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Preface

Basic Engineering Mathematics, 3rd edition introduces and then consolidates basic mathematical principles and promotes
awareness of mathematical concepts for students needing a broad base for further vocational studies. In this third edition, new
material has been added on the introduction to differential and integral calculus.

The text covers:

(1) the Applied Mathematics content of the GNVQ mandatory unit ‘Applied Science and Mathematics for Engineering’
at Intermediate level (i.e. GNVQ 2)
(ii) the mandatory ‘Mathematics for Engineering’ at Advanced level (i.e. GNVQ 3) in Engineering
(iii) the optional ‘Applied Mathematics for Engineering’ at Advanced level (i.e. GNVQ 3) in Engineering
(iv) the Mathematics content of ‘Applied Science and Mathematics for Technicians’ for Edexcel/BTEC First Certificate
(v) the mandatory ‘Mathematics for Technicians’ for National Certificate and National Diploma in Engineering
(vi) Mathematics 1 for City & Guilds Technician Certificate in Telecommunications and Electronics Engineering
(vii) basic mathematics for a wide range of introductory/access/foundation mathematics courses
(viii) GCSE revision and for similar mathematics courses in English-speaking countries world-wide.

Basic Engineering Mathematics, 3rd edition provides a lead into Engineering Mathematics.

Each topic considered in the text is presented in a way that assumes in the reader little previous knowledge of that topic.
Theory is introduced in each chapter by a brief outline of essential theory, definitions, formulae, laws and procedures. However
these are kept to a minimum, for problem solving is extensively used to establish and exemplify the theory. It is intended that
readers will gain real understanding through seeing problems solved and then solving similar problems themselves.

This textbook contains some 575 worked problems, followed by over 1000 further problems (all with answers — at the
end of the book). The further problems are contained within some 118 Exercises; each Exercise follows on directly from the
relevant section of work. 260 line diagrams enhance the understanding of the theory. Where at all possible the problems
mirror practical situations found in engineering and science.

At regular intervals throughout the text are fifteen Assignments to check understanding. For example, Assignment 1 covers
material contained in Chapters 1 and 2, Assignment 2 covers the material contained in Chapters 3 and 4, and so on. These
Assignments do not have answers given since it is envisaged that lecturers could set the Assignments for students to attempt
as part of their course structure. Lecturers’ may obtain a complimentary set of solutions of the Assignments in an Instructor’s
Manual available from the publishers via the internet — see below.

At the end of the book a list of relevant formulae contained within the text is included for convenience of reference.
‘Learning by Example’ is at the heart of Early Engineering Mathematics

John Bird
University of Portsmouth

Instructur’s Manual

Full worked solutions and mark scheme for all the Assignments are contained in this Manual which is available to lecturers
only. To obtain a password please e-mail J.Blackford@Elsevier.com with the following details: course title, number of students,
your job title and work postal address.

To download the Instructor’s Manual visit http://mwww.newnepress.com and enter the book title in the search box, or use the
following direct URL: http://mmw.bh.comymanual s/0750657758/



Basic arithmetic

1.1 Arithmetic operations

Whole numbers are called integers. +3, +5, +72 are called
positive integers; —13, —6, —51 are called negative integers.
Between positive and negative integers is the number 0 which
is neither positive nor negative.

The four basic arithmetic operators are: add (+), subtract
(—), multiply (x) and divide (=)

For addition and subtraction, when unlike signs are
together in a calculation, the overall sign is negative. Thus,
adding minus 4 to 3 is 3+—4 and becomes 3—4 = —1. Like
signs together give an overall positive sign. Thus subtract-
ing minus 4 from 3 is 3 — —4 and becomes 3 + 4 = 7. For
multiplication and division, when the numbers have unlike
signs, the answer is negative, but when the numbers have
like signs the answer is positive. Thus 3 x —4 = —12,
whereas —3 x —4 = +12. Similarly

4oy Th_ e
4 _ 4 g AL
3T 73 WM 3773

Problem1. Add 27, —74, 81 and —19

This problem is written as 27 — 74 4+ 81 — 19

Adding the positive integers: 27
81
Sum of positive integers is: 108
Adding the negative integers: 74
19

Sum of negative integers is: 93

Taking the sum of the negative integers from the sum of the
positive integers gives:

108
-93
15
Thus 27 — 744+ 81 —-19=15
Problem2. Subtract 89 from 123
This is written mathematically as 123 — 89
123
-89
34

Thus 123 — 89 = 34

Problem 3. Subtract —74 from 377

This problem is written as 377 — —74. Like signs together
give an overall positive sign, hence

377 — —74 =377+ 74 377
+74

451

Thus 377 — —74 = 451

Problem4. Subtract 243 from 126

The problem is 126 —243. When the second number is larger
than the first, take the smaller number from the larger and
make the result negative.
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Thus 126 —243 = —(243—126) 243
—126

117
Thus 126 — 243 = —117

Problem5. Subtract 318 from —269

—269 — 318. The sum of the negative
integers is 269
+318
587
Thus —269 — 318 = —587

Problem 6. Multiply 74 by 13

This is written as 74 x 13

74
13
222 «—74x%x3
740 «~ 74 x 10
Adding: 962

Thus 74 x 13 = 962

Problem 7. Multiply by 178 by —46

When the numbers have different signs, the result will be
negative. (With this in mind, the problem can now be solved
by multiplying 178 by 46)

178
46

1068
7120
8188

Thus 178 x 46 = 8188 and 178 x (—46) = —8188

Problem 8. Divide 1043 by 7

When dividing by the numbers 1 to 12, it is usual to use a
method called short division.

149
7) 10°4%3

Sep 1. 7 into 10 goes 1, remainder 3. Put 1 above the 0 of

1043 and carry the 3 remainder to the next digit on
the right, making it 34;

Sep 2. 7 into 34 goes 4, remainder 6. Put 4 above the 4 of
1043 and carry the 6 remainder to the next digit on
the right, making it 63;

Sep 3. 7 into 63 goes 9, remainder 0. Put 9 above the 3 of
1043.

Thus 1043 < 7 = 149

Problem9. Divide 378 by 14

When dividing by numbers which are larger than 12, it is
usual to use a method called long division.

27

14 > 378
2)2x14 - 28

(1) 14 into 37 goes twice.
Put 2 above the 7 of 378.
08 (3) Subtract. Bring down the
(4)7 x 14 — 98 8. 14 into 98 goes 7 times.
— Put 7 above the 8 of 378.
00 (5) Subtract.

Thus 378 + 14 = 27

Problem 10. Divide 5669 by 46

9
This problem may be written as or 5669 = 46 or

5669/46
Using the long division method shown in Problem 9 gives:

123

46 ) 5669
46

106
92

149
138

11

As there are no more digits to bring down,

5669 + 46 = 123, remainder 11 or 1231;—(]3'

Now try the following exercise

Exercise 1 Further problems on arithmetic opera-
tions (Answers on page 252)

In Problems 1 to 21, determine the values of the expres-
sions given:



1. 67 —-82434
2. 124 — 273 + 481 — 398
3.927 — 114 4+ 182 — 183 — 247
4. 2417 — 487 + 2424 — 1778 — 4712
5. —38419 — 2177 + 2440 — 799 + 2834
6. 2715 — 18250 4 11471 — 1509 4 113274
7. 73 =57
8. 813 — (—674)
9. 647 — 872
10. 3151 — (—2763)
11. 4872 — 4683
12. —23148 — 47724
13. 38441 — 53774
14. (a) 261 x7 (b) 462 x 9
15. (a) 783 x 11 (b) 73 x 24
16. (a) 27 x 38 (b) 77 x 29
17. (a) 448 x 23 (b) 143 x (=31)

18. (a) 288 =6 (b) 979 + 11

1813 896
19. @ — (b) —
@ —— ® —¢
21432
20. (a) —— (b) 15904 + 56
47
88738
21. (a) ———— (b) 46857 =79
@ =7 ®

1.2 Highest common factors and lowest
common multiples

When two or more numbers are multiplied together, the
individual numbers are called factors. Thus a factor is a
number which divides into another number exactly. The
highest common factor (HCF) is the largest number which
divides into two or more numbers exactly.

A multiple is a number which contains another number an
exact number of times. The smallest number which is exactly
divisible by each of two or more numbers is called the lowest
common multiple (LCM).

Basic arithmetic 3

Problem11. Determine the HCF of the numbers 12,
30 and 42

Each number is expressed in terms of its lowest factors. This
is achieved by repeatedly dividing by the prime numbers 2,
3,5,7, 11, 13... (where possible) in turn. Thus

12 = {2 x 2x {3}
0=i2l xi3x5
42=i_2_i xi_ix7

The factors which are common to each of the numbers are 2
in column 1 and 3 in column 3, shown by the broken lines.
Hence the HCF is 2x 3, i.e. 6. That is, 6 is the largest
number which will divide into 12, 30 and 42.

Problem 12. Determine the HCF of the numbers 30,
105, 210 and 1155

Using the method shown in Problem 11:

30 = 2x3ix5!
105 = ESEXESEX 7
210 = 2X§3EXE5EX 7
1155 = §3§x§5jx 7x11

The factors which are common to each of the numbers
are 3 in column 2 and 5 in column 3. Hence the HCF is
3x5=15

Problem 13. Determine the LCM of the numbers 12,
42 and 90

The LCM is obtained by finding the lowest factors of each
of the numbers, as shown in Problems 11 and 12 above, and
then selecting the largest group of any of the factors present.
Thus

12 =i2x2ix 3
2= x 3 x 7]
9 = x 3% 3ix (5]

The largest group of any of the factors present are shown by
the broken linesand are2x 2in 12, 3x 3in 90, 5in 90 and
7in 42.
Hence the LCM is2x2x3x3x5x7=1260, and is
the smallest number which 12, 42 and 90 will all divide into
exactly.
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Problem 14. Determine the LCM of the numbers 150,
210, 735 and 1365

Using the method shown in Problem 13 above:

ix{3ix{5x 5!

|
PR St R B

150 ={2
210 =2x 3x 5x 7

735 =

1365 = 3x5x7  xi3

TheLCM is2x3x5x5x 7 x 7 x 13 = 95550

Now try the following exercise

Exercise 2 Further problems on highest common
factors and lowest common multiples
(Answers on page 252)

In Problems 1 to 6 find (&) the HCF and (b) the LCM of
the numbers given:

1. 6,10,14

3. 10, 15, 70, 105
5. 196, 210, 910, 462

2. 12,30,45
4. 90, 105, 300
6. 196, 350, 770

1.3 Order of precedence and brackets

When a particular arithmetic operation is to be performed
first, the numbers and the operator(s) are placed in brackets.
Thus 3 times the result of 6 minus 2 iswritten as 3 x (6 —2)
In arithmetic operations, the order in which operations are
performed are:

(i) to determine the values of operations contained in
brackets;

(if) multiplication and division (the word ‘of’ also means
multiply); and

(iii) addition and subtraction.

This order of precedence can be remembered by the word
BODMAS, standing for Brackets, Of, Division, Multiplica-
tion, Addition and Subtraction, taken in that order.

The basic laws governing the use of brackets and operators
are shown by the following examples:

(i) 24+ 3 =3+ 2, i.e. the order of numbers when adding
does not matter;

(ii) 2x3 = 3x2,i.e.theorder of numbers when multiplying
does not matter;

(iii) 24+ (34+4) = (2+3)+4, i.e. the use of brackets when
adding does not affect the result;

(iv) 2x (3x4) = (2x3) x4, i.e the use of brackets when
multiplying does not affect the result;

(V) 2x(3+4) = 2(3+4) = 2x3+2x4,i.e. anumber placed
outside of a bracket indicates that the whole contents
of the bracket must be multiplied by that number;

(Vi) 24 3)@4+5) = (5)(9) = 45, i.e. adjacent brackets
indicate multiplication;

(vii) 2[34 (4x5)] = 2[3+20] = 2x 23 =46, i.e. when an
expression contains inner and outer brackets, the inner
brackets are removed first.

Problem15. Find the value of 6 +4 = (5 — 3)

The order of precedence of operations is remembered by the
word BODMAS.

Thus 64+4+-(5-3)=6+4=2 (Brackets)
=642 (Division)
=8 (Addition)

Problem 16. Determine the value of

13-2x3+14+-(2+5)

13-2x34+14+-(2+5=13-2x3+14+7 (B)

=13-2x3+2 (D)
=13-6+2 M)
-15-6 (A)
=9 )

Problem17. Evauate

16 = (2 +6) + 18[3+ (4 x 6) — 21]

16+(2+ 6) + 18[3 + (4 x 6) — 21]
=16+ (24 6) + 18[3+ 24— 21) (B)
=16-8+18x 6 (B)
—2+18x6 (D)



=2+ 108
=110

(M)
(A)
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Now try the following exercise

Problem 18. Find the value of

23-42x7)+ 7((11‘? fg))
23—4(2x7)+% —2B-4x 14+3—66 (B)
—23-4x1416 (D)
—23-56+6 (M)
—29-56 (A)
=27 ©)

Exercise 3 Further problemson order of precedence
and brackets (Answers on page 252)

Simplify the expressions given in Problems 1 to 7:
14+3x 15

17-12+-4

86424+ (14-2)

7(23—-18)+ (12— 5)

63 — 28(14 +2) + 26

112
6. 16 119+ 174+ (3 x 19)

(50 — 14)
3

g > w NP

+716-7) -7




Fractions, decimals and percentages

2.1 Fractions

When 2 is divided by 3, it may be written as % or 2/3. %
is called a fraction. The number above the line, i.e. 2, is
called the numerator and the number below the line, i.e. 3,
is called the denominator.

When the value of the numerator is less than the value
of the denominator, the fraction is called a proper fraction;
thus % is a proper fraction. When the value of the numerator
is gréater than the denominator, the fraction is called an
improper fraction. Thus % is an improper fraction and can
also be expressed as a mixed number, that is, an integer and
a proper fraction. Thus the improper fraction % is equal to
the mixed number 2%.

When a fraction is simplified by dividing the numerator
and denominator by the same number, the process is called

cancelling. Cancelling by 0 is not permissible.

Problem 1. Simplify 1 + 2

The LCM of the two denominators is 3 x 7, i.e. 21.
Expressing each fraction so that their denominators are 21,
gives:

1 2 1 7 2 3 7 6
37753 3T T T
7+6 13
T2 21
Alternatively:
Step (2) Step (3)
- U
1+%:(7x1)+(3x2)
37 21
1

Step (1)

Step 1: the LCM of the two denominators;

Sep 2: for the fraction %, 3 into 21 goes 7 times, 7 x the

numerator is 7 x 1;
Sep 3: for the fraction %, 7 into 21 goes 3 times, 3 x the
numerator is 3 x 2.

1 2 746 13
Thus 3 + 7= % =2 as obtained previously.

Problem2. Find the value of 3% — 21

One method is to split the mixed numbers into integers and
their fractional parts. Then

2 1 2 1 2 1
32 —2-=(3+4+2)—(2+4-)=3+2-2——
3 76 (+3) (+6) +3 6

Another method is to express the mixed numbers as improper
fractions.

Si 3 2 th 32 9+2 1
nce3=—,then3- = -+ - = —
! 3 3°3°3 3
Similar] 21_12_'_1_13
imilarly, 6= 6 6= 6
2 1 11 13 22 13 9 1
Th - = (= — = _— =1- S i
us. 3 3 ‘ 3 . 6 6 6 2 as obtained
previously.

Problem 3. Evaluate 7% - 5%




71 52 = 7+1 5+3 —7+1 5 3
o 8 7)) 8 7
_s 1 3 +7><l—8><3
- 8 7 56
_, 7—24_2+—17
o 56 56
B 17 112 17 112-17
o 56 56 56 56
95 19
56 56

Problem4. Determine the value of 4% - 3% + 1%

5 2 5 1 2
4— -3 1-=@4-3+1 - — =+ =
8 4+ ( +)+(8 4+5)
S5x5—-10x14+8x2
40
_2+25—10+16
- 40
31 31
=24+ —=2—
+40 40

14
Problem 5. Find the value of ; X 5

Dividing numerator and denominator by 3 gives:

14 14 1 14
Cx Z=ox

we 15

Dividing numerator and denominator by 7 gives:

1><,14f2
17/><5

This process of dividing both the numerator and denominator
of a fraction by the same factor(s) is called cancelling.

1 x14
Tx5

1><2 2
1x5 5

Problem 6. Evaluate 1% X 2% X 3%

Mixed numbers must be expressed as improper fractions
before multiplication can be performed. Thus,

1§><21><3§— §—|—§ X §—I—l X E%—%
5 3 7 \5 5 303 7 7

_8 17/ 248 8x1x8
15 %1 5x1x1
64
=—=12i
5 5

Fractions, decimals and percentages 7

3 12
Problem 7.  Simplif —f —
21
3
3.12_ 7
7721 12
21

Multiplying both numerator and denominator by the recipro-
cal of the denominator gives:

3 1B A0
7 M,y 3
2oy ot 14
Lot

This method can be remembered by the rule: invert the
second fraction and change the operation from division to
multiplication. Thus:

3. 12 13 2/(3

3
- = = — as obtained previously.

7721 1 ,1/14

Problem 8. Find the value of 5% = 7%

The mixed numbers must be expressed as improper fractions.
Thus,

22 1425{ 3 4

3,128
2,5

5737573 7

Problem9. Simplify 1 — (3 + 1) = (

)

oo1Ww

X

W=

The order of precedence of operations for problems contain-
ing fractions is the same as that for integers, i.e. remem-
bered by BODMAS (Brackets, Of, Division, Multiplication,
Addition and Subtraction). Thus,

1 2+1 3 1
3 5 4 8 3

1 4><2—i—5><1.Z§1

=37 20 T, ®)

1 13 g2

=--—=x" (D)

3,20 1

1 26

=375 *

S5x1)— (3 x26

=(x>1(x ) S
5

=73 13

15 15
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Problem 10. Determine the value of

7 11 1 3 1
—of (32 —2- ) +5-+— — =

2 74 8 16
7 1 41 3 1

=—ofl- 4+ — =+ — —— B
I S TR (B)
7 5 41 3 1

= x4 — (6}
6 178 16 2 ©
7 5 41 21

=X — —x’lé— D)
6 4 83 2

T 2403 2
35+656 1

= — = (A)

24 2

691 1 n

T 24 2
691 — 12

- i S

24 ®

679

=—=zsl
24 24

Now try the following exercise

Exercise 4 Further problems on fractions (Answers
on page 252)
Evaluate the expressions given in Problems 1 to 13:
@it L2
WIS 16 4
2 (@ 2 N 3 ®) 2 1 n 2
BT 9773
3 3 5 2
3. 5—4+3- (b)4- —3-
(a) 3 + 1 (b) g 5
4 ()103 82 (b)31 444—15
. (a ~ — 8- B -
7 3 4 5 6
3 5 17 15
5. - x= (b)) = x —
@3 x5 ®35x9g
6. (a) 3 7 1 ) 13 4 7 3 4
(@ = x=x1= — X4— x3—
5 9 7 17 11 39
1 3 5 3 4
7. - X —x1— (b)-=1=
@3 gy x5y ®g=lg
3 45 1 5
8. —=— (b)l-+2-
@5 6 ®I3+2

10.

7 5 3 15
1. —of ([15x =)+ |-+ —
15 7 4 16

12. —
4 5

13 2 11 2-!-1 -i-l3

e e =

3 4 3 4 5

2.2 Ratio and proportion

The ratio of one quantity to another is a fraction, and is the
number of times one quantity is contained in another quantity
of the same kind. If one quantity is directly proportional
to another, then as one quantity doubles, the other quantity
also doubles. When a quantity is inversely proportional to
another, then as one quantity doubles, the other quantity is
halved.

Problem11. Divide 126 in the ratio of 5 to 13

Because the ratio is to be 5 parts to 13 parts, then the total
number of parts is 5 + 13, that is 18. Then,

18 parts correspond to 126

126
Hence 1 part corresponds to T8 = 7,

5 parts correspond to 5 x 7 = 35 and 13 parts correspond to
13x7=91

(Check: the parts must add up to the total 35 4+ 91 = 126 =
the total.)

Problem 12. A piece of timber 273 cm long is cut into
three pieces in the ratio of 3 to 7 to 11. Determine the
lengths of the three pieces.

The total number of parts is 3 + 7 + 11, that is, 21. Hence
21 parts correspond to 273 cm

273
1 part corresponds to ETh 13cm

3 parts correspond to 3 x 13 = 39cm
7 parts correspond to 7 X 13 =91 cm

11 parts correspond to 11 x 13 = 143 cm

i.e. the lengths of the three pieces are 39 cm, 91 cm and
143 cm.

(Check: 39 + 91 + 143 = 273)



Problem 13. A gear wheel having 80 teeth is in mesh
with a 25 tooth gear. What is the gear ratio?

Gear ratio = 80:25 = @ = E =32
25 5

i.e. gear ratio = 16:5 or 3.2:1

Problem 14. Express 25p as a ratio of £4.25

Working in quantities of the same kind, the required ratio is
25 1
— ie. —
425 17

1
That is, 25p is ﬁth of £4.25. This may be written either as:

25:425: :1:17 (stated as ‘25 is to 425 as 1 is to 17’) or as
25 1

425 17

Problem 15. An alloy is made up of metals A and B
in the ratio 2.5:1 by mass. How much of A has to be
added to 6kg of B to make the alloy?

Ratio A:B: :2.5:1 i.e. % = ? =2.5

A
When B = 6kg, 3 = 2.5 from which, A = 6 x 2.5 = 15kg

Problem16. If 3 people can complete a task in
4 hours, find how long it will take 5 people to complete
the same task, assuming the rate of work remains
constant.

The more the number of people, the more quickly the task is
done, hence inverse proportion exists.

3 people complete the task in 4 hours,
1 person takes three times as long, i.e. 4 x 3 = 12 hours,
5 people can do it in one fifth of the time that one person

takes, that is 5 hours or 2 hours 24 minutes.

Now try the following exercise

Exercise 5 Further problems on ratio and propor-
tion (Answers on page 252)

1. Divide 312 mm in the ratio of 7 to 17.

2. Divide 621 cm in the ratio of 3 to 7 to 13.

3. £4.94 is to be divided between two people in the ratio
of 9 to 17. Determine how much each person will
receive.

Fractions, decimals and percentages 9

4. When mixing a quantity of paints, dyes of four dif-
ferent colours are used in the ratio of 7:3:19:5. If the
mass of the first dye used is 3% g, determine the total
mass of the dyes used.

5. Determine how much copper and how much zinc is
needed to make a 99 kg brass ingot if they have to be
in the proportions copper:zinc: :8:3 by mass.

6. It takes 21 hours for 12 men to resurface a stretch of
road. Find how many men it takes to resurface a sim-
ilar stretch of road in 50 hours 24 minutes, assuming
the work rate remains constant.

7. It takes 3 hours 15 minutes to fly from city A to city B
at a constant speed. Find how long the journey takes if

(a) the speed is 1% times that of the original speed
and

(b) if the speed is three-quarters of the original speed.

2.3 Decimals

The decimal system of numbers is based on the digits 0 to
9. A number such as 53.17 is called a decimal fraction, a
decimal point separating the integer part, i.e. 53, from the
fractional part, i.e. 0.17

A number which can be expressed exactly as a decimal
fraction is called a terminating decimal and those which
cannot be expressed exactly as a decimal fraction are called
non-terminating decimals. Thus, % = 1.5 is a terminating
decimal, but %‘ = 1.33333... is a non-terminating decimal.
1.33333... can be written as 1.3, called ‘one point-three
recurring’.

The answer to a non-terminating decimal may be expressed
in two ways, depending on the accuracy required:

(i) correct to a number of significant figures, that is, figures
which signify something, and

(ii) correct to a number of decimal places, that is, the
number of figures after the decimal point.

The last digit in the answer is unaltered if the next digit on the
right is in the group of numbers 0, 1, 2, 3 or 4, but is increased
by 1 if the next digit on the right is in the group of numbers
5, 6,7, 8 or 9. Thus the non-terminating decimal 7.6183...
becomes 7.62, correct to 3 significant figures, since the next
digit on the right is 8, which is in the group of numbers 5, 6,
7,8 or 9. Also 7.6183. .. becomes 7.618, correct to 3 decimal
places, since the next digit on the right is 3, which is in the
group of numbers 0, 1, 2, 3 or 4.

Problem17. Evaluate 42.7 4+ 3.04 + 8.7 + 0.06
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The numbers are written so that the decimal points are under
each other. Each column is added, starting from the right.

42.7
3.04
8.7
0.06

54.50

Thus 42.7 4+ 3.04 + 8.7 + 0.06 = 54.50

Problem 18. Take 81.70 from 87.23

The numbers are written with the decimal points under each
other.
87.23
—81.70

5.53

Thus 87.23 — 81.70 = 5.53

Problem 19. Find the value of

23.4 —17.83 —57.6 + 32.68

The sum of the positive decimal fractions is
23.4 4 32.68 = 56.08
The sum of the negative decimal fractions is

17.83 +57.6 =75.43

Taking the sum of the negative decimal fractions from the
sum of the positive decimal fractions gives:

56.08 —75.43
ie. —(75.43 —56.08) = —19.35

Problem 20. Determine the value of 74.3 x 3.8

When multiplying decimal fractions: (i) the numbers are
multiplied as if they are integers, and (ii) the position of the
decimal point in the answer is such that there are as many
digits to the right of it as the sum of the digits to the right
of the decimal points of the two numbers being multiplied
together. Thus

@) 743
38

5944
22290

28234

(ii) As there are (14 1) = 2 digits to the right of the decimal
points of the two numbers being multiplied together,
(74.3 x 3.8), then

74.3 x 3.8 = 282.34

Problem21. Evaluate 37.81 = 1.7, correct to (i) 4
significant figures and (ii) 4 decimal places.

37.81
3781 - 1.7= ——
1.7
The denominator is changed into an integer by multiplying
by 10. The numerator is also multiplied by 10 to keep the
fraction the same. Thus

37.81 x 10 378.1

37.81 1.7 = =
1.7 x 10 17

The long division is similar to the long division of integers
and the first four steps are as shown:

22.24117..

17 ) 378.100000
34

38
34

41
34

70
68

20

(1) 37.81 + 1.7 = 22.24, correct to 4 significant figures,
and

(i) 37.81 + 1.7 = 22.2412, correct to 4 decimal places.

Problem22. Convert (a) 0.4375 to a proper fraction
and (b) 4.285 to a mixed number.

0.4375 x 10000

4 i s
(a) 0.4375 can be written as 10000

ing its value,

without chang-

ie. 0.4375 = 4375
10000

B i 4375 875 175 35 7
cancelling —— = —— = — = — = —
Y g 10000 2000 400 80 16

7
e 0.4375 = —
1.€ 16

.. 285 57
(b) Similarly, 4.285 = 4m = 4%



Problem 23. Express as decimal fractions:

2 dbs7
(a)Ean (b) 3

(a) To convert a proper fraction to a decimal fraction, the
numerator is divided by the denominator. Division by
16 can be done by the long division method, or, more
simply, by dividing by 2 and then 8:

450 05625 9
Thus, — = 0.5625
2 ) 9.00 8 ) 4.59020%0 16

(b) For mixed numbers, it is only necessary to convert the
proper fraction part of the mixed number to a decimal
fraction. Thus, dealing with the % gives:

0.875

7
ie. - =0.875
8 ) 7.000 8

Thus 5% = 52875

Now try the following exercise

Exercise 6 Further problems on decimals (Answers
on page 252)

In Problems 1 to 7, determine the values of the expres-
sions given:

23.6 +14.71 — 18.9 — 7.421

73.84 — 113.247 + 8.21 — 0.068

5.73 x 4.2

38 x4.1x0.7

374.1 x 0.006

421.8 = 17, (a) correct to 4 significant figures and
(b) correct to 3 decimal places.

0.0147 .
7. T, (a) correct to 5 decimal places and

(b) correct to 2 significant figures.

AR e o e

8. Convert to proper fractions:
(a) 0.65 (b) 0.84 (c) 0.0125 (d) 0.282 and (e) 0.024
9. Convert to mixed numbers:

(a) 1.82 (b) 4.275 (c) 14.125 (d) 15.35 and
(e) 16.2125

In Problems 10 to 15, express as decimal fractions to the
accuracy stated:

4
10. > correct to 5 significant figures.

Fractions, decimals and percentages 11

17
11. 7 correct to 5 decimal place.
9 ..
12. IE’ correct to 4 significant figures.
5 .
13. 53ﬁ’ correct to 3 decimal places.

31
14. 13§, correct to 2 decimal places.

9
15. SB, correct to 3 significant figures.

2.4 Percentages

Percentages are used to give a common standard and are
fractions having the number 100 as their denominators. For

25
example, 25 per cent means — i.e. — and is written 25%.
100 4

Problem 24. Express as percentages: (a) 1.875 and
(b) 0.0125

A decimal fraction is converted to a percentage by multiply-
ing by 100. Thus,

(a) 1.875 corresponds to 1.875 x 100%, i.e. 187.5%
(b) 0.0125 corresponds to 0.0125 x 100%, i.e. 1.25%

Problem 25. Express as percentages:

5 2
(a) 6 and (b) 1§

To convert fractions to percentages, they are (i) converted to
decimal fractions and (ii) multiplied by 100

5 5
(a) By division, = 0.3125, hence T6 corresponds to
0.3125 x 100%, i.e. 31.25%

2
(b) Similarly, 1§ = 1.4 when expressed as a decimal

fraction.

2
Hence 15 = 1.4 x 100% = 140%

Problem 26. It takes 50 minutes to machine a certain
part. Using a new type of tool, the time can be reduced
by 15%. Calculate the new time taken.

1 7
15% of 50 minutes = —5 x 50 >0

= —— = 7.5 minutes.
100 100
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Hence the new time taken is 50 — 7.5 = 42.5 minutes.
Alternatively, if the time is reduced by 15%, then it now

85
takes 85% of the original time, i.e. 85% of 50 = 100 x50 =
4250

100 = 42.5 minutes, as above.

Problem 27. Find 12.5% of £378

12.5
12.5% of £378 means 100 x 378, since per cent means ‘per
hundred’.

1 7
Hence 12.5% of £378 = '12/5—' x 378 = —3 8 = £47.25
160 ¢ 8

Problem 28. Express 25 minutes as a percentage of
2 hours, correct to the nearest 1%.

Working in minute units, 2 hours = 120 minutes. Hence

25 minutes is 2—Sths of 2 hours.
120

By cancelling 25 >
y > Thn = A4
120 24

5 .
Expressing YRk decimal fraction gives 0.2083

Multiplying by 100 to convert the decimal fraction to a
percentage gives:

0.2083 x 100 = 20.83%

Thus 25 minutes is 21% of 2 hours, correct to the near-
est 1%.

Problem29. A German silver alloy consists of 60%
copper, 25% zinc and 15% nickel. Determine the masses
of the copper, zinc and nickel in a 3.74 kilogram block
of the alloy.

By direct proportion:
100% corresponds to 3.74 kg

3.74
1% corresponds to To0 = 0.0374kg

60% corresponds to 60 x 0.0374 = 2.244kg
25% corresponds to 25 x 0.0374 = 0.935kg
15% corresponds to 15 x 0.0374 = 0.561kg

Thus, the masses of the copper, zinc and nickel are 2.244 kg,
0.935kg and 0.561 kg, respectively.

(Check: 2.244 + 0.935 4+ 0.561 = 3.74)

Now try the following exercise

Exercise 7 Further problems percentages (Answers
on page 253)
1. Convert to percentages:
(a) 0.057 (b) 0.374 (c) 1.285

2. Express as percentages, correct to 3 significant figures:
W= b2 ©lic
33 24 16
3. Calculate correct to 4 significant figures:
(a) 18% of 2758 tonnes (b) 47% of 18.42 grams
(c) 147% of 14.1 seconds

4. When 1600 bolts are manufactured, 36 are unsatisfac-
tory. Determine the percentage unsatisfactory.

5. Express:
(a) 140kg as a percentage of 1t

(b) 47 s as a percentage of 5 min

(c) 13.4cm as a percentage of 2.5m

6. A block of monel alloy consists of 70% nickel and
30% copper. If it contains 88.2 g of nickel, determine
the mass of copper in the block.

7. A drilling machine should be set to 250 rev/min. The
nearest speed available on the machine is 268 rev/min.
Calculate the percentage overspeed.

8. Two kilograms of a compound contains 30% of ele-
ment A, 45% of element B and 25% of element C.
Determine the masses of the three elements present.

9. A concrete mixture contains seven parts by volume of
ballast, four parts by volume of sand and two parts
by volume of cement. Determine the percentage of
each of these three constituents correct to the nearest
1% and the mass of cement in a two tonne dry mix,
correct to 1 significant figure.

Assignment 1

This assignment covers the material contained in
Chapters 1 and 2. The marks for each question are
shown in brackets at the end of each question.

1. Evaluate the following:
(a) 2016 — (—593)
(b) 73+35+ (11 —4)



120
(c) S 133 =19+ (2 x 17)

@22
5 15 6

(e) 49.31 — 97.763 4+ 9.44 — 0.079 14)

. Determine, by long multiplication 37 x 42 3)

. Evaluate, by long division

3

. Find (a) the highest common factor, and (b) the low-
est common multiple of the following numbers:

15 40 75 120 (6)

1

2
. Simplif: 2= =3
implify (a) 3 3

10.

Fractions, decimals and percentages 13

Zx2=

1 1 1 7
%)

. A piece of steel, 1.69 m long, is cut into three pieces

in the ratio 2 to 5 to 6. Determine, in centimeters,

the lengths of the three pieces. “)
576.29
. Evaluate
19.3
(a) correct to 4 significant figures
(b) correct to 1 decimal place 4)
9
. Express 7% correct to 2 decimal places 2)
. Determine, correct to 1 decimal places, 57% of
17.64 g
@)
Express 54.7mm as a percentage of 1.15m, correct
to 3 significant figures. 3)



Indices and standard form

3.1 Indices

The lowest factors of 2000 are 2 x 2 x 2 x 2 x5 x 5 x 5.
These factors are written as 2* x 5%, where 2 and 5 are called
bases and the numbers 4 and 3 are called indices.

When an index is an integer it is called a power. Thus, 2*
is called ‘two to the power of four’, and has a base of 2 and
an index of 4. Similarly, 5% is called ‘five to the power of 3’
and has a base of 5 and an index of 3.

Special names may be used when the indices are 2 and 3,
these being called ‘squared’ and ‘cubed’, respectively. Thus
7% is called ‘seven squared’ and 9 is called ‘nine cubed’.
When no index is shown, the power is 1, i.e. 2 means 2!.

Reciprocal

The reciprocal of a number is when the index is —1 and its
value is given by 1 divided by the base. Thus the reciprocal
of 2is 27! and its value is % or 0.5. Similarly, the reciprocal

of 5is 57! which means % or 0.2

Square root

The square root of a number is when the index is %, and
the square root of 2 is written as 2'/2 or /2. The value of a
square root is the value of the base which when multiplied
by itself gives the number. Since 3 x 3 = 9, then +/9 = 3.
However, (—3) x (=3) = 9, so +/9 = —3. There are always
two answers when finding the square root of a number and
this is shown by putting both a + and a — sign in front of
the answer to a square root problem. Thus +/9 = %3 and

4172 = /4 = 42, and so on.

L aws of indices

When simplifying calculations involving indices, certain
basic rules or laws can be applied, called the laws of indices.
These are given below.

(i) When multiplying two or more numbers having the
same base, the indices are added. Thus

32 x 34 — 32+4 — 36
(i) When a number is divided by a number having the same
base, the indices are subtracted. Thus
35
32
(iii) When a number which is raised to a power is raised to
a further power, the indices are multiplied. Thus

(35)2 — 35><2 — 3]()

— 35—2 — 33

(iv) When a number has an index of 0, its value is 1. Thus
30=1

(v) A number raised to a negative power is the reciprocal of

that number raised to a positive power. Thus 37# = 3
1
Similarly, 75 = 23
(vi) When a number is raised to a fractional power the

denominator of the fraction is the root of the number
and the numerator is the power.

Thus 8% =8 =22 =4
and 252 = V25! = /25! = 45
(Note that v~ = )

3.2 Worked problems on indices

Problem 1. Evaluate: (a) 5% x 5°, (b) 3% x 3* x 3 and
(€)2x2>x2




From law (i):
(@ 2x5=5H=5"=5x5%x5x%x5x%x5=3125
(b) 3% x3*x3 =300 =37

=3x3x...to7 terms

= 2187
(c) 2 x 2% x2° =20+245) = 28 — 256

5 7

7 5
Problem 2. Find the value of: (a) - and (b) 5

From law (ii):

75

(a) = 76-3) =72 = 49
57

(b) 5= 50-4 =53 =125

Problem 3. Evaluate: (a) 5% x 5° = 5* and
(b) B3x3)+=(3*x3)

From laws (i) and (ii):

32 %53 52+3)
(@) $x5os5t=2"" _

54 54
5
=%=5(574)=51=5
3x3 31+3)
5\ . 2 3\ -
b)) GBGx3)+@3 X3)—32X33_3<2+3J
36
=§=36*5=31=3

Problem4. Simplify: (a) (2*)* (b) (3%)°, expressing
the answers in index form.

From law (iii):

(a) (23)4 — 23><4 — 212
(b) (32)5 — 32><5 — 310

(10%)*

Problem5. Evaluate: ——————
104 x 102

From the laws of indices:

(102)3 _ 10(2><3) _ 1_06 _ 106—6 _ 100 _ 1
10 x 102~ 10¢4+2 ~— 106 a -

Indices and standard form 15

Problem 6. Find the value of

2 X2y O
7 xz MO

(@

From the laws of indices:

23 24 G+ 27 1 1
(3)7: :7:27712:2—5:7:7
27 % 25 20+ T 212 2 32
®) (32 _ 323 _ g — 3610 — 3-4 _ s — 1
3 % 39 3149 310 34 81

Problem 7. Evaluate (a) 4'/2 (b) 16%/* (c) 27?3
(d) 9—1/2

(a) 412 =V4=42
(b) 16¥4 =J163 = (2)* =8
(Note that it does not matter whether the 4th root of 16

is found first or whether 16 cubed is found first—the same
answer will result.)

(c) 27?3 =272 =32 =9

1 1 1 1
d 971/2 = = — = — = —
@ o2~ 513 T3

Now try the following exercise

Exercise 8 Further problems on indices (Answerson
page 253)

In Problems 1 to 12, simplify the expressions given,
expressing the answers in index form and with positive
indices:

1. (@) 33 x3* (b) 4% x 4% x 4*

2. ()23 x2x22 BT xT*xTxT?
24 37

3. (a) E (b) ?

4. (a) 5 =5 (b) 713,710

5. (@) (7*)  (b) (37)?

6. (@ (15°)7° (b) (17%)*

22 % 23 37 x 34
@I )
57 135
8. b
@5 ® 3
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(9 x 32)? (16 x 42
9. b
@ 57r @ axsy
52 32 x 3%
" ()72><7‘3 ) 23 x 274 x 2
SR T 2 x 272 x 26
-2 4 -3 57 x5
12. (a) 13 x 137 x 13* x 13 (b) m

3.3 Further worked problems on indices

3% x 57

Problem8. Evaluate ————
53 x 34

The laws of indices only apply to terms having the same
base. Grouping terms having the same base, and then apply-
ing the laws of indices to each of the groups independently
gives:

3 7 3 7
x5 _ 3 5 o, s
3

5 x3 35

5% 625 1
= -1 4 = — = — = 2 —
37 x5 3 3 083

23 % 35 x (7%)?

Problem 9. Find the value of
T4 x 24 x 33

2P x 3 x (1) — 34 3573 o J2x24

T4 x 24 x 33
=2""x3x7"=-x3"x1
9
= - = 4—
2
41.5 X 81/3
PrOblem 10 Evaluate. m
4 =P = P =2 =88 =8=22=4
1 1 11
-2/5 _ — —_ _ — _
3270 = 32257 32 T 22T 4

419 x 87 gx2 16

22 %3225 T

Hence =
4 x 1 1

Alternatively,
4].5 X 81/3 [(2)2]3/2 X (23)1/3 23 X 21
22 % 32725 T 22 x (25725 22 x 22

— 93+1-2-(-2) _ 74 _ 15

P x554+33x%x5

Problem11. Evaluate:
34 x 54

Dividing each term by the HCF (i.e. highest common factor)
of the three terms, i.e. 32 x 53, gives:

P x5 3PFx5

3 x5 43 x5 x5 TR x
34 x 54 B 3* x5
32 x 53

32-2) y 56-3) 4 33-2) y 50
- 3G-2) % 5(4-3)
30 x 5243 x5°
32 x 5!
1x2543x1 28
T 9x5 45

32 x5

Problem12. Find the value of —
3 x 54433 x 53

To simplify the arithmetic, each term is divided by the HCF
of all the terms, i.e. 3% x 5°. Thus

32 x50

3?2 x5 _ 32 58
3 x 54433 x5 3 x5t 3P x5
32 x5 32x53

3(2-2) » 56-3)
36-2) x 5(4-3) 4 33-2)  53-3)
30 « 52
T3 x5 43 x50
25

—3X34

372 x 75 x 5%
answer in index form with positive indices.

Problem 13.  Simplify expressing the

1 1 1
Since 773 = 3= 32 and 2= 52 then
73 %3 3 x37 x5
32x73x52  BxT
3(442) 5 52 3P x 52
T T T 78
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16 x 972
4x33-273x8§
the answer in index form with positive indices.

Problem 14.  Simplify expressing

Expressing the numbers in terms of their lowest prime
numbers gives:

16°x972 (29 x (3)7?
4x3—23x8  22x33-273 x (23)2
_ 28 x 374
T 22x33-273x26
28 %3
S22 x 3P -3

Dividing each term by the HCF (i.e. 22) gives:

26 x 374 26

28 %37t B
2 3(3B-2)

22 %3323 33 _

Problem 15.  Simplify
A\ 3 3\ 2
) (2
) ()
B
(5)

giving the answer with positive indices.

A fraction raised to a power means that both the numerator
and the denominator of the fraction are raised to that power,

4\ #
e (=) ==
(3) 33

A fraction raised to a negative power has the same value
as the inverse of the fraction raised to a positive power.

3\ 2 1 1 52 5
g = 2:?:1X§:3—2

Thus,

(Sl ]
N———
&
Il
PN —~
N | WD
N—
w
I
N | D
S| Tw

Similarly, (
4\? 3\ 2 43 52
(5) (5 5<%
Thus, =3 : 3

43 52 23
FERE TR

(22)3 X 23 29

C 3042 x56-2)  F x5

Now try the following exercise

Exercise 9 Further problems on indices (Answerson
page 253)

In Problems 1 and 2, simplify the expressions given,
expressing the answers in index form and with positive
indices:

33 x 52 772 %372
L@g—= O 55—

54%x3 3 x 74 x 773
5 ()42><93 (b)8*2><52><3*4
R ST 252 x 2 x 92

-1
3. Evaluate (a) (%) (b) 810>
AN 12
© 16079 (d) (5)

In problems 4 to 10, evaluate the expressions given.

92 x 74
3t x TA+33 x 72
PBxT7?P-52xT7
32 x5x%x7?

00y
)

23 x32-82x9
(24)2 _ 372 X 44

3% x 5%

23 x 162
g
(5)
N2
(5)

(32)3/2 X (81/3)2
(B % @) x (9) 17

3.4 Standard form

A number written with one digit to the left of the decimal
point and multiplied by 10 raised to some power is said
to be written in standard form. Thus: 5837 is written as
5.837 x 10% in standard form, and 0.0415 is written as
4.15 x 1072 in standard form.

When a number is written in standard form, the first factor
is called the mantissa and the second factor is called the
exponent. Thus the number 5.8 x 103 has a mantissa of 5.8
and an exponent of 103

(1) Numbers having the same exponent can be added or
subtracted in standard form by adding or subtracting the
mantissae and keeping the exponent the same. Thus:

23 x 10 4+3.7 x 10* = (2.3 +3.7) x 10*
=6.0 x 10*
and 5.9 x 1072 —4.6 x 1072 = (5.9 — 4.6) x 1072
=13x%x1072
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When the numbers have different exponents, one way of
adding or subtracting the numbers is to express one of
the numbers in non-standard form, so that both numbers
have the same exponent. Thus:

2.3 x10* +3.7 x 10 = 2.3 x 10* +0.37 x 10*
= (2.3 +0.37) x 10*
=2.67 x 10*
Alternatively,

2.3 x 10" + 3.7 x 10° = 23000 + 3700 = 26 700
=2.67 x 10*

(i) The laws of indices are used when multiplying or divid-
ing numbers given in standard form. For example,

(2.5 x 10%) x (5 x 10%) = (2.5 x 5) x (10**?)
=12.5x 10° or 1.25 x 10°

6x10° 6
Similarly, =~ —— SX o = T} (107 =4 10°
D X .

(b) 5.491 x 10* = 5.491 x 10000 = 54910
(c) 9.84 x 10°=9.84 x 1 = 9.84 (since 10° = 1)

Problem 18. Express in standard form, correct to 3
significant figures:

(c) 741 k&

3 2
@ ¢ ® 197 16

(a) 3= 0.375, and expressing it in standard form gives:
0.375=375x 107"

2 .
(b) 193 = 19.6 = 1.97 x 10 in standard form, correct to 3

significant figures.

9
(©) 741E = 741.5625 = 7.42 x 10? in standard form,

correct to 3 significant figures.

Problem 19. Express the following numbers, given in
standard form, as fractions or mixed numbers:

(@ 25x 107" (b) 6.25x 107 (c) 1.354 x 10
.25 25 1
3.5 Worked problems on standard form (@ 25x107' =2 = =2 =
10 100 4

Problem 16. Express in standard form:

(a) 38.71 (b) 3746 (c) 0.0124

For a number to be in standard form, it is expressed with
only one digit to the left of the decimal point. Thus:

(a) 38.71 must be divided by 10 to achieve one digit to the
left of the decimal point and it must also be multiplied
by 10 to maintain the equality, i.e.

38.71

38.71 = x 10 = 3.871 x 10 in standard form

3746
(b) 3746 = 1000 x 1000 = 3.746 x 10° in standard form.

100 1.24
0.0124 = 00124 x — = — = 124x1072 i
© 100 T 100 x "
standard form

Problem 17. Express the following numbers, which
are in standard form, as decimal numbers:

(@ 1.725x 1072 (b) 5.491 x 10* (c) 9.84 x 10°

1725
1725 x 102 = =2 — 001725
@ x 100

625 625 1
b) 625x 102 = 22— 022 &
®) x 100 ~ 10000 _ 16

4 2
(c) 1.354 x 10> = 135.4 = 135— = 135-
10 5

Now try the following exercise

Exercise 10 Further problems on standard form
(Answers on page 253)

In Problems 1 to 5, express in standard form:

1. (a) 739 (b) 28.4 (c) 197.72

2. (a) 2748 (b) 33170 (c) 274218

3. (a) 0.2401 (b) 0.0174 (c) 0.00923
4. (a) 1702.3 (b) 10.04 (c) 0.0109

1 7 3 1
5. (a) 2 (b) llg (c) 1305 (@) 0

In Problems 6 and 7, express the numbers given as
integers or decimal fractions:

6. (a) 1.01 x 10°
(d) 7 x 10°

(b) 9.327 x 10> (¢) 5.41 x 10*

7. (a) 3.89 x 1072 (b) 6.741 x 107" (¢) 8 x 1073




3.6 Further worked problems on standard
form

Problem 20. Find the value of
(a) 7.9 x 1072 — 5.4 x 102

(b) 8.3 x 10> +5.415 x 10’ and

(c) 9.293 x 10% + 1.3 x 10% expressing the answers in
standard form.

Numbers having the same exponent can be added or sub-
tracted by adding or subtracting the mantissae and keeping
the exponent the same. Thus:

(@) 79%x 1072 =54 x1072=(7.9-5.4) x 1072
=25x 1072

(b) 8.3 x 10° +5.415 x 10° = (8.3 + 5.415) x 10°
=13.715 x 10°
= 1.3715 x 10*

in standard form.

(c) Since only numbers having the same exponents can be
added by straight addition of the mantissae, the numbers
are converted to this form before adding. Thus:

9.293 x 10* + 1.3 x 10° = 9.293 x 10* 4+ 13 x 10°
= (9.293 + 13) x 10*
=22.293 x 10°
=2.2293 x 10°

in standard form.
Alternatively, the numbers can be expressed as decimal
fractions, giving:

9.293 x 10> + 1.3 x 10’
=929.3 + 1300
=122293
=2.2293 x 10°

in standard form as obtained previously. This method is
often the ‘safest’” way of doing this type of problem.
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Problem21. Evaluate (a) (3.75 x 10°)(6 x 10*) and

3.5 x 10° . .
(b) ————— expressing answers in standard form.
7 x 10?

(@) (3.75 x 10°)(6 x 10*) = (3.75 x 6)(10**)

=22.50 x 10’
=225 x 10°
35x 105 3.5
b 2 =22 102 = 0.5 x 10° = 5 x 10
7 x 102 7

Now try the following exercise

Exercise 11 Further problems on standard form
(Answers on page 253)

In Problems 1 to 4, find values of the expressions given,
stating the answers in standard form:
1. (a) 3.7 x 10> + 9.81 x 107
(b) 1431 x 107 +7.3 x 107!
(c) 8.414 x 1072 — 2.68 x 1072
2. (a) 4.831 x 10> 4+ 1.24 x 103
(b) 3.24 x 1073 — 1.11 x 107*
(c) 1.81 x 10> +3.417 x 10? 4+ 5.972 x 10?
3. (a) 4.5 x107H(3 x 10*)  (b) 2 x (5.5 x 10%)

(2.4 x 1013 x 107?)
(4.8 x 10%)

5. Write the following statements in standard form.

6x 1073

4@ 30

(b)

(a) The density of aluminium is 2710 kg m~3

(b) Poisson’s ratio for gold is 0.44

(c) The impedance of free space is 376.73 Q2

(d) The electron rest energy is 0.511 MeV

(e) Proton charge-mass ratio is 95789700 Ckg™!

(f) The normal volume of a perfect gas is
0.02241 m* mol~!




Calculations and evaluation of formulae

4.1 Errors and approximations

(i) In all problems in which the measurement of distance,
time, mass or other quantities occurs, an exact answer
cannot be given; only an answer which is correct to a
stated degree of accuracy can be given. To take account
of this an error due to measurement is said to exist.

(ii) To take account of measurement errors it is usual to
limit answers so that the result given is not more than
one significant figure greater than the least accurate
number given in the data.

(iii)) Rounding-off errors can exist with decimal fractions.
For example, to state that 7 = 3.142 is not strictly
correct, but ‘m = 3.142 correct to 4 significant figures’
is a true statement.

(Actually, m = 3.14159265.. . .)

(iv) It is possible, through an incorrect procedure, to obtain
the wrong answer to a calculation. This type of error is
known as a blunder.

(v) An order of magnitude error is said to exist if incorrect
positioning of the decimal point occurs after a calcula-
tion has been completed.

(vi) Blunders and order of magnitude errors can be
reduced by determining approximate values of
calculations. Answers which do not seem feasible
must be checked and the -calculation must be
repeated as necessary. An engineer will often need
to make a quick mental approximation for a

49.1 x 18.4 x 122.1

lculation. F le,
calculation. For example 61.2 x 38.1 may
50 x 20 x 120
b imated to ——— " = and then, b
e approximated to 60 x 40 an °n %y
1
50 x 20 x 120 £ !

cancellingg, —————— = 50. An accurate

196)(4611

answer somewhere between 45 and 55 could therefore
be expected. Certainly an answer around 500 or
5 would not be expected. Actually, by -calculator
49.1 x 18.4 x 122.1

61.2 x 38.1
figures.

= 47.31, correct to 4 significant

Problem1. The area A of a triangle is given by
A= %bh. The base b when measured is found to be
3.26 cm, and the perpendicular height # is 7.5 cm. Deter-
mine the area of the triangle.

Area of triangle =
calculator).

The approximate value is % x 3 x 8 = 12cm?, so there are
no obvious blunder or magnitude errors. However, it is not
usual in a measurement type problem to state the answer to
an accuracy greater than 1 significant figure more than the
least accurate number in the data: this is 7.5 cm, so the result

should not have more than 3 significant figures

3bh =1 x 3.26 x 7.5 = 12.225cm” (by

Thus area of triangle = 12.2 cm?

Problem 2. State which type of error has been made
in the following statements:

(a) 72 x 31.429 = 2262.9
(b) 16 x 0.08 x 7=89.6

(c) 11.714 x 0.0088 = 0.3247, correct to 4 decimal
places.

29.74 x 0.0512
(d) ITW = 0.12, correct to 2 significant
ﬁgures.'




(a) 72 x 31.429 = 2262.888 (by calculator), hence a
rounding-off error has occurred. The answer should
have stated:

72 x 31.429 = 2262.9, correct to 5 significant figures or
2262.9, correct to 1 decimal place.

4 8
(b) 16 x0.08x7 =} x — x 7
25

_32x7 224 24

25 25 25
—=8.96

Hence an order of magnitude error has occurred.

(c) 11.714 x0.0088 is approximately equal to 12 x 9 x 1073,
i.e. about 108 x 1072 or 0.108. Thus a blunder has been

made.
) 29.74x 00512 30x5x102 150
11.89 ~ 12 T 12 x 102
15 1
120 8

hence no order of magnitude error has occurred. How-

29.74 x 0.0512

ever, = 0.128 correct to 3 signifi-

L.
cant figures, which equals 0.13 correct to 2 significant
figures.

Hence a rounding-off error has occurred.

Problem 3.  Without using a calculator, determine an
approximate value of

@ 11.7 x 19.1 2.19 x 203.6 x 17.91
a
93 x5.7 12.1 x 8.76
()11.7><19.1 . imatel It 10 x 20
—_— i roxim —, ie.
a 93 %57 s approximately equal to 1055 e
about 4
11.7 x 19.1 ..
(By calculator, ————— = 4.22, correct to 3 signifi-
93 x5.7
cant figures.)
2.19 x 203.6 x 17.91 2 x 200 x 20
(b) - x ~ XX 2% 20
12.1 x 8.76 10 x 10

after cancelling

219 x 2036 x 1791 _
12.1 x 8.76 -

2.19 x 203.6 x 17.91

12.1 x 8.76
3 significant figures.)

(By calculator, =175.3, correct to
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Now try the following exercise

Exercise 12 Further problems on errors (Answers on
page 253)

In Problems 1 to 5 state which type of error, or errors,
have been made:

1. 25 x0.06 x 1.4 =0.21
2. 137 x 6.842 =937.4

24 % 0.008
3. ————— =1042
12.6

4. For a gas pV = c. When pressure p = 103400Pa
and V = 0.54m?> then ¢ = 55836 Pam’.

46 %0,
5, H6x007 0
523 x 0274

In Problems 6 to 8, evaluate the expressions approxi-
mately, without using a calculator.

6. 4.7 x6.3

2.87 x 4.07
" 6.12 x 0.96

72.1 x 1.96 x 48.6
139.3 x 5.2

4.2 Use of calculator

The most modern aid to calculations is the pocket-sized
electronic calculator. With one of these, calculations can
be quickly and accurately performed, correct to about 9
significant figures. The scientific type of calculator has made
the use of tables and logarithms largely redundant.

To help you to become competent at using your calculator
check that you agree with the answers to the following
problems:

Problem 4. Evaluate the following, correct to 4 signif-
icant figures:

(a) 4.7826+0.02713 (b) 17.6941 — 11.8762

(c) 21.93 x 0.012981

(a) 4.7826+0.02713 = 4.80973 = 4.810, correct to 4 signi-
ficant figures.

(b) 17.6941 —11.8762 = 5.8179 = 5.818, correct to 4 signi-
ficant figures.

(c) 21.93 x 0.012981 = 0.2846733... = 0.2847, correct to
4 significant figures.
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Problem5. Evaluate the following, correct to 4 deci-
mal places:

4.621
(a) 46.32x97.17 x 0.01258 (b) ———
23.76
1
(c) 5(62.49 x 0.0172)
(a) 46.32 x 97.17 x 0.01258 = 56.6215031 ... = 56.6215,
correct to 4 decimal places.
4.621 .
(b) 7376 = 0.19448653 ... = 0.1945, correct to 4 decimal
pla.ces.

1
(© 5(62.49 x 0.0172) = 0.537414 = 0.5374, correct to 4

decimal places.

Problem 6. Evaluate the following, correct to 3 deci-
mal places:

1 1 1 1
b T
@ 5753 ® o0 © intie
1
(a) ——— = 0.01896453... = 0.019, correct to 3 decimal
52.73
places.
(b) ———— =36.3636363... = 36.364, correct to 3 decimal
0.0275
places.
1 1
(c) — + —— = 0.71086624 ... = 0.711, correct to 3
492  1.97

decimal places.

Problem7. Evaluate the following, expressing the
answers in standard form, correct to 4 significant
figures.

(a) (0.00451)* (b) 631.7 — (6.21 4 2.95)*

(c) 46.27* —31.79*

(a) (0.00451)% = 2.03401 x 10> = 2.034 x 105, correct
to 4 significant figures.

(b) 631.7 — (6.21 +2.95)> = 547.7944 = 5.477944 x 10> =
5.478 x 102, correct to 4 significant figures.

(c) 46.27> —31.79% = 1130.3088 = 1.130 x 103, correct to
4 significant figures.

Problem 8. Evaluate the following, correct to 3 deci-

mal places:
2.37)? 3.60\% [/5.40\°
37) ® (=) +{=
1.92 2.45

0.0526

15
7.6* — 4.8

(a)

(©)

(2.37)2

0.0526
decimal places.

3.60\> [5.40\>
b)) | — ) +( ——= ] =8.37360084 ... = 8.374, correct
1.92 2.45

to 3 decimal places.

(a)

106.785171... = 106.785, correct to 3

15
() ——— = 0.43202764... = 0.432, correct to 3
7.62 — 4.82

decimal places.

Problem 9. Evaluate the following, correct to 4 signi-
ficant figures:

(@) +/5.462 (b) /54.62 (c) +/546.2

(a) +/5.462 = 2.3370922... = 2.337, correct to 4 signifi-
cant figures.

(b) +/54.62 = 7.39053448 ... = 7.391, correct to 4 signifi-
cant figures.

(c) v/546.2 = 23.370922... = 23.37, correct to 4 signifi-
cant figures.

Problem 10. Evaluate the following, correct to 3 dec-
imal places:

(a) +~/0.007328
() V/(1.6291 x 10%)

(b) +/52.91 —+/31.76

(a) 4/0.007328 = 0.08560373 = 0.086, correct to 3 decimal
places.

(b) v/52.91 —+/31.76

3 decimal places.

(©) 1/(1.6291 x 10*) = /(16291) = 127.636201... =

127.636, correct to 3 decimal places.

1.63832491 ... = 1.638, correct to
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Problem 11. Evaluate the following, correct to 4 sig-
nificant figures:

(a) 4723 (b) (0.8316)* (c) /(76.212 — 29.10%)

(a) 4.72° = 105.15404 ... = 105.2, correct to 4 significant
figures.
(b) (0.8316)* = 0.47825324... = 0.4783, correct to 4

significant figures.

(©) /(76.212 —29.10%) = 70.4354605 . .. = 70.44, correct

to 4 significant figures.

Problem 12. Evaluate the following, correct to 3 sig-
nificant figures:

2
0.09 } (b) /47291

(@ [25.2 x /7

(¢) V(7.2132 +6.418% +3.2914)

@ [ 6.09?
252 x /7

significant figures.

} = 0.74583457 ... = 0.746, correct to 3

(b) /47.291 = 3.61625876. .. = 3.62, correct to 3 signifi-
cant figures.

(©) V/(7.2132 + 6.418% 4 3.2914) = 20.8252991 ... = 20.8,
correct to 3 significant figures.

Problem 13. Evaluate the following, expressing the
answers in standard form, correct to 4 decimal places:

(@) (5.176 x 1073)2

®) 1.974 x 10" x 8.61 x 102\"
3.462

() (1.792 x 10-%)

(@) (5.176 x 107%)> = 2.679097 ... x 1075 = 2.6791 x 1075,
correct to 4 decimal places.

1.974 x 10" x 8.61 x 1072
(b)

4
= 0.05808887 ...
3.462

= 5.8089 x 102, correct to 4 decimal places

(c) V/(1.792 x 104) = 0.0133865... = 1.3387x 1072,

correct to 4 decimal places.

Now try the following exercise

Exercise 13 Further problems on use of calculator
(Answers on page 253)

In Problems 1 to 3, use a calculator to evaluate the
quantities shown correct to 4 significant figures:

1. (a) 3.249> (b) 73.78% (c) 311.4> (d) 0.0639>

2. (a) V4.735
(d) +/0.0256

(b) V/35.46 (c) +/73280

1 1 1

1
3@ oo ® % © oo Yiis

In Problems 4 to 11, use a calculator to evaluate correct

to 4 significant figures:
4. (a) 43.27 x 1291 (b) 54.31 x 0.5724

5. (a) 127.8 x 0.0431 x 19.8 (b) 15.76 +4.329

6 @ 137.6 11.82 x 1.736
. (a
552.9 0.041
7. (a) ! (b) ! () !
. (a C
17.31 0.0346 147.9
8. (a) 13.6° (b) 3.476% (c) 0.1245
9. (a) v347.1 (b) V7632 (c) v/0.027
(d) +/0.004168
24. 0532\° 2681 x 41.22\"
10. @) 68 x 0.053 ® 0.2681 x
7.412 32.6 x 11.89
14.323 4.8213
11. b
@ e ® 1733 1586 x 116

12. Evaluate correct to 3 decimal places:

29.12

e oogr ) VBB- V2T

(a)

13. Evaluate correct to 4 significant figures:

@ [ (15.62)? }
29.21 x 4/10.52

(b) V/(6.921% 4+ 4.8163 — 2.161%)

14. Evaluate the following, expressing the answers in
standard form, correct to 3 decimal places:

(@) (8.291 x 1072)2  (b) 1/(7.623 x 1073)
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4.3 Conversion tables and charts

It is often necessary to make calculations from various
conversion tables and charts. Examples include currency
exchange rates, imperial to metric unit conversions, train or
bus timetables, production schedules and so on.

Problem 14. Currency exchange rates for five coun-
tries are shown in Table 4.1

Table 4.1

France £1 = 1.50 euros
Japan £1 =175 yen
Norway £1 = 11.25 kronor

Switzerland £1 = 2.20 francs
U.S.A. £1 = 1.52 dollars ($)

Calculate:
(a) how many French euros £27.80 will buy,

(b) the number of Japanese yen which can be bought
for £23,

(c) the pounds sterling which can be exchanged for
6412.5 Norwegian kronor,

(d) the number of American dollars which can be
purchased for £90, and

(e) the pounds sterling which can be exchanged for
2794 Swiss francs.

(a) £1 = 1.50 euros, hence

£27.80 = 27.80 x 1.50 euros = 41.70 euros
(b) £1 = 175 yen, hence

£23 =23 x 175 yen = 4025 yen

(¢) £1 = 11.25 kronor, hence

6412.5 kronor = £% = £570
11.25

(d) £1 = 1.52 dollars, hence
£90 =90 x 1.52 dollars = $136.80

(e) £1 = 2.20 Swiss francs, hence

2794
2794 franc = £~ — £1270
e =25 20

Problem 15. Some approximate imperial to metric
conversions are shown in Table 4.2

Table 4.2

length 1 inch =2.54cm
1 mile = 1.61 km

weight 2.21b = 1kg
(11b=160z)

capacity 1.76 pints = 1 litre
(8 pints = 1 gallon)

Use the table to determine:

(a) the number of millimetres in 9.5 inches,

(b) aspeed of 50 miles per hour in kilometres per hour,
(c) the number of miles in 300 km,

(d) the number of kilograms in 30 pounds weight,

(e) the number of pounds and ounces in 42 kilograms
(correct to the nearest ounce),

(f) the number of litres in 15 gallons, and
(g) the number of gallons in 40 litres.

(a) 9.5 inches = 9.5 x 2.54cm = 24.13¢cm
24.13cm = 24.13 x 10mm = 241.3 mm
(b) 50m.p.h. =50 x 1.61 km/h = 80.5km/h

300
(¢) 300km = Tel miles = 186.3 miles

30
(d) 301b = = kg = 13.64kg

(e) 42kg =42 x2.21b =92.41b

041b = 04 x 160z = 6.40z = 60z, correct to the
nearest ounce. Thus 42kg = 921b 6 oz, correct to the
nearest ounce.

(f) 15 gallons = 15 x 8 pints = 120 pints
. 120 .
120 pints = —— litres = 68.18 litres
1.76
(g) 40 litres = 40 x 1.76 pints = 70.4 pints

70.4
70.4 pints = = gallons = 8.8 gallons

Now try the following exercise

Exercise 14 Further problems conversion tables and
charts (Answers on page 254)

1. Currency exchange rates listed in a newspaper inclu-
ded the following:

Italy £1 = 1.52 euro

Japan £1 =180 yen
Australia £1 = 2.80 dollars
Canada £1 = $2.35
Sweden £1 = 13.90 kronor

Calculate (a) how many Italian euros £32.50 will buy,
(b) the number of Canadian dollars that can be pur-
chased for £74.80, (c) the pounds sterling which can
be exchanged for 14 040 yen, (d) the pounds sterling
which can be exchanged for 1751.4 Swedish kronor,
and (e) the Australian dollars which can be bought for
£55
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2. Below is a list of some metric to imperial conversions. number of kilometres in 235 miles, (d) the number of
. pounds and ounces in 24kg (correct to the nearest
Length 2.54cm = I inch ounce), (e) the number of kilograms in 151b, (f) the
1.61km number of litres in 12 gallons and (g) the number of
Weight  1kg=2.21b (11b = 16 ounces) gallons in 25 litres.
3. Deduce the following information from the BR train
timetable shown in Table 4.3:

1 mile

Capacity 1 litre = 1.76 pints

(8 pints = 1 gallon) . .
(a) At what time should a man catch a train at Mossley
Use the list to determine (a) the number of millimetres Hill to enable him to be in Manchester Piccadilly
in 15 inches, (b) a speed of 35 mph in km/h, (c) the by 8.15 am.?

Table 4.3 Liverpool, Hunt’s Cross and Warrington — Manchester

} MX | MO SO | SX | i Sx . i SX I f l
BHX | BHX BHX ! BMX BHX | BHX BHX I BHX | ‘ | BHX
el e sl el e e
" s | . |
— x|= x | | = i = | I 1= !
0 |Liverpoai Lime Street &”d fos aslos 37 oo avies | o6 0ok 54 .jo7 oor 17 o Wer s i I::«nn o 2
] Hal ”d ! . i
N | Movwey bl 224 L e _Jo? on 07 39 Sl e . jos 3y
4 | West Allerton C nd 06 41 | 07 11 07 4 (1 08 4t
Si |Aderton .. ... 24 S ) .[w 1. ot @ i o 13 _los 43
=" Uverpool Central 101 d | o TIIo7 S, | )
= | Sarsion (Merseysce) 101 @ ! _|os 24, __lo7 26107 56 | Alu.w, . 08 2
4 [ Halewood o a L] e o sl T T I Lo w. 8 80
10§ | Hough Green d N B 06 24 06 54 | e ad T for sdl (T 108 S4
12 | Wiones d Lo e 06 7! Lo amor 35l lo7 S7i08 12 ‘ ot 0| Jioa §7
16 | Sankey for Penketn dlwed 1T e or o2 | 107 3 jos o2 o8 32 109 02
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(b) A girl leaves Hunts Cross at 8.17 a.m. and travels
to Manchester Oxford Road. How long does the
journey take. What is the average speed of the
journey?

(c) A man living at Edge Hill has to be at work at
Trafford Park by 8.45 a.m. It takes him 10 minutes
to walk to his work from Trafford Park station.
What time train should he catch from Edge Hill ?

4.4 Evaluation of formulae

The statement v = u + at is said to be a formula for v in
terms of u, a and ¢.

v, U, a and t are called symbols.

The single term on the left-hand side of the equation, v, is
called the subject of the formulae.

Provided values are given for all the symbols in a for-
mula except one, the remaining symbol can be made the
subject of the formula and may be evaluated by using a cal-
culator.

Problem 16. 1In an electrical circuit the voltage V is
given by Ohm’s law, i.e. V = IR. Find, correct to 4
significant figures, the voltage when I = 5.36 A and
R =14.76 Q.

V = IR = (5.36)(14.76)

Hence voltage V = 79.11V, correct to 4 significant
figures.

Problem 17. The surface area A of a hollow cone is
given by A = nrl. Determine, correct to 1 decimal
place, the surface area when r = 3.0cm and / = 8.5 cm.

A = 7rl = 7(3.0)(8.5) cm?

Hence surface area A = 80.1cm?, correct to 1 decimal
place.

Problem 18. Velocity v is given by v = u + ar. If
u = 986m/s, a = 4.25m/s> and t = 6.84s, find v,
correct to 3 significant figures.

v=u-+at=9.86+ (4.25)(6.84)
=9.86 + 29.07
= 38.93

Hence velocity v = 38.9m/s, correct to 3 significant
figures.

Problem19. The area, A, of a circle is given by
A = 7r?. Determine the area correct to 2 decimal places,
given radius r = 5.23 m.

A =2 = 71(5.23)% = 7(27.3529)

Hence area, A = 85.93m?, correct to 2 decimal places.

Problem 20. The power P watts dissipated in an elec-
2

trical circuit may be expressed by the formula P = —.

Evaluate the power, correct to 3 significant figures,
given that V = 17.48 V and R = 36.12 Q.

pe V2 (17.48)"  305.5504
TR T 3612 36.12

Hence power, P = 8.46 W, correct to 3 significant fig-
ures.

Problen21. The volume V cm® of a right circular
cone is given by V = %7’[}’2/’1. Given that r = 4.321cm
and h = 18.35cm, find the volume, correct to 4
significant figures.

V = 1ar’h = 17(4.321)*(18.35)

= %n(18.671041)(18.35)

Hence volume, V = 358.8cm?, correct to 4 significant
figures.

Problem 22. Force F newtons is given by the formula

Gmlmz

= —

distance apart and G is a constant. Find the value of the

force given that G = 6.67 x 107!, m; = 7.36,m, =

15.5 and d = 22.6. Express the answer in standard form,
correct to 3 significant figures.

, where m; and m, are masses, d their

_ Gmumy (667 x 10711)(7.36)(15.5)
oo (22.6)?

_ (6.67)(7.36)(15.5)  1.490
T (10'1)(510.76) 10

F

Hence force F = 1.49 x 10~!! newtons, correct to 3 sig-
nificant figures.



Problem 23. The time of swing ¢ seconds, of a simple
l

pendulum is given by t = 27, [ —. Determine the time,
8

correct to 3 decimal places, given that [ = 12.0 and
g=9.81

l /12.0
t =2/ — = Q)1 —
g 9.81

= (2)nv/1.22324159
= (2)7(1.106002527)

Hence time t = 6.950 seconds, correct to 3 decimal places.

Problem 24. Resistance, RS2, varies with temperature
according to the formula R = Ry(1 + of). Evaluate
R, correct to 3 significant figures, given Ry = 14.59,
o = 0.0043 and ¢ = 80.

R =Ry(1 4+ at) = 14.59[1 + (0.0043)(80)]
= 14.59(1 4 0.344) = 14.59(1.344)

Hence resistance, R = 19.6 ©, correct to 3 significant
figures.

Now try the following exercise

Exercise 15 Further problems on evaluation of for-
mulae (Answers on page 254)

1. The area A of a rectangle is given by the formula
A = [b. Evaluate the area when / = 12.4cm and

b=1537cm.
2. The circumference C of a circle is given by the
formula C = 2nr. Determine the circumference

given m = 3.14 and r = 8.40 mm.

3. A formula used in connection with gases is
R = (PV)/T. Evaluate R when P = 1500, V =5
and T = 200.

4. The velocity of a body is given by v = u + at.
The initial velocity u is measured when time ¢ is
15 seconds and found to be 12 m/s. If the acceleration
a is 9.81 m/s? calculate the final velocity wv.

5. Calculate the current / in an electrical circuit, when
I = V /R amperes when the voltage V is measured
and found to be 7.2 V and the resistance R is 17.7 Q.

6. Find the distance s, given that s = %gtz. Time
t = 0.032 seconds and acceleration due to gravity
g =9.81m/s>.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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The energy stored in a capacitor is given by

E = %C V2 joules. Determine the energy when capac-

itance C = 5 x 107 farads and voltage V = 240 V.

Find the area A of a triangle, given A = %bh, when
the base length b is 23.42m and the height % is
53.7m.

Resistance R, is given by R, = R;(1 + at). Find

R;, correct to 4 significant figures, when R; = 220,
o =0.00027 and t = 75.6

. m
Density = volume

is 2.462kg and the volume is 173cm?®. Give the
answer in units of kg/m?>.

. Find the density when the mass

Velocity = frequency x wavelength. Find the velocity
when the frequency is 1825 Hz and the wavelength
is 0.154 m.

Evaluate resistance Ry, given
1 . 1 n 1 n 1
Rr R R R
when Ry =55 Q, R, =7.42 Q and R; = 12.6 Q.

Find the total cost of 37 calculators costing £12.65
each and 19 drawing sets costing £6.38 each.

force x distance _,
Power = ——— . Find the power when a

time
force of 3760 N raises an object a distance of 4.73 m
in 35s.

The potential difference, V volts, available at battery
terminals is given by V = E — Ir. Evaluate V when
E=562,1=0.70 and R = 4.30

Given force F = Jm(v*—u?), find F when m = 18.3,
v=12.7 and u = 8.24

The current / amperes flowing in a number of cells

. Evaluate the current when

is given by I =
nr
n =36, E =220, R=2.80 and r = 0.50

The time, ¢ seconds, of oscillation for a simple

l

pendulum is given by t = 2w,/ —. Determine the
8

time when 7w = 3.142, [ = 54.32 and g = 9.81

Energy, E joules, is given by the formula £ = %LI 2,
Evaluate the energy when L =5.5and I = 1.2

The current / amperes in an a.c. circuit is given

by I = ——————. Evaluate the current when
(R +X%)

V=250,R=11.0and X =16.2

Distance s metres is given by the formula

s = ut+ %atz. If u=9.50,t=4.60 and a = —2.50,

evaluate the distance.
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22. The area, A, triangle is
A= ./[s(s—a)(s — b)(s — c)] where s =

Evaluate the area given a = 3.60cm, b = 4.00cm
and ¢ =5.20cm.

23. Given that a = 0.290, b = 14.86, ¢ = 0.042,
d =31.8 and e = 0.650, evaluate v given that

(ab d)
v= — - =
c e

of any given by

a+b+c

Assignment 2

This assignment covers the material contained in
Chapters 3 and 4. The marks for each question are
shown in brackets at the end of each question.

1. Evaluate the following:

23 x 2 x 22 b (23 x 16)2 1\
2 ® Gxayp © (4_2>

6 -5

2 9

(e) T (14)
)

2. Express the following in standard form:

(a) 1623 (b) 0.076 (c) 145% (6)

(a)

@ @n'”

e

. If 1.6km =

Determine the value of the following, giving the
answer in standard form:

(@) 5.9 x 10% +7.31 x 10*

(b) 2.75 x 1072 — 2.65 x 1073 (6)
73 x 0.009

Is the statement X 4.18 x 1072 correct? If

not, what should it be? 2)
. Evaluate the following, each correct to 4 significant

figures:

1
(a) 61.222 (b) ——— (c) +/0.0527 (6)

0.0419

Evaluate the following, each correct to 2 decimal
places:

36.22 x 0.561\°
@ | s=—=r
27.8 x 12.83

14.69°
> (7

b I b —
) \/(s/ 17.42 x 37.98

1 mile, determine the speed of 45
miles/hour in kilometres per hour. 3)

The area A of a circle is given by A = 772, Find the
area of a circle of radius r = 3.73 cm, correct to 2
decimal places. 3)

Evaluate B, correct to 3 significant figures, when
W =17.20, v = 10.0 and g = 9.81, given that
Wo?
B p—

= 5 3)



Computer numbering systems

5.1 Binary numbers

The system of numbers in everyday use is the denary or
decimal system of numbers, using the digits 0 to 9. It has
ten different digits (0, 1,2, 3,4,5,6,7,8 and 9) and is said
to have a radix or base of 10.

The binary system of numbers has a radix of 2 and uses
only the digits 0 and 1.

5.2 Conversion of binary to denary

The denary number 234.5 is equivalent to
2x10°+3 x 10" +4 x 10°+5x 107"

i.e. is the sum of terms comprising: (a digit) multiplied by
(the base raised to some power).

In the binary system of numbers, the base is 2, so 1101.1
is equivalent to:

Ix224+1x2240x2'+1x2°4+1x27!

Thus the denary number equivalent to the binary number
1101.1 is

84+4+0+1+ 3, thatis 13.5

i.e. 1101.1, = 13.59, the suffixes 2 and 10 denoting binary
and denary systems of numbers respectively.

Problem 1. Convert 11011, to a denary number.

From above: 11011, =1 x2*+1x2*40x 22
+1x2'+1x2°
=16+8+0+2+1
= 2710

Problem2. Convert 0.1011, to a decimal fraction.

01011, =1 x2'4+0x22+1x23+1x27

1 1 1 1
=1x§+0x—2+l — 4+ 1x

2 X5 2
_b
T2 8 16
= 0.5+ 0.125 + 0.0625
= 0.687540

Problem 3. Convert 101.0101, to a denary number.

101.0101, =1 x 2>+ 0x 2! +1x2° +0 x 27!
+1x2240x23 +1x27
=4+0+1+0+0.25+0+0.0625
= 5.3125y,

Now try the following exercise

Exercise 16 Further problems on conversion of bi-
nary to denary numbers (Answers on
page 254)

In Problems 1 to 4, convert the binary numbers given to
denary numbers.

1. (a) 110 (b) 1011 (c) 1110 (d) 1001
2. (a) 10101 (b) 11001 (c) 101101 (d) 110011
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3. (a) 0.1101 (b) 0.11001 (c) 0.00111 (d) 0.01011

4. (a) 11010.11 (b) 10111.011

(¢c) 110101.0111 (d) 11010101.10111

5.3 Conversion of denary to binary

An integer denary number can be converted to a correspond-
ing binary number by repeatedly dividing by 2 and noting
the remainder at each stage, as shown below for 39

2 (39
2 |19
2|9
2 (4
2|2
21

0

Remainder

R O O R Rk R

:{1

(most significantbit)—-1 0 0 1 1 1« (leastsignificant bit)

The result is obtained by writing the top digit of the remain-
der as the least significant bit, (a bit is a binary digit and
the least significant bit is the one on the right). The bottom
bit of the remainder is the most significant bit, i.e. the bit on
the left.

Thus 39,0 = 100111,

The fractional part of a denary number can be converted to
a binary number by repeatedly multiplying by 2, as shown
below for the fraction 0.625

0625 x 2 = 1. ! 250,
| 20!
s -
I 1 I
02501 x 2 = 0. "'500]
L 02501 120
0E00. _
10500] x 2 = — 1. 000

(most significantbit) . 1 0 1 (least significant bit)

For fractions, the most significant bit of the result is the top
bit obtained from the integer part of multiplication by 2. The
least significant bit of the result is the bottom bit obtained
from the integer part of multiplication by 2.

Thus 062510 = 01012

Problem 4. Convert 4744 to a binary number.

From above, repeatedly dividing by 2 and noting the remain-
der gives:

2 |47 Remainder

2 |23
2 1
2[5
22
21

0

1

B O R R R

Thus 47,0 = 101111,

Problem5. Convert 0.40625 to a binary number.

From above, repeatedly multiplying by 2 gives:

0.40625 x 2 = 0.'8125)
122
Y _—
1081251 x 2 = 1.1625
|
_Y_ __
10625] x 2 = 1.125]
1062 el
Y _
025 x 2= 0.15)
I |
52
105, x2=

i.e. 0.40625,o = 0.01101,

Problem 6. Convert 58.3125, to a binary number.

The integer part is repeatedly divided by 2, giving:

2 |58 Remainder

2 |29
2 |14
217
23
2 1

0

0

e =




The fractional part is repeatedly multiplied by 2 giving:

03125 x 2 = 0.625
0625 x 2 = 1.25
025 %x 2 = 0.5
05x2 = l_ 1.0

.01 01

Thus 58.3125,; = 111010.0101,

Now try the following exercise

Exercise 17 Further problems on conversion of de-
nary to binary numbers (Answers on
page 254)

In Problems 1 to 4, convert the denary numbers given to
binary numbers.

1. @5 (015 ()19 (d) 29
2. (@31 (b)42 ()57 (d)63
3. (3 025 (b) 0.21875 (c) 0.28125 (d) 0.59375
4. (3) 47.40625 (b) 30.8125
(C) 53.90625 (d) 61.65625

5.4 Conversion of denary to binary via
octal

For denary integers containing severa digits, repeatedly
dividing by 2 can be a lengthy process. In this case, it is
usually easier to convert a denary number to a binary number
via the octal system of numbers. This system has a radix of
8, using the digits 0, 1, 2, 3, 4, 5, 6 and 7. The denary number
equivalent to the octal number 43175 is
4x8+3x8+1x8+7x8
i.ee 4x5124+3x64+1x8+7x1 or 2255

An integer denary number can be converted to a correspond-
ing octal number by repeatedly dividing by 8 and noting the
remainder at each stage, as shown below for 493,

8 |493 Remainder

gl 6L 5
8l 7 5

0 7—1
7

(63}
a1
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Thus 493,35 = 7554

The fractional part of a denary number can be converted to
an octal number by repeatedly multiplying by 8, as shown
below for the fraction 0.4375¢

04375 x 8 = —3.i5,

Ii"
05, x8= | 4.0
{

.3 4

For fractions, the most significant bit is the top integer
obtained by multiplication of the denary fraction by 8, thus

0.4375;9 = 0.34g

The natural binary code for digits O to 7 is shown in
Table 5.1, and an octal number can be converted to a binary
number by writing down the three bits corresponding to the
octal digit.

Table 5.1
Octd digit

Natural
binary number

000
001
010
011
100
101
110
111

~NOoO O WNEFE O

Thus 437 = 100 011 111,
and 26.35g = 010 110.011 101,

The ‘0’ on the extreme left does not signify anything, thus
26.35g = 10 110.011 101,

Conversion of denary to binary via octal is demonstrated in
the following worked problems.

Problem7. Convert 3714, to a binary number, via
octal.

Dividing repeatedly by 8, and noting the remainder gives:

8 (3714 Remainder
8 | 464 2
8| 58 0

8| 7 2
0 7—¢
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From Table 5.1, 72025 = 111 010 000 010,
ie 371440 = 111 010 000 010,

Problem 8. Convert 0.59375; to a binary humber, via
octal.

Multiplying repeatedly by 8, and noting the integer values,
gives:

0.59375 x 8 = 4.75
0.75x 8 = r 6.00
.46

Thus 0.59375;9 = 0.46g
From Table 5.1, 0.46g = 0.100 110,
i.e 05937510 = 0.100 11,

Problem 9. Convert 5613.90625,¢ to a binary number,
via octal.

The integer part is repeatedly divided by 8, noting the
remainder, giving:

8 |5613
701

Remainder

8
8
8
8

)
or—\’:’:

P N N oo

1!

This octal number is converted to a binary number, (see
Table 5.1)

12755¢ = 001 010 111 101 101,
i.e. 5613;0 =1 010 111 101 101,

7 5 5

The fractional part is repeatedly multiplied by 8, and noting
the integer part, giving:

0.90625 x 8 = 7.25
0.25x 8 = r 2.00

72

This octal fraction is converted to a binary number, (see
Table 5.1)

0.72g = 0.111 010,
i.e 09062510 =0.111 012

Thus, 5613.90625,o = 1 010 111 101 101.111 01,

Problem 10. Convert 11 110 011.100 01, to a denary

number via octal.

Grouping the binary number in three’s from the binary point
gives: 011 110 011.100 010,

Using Table 5.1 to convert this binary number to an octal
number gives: 363.42g and

36342, =3x8 +6x8 +3x8+4x814+2x872
=192 + 48 + 3+ 0.5+ 0.03125
— 243.53125,

Now try the following exercise

Exercise 18 Further problems on conversion bet-
ween denary and binary numbers via
octal (Answers on page 254)

In Problems 1 to 3, convert the denary numbers given to
binary numbers, via octal.

1. (a) 343 (b) 572 (c) 1265

2. (a) 0.46875 (b) 0.6875 (c) 0.71875

3. (a) 247.09375 (b) 514.4375 (c) 1716.78125
4

. Convert the following binary numbers to denary num-
bers via octal:

(8 111.0111
(c) 1110011 011 010.001 1

(b) 101 001.01

5.5 Hexadecimal numbers

The complexity of computers requires higher order number-
ing systems such as octal (base 8) and hexadecimal (base
16) which are merely extensions of the binary system. A
hexadecimal numbering system has aradix of 16 and uses
the following 16 distinct digits:

0,1,23,4,56,7,89,A,B,C,D,Eand F

‘A’ corresponds to 10 in the denary system, B to 11, C to
12, and so on.

To convert from hexadecimal to decimal:

For example 1A =1 x 16" + A x 16°
=1x16'"4+10x1=16+10=26
i.e 1A 16 = 2619
215 =2 x 16' + E x 16°
=2 x 16 4+ 14 x 16° = 32 4 14 = 46y,

Similarly,
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and 1BF1s = 1 x 16° + B x 16" + F x 16° (b) 3Fpe =3x16'+Fx16°=3x 16+ 15x 1
=1x 1624 11 x 16! + 15 x 16° — 48+ 15 =63
=256+ 176 + 15 = 4474, Thus 3F 1 = 6350
Table 5.2 compares decimal, binary, octal and hexadecimal
numbers and shows, for example, that Problem12. Convert the following hexadecimal num-
2310 = 10111, = 275 = 1745 bers into their decimal equivalents: (a) C9 (b) BD1s
C96 =Cx16'+9x16°=12x16+9x 1
Table 5.2 @ COp =Cx167+9x X 1049
=192+ 9=201
Decimal Binary ‘ Octal ‘ Hexadecimal +
0 OOOO O 0 ThUS Cglﬁ = 20110
1 0001 1 1
5 0010 5 > (b) BDy =Bx16'+Dx16°=11x 16+13x 1
3 0011 3 3 =176+ 13 =189
4 0100 4 4
5 0101 5 5 Thus BDyg = 1899
6 0110 6 6
4 0111 4 ! Problem 13.  Convert 1A4Ey into a denary number.
8 1000 10 8
9 1001 11 9
10 1010 12 A 1A4E; s =1x 16° + A x 16° + 4 x 16" + E x 16°
11 1011 13 B 3 2 1 0
12 1100 14 C =1x16°+10x 16°+4 x 16"+ 14 x 16
13 1101 15 D =1x4096+10x 256 +4x 16+ 14 x 1
14 1110 16 E
16 10000 20 10 Thus 1A4E s = 673410
17 10001 21 11
18 10010 22 12
19 10011 23 13
20 10100 24 14 To convert from decimal to hexadecimal:
;; 181% gg 12 Thisis achieved by repeatedly dividing by 16 and noting the
23 10111 o7 17 remainder at each stage, as shown below for 26,9
24 11000 30 18 16 [26 Remainder
25 11001 31 19 3
26 11010 32 1A 16 1 10= A
27 11011 33 1B 0 1= 14 —¢
28 11100 34 1Cc
29 11101 35 1D most significant bit > 1 A « least significant bit
30 11110 36 1E
31 11111 37 1F Hence 26,0 = 1As6
32 100000 40 20 Similarly, for 4474

16 |447 Remainder
Problem 11. Convert the following hexadecimal num- [447

bers into their decimal equivalents: (a) 7A1s  (b) 3F1s 16 | 27 15 = Fys
16 1 11=Bss
(a) 7A16 =7X161+AX160=7><16+10X1 0 151161
=112+ 10 =122 1BF

Thus 7A;5 = 12255 Thus 44710 = 1BF 16
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Problem 14. Convert the following decima numbers
into their hexadecimal equivalents: (a) 3710 (b) 10819

(@) 16|37 Remainder

16| 2 5 =54 j
0 2 = 216 —;
most significant bit » 2 5 « least significant bit

Hence 3719 = 2546
(b) 16 108

16| 6 12 = Cyg
0 6:616—¢
6C

Hence 108,50 = 6C4¢

Remainder

Problem 15. Convert the following decimal num-
bers into their hexadecima equivaents. (@) 1629
(b) 2390

(a)16 | 162 Remainder
16| 10 2 =24
0 10 =Aq —;

A2

Hence 1620 = A24¢
(b) 16 |239 Remainder

16| 14  15=Fy T
O 14 = ElG
EF
Hence 239, = EF4¢

To convert from binary to hexadecimal:

The binary bits are arranged in groups of four, starting from
right to left, and a hexadecima symbol is assigned to each
group. For example, the binary number 1110011110101001

1110 0111 1010 1001
and a hexadecimal symbol assigned E 7 A 9
from Table 5.2

isinitially grouped in fours as:

to each group
Hence 1110011110101001, = E7A9;

To convert from hexadecimal to binary:

The above procedure is reversed, thus, for example,
6CF3; = 0110 1100 1111 0011 from Table 5.2

i.e. 6CF3;6 = 110110011110011,

Problem 16. Convert the following binary numbers
into their hexadecimal equivalents:

(3) 11010110, (b) 1100111,

(8 Grouping bits in fours from the

right gives: 1101 0110
and assigning hexadecimal symbols
to each group gives: D 6
from Table 5.2
Thus, 11010110, = D66
(b) Grouping bits in fours from the
right gives: 0110 0111
and assigning hexadecimal symbols
to each group gives: 6 7
from Table 5.2

ThUS, 11001112 = 6716

Problem17. Convert the following binary numbers
into their hexadecimal equivalents:

(8) 11001111, (b) 110011110,

(a8 Grouping bits in fours from the

right gives: 1100 1111
and assigning hexadecimal symbols
to each group gives: C F
from Table 5.2

Thus, 11001111, = CF4s

(b) Grouping bits in fours from the
right gives. 0001 1001 1110
and assigning hexadecimal symbols
to each group gives: 1 9 E
from Table 5.2

Thus, 110011110, = 19E;6

Problem 18. Convert the following hexadecimal num-
bers into their binary equivaents. (a) 3F;s (b) Abss

(8 Spacing out hexadecimal digits gives: 3 F
and converting each into binary gives: 0011 1111
from Table 5.2

Thus, 3F; = 111111,



(b) Spacing out hexadecimal digits gives: A 6
and converting each into binary gives: 1010 0110
from Table 5.2

Thus, A6;¢ = 10100110,
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Now try the following exercise

Problem 19. Convert the following hexadecimal hum-
bers into their binary equivaents. (a) 7Bis  (b) 17Dyg

(a) Spacing out hexadecimal digits gives: 7 B
and converting each into binary gives: 0111 1011
from Table 5.2

Thus, 7B3g = 1111011,

(b) Spacing out hexadecimal digits gives: 1 7 D
and converting each into binary
gives: 0001 0111 1101

from Table 5.2
Thus, 17D = 101111101,

Exercise 19 Further problems on hexadecimal num-
bers (Answers on page 254)

In Problems 1 to 4, convert the given hexadecima num-
bers into their decimal equivalents.

1 E7e 2. 2C6 3. 9855 4. 2Flys

In Problems 5 to 8, convert the given decimal numbers
into their hexadecimal equivalents.

5 549 6. 20050 7. 9130 8. 238y

In Problems 9 to 12, convert the given binary numbers
into their hexadecimal equivalents.

9. 11010111, 10. 11101010,
11. 10001011, 12. 10100101,

In Problems 13 to 16, convert the given hexadecimal
numbers into their binary equivalents.

13. 3746 14. EDys 15. 9F;s 16. A2l




Algebra

6.1 Basic operations

Algebra is that part of mathematics in which the relations
and properties of numbers are investigated by means of
general symbols. For example, the area of a rectangle is found
by multiplying the length by the breadth; this is expressed
algebraically as A = [ x b, where A represents the area, / the
length and b the breadth.

The basic laws introduced in arithmetic are generalized in
algebra.

Let a, b, ¢ and d represent any four numbers. Then:

i a+b+c)=@+b)+c
(i1) a(bc) = (ab)c
(i) a+b=b+a
@iv) ab = ba
) ab+c)=ab+ac
(vi) ath_a + b
c c ¢

(vi) (a+ b)(c+d) = ac+ ad + bc + bd

Problem1. Evaluate 3ab — 2bc + abc when a = 1,
b=3andc=5

Replacing a, b and ¢ with their numerical values gives:

3ab—2bc+abc=3x1x3—-2x3x54+1x3x5
=9-304+15=—-6

Problen2. Find the value of 4p?gr®, given that
p:2,q:%andr:1%

Replacing p, g and r with their numerical values gives:

4pqrt =427 (1) (3)’

=4X2X2X%X%X%X =27

[ST[o8)

Problem 3. Find the sum of 3x, 2x, —x and —7x

The sum of the positive terms is: 3x + 2x = 5x

The sum of the negative terms is: x + 7x = 8x

Taking the sum of the negative terms from the sum of the
positive terms gives:

5x —8x = —3x
Alternatively

3x4+2x+ (—x)+ (—7x) =3x+2x —x — Tx = —=3X

Problem4. Find the sum of 4a, 3b, ¢, —2a, —5b
and 6¢

Each symbol must be dealt with individually.

For the ‘a’ terms: +4a — 2a = 2a

For the ‘b’ terms: +3b —5b = —2b

For the ‘¢’ terms:  +c 4 6¢c =T7c

Thus 4a + 3b + ¢ + (—2a) + (—5b) + 6¢
=4a+3b+c—2a—5b+6¢

=2a—2b+47c

Problem5. Find the sum of 5a — 2b, 2a + ¢, 4b — 5d
and b —a+ 3d — 4c




The algebraic expressions may be tabulated as shown below,
forming columns for the a’s, b’s, ¢’s and d’s. Thus:

+5a — 2b
+2a + ¢

+ 4b — 5d
—a+4+ b —4c + 3d

Adding gives: 6a 4 3b — 3c — 2d

Problem 6. Subtract 2x + 3y — 4z from x — 2y + 5z

x— 2y + 5z
2x + 3y — 4z
Subtracting gives: —X — 5y + 9z

(Note that +5z — —4z = +5z + 4z = 9z)
An alternative method of subtracting algebraic expressions
is to ‘change the signs of the bottom line and add’. Hence:

x—2y 4+ 5z
—2x — 3y + 4z
Adding gives: —X — 5y + 9z

Problem 7. Multiply 2a 4+ 3b by a + b

Each term in the first expression is multiplied by a, then each
term in the first expression is multiplied by b, and the two
results are added. The usual layout is shown below.

2a + 3b
a + b

Multiplying by a = 2a* + 3ab

Multiplying by b — + 2ab + 3b*

Adding gives: 2a’ 4 5ab + 3b?

Problem8. Multiply 3x — 2y? + 4xy by 2x — 5y

3x —  2y% 4 4xy
2x —
Multiplying >y
by 2x — 6x> —  dxy* + 8xly
Multiplying
by —5y — — 20xy? — 15xy + 10y*

Adding gives:  6Xx* — 24xy? + 8x%y — 15xy + 10y°

Problem9. Simplify 2p + 8pg
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2

2p -+ 8pg means 8—p This can be reduced by cancelling as
pPq

in arithmetic.

Thus: z—p 2% p !

8pg  8xpxq 4q

Problem 10. Divide 2x> +x —3 by x — 1

2x% +x — 3 is called the dividend and x — 1 the divisor. The
usual layout is shown below with the dividend and divisor
both arranged in descending powers of the symbols.

2x+3
x—1>2x2+ x—3
2
2x° — 2x
3x — 3
3x — 3
0 0

Dividing the first term of the dividend by the first term of the
2

divisor, i.e. adl gives 2x, which is put above the first term of
the dividend gs shown. The divisor is then multiplied by 2x,
ie 2x(x—1) = 2x% — 2x, which is placed under the dividend
as shown. Subtracting gives 3x — 3.

The process is then repeated, i.e. the first term of the
divisor, x, is divided into 3x, giving 3, which is placed above
the dividend as shown.

Then 3(x — 1) = 3x — 3, which is placed under the 3x — 3.
The remainder, on subtraction, is zero, which completes the
process.

Thus x> +x—3)+@x—1)=(2x+3)

(A check can be made on this answer by multiplying (2x+3)
by (x — 1), which equals 2x? + x — 3)

3 3
Problem 11, Simplify >
xX+y

o @ D

2 - Xy + y2

(1) x into x3 goes x2. Put x2
above x3

x—i—y>x3 + 0 + 0 +5°

4y @) P +y) =2 +2%y
(3) Subtract
— xzy + y3 4) x into —x2y goes —xy.
— y — xy2 Put —xy above dividend

(5) —xy(r+y) = =2y —xy?

xyz + y3 (6) Subtract

(7) x into xy? goes y2. Put y?
above dividend

0 0 ®Yae+ry=xP+y

(9) Subtract

x4y
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3 3
Thus © 7Y —x2 _wy4y?

The zeros shown in the dividend are not normally shown,
but are included to clarify the subtraction process and to
keep similar terms in their respective columns.

Problem 12. Divide 4a® — 6a’b + 5b° by 2a — b

2a* — 2ab — b?
2a—b ) 4a’ — 6a +5p°
4a® — 24°b
— 4a*b + 5b°
— 4a’b + 2ab®
— 2ab* + 5b°
—2ab* + B
4b*
4a3 —6a’b+5b3
Thus da’—6ab+3b” _ 2a? — 2ab — b2, remainder 4b3.
2a—b
Alternatively, the answer may be expressed as
4b3
2a% — 2ab — b?
+ 2a—b

Now try the following exercise

Exercise 20 Further problems on basic operations
(Answers on page 254)

1. Find the value of 2xy + 3yz — xyz, when x = 2,
y=—-2andz=4

2
2. Evaluate 3pg®r’ when p = 34= —2and r = —1
3. Find the sum of 3a, —2a, —6a, 5a and 4a

4 1
4. Simplify §C +2¢ — gc —c
. 1 1
5. Find the sum of 3x, 2y, —5x, 2z, —Ey, —Zx
6. Add together 2a+3b+4c, —5a—2b+c, 4a—5b—6¢
7. Add together 3d + 4e, —2e¢ + f, 2d — 3 f,
4d —e+2f —3e

8. From 4x — 3y 4 2z subtract x + 2y — 3z
3 b b

9. Subtract —a — = 4+ ¢ from = — 4a — 3¢
2 3 2

10. Multiply 3x 42y by x — y
11. Multiply 2a — 5b + c by 3a + b

12. Simplify (i) 3a + 9ab (i) 4a*b = 2a

13. Divide 2x2 +xy — y2 by x + y
14. Divide 3p> — pg—2¢* by p—q

6.2 Laws of Indices

The laws of indices are:

(1) am x a" = am+n
m

- a_ __ ,m—n

(i1) —=d
a

(lll) (am)n = g™
(iv) @ = Yam
V) a"=—

(vi) a® =1

Problem 13.  Simplify a’b*c x ab’c®

Grouping like terms gives: a® x a x b* x b3 x ¢ x ¢
Using the first law of indices gives: a®*! x b?+3 x ¢!+3

ie. a*x b xc® =a*b’ct

Problem 14.  Simplify a'/?b*c™2? x a'/®b'/*c

Using the first law of indices,
al/ZbZC*2 X a(l/ﬁ)b(1/2)c — a(1/2)+(1/6) x b2+(1/2) X 672+1

— a23p5/2¢-1

37,2 .4

Problem 15.  Simplify and evaluate when

c—2

1
a:3,b:§andc:2

Using the second law of indices,

3 2
a 3-1 2 bf _

— =a =a°, =bp1=bp
a b
4
c
and — ==
o2
3124
a’b-c
Thus — — =a’hc’
abc—?

When a =3, b = % and ¢ = 2,
a*bc® = (3) (£) 2° = (9) (1) (64) =72
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p'2g2r
pl/Agi/2pie

p =16, ¢q =9 and r = 4, taking positive roots only.

Problem 16. Simplify and evaluate when

Using the second law of indices gives:

A/2)=(1/4) 2—(1/2) .(2/3)=(1/6) p1/4q3/2r1/2

p q
When p=16,¢g=9 and r =4,
p1/4q3/2r1/2 — (16)1/4(9)3/2(4)1/2

= V16)(V9P)(W4) = (2)(3*)(2) = 108

23 + xy?
Xy

Problem 17.  Simplify

. . +b
Algebraic expressions of the form a

can be split into

a b
— + —. Thus
c ¢

2.3 2 2.3 2

Xy +x Xy X

y y_xry v = 2yl gl

Xy Xy Xy
=xy*+y

(since x° = 1, from the sixth law of indices.)

- X’y
Problem18.  Simplify ———
Xy

—xy

The highest common factor (HCF) of each of the three terms
comprising the numerator and denominator is xy. Dividing
each term by xy gives:

xzy _ Xy X
xy? —xy )iz _xy o y—1
xy Xy

2

Problem 19.  Simplify ab? —a P

The HCF of each of the three terms is a'/?b. Dividing each
term by a'/?b gives:

a*b
a’b _ a2b B a’?
ab? —a'l?b? — ab*  d'?p* T all’b—Db?

a”b "~ alb

Problem 20.  Simplify (p*)"/2(¢?)*

Using the third law of indices gives:

p3><(1/2)q2><4 _ p(s/z)qs

(mn?)’

Problem21. Simplify (1 PniAy

The brackets indicate that each letter in the bracket must be
raised to the power outside.

Using the third law of indices gives:

2)3 m1><3n2><3 3,6

(mn m’n

(m1/2n1/4)4 -

m(1/2)x4 5, (1/4)x4 - m2nl
Using the second law of indices gives:

5

mn 3-26-1 _

=m n mn

Problem22. Simplify (a’*v/bv/c3)(/av/b?c?) and

evaluate when a = }‘, b=6andc=1

Using the fourth law of indices, the expression can be
written as:

(@b (a2b3 )
Using the first law of indices gives:

SHUDPUDHR[3) (/D43 _ ,7/2p7/6 1172

It is usual to express the answer in the same form as the
question. Hence

PRI — T /e

Whena =}, b=64andc=1,
VAV = /(1) (YeaT)(11T)

=)' @m=1

Problem 23.  Simplify (a*bh)(a=*b~?), expressing the
answer with positive indices only.

Using the first law of indices gives: a>**p'*2 = a~'p!

1 1
Using the fifth law of indices gives: a~'b™! = T = o
2212
Problem 24.  Simplify (@e [ expressing the

answer with positive indices only.
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Using the third law of indices gives:

d2€2f1/2 d2€2f1/2
= Befs

(d3/2ef5/2 )2 -

Using the second law of indices gives:
d2736272f(1/2)75 — d—le()f—()/z

=d ' f9?  since ¢ = 1 from

the sixth law of indices

1
= —55 from the fifth law of indices
df °2

() (VXVY)

Problem 25.  Simplify e

Using the third and fourth laws of indices gives:

@Y VEYY?) @y P62y
(x5y3)1/2 - x5/2y3/2

Using the first and second laws of indices gives:

x2+(1/2)—(S/Z)y(1/2)+(2/3)—(3/2) — xO —1/3

y
1 1

=y*1/3 or ——= or ——
yY N

from the fifth and sixth laws of indices.

Now try the following exercise

Exercise 21 Further problems on laws of indices
(Answers on page 255)

1
1. Simplify (x?y3z)(x?yz?) and evaluate when x = >
y=2andz=3
2. Simplify (a*?bc=3)(a'/?b~1/?c) and evaluate when
a=3,b=4andc=2

51,3

. . a’bc 3
3. Simplify Py and evaluate when a = X b=

and ¢ = —
3

1
2

In Problems 4 to 11, simplify the given expressions:

x5 yl/2;1/3

Cox1/2yl/3g-1/6

a’*b + a’b
a’b?

. % 7. (a2)1/2(b2)3(cl/2)3
(abc)? . -
© (@b le3)? 9. (ViVF VDTV

10. (e f3)(e™® ), expressing the answer with positive
indices only

(a3b1/2671/2)(ab)1/3

(Na3/b ¢)

11.

6.3 Brackets and factorization

When two or more terms in an algebraic expression contain
a common factor, then this factor can be shown outside of a
bracket. For example

ab+ac=alb+c)

which is simply the reverse of law (v) of algebra on page 36,
and

6px +2py —4pz=2pQBx+y—2z2)

This process is called factorization.

Problem26. Remove the brackets and simplify the
expression (3a + b) +2(b+c) —4(c+d)

Both b and c in the second bracket have to be multiplied by
2, and ¢ and d in the third bracket by —4 when the brackets
are removed. Thus:

Ba+b)+2(b+c)—4(c+d)
=3a+b+2b+2c—4c—4d

Collecting similar terms together gives: 3a + 3b — 2c — 4d

Problem 27.  Simplify a? — (2a — ab) — a(3b + a)

When the brackets are removed, both 2a and —ab in the first
bracket must be multiplied by —1 and both 3b and a in the
second bracket by —a. Thus
a* — 2a — ab) — a(3b + a)
=a* —2a+ab —3ab — d*
Collecting similar terms together gives: —2a — 2ab.

Since —2a is a common factor, the answer can be expressed
as —2a(1+b)

Problem 28.  Simplify (a + b)(a — b)

Each term in the second bracket has to be multiplied by each
term in the first bracket. Thus:

(a+b)la—b)=a(a—b)+ bla—>b)
=d>—ab+ab—b*=a*—Db?



Alternatively a + b

a — b
Multiplying by a — a’ + ab
Multiplying by — b — — ab — b*
Adding gives: a* -

Problem 29. Remove the brackets from the expression
(= 2y)3x +y?)

(x = 2y)Bx + »*) =xBx + »*) — 2yGx + %)
=3x% 4 xy? — 6xy — 2y*

Problem 30.  Simplify (2x — 3y)?

(2x = 3y)* = (2x — 3y)(2x — 3y)
= 2x(2x — 3y) — 3y(2x — 3y)
= 4x> — 6xy — 6xy + 9y?
= 4x% — 12xy + 9y?

Alternatively, 2x — 3y

2x — 3y
Multiplying by 2x — 4 — 6xy
Multiplying by — 3y — — 6xy + 9y?
Adding gives: 4x* — 12xy + 9y?

Problem 31. Remove the brackets from the expression

2[p* —3(qg+ 1 +4°]

In this problem there are two brackets and the ‘inner’ one is
removed first.

Hence 2[p? —3(q+ )+ ¢*1 = 2[p* — 3q — 3r + ¢*]
=2p% — 6q — 6r + 29>

Problem 32. Remove the brackets and simplify the
expression: 2a — [3{2(4a — b) — 5(a + 2b)} + 4d]

Removing the innermost brackets gives:

2a — [3{8a — 2b — 5a — 10b} + 4a]
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Collecting together similar terms gives:
2a — [3{3a — 12b} + 4a]

Removing the ‘curly’ brackets gives:
2a — [9a — 36b + 4a]

Collecting together similar terms gives:
2a — [13a — 36b]

Removing the outer brackets gives:

2a — 13a + 36b

ie. —1la+36b or 36b — 11a (see law (iii), page 36)

Problem 33.  Simplify x(2x — 4y) — 2x(4x + y)

Removing brackets gives:
2x% — 4xy — 8x* — 2xy
Collecting together similar terms gives:
— 6x% — 6xy
Factorizing gives:
—6x(x +Y)

since —6x is common to both terms.

Problem34. Factorize (a) xy — 3xz (b) 4a®> + 16ab’
(c) 3a*b — 6ab® + 15ab

For each part of this problem, the HCF of the terms will
become one of the factors. Thus:

(@) xy —3xz=x(y —32)
(b) 4a® + 16ab® = 4a(a + 4b%)
(c) 3a®’b — 6ab® + 15ab = 3ab(a — 2b + 5)

Problem 35. Factorize ax — ay + bx — by

The first two terms have a common factor of a and the last
two terms a common factor of b. Thus:

ax—ay+bx—by=alx—y)+bx—y)

The two newly formed terms have a common factor of
(x — y). Thus:

ax—y)+bx—y)=(x—-y)(a+b)

Problem 36. Factorize 2ax — 3ay + 2bx — 3by
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a is a common factor of the first two terms and » a common
factor of the last two terms. Thus:

2ax — 3ay + 2bx — 3by = a(2x — 3y) + b(2x — 3y)
(2x — 3y) is now a common factor thus:
a(x —3y)+b(2x —3y) = (2x — 3y)(a+Db)

Alternatively, 2x is a common factor of the original first and
third terms and —3y is a common factor of the second and
fourth terms. Thus:

2ax — 3ay + 2bx — 3by = 2x(a + b) — 3y(a + b)
(a + b) is now a common factor thus:
2x(a + b) —3y(a+ b) = (a + b)(2x — 3y)

as before

Problem 37. Factorize x> +3x> —x — 3

x? is a common factor of the first two terms, thus:
X3 —x=3=x’(x+3)—x-3

—1 is a common factor of the last two terms, thus:
Fr+3)—x—=3=x"(x+3)—1(x+3)

(x 4+ 3) is now a common factor, thus:

Px+3)—1x+3)=x+3)(x2-1)

Now try the following exercise

Exercise 22 Further problems on brackets and fac-
torization (Answers on page 255)

In Problems 1 to 13, remove the brackets and simplify
where possible:

@x+2y)+Q2x—y)

(4a+3y) — (a—2y)

20—y =30y —x)

2x2 — 3(x — xy) — x(2y — x)
2(p+3¢g—n—4(r—q+2p)+p
(a+b)(a+2b)

(p+9)3p—29)

(i) (x=2y? (i) Ba —b)
3a(b+c)+4c(a — b)

2x+ [y — 2x+ y)]

. 3a+2[a— Ba —2)]

e A A o e

._
e

—
—_—

12. 2 —5[a(a — 2b) — (a — b)*]

13. 24p — [2B3(5p — @) — 2(p + 29)) + 341

In Problems 14 to 17, factorize:

14. () pb+2pc (i) 2¢*> + 8qn

15. (i) 21a?b* — 28ab  (ii) 2xy*> + 6x%y + 8x7y

16. (i) ay+by+a+b (i) px+qgx+ py+qy
17. (1) ax —ay +bx — by (ii) 2ax + 3ay — 4bx — 6by

6.4 Fundamental laws and precedence

The laws of precedence which apply to arithmetic also apply
to algebraic expressions. The order is Brackets, Of, Division,
Multiplication, Addition and Subtraction (i.e. BODMAS)

Problem 38. Simplify 2a + 5a x 3a — a

Multiplication is performed before addition and subtraction
thus:

2a+5ax3a—a=2a+ 154> —a
=a+154° = a(1 + 15a)

Problem 39. Simplify (a + 5a) x 2a — 3a

The order of precedence is brackets, multiplication, then
subtraction. Hence

(a+5a) x 2a —3a = 6a x 2a — 3a = 124> — 3a
=3a(4a—1)

Problem 40. Simplify a + 5a x (2a — 3a)

The order of precedence is brackets, multiplication, then
subtraction. Hence

a+5ax (2a—3a)=a+5a x —a=a+ —5a

=a—54"=a(l —5a)

Problem41. Simplify a + 5a 4+ 2a — 3a

The order of precedence is division, then addition and sub-
traction. Hence

a+5a+2a—3a:i+2a—3a
Sa

1+2 3 ! a
== a—3a=—- —
5 5



Problem 42. Simplify a + (5a + 2a) — 3a

The order of precedence is brackets, division and subtraction.
Hence

a+(5a+2a)—3a=a-+"7a—3a

1
Ta 7

Problem 43.  Simplify a +~ (5a 4+ 2a — 3a)

The order of precedence is brackets, then division. Hence:

a
+~0Ga+2a—-3a)=a+4a=— = -
a-+ (5a+2a a)=a a yylally

Problem 44. Simplify 3¢ + 2¢ x 4¢ 4+ ¢ + 5¢ — 8¢

The order of precedence is division, multiplication, addition
and subtraction. Hence:

3c+ZC><4c+c+56—8c’:3c+2c><4c+si—8c
c
, 1
=3c+ 8¢ +§—86
1
=802_SC+§ or

c(8c—5)+§

Problem 45. Simplify (3¢ + 2¢)4c + ¢ + 5¢ — 8¢

The order of precedence is brackets, division, multiplication,
addition and subtraction. Hence

QBc+2c)dc+c+5¢c—8c=5c x4c+c—+5—8¢

=5€x4c+£—8c
5¢
, 1
= 20c —i—g—SC or

1
4c(5c —2) + 5

Problem 46. Simplify 3¢ + 2¢ x 4c + ¢ =+ (5¢ — 8¢)

The order of precedence is brackets, division, multiplication
and addition. Hence:

3c+2cx4c+c+(5c—8c)=3c+2cx4c+c+ -3¢

:30—{—2c><4c—|—L
-3¢
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c 1
Now — = —
-3¢ -3
Multiplying numerator and denominator by —1 gives
Ix-1 1
— le. — =
—3x—1 3
Hence:

1
3C+26X4C+L=3C+26X4C——
—3c 3
= 3c + 8c? 1 or

N 3

1
c(3+8c) — 3

Problem47.  Simplify (3¢ + 2¢)(4c + ¢) + (5¢ — 8¢)

The order of precedence is brackets, division and multiplica-
tion. Hence

Bec+2c)(4c+c)+ (5¢ — 8c) = 5¢ x 5¢ +~ =3¢

5c
:5 _—
c X .

5 25

=5X ——=——

Problem48. Simplify (2a —3) ~4a+5 x 6 — 3a

The bracket around the (2a — 3) shows that both 2a and —3
have to be divided by 4a, and to remove the bracket the
expression is written in fraction form. Hence:

2a—3

(2a—3)=4a+5x 6 —3a = +5x6—3a
2a —3
= 30—3
4a + a
_20 3 50_3
" 4a  4a “
N
T2 44 a
1 3
—30- -~ _3a
2 4a

Problem49. Simplify { of 3p+4p(3p — p)

Applying BODMAS, the expression becomes
% of 3p+4p x2p
and changing ‘of’ to ‘x’ gives:
% xX3p+4p x2p

ie. p+8p2 or p(1+8p)



44 Basic Engineering Mathematics

Now try the following exercise

Exercise 23 Further problems on fundamental laws
and precedence (Answers on page 255)

In Problems 1 to 12, simplify:

1. 2x+4x+ 6x 2. 2x + (4x + 6x)
3. 3a—2ax4a+a 4. Ba—2a)ha+a
5. 3a—2a(4a+a) 6. 2y+4+-6y+3x4—>5y
7. Qy+4)=-6y+3x4—>5y

8. 2y+4+6y+3(4—5y)

9.3+y4+2+y+1

10. p*> —3pg x 2p + 69 + pq
II. @+ DHx—4)+2x+2)

1
12. ; of 2y +3yQ2y — y)

6.5 Direct and inverse proportionality

An expression such as y = 3x contains two variables. For
every value of x there is a corresponding value of y. The
variable x is called the independent variable and y is called
the dependent variable.

When an increase or decrease in an independent variable
leads to an increase or decrease of the same proportion in
the dependent variable this is termed direct proportion. If
y = 3x then y is directly proportional to x, which may be
written as y o x or y = kx, where k is called the coefficient
of proportionality (in this case, k being equal to 3).

When an increase in an independent variable leads to a
decrease of the same proportion in the dependent variable
(or vice versa) this is termed inverse proportion. If y

1
is inversely proportional to x then y o« — or y = k/x.
X

Alternatively, k = xy, that is, for inverse proportionality the
product of the variables is constant.

Examples of laws involving direct and inverse proportional
in science include:

(i) Hooke’s law, which states that within the elastic limit of
a material, the strain ¢ produced is directly proportional
to the stress, o, producing it, i.e. € «x o or ¢ = ko.

(i) Charles’s law, which states that for a given mass
of gas at constant pressure the volume V is directly
proportional to its thermodynamic temperature 7, i.e.
VoaTorV=k.

(iii) Ohm’s law, which states that the current / flowing
through a fixed resistor is directly proportional to the
applied voltage V,ie. [ o« V or I =kV.

(iv) Boyle’s law, which states that for a gas at constant
temperature, the volume V of a fixed mass of gas is
inversely proportional to its absolute pressure p, i.e.
px(1/V)yor p=k/V,ie. pV =k

Problem50. If y is directly proportional to x and
y = 2.48 when x = 0.4, determine (a) the coefficient of
proportionality and (b) the value of y when x = 0.65

@y « x,ie. y = kx. If y = 2.48 when x = 04,
2.48 = k(0.4)
Hence the coefficient of proportionality,

2.48
k=——=62
0.4

(b) y = kx, hence, when x = 0.65, y = (6.2)(0.65) = 4.03

Problem51. Hooke’s law states that stress o is directly
proportional to strain ¢ within the elastic limit of a mate-
rial. When, for mild steel, the stress is 25 x 10° pascals,
the strain is 0.000125. Determine (a) the coefficient of
proportionality and (b) the value of strain when the
stress is 18 x 10° pascals.

(a) 0 x ¢, i.e. 0 = ke, from which k = o/¢. Hence the
coefficient of proportionality,

_25x 10°

~0.000125

(The coefficient of proportionality k in this case is called
Young’s Modulus of Elasticity)

(b) Since 0 = ke, e =0o/k
Hence when o = 18 x 109, strain
18 x 10°
= —
200 x 109

=200 x 10’ pascals

= 0.00009

Problem52. The electrical resistance R of a piece of
wire is inversely proportional to the cross-sectional area
A. When A = 5mm?, R = 7.02 ohms. Determine (a) the
coefficient of proportionality and (b) the cross-sectional
area when the resistance is 4 ohms.

1
(a) R « 1 ie. R = k/A or k = RA. Hence, when

R = 7.2 and A = 5, the coefficient of proportionality,
k=(7.2)(5) =36

(b) Since k = RA then A = k/R

36
When R = 4, the cross sectional area, A = 7 = 9mm?

Problem53. Boyle’s law states that at constant tem-
perature, the volume V of a fixed mass of gas is
inversely proportional to its absolute pressure p. If a



gas occupies a volume of 0.08m® at a pressure of
1.5 x 10% pascals determine (a) the coefficient of propor-
tionality and (b) the volume if the pressure is changed
to 4 x 10° pascals..
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volume when the pressure is 800 x 10° pascals and
(c) the pressure when the volume is 1.25m?.

1
(@ Ve —,ie. V=k/pork=pV
p
Hence the coefficient of proportionality,
k= (1.5 x 10°)(0.08) = 0.12 x 10°

k012 x 10°

(b) Volume V = — = =0.03m?
p 4 x 10°

Now try the following exercise

Exercise 24 Further problems on direct and inverse
proportionality (Answers on page 255)

1. If p is directly proportional to ¢ and p = 37.5 when
q = 2.5, determine (a) the constant of proportionality
and (b) the value of p when ¢ is 5.2

2. Charles’s law states that for a given mass of gas
at constant pressure the volume is directly propor-
tional to its thermodynamic temperature. A gas occu-
pies a volume of 2.25litres at 300K. Determine
(a) the constant of proportionality, (b) the volume at
420K and (c) the temperature when the volume is
2.625 litres.

3. Ohm’s law states that the current flowing in a fixed
resistor is directly proportional to the applied voltage.
When 30 volts is applied across a resistor the current
flowing through the resistor is 2.4 x 1073 amperes.
Determine (a) the constant of proportionality, (b) the
current when the voltage is 52 volts and (c) the voltage
when the current is 3.6 x 1073 amperes.

4. If y is inversely proportional to x and y = 15.3 when
x = 0.6, determine (a) the coefficient of proportional-
ity, (b) the value of y when x is 1.5, and (c) the value
of x when y is 27.2

5. Boyle’s law states that for a gas at constant temper-
ature, the volume of a fixed mass of gas is inversely
proportional to its absolute pressure. If a gas occupies
a volume of 1.5m? at a pressure of 200 x 10? pascals,
determine (a) the constant of proportionality, (b) the

Assignment 3

This assignment covers the material contained in
Chapters 5 and 6. The marks for each question are
shown in brackets at the end of each question

(=)

7

8
9

. Convert the following binary numbers to decimal
form:

(a) 1101  (b) 101101.0101 (5)
Convert the following decimal number to binary form:
(a) 27 (b) 44.1875 (6)

Convert the following denary numbers to binary, via
octal:

(a) 479 (b) 185.2890625 )
Convert (a) 5F ¢ into its decimal equivalent

(b) 132y into its hexadecimal equivalent

(c) 110101011, into its hexadecimal

equivalent (6)
4
Evaluate 3xy’z® —2yz when x = 3, y=2and z = 1
3)
. Simplify the following:
8a’by/c3
@ @a+3b)x—y) (b) ——F=—
2a2)v/b/c
22
@ LT (d) 3x+4+2x+5x2—4x
xy
(10)

. Remove the brackets in the following expressions and
simplify:

(@) 30> —2(a—a*bh) —bQRd> —b) (b) (2x — y)?

(c) 4ab — [3{2(4a — b) + b2 — a)}] 0
. Factorize 3x%y + 9xy? + 6xy? 2)
. If x is inversely proportional to y and x = 12 when

y = 0.4, determine (a) the value of x when y is 3, and
(b) the value of y when x = 2 4)



Simple equations

7.1 Expressions, equations and identities

(3x —5) is an example of an algebraic expression, whereas
3x —5 =1 is an example of an eguation (i.e. it contains an
‘equals’ sign).

An equation is simply a statement that two quantities are
equal. For example, Im = 1000mm or F = gC + 32 or
y=mx+c.

An identity is a relationship which is true for all values
of the unknown, whereas an equation is only true for par-
ticular values of the unknown. For example, 3x — 5 = 1
is an equation, since it is only true when x = 2, whereas
3x = 8x — 5x is an identity since it is true for all values of x.

(Note ‘=" means °‘is identical to’).

Simple linear equations (or equations of the first degree)
are those in which an unknown quantity is raised only to the
power 1.

To ‘solve an equation’ means ‘to find the value of the
unknown’.

Any arithmetic operation may be applied to an equation
as long as the equality of the equation is maintained.

7.2 Worked problems on simple equations

Problem 1. Solve the equation 4x = 20

4
Dividing each side of the equation by 4 gives: Zx =7

(Note that the same operation has been applied to both
the left-hand side (LHS) and the right-hand side (RHS)
of the equation so the equality has been maintained)
Cancelling gives: X =5, which is the solution to the
equation.

Solutions to simple equations should always be checked
and this is accomplished by substituting the solution into the
original equation. In this case, LHS = 4(5) = 20 = RHS.

2
Problem2. Solve ?x =6

The LHS is a fraction and this can be removed by multiplying
both sides of the equation by 5. Hence 5 (2%) = 5(6)
Cancelling gives: 2x = 30
Dividing both sides of the equation by 2 gives:

2 _ 30

7 =3 ie. x=15

Problem3. Solvea—5=38

Adding 5 to both sides of the equation gives:
a—5+5=8+5
ie. a=13

The result of the above procedure is to move the ‘-5’ from
the LHS of the original equation, across the equals sign, to
the RHS, but the sign is changed to +

Problem4. Solve x+3=7

Subtracting 3 from both sides of the equation gives:
x+3-3=7-3
ie. X =4

The result of the above procedure is to move the ‘43’ from
the LHS of the original equation, across the equals sign, to



the RHS, but the sign is changed to —. Thus a term can be
moved from one side of an equation to the other as long as
a change in sign is made.

Problem5. Solve 6x+1=2x+9

In such equations the terms containing x are grouped on
one side of the equation and the remaining terms grouped
on the other side of the equation. As in Problems 3 and 4,
changing from one side of an equation to the other must be
accompanied by a change of sign.

Thus since 6x+1=2x+9
then 6x —2x=9—-1
dx =8
4x_8
4 4
ie. X =2

Check: LHS of original equation = 6(2) + 1 = 13
RHS of original equation =2(2) +9 =13

Hence the solution x = 2 is correct.

Problem6. Solve 4 —3p=2p—11

In order to keep the p term positive the terms in p are moved
to the RHS and the constant terms to the LHS.

Hence 4+11=2p+3p
15=5p
15 5p
5 5

Hence 3=p or p=3

Check: LHS =4 -33)=4-9=-5
RHS=23)—-11=6—-11=-5
Hence the solution p = 3 is correct.
If, in this example, the unknown quantities had been
grouped initially on the LHS instead of the RHS then:

—3p—-2p=-11—-4

ie. —5p=—15
-5p —15
—5 T 5

and p = 3, asbefore

It is often easier, however, to work with positive values where
possible.

Problem7. Solve 3(x —2) =9
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Removing the bracket gives: 3x —6=9
Rearranging gives: 3x=9+6
3x=15
3x 15
373
ie. X=25

Check: LHS =3(5 —2) =33) =9 =RHS

Hence the solution x = 5 is correct.

Problem8. Solve 42r—3)—2(r—4)=3(r—3)—1

Removing brackets gives:
8r—12—-2r+8=3r—-9-1

Rearranging gives: 8r—2r—-3r=-9-14+12-8

ie. 3r=-6
—6

r=—=-2
3

Check: LHS =4(—4—-3)—-2(—2—-4)=-28+12=-16
RHS=3(-2-3)-1=-15-1=-16

Hence the solution » = —2 is correct.

Now try the following exercise

Exercise 25 Further problems on simple equations
(Answers on page 255)

Solve the following equations:

1. 2x+5=7 2. 8-3t=2

3. §C—1:3 4. 2x—1=5x+11

5. 7—4p=2p—3 6. 2.6x—1.3=0.9x+04
7. 2a4+6—5a=0 8. 3x—2—5x=2x—4
9. 20d —3+3d=11d +5—8

10. 2 — 1) =4

11. 16 =4(t +2)
12. 5(f —=2)=3Qf +5)+15=0
13. 2x =4(x — 3)

14. 62 —3y)—42=—2(y— 1)
15. 23g—5)-5=0

16. 43x + 1) = 7(x +4) — 2(x + 5)
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17. 10430 —7) =16 — (r +2)
18. 8 +4(x — 1) — 5(x —3) = 2(5 — 2x)

7.3 Further worked problems on simple
equations

3 4
Problem9. Solve - = —
x 5

The lowest common multiple (LCM) of the denominators,
i.e. the lowest algebraic expression that both x and 5 will
divide into, is 5x.

Multiplying both sides by 5x gives:

()5 (2

Cancelling gives:

15 =4x (1)
15 _ax
4 7 4
15 3
ie. X = 7 or 34_1

Check:LHS=i=i=3(i)=E=‘_‘=RHS
3B 15) 155
PR

(Note that when there is only one fraction on each side of
an equation, ‘cross-multiplication’ can be applied. In this

3 4
example, if — = 3 then (3)(5) = 4x, which is a quicker
X

way of arriving at equation (1) above.

2 3 1 3
Problem 10. Solve mid +45=—— 2y
5 4 20 2

The LCM of the denominators is 20. Multiplying each term
by 20 gives:

20 (2%) + 20 (%) +20(5) =20 (%) —-20 (3%)
Cancelling gives:
4(2y) +5(3)+ 100 =1 — 10(3y)
ie. 8y + 15+ 100 =1—-30y
Rearranging gives:
8y+30y=1—-15-100
38y =—114

114
= =-3
Y="3

Check: LHS = 22 42 450,345
€CK: = — e —
5 4 5 4
-9 11
20 + 20
1 3(-3) 1 9 11
RHS= — ————~ = — 4+ - =4—
20 2 20 + 2 20
Hence the solution y = —3 is correct.
4

Problem11. Solve

—2 3i+4

3B3t+4)=4(t—2)
9D+ 12=4r—-38
9t —4t=-8—-12

By ‘cross-multiplication’:
Removing brackets gives:

Rearranging gives:

ie. 5= -20
—20
== —_a
5
3 3 1
Check: LHS = =2
e 4-27 6 "2
4 4 4 1
RHS 4 _ 1

T3(—4)+4 —12+4 -8 2

Hence the solution t = —4 is correct.

Problem12. Solve /x =2

[+/x =2 is not a ‘simple equation’ since the power of x is %
i.e. o/x = x1/2; however, it is included here since it occurs
often in practise].

Wherever square root signs are involved with the un-
known quantity, both sides of the equation must be squared.
Hence

Wx)? = (2)?
ie. X =4

Problem 13. Solve 24/2 = 8

To avoid possible errors it is usually best to arrange the term
containing the square root on its own. Thus

2Vd _8
2 2
ie. Vd=4

Squaring both sides gives: d = 16, which may be checked
in the original equation.



Problem14. Solve <ﬁ + 3) =

Vb

To remove the fraction each term is multiplied by +/5. Hence:

\/5<\/E+3> =\/l_7(2)

Vb

Cancelling gives: Vb+3=2Vb
Rearranging gives: 3=2Vb—vb=+b
Squaring both sides gives: 9=Db
6
Check: LHS = V943 = 3+3 = - =2=RHS
V9 3 3

Problem 15. Solve x* = 25

This problem involves a square term and thus is not a simple
equation (it is, in fact, a quadratic equation). However the
solution of such an equation is often required and is therefore
included here for completeness. Whenever a square of the
unknown 1is involved, the square root of both sides of the
equation is taken. Hence

V2 =+/25
ie. x=5
However, x = —5 is also a solution of the equation because

(=5) x (—=5) = 425 Therefore, whenever the square root
of a number is required there are always two answers, one
positive, the other negative.

The solution of x> = 25 is thus written as X = +5

15 2
Problem16. Solve — = —
42 3

‘Cross-multiplying’ gives: 15(3) = 2(41%)

ie. 45 = 8¢%
5 _ o
8

ie. 2 =5.625

Hence r = +/5.625 = £2.372, correct to 4 significant figures.

Now try the following exercise

Exercise 26 Further problems on simple equations
(Answers on page 255)

Solve the following equations:

1
1. —d+3=4
5 +
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3 2 5
2. 24 2y=1+-y+=
+4y +3y+6
3 1(2 1)+3—1
. 4 X —2
1 1 2
4, —Qf =D+ (f—H+—=0
5(f )+6(f )+15
5 1(3 6) 1(5 +4)+1(2 9) =
x x y y
6. - —- =2 7. 1—2=3+2—°
35 3-°T376
2 3 117
8. —=- 9 — =
a 8 3n  4n 24
x+3 x-3 3t 6—t 2t 3
10. = 2 1. —=—— 4= =
4 5+ 20 12 T15 2
75— -
2. 24y =277 3 0=2 1
5720 4 2w—3 3
T 3 5 ¥_x+6_x+3
a—3 2a+1 45 2
16. 3/t =9 17. 2/y=5
[/3 3
18. 4= (—)+3 19, V¥ _ g
a 1—4x
20. 10=5 5—1) o 16= L
.10 = 2 1=
/ 2
22. = 23 6_2
a 3
8
o U5, 8
2 +x2

7.4 Practical problems involving simple
equations

Problem 17. A copper wire has a length [ of 1.5km, a
resistance R of 5Q and a resistivity of
17.2 x 10~ @ mm. Find the cross-sectional area, a, of
the wire, given that R = pl/a

Since R =pl/a then

(1.72 x 107 Qmm) (1500 x 10> mm)
a

5Q=

From the units given, a is measured in mm?.

Thus 5a = 17.2 x 107 x 1500 x 10°
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17.2 x 1076 x 1500 x 10°
- 5

172 x 1500 x 10°  17.2 x 15
- 106 x 5 T 10x5

and a

=5.16

Hence the cross-sectional area of the wire is 5.16 mm?

Problem 18. A rectangular box with square ends has
its length 15cm greater than its breadth and the total
length of its edges is 2.04 m. Find the width of the box
and its volume.

168 — 60 = 18a

108 = 18a

108
a=—=06

18

Hence the acceleration of the body is 6m/s?

Let x cm = width = height of box. Then the length of the
box is (x + 15)cm. The length of the edges of the box is
2(4x) + 4(x + 15) cm.

Hence 204 =2(4x) +4(x + 15)
204 = 8x + 4x + 60
204 — 60 = 12x

ie. 144 = 12x

and x=12cm

Hence the width of the box is 12cm.
Volume of box = length x width x height
= (x4 15)(x)(x) = (27)(12)(12)
= 3888cm?®

Problem21. When three resistors in an electrical cir-
cuit are connected in parallel the total resistance Ry is
given by:

11 n 1 n 1

RT " R, R, R;
Find the total resistance when Ry = 52, R, = 10Q
and R; = 30 Q.

Problem 19. The temperature coefficient of resistance
o may be calculated from the formula R, = Ro(1 + at).
Find o given R, = 0.928, Ry = 0.8 and ¢ = 40

Since R, = Ry(1 +ar) then 0.928 = 0.8[1 4+ a(40)]
0.928 = 0.8 4 (0.8)()(40)

0.928 — 0.8 = 32«

0.128 = 32u
0.128
Hence a=—— =0.004
32

Problem 20. The distance s metres travelled in time ¢
seconds is given by the formula s = ur + %at2, where
u is the initial velocity in m/s and a is the acceleration
in m/s®. Find the acceleration of the body if it travels
168 m in 65, with an initial velocity of 10 m/s.

s=ut+ 3ar*, and s =168, u =10 and 1 = 6
Hence 168 = (10)(6) + La(6)®

168 = 60 + 18a

Taking the reciprocal of both sides gives: Ry = 3Q

1 1 1 1
Alternatively, if — = - — — the LCM of the
A TR
denominators is 30 Ry

Hence

1 1 1
30Ry [ — ) =30Ry (= ) +30Ry [ —
T(RT) T(5)+ T<10)
4 30R, (2
"\ 30

30 =6Ry +3Rr + Ry

Cancelling gives:

30
Rr = — =3, as above
10

Now try the following exercise

Exercise 27 Practical problems involving simple
equations (Answers on page 255)

1. A formula used for calculating resistance of a cable
is R = (pl)/a. Given R = 1.25, I = 2500 and
a =2 x 10~* find the value of p.

2. Force F newtons is given by F = ma, where m is the
mass in kilograms and a is the acceleration in metres
per second squared. Find the acceleration when a force
of 4kN is applied to a mass of 500 kg.




3. PV = mRT is the characteristic gas equation. Find the
value of m when P = 100 x 10°, V = 3.00, R = 288
and T = 300

4. When three resistors R;, R, and R; are connected
in parallel the total resistance Ry is determined from
1 1 1 1
— = — 4+ — 4+ —
Rr R R R
(a) Find the total resistance when R = 3 Q, R, = 6 22
and R; = 18 Q.

(b) Find the value of R; given that Ry = 3¢,
R =5Qand R, = 109Q.

5. Five pens and two rulers cost 94p. If a ruler costs 5p
more than a pen, find the cost of each.

6. Ohm’s law may be represented by / = V /R, where [
is the current in amperes, V is the voltage in volts and
R is the resistance in ohms. A soldering iron takes
a current of 0.30 A from a 240V supply. Find the
resistance of the element.

7.5 Further practical problems involving
simple equations

Problem22. The extension xm of an aluminium tie
bar of length /m and cross-sectional area A m? when
carrying a load of F newtons is given by the modulus
of elasticity E = FI/Ax. Find the extension of the tie
bar (in mm) if E = 70 x 10°N/m’, F = 20 x 10°N,
A=0.1m?>and [ =1.4m

N (20 x 10°N)(1.4m)

E = Fl/Ax, hence 70 x 10°—
m? (0.1 m?)(x)

(the unit of x is thus metres)

70 x 10° x 0.1 x x =20 x 10° x 1.4
20 x 106 x 1.4
T T 0% 10° x 0.1

Cancelling gives:

2x14  2x14

X = m = x 1000 mm
7 x 100 7 x 100

Hence the extension of the tie bar, x = 4mm

Problem23. Power in a d.c. circuit is given by
2

Vv
P = 3 where V is the supply voltage and R is
the circuit resistance. Find the supply voltage if the
circuit resistance is 1.25 Q2 and the power measured is
320W

Simple equations 51

y2 y2
Since P = R then 320 = E
(320)(1.25) = V?
ie. V2 =400

Supply voltage, V =+/400 = £20V

Problem24. A painter is paid £4.20 per hour for a
basic 36 hour week, and overtime is paid at one and
a third times this rate. Determine how many hours the
painter has to work in a week to earn £212.80

Basic rate per hour = £4.20;

1
overtime rate per hour = 15 x £4.20 = £5.60

Let the number of overtime hours worked = x
Then (36)(4.20) + (x)(5.60) = 212.80
151.20 4+ 5.60x = 212.80

5.60x = 212.80 — 151.20 = 61.60
6160 _
YT 560

Thus 11 hours overtime would have to be worked to earn
£212.80 per week.

Hence the total number of hours worked is 36 + 11, i.e.
47 hours.

Problem 25. A formula relating initial and final states
of pressures, P, and P,, volumes V; and V,, and
absolute temperatures, 7, and T,, of an ideal gas is
PV, P,V

T T
Py = 100 x 10%, V; = 1.0, V, = 0.266, T; = 423
and T, = 293

Find the value of P, given

. PV, PV, (100 x 10°)(1.0)  P,(0.266)
Since = then =
T, T, 423 293
‘Cross-multiplying’ gives:
(100 x 10%)(1.0)(293) = P»(0.266)(423)
_ (100 x 10%)(1.0)(293)
T (0.266)(423)

Hence P, = 260 x 10° or 2.6 x 10°

Problem26. The stress f in a material of a thick

f+ p>
f—pr
Calculate the stress, given that D = 21.5, d = 10.75
and p = 1800

D
cylinder can be obtained from i (
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. D f+p 21.5 f + 1800
Since — = = ) then—= =4/ >"——-—
d f—=r 10.75 f — 1800
. (f + 1800)
ie. 2 = J
f — 1800
Squaring both sides gives:
[+ 1800
T —1800

4(f — 1800) = f + 1800
4f — 7200 = f + 1800
4f — f = 1800 + 7200

Hencethereare 7 craftsmen and (12 — 7), i.e. 5 labourers
on the site.

Now try the following exercise

3 f = 9000
9000
f=——=73000
3
Hence  stress, f = 3000
Problem 27. 12 workmen employed on a building site

earn between them a total of £2415 per week. Labourers
are paid £175 per week and craftsmen are paid £220 per
week. How many craftsmen and how many labourers
are employed?.

Let the number of craftsmen be ¢. The number of labourers
is therefore (12 — ¢) The wage bill equation is:

220c + 175(12 — ¢) = 2415
220c 4 2100 — 175¢ = 2415
220c — 175¢ = 2415 — 2100

45¢ =315
315

= —7
45

Exercise 28 Practical problems involving simple
equations (Answers on page 255)

1. A rectangle has a length of 20cm and a width bcm.
When its width is reduced by 4 cm its area becomes
160cm?. Find the original width and area of the
rectangle.

2. Given R, = R;(1 4+ at), find o given R; = 5.0,
R, =6.03 and t =51.5

3. If v* = u? + 2as, find u given v = 24, a = —40 and
s =4.05

4. The relationship between the temperature on a
Fahrenheit scale and that on a Celsius scale is
given by F = gC + 32. Express 113°F in degrees
Celsius.

5.If t = 2n/(w/Sg), find the value of S given
w=1.219, g =9.81 and r = 0.3132

6. Two joiners and five mates earn £1216 between them
for a particular job. If a joiner earns £48 more than
a mate, calculate the earnings for a joiner and for a
mate.

7. An alloy contains 60% by weight of copper, the
remainder being zinc. How much copper must be
mixed with 50kg of this alloy to give an alloy
containing 75% copper?

8. A rectangular laboratory has a length equal to one and
a half times its width and a perimeter of 40 m. Find
its length and width.




Transposition of formulae

8.1 Introduction to transposition of
formulae

When a symbol other than the subject is required to be
calculated it is usual to rearrange the formula to make a
new subject. This rearranging process is called transposing
the formula or transposition.

The rules used for transposition of formulae are the same
as those used for the solution of simple equations (see
Chapter 7) — basically, that the equality of an eguation
must be maintained.

8.2 Worked problems on transposition of
formulae

Problem 1. Transpose p = g + r + s to make r the
subject.

The aim is to obtain r on its own on the left-hand side (LHS)
of the equation. Changing the equation around so that r is
on the LHS gives:

q+r+s=p 1)
Subtracting (g + s) from both sides of the equation gives:
q+r+s—(@+s)=p—(@q+ys)
Thus g+r+s—g—s=p—qg—s
i.e. r=p—q-s 2)

It is shown with simple equations, that a quantity can be
moved from one side of an equation to the other with
an appropriate change of sign. Thus equation (2) follows
immediately from equation (1) above.

Problem 2.
subject.

Ifa+b=w—x+y, express x as the

Rearranging gives:

w—x+y=a+b and —x=a+b—w-—y

Multiplying both sides by —1 gives:
D) =(Dla+b-—w—y)
i.e. x=—a—-b+w+y

The result of multiplying each side of the equation by —1 is
to change all the signs in the equation.

It is conventional to express answers with positive
quantities first. Hence rather than x = —a — b +w + y,
X =W +Yy —a — b, since the order of terms connected by
+ and — signs is immaterial.

Problem 3. Transpose v = fA to make A the subject.

Rearranging gives: fA =wv

A
Dividing both sides by f gives: f? =

Problem4. When a body falls freely through a height
h, the velocity v is given by v?> = 2gh. Express this
formula with & as the subject.

Rearranging gives: 2gh = v*

s . . 2gh .
Dividing both sides by 2g gives: Eyiaiyd ie.h =—
8

\%4
Problem5. IfI = 7 fearrange to make V the subject.
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Vv
Rearranging gives: i 1

Multiplying both sides by R gives:

R(L) =ra
() =&

Hence V =IR

F
Problem 6. Transpose a = — for m
m

F
Rearranging gives: — =a
m

Multiplying both sides by m gives:

F .
m (—) =m(a) ie. F =ma
m

Rearranging gives: ma=F
ma F

Dividing both sides by a gives: — = —
a a

. F
ie. m= —
a

/
Problem 7. Rearrange the formula R = P to make
(i) a the subject, and (ii) / the subject.

l
(i) Rearranging gives: P R
a
Multiplying both sides by a gives:

pl .
a (—) =a(R) ie. pl=aR

a
Rearranging gives: aR = pl

Dividing both sides by R gives:

aR  pl
R R
|
i.e. a:p—
R
[
(i) p—:R
a

Multiplying both sides by a gives:
pl =aR

Dividing both sides by p gives:

pl __aR

P P

. ar
ie. | =—
p

Now try the following exercise

Exercise 29 Further problems on transposition of
formulae (Answers on page 256)
Make the symbol indicated the subject of each of the
formulae shown and express each in its simplest form.
1. a+b=c—d—e (d)
2. x+3y=t )
3. ¢c=2mr ()
4, y=mx+c x)
5. 1 =PRT (T)
6. I = E R)
"R
a

7. S= (r)

1—r

9
8. F= §C + 32 ©)

8.3 Further worked problems on
transposition of formulae

t
Problem 8. Transpose the formula v = u + f—, to
m
make f the subject.

. . ft ft
Rearranging gives: u+ — =v and — =v—u
m m

Multiplying each side by m gives:

ft .
m (—) =mw—u) ie. ft=mv—u)
m

Dividing both sides by ¢ gives:

%:?(v—u) e f =?

(v—u)

Problem9. The final length, [, of a piece of wire
heated through 6°C is given by the formula
I, = 1;(1 + ob). Make the coefficient of expansion,
o, the subject.

Rearranging gives: LH(d4+a9) =1,
Removing the bracket gives: [ + /00 = [,

Rearranging gives: liod =1, -1,



Dividing both sides by /,0 gives:

Lot -1 _ =N

1,6 1,0 1,0
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)
Problem13. Given r = 271\/j , find g in terms of ¢, [
8

and 7.

Problem 10. A formula for the distance moved by a
body is given by s = %(v + u)t. Rearrange the formula
to make u the subject.

1

Rearranging gives: E(v +u)y=s
Multiplying both sides by 2 gives: (v+ u)t =2s

R . . (w4uy 2s
Dividing both sides by ¢ gives: ; =7
. 2s
1.C. v+u=—

2s 2s — ot

Hence UZT_U or U = "

Problem1l. A formula for kinetic energy is
k= %mvz. Transpose the formula to make v the subject.

: vegs L2
Rearranging gives: ;mv” =k

Whenever the prospective new subject is a squared term,
that term is isolated on the LHS, and then the square root of
both sides of the equation is taken.

Multiplying both sides by 2 gives: muv® = 2k

o . . m® 2k
Dividing both sides by m gives: — = —
m m

2k

ie. ==
m

Taking the square root of both sides gives:

=)
e om ()

Problem12. 1In a right angled triangle having sides
x, y and hypotenuse z, Pythagoras’ theorem states
72 = x> + y*. Transpose the formula to find x.

Rearranging gives: x*> + y* = z°
and P=7—y

Taking the square root of both sides gives:

X = /22— y2

Whenever the prospective new subject is within a square root
sign, it is best to isolate that term on the LHS and then to
square both sides of the equation.

1
Rearranging gives: 271\/j =t
8
t

[
Dividing both sides by 27 gives: \/> = —
g 27

. o t\> 7
Squaring both sides gives: — = ( — | = —
g 2 472

Cross-multiplying, i.e. multiplying each term by 4n%g, gives:

4n’l = gr’
or gt* = 4n’l
2 4An?l
Dividing both sides by > gives: gt_z = 7:—2
. 4n?|
1.€. = tT

Problem 14. The impedance of an a.c. circuit is given
by Z = +/R?> + X?. Make the reactance, X, the subject.

Rearranging gives: RE+X2=2Z7
Squaring both sides gives: R*> 4+ X* = Z>
Rearranging gives: X?=7*-R?

Taking the square root of both sides gives:

X =+/Z2—R?

Problem 15. The volume V of a hemisphere is given
by V = 27r®. Find r in terms of V.

2
Rearranging gives: 37’[}’3 =V

Multiplying both sides by 3 gives: 27> = 3V
Dividing both sides by 27 gives:
2nrd 3V s 3V
= — V= —
2 2 2

Taking the cube root of both sides gives:

ie.
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Now try the following exercise

Exercise 30 Further problems on transposition of
formulae (Answers on page 256)

Make the symbol indicated the subject of each of the
formulae shown and express each in its simplest form.

_ Ax—d)

1.y 7 (x)
3(F—= 1)
2. A= — =
I 9]
3 v MI? ©)
© T BEl
4. R=Ry(l +ar) (®)
1 1 1
5. = 4 R
R™R + R, (R2)
6. 1=L—¢ R)
" T R+
7. y = 4ab*c? (b)
a b
l
9. t=2my/— ()
8
10. v* = u® + 2as (u)
TR%0
11. A= (R)
360
12. N = (“+x) (2)
y
13. Z= /R + Q2nfL) L)

8.4 Harder worked problems on
transposition of formulae

a’x + a2y
— o
r

Problem 16. Transpose the formula p =

make a the subject.

a*x + a*y
r

Rearranging gives:
Multiplying both sides by r gives: a*x +a’y = rp

Factorizing the LHS gives: x4y =rp

Dividing both sides by (x + y) gives:

az(x+y): o g P
x+y (x+y (x+y)

Taking the square root of both sides gives:

=)
X +y

Problem 17. Make b the subject of the formula
- _*7
~ J/bd + be
R . . X—=Yy
earranging gives: ——— =a
ging & bd + be
Multiplying both sides by +/bd + be gives:
x —y=avbd + be
or avbd+be=x—y
Dividing both sides by a gives: v/bd + be = T
a

2
Squaring both sides gives: bd + be = (x y)
a

N2
bd+e) = (}%)
(2)
a7>
d+e)

_ (x=y)?
T az(d+4e)

Factorizing the LHS gives:

Dividing both sides by (d + e) gives: b =

ie.

Problem 18. 1If c¢d = 3d + e — ad, express d in terms
of a, c and e

Rearranging to obtain the terms in d on the LHS gives:
cd—3d+ad =e

Factorizing the LHS gives:
dic—34+a)=c¢e

Dividing both sides by (¢ — 3 + a) gives:
_ e
T c—3+a

b
Problem19. Ifa = 125 make b the subject of the

formula.




Rearranging gives: ﬁbb =a
Multiplying both sides by (1 + b) gives: b=a(l+Db)
Removing the bracket gives: b=a+ab
Rearranging to obtain terms in b on the LHS gives:
b—ab=a
Factorizing the LHS gives: b(l—a)=a
Dividing both sides by (1 — a) gives:
a
bzl—a
Problem 20. Transpose the formula V = RE—:r to
make r the subject.
Rearranging gives: Er =V
R+
Multiplying both sides by (R + r) gives: Er =V(R+7r)
Removing the bracket gives: Er=VR+Vr
Rearranging to obtain terms in r on the LHS gives:
Er—Vr=VR
Factorizing gives: r(E—-V)=VR
Dividing both sides by (E — V) gives:
. VR
E-V
rq’
Problem21. Transpose the formula y = P —t
to make g the subject

2

. L pq
Rearranging gives: s —t=Yy
r+gq
2
and Pa S =Y+t
r+gq

Multiplying both sides by (r + ¢*) gives:
P = +q)(y+1)
Removing brackets gives: P =ry+rt+ ¢’y + gt
Rearranging to obtain terms in ¢ on the LHS gives:
Pe =@y —qt =ry+n

Factorizing gives: Pp—y—1) =r(y+1)

Transposition of formulae 57

Dividing both sides by (p — y — ) gives:
2 _ r(y+1)
(p—y—0
Taking the square root of both sides gives:

SERDY

D
Problem22. Given that 7= (;ﬂ), express p
- P
in terms of D, d and f.
Rearranging gives: <m) _P
h f-p) d
D2
Squaring both sides gives: m = —
f-r) &

Cross-multiplying, i.e. multiplying each term by d*(f — p),
gives:
d*(f + p)=D*(f = p)
Removing brackets gives: d>f +d*p =D>f —D*p
Rearranging, to obtain terms in p on the LHS gives:
d’p+D'p=Df—d'f
Factorizing gives: p(d®+D?*) = f(D* —d*)

Dividing both sides by (d” + D?) gives:

_ f(D2—d?)
P=d2-D?

Now try the following exercise

Exercise 31 Further problems on transposition of
formulae (Answers on page 256)

Make the symbol indicated the subject of each of the
formulae shown in Problems 1 to 7, and express each in
its simplest form.

)

1 y:M (a)
X

2. M =aR*—r* (R)

3. x+y= ()

347




58 Basic Engineering Mathematics

10.

11.

12.

WL
@
L+ rCR
b —c?
a’ = T (b)
x 1+
T ™
y 1—r
)4 a+2b
e
q a—12b
. A formula for the focal length, f, of a convex lens
1 1 1
is — = — + —. Transpose the formula to make v the
u v

subject and evaluate v when f =5 and u = 6.

The quantity of heat, Q, is given by the formula
Q = mc(t, — t1). Make 1, the subject of the formula
and evaluate r, when m = 10, t; = 15, ¢ = 4 and
0 = 1600.

The velocity, v, of water in a pipe appears in the
0.03Lv?
2dg
formula and evaluate v when & = 0.712, L = 150,
d =0.30 and g =9.81

formula 7 =

. Express v as the subject of the

The sag S at the centre of a wire is given by the
3d(l —d)
8

of the formula and evaluate / when d = 1.75 and
S =0.80

formula: § = ( ) Make [ the subject

In an electrical alternating current circuit the imped-

1\2
ance Z is given by: Z = $ {R2 + (wL — —) }
oC

Transpose the formula to make C the subject and
hence evaluate C when Z = 130, R = 120, o = 314
and L = 0.32

Assignment 4

This assignment covers the material contained in
Chapters 7 and 8. The marks for each question are
shown in brackets at the end of each question.

. Solve the following equations:

(@) 3r—2=>5t—4

(b) 4k—1)—2Bk+2)+14=0
a

©3-5=1

d) 3/y=2

© (SH) =2 (20)

s—1

. Distance s = ut + %azz. Find the value of acceleration

a when s = 17.5, time t = 2.5 and u = 10 4)

. A rectangular football pitch has its length equal to

twice its width and a perimeter of 360 m. Find its
length and width. 4)

. Transpose the following equations:

(@ y=mx+c form

2 —
(b)x=¥ for 7
© L1yl g
c) —=—+— for
Rr Ry Ry 4
(d) x> —y> =3ab fory
p—q
e) K= for 18
(e) ¥ pg q (18)

. The passage of sound waves through walls is governed

by the equation:

|K+3G
v = —=
p

Make the shear modulus G the subject of the
formula. )



Simultaneous equations

9.1 Introduction to simultaneous

equations

Only one equation is necessary when finding the value
of a single unknown quantity (as with simple equations
in Chapter 7). However, when an equation contains two
unknown quantities it has an infinite number of solutions.
When two equations are available connecting the same two
unknown values then a unique solution is possible. Similarly,
for three unknown quantities it is necessary to have three
equations in order to solve for a particular value of each of
the unknown quantities, and so on.

Equations which have to be solved together to find
the unique values of the unknown quantities, which are
true for each of the equations, are called simultaneous
equations.

Two methods of solving simultaneous equations analyti-
cally are:

(a) by substitution, and (b) by elimination.

(A graphical solution of simultaneous equations is shown in
Chapter 12.)

9.2 Worked problems on simultaneous
equations in two unknowns

Problem 1. Solve the following equations for x and y,
(a) by substitution, and (b) by elimination:

x+2y=-1 9]
4x —3y =18 2)

(a) By substitution
From equation (1): x = —1 — 2y

(b)

Substituting this expression for x into equation (2) gives:
4(—-1—-2y)—-3y=18
This is now a simple equation in y.
Removing the bracket gives:
—4—-8y—-3y=18
—1ly=184+4=22

y= _2—121 =-2
Substituting y = —2 into equation (1) gives:
x4+2(=2)=-1
x—4=-1
x=—-144=3
Thus X = 3 and y = —2 is the solution to the simul-
taneous equations.
(Check: In equation (2), since x = 3 and y = -2,
LHS =4(3) - 3(-2) =12+ 6 =18 = RHS))
By elimination
x+2y=-1 (1)
4x —3y =18 2)

If equation (1) is multiplied throughout by 4 the coeffi-
cient of x will be the same as in equation (2), giving:

4x+8y=—4 3)

Subtracting equation (3) from equation (2) gives:

4x — 3y = 18 2)
4x + 8y=—-4 3)
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22
=
(Note, in the above subtraction, 18 — —4 = 18 +4 = 22)
Substituting y = —2 into either equation (1) or equa-
tion (2) will give x = 3 as in method (a). The solution

X =3,y = —2 is the only pair of values that satisfies
both of the original equations.

Hence y = -2

Problem 2.  Solve, by a substitution method, the simul-
taneous equations

3x—2y=12 (1)
x+3y=-7 2)

From equation (2), x = —7 — 3y

Substituting for x in equation (1) gives:
3(=7=3y)—=2y=12

ie. —21-9y—-2y=12
—1ly=12+21=33

33
Hence y= = -3

Substituting y = —3 in equation (2) gives:

x+3(=3)=-7
ie. x—9=-7
Hence x=-74+9=2
Thus X =2, y = —3 is the solution of the simultaneous
equations.

(Such solutions should always be checked by substituting
values into each of the original two equations.)

Problem3. Use an elimination method to solve the
simultaneous equations

3x+4y=5 1)
2x =S5y =-12 2)

If equation (1) is multiplied throughout by 2 and equation (2)
by 3, then the coefficient of x will be the same in the newly
formed equations. Thus

2 x equation (1) gives: 6x+ 8y=10 3)

3 x equation (2) gives: 6x — 15y = -36 4)

Equation (3) — equation (4) gives: 0 + 23y =46
46

=—==2
23

ie. y

(Note +8y — —15y = 8y 4+ 15y = 23y and 10 — —36 =
10+ 36 = 46. Alternatively, ‘change the signs of the bottom
line and add’.)

Substituting y = 2 in equation (1) gives:
3x+42)=5
from which 3x =5 -8 = -3
and x=-1
Checking in equation (2), left-hand side = 2(—1) — 5(2) =
—2 — 10 = —12 = right-hand side.

Hence X = —1 and y = 2 is the solution of the simultaneous
equations.

The elimination method is the most common method of
solving simultaneous equations.

Problem4. Solve

Tx —2y =26 (D
6x+5y =29 2)

When equation (1) is multiplied by 5 and equation (2) by
2 the coefficients of y in each equation are numerically the
same, i.e. 10, but are of opposite sign.

5 x equation (1) gives: 35x — 10y =130 (3)
12x 4+ 10y = 58 4)

47x+ 0 =188

2 x equation (2) gives:

Adding equation (3) and (4) gives:

188
Hence x = — =4

47
[Note that when the signs of common coefficients are dif-
ferent the two equations are added, and when the signs of
common coefficients are the same the two equations are sub-

tracted (as in Problems 1 and 3)]

Substituting x = 4 in equation (1) gives:

7(4) —2y =26
28 —2y =126
28 —26 =2y

2=2y

Hence y =1

Checking, by substituting x = 4 and y = 1 in equation (2),
gives:

LHS = 6(4) + 5(1) = 24 + 5 = 29 = RHS

Thus the solution is X =4, y =1, since these values
maintain the equality when substituted in both equations.
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Now try the following exercise

Exercise 32 Further problems on simultaneous equa-
tions (Answers on page 256)

Solve the following simultaneous equations and verify the
results.

1. a+b=7 2. 2x+5y=17
a—b:3 x+3y:4
3. 3s+2t=12 4. 3x —2y=13
4s—t =5 2x+5y=—4
5. 5m—3n=11 6. 8a—3b=>51
3m+n=38 3a+4b =14
7. 5x =2y 8. 5¢c=1-3d
3x+7y=41 2d+c+4=0

9.3 Further worked problems on
simultaneous equations

Problem5. Solve
3p=2q )]
4p+q+11=0 2)

Rearranging gives:
3p—2¢=0 3)
4p+q=-11 “)
Multiplying equation (4) by 2 gives:
8p+2g=-22 (5)

Adding equations (3) and (5) gives:

11p+0=-22
-22
P=—T = -2
Substituting p = —2 into equation (1) gives:
3(=2)=2q
—6=2q
q= _76 =-3

Checking, by substituting p = —2 and ¢ = —3 into equa-
tion (2) gives:

LHS = 4(—=2)+ (=3)+ 11 =—-8 =3+ 11 = 0 = RHS

Hence the solution is p = —2, q = -3

Problem6. Solve

il (1)
g 7277
13—§=3x )

Whenever fractions are involved in simultaneous equations
it is usual to firstly remove them. Thus, multiplying equa-
tion (1) by 8 gives:

ie. x+20 =8y 3)
Multiplying equation (2) by 3 gives:
39-y=9% “)
Rearranging equations (3) and (4) gives:
x—8y=-20 5)
9x+y =39 ©6)
Multiplying equation (6) by 8 gives:
T2x + 8y =312 )

Adding equations (5) and (7) gives:

73x+0=1292
292
= — = 4
73
Substituting x = 4 into equation (5) gives:
4—-8y=-20
4420=38y
24 = 8y
24
= — = 3
8

Checking: substituting x = 4, y = 3 in the original equations,
gives:

Equation (1): LHS = - +

oo &~

5—1+21—3— = RHS
2 2 2T

. 3
Equation (2): LHS =13 — 3= 13-1=12

RHS =3x=34) =12

Hence the solution is x =4, y =3
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Problem7. Solve
2554075 -3y=0
1.6x =1.08 — 1.2y

It is often easier to remove decimal fractions. Thus multiply-

ing equations (1) and (2) by 100 gives:
250x +75 =300y =0
160x = 108 — 120y
Rearranging gives:
250x — 300y = =75
160x + 120y = 108
Multiplying equation (3) by 2 gives:
500x — 600y = —150
Multiplying equation (4) by 5 gives:
800x 4+ 600y = 540
Adding equations (5) and (6) gives:

1300x + 0 = 390

390 39 3
X=1300 130 ~10 "3

Substituting x = 0.3 into equation (1) gives:

250(0.3) +75 - 300y =0

75+ 75 = 300y
150 = 300y
150

- 05
Y=30

Checking x = 0.3, y = 0.5 in equation (2) gives:

LHS = 160(0.3) =48
RHS = 108 — 120(0.5) = 108 — 60 = 48

Hence the solution is x = 0.3, y = 0.5

ey
2)

3)
“)

&)

(6)

Now try the following exercise

tions (Answers on page 256)

results.
I Tp+1142¢=0 2. 242 =4
2 3
X y
—1=3¢g-5 - —==0
q p 6 9

Exercise 33 Further problems on simultaneous equa-

Solve the following simultaneous equations and verify the

3
3.9 7= 4, 25—2=38
2 2
12 =5q+ 2b S 3y =—2
= S5a 3 1 y=
x 2y 49 u
s, 222 6. v—1=—
573 715 v
3x 'y 5 v
X212 T2
77277 "I
7. 1.5x—22y = —18 8. 3b—2.5a =045
2.4x + 0.6y = 33 1.6a + 0.8 = 0.8

9.4 More difficult worked problems on
simultaneous equations

Problem8. Solve
2 3
-+ -=7 (1)
X y
1 4
———=-2 2)
X y

In this type of equation the solution is easier if a substitution
is initially made.

1 1
Let —=aand — =5
x

Thus equation (1) becomes: 2a+3b="17 3)

and equation (2) becomes: a—4b = -2 )
Multiplying equation (4) by 2 gives: 2a — 8b = —4 5)
Subtracting equation (5) from equation (3) gives:

0+ 11b=11
ie. b=1

Substituting b = 1 in equation (3) gives:

2a+3=7
2a=7-3=4
i.e. a=2

Checking, substituting @ = 2 and b = 1 in equation (4) gives:
LHS=2-4(1)=2—-4=-2=RHS
Hence a=2and b =1

However, since

and since



Hence the solution is X = %, y = 1, which may be checked
in the original equations.
Problem9. Solve
1 3
] 1
2a * 5b M
4 + L _ 10.5 2)
a 20
1 1
Let —=xand - =y
a b
x 3
th —+-y=4 3
en 3y 3)
1
4x + V= 10.5 4)

To remove fractions, equation (3) is multiplied by 10 giving:

10 (%) +10 (gy) — 10(4)
ie. 5x + 6y =40 (®))
Multiplying equation (4) by 2 gives:
&x+y=21 6)
Multiplying equation (6) by 6 gives:
48x + 6y = 126 ™)

Subtracting equation (5) from equation (7) gives:

43x+0=286
86
XxX=-—=2
43
Substituting x = 2 into equation (3) gives:
2 3
4 Zy=4
275
3
—y=4—-1=3
57
5
y=30)
. 1 1 1
Since —=x then a=-=—
a x 2
. 1 1 1
and since - =y then b= —=—
b y 5

Hence the solution is a = 1, b = 1, which may be checked
in the original equations.
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Problem10. Solve
1 _ 4 0
x+y 27
1 4
= 2)
22—y 33

To eliminate fractions, both sides of equation (1) are multi-
plied by 27(x + y) giving:

1 4

ie. 27(1) =4(x+y)
27 =4x+4y 3)
Similarly, in equation (2): 33=4Q2x—y)
ie. 33 =8x—4y “)
Equation (3) + equation (4) gives:
60 =12x, 1ie. «x =%=5
Substituting x = 5 in equation (3) gives:
27 =4(5)+4y
from which 4y =27-20=17
and y = % = 1%

Hence x =5, y = 1% is the required solution, which may
be checked in the original equations.

Problem11. Solve
x—1 +2 2
=4 )
3 5 1
l-x 54y 5
— = 2)
6 2 6

Before equations (1) and (2) can be simultaneously solved,
the fractions need to be removed and the equations rear-
ranged.

Multiplying equation (1) by 15 gives:

15 (D)Hs(y—”):ls(i)
3 5 15
ie. Se—=D+3(y+2)=2
Sx=5+3y4+6=2
5x4+3y=24+5-6

Hence Sx+3y=1 3)
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Multiplying equation (2) by 6 gives:

(7)o (57) =<(6)

ie. 1I-x)+36+y=5

l1—x+154+3y=5
—x+3y=5-1-15
—x+3y=-11 4)

Hence
Thus the initial problem containing fractions can be expres-
sed as:
S5x+3y=1 (3)
—x+3y=-11 4)

Subtracting equation (4) from equation (3) gives:

6x+0=12
12
X=—=2
6
Substituting x = 2 into equation (3) gives:
5)+3y=1
10+3y=1
3y=1-10=-9
-9
= — = —3
y 3

Checking, substituting x = 2, y = —3 in equation (4) gives:
LHS = -2+43(-3)=-2-9=—-11=RHS

Hence the solution is X = 2, y = —3, which may be che-
cked in the original equations.

Now try the following exercise

Exercise 34 Further more difficult problems on
simultaneous equations (Answers on
page 256)

In problems 1 to 7, solve the simultaneous equations and
verify the results

2 4

1.E -=14 2.——§:18
Xy a b
5 3 2 5
- —==2 7+7:—4
Xy a b
1 3 5 3

3, — 4+ =5 4. -4+ -=1.1
2p+5q x+y
5 1 35 3 7
- —=— -———=-1.1
p 2p 2 x oy

c+1 d+2
5. ) —T-i-l:O
1—(,'+ﬂ+§_0
5 4 20
6 3r+2_2s—1_£
5 4 5
342r 5—-s5 15
i T3 7%
5 20
7. = —
x+y 27
4 16
2x—y_§

xy+1

3 4 5
8. If 5Sx— — =1 and x+ — = — find the value of
y y 2

9.5 Practical problems involving
simultaneous equations

There are a number of situations in engineering and science
where the solution of simultaneous equations is required.
Some are demonstrated in the following worked problems.

Problem 12. The law connecting friction F and load
L for an experiment is of the form F = aL + b, where a
and b are constants. When F = 5.6, L = 8.0 and when
F =44, L =2.0. Find the values of a and b and the
value of F when L = 6.5

Substituting F = 5.6, L = 8.0 into F = aL + b gives:

5.6=28.0a+b M
Substituting F = 4.4, L = 2.0 into F = aL + b gives:
44=20a+0b 2)

Subtracting equation (2) from equation (1) gives:

1.2 =6.0a
12 1
a=— = —
6.0 5

Substituting a = é into equation (1) gives:
56=8.0(1)+b
56=16+b

56—-1.6=5>
ie. b =4



Checking, substituting @ = 1 and b = 4 in equation (2),

. 5
gives:

RHS =2.0(1)+4=04+4=44=LHS

!
5
Hencea =1 and b =4

When L =65, F =al +b = 165 +4 =13+4, ie.
F =530

Problem 13. The equation of a straight line, of gradi-
ent m and intercept on the y-axis c,is y =mx+c. If a
straight line passes through the point where x = 1 and
y = —2, and also through the point where x = 3% and
y= 10%, find the values of the gradient and the y-axis
intercept.

Substituting x = 1 and y = —2 into y = mx + ¢ gives:
—2=m+c (1

Substituting x = 3% and y = 10% into y = mx + ¢ gives:
10§ =3im+c 2)

Subtracting equation (1) from equation (2) gives:

121
2

12) =2im  from which,

Substituting m = 5 into equation (1) gives:
—-2=5+c¢

c=-2-5=-7

Checking, substituting m = 5 and ¢ = —7 in equation (2),
gives:

RHS = (33) (5)+ (=7) = 173 — 7 =105 = LHS

Hence the gradient, m =5 and the y-axis intercept,
c=-7

Problem 14. When Kirchhoff’s laws are applied to the
electrical circuit shown in Figure 9.1 the currents /; and
I, are connected by the equations:

27 =151, 48U, = I,) 1
—26=2I, -8, —I») 2)

Solve the equations to find the values of currents /,
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A e O
-

Fig. 9.1

Removing the brackets from equation (1) gives:
27 =151, + 81, —8I,
Rearranging gives:
9.5, — 81, =27 3)
Removing the brackets from equation (2) gives:
—26 =21, — 81, + 81,

Rearranging gives:

—81, 4 101, = —26 )
Multiplying equation (3) by 5 gives:
47.51) — 401, = 135 (&)
Multiplying equation (4) by 4 gives:
=321, + 401, = —104 ©)
Adding equations (5) and (6) gives:

15.51; +0 =31
LI
15.5

Substituting /; = 2 into equation (3) gives:
9.5(2)—-81, =217

19 - 81, =27
19 -27 =281,
—8=38I,
l,=-—1
Hence the solution is I; =2 and |, = —1 (which may be

checked in the original equations.)

and I,

Problem 15. The distance s metres from a fixed point
of a vehicle travelling in a straight line with constant
acceleration, a m/s?, is given by s = ut + %atz, where u
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is the initial velocity in m/s and ¢ the time in seconds.
Determine the initial velocity and the acceleration given
that s = 42m whent =2sand s = 144 m when ¢t = 4s.
Find also the distance travelled after 3s.

Substituting s = 42, = 2 into s = ut 4 3ar* gives:

42 =2u+ a2y
ie. 42 =2u + 2a (1)
Substituting s = 144, 1 = 4 into s = ut + jar* gives:
144 = 4u + La(4)?
ie. 144 = 4u + 8a 2)
Multiplying equation (1) by 2 gives:
84 = 4u + 4a (3)

Subtracting equation (3) from equation (2) gives:

60 =0+44a
60
a=—=15
4

Substituting a = 15 into equation (1) gives:

42 = 2u + 2(15)

42 — 30 =2u

12
u=—==6

2

Substituting a = 15, u = 6 in equation (2) gives:
RHS = 4(6) + 8(15) = 24 4+ 120 = 144 = LHS

Hence the initial velocity, U = 6 m/s and the acceleration,
a = 15 m/s?

Distance travelled after 3 s is given by s = ut + %at2 where
t=3,u=6anda=15

Hence s = (6)(3) + 3(15)(3)* = 18 4+ 673

i.e. distance travelled after 3s = 85% m

Problem16. A craftsman and 4 labourers together
earn £865 per week, whilst 4 craftsmen and 9 labourers
earn £2340 basic per week. Determine the basic weekly
wage of a craftsman and a labourer.

Let C represent the wage of a craftsman and L that of a
labourer. Thus

C +4L =865 (1)
4C + 9L = 2340 2)

Multiplying equation (1) by 4 gives:
4C + 16L = 3460 3)

Subtracting equation (2) from equation (3) gives:

7L = 1120

112
L= —0: 160
7

Substituting L = 138 into equation (1) gives:

C +4(160) = 865

C + 640 = 865
C =865 — 640 =225

Checking, substituting C = 225 and L = 160 into equa-
tion (2), gives:

LHS = 4(225) 4+ 9(160) = 900 + 1440

= 2340 = RHS

Thus the basic weekly wage of a craftsman is £225 and
that of a labourer is £160

Problem 17. The resistance RS2 of a length of wire
at 1°C is given by R = Ro(1 + at), where Ry is the
resistance at 0°C and o is the temperature coefficient
of resistance in /°C. Find the values of o and R, if
R =302 at 50°C and R = 35 at 100°C.

Substituting R = 30, t = 50 into R = Ry(1 + o) gives:

30 = Ro(1 + 500) (1
Substituting R = 35, t = 100 into R = Ry(1 + at) gives:

35 = Ro(1 + 100c) 2)

Although these equations may be solved by the conventional
substitution method, an easier way is to eliminate R, by
division. Thus, dividing equation (1) by equation (2) gives:

30 Ro(1+50x) 1+ 50«
35 Ry(1+100a) 1+ 100a

‘Cross-multiplying’ gives:

30(1 + 100ct) = 35(1 + 50c)
30 + 3000a = 35 + 17500
30000 — 1750 = 35 — 30
12500 =5

5 1

=——=— or 0.004
1250 250

ie. o



1
Substituting o = 750 into equation (1) gives:

30:R0{1 + (50) (2;—0)}

30
Ry=-—=25
1.2

1
Checking, substituting a = 250 and Ry = 25 in equation (2)
gives:

RHS = 25 {1 + (100) <$)}

=25(1.4) =35 =LHS

Thus the solution is « = 0.004/°C and Ry = 25 Q

Problem 18. The molar heat capacity of a solid com-
pound is given by the equation ¢ = a + bT, where a
and b are constants. When ¢ = 52, T = 100 and when
¢ = 172, T = 400. Determine the values of a and b.

When ¢ = 52, T = 100, hence

52 = a+ 100b M
When ¢ = 172, T = 400, hence

172 = a + 400b 2)
Equation (2) — equation (1) gives:

120 = 300b
120
=—=04
300
Substituting b = 0.4 in equation (1) gives:

from which, b

52 =a+100(0.4)
a=52-40=12

Hence a=12 and b=04
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Now try the following exercise

Exercise 35 Further practical problems involving
simultaneous equations (Answers on
page 256)

1. In a system of pulleys, the effort P required to raise a
load W is given by P = aW + b, where a and b are
constants. If W = 40 when P = 12 and W = 90 when
P = 22, find the values of a and b.

2. Applying Kirchhoff’s laws to an electrical circuit pro-
duces the following equations:

5=021+2(, —I,)
12 =31, + 041, — 2(I; — I,)

Determine the values of currents /; and I,

3. Velocity v is given by the formula v = u+at. If v = 20
when t = 2 and v = 40 when ¢ = 7 find the values of
u and a. Hence find the velocity when ¢ = 3.5

4. Three new cars and 4 new vans supplied to a dealer
together cost £97 700 and 5 new cars and 2 new vans
of the same models cost £1 03 100. Find the cost of a
car and a van.

5. y = mx + c is the equation of a straight line of slope
m and y-axis intercept c. If the line passes through
the point where x = 2 and y = 2, and also through
the point where x = 5 and y = %, find the slope and
y-axis intercept of the straight line.

6. The resistance R ohms of copper wire at t°C is given
by R = Ry(1 4 at), where Ry is the resistance at 0°C
and o is the temperature coefficient of resistance. If
R =25.44Q at 30°C and R = 32.17Q at 100°C, find
o and R,

7. The molar heat capacity of a solid compound is given
by the equation ¢ = a + bT. When ¢ = 52, T = 100
and when ¢ = 172, T = 400. Find the values of a
and b

8. In an engineering process two variables p and g are
related by: ¢ = ap+b/ p, where a and b are constants.
Evaluate a and b if ¢ = 13 when p = 2 and g = 22
when p =5
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Quadratic equations

10.1 Introduction to quadratic equations

As stated in Chapter 7, an equation is a statement that two
quantities are equal and to ‘solve an eqguation’ means ‘to
find the value of the unknown’. The value of the unknown
is called the root of the equation.

A quadratic equation is one in which the highest power
of the unknown quantity is 2. For example, x> —3x +1 =0
is a quadratic equation.

There are four methods of solving quadratic equations.

These are: (i) by factorization (where possible)
(ii) by ‘completing the square’
(iii) by using the ‘quadratic formula’

or (iv) graphically (see Chapter 12).

10.2 Solution of quadratic equations by
factorization

Multiplying out (2x 4+ 1)(x — 3) gives 2x% — 6x +x — 3, i.e.
2x? —5x—3. The reverse process of moving from 2x> —5x —3
to (2x + 1)(x — 3) is called factorizing.

If the quadratic expression can be factorized this provides
the simplest method of solving a quadratic equation.

For example, if 2x*> —5x — 3 =0, then, by factorizing:

2x+1DHx-3)=0

Hence either 2x+1)=0 ie. x=—

D=

or x—3)=0 ie. x=3

The technique of factorizing is often one of ‘trial and error’.

Problem1. Solve the equations (a) x> +2x — 8 = 0

(b) 3x*> — 11x — 4 = 0 by factorization.

(a) x> + 2x — 8 = 0. The factors of x? are x and x. These
are placed in brackets thus: (x )(x )
The factors of —8 are +8 and —1, or —8 and +1, or +4
and —2, or —4 and +2. The only combination to give a
middle term of +2x is +4 and —2, i.e.

P4+ —-8=@x+4x—2)

(Note that the product of the two inner terms added to
the product of the two outer terms must equal the middle
term, +2x in this case.)

The quadratic equation x*> 4+ 2x — 8 = 0 thus becomes
x+4)x—-2)=0.

Since the only way that this can be true is for either the
first or the second, or both factors to be zero, then

either (x+4) =0 ie. x=-—4
or x—2)=0 ie. x=2
Hence the roots of x?4+2x —8=0 are x = —4

and 2

(b) 3x*—1lx—4=0
The factors of 3x? are 3x and x. These are placed in
brackets thus: 3x )(x )
The factors of —4 are —4 and +1, or +4 and —1, or —2
and 2.
Remembering that the product of the two inner terms
added to the product of the two outer terms must equal
—11x, the only combination to give this is +1 and
—4, i.e.

3 —1lx—4=Cx+ Dx—4)



The quadratic equation 3x> — 11x — 4 = 0 thus becomes
Bx+1)x—4)=0

Hence, either Bx+1)=0 1i.e.
or x—4)=0 ie. x=4

=1
X=—3

and both solutions may be checked in the original
equation.

Problem 2. Determine the roots of (a) x> —6x+9 =0,
and (b) 4x*> — 25 = 0, by factorization.

(a) x*—6x+9 = 0. Hence (x—3)(x—3) = 0,i.e. (x—3)>=0
(the left-hand side is known as a perfect square). Hence
X = 3 is the only root of the equation x> — 6x 4+ 9 = 0.

(b) 4x*—25 = 0 (the left-hand side is the difference of two
squares, (2x)? and (5)%). Thus (2x +5)2x —5) =0
Hence either 2x+5)=0 ie. X =—3

or (2x=5)=0 ie. x=3

Problem 3.  Solve the following quadratic equations by
factorizing: (a) 4x> +8x+3 =0 (b) 15x> +2x —8 = 0.

(a) 4x> 4+ 8x + 3 = 0. The factors of 4x> are 4x and x or
2x and 2x. The factors of 3 are 3 and 1, or —3 and —1.
Remembering that the product of the inner terms added
to the product of the two outer terms must equal +8x,
the only combination that is true (by trial and error) is

@x*+8x+3)=2x+3)2x+ 1)
Hence (2x + 3)(2x + 1) = 0 from which, either
2x+3)=0o0r 2x+1)=0

Thus 2x = —3, from which X = —

NI NIw

or 2x = —1, from which X = —

which may be checked in the original equation.

(b) 15x* 4+ 2x — 8 = 0. The factors of 15x% are 15x and x or
5x and 3x. The factors of —8 are —4 and +2, or 4 and
—2, or —8 and +1, or 8 and —1. By trial and error the
only combination that works is

155 +2x — 8 = (5x + 4)(3x — 2)
Hence (5x +4)(3x — 2) = 0 from which
either 5x +4 =0
or 3x—2=0
4

5
which may be checked in the original equation.

Hence X = — orX=§
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Problem4. The roots of a quadratic equation are 1

3
and —2. Determine the equation.

If the roots of a quadratic equation are « and B then

x—a)x—p)=0

1
Hence if a = 3 and f = —2, then

<x— %) x—(=2)=0

( —%)(x-{-Z):O

1 2
x2—§x+2x—§=0
5 2
2
R
SRR

Hence 3X24+5x—2=0

Problem5. Find the equations in x whose roots are
(a) 5 and —5 (b) 1.2 and —0.4

(a) If 5 and —5 are the roots of a quadratic equation then
x=35x+5=0
ie. X*—5x+5x-25=0
ie. x?—25=0
(b) If 1.2 and —0.4 are the roots of a quadratic equation then
x—=12)x+04)=0
ie. X —12x+04x—048=0
ie. x*—0.8x —0.48=0

Now try the following exercise

Exercise 36 Further problems on solving quadratic
equations by factorization (Answers on
page 256)

In Problems 1 to 12, solve the given equations by
factorization.

L x> +4x—-32=0 2. x*’—16=0

3. x+2)7%=16 4, 2x* —x—3=0
5. 662 —=5x+1=0 6. 10x*4+3x—4=0
7. x> —4x+4=0 8. 21x* —25x =4
9. 8x* 4+ 13x—6=0 10. 5> +13x —6=0
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11. 66> =5x—4=0 12. 8> +2x—15=0

In Problems 13 to 18, determine the quadratic equations

in x whose roots are
13. 3 and 1 14. 2 and -5 15. —land —4

16. 23 and —5 17. 6 and —6 18. 2.4 and —0.7

10.3 Solution of quadratic equations by
‘completing the square’

An expression such as x? or (x 4+ 2)? or (x — 3)? is called a
perfect square.

If x2 = 3 then x = £+/3

If (x+22=5thenx+2=++/5andx=-2+./5

If =32 =8thenx—3==28andx=3++/38
Hence if a quadratic equation can be rearranged so that one
side of the equation is a perfect square and the other side of
the equation is a number, then the solution of the equation
is readily obtained by taking the square roots of each side as
in the above examples. The process of rearranging one side

of a quadratic equation into a perfect square before solving
is called ‘completing the square’.

c+al=x*+2ax+d

Thus in order to make the quadratic expression x* + 2ax into
a perfect square it is necessary to add (half the coefficient of

20\ 2
x)* ie. (_a) or a®
2

For example, x> 4+ 3x becomes a perfect square by adding

3\ 2
— ], 1e.
(2)
3\?2 3\?
2 2 _ 2
X +3x+<2) (x+2>

The method is demonstrated in the following worked prob-
lems.

Problem 6. Solve 2x> 4+ 5x = 3 by ‘completing the
square’.

The procedure is as follows:

1. Rearrange the equation so that all terms are on the same
side of the equals sign (and the coefficient of the x* term
is positive).

Hence 2x> +5x —3=0

. Make the coefficient of the x? term unity. In this case this

is achieved by dividing throughout by 2. Hence

22 5% 3
s A Y

2 2 2
ie 2+5 3 0
e X —X— ==

27 2

. Rearrange the equations so that the x> and x terms are

on one side of the equals sign and the constant is on the
other side. Hence
5 3

2,2 2
rhyr=s

. Add to both sides of the equation (half the coefficient

5
of x)%. In this case the coefficient of x is 7 Half the

5\ 2
coefficient squared is therefore <ZL) . Thus

2+5+52 3+52
X7+ —x -] == —
2 4 2 \4

The LHS is now a perfect square, i.e.

(43 =3+ ()

. Evaluate the RHS. Thus

+52_3+25_24+25_49
Sy R T TR T

. Taking the square root of both sides of the equation

(remembering that the square root of a number gives a
+ answer). Thus

- ==4-
1.e x+4 7

. Solve the simple equation. Thus

5.7
xX=——*-

4 4
. 5+7 2 1
ie. X=——+4 ===

4 4 4 2

5 7 12
and x=——-—-—-=——=-3

4 4 4
Hence X =% or —3 are the roots of the equation
2% +5x=3

Problem7. Solve 2x*> 4+ 9x + 8 = 0, correct to 3
significant figures, by ‘completing the square’.




Making the coefficient of x> unity gives:
9
¥4+ x+4=0
2
. . 2 9
and rearranging gives: x~ + Ex =—4
Adding to both sides (half the coefficient of x)* gives:
2, 9 (2 o 79\? A
X"+ =x -] =-) -
2 4 4
The LHS is now a perfect square, thus

+92_81 A
*T3) T16 T 16

Taking the square root of both sides gives:

9 17
2o (L) = £1.031
Tty (16)

9
Hence x:—Z:bl.O31

ie. X = —1.22 or —3.28, correct to 3 significant figures.

Problem8. By ‘completing the square’, solve the
quadratic equation 4.6y? + 3.5y — 1.75 = 0, correct
to 3 decimal places.

4.6y*+35y—1.75=0

Making the coefficient of y* unity gives:

v+ %y - % =0
and rearranging gives:
P2y LD
4.6 .6

Adding to both sides (half the coefficient of y)? gives:

2 35 (35 2—1'75+ 35\°
Y Ta6” " \02) T a6 T2
The LHS is now a perfect square, thus

3.5\2
~ ) =0.5251654
(y+ 9.2)

Taking the square root of both sides gives:

3.5
y+ 92 = +/0.5251654 = £0.7246830

Hence y= —E +0.7246830
9.2
ie. y=0344 or —1105

Quadratic equations 71

Now try the following exercise

Exercise 37 Further problems on solving quadratic
equations by ‘completing the squar€e
(Answers on page 257)

In Problems 1 to 6, solve the given equations by com-

pleting the square, each correct to 3 decimal places.
L xX*+4x+1=0 2. 2x*+5x—4=0
3.3 —x—-5=0 4. 54> —8x+2=0

5. 4x* — 11x+3=0 6. 2x* +5x=2

10.4 Solution of quadratic equations by
formula

Let the general form of a quadratic equation be given by:
ax* +bx+c¢=0 where a, b and ¢ are constants.
Dividing ax? + bx + ¢ = 0 by a gives:
b
¥4 x4+ £-o0
a a

Rearranging gives:

Adding to each side of the equation the square of half the
coefficient of the term in x to make the LHS a perfect square
gives:

2 b (b : b\* ¢
X —X — ) =l=] — -
a 2a 2a a

Rearranging gives:

n b\? b? ¢ b*—dac
X - ==
a 4a?> a 4a?

Taking the square root of both sides gives:

. b b?* — 4ac +/b* — 4ac
X _— = =
2a 4q? 2a
b Vb? — dac
Hence Xr=—* —
2a 2a
—b £ V/b? —4ac

i.e. the quadratic formula is x = >
a

(This method of solution is ‘completing the square’ — as
shown in Section 10.3.)
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Summarizing:
— Vb2 —
ifax?> +bx+c=0  then X:M
2a

This is known as the quadratic formula.

Problem9. Solve (a) x> +2x — 8 = 0 and
(b) 3x% — 11x — 4 = 0 by using the quadratic formula.

(a) Comparing x> + 2x — 8 = 0 with ax?> + bx + ¢ = 0 gives
a=1,b=2and c = -8
Substituting these values into the quadratic formula

—b £ b? —4ac
X=——¢

1Ves:

2a
2+ V22 —4(1)(=8) 2+ /4432
= 2(1) = 2
_ —2+£436  -2+6
N 2 )
—246 —-2-6
= or
2 2
4 -8 .
Hence X :52 2 or 7: —4 (as in Problem 1(a)).

(b) Comparing 3x*> — 11x — 4 = 0 with ax’> +bx +¢c =0
gives a =3, b = —11 and ¢ = —4. Hence

Lo —EIDE VTP —40)(4)

2(3)
11 VI2T+48 11+ 169
a 6 - 6
1M+£13 11413 11-13
= = or
6 6 6

24 -2 1 .
Hence x =Z= 4 or ?: —3 (as in Problem 1(b)).

Problem 10. Solve 4x? + 7x + 2 = 0 giving the roots
correct to 2 decimal places.

Comparing 4x? 4 7x + 2 = 0 with ax?> 4 bx + ¢ gives a = 4,
b=7and c=2.

Hence
T2V -4HQ@)] T+ V17
e 2(4) T8
—744.123 —T7+4.123 —7-4.123
= = or
8 8 8

Hencex = —0.36 or —1.39, correct to 2 decimal places.

Problem 11. Use the quadratic formula to solve

x+2+ 3
4 x—1

= 7 correct to 4 significant figures.

Multiplying throughout by 4(x — 1) gives:

x+2) _
dx—1) 1 +4(x_1)(x—1) =4(x—1)(7)
ie. = DE+2)+ @E) =280 —1)

XX4+x—2+12=28x—28

Hence X —27x+38=0

Using the quadratic formula:

v —(=27) £/ (=27)> — 4(1)(38)
N 2

_27++/577  27424.0208

2 2
27 4+ 24.0208
Hence x = — =25.5104
27 —24.0208
or X = — = 1.4896

Hence X = 25.51 or 1.490, correct to 4 significant figures.

Now try the following exercise

Exercise 38 Further problems on solving quadratic
equations by formula (Answers on
page 257)

In Problems 1 to 6 solve the given equations by using the
quadratic formula, correct to 3 decimal places.

. 222 4+5x—4=0 2. 5.76x* +2.86x — 1.35=0

3
3. 2P —Tx+4=0 4, dx+5="
X
5 1
5. e +1)=—— N
x—3 x—1

10.5 Practical problems involving
quadratic equations

There are many practical problems where a quadratic
equation has first to be obtained, from given information,
before it is solved.



Problem12. The area of a rectangle is 23.6cm? and
its width is 3.10cm shorter than its length. Determine
the dimensions of the rectangle, correct to 3 significant
figures.

Let the length of the rectangle be xcm. Then the width is
(x —3.10)cm.

Area = length x width = x(x — 3.10) = 23.6

ie x2—3.10x—23.6=0

Using the quadratic formula,

_ —(=3.10) £ 1/(—3.10)> — 4(1)(—23.6)

2(1)
_ 3.10 = /9.61 +94.4 _ 3.10£10.20
- 2 N 2
13.30 —-7.10
= —— o ——
2 2
Hence x = 6.65cm or —3.55cm. The latter solution is

neglected since length cannot be negative.
Thus length x = 6.65cm and

width =x—3.10=6.65—3.10 =3.55cm

Hence the dimensions of the rectangle are 6.65cm by
3.55cm.

(Check: Area = 6.65 x 3.55 = 23.6 cm?, correct to 3 signifi-
cant figures.)

Problem 13. Calculate the diameter of a solid cylinder
which has a height of 82.0cm and a total surface area
of 2.0m?

Total surface area of a cylinder
= curved surface area + 2 circular ends
= 2nrh + 27r* (where r = radius and & = height)

Since the total surface area = 2.0m’> and the height
h = 82cm or 0.82m, then

2.0 = 27r(0.82) + 271 ie. 2712 4+ 27r(0.82) — 2.0 =0

1

Dividing throughout by 27 gives: > +0.82r— — =0
w

Using the quadratic formula:

—0.82 + \/(0.82)2 —4(1) (—%)

r =

2(1)
_ —0.82+4/1.9456  —0.8241.3948
- 2 - 2

= 0.2874 or —1.1074
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Thus the radius r of the cylinder is 0.2874m (the negative
solution being neglected).

=2 x0.2874
=0.5748m or

Hence the diameter of the cylinder

57.5¢cm correct to 3 significant figures

Problem 14.  The height s metres of a mass projected
vertically upwards at time ¢ seconds is s = ut —
%gt2. Determine how long the mass will take after
being projected to reach a height of 16 m (a) on the
ascent and (b) on the descent, when # = 30m/s and
g = 9.81m/s’.

When height s = 16m, 16 =307 — 1(9.81)¢
ie.  4.9052-30r+16 =0

Using the quadratic formula:

P —(=30) & /(—30)2 — 4(4.905)(16)

2(4.905)
_ 30 £ v/586.1 _ 30£24.21 —553 or 059
9.81 9.81

Hence the mass will reach a height of 16 m after 0.59s on
the ascent and after 5.53s on the descent.

Problem15. A shed is 4.0m long and 2.0m wide.
A concrete path of constant width is laid all the way
around the shed. If the area of the path is 9.50 m?
calculate its width to the nearest centimetre.

Figure 10.1 shows a plan view of the shed with its surround-
ing path of width ¢ metres.

I O
i i ':_A_
L 1
1 < > |
1 2.0m 1
1 ]
1 ]
] 1
) 40m : (4.0+21)
[}
1 ]
1 I
: SHED :
) A / |
o A Ly

Fig. 10.1



74 Basic Engineering Mathematics

Area of path = 2(2.0 x t) 4 21(4.0 + 2t)

ie. 9.50 = 4.0t + 8.0r + 4>
or 42 +12.0—9.50=0

—(12.0) & /(12.0) — 4(4)(=9.50)

Hence =
2(4)
_ —12.0 £ 4/296.0 _ —12.0 £ 17.20465
N 8 N 8

Hence r = 0.6506 m or —3.65058 m

Neglecting the negative result which is meaningless, the
width of the path, t = 0.651m or 65cm, correct to the
nearest centimetre.

Problem 16. If the total surface area of a solid cone is
486.2 cm? and its slant height is 15.3 cm, determine its
base diameter.

From Chapter 22, page 166, the total surface area A of a solid
cone is given by: A = mrl + mr? where [ is the slant height
and r the base radius.

If A =482.2 and [ = 15.3, then 482.2 = nr(15.3) 4+ 7r?

ie. wrl+4153nr—4822=0

482.2
or P24+153r— —==0
T

Using the quadratic formula,

—482.2
—153+ \/{(15.3)2 -4 ( - )}

2
_ —1534+4/848.0461  —15.3429.12123
o 2 o 2

Hence radius r = 6.9106 cm (or —22.21 cm, which is mean-
ingless, and is thus ignored).

Thus the diameter of the base = 2r = 2(6.9106)
=13.82cm

Now try the following exercise

Exercise 39 Further practical problems involving
quadratic equations (Answers on
page 257)

1. The angle a rotating shaft turns through in ¢ seconds
is given by 0 = of + %oetz. Determine the time
taken to complete 4 radians if o is 3.0rad/s and o
is 0.60 rad/s>.

2. The power P developed in an electrical circuit is
given by P = 10/ — 817, where I is the current in
amperes. Determine the current necessary to produce
a power of 2.5 watts in the circuit.

3. The area of a triangle is 47.6 cm? and its perpendicu-
lar height is 4.3 cm more than its base length. Deter-
mine the length of the base correct to 3 significant
figures.

4. The sag | metres in a cable stretched between two
12

supports,distance x m apart is given by: [ = — +x

x
Determine the distance between supports when the
sag is 20 m.

5. The acid dissociation constant K, of ethanoic acid is

1.8 x 10~ mol dm~* for a particular solution. Using
2

determine

the Ostwald dilution law K, =
v(l —x)

x, the degree of ionization, given that v = 10 dm?.

6. A rectangular building is 15m long by 11 m wide.
A concrete path of constant width is laid all the way
around the building. If the area of the path is 60.0 m?,
calculate its width correct to the nearest millimetre.

7. The total surface area of a closed cylindrical con-
tainer is 20.0m?>. Calculate the radius of the cylinder
if its height is 2.80 m?.

8. The bending moment M at a point in a beam is given
3x(20 — x)
byM = ———

from the point of support. Determine the value of x
when the bending moment is 50 Nm.

where x metres is the distance

9. A tennis court measures 24 m by 11 m. In the layout
of a number of courts an area of ground must be
allowed for at the ends and at the sides of each court.
If a border of constant width is allowed around each
court and the total area of the court and its border is
950 m?, find the width of the borders.

10. Two resistors, when connected in series, have a total
resistance of 40ohms. When connected in parallel
their total resistance is 8.4 ohms. If one of the resis-
tors has a resistance R, ohms:

(a) show that R? — 40R, + 336 = 0 and

(b) calculate the resistance of each

10.6 The solution of linear and quadratic
equations simultaneously

Sometimes a linear equation and a quadratic equation need to
be solved simultaneously. An algebraic method of solution



is shown in Problem 17; a graphical solution is shown in
Chapter 12, page 92.

Problem 17. Determine the values of x and y which
simultaneously satisfy the equations:
y=5x—4—-2x>and y=6x—7
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Cy=15x"+21x— 11

y=2x—-1

2Py =445

x+y=4

For a simultaneous solution the values of y must be equal,
hence the RHS of each equation is equated. Thus

Sx—4—-2=6x—7
Rearranging gives: S5x —4 —2x> —6x+7=0
ie. —x+3-2=0
or 2% +x—-3=0

Factorizing gives: 2x+3)x—1)=0

i.e. x=—= or x=1

In the equation y = 6x — 7,

3 -3
h = ——, :6 —_— —7:—16
when x 2y (2)
and whenx=1,y=6—-7=—1

[Checking the result in y = 5x — 4 — 2x? :

3 3 3\?
wen =3, y=s(-3)—ama(-2)
2 2 2

15 9
=———4—-=-16
2 2
as above; and when x =1, y=5—4 —2 = —1 as above]
. . 3
Hence the simultaneous solutions occur when X = ——,

2
y=—16and when X =1,y = -1

Assignment 5

This assignment covers the material contained in
Chapters 9 and 10. The marks for each question
are shown in brackets at the end of each question.

Now try the following exercise

Exercise 40 Further problems on solving linear and
quadratic equations simultaneously
(Answers on page 257)

In Problems 1 to 3 determine the solutions of the simul-
taneous equations.

. y=x>4+x+1

y=4—-x

. Solve the following pairs of simultaneous equations:

() 7x —3y =123
2x+4y =-8

b
(b) 3a—8+§=0

a 21
bt+o=2
+2 4
2p+1 1—-49 5
(©) = =
5 2 2
1-3 2g —3 32
Lo -0 (20)
7 5 35

. In an engineering process two variables x and y are

b
related by the equation y = ax + — where a and b are

X
constants. Evaluate a and b if y = 15 when x = 1 and
y =13 when x = 3 5)

. Solve the following equations by factorization:

(@ x*>—9=0 (b) 2x* —5x—3=0 (6)

. Determine the quadratic equation in x whose roots are

1 and —3 )

. Solve the equation 3x> — x — 4 = 0 by completing the

square. 5)

. Solve the equation 4x> — 9x + 3 = 0 correct to 3

decimal places. (@)

. The current i flowing through an electronic device is

given by:
i =0.005v> +0.014v

where v is the voltage. Calculate the values of v when
i=3x107? (5)



11

Straight line graphs

1.1

A graph is a pictorial representation of information showing
how one quantity varies with another related quantity.

The most common method of showing a relationship
between two sets of data is to use Cartesian or rectangular
axes as shown in Fig. 11.1.

Introduction to graphs

B (-4, 3)

Abscissa A3, 2)

Origin 1 - Ordinate

I I I I I I
-4 -3 -2 -10 1 2 3 4 X

L

C(-3,-2)

-3F

4}

Fig. 11.1

The points on a graph are called co-ordinates. Point A
in Fig. 11.1 has the co-ordinates (3, 2), i.e. 3 units in the x
direction and 2 units in the y direction. Similarly, point B
has co-ordinates (—4, 3) and C has co-ordinates (—3, —2).
The origin has co-ordinates (0, 0).

The horizontal distance of a point from the vertical axis
is called the abscissa and the vertical distance from the
horizontal axis is called the ordinate.

11.2 The straight line graph

Let a relationship between two variables x and y be
y=3x+2.

Whenx =0, y=3(0)+2=2.

When x =1, y=3(1)+2=>5.

When x =2, y=3(2)+2 =38, and so on.

Thus co-ordinates (0, 2), (1, 5) and (2, 8) have been produced
from the equation by selecting arbitrary values of x, and
are shown plotted in Fig. 11.2. When the points are joined
together a straight-line graph results.

Fig. 11.2

The gradient or lope of a straight line is the ratio of the
change in the value of y to the change in the value of x
between any two points on the line. If, as x increases, (—),
y also increases (1), then the gradient is positive.

In Fig. 11.3(a), the gradient of AC

=2

_ changeiny CB 7-3 4
" changeinx BA  3—-1 2
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Fig. 11.3

If as x increases (—), y decreases ({ ), then the gradient is
negative.
In Fig. 11.3(b), the gradient of DF

__ changeiny FE 11-2
" changeinx  ED  —3-—0
9
:7:—3
-3

Figure 11.3(c) shows a straight line graph y = 3. Since the
straight line is horizontal the gradient is zero.

The value of y when x = 0 is called the y-axis intercept.
In Fig. 11.3(a) the y-axis intercept is 1 and in Fig. 11.3(b)
is 2.

If the equation of a graph is of the form y = mx + c,
where m and ¢ are constants, the graph will always be a
straight line, m representing the gradient and ¢ the y-axis
intercept. Thus y = 5x+ 2 represents a straight line of gradi-
ent 5 and y-axis intercept 2. Similarly, y = —3x—4 represents
a straight line of gradient —3 and y-axis intercept —4

Summary of general rules to be applied when drawing
graphs

(i) Give the graph a title clearly explaining what is being
illustrated.

(i) Choose scales such that the graph occupies as much
space as possible on the graph paper being used.

(iii) Choose scales so that interpolation is made as easy
as possible. Usually scales such as 1cm = 1 unit, or
lcm = 2 units, or 1 cm = 10 units are used. Awkward
scales such as 1 cm = 3 units or 1 cm = 7 units should
not be used.
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(iv) The scales need not start at zero, particularly when
starting at zero produces an accumulation of points
within a small area of the graph paper.

(v) The co-ordinates, or points, should be clearly marked.
This may be done either by a cross, or a dot and circle,
or just by a dot (see Fig. 11.1).

(vi) A statement should be made next to each axis explaining
the numbers represented with their appropriate units.

(vii) Sufficient numbers should be written next to each axis
without cramping.

Problem1. Plot the graph y = 4x + 3 in the range
x = —3 to x = +4. From the graph, find (a) the value
of y when x = 2.2, and (b) the value of x when y = —3

Whenever an equation is given and a graph is required, a table
giving corresponding values of the variable is necessary. The
table is achieved as follows:

When x = -3, y=4x+3=4(-3)+3=—-12+3 =-9.
When x = -2, y=4(-2)+3=—-8+4+3 = -5, and so on.

Such a table is shown below:

x| -3 -2 -1 0 1 2 3 4
y| -9 -5 -1 3 7 11 15 19

The co-ordinates (—3, —9), (-2, —5), (—1, —1), and so on,
are plotted and joined together to produce the straight line
shown in Fig. 11.4. (Note that the scales used on the x and
y axes do not have to be the same) From the graph:

(a) when x =2.2,y = 11.8, and
(b) when y=-3,x =—-15

20 |

11.8
10 |

Fig. 11.4
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Problem 2.  Plot the following graphs on the same axes
between the range x = —4 to x = +4, and determine
the gradient of each.

@ y=x (b) y=x+2
© y=x+5 () y=x-3

A table of co-ordinates is produced for each graph.

(@ y=x

x| -4 -3 -2 -1 0 1 2 3 4
-4 -3 -2 -1 0 1 2 3 4

(b) y=x+2

-4 -3 -2 -1 0 1 2 3 4
-2 -1 0 1 2 3 4 5 6

©y=x+5

-4 -3 -2 -1 0 1 2 3 4
12 3 4 5 6 7 8 9

W A\ OO N 0o O <

N

Fig. 115

dy=x-3

x|-4 -3 -2 -1 0 1 2 3 4
y|l-7 -6 =5 -4 -3 -2 -1 0 1

The co-ordinates are plotted and joined for each graph. The
results are shown in Fig. 11.5. Each of the straight lines
produced are parallel to each other, i.e. the slope or gradient
is the same for each.

To find the gradient of any straight line, say, y = x — 3
a horizontal and vertical component needs to be constructed.
In Fig. 11.5, AB is constructed vertically at x = 4 and BC
constructed horizontally at y = —3. The gradient of AC

_AB_l—(—3)_4_l
T BC 4-0 4
i.e. the gradient of the straight line y = x —3 is 1. The actual

positioning of AB and BC is unimportant for the gradient is
also given by

DE_ —1-(-2) _1_,

EF~ 2—-1 1
The dope or gradient of each of the straight lines in
Fig. 11.5isthus 1 sincethey are all paralléel to each other.

Problem 3.  Plot the following graphs on the same axes
between the values x = —3 to x = 43 and determine
the gradient and y-axis intercept of each.

(a) y=3x (b) y=3x+7
© y=—4x+4 d y=—-4x-5

A table of co-ordinates is drawn up for each equation.

(@) y=3x
-3 -2 -1 0 1 2 3
-9 —6 -3 0 3 6
(b) y=3x+7
-3 -2 -1 1 2 3
-2 1 4 7 10 13 16
(c)y=—4x+4
-3 -2 -1 0 1 2 3
16 12 8 4 0 -4 -8
(d)y=—4x-5

-3 -2 -1 0 1 2 3
7 3 -1 -5 -9 -—-13 -17




Each of the graphs is plotted as shown in Fig. 11.6, and each
is a straight line. y = 3x and y = 3x 4 7 are parallel to each
other and thus have the same gradient. The gradient of AC
is given by

CB_16—7_9_3
BA~ 3-0 3
y
WA -
\\\7 16 /’5$X/\|c
< v
4 |
12 + !
1
1
gy
A 8 | \J/?
\\\ A B
Y,
K
S 4
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o
[
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w
N

-12

-16

Fig. 11.6

Hence the gradient of bothy =3x and y = 3x + 7 is 3.

y = —4x 4+ 4 and y = —4x — 5 are parallel to each
other and thus have the same gradient. The gradient of DF
is given by

FE _-5-(1n _ 12_ ,
ED  0-3 = -3
Hence the gradient of both y=-4x+4 and

y=—4x —5is—4
The y-axis intercept means the value of y where the
straight line cuts the y-axis. From Fig. 11.6,

y = 3x cuts the y-axis at y =10
y = 3x 4+ 7 cuts the y-axis at y = +7
y = —4x + 4 cuts the y-axis at y = +4

and y = —4x — 5 cuts the y-axis at y = —5

Some general conclusions can be drawn from the graphs
shown in Figs. 11.4, 11.5 and 11.6.

When an equation is of the form y = mx + ¢, where m
and ¢ are constants, then
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(i) a graph of y against x produces a straight line,
(i) m represents the slope or gradient of the line, and
(iii) ¢ represents the y-axis intercept.

Thus, given an equation such as y = 3x + 7, it may
be deduced ‘on sight’ that its gradient is +3 and its
y-axis intercept is +7, as shown in Fig. 11.6. Similarly, if
y = —4x -5, then the gradient is —4 and the y-axis intercept
is —5, as shown in Fig. 11.6.

When plotting a graph of the form y = mx + ¢, only
two co-ordinates need be determined. When the co-ordinates
are plotted a straight line is drawn between the two points.
Normally, three co-ordinates are determined, the third one
acting as a check.

Problem4. The following equations represent straight
lines. Determine, without plotting graphs, the gradient
and y-axis intercept for each.

(@) y=3
() y=5x—-1

(b) y=2x
(d 2x+3y=3

(a) y = 3 (which is of the form y = Ox + 3) represents a
horizontal straight line intercepting the y-axis at 3. Since
the line is horizontal its gradient is zero.

(b) y = 2x is of the form y = mx + ¢, where ¢ is zero.
Hence gradient = 2 and y-axis intercept = 0 (i.e. the
origin).

(c) y = 5x — 1 is of the form y = mx + c¢. Hence
gradient = 5 and y-axis intercept = —1

(d) 2x 4+ 3y = 3 is not in the form y = mx + ¢ as it stands.
Transposing to make y the subject gives 3y = 3 —2x, i.e.

_3—2x 3 2

y

3 3 3

. 2x
1.e. y:—?—i—l

which is of the form y = mx + c.
Hence gradient = —3 and y-axis intercept = +1

Problem5. Without plotting graphs, determine the
gradient and y-axis intercept values of the following
equations:

(@ y=7x-3 (b) 3y=—-6x+2

© y—2=4r+9 (@ 2=2_1

C — = —_— = = — =
J * 37375

) 2x+9y+1=0

(@) y =7x — 3 is of the form y = mx + ¢, hence gradient,
m = 7 and y-axis intercept, c = —3.
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(b) Rearranging 3y = —6x + 2 gives

6x 2
I
ie. y=—-2x+ %
3
which is of the form y = mx + ¢. Hence gradient
m = —2 and y-axis intercept, ¢ = 2

(c) Rearranging y —2 = 4x + 9 gives y = 4x + 11, hence
gradient = 4 and y-axis intercept = 11

@ R oy ox 1
earranging — — — — — g1ves
gimng 3 27 5 g
x 1 3 3
y = 3 _—_—— = —X — —
2 5 2 5
Hence gradient = 3 and y-axis intercept = — 3

(e) Rearranging 2x + 9y + 1 = 0 gives

9y =-2x—1,
. 2 1
1.€. = ——X— =
YT 79 Ty
Hence gradient = —3 and y-axis intercept = —3

Problem 6. Determine the gradient of the straight line
graph passing through the co-ordinates (a) (—2, 5) and
(3, 4), and (b) (=2, —3) and (—1, 3)

A straight line graph passing through co-ordinates (x;, y;)
and (x,, y,) has a gradient given by:

P =N
m =
X2 — X1

(see Fig. 11.7)

y

Y2
Ca. Q (Yo-y1)

J/1>"
]

Fig. 11.7

(a) A straight line passes through (—2, 5) and (3, 4), hence
xp=-2,yy=5x,=3and y, =4,

hence gradient m = 27N
X2 — X
4-5 1

T3-(=2 5

(b) A straight line passes through (—2, —3) and (—1, 3),
hence x; = =2, yy = -3, x, = —1 and y, =3,

- 3—(-3
hence gradient, m = R2=Nn = (=3)
—x —1-=(=2)
3+3 6
—142 1

Problem7. Plot the graph 3x + y + 1 = 0 and
2y — 5 =ux on the same axes and find their point of
intersection.

Rearranging 3x + y+ 1 =0 gives y = —3x — 1
Rearranging 2y — 5 = x gives 2y =x+ 5 and y = Jx +2}

Since both equations are of the form y = mx + ¢ both
are straight lines. Knowing an equation is a straight line
means that only two co-ordinates need to be plotted and
a straight line drawn through them. A third co-ordinate is
usually determined to act as a check. A table of values is
produced for each equation as shown below.

X 1 0 —1
31 4 2

X 2 0 -3
1 1 1 1

The graphs are plotted as shown in Fig. 11.8

Fig. 11.8

The two straight lines are seen to intersect at (—1, 2)



Now try the following exercise

Exercise 41 Further problemson straight line graphs
(Answers on page 257)

1. Corresponding values obtained experimentally for
two quantities are:

x| =20 =05 O 1.0 25 30 5.0
—13.0 =55 =30 20 95 120 220

Use a horizontal scale for x of 1cm = %unit and
a vertical scale for y of 1cm = 2 units and draw a
graph of x against y. Label the graph and each of its
axes. By interpolation, find from the graph the value

of y when x is 3.5

2. The equation of a line is 4y = 2x 4+ 5. A table
of corresponding values is produced and is shown
below. Complete the table and plot a graph of y
against x. Find the gradient of the graph.

x| —4 =3 -2 -1 0 1 2 3 4
—0.25 1.25 3.25

3. Determine the gradient and intercept on the y-axis
for each of the following equations:

@ y=4x-2 (b)) y=—x

€ y=-3x—4 () y=4

4. Find the gradient and intercept on the y-axis for each
of the following equations:

(a) 2y—1=4x (b) 6x—2y=5

X
© 32y-D=

Determine the gradient and y-axis intercept for each
of the equations in Problems 5 and 6 and sketch the
graphs.

5.(@ y=6x—3 (b) y=-2x+4

(© y=3x @ y=7

6. () 2y+1=4x b)) 2x+3y+5=0

y 17

X
(© 3(2y—4)=§ (d) 5x—§—§:0

7. Determine the gradient of the straight line graphs
passing through the co-ordinates:

(a) (2,7) and (=3, 4)
(b) (—4, —1) and (-5, 3)

1 3 15
© (1"1) and <‘5’§)
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8. State which of the following equations will produce
graphs which are parallel to one another:

(a y—4=2x (b) x=—-(y+1)

1 3
(d) 1+*y=§x

1
© x=20+53) >

(e) 2x= %(7 -

9. Draw a graph of y — 3x +5 = 0 over a range of
x = —3 to x = 4. Hence determine (a) the value of y
when x = 1.3 and (b) the value of x when y = —9.2

10. Draw on the same axes the graphs of y = 3x — 5
and 3y 4 2x = 7. Find the co-ordinates of the point
of intersection. Check the result obtained by solving
the two simultaneous equations algebraically.

11. Plot the graphs y = 2x + 3 and 2y = 15 — 2x on the
same axes and determine their point of intersection.

11.3 Practical problems involving straight
line graphs

When a set of co-ordinate values are given or are obtained
experimentally and it is believed that they follow a law of
the form y = mx + ¢, then if a straight line can be drawn
reasonably close to most of the co-ordinate values when
plotted, this verifies that a law of the form y = mx + ¢
exists. From the graph, constants m (i.e. gradient) and c (i.e.
y-axis intercept) can be determined. This technique is called
determination of law (see Chapter 15).

Problem8. The temperature in degrees Celsius and
the corresponding values in degrees Fahrenheit are
shown in the table below. Construct rectangular axes,
choose a suitable scale and plot a graph of degrees Cel-
sius (on the horizontal axis) against degrees Fahrenheit
(on the vertical scale).

°C 10 20 40 60 80 100
°F 50 68 104 140 176 212

From the graph find (a) the temperature in degrees
Fahrenheit at 55°C, (b) the temperature in degrees Cel-
sius at 167°F, (c) the Fahrenheit temperature at 0°C, and
(d) the Celsius temperature at 230°F.

The co-ordinates (10, 50), (20, 68), (40, 104), and so on
are plotted as shown in Fig. 11.9. When the co-ordinates
are joined, a straight line is produced. Since a straight line
results there is a linear relationship between degrees Celsius
and degrees Fahrenheit.
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240
230

200

167
160

131
120

F

B

Plot a graph of volume (vertical) against temperature
(horizontal) and from it find (a) the temperature when
the volume is 28.6m>, and (b) the volume when the
temperature is 67°C.

If a graph is plotted with both the scales starting at zero then
the result is as shown in Fig. 11.10. All of the points lie in
the top right-hand corner of the graph, making interpolation
difficult. A more accurate graph is obtained if the temperature
axis starts at 55°C and the volume axis starts at 24.5m?. The

80 |-

Degrees Fahrenheit (°F)

40}

1
1
1
1
1
1
|
1
1
1
1
|
32 F |
!

|
] ] A G ]

0 20 40 5560 7580
Degrees Celsius (°C)

i 1
100110120 x

g. 11.9

(a) To find the Fahrenheit temperature at 55°C a vertical

(b

(c

(d)

line AB is constructed from the horizontal axis to meet
the straight line at B. The point where the horizontal
line BD meets the vertical axis indicates the equivalent
Fahrenheit temperature.

Hence 55°C is equivalent to 131°F.

This process of finding an equivalent value in between
the given information in the above table is called inter-
polation.

=

To find the Celsius temperature at 167°F, a horizontal line
EF is constructed as shown in Fig. 11.9. The point where
the vertical line F'G cuts the horizontal axis indicates the
equivalent Celsius temperature.

Hence 167°F is equivalent to 75°C.

~

If the graph is assumed to be linear even outside of the
given data, then the graph may be extended at both ends
(shown by broken line in Fig. 11.9).

From Fig. 11.9, 0°C corresponds to 32°F.
230°F is seen to correspond to 110°C.

The process of finding equivalent values outside of the
given range is called extrapolation.

Problem 9.
value of the volume of gas, V m3, was measured for
various temperatures 7°C. Results are shown below.

In an experiment on Charles’s law, the

Vm?
T°C

250 258
60 65

26.6
70

274
75

282 29.0
80 85

axes corresponding to these values is shown by the broken
lines in Fig. 11.10 and are called false axes, since the origin
is not now at zero. A magnified version of this relevant part
of the graph is shown in Fig. 11.11. From the graph:

25

15k

Volume (m3)

10 F

1 1 1 Il 1

Fig. 11.10

20 40 60 80 100 x

Temperature (°C)

(a) when the volume is 28.6 m?, the equivalent temperature

is 82.5°C, and

(b) when the temperature is 67°C, the equivalent volume is

26.1m?3

Problem 10.

In an experiment demonstrating Hooke’s

law, the strain in an aluminium wire was measured for
various stresses. The results were:

Stress N/mm? 49 8.7 15.0
Strain 0.00007 0.00013 0.00021
Stress N/mm? | 18.4 242 27.3
Strain 0.00027 0.00034 0.00039

zontally). Find:

Plot a graph of stress (vertically) against strain (hori-




(a) Young’s Modulus of Elasticity for aluminium which
is given by the gradient of the graph,

(b) the value of the strain at a stress of 20 N/mm?, and
(c) the value of the stress when the strain is 0.00020

29 |

28.6 fp~—===mmmmmmmmmm e

28 |

27 F

Volume (m3)

261 F e
26 I

25F

| 1

55 60

1 1 1

65 67 70 75
Temperature (°C)

I
80 82585 x

Fig. 11.11

The co-ordinates (0.00007, 4.9), (0.00013, 8.7), and so on,
are plotted as shown in Fig. 11.12. The graph produced is the
best straight line which can be drawn corresponding to these
points. (With experimental results it is unlikely that all the
points will lie exactly on a straight line.) The graph, and each
of its axes, are labelled. Since the straight line passes through
the origin, then stress is directly proportional to strain for the
given range of values.

(a) The gradient of the straight line AC is given by

AB 28 —7 21
BC ~ 0.00040 — 0.00010 ~ 0.00030
21 7

T3x104  10¢
=7 x 10* = 70000 N/mm?
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28 F A
24 |
20 fmmmmm e

16}
14 fF-mmmmm e
12 f

Stress (N/mm2)

g

]
0 0.00005 0.00015 0.00025\ 0.00035 X

Strain 0.000285
Fig. 11.12

Thus Young's Modulus of Elasticity for aluminium is
70000 N/mm?

Since 1m? = 10°mm?, 70000 N/mm? is equivalent to
70000 x 10° N/m?, i.e. 70 x 10° N/m? (or Pascals)
From Fig. 11.12:

(b) the value of the strain at a stress of 20N/mm? is
0.000285, and

(c) the value of the stress when the strain is 0.00020 is
14N/mm?

Problem11. The following values of resistance R
ohms and corresponding voltage V volts are obtained
from a test on a filament lamp.

R ohms 30 48.5 73 107 128
V' volts 16 29 52 76 94

Choose suitable scales and plot a graph with R rep-
resenting the vertical axis and V the horizontal axis.
Determine (a) the gradient of the graph, (b) the R axis
intercept value, (c) the equation of the graph, (d) the
value of resistance when the voltage is 60 V, and (e) the
value of the voltage when the resistance is 40 ohms.
(f) If the graph were to continue in the same manner,
what value of resistance would be obtained at 110 V?

The co-ordinates (16, 30), (29, 48.5), and so on, are shown

plotted in Fig. 11.13 where the best straight line is drawn
through the points.

(a) The slope or gradient of the straight line AC is given by

AB  135—10 125

BC ~ 100—0 100

(Note that the vertical line AB and the horizontal line

BC may be constructed anywhere along the length of the

=125
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Fig. 11.13

straight line. However, calculations are made easier if the
horizontal line BC is carefully chosen, in this case, 100).

(b) The R-axis intercept is at R = 10 ohms (by extrapola-
tion).

(c) The equation of a straight line is y = mx + ¢, when
y is plotted on the vertical axis and x on the horizontal
axis. m represents the gradient and ¢ the y-axis intercept.
In this case, R corresponds to y, V corresponds to x,
m = 1.25 and ¢ = 10. Hence the equation of the graph
is R=(1.25V + 10)Q.

From Fig. 11.13,

(d) when the voltage is 60 V, the resistance is 85
(e) when the resistance is 40 ohms, the voltage is 24V, and

(f) by extrapolation, when the voltage is 110V, the resis-
tance is 147 Q.

Problem 12. Experimental tests to determine the
breaking stress o of rolled copper at various
temperatures ¢ gave the following results.

Stress o N/cm? 8.46 8.04 7.78
Temperature °C | 70 200 280

Stress o N/cm? 7.37 7.08 6.63
Temperature °C | 410 500 640

Show that the values obey the law o = at + b, where a
and b are constants and determine approximate values
for a and b. Use the law to determine the stress at 250°C
and the temperature when the stress is 7.54 N/cm?.

The co-ordinates (70, 8.46), (200, 8.04), and so on, are plotted
as shown in Fig. 11.14. Since the graph is a straight line then
the values obey the law o = at + b, and the gradient of the
straight line is

u AB _ 8.36 —6.76 _ 1.60 — _0.0032
BC 100 — 600 -500

8.68
8.50 \
8.36 f---->

8.00 |

7.50

Stress 6 N/cm?2

7.00 |

6.76 [------

B c
650 1 | 1 L 1 1
0 100 200 300 400 500 600
Temperature t°C

700 x

Fig. 11.14

Vertical axis intercept, b = 8.68
Hence the law of the graph is o = 0.0032t 4 8.68

When the temperature is 250°C, stress o is given by
o = —0.0032(250) + 8.68 = 7.88N/cm?
Rearranging o = —0.0032¢ + 8.68 gives

0.0032¢t = 8.68 — o,

. 8.68 — o
1.e. = —
0.0032

Hence when the stress o = 7.54 N/cmz, temperature

_ 8.68—754
T 0.0032

= 356.3°C



Now try the following exercise

Exercise 42 Further practical problems involving
straight line graphs (Answers on

page 257)

1. The resistance R ohms of a copper winding is mea-
sured at various temperatures °C and the results are
as follows:

R ohms 112 120 126 131 134
°C 20 36 48 58 64

Plot a graph of R (vertically) against ¢ (horizon-
tally) and find from it (a) the temperature when the
resistance is 122 Q and (b) the resistance when the
temperature is 52°C.

2. The speed of a motor varies with armature voltage
as shown by the following experimental results:

n (rev/min) 285 517 615 750 917 1050
V volts 60 95 110 130 155 175

Plot a graph of speed (horizontally) against voltage
(vertically) and draw the best straight line through
the points. Find from the graph (a) the speed at a
voltage of 145V, and (b) the voltage at a speed of
400 rev/min.

3. The following table gives the force F' newtons which,
when applied to a lifting machine, overcomes a
corresponding load of L newtons.

Force F
newtons 25 47 64 120 149 187
Load L
newtons 50 140 210 430 550 700

Choose suitable scales and plot a graph of F (verti-
cally) against L (horizontally). Draw the best straight
line through the points. Determine from the graph
(a) the gradient, (b) the F-axis intercept, (c) the
equation of the graph, (d) the force applied when the
load is 310N, and (e) the load that a force of 160 N
will overcome. (f) If the graph were to continue in
the same manner, what value of force will be needed
to overcome a 800 N load?

4. The following table gives the results of tests carried
out to determine the breaking stress o of rolled copper
at various temperatures, t:

Stress o (N/cm?) 8.51 8.07 7.80
Temperature #(°C) 75 220 310
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Stress o (N/cm?) 7.47 7.23 6.78
Temperature 1(°C) 420 500 650

Plot a graph of stress (vertically) against temperature
(horizontally). Draw the best straight line through the
plotted co-ordinates. Determine the slope of the graph
and the vertical axis intercept.

. The velocity v of a body after varying time intervals

t was measured as follows:

t (seconds) 2 5 8 11 15 18
v (m/s) 169 19.0 21.1 232 26.0 28.1

Plot v vertically and ¢ horizontally and draw a graph
of velocity against time. Determine from the graph
(a) the velocity after 10s, (b) the time at 20 m/s and
(c) the equation of the graph.

. The mass m of a steel joint varies with length L as

follows:

mass, m (kg) 80 100 120 140 160
length, L (m) 3.00 3.74 448 523 597

Plot a graph of mass (vertically) against length (hor-
izontally). Determine the equation of the graph.

. The crushing strength of mortar varies with the per-

centage of water used in its preparation, as shown
below.

Crushing

strength, F
(tonnes) 1.64 1.36 1.07 0.78 0.50 0.22
% of water

used, w% 6 9 12 15 18 21

Plot a graph of F (vertically) against w (horizontally).

(a) Interpolate and determine the crushing strength
when 10% of water is used.

(b) Assuming the graph continues in the same man-
ner extrapolate and determine the percentage
of water used when the crushing strength is
0.15 tonnes.

(c) What is the equation of the graph?

. In an experiment demonstrating Hooke’s law, the

strain in a copper wire was measured for various
stresses. The results were:

Stress
(pascals) 10.6 x 10® 18.2 x 10® 24.0 x 10°
Strain 0.00011 0.00019 0.00025
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Stress (pascals) 30.7 x 10% 39.4 x 10°

Strain 0.00032  0.00041

Plot a graph of stress (vertically) against strain (hori-
zontally). Determine (a) Young’s Modulus of Elastic-
ity for copper, which is given by the gradient of the
graph, (b) the value of strain at a stress of 21 x 10° Pa,
(c) the value of stress when the strain is 0.00030

9. An experiment with a set of pulley blocks gave the
following results:

Effort,
E (newtons)
Load,
L (newtons) 15 25 38 57 74 88

9.0 11.0 13.6 174 20.8 23.6

10.

Plot a graph of effort (vertically) against load (hori-
zontally) and determine (a) the gradient, (b) the ver-
tical axis intercept, (c) the law of the graph, (d) the
effort when the load is 30N and (e) the load when
the effort is 19N

The variation of pressure p in a vessel with tem-
perature T is believed to follow a law of the form
p = aT + b, where a and b are constants. Verify this
law for the results given below and determine the
approximate values of a and b. Hence determine the
pressures at temperatures of 285 K and 310K and the
temperature at a pressure of 250 kPa.

Pressure, p
kPa 244 247 252 258 262 267
Temperature,
T K 273 277 282 289 294 300
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Graphical solution of equations

12.1 Graphical solution of simultaneous

equations

Linear simultaneous equations in two unknowns may be
solved graphically by:

(i) plotting the two straight lines on the same axes, and

(ii) noting their point of intersection.

The co-ordinates of the point of intersection give the required
solution.

Problem 1. Solve graphically the simultaneous
equations

2x —y=4
x+y=5

Rearranging each equation into y = mx + ¢ form gives:
y=2x—4 1)
V= —x+5 @)

Only three co-ordinates need be calculated for each graph
since both are straight lines.

X 0 1 2
y=2x—4 —4 -2 0
X 0 1 2
y=-—-x+5 5 4 3

Each of the graphs is plotted as shown in Fig. 12.1. The
point of intersection is at (3,2) and since this is the only
point which lies simultaneously on both lines then X = 3,
y = 2 is the solution of the simultaneous equations.

Wl

-4 -3 -2

Fig. 12.1

Problem 2. Solve graphically the equations

1.20x +y =1.80
x —5.0y =8.50

Rearranging each equation into y = mx + ¢ form gives:

y=—120x+ 1.80 9]
X 8.5
YT50 50
ie. y=0.20x—1.70 (2)

Three co-ordinates are calculated for each equation as shown
below.
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X 0 1 2
y=—1.20x+1.80 1.80 0.60 —0.60
X 0 1 2
y=0.20x — 1.70 —1.70 —1.50 —1.30

The two lines are plotted as shown in Fig. 12.2. The point of
intersection is (2.50, —1.20). Hence the solution of the simul-
taneous equation is X = 2.50, y = —1.20. (It is sometimes
useful initially to sketch the two straight lines to determine
the region where the point of intersection is. Then, for greater
accuracy, a graph having a smaller range of values can be
drawn to ‘magnify’ the point of intersection).

y=0.20x+1.70

y=-1.20x+1.80

Fig. 12.2

Now try the following exercise

Exercise 43 Further problems on the graphical solu-
tion of simultaneous equations (Answers
on page 257)

In Problems 1 to 5, solve the simultaneous equations
graphically.

. x+y=2 2. y=5-—x
3y—2x=1 x—y=2
3. 3x+4y=>5 4. 14x—7.06=32y

2x—5y+12=0 2.1x — 6.7y = 12.87
5. 3x—-2y=0
4x+y+11=0

6. The friction force F newtons and load L newtons are

connected by a law of the form F' = alL + b, where

a and b are constants. When F = 4 newtons, L = 6
newtons and when F = 2.4 newtons, L = 2 newtons.
Determine graphically the values of a and b.

12.2 Graphical solutions of quadratic
equations

A general quadratic equation is of the form
y=ax’ +bx +c,

where a, b and ¢ are constants and a is not equal to zero.

A graph of a quadratic equation always produces a shape
called a parabola.

The gradient of the curve between 0 and A and between B
and C in Fig. 12.3 is positive, whilst the gradient between A
and B is negative. Points such as A and B are called turning
points. At A the gradient is zero and, as x increases, the
gradient of the curve changes from positive just before A to
negative just after. Such a point is called a maximum value.
At B the gradient is also zero, and, as x increases, the gradient
of the curve changes from negative just before B to positive
just after. Such a point is called a minimum value.

Fig. 12.3

Quadratic graphs

(i) y =ax?

Graphs of y = x?, y = 3x? and y = 1x* are shown in

Fig. 12.4.

(b) (©

Fig. 12.4



All have minimum values at the origin (0,0).

Graphs of y = —x?, y = —3x? and y = —Jx” are shown
in Fig. 12.5.

All have maximum values at the origin (0,0).
When y = ax*:
(a) curves are symmetrical about the y-axis,

(b) the magnitude of ‘a’ affects the gradient of the
curve,

and (c) the sign of ‘@’ determines whether it has a
maximum or minimum value.

(i) y=ax?+c

Graphs of y = x> +3, y=x> -2, y = —x> +2 and
y = —2x> — 1 are shown in Fig. 12.6.

y
y y=X2_2
y=x2+3 \ 2F /
3 ! !
Q/ X
| !
-1 0 1 x -2

T
1 X
v
/ -1 0
=—X242
y y=-2x2-1

(© )

Fig. 12.6
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When y = ax? + c:
(a) curves are symmetrical about the y-axis,
(b) the magnitude of ‘a’ affects the gradient of the
curve,
and (c) the constant ‘c’ is the y-axis intercept.

(iii) y =ax?4+bx +c¢

Whenever ‘b’ has a value other than zero the curve is
displaced to the right or left of the y-axis. When b/a is
positive, the curve is displaced b/2a to the left of the
y-axis, as shown in Fig. 12.7(a). When b/a is negative
the curve is displaced b/2a to the right of the y-axis, as
shown in Fig. 12.7(b).

12

1 \

y=x2+6x+11

8
6
4
2

1
5 4 3 2 10

€Y (b)

Fig. 12.7

Quadratic equations of the form ax> + bx + ¢ = 0 may be
solved graphically by:

(i) plotting the graph y = ax® + bx + ¢, and
(i1) noting the points of intersection on the x-axis (i.e. where
y=0).

The x values of the points of intersection give the required
solutions since at these points both y = 0 and

ax> +bx+c¢=0

The number of solutions, or roots of a quadratic equation,
depends on how many times the curve cuts the x-axis and
there can be no real roots (as in Fig. 12.7(a)) or one root (as
in Figs. 12.4 and 12.5) or two roots (as in Fig. 12.7(b)).

Problem 3. Solve the quadratic equation
4 +4x—15=0

graphically given that the solutions lie in the range
x = —3 to x = 2. Determine also the co-ordinates and
nature of the turning point of the curve.

Let y = 4x? + 4x — 15. A table of values is drawn up as
shown below.
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x -3 -2 -1 0 1 2
4x? 36 16 4 0 4 16
4x -12 -8 —4 0 4 8

—15 —15 —15 —15 —15 —15 —15

y=4x*+4x—15 9 -7 —15 —-15 -7 9

A graph of y = 4x*> 4+ 4x — 15 is shown in Fig. 12.8.
The only points where y = 4x*> + 4x — 15 and y = 0 are
the points marked A and B. This occurs at X = —2.5 and
X = 1.5 and these are the solutions of the quadratic equation
4x? + 4x — 15 = 0. (By substituting x = —2.5 and x = 1.5
into the original equation the solutions may be checked.) The
curve has a turning point at (—0.5, —16) and the nature of
the point is a minimum.

y
12 y=4x2+4x-15
8._
4_
L _\A] 0.5 1 B4 1
2 X
15

Fig. 12.8

An alternative graphical method of solving
4 +4x—15=0

is to rearrange the equation as 4x> = —4x + 15 and then plot
two separate graphs — in this case y = 4x? and y = —4x+15.
Their points of intersection give the roots of equation

4x* = —4x + 15,

i.e. 4x> 4 4x — 15 = 0. This is shown in Fig. 12.9, where the
roots are x = —2.5 and x = 1.5 as before.

Problem4. Solve graphically the quadratic equation
—5x2+49x+7.2 = 0 given that the solutions lie between
x = —1 and x = 3. Determine also the co-ordinates of
the turning point and state its nature.

y
y=4x2
30|
25
)
1
1 20_
1
1
1
1 1
]
1
[} -
, 10
1
! |
: 51 | <— y=—4x+5
1 1
L1 ] L ]
-3 \7 -1 0 1 \2 3 X
-2.5 1.5
Fig. 12.9
y
12
11.25 F----
10}

y=-5x2+9x+7.2

Fig. 12.10

Let y = —5x% + 9x + 7.2. A table of values is drawn up as
shown on page 91. A graph of y = —5x?+9x+7.2 is shown
plotted in Fig. 12.10. The graph crosses the x-axis (i.e. where
y=0)atX = —0.6 and x = 2.4 and these are the solutions
of the quadratic equation

—5x249x+72=0

The turning point is a maximum having co-ordinates
(0.9,11.25)
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X -1 —0.5 0 1
—5x? =5 —1.25 0 =5
+9x -9 —4.5 0 9
+7.2 7.2 7.2 7.2 7.2

y=-5>+9%+72 |68 1.45 7.2 11.2

Problem 6. Plot the graph of y = —2x? 4+ 3x + 6 for
values of x from x = —2 to x = 4. Use the graph to
find the roots of the following equations:

(@ —2x>+3x+6=0 (b) —2x>+3x+2=0
() =2x>+3x+9=0 ) —2x>+x+5=0

X 2 25 3
A table of values is drawn up as shown below.

—5x2 -20 —31.25 —45

+9x 18 22.5 27 R 2 0 1 2 3 4
+7.2 7.2 7.2 7.2

5 —2x* | -8 =2 o -2 -8 -—-18 =32
y=-=5x"4+9%+72 52 —1.55 —10.8 +3x 6 -3 0 3 6 9 12
+6 6 6 6 6 6 6 6
Problem5. Plot a graph of y = 2x? and hence solve Y —8 1 6 7 4 -3 -

the equations:

() 2x> —8=0and (b) 2x> —x—3=0

A graph of y = 2x? is shown in Fig. 12.11.

10

Fig. 12.11

(a) Rearranging 2x*> — 8 = 0 gives 2x> = 8 and the
solution of this equation is obtained from the points of
intersection of y = 2x? and y = 8, i.e. at co-ordinates
(—2,8) and (2,8), shown as A and B, respectively, in
Fig. 12.11. Hence the solutions of 2x> — 8 = 0 are
X=—-2and x =+2

(b) Rearranging 2x> — x — 3 = 0 gives 2x*> = x + 3 and the
solution of this equation is obtained from the points of
intersection of y = 2x> and y = x+ 3, i.e. at C and D in
Fig. 12.11. Hence the solutions of 2x*> — x — 3 = 0 are
x=—-1land x =15

A graph of —2x? + 3x + 6 is shown in Fig. 12.12.

<—

8 y=-2x2+3x+6

1 i —
' X
1.85 2.63 \ |
F\ y=-3
-6F
-8F
Fig. 12.12
(a) The parabola y = —2x> + 3x + 6 and the straight
line y = O intersect at A and B, where X = —1.13

and X = 2.63 and these are the roots of the equation
—2x*+3x+6=0
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(b) Comparing y = —2x> +3x + 6 1)
with 0=-2x>+3x+2 ()

shows that if 4 is added to both sides of equation (2),
the right-hand side of both equations will be the same.
Hence 4 = —2x? 4 3x + 6. The solution of this equation
is found from the points of intersection of the line y = 4
and the parabola y = —2x% 4 3x + 6, i.e. points C and
D in Fig. 12.12. Hence the roots of —2x> +3x +2 =0
are X = —05and x =2

() —2x* 4+ 3x + 9 = 0 may be rearranged as
—2x* +3x+6=-3

and the solution of this equation is obtained from the
points of intersection of the line y = —3 and the parabola
y = —2x?>+3x+6x, i.e. at points E and F in Fig. 12.12.
Hence the roots of —2x2 +3x+9 = 0 are X = —1.5
and x =3

(d) Comparing y = —2x*> 4+ 3x+ 6 3)
with 0=—-2x"+x+5 “)

shows that if 2x+1 is added to both sides of equation (4)
the right-hand side of both equations will be the same.
Hence equation (4) may be written as

2x+1=-2x*+3x+6

The solution of this equation is found from the points
of intersection of the line y = 2x + 1 and the parabola
y = —2x%> +3x + 6, i.e. points G and H in Fig. 12.12.
Hence the roots of —2x2 +x +5 = 0 are X = —1.35
and x = 1.85

Now try the following exercise

Exercise 44 Further problems on solving quadratic
equations graphically (Answers on
page 257)
1. Sketch the following graphs and state the nature and
co-ordinates of their turning points

(@) y=4x> b)) y=2x*—1

© y=—x"43 @ y=—3x"—1
Solve graphically the quadratic equations in Problems

2 to 5 by plotting the curves between the given limits.
Give answers correct to 1 decimal place.

497 —x—1=0;
x? —3x =27,
262 —6x —9=0;
. 2x(5x — 2) = 39.6;

. Solve the quadratic equation 2x*> + 7x + 6 = 0
graphically, given that the solutions lie in the range

x=—1ltox=1
x=-5tox=38
x=—-2tox=5

x=-2tox=3

o v oA o

x = —3 to x = 1. Determine also the nature and
co-ordinates of its turning point.

7. Solve graphically the quadratic equation
10x* —9x — 11.2=10

given that the roots lie between x = —1 and x = 2

8. Plot a graph of y = 3x> and hence solve the
equations.

(a)3x>—8=0and (b)3x>—2x—1=0

9. Plot the graphs y = 2x* and y = 3 — 4x on the
same axes and find the co-ordinates of the points
of intersection. Hence determine the roots of the
equation 2x*> +4x —3 =0

10. Plot a graph of y = 10x*> — 13x — 30 for values of x
between x = —2 and x = 3.
Solve the equation 10x> — 13x — 30 = 0 and from
the graph determine (a) the value of y when x is 1.3,
(b) the value of x when y is 10 and (c) the roots of
the equation 10x*> — 15x — 18 =0

12.3 Graphical solution of linear and
quadratic equations simultaneously

The solution of linear and quadratic equations simultane-
ously may be achieved graphically by: (i) plotting the straight
line and parabola on the same axes, and (ii) noting the points
of intersection. The co-ordinates of the points of intersection
give the required solutions.

Problem 7. Determine graphically the values of x and
y which simultaneously satisfy the equations

y=2x>—3x—4and y =2 — 4x

y = 2x? —3x — 4 is a parabola and a table of values is drawn
up as shown below:

X -2 -1 0 1 2 3

2x2 8 2 0 2 8 18
—3x 6 3 0 -3 -6 -9
—4 -4 -4 -4 —4 -4 4
y 10 1 -4 -5 =2 5

y = 2 —4x is a straight line and only three co-ordinates need
be calculated:

X 0 1 2
y 2 -2 -6

The two graphs are plotted in Fig. 12.13 and the points of
intersection, shown as A and B, are at co-ordinates (—2,10)



Fig. 12.13

and (1% — 4). Hence the simultaneous solutions occur when
X =—2,y=10and when x = 1}, y = —4

(These solutions may be checked by substituting into each
of the original equations)

Now try the following exercise

Exercise 45 Further problems on solving linear and
quadratic equations simultaneously
(Answers on page 258)

1. Determine graphically the values of x and y which
simultaneously satisfy the equations y = 2(x>—2x—4)
and y+4 = 3x

2. Plot the graph of y = 4x? — 8x — 21 for values of x
from —2 to +4. Use the graph to find the roots of the
following equations:

(@) 4x* —8x—21=0 (b) 4x>—8x—16=0
(c) 4x* —6x—18=0

12.4 Graphical solution of cubic equations

A cubic equation of the form ax® + bx? + cx +d = 0 may
be solved graphically by: (i) plotting the graph

y=ax’+bx*+cx+d

and (ii) noting the points of intersection on the x-axis (i.e.
where y = 0). The x-values of the points of intersection give
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the required solution since at these points both y = 0 and
ax’ +bx*> +cx +d =0.

The number of solutions, or roots of a cubic equation
depends on how many times the curve cuts the x-axis and
there can be one, two or three possible roots, as shown in
Fig. 12.14.

y y y

S

@ (b) ©

Fig. 12.14

Problem 8. Solve graphically the cubic equation
4’ — 8¢ — 15x+9=0

given that the roots lie between x = —2 and x = 3.
Determine also the co-ordinates of the turning points
and distinguish between them.

Let y = 4x3 — 8x> — 15x + 9. A table of values is drawn up
as shown below.

X -2 -1 0 1 2 3

4x3 -32 —4 0 4 32 108
—8x? -32 -8 0 -8 =32 =72
—15x 30 15 0 -15 -30 —45
+9 9 9 9 9 9 9
y —25 12 9 =10 =21 0

A graph of y = 4x* — 8x? — 15x 4+ 9 is shown in Fig. 12.15.
The graph crosses the x-axis (where y = 0) at X = —l%,

x=1

5 and X = 3 and these are the solutions to the cubic
equation 4x* — 8x> — 15x + 9 = 0. The turning points occur
at (—0.6,14.2), which is a maximum, and (2,—21), which is

a minimum.

Problem9. Plot the graph of y = 2x*—7x?+4x+4 for
values of x between x = —1 and x = 3. Hence deter-
mine the roots of the equation 2x3 — 7x> 4+ 4x 4+ 4 =0

A table of values is drawn up as shown below.

X -1 0 1 2 3

23 -2 0 2 16 54
—7x? -7 0 =7 —28 —63
+4x —4 0 4 8 12
+4 4 4 4 4 4
y 9 4 3 0 7
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Fig. 12.15

y=2x3-Tx2+4x+4

Fig. 12.16

A graph of y = 2x* — 7x* + 4x + 4 is shown in Fig. 12.16.
The graph crosses the x-axis at x = —0.5 and touches the
x-axis at x = 2.

Hence the solutions of the equation 2x* —7x* +4x+4 =0
are X = —05and x =2

Now try the following exercise

Exercise 46 Further problems on solving cubic
equations (Answers on page 258)

1. Plot the graph y = 4x* + 4x?> — 11x — 6 between
x = —3 and x = 2 and use the graph to solve the
cubic equation 4x* +4x> — 11x —6 =0

2. By plotting a graph of y = x* — 2x> —5x + 6

between x = —3 and x = 4 solve the equation

x3 —2x* —5x+6 = 0. Determine also the co-ordinates

of the turning points and distinguish between them.

In Problems 3 to 6, solve graphically the cubic equations
given, each correct to 2 significant figures.

X=1=0
X —x>=5x+2=0
X =22 =2x-2

2x® —x2 —9.08x +8.28 =0

Y

. Show that the cubic equation
8x7 +36x” 4+ 54x +27 =0

has only one real root and determine its value.

Assignment 6

This assignment covers the material contained in
Chapters 11 and 12. The marks for each question

are shown in brackets at the end of each question.

1. Determine the gradient and intercept on the y-axis for
the following equations:

(@ y=-5x+2 (b)3x+2y+1=0 (5)
2. The equation of a line is 2y = 4x + 7. A table of

corresponding values is produced and is as shown
below. Complete the table and plot a graph of y against

x. Determine the gradient of the graph. (6)
x |-3 -2 —1 0 1 2 3
y |25 7.5

3. Plot the graphs y = 3x+2 and %—i—x = 6 on the same

axes and determine the co-ordinates of their point of
intersection. 7

4. The velocity v of a body over varying time intervals

t was measured as follows:

t seconds 2 5 7 10 14 17
v m/s 155 17.3 185 203 227 245

Plot a graph with velocity vertical and time horizontal.
Determine from the graph (a) the gradient, (b) the



vertical axis intercept, (c) the equation of the graph,
(d) the velocity after 12.5s, and (e) the time when the
velocity is 18 m/s. )
. Solve, correct to 1 decimal place, the quadratic equa-

tion 2x2 — 6x — 9 = 0 by plotting values of x from
x=—-2tox=5 )
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6. Plot the graph of y = x> + 4x> + x — 6 for values of

x between x = —4 and x = 2. Hence determine the
roots of the equation x* +4x> +x — 6 =0 @

. Plot a graph of y = 2x? from x = —3 to x = 43 and

hence solve the equations:
@)2x*—8=0 (b)2x>—4x—6=0 9)
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Logarithms

13.1 Introduction to logarithms

With the use of calculators firmly established, logarithmic
tables are now rarely used for calculation. However, the the-
ory of logarithms is important, for there are several scientific
and engineering laws that involve the rules of logarithms.

If a number y can be written in the form a*, then the index
x is called the ‘logarithm of y to the base of a’,

ie. |ify=a* then x =log,y

Thus, since 1000 = 10°, then 3 = log,, 1000
Check this using the ‘log’ button on your calculator.
(a) Logarithms having a base of 10 are called common

logarithms and log,, is usually abbreviated to 1g. The
following values may be checked by using a calculator:

1g17.9 =1.2528...,1g462.7 = 2.6652...
and 1g0.0173 = —1.7619...

(b) Logarithms having a base of e (where ‘e’ is a mathemat-
ical constant approximately equal to 2.7183) are called
hyperbolic, Napierian or natural logarithms, and log,
is usually abbreviated to In. The following values may
be checked by using a calculator:

In3.15=1.1474...,In362.7 = 5.8935 ...
and In0.156 = —1.8578...

For more on Napierian logarithms see Chapter 14.

13.2 Laws of logarithms

There are three laws of logarithms, which apply to any
base:

(i) To multiply two numbers:

log (AxB)=1og A+ logB

The following may be checked by using a calculator:
Ig10 =1,

also lg5+1g2 =0.69897...+0.301029... =1

Hence 1g(5x2)=1gl0=1g5+1g2

(i) To divide two numbers:

A
log (ﬁ) =logA—logB

The following may be checked using a calculator:
5
In (5) =1n2.5=0.91629...

Also In5—1In2=1.60943... —0.69314...
=0.91629...

Hence In <%) =In5—1In2

(iii) To raise a number to a power:

IgA" =n log A

The following may be checked using a calculator:
1g52 =1g25 =1.397%. ..

Also 21g5=2x0.69897...=1.397%4...

Hence 1g5% =21g5

Problem1. Evaluate (a) log;9 (b) log,, 10
(c) log;s 8




(a) Let x = log;9 then 3* = 9 from the definition of a
logarithm, i.e. 3* = 32, from which x = 2.
Hence log; 9 = 2

(b) Let x = log,, 10 then 10* = 10 from the definition of a
logarithm, i.e. 10 = 10!, from which x = 1.
Hence 10g,; 10 = 1 (which may be checked by a calcu-
lator).

(c) Let x = log,, 8 then 16 = 8, from the definition of a

logarithm, i.e. (2*)* =23, i.e. 2% = 23 from the laws of
3

indices, from which, 4x =3 and x = §

_3
Hence log;s8 = 3

Problem 2. Evaluate (a) 1g0.001 (b) Ine

1
log, —
(c) log 31

(a) Let x = 1g0.001 = log,,0.001 then 10* = 0.001, i.e.
10* = 1073, from which x = —3
Hence 1g0.001 = —3 (which may be checked by a
calculator).

(b) Let x = Ine = log.e then e¢* = e, ie. e = e! from
which x = 1
Hence Ine = 1 (which may be checked by a calculator).

1

1 1
(c) Letx j log, sl then 3* = Sl =3 = 374, from which
Xx=—

1
Hence log, 8l = —4

Problem 3. Solve the following equations:
(@lgx=3 () log,x=3 (c)logsx = -2

(a) If lgx = 3 then log;,x = 3 and x = 103, i.e. x = 1000
(b) If log, x =3 then X = 2=8

1
(c) If logsx = —2 thenx =572 = 5= 2%

Problem4. Write (a) log30 (b) log450 in terms of
log2, log3 and log5 to any base.

(a) log30=1log(2 x 15) =1log(2 x 3 x 5)
=log2+log3+ log5
by the first law of logarithms
(b) log450 =log(2 x 225) =1log(2 x 3 x 75)
=log(2 x 3 x 3 x 25)
=log(2 x 3% x 5%)
=log?2 + log 3* + log 5°
by the first law of logarithms
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ie log450 =log2+ 2log3+ 2log5
by the third law of logarithms

8><«4/§

Problem5. Write log a1

> in terms of log2,

log3 and log 5 to any base.

8 x /5
10g< >;1\/_>:10g8—l—log(y_—logﬁll, by the first

and second laws of logarithms
=1log2® + log 5% — log 3*

by the laws of indices

=3log2+ %IogS— 41093

. <8 X f/§>
ie. log 21

by the third law of logarithms

Problem 6. Simplify log 64 — log 128 + log 32

64 = 25,128 =27 and 32 = 25

Hence log 64 — log 128 + log 32 = log 2° — log2’ + log 2’
=6log2 —7log2 + 5log2
by the third law of logarithms
=4 log 2

log 25 — log 125 + 1 log 625

Problem7. Evaluate
3log5

log25 —log 125 + 510g625  log5* —log5° + 3 log 5*
3log5 N 3log5
_210g5—310g5+%10g5
N 3log5
_llog5 1

" 3log5 3

Problem 8. Solve the equation:

log(x — 1) 4+ log(x + 1) = 2log(x + 2)

log(x — 1)+ log(x + 1) =log(x — 1)(x+ 1) from the first
law of logarithms
=log(x? — 1)
2log(x + 2) = log(x + 2)* = log(x® + 4x + 4)
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Hence if  log(x* — 1) = log(x* + 4x + 4)
then ¥ —l=x*+4x+4
ie. —1=4x+4
ie. —5 =4x

5 1
ie. X=—" —-1°
1.€ 4 or 4

Solve the equations given in Problems 28 to 30:

28. logx* —logx® = log 5x — log 2x
29. log2t® —logt =log 16 + logt
30. 2logh®> — 3logh = log8b — log 4b

Now try the following exercise

Exercise 47 Further problems on the laws of loga-
rithms (Answers on page 258)

In Problems 1 to 11, evaluate the given expression:

1. log,, 10000 2. log, 16 3. logs125

1
4. logzg 5. logg2 6. log,343
7. 1g 100 8. 1g0.01 9. log,8
10. logy, 3 11. Iné?

In Problems 12 to 18 solve the equations:

12. logp,x=4 13. logx =35

1
14. logz;x =2 15. log,x = —25
4
16. 1gx =—-2 17. loggx = -3
18. Inx =3

In Problems 19 to 22 write the given expressions in terms
of log2, log3 and log5 to any base:

19. log 60 20. log 300

16 x /5 125 x /16

21. log 16xV5) oy log [ -2 XV2
27 V813

Simplify the expressions given in Problems 23 to 25:

23. log27 —log9 + log 81
24. log 64 +log32 —log 128
25. log 8 — log4 + log 32

Evaluate the expressions given in Problems 26 and 27:

» +log16 — 1 log8
' log4

log9 —log3 + %10g81

27.
2log3

13.3 Indicial equations

The laws of logarithms may be used to solve certain
equations involving powers — called indicial equations. For
example, to solve, say, 3 = 27, logarithms to a base of 10
are taken of both sides,

ie. log,,3" =log,,27
and xlog,,3 = log,, 27 by the third law of logarithms.

log,p27  1.43136...

= = 3 which
0.4771...

Rearranging gives x =
log 3

may be readily checked.
(Note, (log8/log?2) is not equal to 1g(8/2))

Problem9. Solve the equation 2* = 3, correct to 4
significant figures.

Taking logarithms to base 10 of both sides of 2* = 3 gives:
logy 2" =log,, 3

ie. xlogy2 = log;y3

Rearranging gives:

_log;y3 _ 0.47712125...

- - = 1.585
log,,2  0.30102999...

correct to 4 significant figures.

Problem 10. Solve the equation 2°*! = 3%~ correct
to 2 decimal places.

Taking logarithms to base 10 of both sides gives:
log;p 2! = logy 37
ie. (x+1)log,,2 = (2x —5)log,, 3
xlog,y2 +log,,2 = 2xlog,; 3 — 5log;, 3
x(0.3010) + (0.3010) = 2x(0.4771) — 5(0.4771)
ie. 0.3010x + 0.3010 = 0.9542x — 2.3855
Hence 2.3855 +0.3010 = 0.9542x — 0.3010x
2.6865 = 0.6532x



from which x = @ =411
0.6532

correct to 2 decimal places.

Problem 11. Solve the equation x*>2 = 41.15, correct
to 4 significant figures.

Taking logarithms to base 10 of both sides gives:

log,,x** = log,;41.15
3.2log o, x =log,,41.15

_ log;p41.15

H 1 = = 0.50449
ence 0g X 30

Thus X = antilog 0.50449 = 10%3%*° = 3.195 correct to 4

significant figures.

Now try the following exercise

Exercise 48 Indicial equations (Answers on
page 258)

Solve the following indicial equations for x, each correct
to 4 significant figures:

1. 3¥=64 2. 2=9 3. 2l =321

4. x5 =1491 5. 2528=42° 6. 4¥ 1 =5+

7. x7%% =0.792 8. 0.027° =3.26
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13.4 Graphs of logarithmic functions

A graph of y = log,,x is shown in Fig. 13.1 and a graph
of y = log, x is shown in Fig. 13.2. Both are seen to be of
similar shape; in fact, the same general shape occurs for a

logarithm to any base.

In general, with a logarithm to any base q, it is noted that:

(i) log,1=0

Let log, = x, then a* = 1 from the definition of the

logarithm.
If ¢* = 1 then x = 0 from the laws of logarithms.

Hence log, 1 = 0. In the above graphs it is seen that

log,y1 =0 and log,1 =0

y
05F
0 1 1 :
1 2 3 X
X 3 2 1 05 02 01
0.5} y=logyox |0.48 0.30 0 -0.30 -0.70 -1.0
~1.0}
Fig. 13.1
YA
2
1F
] 1 1 Il I .
0 1 2 3 4 5 6 X
“1F
x |6 5 4 3 2 105 02 01
y=logx|1.79 1.61 1.39 1.10 0.69 0 -0.69 -1.61 -2.30
-2
Fig. 13.2
(i) logaa=1
Let log,a = x then a* = a from the definition of a
logarithm.
If a* =a then x =1
Hence log,a = 1. (Check with a calculator that

log,, 10 =1 and log.e = 1)

(iii) 10ga0 — —o0

Let log,0 = x then ¢* = O from the definition of a
logarithm.

If a* =0, and a is a positive real number, then x must
approach minus infinity. (For example, check with a
calculator, 272 = 025,272 = 9.54 x 107,272 =
6.22 x 107!, and so on.)

Hence log,0 — —o0
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Exponential functions

14.1 The exponential function

An exponential function is one which contains e*, e being
a constant called the exponent and having an approximate
value of 2.7183. The exponent arises from the natural laws
of growth and decay and is used as a base for natural or
Napierian logarithms.

14.2 Evaluating exponential functions
The value of e* may be determined by using:

(a) a calculator, or
(b) the power series for e* (see Section 14.3), or

(c) tables of exponential functions.

The most common method of evaluating an exponential
function is by using a scientific notation calculator, this now
having replaced the use of tables. Most scientific notation
calculators contain an e* function which enables all practical
values of e* and e™ to be determined, correct to 8 or 9
significant figures. For example

e! =2.7182818
e?* =11.023176
e 1018 = 0.19829489

correct to § significant figures.

In practical situations the degree of accuracy given by
a calculator is often far greater than is appropriate. The
accepted convention is that the final result is stated to one
significant figure greater than the least significant measured
value. Use your calculator to check the following values:

e®!12 = 1.1275, correct to 5 significant figures

e 17 = (0.22993, correct to 5 decimal places

e 0Bl = 0.6499, correct to 4 decimal places

e>*? = 11159, correct to 5 significant figures

e 278 = 0.0617291, correct to 7 decimal places

Problem 1. Using a calculator, evaluate, correct to 5
significant figures:
(b) 6734162

5
2731 D 5253
(a) e (c) 3e

(a) e*7! = 15.348227... = 15.348, correct to 5 significant
figures.

(b) e 3192 =0.04234097 ... = 0.042341, correct to 5 signi-

ficant figures.

5 5
(c) =23 = 5(191.138825...) = 318.56, correct to 5

significant figures.

Problem?2. Use a calculator to determine the follow-
ing, each correct to 4 significant figures:

S 7

—14 D
(b) 53.2e (o) l22e

(a) 3.72e%13

(a) 3.72¢%'® = (3.72)(1.197217...) = 4.454, correct to 4
significant figures.

(b) 53.2¢~!'* = (53.2)(0.246596...) = 13.12, correct to 4
significant figures.

5 5

(c) —e’ = ——(1096.6331...) = 44.94, correct to 4
122 122
significant figures.



Problem 3. Evaluate the following correct to 4 deci-
mal places, using a calculator:

025 _ .—025
(@) 0.0256(c>2' — %) (b) 5 (e © )

e0.25 + e—025

(a) 0.0256(e>2! — &%)
= 0.0256(183.094058 ... — 12.0612761 .. .)

= 4.3784, correct to 4 decimal places

e025 _ o025
(b) 5 @025 4 025
B (1.28402541 ...—0.77880078 .. )

1.28402541 ... 4 0.77880078.. ..

. (0.5052246. ..
T\ 2.0628261 ...

= 1.2246, correct to 4 decimal places
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4. Use a calculator to evaluate the following, correct to
5 significant figures:

(a) e1.629 (b) 672.7483 (C) 0.6264.]78

In Problems 5 and 6, evaluate correct to 5 decimal places.

5. ( 1 3.4629 (b) 8.52 —1.2651 ) 526921
- @ 7e e ( 3el1171
5.6823 e2:1127 _ o—2.1127
6. (@) e—2.1347 (b) f
4(e1795 _ 1)
© @

7. The length of a bar, /, at a temperature 0 is given
by | = [¢e®, where [, and o are constants. Evaluate
[, correct to 4 significant figures, when /o = 2.587,
0 =321.7 and @ = 1.771 x 10~*

Problem 4. The instantaneous voltage v in a capacitive
circuit is related to time ¢ by the equation v = Ve™"/CR
where V, C and R are constants. Determine v, correct
to 4 significant figures, when ¢ = 30 x 1073 seconds,
C = 10 x 10~ °farads, R = 47 x 10°ohms and
V =200 volts.

v = Ve /CR _ 2006(—30x10*3)/(10x10*6x47x103)
Using a calculator, v = 200 ~0-0638297...
=200(0.9381646...)
= 187.6volts

Now try the following exercise

Exercise 49 Further problems on evaluating expo-
nential functions (Answers on page 258)

In Problems 1 and 2 use a calculator to evaluate the given
functions correct to 4 significant figures:

1. (a) e4.4 (b) e—0,25 (C) e0492
2. (a) 6718 (b) 670,78 (C) el()

3. Evaluate, correct to 5 significant figures:

6
(@) 3.5¢*% (b) —ge*'5 (c) 2.16¢>7

14.3 The power series for e*

The value of e* can be calculated to any required degree of
accuracy since it is defined in terms of the following power
series:
. X K
e:1+x+§+§+$+ (1)
(where 3! =3 x 2 x 1 and is called ‘factorial 3”)

The series is valid for all values of x.

The series is said to converge, i.e. if all the terms are
added, an actual value for e* (where x is a real number) is
obtained. The more terms that are taken, the closer will be
the value of e* to its actual value. The value of the exponent
e, correct to say 4 decimal places, may be determined by
substituting x = 1 in the power series of equation (1). Thus

> @ @t oay @

I _ -7
e TR T T TRy

n’ ap
HEE TR TR

=141+0.540.16667 + 0.04167 + 0.00833
+0.00139 + 0.00020 + 0.00002 + - - -
=2.71828
ie. e =2.7183 correct to 4 decimal places

The value of €%, correct to say 8 significant figures, is found

by substituting x = 0.05 in the power series for e*. Thus

0.05)° 0.05)°
e().()S =1 +005 + ( ) + ( )
2! 3!
0.05)* 0.05)°
005" ©05°

4! 5!
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=140.05+0.00125 + 0.000020833
+ 0.000000260 + 0.000000003

and by adding,

%% = 1.0512711, correct to 8 significant figures

In this example, successive terms in the series grow smaller
very rapidly and it is relatively easy to determine the value
of €% to a high degree of accuracy. However, when x is
nearer to unity or larger than unity, a very large number of

terms are required for an accurate result.
If in the series of equation (1), x is replaced by —x, then

—X (_x)2 (_x)3

el =14+(—x)+ 20 + 3
x2 x3
—1—x+5—§+

In a similar manner the power series for ' may be used to
evaluate any exponential function of the form ae®*, where a
and k are constants. In the series of equation (1), let x be
replaced by kx. Then

2 3
ae® = { + (kx) + (kX) + (k;c‘) +}
2 _ { (296)2 (2x)* }
Thus 5e 14+ (2x) + + +---
2! 3!
4x*  8x°
=5{1+2x+7+?+-”}

4
ie. 5e2x=5{1+2x+2x2+§x3+...}

Problem5. Determine the value of 5¢°, correct to 5
significant figures by using the power series for e*.

2 X3 X
O =l
s 105+ O
BI0)

(0.5)*

T aeem

(0.5)°
©E®HR2)0)

=1+0.5+0.125 4 0.020833
=+ 0.0026042 4 0.0002604 + 0.0000217

(0.5)3
3)@)dD)

(0.5)
G)YHBG)) (M)

Hence e

+

ie. e’ = 1.64872 correct to 6 significant figures

Hence 56”5 = 5(1.64872) =
figures.

8.2436, correct to 5 significant

Problem 6. Determine the value of 3e~!, correct to 4
decimal places, using the power series for e*.

Substituting x = —1 in the power series
23 44
I —1+X+§+§+$+
. =1 =) =D
=1 1
gives et =1+ D+ g o T

=1-1+0.5-0.166667 4 0.041667
—0.008333 + 0.001389 — 0.000198 + - - -

= 0.367858 correct to 6 decimal places

Hence 3e7! =
places.

(3)(0.367858) = 1.1036 correct to 4 decimal

Problen7. Expand e*(x> — 1) as far as the term in x°

The power series for e* is

)C2 x3 x4 x5
L TR TR T

Hence

3
4 X5
=(x +x° +2 +5 )

x2 x3 x4 x5
atytatat )

x2 3 x3

)T\ TR
¥ X%

+<i‘a)+(§—§)+

19
=-1-x+ x + x -|——x +%x

s _ x2 x3 4 xS 5
S -D=(ltxt 5+ )@ =D

<1+x+

Grouping like terms gives:

et (x? —1)——1—x+(

when expanded as far as the term in x°

Now try the following exercise

Exercise 50 Further problems on the power series
for € (Answers on page 258)

1. Evaluate 5.6e~!, correct to 4 decimal places, using the
power series for e*.
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2. Use the power series for e* to determine, correct to A table of values is drawn up as shown below.
o 2 -03
4 minll)ﬁcan.t ﬁguresl, (?)te (b)e and check your . 3 D) 1 0 ) ) 3
fesuit by Using a calcuiator. 03x |09 —06 -03 0 03 06 09
3. Expand (1 — 2x)e2" as far as the term in x*. e0-3x 0.407 0.549 0.741 1.000 1.350 1.822 2.460
R 293 | 081 110 148 200 270 3.64 492
4. Expand (2" )(x'/?) to six terms.
A graph of y = 2e%3* is shown plotted in Fig. 14.2.

14.4 Graphs of exponential functions Y
Values of e* and e™ obtained from a calculator, correct to 2
decimal places, over a range x = —3 to x = 3, are shown in
the following table.

X -3.0 -25 =20 -15 —-1.0 —-0.5 0

e’ 0.05 0.08 0.14 022 0.37 0.61 1.00

e™ | 2009 1218 79 4.48 2.72 1.65 1.00

X 0.5 1.0 1.5 2.0 2.5 3.0

e’ 1.65 272 448 739 12.18 20.09

e ™ 0.61 037 022 0.14 0.08 0.05

X

Figure 14.1 shows graphs of y =¢* and y =e™*

Fig. 14.2

From the graph, when x =
y=16,x=-074

2.2, y =3.87 and when

Problem9. Plot a graph of y = %e*h over the range

x = —1.5 to x = 1.5. Determine from the graph the
value of y when x = —1.2 and the value of x when
y=14

A table of values is drawn up as shown below.

Fig. 14.1

Problem 8. Plot a graph of y = 2e%3 over a range of
x = —2 to x = 3. Hence determine the value of y when
x = 2.2 and the value of x when y = 1.6

x -15 -10 -05 0 05 10 15
—2x | 3 2 1 o -1 -2 -3
e™> 120086 7.389 2718 1.00 0368 0.135 0.050
le7>| 670 246 091 033 0.2 005 002

A graph of %e*Z" is shown in Fig. 14.3.
From the graph, when x = —1.2, y = 3.67 and when
y=14x =-0.72

Problem 10. The decay of voltage, v volts, across a
capacitor at time ¢ seconds is given by v = 250e~/3.
Draw a graph showing the natural decay curve over the
first 6 seconds. From the graph, find (a) the voltage after

3.4s, and (b) the time when the voltage is 150 V.
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-

|
-15 t-10 %-05 0.5 1.0 15 x
-1.2 -0.72

Fig. 14.3

A table of values is drawn up as shown below.

t 0 1 2 3

e /3 1.00 0.7165 0.5134  0.3679

v =250e""/3 250.0 179.1 128.4 91.97

t 4 5 6

e /3 0.2636 0.1889 0.1353

v =250e""/3 65.90 47.22 33.83
The natural decay curve of v = 250e™/? is shown in
Fig. 14.4.

250

200

150

Voltage v (volts)

100
80

50

O

! L L

1 1
0 1 15 2 334 4 5 6

Time t (seconds)

Fig. 14.4

From the graph:
(a) when timet = 3.4, voltage v = 80volts

and (b) when voltage v = 150volts, time t = 1.5seconds.

Now try the following exercise

Exercise 51 Further problemson exponential graphs
(Answers on page 258)

1. Plot a graph of y = 3e%% over the range x = —3 to

x = 3. Hence determine the value of y when x = 1.4
and the value of x when y = 4.5

2. Plot a graph of y = 1e™'* over a range x = —1.5

to x = 1.5 and hence determine the value of y when
x = —0.8 and the value of x when y = 3.5

3. In a chemical reaction the amount of starting material
C cm? left after ¢ minutes is given by C = 40e=0-00¢
Plot a graph of C against ¢ and determine (a) the
concentration C after 1 hour, and (b) the time taken
for the concentration to decrease by half.

4. The rate at which a body cools is given by
0 = 250e70%" where the excess of temperature of a
body above its surroundings at time ¢ minutes is 6°C.
Plot a graph showing the natural decay curve for the
first hour of cooling. Hence determine (a) the tem-
perature after 25 minutes, and (b) the time when the
temperature is 195°C

14.5 Napierian logarithms

Logarithms having a base of e are called hyperboalic,
Napierian or natural logarithms and the Napierian loga-
rithm of x is written as log, x, or more commonly, Inx.

14.6 Evaluating Napierian logarithms

The value of a Napierian logarithm may be determined by
using:
(a) a calculator, or

(b) a relationship between common and Napierian loga-
rithms, or

(c) Napierian logarithm tables.
The most common method of evaluating a Napierian loga-

rithm is by a scientific notation calculator, this now hav-
ing replaced the use of four-figure tables, and also the



relationship between common and Napierian logarithms,
log, y = 2.3026 log,, y

Most scientific notation calculators contain a ‘Inx’ function
which displays the value of the Napierian logarithm of a
number when the appropriate key is pressed.

Using a calculator,

In4.692 = 1.5458589 ... = 1.5459,

correct to 4 decimal places

and 1In35.78 = 3.57738907... = 3.5774,
correct to 4 decimal places

Use your calculator to check the following values:

In1.732 = 0.54928, correct to 5 significant figures
In1=0
In0.52 = —0.6539, correct to 4 decimal places
In593 = 6.3852, correct to 5 significant figures
In 1750 = 7.4674, correct to 4 decimal places
In0.17 = —1.772, correct to 4 significant figures
In0.00032 = —8.04719, correct to 6 significant figures
Ine’ =3
Ine' =1

From the last two examples we can conclude that

log, €= x

This is useful when solving equations involving exponential
functions.

For example, to solve e** = 8, take Napierian logarithms
of both sides, which gives

Ine* =1n8
ie. 3x=1In8

from which X = %ln 8 = 0.6931,
correct to 4 decimal places

Problem11. Using a calculator evaluate correct to 5
significant figures:

(a) In47.291 (b) In0.06213 (c) 3.21n762.923

(a) In47.291 = 3.8563200... = 3.8563, correct to 5 signif-
icant figures.

(b) In0.06213 = —2.7785263... = —2.7785, correct to 5
significant figures.

(c) 3.2In762.923 = 3.2(6.6371571...) = 21.239, correct
to 5 significant figures.

Problem 12. Use a calculator to evaluate the follow-
ing, each correct to 5 significant figures:
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1 1n7.8693
Sn47291  (b) L0972
(@ zIn ® =693
5.291n24.07
670.1762

1 1
(a) 1 In4.7291 = 1(1.5537349 ...) = 0.38843, correct to 5

significant figures.

In7.8693 2.06296911 ...

b =
®) 7.8693 7.8693

significant figures.

= 0.26215, correct to 5

5.291n24.07 5.29(3.18096625 . ..
1 _ 2261809 ) _ 20,070, cor-
e—0.1762 0.83845027...
rect to 5 significant figures.
Problem 13. Evaluate the following:
Ine?’ 4e*P1g2.23
(a) ne (b) TR (correct to 3 decimal
1g 1005 In2.23
places)
Ine?? 2.5
@ e _25 .
1g10%5 0.5
®) 423 1g2.23 ~4(9.29986607 .. .)(0.34830486.. . .)
In223 0.80200158......

= 16.156, correct to 3 decimal places

Problem 14. Solve the equation 7 = 4e~* to find x,
correct to 4 significant figures.

Rearranging 7 = 4e 3 gives:

7 —3x
Z =¢c
Taking the reciprocal of both sides gives:
4 1 -
7w ¢

Taking Napierian logarithms of both sides gives:

in(3) = me>
n(5>_n(e)

4
Since log, €* = «, then In (?) = 3x

1 4 1
Hence x = 3 In (5) = 3(—0.55962) = —0.1865, correct

to 4 significant figures.

Problem15. Given 20 = 60(1 — e~"/?) determine the
value of t, correct to 3 significant figures.
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Rearranging 20 = 60(1 — e~"/?) gives:

@ =1—e /2
60
and
e /2 = & ==
60 3

12 _ §
2
Taking Napierian logarithms of both sides gives:

3
Ine”> =1n -
2
. t 3
ie. ~=In_
2 2

3
from which, t = ZInE = 0.881, correct to 3 significant

figures.

5.14
Problem 16. Solve the equation 3.72 = In (—) to
x
find x.

5.14
From the definition of a logarithm, since 3.72 = (—)
x

5.14
then 372 = =—
X
. . 5.14 3
Rearranging gives: x = —— =5.14e™"
&3
ie. x = 0.1246,

correct to 4 significant figures

5. (@ 2.9461ne! 7 ®) 5e—0-1629
. (a —_— ———
lg 10141 21n0.00165
1n4.8629 — In2.4711
(©)
5.173

In Problems 6 to 10 solve the given equations, each
correct to 4 significant figures.

6. 1.5=4e 7. 7.83=291e""
16 =24(1 — e C517=1In(->—
8. 16 (159e ) 9.5 n(4.64)
10. 3.721n <—) =243
X

Now try the following exercise

Exercise 52 Further problems on evaluating Napie-
rian logarithms (Answers on page 258)

In Problems 1 to 3 use a calculator to evaluate the given
functions, correct to 4 decimal places.

. (@ 1In1.73 (b) In5.413 (c) In9.412
2. () In17.3 (b) In541.3 (c) In9%412
3. () In0.173  (b) In0.005413 (c) In0.09412

In Problems 4 and 5, evaluate correct to 5 significant
figures.

In 82.473 5.62In321.62

1
4. () (1052932 (b) = i

14.7 Laws of growth and decay

The laws of exponential growth and decay are of the form
y =Ae® and y = A(1 —e*), where A and k are constants.
When plotted, the form of each of these equations is as shown
in Fig. 14.5. The laws occur frequently in engineering and
science and examples of quantities related by a natural law
include:

(i) Linear expansion 1 =1pe?
(i) Change in electrical resistance with temperature
Ry = Rpe®
(iii) Tension in belts T, = Toe™
(iv) Newton’s law of cooling 0 =0pe "
(v) Biological growth y = ypel
(vi) Discharge of a capacitor g = Qe !/CR
(vii) Atmospheric pressure p = poe ¢
(viii) Radioactive decay N = Noe™
(ix) Decay of current in an inductive circuit i = Je R/t

(x) Growth of current in a capacitive circuit
i=1(1—e"/CR)

Problem 17. The resistance R of an electrical conduc-
tor at temperature 0°C is given by R = Rye*®, where
o is a constant and Ry = 5 x 10° ohms. Determine
the value of «, correct to 4 significant figures, when
R = 6 x 10°ohms and & = 1500°C. Also, find the
temperature, correct to the nearest degree, when the
resistance R is 5.4 x 10° ohms.

R
Transposing R = Rye®® gives = e

0
Taking Napierian logarithms of both sides gives:

R
In— =1ne* = ab
Ro
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kt o1 ﬂ Akt f hich
gives =€ rom wnic

0

Transposing 6 = 6pe™

0o 1 it
B ok °

Taking Napierian logarithms of both sides gives:

0o
In— =k
n 0 t
from which,
1.6 1 .
k=t L, (3060
t 0 83.0 16.5

1
= ——(1.2326486...)
83.0

Hence k = 1.485 x 1072

Problem 19. The current i amperes flowing in a capac-
itor at time ¢ seconds is given by i = 8.0(1 — e"/°F),
where the circuit resistance R is 25 x 103 ohms and
capacitance C is 16 x 107° farads. Determine (a) the
current i after 0.5 seconds and (b) the time, to the near-
est millisecond, for the current to reach 6.0 A. Sketch
the graph of current against time.

Fig. 14.5
(a) Current i = 8.0(1 — e /“F)
Hence =8.0[1 — eo.5/(16x10-°)<25x103)]
1 1 6 x 10° =8.0(1—e)
a=-In—=— n<—)
6 Ry 1500 5x 103 = 8.0(1 — 0.2865047 .. .)
1 -
= —(0.1823215...) = 1.215477... x 10~ =8.0(0.7134952. )
1500
= 5.71amperes
Hence @ = 1.215 x 10~4, correct to 4 significant figures. ;
R 1 R (b) Transposing i = 8.0(1 — e "/“F) gives — =1—¢e /K
From above, In — = «f hence 6 = — In — 8.0
Ry a Ry ; ) - i 8.0—i
When R = 5.4 x 10%, & = 1.215477... x 10~* and rom which, e =1~ 85 = T80
Ry =5x10° Taking the reciprocal of both sides gives:
0— 1 a 5.4 x 10° oI/CR _ 8.0
1.215477... x 10~ 5x 103 8.0—1i
10* (7.696104 102 Taking Napierian logarithms of both sides gives:
=—(. S X
1.215477... 8.0
= 633°C correct to the nearest degree. CR In 80—
H = CRI 8.0
Problem18. In an experiment involving Newton’s ence r= "\ 80—,

law of cooling, the temperature 0(°C) is given by 8.0
6 = 0pe™™. Find the value of constant k when = (16 x 107%)(25 x 10*)In <7)

0y = 56.6°C, 0 = 16.5°C and r = 83.0 seconds. 8.0—-6.0
when i = 6.0 amperes,
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. 400 8.0
ie. t= In

100 \2.0
= 0.4(1.3862943 ...) = 0.5545 5

) =0.41n4.0

= 555ms, to the nearest millisecond

A graph of current against time is shown in Fig. 14.6.

i=8.0(1-e1/CR)

0 0.5 1.0 15  Ks)
0.555

Fig. 14.6

Problem 20. The temperature 6, of a winding which

is being heated electrically at time ¢ is given by:

0, = 0,(1—e"/*) where 0, is the temperature (in degrees

Celsius) at time t = 0 and 7 is a constant. Calculate.

(a) 8y, correct to the nearest degree, when 6, is 50°C,
tis 30s and 7 is 60s

(b) the time ¢, correct to 1 decimal place, for 6, to be
half the value of 9,

(a) Transposing the formula to make 6, the subject gives:

o __ 0 50

1= (I —e /1) 1 —e30/60
50 50
C1—e 05 0.393469. ..

i.e. 8; = 127°C, correct to the nearest degree.

(b) Transposing to make ¢ the subject of the formula gives:

0>
Z 1= —t/T
b, ¢
: —t/t 62
from which, e =1- o
1

Hence

. 1
Since 6, = 591

t =—601In <1 — %) = —60In0.5 =41.59s

Hence the time for the temperature 6, to be one half of
the value of 8, is 41.65, correct to 1 decimal place.

Now try the following exercise

Exercise 53 Further problems on the laws of growth
and decay (Answers on page 258)

1. The pressure p pascals at height & metres above
ground level is given by p = poe ™€, where p
is the pressure at ground level and C is a constant.
Find pressure p when py = 1.012 x 10° Pa, height
h =1420m and C = 71500.

2. The voltage drop, v volts, across an inductor L henrys
at time ¢ seconds is given by v = 200e %/, where
R =150 and L = 12.5 x 1073 H. Determine (a) the
voltage when t = 160 x 107®s, and (b) the time for
the voltage to reach 85 V.

3. The length [ metres of a metal bar at temperature
t°C is given by [ = [pe*, where [ and « are con-
stants. Determine (a) the value of [ when [, = 1.894,
a =2.038 x 10~* and t = 250°C, and (b) the value of
lo when [ =2.416, t =310°C and a = 1.682 x 10~

4. The temperature 05C of an electrical conductor at time
t seconds is given by 0, = 0,(1 —e™/T), where 0, is
the initial temperature and T seconds is a constant.
Determine (a) 6, when 6; = 159.9°C, r+ = 30s and
T = 80s, and (b) the time ¢ for 6, to fall to half the
value of 01 if T remains at 80s.

5. A belt is in contact with a pulley for a sector of
0 = 1.12radians and the coefficient of friction between
these two surfaces is i = 0.26. Determine the tension
on the taut side of the belt, 7 newtons, when tension
on the slack side is given by Ty, = 22.7 newtons,
given that these quantities are related by the law
T = Toe"

6. The instantaneous current i at time ¢ is given by:

i =10e /R

when a capacitor is being charged. The capacitance
C is 7 x 107%farads and the resistance R is
0.3 x 10° ohms. Determine:

(a) the instantaneous current when ¢ is 2.5 seconds,
and

(b) the time for the instantaneous current to fall to
5 amperes.




Sketch a curve of current against time from # = 0 to
t = 6 seconds.

. The amount of product x (in mol/cm?) found in a
chemical reaction starting with 2.5 mol/cm® of reac-
tant is given by x = 2.5(1 — e ™) where ¢ is the
time, in minutes, to form product x. Plot a graph at
30second intervals up to 2.5 minutes and determine x
after 1 minute.

. The current i flowing in a capacitor at time ¢ is
given by:

i=12.5(1 —e /Ry

where resistance R is 30kilohms and the capacitance
C is 20 microfarads. Determine

(a) the current flowing after 0.5 seconds, and

(b) the time for the current to reach 10 amperes.

. The amount A after n years of a sum invested P is
given by the compound interest law: A = Pe~"/10
when the per unit interest rate r is added continuously.
Determine, correct to the nearest pound, the amount
after 8 years for a sum of £1500 invested if the interest
rate is 6% per annum.

. Plot a graph of y = %e‘

Assignment 7

This assignment covers the material contained in
Chapters 13 and 14. The marks for each question
are shown in brackets at the end of each question.
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. Evaluate log,, 8 3)
. Solve (a) logzx = —2

(b) log 2x* 4 logx = log 32 — log x (6)

. Solve the following equations, each correct to 3 sig-

nificant figures:

(a) 2*=55

(b) 32t—l — 7t+2

(c) 3e> =42 (11)
. Evaluate the following, each correct to 4 significant

figures:

5273 _ |
@ 0% () 13> @ 2D
ol

. Use the power series for e* to evaluate e!*, correct to

4 significant figures. 4)
. Expand xe** to six terms. )

12 over the range x = —2

to x = +1 and hence determine, correct to 1 decimal
place, (a) the value of y when x = —0.75, and (b) the
value of x when y = 4.0 (6)

. Evaluate the following, each correct to 3 decimal

places:
1n3.68 — In2.91
(2) In462.9 (b) In0.0753 (c) %

(6)

. Two quantities x and y are related by the equation

y = ae ™, where a and k are constants. Determine,
correct to 1 decimal place, the value of y when
a=2.114, k = —3.20 and x = 1.429 3)
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Reduction of non-linear laws to linear form

15.1

Frequently, the relationship between two variables, say x and
v, is not a linear one, i.e. when x is plotted against y a curve
results. In such cases the non-linear equation may be modified
to the linear form, y = mx + ¢, so that the constants, and
thus the law relating the variables can be determined. This
technique is called ‘determination of law’.

Some examples of the reduction of equations to linear form
include:

Determination of law

(i) y = ax®+ b compares with Y = mX + c, where m = a,
c=band X = x%
Hence y is plotted vertically against x> horizontally to
produce a straight line graph of gradient ‘a’ and y-axis
intercept ‘b’

Gi) y=2 45
X

y is plotted vertically against ! horizontally to pro-
duce a straight line graph of g)rcadient ‘a’ and y-axis
intercept ‘b’

(iii) y = ax* + bx
Dividing both sides by x gives % —ax +b.

Comparing with ¥ = mX + ¢ shows that Y is plotted
X
vertically against x horizontally to produce a straight

line graph of gradient ‘a’ and Y axis intercept ‘b’
X

Problem 1. Experimental values of x and y, shown
below, are believed to be related by the law
y = ax* + b. By plotting a suitable graph verify this
law and determine approximate values of a and b.

x |1 2 3 4 5
y |98 152 242 365 53.0

If y is plotted against x a curve results and it is not possible
to determine the values of constants a and b from the curve.
Comparing y = ax?> + b with ¥ = mX + ¢ shows that y
is to be plotted vertically against x> horizontally. A table of
values is drawn up as shown below.

X 1 2 3 4 5
|1 4 9 16 25
y | 98 152 242 365 53.0

A graph of y against x* is shown in Fig. 15.1, with the best
straight line drawn through the points. Since a straight line
graph results, the law is verified.

Fig. 15.1



AB  53—17 36
From the graph, gradient a = — = =—=18
BC 25-5 20

and the y-axis intercept, b = 8.0

Hence the law of the graph is y = 1.8x? + 8.0

Problem2. Values of load L newtons and distance
d metres obtained experimentally are shown in the
following table.

Load, L N 32.3 29.6 27.0 232
distance, d m 0.75 0.37 0.24 0.17

Load, L N 18.3 12.8 10.0 6.4
distance, d m 0.12 0.09 0.08 0.07

Verify that load and distance are related by a law of the
form L = 4 + b and determine approximate values of

a and b. Hence calculate the load when the distance is
0.20 m and the distance when the load is 20 N.

1
Comparing L = g—i—b ie.L=a (3) +bwith Y =mX+c

1
shows that L is to be plotted vertically against — horizontally.

Another table of values is drawn up as shown below.

323 296 270 232 183 128 100 64
075 037 024 0.17 0.12 0.09 0.08 0.07

1.33 2770 4.17 5.88 833 11.11 12.50 14.29

Q| —

1
A graph of L against p is shown in Fig. 15.2. A straight line
can be drawn through the points, which verifies that load and
distance are related by a law of the form L = g + b.

AB  31-11
Gradient of straight line, a = — =
BC 2—12
20
- — = _2
—-10
L-axis intercept, b=235

2
Hence the law of the graph is L = 4 + 35

When the distance d = 0.20m,

)
load L = —— 435 = 250N
oa 020 "

2
Rearranging L = — p + 35 gives

2
35—-L

2—35 L d d=
7= an =
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35
31 __\__XA
301
251
L 20F
15F
11F----
10 B C
5 -
1 1 | 1 1 L 1
0 2 4 6 8 10 12 14
1
d
Fig. 15.2
Hence when the load L = 20N,
2 2
dist d= =—=0.13m
istance 352015

Problem 3. The solubility s of potassium chlorate is
shown by the following table:

°C{10 20 30 40 50 60 80 100
s 49 7.6 11.1 154 204 264 40.6 58.0

The relationship between s and ¢ is thought to be of the
form s = 3+at+bt>. Plot a graph to test the supposition
and use the graph to find approximate values of a and
b. Hence calculate the solubility of potassium chlorate
at 70°C.

Rearranging s = 3 4 at + bt gives s — 3 = at + bt*> and

s—3

s—=3
- =a+bt or - =bt+a

which is of the form Y = mX + ¢, showing that Sl is

to be plotted vertically and ¢ horizontally. Another table of
values is drawn up as shown below.

t 10 20 30 40 50 60 80 100

s 49 176 11.1 154 204 264 40.6 58.0
-3
2 ; 0.19 0.23 027 031 035 0.39 047 0.55
s—3 . . R
A graph of against ¢ is shown plotted in Fig. 15.3.

t
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1
0 20 40 60 80 100

Fig. 15.3

A straight line fits the points which shows that s and ¢ are
related by s = 3 + at + br?
Gradient of straight line,

AB 039-0.19 0.0
=0 T T = 0.004
BC

b 60—10 50

Vertical axis intercept, a = 0.15

Hence the law of the graph is S = 3 4 0.15t 4 0.004t2
The solubility of potassium chlorate at 70°C is given by
S =3+ 0.15(70) + 0.004(70)*
=3+1054+19.6=331

Now try the following exercise

Exercise 54 Further problems on reducing non-lin-
ear laws to linear form (Answers on
page 259)

In Problems 1 to 5, x and y are two related variables and
all other letters denote constants. For the stated laws to be
verified it is necessary to plot graphs of the variables in a
modified form. State for each (a) what should be plotted
on the vertical axis, (b) what should be plotted on the
horizontal axis, (c) the gradient and (d) the vertical axis
intercept.

1. y=d+cx? 2. y—a=bx
3. y—e:i 4. y—cx=bx?
X

5. y=g+bx
X

6. In an experiment the resistance of wire is measured for
wires of different diameters with the following results.

Rohms |1.64 1.14 0.89 0.76 0.63
dmm |1.10 1.42 1.75 2.04 2.56

It is thought that R is related to d by the law
R = (a/d*)+b, where a and b are constants. Verify this
and find the approximate values for a and b. Determine
the cross-sectional area needed for a resistance reading
of 0.50 ohms.

7. Corresponding experimental values of two quantities x
and y are given below.

x| 15 30 45 60 75 90
y|11.5 25.0 47.5 79.0 119.5 169.0

By plotting a suitable graph verify that y and x are
connected by a law of the form y = kx? + ¢, where
k and c are constants. Determine the law of the graph
and hence find the value of x when y is 60.0

8. Experimental results of the safe load L kN, applied to
girders of varying spans, d m, are shown below.

Span, d m 20 28 36 42 48
Load, L kN |475 339 264 226 198

It is believed that the relationship between load and
span is L = ¢/d, where c is a constant. Determine (a)
the value of constant ¢ and (b) the safe load for a span
of 3.0m.

9. The following results give corresponding values of two
quantities x and y which are believed to be related by
a law of the form y = ax® + bx where a and b are
constants.

y 33.86 55.54 72.80 84.10 111.4 168.1
X 34 52 65 73 9.1 124

Verify the law and determine approximate values of a
and b.

Hence determine (i) the value of y when x is 8.0 and
(ii) the value of x when y is 146.5

15.2 Determination of law involving
logarithms

Examples of reduction of equations to linear form involving
logarithms include:



) y=ax"
Taking logarithms to a base of 10 of both sides gives:
Igy =1g(ax") =1ga+1gx"
ie. lgy=nlgx+lga by the laws of logarithms

which compares with ¥ =mX + ¢

and shows that Igy is plotted vertically against lgx
horizontally to produce a straight line graph of gradient
n and lg y-axis intercept 1ga

(i) y=ab*
Taking logarithms to a base of 10 of the both sides
gives:

lgy =lg(ab")
ie. lgy=1ga+1gb*
ie. lgy=xlgb+1ga by the laws of logarithms
or lgy=(gb)x+1ga
which compares with ¥ = mX + ¢

and shows that 1g y is plotted vertically against x hori-
zontally to produce a straight line graph of gradient 1g b
and lg y-axis intercept lga

(ili) y = ae™
Taking logarithms to a base of e of both sides gives:

Iny = In(ae)

ie. Iny=Ina+Ine”
ie. Iny=1Ina+bxlne
ie. Iny=>bx+Ina since Ine=1
which compares with ¥ = mX + ¢

and shows that In y is plotted vertically against x hor-
izontally to produce a straight line graph of gradient b
and In y-axis intercept Ina

Problem4. The current flowing in, and the power
dissipated by, a resistor are measured experimentally
for various values and the results are as shown below.

Current, [ amperes | 2.2 3.6 4.1 5.6 6.8
Power, P watts 116 311 403 753 1110

Show that the law relating current and power is of
the form P = RI", where R and n are constants, and
determine the law.

Taking logarithms to a base of 10 of both sides of P = RI"
gives:

lgP =1g(RI") =1gR+1gI" =1gR+nlg!

by the laws of logarithms.
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ie. IgP = nlgl + IgR, which is of the form ¥ = mX + c,
showing that lgP is to be plotted vertically against 1g/
horizontally.

A table of values for lg/ and lg P is drawn up as shown
below.

1 22 3.6 4.1 5.6 6.8

lg/ | 0342 0556 0.613 0.748 0.833
P 116 311 403 753 1110
lgP | 2.064 2493 2.605 2877 3.045

A graph of 1g P against Ig/ is shown in Fig. 15.4 and since
a straight line results the law P = RI" is verified.

30} /
2.98 A
2.78 .
i
1
lg P i
1
25 !
i
1
!
1
2.18 7 B
i
1
20 | 1 1 : 1 [l
0.300.40 050 0.60 0.70 0.80 0.90
g/
Fig. 154

Gradient of straight line,

AB _298-2.18 080

T BC 08-04 04

It is not possible to determine the vertical axis intercept
on sight since the horizontal axis scale does not start at
zero. Selecting any point from the graph, say point D, where
Igl = 0.70 and lgP = 2.78, and substituting values into
IgP =nlgl +1gR gives
2.78 = (2)(0.70) + 1gR
from which 1gR =2.78 — 1.40 = 1.38
Hence R = antilog 1.38(= 1038y = 24.0

Hence the law of the graph is P = 24.01 2

Problem5. The periodic time, T, of oscillation of
a pendulum is believed to be related to its length,
[, by a law of the form T = ki", where k and n
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are constants. Values of T were measured for various
lengths of the pendulum and the results are as shown
below.

Periodic time, Ts|{1.0 1.3 15 18 20 23
Length, / m 0.25 042 0.56 0.81 1.0 1.32

Show that the law is true and determine the approximate
values of k£ and n. Hence find the periodic time when
the length of the pendulum is 0.75 m.

From para (i), if T = kI" then
IgT =nlgl +1gk

and comparing with
Y=mX+c

shows that 1g T is plotted vertically against 1g/ horizontally.
A table of values for 1g7T and 1g!/ is drawn up as shown
below.

T 1.0 1.3 1.5 1.8 2.0 23

IgT | O 0.114 0.176  0.255 0301 0.362
l 025 042 056 081 1.0 1.32
lg/ -0.602 —0.377 —0.252 —0.092 0 0.121

A graph of 1gT against 1g/ is shown in Fig. 15.5 and the
law T = kI" is true since a straight line results.

0.40
IgT
0.30,
A
------ 0.25
0.20
0.10|
----- 0.05
C B
1 1 [l Il L 1 1
—-0.60 -0.50 -0.40 -0.30 -0.20 -0.10 O 0.10 0.20
g/

Fig. 15.5

From the graph, gradient of straight line,

AB 0.25-0.05 020 1
n=——=-——="—— = —
BC —0.10—-(-0.50) 040 2

Vertical axis intercept, 1gk = 0.30
Hence k = antilog 0.30(= 10°3%) = 2.0

Hencethelaw of thegraph isT =2.01%2 or T =201
When length / = 0.75m then T = 2.04/0.75 = 1.73s

Problem 6. Quantities x and y are believed to be
related by a law of the form y = ab*, where a and
b are constants. Values of x and corresponding values
of y are:

x{0 06 12 18 24 30
y|5.0 9.67 18.7 36.1 69.8 135.0

Verify the law and determine the approximate values of
a and b. Hence determine (a) the value of y when x is
2.1 and (b) the value of x when y is 100

From para (ii), if y = ab* then
lgy=(Igb)x+1ga

and comparing with
Y=mX+c

shows that 1g y is plotted vertically and x horizontally.
Another table is drawn up as shown below.

X 0 0.6 1.2 1.8 24 3.0
y 5.0 9.67 18.7 36.1 69.8 135.0
Igy | 070 0.99 1.27 1.56 1.84 2.13

A graph of lg y against x is shown in Fig. 15.6 and since a
straight line results, the law y = ab* is verified.
Gradient of straight line,

AB_213-117 _ 0.96

— =——=—-=048
BC 3.0-1.0 2.0

Igh =

Hence b = antilog 0.48 (= 10°4%) = 3.0, correct to 2 signi-
ficant figures.
Vertical axis intercept, lga = 0.70,

from which a = antilog 0.70 (= 10°7°)

= 5.0, correct to 2 significant figures

Hence the law of the graph isy = 5.0(3.0)*

(a) When x = 2.1, y = 5.0(3.0)>! = 50.2
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2.13
2.00

lgy

1.50

117

1.00f

0.70

0.50 | | |
2.0 30 X

Fig. 15.6

(b) When y = 100, 100 = 5.0(3.0)",

from which 100/5.0 = (3.0)",
ie. 20 = (3.0)*

Taking logarithms of both sides gives
1220 =1g(3.0)* = x1g3.0

[g20  1.3010

=" _273
lg3.0 ~ 0.4771

Hence x =

Problem7. The current i mA flowing in a capacitor
which is being discharged varies with time ¢ ms as
shown below.

i mA
t ms

203 61.14 22.49 6.13 249 0.615
100 160 210 275 320 390

Show that these results are related by a law of the form
i = Ie"T, where I and T are constants. Determine the
approximate values of / and T.
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which compares with y =
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mx + ¢, showing that Ini is

plotted vertically against ¢ horizontally. (For methods of
evaluating Napierian logarithms see Chapter 14.) Another
table of values is drawn up as shown below.

t 100 160 210 275
i 203  61.14 2249 6.13
Ini | 531 4.11 311 181

320 390
249 0.615
091 —-049

A graph of Ini against ¢ is shown in Fig. 15.7 and since a

Taking Napierian logarithms of both sides of i = Ie'/T
Ini = In(Je’") = In1 + Ine’/"

t
ie. Ini =Inl+ T (since Ine=1)

1
Ini= (- )t+1Inl
or Ini <T> n

gives

straight line results the law i = Ie"/" is verified.
sof A
40F
331}------f-mmm-- D(200, 3.31)
3.0} :
= :
i
2.0} :
1.30f------ :
1.0} B !
]
i
1 i L 1
0 100 200 300 \400 ¢(ms)
-1.0F
Fig. 15.7
Gradient of straight line,
1 AB 530-1.30 4.0
—_ =" = = = —0.02
T BC 100 — 300 —200
1
Hence T = —— = —50
—0.02

Selecting any point on the graph, say point D, where t = 200

and Ini = 3.31, and substituting into Ini =

gives

from which

1
331 = ——(200) + In/
50200 +1n

Inf =3314+4.0="7.31

1
<?) 4+ lnI

and I = antilog 7.31 (= e’*!) = 1495 or 1500 correct to 3
significant figures.

Hence the law of the graph isi = 1500e~/%°
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Now try the following exercise

Exercise 55 Further problems on reducing non-lin-
ear laws to linear form (Answers on
page 259)

In Problems 1 to 3, x and y are two related variables and
all other letters denote constants. For the stated laws to be
verified it is necessary to plot graphs of the variables in a
modified form. State for each (a) what should be plotted
on the vertical axis, (b) what should be plotted on the
horizontal axis, (c) the gradient and (d) the vertical axis
intercept.
X ! M
1. y=ba* 2.y=kx' 3. =
4. The luminosity / of a lann11p varies with the applied
voltage V and the relationship between I and V
is thought to be I = kV”". Experimental results
obtained are:

— enx

I candelas | 1.92 4.32 9.72 15.87 23.52 30.72
V volts 40 60 90 115 140 160

Verify that the law is true and determine the law of
the graph. Determine also the luminosity when 75 V
is applied across the lamp.

5. The head of pressure & and the flow velocity v are
measured and are believed to be connected by the law
v = ah®, where a and b are constants. The results are
as shown below.

10.6 134 172 246 293
977 11.0 1244 1488 16.24

Verify that the law is true and determine values of a
and b

. Experimental values of x and y are measured as fol-

lows.

x | 04 0.9 1.2 23 3.8
y | 835 1347 1794 5132 215.20

The law relating x and y is believed to be of the form
y = ab®, where a and b are constants. Determine the
approximate values of a and b. Hence find the value
of y when x is 2.0 and the value of x when y is 100

. The activity of a mixture of radioactive isotope is

believed to vary according to the law R = Ryt °,
where R and ¢ are constants.

Experimental results are shown below.

R | 972 265 115 047 032 023
t |2 5 9 17 22 28

Verify that the law is true and determine approximate
values of Ry and c.

. Determine the law of the form y = ae®* which relates

the following values.

y 1 0.0306 0.285 0.841 5.21 173.2 1181
x| —4.0 53 9.8 174 32.0 40.0

. The tension T in a belt passing round a pulley wheel

and in contact with the pulley over an angle of 0
radians is given by T = Toe"?, where T and p are
constants. Experimental results obtained are:

T newtons |47.9 52.8 60.3 70.1 80.9
0 radians 1.12 148 197 2.53 3.06

Determine approximate values of T, and p. Hence
find the tension when 0 is 2.25 radians and the value
of 6 when the tension is 50.0 newtons.
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Geometry and triangles

16.1 Angular measurement

Geometry is a part of mathematics in which the properties
of points, lines, surfaces and solids are investigated.

An angle is the amount of rotation between two straight
lines.

Angles may be measured in either degrees or radians (see
Section 21.2).

1
1 revolution = 360 degrees, thus 1 degree = %th of

1
one revolution. Also 1 minute = &th of a degree and

1 . . . .
1 second = %th of a minute. 1 minute is written as 1’ and

1 second is written as 1”
Thus 1° = 60’ and 1’ = 60"

Problem1. Add 14°53" and 37°19

14°53’
37°19'
52°12

1°

53"+ 19" = 72'. Since 60’ = 1°, 72’ = 1°12'. Thus the 12’ is
placed in the minutes column and 1° is carried in the degrees
column.

Then 14° 4-37° 4 1° (carried) = 52°

Thus 14°53 +37°19' = 52°12'

Problem 2. Subtract 15°47" from 28°13’

27°
2813
15°47'

12°26'
13’ — 47" cannot be done. Hence 1° or 60" is ‘borrowed’
from the degrees column, which leaves 27° in that column.
Now (60" + 13") — 47" = 26/, which is placed in the minutes
column. 27° — 15° = 12°, which is placed in the degrees
column.
Thus 28°13’ — 15°47' = 12°26’

Problem 3. Determine (a) 13°42'51” 4 48°22'17”
(b) 37°12'8" — 21°17'25"

(a) 13°42'51”
48°22'17"
Adding: 62° 5’ 8"
1° v
(b) 36°11
%M 8//
21°17'25"

Subtracting:  15°54/43"

Problem4. Convert (a) 24°42" (b) 78°1526" to

degrees and decimals of a degree.

1
(a) Since 1 minute = a0 th of a degree,
42\°
42 =( =] =0.70°
60
Hence 24°42'= 24.70°
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1
(b) Since 1 second = 0 th of a minute,
26" = % =0.4333
60

Hence 78°15'26" = 78°15.43'
1543\
154333 = [ 22 ) = 0.2572°,

correct to 4 decimal places.

Hence 78°15'26"”= 78.26°, correct to 4 significant
places.

Problem5. Convert 45.371° into degrees, minutes and
seconds.

Since 1° = 60/, 0.371° = (0.371 x 60) = 22.26'

Since: 1’ = 60", 0.26' = (0.26 x 60)" = 15.6” = 16" to the
nearest second.
Hence 45.371° = 45°22'16"

Now try the following exercise

Exercise 56 Further problems on angular measure-
ment (Answers on page 259)

1. Add together the following angles:

(a) 32°19" and 49°52’

(b) 29°42’, 56°37" and 63°54’

(c) 21°33'27” and 78°42'36”

(d) 48°11'19”, 31°41'27" and 9°9'37”
2. Determine

(a) 17° —9°49

(c) 78°29'41" —59°41'52"

(b) 43°37 —15°49’
(d) 114° —47°52'37"

3. Convert the following angles to degrees and decimals
of a degree, correct to 3 decimal places:

(a) 15°11"  (b) 29°53" (c) 49°42'17" (d) 135°7'19”

4. Convert the following angles into degrees, minutes and
seconds:

(a) 25.4° (b) 36.48° (c) 55.724° (d) 231.025°

16.2 Types and properties of angles

(a) (i) Any angle between 0° and 90° is called an acute
angle.

(i) An angle equal to 90° is called a right angle.

(iii) Any angle between 90° and 180° is called an obtuse
angle.

(iv) Any angle greater than 180° and less than 360° is
called a reflex angle.
(b) (i) An angle of 180° lies on a straight line.
(i1) If two angles add up to 90° they are called comple-
mentary angles.

(iii) If two angles add up to 180° they are called supple-
mentary angles.

(iv) Parallel lines are straight lines which are in the same
plane and never meet. (Such lines are denoted by
arrows, as in Fig. 16.1).

(v) A straight line which crosses two parallel lines is
called a transversal (see MN in Fig. 16.1).

Fig. 16.1

(c) With reference to Fig. 16.1:

(i) a=c,b=d, e =g and f = h. Such pairs of angles
are called vertically opposite angles.

(i) a=-e, b= f,c=gand d = h. Such pairs of angles
are called corresponding angles.

(iii) ¢ = e and b = h. Such pairs of angles are called
alternate angles.

(iv) b+ e =180° and ¢+ h = 180°. Such pairs of angles
are called interior angles.

Problem 6. State the general name given to the fol-
lowing angles:
(a) 159° (b) 63°

(c) 90° (d) 227°

(a) 159° lies between 90° and 180° and is therefore called
an obtuse angle.

(b) 63° lies between 0° and 90° and is therefore called an
acute angle.

(c) 90° is called a right angle.



(d) 227° is greater than 180° and less than 360° and is
therefore called a reflex angle.

Problem 7. Find the angles complementary to
(a) 41° (b) 58°39

(a) The complement of 41° is (90° — 41°), i.e. 49°
(b) The complement of 58°39" is (90° — 58°39'), i.e. 31°21’

Problem 8. Find the angles supplementary to
(a) 27° (b) 111°11

(a) The supplement of 27° is (180° — 27°), i.e. 153°
(b) The supplement of 111°11" is (180°—111°11"), i.e. 68°49’

Problem9. Two straight lines AB and CD intersect at
0. If LAOC is 43°, find LAOD, /DOB and /BOC

From Fig. 16.2, /AOD is supplementary to ZAOC. Hence
/AOD = 180° — 43° = 137°. When two straight lines
intersect the vertically opposite angles are equal. Hence
/DOB = 43° and /BOC = 137°

Fig. 16.2

Problem 10. Determine angle p in Fig. 16.3.

133°

Fig. 16.3

a = 180° — 133° = 47° (i.e. supplementary angles).

a = p = 47° (corresponding angles between parallel lines).
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Problem11. Determine the value of angle 6 in
Fig. 16.4.

A B
Fo-----9 D S G
o 53549 5
Fig. 16.4

Let a straight line FG be drawn through E such that FG
is parallel to AB and CD. /BAE = [AEF (alternate angles
between parallel lines AB and FG), hence ZAEF = 23°37'.
LECD = [FEC (alternate angles between parallel lines FG
and CD), hence /FEC = 35°49

Angle 6 = LAEF + /FEC = 23°37 + 35°49" = 59°26¢’

Problem 12. Determine angles ¢ and d in Fig. 16.5.

Q

46°

Fig. 16.5

b = 46° (corresponding angles between parallel lines).
Also b+ ¢ +90° = 180° (angles on a straight line).
Hence 46° + ¢ +90° = 180°, from which ¢ = 44°.

b and d are supplementary, hence d = 180° — 46° = 134°.
Alternatively, 90° 4+ ¢ = d (vertically opposite angles).

Now try the following exercise

Exercise 57 Further problems on types and proper-
ties of angles (Answers on page 259)

1. State the general name given to the
(b) 147°
2. Determine the angles complementary to the following:

(b) 27°37

(a) 63° (c) 250°

(a) 69° (c) 41°3'43”
3. Determine the angles supplementary to

(a) 78 (b) 15° (c) 169°41'11”
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4. With reference to Fig. 16.6, what is the name given to 16.3 Properties of triangles
the line XY. Give examples of each of the following:

. ; A triangle is a figure enclosed by three straight lines. The
(a) vertically opposite angles.

sum of the three angles of a triangle is equal to 180°. Types
(b) supplementary angles. of triangles:

(c) corresponding angles. (i) An acute-angled triangle is one in which all the angles

(d) alternate angles. are acute, i.e. all the angles are less than 90°.
(i) A right-angled triangle is one which contains a right
angle.
/y (iii) An obtuse-angled triangle is one which contains an
5|8 obtuse angle, i.e. one angle which lies between 90° and
7 o
8 180°.
1)2 (iv) An equilateral triangle is one in which all the sides
. A 3 and all the angles are equal (i.e. each 60°).
(v) An isosceles triangle is one in which two angles and
two sides are equal.

. (vi) A scalene triangle is one with unequal angles and
Fig. 16.6 therefore unequal sides.
5. In Fig. 16.7, find angle a.

137°29°
o
16°49°

6. In Fig. 16.8, find angles a, b and c.

With reference to Fig. 16.10:

Fig. 16.7

Fig. 16.10

(1) Angles A, B and C are called interior angles of the
triangle.
25 (i) Angle 0 is called an exterior angle of the triangle and

. C
N a is equal to the sum of the two opposite interior angles,
69° iee0=A+C
b (iii) a + b + c is called the perimeter of the triangle.
Problem 13. Name the types of triangles shown in
Fig. 16.11.
Fig. 16.8 26
2 2 2.1
7. Find angle f in Fig. 16.9. >3 A 51°
() 2 (b) (c)
133°
98° p 2.1
B D
() () 25
Fig. 16.9 Fig. 16.11




(a) Equilateral triangle.

(b) Acute-angled scalene triangle.
(c) Right-angled triangle.

(d) Obtuse-angled scalene triangle.
(e) Isosceles triangle.

Problem14. Determine the value of 6 and o in
Fig. 16.12.

62°

Fig. 16.12

In triangle ABC, /A + /B + /C = 180° (angles in a triangle
add up to 180°), hence /C = 180° — 90° — 62° = 28°. Thus
(DCE = 28° (vertically opposite angles).

0 = (DCE + (DEC (exterior angle of a triangle is equal

to the sum of the two opposite interior angles). Hence
0 = 28° 4+ 15° =43°
Lo and /DEC are supplementary, thus

o =180° — 15° = 165°

Problem 15. ABC is an isosceles triangle in which the
unequal angle BAC is 56°. AB is extended to D as shown
in Fig. 16.13. Determine the angle DBC.

(> >

Fig. 16.13

Since the three interior angles of a triangle add up to 180°
then 56°+/B+/C = 180°,i.e. LB+/C = 180°—56° = 124°.
124°

Triangle ABC is isosceles hence /B = /C = = 62°.

(DBC = [A 4 [C (exterior angle equals sum of two
interior opposite angles), i.e. Z/DBC = 56° 4+ 62° = 118°
[Alternatively, ZDBC + /ABC = 180° (i.e. supplementary
angles)].
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Problem 16. Find angles a, b, ¢, d and e in Fig. 16.14.

Fig. 16.14

a = 62° and ¢ = 55° (alternate angles between parallel lines)
55° 4+ b 4 62° = 180° (angles in a triangle add up to 180°),
hence b = 180° — 55° — 62° = 63°

b = d = 63° (alternate angles between parallel lines).

e+ 55° +63° = 180° (angles in a triangle add up to 180°),
hence e = 180° — 55° — 63° = 62°

[Check: e = a = 62° (corresponding angles between parallel
lines)].

Now try the following exercise

Exercise 58 Further problems on properties of trian-
gles (Answers on page 259)

1. In Fig. 16.15, (i) and (ii), find angles w, x, y and z.
What is the name given to the types of triangle shown
in (i) and (ii)?

110¢ 10°

0]

Fig. 16.15

2. Find the values of angles a to g in Fig. 16.16 (i)
and (ii).

Fig. 16.16
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3. Find the unknown angles a to k in Fig. 16.17.

Fig. 16.17

4. Triangle ABC has a right angle at B and /BAC is 34°.
BC is produced to D. If the bisectors of ZABC and
LACD meet at E, determine /BEC

5. If in Fig. 16.18, triangle BCD is equilateral, find the
interior angles of triangle ABE.

A

Fig. 16.18

16.4 Congruent triangles

Two triangles are said to be congruent if they are equal in
all respects, i.e. three angles and three sides in one triangle
are equal to three angles and three sides in the other triangle.
Two triangles are congruent if:

(i) the three sides of one are equal to the three sides of the
other (SSYS),

(ii) they have two sides of the one equal to two sides of
the other, and if the angles included by these sides are
equal (SAS),

(iii) two angles of the one are equal to two angles of the other
and any side of the first is equal to the corresponding
side of the other (ASA), or

(iv) their hypotenuses are equal and if one other side of one
is equal to the corresponding side of the other (RHS).

Problem 17. State which of the pairs of triangles
shown in Fig. 16.19 are congruent and name their
sequence.

N Y
R

Z"w A

Fig. 16.19

O m

(a) Congruent ABC, FDE (Angle, side, angle, i.e. ASA).
(b) Congruent GIH, JLK (Side, angle, side, i.e. SAS).

(c) Congruent MNO, RQP (Right-angle, hypotenuse, side,
i.e. RHS).

(d) Not necessarily congruent. It is not indicated that any side
coincides.

(e) Congruent ABC, FED (Side, side, side, i.e. SSS).

Problem 18. In Fig. 16.20, triangle POR is isosceles
with Z the mid-point of PQ. Prove that triangle PXZ
and QYZ are congruent, and that triangles RXZ and
RYZ are congruent. Determine the values of angles RPZ
and RXZ.

R
X @’ y
28° 28°
P
7 Q

Fig. 16.20

Since triangle POR is isosceles PR = RQ and thus
LOPR = (RQP

(RXZ = /QPR + 28° and /RYZ = /RQP + 28° (exterior
angles of a triangle equal the sum of the two interior opposite
angles). Hence /RXZ = /RYZ.

/PXZ = 180° — /RXZ and /QYZ = 180° — /RYZ. Thus
(PXZ = [QYZ.

Triangles PXZ and QY Z are congruent since
(XPZ = (YQZ,PZ =ZQ and /XZP = [YZQ (ASA)

Hence XZ =YZ

Triangles PRZ and QRZ are congruent since PR = RQ,
(RPZ = [RQZ and PZ = ZQ (SAS). Hence /RZX = /RZY



Triangles RXZ and RYZ are congruent since /ZRXZ = /RYZ,
X7Z =YZ and /RZX = /RZY (ASA). /QRZ = 67° and thus
LPRQ = 67° 4+ 67° = 134°. Hence

180° — 134°
5 =
[RXZ = 23° 4 28° = 51°(external angle of a triangle

[RPZ = [RQZ = 23

equals the sum of the two interior opposite angles).

Now try the following exercise

Exercise 59 Further problems on congruent trian-
gles (Answers on page 259)

1. State which of the pairs of triangles in Fig. 16.21 are
congruent and name their sequence.

@) (b) ©

Fig. 16.21

2. In a triangle ABC, AB = BC and D and E are points
on AB and BC, respectively, such that AD = CE.
Show that triangles AEB and CDB are congruent.

16.5 Similar triangles

Two triangles are said to be similar if the angles of one
triangle are equal to the angles of the other triangle. With
reference to Fig. 16.22: Triangles ABC and PQR are similar
and the corresponding sides are in proportion to each other,
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i.e.
p_4a_Tr
a b
A
57° P
c b
r/57° q
65° 58° 65° 58
B a cCoQO p R
Fig. 16.22
Problem 19. 1In Fig. 16.23, find the length of side a.
A
4
50°
D
c=12.0cm A
f=5.0 cm
60° \
B Q70 Ed:4.420m
a
c
Fig. 16.23

In triangle ABC, 50° + 70° + /C 180°, from which

LC =60°

In triangle DEF, (E = 180° — 50° — 60° = 70°. Hence
triangles ABC and DEF are similar, since their angles are
the same. Since corresponding sides are in proportion to each
other then:

a c . a 12.0
-—=— ie —=—
d f 4.42 5.0
12.0
Hence a= ﬁ(4.42) =10.61cm
Problem 20. 1In Fig. 16.24, find the dimensions marked
r and p
P —t
g=6.82cm o
359
R
Fig. 16.24
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In triangle POR, /Q = 180° — 90° — 35° = 55°
In triangle XYZ, /X = 180° — 90° — 55° = 35°

Hence triangles POR and ZY X are similar since their angles
are the same. The triangles may be redrawn as shown in
Fig. 16.25.

Q 5
3
55° N
r p 4
35°
P 4Z682em Rz
Fig. 16.25
. r_q
By proportion: — = - = —
x Yy
2
Hence p__r _ 682
z 744  10.63

.82
from which, r=7.44 (ﬁ) =4.77cm

10.63
By proportion: P4 e P _ 6082
z 0y 1297  10.63
Hence p=12.97 (ﬂ) =8.32cm
10.63
Problem21. 1In Fig. 16.26, show that triangles CBD

and CAE are similar and hence find the length of CD
and BD.

Fig. 16.26

Since BD is parallel to AE then /CBD = (CAE and
LCDB = [CEA (corresponding angles between parallel

lines). Also ZC is common to triangles CBD and CAE. Since
the angles in triangle CBD are the same as in triangle CAE
the triangles are similar. Hence, by proportion:

CB_CD( BD
CA  CE\  AE

i.e. % = %, from which CD = 12 (19—5>
=72cm
Also, 2 = %, from which BD = 10 <2)
15 10 15
=6cm

Problem22. A rectangular shed 2m wide and 3m
high stands against a perpendicular building of height
5.5m. A ladder is used to gain access to the roof of the
building. Determine the minimum distance between the
bottom of the ladder and the shed.

A side view is shown in Fig. 16.27, where AF is the min-
imum length of ladder. Since BD and CF are parallel,
(ADB = [DFE (corresponding angles between parallel
lines). Hence triangles BAD and EDF are similar since their
angles are the same.

AB=AC-BC=AC—-DE=55-3=25m.

AB BD | 2.5
= ie. — =——

B tion: — = —— ie.
y proportion: = =~ 3 EF

Hence EF =2 <23—5) = 2.4 m = minimum
distance from bottom of ladder
to the shed
A
7
Z
Z
Z
~
zZ
Z
_
2m 4 55m
Z
Z
Z
Shed g
7
cP
Fig. 16.27



Now try the following exercise

Exercise 60 Further problems on similar triangles
(Answers on page 259)

1. In Fig. 16.28, find the lengths x and y.

14.58 mm

25.69 mm

4.74 mm y
S
.

7.36 mm

Fig. 16.28

2. PQR is an equilateral triangle of side 4cm. When PQ
and PR are produced to S and T, respectively, ST is
found to be parallel with QR. If PS is 9cm, find the
length of ST. X is a point on ST between S and T
such that the line PX is the bisector of /SPT. Find
the length of PX.

3. In Fig. 16.29, find (a) the length of BC when
AB = 6cm, DE = 8cm and DC = 3cm, (b) the
length of DE when EC = 2cm, AC = S5cm and
AB = 10cm.

Fig. 16.29

4. In Fig. 16.30, AF = 8m, AB = 5m and BC = 3m.
Find the length of BD.
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Fig. 16.30

16.6 Construction of triangles

To construct any triangle the following drawing instruments
are needed:

(i) ruler and/or straight edge, (ii) compass, (iii) protractor,
(iv) pencil. For actual constructions, see Problems 23 to 26
which follow.

Problem23. Construct a triangle whose sides are
6cm, 5cm and 3 cm.

With reference to Fig. 16.31:

A 6 cm B

Fig. 16.31

(i) Draw a straight line of any length, and with a pair of
compasses, mark out 6 cm length and label it AB.
(i) Set compass to 5cm and with centre at A describe arc
DE.
(iii) Set compass to 3cm and with centre at B describe arc
FG.
(iv) The intersection of the two curves at C is the vertex of
the required triangle. Join AC and BC by straight lines.

It may be proved by measurement that the ratio of the angles
of a triangle is not equal to the ratio of the sides (i.e. in this
problem, the angle opposite the 3 cm side is not equal to half
the angle opposite the 6 cm side).

Problem24. Construct a triangle ABC such that
a=6cm, b=3cm and /C = 60°
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b=3cm

60°
B a=6cm C

Fig. 16.32

With reference to Fig. 16.32:

(i) Draw a line BC, 6 cm long.

(i) Using a protractor centred at C make an angle of 60°
to BC.

(iii) From C measure a length of 3 cm and label A.

(iv) Join B to A by a straight line.

Problem25. Construct a triangle PQR given that
OR=5cm, /Q =70° and /R = 44°

With reference to Fig. 16.33:

Q 5cm R

Fig. 16.33

(i) Draw a straight line 5cm long and label it QOR.

(i) Use a protractor centred at Q and make an angle of 70°.
Draw QQ'

(iii) Use a protractor centred at R and make an angle of 44°.
Draw RR'.

(iv) The intersection of QQ’ and RR’ forms the vertex P of
the triangle.

Problem 26. Construct a triangle XYZ given that
XY = Scm, the hypotenuse YZ = 6.5cm and
(X =90°

With reference to Fig. 16.34:

(i) Draw a straight line 5 cm long and label it XY.

Fig. 16.34

(i) Produce XY any distance to B. With compass centred at
X make an arc at A and A". (The length XA and XA’ is
arbitrary.) With compass centred at A draw the arc PQ.
With the same compass setting and centred at A’, draw
the arc RS. Join the intersection of the arcs, C, to X, and
a right angle to XY is produced at X. (Alternatively, a
protractor can be used to construct a 90° angle).

(iii) The hypotenuse is always opposite the right angle. Thus
YZ is opposite /X. Using a compass centred at ¥ and
set to 6.5 cm, describe the arc UV.

(iv) The intersection of the arc UV with XC produced, forms
the vertex Z of the required triangle. Join YZ by a
straight line.

Now try the following exercise

Exercise 61 Further problems on the construction of
triangles (Answers on page 259)

In problems 1 to 5, construct the triangles ABC for the
given sides/angles.

1. a=8cm, b=6cm and ¢ = 5cm

2. a=40mm, b = 60mm and C = 60°

3. a=6cm, C =45° and B =75°

4. c=4cm, A=130° and C = 15°

5. a =90mm, B = 90°, hypotenuse = 105 mm

Assignment 8

This assignment covers the material contained in
chapters 15 and 16. The marks for each question
are shown in brackets at the end of each question.

1. In the following equations, x and y are two related
variables and k and ¢ are constants. For the stated
equations to be verified it is necessary to plot graphs of
the variables in modified form. State for each (a) what
should be plotted on the horizontal axis, (b) what should



be

plotted on the vertical axis, (c) the gradient, and (d) the

vertical axis intercept.

2.

. k Y
W p=== W) == ®)

The following experimental values of x and y are
believed to be related by the law y = ax? + b, where
a and b are constants. By plotting a suitable graph
verify this law and find the approximate values of a
and b.

X 25 42 60 84 98 114
154 325 60.2 111.8 150.1 200.9

(€))

. Determine the law of the form y = ae® which relates

the following values:

0.0306 0.285 0.841 5.21 173.2 1181
—4.0 53 98 174 320 40.0

(€))

. Evaluate: 29°17' + 75°51" — 47°49’ 3)

5. Convert 47.319° to degrees, minutes and seconds (2)

State the angle (a) supplementary to 49°

(b) complementary to 49° 2)

. In Fig. A8.1, determine angles x, y and z 3)
59°3
Y N 2

Fig. A8.1
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8. In Fig. A8.2, determine angles a to e 5)

d A 125°
60°
Fig. A8.2
9. In Fig. A8.3, determine the length of AC “4)
B
10m
D
C
8m
E
Fig. A8.3

10. Construct a triangle POR given PQ = 5cm,
LOQPR = 120° and /PRQ = 35° (5)
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Introduction to trigonometry

17.1 Trigonometry

Trigonometry is the branch of mathematics which deals with
the measurement of sides and angles of triangles, and their
relationship with each other. There are many applications in
engineering where a knowledge of trigonometry is needed.

17.2 The theorem of Pythagoras

With reference to Fig. 17.1, the side opposite the right angle
(i.e. side b) is called the hypotenuse. The theorem of
Pythagor as states:

‘In any right-angled triangle, the square on the hypotenuse is
equal to the sum of the squares on the other two sides.’

Hence b?=a%4c?
A
c b
B 3 c
Fig. 17.1
Problem1. 1In Fig. 17.2, find the length of BC
c
b=4cm a
AT =3em B
Fig. 17.2

By Pythagoras’ theorem, o = b* + ¢*
ie. =443 =16+9=25

Hence a = +/25 = £5(—5 has no
meaning in this context and is thus ignored)

Thus bc = 5cm
Problem2. In Fig. 17.3, find the length of EF
D
f:5cml : e=13cm
E p F
Fig. 17.3
By Pythagoras’ theorem: e = d* + f°
Hence 132 = g% + 52
169 = d* 425
d* =169 — 25 = 144
Thus d=+144 = 12cm
i.e. EF = 12cm

Problem 3. Two aircraft leave an airfield at the same
time. One travels due north at an average speed of
300km/h and the other due west at an average speed of
220 km/h. Calculate their distance apart after 4 hours.

After 4hours, the first aircraft has travelled 4 x 300 =
1200km, due north, and the second aircraft has travelled
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4 x 220 = 880km due west, as shown in Fig. 17.4. Distance 17.3 Trigonometric ratios of acute angles
apart after 4 hours = BC

From Pythagoras’ theorem: (a) With reference to the right-angled triangle shown in
Fig. 17.5:
2 2 2
BC* = 1200” + 880 . ) opposite side . .
(i) sinef = ————, ie. Sinf = —
= 1440000 + 774400 hypotenuse
d BC =/(2214400 . . dj t sid . a
an ( ) (ii) cosine 0 = M, ie. cosf = —
hypotenuse c
N ite sid b
B (iii) tangent 0 = M, ie. tanfd = —
W+E adjacent side a
S
1200 km
C A c
880 km b
i 5]
Fig. 17.4 =
Hence distance apart after 4 hours = 1488km. Fig. 17.5
Now try the following exercise Problem4. From Fig. 17.6, find sinD, cosD and
tan '
Exercise 62 Further problems on the theorem of
Pythagor as (Answers on page 260) -
1. In a triangle ABC, /B is a right angle, AB = 6.92cm
and BC = 8.78 cm. Find the length of the hypotenuse.
2. In a triangle CDE, D = 90°, CD = 14.83 mm and o
CE = 28.31 mm. Determine the length of DE.
3. Show that if a triangle has sides of 8, 15 and 17 cm it
Lo D E
is right angled. 8
4. Triangle POR is isosceles, Q being a right angle. If the Fig. 17.6
hypotenuse is 38.47cm find (a) the lengths of sides

PQ and QR, and (b) the value of ZQPR.
By Pythagoras’ theorem, 172 = 82 + EF?
5. A man cycles 24km due south and then 20km due

east. Another man, starting at the same time as the

first man, cycles 32km due east and then 7km due from which, EF = 17> =82 =15

south. Find the distance between the two men. ) EF 15

6. A ladder 3.5m long is placed against a perpendicular sinD = DF 17 or 0.8824
wall with its foot 1.0m from the wall. How far up DE 8
the wall (to the nearest centimetre) does the ladder cosD=— = — or 04706
reach? If the foot of the ladder is now moved 30cm br 17
further away from the wall, how far does the top of DE 8
the ladder fall? tnF = o=, or 0533

7. Two ships leave a port at the same time. One travels
due west at 18.4km/h and the other due south at
27.6km/h. Calculate how far apart the two ships are
after 4 hours.

Problem5. Determine the values of sin6, cosf and
tan0 for the right-angled triangle ABC shown in
Fig. 17.7.
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B fx) fx)
8 8r
13 5 Th-m=mmm - 1B
0 6 !
A 12 < i
af !
Fig. 17.7 37 i
2F ! |
| i
.t .d 5 1
By definition: sinf = OPpoStte SIe _ 2 _ 0.3846 0 2 4 6 8
hypotenuse 13 ()
dj t sid 12
cosf = AW 22 _ ggo31 Fig. 17.9
hypotenuse 13
and — opposite side 5 0.4167 Since ABC is aright-angled triangle,and AC = (8—2) = 6
"~ adjacent side 12~ and BC = (7 — 3) = 4, then by Pythagoras’ theorem
AB* =AC*+BC*=6"+4°
9 . .
Problem6. IfcosX = a1 determine the value of sin X and AB = V@ T4 = 52 = 7211 correct to
and tan X. 3 decimal places.

) ) ) (b) The gradient of AB is given by tan6,
Figure 17.8 shows a right-angled triangle XY Z.

i radient = tan6 BC _4_2
1.€. =tanf = — = — = —
Z g AC "6 3
(¢) The angle AB makes with the horizontal is given by
2
tan~' = = 33.69°
3
41
Now try the following exercise
Exercise 63 Further problems on trigonometric
X 4 ratios of acute angles (Answers on
9 page 260)
Fig. 17.8 1. Sketch a triangle XY Z such that /Y = 90°, XY = 9cm
and YZ = 40cm. Determine sinZ, cosZ, tanX and
cos X.

. 9 . .
Since cos X = 41’ then XY = 9 units and XZ = 41 units. 2. In triangle ABC shown in Fig. 17.10, find sin A, cos A,

Using Pythagoras’ theorem: 41> = 9% 4 YZ? from which tanA, sin B, cos B and tan B.

YZ = /412 — 92 = 40 units.

Thus B

40 40 4
; _ _ _ a7 5
sz_41 and tanX = 9 _49 3

Problem 7. Point A lies at co-ordinate (2,3) and point )
B at (8,7). Determine (a) the distance AB, (b) the gradi- Fig. 17.10
ent of the straight line AB, and (c) the angle AB makes
with the horizontal.

1
3. If cosA = % find sinA and tan A, in fraction form.

(a) Points A and B are shown in Fig. 17.9(a). 15
In Fig. 17.9(b), the horizontal and vertical lines AC and 4. IftanX = Tk find sinX and cos X, in fraction form.
BC are constructed.




5. For the right-angled triangle shown in Fig. 17.11, find:
(a) sina (b) cosf (c) tanf

Fig. 17.11

7
6. If tan6 = 22’ find sin® and cos© in fraction form.

7. Point P lies at co-ordinate (—3,1) and point Q at
(5,—4). Determine
(a) the distance PQ,
(b) the gradient of the straight line PQ and,
(c) the angle PO makes with the horizontal.

17.4 Solution of right-angled triangles

To ‘solve a right-angled triangle’ means ‘to find the unknown
sides and angles’. This is achieved by using (i) the theo-
rem of Pythagoras, and/or (ii) trigonometric ratios. This is
demonstrated in the following problems.

Problem 8. Sketch a right-angled triangle ABC such
that B = 90°, AB = 5cm and BC = 12 cm. Determine
the length of AC and hence evaluate sinA, cos C and
tanA.
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Triangle ABC is shown in Fig. 17.12.
By Pythagoras’ theorem, AC = /52 + 122 =13

opposite side 12

By definition: sinA = — = — or 0.9231
hypotenuse 13
dj t sid 12
cosC = adjacel’ sice _ -2 or 0.9231
hypotenuse 13
ite sid 12
and tanA = M = — or 2400
adjacent side 5
A
5cm
B

12 cm

Fig. 17.12

Problem 9. In triangle POR shown in Fig. 17.13, find
the lengths of PQ and PR.
P
38° R
Q 7.5cm
Fig. 17.13
P P
tan 38° = Po = PO
OR 175
hence PQ =7.5tan38° = 7.5(0.7813) = 5.860cm
R 7.5
cos38° = oRr = —
PR PR
hence PR = 75 7S 9.518cm

" cos38  0.7880
[Check: Using Pythagoras’ theorem

(7.5)* + (5.860)* = 90.59 = (9.518)?]

Problem 10. Solve the triangle ABC shown in
Fig. 17.14.
A 35 mm B
%
C
Fig. 17.14

To ‘solve triangle ABC’ means ‘to find the length AC and
angles B and C’

sinC = § = 0.94595
37

hence C = sin™' 0.94595 = 71.08° or 71°5'
B = 180° — 90° — 71°5’ = 18°55’ (since angles in a triangle
add up to 180°)

. AC
sinB = —
37

hence AC = 37sin18°55 = 37(0.3242) = 12.0mm
or, using Pythagoras’ theorem, 37> = 352 + AC?,

from which, AC = /(37 — 35%) = 12.0mm.
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Problem 11. Solve triangle XYZ given /X = 90°,
LY = 23°17 and YZ = 20.0mm. Determine also its
area.

It is always advisable to make a reasonably accurate
sketch so as to visualize the expected magnitudes of un-
known sides and angles. Such a sketch is shown in
Fig. 17.15.

(7 =180° —90° — 23°17 = 66°43

XZ

sin23°17 = —— hence XZ = 20.0 sin23°17’
20.0

= 20.0(0.3953) = 7.906 mm

XY

23°17 = —— h XY = 20. 23°17

c0s23°17 20.0 ence 0.0 cos23°17

=20.0(0.9186) = 18.37mm

20.0 mm

23°17”

Fig. 17.15

(Check: Using Pythagoras’ theorem
(18.37)* + (7.906)* = 400.0 = (20.0)*)
Area of triangle XYZ = % (base)(perpendicular height)

= J(XY)(XZ) = 1(18.37)(7.906)

= 72.62mm?

Now try the following exercise

Exercise 64 Further problems on the solution of
right-angled triangles (Answers on
page 260)

1. Solve triangle ABC in Fig. 17.16(i).
2. Solve triangle DEF in Fig. 17.16(ii).

Fig. 17.16

3. Solve triangle GHI in Fig. 17.16(iii).
4. Solve the triangle JKL in Fig. 17.17(i) and find its

area.

J M 25°35’ 3.69m

p Q
6.7 mm N 8.75m
32.0 mm
Kkt D R
o
0} (if) (iii)
Fig. 17.17

5. Solve the triangle MNO in Fig. 17.17(ii) and find its
area.

6. Solve the triangle POR in Fig. 17.17(iii) and find its
area.

7. A ladder rests against the top of the perpendicular
wall of a building and makes an angle of 73° with
the ground. If the foot of the ladder is 2m from the
wall, calculate the height of the building.

17.5 Angles of elevation and depression

(a) If, in Fig. 17.18, BC represents horizontal ground and
AB a vertical flagpole, then the angle of elevation of
the top of the flagpole, A, from the point C is the angle
that the imaginary straight line AC must be raised (or
elevated) from the horizontal CB, i.e. angle 6.

A
c-=30 B
Fig. 17.18
=
~ \9
Q —~R
Fig. 17.19

(b) If, in Fig. 17.19, PQ represents a vertical cliff and R a

ship at sea, then the angle of depression of the ship
from point P is the angle through which the imaginary
straight line PR must be lowered (or depressed) from the
horizontal to the ship, i.e. angle ¢.



(Note, ZPRQ is also ¢ —alternate angles between parallel
lines.)

Problem 12.  An electricity pylon stands on horizontal
ground. At a point 80 m from the base of the pylon,
the angle of elevation of the top of the pylon is 23°.
Calculate the height of the pylon to the nearest metre.

Figure 17.20 shows the pylon AB and the angle of elevation
of A from point C is 23°

. AB AB
tan23° = — = —
BC 80
Hence height of pylon AB = 80 tan 23° = 80(0.4245)
=33.96m
= 34m to the nearest metre
A
23°
¢ 80 m B
Fig. 17.20

Problem 13. A surveyor measures the angle of eleva-
tion of the top of a perpendicular building as 19°. He
moves 120 m nearer the building and finds the angle
of elevation is now 47°. Determine the height of the
building.

The building PQ and the angles of elevation are shown in
Fig. 17.21.

h
In triangle PQS, tan19° =

x+ 120
hence & = tan 19°(x + 120), i.e. h = 0.3443(x + 120) (1)

P
h
47° N R S
P p——
X 120
Fig. 17.21
. h
In triangle POR, tan47° = —
X
hence h = tan47°(x), ie. h=1.0724x 2)
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Equating equations (1) and (2) gives:
0.3443(x + 120) = 1.0724x
0.3443x + (0.3443)(120) = 1.0724x
(0.3443)(120) = (1.0724 — 0.3443)x

41.316 = 0.7281x
41.316
X =
0.7281

From equation (2), height of building,

=56.74m

h =1.0724x = 1.0724(56.74) = 60.85m

Problem 14. The angle of depression of a ship viewed
at a particular instant from the top of a 75 m vertical cliff
is 30°. Find the distance of the ship from the base of
the cliff at this instant. The ship is sailing away from
the cliff at constant speed and 1 minute later its angle
of depression from the top of the cliff is 20°. Determine
the speed of the ship in km/h.

Figure 17.22 shows the cliff AB, the initial position of the
ship at C and the final position at D. Since the angle of
depression is initially 30° then ZACB = 30° (alternate angles
between parallel lines).

>~

75 75 75
hence BC =

A
an30"=p- = ge @n30°  0.5774

= 129.9m = initial position of ship from base

of cliff
30°
Al
=
—_—
=
—
= 30°
B C x D
Fig. 17.22
AB 75 75
In triangle ABD, tan20° = — = =
BD BC+CD 1299+«x
75 75
Hence 1299 + x = = —— =206.0m
tan20°  0.3640
from which x =206.0—-129.9=76.1m

Thus the ship sails 76.1 m in 1 minute, i.e. 60s, hence speed

of ship
dist: 76.1

_ 1s. ance _ m/s

time 60

_76.1 x 60 x 60

60 x 1000

km/h = 4.57km/h
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Now try the following exercise

Exercise 65 Further problems on angles of elevation
and depression (Answers on page 260)

1. A vertical tower stands on level ground. At a point
105 m from the foot of the tower the angle of elevation
of the top is 19°. Find the height of the tower.

2. If the angle of elevation of the top of a vertical 30 m
high aerial is 32°, how far is it to the aerial?

3. From the top of a vertical cliff 90.0 m high the angle of
depression of a boat is 19°50'. Determine the distance
of the boat from the cliff.

4. From the top of a vertical cliff 80.0 m high the angles
of depression of two buoys lying due west of the cliff
are 23° and 15°, respectively. How far are the buoys
apart?

5. From a point on horizontal ground a surveyor mea-
sures the angle of elevation of the top of a flagpole
as 18°40’. He moves 50 m nearer to the flagpole and
measures the angle of elevation as 26°22’. Determine
the height of the flagpole.

6. A flagpole stands on the edge of the top of a building.
At a point 200m from the building the angles of
elevation of the top and bottom of the pole are 32° and
30° respectively. Calculate the height of the flagpole.

7. From a ship at sea, the angles of elevation of the top
and bottom of a vertical lighthouse standing on the
edge of a vertical cliff are 31° and 26°, respectively.
If the lighthouse is 25.0 m high, calculate the height
of the cliff.

8. From a window 4.2m above horizontal ground the
angle of depression of the foot of a building across
the road is 24° and the angle of elevation of the top of
the building is 34°. Determine, correct to the nearest
centimetre, the width of the road and the height of the
building.

9. The elevation of a tower from two points, one due east
of the tower and the other due west of it are 20° and
24°, respectively, and the two points of observation
are 300m apart. Find the height of the tower to the
nearest metre.

17.6 Evaluating trigonometric ratios of
any angles

Four-figure tables are available which gives sines, cosines,
and tangents, for angles between 0° and 90°. However, the
easiest method of evaluating trigonometric functions of any
angle is by using a calculator.

The following values, correct to 4 decimal places, may be
checked:

sine 18° = 0.3090

tangent 29° = (0.5543

sine 172° = 0.1392

tangent 178° = —0.0349
sine 241.63° = —0.8799
tangent 296.42° = —2.0127

cosine 56° = (0.5592
cosine 115° = —0.4226

cosine 331.78° = 0.8811

To evaluate, say, sine 42°23' using a calculator means finding

ine 42
sine 42—

since there are 60 minutes in 1 degree.

23 =0.3833, th
60— . N us

42°23' = 42.3833°
Thus sine 42°23' = sine 42.3833° = 0.6741, correct to
4 decimal places.

o

Similarly, cosine 72°38" = cosine 725 = 0.2985, correct

to 4 decimal places.

Problem 15. Evaluate correct to 4 decimal places:
(a) sine 11° (b) sine 121.68° (c) sine 259°10

(a) sine 11° = 0.1908
(b) sine 121.68° = 0.8510

o

10
(¢) sine 259°10" = sine 259 0 - —0.9822

Problem 16. Evaluate, correct to 4 decimal places:

(a) cosine 23° (b) cosine 159.32°

(c) cosine 321°41

(a) cosine 23° = 0.9205
(b) cosine 159.32° = —0.9356

o

41
(¢) cosine 321°41’ = cosine 321 %0

= 0.7846

Problem 17. Evaluate, correct to 4 significant figures:
(a) tangent 276° (b) tangent 131.29°

(c) tangent 76°58’

(a) tangent 276° = —9.514
(b) tangent 131.29° = —1.139

o

58
(c) tangent 76°58" = tan 76 0 - 4.320
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Problem 18. Evaluate, correct to 4 significant figures:

(a) sin1.481 (b) cos(3n/5) (c) tan2.93

(a) sin1.481 means the sine of 1.481radians. Hence a cal-
culator needs to be on the radian function.

Hence sin 1.481 = 0.9960
(b) cos(3m/5) = cos 1.884955... = —0.3090

(c) tan2.93 = —0.2148

Problem 19. Determine the acute angles:
(a) sin"'0.7321 (b) cos™' 0.4174

(c) tan~!1.4695

(a) sin™'0 is an abbreviation for ‘the angle whose sine
is equal to 6°. 0.7321 is entered into a calculator and
then the inverse sine (or sin™') key is pressed. Hence
sin™! 0.7321 = 47.06273...°.

Subtracting 47 leaves 0.06273...° and multiplying this
by 60 gives 4’ to the nearest minute.

Hence sin™' 0.7321 = 47.06° or 47°4’

Alternatively, in radians, sin™' 0.7321 = 0.821radians.
(b) cos~10.4174 = 65.33° or 65°20' or 1.140radians.
(c) tan~!1.4695 = 55.76° or 55°46’ or 0.973radians.

Problem 20. Evaluate the following expression, cor-
rect to 4 significant figures:
4.2tan49°26" — 3.7sin 66°1’
7.1cos 29°34

By calculator:

o

2
tan49°26' = tan <496—(6)) = 1.1681,

sin66°1’ = 0.9137 and c0s29°34' = 0.8698

4.2tan49°26' — 3.7sin 66°1'
7.1 cos29°34/
(4.2 x 1.1681) — (3.7 x 0.9137)
- (7.1 x 0.8698)
4.9060 — 3.3807  1.5253
T 61756 6.1756
— 0.2470 = 0.247,

Hence =

correct to 3 significant figures.

Problem21. Evaluate correct to 4 decimal places:
(a) sin(—=112°) (b) cosine (—93°16")

(c) tangent (—217.29°%)

(a) Positive angles are considered by convention to be
anticlockwise and negative angles as clockwise. From
Fig. 17.23, —112° is actually the same as +248° (i.e.
360° — 112°).

90°

180° 0°

/ 360°
112°

270°

Fig. 17.23

Hence, by calculator, sin(—112°) = sin248° = —0.9272

16

60

(c) tangent (—217.29°) = —0.7615 (which is the same as
tan(360° — 217.29°), i.e. tan 141.71°)

(b) cosine (—93°16') = cosine (—93 ) = —0.0570

Now try the following exercise

Exercise 66 Further problems on evaluating trigono-
metric ratios of any angle (Answers on
page 260)

In Problems 1 to 4, evaluate correct to 4 decimal places:

1. (a) sine 27° (b) sine 172.41° (c) sine 302°52
2. (a) cosine 124° (b) cosine 21.46°
(¢) cosine 284°10
3. (a) tangent 145°
(c) tangent 49°16

(b) tangent 310.59°

2
4. (a) sine ?71 (b) cos1.681 (c) tan3.672
In Problems 5 to 7, determine the acute angle in degrees
(correct to 2 decimal places), degrees and minutes, and

in radians (correct to 3 decimal places).

5. sin"10.2341 6. cos™10.8271 7. tan"!0.8106
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In problems 8 to 10, evaluate correct to 4 significant
figures.

8. 4¢0856°19" — 35sin21°57
11.5tan49°11" — sin90°
3cos45°
5sin 86°3’
3tan 14°29" — 2 cos 31°9’

10.

11. Determine the acute angle, in degrees and minutes,
correct to the nearest minute, given by

.y (4.32sin42°16'
sin _
7.86
(sin 34°27")(cos 69°2")

(2tan 53°39’)
correct to 4 significant figures

12. Evaluate

13. Evaluate correct to 4 decimal places:
(a) sine (—125°) (b) tan(—241°)
(¢) cos(—49°15")
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Trigonometric waveforms

18.1 Graphs of trigonometric functions

|
o
By drawing up tables of values from 0° to 360°, graphs or y=sinA l |
. y [ [
of y = sinA, y = cosA and y = tanA may be plotted. 05t | ] |
Values obtained with a calculator (correct to 3 decimal Lo, X I L |
places — which is more than sufficient for plotting graphs), 0 30 60 90 120 150 N 210240 2710 300 330 /360 A°

using 30° intervals, are shown below, with the respective |
graphs shown in Fig. 18.1.

|

(@ y=snA

A 0 30° 60° 90° 120° 150° 180°
sinA | 0 0500 0866 1.000 0.866 0.500 0

A 210° 240° 270° 300° 330° 360°
sinA | —0.500 —0.866 —1.000 —0.866 —0.500 0

[ L

L1 1 L1
120 150 180 210 240,270 300 330 360 A°

—05F : :
(b) y = cosA
1ok I l
A 0 30°  60° 90° 120°  150°  180° l | :
cosA | 1.000 0866 0.500 0 —0.500 —0.866 —1.000 o : i |
ar- y=tan A | |
|
A 210° 240°  270°  300°  330°  360° 7L | | | |
cosA | —0.866 —0500 0 0500 0866 1.000 | | |
i ! | 115|0| i s 1 .3?0 e
o] 30 60 90 120 0 210 240 270 300 o ak0  A°
(©) y =tanA ! | | l
—2r ! | l |
|
A 0 30°  60° 90°  120° 150°  180° b | | l |
@nA | 0 0577 1732 oo —1732 —0577 0 | | | |
A 2000 240°  270°  300° 330°  360° Fig. 181
@anA | 0577 1732 oo —1732 —0577 0

(i) The cosine curve is the same shape as the sine curve
but displaced by 90°.
(iii)) The sine and cosine curves are continuous and they
(i) Sine and cosine graphs oscillate between peak values repeat at intervals of 360°; the tangent curve appears
of =1 to be discontinuous and repeats at intervals of 180°.

From Fig. 18.1 it is seen that:
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18.2 Angles of any magnitude

Figure 18.2 shows rectangular axes XX’ and Y'Y’ intersect-
ing at origin 0. As with graphical work, measurements
made to the right and above 0 are positive, while those
to the left and downwards are negative. Let OA be free to
rotate about 0. By convention, when 0A moves anticlock-
wise angular measurement is considered positive, and vice
versa.

90°
Y

Quadrant 2 Quadrant 1
+ \

- —+ 00
180°
X’ 0 A X 360°

Quadrant 3 Quadrant 4
v
270°

Fig. 18.2

Let OA be rotated anticlockwise so that 0; is any angle in
the first quadrant and let perpendicular AB be constructed
to form the right-angled triangle OAB in Fig. 18.3. Since
all three sides of the triangle are positive, the trigonometric
ratios sine, cosine and tangent will all be positive in the first
quadrant. (Note: OA is always positive since it is the radius
of a circle).

Let 0OA be further rotated so that 6, is any angle in the
second quadrant and let AC be constructed to form the

90°

Quadrant 2 Quadrant 1

OO
360°

180°

Quadrant 4

Quadrant 3

270°

Fig. 18.3

right-angled triangle OAC. Then

sinf, = — =+ cosﬁzziz—

tan6, =

I+ 41+

Let OA be further rotated so that 05 is any angle in the third
quadrant and let AD be constructed to form the right-angled
triangle OAD. Then

sinf; = — = — cosfy3 = — = —
3 3=

+11

tanfz = - =+

Let 0A be further rotated so that 64 is any angle in the fourth
quadrant and let AE be constructed to form the right-angled
triangle OAE. Then

sinfy = — = — COS@4=$=+

T

tanfy = — = —
Tt

The above results are summarized in Fig. 18.4. The letters
underlined spell the word CAST when starting in the fourth
quadrant and moving in an anticlockwise direction.

90°
Sine All positive
180° 0°
360°
Tangent Cosine
270°
Fig. 18.4

In the first quadrant of Fig. 18.1 all of the curves have
positive values; in the second only sine is positive; in the
third only tangent is positive; in the fourth only cosine is
positive — exactly as summarized in Fig. 18.4. A knowledge
of angles of any magnitude is needed when finding, for
example, all the angles between 0° and 360° whose sine
is, say, 0.3261. If 0.3261 is entered into a calculator and
then the inverse sine key pressed (or sin-key) the answer



19.03° appears. However, there is a second angle between
0° and 360° which the calculator does not give. Sine is
also positive in the second quadrant [either from CAST or
from Fig. 18.1(a)]. The other angle is shown in Fig. 18.5 as
angle 6 where 6 = 180° — 19.03° = 160.97°. Thus 19.03°
and 160.97° are the angles between 0° and 360° whose
sine is 0.3261 (check that sin 160.97° = 0.3261 on your
calculator).

90°
S A
0
. 19.08° 19.03° @
180 200"
T c
270°
Fig. 185

Be careful! Your calculator only gives you one of these
answers. The second answer needs to be deduced from a
knowledge of angles of any magnitude, as shown in the
following worked problems.

Problem 1. Determine all the angles between 0° and
360° whose sine is —0.4638

The angles whose sine is —0.4638 occurs in the third
and fourth quadrants since sine is negative in these quad-
rants — see Fig. 18.6.

y y=sin X
1.0F

207.63°

332.37°

—-0.4638

-1.0

Fig. 18.6

From Fig. 18.7, 6 = sin~' 0.4638 = 27.63°. Measured
from 0°, the two angles between 0° and 360° whose sine
is —0.4638 are 180°+27.63°, i.e. 207.63° and 360° —27.63°,
ie. 332.37°
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90°
S A
NaNi
180 3] 0 360°
T C
270°

Fig. 18.7

(Note that a calculator only gives one answer, i.e.
—27.632588°)

Problem2. Determine all the angles between 0° and
360° whose tangent is 1.7629

A tangent is positive in the first and third quadrants — see
Fig. 18.8.
From Fig. 18.9, 6 = tan~! 1.7629 = 60.44°

y =tan x
y | |
1.7629 | i
e | ]
0 1809/ 270° 360° X
60.440: i24o.44° |
TR I
N
Fig. 18.8
90°
S A
0
0
180° .
o 360
T c
270°
Fig. 18.9

Measured from 0°, the two angles between 0° and 360°
whose tangent is 1.7629 are 60.44° and 180° + 60.44°, i.e.
240.44°

Problem3. Solve the equation cos™(—0.2348) = «
for angles of o between 0° and 360°.
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Cosine is positive in the first and fourth quadrants and thus
negative in the second and third quadrants — from Fig. 18.5
or from Fig. 18.1(b).

In Fig. 18.10, angle 6 = cos~!(0.2348) = 76.42°

90°

OO
360°

180°

270°

Fig. 18.10

Measured from 0°, the two angles whose cosine is —0.2348
are o = 180° — 76.42° i.e. 103.58° and o = 180° + 76.42°,
ie. 256.42°

Now try the following exercise

Exercise 67 Further problemson angles of any mag-
nitude (Answers on page 260)

1. Determine all of the angles between 0° and 360° whose
sine is:
(a) 0.6792 (b) —0.1483

Solve the following equations for values of x between
0° and 360°:

(a) x =cos™10.8739 (b) x = cos™'(—0.5572)

3. Find the angles between 0° to 360° whose tangent is:

(a) 0.9728 (b) —2.3418

18.3 The production of a sine and cosine
wave

In Fig. 18.11, let OR be a vector 1 unit long and free to
rotate anticlockwise about O. In one revolution a circle is
produced and is shown with 15° sectors. Each radius arm has
a vertical and a horizontal component. For example, at 30°,
the vertical component is 7S and the horizontal component
is OS.

From trigonometric ratios,

TS TS
sin30° = — = —, ie. TS =sin30°
TO
oS oS
and c0s30°=—=—, 1ie. OS=cos30°
TO 1

The vertical component 7'S may be projected across to 7’5,
which is the corresponding value of 30° on the graph of y
against angle x°. If all such vertical components as 7S are
projected on to the graph, then a sine wave is produced as
shown in Fig. 18.11.

If all horizontal components such as OS are projected on to
a graph of y against angle x°, then a cosine wave is produced.
It is easier to visualize these projections by redrawing the
circle with the radius arm OR initially in a vertical position
as shown in Fig. 18.12.

From Figs. 18.11 and 18.12 it is seen that a cosine curve
is of the same form as the sine curve but is displaced by 90°
(or /2 radians).

Fig. 18.11

- Y =sinx
T, ] /
- I
| | Angle x°
[ T T [ T R
30° 60° 120° 210° 270° 330°
- —-0.5



60°
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y =cos X

Angle x°
1 1 1 1 | ] ] )

90°

120°

180°

Fig. 18.12

18.4 Sine and cosine curves

Graphs of sine and cosine waveforms

(i) A graph of y = sinA is shown by the broken line
in Fig. 18.13 and is obtained by drawing up a table
of values as in Section 18.1. A similar table may be

produced for y = sin2A.

2A 270 300
sin2A | —1.0 —0.866

360 420 450 480
0 0866 1.0 0.866

A° 0 30 45 60 90 120
2A 0 60 90 120 180 240
sin2A| O 0.866 1.0 0866 0 —0.866
A° 135 150 180 210 225 240

sin2A | 0 —-0.866 —1.0 —0.866 0

A° 270 300 315 330 360
2A 540 600 630 660 720

A graph of y = sin2A is shown in Fig. 18.13.

y
Y=sinA
1.0 _ .!< Y=sin 2A
/ AN
/ \
/ \
\
0 90° 180° 270° 360° A°
\ /’
\
\ /
N /

-1.0F N -

Fig. 18.13

(ii)

(iii)

(iv)

120° 180° 240° 300° 360°

A graph of y = sin %A is shown in Fig. 18.14 using the
following table of values.

A 0 30 60 9 120 150 180
1A |0 15 30 45 60 75 90

sin %A 0 0259 0500 0.707 0.866 0.966 1.00
A° 210 240 270 300 330 360
1A 105 120 135 150 165 180

sin %A 0.966 0.866 0.707 0.500 0.259 0

y y=sinA )
1.0k /_;\/ y=sinLA
7 AN
! \
/
_ . /
0 90° 180° 270°  360°, A
\\ /
N, /

-1.0} ~~
Fig. 18.14

A graph of y = cosA is shown by the broken line in
Fig. 18.15 and is obtained by drawing up a table of
values. A similar table may be produced for y = cos 24
with the result as shown.

A graph of y = cos %A is shown in Fig. 18.16 which
may be produced by drawing up a table of values,
similar to above.

Periodic time and period

®

Each of the graphs shown in Figs. 18.13 to 18.16 will
repeat themselves as angle A increases and are thus
called periodic functions.
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y

1.0 y=cos A y=cos 2A P

< ,
\ /
\ /
\ ) / ]
0 90° 180° 270° 360° A°
\ /
N /
/

-1.0f ~—

Fig. 18.15

1
0 90° 180° 2}70° 360° A°

10k ~N_~
Fig. 18.16
(i) y = sinA and y = cosA repeat themselves every

360° (or 2w radians); thus 360° is called the period of
these waveforms. y = sin2A and y = cos2A repeat
themselves every 180° (or w radians); thus 180° is the
period of these waveforms.

(iii) In general, if y = sin pA or y = cos pA (where p is
a constant) then the period of the waveform is 360°/p
(or 2/ prad). Hence if y = sin3A then the period is
360/3, i.e. 120°, and if y = cos4A then the period is
360/4, i.e. 90°

Amplitude

Amplitude is the name given to the maximum or peak value
of a sine wave. Each of the graphs shown in Figs. 18.13 to
18.16 has an amplitude of +1 (i.e. they oscillate between +1
and —1). However, if y = 4sinA, each of the values in the
table is multiplied by 4 and the maximum value, and thus
amplitude, is 4. Similarly, if y = 5cos2A, the amplitude is
5 and the period is 360°/2, i.e. 180°

Problem4. Sketch y = sin3A between A = 0° and
A = 360°

Amplitude = 1 and period = 360°/3 = 120°.
A sketch of y = sin3A is shown in Fig. 18.17.

g =sin3A
1.0 y=2
1 1 i
0 o0° | 180 ] 2700\ 360 A
—1.0F
Fig. 18.17

Problem5. Sketch y = 3sin2A fromA =0to A = 27
radians

Amplitude = 3 and period = 27/2 = mrrads (or 180°)
A sketch of y = 3sin2A is shown in Fig. 18.18.

Y sl y=3sin 24
L
0 90° 180° 270° 360° A
-3} \/
Fig. 18.18

Problem6. Sketch y = 4cos2x from x = 0° to
x = 360°

Amplitude = 4 and period = 360°/2 = 180°.
A sketch of y = 4 cos2x is shown in Fig. 18.19.

Problem7. Sketch y = 2sin %A over one cycle.

360°  360° x 5
= 220 X2 o0,

Amplitude = 2; period = 3

u-\m‘

A sketch of y = 2sin %A is shown in Fig. 18.20.



y=4cos 2x

I

1 1 1
0 90° 180° 270° 360° Xx°

Fig. 18.19

y=2 sin%A

'l 1 L
0 180° 360° 540° /600° A°

o}

Fig. 18.20

Lagging and leading angles

(i) A sine or cosine curve may not always start at 0°.
To show this a periodic function is represented by
y = sin(A £ «a) or y = cos(A £ a) where a is a phase
displacement compared with y = sinA or y = cosA.

(i) By drawing up a table of values, a graph of
y = sin(A—60°) may be plotted as shown in Fig. 18.21.If
y = sinA is assumed to start at 0° then y = sin(A — 60°)
starts 60° later (i.e. has a zero value 60° later). Thus
y = sin(A — 60°) is said to lag y = sinA by 60°

60°
y y=sinA
1.0} > /

y = sin (A-60°)

1 1 yi
0 90° 1 80‘° 270° 360° A°

\ /
NN

N

60°

Fig. 18.21
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(iii) By drawing up a table of values, a graph of
y = cos(A + 45°) may be plotted as shown in
Fig. 18.22. If y = cosA is assumed to start at 0° then
y = cos(A 4 45°) starts 45° earlier (i.e. has a maximum
value 45° earlier).Thus y = cos(A +45°) is said to lead
y = cosA by 45°

45°

y, ‘\\ y‘:/cos A y=cos(A+45°) / \\

y \ /

\ /
\ L ]
0 360° A°
1.0

Fig. 18.22

(iv) Generally, a graph of y = sin(A — a) lags y = sinA by
angle «, and a graph of y = sin(A + a) leads y = sinA
by angle o

(v) A cosine curve is the same shape as a sine curve but
starts 90° earlier, i.e. leads by 90°. Hence

cosA = sin(A + 90°)

Problem8. Sketch y = 5sin(A +30°) from A = 0° to
A =360°

Amplitude = 5 and period = 360°/1 = 360°.
5sin(A + 30°) leads 5sinA by 30° (i.e. starts 30° earlier).
A sketch of y = 5sin(A + 30°) is shown in Fig. 18.23.

\V/y: 5sin A

y=5sin(A +30y

Fig. 18.23
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Problem9. Sketch y = 7sin(2A — 7/3) over one
cycle.

Amplitude = 7 and period = 2r/2 = 7 radians.

In general, y = sin(pt — ) lags y = sinpt by a/p, hence
7sin(2A — 7/3) lags 7sin2A by (7/3)/2, i.e. w/6rad or 30°.

A sketch of y = 7sin(2A — mr/3) is shown in Fig. 18.24.
y=7sin 2A

_'I“/SI'_ y=7sin (2A-n/3)

Uy //‘ 7
/
/ \ / \
/ \

X

/
Y \ v !
90° 180° 270° 360° A
/2 /m 3n/2 121
\ / \ /
\ \
/6

o

~ A

Fig. 18.24

Problem 10. Sketch y = 2 cos(wr — 37/10) over one
cycle.

Amplitude = 2 and period = 27 /wrad.
2 cos(wt — 37 /10) lags 2 cos wt by 37/10w seconds.
A sketch of y = 2 cos(wt — 37/10) is shown in Fig. 18.25.

3n/10w rads
y
S y=2cosnt
= ® .
[/
/ \ y=2cos(ot-3r/10)
\ /
\ 1 1
0 /20 T/w 3n/20 21/ t
\ ¢
\ /
/
AN
_2_ N~
Fig. 18.25

Now try the following exercise

Exercise 68 Further problems on sine and cosine
curves (Answers on page 260)

In Problems 1 to 7 state the amplitude and period of the
waveform and sketch the curve between 0° and 360°.

5
1. y=cos3A 2. y=251n7x
) 0
3. y=3sinds 4. y:3cos§
7.3
5. y=—sin—= 6. y = 6sin(t — 45°)
2 8
7. y=4cos(20 + 30°)

18.5 Sinusoidal form Asin(wt + a)

In Fig. 18.26, let OR represent a vector that is free to rotate
anti-clockwise about O at a velocity of wrad/s. A rotating
vector is called a phasor. After a time ¢ seconds OR will
have turned through an angle ot radians (shown as angle
TOR in Fig. 18.26). If ST is constructed perpendicular to
OR, then sinwt = ST/OT, i.e. ST = OT sin wt.

If all such vertical components are projected on to a graph
of y against wtf, a sine wave results of amplitude OR (as
shown in Section 18.3).

If phasor OR makes one revolution (i.e. 27 radians) in T
seconds, then the angular velocity, o = 27/T rad/s,

from which, | T = 2r/w seconds

T is known as the periodic time.
The number of complete cycles occurring per second is
called the frequency, f

number of cycles 1 )
Frequency = ——— = — = — Hz
second T 2n
(O]
ie. f=—Hz
ie o

Hence angular velocity, | o = 2af rad/s

Amplitude is the name given to the maximum or peak value
of a sine wave, as explained in Section 18.4. The amplitude
of the sine wave shown in Fig. 18.26 has an amplitude of 1.

A sine or cosine wave may not always start at 0°. To show
this a periodic function is represented by y = sin(wt £ ) or
y = cos(wt £ a), where « is a phase displacement compared
with y = sinA or y = cosA. A graph of y = sin(wt — «)
lags y = sinwt by angle «, and a graph of y = sin(ot + o)
leads y = sin ot by angle .

The angle wf is measured in radians

d
ie. (w&) (t s) = ot radians
S

hence angle o should also be in radians.
The relationship between degrees and radians is:

360° = 27 radians or

180° = & radians
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y
o rads/s 10k y=sin ot
T — — ——
! - C aey
180 270 360
ot o ) ]
0 SR 0 n/2 T 3n/2 21 ot
-1.0

Fig. 18.26

180
Hence 1 rad = — = 57.30° and, for example,
b

v
71° =71 x —— = 1.2391ad
180 ra

Given a general sinusoidal function y = Asin(et 4 a), then
(i) A = amplitude
(i) o = angular velocity = 27 f rad/s

.. 27 e
(ili) — = periodic time T seconds
w

@iv) - frequency, f hertz
2

(v) a = angle of lead or lag (compared with y = A sin wt)

Problem11. An alternating current is given by
i = 30sin(1007t 4 0.27) amperes. Find the amplitude,
periodic time, frequency and phase angle (in degrees
and minutes).

i = 30sin(1007z + 0.27)A, hence amplitude = 30 A
Angular velocity @ = 1007, hence
S 2 2 1
periodic time, T = T T 0.02s or 20ms
® 100r 50

1

1
requency, 0 50Hz

180\°
Phase angle, o = 0.27rad = (0.27 X —)
T

= 15.47° or 15°28' leading
i = 30sin(100xt)

Problem12. An oscillating mechanism has a maxi-
mum displacement of 2.5m and a frequency of 60 Hz.
At time ¢t = O the displacement is 90 cm. Express the
displacement in the general form A sin(wf £ a).

Amplitude = maximum displacement = 2.5 m
Angular velocity, o = 2 f = 27(60) = 1207 rad/s
Hence displacement = 2.5 sin(12077 + o) m

When ¢ = 0, displacement = 90cm = 0.90 m

0.90
ina = — =0.36
S o 25

o =sin"'0.36 = 21.10° = 21°6’ = 0.368 rad

Hence 0.90 =2.5sin(0 + ) i.e.
Hence

Thus displacement = 2.5sin(120xt + 0.368) m

Problem 13. The instantaneous value of voltage in
an a.c. circuit at any time t seconds is given by
v = 3405sin(507t — 0.541) volts. Determine:

(a) the amplitude, periodic time, frequency and phase
angle (in degrees)

(b) the value of the voltage when t = 0

(c) the value of the voltage when t = 10 ms

(d) the time when the voltage first reaches 200 V, and

(e) the time when the voltage is a maximum

Sketch one cycle of the waveform.

(a) Amplitude = 340V

Angular velocity, v = 50

H eriodic time, T 2m —2ﬂ !

ence T =" = =

P ®  S0m 25
=0.04s or 40ms

1 1
Frequency f = — = — =25Hz
SNy =7 = 004

180
Phase angle = 0.541rad = (0.541 X —)
b

= 31° lagging v = 340 sin(507t)
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(b) Whent =0, v =340sin(0 — 0.541)
= 340sin(—31°) = —175.1V

10
(¢) Whent = 10ms then v = 340 sin (50n1—m — 0.541)
= 340sin(1.0298)
= 3405in 59° = 291.4volts
(d) When v = 200 volts then 200 = 340sin(507rt — 0.541)

0_ sin(507t — 0.541)

340
. _; 200
Hence (507t — 0.541) =sin"" —
340
=36.03° or
0.6288 rad

507t = 0.6288 + 0.541

= 1.1698
Hence when v =200V,
1.1
time, t = 698 = 7.447ms
507

(e) When the voltage is a maximum, v = 340V
Hence 340 = 340sin(507t — 0.541)
1 = sin(507tr — 0.541)
50mt — 0.541 =sin~' 1 =90° or 1.5708rad
507t = 1.5708 +0.541 = 2.1118

2.1118
507

A sketch of v = 340sin(507¢r — 0.541) volts is shown in
Fig. 18.27

Hence time, ¢ = =13.44m

Voltage v

340}
291.4f— —

200

v =340sin (50 tf—0.541)

v =340 sin 50nt

-175.1

—340}

Fig. 18.27

Now try the following exercise

Exercise 69 Further problemson the sinusoidal form

Asin(et & ) (Answers on page 260)

In Problems 1 to 3 find the amplitude, periodic time,
frequency and phase angle (stating whether it is leading
or lagging sin wt) of the alternating quantities given.

1. i =40sin(507t 4+ 0.29) mA
2. y ="T75sin(40t — 0.54)cm

3.
4

. A sinusoidal voltage has a maximum value of 120V

v = 300sin(2007t — 0.412) V

and a frequency of 50 Hz. At time ¢ = 0, the voltage
is (a) zero, and (b) 50V.

Express the instantaneous voltage v in the form
v =Asin(of + a)

. An alternating current has a periodic time of 25 ms and

a maximum value of 20 A. When time ¢t = 0, current
i = —10 amperes. Express the current i in the form
i = Asin(wt £ )

. An oscillating mechanism has a maximum displace-

ment of 3.2m and a frequency of 50 Hz. At time t = 0
the displacement is 150 cm. Express the displacement
in the general form A sin(w? & o)

. The current in an a.c. circuit at any time ¢ seconds is

given by:
i = 5sin(1007rt — 0.432) amperes

Determine (a) the amplitude, periodic time, frequency
and phase angle (in degrees) (b) the value of current
at t = 0 (c) the value of current at t = 8ms (d) the
time when the current is first a maximum (e) the time
when the current first reaches 3A. Sketch one cycle of
the waveform showing relevant points.

Assignment 9

This assignment covers the material in Chapters 17
and 18. The marks for each question are shown in
brackets at the end of each question.

1.

Figure A9.1 shows a plan view of a kite design.
Calculate the lengths of the dimensions shown as a
and b )

In Fig. A9.1, evaluate (a) angle 6 (b) angle o (6)

3. Determine the area of the plan view of a kite shown

in Fig. A9.1. )




20.0 cm

Fig. A9.1

4. If the angle of elevation of the top of a 25m per-
pendicular building from point A is measured as 27°,
determine the distance to the building. Calculate also
the angle of elevation at a point B, 20 m closer to the
building than point A. 4)
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. Evaluate, each correct to 4 significant figures:

3
(a) sin231.78° (b) cos 151°16' (c) tan %[ 3)

. (a) Determine the acute angle cos™! 0.4117 (i) in

degrees and minutes and (ii) in radians (correct
to 2 decimal places).

(b) Calculate the other angle (in degrees) between 0°
and 360° which satisfies cos™' 0.4117 4)

. Sketch the following curves labelling relevant points:

(@) y=4cos(® +45°) (b) y=>5sin(2t —60°) (8)

. The current in an alternating current circuit at any time

t seconds is given by:
i = 1205sin(1007t + 0.274) amperes

Determine

(a) the amplitude, periodic time, frequency and phase
angle (with reference to 120 sin 1007¢)

(b) the value of current when # = 0

(c) the value of current when t = 6 ms

Sketch one cycle of the oscillation. (16)
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Cartesian and polar co-ordinates

19.1 Introduction

There are two ways in which the position of a point in a
plane can be represented. These are

(a) by Cartesian co-ordinates, i.e. (x, y), and

(b) by polar co-ordinates, i.e. (r,0), where r is a ‘radius’
from a fixed point and 6 is an angle from a fixed
point.

19.2 Changing from Cartesian into polar
co-ordinates

In Fig. 19.1, if lengths x and y are known, then the length of
r can be obtained from Pythagoras’ theorem (see Chapter 17)
since OPQ is a right-angled triangle.

Hence =+ y?)
from which, | r = /x2 +y2
Y A
P
|
r { y
§
|
0 n .
O le —:l Q X
x |
Fig. 19.1

From trigonometric ratios (see Chapter 17),

tan6 = Y
x

from which | 8 =tan~?

r=+/x*+ y?and 0 = tan™! Y are the two formulae we need

to change from Cartesian to golar co-ordinates. The angle 6,
which may be expressed in degrees or radians, must always
be measured from the positive x-axis, i.e. measured from the
line OQ in Fig. 19.1. It is suggested that when changing from
Cartesian to polar co-ordinates a diagram should always be
sketched.

Problem1. Change the Cartesian co-ordinates (3, 4)
into polar co-ordinates.

A diagram representing the point (3, 4) is shown in Fig. 19.2.

P
YA
1
i
!
r I 14
|
1
|
0 1
Il >
O<—-————->| X
3

Fig. 19.2

From Pythagoras’ theorem, r = /3% + 42 = 5 (note that —5
has no meaning in this context).
By trigonometric ratios, 0 = tan™! % = 53.13° or 0.927 rad.



[note that 53.13° = 53.13 x (7/180) rad = 0.927 rad.]

Hence (3, 4) in Cartesian co-ordinates corresponds to
(5, 53.13°) or (5, 0.927rad) in polar co-ordinates.

Problem?2. Express in polar co-ordinates the posi-
tion (—4, 3)

A diagram representing the point using the Cartesian co-
ordinates (—4, 3) is shown in Fig. 19.3.

P Y A
I
I
r
1
3|
|
Gl
o o I\,
O «x
4

Fig. 19.3

From Pythagoras’ theorem, r = /42 + 32 =5

By trigonometric ratios, o = tan~! % = 36.87° or 0.644 rad.
Hence 0 = 180° — 36.87° = 143.13°

or 0 =m —0.644 = 2.498 rad

Hence the position of point P in polar co-ordinate form
is (5, 143.13%) or (5, 2.498rad)

Problem 3. Express (—5, —12) in polar co-ordinates.

A sketch showing the position (—5, —12) is shown in
Fig. 19.4.

r=v5+122=13
12 o
and o = tan 5 =67.38° or

1.176 rad

Hence 6 = 180° + 67.38° = 247.38°
or 0 =m+1.176 = 4.318 rad

Thus (—5, —12) in Cartesian co-ordinates corresponds to
(13, 247.38°) or (13, 4.318rad) in polar co-ordinates.

Problem4. Express (2, —5) in polar co-ordinates.

A sketch showing the position (2, —5) is shown in Fig. 19.5.

r=122+52=429=5385

correct to 3 decimal places

13 -68.20° or 1.190 rad

—tan' 3
o = tan )
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VA
5 4.0
= P >
P a o X
|
|
]
12 1
] r
{
|
P
Fig. 19.4
v A
=5
ON- T X
1
i s
r 1
1
I
|
P
Fig. 195

Hence 6 = 360° — 68.20° = 291.80°
or 0 =27 — 1.190 = 5.093 rad

Thus (2, —5) in Cartesian co-ordinates corresponds to
(5.385, 291.80°) or (5.385, 5.093rad) in polar co-ordinates.

Now try the following exercise

Exercise 70 Further problems on changing from
Cartesian into polar co-ordinates (Ans-
wers on page 260)

In Problems 1 to 8, express the given Cartesian co-
ordinates as polar co-ordinates, correct to 2 decimal
places, in both degrees and in radians.

1. (3,95) 2. (6.18,2.35)
3. (=2,4) 4. (=54,3.7)
5. (=7,-3) 6. (—2.4,-3.6)
7. (5,-3) 8. (9.6,-12.4)
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19.3 Changing from polar into Cartesian
co-ordinates

From the right-angled triangle OPQ in Fig. 19.6.

X . y . . .
cosf = — and sin® = =, from trigonometric ratios
r r

Hence | x =rcos® | and |y=rsing
VA
P
|
v
Yy
I
0 ny
Ole———»Q
X
Fig. 19.6

If lengths r and angle 6 are known then x = rcosf and
y = rsinf are the two formulae we need to change from
polar to Cartesian co-ordinates.

Problem5. Change (4, 32°) into Cartesian
co-ordinates.

A sketch showing the position (4, 32°) is shown in Fig. 19.7.
Now x =rcosf =4cos32° =3.39
and y =rsinf =4sin32° =2.12

VA
r=4 !
P Y
b=32° R
s I
x |

Fig. 19.7

Hence (4, 32°) in polar co-ordinates corresponds to
(3.39, 2.12) in Cartesian co-ordinates.

Problem 6. Express (6, 137°) in Cartesian
co-ordinates.

A sketch showing the position (6, 137°) is shown in Fig. 19.8.

x =rcos® = 6¢cos 137° = —4.388

B VA
: r=6

[}

1

: 0=137°
0 >
A o X

Fig. 19.8

which corresponds to length OA in Fig. 19.8.
y = rsin® = 6sin 137° = 4.092

which corresponds to length AB in Fig. 19.8.

Thus (6, 137°) in polar co-ordinates corresponds to
(—4.388, 4.092) in Cartesian co-ordinates.

(Note that when changing from polar to Cartesian co-
ordinates it is not quite so essential to draw a sketch. Use of
x = rcos6 and y = rsin6 automatically produces the correct
signs.)

Problem7. Express (4.5, 5.16rad) in Cartesian
co-ordinates

A sketch showing the position (4.5, 5.16rad) is shown in
Fig. 19.9.

x =rcosf =4.5c085.16 = 1.948

Yy A
0=>5.16 rad
1N A N
N :
r=45
1
1
]
B

Fig. 19.9

which corresponds to length OA in Fig. 19.9.
y=rsin6 = 4.5sin5.16 = —4.057

which corresponds to length AB in Fig. 19.9.
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Thus (1.948, —4.057) in Cartesian co-ordinates corre- ] ]
sponds to (4.5, 5.16rad) in polar co-ordinates. Now try the following exercise

Exercise 71 Further problems on changing polar
into Cartesian co-ordinates (Answers on
19.4 Use of R — P and P — R functions page 261)

on calculators In Problems 1 to 8, express the given polar co-ordinates
as Cartesian co-ordinates, correct to 3 decimal places.

Another name for Cartesian co-ordinates is rectangular co-

ordinates. Many scientific notation calculators possess R — 1. (5,75%) 2. (4.4, 112 rad)
P and P — R functions. The R is the first letter of the word o

3. (7,140 4. (3.6,2.5 rad
rectangular and the P is the first letter of the word polar. ( ) ( rad)
Check the operation manual for your particular calculator to 5. (10.8,210°%) 6. (4,4 rad)
determine how to use these two functions. They make chang-

7. (1.5,300°%) 8. (6,5.5 rad)

ing from Cartesian to polar co-ordinates, and vice-versa, so
much quicker and easier.
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Areas of plane figures

20.1 Mensuration

Mensuration is a branch of mathematics concerned with the
determination of lengths, areas and volumes.

20.2 Properties of quadrilaterals

Polygon

A polygon is a closed plane figure bounded by straight lines.
A polygon which has:

(i) 3 sides is called a triangle

(ii) 4 sides is called a quadrilateral
(iii) 5 sides is called a pentagon
(iv) 6 sides is called a hexagon

(v) 7 sides is called a heptagon
(vi) 8 sides is called an octagon

There are five types of quadrilateral, these being:

(i) rectangle

(ii) square

(iii) parallelogram
(iv) rhombus

(v) trapezium

(The properties of these are given below).

If the opposite corners of any quadrilateral are joined by
a straight line, two triangles are produced. Since the sum of
the angles of a triangle is 180°, the sum of the angles of a
quadrilateral is 360°.

In a rectangle, shown in Fig. 20.1:

(i) all four angles are right angles,
(ii) opposite sides are parallel and equal in length, and
(iii) diagonals AC and BD are equal in length and bisect one
another.

A B
~ -~ - - L
e
o= ~~Fl
D C
Fig. 20.1
P Q
\ %
_L\\\ /”
\\\ //,
/x\
ya AN
,/ \\
S 1/ \T\—' R
Fig. 20.2

In a square, shown in Fig. 20.2:

(@)
(ii)
(iii)
@iv)

all four angles are right angles,

opposite sides are parallel,

all four sides are equal in length, and

diagonals PR and QS are equal in length and bisect one
another at right angles.

In a parallelogram, shown in Fig. 20.3:

)
(i)
(iii)

opposite angles are equal,
opposite sides are parallel and equal in length, and
diagonals WY and XZ bisect one another.

In a rhombus, shown in Fig. 20.4:

(1)
(ii)
(iii)
@iv)
)

opposite angles are equal,

opposite angles are bisected by a diagonal,

opposite sides are parallel,

all four sides are equal in length, and

diagonals AC and BD bisect one another at right angles.
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w X Table 20.1 (Continued)
::><:—” (vi) Circle
e = w Area = ntr2 or %2
Z Y
Fig. 20.3 (vii) Semicircle d
f———

_1 nd?
@ Area = J mr2 or B
(viii) Sector of a circle /
/
Area = 2= (nr2) or 5 120

r (6 in rads)

Problem 1. State the types of quadrilateral shown in

Fig. 20.4 . .
Fig. 20.6 and determine the angles marked a to /.
E F £
-
X
* B
/ \ A
H G X
v b
Fig. 20.5 QLo

In a trapezium, shown in Fig. 20.5:

(i) only one pair of sides is parallel

20.3 Worked problems on areas of plane

figures
Table 20.1 )
i) Square X
() Sa u Fig. 20.6
X Area=x?
L
— (i) ABCD is a square
(i) Rectangle . . .
= The diagonals of a square bisect each of the right angles,
b Area=/xb h
L ence
I 0 us
(iii) Parallelogram a= 2 45
E h Area=bxh (ii) EFGH is a rectangle
l‘—b—"_n_ In triangle FGH, 40° + 90° 4+ b = 180° (angles in a
V) Tiangle triangle add up to 180°) from which, b = 50°. Also
C = 40° (alternate angles between parallel lines EF
Area=Lxbxh and HG).
—p— (Alternatively, b and ¢ are complementary, i.e. add up
(v) Trapezium PEIN to 90%)
h| Area=1(a+b)h d= 9Q +c_ (external_ angle of a triangle equals the sum
2 of the interior opposite angles), hence
o o
b d =90° 4+ 40° =130
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(iii) JKLM is a rhombus

The diagonals of a rthombus bisect the interior angles
and opposite internal angles are equal.

Thus LJKM = (MKL = [JMK = /LMK = 30°,
hence e = 30°

In triangle KLM, 30° 4+ /KLM + 30° = 180° (angles in
a triangle add up to 180°), hence /KLM = 120°.

The diagonal JL bisects ZKLM, hence

1200
===

f 60°

(iv) NOPQ is a parallelogram

g = 52° (since opposite interior angles of a parallelo-
gram are equal).

In triangle NOQ, g+h+65° = 180° (angles in a triangle
add up to 180°), from which,

h = 180° — 65° — 52° = 63°
i = 65° (alternate angles between parallel lines NQ
and OP).

j =52°+1i = 52°+4 65 = 117° (external angle of a
triangle equals the sum of the interior opposite angles).

(v) RSTU is a trapezium

35° + k = 75° (external angle of a triangle equals the
sum of the interior opposite angles), hence k = 40°

LSTR = 35° (alternate angles between parallel lines RU
and ST).

| +35° = 115° (external angle of a triangle equals the
sum of the interior opposite angles), hence

| =115° —35° = 80°

Problem2. A rectangular tray is 820mm long and
400 mm wide. Find its area in (a) mm?, (b) cm?, (c) m?.

(a) Area = length x width = 820 x 400 = 328 000 mm?

(b) 1cm? = 100 mm?. Hence

328000

100 cm? = 3280 cm?

328 000 mm?>

(¢) 1m? = 10000 cm?. Hence

3280
3280cm’® = ——— m? = 0.3280 m?
10000

Problem 3. Find (a) the cross-sectional area of the
girder shown in Fig. 20.7(a) and (b) the area of the path
shown in Fig. 20.7(b).

5mm 25m

—» [«— 6 mm

75mm

20m

; —> [—2m

(@) (b)
Fig. 20.7

(a) The girder may be divided into three separate rectangles
as shown.

Area of rectangle A = 50 x 5 = 250 mm®

Area of rectangle B=(75—-8 —-5) x 6
=62 x 6 = 372mm?>

Area of rectangle C = 70 x 8 = 560 mm®

Total area of girder = 250 + 372 + 560 = 1182 mm? or
11.82 cm?

(b) Area of path = area of large rectangle — area of small
rectangle

= (25 x 20) — (21 x 16) = 500 — 336 = 164 m>

Problem 4. Find the area of the parallelogram shown
in Fig. 20.8 (dimensions are in mm).

34

Fig. 20.8

Area of parallelogram = base x perpendicular height. The
perpendicular height % is found using Pythagoras’ theorem.

BC?=CE* +1*
ie. 157 = (34 —25)° + K?
B =15 —-92=225-81=144
Hence, h = /144 = 12mm (—12 can be neglected).
Hence, area of ABCD = 25 x 12 = 300 mm?



Problem5. Figure 20.9 shows the gable end of a
building. Determine the area of brickwork in the
gable end.

A
5y: sm

1

B b

c

6m

Fig. 20.9

The shape is that of a rectangle and a triangle.

Area of rectangle = 6 x 8 = 48 m?

Area of triangle = % x base x height.

CD =4m, AD = 5m, hence AC =3m (since itis a 3,4, 5
triangle).

Hence, area of triangle ABD = % x 8x3=12m?

Total area of brickwork = 48 + 12 = 60 m?

Problem 6. Determine the area of the shape shown in
Fig. 20.10.

27.4mm

55 mm_L:_

8.6 mm

Fig. 20.10

The shape shown is a trapezium.

Area of trapezium = %(sum of parallel sides)(perpendicular
distance between them)

= 3(27.448.6)(5.5)
= % X 36 X 5.5 = 99 mm?>

Problem 7. Find the areas of the circles having (a) a
radius of 5cm, (b) a diameter of 15 mm, (¢) a circum-
ference of 70 mm.

d?

2 or —
4

Area of a circle = nr

(a) Area = 7?2 = 1(5)> = 257 = 78.54 cm?

& 152 225
(b) Area = ﬂT — ”(4 Y _ Tﬂ — 176.7 mm?
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(c) Circumference, ¢ = 2mr, hence
c 70 35
r=—=—=—
27 2w T

35

2 2
35
Area of circle = 7 = 7 <—) =

4 T

= 389.9mm? or 3.899 cm?

Problem 8. Calculate the areas of the following sec-
tors of circles:

(a) having radius 6cm with angle subtended at cen-
tre 50°

(b) having diameter 80 mm with angle subtended at
centre 107°42

(c) having radius 8 cm with angle subtended at centre

1.15 radians.

02 1
Area of sector of a circle = %(m’z) or §r26 (0 in radians).

(a) Area of sector

50 50 36
= 2 a6y = XD sp 1571 em?
360 360
(b) If diameter = 80 mm, then radius, r = 40 mm, and area
of sector
10742
107°42 60 107.7
= 40%) = — X (740%) = —— (140?
360 A0 = g (140 = S (ma00)

=1504mm?> or 15.04cm?

1, 1 2 2
(c) Area of sector = Er 0= 2 x 8 x 1.15 = 36.8 cm

Problem9. A hollow shaft has an outside diameter of
5.45cm and an inside diameter of 2.25cm. Calculate
the cross-sectional area of the shaft.

The cross-sectional area of the shaft is shown by the shaded
part in Fig. 20.11 (often called an annulus).

Fig. 20.11

Area of shaded part = area of large circle — area of small
circle D 2
T b1 g T
=" -~ =" (D*-d* =" (545" - 225’
1 1 =40 )= 4( )

= 19.35 cm?
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Now try the following exercise

Exercise 72 Further problems on areas of plane
figures (Answers on page 261)

1. A rectangular plate is 85 mm long and 42 mm wide.
Find its area in square centimetres.

2. A rectangular field has an area of 1.2 hectares and a
length of 150 m. Find (a) its width and (b) the length
of a diagonal (1 hectare = 10000 m?).

3. Determine the area of each of the angle iron sections
shown in Fig. 20.12.

7cm
T 30 mm l
1cm c 8 mm
é —>! E 10 mm T _{
6 mm
1
2cm  1cm 2cm 50 mm
(a) (b)
Fig. 20.12

4. A rectangular garden measures 40m by 15m. A 1m
flower border is made round the two shorter sides
and one long side. A circular swimming pool of
diameter 8 m is constructed in the middle of the
garden. Find, correct to the nearest square metre, the
area remaining.

5. The area of a trapezium is 13.5 cm? and the perpen-
dicular distance between its parallel sides is 3 cm. If
the length of one of the parallel sides is 5.6 cm, find
the length of the other parallel side.

6. Find the angles p, g, r, s and ¢ in Fig. 20.13(a) to (c).

Fig. 20.13

7. Name the types of quadrilateral shown in
Fig. 20.14(i) to (iv), and determine (a) the
area, and (b) the perimeter of each.

120 mm
6 mm ISO mm
4cm (iii)
> IS
% i e E £ . 26 cm ,
2] o £ L S |
[t] ™ 0 7
N ® @
f—F——] 10cm
5.94cm
N
(') (”) 12 cm
16 cm

W)
Fig. 20.14

8. Determine the area of circles having (a) a radius of
4cm (b) a diameter of 30 mm (c¢) a circumference of
200 mm.

9. An annulus has an outside diameter of 60 mm and an
inside diameter of 20 mm. Determine its area.

10. If the area of a circle is 320 mm?, find (a) its diam-
eter, and (b) its circumference.

11. Calculate the areas of the following sectors of circles:

(a) radius 9 cm, angle subtended at centre 75°,
(b) diameter 35 mm, angle subtended at centre
48°37,
(c) diameter 5cm, angle subtended at centre 2.19
radians.
12. Determine the area of the template shown in
Fig. 20.15.

T 80mm

radius
120 mm

\\

90 mm
Fig. 20.15

13. An archway consists of a rectangular opening topped
by a semi-circular arch as shown in Fig. 20.16.
Determine the area of the opening if the width is
1 m and the greatest height is 2 m.

Y

2m

im

Fig. 20.16




14. Calculate the area of the steel plate shown in
Fig. 20.17.

Dimensions
in mm

100

y |

T R

! 140

Fig. 20.17

20.4 Further worked problems on areas of
plane figures

Problem 10. Calculate the area of a regular octagon,
if each side is 5cm and the width across the flats is
12 cm.

An octagon is an 8-sided polygon. If radii are drawn from the
centre of the polygon to the vertices then 8 equal triangles
are produced (see Fig. 20.18).

12cm

5cm

Fig. 20.18

1
Area of one triangle = 3 X base x height

1 s 12 15 em?
= — X X — =
2 b cm

Area of octagon =8 x 15 = 120 cm’

Problem 11. Determine the area of a regular hexagon
which has sides 8 cm long.
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A hexagon is a 6-sided polygon which may be divided into 6
equal triangles as shown in Fig. 20.19. The angle subtended
at the centre of each triangle is 360°/6 = 60°. The other two
angles in the triangle add up to 120° and are equal to each
other. Hence each of the triangles is equilateral with each
angle 60° and each side 8 cm.

4cm

Fig. 20.19

Area of one triangle = % x base x height = % x & x h.

h is calculated using Pythagoras’ theorem:
82 =n>+4?
from which h = /82 — 42 = 6.928cm
Hence area of one triangle = % x 8 x 6.928 = 27.71 cm?

Area of hexagon = 6 x 27.71 = 166.3 cm?

Problem 12. Figure 20.20 shows a plan of a floor of
a building which is to be carpeted. Calculate the area
of the floor in square metres. Calculate the cost, correct
to the nearest pound, of carpeting the floor with carpet
costing £16.80 per m?, assuming 30% extra carpet is
required due to wastage in fitting.

<
©,
L v M
2m
K
0.6m 4m
= J
A
0.6m ! 7
30°
fl. «— 08m B’p----60{B
2m /
F ©
0.8m ] c « >
2m  3m

Fig. 20.20

Area of floor plan
= area of triangle ABC + area of semicircle
+ area of rectangle CGLM + area of rectangle CDEF
— area of trapezium HIJK
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Triangle ABC is equilateral since AB = BC = 3 m and hence
angle B'CB = 60°
sin BCB = BB'/3, i.e. BB’ = 3sin60° = 2.598 m
Area of triangle ABC = J(AC)(BB') = 3(3)(2.598)
= 3.897 m’
Area of semicircle = J7r? = 17(2.5)* = 9.817m?
Area of CGLM =5 x 7 =35m’
Area of CDEF = 0.8 x 3 =2.4m?
Area of HIJK = }(KH +1J)(0.8)
Since MC = 7m then LG = 7 m, hence

JI=7-52=18m

1
2

Hence area of HIJK = %(3 +1.8)(0.8) = 1.92m?
Total floor area = 3.897 4+ 9.817 + 35 + 2.4 — 1.92
= 49.194 m?

To allow for 30% wastage, amount of carpet required =
1.3 x 49.194 = 63.95m?

Cost of carpet at £16.80 per m> = 63.95 x 16.80 = £1074,
correct to the nearest pound.

Now try the following exercise

Exercise 73 Further problems on areas of plane
figures (Answers on page 261)

1. Calculate the area of a regular octagon if each side is
20 mm and the width across the flats is 48.3 mm.

2. Determine the area of a regular hexagon which has
sides 25 mm.

3. A plot of land is in the shape shown in Fig. 20.21.
Determine (a) its area in hectares (1ha = 10*m?),
and (b) the length of fencing required, to the nearest
metre, to completely enclose the plot of land.

20m' 30m ‘20m
T T

10m

20m

20m

—5Smje—

15m

40m

Fig. 20.21

20.5 Areas of similar shapes

The areas of similar shapes are proportional to the
squares of corresponding linear dimensions. For example,
Fig. 20.22 shows two squares, one of which has sides three
times as long as the other.

Area of Figure 20.22(a) = (x)(x) = x°
Area of Figure 20.22(b) = (3x)(3x) = 9x?

Hence Figure 20.22(b) has an area (3)?, i.e. 9 times the area
of Figure 20.22(a).

3x | |

Fig. 20.22

Problem 13. A rectangular garage is shown on a build-
ing plan having dimensions 10 mm by 20 mm. If the
plan is drawn to a scale of 1 to 250, determine the true
area of the garage in square metres.

Area of garage on the plan = 10 mm x 20 mm = 200 mm?.
Since the areas of similar shapes are proportional to the
squares of corresponding dimensions then:

True area of garage = 200 x (250)>

=12.5 x 10° mm?

12.5 x 10°
= 17:;6 m? = 12.5m?

Now try the following exercise

Exercise 74 Further problems on areas of similar
shapes (Answers on page 261)

1. The area of a park on a map is 500 mm?. If the scale
of the map is 1 to 40000 determine the true area of
the park in hectares (1 hectare = 10* m?).

2. A model of a boiler is made having an overall height
of 75mm corresponding to an overall height of the
actual boiler of 6 m. If the area of metal required for
the model is 12500 mm? determine, in square metres,
the area of metal required for the actual boiler.




Assignment 10

This assignment covers the material contained in
Chapters 19 and 20. The marks for each question
are shown in brackets at the end of each question.

. Change the following Cartesian co-ordinates into polar
co-ordinates, correct to 2 decimal places, in both
degrees and in radians:

(a) (=2.3,5.4) (b) (7.6, =9.2) (10)

. Change the following polar co-ordinates into Cartesian
co-ordinates, correct to 3 decimal places:

(a) (6.5, 132°) (b) (3, 3rad) (6)

. A rectangular park measures 150m by 70m. A 2m
flower border is constructed round the two longer sides
and one short side. A circular fish pond of diameter
15m is in the centre of the park and the remainder
of the park is grass. Calculate, correct to the nearest
square metre, the area of (a) the fish pond, (b) the
flower borders, (c) the grass. (10)

. A swimming pool is 55m long and 10m wide. The
perpendicular depth at the deep end is Sm and at the
shallow end is 1.5m, the slope from one end to the
other being uniform. The inside of the pool needs two
coats of a protective paint before it is filled with water.
Determine how many litres of paint will be needed if
1 litre covers 10 m?. @)

. Find the area of an equilateral triangle of side
20.0cm. “4)

. A steel template is of the shape shown in Fig. A10.1,
the circular area being removed. Determine the area
of the template, in square centimetres, correct to
1 decimal place. 7
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—»|30 MMje—
130 mm
70mm 1
30mm
f
70mm 150 mm
Fig. A10.1

. The area of a plot of land on a map is 400 mm?. If
the scale of the map is 1 to 50000, determine the true
area of the land in hectares (1 hectare = 10* m?). (3)

. Determine the shaded area in Fig. A10.2, correct to
the nearest square centimetre. 3)

Fig. A10.2



21

The circle

21.1 Introduction

A circle is a plain figure enclosed by a curved line, every
point on which is equidistant from a point within, called the
centre.

21.2 Properties of circles

(i) The distance from the centre to the curve is called the
radius, r, of the circle (see OP in Fig. 21.1).

Fig. 21.1

(ii) The boundary of a circle is called the circumfer-
ence, c.

(iii)) Any straight line passing through the centre and touch-
ing the circumference at each end is called the diam-
eter, d (see QR in Fig. 21.1). Thus d = 2r

circumference

(iv) The ratio = a constant for any circle.

diameter

This constant is denoted by the Greek letter w (pro-
nounced ‘pie’), where w = 3.14159, correct to 5 deci-
mal places.

Hence ¢/d = 7 or ¢ = =d or ¢ = 2ar

(v) A semicircle is one half of the whole circle.
(vi) A quadrant is one quarter of a whole circle.

(vii) A tangent to a circle is a straight line which meets
the circle in one point only and does not cut the circle
when produced. AC in Fig. 21.1 is a tangent to the
circle since it touches the curve at point B only. If
radius OB is drawn, then angle ABO is a right angle.

(viii) A sector of a circle is the part of a circle between
radii (for example, the portion OXY of Fig. 21.2 is a
sector). If a sector is less than a semicircle it is called
a minor sector, if greater than a semicircle it is called
a major sector.

X

D,

ST

Fig. 21.2

(ix) A chord of a circle is any straight line which divides
the circle into two parts and is terminated at each end
by the circumference. ST, in Fig. 21.2 is a chord.

(x) A segment is the name given to the parts into which
a circle is divided by a chord. If the segment is less
than a semicircle it is called a minor segment (see
shaded area in Fig. 21.2). If the segment is greater
than a semicircle it is called a major segment (see the
unshaded area in Fig. 21.2).

(xi) An arc is a portion of the circumference of a circle.
The distance SRT in Fig. 21.2 is called a minor arc
and the distance SXYT is called a major arc.



(xii) The angle at the centre of a circle, subtended by an
arc, is double the angle at the circumference sub-
tended by the same arc. With reference to Fig. 21.3,
Angle AOC = 2 x angle ABC.

Fig. 21.3

(xiii) The angle in a semicircle is a right angle (see angle
BQP in Fig. 21.3).

Problem1. Find the circumference of a circle of
radius 12.0 cm.
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Pythagoras’ theorem:
AO* = AB* + OB?
from which, AO = \/AB? + OB? = \/150% + 402
= 155.2mm

Now try the following exercise

Exercise 75 Further problems on properties of a
circle (Answers on page 261)

1. Calculate the length of the circumference of a circle
of radius 7.2 cm.

2. If the diameter of a circle is 82.6 mm, calculate the
circumference of the circle.

3. Determine the radius of a circle whose circumference
is 16.52cm.

4. Find the diameter of a circle whose perimeter is
149.8 cm.

Circumference,

¢ =2 x 7 x radius = 27r = 27(12.0) = 75.40cm

Problem 2. If the diameter of a circle is 75 mm, find
its circumference.

Circumference,

¢ = 7 x diameter = 7d = 7(75) = 235.6mm

Problem 3. Determine the radius of a circle if its
perimeter is 112 cm.

Perimeter = circumference, ¢ = 2nr

. 112
Hence radiusr = R - 17.83cm
2w 2w

Problem4. 1In Fig. 21.4, AB is a tangent to the circle
at B. If the circle radius is 40 mm and AB = 150 mm,
calculate the length AO.

Fig. 21.4

A tangent to a circle is at right angles to a radius drawn
from the point of contact, i.e. ABO = 90°. Hence, using

21.3 Arc length and area of a sector

One radian is defined as the angle subtended at the centre of
a circle by an arc equal in length to the radius. With reference
to Fig. 21.5, for arc length s,

arc length,

0 radians = s/r or s=r10 (1)

where 0 is in radians.

Fig. 215

When s = whole circumference (= 27r) then
0 =s/r=2nr/r=2n

i.e. 27 radians = 360° or | & radians= 180°

Thus 1rad = 180° /7 = 57.30°, correct to 2 decimal places.
Since 7rad = 180° then 7/2 = 90°, n/3 = 60°,
/4 = 45°, and so on.

0 2
Area of a sector = %(nr )

when 0 is in degrees

0 1
= ﬂ(m’z) = ér29 2)

when 0 is in radians
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Problem5. Convert to radians: (a) 125° (b) 69°47’

(a) Since 180° = & rad then 1° = 7/180rad, therefore
T
180

(Note that ¢ means °‘circular measure’ and indicates
radian measure.)

125° = 125 ( ) — 2.182radians

o

47
(b) 69°47 = 69— = 69.783°

60
o _ TN i
69.783° = 69.783 (180) — 1.218radians

Problem 6. Convert to degrees and minutes:
(a) 0.749radians (b) 37 /4 radians

(a) Since 7 rad = 180° then 1rad = 180°/7, therefore

180\° .
0.749 = 0.749 (—) =42915
v

0.915° = (0.915 x 60) = 55, correct to the nearest
minute, hence

0.749radians = 42°55’
) 180\° 3 37 (180\°
(b) Since lrad = | — then —rad=— | —
b4

3
= =(180)° = 135’
7 (180)

Problem9. Determine the diameter and circumference
of a circle if an arc of length 4.75 cm subtends an angle
of 0.91 radians.

Sinces:r@thenr:f= ﬂ
6 091
Diameter = 2 x radius = 2 x 5.22 = 10.44cm.

Circumference, ¢ = nd = 7(10.44) = 32.80cm.

=5.22cm.

Problem 10. If an angle of 125° is subtended by an arc
of a circle of radius 8.4cm, find the length of (a) the
minor arc, and (b) the major arc, correct to 3 significant
figures.

Since 180° =mrad then 1° = (T;[O) rad
o _ 7
and  125° = 125 (180) rad
Length of minor arc,
s =6 = (8.4)(125) (l> — 18.3cm
180

correct to 3 significant figures.

Length of major arc = (circumference — minor arc)
= 2m(8.4) — 18.3 = 34.5cm, correct to 3 significant figures.
(Alternatively, major arc = rf = 8.4(360 — 125)(xr/180)
=34.5cm.)

Problem11. Determine the angle, in degrees and min-
utes, subtended at the centre of a circle of diameter
42mm by an arc of length 36 mm. Calculate also the
area of the minor sector formed.

Problem 7. Express in radians, in terms of 7 (a) 150°
(b) 270° (¢) 37.5°

Since 180° = 7 rad then 1° = 180/7, hence

T 5
(a) 150° = 150 (@> rad = == rad
T 3
(b) 270° = 270 (@> rad = = rad
b4 757 5
(C) 375 = 375 <@> rad = %rad = ﬂ I’ad

Problem8. Find the length of arc of a circle of
radius 5.5cm when the angle subtended at the centre
is 1.20radians.

From equation (1), length of arc, s = rf, where 6 is in
radians, hence

s = (5.5)(1.20) = 6.60cm

Since length of arc, s = rf then 6 = s/r

. diameter 42
Radius, r=———= —
2 2
0= - % = 1.7143 radians
r 21
1.7143rad = 1.7143 x (180/7)° = 98.22° = 98°13 = angle
subtended at centre of circle.

From equation (2),

=21l mm

hence

1 1
area of sector = Erze = 5(21)2(1.7143) = 378 mm?

Problem 12. A football stadium floodlight can spread
its illumination over an angle of 45° to a distance of
55 m. Determine the maximum area that is floodlit.

. 1
Floodlit area = area of sector = Erzé

1
— 5557 (45 x %) from equation (2)

= 1188 m?



Problem 13. An automatic garden spray produces a
spray to a distance of 1.8 m and revolves through an
angle o which may be varied. If the desired spray
catchment area is to be 2.5m?, to what should angle
o be set, correct to the nearest degree.

1 1
Area of sector = §r29, hence 2.5 = 5(1.8)201

x 2

D = 1.5432radians

from which, o =

180\ ° .
1.5432rad = (1.5432 x —— | =88.42
b

Hence angle @ = 88°, correct to the nearest degree.

Problem 14. The angle of a tapered groove is checked
using a 20 mm diameter roller as shown in Fig. 21.6. If
the roller lies 2.12mm below the top of the groove,
determine the value of angle 6.

30 mm

Fig. 21.6

In Fig. 21.7, triangle ABC is right-angled at C (see Sec-
tion 21.2(vii), page 160).

/)7’77 30mm

Fig. 21.7
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Length BC = 10mm (i.e. the radius of the circle), and
AB =30 —10 —2.12 = 17.88 mm from Fig. 21.6.

0 1 0 1
sin — = —O and — = sin~! —0 =34°
2 17.88 2 17.88

and angled = 68°

Hence

Now try the following exercise

Exercise 76 Further problemson arclength and area
of a sector (Answers on page 261)

1. Convert to radians in terms of :
(a) 30° (b) 75° (c) 225°

2. Convert to radians:

(a) 48° (b) 84°51" (c) 232°15

3. Convert to degrees:
@ Zrad (b)) L rad (@) = rad
a 5 ra 9 rad (c) 1> ra
4. Convert to degrees and minutes:

(a) 0.0125rad (b) 2.69rad (c) 7.241rad

5. Find the length of an arc of a circle of radius
8.32cm when the angle subtended at the centre is
2.14radians. Calculate also the area of the minor
sector formed.

6. If the angle subtended at the centre of a circle of
diameter 82 mm is 1.46rad, find the lengths of the
(a) minor arc (b) major arc.

7. A pendulum of length 1.5 m swings through an angle
of 10° in a single swing. Find, in centimetres, the
length of the arc traced by the pendulum bob.

8. Determine the length of the radius and circumference
of a circle if an arc length of 32.6 cm subtends an
angle of 3.76radians.

9. Determine the angle of lap, in degrees and minutes,
if 180 mm of a belt drive are in contact with a pulley
of diameter 250 mm.

10. Determine the number of complete revolutions a
motorcycle wheel will make in travelling 2km, if
the wheel’s diameter is 85.1 cm.

11. The floodlights at a sports ground spread its illumi-
nation over an angle of 40° to a distance of 48 m.
Determine (a) the angle in radians, and (b) the max-
imum area that is floodlit.

12. Determine (a) the shaded area in Fig. 21.8 (b) the
percentage of the whole sector that the shaded area
represents.
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Fig. 21.8

13. Determine the length of steel strip required to make
the clip shown in Fig. 21.9.

Fig. 21.9

14. A 50° tapered hole is checked with a 40 mm diameter
ball as shown in Fig. 21.10. Determine the length

shown as x.
| 70 mm |
. | |
\V
Fig. 21.10

21.4 The equation of a circle

The simplest equation of a circle, centre at the origin, radius

r, is given by:
2=y

For example, Fig. 21.11 shows a circle x> + y*> = 9.

Fig. 21.11

More generally, the equation of a circle, centre (a, b), radius
r, is given by:

@—al+ @Gy —-b=r (1)

Figure 21.12 shows a circle (x — 2)*> + (y —3)> =4

(&)

A\N

Fig. 21.12

The general equation of a circle is:
¥4+ +2ex+2fy+c=0 2)
Multiplying out the bracketed terms in equation (1) gives:
x? —2ax 4+ a® + y* — 2by + b* = #?

Comparing this with equation (2) gives:

2 2a, i a 2
e = —Za, 1.e. = ——
¢ 2

. 2f

and 2f = —Zb, 1.€. b = —?

and c=d>+b —r* ie. +ai+b2—c
Thus, for example, the equation
¥4y —4dx—6y+9=0

represents a circle with centre

() (3)

ie., at (2, 3) and radius r = /22 +32 -9 =2



Hence x> + y*> —4x — 6y + 9 = 0 is the circle shown in
Fig. 21.12 (which may be checked by multiplying out the
brackets in the equation

@=2+(-37=4

Problem 15. Determine (a) the radius, and (b) the co-
ordinates of the centre of the circle given by the
equation:

¥4+ +8x—2y+8=0
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Hence if x> + y* —4x + 6y — 3 = 0.

then a:—(—):Z’ b:_<_>:_3
2 2

and r=+/224 (=32 —(-3)=16=4

Thus the circle has centre (2, —3) and radius 4, as shown
in Fig. 21.14.

x>+ y?+8x—2y+8 = 0 is of the form shown in equation (2),

where a=—(§>=—4, b:—(_—2)=1
2 2
and r=+(—42+12-8=+/9=3

Hence x> + y*> 4+ 8x — 2y + 8 — 0 represents a circle
centre (—4, 1) and radius 3, as shown in Fig. 21.13.

H

y

H

4

“ 2
R ERER |RERNENREREEEEREmEmEmEmEmEEREY AmEE Ak 7675”;!:}”
BN 6T 40l 270 paget

a=-4

Fig. 21.13

Problem 16.  Sketch the circle given by the equation:

¥4y —4x+6y—3=0

The equation of a circle, centre (a, b), radius r is given by:
@—al+ Gy -b’=r
The general equation of a circle is

¥4y 4+2ex+2fy+c=0

2
From above a = ——e, b= _ﬁ
2 2

and r=va+b>—c

4
2
—4 -2 :;Z: 0 2 4 6 xHHE

H HHH
H o

_‘2‘ X ”.

=3

1T

4

-8

&

Fig. 21.14

Now try the following exercise

Exercise 77 Further problems on the equation of a
circle (Answers on page 261)

1. Determine (a) the radius, and (b) the co-ordinates of
the centre of the circle given by the equation

X4y 4+8x—2y+8=0

2. Sketch the circle given by the equation
¥+ —6x+4y—-3=0

3. Sketch the curve
XH(y—172=-25=0

4. Sketch the curve

=G
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Volumes of common solids

22.1 Volumes and surface areas of
regular solids

A summary of volumes and surface areas of regular solids is

shown in Table 22.1.

Table 22.1

(i) Rectangular prism
(or cuboid)

hI L/
> Volume = Ix bx h

b Surface area=2 (bh+ hi + Ib)
(ii) Cylinder
h  Volume =nr2h
- Total surface area=2nrh +2nr?
(iii) Pyramid

h

B Volume =% xAx h
h  where A =area of base
and h = perpendicular height

Total surface area = (sum of areas of
triangles forming sides) + (area of base)

(iv) Cone
| Volume =1 rr2h
- Curved surface area = mr/
Total surface area = mrl + nr?
(v) Sphere

Volume =4 nr3

Surface area = 4nr?

22.2 Worked problems on volumes and
surface areas of regular solids

Problem 1. A water tank is the shape of a rectangular
prism having length 2m, breadth 75cm and height
50cm. Determine the capacity of the tank in (a) m?
(b) ecm? (c) litres.

Volume of rectangular prism =/ x b x h (see Table 22.1)

(a) Volume of tank = 2 x 0.75 x 0.5 = 0.75m?

(b) 1m? = 10°cm?, hence 0.75m?=0.75 x 10° cm?
= 750000cm?®

(c) 1litre = 1000 cm?, hence

750000

750000 cm?® = 1000 litres = 750litres

Problem 2. Find the volume and total surface area of
a cylinder of length 15 cm and diameter 8 cm.

Volume of cylinder = r?h (see Table 22.1)
Since diameter = 8 cm, then radius » = 4cm
Hence volume = 7 x 4% x 15 = 754cm?3

Total surface area (i.e. including the two ends)
= 2mrh + 27r?

=2 xax4x15)+ @2 x7mx4%)
= 477.5cm?
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Problem3. Determine the volume (in cm?®) of the
shape shown in Fig. 22.1.

16 mm

12 mm
40 mm

Fig. 22.1

The solid shown in Fig. 22.1 is a triangular prism. The
volume V of any prism is given by: V = Ah, where A is the
cross-sectional area and £ is the perpendicular height.

Hence volume = % x 16 x 12 x 40
= 3840 mm’>

=3.840cm® (since 1 cm® = 1000 mm?)

Problem4. Calculate the volume and total surface
area of the solid prism shown in Fig. 22.2.

11 cm

4 cml

15cm

5cm A'ccm

5cm

Fig. 22.2

The solid shown in Fig. 22.2 is a trapezoidal prism.

Volume = cross-sectional area x height

=1(11+5)4 x 15 =32 x 15 = 480cm®

Surface area = sum of two trapeziums + 4 rectangles
=2 x32)+ G x 15+ 11 x 15)+2(5 x 15)
= 64+ 75+ 165 + 150 = 454cm?

Problem5. Determine the volume and the total sur-
face area of the square pyramid shown in Fig. 22.3 if
its perpendicular height is 12 cm.

Fig. 22.3

Volume of pyramid = %(area of base) (perpendicular height)

=1(5x5) x 12 =100cm®
The total surface area consists of a square base and 4 equal
triangles.

Area of triangle ADE = 5 X base x perpendicular height

1
2
=%X5XAC

The length AC may be calculated using Pythagoras’ theorem
on triangle ABC, where AB = 12cm, BC = % Xx5=2.5cm

AC = \/AB?> + BC? = /122 +2.52 = 12.26 cm
Hence area of triangle ADE = % x 5 x 12.26 = 30.65 cm?
Total surface area of pyramid = (5 x 5) + 4(30.65)

= 147.6cm?

Problem 6. Determine the volume and total surface
area of a cone of radius 5 cm and perpendicular height
12 cm.

The cone is shown in Fig. 22.4.

Volume of cone = %rrrzh = % x T x 5% x 12 =314.2cm8

Total surface area = curved surface area + area of base
_ 2
= nrl + 7tr

From Fig. 22.4, slant height / may be calculated using
Pythagoras’ theorem

[ =+1224+52=13cm

Hence total surface area = (7 x 5 x 13) + (7 x 5%)

= 282.7cm?
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Fig. 22.4

Problem7. Find the volume and surface area of a
sphere of diameter 8 cm.

Since diameter = 8 cm, then radius, r = 4 cm.
Volume of sphere = 37r° = § x 7w x 4° = 268.1cm?®

3
Surface area of sphere = 477> =4 x w x 4> = 201.1cm?

Now try the following exercise

Exercise 78 Further problems on volumes and sur-
face areas of regular solids (Answers on
page 261)

1. A rectangular block of metal has dimensions of
40mm by 25 mm by 15 mm. Determine its volume.
Find also its mass if the metal has a density of
9 g/cm’®

2. Determine the maximum capacity, in litres, of a fish
tank measuring 50cm by 40cm by 2.5m (1 litre =
1000 cm?).

3. Determine how many cubic metres of concrete are
required for a 120m long path, 150 mm wide and
80 mm deep.

4. Calculate the volume of a metal tube whose outside
diameter is 8 cm and whose inside diameter is 6 cm,
if the length of the tube is 4 m.

5. The volume of a cylinder is 400cm?. If its radius
is 5.20 cm, find its height. Determine also its curved
surface area.

6. If a cone has a diameter of 80 mm and a perpendicular
height of 120 mm calculate its volume in cm® and its
curved surface area.

7. A cylinder is cast from a rectangular piece of alloy
Scm by 7cm by 12cm. If the length of the cylinder
is to be 60 cm, find its diameter.

8. Find the volume and the total surface area of a regular
hexagonal bar of metal of length 3 m if each side of
the hexagon is 6 cm.

9. A square pyramid has a perpendicular height of 4 cm.
If a side of the base is 2.4 cm long find the volume
and total surface area of the pyramid.

10. A sphere has a diameter of 6cm. Determine its
volume and surface area.

11. Find the total surface area of a hemisphere of diam-
eter 50 mm.

22.3 Further worked problems on
volumes and surface areas of
regular solids

Problem8. A wooden section is shown in Fig. 22.5.
Find (a) its volume (in m?), and (b) its total surface
area.

Fig. 22.5

(a) The section of wood is a prism whose end comprises
a rectangle and a semicircle. Since the radius of the
semicircle is 8 cm, the diameter is 16 cm.

Hence the rectangle has dimensions 12cm by 16 cm.

1
Area of end = (12 x 16) + 57!82 =292.5cm?

Volume of wooden section

= area of end x perpendicular height

87750 m®

=292. =877 3=
92.5 x 300 = 87750 cm 106

= 0.08775m®

(b) The total surface area comprises the two ends (each of
area 292.5cm?), three rectangles and a curved surface
(which is half a cylinder), hence total surface area

= (2 x292.5) +2(12 x 300) + (16 x 300)
1
+ 5(231 x 8 x 300)

= 585 + 7200 + 4800 + 24007
= 20125cm? or 2.0125m?



Problem9. A pyramid has a rectangular base 3.60 cm
by 5.40 cm. Determine the volume and total surface area
of the pyramid if each of its sloping edges is 15.0 cm.

The pyramid is shown in Fig. 22.6. To calculate the volume
of the pyramid the perpendicular height EF is required.
Diagonal BD is calculated using Pythagoras’ theorem,

i,e. BD = +/[3.60% +5.40%] = 6.490cm

Fig. 22.6

1 6.490
Hence EB = EBD = — = 3.245cm.

Using Pythagoras’ theorem on triangle BEF gives
BF? = EB* +EF?
from which, EF = \/m
= /15.02 —3.2452 = 14.64cm.

Volume of pyramid
= !(area of base)(perpendicular height)
= 1(3.60 x 5.40)(14.64) = 94.87cm’

Area of triangle ADF (which equals triangle BCF)
= 1(AD)(FG), where G is the midpoint of AD. Using
Pythagoras’ theorem on triangle FGA gives

FG =+/[15.0? — 1.80%] = 14.89cm

Hence area of triangle ADF = }(3.60)(14.89) = 26.80 cm?
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Similarly, if H is the mid-point of AB, then
FH =+/15.02 —2.702 = 14.75cm,

hence area of triangle ABF (which equals triangle CDF)
= 1(5.40)(14.75) = 39.83 cm®

Total surface area of pyramid
= 2(26.80) + 2(39.83) + (3.60)(5.40)
= 53.60 4 79.66 4 19.44

= 152.7cm?

Problem 10. Calculate the volume and total surface
area of a hemisphere of diameter 5.0 cm.

1
Volume of hemisphere = E(Volume of sphere)

2 2 0)?

=P =g (—5 0) =32.7cm®
3 3 2

Total surface area

= curved surface area + area of circle

1
= E(surface area of sphere) + ar’

1
= E(4nr2) + 7’

5.0\
= 2mr? + 7r? = 37r? = 37 <7) = 58.9cm?

Problem11. A rectangular piece of metal having
dimensions 4cm by 3cm by 12cm is melted down
and recast into a pyramid having a rectangular base
measuring 2.5 cm by 5cm. Calculate the perpendicular
height of the pyramid.

Volume of rectangular prism of metal = 4 x3x 12 = 144 cm?

Volume of pyramid

= L(area of base)(perpendicular height)

Assuming no waste of metal,
1
144 = 5(2.5 x 5)(height)

144 x 3
25x%x5

= 34.56cm

i.e. perpendicular height =

Problem 12. A rivet consists of a cylindrical head, of
diameter 1 cm and depth 2 mm, and a shaft of diameter
2mm and length 1.5 cm. Determine the volume of metal
in 2000 such rivets.
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1
Radius of cylindrical head = > cm = 0.5cm and

height of cylindrical head = 2mm = 0.2cm
Hence, volume of cylindrical head
= nr’h = 7(0.5)%(0.2) = 0.1571 cm?®

Volume of cylindrical shaft
0.2\?
=nrh=mn (7> (1.5) = 0.0471 cm’

Total volume of 1 rivet = 0.1571 4+ 0.0471 = 0.2042 cm?
Volume of metal in 2000 such rivets = 2000 x 0.2042
= 408.4cm®

Problem13. A solid metal cylinder of radius 6cm
and height 15cm is melted down and recast into a
shape comprising a hemisphere surmounted by a cone.
Assuming that 8% of the metal is wasted in the pro-
cess, determine the height of the conical portion, if its
diameter is to be 12 cm.

Volume of cylinder = nr?h = & x 6% x 15 = 5407 cm?

If 8% of metal is lost then 92% of 540r gives the volume of
the new shape (shown in Fig. 22.7).

12 cm

Fig. 22.7

Hence the volume of (hemisphere+cone) = 0.92x 5407 cm?,

e (4 3) + L 0.92 x 540
1.e. — —7Tr —7Tr = U. X T
2\3 3

Dividing throughout by 7 gives:
20+ L2n =092 x 540
—r’+ -r"h =0.92 x
3 3

Since the diameter of the new shape is to be 12cm, then
radius r = 6cm,

2 5,1 5
hence 5(6)‘ + 5(6) h =0.92 x 540

144 + 12h = 496.8

i.e. height of conical portion,

L 496.8 — 144
- 12

= 29.4cm

Problem14. A block of copper having a mass of
50kg is drawn out to make 500m of wire of uni-
form cross-section. Given that the density of copper is
8.91 g/cm?, calculate (a) the volume of copper, (b) the
cross-sectional area of the wire, and (c) the diameter of
the cross-section of the wire.

(a) A density of 8.91 g/cm® means that 8.91 g of copper has
a volume of 1cm?, or 1g of copper has a volume of
(1/8.91)cm®

Hence 50kg, i.e. 50000 g, has a volume

50000

" cm® =5612cm®
8.91

(b) Volume of wire
= area of circular cross-section x length of wire.

Hence 5612 cm?® = area x (500 x 100cm),

5612
from which, area = ——— cm? = 0.1122cm?
500 x 100
2 2

d
(c) Area of circle = nr? or nT, hence 0.1122 = e
from which

4 % 0.1122
de (Xi

) =0.3780cm
big

i.e. diameter of cross-section is 3.780 mm.

Problem 15. A boiler consists of a cylindrical section
of length 8 m and diameter 6 m, on one end of which
is surmounted a hemispherical section of diameter 6 m,
and on the other end a conical section of height 4 m and
base diameter 6 m. Calculate the volume of the boiler
and the total surface area.

The boiler is shown in Fig. 22.8.
Volume of hemisphere,

P=%nr3=%xnx33=18nm3

Volume of cylinder,
Q=nr*h=nx3*x8="72rm’
Volume of cone,

R:%nrzh:%xnx32><4:127rm3



T

o
3

>
I (jw

Fig. 22.8

Total volume of boiler = 187 + 727 + 127
= 1027 = 320.4m?®
Surface area of hemisphere,
P=1@n?)=2xmx3" =18rm’
Curved surface area of cylinder,
Q=2arh=2x7mx3x8=487m>

The slant height of the cone, [, is obtained by Pythagoras’
theorem on triangle ABC, i.e. [ = /(4> +32) =5

Curved surface area of cone,

R=nrl =7 x3x5=157m?

Total surface area of boiler = 187 + 487 + 157
= 81w = 254.5m?

Now try the following exercise

Exercise 79 Further problems on volumes and sur-
face areas of regular solids (Answers on
page 261)

1. Determine the mass of a hemispherical copper con-
tainer whose external and internal radii are 12 cm and
10 cm. Assuming that 1 cm? of copper weighs 8.9 .

2. If the volume of a sphere is 566 cm?, find its radius.

3. A metal plumb bob comprises a hemisphere sur-
mounted by a cone. If the diameter of the hemisphere
and cone are each 4 cm and the total length is 5cm,
find its total volume.

4. A marquee is in the form of a cylinder surmounted
by a cone. The total height is 6 m and the cylindrical
portion has a height of 3.5m, with a diameter of
15 m. Calculate the surface area of material needed
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to make the marquee assuming 12% of the material
is wasted in the process.

5. Determine (a) the volume and (b) the total surface
area of the following solids:

(i) a cone of radius 8.0cm and perpendicular
height 10cm
(i) a sphere of diameter 7.0 cm
(iii) a hemisphere of radius 3.0 cm
(iv) a 2.5cm by 2.5cm square pyramid of perpen-
dicular height 5.0cm
(v) a4.0cm by 6.0 cm rectangular pyramid of per-
pendicular height 12.0 cm
(vi) a4.2cm by 4.2 cm square pyramid whose slop-
ing edges are each 15.0cm
(vii) a pyramid having an octagonal base of side
5.0 cm and perpendicular height 20 cm.

6. The volume of a sphere is 325cm?. Determine its
diameter.

7. A metal sphere weighing 24 kg is melted down and
recast into a solid cone of base radius 8.0cm. If
the density of the metal is 8000kg/m’ determine
(a) the diameter of the metal sphere and (b) the
perpendicular height of the cone, assuming that 15%
of the metal is lost in the process.

8. Find the volume of a regular hexagonal pyramid if
the perpendicular height is 16.0cm and the side of
base is 3.0cm.

9. A buoy consists of a hemisphere surmounted by
a cone. The diameter of the cone and hemisphere
is 2.5m and the slant height of the cone is 4.0 m.
Determine the volume and surface area of the buoy.

10. A petrol container is in the form of a central cylindri-
cal portion 5.0m long with a hemispherical section
surmounted on each end. If the diameters of the hemi-
sphere and cylinder are both 1.2m determine the
capacity of the tank in litres (1 litre = 1000 cm?).

11. Figure 22.9 shows a metal rod section. Determine its
volume and total surface area.

1.00 cm
radius 1.00m

2.50 cm

Fig. 22.9
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22.4 Volumes and surface areas of frusta
of pyramids and cones

The frustum of a pyramid or cone is the portion remaining
when a part containing the vertex is cut off by a plane parallel
to the base.

The volume of a frustum of a pyramid or cone is given
by the volume of the whole pyramid or cone minus the
volume of the small pyramid or cone cut off.

The surface area of the sides of a frustum of a pyramid
or coneis given by the surface area of the whole pyramid or
cone minus the surface area of the small pyramid or cone cut
off. This gives the lateral surface area of the frustum. If the
total surface area of the frustum is required then the surface
area of the two parallel ends are added to the lateral surface
area.

There is an alternative method for finding the volume
and surface area of a frustum of a cone. With reference
to Fig. 22.10:

Volume = rh(R? 4+ Rr +r?)
Curved surface area = wl (R4 1)

Total surface area = 7l (R 4 r) 4 zr 2 + 7R?

Fig. 22.10

Problem 16. Determine the volume of a frustum of a
cone if the diameter of the ends are 6.0 cm and 4.0 cm
and its perpendicular height is 3.6 cm.

Method 1

A section through the vertex of a complete cone is shown in
Fig. 22.11.

Using similar triangles

AP DR
DP ~ BR
. AP 36
enee 20 1.0
2.0)(3.
from which AP = % =7.2cm

The height of the large cone = 3.6 + 7.2 = 10.8cm.

3.6cm

\ 4

Fig. 22.11

Volume of frustum of cone
= volume of large cone — volume of small cone cut off
= 17(3.0°(10.8) — 17(2.0)*(7.2)

101.79 — 30.16 = 71.6cm®

Method 2
From above, volume of the frustum of a cone
= %ﬁh(R2 + Rr + 1),
r=20cm and h=3.6cm

where R =3.0cm,

Hence volume of frustum
= 17(3.6) [(3.0)° 4+ (3.0)(2.0) + (2.0)’]
= 17(3.6)(19.0) = 71.6cm®

Problem 17. Find the total surface area of the frustum

of the cone in Problem 16.

Method 1

Curved surface area of frustum = curved surface area of
large cone — curved surface area of small cone cut off.



From Fig. 22.11, using Pythagoras’ theorem:
AB?> = AQ* + BQ?, from which
AB = /[10.82 +3.02] = 11.21 cm
and
AD? = AP? + DP?, from which
AD = \/[1.22 4 2.0?] = 7.47cm
Curved surface area of large cone
= nrl = (BQ)(AB) = w(3.0)(11.21) = 105.65 cm?
and curved surface area of small cone
= 7(DP)(AD) = 7(2.0)(7.47) = 46.94 cm?
Hence, curved surface area of frustum = 105.65 — 46.94
=58.71cm’

Total surface area of frustum
= curved surface area + area of two circular ends
= 58.71 4+ 7(2.0)* + 7(3.0)*
=58.71 + 12.57 4 28.27 = 99.6cm?

Method 2
From page 172, total surface area of frustum
=nl(R+r)+nr* + 7R,

where | = BD = 11.21 —7.47 = 3.74cm, R = 3.0cm and
r=2.0cm.

Hence total surface area of frustum

= 7(3.74)(3.0 + 2.0) + 7(2.0)*> + 7(3.0)> = 99.6 cm?

Problem 18. A storage hopper is in the shape of a
frustum of a pyramid. Determine its volume if the ends
of the frustum are squares of sides 8.0m and 4.6 m,
respectively, and the perpendicular height between its
ends is 3.6m.

The frustum is shown shaded in Fig. 22.12(a) as part of
a complete pyramid. A section perpendicular to the base
through the vertex is shown in Fig. 22.12(b).

- . CG BH
By similar triangles: — = —
BG AH
. BH (2.3)(3.6)
Height CG =BG | — | = ——— =4.87m
AH 1.7

Height of complete pyramid = 3.6 + 4.87 = 8.47m

1
Volume of large pyramid = 5(8.0)2(8.47) = 180.69 m’
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4.6 cm

1Y

8.0m

!
I gom |
@)

Fig. 22.12
Volume of small pyramid cut off
1
= 5(4.6)2(4.87) =34.35m’

Hence volume of storage hopper

= 180.69 — 34.35 = 146.3m°

Problem 19. Determine the lateral surface area of the
storage hopper in Problem 18.

The lateral surface area of the storage hopper consists of four
equal trapeziums.

4.6 m
i R~

Fig. 22.13

From Fig. 22.13, area of trapezium PRSU

= (PR +SU)(QT)
OT = 1.7m (same as AH in Fig. 22.13(b) and OQ = 3.6 m.
By Pythagoras’ theorem,

OT =/ (0Q? + OT?) = \/[3.62 + 1.72] =3.98m
Area of trapezium PRSU = %(4.6 +8.0)(3.98) = 25.07 m?

Lateral surface area of hopper = 4(25.07) = 100.3m?
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Problem 20. A lampshade is in the shape of a frustum
of a cone. The vertical height of the shade is 25.0cm
and the diameters of the ends are 20.0cm and 10.0 cm,
respectively. Determine the area of the material needed
to form the lampshade, correct to 3 significant figures.

The curved surface area of a frustum of a cone
= nl/(R + r) from page 172.

Since the diameters of the ends of the frustum are 20.0 cm
and 10.0 cm, then from Fig. 22.14,

r=5.0cm, R=10.0cm

and [ =+/[25.0? +5.0?] = 25.50 cm,

from Pythagoras’ theorem.

r=5.0cm

Fig. 22.14

Hence curved surface area = m(25.50)(10.0 + 5.0) =
1201.7 cm?, i.e. the area of material needed to form the lamp-
shade is 1200cm?, correct to 3 significant figures.

Problem21. A cooling tower is in the form of a
cylinder surmounted by a frustum of a cone as shown
in Fig. 22.15. Determine the volume of air space in the
tower if 40% of the space is used for pipes and other
structures.

30.0m

120m

Fig. 22.15

Volume of cylindrical portion

25.0\ 2
=nrth=m (T) (12.0) = 5890 m®

Volume of frustum of cone
1
= 57‘L’h(R2 +Rr + %)

where & = 30.0 — 12.0 = 18.0m, R = 25.0/2 = 12.5m and
r=12.0/2=6.0m.

Hence volume of frustum of cone

= %n(lS.O) [(12.5)* 4 (12.5)(6.0) + (6.0)°] = 5038 m’

Total volume of cooling tower = 5890 + 5038 = 10928 m’.

If 40% of space is occupied then volume of air space

= 0.6 x 10928 = 6557m°

Now try the following exercise

Exercise 80 Further problems on volumes and sur-
face areas of frustra of pyramids and
cones (Answers on page 262)

1. The radii of the faces of a frustum of a cone are 2.0 cm
and 4.0 cm and the thickness of the frustum is 5.0 cm.
Determine its volume and total surface area.

2. A frustum of a pyramid has square ends, the squares
having sides 9.0 cm and 5.0 cm, respectively. Calculate
the volume and total surface area of the frustum if the
perpendicular distance between its ends is 8.0 cm.

3. A cooling tower is in the form of a frustum of a
cone. The base has a diameter of 32.0 m, the top has
a diameter of 14.0m and the vertical height is 24.0 m.
Calculate the volume of the tower and the curved
surface area.

4. A loudspeaker diaphragm is in the form of a frustum
of a cone. If the end diameters are 28.0 cm and 6.00 cm
and the vertical distance between the ends is 30.0 cm,
find the area of material needed to cover the curved
surface of the speaker.

5. A rectangular prism of metal having dimensions
4.3 cm by 7.2 cm by 12.4 cm is melted down and recast
into a frustum of a square pyramid, 10% of the metal
being lost in the process. If the ends of the frustum
are squares of side 3cm and 8cm respectively, find
the thickness of the frustum.

6. Determine the volume and total surface area of a
bucket consisting of an inverted frustum of a cone,
of slant height 36.0 cm and end diameters 55.0 cm and
35.0cm.




7. A cylindrical tank of diameter 2.0 m and perpendicular
height 3.0m is to be replaced by a tank of the same
capacity but in the form of a frustum of a cone. If
the diameters of the ends of the frustum are 1.0m
and 2.0 m, respectively, determine the vertical height
required.

22.5 Volumes of similar shapes

The volumes of similar bodies are proportional to the
cubes of corresponding linear dimensions. For example,
Fig. 22.16 shows two cubes, one of which has sides three
times as long as those of the other.

3x

10

X

()
Fig. 22.16

Volume of Fig. 22.16(a) = (x)(x)(x) = x°
Volume of Fig. 22.16(b) = (3x)(3x)(3x) = 27x°

Hence Fig. 22.16(b) has a volume (3)%, i.e. 27 times the
volume of Fig. 22.16(a).

Problem22. A car has a mass of 1000kg. A model
of the car is made to a scale of 1 to 50. Determine the
mass of the model if the car and its model are made of
the same material.

Volume of model 1\?
Volume of car ~ \ 50

since the volume of similar bodies are proportional to the

cube of corresponding dimensions.

Mass = density x volume, and since both car and model are

made of the same material then:

Mass of model B ( 1 )3

Mass of car 50
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1\3
Hence mass of model = (mass of car) ( —)

50
1000
= S0 =0.008kg or 8g

Now try the following exercise

Exercise 81 Further problems on volumes of similar
shapes (Answers on page 262)

1. The diameter of two spherical bearings are in the ratio
2:5. What is the ratio of their volumes?

2. An engineering component has a mass of 400g. If
each of its dimensions are reduced by 30% determine
its new mass.

Assignment 11

This assignment covers the material contained in
Chapters 21 and 22. The marks for each question
are shown in brackets at the end of each question.

1. Determine the diameter of a circle whose circumfer-
ence is 178.4 cm. 2)

2. Convert (a) 125°47’ to radians
(b) 1.724 radians to degrees and minutes (4)

3. Calculate the length of metal strip needed to make
the clip shown in Fig. A11.1. (6)

30 mm rad

75 mm

%

15 mm rad

}( 15 mm rad

l 70 mm I

[ 70 mm

Fig. A11.1

4. A lorry has wheels of radius 50cm. Calculate the
number of complete revolutions a wheel makes (cor-
rect to the nearest revolution) when travelling 3 miles
(assume 1 mile = 1.6 km). (@)

5. The equation of a circle is:

C+Y +12x—4y+4=0

Determine (a) the diameter of the circle, and (b) the
co-ordinates of the centre of the circle. (@)
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Determine the volume (in cubic metres) and the total
surface area (in square metres) of a solid metal cone
of base radius 0.5 m and perpendicular height 1.20 m.
Give answers correct to 2 decimal places. (®))

A rectangular storage container has dimensions 3.2 m
by 90 cm by 60 cm.

Determine its volume in (a) m® (b) cm? 4)
Calculate

(a) the volume, and
(b) the total surface area of a 10cm by 15 cm rect-
angular pyramid of height 20 cm. 7)

A water container is of the form of a central cylindri-
cal part 3.0 m long and diameter 1.0 m, with a hemi-
spherical section surmounted at each end as shown
in Fig. A11.2. Determine the maximum capacity of
the container, correct to the nearest litre. (1 litre =
1000 cm?) 5)

3.0m

1.0m

e T

Fig. A11.2

10. Find the total surface area of a bucket consisting of

11.

an inverted frustum of a cone, of slant height 35.0 cm
and end diameters 60.0 cm and 40.0 cm. 4)

A boat has a mass of 20000kg. A model of the boat
is made to a scale of 1 to 80. If the model is made
of the same material as the boat, determine the mass
of the model (in grams). 3)
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Irregular areas and volumes and mean values
of waveforms

23.1 Areas of irregular figures In general, the trapezoidal rule states:

Areas of irregular plane surfaces may be approximately ¢
determined by usi ; : _ (width of | |1 (first + last Sum o

y using (a) a planimeter, (b) the trapezoidal Area=( ol 3 | ordinate —+ | remaining
rule, (c) the mid-ordinate rule, and (d) Simpson’s rule. Such ordinates
methods may be used, for example, by engineers estimating
areas of indicator diagrams of steam engines, surveyors (¢c) Mid-ordinate rule
estimating areas of plots of land or naval architects estimating
areas of water planes or transverse sections of ships.

To determine the area ABCD of Fig. 23.2:

(a) A planimeter is an instrument for directly measuring
small areas bounded by an irregular curve.

(b) Trapezoidal rule
To determine the areas PORS in Fig. 23.1:

Fig. 23.2

(i) Divide base AD into any number of equal intervals,
each of width d (the greater the number of intervals,
Fig. 23.1 the greater the accuracy).

(i) Erect ordinates in the middle of each interval

(i) Divide base PS into any number of equal intervals, (shown by broken lines in Fig. 23.2).

each of width d (the greater the number of intervals, (iii) Accurately measure ordinates y;, y, 3, etc.

the greater the accuracy).

. . iv) Area ABCD =d .
(ii) Accurately measure ordinates y;, y», y3, etc. (iv) Area M +»+y+ya+ys+ )

(iii) Area PORS In general, the mid-ordinate rule states:

i+
2

=d

+»+y3+ya+ys+ Y Area = (width of interval)(sum of mid-ordinates)
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(d) Simpson’s rule The time base is divided into 6 strips each of width 1s,

. : and the length of the ordinates measured. Thus
To determine the area PORS of Fig. 23.1:

0+424.0
(i) Divide base PS into an even number of intervals, area = (1) [(T) +254+554+8.75
each of width d (the greater the number of intervals,
the greater the accuracy). L1254 17'5} — 5875m

(i) Accurately measure ordinates yi, y», y3, etc.
(b) Mid-ordinate rule (see para. (c) above).
(iii) Area PQORS
The time base is divided into 6 strips each of width
d 1 second. Mid-ordinates are erected as shown in Fig. 23.3
= 5[())1 1)+ 402+ ya 4 ¥6) +2(ys + ¥s5)] by the broken lines. The length of each mid-ordinate is
measured. Thus

In general, Simpson’s rule states:
area = (1)[1.2544.04+7.0+4 10.75 4+ 15.0 + 20.25]

=58.25m

1
Area = g(width of interval) [(first + last ordinate)
(c) Simpson’s rule (see para. (d) above).

4 (sum of even ordinates . L . . .
+( ) The time base is divided into 6 strips each of width 1s,

+2 (sum of remaining odd ordinates)] and the length of the ordinates measured. Thus

area = %(1) [(0424.0)+4(2.54+8.75+17.5)

Problem1. A car starts from rest and its speed is +2(5.5+12.5)] = 58.33m
measured every second for 6s:

Time 7 (s) 0 1 5 3 4 5 6 Problem?2. A river is . 15m wide. Soundings of.the
depth are made at equal intervals of 3 m across the river

Speed v (m/s) O 25 55 875 125 175 240 and are as shown below.

Determine the distance travelled in 6 seconds (i.e. the
area under the v/t graph), by (a) the trapezoidal rule,
(b) the mid-ordinate rule, and (c) Simpson’s rule.

Depth(m) 0 22 33 45 42 24 0

Calculate the cross-sectional area of the flow of water
at this point using Simpson’s rule.

A graph of speed/time is shown in Fig. 23.3.

(a) Trapezoidal rule (see para. (b) above). From para. (d) above,
Area = %(3)[(0 +0)+422+45+24)+23.3+4.2)]

30t (1)[0 +36.4 + 15] = 51.4m*
Graph of speed/time

25F
Now try the following exercise

—~ 20
g r- Exercise 82 Further problems on areas of irregular
§ sl figures (Answers on page 262)
& 1. Plot a graph of y = 3x — x> by completing a table
10¢ of values of y from x = 0 to x = 3. Determine the
area enclosed by the curve, the x-axis and ordinate
5} x = 0 and x = 3 by (a) the trapezoidal rule, (b) the
o mid-ordinate rule and (c) by Simpson’s rule.
<
0 = 2. Plot the graph of y = 2x*> + 3 between x = 0 and

x = 4. Estimate the area enclosed by the curve, the
ordinates x = 0 and x = 4, and the x-axis by an
Fig. 23.3 approximate method.

Time (seconds)
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3. The velocity of a car at one second intervals is given
in the following table:

time ¢ (s) 0 1 2 3 4 5 6
velocity v (m/s) 0 2.0 45 80 140 21.0 29.0

Determine the distance travelled in 6 seconds (i.e.
the area under the v/t graph) using an approximate
method.

4. The shape of a piece of land is shown in Fig. 23.4. To
estimate the area of the land, a surveyor takes mea-
surements at intervals of 50 m, perpendicular to the
straight portion with the results shown (the dimen-
sions being in metres). Estimate the area of the land
in hectares (1 ha = 10* m?).

50150 15015015050

Fig. 23.4

5. The deck of a ship is 35 m long. At equal intervals of
5m the width is given by the following table:
Width(m) 0 28 52 65 58 41 3.0 23

Estimate the area of the deck.

23.2 Volumes of irregular solids

If the cross-sectional areas A;, A, Az, .. of an irregular solid
bounded by two parallel planes are known at equal intervals
of width d (as shown in Fig. 23.5), then by Simpson’s rule:

d
Volume, V= Z[(A + A7) + 4(A2 + As + As)

+2(As3 + As)]

G (o |
i I ! |

[d 1dldld]|d]dl]

Fig. 23.5
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Problem3. A tree trunk is 12m in length and has
a varying cross-section. The cross-sectional areas at
intervals of 2m measured from one end are:

0.52, 0.55, 059, 0.63, 072, 0.84, 0.97m?

Estimate the volume of the tree trunk.

A sketch of the tree trunk is similar to that shown in Fig. 23.5,
where d =2m, A; = 0.52m?, A, = 0.55m?, and so on.
Using Simpson’s rule for volumes gives:

Volume = $[(0.52 + 0.97) 4 4(0.55 + 0.63 + 0.84)
+2(0.59 +0.72)]
= 3[1.49 +8.08 +2.62] = 8.13m’

Problem4. The areas of seven horizontal cross-
sections of a water reservoir at intervals of 10 m are:

210, 250, 320, 350, 290, 230, 170m?

Calculate the capacity of the reservoir in litres.

Using Simpson’s rule for volumes gives:

10
Volume = 3 [(210 4 170) + 4(250 4 350 + 230)
+2(320 +290)]

10
=3 [380 + 3320 + 1220] = 16400 m*

16400 m = 16400 x 10°cm’
Since 1 litre = 1000cm?®, capacity of reservoir

16400 x 10°
= ————— litres
1000

= 16400000 = 1.64 x 10 litres

Now try the following exercise

Exercise 83 Further problems on volumes of irregu-
lar solids (Answers on page 262)

1. The areas of equidistantly spaced sections of the
underwater form of a small boat are as follows:

1.76, 2.78, 3.10, 3.12, 2.61, 1.24, 0.85m’

Determine the underwater volume if the sections are
3 m apart.

2. To estimate the amount of earth to be removed
when constructing a cutting the cross-sectional area
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at intervals of 8 m were estimated as follows:
0, 2.8, 3.7, 45, 4.1, 2.6, Om®

Estimate the volume of earth to be excavated.

3. The circumference of a 12m long log of timber of
varying circular cross-section is measured at intervals
of 2m along its length and the results are:

Distance from
one end (m) 0 2 4 6 8§ 10 12

Circumference (m) 2.80 3.25 3.94 432 5.16 5.82 6.36

Estimate the volume of the timber in cubic metres.

23.3 The mean or average value of a
waveform

The mean or average value, y, of the waveform shown in
Fig. 23.6 is given by:

__area under curve
y= length of base, b

Fig. 23.6

If the mid-ordinate rule is used to find the area under the
curve, then:

sum of mid-ordinates

- number of mid-ordinates
(_ NN+ + N+ ys+ Y+ W

= ) for Fig. 23.6

For a sine wave, the mean or average value:

(i) over one complete cycle is zero (see Fig. 23.7(a)),

(i) over half a cycle is 0.637 x maximum value, or
2/7 x maximum value,

(iii) of a full-wave rectified waveform (see Fig. 23.7(b)) is
0.637 x maximum value,

(iv) of a half-wave rectified waveform (see Fig. 23.7(c)) is
0.318 x maximum value, or 1/7 x maximum value.

©

Fig. 23.7

Problem5. Determine the average values over half a
cycle of the periodic waveforms shown in Fig. 23.8.

I I___.
R NC R 11O

(@) (b)

| Voltage (V)
N N
o (=} o
N s ;
N,
<-
BN
3
RCA
| Current (A)
WNRFROl PN W
T

S
o 10
g
p
0 2 4 8 t(ms)
-10
(c)

Fig. 23.8

(a) Area under triangular waveform (a) for a half cycle is
given by:

1
Area = E(base)(perpendicular height)

1
= 5(2 x 1073)(20) = 20 x 1073 Vs

area under curve

Average value of waveform = ——
length of base

20 x 1073 Vs
T T 2x1073s
(b) Area under waveform (b) for a half cycle
=1x1)4+@B3x2)=7As
area under curve

=10V

A lue of f =
Verage value of wavetorm length of base

7A
=8 5334
3s
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(c) A half cycle of the voltage waveform (c) is completed
in 4 ms.

1
Area under curve = 5{(3 —11073}(10) = 10 x 1073 Vs

area under curve
Average value of waveform = ——
length of base

_10x 107 Vs

=25V
4 x1073s

Problem 6. Determine the mean value of current over
one complete cycle of the periodic waveforms shown
in Fig. 23.9.

Current (mA)
[6)]

ol

4 8 12 16 20 24 281(ms)

Current (A)
N

(=]

2 4 6 8 1012 f(ms)

Fig. 23.9

(a) One cycle of the trapezoidal waveform (a) is completed
in 10ms (i.e. the periodic time is 10 ms).

Area under curve = area of trapezium

1
= E(sum of parallel sides)(perpendicular distance

between parallel sides)
1
= E{(4 +8)x 1073}(5 x 1073) =30 x 107% As

area under curve
Mean value over one cycle = ——«————
length of base

30 x 107° A
20X A 3 A
10 x 103 s

(b) One cycle of the sawtooth waveform (b) is completed in

5 ms.
Area under curve = %(3 x 1073)(2) =3 x 1073 As
area under curve

Mean value over one cycle =
length of base

Problem7. The power used in a manufacturing pro-
cess during a 6 hour period is recorded at intervals of

1 hour as shown below.

Time (h) 0 1 2 3 4 5 6
Power (kW) O 14 29 51 45 23
Plot a graph of power against time and, by using

the mid-ordinate rule, determine (a) the area under the
curve and (b) the average value of the power.

The graph of power/time is shown in Fig. 23.10.

Graph of power/time
50 '\
|
l
<407 I
g ]
5 30T |||
2 L]
20+ L
| | |
.
10+ ' ! l
I
7.0[21.5 | 42.0 | 495 | 37.
0 1 2 3 4 5 6
Time ( hours)
Fig. 23.10

(a) The time base is divided into 6 equal intervals, each of
width 1 hour.
Mid-ordinates are erected (shown by broken lines in
Fig. 23.10) and measured. The values are shown in
Fig. 23.10.
Area under curve

= (width of interval) (sum of mid-ordinates)
=(1)[7.0421.54+42.0+49.5+ 37.0 + 10.0]

= 167 kWh (i.e. a measure of electrical energy)

(b) Average value of waveform

__ area under curve _ 167kWh

= =27.83kW
length of base 6h

Alternatively, average value

Sum of mid-ordinates

" number of mid-ordinate

Problem 8. Figure 23.11 shows a sinusoidal output
voltage of a full-wave rectifier. Determine, using the
mid-ordinate rule with 6 intervals, the mean output
voltage.
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0] 30°60°90° 180° 270° 360° 0
E T 3n 2n
2 2
Fig. 23.11

One cycle of the output voltage is completed in 7 radians or
180°. The base is divided into 6 intervals, each of width 30°.
The mid-ordinate of each interval will lie at 15°, 45°, 75°, etc.

At 15° the height of the mid-ordinate is 10sin 15° = 2.588 V.

At 45° the height of the mid-ordinate is 10sin45° = 7.071V,
and so on.

The results are tabulated below:

Mid-ordinate Height of mid-ordinate
15° 10sin15° = 2.588V
45° 10sin45° = 7.071V
75° 10sin75° = 9.659V
105° 10sin 105° = 9.659V
135° 10sin 135° = 7.071V
165° 10sin 165° = 2.588V

Sum of mid-ordinates = 38.636 V

Mean or average value of output voltage

_ Sum of mid-ordinates _ 38.636

= = =64
number of mid-ordinate 6 6439V

(With a larger number of intervals a more accurate answer
may be obtained.)

For a sine wave the actual mean value is 0.637 x maximum
value, which in this problem gives 6.37 V.

Problem9. An indicator diagram for a steam engine
is shown in Fig. 23.12. The base line has been divided
into 6 equally spaced intervals and the lengths of the 7
ordinates measured with the results shown in centime-
tres. Determine (a) the area of the indicator diagram
using Simpson’s rule, and (b) the mean pressure in the
cylinder given that 1 cm represents 100 kPa.

Fig. 23.12

12.0
(a) The width of each interval is < cm. Using Simpson’s

rule,
1
area = 5(2.0)[(3.6 +1.6)+44.0+29+1.7)
+2(3.5+2.2)]

2
= 5[5.2+ 34.4 + 11.4] = 34 cm?

area of diagram 34
length of base 12

=2.83cm

(b) Mean height of ordinates =

Since 1cm represents 100 kPa, the mean pressure in the
cylinder

= 2.83cm x 100kPa/cm = 283 kPa

Now try the following exercise

Exercise 84 Further problems on mean or aver-
age values of waveforms (Answers on
page 262)

1. Determine the mean value of the periodic waveforms
shown in Fig. 23.13 over a half cycle.

< S
c
o 2 g 100
5 s
Q g )
0 10 20 t(ms) 0 5 0 t(ms)
,2}-
-100
@ (b)
&
IS
[<
5
(@)

o

15l/§0 t(ms)

-5
(c)
Fig. 23.13

2. Find the average value of the periodic waveforms
shown in Fig. 23.14 over one complete cycle.

3. An alternating current has the following values at
equal intervals of 5 ms.

Time(ms) 0 5 10 15 20 25 30
Current (A) 0 09 26 49 58 35 0




Fig. 23.14

Voltage (mV)
=
o

o|

-

Current (A)
a1

2 4 6 8 10 t(ms)

AVAVA

o

2 4 6 8 10 t(ms)

. Determine, using an approximate method, the average

. An indicator diagram of a steam engine is 12cm
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Plot a graph of current against time and estimate the
area under the curve over the 30 ms period using the
mid-ordinate rule and determine its mean value.

value of a sine wave of maximum value 50V for (a)
a half cycle and (b) a complete cycle.

long. Seven evenly spaced ordinates, including the end
ordinates, are measured as follows:

590, 5.52, 422, 3.63, 3.32, 3.24, 3.16cm

Determine the area of the diagram and the mean
pressure in the cylinder if 1cm represents 90 kPa.
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Triangles and some practical applications

24.1 Sine and cosine rules

To ‘solve a triangle’ means ‘to find the values of unknown
sides and angles’. If a triangle is right angled, trigonometric
ratios and the theorem of Pythagoras may be used for its
solution, as shown in Chapter 17. However, for a non-
right-angled triangle, trigonometric ratios and Pythagoras’
theorem cannot be used. Instead, two rules, called the sine
rule and the cosine rule, are used.

Sinerule

With reference to triangle ABC of Fig. 24.1, the sine rule
states:

a b . c
snA ~ snB ~ snC

Fig. 24.1

The rule may be used only when:

(1) 1 side and any 2 angles are initially given, or

(ii) 2 sides and an angle (not the included angle) are initially
given.

Cosinerule

With reference to triangle ABC of Fig. 24.1, the cosine
rule states:

a? = b? + c? — 2bccosA
or b?=a®+ c?— 2accosB

or ¢2=a?+b%?—2abcosC

The rule may be used only when:

(i) 2 sides and the included angle are initially given, or

(ii) 3 sides are initially given.

24.2 Area of any triangle

The area of any triangle such as ABC of Fig. 24.1 is
given by:

1 . .
@) 5% basex perpendicular height, or

1. . 1 . 1 .
(ii) éabsmC or éa(:smB or ébcsmA, or

(iii) \/[s(s —a)(s — b)(s — c)], where

a+b+c
2

24.3 Worked problems on the solution of
triangles and their areas

Problem1. 1In a triangle XYZ, /X = 51°, /Y = 67°
and YZ = 15.2cm. Solve the triangle and find its area.




(> X<

z y

A
Y x=15.2cm Z

Fig. 24.2

The triangle XYZ is shown in Fig. 24.2. Since the angles in
a triangle add up to 180°, then z = 180° — 51° — 67° = 62°.

Applying the sine rule:

15.2 y b4
sin51°  sin67°  sin62°
Using 152 =2 and transposing gives:
sin51° sin 67°
y= w =18.00cm = XZ
sin51°
. 15.2 b4 . .
Using S5 = sneo and transposing gives:
= M =17.27cm = XY
sin51°

Area of triangle XYZ

1 1
= X sinZ = 5(15.2)(18.00) sin 62° = 120.8cm?

1 1
(or area= Exz sinY = 5(15.2)(17.27) sin 67° = 120.8cm?)

It is always worth checking with triangle problems that the
longest side is opposite the largest angle, and vice-versa. In
this problem, Y is the largest angle and XZ is the longest of
the three sides.

Problem2. Solve the triangle ABC given B = 78°51’,
AC = 2231mm and AB = 17.92mm. Find also its
area.

Triangle ABC is shown in Fig. 24.3.

b=22.31mm

Fig. 24.3
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Applying the sine rule:

2231 17.92
sin78°51"  sinC
. . 17.92sin78°51’
from which, sinC = —— =0.7881
22.31
Hence C = sin™' 0.7881 = 52°0' or 128°0’ (see Chapters 17
and 18).

Since B = 78°51’, C cannot be 128°0’, since
128°0" + 78°51 is greater than 180°.
Thus only C = 52°0' is valid.

Angle A = 180° — 78°51" — 52°0/ = 49°9
Applying the sine rule:

a _ 22.31
sin49°9’ ~ sin78°51’
22.31sin49°9
from which, = M = 17.20mm
sin78°51’

Hence A = 49°Y, C =52°0 and BC = 17.20mm.
Area of triangle ABC

1 1
= jac sinB = 5(17.20)(17.92) sin78°51

= 151.2mm?

Problem 3. Solve the triangle PQR and find its
area given that QR = 36.5 mm, PR = 29.6 mm and
LQ =36°

Triangle POR is shown in Fig. 24.4.
P
g=29.6 mm

A
Q p=365mm R

Fig. 24.4

Applying the sine rule:

296 365
sin36°  sinP
36.5sin 36°
fi hich, sinP=""""_ =(.7248
rom winic sin 296
Hence P =sin'0.7248 = 46°27 or 133°33

When P =46°27 and Q =36°
then R = 180" —46°27 —36° = 97°33’
When P =133°33 and Q =36°

then R = 180" — 133°33' —36° = 10°27
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Thus, in this problem, there are two separate sets of results
and both are feasible solutions. Such a situation is called the
ambiguous case.
Case 1. P = 46°27, Q = 36°, R = 97°33, p = 36.5mm
and ¢ = 29.6 mm.

From the sine rule:

r 296
$in97°33’ ~ sin 36°
29.65in97°33'
from which, = ZOMIT7 _ 49.92mm
sin 36°

1 1
Area = qu sinR= 3 (36.5)(29.6) 5in 97°33' =535.5mm?.,

Case 2. P = 133°33', Q = 36°, R = 10°27', p = 36.5mm
and ¢ = 29.6 mm.

From the sine rule:

ro 296
sin10°27" ~ sin 36°
from which, _ 20:6sin1027"_ g 124 mm
sin 36°

1 1
Area = qu sinR = 5(36.5)(29.6) sin 10°27" = 97.98mm?.

Triangle POR for case 2 is shown in Fig. 24.5.

133°3%
9.134mm 24 20.6mm
365mm N
36° 10°27"

Fig. 24.5

Now try the following exercise

Exercise 85 Further problems on the solution of
triangles and their areas (Answers on
page 262)

In Problems 1 and 2, use the sine rule to solve the
triangles ABC and find their areas.

1. A=29°, B=68°, b =27mm.
2. B=171°26/, C =56°32', b = 8.60 cm.

In Problems 3 and 4, use the sine rule to solve the
triangles DEF and find their areas.

3.d=17cm, f =22cm, F =26°
4. d =32.6mm, e = 25.4mm, D = 104°22’

In Problems 5 and 6, use the sine rule to solve the

triangles JKL and find their areas.

5. j=3.85cm, k =3.23cm, K = 36°
6. k=46 mm, [ = 36 mm, L = 35°

24.4 Further worked problems on the
solution of triangles and their areas

Problem 4. Solve triangle DEF and find its area given
that EF = 35.0mm, DE = 25.0mm and /E = 64°

Triangle DEF is shown in Fig. 24.6.

D

f=25.0 Q e
mm
A

E g=350mm F

Fig. 24.6

Applying the cosine rule:
e =d*+ f>—2df cosE
ie. e? = (35007 + (25.0)> — [2(35.0)(25.0) cos 64°]
= 1225 4+ 625 — 767.1 = 1083
from which, e= +/1083 = 32.91mm

Applying the sine rule:

3291  25.0
sin64° ~ sinF
. . 25.0sin 64°
from which, sinF = ——— = 0.6828
3291
Thus LF =sin"'0.6828 = 43°4’ or 136°56'

F = 136°56' is not possible in this case since 136°56’ + 64°
is greater than 180°. Thus only F = 43°4’ is valid.

/D = 180° — 64° — 43°4’ = 72°56'
Area of triangle DEF = %df sin E

= 1(35.0)(25.0) sin 64° = 393.2mm?

Problem5. A triangle ABC has sides ¢ = 9.0cm,
b =17.5cm and ¢ = 6.5 cm. Determine its three angles
and its area.

Triangle ABC is shown in Fig. 24.7. It is usual first to
calculate the largest angle to determine whether the triangle
is acute or obtuse. In this case the largest angle is A (i.e.
opposite the longest side).



c=6.5cm b=7.5cm

B a=9.0cm C

Fig. 24.7

Applying the cosine rule:
a* =b* +c* —2bccosA
from which, 2bc cosA = b? + ¢? — a?
P +c?—a?
2bc

B 7.5 +6.52 —9.0°

T 2(7.5)(6.5)
Hence A = cos™'0.1795 = 79°40' (or 280°20/, which is
obviously impossible). The triangle is thus acute angled since

cos A is positive. (If cos A had been negative, angle A would
be obtuse, i.e. lie between 90° and 180°).

and COSA =

=0.1795

Applying the sine rule:

90 75
sin79°40’ ~ sinB
7.55in79°40/
from which, sinB = % —0.8198

Hence B =sin~!0.8198 = 55°4’
and C = 180° — 79°40' — 55°4' = 45°16'

Area = /[s(s — a)(s — b)(s — c)], where
at+b+c  90+75+6.5

2 2

=11.5cm

Hence area= +/[11.5(11.5—9.0)(11.5 — 7.5)(11.5 — 6.5)]

= /[11.5(2.5)(4.0)(5.0)] = 23.98cm?

Alternatively, area = Jabsin C = 1(9.0)(7.5) sin45°16'
= 23.98cm?

Problem 6. Solve triangle XYZ, shown in Fig. 24.8,
and find its area given that ¥ = 128°, XY = 7.2 cm and
YZ =4.5cm.

X
y
z=7.2cm
LN
x=4.5cm

Fig. 24.8
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Applying the cosine rule:
vy =x*+ 2% — 2xzcos Y
= 4.5 +7.2> — [2(4.5)(7.2) cos 128°]
=20.25+51.84 — [—39.89]
=20.25+451.844+39.89 = 112.0
y =+/112.0 = 10.58cm

Applying the sine rule:

1058 7.2
sin 128° sinZ
from which, sinZ = M = 0.5363
10.58

Hence Z = sin~!0.5363 = 32°26' (or 147°34’ which, here,
is impossible).

X =180° — 128° — 32°26' = 19°34’

1 1
Area = ¥ sinY = 5(4'5)(7'2) sin 128° = 12.77cm?

Now try the following exercise

Exercise 86 Further problems on the solution of
triangles and their areas (Answers on
page 262)

In Problems 1 and 2, use the cosine and sine rules to
solve the triangles POR and find their areas.

1. g=12cm, r = 16cm, P = 54°
2. q=325m, r =4.42m, P = 105°

In Problems 3 and 4, use the cosine and sine rules to
solve the triangles XYZ and find their areas.

3. x=10.0cm, y=8.0cm, z =7.0cm.

4. x =21mm, y = 34mm, z = 42 mm.

24.5 Practical situations involving
trigonometry

There are a number of practical situations where the use
of trigonometry is needed to find unknown sides and angles
of triangles. This is demonstrated in the following worked
problems.

Problem7. A room 8.0 m wide has a span roof which
slopes at 33° on one side and 40° on the other. Find
the length of the roof slopes, correct to the nearest
centimetre.
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B

A ~133° 40\ c

8.0m

Fig. 24.9

A section of the roof is shown in Fig. 24.9.

Angle at ridge, B = 180° — 33° — 40° = 107°
From the sine rule:
8.0 a
sin107°  sin33°
from which, _ B0sin33_  ssom
sin 107°
Also from the sine rule:
8.0 c
sin107°  sin40°
from which, - % =5377m

Hence the roof slopes are 4.56m and 5.38m, correct to
the nearest centimetre.

Problem 8. A man leaves a point walking at 6.5 km/h
in a direction E 20° N (i.e. a bearing of 70°). A cyclist
leaves the same point at the same time in a direction
E 40° S (i.e. a bearing of 130°) travelling at a constant
speed. Find the average speed of the cyclist if the walker
and cyclist are 80 km apart after 5 hours.

After 5 hours the walker has travelled 5 x 6.5 = 32.5km
(shown as AB in Fig. 24.10). If AC is the distance the cyclist
travels in 5 hours then BC = 80 km.

Fig. 24.10

Applying the sine rule:

80 325
sin60° ~ sinC
from which, sinC = M =0.3518

80

Hence C = sin"!0.3518 = 20°36' (or 159°24’, which is
impossible in this case). B = 180° — 60° — 20°36’ = 99°24'.

Applying the sine rule again:

80 b
sin60°  sin99°24/
80 sin 99°24'
from which, p= S08In92Y o ukm
sin 60°

Since the cyclist travels 91.14km in 5 hours then

distance _ 91.14

average speed = & = 18.23km/h

time

Problem9. Two voltage phasors are shown in
Fig. 24.11.If V; =40V and V, = 100V determine the
value of their resultant (i.e. length OA) and the angle
the resultant makes with V

V,=100 V

45°

B
Vi=40V

Fig. 24.11

Angle OBA = 180° — 45° = 135°
Applying the cosine rule:
OA*> = V] + V35 —2V,V, cos OBA
= 407 + 100> — {2(40)(100) cos 135°}
= 1600 + 10000 — {—5657}
= 1600 4 10000 + 5657 = 17257
0A = 17257 = 131.4V

The resultant

Applying the sine rule:

1314 100
sin135° ~ sinAOB
100 sin 135°

from which, sinAOB = = 0.5381

131.4

Hence angle AOB = sin~' 0.5381 = 32°33 (or 147°27,
which is impossible in this case).

Hence the resultant voltage is 131.4 volts at 32°33' to V;

Problem 10. 1In Fig. 24.12, PR represents the inclined
jib of a crane and is 10.0m long. PQ is 4.0m long.
Determine the inclination of the jib to the vertical and
the length of tie OR.



Fig. 24.12

Applying the sine rule:

PR PO
sin120° ~ sinR
from which, sinR = M
PR
4.0) si °
_ @0)sin120° ey
10.0

Hence /R = sin~'0.3464 = 20°16 (or 159°44’, which is
impossible in this case).

/P =180° — 120° — 20°16' = 39°44’, which is the inclina-
tion of the jib to the vertical.
Applying the sine rule:

100  OR
sin 120° ~ sin 39°44/
. 10.0 sin 39°44’
from which, length of tie, QR = — 10> %%
sin 120°
= 7.38m

Now try the following exercise

Exercise 87 Further problems on practical situa-
tions involving trigonometry (Answers
on page 262)

1. A ship P sails at a steady speed of 45km/h in a
direction of W 32°N (i.e. a bearing of 302°) from a
port. At the same time another ship Q leaves the port
at a steady speed of 35km/h in a direction N 15°E
(i.e. a bearing of 015°). Determine their distance apart
after 4 hours.

2. Two sides of a triangular plot of land are 52.0m and
34.0m, respectively. If the area of the plot is 620 m>
find (a) the length of fencing required to enclose the
plot and (b) the angles of the triangular plot.

3. A jib crane is shown in Fig. 24.13. If the tie rod PR is
8.0 long and PQ is 4.5 m long determine (a) the length
of jib RQ and (b) the angle between the jib and the

tie rod.

Triangles and some practical applications 189

130°Q0YP

Fig. 24.13

. A building site is in the form of a quadrilateral as

shown in Fig. 24.14, and its area is 1510 m?. Deter-
mine the length of the perimeter of the site.

28.5m
\./
34.6m
524 m O

Fig. 24.14

. Determine the length of members BF and EB in the

roof truss shown in Fig. 24.15.

E
4m 4m
2.5 Y DZ
om
50° 5o M

A 5m B 5m C

Fig. 24.15

. A laboratory 9.0 m wide has a span roof which slopes

at 36° on one side and 44° on the other. Determine the
lengths of the roof slopes.

. PQ and QR are the phasors representing the alternating

currents in two branches of a circuit. Phasor PQ is
20.0 A and is horizontal. Phasor QR (which is joined
to the end of PQ to form triangle POR) is 14.0A
and is at an angle of 35° to the horizontal. Determine
the resultant phasor PR and the angle it makes with
phasor PQ.
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24.6 Further practical situations involving
trigonometry

Problem11. A vertical aerial stands on horizontal
ground. A surveyor positioned due east of the aerial
measures the elevation of the top as 48°. He moves
due south 30.0m and measures the elevation as 44°.
Determine the height of the aerial.

In Fig. 24.16, DC represents the aerial, A is the initial
position of the surveyor and B his final position. From

. DC . DC
triangle ACD, tan48° = —, from which AC =
AC tan 48°
D
48°,
C A
44° 30.0m
B
Fig. 24.16
.. . DC
Similarly, from triangle BCD, BC =
tan 44°

For triangle ABC, using Pythagoras’ theorem:

BC? = AB*> + AC?

DC \* s DC \’
(tan44°) = 3001+ (tan48°)

) =30.0°

2 1
tan?44°  tan®48°
DC?(1.072323 — 0.810727) = 30.0°

30.0?

DC? = ———
0.261596

=3440.4

Hence, height of aerial, DC = +/3340.4 = 58.65m.

Fig. 24.17

(a) For the position shown in Fig. 24.17 determine
the angle between the connecting rod AB and the
horizontal and the length of OB.

(b) How far does B move when angle AOB changes
from 50° to 120°?

Problem12. A crank mechanism of a petrol engine
is shown in Fig. 24.17. Arm OA is 10.0cm long and
rotates clockwise about 0. The connecting rod AB is
30.0cm long and end B is constrained to move hori-
zontally.

(a) Applying the sine rule:
AB AO

sin50° _ sinB
AOsin50°  10.0sin50°
AB 300

=0.2553

sinB =

from which,

Hence B = sin~! 0.2553 = 14°47 (or 165°13’, which is
impossible in this case).

Hence the connecting rod AB makes an angle of
14°47" with the horizontal.

Angle OAB = 180° — 50° — 14°47" = 115°13’
Applying the sine rule:

300 OB
sin50° ~ sin115°13

from which, 0B = S00SIM ST o 1o em
sin 50°

(b) Figure 24.18 shows the initial and final positions of
the crank mechanism. In triangle OA’B’, applying the

sine rule:
300 100
sin120° ~ sinA’B'O

10.0sin 120°
30.0

from which, sinA’'B'O = = 0.2887

Fig. 24.18

Hence A’B'O = sin~! 0.2887 = 16°47' (or 163°13’ which
is impossible in this case).

Angle OA'B’ = 180° — 120° — 16°47" = 43°13'



Applying the sine rule:

300 OB
sin 120° ~ sin43°13/
0sin43°13
from which, OB = M =23.72cm
sin 120°

Since OB = 35.43c¢m and OB’ = 23.72cm then

BB ' =3543 -23.72 =11.71cm
Hence B moves 11.71cm when angle AOB changes
from 50° to 120°

Problem 13. The area of a field is in the form of a
quadrilateral ABCD as shown in Fig. 24.19. Determine
its area.

Fig. 24.19

A diagonal drawn from B to D divides the quadrilateral into
two triangles.

Area of quadrilateral ABCD
= area of triangle ABD + area of triangle BCD
= 1(39.8)(21.4) sin 114° + ] (42.5)(62.3) sin 56°

= 389.04 + 1097.5 = 1487 m?

Now try the following exercise

Exercise 88 Further problems on practical situa-
tions involving trigonometry (Answers
on page 262)

1. Three forces acting on a fixed point are represented
by the sides of a triangle of dimensions 7.2 cm, 9.6 cm
and 11.0cm. Determine the angles between the lines
of action and the three forces.

2. A vertical aerial AB, 9.60 m high, stands on ground
which is inclined 12° to the horizontal. A stay con-
nects the top of the aerial A to a point C on the ground
10.0 m downhill from B, the foot of the aerial. Deter-
mine (a) the length of the stay, and (b) the angle the
stay makes with the ground.

3. A reciprocating engine mechanism is shown in
Fig. 24.20. The crank AB is 12.0cm long and the
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Fig. 24.20

connecting rod BC is 32.0cm long. For the position
shown determine the length of AC and the angle
between the crank and the connecting rod.

. From Fig. 22.20, determine how far C moves, correct

to the nearest millimetre when angle CAB changes
from 40° to 160°, B moving in an anticlockwise
direction.

. A surveyor, standing W 25° S of a tower measures the

angle of elevation of the top of the tower as 46°30'.
From a position E 23° S from the tower the elevation
of the top is 37°15". Determine the height of the tower
if the distance between the two observations is 75 m.

. Calculate, correct to 3 significant figures, the co-

ordinates x and y to locate the hole centre at P shown
in Fig. 24.21.

P

X 100 mm

Fig. 24.21

. An idler gear, 30mm in diameter, has to be

fitted between a 70 mm diameter driving gear and a
90 mm diameter driven gear as shown in Fig. 24.22.
Determine the value of angle 8 between the centre lines.

90 mm
dia

Y 30mm
99.78mm g (l‘,{ dia

=/ 70mm
dia

Fig. 24.22
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Assighment 12

This assignment covers the material in Chapters 23
and 24. The marks for each question are shown in
brackets at the end of each question.

. Plot a graph of y = 3x?> + 5 from x = 1 to x = 4.
Estimate, correct to 2 decimal places, using 6 intervals,
the area enclosed by the curve, the ordinates x = 1
and x = 4, and the x-axis by (a) the trapezoidal rule,
(b) the mid-ordinate rule, and (c) Simpson’s rule. (12)

. A circular cooling tower is 20m high. The inside
diameter of the tower at different heights is given in
the following table:

Height (m) 0 50 100 15.0 20.0
Diameter (m) 16.0 13.3 10.7 86 80

Determine the area corresponding to each diameter
and hence estimate the capacity of the tower in cubic
metres. (@)

3. A vehicle starts from rest and its velocity is measured

every second for 6 seconds, with the following results:

Time 7 (s) 01 2 3 4 5 6
Velocity v (m/s) 0 1.2 2.4 3.7 52 6.0 9.2

Using Simpson’s rule, calculate (a) the distance trav-
elled in 6s (i.e. the area under the v/t graph) and
(b) the average speed over this period. 6)

4. A triangular plot of land ABC is shown in Fig. A12.1.

Solve the triangle and determine its area. (10)

(s

Fig. A12.1

5. A car is travelling 20 m above sea level. It then travels

500 m up a steady slope of 17°. Determine, correct to
the nearest metre, how high the car is now above see
level. 3)

. Figure A12.2 shows a roof truss POR with rafter

PO = 3m. Calculate the length of (a) the roof rise
PP’, (b) rafter PR, and (c) the roof span QR. Find also

(d) the cross-sectional area of the roof truss. (12)
P
3m
40° 32 "
Q P

Fig. A12.2
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Vectors

25.1 Introduction

Some physical quantities are entirely defined by a numerical
value and are called scalar quantities or scalars. Examples
of scalars include time, mass, temperature, energy and vol-
ume. Other physical quantities are defined by both a numeri-
cal value and a direction in space and these are called vector
guantities or vectors. Examples of vectors include force,
velocity, moment and displacement.

25.2 Vector addition

A vector may be represented by a straight line, the length
of line being directly proportional to the magnitude of the
quantity and the direction of the line being in the same
direction as the line of action of the quantity. An arrow is
used to denote the sense of the vector, that is, for a horizontal
vector, say, whether it acts from left to right or vice-versa.
The arrow is positioned at the end of the vector and this
position is called the ‘nose’ of the vector. Figure 25.1 shows
a velocity of 20m/s at an angle of 45° to the horizontal and
may be depicted by oa = 20m/s at 45° to the horizontal.

20 m/s

45°

Fig. 25.1

To distinguish between vector and scalar quantities, vari-
ous ways are used. These include:

(i) bold print,
(ii) two capital letters with an arrow above them to denote

the sense of direction, e.g. AB, where A is the starting
point and B the end point of the vector,

(iii) a line over the top of letters, e.g. AB or @,
(iv) letters with an arrow above, e.g. 4, A,
(v) underlined letters, e.g. g,

(vi) xi 4+ jy, where i and j are axes at right-angles to each
other; for example, 3i + 4 means 3 units in the i
direction and 4 units in the j direction, as shown in
Fig. 25.2.

jA

) F——— A(3,4)

W hemm e

I 4

Fig. 25.2
(vii) a column matrix (Z); for example, the vector OA

shown in Fig. 25.2 could be represented by (i)

Thus, in Fig. 25.2, OA = OA = OA = 3i + 4 = (i)
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The one adopted in this text is to denote vector quantities
in bold print. Thus, oa represents a vector quantity, but oa
is the magnitude of the vector oa. Also, positive angles are
measured in an anticlockwise direction from a horizontal,
right facing line and negative angles in a clockwise direc-
tion from this line — as with graphical work. Thus 90° is a
line vertically upwards and —90° is a line vertically down-
wards.

The resultant of adding two vectors together, say V; at an
angle 0, and V; at angle (—6,), as shown in Fig. 25.3(a), can
be obtained by drawing 0a to represent V; and then drawing
ar to represent Vj. The resultant of V; 4+ V, is given by
or. This is shown in Fig. 25.3(b), the vector equation being
oa + ar = or. This is called the ‘nose-to-tail’ method of
vector addition.

Vi
01

02
2]

@

Fig. 25.3

Alternatively, by drawing lines parallel to V; and V, from
the noses of V, and Vi, respectively, and letting the point
of intersection of these parallel lines be R, gives OR as the
magnitude and direction of the resultant of adding V; and V>,
as shown in Fig. 25.3(c). This is called the ‘parallelogram’
method of vector addition.

Problem1. A force of 4N is inclined at an angle
of 45° to a second force of 7N, both forces acting
at a point. Find the magnitude of the resultant of
these two forces and the direction of the resultant with
respect to the 7N force by both the ‘triangle’ and the
‘parallelogram’ methods.

The forces are shown in Fig. 25.4(a). Although the 7 N force
is shown as a horizontal line, it could have been drawn in
any direction.

Using the ‘nose-to-tail’ method, a line 7 units long is
drawn horizontally to give vector oa in Fig. 25.4(b). To the
nose of this vector ar is drawn 4 units long at an angle
of 45° to oa. The resultant of vector addition is Or and by
measurement is 10.2 units long and at an angle of 16° to
the 7N force.

Figure 25.4(c) uses the ‘parallelogram’ method in which
lines are drawn parallel to the 7N and 4 N forces from the
noses of the 4N and 7 N forces, respectively. These intersect

Scale in Newtons
0 2 4 6

—_
4 N
45°
7N
(@)
r R
7
4 N 4N 250 //
[} > 457 o g
7N a 7N
(b) (©
Fig. 25.4

at R. Vector OR gives the magnitude and direction of the
resultant of vector addition and as obtained by the ‘nose-to-
tail’ method is 10.2 unitslong at an angle of 16° to the 7N
force.

Problem2. Use a graphical method to determine the
magnitude and direction of the resultant of the three
velocities shown in Fig. 25.5.

V2
A

15 m/s

10 m/s 1
20°

102
v, [ mis

Fig. 25.5

Often it is easier to use the ‘nose-to-tail’ method when more
than two vectors are being added. The order in which the
vectors are added is immaterial. In this case the order taken
is vy, then v,, then v; but just the same result would have
been obtained if the order had been, say, v, v and finally v,.
vy is drawn 10 units long at an angle of 20° to the horizontal,
shown by oa in Fig. 25.6. v, is added to v, by drawing a line
15 units long vertically upwards from a, shown as ab.
Finally, v; is added to v; + v, by drawing a line 7 units long
at an angle at 190° from b, shown as br. The resultant of
vector addition is or and by measurement is 17.5 units long
at an angle of 82° to the horizontal.

Thus v1 + v, + v3 = 17.5m/s at 82° to the horizontal.



10°
)0
r
0 2 4 6 8 1012
Scale in m/s
a
82°
20°

Fig. 25.6

25.3 Resolution of vectors

A vector can be resolved into two component parts such
that the vector addition of the component parts is equal to
the original vector. The two components usually taken are
a horizontal component and a vertical component. For the
vector shown as F in Fig. 25.7, the horizontal component is
F cos and the vertical component is F sin6.

Fsin®

Fig. 25.7

For the vectors F; and F, shown in Fig. 25.8, the hori-
zontal component of vector addition is:
H = F,cos0; + F,cos,
and the vertical component of vector addition is:

V= Fl sinOl +F2 sinGz

Vi

—
[«n)
Sl o
n |
|

iy

F1 cos 01 H
F> cos 62

Fig. 25.8
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Having obtained H and V, the magnitude of the resultant vec-
tor R is given by «/H 2 + V2 and its angle to the horizontal
is given by tan"1(V /H)

Problem 3. Resolve the acceleration vector of 17 m/s?
at an angle of 120° to the horizontal into a horizontal
and a vertical component.

For a vector A at angle 6 to the horizontal, the horizontal
component is given by Acos6 and the vertical component
by Asinf. Any convention of signs may be adopted, in this
case horizontally from left to right is taken as positive and
vertically upwards is taken as positive.

Horizontal component H = 17cos120° = —8.50m/s,
acting from left to right.

Vertical component V = 17sin 120° = 14.72m/s?, acting
vertically upwards.

These component vectors are shown in Fig. 25.9.

17 m/s2

14.72 m/s2

‘\120"

-H -
8.50 m/s2

+H

Fig. 25.9

Problem4. Calculate the resultant force of the two
forces given in Problem 1.

With reference to Fig. 25.4(a):

Horizontal component of force, H = 7cos0° + 4 cos45°
=7+ 2.828 = 9.828N

V =7sin0° + 4sin45°
=0+ 2.828 = 2.828N

Vertical component of force,
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The magnitude of the resultant of vector addition

= VH2+ V2 = /9.8282 + 2.8282
= /10459 = 10.23N

The direction of the resultant of vector addition

= tan~! (g) = tan~! (%) =16.05°

Thus, the resultant of the two forces is a single vector of
10.23N at 16.05° to the 7N vector.

Problem 5. Calculate the resultant velocity of the three
velocities given in Problem 2.

With reference to Fig. 25.5:

Horizontal component of the velocity,
H = 10c0s20° + 15c0s 90° + 7 cos 190°
=9.397 40+ (—6.894) = 2.503m/s
Vertical component of the velocity,
V =10sin20° + 15sin90° + 7 sin 190°
=3.4204+ 154 (—1.216) = 17.204m/s

Magnitude of the resultant of vector addition

= VH2+ V2 = /25032 + 17.2042
=+/302.24 = 17.39m/s

Direction of the resultant of vector addition
o[V _, [ 17.204
= tan — | = tan -
H 2.503
=tan~!6.8734 = 81.72°

Thus, the resultant of thethree velocitiesis a single vector
of 17.39m/s at 81.72° to the horizontal

3. Calculate the magnitude and direction of velocities of
3m/s at 18° and 7m/s at 115° when acting simultane-
ously on a point.

4. Three forces of 2N, 3N and 4N act as shown in
Fig. 25.10. Calculate the magnitude of the resultant
force and its direction relative to the 2N force.

Fig. 25.10

5. Aload of 5.89 N is lifted by two strings, making angles
of 20° and 35° with the vertical. Calculate the tensions
in the strings. [For a system such as this, the vectors
representing the forces form a closed triangle when
the system is in equilibrium].

6. The acceleration of a body is due to four component,
coplanar accelerations. These are 2m/s?> due north,
3m/s? due east, 4m/s to the south-west and 5 m/s?
to the south-east. Calculate the resultant acceleration
and its direction.

7. A current phasor i; is 5A and horizontal. A second
phasor i, is 8 A and is at 50° to the horizontal.
Determine the resultant of the two phasors, i + is,
and the angle the resultant makes with current ;.

Now try the following exercise

Exercise 89 Further problems on vectors (Answers
on page 262)

1. Forces of 23 N and 41 N act at a point and are inclined
at 90° to each other. Find, by drawing, the resultant
force and its direction relative to the 41 N force.

2. Forces A, B and C are coplanar and act at a point.
Force A is 12kN at 90°, B is 5kN at 180° and C
is 13kN at 293°. Determine graphically the resultant
force.

25.4 Vector subtraction

In Fig. 25.11, a force vector F is represented by oa. The
vector (—0a) can be obtained by drawing a vector from o
in the opposite sense to 0a but having the same magnitude,
shown as ob in Fig. 25.11, i.e. ob = (—oa).

For two vectors acting at a point, as shown in Fig. 25.12(a),
the resultant of vector addition is 0s = o0a + ob. Fig. 25.12(b)
shows vectors ob + (—o0a), that is, ob — 0a and the vector
equation is ob — oa = od. Comparing od in Fig. 25.12(b)
with the broken line ab in Fig. 25.12(a) shows that the sec-
ond diagonal of the ‘parallelogram’ method of vector addition
gives the magnitude and direction of vector subtraction of oa
from ob.



b

Fig. 25.11

Fig. 25.12

Problem6. Accelerations of a¢; = 1.5m/s? at 90° and
a, = 2.6m/s> at 145° act at a point. Find a; + a,
and a; — &y by (i) drawing a scale vector diagram and
(ii) by calculation.

(i) The scale vector diagram is shown in Fig. 25.13. By
measurement,

a1 + ap= 3.7m/s* at 126°
a;—ap=21m/S at 0°

N 0 1 2 3

~ L 1 1 ]

N Scale in m/s?2

1
1
1
1 ~
1
I
I

Fig. 25.13

(ii) Resolving horizontally and vertically gives:

Horizontal component of a; + ap,

H =1.5¢c0s90° + 2.6 cos 145° = —2.13
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Vertical component of a; + ap,

V = 1.5sin90° + 2.6sin 145° = 2.99
Magnitude of

a1+ a = /(—2.13)2 + 2.992 = 3.67m/s>
2.99

Direction of a; +a, = tan~! (W) and must lie

in the second quadrant since H is negative and V is
positive.

—2.13
second quadrant, the true angle is 180° displaced, i.e.

180° — 54.53° or 125.47°
Thus a; + a, = 3.67m/* at 125.47°.
Horizontal component of a; — ap, that is, a; + (—ap)

tan™! ( 2.9 ) = —54.53°, and for this to be in the

= 1.5¢0s890° + 2.6 cos(145° — 180°)
=2.6c0s(—35°) =2.13
Vertical component of a; — ap, that is, a; + (—ap)
= 1.55in90° + 2.6sin(—35°) = 0
Magnitude of a; — ap = +/2.132 + 02 = 2.13 m/s’

o

0
Direction of 8y —ay =tan™! [ — | =0
2.13

Thus & — ap = 2.13m/<* at O°

Problem7. Calculate the resultant of (i) v1 — v + v3
and (ii) v, — vy — vz when v; = 22 units at 140°,
v, = 40 units at 190° and vz = 15 units at 290°

(i) The vectors are shown in Fig. 25.14.

+V
22
140°
190\
-H 290° +H
40

15

-V

Fig. 25.14
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The horizontal component of v — v, + v3
= (22¢co0s 140°) — (40 cos 190°) + (15 cos290°%)

= (—16.85) — (—39.39) + (5.13) = 27.67 units
The vertical component of v; — v, + v3

= (22in 140°) — (408in 190°) + (155in290°)

= (14.14) — (—6.95) + (—14.10) = 6.99 units
The magnitude of the resultant, R, which can be repre-
sented by the mathematical symbol for ‘the modulus of’
as |v; — vy + v3| is given by:

|R| = \/27.67% + 6.99%2 = 28.54 units

The direction of the resultant, R, which can be repre-
sented by the mathematical symbol for ‘the argument
of’ as arg (v; — v, 4 v3) is given by:

6.99
agR=tan™' [ —— | = 14.18°
27.67
Thus vy — vo + v3 = 28.54 units at 14.18°
(i) The horizontal component of vy — v; — v3

= (40cos 190°) — (22 cos 140°) — (15 co0s290°%)

= (—39.39) — (—16.85) — (5.13) = —27.67 units
The vertical component of vy — v; — v3

= (40sin 190°) — (228in 140°) — (155in290°)
= (—6.95) — (14.14) — (—14.10) = —6.99 units
Let R = v, —v; —wvj then |R| = 1/(—27.67)% 4 (—6.99)2

—6.99
= 28.54 units and arg R = tan™! and must
—27.67

lie in the third quadrant since both H and V are negative

quantities.

1 ( —6.99

Tan —
—27.67

180° + 14.18° = 194.18°

Thus vy — v1 — v3 = 28.54 units at 194.18°

This result is as expected, since wv; —wv; — v3

= —(v; —v2+wv3) and the vector 28.54 units at

194.18° is minus times the vector 28.54 units at 14.18°

= 14.18°, hence the required angle is

Now try the following exercise

Exercise 90 Further problems on vectors (Answers
on page 262)

1. Forces of F{ = 40N at 45° and F, = 30N at 125° act
at a point. Determine by drawing and by calculation
@Fi+F2(b)F1—F

2. Calculate the resultant of (a) vy + v, — v3
(b) v3 — vo + v1 when vy, = 15m/s at 85°,

v, = 25m/s at 175° and v3 = 12 m/s at 235°

25.5 Relative velocity

For relative velocity problems, some fixed datum point needs
to be selected. This is often a fixed point on the earth’s
surface. In any vector equation, only the start and finish
points affect the resultant vector of a system. Two different
systems are shown in Fig. 25.15, but in each of the systems,
the resultant vector is ad.

The vector equation of the system shown in Fig. 25.15(a) is:

ad = ab + bd
and that for the system shown in Fig. 25.15(b) is:
ad = ab + bc + cd

(@) ()
Fig. 25.15

Thus in vector equations of this form, only the first and last
letters, a and d, respectively, fix the magnitude and direction
of the resultant vector. This principle is used in relative
velocity problems.

Problem 8. Two cars, P and Q, are travelling towards
the junction of two roads which are at right angles to
one another. Car P has a velocity of 45km/h due east
and car Q a velocity of 55km/h due south. Calculate
(i) the velocity of car P relative to car Q, and (ii) the
velocity of car Q relative to car P.

(i) The directions of the cars are shown in Fig. 25.16 (a),
called a space diagram. The velocity diagram is shown
in Fig. 25.16 (b), in which pe is taken as the velocity
of car P relative to point e on the earth’s surface. The
velocity of P relative to Q is vector pg and the vector
equation is pq = pe + €q. Hence the vector directions
are as shown, €q being in the opposite direction to ge.
From the geometry of the vector triangle,

Ipg| = v/45% 4+ 552 = 71.06km/h and
55
=t = = 1°
arg pg = tan (45) 50

i.e., thevelocity of car Prelativeto car Qis71.06 km/h
at 50.71°

(ii) The velocity of car Q relative to car P is given by the
vector equation gp = ge + €p and the vector diagram
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N but must lie in the third quadrant, i.e., the required angle
+ is 180° 4+ 50.71° = 230.71°
w E q q . , .
Thus the velocity of car Q relative to car P is
S 71.06km/h at 230.71°
p Q y 55 km/h
P P Now try the following exercise
45 km/h e €
(@) (b) (c) Exercise 91 Further problems on relative velocity
(Answers on page 263)
Fig. 25.16

1. A car is moving along a straight horizontal road at
79.2km/h and rain is falling vertically downwards at
26.4km/h. Find the velocity of the rain relative to the
driver of the car.

is as shown in Fig. 25.16(c), having ep opposite in
direction to pe. From the geometry of this vector triangle:

lgp| = V/45% + 55% = 71.06 km/h and 2. Calculate the time needed to swim across a river 142 m
55 wide when the swimmer can swim at 2km/h in still
arg gp = tan ™! (E) =50.71° water and the river is flowing at 1 km/h.
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Number sequences

26.1 Simple sequences

A set of numbers which are connected by a definite law
is called a series or a sequence of numbers. Each of the
numbers in the series is called a term of the series.

For example, 1, 3, 5, 7, ... is a series obtained by adding
2 to the previous term, and 2, 8, 32, 128, ... is a sequence
obtained by multiplying the previous term by 4.

Problem 1. Determine the next two terms in the series:
3,6,9,12, ....

We notice that the sequence 3, 6, 9, 12, ... progressively
increases by 3, thus the next two terms will be 15 and 18

Problem 2. Find the next three terms in the series:
9,51,....

We notice that each term in the series 9, 5, 1, ... progres-
sively decreases by 4, thus the next two terms will be 1 —4,
i.e. =3 and -3 —4, i.e. —7

Problem 3. Determine the next two terms in the series:
2,6,18,54, ....

We notice that the second term, 6, is three times the first
term, the third term, 18, is three times the second term, and
that the fourth term, 54, is three times the third term. Hence
the fifth term will be 3 x 54 = 162 and the sixth term will
be 3 x 162 = 486

Now try the following exercise

Exercise 92 Further problems on simple sequences

(Answers on page 263)

Determine the next two terms in each of the following
series:

1. 5,9,13,17, ... 2..3,6,12,24, ...
3. 112,56,28, ... 4. 12,7,2,...

5. 2,5,10,17,26,37, ... 6. 1,0.1,0.01, ...
7. 4,9,19,34, ...

26.2 The n’th term of a series

If a series is represented by a general expression, say,
2n + 1, where n is an integer (i.e. a whole number), then
by substituting n = 1, 2, 3, ... the terms of the series can be
determined; in this example, the first three terms will be:

2(h+1,22)+1,23)+1,..., ie. 3,57,...

What is the n’th term of the sequence 1, 3, 5, 7, ... ? Firstly,
we notice that the gap between each term is 2, hence the law
relating the numbers is:

2n + something’

The second term, 3 = 2n + something,

hence when n = 2 (i.e. the second term of the series), then
3 = 4 4 something and the ‘something’ must be —1. Thus
the n’th term of 1, 3, 5, 7, ... is 2n — 1. Hence the fifth



term is given by 2(5) — 1 = 9, and the twentieth term is
2(20) — 1 = 39, and so on.

Problem4. The n'th term of a sequence is given by
3n + 1. Write down the first four terms.

The first four terms of the series 3n + 1 will be:
3()+1,32)+1,33)+1 and 3(4)+1
ie. 4,7,10 and 13

Problem 5. The n'th term of a series is given by 4n—1.

Write down the first four terms.

The first four terms of the series 4n — 1 will be:
4(1)—1,42)—1,43)—1 and 4(4)—1
ie. 3,7,11 and 15

Problem 6. Find the n’th term of the series:
1,4,7,....

We notice that the gap between each of the given three terms
is 3, hence the law relating the numbers is:

‘3n + something’
The second term, 4 = 3n + something,
so when n = 2, then 4 = 6 4 something,
so the ‘something’ must be —2 (from simple equations).

Thus the n’th term of the series 1, 4, 7, ... is: 3n — 2

Problem 7. Find the n’th term of the sequence: 3, 9,
15, 21, .... Hence determine the 15™ term of the series.

We notice that the gap between each of the given four terms
is 6, hence the law relating the numbers is:

‘6n + something’
The second term, 9 = 6n + something,
so when n = 2, then 9 = 12 + something,

so the ‘something’ must be —3

Thus the n’th term of the series 3, 9, 15, 21, ... is:
6n —3

The 15" term of the series is given by 6n — 3 when n = 15.

Hence the 15" term of the series 3, 9, 15, 21, ... is:
6(15) —3 =287

Problem 8. Find the n’th term of the series: 1, 4, 9,
16, 25, ....
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This is a special series and does not follow the pattern of the
previous examples. Each of the terms in the given series are
square numbers,

ie. 1,4,9,16,25,...=122% 32 4% 5%, ...

Hence the n’th term is: n?

Now try the following exercise

Exercise 93 Further problems on the n’th term of a
series (Answers on page 263)

1. The n'th term of a sequence is given by 2n — 1. Write
down the first four terms.

2. The n'th term of a sequence is given by 3n + 4. Write
down the first five terms.

3. Write down the first four terms of the sequence given
by 5n+1

Find the n'th term in the following series:

4. 5,10,15,20,... 5. 4,10,16,22, ...
6. 3,5,7,9,... 7. 2,6,10,14, ...
8. 9,12,15,18, ... 9. 1,8,27,64,125, ...

26.3 Arithmetic progressions

When a sequence has a constant difference between suc-
cessive terms it is called an arithmetic progression (often
abbreviated to AP).

Examples include:
® 1,4,7, 10,13, ...
is 3,

and (i) a, a+d, a+2d, a+3d, ...
difference is d.

where the common difference

where the common

If the first term of an AP is ‘a’ and the common difference
is ‘d’ then

the n’th term is: a+ (n — 1)d

In example (i) above, the 7th term is given by 14 (7—1)3 =
19, which may be readily checked.

The sum S of an AP can be obtained by multiplying the
average of all the terms by the number of terms.

a+ .
The average of all the terms = ——, where ‘a’ is the first

term and / is the last term, i.e. [ = a+ (n — 1)d, for n terms.
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Hence the sum of n terms,

Sn=n<a;rl> =%{a+[a+(n—1)d]}

ie. S = g[2a+ (n —1)d]

For example, the sum of the first 7 terms of the series 1, 4,
7,10, 13, ... is given by

S; = %[2(1)—{— (7—1)3], sincea=1andd =3
= 7[2+18] = 1[20] =70

26.4 Worked problems on arithmetic
progression

Problem 9. Determine (a) the ninth, and (b) the six-
teenth term of the series 2, 7, 12, 17, .. ..

2,7,12, 17, ... is an arithmetic progression with a common
difference, d, of 5

(a) The n'th term of an AP is given by a + (n — 1)d
Since the first terma =2,d =5 and n =9
then the 9th term is:
2409 —-1)5=24+8)5)=2+40=42
(b) The 16th term is:

24+(16-1)5=24+1506)=2+75=T77

Problem 10. The 6th term of an AP is 17 and the 13th
term is 38. Determine the 19th term.

The n’th term of an AP isa+ (n — 1)d

The 6th term is: a4+ 5d =17 (1)
The 13th term is: a + 12d = 38 )
Equation (2) — equation (1) gives: 7d = 21, from which,
d= 27—1 =3

Substituting in equation (1) gives: a + 15 = 17, from which,
a=72
Hence the 19th term is:
a+m—1)d=2+19-1)3=2+(18)(3)
=2+54=756

Problem11. Determine the number of the term whose
value is 22 in the series 2%, 4, 5%, 7,...

1 1 1 1
2—,4,5—,7,...is an AP wherea=2— and d = 1=
2 2 2 2

Hence if the n'th term is 22 then: a + (n — 1)d = 22
i 21 —+ ( 1) (1 1> 22
i.e. — n— — | =

2 2

-1 (11) =22 -2 — 1ol
& 2) = 2772

19
n—1:1—1:13andn:13+1:14
2

=

i.e. the 14th term of the AP is 22

Problem 12. Find the sum of the first 12 terms of the
series 5, 9, 13, 17, ....

5,9,13,17,...is an AP wherea=5and d =4

The sum of n terms of an AP,
Sy = 5124+ (n = d]
Hence the sum of the first 12 terms,
12
S = 7[2(5) + (12 = 1)4]

= 6[10 + 44] = 6(54) = 324

Problem 13. Find the sum of the first 21 terms of the
series 3.5, 4.1,4.7,5.3, ....

35,4.1,47,53,...is an AP where a=3.5and d = 0.6
The sum of the first 21 terms,

21
S = Z[2a+ (n—1d]

21 21
= 7[2(3.5) + (21 - 1)0.6] = ?[7 + 12]

21 39
— 29y =32 _ 1995
2 2

Now try the following exercise

Exercise 94 Further problems on arithmetic pro-
gressions (Answers on page 263)
1. Find the 11th term of the series 8, 14, 20, 26, ....

2. Find the 17th term of the series 11, 10.7, 10.4,
10.1, ....

3. The seventh term of a series is 29 and the eleventh

term is 54. Determine the sixteenth term.




4. Find the 15th term of an arithmetic progression of
which the first term is 2% and the tenth term is 16.

5. Determine the number of the term which is 29 in the
series 7, 9.2, 11.4, 13.6, ....

6. Find the sum of the first 11 terms of the series 4, 7,
10, 13, ....

7. Determine the sum of the series 6.5, 8.0, 9.5, 11.0,
.o 32

26.5 Further worked problems on
arithmetic progressions

Problem14. The sum of 7 terms of an AP is 35 and
the common difference is 1.2. Determine the first term
of the series.

n="7d=12and S; =35

Since the sum of n terms of an AP is given by

S, = %[2a+ (n —1)d, then

7 7
35= E[Za +(7-D12] = 5[2a+7.2]

x 2

Hence =2a+72

10=2a+72

Thus 2a = 10 — 7.2 = 2.8, from which a = 2—28 =14

i.e. the first term, a = 1.4

Problem 15. Three numbers are in arithmetic progres-
sion. Their sum is 15 and their product is 80. Determine
the three numbers.

Let the three numbers be (a — d), a and (a + d)

Then (a —d)+a+ (a+d) =15, i.e. 3a = 15, from which,
a=>5

Also, a(a — d)(a+d) = 80, i.e. a(a®> —d*) = 80
Since a =5,5(5* —d*) =80

125 — 5d° = 80
125 — 80 = 54>
45 = 5d°

45
from which, d*> = 5= 9. Hence d = /9 = £3

The three numbers are thus (5 — 3), 5 and (5 + 3), i.e. 2,5
and 8
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Problem 16. Find the sum of all the numbers between
0 and 207 which are exactly divisible by 3.

The series 3, 6, 9, 12, ... 207 is an AP whose first term
a = 3 and common difference d = 3

The last term is a + (n — 1)d = 207

i.e. 3+ (n—1)3 =207, from which
207 -3

(n—1)="7

68

Hence n =68 + 1 =69

The sum of all 69 terms is given by

Seo = %m + (n — D]
= %[2(3) + (69 — 1)3]

69 69
= 1642041 = —°(210) = 7245

Problem 17. The first, twelfth and last term of an arith-
metic progression are 4, 31%, and 376% respectively.
Determine (a) the number of terms in the series, (b) the
sum of all the terms and (c) the 80’th term.

(a) Letthe APbea,a+d,a+2d,...,a+ (n—1)d, where
a=4

The 12th term is: a + (12 — 1)d = 31}
ie. 4+ 11d =31}, from which,
11d =311 —4 =273
1
273 1

H d=—==2-
ence 1 >

The last term is a + (n — 1)d
ie. 44+ (n—1)(2)) =376}

1 1
3763 —4 _ 3723
21 2

(n—1)= = 149

1
2
Hence the number of terms in the series,

n=149+1=150
(b) Sum of all the terms,

S50 = %[2a + (n — 1]
150 24 150 -1 21
T { @)+ ( — )( 5)}

75 [8 + (149) (2%)} = 85[8 + 372.5)

= 75(380.5) = 28537.5
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(c) The 80th term is:
a+(n—1)d=4+(@80—1)(23)
=4+ (79)(21)
=4+197.5=201;

Now try the following exercise

Exercise 95 Further problems on arithmetic pro-

gressions (Answers on page 263)

1. The sum of 15 terms of an arithmetic progression is
202.5 and the common difference is 2. Find the first
term of the series.

2. Three numbers are in arithmetic progression. Their
sum is 9 and their product is 20%. Determine the three
numbers.

3. Find the sum of all the numbers between 5 and 250
which are exactly divisible by 4

4. Find the number of terms of the series 5, 8, 11, ... of
which the sum is 1025

5. Insert four terms between 5 and 22% to form an
arithmetic progression.

6. The first, tenth and last terms of an arithmetic progres-
sion are 9, 40.5, and 425.5 respectively. Find (a) the
number of terms, (b) the sum of all the terms and
(c) the 70th term.

7. On commencing employment a man is paid a salary
of £7200 per annum and receives annual increments
of £350. Determine his salary in the 9th year and
calculate the total he will have received in the first
12 years.

8. An oil company bores a hole 80 m deep. Estimate the
cost of boring if the cost is £30 for drilling the first
metre with an increase in cost of £2 per metre for each
succeeding metre.

26.6 Geometric progressions

When a sequence has a constant ratio between successive
terms it is called a geometric progression (often abbreviated
to GP). The constant is called the. common ratio, r

Examples include

@) 1,2, 4,8, ... where the common ratio is 2,
and (ii) a, ar, ar?, ar’, ... where the common ratio is r

If the first term of a GP is ‘@’ and the common ratio is r,
then

the n’th term is : ar™!

which can be readily checked from the above examples.

For example, the 8th term of the GP 1, 2, 4, 8, ... is
(1)(2) =128, sincea=1and r =2

Let a GP be a, ar, ar?, ar?, ...ar"™!
then the sum of n terms,
S, =a+ar+art+arr+... +ar ... (1)
Multiplying throughout by r gives:
rS,=ar+ar*+ar +ar*+...ar" " tar... (2)
Subtracting equation (2) from equation (1) gives:
S, —rS,=a—ar"

ie. S, —r)y=a(l—7r")

_a@—r")

Thus the sum of n terms, | S, = 1—n which is valid

when r < 1

Subtracting equation (1) from equation (2) gives

_a(r“—l)
S =0T

which is valid when r > 1

For example, the sum of the first 8 terms of the GP 1, 2, 4,
8, 16, ... is given by

128 -1
S3=¥, sincea=1and r =2
2-1
1256 — 1
ie. sg=¥=2ss

When the common ratio  of a GP is less than unity, the sum
of n terms,

a(l—r") . .
S, = ———, which may be written as
1—=r
_ a ar”

"TA-n d-n
Since r < 1, r" becomes less as n increases,
ie. " =0 as n— o
Hence —0 as n—> o0

(I—r)

a
Thus S, — as n — oo
(I—=r)
The quantity is called the sum to infinity, S.., and is
the limiting value of the sum of an infinite number of terms,
a

ie. | So = (1—r) |Wwhichis valid when —1 <r<1




For example, the sum to infinity of the GP 1, %, }—l, R

Soozil,sinceazlandr:%,i‘e.Sm:2

2

26.7 Worked problems on geometric
progressions

Problem 18. Determine the tenth term of the series 3,
6,12,24, ....

3,6, 12, 24, ... is a geometric progression with a common
ratio r of 2

The n'th term of a GP is ar"~!, where a is the first term.
Hence the 10th term is:

B! = (3)(2)° = 3(512) = 1536

Problem 19. Find the sum of the first 7 terms of the

series, %, l%,4%, 13%, e
%, 1%,4%, 13%, ...1s a GP with a common ratio r = 3
" —1
The sum of n terms, S, = M
(r—1
137-1n  Lei1g7-1 .
Hence §; = 2 =2 = 546!
B-1 2

Problem 20. The first term of a geometric progression
is 12 and the fifth term is 55. Determine the 8’th term
and the 11’th term.

The 5th term is given by ar* = 55, where the first term

a=12
5 55 s (E) — 14631719 ..
12

Hencer4:5—_— and r =
a 12
The 8th term is
ar’ = (12)(1.4631719 ...) =172.3
The 11th term is

ar'® = (12)(1.4631719 ...)'* =539.7

Problem 21. Which term of the series 2187, 729, 243,
. l ‘7
o is g7

2187, 729, 243, ... is a GP with a common ratio r = % and
first term a = 2187

The n'th term of a GP is given by: ar"~!

Number sequences

1 1 n—1
Hence 5 = (2187) (5) from which

(1)"1_ 11 _1_(1)9
3 T 9)(2187) T 3237 T 397 \3
Thus (n — 1) =9, from which, n =9+ 1 =10

1
i.e. 9 is the 10th term of the GP
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series 72.0, 57.6, 46.08, ....

Problem22. Find the sum of the first 9 terms of the

The common ratio,

57.6
r=ﬂ=—=0.8 also
a 72.0 ar 57.6

The sum of 9 terms,

a(l —r") B 72.0(1 — 0.8%)
1-r — (1-08)
_ 72.0(1 — 0.1342)

N 0.2

So =

=311.7

> 46.08
a D 0.8)

1 1

PRI

Problem 23. Find the sum to infinity of the series 3,

3,1, 1, ...1is a GP of common ratio, r = 1

> 3 -

The sum to infinity,

9%
3

I
Il
Il

wi| W

I
I

Il
=
I

Now try the following exercise

sions (Answers on page 263)

1. Find the 10th term of the series 5, 10, 20, 40, ....

13
1040

1 3
21,61,

6th term is 128. Determine the 8th and 11th terms.
4. Which term of the series 3, 9, 27, ... is 59049?

5. Find the sum of the first 7 terms of the series 2,
12%, ... (correct to 4 significant figures).

7. Find the sum to infinity of the series 2%, —1}‘, %, ..

Exercise 96 Further problems on geometric progres-

2. Determine the sum of the first 7 terms of the series

3. The first term of a geometric progression is 4 and the

5,

6. Determine the sum to infinity of the series 4, 2, 1, ....
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26.8 Further worked problems on
geometric progressions

10 years, (b) the time, correct to the nearest year, it
takes to reach more than £300

Problem 24. 1In a geometric progression the sixth term
is 8 times the third term and the sum of the seventh and
eighth terms is 192. Determine (a) the common ratio,
(b) the first term, and (c) the sum of the fifth to eleventh
terms, inclusive.

(a) Let the GP be a, ar, ar*, ar’, ..., ar"""!
The 3rd term = ar? and the sixth term = ar’

The 6th term is 8 times the 3rd

Hence ar’ = 8ar? from which, r* = 8, r = /8

i.e. the common ratio r =2

(b) The sum of the 7th and 8th terms is 192. Hence
ar® +ar’ =192

Since r = 2, then
64a + 128a = 192
192a = 192
from which, a, the first term =1
(c) The sum of the 5th to 11th terms (inclusive) is given by:
a(r' = 1) _ a(r* —1)

Si=Sa= r—1) r—1)
_ 1(2ll —-1) 1(24— 1)
T oe-1) @2-1

=Q"-D-@2' -1
=21 _ 2% = 2408 — 16 = 2032

(a) Let the GP be a, ar, ar?, ...ar"

The first term a = £100
The common ratio r = 1.08

Hence the second term is ar = (100)(1.08) = £108,
which is the value after 1 year, the third term is
ar? = (100)(1.08)? = £116.64, which is the value after
2 years, and so on.

Thus the value after 10 years = ar'® = (100)(1.08)"°

= £215.89
(b) When £300 has been reached, 300 = ar”

ie. 300 = 100(1.08)"

and 3 =(1.08)"

Taking logarithms to base 10 of both sides gives:
lg3 =1g(1.08)" = n1g(1.08),

by the laws of logarithms from which,

1
n= 183 43
I 1.08

Hence it will take 15 years to reach more than £300

Problem27. A drilling machine is to have 6 speeds
ranging from 50rev/min to 750 rev/min. If the speeds
form a geometric progression determine their values,
each correct to the nearest whole number.

Problem 25. A hire tool firm finds that their net return
from hiring tools is decreasing by 10% per annum. If
their net gain on a certain tool this year is £400, find
the possible total of all future profits from this tool
(assuming the tool lasts for ever).

The net gain forms a series:

£400 + £400 x 0.9 + £400 x 0.9 + ...,
which is a GP with a = 400 and r = 0.9
The sum to infinity,

a 400

SOO = =
(I1—-r (1-09)
= £4000 = total future profits
Problem26. 1If £100 is invested at compound inter-

est of 8% per annum, determine (a) the value after

Let the GP of n terms be given by a, ar, ar?, ...ar"™!
The first term a = 50 rev/min.

The 6th term is given by ar%~!, which is 750 rev/min, i.e.,
ar’ =750

750 750
from which P’ = — = — =15
a 50

Thus the common ratio, r = ~/15 = 1.7188

The first term is a = 50 rev/min
the second term is ar = (50)(1.7188) = 85.94,

the third term is ar? = (50)(1.7188)% = 147.71,
the fourth term is ar® = (50)(1.7188)> = 253.89,
the fifth term is ar* = (50)(1.7188)* = 436.39,
the sixth term is ar® = (50)(1.7188)° = 750.06

Hence, correct to the nearest whole number, the 6 speeds
of the drilling machine are 50, 86, 148, 254, 436 and
750 rev/min.
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. . Fi=10N
Now try the following exercise

Exercise 97 Further problems on geometric progres-

sions (Answers on page 263)

1. In a geometric progression the 5th term is 9 times the

3rd term and the sum of the 6th and 7th terms is 1944.
Determine (a) the common ratio, (b) the first term and
(c) the sum of the 4th to 10th terms inclusive.

. The value of a lathe originally valued at £3000
depreciates 15% per annum. Calculate its value after
4 years. The machine is sold when its value is less
than £550. After how many years is the lathe sold?

. If the population of Great Britain is 55 million and
is decreasing at 2.4% per annum, what will be the
population in 5 years time?

. 100 g of a radioactive substance disintegrates at a rate
of 3% per annum. How much of the substance is left
after 11 years?

. If £250 is invested at compound interest of 6% per
annum determine (a) the value after 15 years, (b) the
time, correct to the nearest year, it takes to reach £750

. A drilling machine is to have 8 speeds ranging from
100rev/min to 1000rev/min. If the speeds form a
geometric progression determine their values, each
correct to the nearest whole number.

Assignment 13

This assignment covers the material in chapters 25
and 26.

The marks for each question are shown in brackets
at the end of each question.

1. Forces of 10N, 16 N and 20N act as shown in Fi-
gure A13.1. Determine the magnitude of the resultant
force and its direction relative to the 16 N force (a) by
scaled drawing, and (b) by calculation. 9)

2. For the three forces shown in Fig. A13.1, calculate
the resultant of F; — F, — F3 and its direction rela-
tive to force F, 6)

10.

60°
45° F=16N

F3=20N

Fig. A13.1

. Two cars, A and B, are travelling towards cross-

roads. A has a velocity of 60 km/h due south and B a
velocity of 75 km/h due west. Calculate the velocity
of A relative to B. (6)

Determine the 20™ term of the series 15.6, 15, 14.4,
138, .... (3)

. The sum of 13 terms of an arithmetic progression is

286 and the common difference is 3. Determine the
first term of the series. 4)

An engineer earns £21000 per annum and receives
annual increments of £600. Determine the salary in
the 9" year and calculate the total earnings in the
first 11 years. 5)

Determine the 11™ term of the series 1.5,3, 6, 12, ....

2

. Find the sum of the first eight terms of the series 1,

2%, 6%, ..., correct to 1 decimal place. 4)

1
5 Fooooc
3)
A machine is to have seven speeds ranging from
25 rev/min to 500 rev/min. If the speeds form a geo-
metric progression, determine their value, each cor-
rect to the nearest whole number. )

Determine the sum to infinity of the series 5, 1
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Presentation of statistical data

27.1 Some statistical terminology

Data are obtained largely by two methods:

(a) by counting — for example, the number of stamps sold
by a post office in equal periods of time, and

(b) by measurement — for example, the heights of a group
of people.

When data are obtained by counting and only whole numbers
are possible, the data are called discrete. Measured data
can have any value within certain limits and are called
continuous (see Problem 1).

A set is a group of data and an individual value within the
set is called a member of the set. Thus, if the masses of five
people are measured correct to the nearest 0.1 kilogram and
are found to be 53.1kg, 59.4kg, 62.1kg, 77.8 kg and 64.4 kg,
then the set of masses in kilograms for these five people is:
{53.1,59.4,62.1,77.8, 64.4} and one of the members of the
set is 59.4

A set containing all the members is called a population.
Some members selected at random from a population are
called a sample. Thus all car registration numbers form a
population, but the registration numbers of, say, 20 cars taken
at random throughout the country are a sample drawn from
that population.

The number of times that the value of a member occurs in
a set is called the frequency of that member. Thus in the set:
{2,3,4,5,4,2,4,7,9}, member 4 has a frequency of three,
member 2 has a frequency of 2 and the other members have
a frequency of one.

The relative frequency with which any member of a set
occurs is given by the ratio:

frequency of member

total frequency of all members

For the set: {2, 3,5,4,7,5, 6,2, 8}, the relative frequency of

member 5 is %

Often, relative frequency is expressed as a percentage and
the percentage relative frequency is:

(relative frequency x 100)%

Problem 1. Data are obtained on the topics given be-
low. State whether they are discrete or continuous data.

(a) The number of days on which rain falls in a month
for each month of the year.

(b) The mileage travelled by each of a number of
salesmen.

(c) The time that each of a batch of similar batteries

lasts.
(d) The amount of money spent by each of several

families on food.

(a) The number of days on which rain falls in a given month
must be an integer value and is obtained by counting the
number of days. Hence, these data are discrete.

(b) A salesman can travel any number of miles (and parts
of a mile) between certain limits and these data are
measured. Hence the data are continuous.

(c) The time that a battery lasts is measured and can have
any value between certain limits. Hence these data are
continuous.

(d) The amount of money spent on food can only be
expressed correct to the nearest pence, the amount being
counted. Hence, these data are discrete.

Now try the following exercise

Exercise 98 Further problems on discrete and con-
tinuous data (Answers on page 263)

In Problems 1 and 2, state whether data relating to the
topics given are discrete or continuous.



1. (a) The amount of petrol produced daily, for each of

31days, by a refinery.

(b) The amount of coal produced daily by each of
15 miners.

(c) The number of bottles of milk delivered daily by
each of 20 milkmen.

(d) The size of 10samples of rivets produced by a
machine.

2. (a) The number of people visiting an exhibition on

each of 5days.

(b) The time taken by each of 12athletes to run
100 metres.

(c) The value of stamps sold in a day by each of
20 post offices.

(d) The number of defective items produced in each
of 10 one-hour periods by a machine.

27.2 Presentation of ungrouped data

Ungrouped data can be presented diagrammatically in several
ways and these include:

(a) pictograms, in which pictorial symbols are used to
represent quantities (see Problem 2),

(b) horizontal bar charts, having data represented by
equally spaced horizontal rectangles (see Problem 3), and

(c) vertical bar charts, in which data are represented by
equally spaced vertical rectangles (see Problem 4).

Trends in ungrouped data over equal periods of time can be
presented diagrammatically by a percentage component bar
chart. In such a chart, equally spaced rectangles of any width,
but whose height corresponds to 100%, are constructed. The
rectangles are then subdivided into values corresponding
to the percentage relative frequencies of the members (see
Problem 5).

A piediagram is used to show diagrammatically the parts
making up the whole. In a pie diagram, the area of a circle
represents the whole, and the areas of the sectors of the circle
are made proportional to the parts which make up the whole
(see Problem 6).

Problem2. The number of television sets repaired in
a workshop by a technician in six, one-month periods
is as shown below. Present these data as a pictogram.

Month January February March April May June
Number
repaired 11 6 15 9 13 8
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Month 2 sets

January

Number of TV sets repaired

February
March
April

May

June

Fig. 27.1

represent the 11 sets repaired, in February, 3 symbols are used
to represent the 6 sets repaired, and so on.

Problem 3. The distance in miles travelled by four
salesmen in a week are as shown below.

Salesmen P (0] R S
Distance traveled (miles) 413 264 597 143

Use a horizontal bar chart to represent these data dia-
grammatically.

Equally spaced horizontal rectangles of any width, but whose
length is proportional to the distance travelled, are used.
Thus, the length of the rectangle for salesman P is pro-
portional to 413 miles, and so on. The horizontal bar chart
depicting these data is shown in Fig. 27.2.

S
c
(0]
ER
3
8 Q
P
L 1 d 1 A1 i
0 100 200 300 400 500 600
Distance travelled, miles
Fig. 27.2

Problem4. The number of issues of tools or materials
from a store in a factory is observed for seven, one-
hour periods in a day, and the results of the survey are
as follows:

Period 1 2

3 4 5 6 7
Number of issues 34 17 9 5

27 13 6

Present these data on a vertical bar chart.

Each symbol shown in Fig. 27.1 represents two television
sets repaired. Thus, in January, 5% symbols are used to

In a vertical bar chart, equally spaced vertical rectangles of
any width, but whose height is proportional to the quantity
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being represented, are used. Thus the height of the rectangle
for period 1 is proportional to 34 units, and so on. The vertical
bar chart depicting these data is shown in Fig. 27.3.

Number of issues

Periods

Fig. 27.3

Problem 5. The numbers of various types of dwellings
sold by a company annually over a three-year period are
as shown below. Draw percentage component bar charts
to present these data.

Year 1 Year 2 Year 3
4-roomed bungalows 24 17 7
5-roomed bungalows 38 71 118
4-roomed houses 44 50 53
5-roomed houses 64 82 147
6-roomed houses 30 30 25

A table of percentage relative frequency values, correct to
the nearest 1%, is the first requirement. Since,
percentage relative frequency

__ frequency of member x 100

total frequency
then for 4-roomed bungalows in year 1:

24 x 100
24+ 38 + 44 + 64 + 30
=12%

percentage relative frequency =

The percentage relative frequencies of the other types of
dwellings for each of the three years are similarly calculated
and the results are as shown in the table below.

Year 1 Year 2 Year 3
4-roomed bungalows 12% 7% 2%
5-roomed bungalows 19% 28% 34%
4-roomed houses 22% 20% 15%
5-roomed houses 32% 33% 42%
6-roomed houses 15% 12% 7%

The percentage component bar chart is produced by
constructing three equally spaced rectangles of any width,

corresponding to the three years. The heights of the rectangles
correspond to 100% relative frequency, and are subdivided
into the values in the table of percentages shown above. A
key is used (different types of shading or different colour
schemes) to indicate corresponding percentage values in the
rows of the table of percentages. The percentage component
bar chart is shown in Fig. 27.4.

Key

6-roomed houses
D 5-roomed houses
4-roomed houses

B 5-roomed bungalows

4-roomed bungalows

100
90
80
70
60
50
40
30
20
10

il 772, A

Percentage relative frequency

~ N2z L=

Year

Fig. 27.4

Problem 6. The retail price of a product costing £2 is
made up as follows: materials 10p, labour 20p, research
and development 40p, overheads 70p, profit 60p. Present
these data on a pie diagram.

A circle of any radius is drawn, and the area of the circle
represents the whole, which in this case is £2. The circle
is subdivided into sectors so that the areas of the sectors are
proportional to the parts, i.e. the parts which make up the total
retail price. For the area of a sector to be proportional to a
part, the angle at the centre of the circle must be proportional
to that part. The whole, £2 or 200p, corresponds to 360°.
Therefore,

10
10p corresponds to 360 x 200 degrees, i.e. 18°

20
20p corresponds to 360 x 200 degrees, i.e. 36°

and so on, giving the angles at the centre of the circle for
the parts of the retail price as: 18°, 36°, 72°, 126° and 108°,
respectively.

The pie diagram is shown in Fig. 27.5

Problem 7. (a) Using the data given in Fig. 27.2 only,
calculate the amount of money paid to each salesman



for travelling expenses, if they are paid an allowance of
37p per mile.

(b) Using the data presented in Fig. 27.4, comment on
the housing trends over the three-year period.

(c) Determine the profit made by selling 700 units of
the product shown in Fig. 27.5

Research and

4[

108°

Overheads

Profit

Ip=1.8°

Fig. 27.5

(a) By measuring the length of rectangle P the mileage

covered by salesman P is equivalent to 413 miles. Hence
salesman P receives a travelling allowance of
£413 x 37

ie. £152.81
100 ie 52.8

Similarly, for salesman Q, the miles travelled are 264
and his allowance is

£264
£264 337 . eo768
100
Salesman R travels 597 miles and he receives
E97 37 £220.89
100
Finally, salesman S receives
£143 x 37
e alaid £52.91
100

(b) An analysis of Fig. 27.4 shows that 5-roomed bungalows

and 5-roomed houses are becoming more popular, the
greatest change in the three years being a 15% increase
in the sales of 5-roomed bungalows.

(c) Since 1.8° corresponds to 1p and the profit occupies 108°

of the pie diagram, then the profit per unit is

108 x 1
1.8X ie. 60p
The profit when selling 700 units of the product is
7 6
¢ 700 < 60 £420

100
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Now try the following exercise

Exercise 99 Further problems on presentation of
ungrouped data (Answers on page 263)

1. The number of vehicles passing a stationary observer
on a road in six ten-minute intervals is as shown.
Draw a pictogram to represent these data.

Period of Time 1 2 3 4 5 6
Number of Vehicles 35 44 62 68 49 41

2. The number of components produced by a factory in
a week is as shown below:

Day Mon Tues Wed Thur Fri
Number of
Components 1580 2190 1840 2385 1280

Show these data on a pictogram.

3. For the data given in Problem 1 above, draw a
horizontal bar chart.

4. Present the data given in Problem 2 above on a
horizontal bar chart.

5. For the data given in Problem 1 above, construct a
vertical bar chart.

6. Depict the data given in Problem 2 above on a
vertical bar chart.

7. A factory produces three different types of compo-
nents. The percentages of each of these components
produced for three, one-month periods are as shown
below. Show this information on percentage compo-
nent bar charts and comment on the changing trend
in the percentages of the types of component pro-

duced.
Month 1 2 3
Component P 20 35 40
Component Q 45 40 35
Component R 35 25 25

8. A company has five distribution centres and the mass
of goods in tonnes sent to each centre during four,
one-week periods, is as shown.

Week 1 2 3 4
Centre A 147 160 174 158
Centre B 54 63 77 69
Centre C 283 251 237 211
Centre D 97 104 117 144

Centre E 224 218 203 194

Use a percentage component bar chart to present

these data and comment on any trends.
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9. The employees in a company can be split into the
following categories: managerial 3, supervisory 9,
craftsmen 21, semi-skilled 67, others 44. Show these
data on a pie diagram.

10. The way in which an apprentice spent his time over
a one-month period is as follows:

drawing office 44hours, production 64 hours,
training 12 hours, at college 28 hours.

Use a pie diagram to depict this information.

11. (a) With reference to Fig. 27.5, determine the am-
ount spent on labour and materials to produce
1650 units of the product.

(b) If in year 2 of Fig. 27.4, 1% corresponds to 2.5
dwellings, how many bungalows are sold in that
year.

12. (a) If the company sell 23 500 units per annum of the
product depicted in Fig. 27.5, determine the cost
of their overheads per annum.

(b) If 1% of the dwellings represented in year 1 of
Fig. 27.4 corresponds to 2 dwellings, find the
total number of houses sold in that year.

27.3 Presentation of grouped data

When the number of members in a set is small, say ten or
less, the data can be represented diagrammatically without
further analysis, by means of pictograms, bar charts, per-
centage components bar charts or pie diagrams (as shown in
Section 27.2).

For sets having more than ten members, those members
having similar values are grouped together in classes to form
a frequency distribution. To assist in accurately counting
members in the various classes, a tally diagram is used (see
Problems 8 and 12).

A frequency distribution is merely a table showing classes
and their corresponding frequencies (see Problems 8 and 12).

The new set of values obtained by forming a frequency
distribution is called grouped data.

The terms used in connection with grouped data are shown
in Fig. 27.6(a). The size or range of a class is given by
the upper class boundary value minus the lower class
boundary value, and in Fig. 27.6 is 7.65 — 7.35, i.e. 0.30.
The class interval for the class shown in Fig. 27.6(b) is 7.4
to 7.6 and the class mid-point value is given by

(upper class boundary value)
+ (lower class boundary value)

2
7.65+7.35

and in Fig. 27.6 is ,1e. 7.5

One of the principal ways of presenting grouped data dia-
grammatically is by using a histogram, in which the areas

@ [ Class interval }
Lower Class Upper
class mid-point  class

boundary boundary
| |
| |
| |
{0 7.3 7.4107.6 7.7 to]
(b) I
7.35 7.5 7.65

Fig. 27.6

of vertical, adjacent rectangles are made proportional to fre-
quencies of the classes (see Problem 9). When class intervals
are equal, the heights of the rectangles of a histogram are
equal to the frequencies of the classes. For histograms hav-
ing unequal class intervals, the area must be proportional to
the frequency. Hence, if the class interval of class A is twice
the class interval of class B, then for equal frequencies, the
height of the rectangle representing A is half that of B (see
Problem 11).

Another method of presenting grouped data diagrammat-
ically is by using a frequency polygon, which is the graph
produced by plotting frequency against class mid-point val-
ues and joining the co-ordinates with straight lines (see Prob-
lem 12).

A cumulative frequency distribution is a table show-
ing the cumulative frequency for each value of upper
class boundary. The cumulative frequency for a particu-
lar value of upper class boundary is obtained by adding
the frequency of the class to the sum of the previous fre-
quencies. A cumulative frequency distribution is formed in
Problem 13.

The curve obtained by joining the co-ordinates of cumu-
lative frequency (vertically) against upper class boundary
(horizontally) is called an ogive or a cumulative frequency
distribution curve (see Problem 13).

Problem 8. The data given below refer to the gain of
each of a batch of 40 transistors, expressed correct to the
nearest whole number. Form a frequency distribution for
these data having seven classes.

81 83 & 74 76 8 82 &4
8 76 77 71 8 8 87 88
84 8 8 81 73 8 8 79
81 79 78 80 8 77 84 78
83 79 80 83 82 79 80 77

The range of the data is the value obtained by taking
the value of the smallest member from that of the largest
member. Inspection of the set of data shows that, range
= 89—71 = 18. The size of each class is given approximately
by range divided by the number of classes. Since 7 classes



are required, the size of each class is 18/7, that is, approxi-
mately 3. To achieve seven equal classes spanning a range of
values from 71 to 89, the class intervals are selected as: 70—72,
73-75, and so on.

To assist with accurately determining the number in each
class, a tally diagram is produced, as shown in Table 27.1(a).
This is obtained by listing the classes in the left-hand column,
and then inspecting each of the 40 members of the set in turn
and allocating them to the appropriate classes by putting
‘ls’ in the appropriate rows. Every fifth ‘1’ allocated to a
particular row is shown as an oblique line crossing the four
previous ‘1s’, to help with final counting.

A frequency distribution for the data is shown in
Table 27.1(b) and lists classes and their corresponding fre-
quencies, obtained from the tally diagram. (Class mid-point
values are also shown in the table, since they are used for
constructing the histogram for these data (see Problem 9)).

Table 27.1(a)

Class Tally

70-72 1

73-175 11

76-78 111

79-81 LT AT 11

82-84 LHT1111

85-87 11

88-90 111
Table 27.1(b)
Class Class mid-point Frequency
70-72 71 1
73-175 74 2
76-78 77 7
79-81 80 12
82-84 83 9
85-87 86 6
88-90 89 3

Problem 9. Construct a histogram for the data given
in Table 27.1(b).

The histogram is shown in Fig. 27.7. The width of the
rectangles correspond to the upper class boundary values
minus the lower class boundary values and the heights of
the rectangles correspond to the class frequencies. The easiest
way to draw a histogram is to mark the class mid-point values
on the horizontal scale and draw the rectangles symmetrically
about the appropriate class mid-point values and touching one
another.
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Fig. 27.7

Problem 10. The amount of money earned weekly by
40 people working part-time in a factory, correct to
the nearest £10, is shown below. Form a frequency
distribution having 6 classes for these data.

80 90 70 110 90 160 110 80
140 30 90 50 100 110 60 100
80 90 110 80 100 90 120 70
130 170 80 120 100 110 40 110
50 100 110 90 100 70 110 80

Inspection of the set given shows that the majority of the
members of the set lie between £80 and £110 and that
there are a much smaller number of extreme values ranging
from £30 to £170. If equal class intervals are selected,
the frequency distribution obtained does not give as much
information as one with unequal class intervals. Since the
majority of members are between £80 and £100, the class
intervals in this range are selected to be smaller than those
outside of this range. There is no unique solution and one
possible solution is shown in Table 27.2.

Table 27.2
Class Frequency
20-40 2
50-70
80-90 12
100-110 14
120-140
150-170 2

Problem11. Draw a histogram for the data given in
Table 27.2.

When dealing with unequal class intervals, the histogram
must be drawn so that the areas, (and not the heights),
of the rectangles are proportional to the frequencies of the
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classes. The data given are shown in columns 1 and 2 of
Table 27.3. Columns 3 and 4 give the upper and lower class
boundaries, respectively. In column 5, the class ranges (i.e.
upper class boundary minus lower class boundary values) are

listed. The heights of the rectangles are proportional to the

. frequency . . .
ratio —— —, as shown in column 6. The histogram is
class range

shown in Fig. 27.8

Table 27.3
1 2 3 4 5 6
Class Frequency  Upper Lower  Class Height
class class range of
boundary boundary rectangle
2 1
20-40 2 45 15 30 — = —
30 15
6 3
50-70 6 75 45 30 — ==
30 15
12
80-90 12 95 75 20 — =
20 15
14 103
100-110 14 115 95 20 —=—=
20 15
4 2
120-140 4 145 115 30 — = —
30 15
2 1
150-170 2 175 145 30 — = —
30 15
€ 12115}
5 “g’, 10/15
o
~g 8/15¢}
2w 6/15f
o (2]
2 S 415¢
9] 2/15 | ———}___l
Lo 1 1 ! L I 1
30 60 85 105 130 160
Class mid-point values
Fig. 27.8

Problem 12. The masses of 50 ingots in kilograms are
measured correct to the nearest 0.1kg and the results
are as shown below. Produce a frequency distribution
having about 7 classes for these data and then present
the grouped data as (a) a frequency polygon and (b) a
histogram.

80 86 82 75 80 91 85 76 82 178
83 7.1 81 83 87 78 87 85 84 85
77 84 79 88 72 81 78 82 77 175
81 74 88 80 84 85 81 73 90 86
74 82 84 77 83 82 79 85 79 8.0

The range of the data is the member having the largest value
minus the member having the smallest value. Inspection of
the set of data shows that:

range = 9.1 — 7.1 =2.0

The size of each class is given approximately by
range
number of classes
Since about seven classes are required, the size of each class

is 2.0/7, that is approximately 0.3, and thus the class limits
are selected as 7.1 to 7.3, 7.4 to 7.6, 7.7 to 7.9, and so on.

. . 7.35+17.05

The class mid-point for the 7.1 to 7.3 class is %,
7.65 +17.35

i.e. 7.2, for the 7.4 to 7.6 class is L, i.e. 7.5, and

SO on.

To assist with accurately determining the number in each
class, a tally diagram is produced as shown in Table 27.4.
This is obtained by listing the classes in the left-hand column
and then inspecting each of the 50 members of the set of data
in turn and allocating it to the appropriate class by putting
a ‘1’ in the appropriate row. Each fifth ‘1’ allocated to a
particular row is marked as an oblique line to help with final
counting.

Table 27.4

Class Tally
7.1t07.3 111

7410 7.6 utt

7.7t0 7.9 11111
8.0 to 8.2 AT LT 1111
83to0 85 T LT 1
8.6 to 8.8 11

8910 9.1 11

A frequency distribution for the data is shown in
Table 27.5 and lists classes and their corresponding frequen-
cies. Class mid-points are also shown in this table, since
they are used when constructing the frequency polygon and
histogram.

Table 27.5

Class Class mid-point Frequency
7.1t0 7.3 72 3

74 t0 7.6 7.5 5
7.71t0 7.9 7.8 9

8.0 to 8.2 8.1 14
8310 8.5 8.4 11

8.6 to 8.8 8.7 6
8910 9.1 9.0 2




A frequency polygon is shown in Fig. 27.9, the co-
ordinates corresponding to the class mid-point/frequency val-
ues, given in Table 27.5. The co-ordinates are joined by
straight lines and the polygon is ‘anchored-down’ at each
end by joining to the next class mid-point value and zero
frequency.

14
12 - Frequency polygon
g 10|
S s
o
ij 6}
4
2+
0 I | | J | 1 |
72 75 78 81 84 87 90
Class mid-point values
Fig. 27.9

A histogram is shown in Fig. 27.10, the width of a rect-
angle corresponding to (upper class boundary value — lower
class boundary value) and height corresponding to the class
frequency. The easiest way to draw a histogram is to mark
class mid-point values on the horizontal scale and to draw
the rectangles symmetrically about the appropriate class mid-
point values and touching one another. A histogram for the
data given in Table 27.5 is shown in Fig. 27.10.
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Fig. 27.10

Problem 13. The frequency distribution for the masses
in kilograms of 50ingots is:

7.1t0 7.3 3 74t07.6 5 77t079 9
80to82 14 83to85 11 86to88 6
89109.1 2

Form a cumulative frequency distribution for these data
and draw the corresponding ogive.
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A cumulative frequency distribution is a table giving
values of cumulative frequency for the values of upper class
boundaries, and is shown in Table 27.6. Columns 1 and 2
show the classes and their frequencies. Column 3 lists the
upper class boundary values for the classes given in col-
umn 1. Column 4 gives the cumulative frequency values for
all frequencies less than the upper class boundary values
given in column 3. Thus, for example, for the 7.7 to 7.9
class shown in row 3, the cumulative frequency value is
the sum of all frequencies having values of less than 7.95,
ie. 34+ 549 = 17, and so on. The ogive for the cumu-
lative frequency distribution given in Table 27.6 is shown
in Fig. 27.11. The co-ordinates corresponding to each upper
class boundary/cumulative frequency value are plotted and
the co-ordinates are joined by straight lines (— not the best
curve drawn through the co-ordinates as in experimental
work.) The ogive is ‘anchored’ at its start by adding the
co-ordinate (7.05, 0).

Table 27.6
1 2 3 4
Class Frequency Upper class Cumulative
boundary frequency
Less than
7.1-7.3 3 7.35 3
7.4-7.6 5 7.65 8
7.7-7.9 9 7.95 17
8.0-8.2 14 8.25 31
8.3-8.5 11 8.55 42
8.6-8.8 6 8.85 48
8.9-9.1 2 9.15 50
- 50 |-
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Upper class boundary values in kilograms

Fig. 27.11
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Now try the following exercise

Exercise 100 Further problems on presentation of
grouped data (Answers on page 264)

1. The mass in kilograms, correct to the nearest one-tenth
of a kilogram, of 60 bars of metal are as shown. Form a
frequency distribution of about 8 classes for these data.

39.8 40.1 403 40.0 40.6 39.7 40.0 404 39.6 393
39.6 40.7 40.2 399 403 40.2 404 399 39.8 40.0
40.2 40.1 40.3 39.7 399 40.5 399 40.5 40.0 39.9
40.1 40.8 40.0 40.0 40.1 40.2 40.1 40.0 40.2 39.9
39.7 39.8 404 39.7 399 39.5 40.1 40.1 39.9 402
39.5 40.6 40.0 40.1 39.8 39.7 39.5 40.2 39.9 403

2. Draw a histogram for the frequency distribution given
in the solution of Problem 1.

3. The information given below refers to the value of
resistance in ohms of a batch of 48 resistors of similar
value. Form a frequency distribution for the data,
having about 6 classes and draw a frequency polygon
and histogram to represent these data diagramatically.

21.0 224 228 215 226 21.1 21.6 223
229 205 21.8 222 21.0 21.7 225 207
232 229 217 214 221 222 223 213
22.1 21.8 22.0 227 21.7 219 21.1 226
214 224 223 209 228 212 227 216
222 21.6 213 221 215 220 234 212

4. The time taken in hours to the failure of 50 specimens
of a metal subjected to fatigue failure tests are as
shown. Form a frequency distribution, having about
8 classes and unequal class intervals, for these data.

28 22 23 20 12 24 37 28 21 25
21 14 30 23 27 13 23 7 26 19
24 22 26 3 21 24 28 40 27 24

20 25 23 26 47 21 29 26 22 33
27 9 13 35 20 16 20 25 18 22

. Form a cumulative frequency distribution and hence

draw the ogive for the frequency distribution given in
the solution to Problem 3.

. Draw a histogram for the frequency distribution given

in the solution to Problem 4.

. The frequency distribution for a batch of 48 resistors

of similar value, measured in ohms, is:

20.5-209 3 21.0-214 10 215-219 11
22.0-224 13 225-229 9 23.0-234 2

Form a cumulative frequency distribution for these
data.

. Draw an ogive for the data given in the solution of

Problem 7.

. The diameter in millimetres of a reel of wire is

measured in 48 places and the results are as shown.

210 229 232 221 214 222
228 218 217 220 223 213
226 210 221 217 228 2.15
2.16 225 223 211 227 234
224 205 229 218 224 216
215 222 214 227 209 221
2,11 217 222 219 212 220
223 207 213 226 216 212

(a) Form a frequency distribution of diameters having
about 6 classes.

(b) Draw a histogram depicting the data.
(c) Form a cumulative frequency distribution.

(d) Draw an ogive for the data.
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Measures of central tendency and dispersion

28.1 Measures of central tendency

A single value, which is representative of a set of values,
may be used to give an indication of the general size of the
members in a set, the word ‘average’ often being used to
indicate the single value.

The statistical term used for ‘average’ is the arithmetic
mean or just the mean.

Other measures of central tendency may be used and these
include the median and the modal values.

28.2 Mean, median and mode for discrete
data

Mean

The arithmetic mean value is found by adding together the
values of the members of a set and dividing by the number
of members in the set. Thus, the mean of the set of numbers:
{4,5,6,9} is:

4+54+6+9 .
-, ie. 6
4
In general, the mean of the set: {x;, x2, x3,...x,} is
xX1+x+x3+-+x, . X
X = ! 2 3 , written as Z—
n n

where Y is the Greek letter ‘sigma’ and means ‘the sum of”,
and X (called x-bar) is used to signify a mean value.

Median

The median value often gives a better indication of the
general size of a set containing extreme values. The set:
{7,5,74, 10} has a mean value of 24, which is not really

representative of any of the values of the members of the
set. The median value is obtained by:

(a) ranking the set in ascending order of magnitude, and

(b) selecting the value of the middle member for sets
containing an odd number of members, or finding the
value of the mean of the two middle members for sets
containing an even number of members.

For example, the set: {7, 5, 74, 10} is ranked as {5, 7, 10, 74},
and since it contains an even number of members (four in
this case), the mean of 7 and 10 is taken, giving a median
value of 8.5. Similarly, the set: {3, 81, 15,7, 14} is ranked
as {3,7, 14, 15, 81} and the median value is the value of the
middle member, i.e. 14

Mode

The modal value, or mode, is the most commonly occurring
value in a set. If two values occur with the same frequency,
the set is ‘bi-modal’. The set: {5, 6,8, 2,5,4,6,5,3} has a
modal value of 5, since the member having a value of 5
occurs three times.

Problem 1. Determine the mean, median and mode for
the set:

{2,3,7,5,5,13,1,7,4,8,3, 4,3}

The mean value is obtained by adding together the values
of the members of the set and dividing by the number of
members in the set.

Thus, mean value,
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To obtain the median value the set is ranked, that is, placed
in ascending order of magnitude, and since the set contains
an odd number of members the value of the middle member
is the median value. Ranking the set gives:

{1,2,3,3,3,4,4,5,5,7,7, 8, 13}

The middle term is the seventh member, i.e. 4, thus the
median value is 4. The modal value is the value of the
most commonly occurring member and is 3, which occurs
three times, all other members only occurring once or twice.

Problem?2. The following set of data refers to the
amount of money in £s taken by a news vendor for
6 days. Determine the mean, median and modal values
of the set:

{27.90, 34.70, 54.40, 18.92, 47.60, 39.68}

Mean value
27.90 + 34.70 4+ 54.40 + 18.92 + 47.60 + 39.68
- 6
= £37.20

The ranked set is:

{18.92, 27.90, 34.70, 39.68, 47.60, 54.40}
Since the set has an even number of members, the mean of the
middle two members is taken to give the median value, i.e.

34.70 + 39.68
2

Since no two members have the same value, this set has no
mode.

median value = = £37.19

Now try the following exercise

Exercise 101 Further problems on mean, median
and mode for discrete data (Answers
on page 264)

In Problems 1 to 4, determine the mean, median and
modal values for the sets given.

1. {3,8,10,7,5,14,2,9, 8}

2. {26, 31, 21, 29, 32, 26, 25, 28}

3. {4.72,4.71,4.74,4.73,4.72,4.71,4.73, 4.72}
4. {73.8,126.4,40.7, 141.7, 28.5, 237.4, 157.9}

28.3 Mean, median and mode for grouped
data

The mean value for a set of grouped data is found by
determining the sum of the (frequency x class mid-point

values) and dividing by the sum of the frequencies,

. _ f1x1+f2x2+"'fnxn Z(fx)
i.e. mean value X = =
fitfat+fa > f

where f is the frequency of the class having a mid-point
value of x, and so on.

Problem 3. The frequency distribution for the value
of resistance in ohms of 48 resistors is as shown.
Determine the mean value of resistance.

20.5-20.9 3, 21.0-214 10, 21.5-219 11,

22.0-22.4 13, 22.5-229 9, 23.0-234 2

The class mid-point/frequency values are:

20.7 3,212 10,21.7 11,222 13,227 9 and 232 2

For grouped data, the mean value is given by:

>(fx)
2 f

where f is the class frequency and x is the class mid-point
value. Hence mean value,

(3 x20.7)4+ (10 x 21.2) + (11 x 21.7)
+ (13 x22.2) + (9 x 22.7) + (2 x 23.2)
48

X =

X =

1052.1
_ 10521 5 019,
48

i.e. the mean value is 21.9 ohms, correct to 3 significant
figures.

Histogram

The mean, median and modal values for grouped data may
be determined from a histogram. In a histogram, frequency
values are represented vertically and variable values horizon-
tally. The mean value is given by the value of the variable
corresponding to a vertical line drawn through the centroid
of the histogram. The median value is obtained by selecting
a variable value such that the area of the histogram to the left
of a vertical line drawn through the selected variable value
is equal to the area of the histogram on the right of the line.
The modal value is the variable value obtained by dividing
the width of the highest rectangle in the histogram in pro-
portion to the heights of the adjacent rectangles. The method
of determining the mean, median and modal values from a
histogram is shown in Problem 4.

Problem4. The time taken in minutes to assemble
a device is measured 50 times and the results are as
shown. Draw a histogram depicting this data and hence



determine the mean, median and modal values of the
distribution.

14.5-155 5, 16.5-17.5 8, 18.5-19.5 16,

20.5-21.5 12, 22.5-235 6, 245-255 3

The histogram is shown in Fig. 28.1. The mean value lies at
the centroid of the histogram. With reference to any arbitrary
axis, say Y'Y shown at a time of 14 minutes, the position
of the horizontal value of the centroid can be obtained from
the relationship AM = Y (am), where A is the area of the
histogram, M is the horizontal distance of the centroid from
the axis YV, a is the area of a rectangle of the histogram
and m is the distance of the centroid of the rectangle from
YY. The areas of the individual rectangles are shown circled
on the histogram giving a total area of 100 square units. The
positions, m, of the centroids of the individual rectangles are
1,3,5, ... units from YY. Thus

100M = (10 x 1)+ (16 x 3) + (32 x 5) + (24 x 7)
+(12x9)+ (6 x 11)

560
ie. M = —— = 5.6 units from YY
100
Mean
Median
Mode
16F Y A B
7Y
> 12F 5.6 C
g 10 } b
g 8r | @
LT 6 - @
4 3
1 o
A A E F A e @ 1

14 15 16 17 18 19 20 21 22 23 24 25 26 27
{ Time in minutes
Y

Fig. 28.1

Thus the position of the mean with reference to the time
scale is 14 + 5.6, i.e. 19.6 minutes.

The median is the value of time corresponding to a vertical
line dividing the total area of the histogram into two equal
parts. The total area is 100 square units, hence the vertical
line must be drawn to give 50 units of area on each side.
To achieve this with reference to Fig. 28.1, rectangle ABFE
must be split so that 50 — (10 + 16) units of area lie on one
side and 50 — (24 + 12 + 6) units of area lie on the other.
This shows that the area of ABFE is split so that 24 units of
area lie to the left of the line and 8 units of area lie to the
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right, i.e. the vertical line must pass through 19.5 minutes.
Thus the median value of the distribution is 19.5 minutes.

The mode is obtained by dividing the line AB, which
is the height of the highest rectangle, proportionally to
the heights of the adjacent rectangles. With reference to
Fig. 28.1, this is done by joining AC and BD and drawing
a vertical line through the point of intersection of these
two lines. This gives the mode of the distribution and is
19.3 minutes.

Now try the following exercise

Exercise 102 Further problems on mean, median
and mode for grouped data (Answers
on page 264)

1. The frequency distribution given below refers to the
heights in centimetres of 100 people. Determine the
mean value of the distribution, correct to the nearest

millimetre.
150-156 5, 157-163 18, 164-170 20
171-177 27, 178-184 22, 185-191 8

2. The gain of 90 similar transistors is measured and the
results are as shown.

83.5-85.5 6, 86.5-88.5 39, 89.5-91.5 27,

925-945 15, 955-975 3

By drawing a histogram of this frequency distribution,
determine the mean, median and modal values of the
distribution.

3. The diameters, in centimetres, of 60 holes bored in
engine castings are measured and the results are as
shown. Draw a histogram depicting these results and
hence determine the mean, median and modal values

of the distribution.
2.011-2.014 7, 2.016-2.019 16,
2.021-2.024 23, 2.026-2.029 9,

2.031-2.034 5

28.4 Standard deviation

(a) Discrete data

The standard deviation of a set of data gives an indication
of the amount of dispersion, or the scatter, of members of
the set from the measure of central tendency. Its value is the
root-mean-square value of the members of the set and for
discrete data is obtained as follows:
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(a) determine the measure of central tendency, usually the
mean value, (occasionally the median or modal values
are specified),

(b) calculate the deviation of each member of the set from
the mean, giving

(1 =X), 02 = %), (13 = X), ...,

(c) determine the squares of these deviations, i.e.
(1 =%, (o — %)% (3 — %), ...,

(d) find the sum of the squares of the deviations, that is
@ =07+ 0 =)+ (1 =%

(e) divide by the number of members in the set, n, giving

@ =X+ -0+ @ -3+
n

(f) determine the square root of (e).

The standard deviation is indicated by o (the Greek letter
small ‘sigma’) and is written mathematically as:

za—m?

standard deviation, o = { -

where x is a member of the set, x is the mean value
of the set and n is the number of members in the set.
The value of standard deviation gives an indication of the
distance of the members of a set from the mean value. The
set: {1,4,7,10, 13} has a mean value of 7 and a standard
deviation of about 4.2. The set {5, 6, 7, 8, 9} also has a mean
value of 7, but the standard deviation is about 1.4. This shows
that the members of the second set are mainly much closer
to the mean value than the members of the first set. The
method of determining the standard deviation for a set of
discrete data is shown in Problem 5.

Problem5. Determine the standard deviation from the
mean of the set of numbers: {5, 6, 8, 4, 10, 3}, correct
to 4 significant figures.

The arithmetic mean, x = &
n
_546+8+4+10+3 6
= . _
=2
Standard deviation, o = {M}
n

The (x —X)? values are: (5—6)%, (6—6)2, (8 —6)%, (4—6)2,
(10 — 6)> and (3 — 6)>.

The sum of the (x — ¥)? values,

ie. > =X’ =1+0+4+4+16+9=34

Y—%? 34

=56
n 6

and

since there are 6 members in the set.
Hence, standard deviation,

a=,{;31f}=%?=2%0

n

correct to 4 significant figures.

(b) Grouped data

For grouped data, standard deviation

a:¢{20%;mﬂ}

where f is the class frequency value, x is the class mid-
point value and X is the mean value of the grouped data. The
method of determining the standard deviation for a set of
grouped data is shown in Problem 6.

Problem 6. The frequency distribution for the values
of resistance in ohms of 48 resistors is as shown.
Calculate the standard deviation from the mean of the
resistors, correct to 3 significant figures.

20.5-209 3, 21.0-214 10, 21.5-21.9 11,

22.0-22.4 13, 225-229 9, 23.0-234 2

The standard deviation for grouped data is given by:

. {Z”g;fﬂ}

From Problem 3, the distribution mean value, x = 21.92,
correct to 4 significant figures.

The ‘x-values’ are the class mid-point values, i.e. 20.7, 21.2,
21.7, ...

Thus the (x — X)* values are (20.7-21.92)%, (21.2-21.92)?,
(21.7-21.92)%, ...,

and the f(x — X)? values are 3(20.7-21.92)?,
10(21.2-21.92)%, 11(21.7-21.92)?, . . ..

The > f(x — x)* values are
4.4652 + 5.1840 + 0.5324 + 1.0192
+ 5.4756 + 3.2768 = 19.9532

SHf(r—%)?%  19.9532
S f T 48

= 0.41569



and standard deviation,

HfGx —fc)z}}
= = % =4/0.41569
7 { >/

= 0.645, correct to 3 significant figures

Now try the following exercise

Exercise 103 Further problems on standard devia-
tion (Answers on page 264)

1. Determine the standard deviation from the mean of the
set of numbers:

{35,22, 25, 23,28, 33, 30}

correct to 3 significant figures.

2. The values of capacitances, in microfarads, of ten
capacitors selected at random from a large batch of
similar capacitors are:

34.3, 25.0, 30.4, 34.6, 29.6, 28.7,
33.4,32.7,29.0 and 31.3

Determine the standard deviation from the mean for
these capacitors, correct to 3 significant figures.

3. The tensile strength in megapascals for 15 samples of
tin were determined and found to be:

34.61, 34.57, 34.40, 34.63, 34.63, 34.51, 34.49, 34.61,
34.52, 34.55, 34.58, 34.53, 34.44, 34.48 and 34.40

Calculate the mean and standard deviation from the
mean for these 15 values, correct to 4 significant
figures.

4. Determine the standard deviation from the mean, cor-
rect to 4 significant figures, for the heights of the 100
people given in Problem 1 of Exercise 102, page 219.

5. Calculate the standard deviation from the mean for the
data given in Problem 2 of Exercise 102, page 219,
correct to 3 decimal places.

28.5 AQuartiles, deciles and percentiles

Other measures of dispersion which are sometimes used
are the quartile, decile and percentile values. The quartile
values of a set of discrete data are obtained by selecting
the values of members which divide the set into four equal
parts. Thus for the set: {2, 3,4,5,5,7,9, 11, 13, 14, 17} there
are 11 members and the values of the members dividing the
set into four equal parts are 4, 7, and 13. These values are
signified by Q;, @, and Q3 and called the first, second and
third quartile values, respectively. It can be seen that the
second quartile value, Q,, is the value of the middle member
and hence is the median value of the set.
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For grouped data the ogive may be used to determine
the quartile values. In this case, points are selected on the
vertical cumulative frequency values of the ogive, such that
they divide the total value of cumulative frequency into four
equal parts. Horizontal lines are drawn from these values
to cut the ogive. The values of the variable corresponding to
these cutting points on the ogive give the quartile values (see
Problem 7).

When a set contains a large number of members, the set
can be split into ten parts, each containing an equal number
of members. These ten parts are then called deciles. For sets
containing a very large number of members, the set may be
split into one hundred parts, each containing an equal number
of members. One of these parts is called a percentile.

Problem7. The frequency distribution given below
refers to the overtime worked by a group of craftsmen
during each of 48 working weeks in a year.

25-29 5, 30-34 4, 35-39 7, 40-44 11,

45-49 12, 50-54 8, 55-59 1

Draw an ogive for this data and hence determine the
quartile values.

The cumulative frequency distribution (i.e. upper class boun-
dary/cumulative frequency values) is:

295 5, 345 9, 395 16, 445 27,

49.5 39, 545 47, 595 48

The ogive is formed by plotting these values on a graph, as
shown in Fig. 26.2. The total frequency is divided into four
equal parts, each having a range of 48/4, i.e. 12. This gives
cumulative frequency values of 0 to 12 corresponding to the
first quartile, 12 to 24 corresponding to the second quartile,
24 to 36 corresponding to the third quartile and 36 to 48
corresponding to the fourth quartile of the distribution, i.e.
the distribution is divided into four equal parts. The quartile
values are those of the variable corresponding to cumulative
frequency values of 12, 24 and 36, marked Q;, Q, and
Q5 in Fig. 28.2. These values, correct to the nearest hour,
are 37 hours, 43 hours and 48 hours, respectively. The Q,
value is also equal to the median value of the distribution.
One measure of the dispersion of a distribution is called the
semi-interquartile range and is given by (Q; — Q;)/2, and
is (48—37)/2 in this case, i.e. S%hours

Problem 8. Determine the numbers contained in the
(a) 41st to 50th percentile group, and (b) 8th decile
group of the set of numbers shown below:

14 22 17 21 30 28 37 7 23 32

24 17 20 22 27 19 26 21 15 29
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The set is ranked, giving:

714 15 17 17 19 20 21 21 22
22 23 24 26 27 28 29 30 32 37

(a) There are 20 numbers in the set, hence the first 10% will
be the two numbers 7 and 14, the second 10% will be
15 and 17, and so on. Thus the 41st to 50th percentile
group will be the numbers 21 and 22.

(b) The first decile group is obtained by splitting the ranked
set into 10 equal groups and selecting the first group, i.e.
the numbers 7 and 14. The second decile group are the
numbers 15 and 17, and so on. Thus the 8th decile group
contains the numbers 27 and 28.

Now try the following exercise

Exercise 104 Further problems on quartiles, deciles
and percentiles (Answers on page 264)

1. The number of working days lost due to accidents
for each of 12 one-monthly periods are as shown.
Determine the median and first and third quartile
values for this data.

27 37 40 28 23 30 35 24 30 32 31 28

2. The number of faults occurring on a production line
in a nine-week period are as shown below. Determine
the median and quartile values for the data.

30 27 25 24 27 37 31 27 35

3. Determine the quartile values and semi-interquartile
range for the frequency distribution given in Prob-
lem 1 of Exercise 102, page 219.

4. Determine the numbers contained in the 5th decile
group and in the 61st to 70th percentile groups for
the set of numbers:

40 46 28 32 37 42 50 31 48 45
32 38 27 33 40 35 25 42 38 41
5. Determine the numbers in the 6th decile group and

in the 81st to 90th percentile group for the set of
numbers:

43 47 30 25 15 51 17 21 37 33 44 56 40 49 22
36 44 33 17 35 58 51 35 44 40 31 41 55 50 16
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Probability

29.1 Introduction to probability

Probability

The probability of something happening is the likelihood
or chance of it happening. Values of probability lie between
0 and 1, where O represents an absolute impossibility and
1 represents an absolute certainty. The probability of an
event happening usually lies somewhere between these two
extreme values and is expressed either as a proper or decimal
fraction. Examples of probability are:

that a length of copper wire has zero 0
resistance at 100°C

that a fair, six-sided dice will stop é or 0.1667
with a 3 upwards

that a fair coin will land with a head 1oro0s

2
upwards

that a length of copper wire has some 1
resistance at 100°C

If p is the probability of an event happening and g is the
probability of the same event not happening, then the total
probability is p+¢ and is equal to unity, since it is an absolute
certainty that the event either does or does not occur, i.e.
p+ag=1

Expectation

The expectation, E, of an event happening is defined in
general terms as the product of the probability p of an event
happening and the number of attempts made, n, i.e. E = pn.

Thus, since the probability of obtaining a 3 upwards when

rolling a fair dice is %, the expectation of getting a 3 upwards

é x 4, ie. 2

on four throws of the dice is 5

Thus expectation is the average occurrence of an event.

Dependent event

A dependent event is one in which the probability of
an event happening affects the probability of another ever
happening. Let 5 transistors be taken at random from a batch
of 100 transistors for test purposes, and the probability of
there being a defective transistor, p;, be determined. At some
later time, let another 5 transistors be taken at random from
the 95 remaining transistors in the batch and the probability
of there being a defective transistor, p,, be determined.
The value of p, is different from p; since batch size has
effectively altered from 100 to 95, i.e. probability p, is
dependent on probability p;. Since transistors are drawn,
and then another 5 transistors drawn without replacing the
first 5, the second random selection is said to be without
replacement.

Independent event

An independent event is one in which the probability of an
event happening does not affect the probability of another
event happening. If 5 transistors are taken at random from
a batch of transistors and the probability of a defective
transistor p; is determined and the process is repeated after
the original 5 have been replaced in the batch to give p,, then
p1 is equal to p,. Since the 5 transistors are replaced between
draws, the second selection is said to be with replacement.

29.2 Laws of probability

The addition law of probability

The addition law of probability is recognised by the word ‘or’
joining the probabilities. If p, is the probability of event A
happening and pjp is the probability of event B happening,
the probability of event A or event B happening is given by
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pa + pp. Similarly, the probability of events A or B or C
or ... N happening is given by

Pa+Ps+Pc+---+Pn

The multiplication law of probability

The multiplication law of probability is recognised by the
word ‘and’ joining the probabilities. If p, is the probability
of event A happening and pg is the probability of event B
happening, the probability of event A and event B happening
is given by ps x pg. Similarly, the probability of events A
and B and C and ... N happening is given by

Pa X Pg X Pc X+ X PN

29.3 Worked problems on probability

Problem 1. Determine the probabilities of selecting at
random (a) a man, and (b) a woman from a crowd
containing 20 men and 33 women.

(a) The probability of selecting at random a man, p, is given
by the ratio

number of men | B 20
number in crowd p= 20+ 33
20
=— or 03774
53

(b) The probability of selecting at random a women, g, is
given by the ratio

number of women 33
“number in crowd =20+
= g or 0.6226
(Check: the total probability should be equal to 1;
p= 20 and g = 3
53 53
thus the total probability,
p+qg= @ + E =1
53 53

hence no obvious error has been made).

Problem2. Find the expectation of obtaining a 4
upwards with 3 throws of a fair dice.

Expectation is the average occurrence of an event and is
defined as the probability times the number of attempts. The

probability, p, of obtaining a 4 upwards for one throw of the
dice is é

Also, 3 attempts are made, hence n = 3 and the expecta-
tion, E, is pn, ie. E = é x3 = % or 0.50

Problem 3. Calculate the probabilities of selecting at
random:

(a) the winning horse in a race in which 10 horses are
running,

(b) the winning horses in both the first and second races
if there are 10 horses in each race.

(a) Since only one of the ten horses can win, the prob-

ability of selecting at random the winning horse is
number of winners 1
ie. — or 0.10

number of horses ’ 10
(b) The probability of selecting the winning horse in the first

race is o The probability of selecting the winning horse

1
in the second race is —. The probability of selecting the

winning horses in the first and second race is given by
the multiplication law of probability,

- 1 1 1
ie. probability = 10 X 0 = 100 or 0.01

Problem 4. The probability of a component failing in

one year due to excessive temperature is 20" due to
excessive vibration is % and due to excessive humidity

1
is 50" Determine the probabilities that during a one-

year period a component: (a) fails due to excessive
temperature and excessive vibration, (b) fails due to
excessive vibration or excessive humidity, and (c) will
not fail because of both excessive temperature and
excessive humidity.

Let p4 be the probability of failure due to excessive temper-
ature, then

1 g 19
= — an = —
Pa 20 Pa 20

(where py is the probability of not failing.)

Let pp be the probability of failure due to excessive vibration,
then

24

d pp=—
and pp =353

1
PB—25

Let pc be the probability of failure due to excessive humid-
ity, then

49
and pc = —

1
pPc = 30

50



Probability 225

(a) The probability of a component failing due to excessive

temperature and excessive vibration is given by: Now try the following exercise
X ! X ! 1 0.002 Exercise 105 Further problems on probabilit
=_—x-—-=—-——- or O
PaXPB= 55X 55 = g55 © p p Yy

(Answers on page 264)

(b) The probability of a component failing due to excessive

vibration or excessive humidity is: 1. In a batch of 45 lamps there are 10 faulty lamps. If

one lamp is drawn at random, find the probability of

1 1 3 it being (a) faulty and (b) satisfactory.
[P I I R g (a) faulty and (b) y

25 50 50 2. A box of fuses are all of the same shape and size
and comprises 23 2 A fuses, 47 5 A fuses and 69 13 A
fuses. Determine the probability of selecting at random

(a) a 2 A fuse, (b) a 5 A fuse and (c) a 13 A fuse.

(c) The probability that a component will not fail due exces-
sive temperature and will not fail due to excess humid-

ity is:
19 49 931 3. (a) Find the probability of having a 2 upwards when
PAaXPc=—x—=—— or 0931 throwing a fair 6-sided dice. (b) Find the probability of
20 50 1000 having a 5 upwards when throwing a fair 6-sided dice.
(c) Determine the probability of having a 2 and then
Problem5. A batch of 100 capacitors contains 73 a 5 on two successive throws of a fair 6-sided dice.
which are within the required tolerance values, 17 which 4. The probability of event A happening is % and the

are below the required tolerance values, and the remain-
der are above the required tolerance values. Determine
the probabilities that when randomly selecting a capac-
itor and then a second capacitor: (a) both are within the
required tolerance values when selecting with replace-
ment, and (b) the first one drawn is below and the
second one drawn is above the required tolerance value, 5. When testing 1000 soldered joints, 4 failed during a
when selection is without replacement. vibration test and 5 failed due to having a high resis-
tance. Determine the probability of a joint failing due
to (a) vibration, (b) high resistance, (c) vibration or
high resistance and (d) vibration and high resistance.

probability of event B happening is % Calculate the
probabilities of (a) both A and B happening, (b) only
event A happening, i.e. event A happening and event
B not happening, (c) only event B happening, and

(d) either A, or B, or A and B happening.

(a) The probability of selecting a capacitor within the

required tolerance values is ——. The first capacitor

drawn is now replaced and a second one is drawn from

the batch of 100. The probability of this capacitor being 29.4 Further worked problems on

within the required tolerance values is also 100" probability
Thus, the probability of selecting a capacitor within the
required tolerance values for both the first and the second Problem6. A batch of 40 components contains 5
draw is which are defective. A component is drawn at random
from the batch and tested and then a second compo-
3 x RES = 5329 or 0.5329 nent is drawn. Determine the probability that neither
100 100 10000 of the components is defective when drawn (a) with

replacement, and (b) without replacement.

(b) The probability of obtaining a capacitor below the

17
required tolerance values on the first draw is 100" There

are now only 99 capacitors left in the batch, since the (a) With replacement
ﬁrSt capamFor 18 not rep laced'. The probability of draw- The probability that the component selected on the first draw
ing a capacitor above the required tolerance values on the

second draw is —. since there are (100 — 73 — 17), i.c. is satisfactory is —, i.e. —. The component is now replaced
. 99 . and a second draw is made. The probability that this com-
10 capacitors above the required tolerance value. Thus,

. . .1 .
the probability of randomly selecting a capacitor below ponent is also satisfactory is —. Hence, the probability that
the required tolerance values and followed by randomly both the first component drawn and the second component
selecting a capacitor above the tolerance values is drawn are satisfactory is:

17 10 170 17 7 7 49
m X @ = m = % or 0.0172 g X g = 6_4 or 0.7656
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(b) Without replacement

The probability that the first component drawn is satisfactory

is —. There are now only 34 satisfactory components left in

the batch and the batch number is 39. Hence, the probability
of drawing a satisfactory component on the second draw is
34

— . Thus the probability that the first component drawn and

39
the second component drawn are satisfactory, i.e. neither is

defective, is:

7 34 238

— = — . 762
8><39 312 or 0.7628

Problem7. A batch of 40 components contains 5
which are defective. If a component is drawn at random
from the batch and tested and then a second component
is drawn at random, calculate the probability of hav-
ing one defective component, both with and without
replacement.

The probability of having one defective component can be
achieved in two ways. If p is the probability of drawing
a defective component and ¢ is the probability of draw-
ing a satisfactory component, then the probability of having
one defective component is given by drawing a satisfactory
component and then a defective component or by drawing
a defective component and then a satisfactory one, i.e. by

gxp+pxq

With replacement:

5 1 35 7
P=apTs M 4T 7%
Hence, probability of having one defective component is:
1 7 7 1
§ 8788
ie. 67_4 67_4 = 3—72 or 0.2188

Without replacement:

pL= % and ¢, = % on the first of the two draws. The batch

number is now 39 for the second draw, thus,

5o 35
= — n = —
P2=3q A 2= 5
a1 35T 535435
P2 T@ib2 =g X 39 T g X 39T 312
70
ZE or 02244

are drawn at random from the box without replace-
ment. Determine the probability that all three are steel
washers.

Problem 8. A box contains 74 brass washers, 86 steel
washers and 40 aluminium washers. Three washers

Assume, for clarity of explanation, that a washer is drawn at
random, then a second, then a third (although this assumption
does not affect the results obtained). The total number of
washers is 74 + 86 + 40, i.e. 200.

The probability of randomly selecting a steel washer on the
first draw is —. There are now 85 steel washers in a batch
of 199. The probability of randomly selecting a steel washer
on the second draw is ——. There are now 84 steel washers
in a batch of 198. The probability of randomly selecting a
steel washer on the third draw is 108" Hence the probability
of selecting a steel washer on the first draw and the second
draw and the third draw is:

86 85 84 614040

— X — X — = ——— =0.0779
200 199 198 7880400

Problem 9. For the box of washers given in Problem 8
above, determine the probability that there are no alu-
minium washers drawn, when three washers are drawn
at random from the box without replacement.

The probability of not drawing an aluminium washer on the

40 160
first draw is 1 — [ — |, i.e. ——. There are now 199 washers
200 200

in the batch of which 159 are not aluminium washers. Hence,
the probability of not drawing an aluminium washer on the

second draw is 199" Similarly, the probability of not drawing

158
an aluminium washer on the third draw is 108" Hence the
probability of not drawing an aluminium washer on the first
and second and third draws is
160 159 158 4019520

— X — x — =-——— =05101
200 199 198 7880400

Problem10. For the box of washers in Problem 8
above, find the probability that there are two brass
washers and either a steel or an aluminium washer when
three are drawn at random, without replacement.

Two brass washers (A) and one steel washer (B) can be
obtained in any of the following ways:

1st draw 2nd draw 3rd draw
A A B
A B A
B A A




Two brass washers and one aluminium washer (C) can also
be obtained in any of the following ways:

1st draw 2nd draw 3rd draw
A A C
A C A
C A A

Thus there are six possible ways of achieving the combi-
nations specified. If A represents a brass washer, B a steel
washer and C an aluminium washer, then the combinations
and their probabilities are as shown:

DRAW PROBABILITY
First Second Third

74 73 86

A A B — x — x — = 0.0590
200 199 198
74 86 73

A B A — x — x — = 0.0590
200 199 198
86 74 73

B A A — x — x — = 0.0590
200 199 198
74 73 40

A A C — x — x — = 0.0274
200 199 198
74 40 73

A C A — x — x — = 0.0274
200 199 198

C A A 40 4 73 0.0274
— x — x — = 0.
200 199 198

The probability of having the first combination or the sec-
ond, or the third, and so on, is given by the sum of the
probabilities,

i.e. by 3 x 0.0590 + 3 x 0.0274, that is, 0.2592

Now try the following exercise

Exercise 106 Further problems on probability
(Answers on page 264)

1. The probability that component A will operate satis-
factorily for 5 years is 0.8 and that B will operate
satisfactorily over that same period of time is 0.75.
Find the probabilities that in a 5 year period: (a) both
components operate satisfactorily, (b) only component
A will operate satisfactorily, and (c) only component
B will operate satisfactorily.

2. In a particular street, 80% of the houses have tele-
phones. If two houses selected at random are visited,
calculate the probabilities that (a) they both have a
telephone and (b) one has a telephone but the other
does not have telephone.
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. Veroboard pins are packed in packets of 20 by a

machine. In a thousand packets, 40 have less than
20 pins. Find the probability that if 2 packets are
chosen at random, one will contain less than 20 pins
and the other will contain 20 pins or more.

. A batch of 1kW fire elements contains 16 which

are within a power tolerance and 4 which are not.
If 3 elements are selected at random from the batch,
calculate the probabilities that (a) all three are within
the power tolerance and (b) two are within but one is
not within the power tolerance.

. An amplifier is made up of three transistors, A, B and

C. The probabilities of A, B or C being defective are

1 1 1
20" 25 and —, respectively. Calculate the percentage
of amplifiers produced (a) which work satisfactorily
and (b) which have just one defective transistor.

. A box contains 14 40 W lamps, 28 60 W lamps and

58 25 W lamps, all the lamps being of the same shape
and size. Three lamps are drawn at random from the
box, first one, then a second, then a third. Determine
the probabilities of: (a) getting one 25 W, one 40 W
and one 60 W lamp, with replacement, (b) getting one
25W, one 40 W and one 60 W lamp without replace-
ment, and (c) getting either one 25 W and two 40 W
or one 60 W and two 40 W lamps with replacement.

Assignment 14

This assignment covers the material in Chapters 27
to 29. The marks for each question are shown in
brackets at the end of each question.

. A company produces five products in the following

proportions:
Product A 24 Product B 6 Product C 15

Product D 9 Product E 18

Draw (a) a horizontal bar chart, and (b) a pie diagram
to represent these data visually. )

. State whether the data obtained on the following topics

are likely to be discrete or continuous:

(a) the number of books in a library
(b) the speed of a car
(c) the time to failure of a light bulb 3)

. Draw a histogram, frequency polygon and ogive for

the data given below which refers to the diameter of
50 components produced by a machine.
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Class intervals Frequency
1.30—1.32 mm 4
1.33-1.35 mm 7
1.36—1.38 mm 10
1.39-1.41 mm 12
1.42—1.44 mm 8
1.45-1.47 mm 5
1.48—1.50 mm 4

(10)

4. Determine the mean, median and modal values for the
lengths given in metres:

28, 20, 44, 30, 32, 30, 28, 34, 26, 28 3)
5. The length in millimetres of 100 bolts is as shown
below:

50-56 6 57-63 16 64-70 22
71-77 30 78-84 19 85-91 7

Determine for the sample (a) the mean value, and
(b) the standard deviation, correct to 4 significant
figures. )

. The number of faulty components in a factory in a

12 week period is:

14 12 16 15 10 13 15 11 16 19 17 19

Determine the median and the first and third quartile
values. 3)

. Determine the probability of winning a prize in a

lottery by buying 10 tickets when there are 10 prizes
and a total of 5000 tickets sold. )

. A sample of 50 resistors contains 44 which are within

the required tolerance value, 4 which are below and
the remainder which are above. Determine the prob-
ability of selecting from the sample a resistor which
is (a) below the required tolerance, and (b) above the
required tolerance. Now two resistors are selected
at random from the sample. Determine the probabil-
ity, correct to 3 decimal places, that neither resistor
is defective when drawn (c) with replacement, and
(d) without replacement. (e) If a resistor is drawn at
random from the batch and tested, and then a sec-
ond resistor is drawn from those left, calculate the
probability of having one defective component when
selection is without replacement. (13)
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Introduction to differentiation

30.1 Introduction to calculus

Calculus is a branch of mathematics involving or leading to
calculations dealing with continuously varying functions.
Calculus is a subject that falls into two parts:

(i) differential calculus (or differentiation) and

(ii) integral calculus (or integration).

Differentiation is used in calculations involving rates of
change (see section 30.10), velocity and acceleration, and
maximum and minimum values of curves (see ‘Engineering
Mathematics’).

30.2 Functional notation

In an equation such as y = 3x? +2x — 5, y is said to be a
function of x and may be written as y = f(x).
An equation written in the form f(x) = 3x> 4+ 2x — 5 is

termed functional notation.
The value of f(x) when x = 0 is denoted by f(0), and

the value of f(x) when x = 2 is denoted by f(2) and so on.
Thus when f(x) = 3x> 4+ 2x — 5, then

f(0)=3(0)*+20)—5=-5
and f(2)=3(2)*+22)—5=11 and so on.

Problem1. If f(x) = 4x> — 3x + 2 find: £(0), f(3),
f(=1D)and f(3)— f(-=1)

f)=4x—3x+2
f(0)=40)7-30)+2=2
fB3)=43?*-33)+2=36-9+2=29
f(=D)=4(=1 =3(-D)+2=4+3+2=9
fB@—f(-1)=29-9=20

Problem2. Given that f(x) = 5x> +x — 7 determine:
O fQ=r (i) fG+a)

3 - f@3
i) fG+a—f@) v LOFOZIE)

f(x)=5x2+x—7
() f2)=52)+2-7=15
FH=51¥%+1-7=-1

15
fQ=f)y=—=-15

(i) fG+a)=5@3+a’+GB+a)—7
=59+6a+d>)+B+a)—7
= 454+30a+5a*+3+a—7 = 41 + 31a + 5a2
(i) f(3) =532 +3—-7=41
fB4a)—f(3) = (41+31a+5a*)— (41) = 31a + 5a2

. fB4+a)—fB) 3la+ 54
(iv) =
a a

=31+ 5a

Now try the following exercise

Exercise 107 Further problems on functional nota-
tion (Answers on page 265)

1. If f(x) =6x>—=2x+1 find £(0), f(1), fQ2), f(=1)
and f(-3)

2. If f(x) =2x>+5x =7 find £(1), f(2), f(=1),
f@ = f(=D
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3. Given f(x) = 3x> 4+ 2x> — 3x 4 2 prove that
1
f)= 7f(2)
4. If f(x) = —x2 +3x+6 find f(2), f2+a),
fQ+a)— f(2) and w

30.3 The gradient of a curve

(a) If a tangent is drawn at a point P on a curve, then the
gradient of this tangent is said to be the gradient of the
curve at P. In Figure 30.1, the gradient of the curve at
P is equal to the gradient of the tangent PQ.

F(x)

Fig. 30.1

(b) For the curve shown in Figure 30.2, let the points A and
B have co-ordinates (x;, y;) and (x;, y,), respectively.

In functional notation, y; = f(x;) and y, = f(x») as
shown.
f(x)
Ba
A ol
f(x,)
E D
0 X, X, X

Fig. 30.2

The gradient of the chord AB
BC _BD-CD

T“AC~  ED
_ fx)— fx1)
(x2 —x1)

(c) For the curve f(x) = x> shown in Figure 30.3:
(i) the gradient of chord AB

_f3)—=f1) 9-1
To3—-1 2

=4

F(x)
10

T U

0 1 1.5

Fig. 30.3

(i1) the gradient of chord AC
_ @ f) _4-1
2—1 1
(iii) the gradient of chord AD
_fQAS5)=fay 225-1 25
T15—-1 05

(iv) if E is the point on the curve
(1.1, f(1.1)) then the gradient of chord AE

=3

= fQ)
T 11-1
121 -1
=" =21
0.1

(v) if F is the point on the curve (1.01, f(1.01)) then
the gradient of chord AF

_fa.on — £
T 1.01-1
102011

=2.01
0.01

Thus as point B moves closer and closer to point A the
gradient of the chord approaches nearer and nearer to the
value 2. This is called the limiting value of the gradient of
the chord AB and when B coincides with A the chord becomes
the tangent to the curve.

Now try the following exercise

Exercise 108 A further problem on the gradient of a
curve (Answers on page 265)

1. Plot the curve f(x) = 4x> — 1 for values of x from
x = —1 to x = +4. Label the co-ordinates (3, f(3)) and
(1, f(1)) as J and K, respectively. Join points J and K

f(x) = x?



to form the chord JK. Determine the gradient of chord
JK. By moving J nearer and nearer to K determine the
gradient of the tangent of the curve at K.

30.4 Differentiation from first principles

(i) In Figure 304, A and B are two points very close
together on a curve, dx (delta x) and 8y (delta y)
representing small increments in the x and y directions,

respectively.
y
B(Xx+3X, y+38y)
%
A(X,
(xy) f(x+48x)
f(x) X
0 X
Fig. 30.4

3
Gradient of chord AB = a—y
X
however, 8y = f(x+dx) — f(x)
H 8y  flx+8x)— fx)
ence — =-"——-""

X dx

)
As 8x approaches zero, 8_)’ approaches a limiting value

X
and the gradient of the chord approaches the gradient
of the tangent at A.

(i) When determining the gradient of a tangent to a curve
there are two notations used. The gradient of the curve
at A in Figure 30.4 can either be written as:

f(X+BX)—f(X)}

.. Oy .
limit = or limit
dx

Sx—0 dx Sx—0
d 5
In Leibniz notation, ke = limit 4
dx 3x—0 X
In functional notation,

f7(x) = limit

3x—0

{f(x +8x)—f(x)}

dx

d
(iii) ay is the same as f’(x) and is called the differential

coefficient or the derivative. The process of finding the
differential coefficient is called differentiation.
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Summarising, the differential coefficient,

i) ) —
D =t 2 g { LT 0
dx Sx—0 8x Sx—0 Sx

Problem 3. Differentiate from first principles f(x) =
x? and determine the value of the gradient of the curve
atx =2

To ‘differentiate from first principles’ means ‘to find f’(x)’
by using the expression

pon g [ +3x) — f(x)
f<x>—m{T}
f)=x

Substituting (x 4 dx) for x gives

fx +8x) = (x + 8x)> = x> 4 2x8x + 3x2, hence

(% 4 2x8x 4 8x%) — (x2)
dx

e = imi

= limit
Sx—0

As 8x — 0, {2x +5x} — {2x + 0}. Thus f’(x) = 2x, i.e.
the differential coefficient of x2 is 2x.

At x = 2, the gradient of the curve, f'(x) =2(2) =4

{ 2x8x 4 8x2

} = limit {2x + 8x}
dx dx—0

Problem4. Find the differential coefficient of y = 5x

oy fa ) = @)
By definition, i f(x)= 161)(%1(} { —

The function being differentiated is y = f(x) = 5x. Substi-
tuting (x +8x) for x gives: f(x+3x) = 5(x+5x) = 5x + 58x.
Hence
dy ., .. (5x+58x) — (5x)
o= TW= EJE‘&{T}

sx—0 | Ox 3x—0

.. [ Séx .
= limit< — » = limit{5}

Since the term dx does not appear in {5} the limiting value
as ox — 0 of {5} is 5.

d
Thus % =5, i.e. the differential coefficient of 5X is 5.

The equation y = 5x represents a straight line of gradient 5
(see Chapter 11).

d
The ‘differential coefficient’ (i.e. ay or f’(x)) means ‘the

gradient of the curve’, and since the gradient of the line
y = S5x is 5 this result can be obtained by inspection. Hence,
in general, if y =kx (where k is a constant), then the

d
gradient of the line is k and d_){ or f’'(x) =k.
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Problem5. Find the derivative of y = 8

y = f(x) = 8. Since there are no x-values in the original
equation, substituting (x +8x) for x still gives f(x+5x) = 8.
Hence

dy [ fa+) - @
= 1 = timie{ L2
- { 8§—8 }
= limit =
Sx—0 Sx
d

Thus, when y = 8, % =0
The equation y = 8 represents a straight horizontal line

and the gradient of a horizontal line is zero, hence the
result could have been determined by inspection. ‘Finding the
derivative’ means ‘finding the gradient’, hence, in general,
for any horizontal line if y = k (where k is a constant) then
Ay

dx

Problem 6. Differentiate
fx) =24

from first  principles

Substituting (x + dx) for x gives
Fx48x) = 2(x +8x)° = 2(x + dx)(x? + 2x8x + 8x?)
=2(x° + 3x%x + 3x8x% + 8x%)
= 2x% 4+ 6x%8x + 6x8x% + 28x°

dy o fa+a) - f)
w - S0= m{—ax
o { (223 + 6x%6x + 6x8x% 4 286x3) — (2x3) }
= limit
3x—0 dx
. {6)625)6 + 6x8x% + 25x3 }
= limit
3x—0 dx

= limit {6x” 4 6x8x + 26x” }

Sx—0

Hence f/(x) = 6x?2, i.e. the differential coefficient of 2x3
is 6x2.

Problem7. Find the differential coefficient of y =
4x? 4 5x — 3 and determine the gradient of the curve at
x=-3

y=f(x)=4x>+5x -3
Fx+08x) =40 +8x)> +5(x +8x)—3
= 4(x* 4 2x0x + 8x%) + 5x + 56x — 3
= 4x? 4 8xbx + 48x> + 5x + 58x — 3

dy

@ = 1w =g FEER I

dx
(4x% 4 8x8x + 48x% + 5x + 58x — 3)
— limit —4 +5¢-3)
5x—0 Sx

= limit
Sx—0

. dy
e —=F'(x)=8+5
le o (x) X +

At x = —3, the gradient of the curve

= % = f'(X) =8(=3)+5=—19

{ 8x5x + 45x% + 56x

} = limit {8x + 45x + 5}
Sx 5x—0

Now try the following exercise

Exercise 109 Further problems on differentiation
from first principles (Answers on
page 265)

In Problems 1 to 12, differentiate from first principles.

1. y=x 2. y="Tx
3.y =4x? 4, y=755°
5. y=-2x>+3x—12 6. y=23

2x
7. f(x)=9% 8. f(x)= 5
9. f(x)=9? 10. f(x)=-7x°
1. f(x)=x>+15x—4 12. fx)=4

d
13. Determine a(4x3 — 1) from first principles

d
14. Find E(sz 4+ 5) from first principles

30.5 Differentiation of y = ax" by the
general rule

From differentiation by first principles, a general rule for
differentiating ax" emerges where a and n are any constants.
This rule is:

d
if y = ax" then Y _ anxn-t
dx

or, if |f(x) = ax” then f’(x)=anx""!

(Each of the results obtained in worked problems 3 and 7
may be deduced by using this general rule).

When differentiating, results can be expressed in a number
of ways.



d
For example: (i) if y = 3x? then ay = 6x,

(i) if f(x) = 3x? then f'(x) = 6x,
(i) the differential coefficient of 3x? is 6x,
(iv) the derivative of 3x? is 6x, and

d 3x?) =6
W) £ Gx) = 6x

Problem 8. Using the general rule, differentiate the
following with respect to x:

4
@y=5%" ®My=3/x ©y=-5

x2

(a) Comparing y = 5x’ with y = ax" shows that a = 5 and
n = 7. Using the general rule,

d
vy =anx""' = 5)(7)x"~! = 35x°
dx

1 1
(b) y=3ﬁ=3x2.Hencea=3andn=§

d 11
% =anx""!' = (3)§x271
3 1 3 3
EEAP W
2x2

4
(c) y= 5 =4x> Hencea=4and n = -2
X

d
% =anx""' = @) (-2)x72!

=8 =——

Problem 9. Find the differential coefficient of

2 4
y=x— — 44/ +7
5 x3

2 4
y:—x3——+4\/)g+7
5 x3

2
ie. y= §x3 — 4x73 + 4x32 4 7 from the laws of

indices (see Chapter 3)

== (%) B! — @)(=3 !

+ @) (%) x40

6
= gxz + 12574+ 10x32

. dy 6 , 12
e — = = 4103
1.e dx 5X +X4+ X
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1
Problem10. If f(r) = 5t + ﬁ find f'(¢)
1 1 . 3
f(t):St—i-f:St—i-—; =5t +12
e 3
12
y —1 3\ _3_, o 3.3
Hence f'(t)=G)(1)r " + —3 27 =51 — Et 2
3
ie. f'(t)=5-—5=5- (since 1 = 1)
5 2V15
212
2 2
Problem 11. Differentiate y = o +2) with respect
X
tox
x+2? X*+4x+4 XX 4 4
y = = = — JR— —
X X X X x
i.e. y=x'4+444x7!
dy 1-1 —1-1 0 -2
Hence &zlx +0+ @)(—1)x =x —4x
4 . 0
=1- <2 (since x” = 1)

Now try the following exercise

Exercise 110 Further problems on differentiation of
y = ax" by the general rule (Answers
on page 265)

In Problems 1 to 8, determine the differential coefficients
with respect to the variable.

1 y="7x* 2. y=4x
1
3. y:«/t—3 4. y=6+—
3
5 3 ! +l 6 > ! +2
L y=3x——+- A ey —
Y Jxoox Y x2Sy
7. y=3@—2)? 8. y=@x+1)>

9. Using the general rule for ax” check the results of
Problems 1 to 12 of Exercise 109, page 232.

10. Differentiate f(x) = 6x> — 3x + 5 and find the
gradient of the curve at (a) x = —1, and (b) x = 2.

11. Find the differential coefficient of
y = 2x> 4+ 3x? — 4x — 1 and determine the gradient.
of the curve at x = 2.

12. Determine the derivative of y = —2x> 4+ 4x 4+ 7 and
determine the gradient of the curve at x = —1.5.
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30.6 Differentiation of sine and cosine
functions

Figure 30.5(a) shows a graph of y = sinf. The gradient is
continually changing as the curve moves from 0 to A to
dy
in a corresponding position below y = sinf, as shown in
Figure 30.5(b).

B to C to D. The gradient, given by may be plotted

Y
A
y=sin6
+ !
|
(a) I B | Dy
0 I big 3 27 0 radians
2
1 I 2 |
- [
| |
| c |
l | i b
' '
p d%(sin 0) :Icos 4 ]
ay
*dx | !
A | c )
(b)
0 i b 31 2 0 radians
B 2 1 2
B

Fig. 30.5

(i) AtO, the gradient is positive and is at its steepest. Hence
0" is a maximum positive value.

(i) Between O and A the gradient is positive but is decreas-
ing in value until at A the gradient is zero, shown as
A

(iii)) Between A and B the gradient is negative but is increas-
ing in value until at B the gradient is at its steepest.
Hence B’ is a maximum negative value.

(iv) If the gradient of y = sinf is further investigated
between B and C and C and D then the resulting graph

dy . .
of ® is seen to be a cosine wave.

Hence the rate of change of sin 0 is cos 0, i.e.

d
if y=sin 6 then d—z =cos 0
It may also be shown that:
d
if y=sin a#, d_)el =a cos af (1)

(where a is a constant)

and if y=sin(ab + a), 3—2; =a cos(af + a) 2)

(where a and o are constants)

If a similar exercise is followed for y = cos 6 then the
d
graphs of Figure 30.6 result, showing d—g to be a graph of

sin 0, but displaced by 7 radians.

y
I
|
y=cos 6
+
(@ '
0 z T 3 27 ¢ radians
2 2
dy
*de
(b)
0 z Tf 3 27 6 radians
- z 2
d%(cgs 0) = —sinl 0
1
i |
Fig. 30.6
If each point on the curve y = sin 6 (as shown in

Figure 30.5(a)) were to be made negative, (i.e. +% is made

T 37 37
—, —— is made +—, and so on) then the graph shown

in Figure 30.6(b) would result. This latter graph therefore
represents the curve of — sin 6.

d
Thus, if y = cos 0, d—g = —sin 0
It may also be shown that:
d
if y = cos a#f, d—z = —asin af 3)
(where a is a constant)

d
and if y = cos(af + a), d%/ = —asin(af +ao) (4)

(where a and o are constants)

Problem 12. Differentiate the following with respect
to the variable:
(a) y =2sin 50

(b) £(t) = 3cos 2t

(a) y=2sin 50
d
d—g = (2)(5cos 50) = 10cos 50

(b) f(t) =3cos 2t
f'(t) = (3)(—=2sin 2t) = —6sin 2t from equation (3)

from equation (1)
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Problem 13. Find the differential coefficient of
y = T7sin 2x — 3cos 4x

y=T7sin 2x — 3 cos 4x

ay — (T)(2cos 2x) — (3)(—4sin 4x) from
equations (1) and (3)

= 14 cos 2X + 12sin 4x

Problem 14. Differentiate the following with respect
to the variable:

(a) f(@®)=S5sin (10070 — 0.40)
() f() =2cos(5t + 0.20)

(a) If f(®) = 5sin(10070 — 0.40)
f7(8) = 5[1007 cos(10070 — 0.40)] from equation (2),
where a = 1007
= 5007 cos(100z6 — 0.40)
(b) If f(¢) = 2cos(5t+ 0.20)
f’(t) = 2[5 sin(5¢ + 0.20)] from equation (4),
where a =5

= —10sin(5t + 0.20)

Problem 15. An alternating voltage is given by:

v = 100sin 200¢ volts, where ¢ is the time in seconds.
Calculate the rate of change of voltage when

(a) t =0.005 s and (b) t = 0.01 s

v = 100sin 200z volts. The rate of change of v is given by
dv

E.
d
d_j = (100)(200 cos 200¢) = 20000 cos 200z
(a) When ¢t = 0.005 s,
d
d—q; = 20000 co0s(200)(0.005) = 20000 cos 1

cos1 means ‘the cosine of 1 radian’ (make sure your
calculator is on radians — not degrees).

d
Hence d_qt] = 10806 volts per second

(b) When t = 0.01 s,

d
d_qt} = 20000 c0s(200)(0.01) = 20000 cos 2

d
Hence d_qt] = —8323 volts per second

Now try the following exercise

Exercise 111 Further problems on the differentiation
of sine and cosine functions (Answers
on page 265)
1. Differentiate with respect to x:
(@) y=4sin 3x (b) y =2cosbx
2. Given f(0) =2sin30 — 5cos 20, find f'(0)

3. An alternating current is given by i = 5sin 100¢ amp-
eres, where ¢ is the time in sg:conds. Determine the rate

d
of change of current (i.e. d—;) when ¢ = 0.01 seconds.
4. v = 505in 40t volts represents an alternating voltage,

v, where ¢ is the time in seconds. At a time of
20 x 1073 seconds, find the rate of change of voltage

e )

ie. —).
dr

5. If f(t) =3 sin(4r40.12)—2 cos(3t—0.72) determine
1'@.

30.7 Differentiation of e? and In ax

A graph of y = e* is shown in Figure 30.7(a). The gradient
d
of the curve at any point is given by ay and is continually

changing. By drawing tangents to the curve at many points on
the curve and measuring the gradient of the tangents, values

of jx_y for corresponding values of x may be obtained. These
values are shown graphically in Figure 30.7(b). The graph of
d—y against x is identical to the original graph of y = e*. It
follows that:

dy X

ify=e*, then — =e
y dx
It may also be shown that

ax

d
ify=e®, then Y _ ae
dx
: 6 dy 6 6x
Therefore if y = 2e*, then T (2)(6e™) = 12¢
A graph of y = Inx is shown in Figure 30.8(a). The gradient
of the curve at any point is given by ay and is continually

changing. By drawing tangents to the curve at many points on
the curve and measuring the gradient of the tangents, values

d
of ay for corresponding values of x may be obtained. These

values are shown graphically in Figure 30.8(b). The graph of

dy . . dy 1
—— against x is the graph of — = —. It follows that:
dx dx «x

dy 1
if y=Inx, then = =2
dx X
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dx 20 L
15

10

Fig. 30.7

05 r

Fig. 30.8

It may also be shown that

dy 1
if y=Inax, then & —=—
dx X

(Note that in the latter expression, the constant ‘a’ does not

. y
appear in the — term).
pp i )

dy 1
Thus if y = In 4x, then — = —
dr X

Problem 16. Differentiate the following with respect
to the variable:

(a) y =3e™

) f)=

3edt

d
(a) If y = 3¢> then % = (3)(2e¥) = 6e*

4 4
(b) If f(1) = ﬁ = ge > then

4 20 . 20
f’(t):§(—56 St):—?e t:_ﬁ

Problem 17. Differentiate y = 5In 3x

dy 1 5
If y=5In 3x,then — =(5) (- | = —
dx X X

Now try the following exercise

Exercise 112 Further problems on the differentiation
of e and In ax (Answers on page 265)

1. Differentiate with respect to x:
=5 (b)y=
(@) y=>5e" (b)y e

2. Given f(0) =5In 20 —41n 30, determine f'(0)

3. If f(t) =41n t+ 2, evaluate f'(¢t) when r = 0.25

d
4. Evaluate ay when x = 1, given y = 3e¥ — +

2e3x

8 In 5x. Give the answer correct to 3 significant figures.

30.8 Summary of standard derivatives

The five main differential coefficients used in this chapter are
summarised in Table 30.1.

Table 30.1
dy
or f(X — or f/(x

y or f(x) ix (x)
ax" anx"!
sin ax acos ax
cos ax —asin ax
e(l)m' aeax

1
In ax -

X




Problem 18. Find the gradient of the curve y = 3x* —
7x + 2 at the point (1, —2)

d
If y =3x* — 7x + 2, then gradient = ay =6x—7
At the point (1, —2), x = 1, hence gradient = 6(1)-7 = —1

3 2
Problem19. If y = — — 2sin 4x + — +1In 5x,
X e’

dy
determine —
dx

3 . 2
y=— —2sin 4x+ — +1In 5x
X e
=3x"2 —2sin 4x +2e™" +In S5x

d 1
ay = 3(=2x7) = 2(4cos 40)+2(—e ) +

6 2 1
=—— —8cos d&x — — +—
X ex X

Now try the following exercise

Exercise 113 Further problems on standard deriva-
tives (Answers on page 265)

1. Find the gradient of the curve y = 2x* + 3x> —x + 4
at the points (a) (0, 4) and (b) (1, 8)

2. Differentiate:

2 2
y== +2In 2x — 2(cos 5x + 3sin 2x) — —
X e

30.9 Successive differentiation

When a function y = f(x) is differentiated with respect to

d
x the differential coefficient is written as &y or f'(x). If

the expression is differentiated again, the second differential
2

coefficient is obtained and is written as Ez (pronounced dee

two y by dee x squared) or f”(x) (pronounced f double-
dash x).
By successive differentiation further higher derivatives such

d? y d*y .
as — and — may be obtained.

dx? At

. dy d’y d’y
_ 5,4 _ 3 _ 2 _

Tilus if y =5x ,ia = 20x°, o 60x°, i 120x,
d d
) _120and 52 =0
dx* dx>

Problem20. If f(x) =4x’ —2x3 4+ x — 3, find f"(x)
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f) =4 -2 +x -3
flx) =20x* —6x? +1

f7(x) =80x3—12x or 4x(20x2 —3)
2 4 1

Problem21l. Given y = =x* — — + — — /x,
3 x2 0 2x

d2
determine &y
dx2

y= §x3 - ;2 + i —Jx
= %f — 4 %x’l .
jxl = @) (3x) —4(—26)+ (%) (—1x%) _%x,%
ie. jx—y — 22 8 — %x’z B %x’%

d?y _ 1 -
o = ®RT) — <5) (—2x77)
1 1 _3
—_ | = ——x 2
(2) (2)
1 _3
:4x—24x_4+1x_3+1x72
a2y 24 1 1
e, —2 =4X — — 4 — 4 ——
e dx? x4+x3+4«/x3

Now try the following exercise

Exercise 114 Further problems on successive differ-
entiation (Answers on page 265)
d2 d3
1. If y = 3x* + 2x° — 3x + 2, find (a) Eﬁ ) af
. 2, 1 3 .
2. (a) Given f(t) = gt -3 + Pl J/t + 1, determine
VO]
(b) Evaluate f”(¢) in part (a) when t = 1
2
3. 1f y = 3sin 2t + cos 1, find
dr?
4. If f(®) = 21n 40, show that f"(®) = 0

30.10 Rates of change

If a quantity y depends on and varies with a quantity x then

d
the rate of change of y with respect to x is —y. Thus, for
example, the rate of change of pressure p with height 4 is
dp
d_h.
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A rate of change with respect to time is usually just called
‘the rate of change’, the ‘with respect to time’ being assumed.

oodi
Thus, for example, a rate of change of current, i, is o and

do
a rate of change of temperature, 0, is E’ and so on.

Problem22. The length L metres of a certain metal
rod at temperature t°C is given by: L = 1 4 0.00003¢ +
0.0000004¢2. Determine the rate of change of length,
in mm/°C, when the temperature is (a) 100°C and
(b) 250°C

dL
The rate of change of length means @
Since length L = 1 4+ 0.00003¢ + 0.0000004+2, then

dl
i 0.00003 + 0.0000008¢
dL
(a) When ¢ = 100°C, il 0.00003 + (0.0000008)(100)

=0.00011 m/°C = 0.11 mm/°C

dL
(b) When ¢t = 250°C, T 0.00003 4+ (0.0000008)(250)

= 0.00023 m/°C = 0.23 mm/°C

Problem 23. The luminous intensity I candelas of a
lamp at varying voltage V is given by: I = 5x 10~* V2,
Determine the voltage at which the light is increasing
at a rate of 0.4 candelas per volt.

The rate of change of light with respect to voltage is given

Since I =5 x 107* V2,

dr —4 —4 -3

W:(SX 1079)2V) =10 x 107* V=107V

When the light is increasing at 0.4 candelas per volt then

+0.4 = 1073V, from which, voltage

0.4
V=——=04x 10" = 400 volts
103

Problem24. Newton’s law of cooling is given by:
6 = 0pe ™, where the excess of temperature at zero
time is 0,°C and at time ¢ seconds is 6°C. Determine
the rate of change of temperature after 50 s, given that
0p = 15°C and k = —0.02

do
The rate of change of temperature is a

do
Since 6 = 8pe ™" then i 0)(—ke ™) = —kBpe ™
When 6y = 15, k = —0.02 and ¢ = 50, then
do

7= —(—0.02)(15)e” 0260 = 0.30e' = 0.815°C/s

Problem25. The pressure p of the atmosphere at
height & above ground level is given by p = pye™"/,
where pg is the pressure at ground level and c¢ is a
constant. Determine the rate of change of pressure with
height when p, = 10° Pascals and ¢ = 6.2 x 10* at
1550 metres.

d
The rate of change of pressure with height is d—z

p = poe”"/¢ then

dp 1 —nje _ _Po_—nje
dh_(p0)< ce - ce

Since

When py = 10°, ¢ = 6.2 x 10* and h = 1550, then
rate of change of pressure,

d£ — _1705 —(1550/6.2x10%)
dh 6.2 x 10*
_ Ee—oms
6.2
= —1.573 Pa/m

Now try the following exercise

Exercise 115 Further problems on rates of change
(Answers on page 265)

1. An alternating current, i amperes, is given by i =
10sin 2z ft, where f is the frequency in hertz and ¢
the time in seconds. Determine the rate of change of
current when ¢ = 12 ms, given that f = 50 Hz.

2. The luminous intensity, / candelas, of a lamp is
given by I = 8 x 107* V2, where V is the voltage.
Find (a) the rate of change of luminous intensity with
voltage when V = 100 volts, and (b) the voltage at
which the light is increasing at a rate of 0.5 candelas
per volt.

3. The voltage across the plates of a capacitor at any time
t seconds is given by v = V e /R where V, C and R
are constants. Given V = 200 volts, C = 0.10 x 10~
farads and R = 2 x 10° ohms, find (a) the initial rate
of change of voltage, and (b) the rate of change of
voltage after 0.2 s.

4. The pressure p of the atmosphere at height 4 above
ground level is given by p = poe™"/¢, where py
is the pressure at ground level and ¢ is a constant.
Determine the rate of change of pressure with height
when py = 1.013 x 10° Pascals and ¢ = 6.05 x 10*
at 1450 metres.
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Introduction to integration

31.1 The process of integration

The process of integration reverses the process of differen-
tiation. In differentiation, if f(x) = 2x> then f'(x) = 4x.
Thus, the integral of 4x is 2x2, i.e. integration is the pro-
cess of moving from f'(x) to f(x). By similar reasoning, the
integral of 27 is #2.

Integration is a process of summation or adding parts
together and an elongated S, shown as [, is used to replace
the words ‘the integral of’. Hence, from above, f 4x = 222
and [ 2fis 1.

d
In differentiation, the differential coefficient ay indicates

that a function of x is being differentiated with respect to x,
the dx indicating that it is ‘with respect to x’. In integration
the variable of integration is shown by adding d (the variable)
after the function to be integrated.

Thus [ 4x dx means ‘the integral of 4x with respect to x°,
and [ 2t dr means ‘the integral of 2 with respect to #’
As stated above, the differential coefficient of 2x? is 4x, hence
[ 4x dx = 2x?. However, the differential coefficient of 2x*+7
is also 4x. Hence [ 4x dx could also be equal to 2x2 +7. To
allow for the possible presence of a constant, whenever the

process of integration is performed, a constant ‘c’ is added
to the result.

Thus [4x dx=2x*>+cand [2tdt =1 +c

‘¢’ is called the arbitrary constant of integration.

31.2 The general solution of integrals of
the form ax”

The general solution of integrals of the form [ ax" dx, where
a and n are constants and n # —1, is given by:

axn+1
ax"dx = ——4cC
/ n—|—1+

Using this rule gives:
3
3T dx = =>x"4c¢
/x 4+ 4T
4 t3+1
(i1) /—t dtdx—g( )

4 (1 n -—1t4+c
“o\4) T T

Both of these results may be checked by differentiation.

31.3 Standard integrals

From Chapter 30,

Since integration is the reverse process of differentiation it
follows that:

d .
E(sm ax) = acos ax

/acos ax dx = sin ax + ¢

1
or /cosaxdx:asinax—i—c
By similar reasoning

1
/sin ax dX=—acos ax +c¢

1
/e""X dx = —e* 4+ ¢
a

1
and /;dx:lnx-{-c
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n+1

ax
1 + ¢ except when n = —1

From above, [ax" dx =

n+
1

Whenn =—1,then [x'dr=[=-dr=Inx+ ¢
X

A list of standard integrals is summarised in Table 31.1.

Table 31.1 Standard integrals

axn-H
. " di _
i) /ax ntl +c
(except when n = —1)
(i) /cos axdx = —sin ax+c
a

1
——CO0S ax +c¢

(iii) / sin ax dx =

a
. 1
@iv) / e™ dx = —-e*+c
. a
1
W) / — dx = Inx+c
J x

Problen1. Determine: (a) / 3x* dx  (b) / 27 dr

axn+1

n+1

The general rule is / ax" dx = +c

(a) When a =3 and n = 2 then

32+1
/3x2dx:2x+1+c:x3+c

(b) When a =2 and n = 3 then

/213 dr 20 + 2 fo= 1ty +c
~ = C = — C = —
341 4 2

Each of these results may be checked by differentiating them.

Problem 2. Determine (a) / 8 dx (b) / 2x dx

(a) /8 dx is the same as [ 8x° dx and, using the general
rule when a = 8 and n = 0 gives:

80+1
/Sxodx=0x+1+c=8x+ c

In general, if k is a constant then fk dx =kx +c
(b) When a =2 and n = 1, then

. 2x1+1 2x2
2xdx= [ 2x dx = +c="—+c¢
1+1 2

=x>+c

5
Problem 3. Determine: / (2 + ax — 6x2) dx

5
Ik (2 + 7%~ 6x2> dx may be written as:

5
/2dx+/7xdx—/6x2dx

i.e. each term is integrated separately.
(This splitting up of terms only applies for addition and
subtraction).

5
Hence /(2+ 5x—6x2) dx
5\ yl+! K2+
=2 - — (6
x+<7)1+1 @31t

5\ x2 x3
:2 —_ —_— 6_ >
x+(7)2 ()3—1—6

5
=2x + —x*—2x3+c
+ 12 +

Note that when an integral contains more than one term there
is no need to have an arbitrary constant for each; just a single
constant at the end is sufficient.

3
Problem4. Determine: / - dx
X

3
2 o=

Jax" dx when a = 3 and n = —2 gives:

3x—2+1
3x 2dx=
/x _2+1+c

S 3x72 dx. Using the standard integral,

3x~! ) -3
= +c=-3x""+4+c=—+¢C
-1 X

Problem5. Determine: / 34/x dx

For fractional powers it is necessary to appreciate that
1

m
/am = an , from which, \/x = x2. Hence,
3

1
1 3§+1 3x2
/3ﬁdx=/3xz dlexiﬂ:%ﬂ.
_ 1 -
2+ 2
2 3 3
=(3)(§)x2 =2x2 +c=2vVx3+c

"5
Problem 6. Determine: / — dx




1 1
5 ! 557271 5x2
/—dx=/5x_2dx= xl +c=xT+c
J VX . 1 !
2 2

=(5) (%)x%—{—c:lOﬁ—i—C

Problem 7. Determine:

3 .
(a) /(X 2x) & (b) /(l—x)zdx
) 3x .

(a) Rearranging into standard integral form gives:

J(=5) o f (55 o

N\ x* 2
:(5 3 3t
:1x3—%x+c

9 3

(b) Rearranging f (1 —x)? dx gives:

ol 2t
1+1 + 2+1
2 X

ZX_T—F?-FC

/(1—2x+x2)dx=x— +c

1
:x—x2+§x3+c

This problem shows that functions often have to be rear-
ranged into the standard form of [ ax" dx before it is possible
to integrate them.

Problem 8. Determine:

(a) /SCos 3x dx (b) /3sin 2x dx

(a) From Table 31.1(i1),

/SCOS 3xdx=5/cos 3x dx

=(5) (% sin 3x) + ¢

5
= —sin 3Xx +C
3sm —+
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(b) From Table 31.1(iii),
1
/3sin2x dx = 3/sin 2x dx = (3)(—5005 2x>+c

3
= —— 2X +cC
2 Ccos +

6
Problem9. Determine: (a) / 5¢* dx  (b) / . dx
e X

(a) From Table 31.1(iv),

1
/Se” dr = 5/e3x dx = (5) (§e3x) +c

53x
== c
3¢ T
6 -2 )
(b) de: 6e " dx=6 [ e " dx
e)m
1 —2x —2x
= (6) jze +c=-3""+c¢

3

Problem10. Determine:

wfge w[(*) e
@ [so= Q) e=s /() o

= gln X 4+ ¢ (from Table 31.1(v))
2_1 2 1
o [() e[ e
X X X
( l) 3x2
=/3x——dx=—+lnx+c
. X 2

32
ZEX +In x+c

Now try the following exercise

Exercise 116 Further problems on standard inte-
grals (Answers on page 265)

Determine the following integrals:

1. (a /4dx

(b) /7x dx

2. (a) /‘gxzdx (b) /§x3dx
' J 5 J 6
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3. (a) /(3+2x—4x2)dx (b) 3/‘(x+5x2)dx
2 _

4 @ /<3xx5x) & (b) /<2+x>2dx
4 3

5. (a)/gdx (b) @dx

2

6. (a) /ﬁdx (b)/ﬁdx

7. (a) /3cos 2x dx (b) /7sin 3x dx
3 2 [dx

8. (a) /Ze dx (b) 3/65X
2 2

9 @ [ ar (b)/(xx )dx

31.4 Definite integrals

Integrals containing an arbitrary constant ¢ in their results
are called indefinite integrals since their precise value can-
not be determined without further information. Definite inte-
grals are those in which limits are applied.

If an expression is written as [x]? ‘b’ is called the upper
limit and ‘a’ the lower limit.

The operation of applying the limits is defined as:
[x], = (b) — (a)

The increase in the value of the integral x> as x increases
from 1 to 3 is written as [} x> dx

Applying the limits gives:

/fxdx 5 ) (5+)

Note that the ‘c’ term always cancels out when limits are
applied and it need not be shown with definite integrals.

Problem 11. Evaluate:

2 3
(a)/ 3x dx (b)/ (4 — x?) dx
1 -2

/23 b 3x22_ 3, 30y
@ J 3 —Hr{z“}‘{z“}

1
:6—152 or 4.5

&~
[SEN

|

~

b

|
w| =,
—_

)

~

3
) / G- dr =
J=2

B (3)? (—2)°

={so- - {e- )
-8

={12-9}— {—8— T}

:{3}—{—51}:81 or 8.33

3 3

Problem12.  Evaluate:

2 1 /4 5.2
@ [ xG+20dc () (#) dx
0 —1

a2 287’
(a) /x(3+2x)dx /(3x+2x)dx [ _‘_7}
2 3 1y
_ 322 22
—{ SR }—{0+0}
16 1

o [ (T e [ ()
—1 X —1 X X X

1
:/ 3 —=5x+1)dx
-1

5 (—1)4 5(—1)2
—5+1}—{ L -C +(—1>}

5

2

/2
Problem 13. Evaluate: / 3sin 2x dx
0

7/2 1 /2
/ 3sin2x dx = {(3) (—— cos Zx)}
0 0

/2 3 )
= {——cos Zx} = ——[cos 2x]/
2 0

3o 2} 1o 20

(cos 0)]

w

= —5[(cos T) —

3 3
= —Jl=D - =32 =



2
Problem 14. Evaluate: / 4cos 3t dt
1

2

2
/ 4cos 3t dr = [(4) (7 sin 3t)}
1 1

4 . .
= g[sm 6 — sin 3]

4 )
= g[sm 3tl;

Note that limits of trigonometric functions are always
expressed in radians — thus, for example, sin 6 means the
sine of 6 radians = —0.279415..

2
4
Hence / 4cos 3t dr = 5[(_0’279415”) —(0.141120..)]
1

4
= g[_0'420535] = —0.5607

Problem 15. Evaluate: (a) / 4e* dx  (b) /

each correct to 4 significant figures.

2

2
(a) / 4e* dx = Eez)‘} = 2[e2x]% =2[e* — &%
1

1
= 2[54.5982 — 7.3891] = 94.42

43 3 43
(b) / — du = {7 lnx} = —[In4 —In1]
| 4x 4 4

1

3
= Z[1.3863 — 0] =1.040

Now try the following exercise

Exercise 117 Further problems on definite integrals
(Answers on page 265)

Evaluate the following definite integrals (where neces-
sary, correct to 4 significant figures):

.13
b ZPd
()./,14t t

"2 "3
2. (a) / B=x)dx (b / (x*> —4x +3) dx
J—1 J1

2 2 3 2
3. () / (1 + 4x) dx (b)/ (w) dx
J1 J—1

4
1. (a) / 5x dx
J1

X

T3 r/2
4. (a) / —cosf do (b) / 4cos x dx
Jo 2 Jo

7/3 2
5. (a) / 2sin 2x dx (b) / 3sin t dt
/6 0
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6. (a) / 5cos 3xdv (b) / (3sin 2x —2cos 3x) dx

7. (a) /0 3¢ dr (b) / 35
3 3

8. (a)/idx (b) / <2x+1)dx
2 3 1 X

31.5 Area under a curve

The area shown shaded in Figure 31.1 may be determined
using approximate methods such as the trapezoidal rule, the
mid-ordinate rule or Simpson’s rule (see Chapter 23) or,
more precisely, by using integration.

y
= f(x)
0 Xx=a x=b X
Fig. 31.1

The shaded area in Figure 31.1 is given by:

b b
shaded area = / y dx = / f (x) dx
a a

Thus, determining the area under a curve by integration
merely involves evaluating a definite integral, as shown in
Section 31.4.

There are several instances in engineering and science
where the area beneath a curve needs to be accurately
determined. For example, the areas between limits of a:

velocity/time graph gives distance travelled,
force/distance graph gives work done,
voltage/current graph gives power, and so on.

Should a curve drop below the x-axis, then y(= f(x))
becomes negative and [ f(x) dx is negative. When determin-
ing such areas by integration, a negative sign is placed before
the integral. For the curve shown in Figure 31.2, the total
shaded area is given by (area E + area F + area G).

By integration,

b c
total shaded area = / f(x)dx — / f(x) dx
a b

+/Cdf(x)dx

(Note that this is not the same as fad f(x) dx).
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AT, %
/

7 z

Fig. 31.2

It it usually necessary to sketch a curve in order to check
whether it crosses the x-axis.

Problem 16. Determine the area enclosed by
y = 2x + 3, the x-axis and ordinates x = 1 and x = 4.

y = 2x 4+ 3 is a straight line graph as shown in Figure 31.3,
where the required area is shown shaded.

12}k /y:2x+3

Fig. 31.3

4
By integration, shaded area = / y dx
1

4
:/ 2x +3) dx
1
2x2 4
= {7”’6}1
=[(16412) — (14 3)]

= 24 square units

[This answer may be checked since the shaded area is
a trapezium.

1
Area of trapezium = 3 (sum of parallel sides)

(perpendicular distance between
parallel sides)

1
= 5(5 + 11)(3) = 24 square units]

Problem 17. The velocity v of a body t seconds after a
certain instant is: (2t2 4 5)m/s. Find by integration how
far it moves in the interval fromr =0tot =4s.

Since 212 +5 is a quadratic expression, the curve v = 2¢> 45
is a parabola cutting the v-axis at v = 5, as shown in
Figure 31.4.

v (m/s)

40
v=2t2+5

30

20

10

0 1 2 3 4 t(s)

Fig. 31.4

The distance travelled is given by the area under the v/t
curve (shown shaded in Figure 31.4).

4 4
By integration, shaded area = / vdt = / Q2 +5)dr
0 0
4

213
= —+5t]
- [T+,

3
= (2(§ ) +5(4)) -0

i.e. distance travelled = 62.67 m




Problem 18. Sketch the graph y = x* + 2x> — 5x — 6
between x = —3 and x = 2 and determine the area
enclosed by the curve and the x-axis.

A table of values is produced and the graph sketched as
shown in Figure 31.5 where the area enclosed by the curve
and the x-axis is shown shaded.

x | -3 -2 -1 0 1 2
B =27 -8 -1 0 1 8
22 18 8 2 0 2 8
—5x 15 10 5 0 -5 -—10
-6 | -6 -6 -6 -6 -6 —6
y 0 4 0 -6 -8 0

y=x3+2x2-5x-6

Fig. 31.5

Shaded area = [~ y dx — [, y dx , the minus sign before
the second integral being necessary since the enclosed area
is below the x-axis. Hence,

shaded area

—1
:/ (3 +2x*> —5x — 6) dx

3

2
—/ & +2x%> = 5x — 6) dx
-1
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1
=21,

12 or

21.08 square units

Problem 19. Determine the area enclosed by the curve
y = 3x? 4 4, the x-axis and ordinates x = 1 and x = 4
by

(a) the trapezoidal rule, (b) the mid-ordinate rule,

(c) Simpson’s rule, and (d) integration.

The curve y = 3x% + 4 is shown plotted in Figure 31.6.

01.0 1.5 20 2.5 3.0 3.5 4.0]
4 710.7516 22.75 3140.75 52|

y=3x2+4

50 |

Fig. 31.6

The trapezoidal rule, the mid-ordinate rule and Simpson’s
rule are discussed in Chapter 23, page 177.

(a) By the trapezoidal rule,
first 4 last

. sum of
ordmate) +
remaining ordinates]

1
area = (width of interval) [5 (
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Selecting 6 intervals each of width 0.5 gives:

area = (0.5)[%(7 +52)+10.75+ 16
+22.75 + 31 4+ 40.75]
= 75.375 square units
(b) By the mid-ordinate rule,
area = (width of interval)(sum of mid-ordinates).

Selecting 6 intervals, each of width 0.5 gives the mid-
ordinates as shown by the broken lines in Figure 31.6.

= (0.5)(8.7 + 13.2+19.2 +26.7
+35.7 +46.2)

Thus, area

= 74.85 square units

©

By Simpson’s rule,

1 widthof
~ 3 \interval ordinates

()

Selecting 6 intervals, each of width 0.5 gives:

first 4 last
area

)

sum of remaining
odd ordinates

sum of even
ordinates

)

1
area 3(0.5)[(7 +52) +4(10.75 + 22.75 + 40.75)

+2(16 4+ 31)]
=75 square units

(d) By integration, shaded area

4 4
/ydxz/ (Bx* +4) dx = [¥* + 4x]]
J1 J1

= (64 + 16) — (1 4+ 4) = 75 square units

Integration gives the precise value for the area under a curve.
In this case Simpson’s rule is seen to be the most accurate
of the three approximate methods.

Problem 20. Find the area enclosed by the curve
y = sin2x, the x-axis and the ordinates x = 0 and

X =

3

A sketch of y = sin 2x is shown in Figure 31.7.

2
(Note that y = sin 2x has a period of g, i.e. m radians).

/3

/3 /3 1
Shaded area / ydx = sin2x dx = {—i cos Zx}
0 0

0

y=sin2x

T

0 /3 7l2

Fig. 31.7

SINED

3
1 or (.75 square units

Now try the following exercise

Exercise 118 Further problems on area under curves
(Answers on page 265)

1. Show by integration that the area of a rectangle
formed by the line y = 4, the ordinates x = 1 and
x = 6 and the x-axis is 20 square units

2. Show by integration that the area of the triangle
formed by the line y = 2x, the ordinates x = 0
and x = 4 and the x-axis is 16 square units.

3. Sketch the curve y = 3x> + 1 between x = —2 and
x = 4. Determine by integration the area enclosed
by the curve, the x-axis and ordinates x = —1 and
x = 3. Use an approximate method to find the
area and compare your result with that obtained by
integration.

4. The force F newtons acting on a body at a distance x
metres from a fixed point is given by: F = 3x 4 2x2.
If work done = [’ Xlz F dx, determine the work done
when the body moves from the position where x; =
1 m to that when x, = 3 m.

In Problems 5 to 9, sketch graphs of the given equations,
and then find the area enclosed between the curves, the
horizontal axis and the given ordinates.

5. y=5x; x=1,x=4
6. y=2x>—x+1; x=-1,x=2
7. y=2sin 2x; x:O,x:%




g

8. y=5cos 3t; t=0,1= 3

9. y=x—-D&x-3); x=0,x=3

10. The velocity v of a vehicle ¢ seconds after a certain
instant is given by: v = (3t>44) m/s. Determine how
far it moves in the interval fromr =1sto¢r=75s.

Assignment 15

This assignment covers the material contained in
Chapters 30 and 31. The marks for each question
are shown in brackets at the end of each question

1. Differentiate from first principles f(x) = 2x*> +x — 1

(%)
5 .o dy
2. If y = 4x> — 2/x determine — %)
. 3 1
3. Given f(x) = — — — find f'(x) 4
by x
4. Differentiate the following with respect to the
variable:
(@) y=4sin 2x — 5cos 3x
(b) y=2e*—31In 7t 4)
5. Find the gradient of the curve y = 5x* + 2x — 3 at
the point (1, 4) 4

10.

. Newtons law of cooling is given by: 6 = 6pe™,
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2

: 2 d’y
; G1veny:3x2—;+\/)—cﬁnd -7 6)

kt

where the excess of temperature at zero time is 6;C
and at time ¢ seconds is 6°C. Determine the rate
of change of temperature after 40 s, correct to 3
decimal places, given that 6y = 16°C and k = —0.01

@)
. Determine the following:
(a) /(2 —3x +5x%) dx
(b) /(4 cos 2x — 24/x) dx 4)

. Evaluate the following definite integrals, correct to 4

significant figures:

2 1
(a)/ (2x2——) dx
1 X

/3
(b) / 3sin 2x dx
0

1 1
2x da
& /0 (3e \/)—C) 1o

Sketch the curve y = 2x?> + 5 between x = —1 and
x = 3. Determine, by integration, the area enclosed
by the curve, the x-axis and ordinates x = —1 and

x=3. (5)



List of formulae

Laws of indices:
m-+n

a" xa' =a — =a

am/n — n/am a' = —

Exponential series:

(am)n :amn . xz x3
e=l4+x+=+= 4

TRREY (valid for all values of x)

a® =1

Theorem of Pythagoras:

Quadratic formula:

If ax>+bx+c=0 then x=

—b £ V/b* —4ac

Equation of a straight line:

y=mx+c

P¥=a+c
2a A
b
c
B a C
Fig. F1

Definition of a logarithm:

If y=a" then x=log,y

Laws of logarithms:
log(A x B) =logA + logB

A
log (E) =logA —logB

logA" =n x logA

Areas of plane figures:

(1) Rectangle Area=1xb

Fig. F2



List of formulae

(ii) Parallelogram Area=bx h For a sector of circle:

o

> arc length, s = 360 2rr)y=rf (0 in rad)
0° ) 1, .
shaded area = (mr°) = —r*® (0 in rad)
h 360 2

Equation of a circle, centre at origin, radius r:

2

, x2+y2:r

oy

Equation of a circle, centre at (a, b), radius r:

Fig. F3 @—a’+@Gy-by=r

(i) Trapezium  Area= L(a+b)h

249

Volumes and surface areas of regular
solids:

(1) Rectangular prism (or cuboid)

h Volume =1 x b x h

Surface area = 2(bh + hi + 1b)

a
 ——
b

Fig. F4

(iv) Triangle Area = % xbxh

b
h
Fig. F7
¢ [ - (i) Cylinder
r U
b Volume = 7r2h
Fig. F5 Total surface area = 27rh + 271>
(v) Circle  Area = nr? Circumference = 2nr e
h
s
Fig. F8
(iii) Pyramid
Fig. F6 If area of base = A and
perpendicular height = & then :
Radian measure: 2m radians = 360 degrees Volume = ! x A x h

3
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Fig. F9

Total surface area = sum of areas of triangles forming sides
+ area of base

(iv) Cone

Volume = %mfzh

Curved surface area = 7mrl

Total surface area = 7rl + 7r?

Fig. F10

(v) Sphere

Volume = %ﬂr3

Surface area = 47>

Fig. F11

Areas of irregular figures by approximate
methods:

Trapezoidal rule
width of \ [1 / first 4 last
Area~ | . — .
interval 2 \ ordinate

+ sum of remaining ordinates}

Mid-ordinate rule

Area ~ (width of interval)(sum of mid-ordinates)
Simpson’srule
1 ( width of first + last
Area~ = [ . .
3 \ interval ordinate

sum of even sum of remaining
+4 < ordinates > +2 ( odd ordinates )}

Mean or average value of a waveform

area under curve
mean value, y = ——
length of base

sum of mid-ordinates

number of mid-ordinates

Triangle formulae:

. a b c

Sine rule: - = — = —

sinA sin B sin C
Cosine rule: a*> =b* +¢? = 2bccos A

A
c b
B a c

Fig. F12

1
Area of any triangle = > X base x perpendicular height

1 1 1
= —absinC or =—acsinB or —bcsinA
2 2 2

a+b+c

= \/[s(s —a)(s —b)(s —c)] where s= 2

For a general sinusoidal function y = Asin(et &£ «), then
A = amplitude
o = angular velocity = 27 f rad/s

2m T
— = periodic time T seconds
w

2 _ frequency, f hertz
2w

o = angle of lead or lag (compared with y = A sin wt)



Cartesian and polar co-ordinates

If co-ordinate (x, y) = (r,0) then
r=+x2+3y? and 0 =tan"! Y
X

If co-ordinate (r,0) = (x, y) then

x=rcos® and y=rsind

Arithmetic progression:

If a = first term and d = common difference, then the
arithmetic progression is: a,a+d,a+2d, ...

The n’thtermis : a + (n — 1)d

Sum of 7 terms, § = %[2(1 +(n—1d]

Geometric progression:

If a = first term and r = common ratio, then the geometric
progression is: a, ar, ar?, . ..

The n’th term is: ar"~!

1 —" n_ ]
Sum of n terms, S, = a( ) atr )
1-r r—1)
f-1<r<l, Soc:L
(I=r

Statistics:

Discrete data:

o 2x
mean, x = —/—
n
-2
.. X —X
standard deviation, o = {2(7)}
n

List of formulae

Grouped data:

251

mean, x = z fx
> f
)
standard deviation, o = M
> f
Standard derivatives
dy
f(x — or f’(x
yorf(x) — orf/(x)
ax" anx"!
sin ax acos ax
coSs ax —asin ax
eax aeax
1
In ax -
X
Standard integrals
y Jydx
xn+l
ax" an 1 + ¢ (except when n = —1)
cos ax —sin ax + ¢
a
sin ax ——cos ax +c
a
1
e P +c
a
1
- In x+c¢
X




Answers to exercises

Exercise 1 (Page 2)

1 19 2. —66 3. 565

4. —2136 5. -36121 6. 107701
7. 16 8. 1487 9. —225
10. 5914 11. 189 12. —-70872
13. —15333 14. (a) 1827 (b) 4158

15. (a) 8613 (b) 1752
17. (a) 10304 (b) — 4433

16. (a) 1026 (b) 2233
18. (a) 48 (b) &9
19. (a) 259 (b) 56 20. (a) 456 (b) 284

100 10
21. (a) 474—= (b) 593—
@ 474157 ®5935,

Eerercise 2 (Page 4)
1 (a2 (b)210 2. ()3 (b) 180
3. (@5 (b)210

5. (a) 14 (b) 420420 6. (a) 14 (b) 53900

4. (a) 15 (b) 6300

Exercise 3 (Page 5)

1. 59 2 14 3.8 4.5 5 —-107 6. 57 7. 68

Exercise 4 (Page 8)

9 3 43 47
1. (a) 0 (b) T 2. (a) 7 () 3

4. (a) 11—6

51
3. 88—
(a) o

9 17
1= -
52 ® 40 ® 60

5.

7.

5 3 3
@ ; ® 9 6. (a) 5 (b) 11

1 5 8 12
— (b)) —= 8. — (b)) =
@ O @z O 5
—l 10. 1l 11. 5il
9 6 5
1
——3 13. 2§
126 55

Exercise 5 (Page 9)

1

3.

5.

7.

9lmm to 221mm 2. 81cm to 189cm to 351 cm
£1.71 and £3.23 4. 17¢g

72kg : 27kg 6. 5

(@) 2h 10 min  (b) 4h 20 min

Exercise 6 (Page 11)

1.

4.

10.
13.

11.989 2. —31.265 3. 24.066

10.906 5. 22446

(2) 24.81 (b) 24.812

(2) 0.00639 (b) 0.0064

@2 w9l @ 2

Y20 25 7 80 500 125

@1 a4l ol @15 @16

a) l— — (c) 14 — () 16—
50 40 8 20 80

0.444 44 11. 0.62963 12. 1.563

53.455 14. 13.84 15. 8.69



Exercise 7 (Page 12)

1 (@)57% (b)37.4% (c) 128.5%

2. (a)21.2% (b) 79.2% (c) 169%

3. (a) 496.4t (b) 8.657g (c)20.73s

4. 2.25% 5. (a) 14% (b) 15.67% (c) 5.36%

6. 37.8g 7. 72% 8. A 0.6kg, B 0.9kg, C 0.5kg

9. 54%,31%, 15%,0.3t

Exercise 8 (Page 15)

1L @3 4 2 @28 ®7°
3@2 M3 4 @5 b7
5 (@7 (b)3° 6. (a15° (b) 17
7. @2 b)3° 8 (a5 (b)13?
9. @3* (b1 10. (a)5° (b)%

11. (a) 72 (b)% 12. a1 (b1

Exercise 9 (Page 17)

1 1
L@3s ®a s

2

2. (a) 3—

= ®

210 » 52

3. (@9 (b £3 (C)ﬂ:% (d):i:%

147 19 13 1
4, 0 N L3 7=
148 > ~lge 8 35 9
8 —s2 o o 10, 42
72 2

Exercise 10 (Page 18)

1. (a)7.39 x 10 (b) 2.84 x 10
(c) 1.9762 x 10?
2. (a) 2.748 x 10° (b) 3.317 x 10*

(c) 2.742 18 x 10°

3. (a) 2401 x 107! (b) 1.74 x 1072 (c) 9.23 x 1073

4. (a) 1.7023 x 10°> (b) 1.004 x 10 (c) 1.09 x 1072

5.

6.

7.

Answers to exercises 253

(@) 5x 107" (b) 1.1875 x 10

(¢) 1.306 x 10> (d) 3.125 x 1072

(a) 1010 (b) 932.7 (c) 54100 (d)7

(a) 0.0389 (b) 0.6741 (c) 0.008

Exercise 11 (Page 19)

1

2.

(a) 1.351 x 10° (b) 8.731 x 107" (c) 5.734 x 1072

(@) 1.7231 x 10°  (b) 3.129 x 1073
(c) 1.1199 x 10°
(@) 1.35 x 10> (b) 1.1 x 10~°

@2x10%2 () 1.5%x1073

(@) 2.71 x 10 kg m™®  (b) 4.4 x 107!
(€) 3.7673 x 10> Q (d) 5.11 x 10" MeV

(e) 9.57897 x 10" C kg™' (f) 2.241 x 1072 m® mol~!

Exercise 12 (Page 21)

=

order of magnitude error

Rounding-off error - should add ‘correct to 4 significant

figures’ or ‘correct to 1 decimal place’

3. Blunder

Measured values, hence ¢ = 55800 Pa m?

5. Order of magnitude error and rounding-off error - should

8.

be 0.0225, correct to 3 significant figures or 0.0225,

correct to 4 decimal places
~ 30 (29.61, by calculator)
~ 2 (1.988, correct to 4 s.f., by calculator)

~ 10 (9.481, correct to 4 s.f., by calculator)

Exercise 13 (Page 23)

1.
2.

(a) 10.56 (b) 5443
(a) 2.176  (b) 5.955 (c) 270.7 (d) 0.1600

(c) 96970 (d) 0.004 083

(a) 0.1287 (b) 0.02064 (c) 12.25 (d) 0.8945

(a) 558.6 (b)31.09 5. (a) 109.1 (b) 3.641

(a) 0.2489 (b) 500.5
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7. (a) 0.05777 (b) 28.90 (c) 0.006761

8. (a) 2515 (b) 146.0 (c) 0.000029 32

9. (a) 18.63 (b) 87.36 (c) 0.1643 (d) 0.064 56
10. (a) 0.005559 (b) 1.900

11. (a) 6.248 (b) 0.9630

12. (a) 1.165 (b) 2.680

13. (a) 1.605 (b) 11.74

14. (a) 6.874 x 107> (b) 8.731 x 1072

Exercise 14 (Page 24)

1. (a) 49.40 euro (b) $175.78 (c) £78
(d) £126 (e) $154

2. (a) 381mm (b) 56.35km/h (c) 378.35km
(d) 521b130z (e) 6.82kg (f) 54.55 litres

(g) 5.5 gallons

3. (a) 7.09 am. (b) 51 minutes, 32 m.p.h. (c) 7.04 a.m.

Exercise 15 (Page 27)

1. A =66.59cm? 2. C =52.78mm
3. R=375 4. 159 m/s
5. 0.407A 6. 0.00502m or 5.02mm
7. 0.144] 8. 628.8m>
9. 2245 10. 14230kg/m’
11. 281.1m/s 12. 2.526 Q
13. £589.27 14. 508.1W
15. V=261V 16. F =854.5
17. 1 =381A 18. T =14.79s
19. E =3.96]J 20. 1=1277A
21. §=17.25m 22. A =7.184cm?
23. v=17.327

Exercise 16 (Page 29)
1 (@6 ()1l () 14 (d) 90
2. (a) 210 (b) 2519 (c) 451 (d) 51y

3. (a) 0.8125;) (b) 0.78125,
(c) 0.21875;, (d) 0.34375y
4. (a) 26.75;9 (b) 23.375,
(c) 53.4375;, (d) 213.71875;

Exercise 17 (Page 31)

1. (a) 101, (b) 1111, (c) 10011, (d) 11101,

2. (a) 11111, (b) 101010, (c) 111001,
(d) 111111,

3. (a) 0.01, (b) 0.00111, (c)0.01001,
(d) 0.10011,

4. (a) 101111.01101, (b) 11110.1101,
(c) 110101.11101, (d) 111101.10101,

Exercise 18 (Page 32)

1. (a) 101010111, (b) 1000111 100,
(c) 10011110001,

2. (a) 0.01111, (b)0.1011, (c)0.10111,

3. (a) 11110111.00011, (b) 1000000010.011 1,
(c) 11010110100.11001,

4. (a) 7437559 (b) 41.25;p (c) 7386.1875

Exercise 19 (Page 35)

1. 231y 2. 44 3. 152 4. 7530
5. 3646 6. C8j 7. 5B 8. EEjs
9. D7, 10. EA;s 11. 8By 12. A5

13. 110111, 14. 11101101, 15. 10011111,

16. 101000100001,

Exercise 20 (Page 38)

1. —16 2. -8 3. 4a

1 1 1
4, 2-— 5 -2- 1= 2
6C 4x+ 2y+ Z



6. a—4b—c 7. 9d—2¢ 8 3x—5y+5z
1 5 5 5

9. —5-a+ -b—4c 10. 3x" —xy —2y
276

11. 6a® — 13ab + 3ac — 5b> + be

1
12. () o (i) 20b 13 20—y 14. 3p+2q

Exercise 21 (Page 40)

1 1
1. x5y4z3, 135 2. a2b1/2072,45 3. @b 7%, 9

4, X041/, g l+a 6. P’q
b q—p

7. ab®c3? 8. a*p’c!! 9. xy’V/z13
6 3

10, L 1. aepien o YOVb
ef? Ve3

Exercise 22 (Page 42)

1 3x+y 2 3a+5y 3. 5x—-y

e

xBx—3+y) 5 —5p+10g—6r

o

a*+3ab+2b* 7. 3p* + pg —24°

(o]

. () X2 —4dxy+4y* (i) 9a* — 6ab + b*
9. 3ab+Tac —4bc 10. 0 11. 4—a
12. 2+5p* 13. 11g—2p

14. (i) p(b+2¢) (i) 2q(q + 4n)
15. (i) 7Tab(Bab — 4) (i) 2xy(y + 3x + 4x?)
16. ) @+b)(y+1) G) (p+@x+y)
17. (i) (x—y)a+b) (i) (a—2b)(2x +3y)

Exercise 23 (Page 44)

1 1
1. —-+6 2. -
T 5
3. 4a(l — 2a) 4. a(da+1)
2
5. a(3 — 10a) 6. — —3y+12
3y

7 2inlosy 8 2inos
T3y T3 T % gy Y
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5
9. 241 10. pg
y
1. la—a 12 (113
. =X = . —
2 Y\ ™

Exercise 24 (Page 45)

1 (@15 (b)78

N

. (a) 0.0075 (b) 3.15 litres (c¢) 350K
3. (a) 0.00008 (b) 4.16 x 10734 (c) 45V
4, (a)9.18 (b) 6.12 (c) 0.3375

5. (a) 300 x 10* (b) 0.375m> (c) 24 x 10°

Exercise 25 (Page 47)

11 2.2 3 6 4 -4 51

W

6.1 7.2 8 3 9.0 10 3
1. 2 12 -10 13. 6 14 -2 15 2}

6. 2 17. 6; 18 -3

Exercise 26 (Page 49)

15 2. -2 3 -4, 4.2
5. 12 6. 15 7. -4 8. 51
9.2 10. 13 11 —-10 12 2
13. 3 14. —11 15, -6 16. 9
7. 6; 18. 3 19. 4 20. 10

21 £12 22, -3} 23 43 24 +4

Exercise 27 (Page 50)

1. 1077 2. 8m/s? 3. 3.472
4, (a)1.8Q (309 5 12p,17p 6. 800 Q

Exercise 28 (Page 52)

1. 12cm,240cm? 2. 0.004 3. 30
4. 45°C 5. 50 6. £208, £160

7. 30kg 8. 12m, 8m
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Exercise 29 (Page 54)

Exercise 32 (Page 61)

1
Ld=c-a-b 2 y=zt-» 3 rzé
- 1 E
4, x=y ¢ 5 T=— 6. R=—
m PR 1
S—a a 5
7. R= 1-—- 8 C=_-(F-32
S or S 9( )
Exercise 30 (Page 56)
d d
L ox=2(+2) or auryT
3F — AL AL MI?
2. f=—F— =F-— 3 E=—
f 3 o/ 3 81
R—R RR
4. t= 0 5 R =
Root R, —R
E—e— IR E—e
6. R= or = —r
1 1
y ay r’g
7. b= D = 9_ lzi
<4ac2> . /(y* — b?) 42
A
10. u=+vVv*—2as 11. R= (%)
T
/Zz_Rz
12. a=N?y—x 13 L=‘"_"—
2n f
Exercise 31 (Page 57)
M
1 a= < s ) 2 R:4(—+r4>
m-—n T
3 3x+y) 4 L — mrCR
I=x-y) B—m

2 2
7 a(p” —q°) o uf 30
2(p*+4q%) u—f
2dgh
9 n=n+2.55 10 v=/( 2" 0965
mc 0.03L
852
11 1= 22 44,2725
3
1
12. C L 63.1 x 10°°

= wlol — V72 — R

1. a=5b=2 2. x=1,y=1

3. 5s=2,r=3 4 x=3,y=-2

5. m=2j,n=3 6. a=6b=-1

7. x=2,y=5 8 ¢c=2,d=-3
Exercise 33 (Page 62)

1. p=—-1,g=-2 2. x=4,y=6

3. a=2,b=3 4, s=4,t=-1

5 x=3,y=4 6. u=12,v=2

7. x=10,y=15 8. a=0.30,b=0.40

Exercise 34 (Page 64)

1 x:%,y:}t 2. %,b:—%

3 p:i,q:% 4 x=10,y=5

5. c=3,d=4 6. r=3s5=3

7. x=5y=1 81

Exercise 35 (Page 67)

1L a=1b=4 2. 1) =647,1, =4.62
3. u=12,a=4,v=26 4 £15500,£12800

5 m=—-1c¢=3 6. a = 0.00426, Ry = 22.562

—3

7. a=12,b=0.40 8 a=4b=10

Exercise 36 (Page 69)

1 4-8 2 4-4 32-6 4 —111
5 3.3 6. 3.—3 7.2

8 1i,—4 9. 3, -2 10 % -3

11 4, -1 123, -3 13 X —4x+3=0

4. *>+3x—-10=0 15. >’ +5x+4=0

16. 4> —8x—5=0 17. ¥*=36=0

18. 2 —1.7x—1.68=0
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Exercise 37 (Page 71)

1. —3.732,-0.268 2. —3.137,0.637
3. 1.468, —1.135 4. 1.290,0.310
5. 2.443,0.307 6. —2.851,0.351

Exercise 38 (Page 72)

1. 0.637,-3.137 2. 0.296, —0.792

3. 2.781,0.719 4. 0.443, —1.693
5. 3.608, —1.108 6. 4.562,0.438
Exercise 39 (Page 74)

1. 1.191s 2. 0.345A or 0.905 A
3. 7.84cm 4. 0.619m or 19.38m
5. 0.0133 6. 1.066m

7. 86.78cm 8. 1.835m or 18.165m
9. 7m 10. 12 ohms, 28 ohms

Exercise 42 (Page 85)

1

2.

9.

10.

(a) 40°C  (b) 128
(a) 850 rev/min (b) 77.5V

(@) 025 (b) 12 (c) F=0.25L+12

(d) 89.5N (e) 592N (f) 212N

—0.003, 8.73

(@) 22.5m/s (b) 6.43s (c) v=0.7t+15.5

m = 26.9L — 0.63

(a) 1.26t (b) 21.68% (c) F = —0.09w + 2.21
(a) 96 x 10°Pa  (b) 0.00022 (c) 28.8 x 10°Pa
@1 ®6 (E=1L+6 (d)I2N (e) 65N

a=0.85b=12, 254.3 kPa, 275.5 kPa, 280K

Exercise 40 (Page 75)

1L x=1,y=3 and x=-3,y=7

and - 1%, y=—41

— 2 —
2.x—§,y— 3

1
5

3 x=0,y=4 and x=3,y=1

Exercise 43 (Page 88)

1L x=1,y=1 2. x

3.

5.

x=—-1,y=2

3

D=
N —

yy=1

4 x=23,y=-1.2

x=-2,y=-3 6. a=04,b=1.6

Exercise 41 (Page 81)

1 145 2 4
3 (@ 4.-2 (b —-1,0 (©) =3,—4 (d) 0,4

4. @ 2,5 b 3,-20  (© 4!

5. (a) 6,3 (b)y —2,4 () 3,0 d 0,7

6. () 2,—1 () —2,-12 (0 .2

7. (@ § (b) —4 © —12

8. (a)and (c), (b)and (¢) 9. (a) — 1.1 (b) — 1.4

10. (2, 1) 11. 15,6

1
3

(d) 10, —42

Exercise 44 (Page 92)

1

10.

(a) Minimum (0, 0) (b) Minimum (0, —1)

(¢) Maximum (0, 3) (d) Maximum (0, —1)

—040r06 3. —39o0r6.9
—1.1or41 5 —18o0r22

x=—l% or — 2, Minimum at (—15,—%
x=-07or1.6

(@) £1.63 ()1 or —4

(—2.58,13.31), (0.58,0.67);x = —2.58 or 0.58

x=-—12 or 25 (a) —30

(b)2.75and —1.45 (c)2.29 or —0.79
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Exercise 45 (Page 93)

1 x=4y=8andx=—-3,y=-51

2 (ax=—-150r35 (b)yx=-1240r3.24

c)x=-15 or 3.0

Exercise 46 (Page 94)

1. x=-20,-050r 15

2. x =—2,1 or 3, Minimum at (2.12, —4.10), Maximum at
(—0.79, 8.21)

3 x=1 4, x=-2.0,0.38 or 2.6

5. x=0.69 or 2.5 6. x=-23,1.00r 1.8

7. x=-15

Exercise 47 (Page 98)
14 2. 4 33 4. -3

6. 7.2 8. -2 9. 1=

10. 11. 2 12

3
I
3
13. 100000 14. 9 15 +__

1
16. 0.01 17. — 18. &
16

19. 2log2+log3 +log5
20. 210g2+%log5—310g3
21. 4log2 —3log3+3log5
22. log2 —3log3+3log5
23. S5log3 24. 4log2
1
26. 2 2
28. x:2% 29. t=8 3

25. 6log2

~N
S oW

©
I
o

Exercise 48 (Page 99)

1. 1.691 2. 3.170 3. 0.2696

4. 6.058 5. 2.251 6. 3.959

7. 2.542 8. —0.3272

Exercise 49 (Page 101)

(a) 81.45 (b) 0.7788 (c) 2.509
(a) 0.1653

(a) 57.556 (b) —0.26776 (c) 645.55

(b) 0.4584 (c) 22030

(a) 5.0988 (b) 0.064037 (c) 40.446
(a) 4.55848 (b) 2.40444 (c) 8.05124
(a) 48.04106 (b) 4.07482 (c) — 0.08286

N o o M~ w Dd PP

2.739

Exercise 50 (Page 102)

1. 2.0601 2. (a) 7.389 (b) 0.7408

8
3. 1-2x2— §x3 — 2t

1 1 1
4 22 4052 9/2 13/2 17/2 212
X+ 2777+ x +—3x +—12x +—6 X

Exercise 51 (Page 104)

1. 3.97,2.03 2. 1.66,—1.30

3. (@) 27.9cm’® (b) 115.5 min

4. (a) 71.6°C (b) 5 minutes

Exercise 52 (Page 106)

(a) 0.5481 (b) 1.6888 (c) 2.2420
(a) 2.8507 (b) 6.2940 (c) 9.1497
(a) —1.7545 (b) —5.2190 (c) —2.3632

(a) 0.27774 (b) 0.91374 (c) 8.8941

a c w0 NP

(a) 3.6773 (b) —0.33154 (c) 0.13087

o

—0.4904 7. —0.5822 8. 2.197

9. 816.2 10. 0.8274

Exercise 53 (page 108)

1. 9.921 x 10*Pa

N

. () 29.32volts  (b) 71.31 x 1075

w

. (a) 1.993m (b) 2.293m

IN

. (@) 50°C (b) 55455



5.
7.
9.

304N 6. (a) 3.04A (b) 1.46s
2.45mol/cm® 8. (a) 7.07A (b) 0.966s
£2424

Exercise 54 (page 112)

1

@y M* ©c (dd

2 @y ®OVx (©b @a
3.
4

1
@y ® = ©f e

.(a)% b x ©b (e

y 1
@= b5 ©a (DD
X X

6. a=15 b=0.4,11.78 mm?

y=2x>+7,515 8. (a)950 (b)317 kN
a=04, b=28.6 (i)944 (i) 112

Exercise 55 (page 116)

1
2.

© © N o 0 A&

@lgy (®x ()lga (igh
@lgy (blgx (©! @lgk

.@Ilny (b)x (c)n d)Iinm

. 1 =0.0012 V2, 6.75 candelas

a=3.0,b=05
a=57,b=26,3853,3.0
Ry =126.0,c=142

Y = 0.08e"*

. To=354N, p =0.27, 65.0N, 1.28 radians

Exercise 56 (page 118)

1

2.

3.

4.

(a) 82°11" (b) 150°13" (c) 100°16'3"

(d) 89°2'23"

(a) 711" (b) 27°48" (c) 18°47'49”

(d) 66°7'23"

(a) 15.183° (b) 29.883° (c) 49.705°

(d) 135.122°

(a) 25°24'0" (b) 36°28'48” (c) 55°43'26"
(d) 231°1'30”
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Exercise 57 (page 119)

1. (a) acute (b) obtuse (c) reflex

2. (a) 21° (b) 62°23' (c) 48°56'17”

3. (a) 102° (b) 165° (c) 10°18'49”

4. ()1 &3,2&4,5&7,6&8
b)1&2,2&3,3&4,4&1,5&6,6&7,7&S8,

8 & 5,3 & 8,1 & 6,4 & 7or2 & 5

(c) 1&5,2&6,4&8,3&7

d 3&5 or 2&8

5. 59°200 6. a=69°,b=21°,c=82" 7. 51°

Exercise 58 (page 121)

1. 40°, 70°, 70°, 125°, isosceles

2.a = 1850, b = 71°10', ¢ = 68°, d = 90°, e = 22°,
f =49°, g=41°

3. a=103°,b=55,¢c=77°,d = 125°, ¢ = 55°, f =22°,
g=103°, h=77°,i=103°, j =77°, k = 81°

4. 17° 5. A=37,B=060°, E = 83°

Exercise 59 (page 123)

1. (a) Congruent BAC, DAC (SAS)
(b) Congruent FGE, JHI (SSS)
(c) Not necessarily congruent
(d) Congruent QRT, SRT (RHS)
(e) Congruent UVW,XZY (ASA)

2. Proof

Exercise 60 (page 125)

1 x=1654mm,y=4.18mm 2. 9cm,7.79cm

3. (a)225cm (b)4cm 4. 3m

Exercise 61 (page 126)

1.- 5. Constructions - see similar constructions in worked
problems 23 to 26 on pages 125 and 126.
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Exercise 62 (page 129)
1. 11.18cm 2. 24.11mm 3. 8 +152=17%

4. (a) 27.20cm each (b) 45°

5. 20.81km

6. 3.35m,10cm 7. 132.7km

Exercise 63 (page 130)

. 9 40
1. sinZ =—,cosZ = —, tan
41

40 9
X=—,co8X = —

41’ 9 41
4 4
2. sinA = é, COSA = —, tanA = é, sinB = —, cosB = é
5 5 4 5 5
4
tanB = —
3
. 8 8
3. sinA = —, tanA = —
17 15
. 5 112
4, sinX = ,co8X = —
113 113
15 15 8
5 — (b)) — —
(@) 7 (b) 7 (©) 15
7 24
6. ind=— (b 0 =_"_
(a) sin 75 (b) cos 5
7. (a) 9.434 (b) —0.625 (c) —32°

Exercise 64 (page 132)

1. BC =3.50cm, AB=6.10cm, /B =55

AW N

FE =5cm, /E =53°%, /F =36°52
. GH =9.841 mm, GI = 11.32mm, /H = 49°

. KL=543cm, JL =8.62cm, /J = 39°,
area = 18.19 cm?

. MN = 28.86mm, NO =
area = 199.4 mm?

. PR=7934m, /Q = 65°3/, /R = 24°57,
area = 14.64 m?

. 6.54m

13.82mm, /0 =

64°25',

Exercise 65 (page 134)

1
4
7

. 36.15m 2. 48m 3. 249.5m

. 110.Im 5. 53.0m 6. 9.50m

. 107.8m 8. 9.43m,10.56m 9. 60m

Exercise 66 (page 135)

1. (a) 0.4540 (b) 0.1321 (c) — 0.8399

2. (a) —0.5592 (b) 0.9307 (c) 0.2447

A W

11

13

. (@ —0.7002 (b) —1.1671 (c) 1.1612

. (a) 0.8660 (b) —0.1010 (c) 0.5865

13.54°,13°32', 0.236 rad
34.20°,34°12',0.597 rad

39.03°,39°2", 0.681 rad
1.097 9. 5.805 10. —5.325
21°42" 12. 0.07448

. () —0.8192 (b) —1.8040 (c) 0.6528

Exercise 67 (page 140)

1
2.
3.

(a) 42.78° and 137.22° (b) 188.53° and 351.47°

(a) 29.08° and 330.92° (b) 123.86° and 236.14°

(a) 44.21° and 224.21° (b) 113.12° and 293.12°

Exercise 68 (page 144)

1
5.

1,120° 2. 2,144° 3. 3,90° 4. 3,720°

1,960° 6. 6,360° 7. 4,180°

Exercise 69 (page 146)

1. 40, 0.04s, 25Hz, 0.29 rad (or 16°37") leading 40 sin 507t
2. 75cm, 0.157s, 6.37Hz, 0.54 rad (or 30°56") lagging

75sin401¢

300V, 0.01s, 100Hz, 0.412 rad (or 23°36") lagging
300 sin 2007t

(a) v = 120sin 1007t volts

(b) v =120sin(1007t + 0.43) volts

bid
i =20sin <80m - 8) amperes

6. 3.2sin(10077 4+ 0.488) m
7. (a) 5A, 20ms, 50Hz, 24°45 lagging (b) —2.093 A

(c) 4363A (d) 6.375ms (e) 3.423ms

Exercise 70 (page 149)

1
2.
3.
4.

(5.83, 59.04°) or
(6.61, 20.82°) or
(447, 116.57°) or
(6.55, 145.58°) or

(5.83, 1.03 rad)

(6.61, 0.36 rad)
(4.47, 2.03 rad)
(6.55, 2.54 rad)
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5. (7.62,203.20°) or (7.62, 3.55 rad) .
Exercise 76 (page 163)
6. (4.33, 236.31°) or (4.33, 4.12 rad) - 57 57

7. (5.83,320.04°) or (5.83,5.74 rad) L@gs 5  ©
8. (15.68,307.75") or (1568, 5.37 rad) (@) 0.838 (b) 1481 (c) 4.054

(a) 150° (b) 80° (c) 105°

Exercise 71 e 151
(pag ) (a) 0°43" (b) 154°8 (c) 414°53

1. (1.294,4.830) 2. (1.917,3.960) 17.80 em. 74.07 cm?
(a) 59.86mm (b) 197.8 mm
26.2cm 8. 8.67cm, 54.48 cm

82°30" 10. 748

3. (—5.362,4.500) 4. (—2.884,2.154)

5. (—-9.353, —5.400) 6. (—2.615,-3.207)

© N o g0 M w0 DN

7. (0.750, —1.299) 8. (4.252, -4.233)
11. (a) 0.698 rad (b) 804.2m?>

12. (a) 396mm?> (b) 42.24%
13. 483.6mm 14. 7.74mm

Exercise 72 (page 156)

1. 357cm?> 2. (a) 80m (b) 170m

3. (a) 29cm? (b) 650mm? 4. 482m> 5. 3.4cm Exercise 77 (page 165)
6. p=105°,q =35 r=142°,5 =95t = 146° 1 (@) 3 (b) (-4, 1)
7. (i) rhombus (a) 14cm? (b) 16cm 2. Centre at (3, —2), radius 4

3. Circle, centre (0, 1), radius 5
4. Circle, centre (0, 0), radius 6

(i) parallelogram (a) 180mm?> (b) 80 mm

(iii) rectangle (a) 3600mm> (b) 300mm

(iv) trapezium (@ 190cm®>  (b) 62.91cm Exercise 78 (page 168)
8. (a) 50.27cm? (b) 706.9mm? (c) 3183 mm? 1 15cm’, 135¢ 2. 500 litres
9. 2513 mm? 3. l44m’ 4. 8796cm’
10. (a) 20.19mm (b) 63.41 mm 5. 4.709 cm, 153.9 cm? 6. 201.1cm?, 159.0cm?
11. (2) 53.0lcm® (b) 129.9mm> (c) 6.84cm? 7. 299cm 8. 28060 cm’, 1.099 m*
12. 5773 mm? 13. 1.89m? 14. 6750 mm? 9. 7.68cm’, 25.81cm? 10. 113.1cm?, 113.1cm?

11. 5890 mm? or 58.90 cm?

Exercise 73 (page 158)

1. 1932mm? 2. 1624 mm? Exercise 79 (page 171)

3. (@ 0918ha (b) 456m 1. 1357kg 2. 5.13lcm

3 2
Exercise 74 (page 158) 3. 29.32cm” 4. 3934m

(i) (a) 180cm®  (b) 154cm?
Exercise 75 (page 161) (i) (a) 56.5cm®  (b) 84.8 cm?
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(vi) (a) 86.5cm>  (b) 142cm?

(vii) (a) 805cm®  (b) 539 cm?

6. 8.53cm 7. (a) 17.9cm (b) 38.0cm

8. 125cm® 9. 10.3m>, 25.5m?
10. 6560 litres 11. 657.1cm?, 1027 cm?

Exercise 80 (page 174)

1. 147cm?, 164cm®> 2. 403 cm?®, 337 cm?
3. 10480m>, 1852m* 4. 1707 cm?

5. 10.69cm 6. 55910cm?®, 8427cm?> 7. 5.14m

Exercise 81 (page 175)
1. 8:125 2 137.2¢g

Exercise 82 (page 178)
1. 4.5 square units 2. 54.7 square units 3. 63m

4. 4.70ha 5. 143 m?

Exercise 83 (page 179)

1 4259m* 2 147m® 3. 20.42m°

Exercise 84 (page 182)
1. @2A ®)S0V (c)25A
2. (a)2.5V (b)3A

3. 0.093 As, 3.1 A

4. (a)31.83V (b) O

5. 49.13cm?, 368.5kPa

Exercise 85 (page 186)

1. C =83° a=14.1 mm, ¢ = 28.9 mm, area = 189 mm?
2. A=52°2',¢c="7.568cm,a ="7.152cm,

area = 25.65 cm?
3. D=19°48"  E = 134°12/, ¢ = 36.0cm, area = 134 cm’
4, E =49°0, F =26°38%, f = 15.08 mm,

area = 185.6 mm?

5. J =44°29 L =99°31", | = 5.420cm, area = 6.132 cm?
OR J = 135°31', L = 8°29', ] = 0.810cm,
area = 0.916 cm?

6. K =47°8,J =97°52/, j = 62.2mm, area = 820.2 mm?
OR K = 132°52', J = 12°8/, j = 13.19 mm,

area = 174.0 mm?

Exercise 86 (page 187)

1. p=132cm, Q =47°21',R =78°39, area = 77.7cm?
2. p=06.127m, Q = 30°49', R = 44°11’, area = 6.938m>
3. X =83°20,Y =52°37',Z = 44°3/, area =27.8cm?
4. Z =29°46',Y =53°31',Z = 96°43', area = 355mm’

Exercise 87 (page 189)

1. 193km

2. (a) 122.6m (b) 94°49’, 40°39', 44°32’
3. (a) 11.4m (b) 17°3%

4. 163.4m

5 BF=39m,EB=4.0m

6. 6.35m, 537m

7

. 3248 A, 14°19

Exercise 88 (page 191)

1. 80°25',59°23,40°12" 2. (a) 15.23m (b) 38°4

3. 40.25cm, 126°3’ 4. 19.8cm

5. 36.2m 6. x =69.3mm, y = 142 mm
7. 130°

Exercise 89 (page 196)

1. 47N at 29° 2. Zero

3. 7.27m/s at 90.8° 4. 6.24N at 76.10°
5. 2.46N,4.12N 6. 5.7m/s* at 310°
7. 11.85A at 31.14°

Exercise 90 (page 198)
1. (a) 54.0N at 78.16° (b) 45.64N at 4.66°

2. (a) 31.71m/s at 121.81° (b) 19.55m/s at 8.63°



Exercise 91 (page 199)

1. 83.5km/h at 71.6° to the vertical
2. 4 minutes 55 seconds

2.

Answers to exercises 263

(a) discrete (b) continuous (c) discrete

(d) discrete

Exercise 92 (page 200)

1 21,25 2. 48,96
5. 50,65 6. 0.001, 0.0001

3. 14,7 4 -3,-8
7. 54,79

Exercise 93 (page 201)

1 1,3,5,7,... 2. 7,10,13,16,19, ...

3. 6,11,16,21, ... 4. 5n 5 6n-—2
6. 2n+1 7. 4n—-2 8. 3n+6
9. 6°(=216), 7°(= 343)

Exercise 94 (page 202)

1. 68 2 62 3. 8525 4 23%
5 11 6. 209 7. 346.5

Exercise 95 (page 204)

1 2. 15,3,45 37808 4. 25

_1

2
5. 81,12,151,19
7. £10000, £109500 8. £8720

6. (a) 120 (b) 26070 (c) 250.5

Exercise 96 (page 205)

1. 2560 2. 273.25 3. 512,4096 4. 10"

5 8125 6.8 7. 13

Exercise 97 (page 207)

1. (@3 (b)2 (c)59022 2. £1566, 11 years
3. 4871M 4. 71.53g 5. (a) £599.14 (b) 19 years
6. 100, 139, 193, 268, 373, 518, 720, 1000 rev/min

Exercise 98 (page 208)

1. (a) continuous (b) continuous (c) discrete

(d) continuous

Exercise 99 (page 211)

1

8. Four rectangles

10.

11
12.

If one symbol is used to represent 10 vehicles, working
correct to the nearest 5 vehicles, gives 3%,4%, 6,7,5
and 4 symbols respectively

If one symbol represents 200 components, working
correct to the nearest 100 components gives: Mon 8§,
Tues 11, Wed 9, Thurs 12 and Fri 6%

6 equally spaced horizontal rectangles, whose lengths
are proportional to 35, 44, 62, 68, 49 and 41, respec-
tively

5 equally spaced horizontal rectangles, whose lengths are
proportional to 1580, 2190, 1840, 2385 and 1280 units,
respectively

6 equally spaced vertical rectangles, whose heights are
proportional to 35, 44, 62, 68, 49 and 41 units, respec-
tively

5 equally spaced vertical rectangles, whose heights are
proportional to 1580, 2190, 1840, 2385 and 1280 units,
respectively

Three rectangles of equal height, subdivided in the
percentages shown in the columns of the question. P
increases by 20% at the expense of Q and R

of equal height, subdivided as

follows:

week 1: 18%, 7%, 35%, 12%, 28%
week 2: 20%, 8%, 32%, 13%, 27%
week 3: 22%, 10%, 29%, 14%, 25%

week 4: 20%, 9%, 27%, 19%, 25%

Little change in centres A and B, a reduction of about
5% in C, an increase of about 7% in D and a reduction
of about 3% in E

A circle of any radius, subdivided into sectors
having angles of 717, 221°, 521, 1671" and 110°, respec-
tively

A circle of any radius, subdivided into sectors having
angles of 107°, 156°,29° and 68°, respectively

(a) £495 (b) 88
(a) £16450 (b) 138
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Exercise 100 (page 216)

1. There is no unique solution, but one solution is:

393-394  1;395-39.6 5;39.7-39.8 9;
39.9-40.0 17;40.1 —40.2 15;403—-404 7,
40.5—-40.6 4;40.7-408 2

2. Rectangles, touching one another, having mid-points of
39.35, 39.55, 39.75, 39.95,... and heights of 1, 5, 9,
17,...

3. There is no unique solution, but one solution is:

205-209 3;21.0-214 10;21.5-219 11;
22.0-224 13;225-229 9;23.0-234 2

4. There is no unique solution, but one solution is:

1-10 3;11-19 7;20-22 12;23-25 14
26—-28 7;29—-38 5;39-48 2

5. 20.95 3; 21.45 13; 21.95 24; 22.45 37; 22.95 46;
23.45 48

6. Rectangles, touching one another, having mid-points of
5.5, 15, 21, 24, 27, 33.5 and 43.5. The heights of the
rectangles (frequency per unit class range) are 0.3, 0.78,
4,4.67,2.33,0.5 and 0.2

7. (20.95 3), (21.45 13), (21.95 24), (22.45 37), (22.95 46),
(23.45 48)

8. A graph of cumulative frequency against upper class
boundary having co-ordinates given in the answer to
question 7

9. (a) There is no unique solution, but one solution is:

2.05-2.09 3;2.10-2.14 10;2.15-2.19 11;
220-224 13;225-229 9;230-234 2

(b) Rectangles, touching one another, having mid-points
of 2.07, 2.12, ... and heights of 3, 10, ...

(c) Using the frequency distribution given in the solution
to part (a) gives: 2.095 3; 2.145 13; 2.195 24; 2.245
37; 2.295 46; 2.345 48

(d) A graph of cumulative frequency against upper class
boundary having the co-ordinates given in part (c)

Exercise 101 (page 218)

1. Mean 7%, median 8, mode 8

2. Mean 27.25, median 27, mode 26

3. Mean 4.7225, median 4.72, mode 4.72
4. Mean 115.2, median 126.4, no mode

Exercise 102 (page 219)

1. 171.7cm
2. Mean 89.5, median 89, mode 89.2

3. Mean 2.02158 cm, median 2.02152 ¢cm, mode 2.02167 cm

Exercise 103 (page 221)

1. 4.60 2. 2.83uF
3. Mean 34.53 MPa, standard deviation 0.07474 MPa
4. 9.394cm 5. 2.828

Exercise 104 (page 222)

1. 30, 27.5, 33.5 days 2. 27, 26, 33 faults
3. 0=1645cm, Q =172.5cm, Q3 = 179cm, 7.25cm
4, 37 and 38; 40 and 41 5. 40, 40, 41; 50, 51, 51

Exercise 105 (page 225)

2 7
1. (a) 9 or 0.2222 (b) 9 or 0.7778

23 47
2. (a) —= or 0.1655 (b) T30 o 0.3381

139
(©) 6—9 or 0.4964
139
1 1 1
3. (a) g (b) 6 (o) %
PNE 4 E
- (a) 5 (b) 5 © G (d T
5. (a) L (b) L (c) 2 (d) L
- 550 200 < 1000 50000

Exercise 106 (page 227)

@ 0.6 (b)02 (c)0.15
(a) 0.64 (b) 0.32
0.0768

(@) 04912 (b) 0.4211

(a) 89.38% (b) 10.25%

© g > w NP

(a) 0.0227 (b) 0.0234 (c) 0.0169




Exercise 107 (page 229)

1. 1,5,21,9,61 2 0,11, —-10,21 3. proof
4. 8, —a*—a+38, —a*—a, —a—1
Exercise 108 (page 230)
1. 16, 8
Exercise 109 (page 232)
1.1 2. 7 3. 8x
4. 15x2 5 —4x+43 6. 0
2
7. 9 8. - 9. 18x
3
10. —21x? 11. 2x + 15 12. 0
13. 1247 14. 6x
Exercise 110 (page 233)
1 3 3 1 1
1288 20 — 3. -/t 4 - = 5 34+————
© 2 A e S s
10 7
_ - _ _ 2
6. 5 +2\/F 7. 6t —12 8 3x~+6x+3

9. See answers for Exercise 109
10. 12x—3 (@) —15 (b)21 11. 6x* +6x—4, 32
12. —6x2+4,-9.5

Exercise 111 (page 235)

1. (a) 12cos 3x (b) —12sin6x 2. 6cos36 + 10sin20

3. 270.2 A/s 4. 1393.4 V/s
5. 12cos(4f + 0.12) + 6sin(3¢t — 0.72)
Exercise 112 (page 236)
4 5 4 1
3x o s _ 1 _Z
1. (a) 15e (b) Tenr 2. 0 00
3. 16 4. 664

Exercise 113 (page 237)
1. (@ -1 (b) 16

4 2 6
2. -5+ + 10sin5x — 12 cos 2x + =
X3 x e

Answers to exercises

Exercise 114 (page 237)

1. (a) 36x% + 12x (b) 72x + 12
4 12 6 1

2. - ——+ =4+ —= (b) —4.95
W3- tatis O

3. —12sin 2t —cos ¢

4. proof

265

Exercise 115 (page 238)

1. —2542 A/s
3. (a) —1000 V/s

2. () 0.16 cd/V (b) 3125V
(b)—367.9 V/s 4. —1.635 Pa/m

Exercise 116 (page 241)
7 2
1. @4x+c (b) Ex +c

2 5
2. (a) EX3 +c (b ﬂx“ +c

3 2

4 2 50 3
3. (@ 3x+x2—§x3+c (b)3(%+i) +cor —x*+

5x3

2

3 3
4. (a) %—Sx—i—c ) dx+22+ = 4e

3

—4 -1
6. (a) %JFH (b) 4/x + ¢

3 7
7. (a) Esin 2x+c¢ (b) —gcos 3x+c¢

3
8. (a) gez"—{—c (b) @—Fc

2 2
. (a) gln x+c (b) %—ln x+c

©

+c

Exercise 117 (page 243)

1. (a)37.5 (b)0.50 2. (a6 (b) —1.333
3. (a) 10.83 (b) —4 4. (@0 (b)4

5. (a) 1 (b) 4.248 6. (a) 0.2352 (b) 2.638
7. (a) 19.09 (b) 2.457 8. () 0.2703 (b) 9.099

Exercise 118 (page 246)

1. proof 2. proof 3. 32 4. 2933 Nm 5. 37.5
6. 75 7.1 8 167 9. 267 10. 140 m







Index

Abscissa, 76 Calculations, 20

Acute angle, 118 Calculator, 21, 101, 104, 134
Acute angled triangle, 120 Calculus, 229

Algebra, 36 Cancelling, 6, 7

Cartesian axes, 76
Cartesian co-ordinates, 148
Charles’s law, 44

Chord, 160

Circle, 153, 160

Algebraic expression, 46
Alternate angles, 118
Ambiguous case, 186
Amplitude, 142, 144

Angle, 117 equation of, 164
Angle: properties of, 160
lagging and leading, 143, 144 Circumference, 160
types and properties of, 118 Classes, 212
Angles of: Class:
any magnitude, 138 interval, 212
depression, 132 limits, 214
elevation, 132 mid-point, 214
Angular measurement, 117 Coefficient of proportionality, 44
Angular velocity, 144 Common difference, 201
Annulus, 155 Common logarithms, 96

Common ratio, 204
Complementary angles, 118
Completing the square, 70

Approximate value of calculations, 20
Arbitrary constant of integration,

Are, 160 Computer numbering systems, 29

Arc length, 161 Cone. 166

Area under a curve, 243 fru;tum of, 172

Areas: Congruent triangles, 122
irregular figures, 177 Construction of triangles, 125
plane figures, 152 Continuous data, 208
sector, 161 Conversion tables and charts, 24
similar shapes, 158 Co-ordinates, 76
triangles, 184 Corresponding angles, 118

Cosine, 129

graph of, 137
Cosine rule, 184
Cosine wave, 140
Cubic equation, 93

Arithmetic, basic, 1

Arithmetic progressions, 201
Average, 217

Average value of waveform, 180

Cuboid, 166
Bar charts, 209 Cumulative frequency distribution, 212, 215
curve, 212
Bases, 14, 29 Cylinder, 166
Binary numbers, 29
Blunder, 20
BODMAS, 4, 7, 42 Deciles, 221
Boyle’s law, 44 Decimal:

Brackets, 40, 47 fraction, 9
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places, 9
system, 29
Decimals, 9
Definite integrals, 242
Degrees, 117
Denary system, 29
Denominator, 6
Dependent event, 223
Dependent variable, 44
Depression, angle of, 132
Derivative, 231
standard list, 236
Determination of law, 81, 110
involving logarithms, 112
Diameter, 160
Difference of two squares, 69
Differential calculus, 229
coefficient, 231
Differentiation, 229, 231
from first principles, 231
of ax", 232
of e* and In ax, 235
of sine and cosine functions, 234
successive, 237
Digits, 9
Direct proportion, 8, 44
Discrete data, 208
standard deviation, 219
Dividend, 37
Division, 2
Divisor, 37

Elevation, angle of, 132
Equation, 46

of circle, 164
Equations:

cubic, 93

linear and quadratic, simultaneously, 74, 75, 92

quadratic, 68, 88
simple, 46
simultaneous, 59, 87
Equilateral triangle, 120
Errors, 20
Evaluation of formulae, 26
Expectation, 223
Exponent, 17
Exponential functions, 100
graphs of, 103
Expression, 46
Exterior angle of triangle, 120
Extrapolation, 82

Factorization, 40, 68
Factors, 3

False axes, 82
Formula, 26
Formulae:
evaluation of, 26
list of, 229
transposition of, 53
Fractions, 6
Frequency, 144, 208
Frequency distribution, 212, 213, 214
Frequency polygon, 212, 215
Frustum, 172
Full wave rectified waveform, 180
Functional notation, 229, 231

Geometric progressions, 204
Geometry, 117
Gradient, 76
of a curve, 230
Graphical solution of equations, 87
cubic, 93

linear and quadratic, simultaneously, 92

quadratic, 88
simultaneous, 87
Graphs, 76, 87, 110
exponential functions, 103
logarithmic functions, 99
sine and cosine, 141
straight lines, 76
trigonometric functions, 137
Grouped data, 212
mean, median and mode, 218
standard deviation, 220
Growth and decay, laws of, 106

Half-wave rectified waveform, 180
Heptagon, 152

Hexadecimal number, 32
Hexagon, 152, 157

Highest common factor (HCF), 3, 16, 39

Histogram, 212-215, 218
Hooke’s law, 44
Horizontal bar chart, 209
Hyperbolic logarithms, 96
Hypotenuse, 128

Identity, 46
Improper fraction, 6
Indefinite integrals, 242
Independent event, 223
Independent variable, 44
Indices, 14

laws of, 14, 38
Indicial equations, 98



Integers, 1
Integral calculus, 229, 239
Integrals,

definite, 242

standard, 239
Integration, 229, 239

of ax", 239
Intercept, y-axis, 77
Interior angles, 118, 120
Interpolation, 82
Inverse proportion, 8, 44
Irregular areas, 177
Irregular volumes, 179
Isosceles triangle, 120

Lagging angle, 143, 144
Laws of:
growth and decay, 106
indices, 14, 38
logarithms, 96
precedence, 4, 7, 42
probability, 223
Leading angle, 143, 144
Leibniz notation, 231
Limiting value, 230
Linear and quadratic equations simultaneously, 74, 92
Logarithmic functions, graphs of, 99
Logarithms, 96
laws of, 96
Long division, 2, 10
Lower class boundary, 212
Lowest common multiple (LCM), 3, 48

Major arc, 160
Major sector, 160
Major segment, 160
Mantissa, 17
Maximum value, 88
Mean, 217, 218

value of waveform, 180
Measures of central tendency, 217
Median, 217
Member of set, 208
Mensuration, 152
Mid-ordinate rule, 177, 246
Minimum value, 88
Minor arc, 160
Minor sector, 160
Minor segment, 160
Mixed number, 6
Mode, 217
Multiple, 3

Napierian logarithms, 96, 104
Natural logarithms, 96, 104

Nose-to-tail method, 194
Number sequences, 201
Numerator, 6

Obtuse angle, 118

Obtuse angled triangle, 120
Octagon, 152, 157

Octal numbers, 31

Ogive, 212, 215

Ohm’s law, 44

Order of magnitude error, 20
Order of precedence, 4, 42
Ordinate, 76

Parabola, 88
Parallel lines, 118
Parallelogram, 152, 153
method, 194
Pentagon, 152
Percentage component bar chart, 209
Percentage relative frequency, 208
Percentages, 11
Percentile, 221
Perfect square, 69
Perimeter, 120
Period, 142
Periodic time, 141, 144
Phasor, 144
Pictograms, 209
Pie diagram, 209, 210
Planimeter, 177
Polar co-ordinates, 148
Polygon, 152
frequency, 212, 215
Population, 208
Power, 14
series for e*, 101
Practical problems:
quadratic equations, 72
simple equations, 49
simultaneous equations, 64
straight line graphs, 81
trigonometry, 187
Precedence, 4, 7, 42
Prism, 166
Probability, 223
laws of, 223
Progression:
arithmetic, 201
geometric, 204
Proper fraction, 6
Proportion, 8
Pyramid, 166
volumes and surface area of frustum of, 172
Pythagoras’ theorem, 128

Index 269



270 Index

Quadrant, 160
Quadratic equations, 68, 88

by completing the square, 70

factorization, 68
formula, 71
practical problems, 72
Quadratic formula, 71
Quadratic graphs, 88
Quadrilaterals, 152
properties of, 152

Quartiles, 221

Radians, 117, 144, 161
Radius, 160

Radix, 29

Range, 212

Ranking, 217

Rates of change, 237
Ratio and proportion, 8
Reciprocal, 14
Rectangle, 152, 153
Rectangular axes, 76
Rectangular prism, 166

Reduction of non-linear laws to linear form, 110

Reflex angle, 118

Relative frequency, 208

Relative velocity, 198

Resolution of vectors, 195

Rhombus, 152

Right angle, 118

Right angled triangle, 120
solution of, 131

Rounding-off errors, 20

Sample, 208
Scalar quantities, 193
Scalene triangle, 120
Sector, 153, 160
area of, 161
Segment, 160
Semicircle, 153, 160
Semi-interquartile range, 221
Series, n’th term of, 200
power, 101
Set, 208
Sequence of numbers, 200
Short division, 2
Significant figures, 9
Similar shapes, 158, 175
Similar triangles, 123
Simple equations, 46
practical problems, 49
Simpson’s rule, 178, 246

Simultaneous equations, 59, 88
practical problems, 64

Sine, 129
graph of, 137

Sine rule, 184
wave, 140, 180

Sinusoidal form A sin(wt £ o), 144

Slope, 76
Space diagram, 198
Sphere, 166
Square, 152, 153
root, 14
Standard deviation, 219, 220
Standard differentials, 236
integrals, 239, 240
Standard form, 17

Statistical data, presentation of, 208

Straight line graphs, 76
practical problems, 81
Subject of formulae, 26
Successive differentiation, 237
Sum to infinity of series, 204
Supplementary angles, 118

Surface areas of frusta of pyramids and cones, 172

solids, 166
Symbols, 26

Tally diagram, 212, 213, 214
Tangent, 129, 137, 160
Terminating decimal, 9
Term of series, 200
Transposition of formulae, 53
Transversal, 118
Trapezium, 152, 153
Trapezoidal rule, 177, 245
Triangle, 152, 153, 184
Triangles:

area of, 184

congruent, 122

construction of, 120

properties of, 120

similar, 123
Trigonometric ratios, 129

evaluation, 134

graphs of, 137
Trigonometry, 128

practical situations, 187
Turning points, 88

Ungrouped data, 209
Upper class boundary, 212
Use of calculator, 21



Vector addition, 193
Vector subtraction, 196
Vectors, 193

resolution of, 195
Vertical bar chart, 209
Vertically opposite angles, 118
Volumes:

common solids, 166

frusta of pyramids and cones, 172
irregular solids, 179
similar shapes, 175

y-axis intercept, 77
Young’s modulus of elasticity, 83
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