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PREFACE

An important place among modern qualitative methods in nonlinear
dynamics of systems is occupied by those associated with the development
of Poincaré’s and Liapunov’s ideas for investigating nonlinear systems of
differential equations.

Liapunov divides into two categories all methods for the solution of the
problem of stability of motion. He includes in the first category those meth-
ods that reduce the consideration of the disturbed motion to the determi-
nation of the general or particular solution of the equation of perturbed
motion. It is usually necessary to search for these solutions in a variety
of forms, of which the simplest are those that reduce to the usual method
of successive approximations. Liapunov calls the totality of all methods of
this first category the “first method”.

It is possible, however, to indicate other methods of solution of the prob-
lem of stability which do not necessitate the calculation of a particular or
the general solution of the equations of perturbed motion, but which re-
duce to the search for certain functions possessing special properties. Lia-
punov calls the totality of all methods of this second category the “second
method”.

During the post-Liapunov period both the first and second Liapunov’s
methods have been developed considerably. The second method, or the
direct Liapunov method, based first on scalar auxiliary function, was re-
plenished with new ideas and new classes of auxiliary functions. This al-
lowed one to apply this fruitful technique in the solution of many applied
problems. The ideas of the direct Liapunov method are the source of new
modern techniques of qualitative analysis in nonlinear systems dynamics.
A considerable number of publications appearing annually in this direction
provide a modern tool for qualitative analysis of processes and phenomena
in the real world.

The aim of this monograph is to introduce the reader to a new direction
in nonlinear dynamics of systems. This direction is closely connected with a
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new class of matrix-valued function of particular importance in construction
of an appropriate Liapunov function for the system under consideration.

It is known that the problem of stability is important not only for the
continuous systems modeled by ordinary differential equations. Therefore,
in this monograph the methods of qualitative analysis are presented for
discrete-time and impulsive systems. Further, in view of the importance
of the problem of estimating the domains of asymptotic stability, a new
method for its solution is set out in a separate chapter.

The monograph contains five chapter and is arranged as follows.

The first chapter contains all necessary results associated with the me-
thod of matrix-valued Liapunov functions. It also provides general informa-
tion on scalar and vector functions including the cone-valued ones. General
theorems on various types of stability of the equilibrium state of the sys-
tems cited in this chapter are basic for establishing the sufficient stability
tests in subsequent chapters.

The second chapter deals with the construction of matrix-valued func-
tions and corresponding scalar auxiliary Liapunov functions. Here new
methods of the initial system decomposition are discussed, including those
of hierarchical decomposition. The corresponding sufficient tests for var-
ious types of stability and illustrative examples are presented for every
case under consideration. Along with the classical notion of stability ma-
jor attention is paid to new types of motion stability, in particular, to the
exponential polystability of separable motions as well as the integral and
Lipschitz stability.

The third chapter addresses the methods of stability analysis of dis-
crete-time systems. Our attention is focussed mostly on the development
of the method of matrix-valued functions in stability theory of discrete-time
systems.

In the fourth chapter the problems of dynamics of nonlinear systems
in the presence of impulsive perturbations are discussed. The method of
matrix-valued Liapunov functions is adapted here for the class of impulsive
systems that were studied before via the scalar Liapunov function. The
proposed development of the direct Liapunov method for the given class of
systems enables us to make an algorithm constructing the appropriate Liapunov
functions and to increase efficiency of this method.

In the final chapter the problem of estimating the domains of
asymptotic stability is discussed in terms of the method of matrix-valued
Liapunov functions. By means of numerous examples considered earlier by
Abdullin, Anapolskii, et al. [1], Michel, Sarabudla, et al. [1], and Siljak [1] it
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is shown that the application of matrix-valued functions involves an essential
extension of the domains of asymptotic stability constructed previously.

I wish to acknowledge the essential technical assistance provided by my
colleagues in the Stability of Processes Department of S.P.Timoshenko In-
stitute of Mechanics, National Academy of Sciences of Ukraine.

The bibliographical information used in the monograph was checked
by CD-ROM Compact MATH, which was kindly provided by Professor,
Dr. Bernd Wegner and Mrs. Barbara Strazzabosco from the Zentralblatt
MATH.

I express my sincere gratitude to all persons mentioned above. I am
also grateful to the staff of Marcel Dekker, Inc., for their initiative and kind
assistance.

A. A. Martynyuk
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PRELIMINARIES

1.1 Introduction

This chapter contains an extensive overview of the qualitative methods in
nonlinear dynamics and is arranged as follows.

Section 1.2 is short and gives information about continuous nonlinear sys-
tems that is important for applications in investigation of the mechanical,
electrical and electromechanical systems. Also discussed are the equations
of perturbed motion of nonlinear systems which are the object of investi-
gation in this monograph.

For the reader’s convenience, in Section 1.3 the definitions we use of
motion stability of various types are formulated. These formulations re-
sult from an adequate description of stability properties of nonlinear and
nonautonomous systems.

Section 1.4 deals with three classes of Liapunov functions: scalar, vec-
tor and matrix-valued ones, as well as the possibilities of their application
in motion stability theory. Along with the well-known results, some new
notions are introduced, for example, the notion of the “Liapunov metafunc-
tion”.

Basic theorems of the comparison principle for SL-class and VL-class of
the Liapunov functions are set out in Section 1.5. Also, some important
corollaries of the comparison principle related to the results of Zubov are
presented here.

Section 1.6 deals with generalization of the main Liapunov and Barba-
shin-Krasovskii theorems established by the author in terms of matrix-
valued functions. Some corollaries of general theorems contain new suf-
ficient stability (instability) tests for the equilibrium state of the system
under consideration.

In Section 1.7 the vector and cone-valued functions are applied in the
problem of stability with respect to two measures and in stability theory of

1



2 1. PRELIMINARIES

large scale systems. Detailed discussion of possibilities of these approaches
may prove to be useful for many beginners in the field.

In the final Section 1.8, the formulations of theorems of the direct Lia-
punov method are set out based on matrix-valued functions and intended
for application in stability investigation of large scale systems.

Generally, the results of this chapter are necessary to get a clear idea
of the results presented in Chapters 2—5. Throughout Chapters 2-5 refe-
rences to one or an other section of Chapter 1 are made.

1.2 Nonlinear Continuous Systems

1.2.1 General equations of nonlinear dynamics

The systems without nonintegrability differential constraints represent a
wide class of mechanical systems with a finite number of degrees of freedom.
Let the state of such system in the phase space R", n = 2k, be determined
by the vectors

q= (qu"'an)T and q= (‘jl,'-"q.k)T'
It is known that the general motion equations of such a mechanical system

are

d (0T oT
(121) a—t'(—a—q—s) —a—qa-—Us, 8—1,2,...,’6.

Here T is the kinetic energy of the mechanical system and U, are the

generalized forces.
The system of equations (1.2.1) is simplified, if for the forces affecting

the system a force function U = U(t,q1,...,qr) exists such that

U

Us = a.
Jqs

The simplified system obtained so far,

i(a(T+U))_a(T+U)_0 s=1.9 k

dt 04, 8‘1.9
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can be presented in the canonical form

da, OR dp, __OR

dt —%8-, dt —-—'—az, S=1,2,...,k,

where p;, = -g% and R = To — Tp — U. Here Ty is the totality of the
velocity-independent terms in the expression of the kinetic energy, and T5
is the totality of the second order terms with respect to velocities.

The qualitative analysis of equations (1.2.1) and its particular cases is
the principle point of the investigations in nonlinear dynamics of continuous
systems. '

1.2.2 Perturbed motion equations

Under certain assumptions the equations (1.2.1) can be represented in the
scalar form

dy; .
'%=Yvi(tayla'“’y2k)v 7'=1527"'52k9
or in the equivalent vector form
dy
(122) E = Y(t’ y),

where* y = (yl,yz,...,ygk)T €R* and Y = (Y'l,Yg,...,sz)T, Y:T x
R? — R?*¥_ A motion of (1.2.2) is denoted by n(t; to, o), n(to;to, %) = o,
and the reference motion 7, (t; to, yro). From the physical point of view the
reference motion should be realizable by the system. From the mathe-
matical point of view this means that the reference motion is a solution
of (1.2.2),

dn, (t; to, Yr0)
dt

Let the Liapunov transformation of coordinates be used,

(123) = Y[t7 nr(t; to, yro)]'

(1.2.4) T=Y—Yr,

where y.(t) = nr(t;t0,yr0). Let f: T x R?* — R%* be defined by
(1.2.5) f@t,z) =Y[t,y-(t) + 2] = Y[t,yr].

*In Liapunov’s notation y = (q1,92,...,qk, 91,05, -. ,q;c)T.



4 1. PRELIMINARIES
It is evident that
(1.2.6) f(t,0)=0.

Now (1.2.2) - (1.2.5) yield

(1.2.7) ‘;—f = f(t, z).

In this way, the behavior of perturbed motions related to the reference
motion (in total coordinates) is represented by the behavior of the state
deviation x with respect to the zero state deviation. The reference motion
in the total coordinates y; is represented by the zero deviation z = 0 in
state deviation coordinates z;. With this in mind, the following result em-
phasizes complete generality of both Liapunov’s second method and results
represented by Liapunov [1] for the system (1.2.7). Let Q: R?** — R",
n = 2k is admissible but not required.
In the monograph Grujié, et al. [1] the following assertion is proved.

Proposition 1.2.1. Stability of £ = 0 of system (1.2.7) with respect
to Q = z is necessary and sufficient for stability of the reference motion 7,
of system (1.2.2) with respect to every vector function @) that is continuous
iny.

This theorem reduced the problem of the stability of the reference motion
of (1.2.2) with respect to @ to the stability problem of z = 0 of (1.2.7)
with respect to z.

For the sake of clarity we state

Definition 1.2.1. State z* of the system (1.2.7) is its equilibrium state
over T; iff

(1.2.8) x(t;t0,2*) =z*, forall teTp, and ¢ €T

The expression “over 7;” is omitted iff 7; = R.
Proposition 1.2.2. For z* € R™ to be an equilibrium state of the
system (1.2.7) over T; it is necessary and sufficient that both

(i) for every to € T; there is the unique solution x(t;to,z*) of (1.2.7),
which is defined for all tyg € Ty

and
(ii) f(t,z*) =0, for all t € Ty, and to € T;.
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The conditions for existence and uniqueness of the solutions of system
(1.2.7) can be found in many well-known books by Dieudonne [1], Hale [1],
Hirsch and Smale {1}, Simmons [1], Yoshizawa [1], etc.

The next result provides a set of sufficient conditions for the uniqueness
of solutions for initial value problem

(1.2.9) %Z-’ = f(t,3), z(to) = zo.

Proposition 1.2.3. Let D C R"*! be an open and connected set.
Assume f € C(D,R"™) and for every compact K C D, f satisfies the
Lipschitz condition

If (¢ z) - f& )l < Lilz - yll

for all (t,z), (t,y) € K, where L is a constant depending only on K.
Then (1.2.9) has at most one solution on any interval [to,to +c¢), ¢ > 0.

Definition 1.2.2. A solution z(t;to,xo) of (1.2.7) defined on the inter-
val (a, b) is said to be bounded if there exists 8 > 0 such that ||z(t; to, zo)||
< B for all t € (a,b), where 8 may depend on each solution.

For the system (1.2.7) the following result can be easily demonstrated.

Proposition 1.2.4. Assume f € C(J x R",R"), where J = (a,b) is
a finite or infinite interval. Let every solution of (1.2.7) is bounded. Then
every solution of (1.2.7) can be continued on the entire interval (a,b).

1.3 Definitions of Stability

Consider the differential system (1.2.7), where f € C(7, x R™®, R"). Sup-
pose that the function f is smooth enough to guarantee existence, unique-
ness and continuous dependence of solutions x(¢; o, Zo) of (1.2.7). We now
present various definitions of stability (see Grujié [1] and Grujié, et al. [1]).
Definition 1.3.1. The state z = 0 of the system (1.2.7) is:

(i) stable with respect to T; iff for every to € 7; and every € > 0 there
exists d(tg,€) > 0, such that ||zo|| < d(to,€) implies

“X(t5 to,III())” <§g, forall te 761
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(ii) wniformly stable with respect to To iff both (i) holds and for every
€ > 0 the corresponding maximal dps obeying (i) satisfies

inf[dp(t,e): t € ] > 0;
(iii) stable in the whole with respect to T; iff both (i) holds and
Op(t,e) = +00 as e€— +oo, forall teT;;

(iv) uniformly stable in the whole with respect to T; iff both (ii) and (iii)
hold;

(v) unstable with respect to T; iff there are to € T;, € € (0,+00) and
T € To, T > to, such that for every § € (0,+o00) there is z,
||lzo|] < 6, for which

lIx(T;t0,z0)l| > €.

The expression “with respect to 7;” is omitted from (i) - (v) iff 7; = R.

These stability properties hold as ¢t =+ +o00 but not for ¢ = +o0.

Further the definitions on solution attraction are cited. The examples
by Hahn [2], Krasovskii [1], and Vinograd [1] showed that the attraction
property does not ensure stability.

Definition 1.3.2. The state £ =0 of the system (1.2.7) is:

(i) attractive with respect to T; iff for every to € T; there exists A(to) >
0 and for every { > 0 there exists 7(¢o;%0,{) € [0,+00) such
that |lzo|] < A(te) implies ||x(t;to,2o)|| < ¢, for all t € (to +
7(to; %0, (), +00);

(ii) zo-uniformly attractive with respect to T; iff both (i) is true and for
every to € 7T; there exists A(ty) > 0 and for every ¢ € (0,+o0)
there exists 7y[to, A(to), {] € [0, +00) such that

sup [T (to; %o, ¢) : @0 € Ti] = 7u(Ti, o, ();
(iii) to-uniformly attractive with respect to T; iff (i) is true, thereis A >
0 and for every (zg,¢{) € Ba % (0,+00) there exists 74(7i, %o,{) €
[0, +00) such that

sup [Tm (to); %0, €) : to € Ti] = 7u(Ti, 70, C);
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(iv) uniformly attractive with respect to T; iff both (i) and (iii) hold, that
is, that (i) is true, there exists A > 0 and for every ¢ € (0, +00)
there is 74,(7;, A, ¢) € [0, 4+00) such that

sup [Tm(to;x0><): (thzO) € 7: X BA] = T('E’A,C)’

(v) The properties (i) - (iv) hold “in the whole” iff (i) true for every
A(tg) € (0,+00) and every to € .

The expression “with respect to T;” is omitted iff 7; = R.
Definitions 1.3.1 and 1.3.2 enable us to define various types of asymptotic
stability as follows.

Definition 1.3.3. The state £ =0 of the system (1.2.7) is:

(i) asymptotically stable with respect to T; iff it is both stable with
respect to 7; and attractive with respect to 7;;

(i) equi-asymptotically stable with respect to T; iff it is both stable with
respect to 7; and zp-uniformly attractive with respect to 7;;

(iii) quasi-uniformly asymptotically stable with respect to T; iff it is both
uniformly stable with respect to 7; and tp-uniformly attractive with
respect to T;;

(iv) uniformly asymptotically stable with respect to T; iff it is both uni-
formly stable with respect to 7; and uniformly attractive with re-
spect to T;;

(v) the properties (i) — (iv) hold “n the whole” iff both the correspond-
ing stability of z = 0 and the corresponding attraction of z = 0
hold in the whole;

(vi) exponentially stable with respect to T; iff there are A > 0 and real
numbers a > 1 and 8 > 0 such that ||zo]] < A implies

Ix(t; to, zo) || < eflzoll exp[~B(t — to)],
forall t€ 7, andforall t, € 7;.

This holds “n the whole” iff it is true for A = +o0.

The expression “with respect to 7;” is omitted iff 7; = R.
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1.4 Scalar, Vector and Matrix-Valued Liapunov Functions

In order that to avoid the problem of nonlinear equations nonintegrability in
their qualitative study, Liapunov [1] suggested to apply auxiliary functions
with the norm properties. The auxiliary function, being a function of one
variable (time) on the system trajectories, allows estimating the distance
from every point of the system integral curve to the origin (to the system
equilibrium state) when time is changing from the fixed value %, € 7.

1.4.1 Aucxiliary scalar functions
The simplest type of auxiliary function for system (1.2.7) is the function
(14.1) v(t,z) € C(To x R*, Ry), w(t,0)=0.

Further all functions (1.4.1) allowing the solution of the problem on stability
(instability) of the equilibrium state z = 0 of system (1.2.7) are called the
Liapunov functions.

The construction of the Liapunov functions still remains one of the cen-
tral problems of stability theory. These functions should satisfy special
requirements such as the property of having a fixed sign, decreasing, radial
unboundedness, etc. The Liapunov functions are often constructed as a
quadratic form of the phase variables whose coefficients are constants or
time functions.

The following definitions are presented according to Gantmacher [1}.

Definition 1.4.1. A matriz H = (h;;) € R™*" is:
(i) positive (negative) semi-definite iff its quadratic form V(z) = zTHz
is positive (negative) semi-definite, respectively;
(i) positive (negative) definite iff its quadratic form V(z) = zTHz is
positive (negative) definite, respectively.

Notice that a square matrix A with all real valued elements is (semi-)
definite iff its symmetric part A, = 7(A + AT) is (semi-) definite, and a
square matrix A with complex valued elements is (semi-) definite iff its Her-
mitian part Ay = %(A + A*) is (semi-) definite, where A* is the transpose
conjugate matrix of the matrix A.

Now, the fundamental theorem of the stability theory — the Liapunov
matriz theorem — can be stated in the form.
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Theorem 1.4.1. In order that real parts of all eigenvalues of a matrix
A, A € R™*™, be negative it is necessary and sufficient that for any positive
definite symmetric matrix G, G € R™*", there exists the unique solution
H, H € R™"*", of the (Liapunov) matrix equation

(1.4.2) ATH + HA = -G,

which is also positive definite symmetric matrix.

If all the characteristic roots of A have negative real parts we can solve
the matrix equations (1.4.2) in closed form (see Zubov [3], and Hahn [2])

o0
H= / e*A"GesA ds.
0

For solving the Liapunov matrix equation (1.4.2), see also Aliev and
Larin [1], Barbashin [2], Barnett and Storey [1], etc.

1.4.2 Comparison functions

Comparison functions are used as upper or lower estimates of the function V
and its total time derivative. They are usually denoted by ¢, ¢: Ry — Ry.
The main contributor to the investigation of properties of and use of the
comparison functions is Hahn [2). What follows is mainly based on his
definitions and results.

Definition 1.4.2. A function ¢, ¢: R, — R, belongs to

(i) the class K[ o), 0 < a < +00, iff both it is defined, continuous and
strictly increasing on [0,a) and ¢(0) = 0;

(ii) the class K iff (i) holds for a = +00, K = K[g,+c0);

(iii) the class KR iff both it belongs to the class K and ¢(¢) = +co
as ¢ = +00;

(iv) the class Ligq) iff both it is defined, continuous and strictly de-
creasing on [0,¢) and lim [p({): { = +o00] = 0;

(v) the class L iff (iv) holds for a = +00, L = L9, 4.c0)-

Let ¢! denote the inverse function of ¢, ™ [p(¢)] =¢.
The next result was established by Hahn [2)].
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Proposition 1.4.1.

(1) foe K and ¢ € K then p(v) € K;

(2) If p€ K and o € L then ¢(o) € L;

(3) If p € Kjg,a) and p(a) = ¢ then ¢! € Kjg);

(4) If ¢ € K and lim[p({): { & +o0] = € then ¢~ is not defined
on (&,+o0);

(8) If 9 € Ko,0), ¥ € K[o,a) and ¢(¢) > 9(¢) on [0, ) then p™(¢) <
$~1(¢) on [0, ), where B = ¢(a).

Definition 1.4.3. A function ¢, ¢: Ry X Ry — Ry, belongs to:

(i) the class KKjo,a,g) iff both ¢(0,{) € Kjo,q) for every ¢ € [0,8)
and ¢(¢,0) € Kjp ) for every ¢ € [0,a);
(ii) the class KK iff (i) holds for a = 8 = +o00;
(iii) the class KLq g) iff both ¢(0,() € Kj o) for every ¢ € [0, )
and ¢(¢,0) € Ly g) for every ¢ € [0,a);
(iv) the class KL iff (iii) holds for a = 8 = +o0;
(v) the class CK iff ¢(t,0) =0, p(t,u) € K for every t € Ry;
(vi) the class M iff ¢ € C(Ry x R™, R,), inf p(t,z) = 0, (t,z) €
R.|. X Rn;
(vii) the class Mo iff ¢ € C(Ry x R, Ry), ileftp(t, z) = 0 for
each t € Ry;
(viii) the class ® iff ¢ € C(K,R+): ¢(0) = 0, and p(w) is increasing
with respect to cone K.

Definition 1.4.4. Two functions @1, 2 € K (or @1, w2 € KR) are
said to be of the same order of magnitude if there exist positive constants
a, 3, such that

ap1(() < w2(0) < Ppr(() forall (€[0,¢i] (orforall ¢ € |[0,00)).

In terms of the comparison function’s existence, the special properties of
functions (1.4.1) or the function

(1.4.3) v(z) € C(R™,R;), v(0)=0,
applied in the analysis of the autonomous system

(144) L —s@, 90 =0,

where = € R", g € C(R™, R™), are specified in the following way.
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Definition 1.4.5. A function v: R® — R is

(i) positive semi-definite iff there is a time-invariant neighborhood N
of z =0, N C R", such that
(a) v is continuous on N: v € C(N, R);
(b) v is non-negative on N: v(z) >0 for all z € N}
(c) v vanishes at the origin: v(0) = 0;
(ii) positive semi-definite on a neighborhood S of z = 0 iff (i) holds
for N =S;
(ili) positive semi-definite in the whole iff (i) holds for N' = R™;
(iv) negative semi-definite (on a neighborhood S of x = 0 or in the
whole) iff (—v) is positive semi-definite {on the neighborhood S or
in the whole), respectively.

Remark 1.4.1. Tt is to be noted that a function v defined by v(z) = 0 for
all z € R"™ is both positive and negative semi-definite. This ambiguity can
be avoided by introducing the notion of strictly positiveness (negativeness).

Definition 1.4.6. A function v: R™ = R is said to be strictly positive
(negative) semi-definite iff both it is positive (negative) semi-definite and
there is y € N such that v(y) >0 (v(y) < 0), respectively.

The H is strictly positive (negative) semi-definite iff v(z) = zTHz is
strictly positive (negative) semi-definite, respectively.

Definition 1.4.7. A function v: R®* - R is:

(i) positive definite if there is a time-invariant neighborhood N, N C
R™ or z = 0 such that both it is positive semi-definite on A and
v(z) > 0 for all (z # 0) € N

(ii) positive definite on a neighborhood S of * = 0 iff (i) holds
for N =§;

(ili) positive definite in the whole iff (i) holds for N = R™;

(iv) negative definite (on a neighborhood S of © = 0 or in the whole) iff
(~v) is positive definite (on the neighborhood S or in the whole,
respectively).

Hahn [2] proved.

Proposition 1.4.2. Necessary and sufficient for positive definiteness of
v on a neighborhood N of z = 0 is existence of comparison functions @; €
Kio,a), © = 1,2, where o = sup{||z||: = € N}, such that both v(z) € C(N)
and ¢1(llz]l) < v(z) < pa(llz]|) for all z € N.
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Definition 1.4.8. A function v: R x R"™ - R is:
(i) positive semi-definite on T, = [r,+00), 7 € R, iff there is a time-
invariant connected neighborhood NV of z =0, N C R", such that

(a) v is continuous in (¢,z) € T x N: v(t,z) € C(T; x N, R);

(b) v is non-negative on N: v(t,z) > 0 for all (¢,z) € T, X N

(c) v vanishes at the origin: v(t,0) =0 for all t € T;;

(d) iff the conditions (a)—(c) holds and for every ¢t € 7, there
is y € N such that v(t,y) > 0, then v is strictly positive
semi-definite on 7;

(ii) positive semi-definite on T, x S iff (i) holds for N = S;
(iii) positive semi-definite in the whole on 7T, iff (i) holds for N = R";
(iv) negative semi-definite (in the whole) on T, (on T x N) iff (—v) is
positive semi-definite (in the whole) on 7, (on 7; x V), respectively.
The expression “on 7;” is omitted iff all corresponding requirements
hold for every 7 € R.

Definition 1.4.9. A function v: R x R® = R is:

(i) positive definite on T;, T € R, iff there is a time-invariant connected
neighborhood N of £ = 0, N/ C R™, such that both it is positive
semi-definite on 7; x A and there exists a positive definite function
won N, w: R® = R, obeying w(z) < v(t,z) forall (¢,z) € T, xN;

(ii) positive definite on T, x S iff (i) holds for N = S;
(iii) positive definite in the whole on T, iff (i) holds for N = R™;
(iv) negative definite (in the whole) on T; (on T, xN) iff (~v) is positive
definite (in the whole) on 7; (on 7; x N), respectively.
The expression “on 7;” is omitted iff all corresponding requirements
hold for every 7 € R.

The following result is obtained directly from Proposition 1.4.2 and De-
finition 1.4.8. '

Proposition 1.4.3. Necessary and sufficient for a function v: RxR™ —
R to be positive definite on T, x N' when N is a time-invariant neighbor-
hood of z = 0 is that (a) and (c) of Definition 1.4.8 are fulfilled and there
is ¢ € K[o,a], where a = sup{||z||: z € N}, such that

v(t,z) = vi(t,z) +o(|z]|]) forall T xN,

where v (t,z) is positive semi-definite on T;.
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Definition 1.4.10. Set v¢(t) is the largest connected neighborhood of
z =0 at t € R which can be associated with a function v, v: Rx R® = R,
so that z € v¢(¢t) implies v(¢,z) < ¢.

Definition 1.4.11. A function v: Rx R® - R is:

(i) decreasing on T;, T € R, iff there is a time-invariant neighborhood
N of £ =0 and a positive definite function w on N, w: R" - R,
such that v(t,z) < w(z) for all (t,z) € T; x N;
(it) decreasing on T, x S iff (i) holds for N = S;
(iii) decreasing in the whole on T, iff (i) holds for N = R".
The expression “on 7;” is omitted iff all corresponding conditions hold
for every 7 € R.

Definition 1.4.11 implies.

Proposition 1.4.4. Necessary and sufficient for v to be decreasing on
T: x N' when N is a time-invariant neighborhood of x = 0 is existence of
a comparison function ¢ € Kjp o), where a = sup{||z||: € N'}, such that

v(t,z) =v_(t,z) + ¢(||z]) forall T, xN,

where v_(t, ) is negative semi-definite on T,.

Barbashin and Krasovskii [1,2] discovered the concept of radially un-
bounded functions. They showed the necessity of it for asymptotic stability
in the whole.

Definition 1.4.12. A function v: Rx R* = R is:
(i) radially unbounded on T;, 7 € R, iff ||z|| = +oco0 implies v(t,z) —
+oo for all t e 7;;
(ii) radially unbounded iff ||z|| - +oo implies v(t,z) = +oo for all
teT, forall T € R.

The next can be easily verified (see Hahn [2]).

Proposition 1.4.5. Necessary and sufficient for a positive definite in
the whole (on T;) function v to be radially unbounded is that there exists
@ € KR obeying, respectively, v(t,z) > ¢(||z||) for all x € R™ and for all
teR (forall teT;).

For the details see Barbashin and Krasovskii [1,2], Gruji¢, et al. [1],
Hahn [2], Martynyuk [9], etc.
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1.4.3 Vector Liapunov functions

We return back to system (1.2.7) and assume that for it the vector function
(1.4.5) V(t,z) = (v1(t,2),v2(t, 2),...,0;m(t,2)T

is constructed in some way, whose components v, € C(7; x R*,R,), s =
1,2,...,m. For the function (1.4.5) to be suitable for stability analysis of
the equilibrium state z = 0 of system (1.2.7) it is necessary for it to possess
the norm type properties (see Definitions 1.4.7-1.4.12). The presence of
such properties of function (1.4.5) is established in terms of one of the
following functions (see Lakshmikantham, Matrosov, et al. [1])

(1.4.6) u(t,2) = max v,(t2);
a4 i
(1.4.8) o(t,z) = i vi(t, z);

(1.4.9) v(t,z) = g(lV(t, z)), Q(0) =0,

Q € C(RT, Ry), the function Q(u) is nondecreasing in u. Since the func-
tions (1.4.6) - (1.4.9) are scalar and are constructed in terms of the vector
function (1.4.5), the special properties of the vector function (1.4.5) are
established according to Definitions 1.4.7-1.4.12.

Remark 1.4.2. Properties of positive definiteness, decrease and radial
unboundedness of the function (1.4.5) follow from the algebraic inequalities,
provided that the components v, (¢, z) of the vector function (1.4.5) satisfy
the conditions

1 i .
(1410)  aavi(lzl) vt 2) <apPi(led), i=1,2,...,m,

where a;1, a;2 > 0 and 9 and ;o are of class K(KR), z; € R™, n; +
ooy =0, z=(2F,...,2L)7T, ||lzi]] = (=Tz)3.

The conditions (1.4.10) are the broadest ones under which the algebraic
conditions of the property of having a fixed sign can be established for the
vector function (1.4.5).
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The assumptions on the components v;(t,z) of the vector function are
known being other than (1.4.10):

(@) pri(llzi]]) < vilt,z:) < @ai(l|zill), for all (¢,2;) € T, x R™, where
©1i, pai are of class K (KR), i =1,2,...,m;
(b) millzs|| < vi(t, z;) < kill;ll, for all (¢,2;) € T x R™, where n; and
K; are positive constants, i =1,2,...,m,
(see Michel and Miller [1], Siljak [1), etc.).

1.4.4 Matrix-valued metafunction
Assume that for system (1.2.7) the two-indexes system of functions

vin(t,2) ... vik(t, @)
(1.4.11) (i, z) =
u(t,z) ... wv(t,z)

is constructed, where v;; € C(T x R, R), i =1,2,...,k; j =1,2,...,L

Definition 1.4.13. A function II: T, x R* — R**! is called the matriz-
valued metafunction, if one of the Liapunov functions can be constructed
based on it, namely, a scalar, vector or simple matrix-valued one, which
solves the problem on stability of the equilibrium state z = 0 of sys-
tem (1.2.7).

The properties of having a fixed sign of metafunction (1.4.11) are estab-
lished by a general rule in terms of one of the functions

(1.4.12) vn(t,z) = max v;(t, x),
1<i<k
1<4<t

(1.4.13) vt z,a,B) = a"II(t, )8,

where a € R!, a = const # 0, 8 € R¥, B = const # 0;

(1.4.14) a(t,z) = Zzu,,(t z),
i=1 j=1
(1.4.15) vn(t, ) = ®(1(¢, z)),

where ® € C(R""’,R+), ®(0) =0, &(s) >0 for s > 0, and h_{n ®(s) =
8 oo
+00.
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Since the functions v (¢, ) determined by (1.4.12)-(1.4.15) are scalar,
the ordinary technique of the Liapunov functions method is used to check
their property of having a fixed sign, decreasing and radially unbounded-
ness.

Remark 1.4.3. If k =1 =m in (1.4.11), then II(¢,z) becomes an ordi-
nary matrix-valued function U(t, )

’Un(t, .’l:) oo ’Ulm(t, .’I:)
(1.4.16) Ut,z) = ,

Um1(6,2) ... Umm(t, )

where U: 7, x R™ - Rm*x™,

The property of having a fixed sign, decreasing and radial unbounded-
ness of the matrix-valued function (1.4.16) is established, provided that the
elements v,k (¢, 1), 8, k = 1,2,...,m, satisfy the estimates

g5 %21 ([1Z5l1) < st 2) < TostPa(l|]l)
forall (t,z) € To x N (for all (t,z) € T, x R"),

for all s=1,2,...,m, and (cf. Djordjevié [2])

asr¥a1([|2s[)¥r1 (27 ])) < vor(t, 2) < TortPaz(|las])¥ora(llz- 1)
for all (t,z) € Tox N (forall (¢,z)€ T, x R"),

when all s # r.

We shall formulate the assertions on the property of having a fixed sign
of the matrix metafunction similar to how it has been done for the ordinary
matrix-valued function (see Martynyuk [5-7, 20]).

Proposition 1.4.6. A metafunction II: 7, x R® — R**! is positive
definite on T,, T € R iff there exists o € R', B € R*, and a € K, and it
can be written as

un(t, z, @, B) = aTII+(t, z)B8 + a(l|zl),

where 11 (¢, z) is positive semi-definite on 7.
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Proposition 1.4.7. A metafunction II: T, x R™ — R¥*! is decreasing
on T;, 7 € R iff there exists a € R!, B € R*, and b € K, and it can be
written as

vn(t, 2,0, f) = a"I_(t,2)8 + b(lj=ll),

where I1_(t,z) is negative semi-definite on 7.

Proposition 1.4.8. A metafunction II: Ty x R* — R**! is radially
unbounded in the whole (on T;) iff it can be written as

’Un(t,x, a, IB) = aTH+ (ta .’E),B + C(“x”),

where I1.(t,z) is positive semi-definite in the whole (on T;), o € R!,
B € Rk, and c€ KR.

Remark 1.4.4. If k =1 = m, the vectors o and § are replaced by one
vector y € R™ and Propositions 1.4.6—1.4.8 become the known ones (see
Martynyuk [20]).

1.5 Comparison Principle

In this section we formulate the basic comparison results in terms of Liapu-
nov-like functions and the theory of differential inequalities that are neces-
sary for our later discussion (see also Yoshizawa [1], Szarski [1], etc.).
For system (1.2.7) we shall consider a continuous function v(¢, ) defined
.on an open set in 7, x N'. We assume that v(t, z) satisfies locally Lipschitz
condition with respect to z that is, for each point in 7, x A there are a
neighborhood 7; x § and a positive number L > 0 such that

lo(t, ) - v(t,)| < Lllz -yl

for any (t,z) € T, xS, (t,y) € T X S.

Definition 1.5.1. Let v be a continuous (either scalar, vector or matrix-
valued) function, v: 7, x R® = R®***, v(t,z) € C(T; xN), and let solutions
x of the system (1.2.7) exist and be defined on 7; x N. Then, for all
(t,z) € T x N,

(i) D*v(t,z) = limsup {"[Ho”‘(”og"z)]‘”(t’”) 10> 0*} is the upper
right Dini derivative of v along the motion x at (¢,z);
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(i) Dyv(t,z) = liminf {”IHO’X(H%“”]_"(M): 6 — O+} is the lower
right Dini derivative of v along the motion x at (¢, z);

(iii) D~v(t,z) = limsup {"[Ho”‘(t’*'oo“”)]_"(t”’) 10— 0‘} is the upper
left Dini derivative of v along the motion x at (¢, z);

(iv) D_v(t,z) = liminf {”[He”‘(""ogt’”]_”(t’z): 6 — O’} is the lower
left Dini derivative of v along the motion x at (¢, z).

(v) The function v has Eulerian derivative 0, o(t,z) = %v(t, z), at
(t,z) along the motion y iff

D*v(t,z) = Dyv(t,z) = D™ v(t,z) = D_v(t,z) = Dv(t,z)

and then o(¢,z) = Du(t, z).
If v is a scalar function and differentiable at (¢, ) then (see Liapunov [1])

B

5 + (Erad )£t ),

o(t,z) =

where
vado= (20 00 Ov\T
& T \O8z,’ 0z’ 0z, )

Effective application of Dt v in the framework of the second Liapunov
method is based on the next result by Yoshizawa [1], which enables calcu-
lation of D*v without utilizing system motion themselves.

Theorem 1.5.1. Let v be continuous and locally Lipshitzian in x over
T xS and S be an open set. Then,

D*u(t, .’B)I(m]) = lim sup {v[t +,z+ Gfo(t, 2)] = vt 2) 10— 0"“}

holds along solutions x of the system (1.2.7) at (t,z) € T; x S.

D*v will mean that both D*v and D v can be used.
The system of equations (1.2.7) is considered with the matrix-valued

function U (¢, z).
Definition 1.5.2. All scaler function of the type

(1.5.1) v(t,z,a) = aTU(t,z)a, o€ R™,

where U € C(T; x N, R™*™), are attributed to the class SL.
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The vector a can be determined in several ways (see Martynyuk [12]) and
its choice can effect the property of having a fixed sign of function (1.5.1).

By Definition 1.5.1 for function (1.5.1) when all (t,z) € T x N the total
derivative is calculated by virtue of system (1.2.7)

(1.5.2) D*u(t,z, a)'(1.2.7) =aTDVU(t,z)a,

where DU (¢, z) is calculated element-wise.
Let us consider the following scalar differential equation

d
(1.5.3) Z=0tw, ut)=u20, teR(HET),
where g € C(Rx R, R) (or g € C(T; xR, R)) and g(t,0) = 0 for all ¢ € 7.
Definition 1.5.3. Let «(t) be a solution of (1.5.3) existing on some
interval J = [tp, to+ @), 0 < @ < 400, to € R (to € T;). Then ~(¢) is said
to be the mazimal solution of (1.5.3) if for every solution u(t) = u(t; to, To)
of (1.5.3) existing on J, the following inequalities hold

(1.5.4) u(t) <v(t), teg, twe€R (toeTr)

A minimal solution is defined similarly by reversing the inequality (1.5.4).

Proposition 1.5.1. Let U: T, x N' = R™*™ U(t,z) be locally Lip-
schitzian in x. Assume that

(1) function g € C(T; XxR"X R4, R), ¢{(t,0,0) = 0 existsforall t € R,
such that

D+v(t,x,a)l(1.2‘7) < gt z,v(t,z,a)) forall (t,z,0) €T, x N x R™;

(2) solution z(t) = z(t;to,xo) of system (1.2.7) is definite and conti-
nuous for all (t;to, o) € To X Tr x N;
(3) maximal solution of the comparison equation

d
=9t 5,u), ulto) = o, z(to) = %o

exist for all t € T.
Then the estimate

v(t,z(t),a) < r(t;to, o, up) forall teT;:
holds whenever v(tg, Zg, ) < up.

For the proof see monographs by Lakshmikantham, Leela, et al. [1].



20 1. PRELIMINARIES

Proposition 1.5.2. Let U: T, x N = R™*™ U(t,z) be locally Lip-
schitzian in x. Assume that
(i) function g € C(T; x R™* x Ry, R) exists such that

D+v(t,z,a)|(1_2'7) > g(t,z,v(t,z,a)) forall (t,z,a)€ T, xN x R™;

(ii) solution of system (1.2.7) is definite and continuous for (t;t,zo) €

Tox Tr x N;

(iii) minimal solution r~(t;tg, To,wo) of the comparison equation
P gt z,w), wlte) =wo >0
exists for all t € T,.
Then inequality v(t,zg, @) > wq yields the estimate
U(t: x(t)a a) Z T (t; tO) Zo, WO)

for all t € T;.

Propositions 1.5.1 and 1.5.2 are a scalar version of the principle of com-

parison with the matrix-valued function.
In the monograph by Zubov [4] the following assertions are proved.

Corollary 1.5.1. Let
(i) function (1.5.1) obey the bilateral inequality
e1(1)0*(t) < v(t,z,0) < a(t)P(2),
where ¢;(t) > 0 for all t € Ty and p(t) = (zT(t; to, To)z(t; to, T0)) 2,
(ii) function g(t,z,v) satisfy the estimates
~91(8)p*(t) < g(t,z,v) < ~92(8)° (8),
where ¥;(t) > 0 for all t € Ty and functions v;(t)/pi(t), i = 1,2

are integrable.
Then for the solutions of system (1.2.7) the estimates

t
poo} (to)y () exp (— ; | ‘ﬁ—l——g; dr) < o(t)

1 (7)
w2(7) dT)

¢

1 _1 1
< po; (to)e; 2 (t) exp (— 3 /
to

are valid for all t € Ty and tg € 7;.
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Corollary 1.5.2. Let
(i) function (1.5.1) obey the bilateral inequality
e1()p" (1) < v(t, 2, 0) < @a(t)p(1),

where ;(t) are piece-wise continuous positive functions given for
all t€ A =[to,to+T), Iy >z are positive numbers;
(ii) function g(t,z,v) satisfy the estimates

—P1(t)p" (8) < g(t,2,0) < —ha(8)p* (1),

where ;(t), i = 1,2 are positive piece-wise continuous functions
forall te A, ky < k.

Then for the solutions of system (1.2.7) the estimates

¢ =% %
{sa; 1(t)vo[(1+(>\1 ~ 1)ygr~! / Y (T)pr ™M (T)df)} } < p(t)
to
< {¢;1(t)v0[(1+ Ay — ]_) Az— 1‘/1/)2 T)dT)] - 2} 1

are valid for all t € A, vo = v(to, Zo, @), \i = T.~L’ A>1fori=1,2

Corollary 1.5.3. Let both conditions (i) and (ii) of Corollary 1.5.2 be
satisfied and \; > 1, i = 1,2. Then for l; =13 =1 the solutions of system
(1.2.7) satisfy the estimate

¢ B
[‘PEl(t)vo (1 + (A — Dyt /fl (T)dT> ] < p(t)
to

1

¢ =251t
< {cpl'l(t)vo (1 + (g — D2t /fz(r)dr) ]

to

for all t € A, where
{ Vi) () if Yi(t) >0,
Yi(t)ez M (8) i () <0
_ { Yatlez () i Ya() 20,
Pa(t)pr (1) if a(t) <O.
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Corollary 1.5.4. Let both conditions (i) - (ii) of Corollary 1.5.2 be sa-
tisfied and Ay = A = 1. Then for ¢; >0, i = 1,2 every solution of system
(1.2.7) satisfies the estimates

: 17
[so; '(t)vo exp <— / Y1(s)e1(s) ds)] < p(t)
to

p T
< [wf '(t)vo exp ( - / Pa(s)p3 ' (5) d8>J
to
for all t € A.

Definition 1.5.4. All vector functions of the type
(1.5.5) L(t,z,b) = AU(t,z)b,
are attributed to the class VL.

Here U € C(T; x N,R™*™), A is constant m X m-matrix, and b is
m-vector.

For the vector function (1.5.5) we calculate
(1.5.6) D*L(t,z, b)|(1.2'7) = AD*U(t,z)b

for all (t,z,b) € T x N x R.
Proposition 1.5.3. Let U: T, x N' = R™*™ U(t,z) be locally Lip-
schitzian in x. Assume that

(1) a constant m x m-matrix A, a vector b € RI, a vector y € R™
and a function a € K exist such that

yTL(t,2,b) > a(|jz])
for all (t,z,b) € T, x N x RT;
(2) vector function G € C(T,; x R® x R™, R™) is such that G(t,z,u)
is quasimonotone nondecreasing in u for any t € 7, and

(3) solution z(t) = z(t;te,z0) of system (1.2.7) is definite and con-
tinuous for (t;to,z0) € T x T; x N and the maximal solution
wt(t;t0,wo) of the comparison system

dw
Et_ = G(t’ IL‘,W), w(tO) = Wwo

exists for all t € T,.
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Then the inequality L(to,zo,b) < wp implies the estimate
(15.7) L(¢,(t),b) < w*(t;to, z0, wo)
forall t € T,.

Besides, estimate (1.5.7) holds component-wise.
The proof of Proposition 1.5.3 is similar to that of Theorem 3.1.2. from
Lakshmikantham, Leela, et al. [1].

1.6 Liapunov-Like Theorems

There are several directions in stability theory to search for new conditions
which weaken one of other suppositions of the original Liapunov’s theorems.
We recall the classification of these directions:

(1) search of minimal weak assumptions on the properties of auxiliary
functions (semi-definite functions, integral positive functions, etc.);

(2) modification of assumptions on the properties of total derivative of
scalar function along solutions of perturbed motion equations;

(3) construction and application of multicomponent auxiliary functions
(vector, matrix-valued, metafunctions).

It is natural to expect the development of both the first and the second
directions within the framework of the third one.

Further on this section basic theorems of the direct Liapunov method
are set out in terms of the matrix-valued functions. Also, main definitions
of the class of matrix-valued functions are presented, here.

1.6.1 Matrix-valued function and its properties

Together with the system (1.2.7) we shall consider a two-indices system of
functions

(1.6.1) Ut z) = [vi(t,2)), 4,7=1,2,...,m,
where v; € C(T; x R",Ry), and v;; € C(T; x R*,R) for all i # j.
Moreover the next conditions are making
(i) vi;(t,z) are locally Lipschitzian in z;
(ii) vij(t,0)forall te R (teT;), 4, j=12,...,m;
(iii) vij(¢,z) = v;i(t,z) in any open connected neighborhood N of point
z=0forall te Ry (t€T;)
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Let y € R™, y # 0, be given. By means of the vector y and matrix-
valued function (1.6.1) we introduce the following function

v(t,z,y) =y U, 2)y.

The following definitions will be used throughout the book, which are
based on the corresponding results by Djordjevié¢ [3], Gruji¢ [2], Hahn [2],
Krasovskii [1], Liapunov [1], and Martynyuk [3-7].

Definition 1.6.1. The matriz-valued function U: T, x R® —» R™>m
is:
(i) positive semi-definite on T, = [1,400), 7 € R iff there are time-
invariant connected neighborhood A of z = 0, N/ C R™, and vector
y € R™, y # 0 such that
(a) v(t,z,y) is continuous in (¢,z) € T, x N x R™;
(b) v(t,z,y) is non-negative on N, v(t,z,y) >0 for all (¢,z,y #
0) € T x N x R™ and
(c) vanishes at the origin: v(¢,0,y) =0 for all (¢,y) € 7, x R™;
(d) iff the conditions (a)—(c) hold and for every t € T, there is
w € N such that v(t,w,y) > 0, then v is strictly positive
semi-definite on 7;
(ii) positive semi-definite on T, x S iff (i) holds for N = §;
(ili) positive semi-definite in the whole on T iff (i) holds for N’ = R";
(iv) negative semi-definite (in the whole) on T; (on T, x N) iff (—v) is
positive semi-definite (in the whole) on 7; (on 7 x ), respectively.
The expression “on T,” is omitted iff all corresponding requirements
hold for every 7 € R.

Definition 1.6.2. The matriz-valued function U: T, x R® - R™*™
is:

(i) positive definite on T;, T € R, iff there are a time-invariant con-
nected neighborhood N of £ =0, N C R" and a vector y € R™,
y # 0 such that it is both positive semi-definite on 7, x N’ and
there exists a positive definite function w on N, w: R* — R,,
obeying w(z) < v(t,z,y) for all (¢,z,y) € T, x N x R™;

(ii) positive definite on T, x S iff (i) holds for N = S;

(iii) positive definite in the whole on T, iff (i) holds for N’ = R™;

(iv) negative definite (in the whole) on T, (on T, X N'x R™) iff (—v) is
positive definite (in the whole) on 7; (on 7; x A" x R™), respectively;
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(v) weakly decreasing on T, if there exists a A; > 0 and a function
a € CK such that v(¢,z,y) < a(t,||z|]) as soon as ||z| < A; and
(t,y) € T- x R™; .

(vi) asymptotically decreasing on T, if there exists a Az > 0 and a
function b € KL such that v(¢,z,y) < b(¢,||z||) as soon as ||z]| <
Az and (t,y) € T x R™.

The expression “on 7,;” is omitted iff all corresponding requirements

hold for every 7 € R.

Proposition 1.6.1. The matrix-valued function U: R x R® — R™*™
is positive definite on T, T € R iff it can be written as

y U (¢, 2)y = y"U+ (8, z)y + a(l|z])),
where U, (¢, x) is a positive semi-definite matrix-valued function and a € K.
Definition 1.6.3. (cf. Grujié, et al. [1]). Set v¢(t) is the largest con-
nected neighborhood of © = 0 at t € R which can be associated with a
function U: R x R® = R™*™ so that z € v¢(t) implies v(t,z,y) < (,
y € R™.
Definition 1.6.4. The matriz-valued function U: R x R"® — R*** is:
(i) decreasing on T,, 7 € R, iff there is a time-invariant neighborhood
N of £ =0 and a positive definite function w on N, wW: R* — R,
such that yTU(¢,z)y < W(z), for all (¢,z) € T, X N;
(i) decreasing on T, x S iff (i) holds for N = S;
(iii) decreasing in the whole on T, iff (i) holds for N' = R™.
The expression “on T,” is omitted iff all corresponding conditions still
hold for every 7 € R.
Proposition 1.6.2. The matrix-valued function U: R x R® - R™*™
is decreasing on T,, 7 € R, iff it can be written as

yTU(t, )y = y"U-(t,2)y + b(llzll), (y #0) € R™,
where U_(t,z) is a negative semi-definite matrix-valued function
and be K.
Definition 1.6.5. The matriz-valued function U: R x R* — R™*™
is:
(i) radially unbounded on T;, T € R, iff ||z|| = co implies y™U (¢, )y —
+oo, forall t € T;, y € R™;
(ii) radially unbounded, iff ||z|| — oo implies y™U(t,z)y — +oo0, for all
teT;,andforall Te R, y€ R™, y #0.



26 1. PRELIMINARIES

Proposition 1.6.3. The matrix-valued function U: T, x R* — R™*™
is radially unbounded in the whole (on T,) iff it can be written as

y'U(t,2)y =y U+ (t,2)y +a(llall) forall =z €R",

where U, (t,x) is a positive semi-definite matrix-valued function in the
whole (on T;) and a € KR.

For the proof of Proposition 1.6.1-1.6.3 see Martynyuk [9, 20].

1.6.2 A version of the original theorems of Liapunov

The following results are useful in the subsequent sections.

Proposition 1.6.4. Suppose m(t) is continuous on (a,b). Then m(t)
is nondecreasing (nonincreasing) on (a, b) iff

D¥*m(t) >0 (<0) forevery te€ (a,b),

where
D¥m(t) = limsup {{m(t + ) — m()]0"': 6 - 0*}.

Following Liapunov [1], Persidskii [1], and Yoshizawa [1] the next result
follows (see Martynyuk [20]).

Theorem 1.6.1. Let the vector function f in system (1.2.7) be conti-
nuous on R x N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood § C N of
point z = 0

(2) a positive definite on N (on T; x N') matrix-valued function U (t, )
and vector y € R™ such that function v(t,z,y) = y U(t,z)y is
locally Lipschitzian in x and D*v(t,z,y) < 0.

Then

(a) the state x = 0 of system (1.2.7) is stable (on T;), provided U(t, z)
is weakly decreasing on N (on T, x N);

(b) the state £ = 0 of system (1.2.7) is uniformly stable (on T;), pro-
vided U(t, z) is decreasing on N (on T; x N).
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Corollary 1.6.1. Assume that the functions v;;(t,z) in (1.6.1) are con-
tinuously differentiable for all (t,z) € T, x N, and

m m
(1.6.2) Du(t,z, y)|(1.2.7) = Z Z yiy; Dvij(t, z)|(1_2’7).
i=1 j=1

If there exist functions ®;;(t,z,y), ®i;j(t,0,y) =0 for y #0 for all i, j =
1,2,...,m, such that

(163) yiijvij (t>w)|(1.2.7) < q)ij(t’z,y)

for all (t,z) € T, x N, then (cf. Djordjevié [3])
m m

(1.6.4) DvM(t,a:,y)hl.z',,) < ZZ ®.;(t, z,y) = eT®(t,z,p)e,
i=1 j=1

where e = (1,1,...,1)T € R?.

Further we denote
1
(1.6.5) B(t,z,y) = 5 [8(t,2,y) + @"(t,2,)]

and assume that there exist comparison functions wi (||z|)), ..., wm(||z||)
of class K and matrix B(t,z,y) such that

(1.6.6) e'B(t,z,y)e < w(|lzl))B(t, 2, y)w (=)

for all (t,z,y) € Tr X N x R™.
Compile the equation

(1.6.7) det [B(t,z,y) — AE] = 0,

where E is an m xm identity matrix. Designate the roots of this equation by
Ai = ity z,y), ¢ =1,2,...,m. It is easy to verify that Dvpy(t,z,y) <0
in domain 7; x N x R™ if

(1.6.8) Ai(t,z,y) <0 forall i=1,2,...,m,

and all (¢,z,y) € T- X N x R™.

Conditions (1.6.8) together with the other conditions of Theorem 1.6.1
is a sufficient test for stability and uniform stability of the state £ = 0 of
system (1.2.7).
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Theorem 1.6.2. Let the vector function f in system (1.2.7) be conti-
nuous on R x R™ (on T; x R™). If there exist radially unbounded positive
definite in the whole matrix-valued function U € C (R x R*, R™*™) (or
UeC(T; x R*, R™*™) (onT,) and vector y € R™ such that the function
v(t,z,y) = y"U(t,z)y is locally Lipschitzian in x and

D+v(t,x,y)l(1_2.7) <0 forall (t,z)€ Rx R"
(for all (t,z) € T, x R"™).

Then
(a) the state z = 0 of system (1.2.7) is stable in the whole (on T ),
provided U(t,z) is weakly decreasing in the whole (on T;);
(b) the state z = 0 of system (1.2.7) is uniformly stable in the whole
(on T;), provided U(t, z) is decreasing in the whole (on T;).

Remark 1.6.1. If f is locally Lipschitzian on R x N’ (on 7;) then U in
the preceding theorems is also locally Lipschitzian on Rx N (on 7;) which
enables effective calculation of D*U via Theorem 1.6.1.

Following Grujié, et al. [1], Hahn (2], Liapunov [1], Massera [1, 2], Yoshi-
zawa [1] the next result follows (see Martynyuk [20]).

Theorem 1.6.3. Let the vector function f in system (1.2.7) be conti-
nuous on R x N (on T; x N). If there exist

(1) open connected time-invariant neighborhood G C N of the
point = =0;

(2) positive definite on G (on Tr x G) matrix-valued function U(t, ),
a vector y € R™ and positive definite on G function v such that
the function v(t,z,y) = y*U(t,z)y is locally Lipschitzian in z and

D*u(t,z,y)|(y 47 < —¥(z) forall (t,z,y)€ RxGxR™
(for all (t,z,y) € Tr xGx R™).

Then
(a) iff U(t,z) is weakly decreasing on G (on T; x G), the state z =0
of system (1.2.7) is asymptotically stable (on T;);
(b) iff U(t,z) is decreasing on G (on T; x G), the state x = 0 of system
(1.2.7) is uniformly asymptotically stable (on T;).

According to Barbashin and Krasovskii [1,2] and Gruji¢, et al. [1], and
the preceding proof in which we choose 8 € KR it is easy to prove (see
Martynyuk [20]).
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Theorem 1.6.4. Let the vector function f in system (1.2.7) be conti-
nuous on Rx R™ (on T; x R™). If there exist radially unbounded positive
definite in the whole matrix-valued function U(t,z) € C (R x R", R™*™)
(or U(t,z) € C(T; x R", R™*™) (on T, ), a vector y € R™ and a positive
definite in the whole function 0, such that the function

u(t,z,y) =y U (¢, z)y

is locally Lipschitzian in z and

D+v(t,w,y)|(1_2_7) < —8(x) forall (t,z,y)€ Rx R™ x R™
(for all (t,z,y) € T x R® x R™).

Then

(a) iff U(t,z) is weakly decreasing in the whole (on T ), the state z = 0
of system (1.2.7) is asymptotically stable in the whole (on T);

(b) iff U(t,z) is decreasing in the whole (on T,), the state = 0
of system (1.2.7) is uniformly asymptotically stable in the whole
(on T;).

Corollary 1.6.2. Assume in domain T; x N the roots \i(t,z,y) of
(1.6.7) obey one of the conditions

(1.6.9) Ai{t,z,y) < -0, d=const >0, i=1,2,...,m

or

400
Xt z,y) < —5(2), / 5(s) ds = +oo.
to

Then, Dup(t, z, y)l(u..,) < 0 and the solution x =0 of system (1.2.7)
is asymptotically stable.

If conditions (1.6.9) holds for all (¢,z) € 7, x R™, the equilibrium state
z =0 of system (1.2.7) is asymptotically stable in the whole (on 7).

Corollary 1.6.3. (cf. Zubov [1]). Let B(co,z,y) = C, where C is an
m X m constant matrix and the equation

det[C —vE]=0
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have the numbers v4,...,v, as its solutions. If the matrix B(t, z,y) is
continuous for £ =0 and t = oo and

(1.6.10) Rev; < -9, d=const>0, i=12,...,m,
then Dup(t,z,y) < —B6(||z||), where 8(||z||) is some function of class K.
Proof. In view of (1.6.5) - (1.6.7) the expression (1.6.9) is reduced as

Dup(t,2,9)] ;5.7 < w Izl Cu(lizll) + w (lI)[B(2, z,y) — Clw(||z]).

The continuity of matrix B(t,z,y) implies that [B(t,z,y) — C] = 0 as
llzll — 0. In this case, T > 0 and d > 0 are found for any € > 0 such
that ||B(t,z,y) — C|| < € whenever ¢t > T and ||z|| < 4. Therefore

Dun(t,2,9)| (1 5.7y < A (O (2w (llell) + ew (llzll)w(l=Il)
= (=2m(C) + e)w " (llzll)w(|l=l)-

Hence, it follows that € > 0 should be chosen so that —Ap(C) +¢ <
—B < 0. Since w(||z||) is of class K, 8(||z||) of class K is found such that
6(lzl) > wi(lzl)w(lzll). Finally we obtain Duas(t,z,y) < —B8(lall).
Condition (1.6.10) together with the other conditions of Theorem 1.6.4
ensure asymptotic (uniform asymptotic) stability of the state = 0 of the
system (1.2.7).

Following He and Wang [1], and Krasovskii (1] it is easy to prove the
following result (see Martynyuk [14, 20]).
Theorem 1.6.5. Let the vector function f in system (1.2.7) be conti-
nuous on R x N (on T; x N). If there exist
(1) an open connected time-invariant neighborhood G C N of
point z = 0;
(2) a matrix-valued function U(t,z) and a vector y € R™ such that
the function v(t,z,y) = y*™U(t, )y is locally Lipschitzian in z;
(3) functions 1, p2 € K and a positive real number m and positive
integer p such that
mllzll? < vt z,y) < @i(llzll) forall (t,z,m#0) € RxGxR™
and
D+v(t,w,y)|(1_2'7) < —po(l|lzll) forall (t,z,p#0)€ RxGxR™

(for all (t,z,n#0) € T x G x R™).
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Then, iff the comparison functions ; and yp, are of the same magnitude,
the state x = 0 of system (1.2.7) is exponentially stable (on T ).

Remark 1.6.2. The statement of Theorem 1.6.5 remains valid, if
e1(llzll) = mellz||P and @a(l|zll) = nsll<l|”, n2, ns = const > 0.

Theorem 1.6.6. Let the vector function f in system (1.2.7) be conti-
nuous on R x R* (on T, x R"). If there exist

(1) radially unbounded positive definite in the whole matrix-valued
function U(t,z) € C (R x R, R™*™) (or U(t,z) € C(T; x R",
R™*™)) (on T;) and vector y € R™ such that the function

'U(t’ z, 77) = yTU(t, :c)y

is locally Lipschitzian in x;
(2) functions 1, ¥2 € KR, a positive real number 1 and positive
integer q such that

nellzl|® <v(t,z,y) < ¢u(llell) forall (¢,z,y#0)€RxR"xR™
and for all (t,z,y#0)€ T, x R* x R™

and

D¥u(t,z,y)| ;5.0 < —¥2(llall) forall (t,z,y#0)€RxR"xR™
and for all (t,z,y#0)€ T, xR" x R™.

Then, if the comparison functions 1, 12 are of the same magnitude, the
state z = 0 of system (1.2.7) is exponentially stable in the whole (on T).

Remark 1.6.3. The assertion of Theorem 1.6.6 remains valid, if
e1(lizll) = ne2llz|? and @2 (llzll) = nsll=li?.

Proposition 1.6.5. In order that the state z = 0 of system (1.2.7) be
exponentially stable (on T;) in the whole, it is necessary and sufficient for
it to be exponentially stable (on T;) and uniformly asymptotically stable
in the whole (on T;).

Following Zubov [4] we shall formulate and prove a result on instability
(see Martynyuk [20]).
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Theorem 1.6.7. Let the vector function f in system (1.2.7) be conti-
nuous on Rx N (on T, x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the
point £ =0;

(2) amatrix-valued function U(t,z) € C**(R x G, R™*™) or U(t,z) €
CY (T; x G,R™*™) and a vector y € R™ such that the function
v(t,z,y) = yTU(t,z)y is strictly positive semi-definite (on T;) and
satisfies the relation

‘;—‘; =l+0(z), A=A\¢z),

where 6(z) is a positive semi-definite function on G;

(3) a number € > 0 such that when § > 0 (0 <¢) for continuous
on Tg x Rx G (on To x T, x G) solution x(t;to,zo) of system
(1.2.7) which satisfies the condition ||zo]| < 4, v(to,Zo) > 0 implies
lIx(¢; to, zo)|| < € for all t € R (for all to € T;) the inequality

I'U(t’ X(t; t0,$0)’ y)l Z U(tOer) y) €xp (/A(S) dS)
to

does not hold for all t > ty, to € R (to € T7), t € To.-
Then and only then the state = =0 of system (1.2.7) is unstable (on T).
We return back to system (1.4.4) and set out one instability test for the
equilibrium state = = 0.

Let
v(z,n) =n"U(z)n, n€RPT, n#0,

where U(z) € C*(R™, R™*™), U(z) is a matrix-valued function with the
elements v;;(z), 4, j = 1,2,...,m.

We assume that the functions 8;(z,n): 6;;(0,7) = 0, 6;;(z,n) # 0 for
z2#0,7#0, 0;;: R*"x R™ — R forall ¢, j=1,2,...,m such that

niﬂjDUij(-’l?)l(uA) 2> oij(w’n)v i’ .7 = 1)2’-' ., m.

In view of (1.6.2) and (1.6.10) one gets (cf. Djordjevi¢ [3])

m m
Dy (z, "7)'(1'4.4) 2 Zzoij(z’ n) = eTe(f'J,ﬂ)e-

i=1 j=1
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Designate
1
H(z,n) = 5 [6(z,n) +6"(z,)]

and assume that there exist functions w;(||z|]),...,wn(]lz|]) of class K
and a matrix H(z,n) such that

e"H(z,n)e > w(lll) A (z, n)w(||z]]).
Compile the equation
det [H(z,n) — AE] =0
and assume that
(1.6.11) ReXi(z,n) >0 forall (z,y) e NxR™, i=12,...,m.
Moreover, it is easy to verify that
Dvm(z,n)|(1_4v4) >0 forall (z,n) €N xR™.

This means that condition (1.6.11) together with the other conditions
of Theorem 1.6.7 are a sufficient instability test for the state £ = 0 of
system (1.4.4).

1.7 Advantages of Cone-Valued Liapunov Functions

Let B denote a compact metric space, and (R™,|| - ||) be an n-dimensional
Euclidean space with any convenient norm (||-||) and scalar product. Carte-
sian product B x R™ = E with projection p: E — B is a phase space for
a given comparison system.

Definition 1.7.1. A proper subset K C R™ is said to be a cone if:

(i) aK C K, for all a > 0;

(i) K+ K C K;

(iii) K = K;

(iv) KN(-K) = {0} and

(v) inf K = K° is nonempty.

Here K denotes the closure of K and K° denotes the interior of K.
The order relation on R™ induced by the cone K is defined as follows: let
u1, ug € K, then

w <wug iff (ul—‘Uz)eK and

uy <up iff (ul—U2)EKO.
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Definition 1.7.2. The set K* is called the adjoint cone if K* defined
by K* = {p € R": p(z) > 0 for all z € K}, where ¢(z) denotes the scalar
product (p, z) is called the adjoint cone and satisfies the properties (i) - (v)
of Definition 1.7.1.

Definition 1.7.3. A function g: R x R® — R™ is said to be quasi-
monotone in u relative to the cone K, for each ¢t € Ry if for all (¢,u), (¢,v)
€ Ry x R® and u — v € K imply that there exists z € K such that
(z,u—v)=0 and (2,9(t,u) — g(t,v)) 2 0.

1.7.1 Stability with respect to two measures

We demonstrate the application of cone-valued function in investigating the
stability of system (1.2.7) (not necessarily the state x = 0) with respect
to two different measures. Following Lakshmikantham, Leela, et al. [1], we
will use classes of comparison functions (v)— (viii) from Definition 1.4.3.

For system (1.2.7) the notion of stability with respect to two measures
is formulated as follows.

Definition 1.7.4. The solution y(t;to,yo) of system (1.2.2) is (po, p)-
equi-stable, if given € > 0 and to € R,, there exists a function ¢ =
d(to,€) > 0 continuous in to for every value of € and such that

p(t,y(t;to, o)) <€ forall t>tg

whenever po(to, yo) < 9.

Based on this definition, it is easy to formulate many definitions of sta-
bility, boundedness, and practical stability, provided an appropriate choice
of the measures po and p from the classes Mg and M, respectively.

Further the dynamical properties of system (1.2.2) are associated with
the dynamical properties of the comparison system

dw

_(E' = (t;w)a w(tO) =wp 20,

(1.7.1)

where g € C(R4+ x K,R™).

Definition 1.7.5. Let gg and ¢ be of class ®. We claim that the solution
w(t; to, wo) of system (1.7.1) is (qo, g)-equi-stable, if given 8 > 0 and ¢, €
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R, there exists a positive function a = a(tp,3) > 0 continuous in ¢ for
every ( and such that

g(w(t; to, wp)) < B forall t>0

whenever go(wp) < a.

Within the framework of the direct Liapunov method and principle of
comparison with the cone-valued function L € C(R; x R® x R™ K),
L(t,z,y) is locally Lipschitzian in z with respect to cone K, its total de-
rivative D L(t, z,y) is considered as well as the majorizing vector function
g(t,w), g € C(R; x K,R™), g(t,w) is quasimonotone nondecreasing in w
with respect to cone K for every ¢t € R,.

The next statement is a general result of the principle of comparison
with the cone-valued function.

Theorem 1.7.1. For system (1.2.2) it is assumed that

(1) for given measures py and p of class M there exist a function ¢ of
the class K and a constant A > 0 such that p(t,z) < ¢(po(t,))
whenever po(t,z) < A;

(2) for given measures qo and q of class & there exist a function 1 of
the class K and a constant A; > 0 such that g(w) < ¥(qo(w))
whenever go(w) < Ay;

(3) there exist functions L(t,z,y) = AU(t,z)y, L € C(R+ x R™ x
R™ K), L(t,z,y) is locally Lipschitzian in x with respect to cone
K and functions g € C(R4+ x K,R™), g(t,w) is quasimonotone
nondecreasing in w with respect to cone K for every t € Ry such
that

D*L(t,z,y)|y 5.4) < 9t L(t,2,v))

for all (t,z) € S(p,h) = {p € M: p(t,z) < h};
(4) there exist constants Az >0 and A4 > 0 and functions a and b of
class K such that
(a) b(p(t,x)) < q(c"L(t,z,y)) for all p(t,z) < As, ¢ € RT,
c>0;
(b) QO(CTL(t7m’y)) S G(PO(t,x)) for all Po(t1 :L‘) < A4-
Then the dynamical (po, p)-properties of solutions of system (1.2.2) fol-
low from the dynamical (qo, q)-properties of solutions of comparison sys-
tem (1.7.1).

This theorem as well as the theorems of the type characteristic for the
comparison principle is proved for a given specific dynamical property of
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solutions of the comparison system (1.7.1), for example, (go, g)-equistability,
(g0, g)-uniform stability, etc. (see Lakshmikantham and Papageorgiou (1]).

Ezample 1.7.1. Consider the system

%atg = —zyletH(t,2,y),
(1.7.2)

dy__ —t,2 1
dt—-ﬂe myH(t,w,y)+2ye ,

where H(t,z,y) > 0 is a continuous function in the domain S(p, k). We
take L; = z2 and Ly = e~ty? so that

(17'3) D+L1(z)|(1.7.2) S 0) D+L2(y)l(1.7.2) S —ﬂD+L1(z)’

where 3 > 0.

Designate g(w) = w1, go(w) = wa+(1+B8)w1, po = z2+y? and p = 2?.

The application of the method of vector functions does not allow study-
ing (po, p)-equi-stability of system (1.7.2).

Consider the cone K £ {V = dywy + daws, w; >0, i = 1,2}, where
dy = (1,-8)7T, and d; = (0,1)T.

It is easy to find that DtV (¢, z)|(1‘7.2) < 0 in the domain S(p, k), and

q(V(t,z)) = L1(t,z) 2 b(p(t,x)) if p(t,z) < As;
90 (V (t,z)) = La(t,z) + (1 + B)L1 (¢, x) < a(t, po(t,7))(1 + P)
if po(t,z) < A4.

By Theorem 1.7.1 the solution of system (1.7.2) is (po, p)-equi-stable.

1.7.2 Stability analysis of large scale system

Assume that the mathematical decomposition of system (1.2.7) is carried
out into m interconnected subsystems
d.’l)i

(1.7.4) T = fi(t,z;) +g,-(t,:1:1,...,:l:m), 1=12,...,m,

where z; € R™, f; € C(T; x R™,R™), gi € C(T; x R™ x...x R"~, R™),
ni+ng+-+nm=mn, fi(t,00 =0, ¢:(¢0,...,0) =0, i =1,2,...,m.
The functions f;(t, ;) in (1.7.4) represent isolated decoupled subsystems

(1.7.5) -(Z—?- = fi(t,zi), zi(to) =Tw0, 1=12,...,m.
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Let for the subsystems (1.7.5) the functions v; € C(7; x N;, Ry) exist,
N; C R™, which satisfy the Lipschitz condition

"Ui(t,il:i) - v‘i(t’ yl)' < L’i”mi - yi“a i= 1,2v e, m

for all (t,z;), (t,y:) € Tr xN;, L; >0, i=1,2,...,m.
The interconnection functions g;(t,z;,...,Z,) between the subsystems
(1.7.5) may be described in various ways, for example (see Siljak [1])

gi(t,z) = gi(t, ei1x1,€i2%2, . . ., EimTm),

where e;; € C(T; x R™,[0,1]) are the elements of m x m interconnection
matrix E = (e;;) of fundamental interactions.

The m xm fundamental interconnection matrix E = (&;;) corresponding
to the system (1.2.7) has one row and one column for each subsystem, and
the elements &;; are defined as

_ { 1, =z; occursin g;(t,z),
€ =
Y 0, z; does not occur in g;(t,z).

Therefore, E is the standard interconnection matrix, which has binary
elements &;;: 1 if j-subsystem of (1.7.4) can act on i-subsystem of (1.7.4),
and 0 if j-subsystem of (1.7.4) cannot act on i-subsystem of (1.7.4).
Following Siljak [1] an m x m interconnection matrix E = (e;;) is said to
be generated by an m x m fundamental interconnection matrix E = (&;;)
if &;; =0 implies e;; =0 forall 4, j=1,2,...,m
We recall some notions used in the subsequent presentation.

Definition 1.7.6. (Newman [1]). An m X m-matriz A = (a;;) is the
Metzler matriz, iff
<0, i=3j
aij; =

>0, i#j,
for all (i,7) € [1,m].

Note that according to Kotelyanskii [1] and Sevastyanov [1] the Metzler
m X m-matrix A is stable, i.e. ReA;(A) <0, if

ayir Q2 ... Qai1k
-0k . . . |>0 forall k=1,2,...,m.

a1 QA2 ... Qg
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Definition 1.7.7. (Siljak [1]). The equilibrium state £ = 0 of system
(1.7.4) is uniformly connective stable, if for any € > 0 a &(¢) > 0 exists
such that

lz(t; to, zo)|| <& forall t€ 7, whenever |lzo)|<d forall E€E.

Definition 1.7.8. (Siljak [1]). The equilibrium state z = 0 of sys-
tem (1.7.4) is uniformly asymptotically connective stable, if it is connec-
tive stable and, besides a u > 0 exists such that whenever |lzo|] < g,
tl_i_)r&!l:c(t; to,Zo)|| = 0 for all E € E.

In order to analyse the connective stability of system (1.7.4) Ladde [1]
used the comparison system

(176) W= AW, ulto) =u0 20,

where u € R, W(u) = (w1(u1), w2(u2), ..., wn(um))T and w; € SK =

{z € C(R4+,R4): z(0) =0, z(r) is strictly increasing in r}, i =1,2,...,m.
Ladde further assumed that A(u) is an m X m matrix function defined

on R7 into R™*™ with coefficients defined by

ais () = —q;(u;) + 8ijgj5(u;) for i=j,
Y €ijij(u) for i#j,

where ¢;: Ry = Ry, and ¢;; € C(RT, Ry).
The following results is due to Ladde [1] (see also Akpan [1]).

Theorem 1.7.2. Assume that:

(1)  (a) gj(uy) > q;5(uj), uj; € Ry, j=1,2,...,m,
(b) lgjs(w)| =d;' ¥ djlai;(u)| > ¢, u € R,

i=1,i#]

ihwji=12,...,m, ¢>0,d; >0
2)  (a) wa(llz:ll) < vit,z:) < w(flzill), i =1,2,...,m,
(b) D+'Ui(t, wi)|(1.7.5) < qi(vi(ti mi))wi3(vi(t7 E,‘)),
i=1,2,...,m;
m
(3) llgi(t,z1, ..., zm)ll < Zléij(h‘j(v(ta z))wjz (vi(t, x5));
J:

(4) fi(t,0) = g;(£,0,...,0) =0 forall t€ Ry, i=1,2,...,m.
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Then the equilibrium state ¢ = 0 of system (1.7.4) is asymptotically
stable.

Theorem 1.7.2 is a typical result in the stability analysis of large scale
system via the method of vector Liapunov functions.

Comment 1. Condition (2)(a) of Theorem 1.7.2 means that the func-
tions v;(t,z;), ¢ = 1,2,...,m, are positive definite, decreasing and radially
unbounded (in investigation of stability in the whole of the state z = 0 of
system (1.7.5)). The assumption on A(u) contained in (1.7.7) implies that
the comparison matrix function A(u) must be Metzler with quasi-dominant
main diagonal property. This means that if the comparison matrix is nei-
ther Metzler nor possesses the restrictive quasi-dominant diagonal property,
then the method fails to yield the required stability results.

Comment 2. Condition (3) of Theorem 1.7.2 established the limits of
changing of the interaction functions g;(t, z) between the subsystems (1.7.5)
without distinguishing their stabilizing or destabilizing effect on the dynam-
ics of the whole system (1.7.4).

Comment 3. Condition (4) of Theorem 1.7.2 means that the state z = 0
is the only equilibrium state of system (1.7.4) and in this state the sub-
systems (1.7.5) do not interact one with the other, because g;(,0,...,0)
=0 for all i =1,2,...,m. Therefore, in this state the interconnections
do not effect the dynamical behavior of system (1.7.4), whereas the subsys-
tems (1.7.5) possess the property of asymptotic stability (on 7;). However,
because of the physical continuity principle the stability analysis of sys-
tem (1.7.4) is made actually in the presence of small interactions in the
neighborhood of the equilibrium state z = 0.

We shall present now a typical result obtained via application by cone-
valued function.

Assumption 1.7.1. There exists a vector cone-valued function
LeC(Ry xD,K), DCNNK,

where K is an arbitrary cone in R, functions ¢;;(u), q;; € C(P, R), H;(u),
H € C(P, P) and matrix A(u) with the elements a;; = &;;q;;(u), where &;;
are the entries of the fundamental interconnection matrix E, such that
(1) D*L(t, w)[(ll.,.s) < —akl|z||m for all (t,z) € T; x D, where a € R,
ke C(K,K) and || |lm = (lzall,..., llzmI);
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(2) D¥L(, m)|(1.7.4) - DL(t, w)|(1_7_5) < i]i::l eijqij(L(t, 2)) H(L(t, 7))

+ aklz||lm for all (¢,z)€ T, x D;
(3) fi(t,z}) =0, and g(t,z3,...,z},) #0 for z} #0,
but f(t,0) +g(t,0,...,0) = 0 for all t € T;.

Theorem 1.7.3. Assume that

(1) all conditions of Assumption 1.7.1 are satisfied;
(2) the vector c € K exists such that the system of inequalities

AlcW(c) <0

has the solution.
Then the equilibrium state ¢ = 0 of system (1.7.4) is uniformly asymp-
totically connective stable (on T;).

The proof of this theorem is based on the results the papers of Akpan [1],
and Martynyuk and Obolenskii [1,2].
We focus our attention on some peculiarities of Theorem 1.7.3.

Comment 4. Since the value « in condition (1) of Assumption 1.7.1 can
be a >0, a =0 or a < 0, the subsystems (1.7.5) can be asymptotically
stable (on 7;), stable (on 7;) or unstable (on 7;), respectively.

Comment 5. Condition (2) of Assumption 1.7.1 does not require small-
ness of the interaction functions g;(¢,z), i = 1,2,...,m, between the sub-
systems in the neighborhood of the equilibrium state z = 0.

Comment 6. Condition (3) of Assumption 1.7.1 means that the interac-
tion functions g;(¢,z), i = 1,2,...,m may not vanish in the equilibrium
state of system (1.7.4) and this means that they can stabilize or destabilize
system (1.7.4) in the neighborhood of the equilibrium state.

Comment 7. Condition (3) of Theorem 1.7.3 is a necessary and suffi-
cient (see Martynyuk and Obolenskii [1]) condition for uniform asymptotic
stability of state u = 0 of the comparison system

B = AW,

where v € K and W(u) = (Hy(u),..., Hn(u)™

It should also be noted that the requirement to the comparison matrix
to be Metzler with quasi-dominant main diagonal property is completely
dropped in Theorem 1.7.2.
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1.8 Liapunov’s Theorems for Large Scale Systems in General

1.8.1 Why are matrix-valued Liapunov functions needed?

In the context of qualitative analysis of large scale systems both ordinary
vector function and cone-valued function are associated with the funda-
mental property of the comparison system, the property of quasimonotonic-
ity. As known, this property of the comparison system is not necessary in
stability analysis of its solutions; however it is needed for the Chaplygin-
Wazewski theorem (or its generalization) to be applicable in the estimation
of the components changing of any vector function along solutions of the
system under consideration. The direct Liapunov’s method based on the
matrix-valued function is the most suitable for stability investigation of
large scale systems. This method has the following advantages:

(a) it does not require the application of quasimonotone comparison
systems;

(b) it extends the class of auxiliary functions suitable for construction
of the appropriate Liapunov function;

(c) it allows to the greatest extent to take into account the effect of the
connections between the subsystems on the dynamics of the whole
system,

(d) it allows to take into account the dynamical properties of the compo-
sitions of (%, j)-couples of subsystems of the first level decomposition
of the initial system.

The sections deals with the theorems on stability based on the matrix-
valued function.

Matrix Liapunov functions make it possible to establish easily verified
stability conditions for the state £ = 0 of system (1.2.7) in terms of the
property of having a fixed sign of special matrices.

The application of the matrix-valued function U: 7, x R* —» R™*X™,
U(t,z) = [vij(¢,z)] with the elements

vii(t,z) € C(T: x R™",Ry), i=1,2,...,m

and
v,-,»(t,a:) € 0(7; X R",R), ) -;éj

is based on the potential possibility to construct functions vy;(t,x), ¢
1,2,...,m, for subsystems (1.7.5) and functions v;;(¢,z), @ # j, ¢, j =
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1,2,...,m taking into account either the interaction functions g¢;(¢,z),
i = 1,2,...,m or the dynamics of compositions of (z,j)-couples of sub-
systems (1.7.5).

In the presence of the matrix-valued function constructed in such a way,
its further application in the framework of the direct Liapunov method
is carried out in two ways, either by construction of a scalar function or
by construction of a vector function (including the cone-valued one). Be-
low, the main theorems of the method of matrix Liapunov functions are
presented in the framework of scalar approach.

1.8.2 Stability and instability of large scale systems

Some particularization of conditions in Theorems 1.6.1-1.6.7 provides a
version of theorems of the method of matrix-valued Liapunov functions
available for application in stability investigation of large scale systems.

Theorem 1.8.1. Let the vector function f in system (1.2.7) be conti-
nuous on Rx N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the
point x =0;

(2) a matrix-valued function U € C (R x N,R™*™) and a vector
y € R™ such that the function v(t,z,y) = y*U(t,z)y is locally
Lipschitzian in x for all t € R (t € T;);

(3) functions Yu, iz, ¥is € K, ¥ €CK, i=1,2,..., m;

(4) m x m matrices A;(y), j =1,2,3, A, (y) such that

YT (llzll) A1 (@)¥r (l2l)) < v(t, 2, ) < B3t ll=ll) A2 ()2 (2, =)
(a) for all (t,z,y) € Rx G x R™
(for all (t,z,y) € Tr x G X R™);

YLl A1 @)% (llel) < v(t,z,9) < b3 (lll) A2 ()ve(llz])
(b) for all (t,z,y) € Rx G x R™
(for all (t,z,y) € T x G x R™);

D*u(t,2,9)] 3 5.9y < Y3l As )l
(c) for all (t,z,y) € RxGx R™
(for all (t,z,y) € T xGx R™).
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Then, if the matrices A;(y), A2(y), Zg(y), (y # 0) € R™ are positive
definite and A3(y) is negative semi-definite, then
(a) the state z = 0 of system (1.2.7) is stable (on T;), provided condi-
tion (4)(a) is satisfied;
(b) the state z = 0 of system (1.2.7) is uniformly stable (on T;), pro-
vided condition (4)(b) is satisfied.

Remark 1.8.1. If the elements v;;(t,-), ¢, j = 1,2,...,m of the matrix-
function U(t, z) satisfy the estimates

5% (lwal)si(llas 1) < vis (8 2) < Tyt (sl )i (llz51D,
where 7i;, 7;; > 0, % and ¥;; are constants for i # j, (vi,;9;,:) € K(KR)-
class, then for the function v(t,z,y) in estimate 4(a)

¥i(lzD)YTGY Y (Jlzll) < v(t,2,9) < ¥3(llzI)Y TGY ya(ljzll),

where

“(llzl) = @ (e, - Yrm (lzml),
vallal) = @z(llzall), - Yma(llzml),
Y = diag[y1,. .., ym),
G=l G=Myh &i=12....m

Remark 1.8.2. The construction of the matrix Az(y) in estimate 4(c) is
quite a difficult problem and is associated with the form of decomposition
and aggregation of the system under investigation.

In Chapter 2 some methods of constructing the estimates of 4(c) type
will be presented.

Theorem 1.8.2. Let the vector function f in system (1.2.7) be conti-
nuous on R x R® (on T, x R"). If there exist

(1) a matrix-valued function U € C (R x R*,R™*™) (U € C(T; x R",
R™X™)) and a vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in z for all t € R (t € T;);

(2) functions P1i, P2i, P3i € KRy 621' € CKR’ i = 1’2’ ceey My
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(3) m x m matrices B;(y), j =1,2,3, Bs(y) such that

o1 (Ilzll) By ()1 (llell) < v(t,z,y) < (L llzl) B2 (v)Ba(t, ll2ll)
(a) for all (t,z,y) € RxR"xR™
(for all (t,z,y) € T, x R" x R™);

o1 (Ilzl)Br (@)1 (llzll) < v(t,2,y) < @3 (|l2l)) B2 ()2 (llz])
(b) for all (t,z,y) € Rx R" xR™
(for all (t,z,y) € Tr x R® x R™);

D*u(t,@,y)], 5 < @3 (Ilzl))Bs ()ws (ll=ll)
(c) for all (t,z,y) € RxR"x R™
(for all (t,z,y) € T, x R™ x R™).

Then, provided that matrices B1(y), B2(y) and B, (y), for all (y #0) €
R™ are positive definite and matrix B3(y) is negative definite,
(a) under condition (3)(a) the state z = 0 of system (1.2.7) is stable
in the whole (on T );
(b) under condition (3)(b) the state x = 0 of system (1.2.7) is uniformly
stable in the whole (on T;).

The proof of this theorem is similar to that of Theorem 1.8.1 (see also
Martynyuk [21]).

Theorem 1.8.3. Let the vector function f in system (1.2.7) be conti-

nuous on R x N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the
point £ =0;

(2) a matrix-valued function U € C (R x N, R™*™) (U € C(T; x N,
R™>*™m)) and a vector y € R™ such that the function v(t,z,y) =
yTU(t,z)y is locally Lipschitzian in = for all t € R (t € T;);

(3) functions mi, n2i, n3i € K, 2 € CK, i=1,2,...,m;

(4) m x m matrices C;(y), j =1,2,3, Ca(y) such that

nt (lzl)Cr@)m (l2ll) < v(t, 2,y) < A3t =) Ca )it i)
(a) for all (t,z,y) € RxGxR™
(for all (t,z,y) € T xG x R™);
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i (=) Cr@)m (el < v(t,z,9) < 0 (ll)Ca(y)ma(l|z]l)
(b) for all (t,z,y) € Rx G x R™
(for all (t,z,y) € T x G x R™);

D*v(t,z,9)| 1 5.7 < 5 () Ca@)ms(llll) +m (¢, ns(l=)))
(c) for all (t,z,y) € Rx G x R™
(for all (t,z,y) € T x G x R™),

where function m(t, ) satisfies the condition

Im (¢, (i) |

=0 as -0

lim
uniformlyin t € R (t € T;).
Then, provided the matrices Cy(y), Ca(y), Ca(y) are positive definite
and matrix C3(y) (y # 0) € R™ is negative definite, then

(a) under condition (4)(a) the state * = 0 of the system (1.2.7) is
asymptotically stable (on T;);

(b) under condition (4)(b) the state x = 0 of the system (1.2.7) is
uniformly asymptotically stable (on T;).

Theorem 1.8.4. Let the vector function f in system (1.2.7) be conti-
nuous on R x R™ (on T; x R") and conditions (1) -(3) of Theorem 1.8.2
are satisfied.

Then, provided that matrices By (y), B2(y) and Ba(y) are positive de-
finite and matrix Bs(y) for all (y # 0) € R™ is negative definite,

(a) under condition (3)(a) of Theorem 1.8.2 the state z = 0 of system

(1.2.7) is asymptotically stable in the whole (on T;);
(b) under condition (3)(b) of Theorem 1.8.2 the state x = 0 of system
(1.2.7) is uniformly asymptotically stable in the whole (on T;).

For the proof of this theorem as well as the preceding one see Mar-
tynyuk [6].

Theorem 1.8.5. Let the vector function f in system (1.2.7) be conti-
nuous on R x R™ (on T; x R™). If there exist

(1) a matrix-valued function U € C (R x R*, R™*™) (U € C(T; x R",
R™*™)) and a vector y € R™ such that the function v(t,z,y) =
yTU(t,x)y is locally Lipschitzian in « for all t € R (for all t € T;);
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(2) functions vs;, v3; € KR, i = 1,2, ..., m,a positive real number
Ay > 0 and a positive integer g;
(8) m x m matrices Ha, H3 such that

Asllz)|? < v(t,z,y) < 3 (lll)) Ha(y)va(llll)
(a) for all (t,z,y#0)€ Rx R" x R™
(for all (t,z,y) € T x R™ x R™);

D*v(t, 2,9)| 457y < va Ulzl) Ha(@)ws(llzll)
(b) for all (t,z,y#0)€ Rx R" x R™
(for all (t,z,y#0)€ T x R" x R™).

Then, if the matrix Hy(y) for all (y # 0) € R™ is positive definite, the
matrix Hs(y) for all (y # 0) € R™ is negative definite and functions
vsi, V3; are of the same magnitude, the state ¢ = 0 of system (1.2.7) is

exponentially stable in the whole (on T;).
For the proof see Martynyuk (20, 21].

Theorem 1.8.6. Let the vector function f in system (1.2.7) be conti-
nuous on R x N (on T; x N). If there exist

(1) an open connected time-invariant neighborhood G C N of the
point £ =0;

(2) a matrix-valued function U € C** (R x N, R™*™) (U € C*(T; x
N, R™*™)) and a vector y € R™;

(3) functions v1i, Yo, Y3 € K, i = 1,2,..., m, m X m matrices
A (y), A2(y), G(y) and a constant A > 0 such that

P(llzl) A @)% llel) < v(t 2, y) < ¥; (1=l A2 (@)v2(lil)
(a) for all (t,z,y) e RxGx R™
(for all (t,z,y) € T, x G x R™);

Do(t,2,9)] 1,55 2 WE(I2NGW)a(llal)
(b) for all (t,z,y) € RxGx R™
(for all (t,z,y) € Tr xG x R™);

(4) point z =0 belong to 8G;
(5) v(t,z,y) =0 on Tp x (8GN Ba), where Ba = {z: ||z|| < A}.
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Then, if matrices A;(y), A2(y) and G(y) for all (y # 0) € R™ are positive
definite, the state z = 0 of system (1.2.7) is unstable (on T;).

For the proof see Martynyuk [21).

1.9 Notes

1.2. The problems of modern nonlinear dynamics are both complex and
interdisciplinary (see, for example, Leitmann, et al. [1], Sivasundaram and
Martynyuk [1], and Sivasundaram [1], etc.). The Liapunov’s second me-
thod has gained increasing significance and has given a decisive impetus
for modern development of qualitative methods in nonlinear dynamics of
continuous, discrete-time, and other systems (see Michel, Wang, et al. [1]).

1.3. Our presentation of the accepted Definitions 1.2.1, 1.3.1-1.3.3,
1.4.5-1.4.12 is based on the results by Gruji¢ [1], and Grujié, et al. [1].
For the details see also Barbashin and Krasovskii [1,2], Coppel [1], Demi-
dovich [1], Hahn [2], Hirsch and Smale [1], Krasovskii [1], Liapunov [1],
Massera [1], Nemytskii and Stepanov [1], Yoshizawa [1], Zubov [4], etc.

1.4. Classical results of qualitative analysis of systems in terms of the
direct Liapunov method based on the scalar auxiliary function can be found
in the well-known monographs and manuals by Barbashin [2], Bhatia and
Szegd [1], Chetaev [1], Hahn [2], Kalman and Bertman [1], Krasovskii [1],
Lakshmikantham, Leela, et al. [1], Liapunov [1], Zubov [3], etc.

The results obtained via the vector Liapunov functions (see Azbelev [1],
Bellman {2], Matrosov [1}, and Mel’nikov [1]) and the ideas of the Kamke-
Chaplygin-Wazewski comparison principle (see Hahn [2], Lakshmikantham
and Leela 1], Rouche, Habets, et al. [1], and Szarski [1], etc.) in its mod-
ern interpretation are summarized by Abdullin, Anapolskii, et al. [1], Lak-
shmikantham, Matrosov, et al. [1], Martynyuk [1], Michel and Miller [1],
Michel, Wang, et al. [1], Siljak [1], etc.

For recent results obtained while developing the method of matrix Lia-
punov functions see Martynyuk and Slyn’ko [1,2], Peng [1], Shaw [1], etc.
Monograph by Martynyuk [20] exposes the main principles of the Liapunov
matrix functions method and some of its applications to singularly per-
turbed and stochastic systems.

In the presentation of the material of this section we also incorporated
the results by Grujié, et al. [1], Martynyuk [6, 7], and Zubov [4].
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1.5. All necessary data on the comparison principle are given according
to Lakshmikantham, Leela, et al. [1], and Yoshizawa [1]. Corollaries 1.5.1—
1.5.4 are obtained based on the results by Zubov [4].

1.6. The proposed generalization of the original theorems of the classical
stability theory is based on the application of the class of matrix-valued
functions (see Martynyuk [3,15,20,21]). In Corollaries 1.6.1-1.6.4 some
results by Djordjevi¢ [3], and Zubov [1] are used.

1.7. General information on cone-valued functions is given according
to Lakshmikantham and Leela [2]. For several results and references on
cone-valued functions see Akinyele [1], Lakshmikantham, Leela, et al. [1],
Martynyuk and Obolenskii [1,2]. The notion of stability with respect to
two measures is presented following Lakshmikantham, Leela, et al. [1}, Lak-
shmikantham and Salvadori [1], Movchan [1]. Theorem 1.7.1 is a somewhat
generalization of Theorem 3.1 by Lakshmikantham and Papageorgiou [1].
The notion of connected stability was introduced into stability theory by
Siljak [1,2]. Theorem 1.7.2 is due to Ladde [1]. Theorem 1.7.3 is based on
the results by Akpan [1] and Martynyuk and Obolenskii [1, 2].

1.8. Theorems 1.8.1-1.8.6 are due to Martynyuk [20,21]. Estimations
of the elements of matrix-valued function in Remark 1.8.1 incorporate some
results by Djordjevi¢ [3].
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QUALITATIVE ANALYSIS OF CONTINUOUS SYSTEMS

2.1 Introduction

General results of qualitative analysis of nonlinear systems motions pre-
sented in Section 1.6 and 1.8 are set out in terms of existence of an appro-
priate Liapunov matrix-valued function. Similarly to the classical version
of the direct Liapunov method the efficiency of the results application in
the investigation of concrete systems dynamics depends on the successful
solution of the problem of constructing an appropriate matrix-valued func-
tion.

In this chapter we reveal some methods of solution of this problem.
It is natural that some ideas developed earlier for constructing the scalar
Liapunov functions proved to be useful. This chapter consists of seven
sections in which we successively discuss various assumptions on dynamical
properties of subsystems and work out new approaches to solve the problem
of qualitative analysis of nonlinear systems.

In Section 2.2 the system of differential equations under consideration
is assumed to admit mixed hierarchical decomposition. In terms of this
assumption proposed is a solution to the problem of forming a two-index
system of functions that is a suitable basis for constructing the Liapunov
function.

In Section 2.3 a homogeneous hierarchical decomposition of system is
employed which was proposed by Ikeda and Siljak [2]. A general method
of the Liapunov function construction developed in this section is used to
analyze the motions of linear and nonlinear nonautonomous systems.

In Section 2.4 the method of motion stability analysis is discussed in
terms of one level decomposition of the initial nonautonomous or autono-
mous system. Based on the matrix-valued Liapunov functions constructed
in this section new stability criteria are established.

49
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In Section 2.5 we develop the method of constructing the matrix-valued
function by employing the idea of the initial system extension in terms of
the overlapping decomposition of Tkeda and Siljak [1].

Section 2.6 gives an account of results obtained in one of new directions
of the development of nonlinear dynamics of system associated with the
investigation of motion polystability. Namely, we set out various existence
criteria for the exponential polystability of motion of nonautonomous and
time-invariant systems with separating motions. Also, the possibility of
studying the polystability of motion with respect to the first approximation
is stated.

Section 2.7 deals with the problem of integral and Lipschitz stability of
motion. The motion stability conditions established here are more flexible
as compared with those obtained in terms of the scalar Liapunov function.

2.2 Nonlinear Systems with Mixed Hierarchy of Subsystems

2.2.1 Mixed hierarchical structures

We consider the dynamical system described by the equations

(2.21) L = f), alto) =20,

where z € R*, f € C(R+ x R", R™) and the solution z(¢; o, zo) of which
exists for all initial values of (¢g,20) € R X R™.

We recall that if f(¢,0) =0 for all ¢t € R (for all ¢ € T;) then the state
z = 0 is the unique equilibrium state of the system (2.2.1). The system
(2.2.1) can be interpreted as a physical composition of some systems or as a
large scale system admitting mathematical decomposition into several free
subsystems
(2.2.2) o;: % = gi(t,z;), i=12,..,m,
where z; € R™, g; € C(R x R™,R™) are united into system (2.2.1) by
link functions

hi: hi=(t,1,...,%s), hi€C(RxR™ x---x R R™).
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Pair (o}, hi) describes completely the fixed kth system

dz;

(2.2.3) at = gr(t,xx) + he(t,21,...,2,)
in the totality of systems
diti .
(2.2.4) — =gi(t,x;) + hi(t,zy,...,2,), i=1,...,m.

dt

The transformation of system (2.2.1) to the form of (2.2.4) is called the
mathematical first level decomposition of system (2.2.1).

Remark 2.2.1. The stability theory of large scale systems developed in
terms of vector Liapunov functions, incorporates equations (2.2.4) i.e. only
first level decomposition of system (2.2.1) is used (see Abdullin, Anapolskii,
et al. [1], Grujié, et al. [1], Martynyuk [1], Michel and Miller [1], Siljak [1],
etc.). '

Together with the first level decomposition of system (2.2.1) we single
out couples (,7) for all (i # j) € [1,m] of free subsystems

% = Qi(t,-’ﬂi,fl‘j),
Tij - dx;
'a‘gz' = Qj(tawi’wj)9
where z; € R™, z; € R, ¢; € C(Rx R™ x R" ,R™), ¢q; € C(Rx R™ x
R"i | R7i).
We designate (z;,z;) = [0,...,0,z],...,27,0,...,0]T for all (i #j) €
(1,m]. Then

(2.2.5)

gi = f,-(t,O,...,O,xi,...,zj,o,...,0),
g; = f;(¢,0,...,0,z;,...,2;,0,...,0).
Further we designate

h’{(t,xl,...,z,) = fi(t,(l)l,...,w_g)
—fi(t,O,...,O,IIJ,',...,.'IIj,O,...,O),

hi(t, 21, .. ,2s) = fi(t,21,. .., %)
—fj(t,O,...,0,&7,‘,...,1:,',0,...,0),

(2.2.6)

where

h € C(R x R™ x R™ x --- x R™ R™),
h; € C(R x R™ x R™ x --- x R™,R™).
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In view of (2.2.5) and (2.2.6) system (2.2.1) in the form of interacting
couples (i, j) of subsystems is presented as

dz;
= = gty zi,35) + i (42, ),
227)
= = G(t:26%5) F R, 3), Y (E#G) € [1,6],

Transformation of system (2.2.1) to the form of (2.2.7) is called the
mathematical second level decomposition of system (2.2.1).
If

h: = h;'(t,azl,. oy Ti—13Ti41y0 3 Zi1, T4y ,:L‘m),

h; = h;(t,:l)l,. s 3 Li—13Ti41y 0 ,zj_1,$j+1,.. . ,wm),
then system (2.2.1) allows complete second level decomposition in the form
of equations (2.2.7). System (2.2.1) transformed to the form (2.2.7) is a
mixed hierarchical structure of subsystems (2.2.4).

Dynamical properties of solutions of system (2.2.1) depend on the prop-
erties of solutions (2.2.2) and (2.2.5) and link functions h;, A], hj, for
(i # 7) € [1,m]. This makes possible the application of hierarchical matrix
Liapunov function for the analysis of system (2.2.1).

2.2.2 Hierarchical matrix function structure

We construct for subsystem (2.2.2) the functions
(2.2.8) Vii € C(R+ X Rn‘,R+), 1=12,...,m,
where v;;(¢,0) = 0 for all t € Ry, i = 1,2,...,s and functions v;; are
locally Lipschitzian in ;.

For couples (4, ) of (2.2.5) we construct the functions
(229) v; €eC(Ry xR™ xR™,R) forall (i#j)=12,...,m,
where v;;(t,0,0) =0 for all t € R, and v;;(t, ;,z;) are locally Lipschitz-
ian in z; and z;. In terms of the functions (2.2.8) and (2.2.9) we formulate
the matrix-valued function
(2.2.10) Ut,z) = [vi(t,)], 4,7=12,...,m,
where U € C(R4 x R™ x R™ , R™*™), The matriz-valued function (2.2.10)
is hierarchical and takes into account first and second level decompositions

of the system (2.2.1).

In order for the matrix-valued function (2.2.10) to be applicable in sta-
bility investigation of system (2.2.1), some assumptions on the functions
(2.2.8) and (2.2.9) are necessary.



2.2 MIXED HIERARCHY OF SUBSYSTEMS 53

Assumption 2.2.1. There exists
(1) an open time-invariant neighborhood N of the point z; =0, N; C
R™, i=1,2,...,m;
(2) the functions ¢; € K(KR), ¢; € K(KR), pi; € K(KR), v;; €
K(KR) such that
(a') ‘p’l(”zt”) < 'Uii(t, z’i) < d’t(“mt“) forall i=1,2,...,m
) for all (t,z;) € Ry x N; or (for all (t,z) € Ry x R™);
(®) wijllzill) < wvij(tzi,z5) < Yi(llwyll) for all (@ # j) =
1,2,...,m, for all (t,z;,2z;) € Ry x Nj x N or (for all
(t,zi,xz;) € Ry x R™ x R™).

Proposition 2.2.1. If all conditions of Assumption 2.2.1 are satisfied,
then hierarchical matrix-valued function (2.2.10) is positive definite, de-
creasing and radially unbounded.

Proof. By means of the vector e = (1,...,1)T € RT we construct the
function
(2.2.11) v(t,z,e) = eTU(t, )e,

the coordinate form of which is

m

v(t,z) = Zv,,(t z;) Z v (¢, zi, z5).
i, j=1
i#]

Under the conditions of Assumption 2.2.1 we have

Z‘Pa(“-’l’t")"‘ E e (I|2i511)

i, j=1
<v(t,z) <Y villlzll) + Y i (llzisl)
=1 i, j=1
i#j

for all (t,z;,z;) € Ry x N x Nj. Hence, it follows that matrix-valued
function (2.2.10) is positive definite, decreasing and radially unbounded.
In fact, there exist functions a;, ay € K(KR) such that

a(llll) < Y- willlaill) and  ar(liall) 2 D willla:l)

i=1 i=1
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and functions f;, B2 € K(KR) such that

Br(llzll) < Z wij(llzi|l) and  Ba2(ljz]]) > Z Y (lzi1)-
o G

Therefore,
o (llll) + Bu(llzll) < v(t, z) £ ax(llzl]) + B2(ll=ll)

for all (¢,z) € Ry x R™.
Since a1, az and Bi, B2 € K(KR), functions v, v2 € K(KR) will be
found, such that

n(lzll) < cr(llell) + Bi(llzll) and  ya(llzll) 2 ea(lill) + Bz(ll=l])

and then

n(lell) < v(t,2) < va(llzl) forall (¢,2) € Ry x R

Remark 2.2.2. Conditions of Assumption 2.2.1 are “too sufficient” for
hierarchical matrix-valued function (2.2.10) be positive definite decreasing
and radially unbounded.

Assumption 2.2.2. There exists

(1) an open time-invariant neighborhood N/; of the point z; =0, N; C
R, i=1,2,...,m;

(2) vector y € R™, y # 0 and functions (2.2.8) and (2.2.9) such that

m
(a‘) Ul(tazla"'awaay) = Z:lyizvii(t:zi) and

m
(b) v2(t,21,...,%s,y) = 3o Yiy;vij (¢, T4, T5)
i, j=1
i
are positive definite, decreasing and radially unbounded for all
(t,z:) € Ry x N; (for all (t,z;,z;) € Ry X R™ x R™ ).

Proposition 2.2.2. If all conditions of Assumption 2.2.2 are satisfied,
then hierarchical matrix-valued function (2.2.10) is positive definite, de-
creasing and radially unbounded.

Proof. Since

(2.2.12) yIU(t, )y = vi(t, z,y) + va(t, 2,7)
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for all (t,z) € Ry x N (for all (¢,z) € R+ x R™), one can apply to the
function (2.2.12) all the arguments used in the proof of Proposition 2.2.1.

Remark 2.2.3. By conditions (2)(a) and (2)(b) of Assumption 2.2.2 func-
tions vy (t, z;) and v (¢, zi,z;) (i # j) can be positive semi-definite, while
functions v (¢, z,y) and v(t, z,y) will posses all mentioned properties.

Assumption 2.2.3. There exists

(1) an open time invariant neighborhood N; of point z; = 0, for all
t=12,...,m;

(2) avector n € R, n> 0 and positive semi-definite functions u;(z;),
u;(0) = 0, w;(z;), wi(0) =0, ¢ = 1,2,...,m, positive constants
¢i; > 0, &; > 0 and arbitral constants ¢;;, T;; (i # j) such that

(a) _c_,-,-u,-(zi) < U,','(t,z‘i) < ’c',-;w,-(a:,-) for all (t, .'z:i) € Ry x N;
(for all (t,z;) € Ry x R™)

(b) gijui(zi)uj(z;) < vij(t, 24, z5) < Tyjwi(zi)w;(z;)
for all (t,zi,z;) € Ry x Ny x N
(for all (t,z;,z;) € Ry x R™ x R™).

Proposition 2.2.3. If all conditions of Assumption 2.2.3 are satisfied,
and matrices

A=[gij], B=[Eij], ,j=12,...,m

are positive definite, then hierarchical matrix-valued function (2.2.10) is
positive definite and decreasing.

Proof. In view of the estimate from below in inequalities (2)(a), (2)(b)
we get for the function v(t,z,n) = nTU(t,z)n that

(2.2.13) v(t,z,m) > uTH AHu,
for all (t,z) € Ry x N or (for all (t,z) € Ry x R™). Here
u=(u(x1),..., um(xn))T, H =diag[n,...,%m]
Similarly
(2.2.14) v(t,z,m) < wTHTBHw,

where w = (w1 (z1), ..., Wn(Tm))T.
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According to inequalities (2.2.13) and (2.2.14) hierarchical matrix-valued
function (2.2.10) is positive definite, provided matrix A is positive definite
and decreasing, provided matrix B is positive definite.

Remark 2.2.4. If in Proposition 2.2.3 positive semi-definite functions
u;(z;) and w;(x;) are replaced by the functions

U; = Pj GK(KR), ’wi='¢/)i€K(KR), 1=12,...,m

or u; = w; = |[zi]|, ¢ = 1,2,...,m, then under conditions of Assump-
tion 2.2.3 the proposition remains valid.

Thus, Assumptions 2.2.1-2.2.3 contain combination of conditions suffi-
cient for hierarchical matrix-valued function (2.2.10) to be positive definite,
decreasing and radially unbounded. Conditions of these assumptions to-
gether with decomposition forms define the structure of hierarchical matrix-
valued function.

2.2.3 Structure of hierarchical matrix function derivative

The application of hierarchical matrix function (2.2.10) in the stability
investigation of equilibrium state £ = 0 of system (2.2.1) involves con-
struction of some estimates for both functions (2.2.8) and (2.2.9) and the
derivatives of these functions along solutions of the systems under consid-
eration. We recall that in case of scalar Liapunov function construction
for system (2.2.1) in the investigation on uniformly in tp, z¢ asymptotic
stability, Liapunov’s theorem is applied with addition and conversion (see
Hahn [2], Krasovskii [1}, Zubov [3}, etc.). This theorem can be formulated
as follows.

For unperturbed motion £ = 0 to be uniform in #g, zo asymptotically
stable, it is necessary and sufficient that there exists positive definite and
decreasing function v, the derivative of which along solutions of system
(2.2.1) is negative definite.

In this case the problem of Liapunov function construction for system
(2.2.1) is reduced to searching for partial solution of the equation

dv (v

%+ (5) fen =uto), weo=o,

where w(t,z) is negative definite, w(¢,0) = 0 for all ¢ € Ry. This solu-
tion must be of definite sign in the sense of Liapunov and decreasing for

prescribed sign definite function w(¢, x).

(2.2.15)
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Assumption 2.2.4. Independent subsystems (2.2.2) of first level de-
composition and link functions h;(t,z) = hi(t,z1,...,%m) are such that
(1) there exist functions v;; € C(Ry x R™, R, ), satisfying conditions
of Assumption 2.2.1;
(2) there exist functions ¢; € K and constants pYy, pix, 1, k=1,...,m
for which the following conditions are satisfied
(a) D+'Uu + (D, 'Uu)Tft(t z;) < Puﬂot(”:”l“)

(b) (DFvs)hit,2) < @i/ (ll2ll) E #zk%l/ (EAD)
for all (t,z) € Ry x N, N =N x xN

We note that conditions (1) and (2)(a) imply uniform in ¢, z;0 asymp-
totic stability of ith subsystem (1) if p%, < 0, i € [1,m]. If pY; = 0, the
state ; = 0 of subsystem (2.2.3) is uniformly stable, and it is unstable
for p%; > 0.

Assumption 2.2.5. Independent (i, j) couples of subsystems (2.2.5) of
the second level decomposition and link functions (2.2.6) are such that

(1) there exist functions v;; satisfying the conditions of Assump-

tion 2.2.1; N

(2) there exist functions ¢; € K and constants pj;, p%, p¥, Vips

i, 3, k, p=1,2,...,m, for which the following conditions are satis-
fied
(8) Divis + (D2, i) Tass (t,245) < plypillil)
1/2 1/2
+28850 (il o) + s e ;
2 1/2
(b) (D, v) Hyg(t,2) <5 vel *lzalDes lzs )

1p—'1

for all (t,zij) € Ry x Nj x Nj, for all i # 3§, (i,j) =1,2,...,m

Here the following notations are adopted

zij = (a7, m]T)T for all (i # j) € [1,m];

qij = (q;'r(t,mij), q,;‘r(t» zij))Ta Hij = ((h;(tvm))’r’ (h;(t,z))T)T:
Ni CR™, N;CRY.

We note that the dynamical properties of couples (¢, j) of subsystems (2.2.5)
are connected with the properties of matrices

1 2
(2.2.16) Qij = ( e ;’) .

i Pij
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Namely, if matrices (2.2.16) for all (2 # j) =1,2,...,m are negative semi-
definite (negative definite), then states z; = x; = 0 of couples (3, 7) of
subsystems are stable (uniformly asymptotically stable).

Proposition 2.2.4. If all conditions of Assumptions 2.2.4 and 2.2.5 are
satisfied, then for the function
n*DYU(t,z)n = D o(t, 2, n)
estimate

(2.2.17) Du(t,z,n) < ¢ (llzll)Se(ll=l)

holds.
Here o(llzll) = (&1 *(lzall), .., 0n (leml)T, S = (B + BY) and
elements b;; of matrix B are defined by the expressions

m m m
beq = Mg(PYq + taq) +nq( D gt Y mp?q) + D mnvey;

i, j=1 i, j=1 i, Jj=1
i#j i#]

m
bot = Mapiqr + 20gmpYy + Y MNiVyl-
%, j=1
i#j

Proof. The function D*v(t,z,n) in coordinate form reads

8
(2.2.18) Dtu(t,z,n) = Z Dttt mim;,  4,5=1,2,...,m.

i, j=1

Substituting into (2.2.18) estimates from Assumptions 2.2.4 and 2.2.5 we
get estimate (2.2.17).

Proposition 2.2.5. If in conditions of Assumptions 2.2.4 and 2.2.5 in-
equalities (2)(a) and (2)(b) are satisfied with reversed sign and constants
D%, Bk, Dijy Py DY) V,Z,, i, 4, k,p = 1,2,...,m, then for the function
D*u(t,z) the estimate from below is

(2.2.19) D*u(t,z,n) > ¢ (llzl))Se(lzl),
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where S = }(B + BT) and elements b;; are defined similarly to elements
bi; of matrix B.

Remark 2.2.5. In conditions (2)(a) and (2)(b) of Assumptions 2.2.4 and
2.2.5 it is possible to use instead of functions ¢; € KR, i € [1,m] the
positive semi-definite functions u;(x;) or the Euclidean norms of the vec-
tors z; € R™, i=1,2,...,m.

2.2.4 Stability and instability conditions

There are conditions under which hierarchical matrix-valued function
U(t,z) is definite and decreasing and the estimate (2.2.17) allow us to es-
tablish existence of dynamical properties of certain type of the state z = 0
of system (2.2.1).

Theorem 2.2.1. Let vector function f in system (2.2.1) be continuous
on Ry x N (on R4 x R™). If the following conditions are satisfied
(1) all conditions of Assumptions 2.2.3, 2.2.4 and 2.2.5 hold;
(2) matrices A and B (see Assumption 2.2.3) are positive definite;
(3) matrix S € R™*™ in inequality (2.2.17) is
(a) negative semi-definite;
(b) negative definite;
(4) matrix § € R™*™ in inequality (2.2.19) is
(a) positive definite.
Then
(a) conditions (1), (2) and (3)(a) imply uniform stability of the state
z =0 of system (2.2.1);
(b) conditions (1), (2) and (3)(b) imply uniform asymptotic stability of
the state £ = 0 of system (2.2.1);
(c) conditions (1), (2) and (4)(a) imply instability of the state © = 0
of system (2.2.1).
If, in addition, in conditions of Assumptions 2.2.3, 2.2.4 and 2.2.5 N =
R™, i=1,2,...,m and the functions

ui(z:) = pi(llzill) € KR, wi(z:) = ¢i(ll=il)) € KR

then
(d) conditions (1), (2) and (3)(a) imply uniform stability in the whole
of the state z = 0 of system (2.2.1);
(e) conditions (1), (2) and (3)(b) imply uniform asymptotic stability in
the whole of the state z = 0 of system (2.2.1).
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Proof. Assertion (a) of Theorem 2.2.1 results from Theorem 1.8.2, since
under conditions (1),(2) and (3)(a) of Theorem 2.2.1 all conditions of The-
orem 1.8.2 are satisfied. Namely, matrix-valued function v(¢,z) is posi-
tive definite and decreasing and its derivative D*v(t,z) is negative semi-
definite. Assertions (b) and (c) of Theorem 2.2.1 follow from Theorems 1.8.4
and 1.8.6. Assertions (d) and (e) of Theorem 2.2.1 are proved in terms of
Theorems 1.6.2 and 1.6.3.

2.2.5 Linear autonomous system

We consider a linear autonomous system

(2.2.20) (—i-d% = Az, z(to) = o,
where A = {Ay;} for all 4, j =1,2,...,m is a block matrix n x n with
m
blocks A;; of dimensions n; X nj, Y n; = n. Vector z = (a7,...,z5)T
i=1
has subvectors z; € R™, i € [1,m] as its components.
We get for the system (2.2.20) in the result of first level decomposition
dzx; = .
(2.2.21) —d?z- = Auzi + Z Az, 1=12,...,m.
k=1
(ki)
Besides, from the system (2.2.21) we obtain obviously the independent sub-

systems

—d‘—i? = Aiiz;, xi(to) =z, t=12,...,m

and the interconnections functions
m
hi(z) = Z Az, t=12,...,m.
k=1
(k#4)
Complete second level decomposition of the system (2.2.20) is always pos-
sible and results in couples (i, j) of subsystems

dz; -
_E:l;_ = A;z; + Aj,-a:j + Z AirTk,
(ke k)
(2.2.22) m
dz;
—d—t-J— = Ajj.’l:j + Az + Z Ajkzk.

k=1
(k#i, k#§)
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System (2.2.22) is rewritten as

dry; - d -
(2.2.23) —Ei-z- = Aij:cij + Z Afj.’l)k,

k=1
(ks kits)

where ;; = (27, x'f)T, z;j € R™ x R™, and block matrices 4;; and fﬁ“j
with dimensions (n; + n;) x (n; +n;) and (n; +n;) X ng are defined as

i _ (A Aij)
(2.2.24) 4ij = (Aji Aj; )’
(2.2.25) AY; = (AL, A5

Elements (2.2.8) of the main diagonal of matrix-valued function (2.2.10)
are defined as

(2.2.26) vii(z;) = 7 Byz; for all z; € R™,
where
(2.2.27) A;EB,’,;‘ + B;Ayu =Cy, 1=1,2,...,m.

Here Cj; are symmetric matrices n; X n;. Matrices Cy; < 0 (Ci; < 0),
if independent subsystems of first level decomposition are stable (asymp-
totically stable). Nondiagonal elements (2.2.9) of matrix-valued function
(2.2.10) are defined as

vij(zi,2;) = z;-l;-Bija:i,-, (i< j) el,m]
(2.2.28) for all z;; € R™ x R™,
vij(zi5) = vji(z;s) forall (i #j) € [1,m],
where
(2.2.29) A5LBy; + BijAij =Cy (i< j)€[l,m].
Here C;; are symmetric matrices (n; + n;) x (n; + n;). Matrices Ci; <0

(Ci; < 0), if free couple (Z,7) of second level decomposition are stable
(asymptotically stable).
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We write down symmetric matrices C;; and B;; in block form

Cyi = (C::] C_'i:i) B = (?z‘; Bi?')'
ng Ch B};. Bl;

Here C}; and Bj; are symmetric matrices with dimensions n; x n;, C}; and
Bj; are matrices n; x n; and B;; and C;; are matrices n; X n;.
We introduce the designations

m
Opp =02Cop +1p 3 _0i(CY +CL), p=12,...,m,

i=t
J#p

where 7, > 0,

m
Opg = 2|7pNqCpq + Mp Z 1;j (A;rpng + A,T,,B;‘})
o

m m
+ Mg Z n;(AjpBiq + AquB;q) +7p Z(B:prq + By Ajq)n;
j=p

i=q )
J#p J#qe

m
_ -
+ 1 Z nj(BjT;:qu + BJJ‘q )Apq |

J=p

j#q
and Apr(0pp) is maximal eigenvalue of matrices opp, [Anr(0m,05)]'/2 is a
norm of matrices (0p,0p¢)-

Theorem 2.2.2. Assume that

(1) the system (2.2.20) underwent first level (2.2.21) and second level

(2.2.22) decompositions;
(2) the matrix-valued function (2.2.10) is constructed from elements

(2.2.26) and (2.2.28) and is positive definite, i.e.

(2.2.30) v(z,n) =n"U(z)n >0, n€RT, n>0;
(3) the matrix S with elements
A (0pp)s p=12,...,m,
Spg = ['\M(Ug‘q"pq)]l/z, p<gq,

Sqps p>q, forall (p,q)=1,2,...,m,
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(a) negative semi-definite;

(b) negative definite.
Then, equilibrium state £ = 0 of the system (2.2.20) is
(a) uniformly stable in the whole;
(b) uniformly asymptotically stable in the whole.

Proof. For the function (2.2.30) and vector u = (||z1], ..., ||zm|))T it is
easy to obtain estimate

m m 8
Dy(z,n) = Z zlouz; + 22 Z z}o4;;
i=1

i=1 j=i+l

m m m
< S amloa)llzml? +23° S Da(0Goi) 2l |12l = uTSu

i=1 i=1 j=i+1

forall z; € R™, i=1,2,...,m.

Hence, according to Theorem 2.2.1, the proof of Theorem 2.2.2 is com-
plete.

2.2.6 Examples of third order systems

We consider linear system

dx

— = 3
7 Pz, z€eR’,

(2.2.31)
with matrix

-3 -2 2
(2.2.32) P= ( 3 -4 1 ) :
3 3 —4

For independent first level decomposition subsystems of the form

dz
% =%
dz

(2.2.33) d—: = —49;2,
dﬂ = _4:33’

dt
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we consider the following auxiliary functions

2 2 2
(2.2.34) V11 = Iy, V22 =3, U3z =Z3.

For independent second level decomposition subsystems of the form

(2.2.35) _Jtl = Pjzy;

with z;; = (zi,zj)T, i, =1,2,3 (i#j);

-3 -2 -3 2 -4 1
P12—(3 __4), P13—(3 4), P23—<3 _4)
we consider auxiliary functions
Vg = =zL B
12 = V21 = 215012712

(2.2.36) V13 = vy = z{3B13213,

_ _.T
V23 = V32 = -7:233233323,

where B;; (i, j = 1,2,3, i # j) are determined from the following Liapunov
equations

PLBis + B2 Pip = ~Ghs,
(2.2.37) PBi3 + Bi3Pi3 = —Gis,
PJS B3 + BygPas = —Gags,

with
G12 = 252 diag(l, 1), G13 =84 diag(l, 1), G23 = 104diag(1, 1)
Then we have
43 1 31 17 19 8
B‘2"(1 31)’ Bls‘(w 19)’ B"”""(s 15)'

The function

v(z,n) =nUi(z)n, n=(1,1,1)Te R}
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with elements (2.2.34) and (2.2.36) is positive definite. Calculating all
constants from Assumptions 2.2.4 and 2.2.5 applied to the system (2.2.31)
we obtain the estimates (2.2.17) in the form

(2.2.38) D*y(z,n) = ™D U (z)n = 2TA; z,

-678 142 314
A= ( 142 -720 116 |.
314 116 -384

One can easily verify that the matrix A; is negative definite, which
implies the validity of all conditions of Theorem 2.2.2 providing the uniform
asymptotic stability in the whole of solution = 0 of the system (2.2.31)
with the matrix (2.2.32).

Omitting in the matrix-valued function U;(z) all nondiagonal elements
(which correspond to a vector approach (see Siljak [2])) we obtain in place
of equation (2.2.38) the next relation :

with

DYv(z) = zTA; z,

-6 1 5
A1=(1 -8 4).
5 4 -8

The matrix A, is negative definite. Therefore, the vector function (2.2.39)
also determines the stability of the system (2.2.31).
Let us consider system (2.2.31) with the matrix

with

0 -2 -2
(2.2.39) P= (3 -4 1 ) .
3 3 -4
For independent first level decomposition subsystems of the form
d:z:l
@ Y
dz
(2.2.40) d—: = —4z;,
dog _ —4ag
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we shall consider the functions (2.2.34).
For independent second level decomposition subsystems (2.2.35) with

0 -2 0 -2 -4 1
P, = = =
12 <3 _4)) P13 (3 _4)3 P23 ( 3 _4)
we shall construct functions v;; (¢ # j = 1,2,3) in the form of (2.2.36)
using the Liapunov equations (2.2.37) with matrices:

Gz = 6diag(1,1), Gi3 =6diag(1,1), Gas = 13diag(3,1).

As a result we obtain:

3,625 -1 2,375 1
By = ( 1 1,25), By = Bis, By3= ( 1 1,875)'

For the function v(z,n) we have

(2.2.41) Dtu(z,n) = n* D1 Us(z)n = 27 Asz,

-24  -13,75 1,75
Ay = (—13,75 —46 26 )

1,75 26 —46

where

The matrix A in equation (2.2.41) is negative definite, and since the func-
tion Us(z) is a hierarchical Liapunov function, all the conditions of Theo-
rem 2.2.2 hold. Therefore the solution z = 0 of the system (2.2.31) with
matrix (2.2.39) is uniformly asymptotically stable in the whole.

Omitting nondiagonal elements in the matrix Uz(z) we obtain the esti-

mates

(2.2.42) D*u(z) < oT(lll) Az(ll2])),

0 1 1
A2=(1 -8 2).
1 2 -8

The matrix A in equality (2.2.42) is not negative definite, and therefore,
the vector function (2.2.17) does not determine the stability of solution
z = 0 of the system (2.2.31) with matrix (2.2.39).

where
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Consider the system (2.2.31) with the matrix
1 -4 -2
(2.2.43) P={3 -4 -1].
3 3 -4

For independent first level decomposition subsystems of the form

o _,
di — &1,
dz

(2.2.44) _&?2 = —4z,,
dz
& =i

we shall consider the functions (2.2.34).
For the second level decomposition subsystems (2.2.36) with

1 -4 1 -2 -4 -1
P12—(3 _4), P13-—(3 _4), P23—(3 _4)

we shall consider the functions v;; (i # j) = 1,2,3 in the form of (2.2.36).
As before, we determine matrices By; (i # j) = 1,2,3 from equations
(2.2.37) with

Giz =6diag (1,1), Gi3=2diag(1,1), Gq3 = 38diag(1,1).

As a result we have

B [ 5125 2,375 B (¥ -L5
127\ -2,375 3,125 )’ B=\-1,5 1 )’

55 1
B”_(l 4,5)'

We have the following expression for the derivative of the function v(z, 1)

D*u(z,n) = n*D*Us(z)n = 2T Asz,

-14 1 23,25
Az = ( 1 -96 23,25).

23,25 23,25 88

where
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One can easily see that the matrix A; is negative definite. Therefore,
system (2.2.31) with matrix (2.2.43) satisfies all conditions of Theorem 2.2.2
and solution z = 0 of the system (2.2.31) with matrix (2.2.43) is uniformly
asymptotically stable in the whole. ‘

Omitting nondiagonal elements in the matrix-valued function Uz(z) we
obtain the estimates

D*v(z) < ¢™(llal)Asp(llz)l) forall z € R?

2 -1 1
A; = (—1 -8 2).
1 2 -8

The matrix A3 is not negative definite, which precludes the use of vector
function (2.2.34) for the stability analysis of solution z = 0 of the system
(2.2.31) with matrix (2.2.43).

with

2.3 Dynamics of the Systems with
Regular Hierarchy Subsystems

2.3.1 Ikeda-Siljak hierarchical decomposition

Unlike the decomposition of the large scale system presented in Section 2.2
we shall discuss here the decomposition of the system according to Ikeda
and Siljak [1). However, in contrast to the hierarchical Liapunov function
proposed by Ikeda and Siljak [2] we suggest a more general technique of
construction of hierarchical matrix-valued Liapunov functions.

Consider dynamical system (2.2.1) which admits mathematical (or
physical) decomposition into s subsystems (2.2.2) which link functions
hi(t,z1,...,Zm). Assume that z; = 0, ¢ = 1,2,...,m is the only equi-
librium state of subsystems (2.2.4), and for h;(t,z) =0, i = 1,2,...,m
subsystems (2.2.2) are disconnected, and

(2.3.1) R"=R™ x R™ x...x R"™,

where R™ and R™ are state spaces of system (2.2.1) and (2.2.2) respectively.
The construction of system (2.2.4) in terms of system (2.2.1) under con-
ditions (2.3.1) is called “regular” first level decomposition. Actually, this
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step in system (2.2.1) transformation coincides with the first stage consi-
dered in Section 2.2.1.
Further each of subsystems (2.2.2) is decomposed to the following:

dx,'j

(2.3.2) =

= fij(t, @) + hij(t, %), §=1,2,..., M.

Here z;;(t) € R™i is a state of subsystems (2.3.2) at time t € R, f;; €
C(R x R™i,R™i) and h;j € C(R x R% ,R™i), forall i =1,2,...,m. It
is supposed that z;; =0 are only equilibrium states of components M;:
d.’l:ij

(2.3.3) 5 = filbzy), JEM;

which are separated and
(2.3.4) R™ = R™1 x R™2 x ... x R™M:,

Construction of system (2.3.3) in terms of system (2.2.1) under condition
(2.3.1) is called “regular” second level decomposition.

Remark 2.3.1. Proceeding with the process and fulfilling third level de-
composition, and so on, one can arrive at the subsystem equations of the
prescribed order up to the first one.

2.3.2 Hierarchical Liapunov’s matrix-valued function

A key idea of the new method of Liapunov function construction for system
(2.2.1) is the application of matrix-valued function

(2.3.5) Ut,z) = [Ui(t,")], Uix = Ugi,

the elements Uz, 7 # k of which are constructed in terms of matrix-

valued functions of smaller dimensions. Here U; € C(R4 x R™,R) for

all ¢t =1,2,...,m and Uy, € C(Ry x R™ x R™ R). The functions Uj;

are constructed for subsystems (2.3.3), and functions Uy, take into account

link functions h; between subsystems (2.2.2) of first level decomposition.
The explicit form of the functions Uy; is

(2.3.6) Uii(t,z;) = €FBi(t, )&, i=1,2,...,m,
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where & € R}, & > 0 and submatrix functions

Bi(t;) [u(z)(t’_)], p=12,..., M;, g=12,...,M;

with elements u(') € C(Ry x R™» R), up'q) = uS,;.?

u}()z) € C(R; x R™» x R%,R), i=1,2,...,m.

Besides, functions u,(p? are constructed for subsystems (2.3.3) and functions
uﬁ,q) are constructed in terms of link functions between subsystems (2.3.3).

Thus, the block structure of matrix-valued function (2.3.6) allows on
each hierarchical level certain elements of the matrix-valued function to
correspond to subsystems and link functions. This technique involves a
Liapunov function that takes into account both dynamical properties of
subsystems and hierarchical structure of a large scale system.

Under appropriate assumptions the function
(2.3.7) v(t,z,n) = n"U(t,z)n,

where U € C(R4 x R*,R™*™), n € R, n > 0 is hierarchical Liapunov
function for the whole system (2.2.1).

Assumption 2.3.1. There exist

(1) open connected nieghborhoods N;p, C R™ of the states zi, = 0,
1i=1,2,...,m, p=1,2,..., M,
(2) functions Pip, ¢ip) Pip: Afip - R+; ¢ip: Afip - R+; (‘Pip’;éip) €
K(KR), i_l 2,....,m, p=1,2,..., M;;
(3) constants a ) > 0, E§,2 >0, a,(,,f,) = aq’p), g=12,...,M;;
4) matnx—valued functions B;, the elements of which satisfy the esti-
mates )
(a) abpe(loipl) < uip(t,20) < Tpd, (o)
for all (t,z;p) € Ry x Nip;
(b) a,,:, eip(lleipl)pia(lzigll) < upd (8, zip, 3i0)

0P, (12 )Biq (|zig 1)
for alI (t,Zip, Tig) € Ry X Nip X Niq.

Proposition 2.3.1. If all conditions of Assumption 2.3.1 are satisfied
for the functions Uj;(t, z;) the following bilateral estimates are valid

(2.3.8) WISTA8,W; < Us(t, z:) < W, 8FB;8, W,
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where

WiT = (i (llzall), . - - ing; Qlzins: |1));

—T _ -

Wi = @allzal),. -, PiM; (lzine 1))
®T = &; = diag [€1,-- -, &im],

Ai =[], Bi=[al)

Proof. Proposition 2.3.1 is proved by direct substitution by estimates
(a,b) of (2.1.4) from Assumption 2.3.1 into expression of function (2.3.7).

Assumption 2.3.2. There exist

(1) open connected nieghborhoods N; C R™ of the states z; = 0,
i=12,...,m;

(2) functions vi, By, wi: Ni = Ry; B Ni = Ry(9i, ;) € K(KR);

(3) the constants B, B, Bix = Bri, Bix = By; for all (k # i), and
estimates

(2.3.9) BilWill IWkll < Uik (t, zi, 22) < Byt Will Wl

are satisfied for all (t,z;,z) € Ry X Ni x Ny, for all (i #k) =

1,2,...,m.

Proposition 2.3.2. If all conditions of Assumption 2.3.1 and 2.3.2 are
satisfied, then for the function v(t,z,7) the bilateral inequality

(2.3.10) WTHTAHW < v(t,z,n) < W HTAHW
is satisfied for all (t,z) € Ry x N. Here
—T —_— —
wT=W,...,W,), W =(Wy,...,W,),

HT=H=dla‘g [771,---;773]; A= [ﬂik], B = [Eik])
Bii = Am(®TAui®:), B = A(DTAu®;).

Proof. Estimates (2.3.10) are obtained by direct substitution by esti-
mates (2.3.8) and (2.3.9) into expression (2.3.7) of the function v(¢, z, 7).
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Assumption 2.3.3. There exist

(1) open connected nieghborhoods N;p, Nip C R™» of the states z;, =
0,i=12,....m, p=1,2,..., My;

(2) functions u(') € C(Ry x R x R™v,R), ¢q=1,2,...,m

(3) functions Bip, Pip: Nip = Ry, Pip € K(KR);

(4) real numbers p”, p&?, u&) such that

& ) () g

(a) p; & AD upp + (DF, upp) T fip(t, mip)} < E Bip (llzinll)
for all (t,z:p) € Ry X Nip;
M; R M;

®) 3 &1, ) hi(t, 2} +2 3 Y ki

p=1 g=p+
x {D+u§fq’ + (D7, ubd)fut, x,,,) + (Dz., b)) Thip(t, :)

+ (Dz.q oD fip(t, 2ig) + (Dx.q ) Thig(t,2:)}
< Zu")ﬂm (laipll) +2 z z H2aB3) (sl B (lzigl)

p=1 g=p+
for aII (t, Zip, Tig) € Ry X Nip X N,q

Proposition 2.3.3. If all conditions of Assumption 2.3.2 are satisfied,
then for the total derivative of function U;; along solutions of system (2.3.2)
estimate
(2.3.11) D*Uy(t, x:) < Am(Sis)llzill?

is valid, where 2T = (Bu(l|zall),-- -, Bist: (ITins;|)), Are(Sii) are the ma-
ximal e1genvalues of matrices S;; with elements

0@ = pld) 4 p,

ofd =iy = )

p#q foral (p,q)=12,....M;, i=12,....m

Remark 2.8.1. If in conditions of Assumption 2.3.2 estimates (4)(a) and

(4)(b) are satisfied with the inequality sign “>” for constants p;‘), ﬂg), ﬁz(:;q);

then estimate (2.3.11) becomes
(2.3.12) D*Us(t, ) > Am(Su)llill?,
where 5',-,- are matrices with elements
50 = 5 + 40,
B =60 =5, (p,9)=12,..., M.
Here A, (Si;) is a minimal eigenvalue of matrices Si;, i = 1,2,...,m.
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Assumption 2.3.4. There exist

(1) open connected nieghborhoods N;, N; C R™ of the states z; =0,
i=12,...,m;

(2) functions Bip, 1 =1,2,...,m, p=1,2,...,M;, By, € K(KR);

(3) functions Uy, € C(R4+ x N; x Ni, R) and real numbers 8, i, k =
1,2,...,m are such that

m m-=1 m
3 0 (DY Usit,x) hi(t,z) +2) Y mime
i=1 i=1 k=i41

x {Df Uik + (D} Uik (t, s, zx)) T fi(t, z:) + (DF Ui (t, i, 7)) Thi(t, @)
+ (D7 Uik(t, mi, zk))  fi (t, ) + (DF, Uir(t, i, o)) e (¢, 2)}
m m—1 m
< S 0ullzl? 423 D7 Gullzll izl
i=1 im1 k=it
for all (t,z;,zx) € Ry X N; x Ny.

Proposition 2.3.4. If all conditions of Assumption 2.3.3 are satisfied,
then

(2.3.13) Dtu(t,z,n) < 27Sz forall (t,z) € Ry x N,

where N = Ny X ... X N, 2T = (all - l,---,zmll - ||), S is the matrix
m X m with elements

Cpp = Thz,AM(Spp) + Opp,

Cok =Ckp =0pr forall (p#k)1,2,...,m.

Remark 2.3.2. 1f in conditions of Assumption 2.3.4 estimate (3) is sa-
tisfied with inequality sign “>” for constants 6i, i,k = 1,2,...,m and
conditions of Remark 2.3.1 are fulfilled, then estimate (2.3.13) reads
(2.3.14) Dtu(t,z,n) > 278z forall (t,z)€ Ry x N,

where S is the matrix m x m with elements

Cpp = W:Am (3p0) + Opp,

Cpk = Cp = Opr, forall (p#k)=1,2,...,m.
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Conditions contained in Assumptions 2.3.1-2.3.3 define functions and
estimates of its total derivatives, for which hierarchical Liapunov func-
tion can be constructed of elements ug,';,)(t, ), 1 =1,2,...,m, (p,q) =
1,2,...,M;. This function has the form of (2.3.8) with estimates of to-
tal derivative along the solutions of system (2.2.1) in the form (2.3.13)

or (2.3.14).

2.3.3 Stability and instability conditions

Estimates (2.3.10) together with inequalities (2.3.13) and (2.3.14) allow us
to establish sufficient stability and instability conditions for state z = 0 of
system (2.2.1).

Theorem 2.3.1. Let vector function f in system (2.2.1) be continuous
on RxN (on Rx R") and
(1) all conditions of Assumptions 2.3.1-2.3.3 be satisfied;
(2) there exists a positive number § (or § = +00) such that the set
{v¢(t)} is asymptotically contractive for every ¢ € (0,0);
(3) in estimates (2.3.10), (2.3.13) and (2.3.14)
(a) the matrix A is positive definite;
(b) the matrix B is positive definite;
(c) the matrix S is negative semi-definite or equal to zero;
(d) the matrix S is negative definite;
(e) the matrix S is positive definite.

Then, respectively

(a) conditions (1)~ (3a) and (3b) are sufficient for the state ¢ = 0 of
system (2.2.1) to be stable;

(b) conditions (1)-(3a), (3b) and (3c) are sufficient for the state z = 0
of system (2.2.1) to be uniformly stable;

(c) conditions (1) -(3a), (3b) and (3d) are sufficient for the state T = 0
of system (2.2.1) to be uniformly asymptotically stable;

(d) conditions (1)-(3a), (3e) and conditions of Remark 2.3.2 are suffi-
cient for the state £ = 0 of system (2.2.1) to be unstable.

Proof. We start with assertion (a) of Theorem 2.3.1. Under conditions
(1) and (3a) of Theorem 2.3.1 function v(¢,z,n) is positive definite. The
set {v¢(t)} is asymptotically contractive for all { € (0,4), where § =

min{WTHTBHW for all z € N}, W' = (Wi, ..., Wn).
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Condition (3c) implies that D*v(t, z,n) is negative semi-definite or equal
to zero. Moreover, all conditions of Theorem 1.8.1 and Theorem 1.6.1 are
satisfied. This proves assertion (a) of Theorem 2.3.1. Assertions (c)-(d)
of Theorem 2.3.1 are proved similarly in view of Theorems 1.6.4 and 1.8.6.

Example 2.5.1. We consider the nonlinear system

dz
*3-;-1' = -3z}, — 3znaf, — 23, — 2321
+ (0.01)[z3, + 221535 + 23,202 + T3));
dz
-Ft{g = - 4$:];.2 - 4$%11’12 - 2$?1 - 2.’311:5%2
+(0.1)[25; + z21835] ~ (0.02)[z3, + 23, 720);
(2.3.15)
X2
—Et—l =- 4:::%1 - 4:1:21:1:32 - x§2 - m22z§1
+ (0.01)[z3, + 21123, + 2?2102 + 23,);
dz
_d? = — 223, — 222, 792 + 23, + 22173,
+ (0.1)[z3, + z1123,) — (0.02)[23, + x%,212).
We introduce the matrices Aj,...,As and vectors z; = (z11,%12)7,
Ty = (T21,%22)T. The system (2.3.15) can be transformed into the form
d
T:Tl = Az} + Agz3,
(2.3.16)
7{ = A39]2 + Ayxy,
where

-3 -1 0.01 0.01
A4 = (-2 —4)’ 4o = (0.01 —0.02>

-4 -1
A3=<1 _2), A4=A2.

At the first level decomposition we consider the independent subsystems

(2.3.17) p
2 = Aaxg

dt
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and the functions connecting them
(2.3.18) hi(z2) = Az23,  ha(z1) = Ay

The decomposition of subsystems (2.3.15) leads to independent equations
of the first order

dwu dzm
el ~3z3, & fii(zn1), ek ~4a3, £ fia(z12),
(2.3.19) P
T21 3 A T22 A
el ~4z5; = fa1(221), el 233, £ fao(Z22),
with connecting functions
hii(z1) = —311?115'5?2 - z:132 - ~"3¥1x12a
h]_z(.’l)l) = —4:1}%11:12 - 22%1 - 21:11:17%2,
(2.3.20) ) s )
hai(z2) = ~4z2125; ~ T35 — T2223;,
hoa(ze) = -—21:%1.’1722 + 2:!:31 + 1?21112%2.

As elements of the matrix B;(-) we take the functions

(2.3.21) ul) =222, W) =ul) = (0711210, ull) =127,

and for the matrix Bs(:)
(2.3.22) uf =23, uf) =uf) = (0.)2nze, uff =2}
respectively.

It is easy to see that for the functions Uy;(z;) and Usz(x2), the matrix-

valued functions B; and B; have elements (2.3.21) and (2.3.22) and all
conditions of Assumption 2.3.1 are fulfilled with constants

ap =2, @;,=01  axp=1 an=2 a52=01 az»=1,

B,=1 B,=-01 B,,=1 Bu=1, Bz =01, By =1,

and functions

eu(llzull) = lzul, ezl = |12,

va(llzaill) = lzail,  w22(|lz22]]) = |722]-
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For the function
(2.3.23) Ur2(z) = Ua1(z) = z7 diag[0.01;0.01]z,
the estimates of Assumption 2.3.2 are true with the constants
Biz=-1x10"% B, =1x10"2

The conditions (4a) and (4b) of the Assumption 2.3.2 for the system
(2.3.16) are equivalent to the next:

(a) (D;'nuﬁ’(zu))'rfu(rm) < pufi(llzull) for all 211 € My;

() (DF,ufY @11))™ha1 (1) < praBE (o [)) +PrsBur (211 ]1)Brz (Il z12ll)
for all (z11,Z12) € M1 x M3
() (D;"wuglg)(xu))’rflz(mlz) < pu By (llzi2]l) for all 15 € Ma;

(d) (DF,usy (12))Thiz(21) < P22 (l@12]]) +p23Bur (711 1) Brz (|22 ]))
for all (.’1:11,1:12) € Nu X le;

() (D7, uly (@1))Tfu1(z11) < ps1BE (2aall) +psafBur (211 ]) Brz(lle12])
for all z; € Vy;

() (Dz*,luﬁlz’(ml))Thn(t, 1) < p33Bt; (|11 [))+ psaBua (/|211]]) Brz(l|12]])
+p3sfiz(llz12]l) for all z; € My;

(®) (DF,uly (1)) fiz2(z12) < parBlh(llerall) + pazBui (l|z11 ) Brz(llz12))
for all z; € Vq;

(h) (D, u8y (1)) ha(21) < pasB (l11]]) + PaaBa (211 1) Bra(|z12]])
+p1508% (J|z12]]) for all z; € N7

(i) (D;,"zluﬁ)(le))Tfm(zzl) < ps1B3 (||z21]) for all z21 € Ny

() (D, ul? (221))"has (z2) < psafy (1z21ll) +pssBer ([z21]1) Brz(ll2zll)
for all (z21,Z22) € Moy x Nag;

(k) (D;;,ué";) (222)) T2 (z22) < Po1632(l|z22ll) for all z22 € Nag;

() (D, 083 (222)) haa(®2) < peaBs (lI22all) +pesBan (llw21 1) Baa (llozal)
for all (z21,Z22) € N2y X Nag;

(m) (DI,.ngz) (221))Ya1(z21) € pr1BE (|21 ]) +pr2Ba1 (llz21 ) Bez2 (| |z22l)
for all (zq1,T22) € Nap x Naa;

(n) (DF,, w2 (22))Tha1 (22) < praBii (1 221]l) + PraBar (|21 1) Baz(llz22 )
+p1582,(||z22l]) for all (z21,Z22) € Nay X Nag;
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(0) (DI,,Ug)(-’Bz))szz(mzz) < 18183, (I|z22]l) + pa2Ba1 (1221 1) Baz ||z 22]])
for all (z21,292) € Noy X Naa;

(p) (D, ul? (22))Thas(22) < pasfBE (221 ll) + PsaBar (ll@21|]) Baz(llz2zll)
+p85ﬂ§2(”$22”) for all (wzl,wzz) € N21 X Nzg.

The conditions (a) — (p) are fulfilled with the constants:

puu =12, pz=ps =2, pi3z=4,
Pnn=-8, p=pu=2 pa=4,

P31 =p3z = p3a =015, p3s =0.05, p33 =0,
P41 =Paz = pag = 0.2, pa3 =pgs =0,
ps1=-8, ps2=psa=1, ps3a=2
Per = —4, pe2=Dpea=1, pe3 =2,
pri=pr2=pnu =02 prs=0.1, pr3=0,
ps1 =ps2 =0.1, pg3=pss =02, pgs =0.

For the functions U11, Usz and Uz the conditions of Assumption 2.3.3
are fulfilled with the constants

011 = 922 = 0, 012 = 913 = 002619, 032 - 0042,
031 = 0.0513, 0y = 653 = 0.01433, 033 = 0.0938.

In the estimate (2.3.10), the matrices A and B are
099 -0.01 2 0.01
A= (—0.01 0.9 )  B= (0.01 1.1 )
and the matrix S in the estimate (2.3.13) is

5 -3.34 0.11
“\o11 -144)"

All calculations have been made for & = (1,1)T, & = (1,1)T and
n = (1,1)T. It is easy to see that for the system (2.3.15), conditions (1),
(2), (3a) and (3b) of Theorem 2.3.1 are fulfilled and therefore the solution
(z =0) € R? is uniformly asymptotically stable.
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Finally we note that the matrix-valued Liapunov function methodology
leads to more adequate scalar Liapunov functions for nonlinear systems and
simplifies their construction then via the vector Liapunov function concept.

2.3.4 Linear nonautonomous system

Consider the linear nonautonomous system
(2324) _—= A(t)x, .’E(to) = Zo,

where z € R™ and the matrix A(t) has the form

(A AL
A‘”‘(A;(t) Al(t))'

Here A; (t) is n1 X ny, Aa(t) is ny x ng, A}(t) is ng x n1, A3(2) is ny xny
matrices with elements continuous on every finite interval I C Ry.
Assume that the system (2.3.24) is decomposed into two interconnected
subsystems
d:L‘,'

(2.3.25) Ty = A;(t)zi + Aj()z;, 4, 5=1,2, i#£],

where z; € R™, n; +ny =n,
(P Ay (t) A{l (t) i Ais(t) A: (t)
40= (e ao) 0= ao)

and each independent subsystem corresponding to (2.3.24) consists of two
interconnected subsystems

dz;
-J;l = An ()T + Af (t)zi2,
(2.3.26) .
T; )
d—? = Ap(t)za + Ap(t)zi2, i=1,2,

where z;; € R™1, ;0 € R™2, ny + njp = n;, © = 1,2. Alongside the
system (2.3.24) we consider the matrix-valued function

_(U(t,z1) Usl(t,z)
Ut,z) = ( Us(t, z) Uz(t,$2)) ’
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where U;(t,z;) = ;I‘B,'(t, )&, Us(t,z) = :t'erI (t)z2 and ¢; € R,z'_, 1=12
is an arbitrary continuous matrix. In addition
(2.3.27) uﬁ)(t, zi1) = 2y Py (t)zia, ug,,)(t, Ti2) = T Pia(t) iz,
2.3.28)  uld(t,z:) = 2L Ps(t)zia, i=1,2,
where P;;(t) and Pjy(t) are symmetric continuous and positive definite ma-
trices for ¢ € Ry, P;3(t) are arbitrary continuous matrices and matrices
P;i(t), Pa(t) and Pi3(t) are continuously differentiable on Ry. Functions
Ui(t, z;) correspond to subsystems (2.3.26) and function U;(t, ) shows the
connections in system (2.3.25). It can be easily verified that for functions
(2.3.27) and (2.3.28) the following estimates are satisfied

(i) Am(Pa)llzall® < uf) ¢, 2i) < Ane(Pa)llzall?,

(i) Am(Po)lloall® < i)t 2i2) < Awr(Pa)llzall?

(it)) =Xy (PsPRllzull lzall < ui?(¢t,20) < X7 (PaPPlzalllsal),
where A, (P;;) and Apr(P;;) are minimal and maximal eigenvalues of the
matrices Pj;(t), i,j = 1,2 and ,\}42(1%319,3) are the norms of matri-
ces P3PJ.

Proposition 2.3.5. Provided estimates (i) - (iii) hold, for functions
Ui(t,z;) the estimates

(2.3.29) w;-rCiw,' < Ui(t, z;) < wrDsw;
are satisfied, where w}l = (||zi||%, llzi2)| D), i = 1,2,
0. - ( & Am(Pa) ~Eny, (PaPX )
T = ’
~EabaXif'(PsPE)  Eidm(Pa)

D. = ( 4 Am(Pi) €ty (PP} )
[ .
€aa Ny’ (PP} EAm (Piz)
It can be easily shown that for the function Us(¢, z) the estimate
(2330) =N (PLPDlwnl lwall < Vst 2) < A (PLPDlwul el

takes place.
By means of the matrix-valued function U(t,z) and the vector n € R
we introduce the function

(2.3.31) v(t, z,n) = U, z)n.
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Proposition 2.3.6. If for the elements of the matrix-valued function
U(t, z) estimates (2.3.29) and (2.3.30) take place, then for function (2.3.31)
the bilateral inequality

WTCW < u(t,z,n) < WIDW

is satisfied, where W7T = (|lwy||T, ||w2||T) and

C= ( M Am(Ch) —771772/\}\42(1’11’{1‘))
~mue Xy, (PLP) 73 Am(Ca)

Do ( n2Am (D1) mnzxié"’(PlP;f))
mmaAsy (PLPT) 13 (D2)

Alongside the function (2.3.31) we consider its total derivative
(2.3.32) Du(t,z,n) = n"DU(t, z)n,

where DU = Du;j(t,) and D is the Euler derivative.
We compute the derivative of function U, (t,-), Uz(t, ), Us(t,-) by virtue
of system (2.3.26)
(i) Dyuld (t, zi1) + (Dayuld)TAnza < pir (t)||zar ||
(ii) Deugy (tzi2) + (Daguy ) Aiamia < pia(®)llziall’;
(i) (D ulf) ™45 < pis(@®lzall lziall;
(i¥) (D) Az < pia(®)llzall wiall;
(v) D3 (t, 2:) + (Da,ui3)TAizi < pis(®)llwia|? + prs(t)l|izl?
+p17(t)llza [l |z,
where D, = 8/0¢, pii(t), pi2(t), pis(t) and pie(t) are maximal eigenvalues
of the matrices
dP; (t)

A;'I;Pil + Pi1Ai + T’ A;%Piz + PoAipp +

dP; (t)
dt '’

respectively; pis(t), pia(t) and pi7(t) are norms of the matrices 2P; A},
2A}] Pi; and
dP;3(t)

AL P + P A + T

respectively.
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Proposition 2.3.7. If estimates (i) —(v) are satisfied, the total deriv-
ative of function Uj(t,z;) by virtue of subsystem (2.3.26) is estimated by
inequality

(2.3.33) DU;i(t,z:) < Am(C)llwill?,

where w} = (||zi1]), ||zi2ll) and Ap(C;) are maximal eigenvalues of matrix
C; with the elements

o}y = Eipa(t) + 26aupis(t),
oiy = 051 = Enbuapir(t) + %(ﬁnpia (t) + Eizpia(2)),
03 = EPia(t) + 26 Liapis(t).

The estimations of derivatives are easily obtained

(2.3.34)
(DU;(t,2:))"Atz; < 0u@)||zil| llzall, 4,5 =1,2%

(DUs(t,2))TA(®)z < G12(t)]|z1 |l + B1s()llz2]® + Bra (@)l || |22,

where 6;2(t) and #;3(t) are maximal eigenvalues of matrices Py A} and A} P,
respectively; 6; and ;4 are norms of matrices AJTP! + PrA}, ATP, +
P, Az, respectively.

In addition

Py P ) .
P = y 1= 1, 2.
' (Pi'g Py

Proposition 2.3.8. Provided inequalities (2.3.33) and (2.3.34) are sa-
tisfied the total derivative of the function (2.3.31) along solutions of system
(2.3.24) is estimated by the inequality

Du(t,z,n) < WTSW,
where WT = (w;,w;) and matrix S has the elements
s11 = niAm(C1) + 2mn2612(2),
S12 = s21 = 72614 (t) + % (n}611(t) + n3622(t)),

822 = 13 Ap(C2) + 2mma2613(2).
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Theorem 2.3.2. Assume that for the linear nonautonomous sys-
tem (2.3.24)

(i) there exists a matrix-valued function U: R, x R™ - R?*?;
(i) there exists a vector n € R ;
(ili) matrix C is positive definite;
(iv) matrix S is negative semi-definite or equal to zero;
(v) matrix S is negative definite.

Then, respectively

(i) conditions (i)-(iv) are sufficient for the state = 0 of system
(2.3.24) to be stable in the whole;

(i) conditions (i) - (iii) and (v) are sufficient for the state z = 0 of
system (2.3.24) to be asymptotically stable in the whole.

We consider some system equations of perturbed motion to illustrate
how the proposed technique works.

Example 2.3.2. Consider linear homogeneous system

(2.3.35) Z—: = A(t)z, =€ R,

matrix A(t) is of the form

- .8=sin 2t . _sint 1 0
2(1+cos? t) 1+cos? t 1+cos?¢
0 -6 0 0
A(t) =
® 0 0 -4 0
0 1 2 _.10-0.58in 2t

1+4cos? ¢ 1+cos? ¢ itcos? ¢

First level decomposition results in two subsystems

dz .
--d—tl- = Alzl + Al.'Ez,

dz .
.Etz = Ayzy + A2.’L'1,

(2.3.36)

where z; € R?, 75 € R? and
a1 012 a1z O
A = 1= ’
' ( 0 022) o ( 0 0)
azz 0 0 O
Ay = A, = ,
2 (a34 a44 ) ' 2 (0 azq )
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o 8 —sin 2t a1 = sin ¢ G = —6.  Gie = 1
U7 (M Fcos?t)’ T T 14cos?t’ 2T T BT T cos?t
=4 g = 2 oo 10-05sin2 2
A R P 1+cos?t ' 2* 7 1+cos?t
The independent subsystems
dz
-d_tl = Ay,
(2.3.37)
dwz
& - A

of system (2.3.36) are connected by interconnection functions h; = A}z,

and hg = Ajx;.

On the second level decomposition of system (2.3.37) we get independent

equations
d(L'u - _ 8 —sin 2¢ z
dt  2(1+cos?t) M
%;—2 = —6x;2,
(2.3.38)
d.’l?zl _ _4]} .
dt" - 21,
dzyy _ 10— 0.5 sin 2t:z;
dt 1+cosit 2%

and interconnection functions

sin t

hiy = =
1 1+ cos?t

Z12,

2

hig=ha1 =0, hopy= 1T cos?z 2%

In the matrix B (¢, -) the elements ug.)(t, -) are taken in the form

1
“gl) =

1 1
“gz) = u§1

(2.3.39)

and in the matrix By (¢, )

(2) _ .2
Uy = Tai1,

— (2
Uyg = Uy

(2.3.40) (2)

(1 + cos? t)z?,,

1y _ 2
Ugy = T12;

)=9. 10“3(1 + cos? t)z11712

ugy = (1+ cos’ t)zd,,

= 10-3(1 + 6082 t)$21$22.
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For the functions Uy (t,z1) and Us(t, z2), whose matrix-valued functions
B; and B; have elements (2.3.36) and (2.3.40), Assumption 2.3.1 holds,
where

oY =1, oy =afY =1-107%, of) =1,

(1) __ 2, agl) ) 9. 10—3’ (1) __ 1,

0 = 2 = Qg Oy =

o) =1, off =aff =1-107%, off =1,

a1, & =al =210, =2
and : .

dulllzul]) = lzul,  ér2(lzizl) = |z12f,
ga1(llza1ll) = lz21],  Baa(l|za2]]) = |222].

For the function

Us(t,z) = =7 diag [1073(1 + cos? t), 1073(1 + cos® t)]z,

the estimates in Assumption 2.3.2 are satisfied with constants
fiz=-2-107%, B, =2-107%
Assumption 2.3.3 holds with the constants
piu=-8 p3=2 pn=-12, pp=45-10"3,
pss =107%, pi3=12-10"%, ps = -8, pe = —20,
pes=4, pra=9-10"% pg=105-10"3, ps3 =2-1073,

D12 = P22 = P32 = P31 = P33 = P34 = P41 = Pa3 = Paa = pas = 0,

D52 = P53 = Pe2-= P71 = P73 = P14 = P75 = Pg1 = Pg4 = Pgs = 0

and the functions

Bru(llzaall) = lza1l,  Brz(llxizll) = [z12l,

Ba(llza1ll) = lz21],  Ba2(llz22ll) = |22
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Assumption 2.3.4 holds for the functions U;, Uz and Us with the con-
stants

911 = 012 = 021 = 022 = 0, 013 = 923 = 2002,
031 =033 =2-1073, 633 =26.5-1073.

Matrices A and B in (2.3.10) and matrix S in (2.3.13) are

A_( 0.999 —2.10—3) B_( 2 2-1073
“\-2-107% 0999 /)’ “\2:103 2 ’
5= -7.976 2.0285
T\ 2.0285 -7.642)"°

respectively. Herewith, it is supposed that & = (1,1)T, & = (1,1)T and
n = (1,1)T. It is easily verified that the matrices A and B are positive
definite and the matrix S is negative definite. Applying Theorem 2.3.2
and taking into consideration that system (2.3.35) is linear we find that its
solution z = 0 is uniformly asymptotically stable in the whole.

Ezample 2.3.3. We consider the linear nonautonomous system

dx
(2.3.41) | pri A(t)z,

where z € R® and matrix A(t) is

ann(t) a12(t) ais(t) aualt) ais(t) aelt)
0 -3 ag(t) 0 0 1
0 a3z (t) -3 0 ass (t) Qa3e (t)

Alt) =
D=1 on® 0 au®) aul®) 0 awslt)
as1 (t) 0 as3 (t) 0 ass (t) as6 (t)
0 -1 0 oau® O -4
where
10 + sin 2t cos t sin t
£) = t) = — )= ——nt
aul) = -3y 220 = " T aa(t) =~y
cost cos t 1
) = ————, t) = - — )= ———,
aa(t) = T as(t) =~ ao(t) = Ty



2.3 REGULAR HIERARCHY SUBSYSTEMS 87

azs(t) = '1—_*'—%;2‘;, asz(t) = _ri—c_ocso_z?t’ aszs(t) = _I%ZTL‘_’

au(t) = 9—-1—_?_—'1)—9;1;;%, ase(t) = '1—_;‘;:10?;, as1(t) = ﬁc-%%?

o) = Ty ()=~ R aag(t) =
aga(t) = —--i—-ér?—i.

The first level decomposition results in three subsystems

dz
-d—tl- = Anxzy + A12zo + A3z,
d

(2.3.42) _(:;2 = Agoxs + A2171 + Asz13,
dx3
yr Azzzs + Az 21 + Asaza,

where z; € R?, i = 1,2,3 and matrices Aij, 1, =1,2,3 are of the form
211 a2 a3 Qa4 a15 Qaie
A= , Ap = ’ Az = ’
. (0 —Q ” (m o) " (o 1)
0 -3 0
An=< m),Am=( ),A%=C“““)
ay; O 43 Q44 0 a4

as1 O as3 O ass Q56
= A = A = R
dn= (5 0)r A= (T o) 4= (5 %)

dx

7{1' = Apnz, = € R?,

d:cg 2
(2343) —E = ATy, 3 € R®,

dz

3
—= = Azzr3, x3€ R2
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are connected by the link functions
hi = Aiax3 + A13x3, he = Anxy + Ag3xs, hs = Asixy + Aszexs.

The second level decomposition results in independent equations

d.’l:n _ 10 + sin 2t T da?lz = —37
dt 2 +sinZt) 0 Tdat ™
dxgl = -3z d.’l!zz _ 6 — 0.5 sin 2¢ I
a o dt ~  1+coset 2
dz3; _ 8 —0.5sin 2t . dzss = _dg
dt 1+sin’t b dt ~ 32
and interconnections functions
cos t 2cost
hi| = ~———2z hi2=0, ho1 =0, hy=-——mz
11 1+ sin2t 12, 12 ’ 21 ’ 22 1+cos?t 21,
cos t
h31 = —————— h3s = 0.
31 Tronit 32, 32

In the matrices B;(t,), i = 1,2,3 we take the elements in the form

2344 u) = A +sin’t)zd,  ufy) = b,
- uld) = ol =1073. (1 +sin’t)z
12 = Y21 < 11212,
(23.45) u® =22, (1 +sin?t)z?), ulD = (1 + cos? t)z,,
; ufy) = uf) =107% - (1 + cos? )1z
12 = Uy = 31222,
(2.3.46) o = (1+sin? )22, ol =23,

u§32) — ug'ai) =1073. (1 + sin® t)z31 T32.

For the functions Uj;(¢,z;), ¢ = 1,2,3 with matrices By, By and Bj
(with elements (2.3.44)-(2.3.46)) all conditions of Assumption 2.3.2 are
satisfied with the constants

1 1 2 3 3 2 3 _
Q‘-gl) = ng) = 251) = -0££1) = ng) =1, .0‘-52) = ng) =-2.107%,

—(1 - —(3 —(1 —(2 —
) ~ay =a =2, off =ald =a) =1,

o =a = al) = 2107
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and the functions

dulllznl) = lzul, dnllzall) =z, dan(lzall) = |zaul,
1 llzall) = lz11l, G (llzaall) = [221], &3 (lls1ll) = |zanl,

$r2(llz1zll) = |z12l,  d22(llz22ll) = |z22|,  ds2(l|lza2ll) = |zs2],
ba(llzr2l) = |z12l,  Baa(llza2l) = |222], Bsa(llmaall) = |2aal-
Functions U;2, U3 and Uss are taken as
Uz = z] diag [1073 - (1 + sin® £), 1073 - (1 + cos? t)]z.,
Uiz = 27 diag [1073 - (1 4 sin® t), 1073 - (1 + cos? t)]xs,
Ugs = z; diag [1073 - (1 4 cos® t), 1073 - (1 + cos? t)]z3.
Estimates in Assumption 2.3.1 are satisfied with the constants
B =-2-10"% B13=-2-10"° fh3=-2-1073,
Bi=-2:-1075, Biy3=-2.10"3, Bp3=-2-107%

Conditions of Assumption 2.3.2 are satisfied with the constants

s =-10,  p =, p) =0, ps) =2.1073,
pY =10115, p = s, pD=-12, u?=4.10"3
s =0, puy =20125,  p{¥=-16, pf¥ =-38,

u® =0, P =2.10" 4 =1.0165

and the functions
Bu(llz1all) = lzu1l, Bar(llzail)) = |z21], Bs(llzaill) = |z,
Brz(llzr2l) = |z12|, Ba2(llzezll) = |z22], Bs2(llzszll) = |32l

Conditions of Assumption 2.3.3 for the functions Ujs, U3 and Uss are
satisfied with the constants

011 =2.74-107%, 02 =2.74-1073, 033 =3.73-1073,
610 =8.25-107%, 613=1-1072, 6y3 = 16.5- 1073,
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Matrices A and B in estimate (2.3.10) and matrix S in estimate (2.3.13)

are of the form
0998 -2.107% -2.10"%
A=| -2-10"3 0.998 -2 10‘3) ,
-2.107% -2.10°8 0.998
2 2.107% -2.107%
2.10-3 2 -2. 10-3) ,

-2-107% -2.1073 2

-5.75226  0.00825 0.01
S = 0.00825 0.0165 0.0165 ) ,

B

i

0.01 —-5.36924 -7.87127

respectively. Here we assume £, = & = & =n = (1,1,1)T. It is easily to
check that matrices A and B are positive definite and matrix S is negative
definite.

Applying Theorem 2.3.2 we find that the equilibrium state z = 0 of
system (2.3.41) is uniformly asymptotically stable in the whole.

2.4 Stability Analysis of Large Scale Systems

The aim of this section is to present a new method of constructing the
matrix-valued function and then to obtain efficient stability conditions for
one class of large scale systems admitting one-level decomposition.

2.4.1 A class of large scale systems

We consider a system with a finite number of degrees of freedom whose
motion is described by the equations
diL‘,‘ .

(2.4.1) - = filz:)) + gi(t,z1,...,Tm), t=12,...,m,
where z; € R%, t € Ty, T, = [r,+), fi € C(R™,R™), gi € C(T; x
R™ x ... x R*m R™),

Suppose that the functions f;(z;) +gi(¢,z1,...,Zm) are smooth enough
to guarantee existence, uniqueness and continuous dependence of solutions
a:,-(t) = .’L‘i(t; to,:l'i()) of (2.4.1).
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Introduce the designation

m

(2.4.2) Gi(t,z) = gi(t,z1, ..., Tm) = Y it Ti,7;),
J=1,j#i

where g;;(t,z;,2;) = 9:(¢,0,...,2;,...,2;,...,0) for all i # j; 4,5 =
1,2,...,m. Taking into consideration (2.4.2) system (2.4.1) is rewritten as

d.’L',' =
(2.4.3) e filz:) + E 9ij (¢, i, 75) + Gi(t, z).

Actually equations (2.4.3) describe the class of large scale nonlinear
nonautonomously connected systems. It is of interest to extend the me-
thod of matrix Liapunov functions to this class of equations in view of
the new method of construction of nondiagonal elements of matrix-valued
functions.

2.4.2 Construction of nondiagonal elements of matrix-valued
function

In order to extend the method of matrix Liapunov functions to systems
(2.4.3) it is necessary to estimate variation of matrix-valued function ele-
ments and their total derivatives along solutions of the corresponding sys-
tems. Such estimates are provided by the assumptions below.

Assumption 2.4.1. There exist open connected neighborhoods N; C
R™ of the equilibrium states z; = 0, functions v;; € C*(R™,R,.), the
comparison functions ¢;1, piz and v; of class K(KR) and real numbers
¢i; >0, &; >0 and 7 such that

(1) vii(z;) =0 for all (z; = 0) € Nj;

(2) ciod (llzill) < vis(ms) < B (llall);

(3) (Dzyvis(x:)) filw:) < vt (||lzill) for all z; € NG,

i=12,...,m.

It is clear that under conditions of Assumption 2.4.1 the equilibrium
states z; = 0 of nonlinear isolated subsystems

d;

(2.4.4) =

= fi(z), i=12,...,m
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are

(a) uniformly asymptotically stable in the whole, if v; < 0 and
(i1, piz, ¥i) € K R-class;
(b) stable, if v;; =0 and (i1, pi2) € K-class;
(c) unstable, if v; > 0 and (i1, @iz, ¥i) € K-class.
The approach proposed in this section takes large scale systems (2.4.3)
into consideration, subsystems (2.4.4) having various dynamical properties
specified by conditions of Assumption 2.4.1.

Assumption 2.4.2. There exist open connected neighborhoods N; C
R™ of the equilibrium states z; = 0, functions v;; € CVV(T, x R™ x
R™,R), comparison functions ¢, pia € K(KR), positive constants
(Mm,-..,nm)T € R™, n; > 0 and arbitrary constants Cijs Cijy 4] =
1,2,...,m, i #j such that

(1) vij(t,zi,z;) = 0 for all (z;,z;) =0 € N;xNj, t €Ty, i,j =

L,2,...,m, (i #J);
@) cijeallzdDeinlz;l) < vt zi,25) < Eei(llzill)ese(llz;ll) for
all (t,zi,z;) € Tr x Ny x Nj, i # J;
(3) Dewij(t, i, x;5) + (Do, vij (¢, 3iy ©5)) T fi(2:)
+(Dz;vi5(t, x4, 25)) T () + b (Da;vii(z:)) Tgi5 (¢, i, x5)
+2_77,% (Dzjvjj(xj))ngi(t) zi,:l?j) =0; (245)

It is easy to notice that first order partial equations (2.4.5) are a some-
what generalization of the classical Liapunov equation proposed in (see
Liapunov [1]) for determination of auxiliary function in the theory of his
direct method of motion stability investigation. In a particular case these
equations are transformed into the systems of algebraic equations whose
solutions can be constructed analytically.

Assumption 2.4.3. There exist open connected neighborhoods N; C
R™ of the equilibrium states z; = 0, comparison functions ¢ € K(KR),
i=1,2,...,m, real numbers o;, a%;, a¥;, Vi;, Vi, #hi; and p;, 4, , k=

1,2,...,m, such that 7
(1) (Dayvis(@))"Gslt,2) < il - vkl + Ra(¥)
for all (t,z;,z;) € Tr x N; x Nj;

(@) (Davvig(t, ) 05t 20,25) < el (llzall) + adullealv; (el +
o&,02(llz;1I) + Ra(w) for all (t,:,;) € T x N x Nj;
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(3) (Da,wi(t,))TGi(t,z) < w;(llz)) Z finWe(lzell) + Ra(y)
for all (t,zi,z;) € Tr x N; xN,,
(4) (Dzvis (2, ) Tgun (¢ 2o, 2r) < W5l 1) (i voe (Ul l) + i (lill)
+ Ry(y) for all (t,z;,2;) € Tr x Ny x Nj, and k # j.
Here R, (1) are polynomialsin ¥ = (¥1(||z1]l, . .., ¥m(]lzml])) in a power
higher than three, R,(0) =0, s=1,...,4.
Under conditions (2) of Assumptions 2.4.1 and 2.4.2 it is easy to establish
for function

(2.4.6) v(t,z,n) =n"UEz)n =Y vi(t, )mins
t,j=1
the bilateral estimate
(2.4.7) ulHTCHuy < v(t,z,n) < ufHTCHu,,
where
w1 = (eu(flzall, .., emi(lzml))T,
uz = (prz(llzalls- - -, ema(llzm )T

which holds true for all (t,z) € T, x N, N =M x -+ X Np.

Based on conditions (3) of Assumptions 2.4.1, 2.4.2 and conditions (1) -
(4) of Assumption 2.4.3 it is easy to establish the inequality estimating the
auxiliary function variation along solutions of system (2.4.3). This estimate
reads

(2.4.8) Du(t,z,n |(24 y < ug Musg,

where ug = (Y1 (llz1ll), ..., ¥m(llmll) and holds for all (¢,z) € > x N.
Elements o;; of matrix M in the inequality (2.4.8) have the following
structure

m m
ou =M v+ Y (emivia +mivia) +2 Y mmilad; +ad);

k=1, ki j=1, j#i
m m
gij = 5 ("‘l Vii + 77] 13) + E nknjylfij + Z 77:'771'”131’1'
k=1, k#j k=1, ki
m
+nmilad; +od) + Y (Memisthss + Mnisdi + Timkbki + M i),
k=1, k#4,
k#j
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2.4.3 Test for stability analysis

Sufficient criteria of various types of stability of the equilibrium state £ = 0
of system (2.4.3) are formulated in terms of the sign definiteness of matri-
ces C, C and M from estimates (2.4.7), (2.4.8). We shall show that the

following assertion is valid.

Theorem 2.4.1. Assume that the perturbed motion equations are such
that all conditions of Assumptions 2.4.1~2.4.3 are fulfilled and moreover

(1) matrices C and C in estimate (2.4.7) are positive definite;
(2) matrix M in inequality (2.4.8) is negative semi-definite (negative
definite).

Then the equilibrium state ¢ = 0 of system (2.4.1) is uniformly stable
(uniformly asymptotically stable).

If, additionally, in conditions of Assumptions 2.4.1-2.4.3 all estimates
are satisfied for N; = R™ and comparison functions (p;1, vi2) € KR-
class, then the equilibrium state of system (2.4.1) is uniformly stable in the
whole (uniformly asymptotically stable in the whole).

Proof. If all conditions of Assumptions 2.4.1-2.4.2 are satisfied, then it
is possible for system (2.4.1) to construct function v(t,z,n) which together
with total derivative Du(t, z,n) satisfies the inequalities (2.4.7), and (2.4.8).
Condition (1) of Theorem 2.4.1 implies that function v(¢,z,7n) is positive
definite and decreasing for all ¢ € 7;. Under condition (2) of Theorem 2.4.1
function Du(t,z,7) is negative semi-definite (definite). Therefore all con-
ditions of Theorems 1.8.1, 1.8.3 are fulfilled. The proof of the second part
of Theorem 2.4.1 is based on Theorem 1.8.4.

2.4.4. Linear large scale system

Assume that in the system

dz
-Jt-l- = Anz1 + A12z2 + Aiazs,
d;

(2.4.9) —da%z- = A21%1 + Az2z2 + A23Ts,
d.’L‘3

- Asz1x1 + Aseza + Aszzs,
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the state vectors z; € R™, i = 1,2,3, and A;; € R™*™ are constant
matrices for all i, j =1,2,3.
For the independent systems

dz;

(2.4.10) —=

= Auz;, 1=1,2,3

we construct auxiliary functions v (z;) as the quadratic forms

(2.4.11) vii(z;) = 2F Pz, 1=1,2,3

whose matrices P;; are determined by the algebraic Liapunov equations
(2.4.12) AP + PyAy = -Gy, 1=1,2,3,

where Gy; are prescribed matrices of definite sign. In order to construct

nondiagonal elements v;;(z;, z;) of matrix-valued function U(z) we employ
equation (2.4.5) from Assumption 2.4.2. Note that for system (2.4.9)

filws) = Auzi,  fi(x;) = Ajjz;,
9ij(zi, ;) = Ayjzj, Gi(t,z) =0, i=1,2,3.
Since for the bilinear forms
(2.4.13) vij (23, %5) = vji(zj,2:) = &} Pijaj,
the correlations

Dgvij(zi,25) = :::TP

e T
ij» Dzjvij(zhzj) _miPl'jv

are true, and equation (2.4.5) becomes
m;f(Agp + Py + o "’ " Pady + L LATP ,,) z; =0.

From this correlation for determining matrices P;; we get the system of
algebraic equations

APy + PyAj = — 2 Py Ay — 17; AT P,
(2.4.14) 7
i#]’ i’j=1,2a3-
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Since for (2.4.11), and (2.4.13) the estimates
vii (@) 2 Am(Pi)llzill®, 2 € R™,
vij(@i, 75) > =g (P PD)llwillllzsll,  (wi,25) € B™ x ™
hold true, for function v(z,n) = nTU(z)n the inequality
(2.4.15) wTHTCHw < v(z,1)

is satisfied for all z € R", where w = (||z1]|, ||z2||, l|z3]|)T and the matrix

Am(P11) M2 (PPT) -AA(PisPY
C=| -\ (PuPE)  An(Pn)  -A(PuPE)

”)\}Véz(PIS PY) —/\Mz(Pszrl;) Am(P33)

Here A, (-) are minimal eigenvalues of matrices Py, P22, Ps3, and /\Mz(-)
is the norm of matrices (-).
For system (2.4.9) the constants from Assumption 2.4.3 are:

a}j = a?j =0; afj = /\M(A;I]"Pij + P%-‘A,-j),
1/2
Vii = Vi = vy, = PAl(0 FAi)(PIAR),  pd =0.
Therefore the elements o;; of matrix M in (2.4.8) for system (2.4.9) have
the structure

3

oi = -1 Am(Gu) +2 Y, mmjad, i=1,2,3
=1, j#i
3
g = Z (nknjuiljk + ﬂiﬂkVtij), ia ] = 1,21 3: i 75 ]
k=1, k#1,
k#j

Consequently, the function Duv(z,n) variation along solutions of system
(2.4.9) is estimated by the inequality

(2.4.16) Dv(m,n)l(z"t.g) <wT™Muw

for all (z;,z,23) € R™ x R™ x R"s,
We summarize our presentation as follows.
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Corollary 2.4.1. Assume for system (2.4.9) the following conditions
are satisfied:

(1) algebraic equations (2.4.12) have the sign-definite matrices P;;, i =
1,2,3 as their solutions;

(2) algebraic equations (2.4.14) have constant matrices P;;, for all
i, 7 =1,2,3, i # j as their solutions;

(3) matrix C in (2.4.15) is positive definite;

(4) matrix M in (2.4.16) is negative semi-definite (negative definite).

Then the equilibrium state z = 0 of system (2.4.9) is uniformly stable

(uniformly asymptotically stable).

This corollary follows from Theorem 2.4.1 and hence its proof is obvious.

2.4.5 Discussion and numerical example

To start to illustrate the possibilities of the proposed method of Liapunov
function construction we consider a system of two connected equations that
was studied earlier by the Bellman-Bailey approach (see Bailey [1], Pio-
ntkovskii and Rutkovskaya [1], etc.).

Partial case of system (2.4.9) is the system

d.’II]

_—= Aml + 012:1:2
(2.4.17) dt

@—3 = Bxy + Co1z

ar Do 21Z1,

where z; € R™, zo € R™, and A, B, Cy2 and Cs; are constant matrices
of corresponding dimensions. For independent subsystems

el Azl,
(2.4.18) dt

—C—@—z- = Bz

dat 2

the functions vq;(z1) and va(z2) are constructed as the quadratic forms
(2419) vi1 = .'IJ'ITPH.’Bl, Voo = .’L':;P22:L‘2,

where Pj; and P, are sign-definite matrices.
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Function vy2 = vy is searched for as a bilinear form vi; = TPz
whose matrix is determined by the equation

(2.4.20) ATP12 + P;sB = —Z—: P1Cya - Z—TCEIPzz, h >0, 12>0.

According to Lankaster [1] equation (2.4.20) has a unique solution, provided
that matrices A and —B have no common eigenvalues.
Matrix C in (2.4.15) for system (2.4.17) reads

- ( Am(P11) -AW(PHP};))
-\ (P PR) Am(P22)
Estimate (2.4.16) for function Duv(z,n) by virtue of system (2.4.17) is
(2.4.22) Du(z,n) l2.41m< wTSw,

where w = (|le: |, lezl), E =[], 4,5 = 1,2

(2.4.21)

o1 = Mnf + mnpaae,
o22 = Aan2 + mna P2,
o12 =021 = 0.

The notations are
M = A (ATPy + Py A),

)\2 = /\M(BTP22 + P22B),
az = A(CL P2 + P5Ch2),
Baz = Am(Cx Pis + P13Ca1),

A(+) is maximal eigenvalue of matrix (-). Partial case of Assumption 2.4.1
is as follows.

Corollary 2.4.2. For system (2.4.17) let functions vi;(-), 1, j = 1,2 be
constructed so that matrix C for system (2.4.17) is positive definite and
matrix E in inequality (2.4.22) is negative definite. Then the equilibrium
z =0 of system (2.4.17) is uniformly asymptotically stable.

We consider the numerical example. Let the matrices from system
(2.4.17) be of the form

(2.4.23) A=(—32 _12> B=(—24 _11>

-0.5 =05 1.1 0.5
(2.4.24) Ciz = ( 0.8 _0.7) ’ Cn = (—0.6 _0_3) ’
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Functions v;; for subsystems
&= Az, z=(x1,22)7,
y=By, y=@,y)"
are taken as the quadratic forms

vy = 1.7523 + 1132 + 1.522,
(2.4.25) : .
ve2 = 0.35y7 + 0.9y1y2 + 0.95y;.

Let 7 =(1,1)T. Then A\; = Ay = -1,

p., — (0011 0021
127\ -0.05 -0.022)°

gp = 0.03, ,322 = —0.002.

It is easy to verify that 011 < 0, and o322 < 0, and hence all conditions of
Corollary 2.4.2, are fulfilled in view that

/\Mz(PuPP;) < (Am(Pr1)Am(P22)) /2,

for the values of AL/?(P13PL) = 0.06, Am(P11) = 1.08, Am(P22) = 0.115.
This implies uniform asymptotic stability in the whole of the equilibrium
state of system (2.4.17) with matrices (2.4.23), and (2.4.24).

Let us show now that stability of system (2.4.17) with matrices (2.4.23),
and (2.4.24) can not be studied in terms of the Bailey [1] theorem.

We recall that in this theorem the conditions of exponential stability of
the equilibrium state are

(1) for subsystems (2.4.18) there must exist functions (2.4.19) satisfying
estimates
(a) callzil® < wi(t,z:) < callzll?,
(b) Dui(t,z:) < —casllzill?,
(c) li0vi/0z;|l < ciallzsl| for z; € R™,
where c;; are some positive constants, i = 1,2, j =1,2,3,4;
(2) the norms of matrices Cj; in system (2.4.17) must satisfy the in-
equality (see Abdullin, Anapolskii, et al. [1, p. 106])

1/2
(2.4.26) IC2NICasll < (211621) (613623)’

12C22 C14C24

where (%13521) <1
14C24
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We note that this inequality is refined as compared with the one obtained
firstly by Bailey [1].

The constants c¢;y,...,c24 for functions (2.4.25) and system (2.4.17)
with matrices (2.4.23), and (2.4.24) take the values

¢11 = 1.08, c¢o1 =0.115, c¢12 = 2.14,
Co2 = 2.14, Cog = 1.135, Ci3 = C23 = 1, Ciq4 = 483, Cog = 2.4.

Condition (2.4.26) requires that ||Ci2]|}|C21]l < 0.0184 whereas for system
(2.4.17), (2.4.23), and (2.4.24) we have

lICa2||l|Ca1]| = 1.75.

Thus, the Bailey theorem turns out to be nonapplicable to this system and
the condition (2.4.28) is “too sufficient” for the property of stability.

2.5 Overlapping Decomposition and
Matrix-Valued Function Construction

The purpose of this section is to adopt the method of matrix-valued function
construction presented in the previous section to the case of extension (via
overlapping decomposition) of the dynamical system.

2.5.1 Dynamical system extension

Consider the dynamical system

d
(2.5.1) d—”t” = Az, z(to) = %o,

where z(t) € R", t € R4, A is n x n-constant matrix. Vector z is divided
into three subvectors z;, i = 1,2,3, so that = = (:c’lr, zg, zg Te R" and
z; € R™, n=mn1 +ng + ns.

Matrix A of system (2.5.1) is represented in the block form

An Az Az
(2.5.2) A= An Ax A |,

A3z1 Aszz  Ass
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where submatrices A;; € R™*" for all i,j = 1,2,3. Further three
components of vector z, are transformed into two components of vector
y according to the rule: y; = (z7,27)7, and yo = (zI,27)T. Besides
y = (y¥,y3)T € R*, where i = n; + 2n3 + ns.

By means of linear nondegenerate transform

(2.5.3) y=Tz,
where T is 7 X n-matrix of the form
L 0 0
0 I, O
T= 0 L, 0]}’
0 0 I3

I, I, and I3 are identity matrices whose dimensions correspond to the
dimensions of subvectors z;, z2, and x3 of vector x. We reduce system
(2.5.1) to the form (see Ikeda and Siljak [1])

dy,

:t = Any + Arzye,
(2.5.4) by

:t = A21y1 + Azzyz
Here

~ An Ax ) ~ (0 Az )

A = Py A = ]
2 (A21 As 12 0 A

~ Az Az ) ~ ( Ay O )

Agy = , A= .
2 (Asz Assz 2 Az O

Designate A = (Xij); i, j = 1,2 and note that

(2.5.5) A=TAT" + M,
where
(2.5.6)
L 0 0 0 0 34 —34u 0
. 0 1A -1A4p 0
T'=|0 i, i, o], = 222 T
0 0 0 I 0 ~34n Fdn 0

0 —1A3 Ldm 0

The notion of the extended system used in conjunction with the Liapunov
vector function was first introduced by Ikeda and Siljak [1].



102 2. CONTINUOUS SYSTEMS

Definition 2.5.1. System (2.5.4) is an extension of system (2.5.1) if
there exists a linear transformation of maximal rank (2.5.3) such that
for yo = Tz

(2.5.7) z(t,@0) = T'y(t,y0), ¢ 2 to,
where y(t, yo) is solution of system (2.5.4).

It is proved (see Ikeda and Siljak [1]), that system (2.5.4) is an extension
of (2.5.1) in the sense of Definition 2.5.1 iff one of conditions MT = 0
or TYM = 0 is satisfied.

Remark 2.5.1. 1t is noted by Ikeda and Siljak [1], and Siljak [2] that
the extension procedure of system (2.5.1) or of a general nonlinear system
can result in the applicability of the vector Liapunov function while its
immediate application to the initial system is difficult or impossible. Below
we cite an example showing that this is not a common case, i.e. there
exist systems of (2.5.1) type to which it is impossible to apply the method
of the vector Liapunov function even after their extension in the sense of
Definition 2.5.1 to the form (2.5.4).

2.5.2 Liapunov matrix-valued function construction

We select out of the extended system (2.5.4) two independent subsystems

d -
% = Anz, 2(to) = 210,
(2.5.8) ‘
z ~
_dtz = A223, 22(to) = 220

and assume that for the given sign-definite matrices G1; and G2 the alge-
braic Liapunov equations

(2.5.9) AL P+ Py Ay =Gy,
(2.5.10) AL Pos + PpyAyy = Gy

have the solutions in the form of sign-definite symmetric matrices P;; and
Ps respectively.

Let matrices P;; and P2 be determined by equations (2.5.9) and
(2.5.10). Assume that there exist constants 7;, 72 > 0 such that the alge-
braic equation

(2.5.11) Af P12 + Padp = _;7% Pnhp - Z—fﬁg‘ngg
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has bounded matrix Py, as its solution.

We shall dwell on some comments on the equations (2.5.9) and (2.5.11).
It is known (see Barbashin [2]), that equations (2.5.9), and (2.5.10) al-
low constructing Liapunov functions for independent subsystems (2.5.8) as
quadratic forms with respect to a given derivative.

Let A.'(Zu) and A; (A32) be the roots of characteristic equations

(2.5.12) det (A1, ~ AEy) =0,
(2.5.13) det (A2 — AE,) = 0.

Proposition 2.5.1. If the roots of characteristic equation (2.5.12) are
such that the expressions A.-(Zu) + (A1) do not vanish for any values
of 1, and k, then there exist a unique matrix P, satisfying equation (2.5.9)
whatever the matrix G;.

A similar assertion takes place for equation (2.5.10) as well. As applied
to equation (2.5.9) the well-known classical Liapunov theorems yields the
following result.

Proposition 2.5.2. If all roots of characteristic equation (2.5.9) have
negative real parts, then, given matrix Gy, of definite sign and the matrix
Py, solving equation (2.5.9) is positive definite.

A similar assertion is true for equation (2.5.10) as well. We recall also one
more useful assumption on subsystem (2.5.8) of the extended system (2.5.1).

For the proofs of these assertions see Barbashin [2], Demidovich [1],
Hahn [2], and Liapunov [1] in context with the extended system (2.5.4).

Proposition 2.5.3. If the matrices Ay, and — A, do not have common
eigenvalues, then the algebraic equation (2.5.11) has a unique solution in
the form of bounded matrix P;,.

Proposition 2.5.3 follows from Theorem 85.1 of Lankaster [1].

Equations (2.5.9) - (2.5.11) make the basis of the proposed a new method
of Liapunov matrix-valued function construction.

Now we construct a two-index system of functions

(2514) U(y) = [vij(ylay2)]’ i,j=1,2

with elements

(2.5.15) v (1) = ¥rPuyr, vea(y2) = ya Paayo,
(2.5.16) v12(¥1, ¥2) = va1(y1,42) = y;rplzyz-
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Here matrices P;;, P, and Py, are determined by the equa-

tions (2.5.9) - (2.5.11).
For quadratic forms (2.5.15) and bilinear form (2.5.16) the estimates

v11 (1) 2 Am(Pr)llmll?,
(2.5.17) v22(y2) > Am(Pa2)llvall?s
vi2(y1,92) > =My, (P PE)y llgall,

are true, where Ap,(P11), and A, (Ps2) are minimal eigenvalues of matrices
Py; and Py, and /\}\f(-) is the norm of matrix PPy, coordinated with

the vector norm.
It is easy to show that the function

(2.5.18) v(y,m) =n'Uly)n, n€RY, >0
satisfies for all y € R” the estimate
(2.5.19) v(y,n) > wTHTCHu,
where u = (|ly.|l, [lv2ll)”, H = diag(m,72), and
= ( Am(P11) "'\Mz(PmPsz))
—/\Mz(PmP{g) Am (Pz2) .

The variation of the total derivative of function (2.5.18) along solutions of
system (2.5.4)

Du(y,n) = y;r(;‘{;rlpu + Pu;fn)ymf
Tr( 3T e 2 e 27
+ 2y7 [(Af1 Pi2 + Pi2 Ass)mnz + 1 PriAun + n3 A22 Paa | ya
+ yg‘(zszpzz + Pzzzzz)yz + 7717]23/’11‘(1312‘221 + ‘Zl’g‘lPsz)yl

+ nlnzy;r(ﬁlrsz + Pfﬁ;flz)yz

(2.5.20)

is estimated in view of equation (2.5.11). Denote by

A=Ay (Elrlpu +Pudin); B = (A5 Pr + PrAn);

(2.5.21) N . -
2= Mg (Prador + AL PR);  x = A (AL P2 + PLAL)
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the maximal eigenvalues of the corresponding matrices. In view of desig-
nations (2.5.21) for all (y1,y2) € R™ x R™

Du(y, )] 55,4 < Millyall® + semmallyali? + Brdllyall® + xmmallye|l-
Hence it follows that for all (y1,y2) € R™ x R™ the inequality
(2.5.22) Du(y,n) < uTSu
holds true, where matrix S = [03;], %, j = 1,2, has the elements

o1 = A2 + sxmne, 022 =B+ Xmme, 012 =02 =0.

2.5.3 Test for stability of system (2.5.1)

Estimates (2.5.19) of function (2.5.18) and its total derivative (2.5.22) en-
able us to establish new stability test for system (2.5.1) as follows.

Theorem 2.5.1. Assume that the perturbed motion equations (2.5.1)
are such that the following conditions are satisfied:
(1) system (2.5.4) is the extension of system (2.5.1) in the sense of
Definition 2.5.1;
(2) there exist solutions to algebraic equations (2.5.9) - (2.5.11);
(3) in estimate (2.5.19) matrix C is positive definite;
(4) in estimate (2.5.22) matrix S is negative semi-definite (negative de-
finite).
Then the equilibrium state z = 0 of system (2.5.1) is stable (asympto-
tically stable).

Proof. Condition (1) of Theorem 2.5.1 and Theorem 2.11 from Ikeda and
Siljak [1] imply that stability (asymptotic stability) of system (2.5.4) yields
the corresponding type of stability of system (2.5.1). Therefore it suffices
to study stability of the equilibrium state y = 0 of system (2.5.4).

Under condition (2) of Theorem 2.5.1 one can construct the elements
(2.5.15), and (2.5.16) of the matrix-valued function (2.5.14), which satisfies
estimate (2.5.18). Together with condition (3) of Theorem 2.5.1 this means
that (2.5.18) is positive definite. Because of condition (4) of Theorem 2.5.1
the total derivative of function (2.5.18) is negative semi-definite (negative
definite). Thus, all conditions of Theorem 2.11 by Ikeda and Siljak [1] and
Theorems 25.1 and 25.2 by Hahn [2] are fulfilled and the equilibrium state
y = 0 of the extended system possesses a certain type of stability. As
noted before this is sufficient for stability of the equilibrium state = 0 of
system (2.5.1).
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Theorem 2.5.2, Assume that conditions (1) - (3) of Theorem 2.5.1 are
satisfied and there exists a vector n = (n1,m2) > 0 such that instead of
condition (4) of Theorem 2.5.1 the following inequalities are fulfilled

(2.5.23) n (ZirlPu + Pugu) +mn2 (Plzx:{zl + ‘Z;FIPITZ) <0,
(2.5.24) 173 (ZEQPzz + PzzZzz) + M2 (Z’lrzpw + P1T2212) <0.

Then the equilibrium state x = 0 of system (2.5.1) is asymptotically stable.

Proof. Together with conditions (1) - (3) of Theorem 2.5.1 inequalities
(2.5.23), and (2.5.24) ensure satisfaction of all conditions of Theorem 2.11
by Ikeda and Siljak [1] and Theorem 25.2 by Hahn [2]. Hence the assertion
of Theorem 2.5.2.

2.5.4 Numerical example

The proposed technique of Liapunov matrix-valued function construction
for the extended system is illustrated by the example of the third order

system
d -3 4 6
(2.5.25) E‘f = ( 4 -5 4 ) z,
-10 -4 -3

where = = (z1,z2,73)T. Diagonal blocks of the matrix are taken as the
matrices of coefficients of independent subsystems of the extended system,
i.e. system (2.5.25) is extended to

-3 4 0 6
dy 4 -5 0 4
(2.5.26) 2= 4 o0 5 4 |¥

-10 0 -4 -3

where y = (y1,¥2)T, y1 = (z1,22)7, y2 = (z2,73)T are the state vectors of
two second order subsystems

dyp (-3 4 0 6
(2.5.27) W_(4 _5) y1+(0 4) Y2,

dy. (-5 4 4 0
(2528) —&t—— (—4 _3) y2+(_10 0 Y1.
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According to the adopted notation we have
e -3 4 ~ -5 4
All—‘(4 _5)$ A22""(_4 _3)7
~ 0 6 = 4 0
A = (0 4>. A = (_10 0)-
Assume that P, = Py, = E, 7= (1,1)T and take

vi(y1) =y, vaa(y2) = yaya,
v12(y1,%2) = va1(91,%2) = y7 Pray2

as the elements of matrix-valued function (2.5.14). Here matrix P, is
determined by the equation

-3 4 -5 4 -4 4

P, P, =

(4 -5> 12+ ‘2(—4 —3> (o —4)
corresponding to equation (2.5.11). It is easy to verify that P, = %E,

where E is 2 x 2 identity matrix. Since vi1 = |ly1{l?, vaz = llyal?, vi2 >
—L ly1lllly2ll, the matrix C in estimate (2.5.22) reads

o=(n 1)

and is positive definite. It is easy to see that conditions (1)~ (3) of Theo-
rem 2.5.2 are satisfied and conditions (2.5.23), and (2.5.24) of this theorem
have the form

-6 8 + 1 8§ -10\ (-2 3 _ g
8 -10) 2\-10 o /) \38 -1/ °"
-10 O + 1 0 6y (-10 3\ _ s
o -6)72\6 8) \3 -2/ %
One can easily check that the matrices S; and S are negative definite. Con-
sequently, the equilibrium state y = 0 of system (2.5.26) is asymptotically

stable. Since all conditions of Theorem 2.5.2, are fulfilled, the equilibrium
state £ =0 of system (2.5.1) possesses the same type of stability.
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Remark 2.5.2. Example (2.5.25) with the extension (2.5.26) is the one
to which vector Liapunov function is not applicable. This can be verified
easily by the method proposed by Siljak [2] for the proof of vector Liapunov
function nonapplicability to the non-extended system in one case. The
method proposed by us for Liapunov matrix-valued function construction
in conjunction with the overlapping decomposition method enlarges the
area of the direct Liapunov method in nonlinear dynamics of systems.

2.6 Exponential Polystability Analysis of Separable Motions

One of applications of the method of the matrix-valued function is the
problem on polystability of nonlinear systems with separable motions. In
this Section this problem is studied with the aim of establishing various
sufficiency conditions for the corresponding motions. Some results are il-
lustrated by examples.

2.6.1 Statement of the problem

Consider a system of differential equations of perturbed motion

(26.1) L fta), alto) = o,

where £ € R*, f € C(R+ xD,R"), D C R"™, and, hence, f(t,z) =0 for
all t € Ry iff £ = 0. We assume that this equilibrium state is unique for
system (2.6.1).

Let us decompose a vector z € R™ into two subvectors z; € R™,
i =1,2, n; +ny = n, and rewrite system (2.6.1) as follows:

dz;

Eﬁ = fi(t,z1,72),  =Zi(to) = Zio,
where f € C(R4+ x R™,R™), i =1,2.

We use the following notation for norms of vectors:

n; 1/2 n 1/2 2 1/2
= (3562) = (2) = (24) L imne
k=1 s=1 j=1

Assume that the right-hand side of system (2.6.1) is continuous in the region
R, x D, where D = {z: ||z1]| + ||z2]] £ H < +o0}, and the right-hand

(2.6.2)



2.6 EXPONENTIAL POLYSTABILITY 109

side of system (2.6.2) is continuous in Ry x D*, where D* = {z: ||z,]| <
H, 0 < ||z2]| < +00}.

If system (2.6.2) is considered in the region R, x D*, we assume that
its solution z(¢; tg, o) is z2-extendable.

Below, we present some definitions, taking into account the results of He
and Wang [1], and Martynyuk [13, 14, 18].

Definition 2.6.1. The equilibrium stete z = 0 of system (2.6.1) is
called exponentially x,-stable (in small), if there exists A > 0 and, for any
€ > 0, one can find d(¢) > 0 such that

(2.6.3) [|z1(t; to, zo)|| < eexp[—A(t —tp)] forall ¢t >t

if ||zol|l < 4(e).

Definition 2.6.2. The equilibrium state £ = 0 of system (2.6.1) is
called globally exponentially x,-stable, if there exists A > 0 and, for any
A, 0 < A < +00, one can find K(A) > 0 such that

llz1(t;to, zo)ll < cexp[—A(t —to)] forall ¢2>to

if ||zoll < A.

Definition 2.6.3. The equilibrium state z = 0 of system (2.6.1) is
called ezponentially polystable (in small), if for positive constants vy and ro
and any € > 0, there exists A > 0 and A(e), such that

llz1 (¢; to, o) |I>™ + ||z2(t; to, zo)||*™ < eexp[—A(t — to))]

2.6.4
( ) forall t>tg

if ||lzol| < A.

Definition 2.6.4. The equilibrium state z = 0 of system (2.6.1) is
called globally exponentially polystable, if there exists A > 0 and, for any
A, one can find R(A) > 0 such that

llz1(t; to, o) ||*™ + ||z2(t; to, 20)||*™ < R(A)exp[—A(t—1tp)] for all ¢ >t

if ||:1:0|| <A, to>0.

We study exponential properties of the solution £ = 0 in the following
cases:
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Case 1. We study the exponential stability of the solution £ = 0 with
respect to the vector zy, i.e. the exponential z;-stability.

Case 2. We study the exponential polystability of the solution z = 0.

Remark 2.6.1. The informative part of the notion of polystability in
Definitions 2.6.3 and 2.6.4 is, in fact, the difference between the rates of
decrease of components of the solution z(t; o, zo) of system (2.6.2).

2.6.2 A method for the solution of the problem

We investigate the exponential properties of the solution z = 0 of sys-
tem (2.6.1) in Cases 1 and 2 by using scalar and matrix-valued Liapunov
functions, respectively.

First, consider Case 1. Suppose that a scalar function v(t,z) € C(R4 x
D*,R,) is associated with system (2.6.1) and v(¢,z;1,22) = 0 for all ¢t €
R+ if I = 0.

Theorem 2.6.1. Assume that the vector function f in system (2.6.1)
is continuous in R4 x D* and there exist

(i) functions v(t,z) € C(Ry x D*,R,) and functions 1, p2 € K of
the same order of magnitude;
(ii) positive constants c and v, such that

(2.6.5) clz1|™ < v(t, z1,22) < ea(ll2ll),
(2.6.6) D*u(t, 21,23)| 5 6.5y < —2(ll1)).

Then the equilibrium state x = 0 of system (2.6.1) is exponentially
x1-stable in small.

Proof. For functions ¢; and ¢, satisfying the conditions of Theo-
rem 2.6.1, there exist constants a; and f; such that

(2.6.7) a1p1(r) < p2(r) < Brpr(r).

In view of (2.6.7), it follows from inequalities (2.6.5) and (2.6.6)
D+v(t,:1:1,x2)](2_6'2) < —oyv(t, z1,2)

and, further,

v(t,z(t)) < v(to,zo)exp[—ai(t —to)] forall ¢ > 0.
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By using the lower bound for the function v(t,z) and inequality (2.6.5), we
obtain

_ [0
Nl (£ to, zo)l| < €Y/ 0/ ™ (||zo]l) exp [‘ TI (t- m], t> to.

Denote A = a;/y. For any € > 0, we choose &(¢) = @7 *(ce”). Then we
arrive at estimate (2.6.3) if ||zo|| < d(€), to > 0. The theorem is proved.

Theorem 2.6.2. Suppose that the vector function f in system (2.6.1)
is continuous in R4 x R™ and there exist

(i) functions v(t,xz) € C(R4y x R® R,) and functions ¢y, ¢ € KR
of the same order of magnitude;
(ii) positive constants ¢ and vy, such that

d||a:1||72 S U(t,mlax2) S (p1(”.’l)”),

(2.6.8)
Dtu(t, zy, “’2)|(2.6.2) < —pa(lf=l]).

Then the equilibrium state x = 0 of system (2.6.1) is globally exponen-
tially x,-stable.

Proof. As in the proof of Theorem 2.6.1, we obtain the estimate
- !
o6 to, o)l < &/l exp [ = 22 ¢ = 0)], ¢2 1.

Denote A = 2. For any 0 < A < +o00, we find K(A) = d~V/7¢}/™(A).
Then
llz(t; to, zo)l| < K(A)exp[—A(t ~to)], ¢ 2> to,

for ||zo]l < A, to > 0.

Consider Case 2. For system (2.6.2), we consider the matrix-valued
function

(2.6.9) Ut,z) = [’Uij (t,fb')], i, j=1,2

the element v;;(t,z) of which satisfy special conditions.
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Assumption 2.6.1. There exist

(i) functions @1, w2 € K(KR) of the same order of magnitude;
(i) the matrix function (2.6.9) whose elements satisfy the following es-
timates:
(a) culle1ll’™ <oty 21) < Gupd(llzill) for all (¢,2) € Ry x D
(for all (t,z) € Ry x R™);
(b) caall22ll?™ < v2a(t, z2) < 223 (l|z2|l) for all (t,2) € Ry x D
(for all (t,z) € Ry x R"™), here, ¢;; >0 and &; >0, i =1,2;
(©) crallzll™llz2ll™ < viz(t, 21, 22) < Eizpr(l|z1]))p2(llz2])
(d) via(t,z1,22) = vo1(t,21,22) for all (t,z) € Ry x D (for all
(t,z) € Ry XR"), here, Cij = Cjis Cij = Cji, it#j,and r; >0,
i,j=1,2.

Proposition 2.6.1. Suppose that all conditions of Assumption 2.6.1
are satisfied. Then the function

v(t,z,n) = Ut 2)n
with 1 € R3 satisfies the bilateral inequality
(2.6.10) ulAyu; < v(t,z,n) < ugAaus
for all (t,z) € Ry x D (for all (t,z) € Ry x R™). Here,

ul = (|lz )™ llz2l™),  uf = (e (llzall), e2(ilz2l),
Ay = H'C1H, A;=HTC:H, H =diag(m,n),

C, = (Qu §12) Cp = (511 él2>
= , = _ _ .
€ 22 C21 C22

Proof. By substituting inequalities (a)—(c) from Assumption 2.6.1 into
the expression

2
U(t,w,ﬂ) = Z ninjvij(t> ')>

1,j=1

we get estimate (2.6.10).
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Assumption 2.6.2. There exist
(i) functions ¢, 2 € K(KR) of the same order of magnitude
(1) functions p;(t), i =1,2, j =1,2,...,10, continuous on any finite
interval and such that
(a) DFvii(t,zi)+(DFvi)Tfi(t, z:) < pag W2 (||l2ill) +7ia (8, 9) for
all (t,z) € Ry x D (for all (t,z) € Ry X R™);
(b) (DFvii)Tgi(t, 21, 22) < piz(£)9F (llz:])
+uis (Y1 (lea Dv2(llz2l) + paa @3 (llz2ll) + ria(t, )
for all (t,z) € Ry x D (for all (t,z) € Ry x R");
() Dfvia(t,z1,22) + (DF,v12) T filt, 2:) < pis ()97 (||:]1)
+pis (Y1 (121 D2 (lz2l) + par ()93 (Nl 2]l) + ria(t, )
for all (t,z) € Ry x D (for all (t,z) € Ry x R™);
(d) (DFv12)T9i(t, 21, 72) < pis(t)? (I|2:l])
+eas ()1 (I D2 (ll2ll) + piro )93 (1z2ll) + ria(t, )
for all (t,2) € Ry x D (for all (t,z) € Ry x R").
Here, fi(t,z;) = fi(t,zi,z;) for x; =0, j = 1,2, gi(t, zi, z;) = fi(t, zi, 25)
- fi(t,z;), 1,5 = 1,2, and ri(t,9), i = 1,2, k= 1,2,3,4, are polynomials
in v;, i = 1,2, of degree higher than two.
Proposition 2.6.2. If all conditions of Assumption 2.6.2 are satisfied,
then the following estimate is true for the function D%v(t,z,n) for all
(t,z) € Ry x D (for all (t,z) € Ry x R™):

(2.6.11) n'DU(t,z)n < u3(llell) As(t)us(||zll) + R(t, ¥).
Here, uj(llzl)) = (¥1(llz1l)), ¥2(llz2l)),
R(t, %) = 73 (r11 (8, %) + r12(8,9)) + 73 (ra1 (£, 9) + 722(t,9))
+ 2mn2(r13(t, ¥) + r1a(t,9) + ras (2, ) + r2a(t, ¥)),

and A3(t) is a 2 X 2 matrix continuous on every finite interval with elements
defined as follows:

a11(t) = nf (1 (2) + ma(t)) + M3 a2 (2)

+ 2mna (p1s () + p1s(t) + pos(t) + pas(t)),
ag(t) = 3 (pa1 () + p22(t)) + n3 paa(2)

+ 2mna (17 (8) + pr10(t) + par (t) + p210(2))

ana(t) = 5 (W (ura ) + duas(t)

+ i (16 (2) + p19(t) + pizs(t) + pas(t))-
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Assume that the matrix A3(t) is negative definite for all ¢t € R, =
[0, +00). Then, for any u € (0,1), there exists H(u) >0 and a > 0 such
that, for z € Q(H) C D and Q(H) = {z: ||z|| < H(u)}, the estimate

(2.6.12) u3 (2]l *As (t)us(ll=l)) + |R(t, ¥)| < —a(1 - p)v(t,z,7)
is true for all ¢ € Ry, and estimate (2.6.11) takes the form
(2613) D+’U(t, Z, 77) < —a(l - N)U(t, Z, 77)

in the region (¢,z) € Ry x Q.

Let |lull = (uTu)'/? be the Euclidean norm of a vector u in the
cone K = {u:u >0}.

The proof of Proposition 2.6.2 is based on the direct application of the
estimates from Assumption 2.6.2 to the function Dt v(t, z, 7).

Proposition 2.6.3. The following estimates are true for the quadratic
forms u'erlul and UEAzug.'

(2.6.14) Am (Al)u}‘ul < ’U.’erl‘ul < /\M(Al )u'lrul,
(2.6.15) Am(A2)udouzo < uloAz0uzo < Aar(Az)uduzo,

where uso = (1 ([|Z10(l, p2(l|z20l])-

Proposition 2.6.3 can be proved by standard methods of theory of qua-
dratic forms.

Theorem 2.6.3. Suppose that the vector function f of system (2.6.1)
is continuous in Ry x Q and

(i) the conditions of Assumptions 2.6.1 and 2.6.2 are satisfied;
(if) the matrices A; and Ay are positive definite;
(iii) the matrix A3(t) is negative definite for all t € R.

Then the equilibrium state z = 0 of system (2.6.2) is exponentially
stable in small.

Proof. It follows from (2.5.13) that
(26.16)  v(t, z(t),n) < v(te, 7o, m) exp[—a(l — )t —to)], > to.
By virtue of Propositions 2.6.1 and 2.6.3, we have

ug () A1 () < ugoAzusg exp[—a(l — p)(t — o)), > to,
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and, further,

Am (A1)u] (B)u (t) < Am(Az)uzgue exp[—a(l — p)(t — to)],

2.6.17
( ) t>to.

Denoting a = A;1(A1) A (A2), we rewrite estimate (2.6.17) as follows:

e @I + lz2 @)™ < a(@i(llz10ll)

(2.6.18)
+ @3 (l|z20]1)) exp[—0(1 — p)(t — to)], ¢t > to.

Since the functions ¢i, g2 € K have the same order of magnitude (see
condition (i) in Assumption 2.6.1), there exists a function ¢ € K such
that

(2.5.19) @3 (llz10l)) + K3 (llz20ll) < @*(llzol)-

Inequality (2.6.18) holds if the following inequality is satisfied:

lles DI + e < a® (llzoll) exp[—a(1 ~ p)(t ~ to)],

2.6.20

( ) >t

For any & > 0, we choose §(¢) = min (H(g), 7 '(a~*/2%€'/?)) and denote
A=oa(l —p), 0<p <1 Then it follows from inequality (2.6.20) that if
llzol| < d(¢), to > O, then

llz1 (BN + llz2 ()| < eexp[—a(l — p)(t —to)], t > to,

i.e., the separable motions of system (2.6.2) are exponentially polystable.
The theorem is proved.

Theorem 2.6.4. Suppose that the vector function f of system (2.6.1)
is continuous in R, x R™ and

(i) the conditions of Assumptions 2.6.1 and 2.6.2 with functions ¢, 2
€ KR and 1, ¥ € KR, respectively, are satisfied;
(i) for any u € (0,1), inequality (2.6.12) holds for (t,z) € R+ x R™;
(iii) conditions (ii) and (iii) of Theorem 2.6.3 are satisfied.
Then the equilibrium state z = 0 of system (2.6.2) is globally exponen-
tially stable.

Proof. By analogy with the proof of Theorem 2.6.3, we obtain inequality
(2.8.20) with the function ¢(]|zo|]) € KR. As above, we denote A =
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a(l —p), 0< p <1, and, for any 0 < A < 400, choose R(A) in the form
R(A) = ap?(A). Then the following estimate is true for ||zo]] < A, to > 0:

ler @I + llz2 ()P < R(A) exp[-a(l — p)(t — to)], t> to.

Theorem 2.6.4 is proved.

The statement below establishes the relationship between the global ex-
ponentially z;-stability of the solution x = 0 and other types of stability
of this solution.

Theorem 2.6.5. The equilibrium state x = 0 of system (2.6.2) is glob-
ally exponentially z,-stable if and only if it is exponentially z;-stable in
small and globally uniformly asymptotically z;-stable.

Proof. Necessity. If the equilibrium state £ = 0 of system (2.6.2) is
globally exponentially z;-stable, then it is exponentially z;-stable in small.
Definition 2.6.2 implies that

(2.6.21) [lz1(t; to, o)|] < M(A) forall t>¢ and |lzol <A,

where M(A) = K(A)A. Inequality (2.6.21) follows from the fact that the
global uniform asymptotic z,-stability implies the uniform z;-boundedness
* of the solution z = 0. If ||zo]| < 8(¢) for t > to, where §(¢) = &, then
estimate (2.6.3) yields

|lz1(t; to, zo)|l < e forall t>tg

because the equilibrium state £ = 0 is uniformly z,-stable.
It is easy to show that, for any A >0, £ > 0, and ¢y € r, there exists

T(e,A) = (1/2) In(M(A)/e)
such that
(2.6.22) llz1(t; to, wo)|l <€ for all ¢>to+T(4,4)

whenever ||zo|| < A and t, > 0. Thus, the equilibrium state z = 0 of
system (2.6.2) is globally uniformly z;-stable.

Sufficiency. It follows from the exponential z;-stability of the solution
2z =0 in small that one can find A >0 forany § >0, 0<d <7rp <1, and
a > 0 such that the condition ||zel] < B8, to > 0 implies the estimate

(26.23)  |l=1(tito, o)l < all@ollexp(=A(t — to)) for all ¢ 2> to.
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For any € > 0, we choose é(g) = /2. Then, for ||zo] < é(¢), inequality
(2.6.23) yields

ll1 (8 o, o)l < e exp(~A(t —to)) forall ¢ to.

Here, 0 < d<¢, a > 1>¢, and S(ro) = {z: ||z1]] < o, 0 < ||z2]| < 00}.
It follows from the condition of global uniform asymptotic z;-stability in
Theorem 2.6.5 that, for any A > 0, there exists M(A) > 0 such that

(2.6.24) [lz1(t; to, zo)|] < M(A) forall ¢>tp

whenever |[jzo|| < A. Furthermore, for any A >0, ¢ > 0, and t, € Ry,
one can find T = T'(¢,A) > 0 such that the condition ||zo|] < A implies
the estimate

(2.6.25) |z1(t; to, zo)l| < 8(e) for all ¢ > to+ T(e,A).

Let
R(A) = max(M(A)exp(AT'(e,A),a).

Let us estimate the solution z;(t;tp, o) for to < ¢t < t9 + T(¢,A) and
t <to+T(g,A), respectively. Assume that o <t <o+ T'(e,A). Since

R(A) exp[=A(t — to)] > R(A)exp[-AT'(e,A)] = M(A),
we have
(2626) ”.']21 (t; to, .’t())" < R(A) exp(—/\(t - to)), t>1p

for ||zol| < A. Let t > to + T'(g,A). Denote T = (t;;to, Zo). In this case,
we have ||z;|| < §(¢). Estimate (2.6.23) yields

(2.6.27) llz1(2; to, zo)l| < eexp(—A(t —to)), t>t;.

Note that, by virtue of the continuity and uniqueness of solutions of system
(2.6.2), the following relation is true:

z1(t; o, T) = z1(t; 81, x(t1; 0, 20)) = Z1 (8581, F), t> 1.

It is now easy to show that there exists A > 0 and, for any 8 > 0, one can
find R(A) > 0 such that

(2.6.28) llz1(#;to, zo)l| < R(A)exp(=A(t —t0)), t 2 to,
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whenever ||zo|| < A and to > 0. For ||zo|| < 7o, we have estimate (2.6.26).
Hence, it remains to consider the case rg < |[zo]] < A < +o0. For
llzoll/r0 > 1, we get K(A) = R(A)/ro, and inequality (2.6.28) implies

the following estimate:
llz1(t; to, zo)ll < K (A)llzoll exp(~A(t — t0)), ¢ > to.

This completes the proof of the theorem.

2.6.3 Autonomous system

Consider the perturbed motion equation

d.
jd'zt—l = fi(z1) + 91(z1, 22),
(2.6.29) )
z
_d_tz = fa(z2) + ga(z1, 22),

where z; € R™, z, € R™, z = (z],z])T € R", fi € C(D1,R™),
fo € C(D2,R™), g1 € C(Dy x D3, R™), g € C(D1 x Dy, R*2). Here
Dy ={z € R":0< |zl < h1}, Dy = {SB € R™:0 < ||lz2]| < ha},
hi, ha = const > 0.

Suppose that system (2.6.29) has a continuous solution z(t, zo) in open
neighborhood & C D; x D, of the unique equilibrium state z = 0 for any
zo € S and its motions are definite and continuous in (¢,z¢) € Iy x 5,
Is CR,, Iy #0, Iy = Ip(zo). We shall establish exponential polystability
conditions for system (2.6.29) in the sense of Definition 2.6.1 the method
of constructive application of the matrix-valued Liapunov function.

We shall formulate some assumptions which are the basis of the proposed
method of analysis of exponential polystability of motion.

Assumption 2.6.3. There exists

(1) open connected neighborhood S of equilibrium state ¢ = 0 of sys-
tem (2.6.29);

(2) matrix-valued function U(z) = [vij(*)], 4, 7 = 1,2, with elements
vi; € C(D;, Ry), v € C(D1 x Dy, R), i # j;

(3) real constants &; >0, ¢; >0, &2, 5 € R, and

(4) comparison functions @1, @2 € K such that

cullzallP™ < vii(er) < el (llzall)
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for all x, € Dy,
Cazllz2’™ < vaa(x2) < G223 (l)2l)
for all z, € Dy,

ez 2™ < viz(21, 22) < G121 (|z1]]) 02 (f|22|))

for all (z1,z2) € D1 X Dy, where vy and ry are positive constants.

Proposition 2.6.4. If all conditions of Assumption 2.6.3, are satisfied,
then for function

(2.6.30) v(z,n) =n"U(z)n, ,n€RL,n>0
the bilateral inequality
(2.6.31) uHTCHu; < v(z,n) < u;rHTC'Huz

holds true for all (z1,x2) € D1 x Ds.
Here

u = (o™ llz2l™), w2 = (@a(lleal)), wa(lieall)),

H= dla'g (771) 7?2))

[¢ c = €11 Ci2
G___ ( 11 12) , C = (- - ,
€21 Co2 C21  Co2,
Ci12 =Cn, Cy2 =Cy-

Assumption 2.6.4. Assume that

(1) conditions (1), (2) and (4) of Assumption 2.6.3 are satisfied;
(2) there exist constants a;;, 1 = 1,2, j = 1,2,3, By, i = 1,2, j =
1,...,5 such that
() (Dzyv11)Tfi(z1) < ondpd(l[z1]);
(b) (Dzyv11)Tq1(z1,22) < arathr(llz1()¥2(llz2ll) + 133 (|21 [1);
(€) (Dayv22)Tfa(m2) < anvhd(llzall);
(d) (Dqyv22)Tga(m1,22) < cnathr (|21l (ll22ll) + cas®d (||z2l);
(&) (Doyv12)Thi(21) < Buvdllzall) + Braor (s w2 (l2ll);
() (Dg,v12)Tg1(z1,22) < Brsvpi(llzall) + Brau(llz1l)wa(llz2ll)
+ B2 (llz21);
(8) (Dz,v12)Tfa(z2) < Bartor(llza )2 (llz2]l) + Beaid (l|z21));
(b) (Dayv12)Tga(m1,22) < Basvd(llzall) + Baathr (fla )2 (|z2ll)
+ Bas 3 (lz21])
for all (z1,xz2) € Dy x Ds.
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Proposition 2.6.5. If all conditions of Assumption 2.6.4 are satisfied,
then for the total derivative of function (2.6.30) along solutions of system
(2.6.29) the inequality

(2.6.32) ‘ Dy(z, ’7)’(2.6.29) <uTSu

holds true for all x € Dy x Ds.
Here u = (¥(||z1]]), ¥(]|z2])), and S is 2 x 2 matrix with elements

o1 = i (a1 + aaa) + 2mn2(Bi1 + Pz + Bas),
022 = N3 + ags) + 2mn2(fis + Ba2 + Bas),
O12 = Nianz + Niasz + 2mna(Biz2 + Pra + Ber + Baa)-

Proof. We omit the proofs of Propositions 2.6.3 and 2.6.4 because they
are similar to the known ones (see Martynyuk and Miladzhanov [1], and
Djordjevié [2]). :

Estimates (2.6.31), (2.6.32) are sufficient for formulation of a new test
for the presence of exponential polystability of separable motion in sys-
tem (2.6.29).

Theorem 2.6.6. Assume that differential equations of perturbed mo-
tion (2.6.29) are such that all conditions of Assumptions 2.6.3 and 2.6.4 are
satisfied and moreover:

e YR(NHYI(r) .
(1) inf Gﬁ%ﬁﬁ% =a>0 forall r € [OIa),
(2) in estimate (2.6.31) matrices C and C are positive definite;
(3) in inequality (2.6.32) matrix S is negative definite.

Then the equilibrium state z = 0 of system (2.6.29) is exponentially
polystable in small.

Proof. Designate A\; = A (HTCH), As = Ay (HTCH) and 7 = Ap(S),
4 < 0. By condition (1) of Theorem 2.6.6 ||u||? > ||uz||?> and therefore the
sequence of inequalities
a
(2.6.33) —|lull? < —allual® < ~y, @)
is satisfied. According to {2.6.33) inequality (2.6.32) becomes

(2.6.34) Du(z,n) € —Av(z,n),
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where A = —I > 0. From inequality (2.6.34) it is easy to find
Aolla]? = Aa(llea [P + lfa2f|*2)

(2.6.35) < v(zo,n) exp[~A(t — to))]
< M@ (lewoll) + @3 (llz20ll) exp[~A(t — to)].

Since the functions (p;,2) € K, the fact that ||z10]| < ||zo]| and ||za0f| <

llzoll implies 1 (llz10ll) < p1(llzoll) and wi(llz1oll) < @1(llzoll). Conse-
quently we get from (2.6.35)

A
llz1 (2, 2™ + llz2(t, o) II*™ < —:(tpf(llwmll) + ¢35 (|lz20l1))
(2.6.36)

x exp[~A(t — to)] < i_ (@2(llzoll) + w2 (l|zoll)) exp[~A(t — to)]

for all ¢ > to.
For arbitrary & > 0 we take § = é(¢) > 0 according to the formula

1/2 1/2
so=mnfer(50) o ((5) ]}
Besides, from (2.6.36) we get the estimate of separable motions

(2.6.37) lle (&, @o)lI*™ + l|z2(t, 20)|[** < € exp[~A(t — to)]

for all t >ty whenever ||zo|| < 4. This proves the theorem.

Ezample 2.6.1. Let perturbed motion equations be

dz
——dt1 = A121 + Bimy ||z ||t 222, O0<ry < 1,
(2.6.38) p
T
‘d—tz = Ay + Baza||lz1]|™ ||z2|| 7™, 0< 71y <1,

where z; € R™, 3 € R™, A;, B;, 1 = 1,2, are matrices of corresponding
dimensions. In order to use Theorem 2.6.6 we construct the matrix-valued
function U(z) = [vi;(-)], 1,5 = 1,2 with elements:

vi1(z1) = (x121)™,  vea(ze) = (Ti72)™,
(2.6.39) . mm
vi2(xy, T2) = v21(21,22) = a(zi71) % (z372) 7,
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where a = const, |a] < 1.
Denote A; = /\M(Al +A?), b= /\M(Bl +B’1r), and A\ = /\M(A2+A’2r),
B2 = Ap (B2 + BY) are maximal eigenvalues of the corresponding matrices.
It is easy to show that in region D; x D,

D1 (21)] 5.5.35) < MALllalP™ + r2Bulza |7 |22 ]|,

DvZZ (z2)|(2.6.38) S 7"2/\2”5':2“21‘2 + 7'1,31 ”wlllr1 ”2:2“"21

(2.6.40) ar,

r ar
Duia(22)] .38 < 75 Mlloall lzall™ + = Mllzall>"

ary ar
+ 2 e laall™ + 222 dallan .

Hence it follows that the variation of total derivative of function v(z,7) by
virtue of system (2.6.38) is estimated by the inequality

(2.6.41) Du(,1)| 5 655 < ¥TSY,

where ¥ = (||lz1]|™, ||z2]|"2)T and 2 x 2 matrix S has the elements
011 = i1 + mrnarafBy;
022 = 13T2 X2 + M72071 B;

o12 = 021 = NiT1B1 + MaraB2 + arimmeA1 + aramneAs.
It is easy to check that all conditions of Theorem 2.6.6 are fulfilled for the
function U(z) with elements (4.6.39) if

(2.6.42) o11 <0, 023 <0, 011092 — 0% >0.

Conditions (2.6.42) are sufficient for exponential polystability of system
(2.6.35) motions.

2.6.4 Polystability by the first order approximations

System (2.6.2) is represented as two groups of equations
d:L’l

TZZ— = A(t)ml + B(t)z2 + Y(t’ 11?1,1'2),

d
% = C(t)z1 + D(t)z2 + Z(t, 21, 22).

Here A, B, C and D are matrix functions of ¢ continuous for all ¢ € Ry,
and the dimensions of which are coordinated with the dimensions of vectors
z; € R™ and z3 € R™, n; + ng = n. Vector functions Y and Z contain
variables z;, and z2 in power higher than two and together with linear
approximation satisfy existence conditions for solutions of system (2.6.43).

(2.6.43)



2.6 EXPONENTIAL POLYSTABILITY 123

Definition 2.6.5. State = = (zT,2)T = 0 of system (2.6.43) is poly-
stable, if it is uniformly Liapunov stable and (simultaneously) exponentially
z1-stable, i.e. for any € > 0 and tp > 0 one can find numbers é(¢) > 0
and v > 0 such that for ||zo|| < § the inequalities

llz(t; to, o)|| <&, |lz1(t;to, To)|| < € exp[~(t — to)]

hold true for all t > t,.

Theorem 2.6.7. Suppose that the perturbed motion equations (2.6.43)
are such that:

(1) the equilibrium state z = (z],z) of system

B = AW + Bloyes,
(2.6.44) ;
% = C(t)z: + D(t)z2

is polystable in the sense of Definition 2.6.5;
(2) vector functions Y and Z satisfy the conditions

Y(t1 0, 0) = Y(t’ 0, 372) =0, Z(t90’0) = Z(t’ 0"7"2) =0,
Y (¢, zrz2)|| + 1 Z (2, 21, 22)|l
l|z1]]

for ||z1|| + ||z2|| = O uniformly in t.

Then the equilibrium state x = (z],23)T = O of system (2.6.43) is
polystable in the sense of Definition 2.6.5.

-0

Proof. If condition (1) of Theorem 2.6.7 is satisfied, it is possible to
construct for system (2.6.44) the matrix-valued function U(t,z) and to find
vector 7 € Ry such that the function v(¢,z,n) = nTU(t,z)n for all ¢t > 0,
||z}] < 400, will satisfy the conditions

(@) llzall < vt z,m) < M|zll, M = const > 0.

(b) lv(t,z',m) ~ v(t,z"n)| < M|z’ — 2",

() Du(t,z,n)| 5 6.44) S —00(t, 2,7)-

It is easy to see that for the function Du(t, z, n)l (2.6.43) the estimate

(2.6.45) Du(t, =, n)|(2.6.43) < —av(t,z,n) + H(t,z),
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where H(t,z) = (grad v, X (t,2)), X(t,z) = (YT, ZT)T.
For H(t,z) in estimate (2.6.45)

(2.6.46) |H(t,2)| < eMu(t,,7),

where ¢ = 0 as ||z]| = 0, because of conditions (a), (b) imposed on
function v(t,z,7n) and due to condition (2) of Theorem 2.6.7. If inequality
(2.6.46) is true, there exists a B (0 < 8 < d < +00) such that in the
domain ¢ > 0, ||z|| < B estimate (2.6.45) becomes

(2.6.47) Dv(t,x,n)l(z_a_m < —-ayv(t, z,7),

where a; = const > 0. Note that for arbitrary solution z(t;to,zo) of
system (2.6.44) with the initial conditions ¢ > 0, ||zo]] < & (0 < § < )
estimate ||z(t;to,20)|| < B holds true at least on some interval (to,t*).
Therefore due to condition (a) imposed on function v(t,z,7n) we get from
inequality (2.6.47)

(2.6.48)  |lz1(t; to, zo)|| < v(t, z(t;to, o)) < M|zol| exp[—ay (t — t0)].

Condition (2) of Theorem 2.6.7 and inequality (2.6.48) imply that there
exists a constant a, = const =+ 0 as [|z|| = 0 such that

(2.6.49) 1X (¢, z(¢; to, o) || < a2||zol| exp[—ou (¢ — to)],
for all t € (to, t*).

Let K(t,7) be the Cauchy matrix of linear system (2.6.44). It is known
that solution z(t; g, o) of system (2.6.43) can be represented as

i
(2.6.50) z(t; to, o) = K (t,to)xo + / K(t,7)X (7, z(T; to, To)) dr,
to

for all ¢ > to. Since the state z = (27,23)T = 0 of system (2.6.44)
is uniformly Liapunov stable, there exists a constant N > 0 such that
[|K(t,to)|l < N for all ¢t > tg, top > 0. In view of this fact and estimating
(2.6.49) from (2.6.50) we get

(2.6.51) llz(t; to, zo)ll < N(1+ o7 a)||zoll

for all ¢t € (to,t*).
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Let £ be arbitrary small, 0 < ¢ < § so that § < min{M~1,[N(1 +
oy a3)]"}e. Moreover, estimates (2.6.48) and (2.6.45) yield
[lz1(t; to, zo)ll < e exp[—a1(t —to)],

(2.6.52) [lz(t; to, zo)|| < €

for all t € (to,t*).

Inequalities (2.6.52) hold for all values of time for which estimate (2.6.51)
takes place. According to the choice €, € < 3, estimate (2.6.52) is fulfilled
for all t > tg. This proves Theorem 2.6.7.

Note that if in Theorem 2.6.7 condition (2) is replaced by

(2)' in domain t > 0, ||z|| < d < +o0, for given function v(t,z,7) the

inequality

”Y(t’ $1,(L’2” + ”Z(t7 .’l,'l,(L‘g)” < ’YU(t,-"f',ﬂ),
where v = const > 0, sufficiently small, then the Theorem 2.6.7

remains valid.

Theorem 2.6.7 may be extended to systems more general than (2.6.43). In
particular, consider the perturbed motion equations in the form

dditl = A(t)zy + B(t)z2 + Y (t, 21,22, %3),
d:c2

(2.6.53) — = C)z + D)2 + Z(t, 21,22, 73),
dz
=5 = W(t,a1,2,32).

In domain D; = {t > to, ||z|| < d < +0o0, [|lz3]] < +00} we assume that
the existence and uniqueness conditions are fulfilled for solutions of system
(2.6.53) and other solutions of system (2.6.53) for which z3 is extendable,
i.e. definite for all ¢ > 0 for which ||z|| < d.

Definition 2.6.8. The equilibrium state y = (z7,23,27)T = 0 of sys-
tem (2.6.53) is polystable with respect to a part of variables, if it is uniformly
(zT,z])-stable and (simultaneously) exponentially z;-stable, i.e. for any
values of €, t > to, there exist numbers §(¢) > 0 and v > 0 such that for
lzoll + ||z30]] < & the inequalities

llz(t; to, o, T3o)l| <€, [|z1(t; to, To, T30)|| < € exp[—7(t — to)]
are fulfilled for all t > tp.

The following assertion is proved in the same way as Theorem 2.6.7.
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Theorem 2.6.8. Assume that

(1) the equilibrium state £ = (z],23)T = 0 of system (2.6.44) is
uniformly Liapunov stable and (simultaneously) exponentially z,-
stable;

(2) in domain D, the conditions

Y(t1 0’ 01 0) = Y(t1 0) 1:2,923) = 0)
Z(t’ 09 Oa 0) = Z(t,0)$2a$3) = 01

W (t,0,0,0) = 0,
', zl,wz,wa)llll:llllz(t, T1,T3,Z3)|| 50
1

are fulfilled for ||z;|| + ||z2]| = 0.
Then the equilibrium state y = (z¥,z7,z3)T of system (2.6.53) is poly-
stable with respect to a part of variables.

Ezxample 2.6.2. Angular motion of a solid with respect to the mass center
subjected to the linear moments of forces is described by the equation

z
(2.6.54) % = L(t)s + X (a),
where = = (z1,%2,73) € R3, L is a matrix 3 x 3 whose elements are
continuous for all ¢+ € R, functions characterizing the action of linear
moments, dissipative and accelerating forces, and vector X (z) is of the

form
X(z) = ((Iz = L) zoxs, (Is — L) I  zazs, (It — I2)I;  wo3) ™.

Here x,, z2, and z3 are projections of the z-angular velocity vector on main
central axes of inertia, I; are main central moments of inertia.

Assume that the equilibrium state z = (z1,x2,z3) = 0 of the linear
system

d
(2.6.55) 4—5 =L(t)z, z¢€R
is uniformly Liapunov stable and (simultaneously) exponentially (x1,z2)-
stable. It is easy to verify that for the vector function X (z) the condition
(2) of Theorem 2.6.7 is satisfied and therefore, the equilibrium state z =
(z1,Z2,73)T = 0 of system (2.6.54) possesses the same properties the linear

approximation (2.6.55).
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2.7 Integral and Lipschitz Stability

Classical properties of stability and instability of motion in the Liapunov
sense were complemented by the consideration of other dynamical proper-
ties of solutions of systems of equations of perturbed motion. The concepts
of integral stability and uniform Lipschitz stability enlarged the collection
of dynamical properties of solutions that can be investigated by the direct
Liapunov method. The purpose of this section is to obtain new conditions
of stability and uniform Lipschitz stability based on the use of the principle
of comparison with a matrix-valued Liapunov function.

2.7.1 Definitions

We shall consider the system

d
(2.7.1) Z=fta), at)=m, teT,
where r € C(To x R*, R™) and its perturbed system
d
(2.7.2) ’&% = f(t,z) +r(t,z), o(to) =20, to€ To,

where r(t,z) #0 for 2 =0.

Definition 2.7.1. The equilibrium state = = 0 of system (2.7.1) is
called

(i) integrally stable with respect to T; C R, if for any € > 0 and ¢y € T;,
there exist positive functions d; (¢, €) and d2(2o, €) such that, for any
solution z(t; 19, zo) of perturbed system (2.7.2), the inequality

|z(t;to, z0)|| <€ forall teTp
holds for

o o]
llzoll < & and / sup |Ir(s, @)l ds < &, to € T;
A Hzli<e

(ii) uniformly integrally stable with respect to T; if condition (i) is satis-
fied and, for any € > 0, the corresponding maximal value §; satisfies
the condition

inf[ip(t,€): t€ Ti] >0, i=1,2.
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The words “with respect to 7;” in Definition 2.7.1 can be omitted if and
only if 7; = R.
Parallel with comparison equation
d
(2.7.3) = =gtz ulto) =uo 20,

we consider the perturbed extended comparison equation
du
(2.7.4) = = 9(tz,u) +9(),  ulto) =uo 20,

where ¥(t) € C(To, To).
Definition 2.7.2. The solution v =0 of (2.7.3) is called
(i) integrally stable with respect to T;, if for any £* > 0 and ¢ € T,
there exist positive functions 8} (¢o,£*) and 83 (¢o,€*) such that any
solution of the perturbed equation (2.7.4) satisfies the inequality
u(t; to,up) < * forall ¢t € Ty for

[o o]
up < 67 and /w(s)ds <d;, t€T;
to

(ii) wniformly integrally stable with respect to T;, if condition (i) is sa-
tisfied and, for any ¢* > 0, the corresponding maximal value §;
satisfies the condition

inf[673,(t,e*): t € T3] >0, i=1,2.

The words “with respect to T;” in Definition 2.7.2 can be omitted if and
only if 7; = R.

2.7.2 Sufficient conditions for integral and asymptotic integral
stability

Together with the matrix-valued function U (¢, z) we consider matrices and
comparison functions possessing the following properties:

(H1) Ai(y), i = 1,2, are nonsingular (m x m)-dimensional positive defi-
nite matrices with constant elements;

(H2) ak(t, "Z”)a k= 132a'- 8, O € 0(73 X R+’R+)’ ak(tio) =0 are
monotonically increasing with respect to ¢t € Tp for any fixed w,
ax(t,w) >0 for w > 0;

(H3) cx(tlzll), k =1,2,...,s, c € C(To x Ry,R4), cx(t,0) = 0 are
monotonically increasing with respect to t € 7o for any fixed w,
ck(t,w) >0 for w>0.
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Proposition 2.7.1. In order that function v(t,z,y) = y*U(t,z)y be
positive definite and decreasing on To x S (on To X R*), S C R™ , it is
sufficient that there exist matrices and comparison functions with properties
(H1) - (H) such that

a™(t, ||zl)) A1 (W)a(t, llzl]) < v(t,z,y) < (¢, i) A2 (y)e(t, ||=])
forall (t,x) €ToxS (forall (tz)€Tox R"),

where the matrices A;(y), ¢ = 1,2, are positive definite for all (y # 0) € R®.

Proof. Let A (A1) and Aps(Az) be the minimal and maximal eigenvalues
of the matrices A; and Aj, respectively, for (y # 0) € R®. It follows
from the properties of the functions ay(¢,w) and cx(t,w) that there exist
functions a(t,w) and B(t,w) with the same properties for which

(2.7.5) af(t,w)a(t,w) > a(t,w) forall te€Tp, w>0,
(2.7.6) Tt w)e(t,w) < Bt,w) forall teTp, w>O0.

Taking inequalities (2.7.5) and (2.7.6) into account, for function v(t,z,y)
we obtain the two-sided estimate

)‘m(Al)a(ty w) < U(t, a:,y) < ’\M(A2)lg(ta w)

for all t € To, w > 0, (y # 0) € R®. This implies the statement of
Proposition 2.7.1.

Theorem 2.7.1. Assume that the equations of perturbed motion
(2.7.2) are such that
(i) there exists a matrix-valued function U € C(To x R™, R**®) that
satisfies the Lipschitz condition locally in z and also a matrix A;(y)
and a comparison function ay(t,w) with properties (H;) and (H>)
for which the matrix A1(y) is positive definite;
(ii) there exists a generalized function g(t,z,v(t,z,y)) such that

(2.7.7) D*u(t,2,9)| 5.7y S 9(t,2,0(t, 2,))
for all (t,z,y) € To xS x R® (for all (t,z,y) € To x R™ x R®);

(iii) the trivial solution u = 0 of the comparison equation (2.7.3) is
integrally stable.
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Then the trivial solution x =0 of system (2.7.1) is integrally stable.

Proof. Assume that € € (0,H) and ¢y € Ty are given. Let us calcu-
late €* = An(A1)a(to,€) and, for €* and tp € Ty, choose values §; =
d1(to,€*) = d1(to, Am (A1)a(to,€)) and &z = d2(to, Am(A1)a(to,€)) so that
the solution u(t; ¢, zo) of equation (2.7.3) satisfies the inequality

(2.7.8) u(t; to, o) < e* forall t >t

for
o0

(279) ug < &; and /¢(s) ds <éa, ty€T;.
to

Since the function v(t, z,y) is continuous on 75 x S x R®, one can take
a value 83 = d3(to, Am(A1)a(to,€)) such that

(2.7.10) v(to,Z0,y) < & for ||zof| < 63.

Let z(t) = z(t;to, o) be a solution of system (2.7.2) with initial values
(to,z0) € To x Bj,. Since the function v(¢,z,y) satisfies the Lipschitz
condition locally with respect to z, there exists a constant L > 0 such that
the inequality

(2.7.11) D¥o(t, 2,9)| 7.5 < 906, (8, 7,9)) + Llr(t, )]

holds in addition to condition (ii) of Theorem 2.7.1 for any solution z(t)

which exists for all ¢ > 5.
Parallel with inequality (2.7.11) we consider the comparison equation

(2712) % = g(t,z,u) + O'(t), u(tO) =ug 20, -

where o(t) = L||r(t,z)|| and uo = v(¢o, To,y). By Proposition 1.5.1 for the
function v(t, z,y) and the maximal solution w(t; ¢, o) of equation (2.7.12)
on the interval of existence of both functions, the estimate v(t,z(t),y) <
w(t; to, uo) holds. Let us calculate d4(to,€) = d2(t0, Am(A1)a(to,€))/L and
assume that there exists ¢; € 7y such that

(2.7.13)  |lz(ti;to,x0)]| =€ and |lz(t;t0,z0)|| <€ for ¢ € [to,t1]
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if

(o]

/ sup ||r(t,z)[|dt < b

jzli<e
to

For t € [to,t1], we introduce a function ¢*(t) = L||r(t,z)||. Then

i t

/ o (t) dt = / Lir(t, 2)|| dt
to to

171

< / sup |Ir(t, 2)[|dt < Léa(to,€) = 8a(to, ).
llzll<e

1)

The function o*(t) can be extended by continuity for all ¢ > ¢y so that

t

(2.7.14) / o™ (2) dt < b (to,€)-

to
Denote by w*(t; to, up) the maximal solution of the comparison equation

(2.7.15) %Itﬁ = g(t,z,w) +o*(t), w(to) = uo.

It is clear that, for ¢t € [to,t1], the equality w*(¢;to,u0) = w(¢;to,uo)
holds because o(t) and o*(t) are identically equal to zero on this interval.
Furthermore,

(2.7.16) w*(t1; 0, uo) = w(t1; to, uo).

According to conditions (2.7.9) and (2.7.14) the solution u = 0 of equa-
tion (2.7.3) is integrally stable, whence

(2.7.17) w*(t;to,up) < €* forall ¢ > t.

Proposition 2.7.1 implies that

Am(A1)a(to,€) = Am(Ar)a(to, l|lz(t1; to, zo)ll)
< Am(Ar)a(ty, |[z(ts; to, zo)ll) < v(t, z(t),y)
< w(ty;to, uo) < w*(t1;t0,u0) < €*.

 The obtained relations contradict the assumption that there exists t; €
7o for which condition (2.7.14) is satisfied. Consequently, the solution
z =0 of system (2.7.1) is integrally stable.
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Corollary 2.7.1. (Kudo [1]). Assume that for system (2.7.1) there exist
functions V (t,z) and a(t,u) satisfying the following properties:
(i) V(t,z) € C(R+ x R",R,), V(t,z) is Lipschitzian in x for a cons-

tant M > 0;

(ii) a(t,||lz||) < V(t,z), where a € C(R+ X Ry, R}) and monotone in-
creasing with respect to t for each fixed u and a(t,u) > 0
for u # 0;

(iit) D*V(t,z)|(2_7‘1) < g(t,V(t,z)) for all (t,z) € R, x R", where
g€ C(R+ X R+’R); g(t,O) =0.

Then, the integral stability of the trivial solution u = 0 of

du

(2.7.18) Pl 9(t,u), u(te) =uo >0

implies the integral stability of the state £ =0 of system (2.7.1).

Theorem 2.7.2. Assume that conditions (i) and (ii}) of Theorem 2.7.1
are satisfied and trivial solution u = 0 of the extended equation (2.7.4)
is uniformly integrally stable. Then the trivial solution x = 0 of system
(2.7.1) is uniformly integrally stable.

Proof. Let us calculate € = A, (A41)a(0,¢) for a given € € (0,H). It
follows from the uniform integral stability of the solution © = 0 of equation
(2.7.3) that there exist numbers d; = 61(€) and d; = 62(€) such that any
solution u(t; tg, ug) of equation (2.7.4) satisfies the inequality u(t;to,ug) <
g for all t > tg, provided that

wo < 61() and /1!)(3) ds < 52(8), to€Ti
to

Let us introduce constants d3(€) = 6:(€)/L and 92(¢) = §2(€)/L, and
assume that there exists ¢; > tg such that

(2.7.19)  |lz(t1;to, o)l =€, ||lz(t;to,z0)|| <€, forall te€[to,t]
if

ty

(2.7.20) llzoll < 63(8) and / sup ||r(, z(t)]| dt < 84 ().
] wei<e
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Proposition 2.7.2 and the conditions of Theorem 2.7.2 imply that

Am(41)a(0,€) < Am(Ar)a(tr,e) S V(¢ z(t1),y)

< w(ty;to, u0) = w*(t15t0, uo) < €.

The relation obtained contradicts the assumption that there exists ¢; >
to for which (2.7.19) is true. Hence, the solution z = 0 of system (2.7.1)
is uniformly integrally stable.

Corollary 2.7.2. (Kudo [1]). Under the assumption of Corollary 2.7.1
the uniformly integral stability of trivial solution v = 0 of (2.7.3) assures
the uniformly integral stability of the trivial solution = = 0 of (2.7.1).

2.7.8 Uniform Lipschitz stability

Taking the results of Dannan and Elaydi [1, 2], and Kudo [2] into account,
we formulate the following definition.

Definition 2.7.3. The equilibrium state z = 0 of system (2.7.1) is
uniformly stable in the Lipschitz sense with respect to T;, if there exist
constants M > 1 and & > 0 such that ||z(¢;t0,z0)|| € M]|zo|| for all
to €T; and t € Tp for ||zo|| < 9.

The words “with respect to T;” in Definition 2.7.3 can be omitted if and
only if 7; = R.

Definition 2.7.4. The solution u = 0 of equation (2.7.3) is equi-stable
in the Lipschitz sense with respect to T;, if for given € € (0,H), M > 1
and tp € T;, there exist constants d1(tp,€) > 0 and d(tp,€) > 0 such that
u(t; to, To, uo) < Mup on any interval to <t < t; on which ||z(¢;to, 7o) <
e for ||zo|l < 81 and up < b2(tg, ).

The words “with respect to T;” in Definition 2.7.4 can be omitted if and
only if 7; = R.
Theorem 2.7.3. Assume that the equations (2.7.1) are such that there
exist
(i) a matrix-valued function U € C(To x R™, R**#) satisfying the Lip-
schitz condition locally with respect in z;

(ii) matrices A;(y) and A>(y), (y # 0) € R*, and a comparison function
a € C(R4+ xRy, R®) such that Proposition 2.7.1 holds and, a(t,0) =
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0, a(t,w) >0 for w # 0, ka(t,s) < a(t,ks) and kc(t,s) < c(t, ks)

for a certain constant k, moreover, if a(t,q) < c(t,s), then q < s;
(i) a generalized majorizing function g € C(RyxR"xR., R) such that

Dty(t,z y)|(271) < g(t,z,v(t,z,y)) forall (t,z,y) € To xS x R®.
In this case, if a trivial solution of equation (2.7.3) is equi-stable in the

Lipschitz sense with respect to T;, then the equilibrium state = = 0 of
system (2.7.1) is uniformly stable in the Lipschitz sense with respect to T;.

Proof. Let € € (0,H) and to € T; be given. The Lipschitz equista-
bility of the solution u = 0 of equation (2.7.3) with respect to 7; im-
plies that there exist d;(¢p,e) > 0, d2(to,€) > 0 and M > 1 such that
u(t;to, To, uo) < Muo on any interval [to,%;] on which ||z(¢;t0, o) <
g, provided that ||lzo|| < d1(to,e and wo < 2(to,e). We take ug =
yTU(to, o)y and 6* = 6*(to,€) > 0 such that

(2.7.21) Am(A2)B(to, %) < 61 (to,€).

Let 4(to,€) = min(d*(to,€),d2(to,€)) and ||zo|| < 8. Then ||z(t; to, zo)||
< Mi|zo|| for all ¢, € 7; and t € Ty for any solution z(t;t9, To) of system
(2.7.1) with ||lzo|| < 6(to,e) and t; > t; which satisfies the conditions
|lz(21; t0, zo)l| = € and ||z(¢;t0, zo)|| < €, for tg <t < 8.

Indeed, by virtue of the comparison principle and condition (iii) of
Theorem 2.7.3, we have
(2.7.22) v(t, z(t),y) < u(t;to,zo,u0) forall te 7.

It follows from the properties of the functions a(¢,w) and ¢(¢,w) and the
corresponding scalar functions a(t, w) and B(t,w) (see Assumptions (H;) -
(H2)) that

a(to, Am (A1)(|z(t; to, To)|) < Am(Ar)alto, ||z (t; to, zo)||)
< u(t,z(t),y) < u(t;to, To,uo) < Mug = Mu(to, To,y)
< MAm(A2)B(to, ||lzoll) < B(to, MAr(Az)|lzol])-
This yields

_ )\M(Az)
for all t € 7y. If this is not the case, then for t = t;, we have
)\M(Az)
2.7.23 < M é,

but since M > 1 and Ap(A42)A;! (Al) > 1, we obtain € < J contrary to
the choice of 4 for a given € € (0, H). Theorem 2.7.3 is thus proved.
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Corollary 2.7.3. (Kudo [2]). Suppose that for the system (2.7.1) there
exist functions V(t,z) € C(R+ x R",R}), a € C(Ry X R4,R,), c €
C(R+ x Ry,Ry) and g € C(R4 x Ry, R), g(t,0) = 0 such that

(i) V(t,z) is locally Lipschitzian in z and V (¢,0) = 0;
(i) a(t lI=ll) < V(¢ z) < et llzll) for all (¢,z) € Ry x R",
where a(t, ) increases monotonically with respect to t for each fixed
r, a(t,0) =0, a(t,r) > 0 for r # 0, ke(t,s) < c(t, ks) for a positive
constant k and if a(t,r) < c(t,s), then r < s;
(iii) D*V(t,= |(2 71) S < g(t,V(t,z)) for all {t,z) € Ry x R™.

Then the uniform Lipschitz stability of the trivial solution v = 0 of
(2.7.3) implies the uniform Lipschitz stability of the trivial solution z =0
of (2.7.1).

Corollary 2.7.4. (Dannan and Elaydi [2]). Assume that for system
(2.7.1) there exist two functions V (t,z) and g(t,u) satisfying the following
conditions:

(1) V(t,z) € C(R+xD,Ry), V(t,0) =0, V(t,z) is locally Lipschitz in
z and satisfies V (t,z) > b(||z|]), where b(r) € C([0,4d], R+, b(0) =
0 and b(r) is strictly monotone increasing in r such that b~(ar) <
rq(a) for some function q, with ¢(a) > 1 if a > 1;
(ii) g(¢,u) € C(R+ %X Ry, R), and g(t,0) =0 for all t € Ry;
(iii) D*V(¢,z)| 271y S 9V (¢,2)) for all (t,z) € Ry x D.

If the zero solution of (2.7.3) is uniformly Lipschitz stable, then so is the
zero solution of (2.7.1).

2.8 Notes

2.1. The importance of solving the problem of Liapunov function con-
struction has been emphasized in many surveys and monograph (see, for
example, Barbashin [2], Hahn [2], Krasovskii [1], Zubov [3,4], etc.). Some
progress in this problem solution is associated with the idea of the matrix-
valued function and hierarchical decomposition of the equations in question
(see Martynyuk [7,10, 15, 20, 21]).

2.2. Results of this section are presented according to Krapivnyi and
Martynyuk [1], Martynyuk [8], and Martynyuk and Begmuratov [1]. In our
construction we use some results by Barbashin [2], Djordjevié [1, 2], Michel
and Miller [1], and Siljak [1].
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2.3. This section is based on works by Begmuratov and Martynyuk [1],
Martynyuk, Miladzhanov and Begmuratov [1,2], and Begmuratov, Mar-
tynyuk and Miladzhanov [1]. Hierarchical decomposition of Ikeda and
Siljak [1] is applied in context with matrix-valued Liapunov functions.

2.4. The methods of the matrix-valued function construction presented
in this section were developed by Martynyuk and Slyn’ko [1]. Some re-
sults by Djordjevi¢ [2], Krasovskii {1], Krapivnyi and Martynyuk [1], Mar-
tynyuk [4], Martynyuk and Miladzhanov [1], Michel and Miller [1] were
used. Note that the first order partial equation (2.4.5) proposed by us
for determining the nondiagonal elements of matrix-valued function can be
solved by numerical methods. In some cases the proposed algorithm leads
to the construction of a sign-definite integral of a system which allows a
detailed investigation of motion of the system under consideration.

2.5. This section is based on the paper by Martynyuk and Slyn’ko [2]. In
the development of this method of matrix-valued function construction we
used the idea of overlapping decomposition of Ikeda and Siljak [1] and some
results on algebraic equations theory (see Lankaster [1]). The method of
matrix-valued function construction proposed in the section enlarges essen-
tially the possibilities of a direct Liapunov method in nonlinear dynamics.
Namely, in the framework of the method of overlapping decomposition the
method of vector Liapunov function can not be always applied either to sys-
tem (2.5.10) or system (2.5.2). This can be easily demonstrated by using
the technique set out by Siljak [2, p. 420-423]. Meanwhile, our method of
matrix-valued Liapunov function construction allows stability investigation
of such a system.

2.6. Motion polystability analysis is a new direction of investigation in
nonlinear dynamics of systems (see Martynyuk [9,11,13,14], and Vorot-
nikov [1]).

The results obtained in this direction involve linear stationary systems
and systems with periodic coefficients (see Martynyuk and Chernetskaya [1,
2]), composite systems consisting of two, three and four subsystems (see
Martynyuk [20]). In a number of papers partial polystability was studied
together with exponential stability. Qur presentation is based on the results
by Martynyuk [14, 18], Slyn’ko [1] and Vorotnikov [1].

2.7. Integral stability was first considered by Vrko¢ [1]. Some results in
this direction are presented by Kudo [1,2]. The investigation of Lipschitz
stability was undertaken by Dannan and Elaydi [1,2]. This section is based
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on the works by Martynyuk [14, 18] and Kudo [1, 2] and develops the gen-
eral concept of Liapunov matrix-valued function application in integral and
Lipschitz stability theory. Corollaries 2.7.1-2.7.3 correspond to the results
by Kudo [1, 2], Corollary 2.7.4 is due to Dannan and Elaydi [2).

The reader can find other results in this direction in works by Chen [1, 2],
El-Sheikh and Soliman (1], Fausset and Koksal {1}, Kim, Kye and Lee [1],
Peng (2], Jin [1], etc.

The problem of Liapunov function construction is one of the central
problems of nonlinear dynamics of systems. There are a lot of papers deal-
ing with this problem; however no survey of recent results in this direction
exists. We shall cite only some papers that demonstrate the variety of ap-
proaches in solution of this problem. They are: Foster and Davies [1], Fu
and Abed [1], Galperin and Skowronski {1}, Kinnen and Chen [1], Levin [1],
Liu and Zhang (1}, Mejlakhs [1], Michel, Sarabudla, et al. [1], Noldus,
Vingerhoeds, et al. [1], Olas [1], Mukhametzyanov [1], Pota and Moylan [1],
Rosier (1], Schwartz and Yan [1], Skowronski [1], Zubov [5], etc.






3

QUALITATIVE ANALYSIS
OF DISCRETE-TIME SYSTEMS

3.1 Introduction

Discrete systems appear to be effective mathematical models in the inves-
tigation of many processes and phenomena of real world. Recall however
that in the papers by Euler and Lagrange the so-called recurrent series and
some problems of probability theory were studied, being described by dis-
crete (finite difference) equations. The intensive study of discrete systems
for the last three decades has been evoked by new problems of technical
progress. The discrete equations proved to be an efficient model in describ-
ing mechanical systems with impulse control as well as systems containing
digital computing devices. Recently the discrete systems have been applied
in modeling the process of population dynamics, macroeconomics, chaotic
dynamics of economical systems as well as in modeling of recurrent neural
networks and chemical reactions, and also in the investigation of the dynam-
ics of discrete Markov processes, finite and probable automatic machines,
calculation processes, etc.

One of the main problems of nonlinear dynamics of systems of kind is the
problem on stability of solutions to the corresponding systems of equations
in the Liapunov’s or other sense.

In Section 3.2 we formulate the problems of qualitative analysis of non-
linear discrete equations studied in this section.

Section 3.3 presents the results of qualitative analysis of discrete systems
in terms of matrix-valued function.

In Sections 3.4-3.5 the method of mixed decomposition is applied and
the general theorems from Section 3.3 are used based on the constructive
matrix-valued functions construction.

Section 3.6 contains sufficient stability and instability conditions for au-
tonomous discrete systems obtained in terms of the semi-definite positive
matrix-valued function.

139
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In Section 3.7 sufficient conditions of connective stability are established
in terms of the hierarchical Liapunov function.

In Section 3.8 some general results of the Section 3.6 are applied to the
investigation of the discrete controlled system.

3.2 Systems Described by Difference Equations

Consider a system with a finite number of degrees of freedom described by
the system of difference equations in the form

(3.2.1) z(r +1) = f(7, z(1)),

where 7 € N} &2 {no+k, 70 >0, k=0,1,2,...}, € R*, f: Nt x
R™ - R", and f(7,z) is continuous in z. Let solution z(; 7o, zo) of system
(3.2.1) be definite for all 7 € N u and z(7;70,%0) = To. Assume that
f(r,z) =z for all 7 € N iff z = 0. Besides, system (3.2.1) admits
zero solution z = 0 and it corresponds to the unique equilibrium state of
system (3.2.1).

Definition 3.2.1. The equilibrium state £ = 0 of system (3.2.1) is
called:
(a) stable in the sense of Liapunov iff for any 79 € N} and any € > 0
there exists § = §(10,€) > 0 such that ||z(7;70,20)|| < € for all
T > 70, T € N} whenever ||zof| < 6;
(b) uniformly stable iff the conditions of Definition 3.2.1(a) are satisfied
and for any € > 0 the corresponding value of d)s satisfies the

condition

inf [0ps(7,€): T € NJF] > 0;

(c) stable in the whole iff the conditions of Definition 3.2.1(a) and
dnm(T,€) = +00, as € = +o0, forall T € N

(d) wuniformly stable in the whole iff the conditions of Definition 3.2.1(b)
u 3.2.1(c) are satisfied simultaneously;

(e) unstable, iff there exist 7* € N¥, 7 > 1 and ¢ € (0,+00), such
that for any § € (0,+00) an zp, ||zo|]| < 4, is found such that
llz(7*; 70, o) [l > €.

Further we designate by Ba(m) = {z: ||z|| < A(79)} a sphere with the
center at the origin and radius A(7p).
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Definition 3.2.2. The equilibrium state z = 0 of system (3.2.1) is
called:

(a) attractive, iff for any 7o € N there exists A(m) > 0 and for any
&€ > 0 there exists 7(70;20,&) € N;& such that condition ||zo]| <
A(7o) implies ||z(7;70,%0)|| < € forall 7> 1m0+ 7, 7 € N

(b) zo-attractive, iff the conditions of Definition 3.2.2(a), are satisfied
for any 10 € Nt there exists A(rp) > 0 and for any ¢ € (0,+00)
there exists 7,(70, A(70),£) € N;F such that

sup [7m (70; Zo, £): zo € Ba(m0)] = (70, A(70), §);

(c) To-uniformly attractive, iff the conditions of Definition 3.2.2(a), are
satisfied, there exists A > 0 and for any (xo,&) € Ba X (0, +00)
there exists 7, (xo,£) € NF such that

sup [ (70, %o, €): T0 € NJF] = 10 (20, €);

(d) uniformly attractive, iff all conditions of Definition 3.2.2(b) and
3.2.2(c), are satisfied, i.e. there exists A > 0 and for any & €
(0, +00) there exists 7,(A,£) € M such that

sup [7im (70, 0, £) : (To,%0) € MY x Ba] = (4, €).

The attraction properties (a) - (d) of the state z = 0 of system (3.2.1) take
place in the whole, if the conditions of Definition 3.2.2(a) are satisfied for
any A(rp) € (0,+00) and any 70 € N}

The definitions of the properties of asymptotic stability of solutions to
the discrete systems in terms of the definitions of stability and attraction
are presented below in the chapter when necessary.

In the investigation of concrete problems it often turns out to be impor-
tant not only to determine whether the state & = 0 of system (3.2.1) is
stable or attractive, but also to estimate the stability or attraction domains
of this state.

The stability (attraction) of the equilibrium state = 0 of system (3.2.1)
is sometimes studied by reducing system (3.2.1) to the form

(3.2.2) z(t + 1) = Az(r) + g(7,z(7)),

where A is n x n constant matrix, the vector function g: N¥ x R* — R®
is continuous in z and satisfies certain conditions of smallness. In this
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case, under some additional restrictions on the properties of matrix A, the
stability of state z = 0 of system (3.2.2) can be studied in terms of the
first approximation equations.

It is of considerable interest when the order of system (3.2.1) is quite
high or when the system is a composition of more simple subsystems. In
this case the finite-difference systems of the type

zi(T + 1) = fi(r,zi(7)) + gi(r, 21(7), . . ., Zm (7)),

3.2.3
( ) 1=12,...,m,

are considered, where x; € R™, f;: Nt xR™, g;: Nt xR x. .. x R*™ —
R™., We designate

n= i"i’ z¥ = (z],...,z%)7,
i=1
f(t,l') = (fir(T,zl), . .,f:;(T, xm))T,

and
g(T’m) = (ng(T1x1a o a-rM)a v ,g;lrl(’l',.’l'l,. . :zM))T'

Now system (3.2.3) can be represented in the vector form
(3.2.4) z(r + 1) = f(r,2(7)) + g(r, 2(7)) & H(7,z(7)).

Formally, system (3.2.4) coincides in form with the system (3.2.1), but
if g(r,z(r)) = 0, then system (3.2.4) falls apart into the independent

subsystems
(3.2.5) zi(t + 1) = fi(r,zs(7)), i=12,...,m.

Each of the subsystems may possess the same degree of complexity of the
solutions behavior as system (3.2.1). Because of this the investigation of
system (3.2.4) requires the development of the above mentioned fact. Such
methods are developed in the qualitative theory of stability of large scale
systems.

The discrete systems of more complex structure represent the (4, j)-pairs
of subsystems (cf. Djordjevié [3])

zi(1T + 1) = fij(1,2:(1), 7 (1)) + 95 (7, 2(7)),

(3:2.6) z; (r+1) = fj,'(T, zj (r),z:i(7) + gji(T:'z(T))a i # 7
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where fi;: N,,'." X R™ x R™ — R™, g;;: N+ xR™ - R™, fii: N+ x R™ x
R™ — R", g4 N.,'_*' x R —+ R™.

Designate Tij = (m’ir’w})’ra inj(Tvm‘ij) = (fz%"('r,wi’xj), f;’lz,:("-) zj)mi))T,
Gij(r,2(1)) = (g5 (7, 2(7)), g;i(,2(7))". Besides, the pair (4, 5) of subsys-
tems (3.2.6) are written in a more compact form

(3.2.7) zij (1 + 1) = Fyj(7,2:5(7)) + Gij (7, 2(7))

If the interconnection functions G;;(7,z(7)) = 0, then the difference system
(3.2.7) falls apart into (i, j)-pairs of independent subsystems

(3.2.8) zij (1 + 1) = Fy(r, 2;5()), (i #3) € [1,m],

where z;; € R™*™ and Fjj: N} x R™*™ — R™Xn

It is supposed on systems (3.2.6) -(3.2.8) that the state xz;; = 0 (¢ #
J) € [1,m] is a unique equilibrium state.

The dynamical properties of subsystems (3.2.5) or the pairs (¢, j) of sub-
systems (3.2.8) are determined for the investigation of dynamics of the
whole system (3.2.3) or (3.2.7). The fact will be demonstrated while con-
structing various sufficient conditions of stability-like properties of solutions
to the finite difference equations.

3.3 Matrix-Valued Liapunov Functions Method

3.3.1 Auxiliary results

The direct Liapunov’s method for the system (3.3.1) in terms of matrix-
valued function U (7, z) presupposes the existence of the mapping U: N x
R™ — R®**® and the first difference

(3.3.1) AU(r,z(1)) =U(r + 1, z(r + 1)) = U(7,z(1))

along solutions of system (3.3.1). Here the first difference is understood
element-wise for the matrix-valued function U.

These functions are characterized by positive (negative) definiteness, ra-
dial unboundedness, decreasing and positive (negative) semi-definiteness
according to Definitions 1.4.7—1.4.9 from Chapter 1, where t € Ty is re-
placed by 7 € M.
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By means of the vector n € R}, n > 0, and the matrix-valued function
U(r,z) we construct the function

(3.3.2) v(r,z,n) = n'U(r,z)n
that is important for the investigation of system (3.3.1). It is clear that
(3.3.3) Av(7,2,7)| g 5.4y =1 U (T, 2(T)n,

the sign I(‘) means that the difference is computed by virtue of system (x).
If there is a function w: N¥ x Ry — Ry such that

(3.34) (7, 2,7)] g 3.4 < w(r,0(r,7,7)

then we shall consider the inequality

v(T + 1, 2(7 + 1), n) < (7, 2(7), ) + w(T, v(1,2(7),7))
(3.3.5) ot
= g(r, v(r,z(7),n)).

For the inequality (3.3.5) the comparison equation
(3.3.6) u(r + 1) = g(7,u(7)) = u(r) + w(r,u(r))

is considered.
Further we need the following assertion (see Lakshmikantham, Leela, et

al. [1}).
Proposition 3.3.1. Let function g(r,u) be definite on N} x Ry and
nondecreasing in u for a fixed T € N. Assume that for T > tg

(3.3.7) y(r+1) < g(ry(), w(r+1) 2 g(7,u(r))

and there exists solution u(7) of the comparison equation (3.3.6).

Then, condition y(tp) < u(te) implies
(3.3.8) y(r) <u(r) forall 7 >t.

Proof. Let under condition of Proposition 3.3.1 estimate (3.3.8) be
violated. Then, for y(ts) < u(to) there exists the k € N such that

y(k) < u(k) and y(k + 1) > u(k + 1). Inequality (3.3.7) and function g
monotonicity yield the estimate

g(k,u(k)) <u(k+1) <y(k+1) < g(k,y(k)) < g(k,u(k)).

The obtained contradiction proves Proposition 3.3.1.

3.3.2 Comparison principle application

We extend Theorem 2.4.1 from Martynyuk [20] for system (3.3.1).
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Theorem 3.3.1. Let an n-vector function f in system (3.3.1) be con-
tinuous in the second argument and definite on Nt x N' (on N} x R™).
Let there exist

(1) an open connected discrete time invariant neighborhood G C N of
point z = 0;

(2) the matrix-valued function U: N} x G = R™*™ U(7,0) =0 for
all € N}, and a vector y € R™ such that the function

(3.3.9) (r,z,y) =y U(r,z)y

is positive definite, radially unbounded and continuous in the second
argument;

(3) function g: N} x Ry — R, g(7,0) = 0, g(7,u) is nondecreasing
in u and such that

Av(7, z, y)‘(3,2.4) < g(T’v(T, z,y))
for all (1,z,y) € Nt xGx R™ (forall (r,z,y) € Nt x R* x R™).

Then

(a) stability (in the whole) of solution u(7) = 0 of the equation (3.3.6)
yields stability (in the whole) of state z(7) = 0 of the system (3.3.1);

(b) asymptotic stability (in the whole) of solution u(r) = 0 of the
equation (3.3.6) yields asymptotic stability (in the whole) of the
state z(r) =0 of the system (3.3.1).

Proof. By Proposition 3.3.1 we have
(3.3.10) v(r,z(1),y) <u(r), TEN}
whenever
’U(to,.’l)(to),y) < U(to).

Since by condition (2) of Theorem 3.3.1 the function (3.3.9) is positive def-
inite and radially unbounded, there exists the function =(||z|]) € K(KR)
such that

m(llzl)) < v(r,2(7),y) Su(r) forall =eNT.

Let solution u = 0 of the equation (3.3.6) be stable. Then condition
u(to) < n(e,to) implies estimate u(7) < m(e) which, by (3.3.10) yields the
inequalities

(3.3.11) m(llz()l) < v(r,z(7),n) < n(e).
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It follows from (3.3.11)

(3.3.12) llz(T)]] < e.

Using the assumption on function (3.3.9) continuity in the second argument
one can find a d(e,tp) such that for ||z(to)|| < d(e,%0) the upper bound
(T, z(to), y) < ug is satisfied.

Now we are to show that the inequality (3.3.12) is satisfied for any
7 € N. Let this be not true. Then there exists a k € N such
that u(k) > € and u(k — 1) < e. Therefore, v(r,z(k),y) > w(¢) and
n(e) < v(r,z(k),n) < u(k) < m(¢). The obtained contradiction proves the
assertion (a) of theorem.

In case of the assertion (b) of Theorem 3.3.1 we have from inequalities

7(llz(M)l) < v(r,2(r),y) < u(r)

that
lim_ a(llo(r)]) =0

and, therefore lim ||z(7)|| =0 for 7 = +o0.

Theorem 3.3.2 Assume that conditions (1)—(3) of Theorem 3.3.1 are
satisfied, and the function (3.3.9) is decreasing. Then
(a) uniform stability (in the whole) of solution u(7) = 0 of the equation
(3.3.6) yields uniform stability (in the whole) of state z(t) = 0 of
the system (3.3.1);
(b) uniform asymptotic stability (in the whole) of solution u(r) = 0
of the equation (3.3.6) yields uniform asymptotic stability (in the
whole) of state z(t) = 0 of the system (3.3.1).

Proof. In addition to the arguments used in the proof of assertion (a) of
Theorem 3.3.1 the value d(e,to) can be chosen independent of ¢y € NF.
This can be done in view of function (3.3.9) decreasing. In fact, there
exists a function u(||z||) € K(KR) such that v(r,z(7),y) < p(|z(7)||) for
all (7,z,y) € Nt xGx R™ (for all (1,z,y) € NF x R" x R™). As before,
we have the estimate

m([le(D) < v(r,2(1),y) < u(7)

being valid for v(tg, (%), y) < u(to) < n(e). If we take u(||lz(to)||) < n(e)
which yields ||z(to)|| < 8(e) = p~'(n(€)), then ||z(7)|| < € for all 7 € NF.
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3.3.3 General theorems on stability

General Theorems 1.8.1-1.8.3 for nonautonomous systems (1.2.7) can be
extended for discrete time system (3.3.1). We present only few of them.

Theorem 3.3.3. Let an n-vector function f in the system (3.3.1) be
continuous in the second argument and definite on a region in Nt x N.
If there exist

(1) an open connected discrete time-invariant neighborhood G C N,
N C R™, of point z = 0;

(2) the matrix-valued function U: N} x G = R™*™ U(r,0) =0 for
all r € N, and vector y € R™ such that function v(r,z,y) =
yTU(r, )y is continuous in the second argument;

(3) functions Y, Yiz, ¥is € K, ¥ € CK, i=1,2,...,m;

(4) the m x m-matrices A;(y), j =1,2,3, As(y) such that

(@ YTz A lz])) < v(r,2,9)
< ¥3(7 l2ll) A2(y) ¥a(r, |l2l))
for all (1,z,y) € N} x G x R™;

(b) wT(lall) A1 () %1 (loll) < v(r,7,9) < ¥(lal) As() wa(lal)
forall (r,z,y) € N} x G x R™;

(©) Av(T,2,y)| 5 4.4 < ¥3lll)) As(v) ¥s(llzll)
for all (1,z,y) € N¥ x G x R™.

Then, if the matrices A;(y), A2(y), A2(y) for all (y # 0) € R™ are
positive definite and A3(y) is negative semi-definite, then

(a) state z(t) =0 of the system (3.3.1) is stable under condition (4a);
(b) state z(r) =0 of the system (3.3.1) is uniformly stable under con-
dition (4b).

Proof of this theorem is similar to that of Theorem 1.8.2 with obvious
changes. Therefore, we omit it.

Theorem 3.3.4. Let an n-vector function f in the system (3.3.1) be
continuous in the second argument and definite on a region in N x N. If
there exist:

(1) an open discrete time-invariant neighborhood G C N, N' C R", of
point z = 0;

(2) the matrix-valued function U: N}t x G = R™ ™ U(r,0) = 0
for all T € N}, and vector y € R such that function v(t,z,y) =
yTU(7,z)y is continuous in the second argument;
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(3) the functions My, N2, M3: € K, s € CK, i =1,2,...,m;
(4) the m x m-matrices C;(y), j =1,2,3, and Ca(y) such that
(@) 01 (lzlDCi(y) m(lzl) < v(r,z,y)
< g (1, [121)) Ca(y) T2 (7, (1)
for all (r,z,y) € N} x G x R™;
(b) nfllzll) Ci (@) mllzll) < v(7,2,3) < 27 (lz]l) C2(y) m2(fi]})
for all (r,z,y) € Nt x G x R™;
(©) Av(1,2,9)| 5,4y < 73 Ul2l) Caw) m(llell) +m(r, ma(ll])))
for all (r,z,y) € N x G x R™, where the function m(t,")
satisfies the condition

mmleD g
b sy~ 0 o ImsClialDil =0

uniformly in 7 € NF.

Then, if matrices C1(y), Ca(y), 52(1/) are positive definite and matrix
Cs(y) for all (y #0) € R™ is negative definite, then
(a) state z(r) = 0 of the system (3.3.1) is asymptotically stable under
condition (4a);
(b) state z(t) = 0 of the system (3.2.1) is uniformly asymptotically
stable under condition (4b).

Proof of this theorem is similar to that of Theorem 1.8.3.

Theorem 3.3.5. Let n-vector function f in the system (3.2.1) be con-
tinuous in the second argument and definite on a region in NY x N. If
there exist

(1) an open connected discrete time invariant neighborhood G C N,
N C R", of point z = 0;

(2) the matrix-valued function U: N¥ x G — R™*™ and a vector
y € R™ such that function v(r,z,y) = y™U(r,z)y is continuous in
the second argument;

(3) functions Y1, v, Y3 € K, i =1,2,...,m, and m X m-matrices
A;(y), A2(y), G(y) such that

(2) »ill=ll) A(y) a(ll=ll) < vlr,z,9) < Y3(llzll) A2(y) Ya(llzl)
for all (t,z,y) € N} xG x R™;
(b) AU(T7 z, y)|(3,2.4) > 1Z)ST(”"B”) G(y) ¢3(“m”)
for all (1,z,y) € Nt xG x R™;
(4) point z =0 belongs to the boundary G, i.e. (x = 0) € 8G;
(5) v(T,z,y) =0 on N x (G N Ba), where By C N.
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Then, if the matrices A;(y), Az(y) and G(y) for all (y # 0) € R™ are
positive definite, then state z(7) = 0 of system (3.2.1) is unstable.

Proof of this theorem is similar to that of Theorem 1.8.6.

3.4 Large Scale System Decompaosition

We assume on the system (3.2.1) that it can be naturally decomposed into
s interconnected subsystems

(34.1) zi(7 + 1) = fi(zi(7),7) + gi(z(7),7), i=1,2,...,8,

where z; € R™, f;: R™ x N} = R™, gi: R xR™ x---Xx R xN} >
R™, z(1) = (z3(7),...,2z¥())T. Formally setting g; =0, i = 1,...,s, in
the system (3.4.1) we get a set of independent subsystems

(3.4.2) zi(t + 1) = fi(zi(r),7), i=12,...,s.

The functions g;: R™ x Nt — R™ connecting independent subsystems
(3.4.2) in large scale discrete system (3.4.1)

(3.4.3) gi = gi(z1(7),...,25(7),7), 1=1,2,...,s,

are assumed vanishing for all T € N, if and only if z(7) = 0. Thus, the
point z = 0 is the only equilibrium point of the large scale discrete system
(3.4.1) and points =; =0, 1 = 1,2,...,s, are the only equilibrium states of
independent subsystems (3.4.2).

The decomposition of the large scale discrete system (3.4.2), prescribed
by (3.4.1)-(3.4.3) and accomplished so that subsystems (3.4.2) satisfy
existence and uniqueness condition of the solution, is called the first level
decomposition of a large scale discrete system.

We suppose that the system (3.4.1) allows the decomposition of a higher
level. We call pair (7, j) the couple of systems made from the set of subsys-
tems (3.4.1) for (i # j):

.’1:,'(7' + 1) = fij(xi('r)’ mj(T)7 T) + gij(x(T)aT)’

(3.4.4) z;(r+ 1) = fi(zi(7), (1), 7) + gji(z (1), 7),

where f;j: R™xR™ xN} = R™ and g;;: R*xN} — R™. Weintroduce
the designations zi; = (zf,z])7, fi;(zi;(7),7) = ( S FDT, Gi(a(r),T) =
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(g?j,g};)T. Then the couple (¢,;) of interconnected subsystems (3.4.4) is
written as

(3.4.5)  wii(r+1) = fi;(i; (1), T) + gij(2x(7), 7), (i #£7) €[1,3].
The pairs of subsystems
(346) IEz'j(T -+ 1) = :f_ij (xij(T))T)a (7' 7$ .7) € [1’ S],

are independent couples (%, j) that are united into large scale discrete system
by couple (%, j) of the functions

(3.4.7) §,-j = y’ij(:v1 (7'), cee axs(T)a 7')3 ('z #Jj) € [1’ s]'

We suppose that decomposition (3.4.5)-(3.4.7) can be made so that the
functions g;;(x(7),7), (i # j) € [1, 5], vanish for any 7 € N, if and only if
z(7) = 0, so that the point z;; = 0 is the equilibrium point of independent
couple (i,j) (3.4.6).

The decomposition of large scale discrete system (3.4.1), prescribed by
(3.4.5) - (3.4.7) and fulfilled so that the independent couples (Z,7) (3.4.6)
satisfy the existence and uniqueness condition of the solution, is called the
second level decomposition of a large scale discrete system.

Remark 3.4.1. If for the system (3.4.1) there exists a couple (p,q) of
interconnected subsystems of the second level decomposition for some (p #
g) € [1,s], then, obviously, there exists a couple (g,p) as well, and, more-
over, these couples coincide. Therefore, for the large scale discrete sys-
tem (3.4.1) admitting the first level decomposition into s interconnected
subsystems, not more than s(s — 1)/2 different couples of subsystems
can exist. To consider all possible different couples (¢,j) of the second
level decomposition it is sufficient to consider the couples of subsystems for
all (¢ <j)e(l,s]

Remark 8.4.2. We assume that in the first level decomposition of the
system (3.4.1) it is always possible to distinguish in explicit form the inde-
pendent subsystems and the functions, defined by (3.4.2) and (3.4.3). On
the other hand in the second level decomposition of the large scale discrete
system (3.4.1) we admit the existence of subsystems p and g, for which the
couple (p, ¢) can not be made in the explicit form, i.e. in the correlations of
the form of (3.4.3) - (3.4.7). We shall also assume that in some large scale
discrete system it is possible not only to express couples (3, j) explicitly for
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all (i < j) € [1,s], but the functions g,;(z, 7) of independent couples with
the other independent subsystems become

9ij = 9ii (1, s Ti1s Tit1; Tj—1, Tjt1s - -+ Tay Ty

i.e. they will not depend on vector z;;, (¢ < j) € [1,s]. Such a decompo-
sition of the large scale discrete system (3.4.1) is called a complete second
level decomposition.

As well as in the case of a continuous system, our aim is to construct a
hierarchical matrix-valued Liapunov function and to establish various suf-
ficient conditions for stability, uniform stability, uniform asymptotic stabil-
ity, uniform asymptotic stability in the whole and instability of equilibrium
state £ = 0 of the system (3.4.1).

3.5 Stability and Instability of Large Scale Systems

3.5.1 Aucxiliary estimates

Let large scale discrete system (3.2.1) allow the first and second level de-
compositions (3.4.1)-(3.4.3) and (3.4.5)-(3.4.7). In order to formulate
sufficient stability conditions we introduce a series of assumptions.

Assumption 3.5.1. Let for the large scale discrete system (3.4.1) there
exist

(a) a discrete time-invariant neighborhoods N; C R™, i = 1,2,...,s,
of the equilibrium states z; = 0 of independent subsystems (3.9.2)
of the first level decomposition;

(b) a discrete time-invariant neighborhoods N;; C R™ x R™, (i <
j) = (1, 8], of the equilibrium states z;; = 0 of independent couples
(2,7) of (3.4.6) of the second level decomposition;

(c) the matrix-valued function

v (21, 7)) vi2(Z12,7) ... V1(T16,7T)
(3.5.1) Uz, r) = | v2@an7) vaa(T2,7) ... V2e(T2s,T)

Us1(Ts1,7) Us2(Ts2,7) ... Use(Ts,T)



152 3. DISCRETE-TIME SYSTEMS

the elements of which satisfy the estimates

i (llll) < vii(ei, ) < cipd (llall),
cii(llzilDw; (lz;1l) < vig(zig, ) < elpillzl)ws(lles1),
(35.2) vij (2ij, 7) = v5i(%ij, 7),
for all ((mi,7) € Ny x NJ¥,  (zi5,7) € Nij x N,
(i #J) €[1,9]),

where ¢; and c};, (3,4) € [1,s], are positive constants, ¥;(||z:]|)
are components of a vector function

Pllzl) = @ llzall), .-, s (lzsl),
¥: € K(KR) (Yi(llzill): Ry = Ry for all i € [1,3]).

[+
By means of real vector 7 € R} and the matrix-valued function (3.5.1)
we introduce the scalar function

(3.5.3) v(z,7,n) =n"U(z, 7).

Proposition 3.5.1. If all conditions of Assumption 3.5.1 are satisfied,
then for function (3.5.3) the bilateral estimate

(3.5.4) P (lll) H™CO Hp(l|=l) < v(=,7,m) < ™ (lzI)ETC*Hy(||=|)),
o forall (z,7) €N xNF, N=MxMNyx---xN, CR"

is valid, where HY = H = diag (m,n2,...,ms), C° = [c};], C* = [c};] are

matrices composed of constants c}; and cjj, (i,7) € [1,s].

To prove Proposition 3.5.1 we use the form of the function v(z,7,n)
definition (3.5.3) and the conditions of Assumption 3.5.1. We have

8 8 8
v(z,7,m) =n"U(z,7)n = an‘zvii(‘zi:’r) + Z Z 7in;ij (Tij, T)
i=1 i=1 j=1
(3#1)

< an C;i%i “.’L‘,“) + Z Z M5 1_1¢1(|I$IH)¢J(IIZ'J”),

i=1 i=l j=1
(7#4)
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and hence the estimate from above in (3.5.4). The estimate from below is
obtained similarly.

Remark 38.5.1. Estimates (3.5.4) remain valid as well if instead of the
functions of class K(KR), (vi,v;) € K(KR), positive definite functions
u; = ui(z;), ui: R™ = Ry and u; = ui(z;), uj: RY = Ry, (i,)) €
[1, 5], axe considered, or if wi(llzill) = llaill, w3 (lasl) = llasll, (5,5) € [L, 8]

By virtue of large scalé discrete system (3.4.1) the first difference for
function v(z, )

Av(z,7,0)| 4 4y = v(&(T +1), 7+1,1) ~ v(z(7),7,7),

is computed without incorporation of solutions of system (3.4.1). In view
of (3.5.3) we have
Av(z,7,n) = 1" AU(z, T)n,

where AU(z,t) is a matrix-valued function with elements Awv;;(zij,t),
(¢,5) € [1, ], defined by the equalities for ¢ = j

(3.5.5) Avii(wi,7) = Avig (24, 7)| 5 4.9y + Avii (@i, 7)| g 55
where
Avii(xi,f)l(&,;.z) =i (fi(zi, 7), T+ 1) — vis(@i, 7);
Avii(xi)’r)|(3.4‘3) = vi'i(fi(mi,T) + gi(E,T), T+ 1) - Uii(fi(zhr)’ T+ 1))
and for 7 # j
(3.5.6) A’Uij (.’Bij, T) = A’Uij (xij’T)'(3.4.6) + Avij (ib‘,;j, T)I(3.4.7),
where
Avij(2ij )| g 4.6y = Vi (Fij (@i, 7, 7+ 1) — w3 (45, 7);
Avij (xij’ T)|(3.4.7) = Vij (Tij (xija T) + gij (CII, T)’ T+ 1)
= vij (fi;(2i5,7), T+ 1),

Expression (3.5.5) is the first difference of the function v (z;, 7) by virtue
of the ith interconnected subsystem (3.4.1), and (3.5.6) is the first difference
of the function v;;(z:;, ) by virtue of couple (4, j) of interconnected subsys-
tems (3.4.6), (¢ # j) € [1, 8], in view of Remark 3.4.1 and the matrix-valued
function U(z, ) being symmetric.
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Assumption 3.5.2. Let there exist
(a) real constant values pf;, p;, (i #j) €[1,8], k=1,2,3;
(b) real constant vectors

/Jf = (N:‘cl’/‘:'cz’ e ’/‘fs)T7
& = (Gijnr i -+ Eijs) T
vij = (V’;jl’y’:jz""’yijs)T> (7‘¢]) € [1s3]7 k=1,2,
such that the estimates
A’U;‘i(l‘i,T)l(sAz) < P?z‘ﬂzz(”zz”) for all (IL‘{,T) € M X N‘r—"-7 i€ [1’317
Avii(xi;7)|(3_4_3) < (/‘%a ‘P(”x“»(/’fa e(llzl))),
Avij (25, 7)| 5.4.6) < P03 (I2ill) + 2035 08(ll2ill) 05 (1l511)
+ o303 (ll=511),
forall (zy,7) € Nig x Ni¥, (i #3) € [L,],

Ao @15V g 57y < (613> @235, (Il
for all (zi,7) € Nij x NF, (i #37) €[L,4]

are valid, where @;(||z;||) are components of the vector function ¢(||z||) =
(erlllz1ll), - - es(llzsl))T, @i € K, i €[1,s] and (-, -) is a scalar product
of vectors.

Remark 3.5.2. The functions vi(z;,7), ¢ € [1,s], and wv(zij,7),
(¢ # j) € [1,s], defined in Assumption 3.5.1 and its first differences
Avi,-(a:i,r)l(a. 1) and Av,-j(a:,-j,'r)l(s' 1.6) Teflect qualitative properties of
the ith independent subsystem (3.4.2) of the first level decomposition and
independent couple (7,7) (3.4.6) of the second level decomposition respec-
tively.

Thus, if for some p € [1,s] it will turn out that pgp < 0, then the pth
independent subsystem of the first level decomposition is stable.

If for some (p < ¢) € 1, s] the matrix

1 2
P = (ppq ppq)
Pa=1 3 4
Ppq  Ppq

is conditionally negative semi-definite in R?,_, then the independent couple
(p, q) is stable.
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Definition 3.5.1. The n x n-matriz A, A = A7, is called

(a) conditionally positive semi-definite, if Az > 0 for any = € RY;

(b) conditionally positive definite, if Az > 0 for any z € R \ {0}
and zTAz =0 whenever z = 0;

(¢} conditionally negative semi-definite, if matrix —A is conditionally
positive semi-definite;

(d) conditionally negative definite, if matrix —A is conditionally posi-
tive definite.

We need the following matrices for further presentation:

(a) an s x s-matrix P = [p;;] with elements
2.0 5 14 3 L
moh+m Y Mok +03%), 1=

pij = =)
2min; 0%, i #7;

(b) the matrix

8

T

M= nuipl;
=1

(c) the matrix

8 8
K=Y mni&;vi;
=1 j=1
(3#4)
(d) the matrix S =P+ M + K;
(e) symmetric matrix S = (S + ET).

Proposition 3.5.2. If all conditions of Assumption 3.10.2 are satisfied,
then for the first difference Av(m,'r)|(3‘ 4.1) estimate

(35.7) Av(z,7,0)| 54,y < @ Ul2l)Se(lzll) forall (z,7) € N x N}

takes place.

Proof. We have for the first difference Auv(z,T, n)l (3.4.1) by virtue of
the system (3.4.1) according to (3.5.4)-(3.5.7) and estimates of Proposi-
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tion 3.5.1

Av(z, T, 77)](3‘4_1) = WTAU(GJ, 7)1

8 8 s
= Z niAvii(z;, 7) + Z Z niM; Avij (i, 7)

i=1 i=1 j=1
(G#1)
= Z"z (Av,, (z4, T)|(3 4.2) + A’Un(mu'r)l(:g 4. 3))
i=1

+ Z Z M5 (A”u (@ij T),(s 10T Avij (@5, T)l(3 4.7)

i=1 j=1
(3#7)

< Y (bl + (e, (el e, (el

+ 30 3 mins (el il + 20zl e )
e
+ 25593 lzsl) + (63> (=l s, w(llal))
for all (zi,7) € N; x I, forall (zi;,7) € Njj x I.

With regard to

anp?,wf (il + > 37 mins (Pl lzl) + 26801 lealeos s )

i=1 j=1
(J#4)
8
+ o)) = 3 (s + z neoks + o)) el
= (k)
8 8
+ 303 ammsaealladdes ;1) = ¥ lel) P el
i=1 j=1
G

Zn?(uhw(llwll))(u?,so(llwll Zn? STl 1 o (el)

= (el > kil )w(llwll) = ¢l M (lz1);
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D07 it ellel)) (v, e(ll=l)
i=1 j=1
(%)

= Z Z minie (lzl)ésvisellzl) = ¢ (i) K e(ll)),
=

we receive for the first difference Av(z,7,7)

Av(2,7,)| (5,45, S ¢ (P + M + K)p(|l]])

= ¢ (lell)Se(llzll) = -;-wT(IIwII)(g +3Ne(lsl) = "zl Se(lla),

that proves the assertion of Proposition 3.5.2.

3.5.2 Stability and instability conditions

Estimate (3.5.4) for the function v(z,7) and estimate (3.5.7) for the first
difference Av(z,,7) enable us to establish existence conditions for various
dynamical properties of the equilibrium state = = 0 of the system (3.4.1)
that can be easily verified.

Theorem 3.5.1. Let for large scale discrete system (3.4.1)

(1) all conditions of Assumptions 3.5.1 and 3.5.2 be satisfled;

(2) matrix S be

(a) conditionally negative semi-definite in RS ;
(b) conditionally negative definite in R.

Then the equilibrium state £ = 0 of the large scale discrete system
(34.1) is

(1) stable;

(2) asymptotically stable.

If conditions of Assumptions 3.5.1 and 3.5.2 are satisfied for N; = R™
and N;; = R™ x R™ and the vector function ¢(||z||]) components are
radially unbounded functions, then the equilibrium state £ = 0 of the
large scale discrete system (3.4.1) is

(a) stable in the whole;

(b) asymptotically stable in the whole.
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Proof. We shall prove at the beginning the first part of the assertion.
We have for the scalar function v(z,7,n) = n'U(z,7)n, n € R% \ {0}
and its first difference Av{z,,7) by virtue of system (3.4.1) according to
Propositions 3.5.1 and 3.5.2

(3.5.8) ([l H'C*He(ll2ll) < ¥ (I|=l) H™C*Ho(x|)
and
(3.5.9) Av(z, 7,)| 5,4) < @ UlzlDSe(llz])-

Since by Assumption 3.5.1 the elements.of the matrix C° are positive
constants and H = diag(n1,7%2,...,Ms), N € R4 \ {0}, then the matrix
HTC°H is composed of positive elements. As it is known this is suffi-
cient for the form ¥T(||z||)HTC°Hy(||z||) to be conditionally positive def-
inite in R}. Therefore, the function v(z,7,7) is positive definite for any
(z,7) € N x NF. Condition (2a) of Theorem 3.5.1 is sufficient for the form
©T(llz])Se(|lz]|) to be negative semi-definite, that yields negativeness of
the first difference Av(z,7,7).

For function v(z, 7,7) and its first difference Av(z, r,n) by virtue of the
large scale discrete system (3.4.1) all conditions of the theorem on stability
for discrete system are satisfied, and, hence, the state z = 0 of the large
scale discrete system (3.4.1) is stable.

Under condition (2b) of the theorem the first difference Av(z,7,7) of the
function v(z, 7,7) by virtue of system (3.4.1) is a negative definite function
and all conditions of Theorem 3.5.1 on asymptotic stability are satisfied.
Therefore, the state z = 0 of the large scale discrete system (3.4.1) is
asymptotically stable.

If additional conditions of the theorem are satisfied, i.e. N; = R™,
Nij = R™ x R™ and v;(||z;||) are radially unbounded functions, then the
function v(z,7,7) is positive definite and radially unbounded and its first
difference Av(z,T,n) is negative semi-definite (definite). This is sufficient,
as it is known, (see Hahn [1]) for the stability in the whole (asymptotic
stability in the whole). The theorem is proved.

To formulate sufficient conditions for large scale discrete system insta-
bility we introduce the assumption.

Assumption 3.5.3. Let there exist real vectors fi}, fi2, E,'j, vij, and
real constants pY, pY;, k =1,2,3, (i # j) € [1,s], for which estimates in
Assumption 3.5.2 are satisfied with the inequality sign “>”.

We define the matrices ﬁ, M and K similarly to matrices P, M and K,
= o~ e~ o~ ~ ~ =T
matrices S=P+M+K and S=1(S+5 ).
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Theorem 3.5.2. Let for the large scale discrete system (3.4.1)

(1) conditions of Assumptions 3.5.1 and 3.5.3 be satisfied;
(2) matrix S be conditionally positive definite in Rf.

Then, the equilibrium state x = 0 of the large scale discrete system
(3.4.1) is unstable.

Proof. Under condition (1) of Theorem 3.5.2 we can show in the same
way as in the proof of Theorem 3.5.1 that for scalar function v(z,7,n) =
n'U(z,7)n and its first difference Av(z,7,n) by virtue of system (3.4.1)
the estimates

(3.5.10) v(z,7,m) 2 Y (|l HTCHy(||=I),
(3.5.11) A (@, 7,1)| 5,44, 2 "2l Se(llzl])

take place. Under condition (2) of Theorem 3.5.2 all conditions of Propo-
sition 2.8 by LaSalle [1] on instability are satisfied, and, therefore, the
equilibrium state z = 0 of the large scale discrete system (3.4.1) is unsta-
ble.

3.6 Autonomous Large Scale Systems

Consider an autonomous discrete time large scale system allowing the first
level decomposition into s interconnected subsystems

(36.1) zi(r +1) = fi@i(r) + gi(w(r)) = h(ai(r), 2()),
1=1,2,...,s,

where 7 € I = {0,1,2,...}, z; € R™, f;: R% — R™, g;: R™ x R™ x
-++ X R™ — R™. We suppose on the right side parts of the system (3.6.1)
that the vector function hi(zi,z) = (h1(1,%),...,hs(zs,2))T is conti-
nuous in the ball By = {z € R™: ||z|]| < H, 0 < H < o} and for any
point zo € By there is only one positive semi-trajectory. Further we desig-
nate by z%(7,zo) (z~(7,%0)) the solutions of the system (3.11.1) that are
continuable to the right (left); if they are bounded, we shall designate this
by “™, i.e. £¥(r,z0) (27 (7,20)). If the solution is infinitely continuable
to the right and to the left, we shall write z(r, zo).
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Consider the matrix-valued function

(3.6.2) U(z) = V(z)VT(z),
where
v (z1) vie(@1) ... vie(1)
(3.6.3) V(z) = var(22) vaa(®2) ... vae(2)
s (Ts) vs2(Ts) ... vss(Ts)

is composed of the linear forms v;;(z;), defined by the equalities
vij(2:) = (e, @) forall (3,5) € [1,3],

where ¢ is a real n;-dimensional vector, ¢} = (c{l,c{'z,...,c{m)T, (4,7) €
[1,s].

By means of vector 7 € Ioii and matrix-valued function (3.6.2) we con-
struct a scalar function v(z,#) in the form

(3.6.4) v(z,n) =" U(z)n =0 V(z)V(z)n.

The first difference for this function by virtue of the system (3.11.1) is
defined as

(3.6.5) Av(z,n) = Z i1; A (i (zr )vji (25))-

i,4,k=1

It is easy to show that function v(z,7) is of constant sign, positive (positive
semi-definite).

Similar to the continuous case (see Martynyuk and Krapivnyi [2]), in
the investigation of stability via semi-definite functions it is important to
consider the sets where functions v(z,n) and A(z,7) can vanish. We intro-
duce these sets and in view of special character of the function (3.6.4) (cf.
Bulgakov [1])

m = {(z,n) € B x R%.: v(z,7) = 0},
M = {(z,n) € B* x R} : Av(z,n) =0},
= {(z,7) € B* x R%.: v(z,7) = 0},
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Aol = {(1,77) € &‘n X 1023_2 Av(m,n) = O},
m” = {(z,1) € By x RS v(z,n) = 0},
M= {(xﬂl) € B, x Iozil Av(z,n) =O},

m" = {(z,n) € B, x RS : v(z,n) =0},

where R™ = R"\ {0}, R% = R3 \ {0}, B, =B, \ {0}.
It has been noticed that under conditions v(z,n) > 0 and Av(z,n) <0
the inclusion m C M takes place.
<] f o
Further the designation M 3 £(7) means that the set M does not
contain bounded trajectories of the system in question and the designation

mt 3 z=(r) = 0, 7 = —oco, shows that the set m" does not contain
negative semi-trajectories entering the origin as 7 — —oo.

Assumption 3.6.1. There exist time-invariant neighborhood B C
B, X Bh, X -+ X By, of the equilibrium state £ = 0 of the system (3.6.1),

where function v(z,7n): R™ X 1021 — R, v(0,n) =0 and v(z,n) >0 for all
x € B. Here By, CR™, 0< h< H.

Assumption 3.6.2. There exist time-invariant neighborhoods N; C
By, of the equilibrium states z; = 0, i € [1, 8], of the independent subsys-

3

tems
(3.6.6) zi(t +1) = fi(z(7)),

and real constants pyr and ppr (9, k) € [1,8], ppk = Prp, Bpk = kp) Such
that the estimates

min; [f5(@:)CTC; fi(z5) — 2TCICix;] < pigllaill Nl
ST mins [h(@i,2) CTCyhy(2j, @) ~ f5(0) CFC; fi(2)]
i=1 j=111
8 8
<3N porllzpll llaell,
p=1k=1

forall (zi #0) € N;, (z #0) € N, N = My x N x .-+ x N, hold

valid, where 7;, m; are components of vector n € R%, and matrices of
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dimensions s X ny are composed of the coefficients of the linear forms
(ct,zx), (i,k) € [1,s] so that

1 1 1

Skt Crz r Ckny

Co=1 viiiinii ..
3 3 g

ckl Ck2 cen cknk

We introduce the following matrices:

(a) the matrix B = {By;}, (1,5) € [1, 5], composed of blocks B;; with
dimensions n; x n;, that are defined by the expressions

Bij =mn;ClC;, Bij=Bj;, forall (i,5) €[L,s];

(b) the symmetric matrix S with dimensions s X s and elements

Spk = Ppk + Kok,
Spk = Skp» (P, k) € [l’s]'

We shall formulate sufficient stability conditions for the large scale dis-
crete system (3.6.1) based on the following definitions.

Definition 3.6.1. The equilibrium state * = 0 of the system (3.6.1) is

(a) uniformly U-stable, if and only if for any ¢ > 0 there exists a
8 = 6(e) > 0 such that condition zo € m® implies z(, 7o) € B:
for all 7 € NJF;

(b) uniformly U-attractive, if and only if there exists a A > 0 and for
any (2o,¢) € m® x(0,+o0) there exists a 7*(zo, () € [0,+00) such
that z(7,z0) € B¢ for all 7 > 10 + 7% (20, ();

(c) uniformly asymptotically U-stable, if and only if conditions of defi-
nitions (a) and (b) are satisfied;

(d) U-unstable, if and only if there exists a € > 0 such that for any
8 > 0 there exists a zo € m® and there exists a T € N such that

(T, 7o) € 1035 for 0 <7 <T and z(,z0) € extloi’s.
The following assertions take place.

Theorem 3.6.1. Let the large scale discrete system (3.4.1) be such that
(1) conditions of Assumptions 3.6.1 and 3.6.2 are satisfied;
(2) the matrix S is conditionally negative semi-definite in R ;
(3) one of the following conditions is satisfied
(a) there existsa 0 <o < h: me 3 &(r,zo) and m* 3 z=(7,zo)
—+0 as T = —o0;
(b) there exists a 0 < & < h: m? 3 z~ (7, ).
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Then the equilibrium state £ = 0 of the system (3.6.1) is stable in the
sense of Liapunov.
If one more condition is added to conditions of Theorem 3.6.1:
(4) thereexistsa 0 < & < h: (M%\m?®) 5 #(r,20), then the equilibrium
state £ = 0 of the system (3.6.1) is asymptotically stable in the
sense of Liapunov.

Theorem 3.6.2. (Test of U-asymptotic stability). Let for system
(3.6.1) conditions (1)-(2) of Theorem 3.6.1 be satisfied. The equilibrium
state £ = 0 of the system (3.6.1) is U-asymptotically stable, if and only
if:

(1) there exists a 0 < o < h: m® 3 &(r,z0);

(2) mh 3 z7(r,29) > 0 as 7 = —o0.

Proof. We start with the proof of Theorem 3.6.1. Consider the function

v(z,n) defined by expression (3.6.4)

v(zn) = Y minvie(i)vik(;)

i,j,k=1
s 8 s T
— k K _ T Lk )
= Z nin;(ci, xi)(cj, x5) = Z T (Zninjcicj )5'3]
i,5,k=1 1,j=1 k=1
s s
T T, T T
= Z x; (nij,- Cj)a:j = Z z; Bij.’l:j = " Bz.
i,5=1 i,j=1

It is easy to notice that the block matrix B is a Gram matrix of the system
of vectors cgi = (Cj;yChiy... ;)T € R®, k= [1,8], i = [1,nk). It is clear
that for ng # 1, for all k € [1,s] (trivial case) the system of vectors ci;
is linearly dependent. Therefore, its Gram determinant is equal to zero
and the form v(z,7) is positive semi-definite for any z; € By, (z; € By;),
0 < hiy hj < +oo.

We have for the first difference of function v(z,n) by virtue of sys-
tem (3.6.1)

Av(z,n) = > mnAi(zvie(z;) = Y mniA(z;ClCiz;)
i,5,k=1 i,5=1

s
= Z NNy (h?(:c,-,w)C’;erhj(:vj,x) - .’lJ;rC;rCJII)J)

4,j=1
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= > mns(fi(z:)CTCsfy(x;) - 27CIC;a;

i,j=1

+ (h{(zi, 2)CTCihj(z}, ) ~ fiz:)CIC; f(25)))-

By virtue of Assumption 3.6.2 we get

(3.6.7) Av(z,m) < Y (pij + ig)l|ill llz;]| = wTSu,

ij=1

where u = (||z1]|, l|zall, ..., llzsl))T and matrix S is previously defined.
Therefore, under the conditions (1) - (2) of Theorem 3.6.1 for the function
v(z,n) and its first difference Av(z,7) by virtue of the system (3.6.1) es-
timates v(z,n) > 0 and Av(z,n) < 0 take place. Under the conditions
(1)—(3) all conditions of Theorem 1 by Bulgakov [1] are satisfied, and the
equilibrium state is stable in the sense of Liapunov. Under the conditions
(1) - (4) of Theorem 3.6.1 all conditions of Theorems 1 -2 (see Bulgakov [1])
are satisfied, and the equilibrium state z = 0 of the large scale discrete
system (3.6.1) is asymptotically stable in the sense of Liapunov.
Theorem 3.6.1 is proved.

The proof of Theorem 3.6.2 is similar to the proof of Theorem 2 by
Bulgakov (1] in view of conditions (1) - (2) of Theorem 3.6.1.

Ezample 5.6.1. We consider a large scale discrete system consisting of
the subsystems

(3.6.8) gy (r+1) = (0(’)5 0'1) 1 (7) + (_01> T2,

and
za(r+1) = 0.525(7) — :1:?1,

where z;(7) = (211, 212)T € R?, z2(7) = (z21)T € R!. The independent
subsystems of the first level decomposition of large scale discrete system
(3.6.8) are

z(r+1) = (065 0.1) (1),

z2(T + 1) = 0.522(7)

and, obviously, are asymptotically stable.



3.6 AUTONOMOUS LARGE SCALE SYSTEMS 165

We introduce the matrix-valued function

Viz) = ((C%’-'L'l) (cf,xl)) ,

(c3,x2) (c},22)
where vectors ¢! for all (,7) € [1,2] are defined as

d=10T, &=0,1)T, =1, &=0.

We take vector = (1, 1)T e 1023_ and define, according to (3.6.4) the scalar

function
v(z,7) =V (2)V(z)n = (z11 + 22)? + 235,

which is, obviously, positive semi-definite. The set m for the function v(z, n)
is defined as

m = {z = (], z3) € R®: @y, = —T91, T12 = 0}.

The set m is a straight line z1; + 221 = 0 in the cross-section of phase
space by the plane z15 =0 for = (1, 1)T.

Now we define the values of constants ppr and ppx for which the As-
sumption 3.6.5 takes place.

For p=k =1 we have

f(1)CTCL fi(m1) - 2{CTC121

_r(05 0Y (1 0y(os 0\ (10
=%1lo o01/\o 1/\o0o 01/ 7%\ 1™t

T(-0.75 0

— _ 2
= ( 0 _099) &1 _<_ 0.75"271” .

Similarly we obtain

f;r(mz)C;Fszz(:ﬂz) - mgc;02$2 S —0.75“112”2,
f(21)CCs fo(ws) — 21CTCama < ~0.75] |21 |||,

> (hf(=i,2)CICihj(wj,z) — fi1(2:)CTC)jfj(=;))

3,j=1
a4 8 3 5 2 .2 2 .4
= =&y + 7y — 227391 + 227,21 — Ty Ty + T2y

= —(z11 + -'1721)2(3’%1 - 5'321) <0.
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In the notation of the last estimate it is taken into account that for
sufficiently small zq; the form (23, —z{,) is positive definite. Therefore, the
conditions of Assumption 3.6.2 are valid with constants p;; = psg = —0.75
and ppx =0 for all (p,k) € [1,s] and the matrix

g (~0.75 0/75
=\ors 075

is (conditionally) negative semi-definite.

As has been shown earlier, the set m is a straight line in phase space
of the system (3.6.8). We conclude by the form of the right side part of
the system that neither straight line of phase space can contain the whole

trajectory of the system. Then, m 3 z(r,zo) for all zo € Iofi, ie. it
does not contain whole trajectories of system (3.6.8), but trajectory z = 0.
Hence, it is clear, that for large scale discrete system (3.6.8) condition (3)
of Theorem 3.6.1 is valid.

Moreover, one can show that for the large scale discrete system (3.6.8)
the correlation M = m takes place. Therefore, M \ m = @ and the
condition (4) of Theorem 3.6.1 is satisfied.

Thus, it has been shown that for the large scale discrete system (3.6.8)
conditions (1) —(4) of Theorem 3.6.1 are satisfied and the equilibrium state
z = 0 of the system (3.6.8) is asymptotically stable in the sense of Liapunov.

3.7 Hierarchical Analysis of Stability

3.7.1 Hierarchical decomposition and stability conditions

Consider the system
(3.7.1) z(r +1) = f(r, (7)),

where 7 € N¥, z € R*, f: N} x R® - R", function f is such that the
solution z(7; 70, Zo) of system (3.7.1) exists and is unique for all 7 € N}
when any (70,7o) € N x R™. Moreover, assume that f(7,z) =z for all
T € N} if and only if £ = 0 and the state z = 0 is a unique state of
equilibrium of system (3.7.1).

System (3.7.1) is decomposed into g interconnected systems

(3.7.2) zi(r + 1) = gi(r,z:(7)) + hi(r,z(7)), i=1,2,...,s,
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where z; € R*, z = (2,z3,... ,2D)T, R = R™ x R™ x --- x R,
gi: Nt x R — R™, h;: Nt x R™ + R™.
The equations

(3'7'3) xi(T + 1) = gi(Ta mi(T))’ = 1a2$ <oy 8

describe the dynamics of independent subsystems of system (3.7.2). Equa-
tions (3.7.3) are derived from the equations (3.7.2) when the connections
h; are equal to zero. Assume that g;(r,0) = 0 for all 7 € N;' and the
states z; = 0 are the unique equilibrium states of subsystems (3.7.3).

Further each of subsystems (3.7.3) is decomposed into m; interconnected
components

(3740 zi5(7 + 1) = pij (1, 2i5(7)) + gi5 (7, 2:(7)),

w i=1,2,...,s, j=1,2,...,my
where zij € R™i, @i = (T],%0,...,Tpp, )T, R™ = R™1 x R™2 x ... X
Rrime, pij: NF x R™5 — B3, i x R™ — R,

The equations

(3.7.5) 235 (1 + 1) = pij (1, 745(7))

describe the dynamics of independent components of subsystems (3.7.3).
Equations (3.7.5) are derived from the equations (3.7.4) when the connec-
tions g;; are equal to zero. Assume that p;;(7,0) =0 for all 7 € N} and
the states z;; = 0 are the unique equilibrium states of components (3.7.5).

To study stability of system (3.7.1) we use two-level construction of the
Liapunov function. Assume that for each component (3.7.5) there exists the
Liapunov function v (7, z;;). For subsystems (3.7.3) we construct auxiliary
functions

(3.7.6) vi(r, ;) = Z dijvij (T, Zi5),

=1

where d;; are positive constants. Similarly for the whole system (3.7.1) the
function

3.7.7 Vir,z)= zs:d,-v,-(*r, z;)
=1
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is constructed, where d; are positive constants. Under certain conditions
the function V (7, z) constructed by formulas (3.7.6) - (3.7.7) is the vector
hierarchical Liapunov function for the system (3.7.1).

The first difference AV(r,z(r))l 3.1.1) of the function V(r, z) along so-

lutions of system (3.7.1) is specified by the formula
AV(r,2(r)| g.7.0y= V(7 + 1, f(r,2(7))) = V(7,2(7)).

To formulate sufficient stability conditions we introduce some assump-
tions.

Assumption 3.7.1. There exist
(1) discrete time invariant neighborhoods N;; C R™ of the states
z;; = 0 of components (3.7.5), i =1,2,...,8, j =1,2,...my;
(2) functions xij, @ij, ¥i; € K, i=1,2,...,8, j=12,...,my;
(3) functions vi: NF x R™i — R, satisfying the inequalities:
(@) ayjpii(llzill) < vi(rymi5) < Qg i),
for all (1,zi5) € Nt x Nij,
(b) Avi;(1,2i)] 3.7.5)< —Ti5%s5 (123511,
for all (,z:ij) € N x Ny,
(c) Avy(r, zij (7'))’(3.7.4) ~ A (7, 24(7)) '(3.7.5)

< kz‘ & i (llzll), for all (r,2:5) € NF x Ny,
=1

where a;; >0, @i; > 0, m; >0, &; > 0 are real constants, ||z|| is
the Euclidean norm of vector z, 1 =1,2,...,8, j =1,2,...,m;.

Assumption 3.7.2. Assume that

(1) there exist discrete time-invariant neighborhoods N; C R™ of the
equilibrium states x; = 0 of subsystems (3.7.3), i =1,2,...,s;
(2) there exist functions ¢;: Ry = Ry, Y; € K, i=1,2,...,s;
(8) the functions v;: Nt x R™i — R, constructed by formulas (3.7.6)
satisfy the inequalities
(a) Av;(r, ""’i)l(s.m)g —m;0i(||z:l]), for all (1,2;) € NF x N,

(b) Avi(7,5(7))] 5.7y~ B0l 2s(7)] 5, € >=: &%l 1),

for all (r,z;) € N} x N,
where 7; > 0 and &; 2 0 are real constants, i =1,2,...,s.
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We determine the matrices W; = (w},) with the elements
w’:k - Tij ‘_ f;Ja if J = k»
L N N TY

and the matrix W = (wjx) with the elements
{'n'j—fjj, if j=k,
Wik = . .
—'gjk’ if J # k.
Sufficient stability test for system (3.7.1) is found in the following resuit.

Theorem 3.7.1. Assume that the perturbed motion equation (3.7.1)
admit the decomposition (3.7.2)-(3.7.5) and conditions of Assump-
tions 3.7.1 and 3.7.2 are satisfied. Then, if the matrices W1, W, ..., W,
and W are the M-matrices, the equilibrium state x = 0 of system (3.7.1)
is asymptotically stable.

If all conditions of Assumptions 3.7.1 and 3.7.2 are satisfied for N; =
R™i, N; = R™ and the functions ¢; € KR, then asymptotic stability in
the whole takes place.

Proof of this theorem is found in the paper by Kameneva [1]. The ap-
plication example is presented below,

Ezample 3.7.1. Consider the system

099 0.001 O
(3.7.8) z(r+1)=]0.002 0.5 1 | z(7),
0.2 0.2 0.56

where 7 € 7, z € R®. Decompose system (3.7.8) into two interconnected

subsystems
0.99 0.001 0
n(r+1)= (0.002 0.5 ) z(r) + (1) 7a(7),

T
Zo(r + 1) = 0.56 z2(7) + (3;) z1(7),

where z; € R?, z, € R. We arrive at two independent subsystems

0.002 0.5
(3.7.10) Z2(7 + 1) = 0.56 z2(7).

(3.7.9) o(r+1) = ( 0.99 °'°°1> 21(7),
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We decompose the subsystem (3.7.9) into two interconnected components

ZL'11(T + 1) =0.99 xll(T) + 0.001 z12(7),
z12(T + 1) = 0.5x12(7) + 0.002 211 (7)

and distinguish two independent components

z11(7 + 1) = 0.99 24, (7),
2212(7' + 1) =0.5 :1:12(7'),

where z11, 12 € R. Choose functions
v = |z], vz =22l Yu =), iz = [Tl
We obtain the numbers

™1 = 0.01, 12 = 0.5,
&, =0, &,=0001, €& =0002, &,=0

0.01 —0.001
Wi = (-0.002 0.5) ’

which is the M-matrix, because A; = 0.01 > 0 and A; = 0.004998 > 0.
We take dj; = 45 and dy3 = 1. Then

and the matrix

0.01 -0.001
—0.002 0.5

vl(a:l) =45 l.’l)ul + |z12]

aiW; = (45;1) ( ) = (0.448;0.455),

and
Avy (m1)|(3_7.9) < —0.488|xy;| — 0.455|z12].

We choose functions
va(z2) = 22|, Y1 =lzn| + |T12l, Y2 = |72
Then

71 = 0.455, my = 0.44,
&1 =0, &a2=1, &1 =02, &2=0.
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The matrix

_ (0455 -1
W= (—0.2 0.44)
is the M-matrix, because A; = 0.455 > 0, As = 0.0002 > 0. We take
d; = 128 and dy = 291. Then

0.445 -1

Ty, — .
oW = (128;291) ( 09 044

) = (0.04;0.04)

and the function
V(m) = 128(45|$11| + |z12|) + 291|:1:2|

is the hierarchical vector Liapunov function establishing asymptotic stabi-
lity of system (3.7.8).
Let us study the system (3.7.8) by means of one-level construction of
function V(z). :
Decompose system (3.7.8) into three interconnected subsystem

(T + 1) = 0.99 z;(7) + 0.001 2}2(7‘),
zo(7 +1) = 0.5 22(7) + 0.002 21 (1) + z3(7),
z3(r +1) = 0.56 z3(7) + 0.2 21 (1) + 0.2 z2(7)

and distinguish three independent subsystems

zi(T+ 1) =0.99 21 (1),
1:2(T + 1) = 0.52112(‘7'),
z3(r + 1) = 0.56 z3(7).

We choose the functions
v = Izila "/)i = lzila i= 172,3'
and get the matrix

_ 0.01 —0.001 0
W=|(-002 05 -1],

~1 -1 0.44
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which is not the A/-matrix, because
A =0.01>0, A;=0.0498 >0, Az=—0.00000088 < 0.

Using matrix W one cannot reach a conclusion on stability of system
(3.7.8); however matrices W, and W allow the conclusion that system
(3.7.8) is asymptotically stable.

3.7.2 Novel tests for connective stability

Assume that for system (3.7.1) the decomposition (3.7.2)-(3.7.5) takes
place. It is known (see Siljak [1]) that the connection functions between
the independent subsystems of system (3.7.2) can be represented

(3.7.11) hi(t,z) = hi(T,€i171,EinZ2,...,EisTs), 1=1,2,...,8,

where E = (&;;) is the fundamental matrix of connections of system (3.7.2)
with the elements
B { 1, if =; iscontainedin h;,
€;; =
Y 0, if =z; isnot containedin A;.

Let the functions of the discrete argument e;;: N — [0,1] for all 7 €
N7 satisfy the inequalities

€ij(7) < &;j.

The constants €;; determine the degree of connection between the inde-
pendent subsystems (3.7.3), and the matrix E(7) = (e;;(7)) describes the
structural perturbations of system (3.7.1).

If E(7) = 0, then the system (3.7.1) is decomposed into s independent
subsystems (3.7.3) each of which is a composition of the interconnected
components (3.7.4). The connection functions between the independent
components (3.7.5) can be written as

_ _ "
i (1, %) = i (1, 651 Ti1, LjoTias - - s L Tims ),
i=1,2,...,8 j=1,2...,m,
where

_— { 1, if x4 is contained in g;j,
jk —

0, if =z is not contained in g;j.
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Let £, : Nt —[0,1] and for all 7€ AGF
(3.7.12) () <&y, forall i=12,...,5, j=12,...,m.

The matrices L; = (ng) are fundamental matrices of connections for
subsystems (3.7.3) and describe the initial connections between the inde-
pendent components (3.7.5), and the matrices L;(r) = (@;k(r)) describe
the structural perturbations of subsystems (3.7.5).

Similarly to the continuous case the notion of the hierarchical connective
stability of discrete system (3.7.1) is as follows (cf. Ikeda and Siljak [2]).

Definition 8.7.1. Discrete system (3.7.1) is called hierarchically con-
nective stable, if
(1) for E(r) = 0 the equilibrium state z; = 0 of subsystems (3.7.3)
are asymptotically stable in the whole for any structural matrices
Li(’T), 1= 1,2,...,8;
(2) for Li(r) = L; the equilibrium state z = 0 of system (3.7.1) is
asymptotically stable in the whole for any structural matrix E(7).

In order that to formulate sufficient conditions for the hierarchical con-
nective stability of system (3.7.1) we introduce some assumptions.

Assumption 3.7.3. Assume that

(1) conditions (1)-(4)(b) of Assumption 3.7.1 are satisfied for N;
R™i and functions @;; are of Hahn class KR, i = 1,2,...,s, j
1,2,...,m;;

(2) the first differences of functions v;; satisfy the inequalities

Bvig (7,235 (7)) 3.7.0)= A3 (1 265 (1) (5.7.5) < D L (M€ (i)
k=1

for all (r,z;;) € N x R™3, where §;k > 0 are real constants,
1=1,2,...,8, j=12,...,m;.

Assumption 3.7.4. Assume that
(1) conditions (1)-(3)(a) of Assumption 3.7.2 are satisfied for N
R%,i=1,2,...,s;
(2) the first differences of functions v; satisfy the inequalities
8

Avy(7, (7)) (5.7 9~ Aui(T, (M) 5.7.9) < > e (7)€ (151l

j=1

for all (1,z;) € Nf x R™, where &; > 0 are real constants, i =
1,2,...,s.
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In this case the elements of matrices W;(7) = (w k(’r)) and W(r) =
(wi;(7)) depend on discrete time, i.e.

() = { my =61 €; i i=h,

w

! —£5,(7) €k, it £k,
oy [ miei(n) &), i =14,
wgln) = { —eij (1) &ij> if j#i

Now we designate by Wy, Ws,..., W, and W the matrices correspond-
ing to the fundamental matrices of connections L;, Ls, ..., L and E.

We shall formulate one more test for connective stability of sys-
tem (3.7.1).

Theorem 3.7.2. Assume that the perturbed motion equations (3.7.1)
admit decomposition (3.7.2) - (3.7.5) and all conditions of Assumptions 3.7.3
and 3.7.4 are satisfied. Then, if the matrices W1, Wa, ..., Ws and W are
the M-matrices, then the equilibrium state x = 0 of system (3.7.1) is
hierarchically connective stable.

Proof. By virtue of condition (1) of Assumption 3.7.3
mi mg
vi(r, @) = Y diguig (1,45) 2 Y digijpig (|-

j=1 j=1

Passing to the level of the whole system we get
8

Vir,z)= Zd vi(r,z:) 2 Y dii(llzil)
=1

for all (1,z) ENJF XN, N =N x Ny x--- x N,.
Since ¢; € KR-class for all ¢ = 1,2,...,s, one can find a function
@ € KR such that

Z%(llxtll) w(ll=ll)

for all z € N and therefore

z) 2 de(llwxll) 2 d*o(l|z]l),
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where d* = mm {d;}. This proves sign definiteness of the function V(7,2 ).

Using condltxons of Assumption 3.7.3 we get for the first difference
Awvg; (T, 2i5(7) |(3_7.4) the estimate

Avi,-(*r,:z:ij('r | 3.7.4)= Av,-j(r IEij(T l 375 +Av,~j(7,mij(r))| 37.4
( ) ( ) ( )

- Awii (T, zi5(T )I(3 7. 5)\ —miitpii (l|zisl]) + Ze fgk"/’zk(”mzk”)

k=1

- —(’”1] e]J(T)gjj)’l?sz “m’lJ” Z e k(T é.]k'lpzk(umzk“)

k=1,k#]

for all (7,z:;) € N7t x NV;;. Then for the first difference A'Ui(T,IE(T))|(3.7'3)
the inequality

Avy(T, T (T |(3 7.3) Z dij Avi; (7, z"7'(7-)”(1‘17-4)
=1

< Zdij( — (myy — £55(7)& )i (ll3511)
j=1

+ Z e;k(T)€;k¢ik(‘|$ikl|))=“a;'rWi(T)zi,

k=1, k)
is true for all (1,z;) € N} x N, where a; = (dir, diny - .+, dim;)T, 7 =
(i1, iz, - - - ,Yim: ) Y. Inequalities (3.7.11) imply that Wi(m) € W;. Then
(3.7.13) Avy(T, mi(T))|(3'7.3)< —al Wiz, i=1,2,...,s

It is known (see Siljak [1]) that if the matrix W; is the M-matrix, then
there exists a vector a; with positive components such that the vector
a;.rWi has positive components. Hence, the first differences of functions
v; (7, z;) along solutions of subsystems (3.7.3) are negative definite and con-
sequently, the state z; = 0 of subsystems (3.7.3) are asymptotically stable
in the whole for E(r) = 0 and all structural matrices Li(1), 7 € N}
Condition (1) of Definition 3.7.1 is satisfied.

Assume that the connections between the components of (3.7.5) are fixed,
ie. Li(r)=L;, i =1,2,...,s. Similarly to the above, for the first differen-
ce of function V(7,x) by virtue of the whole system, using the inequalities
(3.7.13), we get

Av('r,m('r))l(a‘.,.l)s —aTW 2z
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for all (7,z) € Nt xR"™ and any structural matrix E(r). Since by condition
of the theorem the matrix W is the M-matrix, the equilibrium state z = 0
of system (3.7.1) is asymptotically stable in the whole for L(7) = L and
matrix of connections E(7). The theorem is proved.

Ezample 8.7.2. To illustrate the application of Theorem 3.7.1 we con-
sider a numerical example

02 02 05
(3.7.14) gr+1)=[ 04 05 05]|z(r),
0.05 0.05 0.9

where 7 € V;f, z € R3. Distinguish two independent subsystems

(3.7.15) (T +1) = (82 82) a(r),

(3.7.16) z2(7 + 1) = 0.9 z5(7).

The decomposition made corresponds to the fundamental matrix of con-

nections
— 01
2=(1 o)

and the matrix of structural perturbations

E(r) = <6210(7_) 6120(7—)) ,

where €12, €21 N.;F — [0, 1]
Decompose subsystem (3.7.15) and single out two independent compo-
nents

111(7' + 1) = 02 le(’r),
1:12(‘7' + 1) =0.5 11112(7').

Such decomposition corresponds to the fundamental matrix of connections

— (01
n=(50)

and the matrix of structural perturbations

0 &y(r)
L= (g ),
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where £}, &3, : NF — [0,1]. For subsystem (3.7.15) we take the functions
12y *21 T
vij = |zl 1 =zl F=1,2

and get the matrix

_( 08 =028,
Wi(r) = (—0.4551@) 05 )

corresponding to the matrix of connections L;. The matrix

- 08 02
Wa(r) = (-0.4 0.5 )

corresponding to the fundamental matrix of connections L; is the M-
matrix. We choose d; = dz = 1. For the function

v1(z1) = |z11| + |z12)
the inequality
A’Ul (.’L'1)|(3.7'15)< -04 |:1:11| -0.3 |$12|

take place.
We take the functions

v2 = |22, Y1 = |zl +T12],  Y(iz2|) = |z

and fix the matrix L;(r) = L;. We get the matrix

_ 0.3 —0.5e12(7)
wir) = (-—0.5 e21(7) O.ell2 ’ ) !

which corresponds to the structural matrix E(7). The matrix

— (03 -05
W= (-o.os 0.1 )

corresponding to the fundamental matrix of connections E is the M-matrix.
For system (3.7.14) all conditions of Theorem 3.7.2 are satisfied, therefore
the equilibrium state = 0 of system (3.7.14) is hierarchically connected
stable.
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The equilibrium state z = 0 of system (3.7.14) is not connectedly stable
in the ussual sense. Actually, let us decompose system (3.7.14) into three

independent subsystems

(7 +1) =0.22:(7),
Zo(7 + 1) = 0.522(7),
z3(r +1) =0.9z3(7).

{011
E={10 1
110

0 612(1') 613(7')
E(t) = | en(7) 0 eas(t) |,

€31 (7') €32 (T) 0

Then

and

where e;;: Nt = [0,1], 4, =1,2,3, i # j. We take the structural matrix

0 01
E=110 1]).
110

The matrix E corresponds to the system (3.7.14).
We compose for system (3.7.14) the characteristic polynomial

02-2A 0 0.5
04 05~2A 0.5
0.05 005 09-2A

f(A) = = -2 +1.6% —0.68 ) + 0.0825.

Since f(1) = 0.0025 and f(2) = —2.8775, then by the theorem on
intermediate value there exists a number Ay € (1;2) such that f(Aq) = 0.
This means that system (3.7.14) has an eigenvalue larger than one and,

therefore, its equilibrium state is unstable.
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3.8 Controlled Systems

Mathematical models of numerical control systems assigned to computer
application are one of the application areas for the theory of discrete time
systems stability. Incidentally, a real physical process remains continuous,
and the discrete model shows the process at the quantification moments
only, synchronized with the computer timer. Quantification of the contin-
uous system can be made in several ways, in particular, for linear control
systems by the method of zero order approximation, that results in the
linear discrete control system.

Consider a discrete large scale control system given by the model in state
space

zi(T + 1) = Ajzi(7) + z”: Cirzr (1) + Biu(r),

8.1 =
(38.1) ()
y(r) =Cz(r), i€[l,s],
where z(7) = (z],...,20)% A;, Ci, Bi, C are constant matrices with

dimensions n; X ni, n; X ng, n; X ¢, p X n respectively, u(r) € R? is a
vector of outer control, y(7) € RP is an output vector. For the large scale
discrete system (3.8.1) the decomposition into subsystems and connection
functions is obvious.
We shall illustrate using large scale discrete system (3.8.1) the decom-
position into couples of subsystems and application of Theorem 3.5.1.
Introduce the block matrices

oA Gy k _ [ Ci = (B
A”_<Cji Aj)’ Cij_(cjk)’ B”_<Ba'>'

Then the large scale discrete system (3.8.1) can be written as

8
(3.8.2) Ti(r+1) = Ayzi (1) + Y. Chai(7) + Byju(r).
k=
(s, )
We shall consider the problem on large scale discrete system (3.8.1)
stability without outer control, i.e. when u(7) = 0. The decomposition

of the form of (3.4.5) can be easily made for system (3.8.2) if we set
hij(x,'r) = C,'j.’l]j, lij =y;; =0 for all (i #j)€ [1,8].
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The independent subsystems are
(3.8.3) zi(r+1) = A;jz;i(7)

and functions connecting

gi(xlx se 7w5) = Z Cikxk (T)
k=1
(k#1)
We establish conditions under which the Assumptions 3.5.1 and 3.5.2

are satisfied for the system (3.8.1). To this end we chose positive definite
quadratic forms

wi,-(x,-) = .’E;rHii.'L',; and w,-j(a:,-j) = .’E;-I_;'H,;j.'l,',;j,

3.8.5
@89 (@ #J) € [L,3],

as the components of matrix-valued function U(z). Then
Dwii(@)| 5 5.9 = o7 (AR HiiAss — Hal @ < Ay (AF HisAis — Ha) |l %,

Aw;(z; ](384) Z 2Tz AL Cigzy, + Z ZRCk.CipTp,

=) (k)

where A\pr(+) is a maximal eigenvalue of the matrix (-). The first two es-
timates in Assumption 3.5.2 are satisfied provided that «;(||z;|l) = ||zl
0% = Am(ALH; Ay — Hy;) and the vector pu! and p? components are de-
termined from the correlations

_ { A(CECi) forall k=p,
P VIICECHll  forall k#p, kp#i,

i - gl = pip - 4 = || AiCipl| for all (p #1) € [1,5].

With the same arguments the last two estimates hold true, if we set

A (AGHijAij — Hij), plj=p} =0
for all (i #j) €[1,s],

DNO|

2 _
Pi; =
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define vector &;; and v;; components

gl = ebvl; = I|ALCu + CJCill for all  (k, j, 4) € [1, 5],
vy = €l = A5 Can + CHCll k#i, k#4, i#,
and let them for all the rest combinations of indices equal to zero.

For the matrix-valued function U(z) = [ws;(})}, ¢, 7 = 1,2,...,s with
positive definite quadratic forms (3.8.5) the validity of Assumption 3.5.1 is
obvious. Thus, condition (1) of Theorem 3.5.1 is satisfied for the system
(3.8.1) and the problem on zero solution stability can be solved in terms of
conditional definiteness of matrix S computed for the system (3.8.1).

Remark 3.8.1. Let us discuss some advantages of the approach based
on the matrix-valued function application. Making use of the additional
information provided by the analysis of the couples of subsystems interac-
tion, it is possible to weaken sufficient stability conditions that, as a rule,
proved to be “too sufficient” in the method of the vector Liapunov func-
tions. The independent subsystems may possess no stability properties,
provided they form stable couples. Moreover, the perspective of the ap-
proach in a computer application, is that for the large scale discrete system
of large dimensions the problem falls into several partial problems, each
of which is often of a considerably smaller dimension, and can be solved
independently of each other up to a certain extent.

3.9 Notes

3.1. General problems of qualitative analysis of real systems modeled by
difference equations are discussed in a number of known monographs and
textbooks (see, for example, Abdullin, Anapolskii, et al. [1], Bromberg [1],
Furasov [1], Gupta and Hausdorff [1], Hahn [1], Kuo [1], Lakshmikan-
tham, Leela, et al. [1], LaSalle [1,2], Michel, Wang, et al. [1], Porter [1],
Siljak (1,2], Tzypkin [1], etc.). In addition to the above mentioned works
the readers can find the examples of real phenomena modelling by means
of difference equations in the papers by Araki, Ando, et al. [1], Basson and
Fogarty [1], Dash and Cressman [1], Hsieh [1], Rondoni [1], Sedaghat [1],
Simonovits [1], Tchuente and Tindo [1], etc.

3.2. The description of discrete time systems in this section is pre-
sented according to the results by Martynyuk and Krapivnyi [1], and Mar-
tynyuk [12] (see also Michel and Miller {1], etc.)
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3.3. Theorems 3.3.1-3.3.3 are new.

3.4-3.6. The original results of these sections incorporate the paper
by Krapivnyi and Martynyuk [2], and Martynyuk and Krapivnyi (1].

3.7. This section is based on the results by Lukyanova and Martynyuk [1]
(see also Kameneva [1]). The notion of connective stability used in this
section is due to Siljak [1] (see also Ikeda and Siljak [1]).

3.8. This section is based on the results by Martynyuk and Krapivnyi [1].
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NONLINEAR DYNAMICS OF IMPULSIVE SYSTEMS

4.1 Introduction

The investigation of systems with a finite number of degrees of freedom
and impulsive perturbations is a new direction in nonlinear dynamics.
These systems model satisfactorily many processes and phenomena in which
change of the process properties occurs suddenly at some fixed instants of
time. The model of clocks is a simple classical example of system of the
kind.

This chapter deals with the development of a new approach in nonlinear
dynamics of impulse systems which is based on the method of matrix-valued
Liapunov functions.

Section 4.2 provides general information on large scale impulsive systems.
In terms of one-level decomposition a method of analysis is developed for
the dynamical properties of stability type.

Short Section 4.3 introduced the reader to the class of the so-called
hierarchically impulsive systems. Actually, these are the impulsive systems
of high dimension which admit homogeneous decomposition in the sense of
Ikeda and Siljak [1].

Section 4.4 sets out the construction technique for hierarchical Liapunov
functions in terms of homogeneous hierarchical decomposition of impulsive
system.

In Sections 4.5—-4.7 the Liapunov functions constructed in Section 4.4
are applied and conditions of uniqueness and extendability of solutions are
established as well as the boundedness conditions and conditions of various
types of stability of solutions to an impulsive system.

183
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4.2 Large Scale Impulsive Systems in General

4.2.1 Notations and definitions
The impulsive system of differential equations of general type

L = f60), t#n@),

Az = Ii(z), t=m(z), k=1,2,...,

(4.2.1)

has the meaning of a large scale impulsive system, if it can be decomposed
into m interconnected impulsive subsystems

d J .
wpy B SHEEEECD, t4R@, G212 m,

AIL‘j :ij(:z:j)-f-l,:j(fc), t=Tk(z), k= 112""'

We assume on system (4.2.1) that
(1) z € R*, f(t,z) =0 iff z=0;
(2) 0< 1e(z) < TRp1(2), TR(Z) = +00 as k — oo;
(3) Iy: R - R"and I;; =0 iff 2 =(;
(4) functions f(t,z) and I (z) are definite and continuous in the domain

To x S(p) = [to,00) x {z: ||lzl| < p < po}, to20;

(5) functions 7x(z), k£ = 1,2,..., and number p satisfy conditions ex-
cluding beating of solutions of system (4.2.1) against the hypersur-
faces S;: t =m(z), k=1,2,..., t>0.

We assume on system (4.2.2) that

(1) z; =(0,...,0,2%,0,...,00" € R, z; € R™,
f= (fir' ) Q)T, f;(tlx) = fj(t,x) - fj(t’xj);

(2) Ij = 5 I, -0 i) Ti(2) = () = Iyjzg), no=na +
R

The state of the jth noninteracting impulsive subsystem is described by

the equations

dz;
(423) 'Etl=fj(t’x]')a t7éTk(xj);

ij = ij (.’lij), t= Tk(iL‘j).
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The problem on stability for large scale impulsive system (4.2.1) is for-
mulated as follows:

To establish conditions under which stability of equilibrium state x = 0
of system (4.2.2) is derived from the properties of stability of impulse sub-
systems (4.2.3) and properties of connection functions f}(t,) and If;().

Let zo(t) = z(¢;to,v0) (o # o) be a given solution of the system
(4.2.1). Since the times of impulsive effects on solution zo(t) may not co-
incide with those on any neighboring solution z(t) of system (4.2.1), the
smallness requirement for the difference |\z(t) — zo(¢)]| for all ¢ > to seems
not natural. Therefore the stability definitions presented in Chapter 2 for
the system of ordinary differential equations should be adapted to sys-
tem (4.2.1).

We designate by = a set of functions continuous from the left with dis-
continuities of the first kind, defined on Ry with the values in R™. Let the
set of the discontinuity point of each of these functions be no more than
countable and do not contain finite limit points in R!. Let ¢ > 0 be a fixed
number.

Definition 4.2.1. A function y(t) € E is in {-neighborhood of function
z(t) € &, if
(1) discontinuity point of function y(t) are in {-neighborhoods of dis-
continuity point of function z(t);
(2) for all t € Ry, that do not belong to ¢-neighborhoods of discon-
tinuity points of function z(t), the inequality ||z(t) — y(t)|| < ¢ is
satisfied.

The totality of (-neighborhoods, ¢ € (0, o), of all elements of the set =
forms the basis of topology, which is referred to as B-topology.

Let z(t) be a solution of system (4.2.1), and t = 7%, k € Z, be an
ordered sequence of discontinuity points of this solution.

Definition 4.2.2. Solution z(t) of system (4.3.1) satisfies

(1) o-condition, if there exists a number 9 € Ry, ¥ > 0, such that for
al k€ Z: g1 — 1 2 0

(2) B-condition, if there exists a k > 0 such that every unit segment of
the real axis R, contains no more than & points of sequence 7.

Let the solution z(t) satisfy one of the conditions (o or 3) and be definite
on [a,00), a € R. Besides, the solution z(t) is referred to as unboundedly
continuable to the right.
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Let the solution zo(t) = z(t;te,y0) of system (4.2.1) exist for all ¢ > ¢,
and be unperturbed. We assume that z4(t) reaches the surface Sy: t =
7, (z) at times g, tg+1 > &, and £y — 00 as k — o0.

Definition 4.2.3. Solution z¢(t) of system (4.2.1) is called

(1) stable, if for any tolerance ¢ > 0, A > 0, to € Ry a § =
d(to,e,A) > 0 exists such that condition ||zg — yol| < 4 implies
llz(t) — zo(t)|| < € for all t > to and |t — x| > A, where z(t) is an
arbitrary solution of system (4.3.1) existing on interval [to, 00);

(2) uniformly stable, if ¢ in condition (1) of Definition 4.2.3 does not
depend on ty;

(3) attractive, if for any tolerance ¢ > 0, A > 0, to € R4 there
exist dp = do(tg) > 0 and T = T'(tp,e,A) > 0 such that when-
ever ||zo — yoll < do, then ||z(t) — zo(t)|| < € for t > to + T
and |t — tx| > A;

(4) uniformly attractive, if é and T in condition (3) of Definition 4.2.3
do not depend on %p;

(5) asymptotically stable, if conditions (1) and (3) of Definition 4.2.3
hold;

(6) uniformly asymptotically stable, if conditions (2) and (3) of Defini-
tion 4.2.3 hold.

Remark 4.2.1. If f(¢,0) =0 and Ix(0) =0, k € Z, then system (4.2.1)
admits zero solution. Moreover, if 7¢(z) = t, k € Z, are such that 7% (z)
do not depend on z, then any solution of system (4.2.1) undergoes the
impulsive effect at one and the same time. This situation shows that the
notion of stability for system (4.2.1) is an ordinary one.

Remark 4.2.2. Actually the condition (1) of Definition 4.2.3 means that
for the solution zo(t) of system (4.2.1) to be stable in the sense of Liapunov,
it is necessary that for ||z(¢o) — zo(t0)l] < d any solution z(t) of the system
remain in the neighborhood of solution z(t) for all t € [tp, o), and point
to is not to be the discontinuity point of solutions z(t) and zo(t).

4.2.2 Auxiliary results

Further we shall need some systematized conditions on functions similar to
Liapunov functions for system (4.2.2).
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Assumption 4.2.1. There exist
(1) open connected time-invariant neighborhoods

Njz = {z;: |lzj|| < hj} € R™

of states z; =0, j =1,2,...,m, hjo = const > 0;

(2) functions @;1, ¥;1 of class K;

(3) constants aj, b, 3,1 = 1,2, ..., m, and a matrix-valued function
U(t,z) = [uj(t,-)] with elements

vj = vji(t,25); v =y =valtzg,m), J#L

(424) v;(,0) =0, v;(t,0,00=0, jl=12,...,m
in the domain Ty x S{po), where pg = minhjo, j =1,2,...,m, and
satisfying estimates ’
aji0i (1z;11) < vs5(t,z5) < b7 (e
(4.2.5) for all (t,z;) € To x Njz, j=1,2,...,m;

ajipi (llzi D@ (i) < vii(ty x5, 21) < buja(llz51Dvu ()
for all (t,z,j,m1) € To X Njz X Nig, and j#1L

Here v;; € C*!(Ty x R™,R,) correspond to subsystems (4.2.3) and
vy € CH(To x R™ x R™,R) take into account connections fi(t,z) and
I};(z) between them.

We consider the scalar function

(4.2.6) v(t,z,n) =n'U(t,z)n, n€RT, n>0,
and its total derivative

Dv(t,z,m) = n"DU(t,z)n,

(4.2.7)
DU(t,z) = Dvj(t,+), 4, 1=12,...,m,

due to system of equations (4.2.2).

Lemma 4.2.1. If all conditions of Assumption 4.2.1 are satisfied, then
for function (4.2.6) the estimate

uTHTAHu; < v(t,z,n) < ugHTBHu,

4.2.8
(4.2.8) for all (t,z) € To x N,
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is valid, where

ur = (pu(llzl), e (ll22lD), - -, <Pm1(||$m||))T,
uz = (Y (llzal), v (llz2ll)s - -, Yma(l2ml])) T
H =diag{m,n2, ..., M}, A=l[an], B=[bj],
a1 =ayy, bu=2by, 5l=12,...,m,

Nz C Nig x Nog X - X Npne is an open connected neighborhood of state
z =0, such that Ny = {z: ||z|| < po}, po = minhjo.
i

The Proof of estimate (4.2.8) is similar to that from section 2.2 for system
without impulsive effects.

Assumption 4.2.2. There exist

(1) open connected time-invariant neighborhoods Nj; C R™ of states
z; =0, j =1,2,...,m, and open connected neighborhood N, C
Nig X -+ X Nppg of state £ = 0;

(2) functions vj, j,! = 1,2,...,m, mentioned in Assumption 4.2.1
and functions ¢j, j = 1,2,...,m, @n, pp such that in domain
To x S(po) the conditions ¢;(0) = ¢m(0) = ¢a(0) =0 hold, and

m

(4.2.9) 0 < om(v(t,z,n)) < Z ?(vi5 (t,25)) < om(v(t,z,m));

(3) constants pg ), p§ ), pity 3 #1, 3,1=1,2,...,m, and the following

conditions are satisfied

(a) m3{Devj; + (Da;v55) fi(t, 25)} < P03 (vs;(t,27))
for all (¢, xj)€75x./\szo,j=12 .M

(b) E n: (Dz;v55)Tf7 (8, 2)+2 Z Z nim{Dvji+(Dz;vi0) T f (¢, z)

J=11=2
>3

+ (Da ) f (8,2)} < >: PP 2wyt 27)

+2 Z Z pitpi(vs;(t z;))pr(vu(t, 1))

_7= =2

>3
for all (t,z;,z1) € To X Njzo X Nizo, j # 1.

Here Njzo = {z;: zj € Njg, zj #0}, t # (), k=1,2,....
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Lemma 4.2.2. If all conditions of Assumption 4.2.2 are satisfied, then
for expression (4.2.7) the inequality
Dv(t,x,n)‘(4.2.2) < u'Gu

(4.2.10)
for all (t,z) € To X Ngo, t#m(z), k=12,...,

is valid, where

UT= (‘Pl (vll(t>x1))1 <p2(’l)22(t, 1'2)), RS me(vmn‘b(ta mm)))a

=loqu), 41=1L12,...,m, oj=oay,
—p§1)+p 041 = Pjls ]#l) Hi=L2,...,m
For the Proof of estimate (4.2.10) see Martynyuk and Miladzhanov (2].
Let Ay (G) be maximal eigenvalue of matrix G.

Corollary 4.2.1. If all conditions of Assumption 4.2.2 are satisfied and

1) Am(G) <0;
2) Au(G) >0,
then the following estimates hold true

Dv(t,w,n)l(4_2,2) < AM(G)ﬂam(U(tax; 7))

(4.2.11)
for all (t,z) € To X Nzo;
4212) Dv(t,m,n)l(‘l_z'z) < A (Gom(v(t, z,n))
for all (t,z) € To x Ngo,
correspondingly.

Assumption 4.2.3. There exist

(1) functions v, j,! = 1,2,...,m, mentioned in Assumption 4.2.1,
and functions ¥;, j = 1,2,...,m, Ym, ¥Yum: ¥;(0) = Ynu(0) =
1 (0) = 0, such that in domain Ty x S(po) the conditions

0< wm(U(Tk(x)’ z, 77))

(4.2.13) Z ('u” m(z5),25)) < Yvm(v(ne(z),z,m), k=1,2,...

are satisfied;
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(2) constants a(l) (2) yoi (3#1), 7,1=1,2,...,m, and the follow-
ing mequahaes are sat1sﬁed

(a) n2{vjj(7e(z5), &5 + Ij(25)) — v (1 (z;), 5)}
< {9 (vy;(ri(zs), 7)) for all z; € Njg, j=1,2,...,m

@“iﬂ%m@wﬁhmmmmmwﬁﬂmm
+ 'UJJ (Tk(""J)’ ;) — v (T (), 371)}

+2 Z E nim{vi(re(z), =5 + Ixj (), 31 + Ju(2))

]: :

—wmmwmnsszwmmﬁm)

+2 Z Z ot (vj5 (1i(24), T5)) bk (vu (e (21), 71))

J= =2

>3
for all (zj, 1) € Njg X Niz, k=1,2,....

Lemma 4.2.3. If all conditions of Assumption 4.2.3 are satisfied, the
estimate

(4.2.14) v(rk(2), @ + Ik(2),n) — v(7k(2), ,7) < uf Cu

is valid, where

uk = (Y1 (011 (4 (1), 71)), Y2 (V22 (7 (22), 32)); - - -, Ym (Vmen (T (2 ), Em ),
C:[le], Hhi=12...,m, Cjit = Cij) k=1,2,...,

¢ =af) +af?,

ci=uaj, j#l, iHl=12,...,m
Proof. Under all conditions of Assumption 4.2.3 we have

v(7e(x), = + Ix(z),m) — v(7 (), 7, M)
= n"U(7(2), & + Ik (z)) = U(7i(z), 2)]n

=D 13 {si (e (2), &5 + g (2)) = v35(me(2), 25)}
=1
+23° N mim{vi(re (@), 25 + I (@), 31 + Tu(2)) — vja(76 (@), T5, T)}

=1 =2
N N
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m

= 3 {vsi(Tr(z;), @5+ ki (25)) = vy (e(z;), 25)}
i=1

+ ) 2 {vsi(me(@), o5 + Tej(25)) — v (e (5), 75 + Inj (5))
i=1
+ 5 (Te(25), 75) — 55 (e (2), 25)}

+ QZZ"JU‘{”J’ (te(2), 25 + Iij(2), 1 + () — vj(me(z), 25, 21)}

=1 =2
1>
< Zagl)wyz(vﬂ('rk(“’:) ;) +Za 1/’; (vj5 (T (x4}, 25))
Jj=1 i=1
+2 S ot (v (e (24), 25)) Yr (ou (1 (1), 1))
=1z
=Y exj; (35 (mh(z;), 25)) Y (o (r (@), @) = ui Cug, k=1,2,....

=1

Corollary 4.2.2. If all conditions of Assumption 4.2.3 are satisfied and
(1) AM (C) < 07

then the following estimates hold true

v(t(2), = + Ik (2), M) — v(7k(2), 2, M)
(4.2.13) <A (C)Ym (v(r(z), T n)) for all z € Nyo;

v(1(2), 2 + I (2),m) — v(Te(2), T, M)
(42.16) < A (O (v(me(z),z,m)) forall z € Ny,
correspondingly.

Here Ap(C) is maximal eigenvalue of matrix C.

Assumption 4.2.4. There exist

(1) functions vy, j,! = 1,2,...,m, mentioned in Assumption 4.3.1
and functions ¥j, j =1,2,...,m, Ym, ¥u, mentioned in Assump-
tion 4.2.3;

(2) constants ﬂj(l) ﬁ(z) Bit, 3 #1, 4,1 =12,...,m, and for all k =
1,2,... the foHowmg conditions are satisfied
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(@) 12055 (e(x;), @5 + Ik (25)) < B3 (05 (me(5), 25))
for all z; € Njg, j=1,2,...,m

(b) 2"5 02 {vss (e(x), x5 + Ixj (2)) — vjj (1 (x5), =5 + Ixj(z4))}

+2 Z Z NVt (Te(2), x5 + Ixj (), 1 + Iu(z))

J= =
I>j
m

< 5 AU w5 (ru(2),23)) + 2 f’: 5 Bt (33 (74(), 25))
=1 J= =2
>j
x Py (v (vu (1 (1), 1))
for all (zj,x;1) € Njz X Nia.

—~——
AN )

Lemma 4.2.4. If all conditions of Assumption 4.2.4 are satisfied, then
the estimate

v(7k (), T + Ix(@),m) < uf Crug

4.2.17
( ) forall zeN;, k=12,...,

takes place, where

= [c;l]’ j> l= 1,2$' -y My Gl = Qg
L — (1) (2) * X . l . l_l 2
;i =0 +6;, <=8 £l §l1=12...,m

The Proof of Lemma, 4.2.4 is similar to that of Lemma 4.2.3.

Corollary 4.2.3. If all conditions of Assumption 2.4.4 are satisfied and

(1) Am(C*) <0
(2) Am(C*) >0,
then for all k =1,2,...

v(1e(z), =+ Ii(2),m) < A (C* )b (v(7r(2), 2,7m))

(4218 for all = € Nao;

(4.2.19) v(1(z), T + Ik(@),m) < A (C™)Yar(v(mi (), 2,m))
B for all z € Nyo,

correspondingly.

Here \p(C*) is the maximal eigenvalue of matrix C*.
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Assumption 4.2.5. Conditions (1) and (2) of Assumption 4.2.2 are
satisfied and in the inequalities of condition (3) of Assumption 4.2.2 the
inequality sign “<” is reversed.

Lemma 4.2.5. If all conditions of Assumption 4.2.5 are satisfied, then
for (4.2.7) the estimate
(4.2.20) Dv(t,m,n)|(4.2.2) >uTGu for all (t,z) € To x Nao

is valid, where u and G are defined as in Lemma 4.2.2.

Corollary 4.2.4. If the conditions of Assumption 4.2.5 are satisfied
and

(1) A(G) <0;

(2) An(G) >0,

then

Du(t,2,1)| (4.5.9) 2 Am(Dom (v(t, z,7))
for all (t,z) € To X Nyo;

Dv(t,x,n)|(4.2,2) 2 An(G)om(v(t, z,7))
for all (t,z) € To x Nyo,

(4.2.21)

(4.2.22)

correspondingly.
Here Ap,(G) is a minimal eigenvalue of matrix G.

Assumption 4.2.6. Condition (1) of Assumption 4.2.3 is satisfied and
in inequalities of condition (2) of Assumption 4.2.3 the inequality sign “<”
is reversed.

Lemma 4.2.6. Under conditions of Assumption 4.2.6, the estimate
v(1e(z), = + Ip(z),n) — v(rk(z),2,n) > uf Cu
(4.2.23) (e (z) k(z),m) — v(re(2), z,m) > ug Cuy
forall k=1,2,...,
takes place, where uy and C are defined as in Lemma 4.2.3.

Corollary 4.2.5. If in inequality (4.2.23) A\, (C) > 0, then for all k =
1,2,... estimate

v(e(z), = + Ix(z),n) — v(e(z), 2,m) > An(C)Ym (v(7k(z), Z))

4.2.24
( ) for all z € Ny,

takes place.
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Assumption 4.2.7. Condition (1) of Assumption 4.2.4 is satisfied and
in inequalities of condition (2) of the same assumption the inequality sign
“<” is reversed.

Lemma 4.2.7. Under conditions of Assumption 4.2.7 the estimate

v(re(z), = + Ix(z), 1) > ui C*ug

4.2.25
( ) forall z€WN;, and k=1,2,...,

takes place, where u and C* are defined as in Lemma 4.2.4.
Corollary 4.2.6. If in inequality (4.2.25) A\,,(C*) > 0, then for all
k=1,2,... the inequality
v(7k(2), T + Ik(2),m) 2 An(C*)Ym (v(Te(2), 2, M)

4.2.26
( ) for all z € Ny,

is valid.

Assumption 4.2.8. Let
I; = {(t,z;) € To x Mz vji(t, z;) > 0}

be domains of positiveness of the functions vj;(t,z;), j = 1,2,...,m, for
any t > tp having nonzero an open cross-section by plane t = const
adherent to the origin, and in this domain functions vy, j,1=1,2,...,m,

are bounded.
Lemma 4.2.8. Under conditions of Assumptions 4.2.1 and 4.2.8 and if
matrix A in estimate (4.2.8) is positive definite, i.e. Ay (H AH) > 0, then
(1) domain IT = {(t,z) € ToxS(p): v(t,z,n) > 0} of function v(t,x,n)
positiveness for any t € Ty has nonzero open cross-section by plane

t = const adherent to the origin;
(2) in domain I function v(t,z,n) is bounded.

Proof. Under conditions of Assumption 4.2.8 and A, (HTAH) > 0 the
domain of function v(t,z,n) positiveness is

= {(t,2) € To x S(p): = # 0},
that has an open cross-section by the plane ¢t = const for any ¢ € Tp.
Moreover, positiveness of function v;;(t, ) is a necessary condition for po-

m
sitiveness of function v(t,z,7n) and therefore, II C [ II;. Domains II;
Jj=1
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for any j = 1,2,...,m have, by condition of Assumption 4.2.8, nonzero
open cross-section by plane t = const adherent to the origin. This proves
assertion (1) of Lemma 4.2.8.

Boundedness of functions vy, j,1 = 1,2,...,m, implies that matrix
U(t,z) is bounded, but then function v(t,z,n) constructed according to
(4.2.6) is also bounded.

4.2.3 Sufficient stability conditions

Assumptions 4.2.1-4.2.8, Lemmas 4.2.1-4.2.8 and Corollaries 4.2.1-4.2.6
allow us to formulate various stability and asymptotic stability conditions
for zero solution of system (4.2.2).

Theorem 4.2.1. If differential perturbed motion equations of large
scale impulsive system (4.2.2) are such that in domain Ty x S(p) all con-
ditions of Assumptions 4.2.1, 4.2.2, and 4.2.3 are satisfied, and

(1) matrix A is positive definite (\,,(HYAH) > 0);

(2) matrix G is negative semi-definite (Ap(G) < 0);

(3) matrix C is negative semi-definite or equals to zero (Ap(C) < 0),
then the zero solution of large scale impulsive system (4.2.2) is stable.

If instead of condition (3) the following condition is satisfied

(4) matrix C is negative definite (Ap(C) < 0),

then zero solution of large scale impulsive system (4.2.2) is asymptotically
stable.

Proof. Under Assumption 4.2.1, Lemma 4.2.1 and condition (1) of The-
orem 4.2.1 function v(t,x,7), constructed by (4.2.6), is positive definite.
Conditions of Assumption 4.2.2, Lemma 4.2.2 and condition (2) of Theo-
rem 4.2.1 imply

(4.2.27) Du(t, z,n)| 422 S0 t#7(2), (t,7) € To x S(p).

From conditions of Assumption 4.2.3, Lemma 4.2.3 and condition (3) of
Theorem 4.2.1 it follows that on hypersurfaces Si: t = 7(z), = € S(p),
the inequalities

(4.2.28) v(r(), € + Ik(2),m) < v(mk(2),2,m), k=1,2,...,

are satisfied.
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Conditions (4.2.27) and (4.2.28) are sufficient for zero solution of large
scale impulsive system (4.2.2) to be stable.

If instead of conditions (3) of Theorem 4.2.1 condition (4) of Theo-
rem 4.2.1 is satisfied, then by Lemma 4.2.3 and Corollary 4.2.2 we find
the estimate

U(Tk (27), z+ I (33),77) - v(Tk($)>$,77)
< Am(C)pm(v(te(z),2,m), k=1,2,....
By virtue of conditions (4.2.27) and (4.2.29) the zero solution of large scale

impulsive system (4.2.2) is asymptotically stable.
The theorem is proved.

(4.2.29)

Theorem 4.2.2. Let differential perturbed motion equations of large
scale impulsive system (4.2.2) be such that in domain T x S(p) the con-
ditions of Assumptions 4.2.1, 4.2.2 and 4.2.4 are satisfied, and

(1) matrix A is positive definite (A (HTAH) > 0);

(2) matrix G is negative definite (A s(G) < 0);

(3) Am(C*) > 0;

(4) functions 14(z) and constant ¥ satisfy the inequality

i - =v9>0, where p< po;
oup (i, e @) = g (o) whers 9 <o

(5) functions ¢m(y) and p(y) and constant ag > 0 are such that
for all a € (0,a0] the estimate

Am(C*)¥m(a)
dy

T (G) em(y) ~

(4.2.30)

is valid.
Then the zero solution of large scale impulsive system (4.2.2) is stable.
If instead of inequality (4.2.30) for some v > 0 the inequality
A (C*)¥a(a)
dy
) Pm(y)

a

(4.2.31) <P—7y

is satisfied, the zero solution of large scale impulsive syétem (4.2.2) is
asymptotically stable.

Proof of Theorem 4.2.2 is similar to that of Theorem 4.2.1.
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Theorem 4.2.3. Let differential perturbed motion equations of large
scale impulsive system (4.2.2) be such that in domain Ty X S(p) the con-
ditions of Assumptions 4.2.1, 4.2.2, and 4.2.4 are satisfied, and

(1) matrix A is positive definite, i.e. A\ (HTAH) > 0;

(2) Am(G) > 0;

(3) Am(C*) >0;

(4) functions 7(z) and constant 9y > 0 are such that for all k =
1,2, ... the inequality

m — min 7g-1(z) <%, where p<
zeggf’)fk(x) +€8(h) k-1(z) < V1 P < po

is satisfied;
(5) functions ppr(y) and ¥a(y) and constant ag are such that for all
a € (0,a0] the estimate

1 dy
42.32 _— / —_— >
Am(C*)¥m(a)
is satisfied.

Then zero solution of large scale impulsive system (4.2.2) is stable.
If instead of (4.2.32) the inequality

a

(4.2.33) >+

Au(G) om(y)
Am(C*)¥pm(a)

is satisfied, for which v > 0, then the zero solution of large scale impulsive
system (4.2.2) is asymptotically stable.

Proof of this theorem is similar to that of Theorem 4.2.1.

4.2.4 Instability conditions

We establish sufficient instability conditions for the zero solution of large
scale impulsive system (4.2.2) in terms of Assumptions 4.2.5-4.2.8 and
Lemmas 4.2.6 -4.2.8.
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Theorem 4.2.4. If differential perturbed motion equations of large
scale impulsive system (4.2.2) are such that conditions of Assumptions 4.2.1,
4.2.5, 4.2.6, and 4.2.8 are satisfied and in the domain 11
(1) matrix A is positive definite (i.e. Ay (HTAH) > 0);
(2) matrix G is positive semi-definite or equals to zero (i.e. Ay (G) > 0);
(3) matrix C is positive definite (i.e. A, (C) > 0),

then zero solution of large scale impulsive system (4.2.2) is unstable.

Proof. Under conditions of Assumptions 4.2.1 and 4.2.8, and Lem-
mas 4.2.1, 4.2.8 and condition (1) of Theorem 4.2.4, the function v(t,z)
is positive definite and possesses properties (A) and (B). By conditions of
Assumption 4.2.5, Lemma 4.2.5 and condition (2) of Theorem 4.2.4

(4.2.35) Du(t, z,n)|(4 22) 20 t#7k(z) forall zell

From Assumption 4.2.6, Lemma, 4.2.6, Corollary 4.2.5 and condition (3) of
Theorem 4.2.4 it follows
v(1e(z), = + Ik (z),n) — v(7k(2), 2, M)
(4.2.36) 2 A (CYm (v(Tk (), Z, 1)),
t=mx(z), forall zell, k=1,2,....

Conditions (4.2.35) and (4.2.36) are sufficient for the zero solution of
large scale impulsive system (4.2.2) to be unstable.

Theorem 4.2.5. Let differential perturbed motion equations of large
scale impulsive system (4.2.2) be such that conditions of Assumptions 4.2.1,
4.2.5,4.2.7, and 4.2.8 are satisfied and in the domain II

(1) matrix A is positive definite (i.e. Am(HTAH) > 0);
(2) Am(G) <0;
(3) matrix C* is positive definite (i.e. A\, (C*) > 0);
(4) functions 7x(z) and constant ¥, > 0 are such that for all k =
1,2,... the inequality
mrénga(:;)'r w () — rerg&)m —1(z) <%
holds, where p < po;
(5) functions ¢, (y) and ¥, (y) and constant v > 0 for all a € (0, ag]
satisfy inequality
Am (C™)¥m(a)

1 / dy
—— —Z >0+
W@ ) e =TT
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Then the zero solution of large scale impulsive system (4.2.2) is unstable.
Proof of Theorem 4.2.5 is similar to that of Theorem 4.2.4.

Theorem 4.2.6. Let differential perturbed motion equations of large
scale impulsive system (4.2.2) be such that conditions of Assumptions 4.2.1,
4.2.5, 4.2.7, and 4.2.8 are satisfied and in domain II

(1) matrix A is positive definite (i.e. A\, (HTAH) > 0);
(2) matrix G is positive definite (i.e. A (G) > 0);

(8) matrix C* is positive definite (i.e. An(C*) > 0);
(4) functions 7i(z) and constant ¢ are such that

i - =9 >0, < po;
sup (Jéfs‘& )Tk+1(z) 2 Tk (w)) >0, p<po
(5) functions pn,(y) and ¥, {y) and constant v > 0 are such that for
all a € (0,a0] the inequality
a
1 dy

Am (G) em(y)
Am (C*)$m (a)

is satisfied.
Then the zero solution of large scale impulsive (4.2.2) is unstable.

Proof of Theorem 4.2.6 is similar to that of Theorem 4.2.4.

Ezample 4.2.1. We analyze stability of the lower position of a pendulum
subjected to impulse effect, the dynamics of which is described by the
system of equations (see Samoilenko and Perestyuk [1])

dz dy .
5 =V 5 =-snz, t # ne(z,9);
(4237) Az = —z + arccos (-——05 y2 + cos 117), t= Tk(my y)1

Ay =-y, t= Tk(‘z’y)‘
For system (4.2.37) we construct matrix function U(z,y) with elements
vir(z) =1—cosz, waaly) =0.5y%
UIZ(m,y) = U21(73,y) = 01
satisfying the estimates

vir(z) > 0.5¢|zl?, wvaa(y) > 0.50yl%,
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where ¢ > 0 is sufficiently small, i.e. € — 0.
Matrix 05
be 0
A= ( 0 0.5)

from (4.2.8) is positive definite.
If nT = (1,1), then given matrix function U(z,y), we have

P =pa=0, of =an=0, j,I=12,
and matrices G and C from conditions (4.2.10) and (4.2.14) are equal to

zero.
Thus, no matter what properties the surfaces Sg: tx = 7 (z,y) have,
conditions of Theorem 4.2.1 are satisfied and therefore, zero solution of

system (4.2.37) is stable.

Example 4.2.2. Consider the system of equations

-‘g— = (4.5 + 0.9 sin’z)y3,

(42.38) W (s, t# (o)
Az = —z + oy,
Ay =0z -y, t = 1(z,y).

For system (4.2.38) we construct matrix function U(z,y) with elements

Uu(w) = zz’ Uzz(y) = 1/2,
vi2(z,y) = va1(z,y) = 0.9zy,
for which estimates

vii(z) > |x|2, va2(y) > 'y|2:
vi2(z,y) > —0.9|z| |y|

are valid.
Matrix

1 -09
A"(—o.g 1)

is positive definite.
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If nT = (1,1), then matrices G and C from (4.2.10) and (4.2.14) are

G=(O 0 ) C=( o? -1 19—0|crz—1|).
0 -028)° mle? =1 o?-1

We note that Ay (G) = 0, i.e. matrix G is negative semi-definite, for
o = £1 matrix C is equal to zero, and for |o| < 1 we have \,,(C) <0,
i.e. matrix C is negative definite.

Thus all conditions of Theorem 4.2.1 are satisfied and zero solution of
system of equations (4.2.38) is stable for o = +1, and asymptotically stable
for |o] < 1.

4.3 Hierarchical Impulsive Systems

We consider the impulsive system described in Section 4.2.2. Namely

%?t_ = f(t,z), t# 7(z),
(4.3.1) Az = z(t +0) — z(t) = Ii(z),
z(td) =20, k€ Z.

Here = € (21,...,2,)T € R", f € C(Ry x Qp),R"), I € C(Yp), R™),
o) = {z € R*: ||zl < p}, p>0, Q(p) C R™.

We take some general assumptions on system (4.3.1).

A;. Functions 7,: ! = R4 are continuous in z.

A,. The following correlations hold

0<n(z)<mr)< - <m(z)<... for z€Q,
inf{m(z) ~ Tk—1(z): £>2, 2€ R"} >0

and kli)rgo Tk(x) = oo uniformly in z € Q.

As. The integral curve of any solution of system (4.3.1) intersect any
hypersurface Si: t = 7x(z), k € Z, not more than once.

Ag4. There exists a constant u € (0,p) such that as soon as z € Q(p),
then z + Ix(z) € Qp) forall k€ 2.

As. For any division of vector £ € R™ into subvectors z; € R™, n; +
-+ 4+ n, =n, the values 7x(zs), k € Z, satisfy conditions 4; — Ay4.

Among conditions A; — As the condition A3 is the one that can be verified

for system (4.3.1) in terms of the below result.
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Theorem 4.3.1. Suppose that
(1) f € C(Ry x ), R™), 7, € CY(R, (0,00)), T(x) < Thy1(z), k € Z,
kll)rgo 7(z) = oo uniformly in z € Q and I} € C(Q, R™);
(2) for all (t,z) € Ry xQ
7k (z) _
@) "% f(1,2) < 0;
(b) z+ I(z) € Q for z € Q and

%(x+slk(x))1k(z) <0, 0<s<1, keZ

Then any solution of system (4.3.1) intersects hypersurface Sy: t =
7, (z) not more than once.

Proof. Assume on the contrary. Let for system (4.3.1) there exist a
solution z(2, %o, o) and some surface S; such that z(t) intersects S; twice
and more. Let the first time of surface S; intersection take place at time
t = t, for some q and the next time at ¢ = ¢*. At the same time we have
ty = 1i(z(ty)) and t* = 7;(2(t*)), to < t, < t*.

Further the two situations are to be considered.

Case 1. Time t* = ty4,, and solution z(t) intersects the surfaces S
m — 1 times for ¢ € (tg,tq+m); tgt+ir---stqrm—1-

Case 2. The solution z(t) intersects the surfaces Sy infinite number of
times for ¢t € (tq,t*).

Let us discuss the Case 1. Condition (2a) implies that the function
Tr(z(t)) does not increase for t € (ty, ty41) forany k> 1 and k<9 <
k +m — 1. Hence it follows in view of condition (2b) that

k(2 + Ik (2)) < ()
for any z € @ and k = 1. Assume that z(¢) hits on the surfaces S,; at
times t =¢;, i=k+1,k+2,...,k+m—1. Then we let z; = z(tx),
(@) tx = 1i(zk) 2 7j(2k + Ii (1)) 2 Tj(Tk1) for k+1<i<k+m-1;
(b) ti = Tni(%) 2 Tni(Tik + In,(24)) 2 Tni(Zig1).
From (a) it follows that j < ng41, that leads to the contradiction

tet1 = Trgyr (Ba1) < 75(Thtr) < bk

Proceeding in the same way and taking (b) into account we get j < ng41 <
-+ < Npam—1 < J, is a contradiction.
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In Case 2 a sequence of impulsive perturbation moments tg,tg+i,...
can be defined so that ty < tg41 < tpy; < t* for 1 < i < j. Here two
possibilities occur.

Case 1'. The solution z(t) intersects the surfaces S; that differ one from
another an infinite number of times in {tx4;: j > 1}.

Case 2'. For some 1 < j; < jo and j the solution z(¢) intersects the
same surface S; at times ¢;, and t;,.
In Case 1', since klim 7k (z) = oo uniformly in the domain 2, there must
—300

exist j such that 7;(x) > t* on 2 and some 7 such that tx4; = 75(z(te+:)) >
t*. This contradicts the above made assumption.
In Case 2’ we return back to the situation considered in the Case 1.
This completes the proof of the theorem.

Assume that system (4.3.1) consists of m independent subsystems

% =g,-(t,mi), t;/—'Tk(:Ei), 1=1,2,...,m,
(432) A.’L’i = Qf(l’,), t= Tk(mi), k € Z’
z:(t) = x40,
where z; € R™, g; € C(R4+ x R™, R™), ¢;(t,0) =0 for all t € R+ and
the link functions
hi(t, @1, .. Tm): b € C(Ry X R™ x --- x R™ R™),
(4.3.3) t # T(zi),

Ji(e) = If (@) - 8f (z:), t= ma(s).
Thus, system (4.3.1) can be transformed as follows

d(L‘i
(434) ’E :gi(t’xi)+hi(t7$11-'-,zm)’ t;éTk(.’Ei),

Az; = 3F(2;) + J¥(2), t = T (z;).
Besides, we assume that subsystems (4.3.2) are disconnected and
(4.3.5) X=X10X20 & Xn,

where X and X; are state spaces of the systems (4.3.1) and (4.3.2) respec-
tively.
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Further we assume that each subsystem (4.3.2) allows the decomposition
into M; components defined by

(4.3.6) “&fzpﬁ(t’%% t# (i), §=1,2,..., M,

A.’E,’j = @fj(x,-j), t= Tk(mij), ke Z, zij(tg") = Tijo,
that after interacting form the subsystems

dz.i: .
dt” =pij(t, 2ij) + @i (t,z:), t# m(wsj), j=12,..., M

(4.3.7) Az = Ifi(zij) + JE(z:), t=m(zis), k€Z,

zi;(tg) = Tijo,

where z;; € R™4, p; € C(Ry x R™i, R™), qi; € C(Ry x R™, R™i)
and z;; = 0 is the only equilibrium state of subsystems (4.3.6). Assume
that subsystems (4.3.6) are disconnected, i.e.

(4.3.8) X,'=Xi1@X,'2@"~@X,’M.., i=1,2,...,m,

where X; and X;; are state spaces of the subsystems (4.3.2) and (4.3.6)

respectively.
Impulsive systems modeled by the equations (4.3.1) and allowing the first

level decomposition (4.3.2) - (4.4.4) and the second level one (4.3.6) - (4.3.8)
have multilevel hierarchical structure.

4.4 Analytical Construction of Liapunov Function

4.4.1 Structure of hierarchical matrix-valued Liapunov function

According to two levels of decomposition (4.3.2) - (4.3.4) and (4.3.6)—(4.3.8)
of system (4.3.1) we suppose two-level construction of submatrix of matrix-
valued function

(4.4.1) U(t,z) = [Ui;(t, )], Uij =Uj,

where U;;: Rx R = Ry, i=1,2,...,m, U;;: Ry x R x R"% — R,
i#37, j=12,...,m, for the system (4.3.1).
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Further we need the class Up of piece-wise continuous matrix-valued
functions. Let 7p(z) = 0 for all z € R™. We introduce the sets (cf. Bainov
and Kulev [1])

Gi = {(t,z) € Ry x Up): Tk—1(z) <t < ()},

G=|JGr keZ,
k=1
or={(t,z) € Ry xQ: t=7,(z)}, keZ.

Definition 4.4.1. The matriz-valued function U: Ry xQ(p) - R™m*™
belongs to the class Wy, if U(t, ) is continuous on every set {G} and for
(to, o) € ox ND C Ry x p), k € Z, there exist the limits

(t.z)l—lvr(rtlo,mo) Ult.2) = Ult @),
(t,iE)EGk
lim  U(t,z) =U(t,
(£,2) = (t0,0) (t,2) =U(t5,2)
(t,E)GGk+1

and
Uty ,z) = U(to,z0) € R™*™.

The matrix-valued function (4.4.1) has the following structure. Func-
tions Uj;(t,-) are constructed for subsystems (4.3.2), and the functions
Uij(t,-) for all (i # j) take into account the links h;(t,z1,...,2m) be-
tween subsystems (4.3.2).

The functions U;;(¢, -) have the explicit form

(4.4.2) Uiilt,") = €TBi(t, )&, i=1,2,...,m,

where ¢ € R}, & > 0, and the submatrix-functions B;(t, ) = [uﬁ,‘q) (t, "),
p,q=1,2,..., M;, have the elements
ul): Ry x R™ R, i=12,...,m,
u,(,?: Ry x R™? x R™s — R, u},iq) = ug;).
Functions u,(f,z (t,-) are constructed for subsystems (4.3.6) and ug,) for all

(p # q) take into account the influence of link functions gq;;(t, z;) between
subsystems (4.3.6).
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Similarly to Definition 4.4.1 for the elements ugq) for ¢ = 1,2,...,m
and p,q = 1,2,...,M; we consider classes wg of piece-wise continuous
functions.

In order to establish conditions for the function
(4.4.3) v(t,z,n) =nU(t,z)n, n€RP, n>0,
being of a fixed sign, we need some assumptions.

Assumption 4.4.1. There exist
(1) open connected time-invariant neighborhoods Nj, C R™», i =
1,2,...,m, p=1,2,...,M;, of states z;, =0;
2) the functions ¢ip, B;, € K(KR);
(3) the constants _q,(,’g > 0, a,(,j.? > 0, g,(g? = gf,?, 6,(,? = ’075,",), g=
1, 2, ceay Mi,'
(4) the functions uﬁ’,} € wo and u,‘,? €wg forp#q,p,g=12,...,M;,
satisfying the estimates
(a) alpd(lesll) < ui(t,zi0) < ARl (Il
for all t # 1(-), k € Z and zip € Nip;
(0) a9 ip(2ipD0iq loigll) < ud (t, zip, 714)
< & ein(llzil)pia il
for all t # 74(+), k € Z, and (%ip, Tig) € Nip X Niq.
Proposition 4.4.1. If all conditions of Assumption 4.4.1 are satisfied,
then for functions Uj;(t, z;) the estimates

(4.4.4) w;-TCP;rAﬁ@,'w,‘ < Ui,-(t, .’I:i) < W;-I“I);I‘B,',‘ini
holds for all t # ("), k € Z, and for all z; € N;, N; = Njx x Njg x -+ x
Nirg,, i=1,2,...,m.

Here the following designations are used

w = (pa(lzall), pallzall), - -, v (|zimD),
w; = (@ (leal)), Pallzall), - -, B, (i),
T = ®, = diag (&, &2, -- -, éim),

Ai =[], Bu=[], i=12,... M.

—Pq P
Proposition 4.4.1 is proved by a direct substitution by the estimates
(4)(a) and (4)(b) into the quadratic forms &FB;(t,")&, i@ = 1,2,...,m,
under all the rest of the conditions of Assumption 4.4.1.
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Assumption 4.4.2. There exist

(1) open connected time-invariant neighborhoods N; C R™, i = 1,2,
...,m, of equilibrium states z; = 0;

(2) the functions w;, w; € K(KR);

(3) the constants ﬂij, -IEij’ ,Bij = ﬂji, ﬁij = ﬂji for all (’L ;é J)
1,2,...,m such that

(4.4.5) Bijllwill llhwsll < Uiz (¢, @i, 25) < Byjliwsll |l
for all t # m(-), k € Z and ((L’i,.’l:j) € N X./\/j, (i #£3) =
1,2,...,m.

Proposition 4.4.2. If the conditions of Assumption 4.4.2 are satisfied
as well as estimates (a) and (b) of condition (4) from Assumption 4.4.1,
then for function (4.4.3) the bilateral inequality

(4.4.6) wTHTAHw < v(t,z,n) < W H'BH®

holds true for all t # (), k€ Z,and c € N = N7y x N3 x -+ X Np,.
Here

wl = (w1, ws,... ,wm), wr = (1—171,@2,. .. ,"(I)'m),

HT =H= dla‘g [711,772, v ,ﬂm],
Az[ﬂij]’ B:[ﬁij], i¢j=1,2,...,m,
Bii = Am(®TAu®:), By = A(®TBi;®;).

(4.4.7)

Proof. The direct substitution by the estimates (4.4.4) and (4.4.5) into
(4.4.3) for function v(t,z,n) yields the estimate (4.4.6).

4.4.2 Structure of the total derivative of hierarchical
matrix-valued functions

Further, in order to establish the structure of the total derivative of function
(4.4.3) along the solution of system (4.3.1) allowing two-level decomposi-
tion, we introduce some definitions and designations.

Definition 4.4.2. The matriz-valued function U: Ry xQ(p) - R™*™
belongs to the class W1, if the matrix function U € Wy and is continuously

o0
differentiable on the set {J Gx ND, D C Ry x Q(p).
k=1
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Definition 4.4.3. The matriz-valued function U: Ry xQ(p) - R™*™
belongs to the class Wa, if the matrix function U € Wy and is locally
Lipschitzian in the second argument.

Let z(t) be any solution of (4.3.1) defined for t € [to,t9 +a) C J C R4,
a = const > 0, and such that z(t) € Q;, Q1 C Q(p) for all t € J.

Theorem 4.4.2. Let the matrix-valued function U € Wy, then

(4.4.8) DtU(t,z) = 19l~i*r(r)1+ sup {[U(t + 9, = + 9f(t,2)) - U(t,=(t))] 97"}

o
for all (t,z(t)) € U GpkND.
k=1

Actual computation of DYU(t,z) is made element-wise.

Assumption 4.4.3. There exist

(1) open connected time-invariant neighborhoods Ny, Nip C R™», of
states T, =0, i=1,2,...,m,p=12,..., M;;

(2) the functions u( 9 e wo, ¢ =1,2,...,M;;

(3) the functions Bip € K (KR);

(4) the real numbers ppl) ) /tg); Hy(a? such that
M;
() X & {Dfuf} + (DF,u3) it 25)} < z YA
p:

for all t # (), k € 2 and zip € Nip;
A\ T
Z €zp {( w,puptlg) ‘Iip(t’ .’IJ)}

125 8 e {Drul) + (DF, uf))”

p=1 g=p+1 ie
x(p,,,(t Tip) + Qip (2, :L‘,))+( m.., gq)) (Piq(t, Tig) + Gig (2, 5’71))}
2 1) B2 (lzipll) + 2 z > #(')ﬂzp(llxwll)ﬂ;q(llwqul)

p=1 g¢=p+
for aH t#7(), k € 2 and all (a:,,,,:c,q) € Nip %

Proposition 4.4.3. If all conditions of Assumption 4.4.3 are satisfied
then the upper right-hand derivative of the functions Ui;(t,x) along solu-
tions of (4.3.7) satisfies the estimate

(4.4.9) DYUsi(t, ) < A (Su)llGill?
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for all t # Tx(x;), k € Z and all z; € N;.

Here A7 = (Bu(llzall), Bie(lzazll), .- -, Bina (lans ), Aar(Sis) is the
maximal eigenvalue of matrix S;; with the elements

0-(1) - p(z) +“(") p= 1,2,. . .,Mi,

(4.4.10)
of) = ol = ul), (p#q) €1, M.

Proof. In view of (4.4.7) and (4.4.8) we have for expressions D+u(’)( )
the estimates (see Grujié, et al. [1])

; dz
(4.4.11) Drul)(t,2ip) < D upg(t, ip) + (DF, uld (¢, 7)) T —22 "‘1

for all i = 1,2,...,m and (p,q) € [1,M;]. In view of (4.4.11) and the
conditions (1) - (4) from Assumption 4.4.3 we arrive at estimates (4.4.9).
Assumption 4.4.4. There exist
(1) some constants p§, > 0, pf, < p, such that z;, € Q(p?,) ensures
the inclusion z, + I (zip) € Qpip) for all k € Z;

(2) the functions upq () € wo forall i = 1,2,...,m and (p,q) € (1, M;};
(3) the functions 1/)1,, € K(KR);
(4) the real numbers a%3, b$), %) such that

() fizp {“(1 (Tk(Tip), Tip + Itp(zw)) - u;’;? (Tk(zip),xip)} < a;’g%;;(“-’"w”)

for all z;, € Nip C Qpip);

(b) z { O (14 (24), mi + IF (2:)) - u,(,‘g(rk(a:i,,), Tip + Ii’;z(xip))

M;-1 M;

+ uld (11 (i), Tip) — uld (7 (z2), wi)} +2 ) ki

p=1 g=p+1
X {uii,’(fk(wi), Tip + JE (@), zig + TE (23)) — ul®) (i (), @iy, ziq)}

M; M;-1
< Zb(')'t/),p(”ztp”) +2 Z Z b(‘)'gl;,p(“a:,p“ Wig(lzigll)
p=1

p=1 g=p+1
for all (zip,Tiq) € Nip x Niq.
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Proposition 4.4.4. If all conditions of Assumption 4.4.4 are satisfied,
then when t = 7 (z;), k € Z, i =1,2,...,m, the estimates

(4.412)  Uii(mi(zs), @i + I (1)) — Uis(ma (i), 2:) < A (Ca)llil)?

are true for functions Uj;(t, ;).
Here

¢;r = (¢il(”xi1”)a ¢i2(”z12”)a coos Yimy (”z'LM.”))’
" = [c(l)]a i=1, 2 <M, (p,Q) € [I’Mi]a

cgf) = c((I;), c(') = a(') + b;(,’g,

c;f,) =c,(,‘p) = b§,’q), t=12,...,m
Am(Cy;) is the maximal eigenvalue of matrix Cj;.

The Proof of Proposition 4.4.4 is obvious in view of the condition (4a)
and (4b) of Assumption 4.4.4.
Assumption 4.4.5. There exist

(1) the functions ugq) €wp forall i =1,2,...,m, (p,q) € [1, M;};

(2) the functions ¥, € K(KR);

(3) the real numbers d,(,’g, l},f,), and for t = 1(zip), kK € Z, Tip € Nip
the following conditions hold

(a) ?p S0 (1 (2ip), Tip + Th (@) < ARV (lzsp));

Zs,,,{u“)(rk (Bip), ip + T @) = Ul (a(2ip), Tip + T(c5))}

Mi-1 M;
+2 ) Y Gipliqul) (i (@i), Tip + T (Tip), Tig + T (@ig))
P—l g=p+1
Mi-1 M;
le"’ Szl +2 Y Y (il viqllzigll)-
p= p=1 g=p+1

Proposition 4.4.5. If all conditions of the Assumption 4.4.5 are satis-
fied, then for functions Uy;(t,-) when t = 7(2;), k€ 2 and i1 =1,2,...,m
the estimate

Usi(mi (), mi + JF (1)) < A (CF) Il
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is valid for all z; € N;, where Ap(-) is the maximal eigenvalue of the
matrix C}; with elements

el = dgjg +10), i=1,2,...,m,
C;gi) = c;l(ii) = l;gl)’ p,q= 1’2’ . 'aMi-

The Proof of Proposition 4.4.5 is similar to that of Proposition 4.4.4.

Assumption 4.4.6. There exist

(1) an open connected neighborhood N C R™ of £ =0

(2) the functions Bip, 1 = 1,2,...,m, p=1,2,...,M;, mentioned in
Assumption 4.4.3;

(3) the functions U;;(t,-) satisfying the conditions of Assumption 4.4.2;

(4) the real numbers ¥, i,k =1,2,...,m, such that

m m—1 m
Yo (DHUat3) it D) 2 S nmk{Df’Uik(t,-)

i=1 i=1 k=i+1
+ (D Ui (t, 34, 31)) T (g5t 73) + halt, ) + (D+ Uik, zi, )

x (gi(t,ox) + he(t,2)) } < me.n2+2z S Sulad I

=21 k=i+1
for all t # mv(x:), k € Z and (z;,zx) € N; X Np.

Proposition 4.4.6. If all conditions of Assumptions 4.4.3 and 4.4.6 are
satisfied, then for the function DYv(t,z,n) along solutions of (4.3.1) the
estimate

(4.4.13) D*u(t,z,n) < BTSSP

is valid for all t # 74(z;), where BT = (B1, B2, ..., Bm) and the matrix S
has the elements

Sii = n?/\M(Sn) +'l9iia
Sik =8k =V, 1#£k=12,...,m

Proof. The estimate (4.4.13) is obtained from conditions of Assump-
tion 4.4.6 in an obvious way, in view of estimate (4.4.11).
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Proposition 4.4.7. If the inequality (4.4.13) is true, then there exist
continuous functions Hy, Hy: Ry — Ry, H1(0) = H2(0) =0, Hy(r) > 0,
Hy(r) > 0 for r > 0, such that

0 < Hi(v(t,z,m) < Y Bi(laill) < Ha(v(t, z,m)).

i=1

If, moreover,

(8) Am(S) <0;

(b) Am(S) >0,
then for all t # 74(z), z € N, k € Z, the following estimates hold true

(a') D+U(t) z, 72) < ’\M(S)Hl (’U(t, T, 77))7

(b) D+U(t1 z, 77) < ’\M(S)H2(v(t’ T, 7’))’
respectively.

Here Ap(-) is the maximal eigenvalue of the matrix S.

Proof. Estimates (a) and (b) follow from the fact that
BTSB < A (S)BT8
under the conditions of Proposition 4.4.7.

Assumption 4.4.7. There exist

(1) open connected time-invariant neighborhoods N'C R™ of z; = 0,
i=1,2,...,m, and neighborhood N = Ny xNax+- - xNp, of z = 0;

(2) the functions U;n, m = 1,2,...,m, satisfying the conditions of
Assumption 4.4.2;

(3) the functions vip € K;

(4) the real numbers viy, p=1,2,...,m, and for all k € Z the follow-

ing conditions are satisfied

(4.4.14) Z?ﬁ{Uii(Tk (), z; + JF(2)) — Uii(x(z), z;)}

m—1 m
+2 Z Z niﬂp{Uip(Tk(w)’xi + Jz.k(a:),xp + Jp(x)) - Uip(Tk(z)axiyzp)}
i=1 p=i+1
m m—1 m
< vzl +2 ) D vieti(llzil)es(lle,l)
i=1 i=1 p=i+1

for all (z;,xp) € Ni X Np.
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Proposition 4.4.8. If inequalities (4.4.12) and (4.4.14) are satisfied,
then the estimate
(4.4.15) (1 (@),  + J*(2), 1) — v(7e(2), =) < PTCY
holds true for all t = 7(z), k € Z, x € N, where

YT = Wu(re(@), lzall), - -, Ym (e (2), lom )

and the matrix C has the elements

cis = N7 Am (Cig) + vii,

Cip = Cpi = Vip, L1 #DpE[l,m].

Proposition 4.4.9. If the inequality (4.4.15) is satisfied, then there
exist continuous functions @1 and Q2: Q1(0) = @Q2(0) =0 and @Q:1(s) > 0,
Q2(s) > 0 for s >0 such that

0 < Qu(w(re(®),2,m) < D ¥F(ri, llzill) < Qa(v(m(2), z,m))-

i=1
If, moreover,
(a) Am(C) <0,
(b) Am(C) >0,
then for all k € Z, the following estimates hold
(a) U(Tk(x)? z+ Jk(x)ﬂ’) - 'U(Tk (37),5'3,77) < ’\M(C)Ql (U(Tk (Z),:I:, 77))»
(b) v(rk(2), = + J*(2),n) — v(7e(2),z,m) < AM(C)Q2(v(7(2), ,m)),
respectively.
Here A\ (C) is the maximal eigenvalue of the matrix C.

Proof. Consider the quadratic form TC%. It is known that

Y0 < M (O™ = A (C) 3wk (me(2), lal)-

i=1

Hence

U(Tk(m)ax + Jk(z))"?) - v(Tk(x)axan)

< { A (C)Q1(v(te(z), z,m) if Am(C) <0;
- /\M(C)Q2(U(tk(m)7‘ta 77)) if /\m(C) > 0.

This proves Proposition 4.4.9.
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Assumption 4.4.8. There exist

(1) open connected time-invariant neighborhoods N; C R™ of z; = 0,
1=1,2,...,m;

(2) the functions Uy, 4,p = [1,m], mentioned in Assumption 4.4.2;

(3) the functions vip(t(x), ||2il]), 4, p = [1,m], k € Z, continuous in
the second argument, v;,(7(z),0) = 0 and ¥p(1(z),7) > 0 for
r>0;

(4) the real numbers u;, and for all k € Z estimates

m

Y n{Ui(nu(@), @i + Jf (=)}
i=1
m—-1 m
#2303 nnUn(m@), 2 + JE@), 25 + Jp(x))
i=1 p=i+1
< Z#zz¢2(7k(z) llz:ll) + 2 Z Z Hip¥i(7ie(2), llzi|]) ¥ (7 (2), llzp11)

i=1 p=i+l
are satisfied for all (zi,zp) € N; X Np.

Proposition 4.4.10. If all conditions of Assumption 4.4.8 are satisfied,
then estimate

(4.4.16) (i (2), & + J*(2),m) < YTC*Y

is true, where ¥T = (1 (1 (2), ||zl]), ..., Ym(7k(z), |Zm|])) and the matrix
C* has the elements

* /\M( )+,U;,
c;p = cpi = pip, @ #PE []-)m]'

Proposition 4.4.11. If estimate (4.4.16) is satisfied, then there exist
functions Q1, Q2: Ry — Ry, Q1(0) = Q2(0) =0, Qi1(r) >0, Q2(r) >0
for r > 0 such that

(a) U(Tk(x)a z+ Jk(m)an) - U(Tk(x)a z, 7’) < AM(Cm) Ql(v(Tk (2:), z, 7))),

(b) U(Tk(m)’ z+ Jk(x)’ 77) - U(Tk(a:)’x, 77) < )‘M(C*) Q2(U(Tk(x)’ z, "))),

for
(a) Am(C*) <0,
(b) Am(C*) >0,
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respectively.

It is easy to see that estimates (4.4.13) together with inequalities (4.4.16)
allow us to establish some conditions for function v(¢, z,n) decreasing along
the solutions of (4.3.1) and by the same token to apply this function in the
behavior investigation of the solutions to system (4.3.1).

4.5 Uniqueness and Continuability of Solutions

The matrix-valued function constructed in Section 4.4 allows constructive
uniqueness and continuability conditions to be established for solutions of
system (4.3.1). We recall the following.

Definition 4.5.1. Function z: (tp, to +a) = R®, t, >0, a > 0, is
called a solution of (4.3.1), if

(1) z(t§) = o and (t,z(t)) € D for all t € [to, to + a);

(2) z(t) is continuously differentiable function, satisfies the condition
dz/dt = f(t,z(t)) for all ¢ € [to, to + a) and t # 1(z(t), k € Z;

(3) if t € [to, to + a) and t = 1 (z(t), then z(t*) = z(t) + I (z(t)) for
all k€ Z and at s # 1 (x(s)) forall k€ Z, t <8< 4, § >0, the
solution z(t) is left continuous.

We note that, instead of ordinary initial condition z(to) = z¢ for system
(4.3.1) the limiting condition z(tJ) = zo is given. This is more natural for
system (4.3.1), since (tg, o) can be such that tp = 7x(zo) for some k. If
to # Te(zo) for any k € Z we interpret the condition z(t) = zo in the
usual sense, i.e. z(tp) = zq.

Theorem 4.5.1. Assume that

(1) conditions (A) are satisfied;

(2) vector function f(t,z) is definite and continuous on [0,T] x (p)
and f(t,0) =0 for all t € [0,TY);

(3) conditions of Asumptions 4.4.1 and 4.4.2 are satisfied and in esti-
mate (4.4.6) the matrix A is positive definite;

(4) Assumptions 4.4.3 and 4.4.6 hold true and in estimate (4.4.13) the
matrix S is negative semi-definite;

(5) conditions of Assumptions 4.4.4, 4.4.5 and 4.4.7 are satisfied and in
estimate (4.4.15) the matrix C is negative semi-definite.
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Then the solution z(t,0,0) of system (4.3.1) is unique for all t € [0,T].

Proof. Under conditions (A) it is reasonable to apply the algorithm of
the matrix-valued function U(t,z) construction discussed in Section 4.4.
Under condition (3) the function v(t, z,7) satisfies the conditions

v(t,0,7) =0 and wv(¢z,m) >0

(4.5.1)
for z#0 and te[0,T].

By condition (4) of Theorem 4.5.1 function D*u(t,z,n) satisfies the esti-
mate

o0
(4.5.2) D*v(t,z,n) <0 forall (t,z)€ |JGenD.
k=1

If condition (5) is satisfied, it can be easily seen that
(4.5.3) v(t+0, z+ Ii(z), n) <v(t,z,n) foral (t,z)€ornD.

Further we suppose that z(¢;0,0) # 0 for all ¢ € [0,7]. In addition,
there exist the values t;, t; on interval [0,T] such that z(¢:;0,0) =0 and
z(¢;0,0) # 0 for all t € (¢1,t2). Then we find from (4.5.2) and (4.5.3)

(4.5.4) v(t2, z(t2;0,0), n) < v(t1, 2(¢:;0,0), ) = 0.

This inequality contradicts condition (4.5.1) and proves Theorem 4.5.1.

Theorem 4.5.2. Assume that

(1) vector function f(t,z) in system (4.3.1) is continuous and bounded
on [0,T) x R™;

(2) vector function I*¥(z), k € Z, is definite for all = € R™;

(3) for all z € R™ the correlations

7k(z) =tk, e €(0,00), k€Z, lm =00, try1 >t

are satisfied.
Then any solution z(t; to, zo) of system (4.3.1) is continuableup to t = T.
Proof. In view of Theorem 3.4 by Yoshizawa [1] and the fact that there

is only a finite number of points tx, k = 1,2,...,p, on the finite interval
[0, T, the assertion of the theorem is obvious.
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Proposition 4.5.1. Let

(1) conditions A, and As be satisfied;

(2) the sequence {7x(z)} € S(Q) for all k € Z;

(3) system (4.3.1) have the solution z(t;to,zo) defined on J(to,zo) €
R, such that for t € [to,a) C J(to,zo) the inequality ||z(t;to, zo)||
< B (0 < B < H) is satisfied.

Then the solution z(t;to, o) for t € [to,a) intersects the hypersurfaces

ok, k € 2, a finite number of times.

Proof. Assume that the solution z(¢; o, zo) for t € [to,a) intersects the
hypersurfaces o, , 0y,,... at points & < & < .... Moreover, & € [to,a),
i.e. || < a, k € Z. Conditions (1) and (2) of Proposition 4.5.1 imply that
for any € > a there exists a N > 0 such that for n > N the inequality
To(z) > € holds for all z € Q. Therefore, for n > N: &, = 73, (z(€n)) >
€ > a. The contradiction obtained proves Proposition 4.5.1.

Theorem 4.5.3. Assume that

(1) conditions A, — A4 are satisfied;

(2) vector function f(t,xz) is continuous and bounded on the
set [0,T] x Q;

(3) the sequence {rx(z)} € S(Q) for all k € Z;

(4) any solution x(t; to, o) of system (4.3.1) is strictly bounded by con-
stant 8 (B < p) for any t € J(to, o), where J(ty, o) is a maximal
existence interval for the solution z(t;to,zo) of system (4.3.1);

(5) vector function Ii(x), k € Z, is definite on  and for any z € ),
z + Ix(z) € Q.

Then any solution of system (4.3.1) is continuable up to t = T.

Proof. Let the solution z(t;to, o) be definite and exist on J(ty,zo) =
[to,a), a < T. By Proposition 4.5.1 the solution z(¢;tg,zo) intersects hy-

persurfaces oy, ,0%,,...,0k, at points & <& <--- <& <a.
We consider the system of equations
dz
E =f (t’ .”l:)

with the initial condition

z(&) = z(&pi to, o) + Ir, (2(€p; to, o).

Conditions (4) and (5) of Theorem 4.5.3 imply that any solution z*(t) of
the initial problem satisfies the condition ||z*(t)|| < B for any t > ¢, for
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which z*(t) exists. Besides, there exists a solution Z(t) = z(¢;t9, 7o) for
t € (§p,a). According to Yoshizawa [1, Theorem 3.3] the function Z(¢) is
definite for t € [tp,a). Then tlim z(t;to, o) = t_l)imoa‘:(t) = Z(a). This
—a— a—
contradicts the choice of number ¢ and proves the theorem.
Theorem 4.5.4. Assume that

(1) conditions (1) -(4) of Theorem 4.5.2 are satisfied for } = R";
(2) functions I(z), k € Z, are definite for all z € R™.

Then any solution of system (4.3.1) is continuable up to t =T.
The Proof is similar to that of Theorem 4.5.2.

Corollary 4.5.1. Let the conditions of Theorem 4.5.4 be satisfied for
Q= R"™ and [0,T] x @ = Ry x R™. Then any solution of system (4.3.1)
with the initial conditions (to,zo) € int (R4 x R™) is definite for all t > to.

Proposition 4.5.2. Let sequence {7x(z)} € S(R™) and function
v(t,z,m) € (Wa([0,T] x R" x B}, R).
Then for any a > 0 and tg € [0,T] there exists a number K(tg,a) >0

o0
such that for ||z]| < a@ and (to,z) € |J Gk the inequality
k=1

(4.5.5) v(to, z,1) < K(to, @)

is satisfied.
Proof. Assume that conditions of Proposition 4.5.2 are satisfied, and

o0
there exist a > 0 and point (to,z,) € U Gk, ||za]| < @, such that
k=1

(4.5.6) v(to, Tn,n) > n.

Since the sequence {z,} is bounded, there exists a convergent subsequence
Zn,. We designate
B = lim z,,
Nj—>00

and, moreover, ||8]| < a. Further let us consider two cases.

Case 1. Let (to,8) € Gy, for all k € Z. For any n there existsa N >0
such that for n > N the inclusion (to,2zn,) € G is satisfied. Since the
function v(t,z,n) is continuous on sets G, then v(to,Zn,,n) — v(to, 5,n)
as ny — 00, that contradicts inequality (4.5.6).
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Case 2. Let (to,B) € o0j, ie. to = 7;(B), 7 € Z. The continuity of
7j(z) implies that 7;(8) = nliin 7j(%n, ). Besides, there exist a number
k00

N > 0 and points t,,: nliLn tn, = to, such that for ngy > N the inclusion
k o0

(tny,Zn,) € Gj, j € Z, holds.
Then
v(to,ﬂ,n) = 'U(t() - Oaﬁan) = nligloov(tnk’wnk’n).

The contradiction obtained shows that the assumption made is not correct.
This proves Proposition 4.5.2.

Theorem 4.5.5. Assume that

(1) conditions (A) are satisfied;
(2) vector function f(t,z) is definite and continuous on [0,T] x R";
(3) functions I*¥(z), k € Z, are definite for € R™ and such that for
|lz|| > p inequality ||z + I*(z)|| > p, p = const, holds;
(4) conditions of Assumptions 4.4.1 and 4.4.2 are satisfied for N; = R™,
i=1,2,...,N, and functions ¢;, € KR;
(5) conditions of Assumptions 4.4.3 and 4.4.6 are satisfied for N; = R™
and N = R™ and for functions B, € KR;
(6) conditions of Assumptions 4.4.4, 4.4.5 and 4.4.7 are satisfied for
N; =R™ and N = R%;
(7) in the estimates (4.4.6), (4.4.13) and (4.4.15)
(a) the matrix A is positive definite;
(b) the matrix S is negative semi-definite;
(c) the matrix C is negative semi-definite.
Then any solution z(t; to, o) of (4.3.1) for which (to,xo) € [0,T]xQ¢(p)
is continuable up to t =T

Proof. Let a > p be an arbitrary constant and z(t;tg,zo) be a solution

of (4.3.1) for which (to,zo) € U GrNDy, D1 =[0,T) x {z: ||lz|| > p}, and
moreover ||zo| < a.
By Proposition 4.5.2 there exists a constant K (%o, ) such that

(4.5.7) v(to, z,1) < K(to, )

[o o]
for (to,z) € |J GxND; and ||z|| < a.
k=1

Under conditions (4) and (6a) of Theorem 4.5.5 the function v(t,z,7)
is positive definite, and such that ¢;, € KR then there exists a function
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a(r) = 0o as r — 00, being of class KR such that in estimate (4.4.6)
(4.5.8) a(llzll) < wTH™Hw for ||z|| >p
and therefore, '
a(llell) < v(t,z,m) for |lzll > p, t€[0,T)
For function a(r) there exists a number v > 0 such that
(4.5.9) a(y) > K(to, a).

If ||z(t;to,z0)|| < v for ¢t € J(to,z0), where J(to,To) is a maximal inter-
val, where the solution z(t;to,z¢) is definite, then it can be easily shown
that J(to,z0) = [to,T]. Assume that there exists a value ¢* such that
llz(t*; to, zo0)|| > v and introduce designation

& =inf{t* € J(to,zo): ||z(t*;t0, z0)|l > 7}

The solution z(t;t9, o) intersects the hypersurfaces Oky3Okyy+ -0k, at
points t; < t3 < --- < t, respectively.
Further two cases of solution behavior are considered.

[eo]
Case 1. Let (& z(€;to,%0)) € |J Gk. The fact that the solution
k=1

z(t; to, zo) is continuous at point ¢ =_§ implies that there exists a point
¢ € [to,€) such that p < ||lz(¢ito,%o)ll < @, [l2(€;t0,20)]l > v and

p < |lz(¢to, o)l| <y for all ¢ € (¢,§).
Under conditions (5) and (7b) of Theorem 4.5.5 estimate

oo
(4.5.10) Dtu(t,z,n) <0 for (t,z)€ U Gy,ND,

k=1
is valid, and under conditions (6) and (7c) of Theorem 4.5.5 we have
(4.5.11) v(t -0, z+ Ix(z), n) <v(t,z,n) for (t,z) € o ND;.
In view of (4.5.7), (4.5.10) and (4.5.11) we get
(4512) U(fa iL‘(f, tOy‘”O)? "7) S U(C7 $(C, to,.’l}o), 77) S K(tha),

that contradicts the inequality (4.5.9).
Case 2. Let (&, z(§;t0,%0)) € 0%,,,. For the time £ defined above two
possibilities occur:

(a) l|z(&;t0,zo)|| =y and ||z(t;t0,zo0)|| <y for t < E.
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In this case inequality (4.5.12) is satisfied, that contradicts inequali-
ty (4.5.9).

(b) p < llw(€;to, zo)ll < v and ||z(t;to, z0)l| > v for ¢ € (€, & + ),
where € > 0 is sufficiently small.

Moreover, the inequality
llz(€ + 0; to, zo)l| > v
together with conditions (4.5.11) and (4.5.12) yield the inequalities

v(€ +0, z(€ + 0; to, zo), ) < v(§, 2(§;to, To), n) < v(to, To,n) < K(to, ).

However, this contradicts inequality (4.5.9).
Summing up the analysis one can see that ||z(t;tp,z0)|] < 7 for all
t € J(to,xo). This proves Theorem 4.5.5.

Corollary 4.5.2. Let conditions (1) -(6) of Theorem 4.5.5 be satisfied
for t € Ry, z € R and [0,T] x {|lzl} > o} = Ry x {|lz|| > p}. Then
any solution z(t;to,zo) of (4.3.1), for which (t9,zo) € R+ X {||z}| > p}, is
definite for t > ty.

We return ourselves to the case when 7(z) = t, k € Z. The following
result holds true.

Theorem 4.5.6. Assume that

(1) vector function f(t,x) is continuous on [0,T) x R";

(2) vector functions I(z), k € Z, are continuous for all x € R™;

(3) points ty € Ry, k€ Z and 0 < t; < t5 < ..., limt; = oo,

tr = mi(z), k€ Z;

(4) every solution of (4.3.1) is continuable up to t = T'.

Then, for any a > 0 there exists a B(a) > 0 such that if ||zo]| < a,
then ||z(t;to,xo)|| < B for all t € [to,T).

Proof. Condition (3) implies that t; € (0,T), ¢ =1,2,...,p. According
to Yoshizawa [1, Theorem 3.6} a number B(a) > 0 exists, such that for
t € (to,t1) one gets ||lz(t;to,x0)]| < B. Therefore, |lz(t;to,z0)| < B.
Condition (2) implies that there exists a constant K;(8) > 0 such that, if
llzll < B, then |[Ii(2)|| < K1(B). Then [lz(t; +0)I| < B+ K1(8). Applying
Theorem 3.6 by Yoshizawa [1] once again we conclude that a 8(8+ K1(8))
exists such that ||z(¢;ty,21)|| < B for all t € (t1,t;). Preceding as above
with the same arguments for every next interval (t;,t;41], 1 =1,2,..., p—1,
and (tp,T] in turn, we prove the theorem.
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4.6 On Boundedness of the Solutions

As it has been noted earlier the construction of Liapunov functions in a fi-
nite form in terms of dynamical properties of subsystems makes possible the
progress in qualitative analysis of an impulsive system (4.3.1). We present
some results dealing with the boundedness conditions of the solutions.

Definition 4.6.1. The solution z(t;ty,zo) of system (4.3.1) is
(a) bounded, if for any a > 0 and any to € R4, there exists a constant
B(tg, &) > 0 such that (to,z0) € U G, ||zoll < a or (to, Zo) € o,

llzo + Ix{zo)|| < @, k € Z, then ||:c(t to, Zo)|| < B holds for ¢ > to;
(b) uniformly bounded, if for any a > 0 and any ty € R, there exists

[o o]
a constant B(a) > 0 such that (f9,z0) € |J Gk and ||zo|| < @ or
k=1

(tQ,ZL‘o) € ot and II.’E0+Ik(Illo)|| <a, k€ Z,then ”.’D(t; to,.’Eo)“ <pB
holds for t > tp;

(c) ultimately bounded for bound B, if there exists a T > 0, such that
for every solution z(t;tg,zo) of (4.3.1) ||z(¢;t0,z0))} < B for all
t > to + T, where T may depend on each solution;

(d) equi-ultimately bounded for bound B, if for any a > 0 and any to €

Ry, a number T(to,a) > 0 exists, such that if (tp,zo) € U Gk

and ||zo]] < @ or (to,zo) € ox and ||zg + Ix(z0)| < a, k € Z,
then ||z(t;to,z0)|] < B holds for t > tg + T}

(e) uniformly ultimately bounded, if a number B > 0 exists, such that
for any a >0 and to € Ry, a number T{(a) > 0 exists, such that

if (to,20) € U Gi and ||zo]l < a or (to,z0) € or and ||zo +
I (z0)|| € @, then l|lz(t; to, %0)l] < B holds for t > ¢y + T.

Definition 4.6.2. We will say that system (4.3.1) is T'-periodic, if num-
bers T > 0 and p > 0 (pis an integer) exist, such that f(t+T,z) = f(t,z)
for (t,z) € Ry xR™ and Iyqp(x) = Ii(2), Thtp(z) = 7k(z)+T, for z € R.

Further we consider system (4.3.1) assuming that the impulsive pertur-
bation takes place at fixed times, i.e. 7, =t§, k= 1,2,....

With regard to the results by Yoshizawa [1] for systems of ordinary diffe-
rential equations we formulate the following assertions.
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Theorem 4.6.1. Assume that

(1) for all z € R*, 71p(x) = tx, k € Z and 0 < t; < &, < ...,
lim ¢ = oo;
k—y00

(2) system (4.3.1) is T-periodic;

(3) the solutions of system (4.3.1) are bounded.

Then the solutions of (4.3.1) are uniformly bounded.

" Proof. Let o > 0 and ty € [0,T] be arbitrary numbers. Let also o €
R™ and ||zo|] < a be some fixed value of zp. In view that any solution
x(t;to, zo) of (4.3.1) is continuable up to ¢t = T, then by Theorem 4.5.6
there exists a number B(a) > 0 such that ||z(¢;t0,20)|| < B for all ¢t €
[to, T]. According to condition (3) of Theorem 4.6.1 there exists a number
v(a) > 0 such that, if ||zo]| < B, then ||z(t;to,z0)|| < v for all ¢t > T.
However, if 0 < to < T and ||zoll < @, ||zo + Ix(z0)|| < @, k € Z, then
llz(¢;t0,z0)|] <y for all t > to. Since by condition (2) the system (4.3.1)
is T-periodic, for any to € Ry and ||zo]| < @ we get ||z(¢; to, zo)|] < 7y for
all ¢ > tp. Theorem 4.6.1 is proved. '

Theorem 4.6.2. Assume that

(1) condition (1) of Theorem 4.6.1 holds;

(2) vector function f(t,xz) satisfies Lipschitz condition with respect to
the second argument;

(3) solutions of system (4.3.1) are uniformly bounded and ultimately
bounded.

Then the solutions of system (4.3.1) are equi-ultimately bounded.

The Proof of this theorem is similar to that of Theorem 8.6 by Yoshiza-
wa [1].

Further we incorporate Liapunov function (4.4.3) constructed for system
(4.3.1) to investigate the boundedness.

Assumption 4.6.1. Let

(a) conditions of Assumptions 4.4.1 and 4.4.2 be satisfied with functions
®i, pip € KR when N; = R™ and N = R™»;

(b) conditions of Assumption 4.4.3 be satisfied with functions f3;, € KR
when N, = R™»;

(c) conditions of Assumption 4.4.4 be satisfied with functions ¥;, €
KR when Njp = R™» and Q= R"™.
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Theorem 4.6.3. Assume that

(1) conditions Ay —As are satisfied;
(2) sequence {mx(z)} € S(R"), k€ Z;
(3) vector function f(t,x) is definite and continuous on Ry X R";
(4) vector functions Iy(z), k € Z, are definite on R";
(5) all conditions of Assumption 4.6.1 hold and
(a) in estimate (4.4.6) matrix A is positive definite;
(b) in estimate (4.4.13) matrix S is negative semi-definite;
(c) in estimate (4.4.15) matrix C is negative semi-definite.

Then the solutions of system (4.3.1) are bounded.

Proof. Under conditions (1)—(4) of Theorem 4.6.3 it is reasonable to
construct function (4.4.3) for which estimates (4.4.6), (4.4.13) and (4.4.15)
are valid on R™. Condition (5a) implies that the function v(¢,z,7) is posi-
tive definite and, therefore, there exists a function a € KR such that

(4.6.1) a(l|z|]) < v(t,z,n) for (t,z) € Ry x R™

Condition (5b) yields

(4.6.2) D*u(t,z,m) <0 for (t,z) € |JGen(Ry x R")
k=1

and under condition (5c) we have

v(t +0,z + I*(z),n) < v(t,z,7n)

4.6.3
( ) for (t,z) € ox N (R+ X R™).

Consider the solution z(¢;to,zo) of system (4.3.1) for which (¢,z) €
U Gk, llzoll < a.
k=1

According to Proposition 4.5.2 for the function (4.6.1) a constant
K (t5, ) exists such that v(tezo,n) < K(tg,a). We take 8 > 0 so that

(4.6.4) a(B) > K(to, ).

It is clear that 8 = B(tg, @).
Assume that conditions of Theorem 4.6.3 hold true and a value t* €
J(to, ) exists for which ||z(t*;t0,zo)|| > 8. We use designation

¢ =inf{t € Ry.: [lz(t;t0, Z0)|| > B}
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By Proposition 4.5.1 the solution z(t; ty, o) for all t € [to,£) intersects the
hypersurfaces ox1,...,01p at times &) <3 <--- <tp.
Consider two possible cases of the solution behavior.

oo
Case 1. Let (&,z(&t0,70)) € U Gi- The continuity of the solution
k=1

z(t; to, To) at point £ provides that ||;(§; to, Zo)|| = B and ||z(¢; 2o, zo)|| < B
for all t € (to,£). Inequalities (4.6.1) and (4.6.2) imply

(465) a’(ﬁ) S ’U(f,(l:(f; t0’$0)an) S ”(to,l‘o,n) S K(tO’a)'

This contradicts the choice of value of 3 satisfying inequality (4.6.4).

Case 2. Let (§,z(&;t0,20)) € ok, k € Z. Then for ||z(&;to,z0)|| = B
inequality (4.6.5) holds, and for ||z(&; to, Zo)|| < B and ||z(£+0; to, zo)|| >
B we have

a(B) < v(€+0, z(§ + 0; to, o), M) < v(&, z(&;to, 7o), M)
< 'U(to,ito,’?) < K(t())a)'

This leads to the contradiction with the choice of value of 8.
Therefore, ||z(t;t0,z0)|| < B for t € J(to,z). Since J(to,z) = [to,00),
Theorem 4.6.3 is proved.

Theorem 4.6.4. Assume that

(1) conditions A; —As are satisfied;

(2) sequence {rx(z)} € S(R"), k€ Z;

(3) vector function f(t,z) is definite and continuous on Ry x R™;

(4) vector functions I(z), k € Z, are definite on R™ and for ||z|| <

i < oo inequalities ||z + It (z)|| < u, k € Z, are satisfied;

(5) all conditions of Assumption 4.6.1 are satisfied and
(a) in estimate (4.4.6) matrices A and B are positive definite;
(b) in estimate (4.4.13) matrix S is negative semi-definite;
(c) in estimate (4.4.15) matrix C is negative semi-definite.

Then the solutions of system (4.3.1) are uniformly bounded.

Proof. Let x(t;to,xo) be a solution of system (4.3.1), definite for all
t € J(tg,z) for which p < ||zo]| € @, to € R4y, a > p is an arbitrary con-
stant. Under conditions A; — A for system (4.3.1) the Liapunov function
(4.4.3) can be constructed. If condition (5a) is satisfied, then for function
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v(t,z,n) € Wa(Ry x R™ x R, R,.) there exist functions a, b € KR such
that

(4.6.6) a(|lzll) < v(t,z,n) <b(|lz]l) forall (¢,x) € Ry x Dy,

where D; = {z € R": ||z|| > u}. We take the number B(a) > 0 so that
b(a) < a(B), and assume that there exists a number v € J(tg,zp) such
that [lz(v;0, o)l > B-
We designate
& =inf{t € J(to,Z0): ||z(t;t0, zo)|| > B}

Condition (3) of Theorem 4.6.4 implies the existence of point o < §, o €
J(to, o), such that p < [[z(o;to,zo)l| < @ and ||z(o;to,Zo)|| > p for
all t € [o,€]

According to Proposition 4.5.1 the solution z(¢; o, zo) of system (4.3.1)
for all ¢t € [to,§) intersects the hypersurfaces o,,0%,,...,0k, at points
0<t <tz <-<tp<E respectively. As in the proof of Theorem 4.6.3
we deal with two cases.

oQ
Case 1. Let (&,z(€;to,20)) € |J Gk. Since the solution z(t; o, o) is
k=1

continuous at point &, then ||z(¢; t;, zo)|| = B and ||z(¢; to,20)|| < B for
all t € (to,£). We have under condition (5b)

(4.6.7) D*u(t,z,n) <0 for (t,z)€ |JGenDr.
k=1
In view of (4.6.6) and (4.6.7) we have for ¢t = ¢
(46.8) a(B) = allla(& to, o)) S v(&,2(E: to, z0), ) < vlto,70,7) < b(e).

Inequality (4.6.8) contradicts the choice of 8 made earlier.

Case 2. Let (£,z(&;to,%0)) € 0k,. Under conditions (4) and (5c) of
Theorem 4.6.4 we obtain from estimate (4.4.15) the inequality

(46.9) v(t+0,z+ Ik(z), n) <v(t,z,n) foral (¢ z)€ornDi.

For ||z(&;t0,%0)|| = B inequality (4.6.8) holds, while ||z(¢; %0, To)|| < 8 and
l|lz(€ + 0; to, zo)ll > B,
a(ﬂ) < U(t + 0, $(€ + 0; tO’xO)’ 77) S ’U(E, x(Ea to, wO)’ 77)

(4.6.10) < v(to, Zo, 1) < b(a).

Similar to Case 1 the inequality (4.6.10) contradicts the choice of 3.
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The obtained contradiction shows that ||z(t;te,20)]] < 8 for all t €
J(to,zo). Since J(t,zo) = [to,+o0) (see Corollary 4.5.1), then Theo-
rem 4.6.4 is proved.

Theorem 4.6.5. Assume that

(1) conditions (1), (2), (3) and (4) of Theorem 4.6.4 are satisfied;
(2) all conditions of Assumption 4.6.1 hold and
(a) in estimate (4.4.6) matrices A and B are positive definite,
(b) in estimate (4.4.13) matrix S is negative definite,
(c) in estimate (4.4.15) matrix C is negative semi-definite.

Then the solutions of system (4.3.1) are uniformly ultimately bounded.

Proof. Under conditions (2a) for system (4.3.1) the function v(¢,z,n)
can be constructed, that satisfies estimate (4.6.6).

Condition (2b) and estimates (4.4.13) imply that there exists a function
¢ € KR such that

o0
(4.6.11) D*u(t,z,n) < ~c(llzll) forall (t,z)e|)GnDi.
k=1

Finally, condition (2c) yields estimate (4.6.9). Under conditions of The-
orem 4.6.5 all conditions of Theorem 4.6.4 are satisfied, and, hence, the
solutions x(t; %o, zo) of system (4.3.1) are uniformly bounded. Hence, it
follows that a number S(a) exists such that estimate ||z(t; to, zo)|] < B(a)
holds for all ¢ > to whenever ||zo|| <, 8> a > p.

The uniform boundedness of the solution z(t;%p,zo) implies that there
exists a number B > 0 such that for ||zo|] < p when all ¢t > ¢, the
estimate ||z(¢;to,zo)|| < B holds. Let zp € R™ and ||zol| < a. We shall
show that there exists a time t; > #p such that ||z(t;o,Z¢)|| < s. Assume
on the contrary that estimate ||z(t;%,20)|| > p is true for all ¢t > ¢y. By
condition (4.6.11) for u < {|z]| < B a d(a) > 0 can be taken so that

o0
Dtu(t,z,n) < —8(a), (t,z) € {J GxND1.
k=1
The inequality
(4.6.12)  a(p) < v(t,z(t; to, 20),m) < v(to, Zo,n) — d(a)(t — to) < alp)
is satisfied for all t > to + T (a), where

Ti(a) = (b(a) — a(p)l/6(e) > 0.
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Inequality (4.6.12) provides that ¢; & J(to,z0). Then for all t > ¢; or
t > to + T1(a) the estimate ||z(¢;t0,0)|] < B is satisfied. Theorem 4.6.5
is proved.

4.7 Novel Methodology for Stability

Along with the boundedness property of system (4.3.1) it is of interest to
investigate stability of solutions to this system. In terms of the Liapunov
function constructed in Section 4.4 some sufficient stability conditions are
formulated for the solutions of system (4.3.1).

Consider the system of differential equations (4.3.1):

"—=f(t,93), t?éTk((E),
Az = Iiy(x), t=1(z), ke€Z,
m(tb"):xo.

4.7.1 Stability conditions

Stability analysis of the equilibrium state = 0 of the system (4.3.1) can
be made in terms of the general theorems presented below. We recall that
system (4.3.1) is considered in domain Ry x Q(p), Q(p) C R™.

Theorem 4.7.1. Assume that
(1) conditions A — As are satisfied;
(2) all conditions of Assumptions 4.4.1-4.4.4, 4.4.6 and 4.4.7 are satis-
fied;
(3) in estimate (4.4.6)
(a) matrix A is positive definite;
(b) matrix B is positive definite;
(4) in estimate (4.4.13) matrix S is negative semi-definite or equal to
Z€ro;
(5) matrix C in estimate (4.4.15) is
(a) negative semi-definite or equal to zero;
(b) negative definite.
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Then, respectively,

(a) conditions (1) -(3a) and (5a) are sufficient for the equilibrium state
z =0 of system (4.3.1) to be stable;

(b) conditions (1)-(4) and (5a) are sufficient for the equilibrium state
z =0 of system (4.3.1) to be uniformly stable;

(c) conditions (1)-(3a) and (5b) are sufficient for the equilibrium state
z = 0 of system (4.3.1) to be asymptotically stable;

(d) conditions (1)-(4) and (5b) are sufficient for the equilibrium state
z =0 of system (4.3.1) to be uniformly asymptotically stable.

Proof. We start with assertion (a). Under condition (1) of Theorem 4.7.1
system (4.3.1) can be represented in the form (4.3.4) with further reduction
of subsystems to the form (4.3.7). If conditions of Assumptions 4.4.1 and
4.4.2 are satisfied, then Proposition 4.4.2 is valid and for function v(t,z,n)
estimate (4.4.6) holds, which ensures under condition (3) of Theorem 4.7.1
some definite positiveness of function v(t,z,n) provided all t € R,.. Under
conditions of Assumptions 4.4.3 and 4.4.6 for function D*v(t, z,7) estimate
(4.4.13) is valid, which yields, under condition (4) of Theorem 4.7.1

(4.7.1) Dtu(t,z,n) <0, t#m(x), ke2Z.

According to conditions of Assumptions 4.4.4 and 4.4.7 estimate (4.4.15) is
satisfied, that yields under condition (5a) of Theorem 4.7.1

(4.7.2) v(t,z + Ii(2),n) < v(t,z,m),
provided t = 7¢(z), k € Z.

Since function v(t,z,7n) is positive definite for all (¢,z) € Ry x Q(p),
there exists a function @ € K such that

(4.7.3) a(|lz|]) < v(t,z,n) forall (t,z,n) € Ry x Q(p) x RL.

Let any initial time ¢, € Ry and € > 0 be given. The properties of the
function v(t, z,n) imply the existence of & = §(tp,€) > 0 such that

(4.7.4) ||Sl|T£60(t0 +0, z, ) < min (a(§), a(p))-

Let x9 € Q(p), ||zoll < 4, and z(t) = z(t;t0,2z0) be a solution of system
(4.3.1). Conditions (4.7.1) and (4.7.2) imply that the function v(t, z(t),n)
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does not increase on interval J*(¢o,zo), where the solution of system (4.3.1)
is continuable to the right. We find from conditions (4.7.1) - (4.7.3)

a(llz(t; to, zo)ll) < v(t, z(2),7)

(4.7.5) < v(to + 0, Zo, 7) < min (a(e), a(y))

for all t € J*(to,x0). Hence, it follows
lz(t; to, To)|] < min (g,p) for all t e J*(ty, o).

If J*(to,z0) = (to,+00), then the solution z = 0 of the system (4.3.1) is
stable in the sense of Liapunov.

Assertion (b) of Theorem 4.7.1 is proved similarly, though in view of
condition (3b) there exists a function b € K such that

(4.7.6) v(t,z,m) < b(llzll) forall (¢,2,m) € By x Qp) x RS

Therefore, for any € > 0 the value § can be taken independently of ¢,
setting, for instance, d(¢) = min b=(a(e),a(u)). Then, if ||zo|| < 4, we
find from conditions (4.7.1), (4.7.2) and (4.7.6)

a(||lz(t; to, o)ll) < v(t, z(t),n) < v(to +0,20,7)
< b(|lzo|l) < min b(db~*(a(e), a(u))) = min (a(e), a(y)).

Hence for J*(to,x9) = (to,+00) the solution z = 0 of the system (4.3.1)
is uniformly stable in the sense of Liapunov.

Now we prove assertion (c). Under Assumption 4.4.7 we have estimate
(4.4.15) from Proposition 4.4.8 instead of estimate (4.7.2). If condition (5b)
is satisfied, then (4.4.15) implies

(4.7.7) v(1k(z), = + I (z), n) — v(7e(2), 2, 1) < =AM (C)Y ™,

where Apr(C) is the maximal eigenvalue of matrix C.

Since under conditions (1)-(3a) and (5a) the solution z = 0 is sta-
ble, then in order that to prove assertion (c) it is sufficient to show that
lim v(¢, z(¢; to, Zo),n) =0 as ¢ = oo.

By condition (4.7.1) function v(¢,z,7n) does not increase, and since it
satisfies condition (4.7.2), there exists a tl_l*r(x)lo v(t,z,n) = a forall (¢,z,79) €

Ry x Qp) NQ(n) x RS. Let a > 0. We designate
A= min »T(s)Y(s).

a<s<v(to,zo,m)



4.7 NOVEL METHODOLOGY FOR STABILITY 231

If the solution z(t) intersects the surfaces t = 7(z), k € Z, at the points
(rx(zk), zx), then we have by estimate (4.7.7) the inequality

v(k(zk) +0,-) — v(1k(zk), -) € =AM (C)Y 7k (1)) (7 (1))

forall k€ Z.

Since o < Y (rk(zx)) ¥ ((zx)) < v(to, Zo,n), then —Apr(C)YT(1k(zx))
x (1 (zx)) < —A. Therefore,

v(7e(2r) +0, ) = v(me(zk), -) < =AM (C)A.

Thus, for the decreasing function v(¢,z,n) we have on every continuity
interval

(te(zx) + 0, ) 2> v(7(zk), *)-
Then the inequality
v(tk(zk) + 0, -) < v(me(ze) +0, )

I

+) (v(me(ee) +0, -) = v(Thg1 (Besa), +))

(4.7.8) k=0 .
= v(to, To, M) + Z (’u(rk(a:k) +0, ) - v(re(zk), )
k=0

< ’U(tO! Zo, 7)) - l)‘(C)A

holds for all I € Z.

For the large values of ! the right-hand part of the inequality (4.7.8)
becomes negative, and this contradicts positive definiteness of function
v(t,z,7n) and assumption that a > 0.

This proves assertion (c).

Assertion (d) of Theorem 4.7.1 is proved similarly to assertion (c) with
regard to the fact that the value § can be taken independently of to in the
way mentioned in the proof of assertion (b).

Remark 4.7.1. The analysis of condition (4.7.1) and conditions of As-
sumption 4.4.7 together with condition (5b) of Theorem 4.7.1 shows that
the impulsive perturbations of certain type (condition (5b)) change the
property of solution z(t) from stability up to asymptotic stability.
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Theorem 4.7.2. Let the differential equations (4.3.1) of a perturbed
motion be such that in the domain Ry x §)(p) conditions A; —As hold
and

(1) system (4.3.1) admits the first and second level decompositions;

(2) all conditions of Assumptions 4.4.1-4.4.3, 4.4.5, 4.4.6 and 4.4.8 are

satisfied;

(3) matrix A in estimate (4.4.6) is positive definite;

(4) matrix B in estimate (4.4.6) is positive definite;

(5) matrix S in estimate (4.4.13) is negative definite;

(6) matrix C* in estimate (4.4.16) is positive definite;

(7) there exists a constant ¥ > 0 for which

Sll:p (gl(}ox} Tr41(x) — rg&.})( Tk (m)) =9 >0

(8) there exists a constant ag > 0 such that
Am(C*)Qz(a)

dy_
W) A

for all a € (0,a0);
(9) there exist a constant ap > 0 and a number v > 0 such that

Am(C’)Q2(a)

"2 (S) Qi(y) —v

Then, correspondingly,

(a) conditions (1)-(3), (5), (8) are sufficient for the stability of equi-
librium state xz = 0 of the system (4.3.1);

(b) conditions (1)~ (8) are sufficient for uniform stability of equilibrium
state £ = 0 of the system (4.3.1);

(c) conditions (1)-(3), (5)-(7) and (9) are sufficient for asymptotic
stability of equilibrium state = 0 of the system (4.3.1);

(d) conditions (1)-(7) and (9) are sufficient for uniform asymptotic
stability of equilibrium state x = 0 of the system (4.3.1).

Proof. We begin with assertion (a). Conditions A; — A5 provide the ap-
plication of general approach based on hierarchical matrix function. Under
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conditions of Assumptions 4.4.1 and 4.4.2 the function v(¢,z,7) is positive
definite. If conditions of Assumptions 4.4.3 and 4.4.6 are satisfied, then for
the function D*v(t,z,7) the estimate from Proposition 4.4.6

(4.7.9) D*u(t,z,n) < BTSB for t#m(z), and k€ Z

takes place.
Conditions of Assumptions 4.4.5 and 4.4.8 yield that estimate from
Proposition 4.4.10

v(k(2),  + I (z),n) < YTC*Y

4.7.10
( ) for t=7(z) and ke Z,

is valid.
Since by conditions (5) of Theorem 4.7.2 the matrix S is negative definite,
then Ap(S) < 0 and according to Proposition 4.4.7 we have

D*u(t,z,n) < Am(S)Hi(v(t,z,7))

(4.7.11)
for t#m(z), and ke€Z.

By condition (6) of Theorem 4.7.2 the matrix C* is positive definite, i.e.
Arm(C*) > 0, but by Proposition 4.4.11 we have

(4.7.12) v(e(2), T+ I(z),n) < A (C*)Q2(v(7(2), 7, 7))

for all k € Z.
Let to € R+ and ¢ € (0,p). We compute a greatest lower bound of the
function v(t, z,n)

(4.7.13) l= lztolfﬁg”SEU(t’w,n)

and by given ¢y and ¢ take § = §(¢o,€) > 0 so that inequality

(4.7.14) m = sup v(to,z,n) <!
llzll<é

holds.

Assume that the solution z(t) = z(t;t0,zo) initiated in Q(4). Asser-
tion (a) is proved, if any solution z(t) does not leave the domain Q(g). We
designate by v(t) = v(t,z(t),n) the value of the function v(t,z,n) along
the solution z(t;tg,2o). In view of (4.7.13) and (4.7.14) the assertion (a)
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of Theorem 4.7.2 is proved, if v(t) < for all ¢ > t. Assume the contrary,
i.e. there exists a t* > ¢y such that z(¢t*) ¢ Q(e) without reaching surface
t = n1(z). Then

(4.7.15) u(t") = v(th=(t%),m) 21

and, on the other hand, according to inequality (4.7.11) function v(t) does
not increase for all z € Q(ec) and v(t*) < m < I. Therefore, the solu-
tion x(t) reaches surface ¢ = 7,(z). We designate the reaching point by
(71(Z1),%1), where Z denotes a fixed point on hypersurface ¢ = 1, (z). For
the values t € [to, 71(%1)] we get from inequality (4.7.11)

D*o(t) < =Au(S)Hi (v(t)

and, therefore,

T1(&)
1 v'(t)dt .
w® | me 2@

(4.7.16)

Setting v(t) = y and in view of condition (7) of Theorem 4.7.2 we obtain

A
Y .
4.7.17 — / ——2>7n(&) -t > 9.
@ran w® | HE2nE e
v(n1(2))

Under condition (8) of Theorem 4.7.2, and having designated a = v(r (%))
we arrive at the estimate

v(T1(2)+0) d AM(C)Qz(v(r1(8)))

y Y

4.7.18 / < <9.
(4718 )

Hi(y) —
v(11(2)) v(r1(%))

Inequalities (4.7.17) and (4.7.18) yield

v(to) p v(to) v(71(£)+0)
S Y Y
4.7.19 / o / L A % _>o.
(4.7.19) Hy(s) @) Hi(y)
v(r1(2)+0) o(r1(8)) v(r1(8))

Inequality (4.7.19) implies that v(r1(Z1) + 0) < v(to). Incorporating the
method of mathematical induction we get

V(T (Zx) +0) < v(to), k€ Z.
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This proves assertion (a) of Theorem 4.7.2.

Now let us prove assertion (b). To this end we assume that condi-
tions (1)- (7) and (9) of Theorem 4.7.2 are satisfied. Now we analyze
condition (9). Let the solution z(t) of the system (4.3.1) intersect surfaces
t = 7i(z) at points (7x(Zx), Zx). By inequality (4.7.11) we have

) byt
A (S) Hy(v(t))

Ti(Zx)

> Trr(The1) = Te(zR) 2 9.

If in the inequality of condition (9) we take a = v(7k41(Zx+1)), then in
view of (4.7.12) we get

(Tr41(E1+1)+0) Am(C")Q2(v(Tr+1(Fx+1)))
ds ds

FAOR Hi(s)

v(Tht1(Fr+1)) v(Trg1(En41))

<d—9.

Let us designate a; = v(rx(Zx) +0), k € Z. Then we have

o ayf °:+1
ds ds _ ds >
()~ J H) () =
a:“ Q41 k41

Hence, it follows that for sequence {a} } the inequality

+

ds
4.7.20 2 sy kez
( ) Hy(s) ~ i

a

+
Gp41

is valid. Inequality (4.7.20) implies that the sequence {a;}} decreases for
k — oo, and, therefore, kli)m v(te(zx) +0) = 0.
oo

Let this be not correct, i.e. klim v(me(zx) + 0) = a > 0. We designate
—00

c= min Ap(S)H;(y). Then we get from inequality (4.7.20)
a<y<v(to)

at

15 [ e € S00kE) +0) - vl (min) +0)

+
G4
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ie.
v(7k(zk) + 0) — v(Tk41(Tk4+1) +0) 27, ¢ = const.

The obtained inequality contradicts the convergence of sequence v(7i(zx)+

0). Therefore
v(tk(zk) +0) >0 as k— oo.

Further, in view of the fact that for all t # 7(z), k € Z, the function
v(t) decreases, and, therefore

sup v(t) = v(rk(zk) + 0).
Tr (2k) <t<Th31(Tr41)

Alongside the inequality
v(7k(z) + 0) > v(Th41(Th41) +0),
that holds for all k € Z, we get
v(t) < v(me(zk) +0) forall ¢ > m(zk).
Thus, condition v(7x(zx) + 0) = 0 as k — oo implies
(4.7.21) v(t) >0 as t— oo.

Since v(t) = v(t, z(t;t0,Zo),n), then (4.7.21) yields ||z(¢;to,z0)|| = 0 as
t — oo. This proves assertion (c).

The proof of assertions (b) and (d) is made in the same way, and, more-
over, by virtue of condition (4) the value § can be taken independent of to.

Ezample 4.7.1. Consider an impulsive forth order system consisting of
two subsystems of the second order, that are described by the equations

dil?,;

(4.7.22) dt

=—2} 40,523, i,j=12 t#mn(), ke€Z,

Az = —z; + oz, t=m(x), k€Z,

where z} = (z:1,7i2) € R?, z € R
Here the independent subsystems of the first level decomposition are

dx;
@

Az; = —x;, t=Tk(:E), ke Z.

t7é7'k(x)a kEZ,
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The second level decomposition yields

d;] = —Zlf?j + hij(mi)a ,j=12 ¢ # Tk(w)’
Al'ij =-&iy, t= Tk(m)y keZ,

where z;; € R,

hii(z) = -931112%2, h12($1) = —-’13%11812,
ho1(T2) = —T212%;, haz(z2) = —23,%22.
In the matrices B;(t,-), i = 1,2, the elements u;; are taken as follows

1 _ ,2 v _ .2 (1 _ (1) _
ujy =2y, Upgy =Yy Ujg = Uy =0,

2 2 2 2
u§1) =13, “gz) = z3, ugz) = “gl) = 0.

Functions U2 and Us; are taken in the form
Uyz = Us; = z} diag[0.1; 0.1] z5.
For the vector 7 = (1,1)T € R2 the matrix A in estimate (4.4.2) is

1 0,1
A= (0,1 1 )
For the vectors & = (1,1)T Ri, 1 = 1,2, the matrices S and C are of
the form

-13 06 0o2-1 01|02 -1
S‘(o.s —1.3)’ C_(0.1|a2—1| o2 -1 )

It can be easily verified that the matrix A is positive definite, the matrix
S is negative definite, and the matrix C for ¢ = £1 equals to zero, and for
lo| < 1 is negative definite. By Theorem 4.7.1 the solution (z = 0) € R*
is stable.

Stability analysis of unsteady motions of impulsive system (4.3.1) in
terms of the hierarchical Liapunov functions proposed here is distinguished
by simplicity and general character. Liapunov functions composed of mat-
rix-valued functions for subsystems of first and second level decompositions
and their interconnection functions are versatile tools in qualitative anal-
ysis of systems modeling various technology and engineering processes. It
is also natural that the present construction algorithm for Liapunov func-
tions is applicable for autonomous linear and nonlinear large scale impulsive
systems as well.
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4.8 Notes

4.1. To describe mathematically an evolution of a real world phenome-
non with a short-term perturbation, it is sometimes convenient to neglect
the duration of the perturbation and to consider these perturbations to be
“instantaneous.” For such an idealization, it becomes necessary to study
dynamical systems with discontinuous trajectories or, as they might be
called, differential equations with impulses, i.e. impulsive differential equa-
tions. The state of investigations in this area is reflected in the mono-
graphs Bainov and Simeonov [1], Halanay and Wexler [1], Lakshmikan-
tham, Bainov, et al. [1], Larin [1], Pandit and Deo [1], Samoilenko and
Perestyuk [1], and many papers.

4.2. Construction of auxiliary Liapunov function for large scale impul-
sive systems (4.2.2) is an important problem for the theory of these systems.
The application of matrix-valued function U(t, z) in construction of scalar
function v(¢,z,n) diminishes some difficulties due to weakening of require-
ments to components v;, j, ! = 1,2,...,m, what in its turn allows better
account of interactions between independent subsystems. All established
sufficient conditions for stability, asymptotic stability and instability are
formulated in terms of restrictions on maximal or minimal eigenvalues of
special matrices due to Martynyuk and Miladzhanov [1] (cf. Samoilenko
and Perestyuk [1]).

4.3. The theorems like Theorem 4.3.1 can be found in Lakshmikantham,
Bainov, et al. [1], Samoilenko and Perestyuk [1], etc.

4.4. Hierarchical Liapunov matrix-valued function for impulsive sys-
tems are constructed due to some results of the paper by Martynyuk and
Begmuratov [2].

4.5. Theorems 4.5.1 and 4.5.5 are new, while Theorems 4.5.2, 4.5.3 and
4.5.4 are due to Hristova and Bainov [1].

4.6. Theorems 4.6.1 and 4.6.2 are due to Hristova and Bainov [1]. Theo-
rems 4.6.3, 4.6.4 and 4.6.5 are due to Martynyuk and Chernetskaya [1].

4.7. Theorems 4.7.1 and 4.7.2 are new.

For the use of impulsive systems in other situations see Bainov and
Dishliev [1], Bainov and Kulev [1}, Bainov and Simeonov [1], Barbashin [1],
Blaquiere [1], Carvalho and Ferreira [1], Das and Sharma (1], Larin [2],
Lella [1], Liu and Willms [1], Pavlidis [1], Sree Hari Rao [1], etc.
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APPLICATIONS

5.1 Introduction

This chapter shows some applications of the general results presented in
the previous chapters for solution of the problems of mechanics, theoretical
electrodynamics and theory of automatic control.

In Section 5.2 the original Zubov’s result is set forth and a new algorithm
is established for the asymptotic stability domain of estimation for nonlinear
time-invariant systems via Liapunov matrix-valued functions method.

In Section 5.3 a new algorithm is set out to estimate the domain of
asymptotic stability for the equations modeling the dynamics of a three-
machine power system. The result is compared with those obtained before
in terms of vector Liapunov function.

Section 5.4 deals with the method of constructing the matrix-valued
function for a three-mass system, which occurs frequently in mechanics
and engineering. Here we set out the method of constructing the matrix-
valued Liapunov function which is applied in stability investigation of two
non-stationary connected oscillators.

In the final Section 5.5 motion stability conditions are established for a
discrete-time system. As an example the Lur’e-Postnikov system admitting
a homogeneous hierarchical decomposition is considered.

5.2 Estimations of Asymptotic Stability Domains in General

5.2.1 A fundamental Zubov’s result

Let R be a metric space and X and Y be two sets contained in R. The
functional V is given on the set X, if the law is prescribed by which every
element p € X is associated with the real number V(p). Let the set
M C R be compact in R.

239
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Let the autonomous system of n differential equations

(5.2.1) L = @), alt) =

be determined in R™ and the components f, of the function f(z) = (fi(z),
...y Fn(@))T be continuous in R for —00 < , < +0o. Besides, we assume
that these functions satisfy the Lipschitz condition in any finite domain
of the space R™. Assume also that (5.2.1) induces the dynamical system
f(p,t) (see Birkhoff [1], and Nemytskii and Stepanov [1]).

We give the following definitions according to Zubov [3].

If the closed invariant set M of the dynamical system f(p, t) is asympto-
tically stable, then the totality A of all points p € R and p € M possessing
the property

(5.2.2) p(flp, ), M) =0 as t— +oo

is called the domain of asymptotic stability of this invariant set. Here
p(p, X) = 1é1§( g(p,q) and p(p,q) is the metric distance between the ele-
q

ments p and q of the space R.

The nonempty set of all the points ¢ € A\ A and ¢ € M is called the
boundary of the asymptotic stability domain.

It is proved that the boundary of the asymptotic stability domain is also
the invariant set.

Zubov’s theorem presented below is the fundamental result solution of
the problem of estimating the domain of asymptotic stability and construct-
ing its boundary for the dynamical system f(p, t) induced, in particular, by
the system (5.2.1).

Theorem 5.2.1. For the given system f(p,t) let two functionals V (p)
and W (p) exist such that

(1) the functional V (p) is given and continuous in A, and —1 < V(p) <
0 for p€ A;

(2) the functional W (p) is given and continuous in R and W(p) > 0
for pe R, p(p, M#0 and W(p) =0 for pe M;

(3) for sufficiently small ~; > 0 the values v1 and o can be defined
such that

V(ip) < —m1 for p(p, M) 2 72,

(6.2.3) Wp)>ar for pp,M) > ;
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(4) the functionals V (p) and W (p) vanish as p(p, M) - 0;
(5) if there exists a point ¢ € M, ¢ € A\ A, then lim(V(p):

Ppa) >0 =1,
© T2 ~wea+ve).
fp:t)

Then and only then, the open invariant set 4 C R which contains a neigh-
borhood of a closed invariant set M C R is the domain of asymptotic
stability of the uniformly asymptotically stable and uniformly attractive
set M.

For the Proof of this theorem see Zubov [1, 3].
We set out some comments to Theorem 5.2.1.

Remark 5.2.1. For any A € (0,1) the equation 1+ V(p) = X gives a
condition for a set of points to be a cross-section of the open invariant set A.

Remark 5.2.2. The boundary of the asymptotic stability domain is com-
posed of the totality S of points ¢ (if any) such that p = q as V(p) - —1.

Remark 5.2.3. The modification of Theorem 5.2.1 remains valid, if in-
stead of functionals V(p) and W(p) the functions v(z) and w(z) are used
with the same properties (1) - (6) from Theorem 5.2.1.

Hence, it follows that using the functional V(p) (functions v(z,7) con-
structed in terms of matrix-valued function) one can always solve the prob-
lem of determining the boundary of the asymptotic stability domain.

Further, Theorem 5.2.1 is importance in the development of the estima-
tion algorithm for the asymptotic stability domain of the class of systems
(5.2.1) in terms of quadratic matrix-valued Liapunov functions.

5.2.2 Some estimates for quadratic matrix-valued functions

Consider a time-invariant large-scale system

dz; ,
(5.2.4) -;T’ = fi(z:)) + gi(z1,...,Tm), 1=1,2,...,m,
where z; € R™; f; € C(R™,R™), g; € C(R™ x ... xR",R™), fi(z;) =
0 ifandonlyif z; =0, i = 1,2,...,m, and gi(z1,...,2m) = 0 if and only if
Ty ==z, =0,1i=1,2,...,m. For system (5.2.4) the free subsystems

(5.2.5) == fiz), i=1,2...,m
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and (i, j)-pair of the free subsystems

dx
= ft(zhz]))

(5.2.6) d
_z__fj(a;J,z',), forall (i # j)

dt
will be a basis for construction of hierarchical Liapunov matrix-valued func-
tion.
We associate with free subsystems (5.2.5) and (i, j)-couples (5.2.6) the
elements v;; and vy; for all (i # j) of the matrix-valued function U (z, K;;).
Let it be quadratic forms

tlKizi, Ki>0, z;€R™, for i=j;
(5.2.7) Vij = :v;l;.Kija:,-j, K,'j >0, z; € R™ x R™, for i<y;
w'};Kﬂmﬁ, for ¢>j.

Definition 5.2.2. Matriz-valued function U(z, K;;) belongs to the class
of quadratic matriz-valued function, if its elements are of the form of (5.2.7).

Proposition 5.2.1. If the matrix-valued function U € C(R", R**)
belongs to the class of quadratic matrix-valued function, then there exists
a n x n matrix C such that

(5.2.8) 7'U (z, Kij)n = 7 Cx, z = (z},...,z0)T € R™,
J 1 8

where C = C(Ki;,m), n € Ry, n>0.

Proof. The function 7TU(z, Ky;)n, that takes into account expressions
(5.2.7) is presented as

v(z,n, Kij) = n'U(z, Kij)n = Z’?ﬂ’ Kiixi +2Z Z nznywngthu

i=1 j=i+1
s s i—1 .
=3 ] [mzKii +2 ) mmKh+2) "‘n"K‘JJ’] i
i=1 =it1 =t

s 8
+4 Z Z z;r[ninjkij]xj = q;TCx’

i=1 j=it+1
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where the blocks of the matrix C' are of the form
i—1 . 8
2K+ 2 [ K7+ ~K?~], for i=j;
C‘ij — C]Tt = ni * nz ];. nJ 4 ]=§Fl nJ K
2nin; K, for i<j.
We recall some well-known facts necessary for our presentation (see
Michel, Sarabudla, et al. [1]). If n by n matrix C = CT = [¢;] is po-
sitive definite, then for a fixed m > 0 the equation

(5.2.9) v(z,n, Kij) = 27Cz =m

defines the ellipsoid in R™ and all the eigenvalues of the matrix C: A;(C),
...y An(C) are real and positive. The main ellipsoid (5.2.9) axes are defined
by the expressions

(5.2.10) (%) %, k=1,2,...,n,

and its hypervolume is proportional to the value

(5.2.11) 1/ ( fI Ak(C)> B
k=1

It is clear that by approximate choice of the block matrices ij one can
make the ellipsoids

(5.2.12) v (z,n, Kij;) = 2 Ciz=my, 1=1,2,...

embedded into each other. If for some fixed ! hypervolume of the ellip-
soid (5.2.12) is taken for the maximal estimate of the asymptotic stability
domain (set E), then the domain F is defined by

(5.2.13) E, = {z € R™: y(z,n, K;i;) = z°Ciz = my},
and Dv(z,n, Kij) <0, I =1,2,..., must satisfy the condition
(5.2.14) E,CE,C...CE.

Naturally, E,, E,,... satisfy conditions (i) (iii) of Definition 7 from
Grujié, et al. [1]:
(i) E is a neighborhood of = = 0;
(i) E C D, DC R" is the domain of asymptotic stability of z =0 of
the system (5.2.4);
(iii) E is positively invariant set of the system (5.2.4), that is, that
zo € E implies z(t,0,2¢) € E for every t € Ry.
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Let .
a1(C) = Y N(0) = e C,
i=1

and

az(C) = ﬁ,\;(O) = det C,

=1

detC; >0, ¢=12,...,n,

where det C; is the ith principal minor of the matrix C. Thus, the problem
of estimation of the asymptotic stability domain is reduced to the problem
of conventional maximization of the domain E; at the expense of parameters
of the matrix C; or conventional minimization of functions a; (C) or a2(C).
As it was mentioned by Michel, Sarabudla, et al. [1] the minimization of
function a; (C) is preferable in view of computation, since it means uniform
minimization of all eigenvalues of matrix C, while the minimization of the
function a3 (C) is reduced to that of the smallest eigenvalue of the matrix C.

Remark 5.2.3. Problem of the function a; (C) minimization in the space
of parameters (7, K;;) can be reduced to a sequence of problems of smaller
dimensions. Since the equation

s s 8
trC = ZtrC’,—i = Z [7],2 tr K;; + 2n; Z nj(trKiij -+ ter’)]
' i=1 i=1 J=i+1

8 8 8
= z:’l”[,2 tr Ky +2Z Z M4 tl‘KiJ‘
i=1 i=1 j=i+1

takes place, the minimization of a;(C) for a fixed n € R} can be reduced
to a gradual minimization of the functions tr K;; for all (i,5) € [1,s]. If
min tr K;; is reached for a fixed value of diagonal elements of the matrices
K;; for all (i,5) € [1, ], then min az(C) can be obtained by an approximate
choice of nondiagonal elements of the matrix Kj;.

On each step of computations, when inclusions (5.2.14) are constructed,
it is necessary to verify the condition

(5.2.15) Dy(z,n,Kij) <0, [1=1,2,....

If the right side part of the system (5.2.1) is smooth enough, it is sufficient
to verify the condition (5.2.15) on the network covering boundary of the
sets 8F;_, and OF;.
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The network of points from R" forms some an m-pointwise set L, L €
OE. Discrete m-pointwise set L can be constructed so that for m — oo
the set L covers the entire boundary JF of the set E.

5.2.3 Algorithm of constructing a point network covering
boundary of domain F

It is sufficient to verify the condition (5.2.15) at points of the network
covering the boundary E. We present an algorithm for comstruction of
such a network. The location of a point z € R™ is determined by its
coordinates (z1,...,Z,)T. To find out the coordinate with a fixed value we
use the upper index. For arbitrary real constant a > 0 and some positive
integer N; > 2p, p = 2, 3,4, we specify N;-pointwise set LY as

={z}! € R: z}! = af cosay, },

where a;, = 7(i1 — 1)/(N1 — 1), 41 € [1, V4]
It is clear that L9 consists of N fixed values 3!, i; € [1, N;] of the first
coordinate z; of the point z € R", and moreover &} = a, z}* = ~al.
For every fixed value z* € Li**, k € [I,n - 2}, ix € [1,N}] for all
k€ [1,n—2] and ¢y = 0, where Nk 22p P=23,..., ke[l,n-2]) we
define sets L}* , as

(5.2.16) {zhs1 € R: 2hyy = 0}, ig =1, i =Ny
- {a:;ch-:ll € R: x;c':ll - ak+1 cos aik+1}» ix € [2, N — 1),

where @, ,, = 7(ig+1 ~ 1)/ (N1 — 1), for all igyq € [1, Ng41), and

. : . 1
(5.2.17) agy = [(@¢™")? = ()°]7.
2 It is ]obvious that z},, = aj%, and wﬁﬁ‘ = —ap, for all iy €
2, Ny_1

The sets Lj*, , are a totality of fixed values of (k + 1)-th coordinate Tx41
of the point z € R™ generated by every fixed value xy* of k-th coordinate of
the point z € R™. Thus, every fixed value z}*, k € [1 n — 2], ix € [1, Ng)
of coordinate of the point £ € R™ having mdex k, generates Niy; — 2
values of (k + 1)-th nonzero coordinate of the point z € R™ and two equal
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K+1

« K+2

« K+3

My

Figure 5.2.1.

to zero values of this coordinate. This is shown on Figure 5.2.1 in the form
a graph.

Symbols O and M denote nodes of the graph corresponding to the
fixed values of the coordinates, which generate only zero and, respectively,
nonzero values of the consequent coordinates of the point = € R™, and
the edges connecting nodes show the succession of this values’ formation.
Further, for every fixed value rinle L:‘"_"f for all i, € [1, N,—1] we define

A n—1
the set L,r~" as

1 S . c )
{z; € R: 2, =0}, in-1=1, in_y = Np_g;
'n— —_— « — i -1 M p—
Lip-t=¢ {(z},22) € R:zl = a7} sinai,_,, z2=-zL},

in—l € [2a Nn—l - 1]’

where af,"_‘f are specified according to formulas (5.2.17).

Herewith, the graph generated by kth fixed value z¥, |z¥| # a of the
first coordinate z1, k € (2,N; — 1] of the point z € R™ can be shown
according to Figure 5.2.2, where every level k, k € [2,n] corresponds to
the fixed values of kth coordinate of the point z € R™. Thus, the set L
generates (N; — 2) different and two equal to zero values of coordinate
7o of the point £ € R", (N; — 2)(Ny — 2) nonzero and 2 + 2(N; — 2)
equal to zero values of the coordinate z3 of the point = € R™ etc. Finally,
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Figure 5.2.2.

n—1
we get that the set ) generates N* = 2 [] (V; — 2) sets of values of the
i=1
coordinates zy,%s,...,Z, of the point x € R™, such that z; #0, i € [1,n]
n-2 4
and N° =2+ 3 J](N; —2) sets of coordinates x1,2,...,Zn of point
i=1 j=1
z such that there exists at least one index k € [1,n] such that z = 0.
By definition of the sets Li”“ we get that the set L® — 1 generates
N-pointwise set L, € R*, N = N* + N° of points of a set in R" that
differ from each other by value of at least one coordinate. The set L, can
be presented in the form of totality M, of graphs shown on Figure 5.2.2,
each branch of which denotes a fixed set of values of coordinates of points
z € L,, and, besides, for the branch that ends with a node designated by
O and all subsequent coordinates equal to zero.
For the points of set L, the following assertion holds true.
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Proposition 5.2.2. If € L,, & = (%,,...,%n)7, then

n 3
(Zif) =a), a?=const>0,
i=1

i.e. every point & of discrete N-pointwise set L, € R™ lies on the surface
of hypersphere with radius af.

Proof. The fact that & € L, implies that point Z coordinates are located
on one of the branches of the graph on Figure 5.2.2.

By (5.2.16) and (5.2.17) of definition of the sets Li"~? and Lip=* for
the last two coordinates £,-; and &, of point & the equality

&2_) + &2 = (ap? cosoz,»,,,,)2 + (ajr-2 sinoz;,,_l)2
= (a:‘;‘_‘f)z(cos2 ai,_, +sin? e, ) = (a7)?,

is valid, where i,—1 € [1, M,_1] is a fixed value defined by a graph 'bra,nch
corresponding to the point # € L,. In view of definition of value a,""? by
(5.2.17) and definition of the sets L;*"*, k € [1,n — 1] we get

(e2) = (az3)" - 82y > B2y + 32y + 5 = (a3)]
(ain3)" = (o) = 82y > 8y + B2y + 22, + 85 = (ap)",

n
(a3)* = ()" -2 =Y a2 =(a))’, i0o=0.
i=1

This proves Proposition 5.2.2.

Let # € L, and a hyperplane Q pass through k, k € [1,n — 2] of the
first coordinates of point Z. Then the intersection obtained is a discrete set,
every point of which lies on the hypersphere of a surface in R*~* with radius
a};’;l. Figure 5.2.3 illustrates an example of point network formulation on
sphere in R3 (in one orthant) with radius a? =1 for N; = N; = 10.

Then we return to the boundary of the set E:

O0E = {27 € R™: ’U(.’E, m K‘l]) = m(n7K‘ij)}1

where
m(n, Kij) = minv(z, 1, Kij),
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Ax,

X

Figure 5.2.3.

and
D = {z € R": Dv(z,n, K;;) = 0}.

In order to cover with a control point network the boundary 8F of the
set E for a fixed !, we use the following property of the function v(z,n, K;;)
of the quadratic matrix-valued function class.

For an arbitrary constant ¢ > 0 for all z € R™ in view of Proposi-
tion 5.2.1 we have

v(cz,n, Kij) = (cx)TC(cx) = 22TCx = c*u(z,n, Kij).
Now, if we take a point & € L,, then the corresponding point = on the

boundary F can be found by formula z = ¢Z (component-wise), where
the constant c is defined by



250 5. APPLICATIONS

Ax,

x=%

oE

Figure 5.2.4.

Thus, the discrete m-pointwise set L € OF can be obtained from points
ZP € L, for all p € [1,m] by formula z? = ¢,#P, where

1
_ (_mn, Kij) \?

Figure 5.2.4 shows the formation of points z? € L C F in R

5.2.4 Numerical realization and discussion of the algorithm

In view of the above presented results the algorithm of construction of the
initial estimate of asymptotic stability domain and its further refining can
be reduced to a sequence of the steps.
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Step 1. Compute the values of the Jacobians

Ji(zi) = (gﬁ—i) 2:=0

Jij (i) = (%)

Bmij

, (i<j)el,m]

;=0

and solve the Liapunov equations
JTO)KS + K% J;(0) = —I;, i€ [1,m],
and
TEOKY, + K Ji;(0) = ~Lj, (i <j) € [1,m).

For the stability of independent subsystems (5.2.5) and (5.2.6) put K9 =
Li, K = I;, where Ij; = diag(1,...,1) for all (i < j) € [1,m]. Choose
a vector 7 € RT, n > 0 and construct initial quadratic matrix-valued

function U(z, K7;) and scalar function

vo(a:,n,K?j) =z7C%.

Step 2. Using the Rodden technique (see Rodden [1]) find out all points
in R™ satisfying the conditions
(i) DUO(man7K?j) =0,

(i) Vuo(z,) (V'uo(:z:,-)T VDvo(:v,-)) VDup(z, ")
IVvo(z, )] \|Vw(z,-)| [VDuo(z,)|

[VDuo(z, )] 0,

where Vug(z,-) denotes the gradient vector of vy(z,-), and | - | denote a
norm in R™.
Let D be all such points. Now we compute

— i 0
mo(n, Kij) = min vo(, 1, K3j)
and define the set
Ey={z € R": vo(a:,n,K?j) < mo(n,K?J-)}

so that
Duvo(z,n, K) <0 forall (z#0) € Eo.
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Step 8. Cover the boundary 8FEg of the set Ey:
OE, = {(I) € R™: UO(w:ﬂ;Kij) = mO(n:K?j)}y

with N-pointwise network Lo € 0Ey.

Step 4. Take the block matrix K} for all (i < j) € [1,m] and

(4.1). Using the optimization algorithm proposed by Rosenbrock [1]
construct a sequence of matrices K{’j, o=1,2,...,Q, so that

tr (K7;) = min
under the restrictions
i) K= (K37 Kj>0
(ii) Duo(z,n,K{;) <0 for all (Ciz') € L, C OF,,

where ! € L,y C OE,_;, 1l =1,2,...,M. Here 8E, is the boundary of
the set E,:

E, = {z € R™: v,(z,n, K{;) < mo(n, K{;)},
and the constants ¢; satisfy the condition

o = mo(naK?j)
"7 vl n, Kg)

>1 forall [€1,N]
(4.2). Construct the scalar function
vap(z, 7, Kfy) =2"Cyz, =€ R"
and define the set
Eym = {z € R™: vp(z,n, K}¥) < mp(n, K})}
from the conditions
(i) Dum(z,n K})<0 forall (z#0)e Em;

. . M
(i) mM(n,KiI}’I =zré111>ILUM(-’E,77,Kij ),

where
Dy = {z € R™: Dy (z,n, K}f) = 0}.
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Step 5. Cover the boundary 0Ejs of the set Eps with a point network
Ly C OEp according to the relation

= c;a:',

where # € Ly and 2! € Ly,

)
“= (vM(z',n,Kg)) '

Step 6. Take the matrix K,-’;f’ for the initial, and using optimization al-
gorithm (see, for example, Rosenbrock [1]) define the final matrix K{; 8o

that
det(K5) »min for P F, Pe[M+1,...,F]

under the restrictions

G Kf=&HT, Kf>o,
(ii) trK{}:trKi’;’ forall pe[M+1,...,F)],
(iii) Dup(ma',n, Kf) <0 forall ¢z’ € L, C OF,,

where z' € Ly C 8Ep_, | € [1,N]. Here 8E, is a boundary of the
set Ep
EF = {w € R™: ’Up(l’, s KS) < mP(U,K:;)}

and the constants ¢; satisfy the condition

vp(zt,m, szj -

for all 1 € [1,N].

The presented algorithm of constructing an estimate of the asymptotic
stability domain of system (5.2.1) admits application of structural program-
ming principles. This is possible since separate steps of the algorithm are
isolated problems. We discuss some peculiarities of the Steps 1-6.

The main problem that arises on Step 1 is the solution of the matrix
Liapunov equations. In view that the dimensions of the system of linear
equations is connected with the decomposition procedure for system (5.2.1),
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it is important to make the system (5.2.1) decomposition so that the first
level independent subsystems be of the lowest possible order.

On Step 2 and 4.2 it is reasonable to apply the method proposed by
Rodden [1] to construct an attraction domain for solutions of system (1)
via the Liapunov function obtained in the result of the numerical solution
of the Zubov equation (see Zubov [3]).

The application of the matrix quadratic Liapunov function in the frame-
work of Rodden’s method ensures an effective initial estimation of the do-
main Ej.

Algorithm of the Steps 3 and 5 realization was described earlier.

On stages 4.2 and 6 for each set of indexes (i < j) € [1,m], the partial
problem of mathematical programming with restrictions given by a system
of inequalities is solved. Here the method of random search of the best trial
in combination with the method of penalty functions are perspective for
application. An essential condition on stage 4.2 is inequality ¢; > 1 for all
l € [1, N]. It is easy to see that if for any point z* € GE,, where OE, is the
surface of an ellipsoid, a constant ¢* > 1 is found so that c¢*z* € 0Ep,,
then 0E, C 0Fp4;.

In result of the Step 6 the estimates of asymptotic stability domains Ep,
p=M+1,...,F are constructed such that

vp(z,n, Kf) > ve(z,n, Kf) forall ke[M,F-1]

i.e. the set Er is a maximal estimate of asymptotic stability domain of the
equilibrium state z = 0 of the system (5.2.1). We note that the proposed
algorithm does not presuppose the optimization with respect to parame-
ter n € R}, n > 0 though the reasonability of such an optimization is
undoubtful.

5.2.5 Illustrative examples

In order to demonstrate the effectiveness of the proposed algorithm of
estimating asymptotic stability domains we cite some examples from the
paper by Michel, Sarabudla, et al. [1].

For all examples mentioned below the domains of asymptotic stability
were constructed and, moreover, for Example 5.2.8 on Figure 5.2.12 the
intersection of the domain EF estimate by plane z3 = 0 was shown. The
numbers () on Figures 5.2.5-5.2.12 denote:

1. The points lying on the boundary of strict the domain E, obtained
by direct integration of the system by Runge-Kutta method.
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Xy 4\
301
241
181
124

0.6 1

A .

.18 -12 -06 00 06 12 18 24 %

Figure 5.2.5. ) = -3, &2 = 21 — 22(1 — z3).

2. The points lying out of the domain E, obtained by Runge-Kutta
method.

3. The initial estimation of the domain E obtained by algorithm of
Section 5.2.

4. The maximal estimation of the domain E obtained via the quadratic
matrix-valued function (see Section 5.2).

5. The estimation of the domain E, obtained by Michel, Sarabudla, et
al. [1] via quadratic Liapunov function for the first approximation
of the systems without decomposition of the systems.
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3071

244

1.8+
12 ¢

06T

G

\ 4

24 18 -12 06 00 06 12 1.8 24 %

Figure 5.2.6. &, = —z; + 2rlx,, &9 = —2,.
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xu}

100 t
8.0 4
6.0 1
404
201

0.0+

-10.0

>
X

1.2 -08 -04 0.0 04 0.8 12

Figure 5.2.7. &; = —-2z:(1 — 21) + 0.1z 29,
Eg = ~222(9 — z2) + 0.1(z1 + x2).
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-3.2
-4.0 + + + + + + + -+ >»
24 -16 -08 00 08 16 24 32 %
Figure 5.2.8. ) = —21y + T1%2, T2 = —T9 + T1T3.
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X,

20t

1.51
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1 4
Y T

.15 .10 -05

Figure 5.2.9.

00 05 10 15

I =29, T3 = —T1 + 22 +.’L‘:i).

\
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N X N + 4
¥ + + + $ >
X,

12 09 -06 -03 00 03 06 09 12

Figure 5.2.10. &; = 3, &2 = —71(1 — 2%) — z2(1 — z3).
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244
181
12+
061
001

06T

T : e
T

-3.6 —
-1.8

Figure 5.2.11.

\ 4

12 06 00 06 12 18 x,

&) = o,
To = —z1 — 4z + 0.25(x2 — 0.521)
X (z2 — 2z1) (72 + 221) (22 + 1)
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X,

60.0 7

4001

20.01

001 4)

-20.0 1

-40.0 +

-60.0 1

-40.0 -20.0 0.0 20.0 400 %

Figure 5.2.12. i = —0.5¢1 — 2 — 0.523,
Ty =T — 272(1 + 0.1:6%),
i3 = 1 — z3(1 + 0.1z2).

In the discussion of the examples the first level decomposition with two
subsystems and the second level decomposition with formation of one couple
(1,2) that coincides with the whole system were made. In Example 5.2.8
the first level decomposition into three subsystems and the second level
decomposition into three couples of subsystems in view of nonlinearities
were made.
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5.3 Construction of Estimate for
the Domain E of Power System

According to Siljak [1] consider some power system where absolute motion
of ith machine is described by

(5.3.1) MiiS',- + D,’&' =Pni~ Py, i=12,3,

n
where Pei = ) E;E;Y;; cos(d; — §; — 6ij) and n is the number of system
j=1

generators; J; is the absolute rotor angle of the ith machine; M; is the
inertia coefficient of the ith machine; D; is the damping coefficient of the
ith machine; P,,; is the mechanical power delivered to the ith machine;
P,; is the electrical power delivered by the ith machine; E; is the inertial
voltage; Y;; is mutual conductivities of the machine (i # j) = 1,2,3; 6;; is
the phase angle of transfer admittance between the ith and jth machines.

Assume that M;, Py; and E; are constant for all generators and D; M;!
=X =123

System (5.3.1) can be presented as

dx;

— = ¥;i3 (Z#J):l’z’
(5.3.2) dt'
73;—3— = —Xiyis — pid1(x;) + vid1 (z5) — Bida (i, z5).

Here x; is a deviation of rotor of the ith generator from the rotor of a
standard generator, y;3 is a velocity of z; change, functions ¢, and ¢ are
defined by

¢1(z;) = cos(z; — 0i3) ~ cos b3,
¢2(:1:,-,m,-) - COS(:'B,' - .'l:j - 0,-,-) - cosB,-j,
and constants u;, v; and §3; are defined as
pi = E;BsYis (M1 — M),
Vi = EanYj;:,Ms—l,
Bi = B\ ExYi MY, (i # ) € [1,2].
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We admit the numerical parameters of the system (5.3.1) as
M; =0.01, M, =0.01, M;=2.00;
E; =1.017, E; =1.005, E;=1.033;
Yi2 =098 x 1073, Yi3 =0.114, Ya3 = 0.106;
013 =90°, @o3 =92°, 6012 =87°, 6 = 85°%
A1 = A2 = 100.
For independent subsystems of first level decomposition of the sys-
tem (5.3.2)

d:l:,'
at = Yi3,
dyis
dt
the elements v;;(z;) of the initial matrix-valued function Up(z) are taken
according to Step 1 in the form (see Krapivnyi [1])

= —Aiviz — pid1(zi), 1=1,2

vii(wi) = ufKQui, wi = (i,i3)7,
where K2, are defined from the Liapunov equations
T KD + KJTG = — T
Here 0 )
Q = , =1,2.
Ja (#z’ sin(—6;3) _/\i) R

We have for the numerical values of parameters
Jo _ 000 100N o, (4259 0419 )
117\ 11917 -100/’ 117 10.0419 0.00542)°

70 - 0.00 1.00 \ KO = 4.63  0.0457
27\ -10.939 -100/’ 227\0.0457 0.00546 ) °
The interconnected second level decomposition subsystem coincides with
the system (5.3.2) and for it

0.0 1.0 0.0 0.0
-12.036 -100 0.055 0.0

0.0 0.0 0.0 1.0

0.06 00 ~11.05 -100

0 _
Jiz =
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Since matrix JP, differs insignificantly from the matrix

(JD v )
22

K° 0
K&:( 0 ng)'

In this case the matrix J{§ K, + K0,J?, is negative definite and the
elements vy2(z12) = v21(z21) of the matrix-valued function Us(z) can be
taken in the form

v12(212) = v21(221) = T KDy 712, T2 = (21, 23)

According to the above algorithm we find

KF - 4228 0.0607 KE _ ( 463 0.0457
117\ 0.0607 0.00133 /° 227 1 0.0457 0.00547 )

4.259 0.0342 0.00724 -0.00181

0.0342 0.0542 0.00013 -0.00196
0.00724  0.00013 4.63 0.0517
-0.00181 -0.00196 0.0517  0.00546

F _
Ky =

Figure 5.3.1 shows the intersection of the estimate of the domain Er by
the plane 13 = y23 = 0.
The numbers () on Figure 5.3.1 denote:

1. The initial estimate of the domain Ej;

2. The maximal Er estimate of the domain E;

3. The estimate of the domain E, obtained for the system (5.3.1) by
Abdullin, Anapolskii, et al. [1] in the result of the vector Liapunov
function application with components in the form of the linear forms
moduli.
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Figure 5.3.1
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5.4 Oscillations and Stability of Some Mechanical Systems

5.4.1 Three-mass systems

Following Djordjevié [3] and Krapivnyi [1] we consider a mechanical system
consisting of three pendulums with equal mass m and the length [ (see
Figure 5.4.1). The pendulums are connected with each other by springs
with rigidity k, that are attached to the pendulum rods at the distance
h from the point of fixation. The points of the pendulum fixation are
located in horizontal plane. The rods and spring masses are neglected. We
take the deviation angulars ¢; of the pendulums from vertical position as
generalized coordinates and we assume that the equilibrium state of the
system is defined as ¢; = 0, ¢ = 1,2,3. Oscillation amplitudes of the
system are supposed to be small, i.e., ¢; =~ sin¢;, i =1,2,3.

L0000 777

h %4 ~

Figure 5.4.1

Motion equations of such system are
ml2¢l + mglg; + hzk( - #;) + h2k(¢, $s) =0
(3,113)6[1’3]1 i#£j, J#s s#i

First level decomposition of the system (5 4.1) is reduced to the desig-
nation of free subsystems

(5.4.1)

(5.4.2) mi?¢; + mglg; =0, i=1,2,3
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and the interconnection functions between them
(5.4.3) hi = h2k(¢; — ;) + h2k(ds — ¢5), i=1,2,3.

Second level decomposition is determined by three couples of indepen-
dent subsystems

mi2$; + mglg; + h2k(¢i — ¢;) = 0,
(5.4.4) mi?$; + mgle; + h2k(¢; — ¢:) =0,
(i<j)etL,3].

These equations describe the oscillations of two interconnected pendu-
lums without taking into account the influence of the third pendulum on
the system oscillations.

The energy of ith free subsystem (5.4.2) is defined by

(5.4.5) Eii(¢;) = %mld&? + %mglqﬁ?, i=1,2,3.

Interconnection energy of (¢,7) couples of the subsystems (5.4.4) is de-
fined by

1 ., .
(5.4.6) Eij(¢i, ¢;) = 2 R2k(di — ¢;)%, (i #J) €[L,3]
The matrix-valued function

(5.4.7) U(¢i, d;) = [Ei;(-)], 4,7=12, 3,»

together with vector 7 = (1,1,1)T can be applied to construct the Lia-
punov’s function

(5.4.8) v($,n) = n"U (i, $5)n-

The function (5.4.8) is positive definite and its total derivative Dv(¢, 1)
by virtue of the system (5.4.1) is equal to zero.

Thus, elements (5.4.5) and (5.4.6) are suitable for construction of the
Liapunov’s matrix-valued function (5.4.8). This example shows the energy
nature of the matrix-valued function (5.4.7).
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5.4.2 Nonautonomous oscillator

We shall study the motion of two nonautonomously connected oscillators
whose behavior is described by the equations

dx1 .
Et— = 7123 + vcoswiy; — vsinwiys,

d.’))z

5 = -7 + vsinwiy; + v coswtys,
(5.4.9)

_dyt_l = 7ay2 + v coswitzy + vsinwixs,

d .
-d%‘i = —voy2 + v COSwizy — vsIinwizy,

where v, ¥2, v, w, w+ 71 — 72 # 0 are some constants.
For the independent subsystems

d(l)l

5 = MNZ2,

dz
dt dt

2 —
7 = ™My,

(5.4.10)
ay _ ay2 _ _
dat Y2Y2, dat Y2Y1,

the auxiliary functions v;;, % = 1,2, are taken in the form

'Un(:t) = .’ETZ, T = (.’El,.’b‘z)T,
(5.4.11) - T
va2(¥) =¥y, y=ny)"

We use the equation (2.4.5) (see Assumption 2.4.2) to determine the nondi-
agonal element vy5(z,y) of the matrix-valued function U(¢, z,y) = [vi; ()],
i,j = 1,2. To this end set n = (1,1)T and vi2(z,y) = zTPoy, where
P2 € CY(T7, R?*2). For the equation

P, 0 -
d12+( ’)’1>P12

dt 5 0
(5.4.12) . '
t —sinwt
+ Py ( 72) +20 (c?sw sinw ) 0,
-y 0 sinwt coswt
the matrix

2v sinwt coswt
o (2, 22)

_w+71—72 —coswt sinwt
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is a partial solution bounded for all ¢t € 7.
Thus, for the function v(t,z,y) = nTU(t,z,y)n it is easy to establish
the estimate of (2.4.7) type with matrices C and C in the form

€1 2 = 11 Ci2
o= ( o= (o a2)
Ci2 €22 C12 C22
- - - 2 .
where Cl1 = 611 = 1; Co2 = (22 = 1, Clzg = —C12 = W"THW Be51des, the

vector u1 T = (|||, |ly]l) = u2T since the system (5.1) is linear.
For system (5.4.9) the estimate (2.4.9) becomes

Du(t, z, y)l(“) =0

for all (z,y) € R? x R? because M = 0.

Due to (5.4.12) the motion stability conditions for system (5.4.9) are
established based on the analysis of matrices C and C property of having
fixed sign.

It is easy to verify that the matrices C and C are positive definite, if

4v?

l————— >0
(w+m —7)?

Consequently, the motion of nonautonomously connected oscillators is uni-
formly stable in the whole, if

1
|v| < 5 |w+’)’1 —')’2I.

5.5 Absolute Stability of Discrete Systems

As noted before (see Chapter 1) the vector Liapunov function is a partial
case of the matrix-valued function. The development of the method of con-
structing the vector Liapunov function associated with the employment of
hierarchical structure of the system under consideration yields the refine-
ment of results obtained in terms of simple vector function. To illustrate
this statement we shall consider the application of Theorem 3.2.1 in the
Lur’e-Postnikov problem for large scale discrete system.
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We now consider systems described by difference equations of the form
z11(7 + 1) = 0.2211 (1) + 0.1 f11(7,01)
+phi} (r,01) + pHZ (7, 02),
z12(7 + 1) = 0.5 232(7) + 0.1 f12(7,01)
+phi) (1,01) + P (7, 02),
Z21(T + 1) = 0.5 291 (7) + 0.2 fo1(7,02)
+ph (r,01) + phi? (7, 02),
Zoo(T + 1) = 0.8 292(7) + 0.2 fao(7,02)
+ ph;? (ry00) + phg) (1,02),

(5.5.1)

where 7 € T, zi5 € R, i = 1,2, 01 = 11 + T12, 02 = T3 + T22, pisa
positive constant, functions f;;: 7 € R —+ R are such that fi;[7,0] =0
for all + € T and the inequalities

0 < o1fij(r,01) € 0%, 0% 02f25(7,02) < 0.50%,

are satisfied for i, j = 1,2.
The functions hg?) : T x R — R such that

|h (r,05) | < logl, forall T€T, i, k=12
We decompose system (5.5.1) into two interconnected subsystems

z11{(t + 1) =0.2z11(7) + 0.1 f11(7,01)
+ phgll) (r,01) + phglz) (1,02),

Z12(7 + 1) = 0.5212(7) + 0.1 f12(7,01)
+ph) (r,01) +phi) (7, 02),

Zo1(T + 1) = 0.5291(7) + 0.2 fo1 (1, 02)
+ph{D (r,01) + phZ (7, 02),

Zao(T + 1) = 0.8 222(7) + 0.2 fao(7,02)
+ P (r,01) + pAS (7, 02).

Each of the obtained independent subsystems

2211(7‘ + 1) = 0.2 :1211(7') +0.1 fu(’T', 0’1),

(5.5.2) Zy2(T + 1) = 0.5215(7) + 0.1 fi3(r, 01),
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221(T + 1) = 0.5221(7) + 0.2 fo1 (7, 02),

(55.3) 2722(7' + ]_) =0.8 Q}zz(T) +0.2 f22(7'1 0'2);

is decomposed into interconnected components

Z11 (7 +1) =0.2211(7) + 0.1 f11(7, 01),
z12(r + 1) = 0.5z12(7) + 0.1 f12(7,01),
Z91 (7 + 1) = 05291 (7) + 0.2 fo1 (1, 02),
Zoa (T + 1) = 0.8 292(7) + 0.2 foo(1, 79).

In results we get four independent components

o1 (r +1) = 0.2211(7),
z12(7 + 1) = 0.5 212(7),
z (T +1) = 0.5z21(7),
Toa(T + 1) = 0.8 z22(7).

Take the functions
Vij = Izijls "/’ij = ll'ij!, 5,j=1,2.
Compute the constants

mp = 0.8, w2 =0.5, 6}1 = 5112 = 551 = f%z =0.1

0.7 -0.1
W = (~0.1 0.4>’

which is the M-matrix. Choose the constants dy; =1 and dj2 = 5, then

and the matrix

7 -0.11
a1 "Wy = (1;5) (_00.1 34 >=(o.2; 1.9).

For the function
v1(z1) = |z11] + 5 |z12]

the estimate
Any (z1)|(5.5_2)< -0.2 lznl -1.9 |$12!

is valid.
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Similarly we have
T =05, map=02 & =¢&,=6 =¢,=01,
04 -0.1
We = (—0.1 0.1) '
The matrix W, is also the M-matrix. We take dz; =1 and dy; = 2. Then

we get

04 -0.
a"W, = (1;2) (_0.1 8.111) = (0.2; 0.1).

For the function
va(z2) = |T21| + 2 |z22]

we obtain the inequality
A’Ug(l‘2)|(5.5.3)< —0.2 |z21} — 0.1 |z22].
Take the functions
P = |zn] + |T12l, Y2 = |T21]| + |222]
and compute the constants
m =02, m=01 &i=&2=6p, ¢&n=2E&2=3p

_{02-6p —6p
W_( -3p 0.1—3p)

is the M-matrix, if p < 1/60. We take

The matrix

dy = 18p® —0.6p+0.001, dy =—36p*+1.2p.

Then
T - 2 . 2 0.2 - 6p —6p _
a W = (18p° —0.6p+0.001; -36p° + 1.2p) ( _3p 01-3p) =
= (3.6p% — 0.18p + 0.002; 0.48p — 3.6 p?).
For 0 < p < 1/60 the vector a has positive components. Since all conditions

of Theorem 3.7.1 are satisfied, the equilibrium state = 0 of system (5.5.1)
is asymptotically stable in the whole. The function

v(z) = (18p? — 0.6 p + 0.01)(|z11| + 5|z12]) + (=36 p% + 1.2 p) (|z21| + |Z22])
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is the hierarchical Liapunov function for system (5.5.1).

The study of a discrete system as hierarchical structure is adequate for
analyzing the complex evolution of a real system in animate or inanimate
nature (see Bronowski (1], Levins [1], Siljak [1] and Simon [1]). The Lia-
punov function corresponding to the structure of such the system is also
hierarchical. It is natural to expect that stability conditions established
via such a function prove to be more close to the required ones and the
estimates of stability domains are more precise as compared with those
obtained in terms of an ordinary vector Liapunov function.

5.6 Notes

5.1. The paper by Zubov [1] (the development of the idea of this work is
presented in Zubov [3]) is the first attempt to solve the problem of con-
structing the Liapunov function which determines a complete domain of
asymptotic stability or its boundary.

Aulbach [1] proved the analogue to Zubov’s method in the case of equilib-
ria of nonautonomous differential systems where he had to restrict time de-
pendence to almost periodicity. In the second part of the paper Aulbach [2]
established the extension of Zubov’s method to autonomous systems with
asymptotically stable limit cycles.

Various aspects of Zubov’s method are developed by Abu Hassan and
Storey [1], Bertoni [1], Casti [1], Fallside, Patel, et al. [1], Kirin, Nelepin,
et al. [1], Knight [1], Prabhakara, El-Abiad, et al. [1], etc.

5.2. The results of this section are due to Krapivnyi (1], Krapivnyi
and Martynyuk [1], and Martynyuk [16,17]. See also Michel, Sarabudla, et
al. [1], Rodden [1], and Rosenbrock [1] are used.

5.3. The equations of the three-machine power system are due to Si-
ljak [1]. The obtained result is compared with that by Abdullin, Anapolskii,
et al. [1].

5.4. Three-mass systems model satisfactorily the processes in dynamics
of machines with elastic links and other real objects. Qur presentation is
based on the results by Djordjevié¢ [3], Krapivnyi [1], and Martynyuk and
Slyn’ko [1].

5.5. Discrete-time systems are the object of investigation of many papers
(see Martynyuk [12], Michel, Wang, et al. [1], etc.). This section is based
on the results by Lukyanova and Martynyuk [1].
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For the beginner investigators interested in various approaches that were
applied before to solve the problems of estimating the stability and attrac-
tion domains we recall the works by Burland and Sarlos [1], Chiang and
Thorp [1], Dikin, Shelkunova, et al. [1], Foster and Davies {1], Garg and
Rabins [1], Genesio, Gartaglia, et al. [1], Genesio and Vicino [1], Loparo and
Blankenship [1], Martynyuk and Radzishewski [1], Noldus, Galle, et al. [1],
Sastry [1], Walker and McClamroch [1], Weissenberger [1], Willems [1], etc.
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