 7.1 ([4]) If there exist positive definite matrices P, Q, R, matrices E, X,
such that

⎡

⎢⎢⎣

−P P A P Ad 0
� Λ −X d̄(A − I )T R

� � −Q d̄AT
d R

� � � d̄R

⎤

⎥⎥⎦ < 0

[
E X
� R

]
≥ 0

where Λ � d̄E + X + X T − P + Q, then �V (k) = V (k + 1) − V (k) < 0, and
the system (7.3)–(7.4) is asymptotically stable if the constant time delay satisfies
0 ≤ d ≤ d̄.
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Remark 7.2 Note that, when the constant time delay contained in (7.3)–(7.4) is
extended to the time-varying delays, or a new Lyapunov function is constructed
which is different from (7.5), the different sufficient conditions can be obtained in
ensuring the asymptotic stability of (7.3)–(7.4).

To derive the main results more conveniently, the following transformation is
made for system (7.1)–(7.2):

x̃(k + 1) = Ãix̃(k)

where x̃(k) �
[
x(k) . . . xT (k − d)

]T
and

Ãi �

⎡

⎢⎢⎢⎢⎣

Ai 0 · · · Adi

I 0
. . . 0

...
. . .

. . .
...

0 · · · I 0

⎤

⎥⎥⎥⎥⎦

(d+1)n×(d+1)n

Then, the following theorem gives the sufficient condition that ensures the system
(7.1)–(7.2) is asymptotically stable.

Theorem 7.3 As shown in Fig.7.2, suppose that the system (7.1)–(7.2) switches into
the subsystem (Ai, Adi) at the switching instant ki in the cyclic switching law σcs(k),
the system switches into the subsystem (Ai, Adi) again at the switching instant kj after
passing through the subsystems (Ai+1, Ad(i+1)), . . . , (AN , AdN ), (A1, Ad1), . . . ,

(Ai−1, Ad(i−1)). Let the dwell time corresponding to each subsystem to be denoted as
M1, . . . , MN , respectively. If there exist positive definite matrices Pi, Qi, Ri, matrices
Ei, Xi, i ∈ I, such that

Fig. 7.2 The switching of subsystems
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Ωi �

⎡

⎢⎢⎣

−Pi Pi Ai Pi Adi 0
� Λi −Xi d̄(Ai − I )T Ri

� � −Qi d̄AT
diRi

� � � d̄Ri

⎤

⎥⎥⎦ < 0

Δi �
[

Ei Xi

Xi
T Ri

]
≥ 0

Ξi � Υ T
i ΘiΥi − Θi < 0,∀i ∈ I

where

Λi � d̄Ei + Xi + Xi
T − Pi + Qi,

Υi � ÃMi−1
i−1 · · · ÃM1

1 ÃMN
N · · · ÃMi+1

i+1 ÃMi

i ,

Θi �

⎡

⎢⎢⎢⎢⎣

Pi 0 · · · 0

� Qi
. . .

...

� �
. . . 0

� � � Qi

⎤

⎥⎥⎥⎥⎦
+

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

d̄Ri −d̄Ri 0 · · · 0

� (2d̄ − 1)Ri −(d̄ − 1)Ri
. . .

...

� � (2d̄ − 3)Ri
. . . 0

� � �
. . . −Ri

� � � � Ri

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

then the system (7.1)–(7.2) is asymptotically stable at the switching law σcs(k) if the
constant time delay satisfies 0 ≤ d ≤ d̄ .

Proof For any i ∈ I, the system (7.1)–(7.2) can be described by the subsystemmodel
(Ai, Adi). If bothΩi < 0 andΔi ≥ 0 hold, the subsystem (Ai, Adi) is asymptotically
stable by Lemma 7.1. Thus it yields from the Lyapunov candidate as listed in (7.5),
that �Vi < 0, which satisfies the condition (a) in Lemma 2.3. Moreover, as shown
in Fig. 7.2, once the system (7.1)–(7.2) switches into the subsystem (Ai, Adi) at the
switching instant ki, we have

Vi(ki) = x̃T (ki)Θix̃(ki). (7.6)

When the system (7.1)–(7.2) switches into the subsystem (Ai, Adi) again at the
switching instant kj , the system passes through the subsystems (Ai+1, Ad(i+1)),
. . . , (AN , AdN ), (A1, Ad1), . . . , (Ai−1, Ad(i−1)) in the role of the cyclic switching
law σcs(k), hence at the switching instant kj , it holds

x̃(kj) = ÃMi−1
i−1 · · · ÃM1

1 ÃMN
N · · · ÃMi+1

i+1 ÃMi

i x̃(ki) = Υix̃(ki),

then, it has
Vi(kj) = x̃T (kj)Θix̃(kj) = x̃T (ki)Υ

T
i ΘiΥix̃(ki). (7.7)

http://dx.doi.org/10.1007/978-3-319-28850-5_2


210 7 Time-Delay Switched Systems

From (7.6) and (7.7), it holds that

Vi(kj) − Vi(ki) = x̃T (ki)(Υ
T
i ΘiΥi − Θi)x̃(ki) = x̃T (ki)Ξix̃(ki),

if Ξi < 0, we can obtain that,

Vi(kj) − Vi(ki) < 0,

which satisfies the condition (b) of Lemma 2.3. Therefore, at the cyclic switching law
σcs(k), the system (7.1)–(7.2) comprising of subsystems (A1, Ad1), . . . , (AN , AdN )

is asymptotically stable in the Lyapunov sense. �
Remark 7.4 Due to the complexity of matrix Θi, and the uncertainty of dimension
of matrixΘi before d̄ is calculated, it is difficult to solve the requiredmatrix variables
via the typical LMIs toolbox. Therefore, we could only first calculate d̄ by using the
conditions Ωi < 0 and Δi ≥ 0, then check the condition Ξi < 0 is satisfied or not.

Remark 7.5 In system (7.1)–(7.2), the upper bound of time delays maybe different
for each subsystem, i.e., there exists d̄i (i ∈ I), such that Ãi 	= Ãj,Θi 	= Θj,∀i, j ∈
I (i 	= j). To deal with this problem, the state vector x̃(k) can be raised its dimension

as x̃(k) = [xT (k), . . . ,xT (k − d̄max)]T
,where d̄max = max(d̄i), that is, the allowed

maximum time delay is d̄max for system (7.1)–(7.2). To simplify the derivation, the
maximum time delay allowed in this section equals to the solved d̄ satisfying the
stability conditions Ωi < 0 and Δi ≥ 0, i.e., d̄ = d̄min (d̄min = min(d̄i)).

Remark 7.6 The analytic form of computing the admissible dwell time is hard to
obtain in accordance with the condition Ξi < 0 in Theorem 7.3 which is relevant
with the dwell time of each subsystem. However, a numerical approach as given in
the following algorithm can be used to verify the condition Ξi < 0 and to compute
the dwell time when the value of N is finite.

Algorithm 7.1 (Computation of the dwell time)
Step 1: Obtain themaximum time delay d̄ ensuring the asymptotic stability of sys-

tem (7.1)–(7.2) via solvingΩi < 0 andΔi ≥ 0, and calculating (Pi,Qi,Ri, Ei, Xi),
then Θi;

Step 2: Given the constantM ∈ Z
+, consider 1 ≤ Mi ≤ M, obtain the values of

M1, . . . , MN while verifying the condition

min(eig(Ξi)) < 0, ∀i ∈ I (7.8)

where min(eig(U )) represents the minimum eigenvalue of matrix U .

Remark 7.7 Because Theorem 7.3 only gives the sufficient condition ensuring the
asymptotic stability of system (7.1)–(7.2), and the constraint (7.8) is strict, the system
(7.1)–(7.2) may be asymptotically stable in some cases that (7.8) does not hold.

Example 7.8 Consider the following discrete-time cyclic switched linear system
with state delays

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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x(k + 1) = Aix(k) + Adix(k − d), i = 1, 2 (7.9)

where

A1 =
[
0.990 0.062

−0.080 1.016

]
, Ad1 =

[−0.050 0
−0.056 −0.048

]
,

A2 = AT
1 , Ad2 = AT

d1.

We could first calculate d̄ = 6 via Algorithm 7.1, and then obtain the values of
dwell time of each subsystem which ensure that the system (7.9) is asymptotically
stable, as shown in Fig. 7.3. In Fig. 7.3, the shadow area consisting of “·” stands
for the feasible values of dwell time, and the x-axis represents the dwell time M1 of
subsystem1, and the y-axis represents the dwell time M2 of subsystem2, respectively.
The values of dwell time contained in the blank area enables the system (7.9) is
asymptotically stable or not.

Given the initial state x0 = [−0.5 −0.1
]T
, and choosing the values of dwell

time located in the blank area of Fig. 7.3, which cannot necessarily ensure the sys-
tem stability, for instance, M1 = 10, M2 = 10, the Lyapunov function is increasing
continuously at the switching time instant although the two Lyapunov functions are
decreasing when each corresponding subsystem is running individually; the state
trajectories are not convergent as shown in Fig. 7.4.

Next, designating M1 = 20, M2 = 20, as given in Fig. 7.5, we can see that the two
Lyapunov functions behave as required in Lemma 2.3 (see Fig. 7.3), and the system
is asymptotically stable from the state trajectories.

Fig. 7.3 The values of dwell time

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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7.2 H∞ Control: Arbitrary Switching

Consider a class of switched linear discrete-time systems given by

x(k + 1) = Aσx(k) + A1σx(k − d(k)) + Bσu(k) + B1σω(k) (7.10)

z(k) = Cσx(k) + C1σx(k − d(k)) + Dσu(k) + D1σω(k) (7.11)

y(k) = Gσx(k) + G1σx(k − d(k)) + Eσw(k) (7.12)

x(k) = φ(k), k = −dM ,−dM + 1, . . . , 0 (7.13)

wherex(k) ∈ R
n is the state vector,ω(k) ∈ R

l is the disturbance inputwhich belongs
to l2[0,∞), y(k) ∈ R

m is the measurement output, z(k) is the objective signal to
be attenuated, φ(k) is a given initial condition sequence. Denote σ � σ(k), for
σ(k) = i ∈ I, the matrices (Ai, A1i, Bi, B1i, Ci, C1i, Di, D1i, Gi, G1i, Ei) denote
the ith subsystem.

In system (7.10)–(7.13), the time delay d(k) is assumed to be time-varying and sat-
isfies dm ≤ d(k) ≤ dM , where dm and dM are constant positive scalars representing
the lower and upper delay bounds respectively for any subsystem.

Remark 7.9 Note that if the lower and upper delay bounds in system (7.10)–(7.13)
become identical, that is dm = dM = d, then the time delay becomes constant delay.
Also, if d(k) only changes when system mode is switched, then the time delay
becomes mode-dependent constant delay, thus the time-varying delay considered
here covers the previous two cases.

Remark 7.10 It should be alsomentioned that in continuous-time context, time delay
can be further assumed to be mode-dependent time-varying, as considered in [5].
However, the meaning of mode-dependent in [5] actually is that the delay derivative
is different when system mode changes, that is, if the delay derivative of each mode
is identical, then the delay is mode-independent and merely time-varying. On the
contrary, due to the limitation of classic Lyapunov-Krasovskii technique, the time-
delay difference has been rarely considered in discrete-time context and the type of
delay is only assumed to be time-varying as a consequence.

In this section, the state variables are assumed to be not available for feedback,
thuswe are interested in designing an output-feedback controller for switched system
(7.10)–(7.13) such that the resulting closed-loop system is asymptotically stable with
a prescribed H∞ performance index. The output-feedback controller to be designed
has two classes here, one is the static output-feedback controller with the following
form

u(k) = Dsiy(k) (7.14)

and another is the dynamic output-feedback controller, which is assumed to have the
following structure
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xd(k + 1) = Adixd(k) + Bdiy(k) (7.15)

u(k) = Cdixd(k) + Ddiy(k) (7.16)

xd(k) = 0, k ≤ 0 (7.17)

The closed-loop system (7.10)–(7.13) with (7.14) is given by

x(k + 1) = Âix(k) + Â1ix(k − d(k)) + B̂iw(k) (7.18)

z(k) = Ĉix(k) + Ĉ1ix(k − d(k)) + D̂iw(k) (7.19)

x(k) = φ(k), k = −dM ,−dM + 1, . . . , 0 (7.20)

where

Âi � Ai + Bi DsiGi, Â1i � A1i + Bi DsiG1i, B̂i � B1i + Bi DsiEi,

Ĉi � Ci + Di DsiGi, Ĉ1i � C1i + Di DsiG1i, D̂i � D1i + Di DsiEi.

Likewise, by defining ξ(k) �
[
xT (k) xT

d (k)
]T
, for the dynamic output-feedback

case, the corresponding closed-loop system resulted from (7.10)–(7.13) and (7.15)–
(7.17) is given by

ξ(k + 1) = Ãiξ(k) + Ã1iξ(k − d(k)) + B̃iw(k) (7.21)

z(k) = C̃iξ(k) + C̃1iξ(k − d(k)) + D̃iw(k) (7.22)

ξ(k) = [φT (k) 0
]T

, k = −dM ,−dM + 1, . . . , 0 (7.23)

where

Ãi �
[

Ai + Bi DdiCi BiCdi

BdiCi Adi

]
, Ã1i �

[
A1i + Bi DdiG1i 0

BdiG1i 0

]
,

B̃i �
[

B1i + Bi DdiEi

BdiEi

]
, C̃i �

[
Ci + Di DdiGi DiCdi

]
,

C̃1i �
[

C1i + Di DdiG1i 0
]
, D̃i � [D1i + Di DdiEi] .

Our purpose is to determine the matrix gain Dsi in (7.14) and the matrix variables
Adi, Bdi, Cdi and Ddi in (7.15)–(7.17) such that the obtained static and dynamic
output-feedback controllers asymptotically stabilize the corresponding closed-loop
systems (7.18)–(7.20) and (7.21)–(7.23) with a prescribed H∞ performance index,
respectively. It is noted that the switching signal in the designed controllers is assumed
to be homogeneous with the one in system (7.10)–(7.13).

Before ending this section, we recall the following lemmas which will be used in
the proof of our main results.

Lemma 7.11 ([4]) Assume that a ∈ R
na , b ∈ R

nb and N ∈ R
na×nb . Then, for any

matrices X ∈ R
na×na , Y ∈ R

na×nb and R ∈ R
nb×nb satisfying

[
X Y

Y T R

]
≥ 0, the fol-
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lowing inequality holds

−2aTNb ≤
[

a
b

]T [
X Y − N

Y T − N T R

] [
a
b

]

7.2.1 Performance Analysis

In this subsection, according to (7.18)–(7.20) and (7.21)–(7.23), we establish a gen-
eral closed-loop system model for the performance analysis, which is denoted as

x(k + 1) = Āix(k) + Ā1ix(k − d(k)) + B̄iw(k) (7.24)

z(k) = C̄ix(k) + C̄1ix(k − d(k)) + D̄iw(k) (7.25)

x(k) = φ(k), k = −dM ,−dM + 1, . . . , 0 (7.26)

where the state vector x(k) ∈ R
r (r ≥ n) and φ(k) is a given initial condition

sequence. Note that r = n corresponds to the case of using static output-feedback
controllers, and n < r < 2n corresponds to the case of using dynamic output-
feedback controllers (including the reduced or full-order output-feedback controller).
Also, the construction of system matrices ( Āi, Ā1i, B̄i, C̄i, C̄1i, D̄i) is different when
applying the different types of controllers. For the closed-loop switched system
(7.24)–(7.26), we have the following lemma.

Lemma 7.12 Consider system (7.24)–(7.26) and let γ > 0 be a given scalar. If
there exist appropriate matrices Pi > 0,Q > 0,Z > 0 and matrices Xij > 0, Yij ,
∀(i, j) ∈ I × I satisfying

⎡

⎢⎢⎢⎢⎢⎢⎣

−Pj 0 0 Pj Āi Pj Ā1i Pj B̄i

� −d−1
M Z 0 Z ( Āi − I

) Z Ā1i Z B̄i

� � −I C̄i C̄1i D̄i

� � � Υij −Yij 0
� � � � −Q 0
� � � � � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0 (7.27)

[Xij Yij

YT
ij Z

]
≥ 0 (7.28)

where Υij � −Pi + dMXij + Yij + YT
ij + (dM − dm + 1)Q. Then, system (7.24)–

(7.26) is robustly asymptotically stable with an H∞ noise-attenuation level bound γ.

Proof Letting
η(m) � x(m + 1) − x(m)
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we have

x(k − d(k)) = x(k) −
k−1∑

m=k−d(k)

η(m) (7.29)

Then, system (7.24)–(7.26) can be transformed into

x(k + 1) = ( Āi + Ā1i
)
x(k) − Ā1i

k−1∑

m=k−d(k)

η(m) + B̄iw(k) (7.30)

Construct a Lyapunov functional candidate as

V (k) = V1 + V2 + V3 + V4

where

V1 � xT (k)Pix(k), V2 �
k−1∑

l=k−d(k)

xT (l)Qx(l),

V3 �
−dm+1∑

n=−dM +2

k−1∑

l=k+n−1

xT (l)Qx(l), V4 �
−1∑

n=−dM

k−1∑

m=k+n

ηT (m)Zη(m)

and Pi, Q and Z satisfy (7.27) and (7.28). Define ΔV � V (k + 1) − V (k), then
along the solution of (7.30), we have (∀(i, j) ∈ I × I)

ΔV1 = xT (k + 1)Pjx(k + 1) − xT (k)Pix(k)

= xT (k)
[
( Āi + Ā1i)

TPj( Āi + Ā1i) − Pi

]
x(k) + 2xT (k)( Āi + Ā1i)

T

× Pj B̄iw(k) +
⎡

⎣ Ā1i

k−1∑

m=k−d(k)

η(m)

⎤

⎦
T

Pj[ Ā1i

k−1∑

m=k−d(k)

η(m)]

− 2

⎡

⎣ Ā1i

k−1∑

m=k−d(k)

η(m)

⎤

⎦
T

Pj B̄iw(k) + wT (k)B̄T
i Pj B̄iw(k)

+
k−1∑

m=k−d(k)

[−2xT (k)( Āi + Ā1i)
TPj Ā1iη(m)

]
(7.31)

Now, identify a � x(k), b � η(m) andN �
(

Āi + Ā1i
)T Pj Ā1i in Lemma 7.12,

we can obtain (7.28) and the following inequality (∀(i, j) ∈ I × I)
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k−1∑

m=k−d(k)

[−2xT (k)( Āi + Ā1i)
TPj Ā1iη(m)

]

≤ dT
Mx(k)Xijx(k) + 2xT (k)

[Yij − ( Āi + Ā1i)
TPj Ā1i

]

×
k−1∑

m=k−d(k)

η(m) +
k−1∑

m=k−dM

ηT (m)Zη(m) (7.32)

In addition, we have

ΔV2 =
k∑

l=k−d(k+1)+1

xT (l)Qx(l) −
k−1∑

l=k−d(k)

xT (l)Qx(l)

= xT (k)Qx(k) − xT (k − d(k))Qx(k − d(k))

+
k−1∑

l=k−d(k+1)+1

xT (l)Qx(l) −
k−1∑

l=k−d(k)+1

xT (l)Qx(l) (7.33)

Note that

k−1∑

l=k−d(k+1)+1

xT (l)Qx(l) =
k−1∑

l=k−dm+1

xT (l)Qx(l) +
k−dm∑

l=k−d(k+1)+1

xT (l)Qx(l)

≤
k−1∑

l=k−d(k)+1

xT (l)Qx(l) +
k−dm∑

l=k−dM +1

xT (l)Qx(l) (7.34)

Therefore, we have

ΔV2 ≤ xT (k)Qx(k) − xT (k − d(k))Qx(k − d(k))

+
k−dm∑

l=k−dM +1

xT (l)Qx(l) (7.35)

Also, note that,

ΔV3 =
−dm+1∑

n=−dM +2

[
xT (n)Qx(n) − xT (k + n − 1)Qx(k + n − 1)

]

= (dM − dm)xT (k)Qx(k) −
k−dm∑

l=k−dM +1

xT (l)Qx(l) (7.36)
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Finally, due to

η(m) = x(m + 1) − x(m)

= ( Āi − I
)
x(m) + Ā1ix(m − d(m)) + B̄iw(m)

one has

ΔV4 =
−1∑

n=−dM

[
ηT (k)Zη(k) − ηT (k + n)Zη(k + n)

]

= dMηT (k)Zη(k) −
k−1∑

m=k−dM

ηT (m)Zη(m)

= dM

{
xT (k)

(
Āi − I

)T Z ( Āi − I
)
x(k) + 2xT (k)

(
Āi − I

)T Z
× Ā1ix(k − d(k) + 2xT (k)

(
Āi − I

)T Z B̄iw(k) + xT (k − d(k))

× ĀT
1iZ Ā1ix(k − d(k)) + 2xT (k − d(k)) ĀT

1iZ B̄iw(k) + wT (k)
}

× B̄T
i Z B̄iw(k) −

k−1∑

m=k−dM

ηT (m)Rη(m) (7.37)

Then, when assuming the zero disturbance input to system (7.24)–(7.26) and from
(7.31), (7.32), (7.35), (7.36) and (7.37), we have

ΔV = ΔV1 + ΔV2 + ΔV3 + ΔV4 ≤ λT (k)Ξλ(k) (7.38)

where

Ξ �
[

Ξ1,1 Ξ1,2

� Ξ2,2

]
,λ(k) �

[
x(k)

x(k − d(k))

]
,

Ξ1,1 � Āi
TPj Āi + Υij + dM

(
Āi − I

)T Z ( Āi − I
)
,

Ξ1,2 � Āi
TPj Ā1i + ( Āi − I

)T Z Ā1i − Yij,

Ξ2,2 � ĀT
1iPj Ā1i + ĀT

1iZ Ā1i − Q,

then by Lemma 2.4 and simple matrices principle, the inequality (7.27) impliesΞ <

0, i.e. ΔV < 0, thus the asymptotic stability of system (7.24)–(7.26) is guaranteed.
Now, to establish the H∞ performance for switched system (7.24)–(7.26), consider

the following performance index

J �
∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k)

]

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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zero initial condition, V (k) |k=0= 0, we have

J =
∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k) + ΔV

]− V (∞)

<

∞∑

k=0

[
zT (k)z(k) − γ2wT (k)w(k) + ΔV

]

=
∞∑

k=0

θT (k)

⎡

⎣
Λ11 Λ12 Λ13

� Λ22 Λ23

� � Λ33

⎤

⎦ θ(k)

where

θ(k) �
[
xT (k) xT (k − d(k)) wT (k)

]T
,

Λ11 � ĀT
i Pj Āi + Υij + dM

(
Āi − I

)T Z ( Āi − I
)+C̄T

i C̄i,

Λ12 � ĀT
i Pj Ā1i + ( Āi − I

)T Z Ā1i − Yij + C̄T
i C̄1i,

Λ13 � ĀT
i Pj B̄i + ( Āi − I

)T Z B̄i + C̄T
i D̄i,

Λ22 � ĀT
1iPj Ā1i + ĀT

1iZ Ā1i − Q+C̄T
1iC̄1i,

Λ23 � ĀT
1iPj B̄i + ĀT

1iZ B̄i + C̄T
1i D̄i,

Λ33 � −γ2 I + B̄T
i Z B̄i + B̄T

i Pj B̄i + D̄T
i D̄i.

Also, by Lemma 2.4, inequality (7.27) guarantees J < 0, which means that ‖z‖2 <

γ ‖w‖2, this completes the proof. �
Remark 7.13 It is well known that the reasonable construction of Lyapunov func-
tional is very crucial to derive non (or less)-conservative stability conditions in sys-
tem theory. In the proof of Lemma 7.12, we attract the idea of switched quadratic
Lyapunov function proposed in [1] to construct a quadratic Lyapunov functional
candidate for switched system (7.24)–(7.26) by the positive definite matrices Pi, Q
and Z. Evidently, the matrices Q and Z still are the common variables among all
subsystem. However, if we further choose common variablesQ and Z as piecewise
variablesQi andZi, then the condition will be hard to obtain due to the tight coupling
between Q and Z and time delay terms.

Remark 7.14 Within the LMIs framework, Lemma 7.12 presents the criterion for
switched system (7.24)–(7.26), which can be viewed as an unified model developed
by output feedback stabilizing control for system (7.10)–(7.13), hence, we can easily
extend Lemma 7.12 to design either static or dynamic output-feedback controllers
such that the developed closed-loop systemof the form (7.18)–(7.20) or (7.21)–(7.23)
is asymptotically stable with a prescribed H∞ performance index. In addition, it is
obvious that when the number of subsystems s = 1, the stability criterion presented
in Lemma 7.12 will cover the output-feedback stabilization problems for common
linear discrete-time system with state delays under no switchings as a special case.

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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7.2.2 Output-Feedback Controller Design

In this subsection, we will present sufficient conditions for the existence of static
output-feedback controller of the form (7.14) and dynamic output-feedback con-
troller of the form (7.15)–(7.17) for the underlying switched system (7.10)–(7.13)
respectively based on the performance analysis results in Sect. 7.2.1.

Static Output Feedback Control

Theorem 7.15 Consider system (7.10)–(7.13). A stabilizing static output-feedback
controller of the form (7.14) exists if there exist n × n matricesJi > 0,Pi > 0,Xij >

0, Yij , Q > 0, Z > 0, R > 0 ∀(i, j) ∈ I × I and l × m matrices Dsi satisfying
(7.28) and

⎡

⎢⎢⎢⎢⎢⎢⎣

−Jj 0 0 (1, 4) A1i + Bi DsiG1i B1i + Bi DsiEi

� −d−1
M R 0 (2, 4) A1i + Bi DsiG1i B1i + Bi DsiEi

� � −I (3, 4) C1i + Di DsiG1i D1i + Di DsiEi

� � � Υij −Yij 0
� � � � −Q 0
� � � � � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0 (7.39)

PiJi = I, RZ = I (7.40)

where (1, 4) � Ai + Bi DsiGi, (2, 4) � Ai + Bi DsiGi − I , (3, 4) � Ci + Di DsiGi,
and Υij is defined in (7.27). Moreover, if (7.28), (7.39) and (7.40) have solutions, the
controller is given by (7.14) with the controller gain Dsi.

Proof Consider the corresponding closed-loop system with the control (7.14), and
replace Āi, Ā1i, B̄i, C̄i, C̄1i and D̄i in (7.27) with ÂSi, Â1i, B̂i, Ĉi, Ĉ1i and D̂i in
(7.18)–(7.20), respectively. Now performing a congruence transformation to (7.27)
via diag{P−1

j ,R−1, I, I, I, I }, we have
⎡

⎢⎢⎢⎢⎢⎢⎣

−P−1
j 0 0 (1, 4) A1i + Bi DsiG1i B1i + Bi DsiEi

� −d−1
M Z−1 0 (2, 4) A1i + Bi DsiG1i B1i + Bi DsiEi

� � −I (3, 4) C1i + Di DsiG1i D1i + Di DsiEi

� � � γij −Yij 0
� � � � −Q 0
� � � � � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0 (7.41)

where (1, 4) � Ai + Bi DsiGi, (2, 4) � Ai + Bi DsiGi − I , (3, 4) � Ci + Di DsiGi.
Then, the proof is done by defining Ji � P−1

i ,R � Z−1. �

It should be noted that although the resultant conditions in Theorem 7.15 are not
strict LMIs conditions due to (7.40), we can cope with this nonconvex feasibility
problem using the cone complementary linearization (CCL) algorithm developed in
[6], which has been proved to be efficient [4, 7]. Now, we first transform the noncon-
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vex feasibility problem in Theorem 7.15 into the following nonlinear minimization
problem subject to LMIs constraints.

Problem 7.1 min T r
(∑s

i=1 PiJi + RZ) subject to (7.28), (7.39) and (7.42)

[Pi I
I Ji

]
≥ 0,

[Z I
I R

]
≥ 0 (7.42)

Thus, as discussed in [6], if the solution of the above minimization problem is
(s + 1)n, that is, min T r

(∑s
i=1 PiJi + RZ) = (s + 1)n, then the conditions in

Theorem 7.15 are solvable. Although it is still not possible to always find the global
optimal solution, the proposed nonlinearminimization problem is easier to solve than
the original nonconvex feasibility problem. In fact, we can easily modify Algorithm
1 in [6] to solve the above nonlinear problem and get the following algorithm.

Algorithm 7.2 (Solve a stabilizing output-feedback controller)
Step 1: Find a feasible set

(Pi,Ji,Xij,Yij, Dsi,R,Q,Z, ∀(i, j) ∈ I × I)0 sat-
isfying (7.28), (7.39) and (7.42). Set k = 0.

Step 2: Solve the following LMIs problem

min T r

(
s∑

i=1

(PiJ k
i + Pk

i Ji

)+ (RkZ + RkZ)
)

,

subject to (7.28), (7.39) and (7.42).
Step 3: Substitute the obtained matrix variables (Pi,Ji,Xij,Yij, Dsi,R,Q,Z ,

∀(i, j) ∈ I × I) into (7.41). If condition (7.41) is satisfied with

∣∣∣∣∣T r
s∑

i=1

(PiJi + RZ) − (S + 1)n

∣∣∣∣∣ < δ

for some sufficiently small scalar δ > 0, then output the feasible solutions (Pi,Ji,

Xij,Yij, Dsi,R,Q,Z , ∀(i, j) ∈ I × I), exit, else Step 4.
Step 4: If k > N , where N is the maximum number of iterations allowed, exit,

else Step 5.
Step 5: Setk = k + 1,

(Pi,Ji,Xij,Yij, Dsi,R,Q,Z, ∀(i, j) ∈ I × I)k = (Pi,

Ji,Xij,Yij, Dsi,R,Q,Z , ∀(i, j) ∈ I × I), and go to Step 2.

Remark 7.16 A noteworthy fact is Algorithm 7.2 aims to find the feasible solution
of desired controller for given dm and dM , then based on this, one can also find the
suboptimal H∞ performance index when an outside loop procedure of minimizing
γ is used. For fixed γ and N , the algorithm will be serviceable in finding the feasible
solution if there exists. Also, by increasing the values of two variables (positive),
one may get the feasible solution for the non-linear minimization problem as given
in Algorithm 7.2.
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Dynamic Output Feedback Control

Theorem 7.17 Consider system (7.10)–(7.13), let γ > 0. A stabilizing dynamic
output-feedback controller of the form (7.15)–(7.17) exists if there exist r × r
matrices Ji > 0, Pi > 0, Xij > 0, Yij,Q > 0, R > 0, Z > 0, ∀(i, j) ∈ I × I and
(l + r − n) × (m + r − n) matrices Hi satisfying (7.28), (7.40) and

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

−Jj 0 0 Ăi + B̆iHiĞi Ă1i + B̆iHiĞ1i B̆1i + B̆iHi Ĕi

� −d−1
M R 0

(
Ăi + B̆iHiĞi − I

)
Ă1i + B̆iHiĞ1i B̆1i + B̆iHi Ĕi

� � −I C̆i + D̆iHiĞi C̆1i + D̆iHiĞ1i D̆1i + D̆iHi Ĕi

� � � Υij −Yij 0
� � � � −Q 0
� � � � � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

< 0

(7.43)
where Υij is defined in (7.27) and

Hi �
[

Ddi Cdi

Bdi Adi

]
, Ăi �

[
Ai 0
0 0

]
, B̆i �

[
Bi 0
0 I

]
, Ği �

[
Gi 0
0 I

]
,

Ă1i �
[

A1i 0
0 0

]
, Ğ1i �

[
G1i 0
0 0

]
, B̆1i �

[
B1i

0

]
, Ĕi �

[
Ei

0

]
,

C̆i �
[

Ci 0
]
, C̆1i �

[
C1i 0

]
, D̆i �

[
Di 0

]
, D̆1i � D1i.

Moreover, if (7.28), (7.40) and (7.43) have solutions, the controller is given by (7.15)–
(7.17) with the matrix variables Adi, Bdi, Cdi, Ddi in Hi.

Proof Consider the corresponding closed-loop system (7.10)–(7.13) with the con-
trol (7.15)–(7.17), and replace Āi, Ā1i, B̄i, C̄i, C̄1i and D̄i in (7.27) with Ãi, Ã1i,
B̃i, C̃i, C̃1i and D̃i in (7.21)–(7.23), respectively. Now rewrite the matrices in (7.21)–
(7.23) in the following forms

Ãi = Ăi + B̆iHiĞi, Ã1i = Ă1i + B̆iHiĞ1i, B̃i = B̆1i + B̆iHi Ĕi

C̃i = C̆i + D̆iHiĞi, C̃1i = C̆1i + D̆iHiĞ1i, D̃i = D̆1i + D̆iHi Ĕi

Then, performing a congruence transformation to (7.27) via diag{P−1
j ,Z−1, I, I, I, I },

we have

⎡

⎢⎢⎢⎢⎢⎢⎣

−P−1
j 0 0 Ăi + B̆iHiĞi Ă1i + B̆iHiĞ1i B̆1i + B̆iHi Ĕi

� −d−1
M Z−1 0 (2, 4) Ă1i + B̆iHiĞ1i B̆1i + B̆iHi Ĕi

� � −I C̆i + D̆iHiĞi C̆1i + D̆iHiĞ1i D̆1i + D̆iHi Ĕi

� � � γij −Yij 0
� � � � −Q 0
� � � � � −γ2 I

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0

(7.44)
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where (2, 4) � ( Ăi + B̆iHiĞi − I ). Then, the desired result can be worked out by
defining Ji � P−1

i ,R � Z−1. �

Analogous to the static output-feedback case, the obtained conditions in Theorem
7.17 are also not strict LMIs conditions, and the nonconvex feasibility problem in
Theorem 7.17 can also be transformed into the following nonlinear minimization
problem.

Problem 7.2 min T r
(∑s

i=1 PiJi + RZ) subject to (7.28), (7.42) and (7.43)

Likewise, if min T r
(∑s

i=1 PiJi + RZ) = (s + 1)r , then the conditions in Theorem
7.17 are solvable. Moreover, the Algorithm 7.2 can be easily modified here to design
a dynamic output-feedback controller and the detail is omitted here.

In the following, we will present a numerical example to demonstrate the validity
of above designed output-feedback controllers, and their respective advantages.

Example 7.18 Consider the switched system (7.10)–(7.13) consisting of two sub-
systems. For subsystem 1, the dynamics of the system are described as

A1 =
[
0.70 0
0.08 0.95

]
, A11 =

[
0.15 0

−0.10 −0.10

]
, B1 =

[
0.60

−0.50

]
,

B11 =
[

0.10
−0.02

]
, G1 =

[
1 1
0 1

]
, G11 =

[
1 0
1 1

]
, E1 =

[
0.05
0.01

]
,

C1 = [0.20 0.10
]
, C11 = [−0.50 0.30

]
, D1 = 0.8, D11 = 0.01.

For subsystem 2, the dynamics of the system are described as

A2 =
[

0.70 0
−0.08 0.90

]
, A12 =

[
0.14 0

−0.04 −0.05

]
, B2 =

[−0.70
0.40

]
,

B12 =
[

0.08
−0.01

]
, G2 =

[
0 1
1 1

]
, G12 =

[
0.6 0
1 0.80

]
, E2 =

[
0.07
−0.01

]
,

C2 = [0.40 −0.10
]
, C12 = [−0.20 −0.30

]
, D2 = 0.4, D12 = 0.04.

The disturbancew(k) = 0.05e−0.05k sin(0.05πk) and the switching signal is gen-
erated randomly by Algorithm 2.1 as given in Example 2.8.

Then, assuming Time_Length = 200 and Con = 0.6 in Algorithm 2.1 of
Example 2.8 in the example, the switching signal can be realized by Matlab and
a possible case is shown in Fig. 7.6. Note that the switching instants are arbitrary in
Fig. 7.6 by the rand function in Algorithm 2.1 of Example 2.8, and the dwell time in
each mode, which is coined in [8] and detailed in [9], might be one sampling instant
or longer.

Our aim are to design static and dynamic stabilizing output-feedback controllers
for the above uncertain switched system for given time-varying delays 2 ≤ d ≤ 5
and check the H∞ performance of the resulted closed-loop system.

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Fig. 7.6 Switching signal

Based on the existence conditions of admissible controller in Theorem 7.15 and
Algorithm 7.2, we can obtain static H∞ output-feedback controller by solving the
corresponding CCL problem. The controller gain is calculated as follows

Ds1 = [−0.0571 −0.0638
]
, Ds2 = [−0.2826 0.1952

]
.

Likewise, by the conditions in Theorem 7.17 and modified Algorithm 7.2, the
admissible dynamic H∞ output-feedback controller also can be obtained.Here, noted
that the expected controller is considered to be a full-order form, i.e. in Theorem 7.17,
r = 4 is selected. The dynamic controller is with the following matrix variables

Ad1 =
[
0.1524 0.0441
0.1148 0.2929

]
, Bd1 =

[
0.0736 0.0114
0.1928 0.0287

]
,

Cd1 = [0.0967 0.1183
]
, Dd1 = [−0.0920 −0.0599

]
,

Ad2 =
[
0.1136 0.0002
0.0155 0.1804

]
, Bd2 =

[
0.1047 0.0085
0.2906 0.0181

]
,

Cd2 = [0.0697 0.0583
]
, Dd2 = [−0.2142 0.1562

]
.

Furthermore, by applying the static output-feedback controller, we can obtain
the control trajectory and the state response of corresponding closed-loop system
in Figs. 7.7 and 7.8 respectively for given initial condition x = [−0.05 0.03]T and
time-varying delays 2 ≤ d(k) ≤ 5. Similarly, using the dynamic output-feedback
controller, we can get the corresponding control trajectory and state response in
Figs. 7.9 and 7.10, respectively. It is clearly observed from Figs. 7.8 and 7.10 that
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Fig. 7.7 Control trajectory of static H∞ output-feedback controller

Fig. 7.8 State response by static H∞ output-feedback controller

under the arbitrary switching signals, the obtained stabilizing output-feedback con-
troller stabilizes the switched system against the given variations of time delays.

In addition, when an outside loop procedure is used inAlgorithm 7.2 asmentioned
inRemark 7.16, suboptimal H∞ performance index can be solved aswell correspond-
ing to static and dynamic output-feedback controller respectively. Table7.1 lists the
different calculation results by applying different classes of controller.
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Fig. 7.9 Control trajectory of dynamic H∞ output-feedback controller

Fig. 7.10 State response by dynamic H∞ output-feedback controller

Table 7.1 Different suboptimal γ of the resulting closed-loop system

Static output-feedback controller 2.1909

Dynamic output-feedback controller 1.9748

Obviously, it can be seen that the dynamic output-feedback controller is complex
in realization sincemorematrix variables needed tobe computed and the static output-
feedback controller is easily to be realizedwith only a constant controller gain in each
subsystem. However, from Table7.1, it concludes that the dynamic output-feedback
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controller is less conservative in ensuring a suboptimal H∞ performance index for
the underlying switched system. Therefore, both static and dynamic output-feedback
controllers have their own advantages and disadvantages for the switched time-delay
systems studied in this section regarding conservatism and complexity, which is
analogous to the general dynamic systems.

7.3 Filtering

7.3.1 l2 − l∞ Sense: Arbitrary Switching

Consider a class of uncertain switched linear discrete-time systems given by

x(k + 1) = Aσ(k)(λ)x(k) + Adσ(k)(λ)x(k − d(k)) + Bσ(k)(λ)w(k) (7.45)

y(k) = Cσ(k)(λ)x(k) + Cdσ(k)(λ)x(k − d(k)) + Dσ(k)(λ)w(k) (7.46)

z(k) = Hσ(k)(λ)x(k) (7.47)

where the system descriptions have been stated in Sect. 7.2, and therefore are omitted
here. The matrices of each subsystem have appropriate dimensions with partially
unknown parameters. When σ(k) = i ∈ I, it is assumed that (Ai(λ), Adi(λ), Bi(λ),
Ci(λ), Cdi(λ), Di(λ), Hi(λ)) ∈ �i, where �i is a given convex bounded polyhedral
domain described by s vertices in the ith subsystem.

�i �
{
[(Ai(λ), Adi(λ), Bi(λ), Ci(λ), Cdi(λ), Di(λ), Hi(λ))]

=
s∑

m=1

λm[Ai,m, Adi,m, Bi,m, Ci,m, Cdi,m, Di,m, Hi,m];
s∑

m=1

λm = 1, λm ≥ 0, i ∈ I
}

(7.48)

In this subsection, the filter we shall design is assumed to have the following form

x f (k + 1) = A f ix f (k) + B f iy(k) (7.49)

z f (k) = C f ix f (k) (7.50)

Augmenting the model of (7.45)–(7.47) to include the states of the filter, and

denoting ξ(k) �
[
xT (k) xT

f (k)
]T
, e(k) � z(k) − z f (k),weobtain thefiltering error

system

ξ(k + 1) = Ãi(λ)ξ(k) + Ãdi(λ)K ξ(k − d(k)) + B̃i(λ)w(k) (7.51)

e(k) = C̃i(λ)ξ(k) (7.52)
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where

Ãi(λ) �
[

Ai(λ) 0
B f iCi(λ) A f i

]
, Ãdi(λ) �

[
Adi(λ)

B f iCdi(λ)

]
, B̃i(λ) �

[
Bi(λ)

B f i Di(λ)

]
,

C̃i(λ) �
[

Hi(λ) −C f i

]
, K �

[
I 0
]
.

Then, the robust l2 − l∞ filtering problem addressed in this subsection can be for-
mulated as follows: given uncertain switched system (7.45)–(7.47) and a prescribed
level of noise attenuation γ > 0, determine a robust switched linear filter (7.49)–
(7.50) such that the filtering error system (7.51)–(7.52) is robustly asymptotically
stable and

‖e‖∞ < γ ‖w‖2 (7.53)

under zero-initial conditions for any nonzerow ∈ l2[0,∞) and all admissible uncer-
tainties satisfying (7.48). Note that the filtering error system is a switched linear
system with same structure of polytopic uncertainties as the uncertain switched sys-
tem (7.45)–(7.47).

In the following, a sufficient condition for the existence of robust l2 − l∞ filter
for uncertain switched system (7.45)–(7.47) will be formulated in terms of a set
of LMIs. Before presenting our main results, we first conduct the delay-dependent
l2 − l∞ performance analysis for the filtering error system (7.51)–(7.52).

Lemma 7.19 Consider the uncertain switched system (7.51)–(7.52) and let γ > 0
be a given scalar. If there exist matrix functions Pi(λ) > 0, Q(λ) > 0, Z(λ) > 0,
Xij(λ) > 0 and Yij(λ) satisfying

⎡

⎢⎢⎢⎢⎢⎣

−Pj(λ) 0 Pj(λ) Ãi(λ) Pj(λ) Ãdi(λ) Pj(λ)B̃i(λ)

� −d−1
M Z(λ) Z(λ)K

(
Ãi(λ) − I

)
Z(λ)K Ãsdi(λ) Z(λ)K B̃i(λ)

� � Υij(λ) −Yij(λ) 0
� � � −Q(λ) 0
� � � � −I

⎤

⎥⎥⎥⎥⎥⎦
< 0

(7.54)
[Pi(λ) C̃T

i (λ)

� −γ2 I

]
> 0, (7.55)

[Xij(λ) Yij(λ)

� Z(λ)

]
≥ 0, (7.56)

where, Υij(λ) � −Pi(λ) + dMXij(λ) + Yij(λ)K + K TYT
ij (λ) + (dM − dm + 1)

K TQ(λ)K , and Ãi(λ), Ãdi(λ), B̃i(λ), C̃i(λ), K are as in (7.51) and (7.52), then, sys-
tem (7.51)–(7.52) is robustly asymptotically stable with an l2 − l∞ noise-attenuation
level bound γ.
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Proof Set
η(m) � ξ(m + 1) − ξ(m)

and we have

ξ(k − d(k)) = ξ(k) −
k−1∑

m=k−d(k)

η(m) (7.57)

Then, system (7.51)–(7.52) can be transformed into

ξ(k + 1) = ( Ãi(λ) + Ãdi(λ)K )ξ(k) + B̃i(λ)w(k)

− Ãdi(λ)K
k−1∑

m=k−d(k)

η(m)
(7.58)

Construct a Lyapunov functional as

V (k) = V1 + V2 + V3 + V4

where

V1 � ξT (k)Pi(λ)ξ(k), V2 �
k−1∑

l=k−d(k)

ξT (l)K TQ(λ)K ξ(l),

V3 �
−dm+1∑

n=−dM +2

k−1∑

l=k+n−1

ξT (l)K TQ(λ)K ξ(l),

V4 �
−1∑

n=−dM

k−1∑

m=k+n

ηT (m)K TZ(λ)Kη(m)

Then, along the solution of (7.58), we have

ΔV1 = ξT (k + 1)Pj(λ)ξ(k + 1) − ξT (k)Pi(λ)ξ(k)

= ξT (k)[( Ãi(λ) + Ãdi(λ)K )TPj(λ)( Ãi(λ) + Ãdi(λ)K )

− Pi(λ)]ξ(k) +
k−1∑

m=k−d(k)

[−2ξT (k)( Ãi(λ) + Ãdi(λ)K )TPj(λ)

× Ãdi(λ)Kη(m)] + ( Ãdi(λ)K
k−1∑

m=k−d(k)

η(m))TPj(λ)( Ãdi(λ)

× K
k−1∑

m=k−d(k)

η(m)) + 2ξT (k)( Ãi(λ) + Ãdi(λ)K )TPj(λ)
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× B̃i(λ)w(k) − (2 Ãdi(λ)K
k−1∑

m=k−d(k)

η(m))TPj(λ)B̃i(λ)w(k)

+ wT (k)B̃T
i (λ)Pj(λ)B̃i(λ)w(k) (7.59)

Now, identify a � ξ(k), b � Kη(m) andN � ( Ãi(λ) + Ãdi(λ)K )TPj Ãdi(λ) in
Lemma 7.11, ∀(i, j) ∈ I × I, we can obtain (7.56) and the following inequality

k−1∑

m=k−d(k)

(−2ξT (k)( Ãi(λ) + Ãdi(λ)K )TPj(λ) Ãdi(λ)Kη(m))

≤ dT
Mξ(k)Xij(λ)ξ(k) + 2ξT (k)(Yij(λ) − ( Ãi(λ) + Ãdi(λ)K )TPj(λ)

× Ãdi(λ)K )

k−1∑

m=k−d(k)

η(m) +
k−1∑

m=k−dM

ηT (m)K TZ(λ)Kη(m) (7.60)

In addition, we have

ΔV2 =
k∑

l=k−d(k+1)+1

ξT (l)K TQ(λ)K ξ(l) −
k−1∑

l=k−d(k)

ξT (l)K TQ(λ)K ξ(l)

= ξT (k)K TQ(λ)K ξ(k) − ξT (k − d(k))K TQ(λ)K ξ(k − d(k))

+
k−1∑

l=k−d(k+1)+1

ξT (l)K TQ(λ)K ξ(l) −
k−1∑

l=k−d(k)+1

ξT (l)K TQ(λ)K ξ(l)

Note that

k−1∑

l=k−d(k+1)+1

ξT (l)K TQ(λ)K ξ(l)

=
k−1∑

l=k−dm+1

ξT (l)K TQ(λ)K ξ(l) +
k−dm∑

l=k−d(k+1)+1

ξT (l)K TQ(λ)K ξ(l)

≤
k−1∑

l=k−d(k)+1

ξT (l)K TQ(λ)K ξ(l) +
k−dm∑

l=k−dM +1

ξT (l)K TQ(λ)K ξ(l)
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Therefore, we have

ΔV2 ≤ ξT (k)K TQ(λ)K ξ(k) − ξT (k − d(k))K TQ(λ)K ξ(k − d(k))

+
k−dm∑

l=k−dM +1

ξT (l)K TQ(λ)K ξ(l)
(7.61)

Also, note that,

ΔV3 =
−dm+1∑

n=−dM +2

[ξT (n)K TQ(λ)K ξ(n) − ξT (k + n − 1)K TQ(λ)

× K ξ(k + n − 1)]

= (dM − dm)ξT (k)K TQ(λ)K ξ(k) −
k−dm∑

l=k−dM +1

ξT (l)K TQ(λ)

× K ξ(l) (7.62)

Finally, bearing in mind
η(m) � ξ(m + 1) − ξ(m)

then
η(k) =

(
Ãi(λ) − I

)
ξ(k) + Ãdi(λ)K ξ(k − d(k)) + B̃i(λ)w(k)

thus, one has

ΔV4 =
−1∑

n=−dM

[
ηT (k)K TZ(λ)Kη(k) − ηT (k + n)K TZ(λ)Kη(k + n)

]

= dMηT (k)K TZ(λ)Kη(k) −
k−1∑

m=k−dM

ηT (m)K TZ(λ)Kη(m)

= dM

{
ξT (k)

(
Ãi(λ) − I

)T
K TZ(λ)K

(
Ãi(λ) − I

)
ξ(k)

+ 2ξT (k)
(

Ãi(λ) − I
)T

K TZ(λ)K Ãdi(λ)K ξ(k − d(k)

+ 2ξT (k)
(

Ãi(λ) − I
)T

K TZ(λ)K B̃i(λ)w(k)

+ ξT (k − d(k))K T ÃT
di(λ)K TZ(λ)K Ãdi(λ)K ξ(k − d(k))

+ 2ξT (k − d(k))K T ÃT
di(λ)K TZ(λ)K B̃i(λ)w(k) + wT (k)B̃T

i (λ)K T

×Z(λ)K B̃i(λ)w(k)
}

−
k−1∑

m=k−dM

ηT (m)K TZ(λ)Kη(m) (7.63)
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Then, denoting χ(k) �
[
ξT (k) (K ξ(k − d(k)))T

]T
, when assuming the zero

disturbance input to system (7.51)–(7.52) and from (7.59)–(7.63), we have

ΔV = ΔV1 + ΔV2 + ΔV3 + ΔV4 ≤ χT (k)Ξ(λ)χ(k)

where

Ξ(λ) �
[

Ξ1,1(λ) Ξ1,2(λ)

� Ξ2,2(λ)

]
,

Ξ1,1(λ) � ÃT
i (λ)Pj(λ) Ãi(λ) + dM

(
Ãi(λ) − I

)T
K TZ(λ)K

(
Ãi(λ) − I

)
+ Υij,

Ξ1,2(λ) � ÃT
i (λ)Pj(λ) Ãdi(λ) − Yij(λ) +

(
Ãi(λ) − I

)T
K TZ(λ)K Ãdi(λ),

Ξ2,2(λ) � ÃT
di(λ)Pj(λ) Ãdi(λ) − Q(λ) + ÃT

di(λ)K TZ(λ)K Ãdi(λ).

Now by Lemma 2.4 and simple matrix manipulations, the inequality (7.27) implies
Ξ(λ) < 0, i.e. ΔV < 0, thus the asymptotic stability of system (7.51)–(7.52) is
guaranteed.

Now, to establish the l2 − l∞ performance for the switched system (7.51)–(7.52),
assume the zero initial condition V (ξ(k)) |k=0= 0 and consider the following per-
formance index

J � V (ξ(k)) −
k−1∑

v=0

wT (v)w(v)

for any nonzero w ∈ l2[0, ∞) and k > 0, there holds

J = V (ξ(k)) − V (ξ(k)) |k=0 −
k−1∑

v=0

wT (v)w(v)

=
k−1∑

v=0

θT (v)

⎡

⎣
Λ11 Λ12 Λ13

� Λ22 Λ23

� � Λ33

⎤

⎦ θ(v)

where θ(v) �
[
ξT (v) ξT (v − d(v))K T wT (v)

]T
, and

Λ11 � ÃT
i (λ)Pj(λ) Ãi(λ) + dM

(
Ãi(λ) − I

)T
K TZ(λ)K

(
Ãi(λ) − I

)
+ Υij,

Λ12 � ÃT
i (λ)Pj(λ) Ãdi(λ) +

(
Ãi(λ) − I

)T
K TZ(λ)K Ãdi(λ) − Yij(λ),

Λ13 � ÃT
i (λ)Pj(λ)B̃i(λ) +

(
Ãi(λ) − I

)T
K TZ(λ)K B̃i(λ),

Λ22 � ÃT
di(λ)Pj(λ) Ãdi(λ) + ÃT

di(λ)K TZ(λ)K Ãdi(λ) − Q(λ),

http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Λ23 � ÃT
di(λ)Pj(λ)B̃i(λ) + ÃT

di(λ)K TZ(λ)K B̃i(λ),

Λ33 � B̃T
i (λ)Pj(λ)B̃i(λ) + B̃T

i (λ)K TZ(λ)K B̃i(λ) − I.

Also, by Lemma 2.4, (7.54) guarantees J < 0, which implies that

ξT (k)Pi(λ)ξ(k) ≤ V (ξ(k)) ≤
k−1∑

v=0

wT (v)w(v) (7.64)

On the other hand, (7.56) is equivalent to C̃T
i (λ)C̃i(λ) < γ2Pi(λ). Then we can

conclude that for all k > 0,

eT (k)e(k) = ξT (k)C̃T
i (λ)C̃i(λ)ξ(k) < γ2ξT (k)Pi(λ)ξ(k)

≤ γ2
∞∑

v=0

wT (v)w(v)

Taking the supremum over k > 0 yields ‖e‖∞ < γ ‖w‖2, which completes the
proof. �

Remark 7.20 It should be noted that the filter design based on Lemma 2.4 involves
the cross coupling of system matrices and Lyapunov matrices among different sub-
systems. However, applying the same techniques developed in [10], we can introduce
additional matrix variables to overcome this difficulty and present another sufficient
condition of robust l2 − l∞ performance for system (7.51)–(7.52) in the following
lemma.

Lemma 7.21 Consider the uncertain switched system (7.51)–(7.52) and let γ > 0
be a given scalar. If there exist matrix functions Pi(λ) > 0, Q(λ) > 0, Z(λ) > 0
and Ri(λ) satisfying (7.55), (7.56) and

⎡

⎢⎢⎢⎢⎣

Υ
1,1
i,j (λ) 0 Ri(λ) Ãi(λ) Ri(λ) Ãdi(λ) Ri(λ)B̃i(λ)

� −d−1
M Z(λ) Υ

2,3
i (λ) Z(λ)K Ãdi(λ) Z(λ)K B̃i(λ)

� � Υij(λ) −Yij(λ) 0
� � � −Q(λ) 0
� � � � −I

⎤

⎥⎥⎥⎥⎦
< 0 (7.65)

where Υ
1,1
i,j (λ) � Pj(λ) − Ri(λ) − RT

i (λ), Υ
2,3
i (λ) � Z(λ)K ( Ãi(λ) − I ), and

Υij(λ) is shown in Lemma 7.19. Then, system (7.51)–(7.52) is robustly asymptot-
ically stable with an l2 − l∞ noise-attenuation level bound γ.

Proof we can prove the lemma by showing the equivalence between (7.54) and
(7.65). If (7.54) holds, (7.65) is easily established by choosing Pj(λ) = Ri(λ) =
RT

i (λ). On the other hand, if the inequality (7.65) holds, we can explore the fact that
Pj(λ) − Ri(λ) − RT

i (λ) < 0 so that the matricesRi(λ) are nonsingular for each i.

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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In addition, we have (Pj(λ) − Ri(λ))P−1
j (λ)(Pj(λ) − Ri(λ))T ≥ 0, which implies

Pj(λ) − Ri(λ) − RT
i (λ) ≥ −Ri(λ)P−1

j (λ)RT
i (λ). Hence, we conclude

⎡

⎢⎢⎢⎢⎣

R̃i,j(λ) 0 Ri(λ) Ãi(λ) Ri(λ) Ãdi(λ) Ri(λ)B̃i(λ)

� −d−1
M Z(λ) Υ

2,3
i (λ) Z(λ)K Ãdi(λ) Z(λ)K B̃i(λ)

� � Υij −Yij(λ) 0
� � � −Q(λ) 0
� � � � −I

⎤

⎥⎥⎥⎥⎦
< 0 (7.66)

where R̃i,j(λ) � −Ri(λ)P−1
j (λ)RT

i (λ), Υ
2,3
i (λ) � Z(λ)K ( Ãi(λ) − I ). By per-

forming a congruence transformation to (7.66) via diag{R−T
i (λ)Pj(λ), I , I , I },

we obtain (7.54), thus the proof is completed. �

Now, based upon the above criterion for filtering performance analysis,we give the
existence condition of robust l2 − l∞ filter for the underlying system (7.45)–(7.47)
in the following theorem.

Theorem 7.22 Consider the uncertain switched linear system (7.45)–(7.47) and let
γ > 0 be a given scalar. Then, there exists a robust switched linear filter (7.49)–(7.50)
such that, for all admissible uncertainties satisfying (7.48), the filtering error system
(7.51)–(7.52) is robustly asymptotically stable and (7.53) holds for any nonzero
w ∈ l2[0,∞), if for i ∈ I, 1 ≤ m ≤ s, there exist matrices R1i,m, R3i,m, R2i, Y1ij,m,
Y2ij,m,X2ij,m, Ā f i, B̄ f i, C̄ f i,P2i,m, positive definite matrixP1i,m,P3i,m,Zm,X1ij,m,
X3ij,m, Qmand scalars εi such that

Ξ ij
m,n + Ξ ij

n,m < 0, (1 ≤ m ≤ n ≤ s) ,∀(i, j) ∈ I × I, (7.67)

⎡

⎣
P1i,m P2i,m H T

i,m

� P3i,m −C̄T
f i

� � −γ2 I

⎤

⎦ > 0,

⎡

⎣
X1ij,m X2ij,m Y1ij,m

� X3ij,m Y2ij,m

� � Zm

⎤

⎦ ≥ 0, (7.68)

where,

Ξ ij
m,n �

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Π
1,1
i,j,n Π

1,2
i,j,n 0 Π

1,4
i,m,n εi Ā f i Π

1,6
i,m,n Π

1,7
i,m,n

� Π
2,2
i,j,n 0 Π

2,4
i,m,n Ā f i Π

2,6
i,m,n Π

2,7
i,m,n

� � −d−1
M Zn Π

3,4
i,m,n 0 Zn Adi,m Zn Bi,m

� � � Π
4,4
i,j,m Π

4,5
i,j,m,n Y1ij,m 0

� � � � Π
5,5
i,j,m,n Y2ij,m 0

� � � � � −Qm 0
� � � � � � −I

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(7.69)



7.3 Filtering 235

with

Π
1,1
i,j,n � P1j,n − R1i,n − RT

1i,n,Π
1,2
i,j,n � P2j,n − εiR2i − RT

3i,n,

Π
1,4
i,m,n � R1i,n Ai,m + εi B̄ f iCi,m,Π

2,2
i,j,n � P3j,n − R2i − RT

2i,

Π
2,4
i,m,n � R3i,n Ai,m + B̄ f iCi,m,Π

3,4
i,m,n � Zn

(
Ai,m − I

)
,

Π
4,4
i,j,m � −P1i,m + (dM − dm + 1)Qm + dMX1ij,m + Y1ij,m + YT

1ij,m,

Π
4,5
i,j,m,n � −P2i,m + dMX2ij,m + YT

2ij,m,Π
5,5
i,j,m,n � −P3i,m + dMX3ij,m,

Π
1,6
i,m,n � R1i,n Adi,m + εi B̄ f iCdi,m,Π

1,7
i,m,n � R1i,n Bi,m + εi B̄ f i Di,m,

Π
2,6
i,m,n � R3i,n Adi,m + B̄ f iCdi,m,Π

2,7
i,m,n � R3i,n Bi,m + B̄ f i Di,m

Moreover, a suitable robust filter in the form (7.49)–(7.50) has the parameters as
follows

A f i = R−1
2i Ā f i, B f i = R−1

2i B̄ f i, C f i = C̄ f i, i ∈ I. (7.70)

Proof By Lemma 7.19, system (7.51)–(7.52) is robustly asymptotically stable with a
prescribed l2 − l∞ noise-attenuation level bound γ if the following inequalities hold
(∀(i, j) ∈ I × I)

Ξ i,j(λ) =
⎡

⎢⎢⎢⎢⎣

Υ
1,1
i,j (λ) 0 Υ

1,3
i (λ) Ri(λ) Ãdi(λ) Ri(λ)B̃i(λ)

� −d−1
M Z(λ) Υ

2,3
i,j (λ) Z(λ)K Ãdi(λ) Z(λ)K B̃i(λ)

� � Υij −Yij(λ) 0
� � � −Q(λ) 0
� � � � −I

⎤

⎥⎥⎥⎥⎦
< 0 (7.71)

[Pi(λ) C̃T
i (λ)

� −γ2 I

]
> 0,

[Xij(λ) Yij(λ)

� Z(λ)

]
≥ 0 (7.72)

where Υ
1,1
i,j (λ) � Pj(λ) − Ri(λ) − RT

i (λ), Υ
1,3
i (λ) � Ri(λ) Ãi(λ), Υ

2,3
i,j (λ) � Z

(λ)K
(

Ãi(λ) − I
)
, Ãi(λ), Ãdi(λ), B̃i(λ), C̃i(λ) and K have been described in (7.51)

and (7.52).
Then, by defining matrix functions

Pi(λ) �
[P1i(λ) P2i(λ)

� P3i(λ)

]
, Ri(λ) �

[
R1i(λ) εiR2i

R3i(λ) R2i

]

Xij(λ) �
[X1ij(λ) X2ij(λ)

� X3ij(λ)

]
, Yij(λ) �

[Y1ij(λ)

Y2ij(λ)

]

and matrix variables

Ā f i = R2 A f i, C f i = C̄ f i, B̄ f i = R2B f i,
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respectively, and by some matrix manipulations, it can be readily established that
(7.71) is equivalent to: ∀(i, j) ∈ I × I

Ξ ij(λ) �

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣



1,1
i,j (λ) 


1,2
i,j (λ) 0 


1,4
i,n (λ) εi Ā f i 


1,6
i,n (λ) 


1,7
i,n (λ)

� 

2,2
i,j (λ) 0 


2,4
i,n (λ) Ā f i 


2,6
i,n (λ) 


2,7
i,n (λ)

� � −d−1
M Z(λ) 


3,4
i (λ) 0 


3,6
i (λ) 


3,7
i (λ)

� � � Υ1ij(λ) Υ2ij(λ) Y1ij(λ) 0
� � � � Υ3ij(λ) Y2ij(λ) 0
� � � � � −Q(λ) 0
� � � � � � −I

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

where,



1,1
i,j (λ) � P1j(λ) − R1i(λ) − RT

1i(λ), 

1,2
i,j (λ) � P2j(λ) − εiR2i − RT

3i(λ),



2,2
i,j (λ) � P3j(λ) − R2i − RT

2i, 

1,4
i,n (λ) � R1i,n Ai(λ) + εi B̄ f iCi(λ),



1,6
i,n (λ) � R1i,n Adi(λ) + εi B̄ f iCdi(λ), 


1,7
i,n (λ) � R1i,n Bi(λ) + εi B̄ f i Di(λ),



2,4
i,n (λ) � R3i,n Ai(λ) + B̄ f iCi(λ), 


2,6
i,n (λ) � R3i,n Adi(λ) + B̄ f iCdi(λ),



2,7
i,n (λ) � R3i,n Bi(λ) + B̄ f i Di(λ), 


3,4
i (λ) � Z(λ) (Ai(λ) − I ) ,



3,6
i (λ) � Z(λ)Adi(λ), 


3,7
i (λ) � Z(λ)Bi(λ),

Υ1ij(λ) � −P1i(λ) + (dM − dm + 1)Q(λ) + dMX1ij(λ) + Y1ij(λ) + YT
1ij(λ),

Υ2ij(λ) � −P2i(λ) + dMX2ij(λ) + YT
2ij(λ),

Υ3ij(λ) � −P3i(λ) + dMX3ij(λ).

Hence, further assuming matrix functions Pi(λ),Q(λ),Z(λ) andRi(λ) to be the
following forms

Pi(λ) �
s∑

m=1

λmPi,m =
s∑

m=1

λm

[P1i,m P2i,m

� P3i,m

]
, (7.73)

Q(λ) �
s∑

m=1

λmQm, Z(λ) �
s∑

m=1

λmZm (7.74)

Ri(λ) �
s∑

m=1

λmRi,m =
s∑

m=1

λm

[
R1i,m εiR2i

R3i,m R2i

]
(7.75)

Xij(λ) �
s∑

m=1

λmXij,m =
s∑

m=1

λm

[X1ij,m X2ij,m

� X3ij,m

]
, (7.76)

Yij(λ) �
s∑

m=1

λm

[Y1ij,m

Y2ij,m

]
, (7.77)
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and taking (7.48) and (7.73)–(7.77) into account, we have

Ξ ij(λ) =
s∑

m=1

s∑

n=1

λmλnΞ
ij
m,n

=
s∑

m=1

λ2
mΞ ij

m,m +
s−1∑

m=1

s∑

n=m+1

λmλn
(
Ξ ij

m,n + Ξ ij
n,m

)
.

Thus, if conditions (7.67) and (7.68) holds, thenΞ ij(λ) < 0, which implies (7.71)
and (7.72) hold, i.e. the filtering error system is robustly asymptotically stable with
an l2 − l∞ noise-attenuation level bound γ. Therefore, if a solution to (7.67) and
(7.68) exists, the parameters of admissible filters are given by (7.70). This completes
the proof. �

Remark 7.23 Conditions (7.67) and (7.68) in Theorem 7.22 are formulated in terms
of a set of LMIs, which can be solved by means of numerically efficient convex
programming algorithms [11]. Moreover, the performance index γ described in the
conditions can be respectively optimized by the corresponding convex optimization
procedures. In addition, from (7.69), it can be easily seen that a switched parameter-
dependent quadratic Lyapunov function is actually constructed in Theorem 7.22 for
the developed filtering error system, and all vertex systems in each subsystem are
considered by means of matrix variables Pi,m. Therefore, similar to the results in
[10], the filter designed in this subsection is less conservative than the one based
on switched quadratic framework, in which the matrices Pi,m, Qm, Zm and Ri,m

in Theorem 7.22 are selected as Pi and Ri correspondingly, and the one based on
quadratic framework, in which the matrices Pi and Ri are further selected as P
and R.

In the following, we present a numerical example to demonstrate the feasibility
and validity of the filter developed in Theorem 7.22.

Example 7.24 Consider the uncertain discrete-time switched linear system (7.45)–
(7.47) consisting of two uncertain subsystems, where there are two groups of vertex
matrices in subsystem 1

A11 = ρ

[
0.72 0.10

−0.06 0.77

]
, B11 = ρ

[
0
0.1

]
,

C11 = ρ
[
1 0
]
, D11 = ρ, H11 = ρ

[
0.8 0

]
, L11 = 0

A12 = ρ

[
0.72 0.10

−0.06 −0.75

]
, B12 = ρ

[
0

−0.1

]
,

C12 = ρ
[
1 0.2

]
, D12 = 0.8ρ, H12 = ρ

[
1 0
]
, L12 = 0
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and two groups of vertex matrices in subsystem 2

A21 = ρ

[
0.72 0.06

−0.10 0.77

]
, B21 = ρ

[
0.1
0

]
,

C21 = ρ
[
0 −1

]
, D21 = −ρ, H21 = ρ

[
0.8 0

]
, L21 = 0

A22 = ρ

[
0.72 0.06

−0.10 −0.75

]
, B22 = ρ

[−0.1
0

]
,

C22 = ρ
[
0.2 −1

]
, D22 = −0.8ρ, H22 = ρ

[
1 0
]
, L22 = 0

where ρ is a scalar parameter implying the size of convex polytope each uncertain
subsystem can be expanded into.

Our purpose is to design a robust l2 − l∞ filter for the above uncertain switched
system for different given ρ and time-varying delays, and check the l2 − l∞ per-
formance of the resulting filtering error system. The energy bounded disturbance
w(k) = 0.02e−0.03k sin(0.02πk) and the switching signal is generated randomly
by Algorithm 2.1 of Example 2.8. Then, assuming T ime_Length = 200 and
Con = 0.6 in the example, the switching signal can be realized by Matlab and a
possible case is shown in Fig. 7.11.

Fig. 7.11 Switching signal

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_2
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Table 7.2 Different minimum γ of filtering error system

ρ 0.95 1.00 1.05

γ 0.6812 0.8679 1.1885

λ λ

λ λ

λ λ

λ λ

λ λ

Fig. 7.12 Filtering error response to different uncertain parameters

By choosing ε1 = ε2 = 1 and solving the corresponding convex optimization
problem inTheorem7.22,wecanobtain differentminimum l2 − l∞ noise-attenuation
level bounds γ for given 2 ≤ d ≤ 5 and different ρ, which are listed in Table7.2.

Furthermore, for ρ = 1.05, the admissible filter parameters can be obtained
according to Theorem 7.22 as

A f 1 =
[−0.2275 0.0192

−0.5107 0.7699

]
, B f 1 =

[−0.9453
−0.2277

]
,

A f 2 =
[

0.7905 −0.0433
−0.0903 0.6082

]
, B f 2 =

[−0.3489
0.0007

]
,

C f 1 = [−0.1500 0.0922
]
, C f 2 = [−0.1590 0.0926

]
.

Then, given γ = 1.1885 and initial condition ξ(0) = [0.1 − 0.2 0 0]T in (7.51)
and (7.52), Fig. 7.12 shows the error response of the resulting filtering error system by
applying above filter for given different uncertain parameters in (7.48). Note that the
resulting system is certain when assuming the uncertain parameters are determined.
In addition, note that the smaller the λ1 or λ2 is, the closer each corresponding



240 7 Time-Delay Switched Systems

subsystem is to some vertex of the convex polytope decided by different given values
of ρ. It can be easily observed from Fig. 7.12 that the error response curves will shake
with a larger amplitude when λ1 or λ2 is smaller for the same disturbance w(k). The
reason is that in such cases the two subsystems will both be closer to the vertex
systems in their respective convex polytope, and the difference between the modes
of two subsystems in the estimated system will be enlarged as a result . However,
despite the variations of uncertain parameters within the scope 0 ≤ λ1(2) ≤ 1, as
shown in Fig. 7.12, the resulting filtering error system is asymptotically stable for
given l2 − l∞ performance index and energy bounded disturbance w(k). Therefore,
we can conclude that the designed switched linear filter is feasible and effective for
the underlying system under the given switching signal and time-varying delays.

7.3.2 H∞ Sense: PDT Switching

Consider the following discrete-time switching neural networks with mode-
dependent time-varying delays

⎧
⎪⎪⎨

⎪⎪⎩

x(k + 1) = Aσ(k)x(k) + Bσ(k) f (x(k))

+Cσ(k)g(x(k − ϕσ(k)(k))) + D1,σ(k)ω(k)

z(k) = Fσ(k)x(k)

x(s) = ψ(s), s = −ϕmax,−ϕmax + 1, . . . 0

(7.78)

where x(k) � [x1(k) x2(k) · · · xn(k) ]T ∈ R
n is the state vector with n neurons,

z(k) ∈ R
p is the linear combination of the neuron states to be estimated, ω(k) ∈ R

q

is the external disturbance belonging to l2[0,∞), and ψ(s) is a given initial
condition sequence. f (x(k)) � [ f1(x1(k)), . . . , fn(xn(k))]T ∈ R

n and g(x(k)) �
[g1(x1(k)), . . . , gn(xn(k))]T ∈ R

n are the nonlinear neuron activation functions.
ϕσ(k)(k) denotes the mode-dependent discrete time delays satisfying 0 ≤ ϕmin ≤
ϕσ(k),m ≤ ϕσ(k)(k) ≤ ϕσ(k),M ≤ ϕmax, where ϕmax � max{ϕσ(k),M}, ϕmin � min
{ϕσ(k),m}, and ϕσ(k),m, ϕσ(k),M are constant positive scalars representing the lower
and upper bounds of time delays in mode σ(k), respectively. Aσ(k) � diag{a1,σ(k),

a2,σ(k), . . . , an,σ(k)} describes the rate in which each neuron resets its potential to the
resting state in isolation when disconnected from the networks and external inputs;
Bσ(k) and Cσ(k) are the connection weight matrix and the delayed connection weight
matrix, respectively; D1,σ(k) and Fσ(k) are constant matrices with appropriate dimen-
sions. In addition, when σ(k) = i ∈ L, the matrices (Ai, Bi, Ci, D1,i, Fi) denoting
the ith subsystem, are known real constant matrices with appropriate dimensions.
Specially, we focus our study of system (7.78) on a class of switching regularities
with persistent dwell-time (PDT) switching. The definition on the PDT switching
has been given in Sect. 1.4, and therefore is omitted here.

http://dx.doi.org/10.1007/978-3-319-28850-5_1
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The actual output model considered in this subsection is given as follows, which
satisfies random occurring packet dropouts,

y(k) = δσ(k)(k)ymo(k) + D2,σ(k)ω(k) (7.79)

where ymo(k) = Eσ(k)x(k) is the measurement output, Ei and D2,i are constant
matrices with appropriate dimensions for any σ(k) = i ∈ L.

The stochastic variables δi(k), are assumed to be subject to Bernoulli binary
distribution taking values on 0 and 1 with

Pr{δi(k) = 1 } = δi, Pr{δi(k) = 0} = 1 − δi, (7.80)

where δi ∈ [0, 1] is the expectation of packet arrivals. Obviously, it gets from (7.80)
that

E{δi(k) − δi} = 0, E{(δi(k) − δi)
2} = δi(1 − δi).

For system (7.78), we are interested in obtaining the estimate of the signal z(k)

from the actual measured output y(k). The full-order filter to be considered is given
as follows ⎧

⎪⎨

⎪⎩

x f (k + 1) = A f
σ(k)x f (k) + B f

σ(k)y(k)

z f (k) = C f
σ(k)x f (k)

x f (s) = ψ(s), s = −ϕmax,−ϕmax + 1, . . . 0
(7.81)

where x f (k) ∈ R
n , z f (k) ∈ R

p, are the estimator state and output vectors, respec-
tively, and ψ(s) is the initial estimator state. The matrices A f

i , B f
i and C f

i are the
estimator gains to be determined for any σ(k) = i ∈ L.

Then, it follows from (7.78), (7.79) and (7.81) that the estimation error system is
given by

⎧
⎨

⎩

x̃(k + 1) = Ãix̃(k) + B̃i f ( Ĩ2x̃(k)) + C̃1,ig( Ĩ2x̃(k − ϕi(k)))

+{δi(k) − δi} Ĩ1B f
i Ei Ĩ2x̃(k) + D̃iω(k)

z̃(k) = F̃ix̃(k)

(7.82)

where

x̃(k) �
[
xT (k) xT

f (k)
]T

, z̃(k) � z(k) − z f (k), Ĩ1 �
[
0 I
]
, Ĩ2 �

[
I 0
]
,

Ãi �
[

Ai 0
δi B

f
i Ei A f

i

]
, B̃i �

[
Bi

0

]
, C̃i �

[
Ci

0

]
, D̃i �

[
D1,i

B f
i D2,i

]
,

F̃i �
[

Fi −C f
i

]
.

Due to the existences of the nondeterministic variable σ(k) and the stochastic
variable δσ(k)(k) in the estimation error system (7.82), the following definitions are
needed for the forthcoming issue of the stability and H∞ performance analysis.
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Definition 7.25 ([12]) The estimation error system (7.82) is said to be exponentially
mean-square stable with ω(k) ≡ 0 under switching regularity σ(k), if there exist
constants φ > 0, and � ∈ (0, 1), such that

E{‖x̃(k)‖2} ≤ φ�k−k0 ‖x̃(k0)‖2L , ∀k ∈ Z≥k0 .

where ‖x̃(k0)‖2L � supk0−ϕmax≤s≤k0
E{‖x̃(s)‖2} and � is called the decay rate.

Thus, consider system (7.78) subject to PDT switching regularities and actual
output model (7.79) with randomly occurring packet dropouts, the purpose of this
subsection is to design a mode-dependent estimator in the form of (7.81) such that
the resulting estimation error system (7.82) is exponentially mean-square stable and
has a non-weighted H∞ noise attenuation performance.

In what follows, we will thoroughly investigate the stability and H∞ estimation
performance analysis for the estimation error system (7.82). Before proceeding fur-
ther, let us restate the following lemma which will be useful in the derivation of our
main results.

Lemma 7.26 ([13]) Suppose that Λ = diag{λ1,λ2, . . . ,λn} > 0, 
 = diag{ι1, ι2,
. . . ιn} > 0. For s 	= 0, s ∈ R, i = 1, 2, . . . , n, the neuron activation functions satisfy

l−i ≤ fi(s)

s
≤ l+i , v−

i ≤ gi(s)

s
≤ v+

i ,

where l−i , l+i , v−
i and v+

i are constant scalars, then

[
Ĩ2x̃(k)

f ( Ĩ2x̃(k))

]T [
ΛL1 −ΛL2

� Λ

] [
Ĩ2x̃(k)

f ( Ĩ2x̃(k))

]
≤ 0, (7.83)

[
Ĩ2x̃(k)

g( Ĩ2x̃(k))

]T [

Υ1 −
Υ2

� 


] [
Ĩ2x̃(k)

g( Ĩ2x̃(k))

]
≤ 0, (7.84)

where

L1 � diag{l+1 l−1 , l+2 l−2 , . . . , l+n l−n },
L2 � diag

{
l+1 + l−1

2
,

l+2 + l−2
2

· · · ,
l+n + l−n

2

}
,

Υ1 � diag{v+
1 v−

1 , v+
2 v−

2 , . . . , v+
n v−

n },
Υ2 � diag

{
v+
1 + v−

1

2
,
v+
2 + v−

2

2
, . . . ,

v+
n + v−

n

2

}
.

Remark 7.27 As discussed in [13], the constants l−i , l+i , v−
i and v+

i are allowed
to be positive, negative, or zero. Hence, the resulting neuron activation functions
could be non-monotonic and more general than the usual sigmoid-type functions and
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Lipschitz-type conditions. Such a description facilitates obtaining less conservative
results since it restricts the lower and upper bounds of the neuron activation functions.

With the aid of Lemma 7.26, we now present the analysis result for the estimation
error system (7.82) to be exponentially mean-square stable with an H∞ performance
attenuation level.

Theorem 7.28 Consider the discrete-time switching neural networks (7.78) with
PDT switching regularities and mode-dependent time-varying delays, and let ϕmax ≥
ϕmin ≥ 0, 0 ≤ δi ≤ 1, i ∈ L. For given scalars μ > 0 and 0 < α < 1, the esti-
mation error system (7.82) is exponentially mean-square stable for any switching
regularity σ(k) with PDT property for the given period of persistence T and has
a non-weighted H∞ performance attenuation level γno > 0, where γno = γε with

ε �
√

(μ( T+1
τ+T

)μ(T+1)(1 − α))/(1 − μ( T+1
τ+T

)α), if there exist symmetric positive defi-
nite matrices Pi, Qi, positive diagonal matrices Λ, 
, such that the following LMIs
hold for all i, j ∈ L, i 	= j,

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ω11 Ω12 0 0 Ω16 Ω18 F̃ T
i

� −Λ 0 0 0 Ω28 0
� � Ω33 0 0 Ω38 0
� � � −γ2 I 0 Ω58 0
� � � � Ω66 0 0
� � � � � −Pi 0
� � � � � � −I

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ 0 (7.85)

Pi ≤ μPj , Qi ≤ μQj , (7.86)

(T + 1) ln μ + T lnα + τ lnα < 0 (7.87)

where

Ω11 � −αPi − Ĩ T
2 ΛL1 Ĩ2 − Ĩ T

2 
Υ1 Ĩ2 + δi(1 − δi)( Ĩ1B f
i Ei Ĩ2)

T Pi( Ĩ1B f
i Ei Ĩ2),

Ω12 � Ĩ T
2 ΛL2,Ω16 � Ĩ T

2 
Υ2,Ω18 � ÃT
i PT

i ,Ω28 � B̃T
i PT

i ,Ω33 � −αϕmaxQi,

Ω38 � C̃T
i PT

i ,Ω58 � D̃T
i PT

i ,Ω66 � (ϕmax − ϕmin + 1)Qi − 
.

Moreover, an estimate of the state decay is given by

E{‖x̃k‖2} ≤ �k−k0φE{∥∥x̃k0

∥∥2
L},

where � � μT+1αT+τ and φ � κ2
κ1

with κ1 � min∀i∈L λmin(Pi),κ2 � max∀i∈L λmax

(Pi) + (2ϕmax − ϕmin + 1)max∀i∈L λmax(Qi).

Proof Consider the following Lyapunov-Krasovskii candidate

Vi(x̃k, k) =
3∑

z=1

Vz,i(x̃k, k)
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where

V1,i(x̃k, k) � x̃T (k)Pix̃(k),

V2,i(x̃k, k) �
k−1∑

s=k−ϕi(k)

gT ( Ĩ2x̃(s))αk−s−1Qig( Ĩ2x̃(s)),

V3,i(x̃k, k) �
k−ϕmin∑

s=k−ϕmax+1

k−1∑

m=s

gT ( Ĩ2x̃(m))αk−m−1Qig( Ĩ2x̃(m)).

Now, denoting �Vi(x̃k, k) =∑3
z=1 �Vz,i(x̃k, k), where �Vz,i(x̃k, k) � Vz,i

(x̃k+1, k + 1) − αVz,i(x̃k, k), z = 1, . . . 3, calculating the difference of Vz,i(x̃k, k)

along the trajectory of the estimation error system (7.82), z = 1, . . . 3, and taking the
mathematical expectation, we have,

E{V1,i(x̃k+1, k + 1) − αV1,i(x̃k, k)}
= E{x̃T (k + 1)Pix̃(k + 1) − αx̃T (k)Pix̃(k)}
= x̃T (k) ÃT

i Pi Ãix̃(k) + sym(x̃T (k) ÃT
i PiC̃ig( Ĩ2x̃(k − ϕi(k)))

+ sym(x̃T (k) ÃT
i Pi D̃iω(k)) + x̃T (k)δi(1 − δi)( Ĩ1B f

i Ei Ĩ2)
T Pi( Ĩ1B f

i Ei Ĩ2)x̃(k)

+ f T ( Ĩ2x̃(k))B̃T
i Pi B̃i f ( Ĩ2x̃(k)) + sym( f T ( Ĩ2x̃(k))B̃T

i PiC̃ig( Ĩ2x̃(k − ϕi(k))))

+ sym( f T ( Ĩ2x̃(k))B̃T
i Pi D̃iω(k)) + gT ( Ĩ2x̃(k − ϕi(k)))C̃T

i PiC̃i

× g( Ĩ2x̃(k − ϕi(k))) + sym(gT ( Ĩ2x̃(k − ϕi(k)))C̃T
i Pi D̃iω(k))

+ sym(x̃T (k) ÃT
i Pi B̃i f ( Ĩ2x̃(k))) + ωT (k)D̃T

i Pi D̃iω(k) − αx̃T (k)Pix̃(k), (7.88)
E
{

V2,i(x̃k+1, k + 1) − αV2,i(x̃k, k)
}

= E

⎧
⎨

⎩

k∑

s=k+1−ϕi(k+1)

gT ( Ĩ2x̃(s))αk−sQig( Ĩ2x̃(s)) −
k−1∑

s=k−ϕi(k)

gT ( Ĩ2x̃(s))

× αk−sQig( Ĩ2x̃(s))

⎫
⎬

⎭

= E

⎧
⎨

⎩g̃T (x̃(k))Qi g̃(x̃(k))) − gT ( Ĩ2x̃(k − ϕi(k)))αϕi(k)Qig( Ĩ2x̃(k − ϕi(k)))

+
k−1∑

s=k−ϕi(k+1)+1

gT ( Ĩ2x̃(s))αk−sQig( Ĩ2x̃(s)) −
k−1∑

s=k−ϕi(k)+1

gT ( Ĩ2x̃(s))

× αk−sQig( Ĩ2x̃(s))

⎫
⎬

⎭

≤ E

⎧
⎨

⎩g̃T (x̃(k))Qi g̃(x̃(k)) − gT ( Ĩ2x̃(k − ϕi(k)))αϕmaxQig( Ĩ2x̃(k − ϕi(k)))

+
k−ϕmin∑

s=k−ϕmax+1

g̃T (x̃(s))αk−sQi g̃(x̃(s))

⎫
⎬

⎭ , (7.89)
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E
{

V3,i(x̃k+1, k + 1) − αV3,i(x̃k, k)
}

= E

⎧
⎨

⎩

k+1−ϕmin∑

s=k−ϕmax+2

k∑

m=s

gT ( Ĩ2x̃(m))αk−mQig( Ĩ2x̃(m)))

−α

k−ϕmin∑

s=k−ϕmax+1

k−1∑

m=s

gT ( Ĩ2x̃(m))Q̄i,mg( Ĩ2x̃(m))

⎫
⎬

⎭

= E

⎧
⎨

⎩

k−ϕmin∑

s=k−ϕmax+1

k∑

m=s+1

gT ( Ĩ2x̃(m))αQ̄i,mg( Ĩ2x̃(m))

−
k−ϕmin∑

s=k−ϕmax+1

k−1∑

m=s

gT ( Ĩ2x̃(m))αQ̄i,mg( Ĩ2x̃(m))

⎫
⎬

⎭

= E

⎧
⎨

⎩(ϕmax − ϕmin)g
T ( Ĩ2x̃(k))Qig( Ĩ2x̃(k))

−
k−ϕmin∑

s=k−ϕmax+1

gT ( Ĩ2x̃(s))αQi,sg( Ĩ2x̃(s))

⎫
⎬

⎭ . (7.90)

Combining (7.88)–(7.90) together with (7.83)–(7.84), by Lemma 7.26, we get

E{�Vi(x̃k, k)} ≤ ζT (k)Φ1ζ(k)

where

ζT (k) � [x̃T (k) f T ( Ĩ2x̃(k)) gT ( Ĩ2x̃(k − ϕi(k))) ωT (k) gT ( Ĩ2x̃(k))] ,

and

Φ1 �

⎡

⎢⎢⎢⎢⎣

Φ11 Φ12 Φ13 Φ15 Φ16

� Φ22 Φ23 Φ25 0
� � Φ33 Φ35 0
� � � Φ55 0
� � � � Φ66

⎤

⎥⎥⎥⎥⎦

with

Φ11 � ÃT
i Pi Ãi − αPi − Ĩ T

2 ΛL1 Ĩ2 − Ĩ T
2 
Υ1 Ĩ2 + δi(1 − δi)( Ĩ1B f

i Ei Ĩ2)
T

× Pi( Ĩ1B f
i Ei Ĩ2),

Φ12 � ÃT
i Pi B̃i + Ĩ T

2 ΛL2, Φ13 � ÃT
i PiC̃i, Φ15 � ÃT

i Pi D̃i,

Φ16 � Ĩ T
2 
Υ2, Φ23 � B̃T

i PiC̃i, Φ25 � B̃T
i Pi D̃i, Φ35 � C̃T

i Pi D̃i,

Φ22 � B̃T
i Pi B̃i − Λ,Φ33 � C̃T

i PiC̃i − αϕmaxQi, Φ55 � D̃T
i Pi D̃i,

Φ66 � (ϕmax − ϕmin + 1)Qi − 
.
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In view of (7.85), by Lemma 2.4, we have Φ1 ≤ 0. Thus, it is straightforward to
obtain

�Vi(x̃k, k) ≤ 0,

which is equivalent to
Vi(x̃k+1, k + 1) ≤ αVi(x̃k, k). (7.91)

Consider σ(ksp ) = i,σ(ksp+1 + T
(p)) = j in the pth stage of PDT switching,

and suppose an arbitrary switching occurs within T
(p), with the aid of the proof of

Theorem 3.10, it follows from (7.86) that

Vσ(ksp )(x̃ksp
, ksp ) ≤ λVσ(ksp−1 )

(x̃ksp−1
, ksp−1) ≤ · · · ≤ λp−1Vσ(ks1 )

(x̃ks1
, ks1)

≤ λp−1Vσ(k0)(x̃k0 , k0).
(7.92)

On the other hand, there exist two scalars κ1 and κ2 such that

Vσ(k0)(x̃k0 , k0) ≤ κ2

∥∥x̃k0

∥∥2
L , (7.93)

Vσ(ksp )(x̃ksp
, ksp ) ≥ κ1

∥∥∥x̃ksp

∥∥∥
2
, (7.94)

where
∥∥x̃k0

∥∥2
L � supk0−ϕmax≤l≤k0

E{‖x̃(l)‖2}, and

κ1 � min
∀i∈L

λmin(Pi),κ2 � max
∀i∈L

λmax(Pi) + (2ϕmax − ϕmin + 1)max
∀i∈L

λmax(Qi).

Then, denoting ksp � k, p � ksp − k0 + 1, � � λ and φ � κ2
κ1
, taking the mathemat-

ical expectations and using (7.92), (7.93) and (7.94), we obtain that

E{‖x̃k‖2} ≤ �k−k0φE{∥∥x̃k0

∥∥2
L}. (7.95)

Therefore, by Definition 7.25, the estimation error system (7.82) is exponentially
mean-square stable with ω(k) ≡ 0.

Now for ω(k) 	= 0, letting Γ (k) � z̃T (k)z̃(k) − γ2ωT (k)ω(k), we have

�Vi(x̃k, k) + Γ (k) = ζT (k)Φ2ζ(k)

where Φ2 � Φ1 + diag{F̃ T
i F̃i, 0, 0,−γ2 I, 0}. By Lemma 2.4, (7.85) guarantees

Φ2 ≤ 0, which is equivalent to �Vi(x̃k, k) + Γ (k) ≤ 0.
Similar to the derivations of Theorem 3.13, it yields that

∞∑

l=k0

z̃T (l)z̃(l) ≤ γ2
no

∞∑

l=k0

ωT (l)ω(l)

http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_3
http://dx.doi.org/10.1007/978-3-319-28850-5_2
http://dx.doi.org/10.1007/978-3-319-28850-5_3
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for ω(l) ∈ l2[0,∞), where γno = γε with

ε �
√

(μ( T+1
τ+T

)μ(T+1)(1 − α))/(1 − μ( T+1
τ+T

)α).

By Definition 4.16, it can be concluded that the estimation error system (7.82) is
exponentially mean-square stable with a non-weighted H∞ performance index γno.
This completes the proof. �

Next, we will continue to present a solution to the H∞ estimator design problem
for the switching neural networks (7.78) with PDT switching regularities and mode-
dependent time-varying delays. The following theoremprovides sufficient conditions
on the existence of the desired H∞ estimators and explicit expression of the estimator
gains.

Theorem 7.29 Consider the discrete-time switching neural networks (7.78) with
PDT switching regularities and mode-dependent time-varying delays, and let γ > 0,
ϕmax ≥ ϕmin ≥ 0, 0 ≤ δi ≤ 1, μ > 0 and 0 < α < 1 be given constants, i ∈ L. For a
prescribed period of persistence T, suppose that there exist positive definite matrices
P1,i, P2,i, P3,i, Qi, matrices R1,i, R2,i, R3,i, Ã f

i , B̃ f
i , C̃ f

i , positive diagonal matrices
Λ, 
, such that for any i, j ∈ L, i 	= j,

[
Π1 Π2

� Π3

]
≤ 0 (7.96)

Ps,i ≤ μPs,j , Qi ≤ μQj , s = 1, 2, 3, (7.97)

where

Π1 �

⎡

⎢⎢⎢⎢⎣

Π1,1 Π1,2 ΛL2 0 0
� Π2,2 0 0 0
� � −Λ 0 0
� � � Π4,4 0
� � � � −γ2 I

⎤

⎥⎥⎥⎥⎦
,

Π2 �

⎡

⎢⎢⎢⎢⎢⎣


Υ2 Π1,7 Π1,8 F T
i Π1,10 Π1,11

0 ( Ã f
i )T ( Ã f

i )T −(C̃ f
i )T 0 0

0 BT
i RT

1,i BT
i RT

2,i 0 0 0

0 CT
i RT

1,i CT
i RT

2,i 0 0 0

0 Π5,7 Π5,8 0 0 0

⎤

⎥⎥⎥⎥⎥⎦
,

Π3 � diag{Π6,6, Π̂7,7,−I, Π̂7,7},

with

Π1,1 � −αP1,i − ΛL1 − 
Υ1,Π1,2 � −αP2,i,Π2,2 � −αP3,i,

Π4,4 � −αϕmaxQi,Π6,6 � (ϕmax − ϕmin + 1)Qi − Γ,

Π5,7 � DT
1,iR

T
1,i + DT

2,i(B̃ f
i )T ,Π5,8 � DT

1,iR
T
2,i + DT

2,i(B̃ f
i )T ,

http://dx.doi.org/10.1007/978-3-319-28850-5_4
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Π1,7 � AT
i RT

1,i + δiE
T
i (B̃ f

i )T ,Π1,8 � AT
i RT

2,i + δiE
T
i (B̃ f

i )T ,

Π1,10 �
√

δi(1 − δi)ET
i (B̃ f

i )T ,Π1,11 �
√

δi(1 − δi)ET
i (B̃ f

i )T ,

Π7,7 � P1,i − R1,i − RT
1,i,Π7,8 � P2,i − RT

2,i − R3,i,

Π8,8 � P3,i − RT
3,i − R3,i, Π̂7,7 �

[
Π7,7,Π7,8;ΠT

7,8,Π8,8
]
,

then there exists a mode-dependent estimator (7.81) such that the corresponding
estimation error system (7.82) is exponentially mean-square stable for any switching
regularities with PDT satisfying (7.87) and has an H∞ performance index γno, where
γno has been defined in Theorem 7.28. Moreover, if a feasible solution to (7.96)–(7.97)
exists, then the admissible estimator gains are given by

A f
i = R−1

3,i Ã f
i , B f

i = R−1
3,i B̃ f

i , C f
i = C̃ f

i . (7.98)

Proof First of all, for a matrixRi, ∀i ∈ L, from the fact (Pi − Ri)
T Pi(Pi − Ri) ≥ 0,

we have Pi − Ri − RT
i ≥ −RT

i PiRi, then we know the following inequality

[
Θ1 Θ2

� Θ3

]
≤ 0, (7.99)

where

Θ1 �

⎡

⎢⎢⎣

Θ1,1 Ĩ T
2 ΛL2 0 0

� −Λ 0 0
� � Θ3,3 0
� � � −γ2 I

⎤

⎥⎥⎦ ,Θ2 �

⎡

⎢⎢⎣

Ĩ T
2 
Υ2 ÃT

i RT
i F̃ T

i Θ1,9

0 B̃T
i RT

i 0 0
0 C̃T

i RT
i 0 0

0 D̃T
i RT

i 0 0

⎤

⎥⎥⎦ ,

Θ3 � diag{Θ6,6,Θ8,8,−I,Θ8,8},

with

Θ1,1 � −αPi − Ĩ T
2 ΛL1 Ĩ2 − Ĩ T

2 
Υ1 Ĩ2,Θ3,3 � −αϕmaxQi,Θ8,8 � Pi − RT
i − Ri,

Θ6,6 � (ϕmax − ϕmin + 1)Qi − 
,Θ1,9 �
√

δi(1 − δi)( Ĩ1B f
i Ei Ĩ2)

T RT
i .

By the similar manipulation in the proof of Theorem 3 of [14], it follows that
(7.99) guarantees (7.85) holds. Then replacing Ãi, B̃i, C̃1,i, C̃2,i, D̃i and F̃i in (7.99)
by the ones in (7.82), considering the matrices Pi, Ri to have the following forms

Pi �
[

P1,i P2,i

� P3,i

]
,Ri �

[
R1,i R3,i

R2,i R3,i

]
,

and defining the matrix variables

Ã f
i � R3,i A f

i , B̃ f
i � R3,i B

f
i , C̃ f

i � C f
i , (7.100)
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one can readily obtain (7.96)–(7.97). Therefore, if (7.96)–(7.97) hold, we have
(7.85)–(7.86), respectively. By Theorem 7.28, the corresponding estimation error
system (7.82) is exponentially mean-square stable for any switching regularities
with PDT satisfying (7.87) and has a non-weighted H∞ performance index γno. In
addition, from (7.100), the mode-dependent estimator gains are given by (7.98). This
completes the proof. �

Remark 7.30 In Theorem 7.29, the H∞ estimator design problem is solved for a
class of discrete-time switching neural networks with PDT switching regularities and
mode-dependent time-varying delays. In the presence of random packet dropouts, an
estimator is designed such that the resulting estimation error system is exponentially
stable in the sense of mean square and also achieves a prescribed non-weighted H∞
disturbance attenuation level. It is shown that the estimator design problem under
consideration is solvable if the conditions (7.96)–(7.97) are convex. Therefore, a
convex optimization problem can be formulated as follows.

Problem 7.3
min γ, s.t. (7.96) − (7.97).

Moreover, if the above optimization problem admits a solution γ∗, then the optimal
non-weighted H∞ performance index can be calculated as γ∗

no = γ∗ε, where ε has
been given in Theorem 7.28.

In the following, based on the work in [15] which presents and experimentally
investigates a class of synthetic oscillatory networks of transcriptional regulators as
mathematical model of the repressilator in Escherichia coli, a biological network
model is utilized to illustrate applications of the theoretical findings obtained in this
subsection.

Example 7.31 We consider a synthetic oscillatory network of transcriptional reg-
ulators with three repressor protein concentrations and their corresponding mRNA
concentrations, where,

mode 1:

A1 =
[
0.2A 0
0 0.1A

]
, C1 =

[
0 −0.5C

0.09I 0

]
,

D1,1 =
[−0.7 0 0.5 0 0.6 0

0 0.2 0.3 0 0 0.1

]T

, E1 =
[
1 0 −1 0 0 1
0 0 1 0 0 0

]
,

F1 = [ 1 1 0 0 1 0
]
, D2,1 = −0.05,

mode 2:

A2 =
[
0.1A 0
0 0.09A

]
, C2 =

[
0 −0.8C

0.08I 0

]
,
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Table 7.3 The optimal performance indices for different upper bounds ϕmax of time delays and
period of persistence T as fixing δ1 = 0.6, δ2 = 0.8 and ϕmin = 1

(ϕmin,ϕmax) (1, 1) (1, 2) (1, 3) (1, 4) (1, 5)

T = 3 0.8714 1.2983 2.3641 11.9037 Infeasible

T = 2 0.7794 1.1613 2.1145 10.6470 Infeasible

T = 1 0.6971 1.0387 1.8913 9.5229 Infeasible

D1,2 =
[
0.3 0 −0.5 0.5 0 0
0 0.3 0 0.5 0.2 0

]T

, E2 =
[
0.3 0 −0.5 0.5 0 0
0 0.3 0 0.5 0.2 0

]
,

F2 = [1 0 0 1 0 0
]
, D2,2 = 0.05,

with

A =
⎡

⎣
1 0 0
0 1 0
0 0 1

⎤

⎦ , C =
⎡

⎣
0 0 1
1 0 0
0 1 0

⎤

⎦ .

Choosing the regulation function as g(x(k)) = x2(k)/(1 + x2(k)), we can
determine that the maximal value of the derivation of g(x(k)) is less than 0.65, it
is straightforward to verify that Υ1 = diag{1, 1, 1, 0, 0, 0}, Υ2 = diag{1, 1, 1, 0.65,
0.65, 0.65}. In addition, without loss of generalization, we assume that B1 = B2 = 0,
and L1 = L2 = 0, and further discussions about this model can be seen in [12].

The purposes here are to design the mode-dependent estimators for the presented
synthetic oscillatory networks with mode-dependent time-varying delays, find out
the switching regularities with admissible PDT, such that the estimation error sys-
tem is exponentially mean-square stable and ensures a prescribed non-weighted H∞
performance. Firstly, given α = 0.85, μ = 1.25, the H∞ performance index can be
minimized by Problem 7.3, and the values of γ∗

no can be calculated as listed in
Tables7.3 and 7.4 respectively as designating different pairs (δ1, δ2) and different
upper boundsϕmax of time delays. It can be shown from Table7.3 that, the increasing
of upper boundϕmax of time delays has a negative impact on the system performance.

Table 7.4 The optimal performance indices for different probabilities pair (δ1, δ2) and period of
persistence T as fixing ϕmin = 1 and ϕmax = 4

(δ1, δ2) (0, 0) (0.2, 0.2) (0.4, 0.4) (0.6, 0.6) (0.8, 0.8) (1, 1)

T = 3 13.2986 12.9107 12.5044 12.3379 11.8335 11.4206

T = 2 11.8946 11.5477 11.1843 11.0353 10.5842 10.2149

T = 1 10.6389 10.3286 10.0035 9.8703 9.4668 9.1365
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Also, from Table7.4, it can be seen that, the larger the probabilities δ1 and δ2 rep-
resenting packet arrivals are, the better performance indices γ∗

no can be obtained. In
addition, one consistent phenomenon has been captured in both Tables7.3 and 7.4,
i.e., the achieved H∞ performance index becomes better as decreasing the length of
period of persistence T.

Further, assume that themode-dependent time-varyingdelays satisfy 2 ≤ ϕ1(k) ≤
4 and 1 ≤ ϕ2(k) ≤ 3, respectively. In addition, the conditional probabilities of
Bernoulli distributions are taken as δ1 = 0.6, δ2 = 0.8, respectively. Next, consider
the external disturbance inputω(k) = 0.5 exp(−0.1k), and designate τ = 4, it yields
that the actual H∞ performance index γ = 0.5057, which lowers the optimal one
γ∗

no illustrating the effectiveness of the designed estimators, where γ∗
no = 11.9037.

Also, we have � = 0.7827 < 1 and φ = 1345.6 > 0, which satisfy the conditions of
Definition 7.25. The evolutions of the system modes satisfying PDT switching are
generated randomly as shown in Fig. 7.13. Then, using the obtained estimator gains,
the trajectories of state, its state estimation and its state estimation error of mRNAs
and protein are presented in Figs. 7.14, 7.15, 7.16 and 7.17, respectively. Also, the
output, its output estimation and its output estimation error are shown in Fig. 7.18.
Finally, the convergence of Figs. 7.14, 7.15, 7.16, 7.17 and 7.18 demonstrates that
the designed estimator is valid ensuring a satisfactory tracking in the presence of the
faster switching during the period of persistence, the random packet dropouts and the
time-varying delays for the proposed discrete-time switching synthetic oscillatory
networks.

Fig. 7.13 The PDT switching regularity
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Fig. 7.14 The trajectories of statexi(k) and its estimatex f,i(k) ofmRNAs, respectively, i = 1, 2, 3

Fig. 7.15 The trajectories of its estimation error xi(k) − x f,i(k) of mRNAs, respectively, i =
1, 2, 3

7.4 Conclusion

In this chapter, the stability problemhas been studied for a class of discrete-time linear
switched systemswith state delays under cyclic switching, and a numerical searching
algorithm has been proposed for the determination of dwell time of the subsystems.
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Fig. 7.16 The trajectories of state xi(k) and its estimate x f,i(k) of protein, respectively, i = 1, 2, 3

Fig. 7.17 The trajectories of its estimation errorxi(k) − x f,i(k) of protein, respectively, i = 1, 2, 3

Then, under arbitrary switching, the H∞ output feedback control problem has been
investigated for a class of switched linear discrete-time systemswith time delays. The
time delay is assumed to be time-varying and bounded. Both static and dynamic H∞
output feedback controllers are designed respectively. A CCL algorithm is exploited
to obtain the desired controllers and a suboptimal H∞ performance index such that the
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Fig. 7.18 The trajectories of z(k), its estimate z f (k), and its estimation error e(k)

underlying switched systems can be stabilized for given time-varying delays bounds.
Furthermore, considering the system with polytopic uncertainties, the problem of
robust l2 − l∞ filtering has been studied for the underlying systems with arbitrary
switching. Based on the mode-dependent and parameter-dependent stability analysis
approaches, a robust switched linear filter is designed such that the corresponding
filtering error system is robustly asymptotically stable, and a prescribed l2 − l∞
performance index is guaranteed for all admissible uncertainties. Finally, under PDT
switching regularities, the state estimation problemhas been investigated for a class of
discrete-time switching neural networks with mode-dependent time-varying delays
in H∞ sense. Sufficient conditions on the existence of the desired mode-dependent
estimators, are established such that the estimation error system is exponentially
mean-square stable and achieves a guaranteed non-weighted H∞ noise attenuation
performance level. The impacts of the random packet dropouts and the length of
period of persistence on the system performance have been found by comparison,
respectively.
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Markov jump system (MJS), 11
Mass-spring system, 156
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Modal dwell time (MDT), 9
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Model predictive control (MPC), 15
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MPDT RPI set, 78
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µ-independent, 148
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N
Networked control system (NCS), 96
Neuron activation functions, 240
Nondetermined, 6
Norm-bounded uncertainty, 5, 62, 88

O
Observer-based, 104
Output-feedback controller, 213

P
Packet dropouts, 109, 241
Parameter-dependent controller, 88
Persistent dwell-time (PDT), 8, 70, 152, 240
Piecewise affine (PWA) systems, 2
Polytopic uncertainty, 34, 88

Q
Quasi-time-dependent (QTD), 13, 39, 51,
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R
Redundant channel, 109
Robust controller, 88
Robust positive invariant (RPI) set, 77, 78

S
Schur complement lemma, 32
Sigmoid-type functions, 242
Single channel, 104
Singular value decomposition (SVD), 111
Stabilization, 174
Stage, 51, 70
State delays, 174, 206
State-dependent, 6
Static output-feedback controller, 213
Stochastic, 6
Switched Lyapunov function (SLF), 13, 31
Switching delays, 174
Switching neural networks, 240
Switching signal, 4
Synthetic oscillatory networks, 249

T
Time-delay, 6, 34
Time-dependent, 5, 6
Time-varying delays, 240
Transient performance, 4
Transitional dwell time (TDT), 10
Trial-and-error, 182
Tube, 81

U
Uncertainty, 5
Uniform tube, 81, 84
Uniformly, 7

W
Weighted l2-gain analysis, 171
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