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PREFACE

One can hardly name a branch of natural science or technology in which
the problems of stability do not claim the attention of scholars, engineers,
and experts who investigate natural phenomena or operate designed ma-
chines or systems. If, for a process or a phenomenon, for example, atom
oscillations or a supernova explosion, a mathematical model is constructed
in the form of a system of differential equations, the investigation of the
latter is possible either by a direct (numerical as a rule) integration of the
equations or by its analysis by qualitative methods.

The direct Liapunov method based on scalar auxiliary function proves to
be a powerful technique of qualitative analysis of the real world phenomena.

This volume examines new generalizations of the matrix-valued auxiliary
function. Moreover the matrix-valued function is a structure the elements
of which compose both scalar and vector Liapunov functions applied in the
stability analysis of nonlinear systems.

Due to the concept of matrix-valued function developed in the book,
the direct Liapunov method becomes yet more versatile in performing the
analysis of nonlinear systems dynamics.

The possibilities of the generalized direct Liapunov method are opened
up to stability analysis of solutions to ordinary differential equations, sin-
gularly perturbed systems, and systems with random parameters.

The reader with an understanding of fundamentals of differential equa-
tions theory, elements of motion stability theory, mathematical analysis,
and linear algebra should not be confused by the many formulas in the
book. Each of these subjects is a part of the mathematics curriculum of
any university.

In view of the fact that beginners in motion stability theory usually
face some difficulties in its practical application, the sets of problems taken
from various branches of natural sciences and technology are solved at the
end of each chapter. The problems of independent value are integrated in
Chapter 5.
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A certain contribution to the development of the Liapunov matrix func-
tion method has been made by the scientists and experts of Belgrade Uni-
versity, Technical University in Zurich, and Stability of Processes Depart-
ment of Institute of Mechanics National Academy of Sciences of Ukraine.

The useful remarks by the reviewers of Marcel Dekker, Inc., have been
taken into account in the final version of the book. Great assistance in
preparing the manuscript for publication has been rendered by S.N. Rasshi-
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NOTATION

R the set of all real numbers

Ry =[0,400) C R the set of all nonnegative numbers

RF  k-th dimensional real vector space

R x R"™ the Cartesian product of R and R"

T =[—00,+00] = {t: —o0 <t < +o0} the largest time interval

Tr =[r,+00) = {t: 7 <t < +oo} the right semi-open unbounded
interval associated with 7

7i C R a time interval of all initial moments to under consideration (or,
all admissible o)

To = [to, +00) = {t: to <t < 400} the right semi-open unbounded
interval associated with #g

lz]| the Euclidean norm of z in R™

x(t;to,z0) a motion of a system at t € R iff z(t) = zo, x(to; %0, Zo) = Zo

B, = {z € R": ||z|]| <€} open ball with center at the origin and radius
e>0

Om(to,€) = max {8: § = 6(to,€) D zo € Bs(to, &) = X(t;to,20) € Be,
Vi€ To} the maximal § obeying the definition of stability

Ap(to) = max {A: A = A(ty), Vo> 0, Vo € Ba, I7(to, 0, p) € (0,+00)

3 x(t;to,20) € By, YVt €T;} the maximal A obeying the definition

of attractivity

Tm (to, To, p) = min {7: 7 = 7(to, Zo, p) D X(t; to,z0) € By, Vt € T;} the
minimal 7 satisfying the definition of attractivity

N a time-invariant neighborhood of original of R"

f: Rx N = R* a vector function mapping R x N into R™

C(T: x N)  the family of all functions continuous on 7; x N’

CUN (T, x N)  the family of all functions -times differentiable on 7, and
j-times differentiable on N

Dtou(t,z) (D~v(t,z)) the upper right (left) Dini derivative of v along
x(t;to, Zo) at (¢, )

ix



X NOTATION

Dyv(t,z) (D-v(t,z)) the lower right (left) Dini derivative of v along
x(t; to, To) at (¢, )

D*u(t,z) denotes that both Dtwv(t,z) and D, u(t,z) can be used

Du(t,z) the Eulerian derivative of v along x(t; %0, z0) at (t,z)

Ai(*)  the i-th eigenvalue of a matrix (-)

Am(-) the maximal eigenvalue of a matrix (-)

Am()  the minimal eigenvalue of a matrix (-)
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PRELIMINARIES

1.1 Introduction

Nonlinear dynamics of systems is a branch of science that studies actual
equilibriums and motions of natural or artificial real objects. However it
is known that hardly every state of a really functioning system is observed
in practice that corresponds to a mathematically strict solution of either
equilibrium or differential motion equations. It has been found out that
only those equilibriums and motions of real systems are evident that possess
certain “resistivity” to the outer perturbations. The equilibrium states and
motions of this kind are referred to as stable while the others are called
unstable.

The notion of stability had been clearly intuited but difficult to for-
mulate and only Liapunov (see Liapunov [101]) managed to give accurate
definitions (for the historical aspect see Moiseev [146]).

Section 1.2 presents recent strict definitions of stability of nonautono-
mous systems and other general information necessary for proper under-
standing of the monograph. Presently there is a series of monographs and
textbooks that expose the direct Liapunov method of motion stability in-
vestigation based on auxiliary scalar function and provide a lot of many
illustrative examples of its application. The books by Chetaev [19], Malkin
[107], Lur’e [104], Duboshin [32], Demidovich [24], Krasovskii [89], Bar-
bashin [10], Zubov [177], Letov [99], Bellman [15], Hahn [66], Harris and
Milles [68], Yoshizawa [174], LaSalle and Lefschetz [98], Coppel [23], Lak-
shmikantham, Leela and Martynyuk [94] and others show the modern level
of Liapunov method development in qualitative theory of equations.

Section 1.3 (subsection 1.3.1) gives a brief account of results obtained in
this direction.

In 1962 it was proposed by Bellman [16], Martosov [132], and Melnikov
[139] to apply Liapunov functions consisting of more than one component.
Such functions were referred to as vector Liapunov functions. A quick
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development of investigations in the field has been summarized in a se-
ries of monographs such as in Grujié [55], Michel and Miller [143], Siljak
[167], Rouche, Habets and Laloy [159], LaSalle [97], Gruji¢, Martynyuk and
Ribbens-Pavella [57], Lakshmikantham, Matrosov and Sivasundaram [96],
Abdullin, Anapolskii et al. [1].

Section 1.3 (subsection 1.3.2) provides a short survey of the direct Lia-
punov method development in terms of vector function.

The preliminary information and the survey of the direct Liapunov me-
thod development in terms of both scalar and vector auxiliary functions are
cited here with the aim to prepare the reader to the study of a new method
in qualitative theory of equations called the method of matrix Liapunov
functions.

1.2 On Definition of Stability

1.2.1 Liapunov’s original definition

Liapunov started his investigations with the following (see Liapunov [101],
p.11):
Let us consider any material system with k degrees of freedom. Let
g1,42,- .+, qk be k independent variables, which we use to determine
its position.

We shall assume that quantities taking real values for all real
system positions are taken for such variables.

Considering the mentioned variables as functions in time t we
shall denote their first time derivatives by ¢1,43,...,q}.

In every dynamic problem, in which forces are prespecified in a
certain way, such functions will satisfy some k second order differ-
ential equations.

Let any particular solution for such equations be found

o = f1(t), @2 = falt), ..., @ = fa(t),

in which the quantities g; are expressed as real functions in ¢, which
at every t give only possible values to them.!

11t can happen that the quantities g; by their choice do not take all real values but
only those not greater than — and not less than certain bounds.
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To that particular solution will correspond a definite motion of
our system. Comparing it in a known sense with others, which are
possible under the same forces, we shall call that motion unper-
turbed, and all others, with which it is compared, perturbed.

For to understood a given instant, let us denote the values cor-
responding to it of quantities g;, g; along any motion with g0, gjo-

Let

qio = fi(to) + 1,920 = fa(to) +€2,..., ko = fi(to) + &,
‘110 = f{(to) +€€qug0 = le(to) +E,2: s ’Q;ao = fé(tk) + E;c’

where ¢, €; are real-valued constants.

Prespecifying the constants, which will be called perturbations,
a perturbed motion is determined. We shall assume that we may
prescribe them every number sufficiently small.

By speaking about perturbed motions, close to the unperturbed
one, we shall comprehend motions, for which the perturbations are
numerically small.

Let @1, Qs,...,Qx be any given continuous real-valued functions
of quantities

q1,92y ..+, Gk, qlll’qé,"')q;c'

Along the unperturbed motion they become known functions of £,
which will be denoted by Fi, Fs, ..., F,. Along a perturbed motion
they will be functions of quantities

't !
t, €1,€2, -+« Ek; €15 €9y v vy Ep

When all ¢, €; are equal to zero, then quantities
i-F,Q-F, .., Qun—F,

will be equal to zero for every t. However, if the constants ¢;, €}
are not zero, but all are infinitely small, then a question rises: is it
possible to specify such the latter never become grater than their
values?

A solution of the question, which is the topic of our investiga-
tions, depends on both a character of the considered unperturbed
motion and a choice of the functions @1, @s, ..., @, and the instant
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to. Under a specific choice of the latter, the reply to the question,
respectively, will characterize in some sense the unperturbed mo-
tion, by determining a feature of the latter, which will be called
stability, or that contrary to it, will be called instability.

We shall be exclusively interested in those cases in which the
solution of the considered question does not depend on a choice of
the instant ¢y, when perturbations are acting. Thus we accept the
following definition.

Let Ly, Ly,..., Ly, be arbitrary given positive numbers. If all L,,
regardless of how small they are, can be selected positive numbers
E\,Ey,...,Ey, E{,Ey,...,E} so that for all real 5, €}, satisfying
the conditions!

|€j|SEja IE,;'SE.; (j=1a2;"-,k);
and for all t, greater than to, the inequalities
IQI —F1| <L13 |Q2—F2] <L2a reey [Qn—Fnl <Ln,

are satisfied, then the unperturbed motion is stable with respect to
the quantities Q1,Qs,...,Qn; otherwise it is unstable with respect
to the same quantities.

1.2.2 Comments on Liapunov’s original definition

CoMmMENT 1.2.1. The inequalities on |¢;| and [¢}| are weak and those on
|Q; — Fj| are strong. This asymmetry is usually avoided imposing the same
type of inequalities on all |e;],|ej| and |@; — Fj|, which yields stability
definitions equivalent to Liapunov’s original definition. This equivalence
can be easily proved.

COMMENT 1.2.2. Stability of the reference motion was defined by Lia-
punov with respect to arbitrary functions Q; that are continuous in all g;,
g;. This has been very thoughtful and physically important because @; can
represent energy or material flow. In this connection Liapunov introduced
new variables x;,

Ty =Q; — Fy, i=1,2,...,n,

In general |z| means the absolute value of a real-, or modulus of a complex quantity
z.
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and accepted the following (Liapunov [101], p.15):

We shall assume that the number n and the functions Q,, are
such, that the order of the system is n and that it is reducible
to the normal form

da:l _ dmz _ da:n _
(1) W_XI’ p =X ..., o = Xn,

and everywhere in the sequel we shall consider these last equa-
tions, calling them the differential equations of a perturbed mo-
tion.

All X, in the equations (1) are known functions of quantities

Z1,T2,...32Zn, I,

vanishing for
Ty =Ty ="+ =Ty =0.

CoMMENT 1.2.3. Stability of the reference motion requires arbitrary
closeness of the perturbed motions to the reference motion provided their
sufficient closeness is assured at the initial instant ¢o.

CoMMENT 1.2.4. The closeness of the perturbed motions to the refer-
ence motion is to be realized over unbounded time interval 75 = (to, +09],
i.e. for all t greater than to. This point has been commonly neglected in
the literature. Namely, the closeness has been commonly required either
on To = [to,+00] or on T = [ty, +00), i.e. for all t not less then to. This
difference can be crucial in cases when system motions are discontinuous
at t =ty

COMMENT 125 A. M. Lispunov defined stability of the reference mo-
tion for cases when it is not influenced by ¢y3. However, the initial moment
can essentially influence stability of the reference motion in cases when
system motions are not continuous in ¢. Besides, to can essentially influ-
ence the maximal admissible values of all E; and E; even when all system
motions are continuous in t.

COMMENT 1.2.6. The stability of the reference motion was defined by
A.M.Liapunov with respect to initial perturbations of the general coordi-
nates g;, q}, rather than with respect to persistent external disturbances.
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COMMENT 1.2.7. The stability definition does not care about the values
E; and Ej} except that they must be positive. Hence, for large values of all
L;, the maximal admissible E; and E; can be so small that they are not
useful for engineering needs.

1.2.3 Relationship between the reference motion and the zero
solution

Liet 2k be the order of the system and y;,7=1,2,...,2k, be its i-th state
variable. Using basic physical laws (e.g. the law of the energy conservation
and the law of the material conservation) we can for a large class of systems
get state differential equations in the following scalar form

(121) % =Y;(t1 ylv-',y%)a i=1’2’-">2ka

or in the equivalent vector form

(1.2.2) %i—’ =Y(t,y),

where* y= (ylayZ"' ' 3y2k)T € RZk and Y = (},1,}’2"' 'vY‘2k)T1 Y: T x
R?¢ — R A motion of (1.2.2) is denoted by n(¢;t0,¥0), n(to;to,¥0) =
Yo, and the reference motion 9,(¢; ¢, yr0). From the physical point of view
the reference motion should be realizable by the system. From the math-

ematical point of view this means that the reference motion is a solution
of (1.2.2),

dn,(t; to,
(1.2.3) W = Y[t, nr(t; to,yro)]-

Let the Liapunov transformation of coordinates be used,
(1.2.4) =Y - Yr,
where y,(t) = n.(¢;t0,yr0). Let f: T x R** —» R** be defined by

(1.2.5) l ft,z) =Yty (t) + 2] - YTt, Yrl.

*In Liapunov’s notation y = (g1,92,...,qk, ¢}, b .. ,qL)T.
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It is evident that
(1.2.6) F(t,0)=0.

Now (1.2.2) - (1.2.5) yield

(1.2.7) %ii = f(t,z).

In this way, the behavior of perturbed motions related to the reference
motion (in total coordinates) is represented by the behavior of the state
deviation z with respect to the zero state deviation. The reference motion
in the total coordinates y; is represented by the zero deviation z = 0 in
state deviation coordinates z;. With this in mind, the following result em-
phasizes complete generality of both Liapunov’s second method and results
represented in Liapunov [101] for the system (1.2.7). Let Q: R?** — R”,
n = 2k is admissible but not required.

THEOREM 1.2.1. Stability of z = 0 of the system (1.2.7) with respect
to @ = x is necessary and sufficient for stability of the reference motion
7y of the system (1.2.2) with respect to every vector function Q that is
continuous in y.

PROOF. Necessity. This part is true because Q(y) = y is contionuous in
y and evidently stability of = 0 with respect to z is implied by stability
of 7, with respect to Q(y) =y.

Sufficiency. Let L; >0, 1= 1,2,...,n, be arbitrarily chosen. Continu-
ity of @ in y implies existence of I; >0, l;=0;(L,y,), L=(L1,La,...,Ly)7,
i=1,2,...,n, such that |y; —ym| <, Yi=1,2,...,2k, implies |Q:(y) —
Qi(yr)| < Liy i =1,2,...,n. Stability of z = 0 of (1.2.7) (with respect
to x) guarantees existence of &; > 0, & = &;(1), ! = (I1,1a,...,l2)7, such
that |zo| < 6, ¢ = 1,2,...,2k, where x(t;t0,%0), X(to;t0,%0) = Zo, is
the solution of (1.2.7), x = (x1,X2;.-.,X2t)". Finally, for every L; > 0,
i =1,2,...,n, thereis & > 0, & = 30;, j = 1,2,...,n, such that
lyjo — Yrjol < 87, j=1,2,...,n, implies

IQ’L[n(t;thyO)] - Ql[n’r(t, to,er)]l < L‘i’ Vi 2 to, i= 1,2) RN (T

This theorem reduced the problem of the stability of the reference motion
of (1.2.2) with respect to @ to the stability problem of z = 0 of (1.2.7)
with respect to z; it is stated and proved herein for the first time.
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1.2.4 Accepted definitions of stability

By the very definition, stationary (time-invariant) systems are those whose
motions are not effected by (the choice of) the initial instant ¢, € R. How-
ever, such property is not characteristic for nonstationary (time-varying)
systems. It is therefore natural to consider the influence of ¢y on stability
properties of nonstationary systems, which is motivation for accepting the
next definitions.

DEFINITION 1.2.1. The state z = 0 of the system (1.2.7) is:

(i) stable with respect to T; iff for every to € 7; and every € > 0 there
exists d(to,€) > 0, such that ||zo|| < &(to,€) implies

lIx(t;to, z0)|| <&, VtE€ To;

(ii) uniformly stable with respect to To iff both (i) holds and for every
€ > 0 the corresponding maximal d5s obeying (i) satisfies

inf[dar(t,e): t € T3] > 0;
(iii) stable in the whole with respect to T; iff both (i) holds and
om(t,e) = +o00 as e— +oo, VEET;

(iv) uniformly stable in the whole with respect to T; iff both (ii) and (iii)
hold;

(v) unstable with respect to T; iff there are to € T;, ¢ € (0,+00)
and = € To, T > tp, such that for every § € (0,+00) there is
o, ||zol| < 8, for which

|Ix(7; to, xo)|| > &.

The expression “with respect to T;” is omitted from (i)-(v) iff 7; = R.
These stability properties hold as ¢ =+ +o00 but not for ¢t = +o0.

EXAMPLE 1.2.1. (see Gruji¢ [45]). Let z € R and # = (1 — )" 1z.
Then,

x(tto,2o) = (t — 1)_1(t0 - 1zo for to#1 and t#1.
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For t3 = 1 the motion is not defined and
llx(t;t0, mo)|| =+ +00 as t—(1-0), Vige (—oo,1), VY(zo#0)€ER.
Hence,

dm(t,e)=0, Ve>0, Vte(~oo,l].

However,
dm(t,e) =¢e, Vte(l,+00).

The state z = 0 is uniformly stable in the whole with respect to every
Ti € (—1,+00), but it is not stable.

EXAMPLE 1.2.2. (see Gruji¢ [45]). The first order nonstationary system
is defined by

dz _ (1+tsint + ¢ cost)z - exp{—ir}
dt ~ %w-exp{-—tsint}+t.exp{_%7r}.

Solutions are found in the form

1 1 :
3T +toexp{—5m + tosinto} s T
im +texp{—3m + tsint} o o # 2’ # 2’

x(t;to, o) =
50 that

s
Ix(t;to, zo)| = +00 as t— (-2-,-0) ,
7

Vio € (—oo,—-z-) , V(20 #0) € R.

This result and analysis of x(t;%0,20) yield

0, te (—OO,-%];
dmlte)=4¢ & te (-%,0;

em [m+ 2t exp{—F +tsint}]_1, t € [0,+00).

The state z = 0 is stable in the whole with respect to (-—’2—’, +oo) and uni-
formly stable in the whole with respect to every bounded 7; C (-%, +00),
but it is not stable.

In these examples, the motions x are not continuous in all ¢t € R.
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PROPOSITION 1.2.1. If there is a time-invariant neighborhood N' C R"
of & = 0 such that x(t;to,z0) is continuous in (t;t, o) € To X RXN, then
stability of £ = 0 of the system (1.2.7) with respect to some non-empty
T; implies its stability.

This result can be easily proved as well as the following;:

PROPOSITION 1.2.2. If x = 0 of (1.2.7) is stable (in the whole) then,
respectively, it is uniformly stable (in the whole) with respect to every
bounded T; C R.

ExXAMPLE 1.2.3. (see Grujié [45]). Solutions of the first order non-
stationary system

dz _ B+ 2yt 2
pri a+ﬂt+7t2$’ a>0, B‘<doy, v>0
are given by

x(t;to, @0) = (@ + Bto + vt2)(a + Bt + ¥t2) o,

In this case

Im(t,e) = 87((20:/ ,;tﬁ-:)'yatz) [1—sign <t + %)] +% [1+sign (t + -2%)] .

Hence,
inf[6ar(t,e): te R]=0, Vee(0,+00),

and
dm(t,e) =+ +00 as € — +o0, Vi ER.

The state 2 = 0 is stable in the whole but not uniformly.
However, it is uniformly stable in the whole with respect to 7; = [, +0)
for any ¢ € (—o0,+00).
DEFINITION 1.2.2. The state z = 0 of the system (1.2.7) is:
(1) attractive with respect to T; iff for every ty € 7T; there exists
A(to) > 0 and for every { > 0 there exists 7(to;z0,¢) € [0, +00)
such that ||zol] < A(to) implies ||x(¢;t0,20)|| < ¢, Vt € (to +
7(to; %0, ), +00);
(i) zo — uniformly attractive with respect to T; iff both (i) is true and
for every to € 7; there exists A(¢o) > 0 and for every ¢ € (0, +0c0)
there exists 7y[to, A(to),¢] € [0, +00) such that

sup [Ty (to; 0, €): @0 € T3] = 7u(Ti, %0, {);
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(iii) to — uniformly attractive with respect to T; iff (i) is true, thereis A >
0 and for every (zo,() € Ba % (0,4+00) there exists 7,(7;,20,¢) €
[0, +00) such that

sup [T (0); 20, €) : to € T3] = 7u(T5, %o, {);

(iv) uniformly attractive with respect to T; iff both (ii) and (iii) hold, that
is, that (i) is true, there exists A > 0 and for every ¢ € (0,+00)
there is 7,(7s, A, {) € [0,+00) such that

sup [Tm (to; 20, €) : (to, z0) € Ti x Ba]l = 7(Ti, A, ¢);

(v) The properties (i) — (iv) hold “in the whole” iff (i) true for every
A(ty) € (0,+00) and every tp € 7.

The expression “with respect to 7;” is omitted iff 7; = R.

ExAMPLE 1.2.4. For the system of Example 1 the following are found:

0, t € (—o0, 1)

Apy(t) = :

m(?) {+oo, t € (1,+00) ’
+00, t € (—o0, 1)

Tm(t, 2, ¢) = { t——z—llml +1, te(l,400)

The state £ =0 is:

(a) attractive in the whole with respect to 7; = (1, +00),

(b) to — uniformly attractive in the whole with respect to any bounded
Ti € (1, +00),

(c) zo - uniformly attractive with respect to 7; = (1, +00),

(d) uniformly attractive with respect to any bounded 7; C (1, +00),

(e) not attractive.

The next results can be easily verified.

PROPOSITION 1.2.3. If there is a time-invariant neighborhood N' C R"
of x = 0 such that x(t;ty, o) is continuousin (t;to,zo) € To X RXN, then
attraction of z = 0 of the gystem (1.2.7) with respect to some nonempty
T: implies its attraction.
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ExAMPLE 1.2.5. We consider the system of Example 1.2.3 once again
and find: -
inf[Ap(t): t € R] = o0,

min [0, (29)7{[82 - 4oy + 41¢ " Ale + Bt + 7)) - 8}
Tm(t,A,¢) = for A > (47 — B2)¢[4v(a + Bt +71t%)] 7,
0, for A < (day - B*)¢[dy(a+ Bt + 3]
Hence,
sup [T (t,A,0): t € Rl = 400 for A > (4o - 82)([4v(a+ Bt +4t3)]~ .

The state z = 0 is:

(a) attractive in the whole,

(b) zo — uniformly attractive in the whole,

(c) to — uniformly attractive in the whole with respect to any bounded
T: C R,

(d) uniformly attractive in the whole with respect to any bounded 7; C
R,

(e) not uniformly attractive.

DEFINITION 1.2.3. The state z = 0 of the system (1.2.7) is:

(i) asymptotically stable with respect to T; iff it is both stable with
respect to 7; and attractive with respect to 73;

(i) equi-asymptotically stable with respect to T; iff it is both stable with
respect to 7; and zo-uniformly attractive with respect to T;;

(iii) quasi-uniformly asymptotically stable with respect to T; iff it is both
uniformly stable with respect to 7; and tg-uniformly attractive with
respect to 7;;

(iv) uniformly asymptotically stable with respect to T; iff it is both uni-
formly stable with respect to 7; and uniformly attractive with re-
spect to 7;;

(v) the properties (i) - (iv) hold “in the whole” iff both the correspond-
ing stability of £ = 0 and the corresponding attraction of z =0
hold in the whole;

(vi) exzponentially stable with respect to T; iff there are A > 0 and real
numbers o > 1 and 8 > 0 such that ||zo]] < A implies

lIx(2; to, zo)|| < al|zo]| exp[-B(t — )], Vi€ Ty, Yio € Ti.
This holds in the whole iff it is true for A = +oo.
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The expression “with respect to 7;” is omitted iff 7; = R.

EXAMPLE 1.2.6. (see Gruji¢ [45]). The second order system is described
by

de _ _ 1 -t 1
-(_i_t— - A(t)m: A(t) = 1+£2 [_1, _t] H

and its solutions are found in the form

. _ 1 1+tt, t-—1

Hence,
Su(t,€) = % [14 (1+2)71(1 - signt) + signt],
which implies
inf [0pr(t,€): t € R] = 0, Ve € (0, +00),
and

2)8 —toq)t r 2y—}
rm(t,uxu,c)={f)“+” lali¢™* - 1], ;o ll2l] > ¢(2 +1#7)
’ or 0 < ||| < ¢(1+12)~%,

which yields
sup [Tm (¢, 4,(): t€R] =400 for 0<{<A(l +t2)%, VA € (0,+00).

Therefore, the state £ =0 is:

(a) asymptotically stable in the whole,

(b) equi-asymptotically stable,

(c) uniformly asymptotically stable with respect to any bounded 7; C
R,

(d) not equi-asymptotically stable in the whole,

(c) not uniformly asymptotically stable in the whole with respect to
any bounded 7; C R.

Notice that the system is linear.
The next results are straightforward corollaries to Propositions 1.2.1 —
1.24.
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PROPOSITION 1.2.5. If there is a time-invariant neighborhood N C R™
of z = 0 such that x(t;to,zo) is continuous in (t;tg,z0) € To X R X N
then asymptotic stability of © = 0 of the system (1.2.7) with respect to
some nonempty T; implies its asymptotic stability.

PROPOSITION 1.2.6. If z =0 of (1.2.7) is asymptotically stable then it
is uniformly asymptotically stable with respect to every bounded 7; C R.

1.2.5 Equilibrium states

For the sake of clarity we state

DEFINITION 1.2.4. State z* of the system (1.2.7) is its equilibrium state
over T; iff

(1.2.8) x(t; to, %) = z*, VieTy, Vio€T.

The expression “over T;” is omitted iff 7; = R.

PROPOSITION 1.2.7. For ¢* € R" to be an equilibrium state of the
system (1.2.7) over T; it is necessary and sufficient that both

(1) for every to € T; there is the unique solution x(t;to,z*) of (1.2.7),
which is defined for all to € Ty

and
(2) f(t,z*) =0, VteT, Vi eT;.

PROOF. Necessity. Necessity of (i) and (ii) for z* to be an equilibrium
state of (1.2.7) is evidently implied by (1.2.8).
Sufficiency. If z* satisfies the condition (ii) then z(t) = z(¢;t0,2*) =
z*, Yt €Ty and Vip € T;, obeys
dz(t '
—%i-l =0=f(t,2*) = flt, s(¥)}, Vi€To, V€T
Hence, x(t;to,z*) = =* is a solution of (1.2.7) at (tp,z*) for all ¢ € T,
which is unique due to the condition (i).
Hence (1.2.8) holds.

The conditions for existence and uniqueness of the solutions can be found
in the books by Bellman [15], Hartman [69], Halanay [67] and Pontriagin
[154] (see also Kalman and Bertram [80]).
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PROPOSITION 1.2.8. If z = 0 of the system (1.2.7) is stable with respect
to 7; then it is then it is an equilibrium state of the system over T;.

Proor. Let z =0 of (1.2.7) be stable with respect to 7; and ¢ > 0 be
arbitrarily small. Then ||x(¢;t0,0)|| < e for all ¢t € Ty and every to € T;
because 2o =0 and ||zo|| = 0 < dar(to,€). Let x1 and xs be two solutions
of (1.2.7) through (to,0), to € 7;. Then,

(1.2.9)  Ixa(;t0,0) = xa(t; t0,0)|| < Ilxa(#;t0, )| + lIx2(t; 20, 0)|| < €n

for all t € Ty and every to € T; because
- En
loll = 0 < 1 (20, ).

Let €, = 0 as n — +00. It now follows from (1.2.9) that ||x1(¢;%,0) —
x2(t;t0,0)| is less than €, no matter how large integer n is taken. Hence,

x1(t;t0, 0) = x2(t;10,0)
and
[lxi(t; e, 0)|| < €n, i=1,2,

for arbitrarily large integer n. It follows that x(t;%0,0) B0 is the unique
solution of (1.2.7) on 7o for all ¢, € 7;, which proves that z = 0 is an
equilibrium state of (1.2.7) over 7;.

Let g: R™ — R" define an autonomous system

(1.2.10) i g(z).

Every stability property of z = 0 of (1.2.10) is uniform in to € R. Besides,
Proposition 1.2.8 yield the following.

COROLLARY 1.2.1. If z = 0 of the system (1.2.10) is its equilibrium
state over some nonempty interval 7; C R then it is an equilibrium state
of the system.
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1.3 Brief Outline of Trends in Liapunov’s Stability Theory

1.3.1 Of Liapunov’s original results

Liapunov ([101], p.25) defined two essentially different approaches to solving
stability problems as follows:

All ways, which we can present for solving the question we are
interested in, we can divide in two categories.

With one we associate all those, which lead to a direct inves-
tigation of a perturbed motion and in the basis of which there
is a determination of general and particular solutions of the dif-
ferential equation (1.2.1).

In general the solutions should be searched in the form of
infinite series, the simplest type of which can be considered from
those in the preceding paragraph. They are series ordered in
terms of integer powers of fixed variables. However we shall
meet series of another character in the sequel.

The collection of all ways for the stability investigation, which
are in this category, we call the first method.

With another one we associate all those, which are based on
principles independent of a determination of any solution of the
differential equations of a perturbed motion.

One such example is the well-known way for an investigation
of equilibrium stability in the case that there is a force function.

All these ways can be reduced to a determination and an in-
vestigation of integrals of the equations (1.2.1), and in general
in the basis of all of them, which we shall meet in the sequel,
there will be always a determination of functions of variables
Z1,T2, ..., Tn, t according to given conditions, which should
be satisfied by their total derivatives in ¢, taken under an as-
sumption that z1,z2, ..., Z, are functions of ¢ satisfying the
equations (1.2.1). ’

The collection of all ways of such a category we shall call the
second method.

In order to effectively develop the second method Liapunov introduced
the concept of semi-definite and definite functions and the notion of de-



1.3 BRIEF OUTLINE OF TRENDS IN LIAPUNOV*S STABILITY THEORY 17
creasing functions as follows (Liapunov {101}, p.59):

We shall consider herein real-valued functions of real variables
(39) Z1,%3, ..oy Tny b

obeying conditions of the norm

(40) t>2T, |zl <H (s=1,2,...,n),

where T and H are constants, the former of which can be arbi-
trarily large and the latter may be arbitrarily small (but different
than zero).

Then we shall consider only functions which are continuous
and one-to-one under the conditions (40) and vanish at

Ty =Ty =+ -=2n =0.

Such properties will possess all functions considered by us
(even if it were not mentioned). But, besides that, they can
possess special features; for definitions we shall introduce several
terms.

Consider a function V such that under the conditions T suf-
ficiently large and H sufficiently small, it can take, apart from
those equal to zero, only values of one arbitrary sign.

Such a function we shall call signconstant. When we wish
to underline its sign, then we shall say that it is a positive or
negative function.

In addition to that, if the function V does not depend on
t, and the constant H can be chosen sufficiently small so that,
under the conditions (40) the equation V = 0 can hold only for
one set of values of the variables

L1 =2y==2, =0,

then we shall call the function V signdefinite one, and wishing
to underline its sign — positive-definite or negative-definite.

We shall use the last notions also with respect to functions
depending on ¢. However, in such a case the function V' will be
called signdefinite only under the condition, if for it is possible
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to find such a i-independent positive-definite function W, for
which one of two expressions

V-w -V-w

would represent a positive function.
Hence, each of functions

wf + w% — 2z1x3 cost, t(mf + :v%) — 22123 cost

is signconstant. However, the former is only signconstant, and
the latter, if n = 2, is simultaneously signdefinite.

Every function V, for which the constant H can be chosen
so small that for numerical values of that function under the
conditions (40} there is an upper bound, will be called bounded.

In view of the properties which, under our assumption, pos-
sess all functions considered by us, will be such, for example,
every function independent of t.

A bounded function can be such that for every positive &,
regardless how small, there is such nonzero number h, for which
for all values of variables, satisfying conditions

t>T, |zs/<h (s=1,2,...,n),

will hold the following;:
Vi <e.

This condition will satisfy, for example, every function indepen-
dent of t. However functions depending on ¢, even bounded, can
violate it. Such a case represents, for example, a function

sin[(zy + 22 + -+ + z5)t).

When the function V fulfills the preceding requirement, then
we shall say that it admits infinitely small upper bound.
Such an example is the function

(x1 + 22+ -+ zp) sint.

Let V be a function admitting infinitely small upper bound.
Then, if we know that the variables satisfy a condition
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where £ is a positive number, hence we conclude that there is an-
other positive number A, less than which cannot be the greatest
quantity among |zi|,|z2|, ..., |Zn|-

In order to examine behavior of the values of a definite function V along
system motions without using the motions themselves Liapunov ([101],
p.61) proposed the following:

Simultaneously with the function V' we shall often consider an ex-
pression

ov ov ov ov
’— — — e s — we——
Vi= 3:1:1X1 + 6w2X2+ + 8mnX"+ T

representing its total time derivative, taken under the assumption
that z,22,..., Z, are functions of ¢, which satisfy differential
equations of a perturbed motion.

In such cases we shall always assume that the function V is such
that V' as a function of the variables (39) would be continuous and
one-to-one under the conditions (40).

Speaking further about the derivative of the function V', we shall
mean that it is the total derivative.

These concepts have been the keystone of the second Liapunov method
and for a solution of (uniform) stability of z = 0 (Liapunov [101], p.61):

THEOREM 1. If the differential equations of a perturbed motion
are such that it is possible to find a signdefinite function V, the
derivative V' of which in view of these equations would be either
a signconstant function with the opposite sign to that of V, or
identically equal to zero, then the unperturbed motion is stable.

In addition to this result Liapunov [101] made the “Remark 2” that
has become the foundation of the asymptotic stability concept and for a
solution of (uniform) asymptotic stability of z = 0.

In order to illustrate deepness, generality and importance of Liapunov’s
results once again, let following his results be cited (Liapunov [101],
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p.79-80):

THEOREM 1. When the roots ky, ks, ..., k, of the character-
istic equation are such that for a given natural number m it is
impossible to have any relationship of the form

mlk]_ +m2k2 + "'+mnkn = 0,

in which all m, are nonnegative integers, giving their sum equal
to m, then it is always possible to find just one whole homoge-
nous function V of the power m of the quantities k, satisfying
the equation

z v
(9) Z (Pslwl + PsaZy + +pan$n) -6—1-17— =U

g=1 8

for arbitrarily given whole homogenous function U of the quan-
tities z, of the same power m.

THEOREM 2. When the real parts of all roots k, are negative
and when in the equation (9) there is the function U being sign-
definite form of any even power m, then the form V of the power
m satisfying that equation is also sign definite with the opposite
sign to that of U.

Gantmakher [38] recognized the fundamental potential of these results
and deduced the Liapunov matrix theorem (see Barnett and Storey [14]).
This theorem is a fundamental theorem for stability theory. For its presen-

tation the following is needed.

DEFINITION 1.3.1. A matrix H = (hy;) € R"*™ is:
(i) positive (negative) semi-definite iff its quadratic form V(z)=zTHz

is positive (negative) semi-definite, respectively;

(ii) positive (negative) definite iff its quadratic form V(z) = zTHz is

positive (negative) definite, respectively.

Let a k-th order principal minor of the matrix A be denoted by

h’hil hi]_ig L hilik
H[zl 2 ... 7,1,:|= hinh h,;”', hizih

1'1 7:2 cen U ’

hikﬁ hikig h‘ik'ik
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where
i; €{1,2,...,n}, 4;<ijp1, §=1,2,...,k k=1,2,...,n
The leading principal minor of the k-th order of H is

h11 h12 e hlk
1 2 ... k| _|ha hao ... ha _
A o L Bl B RN
hey hxe .o A,

The following criteria are well known (see Gantmacher [38]).

THEOREM 1.3.1. Necessary and sufficient for a symmetric n xn matrix

H to be:
(1) positive semi-definite is that all its principal minors are non-negative
H [E P ;’;] 20, 1Si1<iz<-<ixsn, k=12 ...,m
(2) negative semi-definite is that both all its even order principal minors
are non-negative and all its odd order principal minors are non-

positive
H [il Qg ... g {20, k=2,4,...
i Gy ... G <0, k=13,...°
(3) positive definite is that all its leading principal minors are positive
1 2 ... k]
H [1 2 ... k) >0, k=12,...,n

(4) negative definite is that both its first order leading principal minor
is negative and all its leading principal minors are alternatively
negative and positive

b (1 2 o K B
(-1)15:'[1 5 k]>0, k=1,2,...,n.

Notice that a square matrix A with all real valued elements is (semi-)
definite iff its symmetric part A, = 1(A + AT) is (semi-) definite, and a
square matrix A with complex valued elements is (semi-) definite iff its Her-
mitian part Ag = 1(A+ A*) is (semi-) definite, where A* is the transpose
conjugate matrix of the matrix A.

Now, the fundamental theorem of the stability theorem — the Liapunov
matrix theorem — can be stated as a corollary to the preceding Theorems
1 and 2 by Liapunov.
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THEOREM 1.3.2. In order that real parts of all eigenvalues of a matrix
A, A € R™*"  be negative it is necessary and sufficient that for any positive
definite symmetric matrix G, G € R"*?", there exists the unique solution
H, H € R**", of the (Liapunov) matrix equation

ATH + HA = -G,
which is also positive definite symmetric matrix.

For solving the Liapunov matrix equation, see for example Barnett and
Storey [14], and Barbashin [10].

1.3.2 Classical and novel developments of the scalar Liapunov
functions method

Following Liapunov [101], the classical development of his second method
consists of a number of stability theorems providing stability conditions are
imposed on appropriate scalar function V and its total time derivative along
system motions over a time-invariant neighborhood of = = 0. Adequate
expositions of the classic development of the Liapunov second method can
be found in the books by Yoshizawa [174, 175] and Rouche, Habets and
Laloy [159].

1.8.2.1 Comparison functions. Comparison functions are used as upper
or lower estimates of the function V and its total time derivative. They -
are usually denoted by ¢, ¢: Ry — R4. The main contributor to the
investigation of properties of and use of the comparison functions is Hahn
[66]. What follows is mainly based on his definitions and results.

DEFINITION 1.3.2. A function ¢, ¢: R4+ — Ry, belongs to

(i) the class Ko,0), 0 < @ < +oo, iff both it is defined, continuous
and strictly increasing on [0,) and ¢(0) = 0;

(ii) the class K iff (i) holds for o = +00, K = K[g 1c0);

(ili) the class KR iff both it belongs to the class K and ¢(¢) = +o0 as
¢ = +00; ‘

(iv) the class Lo o) iff both it is defined, continuous and strictly de-
creasing on [0,c) and lim [p(¢): { = +o0] = 0;

(v) the class L iff (iv) holds for a = 400, L = Lo 4o0)-

Let ¢! denote the inverse function of ¢, ¢![p(¢)] = ¢.
The next result was established by Hahn [66].
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ProrosITION 1.3.1.

1) If p€ K and ¢ € K then o(v) € K;

2) f pe K and o € L then ¢(o) € L;

3) Ifpe K[g,a) and ¢(a) = ¢ then (pI € K[O,E);

4) If ¢ € K and lim[p({): ¢ = +00] = & then ' is not defined on
(€, +x);

(5) If v € Kio,a), ¥ € KJp,a) and o(¢) > ¥({) on [0,a) then ¢!(¢) <

¥I(¢) on [0,8], where 8 = ¢(a).

DEFINITION 1.3.3. A function ¢, ¢: Ry x Ry — Ry, belongs to:

(i) the class K Kjp,q,p) iff both (0,¢) € Kjo,a) for every ¢ € [0,5)
- and ¢(¢,0) € Kj,g) for every ¢ € [0,a);
(ii) the class KK iff (i) holds for o = 8 = +o0;
(iii) the class KLig,q,g) iff both (0,() € Kjoq) for every ¢ € [0,5)
and ¢(¢,0) € Lyg,g) for every ¢ € [0,a);
(iv) the class KL iff (iii) holds for a = 8 = +o00.

(
(
(
(

DEFINITION 1.3.4. Two functions @1, s € K or @1, € KR are
said to be of the same order of magnitude if there exist positive constants
oy, Bi, i =1,2, such that

aipi(€) < @i(€) < Bipi(C), T #3; 4,5 €[1,2].

1.3.2.2 Some generalizations of the theory by Liapunov. We shall set out
some generalizations of Liapunov theorems with regard to the results ob-
tained by Zubov [178, 179].

DEFINITION 1.3.5. A function »: R x R™ — R is positive definite on
T-, 7 € R, if and only if there is a time-invariant connected neighborhood
Nof 2=0, N CR" and a € Kjo), where a = sup {|[z|: z € N'} such
that v(t,0) =0, Vt € T;, and a(]|z||) < v(t,z) V(,z) € Tr X N.

THEOREM 1.3.3. Let the vector function f in system (1.2.7) be contin-
uouson Rx N (on T; x N). If there exist
(1) an open connected time-invariant neighborhood G of point x = 0;
(2) a positive definite function v on G (on T; X N) such that:
(a) v(t,0) = 0 and for a fixed t € R (t € T;) the function v(t, x)
is continuous at the point z = 0;
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(b) w(t,z) is definite on any integral curve = = xz(t;to,zo) of
the system (1.2.7) unless the curve leaves the definition do-
main of function v(t,z) and on every such curve the function

v(t) = v (¢, (t; to, o))

does not increase when t € R (for all t € T;), then and only
then the state z = 0 of the system (1.2.7) is stable (on 7).

The proof of sufficiency of the theorem conditions is a routine of the
Liapunov functions method (see e.g. Liapunov [101], Demidovich [23], etc.).

In the proof of necessity of the Theorem 1.3.3 conditions one employes
the function

sup ||z (t; to, xo)ll, if sup ||lz(t;to, zo)|| < 1,
2to t2>to
’U(to,:vo) =

1, if sup ||z(¢; o, zo)| > 1.
t>to

It is easy to verify that these functions satisfy all conditions of the Theorem
1.3.3.

DEeFINITION 1.3.6. A function v: Rx R™ = R is decreasing on T, T €
R, if and only if there is a time-invariant neighborhood N of 2 =0 and a
function b € Kp,q), such that

v(t,z) <b(llzl)) VieT, xN.

THEOREM 1.3.4. In order that the solution = = 0 of the system (1.2.7)
is to-uniformly stable (on T ), it is necessary and sufficient that the function
v(t, 2) mentioned in Theorem 1.3.3 be decreasingon G (on T; X G) and all
conditions of Theorem 1.3.1 be satisfied.

THEOREM 1.3.5. For the solution z = 0 of the system (1.2.7) to be
asymptotically stable (on 7;), it is necessary and sufficient that the condi-
tions of Theorem 1.3.3 be satisfied and along any integral curve z(t;to, Zo)
the function v(t, ) tend to zero as t = +o0, i.e.

v(t) = v (¢, 2(t;t0,20)) = 0 for t = 400,
llzoll < ¥(to), t>to, to € Ti.

Theorems 1.3.3 — 1.3.5 have the condition associated with the function
v(t, z) nonincreasing or decreasing along the integral curves of the system
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(1.2.7). As the explicit representation of the integral curves z(t; ¢y, z) of
the system (1.2.7) is not known, it is impossible to test this condition.
Therefore, when these theorems actually are employed, various sufficient
conditions of function v(¢,z) nonincreasing (decreasing) that are easier to
check become of great importance.

THEOREM 1.3.6. Let a vector function f in (1.2.7) be continuous on
R x N (on T; x N). If there exist
(1) an open connected time-invariant neighborhood G of point = = 0;
(2) the function v(t, z) satisfying condition (2)(a) of the Theorem 1.3.3;
(3) the nonpositive function w(t,z) that is a total derivative of the
function v(t, z) along the solutions of the system (1.2.7) such that

w(t,z) < a(t) <0 for |z 2 o

and

/(P(S) ds = —o0,

I
where I is any infinite system of closed nonintersecting segments
on the interval [tg,00), to € T;, such that the lengh of each one is
not less than a fixed positive constant, then the state x = 0 of the
system (1.2.7) is asymptotically stable (on 7).

THEOREM 1.3.7. For the solution z = 0 of the system (1.2.7) to be to-
uniformly asymptotically stable (on T;), it is necessary and sufficient that
the function v(t, z) satisfy all conditions of Theorem 1.3.5 and be decreasing
on G (onT; xG).

This theorem is an immediate corollary of Theorems 1.3.4 and 1.3.5.

THEOREM 1.3.8. Let a vector function f in system (1.2.7) be continuous
on Rx N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G of point 2 = 0;

(2) the function v(t,z) being positive definite on G (on T; x G) and
decreasing on G (on Ty X G);

(3) the function w(t,z) that is negative definite on G (on T; x G) and
decreasingon G (on T X G);

(4) the correlation

Du(t,z) = w(t,z) for ((,z)eRxG (VY (t,z) € Tr X G),
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then and only then the state £ = 0 of the system (1.2.7) is uniformly
agymptotically stable (on T;) and uniformly attractive (on 7).

COROLLARY 1.3.1. If the state x = 0 of the system (1.2.7) is asymptot-
ically stable (on 7;), then an independent variable ¢ can be transformed so
that the zero solution of the newly obtained system is uniformly attractive
(on 77).

THEOREM 1.3.9. Let the vector function f in system (1.2.7) be contin-
uous on R x N (on T; x N). If there exist

(1) the function v(t,z) decreasing on G and taking negative values in
the arbitrarily small semiaxis neighborhood (for any fixed t > T),
Ty =Ty =--=2,=0, t>0;
(2) an integrable function @, (t) such that
Du(t,z) = w(t, z)
and for ||z]|> > 02, w(t,z) < palt),
¢
/(,oa(t) dt -+ —o0 for t = 400,
0
then the equilibrium state z = 0 of the system (1.2.7) is unstable.

COROLLARY 1.3.2. If the function v(t,z) satisfies conditions (1)~-(2)
of Theorem 1.3.9, and the function w(¢, ) is negative definite, then the
equlibrium state z = 0 of the system (1.2.7) is unstable.

This corollary is the first Liapunov theorem on instability (see Liapunov
[101], p.65).
Following Krasovskii [89] it is easy to prove.

THEOREM 1.3.10. If x is continuouson To X Rx N (on To X Tr x N)
then existence of a time-invariant neighborhood S of z = 0, a function
v, positive real numbers 1, 2 and 13 and a positive integer p such that
v(t,z) € C(To x N) and both, respectively,

1) mllzlP vt z) < mllzll’, VY(,z)eRxS (V(,z)€Tr x8),
and
(2)  D™(t,2) < —mllall’, V(te)eRxS (V(t,2) €T xS),

is necessary and sufficient for exponential stability (on T;) of x =0 of the
system (2.1.7).
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THEOREM 1.3.11. Ifx is continuous on To X Rx R"™ (on Ty x T, x R™)
then existence of a function v, positive real numbers 11, 72 and 13 and a
positive integer p such that v(¢,z) € C(To X R™) and both, respectively,

(1) 771”37”p < ’U(t, :I}) < 7)2”55“?: V(t’m) € Rx R" (V (ta .'l:) €Tr % Rn);
and
(2) D™w(t,z) < —msllzll’, V(t,z) € Rx R™ (V(t,z) € Tr x R"),

is necessary and sufficient for exponential stability in the whole (on T;) of
z =0 of the system (2.1.7).

1.8.2.3 Partial stability. We return back to the system (1.2.7) and represent
the vector = of the system state as

2T = (m'lr, w;r)T,

where z; € R™, 23 € R™, ny + no = n. Then we assume on system of
the equations (1.2.7) that:

(Hy). In domain t € R, T; x Q(H) x D the right-hand parts of the
system (1.2.7) are continuous and locally Lipschitzian in z, i.e.
f € C(RxQ(H) x D, R"), where Q(H) = {z1 € R™: ||lz1|| <
H, H =const >0}, D = {z2 € R™:0 < ||z3]| < +oc}.

(Hs). The solution of the system (1.2.7) are z2-continuable, i.e. any solu-
tion z(¢; ¢, zo) of the system (1.2.7) is definite for all £t > 0 (t € 77)
such that ||z1(¢)|| < H.

It was noted by Liapunov [102] that a more general problem on motion
stability with respect to a part of variables may be studied.

The theory of motion stability with respect to a part of variables is
exposed by Rumyantzev and Oziraner [161]. In this presentation we restrict
ourselves to a few results obtained in this direction.

DEFINITION 1.3.7. The state z = 0 of the system (1.2.7) is z;-stable
with respect to T,, iff for every ¢y € 7; and every € > 0 there exists a
d(to,€) > 0 such that [|zo|| < 8(to, &) implies ||z;1(t;to, 2z0)|| <€ Yt € To.

The other types of z;-stability are defined in the same way as Definition
1.3.7 taking into account Definitions 1.2.1-1.2.3.

Following the results by Rumyantzev [160] we shall set out the following
result.
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THEOREM 1.3.12. Let the vector function f in system (1.2.7) satisfy
conditions Hy and H,. If there exist the function v(t,z) and comparison
functions a, b and ¢ of class K such that

1) allzall) £ v(t2) < b(llmall) VY(t,2) € RxQ(H) x D (V(t,2) €
Tr x Q(H) x D));

(2) D*u(t,z) < —c(lz1]]) V(t,z) € Rx QH) x D (V(t,z) € T7 x
Q(H) x D)).

Then .

(a) any a > 0 and any (to,%0) € R x (Ba N Q(H)) x D ((to,z0) €
Tr x (Ba NQ(H)) x D), the solution zy(t;to,z0) — O uniformly
relatively (to,zo) as t — +o0;

(b) the state z = 0 of the system (1.2.7) is uniformly asymptotically.

zq-stable (on T; ).

1.8.2.4 The development of Marachkov’s idea. One of the trends in gen-
eralization of Liapunov’s theorems is the establishment of conditions that
could replace the condition of function v decreasing in the theorems on as-
ymptotic stabilly. The Marachkov’s theorem [108] is the first result in this
direction.

THEOREM 1.3.13. Let the vector function f in the system (1.2.7) be
bounded on R x N (on T, x N). If there exist

(1) a positive definite function v € CY(R X N, Ry)(v € CY{(T; x~
N, R})), v(t,0)=0, Vte R(VteT;);
(2) a function c of class K such that

Du(t,z) < —c(||=l})
V(t,z) e Rx N (Y (¢,z) € Tr x N),

then the equilibrium state z = 0 of the system (1.2.7) is asympto-
tically stable (on T; ).

The Marachkov’s theorem was generalized by Salvadori [162] via the
application of two auxiliary functions. We shall formulate this result in the
following way.

THEOREM 1.3.14. Let the vector function f in the system (1.2.7) be
continuous on R x N (on T; x N). If there exist

(1) a positive definite function v € C*(R x N, R}) (v € CY{(Tr x
N, Ry)), v(t,0) =0, VteR(Vte Tr);
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(2) the function w € C*(R x N, R}) (w € CY(T; x N, Ry)), w(t,x)
is positive definite and Dw(t,z)|(; 5.7y is bounded from above or
below on Rx N (on Tz X N);

(3) a function ¢ of class K such that

Du(t,z) < —c(w(t,z)) on Rx N (onT, x N).

Then the equilibrium state z = 0 of the system (1.2. 7) is asympto-
tically stable (on T ).

Below we shall cite a result showing that the positive definiteness condi-
tion in Theorem 1.3.13 may be replaced by the condition of positive semidef-
initeness.

THEOREM 1.3.15. Let in condition (1) of Theorem 1.3.13 the function
v € CLRxN), v e CH{T; xN), v(t,z) >0 and v(t,0) =0 V¢t € R
(Vt € T;) and condition (2) be satisfied.

Then the equilibrium state z = 0 of the system (1.2.7) is asymptotically
stable (on 7).

1.8.2.5 Generalized comparison principle. Further alongside the system
(1.2.7) the equation

(1.3.1) % = g(t,u,z)
is considered, where u € Ry, g € C(7; x Ry x R*, R), g(¢,0,0) = 0 for
all te 7-.

We recall that equation (1.3.1) emerges as a result of estimation of the
total derivative D u(t,z) along a solution of the system (1.2.7) in terms of
the inequality

D+’U(t,$) < g(ti ’U(t’z)l {E)
(13.2) (t2) € Rx N (¥V(4,2) € To x A).

Sometimes an obvious dependence of function g on vector  widens the pos-
sibility to apply the principle of comparison with scalar Liapunov function
(cf. Corduneanu [20]).
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THEOREM 1.3.16. Let the vector function f in the system (1.2.7) be
continuous on R x N (on T, x N'). If there exist scalar function v(t,x)
and g(t,u, ) and comparison functions a and b of class K such that

(1) a(llzll) S v(t,z) < b(llel)) V(t,z) € RXN (V(t,2) € T x N);
(2) D*u(t,2) < g(t, v(t,2), ) V(t,2) € RXN (V(tz) €T X N),

then the property of u-stability of the extended system

dz
prl (
du

= = un >
dt g(tsua IC), U(to) ug 2 0,

t,z), z(to) = zo;

implies the corresponding property of stability of solution =z = 0 to the
system (1.2.7).

For the proof of this theorem when 7; = R see Hatvani [71] and for its
generalization see Martynyuk [110].

We note that for the case when estimate (1.3.2) holds with an inverse
inequality and the function g(%,u,z) = g(¢,u) the theorems on instability
of solution z =0 to system (1.2.7) are known (see Rouche, Habets, Laloy
[159]) that are based on the principle of comparison with scalar Liapunov
function.

1.3.3 A survey of development of the method of vector
Liapunov functions

With the purpose to weaken the requirements to the Liapunov functions
used in the theory of motion stability it was proposed by Duhem [33] in
1902 to apply several Liapunov functions instead of one.

In modern terms he discovered a multicomponent Liapunov function.
After 60 years this idea of multicomponent function was developed by Bell-
man [16], Matrosov [132] and Melnikov [139]. The papers by Corduneanu
[20, 21] where the scalar Liapunov function were aplied together with dif-
ferential inequalities and the works by Kamke [81] and Wazewski [171] have
become a background for a series of important results in motion stability
theory obtained via the principle of comparison with vector Liapunov func-
tion. This section reviews basic ideas and results developed lately while
working out the method of vector Liapunov functions.
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1.8.8.1 Scalar approach. We return back to the system (1.2.7) and consider
also a vector function

(1.3.3) V(t,2) = (ut,z),m(t,2), ..., vm(t,2)7,

where v, € C(To x R™, Ry), s =1,2,...,m and its total derivative along
solutions of the system (1.2.7)

(1.3.4) DYV (t,z) = lim sup {[V(¢t+9, z+8f(t,z)) - V(t,z)]071: 667}
for (¢,z) € To x R™.
The notion of the property of having a fixed sign of function (1.3.3) is

introduced as follows. By means of a real vector oz € R™ one constructs a
scalar function
(1.3.5) v(t,z,a) = TV (t,z) (t,z) € To x R™.
DeFINITION 1.3.8. A vector function V : Tg X R®* =+ R™ is
(i) positive semi-definite on T; = [r,+o0), 7 € R iff there exist a
connected time-invariant neighborhood A of point z = 0, N C R®
and a real vector & € R™ such that
(a) v(t, z, @) is continuous in (¢,z) € 77 x N;
(b) v(t,z, @) is nonnegative on N; v(t,z,a)>0 V (¢, z,0#0) €
Tr x N x R™;
(c) v(t,z,a) vanishes whenever 2 = 0 for any (t,a # 0) €
T- x R™.

REMARK 1.3.1. Taking Definition 1.3.8 for the sample the other defini-
tions for function (1.3.3) are introduced in a similar way.

The state vector z of system (1.2.7) is divided into m subvectors, i.e.
z= (i, ..., :c;rn)T, where z, € R™ and ny +ng+ -+ ny, =n.

Assume that

L
(1.3.6) aavh(leil) < vilt,2) < avh(lzdl), i=1,2,...,m,
where a;; and a;; are some positive constants and ;1 and ;2 are of class
K (KR). ‘

Actually the condition (1.3.6) means that the components v;(t, z) of the
vector function (1.3.3) are positive definite and decreasing with respect to
a part of variables. :

Let us introduce designations

Ay =diaglai1, a12,...,01m),

1.3.7 .
( ) Az = dlag [021, Q224+ y azm].
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PROPOSITION 1.3.2. For. the vector function (1.3.3) to be positive defi-
nite and decreasing, it is necessary and sufficient that the bilateral inequal-
ities

(1.3.8) urA1u < v(t,z,0) < ugAsus

be satisﬁed, where

o = (wh (sl ehnllaml))
3 % T
(whliaal),- - ¥hnlionl))

uj
REMARK 1.3.2. If 9 = %2 = ||z4||, then the estimates (1.3.8) are
known (see Krasovskii [89]) as the estimates characteristics of the quadratic

forms.
Taking into account (1.3.4) we get for the function (1.3.5)

(1.3.9) D*V(t,z,a) =a*DTV(t,z).
Let for (¢,z) € To X R™ there exist an m X m matrix S(t, z), for which

(1.3.10) D*V(t,z,a) < I S(t,z) ¢s,

3 3 3 *
where 95 = (wh(lei ), wh(lzal), ... 9hallanl))
Estimates (1.3.8)—(1.3.10) allows us to establish stability conditions for
the state z = 0 of system (1.2.7) as follows.

THEOREM 1.3.17. Let the vector function f in system (1.2.7) be con-
tinuous on R x N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G of point z = 0;
(2) the decreasing positive definite vector function V on G (on T, X G);
(3) the m x m-matrix S(t,z) on G (on T, X G) such that inequality
(1.3.10) is satisfied.
Then

(a) the state ¢ = 0 of the system (1.2.7) is uniformly stable if the
matrix S(t,z) is negative semidefinite on G (on T; x G);

(b) the state = 0 of the system (1.2.7) is uniformly asymptotically
stable (on T,) providing the matrix S(t,z) is negative definite on

G (on T; x G).
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PRrooOF. Formula (1.3.5) and estimates (1.3.8) and (1.3.10) allow us to
repeat all points of the proof of Theorems 8.1 and 8.3 by Yoshizawa [174]
on uniform (asymptotic) stability. The theorem is proved.

REMARK 1.3.3. New points of the theorem resulting from the applica-
tion of vector function (1.3.3) are
(a) a possibility to apply the components v;(¢,z), ¢ =1,2,...,m being
of a fixed sign with respect to a part of variables;
(b) a possibility to check the property of having a fixed sign of the
matrix S(t,z) via the algebraic method.

A specific way of constructing m x m-matrix S(¢, z) enables us to derive
from Theorem 1.3.17 the assertions found in the monographs by Michel
and Miller [143], Siljak [167] and Grujié, Martynyuk, Ribbens-Pavella [57].
Thus, Theorem 1.3.17 proves to be quite universal in the framework of the
scalar approach of the vector Liapunov function application.

Also, within the scalar approach the application of the vector Liapunov
function together with the comparison principle is developed.

THEOREM 1.3.18. Let the vector function f in gystem (1.2.7) be con-
tinuous on R x N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G of point z = (;

(2) the vector function V' (t,z) and a vector o € R™ for which inequal-
ities (1.3.8) are satisfied;

(3) the function w € C(T; x Ry, R), w(t,0) =0 such that

Dro(t,z,a) < w(t v(t,z,q)) V(t,z) € Tr x N;
(4) the solution r* = 0 of the comparison equation

(1.3.11) % = w(t,r), r(te) =70 >0
existing for t > 1.
Then

(a) the stability of state r = 0 of the equation (1.3.11) implies the
stability of state z = 0 of the system (1.2.7);

(b) the asymptotic stability of state r = 0 of (1.3.11) implies the as-
ymptotic stability of state x = 0 of the system (1.2.7);

(¢) if, moreover, v(t,z,e) = 0 as ||z|| = O uniformly on 7, then the
uniform stability or uniform asymptotic stability of state r = 0 of
gystem (1.3.11) implies the corresponding stability of state z = 0
of system (1.2.7).
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For the analysis of various partial cases of inequality (1.3.11) or the same
inequality in the integral form see Grujié, Martynyuk and Ribbens-Pavella
[57].

One of the Theorem 1.3.18 generalizations is based on the application of
a majorizing function w € C(7; X R® X Ry, R), w(t,r,z) =0 when r =0
and z =0.

Besides an extended system

(1.3.12)

is treated for which certain type of r-stability of the zero solution (z7%, r) T=
0 yields an appropriate type of stability of the state z = 0 of (1.2.7).

The theorem has been developed and applied for the cases when the
function w(t,r) = w(r), i.e. it is independent of ¢t € 7. These and other
results obtained in this direction are set out by Grujié, Martynyuk and
Ribbens-Pavella [57].

1.3.8.2 Vector approach. The combination of vector function (1.3.3) with
the comparison system

du

(1.3.13) at =Q(t,u), u(to) =uo >0,
where u € R, Q € C(7; x R, R™), (t,0) = 0 for all ¢t € 77, leads to

the following general result of the method of vector Liapunov functions.

THEOREM 1.3.19. Let the vector function f in system (1.2.7) be con-
tinuous on R x N (on T, x N). If there exist

(1) an open connected time-invariant neighborhood ¢ of point z = 0;

(2) the vector function V € C(T; x N, RT), V(¢,z) is locally Lipschit-
zian in = and a real vector a@ € R™ such that function (1.3.5)
satisfies bilateral inequality (1.3.8);

(8) the function Q@ € C(7: x R}, R™), Q(,0) = 0 and Q(t,u) is
guasimonotone nondecreasing in v when all t € T, so that

DtV (t,z) <Q(t, V(t,2)), (t,z)€ T xN.
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Then certain stability properties of the state u = 0 of the system (1.3.13)
imply appropriate stability properties of the state z = 0 of the system
(1.2.7).

PRroOF. We shall cite first an assertion that establishes a relationship
between the vector function variation and maximal solution to comparison
system (1.3.13).

ProPOSITION 1.3.3. Let V € C(T; x N, RT,) and V(¢,z) be locally
Lipschitzian in z. Let the vector function DYV (¢,z) specified by (1.3.4)
satisfy the inequality

D*V(t,z) < Q¢ V(t,2), Y () €T xN,

‘where € C(T; x R, RT) and the function Q(t,u) be quasimonotone
increasing in u.

Assume that the maximal solution ups(t;tg,70) of the comparison sys-
tem i
"
% = Q(t,U)
exists on the interval 7; and passes through the point (to,ro) € 7- x R If
z(t; to, To) is any solution to system (1.2.7) defined on [to, to +9), to € 77

and passing through the point (¢9,z¢) € 7 X N, then the condition
(1.3.14) V(to,z0) < 7o

yields the estimate

(1.3.15) V (¢, z(t;to, z0)) < upm(t;to,m0) Vi€ [to, to+9).

Further the fact that function (1.3.5) satisfies bilateral inequality (1.3.8)

implies that the vector function V (¢, z) is positive definite and decreasing.
Estimate (1.3.15) and the fact that the solution u = 0 of the system

(1.3.15) possesses a certain type of stability allow the conclusion that the

solution z = 0 of the system (1.2.8) has a corresponding type of stability

(fdr further details see Lakshmikantham, Leela and Martynyuk [94], etc.).
In the case when system (1.3.15) is autonomous

(1.3.16) %;f =Q(u), ué€ R,

where Q € C(RT, R™), Q(u) satisfies the quasimonotonicity condition and
the solution of the system (1.3.16) is locally unique for any uo € R we
establish a criterion of asymptotic stability of the state w = 0 of the system
(1.3.16) as follows.
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THEOREM 1.3.20. Let for the system (1.3.16) there exist a neighbor-
hood U of state u = 0 such that for all v € U, u # 0, Q(u) # 0 and
Q(u) =0 when u=0.

The isolated equlibrium state v = 0 of the system (1.3.16) is asymptot-
ically stable iff there exists a positive vector u® = K® NI such that the
system of inequalities

Q(ud,...,ud)) <0 Vse[l,m]

is joint.
Besides, K = int K and K = {u€ R™:u, >, s=1,2,..,m}.

Under some additional conditions the theorem is proved as well for the
case when the comparison system (1.3.16) has a nonisolated singular point
(see. Martynyuk and Obolenskii [129]).

Further we assume that the vector function Q(%, ) has bounded partial
derivatives in u.

'Designate

%% =P, (60 =000) - Pu

Consider a system comparison equations

du _

(1.3.17) i P(t)u+ ®(t,u), wulto) =1uo >0,

and its linear approximation

(1.3.18) L — P, et =20

DEFINITION 1.3.9. (Siljak [167]). Matrix P(t) is called a nonautono-
mous M -matriz iff

<0 foral teTy t=7;
20 for all t€7(-], 7‘#3; i,j=1,2="')m-

pi;(t) {
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DEFINITION 1.3.10. Nonautonomous linear system (1.3.18) is called a
reducible comparison system, provided that there exists a Liapunov trans-
formation € = Q(t)y by means of which it can be reduced to the system

dy
with a constant M-matrix B. Moreover
dQ
=01 2%
B=@Q (PQ 7 ) .
Recall that for the Liapunov transformation

(1.3.19) £=Q(t)y

there exists Q@~*(t) and @ € C'(Ty, R™*™),
Besides, the values

k=sup|lQ®)l| and I=sup|Q  (¥)]
>0 >0

are finite.
THEOREM 1.3.21. Let for the system (1.2.7) the following conditions
hold true

(1) there exists a positive definite decreascent vector function V (t,z)
such that '

(1.3.20) DHV(t,3) < POV (t,z) + 8 (t, V(t,2)) ,

where P(t) is a nonautonomous M-matrix and ®(t,u) is quasi-
monotone in u and
L e

" =0 uniformly in t > tp;
im0 ] ’

(2) a matrix P(t) reducible in the sense of Liapunov.
Then the following assertions are valid
(a) if the matrix B in the system

(1.3.21) % = By + Q7 8(t, Qy)
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has all eigenvalues with negative real parts, then the zero solution
of comparison system (1.3.17) is uniformly asymptotically stable;

(b) if the matrix B in the system (1.3.21) has all eigenvalues with neg-
ative real parts and in addition V(t,z) > Allz||* for some A >0,
then the zero solution of comparison equation (1.3.17) is exponen-
tially stable;

(¢) if the inequality (1.3.20) holds with a reversed sign and the ma-
trix B in system (1.3.21) has at least one eigenvalues with positive
real parts, then the zero solution of comparison system (1.3.17) is
unstable.

PROOF. We apply to system (1.3.17) the Liapunov transformation » =
Q(t)y and get system (1.3.21). By condition (1) of the Theorem 1.3.21

2, Qu)ll < ellQyll
for some £ > 0 and hence, the fact that ||y|| < % yields

Q"2 (t, Qu)Il < elkllyll.

So, it is clear that if all eigenvalues of the matrix B in the system (1.3.21)
have negative real parts, then the solutions of the system
dy _
==
vanish and furthermore the solutions of the systems (1.3.21) and (1.3.17)
respectively possess the same property.
Assertions (b) and (c) are proved in the same manner.

If in Theorem 1.3.21 inequality (1.3.20) is satisfied with a constant matrix
P being an M-matrix, then all assertions of the Theorem 1.3.21 remain valid
without the transformation of the system (1.3.17) to (1.3.21).

1.4 Notes

1.2, The work by Liapunov [101] was published more than 100 years ago;
nevertheless its ideas still inspire many investigations today. Therefore in
Sections 1.2 and 1.3 are included not to repeat the contents of this paper
but to cite the basic statements of the second Liapunov method according
to the original (see Liapunov [101}).

Comments 1.2.1-1.2.7, Theorem 1.2.1 and Definitions 1.2.1-1.2.3 are
set out according to Gruji¢, Martynyuk and Ribbens-Pavella [57], where a
huge bibliography on stability theory is available as well.
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1.3. A short survey of main directions of the method of Liapunov func-
tions begins with a review of its original results (see Liapunov [101]). The
survey of clagsical and new trends of the method of scalar Liapunov func-
tions is based on the results by Zubov [178, 179] (Theorems 1.3.3-1.3.9),
Hahn [66] and Krasovskii [89] (Theorems 1.3.10 and 1.3.11). Theorem
1.3.12 is due to Rumyantzev [160] and Theorem 1.3.13 is due to Marachkov
[108]. Theorem 1.3.14 is based on the results by Salvadori [162], while The-
orem 1.3.16 is due to Hatvani [71]. For recent development in the method
of scalar Liapunov functions see Lakshmikantham and Martynyuk [92].

The survey of the development of the method of the vector Liapunov
function takes into account the results by Bellman [16], Matrosov [132],
Melnikov [139], Corduneanu [20, 21], Kamke [81], etc. Theorem 1.3.17
is due to Michel and Miller [143]. Theorem 1.3.18 is a generalization of
results by Corduneanu [20, 21] and is related to the results by Gruijé,
Martynyuk and Ribbens-Pavella [57]. Theorem 1.3.19 is a development
of Theorem 1.6.1 by Matrosov, Lakshmikantham and Sivasundaram [96].
Theorem 1.3.20 is due to Martynyuk and Obolenskii [129]. Theorem 1.3.21
is new.
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MATRIX LIAPUNOV FUNCTION
METHOD IN GENERAL

2.1 Introduction

The short survey of the direct Liapunov method development cited in Chap-
ter 1 shows that the generalizations of this method in terms of multicom-
ponent functions make this method more versatile in applications. On the
other hand unsolved still is the problem of construction of appropriate func-
tions or systems of functions in terms of which the further development of
this fruitful technique is possible. In this regard a two indices system of
functions (a matrix-valued function) is proposed in this chapter as a basis
for construction of both scalar or vector Liapunov functions.

This chapter gives an account of the foundations of the method of matrix
Liapunov functions that is a new method of qualitative analysis of nonlinear
gystems.

The Chapter is organized as follows.

In Section 2.2 all necessary notions of the direct Liapunov method based
on matrix-valued function are introduced.

In Section 2.3 the theorems of direct Liapunov method on motion sta-
bility are set out where a scalar function constructed on the set of the
two-indices system of functions is applied. _

In Section 2.4 a scalar function constructed in terms of a matrix-valued
function is incorporated together with the principle of comparison.

The basic theorems of the method of matrix Liapunov functions are
presented in Section 2.5. Also the aggregation forms are developed for
autonomous large scale systems in terms of matrix-valued functions and
the estimates of asymptotic stability domains are discussed.

Section 2.6 deals with a new direction in stability theory refered to as a
“multistability of motion”. For the analysis of multistability of large scale

41
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systems consisting of two, three or four subsustems the method of matrix-
valued Liapunov functions is employed in combination with the method of
comparison with scalar and vector Liapunov functions.

Section 2.7 presents applications of some general results in the problems
of mechanics, automatics regulation and mathematical biology.

2.2 Definition of Matrix-Valued Liapunov Functions

2.2.1 The property of having a fixed sign of the matrix-valued
function

Together with the system (1.2.10) we shall consider a two-indices system
of functions :

(2.2.1) U(z) = [viy ()], i,i=12...,m,

where vy € C(R™, R;) and v;; € C(R™ R) for all i # j. Moreover it is
assumed that
(i) vij(z) are locally Lipschitzian in z;
(i) v;;(0) =0 forall 4,5 =1,2,..., m;
(iii) vij(x) = v;i(z) in any open connected neighborhood of point z = 0.
REMARK 2.2.1. If v;; = 0 forall ¢ # j = 1,2,...,m then U(z) =
diag [v11(2), ..., Vmm(z)] and

(2.2.2) V(z) = Ulx)e, e€ R™

is a vector function.

REMARK 2.2.2. If v;; 210 for all 4 # j =1,2,...,m and there exists
at least one value of k € [1,m] such that v;; =0 forall i=1,2,...,k—-
Lk+1,...,m and ve(z) > 0 satisfies the conditions (i) - (ii), then

(2.2.3) U(z) = vkx(z) forall ze€ N, N C R",

is a positive definite scalar function.

Thus the two-indices system of functions (2.2.1) is a basig for construc-
tion of both scalar and vector Liapunov functions.

However, for the matrix-valued function (2.2.1) to solve the stability
problem for the equilibrium state @ = 0 of the system (1.2.10) it should
possess the property of having a fixed sign in the sense of Liapunov.



2.2 DEFINITION OF MATRIX-VALUED LIAPUNOV FUNCTIONS 43

It runs as follows:

(i) the concept of positive definiteness of a matrix-valued function
(2.2.1) should be compatible with the well-known concept of posi-
tive definiteness of a matrix;

(ii) the concept of positive definiteness of a matrix function (2.2.1)
should be compatible with Liapunov’s original concept of positive
definiteness of scalar functions;

(iif) the concept of positive definiteness of a matrix function (2.2.1)
should be directly applicable to stability analysis and adequate to
Liaponuv’s (second) method.

For the sake of preciseness the following definition will be used throught
the book, which is based on the corresponding definition by Liapunov [101]
and Hahn [66], Grujié [47] and Martynyuk [116].

DEFINITION 2.2.1. The matrix-valued function U: R® — R™X™ ig:

(i) positive semi-definite iff there is a time-invariant neighborhood N
of £ =0, N C R™, such that
(a) U is continuous on N: U(z) € C(N),
(b) U vanishes at the origin: U(0) =0,
(c) v(z,y) =yTU(z)y 20 Y(z#0,y #0) €N x R™;
(ii) positive semi-definite on a neighborhood S of z = 0 iff (i) holds for
N =S; ' :
(iii) positive semi-definite in the whole iff (i) holds for N = R";
(iv) negative semi-definite (on a neighborhood S of © =0 in the whole)
iff (-=U) is positive semi-definite (on the neighborhood S or in the
whole, respectively).

REMARK 2.2.3. Stability analysis shows sufficiency of using a fixed vec-
tor 7 € R™ insted of any y in (c), that is v = R™ - R is defined by

o(@) =0 U()y, n=(m,....,7m)", m#0, i=12,...,m.
Iffall % =1 inn, then n=1I=(1,1,...,1)T € R® and

m

U)= Y uy(z),  uiy(z) =uu(a).

i,4=1

REMARK 2.2.4, In case m = 1,then Definition 2.2.1 reduces to Lia-
punov’s original definition of positive definiteness concept (c¢f. Liapunov
[101]).
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REMARK 2.2.5. It is to be noted that matrix-valued function U defined
by U(z) = 0 for all z € R™ is both positive and negative semi-definite.
This ambiguity can be avoided by introducing the notion of strictly positive
(negative) semi-definite and there is ¥ € A" such that U(Z) >0 (U(Z) <
0), respectively.

DEFINITION 2.2.2. The matrix-valued function U: R™® — R™*™ is:

(i) positive definite iff there is a time-invariant neighborhood N, N C
R”, of z == 0, such that it is both positive semi-definite on A and
v(z,y) =yTU(z)y >0 V(z#0,y #£0) €N x R™;

(ii) positive definite on a neighborhood S of z = 0, iff (i) holds for
N=S§;

(iif) positive definite in the whole, iff (i) holds for N = R™;

(iv) negative definite (on a neighborhood S of = 0 in the whole) iff
(-U) is positive definite (on the neighborhood & or in the whole,
respectively). "

The expression “on 7;” is omitted iff all corresponding requirements hold
for every 7 € R.

Together with the system (1.2.7) we shall consider a two-indices system
of functions

(2'2-4> U(t7 ‘T) = ['US'J' (tax)]’ i,Jj=12...,m,

where v;; € C(T; X R"*, Ry), viy € C(T; x R™, R) for all i # j. Moreover
the next conditions are making
(i) vi;(t,x) arelocally Lipschitzian in z;
(i) vi;(t,0)=0forall teR (teT7) i,5=1,2,..., m;
(i) v (¢, 2) = v;i(t,z) in any open connected neighborhood A of point
z=0forall te R (teT;).

PROPOSITION 2.2.1. The matrix-valued function U: R x R" - Rm*m
is positive definite on T, 7 € R iff it can be written as

yTU(t 2)y = y™U4 (¢, 2)y + alllel)),

where U, (t,x) is a positive semi-definite matrix-valued function and
a€ K.
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DEFINITION 2.2.3. Set vc(t) is the largest connected neighborhood of
z =10 at t € R which can be associated with a function U: R x B —
R™*™ go that z € v¢(t) implies v(t,z,y) < {, y € R™.

REMARK 2.2.6. In order to understand and appreciate deepness and
importance of Liapunov’s concept of definite functions let scalar functions
v and w be considered, v, w: R x R® x R™ — R. Let them obey the
following on 7, x N, where A is a connected neighborhood of z = 0:

(i) v is positive definite on T, x N;
(ii) w is positive semi-definite on T, x N and w(t,z,y) >0 V(t, z #
0) € T X N, but it is not positive on T, x N.

Let v¢(t) and w¢(t) be associated with v and w in sence of Definition
2.2.3. Then, the following is true:

(a) thereis & € (0, +00) such that v¢(t) CN, Vt€ T;, V(¢ € (0,€);

(b) for any ¢ € (0,+o00) for which w¢(r) C N thereis t € 77, t > 7,

such that we(t) \ N # 0.

DEFINITION 2.2.4. The matrix-valued function U: Rx R — R®**¢ is:
(i) decreasing on T, T € R, iff there is a time-invariant neighborhood
N of z =0 and a positive definite function w on N, w: R* — R,
such that yTU (¢, z)y < w(z), Y (¢, z) € Tr x N
(i) decreasing on T; x S iff (i) holds for N = S;
(iii) decreasing in the whole on T, iff (i) holds for N = R™.

The expression “on 7;” is omitted iff all corresponding conditions still
hold for every 7 € R.

PROPOSITION 2.2.2. The matrix-valued function U: R x R* — R™*x™m
is decreasing on T;, T € R, iff it can be written as

YUt z)y =yTU_(t, z)y +b(llzl]), (v #0) € R™,

where U_(t,z) is a negative semi-definite matrix-valued function and
be K.
Barbashin and Krasovskii {12, 13] discovered the concept of radially un-

bounded functions. They showed necessity of it for asymptotic stability in
the whole.

DEFINITION 2.2.5. The matrix-valued function U: R x R* — RMm*™

is: ‘

(i) radially unbounded onT;, T € R, iff ||z||— oo implies yTU (¢, z)y —
+o00, Vt € T;, y € R™;
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(i) radially unbounded iff ||z|| = oo implies yTU(t,z)y = +o0, Vi €
T-, VT € R, y€ R™.

PROPOSITION 2.2.3. The matrix-valued function U: R x R* — R™*™
is radially unbounded in the whole (on T;) iff it can be written as

yU(t, )y =y Us(t, )y + a(|lzl) VzeR",

where U4 (t,z) is a positive semi-definite matrix-valued function in the
whole (on 7;) and a € KR.

2.2.2 Dini derivative and Eulerian derivative

In this section the notations of upper and lower limit of a function ¥: R —
R are needed (see McSchane [138]). In brief (see Demidovich [24]) they
can be explained as follows.

Let tx be a member of a sequence S (S7) obeying

(i) tx € R for every integer k, tx <7 (tx > 7)
and

(i) t, =7 (tp = 77) as k= +o0.

DEFINITION 2.2.6.

(i) Number a € R is the partial limit of the function ¥ over the se-
quence Sy (S7) iff for every € > 0 there is an integer N such that
k> N implies |¥(tx) — | < g; .

(ii) the symbol a = 400 (a = —o0) is the partial limit of the function
Y over the sequence Sy (S;) iff for every & € (0,00) there is an
integer N such that, respectively, ¥ > N implies 9(tx) > 1/e
(¥(te) < —1/e);

(iil) the greatest (smallest) partial limit of the function v over the se-
quence S is its left upper (lower) limit at ¢ = 7, respectively,
which is denoted by limsup [$(2): t— 7], (liminf [(¢): t—77]);

(iv) right upper (lower) limit of ¢ at ¢ = 7 is analogously defined when
everywhere in (iii) 7= and S; are respectively replaced by =+
and S;}.
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DEerINITION 2.2.7. Let U be a continuous function U: 7; x R" —
Rmxm U € C(T; x N} and let solutions x of the system (2.1.7) exist
and be defined on 7; x V. Then, for (¢,z) € T, x N

(i)
D*U(t,z) = limsup { Ule+6, x(t+ g(t,m)] —U(t2) 10— O"’}
is the upper right Dini derivative of U along the motion x at (t,z);
(i)
D,U(t,z) = liminf { Ult+6, x(t+ Z(t’ 2N=Uta), g, 0+}
is the lower right Dini derivative of U along the motion x at (t,z);
(i)
D~U(t,z) = limsup {

Ult+90, x(t+6(t,2)) -Ult,x) PR O‘}
7 :

is the upper left Dini derivative of U along the motion x at (t,z);
(iv)

D_U(t,z) = liminf {

Ult+4, x(t+¢;(t,m)] -U(t,z) R 0_}
is the lower left Dini derivative of U along the motion x at (t,x).
(v) The function U has Eulerian derivative U, U(t,z) = U (t,z) at
(t,z) along the motion x iff
DYU(t,z) = D U(t,z) = D-U(t,z) = D_U(t,z) = DU(t,z)

and then _
U(t,z) = DU(t, z).
If uy; is differentiable at (,«) then (see Liapunov [101])
. Ouij
Ui (t,z) = —a—t’ + (graduiy) T £ (¢, 2)
and
_ au,-j 6u,:,- 31.&1',' .o

graduz]"‘(amla axza'-')amn ) 7',.7—1’2,"'a3'

Effective application of D*U in the framework of the second Liapunov
method is based on the result by Yoshizawa [174], which enables calculation
of DTU without utilizing system motions themselves.
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THEOREM 2.2.1. Let the matrix-valued function U be continuous and
locally Lipschitzian in z over T, x 8 and S be an open set. Then,

DYU(t,z) = limsup {[U (t +6, z +6f(t,2)) - U(t,x)]671: 6 = 0*}

holds along solutions x of the system (2.1.7) at (t,z) € T X G.
D*U will mean that both DU and DU can be used.

2.3 Direct Liapunov’s Method in Terms of Matrix-Function

The following results are useful in the subsequent sections.

PROPOSITION 2.3.1. Suppose m(t) is continuous on (a,b). Then m(t)
is nondecreasing (nonincreasing) on (a, b) iff

Dtm(t) >0(<0) forevery te (a,b),

where
Drm(t) = limsup {[m(t +68) —m(t)] §~1: § = 0*}.

Following Liapunov [101], Persidskii [152], Yoshizawa [174] and Grujié,
Martynyuk and Ribbens-Pavella [54], the next result is obtained.

THEOREM 2.3.1. Let the vector function f in system (2.1.7) be contin-
uous on R X N (on T;). If there exist

(1) an open connected time-invariant neighborhood S C N of point
z=0; '

(2) a positive definite on G (on T, x G) matrix-valued function U(t,z)
and vector y € R™ such that function v(t,z,y) = yTU(t,z)y is
locally Lipschitzian in ¢ and Dtv(t,z,y) < 0.

Then
(a) thestate z =0 ofsystem (2.1.7) is stable (on T, ), provided U(t,z)
is weakly decreasingon G (on T; x G);

(b) the state £ = 0 of system (2.1.7) is uniformly stable (on 7, ), pro-
vided U (t, ) is decrescent on G (on T; x G).

-PROOF. We shall prove first assertion (a) of Theorem 2.3.1. The fact
that function U (¢, z) is weakly decreasing on G (on 7 x G) implies that for
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any to € R (to € 77) and xp € G there exists a constant &y = §(to) > 0,
a vector y € R™ and a function b € CK such that

(2.3.1) y U (t0,z0)y < blto, lzoll), ol < do.

Further, since U(t, z) is positive definite on G (on 7; x G) then

(232) a(le) <yU(tz)y V(t,z)eRxG (V(t,z) €T, xG).

Let € >0 and #; € R(top € 7;) are arbitrary. The properties of functions
a € K and b € CK yield the existence of a §; = 61 (tg,&) > 0 continuously
dependent on tp and such that

(2.3.3) b(ta, d1) < ale).

We define (to) = min{do,d:}. It is clear that inequalities (2.3.1)-(2.3.3)
are satisfied for ||zo|| < d. Therefore,

(2.3.4) a(llol)) < ¥V (to, o)y < b(t|2o])) < ale)

which yield ||zo]| < e.

Now we claim that for any solution x(t; ¢, zo) of system (2.1.7) with the
initial conditions zg: ||zo| < 4 the inequality ||x(¢;t0,20)l| < € V€ To
holds. If not, there exists a t; > g such that

(2.3.5) llx(t1;t0, o)l =€ and ||x(t;to,z0)|| <& Vi€ [to,t1)
for some solution x(t; to, zo) of system (2.7.1). Let
m(t) = yTU(t, x(t;t0,%0))y when t € [to, t1].
Since v(t, z,y) is locally Lipschitzian in z, then we get by condition (2)
Dtou(t,z,y) = Dtm(t) < 0.

Hence, we find in view of Proposition 2.3.1 that m(t) is a nonincreasing
function on [tg,?;]. Thus, we have

a(e) = a (||x(ts;to, mo)ll) < ¥TU (41, x(t15t0,70)) y
< yTU(to, 20)y < ale).

The contradiction obtained shows that the state z = 0 of system (2.1.7) is
stable (on 7).

To prove assertion (b) of Theorem 2.3.1 it is sufficient to note that by
condition (b) of Theorem 2.3.1 function U(t,z) is decreasing and function
b in inequality (2.3.1) can be taken independent of ty € R. This proves the
theorem.
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THEOREM 2.3.2. Let the vector function f in system (2.1.7) be contin-
uous on R x R"™ (on T, x R™). If there exist
(1) radially unbounded positive definite in the whole matrix-valued
function U € C(Rx R", R™*™) (or U € C(T; x R*®, R™*™)
(on 7;) and vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in = and

DYu(t,z,y) <0 V(t,z)e RxR" (Y(t,z) € T x R™).

Then

(a) the state z = 0 of system (2.1.7) is stable in the whole (on T7),
provided U(t, x) is weakly decreasing in the whole (on T;);

(b) the state z = 0 of system (2.1.7) is uniformly stable in the whole
(on T.), provided U(t,z) is decreasing in the whole (on 7).

REMARK 2.3.1. If f is locally Lipschitzian on Rx N (on 7;) then U in
the preceding theorems is also locally Lipschitzian on RxA (on 7;) which
enables effective calculation of Dt U via Theorem 2.2.1.

REMARK 2.3.2. The proceding theorems hold also when D*U is re-
placed by DU (McShane [138] and LaSalle [97]).

Following Liapunov [101], Massera [130, 131], Yoshizawa [174], Halanay
[67], Hahn [66], Gruji¢, Martynyuk and Ribbens-Pavella [57] the next result
is obtained.

THEOREM 2.3.3. Let the vector function f in system (2.1.7) be contin-
uous on Rx N (on T; x N). If there exist
(1) open connected time-invariant neighborhood ¢ C N of the point
z=0;
(2) positive definite on G (on T, x G) matrix-valued function U (t,z),
a vector y € R™ and positive definite on G function v such that
the function v(t,z,y) = y U(t,z)y is locally Lipschitzian in z and

Dtu(t,z,y) < —¥(z) V({,z,9) ERXGXR™ (T, xGx R™).

Then
(a) IFU(t,z) is weakly decreasingon G (on T, X G), the state x =0
of system (2.1.7) is asymptotically stable (on T;);
(b) ifU(t,z) is decreasingon G (on T, xG), the state z = 0 of system
(2.1.7) is uniformly asymptotically stable (on Ty ).
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PROOF. Necessity. Consider assertion (b) of Theorem 2.3.3. Let z =0
of (2.1.7) be uniformly asymptotically stable (on 7;). Let ¢ > 0 be
arbitrarily chosen, ¢ be such that B, C N, A € (0, +o0) and ¢ =
min{da(€),A,(}. Let G = B, ¢ € Kp), a € (1,400), y = (1,1,
...,1)Te R™ and

y'U(t )y = v(t, @) = sup{p[lIx(t + o t,2)|I] (1 + 2o)(1 + o)~
o €[0, +c0)}, Yt € R.
The function v is decreasing and positive definite on N (on 7; X G) because
x is continuous in all its arguments, ¢ € Kjo,¢), (1+ao)(1+0)! is also
continuous, x(t;t0,0) = 0, ©(0) = 0, and ¢(||z|) < v(t,z) < P[(2)]

Vi€ To, Vio € R (Vio € T7), Vz € G, where II € K[, q). -
Let z* = x(t + 6;t,2), z = x(t;to,%0), 8 > 0, so that

v(t +6, z*)
= sup{o [lix(t + 6 + o5 t + 6, z*)[|] (1 + @0)(1 +0)7': 0 € [0, +00)}

= sup{p [IIx(t + 6 + o; £, 2)[|] (1 + ao)(1 + 0)7*: o € [0, +00)}
=o[llx(t+0+c* t,o)] (1 +ac*)(1+0*)7Y, VieR

Let A = min {1, %} The existence of o* € [0, 7, (A, v)] obeying the

last equation is guaranteed by continuity of X, ¢ € Kjo,) continuity of
(14 ao)(1+0)~! and uniform attraction of z=0.
Let o =60 + o*. Then (see Halanay [67]),

1+a0'*__1+a0[ N Gt ) ]>0
1fo* 1+o0 (1+a0*)(1+0)
so that

\ 1+ao a-1)6

(a—1)8
S v(t,2) [1 T iFaomlE a)] ’

YioeR (VtoeT:) VteTs,

or VtEe T

vt +9, z*) —v(t, ) (o — o(t, )
6 S_(l-i-a")(1+o¢a"‘-f-oz@) Vi€R (Vi €Tr).
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This inequality in limit as § — 0T takes the form
D*v(t,z) < —¢(z) V(@,z)eRxG (V(t,z) € Tr X G),

where (a = (el
_ a-1p(|z
@) =TT T+ ol @A)’

is the continuous function, T'(A) € [ry(A,v), +00), because z = 0 is
uniformly attractive (see Halanay [67]).

Hence, v is positive definite on G (on 77 x G).

Sufficiency. Under the conditions of Theorem 2.3.3 all conditions of
Theorem 2.3.1 are fulfilled. Hence, z = 0 of (2.1.7) is uniformly stable (on
T7). Its uniform attraction (on 7;) is proved as follows.

Let ¢ be such that B¢ C G. Let 1 and @3 € K{g,¢) obey

pa(llel]) < v(t,2) < @a2(ll=ll)

(2.3.6) ¥(t,z) € Rx B, (V(t,5) € Ty x Be).
Let
(2.3.7) A = gile Q)]

As shown in the proof of the sufficiency part of Theorem 2.3.1, the condi-
tions (2.3.3) and (2.3.4) guarantee that |[zq|| < A implies

v(ti X(t7 tﬂawO)) S U(to,-”«”o) Vte 76, Vto €ER (Vto [ 7;-)

and that v is decreasing in t along motions x of (2.1.7).
Let

inf {U(t’ X(t; tO;xO)): te 76} =V,

2.3.8
(23.8) Vi €R (VheT), |laoll < A.

Obviously » > 0. If v > 0 then
D*u(t, x(t;to, 20)) < =7,

where
v =inf {w(z): z € 8B,, p= i)},

Therefore,
'U(t, X(t; t0,$0)) S 'U(t07z0) - 7(t - tO)a
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so that

v(t, x(t;to,z0)) <v for te

v(to,Zo) —
((0,;) Yot oo),

which contradicts (2.3.8). Hence, v = 0 which together with (2.3.5), (2.3.8)
and positive definiteness of von G (on 7; xG) prove that ||zo]| < A implies
lim [||x(t;t0, zo)||: t = +o00] =0, VteR (VtoeT;),

i.e. that z = 0 is attractive. Let now p > 0 be arbitrarily chosen,
v=lim{w(z): z€ BaA\B,},  7v=1(p),

and

Tu(4A, p) = min {0, -(’OZ(A’)Y(;/);’DI(‘))}

Then
D*v(t,z) £ —7,

V(t,z) € Rx (Ba\B,) (V(t,z) €T x(Ba\B,))

and for t = 1, (A, p) + to, Tu{A,p) >0, (A, p) =0 implies
Ix(tito, o)l <p  VteTn,

v(t, x(t;t0, %0)) < v(to, o) — Y(t — to) < p2(A) — pa(A) + ¢1(p) = w1 (p)
so that

(Pl(“X(t;tO:mU)H) < ‘Pl(p)’ v to € R (V to € 7;‘)
yields

“X(t;tO)$0)” S P at t= T’U(Alp) + tO’ v Zo € BA-
For t € {1u(4,p), +00)

'U(t’ X(t; tOrmO)) < ’U(to + Tu(A’p);
x(to + Tu(4, p), to,T0)) < @1(p)
so that
”X(ta tO)wO)” <p
Vite (to+1u(Ap), +oo), Vo€ R (to €Tr), Vo € Ba

which proves that attraction of z = 0 is uniform {(on 77).

Following Barbashin and Krasovskii [12, 13] and Martynyuk [116], and
the proceding proof in which we choose ¢ € KR it is easy to prove.
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THEOREM 2.3.4. Let the vector function f in system (2.1.7) be contin-
uous on R x R™ (on T, x R™). If there exist

(1) radially unbounded positive definite in the whole matrix-valued
function U(t,z) € C (R x R, R™*™) (or U(t,z) € C(Tr x R,
R™*™) (on T;), a vector y € R™ and a positive definite in the
whole function 8, such that the function

v(t,z,y) =y Ut z)y
is locally Lipschitzian in ¢ and

Dto(t,z,y) < —6(z) V(t,z,y) € Rx R" x R™
Y(tz,y) €T x R" x R™.

Then
(a) iFU(t,z) is weakly decreasing in the whole (on T;), the state z = 0
of system (2.1.7) is asymptotically stable in the whole (on T;);
(b) iff U(t,z) is decreasing in the whole (on T;), the state z = 0 of
system (2.1.7) is uniformly asymptotically stable in the whole (on
T,).

Following Krasovskii [89], Gruji¢, Martynyuk and Ribbens-Pavella [57]
and He and Wang [72] and utilizing ¢(¢) = ¢? in the proof of Theorem
2.3.3, it is eagy to prove the following result.

THEOREM 2.3.5. Let the vector function f in system (2.1.7) be contin-
uous on Rx N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the point
z=0;

(2) a matrix-valued function U(t,z) and a vector y € R™ such that
the function v(t,z,y) = yTU(t,z)y is locally Lipschitzian in z;

(3) functions ¢y, w2 € K and a positive real number 7, and positive
integer p such that

mllzll? <v(t,z,y) <eiu(llzl]) V(t,z,n#0)€RxGxXxR™

and

Dtu(t,z,y) < —pa(llzl) V(tz,n#0)€RxGx R™
VMt,z,n#0) €T, xGxR™).



2.3 DIRECT LIAPUNOV’S METHOD IN TERMS OF MATRIX-FUNCTION 55

Then, iff the comparison functions y; and @, are of the same magnitude,
the state z = 0 of system (2.1.7) is exponentially stable (on 7).

REMARK 2.3.2. The statement of Theorem 2.3.6 remains valid, if
p1(|lll) = nellz||” and w2 (l|zll) = nsliz|?, n2, ns = const > 0.

THEOREM 2.3.6. Let the vector function f in system (2.1.7) be contin-
uous on R x R™ (on T; x R™). If there exist

(1) radially unbounded positive definite in the whole matrix-valued
function U(t,z) € C (R x R™ R™*™) (or U(t,z) € C' (T, x R",
R™X™)) (on 7T,) and vector y € R™ such that the function

v(t,z,n) = YU, )y

is locally Lipschitzian in x;
(2) functions 1, ¥ € KR a positive real number 7, and positive
integer q such that

nellzll < v(t,z9) < ¢a(llall)  V(¢2,y#0) € Rx R" x R™
Y(tz,y#0 €T, x R*" x R™

and

D*u(t,z,y) < —a(llzll) VY (2, y#0) € Rx R" x R™
Y (t,2,y #0) € T, x R" x R™.

Then, if the comparison functions 1, vV, , are of the same magnitude, the
state z = 0 of system (2.1.7) is exponentially stable in the whole (on T ).

Proor. The proof is similar to that of Theorem 2.3.5.

REMARK 2.3.3. The assertion of Theorem 2.3.6 remains valid, if
e1(llll) = mellzl|? and wa(llx|l) = nsll=|}?.

PRrOPOSITION 2.3.2. In order that the state z = 0 of system (2.1.7) be
exponentially stable (on T;)in the whole, it is necessary and sufficient for
it to be exponentially stable (on 7T.)and uniformly asymptotically stable
in the whole (on T;).

Following Zubov [178] and taking into account the results by Martynyuk
[116] we shall formulate and prove a result on instability.
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THEOREM 2.3.7. Let the vector function f in system (2.1.7) be contin-
uwouson Rx N (on T, x N).If there exist

(1) an open connected time-invariant neighborhood G C N of the point
z=0;

(2) a matrix-valued function U(t,z) € CV(R x G, R™*™) or U(t,z) €
CH (T x G,R™*™) and a vector y € R™ such that the function
v(t,z,y) = yTU(t,x)y is strictly positive semi-definite (on 7 ) and
satisfies the relation

dv ~

% = v + 0(z), A= AL, z),

o~

where 6(x) is a positive semi-definite function on G;

(3) a number ¢ > 0 such that when § > 0 (6 <¢) for continuous
on Tox Rx G (on To x Tr x G) solution x(t;to,%o) of system
(2.1.7) which satisfies the condition ||zo|| < 8, v(to, o) > 0 implies
Ix(t;to, zo)|l <& Yt € R (Vg € T;) the inequality

t
(¢, x(¢:to, Za), ¥)| 2 v(to, To,y) exp (/ A(8) ds)

does not hold for all t > tg, to € R (t0 € T;), t € To.
Then and only then the state ¢ =0 of system (2.1.7) is unstable (on T;).

PROOF. Necessity. Let the state z = 0 of system (2.1.7) be unstable
(on 7). We construct two functions v and § satisfying the conditions of
Theorem 2.3.7. The instability (on 7;) of state z = 0 of system (2.1.7)
yields the existence of an &* > 0 such that for any § > 0 a zo and a
to, to € R (to € T+) can be taken so that the inequality

(2.3.9) lIx(t; to, zo)|| < €*

does not hold for all ¢ > 0 in spite of the fact that ||zo|l < 6, o > 0.

Let ¢t = #(¢o,20) be the next time after ¢y when inequality (2.3.9) is
violated. The set of points II = {(to,zo): ||zol] < &, to > 0} is divided
conventionally into sets II; and II; such that

(A) for (to,x0) € II; the solutions X(¢;%o, o) of system (2.1.7) satisfy

condition (2.3.9) provided all t > #g.

(B) for (to,zo) € Il the solutions x(t;to,zo) of system (2.1.7) intersect

the surface ||z|| = ¢* when the time increases.
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We set in case (A) y=(1,1,...,1)€ R™ and
(2.3.10) yTU(t,z)y =v(t,z) =0 VieTo.
For the case (B) weset y =(1,1,...,1) € R™ and
(2.3.11) y*U (to, %o)y = v(to, Zo) = exp (to — t(to, Zo)) .
It is clear that v(¢,z9) B0 for function (2.3.10) when ¢ > t5, and
v(t, zo) = exp (to — t(to, o))

for function (2.3.11).

Hence, we get dv/dt = v. Comparing this result with condition (2) of
Theorem 2.3.7 we obtain A =1 and § = 0.

Function v is strictly positive semi-definite (on 7;) and bounded,

¢
J A(s)ds diverges as t —to — oo, since A = 1. Therefore, condition (3) of

t
tohe Theorem 2.3.7 is also satisfied.

Sufficiency. Let all hypotheses of Theorem 2.3.7 be satisfied.

We are going to show that the state z = 0 of system (2.1.7) is unstable
(on T7). If not, then using € > 0 a § > 0 can be taken so that

(23'12) ”X(t; toamﬂ)H <e¢ Vte 76, VteR (VtO € 7;')a

when ||zl < 4.

According to condition (2) of Theorem 2.3.7 we take to and zp so that
v(to, Zo,y) > 0 and consider along the solution x(2;%o,zo) of system (2.1.7)
the correlation

(2.3.13) %‘tz = \QU)+P(t) VteR (VteT),

where Q(t) = v (¢, x(t; to, %0)) and P(t) =8 (x(t; o, 20))-
In view of P(t) >0 for all ¢ € R we find from correlation (2.3.13)

t
Q(t) > Qto) exp (/ ,\(s)ds) VieR (VteTl).
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This inequality contradicts condition (3) of Theorem 2.3.7 and, therefore,
inequality (2.3.9) can be satisfied for all t € 7p, i.e. the state z = 0 of
system (2.1.7) is unstable (on 77).

CoROLLARY 2.3.1. If conditions (1) and (2) of Theorem 2.3.7 are sat-
isfied and

(1) the function v(t,=,y) = yTU(t,z)y is bounded (on T7);
¢

(2) [A(8)ds = +00 as t— +o0.
to

Then the state £ =0 of system (2.1.7) is unstable (on 7).

COROLLARY 2.3.2. If conditions (1) and (2) of Theorem 2.3.7 are sat-
isfied and

(1) the function v(t,z,y) = yTU(t,z)y is bounded (on 77);

(2) the function A is a positive constant.

Then the state z = 0 of system (2.1.7) is unstable (on 7).

REMARK 2.3.4. Corollary 2.3.2 is a new version of Liapunov’s theorem
on instability (cf. Liapunov [101], Theorem III, pp. 68).

COROLLARY 2.3.3. If conditions (1) and (2) of Theorem 2.3.7 are sat-

isfied and
dv

(1) E:é(z) VteTo (Vi€ T,;) Vzeg;
(2) using number & > 0 and & > 0 can be taken so that 8(z) > 0 for
v(t,z,y) > €.

Then the state z = 0 of system (2.1.7) is unstable (on 7).

REMARK 2.3.5. Corollary 2.3.3 is a new version of Chetaev’s theorem
on instability (cf. Chetaev [19], pp. 33).

2.4 On Comparison Method

The concept of the matrix Liapunov function together with the theory of
differential inequalities provides a very general comparison principle under
much less restrictive assumptions. In this set up, the matrix Liapunov func-
tion may be viewed as a transformation that reduces the study of a given
complicated differential system to the study of relatively simpler scalar dif-
ferential equations.
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2.4.1 Differential inequalities

Let us consider the following scalar differential equation

d
(2.4.1) d—’t‘ =g(t,u), ulto))=u >0, to€R (to€T),

where g € C(Rx R,R) (or g € C(T; x R,R)) and ¢(¢,0) =0 Vt € To).

DEFINITION 2.4.1. Let v(t) be a solution of (2.3.11) existing on some
interval J = [to, to+ ), 0 < a < +00, 8o € R (to € T7). Then ~(2) is said
to be the mazimal solution of (2.4.1) if for every solution u(t) = u(t;to, zo)
of (2.4.1) existing on J, the following inequalities hold

(2.4.2) u(t) < (), teg, WWeER(toeT)

A minimal solution is defined similarly by reversing the inequality (2.4.2).

We need the following known results for our discussion the proof of which
may be found in (see e.g. Olech and Opial [150], Yoshizawa [174], and
Lakshmikantham, Leela and Martynyuk [94]).

ProprosITION 2.4.1. Let g € C(Rx R,R) (or g € C(T: x R,R)) and
¥(t) = v(t;to, Zo) be the maximal solution of (2.4.1) existing on J. Suppose
that m € C(R,R+) (m € C(7;,R+)) and

(2.4.3) D*m(t) < g(t, m(t)), telJ,

where D* is any fixed Dini derivative.
Then m(tg) < up implies

(2.4.4) m(t) < y(t), VieJ.

PROPOSITION 2.4.2. Let g € C(Rx R,R) (or g € C(7; X R,R)) and
p(t) = p(t;to, zo) be the minimal solution of (2.4.1) existing on J. Suppose
that m € C(R,R+) (m € C(T;,R+)) and

(2.4.5) D*m(t) > g(t, m(t)), te€J
Then m(tg) > up implies

(2.4.6) m(t) > p(t), Vte J
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PROPOSITION 2.4.3. Let for system (1.2.7) there exist
(1) a matrix-valued function U € C(Rx R", R™*™) (U € C(T- xR",
R™*™)) and a vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in z for every t € R (t € T7):
(2) a majorizing function ¢ € C(R x Ry,R) g € C(T: x R+,R),
g(t,0)=0Vte Ty (Yt € T;) such that
D%u(t,z,y) < g(t, v(t, 2,y))
V (t,z,y) E Rx R"x R™ (T X R"x R™);
(3) a maximal solution (t) ="(t; to, uo) of comparison equation (2.4.1)
onJ.
Then along any solution x(t;to,Zo) of system (1.2.7) existingon J; C J
the estimate

(2.4.7) ’U(to,:L‘o,Uo) < ug, to € R (to € 7;-)
implies the inequality
(248) v (t’ X(t’ to, $0),y) < 'y(t) Vie inJ

PRrooF. Let m(t) = v (¢, x(t;to,%0),y) and x(t;to,20) being a solution
of (1.2.7) such that (2.4.7). Since v(t,z,y) is locally Lipschitzian in z, we
get, by (1.2.7) and (2.4.1), the differential inequality

D+m(t) < g (t’ m(t))’ m(tO) Sug, o€ R (tO € 7;')1 te J’
and Proposition 2.4.1 gives the desired result (2.4.8).

A comparison result analogous to Proposition 2.4.3 which yields lower
bounds is the following,.

PROPOSITION 2.4.4, If in Proposition 2.4.3, assumption (2) is reversed
to
Dtu(t,z,y) > g (¢, v(t, 2,y))
V(t,z,y) e RXxR*"xR™ (T, xR"xR™)
and p(t) = p(t;to,uo) is the minimal solution of (2.4.1) existing for t > ty,
then '
’U(t, X(t;t0a$0)sy) Zp(t) VtEJ1 to€R (t0€7-r)

whenever v(to, Zo,y) > Uo.
PROOF is similar to proof of Proposition 2.4.3.

In some situations, estimating DTv(t,z,y) as a function of ¢, £ and
v(t,z,y) is more natural (see e.g. Matrosov {134], Hatvani [71], and Gruji¢,
Martynyuk and Ribbens-Pavella [57]).
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PROPOSITION 2.4.5. Let for system (1.2.7) there exist

(1) a matrix-valued function U € C(RxR", R™*™) (U € C(T; x R,
R™*™)) and a vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in z for every t € R (t € T;):

(2) a majorizing function g € C(Rx R" x R.,R) g € C(T; x R™ x
R.,R), g(t,z,u) nondecreasing in u, g(t,0,0) =0 Vt € Ty such
that

Dtu(t,z,y) L g(t,z, v(t,z,y))  V(tz,y) € Rx R* x R™
(VY (t,z,y) € T x R" x R™);

(3) a maximal solution r(t) = r(t;to,uo,zo) of comparison equation

%1:- = g(t, z(t), u), u(to) = up >0

exist for all t > tg, to € R (g € T7).
Then v(tg, Zo,y) < up implies

v (t7X(t; thEO),y) S T(t;thUU:mO) teJ.

Proor is similar to proof of Proposition 2.4.3.

COROLLARY 2.4.1. If in conditions of Proposition 2.4.3

(i) glt,u)=0 VteR (VteT;)
then

v (t, x(t; to, o), ¥) < v(to,20,y) VEER (Vi€ T:);

(il) g(t,u) = A(t)u
then

i
v (8, x(t; 0, Z0),y) < uo exp (/ A(s) dS) ,

t>to, to€R(to€Tr);

(iii) g(¢,u) = a exp [~ku] + (t) — a, where v: R = R; a, k = const,
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then
v (2, x(tito,70),y) < (&) + k" In {exp (kuo)
t
+ak/exp (—k(3)) ds}, t > to;
0
() g(t,u) = —c(w), c€ K

then
v (t, x(t;to, 20),y) S G71 [Gluo) - (t—to)], t>to

where G(u =f ds if f ds < 400 and
S
3 U
Gu if o0; 6 = const > 0,
(w) = ) f o)

G~! is a function converse to the function G.

2.4.2 Theorems on stability via matrix Liapunov functions and
scalar comparison equations

The estimates of function (¢, z,y) found in Propositions 2.4.3-2.4.4 allow
the reduction of the problem on stability of state z = 0 of system (1.2.7)
to the stability investigation of solution u = 0 of equation (2.4.1). Let us
formulate first stability definitions for solution u =0 of equation (2.4.1).

DEFINITION 2.4.2. The state u = 0 of the equation (2.4.1) is:

(i) stable with respect to T; iff for any t; € 7; and any £ € (0,00)
there exists d(%g, ) such that for any ug, 0 < ug < & an estimation
~(t; toup) < € is fulfilled for all ¢t € Tp;

(ii) wniformly stable with respect to T; iff conditions of the definition
2.4.2 (i) are fulfilled and for every ¢ € (0,00) the corresponding
maximal ¢ denoted by (¢, ) obeys:

inf (6pr(t,e):t € T7) > 0;

(ili) stable in the whole with respect to T; iff conditions of the definition
2.4.2 (i) are fulfilled and 6 (¢,€) = +o00, Ve = +00, VEE T;;

(iv) uniformly stable in the whole with respect to 7T; iff conditions of the
definition 2.4.2 (ii), (iii) are fulfilled,
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DEFINITION 2.4.3. The state u = 0 for the equation (2.4.1) is:

(i) attractive with respect to T; iff for any tg € 7; there exists A(o) > 0
and for any ¢ > 0 and wug, : 0 < ug < A(tg) there is 7(to,0,¢) €
[0,00) such that an estimation ~(t;to,up) < ¢ is fulfilled for all
t € (to + 7(to,20,¢) + 00);

(if) up — attractive with respect to T; iff conditions under (i) are fulfilled
and for any to € 7; and any n € (0,+00) there exists A(tg) > 0
and 7y (%o, A(to),n) € [0, +00) such that

sup (Tm(t, U0,77)= 0 Sup < A(tO)) = Tu(tO)A(tO)’n);

(iii) to — uniformly attractive with respect to T; iff conditions of (i) are ful-
filled and for any n € (0, +00) there exists A > 0 and 7,(ug,n) €
[0, +00) such that

sup (Tm(tosuo,ﬂ)= (tO)UO € 7:) = Tu(uo,ﬂ);

(iv) uniformly attractive with respect to T; iff conditions of the definitions
2.4.3 (i) - (iii) are fulfilled and for any n € (0, +00) there exists
A >0 and 7,(4A,n) € [0, +c0) such that

sup (7m(to, u0,m): (to,u0) € Ti X [0 S uo < A]) = 7u(4,n).

DEFINITION 2.4.4. The state u =0 of the equation (2.4.1) is:

(i) asymptotically stable with respect to T; iff it is stable with respect
to 7; and attractive with respect to 7;;
(ii) equi-asymptotically stable with respect to Ty iff it is stable with re-
spect to 7; and ug - uniformly attractive with respect to 7;;
(ili) quasi-asymptotically stable with respect to T; iff it is uniformly stable
with respect to 7; and ¢y - uniformly attractive with respect to Tg;
(iv) exponentially stable with respect to T; iff there exists A > 0 and
real values a > 1 such that for 0 € up < A the inequality

u(t; 2o, up) < aug exp (—B(t - t)), ViteTy, YVheT;
is valid.

Definitions 2.4.4 (i) - (iv) become the corresponding definitions of as-
ymptotic stability in the whole provided both the corresponding type of
stability in the whole and attraction in the whole.

In Definitions 2.4.2 — 2.4.4, the expression “with respect to 7;” can be
omitted iff 7; =R.
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THEOREM 2.4.1. Let vector-function f in system (1.2.7) be continuous
on Rx N (on T, x N). If there exist

(1) an open connected time-invariant neighborhood G C N of point
z=0;

(2) a matrix-valued function U € C (R x G, R™*™) (U € C(7; x ¢,
R™*™)) and vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in x for every t € R (t € T;);

(3) a majorizing function ¢ € C(Rx R4+, R) (g9 € C(T: x R+, R))
9(t,0) =0 Vte Ty (Yt T;) such that

Dtu(t,z,y) < g(t, v(t,z,y)  V(tz,y) ERXxGX R
(V(t,z,y) € T xG x R™).

Then properties of the function
(2.4.9) y'U(t,2)y = v(t,z,y)

and properties of the zero solution of the equation (2.4.1)

du
'C'i,'t' = g(t,u)a U(to) =up >0

provide the corresponding properties of the state x = 0 of system (1.2.7).

REMARK 2.4.1. In condition (2) of Theorem 2.4.1 alongside the function
defined by (2.4.9) another suitable function, such as

U(tam) = max {uij(tam): (i,j) € llam]}’
o(t,z,n) =n"U(t,z)n, neERP, n>0,
or w(t,z)=QU(tx))

can be utilized, where Q € C (R™*™,R.), @(u) is nondecreasing in y and
QM) =o.

We shall state some properties of the zero solution of equation (2.4.1)
and function (2.4.9) and prove Theorem 2.4.1.

PROOF. Case A. Let g(t,u) = 0, solution u = 0 of equation (2.4.1)
be stable with respect to 7; and function (2.4.9) be positive definite on G
(T x G). Then, by Theorem 2.3.1 the state z = 0 of system (1.2.7) is
stable (on 7).
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Case B. Let solution u = 0 of equation (2.4.1 be stable with respect
to 7i, up — uniformly attractive on 7; and function (2.4.9) is decreasing
on G (7r x G). We are going to show that in this case the state z = 0
of system (1.2.7) is equi-asymptotically stable (on 7;). In fact, for the
function v(t,z,y) mentioned above there exist functions a, b € K such
that

a(llzll) S v(t,zy) <b(ll2ll)  V(t2,y) ERXGXR™

(2.4.10) V(t,z,y) € Tr x G x R™.

Let € € (0,H) and %o € R (9 € T;) be prespecified. The fact that
u = 0 is stable with respect to 7; implies that for a(e) > 0 and ¢, € R
(to € Tr) there exists a d; = d;(to,€) > 0 such that it follows from
ug < 01 that u(t;te,uo) < a(e) for all ¢ > t5. We take ug = v(to,zo,%)
and & = 6(tg,e) > 0 so that

(2.4.11) b(6) < 6y.

Let the solution x(t;to,%o) of system (1.2.7) start in domain: %, € R
(to € Tr) and ||zo|| < 8. We claim that ||x(¢;t0,20)|] < € for all ¢, € Tg.
If not, there exists other solution x(¢) with the initial conditions in the
same domain and value ¢; > to such that

(2.4.12) Ix(t1; to, zo)ll = eallx(tito, z0)ll <& Vi€ [to, t1].
By Proposition 2.4.3 we have the estimate
(2.4.13) v(t, X(tit0,20),9) S 7(8) Vi€ [to, ),

where 7(t) is the maximal solution of equation (2.4.1).
Seeing that

(2.4.14) v(to, %o,¥) < b(||zol]) < B(6) < 61
and in view of inequalities (2.4.11) - (2.4.13) we get
a(e) < v(t1, x(t15t0, %o),y) < ¥(t1) < ale).

This proves stability with respect to 7; of the state z = 0 of system (1.2.7).
Further it follows from the property of ug — uniform attraction of the
solution u = 0 of equation (2.4.1) that, given a(n) > 0 and t, € R
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(to € T7), 0 < n < H there exists a 6} = d}(to) >0 and 7 =7(to,7) >0
such that ue < 67 implies u(t;to,u0) < a(n) for all ¢t > tp + 7. We take
ug = v(tg, To,y) the same as before and find & = &(to) > 0 such that

(2.4.15) b(83) < 6.

Let 6o = min(éf,6§) and ||zo|| < . Proceeding as in the proof of sta-
bility (on 7;) of the state z = 0 of system (1.2.7) we conclude that
lIx(t; 2o, zo)l] < H for t > to. Assume that there exists a sequence {ix},
ty > to+T, ty = +00 as k — +oo and n < |x(t; o, zo)|, where x(¢; %o, Zo)
is a solution of system (1.2.7) with the initial conditions ||zo|] < do and
to € R (to € T;). Taking into account estimates (2.4.8) and (2.4.15) we get

a(n) < v(tr, x(tx;to, To),y) < ¥(te) < a(n).

This proves that the state z = 0 of system (1.2.7) is attractive (on 7;). By
Definition 2.4.4 (ii) the state z = 0 of system (1.2.7) is equi-asymptotically
stable (on 7;).

THEOREM 2.4.2. Let vector-function f in system (1.2.7) be continuous
on RxN (onTr xN). If

(1) conditions (1) - (2) of Theorem 2.4.1 are satisfied and
(2) there exists a majorizing function G such that G € C (R x Ry, R)
(GeC(T; xRy,R)) G(t,0)=0 VteTo (Vt€T,) such that

Dtu(t,z,y) > G (¢, v(t, z,y)) V(t,z,y) € Rx G x R™
(V(t,z,y) € Tr xG x R™).

Then properties of the function
(2.4.16) YUt 2)y = v(t, 2,y)

and instability properties of the zero solution of the equation

2.4.17) ‘fl—“: =Gtu), ult)=1u >0

imply instability (on T;) of the state z =0 of the system (1.2.7).

PRrOOF. In order to prove Theorem 2.4.2 we shall state some properties
of the function (2.4.16). Namely, assume positive definite on G (on 77 x )
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function, and for any d > 0 and %, € R (to € 77) an x is found, ||zo|| < 4,
such that v(to,z0,y) > 0 Vy € R™. Instability of the zero solution of
equation (2.4.17) ensures that given €* > 0 and to € R (to € 7;), for any
d* >0 a up: 0 < ug < §* can be found so that p(¢;to,up) > €*. Since
function (2.4.16) is positive definite on G (on 7; x G), a function a € K
can be taken so that

a(llz|]) < v(t,z,y)  V(t,z,y) € RxGx R™
V(t,z,y) € Tr xG x R™.

We take € > 0 so that
(2.4.18) a(e) < &*.

This is possible due to assumptions on function v(¢, z,y).

Now we determine ug < 6* and ¢ > o so that p(f;to,up) > &*. If zg
is taken in accordance with (2.4.18) and ¢ ¢ 7o (¢ ¢ 7;) then the theorem
is proved, since the solution x(t;%o, o) cannot cease its existence without
leaving the domain ||z]| < €. Let tg € To (¢ € 7). Then we get according
to Proposition 2.4.4

a (|lx(t; to, zo)|) 2 v(t, x(t),¥) 2 p(t) > €" > ale).

Consequently, ||x(t;to,20)|| > € and the state z = 0 of system (1.2.7) is
unstable (on 77).

2.5 Method of Matrix Liapunov Functions

As already mentioned in the introduction the application of matrix Lia-
punov functions make it possible to establish easily verified stability condi-
tions for the state z = 0 of system (1.2.7) in terms of the property having a
fixed sign of special matrices. The results presented in this section demon-
strate the opportunities of the matrix Liapunov functions technique.

2.5.1 Nonautonomous systems

General Theorems 2.3.1-2.3.7 allows sufficient stability conditions for the
state z = 0 of system (1.2.7) to be constructed as follows.
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THEOREM 2.5.1. Let the vector-function f in system (1.2.7) be contin-
uous on R x N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the point
z=0;

(2) a matrix-valued function U € C(RXxN,R™*™) and a vector
y € R™ such that the function v(t,z,y) = yTU(t,z)y is locally
Lipschitzian in z forall t € R (t € T;);

(3) functions i, i, Yis € K, Y € CK, i=1,2,...,m;

(4) m x m matrices A;(y), 1 =1,2,3, Zz(y) such that

Y=l A @)1 (llal)) < vt 2,) < &30, l|2l) Az (W) (2, l12]])

(@) V(tz,y) e RxGXxR™ (V(t,z,y) €T xG X R™);
(b) (=) A @)erllzll) < vt 2,) < %3 (|2l) A2 ()¢ (ll=l])

V(t,z,y) ERxGXR™ (V(tz,y)€TrxGxR™);
© Du(t,z,y) < ¥3 (llzl) As(y)vs(||=l)

V(t,z,y) ERXxGxR™ (V(t,z,y) €T xG x R™).

Then, if the matrices A;(y), Aa2(y), Zz(y), (y # 0) € R™ are positive
definite and Ag(y) is negative semi-definite, then
(a) the state z =0 of system (1.2.7) is stable (on T;), provided condi-
tion (4)(a) is satisfied;
(b) the state z = 0 of system (1.2.7) is uniformly stable (on T;), pro-
vided condition (4)(b) is satisfied.

PROOF. We shall prove assertion (a). Since matrices A;(y) and A3 (y)
¥ (y # 0) € R™ are positive definite, then Ap,(4;) > 0 and Ap(A42) > 0,
where A, (+) and Ap(-) are minimal and maximal eigenvalues of matrices
A1(y) and A, (y) respectively.

Condition (3) of Theorem 2.5.1 provides the existence of functions 7 €
K and p € CK such that

(llzll) < ¥zl llzl)

and

p(t, Izl = 932, Izl Pa(, ll=l)-
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Consequently,

Am(A)n(lll) < v(tz,y)  V(2,0) ERXG X R™

2D (V(t,z,y) € T x G x R™)
and
(2.5.2) v(t,z,y) < Am(Ao)o(t, llzll) Y (t,z,y) € Rx G x R™

(V(t,z,y) € T- xG x R™).
Since matrix Az(y) is negative semi-definite, then

(2.5.3) Dtu(t,z,y) <0 V(t,z,y#0) € RxGx R™
> (V(t,z,y #0) € T x G x B™).
Taking into account (2.5.1) —(2.5.3) one can easily see that all conditions of
Theorem 2.3.1 are satisfied and the state z =0 of system (1.2.7) is stable
(on T7).
The proof of assertion (b) of the Theorem 2.5.1 is the same, seeing that
Y2 € K.

THEOREM 2.5.2. Let the vector-function f in system (1.2.7) be contin-
uous on R x R® (on T; x R™). If there exist
(1) a matrix-valued function U € C (R x R*, R™*™) (U € C(7; x R",
R™*™)) and a vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in z forall t € R (t € T);
(2) functions @1, Yai, w3 € KR, P2y € CKR, i=1,2,...,m;
(3) m x m matrices B;(y), 1 =1,2,3, gz(y) such that

eI (ll=ll) B )¢ (l=ll) < v(t,2,y) < &3¢, |12l) Ba(@)@a (2, ll=l])

(@) Y(t,z,y) E Rx R"x R™ (VY (t,z,y) € T x R" x R™);

oLzl Bi)er(ll=l]) < vt z,9) < @3 (lil)Ba(y)ea(llz]])

b
®) V(t,z,y) e RXR"x R™ (V(t,z,y) € Tr x R" x R™);

D*u(t,,y) < @3(llzl)Bs()es(llzll)

© V(t,z,y) e Rx R x R™ (V(t,z,y) € T Xx R" x R™).
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Then, provided that matrices By(y), Ba(y) and Ba(y), V(y # 0) € R™
are positive definite and matrix Bs(y) is negative definite,
(a) under condition (3)(a) the state z = 0 of system (1.2.7) is stable
in the whole (on T;);
(b) under condition (3)(b) the state x = 0 of system (1.2.7) is uniformly
stable in the whole (on T ).

ProoF. Under conditions (1)-(3)(a) of Theorem 2.5.2 the function
v(t,z,y) is radially unbounded positive definite in the whole (on 7;) and
weakly decreasing in the whole (on 7;). Since the matix Bs(y), V(y #
0) € R™ is negaitive semi-definite, then we have in consequence of condi-
tion (3)(c) of Theorem 2.5.2

Dtu(t,z,y) <0  V(t,z,y#0)€ Rx R" x R™
(V(t,z,y#0) € T x R®" x R™).

According to Theorem 2.3.2 the state z = 0 of system (1.2.7) is stable in
the same manner taking into account conditions (1) - (3)(b) and (3)(c).

THEOREM 2.5.3. Let the vector-function f in system (1.2.7) be contin-
uous on R x N (on T, x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the point
z=0;

(2) a matrix-valued function U € C (R x N, R™*™) (U € C(T; x N,
R™*™m)) and a vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in « for all t € R (t € T;);

(3) functions M, N2i, M3 € K’ ﬁ2i € CK; i = 1)27 ceey My

(4) m x m matrices C;(y), j =1,2,3, Ca(y) such that

ni(llz)Cr@mlzl) < vt 2,y) < W el)Ce (W) (t, |21
V(,z,y) e RxGxR™ (V(t,z,y) € T, X G x R™);

n(l=IDCi)m (lzl) < v(t,z,3) < 03 (||2]))Ca(y)me(|l2l])
V(t,z,y) E RxGx R™ (V(t,z,9) € T XxG X R™);

(a)

(b)

D*v(t, z,y) < n3(llzl)Csy)ns(llzl)) +m (¢, ns(ll=ll))

(C) m m
V(t,z,y) eRxGxR™ (V(t,z,y) € Tr X G x R™),
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where function m(t,-) satisfies the condition

i I sl |
|

uniformlyin t € R (t € T7).
Then, provided the matrices Cy(y), Ca(y), Ca(y) are positive definite
and matrix C3(y) (y #0) € R™ is negative definite, then
(a) under condition (4)(a) the state z = 0 of the system (1.2.7) is
asymptotically stable (on T;);
(b) under condition (4)(b) the state z = 0 of the system (1.2.7) is
uniformly asymptotically stable (on T ).

=0 as [lnsfl =0

ProoOF. Following the arguments from the proof of Theorem 2.5.1 under
conditions (1)-(4)(a) the function v(t,z,y) is positive definite on G (on
T x G) and weakly decreasing on G (on 7; x G). Consider condition {4)(c).
Since n3; € K, i1 =1,2, ..., m there exists a function w € K such that

(2.5.4) w(llz)) 2 n3(lllhms(lz)).

Due to matrix C3(y) (y # 0) € R™ being negative definite all its eigenval-
ues are negative so that Apr(Cs) < 0. Therefore, we get in view of (2.5.4)

D*v(t,z,y) < Am(Ca)w(ll2l]) +m (2,73 (||=]]))

(2.5.5) V(t,z,y#0)€eRxGxR™ (V(t,z,y#0) €T xGxR™).

Under condition (2.5.2) for the given neighborhood ¢ C N of point z =0
a 0 < g <1 can be taken so that

Im(t, n(llIDl < —urae(Ca)nz (l|zl)ns (l|])

(2.5.6) V(t,z,y#0) € RxGXxR™ (Y(t,z,y#0)€T, xGx R™).

Together with inequalities (2.5.5) condition (2.5.6) yields the estimate
D*u(t,z,y) < (1 - wAn(Ca)w(llzl),  Am(Cs) <0.

Thus, function D*u(t,z,y) is negative definite on G (on 7; X G). Therefore,
all conditions of Theorem 2.3.3 are satisfied and the state z = 0 of the
gystem (1.2.7) is asymptotically stable (on 7).

Assertion (b) of Theorem 2.5.3 is proved in the same manner taking into
account that condition (4)(b) ensures function v(t,z,y) decreasing on G

(on Tz x G).
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THEOREM 2.5.4. Let the vector-function f in system (1.2.7) be contin-
uous on Rx R™ (on T; x R™) and conditions (1) —(3) of Theorem 2.5.2 are
satisfied.

Then, provided that matrices By (y), B2(y) and B (y) are positive def-
inite and matrix Bs(y) ¥V (y # 0) € R™ is negative definite,

(a) under condition (3)(a) of Theorem 2.5.2 the state z = 0 of system
(1.2.7) is asymptotically stable in the whole (on T;);

(b) under condition (3)(b) of Theorem 2.5.2 the state z = 0 of system
(1.2.7) is uniformly asymptotically stable in the whole (on 7).

PROOF. Under conditions (1)-(3)(a) of Theorem 2.5.2 the function
v(t,z,y) is radially unbounded positive definite in the whole (on 77).

Because matrix Bs(y) V(y # 0) € R™ is negative definite, proceeding
as in the proof of Theorem 2.5.2 we arrive at the estimate

D*u(t,z,y) < Anr(Bs)es (Ilzll)es(llzll)
Y(tz,y) € RXR"x R™ (V(t,z,y) € Tr x R* x R™).

Since ¢3; € CK, i = 1,2, ..., m, there exist a function 6()|z|]) € KR
such that

8(llzl)) 2 w3(llzles(llz).

Therefore,

D*v(t,z,y) < Am(Bs)0(||zl]),  Aar(B3) <0
V(t,z,y#0) € RxR"x B™ (Y(t,z,y #0) € T; x R" x R™).

Thus, function D*u(t, z,y) is negative definite in the whole (on 7).

According to Theorem 2.3.4 the state z = 0 of system (1.2.7) is asympto-
tically stable in the whole (on 7).

The proof of assertion (b) of Theorem 2.5.4 is similar to the above and
takes into account the fact that by conditions (2) and (3) of Theorem 2.5.2
the function v(¢, z, y) is radially unbounded positive definite and decreasing
in the whole (on 77).

THEOREM 2.5.5. Let the vector-function f in system (1.2.7) be contin-
uous on R x N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the point
z=0;
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(2) a matrix-valued function U € C (R xMN,R™*™) and a vector
y € R™ such that the function v(t,z,y) = yTU(t,z)y is locally
Lipschitzian in x forall t € R (t € T;);

(3) functions o34, 03; € K, 1= 1,2, ..., m, a positive real number A;
and positive integer p, m X m matrices Fy(y), F3(y) such that

AlzllP < v(t,z,y) < o3 (l2l) Fa(y)o(llz)

(@) V(t,z,y #0) € RXxG X R™ (V(t,z,y#0) € To x G x R™);

D*u(t,2,y) < o3 ([l Fs()os(llzl))

() V(it,z,y#0)eRxGxR™ (V(t,z,y#0) €T xGx R™).

Then, provided that the matrices Fa(y) (y # 0) € R™ are positive definite,
the matrix F3(y) (y # 0) € R™ is negative definite and functions oy,
o3; are the same magnitude, then the state z = 0 of system (1.2.7) is
exponentially stable (on T;).

PRroOF. Under conditions (1) —(4)(a) function v(t,z,y) is positive defi-
nite and decreasing (on 7;). In fact, we have the estimate

v(t,2,y) < Au(B2)og(zl)oa(llzll),  A(F) >0
V{t,z,y) ERXxGxR™ (V(@,z,y#0) €T, xGxR™).

Since the functions o3; € K, i = 1,2,..., m, there exists a function
» € K such that

(lzl)) 2 o3 (lzl)o=(ll=l).

Therefore

Azl < vt z,y) < Am(F2)=(lzl)),  Am(F2) >0

(25.7) V(t,z,y) ERXxGxR™ (V(t,z,y#0)€ T, xGx R™).
We reduce condition (4)(b) of Theorem 2.5.5 to the form

D*v(t,z,y) < Am(Fa)m(llzll),  Am(F3) <0

(2.5.8) V(t,z,y) ERXGXxR™ (V(t,z,9) € T: xG x R™),

where 7 € K is such that

(llzll) 2 o5(llzlos(ll)-
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Since functions s and 7 are of the same magnitude, there exist constants
k; > 0 and k2 > 0 such that

kyxe(||2ll) < w({lell) < kase(l|z]]).
We get from inequalities (2.5.7) and (2.5.8)
D*u(t,z,y) < Av(t, z,9)
V{t,z,y#0 € RxGxR™ (V(,z,y#0)€ T xGx R™),

where A = Ay (F3)A3f (F2), A <O0.
In view of the estimate from the left in (2.5.7) we obtain from (2.5.9)

U(tamay) < U(tO,man) €xXp (A(t - tO))

(2.5.9)

and
-i 1 1 A
2510 etttz < AT AL (Fa)o (o) exp (50— 1))
We designate according to Definition 1.2.3 (vi)
-1 i A
a=40;"X,(F), B= E’ B <0.
From (2.5.10) we obtain
Ix(t: too)|| < ase? (llzoll) exp (B(t o))~ VteTo, Vi€ T
This proves Theorem 2.5.5.
THEOREM 2.5.6. Let the vector-function f in system (1.2.7) be contin-

uous on R x R™ (on T; x R"). If there exist

(1) a matrix-valued function U € C (R x R", R™*™) (U € C(T; x R",
R™*™)) and a vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in z for all t € R (Vt € T7);

(2) functions vy, v3; € KR, i = 1,2, ..., m,a positive real number
Ag > 0 and a positive integer g;

(3) m x m matrices Ha, H3 such that

Agllzl|? < v(t,z,y) < vi(l|zll)Ha(y)va(llell)

@) oyt 0) € Rx R xR™ (¥(tayy) € To x B x B™);

D*u(t,@,y) < v3(llzl)Hs(y)vs(|l=l))

b
(b) V(t,z,y #0) € RxB"xB™ (Y (t,z,y #0) € T-xR"XR™).
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Then, if the matrix Hy(y) ¥V (y # 0) € R™ is positive definite, the matrix
H;(y) V(y #0) € R™ is negative definite and functions vy, vs; are of the
same magnitude, the state ¢ = 0 of system (1.2.7) is exponentially stable
in the whole (on T;).

PROOF of this Theorem is similar to that of Theorem 2.5.5 taking into ac-
count the fact that under conditions of Theorem 2.5.6 the function v(¢, z, y)
is radially unbounded (on 7;). Inequality (2.5.10) is replaced by

i 1 1 A
(6 tozo) | < A7 ¥ A (Ha)g# (llzoll) exp (qu“ - t°’)

where g(||z/l) € KR and g(||2ll) 2 vF(llzll)we(ll=l),

M o= A (Hs)kadpf (H), k1 >0, M\ <0.

-1 1
We designate 8 = A1¢~! and define function ®(A) = A; Y AL, (Hy)g7 (A)
whenever ||zo|| < A, A = +00. Then

lIx(titomo)|| < B(A) exp (Bt — %)), B<0 VieTo, VieT.

This proves Theorem 2.5.6.

THEOREM 2.5.7. Let the vector-function f in system (1.2.7) be contin-
uous on R x N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the point
z=0;

(2) a matrix-valued function U € C* (R x N, R™*™) (U € C*(T; x N,
R™X™)) and a vector y € R™;

(3) functions tni, Yo, ¥3i € K, ¢ = 1,2,..., m, m X m matrices
Ai(y), A2(y), G(y) and a constant A >0 such that

Iz A @)v (l2ll) < v(t 2,9) < 3 (l12l) A2 () (llzl)

@ 2y eRXOX B (F(tzy) €T X G x B™;

Du(t,z,y) 2 ¢3(/lzI)G®)¥s(ll=])

(b) V{t,z,y)) ERxGxR™ (V({,z,9)€Tr xGx R™);

(4) point z =0 belong to 8G; .
(5) v(t,z,y) =0 on Ty x (8G N Ba), where Ba = {z: ||z|| < A}
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Then, if matrices A;(y), A2(y) and G(y) V(y # 0) € R™ are positive
definite, the state z =0 of system (1.2.7) is unstable (on ;).

PRrRooOF. Under conditions (1) - (3)(a) of Theorem 2.5.7 it is easy to ob-
tain for function v(¢, z,y) the estimate

0511 Am(A)y(ll2ll) < vt 2,9) < Am(A2)¢(ll2]])
(2:5.11) V(t,z,y) ERxGXR™ (V(t,z,9) €T xGxR™).
Here v € K and 7(|2ll) < ¥{(lzlDva(llll), ¢ € K and ((l)) 2

¥3 (llzlDa(ll21))-

Since Ap(A1) > 0, Ap(A2) > 0, then by estimate (2.5.11) function
v(t,z,y) is positive and bounded (on 7;). Hence, for every § > 0 an
zo € GNBa and a a > 0 can be found such that a > v(tg,z0,%) > 0
V{y #0) e R™.

Condition (3)(b) of Theorem 2.5.7 is reduced to the form

2.5.12) Du(t,z,y) 2 Am(G)(llzl),  Am(G) >0,
(2:5. V(t,z,y#0) € RxGXxR™ (V(t,z,y) € T- xG x R™).

Here £ € K and £ < 93(||zl)vs(llzl)).
In view of (2.5.11) and (2.5.12) we have for x(t;t0,20 € G

t
a > u(t, x(t; to, 7y, y) = v(to, To,y) + / Du(r, x(7;to, %o)y) dr
to

2 v(to, 20, ¥) + Am(@(llzol)(t —t0)  VieTo (VieT)

Hence, it follows that the solution x(¢; %y, 2o) must leave neighborhood G
some time later. But because of condition (5) it cannot leave G through
8G € Ba. Consequently, x(2;t0,z0) leaves the domain Ba and the state
z =0 of system (1.2.7) is unstable (on 7;).

2.5.2 Autonomous systems

2.5.2.1 Definitions of stability domains and their estimates. For a while our
attention will be focused on the difference between the notions “domain”
and “region”.
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Referring to LaSalle and Lefschetz [98] a “region” is an open connected
set. However, Santalo [163] defined “domain” as an open and connected set,
and “region” as the union of a domain with some, none, or all its boundary
points.

We want to emphasize that, for stability analysis of nonlinear systems,
only a neighborhood (either open or closed or neither open nor closed) of
the origin is of interest herein. Hahn [66] used “domain” in this sense. The
reason for using a neighborhood that can be closed is that the domain of
asymptotic stability of an equilibrium of a nonlinear system can be closed.

We accept:

DEFINITION 2.5.1. Aset D,, D, C R™, is the domain of the equilibrium
state z = 0 defined by

D, =/ [D,(E): ce 1°i!+} :

where D,(e) is such a neighborhood of z = 0 that |[|x(¢;0,z0)|| < €
V¥t € R4, holds provided only that zo € D,(e) for every € € ;24..

The next definition has been commonly used (see Krasovskii [89], Hahn
[66], LaSalle and Lefschetz [98]).

DEFINITION 2.5.2. A set D,, D, C R™, is the domain of attraction of
the equilibrium state z = 0 of the system (1.2.10) if and only if it is such
a neighborhood of # =0 that

lim [ ||x(t; 0, 20)l|: t = +00] =0

holds provided only that zg € D,.

It is now natural to accept the definition of the domain of asymptotic
stability of z =0 in the form.

DEFINITION 2.5.3. A set D, D C R™, is the domain of asymptotic
stability of z = 0 of the system (1.2.10) if and only if it is both a neighbor-
hood of z = 0 and the intersection of its domain of stability and domain
of attraction, that is, that D = D, N D, is a neighborhood of z = 0.

The exact determination of the domain of agymptotic stability has great
engineering and theoretical importance. Unfortinately, we can realize it
only in special cases. For these reasons we investigate its estimate F defined
as follows.
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DEFINITION 2.5.4. A set E, E C R™, is an estimate set (in brief,
estimate) of the asymptotic stability domain D of z = 0 of the system
(1.2.10) if and only if

(i) F is a neighborhood of & =0,

(ii) ECD
and

(iii) E is positively invariant set of the system (1.2.10), that is, that

z0 € B implies x(4;0,20) € E for every t € Ry.

2.5.2.2 System description and decomposition. Suppose autonomous sys-
tem (1.2.10) to be decomposed into m interconnected subsystems

dz:
(2.5.13) -5;—’ = gi(z:) + hi(2)
with individual subsystems
dz; .
(2.5.14) d—t‘ =gi(z:), (0 ==z, i=1,2,...,m,

where z; € R™, g = (91,93,...,9%)%, = = (zI,...,a%)T. Besides g; €
C(R™,R™), h; € C(R™,R™) and ¢;(0) =0, h;(0)=0 Vi=1,2,...,m.
ASSUMPTION 2.5.1. There are connected neighborhoods NV; of z; = 0
Vi=1,2,...,m such that both
(i) motions z4(¢t,z4) of (2.5.14) are continuous in (¢,zip) € Ry x N;,
where z;(0,z;0) =0 Vi=1,2,...,m;
and
(i) motions z(t,zo) of (1.2.10) (or (2.5.13)) are continuous in (¢, o) €
R, x N, where N =Ny X Ny X+ X Np, and z(0,z9) = 0.
Let U: R® = R™*™ be the matrix-valued function with elements u;; €
C(R™ R) for i #j and u;; € C(R", Ry) for i =j.
Let us construct the function
v(z,y) =y U(z)y
by means vector y € R™ which was used above. We shall use expressions
of one of Dini derivatives of function U

D*U(z) = limsup {[U(z(t + 6),z) - U(z)]§~*: 6 = 0},
D, U(z) = liminf {[U(z(t + 0),z) - U(z)]§~1: 8 > 0%}

with the function U(z). We shall denote by symbol D*U(z) the possibility
of utilizing any of functions D*U(z) or D..U(z).
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ASSUMPTION 2.5.2. Matrix-valued function U is radially increasing on
N, that is, the following inequality holds elementwise

Uhz) <U(az) VY(@#0) €N, Me0+0), i=12 M <M.

Let K be the elementwise greatest m x m matrix, K = (k;;) satisfying
(2.5.15) Uk(z) Cint N
for the set Uk (x) defined by
(2.5.16) Uk(z) = {z: U(z) < K},

where int N is the interior of N. In case NV is unbounded then k;; = +o0
is possible for some (i, 7) € [1,m].
Let

(2.5.17) E=|J{By: ) €Lml}, By = {2 uij(z) < ky},
a k1.1<+°°1 5E;—{x u” )= ”}

2.5.2.8 A metric aggregation form. Metric on R™ will be introduced by the
Euclidean norm || - ||. A metric aggregation form is determined by

AsSSUMPTION 2.5.3. There are U € C(R",R™*™), w € C(R",R™)
and real number a;; such that
(i) w(z)=0for ze N iff z =0
(i) U(z) € C(N,R™*™);

anflw@)? ... oim|lw(@)|?
({) D*U(Z) K | cvverienriniiiiiiiiiiininns Vz € N.
amillw@)? ... ommllw@)|?
THEOREM 2.5.8. Let Assumptions 2.5.1~2.5.3 hold. In order for the set
E (2.5.17) to be an estimate of D it is sufficient that U is positive definite
on N, a;; < 0 and wij{z) is radially unbounded in case N is unbounded,
Vi,j=1,2,...,m
Proor. Positive definiteness of U(z) on N implies positive definiteness
of uij(z) on N V(i,5) € [1,m]. The conditions (iii) of Assumption 2.5.3
proves

(2.5.18) D*ui(z) < aijljw(@)|]? Vee N V(,j)€[l,m]
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Since oy; < 0 and w(z) =0 iff =0 due to (i) of Assumption 2.5.3 then
Assumption 2.5.1, (2.5.18) and Assumption 2.5.2 prove that E;; (2.5.17) is
an estimate of D V(i,7) € [1,m]. Hence E (2.5.17) is also an estimate of D.

Let v;: R™® -+ R™ be defined by
(2.5.19) Vg = (Ugg, Uiz, -y Uim) Y, ViEi=1,2,...,m.

AsSUMPTION 2.5.4. Vector b € R™ is elementwise positive, bTv; is
positive definite on N and radially unbounded in case N is unbounded,
and k; € (0,+00) is such that a set

(2.5.20)
Vi = {z: bTui(z) < ki}, ks < +oo0 = 8V = {z: bTuy(z) = k;},
Vi€ [1,m]

is the largest connected neighborhood of = = 0 in N determined by b%v;(z).

THEOREM 2.5.9. Let Assumptions 2.5.1, 2.5.3 and 2.5.4 hold. In order
for the set E (2.5.21)

(2.5.21) E=|J{Vi:ie1,m]}

to be estimate of D it is sufficient that the matrix A = (ay;) and the vector
b obey elementwise Ab < 0. :

ProOF. From (iii) Assumption 2.5.3 and b > 0 (Assumption 2.5.4) it
results

(2.5.22) D*U(z)b < Abllw(z)||? VzeN.

The condition Ab < 0, (i) of Assumption 2.5.3 and (2.5.22) prove
D*U(z)b < 0 elementwise on N, z # 0. This result, Assumption 2.5.4,
and (2.5.19) prove that both 5Tv; is positive definite and D*U(z)b element-
wise negative (z # 0) on the closure E; (2.5.21), Vi € [1,m]. These facts
and Assumption 2.5.1 prove that E; = V; is an estimate of D. Since this
holds for every i € [1,m], then E (2.5.20), (2.5.21) is an estimate of D.

Let k be the greatest number or the symbol +oco such that the set ¥}

(2.5.23) |
Vi ={z: bTU(z)b <k}, k< +oo—8Vy = {z: bTU(z)b = &k}

is the largest connected neighborhood of z = 0 in N determined by b
and V.
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THEOREM 2.5.10. Let Assumptions 2.5.1 and 2.5.3 hold. In order for
the set B = Vi (2.5.23) to be an estimate of D of z = 0 of (1.2.10) it
is sufficient that U is positive definite on N, v(z) = bTU(z)b is radially
unbounded in case N is unbounded, the vector b is elementwise positive
and the scalar bTAb is negative for A = (ay;).

PRroOF. Positive definiteness of U on N means that v(z) = bTU(z)b
is positive definite on . Condition (iii} of Assumption 2.5.3 and b > 0
imply
D*v(z) = b™D*U(z)b < (bTAb)||lw(z)]| Yz e N.

These results, bTAb < 0, the condition (i) of Assumption 2.5.3 and As-
sumption 2.5.1 prove that E =V} (2.5.21) is an estimate of D.

2.5.8.4 A quadratic aggregation form. A generalized quadratic aggregation
form is this setting introduced by

ASSUMPTION 2.5.5. There are U € C(R", R™*™), w € C(R",R™)
and matrices A;; € R™*™ such that

(i) w(z) =0for ze N iff z=0;
() Uz)=0for ze N iff z=0;

wi(@)Anw(z) ... wiz)Aimw(z)
(iii) D*U(z) < ( ....................... S UTIIRT )

THEOREM 2.5.11. Let Assumptions 2.5.1, 2.5.2 and 2.5.5 hold. In order
for the set E (2.5.17) to be an estimate of D it is sufficient that U is positive
definite on N, uy; (%) is radially unbounded in case N is unbounded V (i, j) €
[1,m], and the matrix (Ai; + Af) is negative definite V (i, ) € [1,m].

PrOOF. Let Am(Ai; + Af) be the maximal eigenvalue of (4i; + AT)
and

1
aig = SAm(Aij + Af;).2.5.24

Negative definiteness of (4;; + Af;) implies ai; <0 V(i,5) € [1,m]. This
resullt and the conditions of Theorem 2.5.11 satisfy all the requirements of
Theorem 2.5.8, which proves the statement of Theorem 2.5.11.
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THEOREM 2.5.12. Let Assumptions 2.5.1, 2.5.4 and 2.5.5 hold. In order
for the set E (2.5.21), (2.5.22) to be an estimate of D it is sufficient that

the matrix i [bj(Aij + AT)] is negative definite for all i € [1,m)].
=1

ProoOF. Using b > 0 elementwise (Assumption 2.5.4) we derive

(2.5.25) DIU@b S [ v, Yz eN

m
from (2.5.24). Negative definiteness of 3 [b;(Ai; + AT)], and the condi-
j=1

tions (i) and (iii) of Assumption 2.5.5 prove negativeness of bTD*v;(z) for
every (z #0) € N Vi€ [1,m], due to (2.5.25). This result, and Assump-
tion 2.5.1, positive definiteness of 5Tv; on N Vi € [1,m] prove that E
(2.5.21), (2 5.22) is an estimate of D.

THEOREM 2.5.13. Let Assumptions 2.5.1 and 2.5.5 hold. In order for
the set E = Vi (2.5.23) to be an estimate of D it is sufficient that
U is positive definite on N, v(z) = b™U(z)b is radially unbounded in
case N is unbounded, the vector b is elementwise positive and the matrix

m
> [bibj(Ay; + AT)] is negative definite.
i,j=1

ProoF. Function v(z), v(z) = bTU(x)b, is positive definite on N due
to positive definiteness of U(z) on N. Its derivative D*v(z) is negative for
every (z # 0) € N in view of (i) and (iii) of Assumption 2.5.5,

i,j=1

D* ( ) < ;w ) [Z [bibj(Aij +A£)]] w(m)

and negative definiteness of E [b:b;(Aij + AT)]. These results and As-
i,j=1
sumption 2.5.1 prove that E =V, (2.5.23) is an estimate of D.

2.5.2.5 Generalized Michel’s aggregation form. The aggregation form will
be generalized by referring to Grujié, Martynyuk and Ribbens-Pavella [57]
and Michel [141] as follows:
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AssuMPTION 2.5.6. There are U € C(R"™, R™*™), w € C(R",R™),
w(z) = [w1(z), ..., wn(z)]T, and vector ai; € R® such that
(1) wij(z)=0for ze N iff z=0:
(ii) the matrix-valued function U(z) is continuous on N, U € C(N,
Rmxm);
(ili) the matrix-valued function U(z), the vector function w and the
vector ai; obey (2.5.26)

wi (z)af w(z) wi (z)af,w(z)
(25.26) D*U(@) < [ +ooeveveeeeeiiiie e Vz € N.
we(z)aqw(z) ... we(z)alw(z)
Let
Aj = (alj) A5y 0+ sa'mj)T, VJ = (u’lj’quy e )usj)T)
K = (kij, kagy o o bmg) T
Let 4 , . .
E? = (e};) € R™*™, €4 = [Fhidki + s (1 — 6ri)lag,,
where 0p; =1 for k=14, 6p; =0 for k#1¢ and
ri; = inf [wi(z): € 8Ey;),  r2; = sup [wi(x): x € Ei).

THEOREM 2.5.14. Let Assumptions 2.5.1, 2.5.2 and 2.5.6 hold. In order
for the set E (2.5.17) and its closure E to be estimates of D it is sufficient
that U(z) is positive definite on N, u;j(z) is radially unbounded in case N
is unbounded Yk = 1,2,...,m, of A is non-negative and the vector E’1
is negative elementwise V j € [1,m].

PROOF. Since U(z) = [v'(z),v*(z),...,v™(z)] then (2.5.26) can be
rewritten as
D*U(z) £ W(z) [Aluw(z), Aw(z), ..., A™w(@)],

(2527) W(x) - diag {'wl (m), wz(m), Ve ,'wm(w)}.

Let j € [1,m] be arbitrarily chosen. Positive definiteness of U(z) on N
implies positive definiteness of u;;(z) on N V(i,j) € [1,m]. From E/1 <
0, the definitions of B/ and V4, (2.5.27) and Assumption 2.5.6 it follows that
D*u;;(z) < 0 Vz € 8E;; Vi € [1,m]. This result, Assumption 2.5.1 and
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Assumption 2.5.3 prove positive invariance of 'E‘-i,- with respect to motions
of (1.2.10). The definitions of A7 and EY imply A9 < E’ elementwise.
Hence E71 < 0 implies 471 < 0.

Since afci >0, k # j, then there is positive diagonal DY = diag{d;,da;,
.+ +s0m;} such that [(A49)TDJ+ D7 A9] is negative definite. Hence a function
vi, vi(z) = (&) T (z) for & = (dyj,dyj,...,dm;)T, is positive definite and

D*i(z) < % w(z) [(49)"D7 + DI A9 w(z) < 0

Y (z # 0) € N due to negative definiteness of the matrix [(A7)TD7 +DJ Af)
and (i) of Assumption 2.5.6. These results, Assumption 2.5.3 together with
positive invariance of all -Eij prove that E;; and EJ- are estimates of D.
Since this holds for every (i,5) € [1,m], then E and E are estimates of D
of z =0 of (1.2.10).

Let -

Aj = (aj1,a42,- -, ajm) T b= dia'g(blab% cveybm)y
A(b) = (ATb, Ab,..., AT b)T.

THEOREM 2.5.15. Let Assumptions 2.5.1, 2.5.4 and 2.5.6 hold. In order
for the set E (2.5.20), (2.5.21) to be an estimate of D it is sufficient that
the vector ATb is negative elementwise Vi € [1,m].

ProoF. Since b > 0 (Assumption 2.5.4) then (2.5.19) and (2.5.27) yield
(2.5.28) due to (iii) of Assumption 2.5.6,

(2.5.28)

bTD*v, () wy (z) b4 w(z)
DU(z)b = ( .......... ) < ( ................ ) VzeN.
bTD* vy, (z)

Elementwise negativeness of ATb; Vi € [1,m)], (i) of Assumption 2.5.6 and
(2.5.28) imply bTD*v;(z) < 0 V(z # 0) € N. Hence, Assumption 2.5.1
and Assumption 2.5.4 prove that E (2.5.20), (2.5.21) is an estimate of D.

THEOREM 2.5.16. Let Assumptions 2.5.1 and 2.5.6 hold. In order for
the set E =V}, (2.5.23) to be an estimate of D it is sufficient that U(z) is
positive definite on N, v(z) = bTU(z)b is radially unbounded in case N is
unbounded and the matrix [AT(b)B + BA(b)] is negative definite for the
elementwise positive vector b.
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Proor. Theorem 2.5.16 is proved in the same way as Theorem 2.5.13.
m

In order to achive this the matrix Y [b;b;(Ai; + A;ﬂ)] should be replaced
i j=1

ij=

by the matrix [AT(b)B + BA(b)] in the proof of Theorem 2.5.13.

2.5.2.6 Gruji¢-Siljak’s aggregation form. The aggregation form can be ap-
plied to matrix-valued function aggregation of (1.2.10) as follows:

AssuMmPTION 2.5.7. There are U € C(R",R™*™), w € C(R",R™),
and vectors a;; € R™ such that

(i) w(z) =0 for z € N iff z =0;
(i) U(z) € C(R™, R™*™):

: ( afiw(z) ... afpuw(z) )
(1) D*U(2) S | revvrevmrenrennininiins Yz e N.
T ... ah,u(e)

THEOREM 2.5.17. Let Assumptions 2.5.1, 2.5.3 and 2.5.7 hold. In or-
der for the set E (2.5.17) and its closure E to be estimates of D it is
sufficient that U(z) is positive definite on N, u;;(x) is radially unbounded
in case N is unbounded V (i,j) € [1,m], off-diagonal element aii (k # 1,
k,i = 1,2,...,m) of A/ is nonnegative and the vector E91 is negative
elementwise Vj € {1,m].

Proor. The condition (iii) of Assumption 2.5.7 can be set in the form
(2.5.29) D'U(z) < [Alw(z), A%w(z),...,A™w(z)] Vz€eN.

We consider now v’(z) = 1Twi(z). Positive definiteness of U(z) on N
implies positive definiteness of all uy;(z), hence of all u/(z), on N. Radial
unboundedness of all u;; (z) implies radial unboundedness of all v/ (z) in case
N is unbounded. Assumption 2.5.2 implies radial increasing of all v (z).
From (2.5.29) and (i) of Assumption 2.5.7 it follows that D*v’(z) < 0
V(z # 0) € N, Vj € [1,m]. The definition of E¥ and E/1 < 0 prove
positive invariance of E;; V(4,j) € [1,m]. These results and Assumption
2.5.1 prove that both E (2.5.17) and E are estimates of D.

THEOREM 2.5.18. Let Assumptions 2.5.1, 2.5.4 and 2.5.6 hold. In order
for the set E (2.5.20), (2.5.21) to be an estimate of D it is sufficient that
the vector ATb is negative elementwise Vi € [1,m].
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Proor. Since b > 0 (Assumption 2.5.4) then (2.5.19) and (2.5.29) in
view of (iii) of Assumption 2.5.7 yield

bID*vy (z) bTA w(z)

(2.5.30) D*U(z)b= ( .......... ) < ( ......... ) Yz e N,
bID* vy ()

Now, Afb < 0 elementwise, (i) of Assumption 2.5.7 and (2.5.30) imply

D*ui(z) <0 V(z #0) € N for v;i(z) = bTV;(z) Vi € [1,m]. This result,

Assumption 2.5.1 and Assumption 2.5.4 prove that E (2.5.20), (2.5.21) is

an estimate of D.

THEOREM 2.5.19. Let Assumptions 2.5.1 and 2.5.7 hold. In order for
the set E =V}, (2.5.23) to be an estimate of D it is sufficient that U(z) is
positive definite on N, v(z) = bTU(z)b is radially unbounded in case N is
unbounded and the vector AT(b)b is negative elementwise for the element-
wise positive vector b.

PRrooF. Since U(z) is positive definite on N for y = b € R™, then
v, v = bTU(z)b, is also positive definite on N. From b > 0 and (iii) of
Assumption 2.5.7 we derive

D*v(z) < bTAD)w(z) VzeN
so that
D'u(z) <0 V(z#0)eN

due to (i) of Assumption 2.5.7 and AT(b)b < 0. These results and Assump-
tion 2.5.1 prove that E =V}, (2.5.23) is an estimate of D.

2.5.2.7 L-aggregation form. L-aggregation form is being introduced in this
framework by

AssuMPTION 2.5.8. There are U € C(R",R™*™), w € C(R",R™),
be R®, b= (b1,bs,...,b)T and A € R™*™ such that

(i) Jlw(z)l| =0 for z € N iff z =0;
(i) U(z) € C(R™, R™*™);
(iii) v(z) = bTU(2)b obeys
D*v(z) < wT(z)(ATB + BA)w(z) Yze N
for B = diag(b1,b2,...,bm).
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THEOREM 2.5.20. Let Assumptions 2.5.1 and 2.5.8 hold. In order for
the set E = Vi (2.5.23) to be an estimate of D it is sufficient that U(z) is
positive definite on N, v(z) is radially unbounded in case N is unbounded
and the matrix (ATB + BA) is negative definite.

Proor. The function U(z) is positive definite on N due to positive
definiteness of V(z) on N. Negative definiteness of (ATB + BA) and
conditions (i) and (iii) of Assumption 2.5.8 imply D*v(z) <0 V(z #0) €
N. These results and Assumption 2.5.1 prove that E =V}, (2.5.23) is an
estimate of D.

2.6 On Multistability of Motion

As is well known, stability analysis of nonlinear systems is made under the
assumption of the “equality” of all solutions coordinates with respect to
dynamical properties as it is accepted in classical papers by Liapunov [101]
and his adherents. The exeption is made for stability with respect to a
part of variables. In the problem, phase vector of variables is divided into
two subvectors, the norm of one of which is said to be “nonincreasing” to
infinity for the finite time.

2.6.1 General problem on multistability

A large-scale system of dimension n is governed by

dz;
(2.6.1) d_; = filt, x1,...,%6),  zilto) = Tio,
where z; € R%, t € T;, Tr =1, +0), T€R, tc € T;, Ti C R, fi: T7 X
R™ x...x B™ — R™ and it is assumed that f;(¢, z;,...,24) = 0 for all
te T, iff 2y =25 =--- =1z, =0. Together with (2.6.1) we shall show in
vector notion the system (1.6.1)

(2.6.2) ‘jl—”t” = ft,5),  alto) =z,

8

T ..

where £ € R*, n= Y ni; f: T X R* = R*, zo = (z],,...,2%) . Itis
g=1

clear that f(t,z) =0 forall t€7; if z=0.



88 2. MATRIX LIAPUNOV FUNCTION METHOD IN GENERAL

DEFINITION 2.6.1. System (2.6.1) is called multistability (on T;) iff its .

zero solution (7, ...,zT) " = 0 is stable in some type (on 7;) and attractive
1 8

(on T-) with respect to groups of variables {z7}, i = 1,2,...,s (with
respect to totality of groups of variables {z7,...,zf}, ! < s).

REMARK 2.6.1. When multistability of solution z = 0 of (2.6.1) is
discussed with respect to all groups of variables {z7,...,zr} system (2.6.2)

is defined in domain B(p) = {:ci: 3]l < p} or in R™ as usual.
5

REMARK 2.6.2. If multistability of solution z = 0 of (2.6.1) is discussed
with respect to a group of variables {z],...,zf}, ! < s then it is sufficient
to define system (2.6.1) in the domain

T
By(p) = {=I: || (=T, ..., =) || < o}y p = const,
T
D(-)(P = {z: 0 < || (z{%1,...,27) " || < +o0},

here solution z(t,-) = (zI(¢,"),..., 2, ))T of the system (2.6.1) is as-
sumed to be continuable along (z7,,,.. ,mT) , i.e. solution (zT,.. ,mT)

is definite for all ¢ € 7; for which || (zI(2),...,2] (t)) | < p.

The construction of sufficient (and necessary) conditions ensuring mul-
tistability of zero solutions of (2.6.1) in terms of Definition 2.6.1 makes the
general problem on multistability of motion.

2.6.2 On the relationship of the definition of multistability with
the other notions of stability of motion

We shall recall the well known definition with reference to system (2.6.1).

DEFINITION 2.6.2. The zero solution &1 = x5 = -+ = 2, = 0 of system
(2.6.1) is
(1) stable relatwelyT if for any £ > 0 and to € T; there exist d(tg,€) >
0 such that Z lzi(t; 0, zo)l| < € for all Z llzw|| < & and all ¢ > to;

(i) asymptotzcally stable relatively 7 if the cond1t1ons of Definition 2.6.2
8
(i) are satisfied and 3 ||z:(¢;t0,%o)|| = O as ¢ = +o00.
i=1

Having compared Definition 2.6.1 with Definition 2.6.2, we see that if
all subvectors z; in system (2.6.1) are homogeneous with respect to the
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dynam1ca1 properties and in Definition 2.6.1 of stability one Euclidean norm
lz]| = Z |s]| is used, Definition 2.6.1 of multistability degenerates into

Deﬁnmon 2.6.2 of stability in the sense of Liapunov of the zero solution of
the system (2.6.1) iff 7; = R.

DEFINITION 2.6.3. The zero solution of the system (2.6.1) is

(i) stable relatively the subvectors z1,...,2x (k < 8) and respect to
T:, if for every € > 0 and tp € 7; there exist d;(tp,e) > 0 and

k k
52(t0,5) > 0 such that 2 ]lmi(t;to,mio)” < ¢ for E ||w,o|| < 6
d==1 i=1

3
and E l|zio|| < b2 for all ¢ > to;
i=k+1
(i) asymptotically stable with respect to the subvectors z1,...,zx (k <
8) relatively T; if under conditions (i) of Definition 2.6.3 the relation

k
3 llzi(t; to, zig)|| — O holds for all ¢ = +oc.
i=1

The comparison of Definition 2.6.1 and 2.6.3 shows that if the subvectors
z;, 1 < k are homogeneous relatively the dynamical properties and the
solution of the system (2.6.1) is continuable relatively zgy1,...,%s, the
Definition of multistability with respect to a part of the variables implies
Definition 2.6.1.

According as Movchan [147], Lakshmikantham and Salvadori [93], Lak-
shmikantham, Leela and Martynyuk [94] we consider the classes of functions

M={peC(R+ xR", Ry): 1nf p(t,z) = 0},
My={peM: 12fp(t,z) =0 for allt € R}

DEFINITION 2.6.4. System (2.6.1) is

(i) (po, p)-stable with respect to T;, if for any € > 0 and to € 7; there
exists a positive function (%o, ¢), being continuous in ¢y € 7; for
every € > 0 and such that po(to,zo) < ¢ implies p(¢,z(t)) < € for
all t < to;

(ii) asymptotically (po, p)-stable with respect to T; if under the conditions
of Definition 2.6.4 (i) p(t,z(t)) = 0 as ¢t = +oo.

The comparison of Definitions 2.6.1 and 2.6.4 yields that the Definition
2.6.4 provides the general characteristics of the dynamical properties of the
subvectors z;, % = 1,2,...,8, without distinguishing between them.
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Let us consider the system (2.6.1) and introduce the measures

Po =P0(t, -’1}1,---,375) € MO;
p1 = pi(t, 21,...,%e-1) € M;

Pa—1 = ps—1(t,21) € M.

DEFINITION 2.6.5. System (2.6.1) is multistable with respect to the mea-
sures (po,...,ps—1) relatively T;, iff it is (po,...,px)-stable in some type
(onT7), k<s~—1.

Thus, the examination of Definitions 2.6.2 - 2.6.5 indicates that only Def-
inition 2.6.5 is a generalization of Definition 2.6.1, while the rest of the
definitions follow from it.

2.6.3 Multistability investigation

In order to apply the method of matrix Liapunov function to the problem
in question, we introduce classes of matrix-valued function with particular
properties.

Together with (2.6.1) we consider a two-indexed system of functions

(2.6.3) Ult,z) = [vi (t,2)], 4 5 € [1,8]

with vy € C(T; x R* Ry) and vy € C(T: x R*, R) for i #j € [1,s].

The notion of the definiteness of an auxiliary function (that is used in
the direct Liapunov’s method) is a main one, since this behaves as a scalar
function having all norm properties.

DEFINITION 2.6.6. The matrix-valued function U: 7, XB(1,1y XD(141,5) =
RBXB is.
(i) positive definite on T, T € R, with respect to variables (z,...,z})
iff there exist time-invariant connected neighborhoods A™, N *
R' of =0, a vector ¢ € R, ¢ > 0 and a scalar positive deﬁnite
in the sence of Liapunov function w: N* — R, such that
(a) U(t,z) € C(Tr x N* x D(141,5), R®**);
(b) U(t z) =0 for all t € 7; and (z7,...,2]) =0;
(¢) U, z)p > w(z1 ;) forall (t,z # 0,0 # 0) € Trx

N* X D(141,6) X By, 27, = (z],...,2]);
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(ii) positive definite on T, x G* with respect to variables (27,...,z])
if conditions of Definition 2.6.6 (i) hold for B(; ; = G*;

(iti) positive definite in the whole (on T;) with respect to variables (z7,)
if condition of Definition 2.6.6 (i) hold for B ;) = R

(iv) negative definite (in the whole) on T x By (on Tr) with respect
to variables (z7,), iff (—U) is positive definite (in the whole) on
T x B,y {(on T7) with respect to variables (:c'lr,,)

PRrROPOSITION 2.6.1. The matrix-valued function U: T, X R* — R**?® js
positive definite on T, with respect to (z7,...,z}), iff it can be represented
in the form

(2.6.4) U, z)p = 9 U4 (L, 2)p + w(a],...,2]),

where U..(t, z) is positive semi-definite with respect to all variables (z7,..
zT) and w is a function explicitly independent of t € T, and positive deﬂmte
with respect to variables (z7T,...,z), | < s.

- PROOF. Necessity. Let the matrix-valued function U(t, z) be (z7,..
:cT) positive definite on 7;. Then, by Definition 2.6.6 there exists a posmve
definite in the sense of Liapunov function w(z7,.. ,m',I) such that on the
domain 7; x B(1) X Dt1,5) X R} condition (i) of Definition 2.6.6 is
satisfied. We introduce the function

U4 (t,2)0 = @ U(t, z)p — w(zi,)

which, is non-negative by condition 2.6.6 (c). Hence the function ¢TU(t, )¢
can be presented in the form (2.6.4).

Sufficiency. Let equality (2.6.4) be satisfied, where @TUL(t,z)p > 0
and w(:c"f,,) is a positive definite function with respect to the variables
(7, ...,zf). Then equality (2.6.4) implies

O U (¢, 2)p — w(zi;) = ¢ Us(t,2)p 2 0.

Hence condition 2.6.6 (c) for the function @TU(¢,z)¢ holds. This proves
the Proposition 2.6.1.

PROPOSITION 2.6.2. The matrix-valued function U: T, xR™ — R**® is
positive definite on T, with respect to variables (z7,...,z}) (in the whole)
iff there exist function a € K(KR) such that

(2.6.5) U, z)e > a (II=T)T)
in the domain T; X N* x D41, X RS
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DEFINITION 2.6.7. The matrix-valued function U: 77 x R™ — R®*¢ is
called

(i) decreasing on T, with respect to variables (z7,...,z}) iff there ex-
ists time-invariant connected neighborhood AN* C R! of z = 0,
a positive definite function wg: N* — Ry and a vector ¢ € R,
@ > 0 such that

(a) conditions (a), (b) of Definition 2.6.6 hold and
(b) QTU(t,z)p > wa(a])) for all (t,z # 0, # 0) € Trx

N* X D(l+1.s) X R:_.

PROPOSITION 2.6.3. The matrix-valued function U: T, x R® — R**
is decreasing on T, with respect to variables (zI,...,zf), iff it can be
presented in the form

(2.6.6) QU z)p = ¢ U_(t, z)p + wa(a7,. .., 2}),

where U_(t,z) is negative semi-definite with respect to all of variables
(z1,...,zY), and ws is independent of ¢t € T, positive definite function
of variables (z7,...,z}), [ <s.

PRrOOF. Repeating the same argument as in Proposition 2.6.1, one can
show there is a matrix-valued function U(¢,z) for which the condition
(2.6.6) holds.

PROPOSITION 2.6.4, The matrix-valued function U: T, x R" — R#*¢
is decreasing on T; x N* with respect to variables (z7,...,z}) iff there
exist a function b € Kjp q), where a = sup{z7, i1 € N*} and estimate

(2.6.7) ¢TUEz)e < b (1))

holds for all (t,z) € Tr x N* x Dyy1,4) X RS

Let U € C(T; x R", R**¢). The right-hand upper Dini derivative of
functions U(t,z) along solutions of the system (2.6.1) are defined by

(2.6.8) DYU(t,z) = [Dvy(t, z)] Vi, j €[1,s],
where

Dtvy(t, z) = limsup {[vi;(t + 6, z + 6f(t,2)) — vi;(,2)]671: 6 = 07},
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2.6.4 Principle of comparison and multistability

The investigation of multistability of the solution of systems of differential
equations (2.6.1) via the comparison technique assumes the presence of the
corresponding comparison theorems.

2.6.4.1 The functions of SL-class. All scalar functions of the type
(2.6.9) v(t,z,a) = a"U(t, 7)a,

where U € C(T; x R™, R**#) are attributed to the class SL.
The vector a can be defined as

(i) a=yeR’ y#0;

(ii) a =19 € C(R™ R%), ¥(0) =0;

(i) a=6€C(T; x R*, B®) 6(t,0) =0, ¥(t,z) € T x N;
(iv) a=p€RE, >0

Applying function (2.6.9) and quasimonotone nondecreasing in u for each
t function g: g € C(R%,R), g(t,0) = 0 we shall formulate the following
comparison result.

ProrosITION 2.6.5. Let the function U: T x R™ — R®*® be locally
Lipschitzian in z. Suppose that the function

(2.6.10) ©TDVU(t,2)p £ DY u(t, z, )
and the function g € C(R4+ X R™ x Ry, R) such that
D*u(t,z,¢) < g(t, 2, v(t,z,0))

holds for (t,z,) € Ry x R® X R%.. Let z(t) = z(t;to,20) be a solution of
(2.6.1) existing on [tg,o0) and r(t;to,zo,uo) be the maximal solution of

du

(2.6.11) =

= (tam(t)au), U(fo) =up 20
existing for t > to. Then v(to, zo,¢) < uo implies

(2.6.12) v(t, z(t), ) < rtjto,To,uo)y 2t
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PROOF is similar to the proof of Proposition 2.4.3.

CoROLLARY 2.6.1. If all conditions of Proposition 2.6.5 are satisfied
and function g(¢,z,v) satisfies either of the conditions

Ci.
Cs.
Cs.

Cs.

Cs.

g(t,z,v) =0 for all t > tp;

g(t,z,v) = YTAy, where ¢ € C(R",R%), ¥(0) =0, A is a con-
stant matrix s x s;

g(t,z,v) = wTBw + r(t,w,p), where w € C(R*,R%), Bis a
constant matrix 8 x 8, r € C(R; x R% x R%, R) is a polynomial
in power higher than two;

g(t,z,v) = W(t,w,p) + r*(t,w,p), where W € C(Ry x Ri x
R4, R) is atleast a second-power polynomial, and r* is the same
polynomial ag in case Cg;

g(t,z,v) = wT(z) [ATB + BA] w(z), where w € C(R™,R*), A €
R**® b e R*, B = diag(by,...,bs), then estimate (2.6.12) is sat-
isfied, and the investigation of comparison equation (2.6.11) is sim-
plified.

2.6.4.2 The functions of VL-class. All vector functions of the type

(2.6.13)

L(t,z,b) = AU(t, )b,

where U € C(T; x R", R®**), A is a constant matrix s x s, and vector b
is defined according to (i) - (iv) similarly to the definition of the vector a.

For any function U(¢, z), which is associated with system (2.6.1) we shall
define the function

(2.6.14)

D+L(t: T,p) = AD+U(ta z)p

for all (¢,z,¢) € Tr X R" x RS.

PROPOSITION 2.6.6. Let there exist
(1) a matrix-valued function U € C(T; x R®, R®*®) such that U(t,z)

is locally Lipschitzian in x;

(2) a constant s x s matrix A, a vector ¢ € R, and vector y € R*

such that ‘
yTL(t 7, 0) 2 alllzll),

where a € K;
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(3) a vector function G € C(T; x R® x RS, R®) such that G(t,z,u) is
quasimonotone nondecreasing in u for every t € R+ such that the
estimate

(2.6.15) D*L(t,z,¢) < G (t, 2, L(t, 7, 9))

holds;
(4) let z(t;to,z0) be any solution of (2.6.1) existing on [to,00) and
w(t; to, wo, Zo) be the maximal solution of
du

(2.6.16) == G(t,z,u), u(to) =wp > 0

existing for t > tg. Then L(to, %o, yp) < wo implies

(2.6.17) L(t,z(t), ) < w(t;jto, wo,z0) £ to.

Proor. It is proved in a standard way by the comparison method (see
e.g. Lakshmikantham, Leela and Martynyuk [94]).

COROLLARY 2.6.2. Let conditions (1) and (2) of Proposition 2.6.6 be
satisfied and in conditions (3) and (4) the function G € C(T; x R", R?).
Then, estimate (2.6.17) is satisfied for the maximal solution w*(¢; g, ws) of
the comparison system

(2.6.18) =6, ult) =u020.

COROLLARY 2.6.3. Let conditions (1) and (2) Proposition 2.6.6 be sat-
isfied and the function G(¢,z, L) have the form

G(t,x,L(t,z,¢)) = PL(t,z,9) + m(t, L(t, z, 0)),

where P = [p;;] is a s X s matrix with elements p;; > 0 (¢ # j) and
m € C(T; x R?, R*) is quasimonotone in L and

. Im(t, L))

lim =0
ILi=o  |IL]|

uniformly in £ > tp.
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Then, estimate (2.6.18) is true for the maximal solution w(#;o,wo) of
the comparison system

%;ﬁ = Pu+m(t,u),  u(te) =wo >0.

2.6.4.8 The functions of ML-class. In order to formulate the theorem of
comparison with matrix-valued Liapunov function relatively to arbitrary
cone K in space R™ we shall need some auxiliary information. Following
Lakshmikantham, Leela and Martynyuk [94] a proper subset K C R™ is
called a cone if the following properties hold:

(2.6.19) MCK, A>0, K+KCK, K=K
o KNn{~-K}={0} and int K #90

where K denotes the closure of K, int K is the interior of K. We shall

denote by 8K the boundary of K. The cone K induces the order relations

on R™ defined by

K
z < if y-z€K and
(2.6.20) =V By

K
z<y iff y—z€int K.

The set K* defined by K* = {¢ € R™: p(z) > 0for all z € K}, where
@(z) denotes the scalar product {p, z), is called the adjoint cone and satis-
fies the properties (2.6.19).

We note that K = (K*)*, z € int K iff p(z) > 0 for all ¢ € K and
z € 8K iff p(z) =0 for some ¢ € K¢, where Ko = K.— {0}.

We can now define as quasimonotone property a function relative to the
cone K.

A function f € C(R"™, R") is said to be quasimonotone nondecreasing

relative to K if z g y and ¢(z —y) = 0 for some ¢ € K} implies
¢ (f(z) - f(y)) < 0.

If f is linear, that is, f(z) = Az where A is an n by n matrix, the
quasimonotone property of f means the following: = > 0 and ¢(z) = 0
for some @ € K§ imply ¢(Az) > 0.

If K = RY, the function f is said to be quasimonotone nondecreasing if
z <y and z; =y; for some 4, 1 <i < n, implies fi(z) < fi(y).
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We consider the system

(2621) '3% = g(t: Z), g(ta O) =0,

where g € C(R+ x R™, R"), g(t,2) is a locally Lipschitzian in 2. Let
z1(t; to, 210), 22(t;to,220) be solutions of the system (2.6.21) with the initial
conditions (g, 210) and (to, #20) respectively.

DEFINITION 2.6.8. We shall say that system (2.6.21) has monotone
(strictly) solutions, if
Z0 — 210 € K, 290 # 210
imply the inclusions

z22(t) — z1(t) €K (22(t) — z1(t) € int K)

for all ¢ > ¢y respectively.

DEFINITION 2.6.9. System (2.6.21) is said to belong the class Wy(K)
(We(K)) if (z~y) € 8K, z # y implies the inequalities

9(t:2) —g(ty) 20 (g(t,2) — g(t,y) > 0)

respectively.

DEFINITION 2.6.10. The operator p(t, 2) is positive on Jyx D if z € D
implies p(t,2) > 0 for all ¢ € J;, with respect to the cone K.

We shall formulate now a bagic Proposition of the principle of comparison
in the space, ordered by an arbitrary cone.

PROPOSITION 2.6.7. Let

(1) there exists a function g(t,z) € Wo(X) continuous in open (t,z)
set J1 x D and satisfying the uniqueness conditions of solutions
z(t;to, 20) of system

(2.6.22) Lo, alto) =20

(2) there exists a function h(t,y) continuous on open (t,y) set Jox D C
Ji x D, Jp C Ji such that g(t,y) — h(t,y) = p(t,y), where p(t,y)
is a positive operator on set Jy x D, where Jy = J1 N Js.
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Then satisfy the relation
z() —y(t) e K

whenever 2y — yo € K, where y(t) is an arbitrary solution of the system
dy
(2623) a = h(t’ y)1 y(tO) = Yo.

PRrooF. Together with system (2.6.21) consider a weakly perturbed sys-
tem

(2.6.24) (t,2) + e(z,u")u,

z —
dt ~
where u € K, u* € K* and ¢ € (0,e*), the solution 2(¢,e) = 2(t; %, 20,€)
of which exists on [tg, 7], where 7 € Jo and li_r_)% 2(t,€) = z(t) uniform on

2

[to,T), where 2(t) is a solution of system (2.6.22). Let z(t,e) —y(t) ¢ K
for all t € [to, 7). Then there exists a t* € [to, 7] such that

z(t,e) —y(t) € K forall ¢ € [to,t*)

and 2(t,e) — y(t) ¢ K for the values ¢t > t* arbitrarily close to ¢t*. For
= t* the inclusion

(2.6.25) z(t*,e) ~ y(t*) € 8K
and the condition

(2.6.26) z(t",€) # y(t*)

are satisfied. For the function m(t,e) = z(t,€) — y(t) we make the differ-
ential equation, in view of the system of equations (2.6.22) and (2.6.23).
Namely

B 5(t,2) + ez, u)u = h(t,g)

= g(ta z) - g(t, y) + g(t: y) - h‘(t’ y) + s(z, 'u'*)u'
By condition (2) of Proposition 2.6.7

dm

(2627) EZ' = g(ts Z) - g(t, y) + p(t’ y) + E(za u'*)u’
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where p(t, y) is a positive operator. By conditions (1) and (2) of Proposition
2.6.7 p(t*,y) > 0 and g(t*,2) — g(t*,y) > 0 whenever (2 — y) € 6K. The
last condition is satisfied due to (2.6.25) and (2.6.26). The item &(z,u*)u
is also non-negative, since u € K and u* € K*.

We confront with the set of point m from the boundary of cone K the
indicatory function &(- | K), setting

0, ifme K;

o190 ={ 1, men

For the indicatory function d(m | K) we compute the subgradient (m)
and scalar multiply the right and left side of the equation by y(m). We get

dm
(’Y, 71!?) < —aq, a =const >0

at point ¢ = ¢*. Therefore, m(t,e) will not leave the cone K for all ¢ > ¢*
as € — 0. The proof is complete.

2.6.5 The system (2.6.1) analysis for s =2

For the system (2.6.1) we construct a matrix-valued function

(2.6.28) Ult,z) = [Uij (t, w)] ’ i, J=1,2,

where £ € R™°, Ny = n; +ng and vy is locally Lipschitzian in z. With
the aid of vector y € R?, y # 0 we construct a scalar function

(2.6.29) v(t,z,y) =y TU(t, z)y.

Function (2.6.29) allows us to investigate multistability of the system under
definite conditions.

2.6.5.1 Direct application of matriz-valued function. Suppose that system
(2.6.1) is defined in domain

(2.6.30) T+ x Bi(p) x Ba2(p), p = const >0

and the following stability definition holds true for it.
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DEFINITION 2.6.11. System (2.6.1) is called multistable (on T;) if its
. T T _
zero solution (z],2z7) =0 is

(i) uniformly (27, zI)-stable with respect to T;;
(ii) uniformly asymptotically z3-stable with respect to 7.

THEOREM 2.6.1. Let vector-function f = (fir, f;r)T in (2.6.1) continu-
ous on R x Bi(p) x Ba(p) on (T; x B1(p) x Ba(p)). If there exists
(1) open connected time-invariant neighborhood G of x =0;
(2) matrix-valued function U(t,z) is
(a) positive definite on G (on T; X G);
(b) decreasing on G (on T, x G);
(3) matrix-valued function D*U(t,x) is
(a) negative semi-definite on R x G (on T; x G);
(b) x3-negative definite on Rx G (on T, x G).

Then system (2.6.1) is multistability (on T;) in the sense of Definition
26.11.

Proor. If conditions (1), (2), (3)(a) of the Theorem 2.6.1 hold for sys-
tem (2.6.1) with function (2.6.29), then all hypotheses of Theorem 2.5.1 are
fulfilled and state (z = 0) € R™° is uniformly stable (on 7).

If conditions (1), (2), (3)(b) of Theorem 2.6.1 hold for system (2.6.1)
with function (2.6.29), then all hypotheses of Theorem 2.5.3 are fulfilled
and state (z =0) € RN is uniformly asymptotically z3-stable (on 7;).

The Theorem 2.6.1 is proved.

Further we suppose that multistability of (2.6.1) for s = 2 is investigated
in the domain

(2.6.31) T+ x Bi(p) x Da, Dy = {z3: 0 < ||zg|| < +0o0}.

The next result can be easily verified (see e.g. Martynyuk [122]).

THEOREM 2.6.2. Let vector function f = (ff, f;r)T in (2.6.1) be con-
tinuous on R x Bi(p) X Dy (on T; x Bi(p) X Ds). If there exists
(1) an open connected time-invariant neighborhood G of (z = 0) € R™;
(i) matrix-valued function U(t,z) is
(a) z{-positive definite on G (on T; x G);
(b) decreasing on G (on T; x G);
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(c) z¥-decreasingon G (on Tr x G);

(3) matrix-valued function D*U(t,z) is
(a) negative semi-definite on Rx G (on T; x G);

(b) zI-negative definite on R x G (on Tr x G);
(c) negative definite on R x G (on Ty x G).

Then, respectively

(a) the conditions (1), (2)(a) and (3)(a) are sufficient for stability of
state (z = 0) € R™e of (2.6.1) (on T;);

(b) the conditions (1), (2)(a), (2)(b) and (3)(a) are sufficient for uniform
z1-stability of state (z = 0) € RN of (2.6.1) (on T);

(c) the conditions (1), (2)(a) and (3)(c) are sufficient for asymptotic
zT-stability of state (z = 0) € RNo of (2.6.1) (on T;);

2.6.5.2 The application of matriz-valued Liapunov function via transition
to vector function. Basing on matrix-valued function U(¢,z) and vector
y € R®, y# 0, s =2 we construct a vector function

(2.6.32) L(t,z,y) = AU(t, z)y

where A is a constant 2 by 2 matrix. Consider a system of comparison
(2633) o = G(ts ’U,), u(tO) =uy >0

where u € Ri-’ G(t’u) = (gl(t’ ul)’ 92(t:u1’u2))Ti 91 € 0(7;‘ X R-H R);
g2 € C(T: x Ry X R4, R)

91(t,0) = g2(¢,0,0) =0 forall te T

DEFINITION 2.6.12. A comparison system (2.6.33) is called multistable
(on T ), if its zero solution is

(i) wui-stable with respect to 77;
(ii) uniformly ug-stable with respect to 7.



102 2. MATRIX LIAPUNOV FUNCTION METHOD IN GENERAL

THEOREM 2.6.3. Let vector function f = (ff, f;r)T in (2.6.1) be con-
tinuous on R x By(p) x Dy (on T, x By(p) x Dy). If there exists
(1) a matrix-valued function U: T; X Bi(p) x Dy — R**2, vector
y € R?, y # 0 and a constant matrix A 2 by 2 such that com-
ponents L;(t,z,y), i = 1,2 of vector function (2.6.32) are locally
Lipschitzian in z and satisfy the conditions

(8) Li(t,0,y) =0 Vi€ R (t € T);

(0) a(liz1ll) £ La(t,2,y) < b(llz1l]) + b1 (L1 (2, 2, )
for all (t,z) € T x Bi(p) x Dy N B§{(n) when each
0<n<p;

(2) a vector function g € C(T, x R%, R?), G(t,u) is quasimonotone
nondecreasing with respect to u for the components of which

(a') D+L1(t,$,y) S 9 (ta Ll(t,z,y),O)
hold for all (t,z) € T; x B1(p) x D3, and

(b) D+L2(t1$ay) S g2 (t, Ll (t,.’l),y),Lz(t,.’L‘, y))
hold for all (t,z) € Tr X Bi(p) x Dy N B¢(n) for o < n < p;

(3) zero solution of system (2.6.33) is multistable (on T;)in the sense
of Definition 2.6.12.

Then the system (2.6.1) is z7-stable (on T;).

PROOF. Let (t9,€):to € T; and 0 < ¢, p be given. It follows from
~ condition (3) of the theorem that for given €1, &2 > 0 and #y € T; there
exist 410 = 610(t0,€1) >0 and dq0 = (520(82) > 0 such that

(a) n Tug < 810 implies that wu (¢;tg,u) < &1 Vit >ty and

(b) nTug < 820 implies that wuy(t;to,u0) < &2 Yt > to.

Let 3 = a(e) and & = b;! (—62(,) It follows from the continuity of the

function Li (¢; #,y) and condition (1)(a) that there exists d; = d;(tp,€) > 0
such that

Li(to,zo,y) < 610 and ||zol| < 1.

Let d = min (dy,d2). It is clear that § dependson ¢ € 7; andon 0 < e < p.
For ¢ defined in this way, we can assert that the zero solution of (2.6.1) is
zI-stable (on 7;)with respect to 7;.

Assume the countary, i.e., that the zero solution of (2.6.1) is not z7-
stable (on 77)when all the conditions of Theorem 2.6.3 are fulfilled. Then
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for the solution z(¢;to,zo) of (2.6.1) with initial conditions t, € 7; and
lzo|l < 6 there exists a time t3 > t1 > ¢p such that

lzs)ll=e<p,  |lza(t1)ll = ba(e)

2.6.34
(26349 2at) € Naay(9) NG gym)y 1= bale) >0

at the same time that ||z2(2)|] < +o0.
Let m(t) = L(t,z(t),y); in view of condition (2) of the theorem we
obtain

(2.6.35) Dtma(t) < g1 (¢, ma(8),0), to <t <ty
(2.6.36) D¥mg(t) < ga (¢, m(t)), t1 <t<to.

Let u*(t) = u (¢;t1,m(t1)) > 0 be the extension of u(t) to the left from ¢;
to to, and let u*(tp) = uy. We assume that L;(to,Zo,y) = u1(?o) and that
u* (to) = Ug.

From the differential inequality

Dtmy(t) < g1 (t,mi(t),u3()),  multe) = ui(to)
and the comparison theorem we have
(2.6.37)  mi(t) < ua(tito,uo), to <t<t, uo = (ui(to) ua(t))”.

From this it is clear that u(t) = (u1(t;t0, uo), ub (;t1, m (1)) is a solution
of (2.6.33) on [to, t1]. From condition (1) of Theorem 2.6.3 and inequalities
(2.6.34), (2.6.35) and (2.6.37) we obtain

(2.6.38)  a(e) = a(|lz1(t2)]l) < Lz (t2,2(t2),y) < ua (ta;t1,m(t1)).

From the fact that
1 (1
Ly (t1,2(t1), y) < u1(ts;to, uo) < bi? (5520)

as soon as ntup < d10 and also from conditions (2.6.34), we have, by
condition (1)(a)
Ly (t1,2(t1), ) < b(llza ()I]) + b1 (L (b1, 2(t1), 9))

2.6.39 1 1 1
( ) < b(52(€)) + b (bl_l (5520)) < 5520 + 5520 = 0.
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It follows from the uniform wug-stability of the zero solution of (2.6.33) with
respect to 7; that

(2.6.40) ug (t2; 1, m(t1)) < ale).

Inequality (2.6.40) contradicts condition (2.6.37). This completes the proof
of the theorem.

2.6.6 The system (2.6.1) analysis for s =3

Suppose that for 8 = 3 the right-hand side of (2.6.1) are defined in the
region

(2.6.41) T, x B1(p) x Ba(p) x D3, Dg = {z3: 0 < ||z3]| < +00}.
Consider a matrix-valued function
(2642) U(t,:.m) = ['Uij (ta m)] ) ,,7=1,2,3,

where v;; € C(T7 x RN, R), vy;(t,z) are locally Lipschitzian in z, Ny =
ny + ng + ng. With the aid of vector ¢ € R}, ¢ > 0 and matrix-valued
function (2.6.42) we construct the function

(2.6.43) u(t,z,0) = (pTU(t,:I})(p,

where v € C(7; x R™ x R3, R).
Function (2.6.42) is applied in two approaches as in Section 2.6.5.

2.6.6.1 Direct application of matriz-valued function.

DEFINITION 2.6.13. System (2.6.1) is multistable (on T ) if its zero so-
lution is
(i) to-uniformly (zT,=])-stable in the whole (on 77);
(ii) asymptotically zJ-stable in the whole (on 77).

THEOREM 2.6.4. Let vector function f = (ff, f7, f:;,I)T in (2.6.1) be
continuous on R x Bi(p) x B3(p) x D3 (on T; x Bi(p) X Ba(p) x D3). If
there exists

(1) an open connected time-invariant neighborhood G* of point (z =

0) € RNo, Ny = ny + ng;
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(2) a matrix-valued function U(t, z)
(a) (z7,=3)-positive definite on G* (on T x G* x D3);
(b) decreasing on G* x D3 (on T; x G* x D3);
(3) a matrix-valued function D*U(t,z) is
(a) negative semi-definite on R x G* x D3 (on T; x G* x D3);
(a) z3-negative semi-definite on R x G (on T; x G* x D3);
(4) a constant m > 0 for which

fa(t 21,22, 23)[| Sm VY (t,z) € Tz x Bi(p) x Ba(p) x Ds

Then, respectively
(a) hypotheses (1), (2)(a) and (3)(a) are sufficient for (zI,z7)-stability
of (x = 0) € RM, N1 = ny+ng+ng of the system (2.6.1) (on T;);
(b) hypotheses (1), (2)(a), (2)(b) and (3)(a) are sufficient for uniform
(2T, z7)-stability of (z =0) € R™M of the system (2.6.1) (on T;);
(c) hypotheses (1), (2) and (3)(b) are sufficient for asymptotical -
stability in the whole of state (z = 0) € RM of (2.6.1) (on T;).

ProoF. We show that if all hypotheses of Theorem 2.6.4 are satisfied,
then for [|zo]| < A, A < 400 the correlation

(2.6.44) dm  llz2(5 0, 20)l| = 0

is valid. Suppose on the contrary. That there exists a number §* > 0, a
point 23: ||z§|| < A and a sequence t; — oo such that inequality

(2.6.45) l|z2(tr; to, z3)|] > 6%, k=1,2,.

holds true.
Let ¢ty —ty—1 >2a>0, k=1,2,.... We present z;-component of solu-

tion z(t) = (z1(t),z (t),:c;r(t))T of the system (2.6.1) in the neighborhood
of t =t; in the form

t
(2.6.46) za(t; to, 23) = z2(tr;to, z5) + /fz (s, z(s;t0,x3)) ds
ty

In view of (2.6.45) and (2.6.46) we have

”mz(t;to,m;)H 25* —m(t"tk)’ k=1,2,....
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1
Hence, there exists a 8, 0 < 8 < 3¢ such that

1
(2.6.47) 30" <lla(tito,o5)l| S p VEE [t — B, te + 6]

for k=1,2,....By force of Proposition 2.6.3 and hypotheses (3)(b) of the
theorem we have

(2.6.48) D*u(t,z,0) < —c(||@al))

where ¢ € KR.
From the Liapunov correlation for function v(t,z,y) we have

0< vt + B, 2lth + Bito,53), ¥) < (to, 55, ¢)
ti+8
5*
-3 [ cllontuto, s de < oft 559 - ge ().
i=1 b—3

This shows that the condition v (t; + 8, z(tx + B;to, z§), @) > 0 is violated
for k being large enogh. Therefore, (2.6.44) is proved.

2.6.6.2 The application of matriz-valued function via transition to vector-
function. Suppose U: T, x R* — R®*3, Q is a 3 by 3 constant matrix and
y € R3. Construct a vector function

(2.6.49) L(¢, z,p) = QU(t, x)y

where L € C(7; x R x R?, R?%).

Let a,b be functions from classes K; and Kj, where K; = {a €
C(0,p), Ry) increases with v and a(u) = Oasu — 0}, and Ky = {b €
C(0,3p), R;) increases with u and b(x) — 0 as u — 0}.

Suppose that the components L; (¢, z,y), ..., L3(¢,z,y) of the function
(2.6.49) satisfy the following conditions:

(A) L1(2,0,y)=0forall t€ R or t€ T;, and
Li(t,z,y) € C (7;- X By (p) % Bg(p) x D3 x Rs, R+) .
(B) There is a constant 0 < n; < p such that

Ls(t,z,y) € C (Tz x By(p) x Ba(p) x D3 x R® N BS(m), Ry)
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and

as(|jz2]]) < La(t,z,y) < ba(llz1]| + llz2]| + [lz3))
v (t)x’y) € 7;' X Bl(p) X BZ(p) X -D3 X R3 035(711),

where a2 € K; and b; € K3.
(C) For any 0 <7 < p there exist an 72 < p such that

La(t,z,y) € C (T x Bi(p) X Ba(p) x D3 x R®*N Bf(n2), Ry) ;
as(|lz1]]) < La(t,z,y) < ba([|lza]] + ||za]| + [|=3]])
V (t,2,y) € Tr X Bi(p) X Ba(p) x D3 x R® N B{(na),

where a3 € K; and b3 € K.
DEFINITION 2.6.14. The comparison system

(2.6.50) ‘;—j =Gt,2),  2(to) =2 >0,
where z = (u,v,w)T, G = (g1(t,u), g2(t,v), gs(t, w))T is multistable (on
T:) if its zero solution is

(i) u-equistable (on 77), and

(ii) (v, w)-uniformly stable (on 7;).

Following Lakshmikantham, Leela and Martynyuk [94], Martynyuk [118]
and Koksa) [88] the next result is obtained.

THEOREM 2.6.5. Let vector function f = (ff, f7, f:;I)T in (2.6.1) be
continuous on R x By (p) x Ba(p) x D3 (on T x B1(p) x Ba(p) x D3). If
there exists

(1) matrix-valued function U(t,z), a vector y € R® and a constant
3 by 3 matrix Q for which components Ly, Ly, L3 of (2.6.49) the
conditions (A) - (C) are satisfied;

(2) functions gy € C(7T7 X R4+, R), gx(t,0) =0 VYt € T, such that

(a) The inequality

D+L1(t,w,y) < 1)1 (ti Ll(t’m’y))

holds in the domain T; % B;i(p) x Ba(p) x D3 x R3.
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(b) The inequality
D+L1 (tsm’y) + D+L2(t’$,y) <% (ta Ll(t)m’y)ﬁ L2(t:msy))

holds in the domain T, x B1(p) X Bz(p) x D3 x R3N B§(m ).
(c) The inequality

D+L1 (t’m!y) + D+L3(t,x,y) S g3 (ta Ll(tvx,y)’ L3(tam,y))

holds in the domain T; x By(p) x Bs(p) x D3 x R®N Bf(ns).

(3) The zero solution of system (2.6.50) is multistable (on T:) in the
sence of Definition 2.6.14.

Then the zero solution of system (2.6.1) is (z],z7)-stable (on- T;).

2.6.7 The system (2.6.1) analysis for s = 4

For s =4 the system (2.6.1) is considered in region
Tr x B1(p) x Ba(p) x Bs(p) x Dy, Dy = {z4: 0 < ||24]] < +00}.

Let N1 =n1 + -+ + ng.
DEFINITION 2.6.15. System (2.6.1) is multistable (on 7T;) if its zero so-
lution ((z7,...,z7) =0) € RM is
(i) to-uniformly (zf,z7,=])-stable (on 77);
(ii) asymptotically (z7,2%)-stable (on 77);

(iii) practically z3-stable (on 73), i.e. if given (), A) with 0 < A < A4,
the inequality ||zo|| < A implies ||z3(t)|| < A for all t € T;.

THEOREM 2.6.6. Let vector function f = (flT,...,f})T in (2.6.1) be
continuous on R X Bi(p) x Ba(p) x Ba(p) x Dy (on T; x B1(p) x Ba(p) x
Bj(p) x Dy). If there exists

(1) a matrix-valued function U(t,z) which is
(a) (27, =7T,27)-positive definite (on T, );
(b) (=T,=%, zI)-decreasing (on T;);

(2) the matrix-valued function D*U(t,z) which is
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(c) (z,=])-negative definite (on T;);
(3) a constant my € R4, my > 0 for which

T
” (f;r(ta m)’ f:;r(t’m)) ” <m
in the domain T; x B1(p) x Ba(p) X Bs3(p) x Dy;
(4) a vector ¢ € Ry, ¢ > 0 such that for all ¢t € T;, given (), A)
inequality
sup (pTU(t,z)¢ for ||z|l < A) <inf (¢TU(t,z)p for |lzs| = A)
holds true. _
Then system (2.6.1) is multistable in the sense of Definition 2.6.15.
PRrROOF. Properties (i) and (ii) of the zero solution of the system (2.6.1)
are implied by hypotheses (1) and (2) of the Theorem 2.6.6, when function
v(t,z, ) = @ U(t,z)¢ and its derivative DT v(t,z, ) are considered along
with solution of the system (2.6.1). To prove practical stability (on 7;) of
state (z = 0) € R™? with respect to variables of vectors z3 it is sufficient
to make sure that when hypotheses of Theorem 2.6.6 hold, the value of
norm ||zs(t;to,Zo)|| does not reach the value of A for all ¢ € 7; provided
llzoll < A for any %o € 7; € R. By hypotheses (2) of the Theorem 2.6.6 we

have
D*u(t,z,0) <0

in the domain 7; x B1{p) x Ba(p) x Bs(p) x D4. Hence
'v(t,m,ga) S ’U(to,l’o,ﬁﬂ)
<sup (PTU(t,z)p) for |[lz|l <X).

Let hypotheses (3) of Theorem 2.6.6 be satisfied and inequality ||z3(?)|| < A
be false for some ¢ € 7. If the violation of the inequality takes place at
t* € T;, then

(2.6.51) o(t*,z,¢0) > inf (P U(t,z)p) for |lzs| = A).

From (2.6.51) and (2.6.52) we get

sup (¢TU(t* z)p for [lall <X) 20(t*,2,0)
>inf (pTU(t,z)p for |zs||=A4).

The inequality (2.6.53) contradicts hypothesis (4) of the Theorem 2.6.6 and
proves that (z = 0) € R™ is practically stable (on 7;) with respect to
variable z7.

(2.6.51)

(2.6.53)
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2.7 Applications

In this section we present some applications of general theorems of matrix-
valued Liapunov functions method to system of equations that model real
engineering problems.

2.7.1 The problem of Lefschetz

We consider a problem on stability in a product space for a system of
differential equations of the perturbed motion

dy

'E = g(y) + G(y:z)a

dz
dt

Here y € RP, z € RY ¢g: RP -+ RP, G: RPx R* - RP, h: R% - RS,
H: RP x R9— R4 In addition, function g, G; h, H are continuous on RP,
RY RPx R% and they vanish for y = 2 =0.

The problem itself is to point out the connection between the stability
properties of equilibrium state y = z = 0 with respect to system (2.7.1) on
RP x R9 and its nonlinear approximation

(2.7.1)
= h(z) + H(y, 2).

gg =
27 jﬁ 9(y),
'Et' = h(Z)

AssUMPTION 2.7.1. Let there exist the time-invariant neighborhood
Ny C RP and N; C R? of the equilibrium state y = 0 and z = 0, re-
spectively and let there exist a matrix-valued function

(2.7.3) U(y,z)=< vi1(y) vm(y,z))

va1(y, 2) 022(2)

the element v;; of which satisfy the estimations characteristic to the qua-
dratic forms

v11(y) = cua|lyl)? Y (y #0) € Ny;
(2.7.4) vaa(2) > caall2||? V(2 #0) € Ny
v12(y,2) = va1(¥, 2) > caallyllll2ll VY (y #0, 2 #0) € Ny x N,..
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ASSUMPTION 2.7.2. Let there exist constants aj;, 1 = 1,2; j = 1,2,
...,8 such that

Q
~—
IA
Q
=N
=
)
+
Q
=
=
=

(2.7.5)

Ovya
Ouiz. G) < s lyl? + ausllgllfzl] + szl

/‘\/‘\/‘\/‘I\/—\/\/—\
Ia
N—
IA
Q
(3
2
>
o
+
Q
N
=~
=
=

Ov
%2, ) < andlalf + aslyllal

Ou1a
(52, &) < anllyl + oarlylsl + aalel.

THEOREM 2.7.1. Suppose that

(1) all conditions of Assumptions 2.7.1, 2.7.2 are fulfilled;
(2) the matrix

€11 Ci2
C= C12 = Cp1
ca1 Cp2 /)’
be positive definite;
and
(3) the matrix
011 012
= ’ 012 = 031
021 022

be negative definite, where

o11 = 2 (o1 + a12) + 2mnz(Qus + alb + ag);
022 = 03 (a1 + a23) + 2mn2(a1s + @24 + os);

1
712 = 3 (nions + azsn3) + mma(ous + 025 + 0a7 + azr),

M, N2 being positive numbers.
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Then the state of equilibrium y = z = 0 of the system (2.7.1) is uni-
formly asymptotically stable.

If conditions of Assumptions 2.7.1, 2.7.2 are fulfilled for N, = RP, N, =
RY and conditions (2), (3) of the theorem hold, then the equlibrium state
y = z = 0 of the system (2.7.1) is uniformly asymptotically stable in the
whole. :

PROOF. On the basis of estimations (2.7.4), it is not difficult to show
that the function v = U (y, 2)n satisfies the estimate

(2.7.6) v > uT@TC u,

where uT = (|lyll, |l2[)), ® = diag[m,n2].
Also, in view of Assumption 2.7.1 and the estimates (2.7.5), the deriva-
tive Du(y, z) defined by Du(y,z) = nTDU(y,z)n satisfies

(2.7.7) Du(y, z) < uTSu.

By virtue of (2) and (3) and the inequalities (2.7.6), (2.7.7), we see that
all conditions of Theorem 2.5.3 are verified for the function v(y, 2) and its
derivative. Hence the proof is complete.

If in estimate (2.7.5) we change the sign of inequality for the opposite
one, then by means of the method similar to the given one we can obtain
an estimate

Du(y,2) 2 uTSu

which allows us to formulate instability conditions for the equilibrium state
y =2z =0 of system (2.7.1) on the basis of Theorem 2.5.7.

The statement of Theorem 2.7.1 shows that asymptotic stability of the
equilibrium state y = z = 0 of system (2.7.1) can hold even if the equi-
librium state y = z = 0 of system (2.7.2) has no properties of asymptotic
quasi-stability (cf. Lefschetz [100]).

2.7.2 Autonomous large scale systems

We consider a large scale systems be decomposed into three subsystems

do _

o Az + f(z,y,2),
d

(2.7.8) d—g = By + g(z,y,2),
% o G+ (2, 2),

dt
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where z € R™, y € R™, 2 € R™, ni+ns+n3 =n; A, B and C are
constant matrices of the corresponding dimensions

f€C(R™ x R™ x R™, R™);
g€ C(R™ x R™ x R™, R™);
he C(R™ x R™ x R™, R™),

Moreover, the vector-functions f, g and h vanish for t =y =2z =0 and
contain variables z, y and z in first power, i.e. the subsystems

dz
(2.7.9) = = A%
dy
(2710) a = By,
dz

are not complete linear approximation of the system (2.7.8). Physically
speaking this corresponds to the situation when the connections between
subsystems (2.7.9) — (2.7.11) are carried out by time-invariant linear blocks.
For different dynamical properties of subsystems (2.7.9) - (2.7.11) sufficient
total stability conditions will be established for the state z =y = 2 =0 of
the system (2.7.8).

The solution algorithm for this problem is based on actual construction
of the matrix-valued function

(2.7.12) Ulz,y,2) = o ()], v =vs V(i #3)
with the elements
v (e) = "Puz,
va2(y) = ¥ Paay,
(2.7.13) vgs(z) = z:Pssz;
v12(2,y) = 27 Pray,
vi3(z, 2) = 2 P13z,
vas(y, 2) = y"Pasz,
where Pj;, i = 1,2,3, are symmetrical and positive definite matrices, P12,

Py; and P,z are constant matrices. It can be easily verified that for the
functions (2.7.13) there exist estimates
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(2.7.14)
v11(2) > A (Pr1)||2|? Y (z #0) € Na;

v22(y) 2 Am(Po2)llyll? V (y #0) € Ny;
v3a(2) 2 Am(Pa)ll2lF V(2 #0) € Ny
via(2,y) > =257 (PPE) lellllyll VY (z# 0,y # 0) € Np x Ny;

vis(e,2) > =AM (P PE) lzllllzll ¥V (#0, 2 #0) € Ny X Ny;

vas(9,2) 2 =Ny (PosPR) lyllllzll ¥ (u #0, 2 #0) €N, x N,
where A (Py) are minimal eigenvalues of matrices Py, i = 1,2,3,
/\i,_/,z (P2 P}), AM (PisP%), /\1/ 2 (Py3Pg) are norms of matrices Pig,
Py3 and P, respectively.

By means of the function

vi(z)  vie(z,y) vis(z, 2)
U(w’y,z) = ’U]_z(m,y) ’Uzg(y) U23(y’z)
vis(z,2) vas(y,2)  vss(z)
and the vector 7 € R}, 7; >0, i =1,2,3 we introduce the function

(2.7.15) v(z,y,2,m) = n"U(e,y,2)n.

PROPOSITION 2.7.1. Let for system (2.7.8) there exists matrix-valued
function (2.7.12) with elements (2.7.13) and estimates (2.7.14). Then for
function (2.7.15) the estimate

v(z,y,2,m) > u H PHu
V@#0,y#0, 2z#0) € Ny x Ny X N,
is satisfied, where uT = ([|z[|, lyll, l2Il); H = diag [n1,n2, 73],

(2.7.16)

Am(P11) =37 (PuPE) -\ (PaPB)
@717) P=| X (PuPE)  Am(Pm) -\ (PsPR)

g (PPE) X (PsPE)  Am(Pas)
Together with function (2.7.15) we shall consider its total derivative
(2.7.18) Du(z,y,z,m) = UTDU(CE, Y, 2)n
by virtue of system (2.7.8).
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PROPOSITION 2.7.2. Let for system (2.7.8) there exist matrix-valued
function (2.7.12) with elements (2.7.13). For total derivatives of functions
(2.7.13) by virtue of subsystems (2.7.9)-(2.7.11) the following estimates
are satisfied

(1) (Vovn)TAz < pulz]? Vo € Ny
(2) (Vovia) 4z < puallzflilyll V(z,y) € N x Ny
(3) (Vavis)T Az < pusllzllllzll V¥ (z,2) € Ny x N3
(4) (Vyva2)" By < puliyll® Yy € Ny
(5) (Vyva1)"By < paollzilliyll ¥ (2.9) € Mo x Ny
(6) (Vyves) By < pasllullilell ¥ (y,2) € Ny x Ny
(1) (Vowss) Cz < pmll2l? Yz €N
8) (Vavs1)Cz < paalallllzl] ¥ (z,2) € No X N
9) (Vavs2)"Cz < paslyllllzll ¥ (,2) € Ny x Nz,
where V,, = 8/8u and

P11 = Amax [PuA+ ATPy],
P21 = dmax [PaaB + BTPy],
P31 = Amax [Ps3C + CTPig]

p12 = ||ATPy||,
p1s = || APy,
p22 = (|P2 Bl
pas = || BT Pas,
p32 = ||PisC|,
p33 = || P2sC||

respectively, pi12, P13, P22, P23, P33, P33 are norms of matrices ATP,,
ATPi3, P13B, BTP3, P3C, PasC.

AsSsUMPTION 2.7.3. There exist constants pg, ¢ = 1,2,3, § = 4,5,
...,12,such that in open connected neighborhoods N; C R™, N, C R™,
N; C R™ or in its product there exist the estimates

(1) (Vav11)T f < prallel® + puslizlillyl] + puellzllll2ll;
@) (Voui2) " f < prallyll? + pusliellllyll + prollyllllzll;
(3) (Vav13)"F < prsollzlf? + prullellllzll + praallyllilzll;
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&) (Vyv22)"g < paullyll® + paslizllilyll + pzsllylli=;

(5) (Vyva1)" g < parllell? + paslizllllyll + pasllzlillzll;
(6) (Vyvas)"g < prsoll2ll? + pasllzllllzll + p2.azliylll2l;
(7)) (Vavss)Th < paallzlf? + paslizllzl] + psellylll2l);
(8") (Vav1a) 'k < parllall? + pssllzlllly]l + psollzll|2]);
9 (Vav2s)"h < pa.sollyll® + psasllzlillyll + ps.aallyllilzl.

PROPOSITION 2.7.3. If estimates (1)-(9) and (1’)-(9’) are satisfied,
then for all total derivatives of function (2.7.15) by virtue of system (2.7.8)
the inequality

(2.7.19)

Du(z,y,z,m) Su™Su ¥ (z,y,2) € Ny x Ny x N,

takes place, where

(2.7.20)

S = [0'1'.1']’ Oi5 = 044 v (LJ) € [173]s
o11 = 73 (P11 + p1a) + 271 (2p2r + Maps7);
o2z = 12 (pa1 + paa) + 272(m P17 + M3ps.10);

o33 = 175 (ps1 + psa) + 213(M p1.10 + 12p2.10);

1

1
o12 = §nfp15 + '2-773925 + mna2(p12 + p22 + p1s + p2s)

+ N3 (N1 p3s + M2p3.11);
1, 1,

013 = §’71P1a + 5773035 + mnz(p13 + paz + p1.11 + p3o)
+ n2(n1p29 + M3P2.11);
1 1

023 = '2'77%/’26 + ’2'773036 + n2n3(pas + pas + p2.12 + p3.12)
+ M (m2p1e + M3pra2).

REMARK 2.7.1. The dynamical properties of subsystems (2.7.9)-(2.7.11)
influence only the sign of coefficients py1, p21 and ps1. The constants pjq,
P13, P22, P23, Pa2, Pss can always be taken positive and the rest of the
constants are independent of matrices A, B and C.

In view of the above remark we introduce the following designations

c11 = Nipra + 2m (n2par + Mapar);
¢z = 13 p2a + 22 (M p1r + Map3.to);
c3s = M2 pss + 2n3(m1 p1.10 + N2P2.10)-
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Hence we have

—2 . — 2 . —
011 =Mip11 +C1; Oz =N3pa1 +C2a; O3z = 77§P31 + c33.

PROPOSITION 2.7.4. The matrix S is negative definite if and only if
(1) nfpu + e <0

(2) T)fﬂ%ﬁnﬂm + nipiicas + népaicyy + cr1cz - o2, > 0;

2 2,2 2
(3) nipu (7727730211031 + N3p21C33 + 17§P31022 + Co2C33 — 033) + n2pa1 %
2
(n3p31cn + ci1¢33 — Ufa) +?7§p31 (011622 - 0%2) +c11C22C33 + 2012 X
T13023 — C110%3 — C220%3 — Cs30%; < 0.

REMARK 2.7.2. If subsystems (2.7.9)-(2.7.11) are nonasymptotically
stable, i.e. p11 = pa1 = ps1 = 0, the conditions of Proposition 2.7.4
become

(1’) c11 <0

(2’) C11C29 — 0‘?2 >0

(8") ci1caacss + 2012013023 — €110%3 — 2203, —~ c3307%, < 0.

REMARK 2.7.3. If subsystem (2.7.9) is nonasymptotically stable, sub-
system (2.7.10) is asymptotically stable and (1.7.11) is unstable, i.e.
p11 =0, pa1 <0, pa1 > 0, the conditions of Proposition 2.7.4 become

(1”) c11 < 0;

(27) m3parcnr + crican — o3y > 0;

2
(8”) ﬂ%ﬂn (773931011 + c11€33 — O'fa) + N3p31 (611022 - 0']2_2) + €11€22€33
+2010013023 — 6110'223 — 6220123 - 6'330'122 <0.

PROPOSITION 2.7.5. Matrix S is negative semi-definite iff the inequality
signs < and > in Proposition 2.7.4 are replaced by 2 and < correspon-
dingly.

Function (2.7.15) and its total derivative (2.7.18) together with estimates

(2.7.16) and (2.7.19) allows us to establish sufficient conditions of stability
(in the whole) and asymptotic stability (in the whole) for system (2.7.8).

THEOREM 2.7.2. Suppose that the system (2.7.8) be such that

(1) in product N = N, x My x N, there is the matrix-valued function
U: N = R%%3;

(2) there exist the vector n € R%, n; >0, i € [L,3];

(3) the matrix P is positive definite;

(4) the matrix S is negative semi-definite or equals to zero.
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Then the state £ =y = z = 0 of the system (2.7.8) is uniformly stable.

If all estimates mentioned in conditions of Theorem 2.7.2 are satisfied
for Ny = R™, N, = R™, N, = R™ and function (2.7.15) is radially
unbounded, the state £ = y = z = 0 of the system (2.7.8) is uniformly
gtable in the whole.

ProoF. Under all conditions of Theorem 2.7.2 the conditions of well-
known Barbashin-Krasovskii’s theorem are satisfied, and hence, the corre-
sponding type of stability of state & = y = 2 = 0 of the system (2.7.8)
takes place (see Theorem 2.5.2).

Let there exists the domain Q = {(z,y,2) € NV, 0 < v(z,y,2,7) < qa,
a€ I°2+} C R™ where Dv(z,y,2,1m) <0.

We designate by M the largest invariant set in {2 where

Du(z,y,2,n7) = 0.

THEOREM 2.7.3. Suppose that the system (2.7.8) be such that

(1) the conditions (1)-(3) of Theorem 2.7.2 be satisfied;

(2) on the set @ Du(z,y,2,m) <0 ie. the matrix S is negative semi-
definite.

Then the set M is attractive relative to the domain Q, i.e. all motions of
system (2.7.8) starting on set  tend to the set M as t — +o0.

Proof of this Theorem is similar to that of Theorem 26.1 by Hahn [66].

THEOREM 2.7.4. Suppose that the system (2.7.8) is such that

(1) the conditions (1)-(3) of Theorem 2.7.2 are satisfied;
(2) the matrix S is negative semi-definite.

Then the equilibrium state z = y = z = 0 of the system (2.7.8) is uniformly
asymptotically stable.

If all estimates mentioned in conditions of Theorem 2.7.4 are satisfied
for Ny = R™, Ny = R™, N, = R™ and function (2.7.15) is radially
unbounded, the state £ = y = z = 0 of the system (2.7.8) is uniformly
asymptotically stable in the whole.

The proof is similar to that of Theorem 25.2 by Hahn [66].
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2.7.3 Large scale Lur’e-Postnikov system

We consider the system of equations

dz
pry = Anz + Ay + Aisz + g1 fi(on) £ f15
dy

(2.7.21) EE = Anz + Asay + A2sz + g2 fa(02) £ f3;
dz

= = Ag1z + Asay + Assz + g3 fa(os) £ f2,

where
0i = CLE + Cipy + Ch2,
filo)/oi €[0,k], i=1,2,3, ;€ (=00, +00).
Assume that for system (2.7.8) matrix-valued function (2.7.12) is con-
structed with elements (2.7.13) for which estimates (2.7.14) are satisfied,
and matrix (2.7.17) is positive definite. It is easy to verify that for the to-

tal derivative of function (2.7.15) by virtue of system (2.7.21) the following
estimate

(2.7.22) Du(z,y,2,1) < uTSu
is satisfied, where § = [5y;], &i; = & V(5,4) € [1,3] and

011 = Amax[n? (AL Pt + PiiAun + Pu(qikiel)) + gkt )TPu1)
+2mn2 (PrzA2r + Pia(gekicly)) + 2mns (PisAsy + Pis(gskicdy)) ],

022 = Amex M3 (A2 Pa2 + PazAzs + Pao(gakjcg,) + (gak3eg;) " Pas)
+ 2mne (AL Pra+(aqik}ely) "Pia) + 2m1ms (Pos Ase + Pas(gakich)) ],

033 = Amax 1717 (A3 P33 + PisAss + Pss(askicas) + (askicas)"Pas)
+ 2mmns (A13P13+(‘I1k1 C13)TP13) + 21213 (A23P23+(42k2023) P23) ]

oijy 1 # §, 4, j € (1,3] are norms of matrices:



120 2. MATRIX LIAPUNOV FUNCTION METHOD IN GENERAL

012 = ||n} (PurAwz + Pu(gikicly)) + 13 (Pi2Aa1 + Paa(gekics;))
+ Mz (Afy Pia + PiaAga + (a1} cl)Pra + Pia(g2k3cy))
+ mns (PisAsz + Pis(gskicsy)) + mens (PasAs1 + Pas(gskiedy)) ||,

013 = ||n? (Pi1Ais + Pui(qkicls)) + n2 (PssAs: + Pas(gskicd;))
+ mnz (PraAzs + Pra(gzkicls)) +mns (PisAss + Al Pis
+ Pi3(gskicls)+ (@ kich)TPis) + nans (AZ; Pas+(azk3¢3,) "Pas) |,

023 = |13 (PaaAas + Paz(gzkicys)) + 3 (PssAsz + Pss(gskicly))
+mnz (AfsPia + (@kicls)"Pra) +mns (A Prs + (g1ktcls) Pra)
+ m2ns (A3 Pas + PasAsz + (gekicly) "Pas + Pas(gskicas)) ||,
ki for o;qfPiyz >0 (or o;qfPyy > 0
ki = or giqf Pyjz > 0);
0 in other cases.

Estimate (2.7.22) of total derivative Dv(z,y, z,1) along solutions of system
(2.7.21) makes possible the application of Theorems 2.7.2-2.7.4.

ExAMPLE 2.7.1. Let in system (2.7.21) matrices and vectors be defined

-3 0 -5 0Y 10
All = ( 0 _3), A12 = (_1 _5)1 A13 - (0 1)1
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o = (~O1. e 0. _({ 0\,
31 = ~0.1/’ 32 = -0.01/° C3z = —01/)’

k=1, i=1,2,3.

We take matrix-valued function U(z) elements in the form

vii(z) = 2" diag (1, 1)g; vaa(y) = y™ diag (1, 1)y;
vsg(2) = 2T diag (1, 1)z; via(z,y) = 27 diag (0.1,0.1)y;
v13(z, 2) = 2T diag (0.1,0.1)z; va3(y, 2) = yTdiag (0.1,0.1)z.
For elements v;;(-) estimates
vin(@) 2 llel?,  vaaly) 2 Myl was(2) 2 |21,

via(z,y) 2 —0.1llzllliyll;  wvis(e,2) 2 -0.1fjzl|lz]l;
vas(y,2) 2 —0.1|jylll|2]

are satisfied, and matrix P corresponding to matrix P in estimate (2.7.16)

B 1 -01 =01
P=| -01 1 -0.1
-01 -0.1 1
is positive definite.

If p = (1,1,1)7 then, given choice of elements v;;(+), i, j € [1,3] matrix-
valued function U(z,y, 2), the matrix S takes the values

( (-52 016 0.2
0.16 -0.34 0.15 for k} =0
62 015 -0.2
-5.202 0.18 0.03
0.18 -0.34 0.012 for kf =k;=1.
\ 0.03 0.012 -0.202

un
H

It easy to verify that in both cases matrix S is negative definite.

By Theorem 2.7.4 we find that the state z = y = 2 = 0 of system
(2.7.21) with vectors and matrices defined in Example 2.7.1 is asymptoti-
cally stable in the whole (i.e., system (2.7.21) is absolutely stable).
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2.7.4 A generalized Lotka-Volterra system

We consider a generalized Lotka-Volterra system of the form

d

% =21 (b1 + a11(z)z1 + a12(z)z2),
(2.7.23)

dmz

E =9 (bz + az1 (.’27):2,'1 + a22($)x2) ’

where 1,73 € Ry, aiy € C(R%,R), by, by are constants, = € R2.
The generalized Lotka-Volterra system (2.7.23) can have several equilib-
rium states z. determined as solutions of

(2.7.24) ze=0 or A(z)ze=-b

when b # 0 and detA(z) = 0 Yz € S(p), S(p) € RL or b = 0,
det A(z) # 0 Vz € S(p), in which case z. = 0 is the unique equilibrium
state of (2.7.23) which is a singular case.

Otherwise, the system (2.7.23) can have finitely many (det A(z) # 0
Vz € S(p), b # 0) or infinitely many (det A(z) =0 Vz € S(p), b = 0)
equilibrium states. If we are interested in properties of = # 0, then we use
the Liapunov transformation of the state variables,

(2.7.25) Y1 =21 — Te, Y2 =T — Te2
and transform (2.7.23) into

d
7371 = {a11(T)y1 + a12(2)y2) Te1 + (@11 ()11 + a12(2)y2) W1,

(2.7.26)
(%2 = (a21(2)y1 + a22(2)y2) Tez + (a1 ()11 + a2 (2)y2) v2.

Together with equations (2.7.26) for ¢ = 1, 2, we consider the real functions
vij(y1,y2) and matrix-valued function

2.7.27 Uy, ) = [ (o) v1z(91,yz))
( ) ('.1/1 yz) (’012(y1;y2) vzg(yg)
with elements

va(1) = ayd,  vaa(ve) = Byd,

(2.7.28)
vi2(Y1,¥2) = va1(¥1,¥2) = —YY1¥2
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a, 8 >0 and ~v a constant.
By means of the vector 5T = (51,72) € R2, n; > 0 we shall construct a
scalar function

(2.7.29) v(y) =n"Uy)n

for the generalized Lotka-Volterra system (2.7.23).
For all y € S(p) the inequality

(2.7.30) v(y) > uTHTPHu
hOldS, where 'U-T= (Iyll’ ly2|), H= dia‘g ("71,"72),
2.7.31 p=( ¢ ‘7) .

(27.31) (=2

The total derivatives of the matrix-valued function (2.7.27) along solutions
of (2.7.23) are given by

gg;'l‘ < 2a|a11 |z |y1? + 2a]a1a|zes jy1 ||y2| + 20)ars ||y |?
+ 2a|arg|zer Jy1 Plysl;
2 < Blanlaealyal? + 2Bloa el v + 2Bazal
+ 2B az e y1 |ly2f;
%‘2' < Yla21|Zeat + Vlat2|ze193 + |(a222ez + B117e1) |yl
+ Iv(az1 + aun)llys Plyal + [v(a2s + ar2)llwallgal?,
and
(27.52) & <uT(C + Gl u)

where uT = (Jy1), ly2|),

C= (cu 012) . Gl = (Ull(yl) 0’12(3/1,?/2)) '

c12  Co2 o (y1,y2) o22(y2)
Here we have
ci11 = 2n (@M a11Ze1 + N2 Y21 Te2);

coa = 2o (BN2a22%ey + M YA12Te1 );

c12 = an?|a1a[Te1 + On2lag1|Te + M2l V(G11Te1 + a21%en
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and

o1 (y1) = 2eni|an]|ly:l,
22(y2) = 2673 |aza|ly2],
o13(y1, 92) = (onflasz| + mme|y(az + au1)l) 11
+ (Bn2laz1] + mma)v(agz + a12)|) ¥a-

Inequalities (2.7.30) and (2.7.32) imply the following theorem, which is the
main result of this section.

THEOREM 2.7.5. The equilibrium z. of the generalized Lotka-Volterra
system (2.7.23) is asymptotically stable if

(1) the matrix P is positive definite;
(2) there exists a constant matrix G such that

G(y1,y2) <G ¥ (y1,92) € S(p);
(3) there exists a constant matrix C such that

C(z1,23) <C V¥ (z1,23) € S(p);
(4) the matrix C + G is negative definite.

We believe that this result is the first of its kind for such generalized
Lotka-Volterra systems.

2.8 Notes

2.1. The following is a summary of the formulation of the matrix Liapunov
function method:

* discovery of double-index system of functions, as a structure suitable
for constructing Liapunov functions (see Martynyuk and Gutowski
(123]);

* formulation of the basic concepts of the MLMF on the basis of
double-index system function (see Djordjevié [27,29], Gruji¢ [47),
Martynyuk [109,112,116].);

* formulation of the principle of invariance and investigation of au-
tonomous systems (see Djordjevi¢ [28]; Gruji¢ [47]; Grujié, Mar-
tynyuk and Ribbens-Pavella [57]; Martynyuk [116], etc.);
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* development of methods for constructing matrix Liapunov functions
(see Djordjevi¢ [30], Martynyuk and Krapivny [124], Grujié and
Shaaban [61], etc.);

* construction of sufficient condition of stability for

(a) systems with lumped parameters (see Djordjevié [27 - 30], Grujié
[47], Martynyuk [126], Martynyuk and Miladzhanov [125], etc.);
(b) systems with a small parameter multiplying a derivative (see
Martynyuk [114], Martynyuk and Miladzhanov [128], etc.);

(¢) systems with random parameters (see Azimov [7], Azimov and
Martynyuk [8], Martynyuk [115], etc.);

2.2. The results in this section are due to Gruji¢ [47], Martynyuk
(116, 121]. Propositions 2.2.1-2.2.3 are new.

2.3. Theorems 2.3.1-2.3.4 uses the results of Liapunov [101], Persidskii
[152], Yoshizawa [174], Zubov [178] and Grujié, Martynyuk and Ribbens-
Pavella [57].

2.4, Theorems 2.4.1-2.4.2 are new. They generalize well-known the-
orems of comparison method in motion stability theory (see e.g. Laksh-
mikantham, Leela and Martynyuk [94]).

2.5. Theorems 2.5.1-2.5.7 of this section are new. The results of the
investigation of autonomous system (Theorems 2.5.8 - 2.5.20) are presented
based on those by Grujié [47) and Grujié, Martynyuk and Ribbens-Pavella
(57].

2.6. The notion of multistability of motion is formulated in terms of re-
fusal from “homogeneous” behavior of components of solutions for nonlinear
system. This notion can be viewed as well as generalization of stability with
respect to a part of variables (see e.g. Rumiantzev [160] and Aminov and
Sirazetdinov [2]). The results of sections 2.6.1 — 2.6.4 are new. Theorem
2.6.3 is taken from Martynyuk [118]. Theorems 2.6.4 and 2.6.5 were pub-
lished by Martynyuk (117] and Theorem 2.6.6 the same author [119]. In the
investigation of nonlinear systems by vector Liapunov functions the notion
of multistability of comparison system was used by Lakshmikantham, Leela
and Rao [95].

2.7. In subsection 2.7.1 the solution of the Lefschetz [100] problem is
presented according to Martynyuk {111]. Moreover, the results by Djor-
djevié [29] are used. The results of subsections 2.7.2 — 2.7.3 are taken from
Martynyuk and Miladzhanov [125]. The results of subsection 2.7.4 are taken
from Freedman and Martynyuk [37].






3

STABILITY OF SINGULARLY-PERTURBED SYSTEMS

3.1 Introduction

The physical system can consist of subsystems that react differently to the
external impacts. Moreover, each of the subsystems has its own scale of
natural time. In the case when the subsystems are not interconnected,
the dynamical properties of each subsystem are examined in terms of the
corresponding time scale. It turned out that it is reasonable to use such in-
formation when the additional conditions on the subsystems are formulated
in the investigation of large scale systems. The existence of various time
scales related to the separated subsystems is mathematically expressed by
arbitrarily small positive parameters u; present at the part of the higher
derivatives in differential equation. If the parameters u; vanish, the number
of differential equations of the large scale system is diminished and, hence
the appearance of algebraic equations.

This is just the singular case allowing the consideration of various pecu-
liarities of the system with different time scales.

The chapter is arranged as follows.

Section 3.2 provides mathematical description of the system with quick
and slow variables and states the problem of investigation.

Section 3.3 deals with asymptotic stability conditions for singularly per-
turbed system in terms of scalar Liapunov function.

Section 3.4 deals with Lur’e-Postnikov systems in terms of scalar Lia-
punov function.

In Section 3.5 the notion of the property of having a fixed sign is formu-
lated for matrix-valued function for singularly perturbed system.

In Section 3.6 the matrix-valued Liapunov function is introduced and
the structure of estimation of this function total derivative along solution
of the system under consideration is determined.

In the Section 3.7 and 3.8 general results of the direct Liapunov method
are stated for singularly perturbed system via matrix-valued function.

127



128 3. STABILITY OF SINGULARLY-PERTURBED SYSTEMS

In Section 3.9 the method of constructing elements of the matrix-valued
function is concretized and linear singularly perturbed systems are investi-
gated using this method.

Section 3.10 contains some applications of general results to systems
modeling mechanics problems such as oscillating system of solid bodies
and Lur’e-Postnikov system.

The final Section 3.11 is supplied with detailed bibliography comments
to the sections of the chapter.

3.2 Description of Systems

The singularly perturbed system S being considered below, is described by
two systems of nonlinear differential equations

dz

(321) “_ﬁ' - f(ta I, y’ﬂ')a
d

(322) P'd_g = g(tvxvy7 ﬂ‘))

where (zT,yT)7T is a vector of state of the whole system, z € R®, y € R™,
f e C(Rx R*"x R™ x M,R"), g € C(Rx R™x R™ x M,R™). The
parameter p is positive and is supposed to be arbitrarily small. We set
p€(0,1] =M.

The states £ = 0 and y = 0 have open connected ne1ghborhoods Nz C
R"® and N, C R™ respectively. The vector-function f and g are such that
for (z7, yT)T = 0 system (3.2.1), (3.2.2) has the only equilibrium state in
the Cartesian product Ny X A, of the sets AV, and N, for any u € (0,1].
If u takes zero value, system (3.2.1), (3.2.2) degenerates into system Sp,
which is described by the differential and algebraic equation

dz
(323) 'E - (ta Z, Y, 0)’
(324) 0= g(t,m,y,O).

It is supposed that g(¢,z,y,0) vanishes forany ¢t € R and = € N, iff y =0.
This requirement is motivated by an effective application of the Liapunov's
coordinates transformation by Hoppensteadt [74] in the investigation of
singularly-perturbed systems. The system of lower order

(3.2.5) ‘fi— = £(t,,0,0)
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obtained in result, is of importance in the stability investigation of sys-
tem (3.2.1), (3.2.2). If > 0 is a sufficiently small value of the parameter,
then system (3.2.1), (3.2.2) consists of the parts which accomplish slow and
quick motions. The quick system S, (or the boundary layer) is obtained
from system (3.2.1), (3.2.2) after the change of the time scale by introducing
the variable

T=(t-t)u"".

Then, the quick system corresponding to system (3.2.2) becomes
d;
(3.2.6) —'z = g(a,b,y,0).

In this system o and b, b = (8;,...,8n), are scalar and vector parame-
ters, introduced instead of t € R and z € N, respectively. We suppose as
earlier, that g vanishes forany t € R, z € NV, p € (0,1] iff y = 0. The sep-
aration of the time-scales in the investigation of stability of system (3.2.1),
(3.2.2) is essential due to the fact that the analysis of the degenerate sys-
tem Sp (3.2.5) and the quick system S, (3.2.6) is a more simple problem in
comparison with the general problem of stability of system (3.2.1), (3.2.2).
The next problem to be considered is to establish conditions for the vector-
function f and g under which the property of uniform asymptotic stability
in the product N, x Ny of system (3.2.1), (3.2.2) can be obtained from the
same property of solutions of system (3.2.5) and (3.2.6).

3.3 Asymptotic Stability Conditions

Let
Nyo = {z:2 € Ny, z # 0}, Ny ={y:y € Ny, y #0}.

The function V(a,b,y) € CMLD(R x R® x R™, R) and

oV ov ov )T

Va = 5—, Ww=\s733" 3%
* y (3ﬂ1 0B, 8Bn

We introduce two assumptions on systems (3.2.5) and (3.2.6) connected
with positive definite functions 6 and V.
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AssuMPTION 3.3.1. There exist

(1) a decreasing positive definite on A, and radially unbounded for
N; = R™ function § € CY(R x Nyo, R4);
(2) positive definite function ¢ € C(R*, R;) and ¢ € C(R™,R}) on
Ny and Ny, respectively;
(3) non-negative numbers ¢; and {3, {1 < 1, and the conditions are
satisfied:
(a) 64(t, ) + 67 (¢, 2) f(t,2,0) < () Y(t,z) € R X Nao;
(b) 87 (¢, 2)[f (¢, 2,9, 1) — f(t,2,9,0)] < Gp(e) + ¥(y),
V(t, 2,9, 1) € R X Npo X Nyo X M.

Conditions (1)-(3)(a) of Assumption 3.2.1 ensure uniform asymptotic
stability of z = 0 of system (3.2.5) in the whole, when N; = R". Con-
dition (3)(b) is a requirement to the qualitative properties of the vector-
function f on Ny x N

AssuMPTION 3.3.2. There exist

(1) a decreasing positive definite on Nz x A, and radially unbounded in
y uniformly relatively z € N; for N, = R™ function V(t,z,y) €
CUL(R x Ny x Ny, Ry) (or V(t,y) € COD(R x Nyo, Ry) de-
creasing and positive definite on N, and radially unbounded for
Ny = R™);

(2) non-negative numbers £1, &2, €3, & (&1 < 1, €& < 1) and an integer
> 1

(8) positive definite functions ¢ € C(R™,Ry), ¥ € C(R™, R.) on N,
and N, respectively and the following conditions are satisfied

(a‘) VyTg(a,b,y,O) .<_ '¢(y) V(a,b, y) € Rx NE X Ny or (V(O(,b,
y) € R x Ny x Ny,) respectively; -

(b) V;;r[g(aab’ynu’) - g(a,b,y,O)] < élﬂ'w‘P(b) + €2¢(y) V(a,b,
Y, 1) € RXNgx Nyx Mor (Y(a,b,y, p) € RX Ny x Nyo X M)
respectively;

(©) Va+ VT f(a by, ) < E3p(b)+Eap(y) V(e b,y, ) € RX N X
Ny x Mor (V(a,b,y, 1) € R X Ny x Nyo x M) respectively.

The constants (1, {2, &1, & and &3, & mentioned in Assumption 3.3.1,
3.3.2 must be taken as small as possible. If the function V does not depend
on z, then it is to be positive definite on A, only. If, in addition N, is
time-invariant, then condition (c) in Assumption 3.3.2 is omitted.

Let ¢
~_ 1—4&
h=aré
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This value is a lower estimate of the upper boundary of the admissible
change of .

THEOREM 3.3.1. In order that the equilibrium state (z%,yT)T =0 of
system (3.2.1), (3.2.2) to be uniformly asymptotically stable, it is sufficient
that conditions of Assumptions 3.3.1 and 3.3.2 be satisfied for every u €
(0,2) and for p — 0 as soon as the inequality

1>G+6E 1+ 6

holds.
If moreover Ny x Ny = R™™, then the equilibrium state is uniformly
asymptotically stable in the whole for every u € (0,f1) and for p — 0.

PRrROOF. Let the function v be defined by the formula v = 6 + V.
Then v(t,z,y) € COLI(R x Ny, x Ny,) and, since the conditions of
Assumptions 3.3.1 and 3.3.2 are satisfled, it is decreasing and positive on

Nz x Ny. The Euler derivative dv(t,2(), y(t), ) of it along the motion of

dt
system (3.2.1), (3.2.2) z(t) = (zT(t),yT@)T #0 (2(t) =0, t € [tg, +00])
means that the equilibrium state is reachable and therefore is not consid-
ered, due to system (3.2.1), (3.2.2) is

dv
dt

=0, +0Xf+Vi+VIf+ VT

The right-side part of this expression is transformed to the form

dv

ikl +63 f(t,2,0,0) + 65 [f (¢, 2, y, ) ~ £(8,2,0,0)] + V5 f (¢, 2,9,0)

+ ’;L'VyTg(ta Y, O) + ﬁvz;r[g(ta x,y,,u) - g(t,a:,y, 0)]
Conditions (3)(a) and (3)(b) of Assumption 3.3.1 and (3)(a)—(3)(c) of As-
sumption 3.3.2 lead to the estimate

dv

a1y @S0G =G =) ~ 2L~ = + EO)

Vue (0,4) p—0 VY(tz,y) € R XN XNy
Let

N[Jz:{z:w:ane NvO}a NOU':{z:mero’y:O}’
N0=N0w XNOU'
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It is clear that
Ne x Ny = Noo X Nyo X Np x {2: z = 0}.

Let vps be a maximal positive number, for which the largest connected
neighborhood Uy, (t) of point 2z = 0 is such, that

v(t, z,y) € [OsVM)s V(z,y) € Uy, (t) VtER,

is a subset of the product N = N, x N, for every t € R. The existence of
the value vy > 0 is implied by the positive definiteness of function v on
N and the time-invariance of the neighborhood of point 2z = 0.

Let 73, 7, to < 7i <7 < +00 denote the times when z(t) € U,,, (t) \
No YVt € (ri,7}), 7 > to and z(t) € N Vt € [rf,, 7] If 2(to) €
Uipe(to) \ No then i =0, 10 = to, [10,7*) = [to, ™) is the first interval to
be considered and the next is [73,71]. If z(to) € Mo, then i =1, 7§ =g
and [r§,71] is the first interval to be considered, and the next is (71, 77).
In what follows, ¢ > 0 is an integer.

Let

C(t; to, 2o, “) = (XT(t; tOv 20, N),UT(t; to, 2o, ”))Ta
¢(to; to, 20, 1) = 20,

is a motion of system (3.2.1), (3.2.2) for the initial values 2, and t = ¢
when u > 0.

PROPOSITION 3.3.1. The function v is strictly decreasingint € [1}_,, Ti]
along motions ((t; o, 2o, pt) of system (3.2.1), (3.2.2) for every u € (0, %)
and for 4 — 0.

Proor.

Part 1. Let there exist a time € [r},,7:[ when v(t,z(t),y(t)) <
v(t,z(f),y(f)) for some t € (ri—1,7];). If £ =1}, then there exist 7y,
72 € (ric1,71), T < Ta such that v(r1,2(r), y(m)) < v(rs, a(ra), y(r2))
due to the continuity of function V and { at ¢ € Ty, Vi € R which ensures
the continuity of functions f and g. Therefore, there exists a 73 € [T1, Ta),
when

@i s
dt t=73
However, this contradicts estimate (3.3.1) because of the positive definite-

ness of functions ¢ and ¢ and the fact that

(-G -&umt - &) >0, %[1“€2—N(C2+£4)]>0 Vue(O,5).
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Hence, the equality £ = 7., is impossible and a value £ € (r_,,7] is
to be considered. Let T3 C [7,,7:) be a set of all times ¢ such that
z(t) = 0, Ty C [r};,7i) be a set of all times ¢, such that y(t) = 0. Since

2(t) = 0 is excluded V¢t € [to, +00[, then, by virtue of the continuity of
the system motion it should be Ty = [r},,7) or T2 = [r}-;, 7). To be
specific, we suppose that T = [r}_,, 7). Then 8(t,z(t)) = 6(t,0) Vte T}
and v(t,z(t),y(t)) = v(¢,0,y(t)). Moreover,

F/E0V(B) = ZVH0,90) < 51 - & - L)V(()
VteT1, Yue (0,5, p—0.

(3.3.2)

This contradicts the assumption that £ € 7. Now let Ty = [y, 7). Then
y(t) =0 Vt € Ta. Therefore

v(t,2(t),y(®) = v(t,2(t),0) VteDy,

d

EZV(t,.’L'(t),O) < (1 - Cl ) ( (t)) Vite T2)

that contradicts the assumption that £ € Th. In general, there exists no
value £ € [r}_,, ;[ mentioned above.

Part 2. Inequalities (3.3.1), (3.3.2), estimates of Zi and conditions 1 >
G+ &E 1+ €&, (>0, & > 0 together with the positive definiteness of
functions ¢ and v prove that the function v strictly decreases on interval
(71, 7)), Ty 20, Vi1

Part 3. Let there exist { € [r},,n] such that v(t,z(t),y(t)) >
v(t,z(f),y(f)) for some ¢t € (7;,7}). Hence, there exist 71,72 € (7i, 7)),
71 < T3 such that v(T1,2(T1),y(T1)) € v(Ta, 2(T2),¥(T2)) due to the con-
tinuity of v(t, z(t), y(t)) and { in ¢t and because of description of Section 3.2.

Therefore, 373 € [T1,7T2] is such that %u(t,m(t),y(t))|t=?3 > 0 and

this contradicts condition (3.3.1).

The combination of assertions of Parts 1-3 proves Proposition 3.3.1.

In view of the positive definiteness of v we establish according to the
results Part 1 the uniform stability of state z = 0 of system (3.2.1), (3.2.2)
for Vu € (0,) and for u — 0. Further on, because of the positive definite-
ness of functions ¢ and ¢ and the fact that (1—¢ —&u™ "t —&) >0 and
Q1= -&6p™Y)>0Vue(J0,k) as p— 0 and due to the estimate of J,

4y is proved to be smaller than a negative definite function on Nz, X Nyo,



134 3. STABILITY OF SINGULARLY-PERTURBED SYSTEMS

on Ny and on Ny, This result together with the conditions of positive def-
initeness and decrease of function v proves uniform attraction in the whole
of the state z = 0 of system (3.2.1), (3.2.2) and completes the prove of
the first assertion of the theorem. In the case when N; X A, = R"*™, the
function v will be radially unbounded and this together with the other con-
ditions proves the second assertion of the theorem. This theorem is applied
in the absolute stability analysis of singularly perturbed Lur’e-Postnikov
systems.

3.4 Singularly Perturbed Lur’e-Postnikov Systems

Let system (3.2.1), (3.2.2) be the Lur’e-Postnikov type system (see Grujié
[54])

dz

(3.4.1) @t
01 = e T + ChaY;

= A1z + A2y + @191 (01),

dy
(342 -E = phAaz + A2y + 222(0),

o3 = ,ucrzrlz + c;rzy.

The matrices A(.y and vectors c(.y and g(.) are of the appropriate dimensions.
The nonlinearities ®;, ¢ = 1,2 are continuous, ®;(0) = 0, and in Lur’e
sectors [0, k], ki € (0,+00) satisfy the conditions

&, (a‘;)

(o4}

€[0,k), i=1,2; Vo;€(-00,+).

The nonlinearities ®; are considered incidentally, for which the state z = 0,
y = 0 is the only equilibrium state of the degenerate system

dz
(3.4.3) = =Anc+ qapr(0?), oY=chz

and the system, describing the boundary layer respectively

(3.4.4) dt = Any + 0293(03), a3 = chy-
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This assumption is valid if

cEAzlg; >0, i=1,2.

k1)

We suppose the matrix Aj; is stable, the pair (A11,41) is controlled and
there exist numbers 9; € [0, +oo[ and &; € (0,+00) such that

kl"l + Re(1 +j¢1w)c1r1 (A1 — jwh) " q
- elqir(Afl + jwl,) " (A - jwl,) g >0 Yw € [0, +00].

Then
o 1/2

1
O) = | zTHiz + ¢ /Ql(af)da?
0
is the Liapunov function for degenerate system (3.4.3) for any ®; taking
the values in [0, K], where H; is a solution of the equations
(345) ALHi+ HiAn +qaf =—eili, ki +Hig=~/Aa¢
for
- 1
(3.4.6) y=kit - Geha, hy = -2-(¢1A'f1c11 + c11).

Now we shall verify the conditions of Assumptions 3.3.1 and 3.3.2.

The verification of conditions of Assumption 3.3.1: Let H; and 6(z) be
defined as above. Hence, the function 6(z) is decreasing positive definite on
R" and radially unbounded. We shall check up the condition (3)(a) first

(a) in this case 6; =0 and
1 _
@f(z)f(m,0,0) S _551772 IHm“ V((L‘ 75 0) € Rna

where mp = AY2(Hy + Likiericl;) and A() is a maximal eigen-
value of matrix (-). Hence

1
o(@) = mslall,  ms = seuns?
and

8 +6; f(2,0,0) < —p(z) V(z#0)€R"
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and, besides, M; = R®, Ny = {z: ¢ # 0,z € R"};
(b) for the function 8(z) we have

0
31 (@,yok) — £(2,0,0)) = 20 (2111 + (2, )
1

x{A12y + q1[®1(0) — ®1(oD)] } < Cip(z) + G (y),
V2 €Ng, VYyeR™ Vue(0,1].

Incidentally

Y@)=psllyll, ¢ = Ek(mns) " nzllawll llewll

and

G = (mps) " ma(k llewall @l + |As2l]),  m = A2(Hy),

where A(*) is a minimal eigenvalue of matrix (-). The value p3 > 0
will be defined below. The numbers {; and {2 and the functions 6,
 and 1 satisfy the conditions of Assumption 3.3.1.

The verification of the conditions of Assumption 3.3.2: We take the
function V(y) = |ly|| as the auxiliary function. This choice shows the
alternative to the choice of the Liapunov functions. The function V is
decreasing positive definite in R™ and radially unbounded. In order to
verify condition (3)(a) of Assumption 3.3.2, we present the system of the
boundary layer in the form suggested by Rosenbrok

dy
= Djs(as)y,
where B0 (00
Dyy(az) = Az + az(“%)chgz, oz(09) = 'L(gL)'

2
The matrix D3(as) = DL () + Daa(e) is negative definite for each
(o,92) € R x Np([0, K3]) iff D2p(0) and Dag(K) are negative definite. In
the case under consideration this assumption is fulfilled. At last %(y) =
ps(y) and V,T g(e, b,y,0) < —(y) V(y #0) € R™ ensure the satisfaction
of condition (3)(a).

For condition (3)(a) we have

flin{/‘A“b + 02[®2(02) — B2(02)] }
0

) € R™,

Vi lo(a,b,y, ) — 9(a,,9,0)] =
Viy#
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Let
£ =2e1m2 sup ||Az1 +ageq |l
a€[0,kz]
& = kallgach 107"

We assume that &2 < 1, then

V" l9(e, by, 1) — 9(e, 5,0,0)] < &1 p0(b) + £29(y)
V(a,b,y, 1) € Rx R™ x R™ x (0,00).

This corresponds to condition (3) in Assumption 3.3.2 for 7 = 1. Checking
up condition (3)(c) we take into account that V, = 0 and V, = 0 and,
therefore, €3 =0 and £ = 0. The lower estimate of the upper bound of
the parameter u changes and has the form

- _1-6&
PET

Now the inequality 1 > (i + & ensures absolute stability of the state
z = (zT,yT)T =0 of system (3.4.1), (3.4.2).

ExaMPLE 3.4.1. Let

4.=( 0 1 _( 0 _ {~10"?
11 = ~1 =2/ q = 10—-1 ’ Ci1 = 0 y

1
Ap =1, C12=(1>, kr=2
and

- | 103
Ag = 10721, c21=( 0 ), ky =1,

~4 1 1
A22=( 1 _4), ¢Z2=(1), 022=((1])-

In this example we take ¥; = 1, £; = 10~! so that

1 . . -
P +Re(1 + jorw)eh (A — jwlz) gy

i - . - 1
—e1q (AL, + jwl) Y (A — jwly)lqr = = > 9.
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_ (0 _ (P1 R
9= (0>a H, = (h21 h22)

is defined from the equation
( 0 —1) (hn h12)+<h11 h21)( 0 1)=_l(1 o)
=1 2/ \ha ha hiz  haz -1 -2 10\0 1
in the form
H1=2i0(i’ i)

Hence 7, = 0.16 and 7 = 0.45. The matrix Dqz(az) reads

Further

A ~8+ 2013 24
Daz(an) = ( 9 + a2222 _322) .

The matrices Dgg and Daya(1) are negative definite. Finally, ¢; = 0.05,
(= 1.88, & = 0.02 and & = 0.002. Therefore ;i = 0.52. Since (3 +
¢ = 0.53 is smaller then 1, the state z = (z7,yT)T = 0 of the system
defined in this example is absolutely stable for each p € (0;f1), ie. u €
(0; 0.52) on My(L), L = [0,K], K = diag(2,1). The advantage of the
separation of the time-scales in this example is that the order of the system
in question is diminished. Namely, instead of the system of the fourth order
one investigates two systems of the second order and verifies the inequality
1> ¢ + &. Moreover, the lowering of the order of the systems simplifies
the construction of the Liapunov functions.

However, the dimensions m and n of the reduced systems (3.2.5) and
(3.4.3) and the systems of the boundary layer (3.2.6) and (3.4.4) are high
enough so that one faces the problem of the lowering their order again.

3.5 The Property of Having a Fixed
Sign of Matrix-Valued Function

Alongside the system (3.2.1)—(3.2.2) we shall consider first a more simple
case.
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3.5.1 Case A.

Let perturbed motion equations be given in the form

d
(3.5.1) Ei:‘ = f(t, , y)’
(3.5.2) ufl—f =g(t,z,y),

where z € R", y € R™, f e C(Rx R" x R™,R") and g € C(R x R™ x
R™,R™), u € M. For p =0 we obtain from (3.5.1) and (3.5.2)

(3.5.3) 52—: = f(t,z,y),

(35.4) 0= g(taxay)’

Assume that g(t,z,y) vanishes if and only if y = 0. Then we get from
system (3.5.3)—(3.5.4) the system

(3.5.5) Z—f = f(t,2,0),

which describes slow motions in system (3.5.1)-(3.5.2). The quick system
(boundary layer) corresponding to system (3.5.2) has the form

dy
(356) Et- = g(aaba y)a

where 7 = (t — to)p™}, o and b are the same as in system (3.2.6).
We define the functions

f*(tsxsy) = f(t’m’y) - f(t,a:,O);
g*(t, z,y) = gt z,y) — 9(e, b,7).

and represent system (3.5.1)—(3.5.2) as

dz

= = ft,2,0 + f*(t,2,y),

(3.5.7) dy
IJ‘"CE' = g(aa b, y) + g*(t’ T, y)'
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In order to investigate systems (3.5.1) and (3.5.2) with subsystems (3.5.5)
and (3.5.6) we shall consider the matrix-valued function

(3'5'8) U(t’w,y’l‘) = (1)2:?;,(;: ;,)u) vi)z;gt(’tf;/:://’j;)) .

The elements v1; and vgg of matrix U corresponds to the subsystems (3.5.5)
and (3.5.6) and functions vz = ve; are responsible for the interconnections

of the subsystems. Using the matrix-valued function U(¢, z,y, u) we intro-
duce the scalar function

(3.5.9) V(t 2,9, p) = wTU(t 2,9, w)w,
where w € R2.
DEFINITION 3.5.1. The matrix-valued function U: Ry x R™ x R"™ x
M — R?**2 ig referred to as
(i) positive definite, iff there exist connected neighborhoods N, and N,
of points z =0 and y =0 N, C R™, N, C R" such that
(a) U € C(Ry x Ng x Ny x M, R?*2)
(b) U(%,0,0,u) =0 Vte R;, Ve M,
(c) WU z,y, m)w > u(@,y) Y(t,o # 0,y #0,w # 0) € Ry x
Nz x Ny x M x R
(i) positive definite on S iff the conditions of Definition 3.5.1, (i) are
satisfied on N, x Ny = S;

(iil) positive definite in the whole, iff all conditions of Definition 3.5.1,
(i) are satisfied for N; x Ay = R™ x R".

REMARK 3.5.1. It can be easily seen that this definition of the property
of having a fixed sign of matrix-valued function U agrees with the well-
known notions such as

(i) positive definiteness of the numerical matrix;

(ii) positive definiteness of the scalar Liapunov function;

(ili) conceptual applicability of function (3.5.9) in the construction of

the direct Liapunov’s method of motion stability investigation.

In many problems of stability it is sufficient to use a fixed vector 7 € R?
(or n € R?)instead of the vector in formula (3.5.9).
Let 5 = (1,m2)T, 7 >0, i = 1,2 then

(3.5.10) V(t,z,y, 1) = WTU(t,-’B,y,#)ﬂ-
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DEFINITION 3.5.2. The matrix-valued function U € C(R+ X R™ x R™ x
M, R?*?) is called
(1) n-positive definite, iff there exist connected neighborhoods N, and
Ny of points z =0 and y =0, M; € R™, N, C R™ such that
(a) U € C(R4 x Ny x Ny x M, R¥*?);
(b) U(¢,0,0,u) =0 Vte Ry, Y€ M;
(©) "TUGzymn > uzy) Y(z # 0y # 0) € Mo x N,
V(t,p) € Ry X M;
(ii) n-positive definite on S, iff all conditions of Definition 3.5.2 (i) are
satisfied for Ny X Ny, = §;

(iil) n-positive definite in the whole, iff all conditions of Definition 3.5.2
(i) are satisfied for N x My = R™ x R™.

Definition 3.5.2 agrees with points (i)-(iii) of Remark 3.5.1. In particular,
the vector n can be unique, ie. 7; =1 and 71 =1,2.

REMARK 3.5.2. The definitions of positive semi-definiteness and n-posi-
tive semi-definiteness of matrix-valued function U are introduced on the
basis of Definitions 3.5.1 and 3.5.2, in conditions (c) of which the u(z,y)
should be replaced by > 0.

REMARK 3.5.3. Functions (3.5.9) and (3.5.10) can be also constructed
in the form
Vit z,y, uw) = w UTUw, w € R?

or
V(t,z,y,u) =n"UTUn, = neRL

In addition, the requirements to the elements of matrix-valued function U
satisfying the conditions of Definitions 3.5.1 and 3.5.2 can be weakened.

The algebraic conditions of the property of having a fixed sign of func-
tion (3.5.10) are formulated in terms of the assumptions on elements v;;(t, -)
of the matrix-valued function U.

AssuMPTION 3.5.1. There exist functions v; (¢, z), ve2(t,y, &), v12(t, 2,
Y, u), functions ¢; and ¢; of class K(KR), i = 1,2 and constants g;; > 0,
@; >0,1=1,2 and g,,, @12 such that
(1) a;93(|zl)) < vi1(t,z) < T (lz]])
V(t,z) € R+ x N (V(t,z) € Ry x R™);
(2) paga¥i(lyl)) < vaalt,y, 1) < paizath3(|lyll)
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V(t,y,ﬂ) € R+ xNy x M (R+ X R™ x M);

3) papei(llzN¥a(lyl) < via(t 2,9, ) < B2z (|||)2(llyll)
V(t,z,y, 1) € Ry X Ng x Ny x M (R4 x R™ x R™ x M);

(4) U12(t’may, y‘) =V (t’ xay,u)
V(t,z,y, ) € Ry X Ng x Ny x M (Rt x R™ X R™® x M).
The following assertion is valid.

ProposSITION 3.5.1. If for the elements v;(t,), i, j = 1,2, of matrix-
valued function (3.5.8) the conditions of Assumption 3.5.1 are satisfied,
then function (3.5.10) satisfies the bilateral estimate

u’rer(”)ul <Vt ey, ‘1’) < UEB({L)Uz

3.5.11
( ) V(t,z,y, 1) € Ry X Ny x Ny x M(R1 x BR™ x R™ x M),
where ui = (p1,91), 43 = (¢2,¥2),

A(p) = HTA () H, B(p) = H™As(p)H, H = diag(m,n2); m,m2 >0,

Haay  uQ, Bl Wiy

Ar(p) = ( Qi3 #0112) Agly) = ( a1 1@12) ,
=g

917 2 = Oigg.

PRroOF. We get the estimate from above in inequality (3.5.11). In view-
of expression (3.5.10) and inequalities (1)-(4) of Assumption 3.5.1 we have

T / = P
m P2 Qi1 M2 m g2
V(t,z,y,u) < Ba1
(t,z,y, 1) (,72 ¢2) (,wm NOtzz) (772 ¢z)
or

e\ (m 0\ (@ ua m O0\/[o
Vit,z, < 1 X1 _12)( 1 ) 2)
(,2,9,1) < (1/12) ( 0 772) (uam a2 J\ 0 ma )\ %2
Hence, in view of the designations adopted in Proposition 3.5.1 we get the

estimate from above in inequality (3.5.11). The estimate from below is
obtained in the same way.
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3.6 Matrix-Valued Liapunov Function

The conception of the property of having a fixed sign of matrix-valued
function admitted in Definitions 3.5.1 and 3.5.2 allows us to introduce the
matrix-valued Liapunov function in the following way. We introduce the
designations

D*V(t,z,y, p,w) = w D*U(t,z,y, p)w,
D*U(tazay’ﬂ') = [D*vij(ta )]1 i,j = 1a2-

The sign D*U shows that both derivatives D¥U and D, U can be used,
where

DYU(t,z,y,p) = limsup{[U(t +8,z(t +9,"),y(t +6,), u)
~U(t,z,y,u))072:0 = 01}

D, U(t,z,y,u) = liminf{{U(t + 8,z(t +6,-),y(t +8,"), 1)
- U(t,z,y,1)]07*:6 = 0T},

In this notation DU (D..U) is the upper (lover) right-side Dini derivative
of matrix-valued function U relatively (¢, z,y).

DEFINITION 3.6.1. Matrix-valued function U: Ry X Ny x Ny x M —
R?*%? is referred to as
(i) matriz-valued Liapunov function of the S(w) type, if

(a) the matrix-valued function U(t,z,y, 1) is positive definite and
decreasing on Ry x N x Ny x M — R2*2;

(b) the matrix-valued function D*U(t,z,y, ) is nonpositive on
Ry x Npg x Ny for p € (O,p0) and as p — 0 and
D*U(t,0,0,p) = 0 for all t € Ry;

(ii) matriz-valued Liapunov function of AS(w) type, if

(a) the matrix-valued function U (¢, z,y, 1) is positive definite and
decreasing on R4 x Ny X Ny x M;

(b) the matrix-valued function D*U(¢,z,y, ) is strictly negative
on Ry X NMgo x Ny for p € (0,p0) and for p — 0 and
D*(t,0,0,u) =0 for t € Ry, Npo = {(z #0) € N3}, Npo =
{(y #0) € Ny}

(iii) matriz-valued Liapunov-Chetayev function of NS(w) type, if there
exist a ty € (T,00), T € R, some value € > 0 (B; C Ny x N)
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and an open set D € B, such that on [t,00) x D the following
conditions are satisfied
(a) 0<U(t,z,y,u) < Q < co component wise, there @ isa 2x2
matrix;
(b) wTD*U(t,a,y,m)w > a(V(t, 2,y p,w)) for p € (0,p0) and
for 4 — 0, where a is of class K, and moreover
(c) (z=0,y=0) € D;
(d) U(t,z,y,p) =0 on [tg,0[x (8D N Be).

The definitions of 7 — matrix-valued function are formulated in a similar
manner, using the definitions of n-positive definiteness of matrix-valued
function U (¢, z,y, i).

ASSUMPTION 3.6.1. There exist

(1) functions ¢;, 1, ¢ = 1,2 and ve; 8, k = 1,2 mentioned in Assump-
tion 3.5.1 and, moreover

(a) function v1;(t,z) € C(R4+ X Npo, By );

(b) function vaa(t,y,u) € C(Ry x Nyo x M, R.);

(¢) function vya(t,2,y, u) € C(R+ X Ngo X Nyo X M, R),

(2) constants p;; (i = 1,2; j = 1,...,8) and the following conditions
are satisfied

(a) Dfvi + (DFvin)Tf(t2,0) < prgd(llzf])
Y (t,z) € Ry X Ng;

(b) Djfvas + (D va2)Tg(e, b,y,0) < ppar v ((lyll)
V(e,b,y, 1) € Ry X Ny x Ny x M;

(€) (DFvun)T[f(t 2,y) — f(t,2,0)] < prad(l|]))
+owea(llzlva(liyll) V(¢ 2,y) € Ry x Np x Ny;

(d) (Dfv22)T(g(er, by, 1) — 9(2,b,9,0)] < p22v3 (llyl)
+upzsez(llzl)v2(llyl) Y, by, 1) € Ry x Ny x Ny x M;

(€) Difviz + (DFv12)T f(2,2,0) < ppra(ll=l) .
+powsez(llzlDva(llul) Y, 2,y 1) € Ry x N x Ny x M;

() (DFuvi)T[f(t,2,y) — f(t,2,0)] < pp1s@i(ll2l)
+porrea (=2 (llyll) + porsv3 (lyll)
V(t,z,y, 1) € Ry x Ny x Ny x M;

(&) (Dyv12)Tg(e,b,u,0) < wpaatd(llyll) + mozsez ()2 (llyl))
V(t,z,y,14) € Ry X Ny x Ny x M;
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(h) (D;"Ulz)T[g(a’ b’ Y, /J‘) - g(a: by Ys 0)] < #Pze%ﬂg(“z”)
+uparez(llzlwz(llyll) + po2sv3 (llyll)
V(t, by, u) € Ry X Ng x Ny x M.

PropPoSITION 3.6.1. If all conditions of Assumption 3.6.1 are satisfied,

then for the upper right Dini derivative of function (3.5.10) the upper esti-
mate :

(3.6.1) DTV (t,z,y,u) S us Clw)ua  Y(t,z,y,u) € Ry X Ny X Ny x M
is satisfied, where

W) = e, el = en(W) i3 =12,
and

c11(p) = ni(p11 + pr2) + 2mma(ppre + pp16 + pas);
caz (1) = n3(paz + pa1) + 2mna(up1s + wpes + pas);

1
era(p) = §(nfp1a + 12 p23) + mn2(up1s + p2s + uprr + par).

PRroOF. In view of the fact that
DYV (t,:) =T D¥[uy;(t,)n, 6,5 =1,2

the estimates (a)-(h) for the elements of matrix U(t, z,, u) lead to inequal-
ity (3.6.1).
We introduce the values p;, j=1,...,4, po, u* by the formulas

_2mp26 + m(pu1 + p12)
2m2(p14 + p1e6)
_{p21 + paz) + 2m(p24 + p2s)

p =

3

p2 =

2mp1s
_=b+ Vb2 — dac O30,
M3 = % ) - Q%2 )

po = min (u1, 2, p3),  p* = min (uo, pa).
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Besides,

a = 4niné[(p1s + p17)? — prs(pra + p16))s

1 1
b= [-infpm + Eng‘Pza + mna(pas + p27)] 2mna(p1s + p17)

- 2mmn2p18[n? (p11 + p12) + 2m1m2p26)
— 2mna(p1a + p16) 2 (P21 + p22) + 2m 72 (024 + p2s)];

1, 1, 2
c= 5771/’13 + 5’72!’23 +mna(p2s + par)
— [73(p11 + p12) + 2mm2p26][na (P21 + p22) + 2mma(pas + p2s)).

Should pg > 1, we shall consider p € (0,1].

PROPOSITION 3.6.2. The matrix C(u) is negative definite for every u €
(0,0) and for p — 0, provided that

(a) p1a+p16 > 0;

(b) 2m2pze +m(p11 + p12) <0;

(€) ma2(p2e + p22) + 201 (pas + pag) < O;
(d) p1s>0;

(e) a>0;

) e<O.

Proor. Conditions (a) and (b) imply that ¢1; < 0 for every u € (0, u1)
and p ~+ 0; conditions {(c) and (d) imply that co2 < 0 for every u € (0, ug)
and for u — 0; and conditions (e) and (f) imply that cjjeae — ¢y > 0 for
every u € (0,u3) and for y — 0.

All these conditions hold for every p € (0,40) and for u — 0, where
po = min (ug, us,ps). The conditions are sufficient for the matrix C'(u)
negative definite.

REMARK 3.6.1. If for conditions (a)-(c), (e} and (f) Proposition 3.6.2
is satisfied and p1s < 0, then its assertion is true for uo = min (u1, u3).

REMARK 3.6.2. If for conditions (b)-(f) Proposition 3.6.2 is satisfied
and p14 + p16 < 0, then its assertion is true for po = min (ue2, us3).

REMARK 3.6.3. If for conditions (b), (c), (e) and (f) Proposition 3.6.2 is
satisfied and p15 < 0, p14 + p1s < 0, then its assertion is true for g = ys.

We note that the quadratic form uj C(u)ug is given in the cone R%
formed by the functions {(¢2,%2). Therefore the following result is valid.
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PROPOSITION 3.6.3. The matrix C(u) is conditionally negative definite,
ie. ulC(u)us <0 for up € R2\0, for every p € (0,p0) and for p — 0, if

max (det(—C'(u)], cra(ps)) > 0

for every p € (0, ) and for p— 0.

Estimates (3.5.11) and (3.6.1) allow us to formulate the generalizations
of the classical results on stability and instability of unperturbed motion of
system (3.5.1), (3.5.2) as follows.

3.7 General Theorems on Stability and Instability in Case A

The equilibrium state (zT,yT)T = 0 of system (3.5.1), (3.5.2) is investi-
gated by means of function (3.5.10) being a special case of function (3.5.9).
Estimates (3.5.11) and (3.6.1) allows us to formulate algebraic condi

tions ensuring the presence of some properties of the equilibrium state
(@hy")T =0

THEOREM 3.7.1. Let the motion (z7(t;to,x0,u),yT (t;to,yo, )T of
system (3.5.1), (3.5.2) be continuous for (to,zo,y0) € R+ X Ny x Ny and
p € M® ¢ M. In order that the equilibrium state (z*,yT)T = 0 of
system (3.5.1), (3.5.2) be uniformly stable for every u € (0,p) and for
u — 0 it is necessary that all conditions of Assumptions 3.5.1 and 3.6.1 be
satisfled and it is sufficient that

(1) the matrices A;(u) + AT (u) and Aa(u) + AT (u) be conditionally
positive;
(2) the matrix C(u) be non-positive for every p € (0,p0) and for
u—=0.
If in addition, Ny x Ny = R™t™, then the equilibrium state (27,yT)T =
0 is uniformly stable in the whole for every pu € (0, uo) and for p — 0.

PRrooF. Estimate (3.5.11) implies that if Assumption 3.5.1 and condi-
tion (1) of Theorem 3.7.1 hold, the function V'(¢, z,y, 1) is definite positive
and decreasing. The conditions of Assumption 3.6.1 and condition (2)
of Theorem 3.7.1 ensure nonpositiveness of function DTV (t,z,y,u) on
Ry x Ny x N, for every u € (0,10) and for y — 0. The combination
of this conditions is equivalent to the conditions of Liapunov’s theorem on



148 3. STABILITY OF SINGULARLY-PERTURBED SYSTEMS

stability of the equilibrium state (zT,yT)T = 0 (see Liapunov [101], and
Grujié, Martynyuk and Ribbens-Pavella [57}).

I M, x Ny = R™™, then functions (p;,;) belong to class KR and
estimates (3.5.11) and (3.6.1) are satisfied for all (z,y) € R™*". Together
with conditions (1) and (2) of Theorem 3.7.1 this ensures stability in the
whole of the state (zT,yT)T = 0.

The theorem is proved.

THEOREM 3.7.2. Let the motion (x7(t;to,zo,m),yT (t;t0, Yo, u))T of
system (3.5.1) and (3.5.2) be continuous for (to,Zo,%0) € Ry X Ny x Ny
and p € M® C M. For the equilibrium state (zT,yT)T = 0 of sys-
tem (3.5.1), (3.5.2) be uniform asymptotically stable for every p € (0, o)
and for p — 0 it is necessary that all conditions of Assumptions 3.3.1
and 3.3.2 be satisfied and it is sufficient that

(1) the matrices A;(w) + AT (p) and As(w) + AT (1) be conditionally

positive;

(2) the matrix C{u) be conditionally negative for every u € (0, po) and

for p— 0.

If, in addition, Ny x Ny = R™*", then the equilibrium state (zT,yT)T
is uniformly asymptotically stable in the whole for every u € (0, o) and
for 4 — 0.

ProOF. The proof of Theorem 3.7.2 is similar to that of Theorem 3.7.1,
taking into account that its conditions are equivalent to the conditions
of the theorem on uniform asymptotic stability (Gruji¢, Martynyuk and
Ribbens-Pavella [57] ).

The theorem is proved.

PROPOSITION 3.7.1. Let in Assumption 3.6.1 in conditions (a)-(h) the
inequality sign “<” be replaced by “>”, the constants pi; (i = 1,2;
j=1,...,8) be replaced by pi; (i = 1,2; j = 1,...,8) and the pair of
functions (pg,12) be replaced by the pair of function (p1,%1).

Then for the upper right-side Dini derivative of function (3.5. 10) the
estimate from below

(37.1) D*V(t,z,y,0) 2 uT8(uhur ¥ (t,5,5,) € Ry x Ny x Ny x M

is satisfied, where the matrix C(u) has the same structure as the matrix
C(p).

THE PROOF of Proposition 3.7.1 is similar to that of Proposition 3.6.1.
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THEOREM 3.7.3. Let the motion (zT(t;to, o, 1), y" (t;t0, 0, 1))T of
system (3.5.1) and (3.5.2) be continuous for (o, Zo,yo) € Ry X Ny X Ny.
For the equilibrium state (z7,yT)T = 0 of system (3.5.1), (3.5.2) is unsta-
ble for every u € (0,uo) and for u — 0 it is necessary that the conditions
of Assumption 3.5.1 and Proposition 3.7.1 be satisfled, and it is sufficient
that

(1) the matrices A;(u) + AT (u) and Aa(u) + AT (u) be conditionally
positive;

(2) the matrix C(u) be conditionally positive for every u € (0, o) and
for u— 0.

Proor. Due to inequality (3.5.11) and condition (1) of Theorem 3.7.3
the function V(¢,z,y,p) is positive definite and bounded for every u €
(0, uo) and for u — 0. Inequality (3.7.1) and condition (2) of Theorem 3.7.3
together with the above condition are equivalent to the conditions of the
second Liapunov’s theorem on instability (see Liapunov [101]).

This completes the proof.

3.8 General Theorems on Stability and Instability in Case B

We consider the general system (3.2.1)—(3.2.2) and matrix-valued function
(3.5.8). Systems of (3.2.1)—(3.2.2) type are attributed to Case B of inclusion
of a small parameter. Functions

fo(t’m’y7ﬂ') = f(t,@',y,ﬂ) h f(t,m,y,O),
9°(t2,y,0) = 9(t, 2,9, 1) — 9(, b,,0).

are considered as perturbed systems describing slow motions and as a
boundary layer of systems (3.2.5) and (3.2.6) respectively.

AssuMmPTION 3.8.1. For the systems of equations (3.2.1) and (3.2.2)
all conditions of Assumption 3.5.1 are satisfied, and for function (3.5.8)
estimates (3.5.11) are valid.

AssuMPTION 3.8.2. There exist
(1) the functions ;, s € K, i = 1,2, vs, 8, k = 1,2 mentioned in

Assumption 3.6.1;
(2) a constants pi; (i=1,2, j=1,2,...,8) such that
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() Dfvir + (DFvi)T f(t,2,0,0) < pr1d(ll=ll)
V(t,z) € Ry X Ny;
(b) Dfvaz + (Djfvaz)Tg(a, b,y,0) < ppartd (llyl))
V(a,b,y, 1) € Ry X Np X Ny x M;
(¢) (DFvn)T[f(t, 2,9,0) - f(2,,0,0)] < prap3(|=ll)
+pspa(llelN2(llyll) V(¢ z,y) € Ry x Np x Ny
(d) (DFvaz)Tlg(e, b,4, ) — 9(e,b,y,0)] < pa2v3(Ilyll)
+upaspa(fleiDy2(livll) V(e by, p) € Ri x Np x Ny x M;
(e) Difviz + (DFv12)Tf(¢,2,0,0) < pp14d(||=ll)
+upisea(llzDe2(llyll) ¥ (¢t 2,y, 1) € By x Nz x Ny x M;
(f) (D;:}-UH)T[f(ta $>y’0) - f(t’ z, 0’ 0)] S “plﬂ(pg(“x”)
+pprrez (el (llyl) + uprsv3 (llyl)
V(t,z,y, 1) € Ry X Ny X Ny x M;
(8) (Dfv12)Tg(a, b,y,0) < upaat(llyll) + posse2(llzl)vz(llyl)) -
V{a,b,y,p) € Ry X Ng X Ny x M;
(b) (Dfvi2)Tlg(e, by, 1) — g(e, b,y,0)] < up2ei(lill)
+uparea(llzi)p2(lyll) + pe2sy3 (llyll)
V(a,b,y,p) € Ry X Ng X My x M.

ProposITION 3.8.1. If all conditions of Assumption 3.8.2 are satisfied,

then for the upper right Dini derivative of function (3.5.8) along a solution
of (3.2.1)-(3.2.2) the upper estimate

D+V(t’x,y$l‘) < UECO(ﬂ)UZ V(t,x,y,u) € R+ X Nm X Ny x M

is satisfied, where

and

CO(N) = [sij(#')L 512(”) = 821 (I"'): ia .7 = 11 2a

s11 = N2 (p11 + p12) + 2mmep(ora + pie + p2s);
822 = 03 (pa1 + paz) + 2mna(pp1s + pas + pas);

1 1
s13 = s21 = Snip1s + Enﬁupzs + mna(pp1s + po1r + p2s + par).
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THE PROOF is similar to the proof of Proposition 3.6.1.

We introduce the values i;, i, #*, 1= 1,2,3,4 by the formulas

~ _ __ mpu+p2)
202(p14 + p16 + p2s)’

~ _  ma(pa1 + paz) + 2m1(pas + p2s)
Mz = — 3
211 p18

. ~b+V b —4ac
2a ’

M3 =

B4 = pa, Ho = min (fiy, iz, i3), E* = min (o, fia).

Moreover,

. [1, 2
a=|zmp2s + mmnz2(p1s + p17)| — 4mnep1s(pis + p1e + pas);

~ 1, 1
b= 2771 P13 + mna2(pas + por) nzpzs + mna2(p1s + p17)

= 2mnzpis(p1r + p12) — 2mn2(p1a + P16 + p2e)
X (73 (p21 + paz) + 2mma(pas + pos)],

. [1, 2
¢=|3nipis+ mn2(pzs + par)
— 08 (p11 + pr2)[n3 (p21 + paz) + 2mm2(p2a + pag)].

PROPOSITION 3.8.2. The matrix C°(u) is negative definite for every
u € (0,7ig) and for p — 0, provided that
(a) p11 + P12 <0;
(b) pr4 + p16 + p2s > 0;
(c) ma(p21 + paz) + 2m1(p2s + pag) < 0;
(d) p1s >0;
(e) @
)

THE PROOF is similar to that of Proposition 3.6.2.

REMARK 3.8.1. If conditions (a), (b), (c), (¢) and (f) of Proposition
3.8.2 are satisfied and p;s < 0, then its assertion is true for fip =
min ({1, fi3).-
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REMARK 3.8.2. If conditions (a), (c), (e) and (f) of Proposition 3.8.2
are satisfled and p14 + p16 + p26 < 0, then its assertion is true for fig =
min (fiz, fis). |

REMARK 3.8.3. If conditions (a), {c), (¢) and (f) of Proposition 3.8.2
are satisfied and p1s €0, p14 + p16 + pas < 0, then its assertion is true for
o = [is.

THEOREM 3.8.1. Let motion (T (t;to, 2o, u);yT (;te,y0, u))T of the
system (3.2.1)-(3.2.2) be continuous for (to,Zo,y0) € R+ X Ny X My and
u € M® C M. In order that the equilibrium state (zT,yT)T = 0 of sys-
tem (3.2.1)—(3.2.2) be uniformly asymptotically stable for every u € (0, fio)
and for u — 0 it is sufficient that

(1) conditions of Assumptions 3.8.1 and 3.8.2 be satisfied;

(1) matrices A;(u)+ AT (u) and Az(u) + AT (4) be conditionally pos-

itive definite;

(2) matrix C°(u) be negative definite for every u € (0,uo) and for

w0,

If, moreover, Ny x Ny = R™*", functions ¢, Y1 € KR, i = 1,2,
then the equilibrium state (zT,y")T = 0 of the system (3.2.1)-(3.2.2) is
uniformly asymptotically stable in the whole.

THE PROOF is similar to that of Theorem 3.7.1.

Sufficient instability conditions for state (zT,yT)T = 0 of the system
(3.2.1)-(3.2.2) are established in the same way as in Theorem 3.7.2.

3.9 Asymptotic Stability of Linear Autonomous Systems
For the mentioned class of systems two cases of singular perturbation are
considered.

3.9.1 Case A

Consider the system
dr

(3.9.1) (‘f
M% = A7 + Agay,

Az + Ajay,
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where z € R®, y € R™, A1, Aia, As1, Ass are constant matrices with
corresponding dimensions, g € [0,1)] is a small parameter.

We construct the matrix-valued function (3.5.1) of elements v;; (4,7) €
(1,2]) in the form

vi1(z) = 2'B z,
(3.9.2) vaz (Y, 1) = py  Bay;
’U12($aya p‘) = 021($1y1 p‘) = NxTBay-

Besides, matrices By and By are symmetric and positive definite, and Bj
is a constant matrix.’
Further we need the following estimate (see Djordjevi¢ [28])

ProposITION 3.9.1. Let an A € R*"*™ and B € R™*", ¢ € R",
y € R". Then the bilinear form xTABy satisfies the bilateral estimate

—AY2(AAT)AY2(BB) ||| |lyll < zTABy < AY2(AAT)AY2(BTB) |zl Iy,

where Apr(AAT) and \p(BTB) are maximal eigenvalues of the matrices
AAT and BTB respectively.

PRrROOF. Let o € R. We construct the vector
w = aA% + By,
and consider the inequality
(3.9.3) wiw >0
Since wT = azTA + yTBT, then (3.9.3) is equal to
(3.9.4) o?zTAATs + 202TABy + y*B™By > 0.

In order that the polynomial (3.9.4) be non-negative it is sufficient that its
discriminant be non-positive. Hence, we get

(mTABy)2 < (xTAATw)(yTBTBy)
and
(3.9.5) |2TABy| < (zTAATz) /2 (yTBTBy)'/2.

Hence, it follows the estimate from Proposition 3.9.1.
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COROLLARY 3.9.1. If in Proposition 3.9.1 B = I (I is an identity ma-
trix) and r = n, then bilateral estimate becomes

(3.9.6) —X7(AAT) ]l 1yl < 2TAy < A3 (AAT) =] [yl

forall A€ R®, z € R, y € R™.

In view of estimates typical for the quadratic forms and with regard
to Corollary 3.9.1 it is easily seen that for functions (3.9.2) the following
inequalities are valid:

(3.9.7)
vi(@) 2 Am(B)llzl? Yz € Noo;

vaa(y, 1) 2> wAm(B2)llyl? Y (y, 1) € Nyoo X M;

vi2(2, ¥, 1) = Va1 (2,9, 1) > —pAss? (BsBY)| ||yl
V(w,y,#) € Nﬂ:O X NyO x M.

For the function V(z,y,u) = nTU(z,y,p)n, n € RZ, the matrix A, (u)
from estimate (3.5.11) has the form

Am(Bi)  —pA*(BsBY)
Ai(p) = 1/2 .
~uA(BsBY)  pAnm(Ba)

Since by assumption on matrix By have Ay (Bi) > 0, and then for the
function V' (z,y, p) to be positive definite it is sufficient that

(3.9.8) Am(B1)Am(B2) > pry(BsBY)

for every p € (0,u§) and for p — 0.
The fact that
dV(a:,y,u) — TdU(fE,y’#)
dt @ "

yields

1dV(z,y,p) _ 1 c11 Ci2 + 4o12
3.9.9 —— =
( ) 2 dt e+ pory  Cog + pogs )



3.9 ASYMPTOTIC STABILITY OF LINEAR AUTONOMOUS SYSTEMS 155

where z = (zT,yT)T and

1, 1

cu = 57 n3(BiAu + ATB1) + -2'n1n2(BzAz1 + ALBY);
1

Ca2 = 57 n3(BaAzs + ALBy),
1

022 = -771772(33A12 + ALBs),
1
c1z = 271131A12 + 217117233A22 + 2772142132,

1
o13 = §ﬂ1ﬂzA1133, m>0, n2>0.

Let %VM(m,y,p) be an upper bound of the expression (3.9.6). It is easy
to verify that

(3.9.10) 2 Via(z,3,4) < Wy,

where u = (|lz||, lyl)* and

(B) = ( An(e11) Ap (crachy) + #/\}\42(0120?2)>
1/2(012012) + W\M (0120%3) Anr(ea2) + pAra(oa2)

Here Ap(ci;) and Ap(og2) are maximal eigenvalues of matrices cy,

i = 1,2 and oy respectively; and /\Mz(clzc'lrz) and )\Mz(aua'f‘z) are norms

of matrices ¢;2 and 12 respectively.
In this case, the values ug, u3 and pg are expressed as follows

pz = —Aum(caz)/Am(o22), ps = (—b+Vb? —4ac)/2a, po = min (ug, us),
where
a= AM(GHUE‘Z))

b= Xy (c12el) A3 (0120%) — Ane(can) Ane(o22),

cC= )\M(cuclz) - /\M(Cll)/\M(sz)-

Sufficient conditions for uniform asymptotic stability of the state
(&%, yT)T = 0 of (3.9.1) are established in terms of Theorem 3.7.1. Namely,
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the equilibrium state (zT,yT)T =0 of system (3.9.1) is uniformly asymp-
totically stable in the whole if
(1) inequality (3.9.8) is satisfied;
(2) the following inequalities are satisfied
(8) An(en) <0
(b) /\M(sz) < 0;
(C) AM(Uzz) > 0;
(d) /\M(C1zc’1rz) - /\M(cn))\M(sz) < 0.

This assertion follows from the fact that for functions (3.9.2) under con-
dition (3.9.8) the function V' (z,y,x) = nTU(z,y)n is positive definite and
radially unbounded, and under condition (2) D+V(z,y,u) along solutions
of system (3.9.1) is negative definite. Therefore, all conditions of Theo-
rem 3.7.1 are satisfied.

3.9.2 Case B
Consider the system

dz
dt

dy
udt = udaz + Asy,

= Auz + A2y,
(3.9.11)

where, z € R", y € R™, u € (0,1] and matrices Aij,...,Ass are the
same as in system (3.9.1).

In order to establish conditions for uniform asymptotic stability of equi-
librium state (zT,yT)T = 0 of system (3.9.11) we incorporate the Theo-
rem 3.7.3. To this end we take the elements of a matrix-valued function in
the form of (3.9.2) and assume that the estimate (3.5.11) is satisfied for the
function V' (z,y, u).

We have for the total derivative of function V(z,y, u) along a solutions
of system (3.9.11)

(3.9.12)

=

0 0. 0 0
€i) + poj, Cip + N012> ;
H

Ly (o) = 27 (
" 7 ey +uoly s+ pod,
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where
& = -;- ?(B1A11 + AiBy);
oy = '1-771172(33-421 + ALBY);
¢33 = =13 (B2 Aga + AD,Ba);

=

09 = 5771772(33A12 + ALBs);
1 1
cfy = 5"?31‘412 + 572177233«422;
1
(13 = 27131‘1;132 + 2771772A11Ba, m >0, m>0.

For the upper bound %VM(m,y,p) of expression (3.9.12) we have the
estimate

(3.9.13) jtVM(m’y ©) < 2uTC(u)u,

where

()= ( Mo+ phu(ofy) N () + uA1/2(a?2a?;s“))
1/2(01201%1) + Mf\l/z("?za?;) A () + pAn(035)

In this case, the values fi;, i = 1,4, fip and [i* are defined as

b =~ 2(ch) 5, = — 2m(C)
Ane(o9:) )\M(ng) ’
- -b + Vv blz —4a:c1 -
M3 = 2 ) Ha = [4,
ai
ﬁO = min (ﬁl’ﬁ21ﬁ3)a L* = min (ﬁOaﬁ4);

where

/\M(012‘712) )\M(Un))\M(‘Tzz)
by = )\1/2(01201%‘))‘1/2(‘712”171) - )\M(Cn))\M(azz) - AM(U?I)AM(UgZ);

c = /\M(cgzcg) - '\M(C?1)’\M(ng)-
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According to estimates (3.5.11) and (3.9.13) for functions V(z,y, #) and
DV (z,y,u) the sufficient conditions for uniform asymptotic stability in
the whole of state (zT,yT)T = 0 of the system (3.9.11) are

(@) Am(B1)Am(Ba2) > uAyy* (BsBY);

(b) Am(cdy) <O;

(© Am(ed) > 0;

(d) Am(cdy) <05

(©) Au(of) > 0;

€) An(092097) — A (o91)Ane(03;) > 0;
(8) Aar(2e8F) — Aar(cd) M (cgs) < 0.

3.9.3 Example
Let the system (3.9.1) be
dz 05 01 36 0.3
@t (—0.5 0.6) vt (—0.2 5 ) v,
= (3 %0)e+ (%)
where z € R?, u € (0,1].

We take for the system (3.9.14) the matrix-valued function U(z,y, u)
with the elements

(3.9.14)

vi1(z) = 27 diag [2, 2)z;
(3.9.15) vas (y, ) = py” diag 1, 1ly;
v12(2,y, 1) = v21(2,y, ) = pa” diag [0.4;0.4]y.

It is easy to see that vi;(:), 4, j = 1,2 satisfy the estimates

v (z) > 2||z||? vV (z) € Mao,
(3.9.16) vaa(y, 1) > pllyll? V(y, 1) € Nyo X M,
via(z, ¥, p) > —0.4pllz( [lyl] ¥ (z,y, 1) € Ngo x Nyo x M.

Let 5 = (1,1). Then matrix A; (1) in estimate (3.5.11) for the function

Viz,yp) =nU(z,y,u)n, neR
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with elements (3.9.15) and the estimates (3.9.16) has the form

= (_gy, T4

It can be easily verified that matrix A;(u) is positive definite for every
p € (0,1] and for p — 0.
The elements of matrix C(u) from the estimate

d
'(%VM(:E’ Y, /“) S 2UTC(”')'U'3

where u = (||z||,||y]])T, have the values

A (ern) = —1.291723;

An(coo) = —2.89;

(3.9.17) Anm(022) = 2.000713;
A2 (c1acTy) = 0.784953;

A2 (0120T,) = 0.165452;

The values of parameters us, us and po are

po = 1.444485; 3 = 1.779742;
o = min (ua, us) = 1.444485.

With regard to (3.9.17) we find that

(a) Aml(en) <0

(b) Am(ce2) <O

(e} Aml(oa2) > 0;

(d) Am(eraelz) — Anrlern) Anr(c2a) = —3.117332 < 0,
and po = 1.444485.

By Theorem 3.7.3 the equilibrium state (zT,yT)T = 0 of the system
(3.9.14) is uniformly asymptotically stable in the whole for every u € (0,1]
and for 4 — 0.
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3.10 Applications

Consider some applications of general results to the problems of mechanics.
3.10.1 Plane two-component pendulum

Let two absolutely solid bodies form a pendulum as shown on Figure 3.10.1.

Body I is rotating around hinge O; and contains a sphere cavity. A
round body II is placed into this cavity and is freely connected with body I
at point Os. For the sake of simplicity we assume that the center of mass
of body II coincides with point O,.

FIGURE 3.10.1 Plane two-component pendulum

The bodies forming such a pendulum are subjected to the weight force
and moments of elasticity force and friction with a large coefficient of pro-
portionality to relative rotation angulars and relative angular velocities of
the links. Body I moves in the medium with viscous friction. The motion
equations of this system in the form of moment of momentum equations for
the total system relative to point O; and for body II relative to point O,
are

d
ﬁ(hﬂl + Izﬂz) = —Plsin®; — N10;,

d
(3.10.1) 10 = —K3(%; — &1) — Na (s — ),
d®, 0 d%,

ar ~ " dr
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Here we designate by ®; and ®; the rotation angulars of the system ele-
ments, by € and €, its angular velocities, by [y and I, the moments of
inertia, by 7 the natural time, by P the total weight of the system, by I
the distance from point O; to the center of masses, by N; the coefficient of
moment of friction of outer forces for the system, by K3 and N, the coeffi-
cients of stiffness and friction of moments of interaction forces between the
bodies.

In system (3.10.1) we get over from variables &, ®,, 1, Qs to the set
w1, 1, A, U containing the variables A = & — &1, U = Q3 — ; with
respect to which tight co-actions take place. Then we obtain the following
equations

d = —Plsin®; — N1l + KA + NpU,

ha
L =Epgis, -1+ Bymoa + M),
ar T I I
(3.10.2)
a®: o
ar v
da _
dr —
In the system (3.10.2) we get over to the pure normalized values
4= g 2h, _h =&
Tn "TL BT T3
(3.10.3) A o U
5 = —A—*', w1 = ﬁ:’ U= E—

Let us consider a class of motions for which

(a) the oscillations of body I are large (®. = I);

(b) the moments of inertia are of the same order (I, = I1);

(c) the stiffness of elastic forces is essentially larger than the coefficient
of regeneration K; = Pl due to the condition K; << K.

We estimate partial time constants of the system. Time constants T;
of slow oscillations due to condition (c) are estimated by ¥ = I/ K}, the
time constant 1, of quick oscillations of body II due to elasticity is estimated
by the correlation 72 = I/ks. For Ky > K; we have p = no/m1 < 1.
We estimate characteristic angular velocities of the system with respect to
variables Q;, U by the correlations . = ®./71 and U, = A./7.

Assume that the oscillation moments and moments of forces of elastic
interaction are the values of the same order (K:A. = Ki). We take the
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value of the order of slow partial oscillations (. = 71) as the characteristic
time. In result of the normalization of (3.10.3) equations (3.10.2) become

dw . ‘
— = —giny; — 26 w1 + 6 + 265u,

dt
(3.10.4) " ¢
-C-E = ig8in¢; — (1 + iz)((s + 2621&),
5,
b ="

Here all variables ¢;, w1, d and u have the values of the order of one,
iz = I/I; and &, &; are dimensionless coefficients of damping of the first
and second partial oscillating links. In system (3.10.4) we make the change
of variables

sing; =21, wi=23, u=y, (1+4i2)0—izsing; =y,

and linearize the system. In result we get

d
_J:E' = A1z + A2y,
(3.10.5) dy
P = Aniz + Agoy,
where
( 0 1 0 0
A11 = 1 ) y A12 = ( 1 ) )
— 2
1+, & 2 1+1z
_ (0 0 _ —2(1+i2)§2 -1
A’“‘(o —¢2>’ A”"( 1+ig  0)

z = (z1,22)7, y = (y1,52)7T, p is a small parameter.
For system (3.10.5) we construct matrix-valued function with elements

vu(a) = 2% (2(617711+ Y 2(1? iz)) o

0 0
(3.10.6) vi2 (2, y, 1) = o ( ’ 0,01) v,

2(1 +4
(1+145) Y2 )y,

var (v, ) = py™ ( Yy 2(6272 +1)
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where 7; and -y, are constants satisfying the conditions
(3.10.7) T < 46(1 +ia), Yo < 4€2(1 +142)

Functions (3.10.6) satisfy the estimates

vi1(z) > ke ||zl|? Vz € R?
viz(e,y, 1) > =2¢llellllyll ¥ (z,y) € R? x R?
’Uzz(ﬂ,/.b) > /“'k2“y“2 Vy € Rza

where

ki =&y, +iz+2~ \/(51')’1 —i2)2 + 72

ke =&, +ia+2—/(Gm — @22 + 2.

It can be easily verified that when inequalities (3.10.7) are satisfied, then
ky >0 and k; > 0.

Matrix A;(p) in estimate (3.5.11) for matrix-valued function with ele-
ments (3.10.6) has the form

v _{ k=2
(3.10.8) mo= (5, )
and is positive definite for any u € (0,7is), where

- 1
Hy = thz-

If nT = (1,1), then the elements of matrix C%(u) are

M) = max (~ 2~ + i)+, )

)‘M(U?I) =0;

Aae(cdy) = max (—4(1+ i2)%6 + (1 +i2)%; =) ;
1

Am(o9,) =26 + 000 1 15)

1/2

* [(2&* woir) + (o) * (1+1iz)2]
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1/2

1/2(cg2c‘1)2T) [§P1 + (ZPf - (_2%15) ) :| ;
2 L\ 2
1+
Po=(&7,) + (2(17; m) +( 1002) ;
1 1 a2\ 2]
- Zp2 _ {34 _ta7 .
2P2 + (41’2 (22(52% +1) 100) ) } ;

P1+122i27’2£ )’
300 + §1+—-2— + 100+@2(§2'Y:+)

Matrix C%(u) is negative definite for every u € (0, o) and p — 0, where
Fio = min (fi, fi3) and

~ _ Au(cdy) s —by + /b — dayc;
)

Ha = )\M(ng), 2a1

\L/2

T)_

(012‘71

where

= AM(”?za?g)’
by = 1/2(012 12)’\1/2(012‘7 ) = Aneedr) An(09,);

= )\M(Cucw ) - )‘M(Cu))\M(sz)

if one of the following conditions (i)-(iv) is satisfied

o N2 0 0T 461 (1 + i9)? 463(1 +iz)?
(i) Tri; > A (clzclz)forf71<——2+i2 and72<———-—2+.2
.. , 4€1(1 +1p)?

(i) (4&2(1 +1d2) — o)1 > Am (c3c9F) for m < _E_%:_z_:_z)_ and
465(1 4 i2)? .y,

. 46 (1 +i

(iii) (4 (1+92)—m)y2 > Am (012012) for —é%:_—f—)-— <m <451+
, 46(1 +149)?
‘Lz) and 7y, < '—'—2-;—1.'2——,

(iv) (1 + ig)(461(1 + d2) — m)(46a(1 + 42) — 1) > Apr (3F) for
461 (1 +ip)? 462(1 4 4p)?

5T <m < 4&(1+42) and 5T i < ¥y < 4€3(1443).



3.10 APPLICATIONS 165

By Theorem 3.7.1 the equilibrium state (zT,yT)T = 0 of system (3.10.5)
is uniformly asymptotically stable for every p € (0,f*) and for 4 — 0,
where [, = min (4, o).

3.10.2 Singularly perturbed Lur’e systems

In this section, the stability of a singularly perturbed system of the Lur’e
form is analyzed on the basis of the Liapunov matrix-valued function. We
obtain sufficient conditions for the absolute stability of a system of the Lur’e
form and we indicate the bounds of the variation of the small parameter.

3.10.2.1 Singularly Perturbed Lur’e System. Case A. We consider the au-
tonomous singularly perturbed system of Lur’e type
dr

pr Auz + Ay +afilor), o1 =ch + chy;

(3.10.9) a
#a% = A + A2y + g2 f2(02), 02 = chy + chY,

where z € N, C R", y € Ny, € R™, u € (0,1] is a small parameter,
the matrices A(-) and the vectors ¢(-), ¢(:) having appropriate dimensions.
The nonlinearities f;, ¢ = 1,2, are continuous, f;(0) = 0 and in the
Lur’e sectors [0, k], k; € (0, +00) satisfy the conditions fi(0:)/o; € (0, k),
i=1,2;Vo; € (—o0,+00).

Moreover, we consider only those nonlinearities f; for which the state
(zT,yT)T = 0 is the unique equilibrium state of the degenerate system

d:
(3.10.10) E::- = Anz + q1 f1(o?); o =chx
and of the system, describing the boundary layer, .
d
(3.10.11) uj’i— = Any+0fa(0d);  of =chy

This assumption holds if
ciAzta > 0.
We introduce the following notations:
F(,0) = Auz + g1 f1(0?);
F(@y) = Ay +alfilor) - f1l6D));
9(0,9) = Azy + g2 f2(03);
9" (z,y) = Anz + go[fa(02) — f2(0)].
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Then the system (3.10.9) takes the form

dr _

= @0+ £ (@)

%; = g(0,y) + ¢*(z, y).

Together with system (3.10.9) and subsystems (3.10.10), (3.10.11) we shall
consider the matrix-valued function

_ (vi(z) vm(m,y,u)) . _
(3.10.12) Uz,y,u) = (vn(x,y,u) vaa (. 1) ; V12 = Va1,

where
vi1 =2 B1z; vz = py"Bay; iz = uz"Bay;

where B; and B; are symmetric, positive-definite matrices; Bs is a constant
matrix. With the aid of the matrix-valued function (3.10.12) we introduce
the scalar function

(3.10.13) V(z,y,u) =n"U(z,y, mn,

where 7T = (m,m); n € RY; mi >0, i =1,2.
We assume that the elements of the matrix-valued function (3.10.12)
satisfy the estimates

(3.10.14)
v11(2) > A (B1)ljz||? Yz € Ngo = {2: 2 € Npjz # 0}
vaz(y, ) 2 pAm(Ba)llyll® V (Y, 1) € Nyo x M;

vi2(2,y, 1) > =N (BsBE) | lyll ¥ (2,9, 1) € Nao X Nyo x M,

where Ap,(B;) are the minimal eigenvalues of the matrices By, ¢ = 1,2;
A%z(BaB;r) is the norm of the matrix (B3B3 ); An(B3BY) is the maximal
eigenvalue of the matrix BsBT; Ny = {y: y € MV, ¥ # 0}; M = (0,1].

Under the estimates (3.10.14), for the function (3.10.13) we have the
estimate

v(z,y,p) 2uTHTAHu Y (2,y,1) € No X Ny X M,

where u” = ([|zl}, |lyll), H = diag (m,7);
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[ AB)  —w(BsB)
A(u)—( 1/2(333T) PAm(B2) )

For the derivatives of the elements of the matrix-valued function (3.10.12)
along the solutions of the system (3.10.9) we have the following estimates;
(8) (Vou11)Tf(2,0) < puillzl* Yz € Nyo;
(b))  (Vovu)™f*(2,y) < prallzlf? + 20142l Iyl
V(.’E,’y) € Nmo X Nyﬂi
(©) (Vyv22)T9(0,9) < ppallyll?® V(y, 1) € Nyo x M;
() (Vyv22)Ty" () < ppaallyll® + pozf’ Izl iyl
V(z,y,,u) € N:z:O X Nyo X M,
() (Vav12)TF(z,0) < ppit’iz]l Iyl
V(xa%ﬂ') € NmO X NyO X M;
) (Vovn)TF*(z,9) < uort |zl lyll + porsliyl?
V(z, y,ﬂ) € Nao X Nyo X M;
8 (Vyu12)"9(0,9) < oyl Izl fly]
V(z,y, 1) € Nzo X Nyo x M;

(h)  (Vyu12)T0" (2,9) < ppasllzl® + upz)lll llyll
Y(z,y,p) € Ng X Ny x M,

(3.10.15)

where p11, P12, P21, P22, P1s, p2e are the maximal eigenvalues of the
matrices

By An + ATB: + Bigikicly + (q1kic];) "By,
Bigikict; + (akich) By,
By Az + A3B2 + Bagakicly + (qekicy) " Ba,
Bagsk3ca; + (a2k3¢3) "B,
ATBs + (1t cfz)Bs,
B3 A1 + Bsgakyeay,

respectively; piéz, p;éz, piéz, p%z, pééz, p%z are the norms of the ma-
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trices

Bi A3 + Bigikicly
By Az + Bagakycl,
AT\Bs + (a1 k5ct;)"Bs,
(gkief;)™Bs,
B3 Azs + Bagakjcgy,
Bigak cgz,
respectively,
ke = { ki for giq;B;z >0 (or 0;q:Bjy > 0); (i=1,% j=1,23).
0 for 0y¢;B;z <0 (or 0;9:B;y < 0);
Denoting the upper bound of the derivative of the function (3.10.13) by
%VM (z,y, u), we find the estimate

(3.10.16) L Vae(z, o) < Wy,

where
o o
Clu) = (U;i a;z) ) 012 = 021;
o11 = 13 (p11 + p12) + 2712265
022 = 13 (P21 + pa2) + 2umaprs;

142 + 2 ons® + mma(poit® + upkf? + out? + 010,

o12 = 771P13

We introduce the quantities

n2(pa1 + paz) . g = —b+ Vb2 — dac

p=- s % s po = min (u1, pg),
where
a=nind(pil® + piiH)%;
b=mm(pil® + o) n?elf? + n2eif* + nmz(pl’ 2+ 03070 = 2mmapracs;
c= [n?piéz + 020347 + mma(03L? + P342)? — 2 (21 + paz)os.

If it turns out that uo > 1, then we consider u € (0, 1).
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ProrosITION 3.10.1. The matrix C(u) is negative-definite for every
w € (0,1] and for u — 0 if the following conditions hold:

(a) o11 <0,
(b} mp1s >0,

(c) m2(p21 + p22) <0,
(d) e<O.

REMARK 3.10.1. If 1013 < 0 and the conditions (a), (b), {d) of Propo-
sition 3.10.1 are satisfied, then its assertion remains valid for ug = us.

THEOREM 3.10.1. Assume that the singularly perturbed Lur’e system
(3.10.9) is such that the matrix-valued function (3.10.12) has been con-
structed for it, the elements of which satisfy the estimates (3.10.14), and
for the upper bound of the derivative of the function (3.10.13) the esti-
mate (3.10.15) holds.

In this case, if

(a) the matrix A is positive-definite;

(b) the matrix C(u) is negative-definite for every p € (0, uo) and for
p—0,

then the equilibrium state (z,yT) =0 of the system (3.10.9) is uniformly
asymptotically stable for every p € (0,u0) and for u — 0.

If, furthermore, Ny X Ny = R™™ then the equilibrium state of the
system (3.10.9) is uniformly asymptotically stable on the whole for every
u € (0, o) and for p— 0.

ProOF. On the basis of the matrix-valued function (3.10.12), with the
aid of the vector n € R%, n > 0, we construct the scalar function (3.10.13).
Under the estimates (3.10.14) one can show that

v(z,y,p) > u HTAHu, V(z,y,p) € Ny x Ny x M.

Then from condition (a) of Theorem 3.10.1 there follows that the function
V(z,y, u) is positive-definite.

For the derivative %V(m,y,u) the estimate (3.10.15) holds. From here
and from condition (b) of Theorem 3.10.1 there follows that the deriv-
ative —%V(z,y,u) of the function (3.10.13) is negative-definite for every
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4 € (0,p0) and for u — 0. As is known (see Gruji¢, Martynyuk and
Ribbens-Pavella [1]), these conditions are sufficient for the uniform asymp-
totic stability of the equilibrium state of the system (3.10.9).

In the case N x Ay = R™™ the function V(z,y,p) is radially un-
bounded which, together with the other conditions, proves the second as-
sertion of this theorem. This is the absolute stability of the system (3.10.9),
Lo being an estimate of the upper bound of the variation of the parameter u.

8.10.2.2 Singularly Perturbed Lur’e System. Case B. Assume that the sin-
gularly perturbed system is the Lur’e-type system:

dz
e = Anz + A2y + q1 fi(01), o1 = ¢l + olgy;
(3.10.17) dy
By = pA2T + A2y + g2 f2(02), 02 = Ci® + Coy.

Here we preserve all the assumptions made regarding the system (3.10.9),
including the assumption on the equilibrium state, i.e., the conditions on
the system (3.10.10), (3.10.11).

We assume that for the system (3.10.17) we have constructed the matrix-
valued function (3.10.12) for the elements of which the estimated (3.10.14)
are satisfied. We introduce the following notations:

f(2,0) = Anz + g1 f1(09);
f(@,9) = Ay + ailfi(01) = fr(oD));
9(0,y) = Agay + g2 f2(09);
9*(x,y, 1) = pAnz + g2 f2(02) — f2(0)].

The system (3.10.17) takes the form

2 = 1@ 0+ @)

d *
“71% =9(0,y) +9"(z,y, ).

By virtue of the system (3.10.17), for the derivatives of the elements v;; of
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the matrix-valued function (3.10.12) we have the estimates:
(8) (Voui)Tf(2,0) € prillz)l? Ve € Nao;
(b)  (Vovu)Tf*(z,y) < pazllzl® + 20157l (19l
V(z,y) € Nao %X Nyoi
(c) (Vyv22)T9(0,p) < poarllyl®* V(y, 1) € Nyo x M;
@ (Vyu2)Tg" (2,9, 1) < wpaallyll® + 2020352 || Iy
Y (2, y, 1) € Nao x Nyo x M;
(©)  (Vaov12)TF(2,0) < ppif?llzll llyll
V(w,y,li) € NwO X NyO X M;
) (Vov12)f*(z,v) < ppillall lyll + posslyll?
V(z,y, 1) € Ngo x Nyo x M;
®) (Vyu12)T9(0,3) < poslliell Iy
V(m,y,ﬂ) € Na:O X NyO X M;
1/2

() (Vyvi2)Tg* (@, y, ) < 1Ppasllzl|® + poad’ |l Iyl
Y (z,y, 1) € Nao x Nyo x M.

(3.10.18)

Here, p11, p12, p21, P22, P18, p2e and Piéz, P;éz, Piéz, P%z, P;éz, P;'/rz

are the same quantities as in the estimates (3.10.15). We note that the pres-
ence of the small parameter u in the right-hand side of the system (3.10.18)
leads only to the modification of the estimates (3.10.15)(d) and (3.10.15)(h)
to the form (3.10.18)(d).

Denoting the upper bound of the derivative of the function (3.10.13)
along the solution of the system (3.10.17) by %V(m,y,p), we find the
estimate

(3.10.19) LV (z,9,) < (e

where
~ \_ [0u G2}, ~ o~
C(:U‘) = (321 522> ) 012 = 021,
F11 = 72 (p11 + p12) + 2umT2p26;
Gz = n2(pa1 + paz) + 2umn2p1s;

—~ 2 1
G12 = n2p? + um2psh? + mma(perh® + uptl® + o2 + 0347,
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We introduce the quantities

b= mlputen) o mlemtem) oo bV -4

Mopze | 2 2mpis 2a
fio = min (f, &2, fi3);
. 2
a@ =[n2o3s’ + mma(pil® + pY47)]? — dndnd prspas;
2 1/2

b =[n?oif? +mm(osl® + p3f") Ik pss® + mma(pll

— 2mna[nipis(pr1 + pr2) + Ep2e(par + pa2)l;

12 /2)]

12 1/2

E=[ﬂfﬂ1 + mn2(pak 8 — n2n2(p11 + p12)(pa1 + paz).

If it turns out that po > 1, then we consider p € (0,1).

ProPOSITION 3.10.2. The matrix C~’(u) is negative-definite for every
u € (0,up) and for u — 0 the following conditions hold:

(a) m(p11 + p12) < 0;

(b) m2pae > O;

(c) m2(pa1 + p22) < 0;

(d) 771P1s >0;

() a>

(f) e<
"REMARK 3.10.2. If n2p26 < 0 and conditions (a), (¢)—(f) of Proposition

3.10.2 are satisfied, then its assertion remains valid for fig = min (Jiz, [i3).

REMARK 3.10.3. If 71015 < 0 and conditions (a)-(c), (), (f) of Pro-
position 3.10.2 are satisfied, then its assertion remains valid for [ip =
min (fiy, fs).

REMARK 3.10.4. If m3p26 <0, mpis < 0 and conditions (a), (b), (e),
(f) of Proposition 3.10.2 are satisfied, then its assertion remains valid for
fio = fig.

THEOREM 3.10.2. Assume that the singularly perturbed Lur’e system
(3.10.17) is such that the matrix-valued function (3.10.12) has been con-
structed for it, the elements of which satisfy the estimates (3.10.14), and
for the upper bound of the derivative of the function (3.10.13) the esti-
mate (3.10.19) holds.

In this case, if

(a) the matrix A is positive-definite;
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(b) the matrix C(u) is negative-definite for every i € (0,%ip) and for
w—=0,

then the equilibrium state (z7,yT)T = 0 of the system (3.10.17) is uni-
formly asymptotically stable for every Ji € (0,7io) and for y — 0.

If, furthermore, Ny X Ny = R™™ then the equilibrium state of the
system (3.10.17) is uniformly asymptotically stable on the whole for every
L€ (0,5ip) and for u — 0.

8.10.2.8 Ezample. We consider a system of the form (3.10.17) in which

a0 1Y, (oY _ (~001
11 = -1 -2/ q = 0.1/ Ci1 = 0 )
10 1
A12=(0 1); 012=(1> (ky = 2);
Ay (0001 0 N r0001Y (1)
21 = 0 0.001 /' 21 = 0 ' g2 = 1/
-4 1 1
Az = ( 1 _4); 2 = (0> (k2 =1).

The matrix-valued function (3.10.12) has the elements

0.3 0.1 2 0
'\'.)11(37) ='7'.T<0.1 0.3) z; Uzz(y’l‘l’) =.u’yT(0 2) Y
001 O
'012(379%”) = UZl(w:y’/‘) = /-"xT( 0 0.01) Y,
for which we have the estimates

via(z) 2 0.2l2ll®; vy, m) > 2ullyli?;
v12(%, 9, 1) 2 =0.01ullz]| ly]l-

If n;, =1, ¢ =1,2, then the matrix

o[ 02 —00W
T\ =001 2u

is positive-definite for every u € (0,1).
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Moreover, for the elements of the matrix C(u) we have:

(1) for k} = kit p11 = —0.15290, p1z = 0.00043, p21 = —7.67545,
paz = 4.82843, p1s = 0.012, pye = 0.00002, pif? = 0.00490,
1/2 _ 1/2 1/2 _ 1/2 _
piL% = 0.46165, p}{? = 0.02415, p{? = 0.00002, p3* = 0.05117,
pil? = 001414, and @ = 0.00084, b = 0.01909, & = —0.15638,
i1 = 7623.205, [z = 118.6257, Jii3 = 6.13236;
(2) for k;-" = 0 p11 = —0.15279, P21 = —12, p1s = 0.01, Pag =
0.00001, pi{? = 0.4, p? = 0.002, pif> = 0.02414, p3* = 0.05,
p1z = paa = pit? = plf? = 0, and & = 0.00068, b = 0.01506,
T = —1.6398, fiz; = 7639.5, fizz = 600, fizs = 28.84152.
It is easy to verify that in both cases the conditions of Proposition 3.10.2
are satisfied.

The quantity fio = min (uij, i =1,2; j =1,2,3) = 6.13236 > 1.

Thus, on the basis Proposition 3.10.2, in the given example the matrix
C(u) is negative-definite for every u € (0,1) and for gz — 0. On the basis
of Theorem 3.10.2, the state (zT,yT) = 0 of the system, determined in this
example, is absolutely stable for every u € (0,1) and for p — 0.

We note that this example has been investigated in (Gruji¢, Martynyuk
and Ribbens-Pavella [57]) by the vector function method. The obtained
estimate has been z = 0.52.

|

The use of the Liapunov matrix-valued function in the theory of absolute
stability of a singularly perturbed system may turn out to be preferable to
the method of the scalar or vector function because of two circumstances:
the Liapunov matrix-valued function broadens the possibilities for the dy-
namical properties of the degenerate system (3.10.10) and of the boundary-
layer system (3.10.11), and may give a more accurate estimate of the upper
value of the parameter p.

3.11 Notes

3.1. Singularly-perturbed systems are known to be rather widely used in
the engineering and technology as models of real processes (see e.g. surveys
by Vasiljeva and Butuzov [170]; Kokotovié¢, O’Malley, and Sannuti [86, 87];
Gruji¢ [50, 51]; and some others). Stability properties of SPS were stud-
ied by Gradshtein [43]; Tikhonov [169]; Klimushev and Krasovskii [84, 85];
Hoppensteadt [73-77); Wilde and Kokotovié [172]; Siljak [168]; Zien [176];
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Porter [156-158]; Habets [64, 65]; E. Geraschenko and M. Geraschenko [41];
Gruji¢ [48, 52, 54]; Martynyuk and Gutowsky [123]; Martynyuk [114]; Mar-
tynyuk and Miladzhanov [126-128]. Monograph by Grujié, Martynyuk and
Ribbens-Pavella [57] contains rather full list of bibliography on the SPS
stability.

The present chapter describes a way of the Liapunov’s direct method ap-
plication baging on auxiliary matrix-valued function. This approach admits
a weakening of some requirements to dynamical properties of the subsys-
tems. In the chapter the investigation of the problem on absolute stability
of singularly-perturbed Lur’e-Postnikov system is made minutely.

3.2. The description of system (3.2.1), (3.2.2) follows Gruji¢ [48] and
Grujié, Martynyuk and Ribbens-Pavella [57].

3.3-3.4. The contents of Section 3.3 and 3.4 may be found in Grujié,
Martynyuk and Ribbens-Pavella [57].

3.5—3.8. The presentation of these sections is based on results by Mar-
tynyuk [114] and Martynyuk and Miladzhanov [128].

3.9. The results of this section are due to Martynyuk and Miladzhanov
(126, 127].

3.10. The motion equations of the plane two-component pendulum are
due to Novozhilov [149]. The investigation of these equations made in this
section corresponds to Miladzhanov [145].

The problem of absolute stability plays a central role in stability theory
as a consequence of its theoretical and applied importance. In 1944, Lur’e
and Postnikov have shown that the mathematical model of hydraulic ser-
vosystems is described by a system of differential equations of a special form.
These systems have been called Lur’e-Postnikov systems or Lur’e systems.
The problem of absolute stability, closely related with these systems, has
become classical in control theory. Since 1944, various approaches to the
solution of the stability problem of Lur’e systems have been suggested. The
majority of them are directed at the determination of sufficient conditions
for absolute stability. The first results have been obtained by Lur’e. The
conditions obtained by him are purely algebraic and the stability prob-
lem reduces to the verification of the existence of solutions for nonlinear
algebraic equations. A sufficiently complete bibliography regarding this
problem can be found in Gruji¢, Martynyuk and Ribbens-Pavella [57] and
Gelig, Leonov and Yakubovich [39].
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Popov’s elegant frequency criteria (see Popov [155]) have been widely
used and have stimulated further investigations in various directions of the
theory of absolute stability. Grujié¢ [53] has established necessary and suf-
ficient conditions (Liapunov-type conditions) for absolute stability, from
which follows that, in the family of functionals, one has to use more than
one function, the form of which need not be affected by the form of the
nonlinearities of the system. Likhtarnikov and Yakubovich [103] have pre-
sented a new approach for the analysis of the absolute stability of nonlinear
systems. The essence of this approach consists in the fact that to a linear
block in an automatic system one associates a linear manifold in some func-
tional space; the non-linear blocks are described in an analogous manner.
Moreover, the intersection of the sets of all possible processes on the input
o(t) and the output £(t) characterizes a closed system (the class of the corre-
sponding systems). Then, on the basis of the theorem on the minimization
of quadratic functionals in linear spaces under quadratic constraints, one
constructs absolute stability criteria.

The investigation of the Lur’e-Postnikov system in subsection 3.10.2 is
presented in accordance with Martynyuk and Miladzhanov [126].
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STABILITY ANALYSIS OF STOCHASTIC SYSTEMS

4.1 Introduction

The impact estimation of perturbations, both determined and random ones,
is of a great importance for the functioning of real physical systems. There-
fore, it is reasonable to consider systems modeled by stochastic differential
equations. The present chapter deals with the various types of probabi-
lity stability for the above mentioned type of equations and develops the
method of matrix-valued Liapunov functions with reference to the system of
equations of Kats-Krasovskii’s form [82] and Ito’s form [78]. In the chapter
sufficient conditions are formulated for stability and asymptotic stability
with respect to probability, global stability with respect to probability, etc.

The notion of averaged derivative of matrix-valued Liapunov function
along solutions of the system that has the meaning of infinitesimal operator
[34] is crucial in the investigations of this chapter. In a large number of
cases this operator defines unequivocally a random Markov process that
models the perturbation in the system.

4.2 Stochastic Systems of Differential Equations in General

4.2.1 Notations

For the convenience of readers we collect the following additional nomen-
clature.

Let R™ be an n-dimensional Euclidean space with norm |I-l|, V,, = 8/0u,
Vuw = 8%/0ubv, where u and v can be either scalars or vectors. For
instance, if £ € R® and v € R™ — R, then V,_v denotes the gradient
of vector v and Vv is a matrix with elements 6%v/dz:0z;, ¢, j € [1,n].
Let 7 = Ry = [0,+00) and (2,4, P) denote a probability space with

177
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probability measure P, defined on the g-algebra A of w-sets (w € Q) in the
sample space Q. Every A measurable function on {} is said to be random
variable. A sequence of the random variables designated by {z(¢), t € T}
is called a random process with parameter value ¢ from 7. We designate by
R[T, R[?, R"]] the class of random processes defined on 7 with the values
in R[Q, R"”]. Random function z € R[[a,b]: R[Q?, R"]] is called measurable
on the product, provided that z(¢,w) is a function measurable on (A4' x 4)
and defined on [a,b] X @ with the values in R™, where A' designates the
o-algebra of measurable in the sense of Lebesque sets on [a, b].

For the set A € A, P(A) denotes the probability of event 4 and P(4/B)
means the conditional probability of event A under condition B € 4. Func-
tion z(t,w) is called continuous with respect to ¢ € {a,b] if

P{ U {ggr%[tlm(t+a>—m(t)||1¢o}}=

t€la,b]

where § > (< 0) when t = a(b).

We designate by C[[a,b], R[Q?, R"]] the class of continuous functions de-
fined on [a, b].

Function z(t) admits derivative z'(¢) for t € [a,b] provided

o{ U fim 1220 ] 0} o

Let E denote the expectation operator and {z;,t € T} be a Markov
process. Then E, ,z; denotes the expected value of @; at t € 7 if it is
known that z; = z.

4.2.2 The Motion Equations of Random Parameter Systems

4.2.2.1 Equations of Kats-Krasovskii Form. We consider a system modeled
by equations of the form

dx
(4.2.1) = = fzy()
with determined initial conditions
(4.2.2) z(to) = %o,

(4.2.3) y(to) = yo.
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Here z € R", t € T (or t € T, = [r,+00),7 > 0), y(t) is a perturbation
vector that can take the values from Y C R™ for every t € T.

We assume that the vector function f is continuous with respect to every
variable and satisfies Lipschitz condition in variable z, i.e.

17t 2" y) — £, 2", 9)l| < Lila’ — 2"

in domain B(T,p,Y):t €T, |lz|]| < p, y € Y (p = const or p = +00)
uniformly in t € 7 and y € Y, and is bounded for all (¢,y) € T XY in
every bounded domain |[z|| < p* (p* = const > 0).

Moreover, we assume that

(4.2.4) fE0,u() =0 V(Ly) €T xY,

i.e. the unperturbed motion of system (4.2.1) corresponds to the solution
z(t) = 0.

In system (4.2.1) the random perturbation y(t) is considered to be a
random Markov process (see e.g. Doob [31] and Dynkin [34]). Further, two
main types of random Markov functions are under consideration.

Case A. The vector y(t) consists of components y,, 8 = 1,2,...,7
which are independent of each others pure discontinuous Markov processes,
the transition functions P{y,7;A,t} of which admit the expansion

P{ys(t+ At) < B, ys(t + At) # n | ya(t) = n}
= g,(t,n, B) At + o(At),
Plys(r) =m, t <7 < t+ At y(t) = n}
=1— §,(t,n)At + o(At).

(4.2.5)

(4.2.6)

Here o(At) is an infinitesimal value of the highest order of smallness
relatively At, q,(t,n,8) and §,(¢,7) are some known functions such that

2s(t,m,00) = ds(t,m), s=1,2,...,rm

In general we assume almost all realizations y, (%, w) of random process y(t)
to be piecewise constant functions continuous from the right.

It should be noted that if the set ¥ = {y1,...,yx} is one-dimensional
and finite, then the representation of functions ¢(t,7n, 8) and §(t,n) means
the representation of transition matrix

(4.2.7) pij(t + At) = q(¢,4,))At + o(AL), i#]
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where p;;(¢,t + At) is a probability of transition y; — y; during the time
from t to ¢ + At.

The process y(t) is called a homogeneous Markov chain with a finite
number of states, if g(t,4,J) = §(¢, 7).

Case B. Vector y(t) is a solution of the generalized differential Ito equa-
tion (see e.g. Arnold [5] or Gikhman and Skorokhod [42]).

(428)  dy(t) = alt,y(®)ds + b y(O)aw®) + [ olt,y(e), wlat, du)

Besides, a(t,y) and c¢(¢,y,u) are r-component vectors with values in R",
y € R", u € R", b(t,y) is a r x m~matrix, w(t) is a standard m-dimensional
Wienner process with independent coordinates, 4(t, A) = v(t, A) — tA(4),
v(t, A) is a Poisson measure in R" having a compact carrier, Ev(t, 4) =
tA(A), the process w(t) and the measure v(t,A) are independent of each
other.

For the existence conditions with only probability 1 and continuous from
the right solution of the equation (4.2.8) see Gikhman and Skorokhod [42].

Following Kats and Krasovskii [82] we shall use the following descriptive
interpretation of the solution of (4.2.1). Let almost every realization y(t, w)
of a random process y(t) and the initial condition (4.2.2), (4.2.3) generate
completely continuous realization z(%,w) of solutions to the equation

(4.2.9) 5;—‘: = f(t, z, y(t, w))

lying in the domain B(T,p,Y) and continuable on 7, = [r, +00).

Then, the set of these realizations forms an (n + r)-dimensional ran-
dom Markov process {z(t),y(t)} that will be referred to as the solution of
equations (4.2.1) satisfying conditions (4.2.2) and (4.2.3).

4.2.2.2 Equation of Ito Form. We consider the equation
(4.2.10) dz = f(t,z)dt + o(t, z)dy(t),

where t € T, @1 € R*, f: T xR - R*, o: T x R® - R™"™ and
{y(t), t € T} is a Markov process with independent increments. The sys-
tem of the equations (4.2.10) is perturbed by two specific types of stochastic
Pprocesses.

Case C. {y(t),t€ T} S {z:,t € T} is a normed m-dimensional Wien-
ner process with independent components.
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Case D. {y(t),t € T} S {g:,t € T} is a normed m-dimensional dis-
continuous Poisson process with independent components.

For the physical interpretation of equation (4.2.10) see e.g. Arnold [5],
Kushner {90], et al. Functions f and o are assumed to be smooth enough
and there exists a separable and measurable Markov process {z:, ¢t € T}
satisfying system (4.2.10), that is completely continuous with probability 1.

4.2.3 The Concept of Probability Stability

The notions of probability stability are obtained in terms of Definitions
1.2.1-1.2.3 by replacement of ordinary convergence z — 0, used there,
by various types of the probability convergence (convergence with respect
to probability, convergence in mean square or almost probable stability).
Before we introduce the definitions let us pay attention to the following.

Let the process y(t) be defined by Ito equation (4.2.8). Moreover, equa-
tions (4.2.1) and (4.2.8) and initial conditions (4.2.2) and (4.2.3) generate
(n + r)-dimensional Markov process {z¢,y(t)}.

If z(to) = 0, then we have with probability 1 that z(¢) =0 forall t € T
and, therefore, the vector function {0,y(t)} is a solution of this system. Let
y(t) €Y forall t € T, and the set D = {0,Y} is a time-invariant set for
the process {z:,y(t)} in the sense that

P{{=z(t),y(t)} € D | z(to) = zo, y(to) = yo} =1

for {zg,y0} € D.

Similar equality is valid for the processes {z(t),y(t)} generated by pure
discontinuous Markov functions y(¢). Therefore, the notion of probability
stability discussed herein is based on the stability of an invariant set, for
instance D = {0,Y}.

DEFINITION 4.2.1. The state z = 0 of the system (4.2.1) is:

(i) stable in probability with respect to 7; if and only if for every &y € T;
and every € > 0, and 1 > p > 0 there exists §(tp,&) > 0, such that

(4.2.11) llzol] < 6(to,e) and yo €Y

implies

(4.2.12) P {f;‘f’ o (t; o, 0y 0l] < ¢ | zo,yo} >1-p
Zto
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for all £ € Ty;
(ii) uniformly stable in probability with respect to T; if and only if both
(i) holds and for every € > 0 the corresponding maximal d; obeying
(i) satisfies
inf [6ps(to,€): to € Ti) > 0;

(ili) stable in probability in the whole with respect to T; if and only if
both (i) holds and

Op{to,€) > +00 as e€—+o00 Vig €Ty

(iv) uniformly stable in probability in the whole with respect to T; if and
only if both (ii) and (iii) holds.

(v) unstable in probability with respect to T; if and only if there are
to€Ti, e>0, p>0 and 7 € Tg, T > tp such that for every § > 0
there is zg: ||zo]] < 6 and yo € Y, for which

P{||lz(r; to, o, yo|| > € | Zo,40} > 1 —p.

The expression “with respect to 7;” is omitted from (i)-(v) if and only
if 7i=R.
DEFINITION 4.2.2. The state z = 0 of the system (4.2.1) is:

(i) attractive in probability with respect to T; if and only if for every
to € T; there exists A(tg) > 0 and for every ¢ > 0 there exists
7(to, %o, ¥0,5) € [0,+00) and p > 0 such that

lizoll < A(to) and o €Y

implies

P{ sup  [}a(t; o, 2o, yoll < < mo,yo} >1-p
t>to+T

(ii) (zo,yo)-uniformly atiractive in probability with respect to T; if and
only if both (i) is true and for every tp € 7; there exists A(t) > 0
and for ¢ € (0,+00) there exists 7,(to, A(to), Y, 5] € [0, +00) such
that

sup [T (to, Zo, %0, ) : To € Ba(to), yo € Y] = 7ufto, Alto), Y]
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(iii) to-uniformly attractive in probability with respect to 7T; if and only
if (i) is true, there is A > 0 and for every (Zo,yo,s) € Bao XY x
(0, +00) there exists 7,(T;, Zo,%0,<) € [0, +00) such that

sup [7m (to, Zo, ¥0,$): to € T, Yo € Y] = 7u[Ti, o, Yo, <];

(iv) uniformly attractive in probability with respect to T; if and only if
both (ii) and (iii) hold, that is, that (i) is true, there exists A > 0
‘and for every ¢ € (0,+00) there is 7,[T;, A, Y <) € [0,+00) such
that

sup [Tm(to,mo,yo,c)l (thxO’yO) € 7; X BA X Y] = Tu('n’aA)Y)g)-

(v) The properties (i)~(iv) hold “in the whole” if and only if (i) is true
for every A(to) € (0,+00) and every ¢, € T;.

The expression “with respect to 7;” is omitted if and only if 7; = R.

DEFINITION 4.2.3. The state z =0 of the system (4.2.1) is:

(1) asymptotically stable in probability with respect to T; if and only if
it is both stable in probability with respect to 7; and attractive in
probability with respect to 7;;

(ii) equi-asymptotically stable in probability with respect to T; if and
only if it is both stable in probability with respect to 7; and
(z0, yo)-uniformly attractive in probability with respect to T;;

(iil) quast-uniformly asymptotically stable in probability with respect
to T; if and only if it is both uniformly stable in probability with
respect to 7; and fg-uniformly attractive in probability with respect
to 7;

(iv) uniformly asymptotically stable in probability with respect to T; if
it is both uniformly stable in probability with respect to 7; and
uniformly attractive in probability with respect to 7;;

(v) the properties (i)-(iv) hold “in the whole” if and only if both the
corresponding stability in probability of z = 0 and the correspond-
ing attraction in probability of z = 0 hold in the whole;

(vi) ezponentially stable in probability with respect to T; if and only if
there are A > 0 and real numbers a> 1, >0 and 0<p<1
such that ||zl < A and yp € Y implies

P {tsg}) llz(t; to, Zo, yoll < allzoll exp[—B(t — to)] | Wo,yo} >1-p.
) Zt0 N

This holds in the whole if and only if it is true for A = +oc.
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The expression “with respect to 7;” is omitted if and only if 7; = R.

REMARK 4.2.1. The definitions of stability in probability based on the
inequality

(4.2.13) P {||lz(t;to, Zo, Yo|| <& | 2(to) = o, y(to) = %o} > 1—p

under the condition
[[Zo]l <6 and y €Y

does not characterize separate realizations of the process {z(t),y(t)}. Le.
the solution can satisfy the condition (4.2.13), though at the same time
almost all realizations may not leave the domain ||z|] < € (at various
times). Therefore, following Kats and Krasovskii [82] we consider inequality
(4.2.12) instead of (4.2.13).

REMARK 4.2.2. The probabilities mentioned in Definitions 4.2.1-4.2.3
are not specified in the general case by the finite dimensional distributions
of the process {z(t),y(t)} and may not exist. However, it is known (see
Doob [31]) that a separable modification of the process {(t),y(t)} can be
considered, having with probability 1 the realization continuous from the
right. In this case all realizations in question have the meaning.

4.2.4 Stochastic Matrix-Valued Liapunov Function
We relate with the system (4.2.1) the stochastic matrix-valued function
(4.2.14) - Oz, y) = vkt z,y@)),  k1e(ld]

where (t,z,y) € B and v (t,0,y(t)) =0 Yt € T and y € Y, and, besides,
vr(t, ) = vi(t,) V{k#1) €[1,8], vu € C(T x R" x Y, R[Y, R)).

Similar to the determined case (see Chapter 2) the property of having a
fixed sign of matrix-valued stochastic function (4.2.14) is of importance in
the stability investigation of a stochastic system (4.2.1).

The concept of the property of having a fixed sign must correspond to

(1) the property of having a fixed sign of stochastic matrix;

(2) the property of having a fixed sign of scalar stochastic Liapunov
function;

(3) the construction of direct Liapunov method for stochastic systems.
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To achieve this we act as follows.
Let z € R° and function V € C(7T x R* xY* x R*, R[Y, R]) be defined
by the formula

(4.2.15) V(t,z,y,2) = 2T1(t, z,y(t))z.

In view of Definitions 2.2.1-2.2.2 we present some definitions for stochastic
matrix-valued Liapunov function.

DEFINITION 4.2.4. The stochastic matrix-valued function II: R, x
B(p) xY — R[Y, R**?] is referred to as
(i) positive (negative) definite, if and only if there exists a time-inva-
riant connected neighborhood A of point z = 0 (M € R™) and
positive definite in the sense of Liapunov function w(z) such that
(a) II is continuous, i.e. II € C(Ry x N x Y, R[Y, R**?])
(b) II(t,0,y) =0 Yt€ Ry and y €Y;
(¢) infV(t,2,y,2) = w(z) V(¢ y,2) € Ry xY x R®;
(supV (¢, 2,9, 2) = —w(z) V(t,y,2) € R xY x R%);
(il) positive (negative) definite on S, if and only if all conditions of
Definition 4.2.4 (i) are satisfied for N = S;
(iii) positive (negative) definite in the whole, if and only if all conditions
of Definition 4.2.4 (i) are satisfied for N = R™.

REMARK 4.2.3. If function II does not depend on ¢ € Ry, then in
Definition 4.2.4 the requirement of function w(z) existence is omitted and
conditions (a)—(c) are modified, and condition (c) becomes

() V(z,y,2) =2T(z,y)2 >0 V(z #0,2#0,y) e N x R* x Y,

(V(z,y,2) <0 V(z#0,2#0,y) E N x R* xY).

DEFINITION 4.2.5. The stochastic matrix-valued function II: Ry xB(p)
xY — R[Y,R***] is referred to as

(i) positive semi-definite, if and only if there exist a time-invariant con-
nected neighborhood A of point £ =0 (M C R") such that
(a) II is continuous in (t,z) € Ry X N;
(b) II is non-negative on N: zTII(¢,z,y)z > 0 V (¢, 2,y) € Ry X
NxY.
(c) II vanishes at the origin 2TII(¢,0,4)z2 =0 V(2 #0,y € Y);
(ii) positive semi-definite on Ry x 8 x Y if and only if (i) holds for
N=S§S;
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(iil) positive semi-definite in the whole if and only if (i) holds for N =
R™,

(iv) negative semi-definite (in the whole) if and only if (—II) is positive
semi-definite (in the whole) respectively.

The following assertion is proved in the same manner as Proposition
2.6.1 from Chapter 2.

PROPOSITION 4.2.1. The stochastic matrix-valued function II: R, X
B(p) x Y — R[Y,R**¢] is positive definite, if and only if there exists a
vector z € R® and a positive definite in the sense of Liapunov function
a € K such that

(4.2.16) 2T, z,y)2 = 2 1L (¢, 2,9)2 + a(z),

where I (t,2,y) is a stochastic positive semi-definite matrix-valued func-
tion.

DEFINITION 4.2.6. The stochastic matrix-valued function II: Ry xB(p)
xY = R[Y, R***] is referred to as

(i) decreasing, if and only if there exists a time-invariant connected
neighborhood NV of point z = 0 and a positive definite on A func-
tion b € K such that

V(t,x,y,z) = ZTH(t,may)z < b(x)

for all (t,z,y) € R+ X N XY x R?
(ii) decreasing on S if and only if (i) holds for N = §;
(iii) decreasing in the whole if and only if (i) holds for N = R".

PROPOSITION 4.2.2. The stochastic matrix-valued function II: Ry x
B(p) x Y — R[Y, R**?] is decreasing, if and only if there exists a vector
z € R* and a positive definite in the sense of Liapunov function ¢ € K
such that

(4.2.17) 2 (L, z,9)z = 2°Q_(t, x,y)2 + c(z),
where Q) (t,z,y) is a stochastic negative semi-definite matrix-valued func-
tion.

DEFINITION 4.2.7. The stochastic matrix-valued function II: Ry xR"x ,
Y — R[Y,R***] is referred to as radially unbounded if and only if
2 1I(t,z,y)z = 00 as ||zf] = +o00 and y €Y, t € R..
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PROPOSITION 4.2.3. The stochastic matrix-valued function II: Ry x
R"™ x Y — R[Y,R**¢] is radially unbounded, if and only if there exist a
vector z € R® and a function v € KR such that

(4.2.18) 2PNt 2, y)2 = 2Q+(t, 7, 4)z + (|l )

for all (t,z,y) € Ry x R® XY, where Q+(t,z,y) is a positive semi-definite
in the whole matrix-valued function.

We indicate a class of auxiliary stochastic function vg (¢, z,3(t)), k, [ =
1,2,...,s using which it is possible to construct the function (4.2.15) sat-
isfying all conditions of Definitions 4.2.4—4.2.7.

State vector z € R™ of the system (4.2.1) is represented in the form
z = (pT,qT,rT)T, where p € R™, g € R™, r € R™ and n;+nz+ns = n.

ASSUMPTION 4.2.1. There exists time-invariant connected neighbor-
hoods My C R™, Ny € R™ and N, C R™ of the equilibrium states
p=0, ¢ =0 and r = 0 respectively, functions ¢;(||p|l), ¥:(llgll), x:(lirl]),
i =1,2 of class K (KR) and constants i, @k, ¥V (4,k) € [1,3] and @;;

and @;; >0, j € [1,3] are such that

(a) 2@ (lpll) L vt z,y) < TUP3(lpl) ¥ (¢, 2,9) € Ry x Mo x Y,

(b) 293 (llall) < vaa(t z,y) < Ttb3(llgll) V(t,2,9) € Ry x Mo X Y

(c) asax(lIrll) < wvas(t,z,y) < Tssx3(lIrll) V(¢ 2,9) € Ry x Ny x Y5

(d) a2 (llpiD¥r(ligll) < vi2(t z,9) < @a2(llplD¥e(llal) V(¢ 2,y) €
R+ X No xY;

(&) auzer(llpxa(lirl)) € vs(t,2,9) < @sea(llpxairl)) V¢, 2.y) €
R, x No xY;

(®) casr(llaDxa(lIrll) < vas(tyz,y) < Gastba(llalDxa(lirll) V(8 7,y) €
R.xNyxY;

(8) aa¥1(llgl)er(llpll) < var(t,z,y) < Tartpa(llal)e2(llpll) ¥ (2, 2,y) €
R+ X No X Y'

(0) aspalllrDe(lpll) < vsi(t z,y) < Tsxa(llriDea(lipl) V(¢ 2,9) €
Ry xNoxY;

(1) asexa(llriDerllall) < vs2(t,z,y) < Taxa(llriDva(llall) Y (¢, 2,9) €
Ry xNoxY,

where Ng = NpO X NqO x Npo; N, p0 = {p € Npa p# 0}1 q = {q € Nq’
g # 0}, Npo = {r € Ny, r #0}.
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PROPOSITION 4.2.4. If all conditions of Assumption 4.2.1 are satisfied,
then for the function

(4.2.19) V(t,z,y,m) = n" (2, 9)m,
with a constant positive vector n € R} the bilateral estimate
(4.2.20) uTHT A Hu < V(t,z,y,1n) < wTHT AyHuw

takes place for all (t,z,y) € Ry x Ng x Y, where

u™ = (a2l wallal), xa (lirlD),
w™ = (a(llpll), ¢2(llall), x2(lirl}))

and Ay = (o], A2 = [Gn)], H = diag(n,n2,7m2)-

Estimates (4.2.20) are proved by direct substitution by estimates (a)—(i)
from Assumption 4.2.1 into the form

8
V(t,ﬂ?,'y,n) = Z nlnkvlk(tam3y)'
lLk=1

Estimates (4.2.20) imply

PROPOSITION 4.2.5. If in the bilateral estimate (4.2.20)
(1) the matrix HYA; H is positive definite (semi-definite);
(2) the matrix HYA,H is positive definite;
(3) the condition (1) is satisfied and functions ;,v1,x1 are of class
KR,
then stochastic function (4.2.19) is

(1) positive definite (semi-definite);
(2) decreasing;
(3) radially unbounded

respectively.

PROOF. Assertion (1) of Proposition 4.2.5 follows from the fact that
Am (A1) uTu < uTHT A, Hu, Am(A1) >0,

where A; = HTA;H. In fact, since (p1,%1,x1) € K, then a function
®ec K, ®=®(||z||) is found such that

&(llzll) < &1 (llpll) + %2 lal)) + x3lirl)-
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Therefore,
Am(A1)@(llzfl) < wTHTA1 Hu < V(t,2,y,7)

for all (¢,z,y) € Ry x Ny xY. .
Assertions (2) and (3) of Proposition 4.2.5 are proved similarly.

4.2.5 Structure of the Stochastic Matrix~-Valued Function
Averaged Derivative

The averaged derivative, that is computed as in determined case without
integrating system (2.2.1), is analogous to the total derivative of matrix-
valued function for the stochastic system (4.2.1).

Let (,z,y) be a point in domain B(T,p,Y).

DEFINITION 4.2.8. Any of the limits

D E[M] = limsup {{E[I(t,,y) | 2(r) = z, y(r) =y
—-I(r,z,y)}(t - 7)1t = 7+ 0};

(4.2.21) -
D, B[] = liminf {{B[IL(t,,9) | 2(r) = 3, y(r) = ]
- T(r,z, )}t - 7)1t = 7+ 0}
where E[ - | ] is a conditional mathematical expectation, is called an

averaged derivative of stochastic matriz-valued function II(¢,z,y(t)) along
the solution of system (4.2.1) at point (r,z,y). D*E[Il] denotes the case,
when DY E[II] and D, E[I] are applicable.

The value D*E[II] is an averaged value of the stochastic matrix-valued
function II(t,z,y) derivative along all realizations of process {z(z),y(?)}
initiating from point (z,y) at time 7. If

T = /P{T,m,y;t,du,dz}l'[(t,u,z)
= E[H(tax(t)ay(t)) ' CL‘(’T) =z, y(T) = y]a

where P{---} is a transition function of solution to system (4.2.1) with the
initial conditions z(7) =z, y(r) =y, then

(42.22) DTE[M] = limsup {[T:0 - U(r,z,)](t — 7)1t = 7+ 0}
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(4.2.23)  DLE[] = liminf {[T¢I - (r, z, y)](t -7)y"lit > 740}
at the point (7,2,¥).
The right-side part of (4.2.22) and (4.2.23) is a weak infinitesimal ope-

rator of process {z(t),y(t)}.
We shall present the formulas for D E[II] computation for various reali-

zations of the random process y(t).
1. Let in the system (4.2.1) the process y(t) be pure discontinuous and be

described by the relations (4.2.5) and (4.2.6). Then %&m along solutions
of system (4.2.1) at point (7,z,y) is computed as

%E:H] = Vo (T, 2,y) + [Vour (7, 2, ¥)] TF (1, 2,y(2))
(4.2.24)

+ 3 [,y + 8,) - vur,2,9)ldsa(r0,0)
u=1

for all (k,1) € [1, 8], where 8, is a vector, every u-th component of which
equals to G, and the others are zero.

2. Let in the system (4.2.1) y(t) be a simple scalar Markov chain with a
finite or countable number of states and transition probabilities satisfying
the correlation

Plyt) = y; | y(1) =y} = ¢i5(t — 8) + o(t — 5)

for all i # j. We compute dE;—E:H] by the formula
dE[II
_(% = Vrvkl('r, z, y) + [vz'ukl(Taz’y)]Tf(T’wiy(t))

(4.2.25)
+ D [omi(r, 2, y5) = vma (7, 2, 90))aig-

J#i

3. Let in the system (4.2.1) y(¢) be a Markov process generated by
the generalized differential Ito equation (4.2.8). In this case we compute

d_%&_l‘[_]_ at point (7,z,y) by the formula
dE[II
_d[T-l = V-,-vm('r,m,y) + [Vz'ulcl ('r,a:,y)]Tf('r, a:,y(t))

+ [Vyvkl (T’m’y)]T(a‘(T’ y) - 9(7-1 y))

(4.2.26) + / (ke (7, 2,y + (7, ) — vau(7, 7, y)) A(du)

1
+ 5 tr [sz'vkl (Taw:y)b("'a y)bT(T’ 'y)]a Vk,l€e [1,3]'
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where g(7,y) = [ c(7,y,u)\(du).
COROLLARY 4.2.1. Ifin the formula (4.2.26) c(t,y,u) =0, then EI%H]

corresponds to the case when y(2) is a diffusion process.

dE[II]

REMARK 4.2.4. Operator 5

non-local in y.

for ¢ # 0 is local in variable z, but

4. Let in the system (4.2.10) y(t) be a normalized Wienner process

with independent components. We compute Q—L%H—] at point (r,z) by the
formula

dE[II

BB - ¥, vas(r,2) + [Vavua(r, % 7, 2)
(4.2.27)

+ % tr [o0(¢, )T Veovn (7, 2)]0(t, )],

where k, | € [1,s].
5. Let in the system (4.2.10) y(t) be a normalized jump Poisson process
dE[II] ‘

pr at point (7, 2) is computed

with independent components g;. Then
by the formula

dE[II

_E[t_] = Vyuu(T, 1) + [Vovr (1, 2)]7f (7, 2)

(4.2.28) m
+ E [V (T, 2 + 04(t, T)@s) — Ve (7, T)]pid Pi(dgs),
i=1v %

where k, ! € 1, 8].

Here it is assumed that during the interval At the jumps take place with
the probability P;A¢+ o(At) and the zero average of the jumps obeys the
probability P;(-).

We establish Liapunov correlation for stochastic matrix-valued function
I(t,z,y(t)). With this end we construct function (4.2.19) by means of
vector n € R}. Let V(t,z,y,n) be such that for it there exists

E[V (¢, z(t),y(t),n) | (1) = z, y(r) = 9]

and

(4.2.29) E%Y—] = H(r,z,y)
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on the trajectories of the Markov process {z(t),y(t)} at point (7,z,y).
Moreover, we assume that

t_l,iﬂoE[H(t: 2(2),y(t) | 2(7) = z, y(r) = y] = H(r,,y).
Then we have
E[V(t’z(t)’y(t)’n) I x(T) =, y(T) = y] = V(T,fv,y,ﬂ)

(4:2:30) v/ ' B[H(u,0(u),y(w) | a(r) = 2,5(r) = ] du

Formula (4.2.30) is valid for the homogeneous Markov processes and
functions V independent of time (see Dynkin [34]) and for the processes
being considered here (see Kushner [90]).

Let @ C R™ be a bounded open set and U = @ x Y be a set from
which the process {z(t),y(t)} comes out for the first time at time 7. It is
easy to notice that 7., (t) = min {¢,7.} is a Markov momentum, such that
E7n(t) < +00. Therefore, if {z(s),y(s)} € U, then

E[V (Tm,2(m), () 1) | 2(7) = &, 7) = 9]

— V(r,2,9,m) + E [ [ B, 5)du o) =2, 7) =

is valid.
It is also clear that the process {z(7m(t)), y(Tm(t))} is strictly Markov.

d d o s
Between a—t-E[l'I] and EEE[V] it is true that

42.31) LBV (t,2,0m)] = 17 5 B, 2, )l

We return back to the system (4.2.1) and assume that y(t) is a sim-
ple scalar Markov chain with a finite number of states. System (4.2.1) is
decomposed into three subsystems

d
d—zt’ = X(t,p, 0,0, y(t)) + F(t,P, Q7 y(t))’

d

(4.2.32) ?1% =Y(t,0,4,0,4(%)) + G(t, p, 0, y(1));
dr

Et- = Z(t, O, 0, T, y(t)) + H(t:p’ 47 y(t))l
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where p€ R™, g€ R™, r € BR™, n; +ng+nz =n,

Xe C(R+ X By (P), R[Y’ Rnl])’ Ye C(R+ X Bz(P), R[Y’ an])s
Z € C(R+ x By(p), RIY,R™)), F € C(Ry x B, R|Y, R™]),
G € C(Rs x B, R[Y, R™]), H e C(R, x B, R]Y,R™]),

and B = B;{p) X Ba(p) x Bs(p).

Vector-functions X, ¥ and Z and F, G and H vanish, if and only if
p =g =r =0 respectively.

We introduce designation

A('Ukl) = Zaij[vkl(ta "i) - 'Ukl(ta 'aj)]’ k,1=1,2,3.
i#j

. AssuMPTION 4.2.2. There exist the real numbers pg., £ = 1,2,3;
r=1,2,...,12 and comparison functions ¢{||pll), ¥(llall), x{||r|l) of class
K (K R) such that

(8) Vivir+(Vp11)TX + 1A v11) < pui®(llpll) ¥ (¢, 2,4) € Ry X N %
Y;

(b) Vivia + (Vpu12)TX + $A(v12) < prae(lo)¥(llell) V¢, p,q,y) €
Ry xNp X Ng xY;

(€) Vivis + (Vpu1s)TX + $A(v1z) < prse(llpl)x(irll) ¥ (¢, p,my) €
Ry X Np X Ny XY

(d) Vivae+(Vevaz)TY +5A(va2) < p219?(llall) V (¢, 9, 4) € Ry XN XY

(e) Vivar + (Vqua1)TY + 3A(va1) < paaee(llpl)e(lall) ¥ (&,p,9,y) €
Ry x Np x Ng xY;

(f) Vivas + (Vquaa)TY + 3A(vas) < pasy(llalDx(llrll) V(¢ g7 y) €
R+ X Nq X Nr X Y,

(8) Vivaa+(Vrvss)T Z+31A(wss) < parx(lIrl)) V (&, 7,9) € R XN %Y

(h) Vivs: + (Vevs1)TZ + $A®va1) < psee(lpiDx(llrll) ¥ (¢,p,my) €
Ry x Np x Ny xY;

(1) Vivaa+(Vrvsz)TZ+1A(vs2) < pss¥(llalDxllrl)) ¥ (2,0, 7, y) € Ry x
Ny x Ny x Y.

A

A

A
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and for all (t,p,q,7,y) € Ry X Np X Ny x N x Y

(8) (Vpv1)TF + 3A(v11) < pra®(lipll) + osse(llpl)¢(llall)
+ pre(llplDx(lIrlD;

(b') (Vpv12)TF + ;A(v12) < prrt?(llall) + prsee(llplDw(llall)
+ pro¥(llalDx(lirl);

() (Vou1s)TF + §A(v1s) < praox*(lIrll) + praae(lipl)x(lIril)
+ praz¥(llalDx(llril);

(@) (Vqua2)TG + $A(v22) < paat®(llall) + p2se(llpDx(irll)
+ past(llal)x(lirll);

(¢') (Vqu2)"G + 2A(vm) < pard® (lpll) + paso(llpl)w (llgll)
+ pas(|le N x(liril);

() (Vqv23)TG + $A(vas) < p2.10X2(lIrll) + p2.11(llplx(liri])
+ p2.129 (gl x(lIrli);

(&) (Vrvss)TH + 3A(vss) < paax®(lirl]) + pase(lpiDxlirll)
+ past(llall)xIr(1);

(b') (Vov1s)TH + $A(w13) < pare®(lipll) + pase(lipl)e(lal)
+ pao(llpiDx(lirlD);

(i) (Vrvas)TH + $A(vas) < ps.109*(llall) + ps.aae([lpl)¥((lglh)
+ ps.12%((lgiDx(lIr ().

PROPOSITION 4.2.6. If for the system (4.2.1), decomposed to the form
of (4.2.32), there exists a stochastic matrix-valued function II(t,z,y) the
elements of which satisfy the conditions of Assumption 4.2.1 and all con-
ditions of Assumption 4.2.2 are satisfied, then the structure of stochastic

matrix-valued function averaged derivative dz[tV] is defined by the inequa-
lity
(4.2.33) dg[tvl =77 dian]n <uSu  V(t,z,y) € Ry xNo xY

where 8 x s-matrix S has the elements expressed by formulas
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cw =cw, (k1) €[1,3]:
e = 13 (p11 + pra) + 2m (ap2r + Mspar),
co2 = n3(pa1 + pas) + 22 (Mp1r + M3ps.t0),
css = 73 (ps1 + p3s) + 2n3(M p1.10 + M2p2.10),

1, 1,
12 =M P15 + 5772925 + mn2{p12 + pa2 + p1s + p2s)
+ na(n1p3s + M2p3.11),

1 1

c13 ='2'77fp1e + -2'7731035 + mna(p13 + p3z + p1.11 + p3g)
+ n2(m p2g + N3p2.11),
1 1

C23 =§77§P26 + §n§pss + nansz(pas + pas + p2.12 + P3.12)

+ M (n2p10 + M3P1.12).

THE PROOF of this proposition is similar to the proof of Proposition
2.7.3. '

REMARK 4.2.5. Actually, the structure of the stochastic matrix-valued
function II(t, z, y) averaged derivative is established by formula (4.2.33) and
is based on the stochastic S L-function (see Martynyuk [120]). The structure
of the stochastic matrix-valued function II(¢,z,y) averaged derivative is
somewhat different provided the stochastic V L-function is applied, i.e.

(4.2.34) L(t,z,y) = ATI(t, 2,4)b,

where A is a constant s X s-matrix and b is an s-vector.

4.3 Stability to Systems in Kats—Krasovskii Form

In terms of the stochastic matrix-valued function II(%, z,y) constructed for
system (4.2.1), the criteria of stability with respect to probability are in
form similar to Theorems 2.3.1-2.3.3.

THEOREM 4.3.1. Let the equations of perturbed motion (4.2.1) are such
that:
(1) there exists a matrix-valued function II: Ry x B(p) XY — R[Y, R***]
in the time-invariant neighborhood N' C R"™ of equilibrium state
z =0
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(2) there exists a vector n € R® (n € R%);

(3) stochastic scalar function (4.2.19) is positive definite;

(4) the averaged derivative (4.2.25) is negative definite or negative semi-
definite.

Then the equilibrium state z = 0 of gystem (4.2.1) is stable with respect
to probability.

ProOF. Let arbitrary numbers ¢ € (0,p), p € (0,1) and % € R, be
given. Under the conditions (1)—(2) of Theorem 4.3.1 we have the function

V(t,z,y,m) =0 T(t,z,y)n, n€R® (n€RL),

that is positive definite by condition (3) of Theorem 4.3.1. Therefore, a
number £; > 0 is found, such that

ian(t,x,y,n)=€1 for tER+$ ”37”25, yEYs 77€R" (UERi)

We designate B(e) = {(z,y) € R" xY: |jz|| < e,y € Y}. Let 7. be
the time of trajectory (z(t),y(t)) first leaving the domain B(e) and let
Te(7) = min (7, 7.). We have by condition (4)

BV (re(r) &(re (7)), y(7e (1)), 1) | 2(fo) = 2o, y(to) = yo]

4.3.1
( ) S V(to,l‘o,yo,ﬂ)-

Now we take § > 0 so that
(43'2) sup V(tO: z, yO) < pey

whenever ||z|| < 4.
The estimates (4.3.1) and (4.3.2) imply

per > V(to, %o, Y0,m) 2 E[V (1e(7), 2(7(8)), y(7e (7)), m) | %o, %0]

> €1P{ sup |lz(t)]| > €| mo,yo} :
to<t<r
Hence we get for 7 — +o00
P{sup o 2 20,0} <.
t>tg

This proves the theorem.
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THEOREM 4.3.2. Let the equations of perturbed motion (4.2.1) are such
that:
(1) hypotheses (1) and (2) of Theorem 4.3.1 are satisfied;
(2) the stochastic matrix-valued function II(t,z,y) is positive definite
and decreasing;
dE[V)

dt
Then the equilibrium state ¢ = 0 of the system (4.2.1) is asymptotically
stable with probability p(H), i.e. if ||zo|| < Ho and yo €Y, to > 0 then

is negative definite.

(3) the averaged derivative

P{swp =l <H o030} 2 1-3(H),  Ho<H.
=0

PROOF. Let a number p(H) < 1 be given. Theorem 4.3.1 implies that
under the conditions of Theorem 4.3.2 the equilibrium state z = 0 of
system (4.2.1) is stable with respect to probability. Therefore, for any
€ €(0,p) and to >0 a d = d(¢g,€) > 0 can be found such that

(433 P{sup @l < | 0,30} >1- p(2),
zto
whenever

fzolj<d and yo €Y.

Let us show that the number Hp mentioned in conditions of Theo-
rem 4.3.2 can be taken as Hy = 4. To this end we define for arbitrary
numbers v € (0,e) and 0 < ¢ < +oo the number 7v; > 0 from the
inequality

(4.3.4)
sup [V(t,z,y,n) for t € Ry, ||z|l <m,y €Y, n€ Ry

< £é—inf [V(t,z,y,n) for t€ Ry, n <|lzll <&,y €Y and n € RL).

The arguments similar to those used in the proof of Theorem 4.3.1 yield

4ss)  P{suwletl <vlsnu®}>1- 30
>t
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whenever
flz@ll <m and y(t) €Y.

We claim th‘a‘c there exists a T > tg such that
(436)  Pllatio+7)ll < | 20,40} > 1 = 30~ p(H).
If this is not true, then for trajectory {z(t),y(t)} the inequality
Pim < k@)l <&t 2 t0] 20,30} > 54
holds, that yields by condition (3) of Theorem 4.3.2
(437)  Jim E[V(rat), 2(ra(®), y(ra®)),1) | 20,50] = ~o0.

Here 7,(t) = min(7*,t), where 7* is a time of trajectory (z(t),y(t)) first
leaving the set By = {(z,y): n1 < |[|z]| <&,y €Y}

Since the function II(¢,z,y) is positive definite, the correlation (4.3.7)
can not be satisfied. This proves inequality (4.3.6). The estimates (4.3.3),
(4.3.5) and (4.3.6) imply that for arbitrary ¢ >0 a 7 > 0 is found so that

P{mmlm®H<7me}>1—q—MHL
t>to+T

whenever ||zo]| < Hp and yo € Y.
This proves Theorem 4.3.2.

THEOREM 4.3.3. Let the equations of perturbed motion (4.2.1) are such
that:
(1) hypotheses (1), (2) and (3) of the Theorem 4.3.1 are satisfied for
N =R";
(2) the function II(t,x,y) is positive definite in the whole and radially
unbounded;
dE[V]

dt
Then the equilibrium state & = 0 of the system (4.2.1) is stable with

respect to probability in the whole.

(3) the averaged derivative is negative definite in B(T,0,Y).

A theorem allowing us to find asymptotic stability with respect to pro-
bability and stability with respect to probability in the whole on the basis
of negative semi-definite averaged derivative is considered.
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Let an open domain G containing the origin be definite in space R™.
Function %(t,z,y): To X G x Y — R is referred to as positive definite on
G x Y if for any numbers r > € > 0 there exists a number § > 0 such
that ¢(t,z,y) > § holds for all t > tg, (z,y) € M N{e <L |jz|| < r} xY).

Matrix-valued function ®(t,z,3): To x G x Y ~+ R™*™ gatisfies hy-
potheses A if:

(a) the function & is bounded for all ¢ > ¢, in any finite domain ||z|| <
P yEY;
dM[®]
dt

to system (4.2.1), i.e. there exists a constant K such that

(b) averaged derivative 5T n is bounded in any finite domain due

7T dM (2]

< .
pra s

dM[®]
dt
Then the following statement is valid.

(c) the function nT n is positive definite in domain G x Y.

THEOREM 4.3.4. Let the equations of perturbed motion (4.2.1) as def-
inite in domain B(Tp,0,Y) and such that:

(1) hypotheses (1) and (2) of Theorem 4.3.3 are satisfied;
(2) averaged derivative (4.2.13) satisfies hypothesis

nTil—A%I—]n < H(z) <0,

where H(z) is continuous in domain G;

(3) the set D = {z: z # 0, H(z) = 0} is non-empty and does not
possess mutual points with bound 8N in domain N in the sense
that inf|jz; — ]| > K? >0 z; €8G, 22 € DN{e < ||zl < r};

(4) there exists a matrix-valued function ®(t, z,y) satisfying hypotheses
A.

Then the equilibrium state z = 0 of the system (4.2.1) is stable with
respect to probability in the whole.
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4.4 Stability to Systems in Ito’s Form

4.4.1 Decomposition of perturbed motion equations

We consider a system of the equations with random parameters in the form
(4.4.1) dw(t) = f(t,w)dt + o(t,w)dE(t),

where t € T, w € R*, f: T xR* = R" o¢: T x R® = R™™, and
{&(®), t € T} is an independent measurable random Markov process.

Assume that the system (4.4.1) allows decomposition into ! intercon-
nected subsystems that can be described by equations in the form

dw; =F;(t, wi)dt + 04, wi)dE;

14
(442) + gi(t, W)dt + Z Tij (t’ Wj)déj, i€ [1’ l]'

j=1

Each interconnected subsystem (4.4.2) consists of the independent subsys-
tem

(4.4.3) dw; = f(t,w;)dt + oy (8, w;)dés, i e[1,1],

and link functions

i
(4.4.4) gilt,w)dt + D ai(t,wi)dgy, i€ [1,1).
j=1

Here w; € R™, w € R", w = (wir,sz,...,w,T)T, & € R™, fi: To %
R™ — R™, g3;: T x R™ = R™*™i, g;: T xR™ x.--x R™ — R™ and
{&i(t), t € T} are independent measurable Markov processes.

We assume on function f; and oy; that they satisfy the existence condi-
tion for solutions to subsystems (4.4.3), and link functions (4.4.4) vanish,
if and only if w; = 0 and w = 0. Thus, the points w = 0 and w; = 0,
j € [1,1] are the only equilibrium states of systems (4.4.1), (4.4.2) and
(4.4.3) respectively.
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The transformation of systems (4.4.1) to (4.4.2) is referred to as the
decomposition of stochastic Ito system of the first level. Suppose that from
system (4.4.1) couples (4, 7) of interconnected subsystems are taken in the
form

dw; =fz-j (t, Wi, w,-)dt + 04 (t, w,')d& + 04 (t, w,-)df,-
!
+ggtw)dt+ Y owlt,we)dés, i €[1,1].
(REis)
dw; =fj.;(t,wj,w,-)dt + 044 (t,w,—)dfj + Uj,;(t, w;)dE;
)
+oltw)dt+ Y optwe)ds, (1 #4) €L,

k=1
(k#£4,3)

(4.4.5)

Here fi;: T x R™ x B™ — R™ x R™, gij: T x R* = R™ x R™. We
introduce following demgnatxons w,, = (wf s Wy T, fz: (t,wiz) = (fE i f 07T
gm (t w) (gw g]z) [Utk’ ] df‘lJ = (d&';l", d&‘j ) and

= (o o)
Then the (4, 7) couple (4.4.5) can be represented as
dwi; =F4;(t,wig)dt + Tizdéiz + Gy (t, w)dt
(446) + le obde,,  (i#7) €L,
o)
Besides, the free (¢,7) couple has the form
(44.7) dwig = fij(t,wig)dt +Tigdéy; (0 #5) € [L,1].
and the link functions are represented by the formulas

1
(4.4.8) gy twdt+ > okdg, (i #5) €Ll
(KEi)

Further we need the following assumptions.
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AssUMPTION 4.4.1. There exists a time invariant open connected neigh-
borhood N; C R™, a function v(t,w;): 7 X N; = Ry, the comparison
functions 141, ¥ and 943 and the positive real numbers p; such that for
all 7 € [1,1] estimates

(a) Yir (lwil]) < vis(wi) < o (||ws]));

(6 LELEL] s Gl

are satisfied for any w; € N; and t € T.

DEFINITION 4.4.1. The isolated subsystems (4.4.3) possesses property
A(N;), provided all conditions of Assumption 4.4.1 are satisfied for each of
the subsystems.

DEFINITION 4.4.2. If in Assumption 4.4.1 i (llesl]) = callwill?,
c.-
Yi(lwill) = callwill® and Wi((lwill) = fllwz'llz, where c;1 and c;3 are
1
positive constants, and c; constants ¢ € [1,l], then isolated subsystem
(4.4.3) is said to possess property B(N;).

DEFINITION 4.4.3. If in Assumption 4.4.1 N; = R™ for all i € [1,]]
and functions %11, ¥12 € KR, then isolated subsystems (4.4.3) are said to
possesses property B;(oco).

ASSUMPTION 4.4.2. There exist a time-invariant open connected pro-
ducts of neighborhood N; x A; € R™ x R™ of point w;; = 0, functions
vij(twig): T X Ny X Nj = R+, a functions ¥j;, ‘pza and ;3 of class K and
positive real numbers 8};, 6% and 8% such that for all (i < j) € [1,] the
estimates

(a) ¢ (llwigll) < i (8, wig) < ¢ (llwis 11;

(6) 2200 < gl +263 52D D+ Bl

are satisfled for any wi; € N; x N; and t€ 7.

DEFIINITION 4.4.4. Isolated couples (4,7) of subsystems (4.4.7) pos-
sesses property A(N; x Nj), if for every of them all conditions of Assump-
tion 4.4.2 are satisfied.

DEFINITION 4.4.5. If in Assumption 4.4.2 ¢} = cjjllwyll?, ¢ = & x

llwigl? and Bheus(lwill) + 262w > Ulwil)wis> Ulwsll) + B3 wssllwsl) =
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illwill?, (G < j) € [1,1), where cj;, ¢, ¢f; are constant, then the in-
dependent couples (¢,7) of subsystems (4.4.7) are said to possess property
BN x Aj).

DEFINITION 4.4.6. If in Assumption 4.4.2 A; = R™ and the func-
tions ‘11%5, \If,?j € KR, then the independent couples (4, j) of the subsystems
(4.4.7) are said to possess property A;;(oo).

REMARK 4.4.1. In Assumptions 4.4.1 and 4.4.2 the constants pg;, ¢ €
[1,]] and ¢; (i < j) € [1,1] are negative if independent subsystems (4.4.3)
and independent couples (%, j) of subsystems (4.4.7) are exponentially stable
with respect to probability.

REMARK 4.4.2. The matrix B;;, defined by the expression

gL g2
By=(5f ) G<pema

i Pis
is negative semi-definite (negative definite), if the independent couples (3, §)
of subsystems (4.4.7) are stable (asymptotically stable) with respect to
probability.

4.4.2 Structure of the Hierarchical Matrix-Valued Function
Averaged Derivative

We construct for subsystems (4.4.3) the functions vy; (¢, w;), ¢ € [1,1] and for
couples (i, j) of subsystems (4.4.7) the functions v;;(t,ws;) (1 < j) € [1,1].
Let us construct from the above mentioned elements the matrix-valued
function.

(4.4.9) II(t, w) = [vy (2, )],

where II: T x R™ x R™ x Y — R[Y, R*¥].
The function (4.4.9) reflects the hierarchy of stochastic subsystems
(4.4.3) and (4.4.7) in the large-scale system (4.4.1).
The application of formula (4.2.27) to systems (4.4.2) and (4.4.6) yields
dE[]
dt

the following expressions for
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l
dE__[v_—_th’w)] = J=Zl[f_., (t,w,-) + gj (t,w)]Tij’Uﬁ(t,wi)

+ Str[oh(t, wi) Viw Vi (8 wi) o (¢, wi)]

1

Z tr[aij(t, Wj)Vwkwm Vii (ta Wi)o'mj (t’ Wj)]
Jykym=1
(3749

+ Vi (8, wi)

+

N= N

M-

SR N = -

[ty ws) + (6 w)] 645 Vi, via (8, wi)

J

+ Str[o(t, wi) Vsw Vi (, wi) 04 (8, ws)]

!
Z tr[oin (¢, wi)0kiOmi Visw; Vis (t wi)om; (E, wj)]
Jikym=1
(5#4)
+ Vivii(t, wi)

= [fit, wi) + git, w)] "V, vis (¢, wi)

+

(4.4.10)

1
+ 5“[0;1;(75, Wi) Vioyw, Vi (t, wi) o (8, wy)]

!
1
+t3 Z tr{o5(t, wi) Vs Vis (8 wi) o (8 wi)] + Vevia(t, wy)
o
()
_ 4Bifvii(t, wi)]

7 + g (t, w) Vi, s (£, wi)

1 5
+ ) Z tr[ag(t’wj)vwiwavii(t: wi)aij(t’wj)]a
j=1
(4#1)
(i #7) € [1,1].

Similarly we have
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dB[vi; (¢, w)]
dt

1 -
+ 5“[0;5-(75, Wig) Vioujwig Vig (B wig )iz (b, wis)]

= [Fij(t wig) + i3 (6, w)] Vi vi5 (8, wig)

l
1
+-2- Z tr[afj(t,Wk)TVwi,-w.'j'vij(t’wij)allcj(t’wk)]
(WEr3)
(4.4.11) + Vv (¢, wiy)
dE;j[vi; (¢, wiy -
_ i [ Ztg—-”)] +95(t,w)kuviﬂ'(tawiﬂ')

!
1
t 5 2 brlolT (t wi) Vasgguisvis (b wig)ofy (8 wn)],
(¥F2.)
(i <J) €L,

where V,, = —8%, and d;; is the Kronecker symbol.

- REMARK 4.4.3. If, in particular, o4;(t,w) = 0 for all ¢ # 7, then
(4.4.10) and (4.4.11) become
dE[vy (¢, w;)] _ dB; vy (2, wy)] .
(4.4.12) dat = dt + (gz(t;w))vacvu(t’%),
i€ (1,1

dB[vij(t,w)] _ dBij[vi (¢, wig)]
(4.4.13) dt dt
(<) elL]

+ (G (t, ) Vs vi5 (8, wig),

Thus, the structure of averaged derivative (4.4.10), (4.4.11) represents
adequately the hierarchical dependence of subsystems in large-scale system
(4.4.1).

4.4.3 Sufficient Conditions for Stability to Probability
of Stochastic Ito System

To formulate sufficient conditions for stability with respéct to the probabi-
lity of system (4.4.1) we make some assumptions on the system.
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AssuMPTION 4.4.3. The system (4.4.1) allows first and second level
decompositions and

(1) independent subsystems (4.4.3) possess property A(N;) Vi € [1,1];
(2) independent couples (4,7) of subsystems (4.4.7) possess property
ANG x N3 ¥ (i # 5) € [1,1)

REMARK 4.4.4. If for the system (4.4.1) there exist p and ¢ (p < g) €
[1,1] for which no free couple (p,q) of (4.4.7) can be found, then we take
Upq(t, Tpg) = 0.

ASSUMPTION 4.4.4. There exist time-invariant neighborhoods N C
R™ and N; x N; C R™ x R™ of states w; = 0 and w;; respectively,
constants bj, di, V& = 3%, aij, vl uf; and functions i3 € K such that
estimates

(1) 97V via(t,wi) < B3> (llwill) zk_ birth” (lwe 1),
(2) G5V iy vig(tri) < Ty Vip048” (b (s
(3) (W) Vuuvii(t, widu? < difluf]|%;

(4) (Uh) Vs 035 (& wig il < v k1%

(3) llog(twi)ll? < asgibss(|lw;ll);

(6) llok(t,wi)ll? < ufvra(llwrll),
are satisfied for all ui, w; € R™, w;; € R™ x R™, te€ T, (i #j) € [1,],
pk=12,...,1l

An important part in the structure of averaged derivative of the function
(4.2.15) is played by a symmetric ! x ! matrix

S=:@+3"),

MI»—-

where S is an upper triangle matrix with elements 3,, defined as

Spp = np(pp + bpp 2 Z dpoipi) + 21 Z nzﬂpz
i=1 i=p+1

+ 277? Z 7pp7)t + 2"7p Zﬂpz"h an Z l"’p] p]nk,
i=p+1 i=1 k. j=1
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4 i
Bpg = Nabpg + 485,07 + Z Z oAU
k=1 j=k+1

Fgp = 0, (p_<q)e[1,l], neR,, n>0

Sufficient conditions for stability with probability of the system (4.4.1)
are obtained in terms of the function (4.4.9) being apphed in construction
of the function

(4.4.14) V(t,w) =nTO(t,w)n, neRL, >0

Namely, we shall prove the following result.

THEOREM 4.4.1. Let the perturbed motion of the equation (4.4.1) are
such that:
(1) {&(t),t € T} is a normalized Wienner process and oy;(t,w) # 0,
v (i, ) € [L,1];
(2) all conditions of Assumptions 4.4.1-4.4.4 are satisfied
(3) the matrix S is
(a) negative semi-definite;
(b) negative definite.
Then the equilibrium state w = 0 of system (4.4.1) is

(a) stable in probability;
(b) asymptotically stable in probability.

PROOF. We take the functions v;;(¢,+) according to Assumption 4.4.1
and a vector n € R}, > 0. The function (4.4.14) in coordinate form is

! 1
Vt,w) =Y nfva(t,w) + D minsvi(t wis)
i=1 i,5=1
(4.4.15) (i;él)

= Z’?z’”u (t, wi) +2Z Z Min;vi (b, wig) *

i=1 j=i+1
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Assumption 4.4.1 implies that at the presence of properties A(N;) and
A(N; x Nj) the bilateral estimate

! !
S onda(lwil)+ D minsl (lwisll) < V(t,w)
i=1 i,j=1

Giwd)

! !
<Y ggalwill) + > mnswd(llwisl)
i=1 ij=1
(i%3)
is valid for function (4.4.15) when all w; € Nj, wij € My x N and t € T.
Since i1, ¥i2 € K and ¢}, ¥ € K, then the function V (t,w) is posi-
tive definite and decreasing. Moreover, functions ¥, (jlw|]) and ¥y(||lw|]) €
K can be found such that

(4.4.16) 1 (jlwl)) < V(¢ w) < Fa(llw]])

forall we N =Ny x-- XN, teT.

For the function (4.4.14) the averaged derivative
tions of (4.4.1) is

dE[V]
dt

along the solu-

!

dE[I;(tt,w)] anE[l'I(t TN Z; (@Mh g;DVw‘.vii(t,wi))

1
Z tr [075(t, w5) Vaorws vis (8, i) o5 (2, w5)]

j=1
(740

i 14
dE::v:s y
+23 D my (——-——” [v';ft’w”)]

i=1 j=itl

+

| R

l
Z tl" (0'1_7 w.jwuvij(tswij)afj])'

k=1
(k#1,5)

lo]r--\

forall t €T and w; € N, wij € Nj x M.
In view of conditions (c) of Assumptions 4.4.3 and 4.4.4 we get the
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estimate
dE[V (t,w d
BVEN < 3 pipwas i)
i=1
3
+ T2 (will) S b W82 (llwell) + Z dr ik Wis ({lwe )]
k=1 (k;éz)
(4417)  + 22 2 min; Bl Wia (luall) + 265 03 23
i=1 j=i+1

+ BT (lwyll) + Z Y2 G wr LS (el
k=1,p=k
!

E zJIJ‘zJ “I;lc3 ”wk”)]
(E2s)

K\Dll—‘

forall t € 7 and w,-EN,-.
With regard to the structure of the matrix S we get from esti-
mate (4.4.12)

dE[V (t,w)]

(4.4.18) -

< U¥(wl) STl
where ®(lll) = (¥34*(eals - 9 al))

Since by condition (3)(a) of Theorem 4.4.1 the matrix S is negative
semi-definite, then Aps(S) <0 and

!
D <000 3wl

for all t € 7 and w; € M.
Since ;3 € K, there exists a comparison function ¥3(|lw||) € K such
that

Z«ﬁzs(llwzll) < Ts(]lwll)

1.—

forall w; e N; and we N =N x ... M.
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Hence

dE[V (¢, w)]

(4.4.19) —

< Am(8)¥s(llwll)
is negative semi-definite for all t € 7 and w € N.

Thus all conditions of Theorem 4.3.1 from Section 4.3 are satisfied, and
the equilibrium state w = 0 of system (4.4.1) is stable in probability.

To verify assertion (b) of Theorem 4.4.1 it is sufficient to note that
under condition (3)(b) in the estimate (4.4.18) Ay < 0. Then according
to inequality (4.4.19) all hypotheses of Theorem 4.3.2 are satisfied and
the equilibrium state w = 0 of system (4.4.1) is asymptotically stable in
probability.

The Theorem 4.4.1 is proved.

ASSUMPTION 4.4.5. The system (4.4.1) allows the first and the second
level decompositions and

(1) independent subsystems (4.4.3) possess the property B;(o0), j €
[Ll];

(2) independent couples (i,j) of the subsystems (4.4.7) possess the
property Aij(00), V(i # j) € [1,1].

THEOREM 4.4.2. Let the perturbed motion of the equations (4.4.1) are
such that
(1) {&(t),t € T} is a normalized process and o4(t,w;) # 0 V(3,j) €
[L.1;
(2) all conditions of Assumption 4.4.5 are satisfied;
(3) the conditions of Assumption 4.4.4 are satisfied for N; = R™,
Ni x Nj = R™ x R™ with functions @3 € KR, i € [1,1];
(4) the matrix S is negative definite.
Then, the equilibrium state w = 0 of system (4.4.1) is asymptotically stable
in probability in the whole.

Proor. Under the conditions of Assumption 4.4.5 the function (4.4.14)
satisfies estimates (4.2.20) and its averaged derivative (4.2.27) satisfies in-
equality (4.4.18) where functions ¢;3 € K R. In consequence of condition (4)

of Theorem 4.4.2 and estimate (4.4.19), dE[V(E,w)] is negative definite for

all t € 7 and w € R™. Thus, all conditions of Theorem 4.3.3 are satisfied
and the equilibrium state w = 0 of system (4.4.1) is asymptotically stable
in probability in the whole.
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REMARK 4.4.5. If for the perturbed motion the equations (4.4.1) are
such that oy;(¢,w;) = 0 for all (4,7) € [1,!], i.e. random interconnec-
tions between the subsystems are absent, then the structure of matrix S is
simplified and its elements are:

i I !
Spp = 7732> (pp + bpp) + 2mp Z ﬂiﬂ;ln' + 2y Z Yhemi + 2np Z 531'7)1',
i=p+1 i=p+1 i=1

I [
Bpg = Mabpg + 482 Mg + D O YEimmy,  V(p<aq) €[Ll];
k=1 j=k+1

8¢ =0, p<agq.

Here np, p € [1,1] are components of vector i € RY,.

4.5 Applications

In this section general results on stochastic stability are applied in the
investigation of some real processes models.

4.5.1 Stochastic Version of the Lefschetz Problem

The following problem is a development of the Lefschetz [100] problem we
dealt with in Chapter 2.
Let us decompose system (4.2.1) into two subsystems

B _ X(t,p,0,y()) + F(t,p, 0, 5(2)),
(4.5.1)
= = X(t,0,q,y(t) + G(t,p, q,y(t)),

where p € R™, ¢ € R, X € C[Tp x By, R[Q, R™]], Y € C[Ty x By,
R[Q,R™]], F € C[Tp x B,R[Q,R™]], G € C[To x B,R[Q,R™]|, X, F, Y,
G vanish if and only if p =0 and ¢ = 0 respectively.

ASSUMPTION 4.5.1. There exist time-invariant neighborhoods N, C
R™, N, C R™ of the equilibrium states p =0, ¢ = 0 respectively, and a
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matrix-valued function II(¢, z,y) with elements vy &, = 1,2 such that
a1 GE(llpll) < vt py) @GPl VP € Npo, Yy €Y
2556t (llall) < va2(t,g,y) < T@G(lgll) Vg € Noo,Vy €Y
a1 G ({lpN¥rllall) < vi2(t,p,¢,y) < @aa(llpl)¥2(llgl)

V(P,q,y) ENpO ><-/\fqo xY

where Npo={p € Np, p # 0}, Ngo={q € Ny, ¢ # 0}, Gk, 4 = const > 0,
Q4,013 = const, k= 1,2; (s, ¥ are functions of class K.

(4.5.2)

If conditions of the Assumption 4.5.1 are satisfied, properties of the func-
tion (4.4.14) (property of having a fixed sign, the existence of an infinitely
small upper bound; an infinitely large lower bound) are defined by proper-
ties of matrices A = HTA1H; B = HTA;H where

(453) Al = [le]a Ag = [a-kl]’ H= dia'g (771,772), ka l= 1)2
We introduce the designation

A(Ukl) = Zaij[vkl(t; 11) - Ukl(t,',j)L k,1=1,2
i#]
ASSUMPTION 4.5.2. There exist constants pz., £ =1,2;r=1,2,...,10
and functions ¢(||pl|), ¥(||gll) of class K (K R) such that

Veons + (o)X + 3AG10) < pra¢® + (G, ),

Vives + (Voup)Y + %A(Uzz) < p1ayp® + ha1 (¢, ),
(Vool)F + 5A0m) < pra¢® + p1st + puath + hual(, ),
(Vqv2)G + %A(vzz) < p2C® + p2sCy + p2a¥® + haa (¢, 9),

1
Viviz + (Vpvig) X + ZA('U12) < p15¢? + p16C¥ + p1rY® + has(C, ),

(Vvn)Y + %A(vlz) < p2sC? + pasCt + parp® + has((,¥),
(Vpvin)F + ZIL-A(Um) < p18C% + p1oC¥ + pr1o¥? + ha(C, ),

(Vovia)G + %A(vm) < p28¢® + p2oC0 + pa10¥? + haa(C, ),

where h,({, %), k=1,2; s =1,2,3,4 are polynomials with respect to ,
1 containing additives of power higher than two.
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PROPOSITION 4.5.1. If all hypotheses of Assumption 4.5.2 are satisfied
and

(a) the matrix C = [cy], cij = ¢ji, © # §; %, j = 1,2 with elements

a1 =02 (p11 + pr2) + Mipez + 2mme(p1s + p1s + pas + pas),
cos = N2p1a + N2 (pa1 + p2a) + 2mm2(p17 + pr10 + par + pato),

Cr1o = _];( 2 2
12 = 5(Mp1s + n3p23) + mn2(pie -+ p1o + P26 + pas),

is negative definite, then due to system (4.5.1) averaged derivative

,rEM _ dEV]

(4.5.4) at T Ta

n€ R:

is a negative definite function.

If besides hypothesis (a), hypothesis (b) is satisfied, hypotheses of As-
sumptions 4.5.1 and 4.5.2 are satisfied

h(¢, ) = 02 (ka1 + haz) + 73 (ha1 + hao)

4.5.5
( ) + 2mma(hig + hia + hos + hay) <0

for p € R™, ¢ € R™, n; + ny = n and for functions {(||p||) € KR,
¥(llgll) € KR, then the averaged derivative (4.5.4) is negative definite in
the whole.

THEOREM 4.5.1. If the system of equations of perturbed motion (4.5.1)
is such that all hypotheses of Assumptiong 4.5.1 and 4.5.2 (a) are satisfied
and matrices A and B are positive definite and matrix C is negative definite,
the equilibrium state p =0, ¢ = 0 of the system (4.5.1) is agymptotically
stable with respect to probability.

If in Assumption 4.5.1 and 4.5.2 N, = R™, N; = R™ the functions
¢(Iloll) and ¥(||qll) are of class KR, the equilibrium state p =10, ¢ =0 is
asymptotically stable with respect to probability in the whole.

The assertions of Theorem 4.5.1 are implied by estimate

dE[V]
dt

(4.5.6) < €7CE + ()

where £ = ((,%)T and by the fact that if the hypotheses of Theorem 4.5.1
are satisfied, the hypotheses of Theorems 4.3.2 and 4.3.3 are satisfied re-
spectively.
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4.5.2 Stability in Probability of Oscillating System

Let us consider for an oscillating system the perturbed motion equations
which are of the form

%% = Al(y)p+ fl(pa Q7T1y(t))i

(457) % = A2 (y)q + f2(p’ q,r, y(t))7

E;.% = As(y)r + fs(p,a, 7, y(t)).

Here p, g, 7 € Rza fi € C(B’R[Ya Rz])a

0 1 -
Ai(y) = (_bi(y) _ai(y)) ) i=123

The functions a;(y) and b;(y) are bounded and y(t) is a homogeneous
Markov chain with a finite number of states ¥ = {y1,...,¥,} and with
transitional probabilities

pij (1) = ayT + o(7), ai; = const (i # j) € [1,7].

We designate b;(yx) = bl, ai(yx) = ai and assume that bi > 0. Matrix-
valued function II(p, g, 7, y(t)) elements v () are taken in the form

. 1
v11(p, yx) = pTdiag (1, b_l) P,
k

, 1
vaa(g, yx) = ¢ diag (1, b_z) g,
k

k
4.5.8 ' 0.1
(458) v12(p, ¢, ) = p" diag (1, 1;_1) g,
k
T 13 0,1
UIB(P,Ta:Uk) =p dlag ],,-bT T,
k
. 0,1
vas(g, 7, yx) = ¢ diag (1, _b_’_) r,
L # § 3.
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It is easy to notice that for fun
valid
(a) f 0<bi <1,i=1,2,3,¢t

v11 (o, yx) > |lpll%;
vas(ryyx) > |Irll%
viz(p, 7 9%) = 0, 1|pllll|l;

(b) if b, > 1, i =1,2,3, then
1 2
vi1 (P, yi) = bT”P” ;
k
1
vas(r, k) > b—sllrllz;
k
0,1
v13(P, 7y Yk) = ——b’;{llpllllrll;

For the function
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ctions (4.5.8) the following estimates are

hen

va2 (g, yx) > llall;
vi2(p, ¢, ¥x) > =0, 1{|plllall;
'U23(Qara yk) > _D!IHQHHTH;

1
v22(q, yx) > F”QHZ;
: %
0,1
v19(D, 4, yx) 2 ——b’THPHHQH;
k

0,1
vas (a7, Yx) > —EHQHHTH-

(4.5.9) V(p,g,my(t) = n"(p,q,7,5(2))m,
where 7 € R3 the matrix A; in the estimate of (4.2.20) has the form
( 1 -0,1 -0,1
-0,1 1 -=0,1{, if 0<di<1, i=1,23;
-0,1 -0,1 1
A = 0l _ 041
1(yx) 51}'. __b,}._ —ﬂ-
-5 & -w |, fe>1 i=123
01 _o01
A S A
The matrix 4, is positive definite, if
bt b b?
(4.5.10) £ 4 kg k998 k=127
by by b
dE[vi; ()]

For the averaged derivative

dt

of the function II(p, ¢, 7, y(t)) with

elements (4.5.8) it is easy to establish estimate in the form

dE[V (p,q

;7 y(1))]

<uTSu

(4.5.11)

dt
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where u = (|ip|l, llgll, [I7ID% 7 = (1,1,1)T and matrix S elements are

(4.5.12)

— Ab - Zdﬁ,) i=1,23 k=1,2,...,r

Mcn a..e.:

Byt Srloh+al +0,1AB]), k=12,
k

-
1]
A

dy + %lai + a}| +0,1|Ab31), k=1,2,...,m;
k

Q

%

w

—~

(S

a

o —
D[ =

—~ — S~ —

-

I=1
1/¢ 0,1
023(yk) = 5 Zdl% + "b,Tla‘lzc + a‘%' + 0’11Ab2|)1 k= 172a' ey Ty
I=1 k
where .
; 1
Ab' —Z(b, 31,.—)(1“, i=1,23 k=1,2,...,r
gtk d Tk
Here df;, i,j € [1,3], k € [1,6] are constants that are found when esti-
mating M

The matrix S with elements (4.5.12) is negative definite if

() Z“k Ab‘>2d,,, i=1,2,3 k=1,2,...,r
2 i ]
o) H( - A - Zd) 3 (30 dha + Wh(ah, ol 8,20
i=1 I=1
3
(0) H( — Ab - Zd)
i=1 =1

6

%(Zdllz‘l'wk(a'kaa'lub )(Z diy + We(ak,a}, 63 b3))

-~
faiy

8 ; 2
< %(&d + k(ak’ak’bk’b3))(l§=l d22+Ab2 2b(:2° )

. 1/ 4 ) 3 2
+Z(Z 23+Wk(ak>ak,b )(§d22+Ab b,lc)

=1
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%(Ej: diy + Wi(a,a}, b}, b ) (Zd3+Ab3 2ak),
k=1,2

yreeg Ty
where
Wi(ah,af, ) = Frlal + o +0, 1001
(4.5.18) W32(a2,a},b2,b%) = Obk1|ak+ak|+0 1]AB%;

1
wg(a;,az,bg,b3)=953-|a,a+ag|+o,1|Aba|, k=1,2...,r
k

Thus, under conditions (4.5.10) the function (4.5.9) is positive definite,
and when inequalities (a)-(c) are satisfied its averaged derivative (4.5.11)
is negative definite.

Applying Theorem 4.3.3 we conclude that conditions (4.5.10) and
(a)—(c) are sufficient for stability in probability in the whole of the equilib-
rium state p = ¢ =7 =0 of oscillating system (4.5.7).

4.5.3 Stability in Probability of a Regulation System

We consider an autonomous stochastic regulation system

l
(4.5.14) dw; = Z Aijw,-dt + ai(w,-)dz,-, + bif,;(oi)dt, 1€ [1, l],

j=1

I
where 6; = Y cﬁwk, bi,w; € R™, cix € R™, A;; are constant matrices
k=1
of the corresponding to vector w; dimensions, {z(t),t € T}, is a m;-

dimensional Wienner process. Besides, f;(6;) = 0, if and only if 8; = 0,
0 < fi(6;) < k;6? provided 6; # 0.
First level decomposition results in the system

4
(4.5.15) dw; = Ajwidt + o (w;)dz; + Z Aij&)jdt‘*’bifi(gi)dt, i€ [l,l],

j=1
(591)
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with the independent subsystems
(4.5.16) dw; = Agywidt + oi(w;)dz; 1 € [1,1],
and link functions
(4.5.17) gi(w) = Xl: Agjwsdt + b; f;(8,)dt, i € (1,1
G20
The second level decomposition yields

dw; =A;widt + A,;jw,-dt + oy (w,-)dz,-

1
+ Y Anwdt + b, fi(6:)dt;
(FeEir)

4.5.18
( ) dw; =Ajjwjdt + Aﬁw;dt + 0oy (w,-)dz,—

l
+ Y Ajrwsdt + by f;(6;)dt.
k=
(ki)
Equations (4.5.18) are represented as
_ o, :
dw,-j = Ai,-wi-,-dt + O'ijdzij + z A,;J-wkdt -+ Bijdt,

k=1
(k#4,7)
(i <) € [L,1)

(4.5.19)

Here wyy = (wf,w])T, wi; € R™ x R™ and matrices 4y, ij, oij, Bij
with dimensions (n; +n;) X (ni+n;), (ni+n;) xng, (n;+n;) x (m; +m;),
(ni +ny) x1 V(4,4,k) € [1,1] respectively, are defined by formulas

—k
A = (AR AR)T By = (b7£i(6:),671;(6:));
Ay Ay )

oy = diag(oi(wi), 05(wy));  Aij = (Aji Ajs

Alongside the systems (4.5.15) and (4.5.19) we shall consider the matrix-
valued function
(4.5.20)
H(LU) = [dia‘g(vi‘i(wi)) +('U1:j(w,'j))], 1<j€E [l’l]a i = 1’29"°’l
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with the elements
vi(wi) = i Paw; i € [L,1];
vij(wyg) = wigPywi; (i < 3) € [L,1].
Matrices P;; are found by Liapunov equations
(4.5.21) ALP; + P Ay = -Gy, i€ [1,1]

where G;; are symmetric positive definite matrices of dimensions n; x n;.
Matrices P;; are also found by Liapunov equations

—T , ,
(4.5.22) AijP'ij -+ P,:jZ,',- = —-Gij, (’L < ]) € [l,l]
where G;; are symmetric positive definite matrices of dimensions (n; +
nj) X (n; + n; ).
The functions v;;(w;) and vy{wi;) are positive definite if matrices Ay
and Z,-j are stable. We shall suppose that this condition is satisfied for the

systems (4.5.15) and (4.5.19).
Now we introduce symmetric matrices of dimensions n, x n,:

!
Epp = M2 Gop + 202 Cppby kip Pop + 1p Z ni(Gp; + G;:p)
(7»)
. .
+ 4np E mj [cppbgk;PzE + cjpb}k;—p:j
j=p+1
+ ijbgk;_ﬁpj + ijbfk;P;;,], p € [1,1],
and matrices of dimensions n, X ng, (p < ¢) € [1,!]:

Epg = 773 AEpP aq T TI:P ppbgkzc;fq + 20p1gGpq

l !
—T — T i
+ Np Z 3 (AEpP;] + A}‘quj) + 1y Z nj(AJTpPJ'q + qu‘Pj?q
= J=q -

J=q
(i#p)
! l
T =T —T T
+0p D (P Apg + Ppidini + 15 D 15 (PiAiq + Ply Apg)
(29 (%)

I
w 5T
+ 21, Z (cprb k3 PE, + corby by Ppy
k=
(k#fq)

+ Cpkbgkzﬁpq + chb}‘k;qu)nqi np € R+’ 7719 > 0'
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Here . .
ki, for Y., wicikb] Piw;>0

ki = (or 8:bF Ppgw; >0, or 8;b7 Pyw; > 0);
0, in the other cases.

We designate by Am(Sp,) and /\Mz(ququ) the maximal eigenvalue
of matrix Ep, and the norm of matrix BT =,, respectively. For system
(4.5.14) the following result is valid.

THEOREM 4.5.2. If system of the equations (4.5.14) is such that

(1) the first and second level decompositions are described by equations
(4.5.15) and (4.5.19) respectively;

(2) the matrices Ay and A;; in systems (4.5.15) and (4.5.19) are stable;

(3) the matrix S with elements

At (Epp) + 0ppy, P=;

8pg = )\i,_/,z(ququ), p<q
84ps p>gq, (pq) €L,

(a) negative semi-definite;
(b) negative definite.
Then, the equilibrium state w = 0 of system (4.5.14) ig
(a) uniformly stable in probability;
(b) uniformly asymptotically stable in probability.
ProOF. We construct by means of the function (4.5.20) the function
(4.5.23) V() =7n"Ilw), neRL, n>0.

By condition (2) of Theorem 4.5.2 the function V(w) is positive definite
and radially unbounded. For the averaged derivative

dE[V(w)] _ rdE[I(w)]
AL

it is easy to obtain the estimate

!
n€R,

i
AL < 3 o) + ol
=1

(4.5.24) l

+23° Z A2 EEE) willllws || = uT S,
i=1 j=i+1
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where u = (||wil,- .., }Jwi]|)T. Under the condition (3) of Theorem 4.5.2 the
averaged derivative (4.5.24) is negative semi-definite or negative definite.
According to Theorem 4.3.4 the Theorem 4.5.2 is proved.

4.6 Notes

4.1. General outlines on probability theory and theory of stochastic pro-
cesses can be found in the books by Doob [31], Gikhman and Skorokhod [42],
Dynkin [34], etc. The problems of stochastic stability are presented in a
number of monographs (see e.g. Kushner [90], Arnold [5], Khasminskii [83],
Michel and Miller [143], Ladde and Lakshmikantham [91], etc.). In these
investigations the second Liapunov method is further developed with inter-
esting applications.

4.2. Stochastic system in the form of (4.2.1) is called here the Kats—
Krasovskii form with reference to Kats and Krasovskii [82] where it was
introduced.

Basic definitions of stochastic stability are formulated as the genera-
lization of Definitions 2.2.1—2.2.4 from Chapter 2 for stochastic systems.
Stochastic matrix-valued function is introduced according to Martynyuk
[115] and averaged derivative is due to Kats and Krasovskii [82] and Mar-
tynyuk [115].

4.8. Theorems 4.3.1-4.3.4 are due to Martynyuk [115].

4.4. Theorems 4.4.1, 4.4.2 are taken from Azimov and Martynyuk [8]
and Azimov [6].

4.5. Stochastic version of the Lefschetz {100] problem is presented ac-
cording to Martynyuk [115]. Oscillating system (4.5.7) was investigated by
Azimov and Martynyuk [8], and system of automatic control (4.5.14) was
considered by Azimov (7).






5

SOME MODELS OF REAL WORLD PHENOMENA

5.1 Introduction

This chapter contains several examples of real world phenomena, that illus-
trate the versatility and applicability of the matrix-valued Liapunov func-
tions in stability investigation of its equilibrium state.

Section 5.2 deals with mathematical models in population. The neigh-
borhood of the non-trivial equilibrium state is investigated in the general
case for a predator-prey system and estimates of stability, asymptotic sta-
bility and instability domains are found in this section.

In Section 5.3 the model of an orbital astronomical observatory is con-
sidered. Conditions are established under which the whole system is stable
even though its separate subsystem are unstable.

In Section 5.4 we discuss a power system model consisting of N gen-
erators. General conditions are specified for asymptotic stability of the
equilibrium state of such a system to be applicable in the case of 3,5
and 7 generators to obtain the system parameters such that the system
is asymptotically stable, while the method of scalar or vector Liapunov
functions have failed to work herein.

Finally, in Section 5.5 the motion in space of winged aircraft is treated.

5.2 Population Models

We shall discuss in this section mathematical models in population dynam-
ics. In particular, we consider mathematical models of population growth
of competing as well as predator-prey species as prototype models of our
analysis. The models are based on certain simplifying assumptions as stated
below.

(1) The density of a species, that is, the number of individuals per unit

223
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area, can be represented by a single variable, when differences of
age, sex and genotype are ignored.

(2) Crowding affects all population members equally. This is unlikely
to be true if the members of the species occur in clumps rather than
being evently distributed throughout the available space.

(3) The affects of interactions within and between species are instanta-
neous. This means that there is no delayed action on the dynamics
of the population.

(4) Abiotic environmental factors are sufficiently constant.

(5) Population growth rate is density-dependent even at the lowest den-
sities. It may be more reasonable to suppose that there is some
threshold density below which individuals do not interfere with one
another.

(6) The females in a sexually reproducing population always find mates,
even though the density may be low.

The assumptions relative to density dependency and crowding affects
the fact that the growth of any species in a restricted environment must
eventually be limited by a shortage of resources.

5.2.1 Competition

For simplicity, let us first consider a two-species community model living
together and competing with each other for the same limiting resources.
Under assumptions (1)-(6), a mathematical model of population growth of
two competing species is described by

dr

Ttl- =2z (a1 faed b11.’171 - b12x2)1
(5.2.1)

diL‘z

Ty = Ta(ag — ba1%1 — baa2),

where z; is the population density of species ¢ for ¢ = 1,2 and for 4,5 =
1,2, a;, b;; are positive constants. These equations are derived from the
Verhulst-Pearl logistic equation

dz; ,
(5.2.2) —_ = mi(a,- - biiwi), 1= 1,2,

dt
by including the additional terms —bz; for ¢,j = 1,2 and ¢ # j to
describe the inhibiting effects of each species on its competior. The logistic
equation is best regarded as a purely descriptive equation.
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The important features of (5.2.2) are:

(a) The species increase exponentially whenever they are isolated.
(b) They approach their equilibrium without oscillations in the absence
of its competitor.

In (5.2.1), for ¢ = 1,2 a;z; can be interpreted as the potential rate of
increase that the i " species would grow if the resources were unlimited
and intra/inter-specific effects are neglected. Here a; is the intrinsic rate of
natural increase of the i*" species, a;/by = k; is referred as the carrying
capacity if the 1 species. From this (5.2.2) can be written as

dz; _ . T;
(5.2.3) 7 = % <1 ki) .

‘We observe that the per capita growth rate (%) / z; will be negative

or positive depending on the population density z; > k; or z; < k;. Thus
the constants k; determine the saturation level of population densities.

5.2.2 Predator-Prey

In the community of competing species, each species inhibits the multiplica-
tion of the other species. In a community of two species in which one species
is a parasite or predator and the other its host or prey, a different form of in-
teraction between these two species takes place. The mathematical models
for host-parasite and predator-prey systems are equivalent. Obviously, the
more abundant the prey, the more opportunities there are for the predator
to breed. However, as the predator population grows, the number of prey
eaten by the predator increases. To formulate the mathematical model
describing the predator-prey interaction between two species, we assume
the following: (a) in the absence of a predator, the prey species satisfies
assumptions (1)—(6) and (b) the predator cannot survive without the pres-
ence of prey and the rate at which prey are eaten is proportional to the
product of the densities of predator and prey. Under these assumptions,
a mathematical model describing the predator-prey interaction between a
prey and a predator in a given community is given by

da'1
dat
d:vz
dt

= z1(a1 - buiz1 — b1272),
(5.2.4)
= z9(—ag + ba171),
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where ; is prey density and x5 is predator density and a3, az, b11, bo; are
positive constants.

From the foregoing discussion with regard to the two-species competi-
tion model and the predator-prey model, we can readily generalize to n
interacting species so that the general model is described by

(5.2.5) d—ml =3 (a1 + Z b,,:c,) z;(0) = 250 > 0,
j=1

where z; is density of the i *® species in the community, a;, —b; are positive
constants and b;;, ¢ # j, are constants with any sign. Any arbitrary sign
for b;;, i # j, allows us a greater flexibility for the interactions between the

th and j tB species in the community. For example, in a competitive model,
bij, bji, 1 # Jj, are both negative, while for a predator-prey model, b;;, bji,
i # j, are of opposite signs. In a model for commensalism (symbiosis),
bij, bji, 1 # Jj, are both positive.

The system (5.2.5) is represented in the vector form

dx

(5.2.6) =

= X(a + Bz), z(0) =20<0

and decomposed into two subsystems

d
(5 . 7) T:;-ti = Xs(as + Az + As2-'172))

z2,(0)=2,<0, s=1,2
Here z = (27,2])T € R}, z, € R}, (af,al)T € R, B = [A,j], 8,5 =
1,2; a5 = (Gs1,0s2y ..., 8sn,)" € R™, A,; are constant matrices n, x n;,

X = diag (X, X3), X,,1 = diag (Ts1,.+ . Zen,), 3= 1,2.
Equilibrium population are determined by

(5.2.8) X(a+ Bz) = 0.

From (5.2.8) it is easy to conclude that = = 0 is an equilibrium which is
not interesting and so, we must assume that X # 0. In this case (5.2.8)
reduces to

(5.2.9) a+ Bz =0,

where B is an n by n matrix and a is an n-vector.
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We assume that there exists an equilibrium population z* > 0 as a
positive solution

(5.2.10) z* = -Bla

of (5.2.9). This assumption is consistent with consideration of community
stability. In the case when b hag all off-diagonal elements non-negative,
that is B is a Metzler matrix, then it is known that stability of B implies
z* > 0. It is possible to show that for a Metzler matrix B, the quasi-
dominant diagonal condition

n
(5.2.11) d;lbj;| > Z di|bi;|
=1

1#]

with d; > 0, is equivalent to saying that —B~! is non-negative and since
B~ cannot have a row of zeros, positivity of the vector a implies positivity
of z*. ‘

If B is a Metzler matrix, then an elegant solution of the problem on
stability of state z* is obtained by means of the function

n
V(z):Zdi [mi—x‘{—w;‘ln (%—})], d; > 0.
i=1 i

Our aim is to establish stability conditions for system (5.2.6) without
assuming matrix B being Metzler. This may be achived by decomposition
of system (5.2.6) with further application of the matrix-valued function.

By means of the Liapunov transformation

(5.2.12) y=c-—z*

we reduce the system (5.2.7) to the form

d
(5.2.13) -dyT = X (Aays + Asye) + Ya(Aa Vi + Asys)

where

X! =diag {z}y,%%0,. -, Ton, }»  8=1,2,
Y, = diag {ye1, Y625 .- > ¥Ysn, }, 8=1,2.
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For the system (5.2.13) the matrix-valued function

(5.2.14) Uy) = [vei(Wsr95)],  8,5=1,2,

is constructed with the elements

'Uas(ys) = y,TP,y,, s=12,

(5.2.15) .
Ve (Ysr ¥5) = v5a(Y5-¥s) = Y1 Psya.

Here P, are positive definite symmetric matrices of the dimensions n; x ng,
s = 1,2, and P; is a constant matrix n; by ns.
For the function
(5.2.16) V(y,n) =n"U(y)n, neR’,
the following estimates are valid

(5.2.17) wTHTD Hu < V(y,n) <uTHYD;Hu,

where

ul = (”ylns ”y2”)a H = diag {7715772}’

Dy = ( Am(PL) ~sign (mn2) Ay’ (P PY)
—sign (m72) A5y (P, PT) Am((P2) ’

D, = ( M (Py) ~sign (mm2) iy’ (P FPY)
—sign (mn2) A3y (P PY) A (Py)

We have for the function DtV (y,n) = nTDtU(y)n:

D*V(y,n) = n"DrU(y)n = ni D v11(y1) + 2mma Dt via(y1, 42)
(5.2.18) + n2D%vaa(y2) = yT [Fi1 + Guy1 + 297 Fioys
+ y3 [Fag + Gaz] vz + 20T Gaays.

Here
2 * " T " " T pT
Fy=mn [P1X1 A+ (X7 Aun) Pl] +mne [PstAZI + (X3 A21)" Py ] ;

Fia = 2P X} Az + 03 (X3 A2)" Py + muma [(Xi'An)T P+ P:?X;Azz] ;
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Faz = n3 [PzX;Azz + (X3 An)" Pz] +mne [(XfAm)T Py + PérXi“Alz] ;
Gu =n} [P1Y1Au + (YlAll)TPI] + mne [P3Y2A21 + (YaAa1)T PE] ;
Gra = i PiY1 A1z + 0} (YaAn))" Po + mme [PsYzAzz + (Y14)" Ps] ;
Ga =13 [P2Y2A22 + (Yadn)T Pz] + mne [P;Y1Am + (V1412)" Ps] :

We have for (5.2.18) the estimate

(5.2.19) D*V(y,n) <uT[C +G(y)]u,
where

uT = (llall, llwal)),
C= [csj]) S,j = 1’2i C12 = Ca1,
Gy) =[o6;®)], 012(¥) = o (¥).
Here c11, ¢32 are maximal eigenvalues of the matrices F11, Fas; ¢12 is the

norm of matrix Fiz and o,;(y) is the norm of matrix G, s,j = 1,2.
It follows from (5.2.18) that

(5.2.20) D*V(y,n) 2 uT[C* - G(y)lu,
where
o = ( et -012)
—co1 €3y

and cf, cj, are minimal eigenvalues of the matrices Fi1, Fys respectively.
Let us introduce the following notations

M ={ye R} :o11(y) +e1 <0, o2(y)+c2 <0,

(@11(y) + c11)(o22(y) + e22) — (012(y) + €12)* > 0}
Iy ={y € R} : 011(y) + c11 <0, 0a2(y) +ca2 <0,

(011 (%) + c11) (022 (y) + €22) — (012(y) + €12)® > O};
I3 ={y € R} : ] —011(y) >0, ¢35 —022(y) >0,

(cf1 = 011 (¥))(che — 022(y)) = (o12(y) + c12)* > O}

Estimates (5.2.17), (5.2.19) and (5.2.20) yield the following assertion.
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PROPOSITION 5.2.1. The equilibrium state z* of the system (5.2.6) is:

(1) Stable (asymptotically) in the domain II; (Ilp) if the matrix D, is
positive definite and the matrix C is negative definite.

(2) Unstable in the domain Il if the matrices D, and C* are positive
definite.

PrROOF. The fact that the matrix D; is positive definite yields that
the function V(y) if positive definite for all y € R%. Since the matrix
C is negative definite, then by estimate (5.2.19) the function DtV (y) is
non-positive in the domain II;. Hence all conditions of Theorem 2.3.3 are
satisfied, and the equilibrium state z* is stable.

The other assertion of Proposition 5.2.1 follows from Theorem 2.3.7.

5.3 Model of Orbital Astronomic Observatory

According to Geiss, Cohen et al. [40] the orbital astronomic observatory
consists of following blocks:

(1). observatory vehicle

2) observatory body

3) compensation system

4) engine

5) system of data (error) processing.

P~ o~~~

The subsystems (1)-(4) are physycal and its states are characterized by
the variables yi, y2, y3 and y4 respectively. Under some assumptions the
mathematical model of the motion control system for the observatory is
described by the equations

d;
% =R (y)ye + Fi(y1)d1 + e1ys,

% =Y (y2)dz — Bf2(0,y3) + ¥ (y2) fo(o, y3) + (8] + c2)ya,

(5.3.1) % = —f3f1(c) — Bays,

d:
% = =P fa(o,y3) — B2y,

o= F(y1)y1 + coyn + Fa(y1)ds.
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Here y; = (y11,y12,y13,y14)T, Y = (yil’yiz,yis)T, i=2,34

g= (011 02, US)T,

0 fiz fis
(5.3.2) F)=|0 f» fu
! 0 fa2 fa3
0 fao fu
and
fi2 = sin{y13 + az) —sinag,
fi3 = cos(y13 + az) — cosag,
Jaa = —sin(y14 + o) + sinay,
Jas = —cos(y14 + a4) + cosay,
faz = —tg (y11 + a1) cos(y13 + as) + tg o cos as,
(5.3.3) fa3 = tg (y11 + o) sin(y13 + as) — tg o sin as,
faz = tg (Y12 + a2) cos(y14 + ) — tg aa cos ay,
faz = —tg (y12 + a2) sin(y14 + 04) + tg oz sinay,
0 0 00
Fiy)=1{ga1 g2 0 .01,
g1 g 0 O
where
g3z = —d[sin(y,13 + a3) — sinag],
g21 = d[cos(y14 + a4) — cos ay],
g22 = d[cos(y13 + a3) — cosas],
g31 = —5[5in(y14 + a4) — 8in a4].
Furthermore
0 Y23  —Y22
(5.3.4) Y(y)=J | ~yas O Y1 |
Yoz Va1 0

sa so=(U i)

0 mo=(ME G2E)

231
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' z1(o1 + ag) — z1(as)
(5.3.7) fi(oe) =] z(o2% ag) —z1(ap) |},
z1(o3 + a10) — z1(0u10)
(5.3.8)
z[Brz1(01 + as) + Y31 + a11) — 22[B121(as) + 011]
fa(o,y3) = | 22[Brz1(o2 + ) + yaz + u2] = 2z3[f121(ca) + 2] |
22[B121(03 + a10) + yss + a13] — 22[B121 (@10 + 013]

0 sin oz cosag
_10 —sinay —Ccosy
(5.3.9) Cr= 1 —tgojcosas tgarsinaz |’
1 tgoscosas —tgassinoy
014 Q15 10
(5.3.10) Co=J1| dcosay bcosaz O 0],
—dsinagy —dsinaz 0 0
di1
(5.3.11) di=|da |, i=1,2,3.
dis
In the neighborhood of the equilibrium state
(5.8.12) yi=0, 1=1,234, o=0

under some additional assumptions the system (5.3.1) is reduced to the
form -
dzi = An1 + Aipzs + Aiszs + vB; f(X)
(5313) dt ild1 1242 343 [ )
T=Cz, Vi=123,

besides, z;, 1 = 1,2, 3, is determined as

Ap Af Ay
T = AV¢ , Tg = AVa y T3 = AV¢ y
Aw, Awg Awy

and (p,0,v¢) are Euler anglers specifying the rotating motion of the ob-
servatory, (wy,wy,wy) are the velocities of its changing, V,,,V,,, Vy are the
components of vector V' that determines the velocity of plane-parallel mo-
tion, z1, 2, z3 specify the observatory deviation from the directed position

Dp=¢" =, Af=6" -9, Ay =¢" —1h;
AV, =V, =V, AV =Vg - Vs, AV — Vs
Aw,y = wy — wy, Awg = w) — wy, Awy = wy, — wy.
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Here ¢*, 6%, ¢*; wy, wp; wy; V', V', V) are the parameters of the
observatory directed position. The matrices A;; and B; are

0 a1 0 0 00
Au=\| a =-az3 a4 |, Aip=-Ap=|-as 0 0],
—as 0 —Qp l? % 4 0 0

0 0 O 0 —-a1 0
Bi= {6y dia b3 |, App=Az=| 202 =—a3 aq

0 0 0 —2a5 0 —05
0s; is a Kronecker delta, A;; =0, 1=2,3; j=1,2,3VY(i #J),

T T T
i1 Tiz Ti3

C = 0 7'3‘2 0 )
0 0 r&

7"11; = (p%i’pfisp?i) , 1=1,2,3; 7'}; = (pjlaijan3)a J=2,3;
F(@) = (p1(01), ¢2(02),03(03))T, T =(01,02,05)T,

@ €[0,1] Vo;eR, i(o;) € C(R,R).
1
The elements a;, s = 1,2,...,7, of the matrices A;; as well as the values
rk, (i.k) €[1,3], rik, i =2,3, k € [1,3] are known real constants.

System (5.3.13) has a unique equilibrium state (z = 0) € R®.

The problem is to establish conditions for asymptotic stability in the
whole of system (5.3.13).

Let us use the algorithm of constructing the hierarchical Liapunov func-
tion (see Martynyuk and Krapivny [124]). The first level decomposition of
system (5.3.13) results in the independent subsystems

B = dum+ (1= 6WBS(D),  i=123
and the relation functions
g1(z) = Arazg + A1szs + vB; f(X),

gi(z) =0, i=2,3.

(5.3.14)

(5.3.15)

The second level decomposition yields three couples of the independent
subgystems

82 - Ayay +vByf(®), (1<) =123,

(5.3.16) =
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T R -
where z;; = (z],2])  and the matrices A;; and B;; are

i [An Ay i _[Ax O . _ [ 62:B;
A”_(O AJ'J'), Azs—(o Asz )’ By = B; ]

The relation functions between them are

Gi1j(z) = Af; +vB1f(2), (i#k) =23,
os(z) =0,

e _ (A _ [ A = _ [ B1
o) (). 5-(2)

We construct for the subsystem (5.3.14) the function

(5.3.17)

where

(5.3.18) vii(zi) = o] Hyws,  1=1,2,3,
where H;; > 0 satisfy the algebraic Liapunov equations
(5.3.19) ARHy + HiAy =Gy,  1=1,2,3,
where Gy; < 0 if and only if the subsystems

da
a

= AuZy
are asymptotically stable. For functions {5.3.18) the estimates

A (Hig)l|zl? < vis(2:) < Mg (Has)l|zi])?

5.3.20
( ) Vz, € R, i=1,2,3, ng=ng=n3 =3,

are known.
Assume that for all z; € R® for the functions v;;(z;) time-derivative
along the solutions of subsystems (5.3.14) the estimates

d'Uii (a:,)

(5.3.21) e

<Az, i=1,2,3
(6.3.14)

are satisfied and for (5.3.15)

Bvis(z:)\ T 1/2 2 1/2
(5.3.22) ol I (@) < Mzl paellwall?,
4 k=1
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where

Y = A (Gie) + 2(1 = Sl Haallllrell, i =1,2,3;
pia1 = 2v|[Hyy | [jrull;
(5.3.23) 1z = 2| Hu| [|Asal| + ¢lrell};
paz = 2||Hua|| || Assll + vlrasll];
i =0, 1=2,3; k=123

We construct for (¢, j)-couples of subsystem (5.3.16) the functions
(5.3.24) vij(zij) = 2 Himyg, (i< j)=1,2,3,
where the matricés H;; > 0 satisfy the algebraic Liapunov equations
(5.3.25) ALH; + HijAy =Gy, (1<5)=1,2,3,
for Gi; < 0 if and only if (4, j)-couples |

dzi; - .
-d—;J = Aija:,:,-, (Z < J) =1,2,3,

are asymptotically stable.
For functions v;;(z;;) the estimates

A (Hig)|zsj |2 € vig(®45) < Ane(Hig)llmss |12

5.3.26
( ) Vx,-,- € Rn.-xn,-’ (’i < J) =1,23,

take place.

235

We assume now that for the functions v;;(zi;) time-derivative along the

solutions of subsystems (5.3.16) the estimates

dvij (2i5)

(5.3.27) L

< pijlimll + 203 |l 2l 1172 + o125
(6.3.16)

are satisfied for all z; € R® and for (5.3.17)

Buij (i) \ © 2 ij /21, 111/2
(5.3.29) (24250 g1y60) < 3 il A2
? =
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The contstants P%j, p.?,-, pgj can be determined as follows

Pl = Ma(Gig) + 2063 Hi |l |Iraall,
(5.3.29) p3; = viIHijl Iris || + véail|Has|| Ira2ll,
03 = A (Gig) + 2w H|l Irjsll, (i<4)=1,2,3

and the constants VZ: as follows

vii = 2v||H, ||l
vil = 2\[Hj |l (625 llrs2l + S |Irss]l),
vad = 2|[Hii ||| Ak + v(83lIr12l| + Sagllrsall)];
vih = 20HL [ = 60|l Askll + vllraall]
+ 20| Eyglllrual, K, 5=2,3,

vig=vi=uvli=0 V(k<p) =123

(5.3.30)

Here the matrices HfJ and Hy;, (4 < j) =1,2,3, of the dimensions 3 x 3
are the blocks of the matrix H;; so that

H: H.:
H;; = (_."f :‘7) .
Hu Hu‘

Using the matrix-valued function U(z) with elements (5.3.18) and
(5.3.24), and by virtue of (5.3.21), (5.3.22), (5.3.27) and (5.3.28) we see
that

(5.3.31) 1) < 2ol

where

V(e,n) =n"Ule)n, neRL, n>0,
ellizl) = (llzsl/2, .. zsl/2)

The matrix S in (5.3.31) has the form

S= %(n +17),
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where II is the upper triangle matrix with the elements

k—1
ik = MR (0% + k) + 2 3 mipdy
i=1
3 3 )
+2m D Mibki+ D MmNV,
(5.3.32) i=k+1 i,;:l
Lot

8 8
Thp = Nabtkp + 4Np0Rp +2 D D Miniv, k<p,
i=1 j=i+1

Tk = 0, k<p.

The matrix S in the estimate (5.3.31) is negative definite, if

(5.3.33) 811 <0, 895<0, 833<0
and
(5.3.34) 511822 — 83, >0, detS <0

since s8;; >0 V(i # j) € [1,3].

Stability conditions (5.3.33), (5.3.34) are analyzed for two cases, first, for
the case when only the first level decomposition is made. This corresponds
to the approach based on the vector Liapunov function, applied by Grujié,
Martynyuk and Ribbens-Pavella [57].

In this case the elements of matrix IT for system (5.3.13) are in view of
(5.3.23)—(5.3.30) and (5.3.32)

mi =15 e (Gai) + 2| Hisll lIrall],  6=1,2,3;
m1g = 203 || Hal| [ Assll + vllrusll] i=28
Moz = Wi =0 V(j>i)=1,23.
We introduce the designations
Q = diag (77]2."’731773)

and the matrix D = [di;] the elements of which are expressed via the
elements of matrix II as follows

Tiq .
dij=;;, (’l”])=1,2a3'
i
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Therefore we have
(5.3.35) S= %(ﬁ +T7) = %(QD +DTQ).

The matrix S is negative definite if and only if the matrix D is an M-
matrix. The matrix D is an upper triangular and di; > 0 (4,5) = 1,2,3,
hence, if dy; < 0, then D is the M-matrix. Therefore, the conditions for
matrix S being negative definite are

(5.3.36) A (Gi) + 20| Hgl| lIrsl) <0 Vi=1,2,3.

These are the well-known conditions for the asymptotic stability in the
whole of system (5.3.13).

Let us show conditions (5.3.33), (5.3.34) for the asymptotic stability in
the whole of the system (5.3.13) to be more general than the conditions
(5.3.36).

The conditions (5.3.36) are satisfied if Aps(Gy;) < 0. This means that
the subsystems

Pt =123
obtained from (5.3.14) must be agymptotically stable.

Therefore, if one of the subsystems (5.3.37) is unstable, the conditions
(5.3.36) are not satisfied and the approach based on the vector function
does not work.

Assume the 34 subsystem from (3.5.37) is unstable, i.e. Axr(Gsa) > O.
In view of the second level decomposition one of conditions (3.5.33), namely
833 < 0 becomes

3 (Ane(Gss) + 2v||Hss|| [Irasll) + 2mins Ane(Ghs)
+ 272m3 (A (Gas) + 2v|| Hs || [Irssll) < O.

(5.3.37)

(5.3.38)

It is clear that, if the 3" subsystem forms asymptotically stable couples
(2,3) and (1,3), then Ap(Gis) < 0 and Apr(Gas) < 0. This may prove to
be sufficient for inequality (5.3.36) to be satisfied. However this inequality
may be derived by means of the matrix-valued function only.

Thus, the application of the matrix-valued function and two-level decom-
position yields less strict conditions for the asymptotic stability in the whole
of the system (5.3.13) as compared with conditions (5.3.36) established by
means of the vector Liapunov function.
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5.4 Power System Model

The dynamical and structural complexity combined with the high order of
the power system make many methods developed in theory of differential
equations inapplicable in the investigation of these systems. The method of
Liapunov functions (scalar, vector or matrix) is one of the methods used in
the analysis of stability and the estimation of asymptotic stability domains.
In this section we shall show the application of the matrix-valued Liapunov
function to be advantageous as compared with the results by the vector
Liapunov function.

5.4.1 Description of the Power System

Considered is the N-machine power system with uniform mechanical damp-
ing X. The 7** machine motion is modeled by the equations

(5.4.1) M+ Dib=Ppni— Py, i=12,...,N,
where
n
(5.4.2) P = E?Y" cos By + Z E,'EjY,'j cos(di,- - 9,','),
J#i

and M; € R is the inertia coefficient of the ¢ ** machine, D; € R is the
mechanical damping of the i ** machine, Pn; € R is the mechanical power
delivered by the ¢ ** machine, E; € R is the modulus of the internal voltage,
Yi; € R is the magnitude of the (%, j)-th element of the reduced admittances
matrix Y, d; € R is the absolute rotor angle: d;; = §; — §; = dinv — dinv,
&% = 8069, 6i; € R is the angle of the (4,j)-th element of the reduced
admittances matrix.

Let us take the N *» machine as a standard one and introduce (2N — 1)

state variables

oiN=06N~0, i#N;

(5.4.3) . _
w; = 0, i=12,...,N,

where o;; € R is a subsidiary variable, w; € R is the absolute angular
speed of the i *® machine rotor. Here 60y are the solutions of the system of
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equations

N
E}Yiicosfii+ Y EiE;Yj cos(80y — 69y — 645) = Prni,

J#i
i=12,...,N.

(5.4.4)

The motion of the whole /N-machine system can be described by the
equations

OiN = WiN,
(5.4.5) . e .
wy = —Aw; — M; ZAijfij(aij)) i=12,...,N,
J#i
where Ay = E;E;Y;;, A; = AiN, fi; are non-linear functions

(5.4.6) fij(ois) = cos(oij + af; — Bi5) — cos(6Y; — Bi),

satisfying the conditions

(5.4.7) fi;(0) =0, 0< f‘—’;a’—”) < &j, 0 #£0,
ij

as soon as o;; take the value on compact intervals Ji;:
(5.4.8) Jij = {015+ ~2(m — 835 + 0)) < 045 <2635 — 6) } .
The constants &;; in (5.4.7) are determined as follows

8fij(aij)

doi;

&=

oy =0

5.4.2 Mathematical Decomposition of the Power system
model

The state vector of the whole system is designated as

— T
= (UIN’w1102N1w21'--,O'N—I,NawN—l,wN) s
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and the subvectors
(5.4.9) T; = (a,;N,wiN)T = (xu,w,-z)T, t=12,...,N-1,

are introduced.
System (5.4.5) is represented as

dz;
(5.4.10) = = Dizi+ BiFi(oi) + hi(a),
Gi:C;Tmi, i=1,2,...,s

Each subsystem of (5.4.10) consist of free subsystems

dwi

(5.4.11) 5 = Piz; + B;Fy(0;),
o; = Cla;, i=1,2,...,8,
and relation functions
0
= _ _
(5412)  hila) = ( § (=M Aijfij(0i5) +MN1ANJ'fNJ'(aNJ'))) '
it

The vector of nonlinearities F;(o;) is a decomposition of two nonlinearities

fir(oa) = cos(oin + 0% — Oin) — cos(8% — i),

(54.13) : ‘
fialoi2) = cos(oni + 6%, — Bin) — cos(8%; — binv).

The other matrices and functions appearing in the system (5.4.14) are

0 1
Pz=(0 __)\)5

A= D,:Mi‘1 is a uniform damping, i —1,2,...,N;

o 0 0 r_( 10
B"(—Mi‘lAi MKzlAi)’ G ‘(—1 0)'
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5.4.3 Application Algorithm of the Matrix-Valued Function

The elements v;; of the matrix-valued function U(z) are taken as

2 Tip
(5.4.14) vis(:) = o Hims + I;’Yik O/fik(ﬂik)daik,
1=1,2,...,8,

gij
(5.4.15) vij (@4, 25) = oug 0/ fij(oij) doy;
(i?éj)i i1j=1,2,...,s.

Here H; are 2 x 2 symmetric positive definite matrices, vix and a;; are
- arbitrary positive numbers.
Let n=(1,...,1)T € R} and

Viz,n) =n"U@)n,  Ul) = [bi(zi, z5)].

The function v;; time-derivative along the solutions of the it intercon-
nected subsystem is

dvii _ dvy dvyg
(5.4.16) D D i}
dt dt [sq11) O |sa12)
where
dvi; T
-Et_ = 2x; H,-[P,':c,' + B,’Fi(ai)]
(5.4.11)
2
(5.4.17) + 3 vinfin(Tik) ik,
k=1
(5.4.18) %’L"— = 22T H;hy().
(5.4.12)

Further we introduce the following matrices
(5.4.19) ri = diag{7i1, %2},
(5.4.20) ®; = diag { L “(’_’“) R (f"'l) } € [ai, bi),

g1 ai1
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where a; = diag {€:1,€0} and b; = {&n, &2} are prescribed values.
The expressions (5.4.18) and (5.4.18) are transformed as

dvsi
(3.4.21) ‘;}—tt 5.411) = —2][G; — (aH:B; + P Cir;)®:Cl s,
where
-G = H;P, + P'H;
and
duii T Ty S
(5.4.22) =4 = 207 HyDioms + 267 H; Y | Dz,
dt (5.4.12) j#i
where
0 0
D=1-my a8y o)
J#i
Du = (M-IA 5y - M A 0)
i Aij®y - My An®y 0O
and
®;;(0) =0,
5.4.23
( ) 13(0'1_7) f1_7(0'1,]), oy # 0.

Combining (5.4.21) and (5.4.22) yields
-d—’l-)ii- = —:L';r {G,‘ - (2H;B; + P,:I‘Ci'r‘i)¢¢0;r - 2H¢Dia} i
8
+ ZxFH,' Z Dib.’tj.
J#4
For functions v;; defined by (5.4.15) we have

d'Uu

(5425 & = %t dd i — ozl (ddTF + Pl dd")y

+ a,-j@i,-mj dd~ Pz, i # J,
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where d = (1,0)7.
We have for function
8 8 8
(5.4.26) V(z,n) =— Z z] Dyz; + Z Z zf Dy,
i=1 i=1 j#i
where

Dy =G — (2H;B; + P,TC;I‘H)@,'C;-T —2H;D;,

5.4.27 -
( ) - Z(aij@,-j + aij<I>j,-)ddTP,-
i
and
(5.4.28) Dy; = 2H; Dy — ;% (dd™ Py + P dd").

Further we show that the right-hand part of (5.4.26) can be estimated by
the expression wT (z)Aw(z), i.e.

(5.4.29) V(z,n) < w”(z)Aw(e),
where w(z) = (||z1l],...,|zs])T, A =lay), 4,/ =1,2,...,s. Herea;; is a
computed in terms of estimate of the right-hand part of (5.4.26).

If we set W(z) = diag {l|@1}, |22l],. .., [|z4[[}, then

V(z,n) < n*W(z)AW (z)n.

It should be noted that U(x) is not estimated by the expression
W(z)AW (z) in view of (5.4.24)-(5.4.28).
Then the matrices H; are taken in the form

Aiy K
(5.4.30) m=<.”1+ﬁi),

1 r————
12 A 12

where k; are arbitrary positive constants and matrices G; are computed

0 0
(5.4.31) G.-_(O 2kih'iz)'
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We take the constants
Yit = 2M5_1Aih§2,
(5.4.32) Yiz = 2My" Aihiy,

-1
Ol,',j = aj,' = Mz- A,‘jhzg

and transform the expression —z} Dj;z; as

~a] Dyz; = —2h22{A,- (Mi—lf%f_’&) + MG fi2(0'1'2)>
F3 .

1 J42
-3
(5.4.33) + MY Ay i’ﬁ}w?l — 2kihiyzh,
J#i
a .
+ Z M Ry A (85 + Bij)minTaa.
J#i

The right-hand part of (5.4.33) may be estimated by the value
—im (@4l

(5.4.34) -zl Dz < =dim(Q)|zll?,  i=1,2,...,s,

where Ay, (Q;) is the minimal eigenvalue of the matrix Q;, the elements of
which are determined as

8
¢ =ghy = 2h§2{A,-(M[1sﬂ + Myten) + M7V Aia‘eij},
(5.4.35) 7

) 1. . e
912 = —g M, Lhiy Y max(&y, &)
J#t

We note that €;; € (0,&;;) and the constants ; are taken according to

8
(5.4.36) ki = Ad(M e + Mglen) + MY Ayeij.
J#i
We have in view of (5.4.28)
(5.4.37)
x;rDiij- = Zhiz(Mi—lAij@ij - M,\‘,lANj@Nj)xﬂwjl

— 0 ®iTi Tio
+ { 2R3 (M1 Ay @15 — My Any®n; — @iy @i} Tioza.
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To estimate the right-hand part of (5.4.37) the functions Z;: R? 5 R and
Zy: R® = R are introduced by the formulas

2(e, 8) =min {VZmax(lal,|8)), (ol + |8},
ACYR =min{ﬂmax<|a;, 181,171, (la +181 + ),

Z1(0, ) + 11l Z(c, B) + 18], Za(8,7) + |a|}-

Having noted that the expressions z;1%;1, Zi1Z 2, Ti22j1 can be treated
as the components of the 3-dimensional subspace, where each of the expres-
sions may take either positive, negative or zero value, the estimate of the
righ-hand part of (5.4.37) can be obtained in the form

x;-rl_)ija:,- < Z {2hi2 max (Mi_lAijE,:j, MK,IANjfnj) ,
(5.4.38) Mi_lAij h%zfij, hjs max (Mi—IAijﬁi]'s
2M " Aniéng)} il [l
In view of (5.4.34) and (5.4.38) we get for the elements a;; of matrix A:

~Aim, (7' = J),
Zy{2h%, max(M; ' Ayiéis, Mt Aniéng,

5.4.39 G = : , : i
( ) Y MY Aighbais, by max(M; 14655,
2MN AnjEng} (i # )
and
1. . .,
(5.4.40) aij = -2-(04']' + i), ,j=1,2,...,s.

We formulate now the following assertion.

PROPOSITION 5.4.1. In order for the equilibrium state z = 0 of system
(5.4.10) to be asymptotically stable it is sufficient that the inequalities

(5.4.41) (-1)*

be satisfied.
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PROOF. Let the matrix A in estimate (5.4.29) be constructed according
to (5.4.39) and (5.4.40). When inequalities (5.4.41) are satisfied, the matrix
A is negative definite, and by (5.4.40) A = AT. The function V(z,n) =
n*U(z)n is positive definite, since H; = HT is positive definite, v;x > 0
and aj; > 0 and the integral terms in (5.4.14) and (5.4.15) are non-negative
in the neighborhood of z = 0. Thus, function V' (z,%) for system (5.4.10)
is positive definite and V' (z,7) is negative definite in the neighborhood of
z = 0 due to inequalities (5.4.41). By Theorem 2.3.3 the equilibrium state
z =0 of system (5.4.10) is asymptotically stable.

5.4.4 Numerical examples

5.4.4.1 Ezample. The proposed algorithm of the power system stability
analysis is applicable to the 3-machine power system considered by Jocié,
Ribbens-Pavella and Siljak [79]. We admit the following parameter values
for the system (5.4.10):

N=3; E; =1017; E;=1005 FE;=1.033; 63 =25
613 = 2% a3 = —3°% Yio = 0.98 x 1073£86°;, Yi3 = 0.114£88°;
Yas = 0.1064£89°; M; = M; =0.01; M; =2.0.

Treating the third machine as a standard one we get two subsystems. Let
us take the constants A = 0.3, €11 = €31 = 0.06 and €13 = €93 = €12 =
&1 = 0.001. The matrix A = [a;;], defined by formula (5.4.39) is of the
form

A= -1.1506  1.0814
- 1.0671 ~1.0437 /-

The matrix 24 = A + AT satisfies conditions (5.4.41) and therefore the
equilibrium state = = 0 is asymptotically stable. It is important to note
that in this case Jocié, Ribbens-Pavella and Siljak [79] established the con-
ditions of asymptotic stability for A = 100, € = 0,99. In a paper by Shaa-
ban and Grujié¢ [164] the asymptotic stability of the system in question was
stated for A = 0.45, €11 = €97 = 0.10.

The asymptotic stability conditions for the equilibrium state z = 0
obtained herein are the least value for the parameters A and €.
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5.4.4.2 Example. Let in system (5.4.10) N = 4 and the parameter values
are the following (see El-Abiad and Nagappan [35]):

Ey =1.057/5.7°, Ep=1.152/14.4°, Es=1095/2.3°, E,=1.0/0.1°
Yi; =0.88/ — 88.1°, Yyy =0.873/ —83.2°, Yas = 1.014/ — 75.5°,
Yia = 2447/ — 69,7°, Yip =0.124/82.1°, Y;3 = 0.065/82.4°,

Y3 = 0.064/88.2°, Yay = 0.655/96.8°,

Y34 = 0.754/99°, Yi4 = 0.658/91.1°%

My =1130, M, =2260, M;=1508, M, ="T75350.

Choosing the fourth machine as a standard one we get three subsystems.
For the values A = 0.8, €11, = €21 = 31 = 0.5 the matrix A (see formula
(5.4.39)) is

1.8109 -2.7037 0.9811

. —-4.9087 3.7790  1.8484
A= .
14073  1.4898 -—4.8370

The matrix a = % (/i + AT) satisfies the conditions (5.4.41) and therefore,

the state z = 0 of the system is asymptotically stable. Earlier it has been
stated (see Gruji¢ and Shaaban [61]) that the asymptotic stability of the
equilibrium state z = 0 of the system takes place provided that A = 1.0
and g1 =Eg =E3 = 0.60.

Therefore, this case as well the proposed algorithm allows us to establish
the conditions of asymptotic stability for smaller valies of A and &.

5.4.4.8 Example. Let in system (5.4.10) N = 7 and the parameter values
are taken following Shaaban and Gruji¢ {164]. Taking the seventh machine
as a standard one we get six subsystems. For the values A = 2.0, ¢;; = 0.80,
i=1,2,3; g;; = 0.85, j =4,5,6, the matrix A (see (5.4.39)) is

—2.0176  1.0286  0.2408  0.2521 0.2876  0.2730
1.3301 -2.3742 0.2660 02785 0.3177  0.2952
0.2944 0.3111 -1.8805 0.8070 0.2744 0.2594

A= 0.2910 0,2714 0.7547 -1.9315 0.2848  0.2577
0.3022 0.2949 0.2357 0.2505 -1.9757 0.7701
0.31556 0.2941  0.2461  0.2577  0.8847 —2.1405

and a = % (A + AT) satisfies the conditions (5.4.41). Then the equilib-
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rium state z = 0 of the system is asymptotically stable. In the above
mentioned paper by Shaaban and Gruji¢ [164] the asymptotic stability of
the equilibrium state was established for A = 3.0 and ¢4 = 0.95, i =

1,2,...

,6. This applies to the smaller values of A and ¢ as well as to the

asymptotic stability of the equilibrium state z = 0.
The application of the approach to three-four and seven-machine system
enables us to conclude as follows (see Gruji¢ and Shaaban [61]):

(1)

(2)

(3)
(4)

(5)

We can decrease the value of the parameter A for which asymptotic
stability of £ = 0 of the system is assured (value of X is decreased
from 100 to only 0.3 for the three-machine system, and decreased by
33% of that in Shaaban and Grujié [164] for the four and seven ma-
chine systems). Noting that the smaller value of A means that the
generator is less damped and that it is more difficult to assure sta-
bility, we can deduce that the developed approach is more powerful
then those developed so far via vector Liapunov functions.

Smaller value of the parameter € can be assumed and the asymptotic
stability assured by applying the developed approach (value of ¢ is
assumed to be 85% of that in Shaaban and Grujié [164] for the four
and seven machine systems, and it is decreased from 0.10 to only
0.06 for the three-machine system). This essentially means that the
developed approach can lead to larger asymptotic stability domain
estimates.

Using the developed approach, we can decrease the conservativeness
of the decomposition-aggregation method.

The matrix-valued Liapunov function methodology leads to more
adequate scalar Liapunov functions for power systems and simplifies
their construction via the vector Liapunov function concept.

The stability test computation is reduced to only the negative defi-
niteness test of a single elementwise constant aggregation symmetric
matrix. Its dimension is reduced to the number s = N — 1 of the
subsystems of an N-machines power system.

5.5 The Motion in Space of Winged Aircraft

According to Aminov and Sirazetdinov [2] we will consider the case when
the aircraft, moving with fixed absolute value of the velocity, performs a
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manouvre with constant load factor. Thus, to the undistrturbed motion
there corresponds constant values of the angles of attack ap and of side-
slip Bo, and angular velocities of pitch w,o, yaw wyo and rotation wgg.
Their deviations from the perturbed values will be called o, 8, w,, wy, w;
respectively. The deviations of the angular velocities of side-slip, yaw and
rotation must not exceed given limits.

We consider the equations of the perturbed motion in the form (see
Byushgens and Studnev [18])

do 1 1
T = s = sopa = pbug = Sl
dtz =mla + m¥rw, — pAwywy +mded,,
d 1 1
(5.5.1) d—f = pwy + chﬁ + powy + Eci"ér,
-t-i?’i = mgﬂ -+ m;’"wy + pBuwyw, + mi’&r,
dw
d: =m8B + m&ew, — pCuwyw, + mi=d,,
where
_.Jy—']z _Jz_Jw _Jz'—Jy
A= 7, >0, B= 7 >0, C= A >0,

and u is the aircraft relative density, ¢, are the coefficients of the aerody-
namic forces, m,, are the coefficients of the aerodynamic moments, d., J;,
d. are the deviations of the elevator, aileron and rudder, and Jy, Jy, J, are
the aircraft moments of inertia with respect to the connected coordinate
system.

We take the law of stabilization in the form

0 = kSa + Kiw,, &p =kfﬂ+k$:’wy,

5.5.2
(652) 8o = k2B + k2w,

We substitute the values (5.5.2) into equations (5.5.1). We use the notations
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Ty =We, TaT=Wwy, T3=W, Ta=oa, =L,

ai = mg + kfmg", a5 = mye + kﬁmi“,
Gog = mg + kfmf,', ag5 = m;’” + kﬁmg’,
azs = m2 + k¢mSe, aze = m¥* + kimde,

(5.5.3)
1 1
044 =3 (c +k2cl), aw=p- §k§cg=,
1 1
ass =5 (¢ +RICT), ase = pt Shicy,
by =—pC, by=upB, by=-pA, by=-pu, bs=p.

Using this notation we can write system (5.5.1) as

dxl
_dt = a11%1 + a15%5 + b1$2z3:
dmz
—&t— = Q9%3 + Q2525 + baz1Z3.
dz

(5.5.4) _dTa = 033%3 + 03424 + bsz122,
dm4
T = 043%3 + G4aTs + byz1 25,
dx5
-E-t— = agaZy + Gz5%5 + bsT1T4.

We shall find the conditions connected to the coefficients of the system
(5.5.4) under which the solution of the system z = 0 is multistability, i.e.,
asymptotically stable with respect to (z4,2s5), and stable with respect to
(%1,%3,23).

We use the Theorem 2.6.1. In our example N = 2, i.e., there are two
groups of variables (21,23, 23) and (z4,5). We consider the matrix-valued
Liapunov function

1.
Uz) = 5 diag [—bobsa?, 2b1b3], —b1box3, 3, zE),

and n€ R}, m=1,i=1,2,...,5
The function

(5.5.5) nTU(z)n =V(z,n) = = (~bobsz? + 2b1b322 — b1b323 + 77 + 27)

[ SR
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is positive definite, decreasing and radially unbounded. In view of the
system (5.5.4) the derivative of the function (5.5.5) is

DV(w,n) =- bzbaauwg — bobzaigz128 + 2b1b3a22z§
(5.5.6) + (2b1b3a25 + asz)wzws - b1b2a33x§

2 2
-+ (a43 - b1b2a34)x3m4 + 0442y + a55T5.

In order to solve our problem we have to find the conditions whereby
function (5.5.6) is non-positive with respect to (z1,2,z3) and negative
definite with respect to (z4, z5).

The method of finding these conditions is given by Aminov and Sirazetdi-
nov [3] and is as follows. We equate the derivative DV (z,n) of (5.5.6) to
the function

W(z) = — (c1121 + c15%5)* — (c22T3 + Co55)?

5.5.7
(5:5.7) ~ (c33z3 + c3ax4)? — (cazs)? — (c5ws5)?

and, comparing coeflicient of like terms of (5.5.6) and (5.5.7), we find the
conditions for the existence of the coefficients of function (5.5.7) which are
in fact the required conditions for the function (5.5.6) to be non-positive
with respect to (z1,%2,%3) and negative definite with respect to (z4,zs).
These conditions are

(aas — brboags)?
bibaass
aZsbabs _ (2b1dgass + as2)? <0.
a1 2b1b3as2

a11 <0, a2<0, azz<0, au+ <0,
(5.5.8)

ass +

On substituting the values of the coefficients (5.5.3) into inequality (5.5.8)
we obtain the sufficient conditions that solve the aircraft space manouvre
problem.

5.6 Notes

5.2. The basic result of this section (Proposition 5.2.1) is new. The descrip-
tion of model and the competition discussion is due to Lakshmikantham,
Leela and Martynyuk [94]. For the large number of references on this topic
see Freedman [36]. The application of the Metzler matrix theory and vector
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Liapunov functions in the investigation of thise problems is due to Siljak
[167], Gruji¢ and Burgat [56], etc.

5.3. The description of the model of an orbital astronomical observa-
tory is taken from Geiss, Cohen et al. [40] and Gruji¢ [55]. The results
of investigation of this model are cited following Krapivny supervised by
A. A, Martynyuk. The comparison of the obtained results with those by
Grujié, Martynyuk and Ribbens-Pavella [57] has displayed the advantages
of the matrix-valued function application. For other results on the subject
see Siljak [167], Abdullin, Anapolskii et al [1], etc.

5.4. The results of this section are due to Gruji¢ and Shaaban [61].
The scalar Liapunov functions are applied by El-Abiad and Nagappan [35],
Michel, Fouad and Vittal [142]. For the application of vector Liapunov
functions see Pai and Narayana [151], Gruji¢, Martynyuk and Ribbens-
Pavella [57], Gruji¢ and Ribbens-Pavella [58], [59], Gruji¢, Ribbens-Pavella
and Bouffioux [60], Joci¢, Ribbens-Pavella and Siljak [79], Michel, Nam
and Vittal [144], Shaaban and Gruji¢ [164], [165], etc. Matrix-valued Li-
apunov functions are applied by Miladzhanov [145] including the systems
with structural perturbations.

5.5. The results of this section are due to Martynyuk [111] and Aminov
and Sirazetdinov [2].
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