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Foreword

Distributed, open-ended systems are ubiquitous in today’s information and commu-
nication technology: in most cases they exhibit an independent, concurrent behavior.
The process of specification, design and development requires formal models able
to express interesting properties and to allow for efficient validation and verification
procedures. In addition to their role as design tools in ICT engineering, distributed,
concurrent models are very successful in formalizing key concepts of biology, eco-
nomics, complex systems and so on.

In many cases it is convenient to develop specialized models for the classes of
systems we are interested in, equipped with convenient features. For instance, while
in all cases a formal semantics is required, there is a conflict between model ex-
pressiveness and complexity of verification algorithms. Another important choice is
between a graphical model and a text-based model, both equipped with observation
criteria and consequent semantics: the former is often more perspicuous, but less
convenient for specifying large, modular systems in a compositional way.

The main achievement of this book is to present a hierarchy of six models of
increasing expressiveness, each of them described both in graphical form and in
textual, term-like form. Plenty of results guarantee that there is a one-to-one corre-
spondence between the two representations, and that corresponding forms have the
same interleaving and step semantics.

In reality, graphical and textual forms are not equivalent: the former is more
expressive since its semantics can be enriched with observational criteria to make
certain relevant properties evident, which are present, but hidden, in the latter. For
instance, the presentation in graphical form of the solution of the dining philoso-
phers problem can be shown to be correct, while the textual version, once the choice
is made of observing the behavior sequentially, has too restricted observation capa-
bilities. In other words, as soon as the textual form is translated into the graphical
form, new observation and analysis methods become applicable. Thus the transla-
tion has the flavor of associating with the language a more expressive concurrent
semantics.

In the book, a clear choice is made about which models to handle: process de-
scription language CCS and Place/Transition (P/T) Petri nets, with various syntactic

vii



viii Foreword

restrictions to yield the expressiveness hierarchy. Only the top level, Nonpermis-
sive nets, is an extension of P/T nets: the extension is needed to achieve Turing-
completeness.

I fully agree. There are several reasons for the choice. CCS is equipped with a rich
theory, as testified by several textbooks and monographs, some of them very recent.
Also, CCS is the starting point of the most popular language for mobile systems, i.e.
m-calculus, and of its extensions for security and service-oriented architectures. P/T
Petri nets were the first concurrency model (Carl Petri’s thesis is dated 1962), and
they are maybe the model with the richest theory, the largest application experience
and the most extensive collection of tools. Furthermore, (unsafe) finite P/T nets have
an easy-to-understand cyclic behavior with a possibly infinite set of states, but some
important properties, e.g. reachability, are still decidable.

The technical content of the book is of extremely high quality. Actually, the au-
thor personally contributed with a number of seminal, well-known papers to the
historical development of the main concepts and results in the book. Also, the pre-
sentation of complex results, which appeared over a large span of years (the bibli-
ography contains about 150 citations), required a remarkable effort to make them
consistent and uniform. In addition, some important results, needed to complete
the full picture, are published in the book for the first time, as appropriate in a re-
search monograph. Finally, the presentation and justification of the conceptual de-
velopments and of the formal achievements is well articulated and explained, and
supported by plenty of examples as required in an advanced textbook.

The book will be precious for those interested in the truly concurrent semantics
of distributed communicating systems. A system designer, given a specification in
CCS, might want to better understand its behavior by looking at the corresponding
net, by checking there the given concurrency requirements, and possibly by taking
advantage of existing tools. More relevantly from a methodological point of view,
a computer scientist, aiming at studying a particular class of concurrent distributed
systems, might define a specification language based on variants of CCS and Petri
nets by applying the approach in the book.

Ugo Montanari Pisa, June 2016
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Chapter 1
Introduction

Abstract This introductory chapter outlines the main problem dealt with in this
book: finding suitable languages for representing classes of Petri nets, taking inspi-
ration from the process algebras developed in the last four decades. The structure of
the book is outlined and some hints on how to read it are presented. Finally, it is also
argued that Turing-completeness is not a sufficient criterion to compare the expres-
sive power of different process algebras, because the sets of problems in distributed
computing that two languages can solve may be different, even if both include all
the Turing-computable functions.

1.1 The Alphabetization of Distributed Systems

A distributed system is a computer system made of several components, imple-
mented in hardware or software or as a combination of both, that may be located at
different sites, even at a geographical distance, and that cooperate to accomplish a
task or coordinate to offer a service by means of suitable communication protocols
based on message passing. The most notable example of a distributed system is the
Internet, whose most important service is the World Wide Web.

At a very abstract level of detail, the main feature of a distributed system is dis-
tribution: the global state of the system is composed of a collection of local states,
physically located at different sites, and each activity that the system performs may
actually involve only a subset of these local states. Another important feature is that
communication takes place only by message passing, so that any information ex-
change happens by means of explicit communication primitives of send or receive;
in other words, there is no global memory, shared by the components. The com-
munication mechanism can be synchronous or asynchronous: the former when the
send action and the receive one are performed by the interacting partners at the same
time; the latter when the send action is decoupled from the receive one.

Many other features of distributed systems are relevant, such as heterogeneity
of the components, possible independent failure of components, the absence of a

© Springer International Publishing AG 2017 1
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2 1 Introduction

global clock, scalability etc., but for the aims of this book, only distribution and
communication are considered. In particular, communication is assumed to be syn-
chronous, because this mechanism can also easily implement the asynchronous one
(it is enough to put a medium, such as a buffer, between the two partners of the
communication to get an asynchronous communication), while the reverse is more
difficult to achieve.

Many semantic models of computation have been proposed to model distributed
systems; here we give a short, not exhaustive, list:

Petri nets [Petri62, Hack76b, Pet81, Rei85, MM90, JK95, MR95, Bus02, Reil3];
Transition systems [Kel76, Mil80, PloO4b, Gla0O1, San12, GV15];

Event structures [NPW81, Win87, Win88, BMMO06];

Causal trees [DD89, DD90, BMS15];

Concurrent histories [DM87];

Statecharts [Har87, HPSS87];

Message sequence charts [RGG, DH99];

Kahn process networks [Kah74].

Each of these has its own pros and cons. However, among them, we chose Petri
nets, for the following reasons:

1. distribution is a first-class concept (which is not the case for, e.g., labeled transi-
tion systems);

2. Petri nets can model recursive behavior with a finite structure (which is not the
case for, e.g., event structures);

3. they are a widely studied model (see, e.g., [RR98a, DRR04] and the references
therein), equipped with a simple, precise, formal semantics, both for the so-called
linear-time and branching-time semantics (which is not the case for, e.g., message
sequence charts);

4. they are equipped with analysis techniques that are decidable in many cases, as
described in Section 3.3 (which is not the case for, e.g., concurrent histories),
and that are sometimes supported by automatic or semi-automatic software tools
(see, e.g., [TA15, Tool] for surveys on Petri net tools); and, finally,

5. there is a large literature of applications of Petri nets to the modeling of real
distributed systems (see, e.g., [RR98b, Rei98]) and the references therein).

From now on, at an abstract level, we take the liberty of identifying a distributed
system with the Petri net which models it. Therefore, we shall consider specific
classes of Petri nets as specific classes of distributed systems.

Many specification languages have been proposed to describe reactive, dis-
tributed systems, starting from the seminal work by Hoare with CSP [Hoa78, Hoa85,
Ros98], and Milner with CCS [Mil80, Mil89, GV15]. These languages are usu-
ally called process algebras, to reflect the algebraic nature of their syntactic and
semantic definitions. Many process algebras have been proposed in the literature:
besides CSP and CCS, also ACP [BK84, BW90, BBR10] by Bergstra, Klop and
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a.0[b.0 a.b.0+b.a.0
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Fig. 1.1 Interleaving law: two isomorphic LTSs
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Fig. 1.2 Two step transition systems

Baeten (who coined the term process algebra), LOTOS [BB87, BLV95] by Bolog-
nesi and Brinksma (who included abstract data types in a process algebra), CIRCAL
[Mil85] by Milne (who introduced the step semantics for a process algebra), and the
n-calculus [MPW92, Mil99, ParO1, SWO01] by Milner, Parrow and Walker (which
models mobility), just to mention a few (see [Bae05] for a historical overview, and
[BPSO1] for a technical survey on the many facets of process algebras). The seman-
tics of these languages have mainly been given in an interleaving style, either in
terms of execution traces (e.g., CSP) or in terms of labeled transition systems (e.g.,
CCS), but in no way are parallelism (or co-occurrence of independent actions) and
distribution modeled in these semantics.

An example may help clarify the idea. The process composed of two parallel
actions a and b is denoted in CCS by the term a.0|5.0, while the sequential pro-
cess performing these two actions in either order is denoted by a.b.0 + b.a.0. In the
labeled transition system semantics of [Mil89], these two CCS processes originate
the isomorphic labeled transition systems in Figure 1.1, so that they are semantically
equal. This is the essence of the so-called interleaving law: a (finite-state) parallel
process is semantically equivalent to a (finite-state) possibly nondeterministic, se-
quential process. This is a clear drawback of the interleaving semantics, as we will
argue further in Section 1.4.

One may enrich the labeling of the transition system by using, instead of single
actions, multisets of concurrently executable actions: this is the so-called step se-
mantics (originally introduced in [NT84, Mil85]), which is refined enough to model
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a.0)id id|b.0 a.b.0+b.a.0
a) b)

a b
a b
b.0 a0
b a
0lid id|0 0

Fig. 1.3 The Petri nets for a.0|5.0 in a) and a.5.0 + b.a.0 in b), according to the DDM technique

the potential parallelism of a process. According to the step semantics, a.0|b.0 and
a.b.0+ b.a.0 are not equivalent, as only the former can perform a transition labeled
with the set {a,b}, denoting that these two actions can be performed at the same
time, as outlined in Figure 1.2.

Still, no information on state distribution is actually given. To achieve this, one
has to consider a more detailed model, where the monolithic, global state of the
system is decomposed into a collection of local states, such that each action the
system performs may be actually due to a subset of the local states, only: this is
indeed what Petri nets can model, where the global state, called a marking, is a
multiset of local states, called places.

Starting from the seminal work by Degano, De Nicola, Montanari and Olderog
[DDMSS, O1d91], CCS and CCSP (i.e., a mixture of CCS and CSP) have been
equipped with an operational Petri net semantics, so that distribution is a first-class
concept, and parallelism and nondeterminism are modeled differently. For instance,
according to this approach, the Petri nets for a.0|5.0 and a.b.0 + b.a.0, depicted
in Figure 1.3, show visibly that the former process is composed of two sequential
subprocesses, running possibly in parallel, while the latter is just one sequential
process. To be more precise, a.0|b.0 originates a distributed global state (i.e., a
marking) composed of two local states: place a.0|id, representing the sequential
process a.0 decorated with information about the context (it is the left component
of a parallel process), and place id|b.0. The number of tokens in a place denotes
the number of instances of that sequential process, that are available in the current
global state; in our example, only one token is present in place a.0]id and in place
id|b.0. A transition (represented as a labeled box) is defined by a triple (m;,¢,m;),
where m is its pre-set, i.e., the marking specifying the tokens to be consumed for
its executability, ¢ is its label, and m; is its post-set, i.e., the marking specifying
the token to be produced upon completion; in our example, the two transitions are
({a.0)id},a,{0|id}) and ({id|b.0},b,{id|0}). Of course, these two transitions can
be performed in either order, independently of each other, and even in parallel: at the
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a.0|id id|a.0 a.0
a) b)
a a
a
0id id|0

Fig. 1.4 The nets for a.0|a.0, according to the DDM technique in a) and Goltz’s technique in b)

same time, the two tokens in the initial marking {a.0|id,id|b.0} can perform their
respective transitions and end up in the final marking {0|id,id|0}. On the contrary,
a.b.0 4 b.a.0 is modeled with a marking which is composed of one single token
(i.e., one single instance of a.b.0 4 b.a.0), which can perform its transitions only
sequentially.

This technique, sometimes called the DDM technique, was easily exploited also
to give a net semantics to other languages [DGMS88, BG89, GV 11], witnessing the
great generality and wide applicability of the idea. However, this semantics has one
major drawback: the exploited class of Petri nets is limited to so-called safe Petri
nets, i.e., nets where each place may contain at most one token, so that identical
parallel subprocesses are mapped to distinct places. Goltz [Gol88, Gol90] proposed
a denotational unsafe Petri net semantics for the CCS subcalculus without restric-
tion; this idea was also followed by [GM90b] in an operational setting. To clarify
the semantic difference between the DDM technique and Goltz’s, let us consider the
CCS process term a.0|a.0. Figure 1.4(a) shows its associated net according to the
DDM technique, where the two identical instances of the sequential process a.0 are
mapped to two distinct places, because of the contextual decoration; Figure 1.4(b)
shows the net obtained according to Goltz’s approach, which is an unsafe net with
two tokens on the same place a.0.

Many other researchers studied the problem of relating process algebras and Petri
nets (see, e.g., [GV87, Tau89, GR9%4, MY9%4, GM95, Mey(09, BBGM14] and the
references therein). Of particular interest is the work by Best, Devillers and Koutny
[BDKO1, BDKO02], who proposed a rather rich algebra of expressions, whose se-
mantics is given, however, in terms of safe nets only. All these papers focus on
the problem of defining a suitable distributed, net-based semantics for some chosen
process algebra; hence, we can label this line of research with the motto

Petri Nets for Process Algebras.

The main aim of this book is to approach the reverse problem of finding the
minimal set of process algebraic operators that are necessary in order to model all
and only the Petri nets of a certain class, whence the title

Process Algebras for Petri Nets.



6 1 Introduction

This book offers a definitive answer to this question. We single out six classes of
finite Petri nets, and, for each class, we define a corresponding process algebra,
such that:

e cach term p of the process algebra is given a distributed semantics in terms of a
net Net(p) of that class (only nets of that class can be modeled by the process
algebra); moreover,

e for each net N(my) of that class (i.e., for each net N with initial marking my), we
can single out a term p of the corresponding process algebra, whose semantics
is a net isomorphic to N(myg) (all the nets of that class are represented by the
process algebra, up to net isomorphism); and, finally,

e all the operators of the process algebra are necessary to get these results (the set
of operators, for each proposed process algebra, is irredundant).

Therefore, since a class of finite Petri nets is meant as a class of distributed systems,
our contribution amounts to alphabetizing these six classes of distributed systems,
i.e., providing six languages, as simple as possible, each one representing all and
only the distributed systems of a certain class.

1.2 The Hierarchy

Which classes of Petri nets will be considered? And which corresponding process
algebras will be singled out? Here we describe the hierarchy of the six classes of
nets and languages, which is also outlined in Figure 1.5, starting from the least
expressive one. All the classes of nets, except the last one, are subclasses of so-
called Place/Transition Petri nets (P/T nets, for short, see Chapter 3 for details).

1. Sequential Finite-State Machines: A finite-state machine is a finite Petri net
whose transitions are strictly sequential, i.e., the pre-set and the post-set are sin-
gletons so that each transition is performed by a single sequential process that
evolves into a single sequential process; such a net is sequential if the initial
marking of the net is a singleton; therefore, a sequential finite-state machine de-
scribes a strictly sequential system composed of one single sequential process
only. The corresponding process algebra is called SFM, and is essentially finite-
state CCS [Mil89], whose operators are the empty process 0, action prefixing
U.p, choice p+ ¢, and constants C, equipped with a definition useful for describ-
ing recursive behavior.

2. Concurrent Finite-State Machines: A finite-state machine is concurrent when
the initial marking is arbitrary, hence not necessarily a singleton. In this way, the
distributed systems that nets of this sort are able to model are composed of a
collection of strictly sequential processes that work in parallel, but without any
form of synchronization. The corresponding process algebra is called CFM, and
enriches SFM with the binary operator of asynchronous (i.e., without synchro-
nization capabilities) parallel composition p|g, to be used at the top level only.
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Fig. 1.5 The hierarchy of net classes and process algebras

3. BPP nets: The term BPP is the acronym of Basic Parallel Processes, and was
coined in [Chr93] to denote a simple process algebra, which essentially extends
CFM by modifying the action prefixing operator: in a term U.p, the action ( may
prefix not only a sequential process (as for CFM), but also a parallel process. The
class of finite nets that such a language can model are called BPP nets, whose
distinguishing feature is that the pre-set of each transition is a singleton, while
the post-set can be arbitrary.

4. Finite CCS nets: If BPP is extended by enhancing its parallel composition opera-
tor to allow for communication (according to the binary, handshake, synchroniza-
tion discipline of CCS), and by also including the CCS restriction operator (va)p
(in order to force synchronization within p), to be used at the top level only, then
the resulting calculus, called FNC, is essentially finite-net CCS [GV15]. The class
of nets that this language can represent are called finite CCS nets: they are all the
finite Petri nets such that the pre-set size of each transition can be at most two
and, if it is two, then the labeling of this transition must be the invisible action 7.

5. Finite P/T nets: The only constraint on this class of Petri nets is that they must be
finite; in particular, the pre-set of a transition can be of arbitrary size and with an
arbitrary labeling. The process algebra FNC is to be extended with a mechanism
for multi-party synchronization; this is achieved by introducing a new prefixing
operator, called strong prefixing in opposition to the normal one and whose syn-
tactic form is a.p, which can model atomic actions; a multi-party synchronization
is modeled as an atomic sequence of binary, CCS-like synchronizations. The re-
sulting process algebra is called FNM and is a slight simplification of finite-net
Multi-CCS [GV15].

6. Nonpermissive Petri nets: This class is a generalization of finite P/T nets, where
a transition also specifies a set of places to be tested for absence of additional
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tokens, called the neg-set of the transition. In fact, differently from finite P/T
nets, a transition can be executed if and only if the required tokens in the pre-set
are available, and also no additional token is present in any place belonging to
the neg-set of the transition. Therefore, a transition that may be executable at a
given marking m may be disabled at a larger marking m’, because some of the
additional tokens of m’ may inhibit the executability of the transition. Differently
from finite P/T nets, Nonpermissive Petri nets, which are a generalization of P/T
nets with inhibitor arcs [FA73, Hack76a, Pet81, JK95, Bus02], are a Turing-
complete formalism. The corresponding process algebra, called NPL, extends
FNM with a variant of the strong prefixing operator, =D.p, whose strong prefix
—D expresses that a transition originating from p is actually executable by =D.p
in a parallel context, provided that no instance of constant D is currently active
in this parallel context; hence, =D.p executes a test for absence of the testable
constant D, atomically with the action p is able to perform.

Summing up, the set of process algebraic operators that we have singled out, in
order to represent these six classes of nets, is really small: it comprises essentially
the CCS operators, some of which are to be used in some constrained form, and the
strong prefixing operator, originally introduced in [GMM90, GM90a], together with
a suitable synchronization discipline for atomic sequences; only for NPL we have
to introduce a newly conceived operator, which is, however, a variant of the strong
prefixing operator.

1.3 Structure of the Book

Chapter 2 introduces the model of labeled transition systems and some behavioral
equivalences over them; this part of the chapter is just a summary of Chapter 2
of [GV15]. Moreover, it includes also a description of the step transition systems
model, equipped with some sensible behavioral equivalences.

Chapter 3 gives an introduction to Petri nets. Most of the material is standard,
but some original contributions are also outlined. First, the concept of a statically
reachable subnet is introduced because it will play a central role in the net seman-
tics of the languages FNC, FNM and NPL. In fact, the semantics of a term p is not
simply the net that can be dynamically reached from the initial marking dec(p) cor-
responding to p, rather it is the net describing all the potential behaviors of p, as if
the number of tokens in dec(p) can be increased at will. For instance, consider the
FNC sequential process p = a.0 + a.0; its dynamically reachable subnet, outlined
in Figure 1.6(a), shows the expected behavior that p can perform a or its comple-
mentary action a. On the contrary, its statically reachable subnet in (b) describes
additionally the potential self-synchronization of p with another copy of itself; in
this way, the net semantics for p and for the parallel term p| p differ only for the
form of the initial marking (one token for p and two tokens for p|p), but the un-
derlying net is the same. The statically reachable subnet is always algorithmically
computable, also for Nonpermissive nets, even though they are a Turing-complete
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Fig. 1.7 Three semantics for each process algebra

model of computation, and so for them, as the reachability problem is undecidable,
it is not always possible to compute the dynamically reachable subnet. As a matter
of fact, another original contribution of this chapter is the introduction of the class
of Nonpermissive Petri nets (a proper extension of P/T nets with inhibitor arcs),
equipped with nonstandard behavioral equivalences, deviating from the traditional
definitions for P/T nets with inhibitor arcs.

Chapters 4-8 present the six calculi: SFM in Chapter 4, CFM and BPP in Chapter
5, FNC in Chapter 6, FNM in Chapter 7 and NPL in Chapter 8. Each calculus is
equipped with three different semantics, as illustrated in Figure 1.7: an interleaving
(or sequential) semantics by means of labeled transition systems, a step (or parallel)
semantics by means of step transition systems, and a net (or distributed) semantics
by means of finite Petri nets. For each process algebra, if two terms are equivalent
according to the net semantics, then they are equivalent in the step semantics; and,
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translation function

Finite P/T nets

distributed semantics

Fig. 1.8 Graphical description of the representability theorem for finite P/T nets and FNM

similarly, if two terms are equivalent according to the step semantics, then they
are equivalent in the interleaving semantics. Therefore, these three semantics are
ordered from the most abstract (the interleaving/sequential one) to the most concrete
(the net/distributed one).

These five chapters all have the same structure. First, the syntax of the calculus is
given, followed by the interleaving/sequential semantics, defined in an operational
style, according to Plotkin’s SOS technique [Plo04b]. Then, the step/parallel seman-
tics is introduced by means of an obvious generalization of the SOS technique; this
parallel semantics is followed by the operational Petri net semantics, which is de-
scribed in tight correspondence with the style of the transition system semantics,
in order to show the similarities of the two. As a matter of fact, the SOS approach
can also easily be adapted to generate Petri nets instead of labeled transition sys-
tems. This distributed semantics is followed by the representability theorem: for
any marked net N(my) of the class, we can single out a term p of the corresponding
language, whose semantics is the net Nez(p) isomorphic to N(myg); in this sense, we
can say that p represents N(myg), up to isomorphism. Figure 1.8 describes graphi-
cally this result for the case of finite P/T nets and FNM: given a finite P/T marked
net N(my), the translation function Jgnp(—) maps N(mg) to the FNM process term
p = Trnm(N(my)); then, the distributed semantics associates Net(p) with p, such
that Net(p) =, N(mp), where =, denotes (marked) net isomorphism equivalence.
The soundness of the net semantics w.r.t. the step semantics is also proved; in fact,
the step semantics is mainly used as a sort of sanity check for the distributed se-
mantics, in order to prove that the distributed semantics preserves all the intended
parallel behavior. Finally, an unsafe net semantics in denotational style is introduced
and proved to be coherent with the operational net semantics (in most cases, the two
semantics coincide). For the cases of FNC, FNM and NPL, we were able to define
these denotational semantics only because we chose to give semantics to a process
p by means of its statically reachable subnet instead of its dynamically reachable
subnet; this is an original contribution of this book, too.

Some repetitions in these chapters are inevitable, because each one builds on top
of the previous one; this is particularly true for Chapters 4 and 5, and for Chapters
6, 7 and 8. However, as the Romans said, repetita iuvant! In fact, the presentation
style is rather didactic, as the expected audience is composed of Ph.D. students and
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scholars who are not well versed in the area of concurrency theory, or who are not
experts in both Petri nets and process algebras.

The final chapter describes side issues, related to possible generalizations or vari-
ations of the theory presented in this book. In particular, we hint how to extend our
technique to calculi such as CCS, where the restriction operator is not used at the
top level only, but can even occur inside the body of recursively defined constants.

1.4 Interleaving vs True Concurrency

Traditionally, the semantics of process algebras have been given in interleaving
style, usually by means of action labeled transition systems. There are some philo-
sophical and practical reasons for doing so, but we argue that none of them is really
convincing.

Interaction vs structure: It is often assumed that the only relevant part of the
behavior of a system is given by its interaction capabilities, i.e., the actions the sys-
tem performs, with which an observer can interact. This argument is based on the
assumption that a system, like a vending machine, is actually a black box, and that
the observer of the system can only interact with this system by means of the ex-
ternally visible buttons or slots, but without any knowledge of the internal structure
of the machine. This idea is quite appealing and has an obvious consequence that
an interleaving model, showing which visible actions can be performed and when,
is more than enough to completely describe the behavior of a system. However, by
modeling a reactive, distributed system with a transition system, we are forced to
make one fundamental abstraction on its structure: the states of the reactive sys-
tem are monolithic entities that cannot be inspected and each transition from, say,
state g to state ¢’, with label a, transforms the state g as a whole, even if only some
components of the system are actually involved in the execution of action a. As the
structure of the system is abstracted away in interleaving semantics, distributed sys-
tems with very different structures and very different properties can be equated. For
instance, a deterministic, symmetric, fully distributed, deadlock-free solution to the
well-known dining philosophers problem (originally proposed by Dijkstra [Dij71],
and then elaborated on by Hoare [Hoa85] in its current formulation) can be provided
in FNM (see Chapter 6 of [GV15]). Let p be the FNM solution to this problem; its
interleaving semantics is a finite-state labeled transition system, which is also the
semantics of an SFM process ¢, i.e., of a purely sequential process; since p and ¢
are interleaving equivalent, we may wrongly conclude that ¢ is also a deterministic,
symmetric, fully distributed, deadlock-free solution to the dining philosophers prob-
lem! Of course, this is not the case. Since the properties of interest for a distributed
system are often related to the structure of the system, the semantics cannot abstract
away from this aspect of the system. Truly concurrent semantics, such as step se-
mantics or net semantics, may often offer more adequate behavioral equivalences,
when properties of distributed systems are to be investigated.
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Compositionality: Most behavioral equivalences over labeled transition systems
are congruences w.r.t. the operators of many process algebras, notably CCS, so that
compositional reasoning and compositional analysis can be performed profitably
and easily. However, we will show that interleaving semantics is too abstract se-
mantics to be a congruence for the parallel composition operators of FNM and NPL.
These languages afford multi-party communication, a linguistic mechanism that can
be modeled in a compositional way only by means of a truly concurrent semantics.
Hence, if compositionality is a requisite of the semantics for FNM and NPL, then a
truly concurrent model is necessary.

Simplicity of the semantics definition: Another argument in favor of interleav-
ing semantics is the simplicity and elegance of its mathematical formulation. How-
ever, the aim of this book is to show, by means of six case studies, that operational
net semantics is often very similar and only slightly more complex than transition
system semantics. For instance, for SFM these two semantics are exactly the same,
while for FNC/FNM/NPL it is only necessary to handle the bound names in a suit-
able manner in order to get a simple definition of the markings and of the net tran-
sitions. Moreover, each operational net semantics is coupled with a corresponding
denotational net semantics, which is also not too complex.

1.5 Beyond Turing-Completeness

In the theory of sequential computation, the computable entities are mathematical
functions from N to N, the set of natural numbers. A formalism is Turing-complete
if it can compute all the functions that can be computed by means of Turing ma-
chines [Tur36]. The famous Church-Turing thesis states that any function that is
algorithmically computable is actually computable by a Turing machine.

In the theory of concurrency and distribution, the situation is a bit different. The
problems that are relevant in distributed computing include the Turing-computable
functions, but also include other problems that have nothing to do with functions.
In Section 3.5, we present a problem in distributed computing, called the Last Man
Standing problem (LMS, for short, originally introduced in [VBGO09]), that can be
solved with a dynamically acyclic, finite Nonpermissive Petri net (a class of nets
which is not Turing-complete), but that cannot be solved in CCS, a well-known
Turing-complete language [Mil89, GV15] (see also Section 9.3). Therefore, what
is the analog of computable function for concurrency? And what is the analog of
Turing-completeness for concurrency? New definitions are necessary. Here we give
our own proposal as a possible new foundation for distributed computability theory
— as a generalization of classic, sequential (or Turing) computability theory.

A process is a semantic model, up to some behavioral equivalence. For instance,
if the chosen models are labeled transition systems and the chosen equivalence is
(weak completed) trace equivalence (see Chapter 2 for details), then a process is
nothing but a formal language [HMUDOLI]; if, instead, the chosen models are Petri
nets and the chosen equivalence is net isomorphism, then a process is a Petri net, up



1.5 Beyond Turing-Completeness 13

[ NPL languages = recursively enumerable languages = CCS languages \

-

Context-dependent languages

~

(FNC languages = FNM languages = Petri net languages

/ Context-free languages \

BPP languages

C SEM languages = CFM languages = regular languages]

\_ J
N\ Y,

\_ J

\_ J

Fig. 1.9 The hierarchy of languages — interleaving semantics

to net isomorphism. In other words, the notion of computable function on the natural
numbers for sequential computation is to be replaced by a model with an associated
equivalence relation, which we call a process, for concurrent computation.

A process algebra is complete w.r.t. a given class of models if it can represent all
the elements of that class, up to the chosen behavioral equivalence. A class of mod-
els is Turing-complete if it can compute all the computable functions; if a process
algebra is complete w.r.t. that class of models, then it is also Turing-complete.

Different process algebras usually have different expressive power. In this book
we present a list of six, increasingly more and more expressive, process algebras,
each one complete w.r.t. some class of Petri nets, up to net isomorphism, as de-
scribed in Figure 1.5. The most expressive one is NPL, which is the only language
studied in this book to be Turing-complete, as it can represent all finite Nonper-
missive Petri nets, and which can also solve the LMS problem. However, there are
other process algebras, such as CCS [Mil89, GV15] (only sketched in Section 9.3),
that are Turing-complete, but that can neither represent all the finite Nonpermissive
Petri nets, nor solve the LMS problem. Nonetheless, CCS can represent many in-
finite P/T nets, and so NPL and CCS are incomparable, at least if the considered
semantic equivalence is net isomorphism.

It is interesting to note that, if the chosen semantic models are labeled transition
systems and the chosen behavioral equivalence is (weak completed) trace equiva-
lence, then we remain within the reassuring confines of classic, sequential (or Tur-
ing) computability theory, as illustrated in Figure 1.9. NPL, being Turing-complete,
models all the recursively enumerable languages, and the same holds for CCS; FNC
and FNM model the class of Petri net languages (as shown in Sections 7.2.1 and
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7.5.1), and this is included in the class of context-dependent languages; BPP models
a class of languages which includes all the regular languages and some context-free
languages as well as some context-dependent ones; finally, SFM and CFM model the
class of regular languages. Of course, this picture is not very convincing, as we have
already observed that NPL and CCS are not equally expressive, as only the former
can solve the LMS problem; moreover, FNC and FNM are also not equally expres-
sive, as only the latter can solve the dining philosophers problem in a symmetric,
fully distributed, deadlock-free manner (as shown in Chapter 6 of [GV 15], based on
[LR81, RLY4]). In other words, if the observer wears interleaving glasses, then he
cannot observe anything more than ordinary formal languages or computable func-
tions; on the contrary, if the observer wears truly concurrent glasses, then he can
observe phenomena that go beyond the limits of Turing-completeness.



Chapter 2
Labeled Transition Systems

Abstract Labeled transition systems are presented as a suitable interleaving se-
mantic model for distributed systems. Some notions of behavioral equivalence are
discussed, such as isomorphism equivalence, trace equivalence, and bisimulation
equivalence. The non-interleaving model of step transition systems is also intro-
duced.

2.1 Labeled Transition Systems

A simple model for reactive, distributed systems is based on (possibly infinite) edge-
labeled directed graphs, where the nodes are the states of the system and the edges
are the transitions, each one labeled with one action, describing how the system
evolves upon the occurrence of that action. This class of models, called Labeled
Transition Systems (LTSs for short), was introduced by Keller in [Kel76].

Definition 2.1. (Labels) Let Lab be a countable set of labels (or actions), ranged
over by ¢, possibly indexed, which includes a special action 7 denoting an invisible,
internal activity. a

Definition 2.2. (Labeled transition system) A labeled transition system (LTS for
short) is a triple TS = (Q,A, —) where

e () is the nonempty, countable set of states, ranged over by ¢ (possibly indexed);

e A C Lab is the countable set of labels (or actions), ranged over by ¢ (possibly
indexed);

o — C O XA x Qis the transition relation.

Given a transition (g, ¢,q’) € —, q is called the source, ¢’ the target and ¢ the label
of the transition. For economy’s sake, we assume that for any ¢ € A there exists a
transition (q,¢,q’) € —.

A rooted labeled transition system is a pair (TS, go) where TS = (Q,A, —) is an
LTS and go € Q is the initial state (or root). Sometimes we write 7S = (Q,A, —,qo)
for a rooted LTS. a

© Springer International Publishing AG 2017 15
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Fig. 2.1 A simple model for a coffee-vending machine

Notation: In the following, given an LTS (Q,A, —), a transition (¢,¢,q’) € — is

‘ .
denoted by g — ¢'. Moreover, we also use the abbreviations below:

g ifandonlyif 3¢.q-¢,
q—é» if and only if Eq’.qu]/a
q — if and only if Elé.qé,
q— ifandonlyif W q-.

Example 2.1. A simple coffee-vending machine — which can input one coin, allows
for the selection of espresso (action ask-esp) or American coffee (action ask-am),
and then delivers the chosen beverage — may be modeled by the LTS (rooted in q)
depicted in Figure 2.1, with the obvious graphical convention. Formally, the set Q
of states is {¢1,92,93,qa}, the set A of labels is {coin, ask-esp, ask-am, esp-coffee,
am-coffee} and the transition relation — is the set {(g1,coin,q2), (g2, ask-esp,q3),

(92, ask-am, qa), (g3, esp-coffee, q1), (qa,am-coffee, q1)}. =

Definition 2.3. (Path) Given an LTS TS = (Q,A,—), and two states ¢,q' € O, a
. ... L /
path of length n from g to ¢’ is a sequence of n transitions q; — ¢} ¢2 gq'z

qn N g, such that g = q1, ¢ = ¢}, and ¢} = g;+) fori = 1,...,n, usually denoted by

‘0 0 .
Q== G = Gl

When n = 0, the path is empty and ¢ = ¢’ = 1. If g; # q; for all i # j (i, € {1,
.,n+1}), then the path is acyclic, otherwise it is cyclic. The rooted LTS (75, qo) is

acyclic if it contains no cyclic path starting from gg. The LTS T is acyclic if it con-

tains no cyclic path. A path may also be infinite: the infinite sequence q1 142,43, - -

such that g; L> qi+1 for each i € N, yields the infinite path ¢ —> q2 —> q3 .- a

Definition 2.4. (Reachability relation) Let A*, ranged over by o, be the set of all
the strings on A, including the empty string €. The concatenation of &) and o3
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Fig. 2.2 Reachable LTS

yields o] 05, with the proviso that 6 = 0 = o€. We define the reachability relation
—*C Q x A* x Q as the least relation induced by the following axiom and rule:

¢
a - g

£ 4 ol
q—q 91— q3

We simply write g; —* g2 to state that g, is reachable from g when there exists
a string o such that g Ty Q2. a

Definition 2.5. Given an LTS 7S = (Q,A,—) and a state g € Q, we define the sort

of g as the set sort(q) = {{ € A | 39 .q = ¢ LN }. We define the rooted LTS
TS, = (Qq,s0r1(q),—4,q), called the reachable LTS from q, where

e Q, is the set of the states reachable from ¢, i.e., O, = {¢' € Q | ¢ »* ¢}, and
e —, is the restriction of — on Q, x sort(q) x Qy. O

Let us consider Figure 2.2. It is not difficult to see that the reachable LTS from
state go of the LTS (a) on the left is indeed the LTS (b) on the right.

Definition 2.6. A rooted LTS TS = (Q,A,—,qo) is reduced if TS is exactly the
reachable LTS from g, i.e., TS = TS,,. O

The LTS in Figure 2.2(a) is not reduced, while the one in (b) is reduced. Note
that a rooted LTS TS = (Q,A,—,qo) is reduced when all the states are reachable
from the initial state (i.e., when Q = Q).

We briefly introduce some classes of LTSs we will use in the following.

Definition 2.7. (Classes of LTSs) An LTS 7S = (Q,A,—) is

e finite if it is acyclic and Q and A are finite sets;
o finite-state if Q and A are finite sets;
e boundedly branching if 3k € N such that Vg € Q the set T, = {(¢,¢,q) | FeA

¢ € Q. qu’ } has cardinality at most k; the least k satisfying the above
condition is called the branching degree of the LTS;
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Fig. 2.3 Some labeled transition systems

e finitely branching if the set T, = {(q,(,q') | I €A 34 € Q. qi>q'} is finite
for all g € Q; if this is not the case, the LTS is infinitely branching;

o image-finite if the set T, o = {(¢,¢,q’) ‘ 34 €0.9 i>q’} is finite for all g € Q
andforall / € A;

o deterministic if ¢ LN ¢ and ¢ N q" imply that ¢’ = ¢", for all g € Q and for all
LeA. |

The LTS in Figure 2.2(b) is finite. Note that a finite LTS may offer only finitely
many different paths. Of course, any finite LTS is also finite-state. However, the
LTS in Figure 2.2(a) is finite-state but not finite, because it is not acyclic. Note that
a finite-state LTS may offer infinitely many different paths. Note also that there are
necessarily finitely many transitions when both Q and A are finite.

In Figure 2.3(a), an LTS is depicted that has finitely many states but that is not
finite-state because A is infinite; note that this LTS is not even finitely branching.
Formally, this LTS is the triple (Q,A, —), where 0 = {q,¢'},A={a; | i € N} and
—={(q.ai,q) | ai € A}.

A finite-state LTS is boundedly branching, while the converse does not hold:
Figure 2.3(b) depicts a boundedly branching LTS (with branching degree k = 2),
which is not finite-state; formally, it is the triple (Q,A, —), where O = {g; | i e N},
A = {inc,dec} and — = {(gi,inc,qis1) | i € N}U{(gir1,dec,q;) | i € N}. This
LTS represents a semi-counter (i.e., a counter without the ability to test for zero)
that can increment (action inc) or decrement (action dec) the value n stored in the
counter state g, (see also Example 5.9).

A boundedly branching LTS is finitely branching, while the converse is false;
Figure 2.3(d) depicts an LTS where 0= {q; | ie N}U{ql,| | ieN,1 < j<i+1},
A={a} and —» ={(gi,a,qi+1) | i€ NYU{(git1,a,q],,) | ieN, 1< j<i+1}.
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Clearly, for all i € N, exactly i + 1 a-labeled transitions start from state g;, hence,
this LTS is not boundedly branching, even if it is finitely branching.

Of course, a finitely branching LTS with finitely many states is boundedly
branching. Moreover, an LTS that is not boundedly branching but that is finitely
branching cannot be finite-state. Finally, a finitely branching LTS is image-finite; the
converse does not hold, as the LTS in Figure 2.3(a) is image-finite but not finitely
branching. The LTS in Figure 2.3(¢) is not image-finite. Examples of nondetermin-
istic LTSs are shown in Figure 2.3(¢) and (d).

2.2 Behavioral Equivalences

When are two systems to be considered equivalent? There is not an obvious answer
to this question: many different notions of behavioral equivalence have been pro-
posed in the literature on LTSs, some of which are motivated by peculiar technical
reasons. Here we briefly present only the main ones. The reader interested in a more
detailed, didactical presentation of this topic may consult [GV15], while an even
more comprehensive overview may be found in [Gla01, Gla93, San12].

2.2.1 Strong Equivalences

In this section, we consider the internal action T as observable as any other action.
Equivalences of this kind are called strong to reflect this strict requirement. In the
next section we will discuss the problem of abstracting from the internal action 7.
Equivalences discussed there are called weak as they turn out to be less discriminat-
ing than the corresponding strong ones, discussed in this section.

As LTSs are basically edge-labeled directed graphs (even if with possibly in-
finitely many states), we can consider graph isomorphism as our first choice.

Definition 2.8. (Isomorphism) Let 751 = (Q1,A,—1) and TS, = (02,A,—2) be
two LTSs. An isomorphism is a bijection f : Q1 — Q» which preserves transitions:

g—51q  ifandonlyif f(q)—5 f(d)

for all ¢,q' € Q and for all £ € A. If there exists an isomorphism between TS| and
TS,, then we say that TS| and TS, are isomorphic, denoted TS| = TS5.

This definition can be adapted to rooted labeled transition systems by requiring
that the isomorphism f preserve also the initial states, i.e., f(q1) = ¢2, if ¢; and ¢
are the initial states of 7'S; and T'S,, respectively. O

Proposition 2.1. LTS isomorphism = is an equivalence relation, i.e., reflexive, sym-
metric and transitive. a
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Fig. 2.4 Two equivalent, yet not isomorphic LTSs

Two isomorphic LTSs are of course indistinguishable by any observer: what-
ever is done on the first can be replicated on the second, and vice versa. However,
isomorphism equivalence is too discriminating as it distinguishes between systems
that are to be equated intuitively. For instance, consider the two LTSs in Figure 2.4,
which are clearly not isomorphic because there is no bijection between the two sets
of states. Nonetheless, no observer can tell them apart as, after all, both can only do
any sequence of a’s. Moreover, checking graph isomorphism over finite-state LTSs
is an NP problem that is not known to be in P, and the best known algorithm is
exponential in the number of states [BKL83]; therefore, verification based on iso-
morphism equivalence is, in general, not viable in practice.

Labeled transition systems are also very similar to automata [HMUO1], and so
we can take inspiration from the notion of equivalence defined over automata. An
automaton, besides an initial state, has a designated set of accepting (or final) states.
A sequence of symbols (a string or word, in automata terminology) is recognized if
there is a path in the automaton starting from the initial state and ending in one of
its final states by reading that string. Two automata are equivalent if they recognize
the same strings (language equivalence). Intuitively, LTSs differ in one important
aspect from automata: while we check whether string ¢ can drive the automaton to
a final state, for LTSs we check whether it is able to perform that string; hence, if the
LTS performs a string o, necessarily it is also able to perform any prefix of ¢; this
implies that we should consider an analogous definition of equivalence over LTSs,
which implicitly assumes that all the states are final.

Definition 2.9. (Trace equivalence) Let (Q,A,—) be an LTS and let g € Q. A trace
of ¢ is a string ¢ € A* such that ¢ A q' for some ¢’ € Q. The set of traces of q is

Tr(q) ={o €A* ’ I €0.q-24}.

Two states g1, g2 € Q are trace equivalent if Tr(q) = Tr(q2 ), and this is denoted by
q1 = q2. This definition can be extended to rooted LTSs as follows. The set 7r(TS)
of traces of the rooted LTS 7S = (Q,A,—,qo) is Tr(qo). Two rooted LTSs, TS| and
TSy, are trace equivalent if Tr(TSy) = Tr(TSz). O

Is trace equivalence useful for reactive systems? Compare the impolite vending
machine in Figure 2.5 with the intuitively correct model in Figure 2.1. It is not diffi-
cult to see that the two are trace equivalent, as both offer the same traces. However,
we cannot declare them equivalent, as an observer can really detect some difference
in their behavior. Observe that in the model of Figure 2.1, after inserting a coin, the
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Fig. 2.6 Two trace equivalent LTSs with different deadlock behavior

user can choose between asking for an espresso or for an American coffee. On the
contrary, in Figure 2.5, upon insertion of the coin, the machine nondeterministically
chooses to reach either g¢, where only ask-esp is possible, or g7, where only ask-am
is possible; hence, in this case it is the machine that makes the choice and not the
user! This example explains that in concurrency theory the timing of a choice can
be a crucial aspect of the behavior and cannot be neglected, as in trace equivalence.

Another good reason for rejecting trace equivalence is that it equates LTSs with
different deadlock behavior.

Definition 2.10. (Deadlock) A state g is a deadlock if there is no transition starting

from it, i.e., A(¢,q’) such that ¢ LN q', usually abbreviated as g -. An LTS 7S =
(Q,A,—) is deadlock-free if for all ¢ € Q, g is not a deadlock. O

Indeed, trace equivalence is not sensitive to deadlock. Consider the two LTSs in
Figure 2.6. Both can perform the same set of traces, namely {€,a,ab}, so they are
trace equivalent. However, the LTS on the left is nondeterministic and, after a, it can
reach the deadlock g3, while gs, after a, reaches gg, which is not a deadlock. We
can slightly refine trace equivalence in order to get an equivalence that is sensitive
to deadlock.

Definition 2.11. (Completed trace equivalence) Let 7S = (Q,A, —) be an LTS. A
completed trace for g € Q is a (possibly empty) string 6 € A* such that ¢ Ty q
and ¢’ - for some ¢’ € Q. Hence, the set of completed traces of a state g € Q is

CTr(q) ={oc A" | 4 € Q. qiﬁ qd Nq »}.
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Two states, q1,q2 € Q, are completed trace equivalent if Tr(q;) = Tr(qz) and
CTr(q1) = CTr(q2), and this is denoted by q; =, ¢2. |

The two states g; and g5 in Figure 2.6 are not completed trace equivalent, as the
set of the completed traces of ¢; is {a,ab}, while for gs it is {ab}.

Even if sensitive to deadlock, is completed trace equivalence satisfactory? Unfor-
tunately, this is not the case: the two vending machines of Figures 2.1 and 2.5, which
we expect to be not equivalent, are completed trace equivalent: as these two LTSs
are deadlock-free, it turns out that CTr(q;) = CTr(gs) = 0. So it is necessary to find
some finer notion of equivalence that is able to capture the timing of choices. More-
over, language equivalence over automata is PSPACE-complete [SM73, HRS76],
and so is also trace equivalence (as well as completed trace equivalence) for finite-
state LTSs. It is therefore advisable to find a finer notion of equivalence that is more
easily checkable. The natural candidate equivalence relation is bisimulation equiva-
lence, originated in [Park81, Mil89].

Definition 2.12. (Simulation and bisimulation) Let 7S = (Q,A,—) be an LTS. A
simulation is a relation R C Q x Q such that if (¢;,¢2) € R then for all £ € A

e V¢ such that ¢ in/l, Jq/, such that ¢, in]’z and (q},45) €R.

State ¢ is simulated by ¢’, denoted g < ¢/, if there exists a simulation R such that
(¢,4') € R. Two states g and ¢’ are simulation equivalent, denoted g ~ ¢, if ¢ < ¢
and ¢’ <gq.

A bisimulation is a relation R C Q x Q such that R and its inverse R~ are
both simulation relations. More explicitly, a bisimulation is a relation R such that
if (q1,92) € Rthenforall { € A

e V¢ such that ¢ in/l, Jq} such that g, i>q’2 and (¢},45) €R,
e V¢, such that ¢, in/z, Jq such that g; L>q’1 and (¢},45) € R.

Two states g and ¢’ are bisimilar (or bisimulation equivalent), denoted g ~ ¢, if
there exists a bisimulation R such that (¢,4') € R. O

Remark 2.1. The definition above covers also the case of a bisimulation between
two LTSs, say, TS| = (Q1,A,—1) and TS, = (Q,A,—) with Q1 N0, = 0, because
we may consider just one single LTS TS = (Q; UQ»,A,—1 U —7): A bisimulation
R C Q) X 0, is also a bisimulation on (Q1 U Q3) x (Q1 U Q7). We say that a rooted
LTS 7S; = (Q1,A,—1,q1) is bisimilar to the rooted LTS TS, = (Q02,A,—2,¢2) if
there exists a bisimulation R C Q1 X Q5 containing the pair (g1, ¢>). O

Example 2.2. Consider the LTSs in Figure 2.7. A bisimulation relation proving that
q0 ~ g4 is R={(q0,94), (91,95),(92,97)(91.96),(92,98),(43,94), (43,99)}. O

Let us consider again the two vending machines of Figure 2.1 and Figure 2.5.
We can prove that it is not possible to find a bisimulation R containing the pair
(q1,95). Suppose, towards a contradiction, we have a bisimulation R such that
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Fig. 2.7 Two bisimulation equivalent systems

.. .. . " -oin
(41,95) € R. By definition of bisimulation, to transition g O 4. gs has to re-

spond with g5 ‘ﬂ?q@ or with gs ﬂltn; this means that at least one of the two
pairs (g2,9¢) or (g2,g7) must belong to bisimulation R. But this is impossible: if

(¢2,96) € R, then g¢ cannot respond to transition ¢, as@)m qa, invalidating the as-
sumption that R is a bisimulation; similarly, if (¢2,¢7) € R, then g7 cannot respond

. ask-es . . .
to transition ¢; —>p q3. Therefore, the two vending machines are not bisimula-
tion equivalent.

We now list some useful properties of bisimulation relations.

Proposition 2.2. For any LTS TS = (Q,A,—), the following hold:

1. the identity relation .% = {(q,q) | q € Q} is a bisimulation;

2. the inverse relation R~' = {(¢,q) ’ (g,9') € R} of a bisimulation R is a bisim-
ulation;

3. the relational composition Ry oRy = {(¢,4") | 3¢'.(¢,4') € Ri A (¢'.q") € R2}
of two bisimulations R| and R; is a bisimulation;

4. the union | J;c; R; of bisimulations R; is a bisimulation.

Remember that g ~ ¢’ if there exists a bisimulation containing the pair (g,q").
This means that ~ is the union of all bisimulations, i.e.,

~=|J{RCQxQ | R isabisimulation}.
By Proposition 2.2(4), ~ is also a bisimulation, hence the largest such relation.

Proposition 2.3. For any LTS TS = (Q,A,—), relation ~ C Q X Q is the largest
bisimulation relation. O

Observe that the bisimulation relation we have presented in Example 2.2 is not
reflexive, not symmetric, and not transitive. Nonetheless, the largest bisimulation
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relation ~ is an equivalence relation. As a matter of fact, as the identity relation .%
is a bisimulation by Proposition 2.2(1), we have that .# C ~, and so ~ is reflexive.
Symmetry derives from the following argument. For any (q,q’) € ~, there exists a
bisimulation R such that (¢,¢’) € R; by Proposition 2.2(2), relation R~ is a bisim-
ulation containing the pair (¢’,q); hence, (¢,q) € ~ because R~! C ~. Transitivity
also holds for ~. Assume (q,¢’) € ~ and (¢',q") € ~; hence, there exist two bisim-
ulations Ry and R; such that (¢,q') € Ry and (¢',q") € R»; by Proposition 2.2(3),
relation Rj o R, is a bisimulation containing the pair (gq,q”); hence, (q,q") € ~,
because R o R, C ~. Summing up, we have the following.

Proposition 2.4. For any LTS TS = (Q,A,—), relation ~ C Q X Q is an equivalence
relation. a

Bisimulation equivalence over a finite-state LTS with n states and m transitions
can be computed in O(m log n) time [PT87]. Differently from all the other equiva-
lences, it is even decidable over one class of infinite-state systems we will introduce
in the following (notably over BPP in Chapter 5).

It is sometimes convenient to write a bisimulation compactly, by removing those
pairs that differ from others only up to the use of bisimulation equivalent alterna-
tives. The resulting relation is not a bisimulation, rather a bisimulation up to ~. We
denote by ~ R ~ the relational composition ~ o Ro ~; in other words, by g ~ R ~ ¢’
we mean that there exist two states ¢; and g such that g ~ g1, (¢1,¢2) € R and

a2~
Definition 2.13. (Bisimulation up to ~) A bisimulation up to ~ is a binary relation
R on Q such that if (¢1,¢2) € R then for all £ € A

e V¢ such that ¢ LN 4}, 3¢} such that ¢» LN ¢ and ¢} ~ R ~ ¢,
e V¢, such that ¢» LN ¢5, 34 such that g; LN q) and ¢} ~ R ~ ¢,. O
Lemma 2.1. If R is a bisimulation up to ~, then ~ R ~ is a bisimulation.

Proof. Assume g ~ R ~ ¢, i.e., there exist q1 and q, such that q ~ q1, (q1,q2) € R

4 . 4
and q> ~ q'. We have to prove that for any g — q" there exists ¢’ — q* such that
q' ~ R ~ ¢* (the symmetric case when q' moves first is omitted). Since q ~ q, there

exists ¢\ such that q; i>q’] with q' ~ q}. Since (q1,q2) € R, there exists ¢, such
that g i>q’2 with ¢, ~ R ~ ¢b. Since g2 ~ ¢/, there exists q* such that q' LN 7
with ¢ ~ q*. Summing up, q' ~ ¢} and ¢} ~ R ~ g5 and g5 ~ q* can be shortened
to ¢ ~ R ~ ¢?, because ~ o ~=~ by Proposition 2.2. Hence, we have proved that
if g~ R ~ ¢ then for any q' such that q i>ql there exists q* such that q' LN 7
with ¢' ~ R ~ g¢?, as required by the definition of bisimulation. a
Proposition 2.5. If R is a bisimulation up to ~, then R C ~.

Proof. By Lemma 2.1, ~ R ~ is a bisimulation, hence ~ R ~ C ~ by definition
of ~. As the identity relation % C ~ by Proposition 2.2(1), we have that relation
R=_Y70Ro.% C~R~, hence R C ~ by transitivity. O
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The above proposition states the correctness of the proof principle based on the
above up-to technique: the fact that R C ~ ensures that no erroneous equalities are
introduced. Hence, in order to prove that p ~ g, it is enough to exhibit a bisimulation
up to ~ that contains the pair (p,q). The up-to technique is very useful when we
consider LTSs generated by process algebra terms, as we will see in the next chap-
ters. In that setting, the states are terms, and on terms many algebraic properties
hold (e.g., associativity and commutativity of parallel composition) for bisimulation
equivalence; hence, we can economize on the number of pairs in R by replacing one
process algebra term by some other equivalent one, according to some algebraic
laws.

On process algebra terms, it is also possible to define a structural congruence
relation =. To be more precise, given a set of axioms E (typically, by assuming the
parallel operator to be associative and commutative), the structural congruence =
on terms is the congruence induced by the axioms in E. In other words, p = ¢ if
and only if p can be proved equal to ¢ by means of an equational deductive proof,
using the axioms in E (see, e.g., [GV15], Section 4.3.1, for a brief introduction to
equational deduction). In Chapters 7 and 8, a structural congruence = will be useful
in properly defining the semantics of FNM and NPL, respectively. If =C ~, then
also the following proof technique is available.

Definition 2.14. (Bisimulation up to =) A bisimulation up to = is a binary relation
R on Q such that if (g1,¢92) € R then for all £ € A

o Yq\. q Ln]'l 3q) such that g, i>q’2 and ¢} =R = ¢},
o Vg, ¢ Ln]'z, Jq such that g L>q’1 and ¢y =R=¢}. O

Proposition 2.6. If R is a bisimulation up to = and = C ~, then R C ~.

Proof. It is easy to check that if R is a bisimulation up to =, then = R = is a bisim-
ulation. Hence = R = C ~ by definition of ~. As the identity relation .9 C =, we
have that relation R= . oRo % C =R =, hence R C ~ by transitivity. d

We conclude this section by making comparisons among the various (strong)
equivalences we have introduced.

Given two labeled transition systems TS| = (Q1,A,—1) and TS, = (02,4, —2),
it is easy to see that if 7S; and 7S, are isomorphic via bijection f, then R =
{(q1,92) € Q1 X Q> ’ f(q1) = g2} is a bisimulation. Hence, bisimulation equiv-
alence is coarser than isomorphism.

Moreover, bisimulation equivalence is finer than completed trace equivalence. If
R is a bisimulation containing the pair (¢1,¢2), then g; =, g2, i.e., Tr(q1) = Tr(q2)
and CTr(q) = CTr(qz). As a matter of fact, the bisimulation definition ensures that
whatever action / is performed by one of the two, the other can reply with ¢, reaching
a pair of states that are still in the bisimulation relation R. By iterating this single
step, one can prove that whatever sequence o is performed by one of the two, say
q1 Ty ¢}, the very same sequence can be performed also by the other, ¢; Ty g,
reaching a pair of states (¢}, ¢5) that are still in R; hence, if o is a trace of ¢, then ¢
is also a trace of gy. If the reached state q’1 is a deadlock, then also the other one, say
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¢5, must be a deadlock, in order to satisfy the bisimulation condition; hence, if o is
a completed trace for g, then o is also a completed trace for go. Symmetrically, if
o is a completed trace for ¢, then o is also a completed trace for ¢ .

To conclude the comparison with the various equivalence relations we have
presented, note that bisimulation equivalence is finer than simulation equivalence:
q1 ~ q if there exists a relation S, with (g1,¢2) € S, such that S and its inverse S~!
are both simulations; instead, ¢; ~ ¢, holds if ¢; < ¢, and ¢ < ¢, i.e., if there
exist rwo simulations Ry and R; such that (¢1,92) € R; and (¢2,91) € Ry, but R,
may be not Rl_l. Moreover, simulation equivalence implies trace equivalence, but it
is incomparable w.r.t. completed trace equivalence.

In case of deterministic LTSs, trace equivalence and bisimulation equivalence
coincide, as well as all the other equivalences in between. Hence, only two distinct
equivalences are available for deterministic systems: trace equivalence and isomor-
phism equivalence.

2.2.2 Weak Equivalences

All the equivalences we have discussed so far are usually called strong to denote that
all the actions of the LTS are equally observable. In fact, in real life this is not the
case. A lot of activities of a system are completely internal and cannot be influenced
by any interacting user and so, to some extent, are not observable. It is usually
assumed that all the internal activities are equally represented by the same action 7,
to express that the actual content of what an internal action does is unobservable.
For simplicity’s sake, here we introduce only some basic weak equivalences. The
reader interested in more detail can consult [GV 15, Gla93, San12].

Definition 2.15. For any LTS 7S = (Q,A,—), with B=A\ {7}, we define relation
= C Q X B* x Q as the least relation induced by the following axiom and rules,
where € is the empty trace:

o T o 14
g=9 @2—q G=q @—q3 (#7T
€ o ol
q=—q q1 =43 q1 == q3

d

Note that a path g SN q2 = . -qn SN gn+1 (Withn > 0) yields that ¢; £ qn+1-
Moreover, it can be proved that g N ¢’ if and only if there exist two states ¢ and g,
such that ¢ == g, — ¢» == ¢'. Finally, if 6 = £1£5...4,, then gj == g1 if and
only if there exist g3, . ..,q, such that g; é> q2 % .o qn é Gn+1-

Definition 2.16. (Weak trace equivalence) Let (Q,A,—) be an LTS, and let B =

A\ {7}. A weak trace of g € Q is a string 6 € B* such that g== ¢’ for some ¢'.
Hence, the set WTr(q) of weak traces of ¢ is
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WTr(q)={ceB* | 3¢ € 0.q==4}.

Two states q1,q2 € Q are weak trace equivalent if WTr(q1) = WTr(q2), and this
is denoted by g; =, ¢q2. This definition can be adapted to rooted LTSs: the set
WTr(TS) of weak traces of the rooted LTS TS = (Q,A,—,q0) is WTr(qo). Two
rooted LTSs, TS| and TS,, are weak trace equivalent if WTr(TS|) = WTr(TS,). O

Following Definition 2.9, given an LTS TS = (Q,A,—), a (strong) trace is any
o € A* such that qi>* q' for some ¢’ € Q. It is easy to see that two (strong)
trace equivalent states are also weak trace equivalent, i.e., Tr(q;) = Tr(g2) implies
WTr(q1) = WTr(gz) for any pair of states ¢ and g.

Definition 2.17. (Weak completed traces) Given an LTS 7S = (Q,A, —), with B=
A\ {7}, and a state ¢ € Q, the set of weak completed traces of q is

WCTr(q) = {c €B" | 3¢ € 0.q=%¢' A ¢ # forall £ € B}.

Note that state ¢’ above need not be a deadlock state, as it may still perform silent,
T-labeled transitions. Two states g1,q> € Q are weak completed trace equivalent if
WTr(q1) =WTr(qy) and WCTr(q1) = WCTr(q2), denoted by q1 =yetr ¢2-

This definition can be extended to rooted LTSs: the set WCTr(TS) of weak com-
pleted traces of the rooted LTS 7S = (Q,A, —,qo) is WCTr(go). Two rooted LTSs,
TS, and TS,, are weak completed trace equivalent if WTr(TS;) = WTr(TS,) and
WCTr(TS,) = WCTr(TS,). O

For finite-state LTSs, one can compute weak (completed) trace equivalence by
means of strong (completed) trace equivalence: one has first to compute the (partial)
transitive closure =’ = {(¢,¢,q') | £ € BA(q,(,q') € =} of the transition relation
— (a procedure, based on the classic Floyd-Warshall algorithm [Flo62], that takes
time at most 0(n3) with n the number of states), and then to check (completed) trace
equivalence, which is PSPACE-complete.

Remark 2.2. (All regular languages — and only these — are representable by finite
state LTSs) In automata theory [HMUO1], the languages recognized by finite au-
tomata are called regular languages. We want to show that all the regular languages
can be represented by finite-state LTSs.

Let L be a regular language. Then, there exists a DFA M = (Q,B,d,F,qp) —
where O = {q0,41,---,9n}, and 8 has type 0 : Q X B — Q — such that L is the
language recognized by M. To be precise, a configuration is a pair (¢,w) with g € QO
and w € B*. Configurations can evolve according to the following rules:

(g, w)—> (¢ ,av')  ¢"=6(q,a)
(q,w) —"(g,w) (g,w) —"(q",W')

A DFA M = (Q,B, §,F,qo) recognizes (or accepts) a string w € B* if there exists
a final state ¢ € F such that (go,w) —" (g,€), i.e., there is a path starting from
the initial state go in the automaton that, by reading w, leads to a final state. The
automaton M recognizes the language L[M] = {w € B* | 3 € F.(qo,w) —" (¢.€)}.
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Starting from M, we can build a rooted LTS TSy = (QUF',BU{7},—,q0),
where F' = {¢] ‘ qi € F} is a set of copies of the final states of M, and the transition
relation is defined as the least relation generated by the following rules:

0(gi,a) =q; o(gi,a)=q; N q;€F q€EF

75— q; 9~} 90— g

Note that for a transition 8(g;,a) = ¢ with ¢; € F in M, we have two transitions
in TSy gi — ¢ j and g; - q’j. Hence, TSy, is a nondeterministic LTS, even if M is
a deterministic automaton. Note that the states in F’ are deadlocks.

It is not difficult to prove that (go,w) —" (qx,€) in M iff gy —" gy in TSy,
for all g, € Q and w € B*. The proof is by induction on the length of w; the
base case is w = €; in this case, (qo,€) —" (qo,€) as well as go —"* go, as re-
quired. Now, assume w = va. In M, (qo,va) —* (qk,€) is derivable iff there ex-
ists a state g; € Q such that (go,va) —"* (gi,a) and 8(q;,a) = gx. It can easily be
proved that (qo,va) —" (¢i,a) in M iff (qo,v) —" (¢i,€); hence, by induction, we
can conclude that gy —* ¢; in TSy, and, by definition of the transition relation, also
gi — qy; therefore, gy —* gi by Definition 2.4, as required.

As a consequence, we can easily prove that w € WCTr(TSy,) if and only if
w € L[M] for all w € B*. The empty trace € belongs to WCTr(TSy) iff transi-
tion qo i>q6 is present in 7Sys; in turn, this is possible iff go € F, and so iff
€ € L[M]. Now, let us assume that va € WCTr(TSy). This is possible iff there ex-
ist g; € Q and ¢; € F' such that o g - q'; By the argument above, we have
that (go,v) —" (¢i,€); moreover, by definition of —, we have 8(g;,a) = g; with
q;j € F. It can easily be proved that (go,v) —"* (g;,€) in M iff (qo,va) —* (gi,a);
therefore, (qo,va) —* (¢;,€) in M, i.e., va € L[M].

Conversely, we can also show that only regular languages can be represented by
finite-state LTSs. Let us consider a rooted LTS 7S = (Q,BU{t},—,q0), with T & B.
Starting from TS, we can build an NFA M = (Q,B, 3, F,qo), where the set of final
states is F = {g € Q | ¢ is adeadlock}, and § C Q x (BU{e}) x Q is defined as
the least relation generated by the following rules:

g~ q; gi—q;

(gi,a,qj) €6 (9i,€,q;) €6

It is easy to prove, with reasoning similar to the above, that w € WCTr(TS) if
and only if w € L[M] for all w € B; this because the two automata-like structures
are essentially isomorphic and a state is final for M iff it is a deadlock for 7.

Summing up, we have shown that a language L is regular if and only if there
exists a finite-state, rooted LTS 7' such that L = WCTr(TS). O

Definition 2.18. (Weak simulation) For any LTS 7S = (Q,A, —), with B=A\ {1},
a weak simulation is a relation R C Q x Q such that if (¢1,¢2) € R then for all £ € B

e Vg| such that g LI 4}, 345 such that g, N ¢, and (¢},45) €R,
e V¢ such that g; — ¢}, 3¢}, such that ¢, :8>q/2 and (¢},45) € R.
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Fig. 2.8 Some weakly simulation equivalent labeled transition systems

State g is weakly simulated by ¢', denoted ¢ < ¢/, if there exists a weak simulation R
such that (q,q’) € R. Two states g and ¢’ are weakly simulation equivalent, denoted
g=q.ifq<q andq < q. O

Hence, the weak simulation preorder 5 is the union of all the weak simulations:
<=J{RC0OxQ | R isaweak simulation}.

It is not difficult to prove that, for any LTS (Q,A,—), relation S C O x Q is a
preorder (i.e., reflexive and transitive), while relation = C Q x Q is an equivalence
relation (hence, also symmetric).

Weak similarity = is incomparable with weak completed trace equivalence =,
because = may equate systems with different deadlock behaviors. Moreover, weak
simulation equivalence is unable to sense the timing of choices in a complete way, as
explained below by considering the LTSs in Figure 2.8. On the one hand, it is easily
seen that all four LTSs are weakly simulation equivalent. In particular, relation

R={(91,97):(92,95),(q3,98),(q4,9s8),(q5,99), (q6,910) }

is a weak simulation proving that the LTS in Figure 2.8(a) is weakly simulated by
the LTS in Figure 2.8(b). On the other hand, by performing a, ¢; reaches ¢,, while
q7 reaches gg; however, it is unreasonable to consider ¢, and gg equivalent: ¢» can
silently move to g3, hence discarding action ¢, while gg can reply to this move only
by idling, but gg is still able to perform c.

A natural strengthening of the weak simulation preorder is weak bisimulation
equivalence.
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Definition 2.19. (Weak bisimulation) For any labeled transition system (Q,A, —),
with B = A\ {7}, a weak bisimulation is a relation R C Q x Q such that both R
and its inverse R~ are weak simulations. More expicitly, a weak bisimulation is a
relation R such that if (¢1,¢2) € R then for all £ € B

e V¢| such that ¢; LI 4}, 345 such that g, == ¢, and (¢},q5) €R,
e V¢ such that ¢ in/l, Jq} such that g, :€>q’2 and (¢},45) €R,

and, symmetrically,

e V¢, such that ¢» LI ¢5, 34 such that g £ ¢} and (¢},45) €R,
e Vgb such that g» — g5, 3¢/ such that ¢ :€>q’1 and (¢},45) € R.

States g and ¢’ are weakly bisimilar (or weak bisimulation equivalent), denoted by
q ~ ¢, if there exists a weak bisimulation R such that (¢,q’) € R. O

Hence, weak bisimulation equivalence is the union of all weak bisimulations:
~=|J{RCQOxQ | R isa weak bisimulation}.

For any LTS (Q,A,—), relation &~ C Q x Q is an equivalence relation. Moreover,
g~ q implies g = ¢'.

Consider again Figure 2.8. To show that the LTSs (c) and (d) are weakly bisimi-
lar, it is enough to exhibit a suitable weak bisimulation, e.g.,

R={(q11,916).(912,917), (¢13,919), (913, 4918), (q14,920), (q15.921) (q15,922) }-

It is possible to offer an alternative, yet equivalent, definition of weak bisimulation
as follows: a weak bisimulation is a relation R such that if (g1,¢2) € R then for all
0 € BU{¢g}

e V¢ such that ¢; N 4}, 3¢5 such that ¢» :6>q’2 and (¢},45) €R,
e V¢, such that ¢» :6>q’2, Jq| such that g; :5>q’1 and (q},45) €R,

which is exactly the definition of strong bisimulation on the LTS defined by the
transition relation =" = {(¢,8,¢') | 6 € BU{e} A (¢,6,4) € =}.

As a consequence, from a complexity point of view, computing weak bisimula-
tion equivalence over finite-state LTSs is just a bit harder than computing (strong)
bisimulation equivalence: as mentioned above, one has first to compute the (partial)
transitive closure =" of the transition relation — (by means of the classic Floyd-
Warshall algorithm [Flo62], which runs in 0(n3), where n is the number of states)
and then to check (strong) bisimulation equivalence, which is in O(m log n) time
[PT87], where m is the number of transitions.

A peculiar aspect of weak bisimulation equivalence, as well as of all the weak
behavioral equivalences we have introduced so far, is that it equates systems with
different divergent behavior.
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Fig. 2.9 Comparing some divergent systems

Definition 2.20. (Divergent state and livelock) A state g is divergent if there exists
an infinite path g N q2 —"5 ... of 7-labeled transitions with q1=q. AnLTS TS =
(0,A,—), with B= A\ {1}, is divergence-free if no state g € Q is divergent.

A state g is a livelock if for all reachable ¢/, i.e., for all ¢’ such that g —* ¢/,
¢’ can do at least one 7-labeled transition and cannot do any observable transitions,

ie.,qd — andq % forall £ € B. O

Clearly, a livelock state is also divergent. Consider the LTSs in Figure 2.9. States
q1 and g4 are divergent, even if only ¢ is a livelock.

Now we discuss in what sense weak bisimilarity is not sensitive to divergence.
Consider the two LTSs in Figure 2.9(a). They are weak trace equivalent and also
weak bisimulation equivalent; hence, these weak behavioral equivalences do not
distinguish a divergent state (as well as a livelock) from a deadlock! So, weak be-
havioral equivalences intend to abstract not only from finite amounts of internal
work, but also from infinite amounts (i.e., divergences).

Similarly, the two LTSs in Figure 2.9(b) are equated, despite the fact that the
upper one, in principle, may diverge and never execute b. The intuition behind this
identification is that T-cycles cannot be taken forever when an alternative is present,
i.e., weak bisimilarity assumes that any computation is fair: if b is possible infinitely
often, then b will be eventually chosen and executed.

2.3 Step Transition Systems

As discussed in Chapter 1, LTSs are an interleaving model of computation, where
the states are monolithic and transitions are labeled by one single action. A gener-
alization of LTSs that allows for the modeling of parallel activities is the model of
Step Transition Systems (STSs, for short), which are LTSs whose transitions are la-
beled with a multiset of concurrently executed actions. Therefore, the states are still
monolithic, but the transitions show visibly the potential parallelism of the system.
An example may help clarify the idea. Consider the STSs in Figure 2.10. The STS
rooted in ¢; models a strictly sequential system, as all the transitions are labeled
with a singleton. On the contrary, the STS rooted in g5 models a concurrent system
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Fig. 2.10 Three step transition systems

because transition gs {a—’b; qg indicates that g5 is able to perform two actions, namely
a and b, at the same time. Therefore, even if the STS does not show the components
of state gs, still it enables us to observe that these two actions have been performed
at the same time by distinct subcomponents.

Definition 2.21. (Multiset) A multiset M over a set A is an unordered, possibly
infinite, list of elements of A, where no element of A can occur infinitely many
times. This is usually represented as a set with multiplicities; for instance, M =
{¢,7,¢,7,7} is a multiset over the set A = {¢,7} with two occurrences of action
¢ and three occurrences of action 7. It can be represented formally as a function
M : A — N such that M(x) is the number of instances of element x € A in M. A
multiset M over A is finite if M(x) > 0 for only finitely many x € A. Of course, if A
is finite, then any multiset over A is a finite multiset. The set of all finite multisets
over a set A is denoted by .#;,(A). The operator of multiset union & is defined as
follows: (M} & M;)(x) = Mi(x) + M>(x). O

Definition 2.22. (Step labels) Given a set Lab of labels, as in Definition 2.1, the
set of step labels is SLab = . sin(Lab) \ {0}, i.e., the set of all finite, nonempty
multisets over Lab. O

Definition 2.23. (Step transition systems) A step transition system (STS for short)
is a triple STS = (Q, &, —) where

e () is the nonempty, countable set of states, ranged over by g (possibly indexed);

e % C SLab is the countable set of step labels, ranged over by M (possibly in-
dexed);

o — C O x A xQis the step transition relation.

For economy’s sake, we assume that for any M € % there exists a step transition
(¢;M,q') € —. A rooted step transition system is a pair (STS,qo) where STS =
(Q,A, —) is an STS and go € Q is the initial state (or roor). Sometimes we write
STS = (Q,AB,—,qo) for arooted STS. a

Of course, one can adapt all the strong equivalences we have defined over LTSs
also to STSs. In particular, step bisimulation equivalence, defined below, is just or-
dinary bisimulation equivalence over an STS.
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le Lab o(M)= {1} o(M) # {z} o(M)#{t} (#7
o{e})={} oMu{e})={t} oMU{r})=0M) oMU{l})=o0M)U{l}

Table 2.1 Observable content of a step label

Definition 2.24. (Step bisimulation) Let STS = (Q, %, —) be a step transition sys-
tem. A step bisimulation is a relation R C Q x Q such that if (¢1,¢2) € R then for all
MeA

e V¢ such that ¢; &q’l, Jq} such that g, &qé and (¢},45) €R,
e V¢, such that ¢, &q’z, Jq such that g; Lq’l and (¢},45) € R.

Two states g and ¢’ are step bisimilar (or step bisimulation equivalent), denoted
g ~step ¢, if there exists a step bisimulation R such that (¢,¢’) € R. O

Clearly, the STSs in Figure 2.10 are not step bisimilar: g; 744, g5 because tran-
b
sition gs {a—; gs cannot be matched by ¢1; analogously, g1 7., g9 because only g9

.. b
can perform the step {a,b}; finally, g5 75.p g9 because transition gs u> g7 cannot
be matched by go.

Definition 2.25. (Fully concurrent STS) An STS (Q, %, —) is fully concurrent if

MiaM . ; .
whenever g 1e8n q', with M; # 0 for i = 1,2, then there exists two states g; and ¢
such that

qﬂ)qlﬁnj' and q&)qzﬂn]'. O

Therefore, a fully concurrent STS (Q, %, —) is such that, whenever qﬂmj’ s
with M = {{,0,...,0,}, then for any linearization ¢| ¢} ... ¢;, of the step M (i.e., for
any permutation of the string ¢1/¢;...¢,), there is a path

vy e {e,
L L SR

where q1 = q, g,.1 = ¢'. By looking at Figure 2.10, it is clear that the STSs rooted
in g1 and gs are fully concurrent, while the STS rooted in gg is not.

In other words, a fully concurrent STS has the property that the parallel behavior
of the system can be simulated sequentially: if two actions can be performed in par-
allel, then they can occur in either order (as for state g5 in Figure 2.10). However,
note that it is not true that if two actions can be performed in either order, then they
can be performed in parallel (see state ¢; in Figure 2.10), and this explains the su-
perior expressive power of (fully concurrent) STSs w.r.t. LTSs.

Weak equivalences can also be defined over STSs. The observable content of a
step label M, denoted wth o(M), is the multiset where additional occurrences of the
invisible action 7 are removed. Formally, this is defined in Table 2.1 by induction
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M
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o(M:
q1 <:g)113

Table 2.2 Weak step transition relation

on the size of the multiset. For instance, o({7,¢,7}) = {¢}, o({¢,¢,7}) = {¢,£} and
o({z,7}) = {1},

Also the weak step transition % is to be adapted, as defined in Table 2.2; to be
precise, the label M of a weak step transition 2. does not range over SLab, rather
over {{e}} U (Ain(Lab\{1})\ {0}).

Note that a path ¢ M, Q@ M, qn M, gn+1 (withn > 0), such that o(M;) = {1}
fori=1,...,n,yields that ¢ {28}5 gn+1- Moreover, it can be proved that, for M # {e},
the weak step transititon ¢ M, q' is derivable if and only if there exist two states q;

and ¢; and a step label M’ such that g {:g}$ Q1 LN e {:g}> q,witho(M') =M.

Definition 2.26. (Weak step simulation and weak step bisimulation) For any step
transition system STS = (Q, %, —), a weak step simulation is a relation R C Q x Q
such that if (¢1,¢2) € R then forall M € #
: / M / oM)
o if o(M) # {t}, then Vg| such that g —> ¢/, 3¢, such that ¢o = ¢, and
(d),45) € R;
: _ / M / g /
o if o(M) = {t}, then Vg| such that g — ¢/, 3¢, such that ¢, g, and
(91,42) € R.

State g is weakly step simulated by ¢', denoted by g Syep ¢’ if there exists a weak
step simulation R such that (¢,q’) € R.

A weak step bisimulation is a relation R C Q x Q such that R and its inverse R~
are weak step simulations. States g and ¢’ are weakly step bisimilar (or weak step
bisimulation equivalent), denoted by g ~g., ¢, if there exists a weak step bisimu-
lation R such that (¢,q’) € R. O



Chapter 3
Petri Nets

Abstract Finite Place/Transition Petri nets are introduced as a suitable semantic
model for distributed systems. As this semantic model is not Turing-complete, some
interesting properties, such as reachability, boundedness and liveness, are decid-
able. Also some behavioral equivalences, such as interleaving bisimulation equiv-
alence and step bisimulation equivalence, are presented; these are decidable only
for bounded nets. We also discuss a decidable behavioral equivalence based on the
structure of finite nets, i.e., net isomorphism. Finally, a Turing-complete class of
finite Petri nets, called Nonpermissive Petri nets, is introduced.

3.1 Introduction

In 1962 Carl Adam Petri proposed in his doctoral dissertation [Petri62] a novel se-
mantic model, later called Petri nets in his honor, that generalizes automata, hence
also transition systems.! The basic idea is to describe the global state of a system
as composed of a collection of local states; a transition does not represent a global
transformation, rather it applies only to a subset of local states. In Petri net terminol-
ogy (see, e.g., [Pet81, Reil3] for good introductory textbooks on Petri nets), a local
state s is called a place and it is graphically represented by a circle; a global state m,
called a marking, is a multiset of local states, where the actual number n of copies
of a certain local state s in m is denoted by the presence of n tokens (graphically
represented as little bullets) inside place s; a net transition, graphically represented
by a small box, is connected to all the places that take part in the local operation
that the transition wants to model. Traditionally, a place is seen as a resource type;
the tokens in such a place denote the number of instances of resources of that type;
a transition represents an activity which consumes and produces resources. In our
process algebraic view, the interpretation of places and transitions is a bit differ-

! It seems that Petri first devised such a model in 1939 when he was 13, for the purpose of modeling
chemical reactions.

© Springer International Publishing AG 2017 35
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ent: a place represents a sequential process type; the tokens in such a place denote
the number of instances of processes of that type; a transition represents the evolu-
tion of some processes that interact by synchronizing. This will become clear in the
following chapters.

There are several different classes of Petri nets in the literature, depending on
some peculiar features, such as the constraint of admitting at most one token in
places (e.g., Condition/Event Systems [Rei85] or Elementary Net Systems [RE98]),
or the constraint of having a particular net structure (e.g., Free Choice Nets [DE95])
or allowing for the capability of transitions to test a place for zero (so called Nets
with inhibitor arcs — see, e.g., [Pet81, Bus02]).

Among these many variations, we focus our attention on the most prominent and
best-studied class of finite Petri nets, with the specific features that a place may hold
an unbounded number of tokens, that the tokens on a place are indistinguishable
and that a transition may consume from (or produce into) a certain place multiple
tokens. These nets are called finite Place/Transition Petri nets, usually abbreviated
as finite P/T nets. For this class of Petri nets, some useful subclasses are singled
out, some interesting decidable properties are presented, some behavioral equiva-
lences are defined and their decidability is discussed. The final part of this chapter
describes a novel class of finite Petri nets, we call Nonpermissive Petri nets (NP/T,
for short), which constitutes a generalization of P/T nets with inhibitor arcs. This
class is interesting because it is expressive enough to be Turing-complete; nonethe-
less, the behavioral equivalence of net isomorphism is decidable, as the nets in this
class are finite.

3.2 Place/Transition Petri Nets

We use here a nonstandard notation (also inspired by [Gol88, MM90, O1d91]) that
better suits our needs and that better reflects that P/T nets are a generalization of
labeled transition systems.

Continuing Definition 2.21, we give here more formal definitions of multiset, of
operations on multisets and of representation conventions.

Definition 3.1. (Multiset) Let N be the set of natural numbers. Given a countable
set S, a finite multiset over S is a function m : § — N such that the support set
dom(m) ={s €S | m(s) # 0} is finite. The set of all finite multisets over S, denoted
by .#in(S), is ranged over by m, possibly indexed. (The set of all finite subsets of
S is denoted by Py, (S).) We write s € m if m(s) > 0. The multiplicity of s in m
is given by the number m(s). The cardinality of m, denoted by |m/|, is the number
Y ccsm(s), i.e., the total number of its elements. A multiset m such that dom(m) = 0
is called empty and is denoted by 0, with abuse of notation. We write m C m’ if
m(s) < m/(s) for all s € S. We also write m C m’ if m C m’ and m(s) < m'(s) for
some s € S.

The operator ¢ denotes multiset union and is defined as follows: (m & m')(s)
= m(s) + m'(s); the operation ¢ is commutative, associative and has @ as neutral
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element. If my C my, then we can define multiset difference, denoted by the operator
O, as follows: (m; ©my)(s) = my (s) —ma(s). The scalar product of a number j with
a multiset m is the multiset j - m defined as (j-m)(s) = j- (m(s)).

A finite multiset m over S = {s1,s2,...} can be represented as k; - s;, ® k> - s;, D
.. ©ky - si,, where dom(m) = {si,...s;,} € Sand k; =m(s;;) > 0for j=1,...,n.
If S is finite, i.e., S = {s1,...,5,}, then a finite multiset can be represented also as
ki-s1®Pky-s2P...Dky,-s,, Wwhere kj :m(sj) >0forj=1,...,n. O

Definition 3.2. (P/T Petri net) A labeled Place/Transition Petri net (P/T net for
short) is a tuple N = (S,A, T), where

e S is the countable set of places, ranged over by s (possibly indexed),

e A C Lab is the countable set of labels, ranged over by ¢ (possibly indexed), and

o T C (A, (S)\{0}) X A x Mfin(S) is the countable set of transitions, ranged
over by t (possibly indexed), such that, for each ¢ € A, there exists a transition
t € T of the form (m,¢,m’).

Given a transition t = (m,£,m’), we use the notation:

e °t to denote its pre-set m (which cannot be an empty multiset) of tokens to be
consumed;

e [(¢) forits label ¢, and

e 1* to denote its post-set m’ of tokens to be produced.

Hence, transition ¢ can be also represented as °¢ ﬂ t*. We also define pre-sets and
post-sets for places as follows: *s={r €T | s€*}ands*={r €T | s € *t}. Note
that while the pre-set (post-set) of a transition is, in general, a multiset, the pre-set
(post-set) of a place is a set. ]

Remark 3.1. (Constraints on the definition of P/T net) Our definition of 7" as a set
of triples ensures that the net is transition simple, i.e., for any t1,t, € T, if °t} = °t;
and 1} =13 and I(t;) = I(r2), then t; = 1,. Note also that we are assuming that each
transition has a nonempty pre-set: for our interpretation of net models, where a
transition can only be performed by some sequential processes, this requirement
is strictly necessary (see also Remark 3.3). These are the only two constraints we
impose over the definition of a P/T net (c¢f [Pet81, Rei85, DR98]). The additional
condition that the set A of labels is covered by T (i.e., for each ¢ € A there exists
t € T with label £) is just for economy. O

Remark 3.2. (LTSs form a subclass of Petri nets) If we compare the definition
above of labeled P/T Petri net with Definition 2.2 of labeled transition system, we
note that the former is a generalization of the latter: a transition system is just a
special case of Petri net, where each net transition ¢ = (m,a,m’) is such that m and
m' are singletons. This issue will be discussed further in Chapter 4. a

Example 3.1. An example of a P/T netis N = (S,A,T), where S = {s1,52,53,54},
A={ab,c} and T = {(2-51 D $2,a,51),(52D 53,0,3-51 D52 D2-53),(51D2"
s3,¢,0)}. The graphical representation of this P/T net is in Figure 3.1, where the
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84

Fig. 3.1 A simple P/T Petri net

arcs connecting circles (i.e., places) to boxes (i.e., transitions), as well as boxes to
circles, may be labeled with the natural number representing the number of tokens
of that type that are to be removed from (or produced into) that place; no label on
the arc is interpreted as the number one, i.e., one token flowing on the arc. O

In a transition system the current global state of the system is just one of its states
(for instance, the initial state at the beginning of the computation). In a Petri net, the
generalization of the current global state is given by means of a marking, i.e., a
distribution of tokens over the places of the net, mathematically represented by a
finite multiset m over the set S of places.

Definition 3.3. (Marking, token, P/T net system) A finite multiset over S is called
a marking. Given a marking m and a place s, we say that the place s contains m(s)
tokens, graphically represented by m(s) bullets inside place s. A P/T net system
N(myg) is a tuple (S,A,T,mp), where (S,A,T) is a P/T net and my is a marking over
S, called the initial marking. We also say that N(myg) is a marked net. O

Once a net is marked with an initial marking, we can start the so-called token
game, i.e., we can see which of the net transitions can be executed (or fired, in Petri
net terminology); the effect of performing a transition ¢ is to remove tokens from
the pre-set of ¢ and to add tokens to the post-set of 7.

Definition 3.4. (Token game) Given a labeled P/T net N = (S,A,T), we say that a
transition ¢ is enabled at marking m, denoted by m|t), if *# C m. The execution (or
firing) of t enabled at m produces the marking m' = (m S °r) & ¢°. This is written
mt)m'. 0

Example 3.2. Continuing Example 3.1 about Figure 3.1, assume we assign an initial
marking mo = s1 @ 52 B 53 B 54, 1.€., each place has exactly one token in it. Clearly,
transition 1} = (251 @ s7,a,s1) is not enabled at my, because it needs two tokens in
s1; similarly, transition 13 = (s ©2 - s3,¢,0) is not enabled at mo. On the contrary,
transition t; = (so @ s3,b,3 51 52D 2-s53) is enabled at mg. The firing of 7, produces
the new marking m; = (mpS°t2) Bt3 = (51 Bsa) B (3-51 D52 P2-53) =45 P52
2 .53 @ s4. Note that at my all of #1,#, and 73 are enabled. In particular, if 73 is fired,
m [t3)my, then the reached marking m, = 3 - 51 @ s, @ s4 is such that transitions #,
and 3 cannot be fired. O
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Remark 3.3. (Empty post-set or pre-set of a transition) In the definition of a tran-
sition t = (m,E,m’ ), it may be the case that its post-set m' is 0. This is, for instance,
the case in the net in Figure 3.1, where the firing of ¢ produces no tokens. In our
interpretation of tokens as sequential processes, we think this situation is quite ac-
ceptable: in performing c, the involved sequential processes dissolve.

If we allowed that the pre-set of + may be empty, i.e., m = @, then the transition
t would always be enabled and could be always fired by ...no sequential process.
In our process algebraic interpretation of net models, it is not possible to accept
transitions that are not performed by sequential processes and so in Definition 3.2
we have imposed that net transitions have nonempty pre-set. O

Remark 3.4. (Permissive nature of P/T Petri nets) A distinguishing feature of P/T
nets is their so-called permissiveness [Pet81]: if t is enabled at m, then ¢ is enabled
also by any other marking m’ covering m, i.e., by any m’ such that m C m/. This is
in contrast with P/T nets with inhibitor arcs [FA73, Hack76a, Pet81, JK95, Bus02],
where a transition ¢ enabled at m may be disabled at m’ because m’ can contain a
token in an inhibiting place for . We will discuss this issue further in Section 3.5,
where we propose a generalization of P/T nets with inhibitor arcs, called Nonper-
missive Petri nets. a

Example 3.3. (Bounded producer/consumer 2PC) Consider the Petri net system
in Figure 3.2(a) with initial marking my = 2 - P& C. Place P represents a producer,
and place C a consumer; the overall system is composed of two producers and one
consumer. A producer first produces some good — transition ¢ = (P, prod,P’) —
and then forwards it to the consumer — transition ¢’ = (C& P',7,P ®C') — which
can then consume the good — transition ¢’ = (C', cons,C).

Transitionz = (P, prod, P') is the only transition enabled at the initial marking m;
its firing produces the marking m; = P& C® P’ (see Figure 3.2(b)). Then, transition
t is enabled again, and its firing produces the marking m, = C®2- P’ (Figure 3.2(c)).
Also transition 1 = (C® P/, T,P& ') is enabled at m;, and its firing produces the
marking m3 = 2- P C'. From marking m, the only enabled transition is ¢, and
the result of its firing is marking my = P& C’ & P’ (Figure 3.2(d)). Transition ¢’ =
(C',cons,C) is enabled at mj3, and its firing produces the initial marking mg. Also
transition 7 is enabled at m3, producing marking m4. From marking mg, the firing of
¢ produces m, while the firing of # produces marking ms = C' ®2- P'. Finally, from
ms only transition ¢” is enabled, and its firing produces m1;. So we have explored the
whole state space for this net; it is composed of six global states (called reachable
markings): mo,my,my,m3,myq and ms. (See also Example 6.21 for a description of
this bounded producer/consumer in FNC.) a

Example 3.4. (Unbounded producer/consumer UPC) As a second, more interest-
ing example, consider the unbounded producer/consumer in Figure 3.3. It is interest-
ing to note that place P’ can hold an unbounded number of tokens, as the producer
P can perform the initial transition prod repeatedly, depositing each time one to-
ken in that place. Therefore, this example shows an interesting feature of Petri nets:
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Fig. 3.2 The Petri net for 2PC in its initial marking (a) and after some transitions (b)-(d)

in some cases, we can offer a finite Petri net model for a system whose reachable
markings are infinitely many. (See also Example 6.12 for its FNC description.) O

Let us now formalize the definition of reachable marking.

Definition 3.5. (Reachable markings and firing sequences) Given a P/T net sys-
tem N(mo) = (S,A,T,mp), the set of markings reachable from m, denoted [m), is
defined as the least set such that

e m € [m) and
e if m| € [m) and, for some transition ¢ € T, m, [t)my, then my € [m).

We say that m is reachable if m is reachable from the initial marking myg. A firing
sequence starting at m is defined inductively as follows:
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Cl

cons

Fig. 3.3 The Petri net for an unbounded producer/consumer U PC

e mis a firing sequence and
o if my[t1)my...[ta—1)m, (With m = m; and n > 1) is a firing sequence and
My [ty)my41, then m = my[t))my ... [ty—1)my[t,)m, 1 is a firing sequence.

A firing sequence m =m [t;)my ... [t,)my41 is usually abbreviated as mlt; .. .1,)my41
and t; .. .t, is called a transition sequence starting at m and ending at m,, 1. a

Example 3.5. Continuing Example 3.3, the set of the reachable markings for the P/T
net in Figure 3.2 is given by the finite set {mg,my,my,m3,ms,ms}. A possible firing
sequence is
mo [t>m1 [t’>m3 [t>m4 [t”)ml [l‘>n12 [I/>M4 [t>m5 [t”)mg [t’>m4 [t”)ml.

Note that the set of its firing sequences starting at my is infinite. Continuing Example
3.4, the set of reachable markings for the net in Figure 3.3 is infinite, as transition
t = (P,prod,P & P’) can be always fired from the initial marking P & C, leading to
a different marking P @ n - P' @ C, for any n € N. Of course, its firing sequences are
infinitely many as well. a

3.2.1 Some Classes of Petri Nets

We introduce some classes of P/T Petri nets that will be useful in the following.

Definition 3.6. (Classes of P/T Petri nets) A P/T Petri net N = (S,A,T) is

e statically acyclic if there exists no sequence x1x3 . ..x,, such thatn >3, x; € SUT
fori=1,....n,x; =x5,x1 € Sand x; € °x; | fori=1,...,.n—1;

e distinct if all the transitions have distinct labels: for all 1,1, € T, if I(t;) = I(t2),
thent; = 17;

e finite if both S and T are finite sets;
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Fig. 3.4 A sequential finite-state machine in (a), and a concurrent finite-state machine in (b)

e afinite-state machine (FSM, for short) if N is finite and for all# € T, |*f| = 1 and
*l<1;

e a BPP net if N is finite and every transition has exactly one input place, i.e., for
allze T, |t =1;

o aCCSnetifforallr €T, 1 <|%%| <2andif |°t|=2thenl(r) =T.

A P/T net system N (my) is

e dynamically acyclic if there exists no m € [mg) with a nonempty (i.e, with n > 2)
firing sequence m [t))my ... [t,—1)my, such that m; C my;

o asequential FSMif N is an FSM and my is a singleton, i.e., |mo| = 1;

e aconcurrent FSM if N is an FSM and my is arbitrary;

e k-bounded if any place contains at most k tokens in any reachable marking, i.e.,
Vs € Sm(s) <k forall m € [mg);

e safe if it is 1-bounded;

o bounded if Vs € S 3k € N such that m(s) < k for all m € [my). O

The nets in Figure 3.4 are finite-state machines; more precisley, the net in (a) is
a sequential FSM, while the net in (b) is a concurrent FSM. Note that FSMs are
k-bounded, where k = |my|, because it is not possible to produce more tokens than
those consumed, since [¢*| < |*#| = 1 for any ¢ of an FSM; therefore, a sequential
FSM is safe. Note that the bound k = |mg| may not be optimal; for instance, the
net in Figure 3.4(b) is 2-bounded, while |mg| = 3. Of course, if a net N(my) is k-
bounded, then it is also k + 1-bounded, while the reverse is not true; for instance,
the net in Figure 3.4(b) is 2-bounded, but it is not safe. The least k € N such that the
net system N (my) is k-bounded is called the bound limit of N(myg).

Of course, any FSM is also a BPP net, and furthermore, any BPP net is a finite
CCS net. The net in Figure 3.5(a) is a BPP net; note that this net is not bounded,
because there is no upper bound on the number of tokens that can be accumulated
in place s». The net in Figure 3.5(b) is not BPP because of the 7-labeled transition,
while it is a finite CCS net.

The net in Figure 3.6(a) is a safe, acyclic BPP net. The net system in Figure 3.6(b)
is a safe, acyclic, infinite net, formally defined as: S = {s} ‘ i€ N}u{s) ] i €N},
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Fig. 3.5 Some further nets: a BPP net in (a), and a CCS net in (b)

a) 81 b) Y 59

a a b

52 53 |
Y 55

Fig. 3.6 Two nets

A={a,b}, T ={(s},a,s{"") | i€ N}U{(s},b,55"") | i € N} and mg =50 @ s9.
This net is not a (safe, concurrent) FSM, because it is not finite. Note that in a safe
net, any reachable marking is a set.

The bounded net in Figure 3.2 is actually 2-bounded. Any finite net that is
bounded is also k-bounded for some suitable k£ € N; in fact, boundedness implies
that for all s € S there exists an upper bound k, on the number of tokens that can be
accumulated on s; if the net is finite, then it is enough to choose the largest k; (call it
k'), which has the property that for all s, k; < k’, so that the net is k’-bounded. It fol-
lows that a bounded net that is not k-bounded for any k € N is infinite. For instance,
consider the net N(mg) = (S,A,T,mg) — where S={s; | i€ N}, A={a; | i€ N},
T ={(si,ai,2si41) | i € N}, mp = {so} — is an infinite net such that place s; can
hold up to 2! tokens; hence, N (myg) is bounded, but there is no & such that 20 < k for
allie N.

The interest in these classes is because we will prove in the following chapters
that they are strictly related to particular process algebras derived from CCS [Mil89]
and Multi-CCS [GV15]. In particular, we will show that SFM process terms origi-
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nate sequential FSMs (Chapter 4), CFM process terms represent concurrent FSMs
(Section 5.1), BPP process terms are mapped to BPP nets (Section 5.2), FNC pro-
cess terms originate finite CCS P/T nets (Chapter 6), and finally FNM process terms
represent all finite P/T nets (Chapter 7).

The following proposition recapitulates some obvious consequences of Defini-
tion 3.6 that we have already discussed above.

Proposition 3.1. Given a P/T system N(my), the following hold:

. if N is an FSM net, then N is also a BPP net;

. if N is a BPP net, then N is also a finite CCS net;

if N(mg) is a sequential FSM, then N(my) is also a concurrent FSM;

if N(my) is a sequential FSM, then N(my) is also safe;

if N(mg) is a concurrent FSM, then N(my) is also |mg|-bounded;

. if N(myo) is finite and bounded, then N(my) is also k-bounded for some suitable
keN;

7. if N(mg) is finite and bounded, then the set [mg) of the markings reachable from

my is finite;

8. if N is statically acyclic, then N(my) is dynamically acyclic;

9. if N(my) is finite and dynamically acyclic, then the set of its firing sequences is

finite.

XU A W~

Proof. We prove only (7). Assume N (my) is finite and bounded, where the cardinality
of the set S of places is n and the bound limit on places is k. Then, there cannot be
more than (k+ 1)" different markings, because each place s can hold any number
of tokens in the range {0, ... ,k}. a

3.2.2 Dynamically Reachable and Statically Reachable Subnets

Given a P/T net system N (my), it may be the case that some of its places are actually
never dynamically reachable (i.e., reachable by means of the token game) and that
some of its transitions can never be performed. Hence, we are interested in singling
out the subnet Net; (N (my)) of the places and transitions of N dynamically reachable
from the initial marking m.

Definition 3.7. (Dynamically reachable subnet) Given a P/T net system N(mg) =
(S,A,T,my), the dynamically reachable subnet Nety(N(my)) is (S',A’, T’ ,mo), where

§'={s€S | Ime [mp) such that m(s) > 1},
T' = {t€T | 3m € [my) such that m[r)},
A" = {0 | 3r € T’ such that I(t) = (}. -

Consider the net system in Figure 3.7(a): its dynamically reachable subnet is
outlined in Figure 3.7(b).
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Fig. 3.7 A net system in (a) and its dynamically reachable subnet in (b)

Definition 3.8. (Dynamically reduced net) A P/T net system N (mg) = (S,A, T, mp)
is dynamically reduced if N(mg) = Nety;(N(my)), i.e., the net system is equal to its
dynamically reachable subnet. O

For instance, the net system in Figure 3.2 is dynamically reduced, and so too
is the net in Figure 3.7(b). In Section 3.3.1 we will show that, given a finite P/T
net N(myg), it is algorithmically possible to derive Nez;(N(mg)) by means of the
coverability tree.

We are actually interested in a weaker variant of these notions for finite nets: the
statically reachable subnet Nets(N(my)) of a net system N (my) and the definition of
statically reduced net.

Definition 3.9. (Statically reachable subnet and statically reduced net) Given a
finite P/T net N = (S,A,T), we say that a transition 7 is statically enabled by a set
of places S’ C S, denoted by S'[¢), if dom(°t) C §'.

Given two sets of places S;,52 C S, we say that S, is statically reachable in
one step from S if there exists a transition ¢ € T, such that S [t), dom(t*) < S)
and Sy = S1 Udom(t*); this is denoted by S =L S,. The static reachability relation
=" C Pin(S) x Pin(S) is the least relation such that

e 51 =—*S| and

o if Sj =="$; and S, == S, then §; =" 5.

A set of places Sy C S is the largest set statically reachable from S if S| =" S and
for all # € T such that Si[r), we have that dom(t*) C Sy.

Given a finite P/T net system N(mg) = (S,A,T,myg), we denote by [dom(my))
the largest set of places statically reachable from dom(my), i.e., the largest Sy such
that dom(mg) =* S.

The statically reachable subnet Net;(N(my)) is the net (S',A’, T',my), where

§" = [dom(my)),
T'={reT | S'[n},
A" ={¢ | 3t € T such that I(t) = (}.
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Let N(mg) = (S,A, T,myp) be a finite P/T net system, where T = {¢y,...,#} fork > 0.

Let S’ be the set of currently statically reached places, initialized to dom(my);
Let P be the set of transitions to be checked, initialized to T;

Let T’ be the set of statically reachable transitions, initialized to @;

Let A’ be the set of labels, initialized to 0;

while 3¢; € P such that §'[¢;) do:

a) add dom(t}) to §';
b) remove ¢; from P;
c) addt; to T';

d) add /(1) to A';

6. The statically reachable subnet is Net (N (mg)) = (S',A', T’ ,myo).

IS

Table 3.1 Algorithm for computing the statically reachable subnet

A finite P/T net system N(mg) = (S,A, T, my) is statically reduced if Nets(N(my))
= N(my), i.e., the net system is equal to its statically reachable subnet. a

There is an obvious algorithm to compute Net;(N(myp)), as outlined in Table 3.1.
This algorithm terminates for finite P/T nets because the iteration at step 5) can be
repeated k = |T| times at most, because, once a transition has been selected, it is
removed from P. Hence, this algorithm is polynomial in the size of the net.

Note that a finite P/T net system N(mg) = (S,A,T,my) is statically reduced if
all the places are statically reachable from the places in the initial marking —
[dom(mg)) = S — because all the transitions in T are statically enabled by S.

Note also that a finite P/T net system N(mg) = (S,A,T,my) is statically reduced
if there exist two sequence Si,S2,...,S8,+1 and t1,t,...,t,, for n > 0, such that
dom(mo) = Sl, S= Sn+1 and

t t 1,
S =28 == ... 8 == 841

Finally, we outline some useful properties relating statically reduced nets and
dynamically reduced ones.

Proposition 3.2. Given a P/T net system N(mg) = (S,A,T,my), if N(mo) is dynam-
ically reduced, then it is also statically reduced.

Proof. If N(my) is dynamically reduced, then (i) Vs € S Im € [mg).m(s) > 1, and
(ii) YVt € T Im,m’ € [my) such that m[r)ym'. Note that if m is dynamically reach-
able, then there is a firing sequence mylt\)m ... [t,)m, = m, usually abbreviated
as molty .. .ty)m; since if a transition is dynamically enabled, then it is also stati-
cally enabled, we have dom(mo) =" dom(m); since this holds for any reachable
marking m, it follows that S = [dom(my)), and so N(my) is statically reduced. O
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Fig. 3.8 The statically reachable subnet of Figure 3.7(a)

However, the converse implication is not true: there are statically reduced P/T net
systems that are not dynamically reduced. For instance, the statically reduced P/T
net system N(s1) = ({s1,52,53}, {a,b},{(s1,a,52),(2-51,b,53)},s1) cannot dynam-
ically reach place s3.

Consider the net system in Figure 3.7(a); its statically reachable subnet is out-
lined in Figure 3.8. If we compare it with its dynamically reachable subnet in Figure
3.7(b), we note that the statically reachable subnet contains the dynamically reach-
able subnet. This holds in general.

Proposition 3.3. Given a P/T net system N(mg) = (S,A,T,my), if its dynamically
reachable subnet Nety(N(mo)) is (S',A',T',my) and its statically reachable subnet
Nets(N(mg)) is (8", A", T" ,mg), then ' CS", T' CT" and A’ CA". O

For some classes of nets, however, the two notions coincide.

Proposition 3.4. If N(mg) is a BPP net that is statically reduced, then it is also
dynamically reduced.

Proof. A BPP transition t is such that |°t| = 1; therefore, the notions of dynamically
enabled transition and statically enabled transition coincide. a

3.3 Decidable Properties

Finite P/T Petri nets enjoy some interesting properties that are decidable even if the
sets of reachable markings and firing sequences are infinite. In particular, many of
these properties are decidable by means of the construction of the coverability tree
[KM69], which is a finite, abstract representation of the firing sequences and of the
reachable markings of the net. Some other properties derive from the decidability
of the reachability problem [Kos82, May84]. These are the topic of the next two
subsections.
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3.3.1 Coverability Tree

As the set of the reachable markings of a finite P/T net is, in general, infinite, it
seems that there is no way to describe, even approximately, the set of reachable
markings of the net with a finite structure. However, this is not the case: we can
find a finite tree whose nodes are labeled with extended markings (i.e., markings
that may hold infinitely many tokens in a place), such that each reachable marking
is either explicitly represented as a node label of the tree, or covered by some node
label of the tree. The construction of such a coverability tree was proposed by Karp
and Miller [KM69].

The naive construction of the tree proceeds as follows.> Initially, the coverability
tree contains only one node x( (the roof), labeled with the initial marking myg of the
net. For each transition ¢ enabled at mg, we add an arc, labeled with ¢, from xg to a
new node x;, labeled by the marking we get after firing . Then, repeat this step for
all the new nodes. Of course, this naive construction may easily lead to an infinite
tree, even when the number of reachable markings is finite. However, we can omit
to process or to add some of the new nodes (called frontier nodes) at each step. Two
classes of nodes are useful to this aim:

e nodes labeled with dead markings (i.e., markings enabling no transition) are not
to be processed further, thus they are called terminal nodes;

e nodes labeled with markings previously appearing in the tree (i.e., labeling also
an ancestor node) need not be processed further: all of its successors have already
been produced from the first occurrence of the marking in the tree; these nodes
are called duplicate nodes.

Even if, following the algorithm sketched above, a bounded net would generate
a finite tree (thanks to Proposition 3.1(7)), still this is not enough to get a finite tree
when the finite net is unbounded, as there are infinitely many different reachable
markings. So, we need a way to abstract from markings without losing information
about the firability of transitions enabled at those markings.

Consider a transition sequence ¢ = t1f; .. .t, which starts at marking m and ends
at marking m’ such that m C m’. This means that m’ is the same as m, except it
has some extra tokens in some places: m' = m @ (m’ ©m) with m’ ©m # 0. Since
transition firings are not affected by extra tokens (see Remark 3.4), the sequence
o can be fired at marking m’, leading to a marking m”" =m' & (m' ©m) =m@2-
(m' ©m). In general, we can repeat k times the firing of ¢ to produce a marking
m&k- (m' ©m). Thus, we can produce an arbitrarily large number of tokens in each
place s such that (m’' &m)(s) > 0 by iterating the firing of 6. We can give a finite
representation to this infinite set of markings by using an extended marking m such
that m(s) = m(s) if m(s) = m/(s), otherwise m(s) = @, where the special symbol @
represents unboundedness.

Definition 3.10. Let @ be a symbol not in N. For any n € N, we define o +n=0 =
® — n. Moreover, n < @ and ® < ®. Given a P/T net N = (S,A,T), an extended

2 The following description is an elaboration of [Pet81, Bus02].
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Let N(mg) = (S,A, T,myp) be a finite P/T net system, where T = {¢,...,#} fork > 0.

Let i be an integer variable, initialized to 0.

Let b be a boolean variable.

Let F be the set of frontier nodes, initialized to {xo}, i.e., F := {xo}.

Let M be the labeling function, initialized to {(xo,my)}, denoted M [xy] = my.
Let I be the set of internal nodes, initialized to 0.

Let D be the set of duplicate nodes, initialized to .

Let B be the set of terminal nodes, initialized to (.

Let A be the set of arcs, initialized to 0.

While F # 0 do:

1. let x;, be the element in F with lowest index /;
2. F:=F\{x};
3. if 3x; € TUDUB such that M[x;] = M|xy], then D := DU {x;},
else
a. b:= false,
b. for j:=1 to k do:
if 7; is enabled at M[x;] and m; = (M[x;] ©°t;) @1} then
o b:=true;
o [ =i+1;
o F:=FU{x};
o M:=MU{(x;,M[x;])}, where for all s € S, M[x;](s) = @ if m'(s) = ®
or there exists a node x; on the path from the root xy to x; such that
M(x;] € m'; and M[x](s) < m';(s), otherwise M(x;](s) = m';(s);
° A::AU{(xh,tj,xi)};
c. ifbthenI:=1U{x,} else B:=BU{x;};

e The coverability tree is (V,M,A), where the set of arcs A and the node labeling
M are computed as above, while the set V of nodes is /UD U B.

Table 3.2 Algorithm for the construction of the coverability tree

marking m is a finite multiset m : § — NU{ @} (so a marking is just a particular case
of an extended marking). We say that an extended marking m’ covers an extended
marking m if m C m' and, for all s € S, m(s) # m’(s) implies m/(s) = @. ]

Assume that an extended marking m, labeling some frontier node x;, enables ¢,
whose execution produces m’ = (m& °t) @1°, and that an ancestor node (i.e., a node
in the path from the root to x;,) is labeled with m”, such that m” C m’. Then, a new
frontier node x; is added, labeled with the extended marking 7 defined as
[0) if m'(s) = @ orm/(s) >m’ (s),

m'(s) otherwise.
In this way, each reachable marking either appears explicitly in the tree or there is
in the tree an extended marking that covers it.

Vs e S, m(s) =
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Fig. 3.9 Coverability tree for the unbounded net U PC in Figure 3.3

The precise algorithm is described in Table 3.2 and proceeds as follows: each
node x; in the tree is labeled with an extended marking M|x;] and is classified as a
frontier node (in set F'), a duplicate node (in set D), a terminal node (in set B) or
an internal node (in set /). Frontier nodes are those which have not been processed
yet; they are turned by the algorithm into duplicate, terminal or internal nodes. The
algorithm begins by defining the initial marking myg as the label for the root xy of
the tree, initially a frontier node. As long as frontier nodes are present, they are
processed by the algorithm, which terminates when no frontier nodes are left. The
nodes are indexed by increasing natural numbers and, at each iteration step, the node
with lowest index, say xj, is selected and removed from the set F' of frontier nodes.
If an already processed node x; has the same labeling as xy,, then x;, is put in the set D
of duplicate nodes and will not be processed further; otherwise, for each transition
t; enabled at M[x,] and reaching the extended marking m'; = (M([x;] ©°t;) ©1, we
produce a new frontier node x; and a new arc (xp,7;,x;); the labeling of the node x;
is the extended marking M[x;] where, for each s € S, M[x;](s) = o if m(s) = o or
there exists a node x; on the path from the root xo to x; such that M[x;] C m’j and
M(x;](s) < m'y(s), otherwise M[x;|(s) = m/;(s). If at least one transition is enabled at
M|xy) (i.e., if the flag b is true), then xy, is put in the set / of internal nodes, otherwise
in the set B of terminal nodes.

Example 3.6. As an example, consider the P/T net in Figure 3.3 for the unbounded
producer/consumer U PC. The step-by-step construction of the coverability tree is as
follows: the root xq of the tree is labeled with the initial marking M|[xy] = my = P®
C. The only enabled transition is t; = (P, prod,P® P') and my[t;)m; = P& CEHP'.
Then, we create a new node x; and an arc from xq to x; labeled with transition #;.
As my C my, the extended marking M|x;] ism; = P&C D oP'.

Now, at M[x] transition #; is enabled again, so that 7 [t;)7;. Hence, a new
node x, is added to the coverability tree, as well as an arc from x; to x, labeled
with #. The extended marking M|[x;] is again m; so that the node x; is classified
as a duplicate one and will not be processed further. At M[x;] also transition , =
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(CoP,1,C")isenabled and m ), = PSC' @ oP'. Then, a new node x3 is added
to the coverability tree as well as an arc from x; to x3 labeled with #,. The extended
marking M|x3] is exactly 71,, as no ancestor node is covered by ;.

Now, at M[x3] = m, transition 3 = (C’', cons,C) is enabled and m; [t3 ), . Hence,
anew node x4 is added, as well as an arc from x3 to x4 labeled with t3. The extended
marking M|[x4] is 7, hence also x4 is classified as a duplicate node. Finally, at
M|x3] = my also transition 7, is enabled and [t )7,. Hence, a new node xs is
added, as well as an arc from x3 to x5 labeled with 7. The extended marking M [xs]
is my, hence also xs is classified as a duplicate node.

So, all the nodes we have created are either internal (namely, xo, x; and x3) or
duplicate (namely, x>, x4 and xs5), hence the construction of the coverability tree is
finished. The resulting tree is depicted in Figure 3.9. a

The coverability tree associated with a finite P/T Petri net by the algorithm in
Table 3.2 is finite. The details of the proof are inspired by [Hack75, Pet81], which
are based on the following auxiliary lemmata.

Lemma 3.1. In any infinite, finitely branching tree, there exists an infinite path start-
ing from the root.

Proof. By Konig’s infinity lemma [Kon36]. a

Lemma 3.2. Every infinite sequence of elements in NU{w} contains an infinite
subsequence which satisfies one of the following conditions:

o cither all the elements in the subsequence are equal,
e or they appear in strictly increasing order.

Proof. Either an element n occurs infinitely often in the infinite sequence and the
infinite subsequence is nnn. ... Or each element occurs only a finite number of times
in the infinite sequence; so we can always find a new number greater than those
already inserted in the subsequence. |

Lemma 3.3. Every infinite sequence of extended markings contains an infinite sub-
sequence ordered w.r.t. C.

Proof. By Dickson’s lemma [Dicl3]. It can be proved directly by induction on the
size of S, the base case |S| = 1 guaranteed by Lemma 3.2. O

Theorem 3.1. (Finite coverability tree) Ler N(my) be a finite P/T net system. Then
its coverability tree is finite.

Proof. The proof is by contradiction. Assume that the coverability tree is infinite.
Since the coverability tree is finitely branching because the set T of transitions is
finite, Lemma 3.1 ensures that there is an infinite path xox) xy ... starting from the
root xo. Hence, M[xo]| M[x|M|[x;] ... is an infinite sequence of extended markings.
Note that by construction it is not possible that M [x;] = M x| for i # j because oth-
erwise one would be a duplicate node, hence with no successor (contradicting the
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fact that the sequence is infinite). Note also that by Lemma 3.3 there exists an infinite
nondecreasing subsequence M(x;)) M[x; | M(x;,] ..., which must be strictly increas-
ing because no repetition is possible. By construction, since M [xij] cM [x,-_/. 1), there
is a place s such that M[x;;|(s) = n and M(x;,,,|(s) = ®. Hence, M[x; ] has at least
one @ place, Mx;,| has at least two @ places, and so on. If the cardinality of S is k,
then M(x;,] has all places marked o, that is M[x; | is the maximum extended mark-
ing. Hence, M(x; ] cannot be strictly greater than M|x; . This is a contradiction,
proving that our assumption that the coverability tree is infinite was wrong. a

All reachable markings are covered by some extended marking in the coverability
tree and each firing sequence is represented in the coverability tree, as the following
proposition explains.

Proposition 3.5. Given a finite P/T net system N(mo) = (S,A, T,my), for each firing
sequence molt|)mi[t2) ...m,_1[t,)my, there exists a sequence of nodes and arcs

t 15 1, . .y
X0 —= Y1 XI —= V2 ... Xn_1 —> y,, in the coverability tree such that

e X is the root of the tree;
o Mlyi|=Mx;]fori=1,...n—1;
e m; is covered by M[x;| for i=0,...n— 1 and m, is covered by M[y,).

Proof. By induction on the length of the firing sequence. a

Moreover, the w-components in the extended markings appearing in the cover-
ability tree effectively correspond to places that may hold an unlimited number of
tokens.

Proposition 3.6. Let z be a node of the coverability tree associated with a finite
P/T net system N(mg) = (S,A,T,mp), and let k > 0. Then there exists a reachable
marking m € [mo) such that, for all s € S

o fM[z](s) < @ then m(s) = M[z](s);
o if M[z](s) = o then m(s) > k.

Proof. Take the path from the root xo of the tree to node z. If M[z|(s) # o for all
s € S, then the chosen path determines a firing sequence of equal length, that goes
from mg to my, such that, for any s € S, m;(s) = M[z](s). If M[Z](s) = @ for some
s €S, then it is possible to find a firing sequence, possibly longer than the path, that
goes from my to my, passing through m', such that m' C m; and, for any s € S, either
m;(s) =M|z](s) or m;(s) =n < @ = M|z|(s). Then, if n > k we are done. Otherwise,
we can repeat the transition subsequence from m' to m; as many times as required
so that, at the end, the reached m is such that mi(s) > k. 0

However, it is not true that any marking covered by an extended marking appear-
ing in the coverability tree is reachable, nor that we can derive all and only the firing
sequences from the coverability tree. For instance, consider the P/T net in Figure
3.10(a) and its associated coverability tree in Figure 3.10(b). It is clear that, e.g.,
marking m = 2 - 51 is not reachable from the initial marking mg = s, even though
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Fig. 3.10 A simple net in (a) and its associated coverability tree in (b)

there is a node in the tree labeled with marking M|[x,| = m = ws;. Hence, the cover-
ability tree does not provide enough information to solve precisely the reachability
problem, even though it may provide enough information to solve some related
problems; for instance, if a marking is not covered by some node of the coverability
tree, then it is not reachable.

Similar arguments hold for transition sequences. In the light of Proposition 3.5,
we may wonder whether any sequence of arcs with the property that adjacent nodes
have the same associated extended marking defines a firing sequence. This is not the
case. For instance, consider again the P/T net in Figure 3.10(a) and its associated
coverability tree in Figure 3.10(b); it is clear that, e.g., from the sequence of arcs

X0 L))C] X1 l)xz X2 L>x3 X3 L)XS X3 L>X5 X3 L)X5
which has the property that adjacent nodes have the same associated extended mark-
ing, we cannot derive an associated firing sequence, because #{f,#{#1¢1; iS not a
transition sequence of the net. Hence, the coverability tree does not provide enough
information to derive the set of firing sequences, even though it may provide enough
information to solve some related problems; for instance, if we cannot find a se-
quence of arcs in the tree with the property that adjacent nodes have the same asso-
ciated extended marking for a given transition sequence ¢, we can conclude that
is not a transition sequence for the net.

Nonetheless, the coverability tree is a useful tool for the analysis of finite P/T
nets. Indeed, some problems about boundedness and coverability can be reduced to
properties of the coverability tree.

Theorem 3.2. A finite P/T net system N(my) = (S,A,T,myg) is bounded if and only
if, for all nodes x in its coverability tree and for all s € S, M[x|(s) # . O
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Therefore, boundedness is decidable: it is enough to build the coverability tree
and inspect its labeling to check the absence of the symbol .

From the coverability tree of a finite P/T net, we can single out its dead transi-
tions, i.e., those transitions that can never fire.

Definition 3.11. Given a finite P/T net system N(my), a transition ¢ is dead if, for
all m € [my), t is not enabled at m. O

Theorem 3.3. A transition t of a finite P/T net system N(my) is dead if no t-labeled
arc occurs in the associated coverability tree. a

Similarly, from the coverability tree, we can single out dead places, i.e., places
that can never be marked.

Definition 3.12. Given a finite P/T net system N(my), a place s is dead if, for all
m € [mg), m(s) = 0. O

Theorem 3.4. A place s of a finite P/T net system N(my) is dead if for all nodes x of
the associated coverability tree we have that M[x|(s) = 0. 0

As a consequence of Theorems 3.3 and 3.4, given a finite P/T net system
N(my), we can algorithmically compute its associated dynamically reachable sub-
net Nety(N(mp)) (Definition 3.7): it is enough to inspect the coverability tree and
remove all dead transitions as well as dead places from N(myg) to get Nety(N(my)).

Another interesting problem that can be decided by inspecting the nodes of the
coverability tree is the coverability problem, which consists of finding a reachable
marking m’ that is larger than a given marking m, i.e., such that m C m'.

Theorem 3.5. Let N(mo) be a finite P/T net system and let m be a marking. There
exists a marking m' € [mg) such that m C m' if and only if there exists a node x in
the coverability tree such that m C M|x]. 0

From a computational point of view, the very simple algorithm of Karp and
Miller for constructing the coverability tree turns out to be surprisingly inefficient:
the construction may require non-primitive recursive space! Hence, also proving
boundedness by means of the coverability tree is not primitive recursive in general.
However, Rackoff in [Rac78] gave a better algorithm, showing that boundedness can
be decided for finite P/T net in 20(*/°¢7) in the size n of the net. This is very close to
the theoretical lower bound, as Lipton proved in [Lip76] that deciding boundedness
requires at least exponential space (EXPSPACE-hard), more precisely 20V,

Strictly connected to the boundedness problem is the problem of deciding whether
a finite P/T net is safe: such a problem is PSPACE-complete [JLL77].

3.3.2 Reachability, Liveness and Deadlock

We recall that a marking is reachable if there exists a firing sequence (starting from
the initial marking) leading to it. The reachability problem for a net consists of de-
ciding whether a given marking is reachable from the initial marking. As we have
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seen, the coverability tree can be used to solve the reachability problem only par-
tially: if a marking m occurs in the coverability tree, then it is reachable; symmet-
rically, if m is not covered by some node in the coverability tree, then it is not
reachable. However, in general, a different technique is necessary and this was the
research goal of many researchers for several years.

The reachability problem is decidable. Sacerdote and Tenney provided in [ST77]
a partial proof. Such a proof was completed in 1981 by Mayr [May81, May84]
and simplified by Kosaraju [Kos82] on the basis of [ST77, May81]. A whole book
[Reu88] is devoted to a step-by-step description of such a long and complex proof.
Later, Lambert in [Lam92] provided a simplified proof, based on [Kos82]. Recently,
an even simpler proof of decidability of the reachability problem for finite P/T nets
has been presented by Leroux in [Ler10, Lerl11] which has an associated, more
accessible algorithm. About complexity, Lipton proved an exponential space lower
bound (EXPSPACE-hard) [Lip76]. None of the algorithms known so far is primitive
recursive in the general case of finite P/T nets. Nonetheless, in some restricted cases,
the complexity is much better: for safe nets the reachability problem is PSPACE-
complete [CEP95], while for BPP nets it is NP-complete [Huy83, Esp95].

Hack showed in [Hack76b] that some variations of the reachability problem are
recursively equivalent to it, hence decidable as well. These related problems are

o The submarking reachability problem: Given a subset S’ C S of places and a
marking m, does there exist a marking m’ € [mg) such that m’(s) = m(s) for all
s€S?

o The zero-reachability problem: 1s the empty marking () reachable from the initial
marking mg?

e The single-place zero-reachability problem: For a given place s € S, does there
exist a marking m € [mg) such that m(s) = 0?

A problem P is recursively reducible to a problem Q if a solution for P can be
computed as a solution of a specific instance of Q. For instance, the zero-reachability
problem is reducible to the reachability problem: simply set m = @ for the reachabil-
ity problem. Similarly simple is to prove that the reachability problem is reducible to
the submarking reachability problem: simply set S’ = S for the submarking reacha-
bility problem. Also the single-place zero-reachability problem is trivially reducible
to the submarking reachability problem: simply set S’ = {s} and m’ = @ for the sub-
marking reachability problem. Following [Hack76b, Pet81], one can provide suit-
able net constructions proving that the submarking reachability problem is reducible
to the zero-reachability problem, and also that the zero-reachability problem is re-
ducible to the single-place zero-reachability problem.

Similarly, Hack also showed in [Hack74] that another, apparently more distant,
problem can be reduced to the reachability problem: the liveness problem.

Definition 3.13. (Liveness) Given a P/T net system N(mg) = (S,A,T,my), a transi-
tion 7 € T is live if for each marking m reachable from my there exists a marking m’
reachable from m such that 7 is enabled at m’: Vm € [mo) 3Im’ € [m) .m'[t). The net
system N(myg) is live if each of its transitions is live. O



56 3 Petri Nets

In other words, a net is live if any of its transitions can always occur again in
the future. The liveness problem for a net consists of deciding whether it is live.
Since this problem is recursively equivalent to the reachability problem, it is also
decidable. The complexity of the liveness problem for P/T Petri nets is open [EN94],
although it is known that this problem is PSPACE-complete for safe nets [CEP95].

An interesting problem is reducible in polynomial time to the liveness problem:
the deadlock problem.

Definition 3.14. (Deadlock problem) Given a P/T net system N(mg) = (S,A,T,my),
a marking m is dead if it does not enable any transition, i.e., V¢ € T —(m][r)). The
net N(myg) has a deadlock if there exists a dead marking m reachable from my. The
net N(my) is deadlock-free if it has no deadlock. The deadlock problem for a net
consists of deciding whether it has a deadlock. a

Since the liveness problem is decidable, and the deadlock problem is reducible
to the liveness problem, it follows that also the deadlock problem is decidable. The
proof of this fact, given below, follows [CEP95, Bus02].

Theorem 3.6. The deadlock problem is reducible to the liveness problem.

Proof. Given a P/T net system N(mo) = (S,A,T,mg), we construct a net system
N'(mg) = (S',A,T',mg), where S' = SU{ok} and T' = T U{¢' | t € T} U{live}
wheret' = (°t,1(t),0k) and live = (ok,a,ok © @,y °t) for some a € A. Hence, N' is
Jjust an extension of N with additional transitions and one additional place. Observe
that any firing sequence of N is also a firing sequence of N'. Note also that the firing
of transition live in N' enables all the transitions in T'.

We show that N(myg) is deadlock-free if and only if N'(my) is live.

<) We actually prove the reverse implication: if N has a deadlock, then N' is not
live. Suppose that N, by firing the transition sequence o, reaches a dead marking m,
i.e., YVt € T, (mlt)). Then, also N' can reach marking m by firing the same transition
sequence 6. We have that m(ok) = 0 because no t' transition has been fired, hence
the transition live is not enabled at m. Since each transition t' has the same pre-set
as the corresponding transition t, also all these transitions are not enabled at m in
N'. So, we can conclude that m is a dead marking for N', hence N' is not live.

=) Now suppose that N is deadlock-free. Let m be a reachable marking in N'.
Two cases may happen:

e m(ok) > 0. In such a case, transition live is enabled at m and, after its firing,
every transition in T' is enabled. Note that if we produce a token in the place ok
it will remain always marked, so that transition live will always be enabled and
therefore N' is live.

o m(ok) = 0. In such a case, only transitions t € T have been fired to reach m,
hence m is reachable also in N. As N has no reachable dead markings, there
existst € T such that m[t) in N. As *t =°t', also t' is enabled at m: m[t'Ym' in N',
with m'(ok) = 1. So, we are now back to the previous case. a

Although a precise complexity measure of this problem is open, for safe nets it
has been proved to be PSPACE-complete [CEP95].
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3.4 Behavioral Equivalences

When can two Petri nets be considered equivalent? There is a wide range of possi-
bilities and we are going to examine only a few of them.

Of course, equivalence notions for Petri nets include all those for LTSs we have
discussed in Chapter 2. This because we can associate with a Petri net an LTS, called
the interleaving marking graph, which describes its interleaving behavior: the states
are the reachable markings and each LTS transition corresponds to the firing of a
net transition. On the interleaving marking graph, we can define trace equivalence
and bisimulation equivalence, as done on ordinary LTSs. Additionally, we can as-
sociate with a Petri net an STS, called the step marking graph, which describes its
step behavior: the states are the reachable markings and each STS transition cor-
responds to the firing of a multiset of concurrently enabled net transitions [NT84].
These equivalences, albeit decidable for finite bounded P/T nets, are undecidable
in general for unbounded finite P/T nets [Jan95, Esp98]. This negative undecid-
ability result holds also for most equivalence relations defined in the literature for
finite P/T nets, such as ST -bisimilarity [GV87, GL95, BGO02], history-preserving
bisimilarity [RT88, DDM89, GG89, BDKP91] and hereditary history-preserving
bisimilarity [JNW96, FH99]; these non-interleaving equivalences, more discrimi-
nating than step bisimilarity, observe to some extent the causality relation among
transitions, while abstracting away the structure of the markings; even if they are
interesting, their description is outside the scope of this book. A relevant excep-
tion is net isomorphism, a generalization of LTS isomorphism, which is a decidable
equivalence for finite P/T nets, although exponential in the size of the net. Its major
drawback is that it is very concrete, so that many nets that no observer can tell apart
are considered not equivalent. Nonetheless, net isomorphism turns out to be very
useful for the many results we are going to prove in the next chapters, in particular
the so-called representability theorems, showing that specific classes of finite P/T
nets can be represented, up to net isomorphism, by specific process algebras. So, let
us start our brief overview of behavioral equivalences with net isomorphism.

3.4.1 Net Isomorphism

Definition 3.15. (Net isomorphism) Given two P/T nets Ny = (S1,A,T;) and N, =
(82,A,T»), we say that Ny and N, are isomorphic — denoted Ny = N, — if there
exists a bijection f : S; — S, homomorphically extended to markings,? such that
(m,0,m’") € Ty if and only if (f(m),£, f(m')) € Tx.

Two P/T net systems Nj(m;) and Ny(my) are rooted isomorphic — denoted
Ni(my) 22, Nap(my) — if the isomorphism f : S| — S, ensures, additionally, that
f(my) =my. O

3 This means that f is applied element-wise to each component of the marking, i.e., f(m; ®my) =

f(m1) ® f(m2).
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Fig. 3.11 The Petri net for another unbounded producer/consumer U PC;

It is an easy exercise to prove that net isomorphism = and rooted net isomor-
phism ==, are equivalence relations, i.e., they are reflexive, symmetric and transitive.

Example 3.7. Consider the Petri net system N'(my) = (S',A,T’,m()), where S’ =
{s],55,54},A ={a,b},T" = {(s},b,s}),(s},a,s})} and mj, = 5| ®2s}. It is easy to
check that N'(my) is rooted isomorphic to the net system in Figure 3.7(b), because
f(si) = s} for i = 1,2,4 is the required bijection. O

Note that the nets in Figure 3.3 (producer/consumer U PC) and Figure 3.11 (pro-
ducer/consumer UPCy) are not isomorphic, even if it seems that there is no ob-
servable reason to tell them apart: U PCj is just a nondeterministic variant of UPC.
As a matter of fact, net isomorphism is often a too-concrete equivalence relation.
Nonetheless, = is decidable for finite P/T nets. The problem of determining whether
two finite net systems are (rooted) isomorphic is a generalization of the problem of
checking whether two finite graphs are isomorphic, as Petri nets can be equivalently
represented as bipartite graphs (i.e., graphs with two kinds of nodes — places and
transitions — as in the pictorial representation of nets). This problem is in the class
NP, which is not known to be in P, and the best known algorithm is exponential in
the number of nodes [BKLS83].

3.4.2 Interleaving Semantics

It seems natural that a Petri net can be observed as an interleaving device, where only
one transition is performed at a time. This is what we already assumed implicitly
when defining the firing sequences of a net (Definition 3.5) and even the token game
(Definition 3.4). Generalizing this reasoning, we can associate a labeled transition
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Fig. 3.12 The IMG for the 2-bounded producer/consumer 2PC whose net is in Figure 3.2(a)

system with a net system, where the states are the reachable markings and each
transition is labeled with the label of the corresponding net transition. Such an LTS
is called the interleaving marking graph, usually abbreviated as IMG.

Definition 3.16. (Interleaving marking graph) The interleaving marking graph of
N(mg) = (S,A,T,mg) is the rooted LTS IMG(N (mg)) = ([mo),A, —,mq), where n
is the initial state, the set of states is given by the set [mg) of reachable markings,
and the transition relation — C ., (S) x A x .#,(S) is defined by m — m’ if and
only if there exists a transition 7 € T’ such that m[r)m’ and [(¢) = a. O

Continuing Example 3.3, the interleaving marking graph for the net system in
Figure 3.2(a) for the 2-bounded producer/consumer 2PC is the deadlock-free, finite-
state LTS depicted in Figure 3.12. Now we list some obvious facts.

Proposition 3.7. Given a P/T net system N(my), the following hold:

1. if N(myg) is finite and bounded, then IMG(N (my)) is a finite-state LTS,

2. if N(my) is finite but not bounded, then IMG(N (my)) is not finite-state;

3. if N(mo) is bounded and IMG(N (my)) is not finite-state, then N is infinite;

4. ifIMG(N(myg)) is finite-state, then the dynamically reachable subnet Nety(N (my))
is finite and bounded;

5. if N(my) is distinct, then IMG(N (my)) is deterministic. O

The proof of (1) above is ensured by Proposition 3.1(7), which states that the set
of reachable markings of a finite, bounded net is finite, and by the fact that the set
of net transitions is finite.

As a consequence, also (2) and (3) hold, trivially. As an example for (2), the net
in Figure 3.5(a) is an unbounded BPP net, whose /MG has infinitely many states
and is isomorphic to the LTS in Figure 2.3(b), up to renaming of action inc to a
and dec to b. As an example for (3), consider the net N(myg) = (S,A,T,mp), where
S={s; | ie NJU{s}, A={a,b}, T ={(si,b,si+1) | i € N}U{(s,a,0)} and
moy = s @ so; clearly, N(myp) is safe, and its associated IMG is not finite-state; and in
fact N is infinite.

About (4), if Net;(N(mp)) is not finite or not bounded, of course IMG(N(myg))
cannot be finite-state. As an example of a net which is infinite, but such that its IMG
is finite-state, consider the net N above, but with initial marking m; = s; even if N
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Fig. 3.13 Two interleaving trace equivalent net systems

is infinite, its IMG is finite-state and can be generated by its dynamically reachable
subnet Nety(N(my)) = ({s},{a},{(s,a,0)},s), which is finite and bounded.

About (5), if IMG(N(my)) is not deterministic, then there is a reachable marking
m and two transitions #; and #, such that [(t,) = [(t2), m[t; )my, m[t;)m; and m; # my;
therefore, 7| # t, and so N(my) is not distinct.

Since IMG(N(my)) is a labeled transition system, we can define over it the whole
spectrum of equivalences and preorders we have defined in Chapter 2. Here we
recall only a few of them.

Definition 3.17. (Interleaving trace equivalence) Given a net system N(mg) =
(S,A,T,mg), we write the set of traces of N(my) as the set

Tr(IMG(N(mg))) = {c € A* | Tm € [mg). mg ¥ m}.

With abuse of notation, we often write such a set as 7r(N(myg)) or simply Tr(mg)
when the net N is clear from the context. Two P/T net systems N; (m;) and N (my)
are trace equivalent if Tr(Ny (m;)) = Tr(Na(ma)).

This definition can be extended to any state of IMG(N(myg)) as follows: given
a marking m € [mq), we write Tr(m) = {c € A* | 3m’ € [m). m—"+m'}. Two
markings m;,my € [mg) are trace equivalent if Tr(m;) = Tr(my). ]

Example 3.8. The two net systems in Figure 3.13 are clearly trace equivalent: the
set of traces is {€,a,b,ab, ba} for either of them; the associated IMGs, composed of
four states, are isomorphic. Similarly, the three net systems in Figure 3.14 are trace
equivalent, and also trace equivalent to those in Figure 3.13; however, the associated
IMGs are not isomorphic, in general. For instance, the IMG for the net system in
Figure 3.14(c) has six states, while the /MG for the net system in Figure 3.14(a)
has five states. Finally, the two nets in Figure 3.7(a) and (b) are trace equivalent: the
infinite set of traces is {&,b,ba,bab,baba, ...} = (ba)*(b|€). Note that, in this case,
the two IMGs are isomorphic. a

Trace equivalence is decidable for distinct, finite P/T nets (i.e., finite nets whose
transitions have distinct labels), because Hack proved in [Hack76b] that this equiva-
lence problem is reducible to the marking reachability problem, which is decidable.
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Fig. 3.14 Some other, rather different, interleaving trace equivalent net systems [GV87]

However, Hack also proved that, in general, trace equivalence is undecidable for fi-
nite (not distinct) P/T nets. JanCar [Jan95] strengthened this negative result, proving
that undecidability holds for finite P/T nets with at least two unbounded places. The
trace equivalence problem for finite P/T nets with only one unbounded place is open
[EN94]. Trace equivalence is undecidable even for (not distinct) BPP nets [Hir93].
Of course, it is decidable for finite bounded nets, as the resulting /MG is finite-state.
In particular, trace equivalence is EXPSPACE-complete for safe nets [JM96].

Definition 3.18. (Petri net language) Given a P/T net system N (mg) = (S,A, T, my),
such that B= A\ {7}, we write the set of its weak completed traces as

WCTr(IMG(N(mp))) = {G € B* | 3m € [mo). mg=2>m= for all £ € B}.

The Petri net language L[N (my)] recognized by the net system N(my) is exactly the
set WCTr(IMG(N(myp))) of its weak completed traces. O

Peterson in [Pet81] studies a variety of possible definitions of Petri net language;
our chosen definition corresponds to his 7-type language, where a trace belongs
to the language only if the reached marking is a terminal one (either a deadlock
or a livelock). There, it is shown that if, no transition in N(myg) is labeled with
the invisible action 7, then its recognized language L[N (my)] is context-dependent;
instead, if 7 is allowed, then [Pet81] states that determining whether L[N (my)] is
context-dependent is an open problem.* The problem of checking whether two finite
P/T net systems recognize the same Petri net language is undecidable.

Example 3.9. The language recognized by the net in Figure 3.5(b) is the regular
language b*ab*. In fact, the only terminal marking is s5 and the token in s4 can dis-
appear only by performing the 7-labeled transition. Hence, in order to reach the ter-
minal marking, first the b-labeled transition can be performed any number of times;

4 In the classification of Figure 1.9, the class of Petri net languages is a subset of the class of
context-dependent languages; to be precise, this has been proved in [Pet81] only for finite P/T nets
without 7-labeled transitions.
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Fig. 3.15 A net system recognizing a context-dependent language

then, either the 7-labeled transition is performed (so that b cannot be performed
anymore) and, finally, one instance of the a-labeled transition must be executed; or
one instance of the a-labeled transition is performed, then the b-labeled transition is
performed again any number of times, and finally the 7-labeled transition must be
performed. a

Example 3.10. Figure 3.15 shows a net whose recognized language is the context-
dependent language {a"b"c™ | n>m > 1}. As a matter of fact, after firing the first
a, one token is present in place s; now an arbitrary number of the other a-labeled
transitions can be fired, depositing one token each time into s3; then, the token in
s> can fire the first b, reaching place s4; now, a number of b-labeled transitions can
be fired by consuming the tokens in s3 and producing tokens in ss; the token in
s4 can, at any time, perform the first ¢, even if some tokens are still present in s3,
reaching place s¢; finally, the tokens in s5 can be used to perform a number of c-
labeled transitions equal to the number of tokens deposited into ss. Summing up,
the number of ¢’s and b’s is always the same, while the number of a’s may be larger,
as the terminal configurations are of the form s¢ ® (n — m) - s3. (See also Examples
6.5 and 8.5.) |

Definition 3.19. (Interleaving bisimulation equivalence) The P/T systems N; (m; )
and N, (my) are interleaving bisimilar — denoted Ny(m;) ~ No(my), or my ~ my
when the nets are clear from the context — if and only if there exists a strong bisim-
ulation R C [m) x [my) over the LTSs IMG(N;(m,)) and IMG(N,(my)) such that
(m1,my) €R.

Given a P/T net system N(mg) and a rooted LTS T'S(qo) = (Q,A,—,q0), we say
that N and T'S are interleaving bisimilar, denoted N(mg) ~ TS(qo) or even mgy ~
qo, if and only if there exists a strong bisimulation R C [mgo) x Q over the LTSs
IMG(N(mp)) and T'S(qo) such that (mg,qo) € R. 0

Example 3.11. The two net systems in Figure 3.13 are clearly interleaving bisimilar,
as their associated IMGs are actually even isomorphic.

Now, consider the nets in Figure 3.14(a) and (b). It is an easy exercise to check
that relation R = {(s¢ ® 57,59 ®510), (57,510), (56,59 B 511), (58,510), (0,511),(0,0)}
is an interleaving bisimulation. It is not difficult to realize that all the five nets in
Figures 3.13 and 3.14 are pairwise interleaving bisimilar. O
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Example 3.12. Consider the two versions of the unbounded producer/consumer of
Figures 3.3 and 3.11. The relation

R={(POC® (ki +k) P P ®CI @k -P[®ky-P') | ki,ko >0}
{(POC & (ki +k2)-P',P®&C| @k -P{®ky-P]) | ki,kp >0}

is a bisimulation relating the initial markings: (P®C,P,®C)) € R when k; =0=k,.
Let us check that R is a bisimulation. If P& C & (ki + k) - P’ performs prod, reaching
the marking P& C @ (ki +kr+ 1) - P', then Py &Cy ©k; - P| ks - P’ can reply, by
reaching the marking P & Cy ® (k; + 1) - P{ @ k» - P{’ and the two reached markings
are related. If P®C @ (ky + k) - P’ performs 7, because k; + k, > 0, reaching the
marking P& C' & (k; +ky — 1) - P, then Py & C) k; - P| @k - P’ can reply, by
reaching the marking Py &C| & (k; — 1)-P{ @k, -P{ or P, &C| @k -P{ @& (ka—1)-P/,
and the two reached markings are related. If P®C' @ (k; + k2) - P’ performs cons,
reaching P C® (k; +ky) - P/, then P, & C} @k - P @ ky - P’ can reply, reaching
P aC Pk - Pl’ Pk, - P{’ , and the two reached markings are related. The reader can
complete the check that R is indeed a bisimulation. O

Interleaving bisimulation equivalence coincides with trace equivalence over dis-
tinct P/T nets, because, by Proposition 3.7(5), a distinct P/T net generates a deter-
ministic IMG, and we know from Chapter 2 that over deterministic LTSs the two
equivalences coincide. Since trace equivalence is decidable over distinct finite P/T
nets, then also interleaving bisimulation equivalence is decidable over such a re-
stricted class of finite P/T nets. However, bisimulation equivalence is undecidable
in general for finite (not distinct) P/T nets, even with only two unbounded places
[Jan95]; this negative results holds also for finite CCS nets, as proved in [GV15]
(Section 3.5.4) directly over the FNC calculus (see Chapter 6), which represents
precisely that subclass of finite P/T nets. In [BGJ10] it has been proved that inter-
leaving bisimulation equivalence is decidable if the finite P/T net has at most one un-
bounded place. Interleaving bisimulation equivalence is decidable also for BPP nets
[CHMO3], which may have finitely many unbounded places but transitions with sin-
gleton pre-set only; more recently, this problem has been proved PSPACE-complete
[Jan03]. Of course, interleaving bisimulation equivalence is decidable for bounded
finite P/T nets, as the associated IMGs are finite-state; in particular, for safe nets this
equivalence problem is DEXPTIME-complete [JM96].

Although interleaving bisimulation equivalence is undecidable in general over
finite P/T nets, some related problems have a positive solution:

e Strong bisimilarity with a finite-state system: given a finite-state LTS, rooted in ¢,
and a finite P/T net N(myg), we can decide whether g and my are strongly bisimilar
[JM95]. This problem is interesting because it enables us to perform equivalence
checking between the complex behavior of an infinite-state implementation (the
finite P/T net) and its finite-state specification.

o Strong regularity: given a finite P/T net N(mp), we can decide whether there
exists a finite-state LTS, rooted in ¢, such that mg and ¢ are bisimilar [JE96].

All these properties are difficult to check in practice, as they are at least exponential.
However, for BPP nets the complexity is better: strong bisimilarity with a finite-
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state system can be checked in polynomial time [KS05], while strong regularity is
PSPACE-complete [Kot05].

The definition of weak bisimilarity over two P/T net systems N (m;) and N, (my)
is as expected: we check whether there exists a weak bisimulation over IMG (N, (m;))
and IMG(N,(my)) relating the initial markings m; and my. Of course, also weak
bisimilarity is undecidable for finite P/T nets. In the case of BPP nets, weak bisimi-
larity has been proved decidable in some restricted cases, e.g., when one of the two
processes is finite-state [JKMO01, KMO02], but the problem in the general case is still
open, even if a conjecture about its decidability has been proposed in [CHL11].

3.4.3 Step Semantics

Given a P/T net N = (S,A, T) and a marking m, we say that two transitions t1,1, € T
are concurrently enabled at m if *t| @ °*ty C m. The concurrent firing of these two
transitions produces the marking m’' = (m© (°t; ©°2)) ® (17 ©13). We denote this
fact by m[{t;,12})m’. For instance, if we consider the net in Figure 3.13(b), we can
easily realize that its two transitions are concurrently enabled: s @ s5[{t1,%2})0,
where t; = (s4,a,0) and 1, = (s5,b,0). Note that in sequential FSMs, such as those
in Figure 3.13(a) and Figure 3.4(a), there is no possibility to have two concurrently
enabled transitions at any reachable marking. It is also possible that the same tran-
sition is self-concurrent at some marking m, meaning that two or more occurrences
of it are concurrently enabled at m. For instance, if we consider the net in Figure
3.4(b) with initial marking my = s3 B 2 - s4, then mg[{r2,12 })s3, where t; = (s4,b,0).

We can generalize the definition of concurrently enabled transitions to a finite,
nonempty multiset G over the set 7, called a step. A step G: T — N is enabled at
marking m if *G C m, where *G = @, G(¢) - °t and G(¢) denotes the number of
occurrences of transition ¢ in the step G. The execution of a step G enabled at m pro-
duces the marking m’ = (m©°*G) ® G*, where G* = @, G(¢) - ¢*. This is written
m[G)m'. We sometimes refer to this as the concurrent token game, in opposition to
the sequential token game of Definition 3.4.

Proposition 3.8. Given a P/T net N, a marking m and a step G = G| ® G, where
G;i # 0 fori=1,2, if m[G1 & Gy)m, then there exist two markings my and my such
that m|Gy)m [G2)m' and m[|G)m,[Gy)m'.

Proof. If G1 ® G; is enabled at m, then *G| & *Go C m. Therefore, also Gy and G,
are enabled at m. The firing of Gy at m produces the marking my = (mS°G;) ® G},
which still enables Gy, because *G| ® *G, C m ensures that * G, C m&°*Gy and
m&*Gy C my. The firing of Gy at my produces the marking m' = (m; ©°G») & G5 =
me (*G1®°G2) & (G @ G3). Similarly, the firing of Gy at m produces the marking
my = (mS°*Gy) ® G5, which still enables Gy, because *G| @ *Gy C m ensures that
G Cmo°Gyand mS°*Gy C my. And the firing of G| at my produces the marking
(my&°G1) G} =m, as required. a
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(@) (b)

mo = 54D S5 mi =S5 my = s6® 87

my =S4 {a} m3 =0

Fig. 3.16 In (a) the SMG for the net in Figure 3.13(b); in (b) the SMG for the net in Figure 3.14(a)

A consequence of the above proposition is that a step can be simulated sequen-
tially. If a step G can fire, m[G)n, then for any linearization of its transitions
t,1p,...1, (i.e., such that G(t) = |{i | 1 <i<nAt;=1}|forall 1 € T), there ex-
ist markings m,my,...,m,_; such that m[t|)m[t2)m;...m,_[t,)m’. The obvious
consequence is that the set of markings we can reach by the concurrent token game
is exactly the same set we can compute by the sequential token game.

Starting from the definition of the concurrent token game, we can associate with a
P/T net system N(myg) a step transition system SMG(N (my)), called the step marking
graph, which shows also the concurrency of transitions in the net system.

Definition 3.20. (Step marking graph) The step marking graph associated with a
P/T net system N(mg) = (S,A,T,mp) is the rooted STS
SMG(N(mo)) = ([mo), #jin(A), —s,mo)

where — C M5 (S) X Mpin(A) X M (S) is defined by m B, m’ iff there exists
a step G such that m[G)m’ and B = [(G), and the labeling function / is extended to
multisets of transitions in the obvious way: [(G)(a) = ¥.cdom(G).1(i;)=a G(i)- O

Proposition 3.9. (Fully concurrent) For any P/T net system N(my), its associated
step marking graph SMG(N(my)) is fully concurrent.

Proof. A direct consequence of Proposition 3.8. a

Definition 3.21. (Step bisimilarity) Two P/T systems N (m;) and N,(m;) are step
bisimilar (denoted by Ny(m1) ~gep Na(my) or simply my ~gep mo) if and only if
there exists a strong bisimulation R C [m;) x [my) over the STSs SMG(N (m;)) and
SMG(N;(my)) such that (my,m;) € R. O

Example 3.13. The step marking graphs associated with the nets in Figure 3.13(b)
and Figure 3.14(a) are outlined in Figure 3.16. It is easy to see that, albeit not iso-
morphic, these two SMGs are strongly bisimilar, hence these two nets are step bisim-
ilar. The reader may check that all the nets in Figure 3.14 are pairwise step bisimilar,
first by constructing their associated SMGs and then by exhibiting suitable strong
bisimulations. On the contrary, the SMGs for the two nets in Figure 3.13 are not
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S1 $2 53

Fig. 3.17 Three unmarked nets

L b
bisimilar. Note that the step s4 & 55 {LQ; @ cannot be matched by s;. However, we
noticed in Example 3.11 that these two nets are interleaving bisimilar. a

Example 3.14. Consider the nets in Figure 3.17. It is an easy exercise to check that,
although s1 ~ 51 @ 52, we have that 51 %45, 51 @ 52. Moreover, although 51 ~ 53, we
have that 51 %y, 53 and s1 @ 52 #ep 53. Finally, although s1 ~gep 54 and 52 ~gep S5,
we have that s1 @ 52 grep 54 D S5. O

The examples above show the expected fact that step semantics is finer than
interleaving semantics, in particular that step bisimulation equivalence is finer than
interleaving bisimulation equivalence (but the same holds for any other equivalence,
e.g., step trace equivalence is finer than interleaving trace equivalence).

Lemma 3.4. Given a net system N(mg), m — m' is a transition in the IMG(N (my))
if and only if m ﬂs m' is a transition in the SMG(N(my)).

Proof. Any transition m—sm' in IMG(N(my)) is due to a transition t such that

mltym' and [(t) = a. Therefore, also m|{t})m’ and so mﬁs m' is a transition in
SMG(N(my)). This means that all the interleaving transitions are represented in
the SMG. Conversely, with a similar argument, one can show that all the singleton-
labeled step transitions are represented in the IMG. a

Proposition 3.10. Given two net systems Ni(mi) and No(ma), if Ni(mi) ~gep
Nz(nh), then Np (ml) ~ Nz(mz).

Proof. By Lemma 3.4, for any net system N(my), the LTS IMG(N(my)) is isomor-
phic (up to renaming of a to {a}) to the singleton-labeled subpart of the STS
SMG(M(my)). Therefore, if Ni(m1) ~gep Nao(m2), they are necessarily bisimilar
over their singleton-labeled transitions, i.e., over their IMGs. d

Step bisimilarity is also undecidable for finite P/T nets with at least two un-
bounded places: a simple observation, described below and due to [Esp98], suffices
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to show that Jancar’s undecidability proof of interleaving bisimilarity [Jan95] ap-
plies to, besides step bisimilarity, essentially all the non-interleaving equivalences
proposed in the literature, such as ST -bisimilarity [GV87, GL95, BG02], history-
preserving bisimilarity [RT88, GG89, DDM89, BDKP91] and hereditary history-
preserving bisimilarity [JINW96, FH99] (see also [PRS92]). Let us call sequential
a Petri net which does not offer any concurrent behavior, i.e., whose SMG is la-
beled only with singletons. The proof of undecidability of bisimulation equivalence
in [Jan95] is based on the comparison of two sequential finite Petri nets; hence,
bisimulation equivalence is undecidable even for the subclass of sequential finite
Petri nets. All the non-interleaving bisimulation equivalences collapse to interleav-
ing bisimilarity over sequential Petri nets. Hence, the proof in [Jan95] applies to all
non-interleaving bisimulation equivalences as well. For BPP, the problem of check-
ing step bisimilarity is decidable, because bisimulation equivalence is decidable for
BPP [CHM93] and step bisimilarity is just ordinary bisimulation equivalence over
the SMGs of the BPP nets under scrutiny, whose state space is the same as that of
their associated /MGs. On bounded finite P/T nets, step bisimilarity is decidable,
because the associated SMGs are finite-state. About other non-interleaving equiv-
alences, such as history-preserving bisimilarity, we have that they are decidable
(DEXPTIME-complete) for finite safe nets [JM96, Vog91], and also can be decided
in polynomial time for BPP [FILS10].

3.5 Nonpermissive Petri Nets

In this section, we present a Petri net model more general than P/T nets, that con-
stitutes also a generalization of P/T nets with inhibitor arcs [FA73, Hack76a, Pet81,
JK95, Bus02]. The distinguishing feature of this model is that it is not permissive
(see Remark 3.4): a transition ¢ enabled at m may be disabled at a larger marking
m’ (i.e., such that m C m’) because m’ can contain additional tokens inhibiting the
firability of 7.

Definition 3.22. (Nonpermissive net) A Nonpermissive P/T Petri net (or NP/T net,
for short) is a tuple N = (S,D,A,T) where

S is the countable set of places, ranged over by s (possibly indexed),

D C S is the set of festable places,

A C Lab is the countable set of labels, ranged over by ¢ (possibly indexed), and
T C (A 4,(S)\{0}) X Pin(D) X A X Myin(S) is the countable set of transi-
tions, ranged over by ¢ (possibly indexed), such that for each ¢ € A there exists a
transition ¢ € T of the form (m,1,¢,m’).

Given a transition ¢t = (m,1,£,m’), we use the notation

e °f to denote its pre-set m (which cannot be an empty multiset) of tokens to be
consumed;
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e °t to denote its neg-set I (which can be an empty set) of testable places where no
further tokens can be present besides those required by °z;

e [(t) forits label ¢, and

e 1° to denote its post-set m’ of tokens to be produced.

Hence, a transition ¢ can be also represented as (°t,°r) ﬁn". The neg-set °t of
a transition ¢ represents the set of places to be “tested for absence” of additional
tokens. If s € °# Ndom(°t), then this means that ¢ can be executed only if the tokens
in s are precisely *z(s); if s € °f but s & dom(°t), then ¢ can be executed only if
s contain no tokens at all. This changes the definition of enabling: a transition ¢
is enabled at m, written m|t), if *t(s) < m(s) for all s € dom(°t) (the tokens to be
consumed are available, as for P/T nets) and, additionally, *#(s) = m(s) for all s € °r.
As a matter of fact, this additional constraint means that, for all s € °z, the tokens
in s for m are exactly as many as are required by #; note that if *z(s) = 0, then the
condition m(s) = *t(s) = 0 corresponds to the classic inhibiting condition (test for
absence of tokens in place s). The firing of a transition ¢ enabled at m produces the
marking m' = (m©*r) ©¢°, as for P/T nets; this is denoted m|[t)m’, as usual.

An NP/T system is a tuple N(mg) = (S, A, T,mg), where (S, A,T) is an NP/T net
and my is the initial marking. a

Note that P/T nets, as in Definition 3.2, can be seen as the subclass of NP/T nets
with the condition that D = @ and so °s = @ for all # € T. Note also that P/T nets
with inhibitor arcs can be seen as the subclass of NP/T nets with the condition that
°tNdom(°t) =0 forallt €T.

We adopt the following drawing convention for NP/T nets: a testable place is
represented by a grey-colored circle. Moreover, an arc connecting a testable place
to a transition may be labeled not only by a number (1 is the default value, in case
the number is omitted), but also by a number prefixed by the special symbol !. If
§ € °t, s & °t, then the arc from s to ¢ is normally labeled with *#(s), even if s € D.
If s € °t Ndom(°t), then the arc from s to ¢ is labeled by !°#(s), i.e., the number
°t(s) is prefixed by the symbol ! to express that exactly that number of tokens are
to be present in the current marking m to enable ¢. If s € °7 but s & dom(°t), then a
10-labeled arc is included from s to #, meaning that no tokens can be present in s in
the current marking m to enable 7.

Figure 3.18 shows two NP/T nets, where s; and ss5 are the only two testable
places. The net on the left can fire the a-labeled transition only if in the current
marking m there is exactly one token in place s;, which will then be consumed,;
the b-labeled transition can be performed if in m two or more tokens are present in
s1, and two of them will be consumed. Note that these two transitions are mutually
exclusive: if one token is present in sy, then only the a-labeled transition can fire,
while if two or more tokens are present, then only the b-labeled transition can fire.
The system in Figure 3.18(b) shows a net such that if the initial marking is s4,
then the a-labeled transition can be executed because no token is present in ss; this
transition can be performed any number of times, until the b-labeled transition is
performed; this has the effect of producing one token in ss, so that, from then on,
only the b-labeled transition can be performed.
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Fig. 3.18 Two simple NP/T systems

Definition 3.23. (Dynamically reachable subnet) Given an NP/T system N(mg) =
(S,D,A,T,my), the dynamically reachable subnet Net;(N(mp)) is (S',D', A", T’ ,my),
where

T'={t €T | 3me [mp) such that mr)},

§'={s€S | Ime [mp) such that m(s) > 1 or 3t € T’ such that s € °},
D' =DnS,

A" = {0 | 3r € T' such that I(t) = (}.

An NP/T net system N (mg) = (S,D,A, T,my) is dynamically reduced if Net;(N(my))
= N(my), i.e., the net system is equal to its dynamically reachable subnet. a

Definition 3.24. (Statically reachable subnet) Given a finite NP/T net N = (S,D,A,
T), we say that a transition ¢ is statically enabled by a set of places S’ C S, denoted
by S'[1), if dom(°t) C §'. Given two sets 1,52 C S, we say that S, is statically
reachable in one step from S; if there exists a transition ¢ € T such that S|[r),
dom(t*)U°t € S; and S» = S; Udom(t®) U °t; this is denoted by S =+ S,. The
static reachability relation =" C P;,(S) x Pin(S) is the least relation such that

e 51 =—*S| and
o ifS; =*S, and S, == S5, then S| =" S5.

A set of places Sy C S is the largest set statically reachable from S if S| =" Sy and
for all r € T such that Si[#), we have that dom(*) U°r C Sy.

Given a finite NP/T net system N (mo) = (S, D, A, T,mg), we denote by [dom(mg))
the largest set of places statically reachable from dom(my), i.e., the largest S
such that dom(mg) =* Si. The statically reachable subnet Nets(N(mo)) is the net
(S',D' A", T' ;mg), where

§" = [dom(my)), D' =58nND,
T'={teT | S'[1)}, A" ={l | 3t € T such that I(t) = (}.
A finite NP/T system N (my) is statically reduced if Net;(N(mo)) = N(mp). O

The algorithm of Table 3.1 can be adapted to compute the statically reachable
subnet Net(N(mg)) of any finite NP/T system N(mg) = (S,D,A,T,mgp). On the
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contrary, it is not always possible to compute the dynamically reachable subnet for
a finite NP/T net, as this class of nets is Turing-complete (as we will see in the
following) and so the reachability problem is undecidable, in general.

3.5.1 Behavioral Equivalences

Now we extend the behavioral equivalences defined for P/T nets in Section 3.4 to
the richer case of NP/T nets.

Definition 3.25. (Net isomorphism) Two NP/T nets N; = (S1,D1,A,T;) and N, =
(S2,D2,A,Ts) are isomorphic if there exists a bijection f : S} — S», homomor-
phically extended to markings, such that f restricted to D is also a bijection
from D; to D,, and it preserves transitions, i.e., (m,I,¢,m') € T; if and only if
(f(m),f(I),¢, f(m')) € T». This definition is extended to NP/T systems by requiring
that the initial markings are related by f. O

Note that net isomorphism is decidable for finite NP/T nets, even though they are
a Turing-complete model of computation.

Definition 3.26. (Interleaving marking graphs) The abstract interleaving mark-

ing graph of an NP/T system N(mg) = (S,D,A,T,myg) is the rooted LTS
alMG(N(mg)) = ([mo),A, —, my),

where my is the initial state and the transition relation —— C ./, (S) X A X M4, (S)

is defined by m+ m' if and only if there exists a transition # € T such that m)n’

and /(1) = a.

The NP/T systems Nj(m;) and N, (m;) are abstract interleaving bisimilar (de-
noted Ny (my) ~¢, Na(my)) iff there exists a strong bisimulation R C [m;) X [m3)
over the LTSs aIMG(N;(m;)) and aIMG(N,(m)) such that (m;,m2) € R.

The concrete interleaving marking graph of an NP/T net system N(mg) =
(S,D,A,T,mp) is the rooted LTS

cIMG(N(my)) = ([mo),Lab, — ,my),
where my is the initial state, the set of labels is Lab = (AU D) x Zy;,(D), and the

transition relation — C .#,(S) x Lab x ., (S) is defined by m—"m' if and
only if either there exists a transition t € T such that m[t)m’, [(t) =a € A, °t = I and
¢ = (a,I); or there exists s € D such that m(s) > 0, £ = (s5,0) and m' = m.

We say that two NP/T systems Nj(m;) and Np(my) are concrete interleaving
bisimilar (denoted N (m;) ~5 . No(my)) if and only if there exists a strong bisimu-
lation R C [my) X [m2) over the LTSs cIMG(N;(m1)) and cIMG(N,(mz)) such that
(m1,my) €R. O

For instance, the (initial fragment of the) abstract interleaving marking graph as-
sociated with the NP/T net in Figure 3.18(b), with initial marking sy, is outlined
in Figure 3.19(a), while Figure 3.19(b) shows the (initial fragment of the) concrete
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Fig. 3.19 Abstract and concrete interleaving marking graphs: an example

interleaving marking graph for the same net system. The concrete interleaving mark-
ing graph shows visibly the neg-set of the executed net transition and, additionally,
introduces self-loop transitions labeled by the name of a currently active place that
can be tested for absence. This definition deviates from the standard definition of
interleaving marking graph for Petri nets with inhibitor arcs. We will see in Chapter
8 that this additional information is important for compositionality.

From the abstract interleaving marking graph aIMG(N(my)) of a finite NP/T net
system N(myg), we can compute its associated Petri net language L[N (myg)] as the
set of its weak completed traces (see Definition 3.18). Since finite NP/T nets are
Turing-complete, the class of its net languages coincides with the class of recur-
sively enumerable languages, i.e., the languages generated by general grammars in
the Chomsky hierarchy [HMUO1].

A possible step semantics for NP/T systems can be based on ideas developed for
P/T nets with inhibitor arcs; among the various proposals (e.g., [JK95, Vog97, BP99,
BP00]), we will follow the intuition of [BP99, BP0OO]. The distinguishing feature of
this proposal is the following property: if two transitions can happen in the same
step, then they can happen in either order. Formally, a step G is enabled at m iff

e °G Cm, where °G = @, G(¢) - °t (all the needed tokens are available);

o forallt € dom(G), for all s € °t, m(s) = °t(s) (all the constraints on the absence
of additional tokens are satisfied); additionally,

e forall 71,7 such that {t;,1,} C G, we have that dom(t}) N °t; = 0 and dom(13) N
°t1 = 0 (no transition produces tokens on places tested for absence of additional
tokens by another transition); this can also be written as: for all G1,G, such
that G = G| & G2, dom(G}) N°Gy = 0 and dom(G3) N°Gy = 0, where G* =
@, G(t)-t°.

The third condition ensures that, for each pair of occurrences of transitions in the
step, it never happens that one occurrence puts a token in a place inhibiting the other
one. Note also that the second condition ensures that if s € °¢ and *#(s) > 0, then
G(t) = 1, or, equivalently, if s € °¢ and G(¢) > 1, then *#(s) = 0.

The execution of a step G enabled at m produces the marking m’ = (m&°G) & G®,

as for P/T nets. This is written as m[G)m'.
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Fig. 3.20 Two further NP/T systems

Let us consider the NP/T system in Figure 3.20(a). The two transitions are
t1 = ({s1,52}, {s1},a,{s1,52}) and 12 = ({2,583}, {53}, b, {52,53}). Step G = {t1, 12}
is enabled at the initial marking mo = s; @252 @ s3 and it holds that my[G)my.
It is clear that the two transitions can be executed in either order: my[t) )ng|t2)mg
as well as my[ta)mo[t; )mo. However, it is not true that if two transitions can be ex-
ecuted in either order, then they can be performed in a step. Consider the NP/T
system in Figure 3.20(D); its two transitions are f; = ({s4,s5},{s5},a,{s4,55})
and tp = ({s5,56}, {56}, b, {s5,56}) and the initial marking m; = s4 ® 55 ® 56. Note
that these two transitions can be performed in either order — m [t;)m [t2)m; and
my[ty)m;[t;)m; — however the step G = {t,f,} is not enabled at m; because
‘D L my.

Proposition 3.11. Given an NP/T system N(my) = (S,D,A,T,mgp), a marking m
and a step Gy ® Gy, where G; # 0 for i = 1,2, if m|G1 ® G2)m/, then there exist two
markings my and my such that m|Gy)m;|Ga)m' and m|G,)ma |Gy )m'

Proof. If G1 @ G, is enabled at m, then *G ® *Gy C m; for all t € dom(G| ® Gy),
for all s € °t, m(s) = °t(s); and, addltlonally, for all Gy,G, such that G\ ® G, =
G15G,, dom(@}) N°Gy =0 and dom(Gz) N°G, = 0; this last condition holds also
when G; = G| and G = G».

Therefore, also G| and G, are enabled at m. In fact, Gy is enabled because
*G1 Cm; for allt € dom(G,), for all s € °t, m(s) = °t(s); and, addmonally,for all
Gy, G, such that G| = G| ® G,, dom(G ) °Gy =0 and dom(Gz) N°G;, = 0.

The firing of Gy at m produces the marking my = (m©°*G\) ® G}, marking m)
enables Gy, because *Gy C mS °*Gy (given °G1 ®°Gy C m and mo°*Gy C my);
forallt € dom(G), for all s € °t, my(s) = *t(s) (given this condition was true for
m and that dom(G}) N°Gy = 0); and, additionally, also the third condition holds
since it holds also for G1 ® G». The firing of G» at my produces the marking m' =
(m6°G) &GS =mo (*G1®°Gy) ® (G} & GY).

Similarly, Gy is enabled at m, and its firing produces the marking mp = (m S
*G2) & G5; with an argument similar to the above, we can show that marking my
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enables G, and the firing of G\ at my produces the marking (my ©°G1) G} =,
as required. ]

As a consequence, it is possible to prove that if a step G can fire, m[G)n?/,

then for any linearization #q,t,...,t, of its transitions (i.e., such that for all r € T,
G(t)={i ‘ 1 <i<nAt; =t}]), there exist markings mj,my,...m,_; such that
mlty)m[f2)my ...mu_1[t,)m’. The obvious consequence is that, also for NP/T nets,
the set of markings we can reach by the concurrent (or step) token game is exactly
the same set we can compute by the sequential token game.

Definition 3.27. (Step marking graphs) The abstract step marking graph of
N(mgy) = (S,D,A,T,mp) is the rooted STS

aSMG(N(mg)) = ([mo), #fin(A), — , mg),
where my is the initial state and the transition relation ——¢ C .#3,(S) X A 5in(A) ¥

M (S) is defined by m 2, m' if and only if there exists a step G such that m[G)ym’
and M = I(G), where the labeling function / is extended to multisets of transitions
as [(G)(a) = Zt;ed()m(G).l(t,-):a G(t;).

The NP/T systems Nj(m;) and Na(my) are abstract step bisimilar (denoted
Ni(my) ~Gep Na(ma) or simply my ~¢,, mp) if and only if there exists a strong
bisimulation R C [m;) X [my) over the STSs aSMG(N;(m;)) and aSMG(N,(my))
such that (mj,my) € R.

The concrete step marking graph of an NP/T net system N(mg) = (S,D,A, T, mg)
is the rooted STS

cSMG(N(mo)) = ([mo), A fin(Lab), — ,mo),
where my is the initial state, Lab = (AUD) x Z;,(D), and the transition relation
—s C Mpn(S) X Min(Lab) X M, (S) is defined by m M ' if and only if either
m' =m, M C Myin(D x {0}) and M((s,0)) < m(s); or there exists a step G such
that m[G)m', M = My & My, My = °1(G), where °I(t) = (I(¢),°t) and °I(G' ©1) =
OZ(G/) @°l(t), My C %f{n(D X {0}), my =moO°*G and Mz((s,@)) <my(s).

We say that two NP/T systems N, (m;) and N,(my) are concrete step bisimilar
(denoted Ny (m;) ~Step Ny (my) or simply m ~Sep M2) iff there exists a strong bisim-
ulation R C [m) X [my) over the STSs cSMG(N;(m1)) and cSMG(N,(my)) such that
(mi,my) €R. O

While the definition of the abstract step marking graph for NP/T nets is analogous
to the definitions given in the literature for P/T nets with inhibitor arcs [JK95, Vog97,
BP99], the definition of the concrete step marking graph is rather different, as it
shows visibly the currently active testable places in D. This piece of information
may be useful for compositionality.

Proposition 3.12. (Fully concurrent) Given an NP/T system N(my) = (S,D,A, T,
my), its associated aSMG(N (my)) and cSMG(N (my)) are fully concurrent.

Proof. The abstract/concrete step marking graphs are fully concurrent, as a direct
consequence of Proposition 3.11. In particular, for cSMG(N (my)), note that, in any
step label M, the presence of elements of the form (s,0) can be always separated, as
these can be freely performed whenever s is a currently marked testable place. O
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3.5.2 Turing-Completeness

Finite NP/T nets are a Turing-complete formalism, as it is possible to represent
any counter machine (CM, for short) as a finite NP/T net. We assume the reader
is familiar with CMs [ER64, Min67], and so we give a short presentation of this
computational model; a didactical presentation can be found in [GV15]. A CM M
is a pair (I,n), where

I={(1:01),....,(m: L)}

is the set of indexed instructions of M, with |I| = m, n is the number of registers r;
of M, and each instruction /; is of two possible kinds:

o [;=1Inc(r;) 1< j<n (increment register r; and go to the next instruction of
index i+ 1);

o [;=DecJump(rj,s)) 1< j<n(ifr;holds value 0, then jump to the instruction
of index s; otherwise, decrement register r; and go to the next instruction of index
i+1).

The finite NP/T net system N(mo) = (S,D,A,T,mp) modeling the CM M is
given as follows. The set of places S = {P|,P,,...Pu,Piast,R1,R2,... Ry} is com-
posed of a place P; for each program-counter/instruction /;, a place Py, to model
the case in which the next instruction has index greater than m, and a place R;
for each register/counter r;. The set D of testable places is {R1,R,...R,}. The
set A is {incj,decj,zero; ‘ 1 < j < n}. The set T of transitions models the op-
erations of the CM M. In Figure 3.21(a) we show pictorially the transition for in-
struction (i : Inc(r;)). The program counter flows from P, to Py, while one addi-
tional token is deposited into place R;, to represent the increment of the register; if
i = m, then Py is actually P. In Figure 3.21(b), we show the net transitions for
(i : DecJump(rj,s)).If R;j contains at least one token, then the net transition labeled
dec; may be performed and instruction P, is activated; if i = m, then P,1 is ac-
tually P,. Moreover, if R; contains no tokens, the net transition labeled zero; can
move the token from P, to P; if s > m, then P; is actually P, . The initial mark-
ing mg puts one token into place P; and v; tokens into place R; (for j = 1,...n),
according to the initial values of the registers.

Summing up, we have showed that M can be faithfully represented by a finite
NP/T net. As CMs constitute a Turing-complete formalism if they have at least two
registers [Min67], the net modeling above ensures that finite NP/T nets with at least
two unbounded places are a Turing-complete formalism.

However, differently from other Turing-complete models of concurrency such as
CCS [Mil89], Multi-CCS [GV15] and the m-calculus [MPW92, SWO01], finite NP/T
nets can solve problems that are unsolvable in these process calculi. One such prob-
lem is the Last Man Standing (LMS) problem, introduced in [VBGO09], which can
be solved in a process calculus if there exists a process p able to detect the presence
or absence of other copies of itself without generating deadlocks or introducing di-
vergence. We would need to identify a process p such that p is able to execute an
action a only when there is exactly one copy of p in the current system, while p is
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inc; zero; dec;

O O

Py P

Fig. 3.21 Net representation of CM instructions

able to perform an action b only when there are at least two copies of p in the current
system. To be precise, if g; is the system where i copies of p are enabled, we require
that all of its computations will end eventually (i.e., no divergence is allowed) and
that the observable content of each of these computationsisaifi=1orbifi > 1,
where a # b. In other words,

h

q1 =p CI1=“>61/1+ q1 %

while

b

@ =plp 4+ D= q,

q b
an =plrl-1p au# Gn =Gy =
——
n
where —|— is the parallel composition operator of the calculus under scrutiny. The

operational rules for parallel composition of CCS, as well as of the other related
calculi, state that any process p, able to execute some action a, can perform the
same action in the presence of other processes as well, so that if p == p/, then also
p|lp==p|p', which contradicts the requirement that ¢ %-. As a matter of fact,
CCS is permissive: no parallel process can prevent the execution of an action of
another process.

However, the finite, dynamically acyclic, NP/T net in Figure 3.22 is a solution
to the LMS problem! As a matter of fact, assuming that no token is in place s,
at the beginning of the computation, if only one token is present in s (i.e., there
is only one copy of that process), then only a can be performed and the reached
marking is empty; on the contrary, if two or more tokens are present in sy (i.e., we
have multiple copies of the same process), then only b can be performed, at the
end of a protocol involving the two 7-labeled transitions: first, two tokens from s
are removed and one token is put into place s,, so that the a-labeled transition is
inhibited from now on; then one token at a time from s is consumed, together with
the token in s», which is immediately regenerated; when place s is empty, the token
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51 ( 52

Fig. 3.22 Net solution to the LMS problem

in sp can perform b, reaching the empty marking. Note that this net is dynamically
acyclic: at each step of the computation, the marking becomes smaller in size (one
token less, at each step). Note also that finite, dynamically acyclic, NP/T nets are
not Turing-complete; still they can solve the LMS problem.

Hence, this means there exists a problem in concurrency (i.e., the LMS problem)
that a Turing-complete language (i.e., CCS) cannot solve, while it can be solved by
a non-Turing-complete model (i.e., finite, dynamically acyclic, NP/T nets). This ob-
servation spurs an obvious question: when is a formalism for concurrency complete?
And with respect to what? A possible answer is proposed in this book: a formalism
is complete w.r.t. a given model of concurrency when it can model all the elements
of that model, up to isomorphism. Following this intuition, the next chapters offer a
list of increasingly expressive process calculi, each one complete w.r.t. a given class
of nets, where the last calculus, called NPL (see Chapter 8), is able to represent all
and only the finite NP/T nets. NPL is the only Turing-complete calculus we study
in this book.



Chapter 4
The Basic Calculus: SFM

Abstract The sequential calculus SFM (acronym of Sequential Finite-state Ma-
chines) is equipped with an operational LTS semantics and an operational Petri net
semantics; we observe that the two semantics are essentially isomorphic. We prove
that all and only the sequential finite-state machines are the models of the Petri net
semantics for SFM. Moreover, a denotational net semantics is presented and proved
to be the same as the operational net semantics.

The basic language we start with is a simple sequential calculus, equipped with
two operators only — action prefixing and choice — and a mechanism for de-
scribing recursive behavior, by means of so-called process constants. This calculus,
called SFM (acronym of Sequential Finite-state Machines), is essentially finite-state
CCS [Mil89, GV15].

4.1 Syntax

Let .Z be a finite set of observable actions, ranged over by a,b,c,.... Let T be an
invisible action, not in .Z. Let Act = £ U{t}, ranged over by u. Let %ons be a
countable set of process constants (i.e., names given to processes), disjoint from
Act, ranged over by A, B,C, .. ., possibly indexed.

SFM ¢ is the calculus whose process terms are generated from actions and con-
stants as described by the following abstract syntax:

s =0 u.p|s+s
pu=s| C

where 0 is the empty process, [.p is a process where action i € Act (which can
be an observable action a or the invisible action 7) prefixes the residual p (U.— is
called the action prefixing operator), s + s, denotes the alternative composition of
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s1 and sy (—+ — is called the choice operator), and C is a constant. We are actually
defining a family of SFM process algebras, each one for the chosen, finite set .
of observable actions; however, for simplicity, we simply use SFM do denote the
language when the chosen .Z is not important, or clear from the context. Moreover,
we can avoid this parametrization altogether, by choosing a comfortably large set
£, so that SEM is the process algebra we study in this chapter. (Similarly, for all
the process algebras in the next chapters, we will omit the explicit parametrization.)

We assume that each constant C is equipped with a definition of the form C = p.
This allows for the definition of recursive behavior; for instance, with C = a.C we
represent a simple recursive process that performs a forever, as will be clear in the
next section. A constant C = p is defined by a process p in syntactic category s, thus
ensuring that C is guarded, i.e., any constant in its body p occurs inside a subterm
of p of the form u.p’. Moreover, we also assume that the set of constants Const(p)
used by p is finite. Let us formalize these concepts.

Definition 4.1. (Const(p): Set of constants used by p) By Const(p) we denote the
least set of process constants such that the following equations are satisfied:

Const(0) = 0, Const(p1 + p2) = Const(p1) U Const(pz),
_J{c} if C undef.,

Const(u.p) = Const(p), Const(C) = (CYUConst(p) ifC=p

A term p such that Const(p) is finite is called finitary, as it uses finitely many
process constants only. O

When p is finitary, there is an obvious algorithm to compute Const(p): it is
enough to remember all the constants that have been already found while scanning
p, in order to avoid applying again function Const over their bodies. This can be
achieved by the following auxiliary function &, which has, as an additional param-
eter, a set / of already known constants:

6(0,1) =0, O(p1+p2,1) = 8(p1,1)Ud(p2.1),
0 cel,
o(u.p,I) = 6(p,1), o(C.I) =< {C} C ¢ I N\C undef.,

(CYUS(p,1U{CY) CEINC=p.

Then, for any finitary term p, Const(p) = 0 (p,0), where the additional parameter
is the empty set because so is the set of process constants we know about when we
begin scanning p. In this book, we always restrict ourselves to finitary calculi. So
also in the next chapters, we will require that the set of constants used by any process
is finite.

Remark 4.1. (Finitary calculi vs finite calculi) The six calculi we use in this book
are finitary, meaning that any process term must use only finitely many constants.
As argued in [Gorl7], it could be preferable to assume that the set $ons of constants
is finite. Hence, each calculus would be parametrized not only by a finite set .Z of
actions, but also by a finite set %ons of constants, hence yielding a finite calculus,
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sub(0,1) = {0} sub(p1+ p2,I) = {p1+ p2} Usub(p1,1) Usub(pa,I)
0 Ccel,

sub(u.p,I) = {u.p}Usub(p,I) sub(C,I) = (CYUsub(p1U{CY) CEIAC=p

Table 4.1 Subterms of a process

which is a finite formal system, indeed. However, in order to describe some simple
examples exploiting infinitely many constants, we prefer to allow for a countable
set Gons of constants, thus avoiding the explicit finite parametrization. a

Definition 4.2. (Defined constant, fully defined term and SFM process) A con-
stant C is defined if it possesses a defining equation of the form C = p, with p in
syntactic category s. A term p is fully defined if all the constants in Const(p) are
defined. The set Pgry of SEM processes contains the fully defined terms p such
that Const(p) is finite. Psg) will be ranged over by p,q,r, possibly indexed. O

As the choice operator is associative and commutative w.r.t. most behavioral
equivalences we have introduced in Chapter 2, we sometimes use the n-ary ver-
sion of this operator: we shorten p; + p> + ...+ p, as X' p;. As 0 is the neutral
element for + w.r.t. most behavioral equivalences, we often omit occurrences of
0 summands; e.g., (0+ p) + 0 is simply written as p. Using this alternative n-ary
choice operator and the assumption of absorption of useless 0 summands, the syn-
tax of SFM processes is more succinctly given as

p = Ejej[ij.pj ‘ C

where J is finite, X;c7utj.p; = 0 when J = 0, and any constant C is guarded, i.e., its
body is of the form X;c;u;.p;.

Definition 4.3. (Subterm) For any SFM process p, the set of its subterms sub(p)
is defined by means of the auxiliary function (with the same name, with abuse of
notation) sub(p,®), whose second parameter is a set of already known constants,
initially empty, described in Table 4.1. a

Theorem 4.1. For any SFM process p, the set of its subterms sub(p) is finite.

Proof. By induction on the definition of sub(p,0). The base cases are sub(0,1) and
sub(C,I) when C € I. Note that induction will end eventually because an SFM pro-
cess uses finitely many constants. a

Proposition 4.1. For any SFM processes p and g, the following hold:

(i) p€sub(p), and
(ii) if p € sub(q), then sub(p) C sub(q).

Proof. The proof of (i) follows directly from the definition of sub(—) in Table 4.1.
The proof of (ii) follows by the observation that the definition of sub(q) recursively
calls itself on all of its subterms. O
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ooy
-
(Pref) m (Cons) # C=p
Hp——p C—p
W u
p—7 qg—q
(Sumy) 7 (Sumy) 7,
p+q—p P+qg—q

Table 4.2 Structural operational LTS semantics

4.2 Operational LTS Semantics

The next step is to define the labeled transition system for SFM. This is, of course,
an infinite LTS, for the number of states and the number of transitions. The states are
actually the SFM processes. A finite, implicit representation of this infinite, count-
able set is given by means of the abstract syntax outlined in the previous section.
More difficult is finding a finite, implicit representation of the infinite, countable
set of transitions. For this, we resort to Plotkin’s technique called Structural Oper-
ational Semantics (SOS for short) [Plo04a, Plo0O4b], according to which the transi-
tions are defined by means of an inference system composed of axioms and rules.
A typical SOS operational rule has the form

premises .
—— side condition

conclusion
where premises is the conjunction of zero (and in such a case the rule is called
an axiom) or more transitions, conclusion is one transition and side condition is a
predicate that must be true for rule applicability.

Definition 4.4. The SFM labeled transition system %sg) is the triple (Pspu,Act,
—) where — C Pgpy X Act X Pgpy is the least transition relation generated by
the axiom and rules in Table 4.2. O

A brief comment on the rules follows. Axiom (Pref) states that y.p can perform
its prefix u and then may continue with the residual p. Rule (Cons) states that, when
C = p, if p can perform u reaching p’, then C can also perform p, reaching p’ as
well. Rule (Sum;) states that any move executable by p is also a possible move for
p + q; symmetrically for rule (Sumy).

Proposition 4.2. For any p € Pspy, if p—— p', then p' € Pspy.

Proof. By induction on the proof of p N p. a

Hence, by iterating this result, we have the expected result that any term reach-
able from a process is also a process.

Remark 4.2. (Notation) For any p € gy, the LTS reachable from p (Definition
2.5)is 6, = (Pp,s0rt(p), =p, p), where &, is the set of processes reachable from
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p, sort(p) is the set of actions that can be performed by p (formally, sort(p) =

{u € Act | p'.p—*p N }) and —, is the restriction of the transition relation
to P, x sort(p) x Pp. O

The following obvious fact follows.

Proposition 4.3. For any p € Pspy, the LTS 6, = (&), sort(p), —p, p) reachable
from p is a rooted, reduced LTS. a

4.2.1 Expressiveness

We prove that any SFM process originates, via the SOS semantics, a finite-state LTS,
i.e., an LTS with finitely many states and labels; then, we provide a representability
theorem, stating that any finite-state LTS can be represented by an SFM process, up
to isomorphism.

Proposition 4.4. For any q € Pspy, the set Ty = {(q,11,q') |1 € Act, q' € Pspu
and q N q'} of its outgoing transitions is finite.

Proof. We can define the number y(q) of transitions leaving a given state/process q.
Function y: Pspy — N is defined as follows:

7(0) =0, y(u.p) =1,
Y(p1+p2) = yv(p1) +¥(p2), v(C)=y(p) ifC=p.

By guardedness, we are sure that y(C) will not call itself recursively, and so it is
guaranteed that y(C) is always a finite number. It is not difficult then to check — by
reasoning on the shape of the SOS inference rules — that indeed y(q) is the number
of transitions leaving g, i.e., Y(q) = |T,|. O

Corollary 4.1. (Finitely branching LTS) For any p € Pspu, the rooted LTS €, =
(Ppy,s0rt(p), —p, p) reachable from p is finitely branching.

Proof. All the states reachable from p € Pspy are SFM processes by Proposition
4.2. Hence 6), is a finitely branching LTS by Proposition 4.4. a
Lemma 4.1. For any p € Pspy, if p—— p', then

(i) p' €sub(p), and

(ii)  sub(p") C sub(p).

Proof. (i) By induction on the proof of p N p'. (i) By (i) and Proposition4.1. O
Proposition 4.5. For any p € Psry, if p—* p/, then

(i) p' €sub(p), and
(ii)  sub(p") C sub(p).
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Proof. By induction on the length of the computation p—* p'. The base case is
p —"* p and the thesis follows by Proposition 4.1. Otherwise, let p —" q L>p'.
By induction we have that q € sub(p) and sub(q) C sub(p). By Lemma 4.1, we also
have p' € sub(q) and sub(p") C sub(q). Hence, the thesis follows trivially. O

Theorem 4.2. (Finite number of reachable states) For any SFM process p, the set
Py, of its reachable states is finite.

Proof. By Proposition 4.5, any reachable state p' is a subterm of p. By Theorem 4.1,
the set sub(p) is finite. Hence, the set &), of its reachable states is finite. a

Corollary 4.2. (Finite-state LTS) For any SFM process p, the LTS reachable from
p, €p = (P, s0rt(p), —p, p), is finite-state.

Proof. By Theorem 4.2, the set &), of the states reachable from p is finite. By Corol-
lary 4.1, 6, is finitely branching. Hence, also sort(p) must be finite, as required by
Definition 2.7. O

Theorem 4.3. (Representability, up to LTS isomorphism) For any finite-state,
rooted, reduced LTS TS, there exists an SFM process p such that the LTS €, =
(P, s0rt(p), =, p) reachable from p is isomorphic to TS.

Proof. Let TS = (Q,A, —1,q0), with Q ={q0,4q1,---,qn}. We define a process con-
stant C; in correspondence with state q;, for i =0,1,...,n, defined as follows: if q;
is a deadlock, then C; = 0; if T (q;) = {(qi, U, gk | W €A, qr € Qand g Al ar},
then Ci = X (4. 1 a)eT(qi) Mk-Ck- Let us consider 6c, = (Pc,,s0rt(Co), —2,Co). It
is not difficult to see that ¢, = {Cy,C1,...,C,} because TS is reduced. Hence, the
bijection we are looking for is f : Q — P, defined as f(q;) = C. It is also easy to
observe that the two conditions of isomorphism are satisfied, namely

e Co= f(qo), and
" . L
o qi—>1a iff fla) —>2f(qw).
Hence, f is indeed an LTS isomorphism. a

Example 4.1. As a simple application of this theorem, the finite-state LTS in Figure
2.1 can be represented by the four mutually recursive constants

C1 = coin.Cy, Cy = ask-esp.C3 + ask-am.Cy,
C3 = esp-coffee.C;, Cy = am-coffee.C;. O

Remark 4.3. (SFM languages = regular languages) A set L C .Z* is an SFM lan-
guage if there exists an SFM process p such that L = WCTr(p). By Corollary 4.2,
for any SFM process p, the LTS %p, reachable from p, is finite-state. As discussed in
Remark 2.2, for any finite-state LTS T'S|, the set WCTr(TS)) of its weak completed
traces is a regular language. Hence, all the SFM languages are regular. Conversely,
given a regular language L, Remark 2.2 shows that there exists a finite-state LTS
TS, such that L = WCTr(TS,). By Theorem 4.3, there exists an SFM process ¢
such that ¢ is isomorphic to T'S»; hence, L = WCT'r(q) and so, all regular lan-
guages are SFM languages. Summing up, we can conclude that SFM can represent
exactly this class of formal languages. a
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4.2.2 Congruence

When we compare the behavior of different systems, we expect to use a behavioral
relation that is not only an equivalence, but rather a congruence. An equivalence
relation R is a congruence if it is preserved by the operators of the process calculus.
In our setting, we expect to be able to prove that if (p,q) € R, then (U.p,i.q) €R
for any u € Act as well as (p+r,q+ r) € R for any process r. The reason why we
require that our chosen behavioral equivalence be a congruence is that it will support
substitution of equals for equals in any context: if a subcomponent p in a complex
system %’ [p] becomes faulty, we can safely replace it with a congruent process g,
so that the whole system %’[g] behaves as €'[p] (where a context € [—] is a process
expression with a single occurrence of a hole [—] in it, as a subexpression).

Not all the equivalences we have discussed in Chapter 2 are congruences. For
instance, it is not difficult to see that LTS isomorphism = (see Definition 2.8) is
not a congruence for +. As an instance, consider a.0 and a.(0 4 0), which generate
isomorphic LTSs; however, when put in a context €[—] = — + a.0, we get the two
processes €'[a.0] = a.0 +a.0 and €’[a.(0+0)] = a.(0+ 0) + a.0 which generate
non-isomorphic LTSs: the former is composed of two states only, and the latter of
three. Nonetheless, the most fundamental behavioral equivalences for our aims are
actually congruences.

Theorem 4.4. (Bisimulation equivalence is a congruence)

i) Forany p,q € Pspy, if p~ q, then L.p ~ U.q for all 1 € Act;
ii) For any processes p,q in syntactic category s, if p ~ q, then p+r ~ g+ for all
r in syntactic category s.

Proof. Assume R is a bisimulation such that (p,q) € R.

For case 1), consider relation Ry = {(U.p,L.q) | U € Act} UR. It is very easy
to check that Ry is a bisimulation.

For case 2), we show that Ry = {(p+r,q+7) ’ r in syntactic category s} URU.%

is a bisimulation, where . = {(r,r) | r € Pspy}. If p+r s /. this must be due
to either p £ p' (due to rule (Sum,)) or r SN p' (due to rule (Sumy)). In the former
case, as (p,q) € R, there exists a transition q s ¢ with (p',q') € R; by rule (Sumy)
also transition g +r —— ¢ is derivable with (p',q') € Ry. In the latter case, q+r can

do exactly the same transition from r: g+ r ——s p' with (p',p') € Ry. The symmetric
case when g+ r moves first is analogous, hence omitted. Note that the symmetric
case r+ p ~ r+ q is implied by the fact that the choice operator is commutative
W.LL ~. O

It can be proved that also trace equivalence is a congruence for the operators of
SFM. A discussion about weak congruences is outside the scope of this book (see,
e.g., [GV15]).
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dec(0) =0 dec(u.p) = {u.p}

dec(p+p')={p+p'} dec(C) = {C}

Table 4.3 Decomposition function

dec(p) Hm )
(pref) —————— (cons) —————— C=p
{u.py —dec(p) {C}—m
dec(p) m dec(q) m
(sum;) —————— (sumy) —————
{p+at—m {p+q}—m

Table 4.4 Structural operational net semantics

4.3 Operational Net Semantics

For SFM, the operational net semantics mimics closely the operational LTS seman-
tics, so that the two semantics originate structures which are essentially isomorphic.

Similarly to what we did when defining the LTS SOS semantics, we first de-
scribe a technique for building a P/T net for the whole calculus SFM, starting
from a description of its places and its net transitions. The resulting net Nspy =
(Sskm,Act, Tspp) is such that, for any p € Pgpy, the net system Ngppy(dec(p))
statically reachable from the initial marking dec(p) is a statically reduced,' sequen-
tial FSM net; such a net system is denoted by Nez(p).

The infinite set Sgpy of places is exactly Pspy \ {0}, i.e., the set of all SFM
processes except 0. With abuse of notation, the set Sggys is ranged over by s, possibly
indexed.

Function dec : Pspy — M sin(Ssru) defines the decomposition of processes into
markings (see Table 4.3). It is essentially an identity function, associating with each
process p the singleton multiset {p}, the only exception being 0, with which the
empty multiset is associated.

Let Tspy © (A fin(Ssem) \ {0}) x Act x A in(Ssru) be the least set of transi-

tions generated by the axiom and rules in Table 4.4, where in a transition m; L) my,
my is the pre-set, u is the label and m is the post-set. Axiom (pref) states that if one
token is present in the place i.p then a t-labeled transition is derivable from mark-
ing {i.p}, producing the marking dec(p). Rule (sum;) and its counterpart (sumy)
are as expected: the transitions from the place p + ¢ are those from the places p and
¢; in fact, dec(p) is either @, when p = 0, or the singleton {p}; but @ cannot gener-

! Since, for FSM nets, the notion of statically reachable subnet and dynamically reachable subnet
coincide, we could also write that Ngpu(dec(p)) is the subnet dynamically reachable from the
initial marking dec(p); similarly, since the notion of statically reduced net and dynamically reduced
net coincide, we could also write dynamically reduced.
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ate any transition, so the only possibility to derive the conclusion {p + ¢} Homis

when the premise transition is of the form dec(p) = {p} 2, m. Finally, rule (cons)
explains that if a net transition from dec(p) is derivable, reaching m, then also the
place C can do the same, reaching m as well; similarly to the discussion above about
rule (sum;), the premise transition is derivable only if dec(p) = {p}, i.e., when
p#0.

We now prove that any net transition is such that its pre-set is a singleton and its
post-set is a singleton or the empty set.

Proposition 4.6. For any t € Tsgy, we have that |°t| = 1 and [t*| < 1.

Proof. By induction on the proof of t. The base case is when t is derived by axiom
(pref). In such a case, °t = {{t.p} and t* = dec(p), which can be either {p} or 0,
so that |t*| < 1 as required. An easy induction on the other three rules is enough
to conclude that |t*| < |*t| = 1. For instance, for rule (sum;), we know that p is
sequential, hence dec(p) is either the empty multiset or {p}, the former case is
vacuous, because no premise transition is derivable from O and so no conclusion is
possible; in the latter case, we can assume by induction that the target marking m
of the premise is such that |m| < 1 and so the thesis follows trivially. ]

Hence, the net transitions are all of the form {p} L>dec( p'). Now we want to
prove that the LTS transitions are essentially the same as the net transitions.

Proposition 4.7. For any p € Pspy, p—— p' if and only if {p} N dec(p').

Proof. The LTS rules in Table 4.2 and net rules in Table 4.4 are clearly in a one-
to-one correspondence. Note that, as dec(p) = {p} (when p #0), the conclusion

of axiom (pref) is actually {u.p} £ {p}, which mimics exactly axiom (Pref) of
Table 4.2; in case p = 0, the conclusion of rule (pref) is actually {1.0} Lﬂb,
which parallels [,L.OL>0. A trivial induction on the three rules suffices to prove
the result. Let us consider only one case: rules (sumi) and (Sum;). On the one
hand, {p+ q} L)dec(p’) is possible only if the premise of rule (sum) is of the
Sform {p} Lm’ec(p’); by induction, also p L>p’ is derivable and, by rule (Sum,),
also transition p —|—qi> p' is derivable, as required. Symmetrically, if we start
from p + qi> p', by (Sum,), its premise is p N p'; by induction, we have that
{p} L>dec(p’), and so, by (sumy), {p+q} L>dec(p’), as required. O

Remark 4.4. (Isomorphic structures) It is clear that the LTS €sry = (Psru, Act,
—) of Definition 4.4 and the P/T net Nsrp = (Sspm,Act, Tspy) are essentially iso-
morphic structures: function dec : Pspy — M yin(Ssrur) defines a bijection between
Psem and {{p} | p € Sspu} U{0}, and such a bijection, by Proposition 4.7, pre-

serves the transitions: p ——s p' iff dec(p) L>dec( p'). Hence, the net semantic is
sound w.r.t. the LTS semantics: the process p in €sry and marking dec(p) in Ngppy
are interleaving bisimilar, as R = {(p,dec(p)) | p € Psrm} is trivially a strong
bisimulation. a
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Given a process p € Pspy, the P/T system associated with p is the subnet of
Ngpy statically reachable from the initial marking dec(p). We indicate by Net(p)
such a subnet.

Definition 4.5. Let p be an SFM process. The P/T system statically associated with
pisNet(p) = (Sp,Ap,Tp,{p}), where

Sp=[{p}) computed in Nsru,
1, = {l‘ € Tsrm ‘ Sp[[t>},
Ap={u€Act | HET,u=10))} O

The following proposition presents a fact that is obviously true by construction of
the net Nez(p) associated with an SFM process p.

Proposition 4.8. For any p € Pspy, Net(p) is a statically reduced P/T net. O

It is an obvious observation that all the nonempty reachable markings from the
initial marking {p} are singletons. Hence, Net(p) is a safe net.

Proposition 4.9. Given an SFM process p, if m € [dec(p)), then either m = @ or
m = {q} for some q € sub(p).

Proof. If p=0, then dec(p) = 0 and no other marking is reachable; hence, the thesis
trivially holds. If p # 0 (i.e., dec(p) = {p}), the proof proceeds by induction on the
definition of reachable marking (Definition 3.5). The base case is {p} € [{p}) and
the thesis holds, as p € sub(p) by Proposition 4.1. Now, assume that m; € [{p})
and that, for some transition t € Tspy, my[t)my; we want to prove that my is either
the empty multiset or a singleton containing a subterm of p. By induction, we can
assume that my = {r} for some r € sub(p); hence, sub(r) C sub(p) by Proposition
4.1. Since t is enabled at m) = {r}, necessarily °t = {r} as the pre-set of a transition
cannot be empty; by Proposition 4.6, either t* = 0 or t* = {q} for some q; in the
former case, the reached marking is empty and so the thesis holds; in the latter
case, my = my ©°t ®1° = {q} is a singleton as well. Moreover, by Proposition

4.7, t = ({r}, 1, {q}) is such that r— g is a transition in the LTS. By Lemma 4.1,
q € sub(r); therefore, q € sub(p), as required. O

As the notions of dynamically enabled transition and statically enabled transition
coincide for FSM nets, the proposition above ensures that the dynamically reachable
places are the same as the statically reachable places.

Theorem 4.5. (Finite number of places) For any SFM process p, the set S, of its
places statically reachable from dom(dec(p)) is finite.

Proof. By Proposition 4.9 any reachable place q is a subterm of p. By Theorem 4.1,
the set sub(p) is finite. Hence, the set S, of its reachable places is finite. a

As a corollary to the above, we have that for any SFM process p, the set [dec(p))
of its reachable markings is finite.
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Corollary 4.3. (Finite number of reachable markings) For any SFM process p,
the set [dec(p)) of its (dynamically) reachable markings is finite.

Proof. By Theorem 4.5, the set S, of places is finite. By Proposition 4.9, any reach-
able marking is a singleton or the empty multiset. Therefore, the reachable markings
cannot be more than |S,| + 1. O

Lemma 4.2. (Finite number of transitions) For any SFM process p, the set TP of
transitions with pre-set {p} is finite.

Proof. A direct consequence of Proposition 4.7 and Proposition 4.4. ]

Theorem 4.6. (Finite P/T Petri net) For any SFM process p, the P/T net reachable
from p, Net(p) = (Sp,Ap, Ty, {p}). is finite.

Proof. By Theorem 4.5, the set S,, of the places reachable from p is finite. By Propo-
sition 4.6 the pre-set of any derivable transition is a singleton. By Lemma 4.2, the set
T of transitions with pre-set {q} is finite, for any q € S,. Hence, also T, = qus,, T1
must be finite, being a finite union of finite sets. a

Corollary 4.4. (Sequential finite-state machine) For any SFM process p # 0,
Net(p) is a sequential finite-state machine.

Proof. By Theorem 4.6, Net(p) is a finite P/T net. By Proposition 4.6, for anyt € T,,
we have |t*| < |°t| = 1, i.e., Net(p) is a finite-state machine. Finally, it is sequential
as dec(p) = {p}. O

For p = 0, Net(p) is the empty net (0,0,0,0), which is not a sequential finite-
state machine, because the initial marking is not a singleton. However, except for
this singularity, the corollary above ensures that only sequential finite-state machines
can be represented by SFM processes.

4.4 Representing All Sequential Finite-State Machines

It is not a surprise that all sequential finite-state machines can be represented by
SEFM processes. As a matter of fact, this can be justified by Theorem 4.3, stating
that all finite-state LTSs can be represented by SFM processes, and by Remark 4.4,
stating that the LTS for SFM and the net for SFM are essentially isomorphic struc-
tures.

Here, we give a construction that, albeit a bit redundant, will be useful in prov-
ing the result and will be naturally extended to the more complex cases studied in
the following chapters. The translation from nets to process terms we are going to
present defines a constant C; corresponding to each place s;, which has a summand
¢! for each transition ¢; of the net. Such a summand ¢! defines whether and how con-
stant C; is involved in the execution of the transition of the net of C;, corresponding
to the original transition 7;. It turns out that, if the original net N ({s; }) is (statically)
reduced, then the term Zspp(N({s1})) associated with such a net generates a net
isomorphic to the original net N({s;}).
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esp-coffee

Fig. 4.1 A vending machine as a sequential finite-state machine

Definition 4.6. (Translating sequential FSMs into SFM process terms) Let N (1)
= (S,A,T,mg) — with S = {s1,...,8,}, A CAct, T = {t1,...,1}, I(t;) = u; and
my = {s1} — be a sequential finite-state machine. Function g (—), from se-
quential finite-state machines to SFM processes, is defined as Tsry (N ({s1})) =Ci,
where each C;, for i = 1,...,n, has a defining equation of the form

Ci = cl 4+t

where C; = 0 if k = 0, and each summand clj for j=1,...,k, is equal to

o 0,ifs; & 'tj;

° ,uj.(), if 'l‘j = {Si} and l‘j.- =0,

° [.L]'.Ch, if .tj = {S,‘} and tj.- = {Sh}. O

Note that Jsgp (N(mp)) is an SFM process: in fact, the only operators we use
are action prefixing and choice, tthere are finitely many constants involved (one for
each place) and each constant is guarded. Therefore, the following proposition holds
by Proposition 4.8 and Corollary 4.4.

Proposition 4.10. Given a sequential finite-state machine N (mo) = (S,A,T,myo), the
P/T net Net(Tspp(N(mo))) is a (statically) reduced, sequential FSM. O

Example 4.2. Let us consider the vending machine described by the net in Figure
4.1. The SFM process associated with such an FSM net is C;, where the four con-
stants C;, corresponding to the four places s;, for i = 1,...,4, are defined as follows:

Ci =coinC,+0+0+0+0,

Cy = 0 + ask-esp.C3 + ask-am.C4 + 0 + 0,
C3 =0+ 0+ 0 + esp-coffee.C; + 0,

Cs =04 0+ 0+ 0+ am-coffee.Cy.
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It is obvious that Net(C ) is a net isomorphic to the original net in Figure 4.1, where
the isomorphism f is the bijection f(s;) = C; for i = 1,...,4. These constant defi-
nitions are very similar to those of Example 4.1, where (apparently useless) 0 sum-
mands are inserted to denote that a constant is not involved in the execution of the
transition under scrutiny. a

Now we are ready to state our main result, the so-called representability theorem.

Theorem 4.7. (Representability theorem 1) Ler N(mo) = (S,A,T,my) be a (stat-
ically) reduced, sequential finite-state machine such that A C Act, and let p =
Tsrm(N(my)). Then, Net(p) is isomorphic to N(my).

Proof. Let N(mg) = (S,A,T,mp) be a reduced FSM net, with S = {s1,...,s,},
mo={s1}, ACAct, T ={t1,...,tx} and l(t;) = pu; for j =1,... k. The associated
SFM process is %FM( ( 0)) = C1, where for each place s; we have a correspond-

ing constant G =Yk defined as in Definition 4.6. For notational convenience,

Jj= 1€ 1’
zlj‘-zl c,- is denoted by p;, i.e., C; = p;.

Let Net(p) be the tuple (S',A', T",m{)). Then, m, = dec(p) is the multiset dec(C)
= {C1}. Note that, by Definition 4.6, any transition t' € T' with *t' = {C,} is such
that t'* = 0 or t'* = {Cy,} for some suitable h; by iterating this observation, each
transition in T' has a pre-set {C;} and a post-set which can be empty or of the form
{Cp}, for some suitable C; and Cy,. As, by Proposition 4.10, Net(p) is reduced, it
follows that the places in S' are exactly all the constants C; for i = 1,...,n. Note
also that since N(my) is reduced, all the places in S are reachable from the initial
marking {s}. Hence, there is a bijection f : S — S defined by f(s;) = C;, which is
the natural candidate isomorphism function. To prove that f is an isomorphism, we
have to prove that

1. f(mg) = my,

21 = (mo o) € T implies f(t) = (f(m), it f(')) € ', and

3.t = (m),u,mh) € T implies there exists t = (my,,my) € T such that f(t) =1,
ie., f(my)=m\ and f(my) = m.

From items 2) and 3) above, it follows that A = A’.

Proof of 1: The mapping via f of the initial marking mg is f(mg) = f({s1}) =
{C1} =dec(C1) = my, as required.

Proof of 2: we prove that, for j = 1,....k if tj = (m,u;,m') € T, then t; =
(f(m),uj, f(m')) € T'. By Proposition 4.6, t; must be of the form ({s;i},;,{sn})
(or ({si},11;,0)) for suitable indexes i,h. Hence, f(*t;) = {C;} and f(t}) = {Cp}
(or f(tj'-) = 0). According to Definition 4.6, for C; = p;, we have in p; a summand
c‘ = U;.Cy (or L< = U;.0). Therefore, not only is {c‘}L{Ch} (or {c’}&@)
derivable by axiom (pref), but also (by rules (suml) and (sum 2)) {pi} A, {Cp} (or
{pi} H(Z)) and so, by rule (cons), {C} LAChY (or {Ci} H(Z)) In conclusion,

starting from transition t; = ({s;}, 1;,{sn}) (or tj = ({si},u;,0)), we have shown
that transition t’; = ({Ci}, uj, {Ch}) (ort; = ({Ci}, 1, 0)) belongs to T', as required.
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Proof of 3: We prove that if t; = (m}, j,mj) € T', then there exists a transition
tj = (my,pj,mz) € T such that f(mi) =m) and f(my) = m),. We already observed
that any transition t} (statically) reachable from the initial marking {C1} is such
that *t; = {C;} and 1" = {Cy} (or t}* = 0) for suitable indexes i,h; hence, t; =
({Gi} 1, {Cn}) (or t; = ({Ci},1},0)). Such a transition is derivable, by rule (cons),
onlyifalso {p;} A, {Ch} (or {pi} A, 0) and so, by rules (sumy) and (sumy), only if
{clj} A, {Ch} (or {cl]} A, 0). Summand c{ must be of the form [1;.Cy, (or 1;.0), and

this is possible only if transition t; is of the form ({s;}, Wj, {sn}) (or ({si},1;,0)), as
required. a

Example 4.3. Function Jspy(—) can be applied to any sequential FSM net N (my).
However, if N(my) is not (statically) reduced, the representability theorem does not
hold. Let us consider the net

N({Sl}’) = ({Sl,SQ,S3,S4}, {a}v {({sl}vav {52})v ({S3}aa7 {S4})}, {Sl})'
Clearly such a net is not reduced because places s3 and s4 are not reachable from
the initial marking {s; }. The SFM term Jspp (N ({s1})) would be C;, where
C, = a.C+0, C, = 040,
C3 = 0+4+a.Cy, Cy = 040,
but now Net(Tsry(N({s1}))) is the net ({C1,C2},{a}, {({Ci},a,{C2})},{C1}),
which has two places and one transition only, i.e., it is isomorphic to the subnet of
N({s1}) reachable from the initial marking {s; }. O

4.5 Denotational Net Semantics

The operational net semantics for SFM is very simple, but has one obvious draw-
back: the construction of the net system Net(p) associated with an SFM process p
is rather indirect (see Definition 4.5), as it has to be computed inductively starting
from the initial marking dec(p), by using the operational rules in Table 4.4.

In this section we provide a completely different construction of the net sys-
tem [p]p associated with process p, which is compositional and denotational in
style. The details of the construction are outlined in Table 4.5. The encoding is
parametrized by a set of constants that has already been found while scanning p;
such a set is initially empty and it is used to avoid looping on recursive constants.
The definition is syntax driven and also the places of the constructed net are syn-
tactic objects, i.e., SFM process terms. For instance, the net system [a.0]p is a net
composed of one single marked place, namely process a.0, and one single transition
({a.0},a,0). A bit of care is needed in the rule for choice: in order to include only
strictly necessary places and transitions, the initial place p; (or p») of the subnet
[pi]: (or [p2]r) is to be kept in the net for p; + p, only if there exists a transition
reaching place p; (or p2) in [p1]; (or [p2]1), otherwise p; (or ps) can be safely re-
moved in the new net. Similarly, for the rule for constants. We will prove that the net
system Net(p) associated with p by the operational semantics is exactly the same
net system defined by [po.
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[0]; = (0.0,0,0)
[u.plr = (S,A,T.{u.p})  given [p]; = (5",A",T’,dec(p)) and where
S={u.ptus, A={utUA", T ={({u.p}, p,dec(p))} VT’
[p1+p2li = (S, A,T,{p1+p2}) given [pil; = (Si, A, T;,dec(p;)) fori=1,2, and where

S={pi+p2}US|US,, with, fori=1,2,

;S 3t € T; such that r*(p;) >0 V p; =0,
~Si\{pi} otherwise

A=A UA,, T=T'UT{UT;, with, fori=1,2,
,/_{Ti 3t ET.(pi) >0V pi=0,
P\ T\{teT | *t(pi) >0} otherwise
' ={({p1+p2}.ut,m) | ({pi}.u,m) € T;,i=1,2}
[Cl; = ({C},0,0,{C}) ifCel
[Clr = (5.4, T.{C}) if C &1, given C = p and [plu(c) = (8',A",T" dec(p))
A=A S={C}uS", where
,,{S’ JreT .t*(p) >0V p=0,
S"\{p} otherwise
T ={({C},u,m) | ({p},u,m) € T'}UT" where

" T’ JreT .t*(p) >0V p=0,
T\ T\{reT’ | *t(p) >0} otherwise

Table 4.5 Denotational net semantics

Example 4.4. Consider the two processes 5.0 and b.A, where A = (. By using the
definitions in Table 4.5, we have that [0]p = (0,0,0,0). By the rule for action pre-
fixing, [0.0]p = ({.0},{b},{({h.0},5,0)},{b.0}). Similarly, [0] 4, = (0,0,0,0).
Then, by the rule for constants, [A]p = ({A},0,0,{A}); finally, by the rule for action
prefixing, [b.A]lp = ({0.A,A}, {b},{({b.A},b,{A})},{b.A}). O

Example 4.5. Consider the process b.A + c.A, where A = 0. By Example 4.4, we
have [b.A]g = ({b.A,A}, {b},{({b.A},b,{A})},{b.A}). Similarly,

le.Alo = ({e.A,A}, {c}, {({eA} e, {A}D)} {c.A}).
Hence, [b.A+c.A]p =
({bA+cA A} (b, {({bA+cA} b, {A}), ({bA+cA} e, {AD} {bA+cAD).
Note that places b.A and c.A have not been included in the resulting net. Now con-
sider process b.0 +a.b.0. We have that

[a.b.0]p = ({a.D.0,b.0},{a,b},{({a.b.0},a,{b.0}),({b.0},b,0)},{a.b.0}).

Therefore, by summation,
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A A A b B
a b a b a b

b.A b.A b.A

a) b) c)

Fig. 4.2 The nets for the processes A in (a), for b.A in (b) and for B in (c) of Example 4.6

[6.0+a.b.0]p = ({b.0+a.b.0,b.0},{a,b},{({b.0+a.b.0},b,0), ({.0+a.b.0},
a,{b.0}),({b.0},b,0)},{b.0+a.b.0}).

Note that place a.b.0 has not been included in the resulting net, while 5.0 is in,
because it is reachable from a.b.0.

Finally, consider the process 5.0 + 0. By Example 4.4, we have that [0.0]p =
({6.0},{b},{({b.0},b,0)},{b.0}) and [0]p = (0,0,0,0). Therefore, by summation,
[6.04+0]p = ({b.0+0},{b},{({0.0+0},5,0)},{b.0+0}). |

Example 4.6. Consider constant B = b.A, where A = a.b.A. By using the defini-
tions in Table 4.5, [A] 4 5y = ({A},0,0,{A}). Then, by action prefixing, [b.A] 4
=({b.A, A} {b},{({b-A},b,{A})},{b.A}). Again, by action prefixing, [a.b.A] 4 p
=({a.b.A,b.A A} {a,b},{({a.b.A},a,{b.A}),({b.A},b,{A})}, {a.b.A}). Now, the
rule for constants ensures that

[A]]{B} = ({b.A,A}, {avb}v {({A}7a7 {b'A})7 ({b.A},b, {A})}7 {A})
Note that place a.b.A has been removed, as no transition in [a.b.A] 4 ) reaches that
place. This net is depicted in Figure 4.2(a). By action prefixing,

[b.A] {B} — ({b.A,A} {a, b}, {({A},a,{b.A}), ({D.A},b,{A})} {D.A}),
i.e., this operation changes only the initial marking, but does not affect the underly-
ing net! This net in outlined in Figure 4.2(b). Finally,
[Blo = ({B;b.A,A}, {a, b}, {({B},b,{A}),({A},a, {b.A}),({bA}, b, {A}) }, {B}).
Note that place b.A has been kept, because there is a transition in the net [b.A]
that reaches that place. Figure 4.2(c) shows this net. O

Theorem 4.8. (Operational and denotational semantics coincide) For any SFM
process p, Net(p) = [p]o.

Proof. By induction on the definition of [p]; and of Net(p,I), where the latter is the
operational net associated with p, assuming that the constants in I are undefined.
Then, the thesis follows for I = 0.

The first base case is for 0 and the thesis is obvious, as, for any I C Gons, [0]; =
(0,0,0,0) = Net(0,1), because no place/token is available and so no transition is
derivable from O by the operational rules in Table 4.4. The second base case is
for C when C € I, which corresponds to the case when C is not defined. In such
a case, for any I C Gons with C € I, [C]; = ({C},0,0,{C}) = Net(C,I), because,
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being undefined, no transition is derivable from C (rule (cons) is not applicable).
The inductive cases are as follows.

Action prefixing: By induction, we assume that Net(p,I) = (S',A', T’ ,dec(p)) =
[pli- As dec(u.p) = {u.p}, the only applicable operational rule is (pref), which
produces exactly one transition, ({{L.p}, lt,dec(p)), which reaches the initial mark-
ing of Net(p,I). Hence, Net(l.p,I) is the net (S'U{p.p},A"U{u}t, T"U{({u.p},
w,dec(p))}, {.p}), which is exactly [u.p];.

Choice: By induction, we can assume that Net (p;,I) = (S;i,A;, Ti,dec(p;)) = [pilr
Jori=1,2. Asdec(p + p2) = {p1 + p2}, the only applicable rules are (sum,) and
(sumy). Any transition ({p1},t,dec(p)) € Ty generates, by rule (sum,), a transition
({p1 + p2}, 1 dec(p)) in the net for pi + pa. Symmetrically, for the net transitions
from {pa}. This means that all the places, such as p, reachable in one step from p;
or pa, are also reachable in one step from p1 + p». Therefore, the set S of places of
Net(p1+ p2,1) is {p1 + p2} US| US,, where, fori=1,2,

;) S 3t € T; such that t* (p;) > 0,
' Si\{pi} otherwise
because p; is to be included only if it is reachable from some state different from p;

itself. Set S is the same set computed by [p\ + p2];. Similarly, the set T of transitions
of Net(py+ p2,1) is T'"UT] UT;, where

, )T 3t € T; such that t*(p;) > 0,
PUNTN\{reT | *t(p) >0} otherwise

because we have to remove all the transitions starting from p; if such a place has
been removed; moreover,

T'= {({pl +p2}>“’m) ‘ ({pi}’l’L?m) €Ti= 172}
computes the set of the new initial transitions, as obtained by application of the
rules (sumy) and (sumy). T is exactly the same set of transitions of [p1 + p2]1.

Constant: In this case, we assume that C = p and that C & I. By induction,
we can assume that Net(p,1U{C}) = (§',A", T, dec(p)) = [pliicy, so that in p
constant C is undefined. As dec(C) = {C}, the only applicable operational rule is
(cons), so that any transition ({p},U,dec(q)) in Net(p,IU{C}) produces a transi-
tion ({C},u,dec(q)) in Net(C,I). This means that all the places, such as q, reach-
able in one step from p, are also reachable in one step from C. Therefore, the set of
places S of Net(C,I) is {C}US", where

.S 3t € T such that t*(p) > 0,

S\ {p} otherwise

because p is to be included only if it is reachable from some state different from p
itself. Set S is the same set computed by [C];. Similarly, the set T of transitions of
Net(C,1) is {({C}.pom) | ({p},p.m) € T'}UT", where

T 3r € T' such that t*(p) > 0,

T// —
T'\{t €T’ | *t(p) >0} otherwise
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because we have to remove all the transitions starting from p if such a place has
been removed; moreover,

{({CYom) | ({p}osom) € T')
computes the set of new initial transitions, as obtained by application of rule (cons).
Note that this has the effect of defining the constant C, by giving a semantics to it
in terms of the initial transitions of p. Note also that T is exactly the same set of
transitions of [C];. 0

Of course, this denotational semantics can be easily adapted to define an LTS
denotational semantics for SFM.



Chapter 5

Adding Asynchronous Parallel Composition:
CFM and BPP

Abstract SFM is extended with the operator of asynchronous (i.e., without synchro-
nization capabilities) parallel composition in two steps: first, by adding parallel com-
position at the top level only, thus obtaining CFM (acronym of Concurrent Finite-
state Machines); then, by additionally extending the definition of action prefixing to
parallel processes, thus yielding BPP (acronym of Basic Parallel Processes).

5.1 CFM

Also in this chapter, let Act = £ U {7} be the finite set of actions, ranged over by
U, and let bons be the countable set of constants, disjoint from Act, ranged over by
A,B,C,.... The CFM terms (where CFM is the acronym of Concurrent Finite-state
Machines) are generated from actions and constants by the following abstract syntax

s =0 u.q|s+s
qg:=s| C sequential processes
pi=gq|plp parallel processes

where pj | p2 denotes the asynchronous parallel composition of p; and py; as for
SFM, C is defined over the syntactic category s, i.e., C =s. A term p is a CFM
process if it is fully defined and the set Const(p) of constants used by p is finite,
where function Const(—) of Definition 4.1 is extended to parallel composition as
Const(p1| p2) = Const(p1) U Const(p2).

The set of CEM processes is denoted by Zcry, and the set of its sequential pro-
cesses, i.e., of the processes in syntactic category ¢, by Ppp,,. Note that 257, =
Psry. Alternatively, the syntax can be more succinctly given as

s = Ejejuj.sj ‘ C
pu=s|plp

© Springer International Publishing AG 2017 95
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ey Ho
— —
(Pary) p”—p (Parz)qu—q
rla—7p'lq rla—pld

Table 5.1 Structural operational semantics for asynchronous parallel composition

where J is finite, X;c;u;.s; = 0 when J = 0, and any constant C is guarded, i.e., its
body is of the form Xc;uu;.5;.

The definition of the subterms sub(p) of a process p (see Definition 4.3) is to be
extended to the parallel operator as follows:

sub(p1| pa,I) = sub(p1,I)Usub(pz,I).
This means that sub(p) computes the set of sequential subterms of p, i.e., for any
p € Pcrum. the set sub(p) of its sequential subterms is a subset of Ppd,,.

Theorem 5.1. For any CFM process p, the set sub(p) of its sequential subterms is
finite.

Proof. By induction on the definition of sub(p,0). O

Proposition 5.1. For any CFM processes p and q, the following hold:

(i) if p is sequential, then p € sub(p), and
(ii)  if p € sub(q), then sub(p) C sub(q).

Proof. The proof of (i) follows directly from the definition of sub(—) in Table 4.1.
The proof of (ii) follows by the observation that the definition of sub(q) recursively
calls itself on all of its sequential subterms. O

5.1.1 Interleaving LTS Semantics

The CFM labeled transition system %cpy is the triple (Pcrpuy,Act, —) where the
transition relation — C Pcpy X Act X Pepy is the least relation generated by the
axiom and rules in Tables 4.2 and 5.1.

(Pary) and (Par,) are the rules describing the asynchronous execution of an action
by one of the two subcomponents of a parallel process. Specifically, (Par;) states

that if p— p/, then p lq Y |g. Note that g is not discarded by the transition,
and for this reason this operator is called static. (Pary) is symmetric. These two
rules together state that p |g can do whatever p and g can do, possibly interleaving
their executions.

Example 5.1. Consider the following SFM specification of a bounded counter that
can count up to 2:
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Co c|c
a [} D) o
inc inc
inc dec
dec dec
® C ClCe ecC|C
ec dec
inc dec
inc inc
[ J [}
C c'|c
Fig. 5.1 LTSs for two 2-bounded counters
a.0[b.0 a.b.0+b.a.0
[} o
a b / b
000 @ ®a0|0 b0 @ ®al
b a N /
[ J [}
0|0 0

Fig. 5.2 Interleaving law: two isomorphic LTSs

Co = inc.Cy,
Cy = inc.Cy + dec.Cy,
Cy = dec.Cy.

Consider then the SFM 1-bounded counter:
C = inc.C', C' = dec.C

and the CFM process C|C. Figure 5.1 shows the LTSs for Cy and C|C. These two
processes are clearly strongly bisimilar because

R= {(C07C|C>7 (Cl,C/‘C)7 (Cl,C|C/),(C27C/|C/)}
is a bisimulation. C | C may be considered the parallel implementation of Cj. a

Remark 5.1. (Sequentiality vs concurrency) Even if LTS isomorphism is the most
discriminating (i.e., most concrete) equivalence one can define over LTSs, it is un-
fortunately already abstract enough to be unable to distinguish parallelism (or con-
currency) from sequentiality! Indeed, the parallel execution of two actions a and b,
denoted in CFM by the parallel process term a.0|b.0, generates an LTS isomorphic
to the one for the choice between their two possible sequential orderings, in SFM
denoted by the sequential process term a.b.0+ b.a.0 (see Figure 5.2). This example
is an instance of a more general fact we are going to prove: given a parallel CFM
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process p, we can find a sequential SFM process ¢ such that the LTSs for p and g are
isomorphic. For instance, for the CFM process C|C of Example 5.1, we can define
the SFM process Dy as

Do = inc.D1 + inc.D;,
D = inc.D3 + dec.Dy,
D, = inc.D3 + dec.Dy,
D3 = dec.D| + dec.D».

which has an associated LTS isomorphic to the LTS of C|C. Hence, SFM and CFM
are equally expressive, up to LTS isomorphism. This surprising observation is a con-
sequence of the fact that LTSs are intrinsically a sequential model of computation
and cannot truly represent parallelism; models of this sort are called interleaving
models. a

Now we provide the proof that CFM is as expressive as SFM, up to LTS iso-
morphism. First, we note that, by inductive syntactic definition, a CFM process is
either sequential, hence an SFM process, or the parallel composition of two CFM
processes. Then, we prove by structural induction that for any CFM process p, the
LTS reachable from p is finite-state. The base case of the induction is guaranteed
by Corollary 4.2, as it ensures that the LTS reachable from p, €, = (£, sort(p),
—p, D), is finite-state for any SFM process p. Now, by induction, we can assume that
the cardinality of the set of states reachable from a CFM process p; is k;, and more-
over that sort(p;) is finite, for i = 1,2; by inspecting the SOS rules (Par;) and (Par,),
it is an easy exercise to observe that the cardinality of the set of states reachable
from the CFM process p1 | p is ki x ko' and that sort(p; | p2) = sort(p1) Usort(ps).
Therefore, we have the following fact.

Proposition 5.2. (Finite-state LTS) For any CFM process p, the LTS reachable
from p, €, = (Py,s0rt(p), —p, p), is finite-state. O

Since the LTS %, reachable from any CFM process p is reduced and finite-state,
Theorem 4.3 ensures that there exists an SFM process ¢ such that the reachable
LTS €, = (Py,s0rt(q), —4,q) is isomorphic to €,. Summing up, if the intended
semantics is LTS isomorphism (or any weaker equivalence, such as trace equiva-
lence), CFM is as expressive as SFM, so that the addition of the parallel operator is
inessential.

Remark 5.2. (CFM languages = regular languages) A set L C .Z* is a CFM lan-
guage if there exists a CFM process p such that L = WCTr(p). By the observation
above, it follows that the class of CFM languages coincides with the class of SFM
languages, which, in turn, coincides with the class of regular languages, as discussed

in Remark 4.3. O
I'In general, if we have a compound process pi | pz2 | ... | pn, where each p; generates an LTS with
ten states, then the LTS for p; | pa2 | ... | p» has 10" states, i.e., the state space of a compound system

grows exponentially w.r.t. the number of components. This phenomenon is sometimes called the
state space explosion problem.
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P{—”;spl

(Pref®) — T (Cons®) ————— C=p
u
#-P‘;sp Cﬁxpl
u u
(Sumy) P{—;s r (Sum?) q{‘;s ¢
Do D
PRPRL pra-tq
Py a-2q
(Par)) ——— (Pary) ———————
Mo M /
pla—sr'lq pla—sprlq
M M
e A T
(Par3) T,
rla—5r'|q

Table 5.2 Step operational semantics

Bisimulation equivalence over the interleaving LTS is sometimes called inter-
leaving bisimilarity, and denoted by ~ as usual. Interleaving bisimilarity is a con-
gruence for the action prefixing operator and for the choice operator, as proved in
Theorem 4.4. Now we show that it is a congruence also for parallel composition.

Theorem 5.2. (Congruence) For any p,q € Pcry, if p ~ q, then p|r ~ q|r for
all r € Perpy.

Proof. Assume R is a bisimulation with (p,q) € R. We show that R' = {(p'|r .4 | )
| (P',d) € R, € Pcru} is a bisimulation. As (p,q) € R, the thesis follows.

Consider (p'|r',q'|r') € R, so that (p',q') €R. If p'|F 55, then this is due to
P " and s = p |V (rule (Pary)), or to ¥ =" and s = p' | (rule (Pary)).
In the former case, since (p',q') € R, we have ¢ s ¢ with (p",q") € R, and by
rule (Pary) also ¢'|¥ ¢ | ¥ with (p"'|F.q" |F') € R'. In the latter case, by rule
(Para) we have ¢ |~ ' | with (p' |, | ") € R'. The symmetric case when
q'| ¥’ moves first is analogous, and so omiited. The symmetric thesis r|p ~ r|q is
implied by the fact that the parallel operator is commutative w.r.t. ~. a

5.1.2 Step Semantics

As CFM contains the parallel operator, it can be equipped with a semantics in terms
of step transition systems (STSs for short). The CFM step transition system %ét;fl
is the triple (Pcrm, A pin(Act), =) where =5 C Pepy X Myin(Act) X Pcpuy is
the least transition relation generated by the axiom and rules in Table 5.2.

A sequential process can perform step transitions labeled with a singleton, only.

This can be proven, for any p € @gegM, by induction on the proof of p —M>S p'. The
base case is axiom (Pref*) and the label is a singleton. By induction, we can assume
that the premise of rules (Sumj), (Sum3) or (Cons®) is labeled with a singleton, as
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it originates from a sequential process, and so also the conclusion of these rules
is labeled with a singleton. Instead, for a parallel term, three rules can be applied:
(Par}) and its symmetric (Par) state that a multiset M performed by one of the two
subcomponents is also a step of the compound system; rule (Par3) is responsible
for the creation of non-singleton steps: if p can perform the step M| and ¢q the step
M,, respectively, then the compound system p|g can perform in parallel the step
M & My, i.e., the multiset union of the two local steps M and M>.

The STS for CFM is fully concurrent (see Definition 2.25), as proven in the
following proposition.

Proposition 5.3. (Fully concurrent STS) €y, is fully concurrent.

Proof. We prove that lf p £>S2 p', where My # 0 # M, then there exist ry and r;

such that p% | 4Sp and p ﬂ r ﬂ p'. The proof is by induction on the

proof of p ﬁnz p'. Therefore, p must be of the form p | p> and the transition is due

to one of the following three cases:

o D ﬂs Py p2 ﬁs ph and p' = p\|ph, i.e., rule (Pary) has been applied this
is the base case of the induction. Then, also pi|p2 45 Pl Py —> Py | ph and

p1lp2—3p1l p2 s P | Py are derivable transition sequences, by means of

applications of rules (Par}) and (Par}), as required.

M oM . . .
o p1 7P and p' = p'| pa. By induction, we can assume that there exist q

and q» such that p ﬂsql %S Py and pi ﬂs QP ﬂs p. Therefore, by rule

M M M M
(Par}), also p1 | ps —>sq1 | p2 —> P\ | 2 and pi | p» —>5q2| p2 —>5 P} | p2 are
derivable, as required.

MieM. . .
o py =7 phand p' = py | ph. Symmetric to the above case, and so omitted. O

Remark 5.3. (Notation) For any p € Pcry, the STS reachable from p is €,'" =
(2P sort(p)s, =%, p), where 22, is the set of processes reachable from p,
sort(p)s is the set of multisets of actions that can be performed by p (formally,
sort(p)s ={M € Msin(Act) | 3p'.p— p' M }) and —7 is the restriction of the
transition relation to 22, " x sort(p); x 2P, O

Step bisimilarity, denoted ~.p, is ordinary bisimulation equivalence over STSs.
Step bisimilarity is more discriminating than interleaving bisimilarity ~ for CFM.

As a matter of fact, any interleaving transition p N p' has one corresponding step
transition p {—”ls p’, which is obtained by mimicking the proof of p N p’, by using
for each rule in Tables 4.2 and 5.1 the corresponding rule with the same name (plus
the superscript s) in Table 5.2. Symmetrically, any step transition p ﬂs p' labeled
with a singleton {u} is derivable only by not using rule (Par}); hence, its proof can

be mimicked by the interleaving operational rules, as hinted above. Therefore, a step
bisimulation R C Py X Py is also an interleaving bisimulation: if (p,q) € R
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{inc} {dec}

{inc} {dec}

Fig. 5.3 Two 2-bounded counters: step transition systems

and p N p’, then also p {_u;s p’ by the argument above; as R is a step bisimulation,

there exists ¢’ such that ¢ {i;Y q' with (p’,q') € R; and so, by the argument above,

also ¢ ¢ with (p',q') € R; symmetrically, if ¢ moves first. Hence, R is also an
interleaving bisimulation.

Proposition 5.4. For any p,q € Zcru, if p ~step q, then p ~ q. a

Example 5.2. Continuing Example 5.1, Figure 5.3 outlines the step transition sys-
tems generated by the step semantics for the 2-bounded counters Cy and C|C. Note
that, although they are interleaving bisimilar, the two are not step bisimilar: C|C
can perform the step {inc,inc}, because we have two independent components C
that can run in parallel, while this parallel step is not possible for the sequential
process Cp. ]

This example illustrates that CFM is more expressive than SFM when consider-
ing a non-interleaving semantics such as the step semantics outlined above, as any
SFM process can generate only singleton-labeled steps.

Step bisimilarity is a congruence for the operators of CFM.

Theorem 5.3. (Step congruence) For any p,q € Pegy,, if p ~sep g, then
1) .p ~sep Hoq forall u € Act.

Moreover, for any p,q in syntactic category s, if p ~gep g, then
2) pr ~vgep g+ for all r in syntactic category s.

Additionally, for any p,q € Pcru, if p ~step g, then
3) plr ~gep qlr forall r € Pcry.

Proof. Assume R is a step bisimulation such that (p,q) € R.
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dec(p|p') = dec(p) ©dec(p')

Table 5.3 Decomposition function for parallel composition

For case 1), the relation Ry = {(1.p,11.q) | |t € Act} UR is a step bisimulation.

For case 2), the relation Ry = {(p+r,q+7r) ‘ r in syntactic category s} URU .S
is a step bisimulation, where .9 = {(r,r) ‘ r e PLy . Note that the symmetric
case r+p ~yep 1 +q is implied by the fact that the choice operator is commutative
W.EL ~eps 1.€., P+q ~sep 4+ P

For case 3), the relation Ry = {(p'|r.q'|F') | (p'.q') € R,¥ € Pcrm} is a
step bisimulation. As (p,q) € R, the thesis follows. Note that the symmetric case
r|p ~sep r|q is implied by the fact that the parallel composition operator is com-
mutative w.r.t. ~ep, i.e., p|q ~sep q| p- a

5.1.3 Operational Net Semantics

The operational net semantics for CFM is obtained by a little addition to the net
semantics for SFM. As a matter of fact, the net Ncpy = (Scrm, Act, Tepu) is exactly
the net Nsr)s we have defined in Section 4.3. The infinite set Scry of CFM places
is exactly 214, \ {0} = Pspar\ {0} = Sspu, i.e., the set of all SEM places. This
because function dec : Pcry — M fin(Scrm), defined in Table 4.3 for the SFM
operators, is extended to parallel composition as outlined in Table 5.3. An easy
induction proves that for any p € ey, dec(p) is a finite multiset of sequential
processes.

Example 5.3. Let us consider the process a.0|(0.0|a.0). The decomposition of this
process is

dec(a.0|(b.0]a.0)) =dec(a.0)Ddec(b.0]a.0) =a.0Ddec(b.0) Ddec(a.0) =

={a.0,0.0,a.0} =2-a.0$.0.

Moreover, if we consider the bounded counter C | C of Example 5.1, we have that
dec(C|C)=2-C. O

Of course, function dec is not injective, because it considers the parallel operator
to be commutative and associative, with 0 as neutral element. In fact, dec((p|q)|r)
=dec(p|(q|r)), dec(p|q) = dec(q|p) and dec(p|0) = dec(p). However, dec is
surjective. Take any finite multiset of places m = kj -51 & ... B ky, - sy, for n > 0 (if
n =0, then m = 0), where s; € Scpy and k; > 0, for i = 1,...,n. Then, the CFM
process p = s\' |...|skn, where s' = s and 5”2 = 5| s"*!, is such that dec(p) = m (if
n =0, then p = 0). Hence, the following proposition follows.

Proposition 5.5. Function dec : Pcry — M fin(Scrm) is surjective. a
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The set Ty of net transitions is the least set of transitions generated by means
of the axiom and rules in Table 4.4, as each sequential process performs its activ-
ity in isolation, without interacting with other sequential components. Therefore,
Term = Tspy, and so Negpy = Nspy. However, while for any p € @SFM, Net(p) is
a sequential finite-state machine (as proved in Corollary 4.4), we have that for any
p € Pcru, Net(p) is a concurrent finite-state machine.

Definition 5.1. Let p be a CFM process. The P/T system statically associated with
pis Net(p) = (Sp,Ap, Ty, mg), where my = dec(p) and

S, = [dom(mg)) computed in Nepy,
1, = {t e Term | Sp[[t>},
Ap={u€Act | I €T, u=1()} O

The following propositions present three facts that are obviously true by construc-
tion of the net Net (p) associated with a CFM process p.

Proposition 5.6. For any p € Pcrpy, Net(p) is a statically reduced P/T net> O
Proposition 5.7. If dec(p) = dec(q), then Net(p) = Net(q). O

Proposition 5.8. For any pi,p» € Pcrum, if Net(p;) = (Si,Ai, T;,m;) for i = 1,2,
then Net(py | p2) = (S1US2,A1 UAy, Ti U Ty, m © my).

Proof. As dec(p;) =m;, fori=1,2, it follows that dec(p; | p2) =dec(pi) ®dec(ps) =
my & my. By induction on the static reachability relation dom(m; & my) ="V,
we shall prove that V C S; US». This is enough, because all the places in Sy or
Sy are statically reachable from dom(m) or dom(ma), so that the set of places
of Net(p1|p2) must be S;US,. The base case of the induction is dom(m; ®
my) =" dom(m, ® my) and this case is trivial: dom(m; ® my) C S1US, because
dom(m; ®my) = dom(m;) Udom(my) and dom(m;) C S; for i = 1,2. The inductive
case is as follows: dom(m; & my) ="V, :t>Vj+1. By induction, we can assume
thatV; C §1US, and so V= le Uij, with V]? C S fori=1,2. Note that, by Propo-
sition 4.6, any transition t € Tcpy is such that |°t| = 1. Therefore, if t is statically
enabled at 'V, then *t C V;for some i =1,2 and so dom(t*) C S; because Net(p;) is
statically reduced. Hence, the set Vi =V;Udom(t*) of places statically reachable
in one step from V; is a subset of S1 USy. Therefore, the sets of places, labels and
transitions of Net(p1 | p2) are obtained by simply joining the corresponding sets of
the two nets Net(p1) and Net(p2). O

Example 5.4. Continuing Examples 5.1 and 5.2, Figure 5.4 outlines the nets associ-
ated with the sequential 2-bounded counter Cp, in (a), and with its parallel imple-
mentation C|C, in (b). Note that the latter net is a concurrent FSM, as the initial
marking is not a singleton. a

2 Since, for FSM nets, the notion of statically reachable subnet and dynamically reachable subnet
coincide, Net(p) is also dynamically reduced.
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inc dec inc }' dec

inc dec

G

Fig. 5.4 Two 2-bounded counters: net semantics

It is an easy observation that all the reachable markings from the initial marking
dec(p) have a cardinality not greater than that of dec(p), so that Nez(p) is a k-
bounded net, with k = |dec(p)].

Proposition 5.9. Given a CFM process p, any marking m in the set [dec(p)) of
reachable markings is such that |m| < |dec(p)|.

Proof. By induction on the length of the firing sequences. The base case is when the
firing sequence is made of the initial marking only: dec(p) € [dec(p)) and the thesis
holds trivially. Now, assume that m; € [dec(p)) and, for some transition t € Tepy,
my [t)my; we want to prove that |ma| < |dec(p)|. By induction, we can assume that
|mi| <|dec(p)|. Since t is a transition with singleton pre-set and singleton or empty
post-set by Proposition 4.6, it follows that |my| = |my| — |*t| + |¢*| < |my|, and so
the thesis follows by transitivity. a

Lemma 5.1. For any CFM process p, Uscdom(dec(p)) Sub(s) € sub(p).

Proof. By induction on the structure of p. If p is 0, then dec(p) = 0 and so @ C
sub(0) = {0}. If p is any other sequential process, then dec(p) = {p}, and so the
thesis follows trivially. If p = pi|pa, by induction we can assume that the thesis
holds for py and p,. Hence, | J sub(s) =

Usedom(dec(pl ))Udom(dec(py)) Sub(s) = Usedom(dec(p] ) sub(s) U Usedam(dec(pz)) sub(s)
C sub(p1)Usub(py) = sub(pi | p2). 0

s€dom(dec(py ‘pz

Theorem 5.4. (Finite number of places) For any CFM process p, the set S, of its
places statically reachable from dom(dec(p)) is finite.

Proof. By induction on the static reachability relation =" (Definition 3.9), we
prove that any place s that is statically reachable from dom(dec(p)) is a subterm of
p- Since sub(p) is finite by Theorem 5.1, the thesis follows trivially.

The base case is dom(dec(p)) =" dom(dec(p)). As for any s € dom(dec(p)),
s € sub(s) by Proposition 5.1, we have that dom(dec(p)) € Usegom(dec(p)) SUb(s) C
sub(p), the latter holding by Lemma 5.1.
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Now, assume that dom(dec(p)) =" S| == S, for some transition t € Tgpy; we
want to prove that any place in S, is a subterm of p.

By induction, we can assume that Sy C sub(p). Sincet € Tcpy = Tspm, by Propo-
sition 4.6, °t is a singleton and t® is a singleton or empty; the latter case is trivial,
as no new place is reached. So, assume t = ({s1},U,{s2}); hence, s; € S| and

S» =81 @ {s2}. By Proposition 4.7, we have that s, A sy is an LTS transition. By
Lemma 4.1, sy € sub(sy). Since sy € S1 and S1 C sub(p), we have that s1 € sub(p)
and so, by Proposition 5.1, also sub(sy) C sub(p); therefore, sy € sub(p) by transi-
tivity, as required.

Hence, the set Sy, of its reachable places is finite. ]

As a corollary to the above, we have that for any CFM process p, the set [dec(p))
of its reachable markings is finite, because the set S, of its statically reachable places
coincides with the set of its dynamically reachable places (as for any FSM net).

Corollary 5.1. (Finite number of reachable markings) For any CFM process p,
the set [dec(p)) of its (dynamically) reachable markings is finite.

Proof. By Theorem 5.4, the set S, of places is finite. By Proposition 5.9, any reach-
able marking has a cardinality less than or equal to |dec(p)|. Therefore, assuming
ISy| = n and |dec(p)| = k, the number of reachable markings cannot be more than

the binomial coefficient (":k) = ('ﬁ]f,) In fact, the distribution of i tokens over n

places is given by the binomial coefficient ("“:71); as the tokens to be distributed
over the n places is any 0 < i <k, the total number of different distributions of tokens
can be Z{'(:O (n+{—1) _ (n-]l{—k). 0

1

Theorem 5.5. (Finite P/T Petri net) For any CFM process p, the P/T net reachable
from p, Net(p) = (Sp,Ap, Ty, dec(p)), is finite.

Proof. By Theorem 5.4, the set S, of the places reachable from p is finite. By Propo-
sition 4.6 the pre-set of any derivable transition is a singleton. By Lemma 4.2, the set
T of transitions with pre-set {q} is finite, for any q € S,. Hence, also T, = Uge S, T1
must be finite, being a finite union of finite sets. a

Corollary 5.2. (Concurrent finite-state machine) For any CFM process p, Net(p)
is a concurrent finite-state machine.

Proof. By Theorem 4.6, Net(p) is a finite P/T net. By Proposition 4.6, for any tran-
sitiont € T, we have |t*| < |*t| =1, i.e., Net(p) is a finite-state machine. Finally, it
is a concurrent FSM, as dec(p) is not necessarily a singleton. a

Hence, only concurrent finite-state machines can be represented by CFM pro-
cesses.
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5.1.4 Representing All Concurrent Finite-State Machines

It is not a surprise that all concurrent finite-state machines can be represented by
CFM processes. The construction described in Section 4.4 for sequential FSMs can
be easily extended to concurrent FSMs: the resulting process is not a single constant,
rather the parallel composition of as many instances of each constant as there are
tokens in its corresponding place.

Definition 5.2. (Translating concurrent FSMs into CFM process terms) Let
N(mo) = (S,A,T,mp) — with S = {s1,...,8.}, A C Act, T = {11,...,1;}, and
I(tj) = nj — be a concurrent finite-state machine. Function Jcruy(—), from con-
current finite-state machines to CFM processes, is defined as

Tcrm(N(mg)) = Cil---|Cy |-+ |Cy| -+ |Cy
—— ——
mo(sy) mo (sn)

where each C; is equipped with a defining equation C; = ¢} +---+ cf (with C; =0

if k = 0), and each summand c{, for j=1,...,k, is equal to

o 0, if s; Q .tj;

o 1;.0,if °r; = {s;} and t; =0;

o [.Lj.Ch, if .tj = {Si} and tJ.' = {Sh}. O
Note that Fpp (N(mgp)) is a CEM process: in fact, there are finitely many con-

stants involved (one for each place) and each constant has a body that is sequential;

moreover, parallel composition is used at the top level only. Therefore, the following
proposition holds by Proposition 5.6 and Corollary 5.2.

Proposition 5.10. Given a concurrent finite-state machine N(mo) = (S,A,T,myp),
Net(Tepm(N(mo))) is a (statically) reduced, concurrent finite-state machine. O

Example 5.5. Let us consider the net in Figure 5.5. The CFM process associated
with such a concurrent finite-state machine is p = Cy |Cy |C2 | C4 | C4, where the four
constants C;, corresponding to the four places s;, fori = 1,...,4, are defined as

Ci=aC:3+0+0,
C=0+bC3+0,
CG3=0+0+0,

Cs =040+ c.Cy.

It is obvious that Net(p) is a net isomorphic to the original net in Figure 5.5, where
the isomorphism f is the bijection f(s;) =C; fori=1,...,4. O
Now we are ready to state our main result, the so-called representability theorem.

Theorem 5.6. (Representability theorem 2) Ler N(mgy) = (S,A,T,mp) be a (stat-
ically) reduced, concurrent finite-state machine such that A C Act, and let p =
Term(N(mg)). Then, Net(p) is isomorphic to N(mg).

Proof. The details of this proof are analogous to the proof of the following repre-
sentability theorem for BPP, Theorem 5.13, in Section 5.2.3. O
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Fig. 5.5 A concurrent finite-state machine

5.1.5 Soundness

In this section, we want to prove that the operational net semantics preserves the
step semantics of Section 5.1.2. More precisely, we want to show that any CFM
process p, in the STS semantics, is step bisimilar to dec(p), in the step marking
graph SMG(Net(p)).

Proposition 5.11. For any p € Pcru, ifp—M>S P, then dec(p)|[G)dec(p') with
1(G) =M.

Proof. By induction on the proof of p—M>s p'. The base case is axiom (Pref°):
w.p ﬂs p- As dec(u.p) = {u.p}, by axiom (pref) of Table 4.4, the net transition
t={u.p} L)dec(p) is derivable, and so the singleton step dec(l.p)[{t})dec(p)
is also derivable, as required. If the last rule used in deriving p —M>S p'is (Cons®),
then M = {u} for some suitable |, and p = C for some constant C, with C = q.
The premise of the rule is q{—“;s p', and by induction we know that there exists
a transition t' such that dec(q)[{t'})dec(p') with I1(t") = W. Since q is sequen-
tial, this step is possible only if t' = {q} L)dec(p’) is derivable by the rules in
Table 4.4; hence, by rule (cons), also the net transition t = {C} L>dec(p’) is
derivable, and so the singleton step dec(C)[{t})dec(p’) is also derivable, as re-
quired. The two cases when rule (Sumy) or rule (Sumv)) is the last rule used in
deriving p —M>S p' are similar to the above, hence omitted. If the last rule used in
deriving p M, p'is (Par}), then p = py|ps, p' = p||p> and the premise transi-
tion is p — P. By induction, we know that dec(p1)[G)dec(p)) with [(G) = M.
Then, also dec(p|p2) = dec(p1) ®dec(p2)[G)dec(p)) & dec(p2) = dec(p) | p2),
as required. The case of rule (Par}) is symmetric, hence omitted. If the last rule
used in deriving p—M>S p' is (Pary), then p = py|ps, p' = p\|ph and the two
premise transitions are pi ﬂs Py, p2 ﬂs ph, with M = M, & M,. By induction,
we know that dec(py)[Gi)dec(p)), with 1(G1) = M,, and dec(p;)[G2)dec(ph),
with 1(G,) = My; therefore, dec(p | p2) = dec(p1) ® dec(p2)|G1 @ Ga)dec(p)) ®
dec(ph) = dec(p! | ps), as required. ]
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Proposition 5.12. For any p € Pcry, if dec(p)|G)m, with [(G) = M, then there
exists p' € Pcpy such that p M p' and dec(p') = m.

Proof. By induction on the definition of dec(p). We proceed by case analysis. If p =
0, then dec(p) = 0; this case is vacuously true, as no transition is executable from
0. If p is any other sequential process, then dec(p) = {p}. If {p}|G)m, then G is a
singleton {1}, witht = ({p},L,dec(p")) for some suitable |t and p', by Proposition
4.6. The proof of the net transition t can be mimicked, by the corresponding rules

in Table 5.2, to produce the transition pﬂs P, as required. If p = p1|pa, then
dec(p) = dec(p1) @ dec(pr). As the pre-set of any net transition is a singleton by
Proposition 4.6, only the following three sub-cases are possible:

(i) dec(p1)|G)my and m = m; ©dec(p>): in this case, by induction, we know that
there exists p| such that p, M Py and dec(p)) = my; therefore, by rule (Par}), also

pilp2 M, Py | p2 is derivable, with dec(p' | p2) = m, as required.

(ii) dec(p2)|G)my and m = dec(p1) ©my: this is the symmetric case of the above,
hence omitted.

(iii) dec(pl)[G1>m1, with Z(Gl) =M, dec(pg)[G2>m2, with I(Gz) =My, M =
My ® My and m = my © my. In this case, by induction, we know that there exist

P} and p, such that p; ﬂs Py, p2 &s ph, with dec(p') = m and dec(ph) = my.
By rule (Par}) of Table 5.2, also transition pi|p> Mﬁ%z P\ | ph is derivable, with
dec(p' | ph) = m, as required. 0
Theorem 5.7. For any p € Pcry, p ~step dec (p)-

Proof. The relation R = {(p,dec(p)) | p € Pcrm} is a bisimulation between
the step transition system €, " = (2" sort(p)s, —%,p), originating from the
step semantics of Section 5.1.2, and the step marking graph SMG(Net(p)). Given
(p,dec(p)) €R, if p M, P/, then by Proposition 5.11 we have dec(p)|G)dec(p'),
with [(G) =M and (p',dec(p’)) € R; conversely, if dec(p)|G)m with [(G) = M, then
by Proposition 5.12 there exists p' € Pcry such that p M, p'and dec(p') =m, so
that (p',dec(p’)) € R, as required. ]

Example 5.6. Consider the CFM process A | B, where A = a.B and B = b.A. Its STS
semantics is depicted in Figure 5.6(a), while the step marking graph SMG associated
with dec(A|B) = A® B is depicted in (b). Note that the two structures are (step)
bisimilar, but not isomorphic. In general, as dec is not injective, the step marking
graph associated with a process p can be smaller, sometimes even considerably
smaller, than the STS semantics of p. O

5.1.6 Denotational Net Semantics

The denotational net semantics for CFM is based on the definition described in
Table 4.5 for the operators of SFM, while the denotational definition for the parallel
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Fig. 5.6 STS semantics and SMG semantics for process A | B of Example 5.6

[pi|p2lr = (S,A,T,mp) given [pi]r = (Si,Ai, T;,m;) fori=1,2, and where

S=8S1US, A=A1UA,, T=T1UTh, my=m; Smy

Table 5.4 Denotational net semantics for parallel composition

operator is given in Table 5.4. This definition is very intuitive: when computing the
net for p; | p2, given the nets for p; and py, it is enough to join all the places and
transitions of the two constituent nets, taking the multiset union of the respective
initial markings to be the new initial marking. The following two examples may be
helpful in clarifying the idea.

Example 5.7. Consider the CFM process (b.0]|a.A)|b.0, where A = 0. We first de-
fine the net for the constituent SFM processes b.0 and a.A. They are:
[6-0]0 = ({b.0},{b},{({b.0},b,0)},{D.0}), and

la.Alo = ({a.A,A}, {a}, {({a.A},a,{A})} {a.A}).
Then, the concurrent FSM for b.0|a.A is

[[b.0|a.A]]@ =
= ({b.0,a.A,A},{a,b},{({b.0},0,0),({a.A},a,{A})},{b.0,a.A}).
And, finally, the net for (b.0]a.A)|b.0 is
[(b.0]a.A)|b.0]p =
— ({6.0,a.A,A}, {a,b}, {({b.0},5,0), ({a.A},a, {AD)}, {b0,a.4,5.0}),
which is the same net as in the previous step, but with one token more in .0. a

Example 5.8. Consider the CFM process B|b.A|C|C, where B=5b.A, A = a.b.A and
C = a.C. The nets for the SFM processes b.A and B have been built in Example 4.6
and outlined in Figure 4.2. They are, respectively,
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A b B C

b.A

Fig. 5.7 The concurrent finite-state machine for B|b.A|C|C of Example 5.8

[b.Alo = ({b.A,A}, {a,b}. {({A},a.{b.A}), ({b.A},b,{A})}, {b.A}), and
[Blo=({B.b.A.A}, {a,b}. {({B}.b,{A}), ({A}.a, {b.A}), ({b.A},b, {A})}.{B)).
The concurrent FSM associated with B|b.A is
[B|b.AJo =
= ({B.bA,A}, {a.b}, {({B}.b,{A}), ({A},a, {bA}), ({b.A}.b,{A})}. {B.b.A}),
where the only addition to the net for B is one token in place b.A. The sequential
FSM for C is
[€lo = ({C}, {a}, {({C},a,{C})}.{C}).
The concurrent FSM for C|C is
[€]CTo = ({C}, {a},{({C},a,{C})}. {C,C}).
And the whole net for B|b.A|C|Cis [B|b.A|C|Clp = (S,A,T,mp), where
S ={B,b.A,A,C},
A = {a,b},
T = {({B},b,{A}),({A},a,{b.A}),({b-A}, b, {A}), ({C},a,{C})},
mo = {B,b.A,C,C}.
The resulting net is depicted in Figure 5.7. a

Theorem 5.8. (Operational and denotational semantics coincide) For any CFM
process p, Net(p) = [p]o.

Proof. As for the analogous Theorem 4.8, the proof is by induction on the defini-
tion of [p]; and of Net(p,I), where the latter is the operational net associated
with p, assuming that the constants in I are undefined. Then, the thesis follows
for I = 0. For all the cases, except for parallel composition, we can resort to
that proof. For the case of parallel composition, by induction, we can assume that
Net(pi, 1) = (Si,Ai, T;,m;) = [pi]i for i = 1,2. Now, the thesis follows by Proposition
5.8: Net(pl ‘pz,]) = (S] US2,A1UAL, TYUT,, my @mz) = [[Pl |p2]]], as required. O

5.2 BPP: Basic Parallel Processes

The CCS [Mil89, GV 15] subcalculus of Basic Parallel Processes (BPP for short) is
generated by the following abstract syntax:
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s =0| up|s+s
g:=s| C sequential processes
pui=ql|plp parallel processes

which slightly generalizes that of CFM: the only difference is that now the action
prefixing operator L.— is applied to any possibly parallel process in syntactic cate-
gory p. Hence, 1.p denotes a process which starts sequentially, but, after perform-
ing U, it can spawn parallel subcomponents. For instance, a.(b.0|c.0). As usual, we
assume that process constants are always defined and that Const(p) is finite for any
process p. The body of a constant is assumed to be in syntactic category s; there-
fore, a constant is always guarded and starts sequentially. The set of BPP processes
is denoted by Ygpp, and the set of its sequential processes, i.e., of the processes
in syntactic category g, by . Alternatively, the syntax can be more succinctly
given as follows:

pu=Zjeujpi | Clplp

where J is finite, X;c7uj.p; = 0 when J = 0, and the body of any constant C is of
the form Zjejl,lj.pj.

The definition of the set of subterms sub(p) of a BPP process p is as for CFM
processes (Section 5.1). Function sub(p) computes the set of the sequential sub-
terms of p, i.e., for any p € Pppp, the set sub(p) of its sequential subterms is a
subset of 2., As for SFM and CFM, also for BPP the following facts hold.

Theorem 5.9. For any BPP process p, the set of its sequential subterms sub(p) is
finite. a

Proposition 5.13. For any BPP processes p and q, the following hold:

(i)  if pis sequential, then p € sub(p), and
(ii) if p € sub(q), then sub(p) C sub(q). O

The LTS operational rules are those of CFM; they are described in Table 4.2 and
Table 5.1. Similarly, the step operational semantics is defined as for CFM by means
of the rules in Table 5.2.

5.2.1 Expressiveness

BPP is strictly more expressive than CFM: since the operator of parallel composition
— | — may occur inside the body of recursively defined constants, a BPP process may
generate an LTS with infinitely many states, as illustrated by the example below
[AILSO7, San12, GV15].

Example 5.9. (Semi-counter) A semi-counter, i.e., a counter that cannot test for

zero,? can be represented by means of an unbounded number of constants SCount;

3 A real counter that can test for zero is defined in NPL in Section 8.2.1 and in CCS in Section 9.3.
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for i € N, as follows:

SCounty = inc.SCount,
SCount, = inc.SCount, | +dec.SCount,,_; n > 0.

Note that this process is not an SFM process because the number of constants used
is infinite. The reader can easily check that the LTS for SCounty is isomorphic to
the one in Figure 2.3(b), where process SCount; is mapped to state g;, for any i € N.
Observe that, for any i € N, the longest trace composed only of occurrences of
action dec that SCount; can perform is of length i; such a trace is denoted by dec’
(where dec® = €, dec'! = dec dec’). Therefore, SCount; cannot be trace equivalent
to any SCount; for j # i because if, say, j > i then trace dec’ can be executed by
SCountj, but not by SCount;. This means that, for any i € N, SCount; cannot be
trace equivalent to any other constant SCount; with a different index. Since the LTS
semantics of any CFM process is a finite-state LTS, we can conclude that no CFM
process g can be trace equivalent to SCount.

We want to show that there exists a simple BPP process, defined by means of a
single constant

SC = inc.(SC|dec.0)

that is bisimulation equivalent to SCounty, even if the LTS for SC is not boundedly
branching. Processes SCounty and SC are strongly bisimilar, indeed, hence proving
that BPP is strictly more expressive than CFM. Consider the relation

R = {(SCount,,,SC|IT]" dec.0) | n>0},

where II. | dec.0 denotes the parallel composition of 7 instances of process dec.0.
It is possible to show that this relation is a strong bisimulation up to ~ (Definition
2.13). Observe that for n = 0, the pair in R is (SCounty, SC | 0). If R is a bisimulation
up to ~, then SCounty ~ SC|0. As SC|0 ~ SC, by transitivity we get our expected
result: SCounty ~ SC. The formal proof that R is indeed a strong bisimulation up to
~ can be found, e.g., in [GV15], Section 3.4.4; a similar proof (for a real counter) is
given in Section 8.2.1. So, a semi-counter can be represented, up to ~, by a simple
BPP process. O

Definition 5.3. (BPP language) A language L C .Z* is a BPP language if there
exists a BPP process p such that the set of its weak completed traces is L, i.e.,
WCTr(p) =L. O

As BPP is a superset of SFM and CFM, the class of regular languages (which are
the languages representable by SFM or CEM processes, as discussed in Remarks
4.3 and 5.2) is included in the class of BPP languages. However, the class of BPP
languages includes also some non-regular languages.

Example 5.10. (A BPP language may be not regular) Consider the BPP process
A=a.(A]b.0)+c.0, discussed in [Chr93, BCMSO1]. Then, for any completed trace
o of A, it holds that (b, 5) = {(a, 0), where by the notation §(b,5) we denote the
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number of occurrences of action b in trace . The set of completed traces CTr(A)
is not a regular language: if CTr(A) were regular, then L = CTr(A) Na*cb* should
be regular, because the intersection of two regular languages is a regular language
[HMUOI1]. But the resulting set is L = {a¥cb* | k >0}, which is a typical example
of a non-regular language. a

Example 5.11. (A BPP language may be not context-free) It is also possible to
show that some BPP language is not context-free. For instance, consider the follow-
ing process, originally introduced in [BCMSO01]:

B=a.(B|b.0)+c.(B|d.0)+e.0.

If CTr(B) were a context-free language, then also L = CTr(B) Na*c*b*d*e would
be context-free, as the intersection of a context-free language with a regular one is
a context-free language [HMUO1]. However, L is the set {akc”bkd”e | k,n >0},
which is a well-known example of a context-dependent language. a

To complete the picture, there exist context-free languages not definable as the
set of completed traces of any BPP process. For instance, in [Chr93, BCMSO01] it is
proved that the context-free language L = {d"cb" | n > 0} is not a BPP language
(see also Example 6.4). However, all BPP languages are context-dependent, at least
if no t-labeled transitions are present [Pet81].

The problem of checking bisimulation equivalence over BPP processes is decid-
able [CHM93], more precisely PSPACE-complete [Jan03]. Weak bisimilarity has
been proved decidable in some restricted cases, e.g., when one of the two processes
is finite-state [JKMO1, KMO2], but the problem in the general case is still open. On
the contrary, trace equivalence over BPP is undecidable [Hir93].

5.2.2 Operational Net Semantics

The operational net semantics for BPP is described as for CFM. The decomposition
function dec is defined in Tables 4.3 and 5.3. According to this definition, function

dec maps a BPP process p into a finite multiset of sequential BPP processes, i.e.,
SBPP = z@;ﬁp \ {0} and dec : yBPP — -///fin(SBPP)'

Example 5.12. Consider the semi-counter SC = inc.(SC|dec.0), discussed in Ex-
ample 5.9.% Then, the decomposition dec(SC) is {SC}, dec(inc.(SC|dec.0)) =
{inc.(SC|dec.0)} and dec(SC|dec.0) = {SC,dec.0}. ]

The net transition rules are those in Table 4.4. Note only that the axiom (pref)

{1.p} > dec(p)

4 Please, do not confuse action dec (for decrement) of the semi-counter with the decomposition
function dec(—).
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now allows for the creation of transitions with non-singleton post-set, as p can be a
parallel process and so dec(p) can be a non-singleton multiset. The set of BPP net
transitions is denoted by Tgpp. The net for BPP is Ngpp = (Sppp,Act, Tgpp). We now
observe that any BPP net transition is such that its pre-set is a singleton.

Proposition 5.14. For any t € Tgpp, we have that |°t| = 1
Proof. By induction on the proof of t, according to the rules in Table 4.4. a
Lemma 5.2. For any BPP process p, Uscdom(dec(p)) SUP(s) C sub(p).

Proof. By induction on the structure of p, where the base case is when p is sequen-
tial. a

Proposition 5.15. For any t € Tgpp of the formt = ({p}, L, m), we have that for any
s € dom(m), s € sub(p).

Proof. By induction on the proof of t. By axiom (pref), p = W.p' and transition
({u.p'y,u,dec(p')) is derivable. If dec(p') = 0, then the thesis holds vacuously.
Otherwise, for any s € dom(dec(p')), s € sub(s) by Proposition 5.13, and so we have
that dom(dec(p")) € Uscdom(dec(py) SUb(s) C sub(p'), the latter holding by Lemma
5.2. Hence, any s € dom(dec(p')) is such that s € sub(p'). As sub(p') C sub(u.p’),
the thesis follows trivially.

The other rules are proved by assuming that the thesis holds for the premise net
transition. For (cons), p = C, C = q and the premise net transition is ({q}, t,m);
we can assume, by induction, that for any s € dom(m), s € sub(q). The conclusion
of the rule is the transition ({C}, U, m); the thesis holds because sub(q) C sub(C).
The cases for rule (sum;) and (sumy) are similar, hence omitted. O

Definition 5.4. Let p be a BPP process. The P/T system statically associated with p
is Net(p) = (Sp,Ap,T,,mp), where mo = dec(p) and

S, = [dom(mg)) computed in Nppp,
T, = {t € Tgep | Spl1)},
Ap ={ue€Ac | I eT,u=1I())} O

The following propositions present three facts that are obviously true by con-
struction of the net Nez(p) associated with a BPP process p.

Proposition 5.16. For any p € Pgpp, Net(p) is a statically reduced P/T net> O
Proposition 5.17. If dec(p) = dec(q), then Net(p) = Net(q). O

Proposition 5.18. For any py,p> € Pgpp, if Net(p;) = (Si, A, ti,m;) for i = 1,2,
then Net(py | p2) = (S1US2,A1 UAy, T1 UTh,m; & my). |

3 As for BPP nets, the notion of statically reachable subnet and dynamically reachable subnet
coincide, Net(p) is also dynamically reduced.
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SC
inc
dec.0

dec I:'

Fig. 5.8 The BPP net for the semi-counter SC

Example 5.13. Consider again the semi-counter SC = inc.(SC|dec.0). Then, by
axiom (pref), the net transition {inc.(SC|dec.0)} = {SC,dec.0} is derivable. By

using this net transition as the premise for rule (cons), {SC} = {SC, dec.0} is also

derivable. Finally, the net transition {dec.0} 4, 0 is also derivable by axiom (pref).
The net for the semi-counter SC is outlined in Figure 5.8. Note that this net is un-
bounded, because there is no upper limit to the number of tokens that can be accu-
mulated in place dec.0. a

Theorem 5.10. (Finite number of places) For any BPP process p, the set S, of its
places statically reachable from dom(dec(p)) is finite.

Proof. By induction on the static reachability relation =" (Definition 3.9), we can
prove that any place s that is statically reachable from dom(dec(p)) is a subterm of
p. Since sub(p) is finite by Theorem 5.9, the thesis follows trivially.

The base case is dom(dec(p)) =" dom(dec(p)). As for any s € dom(dec(p)),
s € sub(s) by Proposition 5.13, we have that dom(dec(p)) C Uscaom(dec(p)) Sub(s) C
sub(p), the latter holding by Lemma 5.2.

Now, assume that dom(dec(p)) =" S| =9, for some transition t € Tgpp; we
want to prove that any place in Sy is a subterm of p. By induction, we can as-
sume that Sy C sub(p). Since t € Tgpp, by Proposition 5.14, transition t has the
Sform ({s1},u,m), so that s; € S and S, = S| @ dom(m). By Proposition 5.15, any
s € dom(m) is such that s € sub(sy). Since s\ € sub(p), by Proposition 5.13 also
sub(s1) C sub(p). Therefore, any s € dom(m) is such that s € sub(p) by transitivity,
as required.

Hence, the set Sj, of its reachable places is finite. a

Theorem 5.11. (Finite P/T Petri net) For any BPP process p, the P/T net reachable
from p, Net(p) = (Sp,Ap, Ty, dec(p)), is finite.

Proof. By Theorem 5.10, the set S, of the places reachable from p is finite. By
Proposition 5.14 the pre-set of any derivable transition is a singleton. By Lemma
4.2, the set T? of transitions with pre-set {q} is finite, for any q € S,,. Hence, also
T,= qusp T4 must be finite, being a finite union of finite sets. a
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Corollary 5.3. (BPP nets) For any BPP process p, Net(p) is a BPP net.

Proof. By Theorem 5.11, Net(p) is a finite P/T net. By Proposition 5.14, for any
t € T, we have |°t| =1, i.e., Net(p) is a BPP net. O

Hence, only BPP nets can be represented by BPP processes.

As a final remark, we observe that the operational net semantics is sound w.r.t.
the step semantics: more precisely, any BPP process p, in the STS semantics, is step
bisimilar to dec(p), in the step marking graph SMG(Net(p)). The proof of this fact
is analogous to the corresponding proof outlined in Section 5.1.5 for CFM, and so
it is omitted.

Theorem 5.12. For any p € Pgpp, p ~.ep dec(p). a

5.2.3 Representing All BPP Nets

It is not a surprise that all BPP nets can be represented by BPP processes. The
construction described in Section 5.1.4 for concurrent FSMs can easily be extended
to BPP nets: the body of any involved constant is a sequential process that, after the
first action, may become a parallel process.

Definition 5.5. (Translating BPP nets into BPP terms) Let N(mg) = (S,A,T,my)
— with S = {s1,...,85,},A CAct, T = {t1,...,1}, and [(t;) = u; — be a BPP net.
Function Jgpp(—), from BPP nets to BPP processes, is defined as

<prp(]V(]/no)) :Cl|‘Cl ||Cn||Cn
my(s1) mo(sn)

where each C; is equipped with a defining equation C; = c} 4+ cf (withC; =0

if k = 0), and each summand c{, for j=1,...,k, is equal to
o 0,ifs; &°t);
o u;.I1;, if *t; = {s;}, where process IT; is Ci|---|C |- --|Cy| - - - |C,, meaning that
—— ——
17 (s1) 15 (sn)
II; =0if 1} = 0. a

Note that Fppp(N(mo)) is a BPP process: in fact, there are finitely many con-
stants involved (one for each place) and each constant has a body that starts sequen-
tially. Therefore, the following proposition holds by Proposition 5.16 and Corollary
5.3.

Proposition 5.19. Given a BPP net N(mgy) = (S,A,T,myg), Net(Tgpp(N(mo))) is a
(statically) reduced BPP net. |
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52 53

Fig. 5.9 A BPP net

Example 5.14. Let us consider the net N(s|) in Figure 5.9. The BPP process p asso-
ciated with such a BPP net is C, where the three constants C;, corresponding to the
three places s;, for i = 1,2, 3, are defined as

Ci =a.(C|C|C3) +0+0+ 4.0,
C=0+0+c0+0,
CG=0+bCi+0+0.

It is obvious that Net(p) is a net isomorphic to the original net in Figure 5.9, where
the isomorphism f is the bijection f(s;) = C; for i = 1,2,3. Note that this net
is unbounded, as there is no limit on the number of tokens that can be accumu-
lated in place s,. Note also that the intersection of the set of its completed traces,
CTr(N(s1)), with the regular language (ab)*dc* yields the context-free language
{(ab)"dc* | n >0}, hence CTr(N(sy)) is not a regular language. O

Theorem 5.13. (Representability theorem 3) Let N(mo) = (S,A, T,mg) be a (stat-
ically) reduced BPP net such that A C Act, and let p = Tgpp(N(my)). Then, Net(p)
is isomorphic to N(my).

Proof. The proof follows the same pattern as the analogous Theorem 4.7. Let
N(mg) = (S,A,T,mp) be a reduced, BPP net, with S = {s1,...,s,}, A C Act,
T ={t1,...,tx} and I(t;) = u; for j=1,... k. The associated BPP process is

Tspp(N(mo)) =C1| -+ |C1 |-+ | Cul -+~ |Co
—— N—_——

mo(s1) mo (sn)
where for each place s; we have a corresponding constant C; = ):’;-:1 c{ , defined as
in Definition 5.5. For notational convenience, ):k‘:l c{ is denoted by p;, i.e., C; = p;.
Let Net(p) be the tuple (S', A", T',my,). Then, m{y = dec(p) is the marking
mo(sl) -C1 P m()(S2) -Cr P ... @mo(s,,) -Cy.
Note that, by Definition 5.5, any transition t' € T' with *t" = {C;} C dec(p) is such
thatt'* =k -Cy D ky-Cy® ... Dk, - Cy for suitable k; >0, i=1,...,n; by iterating
this observation, each transition in T' has a singleton pre-set {C;} for some suitable
C;, and a post-set of the form ki -Cy D ky -Cy D ... Dk, - Cy, for suitable k; > 0,
i=1,...,n. As, by Proposition 5.19, Net(p) is reduced, it follows that the places
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in 8" are exactly all the constants C; for i = 1,...,n. Note also that since N(mg)
is reduced, all the places in S are reachable from the initial marking mg. Hence,
there is a bijection f : S — S’ defined by f(s;) = C;, which is the natural candidate
isomorphism function. To prove that f is an isomorphism, we have to prove that

1. f(mo) = my,

21 = (mo o) € T implies f(t) = (f(m), i, (")) € ', and

3.t = (m},u,mb) € T" implies there exists t = (my,lu,my) € T such that f(t) =1,
ie, f(my)=m\ and f(my) = m.

From items 2) and 3) above, it follows that A = A'.

Proof of 1: The mapping via f of the initial marking my is

f(mo) = f(mg(sl) -51 D m()(S2) 52 D ... EBmo(sn) ~Sn) =

=mo(s1)-C1 ®mp(s2)-Co @ ... Dmy(sy) - Cy = my, as required.

Proof of 2: We prove that, for j =1,....k if t; = (m,p;,m') € T, then t’; =
(f(m),uj, f(m')) € T'. By Proposition 5.14, t; must be of the form ({s;},u;,m")
for some suitable index i and multiset m'. Hence, f(°t;) = {C;}. According to
Definition 5.5, for C; = p;, we have in p; a summand cf = w;I1;, with II; =
Ci|-++|Ci|-++|Cp|+-+|Cy. Therefore, not only {c]} i>afec(I"Ij) is derivable by ax-
—— ~——

m'(s1) m’ (sn)
iom (pref), but also (by rules (sum;) and (sumy)) the transition {p;} i)dec(ﬂj),

and so {C;} ﬂniec(n i), by rule (cons). In conclusion, starting from transition
tj = ({si}, 1j,m'), we have shown that transition t; = ({C;}, u;,dec(I1})), with
f(m'") = dec(I1;), belongs to T', as required.

Proof of 3: We prove that if t; = (m\,u;,my) € T', then a transition t; =
(my,1j,my) € T exists such that f(m\) = m} and f(my) = mh. We already ob-
served that any tj- (statically) reachable from the initial marking dec(p) is such that
*t; = {Ci}, for some index i, and t'* = dec(IT), with IT = Ci|---|Cy |-+ Ca ---|Cp,

| | ki k
ki>0fori=1,...,n. Hence, ;= ({Ci}, j,dec(IT)). Such a transition is derivable,

by rule (cons), only if also {p;} inlec(l‘[), and so, by rules (sumy) and (sum),

only lf{Clj} A, dec(IT). Summand c{ must be of the form ;.I1, and this is possible
only if transition t; is of the form ({s;}, j,ma), with my(s;) =k, fori=1,...,n, as
required. |

5.2.4 Denotational Net Semantics

The denotational net semantics for BPP is defined exactly as for CFM. The def-
initions of the SFM operators are described in Table 4.5, while the denotational
definition for the parallel operator is given in Table 5.4.

Example 5.15. Consider again the semi-counter SC = inc.(SC|dec.0). We have that
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[SClscy = ({SC},0,0,{SC}), and
[dec.0]sc) = ({dec.0},{dec},{({dec.0},dec,0)},{dec.0}).

Therefore, the net [SC|dec.0]scy is
({SC,dec.0},{dec},{({dec.0},dec,0)},{SC,dec.0}).

The net [inc.(SC|dec.0)] (sc) is
({inc.(SC|dec.0),SC,dec.0},{inc,dec},{({inc.(SC|dec.0)},inc,{SC,dec.0}),
({dec.0},dec,0)},{inc.(SC|dec.0)}).

Finally, the net [SC]p is
({SC,dec.0}, {inc,dec},{({SC},inc,{SC,dec.0}), ({dec.0},dec,0)},{SC}),

which is exactly the net in Figure 5.8. a

Theorem 5.14. (Operational and denotational semantics coincide) For any BPP
process p, Net(p) = [p]o.

Proof. Similar to the proof of Theorems 4.8 and 5.8, hence omitted. a



Chapter 6
Adding Communication and Restriction: FNC

Abstract The parallel composition operator is enhanced to allow for synchronous,
point-to-point (or handshake) communication; moreover, in order to force commu-
nication, also the CCS operator of restriction is added to BPP, but at the top level
only. The resulting calculus is a subset of CCS, called Finite-Net CCS (FNC, for
short), which is expressive enough to model the class of finite CCS nets.

6.1 Syntax

To model communication between two processes, we need to give structure to the
set of observable actions, distinguishing between input actions and oufput actions.

Let .Z be a finite set of names, ranged over by a,b,c,..., also called the input
actions. Let £ be the set of co-names, ranged over by @,b,¢, ..., also called the
output actions. The set £ U_Z, ranged over by «,f3,..., is the set of observable
actions. By @ we mean the complement of ¢, assuming that & = «a. Let Act =
LULU {7}, such that t ¢ & U.Z, be the finite set of acrions, ranged over by
. Action T denotes an invisible, internal activity. Let %ons be a countable set of
process constants, disjoint from Act, ranged over by A, B,C, .. ., possibly indexed.

Finite-Net CCS (FNC for short) is the calculus whose terms are generated from
actions and constants as described by the following abstract syntax:

s =0] pt |s+s

gu=s| C sequential terms
tn=q| t)t restriction-free terms
pu=t | (va)p general terms

where C is defined over the syntactic category s, as usual. The operator of parallel
composition, p | p2, now allows for handshake communication between p; and p;
on complementary input/output actions; the label of the resulting synchronization is
the invisible action 7; hence, synchronization is strictly binary in FNC. The restric-
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Const(0) = 0 Const(py + p2) = Const(py)U Const(p>)
Const(u.p) = Const(p)  Const(pi|p2) = Const(py)U Const(pz)
{C} if C undef.
Const = Const Const(C) =
onst((va)p) onst(p) onst(C) {{C} UConst(p) ifC=p

Table 6.1 Set of constants used by a process

tion operator (va)—, parametrized on an action a € ., makes the name a private
for a term; intuitively, (va)p can do whatever transition p can do, provided that the
transition is not labeled with a or @. Of course, if p = pi|pa, then (va)p allows
for the handshake synchronization on complementary actions a/a performed by p;
and p,, because the resulting synchronization transition is labeled 7, hence different
from a or a. In other words, the effect of applying the restriction on a over a parallel
term p; | p2 is to impede p; and p, from executing asynchronously action a or @,
hence forcing them to synchronize on such actions.

A term of the form (va;)(vay)...(va,)p is usually denoted in a compact form
by (VL)p, where L = {ay,...,a,} C.Z. As for BPP, in FNC parallel composition
may occur inside the body of a recursively defined constant C; on the contrary, the
restriction operator (va)— is not allowed in the body of C. So, an FNC general term
may be represented as (VL)z, where L is a set of actions (if L is empty, the restriction
operator is not present) and 7 is a restriction-free term.

An FNC term p is an FNC process if it is fully defined and the set of constants
Const(p) used by p is finite, where by Const(p) we denote the least set of process
constants such that the equations in Table 6.1 are satisfied. Zpyc denotes the set
of FNC processes, while @f;ﬂc denotes the set of its sequential processes, i.e., the
processes in syntactic category g. Alternatively, the FNC syntax can be more suc-
cinctly given as follows:

s u= Ejejuj.tj | C

t n=s|t]t

pu=t|(va)p
where J is finite, Xjeyu;.2; = 0 when J = 0, and the body of any constant C is of the
form Ejejuj.tj.

Definition 6.1. (Bound names, free names and free outputs) Given a process p =
(VL)t, where ¢ is a restriction-free process, the set of its bound names is L, denoted
bn(p). The free names of p, denoted fn(p), and the free outputs of p, denoted fo(p),
are defined as the sets F(p,0) and G(p,0), respectively, where F(p,I) and G(p,I),
with I a set of process constants, are defined in Table 6.2. d

Proposition 6.1. For any FNC process p, the sets fu(p), bn(p) and fo(p) are finite.

Proof. Trivial, since L is finite. a



6.1 Syntax 123

F(0.I) =0 G(0.1) =0
F(a.p,I) = F(p,I)U{a} Gla.p,I) = G(p,)
F(a.p,l) = F(p,I)U{a} G(a.p,I) = G(p,I)U{a}
F(t.p,]) = F(p,I) G(t.p,1) = G(p,I)
F(p+q,1) = F(p,1)UF(q,1) G(p+gq,1) = G(p,1)UG(q,])
F(plg,) = F(p,))UF(q,I) G(plg.,l) = G(p,])UG(q,])
F((va)p,I) = F(p,)\{a} ~ G((va)p,I) = G(p,I)\{a}
FC.T) = F(q,1U{C}) %fC =qgandC¢I
0 ifcel
G(C.I) G(gq,1U{C}) %fC =gandC¥¢I
ifCel

Table 6.2 Free names and free outputs

Definition 6.2. (Closed processes and output-closed processes) A process p is
closed if the set fn(p) of its free names is empty. Process p is output-closed if the
set fo(p) of its free outputs is empty. |

6.1.1 Restricted Actions and Extended Processes

The FNC processes are built upon the set .# U, ranged over by «, of visible
actions. We assume we also have sets &' = {d'|a € £} and ¥ = {d'| a € £},
where .#' U.Z’, ranged over by «', is the set of auxiliary restricted actions, i.e.,
actions that are only allowed to synchronize. By definition, each restricted action o/’
corresponds to exactly one visible action «.

G = 2L UY, ranged over by 7, is the set of input actions and their restricted
counterparts. 4 = .2 U< is the set of output actions and their restricted counter-
parts. The set of all actions Acty =% U% U {t}, ranged over by u (with abuse of
notation), is used to build the set of extended terms, whose syntax is as follows:

s u=0] pr |s+s W€ Acty
g:=s| C sequential extended terms
tn=gq| |t restriction-free extended terms
pu=t | (va)p general extended terms

where the prefixes are taken from the set Acty and the bound action a is in .Z. An
extended FNC term p = (VL)t is an extended process if it is fully defined, Const(p)
is finite and 7 is admissible, i.e.,

Vae L {a,d}  fn(r),
where the function fn(—) is defined on extended terms in the obvious way. The
admissibility condition expresses a sort of sanity check on any restriction-free, ex-
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tended term ¢: it is not possible that, for any action a € .Z, there are occurrences in
t of both a and its associated restricted action a’; this because each action type can
occur in ¢ only in one of the two modalities: either restricted or unrestricted (i.e.,
normally visible). For instance, a.a’.0 is not admissible, while a.0|5’.0 is admissi-
ble. By the notation ad(t) we mean that 7 is admissible.

By Q’ZNC we denote the set of all extended FNC processes. By ,@gﬁg we denote
the set of all restriction-free, extended FNC processes, i.e., those extended processes
in syntactic category t. By (@ﬁfg we denote the set of all sequential, extended FNC
processes, i.e., those extended processes in syntactic category q.

6.1.2 Syntactic Substitution

In order to define the net semantics for FNC, we need to introduce the concept of
syntactic substitution. Intuitively, by the notation p{a’/a} we denote the process p
where each occurrence of the free name a has been replaced by the corresponding
restricted action a’. We will see that any FNC process can be mapped to a restriction-
free, extended FNC process via syntactic substitution.

Definition 6.3. (Substitutions) A substitution is a set {a./a;}ic; of associations
of the form d/a; for i € I, meaning that action a; € .Z is to be replaced by
the corresponding restricted action a; € .#”, when applied to some term. If L =
{ai,as,...,a,}, then the substitution {d} /ai,...,a,/a,} is shortened as {L'/L}. We
use O to range over the set of substitutions.

A substitution {d’/a;}ics is empty, denoted by &, if |I| = 0, i.e., there is no asso-
ciation in the set. A substitution {a}/a;}cs is unary if |I| = 1, i.e., it is of the form
{d’/a}. The composition of a substitution 6 = {d} /ai,...,a,/a,} with a unary sub-
stitution {4'/b}, denoted by 6 o {b’/b}, is defined as follows:

o {d\/ai,...,a)/a,} if there exists an index j such that b = aj;
o {d|/ay,....d,/a,,b' /b}ifb+#ajforall j=1,...,n.

Examples of substitution composition are the following: €o{b'/b} = {b'/b},{d' /a}o

{d' /a} ={d'/a} and {d'/a,b' /b} o {c'/c} ={d'[a,b'/b,c'/c}.

A nonemtpy substitution 8 = {d|/ai,...,a,/a,} can be represented as the
composition of the unary substitution {a}/a;} and 0’ = {d}/as,...,d,/a,}, ie.,
0 ={d/a1}00". ]

Remark 6.1. (Parametrized constants) In the following definition of syntactic sub-
stitution, we are applying a unary substitution {a’/a} also to any constant C, result-
ing in the new constant Cy,/,}. In order to get a completely satisfactory definition,
we have to assume that constants are parametrized by substitutions, with the proviso
that a normal constant C is simply parametrized by the empty substitution €, i.e., Ce.
Then, by applying a unary substitution {a’/a} to Cg, a new constant is generated
with index 6 o {@’/a}, namely Cgo(y /q}, Whose definition is Cgo(y /) = g{d’/a} if
Co =q. g
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0{d' Ja} =0

(a.p){d'/a} = d .(p{d'/a})

(@p){d'/a} = d.(p{d /a})

(n.p){d'/a} = p.(p{d'/a}) if u#a,apueActy
(p+a){d/a} = pld'/a}+q{d'/a}

(pla){d'/a} = p{d'/a}|q{d'/a}
((vb)p){d'/a} = (vb)(p{d'/a})  ifb+#a
((va)p){d'/a} = (va)p

Cold ja} = Co ifad fn(Co)
CBO{a’/a} otherwise, with CGO{a’/a} = q{a’/a} if Cg =¢q

Table 6.3 Syntactic substitution of a restricted name a’ for its corresponding action a

Definition 6.4. (Syntactic substitution) The syntactic substitution p{a’/a} of the
restricted action @’ for the visible action a inside an extended FNC process p is
defined in Table 6.3. The application of a substitution 6 = {a’/a} o 6’ to a process
p can be computed as follows: p6 = (p{d’/a})0’, with the proviso that pe = p. O

Example 6.1. Consider the FNC process p = (va)((vb)((a.b.0|a.0)|c.0)) and the
substitution 8 = {da’/a,c’/c}. The result of the application of 6 to p is the extended
process (va)((vb)((a.b.0]a.0)|c.0)).

Consider now the FNC process constant C = a.(b.0|c.C) and the substitution
0 = {d'/a,c’/c}. The result of the application of 6 to C is the extended process
constant Cg = a'.(b.0|c".Cy). 0

Proposition 6.2. For any extended FNC process p and for any a € £, p{d'/a} is
an extended FNC process.

Proof. The proof is by case analysis, following the definition of syntactic substitu-
tion. As Const(p) is finite, the recursive application of the syntactic substitution to
the body of each constant will eventually terminate. a

Remark 6.2. (Inverse substitution) By Definition 6.3, in a substitution {a}/a;}ic;
of associations of the form ag/a,- for i € I, the visible action a; € .Z is to be re-
placed by the corresponding restricted action a} € #”. This is the kind of sub-
stitution we mainly use in this chapter and in the following ones. However, it is
sometimes convenient to define the inverse substitution {a;/a}};c;, where the re-
stricted action @, € £ is to be replaced by the corresponding action g; € .. The
definition of syntactic substitution can easily be adapted to inverse substitutions. If
an extended, restriction-free process 7 is such that L' = fn(t) N.Z", then t{L/L'},
where L = {a | a € L'}, is an FNC process with no occurrences of restricted
actions. The composition of a substitution {L’/L} with its inverse {L/L'} yields
the empty substitution €. So, for instance, {a’/a,b’'/b} o {b/b'} = {d’/a}; hence,
C{a//a}{a/a’} =Cs. o
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Proposition 6.3. For any extended, restriction-free FNC process t such that L' =
() N2, (HL/L YL /LY = 1.

Proof. The thesis follows by admissibility of t: as no a € L is a free name of t,
with t{L/L'} we turn all the occurrences of d' € L' into the corresponding a €
L, which are the only occurrences of a in t{L/L'}; by applying the substitution

{L'/L}, we revert all the occurrences of a to a’. Moreover, each constant C (/y in
Const(t{L/L'}) is reverted to C¢ in Const(t) by the substitution {L' /L}.

Admissibility is essential for the correctness of the proposition above: the term
t = a.d’ .0, which is not admissible, is such that (1{a/a'}){d’ /a} =d'.d’ .0 #1.

Definition 6.5. (Mapping processes to restriction-free, extended processes) Func-
tion i : Ppnc — PLhe, defined as i((VL)t) = t{L'/L}, maps FNC processes to
restriction-free, extended FNC processes. ]

Function i is the identity over restriction-free processes: i(¢) = ¢. In general, i is
not injective; for instance, i((va)b.0) = b.0 = i(b.0) = i((vc)b.0) and i((va)a.0) =
d'.0 =i((va)((va)a.0)). However, it is possible to prove that i is surjective. Given
any restriction-free, extended FNC process ¢, let L' = (1) N_.Z'; since t is an ex-
tended process, ¢ is admissible, i.e., there is no a € . such that a € fn(t) and
a' € fn(t); hence, for any a’ € L', we have a & fn(t). Therefore, the FNC pro-
cess p=(VL)(t{L/L'}) is such thati(p) = i((vL)(t{L/L'})) =i(¢{L/L'}){L'/L} =
(t{L/L'}){L’/L} = t, by Proposition 6.3.

We will see that the net semantics for an FNC process p is actually given to
its corresponding restriction-free, extended FNC process i(p), because it holds that
dec(p) = dec(i(p)) (see Proposition 6.8).

6.1.3 Sequential Subterms

We are interested in singling out the set of sequential subterms of an FNC process
p. We will prove that, for any p, the set of its sequential subterms is finite and each
of its sequential subterms is a sequential, extended FNC process.

Definition 6.6. (Subterm) For any FNC process p, the set of its sequential subterms
sub(p) is defined by means of the auxiliary function (with the same name, with
abuse of notation) sub(p,®), whose second parameter is a set of already known
constants, initially empty, described in Table 6.4. a

While for the BPP operators the definition is as expected, the definition of
the sequential subterms of a restricted term is unusual. In fact, with the equality
sub((va)p,I) = sub(p,I){d’'/a} we state that the sequential subterms of (va)p are
the subterms of p, where each occurrence of the bound name a (or @) is replaced by
the corresponding restricted action @’ (or a’).

Example 6.2. Consider p= (va)(b.a.0|c.0). The set sub(p) is sub(b.a.0|c.0){d’ /a}.
Since sub(b.a.0|c.0) = {b.a.0,a.0,0,c.0}, we get sub(p) = {b.d’.0,d’.0,0,c.0}. O
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sub(0,1) = {0} sub(p1 +p2,1) = {p1+ p2} Usub(p1,1) Usub(p2,1)
sub(u.p,I) = {u.p} Usub(p,I) sub(pi | p2,1) = sub(py,1) Usub(pa,I)
sub((va)p,I) = sub(p.I){d /a} sub(C,1) = ° Cel

{C}YUsub(p,IU{C}) CZINC=p

Table 6.4 Sequential subterms of a process

Example 6.3. Consider the process g = (va)(C|a.0), where C = a.C + b.0. The set
sub(q) is computed as follows. First, note that

sub(C,0) = {C}Usub(a.C+b.0,{C})
= {C}U{a.C+b.0} Usub(a.C,{C})Usub(b.0,{C})
={C,a.C+b.0}U{a.C} Usub(C,{C})U{b.0} Usub(0,{C})
={C,a.C+b.0,a.C,b.0,0}.

Then, sub(@.0,0) = {a.0} Usub(0,0) = {a.0,0}. Hence,

sub(g,0) = sub(C|a.0,0){d /a}

(sub(C,0) U sub(a.0,0)){d /a}

= {C,a.C+b.0,a.C,b.0,0,a.0}{d /a}

= {C{a’/a}7a/-c{a’/a} + b.O,a’.C{a//a},b.O, 0,?0},

where the new constant C, /) is defined as Cyy /4y = a’.C{u//a} +0.0.

Now, we want to show that the same set of sequential processes can be com-
puted by first mapping ¢ to i(q) = (C|a.0){ad'/a} = Cy/a) |d'.0, i.e., it holds that
sub(q) = sub(i(q)). The details are as follows. First note that, as we did above for
constant C, we can compute

sub(C{a//a},(D) = {C{a//a}val~c{a’/a} +b.0,a’.C{a//a},b.(),0}.
Therefore,

sub(i(q),0) = sub(Ciy /a) |d’.0,0) B
= Sub(C{a//a},@) Usub(a’.O,(Z)) -
= {C{al/a}7ai.C{al/a} + b~Oaa:'C{a’/a}7b'070}E {d’.0,0}
= {C{a//a},a 'C{a’/a} +b.0,a .C{a//a},b.0,0,a’.O}
= sub(q,0). 0

Lemma 6.1. For any extended, restriction-free FNC process t and for any L C £,
sub(t){L'/L} = sub(t{L'/L}).

Proof. By induction on the definition of sub(t,0). We will prove that sub(t,1){L' /L} =
sub(t{L' /L},I{L' /L}), where I{L' /L} = {C(p, 1y | C€1I}.

The two base cases are the following. If t = 0, then t{L'/L} =0, and so
sub(t{L' /L},I{L’/L}) = {0}. The thesis follows as sub(t,1){L' /L} = {0}{L'/L} =
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{0}. If t = C and C € I, then C{L'/L} = Cpry1y and Cyyypy € I{L'/L}. Hence,
sub(C{L'/L},I{L' /L}}) = 0. The thesis follows as sub(C,I){L’/L} =0{L'/L} = 0.

Then, the inductive cases follow. Ift = u.t', thent{L'/L} = u.(¢'{L' /L}), if u #
a,a for all a € L. Hence, sub(t{L'/L},I{L'/L}) = sub(u.(t'{L'/L}),I{L'/L}) =
{u.({L /L) }U sub(t'{L' /L},I{L’ /L}). By induction, we have sub(¢',1){L'/L} =
sub(t'{L'/L},I{L' /L}); therefore, sub((u.t'){L'/L},I{L’/L}) = {u.(¢'{L'/L})} U
sub('{L'/L},I{L'/L}) ={w.t'}{L /L}Usub(t',[){L' /L} = sub(u.t'.1){L' /L}. The
case when |1 = a or a for some a € L is similar, hence omitted.

Ift = 51+ s, then sub(t{L'/L},I{L' /L}) = sub(s;{L' /L} + sp{L’/L},I{L' /L})
={si{L'/L} +s2{L'/L} } Usub(s;{L' /L} ,I{L' /L}) Usub(s{L' /L}),I{L'/L}). By
induction, we have sub(s;{L' /L},I{L'/L}) = sub(s;,[){L'/L} for i =1,2. There-
Jore, {s1{L L} +s2{L’ /L}} Usub(s;{L' /L},I{L’ /L}) Usub(so{L' /L},I{L'/L}) =
{s1+s2H{L' /LY Usub(sy,){L' /LY Usub(sp,1){L’/L} = sub(s) +s2,1){L’/L}.

The case when t = 1} |t is similar to the above, hence omitted.

Ift =C, with C = s, then C{L' /L} = Cyys /1y, where Cyyr)1y = s{L'/L}. By in-
duction, we have that sub(s{L' /L},I{L' /L} U{Cyps/y}) = sub(s,] U{C}){L'/L}.
Therefore, the thesis follows: sub(C{L'/L},I{L'/L}) = sub(Cyp 1y, I{L'/L}) =
(o U subls{L [LY I /L) U{Crpoy ) = {CHL L} Ustab(s, T (/L)
=sub(C,1){L'/L}, as required. 0

Proposition 6.4. For any FNC process p, sub(p) = sub(i(p)).

Proof. If p is restriction-free, then i(p) = p, and so the thesis follows trivially. If
p = (VL)t, then sub(p) = sub(t){L'/L}. Moreover, i(p) = t{L'/L}. So, the thesis
follows by Lemma 6.1: sub(i(p)) = sub(t{L’/L}) = sub(t){L' /L} = sub(p). 0

Theorem 6.1. For any FNC process p, the set of its sequential subterms sub(p) is
finite; moreover, sub(p) C P

Proof. By induction on the definition of sub(p,0). The first base case is when p = 0;
in this case, sub(0,1) = {0} for any I C Gons, and the thesis follows trivially: {0}
is a finite set and 0 € @Z]ifg The second base case is when p = C and C € I; in this
case, sub(C,I) = 0, and the thesis follows trivially.

The inductive cases are as follows. If p = p.p', then sub(u.p',1) = {u.p'} U
sub(p',I). By induction, we can assume that sub(p',I) is finite and a subset of
f@%,i,if Hence, sub(u.p',1) is finite and a subset of @Z,ﬁfg because also W.p' is
a sequential process.

If p=C, with C = s, then sub(C,I) = {C} Usub(s,IU{C?}). By induction, we can
assume that sub(s,1 U{CY}) is finite and a subset of 2L\, Hence, the thesis follows
trivially, because C is a sequential process.

If p =51+ 52, then sub(sy + s2,1) = {s1 + 52} Usub(s;,1) Usub(sy,I). By induc-
tion, we can assume that, for i = 1,2, sub(s;,I) is finite and a subset of ﬂ;]\‘fg
Hence, the thesis follows trivially, because s| + 52 is a sequential process.

If p = p1| pa, then the proof is similar to the above, hence omitted.

If p = (va)py, then sub(p,I) = sub(py,1){d’/a}. By induction, we can assume
that sub(py,1) is finite and a subset of f@}'lffcq Hence, also sub(p,I) is finite and, by
Proposition 6.2, a subset of t@ﬁfg a
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B

p—p
(Pref) — (Cons) T C=p
u.p—+p C—p
Py aq
(Sumy) — (Sumy) —
p+q—p P+a—q
L> ’ L> ’
@ary LT ey T
rla—1r'lq rla—rpld
p-5p g4 pp
(Com) P (Res) D T— #a,a
pla—7r'lqd (va)p— (va)p'

Table 6.5 Structural operational semantics for FNC

Proposition 6.5. For any FNC processes p and q, the following hold:

(i) if p is sequential, then p € sub(p), and
(ii) if p € sub(q), then sub(p) C sub(q).

Proof. The proof of (i) follows directly from the definition of sub(—) in Table 6.4.
The proof of (ii) follows by the observation that the definition of sub(q) recursively
calls itself on all of its subterms. O

6.2 Operational LTS Semantics

Definition 6.7. The FNC labeled transition system €pyc is the triple (Zrnc,Act,
—) where — C Ppyc X Act X Ppyc is the least transition relation generated by
the axiom and rules in Table 6.5. O

Let us comment on the rules for the parallel composition operator and the restric-
tion operator in Table 6.5.

(Pary) and (Pary) are the rules describing the asynchronous execution of an ac-
tion by one of the two subcomponents of a parallel process. Specifically, (Pary)

states that if p LN P/, then p|g £ P’ | q. Note that g is not discarded by the transi-
tion, and for this reason the operator is called szatic. (Par,) is symmetric. These two
rules together state that p | ¢ can do whatever p and g can do, possibly interleaving
their executions. Rule (Com) describes how interaction can take place: if the two
subcomponents can execute complementary input/output actions at the same time,
then a synchronization is possible and the resulting transition, labeled 7, cannot be
used for further interaction with another parallel component, as rule (Com) requires
that each premise transition be labeled with a visible action. Hence, communica-
tion in FNC, like in CCS [Mil89, GV15], is strictly binary (or point-to-point) and
synchronous, sometimes called handshake communication.
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Rule (Res) explains that the role of a restriction is to bind a name, so that it is not
freely available for the external environment. Clearly, (va)p impedes any transition
labeled a or @ that p might produce, while having no effect on the other transitions
of p, in particular on possible synchronizations (labeled 7) along channel a between
parallel subcomponents of p. Restriction is a static operator, too.

Proposition 6.6. For any FNC process p, if p—— p/, then f(p") C fa(p), and if
u € {a,a}, then a € fu(p).

Proof. By induction on the proof of transition p N r. ]
Corollary 6.1. For any FNC process p, the set sort(p) is finite.

Proof. By Proposition 6.6, we know that any action [l € sort(p) is also an action in
fn(p)Ufn(p)U{t}. The thesis follows by Proposition 6.1, which ensures that fn(p)
is finite for any FNC process p. O

Remark 6.3. The operational LTS rules of Table 6.5 can be used to give an oper-
ational semantics also to extended FNC processes. There is only one caution: of
the transitions derivable from the rules, we should take only those that are labeled
over Act, thus discarding those transitions labeled with a restricted action. However,
derivable transitions labeled with complementary restricted actions give rise, by rule
(Com), to a synchronization transition, which is to be taken, being labeled 7. This
issue will be clarified better in Section 6.4.2, about FNC net transitions. O

Interleaving bisimilarity, denoted by ~, is a congruence for the action prefixing
operator and for the choice operator, as proved in Theorem 4.4; it is also a congru-
ence for the parallel composition operator: the proof of Theorem 5.2 can cope also
with the communication capability of the FNC parallel composition operator. Now
we show that it is also a congruence for the restriction operator.

Theorem 6.2. (Congruence) For any p,q € Ppnc and for any a € L, if p ~ g,
then (va)p ~ (va)q.

Proof. Assume R is a bisimulation such that (p,q) € R. We show that relation R’ =
{((va)p',(va)q") | ac £ and (p'.q') € R} is a bisimulation. Since (p,q) € R, the
thesis follows. Consider ((va)p',(va)q') € R, so that (p',q') € R. If (va)p' 5,
then this is due, by rule (Res), to transition p' —— p'", with U#a,aands=(va)p”.
As (p',q') € R, there exists q" such that ¢ s q" and (p".,4") € R; by rule (Res),
also (va)q' = (va)q' is derivable, with ((va)p",(va)q") € R', as required. The

symmetric case when (va)q' moves first is analogous, and so omitted. a
6.2.1 Expressiveness

In the theory of formal languages [HMUOL1], the alphabet is a set of unstructured
symbols; hence, in our setting, we assume that the alphabet is the set of actions .Z.
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So, an FNC language, being a subset of .£*, is defined by means of an output-closed
FNC process.

Definition 6.8. (FNC language) A language L C .Z* is an FNC language if there
exists an output-closed FNC process p such that the set of its weak completed traces
isL,ie,WCTr(p) =L. a

The class of FNC languages includes the class of BPP languages, as the set of
BPP processes is a subset of (output-closed) FNC processes. As an instance of an
FNC language that is not a BPP language, consider the following example.

Example 6.4. Tt has been proved in [Chr93, BCMSO01] that L = {a"cb" ] n>0}is
not a BPP language. However, an FNC process for this language can be

F = (vd)A,

A =a.(A|d.b.0)+ c.B,

B =d.B.
The set WCTr(F) is composed of all the weak completed traces of the form a"cb"
for any n € N. This is a typical example of a context-free language. a

However, the class of FNC languages does not include all the context-free
languages. It has been proved in [Pet81] that the typical context-free language
L= {wwk ‘ w € {a,b}*}, where wR stands for the reverse of w (formally, eX = ¢
and (ow)® = wRa) cannot be represented by means of a finite P/T Petri net. Since
FNC processes may originate, via the semantics in Section 6.4, only finite CCS Petri
nets, then they cannot represent the language L. Nonetheless, the class of finite-net
CCS languages also includes some context-dependent languages, as the following
example shows.

Example 6.5. (The language o™ ¢ with 0 < m <n) An FNC process whose weak
completed traces are of the form a"b™c™, with 0 < m < n, is

ABC = (vd,e, f)A,

A  =a.(A|d.be0)+ t.B,
B =d.e.(B|f.c0)+1.C,
c =fcC.

Observe that first a certain number of occurrences of action a are generated,
as well as the same number of subprocesses d.b.e.0. Then, when A performs the
internal T-labeled transition and becomes B, a certain number of activations of action
b via a synchronization on d can be performed; these synchronizations cannot be
more than the number of a’s. When each occurrence of action b is performed, a
call-back synchronization on e is executed, which activates a new instance of B,
as well as of f.c.0; hence, the number of processes f.c.0 in parallel is equal to
the number of b’s executed. Finally, when B internally moves to C, perhaps before
having completed the activations of all the available occurrences of b, the same
number of ¢’s can be performed after activation via synchronization on f. (See also
Examples 3.10 and 8.5.) a
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Table 6.6 Step operational semantics for FNC

MSync(M @ {z},M")
MSync(M,M) MSync(M @ {a,a},M")

Table 6.7 Step synchronization relation

6.3 Step Semantics

The step operational semantics for FNC is given by the step transition system
Cont = (Prncs B, —s), where B = Myin(Act) — i.e., the set of all finite mul-
tisets over Act — is the set of labels (ranged over by M, possibly indexed), and the
transition relation —y C Pryc X B x Pryc is the least relation generated by the
rules listed in Table 6.6.

Axiom (Pref*) states that y.p can perform the singleton {{t}, reaching p. Rules
(Sum}) and (Sumy) assume that the transition in the premise is sequential, i.e., com-
posed of one single action. Similarly, since the body of a constant C is a sequential
process, it is assumed in the premise of rule (Cons®) that the label is composed of
one single action. Rule (Res®) requires that M contains no occurrences of action a or
a in M. The highlight of this semantics is rule (Com®): it allows for the generation
of multisets as labels, by using an additional auxiliary relation MSync, defined in
Table 6.7, where @ denotes multiset union. The intuition behind the definitions of
rule (Com®) and MSync is that, whenever two parallel processes p and g perform
steps M and My, respectively, then we can put all the actions together — yielding
M, ® M, — and see whether MSync(M & M, M) holds. The resulting multiset M
may be just M| & M, (hence no synchronization takes place), according to axiom
MSync(M, M), or the multiset M’ we obtain from the application of the rule: select
two actions o and & from M| & M>, synchronize them, producing 7, then recursively
apply MSync to {1} & (M; ®M,) & {a, @} to obtain M. This procedure of synchro-
nizing complementary actions may go on until no pair of synchronizable actions can
be found, but it may also stop at any moment due to the axiom MSync(M,M).
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Itis possible to prove that €prr is fully concurrent, i.e., that for any p € Ppyc, if
p *)‘2 p', with My # 0 # M,, then there exist ¢; and g» such that p %q q 4 r
andp43q2 4517.

Remark 6.4. The operational STS rules of Table 6.6 can be used to give opera-
tional semantics also to extended FNC processes. There is only one caution: of
the step transitions derivable from the rules, we should take only those that are la-
beled over %, thus discarding those transitions labeled with multisets containing
some restricted actions. However, two derivable transitions labeled with multisets
containing complementary restricted actions give rise, by rule (Com®), to a new step
transition where these two complementary restricted actions disappear in favor of
an occurrence of T, so that the resulting new transition may become acceptable. O

Remark 6.5. (Notation) For any p € Pryc, the STS reachable from p is €, " =
(2P sort(p)s, =%, p), where 22, is the set of processes reachable from p,
sort(p)s is the set of multisets of actions that can be performed by p (formally,

sort(p)s ={M € Msin(Act) | 3p’.p— p' M }) and —¥ is the restriction of the
transition relation to &2, x sort(p)s x 2, °". O

Step bisimilarity, denoted by ~.p, is ordinary bisimulation equivalence over
step transition systems. Step bisimilarity is more discriminating than interleaving

bisimilarity ~. As a matter of fact, any interleaving transition p LN p’ has one cor-
responding step transition p {i;; p', which is obtained by mimicking the proof of

p LN p’, by using for each rule in Table 6.5 the corresponding rule with the same
name (plus the superscript s) in Table 6 6. A bit of care is needed for rule (Com): if

rlq SN P'| ¢ because p LN p' and g LN ¢, then by induction we can assume that

p *ls p and g 43 ¢, so that by rule (Com®) also the step transition p | ¢ 45 P
is derivable, as MSync({c,a},{7}) holds. Symmetrically, the proof of any step

transition p ﬂs p’ labeled with a singleton {1} can be mimicked by the interleav-
ing operational rules, as hinted above. Again, a bit of care is needed for rule (Com®):

if plg 45 pP'|q is derivable by this rule, then necessarily the two premises must

be p —;; p' and qﬁisq because in the rule neither M; nor M, can be empty.
Therefore, a step bisimulation R C Ppyc X Prnc is also an interleaving bisimula-

tion: if (p,q) € R and p £, /. then also p ﬂs p' by the argument above; as R is a

step bisimulation, there exists ¢’ such that ¢ Mﬁs ¢ with (p',q’) € R; and then also
g -5 ¢ is derivable, by the argument above, with (p',q') € R; symmetrically, if ¢
moves first. Hence, R is also an interleaving bisimulation.

Proposition 6.7. For any p,q € Zpnc, if p ~step q, then p ~ q. a

Step bisimilarity is a congruence for the operators of FNC; for the operators
of action prefixing, choice and parallel composition, this was proved in Theorem
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dec(0) =0 dec(p+q) = {p+q}
dec(u.p) = {p.p} dec(p|q) = dec(p) ©dec(q)
dec(C) = {C} dec((va)p) = dec(p){d'/a} d €&

Table 6.8 Decomposition function for FNC

5.3 (where the proof for the parallel operator is correct also for the FNC parallel
operator with communication capabilities). Now we show that it is a congruence for
the restriction operator, too.

Theorem 6.3. (Step congruence) For any p,q € Prnc and for any a € L, if
P ~step @, then (Va)p ~gep (Va)q.

Proof. Assume R is a step bisimulation with (p,q) € R. It is an easy exercise (similar
to the proof of Theorem 6.2) to check that R' = {((va)p,(va)q') | a € £ and
(p',q') € R} is a step bisimulation. Since ((va)p,(va)q) € R', the thesis follows. O

6.4 Operational Net Semantics

In this section, we describe a technique for building a P/T net for the whole of
FNC, starting from a description of its places and its net transitions. The result-
ing net Npyc = (Srne,Act, Trne) is such that, for any p € Py, the net system
Nrnc(dec(p)) statically reachable from the initial marking dec(p) is a statically
reduced, finite CCS net; such a net system is denoted by Nez(p).

6.4.1 Places and Markings

The infinite set of FNC places, ranged over by s, is Seve = Z0ne \ {0}, ie., the set
of all sequential, extended FNC processes, except 0.

Function dec : BZ}/NC — M5in(SFnc), which defines the decomposition of ex-
tended processes into markings, is outlined in Table 6.8. Process 0 generates no
places. The decomposition of a sequential process p produces one place with name
p. This is the case of u.p (where [t can be any action in Acty), a constant C and
p + q. Parallel composition is interpreted as multiset union; e.g., the decomposition
of a.0|a.0 produces the marking a.0®a.0 =2 -a.0. The decomposition of a general
process (vVa)p — where a € £ — generates the multiset obtained from the decom-
position of p, to which the substitution {a’/a} is applied; the application of the sub-
stitution {a’/a} to a multiset is performed element-wise, as shown in the examples
below. We assume that, in decomposing (va)p, the choice of the restricted name
is fixed by the rule that associates with a visible action a its unique corresponding
restricted action a’. As a process is of the form (VL)r with L = {ay,az,...,a,}, it
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can first be mapped, via function i of Definition 6.5, to the extended, restriction-free
process t{d/ai}...{d,/a,} (shortened as t{L'/L}, for L' = {a},...,a,} C &),
and then decomposed to obtain a multiset. Function dec essentially performs this
decomposition, by removing the restriction (which can occur only externally, by
syntactic definition) and by replacing the bound names in L with the corresponding
restricted names in L.

Lemma 6.2. For any restriction-free, extended FNC process t, dec(t){L'/L} =
dec(t{L'/L}).

Proof. By induction on the definition of dec(t). If t = 0, then dec(0){L'/L} =
O{L'/L} = 0 = dec(0) = dec(0{L'/L}). If t is sequential, then dec(t) = {t};
moreover;, t{L' /L} is still sequential, so that dec(t{L'/L}) = {t{L'/L}}. There-
fore, the thesis follows trivially, because {t}{L' /L} = {t{L'/L}}. If t = t| |12, then
dec(t) = dec(ty) ® dec(ty); by induction, we have dec(t;){L' /L} = dec(t;{L' /L})
for i =1,2. Therefore,

dec(t){L'/L} = (dec(t) ®dec(t;)){L'/L}

dec(n)){L'/L} ®dec(t;){L'/L}
dec(ti{L'/L}) ®dec(r2{L'/L})
decln{L'/L} | AL /L))
dec
dec(

ec((t1]|){L'/L})
ec(t{L’L}). .

Proposition 6.8. For any restriction-free t € Ppyc, dec((VL)t) = dec(i((VL)t)) =
dec(t{L'/L}).

Proof. By definition, dec((VL)t) =dec(t){L'/L}. Then, by Lemma 6.2, dec(t){L'/L}
=dec(t{L'/L}). O

This means that we can restrict our attention to extended, restriction-free pro-
cesses built over the set of visible and restricted actions Acty, as a general pro-
cess (VL)t in Ppyc is mapped via dec to the same marking associated with
i((vL)r) = {L'/L} in Zp{.

Example 6.6. Consider the FNC process p = (va)p’, where p’' = (a.0|(a.0|a.0)).
Then,
dec(p) = dec(p'){d'/a} = dec(a.0|(a.0]a.0)){d /a}
= (dec(a.0) ®dec(a.0]a.0)){d /a}
= (dec(a.0)®dec(a.0) ®dec(a.0)){d /a}
(a0Da0da0){d/a}=d.00d 004 .0
= dec(d'.0|(d'.0|d".0)) = dec(i(p))
where d' is the restricted name in ¢ corresponding to a. O

Syntactic substitution of the restricted name @’ for the visible action a is defined
as expected, as the following example shows.
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Example 6.7. Consider process p = (va)q, where g = (va)(a.0]b.0|5.0). Then,
dec(q) = dec(a.01b.0]1b.0){d /a} = (a.0D2-b.0){d'/a} =d.0H2-b.0,
dec(p) = dec(q){d'/a} =(d.0®2-b0){d/a} =d.002-b.0

so that the second application of the same substitution has no effect. a

It is easily seen that the decomposition function dec is well defined.
Proposition 6.9. For any p € ?;NC, dec(p) is a finite multiset of places.

Proof. By induction on the definition of dec(p). If p =0, then dec(0) = 0, which
is a finite multiset. If p is sequential, then dec(p) = {p}, which is a finite multiset.
If p = p1|p2, then dec(p) = dec(p1) ®dec(pz); by induction, we can assume that
dec(p;) is a finite multiset, for i = 1,2, so that the thesis follows trivially. If p =
(va)p', then dec(p) = dec(p'){d' /a}; by induction, we can assume that dec(p') is
a finite multiset, so that the thesis follows trivially. a

Of course, function dec is not injective, because it considers the parallel operator
to be commutative and associative, with 0 as neutral element. In fact, dec((p|q)|r)
=dec(p|(q|r)), dec(p|q) = dec(q|p) and dec(p|0) = dec(p). Further equali-
ties are induced by function dec such as dec((va)p) = dec(p) if a ¢ fn(p) and
dec((va)((vb)p)) = dec((vb)((va)p)). However, one can prove that function dec
is surjective over admissible markings.

Definition 6.9. (Free names, admissible marking, complete marking) Function
fn(—) can be extended to markings as follows: fn(m) = Usegom(m) fn(s), with
fn(0) = 0. A marking m € #yin(Srnc) is admissible, denoted by ad(m), if for
all a € £, {a,d'} € fn(m). A marking m € #yin(Srnc) is complete if an FNC
process p € Prnc exists such that dec(p) = m. O

Note that, for any two markings m; and my, if fn(m) C fn(m;) and ad(m;)
holds, then also ad(m3) holds. This fact will often be used in the following proofs.

Lemma 6.3. For anyt € L0, fn(t) = fn(dec(t)).

Proof. By induction on the definition of dec(t). If t = 0, then fn(0) =0 = fn(0) =
fn(dec(0)). If t is sequential, then dec(t) = {t}, and the thesis follows triv-
ially. If t = t1|t, then dec(t) = dec(t;) ® dec(t2). By induction, we have that
() = fn(dec(t;)) for i = 1,2. Therefore, fn(t) = fn(t;)U fn(tz) = fn(dec(t;))U
fn(dec(tr)) = fn(dec(t)) ®dec(rr)) = fn(dec(t)), as required. 0

Theorem 6.4. A marking m € #yi,(Senc) is admissible iff it is complete.

Proof. (<) We want to prove that if m is complete, then m is admissible. Hence, we
assume that an FNC process p = (VL)t exists such that dec(p) = dec(t){L' /L} = m.
By Proposition 6.8, m = dec(t{L'/L}). The extended, restriction-free term t{L' /L}
is an extended process because it satisfies the admissibility condition: if a € L, then
no occurrence of a is present in t{L' /L}, while if a & L, then no occurrence of a' is
present in t{L' /L}, because t is an FNC process. The thesis then follows because
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fn({L'/L}) = fn(dec(t{L'/L})) = fn(m) by Lemma 6.3, and so also m is admis-
sible.

(=) We want to prove that if m is admissible, then m is complete. Take any mark-
ingm==ki-s1D0...0k, sy, forn >0 (m=0ifn=0), where each s; € Spnc and
ki >0, fori=1,...,n. Let L' = {d},...,a}} be the set of restricted actions occur-
ringinm, i.e., L' = fn(m)N.%', and let L ={ay,...,a;}. Since m is admissible, for
any a'j € L', no corresponding visible action a; € L occurs free in m. Therefore, it
is possible to find, for i =1,...,n, a process p; € Py such that s; = p;{L'/L}.
n+2 _ q ‘ qn+1

suming that no restriction is present if L = 0 and that, if n = 0, (p]f‘ |...|pl)y =0.
It is easy to observe that dec(p) = m; in fact, dec(p) = dec(p]f1 |...|pk){L' /L}
=k p1®...Dky-p){L/L} =ki -515...Bky -5, =m. a

Then, take process p = (VL) (plfl .| k), where ¢' = q and ¢

, as-

Hence, this theorem states not only that function dec maps FNC processes to ad-
missible markings over Sgyc, but also that dec is surjective over this set.

We extend the definition of sequential subterm of a process p to a set of places S.
The goal is to prove that the sequential subterms of dom(dec(p)) are the sequential
subterms of p. This property will be useful in proving (Theorem 6.6) that each place
statically reachable from dom(dec(p)) is a sequential subterm of p, so that, since
sub(p) is finite for any p (Theorem 6.1), the set of all the places statically reachable
from dom(dec(p)) is finite, too.

Definition 6.10. Function sub(—), defined over FNC processes in Table 6.4, can
be extended to a finite set S of places (i.e., of sequential, extended processes) as
follows: sub(0) = 0 and sub(S) = U,cg sub(s). O

Proposition 6.10. For any finite set of places S| and S, if S1 C sub(S>), then
sub(Sy) C sub(S7).

Proof. By induction on the cardinality of Sy. If |S1| = 0, then the thesis follows
trivially. If |S\| = n+1, let S1 = S} U {s}, with s ¢ S|. If Si C sub(S), then
also S| C sub(S>), and so, by induction, sub(S}) C sub(S>). As sub(S} U {s}) =
sub(S}) Usub(s), it remains to prove that sub(s) C sub(S>), given s € sub(S,), which
Jollows by the observation that the definition of sub(Sy) recursively calls itself on
all of its subterms. ]

Proposition 6.11. For any set of places S, S C sub(S).

Proof. For any sequential process s, Definition 6.6 ensures that s € sub(s); hence,
the thesis follows trivially. O

Proposition 6.12. For any t € 210, sub(dom(dec(t))) C sub(t).

Proof. By induction on the definition of dec(t).
Ift =0, then sub(dom(dec(0))) = sub(0) = 0 C {0} = sub(0), as required. If t
is sequential, then sub(dom(dec(t))) = sub({t}) = sub(t), hence the thesis holds. If
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dec(p) Lim )
(pref) — (cons) — C=p
{u.p} — dec(p) {C}—m
dec(p) m dec(q) Lm
(sum;) ————— (sump) ——— —
{p+qt—m {p+q}—m

mi —y>m’] my —y>m’2
(com) - ad(m; ®my)
my & my —sm| Gmh

Table 6.9 Rules for net transitions

t =11 |ty, then dec(t) = dec(t) Ddec(t) and sub(t) = sub(t;) Usub(ty). By Defini-
tion 6.10, sub(dom(dec(t))) = sub(dom(dec(t,))Usub(dom(dec(t,)); by induction,
we have that sub(dom(dec(t;)) C sub(t;), for i = 1,2; hence, sub(dom(dec(t))) =
sub(dom(dec(t1))) Usub(dom(dec(t2))) C sub(t1) Usub(t2) = sub(t). O

Corollary 6.2. For any p € Prnc, sub(dom(dec(p))) C sub(p).

Proof. If p is restriction-free, then the thesis follows by Proposition 6.12. If p =
(VL)t, then dec(p) =dec(t{L' /L}) by Proposition 6.8. By Proposition 6.4, sub(p) =
sub(t{L' /L}). By Proposition 6.12, sub(dom(dec(t{L'/L}))) C sub(t{L'/L}). So,
sub(dom(dec(p))) = sub(dom(dec(t{L'/L}))) C sub(t{L'/L}) = sub(p). 0

6.4.2 Net Transitions

Let — C .#in(Srnc) x Acty X M yin(SEnc) be the least set of transitions generated

by the axiom and rules in Table 6.9, where in a transition m; L)mz, my is the
pre-set, 1L € Acty is the label and m is the post-set.

Let us comment on the rules of Table 6.9. Axiom (pref) states that if one token
is present in the place U.p, then a u-labeled transition is derivable from marking
{.p}, producing the marking dec(p). This holds for any u, i.e., for the invisi-
ble action 7, for any visible action o as well as for any restricted action ¢’. Rule
(sumy) is as expected: the transitions from the place p + g are those from the mark-
ing dec(p); as p is sequential, dec(p) is {p} if p # 0, while, if p = 0, dec(p) = 0,
but no transition is derivable from the empty set, so that the rule is really applicable
only when dec(p) = {p}. Rule (sumy) is symmetric. Similarly, rule (cons) states that
the transitions derivable from {C} are those derivable from the place {p}, if C = p
with p # 0. Finally, rule (com) requires that the pre-set of the transition be admis-
sible in order to avoid producing synchronized transitions that have no counterpart
in the LTS semantics (Proposition 6.18). Rule (com) explains how synchronization
takes place: it is required that m; and m; perform complementary actions 7y and 7,
producing 7. As an example, the net transition {b'.p,b’.q} — dec(p) & dec(q) is
derivable as follows:
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(pref) ; (pref) -
{b'.p} > dec(p) {B.q} " dec(q)

{b'.p,b .q} — dec(p) ® dec(q)

(com)

Transitions labeled with a restricted action must not be taken in the resulting
net, as we accept only transitions labeled over Act = {T}U.Z U.Z. However, they
are useful in producing acceptable transitions, as two complementary restricted ac-
tions can synchronize, producing a 7-labeled transition. For instance, in the example

. . b . .
above, the derivable transition {b'.p} — dec(p) is not an acceptable transition be-

cause its label is not in Act, while {b.p,b’.q} — dec(p) @ dec(q) is so. Hence, the
P/T Petri net for FNC is the triple Npye = (Spac,Act, Trnc), where the set

Trne = {(my, 1, my) f my L>m2 is derivable by the rules and pu € Act}

is obtained by filtering out those transitions derivable by the rules that are labeled
with a restricted action.

Some useful properties of net transitions are listed here. First, given a transition
t = (my, U, mp), derivable by the rules in Table 6.9, we show that the subterms of
marking m; are already present in the set of subterms of marking m;.

Proposition 6.13. Let t = m LN my be a transition derivable by the rules in Table
6.9. Then, sub(dom(my)) C sub(dom(my)).

Proof. By induction on the proof of transition t. The base case is axiom (pref), stat-
ing that {U.p} i>dec(p). By Definition 6.10, sub({it.p}) = sub(L.p). By Def-
inition 6.6, sub(u.p) = {u.p} Usub(p). By Proposition 6.12, as p is restriction-
free, we have sub(dom(dec(p))) C sub(p); the thesis — sub(dom(dec(p))) C
sub(dom({u.p})) — follows trivially. For rule (sumy), the premise transition is
{p} s my and my = {p+ ¢q}. By induction, sub(dom(my)) C sub(dom({p})) =
sub(p). By Definition 6.10, sub({p+q}) = sub(p + q). By Definition 6.6, sub(p +
q) ={p+q}Usub(p)Usub(q); hence, the thesis follows by transitivity. The cases of

rules (sumy) and (cons) are analogous, hence omitted. For rule (com), the premise

transitions are m', AN mly and m'| AN mly, with my = m} ®@m| and my = m, Gm/}. By

induction, we have that sub(dom(m))) C sub(dom(m})) as well as sub(dom(m})) C
sub(dom(m)). Hence, sub(dom(my)) = sub(dom(my® m}))) = sub(dom(m)) U
dom(m%)) = sub(dom(mb)) U sub(dom(m})) C sub(dom(m)) U sub(dom(m/)) =
sub(dom(m'y) Udom(mY)) = sub(dom(m) &m)) = sub(dom(my)), as required. O

Lemma 6.4. Let t = my L)mz be a transition derivable by the rules in Table 6.9.
Then, fn(my) C fn(my).

Proof. By induction on the proof of transition t. The base case is axiom (pref), stat-
ing that {{.p} L>dec(p). By Definition 6.9, fn({i.p}) = fn(u.p). By Definition
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6.1, fn(p) C fn(u.p). As p is restriction-free, by Lemma 6.3, fn(p) = fn(dec(p)).
Hence, the thesis — fn(dec(p)) C fn({u.p}) — follows trivially. For rule (sumy),

the premise transition is {p} Hmy and my = {p+ q}. By induction, we have
that fn(mz) C fn({p}). By Definition 6.9, fn({p}) = fn(p) and fn({p+q}) =
fn(p+q). By Definition 6.1, fn(p+q) = fn(p)U fn(q); hence, the thesis —
fn(m) C fn({p+q}) — follows by transitivity. The cases of rules (sum,) and
(cons) are analogous, hence omitted. For rule (com), the premise transitions are
m) —y>m’2 and m' —y>m’2’ with my = m\ ®m| and my = my ® m4. By induction,
fn(mb) C fn(m)) and fn(m5) C fn(m!). Hence, as required, fn(my) = fn(mh®
my) = fn(my) U fn(my) C fn(my)U fa(m)) = fn(m\ &mj) = fn(m). O

Proposition 6.14. Let t = m LN my be a transition derivable by the rules in Table
6.9. Then, my and my are admissible.

Proof. By induction on the proof of t, we can easily conclude that m; is admissible.
As a matter of fact, any place s € Spnc is a sequential, extended FNC process, which
is admissible by definition. So, the source marking of the transitions derivable by
axiom (pref) and rules (cons), (sumy) or (sumy) is a singleton marking {p} with p
an admissible sequential term. For rule (com), the side condition requires that the
source marking my ® my be admissible. Therefore, for any t = m N my derivable
by the rules in Table 6.9, m is admissible; moreover, by Lemma 6.4, we have that
fn(my) C fn(my), and so also my is admissible. O

Proposition 6.15. Let t = m LN my be a transition derivable by the rules in Table
6.9. Let m be an admissible marking such that m{t)m'. Then, m' is admissible.

Proof. If t is enabled at m, then *t C m; hence, m = mgy @ °t, for some suitable
my. By definition of transition firing, m' = mS°t &t* = mo $t°*. By Lemma 6.4,
fn(t®) C fn(°t); consequently, fn(m') = fn(mo) U fn(t*) C fn(my) U fn(°t) =
fn(m). Therefore, also m' is admissible. O

As a set of places can be seen as a marking, we can generalize the results above
about admissibility to statically reachable sets of places.

Theorem 6.5. If S| is admissible and S| =" Sy, then Sy, is admissible.

Proof. By induction on the static reachability relation =*. The base case is
S| =" 8| and the thesis holds trivially. The inductive case is S| =" Sy_ :t>Sk,
for somet € Tpnc, t = m L)mz.

By induction we can assume that Sx_ is admissible. Since t is statically enabled
at Sg—1, we have that dom(my) C Sg_1, and so fn(my) C fn(Si—1). The set fn(Sy) is
Sn(Sx—1)U fn(my). By Lemma 6.4, we have fn(my) C fn(m,). Therefore, fn(Sy) =
Sn(Si—1) U fn(ma) C fn(Sk—1)U fn(my) = fn(Sk—1); therefore, we can conclude
that also Sy is admissible. O
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Proposition 6.16. If t = m; L>m2 is a transition derivable by the rules in Table

6.9 and L C %, then transition t{L' /LY = m{L' JL} "5 {1 /LY is derivable
as well, where u{L'/L} = n if u,m € L, whlle u{L'/L} = u’ otherwise. And vice
versa, if t{L'/L} is derivable, then also t is derivable.

Proof. By induction on the proof of transition t. The base case is axiom (pref), stat-
ing that {.p} —= dec(p). In this case, {u.p}{L'/L} = w.p{L'/L}, if u, i & L,
while {u.p}{L'/L} = 1’ .p{L’ /L} otherwise; also, dec(p){L'/L} = dec(p{L'/L})

by Lemma 6.2; in any case, {{L.p}{L'/L} ML }dec( Y{L'/L} is derivable. For

the inductive case of rule (sum;), we want to prove that, if {p+ q} L>m then

{p —|—q}{L’/L}u{ i }m{L’/L} is derivable. The premise is dec(p) ——m and we

can assume, by induction, that dec(p){L'/L} — LA i) m{L'/L} is derivable; as p
is sequential, dec(p) = {p}, and, by Lemma 6.2, dec(p){L'/L} = dec(p{L'/L}),

so that {p}{L/L} = {p{L'/L}}. Hence, {p{L/L} +q{L'/L}}* L mir' 1} is
derivable, where {p{L'/L} +q{L'/L}} = {p+q}{L'/L}, as required. The cases of
rules (sumy) and (cons) are similar, hence omitted. For rule (com), we want to prove
that (my ®ma){L' /L} == (m, @ my){L'/L} is derivable, if my & my —— m, & m),
whose premises are my —y>m’l and myp —y>m’2, with ad(m; & myp). By induction,

we can assume that my{L' /L} "— yotl m|{L'/L} and my{L' /L} "— ML/ my{L'/L} are
derivable; and so, since ad(mi{L'/L} & my{L'/L}) holds, by rule (com), also
transition my{L'/L}y ® ma{L'/L} —m|{L'/L} & m,{L'/L} is derivable, where
AL /LY @ mo{L' L} = (m & o) {L'/L} and ' {L'/L} & m{L'JL} = (m] &
mh){L'/L}, as required.

For the converse — if t{L'/L} is derivable, then also t is derivable — observe
that this is similar to the above: if t{L'/L} is derivable, then (t{L' /L}){L/L'} =1
is derivable, where an inverse substitution {L/L'} is used instead. 0

The net transitions have a very restrictive form: either they have a singleton pre-
set, or they have a pre-set composed of two tokens, but in this case the label of the
transition is 7. This is proved in the following proposition.

Proposition 6.17. For anyt € Tpnc, 1 <|°t| <2 and if |°t| =2, thenl(t) =1

Proof. By induction on the proof of t. The base case is when t is derived by axiom
(pref). In this case, *t = {.p}, and so 1 < |°t| <2 as required. If the last rule
used for deriving t is (sumy) or (sumy), then °t = {p + q}, and so the thesis follows
trivially. Similarly, for rule (cons). If rule (com) is the last rule used to derive t,

then there exist two transitions t| = m —y>m’l and t) = mp —y>m’2 such that t =

my ®my i>m’] @ m). By induction, as Y # T, we can assume that |m;| = |my| = 1,
so that the thesis follows trivially: |°t| =2 and I(t) = 1. O

The following proposition states that the net Nryc contains only transitions that
have a counterpart in the LTS semantics for FNC, as outlined in Section 6.2; this
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depends crucially on the admissibility condition over rule (com), as illustrated in
the following Example 6.8. This proposition exploits a lemma that states a corre-
spondence between net transitions derivable by the rules in Table 6.9 — which can
be labeled over Acty — and LTS transitions derivable by the rules in Table 6.5 from
extended, restriction-free processes (see Remark 6.3).

Lemma 6.5. For any t = (m;,lL,my) derivable by the rules in Table 6.9, there ex-

ist two extended, restriction-free FNC processes p1 and p> such that p; LN p2is
derivable by the rules in Table 6.5, with dec(p1) = my and dec(p2) = ma.

Proof. By induction on the proof of transition t, we show a proof for p; £ D2,
Sor suitable extended, restriction-free processes py and p, such that dec(p1) = m

and dec(pz) = my. The base case is axiom (pref): t = {U.p} L>dec(p), with
U € Acty; in this case, axiom (Pref) ensures that L. pi> p; note that [L.p is an
extended, sequential process and so p is an extended, restriction-free process, as
required. If the last rule used to derive t is (sumy), thent = {p+q} i>m2, with

a premise t' = {p} i>m2. By induction, we know that p L)pz is derivable, with
D2 an extended, restriction-free process such that dec(py) = my; hence, by rule

(Sumy ), also transition p + qL> p2 is derivable, as required. The cases of rules
(sumy) and (cons) are similar, hence omitted. If the last rule used to derive t is

(com), then there exist two transitions t| = m) l)m'z and ty = m{ L>m’2’ such

that t = m!, & m| —— m ®ml, and ad(m', & m'). By induction, there exist tran-
sition q1 —y>q2 — with q1 and q» extended, restriction-free processes such that

dec(qi) = m| and dec(q>) = my — and transition r| L>r2 — with r| and ry ex-
tended, restriction-free processes such that dec(ry) = m| and dec(ry) = m5. There-
fore, by rule (Com), also transition q|r| —T>QQ‘I‘2 is derivable. Note that, by
Lemma 6.3, fn(qi|r1) = fn(dec(qi|r)) = fn(m) ®&m!); therefore, q\ | ry is an ex-
tended, restriction-free process because it is admissible, since the marking m'y & m/
is assumed admissible by rule (com). Similarly, also qy|r is admissible, because
fn(ga|r) = fn(dec(qz|r2)) = fn(mh &mi) and the marking m, & m’ is admissi-
ble by Proposition 6.14. a

Proposition 6.18. For any t € Tryc, where t = (my, [, my) with L € Act, there exist
two FNC processes p and p; such that p L)pz, dec(p1) =my and dec(py) = my.

Proof. By Lemma 6.5, transition q LN q> is derivable by the rules in Table 6.5, for
some suitable extended, restriction-free processes q\ and qa such that dec(q1) = m
and dec(qy) = my. Let L' = fn(m)N.Z" and L={a | a' € L'}. If L' =0, then

q1 is actually an FNC process and the required transition is exactly qp Ln]g,
with g, also an FNC process by Proposition 6.6. On the contrary, if L' # 0,
then for all a € Lya & fn(m;) because my is admissible, so that |l # a,a. More-
over, by Proposition 6.16, also t{L/L'} is derivable and the same proof of tran-

L/
sition q1 - qa can be used to prove that transition ql{L/L’}”{—/>}q2{L/L’}
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is derivable by the rules in Table 6.5, where u{L/L'} = 1 as u € Act. Note
that qi{L/L'} and q2{L/L’} are FNC processes, because, for i = 1,2, fn(q;) =
fn(dec(q;)) = fn(m;) by Lemma 6.3, and so all the restricted actions a’ occurring
in g; are turned into their corresponding actions a in q;{L/L'}. Finally, by rule
(Res), also (VL)(q1{L/L'}) L(vL)(qz{L/L’}) is derivable, where, for i = 1,2,
(VL)(gi{L/L'}) is an FNC process. Note that dec((vL)(q:{L/L'})) = m, as re-
quired, because dec((VL)(qi{L/L'})) =dec(q;{L/L'}){L'/L} by definition of func-
tion dec, and dec(qi{L/L'}){L'/L} = dec((g:{L/L'}){L’/L}) by Lemma 6.2 and
dec((qi{L/L'}){L'/L}) = dec(q;) by Proposition 6.3. ]

Example 6.8. (Admissibility condition for rule (com)) The following net transition
{a.b'.0,a.b.0} — {b'.0,5.0} would be derivable if the side condition of rule (com)
about admissibility of the pre-set were removed. It is easily seen that there are no
FNC processes p; and py such that py — ps, with dec(p;) = {a.b’'.0,a.h.0} and
dec(py) ={'.0,b.0}, because dec(p; ) and dec(p,) must be admissible by Theorem
6.4, while {a.b'.0,a.0.0} and {5'.0,5.0} are not admissible. O

We now want to prove that for any finite set of places S C Sgyc, the set of transi-
tions statically enabled at S is finite. An auxiliary lemma is necessary. Given a single
place s € S, by s - 1 we mean that transition t = ({s}, it,m) is derivable by the rules
in Table 6.9, hence with u € Act,.

Lemma 6.6. The set Ty = {t ‘ st} is finite, for any s € Spnc.

Proof. By induction on the axiom and rules in Table 6.9. We proceed by case anal-
ysis. If s = W.p, by (pref), only one transition is derivable: ({lt.p}, U, dec(p)). If
s = p1+ pa, then we can assume, by induction, that there are finitely many transi-
tions derivable by the premise places {p\} and {p»}; for any such transition, say
({p1},1t,m) wlo.g., rule (sumy) generates a transition ({p1 + p2},1t,m), so that
there are finitely many transitions from py + p> as well. If s = C, with C = p, then
we can assume, by induction, that there are finitely many transitions derivable by
place {p}; for any such transition, say ({p}, L, m), rule (cons) generates a transi-
tion ({C}, 1, m), so that there are finitely many transitions from C, too. a

Given a finite set of places S C Sgnc, let TIS be J;es T, 1.€., the set of all transi-
tions, with a singleton pre-set in S and labeling in Acty, derivable by the rules. The
set TIS is finite, being the finite union (as S is finite) of finite sets (as 7y is finite for
any s). The set

T = {(m) ®ma, T,m ®m)) | Jy.(my,y,m}) € TS, (ma,7,m}y) € TS ,ad(my ®my)}

defines all the transitions with a pre-set of cardinality two and derivable by means
of rule (com) that are statically enabled at S. Note that T25 is finite, because TIS is
finite. Note that no further transitions are derivable by the net rules. Therefore, the
set of all the transitions statically enabled at S is
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S 52 53

Fig. 6.1 The finite, acyclic CCS net for process p = (va)((vb)(a.b.0|a.c.0|b.c.0))

Ts={t | te TP A1) € At} UTS,

where the only transitions of 7;° which are taken are those labeled over Act. Ty is
finite, being the union of two finite sets; therefore, we have the following result.

Proposition 6.19. If S C Sgwnc is a finite set of places, then the set Ts C Trnc of all
the transitions statically enabled at S is finite. a

Example 6.9. (Self-synchronization) Consider the place s = a.0+a.0 and the finite
set of places S = {s}. The set T}" is {({s},a,0), ({s},a,0)}. The set T; is the single-
ton {({s,s},7,0)}; this transition represents a self-synchronization of two instances
of the same sequential process s and it is statically enabled at S, even if it is not dy-
namically enabled at the marking S. The set Ts is 71 U T, because all the transitions
are labeled over Act. The resulting net is outlined in Figure 1.6(b). ]

A more complex example follows, where we show how to construct the net stat-
ically reachable from a given initial marking. This example anticipates the subject
of the next section.

Example 6.10. Consider the FNC process p = (va)((vb)(a.b.0|a.c.0|b.c.0)). The
decomposition of p is the set S = {s1,52,53}, where s; = a’ﬁ’.O,sz =d.c0,s3=
b'2.0. The set T3 is {({s1},d',{sa}),({s2},d,{s5}), ({s3},0/,{s6})}, where 54 =
b'.0,s5 = c.0,s6 = ¢.0. Note that none of the transitions in TIS is labeled over Act.
The set 75 is {to}, where tg = ({s1,52},7, {s4,55}). The set T is actually T;.

From §, we can perform the only statically enabled transition, namely #; hence,
S=2.8, where §' = SU {s4,s5}. Now TS = TS U{({s4},,0), ({s5},¢,0)} and
75 =T U{({s3,54},7,{s6})}. The set Ty is TsU{({ss},c,0),({s3,52},7,{s6})}.
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From ', there is only one statically enabled transition that produces some
new places, namely 1, = ({s3,s4},7, {s6}); hence, §' == 5", where §” = §' U {s¢}.
Now T = T8 U{({s6},c,0)} and T = T5 U {({s5,56},7,0)}. The set Tg is
To U{({s6},c,0), ({s5,56},7,0)}. As no new places are reached by the newly added
transitions, the construction of the net associated with p stops. The resulting net is
(8" {t,c,c},Tgn,S), where S = dec(p), and it is depicted in Figure 6.1. 0

6.4.3 The Reachable Subnet Net(p)

The P/T net system associated with a process p € Ppyc is the subnet of Npyc
statically reachable from the initial marking dec(p), denoted by Nez(p).

Definition 6.11. Let p be a process in Zgyc. The P/T net system statically associ-
ated with p is Net(p) = (S,,A,,T,,mg), where my = dec(p) and

S, = [dom(mg)) computed in Npnc,
T, = {t € Trnc | Sp1)},
Ap ={p €Act | 3t € T, such that [(r) = u}. 0

The following propositions present three facts that are obviously true by construc-
tion of the net Net(p) associated with an FNC process p.

Proposition 6.20. For any p € Prnc, Net(p) is a statically reduced P/T net. O
Proposition 6.21. If dec(p) = dec(q), then Net(p) = Net(q). O

Proposition 6.22. For any restriction-free t € Pryc and for any L C £, the fol-
lowing hold.

i) If Net(t) = (S,A,T,mp), then, for any n > 1, Net(t") = (S,A,T,n-my), where
th =tand " =t |1
ii) If Net((vL)t) = (S,A,T,mg), then Net ((VL)(t")) = (S,A,T,n-my), foranyn > 1.

Proof. If dec(t) = mo, then dec(t") = n-my. The thesis follows by observing that
dom(mg) = dom(n-myg), so that the starting set of places, from which to compute
all the statically reachable places, is the same for both nets. Similarly, when consid-
ering processes (VL)t and (VL)(t"). 0

Definition 6.11 suggests a way of generating Net(p) with an algorithm based
on the inductive definition of the static reachability relation (see Definition 3.9):
Start with the initial set of places dom(dec(p)), and then apply the rules in Table
6.9 in order to produce the set of transitions (labeled over Act) statically enabled
at dom(dec(p)), as well as the additional places statically reachable by means of
such transitions. Then repeat this procedure from the set of places statically reached
so far. An instance of this procedure was given in Example 6.10. There are two
problems with this algorithm:
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e the obvious halting condition is “until no new places are statically reachable”’; of
course, the algorithm terminates if we know that the set S, of places statically
reachable from dom(dec(p)) is finite; additionally,

e at each step of the algorithm, we have to be sure that the set of transitions deriv-
able from the current set of statically reachable places is finite.

We are going to prove only the first requirement — S, is finite for any p € Ppnc
— because it implies also the second one. As a matter of fact, if S, is finite, then any
set S of places statically reachable from dom(dec(p)) is finite and, by Proposition
6.19, the set Ts of transitions statically enabled at S is finite as well.

Theorem 6.6. For any p € Prnc, let Net(p) = (S,,A,,T,,mo) be defined as in
Definition 6.11. Then, the set S, is finite.

Proof. We prove, by induction on the static reachability relation =", that any set
S; of places that is statically reachable from dom(mg) = dom(dec(p)) is a subset
of sub(dom(my)). This is enough as, by Corollary 6.2, sub(dom(mg)) C sub(p);
moreover, by Theorem 6.1, sub(p) is finite and so the thesis follows trivially.

The base case is dom(my) =" dom(my). By Proposition 6.11, we have the re-
quired dom(mg) C sub(dom(mp)). Now, let us assume that S; is a set of places

statically reachable from dom(mg) and let t = m i>mg be such that S; SN Sit1.
By induction, we know that S; C sub(dom(my)). So, we have to prove that the new
places reached via t are in sub(dom(my)). Note that since dom(my) C S, it fol-
lows that dom(my) C sub(dom(my)) and also that sub(dom(my)) C sub(dom(my)),
by Proposition 6.10. By Proposition 6.11, we have that dom(my) C sub(dom(my));
by Proposition 6.13, we have that sub(dom(my)) C sub(dom(my)); by transitivity,
dom(my) C sub(dom(my)), and so Siy1 = S;Udom(my) C sub(dom(myg)), as re-
quired.

Summing up, any place statically reachable from dom(my) is a sequential sub-
term of p. Since, by Theorem 6.1, sub(p) is finite, then also S, (the largest set of
places statically reachable from dom(my)) is finite. a

Theorem 6.7. For any FNC process p, Net(p) is a finite P/T net.

Proof. The set Sy = dom(dec(p)) is finite, by Proposition 6.9. By Proposition 6.19,
the set Tg, is finite. Let Sy be the set of places SoU UIETSO dom(t®). If Sy = So, then
Sp =380 and T, = Ts,. Otherwise, repeat the step above for S; in fact, S| is a finite
set of places, because Sy is finite, the set T, is finite and each transition has a
finite post-set. By repeating the step above for S|, we compute a new finite set Tg,
of transitions statically enabled at Sy, and a new finite set Sy of places statically
reachable from Sy via the transitions in T, ; if S, = Sy, then S, = Sy and T,, = Tg,.
Otherwise, repeat the step above for S». This procedure will end eventually because,
by Theorem 6.6, we are sure that S, is a finite set. a

Corollary 6.3. (Finite CCS nets) For any p € Ppnc, Net(p) is a finite CCS net.

Proof. By Theorem 6.7, Net(p) is a finite P/T net. By Proposition 6.17, any transition
t € Tryc is such that 1 < |°t| <2 and if |*t| =2, then [(t) = 1. Hence, Net(p) is a
finite CCS net. ]
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6.5 Representing All Finite CCS Nets

Corollary 6.3 ensures that only finite CCS nets can be represented by FNC pro-
cesses. It is not completely obvious that all finite CCS nets can be represented by
FNC processes. The construction described in Section 5.2.3 for BPP nets is to be
modified non-trivially in order to cope with finite CCS nets.

As for the previous cases, the translation from nets to processes defines a constant
C; in correspondence to each place s;; the constant C; has a summand c{ for each
transition #;, which is 0 when s; is not in the pre-set of ¢;. Differently from the previ-
ous case, the FNC process Zryc(N(my)) associated with the finite CCS net system
N(my), labeled over . U {7}, has a bound name x/ for each pair (s;,7;), where s; is
a place and #; is a transition; such bound names are used to force synchronization
between the two components participating in transition #; with pre-set of cardinality
two. Among the two places in the pre-set of ¢;, the one with lower index (as we
assume that places are indexed) plays the role of leader of the synchronization: the
leader of index i has a summand x{ y-11j, performing the input x{ 4, — to be syn-

chronized with the output performed by the servant participant X{ 4p-0of index i+h
— and specifying the continuation of the transition, namely process II;.

Definition 6.12. (Translating finite CCS nets into FNC processes) Given a set
of labels A C Z U {1}, let N(mg) = (S,A,T,mo) — with S = {s1,...,5,}, T =
{t1,...,1x}, and [(t;) = uj — be a finite CCS net. Function Jryc(—), from finite
CCS nets to FNC processes, is defined as

Trnc(N(mo)) = (VL)(Ci| -+ [Ci |-+ |Cpl -+ |Cn)
——— ———
mo(s1) mo(sn)

where L = {x},....x},x3, ... x2,....xk, ... %k} is such that LNA = 0, each C; is

equipped with a defining equation C; = c} 4+ c{-‘ (with C; = 0 if kK = 0), and

each summand c{ ,for j=1,...,k, is equal to

o 0,ifs; Q/ 'l/’;

° Hj'va if 'l‘j = {S,’};

o X/.0,if *7;(s;) = 1 and *t(s;_;) = 1 for some h > 0 (i.e., s; is not the leader of
the synchronization on ¢;);

° x{Hl.I'IJ-, if *¢;(s;) = 1 and °t;(s;,) = 1 for some & > 0 (i.e., s; is the leader of
the synchronization);

o x/.0+x].I1;,if *t;(s;) = 2 (i.e., in case of self-synchronization).

Finally, process IT; is Cy|---|Cy |---|Cy|---|C,, meaning that IT; = 0 if t/‘- =0. O
N—— ——
15 (s1) 15 (sn)

Note that rnc(N(mp)) is an (output-closed) FNC process: in fact, restriction
occurs only at the top level, there are finitely many constants involved (one for each
place) and each constant has a body that starts sequentially. Therefore, the following
proposition holds by Proposition 6.20 and Corollary 6.3.
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Proposition 6.23. Given a finite CCS net N(my) = (S,A,T,mp), Net(Trnc(N(mp)))
is a statically reduced, finite CCS net. O

Moreover, Jpnc(N(mp)) is output-closed, as fn(Jrnc(N(mo))) N2 =0; in

fact, any output occurring in this term is of the form X{ for suitable i and j, and such
a name is bound.

Example 6.11. The net N(mg) in Figure 6.1, with mg = s1 @ s, @ 53, has six places
{SI,S2,83,S4,S5,S6} and five transitions {(S] D s$2,7T,54 @55), (33 €BS4,T,S6), (S5 (&)
56,7,0), (s5,¢,0), (s6,¢,0)}. The ENC process Tryc(N(mp)) is (VL)(Cy|Cy|C3),

where L = {x{w..,xé,x%,...,xé,.‘.,x?,...,xg} and

C) = x}.(C4|Cs5) +0+0+0+0, G =x.0+0+0+0+0,
G =0+x3.Co+0-+0+0, Cs=0+32.0+0+0+0,
Cs =0+0+x.0+c.0+0, Co =0+0+x.0+0+¢.0,

where only three bound names are actually used, so that the term can be largely
simplified, by omitting the unused bound names and also all the useless 0-summands
in the body of the constants; nonetheless, the resulting simplified process is still
rather different from the process (va)((vb)(a.b.0|a.c.0|b.c.0)), of which N(my) is
the semantics, as described in Example 6.10. O

Example 6.12. The net N(myp) in Figure 3.3, with my = P ® C, has four places
{P,C,P',C'}, which are ordered as listed (e.g., P’ is the third place), and three tran-
sitions {(P, prod,P® P"),(C® P',1,C’),(C’,cons,C)}. The process Tpnc(N(mp))

is (VL)(C)|Ca), where L= {x},...,x},x3,...,x],x},...,x3} and
C) = prod.(Cy|C3) +0+0, C = 0+x3.C4+0,
Cy = 0—}-)?%.04-0, Cy = 0+0+cons.Cy,

where only one bound name is actually used; by removing all the unused bound
names and the useless 0-summands, the resulting FNC process is very similar to
(vsend)(P|C) — where P = prod.(P|P'), C = send.C', P’ = send.0 and C' =
cons.C — whose semantics is exactly the net in Figure 3.3. O

Now we are ready to state our main result, the so-called representability theorem.

Theorem 6.8. (Representability theorem 4) Ler N(mg) = (S,A,T,mp) be a stati-
cally reduced, finite CCS net system with A C £ U{t}, and let p = Tpync(N(mp)).
Then, Net(p) is isomorphic to N(mg).

Proof. Let N(mo) = (S,A,T,mo) be a reduced, finite CCS net, with S = {s1,...,8n},
ACZU{r}, T=A{n,....tx} and I(t;) = p; for j =1,... k. The associated FNC
process is
Tenc(N(mo)) = (VL)(C1] -+ |C1 |-+ |Cal -+ 1),
—— ————

mo(s1) mo(sn)
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where L = {x%,...,x,ll,x%,...,x,zl,...,x]f,...,xﬁ}, LNA =0, and for each place s;
we have a corresponding constant C; = 2’;21 c{ , defined as in Definition 6.12. For

notational convenience, ):];:1 c{ is denoted by p;, i.e., C; = pj, for the same reason,
we use p to denote Tryc(N(mo)).

Let 6 = {L'/L} be a substitution that maps each bound name xl’ fo its corre-
sponding restricted name x;j in %, fori=1,...,nand j=1,... k. Let Net(p) =
(8", A", T',my). Then, miy = dec(p) is the multiset

dec(VL)(C|-+-[C1 |-+ Gl -+ |Cu)) = dec(Cu |-+ [Cy |- Cul -+-1C)O =
—— —— —— ——

mo(s1) mo(sn) mo(s1) mo(sn)

m()(Sl) -C19@~~-@mo(sn) -C,0

where C;0 gives rise to the new constant C; g = p;0. Hence, the initial places are
all of the form C;0, where such a place is present in my, only if mo(s;) > 0.

Note that, by Definition 6.12, any transitiont' € T' with *t' C dec(p) is such that,
for some suitable j, t'* = dec(II;)0, and so equal to ki -C,0 Bk -Cr0&... &k, -C,0
for suitable k; >0, i = 1,...,n; by iterating this observation, each transition in T’
has a post-set of the form dec(Il;)0, for some suitable j =1,... k. Hence, each
statically reachable place s’ in S' is of the form C;0. Moreover, by Proposition 6.23,
Net(p) is statically reduced, implying that all the C;0’s are statically reachable, for
i=1,...,n. Hence, there is a bijection f : S — S’ defined by f(s;) = s; = C;0, which
is the natural candidate isomorphism function. To prove that f is an isomorphism,
we have to prove that

]. f(mo) = mé)’

2.1=(m,pu,m') € T implies f(t) = (f(m),p, f(m')) € T', and

3. 1" = (m, u,mb) € T' implies there exists t = (my, t,my) € T such that f(t) =1t',
ie, f(m)=m| and f(my) = m.

From items 2) and 3) above, it follows that A = A’.

Proof of 1: Let mo = ki -s1 ®ky 52D Dky - sp, where ki = mo(s;) > 0 for
i=1,...,n. The mapping via f of the initial marking my is

f(mo)=k1-f(sl)@~~'®kn~f(sn)=k1-C19 BBk, C,0
=dec(Cy|---|Cy |-+ |Cyl|---|Cn)0 = dec(p) = my,.
—— ——

ky times kytimes

Proof of 2: We prove that, for j=1,....k if tj = (m,u;,m’) € T, then t; =
(f(m),uj, f(m')) € T'. As N(mg) is a CCS net, tj must be of the form ({s;},;,m")
or of the form ({s;,s;1n},T,m'") for some suitable indexes i > 0, h > 0 and multiset
m'. Hence, f(*t;) is equal to {C;0}, orto {C;0,Ci+,0} with h > 0, or to {C;0,C;0}.
Let us examine the three cases separately.
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o f(°t;) = {Ci0}: According to Definition 6.12, for C; = p;, we have in p; a
summand ¢! = p;.I1;, with IT; = Cy|---|Cy |-+ |Cp| - -+ |Cy. Therefore, not only
—_——— —_———
m'(s1) m' (sn)
is {cl} i>c17ec( IT;) derivable by axiom (pref), but also {p;} i>dec(1'[<) by
rules (sumy) and (sumy), and so {C;} —>dec( i), by rule (cons). Hence, by

Proposition 6.16, {C;0} —>dec( I1;)0 is derivable, as 1 & L. In conclusion,
starting from transition t; = ({si},l;,m’), we have shown that transition t'
({Ci0}, 1j,dec(I1})0), with f(t7) = dec(I1})0, belongs to T', as required.
o f(*tj) ={Ci0,Ci14,0} with h > 0 and 1(t;) = t: By Definition 6.12, for C; = p;,
1T, with ITj = Cy|---|Cy |-+ |Cp| -+ |Cp,
—— ——

m (sl) m!(sy)

while for C,+h = Dith we have in p;j, a summand c! = x 1»-0. Therefore, not

we have in p; a summand c = xl+h

only is {cj} 4dec( ;) derivable by axiom (pref), but also by rules (sum;)
and (sumy), {pi} 4dec( ;) is derlvable and so {C}Adec( IT;) by rule
(cons). Similarly, not only is {C‘i +h} —>(Z) derivable by axiom (pref), but also,

=/ -/
by rules (sum;) and (sumy), {piin} T g derivable, and so {Cip} T g by
rule (cons). Finally, also {Ci,Ci+h}L>dec(Hj) is derivable by rule (com),
and so {Ci0,C;1,0} —— dec(I1;)8 by Proposition 6.16. In conclusion, start-
ing from transition t; = ({si,si1n},7,m'), we have shown that transition t; =
({Ci0,Ci11,0},7,dec(I1;)0), with f(t7) = dec(I1;)0, belongs to T', as required.
o f(*1j) ={Ci6,Ci0} with I(1;) = ©: Accordmg to Deﬁmnon 6.12, for C; = p;, we

have in p; a summand c] —xj 0+x’ II;, with ITj = Cy|---|Cy |-+ |Gyl -+ |Gy
——— H,_/
m'(s1) m' (sn)
; x/
Therefore not only is {x] .I1;} — dec(II;) derivable by axiom (pref), but also
{CJ} —>dec( ) is derivable by rule (sumy), {pi} —>dec( IT;) by rules (sum;)
and (sumy), and so {Gi} —)dec( ;) is derivable by rule (cons). Similarly, not

x/
only is {XJ 0} —>(D derlvable by axiom (pref), but also {c/} —0 is deriv-
J

able by rule (sumy), {p;} H@ by rules (sumy) and (sumy), and so {C;} )
is derivable by rule (cons). Finally, by rule (com), also {C;,C;} —>dec( I1)),

and so {C:0,C;0} — dec(I1,)0 is derivable by Proposition 6.16. In conclu-
sion, starting from transition tj = ({s;,s;},7,m’), we have shown that transi-
tion t; = ({Ci0,Ci0},7,dec(I1})0), with f(17) = dec(Il;)8, belongs to T', as
required.

Proof of 3: We prove that if t; = (m',uj,my) € T', then there exists a transition
tj= (mi,uj,mp) € T such that f(my) = m and f(my) = m). This is proved by case



6.5 Representing All Finite CCS Nets 151

analysis on the shape of the marking m'y, which can be {C;0}, or {C;0,C;+,0}, with
h>0and =7, or {C;0,C;0}, with uj =, for somei=1,....n

o Ifm) = {C-G}forsome i=1,...,n thent;={C;0} Lm’z By Proposition 6.16,

also transition {C;} , )y is derivable, with my0 = m). According to Definition
6.12, such a transition is denvable by the rules only if among the many summands
composing pj, there exists a summand c{ = w;.I1; with dec(Il;) = m, which is
possible only if in N(mq) we have a transition tj with *t; = {s;}, f({si}) = {C;6},
f(t7) = dec(I1;)0 = m and I(t;) = W;, as required.

o Ifm\ ={Ci0,Ci; 0}, with h >0 and yi; =7, then t; = {C;8,Ci; 1,0} s mly. By

Proposition 6.16, also transition {C;,Cip} *>m2 is derivable, with my0 = m,.
According to Definition 6.12, such a transition is derivable by the ;fules only if

among the many summands composing p;, there exists a summand c] = xlj + 0 11,
and among the many summands of p;+, there exists a summand c o= xl e .0.

These summands are present only if in N(mq) we have a transition t; with °t; =
{sisivn}, f({si}) = {GiB}, f({sisn}) = {Cisn0}, f(1}) = dec(I1})6 = m) and
(tj) = 7, as required.

o Ifm\ ={Ci6,Ci8}, with uj =7, then t; = {C;6,C:0} — m). By Proposition

6.16, also transition {C;,C;} — ml is derivable, with m46 = m). According to

Definition 6.12, such a transition is derivable by the rules only if among the

many summands composing p;, there exists a summand c = xl 0 +x 11, This

summand is present only if in N(mo) we have a transition tj with * tj= {s,,s,}
F({si}) ={Ci8}, f(¢7) = dec(I1;)8 = m) and I(t;) = 7, as required.

No further cases are possible, because a transition t; = (m',;,my) € T" must be
derivable by the rules and Proposition 6.17 ensures that the pre-set of a transition
can only be of the forms listed above. a

Example 6.13. Function Jryc(—) can be applied to any finite CCS net N(my).
However, if N(mg) is not statically reduced, the representability theorem does
not hold. Not surprisingly, the same net discussed in Example 4.3 for the case
of SEM shows the problem also in this case. The net N({s1}) = ({s1,52},{a},
{(s1,a,0),(s2,a,0)},{s1}) is not statically reduced because place s, is not stati-
cally reachable from the initial marking. The FNC term Zpnc(N({s1})) would be
(VL)(Cy), where L = {x},x},x? x5} and

1 = a0+0, G = 0+a.0,
but now Net(Trnc(N({s1}))) is the net ({C10},{a}, {(C10,a,0)},{C10}), with
0= {L’ /L}, which has one place and one transition only, i.e., it is isomorphic to the
subnet of N({s;}) statically reachable from the initial marking {s; }. O

Remark 6.6. (Extending the approach to structured actions) In the classic def-
inition of labeled P/T Petri nets (see, e.g., [Pet81, Rei85, DR98]), the transition
labeling is given with actions taken from a set A of unstructured actions; hence, our
assumption that A C .Z U {7} is in analogy with this tradition.
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However, if we want to be more generous and consider communicating Petri nets
labeled over the set Act = £ U_Z U {1} of structured actions and co-actions, the
extension of the representability theorem to this larger class of nets is not trivial.
First of all, we note that the translation in Definition 6.12 is no longer accurate;
consider the Petri net N({s1,s2}) = ({s1,82},{a,a},{(s1,a,0),(s2,a,0)},{s1,52}),
then Trnc(N({s1,52})) is (VL)(Cy |Ca), with L = {x},x},x%,x3} and

C, = a.0+0, C, = 0+a.0,
but now Net(Trnc(N({s1,52}))) contains also an additional synchronization tran-
sition ({C10,C,6},7,0) — where 6 = {L'/L} — which has no counterpart in the
original net N({s1,s2}). A possible solution to this more general problem is outlined
in Section 9.1. O

6.6 Soundness

In this section, we want to prove that the operational net semantics preserves the
step semantics of Section 6.3. More precisely, we want to show that any FNC pro-
cess p, in the STS semantics, is step bisimilar to dec(p), in the step marking graph
SMG(Net(p)).

Lemma 6.7. For any p € Prnc, any G € Myin(Trne) and any M € M yin(Act), if
dec(p)|GYm and MSync(1(G),M), then there exists G’ such that dec(p)|G'Ym and
(G =M.

Proof. By induction on the size of G. If |G| = 1, then only MSync(1(G),1(G)) holds
and the thesis follows trivially by taking G' = G. If |G| = n > 1, then two subcases
are in order: either {a,a} Z I(G) for any a € £, or there exists an action a such
that {a,a} C I(G). In the former case, only MSync(1(G),1(G)) holds and the thesis
follows trivially. In the latter case, besides the trivial case MSync(1(G),l(G)), we
also have to investigate the following: take two transitions t, and t in G such that
[(t1) = a and 1(t;) = @, for some a € . Then, take the step G = (G\ {t1,t2}) U
{t1 |12}, where transition t| |t = (°t} D °t2, 7,1} ©13) is derived by rule (com) with
t) and ty as premises." Clearly, also dec(p)[G)m and |G| < n, so that induction
can be applied to conclude that for any M such that MSync(I(G),M), there exists
G’ such that dec(p)|G')m and I(G') = M. Note that also MSync(I(G),M) holds,

because MSync(1(G),M), so that the thesis follows trivially for the chosen G. Since
this argument can be repeated for any pair of transitions t; and t, in G such that
[(t}) = a and I(ty) = @, for some a € £ (hence, for any G of the form above), we
can conclude that the thesis holds: if dec(p)[G)m and MSync(l(G),M), then there
exists G' such that dec(p)[G')m and [(G') = M. O

Proposition 6.24. For any p € Pryc, if p —M>S p', then there exists a step G, with
1(G) = M, such that dec(p)[G)dec(p’).

L Of course, ad(®t; @ *t>) holds because *f; ©°t2 C dec(p), which is admissible.
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Proof. By induction on the proof of p—M>S p'. The base case is axiom(Pref):

u.p ﬂs p- As dec(u.p) = {u.p}, by axiom (pref) of Table 6.9, the net transition
t={u.p} L)dec(p) is derivable, and so the singleton step dec(l.p)[{t})dec(p)
is also derivable, as required. If the last rule used in deriving p —M>S P’ is (Cons®),
then M = {u} for some suitable [, and p = C for some constant C, with C = q. The
premise of the rule is q ﬂs P, and by induction we know that dec(q)[{t'})dec(p’)
with 1(t') = W. Since q is sequential, this step is possible only ift' = {q} N dec(p')
is derivable by the rules in Table 6.9; hence, by rule (cons), also the net transi-
tiont = {C} N dec(p') is derivable, and so the singleton step dec(C)[{t})dec(p")
is also derivable, as required. The two cases when rule (Sumyj) or rule (Sum3) is
the last rule used in deriving p —M>X p’ are similar to the above, hence omitted. If
the last rule used in deriving p—M>S p is (Par}), then p = py|ps, p' = p||p> and
the premise transition is pj ——s Py By induction, we know that dec(p1)|(G)dec(p})

with [(G) = M. Then, also dec(p; | p2) =dec(p1) ®dec(p2)[G)dec(p)) D dec(pa) =
dec(p | p2), as required. The case of rule (Par}) is symmetric, hence omitted. If the
last rule used in deriving p M, P is (Com®), then p = p1|pa, p' = p! | p) and the
two premise transitions are pi ﬂs Pl p2 ﬂs P, with MSync(My &M, M). By in-
duction, we have dec(p1)[G1)dec(p)), with [(G1) = My, and dec(p>)|Ga)dec(ph),
with [(Gy) = My, therefore, dec(py|p2) = dec(p1) ® dec(p2)|Gi ® Ga)dec(p)) ®
dec(phy) = dec(p) | p5). By Lemma 6.7, since MSync(l(Gy & G2),M), there must
exist a step G' such that dec(pi|p2)[G')dec(p)|p,) and [(G') = M, as required.

If the last rule used in deriving p—M>s p'is (Res®), then p = (va)py, for some
a € %, and the premise transition is pi M, Py, with a,a ¢ M and p' = (va)p).
By induction, we know that dec(py)[G)dec(p}) with I(G) = M. Since for any
t€G, t{d /a} ="*t{d /a} e o {d'/a} is derivable by Proposition 6.16, where
u{d /a} = p because a,a & M, it follows that

dec((vaypr) = dec(py){d /a} [Gld [a})dec(p, ) {d fa} = dec((va)p})
is also a step, with [(G{d' /a}) = M, as required. O

Proposition 6.25. For any p € Ppyc and any G € M yin(Tenc), if dec(p)|G)m,
then there exists p' € Ppyc such that p —M>S P, with(G) =M and dec(p’) = m.

Proof. By induction on the definition of dec(p). If p =0, then dec(p) = 0; this
case is vacuously true, as no transition is executable from 0. If p is any other se-
quential process, then dec(p) = {p}. If {p}[G)m, then G is a singleton {t}, with
t = ({p},u,dec(p")) for some suitable 1 and p', because, by Proposition 6.14, the
post-set of any derivable net transition is admissible and, by Theorem 6.4, any ad-
missible marking is complete. The proof of the net transition t can be mimicked by

the corresponding rules in Table 6.6 to produce the transition p ﬂ s P, as required.
If p = p1| pa, then dec(p) = dec(p1) @ dec(pz). The following three sub-cases
are possible:
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GSync(G®{t},G') t=("1®°n,1,i1®13) l(n)=0,ln)=0
GSync(G,G) GSync(G o {t,12},G")

Table 6.10 Step transition synchronization relation

(i) dec(p1)[G)my and m = my @ dec(p>): in such a case, by induction, we know
that there exists p' such that p) M, P}, with [(G) = M and dec(p')) = my; there-

fore, by rule (Par}), also pi|p> —M>S Py | p2 is derivable, with dec(p) | p2) = m, as
required.

(ii) dec(p2)|G)my and m = dec(p)) ©my: this is the symmetric case of the above,
hence omitted.

(iii) there exist two steps G| and G, such that dec(py)[G1)m, dec(p2)[G2)ma,
with [(G) = My, 1(Gy) = M, m = m @my and GSync(G1 ® G,, G), where relation
GSync(—) of Table 6.10 mimics, on multisets of transitions, what relation MSync(—)
does on multisets of labels, so that MSync(M; ® Mp,M) holds, too. In this case,

by induction, we know that there exist p) and p)y such that p; ﬂs Pl P2 ﬁs Db,
with dec(p') = mi and dec(p,) = my. By rule (Com®) of Table 6.6, also transition
pilp2 M P | P, is derivable, with dec(p, | p) = m, as required.

If p= (va)pi, for some a € &, then dec(p) = dec(pi){d'/a}. Therefore, G
is of the form G{d'/a}, by Proposition 6.16; it follows that dec(p1)[G)m, where
m=m{d /a} and |(G) = I(G) = M, because no net transition in G is labeled with
the restricted action a', and so no action in G is labeled with action a. By induction,
there exists p'y such that p M Py, with dec(p) =i. By rule (Res*), also transition

(va)pi M, (va)p| is derivable, with dec((va)p|) = dec(p)){d'/a} =m{d Ja} =
m, as required. O

Theorem 6.9. For any p € Prnc, p ~ep dec(p).

Proof. The relation R = {(p,dec(p)) | p € Prnc} is a bisimulation between
the step transition system €, " = (2" sort(p)s, =¥, p), originating from the
step semantics of Section 6.3, and the step marking graph SMG(Net(p)). Given
(p,dec(p)) €R, ifp M, P/, then by Proposition 6.24 we have that dec(p)[G)dec(p')
with [(G) = M and (p',dec(p')) € R; conversely, if dec(p)|G)m, with I(G) = M,

then by Proposition 6.25 there exists p' € Pgyc such that p M p and dec(p’) =
m, so that (p',dec(p’)) € R, as required. 0

6.7 Denotational Net Semantics

The extension to FNC of the denotational semantics we have defined for SFM, CFM
and BPP in the previous chapters is rather complex due to the addition of the syn-
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[0]; = (0,0,0,0)
[u.pli = (S,A, T, {n.p}) given [p]; = (S',A",T",dec(p)) and where
S={u.ptus’, t=({u.p},p.dec(p))
T={}uT'u({t}xT")
A{{,U}UA’ {1eT' =0

{n}uUA’u{r} otherwise
ICl: = ({C},0,0,{C}) ifCel
[C]; = (S,A,T.{C}) ifC &I, givenC = pand [p],ic) = (S A", T dec(p))
S={C}US", where

v _)S IFrel .t*(p)>0V p=0,
S'\{p} otherwise

A=A, T=T"UT, where

I T’ IeT .t*(p) >0V p=0,
T\ T\{reT’ | *t(p) >0} otherwise

Tc={(n-Ce&m,u,m) | (n-p&my,u,m) €T ,n>1}

I {(n-Comy,pu,m)eTe | m(p)=0} ifpgs,
: Tc otherwise

Table 6.11 Denotational net semantics — part I

chronization capability to the parallel operator and to the fact that the static enabling
of transitions is no longer equivalent to the dynamic enabling. In particular, we have
to consider the case of possible self-synchronization of two instances of a sequential
choice process, as illustrated in Example 6.9, which adds a lot of complexity to the
definition of some operators.

The correspondence with the operational semantics is strictly preserved for
restriction-free processes: the operational net Nez(t) is exactly the denotational net
[]o we are going to define. On the contrary, for a restricted process p = (VL)t, we
have the weaker result that Nez(p) is exactly the statically reachable subnet of [p]e.

Table 6.11 shows the denotational semantics for the empty process 0, for the
action prefixing operator and for the constants. The semantics definition [—]; is
parametrized by a set / of constants that have been already found while scanning
p; such a set is initially empty and it is used to avoid looping on recursive con-
stants. The definition is syntax driven and also the places of the constructed net are
syntactic objects, i.e., (extended) sequential FNC processes. The definition for 0 is
as usual: the associated net is empty. On the contrary, the semantics for the action
prefixing operator is more involved than for the previous calculi: we have to con-
sider the fact that the newly added transition t = ({i.p}, 4,dec(p)) may be able to
synchronize with the transitions that are in set 7/, because we have to consider also
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all the possible synchronizations that are statically enabled at the set [dom({.p}))
of the places statically reachable from {u.p}. This set of additional transitions is
denoted by {t} ® T’, where the auxiliary operation — ® — of synchronous product
of sets of transitions is defined as follows.

Definition 6.13. (Synchronous product of two sets of transitions) Given two sets
Ti and 75 of transitions, we define @ir synchronous product Ty ® T» as the set
{(mi@®my,t,m)®&mh) | Ja € LUL.(m,0,m)) € T A(my,@,mh) € b} O

An example is useful to clarify the definition for the action prefixing operator.

Example 6.14. Let us consider the sequential FNC process a.a.b.0. Since [0]; =
(0,0,0,0), the net for b.0 is

[b'o]](l) = ({b.O}, {b}a {({b.O},b,V))}, {b.()}),

while the net for a.b.0 is

[a.b.0]p = ({a.b.0,b.0},{a,b},{({a.b.0},a,{b.0}),({b.0},b,0)},{a.b.0}).
Now, the net for @.a.b.0 is [a.a.b.0]p = (S,A,T,mp), where

S ={a.a.b.0,a.b.0,b.0},
A= {a,ﬁ,b, T}v
T ={}uru{t}eT’,
t = ({a.a.b.0},a,{a.b.0}),
T' = {({a.b.0},a,{b.0}),({b.0},b,0)},
{t}eT ={({a.a.b.0,a.b.0},7,{a.b.0,b.0}),
my = {a.a.b.0},

which is depicted in Figure 6.2(a). Note that the synchronized transition is not exe-
cutable from the initial marking mg; however, it is statically enabled at [dom(mg)) =
S, and even dynamically enabled at the marking {@.a.b.0,a.b.0}, which is reachable
from 2 - my. O

The denotational definition for the constant C, with C = p and C ¢ I, is also a bit
more involved than for the previous calculi: [C]; is obtained by suitably manipulat-
ing the net for [p];,4cy, with particular care devoted (i) to taking the place for p (if
p # 0) — and the transitions having p in their pre-set — in the resulting net only in
case there is some transition # producing at least one token in place p (definition of
sets §” and T"); and (ii) to generating the new transitions with pre-set C @ m; (with
|mi| < 1), or {C,C} in correspondence with the analogous transitions with pre-set
p@my or {p,p} (definition of the set 71).> In particular, the new transitions with
pre-set {C,C} are only statically enabled at the initial marking {C}; such transitions

2 The definition of the set 7} in Table 6.11 is apparently more general, but, since synchronization
is strictly binary, one can prove that it is always the case that 1 <n <2, |m;| < 1 and that if n =2,
then m; = 0.
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a.a.b.0 C
a) b)
a a
T a.b.0 T a.b.0
a a
b.0 i b.0
b b

Fig. 6.2 The finite CCS nets for a.a.b.0 in (a), and for C =a.a.b.0 in (b)

can be generated in case p is a process of the form p; + p», where different alter-
natives offer complementary actions, as illustrated in the following Examples 6.17
and 6.18. Finally, note that a transition in 77 may have pre-set {C, p}, in case p can
self-synchronize and p belongs to S, as illustrated in the following Example 6.19.

Example 6.15. Let us consider the constant C = @.a.b.0. The net [@.a.b.0] ¢y is de-
fined in Example 6.14, because the parameter {C} is inessential. According to the
semantic definition in Table 6.11, the net [C[g is (S,A,T,{C}), where

S = {C,a.b.0,b.0},

A ={a,a,b,1},

T =TUT,

T = {({C},a,{a.b.0}),({C,a.b.0},7,{a.b.0,0.0})},
T" = {({a.b.0},a,{b.0}),({b.0},b,0)},

which is depicted in Figure 6.2(b). O

Table 6.12 shows the denotational semantics for the parallel operator and for
the choice operator. The case of parallel composition is not too difficult: the net
for p; | p» is obtained by putting together the two nets of p; and p», by taking the
multiset union of the respective initial markings, and by adding all the t-labeled
transitions obtained by synchronizing one transition of p; with one transition of p;,
labeled with complementary actions (set 71 ® T3).

Example 6.16. Consider processes p; = a.h.0 and p, = a.b.0. The net for p; is

[a.b.0]p = ({a.0.0,b.0},{a,b},{({a.b.0},a,{b.0}),({b.0},b,0)},{a.b.0}),
while the denotational net for p; is

[@.5.0] = ({@.5.0,6.0}, {a,b}, {({@.5.0},a,{b.0}),({5.0},5,0)}, {a.5.0}).

The synchronous product of the two sets of transitions is the set
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[pi|p2lr = (S,A,T,mp) given [pi]r = (Si,A;, T;,m;) fori=1,2, and where

S=851USy, my=m &m, T=T1ULUT T3,
B Ay UA, f T =0
" |A1UAU{t}  otherwise
[[]71 +p2]]1 = (S7A,T,{p1 +p2}) given [[pi]]l = (Si7Ai,7},d€L‘(pi)) for i = 1,2, and where

S={p1+p2}US|US,, with, fori=1,2,

{s,- 3t € T such that *(p;) > 0 V p; =0,

S =
Si\{p:} otherwise

i

T=T/UT/UT,UTy U(T|UT")® (T, UTy'), with, fori = 1,2,
e JteT.*(p) >0V pi=0,
' T\{t€T; | *t(pi) >0} otherwise
75 ={(n-(p1+p2) &mi,p,my) | (n-pi@®my,p,my) € Tron> 1}
T {(n-(pr+p2)@mi,u,m) €T | mi(p))=0} ifpigs
I Ti+ otherwise
_JAIUA if (TyUT)®(LUTy) =0

AjUAU {1} otherwise

Table 6.12 Denotational net semantics — part 1T

{({a.b.0,a.b.0},7,{b.0,5.0}),({b.0,.0},7,0)}.
Hence, [pi1 | p2]o = [a.b.0|a.b.0]p = (S,A,T,my), where

S = {a.b.0,5.0,a.5.0,5.0},
A = {a,a,b,b,t},
T = {({a.b.0},a,{b.0}),({b.0},0,0),({a.b.0},a,{b.0}),({b.0},5,0),
({a.b.0,a.5.0},7,{b.0,b.0}),({b.0,0.0},7,0)},
my = {a.b.0,a.b.0},

which is outlined in Figure 6.3(a). a

The denotational semantics of p; + p; is, apparently, rather involved. As for the
previous calculi, in order to include only strictly necessary places and transitions,
the initial place p; (or py) of the subnet [p]; (or [p2];) is to be kept in the net for
p1+ p2 only if there exists a transition reaching place p; (or p2) in [pi]; (or [p2]r),
otherwise p; (or pz) can be safely removed in the new net (definition of sets S
and T}/ for i = 1,2). Differently from the previous calculi, as we are considering all
the transitions that are statically enabled from the places statically reachable from
{p1+ p2}, we have to add also all the transitions obtained by synchronizing one
transition originating from the summand p; (set 7} UT|") with one transition origi-
nating from the summand p, (set 7, UT,’), provided that they are labeled with com-
plementary actions, as if p; and p, were composed by the parallel operator. Note
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a.b.0 a.b.0 a.b.0+a.b.0
2
a T a a T a
b.0 b.0 b.0 b0
b = Lo b T[] b
a) b)

Fig. 6.3 The finite CCS nets for a.b.0|@.b.0 in (a), and for a.b.0 +a.b.0 in (b)

that a transition in 7" may have pre-set { p| + p2, p;}, when p; can self-synchronize
and p; € S. The following simple examples may help clarify the issue.

Example 6.17. Consider again processes p; = a.b.0 and p, = a.b.0, whose denota-
tional nets [p1]p and [p2]lp are described in Example 6.16. The denotational net for
p1+p2is [a.b.0+a.b.0]p = (S,A,T,myp), where

S ={a.b.0+a.b.0,b.0,b.0},

A = {a,a,b,b,t},
my = {a.b.0+a.b.0},

T=TUTULUT U(T{UT]) @ (T UTY),

T = {({.0},0,0)},
T} = {({a.b.0 +a.b.0},a,{b.0})},

73 = {({0.0}.5,0)}, B
7} = {({a.b.0+ab.0},a {b.0})},
(VT (L UT)) =
= {({a.b.0+a@.b.0,a.b.0+ab.0},7,{b.0,5.0}),({b.0,0.0},7,0)},

which is outlined in Figure 6.3(b). Note that the first synchronized transition
{p1+ P2, p1 + p2} = {b.0,b.0}, which is a self-synchronization of two copies of
the process p; + pa, is not dynamically enabled at the initial marking my, but it is
statically enabled at dom(my), and even dynamically enabled at the initial marking
2-my. The other synchronized transition is enabled at the marking {5.0,5.0}, reach-
able from 2 - mg, hence showing the need to consider all the possible synchronized
transitions between the two sets of transitions originating from p; and p;. a

Example 6.18. Let us consider C = g +¢q2, where ¢; = a.b.0+a.b.0 and ¢» =a.c.0.
In the previous example, we have already computed the net [a.5.0 +@.b.0]p, which
is the same as [[a.0.0 +@.b.0] (¢, while the net [@.c.0] ¢, is
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Fig. 6.4 The finite CCS net for C = (a.b.0+a.b.0) +a.c.0

[a.c.0]icy = ({@a.c.0,c.0},{a,c},{({a.c.0},a,{c.0}),({c.0},c,0)},{a.c.0}).
The net [(a.b.0+a.b.0) +a.c.0)(cy is (S,A,T,mp), where

S = {(a.b.0+a.b.0)+a.c.0,b.0,0.0,c.0},
A = {a,a,b,b,c,7},
my = {(a.b.0+a.b.0) +a.c.0},
T=T/UTULUT U(T{UT) @ (TUTY),
T} = {({6.0},b,0),({6.0},5,0),({b.0,5.0},7,0)},
7/ = {(a.b.0+a.b.0) +a.c.0},a,{b.0}),({(a.b.0+a@.b.0) +a.c.0},a,{b.0}),
({(a.b.0+a@.b.0)+a.c.0,(a.b.0+a.b.0)+a.c.0},7,{b.0,b.0})},
TZ/ = {({C.O},C,@l},
T, = {(a.b.0+a.b.0)+a.c.0},a,{c.0})},
(T UT!) @ (JUTY) =
={({(a.b.0+a@.b.0)+a.c.0,(a.b.0+ab.0)+a.c.0},7,{b.0,c.0})}.

Finally, the net [C]g is (S',A,T',{C}), where

§' = {C,b.0,5.0,c.0},

T =T,UT", B )

T = {({C},a,{b.0}),({C},a, {b.0}), ({C},a,{c.0}),({C.C}, 7,{b.0,5.0}),
({C.C},7,{b.0,c.0})}, B

T" = {({b.0},0,0),({0.0},5,0),({c.0},¢,0), ({0.0,5.0},7,0)},

which is depicted in Figure 6.4. a

Example 6.19. Let us consider C = p, where p = a.A+ad.A and A = b.p. The step-
by-step construction is as follows. The net [A]4 ¢y is ({A},0,0,{A}). Then,

[a.A)a.c) = ({a.A,A} {a}. {({a.A},a.{A})} {a.A}).
[a'A]]{A,C} = ({E.A,A}, {5}7 {({E.ALE, {A})}7 {a‘A})’
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aA+aA

Fig. 6.5 The finite CCS net for C = a.A +a.A with A = b.(a.A+a.A)

laA+aAlacy = [Pliacy = {p,A}.{a,a, 1},
{({p},a.{A}),({r},a,{A}),({p,P},7.{A, A1) }.{p}),
Hb'p]]{A,C} = ({b.p.p,A},{b,a,a,1},
{({b-p}.0.{r}).({r}.a.{A}). ({p}.a.{A}),({p.p}. 7. {A,A})}, {b.p}),
[[A]]{C} = ({p,A},{b,a,ﬁ, T},{({A},b,{p}),
({p},a.{A}),({p}.a.{A}), ({p.p},7.{A,A})},{A}).

Then, by following the syntactic definition,

[[a'A]]{C} = ({p,A,a.A},{b,a,ﬁ, T}v{({a'A}vav{A})v ({A},b,{p}),
({r}.a.{A}).({r}.a.{A}),({p,p}.7.{A,A})} {a.A}),
[a'A]]{C} = ({pﬁ,ﬁ.A},{b,a,ﬁ, 7}7{({5'14}757 {A})v ({A},b,{p}),
({r},a.{A}),({p},a,{A}).({p,p}.7,{A,A})} {aA}).

[aA+aA]cy = [plicy = {p,A} {b,a,a, 7},
{({A}.0,{p}), ({r},a.{A}), ({p},@.{A}), ({p, P}, 7. {A,AD) } {P})-

HC]]@ = ({C,p,A}7{b7a,E, T}p{({A},lL{p}), ({p},a,{A}),({p},a, {A})7
({p,p},7.{A,A}), ({C},a,{A}), ({C}.@, {A}),({C, p}, 7.{A,A}),
({C.Ch,7.{4,Ah)1{C}).

The resulting net is outlined in Figure 6.5. ]

In order to prove that, for any restriction-free FNC process p, the operational net
Net(p) is exactly equal to the denotational net [p]g, we need four auxiliary lemmata,
dealing with Net(p,I), i.e., the operational net associated with p, assuming that the
constants in / are undefined.



162 6 Adding Communication and Restriction: FNC

Lemma 6.8. For any restriction-free process p, let Net(p,1) = (S',A’,T',dec(p)).
It follows that Net(u.p,I) = (S,A,T,{u.p}), where S,A and T are defined as in
Table 6.11.

Proof. By axiom (pref), the only transition enabled at the initial marking {lL.p} is
t = ({u.p},u,dec(p)). Therefore, all the places in dom(dec(p)) are (statically)
reachable from the initial marking {1.p} and so all the places in S are statically
reachable as well, as Net(p) is statically reduced. Therefore, S = {{L.p}US’. Now,
since Net(W.p,I) is statically reduced, T is the set of all the transitions that are
statically enabled at S. Set T' contains all the transitions statically enabled at S/,
so it remains to compute the transitions that are statically enabled by place lL.p
together with some place s € S'. This is exactly the set {t} @ T, whose transitions
are derivable by rule (com), so that T ={t}UT' U ({t} ®T’), as required. ]

Lemma 6.9. For any sequential FNC process p and constant C such that C = p,
let Net(p,1U{C}) = (§',A", T’ ,dec(p)). It follows that Net(C,I) = (S,A,T,{C}),
where S,A and T are defined as in Table 6.11.

Proof. By rule (cons), from place C we can derive only the transitions that are deriv-
able from the place {p} (assuming p # 0). These transitions are in the set T. There-
fore, all the places statically reachable from the place p are also reachable from C,
where the place p is to be taken only if it is reachable in one or more steps from p
itself (definition of the set S"). Therefore, the set T of statically enabled transitions
must include the following: (i) all the transitions statically enabled at S”, i.e., the set
T"; moreover, (ii) all the transitions with pre-set C ®my (with |m1| < 1) or {C,C}
that are obtained by rule (cons) first, and then possibly also by rule (com) in case
my is not empty or the pre-set is {C,C}; these transitions are those in the set Tj.
Hence, both S and T satisfy the definition in Table 6.11, as required. O

Lemma 6.10. For any restriction-free FNC processes py and p», let Net(p;,I) =
(Si,A;, T;,m;), fori=1,2. It follows that Net(p1 | p2,I) = (S,A,T,mp) where S,A, T
and my are defined as in Table 6.12.

Proof. As dec(p;) = m; for i = 1,2, it follows that my = dec(pi | pa) = dec(p1) ®
dec(p2) = my ® my. By induction on the static reachability relation dom(m; @
my) =*V, we shall prove that V C S| US,. This is enough, because all the
places in Sy or Sy are statically reachable from dom(my) or dom(my), so that S
must be S; U Sy. The base case of the induction is dom(m; @ mp) =—"* dom(m; ®
my) and this case is trivial: dom(my ®my) C §1US, because dom(m; & my) =
dom(my)Udom(my) and dom(m;) C S; for i = 1,2. The inductive case is as follows:
dom(my & my) ="V, $Vj+1. By induction, we can assume that V; C Sy USs,
and so Vj = le UV]-Z, with V]’ C §; for i = 1,2. Note that, by Proposition 6.17,
any transition t € Tpyc is such that either |°t| = 1 or |°t| = 2, but in the latter
case [(t) = 7. Therefore, if t is statically enabled at V;, then either dom(°t) C V}
Sor some i = 1,2 and so dom(t*) C S; because Net(p;) is statically reduced, or
there exist two transitions t| and tp such that [(t|) = &, I(tz) = @&, dom(*t;) C le,
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dom(°ty) C ij andt ="t &% — 1} @13 derived by rule (com); in this case, note
that dom(t?) C S; because Net(p;) is statically reduced, so that dom(t*) C S;US,.
Hence, the set Vi1 =V;Udom(t*) of places statically reachable in one step from V;
is a subset of S| US». As a final observation, we note that if S = S§1 US», necessarily
T =T UT, UT| ® T, where the transitions in T @ T, are derived by means of rule
(com), and so A = Ay UA,, with the possible addition of action 7. |

Lemma 6.11. For any sequential processes py and py, let Net (p;,I) = (S;,A;, T;,m;),
fori=1,2. It follows that Net(p| + pa,I) = (S,A,T,{p1 + p2}) where S,A and T
are defined as in Table 6.12.

Proof. From the initial marking {p1 + p2}, by rules (sum;) and (sumy), we can de-
rive only the transitions that are derivable from the places {p,} or {p2} (assuming
the summands are not the empty process 0). These transitions are included in the
sets T{" and T, respectively. Therefore, all the places reachable from the places p;
or py are also reachable from py + pa, where the place py (or p2) is to be taken only
if it is reachable in one or more steps from py itself (or pa itself): this corresponds to
the definition of the sets S| and S}. Therefore, the set T of statically enabled transi-
tions must include the following: (i) all the transitions statically enabled at S or at
Sh, i.e., the sets T{ and T, ; moreover, (ii) all the transitions with pre-set p| + py & m;
or{p1+ p2,p1+p2}, in correspondence with the transitions with pre-set p; ®m; or
{pi,pi} fori=1,2, i.e, the set T/' and T)'; finally, the transitions that are obtained
by synchronizing one transition originating from the subnet of p1 and one transition
from the subnet of p, (by rule (com)), i.e., the set (T UT|") @ (T, UTy'). It is possible
to prove, by induction on the static reachability relation =", that these additional
transitions do not extend the set of reachable places, as done in the proof of Lemma
6.10. Hence, both S and T satisfy the definition in Table 6.12, as required. a

Now we are ready to state the correspondence theorem, stating that for any
restriction-free process p, the net computed by the operational semantics is exactly
the same net computed by the denotational semantics.

Theorem 6.10. For any restriction-free, FNC process t, Net(t) = [t]o.

Proof. By induction on the definitions of [t]; and Net(p,I), where the latter is the
operational net associated with p, assuming that the constants in I are undefined.
Then, the thesis follows for I = 0.

The first base case is for 0 and the thesis is obvious, as, for any I C Gons, [0]; =
(0,0,0,0) = Net(0,1), because no place/token is available and so no transition is
derivable from 0 by the operational rules in Table 6.9. The second base case is for C
when C € I, which corresponds to the case when C is not defined. In this case, for any
I C %Gons withC € 1, [C]; = ({C},0,0,{C}) = Net(C,I), because, being undefined,
no transition is derivable from C (rule (cons) is not applicable). The inductive cases
are as follows.

Action prefixing: If t = W.p, then, by induction, we can assume that Net(p,I) =
(8", A", T dec(p)) = [pli- The thesis Net(l.p,1) = [1.p]; follows by Lemma 6.8.
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[(va)pl: = ([pli{d'/a})\d' = (S{d'/a},(A{d'Ja})\d',(T{d Ja})\ &' ;mo{d'/a})
given [p]; = (S,A, T, mo) where
S{d'/a} = {s{d'/a} | s € S}
Ald Ja} = {u{d'/a} | peA}
(A\d ={ued | p#d.d}
T{d /a} = {(mi{d'/a},p{d Ja},mr{d [a}) | (my,p.m2) € T}
(T\d" = {(m1,pt,m2) | (my,p,mo) € T'Ap#da’}

Table 6.13 Denotational net semantics — part 111

Constant: In this case, t = C and we assume that C = p and C & I. By induction,
we have that Net(p,1U{C}) = (S, A", T",dec(p)) = [pli(c} so that in p constant
C is undefined. The thesis Net(C,I) = [C]; follows by Lemma 6.9.

Parallel: By induction, we can assume that Net(p;,I) = (S;,A;, T;,dec(p;)) =
[pili for i = 1,2. The thesis Net(pi | p2,1) = [p1 | p2]li follows by Lemma 6.10.

Choice: By induction, we can assume that Net (p;,1) = (S;,A;, T;,dec(p;)) = [pili
fori=1,2. The thesis Net(pi + p2,1) = [p1 + p2]i follows by Lemma 6.11. O

The denotational semantics for the restriction operator is described in Table 6.13.
The net [(va)p]; is essentially computed in two steps starting from the net [p];:
first, the substitution {a’/a} is applied element-wise to all the places and transitions
of the net for p; then, a pruning operation — \ @’ is performed to remove all the rela-
beled transitions that are now labeled with the restricted action ¢’ or «’. Differently
from the previous cases, now the places are extended sequential processes.

Example 6.20. Consider the process (vb)(a.b.c.0). The net for a.b.c.0 is

[a.b.c.0]p = ({a.b.c.0,b.c.0,c.0},{a,b,c},{({a.b.c.0},a,{b.c.0}),
({b.c.0},b,{c.0}),({c.0},c,0)},{a.b.c.0}).

Now if we apply the substitution {4'/b}, we get the net

({a.b'.c.0,b'.c.0,c.0},{a, b ,c},{({a.b .c.0},a,{b .c.0}),({b .c.0},b {c0}),
({c.0},¢,0)},{a.b .c.0}),

and then, by applying the pruning operation — \ &', we get the net

[(vb)(a.b.c.0)]p = ({a.b .c.0,b .c.0,c.0},{a,c},
{{a.b'.c.0},a,{b .c.0}),({c.0},c,0)},{a.b .c.0}),
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which is not statically reduced, because place c.0 is not statically reachable from the
initial marking. The subnet of [(vb)(a.b.c.0)]p which is statically reachable from
the initial marking {a.b’.c.0} is

({a.b'.c.0,b'.c.0},{a},{({a.b' .c.0},a,{b .c.0})} {ab .c0}),

which is exactly Net((vb)(a.b.c.0)), i.e., the statically reachable subnet of the de-
notational semantics net is the operational semantics net. a

The observation at the end of the previous example holds in general: the statically
reachable subnet of the denotational semantics net is the operational semantics net
for any restricted FNC process. In order to prove this result, we need an auxiliary
lemma, where Net;(N(mp)) denotes the subnet of N statically reachable from the
initial marking mg (Definition 3.9).

Lemma 6.12. For any FNC process p, let Net(p) = (S,A,T,mp). It follows that
Net((va)p) = Nety((Net(p){d fa}) \ @), where (Net(p){d'fa}) \a' = (S{d'/a}.
(A{d Ja})\ d,(T{d Ja}) \ d,mo{d /a}), and the operations of substitution and
pruning are defined in Table 6.13.

Proof. By induction on the static reachability relation =", we prove that the set
S(va)p of the statically reachable places of Net((va)p) is the subset of S{d’ /a} of the
places statically reachable from mg{d'/a} in (Net(p){d'/a})\ d'. And vice versa,
the places statically reachable from mo{d’/a} in (Net(p){d'/a})\ d constitute ex-
actly the set S(yq)p-

Since my = dec(p), also mp{d'/a} = dec(p){d'/a} = dec((va)p), so that the
initial markings of the two nets are the same. Hence, the base case of the induction is
true: dom(dec((va)p)) =" dom(dec((va)p)) = dom(mp{d' /a}) C S{d'/a}. Now
assume that there exist a set of places V; and a transition t in Net((va)p) such
that dom(dec((va)p)) =" Vj:l>Vj+1. By induction, we can assume that also
dom(mo{d' /a})=="V}, so that V; must be of the form V{d'/a} for a suitable
Vi CS. Hence, if transition t is statically enabled at V; =V {d' /a}, then, by Propo-
sition 6.16, there exists a transition t' statically enabled at V}, where t = t'{d’ /a}
and t' is a transition of Net(p); moreover, I(t') # a,a. Hence, also in the net
(Net(p){d'/a})\ d" we have that V; :t>Vj+1, as required. Conversely, if a tran-
sition ' of Net(p) is statically enabled at V!, then t = t'{d’ /a} is a transition of
Net((va)p) only if 1(t) # d',d’; in this case, t is statically enabled at V; = Vi{d' /a},
as required.

Summing up, any place statically reachable from dom(dec((va)p)) in Net((va)p)
is also a place statically reachable from dom(mo{d’ /a}) in (Net(p){d'/a})\d', and
vice versa. g

Theorem 6.11. For any FNC process p, Net(p) = Nets([p]o), i.e., Net(p) is exactly
the statically reachable subnet of [p]o.

Proof. An FNC process p is either a restriction-free process t, or there exists an
action a and an FNC process p' such that p = (va)p'. In the former case, Net (t) =
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[t]o by Theorem 6.10, so that the thesis follows trivially, because [t]g is statically
reduced: Nets([t]o) = [t]o-

In the latter case, we can assume, by induction, that Net(p') = Nets([p']lo)- If
Net(p') = (S,A,T,mg), then Net((va)p') = Nety((Net(p'){d'/a}) \ d'), by Lemma
6.12. By the definition in Table 6.13, [(va)p'lo = ([p']o{d’ /a}) \ &. Moreover; it
holds trivially that Nets(N(mo)) = Nets(Nets(N(my))) for any net N(my). There-
fore,

Nety([(va)p'lo) = Net,(([p'lo{d’/a})\ )
= Net;((Net;([p']o){d'/a}) \ @)
= Nets((Net(p'){d'/a})\d)
= Net((va)p'). O

6.8 RCS

RCS is the calculus whose terms are generated from actions in Act = . U.Z U {7}
and constants, as described by the following abstract syntax:

s =0] p.q |s+s

g:=s| C sequential terms
tu=gq| tt restriction-free terms
pu=t | (va)p general terms

where, as usual, we assume that Const(p) is finite and any constant C is equipped
with a definition in syntactic category s. The only difference with respect to FNC
is that the action prefixing operator p.— is applied to processes of category g, in-
stead of category ¢. In other words, RCS is obtained by adding to CFM the external
restriction operator (and the synchronization capability to its parallel operator). So,
the class of RCS processes is included in the class of FNC processes; it includes the
CFM processes, while it is incomparable with the class of BPP processes. Some-
times the syntax of RCS processes is more succinctly given as

s = ng]/vlj.sj‘ ‘ C
q:=s| qlq
pi=ql(va)p

which more clearly expresses the fact that an RCS process is obtained as the parallel
composition (with external restriction) of a finite number of (communicating) SFM
processes. RCS is essentially regular CCS [GV15].

With respect to the LTS semantics, RCS is as expressive as SFM: for any
RCS process p, the LTS €, = (&), sort(p), —,,p) reachable from p is finite-
state. This fact can be proved by structural induction. The base case of the in-
duction is guaranteed by Corollary 4.2, as it ensures that the LTS reachable from
D, €, = (Pp,sort(p), —p,p), is finite-state for any SFM process p. Now, by in-
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duction, we can assume that the cardinality of the set of states reachable from a
restriction-free RCS process p; is k;, and moreover that sorz(p;) is finite, for i = 1,2;
by inspecting the SOS rules (Par), (Pary) and (Com), it is an easy exercise to ob-
serve that the cardinality of the set of states reachable from the RCS process p; | p2
is k1 X k, and that sort(p | p2) C sort(p1)Usort(pa) U{t}. Finally, we can assume
that the cardinality of the set of states reachable from the (possibly restricted) RCS
process p is k, and moreover that sort(p) is finite; by inspecting the SOS rules (Res),
it is clear that the set of states reachable from the RCS process (va)p is less than, or
equal to, k, and that sort((va)p) C sort(p). Therefore, we have the following fact.

Proposition 6.26. (Finite-state LTS) For any RCS process p, the LTS reachable
from p, €, = (P, sort(p), —=p,p), is finite-state. a

However, with respect to the net semantics, RCS is more expressive than CFM,
as it represents, besides all the concurrent FSMs, also many finite CCS nets. For in-
stance, the net in Figure 6.3(a) is a finite CCS net originating from the RCS process
a.b.0|a.b.0.

Example 6.21. Let us consider the RCS process p = (va)(P|P|C), where constants
P and C are defined as follows: P = prod.P', P’ = a.P,C =a.C’ and C' = cons.C. It
is an easy exercise to check that Nez(p) is the finite CCS net in Figure 3.2(a). O

Now we want to prove that, for any RCS process p, Net(p) is a bounded, finite
CCS net. By Corollary 6.3, any FNC process p is such that Net(p) is a finite CCS
net; hence, since RCS is a subcalculus of FNC, Net(p) is a finite CCS net for any
RCS process p, too. So, it remains to prove that such a net is bounded. By syntactic
definition, the basic constituents of any RCS process p = (VL)(p1 | ... | pn) are SFM
processes pi, ..., py. By Proposition 4.6, for any ¢ € Tsgy, we have that |°¢f| = 1 and
|#*] < 1; hence, the net transitions that p; may generate have a singleton pre-set and
a post-set which is a singleton at most. By rule (com), two net transitions #; and #,
can be synchronized, producing a transition ¢ with pre-set °t = °¢; & °t, and post-set
1* =1} Pty, so that |*r| =2 and |¢*| < 2; since [(r) = T, t cannot be used as a premise
for rule (com), so that no transition generable by the rules may have a pre-set larger
than two and a corresponding post-set larger than two. Hence, for any m and any ¢,
if m[t)m’, then |m’| < |m|, because ¢ does not produce more tokens than it consumes.
Therefore, the following theorem holds.

Theorem 6.12. For any process p of RCS, Net(p) is a k-bounded, finite CCS net,
where k = |dec(p)|. O

However, RCS is not able to express all the possible bounded, finite CCS nets.
For instance, consider the simple net

N({sl}) = ({slvs2vs3}v{a7b’c}7{({sl}vav{SZ,S3})7 ({Sz},b,@), ({S3},C7@)},{Sl}),

depicted in Figure 3.6(a). Clearly, no RCS process can model such a net, because
the transition ({s1},a,{s2,s3}) produces more tokens than it consumes.



Chapter 7
Adding Multi-party Communication: FNM

Abstract FNC is enhanced with a simple operator for atomicity, called strong pre-
fixing, so that action sequences can be used as labels for transitions. Multi-party
communication is implemented by means of atomic sequences of binary, CCS-like
synchronizations; hence, the parallel operator has a richer synchronization disci-
pline, dealing also with action sequences. The resulting calculus is a subset of Multi-
CCS, called Finite-Net Multi-CCS (FNM, for short), which is expressive enough to
model the class of finite P/T nets.

7.1 Preliminaries

This chapter is the natural continuation of the previous one; it relies upon many con-
cepts and ideas developed there, which here are simply extended to the new operator
of strong prefixing; hence, for easier and better understanding, it is advisable to first
read Chapter 6.

7.1.1 Syntax and Informal Semantics

As for FNC, let .Z be a finite set of names, ranged over by a,b,c, ..., also called
the input actions. Let £ be the set of co-names, ranged over by @,b,c,..., also
called the output actions. The set £ U .Z, ranged over by «, f3,..., is the set of
observable actions. By @ we mean the complement of o, assuming that & = o. Let
Act = LU Z U{t}, such that T ¢ £ U.Z, be the finite set of actions (or labels),
ranged over by y. Action T denotes an invisible, internal activity.

As for the previous calculi, let ons be a countable set of process constants,
disjoint from Act, ranged over by A, B,C, ..., possibly indexed.
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Finite-Net Multi-CCS (FNM for short) is the calculus whose terms are generated
from actions and constants as described by the following abstract syntax:

s o=0] prt | as | s+s

g:=s| C sequential terms
tn=gq| t|t restriction-free terms
pu=t | (va)p general terms

where, as usual, we assume that a constant C is defined by a process in syntactic cat-
egory s. The only new operator of the calculus is strong prefixing: a.s is a strongly
prefixed process, where the strong prefix a is the first input action of a transaction
that continues with the sequential process s (provided that s can complete the trans-
action). Its operational SOS rule is

o
s —t a ifo=r,
(S-Pref) ———— where a¢o = .
a.s 2% ¢ ao otherwise,

where o is either a single action, or an atomic sequence of visible actions, composed
of inputs only, but possibly ending with an output; more precisely, ¢ ranges over the
set of labels o = {1} U.ZL* - (L UZL), and s0 ao o ranges over L - (L U.Z). In
the following, the sequence & is called an atomic sequence if ¢ € £+ - (L UZL)
and so |G| > 2.

Rule (S-Pref) allows for the creation of transitions labeled with an atomic se-
quence. For instance, a.(b.0+¢.0) can perform two transitions reaching state 0: one
labeled with the atomic sequence ab, the other one with ac, as illustrated by the
following proof trees:

(Pref) — (Pref) —
— C
(Sumy) bo——>? (Sumy) %
(S-Pref) b.0+¢c.0—0 (S-Pref) b.0+c.0 —;EO
a.(0.0+2.0) %0 a.(b0+2.0) 50

In order for a.s to make a move, it is necessary that s be able to perform a tran-
sition, i.e., the rest of the transaction. Hence, if s -2t then Q.sﬂt. Note that
a.0 cannot execute any action, as 0 is terminated. If a transition is labeled with
O =aj...a,—10y, then all the actions a; ...a,_ are inputs due to strong prefixes,
while o, is due to a normal prefix (or ¢, is a strong input prefix followed by a
normal prefix 7).

A consequence of the fact that transitions may be labeled by atomic sequences
is the need for a new SOS rule for communication, which extends the FNC rule
(Com). The new rule is

Py -2

(S-Com) - Sync(61,02,0),

pla—r'|d
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which has a side condition on the possible synchronizability of o1 and 6>, whose
result is o. Relation Sync(o1, 02, 0) holds if at least one of the two sequences is a
single output action, say 6] = @, and the other one is either the complementary input
action a or an atomic sequence starting with a. Hence, it is not possible to synchro-
nize two atomic sequences. This means that, usually, a multi-party synchronization
can take place only among one leader, i.e., the process performing the atomic se-
quence of inputs, and as many other components (the servants), as the length of the
atomic sequence, where each servant executes one output action. This is strictly the
case for so-called well-formed processes (see Section 7.1.3).

An FNM term p is an FNM process if it is fully defined and the set of constants
Const(p) used by p is finite, where function Const(—), defined for the FNC opera-
tors in Section 6.1, is extended to strong prefixing as follows: Const(a.s) = Const(s).

The set of FNM processes is denoted by &ryur, and the set of its sequential
processes, i.e., of the processes in syntactic category g, by Py,

We extend the definitions of free names F(p, ) and free outputs G(p,I) (see Def-
inition 6.1) to strong prefixing as follows:

F(a.s,]) = F(s,I)U{a},
G(a.s,I) = G(s,I).

Of course, for any FNM process p, the sets fin(p) (free names of p), bn(p) (bound
names of p) and fo(p) (free outputs of p) are finite. A process p is closed if the set
Jn(p) is empty. Process p is output-closed if the set fo(p) is empty.

7.1.2 Extended Processes and Sequential Subterms

As for FNC, we assume we have the set 4 = £ U %", ranged over by 7, as the set
of input actions and their restricted counterparts; and the set G = L UL as the set
of output actions and their restricted counterparts, ranged over by 7y. The set of all
actions Acty =9 U U {1}, ranged over by u (with abuse of notation), is used to
build the set of extended terms, whose syntax is as follows:

s =0 pt | ys | s+s U EActy,ye¥
g:=s| C sequential extended terms
t n=gq| t|t restriction-free extended terms
pu=t | (va)p general extended terms

where the prefixes are taken from the set Act,, the strong prefixes from the set ¢ and
the bound actions from the set .%. An extended FNM term p = (VL)t is an extended
process if it is fully defined, Const(p) is finite and ¢ is admissible, i.e.,

Va€ ¥ {a,d} & fn(t),
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where the function fn(—) is defined on extended terms in the obvious way. By the
notation ad(t) we indicate that 7 is admissible.

By @gNM we denote the set of all extended FNM processes. By @gﬁ% we de-
note the set of all restriction-free, extended FNM processes, i.e., those extended
processes in syntactic category ¢. By 9};&3 we denote the set of all sequential, ex-
tended FNM processes, i.e., those extended processes in syntactic category g.

Syntactic substitution of a restricted action a’ for all the occurrences of the visi-
ble action a in a process p, denoted by p{da’/a}, was formally defined for extended
FNC processes in Section 6.1.2; it is defined for strong prefixing as follows:

(as){d'/a} = d.(s{d /a}),
(rs){d'/a} = y.(s{d'[a})  ify#a.

Of course, for any extended FNM process p and for any a € ., p{d’/a} is an
extended FNM process. Moreover, for any extended, restriction-free FNM process
t such that L' = fn(r)N.%’, we have that (/{L/L'}){L’/L} = t, by admissibility of
t, where {L/L'} is the inverse substitution (see Remark 6.2).

Function i : Ppyy — PLh. defined as i((vL)t) = t{L'/L}, maps FNM pro-
cesses to restriction-free, extended FNM processes. Function i is the identity over
restriction-free processes: i(f) = ¢. In general, i is not injective; however, it is
possible to prove that i is surjective. Given any restriction-free, extended FNM
process t, let L' = fn(t) N.Z’; since t is an extended process, ¢ is admissible:
there is no a € . such that a € fn(r) and &' € fn(t); hence, for any a’ € L',
we have a & fn(r). Therefore, the FNM process p = (VL)(t{L/L'}) is such that
i(p) = i(VL)(H{L/L'})) = i({L/L'D{L' /L) = ({L/L YL /LY = 1.

We will see that the net semantics for a FNM process p is actually given to its
corresponding restriction-free, extended FNM process i(p), because it holds that
dec(p) = dec(i(p)) (see Proposition 7.18).

We are interested in singling out the set of sequential subterms of an FNM pro-
cess p. We will prove that, for any p, the set of its sequential subterms sub(p) is
finite and each of its sequential subterms is a sequential, extended FNM process.
The definition of the auxiliary function sub(p,I), outlined in Table 6.4, is to be ex-
tended to strong prefixing as follows: sub(a.s,I) = {a.s} Usub(s,I). Then, sub(p)
is simply sub(p,0).

Lemma 7.1. For any extended, restriction-free FNM process t and for any L C &,
sub(t){L'/L} = sub(t{L'/L}).

Proof. By induction on the definition of sub(t,0). The cases corresponding to the
FNC operators were discussed in Lemma 6.1. For the inductive case of strong pre-
fixing, i.e., when t = y.s, we have that t{L'/L} = y.(s{L'/L}), if v # a for all a
in L. Hence, sub(t{L' /L},I{L' /L}) = sub(y.(s{L' /L}),I{L' /L}) = {y.(s{L' /L}) }u
sub(s{L'/L},I{L'/L}). By induction, sub(s,1){L'/L} = sub(s{L' /L},I{L' /L}); so,
the thesis holds:
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sub((y.s){L'/L},I{L'/L}) = {y.(s{L'/L})} Usub(s{L'/L}, {L'/L}) =
= {ysHL'/L}U sub(s,)){L'/L} = sub(y.s,[){L'/L}.
The case when y = a for some a € L is similar, hence omitted. d

Proposition 7.1. For any FNM process p, sub(p) = sub(i(p)).

Proof. If p is restriction-free, then i(p) = p, and so the thesis follows trivially. If
p = (VL)t, then sub(p) = sub(t){L' /L}. Moreover, i(p) = t{L'/L}. So, the thesis
follows by Lemma 7.1: sub(i(p)) = sub(t{L' /L}) = sub(t){L' /L} = sub(p). ]

Theorem 7.1. For any FNM process p, the set of its sequential subterms sub(p) is
finite; moreover, sub(p) C 2L\,

Proof. By induction on the definition of sub(p,0). The proof is the same as for the
analogous Theorem 6.1 for FNC. The additional inductive case for strong prefixing
is easy: If p = a.p/, then sub(a.p’,1) = {a.p’} Usub(p',I). By induction, we can
assume that sub(p',I) is finite and a subset of P}ny. Hence, sub(a.p',1) is finite
and a subset of ﬁ}/;ﬁz because also a.p’ is a sequential process. a

Proposition 7.2. For any FNM processes p and g, the following hold:

(i) if p is sequential, then p € sub(p), and
(ii)  if p € sub(q), then sub(p) C sub(q).

Proof. The proof of (i) follows directly from the definition of sub(—). The proof of
(i) follows by the observation that the definition of sub(q) recursively calls itself on
all of its subterms. a

7.1.3 Well-Formed Processes

A well-formed process is a process satisfying a simple syntactic condition, ensuring
that its executable atomic sequences are composed of input actions only, so that the
synchronization of atomic sequences is impossible, even indirectly. As a matter of
fact, even if the strong prefixes are all input actions by syntactic definition, the last
action of the sequence, being a normal prefix, may be an output action, which can be
used for synchronization with another atomic sequence. For instance, the non-well-
formed process a.b.0|(@.0|b.c.0) can perform the atomic sequences ab and bc, and
also the single action @; an indirect synchronization between these two atomic se-
quences is possible by first synchronizing ab with @, yielding action b, which is
then synchronized with bc, yielding ¢ as the result of this three-way synchroniza-
tion. Well-formedness of a process p is a sufficient condition to ensure that p is
unable to synchronize two of its concurrent atomic sequences, even indirectly; this
property will be crucial in guaranteeing that the net associated with a well-formed
process p is finite, because (indirect) synchronizability of atomic sequences may
cause the generation of infinitely many statically enabled transitions, as Example
7.8 will show.
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wf(p,T) wf(p,I) 0#In(p) € L+ U{1}

wf(0,1) wflu.p,1) wfla.p,I)
whp,1) Cel wflp,1U{C}) C=p C¢I
wfl(va)p.I)  wf(C,I) wf(C,1)
wflpi,I) wflp2. ) wflpi,I) wfipa.I)
wf(p1 + p2,1) wf(pi|p2,1)

Table 7.1 Well-formedness predicate

For any FNM process p in syntactic category s, In(p) C o7 is the set of initials
of p, defined inductively as follows:

In(0) =0, In(p1 + p2) = In(p1)UIn(p2),
In(u.p) = {u}, In(a.p) = a<lIn(p),

where aoIn(p) = {aco | o €In(p)}.

Now we can define the well-formedness predicate; a process p is well formed if
predicate wf{p) holds, and wf{p) holds if the auxiliary relation (with the same name,
with abuse of notation) wf{ p,@) holds; the auxiliary relation wf(p, ), where the sec-
ond parameter is a set of constants, is defined as the least relation induced by the
axioms and rules of Table 7.1. There are two base cases: when p =0 and when p=C
with C € I. The rule for C, when C ¢ I, shows how the set [ is used to avoid cycling
on the possibly recursive, constant C; in fact, we have to check that wf(p,/U{C})
holds, so that possible occurrences of C inside its body p will be considered well
formed by the base case above. The assumption that any process uses finitely many
constants ensures that the well-formedness predicate is well defined. The other rules
are essentially by induction on the structure of p. The only non-trivial one is that for
strong prefixing: wf(a.p,I) holds not only if wf{p,I) holds, but also if the nonempty
set of its initials does not contain output actions or atomic sequences ending with an
output action. As an example, a.b.0 is not well formed, because, even if wf(BO,(D)
holds, we have that the additional condition In(b.0) C . U {1} is not satisfied.
Analogously, a.0 is not well-formed because, even if wf{0) holds, we have that the
additional condition /n(0) # 0 is not satisfied; this additional condition is not essen-
tial for the correctness of the net semantics, but it is useful in discarding irrelevant
processes that cannot perform any transition. Summing up, a.p is well formed if p
is well formed, and the set In(p) of initials of p is not empty and contains sequences
of inputs (or 7), only.

The class of well-formed processes can also be characterized by means of an
abstract grammar, more restrictive than that of Section 7.1.1, described in Table 7.2,
where any process p in syntactic category s is such that @ # In(p) C £ U{1}, so
that a.p is well formed by construction. Note that syntactic category g takes care of
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s u=at| Tt | as | s+s

g:=s| 0 |ar| q+gq

reo=gq | C sequential terms
t o= r | tt restriction-free terms
pu=t | (va)p general terms

Table 7.2 Syntax for well-formed FNM

the generation of processes that start with output actions or that use a general form of
choice (i.e., the summands in g| + g, can start with inputs as well as with outputs).
However, this syntax is a bit awkward and so we prefer to stick to the simpler syntax
of Section 7.1.1, equipped with the well-formedness predicate above.

Remark 7.1. (FNM and Multi-CCS) FNM is a subcalculus of Multi-CCS, which
is fully described in [GV15]. Multi-CCS allows for a slightly more generous strong
prefixing operator, admitting also output actions as strong prefixes, as well as a more
flexible well-formedness predicate. However, the simpler theory we are presenting
here is powerful enough for the aims of this chapter, i.e., the representability of all
finite P/T nets. a

7.2 Operational LTS Semantics

The FNM labeled transition system %ryy is the triple (Zrny, o/, — ), where the
states are the processes in Py, the set of labels is & = {1} U.ZL* - (L UZL)
(ranged over by o and composed of the invisible action 7 and sequences of input
actions, possibly ending with an output), and — C Pryy X & X Ppyy is the
least transition relation generated by the axiom and rules in Table 7.3.

We briefly comment on the rules that are less standard. As discussed in Sec-
tion 7.1.1, rule (S-pref) allows for the creation of transitions labeled by atomic se-
quences. In order for a.p to make a move, it is necessary that p be able to perform a
transition, i.e., the rest of the transaction. Hence, if p SN p thena.p 9 p’, where
aco =aif 6 =1, ao0 = ao otherwise. Note that a.0 cannot execute any action,
as 0 is terminated, and this is the reason why we have considered terms of this kind
as not well formed. Rule (S-Com) has a side condition on the possible synchroniz-
ability of o] and 0,. Relation Sync(o1,0,,0), defined by the axioms of Table 7.4,
holds if at least one of the two sequences is a single output action, say ¢; = @, and
the other one is either the complementary action a or an atomic sequence starting
with a. Note that it is not possible to synchronize two atomic sequences. This means
that, usually, a multi-party synchronization can take place only among one leader,
i.e., the process performing the atomic sequence of inputs, and as many other com-
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o, ./

p—p .
(Pref) (Cons) —— C=p
H [
H.p—p C—p
p-"p a4
(Sum;) ——————  (Sump) ————
pra—p p+g—4q
p-=p p=p-54d=q
(Par) —————  (Cong) ———————
rla—17r'lq pP—q
o ! .
— fo=r,
(S-Pref) % aco = a ! .
apsp ac  otherwise
p-"p
(S-Res) —————— a & n(o)
(va)p— (va)p'
Py g
(S-Com) Sync(o1,0,,0)

pla->p'lq

Table 7.3 LTS operational rules for FNM

O#E C#E

Sync(ac,a, o)

Sync(a, o, 1) Sync(a,ac,0)

Table 7.4 Synchronization relation Sync

El1  (plg)|r = pl(qlr)
E2 rla=qlp

Table 7.5 Axioms generating the structural congruence =

ponents (the servants) as the length of the sequence, where each servant executes
one output action. This is strictly the case for well-formed processes. However, more
elaborate forms of synchronization are possible, as illustrated in Example 7.3, for
non-well-formed processes. Rule (S-Res) is slightly more general than the corre-
sponding one for FNC, as it requires that no action in ¢ can be a or a@. By n(o)
we denote the set of all actions occurring in ¢. Formally: n(t) = {t}, n(a) = {a},
n(a) = {a}, n(ac) = {a} Un(o). For instance, n(acab) = {a,b,c}.

Example 7.1. (Multi-party synchronization) Consider (a.b.p|a.q) | b.r. The ternary
synchronization (a.b.p|a@.q)|b.r — (p|q) | r can take place, as proved in Table 7.6,
where the subprocess a.b.p acts as the leader.

This idea can be generalized to a multi-party synchronization with n participants
as follows. Consider the leader process

/
po=ai.az....dp—2.Ap—1.Po
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b.pi>p
ab _ a
a.b.p—p a.qg—q
g.b.p|ﬁ.qi>p\q br-2sr

(ab.plaq)|br—(p|q)|r

Table 7.6 Multi-party synchronization among three processes

and the servant processes p; =a;.p}, fori=1,...,n—1 withn > 3.
Then it is not difficult to realize that the transition

(oo ((Polp) [ P2)] - ) Puet == (oo (PO P [P - ) | Py

is derivable, i.e., the n processes have synchronized in one atomic transaction. O

There is one further rule, called (Cong), which makes use of the structural con-
gruence =, induced by the two axioms in Table 7.5. Axioms E1 and E2 are for
associativity and commutativity, respectively, of the parallel operator. This explains
why there is no rule symmetric to (Par): from a transition qin/ , by rule (Par),
we can derive the transition ¢ | p — ¢’ | p; then by rule (Cong), also p|q— p|q/
is derivable; hence, the symmetric rule of (Par) is derivable by (Cong). Rule (Cong)
enlarges the set of transitions derivable from a given process p, as the following
example shows. The intuition is that, given a process p, a transition is derivable
from p if it is derivable from any p’ obtained as a rearrangement in any order (or
association) of all of its sequential subprocesses.

Example 7.2. (Associativity and commutativity) In Example 7.1, we showed that
(a.b.p|a@.q)|b.r — (p|q)|ris derivable without using rule (Cong). However, if we

consider the very similar process a.b.p|(d.q |b.r), then we can see that a.b.p is able
to synchronize with both @.q and b.r only by using rule (Cong), as follows:
ab.p|(@q|b.r)=(abplag)|br—(plg)|r=pl(q|r)
ab.p|(@q|b.r)—=pl(q|r)

If we consider the slightly different variant term (a.b.p | b.r)|@.q, we easily see that,
without rule (Cong), no ternary synchronization is possible, because Sync(ab,b,a)
does not hold. This example shows that, by using the axioms E1 and E2, it is pos-
sible to reorder the servant subcomponents (in this example, subprocesses a.q and
b.r) in such a way that the actions they offer are in the order expected by the leader
process (in this example, a.b.p). a

Remark 7.2. (Commutativity of parallel composition and relation Syrnc) Thanks
to the commutativity axiom E2 of the structural congruence =, the definition of
relation Sync can be simplified to make it not symmetric in the first two arguments:
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the axiom is simply Sync(a,a, ), and the only rule is Sync(ac,d, o) if 6 # €. A
simplification of this sort will be used in the next chapter for the language NPL. O

Proposition 7.3. For any FNM process p, if p— p/, then fu(p') C fu(p), and if
0 # 1, then n(o) C fu(p).

Proof. By induction on the proof of transition p 2 p. a

It is also possible to prove that for any FNM process p, the set sorz(p) is finite. In
fact, by iterating Proposition 7.3, we know that any ¢ € sort(p) (i.e., any o such that
p—*p'—=5) is such that n(c) C fi(p) U{t}. Since fn(p) is finite for any FNM
process p, the thesis follows if we prove that there is an upper bound on the length
of any performable o. Of course, the longest ¢ cannot be longer than the longest
sequence of strong prefixings (plus one for the final normal prefix) syntactically
occurring in p (and in all the bodies of the finitely many constants p may use).
Therefore, sort(p) is a finite set.

Proposition 7.4. For any well-formed FNM process p, if p LN p', then p' is well
formed.

Proof. By induction on the proof of transition p N P a

Proposition 7.5. For any FNM process p in syntactic category s and for any ¢ € <,
p-=sp'ifand only if ¢ € In(p).

Proof. By induction on the proof of p LN p' and on the definition of In(p). a

In the last part of this section, we want to prove the theorem justifying the well-
formedness predicate of Table 7.1: if a process is well formed, it is not possible to
synchronize two atomic sequences, even indirectly. As a matter of fact, two atomic
sequences cannot be synchronized directly, as relation Sync(oy,0,, 0) requires that
at least one of o7 and 0, be a single output action. However, indirectly, two atomic
sequences can be synchronized, as discussed in the following example.

Example 7.3. Consider the process p = (a.c.0|@.0)|(b.0|b.c.0), which is not well
formed because of the subterm b.¢.0. Such a process can do a four-way synchroniza-
tion (a.c.0|@.0)| (b.0|b.2.0) —= (0]0)|(0]0), as proved in Table 7.7. This transi-
tion shows a different form of synchronization, where there is no leader, but rather
there are two sub-transactions (each one with a sub-leader) synchronizing at the end.
Hence, the two atomic sequences ac and bc may synchronize indirectly. a

To prove this theorem, some auxiliary results are needed.

Lemma 7.2. For any FNM processes p and q in syntactic category s, if p = q, then
In(p) = In(q).
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c0-50 c.0—0
@050  a0-50  b0s0  peoSo
a.c.0]a.0-500 5.0|bc.0-500
(a.c.0[@.0)|(b.0|b.c.0)— (0]0)|(0]0)

Table 7.7 Hierarchical multi-party synchronization among four processes

Proof. By induction on the syntactic definition of p, assuming that p = q, we prove
that In(p) = In(q). We proceed by case analysis on the shape of p. Asp=gq, if p=0,
then q = 0, and the thesis follows trivially. If p = W.p1, then g = lL.q1, with p1 = q.;
in this case, In(p) = {u} = In(q), as required. If p = a.p, then g = a.qy, with p| =
q1; by induction, we can assume that In(py) = In(q,); hence, In(p) = aoln(p;) =
aolIn(qr) = In(q), as required. If p = p1 + pa, then ¢ = q1 + q2 with p; = q;, for
i=1,2. By induction, In(p;) = In(q;) for i = 1,2, and so In(p) = In(p1)UIn(p2) =
In(q1)UlIn(q2) = In(q), as required. O

Proposition 7.6. If wf(p) and p = g, then wf(q).

Proof. By induction on the proof of p = q. First, we have to prove the thesis for the
two axioms of Table 7.5.

For axiom E1, wf(p1 | (p2| p3)) holds if wf(p1), wf(p2| p3), and wf(p2 | p3) holds
if wf(p2), wf(ps). Hence, wf(p1 | p2) holds as wf(p1) and wf(p>) hold, and, finally,
also wf((p1|p2)| p3) holds, because wf(p1 | p2) and wf(p3) hold. The case of axiom
E2 is trivial.

Then, one has to prove the thesis for all the rules of equational deduction (reflex-
ivity, symmetry, transitivity, substitutivity and instantiation, see, e.g., [GV15], Sec-
tion 4.3). The only nontrivial case is about substitutivity; we discuss two cases only.
For strong prefixing, we assume we have p = a.p| and q = a.q1, with p; = q and
wf(p); since wf(p) holds, also wf(p1) holds and 0 # In(p;) C £ U{z}. By induc-
tion, we have that wf(q); since py and q\ are in syntactic category s and p| = q,
by Lemma 7.2 we have that In(p;) = In(q1), and so also 0 # In(q1) C L+ U {1},
therefore, wf(a.q1) holds, as required. For parallel composition, we assume we have
p=pi|rand g = py|r, with pi = py and wf(p); therefore, wf(p1) and wf(r) hold.
By induction, we have that wf(p,) holds. Therefore, wf(p; | r) holds, as required. O

Proposition 7.7. For any well-formed FNM process p, if p AN p', then ¢ € {1} U
LULT. Moreover, if 6 € £, then the proof tree for p SN p' does not contain any
transition with a label different from o itself.

Proof. By induction on the proof of transition p 2, p'. We proceed by case analysis.

The base case is when p = J.p'; in such a case, W.p' —— p/ is derivable, so that

u e {tt UL ULt and, if i = @, then the proof tree of the transition does not
contain any transition with a label different from o itself.
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If p = p1+ pa, then pi>p’ is due to either rule (Sump) or (Sumy); w.l.o.g.,
assume that (Sumy) was used; in this case, the premise transition must be p LN s
since wf(p) holds only if also wf(p1) holds, induction can be used to conclude that
all the requirements of the proposition are satisfied for .

The cases when p = C or when p = (va)p| are analogous to the above, hence
omitted. )

If p=a.pi, then p Lp’ is due to rule (S-Pref), with premise p; i>p’ such that
ao o' = 0. By Proposition 7.5, ¢’ € In(p1); wf(p) holds only if also wf(p1) holds
and, moreover, In(p1) C {t} UL, therefore, 6 € £, and so the requirements of
the proposition are satisfied for ©.

If p = pi|pa, then p i>p’ is due either to rule (Par) or to rule (S-Com). In the
former case, the premise transition is p; N Py and p' = p'; | p2. As wf(p) holds only
if also wf(p1) holds, induction can be used to conclude that all the requirements of
the proposition are satisfied for o©. In the latter case, the two premise transitions
are pi i>p’], P2 &>p’2, with Sync(01,02,0) and p' = p' | ph. As wf(p) holds only
if also wf(p1) and wf(p>) hold, induction can be used to conclude that o and o,
satisfy all the requirements of the proposition. In particular, by definition of Sync,
either oy or oy is a for some a € £, and the other sequence is the complementary
action a or an atomic sequence starting with a; w.l.o.g., assume o1 =a and 0, = a,
if 0 =1, or 0p = ao. In the former case, the requirements of the proposition are
trivially satisfied for ¢ = T; in the latter case, 6y € £, so that also 6 € £, and
so also in this subcase all the requirements of the proposition are satisifed for ©.

If the last rule used in deriving p N p' is (Cong), then there exist q and q' such
that g = p, ¢ = p' and q-=+¢'. By Proposition 7.6, also wf(q) holds, and so, by
induction, © satisfies all the requirements of the proposition. a

In the proposition above, the requirement that if o € .Z then the proof tree for
p 2 p’ does not contain any transition with a label different from o itself explains

that no atomic sequence was performed in order to derive p LN p'. Therefore, the
following theorem follows easily.

Theorem 7.2. (Well-formedness implies no synchronization of atomic sequences)

Ifwf(p) and p N p', then in the proof of such a transition it is not possible that two
atomic sequences are synchronized, even indirectly.

Proof. By induction on the proof of p 2, p'. All the cases are trivial — if the the-
sis holds for the premise transition, then it holds also for the conclusion — except
when rule (S-Com) is used. In this case, assume we have p = pi|p2, pi i>p’1
P2 &p’z, Sync(61,02,06) and p' = p' | ph. Since wf(pi | p2), then also wf(p1) and
wf(p2). Hence, by induction, we can assume that the thesis holds for the two premise
transitions. So, it remains to prove that, since wf(p1 | p2) holds, no indirect synchro-
nization of two atomic sequences is performed in the last proof step of transition
pilp2 2, Py | P By definition of Sync, at least one of 6 and G is a single output
action. W.lo.g., assume oy = a. Since wf(p2) holds, by Proposition 7.7, transition
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O . .
Py — P cannot be due to the execution of an atomic sequence, so that the conclu-

. (o) . .
sion p— p’ does not synchronize two atomic sequences. a

Remark 7.3. The operational LTS rules of Table 7.3 can be used to give an opera-
tional semantics also to extended FNM processes. There is only one caution: of the
transitions derivable from the rules, we should take only those that are labeled over
o/, thus discarding those transitions labeled with restricted actions or sequences
containing at least one restricted action. However, derivable transitions labeled with
(sequences containing) complementary restricted actions give rise, by rule (S-Com),
to a synchronized transition, which is to be taken, if labeled 7 or with a shorter se-
quence containing no restricted actions. This issue will be clarified better in Section
7.4.2, about FNM net transitions. O

7.2.1 Expressiveness

From a syntactic point of view, FNC is a proper subcalculus of FNM. From a se-
mantic point of view, we can prove, following the same steps as the proof in Section
6.2.1 of [GV15], that FNM is a conservative extension of FNC: for any FNC pro-
cess p, the rooted LTS for p generated by means of the operational rules in Table
6.5 is bisimilar (but, in general, not isomorphic') to the rooted LTS for p generated
by means of the operational rules in Table 7.3.

Just looking at the LTS interleaving semantics, we have that FNM is more ex-
pressive than FNC. Let us consider the simple FNM process p = a.b.0, whose set of
traces is 7r(p) = {€,ab}. It is not difficult to realize that no FNC process ¢ is trace
equivalent to p; in fact, the only natural candidate FNC process is ¢ = a.b.0, whose
set of traces is Tr(q) = {€,a,ab} # Tr(p). Note that Tr(q) is prefix-closed, and this
property holds for the set of traces Tr(r) of any FNC process r; on the contrary,
Tr(p) is not prefix-closed. Moreover, when considering the net semantics we are
going to define for FNM, we will see that well-formed FNM is able to represent all
finite P/T nets, while FNC is able to represent all finite CCS nets, only.

However, if we are interested in weak completed traces only, then the result is
surprisingly different: for any well-formed, output-closed FNM process p, we can
find an output-closed FNC process g such that WCtr(p) = WCtr(g).

Definition 7.1. (FNM language) A language L C .£* is an FNM language if there
exists a well-formed, output-closed FNM process p such that the set of its weak
completed traces is L, i.e., WCTr(p) = L. |

! For instance, a.(b.0|c.0) has one unique transition labeled a, reaching 5.0|c.0, in the LTS for
FNC, while it has one additional transition in the LTS for FNM, namely a.(b.0|c.0) ) |.0,
due to rule (Cong).

2 The fact that p and ¢ have the same set of weak completed traces does not mean that p and g are
weak completed trace equivalent, as they may be not weak trace equivalent.
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[(vL)t] = (vLy)([t]? |Sem) Lo =L U{p,v} Sem = p.v.Sem

[0]” = 0 [C]? =C'  where C' = [¢]7if C = g
la-q]? = p.a.v.([4]") [a.q]? = a.([4]") [z.q]” = =.([4]")
la.ql" = ﬁ-w([[cI]]V) la1 +@l” = [a1]” +1a2]?  [a1lq2]? = (117 [[g2]7

[wq]” = uv(lgl”)  laql” =a(ldl") lo1+al" = lal"+1g]"
Table 7.8 Encoding well-formed, output-closed FNM into output-closed FNC

Theorem 7.3. (FNM languages = FNC languages) The class of FNM languages
coincides with the class of FNC languages. O

In order to prove this theorem, we first observe that, since FNM conservatively
extends FNC (up to ~), the class of FNC languages is a subclass of the class of
FNM languages. To prove the reverse inclusion, we propose an encoding from well-
formed, output-closed FNM processes to output-closed FNC processes, formally
defined in Table 7.8, which preserves the weak completed traces. Given a well-
formed, output-closed FNM process (VLi)¢, where ¢ is a restriction-free process,
its encoding [(vL;)t] is the output-closed FNC process (VL,)([¢t]?|Sem), where
L, and Sem are defined in Table 7.8, which simulates the execution of ¢ by forcing
mutual exclusion of its input actions or input atomic sequences, by means of the
semaphore Sem. In fact, [¢t]? is the FNC term where each input action, as well as
each input atomic sequence, is preceded by the semaphore request p and followed
by the semaphore release v. The effect is that atomic sequences cannot be interleaved
with concurrently executable input actions or sequences.

As an example, consider the FNM process ¢ = a.b.0| c.0, whose set of completed
traces is WCtr(q) = {abc,cab}; its encoding [¢] = (VL)((p.a.b.v.0|p.c.v.0) | Sem)
(where L = {p,v}) can perform the same weak completed traces; note that the weak
trace acbh is not a weak completed trace for [¢] because of the mutual exclusion
mechanism.

The output actions are not guarded by p, because they must be freely executable:
since the process is output-closed, such actions can only be used for synchronization
with the currently active input action or sequence. For instance, the well-formed,
output-closed FNM process r = (va)((a.b.0|a.c.0)|a.0), whose set of weak com-
pleted traces is WCtr(r) = {b,c}, is mapped to the FNC process

1] = (VL)((p.a.b-7.0| p.a.c.7.0) |a@.0) | Sem),
where L = {p,v,a}, exhibiting the same set {b,c} of weak completed traces.

Note that if the FNM process is not output-closed, then the encoding may be
incorrect, as the output actions can be interleaved with the atomic sequences. For
instance, ¢ = a.b.0|a.0 is such that WCtr(q) = {aba,daab,b}; however, its encoding
4] = (vL)((p.a.bv.0|a.0)|Sem) (where L = {p,v}) can also perform the com-
pleted trace aab. Even when the FNM process is not well formed, the encoding may
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be incorrect. For instance, the non-well-formed process r = (va)((a.b.0|a@.0) | b.c.0)
is such that WCtr(r) = {bbc,bcb,bbc,c}; however, its encoding
[7] = (vL)(((p.a.b.v.0|@.0) | p.b.v.p.c.v.0) | Sem)

where L= {p,v,a}, cannot perform the completed trace c, because [[r], after silently
reaching the state (VL)(((b.v.0|0) |p.b.v.p.c.9.0)|v.Sem), cannot perform the syn-
chronization on b because b precedes the release action ¥, so that its corresponding
input action b is unable to perform the preliminary trigger action p. Finally, the
encoding may be undefined for some non-well-formed processes; for instance, the
encoding of a.0 is not properly defined, as the case [0]" is not specified.

7.2.2 Congruence Problem

A bisimulation over €ryy = (Prym, </, — ) is a relation R C Pryy X Prvm
such that if (¢1,¢2) € R then for all o € &

e Vg such that g; ¢}, 3¢}, such that g — ¢, and (¢}, ¢5) € R,
e Vg such that g — g5, 3¢/, such that ¢, — ¢/, and (¢},¢5) € R.

Two FNM processes p and g are interleaving bisimilar, denoted p ~ g, if there exists
a bisimulation R C Pryy X Pryy such that (p,q) € R.

Proposition 7.8. Let p,qg € Ppny be two FNM processes. If p = q, then p ~ q.

Proof. It is enough to check that relation R = {(p,q) ‘ p = q} is a bisimulation. If

(p.q) € Rand p-=5 p', then by rule (Cong) also g - p' and (p',p') € R. Symmet-
rically, if ¢ moves first. ]

Interleaving bisimilarity is a congruence for almost all the operators of FNM,
in particular for strong prefixing. The congruence proofs are standard and similar
to the corresponding proofs in the previous chapters, the only difference being that
the proposed relations for action prefixing and choice are not bisimulations, rather
bisimulations up to = (Definition 2.14); hence, these relations are omitted.

Proposition 7.9. Given two FNM processes p and q in syntactic category s, if p ~ q,
then the following hold:

(i) ap~aq forallacZ,

(ii) p+r ~ q+r for all rin syntactic category s.

Proof. We prove only (i). Let R be a bisimulation such that (p,q) € R. It is easy to
check that relation R' = {(a.p,a.q)} UR is a bisimulation. O

Proposition 7.10. Given two restriction-free FNM processes p and q, if p ~ q, then
U.p~ W.qforall u € Act. |

Proposition 7.11. Given two FNM processes p and g, if p ~ q, then (va)p ~ (va)q
forallae Z. a
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(Pref) —
(S-Pref) %
ac0)0—0
(Pref) . SPeh)———
a.0—0 a.a.c.0—0
(Pref) ———  (SCom) —
a0—0 a.0|a.a.c.0—0]0

(S-Com)
(@.0|a.0)|a.a.c.0=a.0|(a.0|a.a.c.0)—0[(0/0)=(0]0)]0

(Cong) -
(@0|a.0)|a.a.c.0—(0/0)|0

Table 7.9 Proof of a ternary synchronization

Unfortunately, ~ is not a congruence for parallel composition, as the following
example shows.

Example 7.4. (No congruence for parallel composition) Consider the FNC pro-
cesses r = a.a.0 and 1 = @.0|a.0. Clearly, r is bisimilar to , r ~ tr. However, if we
consider the FNM context €' [—] = —|a.a.c.0, we get that €'[r] ¢ €[t], because the
latter can execute ¢, as shown in Table 7.9, while €’[r] cannot. The reason for this
difference is that the process a.a.c.0 can react with a number of concurrently active
components equal to the length of the trace it can perform. Hence, a congruence
semantics for the operator of parallel composition needs to distinguish between r
and 7 on the basis of their different degrees of parallelism. In other words, the inter-
leaving semantics is to be replaced by a truly concurrent semantics, as illustrated in
the following section. ]

7.3 Step Semantics

The step operational semantics for FNM is given by the step transition system
Conhi = (Prnm, B, —s ), where B = Myin(/) — i.e., the set of all the finite
multisets over &7 — is the set of labels (ranged over by M, possibly indexed), and
—rs C Prnm X B x Ppyy is the least transition relation generated by the rules
in Table 7.10.

Axiom (Pref) states that i.p can perform the singleton step {1}, reaching p.
Rule (S-Pref®) assumes that the transition in the premise is sequential, i.e., com-
posed of one single action or sequence; this is because p is a sequential process,
and so it cannot execute multiple actions or sequences at the same time. Analo-
gously, since the 4 operator composes only sequential processes, it is assumed in
the premise that the label is a singleton; similarly for rule (Cons®). Rule (Res®) re-
quires that M contains no occurrences of action a or @ in any ¢ € M; we denote by
n(M) the set [Jgcprn(0). The highlight of this semantics is rule (S-Com®): it allows
for the generation of multisets as labels, by using an additional auxiliary relation
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p oy

(Pref®) — T (Cons®) ———— C=p
u
u.p ‘15 P C 45 )4
ﬂ / Moy
-
(S-Prefy P (Rest) — 12— P & n(M)
{acc} M ,
=P (va)p—=; (va)p
Py g-%q
(Suml) T (Sumz) ‘;
p+q sP p+q s q
Mo
pP—sD q HA’ q
(Par{) T[ (Pal‘%) T/
pla—s0'lq pla—splq
Mo M
(S-Com®) 27 - 759 MSyne(My & Mo, M)
pla—sp'|qd

Table 7.10 Step operational rules for FNM

Sync(01,02,0) MSync(M & {c},M')
MSync(M @ {01,062}, M")

MSync(M,M)

Table 7.11 Step synchronization relation

MSync, defined in Table 7.11, where & denotes multiset union. The intuition behind
the definitions of rule (S-Com?®) and MSync is that, whenever two parallel processes
p and g perform steps M and M, respectively, then we can put all the sequences
together — yielding M} & M, — and see whether MSync(M; & M»,M) holds. The
resulting multiset M may be just M; @ M, (hence no synchronization takes place),
according to axiom MSync(M, M), or the multiset M’ we obtain from the application
of the rule: select o1 and o, from M| & M;, synchronize them to produce o, then re-
cursively apply MSync to {c} & (M} ©M,) ©{01,02} to obtain M’. This procedure
of synchronizing sequences may go on until pairs of synchronizable sequences can
be found, but may also stop at any moment due to the axiom MSync(M,M).

It is possible to prove that Gpxh, is fully concurrent, i.e., for any p € Pryy, if

pMﬂf p’, with M| # 0 # M5, then there exist ¢ and g; such that p ﬂs q %S P

and p 4& q2 4s r.

An example of step bisimilar processes is given by the two processes a.0|b.0
and (ve)((a.0 +7¢.0)|(h.0 + c.a.b.0)).® Tt is not difficult to check that they are
step bisimulation equivalent. On the one hand, a.0|5.0 can do, besides the obvious

sequential transitions a.0|5.0 3, 0[5.0 4,00 and ¢.0(£.0 4, 2.0]0 -, 00,
also the parallel transition proven below.

3 The FNM process (vc)((a.0+7.0) | (b.0+c.a.b.0)) can be equivalently expressed in a CCS-like
calculus with unguarded sum as (a.0|5.0) +a.b.0.



186 7 Adding Multi-party Communication: FNM

(Pref’) —8M8 (Pref*) 7[9

a0 .04 0
(Sumy) —{ (Sum$) T

_ a
(5-Com?) a.0+c.0 J‘Y 0 b.0 Jrg.cbz.b.O —;S 0 MSyne({a b} {a.b))
. (@.0+2.0)| (5.0 +c.a.b0) “% 00
es®
{a}

(ve)((a.0+72.0) | (b.0+c.a.b.0)) — (vc)(0]0)

Table 7.12 Proof of a parallel step transition

(Pref*) (Pref*)

a.0- 0 b0 0

(S-Com®) - MSync({a,b},{a,b})
a.0(5.0% o]0

On the other hand, (vc)((a.0+¢.0) | (5.0 + c.a.b.0)) can do the obvious sequential
transitions
{b

(ve) (a0 42.0) | (b.0+c.a.b.0)) ~ (ve) (0] (0.0 +c.a.0.0)) <2, (ve)(0]0),
(ve) (@0 472.0)| (5:0+c.a.b.0)) 2L, (ve) ((a.0+2.0)[0) 4, (ve)(0]0),

and the sequential transitions triggered by the bound strong prefix ¢

(ve)((a.0+2.0) | (5.0+ c.a.b.0)) . (ve)(0]6.0) -2, (ve)(0]0),

and also the parallel step (vc)((a.0+¢.0) | (b.0+4c.a.b.0)) ﬁ}; (ve)(010), as proven

in Table 7.12.

This example shows that a process can be saturated with additional subterms
expressing some linearizations of its step behavior, without changing its step equiv-
alence class. Therefore, also (vc)((a.0+¢.0)|((6.0 4+ c.a.b.0) + c.b.a.0)) is step
bisimilar to a.0|5.0.

It is interesting to observe that the step operational rules in Table 7.10 do not
make use of the structural congruence =. The same operational effect of rule (Cong)
is here ensured by relation MSync, which allows for multiple synchronization of
concurrently active subprocesses.

Example 7.5. (Why is structural congruence not needed?) Continuing Example
7.2, consider process Q = a.b.p|(b.r|a.q). We have already noticed that in the in-

terleaving transition system Q £ p| (r|q) if rule (Cong) is not available. However,
such a process can do a ternary synchronization step as follows:

b.p ﬂ“,p E.rﬂsr a.q ﬂsq

g.b.p@sp B.r|ﬁ.q{i’b>];r|q

ab.p|(brlag) 2 p|(rlg)

MSync({a,b},{a,b})

MSync({ab,a,b},{t})
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where the proof for MSync({ab,a,b},{t}) is

Sync(b,b,T) MSync({t},{7})
Sync(ab,a,b) MSync({b,b},{1})
MSync({ab,a,b},{t})

Note that the proof of MSync({ab,b,a},{t}) gives a precise algorithm to rearrange
the three sequential subprocesses of Q to obtain a process Q' in such a way that
no instance of rule (Cong) is needed in deriving the interleaving ternary synchro-
nization; first, the subprocesses originating ab and @ are to be contiguous: a.b.p |d.q
would produce b. Then, we compose this system with the subprocess performing b,
yielding Q' = (a.b.p|a.q) | b.r. Indeed, Q' — (p|r)|q and its proof makes no use
of rule (Cong). O

7.3.1 Step Bisimilarity Implies Interleaving Bisimilarity

By step bisimilarity, denoted ~ ., we mean ordinary bisimulation equivalence over
the step transition system of FNM. This section is devoted to proving that step bisim-
ilarity ~g), is more discriminating than interleaving bisimilarity ~. The proof is a
bit technical and needs some auxiliary lemmata. First, we list some properties of
relation MSync.

Lemma 7.3. (Additivity) For all multisets M, M, N € 9B, we have MSync(M,M>)
if and only if MSync(M; & N,M, ® N).

Proof. Take a proof tree for MSync(My,M), which will end with an axiom of the
SJorm MSync(My,M>); then, replace this axiom with MSync(M, & N,M, ® N) and
update the proof tree accordingly; the resulting proof tree proves MSync(M; ®
N,M, @ N). For instance, the proof tree

Sync(c’,03,0) MSync(M| @ {c},M;&{c})
Sync(o1,02,0") MSync(M; & {0’,03}, M} & {0})
MSync(M} @ {01,02,03},M] @ {c})

is transformed into the proof tree

Sync(o’,03,0) MSync(M; & {c}®N.M|®{c}®N)
Sync(01,072,0”) MSync(M} ®{c’,03} ®N.M|; {0} ®N)
MSync(M} @ {01,02,03} &N, M & {c}®N)
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Conversely, the proof tree for MSync(M; ® N,M, & N) ends with an axiom
MSync(My ® N,M, ®N); by replacing this axiom with MSync(My,M>) and by up-
dating the proof tree accordingly, we get a proof tree for MSync(M;,M). a
Lemma 7.4. (Transitivity) For all multisets My, M, M3 € B, if MSync(M,M>)
and MSync(Ma,M3), then MSync(M,,M3).

Proof. The proof tree for MSync(My,M>) has a final axiom MSync(My,M,); replace
that axiom with the proof tree for MSync(My,M3), to create a new proof tree where
all the occurrence of M, (as second argument of MSync) are replaced with M3 in
the original proof tree: this new proof tree proves MSync(M;,M3). a

Lemma 7.5. (Associativity) For all My,M>, M3 € B such that there exist M',M
with MSync(My ® Ma,M") and MSync(M' ® M3,M), there exists M" such that
MSync(My ® M3,M") and MSync(My @ M" ,M). Also, MSync(My & M, & M3, M).

Proof. As MSync(M| &M, ,M'"), by additivity Lemma 7.3 we have MSync(M, &M, &
M3,M' ® M3). By transitivity Lemma 7.4, we have MSync(My & My & M3,M). By
choosing M" = My ® M3, as MSync(My & M3, My & M3), by additivity Lemma 7.3
we have MSync(My & My & M3, M| & M, ® M3), and by transitivity Lemma 7.4, we
have MSync(My &M" M) as well. ]

Proposition 7.12. For all restriction-free processes p,q,r € Prnu, if p| (q|r) —M>S s,

then there exists t such that (p|q)|r—>t, with s =, and vice versa.

Proof. By induction on the proof of p|(q|r) M, 5. We have three cases: (i)p M D1
and s = p1|(q|r); or (ii) (q|r) —ss1 and s = p|s1; or (iii) P —>p1, (q|r) e
MSync(My ® My,M) and s = py | s;.

In the first case, by rule (Par}), p|q*M>Sp1
with p1|(q|r) = (p1]q) |, as required.

In the second case, we have three subcases: (a) q*Mqul and s1 = q
(b) r—M>sr1 and sy = q|ry; or (¢) qﬂsql, rﬂsrl, MSync(My & My, M) and
s1 = qi|r1. In the first subcase, by rule (Par}), p|q—M>sp|q1, and so, by rule

M
g, and so (p|q)|r—(pi|q)

r,

r; or

M . .
(Par}), (plq)|r—s(plg1)|r, with p|(q1|r) = (p|q1)|r. The second subcase is
symmetric, hence omitted. In the third subcase, by (Par$), p|q ﬂ sP|q1, and so, by
M .
(S-Com®), (plq) |r—=s (plq1) |r, with p[(q1|r1) = (plq1) | 1.
In the third case, we have three subcases: (a) qﬂsql and sy = q1 |r; or (b)

M, M,
r%s ri and sy = q|ri; or (¢) g—>5q1, r—>4 71, MSync(M| & M5, M>) and sy =
q1 | 1. The first two subcases are similar to the third subcase of the previous case,

M &M
and so omitted. In the third subcase, by rule (S-Com®), p|q 1—>s] pilq1, and so
(rlq) |r—M>S (p11q1)|r — because MSync(M, & M| & M}y, M) by the associativity
Lemma 7.5 — with p1 | (q11r1) = (p1|q1) | 1.

. M .
The symmetric cases where (p|q) | r — st moves first are analogous, hence omit-
ted. O
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Theorem 7.4. Let p,q € Prny be FNM processes such that p = q. If p —M>S P,
then there exists q' such that q M, q withp' =¢.

Proof. By induction on the proof of p = q. One has first to show that for each ax-
iom p = q in Table 7.5, generating the structural congruence =, we have the thesis.
For E1 (associativity), we can resort to Propositions 7.12, while the case of axiom
E2 (commutativity) is obvious. Then, one has to prove the thesis for all the rules of
equational deduction (reflexivity, symmetry, transitivity, substitutivity and instantia-
tion; see, e.g., [GV15]). The only nontrivial case is about substitutivity, in particular
the case of parallel composition: p = pi|p2, ¢ = q1| g2 with p1 = q1 and p = q».

Ifp M, p', then three cases are possible: p) M p and p' = p | pa, or ps M, Ph
and p' = py | pb, or pi ﬂnp’], D2 ﬂsp’z, MSync(My ®M>,M) and p' = p| | p. In
the first case, by induction, there exists g such that q M q) with p', = ¢}, so that,
by rule (Par}), g = q1|q» M, 4} g2 =¢' = p'. The second case is symmetric, hence
omitted. In the third case, by induction, q; ﬂs q} with p| = ¢} and q» ﬂs qh with
Ph = ¢b, so that, by rule (S-Com®), ¢ = q1 | q2 M, 9\ 1d5=4=p. O

Now we want to prove that all the step transitions labeled with a singleton are
also interleaving transitions.

Proposition 7.13. For any p € Prnuy, if p {—6; sq, then p <, q.

Proof. (Sketch) The proof is by induction on the proof of p {i% q. We proceed by
case analysis. If p = l.p’, then p ﬂs p' by (Pref), and also p - p' by (Pref).

Ifp=a.p, thenp {a—wﬁ q is derivable by rule (S-Pref*) only if p' ﬂs q; induction
can be applied to conclude that p’ i>q; hence, by rule (S-Pref), it follows that
P %4

If p = p1+ p2, then pg‘vq is derivable only if either p; ﬁsq (rule (Sumy))
or p» ﬁsq (rule (Sum3)). Hence, by induction, we have that either p; i>q or
P2 SN q. In any case, transition p 2, q is derivable by (Sumy) or (Sumy).

If p = p1| pa, transition p ﬁsq is derivable only in one of the following three
cases: pi ﬁsp’l and g = p' | p2 (rule (Par})); or p> ﬁspé and g = pi | ph (rule
(Par})); or pi ﬂs P, p2 ﬁs ph and MSync(M, ®M,,{c}) (rule (S-Com®)). In the
first case, by induction, we have pi N Py and so, by rule (Pary), also p i)q. The

second case is analogous, hence omitted. The third case is the most difficult one. As
both py and p> are restriction-free, for each G]]? € My, there is a subprocess p];» of pr

. . M M

that performs it, for k = 1,2. That is, from p; —> Py and p> =3, ph we can extract
. iy {o]} : .

two multisets Ty and T, of transitions of the form p’J‘. s qu‘» that, by induction,

k
o”
have their counterpart of the form p’j‘. 4 q’j. These interleaving transitions can be
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rearranged suitably to build a proof tree for p’ in/ ,withp=p' and g = ¢, by
using the actual proof of relation MSync(M| ® Ma,{c}) which tells in what order
the subcomponents pl;» are to be arranged by means of the structural congruence, as

illustrated in Example 7.5; then, p LN q follows by rule (Cong).

If p = (va)p/, transition p {—G%q is derivable only if. by rule (Res®), p' ﬁs q
is derivable, with G not containing any occurrence of a or @, and q = (va)q'. By
induction, we have p' N q', and so by rule (Res), also p N q is derivable.

If p = C, with C = r, transition Cﬁsq is derivable only if, by rule (Cons®),

r ﬂs q is derivable. By induction, r AN q is derivable, and so, by rule (Cons), also
c-% q. a

In the reverse direction, one can prove the following fact.

Proposition 7.14. Let p € Ppyy be an FNM process. If p in], then there exists
q' such that p ﬁs q withq = q.

Proof. The proof is by induction on the proof of p i>q. All the cases are trivial,
except when rule (Cong) is used

— 1 9
p=p —4q =q

p-—"q

If p' =25 ¢, then, by induction, we can assume that p' {—G;S q" withq" = ¢q'. By The-

orem 7.4, also transition p ﬁs q"" is derivable with ¢"" = q". So the thesis follows
as, by transitivity, also q¢"" = q. O

Theorem 7.5. (Step bisimilarity implies interleaving bisimilarity) Let p,q be
FNM processes. If p ~gep q then p ~ q.

Proof. Let R be a step bisimulation such that (p,q) € R. Then, it is easy to prove
that R is an interleaving bisimulation up to = (Definition 2.14).Consider a generic

pair (p,q) € R and assume that pi>p’. By Proposition 7.14, ifpi>p’, then
there exists p" such that pﬂs p" with p' = p". Since (p,q) € R and R is a step

bisimulation, then also q ﬂs q is derivable with (p",q') € R. By Proposition 7.13,
also ¢-25 ¢ is derivable. Summing up, to move p - p', q replies with ¢ —= ¢/, so
that p' = p" Rq' = ¢, as required by the definition of (interleaving) bisimulation up
to =. The case when q moves first is symmetric, hence omitted. a

Of course, the reverse implication of the theorem above is false; for instance,
a.0|b.0 ~ a.b.0+ b.a.0, but the two are not step bisimilar, as only the former can
perform a step transition labeled {a,b}.
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7.3.2 Step Bisimilarity Is a Congruence

Proposition 7.15. (Congruence for prefixing and parallel composition) Ler p
and q be restriction-free FNM processes. If p ~gep q, then

(i) W.p ~step U.q, forall u € Act,

(ii) p|7r ~gep q|1, for any restriction-free r € Ppny.

Proof. Assume R is a step bisimulation containing the pair (p,q). For case (i), re-
lation Ry = RU{(u.p,u.q)} is a step bisimulation. For case (ii), relation Ry =
{Pr.d|r) | ¥ € Penm (P.4') € R} is a step bisimulation. O

Proposition 7.16. (Congruence for strong prefixing and choice) Ler p and q be
FNM processes in syntactic category s. If p ~y.p g, then

(i) a.p ~gepa.q, forallac Z,

(i) p+71 ~gep g+ 1, for any process r in syntactic category s.

Proof. Assume R is a step bisimulation containing the pair (p,q).
Case (i) can be proven by considering relation R3 = RU{(a.p,a.q)}, which is a

step bisimulation. In fact, transition a.p {a—ociz p' is derivable, by rule (S-Pref), only
aoc}

if p ﬂsp’. As (p,q) € R, also q{—dis q with (p',q') € R. Hence, also g.q{—>sq
with (p',q') € Ra, as required.

Case (ii) can be proven by showing that the relation Ry = {(p+r,q+r) |
r in syntactic category s} UR U {(r,r) | r is a restriction-free process} is a step
bisimulation. a

Proposition 7.17. (Congruence for restriction) Let p and q be FNM processes. If
P ~tep @, then (Va)p ~gep (Va)q foralla € L.

Proof. Assume R is a step bisimulation containing the pair (p,q). Relation Rs =
{((va)p',(va)d') | (p',q') € R} is the required step bisimulation.

Summing up, we have that step bisimilarity is a congruence over all the FNM
operators. This result gives evidence that to give a satisfactory, compositional ac-
count of FNM, one needs a non-interleaving model of concurrency, such as the step
transition system. The advantages of the step semantics are essentially

e a simpler structural operational semantics, which makes no use of the structural
congruence =, and

e a more adequate behavioral semantics, namely step bisimilarity, which is finer
than interleaving bisimilarity and is a congruence for all the operators of the
language.

Proposition 7.15(ii) and Theorem 7.5 ensure that for any pair of restriction-free,
FNM processes p and g, if p ~g., g then p|r ~ g|r, for any restriction-free process
r. One may wonder whether the reverse holds: if for all restriction-free r, we have
that p|r ~ ¢|r, can we conclude that p ~,, ¢? If this is the case, we can say that
step equivalence is the coarsest congruence contained in interleaving bisimulation
for FNM. The answer to this question is negative, as the following example shows.
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Example 7.6. Take processes p = 7.7.0 and ¢ = 7.0 | 7.0. It is not difficult to see that
p|r~ q|r, for all processes r; however, p g g as only g can perform the step
{r,71}. O

The problem of finding the coarsest congruence contained in ~ is open.

7.4 Operational Net Semantics

In this section, we describe a technique for building a P/T net for the whole of
FNM, starting from a description of its places and its net transitions. The result-
ing net Npyy = (Sevm, 7, Trnum) is such that, for any p € Py, the net system
Nrnm(dec(p)) statically reachable from the initial marking dec(p) is a statically
reduced, finite P/T net; such a net system is denoted by Net(p).

7.4.1 Places and Markings

The infinite set of FNM places, ranged over by s, is Spyy = e@g]f;& \ {0}, i.e., the

set of all sequential, extended FNM processes, except 0.

Function dec : P} yy; — A sin(Srnm), which defines the decomposition of ex-
tended processes into markings, was outlined in Table 6.8 for the FNC operators. It
is extended to the strong prefixing operator as follows: dec(y.p,I) = {y.p}, where
Y€ Y =% UL Hence, the decomposition of the sequential (extended) process
Y.p produces one place with name 7.p, analogously to what happens for any other
sequential process. B

Lemma 7.6. For any restriction-free, extended FNM process t, dec(t){L'/L} =
dec(t{L'/L}).

Proof. By induction on the definition of dec(t), as done for the analogous Lemma
6.2. O

Proposition 7.18. For any restriction-free t € Ppyy, dec((VL)t) =dec(i((VL)t)) =
dec(t{L'/L}).

Proof. By definition, dec((vL)t) =dec(t){L' /L}. Then, by Lemma 7.6 dec(t){L' /L} =
dec(t{L'/L}). 0

This means that we can restrict our attention to extended, restriction-free pro-
cesses built over the set of visible and restricted actions Acty, as a restricted pro-
cess (VL)t in Ppny is mapped via dec to the same marking associated with
i((vL)t) =t{L'/L} in 210}
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Example 7.7. Consider the (non-well-formed) FNM process p = (va)p’, where
p'=(a.0|(a.a.0]a.0)). Then,

dec(p) = dec(p'){d' /a} = dec(a.0|(a.a.0]|a.0)){d /a}
= (dec(a.0) ®dec(a.a.0]a.0)){d /a}
= (dec(a.0) ©dec(a.a.0) ®dec(a0)){d /a}
= (a0®a.a0da0){d/a}=d 00d.d.0dd.0
=dec(d' 0|d.d'.0|d.0)
= dec(i(p))

where d' is the restricted name in .#” corresponding to the bound name a in .. O
It is easy to see that the decomposition function dec is well defined.

Proposition 7.19. For any p € @gNM, dec(p) is a finite multiset of places.

Proof. By induction on the definition of dec(p). a

Of course, function dec is not injective; however, one can prove that function
dec is surjective over admissible markings, where we recall that m € .#i,(Srvm)
is admissible, denoted by ad(m), if for all a € .Z, {a,d'} € fn(m) (see Definition
6.9). Note that, for any two markings m; and my, if fn(my) C fn(m;) and ad(m)
holds, then also ad(m,) holds; this fact will often be used in the following proofs.
We also recall that a marking m € .#;,(Srnum ) is complete if there is a FNM process
p € Pryum such that dec(p) = m.

Lemma 7.7. For any t € 21000, fn(t) = fn(dec(t)).
Proof. By induction on the definition of dec(t). O

Theorem 7.6. A marking m € M sin(Spny) is admissible iff it is complete.

Proof. Similar to that for the analogous Theorem 6.4, by using Proposition 7.18 and
Lemma 7.7. ad

Hence, this theorem states not only that function dec maps FNM processes to
admissible markings over Sryys, but also that dec is surjective over this set.

We now list some useful properties of places and markings. First, as done for
FNC, we extend the definition of sequential subterms of a process p to a set of places
S, as follows: sub(0) = @ and sub(S) = U,cgsub(s). The goal is to prove that the
sequential subterms of dom(dec(p)) are the sequential subterms of p. This property
will be useful in proving (Theorem 7.10) that each place statically reachable from
dom(dec(p)) is a sequential subterm of p, so that, since sub(p) is finite for any
p (Theorem 7.1), the set of all the places statically reachable from dom(dec(p)) is
finite, too. The proofs of the following propositions are very similar to the analogous
propositions of Section 6.4.1, where the reader can find more details.

Proposition 7.20. For any finite set of places Sy and Sy, if S1 C sub(S>), then
sub(Sy) C sub(S7).
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Proof. By induction on the cardinality of S. a
Proposition 7.21. For any set of places S, S C sub(S).

Proof. For any sequential process s, s € sub(s) holds; hence, the thesis follows. O
Proposition 7.22. For any t € 210, sub(dom(dec(t))) C sub(t).

Proof. By induction on the definition of dec(t). a
Corollary 7.1. For any p € Pryu, sub(dom(dec(p))) C sub(p).

Proof. If p is restriction-free, then the thesis follows by Proposition 7.22. If p =
(VL)t, then dec(p) = dec(t{L'/L}) by Proposition 7.18. By Proposition 7.1, sub(p)
= sub(t{L'/L}). By Proposition 7.22, sub(dom(dec(t{L'/L}))) C sub(t{L'/L}).
So, sub(dom(dec(p))) = sub(dom(dec(t{L'/L}))) C sub(t{L'/L}) = sub(p). O

Now we want to extend the definition of well-formed processes to sets of places.
To this aim, we define the notion of a well-behaved set of places, which will be
useful in Section 7.4.3 for proving that the set of transitions statically enabled at a
well-behaved set S is finite (Theorem 7.9).

Definition 7.2. (Well-behaved) A set of places S C Spy is well behaved if for all
s € S we have that wf{s) holds. O

Note that the empty marking m = 0 is well behaved, because the universal con-
dition on its constituents is vacuously true. Note also that, by definition, it follows
that the union of two well-behaved sets of places is well behaved and a subset of
a well-behaved set is well behaved. Now we prove that an FNM process p is well
formed if and only if its associated marking dec(p) is such that dom(dec(p)) is well
behaved.

Theorem 7.7. For any p € Ppym, wf(p) holds if and only if dom(dec(p)) is well
behaved.

Proof. By induction on the definition of dec(p). We proceed by case analysis. If
p =0, then wf(p) holds and dec(p) = 0 is well behaved, as required. If p is any
other sequential process, then dec(p) = {p},; therefore, wf(p) holds if and only if
{p} is well behaved, as required.

If p = p1|p2, then wf(p) holds only if wf(pi) and wf(pa) hold. By induction,
we have that dom(dec(p;)) is well behaved, for i = 1,2; so, dom(dec(p|p2)) =
dom(dec(p1)) Udom(dec(p,)) is well behaved, too, because the union of two well-
behaved sets is well behaved. Conversely, if dom(dec(p1 | p2)) is well behaved, then
also dom(dec(p;)) is well behaved, for i = 1,2; hence, by induction, wf(p:) and
wf(p2) hold, and so also wf(p) holds.

If p = (va)p/, then wf(p) holds only if wf(p') holds. By induction, we have
that dom(dec(p')) is well behaved. It is easy to see that dom(dec(p’)){d /a} is
well behaved too, as the substitution replaces action a with a new name d' not in
use. Hence, as dom(dec(p')){d' /a} = dom(dec(p'){d’/a}) = dom(dec(p)), also
dom(dec(p)) is well behaved. Conversely, if dom(dec(p)) = dom(dec(p')){d'/a}
is well behaved, then also dom(dec(p')) is well behaved; by induction, wf(p') holds
and so wf(p) holds too. O
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dec(p)Zsm
(pref) — (cons) EE— C=p
{u.p} — dec(p) {Ct—m
(sumy) dec(p) :>m (s-pre) dec(p)}zm
{p+q}—m {rp}—m

O] O
mp — my my 2 nt
(s-com) - ad(my ®@my) A\ Sync(01,0,,0)
my ©my — nty S

Table 7.13 Rules for net transitions (symmetric rule (sum;) omitted)

(pref) b—/
(sopre) {b'.p} —>dec(p) oret)
b.pyYd aq)-d
(s-com) &Pt > dec(p) / {aqt —vdeclq) _
(s-com) {a.b'.p,a.q} Lﬂiec(p) ®dec(q) {0 .r} L)dec(r)

{a.b .p,a.q,b.r} —dec(p) ®dec(q) ® dec(r)

Table 7.14 The proof of a net transition

7.4.2 Net Transitions

Let &7 = {1} U¥* - (9 UY), ranged over by ¢ with abuse of notation, be the
set of labels; hence, a label o can be the invisible action 7, or a (possibly empty)
sequence of inputs (or restricted inputs) followed by an input or an output (or its
restricted counterpart). Let — C %y (Sknm) X /Y X M yin(Srnm) be the least set
of transitions generated by the axiom and rules in Table 7.13.

Let us comment on the new rules of Table 7.13, where the symmetric rule (sumy)
is omitted. In rule (s-pref), ¥ may be any input action a or any restricted action a’.
This rule requires that the premise transition dec(p) —Z m be derivable by the rules;
since p is in syntactic category s, dec(p) =0 if p =0, or dec(p) = {p}. Since no
transition is derivable from the empty marking, the conclusion {y.p} %% mis ac-

tually derivable only from a premise of the form {p} ~%5 m. Rule (s-com) requires
that the transition pre-set be admissible in order to avoid producing synchronized
transitions that have no counterpart in the LTS semantics (Proposition 7.27). Rule
(s-com) explains how a synchronization takes place: it is required that m; and my
perform synchronizable sequences o7 and 03, producing o; here we assume that
relation Sync has been extended also to restricted actions in the obvious way, i.e.,
a restricted output action @’ can be synchronized only with its complementary re-
stricted input action @’ or with an atomic sequence beginning with a’. As an example,
the net transition {a.b'.p,a.q,b'.r} — dec(p) & dec(q) &dec(r) is derivable by the
rules, as shown in Table 7.14.



196 7 Adding Multi-party Communication: FNM

Transitions with labels containing restricted actions must not be taken in the re-
sulting net, as we accept only transitions labeled over &7 = {1} U.Z* - (L U.Z).
However, they are useful in producing acceptable transitions, as two complementary
restricted actions can synchronize, producing a t-labeled transition or shortening the
synchronized sequence. For instance, in the example above, the derivable transition

/
{V'.p} LN dec(p) is not an acceptable transition because its label is not in <7, while

{a.t/ .p,a.q,b .r} —dec(p) ®dec(q) & dec(r) is so. Hence, the P/T net for FNM
is the triple Npny = (Spvm, <, Trnm ), where the set

Trny = {(m1,0,my) | my = my is derivable by the rules and ¢ € &/}

is obtained by filtering out those transitions derivable by the rules whose label &
contains some restricted name @’ or a’.

7.4.3 Properties of Net Transitions

Some useful properties of net transitions are listed here. First, given a transition
t = (my,0,my), derivable by the rules in Table 7.13, we show that the subterms of
the marking my are already present in the set of subterms of the marking m; .

Proposition 7.23. Let t = m ~%5 my be a transition derivable by the rules in Table
7.13. Then, sub(dom(my)) C sub(dom(my)).

Proof. By induction on the proof of t. The proof is very similar to the analogous
Proposition 6.13; here we consider only the inductive case of the new rule (s-pref),
whose premise transition is { p} — my and whose initial marking is m; = {y.p}. By
induction, we have that sub(dom(my)) C sub(dom({p})) = sub(p). By definition,
sub({y.p}) = sub(y.p) and sub(y.p) = {y.p} Usub(p); hence, the thesis follows by
transitivity. a B a a

Now we want to prove that if we start from an admissible set of places, then we
can statically reach only admissible sets of places.

Lemma 7.8. Lett = m, LN my be a transition derivable by the rules in Table 7.13.
Then, fn(my) C fn(my).

Proof. By induction on the proof of t. The proof if very similar to the analogous
Lemma 6.4; here we consider only the inductive case of the new rule (s-pref), whose
premise transition is { p} — ma and whose initial marking is my = {y.p}. By induc-
tion, we have that fn(my) C fn({p}). By definition, fn({p}) = fn(p), fn({y.p}) =
fn(y.p) and fn(y.p) = {y} U fn(p); hence, the thesis — fn(ma) C fn({y.p}) —
follows by transitivity. a

Proposition 7.24. Let t = m —%5 my be a transition derivable by the rules in Table
7.13. Then, my and my are admissible.
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Proof. By induction on the proof of t, we can easily conclude that m; is admissible;
this proof is similar to the analogous Proposition 6.14, hence omitted. Moreover, by
Lemma 7.8, we have that fn(my) C fn(m)), and so my is admissible, too. O

Proposition 7.25. Let t = m 9, my be a transition derivable by the rules in Table
7.13. Let m be an admissible marking such that m[t)m'. Then, m’ is admissible.

Proof. If t is enabled at m, then *t C m; hence, m = my ® °t, for some suitable
mo. By the definition of transition firing, m' = mO°t ®t* = my ®t°. By Lemma
7.8, fn(t*) C fn(°t); consequently, fn(m') = fn(mo)U fn(t*) C fn(mo)U fn(°t) =
fn(m). Therefore, also m' is admissible. O

As a set of places can be seen as a marking, we can generalize the results above
about admissibility to statically reachable sets of places.

Theorem 7.8. If S| is admissible and S| =" Sy, then Sy, is admissible.

Proof. By induction on the static reachability relation =", as done for the analo-
gous Theorem 6.5, by using in places Lemma 7.8. a

Now we want to prove that the net Npyy contains only transitions that have a
counterpart in the LTS semantics for FNM, as outlined in Section 7.2; this depends
crucially on the admissibility condition over rule (s-com). This proposition exploits
Lemma 7.9, which states a correspondence between net transitions derivable by
the rules in Table 7.13 — which can be labeled over &/ — and LTS transitions
derivable by the rules in Table 7.3 from extended, restriction-free processes (see
Remark 7.3). Some auxiliary results are needed.

Proposition 7.26. If t = (m;,0,my) is a transition derivable by the rules in Ta-
ble 7.13 and L C &, then transition t{L' /L} = (m{L' /L},c{L’ /L},my{L'/L}) is
derivable as well, where u{L' /L} = p if W, € L, while u{L'/L} = U’ otherwise,
and (ac){L'/L} = a{L' /LYo {L'/L}. And vice versa, if t{L'/L} is derivable, then
also t is derivable.

Proof. By induction on the proof of t. The proof is similar to the analogous Propo-
sition 6.16, hence we consider only the cases of the new rules. If the last rule is
(s-pref), then ({y.p},0,my) is derived by the premise transition ({p},c’,my), with
0 = yo0'. We can assume, by induction, that ({p}{L'/L},c’{L' /L},m{L'/L})
is derivable; by Lemma 7.6, {p}{L'/L} = {p{L'/L}}, and so the last transi-
tion is actually ({p{L’/L}},0’{L’/L},my{L’/L}). Now assume that y & L, so that
(1)L /Ly = y.p{L /L) Hrence, by (s-pref) also ({(y.p){L'/L}}. 7o (6" {L'/L}).
my{L'/L}) is derivable, as required, as 6{L'/L} = (yoo"){L'/L} = yo(c’{L'/L}).
IfyEL then (y.p){L'/L} =Y .p{L'/L}, and so by (s-pref) also ({(y.p){L' /L}},7 ¢
(6’{L'/L}),my{L'/L}) is derivable, as required, as 6{L'/L} = (yoo'){L'/L} =
yo(o{L/L}).

For rule (s-com), transition (m; & my,c,m\ &mb) is due to the premise transi-
tions (my, 61,m}) and (my, 62,m}), with Sync(01,0,0). By induction, we can as-
sume that (mi{L' /L},c\{L'/L},m|{L'/L}) and (my{L'/L},0o{L'/L},m){L'/L})
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are derivable; note that Sync(c1{L'/L},0,{L'/L},c{L'/L}) holds, and so, by (s-
com), also (m{L'/L} ® my{L'/L},c{L'/L},m\{L'/L} & m){L'/L}) is derivable,
where mi{L'/L} & my{L' /L} = (mi ® mp){L'/L} and m|{L'/L} & m,{L'/L} =
(m) ®mh){L'/L}, as required.

For the vice versa — if t{L'/L} is derivable, then also t is derivable — observe
that this is similar to the above: if t{L' /L} is derivable, then (t{L'/L}){L/L'} =1
is derivable, where an inverse substitution {L/L'} is used instead. O

Lemma 7.9. For any t = (m;,0,my) derivable by the rules in Table 7.13, there

exist two extended, restriction-free FNM processes py and p, such that py N p2is
derivable by the rules in Table 7.3, with dec(p1) = my and dec(pz) = ma.

Proof. By induction on the proof of t, we show a proof for p; 2 P2, for suit-
able extended, restriction-free processes py and py such that dec(py) = m; and
dec(p2) = my. The proof is similar to the analogous Lemma 6.5; hence, we discuss
only the cases of the new rules. If the last rule used to derive t is (s-pref), then

/
t={v.r} % my, with a premise t' = {p} = my such that ¢ = yo &'. By induc-

/

tion, we know that p LN D> is derivable, with p, an extended, restriction-free pro-
cess such that dec(py) = my; hence, by rule (S-Pref), also transition y.p N P2 is
derivable, as required. If the last rule used to derive t is (s-com), then there exist two
transiti o O o 92 gy o n O, "
ansitions t| = my — m, and tr = my — my such that t = m| ©m; — m, Dm,,

. . . o c
ad(m} © m) and Sync(c1,03,0). By induction, there exist transition q; — q» —
with g1 and q extended, restriction-free processes such that dec(q\) = m) and

.. o . .
dec(q2) = m’2 — and transition ry N ro — with ry and ry extended, restriction-free
processes such that dec(ri) = m| and dec(ry) = ml. Therefore, by rule (S-Com),
also transition q; | r| i>qz | 2 is derivable. Note that, by Lemma 7.7, fn(qi|r1) =
fn(dec(qi|r)) = fn(m| ®m)); therefore, qi|r is an extended, restriction-free
process because it is admissible, since the marking m\ & m! is assumed admis-
sible by rule (s-com). Similarly, also qa|ry is admissible, because fn(qx|r) =
fn(dec(qa|r2)) = fn(mh &mY) and the marking m, &mY is admissible by Proposi-
tion 7.24. a

Proposition 7.27. For any t € Tpypy, where t = (my, 0,mp) with ¢ € <, there exist
two FNM processes py and py such that py i>pg, dec(p1) =mj anddec(pz) = m.

Proof. By Lemma 7.9, transition q AN q> is derivable by the rules in Table 7.3, for
some suitable extended, restriction-free processes q, and qy such that dec(q1) = m
and dec(q2) =my. Let L' = fn(m)NY" and L={a | d' € L'}. If L' =0, then q,
is actually an FNM process and the required transition is exactly q; AN q2, with g
also an FNM process by Proposition 7.3. On the contrary, if L' # 0, then a & fn(m;)
forall a € L, because m; is admissible, so that a € n(c). Moreover, by Proposition

7.26, also t{L/L'} is derivable, and the same proof of transition q) — g can be

Ljr
used to prove that transition q1{L/L'} oL @2{L/L'} is derivable by the rules in
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Table 7.3; note that 6{L/L'} = o, as 6 € </ ; moreover, qi{L/L'} and g;{L/L'} are
FNM processes, as, fori=1,2, fn(q;) = fn(dec(gi)) = fn(m;) by Lemma 7.7, and
so all the restricted actions a’ occurring in q; are turned into their corresponding ac-
tion a in q;{L/L'}. Finally, by rule (Res), also (vVL)(qi1{L/L'}) -+ (vL)(q2{L/L'})
is derivable, where, for i = 1,2, (VL)(q;{L/L'}) is an FNM process. Note that
dec((VL)(qi{L/L'})) = mi, as dec((VL)(q:{L/L'})) = dec(q:{L/L'}){L'/L} by
definition of function dec, and dec(q;{L/L'}){L'/L} = dec((q;{L/L'}){L'/L}) by
Lemma 7.6, and dec((q;{L/L'}){L'/L}) = dec(q;) = m; by Proposition 6.3 (ex-
tended to FNM). a

Now we want to prove that if we start from a well-behaved set of places, then we
can statically reach only well-behaved sets of places.

Proposition 7.28. If t = m| — my is derivable by the rules and dom(m,) is well
behaved, then dom(my) is well behaved.

Proof. By induction on the proof of t. For axiom (pref), m; = {..p}, 6 = U and
my = dec(p). Since dom(my) is well behaved, we have that wf(lL.p) holds; and this
holds only if wf(p) holds, too. The thesis then follows by Theorem 7.7. For rule
(sumy), my = {p+q} and the premise transition is {p} s my. Since dom(my) is
well behaved, we have that wf(p+ q) holds; and this holds only if wf(p) holds,
too, so that dom({p}) is well behaved, too; therefore, induction can be applied to
the premise transition to conclude that dom(my) is well behaved, as required. The
cases of rules (sumy), (cons) and (s-pref) are similar, hence omitted. For rule (s-
com), my =m\ & m/|, my = my &mY and the premise transitions are m/, a, ml, and
m'/ 22 my, with ad(my ®m/) and Sync(01, 02, 0). Since dom(m,) is well behaved,
we have that dom(m)) and dom(m/) are well behaved, too, so that, by induction,
we can conclude that dom(ml,) and dom(m)) are well behaved; as a consequence,
also dom(my) is well behaved, as required. 0

Corollary 7.2. If S is well behaved and S| =" Sy, then Sy is well behaved.

Proof. By induction on the static reachability relation =—*. The base case is
S1="*81 and it is trivial. The inductive case is S| —"S;_i :t>Sk, for some
t=m i>m2 in Tpny. By induction we can assume that Sy is well behaved.
Since t is statically enabled at Sy_, we have that dom(m) C Sy_1, so that also
dom(my) is well behaved. By Proposition 7.28, also dom(my) is well behaved, so
that Sx = Sy_1 Udom(my) is well behaved, as required. a

Now we want to prove that when a transition m %5 m' has a well-behaved pre-
set, then & can be the invisible action 7, or a single output 7 € ¢, or a sequence
of (possibly restricted) inputs in ¢*. Moreover, if ¢ € ¥, then the pre-set m; is
actually a singleton.

The following lemma makes use of function In(—), defined over sequential pro-
cesses in syntactic category s in Section 7.1.3, and extended to process constants as
follows: In(C) = In(p) if C = p, since p is in syntactic category s.
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Lemma 7.10. For any s € Spyy and for any & € /7, transition t = {s} —m is
derivable if and only if ¢ € In(s).

Proof. By induction on the proof of t and on the definition of In(s). a

Proposition 7.2& Ift =m 9, my is derierbIe by the rules and m is well behaved,
then 6 € {t} UG UY™. Moreover, if 6 € 94, then |*t| = | and the proof tree for t
does not contain any transition with a label different from o itself.

Proof. By induction on the proof of t. We proceed by case analysis. If m; = {u.p'},
by axiom (pref), {w.p'} > dec(p') is derivable, so that u € {t} UG UG+ and
lmi| = 1; if u € 9, then the proof tree of the transition does not contain any transi-
tion with a label different from U itself.

Ifmy ={p1+p>}, thenm LN my is due to either rule (sumy) or (sumy); w.Lo.g.,
assume that (sumy ) is used; in this case, the premise transition must be {p; } BN mo;
since dom(my ) is well behaved, wf(p1 + p2) holds, and this holds only if also wf(p1)
holds; therefore, induction can be used to conclude that all the requirements of the
proposition are satisfied for o; in particular, if 6 € 9, then |my| = 1 and the proof
tree of the transition does not contain any transition with a label different from ©
itself.

The case when m| = {C} is analogous to the above, hence omitted.

Ifmy = {y.p1}, then my == my is due to rule (s-pref), with premise {p; } i)mg
such that yo 6’ = 6. By Lemma 7.10, ¢’ € In(p)); since dom(my) is well be-
haved, wf(y.p1) holds, and this holds only if also wf(p1) holds and, moreover,
In(p1) C{t}UY™; therefore, 6 € 4™, and so the requirements of the proposition
are satisfied for o.

If my is not a singleton, then m %y my is due to rule (s-com); the two premise
transitions are m, ~ mly and m!! =% ml}, with Sync(Gy,02,G), m; = m, ®m’ and
my = mb, &m)y. As dom(my) is well behaved, also dom(m)) and dom(m'') are well
behaved; so, induction can be applied to conclude that 6| and o, satisfy all the
requirements of the proposition. In particular, by definition of Sync, either 6| or 0,
is Y for some y € ¢4, and the other one is 'y or an atomic sequence starting with
y; w.lo.g., assume 6\ =7 (and so, by induction, |m| =1) and 6, =7, if 6 =7,
or 0y = Y0o. In the former case, the requirements of the proposition are trivially
satisfied for ¢ = T; in the latter case, 6, € £, so that also 6 € £, and so all
the requirements of the proposition are satisfied for G. a

Corollary 7.3. If transition t = (my,7Y,my) is derivable by the rules of Table 7.13
Sfrom a well-behaved dom(my ), then m) is a singleton. If transitiont = (m,06,my) is
derivable by rule (s-com) from a well-behaved dom(my), then my is not a singleton
and o € {t}U¥YT. 0

Remark 7.4. By the proof of Proposition 7.29 and by the corollary above, it is

clear that any transition = m —%5 my derivable from a well-behaved set of places
dom(my) is such that in the proof tree for z, whenever rule (s-com) is used with
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premise transitions #; and #,, at least one of the two, say #; w.l.o.g., is such that
*t1 is a singleton and I(#;) is a single (possibly restricted) output action in . That
is, any derivable transition ¢ from a well-behaved set of places dom(m,) is such
that one sequential process s € dom(m) acts as the leader of the synchronization
by performing one (possibly restricted) input (if the synchronization is binary) or
an atomic sequence of (possibly restricted) inputs (if the synchronization is multi-
party), while the other sequential components each contribute with a single (possibly
restricted) output action, acting as servants. a

We now want to prove that for any finite, well-behaved set of places S C Sgyar,
the set of transitions statically enabled at S is finite. An auxiliary lemma is neces-
sary. Given a single place s € S, by s -t we mean that transition t = ({s},o,m) is
derivable by the rules in Table 7.13, hence with o € «77.

Lemma 7.11. The set Ty = {¢ | st} is finite, for any s € Spyuy-
Proof. By induction on the axiom and rules in Table 7.13. a

Given a finite, well-behaved set of places S C Spyuy, let Tls be Uses I, 1.€., the set
of all transitions, with a singleton pre-set in S, derivable by the rules with labeling
in /7. The set TIS is finite, being the finite union (as S is finite) of finite sets (as 7§
is finite for any s, by Lemma 7.11).

Let k € N be the length of the longest label of any transition in TIS . Remark 7.4
explains that if a multi-party transition ¢ is derivable by the rules from the well-
behaved set S, then its proof contains k synchronizations at most, each one between
a transition (labeled with a sequence of inputs) and a singleton-pre-set transition
(labeled with a single output action); hence, at most k 4 1 participants can take part
in a multi-party synchronization. Therefore, the set of all the transitions statically
enabled at a finite, well-behaved set S can be defined by means of a sequence of sets
Tl-S of transitions, for 2 < i < k+ 1, where each transition ¢t € Tis has a pre-set °f of
size i, as follows:

TiS = {(m ®my,0,m| dm)) ‘ ad(m ®my),
d013y.(my, 01,m)) € TS |, (ma, 7,mh) € TS, Sync(61,7,0)}.
Note that 73 is finite, because 7} is finite; inductively, 7;% ,, for 2 < i < k is finite,

because 7}5 and 77 are finite. In conclusion, the set T of all the transitions statically
enabled at S'is

k+1
To={t | te |JTPnit) e &},
i=1
where only transitions labeled over .«7 are considered. Ty is finite, being a finite
union of finite sets; therefore, we have the following result.

Theorem 7.9. If S C Spyu is a finite, well-behaved set of places, then set Ts C Trym
of all the transitions statically enabled at S is finite. ]
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Example 7.8. (What can go wrong for a non-well-behaved set?) Consider the
process p = (va)(a.0](a.a.0]a.0)), discussed in Example 7.7, which is not well
formed because of the subterm o’.a’.0. As p is not well formed, we have that
dec(p) =d 0@ d .a’ 0@ a .0 is not well behaved. It is easy to observe that transition
H=d08d.d0sd.0 50is derivable, because first we synchronize d'd’ with
d', yielding o/, which is then synchronized with «’, yielding . However, the occur-
rence of action @’ produced by the first synchronization may be used to synchronize
an additional sequence @’a’, yielding o’ again. Therefore, it is not difficult to see that
alsot, =d 0@ n-d.d .0®a’ .00, is statically enabled at dom(dec(p)), for any
n > 1. Hence, the set of transitions statically enabled at dom(dec(p)) is infinite. O

Example 7.9. (1/3 Semi-counter) Continuing Example 5.13, let us consider a semi-
counter such that three occurrences of inc are needed to enable one dec, whence the
name 1/3 semi-counter. The well-formed process p = (vc)A, where

A =inc.(A|(c.c.dec.0+7¢.0))

is a 1/3 semi-counter, indeed. The initial marking my is dec(p) = dec((vc)A) =
dec(A){c'/c} = {A}{c'/c} = {s1}: place s is the extended, sequential process
A /cy» where the constant Ay /) is obtained by applying the substitution {¢’/c}
to the body of A:

A{C//C} = il’lC.(A{C//C} | (Q’g’decﬂ+?0))
Then, let Sy = dom(mg) = {s1}. The set of transitions statically enabled at S is

TIS0 = T, = {1}, where the only transition is #; = {s1} ne, {s1,82}, with s,
c.c'.dec.0 +C'.0. Therefore, the new set of statically reachable places is S| =
{s1,52}. Note that s, can produce two transitions in Tj,, namely 1" = {5} Clidef@
and 1" = {s,} 5 0, but neither is labeled over .<7. Since the longest label has length
3, we have to compute the sets Tl.sl fori=1,...,4:

TIS1 ={n,' 1"},

T2S1 = {t""}, where 1" = ({s2,52},c'dec,0),

T3Sl = {ty}, where 1, = ({s2,52,52},dec,0), whose proof is shown in Table 7.15,

' =0.

Hence, Ts, = {t1,12}, as these two are the only transitions labeled over «7. As t,
does not add any new reachable place, we have that Sy is the set of places statically
reachable from the initial marking, and Ty, is the set of transitions statically enabled
at S7. This net is depicted in Figure 7.1. ]

7.4.4 The Reachable Subnet Net(p)

The P/T net system associated with a process p € Pryy is the subnet of Npyy
statically reachable from the initial marking dec(p), denoted by Net(p).
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(pref) —_—
ey __1dec:0) )
cd
— {c'.dec.0} %0 ey
a1 dec0) cdecy 0
sum; sump) —M— —
dddec K — 7
— 0 —0 .0} —0
(s-com) {SZ} - {52} (sumy) 7{ } =
{SQ,Sz}ﬂm {52} -0
(s-com)

{sz,sz,sz}ﬂ)(b

Table 7.15 The proof of a net transition, where s, = ¢’.c’.dec.0+¢.0

inc
52

dec

Fig. 7.1 The P/T net for the 1/3 semi-counter

Definition 7.3. Let p be a process in Zryy. The P/T net system statically associ-
ated with p is Net(p) = (S,,Ap, Ty, mo), where mg = dec(p) and

S, = [dom(mg)) computed in Npyy,
T, = {t € Trnm | Spl1)},
Ap={oe€ | It eT,suchthati(r)=0c}. O

The following propositions present three facts that are obviously true by construc-
tion of the net Net (p) associated with an FNM process p.

Proposition 7.30. For any p € Pryy, Net(p) is a statically reduced P/T net. O
Proposition 7.31. If dec(p) = dec(q), then Net(p) = Net(q). O

Proposition 7.32. For any restriction-free t € Py and for any L C L, the fol-
lowing hold.

i) If Net(t) = (S,A,T,mp), then, for any n > 1, Net(t") = (S,A,T,n-my), where
t'=tand " =t |1
ii) If Net((vL)t) = (S,A,T,mg), then Net ((VL)(t")) = (S,A, T,n-my), foranyn > 1.

Proof. If dec(t) = my, then dec(t") = n-mq. The thesis follows by observing that
dom(mg) = dom(n-my), so that the starting set of places from which to compute all
the statically reachable places is the same for both nets. Similarly, when considering
processes (VL)t and (VL) (t"). O
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Definition 7.3 suggests a way of generating Nez(p) with an algorithm based on
the inductive definition of the static reachability relation (see Definition 3.9): Start
with the initial set of places Sy = dom(dec(p)), and then apply the rules in Table
7.13 in order to produce the set T, of transitions (labeled over .«7) statically enabled
at Sp, as well as the additional places statically reachable by means of such transi-
tions. Then repeat this procedure from the set of places statically reached so far. An
instance of this procedure was given in Example 7.9. There are two problems with
this algorithm:

e the obvious halting condition is “until no new places are statically reachable”; of
course, the algorithm terminates if we know that the set S}, of places statically
reachable from dom(dec(p)) is finite; additionally,

e at each step of the algorithm, we have to be sure that the set of transitions deriv-
able from the current set of statically reachable places is finite.

We are going to prove only the first requirement — S, is finite for any p € Pryu
— because it implies also the second one for well-formed processes. As a matter of
fact, if p is well formed, then dom(dec(p)) is well behaved by Theorem 7.7, and so
is any set S of places statically reachable from dom(dec(p)) by Corollary 7.2; since
§ CS,, S is also finite, and so, by Theorem 7.9, the set Ts of transitions statically
enabled at the finite, well-behaved set S is finite, too.

Theorem 7.10. For any p € Pryy, let Net(p) = (Sp,Ap,Tp,mo) be defined as in
Definition 7.3. Then, the set S), is finite.

Proof. We prove, by induction on the static reachability relation =", that any set
S; of places, statically reachable from dom(my), is a subset of sub(dom(my)). This
is enough as, by Corollary 7.1, we know that sub(dom(mg)) = sub(dom(dec(p))) C
sub(p); moreover, by Theorem 7.1, sub(p) is finite and so the thesis follows trivially.

The base case is dom(mgy) =" dom(my). By Proposition 7.21, we have the re-
quired dom(mgy) C sub(dom(mp)). Now, let us assume that S; is a set of places

statically reachable from dom(mg) and let t = m; i>mg be such that S; SN Sit1.
By induction, we know that S; C sub(dom(my)). So, we have to prove that the new
places reached via t are in sub(dom(my)). Note that since dom(my) C S, it fol-
lows that dom(my) C sub(dom(mg)) and also that sub(dom(my)) C sub(dom(my)),
by Proposition 7.20. By Proposition 7.21, we have that dom(my) C sub(dom(my));
by Proposition 7.23, we have that sub(dom(my)) C sub(dom(my)); by transitivity,
dom(my) C sub(dom(my)), and so Siy1 = S;Udom(my) C sub(dom(myg)), as re-
quired.

Summing up, any place statically reachable from dom(my) is a sequential sub-
term of p. Since, by Theorem 7.1, sub(p) is finite, then also S, (the largest set of
places statically reachable from dom(my)) is finite. a

Theorem 7.11. For any well-formed FNM process p, Net(p) = (Sp,Ap, Tp,dec(p))
is a finite P/T net.

Proof. The set Sy = dom(dec(p)) is finite, by Proposition 7.19, and it is also well-
behaved by Theorem 7.7. By Theorem 7.9, the set T, of all the transitions statically



7.5 Representing All Finite P/T Nets 205

enabled at Sy is finite. Let Sy be the set of places Sy U UIGTSO dom(t®). If S| = So,
then S, = So and T, = Ts,.. Otherwise, repeat the step above for Sy; in fact, Sy is a
finite set of places, because Sy is finite, the set Ty, is finite and each transition has a
finite post-set; moreover, Sy is well behaved by Corollary 7.2. By repeating the step
above for S|, we compute a new finite set Ts, of transitions statically enabled at S,
and a new finite, well-behaved set S, of places statically reachable from S| via the
transitions in Ts,; if So = Sy, then S, = Sy and T, = Ts,. Otherwise, repeat the step
above for Sy. This procedure will end eventually because, by Theorem 7.10, we are
sure that S is a finite set. ]

Hence, only finite P/T nets can be represented by well-formed FNM processes.

7.5 Representing All Finite P/T Nets

It is not a surprise that all finite P/T nets can be represented by well-formed FNM
processes. The construction described in Section 6.5 for finite CCS nets is to be
modified non-trivially in order to cope with transitions having a pre-set of size larger
than two. However, the basic ingredients are all already present in the construction
of Section 6.5.

As for the previous case, the translation from nets to processes defines a con-
stant C; in correspondence with each place s;; the constant C; has a summand c{ for
each transition ¢;, which is 0 when s; is not in the pre-set of #;. The FNM process
Trnm(N(mg)) associated with the finite net system N (my), labeled over £ U {1},
has a bound name x{ for each pair (s;,t j), where s; is a place and ¢ is a transition;
such bound names are used to force synchronization among the components par-
ticipating in transition ¢; with pre-set of cardinality two or more. Among the many
places in the pre-set of ¢;, the one with least index i (as we assume that places are
indexed) plays the role of leader of the synchronization; the corresponding leader
constant C; has a summand ¢ containing the atomic input sequence needed for the
multi-party synchronization, such that each strong input prefix x,’l (for h > i) is syn-
chronized with the corresponding output X;l perfqrmed by the servant pgrticipant of
index h; in case °7;(s;) > 2, then the summand ¢ is actually a sum of X{.0 with the
atomic input sequence, so that one instance of C; acts as the leader, while the others
are servants.

Definition 7.4. (Translating finite P/T nets into well-formed FNM processes)
Given A C 2 U {1}, let N(mp) = (S,A,T,mp) — with S = {s1,...,8,}, T =
{t1,....,tx}, and I(z;) = p; — be a finite P/T net. Function Jrnp(—), from finite
P/T nets to well-formed FNM processes, is defined as

Trvm(N(mo)) = (VL)(Ci|--+|C1 |-+ Gl -+-|C)

mo(sy) mo(sn)
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53

Fig. 7.2 A simple net

where L = {x},...,x},x3, ... %2 ... ,xk, ... %k} is such that LNA = 0, each C; is

equipped with a deﬁning equation C; = ¢} +---+ck (with G; = 0 if k = 0), and
each summand ¢/, for j = 1,...k, is equal to

o 0,ifs; &°t);

o W 0Ty if *1; = {si}:

° J .0, if °¢;(s;) > 0 and *¢;(sy) > 0 for some i’ < i (i.e., s; is not the leader for the
synchromzatlon ont;);

° JH 'K{H ..... K{l xf M IT;, if °2j(s;) = 1 and s; is the leader of the syn-
W
t(siv1) *1(sn)
chronization (i.e., *¢j(sy) > 0 for no i’ < i, while *;(sy) > 0 for some i’ > i);
o X/.0+x/. - j xl’Jrl . .xl’le ..... x).-- x! ;. IT;, otherwise (i.e., s; is the leader
\W_/
L]
()=t *ti(sien) j(sn)

and °7(s;) > 2).
Finally, process IT; is Cy|-++|Cy [-++|Cy| - - |Cy, meaning that IT; = 0if 1; = 0. O
—— N——
15 (s1) 15 (sn)

Example 7.10. Consider the net N(my) of Figure 7.2, where transition #; is labeled
with a, t; with b and #3 with c. Applying the translation above, we obtain the well-
formed, FNM process

Trnm(N(mo)) = (VL)(Cy |C1[C1 | G2 | Cy)

3
where L = {x},x},x},x},x3,x%,x3,23,x3}, and

C = (X}.(H—;} .a.Cl)—|—(X%.0+)£%.J£%.§%.b.0)+§%.§%.C.C3,
Cy = 0+33.0+5.0,
C; = 0+0+0. O

Note that Jgynpy (N (mp)) is an FNM process: in fact, the restriction operator oc-
curs only at the top level, applied to the parallel composition of a finite number of
constants; each constant has a body that is sequential and restriction-free. Note also
that T (N(mp)) is a well-formed process: in fact, each strong prefix is a bound
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input x{ , and any sequence ends with an action i; € A, which is either an input or
7; hence, no atomic sequence ends with an output. Therefore, the following propo-
sition holds by Theorem 7.11 and Proposition 7.30.

Proposition 7.33. For any finite P/T Petri net N(my), the net Net(Trnp(N(mgp)))
is a finite, statically reduced P/T net. ]
Moreover, Trnyu(N(myg)) is output-closed, as fn(Trym(N(mo))) NZL = 0; in
fact, any output occurring in this term is of the form X/ for suitable i and j, and such
a name is bound.
Now we are ready to state our main result, the so-called representability theorem.

Theorem 7.12. (Representability theorem 5) Ler N(mg) = (S,A, T, mp) be a finite,
statically reduced P/T net system such thatA C £ U{t}, and let p = Tryy(N(mp)).
Then, Net(p) is isomorphic to N(myg).

Proof. Let N(mg) = (S,A,T,mg) be a reduced, finite P/T net, with S = {s1,...,8n},
ACZU{t}, T={t,...,tx} and I(tj) = u; for j=1,...,k. The associated FNM
process is

Trnm(N(mo)) = (VL)(Ci[--+|Cy |-+ |Gyl -++[C),
——— ———
mo(s1) mo(sn)

where L = {x},... x} x ... x2 .,x’f,...,xﬁ}, LNA =0, and for each place s;

o3 Xy B
we have a corresponding constant C; = ):‘,I;ZI c{ , defined as in Definition 7.4. For
notational convenience, Z];:1 c{ is denoted by p;, i.e., C; = p;, for the same reason,
we use p to denote Ty (N(mo)).

Let © = {L'/L} be a substitution that maps each bound name x| to its corre-
sponding restricted name x;J in fori=1,....nand j=1,... k. Let Net(p) =
(8", A", T",my). Then, m, = dec(p) is the multiset

dec((vL)(C1|--~\C1|---|Cn|-~~|Cn))=d€C(C1|--~\C1|---|C,,|-~~|Cn)9 =
N—_—— N—— N—— N——

mo(sy) mo(sn) mo(sy) mo(sn)

my(s1)-C1O@ - Bmo(sy)-Cyb,

where C;0 gives rise to the new constant C; g = p;0. Hence, the initial places are
all of the form C;0, where such a place is present in my, only if mo(s;) > 0.

Note that, by Definition 7.4, any transition ' € T' with *t' C dec(p) is such that,
for some suitable j, 1" = dec(I1;)6, and so equal to ki -C10 G kr-C,0 ... Bk, -C,0
for suitable k; > 0, i = 1,...,n; by iterating this observation, each transition in T’
has a post-set of the form dec(I1;)0, for some suitable j =1,... k. Hence, each
statically reachable place s’ in S' is of the form C;0. Moreover, by Proposition 7.33,
Net(p) is statically reduced, implying that all the C;0’s are statically reachable, for
i=1,...,n. Hence, there is a bijection f : S — S’ defined by f(s;) = s; = C;0, which
is the natural candidate isomorphism function. To prove that f is an isomorphism,
we have to prove that
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1. f(mo) = my,

2.t=(myu,m') €T implies f(t) = (f(m),u, f(m")) € T', and

3.1 = (m),u,mh) € T" implies there exists t = (my,u,my) € T such that f(t) =t',
i

e., f(my)=m| and f(my) = mb.

From items 2) and 3) above, it follows that A = A'.

Proof of 1: Let my = ki -s1 Dky-s2® -+ Dky - sp, where ki = mo(s;) > 0 for
i=1,...,n. The mapping via f of the initial marking my is

f(mo) =k -f(sl)@“-@kn f(s,,) =k-CitO06d---Dk,-C,0
=dec(Cy[-+-|Cy|+++|Cy|-+-|Cp) O = dec(p) = my,
—_——— —_——
ky times ky times

Proof of 2: We prove that, for j =1,....k, if t; = (m,u;,m") € T, then t
(f(m),uj, f(m')) € T'. We now examine the posstble cases, by inspecting the shape
of °tj. Let us examine the three cases separately:

o °tj = {s;} and so f(°tj) = {Ci0}. By Definition 7.4, for C; = p;, we have
in pi a summand ¢} = W;.II;, with IT1; = Cy|---|Cy |-+ | Cy| -+ |Cp. Therefore,
—— ——
m'(sy) m' (sn)
not only transition {CJ}Ldec(Hj) is derivable by axiom (pref), but also
{pi} A, dec(I;) is derlvable by (possibly repeated applications of) rules (sumy)
and (sumy), and so {C;} A, dec(I1;), by rule (cons). Hence, by Proposition 7.26,

{C:0} idec(ﬂ )0 is derivable, as |; & L. In conclusion, starting from transi-
tiont;= ({si}, j,m’), we have shown that transitiont; = ({C;0 }, ;,dec(I;)0),
with f(m') = dec(I1;)0, belongs to T', as required.

o °tj=s;®m, such thatm(sh) > 0onlyifh>i(ie., s;is the leader and *t;(s;) = 1),
and so f(°tj) = C;0 @ f(m). By Deﬁnition 7.4, for C; = p;, we have in p; a

summand Cll =x x] ;. I0;, such that {cj} —)dec(Hj) is

1

m(sit1) (sn)
derivable by repeated appltcatlons of rule (s-pref), starting from one instance

of axiom (pref), namely {;.I1; }—>dec( i), where © is the atomic sequence
of the strong input prefixes endmg with [, but also, by (possibly repeated ap-

plications of) rules (sum) and (sumy), {p;} —>dec( ;) is derivable, and so
{Ci} %> dec(IT;) by rule (cons). Each Cy, such that ii(s,) > O contributes its

: ; o
summand c;l = chl.(), so that {Ci} —"0 is derivable by axiom (pref), bu; also,
-
by (possibly repeated applications of) rules (sumy) and (sumy), {pp} T s

~/
derivable, and so {Cy,} iy 0, by rule (cons). Therefore, by repeated applications
of rule (s-com), the transition {C;} =+ dec(IT;) can be synchronized with each
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x
instance of {Ch} —"5 0 for each suitable h, so that at the end we get the tran-
sition dec(P )—>dec(1'Ij), where P; = (Ci|Cit1| -+ |Cig1 |-+ |Cnl---|Cp) and
’ N———— N—_——

(siv1) (sn)
ITj = (Cy|---|C1 |- |Cp|---|Cp). Finally, also transition dec(P;)0 i>dec(I"Ij)6
—— N——
m'(s1) m'(sn)
is derivable by Proposition 7.26, as uj € L, where dec(P;)0 = f(s; @m) =
f(°t;) and dec(I1;)0 = f(m') = f(t}). In conclusion, starting from transition
tj = (si®m,u;,m'), we have shown that transition t; = (f(s; ©m), u;, f(m'))
belongs to T', as required.

o °tj=k-s;®m, such thatm(s,) > 0 only if h > i (i.e., s; is the leader and °t;(s;) =
k>2), andso f(°tj) =k-C; G@f( ) Accordlng to Definition 7.4, for C; = p;, we
have in p; a summand c! —x’ 0+x/. J le+1 le+1 ..... xhoo kw1

H,_/ —————— H/—/

k—1 m(sit1) m(sn)
with ITj = Cy|---|Cy |-+ |Gyl - - |Cp. Of course, {cj} H(b is derivable by ax-
——— R,_/
m'(s1) m' (sn)
%
iom (pref) and rule (sum;), so that {p;} N} by (possibly repeated applica-

!
tions of) rules (sumy) or (sumy), and, finally, {C}—>(D by rule (cons); ac-

tually, k — 1 instances of C; will perform this transition; one single instance
of Ci will perform {C;} ~=dec(II;), where G is the atomic sequence of the
strong input prefixes starting with k — 1 occurrences of action x{ and ending
with W;, which is derivable by rule (cons), then by (possibly repeated appli-
cations of) (sumy) or (sumy), then by one application of (sumy), then repeated
applzcanons of rule (s-pref), starting from one instance of axiom (pref), namely

{u;.10;} A, dec(I1;). Moreover, each Cy, such that m(sy) > 0 contributes a tran-

x’
sition {Cy,} —50, as discussed in the previous item. Therefore, by repeated ap-
plications of rule (s-com), the transztzon {ci} s dec(IT ;) can be synchronized

with the k — 1 instances of {C;} —>(Z) and with all the other transitions of the

form {Ch} —>® for each suitable h, so that at the end we get the transition
dec(P )—>dec( i), where Pj = (Cj|---|Ci|Cit1|---|Ciy1|---|Cp|---|Cp) and
—_——— ———— ———

k m(sit1) m(sn)
IIj = (Ci|---|Ci |-+ |Cy| - -+ |Cy). Finally, also transition dec(P;)0 i>dec(1'Ij)9
——— ——
m'(s1) m'(sn)

is derivable by Proposition 7.26, as |; ¢ L, where dec(P;)0 = f(k-s; ®m) =
f(°t;) and dec(I1;)0 = f(m') = f(t}). In conclusion, starting from transition
tj=(k-si®m,u;,m'), we have shown thattmnsztlont (f(k-sim),u;, f(m'))
belongs to T', as required.
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Proof of 3: We prove that if t; = (m}, j,mj) € T', then there exists a transition
tj=(my,1j,my) € T such that f(my) =m and f(my) = m}. This is proved by case
analysis on the three possible shapes of the marking m', which can be {C;0}, or
dec(P;)0, where P; = (G| ---|Ci | Ciy1|- - |Ci1 |-+ | Cul - - |Cp), with either k; = 1,

—_—— —— N——

ki kit1 kn
ork; > 2.

o If my = {C;0} for some i=1,....n, then t; = {C;0} i>m'2 By Proposition

7.26, also transition {C;} H, m}j is derivable, with m0 = m),. According to Def-
inition 7.4, such a transition is derlvable by the rules only lf among the many
summands composing p;, there exists a summand c = u;.II;, which is possi-
ble only if in N(mg) we have a transition t; with *t; = {s;}, f({si}) = {C;6},
f(t7) = dec(I1;)0 = m and I(t;) = W;, as required.

o Ifm =CiO®kit1-Ciy10®...8k,-C,0 for somei=1,...,n, thenfrom transi-
tion t; = m Lm’z, we get also transition C; ® ki1 -Ciy1 D ... Dk, - Cy —>m2,
with my@ = m), by Proposition 7.26. According to Deﬁnmon 7.4, such a tran-
sition is derivable by the rules only if among the many summands composing

Di» there exists a summand c{ = 1{ SRTEEE xJ X)W I1j, such that
\W_/

kit1 Kn
{Ci} i>dec(I"Ij) is derivable, where © is the atomic sequence of the strong
input prefixes ending with |;; and moreover, each Cy, with h > i, such that

x{l occurs in ©, has a summand c, =x 0, so that {Cn} —>0 is derivable.

These summands are present only if in N (mo) we have a transition t; with
*tj =i Dkivt si1 D ... Dky sy, f(°;) = my, f(t7) = dec(I;)0 = m and
I(tj) = uj, as required.

o Ifm) =ki-CiO®Dkip1-Ciy10D...Dk,-C,0, withk; > 2, then from transition t} =
m Lm’z, we get also transition ki -C; D ki1 -Cip1 D ... 0k, -C, —>m2, with
mh 0 = m), by Proposition 7.26. According to Definition 7.4, such a transition
is derivable by the rules only if among the many summands composing pi, there
exists a summand ¢ =%.0+x].--- .x] .gfﬂ. s x/ xf M IT;j such

—— Hf—/
ki—1 kit kn
that {C;} BN dec(I1;) is derivable, where © is the atomic sequence of the strong

input prefixes starting with k; — 1 occurrences of xi and ending with |;; and also
<
X .

{Ci} — 0; and, additionally, each Ch, with h > i, such that x{l occurs in o, has a

summand ch = xh .0, so that {C,,} —> 0 is derivable. These summands are present
only if in N(mo) we have a transition t; with *t; = k;-s; @ kip1-5i1 D ... Dky -5y,
F(*t)) =my, f(t7) = dec(I1j)0 = m) and I(t;) = p;, as required.

No further cases are possible, because a transition t; = (mj, Wj,mb) € T must
be derivable by the rules. a
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Function Jgyu(—) can be applied to any finite P/T net N(mgp). However, if
N(myg) is not statically reduced, the representability theorem does not hold. Not
surprisingly, the same net discussed in Example 6.13 for the case of FNC shows the
problem also in this case.

In Remark 6.6 we argued that the extension of the approach described in this
section to communicating Petri nets, labeled over the set Act = £ U.Z U {1} of
structured actions and co-actions, is not trivial. First of all, we noted that the trans-
lation in Definition 6.12 is no longer accurate; the same example in Remark 6.6
applies also to the case of FNM. A possible solution to this more general problem
is outlined in Section 9.1.

7.5.1 Expressiveness

Two interesting results are proved in this section, by exploiting the representability
theorem above. First, the class of languages recognized by finite P/T nets, labeled
over £ U{t}, coincides with the class of languages recognized by finite CCS nets,
labeled over .2 U {t}. This is achieved by resorting to the encoding from output-
closed, well-formed FNM processes to output-closed FNC processes of Table 7.8 in
Section 7.2.1.

Theorem 7.13. (Finite P/T net languages = Finite CCS net languages) The class
of languages recognized by finite P/T nets, labeled over £\J{1}, coincides with the
class of languages recognized by finite CCS nets, labeled over £ U {1}.

Proof. By Definition 3.18, the language Ly recognized by a finite P/T system Ni(m;)
is the set of its weak completed traces, i.e., Ly = WCTr(IMG(Ny(m))). By The-
orem 7.12, the finite P/T system Ny(my) is represented, up to net isomorphism,
by the output-closed, well-formed FNM process p = Tryyu(Ni(my)), i.e., Ni(mp)
and Net(p) are isomorphic; hence, Ly = WCTr(IMG(Net(p))). By the soundness
theorem (Theorem 7.15) presented in the next section, we have that p, in the step
transition system semantics, is step bisimilar to dec(p), in the step marking graph
SMG(Net(p)), and so p and dec(p) are also interleaving bisimilar, by Theorem
7.5, hence WCTr(p) = Ly because interleaving bisimilarity implies weak completed
trace equivalence. By the encoding in Table 7.8, the term [p] is an output-closed
FNC process, such that WCTr([p]) = WCTr(p). By Corollary 6.3, the net seman-
tics of [p] is the finite CCS net Net([p]), such that its recognized language L, is
WCTr(IMG(Net([p]))). By Theorem 6.9 (soundness, up to step bisimilarity), [p]
in the step transition system and dec([[p]) in the step marking graph are step bisim-
ilar, and so also interleaving bisimilar by Proposition 6.7, hence WCTr([p]) = La
because interleaving bisimilarity implies weak completed trace equivalence. There-
fore, the thesis L1 = L follows by transitivity. For the reverse implication, let L, be
the language recognized by a finite CCS net system Np(my), labeled over £ \J{t}.
Since a finite CCS net is also a finite P/T net, L, is also a finite P/T net language. O
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The second result we want to show, by exploiting the representation theorem, is
that any finite P/T net, labeled over £ U {1}, is weak step simulation equivalent to
a suitable finite CCS net, labeled over .2 U {t}.

Theorem 7.14. For any finite P/T net system N(myo), labeled over £ \J{t}, there
exists a finite CCS net system N'(mj)), labeled over £ \U{t}, such that N(my) is
weak step simulation equivalent to N'(mj). ]

The proof is sketched below. Starting from a finite P/T net N(my) labeled over
ZU{r}, we get a well-formed, output-closed FNM process p = Trym (N(mp))
such that Net(p) is isomorphic to N(my), thanks to Theorem 7.12. We define a
Sorgetful encoding [—], mapping any output-closed, well-formed FNM process p to
the output-closed FNC process [p], by simply turning every strong prefix x! into
a normal prefix x/; the resulting term [p] is indeed an output-closed FNC process
and, by Corollary 6.3, Nez([[p]) is a finite CCS net. The step semantics of the FNC
process [[p]] and of its associated net Net([p]) is the same, up to step bisimilarity,
as proved in Theorem 6.9. Similarly, we shall prove in the next section that the
original net N(my) is step bisimilar to the STS associated with the FNM process
p. Therefore, in order to prove that N(myg) is weak step simulation equivalent to
Net([p]), we can simply work on the STSs for p and [p], hence taking advantage
of the process term representation of the two nets. Now, in one direction, consider
the relation

RY ={(q,[q]) | qis step reachable from p}.

It is an easy exercise to check that R} is a weak step simulation. Any step transi-

. M . . .
tion ¢ — ¢ that ¢ can perform can be mimicked by [¢] by implementing each
multi-party transition of ¢, labeled a in M, as a sequence of binary handshake com-
munications over the restricted actions, enabling the same action a as its last action;

hence, for some ¢ [q] == [¢"] M, [4']; this can be proved by induction on the

proof of transition ¢ —M>s q'. As the pair (p,[p]) belongs to R, we have that p is
weakly step simulated by [p]. In the other direction, consider the relation
RE ={(r,q) ‘ q is step reachable from p and r is step reachable from [¢]
by performing only synchronizations on restricted actions}.
Also in this case, it is not difficult to check that R'2’ is a weak step simulation. If r
performs a step M = M’ UM”", where M" contains all and only the synchronizations
on restricted actions, and in doing so it reaches 7/, then g responds by performing
the step M, reaching ¢/, so that r is step reachable from [¢'] by performing the
synchronizations specified in M”; hence, the pair (+,¢’) belongs to R}, as required.

This fact can be proved by induction on the proof of transition r *Mxy r'. As the pair
([»], p) belongs to RY, we can conclude that [[p] is weak step simulated by p. Sum-
ming up, p and [p] are weak step simulation equivalent, and so are the finite P/T
net N(myp) and the finite CCS net Net([p]).

The theorem above proves that multi-party communication (generating a label in
ZU{1}) can be implemented, up to weak step similarity, by binary handshake com-
munication. However, this implementation is not very satisfactory because weak
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(step) similarity does not preserve deadlocks, hence not even the weak completed
traces.* For instance, consider the net N (mg) = (S,A, T,mp), where S = {s1,52,53},
A={a,b}, my=s51Ds;®2-s3 and T = {11,1r}, with t; = (51 ®2 - 53,a,0) and
ty = (s2D2-s3,b,0)}. The associated FNM process p is (VL)(C; |C2 |C3|C3) where
L= {x},x},x},x},x3,x3}, and

C, = 5%.1%.6{.0—!-0,
Cy = 0+x3.23.0.0,
C; =%.0+33.0,
and its encoded FNC process is [p] = (VL)(C} |C, |C5|C5), where

C) = x}.xl.a.0+0,

Cy = 0+x3.43.0.0,

C} = %.0+33.0.

Now, [p] can perform the silent step {7,7}, and, in doing so, it reaches the
deadlock state (VL)(x}.a.0|x3.5.0|0]0): the two possible multi-party transactions
have been started but neither has been completed, because no atomicity mechanism
is available in FNC; on the contrary, p cannot silently reach a deadlock state.

7.6 Soundness

In this section, we want to prove that the operational net semantics preserves the
step semantics of Section 7.3. More precisely, we want to show that any FNM pro-
cess p, in the STS semantics, is step bisimilar to dec(p) in the step marking graph
SMG(Net(p)).

Lemma 7.12. For any p € Prym, any G € Mfin(Trnu) and any M € B, if
dec(p)|GYm and MSync(1(G),M), then there exists G’ such that dec(p)[G'Ym and
1(G) =M.

Proof. By induction on the size of G. If |G| = 1, then only MSync(I(G),1(G)) holds
and the thesis follows trivially by choosing G' = G. If |G| = n > 1, then two sub-
cases are in order: either there are no synchronizable 61,0, € I(G), or there exists
o such that Sync(o1,02,0) holds for some {01,062} C I(G). In the former case,
only MSync(1(G),l(G)) holds and the thesis follows trivially. In the latter case,
besides the trivial case MSync(1(G),1(G)), we have to investigate also the follow-
ing: take two transitions t| and t in G such that 1(t;) = o;, for i = 1,2. Then, take
the step G = (G\ {t1,12}) U{t1 |12}, where transition t| |t = (*t) & *tr, 0,1} &13)
is derived by rule (s-com) with t; and t, as premises.> Clearly, also dec(p)[G)m

4 In Table 7.8 of Section 7.2.1, we showed a different encoding from well-formed, output-closed
FNM processes to output-closed FNC processes, where possibly concurrent actions are strictly
sequentialized, but which preserves the weak completed traces.

3 Of course, ad(*t; @ °12) holds because *t; @ *t; C dec(p), which is admissible.
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and |G| < n, so that induction can be applied to conclude that for any M such

that MSync(1(G),M), there exists G' such that dec(p)|G')m and [(G') = M. Note
that also MSync(1(G),M) holds, because MSync(I(G),M), so that the thesis fol-
lows trivially for the chosen G. Since this argument can be repeated for any pair
of transitions t| and tp in G such that l(t)) = o) and [(ty) = 03, for some synchro-
nizable 61,0, € I(G) (hence, for any G of the form above), we can conclude that
the thesis holds: if dec(p)|G)m and MSync(I(G),M), then there exists G' such that

dec(p)[G'Ym and I(G") = M. 0

Proposition 7.34. For any p € Ppny, if p —M>S D', then there exists a step G, with
1(G) = M, such that dec(p)[G)dec(p’).

Proof. By induction on the proof of p —M>s p'. The proof is very similar to the anal-
ogous Proposition 6.24, so we describe only a few cases.

If the last rule used in deriving p —M>S p'is (S-Pref), then M = {a o G} for some

suitable a and o, p must be a.q and the premise transition is q ﬁ s P'. By induction,
we know that dec(q)[{t'})dec(p') with 1(t") = ©. Since q is sequential, this step is

possible only if t' = {q} N dec(p') is derivable by the rules in Table 7.13; hence,

by rule (s-pref), also the net transition t = {a.q} =% dec(p') is derivable, and so
the singleton step dec(a.q)[{t})dec(p’) is also derivable, as required.

Ifthe last rule used in deriving p M P is (S-Com®), then p = p1 | p2, p' =P | Ph

and the two premises are p) ﬂs P\, p2 &75 ph, with MSync(M; & Mp,M). By in-
duction, we have dec(py)[Gy)dec(p}), with [(Gy) = M, and dec(p2)[G2)dec(ph),
with [(G2) = My; therefore, dec(pi | p2) = dec(p1) & dec(p2)|G1 & Ga)dec(p') &
dec(ph) = dec(p) | p5). By Lemma 7.12, since MSync(I(Gy & G2),M), there exists
a step G' such that dec(p1 | p2)|G')dec(p| | pb) and I(G') = M, as required. m

Proposition 7.35. For any p € Pryy and any G € M fin(Trnm), if dec(p)|G)m,
then there exists p' € Pryy such that p M p', with(G) =M and dec(p') = m.

Proof. By induction on the definition of dec(p). The proof is very similar to the
analogous Proposition 6.25, so we describe only a few cases.

If p = a.q, then dec(p) = {a.q}. If {a.q}|G)m, then G is a singleton {t}, with
t = ({a.q},0,dec(p’)) for some suitable ¢ and p', because, by Proposition 7.24,
the post-set of any derivable net transition is admissible and, by Theorem 7.6, any
admissible marking is complete. The proof of the net transition t can be mimicked

by the corresponding rules in Table 7.10 to produce the transition pﬁs P, as
required.

If p = p1| pa, then dec(p) = dec(p1) ®dec(pz). The following three sub-cases
are possible:

(i) dec(p1)[G)my and m = my @ dec(p2): in such a case, by induction, we know

that there exists p' such that p, M, Py, with [(G) = M and dec(p)) = my; there-

fore, by rule (Par}), also pi|p> —M>s Py | p2 is derivable, with dec(p) | p2) = m, as
required.
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GSync(G@{t},G’) t=("n @'lz,ﬁ,t]'@lz') I(t;j) =0; Sync(o1,02,0)
GSync(G,G) GSync(G® {t1,1},G')

Table 7.16 Step transition synchronization relation

(ii) dec(p2)|G)my and m = dec(p1) ©my: this is the symmetric case of the above,
hence omitted.

(iii) there exist two steps G| and G, such that dec(py)[Gi)m, dec(p2)[G2)ma,
with [(G1) = My, [(G2) = M, m = my @ my and GSync(G) ® G2, G), where rela-
tion GSync(—) of Table 7.16 mimics, over multisets of transitions, what relation
MSync(—) does over multisets of labels, so that MSync(M, & Mz, M) holds, too. In

this case, by induction, we know that there exist p' and p', such that p; ﬂs Py
D2 %s ph, with dec(p)) = my and dec(ph) = my. By rule (S-Com®) of Table 7.10,
also p1| p2 M Py | Ph is derivable, with dec(p | p,) = m, as required. O

Theorem 7.15. For any p € Prnm, P ~step dec(p).

Proof. The relation R = {(p.dec(p)) | p € Prnm} is a bisimulation between

the step transition system €, " = (2" sort(p)s, =¥, p), originating from the
step semantics of Section 7.3, and the step marking graph SMG(Net(p)). Given

(p,dec(p)) €R, if p M, P, then by Proposition 7.34 we have dec(p)|G)dec(p’),
with [(G) = M and (p',dec(p')) € R; conversely, if dec(p)|G)m, with [(G) = M,
then, by Proposition 7.35, there exists p' € Pgyy such that p M panddec(p’) =
m, so that (p',dec(p’)) € R, as required. O

7.7 Denotational Net Semantics

The extension to FNM of the denotational semantics we have defined for FNC in
the previous chapters is not too complex; we have only to cope with multi-party
synchronization, so that the binary operator of synchronous product — ® — (see
Definition 6.13) is to be replaced by the unary operator of synchronous closure —%
(Definition 7.5 below). As for FNC, the correspondence with the operational seman-
tics is strictly preserved for restriction-free processes: the operational net Net(t) is
exactly the denotational net [t]y we are going to define. On the contrary, for a re-
stricted process p = (VL)t, we have the weaker result that Net(p) is exactly the
statically reachable subnet of [p]o.

Table 7.17 shows the denotational semantics for the empty process 0, for the ac-
tion prefixing operator, for the strong prefixing operator and for the constants. As
usual, the semantics definition [—]; is parametrized by a set I of constants that have
been already found while scanning p; such a set is initially empty and it is used to
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avoid looping on recursive constants. The definition is syntax driven and also the
places of the constructed net are syntactic objects, i.e., (extended) sequential FNM
processes. The definition for 0 is obvious: the associated net is empty. About the
semantics of the action prefixing operator, the only non-trivial aspect is that the
newly added transition ¢t = ({it.p}, 1, dec(p)) may be able to synchronize with the
transitions that are in the set 7”7, because we have to consider also all the possible
synchronizations that are statically enabled at the set [dom({u.p})) of the places
statically reachable from {u.p}; moreover, this new transition can trigger other syn-
chronizations involving more transitions in 7’, as Example 7.12 will show. The set
of all such transitions is denoted by ({t} UT’)®, where the auxiliary operation —%
of synchronous closure of a finite set of transitions is defined as follows.

Definition 7.5. (Synchronous closure) Given a finite set 7 C Tgyys of transitions,
we define its synchronous closure T® as the least set such that

T =TU{(*t1 ©°n, 0,1} ©13) |
t,h € T®,l(l‘1) = Gl,l(tz) = GQ,SyI’lC(O'l,O'LG)}. O

The set T® can be computed inductively by adding, step by step, new transitions
to the base, finite set 7', as the following chain of sets shows:

1y =T,
Tﬁl TPU{(*n @°*n,0,1;®1) |
1,1 € Tl@,l(tl) = Gl,l(tz) = Gz,SynC(O'l,Gz,O')} fori > 0.
Of course, T, C T}, for any i > 0; the computation will eventually end if there
exists an index j such that T]® = Tf_il. The following proposition states that this is
the case when the involved places constitute a well-behaved set.

Proposition 7.36. Given a finite set T C Tpypm, such that S = U,cp dom(°t) is well
behaved, then its synchronous closure T® is finite.

Proof. As for the proof of Theorem 7.9, the key observation is that for the well-
behaved set of places S, the longest label ¢ in T defines the largest number of
possible binary synchronizations forming one multi-party synchronization, as with
each synchronization the resulting synchronized sequence is shortened. If |o| =k,

®
then Tk = TkJrl O

Example 7.11. (What can go wrong for a non-well-behaved set?) Continuing Ex-
ample 7.8, let us consider the set T = {({a.0},4,0), ({a.a.0},qqa,0),({a.0},a,0)}.
Of course, S = |,y dom(°t) is not well behaved, because of the place a.a.0, which
is not well formed. The synchronous closure 7% is an infinite set; in fact, T

TU{(n-aa0®a.0,a,0) | 1 <n<k}U{(n-aa.00a.05a.0,7,0) | 1<n<k—1}

so that T C TkJrl for any k > 0.

The denotational definition for the strong prefixing operator is a bit involved:
besides (i) taking the place of p (if p # 0) — and the transitions having p in their pre-
set— in the resulting net only in case there is some transition ¢ producing at least one
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[0]; = (0,0,0,0)
[u.pli = (S,A, T, {n.p}) given [p]; = (S',A",T",dec(p)) and where
S={u.p}us’, t={u.p} u,dec(p))
T=({t}UT)® A=IT)
la.pl = (S,A,T,{a.p}) given [p]; = (S',A",T",dec(p)) and where

S={a.p}us”’, where
P IFeT t*(p) >0V p=0,
S\ {p} otherwise

A=I(T), T = (T UT")? where

I = {({Q'p}7a067m) ‘ ({p}707m) € T/}

o T’ FreT .*(p)>0V p=0,
T\ T\{reT’ | *t(p) >0} otherwise

[€]: = ({C},0,0.{C}) ifCel
ICly = (S,A,T,{C}) ifC &I, givenC = pand [plicy = (5,A", T, dec(p))
S={C}US", where

P N FeT .t*(p) >0V p=0,
S'\{p} otherwise

A=A", T =T"UT, where

o T’ IFeT .t*(p)>0V p=0,
T'\{t€T’ | *t(p) >0} otherwise

Tc={(n-C®m;,0,m) | (n-pemy,o,my)eT ,n>1}

T — {(n-Cdm;,0,m) €T ‘ mi(p)=0} ifpégs,
! Tc otherwise

Table 7.17 Denotational net semantics — part I

token in the place p (definition of the sets S” and T"), (ii) we have to consider the
new transitions with pre-set {a.p} in correspondence with the analogous transitions
with pre-set {p} (definition of the set 7;); and finally, (iii) we have to take the
synchronous closure of the set 7] UT” (see Example 7.13).

The denotational definition for the constant C, with C = p and C ¢ I, is the same
as for FNC: the only difference is that, in the definition of the set 77, now the pa-
rameter n can be an arbitrary number (for FNC, 1 <n < 2, because synchronization
is strictly binary) and |m| can be larger than one.

Table 7.18 shows the denotational semantics for the parallel operator and for
the choice operator. The case of parallel composition is easy: the net for p; | p is
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[pi|p2 = (S,A,T,mp) given [pi]r = (Si,A;, T;,m;) fori=1,2, and where
S=S1USy, mo=m@®myp, T =(Th LJT2)®7 A=I(T)
[pi1+p2lr = (S,A, T,{p1 +p2}) given [pi]r = (Si,A;, T;,dec(p;)) fori=1,2, and where

S={p1+p2} US| US,, with, fori=1,2,
;S 3t € T; such that t*(p;) >0 V p; =0,
! Si\{pi} otherwise

A=IT), T =(T{UT UT,UT)")® with, fori=1,2,

T/ — T; IeT.t*(pi)) >0V pi=0,
P m\{rerT; | *t(pi) >0} otherwise

T" = {(”'(Pl +p2)®m1767m2) { (”'pi®m1767m2) €Tin> 1}

1

pr_ JH- (it pa)@mio,m) €T | mi(pi) =0} if pi &S
! T+ otherwise

Table 7.18 Denotational net semantics — part II

Fig. 7.3 The P/T net for @.(b.0|a.b.0)

obtained by putting together the two nets of p; and p», by taking the multiset union
of the respective initial markings, and by making the synchronous closure of 71 U75.

The denotational semantics of p; + p; is also very similar to that for FNC; the
only difference is that the synchronous product (7] UT") ® (T3 UT}') is turned into
the synchronous closure (7 UT{" UTy UT,")®, since the transitions resulting from
a synchronization may be used to synchronize further some transitions from p; or
from p; (see Example 7.13).

A couple of examples may be useful to clarify the definitions of the various
operators in the denotational semantics.
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Fig. 7.4 The P/T net for a.b.a.0 +b.a.b.0
Example 7.12. Let us consider the sequential FNM process @.(b.0|a.b.0). Since
[0]; = (0,0,0,0), the net for b.0 is

[0.0]p = ({b.0},{b},{({b.0},b,0)},{D.0}), and so the net for a.b.0 is
la.b.0]p = ({a.b.0},{ab},{({a.b.0},ab,0)},{a.b.0}).

The net for 5.0 is

[0.0]o = ({6.0},{b},{({b.0},5,0)},{b.0}), and so the net for p = b.0|a.b.0 is
Irlo = ({0.0,a.b.0},{b,ab},{({b.0},b,0),({a.b.0},ab,0)},{D.0,a.b.0}),

where no synchronization is possible between the two transitions of the constituent
nets. Now the net for @.(5.0|a.0.0) is (S,A, T, {a.(b.0|a.b.0)}), where

(@.(6.0]a.b.0),5.0,a.b.0},
{@,ab,b,b,},

({tyuT")® ={r}uT' UT",
({a.(b.0|a.b.0)},a,{b.0,a.b.0}),

T" = {({b.0},b,0),({a.b.0},ab,0)},

T" = {({a.(b.0]a.b.0),a.b.0},b,{b.0,a.b.0}),
({a@.(.0|a.b.0),a.b.0,6.0},7,{b.0,a.b.0})},

which is depicted in Figure 7.3. Note that the synchronized transitions in 7" are
not executable from the initial marking mg = {@.(b.0|a.b.0)}; however, they are
statically enabled at [dom(mg)) = S and even dynamically enabled at the marking
{@.(b.0|a.b.0),a.b.0, b.0}, which is reachable from 2 - my. O

S
A
T

t

Example 7.13. Consider the FNM sequential process p = a.b.a.0 +b.a.b.0. The net
fora.0is [a.0]p = ({@.0},{a},{({a.0},a,0)},{a.0}), and so the net for 5.a.0 is
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[b.a.0]p = ({b.a.0,a.0},{b,a},{({b.a.0},b,{a.0}),({a.0},a,0)},{b.a.0}),
and so, the net for a.0.a.0 is [a.b.a.0]p = (S,A,T,{a.b.a.0}), where

S ={a.b.a0,a.0},
A = {a,ab,b},
T=(nur"®=nuT"uT"”,
nh = {({Q-b-a'0}7ab’ {50})}7
T" = {({5'0}7570)}3
7" ={({a.b.a.0,a.0},b,{a.0})}.
The net for a.b.0is [a.b.0]p = ({a.b.0},{ab},{({a.b.0},ab,0)},{a.b.0}), and so
that for b.a.b.0 is
[b.a.b.0]p = ({b.a.b.0,a.b.0},{b,ab},{({b.a.b.0},b,{a.b.0}),({a.b.0},ab,0)},
{b.a.b.0}).
Finally, the net for p = a.b.a.0+b.a.b.0 is [p]o = (S,A,T,{p}), where

S ={p,a.0,a.b.0},
A = {a,ab,b,b, 7},
T =(T/UT/UT,UT))* =TUT{UT;UTy UT",

Tl/ = {({5'0}7570)}3

7" = {({p},ab, {@.0}),({p,a.0},b,{a.0})},

7, = {({a.b.0},ab,0)},

T, ={({p},b,{a.b.0})},
{({p,p,a.0},7,{a.0,a.b.0}),({a.0,a.b.0},b,0),

T///

({p,a.0,a.b.0},7,{a.b.0})},

which is depicted in Figure 7.4. Note that the first transition (and the third one) in
T is enabled at a marking reachable from 3 - p. O

In order to prove that, for any restriction-free FNM process p, the operational
net Net(p) is exactly the same as the denotational net [p]y, we need five auxiliary
lemmata, dealing with Net(p,I), i.e., the operational net associated with p, assuming
that the constants in / are undefined.

Lemma 7.13. For any restriction-free process p, let Net(p,I) = (S',A’, T’ dec(p)).
It follows that Net(u.p,I) = (S,A,T,{u.p}), where S,A and T are defined as in
Table 7.17.

Proof. By axiom (pref), the only transition enabled at the initial marking {u.p} is
t = ({u.p},u,dec(p)). Therefore, all the places in dom(dec(p)) are (statically)
reachable from the initial marking {1.p} and so all the places in S are statically
reachable as well, as Net(p,1) is statically reduced. Therefore, S = {u.p}US’. Now,
since Net(W.p,I) is statically reduced, T is the set of all the transitions that are
statically enabled at S. Set T' contains all the transitions statically enabled at S/,
so the transitions that are statically enabled at S are exactly the set ({t}UT")®, as
required. a
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Lemma 7.14. For any sequential process p, let Net(p,I) = (S',A", T’ dec(p)). It
follows that Net(a.p,I) = (S,A,T,{a.p}), where S,A and T are defined as in Table
7.17.

Proof. By rule (s-pref), the only transitions enabled at the initial marking {a.p} are
those obtained with premise of the form ({p},o,m). These transitions constitute
the set Ty. Therefore, all the places in dom(m) are (statically) reachable from the
initial marking {a.p} and so all the places in S’ are statically reachable as well,
except possibly the place p itself, as Net(p,I) is statically reduced (definition of the
set S"). Therefore, S = {a.p} US". Now, since Net(a.p,l) is statically reduced, T is
the set of all the transitions that are statically enabled at S. Set T" contains all the
transitions statically enabled at S”, so all the transitions statically enabled at S are
exactly the set (Ty UT")®, as required. 0

Lemma 7.15. For any sequential FNM process p and constant C such that C = p,
let Net(p,1U{C}) = (S',A",T',dec(p)). It follows that Net(C,I) = (S,A,T,{C}),
where S,A and T are defined as in Table 7.17.

Proof. Analogous to the proof of Lemma 6.9 for FNC, and so omitted. a

Lemma 7.16. For any restriction-free FNM processes py and p, let Net(p;,I) =
(Si,A;, T;,m;), fori=1,2. It follows that Net(p1 | p2,I) = (S,A,T,mp) where S,A,T
and my are defined as in Table 7.18.

Proof. As dec(p;) = m; for i = 1,2, it follows that my = dec(p1 | p2) = dec(p1) ®
dec(p2) = my ® my. By induction on the static reachability relation dom(m; @
my) ="V, we shall prove that V.C S| US,. This is enough, because all the
places in Sy or Sy are statically reachable from dom(m) or dom(my), so that S
must be S;USy. The base case of the induction is dom(m; @ mp) ="* dom(m; ®
my) and this case is trivial: dom(my ®my) C §1US, because dom(my ® my) =
dom(my)Udom(my) and dom(m;) C S; for i = 1,2. The inductive case is as follows:

dom(m; ®my) ="V, == Vit1. By induction, we can assume that V; C S1US,, and
soV;= V1 U V2 wtth V’ C §; for i = 1,2. Now, by induction on the proof of t, we
show that dom( *)CS) USg, hence, the set Vi1 =V;Udom(t*) of places statically
reachable in one step from V; is a subset of S| US>, as well. Any transitiont € Tryy
is such that either °t is a singleton, and so *t C V! (for some i = 1,2), or, by rule
(s-com), there exist two transitions t| and t such that t = (°t; & *ty, 0,1} $15) and
Sync(l(t1),1(t2),0). In the former case, dom(t*) C S; because Net(p;) is statically
reduced. In the latter case, by induction on the proof of the transition t, we can as-
sume that dom(t?) C S US; fori= 1,2, and so dom(t} ©13) C S1USy, as well. As
a final observation, we note that if S = S; U S, necessarily T =(TyUD)®, where
the new transitions not in Ty UT> are derived by means of (possibly repeated appli-
cations of) rule (s-com). a

Lemma 7.17. For any sequential processes py and py, let Net (p;,I) = (S;,A;, T;,m;),
Sor i =1,2. It follows that Net(p + p2,1) = (S,A,T,{p1 + p2}) where S,A and T
are defined as in Table 7.18.
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Proof. From the initial marking {p1 + p2}, by rules (sum|) and (sumy), we can de-
rive only the transitions that are derivable from the places {p,} or {p>} (assuming
the summands are not the empty process 0). These transitions are included in the
sets T|' and Ty, respectively. Therefore, all the places reachable from the places pi
or py are also reachable from p| + pa, where the place py (or p3) is to be taken
only if it is reachable in one or more steps from py itself (or p; itself) — defini-
tion of the sets S| and S). Therefore, the set T of statically enabled transitions must
include the following: (i) all the transitions statically enabled at S| or at S), i.e.,
the sets T| and T, ; moreover, (ii) all the transitions with pre-set n- (p1 + p2) ®my,
in correspondence with the transitions with pre-set n- p; ®my for i = 1,2, i.e., the
sets T\ and T)'; finally, (iii) the synchronous closure of all such transitions: the set
(T UT"UT; UTY)®. It is possible to prove, by induction on the static reachability
relation =", that these additional transitions do not extend the set of reachable
places, as done in the proof of Lemma 7.16. Hence, both S and T satisfy the defini-
tion in Table 7.18, as required. O

Now we are ready to state the correspondence theorem, stating that for any
restriction-free process p, the net computed by the operational semantics is exactly
the same net computed by the denotational semantics.

Theorem 7.16. For any restriction-free FNM process t, Net(t) = [t]o.

Proof. By induction on the definitions of [t]; and Net(p,I), where the latter is the
operational net associated with p, assuming that the constants in I are undefined.
Then, the thesis follows for I = 0.

The proof, which exploits the five lemmata above, is very similar to that of the
analogous Theorem 6.10, and so omitted. |

The denotational semantics for the restriction operator is described in Table 7.19
and is very similar to that for FNC. The net [(va)p]; is essentially computed in
two steps starting from the net [p];: first, the substitution {a’/a} is applied element-
wise to all the places and transitions of the net for p; then, a pruning operation
—\ d is performed to remove all the relabeled transitions that are now labeled with
sequences containing occurrences of the restricted action @’ or . Differently from
the previous cases, now the places are extended sequential FNM processes.

We are going to prove that the statically reachable subnet of the denotational
semantics net is the operational semantics net for any restricted FNM process.

Lemma 7.18. For any FNM process p, let Net(p) = (S,A,T,mp). It follows that
Net((va)p) = Nets((Net(p){d'/a})\ d'), where (Net(p){d'/a})\d = (S{d'/a},
(A{d Ja})\ d',(T{d Ja}) \ d',my{d /a}), and the operations of substitution and
pruning are defined in Table 7.19.

Proof. By induction on the static reachability relation =", we can prove that the
set S(va)p of the statically reachable places of Net((va)p) is the subset of S{d’ /a}
of the places statically reachable from my{d'/a} in (Net(p){d'/a})\ d'. And vice
versa, the places statically reachable from mg{d’ /a} in (Net(p){d'/a})\ d consti-
tute exactly the set S(y,),. The details of the proof are very similar to the analogous
Lemma 6.12, and so omitted. |
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[(va)pl: = ([pli{a'/a})\d' = (S{d'/a},(A{d'/a})\ &', (T{d'/a})\a',mo{d’ /a})
given [pl; = (S,A,T,mo) where
S{d'ja} = {s{d'/a} | s€ S}
A{d /a} = {o{d Ja} | ceAl
(A)\d ={ceA | d ¢n(o)}
T{d [a} = {(mi{d /a},c{d [a},m:{d [a}) | (m,0,m>) €T}

(TH\d = {(m,0,m) | (m1,0,my) €T'Nd' €n(0)}

Table 7.19 Denotational net semantics — part 111

Theorem 7.17. For any FNM process p, Net(p) = Nets([plo), i.e., Net(p) is exactly
the statically reachable subnet of [plo.

Proof. An FNM process p is either a restriction-free process t, or there exists an
action a and an FNM process p' such that p = (va)p'. In the former case, Net(t) =
[t]o by Theorem 7.16, so that the thesis follows trivially, because [t]g is statically
reduced: Nety([t]o) = [t]o-

In the latter case, we can assume, by induction, that Net(p') = Nets([p']o)- If
Net(p') = (S,A,T,my), then Net((va)p') = Net;((Net(p'){d' Ja})\ &), by Lemma
7.18. By definition in Table 7.19, [(va)p']o = ([p']o{d’ /a}) \ d'. Moreover; it holds
trivially that Net(N(mg)) = Nets(Nets(N(mo))) for any net N(mg). Therefore,

Nets([(va)p'lo) = Nets(([p'lo{d’ /a}) \ a')

= Nety((Nets([p'lo){d' /a}) \d')

= Nety((Net(p'){d'Ja})\ d)

= Net((va)p). 0

7.8 RMCS

RMCS is the calculus whose terms are generated from actions in Act = £ U.ZU{1}
and constants, as described by the following abstract syntax:

s =0 pu.q | as | s+s

g:=s| C sequential terms
tu=gql| tt restriction-free terms
pu=t | (va)p general terms

where, as usual, we assume that Const(p) is finite, p is well formed, and any constant
C is equipped with a definition in syntactic category s. The only difference with
respect to well-formed FNM is that the action prefixing operator 1.— is applied to
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processes of category g, instead of category . RMCS is essentially regular Multi-
CCS [GV15].

With respect to the LTS semantics, RMCS is slightly more expressive than SFM:
for any RMCS process p, the LTS 6, = (£, sort(p), —p, p) reachable from p is
finite-state, as for any SFM process, but it is labeled over the richer set {7} U.Z U
. This fact can be proved by structural induction.

For the inductive base case, a trivial adaptation of Corollary 4.2 ensures that the
LTS reachable from p, 6, = (£, s0rt(p), —p,p), is finite-state for any process p
in syntactic category q.

Now, by induction, we can assume that the cardinality of the set of states reach-
able from a restriction-free RMCS process p; is k;, and moreover that sort(p;) is
finite, for i = 1,2; by inspecting the SOS rules (Par), (S-Com) and (Cong), it is
possible to prove that the cardinality of the set of states reachable from the RMCS
process pi | p2 is O(k; X ky); in fact, for any restriction-free RMCS process p, the
set Cong(p) = {q | p = q} is finite,” and so, by rule (Cong), only finitely many
different states are reachable for each of the ki x k, states that are reachable from
p1| p2 without using rule (Cong). Moreover, it is easily seen that sort(p;|p2) is
the least set satisfying the following recursive definition: sort(p; | p2) = sort(p)U
sort(p) U{c | {01,062} Csort(p1|p2),Sync(61,03,0)}, which is indeed a finite
set, as sort(py) and sort(p;) are finite, by induction, and, by the well-formedness
assumption, only finitely many synchronizations can be generated in this way (cf.
Proposition 7.36). Finally, we can assume that the cardinality of the set of states
reachable from the (possibly restricted) RMCS process p is k, and moreover that
sort(p) is finite; by inspecting the SOS rules (Res), it is clear that the cardinality of
the set of states reachable from the RMCS process (va)p is less than or equal to k,
and that sort((va)p) C sort(p). Therefore, we have the following fact.

Proposition 7.37. (Finite-state LTS) For any RMCS process p, the LTS reachable
from p, €, = (P, sort(p), —p,p), is finite-state. O

With respect to the net semantics, RMCS is more expressive than RCS (see Sec-
tion 6.8), as it represents, besides all the concurrent FSMs and many finite CCS
nets, also many finite P/T nets that are not CCS nets. For instance, the net in Fig-
ure 7.4 is a finite P/T net, but not a CCS net, originating from the RMCS process
a.b.a.0+b.a.b.0.

Now we want to prove that, for any RMCS process p, Net(p) is a bounded, finite
P/T net. By Theorem 7.11, any well-formed FNM process p is such that Net(p) is
a finite P/T net; hence, since RMCS is a subcalculus of well-formed FNM, Net(p)
is a finite P/T net for any RMCS process p, too. So, it remains to prove that such a
net is bounded. By syntactic definition, the basic constituents of any RMCS process

% Note that the parallel composition operator cannot occur syntactically in any term p of category
g; hence, only p is structurally congruent to p, so that rule (Cong) is useless in this case.

7 This fact does hold for the structural congruence = induced only by the associativity and commu-
tativity axioms in Table 7.5; however, more generous structural congruences, e.g., those including
the identity axiom p = p|0, do not enjoy this finiteness property.
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p=(vL)(p1]...|pn) are the processes pi, ..., p, in syntactic category g. Of course,
the net transitions that any sequential p; may generate have a singleton pre-set and
a post-set which is a singleton at most. By rule (s-com), two net transitions #; and #,
can be synchronized, producing a transition ¢ with pre-set *t = °f; @ °f, and post-set
t* =1} ©13, so that |*f| = 2 and [r*| < 2; of course, ¢ can be used as a premise for
rule (s-com) to generate a new transition with a pre-set of size three and a post-
set of size not larger than three; however, since p is well formed, the number of
applications of rule (s-com) is bounded by the length of the longest sequence that
any p; can generate. Hence, if j is the length of the longest sequence of all the p;’s,
the generable net transitions have a pre-set of size j+ 1 and a post-set of size j+ 1
at most. Summing up, for any m and any ¢, if m[r)m’, then |m’| < |m|, because r does
not produce more tokens than it consumes. Therefore, the following theorem holds.

Theorem 7.18. For any process p of RMCS, Net(p) is a k-bounded, finite P/T net,
where k = |dec(p)|. O

However, RMCS is not able to express all the possible bounded, finite P/T nets.
For instance, consider the simple net

N({sl}) = ({Sl,SQ,S3},{CLb,C},{({S]},a,{82,53}), ({Sz},b,@), ({S3},C,@)},{Sl}),

depicted in Figure 3.6(a). Clearly, no RMCS process can model such a net, because
the transition ({s1},a,{s2,s3}) produces more tokens than it consumes.



Chapter 8
Adding Atomic Tests for Absence: NPL

Abstract FNM is extended with a construct for atomic tests, which is exploited
to check the absence of those parallel processes whose presence may impede the
executability of the current transition. The effect is that parallel composition is no
longer a permissive operator, as different parallel contexts may enable or disable the
transitions performable by some component. The resulting language, called Non-
permissive Petri net Language (NPL for short), is Turing-complete and represents
the class of finite Nonpermissive Petri nets.

8.1 Syntax

As for FNM, let Act = . U.Z U {1}, such that T ¢ .2 U.Z, be the finite set of
actions, ranged over by . Let %ons be a countable set of process constants, dis-
joint from Act, ranged over by A, B, C, . .., possibly indexed. Differently from FNM,
let Jcons C Gons be a countable set of festable process constants, ranged over by
D,D',..., possibly indexed; moreover, let ~Jcons = {~D | D € Jcons} be the set
of negated testable constant names.

Nonpermissive Petri net Language (NPL for short) is the calculus whose pro-
cesses are generated from actions, process constants and negated testable constant
names as described by the following abstract syntax:

s w=at| Tt | as | Ds | s+s

gu=s| 0 [ar]qg+qg

re=gq | C sequential terms
t o= | t|t restriction-free terms
pu=1 | (va)p general terms

where a € ,a € £, —D € —Jcons and any constant C is equipped with a defining
equation in syntactic category g. The only addition to the syntax of Section 7.1.3 for
well-formed FNM is that now the strong prefixing operator may use negated testable
constants as strong prefixes. In this enriched setting, the label of a transition is a pair
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(0,I), where the atomic sequence ¢ may contain only actions, as for FNM, or be a
single testable constant, while I C Jcons is the set of the testable constants that oc-
curred negated in some strong prefixes. The operational rule for this new construct is

(o) ,
(S-Prefy) P
0T

where the strong prefix =D contributes to the enlargement of the set /. In a transition

p (G—’Q p', the set I signals that p may perform o in parallel with some process ¢ only
if, for each D € I, g does not contain any currently active instance of D (contextual
atomic test for absence). This can be checked because a testable constant D can
now visibly show its active presence by performing an idling, self-loop transition
labeled (D, 0). Hence, the parallel composition operator is context-sensitive and no
longer permissive, as the asynchronous activities of p may be enabled or disabled
by different parallel contexts.

An NPL term p is an NPL process if it is fully defined and Const(p) is finite,
where function Const(—), defined for the FNC operators in Section 6.1, is extended
to strong prefixing as follows:

Const(a.s) = Const(s), Const(=D.s) = {D} U Const(s).

The set of NPL processes is denoted by Fypr, and the set of its sequential pro-
cesses, i.e., of the processes in syntactic category r, by 2\, .

We extend the definitions of free names F(p,I) and free outputs G(p,I) (see
Definition 6.1) to strong prefixing as follows:

F(a.s,I) = F(s,I)U{a}, G(as,I) = G(s,1),

F(=D.s,I) = F(s,I), G(=D.s,I) = G(s,I).

Of course, for any NPL process p, the sets fi(p) (free names of p), bn(p) (bound
names of p) and fo(p) (free outputs of p) are finite. A process p is closed if the set
Sn(p) of its free names is empty. Process p is output-closed if the set fo(p) of its free
outputs is empty.

As for FNC and FNM, we need to use extended terms, whose syntax is

su=yr| Tt | ys | oDs | s+s ye¥ =20y
gu=s| 0 | 7t]| qg+q yed=2LUL
re=g¢q | C sequential extended terms

t =1 | t)t restriction-free extended terms
pu=1t | (va)p general extended terms

where the prefixes are taken from the set Acty = 4 U% U{r}, the strong prefixes
from the set ¢ U —Zcons and the bound actions from the set .Z. An extended NPL
term p = (VL)t is an extended process if Const(p) is finite and 7 is admissible, i.e.,

Vae L {a,d} € fn(t),

where the function fn(—) is defined on extended terms in the obvious way. By the
notation ad(t) we indicate that 7 is admissible.
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By &}, we denote the set of all extended NPL processes. By &2}/ we de-
note the set of all restriction-free, extended NPL processes, i.e., those processes in
syntactic category t. By i@%’;iq we denote the set of all sequential, extended NPL
processes, i.e., those processes in syntactic category r.

Syntactic substitution of a restricted action a’ for all the occurrences of the visi-
ble action a in a process p, denoted by p{a’/a}, was formally defined for extended
FNC processes in Section 6.1.2; it is defined for strong prefixing as follows:

(@p){d/a} = d.(p{d'/a}),
(r-p!{d'/a} = v.(p{d /a}) ify#a,
(=D-p){d'/a} = 2Dyy jay-(p{d'/a}),
where, in the last case, the application of the substitution creates the new negated
name —Dy /4. We remark that the application of a substitution {d'/a} to a con-
stant C preserves its type: if C is (not) testable, then the new constant Cyy /gy is
(not) testable, too. Of course, for any extended NPL process p and for any a € %,
p{d'/a} is an extended NPL process. Moreover, for any extended, restriction-free
NPL process ¢ such that L' = fn(r) N %", we have that (1{L/L'}){L'/L} =t, by
admissibility of 7, where {L/L’} is the inverse substitution (see Remark 6.2).
Function i : Pyp, — Phh", defined as i((vL)t) = t{L'/L}, maps NPL pro-
cesses to restriction-free, extended NPL processes. Function i is the identity over
restriction-free processes: i(¢) = ¢. In general, i is not injective; however, it is possi-
ble to prove that i is surjective, as done for FNM. We will see that the net semantics
for an NPL process p is actually given to its corresponding restriction-free, extended
NPL process i(p), because it holds that dec(p) = dec(i(p)) (Proposition 8.13).
The set of sequential subterms sub(p) of an NPL process p is computed as for
FNM, where the function sub(p,I) is extended to the new strong prefixing as

sub(=D.s,I) = {=D.s}Usub(D,I)Usub(s,I),

where the addition of sub(D,I) reflects the fact that the testable constant D is in-
volved in the transitions that =D.s may perform; in particular, in the net semantics,
D belongs to the neg-set of its initial net transition; this addition is needed in order
to prove that the places reachable from a process p are included into the set sub(p)
of its sequential subterms (Theorem 8.6). Not surprisingly, all the results proved in
Section 7.1.2 hold for NPL, too. We simply list them, without details of the proofs.

Lemma 8.1. For any extended, restriction-free NPL process t and for any L C &L,
sub(t){L'/L} = sub(t{L'/L}).

Proof. By induction on the definition of sub(t,0). O
Proposition 8.1. For any NPL process p, sub(p) = sub(i(p)). O

Theorem 8.1. For any NPL process p, the set of its sequential subterms sub(p) is
finite; moreover, sub(p) C 21

Proof. By induction on the definition of sub(p,0). O
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Proposition 8.2. For any NPL processes p and g, the following hold:

(i) if p is sequential, then p € sub(p), and
(ii)  if p € sub(q), then sub(p) C sub(q). 0

8.2 Operational LTS Semantics

The concrete interleaving operational semantics for NPL is given by the LTS
CxpL = (PNpL,Lab, — ), where the states are the processes in Zypy, the set Lab
of labels is o7y x & in(Tcons), where oy = {1} U Teons UL UL is ranged over
by o, while Zy;,(Jcons) is ranged over by I, and — C Pypp x Lab x Pypy is
the least transition relation generated by the axioms and rules in Table 8.1.

We briefly comment on the rules that are less standard. Rule (S-Pref,) allows for
the creation of transitions with a nonempty set / of testable constant names. Axiom
(Cons;) allows any testable constant D to exhibit its active presence by performing
the idling, self-loop transition labeled (D, 0).

Rule (Par) requires a contextual check by means of negative premises: p can
perform (o, 1) also in the parallel context of a process ¢, provided that, for all D € I,
g cannot exhibit any label (D, 0), i.e., no instance of D is ready to execute. Therefore,
the parallel composition operator of NPL is not permissive, as g can impede p from
performing its sequence ¢ asynchronously.

For rule (S-Com), relation Sync(o7,d, o), defined by the axiom and rule of Ta-
ble 8.2, follows the synchronization discipline of FNM.! The crucial request in the
premise of the rule is that g be a sequential NPL process, and additionally that the
set of testable constant names is empty. This is not a restrictive request because any
well-formed parallel process ¢ (and all the NPL processes are well formed by syn-

. .. al) ,. .
tactic definition) such that ¢ (a_; ¢’ is structurally congruent to g | r, for some suitable

sequential g such that ¢ Mq/ and ¢ = ¢'| r. Moreover, we also prove that the set
I is always empty when the transition is labeled by an output (see Proposition 8.3
below). By means of rule (Cong), the parallel process p | ¢ can be first turned into the
structurally congruent process (p|r)|g, so that the synchronization between p and
q can be performed by application of rule (S-Com), provided that r does not impede
p from performing asynchronously the atomic sequence o] (see Example 8.2).

Rule (Cong) is as usual, with the structural congruence = defined by the two
axioms of Table 8.3. This rule justifies the absence of the symmetric rules for (Par)
and (S-Com).

Rule (S-Res) is a bit nonstandard, as it requires that the label (o, 1) of the premise
transition be subject to the substitution {@’/a}, which applies to all testable con-
stants only, as a & n(c); formally, (D,0){a’/a} = (D{y/4y,0) and (o,1){d'/a} =
(0,1{d'/a}) if 6 & Jcons. This constant name relabeling has no operational effect,
as the restricted process (Va)p cannot be put in parallel with some other process, by

! Note that relation Sync is slightly simplified w.r.t. the definition in Chapter 7; see Remark 7.2.
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(o) ,
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(va)p 14 (va)p

2,
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by 27
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Table 8.1 LTS operational rules for NPL

o#e¢

Sync(a,a,t)  Sync(ac,a,o)

Table 8.2 Synchronization relation Sync

E1  (plg)|r=pl(qlr)
E2 pla=qlp

Table 8.3 Axioms generating the structural congruence =

syntactic definition. The usefulness of this substitution is only for getting a precise
correspondence between the LTS semantics and the net semantics we will define in

Section 8.4; in particular, see the proofs of Propositions 8.21 and 8.26.

al
Proposition 8.3. For any restriction-free NPL process p, if p Q p' is a transition
derivable by the rules in Table 8.1, then I = 0 and, additionally, either p €

a,0
t, q(a—gq' and p' = q'|t.

seq

there exist g € Py p; and t such that p = q

pL 9"
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Proof. By induction on the proof of p —; pP'. The base case is axiom (Pref) when
p=a.p': the derivable transition is a.p —; p', and the thesis is satisfied, as a.p’ is
sequential. If the last rule used is (Consy) with C = r, then C *; ' is derivable by

the premise transition r (a—lg . By induction, we can assume that I = 0; hence, the
thesis is satisfied as C is sequential. The case of rules (Sumy) and (Sumy) is similar,
and so omitted.

If the last rule used is (Par), then p = pi|py and the premise transition is

al . . . .
)2 @l P, with p' = p' | p2. By induction, we can assume that the thesis holds for
the premise transition; hence, I = 0 and either p; is sequential or there exists a se-

7.0
m—’Zq’l and p', = ¢ |t. Hence, the thesis

quential process q1 such that p; =
holds also for py | pa.
If the last rule used is (Cong), then p = p, p' = p! and the premise transition is

a,l . . . . .
D1 (—g Py. By induction, we can assume that the thesis holds for the premise transi-
tion; hence, [ = 0 and either p\ is sequential or there exists a sequential process qi

such that py = (i@gq’l and p| = ¢ |t. Hence, the thesis holds also for p.
No other rule is applicable, because by syntactic definition an output is not pro-
ducible by a strongly prefixed process (which is in syntactic category s) and, more-
over, the synchronization of an input sequence with one output produces a shorter
input sequence or T, which is not an output. a

Example 8.1. Let us consider the constant definitions
C = =D.a.0, D = a.0.

. . .. D0
Constants C and D can perform, besides the obvious self-loop transition D(—'>)D

due to axiom (Cons;), also the following transitions:

(Pref) —M8
(Pref) —————
(S-Prefyy — 40 —=0 _g 0 R @9
{D} (Cons) M
D a. 0 (E 0
(Cons) —D ’ 0
c2g
The process C | D can synchronize as follows:
c“®o  p@yg
(S-Com) o)
c1p™ o0
(a{D})

but C cannot perform a asynchronously: even if C " — "0 is derivable, the premise
of rule (Par) is invalidated by the presence of D. Note also that (C|D)|D cannot

perform the silent transition proved above: even if C|D " — (@ {D}) , the premise of
rule (Par) is invalidated by the presence of the additional constant D. a
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(@{Ph o

(Par) ¢ —
c|lg“? {D}O\E
(a0 {D} (@0
(S-Com) (CIE)|E — (0|E)|E F@%
(Cong) (C1E)[(E|F) = (|B)|E) [F " (0] E) |E) |0 = (0] E) | (E|0)
B (E|F) "5 0]E)|(E]0)

Table 8.4 Contextual synchronization between C and F

Example 8.2. Continuing the example above, let us consider also
E = b.0, F = a.0,

and the process (C|E) | (E | F). The synchronization between C and F can be proved
as described in Table 8.4, where rule (Cong) was used to give a different associa-

tion to the four processes. Note that (C|E) | (D |F) (520 (0|E)|(D|0), because the
instance of the only testable constant D inside (C|E)|D does not allow the asyn-

(@{Ph)

chronous execution of transition C — d

The abstract interleaving operational semantics for NPL is given by the LTS
Cap, = (Pnpr, o/, — ), where the set of abstract labels is o7 = {1} UL UL
and — C Pypp X & x Pnpp is the least transition relation generated by rule
(Abs) in Table 8.1. This rule states that idling transitions of testable constants, due
to axiom (Cons;), in the concrete interleaving LTS are not imported into the abstract
LTS (condition o &€ Jcons); however, all the other transitions of the concrete LTS
are imported into the abstract LTS, but forgetting the set 1. The abstract LTS makes
sense only for observing fixed processes, i.e., processes not composable with any
other process, working in isolation with respect to the external environment. In this
case, the set of testable constant names in the labels are no longer necessary and can
be safely abstracted away.

8.2.1 Expressiveness

From a syntactic point of view, well-formed FNM is a proper subcalculus of NPL.
From a semantic point of view, we can prove that NPL is a conservative extension
of well-formed FNM: for any well-formed FNM process p, the rooted LTS for p
generated by means of the operational rules in Table 7.3 is isomorphic to the rooted
abstract LTS for p generated by means of the operational rules in Table 8.1.

However, NPL describes systems that cannot be represented by well-formed
FNM, as illustrated in the following example.
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Example 8.3. (Counter) Let us now consider a real counter, i.e., a semi-counter
(discussed in Example 5.9) that can also test for zero:

Countery = zero.Countery+ inc.Countery,

Counter,, = inc.Counter,.1 + dec.Counter,_, n>0.

Its definition is not finitary because it uses infinitely many constants. Its LTS is very
similar to the one for the semi-counter (see Figure 2.3(b)), with the only difference
being that there is a self-loop transition on the first state g, labeled zero. Indeed, this
process can test for zero, while the semi-counter process SCounty of Example 5.9
cannot. This process can be proved bisimulation equivalent to the following NPL
(fixed, i.e., observed in the abstract interleaving LTS) process C, using only two
constants:

C = =D.zero.C + inc.(C|D),
D = dec.0.

The relation R = {(Counter,,C|IT_ D) | n > 0} is a strong bisimulation, up to
=) (Definition 2.14), where =; is the structural congruence induced by the three
axioms E1-E2 of associativity and commutativity in Table 8.3, and E3, stating that
0 is the neutral element for parallel composition: p |0 = p. Note that = is finer than
~ (strong bisimilarity on the abstract LTS) and so a strong bisimulation up to =
is a sound proof technique for strong bisimilarity. First, observe that for n = 0, the
pair in R is (Countery,C|0). If R is a bisimulation up to =y, then Countery ~ C|0.
As C|0 ~ C, by transitivity we get our expected result: Countery ~ C. Now, let us
prove that R is indeed a strong bisimulation up to =;.

Assume that Counter, i)q. Then, three cases are possible: @ = inc and g =
Counterpt1, or n > 0, a = dec and q = Counter,_1, or n = 0, o = zero and
q = Countery. In the first case, the matching abstract transition is

inc

C|I1',D+— (C|D)|IT" D,
where the reached state is in relation =; with C| Hl.”:llD, and the pair (Counter,1,
C| Hl.’:rllD) is in R. In the second case, (one of) the matching abstract transition(s),
labeled dec, starts from C|IT", D and reaches (C|IT-;' D) |0, which is in relation
=, with C|IT"-,' D, and the pair (Counter,_1,C|IT",' D) belongs to R. In the third
case, the required abstract transition is C |0 ~~% C |0 and (Countery,C|0) € R.

Assume now C|IT | D N p. Then, by inspecting the rules for parallel compo-
sition, we have that

1. Either C(

relation = with C| I"Ii”jllD). In this case, Counter,, —s Counter,.1 is the match-
ing transition, and the pair (Counter,1,C|II"' D) is in R.

inc.0
ined) ¢ | D and thus a = inc and process p is (C|D)[ITL; D (which is in
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(dec,0) . .
2.0r n >0, D —"0, oo = dec and p is one of the following three terms:
(C|0) | IT,'D, (C|I1"'D) |0 or (((C|IT'-}D)|0) | IT' D) for some 1 < k < n.
In any case, p is in relation = with C| Hi";llD. The matching transition is

d
Counter, L4 Counter,_1,
and the pair (Counter,_1,C|I1"'D) is in R.

3.0rn=0,C <Z"’”—’“>)}) C, o = zero and p = C|0. The matching transition is

Counter o Counter,
and the pair (Countery,C|0) is in R.

And this completes the proof. So, we have shown that a counter can be represented,
up to ~, by a simple NPL fixed process.

We remark that there is no well-formed FNM process ¢ such that g is equivalent
to C (for any reasonable semantics, e.g., weak trace equivalence), i.e., the counter
C is a proper representative of NPL. As a matter of fact, on the one hand, any well-
formed FNM process generates a finite P/T Petri net. On the other hand, Agerwala
in [Age75] (see also [Tau89], page 120) proved that no finite P/T net can faithfully
represent a counter; hence, the conclusion is that no well-formed FNM process can
represent a counter. a

Moreover, we will show that NPL represents the class of finite Nonpermissive
Petri nets (finite NP/T nets for short), which strictly includes the class of finite P/T
nets, which is representable by well-formed FNM. Finite NP/T nets are a Turing-
complete model of computation, because they can model faithfully any counter ma-
chine, as shown in Section 3.5; therefore, NPL is Turing-complete, too. A direct
proof that NPL can faithfully represent any counter machine (CM, for short) can
be given in the line of what [BGZ98, BGZ09, GV15] did for other calculi. First,
[Min67] observed that two counters are enough to get Turing-completeness, so we
can limit ourselves to this subclass of counter machines.

Assuming that the tuple (v1,v;) denotes the initial inputs for the two counters of
the CM M = (1,2), with |I| = m, the associated NPL process is

CMM(V = (VN)(Cl |C2‘B(V1,V2)))

1:v2)
where each constant C; defines the CM counter 7, for j = 1,2, as follows:
Cj = 2D, .zero;.C; + inc;.(C;|Dj),
Dj = decj.(),

and constant B(,, ,,), which performs the bootstrapping of the system by initializing
the counters and by activating the first instruction associated with constant Py, is
defined as follows:

B<vl7v2) =incy.--- .incy.incy.- - .incy. Py.

v, times v, times

Each instruction (i : I;) corresponds to the definition of a constant P;.
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e An increment operation (i : Inc(r;)) is modeled as
[)i = % j‘Pi-‘rb

where inc; is the increment operation on register Cj, and Py, is the constant for
the next instruction.
e A “jump if zero/decrement” operation (i : DecJump(r;,s)) is modeled as

P = ZEVOj.PX +@j~1)i+la

where the choice between zero; and dec ;j is driven by the current status of counter
C;: if C; holds 0, then only the synchronization on zero; can take place (and the
instruction of index s is activated), while if C; is not 0, then only the synchro-
nization on dec; can take place (with the effect of decrementing the register and
of activating instruction of index i+ 1).

The set N of bound actions is {inc;,zeroj,dec; ‘ 1 < j <2}, in order to force the
synchronizations between the instructions and the counters. Therefore, the modeling
of the CM M = (I,2) is given in NPL by using only six actions (those in N), two
negated testable constant prefixes (—D1,—D;) and 4+ m+ 1 constants, i.e., 4 for the
two counters and m -+ 1 for the m instructions.? It is an open problem to find the least
number of constants that are needed to get Turing-completeness in NPL. However,
note that a universal Turing machine (UTM, for short) can be simulated by a 2-
counter machine [Min67]; hence, the number of NPL constants that are sufficient
to get Turing-completeness is 4 +m + 1, if m are the instructions of the 2-counter
machine simulating a UTM.

Definition 8.1. (NPL language) A language L C .Z* is an NPL language if there
exists an output-closed NPL process p such that the set of its weak completed traces
isL,ie., WCTr(p) = L. O

As NPL is Turing-complete, it can be proved that the class of NPL languages
coincides with the class of recursively enumerable languages [HMUO1].

Example 8.4. (LMS problem) A possible solution to the Last Man Standing (LMS)
problem, discussed at the end of Section 3.5, can be given, for any n > 0, by the
NPL process (ve,d)IT ,C, where

C=-=C.=D.a.0 + (=D.c.D +¢.0) + d.0,
D =d.D + —=C.b.0.

The associated, extended NPL process i((ve,d)IT" | C) is the restriction-free term
ITin:lé:é| ‘67
———

n

2 Indeed, constant B is not necessary, as it can be replaced by its definition; similarly, constant
CMy(y, v,) 18 just for notational convenience; moreover, all the indexes of undefined instructions
can be identified with just one additional index/constant.
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where C = C{c//c}{d’/d}. Then, when n =1, [T\ ,C = C is such that it can perform
a immediately, but not b. On the contrary, when n > 2, II"" ,C is such that it can
perform b, after some internal transitions, but not a; in fact, the only available initial
transition is a synchronization between two instances of C on ¢/, which has the
effect of activating an instance of D{d’/d}; then, any further instance of C can
only synchronize with D{d’/d} on d’, by regenerating D{d’/d}; finally, when no
instances of C are present, D{d’/d} can perform b. Comparing this solution to the
NP/T net of Figure 3.22, we note that C corresponds to place s;, while D{d’/d}
corresponds to place ;. a

Example 8.5. (The language a"b"c") An NPL process whose (abstract) weak com-
pleted traces are of the form a"b"c", with n > 0, is (vd)A, where

A =a.(A|B)) + 1.B,,
By =d.0,

B, =d.b.(B2|C),

C = _‘Bl.CO

Observe that first a certain number n > 0 of occurrences of action a are generated,
as well as parallel instances of subprocess By. Then, when A performs the internal -
labeled transition and becomes B, the same number n of synchronizations between
B and B, are performed over the bound action d, each one labeled with action b and
generating one instance of C. When all the n occurrences of action b are performed,
each C becomes ready, as no occurrence of the subprocess B; is present anymore.
Finally, the same number n of occurrences of action ¢ can be performed. (See also
Examples 3.10 and 6.5.) a

8.2.2 Congruence Problem

A bisimulation over the concrete interleaving LTS €y p; = (Pnpr,Lab, — ) is a
relation R C Pypr X Pypr such thatif (g1,92) € R then for all (0,1) € Lab
I I
e V¢ such that ¢ Qq’l, Jq} such that g, (G—gq’z and (¢},45) €R,
I I
e V¢, such that ¢» Qq’z, Jq| such that g; (G—Qq’] and (q},45) €R.

Two NPL processes p and g are concrete interleaving bisimilar, denoted by p ~¢ g,
if there exists a bisimulation R C Pypy, x Pypr such that (p,q) € R.

Proposition 8.4. Let p,q € Pypr be two NPL processes. If p = g, then p ~, . q.

Proof. It is enough to check that relation R = {(p,q) ‘ p = q} is a bisimulation. If

(p,q) €ERand p w—’lgp’, then by rule (Cong) also q (U—Jgp’ and (p',p') € R. Symmet-

rically, if ¢ moves first. a
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Two NPL processes p and g are abstract interleaving bisimilar, denoted by
p ~%, g, if a bisimulation R C Pyp; X Pypy exists over the abstract LTS €y, =
(Pnpr, <, — ) such that (p,q) € R.

Proposition 8.5. Let p,q € Pypr be two NPL processes. If p ~5,, q, then p ~% q.

Proof. A bisimulation R over the concrete LTS is also a bisimulation over the ab-
stract LTS. If (p,q) € R and p+25 p', then, by rule (Abs), there exists I C Jcons

I
such that p@ p'. Since R is a bisimulation over the concrete LTS, there exists
A . .
q' such that q(igq’ and (p'.q') € R. By rule (Abs), also g+ ¢ is derivable, as
required. Symmetrically, if g moves first. ]

It is possible to prove that ~¢  and ~¢  are congruences for almost all the op-

erators of NPL, notably for strong prefixing. Here we list some propositions stating

these congruence results for ~¢ ., but the proof is the same for ~¢ .

Proposition 8.6. Given two processes p and q in syntactic category s, if p ~5,, q,
then the following hold:

(i) ap~5, aq forallae Z,

(ii) 2D.p ~¢,. =D.q  forall D € Jcons.

Proof. Let R be a bisimulation such that (p,q) € R. It is easy to check that relations
R ={(a.p,a.q)} UR and R" = {(=D.p,~D.q)} UR are bisimulations. 0

Proposition 8.7. Given two NPL processes p| and p; in syntactic category q, if
D1~y P2, then pyr+r1 ~5 . pa+r for all v in syntactic category q.

Proof. Let R be a bisimulation such that the pair (p,q) belongs to R. Then, relation
R ={(p+rq+r) ’ r in syntactic category q} URU ¥ is a bisimulation up to =,
with . = {(r, r) | re z@NPL}. O

Proposition 8.8. Given two restriction-free NPL processes p and g, if p ~5,, q, then
w.p~5, W.qforall u e Act.

Proof. Let R be a bisimulation such that (p,q) € R. Then, relation R’ = {(u.p, lL.q) ‘
WU € Act} UR is a bisimulation up to =. O

Proposition 8.9. Given two processes p and q, if p ~5,, q, then (va)p ~5,. (va)q
forallae L.

Proof. Let R be a bisimulation with (p,q) € R. Then, R = {((va)p',(va)q') |
a€ % and (p',q') € R} is a bisimulation. ]

Even if the congruence results above hold also for ~¢ ., when considering parallel

composition only concrete interleaving bisimilarity ~f,, makes sense. As a matter
of fact, the additional, contextual information on the labels is essential to get a con-
gruence. For instance, consider C = 0 and D = 0, where only D is testable. Note

that C ~¢ D, as the two are deadlock states in the abstract LTS. Nonetheless, if
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we consider the constant E = =D.a.0, then the two processes C |E and D | E are not
equivalent in the abstract LTS, as the former can do a, while the latter cannot; hence,
~& ¢ 1s not a congruence for the parallel composition operator. Note that C and D
are not concrete interleaving bisimilar, as only D can perform an idling transition
labeled (D, 0); hence, concrete interleaving bisimilarity seems a better candidate for
a congruence semantics for NPL.

However, also ~¢ = is not a congruence for parallel composition, for the same
reason that bisimilarity is not a congruence for FNM parallel composition. In fact,
the FNC processes r = a.a.0 and r = @.0a.0. are interleaving bisimilar. However,
if we consider the FNM context ¢ [—] = —|a.a.c.0, we get that €'[r] 5, €[t], be-
cause the latter can execute ¢, i.e., €[t 9 (0]0) |0, while €’[r] cannot. The reason
for this difference is that the process a.a.c.0 can react with a number of concurrently
active components equal to the length of the trace it can perform. Hence, a congru-
ence semantics for the operator of parallel composition needs to distinguish between
r and ¢ on the basis of their different degrees of parallelism. In other words, the in-
terleaving semantics is to be replaced by a truly concurrent semantics, as illustrated

in the following section.

8.3 Step Semantics

The concrete step operational semantics for NPL is given by the STS @yp;” =
(PNpL, B, —>5 ), Where B = M yin(Lab) — i.e., the set of all finite multisets over
the set of concrete interleaving labels Lab = a7; x &y;,(Jcons) — is the set of
labels (ranged over by M, possibly indexed), and —; C Pypp X B x Pypy is the
least transition relation generated by the axioms and rules in Table 8.5.

Let us comment on the rules. For sequential processes, the step transitions are
labeled with a singleton. This is the case for the axioms (Pref*) and (Cons}), and for
the rules (Cons3), (Sumj), (Sumj), (S-Pref}) and (S-Pref?). These axioms and rules
are very similar to the corresponding ones in the concrete interleaving LTS.

Rule (S-Res’) is as expected, where the notation n(M) stands for the set of ac-
tions (g, )ep (0); moreover, the substitution {a’/a} applies only to the constant
names, as a & n(M); formally, 0{da’/a} =0, (M & {(D,0)}){d'/a} = M{d' Ja} &
{(Diwjay0)}. M & { (0, }){d /a} = M{d' Ja} &{(0,1{d'Ja})} if o & Tcons.

Rule (Par®) requires the expected contextual check over the parallel component

g: the auxiliary predicate nct(M,q) holds if VD € I(M) q{(eéqi)}, where (M) =

U(o.s)em is the set of all the constants to be tested for absence; the abbreviation
nct stands for no contextual transition.
o\ . . . M
Rule (M-Par®) is responsible for the creation of multisets as labels. If p —5 p’

and q%s ¢', then the two multisets can be performed at the same time by plq
provided that four contextual checks are satisfied: not only it is required that g does
not impede p from performing M; and p does not impede g from performing M,
— nct(My,q) and nct(M,, p) — but also that the reached states p’ and ¢’ do not
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, , Mg =q
(Pref®) —_— (Cong®)
{(1,0)} M
H.p —s )4 pP—s9q
{(c.D)}
(Sum?) Lsp’ (Cons}) —F=-5— D € Jcons
1 {le.)} 1 {(D,0)}
p+q—>5p D — D
I g
P e C AN e VA
O (7 ) AT -r
s S
S-Prefs 5y S-Pref —{ﬂ)}p,
( -rFre ]) . {(m?}p, ( Ie 2) GgD} ,
Mo
(S-Res’) ——_ P agnM) (Par) L Toarl_net(iq)
M{d [a} , M
(va)p — (va)p pla—sp'lq
MoPar PBp a-Beq net(Miq), nct(Ml.q’) net (M, p),nct (M, p')
(M-Par®) Ml%
pla=—=3p'|d
{(o1.D)} , { 0}, seq
— S
(S-Com®*) b < P {q 44 NPL Sync(o1,a,0)
rlq _‘>, "ld
\P
(Abs‘) T a(M) #0
p—sp

Table 8.5 Step operational rules for NPL

introduce active constants in conflict with the corresponding multisets — nct (M, q")
and nct(Ma, p'). These four checks are necessary in order to prove that whenever
such a parallel step is performed, then the two composing steps can be performed in

either order by means of rule (Par®); in fact, p|g ﬂs Plq ﬂs P’ |4 is possible if

nct(My,q) and nct(Ma, p'), while p|q M pld M P’ 14 is possible if nct (M, p)
and nct(My,q').

Rule (S-Com?®) requires that ¢ be a sequential process performing a singleton
output transition (@, ), and p perform a singleton step containing a synchronizable
sequence (07,I). The result is the step where (07,7) is replaced by (o,I), ¢ being
the result of synchronizing o with @. The case when multiple synchronizations are
to be performed in one step is covered by means of a combination of rules (Cong®)
and (M-Par®), as described in Example 8.6.

The abstract step operational semantics is given by the STS Gyp; " = (PueL,
Myin(), — ), where an abstract step label is a finite multiset of abstract inter-
leaving labels in & = {t} UL UL and —; C Pypp X Myin( ) x Pypy is the
least transition relation generated by rule (Abs®) in Table 8.5. This rule requires that
the abstract content of a concrete step M — denoted by a(M) — be nonempty.
The multiset a(M) is computed as follows: a(0) = 0, a(M & {(D,0)}) = a(M),



8.3 Step Semantics 241

(Pref’) —mM8 —
o @)
(S-Pref}) —P 5 P
c.a {(KL@}
o) —==5 It S{f)} P
ca,{D _ c,0
(Cons}) ﬁ.g-a(-p )—>s (Consg) <4 (—;sq
“a,{D c,0
($-Com*) {Li%} }p B{L—M}q
a8V p1q

{(a{D))} {(a.{D))}
A|B'5 AlB ==y
M-Par | rlq | rlq

(A14)|(B1B) = (a]B) | (4]B) 2L 1) (pl9) = (01 p) | (a]q)

(ala)|B]B) L (4115 (g]9)

(A14)|(B1B)“S (p1p)| (a]q)

Table 8.6 The proof of a step transition

(Cong)

(Abs®)

aMa{(c,)})=aM)®{c}if 6 € Jcons. This means that, first, all idling tran-
sitions of testable constants occurring in the step M are removed and then, if the
result is not an empty multiset, the step transition is imported into the abstract STS
by removing all the second components from the concrete labels. The abstract STS
makes sense only for observing fixed processes, i.e., processes not composable with
any other process, working in isolation with respect to the external environment. In
this case, the set of constant names in the labels is no longer necessary and can be
safely abstracted away.

Example 8.6. Let us consider the NPL process (A |A) | (B| B), where the constants A
and B are defined as follows:

A = =D.c.a.p, B =rtygq,

with p and ¢ not specified further. Table 8.6 shows the proof of the abstract step tran-
sition (A|A)|(B|B) ﬂ}s (p|p)|(glq), which can be derived only thanks to rules
(Cong®) and (M-Par®). O

A couple of properties of the step semantics are listed below. The first one is
that the concrete STS for NPL is fully concurrent (Definition 2.25). The second
one justifies the condition on the step operational rule (S-Com?®) that the process
performing the output be sequential.

Lemma 8.2. For any restriction-free NPL process p, if le—EB%Z p' and M; # 0 for

i = 1,2, then there exist py and p> such that p = pi|p2, p' = p'|p5 pi ﬂsp’l,
M

P2 —>5 Ph, nct(My, p2), nct(My, ph), nct(Ma, py) and nct(Ma, p').
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Proof. By induction on the proof of pMLD%z p' and on the size of My ® M. Since
M; % 0 for i = 1,2, the least k = |M\ © M| is 2. Only rule (M-Par®) can be used to
generate a label of size 2, with premises labeled by singletons. Therefore, in this base

case of the induction, we have that p = p1 | pa, pi ﬂs Py, p2 &S ph, ' =pl| Py
nct(My, p2), nct(My, p}y), nct(Ma, p1) and nct(Ma, p'), as required.

The inductive cases are the following. If rule (Cong®) is the last rule used in

.. MM, . .. . DM
deriving p ~—=5 p', then p = q, p' = ¢’ and the premise transition is q l—)f q;

by induction, we can assume that q = q1|q2, ¢ = 4|45 ¢ ﬂs q) ¢ 45 a5,
nct(My,q2), nct(My,q5), nct(Ma, q1) and nct (Mo, ). Hence, the thesis follows triv-
ially, as p = q1|q2 and p' = 4} | ¢}.

If rule (Par®) is the last rule used in deriving pMﬁ%z pthenp=r|q r —@%2 /
and nct(My & My, q). By induction, there exist ry and ry such that r = ry|r, ¥ =

o, ﬂs ., ﬂsr’z, nct(My,r2), nct(My,rh), nct(Ma,r1) and nct(Ma,r}).

By rule (Par®), also r |qﬂs 1 |q is derivable, because nct(Ma,q) holds, given
nct(My @ Ma,q).> Therefore, the thesis follows by taking py = ry and p, = r2|q,
because nct(My,r3 | q) holds, given nct(My @& Ma,q) and nct(My,r2),* and similarly
for nct(My,r | q).

Rule (M-Par®) can also be used with premises that are not all labeled with sin-
gletons. However, the proof is the same as for the base case above. a

Theorem 8.2. (Fully concurrent STS) For any NPL process p, if pMﬁ%z p' and
M; # 0 for i = 1,2, then there exist q; and q such that pﬂsql ﬁs p' and
PRy,

Proof. If p is restriction-free, then by Lemma 8.2 there exist p1 and p, such that p =
pilpa P = PPy P ﬂsp/p P2 ﬁsP/z, nct(My, p2), net(My, ph), ”Cf(MLP])
and nct(Mg,p’l) Therefore by rule (Par®), all the transitions pi |p2 s DY P2

Pl |P2 P |P2, P1 |P2 sP1 \Pz and py |P2 5Py |5 are derlvable By rule

(Cong®), also p—5, p) | pa, P | P2 —3, ', p -3, pi |P2 and py | py 5, p, 5o that
the thesis follows by taking q1 = py | p2 and q» = p1 | p.

If p = (VL)t, where t is restriction-free, then transition pM]—qa%z P’ is derivable
only if, by rule (S-Res*), My ® M, = (M} ® M}){L'/L}, tMi—eB%é t" and p' = (VL)'
By Lemma 8.2, there exist t; and ty such thatt =1ty |tp, t' =1} |1}, t; ﬂs ) ﬁs 15,
nct(M},12), net (M7, 1), net (M}, 11) and nct (M}, 7). Therefore, by rules (S-Res*) and
(Cong®), the transitions p—25, (VL)(t, |2), (VL)(#}|62) ~35 0, p—3 (VL)(11 | 25)

and (VL)(t1|t}) ﬂs p' are all derivable. Hence, the thesis follows by taking q =
(VL)(t} |12) and gz = (VL) (11| 13). =

3 Note that if ncr (N, r) holds and N’ C N, then also nct(N’, r) holds.
4 Note that if nct (N, t;) and nct (N, t,) hold, then also nct (N, t; |£2) holds.
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Ma{(a,0)}
Lemma 8.3. For any restriction-free NPL process p, if p @{—%S , then either

a0
p € Pyp (and so M =0), or there exists g € Py such that p=q|t and q {&Qs q;

and, if M =0, then p' = ¢ t', withnct(M,q), nct(M,q') and p' = ¢’ |1'.

Proof. By induction on the proof of p %‘ U~ . The proof is similar to the anal-

ogous Proposition 8.3 for the concrete mterleavmg LTS, and so we omit the cases
about the rules for sequential processes or when M = 0. If M # 0, the last rule used

in deriving p {*n)} p' may be (M-Par®), or (Par®), or (Cong®).

If (M-Par®) was used, then p = p1|p2, M ®{(@,0)} = M; ® M, p; ﬂsp/l,

P2 ﬂs P, nct(My, p2), nct(My, phy), nct(Ma, p1) and nct(My, p')) hold. Of course,
(a,0) must belong to My or My; w.l.o.g., assume that My = M| & {(a, 0)} By

Lemma 8.2, there exist ry and ry such that py = ri|r, r {(—>S rl, r24 r2,
nct({(@,0)},r), nct({(@,0)},r5),> nct (M}, r1) and nct(M}, ;). By induction, either
{@o)}

r1 is sequential; or there exists a sequential q| such that ry = qy |t1, g1 — q, and
Py = ¢y |n. In the former case, the thesis follows by taking q = r1 and t = r2| p».

s meM, . / -
In fact, by rule (M-Par®), ry|pr — 15| ph, because nct(Mj,ps) (nct(Mj,p5))
holds, given nct(My, p>) (nct(My,p)), and nct(Ma,r)) (nct(Mz,r'z)) holds, given

, OM;
nct(Ma, py) (nct(Mz,p’l)).6 Then, by rule (M-Par®), ri|(r2|p2) 1—>S2 r | (5] ph),

because nct({(a,0)},r2| p2), nct({(@,0)}, 75| ph), nct(M] & Ma,r1) and nct(M| &
Ma, 1), given nct(M},r1) (nct(M},7,)) and nct(Ma, py) (nct(Ma, py))." In the latter
case, the thesis follows by taking ¢ = q; andt = (t1 | r2) | p2. In fact, by rule (Cong®)

M/
and (Par'), t)|ry —>st1 | rh, because nct(M},t;) holds, given nct(M;,ry). Then,

MM,
by rule (M-Par®), (t1|r2)|p2 ﬁ)sz (11 |75) | Py is derivable because nct(Mj,ps)
(nct (M}, ph)), given nct(My, pa2) (nct(My, ph)), and nct(Ma,ty | r2) (net(Ma, 11 |15)),

given nct(Ma, py) (nct(Ma, p})). Finally, g1 | (11 |r2) | p2) ™52 ¢} | (11 75) | pb) is
derivable by (M-Par*), because nct({(@,0)}, (11 |r2) | p2), nct({(a@,0)}, (t175) | p2),
nct (M} &Ma,q1) and nct(M} & Mo, q)), the last two given nct(My,r1) (nct(M},r}))
and nct(Ma, py) (nct(Ma, p))).

)}y

If rule (Par®) was used, then p = p1 | p2, pi i); P, andnct(M&{(a@,0)}, p2)
holds. By Lemma 8.2, there exist r\ and ry such that py = ri|ry, p| =r}|r),

r {HX} ry, % rh, nct({(a@,0)},r2), nct({(a,0)},ry), nct(M,ry) and nct (M, r}).

By induction, either r| is sequential; or there exists a sequential q| such that r| =

q1t1, q {(—QS} q), with i = ¢} |t1. In the former case, the thesis follows trivially

by taking ¢ = ry and t = ry| pa. In fact, by rule (Par®), ry | p2 —M>S 15| p2, because
nct(M, pa2) holds, given nct(M @ {(a,0)}, p2). Then, by rule (M-Par®), transition

3 Note that nct(N, r) holds if I(N) = @; hence, nct({(@,®)},r) holds vacuously for any r.
6 Note that if nct(N, r) holds for a parallel term r and = 7' |¢, then also nct(N, ') holds.
7 Note that nct(N @ N, r) holds if and only if nct(N, ) and nct(N’, ) hold.
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M>{(a,0) _ _
ri)(r2] p2) ﬂh ) | (ry| p2), because nct({(a,0)},r2| p2), nct({(@,0)},r5 | p2),

nct(M,ry) and nct (M ry) hold. In the latter case, the thesis follows by taking g = q;
and t = t1|(r2| p2). In fact, by rule (Par®), ry|p> —M>S rh | pa is derivable, as ex-

plained above; then, by rules (Par®) and (Cong®), t1|(r2]|p2) M on | (| p2) is
derivable, because nct(M,t1) holds, given nct(M,ry); finally, by rule (M-Par®), tran-

sition g1 | (t1 | (r2| p2)) Meﬂ)? }q’l | (t1|(rh | p2)) is derivable, because nct({(a,0)},

1] (r2]p2)), net({(a@,0)},11| (| p2)), nct(M,q1) and nct (M, ¢)) hold, given nct(M,
r1) and nct(M,r}).

If rule (Cong®) was used, then p=r, p' =+ and r iﬁ }r’ is the premise
transition. By induction, there exists a sequential q such that r = (@9 s ¢ and

/

t -2 o with nct(M,q), nct(M,q') and ¥ = O

Definition 8.2. Two NPL processes p and g are concrete step bisimilar, denoted
p N;‘lep g, if there exists a bisimulation R C Pyp; X Pypr over the concrete step

transition system %y, ~ such that (p,q) € R. 0
Proposition 8.10. Let p,q € Pnpr, be two NPL processes. If p = q, then p ~g,, q.
Proof. It is enough to check that relation R = {(p,q) | p = q} is a bisimulation. O

As expected, concrete step bisimilarity is finer than concrete interleaving bisim-
ilarity.

Lemma 8.4. For any p € Pnpr, p (G—Jgp’ if and only if p {ﬂ)s P

1
Proof. In one direction, by induction on the proof of transition p @‘_72 p', we prove
{(e.D)}

that also p ==, p' is derivable. This is trivially true as a proof of the former transi-
tion can be turned into the proof of the latter transition by using the corresponding
step rules with superscript s.

D}

In the other direction, by induction on the proof of transition p {g s P, we prove
A . . .
that also p (i; p' is derivable. Note that (M-Par®) is the only rule that cannot be

. .. ol .
used in deriving p {(—Qs} p'; therefore, as hinted above, the proof of the former tran-
sition can be turned into the proof of the latter transition by simply omitting the
superscript s. a

Proposition 8.11. If p1 ~,,, p2, then py ~,, pa.

Proof. Let R be a concrete step bisimulation such that (py,p>). We prove that R
1)

is also a concrete interleaving bisimulation. If p Vi) p', then by Lemma 8.4, also

{(a.0)}

p —=, p is derivable. Since R is a concrete step bisimulation, then there exists q'

such that q{—>)y}q with (p',q') € R. Again, by Lemma 8.4, we have q—;q, as

required. The case when g moves first is analogous and so omitted. a
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The following example shows some slightly surprising phenomena of NPL pro-
cesses W.I.t. concrete step semantics.

Example 8.7. Let us consider the parallel process p = b.D|=D.a.0, where D = 0.
It is not difficult to realize that p ~., g, Where g = b.D+-D.ab.Disa sequen-
tial process. This example shows that a nonsequential, restriction-free NPL process
whose sequential subprocesses are not equivalent to 0 can be concrete step bisimilar
to a sequential NPL process. This is not possible for FNM.

Now, let us consider the parallel process r = D' |=D’.a.b.0, where D' =a.0. Even
if all the finitely many (concrete) steps that r can perform are singletons, nonetheless
no sequential process s is concrete step equivalent to r (since D’ cannot be defined
differently for r and s). Also this phenomenon cannot happen for FNM. a

Deﬁnition 8.3. Two NPL processes p and g are abstract step bisimilar, denoted

p~ mp g, if there exists a bisimulation R C Pyp; X Pypr over the abstract step
transition system %y, such that (p,q) € R. ]
Along the same lines as Proposition 8.11, we can prove that abstract step bisimi-
larity ~,, is finer than abstract interleaving bisimilarity ~7,.. Abstract step bisim-
ilarity is not a congruence for parallel composition, because it forgets useful infor-
mation. For instance, consider again C = 0 and D = 0, where only D is testable;
clearly, C ~§, » D, as the two are deadlock states in the abstract STS; nonetheless,
if we consider the constant E = —D.a.0, the two processes C|E and D|E are not
equivalent in the abstract STS, as the former can do {a}, while the latter cannot.
On the contrary, we conjecture that concrete step bisimilarity ~,,, is a congru-
ence for the parallel composition operator. To support our congruence claim, we give

the proof in a simple, restricted case when the involved processes are sequential.

Lemma 8.5. Given s € QZNPL and p a nonsequential restriction-free NPL process

“} AL such that g {—>S} q,

such that s ~§,, p, i

p'=q |tandt {(—As for all D € Jcons.

seq

Proof. By Lemma 8.3, there exists g € Pyp @ )} q, and
p' = ¢ |t. The additional constraint that t cannot exhibit testable constant names
is satisfied because p ~,, s and s, being sequential, cannot exhibit the parallel

step {(a,0),(D,0)} for any D € Fcons. 0

Proposition 8.12. Given p1,q; € ﬂ}i,egL and p»,q restriction-free, if p1 ~g,, P2
and q1 ~5,, G2, then p1|q1 ~§ep P2 | Q2.

Proof. Assume we have concrete step bisimulation relations Ry and Ry such that
(p1,p2) € Ry and (q1,92) € Ry. Let us consider the relation

R={(P)|d;.Phlab) | (.Ph) € RiA(dh.qh) € Ra.
We want to prove that R is a concrete step bisimulation up to = that contains the
pair (p11q1,p2|q2), as required. We proceed by case analysis on the possible moves

of pilqi:
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L pi|q —M>qu |q1 because, by rule (Par®), pi —M>Sp’l and nct(M,qy) holds. In
this case, as py ~gep P2, also p) M, ph is derivable, with (p',p5) € Ry. Since

q1 ~step G2, also nct(M, q2) holds. Therefore, by rule (Par®), also p> | q> —M>S Phlan
is derivable, with (p |q1,p5|q2) € R, as required.

2. pilg —M>Sp] | ¢} because, by rules (Cong®) and (Par®), q —M>S q andnct(M, py)
holds. Analogous to the above, and so omitted.

MM M M
3.p1lg =y P\ |4} because, by rule (M-Par®), p =4 P q =3 gy, nct(My,q1),
nct(My,qy), nct(Ma, p1) and nct(My, p'y) hold. In this case, as py ~gep p2, also

D2 ﬂ‘y ph is derivable, with (p|,p5) € Ri; as a consequence, nct(Ma, p2) and

nct(Ma, p’z) hold. Since q1 ~gep q2, also transition g ﬁs q’2 is derivable, with
(4),45) €ERz; asa consequence nct(My,q2) and nct(M,,q5) hold. Therefore, by

rule (M Paﬁ) pg\qz —>s P\ g5, with (P14}, P5|45) € R, as required.

4. pilq —>s P 1qy because, by rule (S-Com®), p; {&i}p’l, q1 {(—>)s}q’] and,

moreover, Sync(01,a,0) holds. In this case, as pi ~gep p2, also pz{(—>z}p’2

is derivable, with (p1 ,pz) € Ry. Since q1 ~gep qg, also 9 {—>s} q’2 is derivable,

with (¢},q5) € Ra. If q» is sequential, then p>|q> —h Ph | ¢, by rule (S-Com®),
with (p'|qy,p5|d5) € R, as required. If g, is not sequential, by Lemma 8.5,
q2 = r2 |ty with ry sequential, such that ry {@QS r2, q2 =rh|th and t {(Pew for
any testable D. Therefore, by rule (S-Com’®), p2 | —>s ph | is derivable; then,
by mle (Pary) (p2|r2) |12 {ﬂ)s} (P5|7h) |12 is derivable; finally, by rule (Cong®),

P2 lqn —>s Ph | s with (p) |4}, ps|d5) € R, as required.

5 pila —>s P} | ¢} because p {(—>)s P q {&h} g} and Sync(oy,a, o) holds, by

rules (Cong®) and (S-Com?®). This case is analogous to the previous one, and so
omitted.

No other move is possible for pi | q1, except for possible moves due to the additional
use of rule (Cong®), each one reaching a state that is structurally congruent to one
of the above.

The cases when py | g2 moves first are similar, where, in places, Lemma 8.5 is to
be used, as done in item 4 above. a

8.4 Operational Net Semantics

In this section, we describe a technique for building a Nonpermissive Petri net (NP/T
net, for short) for the whole of NPL, starting from a description of its places and its
net transitions. The resulting net Nypr. = (Sypr,Dnpr, <, Typr) is such that, for
any p € PypL, the net system Nypr(dec(p)) statically reachable from the initial
marking dec(p), denoted by Net(p), is a statically reduced, finite NP/T net.
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8.4.1 Places and Markings

The infinite set of NPL places, ranged over by s, is Sypr = 22757 \ {0}, i.e., the set
of all sequential, extended NPL processes, except 0, while the set Dypy of testable
places is Jcons, i.e., the set of testable constants; note that Dyp; C Sypr.

Function dec : @}&PL — M in(Snpr), which defines the decomposition of ex-
tended processes into markings, was outlined in Table 6.8 for the FNC operators. It
is extended to the strong prefixing operator as follows:

dec(y.p,I)={y.p} and dec(=D.p,I)={=D.p}.

Hence, the additional negated strong prefixes are treated like FNM strong pre-
fixes, so that all the results we proved for FNM markings can be easily adapted to
the slightly more general NPL markings.

Lemma 8.6. For any restriction-free, extended NPL process t, dec(t){L'/L} =
dec(t{L'/L}).

Proof. By induction on the definition of dec(t). a

Proposition 8.13. For any restriction-free t € Pypr, dec((VL)t) =dec(i((VL)t)) =
dec(t{L'/L}).

Proof. By definition, dec((VL)t) =dec(t){L'/L}. Then, by Lemma 8.6 dec(t){L' /L}
=dec(t{L'/L}). 0

This means that we can restrict our attention to extended, restriction-free pro-
cesses, as a restricted process (VL)t in Pypy, is mapped via dec to the same marking
associated with i((vL)t) = t{L'/L} in 2V

Proposition 8.14. For any p € @Z,PL, dec(p) is a finite multiset of places.
Proof. By induction on the definition of dec(p). a

Of course, function dec is not injective; however, one can prove that function
dec is surjective over admissible markings, as done for FNM. We recall that a mark-
ing m € #in(Snpr) is complete if there is an NPL process p € Pypy, such that
dec(p) = m.

Lemma 8.7. For any t € 255", fn(t) = fn(dec(t)).

Proof. By induction on the definition of dec(t). ]

Theorem 8.3. A marking m € .#yin(Sypr) is admissible iff it is complete.

Proof. Similar to that for the analogous Theorem 6.4, by using Proposition 8.13 and
Lemma 8.7. a
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(dec(p),l)inn

(pref) m (cons) PP E— C=p
({u.p},0) — dec(p) {chn—m
(sumy) —(dec(p),l) o (sumy) —(dec(q),l) —m
{p+at.l)-Zm Up+qh, ) Zom
(s-prefy) w (s-prefy) (dec(p). 1) 4)";
({rph. 1) —m ({=D.p}. 1U{D}) —m

(my, 1) 25w (mz,O)l)m'Z _
(s-com) ad(my ® my) A Sync(o1,7,0)
(my @ ma, I) s my & mi)

Table 8.7 Rules for net transitions

Hence, this theorem states not only that function dec maps NPL processes to
admissible markings over Sypz, but also that dec is surjective over this set.
We now list some useful properties of places and markings, as done for FNM.

Proposition 8.15. For any t € 200", sub(dom(dec(t))) C sub(t).
Proof. By induction on the definition of dec(t). a

Corollary 8.1. For any p € Pypr, sub(dom(dec(p))) C sub(p).

Proof. If p is restriction-free, then the thesis follows by Proposition 8.15. If p =
(VL)t, then dec(p) = dec(t{L' /L}) by Proposition 8.13. By Proposition 8.1, sub(p) =
sub(t{L'/L}). By Proposition 8.15, sub(dom(dec(t{L' /L}))) C sub(t{L' /L}). Hence,
sub(dom(dec(p))) = sub(dom(dec(t{L'/L}))) C sub(t{L'/L}) = sub(p). ]

8.4.2 Net Transitions

Let &7 = {1} UZ U™, ranged over by o with abuse of notation, be the set of
labels. Let — C t/%fin(SNPL) X 'ngin(DNPL) x AV x %fin (SNPL)a be the least set
of net transitions generated by the axiom and rules in Table 8.7, where a transition
t = (m,1,0,m’) is actually represented as (m,I) — n'.

. . It
Any transition ¢ is often represented as (°f,°t) ﬁn', where the neg-set °t of

a transition ¢ represents the set of places to be “tested for absence” of additional
tokens. If s € °t Ndom(°t), then this means that ¢ can be executed only if the tokens
in s are precisely *z(s); if s € °t but s € dom(°t), then ¢ can be executed only if s
contain no tokens at all.

Let us comment on the new rules of Table 8.7. In rule (s-pref;), the negated
strong prefix —D is used to enlarge the neg-set / of the premise transition with the
testable constant name D; note that the label ¢ of the premise is not modified in the
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conclusion, i.e., negated constant names do not occur in labels. Note also that this
is the only rule adding elements to the neg-set of a transition; hence, a neg-set [ is a
subset of Jcons = Dypr.

Rule (s-com) requires that the pre-set of the transition be admissible in order
to avoid producing synchronized transitions that have no counterpart in the LTS
semantics (see Proposition 8.21). The synchronization takes place if m; performs
the input sequence o) and m, performs a single output ¥ such that Sync(oy,7,0)
holds.? Note that we do not need a symmetric rule to (s-com) because we are dealing
with multisets whose elements are unordered (i.e., the multiset union operator & is
associative and commutative). Note also that the neg-set associated with m; is to be
empty, reflecting the fact that a net transition producing an output has nothing to do
with strong prefixing, as it cannot be the result of a synchronization. The following
Proposition 8.16, stating that net transitions labeled over ¢ have a singleton pre-set
and an empty neg-set, formally justifies the shape of rule (s-com).

Proposition 8.16. If t = (my,1,77,my) is a transition derivable by the rules in Table
8.7, then |mi| =1 and I = 0.

Proof. By induction on the proof of t.
The base case is axiom (pref): ({7.p},0) Ldec(p), and the thesis is satisfied.
If the last rule used in deriving t is (cons) with C = g, then t = ({C},I) SN my and

the premise transition is (dec(q),I) s ma. By induction, we can assume that I = 0;
hence, the thesis is satisfied as |{C}| = 1. The case of rules (sum;) and (sumy) is
similar, and so omitted. No other rule is applicable, because by syntactic definition
an output is not producible by a strongly prefixed process (which is in syntactic
category s) and, moreover, the synchronization of an input sequence with one output
produces a shorter input sequence (or a T), which is not an output. a

Transitions with labels containing restricted actions must not be taken in the
resulting net, as we accept only transitions labeled over o = {t}U.ZU.Z".
However, they are useful in producing acceptable transitions, as two complemen-
tary restricted actions can synchronize, producing a 7-labeled transition or shorten-
ing the synchronized sequence. Hence, the NP/T net for NPL is the tuple Nyp;, =
(SNPL7DNPLV!M7 TNPL), where the set

Typr = {(m1,1,0,my) ] (my,1) %5 m, is derivable by the rules and o € o/}

is obtained by filtering out those transitions derivable by the rules whose label &
contains some restricted name a’ or '

8 We assume that relation Sync has been extended also to restricted actions in the obvious way,
i.e., a restricted output action @’ can be synchronized only with its complementary restricted input
action @’ or with an atomic sequence starting with a’.



250 8 Adding Atomic Tests for Absence: NPL

8.4.3 Properties of Net Transitions

As for FNM, some useful net transition properties are listed here.

Proposition 8.17. Let t = (m,1) —%smy be a transition derivable by the rules in
Table 8.7. Then, sub(dom(my)) C sub(dom(m,)) and I C sub(dom(my)).

Proof. By induction on the proof of t. O

Lemma 8.8. Let t = (my,1) — my be a transition derivable by the rules in Table
8.7. Then, fn(my) C fn(my) and fn(I) C fn(my).

Proof. By induction on the proof of t. a

Proposition 8.18. Let t = (my,1) —Zsmy be a transition derivable by the rules in
Table 8.7. Then, m; and my are admissible.

Proof. By induction on the proof of t, we can easily conclude that m is admissible.
Moreover, by Lemma 8.8, we have that fn(my) C fn(m), and so my is admissible,
too. |

Proposition 8.19. Let t = (my,1) > m, be a transition derivable by the rules in
Table 8.7. Let m be an admissible marking such that m[t)m'. Then, m' is admissible.

Proof. Similar to the analogous Proposition 7.25. O
Theorem 8.4. If S| is admissible and S| =" Sy, then Sy, is admissible.

Proof. By induction on the static reachability relation =—* (Definition 3.24), as
done for the analogous Theorem 6.5, by using in places Lemma 8.8. a

Now we want to prove that the net Nyp;, contains only transitions that have a
counterpart in the LTS semantics for NPL, as outlined in Section 8.2; this depends
crucially on the admissibility condition over rule (s-com). This proposition exploits
Lemma 8.9, which states a correspondence between net transitions derivable by the
rules in Table 8.7 — which can be labeled over 77 — and LTS transitions derivable
by the rules in Table 8.1 from extended,’ restriction-free processes, labeled over
oV x Pin(JTcons). Some auxiliary results are needed.

Proposition 8.20. Ift = (m,1,06,my) is a transition derivable by the rules in Table
8.7 and L C &, then transitiont{L' /L} = (m{L' /L},I{L’/L},c{L'/L},my{L' /L})
is derivable as well, where u{L' /L} = pif u, it € L, while p{L'/L} = p’ otherwise,
(ao){L'/L} = a{L'/L}yo{L'/L}, and I{L'/L} = {Dys /)| D € I}. And vice versa,
ift{L' /L} is derivable, then also t is derivable.

9 As usual, we assume that the LTS operational rules, although defined for processes, can be used
also for extended processes.
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Proof. By induction on the proof of t. The proof is very similar to the analogous
proof of Proposition 7.26; so, we discuss only a few cases.

If the last rule used in deriving t is (cons) with C = q, then t = ({C},1) —m»
and the premise transition is (dec(q),1) — ma. By induction, we can assume that
also (dec(q){L'/L},I{L'/L}) —> o/l ma{L'/L} is derivable, where dec(q){L'/L} =
dec(q{L'/L}) by Lemma 8.6. Therefore since C{L'/L} = Cypyry = q{L'/L}, by
rule (cons), also ({Cyr//1y } I{L’/L}) —> mz{L’/L} is derivable, where, by Lemma
8.6, also {Cypryry } = {CHL'/L}, as required.

If the last rule in deriving t is (s-pref>), then t = ({=D.p},I1U{D}) —>m;
and the premise transition is (dec( ),1) -5 my. By induction, we can assume
that (dec(p){L'/L}, I{L’/L}) wit my{L'/L} is derivable, where, by Lemma 8.6,
dec(p){L'/L} = dec(p{L'/L}). Now (=D.p){L'/L} = =Dyy/1,.p{L'/L}. Hence,

L/L _
by rule (s-pref2), also ({(=D.p){L'/L}},I{L' /Ly U{Dyp/1y}) — ot }mg{L’/L} is
derivable, as required, as I{L' /LY U{Dy; /1, } = (IU{D}){L'/L}.

For the vice versa — if t{L' /L} is derivable, then also t is derivable — observe
that this is similar to the above: if t{L'/L} is derivable, then (t{L'/L}){L/L'} =t
is derivable, where an inverse substitution {L/L'} is used instead. O

Lemma 8.9. For any t = (my1,1,0,my) derivable by the rules in Table 8.7, there

I
exist two extended, restriction-free NPL processes p1 and py such that p; Q D2 is
derivable by the rules in Table 8.1, with dec(p1) = m and dec(pz) = ma.

Proof. By induction on the proof of t.

The base case of the induction is axiom (pref): ({u.p},0) N dec(p). By axiom

(Pref), also W.p (#—"@Q p is derivable and the thesis is satisfied.

If the last rule used to derive t is (cons) with C = q, then t = ({C},1) > ma,

L . . ol )
whose premise is ({q},I) —my. By induction, we can assume that q(—g D2 is
derivable, with py an extended, restriction-free process such that dec(ps) = my.

I
Hence, by rule (Cons,), also C M P2 is derivable, as required. The cases of rules
(sumy ), (sumy) and (s-prefy) are similar, and so omitted.

If the last rule used to derive t is (s-prefa), then t = ({=D.p},1U{D}) my,

I
whose premise is ({p},1) —— my. By induction, we know that p @‘_,; p2 is derivable,
with py an extended, restriction-free process such that dec(p,) = my. Hence, by rule

(S-Pref>), also =D. p( —{> D P2 is derivable, so that the thesis is satisfied.

If the last rule used to derive t is (s-com), then there exist two transitions
- -
11 = (m, 1) =5 mly and ty = (m'],0) = ml} such that t = (m, &m'! 1)~ mly & ml,
— . . . .. oy,
ad(m) & m) and Sync(o1,7,0). By induction, there exist transition qi (@) @ —
with q and q» extended, restriction-free processes such that dec(q1) = m\ and

dec(q2) = m2 — and transition ry —grz — with ry and r2 extended restriction-
free processes such that dec(ry) = m and dec(ry) = m)). By Proposition 8.16,
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Im{| =1 and so ry is a sequential process. Therefore, by rule (S-Com), also

transition qi|r w—Qqﬂm is derivable. Note that, by Lemma 8.7, fn(q|r1) =
fn(dec(qi|r1)) = fn(m| & ml); therefore, q\|r\ is an extended, restriction-free
process because it is admissible, since the marking m\ ®m/ is assumed admis-
sible by rule (s-com). Similarly, also qa|ry is admissible, because fn(q,|r;) =
fn(dec(q2|r2)) = fn(my &mY) and the marking m), &m)) is admissible by Proposi-
tion 8.18. a

Proposition 8.21. For any t € Typr, wheret = (my,1,0,my) with ¢ € <, there exist

I
two NPL processes p1 and p, such that p; Q p2, dec(p1) =my and dec(pa) = my.

1
Proof. By Lemma 8.9, transition q; @‘_72 q2 is derivable by the rules in Table 8.1, for
some suitable extended, restriction-free processes qi and qa such that dec(q1) = m
and dec(qy) =my. Let L' = fn(m )N and L={a | d' € L'}. IfL' =0, then g,

is actually an NPL process and the required transition is exactly qi m—’lng, with
q2 also an NPL process, as fn(q:) C fn(q1). On the contrary, if L' # 0, then
forall a € Lia & fn(my) because m; is admissible, so that a ¢ n(c). Moreover,
by Proposition 8.20, also t{L/L'} = (m{L/L'},I{L/L'},c{L/L'},my{L/L'}) is

. . ol
derivable, and the same proof of transition q; (‘ng can be used to prove that

transition ¢\ {L/L'} (OHL/L LL/EY) @2{L/L'} is derivable by the rules in Table 8.1;
note that, since ¢ € </, we have that 6{L/L'} = o; moreover q\{L/L'} and
q2{L/L'} are NPL processes, because, for i = 1,2, fn(q;) = fn(dec(q;)) = fn(m;)
by Lemma 8.7, and so all the occurrences of the restricted action a’ occurring in
q; are turned into their corresponding action a in q;{L/L'}. By rule (S-Res), the

transition (VL)(q1{L/L'}) (CHLLIIL/LY (VL)(q2{L/L'}) is derivable, too, where
(o, l{L/L'}){L'/L} = (0,]), and (VL)(q;{L/L'}) is an NPL process, for i = 1,2.
Note that dec((VL)(qi{L/L'})) = m;, as required, because dec((vL)(q;{L/L'})) =
dec(qi{L/LU'}){L'/L} by definition of function dec, and dec(q;{L/L'}){L'/L} =
dec((qi{L/L'}){L'/L}) by Lemma 8.6, and, by Proposition 6.3 (extended to NPL),
also dec((q;{L/L'}){L'/L}) = dec(q;). 0

Corollary 8.2. For any t € Typr, where t = (m1,1,0,my) with 6 € <, there exist
two NPL fixed processes py and py such that pi s P2, with dec(py) = m; and
dec(p2) = my.

Proof. By Proposition 8.21, there exist two processes p1 and p; such that p; (G—’Q P2,
dec(py) = my and dec(p,) = my. The thesis then follows by rule (Abs). 0

We now want to prove that for any finite set of places S C Sypr, the set of tran-
sitions statically enabled at S is finite. An auxiliary lemma is necessary. Given a
single place s € S, by s b we mean that transition # = ({s},1,5,m) is derivable by
the rules in Table 8.7, hence with o € @77,

Lemma 8.10. The set Ty = {t | st} is finite, for any s € Syp.
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Proof. By induction on the axiom and rules in Table 8.7. a

Given a finite set of places S C Sypr, let TIS be Uses T, i.€., the set of all transi-
tions with a singleton pre-set in S derivable by the rules with labeling in 277. The
set Tls is finite, being the finite union (as S is finite) of finite sets (as 7y is finite for
any s, by Lemma 8.10).

Let k € N be the length of the longest label of any transition in TIS . If a multi-
party transition ¢ is derivable by the rules from the set S, then its proof contains k
synchronizations at most, each one between a transition (labeled with a sequence of
inputs) and a singleton-pre-set transition (labeled with an output action); hence, at
most k+ 1 participants can take part in a multi-party synchronization. Therefore, the
set of all the transitions statically enabled at a finite set S can be defined by means of
a sequence of sets 7}5 of transitions, for 2 <i < k+ 1, where each transition ¢t € TiS
has a pre-set °¢ of size i, as follows:

TS = {(m @ms 1,0 &) | adlmy o),
3013y.(m1,1,01,my) € TS |, (mp,0,7,m)) € Ty, Sync(01,7,0)}.

Note that TZS is finite, because TIS is finite; inductively, Tli 1 for 2 <i <k, is
finite, because TiS and T; are finite. In conclusion, the set Ty of all the transitions
statically enabled at S is

k+1
To={t | te |JT nl(t) e &},
i=1
where only transitions labeled over &7 are considered. Ty is finite, being a finite
union of finite sets; therefore, we have the following result.

Theorem 8.5. If S C Sypr is a finite set of places, then set Ts C Typp of all the
transitions statically enabled at S is finite. a

Example 8.8. (Counter) Continuing Example 8.3 about the counter,

C = =D.zero.C + inc.(C| D),
D = dec.0,

we have that the initial marking my is dec(C) = {C}. Let Sp = {C}. The set of tran-
inc

sitions statically enabled at Sy is TISO =Tc ={t1,12}, where r; = ({C},0) — {C,D}

and t, = ({C},{D}) **% {C}. Therefore, the new set of statically reachable places is

Sy ={C,D}. Note that D can produce one transition in Tp, i.e., 13 = ({D},0) e,

Hence, Ts, = {t1,12,13}, as these are labeled over <. As r3 does not add any new
reachable place, we have that S is the set of places statically reachable from the ini-
tial marking, and Ty, is the set of transitions statically enabled at S;. The resulting
NP/T net is depicted in Figure 8.1. a

Example 8.9. Let us consider the process p = (VL)(D|C|C|E), where L = {d, e},
{D,E} C Jcons and the constant definitions are



254 8 Adding Atomic Tests for Absence: NPL

c inc D

zero dec

Fig. 8.1 The NP/T net for the counter

D = —-D.d.a.D,
C=d.C+ecC,
E = —-E.ebE

The initial marking dec(p) is Dy ®2-Cypyry ® Eqpry, abbreviated as
$12- 57 ®s3. Hence, So = dom(dec(p)) = {s1,52,53}. The sets of transitions stat-

ically enabled at each initial place are Ty, = {r; }, where r; = ({s1},{s1}) da, {s1},
T,, = {t,13}, where t, = ({s2},0) “ {s,} and 13 = ({s2},0) ~ {52}, and T}, =

{t4}, where t4 = ({s3},{s3}) b, {s3}. The longest label is of length two and so we
have to compute Tl.s0 fori=1,2,3:

T = {1,12,13,14},
T2S° = {1516}, where transition t5 = ({s1,52},{s1}) == {s1,52} and
.. b
transition 16 = ({s2,s3}, {s3}) — {s2,53},
So
T = 0.

Hence, Ts, = {ts,16 }, because only these two transitions are labeled over <. The
resulting net is outlined in Figure 3.20(a). O

8.4.4 The Reachable Subnet Net(p)

The NP/T net system associated with a process p € Pypy is the subnet of Nypp
statically reachable from the initial marking dec(p), denoted by Nez(p).

Definition 8.4. Let p be a process in Zypr. The P/T net system statically associated
with p is Net(p) = (Sp,Dp,Ap, Ty, mo), where mg = dec(p) and

S, = [dom(mp)) computed in Nypy,

D, = S,NDypy,

T, = {t€Tvp | Spl1)},

Ap={oc€d | It €T,suchthati(r) =0} 0
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The following propositions present three facts that are obviously true by construc-
tion of the net Net(p) associated with an NPL process p.

Proposition 8.22. For any p € Pypr, Net(p) is a statically reduced NP/T net. O
Proposition 8.23. If dec(p) = dec(q), then Net(p) = Net(q). O

Proposition 8.24. For any restriction-freet € Pnpy and for any L C L, the follow-
ing hold.

i) If Net(t) = (S,D,A,T,my), then, for any n > 1, Net(t") = (S,D,A,T,n - mo),
where t' =t and 1" =t 1"

ii) If Net((vL)t) = (S,D,A,T,my), then Net((VL) (")) = (S,D,A,T,n-my), for any
n>1. O

An obvious algorithm to compute Net(p) is based on the inductive definition of
the static reachability relation: start with the initial set of places Sy = dom(dec(p)),
and then apply the rules in Table 8.7 in order to produce the set T, of transitions
(labeled over &7) statically enabled at Sy, as well as the additional places statically
reachable by means of such transitions. Then, repeat this procedure from the set of
places statically reached so far. An instance of this procedure was given in Examples
8.8 and 8.9. There are two problems with this algorithm:

e the obvious halting condition is “until no new places are statically reachable”; of
course, the algorithm terminates if we know that the set S, of places statically
reachable from dom(dec(p)) is finite; additionally,

e at each step of the algorithm, we have to be sure that the set of transitions deriv-
able from the current set of statically reachable places is finite.

We are going to prove the first requirement — S, is finite for any p € Pypr
— because it implies also the second one: if S, is finite, then any set S of places
statically reachable from dom(dec(p)) is finite, and so, by Theorem 8.5, the set T
of transitions statically enabled at the finite set S is finite, too.

Theorem 8.6. For any p € Pnpy, let Net(p) = (S,,Dp,Ap, Ty, mp) be defined as in
Definition 8.4. Then, the set S), is finite.

Proof. We prove, by induction on the static reachability relation =", that any
set S; of places that is statically reachable from dom(mg) = dec(p) is a subset of
sub(dom(my)). This is enough as, by Corollary 8.1, we know that sub(dom(my)) C
sub(p); moreover, by Theorem 8.1, sub(p) is finite and so the thesis follows trivially.

The base case is dom(my) ="* dom(my). By Proposition 7.21 (trivially extended
to NPL), we have the required dom(mg) C sub(dom(my)). Now, let us assume that
S; is a set of places statically reachable from dom(mg) and let t = (m1,1) —=s my be

such that S; == S;.1. By induction, we know that S; C sub(dom(my)). So, we have to
prove that the new places reached viat, i.e., dom(my)UI, are in sub(dom(my)). Note
that since dom(my) C S;, it follows that dom(m,) C sub(dom(my)) and also that
sub(dom(my)) C sub(dom(my)), by Proposition 7.20 (trivially extended to NPL). By
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Proposition 7.21, we have that dom(my) C sub(dom(my)); by Proposition 8.17, we
have that sub(dom(ma)) C sub(dom(my)) and I C sub(dom(m,)); by transitivity,
dom(my) UI C sub(dom(my)), and so Si11 = SiUdom(my) UI C sub(dom(my)), as
required.

Summing up, any place statically reachable from dom(my) is a sequential sub-
term of p. As by Theorem 7.1, sub(p) is finite, then also S, (the largest set of places
statically reachable from dom(my)) is finite. a

Theorem 8.7. For any NPL process p, Net(p) = (Sp,D),A,,T,,dec(p)) is a finite
NP/T Petri net.

Proof. The set Sy = dom(dec(p)) is finite, by Proposition 8.14. By Theorem 8.5, the
set T, of all the transitions statically enabled at Sy is finite. Let Sy be the set of
places So U UIETSO dom(t*) U°t. If Sy = So, then S, = Sy and T, = Ts,. Otherwise,
repeat the step above for S, in fact, S| is a finite set of places, because Sy is finite,
the set Ts, is finite and each transition has a finite post-set. By repeating the step
above for S, we compute a new finite set T, of transitions statically enabled at S,
and a new finite set S» of places statically reachable from S| via the transitions in
Ts,; if S2 = Sy, then S, = Sy and T, = Ts,. Otherwise, repeat the step above for S5.
This procedure will end eventually because, by Theorem 8.6, we are sure that S, is
a finite set. a

Hence, only finite NP/T nets can be represented by NPL processes.

8.5 Representing All Finite NP/T Nets

It is not a surprise that all finite NP/T nets can be represented by NPL processes.
The construction described in Section 7.5 for finite P/T nets is to be easily modified
in order to cope with transitions having a nonempty neg-set. The only addition is
that the summand c{ of the leader constant C; for transition #; is strongly prefixed
by the negated names of the testable constants corresponding to the places in the
neg-set of 7;.

Definition 8.5. (Translating finite NP/T nets into NPL processes) Given A C
ZLU{r}, let N(mo) = (S,D,A,T,mg) — with S = {s1,...,8,}. T ={r1,...,#} and
I(tj) = uj — be a finite NP/T net. Function Zypr(—), from finite NP/T nets to NPL
processes, is defined as

InpL(N(mo)) = (VL)(Ci|---|Cy |-+ |Gl -+ |C)
——— ———
mo(s1) mo(sn)

where L = {x},...,x},x3,....x2,... x5, ... XX} is such that LNA = 0, for i =
1,...,n, G; € Jcons if and only if s; € D, and each C; is equipped with a defin-
ing equation C; = cil 4+ 4 c{-‘ (with C; = 0 if k = 0), where each summand ‘z] , for

j=1,...,k, is equal to
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° E{.O, if *7;(s;) > 0 and *(s7) > 0 for some i’ < i (i.e., s; is not the leader for the
synchronization on #;);

Xy XD g TG Af 0 (si) = 1, s s the leader
N—_——

*1(si1) *1j(sn)
of the synchronization (i.e., *7;(sy) > 0 for no i’ < i, while *¢(s;) > 0 for some
N o J . .
i .> i) and'ot] = {sll,...',shj} for i'z] >0;

° i{.O—FﬂC{ ..... —\Ci_.gf. e ..LJ .gl{+1.--- .glfﬂ ..... X} x) .. I1;, otherwise (i.e.,
J
—_——— — — S ——

*1(si)—1 i (siv1) *1j(sn)
s; is the leader and *7;(s;) > 2, with °t; = {s],... 7321-} for h; > 0).

Finally, process IT; is Cy|---|Cy |---|Cy| - - -|C,, meaning that IT; = 0 if 11=0. O
—— N——
15 (s1) 15 (sn)
Example 8.10. Let us consider the NP/T net N(mg) of Figure 3.20(a), where its two

transitions are t; = ({Sl,SQ}, {Sl}) i) {Sl ,52} andr, = ({SQ,S3}, {S3}) i) {S2,53},
and the initial marking is mo = s; &2 -s2 @ s3. The NPL term Jypr(N(mg)) is
g = (VL)(Cy|C2|C2|C3), where L = {x!,x},x},x3,x3,x3} and the constants are de-
fined as follows:

C) = =C,.x}.a.(C1 | C2) +0,
Cy = X0.0 + =C5.03.b.(C2 | C3),
C; = 0+%3.0.

Note that only C; and C;3 are testable constants, because only s and s3 are testable
places. It is easy to realize that Net(g) is isomorphic to N(my). Note that also the
process p of Example 8.9 generates an NP/T net Net(p) which is isomorphic to
N(mg). O

The term Jypr(N(mo)) is an NPL process: in fact, the restriction operator oc-
curs only at the top level, applied to the parallel composition of a finite number
of constants; each constant has a body that is sequential and restriction-free. Note
also that each strong prefix is a bound input x{ or a negated constant name —C/,
and any sequence ends with an action p; € A, which is either an input or 7; hence,
each strongly prefixed summand generates an atomic sequence without any output.
Therefore, the following proposition holds by Theorem 8.7 and Proposition 8.22.

Proposition 8.25. For any finite NP/T Petri net N(my), the net Net(Typr(N(mo)))
is a finite, statically reduced NP/T net. a

Moreover, Tpr(N(mo)) is output-closed, as fn(Iypr(N(mo))) N-Z =0;in fact,
any output occurring in this term is of the form X{ for suitable 7 and j, and such a
name is bound.

Now we are ready to state our main result, the so-called representability theorem.
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Theorem 8.8. (Representability theorem 6) Let N(my) = (S,D,A,T,my) be a fi-
nite, statically reduced NP/T net system such that A C £ U{t}, and let p =
InpL(N(mg)). Then, Net(p) is isomorphic to N(my).

Proof. The proof is very similar to the analogous proof of Theorem 7.12 and so we
focus only on the new aspect of the neg-set of a transition.

Let N(mo) = (S,D,A,T,mq) be a reduced, finite NP/T net, with S = {s,...,su},
ACZU{r}, T={n,....,tx} and I(tj) = u; for j=1,... k. The associated NPL
process is

InpL(N(mo)) = (VL)(Ci|---|Cy |-+ |Gyl -+ |C),
— —
mo(s1) mo(sn)
where L = {x},...,x,ll,x%,...,x,%,...,x’f,...,x’,‘,}, LNA = 0 and for each place s; we

have a corresponding constant C; = le‘-:l c{ , defined as in Definition 8.5, where
C; € Jceons iff s; € D. For notational convenience, 2]5:1 C‘i] is denoted by p;, i.e.,
C; = pi;, for the same reason, we use p to denote Iypr(N(mo)).

Let 0 = {L'/L} be a substitution that maps each bound name x! to its corre-
sponding restricted name x;j in %, fori=1,...,nand j=1,... k. Let Net(p) =
(8',D', A", T',my). Then, m, = dec(p) is the multiset

dec((VL)(Ci|---|C1[---[Gal -+ |Co)) = dec(Cr| -+ |Cy |-+ | Gal -+ C) 0 =
—— —— —— ——

mo(s1) mo(sn) mo(s1) mo(sn)

mo(s1)-C10&---Bmg(sy)-CyH,

where C;0 gives rise to the new constant C; g = p;0. Hence, the initial places are
all of the form C;0, where each such place is present in my, only if mo(s;) > 0.

Note that, by Definition 8.5, any transition t' € T’ with *t' C dec(p) is such that,
for some suitable j, °t' = {C{97...,Céj9} and t'* = dec(I1;)0, and so equal to
k1 -Ci10 @ ky-C0D ... Dk, -C,0 for suitable k; > 0, i = 1,...,n; by iterating this
observation, each transition in T' has a neg-set of the form {C{ 0,... ,C,{je} and a
post-set of the form dec(I1;)0, for some suitable j=1,... k. Hence, each statically
reachable place s; in S' is of the form C;6. Moreover, by Proposition 8.25, Net(p)
is statically reduced, implying that all the C;0’s are statically reachable, for i =
1,...,n. Hence, there is a bijection f : S — S' defined by f(s;) = s. = Ci0, which is
the natural candidate isomorphism function; note that f preserves the typing: s; € D
iff f(si) =C;0 € D'. To prove that f is an isomorphism, we have to prove that

1. f(mg) = my,

21 = (m L ptond) € T implies £(¢) = (f(m), (1)t f () € T', and

3. =(m|,I',u,mb) € T' implies there existst = (my,1,0,my) € T such that f(t) =
', ie, f(m)=m), f(I) =TI and f(my) = m),.

From items 2) and 3) above, it follows that A = A’
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Proof of 1: omitted, as it is the same as for the FNM case.

Proof of 2: We prove that, for j = 1,....k if tj = (m,I,u;,m') € T, then t; =
(f(m), f(I),uj, f(m')) € T'. We now examine the possible cases, by inspecting the
shape of °t;. Let us examine the three cases separately:

o *tj={si} and so f(*tj) = {Ci0}. By Definition 8.5, for C; = p;, we have in

pi a summand c] = LC] ..... ﬂCfl M ITj, with TT; = Cy|---|Cy |-+ | Cp| -+ |Ca
N—— E/—’

m'(s1) m' (sn)
Therefore, not only transition ({c!}, )—>dec( i), where J = {C C’ }

is derivable by axiom (pref), followed by h; applications of rule (s- pref2 ), but
also ({pi},J) Hdec(l_[-) is derivable by (posstbly repeated applications of)
rules (sumy) and (sumy), and so ({C} J) —>dec( i), by rule (cons). Hence,

by Proposition 8.20, ({C;0},J0) —>dec( I1;)0 is derivable, as |j & L. In con-
clusion, starting from transition t; = ({s;},I,uj,m’), where I = {s7,... ,s{lj 1
we have shown that transition t; = ({C;0},J0,;,dec(I1;)0), with f(m') =
dec(I1;)0 and f(I) = J6, belongs to T', as required.

o °t;=s;®m, suchthatm(sy) > 0only ifh > i(i.e., s; is the leader and *t;(s;) = 1),
and so f(°tj) = Ci0 & f(m). This is very similar to the analogous case for FNM,
adapted to the strong prefixes for the neg-set, as shown above.

o °tj=k-s;®m, such thatm(sy) > 0 only if h > i (i.e., s; is the leader and *t;(s;) =
k>2), and so f(°t;) = k-C;0 ® f(m). This is very similar to the analogous case
for FNM, adapted to the strong prefixes for the neg-set, as shown above.

Proof of 3: We prove that if t; = (m',I', j,mz) € T', then there exists a transition
tj= (my,I,1j,mr) € T such that f(mi) =m, f(I) =1 and f(my) = m),. This is
proved by case analysis on the three possible shapes of the marking m'y, which can
be {CiB}, or dec(P;)0, where P; = (Ci|---|Ci|Cix1|---[Cix1 |-+ |Cp| - -|Cn), with

—_— — ——

ki k,ur] kn
either ki =1 or k; > 2.

o Ifm|={Ci0} forsomei=1,...,n, thent; = ({C;8},J0) iﬂn’z By Proposition

8.20, also transition ({C;},J) —>m2 is derivable, with my6 = m,. According to
Definition 8.5, such a transition is derivable by the rules o_nly if among the many
summands composing p; there exists a summand c{ = LC{ ..... LC;,/. W; I1;, such

that J = {C{,... 7C}Jl/}, which is possible only if in N(mg) we have a transition
tj with *t; = {s;}, f({s;}) = {C:0}, °t; =1={s],... ,s,f“}, fI)=J6, f(t5) =
dec(I1;)0 = m), and I(t;) = W, as required. '

o The case when m’1 =Ci0Dkir1-Ci10d...Dk,-C,0, for somei=1,...,n,is
analogous to the corresponding case for FNM, adapted to take care of the neg-set
as done above.
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e the case when m’l =ki-Ci0®kit1-Ci-10®...Bk,-C,0, withk; > 2, is analogous
to the corresponding case for FNM, adapted to take care of the neg-set as done
above.

No further cases are possible, because a transition t; = (my,I', [Lj,m5) € T" must
be derivable by the rules. a

8.6 Soundness

In this section, we want to prove that the operational net semantics preserves the
concrete step semantics of Section 8.3. More precisely, we show that any NPL pro-
cess p, in the concrete STS semantics of Section 8.3, is bisimilar to dec(p), in the
concrete step marking graph ¢cSMG(Net(p)) of Definition 3.27.

Proposition 8.26. For any p € Pypy the following hold:

1. ifp M p'inthe STS of Section 8.3, then dec(p) M dec(p') in cSMG(Net(p));
2. if dec(p) M min cSMG(Net(p)), then there exists p' such that dec(p') = m
and p M p'in the STS of Section 8.3.

Proof. By induction on the definition of dec(p) and then by induction on the proof
of the involved transitions; we prove the two statements simultaneously.

o Ifp=0, then dec(p) = 0; this case is vacuously true, as 0 is a deadlock state in
the STS of Section 8.3 and also O is a deadlock state in cSMG(Net(p)).
e [f p is any other sequential process, then dec(p) = {p}.

e Proof of 1: By additional induction on the proof of p —M>S p'. The base case

is axiom (Pref’): W.p {Ml} p. By axiom (pref), t = ({u.p},0) Ldec(p) is

derivable, and so the step G = {t} is such that {.p}[G)dec(p). Hence, by
0 .

Definition 3.27, {u.p} {(L>>S} dec(p), as required.

If the last rule used in deriving p—M>S p' is (Cong®), then p = q, q—M>S q
and ¢’ = p'. By induction, we know that dec(q) M dec(q') and so the thesis
Sollows because dec(p) = dec(q) and dec(p') = dec(q').

If the last rule used in deriving p—M>S pis (Sumyi), then p = pi + pa,
M = {(o,I)} and the premise is p) M, p'. By induction, we know that
dec(p1)[{t'})dec(p') with I(t') = 6 and °f' = I. Since p; is sequential,
this step is possible only if ' = ({p1},I) > dec(p') is derivable by the
rules in Table 8.7; hence, by rule (sum;), also the net transition t = ({p; +
o} d) —Zsdec(p') is derivable, and so the step dec(pi + p2)[{t})dec(p') is

also derivable. Hence, by Definition 3.27, dec(pi + p2) {(LJ)L} dec(p'), as re-
quired.
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The cases of rules (Sumj), (Consy), (S-Pref) and (S-Pref;) are similar, and
so omitted.

If the last rule used in deriving p —M>S pis (Cons?}), then p = p' = D for some
D € Jcons, and M = {(D,0)}. In this case, dec(p) = {D} = dec(p’), and

dec(p) M, dec(p') in cSMG(Net(p)) by Definition 3.27, as D is a testable
place in Net(p).

e Proof of 2: If dec(p) My o in ¢SMG(Net(p)), then this can be due only to
one of the following two cases.
(i) If there exists a step G such that {p}|G)m, then G is a singleton {t}, with
t = ({p},1,0,dec(p')) for some suitable I, ¢ and p', the last one because,
by Proposition 8.18, the post-set of any derivable net transition is admissible
and, by Theorem 8.3, any admissible marking is complete. The proof of the
net transition t can be mimicked by the corresponding rules in Table 8.5 to

{(e.)} ,

produce the transition p — p', as required.
(ii) If p = D for some D € Jcons, then m = dec(p) = {D} and the transition

dec(p) {@)l} dec(p) is in cSMG(Net(p)). By rule (Cons?}), also D{@)l} D,

as required.

o If p=pi|ps thendec(p) =dec(p)) ®dec(pa).

e Proof of 1: By additional induction on the proof of p —M>S p'. The following
four cases are possible:

(i) pi M, Py and nct(M,p>), so that rule (Par®) is applicable with p' =

P\ | p2. In this case, by induction, dec(p:) M, dec(p)) in cSMG(Net(p)).

D0
Moreover, if dec(p2) {(—’Qg} for some (D,0) € M, then by induction, we can

conclude that p; {@)l} , which is impossible because nct(M, py) holds. There-

fore, dec(p>) {(—DA@} for all (D,0) € M. This means that none of the testable

places in M is active in dec(py), so that in cSMG(Net(p)) there is also
dec(p) = dec(py) ®dec(p>) M, dec(p') ®dec(py) = dec(p').

.. M M
(ii) pr—=>s P, p2 =5 Ph P’ = P} | Py, net(My, pa), net(My, ph), net(Ma, p)
and nct(Ma, p)), so that rule (M-Par®) is applicable. In this case, by induc-

tion, dec(py) M dec(p}) and dec(p>) M dec(ph) are in cSMG(Net(p)).
By an argument similar to the above, the satisfaction of the contextual checks
ensures that dec(p>

){(D1 O and dec(ph) {@/14?)} forall (D1,0) € My, as well
{(Dy,0)}

-
0
as dec(p1) -+, and dec(p)) {(?/245)} for all (D2,0) € M,. This means that
the steps Gy and G, underlying My and M, respectively, can be joined to-
gether by the definition of step for NP/T nets. Hence, in cSMG(Net(p)) there

is also dec(p) = dec(p1) ® dec(p>) M dec(p}) ®dec(py) = dec(p').

1 7,0
(iii) p1 {&2} Py, p2 {(LQX} Ph, p' =P | P5, p2 is sequential, Sync(01,7,0) and

M ={(o,1I)}, so that rule (S-Com®) is applicable. By induction, we have that
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dec(p1) {(‘iﬁ} dec(p}) and dec(p>) {@QS} dec(ph) are in cSMG(Net(p)). By
Definition 3.27, a transition t| = (°t1,1,01,t}) such that dec(pi)[{t: })dec(p})
exists, and also a transition t, = (*12,0,7,13) such that dec(p,)[{t:})dec(p});
since dec(py) = {p2}, it follows that *t) = {p>} and t5 = dec(p,). By rule
(s-com), the net transition t = (*t; ® °*,1,0, 1] ®13) is also derivable,'° so
that dec(py) @ dec(p>)[{t})dec(p)) @ dec(p)). Therefore, as required,
dec(p) = dec(py) ®dec(p,) B dec(p) ® dec(ph) = dec(p').

(iv) p=gq, q—M>s q and ¢ = p', so that rule (Cong®) is applicable. By in-
duction, we know that dec(q) M dec(q') and so the thesis follows because
dec(p) = dec(q) and dec(p') = dec(q').

Proof of 2: The following five cases are possible:

(i) dec(p1) M, dec(p') in cSMG(Net(p)) and, by induction, p; M p}. By
Definition 3.27, two cases are possible: either dec(py) = dec(p}) =my, p1 =
Py M C Msin(Tecons x {0}) and M((D,0)) < m(D) for all D € Jcons; or
there exists a step G such that dec(p1)[G)dec(p'), M =M, &M, M; =°1(G),
My C Mfin(Tcons x {0}), my = dec(p1) ©°G and M>((D,0)) < my(D) for
all D € Jcons. In the former case, as all the labels in M are of the form (D, 0)
and I(M) = 0 so nct(M, pa) vacuously holds, the step transition p M pis
derivable by rule (Par®). In the latter case, since m|G)m/, withm = dec(p) and
m' =dec(p), it is required that for all D € °G, m(D) = *G(D); consequently,
dec(p2)(D) =0 for all D € °G; hence, nct(M, py) holds also in this case.
P2 —M>S Py | p2 is derivable by rule (Par®).

Therefore, the step transition pi

(ii) dec(p2) M, dec(p)y) in cSMG(Net(p)) and, by induction p; M Ph.
This is the symmetric case of the above, hence omitted.

(iii) dec(py) ﬂs dec(p)), dec(p2) %s dec(py), M = M; ® M, and, by in-

duction, py ﬂs P and p» ﬂs Ph. By Definition 3.27, four subcases are pos-

sible:

1. dec(py) = dec(p) = m1, p1 = p\, My C Myin(Tcons x {0}) and, for all
D € Jcons, M1((D,0)) < my(D); and dec(p>) = dec(p}) = ma, p» = ph,
My C M sin(Tcons x {0}) and M>((D,0)) < my(D) for all D € Jcons.

In this case, since (M) = I(M>) = 0, nct(My, p2) and nct(Ma, p1) hold.

Therefore, p1 | pa Mﬁ%zpl | p2 is derivable by rule (M-Par®).

2. dec(py) = dec(p)) = my, p1 = p, My C Myin(Tcons x {0}) and, for all
D € Jeons, M1((D,0)) < mi(D); and there exists a step Gy such that
dec(p2)[Ga)dec(ph), My = My, MY, My, = °1(G2), MY C M sin(Tcons x
{0}), my = dec(p>) & °G> and MY ((D,0)) < may(D) for all D € Jcons;
and for all D € °G,, m(D) = *G,(D), where m = dec(p).

In this case, as (M) = 0, it follows that nct(M,, p2) and nct(M,, pb) hold.
Moreover, as for all D € °G,, m(D) = *G»(D), where m = dec(p), it fol-

10 Note that ad(*t; @ °t) holds, because °t; @ °t, C dec(p1) @ dec(p2), which is an admissible
marking.
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lows that my (D) = 0 for all D € °G», and so nct(My, py) holds. Therefore,

p1lp2 Mﬂ)‘? p1| P, is derivable by rule (M-Par®).

3. there exists a step Gy such that dec(p1)[G1)dec(p)), Mi = M| &MY, M| =
°l(Gy), MY C M sin(Tcons x {0}), my = dec(p1) ©°Gy and MY ((D,0)) <
m1 (D) for all D € Jcons; and for all D € °Gy, m(D) = *G (D), where m =
dec(p); and dec(p>) = dec(phy) = ma, pr = py, My C Myin(Tcons x {0})
and M>((D,0)) < my(D) for all D € Fcons.

This case is symmetric to the above, hence omitted.

4. there exists a step Gy such that dec(p1)[G1)dec(p'), Mi = M| &MY, M| =
°l(Gy), MY C M sin(Tcons x {0}), my = dec(p1) ©°Gy and MY ((D,0)) <
my (D) for all D € Jcons; and for all D € °Gy, m(D) = *G(D), where
m = dec(p); and there exists a step Gy such that dec(p;)[Ga)dec(p}),
My = M5 dMY, My, =°1(G2), My C M sin(Tcons x {0}), my = dec(ps) ©
*G, and MY ((D,0)) < my(D) for all D € Jcons; and for all D € °G,
m(D) = *Gy(D), where m = dec(p); and additionally, dom(G})N°G, =0
and dom(G3)N°G| = 0.

In this case, as for all D € °Gs, m(D) = *Ga(D), where m = dec(p), it
Sollows that m (D) = 0 for all D € °G,, and so nct(My, p1) holds. More-
over, as dom(G}) N°Gy =0, the marking dec(p) =m| = (m; ©°G1) G}
is such that m (D) = 0 for all D € °G,, so that nct(Ma, p') holds, too.
Similarly, as for all D € °Gy, m(D) = *G1(D), where m = dec(p), it fol-
lows that my(D) = 0 for all D € °G\, and so nct(M\, p2) holds. And, as
dom(G5)N°Gy = 0, the marking dec(p’y) = m)y = (my ©°G,) & G is such
that mb (D) = 0 for all D € °G\, so that nct(My, p}) holds, too. Therefore,

rule (M-Par*) can be applied to derive py | p> ME%Z Py | ph, as required.

(iv) p1|p2 = ri|r, dec(r) {&Q}dec(r’l), dec(ry) {@Qs}dec(r’z), ry is se-

quential, Sync(o1,Y,0), M = {(0,)} and p||p) = r||ry. By induction, we

g 7.0 .
can assume that ry {((i)z} r’1 and r {(LQS ré are derivable. Therefore, by rule

(S-Com®), ri|r2 {(LQS r’1 |r’2 is derivable, too; hence, by rule (Cong®), also

pilp2 M Py | ph, as required.

(v) p1|p2 =r1|ra, dec(ry) ﬂs dec(r}), dec(r) ﬁs dec(rh), M =M, &M,

and, by induction, r ﬂs ry and r) ﬂs rh are derivable, with p'| | p, =r} | r5.

This case is similar to (iii), since dec(pi|p2) = dec(r1|r2), and so omitted.
o If p=(va)q, then dec(p) = dec(q){d'/a}.

e Proof of 1: By additional induction on the proof of p —M>S p'. Two cases are
possible:

(i) Rule (S-Res®) is the last rule used and the premise is qﬂn q', with
p = (va)g, M =M'{d /a} and a & n(M'). By induction, dec(q) M, dec(q)
is in ¢cSMG(Net(p)). By Definition 3.27, this is possible if either dec(q) =
dec(q')=m', g=¢, M' C Myin(Tcons x {0}) and M'((D,0)) < m'(D) for
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all D € Jcons; or there exists a step G' such that m'(G"ym", M' = M| & M),
M) =°I(G"), My C Myin(Tcons x {0}), my =m' ©°G’ and M5((D,0)) <
my(D) for all D € Jcons.

In the former case, the application of the substitution {d'/a} to dec(q) re-
labels accordingly all the constant names and the negated constant names

occurring in dec(q) so that dec(p) = dec(q){a’/a}M{—aZf} dec(q){d /a} =
dec(p), as required. In the latter case, as for any 1’ € G, transitiont'{d’ /a} =

(*1'{d Ja},°t'{d |a}) G{a—>/a}t”{a’/a} is derivable by Proposition 8.20 —
where 6{d'[a} = o asa gn(M'), if 6 ¢ Tcons, and D{d' /a} = Dy gy — it
follows that dec(p) = dec(q){d'/a}|G'{d /a})dec(q'){d /a} = dec((va)q')
is also a step, with °1(G'{d’ /a}) = M{{d' /a}. Moreover, all the labels in M}
are turned into labels in My{d'/a}, by an argument similar to the above.
Hence, M = M {d' /a} ® M}{d'/a} and

dec(p) =dec(q){d /a} M dec(q"){d' Ja} = dec(p'), as required.

(ii) Rule (Cong®) is the last rule used: this case is similar to the analogous
ones above.

Proof of 2: If dec(p) My o in ¢SMG(Net(p)), then this can be due only to
one of the following two cases.

(i) dec(p) = dec(p') =m, M C Myin(Tcons x {0}) and M((D,0)) < m(D)

!
for all D € Jcons. In this case, dec(q) M dec(q) is also derivable, where
!/
M = M'{d'/a}. By induction, q £>S q is a derivable step transition, and so,

by rule (S-Res*), also p —M>S p is derivable.

(ii) There exists a step G such that dec(p) = m|G)m', M = My & My, My =
°l(G), My C Myin(Tcons x {0}), my = me*G and Mr((D,0)) < ma(D)
for all D € Jcons. In this case, G is of the form G{d'/a}, by Proposition

8.20; it follows that dec(q)|G)m, where m =m{d’ /a}, M| = °1(G) and M, =
Mi{d'/a} because no net transition in G is labeled with the restricted action
d, and so no action in G is labeled with action a. Moreover, My = My{d' /a}
MM :

—7s

_ . . . , MioM; |, .
and so dec(q) m. By induction, there exists q' such that g — q', with

dec(q') = m. By rule (S-Res®), also transition (va)q M, (va)q' is derivable,
with dec((va)q') = dec(q'){d'/a} =m{d'/a} = m, as required. O

Theorem 8.9. For any p € Pnpr, p ~step dec(p).

Proof. The relation R = {(p,dec(p)) | p € PnpL} is a bisimulation between the
concrete step transition system, rooted in p, originating from the step semantics
of Section 8.3, and the concrete step marking graph cSMG(Net(p)). The fact that
relation R is a bisimulation derives from Proposition 8.26. O
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[0]; = (0,0,0,0)
[w.pl = (S,A, T, {p.p}) given [p]; = (§',A",T',dec(p)) and where
S={u.p}us’, t = ({u.p},0,u,dec(p))
T=({}ur)” A=IT)
[C]; = ({C},0,0.{C}) ifCel
[Clr = (S.A,T.{C}) ifC¢]I givenC = pand [p];c}; = (S, A", T dec(p))

S={C}US", where
v _)S el .t*(p)>0V p=0,
S'\{p} otherwise

A=A, T=T"UT, where

I _ T’ IreT .t*(p) >0V p=0,
T T\{reT’ | *t(p) >0} otherwise

Tc={(n-Cem,J,0,m) | (n-pdm,J,o,m) €T ,n>1}

7 = J{Com,J,0.m) € Te | mi(p)=0} ifpgs,
: Tc otherwise

Table 8.8 Denotational net semantics — part [

8.7 Denotational Net Semantics

The extension to NPL of the denotational semantics we have defined for FNM in
the previous chapter is not too complex: for all the FNM operators, we have only
to cope with the neg-set of transitions generated by the strong prefixing operator,
and so the unary operator of synchronous closure —% is to be adapted accordingly.
The real difference is in the denotational semantics of the strong prefixing operator
—D.p for a negated name —D; in this case, the net associated with the testable place
D is to be included in the resulting net, as D is statically reachable from the initial
marking {=D.p}. Moreover, the set of testable places is not explicitly dealt with
in the following definitions, as it can be simply derived by intersecting the set S of
places with the set Jcons of testable constants.

As for FNM, the correspondence with the operational semantics is strictly pre-
served for restriction-free processes: the operational net Nez(r) is exactly the de-
notational net [¢]p we are going to define. On the contrary, for a restricted process
p = (vL)t, we have the weaker result that Net(p) is exactly the statically reachable
subnet of [p]o.

Table 8.8 shows the denotational semantics for the empty process 0, for the action
prefixing operator and for the constant. It is essentially the same semantics given for
FNM, adapted to take care of the neg-set of transitions. About the semantics of the
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la.pl; = (S,A,T,{a.p}) given [p]; = (5',A',T',dec(p)) and where

S={a.p}uUs”, where
) {S’ FeT .1*(p)>0V p=0,

- S'\{p} otherwise
A=UT), T =(T,UT")® where

T ={({a.p},J,aco,m) | ({p}.J,om) €T’}

T T’ FIreT t*(p) >0V p=0,
T'\{r€T’ | *t(p) >0} otherwise

[=D.plr = (S,A,T,{=D.p}) given [p]; = (S',A’,T',dec(p)),[D]; = (S,A,T,{D}) and where
S={=D.p} USUS", where

"_ s JreT .t*(p) >0V p=0,
S"\{p} otherwise

A=IUT), T=(TyUT"UT)® where
T ={({=D.p},JU{D},0.m) | ({p}.J.0.m) € T"}

T T’ JreT .t*(p) >0V p=0,
T\ T\{reT’ | *t(p) >0} otherwise

Table 8.9 Denotational net semantics — part II

action prefixing operator, the only non-trivial aspect is that the newly added transi-
tion = ({.p},0,,dec(p)) may be able to synchronize with the transitions in 7",
possibly triggering other synchronizations involving more transitions in 7’. The set
of all such transitions is denoted by ({r} UT’)®, where the auxiliary operation —¢
of synchronous closure of a set of transitions is defined as follows.

Definition 8.6. (Synchronous closure) Given a finite set 7' C Typ;, of transitions,
we define its synchronous closure T® as the least set such that

T =TU{(*t1 ®°n,°t1,0,1; ®13) | 31,1 € T such that
H = (.ll,ol‘l,G],tl.),tz = ('l‘z,@,?,ti) and Sync(61,7,6)}. O

As shown in Section 7.7, the set T® can be computed inductively by adding, step
by step, new transitions to the base, finite set 7. It is possible to prove that, given a
finite set T C Typy, its synchronous closure T is finite.

The denotational definition for the constant C, with C = p and C ¢ I, is the same
as for FNM: note that, in the definition of the set 77, the neg-set J of transition
(n-C®my,J,0,my) in Ty is the same neg-set of (n-p®m;,J,6,my) in T'.

Table 8.9 shows the denotational definitions for the strong prefixing operator.
When the strong prefix is an input, this semantics is the same given for FNM,
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[pi|p2r = (S,A,T,mp) given [pi]; = (Si,A;, T;,m;) fori=1,2, and where
S=S1USy, mo=m &my, T = (Th UT2)®7 A=I(T)
[p1+ p2lr = (S,A, T,{p1 +p2}) given [pi]r = (Si,A;, T;,dec(p;)) fori=1,2, and where

S={p1+p2}US|US,, with, fori=1,2,
;S 3¢ € T; such that 7°(p;) >0 V p; =0,
! Si\{p:} otherwise

A=I(T), T = (T/UT/ UT,UT})® with, for i =1,2,

)T SteT.i*(p) >0V p=0,
AT\ {reT; | *t(p) >0} otherwise

TF={(n-(p1+p2) ®mi,J,0,m) | (n-pi®mi,J,6,mp) € Tryn > 1}

1
{{(n-(pl+pz)@ml,1,o,mz)eT,,+ | mi(p)) =0} ifpigS

Tv,/ —
T[.+ otherwise

1

Table 8.10 Denotational net semantics — part 11

adapted to consider the neg-set of transitions in the set 77. The case when the
strong prefix is a negated constant name —D is much more complex because, be-
sides the set S” of places statically reachable from p, it also includes the set S of
places of the net [D];, as D is used by the strong prefixing operator as an inhibiting
place and so all of its places are statically reachable from {D}. The set 7} is com-
puted by turning each transition ({p},J,o,m) € T’ into the corresponding transition
({=D.p},JU{D},0,m) € Ti, where the neg-set J has been enlarged to include also
D. The set T" is the set of transitions statically reachable from S” and T is the set
of transitions statically reachable from {D}. Therefore, the resulting set T of transi-
tions statically reachable from {=D.p} is the synchronous closure of 7, UT" UT.

Table 8.10 shows the denotational semantics for the parallel operator and for the
choice operator. The definition for parallel composition is exactly the same given for
FNM. The denotational semantics of p; + p; is also very similar to that for FNM;
the only difference is that the set Ti” , for i = 1,2, is to be adapted to consider the
neg-set of transitions.

Example 8.11. Continuing Examples 8.3 and 8.8 about the counter,
C = 2D .zero.C + inc.(C| D),
D = dec.0,

let us compute [Clly. First, the net [C]c; is ({C},0,0,{C}), and the net [D] ¢} is
({D}, {dec}, {({D},0,dec,0)},{D}).

Hence, the net [C|D]c; is ({C,D},{dec},{({D},0,dec,0)},{C,D}).

By action prefixing, we get [inc.(C|D)]cy = (S1,A1,T1,{inc.(C|D)}), where
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S, = {inc.(C|D),C,D},
Ay = {inc,dec},
Ty = {({inc.(C|D)},0,inc,{C,D}),({D},0,dec,0)}.

Similarly, the net [zero.C[cy is ({zero.C,C},{zero},{({zero.C},0,zero,{C})},
{zero.C}), and [D] ¢y is ({D},{dec},{({D},0,dec,0)},{D}); the latter net is nec-
essary to compute [=D.zero.C] (cy because of the strong prefix —D. Therefore,
[=D.zero.Clicy = (S2,A2, T2, {=D.zero.C}), where

S» = {=D.zero.C,C,D},
Ay = {zero,dec},
T, = {({=D.zero.C},{D},zero,{C}),({D},0,dec,0)}.

Now, for p = =D.zero.C + inc.(C| D), the net [p] ¢y is (S',A,T',{p}), where

§"={p,C.D},
A = {inc,dec,zero},
T" = {({r},0,inc,{C,D}),({p}.{D},zer0,{C}),({D},0,dec,0)},

and finally, [C]p = (S,A,T,{C}), where

s ={c,D},
T = {({C},0,inc,{C,D}),({C},{D},zero,{C}),({D},0,dec,0)}.

The resulting NP/T net is depicted in Figure 8.1, and it is exactly the net computed
operationally in Example 8.8. a

In order to prove that, for any restriction-free NPL process p, the operational
net Net(p) is exactly the same as the denotational net [p]y, we need six auxiliary
lemmata, dealing with Net(p,I), i.e., the operational net associated with p, assuming
that the constants in / are undefined. These lemmata are similar to the corresponding
ones for FNM, hence their proofs are omitted, except for the case of strong prefixing
with a negated constant name.

Lemma 8.11. For any restriction-free process p, let Net(p,I) = (S',A’, T’ ,dec(p)).
It follows that Net(u.p,I) = (S,A,T,{u.p}), where S,A and T are defined as in
Table 8.8. a

Lemma 8.12. For any sequential NPL process p and constant C such that C = p,
let Net(p,IU{C}) = (', A", T' ,dec(p)). It follows that Net(C,I) = (S,A,T,{C}),
where S,A and T are defined as in Table 8.8. a

Lemma 8.13. For any sequential NPL process p, let Net(p,I) = (S',A’, T’ dec(p)).
It follows that Net(a.p,I) = (S,A,T,{a.p}), where S,A and T are defined as in Table
8.9. O

Lemma 8.14. For any sequential process p, let Net(p,I) = (S',A',T',dec(p)); for
any testable constant D, let Net(D,I) = (S,A,T,{D}). It follows that Net(=D.p,I) =
(S,A, T, {=D.p}), where S,A and T are defined as in Table 8.9.
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Proof. By rule (s-pref>), the only transitions statically enabled at the initial marking
{=D.p} are those with premise of the form ({p},J,c,m). These transitions consti-
tute the set Ty, where D has been added to the neg-set. Therefore, all the places in
dom(m) are (statically) reachable from the initial marking {=D.p} and so all the
places in S’ are statically reachable as well, except possibly the place p itself. as
Net(p) is statically reduced (definition of the set S"). Moreover, as D is statically
reachable, all the places in the set S are reachable. Therefore, S = {=D.p}USUS".
Now, since Net(—D.p) is statically reduced, T is the set of all the transitions that
are statically enabled at S. Set T" contains all the transitions statically enabled at
S", while T contains all the transitions statically enabled at S. So all the transitions
statically enabled at S are exactly the set (T} UT" UT)%, as required. a

Lemma 8.15. For any restriction-free NPL processes py and py, let Net(p;,I) =
(Si,Ai, Trymy), for i = 1,2. It follows that Net(py | p2,1) = (S,A, T,mg) where S,A, T
and my are defined as in Table 8.10. a

Lemma 8.16. For any sequential processes py and pa, let Net(p;,I) = (S;,A;, T;,m;),
for i =1,2. It follows that Net(py + p2,1) = (S,A,T,{p1 + p2}) where S,A and T
are defined as in Table 8.10. ]

Now we are ready to state the correspondence theorem, stating that for any
restriction-free process p, the net computed by the operational semantics is exactly
the same net computed by the denotational semantics.

Theorem 8.10. For any restriction-free NPL process t, Net(t) = [t]o.

Proof. By induction on the definitions of [t]; and Net(p,I), where the latter is the
operational net associated with p, assuming that the constants in I are undefined.
Then, the thesis follows for [ = 0.

The first base case is for 0 and the thesis is obvious, as, for any I C Gons, [0]; =
(0,0,0,0) = Net(0,1), because no place/token is available and so no transition is
derivable from O by the operational rules in Table 8.7. The second base case is for
C when C € I, which corresponds to the case when C is not defined. In this case,
Sfor any I C 6ons with C € I, [C]; = ({C},0,0,{C}) = Net(C,I), because, being
undefined, no transition is derivable from C (rule (cons) is not applicable). The six
inductive cases are as follows.

Action prefixing: If t = [L.p, then, by induction, we can assume that Net(p,I) =
(8", A", T dec(p)) = |pli- The thesis Net(p.p,1) = [u.p]s follows by Lemma 8.11.

Constant: In this case, t = C and we assume that C = p and C € 1. By induction,
we have that Net(p,1U{C}) = (S, A", T’ ,dec(p)) = [pliicy, so that in p constant
C is undefined. The thesis Net(C,I) = [C]; follows by Lemma 8.12.

Strong prefixing 1: Ift = a.p, then, by induction, we can assume that Net(p,I) =
(S, A", T' ,dec(p)) = [pli. The thesis Net(a.p,1) = [a.p] follows by Lemma 8.13.

Strong prefixing 2: Ift = =D.p, then, by induction, we can assume that Net(p,I) =
(8", A", T' dec(p)) = [p]; and Net(D,I) = (S,A,T,{D}) = [D];. Then, by Lemma
8.14, the thesis Net(—=D.p,I) = [=D.p]; follows.
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[(va)pli = ([pli{d'/a})\d' = (S{d'/a}, (A{d'Ja})\d',(T{d' Ja})\ &' ;mo{d'/a})
given [p]; = (S,A,T,my) where
S{d' Ja} = {s{d'/a} | s€ S}
A{d Ja} = {c{d' /a} | ceA}
(A)\d ={oea | d¢n(o)}
T{d /a} = {(m{d'/a},]{d' [a},0{d [a},m:{d [a}) | (m1,],0,m) €T}
(Th\d = {(m1,J,0,my) | (mi,J,0,m) €T'Nd &n(c)}

Table 8.11 Denotational net semantics — part IV

Parallel: By induction, we can assume that Net(p;,I) = (S;,A;, T;,dec(p;)) =
[pili for i = 1,2. The thesis Net(pi | p2,1) = [p1 | p2]li follows by Lemma 8.15.

Choice: By induction, we can assume that Net (p;,I) = (S;,A;, T;,dec(p;)) = [pilli
fori=1,2. The thesis Net(pi + p2,1) = [p1 + p2]s follows by Lemma 8.16. O

The denotational semantics for the restriction operator is described in Table 8.11
and is very similar to that for FNM. The net [(va)p]; is essentially computed in
two steps starting from the net [p];: first, the substitution {da’/a} is applied element-
wise to all the places and transitions of the net for p; then, a pruning operation
—\ d is performed to remove all the relabeled transitions that are now labeled with
sequences containing occurrences of the restricted action @’ or . Differently from
the previous cases, now the places are extended sequential NPL processes.

We are going to state that the statically reachable subnet of the denotational se-
mantics net is the operational semantics net for any restricted NPL process.

Lemma 8.17. For any NPL process p, let Net(p) = (S,A,T,mo). It follows that
Net((va)p) = Net((Net(p){d [a}) \ @), where (Net(p){afa}) \a' = (S{d'/a}.
(A{d Ja})\d',(T{d Ja}) \ d',mp{d'/a}), and the operations of substitution are
pruning are defined in Table 8.11.

Proof. By induction on the static reachability relation =>*, we can prove that the
set S(va)p of the statically reachable places of Net((va)p) is the subset of S{d’ /a}
of the places statically reachable from my{d’/a} in (Net(p){d'/a})\ d'. And vice
versa, the places statically reachable from my{d’/a} in (Net(p){d'/a})\ d consti-
tute exactly the set Sy, The details of the proof are very similar to the analogous
Lemmata 6.12 and 7.18, and so omitted. O

Theorem 8.11. For any NPL process p, Net(p) = Nets([p]o), i.e., Net(p) is exactly
the statically reachable subnet of [p]o.

Proof. An NPL process p is either a restriction-free process t, or there exists an
action a and an NPL process p' such that p = (va)p'. In the former case, Net(t) =
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[t]o by Theorem 8.10, so that the thesis follows trivially, because [t]g is statically
reduced: Nets([t]o) = [t]o-

In the latter case, we can assume, by induction, that Net(p') = Nets([p']lo)- If
Net(p') = (S,A,T,mg), then Net((va)p') = Nety((Net(p'){d'/a}) \ d'), by Lemma
8.17. By definition in Table 8.11, [(va)p'lo = ([p']lo{d’ /a}) \ &. Moreover, it holds
trivially that Nets(N(mg)) = Nets(Nets(N(my))) for any net N(mo). Therefore,

Nets([(va)p'lo) = Nets(([p'lo{a'/a}) \ ')
= Nets((Net([p'lo){d /a}) \ d')
= Nety((Net(p'){d'/a})\d)
= Net((va)p').

8.8 RNPL

Regular NPL — RNPL, for short — is the calculus whose terms are generated from
actions, process constants and negated constant names as described by the following
abstract syntax:

s s=ar| tr |as | oDs | s+s

gu= s | 0 [ar]|q+tq

ro=gq | C sequential terms
tu=r | tft restriction-free terms
pu=t |(va)p general terms

where a € £, a € £, =D € ~Jcons and any constant C is equipped with a defining
equation in syntactic category g. The only difference with respect to NPL is that
the action prefixing operator p.— is applied to processes of category r, instead of
category .

With respect to the LTS semantics, RNPL processes generate finite-state abstract
LTS, labeled over o7 = {t}U.ZU.#". This fact can be proved by structural induc-
tion, with the base case given by sequential processes, as done for RMCS in Section
7.8.

Proposition 8.27. (Finite-state LTS) For any RNPL process p, the LTS reachable
from p, €, = (Py,s0rt(p), —p, p), is finite-state. O

With respect to the net semantics, RNPL is more expressive than RMCS, because
it represents, besides all the concurrent FSMs and many finite P/T nets, also many
finite NP/T nets. For instance, the net in Figure 3.20(a), originating from the RNPL
process p of Example 8.9, is a finite NP/T net and not a P/T net.

Now we want to argue that, for any RNPL process p, Net(p) is a bounded, finite
NP/T net. By Theorem 8.7, any NPL process p is such that Net(p) is a finite NP/T
net; hence, since RNPL is a subcalculus of NPL, Net(p) is a finite NP/T net for any
RNPL process p, too. So, it remains to prove that such a net is bounded. By syntactic
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definition, the basic constituents of any RNPL process p = (VL)(pi| ... |pn) are
the processes p1,...,p, in syntactic category r. Of course, the net transitions that
any sequential p; may generate have a singleton pre-set and a post-set which is a
singleton at most. By rule (s-com), two net transitions #; and #, can be synchronized,
producing a transition ¢ with pre-set *t = °t; @ °#, and post-set t* = 1] D15, so that
|*#| =2 and |¢*| < 2; of course, 7 can be used as a premise for rule (s-com) to generate
a new transition with pre-set of size three and a post-set of size not larger than three;
however, the number of applications of rule (s-com) is bounded by the length of
the longest atomic sequence that any p; can generate. Hence, if j is the length of
the longest sequence of all the p;’s, the generable net transitions have a pre-set of
size j+ 1 and a post-set of size j+ 1 at most. Summing up, for any m and any ¢, if
mlt)m’, then |m'| < |m|, because ¢ does not produce more tokens than it consumes.
Therefore, the following theorem holds.

Theorem 8.12. For any process p of RNPL, Net(p) is a k-bounded, finite NP/T net,
where k = |dec(p)|. O

However, RNPL is not able to express all the possible bounded, finite NP/T
nets. It is enough to consider a finite NP/T net with a transition of the form
({s1},9,a,{s2,s3}), which produces more tokens than it consumes.



Chapter 9
Generalizations and Variant Semantics

Abstract A few possible extensions and variant semantics are discussed. They are
related to (i) representing all Petri nets labeled over the set Act of structured actions
and co-actions; (ii) allowing the body of recursively defined constants to be non-
sequential; (iii) generalizing the approach to the case when the restriction operator
can occur inside the body of recursively defined constants. Finally, asynchronous
communication is discussed and an open problem for future research is suggested.

9.1 Communicating Petri Nets

Following the tradition in the field of automata theory [HMUO1], also in the classic
definition of Petri nets (see, e.g., [Pet81, DR98, Reil3]), transitions are labeled with
actions taken from a set A of unstructured actions; hence, in the thesis of the repre-
sentability theorems, our assumption that the label set A is a subset of £ U {7} isin
analogy with this tradition.

If we want to be more generous and to consider Petri nets labeled over the set
Act = LU ZU{t} of structured actions and co-actions, we obtain the so-called
communicating Petri nets, which have actually been used as the semantic model for
FNC, FNM and also NPL, when the modeled process is not output-closed. However,
the extension of the six representability theorems to communicating Petri nets may
be non-trivial.

On the one hand, the constructions given for SFM, CFM and BPP can be trivially
extended, as the parallel composition operator is either absent or does not allow
synchronization. For instance, let us consider the concurrent FSM net N;(mg) in
Figure 9.1(a), where my = 51 & 5. We can extract from this net its associated CFM
process, namely p = Jepy (N1 (mgp)) = Cy | C, where C = a.0 and C; = a.0, whose
associated net Net(p) is isomorphic to N;(s; @ s2), as expected.

On the other hand, if we extract from the net N; (myg) its associated FNC process,
namely ¢ = Zrnc(Ni(mo)) = (VL)(C1|Ca), where L = {x},x},x2,:3}, Ci = a.0
and C, = a@.0, then its associated net Net(q) is isomorphic to N (s3 @ s4) in Figure
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S5 S6 87

§1 52 s3 S4
L’E Ea aMa a T a a
a) b)

Fig. 9.1 Some simple communicating nets

9.1(b), because now parallel composition enables the synchronization between a
and a. This is an unwanted result.

As a matter of fact, for the process algebras we have studied where parallel com-
position allows for synchronization, namely FNC, FNM and NPL, the situation is
a bit delicate. Let us consider the finite CCS net N3(myg) in Figure 9.1(c), where
mp = s5 O s¢ D s7. In this case, if we extract the FNC process p = Jryc(N3(mo))
from this net according to Definition 6.12, we get

2 2 3.3 .3 .4
P= (vxsax6ax77x5ax6ax77x57x67x77x57x6ax7) C5|C6|C7)

where C5 = a.0+x%.0, Ce = X%.(H—E.O and C7 = a.0. However, the net Net(p) is
not isomorphic to the net N3(myg) in Figure 9.1(c), because it generates an additional
T-labeled transition with pre-set sq @ 57, due to the synchronization of action a of Cg
and its complementary action a of C;.!

A possible way out is to extend these calculi with the additional, external (i.e.,
to be used at the top level only) operator of relabeling p[b/al, as defined in [GV15]
(originally, in a more general form, in [Mil89]), which relabels each occurrence of
action a, performed by p, as b. (As for syntactic substitution, the relabeling oper-
ator can be generalized to allow for multiple relabelings: p[b; /ay,...,b,/ay).) The
following SOS operational rule

o,
p—p
O'[h/a
plb/a] — p'lb/d]
describes the intended LTS semantics of this operator, where the label 6[b/a] is
defined as follows: a[b/a] = b, alb/a] = b, c[b/a] = ¢, if ¢ # a,a, and (aoc)[b/a] =
alb/alo[b/al.

The problem of defining an operational unsafe net semantics for this operator
seems hard.? On the contrary, a denotational net semantics for this operator is quite
easy (see Table 9.1): it is enough to relabel the transitions, which makes sense if

(Rel)

I Note that the synchronization between actions a of Cs and @ of Cy generates the same 7-labeled
transition with pre-set s5 @ s due to the synchronization on the bound action xé, and so it does no
harm.

2 However, note that a 1-safe operational net semantics for the relabeling operator can easily be
given, following the approach of Degano, De Nicola and Montanari [DDM88].
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[plb/all; = [plilb/a] = (S,Alb/a], T[b/a],mo)
given [p]; = (S,A,T,mg) where
Alb/a] = {c[b/a] | o €A}

Tb/al = {(m,0[b/a),my) | (m1,0,my) €T}

Table 9.1 Denotational net semantics for the relabeling operator

we assume that this operator is used syntactically at the top level only. Then, the
procedure is as follows:

e First, take a communicating Petri net N(myg) labeled with actions taken from Act,
which can be a finite CCS net (for FNC), or a finite P/T net (for FNM) or a finite
NP/T net (for NPL).

e Then, relabel each transition #; of the net N labeled with an input action a; to a

new input action aj-, yielding a new renamed net N’(my). In this way, the set of
labels of the net N’ (mg) does not contain any pair of complementary actions/co-
actions.

e Then, compute the associated process p(N'(mg)), which is Tryc(N'(my)), or
Trnm (N (mg)), or Fypr(N'(mg)), according to the chosen type of net and the
process algebra of interest. Note that the process p(N'(mgp)) does not contain
any pair of free complementary actions/co-actions, so that [p(N'(mg))]p is a net
where no additional synchronization net transitions are introduced.

e Then, consider the process g = p(N'(mq))[a1/al,...,ax/al] and compute its as-
sociated net [¢]g, according to the denotational net semantics for the chosen cal-
culus enriched with the relabeling operator; the result is to relabel each transition
of [p(N'(mp))]e labeled with an input action aj. with its original name a;, for
j=1,... )k

It is not difficult to realize that the statically reachable subnet Net([¢]o) of the
denotational net [¢]y is isomorphic to the original net N(my). For instance, let us
consider FNC. Theorem 6.8 ensures that Net (p(N'(my))) is isomorphic to N’ (my),
while Theorem 6.11 ensures that Net (p(N'(my))) is exactly the statically reachable
subnet of [p(N'(mo))]o; hence, Net,([p(N'(mg))]o) is isomorphic to N’ (my). There-
fore, Net;([¢]p) must be isomorphic to N(my), as the additional step of relabeling
reintroduces the original names of the involved input transitions.

9.2 Variant Net Semantics

A peculiar feature which is common to all the calculi studied in this book is that
the body p defining a constant C must be a sequential process, because, intuitively,
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a constant is intended to be the name of a sequential process. This aspect of the
language definition cannot be changed for NPL, because the negated constant name
=D is used to test the absence of a sequential process, named D. However, for the
other calculi, namely CFM, BPP, FNC and FNM, we may be more generous and
allow the body p to be any parallel process. For instance, the following definition
for constant C could be accepted in the enriched version of these calculi:

C =a0|bC.

The technical development would not change so much. From a syntactic point of
view, we are forced to explicitly define constant guardedness, as done for instance in
[GV15], and to require that a term ¢ is a process only if all the constants in Const(g)
are guarded; in fact, in the current version of these calculi, constant guardedness is
ensured by syntactic construction. Moreover, the LTS interleaving semantics for this
enriched version of the calculi CFM, BPP and FNC would remain the same, while
for the enriched version of FNM it would be necessary to include one additional ax-
iom, generating the structural congruence =, of the form: C = p if C = p; the effect
of this extension is that rule (Cons) can now be omitted (see [Gor16] or Chapter 6
of [GV15] for details). Also the step semantics would require a slight adaptation for
rule (Cons®), whose transition label is not required to be a singleton; for instance,

the step transition C ﬂ}s 0| C would be derivable for the constant C defined above.
Also the net semantics would require some changes, the most notable one being
that the decomposition of a constant C would be the result of decomposing its body
p; formally:
dec(C) =dec(p) ifC=p.

For instance, for the definition above, dec(C) = {a.0,b.C}. This has the effect that
a constant C is not a place; as a consequence, there is no need for the specific net
transition operational rule (cons) for constants. The finiteness theorems (for any
process p, the net Nez(p) is a finite net) for the various enriched calculi would still
be correct. However, the representability theorems would not always be correct. In
fact, as a constant is not a place, it follows that C; = p and C, = p are mapped
via dec to the same multiset dec(p), and so some undesirable fusion of places may
occur, as illustrated in the following example about CFM.

Example 9.1. Let us consider the concurrent FSM net N (mg) = ({s1,s2,53,54},{a},
{(s1,a,83),(s2,a,s4)}, mp), where mo = {s1,s2}, which has four places and two
transitions. The CFM term p = Jcpp (N (mp)) would be Cy | Ca, where

Ci; = a.C3+0, Cy = 0+a.Cy,
C; = 0+0, Cy = 0+0,

but now Net(p) is the net ({a.C3+0,0+a.C4,0+0},{a}, {(a.C3+0,a,0+0),(0+
a.C4,a,0+0)},{a.C3+0,0+a.C4}), which has three places only, as the two distinct
places s3 and s4 are now mapped to the same place 0+ 0. a
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A solution to this drawback is possible for FNC and FNM [Gor16], at the price
of introducing some additional new bound names: for each place s;, the associated
constant C; has a defining equation of the form

C = cl~1+-~-+cf~‘+y,~.0

where each summand c{ ,for j=1,... k (where k is the number of transitions in N),
is defined as usual, but the new bound name y; is used to keep distinct each constant
body, as clarified in the following example.

Example 9.2. Let us consider again the net N (mo) = ({s1,52,53,54}, {a},{(s1,a,s3),
(s2,a,84)}, mo), where mo = {s1,s2 }, which has four places and two transitions. The
FNC term ¢ = Zrnc(N(mo)) would be (VL)(Cy |Cy), where L = {x},x},x2 x5} U
{y17”° 7y4} and

C = a.C3+0+yy, C = 0+a.Cy+y,
C3 = 0+0+ys, Cy = 040+,

and now Net(q) is the net ({a.C3+0+y;,0+a.C4+y2,0+0+y3,0+0+y4}, {a},
{(@a.C3+0,a,0+0+y3),(0+a.Cs,a,0+0+y4)},{a.C3 + 0+ y1,0 +a.Cs +y2}),
which is indeed isomorphic to N(my). O

Summing up, we think that our choice of requiring that the body of a constant
definition be sequential is not only intuitively more attractive, but it gives also rise
to a mathematically better theory.

9.3 General Restriction

The restriction operator in CCS [Mil89], in Multi-CCS [GV15] and in the 7-calculus
[MPW92] is not forced to be used at the top level only, as in FNC and its extensions.
In particular, it is possible that this operator occurs within the body of a recursively
defined constant. To fix the problem, consider the CCS dialect such that .Z is finite
(but large enough), the sum operator is guarded and the body of any constant defini-
tion is sequential, as assumed for all the calculi studied in this book. Note that in this
CCS dialect the prefixing operator L.— is applied to any general term and not only
to a restriction-free term, as in FNC. This CCS dialect is Turing-complete when at
least eight actions are available® (namely, decy,decs, incy,incs,zeroy,zeroa, a,b); as
a matter of fact, the modeling of the counter machines in NPL described in Section
8.2.1 can be easily adapted to CCS by replacing the NPL counter of Example 8.3
with the following CCS counter [Tau89]:

3 It is an open problem to find the least number of constants to get Turing-completeness in CCS,
when simulating a universal Turing machine (UTM for short) with a 2-counter machine [Min67].
However, it is not difficult to show that a direct construction of a UTM with n states and m symbols,
based on a tape simulated by two stacks (see Example 3.24 in [GV15] for the definition of a stack
in CCS), would require 4m + 2 + n constants and 4m + 4 actions [Gorl7].
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(va)(vD)((va)(C1 | a.C2) | b.C) | aC) @

inc

inc

® (va)(@o | a.C)

zemQ T‘l‘
®----® (va)0 | O)

C

Fig. 9.2 The initial part of the infinite LTS of the counter C. (A dashed line connects weakly
bisimilar states.)

C = zero.C+inc.((va)(C |a.C)),
Cy =dec.a0+inc.((vb)(C2|b.Cy)),
C> = dec.b.0+inc.((va)(Cy |a.Cy)),

which exploits three recursively defined constants only, and where restriction occurs
in the body of all of them. The LTS for C has infinitely many states; the initial
fragment of this LTS is outlined in Figure 9.2.

Even if, from a syntactic point of view, the set of bound names of C is finite,
namely bn(C) = {a,b}, the number of different names that such a process may use
semantically may be unbounded. In fact, the use of nested, alternated occurrences
of the restriction operator allows for an unbounded generation of new names. To
explain the issue, consider the process

p = (va)((vb)(((va)((vb)(C2|.C1) |a.C2) [6.C1)) | a.C)
which is reachable from C by performing action inc four times. From a semantical
point of view, p is using four different bound names: the rightmost occurrence of
a prefix a (in a.C) is subject to the leftmost occurrence of the operator (va), while
the leftmost occurrence of @ (in a.C,) is subject to the rightmost occurrence of (va),
hence the two occurrences of a are denoting two different semantic actions, even if
they are both called a. And similarly for the occurrences of prefixes b and operators
(vb). Indeed, from a semantical point of view, C may generate unboundedly many
different semantic bound names, but these are obtained by means of two syntactic
bound names only, namely a and b, by a clever alternation of their use.
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Therefore, the net semantics we have defined for FNC is to be changed, because
we cannot simply assume that for each syntactic bound action a there exists exactly
one corresponding restricted action «’, because now the synfactic bound names are
not in bijective correspondence with the semantic bound names. However, the ex-
tension is not too difficult. It is enough to use a countable set .4 = {n; ‘ i e N}
of auxiliary restricted actions to build the set of extended processes Z2". At a first
approximation, the decomposition function dec is to be updated, but only for the
restriction operator, as follows:

dec((va)q) = dec(q{ni/a}) M € A is a new restricted action,

assuming that a mechanism for the generation of a new name is available, when-
ever necessary. For instance, consider the processes p = (va)(a.0]5.0) and g =
(va)(@.0]5.0). Then,

dec(p|q) =dec(p) ®dec(q) = dec(a.0b.0){n;/a} ®dec(a.0|b.0){n;/a}
=n:.002-b057,.0

where i # j. In general, we may need infinitely many different restricted names, as
in the case of the counter process C above, when the set of semantic bound names
is infinite; in such a case, the resulting P/T net is infinite as well. This basic idea
has been applied to giving a net semantics to the 7-calculus in [BG09], by using
nets with inhibitor arcs; this semantics generates finite nets for so-called finite-net
(closed) processes, which are exactly those processes where restriction can occur at
the top level only, in particular, not in the body of any recursively defined constant.

As observed in [Morl1], this basic idea may be inaccurate in some cases. For
instance, consider the process p = B|B, where B = a.(vb)(b.c.0 + b.0). The ex-
pected semantics is that p performs two a-labeled transitions and then deadlocks.
By applying the decomposition function to p, we would get dec(p) = {B,B}. By
axiom (pref), the net transition {B} — dec((vb)(b.c.0 +b.0)) is derivable, where
dec((vb)(b.c.0+b.0)) = n;.c.0+717,.0 for some new restricted name 7;. Now, since
we have two tokens in place B, after performing the two a-labeled transitions, we
have two tokens in place 1;.c.0 +7,.0, so that now a synchronization is possible,
and then a c-labeled transition is executable: this is in contrast with the intended
behavior of p. The problem is due to the fact that the two instances of B should be
differentiated: as the set of its bound names is not empty, each instance should use
a different set of restricted names.

To overcome this problem, [Mor11] suggests an explicit mechanism for generat-
ing new names, based on a suitable indexing of the set .4 of restricted actions, and
decorating each extended sequential process s such that bn(s) # 0, with a pair of
natural numbers e, i], where i denotes the first available index for a new restricted
action, and e the exponent of 2 to be used as the step for computing the next avail-
able index (i.e., the next index is i +2¢). Hence, each place in Sccgs is a pair (s,9),
where s is an extended sequential process and 6 is a decoration, which is empty,
denoted by €, when bn(s) = 0. The details of the construction — in the simplified
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d(0,e,i,1) = ¢

d(u.p,e,i,I) = d(p,e,i,I)

d( + I) d(plve+17i7l) lfd(pheJr]/l,[)?ée
7e7l7 = . .
prvp d(p2,e+1,i+2°1) otherwise
d(pi,e+1,i,0) ifd(pr,e+1,i,I) #¢

d e i, l) = .
(prlp2 ) d(p2,e+1,i+2°1) otherwise

d((va)p,e,i,]) = e,

d(C,e,i,I) € ifCel
7671’ = . . . .
d(p,e,i,]U{C}) otherwise, with C = p

Table 9.2 Decoration function

dec(0,e,i) = 0
dec(p.p,e,i) = {(p.p,d(1.p,e,i,0))}
dec(p1 +p2,e,i) = {(p1+p2,d(p1 + p2,e,i,0))}
dec(pi|pa,e,i) = dec(pi,e+1,i) ®dec(pr,e+1,i+2°)
dec((va)p,e,i) = dec(p{ni/a},e,i+2°)

dec(C,e,i) = {(C,d(C,e,i,0))}

Table 9.3 Decomposition function

setting of our CCS dialect, without any attempt to optimize the net semantics — are
as follows. Formally, the decoration function

d: P xNxNx Pp,(6ons) — {€} UNx N
is defined in Table 9.2, where the third parameter i gives the first available index,
and the second parameter e is used to compute 2¢, which specifies the length of
the step to the next index. It exploits, as fourth parameter, a set of constant names,
in order to avoid looping, as the decoration of a constant C is computed by taking
the decoration of its body p, computed w.r.t. the enriched set of constants /U {C}.
The only case where the decoration is not € is for d((va)p,e,i,I) = [e,i]. In all the
other cases, either the result is € (for 0 and for C, when C € I), or it is computed
inductively on the structure of the process. Note that for the choice operator and for
parallel composition, the inductive cases d(p1,e + 1,i,1) and d(p2,e+ 1,i+2¢,1)
are computed w.r.t. a step 2!, starting from i for p; and i +2¢ for p;. The reason
for this will be clarified later.

The new decomposition function dec : 22" x Nx N — . tin(Sces) is defined
in Table 9.3. As expected, the decomposition of 0 is the empty multiset. The de-
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dec(p,e,i) im

(pref) m (cons) — C=p
dec(l.p,e,i) —>dec(p,e,i) dec(C,e,i) —m
dec(pl,e+1,i)i>m dec(pz,e+1,i+2‘3)i>m
(sumj) m (sumy) m
dec(pi + pa,e,i) —m dec(pi+ pa,e,i) —m

mi , my my —y>m’2
(com)

ad(m; ©my)
T / /
my @ my —my &m,

Table 9.4 Rules for net transitions

composition of a sequential process s is (s,0), where the decoration § is computed
by the decoration function d, whose fourth parameter is the empty set; of course,
if bn(s) = 0, then & = ¢, otherwise, 8 = [¢/,i’], which represents the correct index-
ing that is used when the restriction operator will be encountered. The case for the
restricted process (va)p shows that the index i is used to select action 1);, to be
substituted for the bound name a, and then the decomposition of p continues with
the next index i+ 2¢. The case for the parallel process p; | p» shows that the de-
composition is done inductively on the processes p; and p,, where the index space
is partitioned into two sets: p; has all the indexes starting from i with step 27!,
and p, all the indexes from i+ 2¢ with step 2¢*!. To clarify this issue, consider
dec((p1|p2)|p3,0,0); the initial parameters have been chosen to have N as the ini-
tial index space: in fact, the initial available index is 0 and the step is 2° = 1. Now,

dec((p1|p2)|p3,0,0) = dec(py|p2,1,0) ®dec(ps,1,1)

and so the initial index for p; | p is O with step 2! = 2, so that its index space is the
set of even numbers; while the index space for ps is the set of odd numbers, as the
initial index is 1 and the step is 2. Now,

dec(py|p2,1,0) =dec(p1,2,0) D dec(ps,2,2)

and so the initial index for p; is O with step 2> = 4, so that its index space is J; =
{4k | k € N}, while the initial index for p is 2 with step 4, so that its index space
isJh={2+4k | k € N}. Note that J; and J, constitute a partition of the set of even
numbers, which have been allotted to p; | pa.

Of course, given the more structured nature of the places, also the net transition
rules are to be adapted. Table 9.4 describes the rules for our CCS dialect. These rules
exploit the parametrized function dec also in the source state, in order to determine
the parameters e and i that are to be used to compute the target multiset. Note that
the rules (sum;) and (sumy) also perform a partitioning for p; and p, of the index
space of p| + p», similar to what dec performs over parallel processes.

To illustrate how this theory works, let us consider again the process p = B|B,
where the constant B is defined as B = a.(vb)(b.c.0 +b.0). Then,

dec(B|B,0,0) = dec(B,1,0) ®dec(B,1,1)
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where dec(B, 1,0) = {(B,d(B,1,0,0))} and dec(B,1,1) = {(B,d(B,1,1,0))}, with
d(B,1,0,0) = d(a.(vb)(b.c.0 + b.0),1,0,{B}) = d((vb)(b.c.0+5.0),1,0,{B}) =
[1,0], and, similarly, d(B, 1,1,0) = [1,1]. So, the initial marking is

moy = {(Bv [1,0]), (Bv [11 1})}
where the two occurrences of the constant B have been differentiated by the decora-
tion. By rule (cons), dec(B, 1,0) can do what dec(a.(vb)(b.c.0+b.0),1,0) can do;
by axiom (pref), dec(a.(vb)(b.c.0 4 b.0),1,0) —= dec((vb)(b.c.0 +b.0),1,0) =
dec((b.c.0+b.0){no/b},1,2) = {(19.c.0 +7.0,€)}, because d(np.c.0 +7,.0,1,
2,0) = €. Hence, the transition dec(B, 1,0) —= {(19.c.0 +1,.0,€)} describes the
behavior of the first B. Similarly, dec(B,1,1) - {(n1.c.0 +7,.0,&)}. No other
transition is derivable, as 1o and 1; are restricted actions, which cannot be per-
formed asynchronously, and, being different, they cannot be synchronized. There-
fore, the net for p = B|B constructed with this technique is coherent with the ex-
pected semantics.

This indexing technique, sketched here for the case of this CCS dialect, can be
easily extended to the analogous Multi-CCS dialect, and also to the corresponding
m-calculus dialect, by using nets with inhibitor arcs [BG09]; in all these cases, the
net semantics associates a finite Petri net with finite-net processes, i.e., processes
where restriction cannot occur within the body of recursively defined constants.*

9.4 Asynchronous Communication

The process algebras we have studied in this book are based on synchronous com-
munication: the partners of the communication are performing their complementary
input/output actions at the same time. Hence, the send operation is blocking: the
sender, after sending the message, can proceed only after the receiver has received
the sent message.

However, in distributed systems a weaker form of communication is usually
adopted. Asynchronous communication is a form of communication where the send
operation is non-blocking, i.e., once performed, the sender can proceed without
necessarily waiting for the reception of the sent message. Various process alge-
braic formalizations of this communication mechanism have been suggested in the
literature (see, e.g., [BGZ00, BPVO0S8]). However, there is widespread agreement,
in the process algebra community, that a very simple formalization, suggested by
[HT91, Bou92], is appropriate for the aim. This formalization simply calls for a
syntactic restriction: an output prefix @ cannot have any continuation. To fix the
details, let us consider the asynchronous FNC (AFNC, for short), whose syntax is
outlined in Table 9.5. It is clear that a term of the form p = @.b.0 is not derivable by
the syntax. However, if we want to express that in p the output @ is non-blocking,
then we can define the AFNC process a.0|b.0, which intuitively expresses the ex-

4 To be precise, in the case of the 7-calculus, also some additional conditions are necessary [BG09];
a simple, sufficient, additional condition is that the process term p is closed, i.e., fn(p) = 0.
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s2=0] a0 |at]|s+s

g:=s| C sequential terms
tn=gq| t|r restriction-free terms
pu=t | (va)p general terms

Table 9.5 Syntax for asynchronous FNC (AFNC)

pected behavior: the order in which the emitted output @ is ready for synchronization
and the input b is performed is arbitrary.

AFNC is a subcalculus of FNC, so that all the results we have proved in Chapter
6 hold also for AFNC. In particular, the net semantics of any AFNC process is
a finite CCS net. Interestingly enough, the FNC process Jrnc(N(mp)) associated
with a finite CCS net is actually an AFNC process, and so we could state that AFNC,
rather than FNC, is the minimal language that can represent all the finite CCS nets.
Similar considerations hold for FNM and NPL.

9.5 Other Languages?

Is the hierarchy of languages we have proposed in this book the only possible one
for the chosen hierarchy of distributed systems? In other words, once we have fixed
a class of models, can we find a different set of process algebraic operators that can
represent that class?

Let us fix one class of models: finite P/T Petri nets. Of course, we do not claim
that FNM is the only language that can represent all and only the finite P/T Petri
nets. However, we would like to point out some features that any other language
capable of representing finite P/T nets must have, so that, in the end, FNM seems
the only natural candidate. In fact, the parallel operator — || — of a language able to
express Petri nets has to be

e permissive: in a process p || ¢, the actions p can perform cannot be prevented by
g. This requirement is necessary because P/T Petri nets are permissive as well,
meaning that if a transition # is enabled at a marking m, then ¢ is also enabled at
a marking m’ O m; the parallel operator of FNM is permissive, while this is not
the case for other parallel operators, such as the CSP one p ||4 ¢ [Hoa85].

e Moreover, the parallel operator — || — is to be ACI (associative, commutative,
with an identity), because the decomposition of a parallel process into a marking
has to reflect that a marking is a (finite) multiset; also in this case, the parallel
operator of FNM is ACI, while this is not the case for other parallel operators,
notably the CSP one.

e In addition, the parallel operator should be able to express multi-party synchro-
nization, because a net transition, which may have a pre-set of any size, can
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be generated by means of a synchronization among many participants, actu-
ally as many as the tokens in its pre-set. The FNM parallel operator can model
multi-party synchronization, by means of the interplay with the strong prefixing
operator. Other process algebras offer parallel operators with multi-party syn-
chronization capabilities, but in Multi-CCS multi-party synchronization is “pro-
grammable”, meaning that we can prescribe the order in which the various partic-
ipants are to interact, independently of the syntactic position they occupy within
the global term and without resorting to a global synchronization function, as in
the case of some ACP dialects [BBR10].

The multi-party synchronization discipline has been chosen as simple as possi-
ble: a sequence can synchronize with one complementary action at a time, in the
exact order they occur in the sequence. About sequentialization operators, we note
that prefixing cannot be replaced by ACP-like sequential composition, because a
language with recursion and sequential composition can express all the context-free
languages, while finite P/T nets cannot [Pet81, GV 15]; hence, sequential composi-
tion is too powerful to express only finite P/T nets. As we have chosen a CCS-like
naming convention, the scoping operator, which can occur syntactically only at the
top level, is the CCS restriction operator.

Summing up, any other language, if any, able to represent all and only finite P/T
Petri nets should possess these necessary features, which, altogether, seem to be
exclusive to FNM, or at least very rare in the panorama of process algebras.

9.6 Future Research

To conclude this book, we would like to discuss an open problem whose solution
would make the theory presented here really useful in practice, for distributed sys-
tems verification.

A decidable behavioral equivalence over reactive systems supports the verifica-
tion technique called equivalence checking: a complex, detailed model is correct if
it is behaviorally equivalent to some simpler model that is self-evidently correct.
A language for describing reactive systems opens the way not only to composi-
tional modeling but also to compositional reasoning, when the considered behav-
ioral equivalence is a congruence. For instance, when checking the equivalence be-
tween two composite systems, say pj | p2 and g | g2, it might be more convenient to
check separately whether p; is equivalent to gy, and whether p; is equivalent to g2,
instead of considering the two large global state spaces, because when the equiv-
alence is a congruence for parallel composition, then we are sure that p; | p» and
q1 | g2 are equivalent, too. Compositional equivalence checking on finite-state LTS
process algebras, such as RCS (see Section 6.8), is a viable verification technique
because the used equivalence (typically, some form of bisimilarity over finite-state
LTSs) is decidable and also a congruence for the operators of RCS.

If we desire a similar compositional verification technique for the process alge-
bras we have introduced in this book, each representing a different class of Petri
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nets, and so of distributed systems, we have to find a behavioral equivalence relation
which is decidable over the chosen class of finite Petri nets and a congruence for the
operators of the associated process algebra. For instance, for CFM we have that step
bisimilarity is a congruence (Theorem 5.3) and decidable over concurrent FSM nets
(as they are finite, bounded P/T nets). So, compositional equivalence checking is a
viable verification techniques for CFM.

However, the problem is not always easy, in particular for FNC and its conserva-
tive extensions FNM and NPL. Let us consider FNM and let us examine the three
well-known equivalences over finite P/T nets we have used throughout the book:
interleaving bisimilarity, step bisimilarity and net isomorphism. On the one hand,
only net isomorphism is decidable for finite P/T nets, while interleaving bisim-
ilarity and step bisimilarity are undecidable [Jan95, Esp98]. On the other hand,
net isomorphism is not a congruence for the choice operator +, since even LTS
isomorphism is not a congruence for + (see Section 4.2.2): Net(a.(0+0)) is iso-
morphic to Net(a.(0+0+0)), but Net(a.(0+0) +a.(0+0)) is not isomorphic to
Net(a.(04+0+0)+a.(0+0)). Moreover, interleaving bisimilarity is not a congru-
ence for FNM parallel composition, while step bisimilarity is a congruence for all
the operators of FNM. Summing up, none of these three equivalences satisfies both
properties: being decidable and a congruence. Of course, if we restrict our attention
to RMCS (see Section 7.8) — hence, only to finite, bounded nets — the situation
is much better and step bisimilarity can be used to this aim, being decidable and a
congruence. However, for FNM and general, unbounded, finite P/T nets, it is a chal-
lenging open problem to find an equivalence relation which satisfies both properties.



Glossary

Symbol Description Where

Lab set of labels Definition 2.1
T internal, invisible action Definition 2.1
<z set of actions (inputs) Section 4.1
Zz set of co-actions (outputs) Section 6.1
Act = LUZLU{t} setofall actions Section 6.1

RZAVEZ

set of all restricted actions

Section 6.1.1

¥ =2LUL set of inputs, also restricted Section 6.1.1
G=LUL set of outputs, also restricted Section 6.1.1
Acty=9U9 U{t} setof all actions, also restricted Section 6.1.1
LN labeled transition in an LTS Definition 2.2
Oy reflexive transitive closure of —— Definition 2.4
—* reachability Definition 2.4
= LTS isomorphism Definition 2.8
=¢r trace equivalence Definition 2.9
=ctr completed trace equivalence Definition 2.11
< simulation preorder Definition 2.12
~ Definition 2.12

simulation equivalence
bisimulation equivalence
structural congruence

Definition 2.12
Definition 2.14

labeled weak transition in an LTS
weak trace equivalence

weak completed trace equivalence
weak simulation preorder

weak simulation equivalence
weak bisimulation equivalence

Definition 2.15
Definition 2.16
Definition 2.17
Definition 2.18
Definition 2.18
Definition 2.19

”
gi Qe 22/\§| %I HQ I 2

multiset (of labels) Definition 2.21
step labels Definition 2.22
~step step bisimulation equivalence Definition 2.24
o(M) observable content of a step label Table 2.1
EN weak step transition Table 2.2
gmp weak step simulation preorder Definition 2.26
Rstep weak step bisimulation equivalence Definition 2.26
m multiset (of places) Definition 3.1
® multiset union Definition 3.1
o multiset difference Definition 3.1
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°t pre-set of a net transition Definition 3.2
t® post-set of a net transition Definition 3.2
() labeling of a net transition Definition 3.2
°t neg-set of a net transition Definition 3.22
mlt) t enabled at m Definition 3.4
Nety(N(mp))  dynamically reachable subnet Definition 3.7
Nets(N(myg)) statically reachable subnet Definition 3.9
>, (rooted) net isomorphism Definition 3.15
IMG(N(mp))  interleaving marking graph Definition 3.16
L[N(my)] Petri net language Definition 3.18
G multiset (of transitions) Section 3.4.3
SMG(N(mg))  step marking graph Definition 3.20
alMG(N(mp))  abstract IMG for NP/T nets Definition 3.26
~ abstract interleaving bisimilarity =~ Definition 3.26
cIMG(N(myp))  concrete IMG for NP/T nets Definition 3.26
~ concrete interleaving bisimilarity ~ Definition 3.26
aSMG(N(mg))  abstract SMG for NP/T nets Definition 3.27
~step abstract step bisimilarity Definition 3.26
¢SMG(N(mgp)) concrete SMG for NP/T nets Definition 3.27
~step concrete step bisimilarity Definition 3.26
Gons set of process constants Section 4.1
Const(p) set of constants used by p Definition 4.1
Psrm set of SFM processes Definition 4.2
sub(p) set of subterms of p Table 4.1
Csrm LTS for SFM Definition 4.4
Nsrm net for SFM Section 4.3
dec(p) decomposition of p Table 4.3
Net(p) reachable subnet from dec(p) Definition 4.5
Tsrm(—) translation function for SFM Definition 4.6
[-To denotational net semantics Section 4.5
Pcru set of CFM processes Section 5.1
P set of sequential CFM processes ~ Section 5.1
sub(p) set of sequential subterms of p Section 5.1
GcEM LTS for CFM Section 5.1.1
GCopm STS for CFM Section 5.1.2
Ncry net for CFM Section 5.1.3
dec(p) decomposition of p Table 5.3
Net(p) reachable subnet from dec(p) Definition 5.1
Term(—) translation function for CFM Definition 5.2
1o denotational net semantics Section 5.1.6
Pppp set of BPP processes Section 5.2
Py set of sequential BPP processes  Section 5.2
Nppp net for BPP Section 5.2.2
Net(p) reachable subnet from dec(p) Definition 5.4
Tgrp(—) translation function for BPP Definition 5.5

=0

denotational net semantics

Section 5.2.4

Glossary
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Const(p) set of constants used by p Table 6.1
Prne set of FNC processes Section 6.1
Prde set of sequential FNC processes Section 6.1
bn(p) bound names Definition 6.1
Sfn(p) free names Definition 6.1
Sfo(p) free outputs Definition 6.1
ad(—) admissible (term) Section 6.1.1
3”;’1{,? set of extended, restriction-free FNC procs Section 6.1.1
—{d'/a/} syntactic substitution Table 6.3
i(—) function from Ppyc to 2L Definition 6.5
sub(p) set of sequential subterms of p Table 6.4
ErnC LTS for FNC Section 6.2
Crnp STS for FNC Section 6.3
Nrne net for FNC Section 6.4
dec(p) decomposition of p Table 6.8
Net(p)  reachable subnet from dec(p) Definition 6.11
Irnc(—) translation function for FNC Definition 6.12
[-]o denotational net semantics Section 6.7
PeNm set of FNM processes Section 7.1.1
Pl setof sequential FNM processes Section 7.1.1
wA(p) well-formed FNM process Table 7.1
In(p) initials of p Section 7.1.3
CrNm LTS for FNM Section 7.2
= structural congruence for FNM Table 7.5
Sync synchronization relation for FNM Table 7.4
Conhy  STS for FNM Section 7.3
MSync step synchronization relation Table 7.11
Nenum net for FNM Section 7.4
Net(p)  reachable subnet from dec(p) Definition 7.3
Irnm(—) translation function for FNM Definition 7.4
1o denotational net semantics Section 7.7
FJcons set of testable process constants Section 8.1
—Jcons  set of negated testable constant names Section 8.1
PNPL set of NPL processes Section 8.1
Pt set of sequential NPL processes Section 8.1
CrpL concrete LTS for NPL Section 8.2
NPL abstract LTS for NPL Section 8.2
~o concrete interleaving bisimilarity Section 8.2.2
o abstract interleaving bisimilarity Section 8.2.2
Gypr? concrete STS for NPL Section 8.3
Gnpr” abstract STS for NPL Section 8.3
~step concrete step bisimilarity Definition 8.2
~tep abstract step bisimilarity Definition 8.3
NnpL net for NPL Section 8.4
Net(p)  reachable subnet from dec(p) Definition 8.4
Inpr(—) translation function for NPL Definition 8.5
[-To denotational net semantics Section 8.7
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