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INTRODUCTION

Purposeful improvement of existing mechanical engineering
systems, development of new systems, and appropriate control of
their parameters all involve analytical investigations. In particular,
we want to analyze the dynamics of these systems’ working pro-
cesses or their elements. In one of the first steps, we compose the
corresponding differential equations of motion for each system or
element. The analyses of solutions for these equations provide the
basis for controlling the system parameters in order to achieve the
required results.

The solution of a differential equation of motion represents an
equation that describes the displacement of the system as a function
of running time. The equation itself reflects the system’s law of mo-
tion and is the main basic parameter of motion. The first and the sec-
ond derivatives of the displacement with respect to time characterize
respectively the system’s velocity and acceleration. The displace-
ment, the velocity, and the acceleration are the basic parameters of
motion. The appropriate analysis of equations describing these pa-
rameters can reveal ways that lead to the desired improvement or
development of the system.

Composing differential equations of motion that analytically
describe the working processes of real-life systems often presents
certain difficulties for practicing engineers, senior, and graduate
students. Solving these equations can also be a very challenging
process. This book is intended to make it easier to overcome these
difficulties and challenges.

Based on an appropriate analysis, I concluded that the real-life
common engineering problems associated with single-degree-of-
freedom mechanical systems could be described by 96 differential
equations of motion. In reality, the dynamics of motion for these
mechanical systems is often associated with parameters that, to a
certain degree, exhibit non-linear characteristics. Currently there
are no methodologies for solving non-linear differential equations
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of motion. The existing solutions of some non-linear differential
equations have an extremely limited application for mechanical en-
gineering problems.

However, these 96 common engineering problems could be
described, with a certain level of accuracy, by linear differential
equations of motion. Certainly, the level of non-linearity of the pa-
rameters should be estimated in each particular case and appropriate
decisions should be made during the investigation. Very often the
linear differential equations of motion describe the common engi-
neering problems in dynamics with an acceptable level of accuracy.
We can compose and solve all 96 linear differential equations of
motion that actually describe the possible common problems in the
engineering dynamics.

This book contains all of these 96 linear differential equations
of motion, their solutions, and, for the most part, the analyses of
the solutions. All this is described in the corresponding 96 sections
of the book. The book is organized in such a way that it is very
easy to find the appropriate section containing the description of a
certain problem of interest. Each section represents a stand-alone
description—there is no need to look for additional references in
other places of the book. The descriptions of the problems indicate
the area of the possible real-life working processes of the engineer-
ing systems, emphasizing the characteristics of the loading factors
applied to the systems. Explanations related to assembling the dif-
ferential equation of motion and to the structure of the initial con-
ditions of motion of the system are presented in each section. The
comprehensive step-by-step methodology of solving the differential
equations of motion for all possible initial conditions of motion is
presented in the descriptions of all related problems. All sections
contain the equations describing the displacement as functions of
time. The equations for the three basic parameters of motion and the
relevant analysis of these equations are presented in the majority of
the sections.

In this book, the Laplace Transform Pairs represent the ba-
sis of the methodology for solving differential equations of motion.
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You are not required to become familiar with the methodology of
solving the differential equations of motion in order to use the solu-
tions provided in this book. Comprehending the methodology can be
achieved later when time allows. Hence, the part of each section that
discusses the Laplace Transform methodology for solving the differ-
ential equation of motion may be skipped. It is possible to proceed
directly to the equations describing the parameters of motion and to
start their analysis toward achieving the goal of the investigation.

In order to locate the appropriate section that contains the so-
lution of a certain engineering problem in dynamics, you must first
formulate the problem in corresponding terms that are appropriate in
dynamics. In other words, characteristics of the loading factors (forc-
es or moments) applied to the known mass of the engineering system
should be determined. The components of the differential equation
of motion represent just loading factors. This book shows there are
96 combinations of the loading factors that could be included in the
96 differential equations of motion of common engineering systems.

The investigator should determine the loading factors that re-
sist the motion (the resisting or reactive loading factors) and factors
that cause the motion (the active or external loading factors). The
loading factors represent forces in the rectilinear motion, while in
the rotational motion they are moments. However, the differential
equations that describe rectilinear motion are similar to those de-
scribing the rotational motion. Thus, we can discuss all issues re-
lated to solving engineering problem in dynamics using just forces
or just moments. In this book, these forces are considered the load-
ing factors.

Chapter 1 presents the comprehensive description of the char-
acteristics of the resisting forces and the active forces. In this book,
as in many other related sources, the resisting forces are placed in
the left side of the differential equation of motion, while the ac-
tive forces are in the right side of this equation. This placement of
the loading factors provides the basis for the structure for Guiding
Table 2.1 (Chapter 2), which helps readers locate the section number
that corresponds to the particular engineering system. The charac-
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teristics of all existing resisting forces in dynamics are shown in the
intersections of Row 2 with Columns A through E in the left side of
Guiding Table 2.1.

The 16 possible combinations of resisting forces that could
be applied to an engineering system are shown in the left side of
Guiding Table 2.1, in Rows 3 through 18. For instance, in Row 3,
just one resisting force is marked by the plus sign (+); it is the force
of inertia. Therefore, this row is related to systems subjected to the
force of inertia as the resisting force. In Row 13, three resisting
forces are marked by the plus sign. Therefore, this row is associated
with the systems subjected to the force of inertia, the damping force,
and the constant resisting force as the resisting forces. In Row 18,
all five resisting forces are marked by the sign plus; therefore, this
row is associated with systems subjected to the force of inertia, the
damping force, the stiffness force, the constant resisting force, and
the friction force as the resisting forces. Identifying the row in Guid-
ing Table 2.1 where the resisting forces are marked by the plus signs
corresponding to your engineering system is the first step.

The second step consists of identifying the column related to
the active force or forces applied to the system. The six columns
numbered 1 through 6 on the right side of Guiding Table 2.1 are
associated with these active forces. The intersection of the corre-
sponding row and column contains the number of the section that
describes the differential equations of motion and their solutions.
The analyses of these solutions are based on mathematical proce-
dures that are very familiar to graduates from engineering programs.
The numeric analysis of the solutions may involve usage of appro-
priate computer software.

It should be mentioned that Column 1 in Guiding Table 2.1 is
associated with systems in which the active force equals zero.

This book discusses the structures of the differential equa-
tions of motion and explains how to compose the equations for
actual engineering systems. In addition, this book offers a straight-
forward, universal methodology for solving linear differential
equations of motion that describe the common engineering prob-
lems in dynamics. The Laplace Transform methodology allows
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us to convert the differential equation of motion into an algebraic
equation of motion, the processing of which involves basic alge-
bra. Actually, there is no need to memorize the Laplace Transform
fundamentals in order to use this methodology. The engineers may
immediately begin to use all 96 solutions of the common engineer-
ing problems without studying this methodology. In order to use
this book for getting the needed solutions, however, you should
become familiar with the two first chapters, even without going
into the details of the mathematics.

Chapter 1 analyzes the structure of the differential equation of
motion and the components that make up the equation. This analysis
allows us to identify the characteristics of all possible components
that could be included in the differential equation of motion. The
physical nature of these components is also explained in Chapter
1, which contains the Laplace Transform Pairs Table 1.1. This table
is helpful for solving all 96 differential equations of motion associ-
ated with the common engineering problems in dynamics. For the
most part, Table 1.1 represents a compilation based on numerous
published sources. Using the method of decomposition, I developed
several appropriate expressions that could be not found in published
sources. These expressions are also included in this table.

Chapter 2 presents a few examples of composing differential
equations of motion for actual engineering systems. It demonstrates
the methodology of solving these equations by using the Laplace
Transform Pairs. This chapter also shows the ways to analyze the
basic parameters of motion. A substantial part of Chapter 2 is de-
voted to the applicability of the solution of the general differential
equation of motion for solving differential equations of motion of
particular engineering systems. This analysis concludes that the ob-
tained solution cannot be used for solving particular problems in
dynamics. Instead, this analysis indicates that it is necessary to com-
pose the differential equations of motion and solve them for each
particular engineering problem in dynamics.

Chapters 3 through 18 describe the solutions of the 96 com-
mon engineering problems in dynamics. The chapter titles reflect
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the resisting loading factors applied to the systems. Each chapter
consists of six sections, the names of which reflect the active forces
applied to the systems.

Chapter 19 shows that the engineering problems associated
with two-dimensional motion can be solved using Guiding Table 2.1
and the corresponding sections. The two-dimensional motion can be
described by a system of two simultaneous differential equations of
rectilinear motion in two mutually perpendicular directions. Thus,
the solution of a problem associated with two-dimensional motion
is built on the corresponding two sections, the numbers of which can
be found in Guiding Table 2.1.

It is important to emphasize that this book can also be used to
solve differential equations associated with electrical engineering,
electronics engineering, and other engineering fields. I hope that this
book will be helpful to the engineering community for solving prob-
lems in dynamics.

Michael Spektor
October 2015



PRINCIPLES OF APPLIED DYNAMICS

Parameters of motion are important characteristics of the
working process of mechanical engineering systems. The methods
of applied dynamics help us analyze these parameters so that we can
purposefully control these processes. One of the basic parameters —
the law of motion of a mechanical system — represents the solution
of a differential equation of motion, which in its turn expresses the
dependence of the mechanical system’s displacement as a function
of time. The differential equation of motion opens the ways for us to
understand the mechanical system’s working process; it allows us to
achieve the required level of the system’s performance.

Different mechanical systems have different criteria for evalu-
ating their performance. For instance, velocity and acceleration, as
well as braking distance, are criteria of a transportation system’s
performance. However, an elevator’s performance is characterized
by its velocity and lifting capacity. Productivity, efficiency, energy
consumption, and many other characteristics are also among the per-
formance criteria for mechanical systems. Performance is generally

1
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evaluated by a combination of criteria. Achievement of a mechani-
cal system’s required performance is always its improvement and
development goal. Effective analysis of a system’s appropriate laws
of motion allows us to accomplish this goal.

Analyses of the dynamics of motion play an important role in
purposefully controlling both the performance and sophistication of
mechanical systems. These analyses include three steps: 1) compos-
ing a differential equation of motion of a mechanical engineering
system and determining the initial conditions of motion; 2) solving
this differential equation for these initial conditions; and 3) analyz-
ing this solution to determine the basic parameters of motion, re-
veal the roles of the system parameters, and evaluate the influence
of these parameters on performance. The description of these three
steps is presented below.

1.1 Mathematical Approach to Composing the
General Differential Equation of Motion

The process of motion can be characterized by acceleration,
constant velocity, and deceleration (braking).

Acceleration and deceleration have identical analytical expres-
sions and both describe the rate of velocity change as a function of
time. Both are also functions of time. So, in vibratory processes, the
same equation — depending on time — describes the acceleration
or deceleration of the system. Actually, the term acceleration implies
deceleration; therefore, the process of motion basically consists of two
phases: acceleration and motion at constant velocity (uniform motion).

The dynamics of motion focuses mostly on the phase of ac-
celeration. The analysis of this phase reveals the roles of the system
parameters, the interaction between the parameters, and the mutual
influence of the parameters. It also shows the ways to accomplish
the desired control of the parameters. During the phase of uniform
motion, the acceleration equals zero. The motion of the system is
described by a linear relationship between the displacement and
time. This relationship represents a formula including the displace-
ment, the velocity, and the time; this formula allows us to determine
one parameter when the other two are given.
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There are no readily available formulas that describe the
dependence between the displacement and the running time during
the acceleration process of mechanical systems. The expression that
describes the displacement as a function of the running time for the
process of acceleration is considered as the law of motion of the sys-
tem; it can be obtained as the solution of a differential equation of
the system’s motion. Therefore, the initial stage of analyzing a sys-
tem’s dynamics is associated with composing the differential equa-
tion of motion that reflects the real-life characteristics of the system
and the circumstances of motion.

According to Newton’s Second Law, the process of accelera-
tion is caused by loading factors. The factors that cause rectilinear
motion are forces, whereas rotational motion is caused by moments.
The basic parameters of motion are displacement, velocity, and ac-
celeration. All these parameters are functions of time. Displacement
as a function of time is the main parameter and represents the solu-
tion of the differential equation of motion. Velocity and acceleration
are respectively the first and second derivatives of the displacement.
Thus, in order to obtain the analytical expression for the displace-
ment as a function of time, we need to solve the differential equation
of motion for the particular mechanical system.

From a mathematical perspective, a differential equation of mo-
tion is a second order differential equation. Consequently, its structure
is predetermined by certain principles of mathematics. Usually a gen-
eral second order linear differential equation has the following struc-
ture. The left side of the equation represents a sum of the following
components: the second derivative of the function, the first derivative
of the function, the function, the argument, and the constant value,
while the right side equals zero. (A constant value can actually be
considered as a function of the argument or another involved param-
eter to a zero power.) Very often, a differential equation is presented
as having a left side and a right side populated by certain parameters
that have the same structures as the components described above.

The structure of these components is similar to the struc-
ture of the parameters of motion. The acceleration represents the
second derivative of the displacement as a function of time. The
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velocity represents the first derivative of the displacement as a
function of time. The displacement represents the function of time.
The time represents the argument and the constant value can be
considered as a function of time or another involved parameter
to the zero power. This similarity lets us apply the second order
differential equations to investigate the motion of mechanical sys-
tems; the goal is to reveal the analytical expressions of the system
parameters.

By the definition, a linear differential equation of motion
should have constant coefficients for its components. Acceleration,
velocity, displacement, time, and the constant value have different
physical characteristics and are measured by different units. In or-
der to use these parameters as a sum in any equation, they must be
expressed by the same physical units. By using appropriate constant
coefficients as multipliers, we can convert these components into
parameters that have the same units. In mechanical engineering,
these units should represent loading factors (forces or moments).
Hence, the differential equation of motion should be composed of
components representing forces or moments. In order to compose a
differential equation of motion of an actual mechanical system, we
must determine for each particular case the loading factors (forces
or moments) that are applied to the system. The left and right sides
of a differential equation of motion could consist of one parameter
or certain sums of these loading factors.

From the mathematical point of view, there are five types of
components that can be included in the left and right sides of a sec-
ond order differential equation. The right side of this equation may
also be equal to zero. One of these components represents the sec-
ond derivative of the function (usually it is the first component),
and this component should be present in each second order differ-
ential equation. The left side of a second order differential equation
could consist just of the second derivative, while the right side of
this equation equals zero. In general, the second order differential
equation may include in each side a component or any combination
of the above-mentioned five types of components, whereas the left
side of the equation should contain the second derivative.
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Therefore, the differential equation of motion can consist of
any combination of five different loading factors in each of its sides,
while one of these factors (usually in the left side of the equation)
should have the structure of the second derivative. As with any sec-
ond order differential equation, four of these factors are variables
and the fifth has a constant value. The characteristics of these load-
ing factors are:

1) force or moment of inertia (depends on acceleration)
2) damping force or moment (depends on velocity)

3) stiffness force or moment (depends on displacement)
4) time-dependent force or moment

5) constant force or moment

It is acceptable to represent the loading factors in two groups,
namely: factors that cause the motion (accelerate the motion) and
factors that resist the motion (decelerate the motion). The loading
factors that accelerate the motion are external or active loading fac-
tors, whereas the loading factors that decelerate the motion repre-
sent resisting or reactive loading factors. In the processes of mo-
tion, the reactive loading factors can act in the absence of the active
loading factors. However, during the action of the active loading
factors, at least one reactive loading factor is always present. This
factor represents the force or moment of inertia of the mechanical
system.

Suppose a body is moving by inertia on a horizontal frictional
surface and is surrounded by air. The body will decelerate due to the
resisting forces exerted by the air and the frictional surface. In this
case, there are no active forces applied to this body. The body moves
due to its kinetic energy, which decreases during the deceleration
and becomes equal to zero when the body stops. As a reaction to
the deceleration, this body exerts a force of inertia that in this case
is directed opposite to the resisting forces. Its absolute value equals
the sum of the absolute values of the resisting forces. The force or
moment of inertia cannot accelerate the body. Therefore, it is not an
active or external force/moment; it is a reactive force/moment by
nature.
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Let’s consider the case where an external force is applied to
the same body that is moving on a frictional surface and is subjected
to the same air resistance. As in the previous case, the air and the
frictional surface will exert reactive forces that will resist the mo-
tion. However, in this case, the body may accelerate if the active
force exceeds these two resisting forces. As a reaction to the ac-
celeration, the body exerts a reactive force representing its force of
inertia; it plays the role of a resisting force. For this case, the sum
of the force of inertia and the rest of the resisting forces equals the
external active force and is directed opposite to the active force. If in
this case the active force equals the sum of air and friction resisting
forces, the body will move with a constant velocity and the force of
inertia will be equal to zero.

Based on all these considerations, it is acceptable to include
in the left side of the differential equation of motion all resisting or
reactive loading factors, and in the right side all external or active
loading factors. In order to describe the methodology of composing
differential equations of motion for actual engineering problems, we
will first assemble the general differential equation of motion that
includes all possible loading factors. We will analyze each compo-
nent of this equation from the point of view of real-life engineer-
ing problems in dynamics. This analysis allows us to clarify the
sequence of steps needed to compose the differential equation of
motion for actual systems. There is no difference in the structure of
differential equations of rectilinear or rotational motion. The steps
of composing the differential equations for both types of motion are
the same and the components for both cases are similar. Thus, fur-
ther descriptions in this book are based on forces that are associated
with rectilinear motion, keeping in mind that all related methodolo-
gies and principles are applicable to rotational motion.

The vast majority of actual common problems associated
with the dynamics of mechanical systems can be described with
a certain level of approximation by linear differential equations of
motion. This book focuses just on linear differential equations of
motion of single degree-of-freedom mechanical systems. Even if
one component of a differential equation of motion is non-linear,
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the differential equation is non-linear. As it is known, at the present
time, there are no methodologies for solving non-linear differential
equations of motion. The existing catalogs containing solutions for
certain non-linear differential equations have a very limited applica-
bility for engineering problems in dynamics.

The general differential equation of motion for a hypothetical
mechanical system moving horizontally and consisting of all pos-
sible loading factors has the following shape:

2

d t
m—f+C—x+Kx+A0sin(a)ot+ﬂ,0)+B—+P+F
dt dt T

2
=am cjj > +C1%+K1x+As1n(w1t+/1)+Q(p+—)+R (1.1.1)
where m is the mass of the mechanical system, x is the system’s
displacement that represents a function of time, and ¢ is the run-
ning time (the argument). The rest of the parameter notations are
explained below.
The initial conditions of motion for a general case are:

for t=0 x=s @ =V, (1.1.2)
dt

where s, and v, are the initial displacement and initial velocity

respectively.

As stated above, there are five types of loading factors that can
be included in the left and right sides of a differential equation of
motion. However, the left side of equation (1.1.1) has seven compo-
nents, whereas the right side has six components. But we can see that
the fourth and fifth components in the left and right sides of equa-
tion (1.1.1) are different versions of functions of time. Therefore,
each of them represents the loading factor that depends on the same
parameter and should be considered as belonging to the same type
of factors. The sixth and seventh components in the left side of the
equation are constant forces and also should be considered as one
loading factor. So, there are actually just five types of loading factors
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in each side of equation (1.1.1). The analysis of these loading factors
is presented below.

1.2 Analysis of the Resisting Forces

All resisting forces are reactive forces. The force of inertia
represents the reaction of a rigid body (the mechanical system) to
its acceleration/deceleration, whereas the rest of the resisting forces
represent the reaction of the surrounding media to the interaction
with this rigid body. The surrounding media implies fluid media (air,
water, oil, etc.) and solid state media including the soil and engineer-
ing materials such as metals, polymers, wood, concrete, and other.

The interaction between the rigid body and the media repre-
sents all kind of deformations of the media, including forging, pen-
etration, cutting, distortion, etc.

The left side of the differential equation of motion comprises
one or a sum of resisting forces. The analysis of these forces follows
the order in which they are positioned in equation (1.1.1).

1) The force of inertia, which depends on the acceleration of the
mechanical system, equals the product of multiplying the mass
m of the system by its acceleration ”:172‘. Linear differential equa-
tions have constant coefficients. Therefore, the mass represents
a constant coefficient at the acceleration. The force of inertia is
present in each differential equation of motion. If ‘th = 0, then
the system is in uniform motion and the displacement of the sys-
tem equals the product of multiplying the constant velocity of

the system by the running time.

In the vast majority of actual engineering problems, the
mass of the mechanical system represents a constant value.
Consequently, the force of inertia is a linear function of the accel-
eration. However, in transportation systems powered by internal
combustion engines, the masses of these systems decrease as a
result of fuel consumption. The masses of movable systems can
change due to snow, rain, evaporation, etc. If the mass is a variable
value, the differential equation becomes non-linear and it is not
considered in this book.
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Figures 1.1a and 1.1b Graphs of force-velocity relationships

2) The damping force depends on the velocity of the mechanical
system. The damping force equals the product of multiplying
the constant damping coefficient C by the velocity of the system.
Damping forces are exerted by fluid media (liquids and gases) as
a reaction of their interaction with a movable body. The graphs
in Figure 1.1 illustrate the relationships between the damping
force P, and the velocity.

The straight line OA in Figures 1.1a and 1.1b represents the
relationship between the damping force and the velocity. Figure
1.1a shows a case when the initial velocity equals zero, whereas in
Figure 1.1b, the initial velocity equals v,. According to these graphs,
the damping coefficient C can be determined from the following
expression:

(1.2.1)

Because the motion of bodies occurs in fluid environments,
the damping forces are always present. Damping forces are also ex-
erted by special hydraulic links that are widely used in mechanical
engineering systems. These links represent various shock absorb-
ers intended to soften the action of vibratory and impact loading.
In many actual cases, damping forces play an insignificant role
in comparison to other forces and may be ignored. There are no
readily available formulas for determining the values of damping
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coefficients that depend on the viscosity of the fluid, its temperature,
geometric characteristics of the movable systems, and other factors.
In each particular case, it is necessary to obtain related experimental
data in order to determine the value of the damping coefficient.

Usually the experimental data should be processed graphi-
cally to express the relationship between the damping force and the
velocity of the system, as shown in Figure 1.1. If the graph is lin-
ear, the damping coefficient is a constant value and the damping
force represents a linear function of the velocity. If this graph is
shaped as a curved line, the damping coefficient is changing its val-
ues from point to point on the graph. In this case, the damping force
is a non-linear function of the velocity, and the differential equation
of motion is non-linear. In many practical cases, the non-linearity is
insignificant and the damping force may be considered as a linear
function of the velocity. In case of strong non-linearity, you may
want to apply the methodology of the piece-wise linear approxima-
tion presented in the author’s book, Solving Engineering Problems
in Dynamics, published by Industrial Press.

A dashpot represents the hydraulic link mentioned above. Its
schematic image is used in physical models of movable systems to
indicate the presence of a damping force that is exerted by the fluid
media or shock absorber. In these cases, the dashpot symbolizes just
the resisting damping force; it does not represent a physical part
of the mechanical system, and, consequently, does not have any
mass. Figure 1.2 shows a model of a system subjected to a damping
force that is represented by a dashpot. The rigid body (1) moves
along the x-axis and is rigidly connected to the piston (2) that is mov-
ing inside of the cylinder (3) which is securely attached to the non-
movable support (4). The cylinder is filled with a fluid, the flow of
which is restricted by calibrated orifices. The liquid flowing through
these orifices exerts a resisting damping force applied to the rigid
body. The characteristic of the dashpot is the damping coefficient C.

In some situations, the mechanical systems may be subjected
to the action of two sources of damping resistance. For instance, a
ship experiences a combined resistance caused by air and water. In
this case, the air and water damping forces are acting in parallel.
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Figure 1.2 Model of a system with a dashpot

In some mechanical systems, the shock absorbers may act
sequentially, although sometimes they simultaneously act in paral-
lel and sequentially. If a mechanical system is subjected to the ac-
tion of several damping forces, the resultant damping coefficient C
equals the sum of each particular damping coefficient, regardless if
the dashpots act in parallel or sequentially:

C= ﬁci (1.2.2)

where C, is a particular damping coefficient, n is the number of
dashpots, and:

i=1,2,3....n

Some engineering materials, such as certain polymers, exhibit
viscous properties during their interaction with rigid bodies. These
materials belong to viscolastic and viscoelastoplastic media that ex-
ert damping resisting forces as a reaction to their deformation.

Differential equation of motion do not always contain damp-
ing forces because in some cases these forces are insignificant.

3) The stiffness force depends on the displacement and equals the
product of multiplying the stiffness coefficient K by the system’s
displacement x. The reaction of an elastoplastic or viscoelasto-
plastic medium to its deformation represents a resisting force
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that is often considered as the frontal resistance force applied
to the forehead of the deformer. The vast majority of engineer-
ing materials are elastoplastic. Normally the first phase of the
deformation of an engineering material exhibits mainly features
of elasticity, whereas the next phase is associated with the plas-
ticity features of the material. The interaction of the system with
the media results in different types of deformation of the media
such as penetration, cutting, etc. The measure of displacement
of the system (deformer) is considered equivalent to measure of
deformation of the media.

For many engineering materials, the deformation force on the
phase of elasticity is characterized as a linear function of the defor-
mation. Actually, this deformation force is the stiffness force, and
the deformation, as stated above, represents the displacement of the
system. The deformation force on the phase of plastic deformations
usually has a constant value. However, some elastoplastic and visco-
elastoplastic media are characterized by a phase of strain-strength-
ening during their plastic deformation process.

Figure 1.3 shows the force-displacement relationship on
the phases of elastic deformation, plastic deformation with strain-
strengthening, and plastic deformation. The broken line OABC il-
lustrates the dependence of the force P, on the displacement s of
a system interacting with an elastoplastic or viscoelastoplastic me-
dium that is characterized by strain-strengthening. By its nature, this
force represents the frontal resistance force of these media to their
deformation (penetration, cutting, etc.). The straight line OA is the
graph reflecting the relationship between the force and displacement
on the phase of elastic deformation. According to Figure 1.3, the
stiffness coefficient K for the phase of elastic deformation is calcu-
lated from the following equation:

_h;

§1

K 1.2.3)

The straight line AB characterizes the relationship be-
tween the stiffness force and displacement on the phase of plastic
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Figure 1.3 Graph of force-displacement relationship

deformations with strain-strengthening. Based on Figure 1.3, the
stiffness coefficient K, for this phase is determined from the fol-
lowing expression:

Ky, =t hs (1.2.4)

§2 — 5

The straight line BC in Figure 1.3 represents the graph that
reflects the relationship between the force and displacement on the
phase of plastic deformations. As this graph shows, the resisting
force on this phase has a constant value.

During their deformation, some engineering materials exert
resisting forces that are proportional to the velocity of the defor-
mation. These materials possess the properties of viscosity and the
above-mentioned resisting forces actually represent damping forces.
The materials that possess viscosity properties represent the visco-
elastic and viscoelastoplastic media. These media exert damping
forces during all phases of their deformation. Thus, these media si-
multaneously exert damping forces and stiffness forces during the
phase of elastic deformation. During the phase of plastic deforma-
tion with strain-strengthening, the viscoelastoplastic media exert
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damping forces, stiffness forces, and constant resisting forces at the
same time. Finally, these media exert damping forces and constant
resisting forces during the phase of plastic deformation. Depending
on the shape of the deformer or the rigid body interacting with the
viscoelastic, elastoplastic, or viscoelastoplastic media, these media
can exert on each phase of deformation a friction force in addition to
those resisting forces already mentioned. Usually this friction force
has a constant value.

Specific elastic links that represent springs are used in some
mechanical systems and very often work together with dashpots.
There are formulas to calculate the stiffness coefficients (spring
constants) of springs. Some elements of mechanical engineering
systems can be considered as specific elastic links. All kinds of
structural elements (such as beams, brackets, booms, and frames)
and all kinds of machine elements (including shafts, axes, etc.) may
represent specific elastic links. However, in order to determine the
stiffness coefficient of a specific elastic link or above-mentioned
media subjected to deformation, it is necessary to obtain appropriate
experimental data processed in graphs that reflect the relationship
between the force and the deformation (displacement). These graphs
are similar to the graph shown in Figure 1.3.

If the relationship between the stiffness force and displace-
ment is linear, the stiffness coefficient has a constant value and the
differential equation of motion is linear. If there is a strong non-
linearity in the dependence between the stiffness force and the dis-
placement, use the same approach described above for the damping
force. In the physical models, the presence of a stiffness force is
expressed by a schematic image of a spring, as shown in Figure 1.4.
In this figure, the body (1) moves along the x axis and is subjected
to the action of a resisting stiffness force exerted by the spring (2)
having a stiffness coefficient K. The spring is connected to the body
and to a non-movable support (3).

In reality, a mechanical system can consist of several springs
that may act in parallel or sequentially, or in a combination of both.
The resultant stiffness coefficient K, of springs acting in parallel can
be calculated based on the following formula:
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Figure 1.4 Model of a system with a spring

K,=YK (1.2.5)
1

where K; is the stiffness coefficient of a particular spring, n is the
number of springs, and:

i=1,2,3,....n

In cases when the springs act sequentially, the resultant stiff-
ness coefficient K| can be calculated using the following expression:

1 - 1

—=) — 1.2.6

X 2 X (1.2.6)
where the notations are similar to the previous case. In case of a
combined action of springs acting in parallel and sequentially, the
resultant stiffness coefficient K is determined from the following
equation:

K=K,+K, (1.2.7)

Resisting stiffness forces appear in certain pneumatic systems dur-
ing the process of air compression.

Stiffness forces are not present in each differential equation
of motion.

4) The resisting force representing a harmonic function depend-
ing on time is the product of multiplying the amplitude of the
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exciting force A, by the harmonic function having a frequency
of vibration @, while 4, is an angle that determines the mag-
nitude and the direction of the exciting force at the moment
when ¢ = 0. Mathematically it is justifiable to have this force in
the left side of the differential equation. However, in real engi-
neering systems, it is very difficult to imagine the presence of
a resisting (or reactive) harmonic force. Therefore, this force
should not be included in the left side of the differential equa-
tion of motion.

The time-dependent force is a resisting force that also represents
a function of time and equals the product of multiplying a cer-
tain constant force B by a linear function of time ¢, as ¢ increases
from zero to a limited interval of time 7 that the time-dependent
force is acting. This force is relevant from a mathematical per-
spective. However, in real life, it is extremely problematic to
come up with this type of a time-dependent resisting (or reac-
tive) force. For this reason, it should be not included in the left
side of the differential equation of motion.

The constant resisting force P usually represents the reaction
of elastoplastic or viscoelastoplastic media to the deforma-
tion; it is the frontal resistance force. In cases of upward mo-
tion, this force can also be associated with the weight of the
system. In cases of interaction with some elastoplastic or vis-
coelastoplastic media, the constant resisting forces appear on
the phase of plastic deformation (as well as plastic deforma-
tion with strain-strengthening). As seen in Figure 1.3, during
the phase of plastic deformation with strain-strengthening,
the constant resisting force equals P,,. However, during the
phase of plastic deformation (without strain-strengthening),
this force equals P,. Figure 1.3 also indicates that, during
the phase of plastic deformation with strain-strengthening,
the frontal resistance force consists of a superposition of two
forces that appear simultaneously: the constant resisting force
P, and the stiffness force having the stiffness coefficient cal-
culated from equation (1.2.4).
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Certain considerations should be emphasized regarding the
behavior of constant resisting forces applied to vibratory systems
that interact with elastoplastic or viscoelastoplastic media. In this
regard, we should consider two possible situations. In the first, the
initial velocity of the system equals zero and the motion of the sys-
tem is caused by a harmonic force. When a vibratory system is
moving horizontally and deforms the elastoplastic or viscoelasto-
plastic medium, the constant resisting forces appear as a reaction
of the medium to its deformation. The deformation occurs during
one half of the vibratory cycle that represents the loading stage of
the medium.

During the second half of the cycle, the system moves in the
opposite direction. It distances itself from the medium, resulting in
disappearance of the constant resisting forces. The displacement in
the opposite direction represents the unloading stage of the medium.
The loading stage is characterized by the presence of constant re-
sisting forces. However, during the unloading stage, these forces
are absent. Therefore, the same differential equation of motion can-
not describe both stages. The differential equation of motion can be
valid for just one half (usually the first half) of the cycle of vibra-
tions when the system is deforming the medium. The second half
of this cycle can be described by another differential equation of
motion for which the constant resisting forces equal zero. The initial
displacement for this equation represents the system’s displacement
at the end of the first half of the cycle, which coincides with the
loading stage.

In the second situation, the system possesses a positive veloc-
ity or the system, in addition to the harmonic force, is subjected
to corresponding active forces such as a constant active force or a
time-dependent force. The system continues to deform the medium
during the second half of the cycle and continues to overcome the
constant resisting force. Therefore, the differential equation of mo-
tion is valid during the complete cycle.

Let’s consider a case when the motion of a vibratory sys-
tem occurs in the vertical direction without interacting with an
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elastoplastic or viscoelastoplastic medium. In this case, the force
of gravity of the system is directed downward and plays the role
of a constant resisting force during the upward motion. During the
system’s downward motion, the force of gravity does not change
its direction and is directed downward. In this case, the differential
equation of motion describes the complete cycle of vibrations.

Based on all these considerations, this book presents just one
differential equation of motion describing the motion during the
complete cycle of vibrations. The analysis of this equation’s solu-
tion provides the sufficient information about the parameters of mo-
tion of the system.

7) The dry friction force F is a constant resisting force that acts on
the interface of sliding rigid bodies as a reaction to their relative
motion. Dry friction forces also act on the lateral surface of a
penetrator or cutter that deforms or cuts an elastoplastic or vis-
coelastoplastic medium. In this case, the friction force represents
the lateral resistance forces and, depending on the shape of the
deformer, appears simultaneously with other resisting forces. In
the case of elastoplastic media, the friction force can act together
with a) the stiffness force during the phase of elastic deforma-
tions; b) the constant resisting force during the phase of plastic
deformations; or c) the superposition of the constant resisting
force and stiffness force during the phase of plastic deformation
with stain-strengthening. In the case of viscoelastoplastic media,
the damping forces will be also acting together with all the resist-
ing forces, as in the cases a), b), and c) of the elastoplastic media.

The reason why the friction force F is considered separately
from the constant resisting force P can be found in the specific be-
havior of dry friction forces. These forces are always directed oppo-
site to the direction of the system’s velocity. In a vibratory process,
the friction force instantaneously changes its direction when the sys-
tem comes to a stop and starts to move into the opposite direction.

Similar to the constant resisting forces, we should consider
the same two situations discussed above. In the first situation, the
system does not possess any initial velocity and is subjected to the
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action of a harmonic force only. Here, the differential equation of
motion is valid just to the end of the first half of the cycle of vibra-
tions when the velocity becomes equal to zero; at this moment, the
velocity and the friction force are instantaneously changing their di-
rections. The differential equation of motion that describes the dis-
placement during the first half of the cycle cannot by itself account
for the change of the direction of the friction force. Consequently, it
becomes not applicable for the description of the second half of the
cycle of vibrations.

In order to describe the displacement of the system during the
second half of the cycle of vibrations, another differential equation
of motion should be composed reflecting the change of the direction
of the friction force. In comparison with the behavior of the constant
resisting force — in the case of deformation of an elastoplastic or
viscoelastoplastic medium — the friction force does not disappear
during the second half of the cycle. It just changes its direction. For
the second differential equation of motion, the initial displacement
equals the displacement of the system at the end of the first half of
the period of vibrations.

The second situation occurs when the system possesses an ini-
tial velocity or additional active forces applied to the system. During
the second half of the vibratory cycle, the system continues to move
into the same direction as in the first half of the cycle; the friction
force does not change its direction. Therefore, for this situation, the
differential equation of motion is valid during the complete cycle of
the vibrations.

All of these considerations allow this book to present the in-
vestigations of vibratory systems subjected to the action of a friction
force based on just one differential equation of motion describing
the motion during the complete cycle of vibrations. The analysis of
this equation’s solution provides the needed information regarding
the parameters of the system’s motion.

There are a few more details characterizing the role and be-
havior of the constant resisting force and friction force with regard
to vibratory systems; however, there is no need for this text to dis-
cuss these details.
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In concluding this section, note that for actual engineering
systems, the left side of the differential equation of motion can con-
sist minimally of one resisting force (the force of inertia) and at
most of five resisting forces (the force of inertia, the damping force,
the stiffness force, the constant resistance force, and the dry friction
force).

1.3 Analysis of the Active Forces

The right side of equation (1.1.1) includes components that
represent active (external) forces. In the majority of common engi-
neering problems, the characteristics of these forces are defined dur-
ing formulation of the problem. In most cases, they have constant
values or can be considered as linear functions. The analysis of the
active forces is presented in the order they are placed in the right
side of the equation.

1) The force of inertia is included in the right side of the differen-
tial equation of motion based strictly on mathematical consid-
erations. The force of inertia is multiplied by a dimensionless
coefficient ¢, where o< 1. If ar= 1, the forces of inertia in both
sides of the equation will be canceled out. As a result, there will
be no second order differential equation of motion. If o> 1, the
force of inertia will become an active force — which is impos-
sible. The force of inertia is a reactive force by nature; as such, it
should not be included in the right side of the equation.

However, in wheeled transportation systems, the force of iner-
tia causes the redistribution of the system’s weight between the rear
and front axles. In a two-wheel drive system, this weight redistribu-
tion results in the change of the normal pressure of the front and
rear wheels on ground. In turn, that change results in the change of
the active force that accelerates the system. This redistribution is
revealed when determining the reactions in the front and rear wheels
by solving the equations of statics.

As a result of this distribution, a fraction of the force of inertia
appears in the expression for the active force applied to the system.
Thus, a fraction of the force of inertia that is a part of the active force
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is included in the right side of the differential equation of motion.
This case is described in the author’s book, Solving Engineering
Problems in Dynamics. 1t is difficult to imagine other cases where a
fraction of the force inertia represents an active force. In general, as
mentioned above, the force of inertia is a reactive force; it should not
be included in the right side of the differential equation of motion.

2)

3)

The active force depending on the velocity. These forces
appear in some pneumatically operating systems during the
process of accelerating pistons under the action of com-
pressed air. In these systems, the active force that depends
on the velocity decreases its value with the increase of the
velocity of the piston. Therefore, the structure of the expres-
sion that reflects the characteristics of this force may have the
following shape:

dx

Rv = ROV _Cl dt

1.3.1)
where R is the decreasing active force depending on the veloc-
ity, R, is the pressure force acting on the beginning of the ac-
celeration process, and C, is a coefficient that is similar to the
damping coefficient of the compressed air for the particular ma-
chine. As seen from equation (1.3.1), the second term in the right
side of this equation is negative. This term has the structure of a
negative damping force. When being transferred from the right
side of the differential equation of motion to the left side, this
term will play the role of a resisting damping force. It is difficult
to imagine a real-life problem where the active force increases
with the increase of the velocity. All considerations regarding
the ways of determining the characteristics of the damping co-
efficients for the active forces are the same as for the resisting
damping forces considered above for similar components in the
left side of equation (1.1.1). In actual engineering problems, the
active forces depending on velocity do not appear often.

The active force that depends on the displacement of the sys-
tem. For example, the active force could cause the motion of a
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piston in an engine of internal combustion or the motion of a
projectile in the barrel of a firearm. The active forces in these
mechanical systems are actually decreasing with the increase of
the displacement. The structure of the expression that reflects
the behavior of these forces is similar to the structure of the
active force according to equation (1.3.1) and may have the fol-
lowing shape:

R, =Ry, — K\x (1.3.2)

where R, is the decreasing active force depending on the dis-
placement, R, is the initial active force, and K, is the spring
constant that is similar to the stiffness coefficient. The second
term in the right side of equation (1.3.2) is negative. After trans-
ferring this term from the right side of the differential equation
of motion to the left side, this term will play the role of a resist-
ing stiffness force. However, when the acceleration is caused by
an attracting magnetic force, the active force increases with the
increase of the displacement.

In order to determine the characteristics of the spring constant

(or stiffness coefficient) for the active forces that depend on the dis-
placement, we first need the appropriate experimental data. This
data should undergo the same analysis presented above for resisting
stiffness forces. In real-life engineering problems, these types of ac-
tive forces seldom appear.

4)

The active force representing a harmonic function of time or
a harmonic force. The harmonic force equals the product of
multiplying the amplitude of the exciting force A by a harmonic
function having @, as the frequency of the vibrations. Also, 4 is
the angle associated with the initial value and direction of the
exciting force at the moment when ¢ =0, and 0 < A < 27. The
harmonic function has the following structure:

sin(@,t + A) = sin @, cos A + cos w,¢ sin A

Hence, both the sine and the cosine are included in equation

(1.1.1) and represent a more general approach to accounting the
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harmonic function of time. In certain cases, it may be accepted
that 1=0.
The harmonic forces are used in numerous vibratory systems.

5) The active time-dependent force represents the product of mul-
tiplying a certain constant force Q by a linear function of time 7.
The time-dependent force acts during a predetermined interval
time 7, with # < 7 while p and y are dimensionless coefficients
having the following values: p = 0 and u # 0. For example, con-
sider the acceleration process of a transportation system in which
the active force gradually increases during a certain interval of
time (u« > 0). However, when the coefficient y is negative, the
time-dependent force is decreasing. This may happen in certain
deceleration (braking) processes. Because the time-dependent
force is acting during a limited, predetermined interval of time,
it is reasonable to assume that these forces are used during the
initial steps of working processes.

6) The constant active force R has a wide application in many me-
chanical systems.

Because the right side of a differential equation of motion could
be equal to zero, we should consider one more case that is character-
ized by the absence of active forces. In real-life conditions, the decel-
eration (braking) processes of certain mechanical systems occur in
the absence of active forces. In these cases, the motion of these sys-
tems is determined by their initial conditions of motion. If the system
has an initial velocity, the system’s motion is caused by its kinetic en-
ergy. If there are no resisting forces, then according to Newton’s first
law, the system will be in uniform motion in the horizontal direction.
In the presence of the resisting forces, the system will decelerate and
come to a stop. If a vibratory system possesses an initial displacement,
the system’s motion is caused by the potential energy. In this case, the
system becomes subjected to the action of forces that are exerted by
a deformed spring or elastic medium that releases the potential en-
ergy of its deformation. In cases when resisting forces are absent, the
system will perform free vibrations in the horizontal direction; when
resisting forces are present, these vibrations will be damped.
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1.4 The General Differential Equation of
Motion of Engineering Systems
The analysis of the components of equation (1.1.1) allows us
to present the general differential equation of motion, made up of
five components in each side:
2
d—2 +C dx +Kx+P+F
dt dt

= R+C1fl +K1x+Asm(a)1t+l)+Q(p+—) 1.4.1)

The initial conditions of motion for this equation are given by
expression (1.1.2).

In order to compose the differential equation of motion, it is
first necessary to formulate the problem in the most accurate way,
identifying the resisting forces, the active forces, and the initial con-
ditions of motion. The initial conditions of motion characterize the
state of the system at the beginning of the process of motion — in
other words, when time equals zero. The state of the system’s mo-
tion is characterized by two parameters of motion: by the displace-
ment and by the velocity. The solution of the differential equation of
motion depends on the initial conditions of motion. The same dif-
ferential equation of motion will have different solutions for various
initial conditions of motion.

The structure of the differential equation of rotational motion is
similar to the structure of equation (1.4.1). Thus, the general differential
equation of motion for a system that is rotating around its horizontal
axis and is subjected to all possible resisting and active moments reads:

d’6 de
JF+CZE+K20+MP+MF

:MR+C3%+K36+MA sin(a)zt+l)+MQ(p+“—t) (1.4.2)
T

where J is the moment of inertia of the system, 6 is the angular
displacement, C, and K, are respectively the damping and stiffness
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coefficients of the corresponding resisting moments, M, is a constant
resisting moment, M, is a constant frictional resisting moment, M,
is a constant active moment, C, and K, are respectively the damping
and stiffness coefficients of the corresponding active moments, M,
1s the amplitude of a harmonic active moment, @, is the frequency of
the harmonic function, A is the angle characterizing the initial value
and direction of the exciting moment, M o 18 the constant value of an
active moment at the beginning of the motion, p and i are constant
dimensionless coefficients, and 7>0, p=0; u# 0, while r < 7.
The initial conditions of motion for the equation (1.4.2 ) are:

de
dt
where 6, and €2, are the initial angular displacement and the initial
angular velocity respectively.

for t=0, 6=06; =Q, (1.4.3)

1.5 Methodology of Solving Differential Equations of Motion
All linear differential equations of motion can be solved using
the methodology based on the Laplace Transform. You do not need
to memorize the fundamentals of Laplace Transform in order to use
this methodology, as will become apparent. The methodology is uni-
versal and straightforward. All mathematical procedures associated
with solving differential equations of motion represent conventional
algebraic actions. The methodology consists of three steps, which
can be summarized as 1) converting, 2) solving, and 3) inverting.

1) In the first step, we convert the differential equation of motion
with the initial conditions of motion from the time domain into
the Laplace domain. In the Laplace domain, the independent
variable is a complex argument. This conversion from the time
domain into the Laplace domain is accomplished by the help
of Laplace Transform pairs that represent matching expressions
in time and Laplace domains. Tables of matching pairs can be
found in numerous publications.

Table 1.1 lists a set of Laplace Transform pairs that is basically
sufficient for solving the vast majority of the differential equations
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of motion of common actual mechanical engineering systems. This
table consists of two columns. The expressions in the time domain
are presented in the left column, and the matching expressions in
the Laplace domain are presented in the right column. The match-
ing expressions have the same ordinal numbers. To convert the dif-
ferential equation of motion from the time domain into the Laplace
domain, identify each time domain component of the equation in
the left column and replace it with the matching expression from the
right column. As a result of this conversion, the differential equa-
tion of motion in the time domain will be replaced with an algebraic
equation of motion in the Laplace domain.

2) The second step is associated with solving the Laplace domain
algebraic equation of motion obtained in the first step. Some of
the components of this algebraic equation contain the Laplace
domain displacement function as multipliers. Using regular alge-
braic procedures, we should factor this function in order to obtain
an algebraic equation that has in its left side this function of the
displacement in the Laplace domain, whereas its right side has an
expression consisting of one or a sum of rational proper fractions.

3) In the third step, we use Laplace Transform pairs to invert algebra-
ic equation obtained in the second step from the Laplace domain
into the time domain. The inversion of this equation represents
the time domain solution of the differential equation of motion
with the initial conditions of motion. During this step, the table is
used in the reverse order. Each component of the algebraic equa-
tion in Laplace domain should be identified in the right column
of the table, then replaced with the matching expression from the
left column that is in time domain. Sometimes the existing tables
of Laplace Transform pairs do not have all representations of the
components in the right side of the algebraic equation in Laplace
domain. The components in the right side of the equation are
proper rational fractions. If these fractions are not represented in
Table 1.1, they probably will not be found in other publications.

In such cases, apply the method of decomposition to these
fractions in order to resolve them into simpler fractions that are
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represented in the tables. However, I have already identified a cer-
tain amount of fractions that are not represented in published tables
of Laplace Transform pairs and, applying the method of decom-
position, resolved them into simpler fractions. The results of these
decompositions are included in Table 1.1. For the vast majority of
differential equations of motion associated with solving common
real-life engineering problems, Table 1.1 should comprise all the
expressions that could be needed to invert the equations from the
Laplace domain into equations in the time domain.

Examples that demonstrate the application of this three-step
methodology for solving differential equations of motion are pre-
sented below.

1.6 The Table of Laplace Transform Pairs

The table of Laplace Transform pairs (Table 1.1) consists of
two columns. The left column contains expressions in the time do-
main, whereas the right column consists of the matching expres-
sions in the Laplace domain. Each matching pair has the same ordi-
nal number. Let’s consider a few examples of matching pairs:

1) x(t) <> x(l) or x <> x(I)

where x(t) or x is the displacement of the system as a function of
time (in time domain), while x(/) is the displacement as a function
of the complex argument / (in Laplace domain). Table 1.1 uses the
letter x to represent the displacement in any direction.

2) 0(t) < 0() or 6 <> 0(l)

where 6(t) or @is the angular displacement of the system as a func-
tion of time (in time domain), while 8(/) is the angular displacement
as a function of the complex argument / (in Laplace domain).

3) constant <~ constant

where a constant value is the same in both domains.

4) IH%



28 © Chapter 1

where 7 is the running time — the argument — (in time domain),
whereas [ is the complex argument ( in Laplace domain).

For the convenience of performing the first step of this meth-
odology for converting differential equations of motion from the
time domain into the Laplace domain, the components are placed
at the beginning of the table according to the sequence they are pre-
sented in the equations. The rest of the Laplace Transform pairs are
placed in the table in certain groups depending on the structures of
the numerators and denominators of the fractions in the right col-
umn and on the powers of the complex argument /.

The use of Table 1.1 when solving differential equations of
motion is demonstrated in Chapter 2.

Table 1.1 Laplace Transform Pairs

Time domain functions Laplace domain functions
1. | x(¢) or x, or (), or 6 1. | x(I) or 6(D)
1
2. |t 2. -

l

Px(1)—lvy—1I’s, or
1’0(1)-1Q,-1°6,
where s, and 6, are
respectively the

d*x 4%0 initial displacement
3. PR 3. [ and initial angular
displacement,

and v, and €, are
respectively the initial
velocity and initial
angular velocity.
Ix(1)—Isy or
16(1)-16,

dx de where s, and 6, are
— or

0 —_—
dt dt

4. respectively the
initial displacement
and initial angular
displacement.
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5. | constant 5. | constant
6. | sin ar 6. | =2
. | sin w Aoy
lZ
7. ot 7.
€08 F+o’
1
lJ’l lll
8. - 8.
n: Where n is a positive
integer.
1
l—n
" —1 where n here and
9. n 9 | in the following
expressions in the
table is a positive
constant value.
l—e™ 1
10.| —= 10.[ —
n I+n
11.] e 1. —
-n
- l
12.] e™ 12.] —
l+n
13| L+ e -y 13 1
i +—(e " =
|'n n | ld+n)
1
F+o®
1 where w here and
14. F(l —cos i) 14-1in the following
expressions in the
table is a positive
constant value.
15 1[t 2 pem 2+t] 15 1
=Ly 2 -
| n? n n I+ n)2
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COMMON ENGINEERING PROBLEMS
IN DYNAMICS

The concept of using the solution of the general differen-
tial equation of motion to obtain solutions for particular problems
is of significant interest. This concept can potentially provide an
effective methodology for solving common engineering problems
in dynamics. But does this concept achieve this goal? In analytical
investigations, it is acceptable to develop a general solution for a
certain complex problem that includes several specific and interre-
lated problems with the goal of solving the specific problems.

The solution of a particular differential equation of motion
contains fewer loading factors than the solution of the general equa-
tion. By eliminating from the solution of the general differential
equation those loading factors that are not present in the particular
equation, it may be possible to obtain the solution of the particular
equation.

This chapter presents the detailed analysis of the structure
of the general differential equation of motion, the solution of this

33
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equation based on the Laplace Transform methodology, and con-
siderations regarding the applicability of this solution for solving
common engineering problems.

It will be helpful to consider first a few examples of composing
the differential equations of motion for actual engineering systems,
solving these equations using the step-by-step Laplace Transform
methodology (includes Table 1.1, the Laplace Transform Pairs), and
analyzing these solutions.

2.1 Composing Differential Equations of Motion, Their
Solutions, and Analyses
In dynamics of engineering systems, the problems are associ-
ated with acceleration/deceleration processes. This section consid-
ers examples that illustrate the investigation of these processes.

2.1.1 Deceleration of a System Moving on the Ground

Suppose we want to investigate the braking (deceleration) pro-
cess of a mechanical system moving on the ground in the horizontal
direction in order to determine the braking distance and time, and
also the maximum values of the deceleration and the force applied
to the system. The values of the braking distance and time represent
the important criteria of the braking mechanism’s performance. The
maximum value of the force is needed to carry out the stress analysis
of the system. The maximum value of the deceleration for public
transportation systems should be verified with the norms of decel-
eration for public health and safety.

The investigation has three stages: a) composing the differ-
ential equation of motion and determining the initial conditions of
motion, b) solving this equation with these initial conditions, and
c¢) analyzing the solution.

2.1.1a Composing the Differential Equation of Motion

During the braking process, the source of energy is disengaged
and the system’s motion occurs due to its kinetic energy. No active
forces are applied to the system. Hence, the right side of the differ-
ential equation of motion equals zero. The system is subjected to the
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action of reactive resisting forces exerted by the air as the damping
force, and by the ground as the dry friction force. Figure 2.1 shows
the model of a system subjected to a damping force and a friction
force.

Usually the model of the system allows us to see the problem in
its entirety. Because the force of inertia is present in each differential
equation of motion, there is no need to show this force in the corre-
sponding models. In Figure 2.1, m is the mass of the system, C is the
damping coefficient of the damping force represented by the dashpot,
and F is the friction force. It is assumed that the damping coefficient
has a constant value. The resisting forces should be included in the
left side of the equation. Thus, the left side of the differential equation
of motion for the braking process represents a sum of three forces:
the force of inertia, the damping force, and the friction force.

Based on the considerations mentioned, including equation
1.4.1 and Figure 2.1, we can compose the following differential
equation of motion:

2
md—f+Cd—x+F:O (2.1.1)
dt dt

The initial conditions represent the state of the motion at
the beginning of the process. In general, the position of the sys-
tem can be determined by indicating a certain distance s, from the

m

[

C
L F
il

X

Y A
F

Figure 2.1 Model of a system subjected to a friction force and a
damping force
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origin — or the initial displacement can be equal zero. Because the
system possesses a certain amount of kinetic energy, consequently,
the system possesses a certain initial velocity v,. These consid-
erations allow us to formulate the following initial conditions of
motion for a general case:

for t=0 x=s50; —=v, 2.1.2)

2.1.1b Solving the Differential Equation of Motion

1) The first step consists of converting differential equation of mo-
tion (2.1.1) with the initial conditions of motion (2.1.2) from the
time domain into the Laplace domain based on Table 1.1. Divid-
ing equation (2.1.1) by m, we obtain:

d*x dx

—+2n—+ =0 2.1.3
dr’ dt f ( )
where:
2n= < 2.1.4)
m
while 7 is the damping factor, and:
=k (2.1.5)

m

Using Laplace Transform Pairs 3, 4, and 5 from Table 1.1,
we convert differential equation of motion (2.1.3) with the initial
conditions of motion (2.1.2) from the time domain into the Laplace
domain. As a result of conversion, we obtain the algebraic equation
of motion in Laplace domain:

Px(1)—Ivo—1%sy +2nlx (1) —2nlsy+ f =0 (2.1.6)

2) During the second step, we need to solve equation (2.1.6) for
the displacement in Laplace domain x(I). After performing the
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appropriate algebraic procedures with equation (2.1.6), we
obtain the solution for this equation:

x(l) = Vot+2ns, lso  f
[+2n [+2n [(I+2n)

(2.1.7)

3) The third step deals with the inversion of equation (2.1.7) from
the Laplace domain into the time domain. Using pairs 1, 10, 12,
and 13 from Table 1.1, we perform the inversion and obtain the
solution of differential equation of motion (2.1.1) with the initial
conditions of motion (2.1.2):

vy + 2ns _ _
x=20 0(1—€2m)+S0€ 2nt

2n

S L om
o [t+2n (e D]

Applying conventional algebraic procedures to this equation,
we transform it to the following shape:

1
x= > [vo +2ns, + 2f_n —ft—(vo + %)ezm] (2.1.8)

2.1.1c Analyzing the Solution of the Differential
Equation of Motion
Our goal is to determine the braking distance and time, and
also the maximum values of the acceleration and force applied to
the system. At the end of the braking process, the velocity equals
zero. Taking the first derivative of equation (2.1.8), we determine
the velocity:

dx _ (VO N Lje—w _f (2.1.9)

Equating the left side of equation (2.1.9) to zero, we can deter-
mine the braking time T

0= (VO + i)e_z'” _L
2n 2n
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This equation can be transformed into the following shape:

e = _S (2.1.10)
2nvy+ f
Solving equation (2.1.10) for the braking time 7, we have:
7= 1 In 2nvo + f
2n f

Substituting equations (2.1.10) and (2.1.11) into equation
(2.1.8), we calculate the displacement s of the system:

5= i[vo + 215, —imMj (2.1.12)

(2.1.11)

2n 2n f

The initial displacement should not be included in the braking
distance. Thus, eliminating the initial displacement s, from equation
(2.1.12), we determine the braking distance s,

Spr = —(vo - —ln—] (2.1.13)

The second derivative of equation (2.1.8) represents the decel-
eration of the system:

d2
= Qv+ fle ™ (2.1.14)
dt

The maximum value of the deceleration occurs when the ve-
locity equals zero. Thus, combining equation (2.1.10) with equation

(2.1.14), we determine the maximum value of the deceleration a,,
Amax =—f (2.1.15)

However, as can be seen from equation (2.1.14), at the begin-
ning of the braking process when ¢ = 0 the minimum value of the
deceleration a, . equals:

min

Ain = —(2nv0 + f) (2.1.16)
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Comparing equations (2.1.15) and (2.1.16), it becomes clear
that the maximum absolute value a_, of the deceleration occurs at
the beginning of the braking process. This value should be con-
sidered further. Thus, based on equation (2.1.16), we calculate the
maximum absolute value of the deceleration:

Aus =1 2nvy +

Substituting notations (2.1.4) and (2.1.5) into this equation,
we obtain:
_ CVO +F

Agps = ———— (2.1.17)
m

According to equation (2.1.17), the value of the decelera-
tion should be in compliance with the norms of public health and
safety.

Multiplying equation (2.1.17) by m, we determine the maxi-
mum force R ___applied to the system:

max

Rmax = CVO + F (2.1.18)

The appropriate stress analysis of the system should be based
on the value of the force according to equation (2.1.18).

Thus, all three stages of the investigation of the braking pro-
cess of the system are carried out.

2.1.2 Acceleration of a Water Vessel

In this example, the goal is to investigate the acceleration pro-
cess of a water vessel subjected to the action of a constant active
force. We want to determine the vessel’s maximum achievable ve-
locity, the maximum value of the acceleration, the maximum force
applied to the vessel, and the power of the source of energy. Assume
the combined action of the air and water resisting forces results in a
damping force that has a constant damping coefficient.

The maximum velocity is one of the criteria of the vessel’s
performance. The maximum value of the force applied to the ves-
sel during its acceleration plays the main role in the corresponding
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stress calculations of the vessel. The maximum value of the accel-
eration should be in compliance with the norms of public health and
safety.

The investigation consists of three stages: a) composing the
differential equation of motion and determining the initial condi-
tions of motion, b) solving this equation with these initial condi-
tions, and c) analyzing the solution.

2.1.2a Composing the Differential Equation of Motion

The vessel is accelerated by a constant active force; it is
also subjected to the action of the force of inertia and a resist-
ing damping force, which is characterized by a constant damping
coefficient. Figure 2.2 presents the model of a system subjected
to an active constant force and a resisting damping force. In this
model, m is the mass of the vessel, R is the active force, and C
is the damping coefficient associated with the dashpot. The left
side of the differential equation of motion includes the sum of the
force of inertia and damping force, while the right side contains
the active force. Based on these considerations, equation (1.4.1),
and Figure 2.2, we compose the following differential equation of
motion:

2
L (2.1.19)
e dt
m

C
~
— —

> X

Figure 2.2 Model of a system subjected to a constant active
force and a damping force
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The initial conditions of motion in this case are:

for t=0 x=0; % =0 (2.1.20)

2.1.2b Solving the Differential Equation of Motion

1) We start by converting differential equation of motion (2.1.19)
with the initial conditions of motion (2.1.20) from the time do-
main into the Laplace domain, based on Table 1.1. Dividing
equation (2.1.19) by m, and using notation (2.1.4), we may write:

2
X on ™o, (2.1.21)
dt dt
where:
r= R (2.1.22)
m

Using Laplace Transform Pairs 3, 4, and 5 from Table 1.1,
we convert differential equation of motion (2.1.21) with the ini-
tial conditions of motion (2.1.20) from the time domain into the
corresponding algebraic equation of motion in the Laplace domain:

Px(1)=lvy+2nix(l)=r (2.1.23)

2) Now we need to solve equation (2.1.23) for the displacement
x(1) in the Laplace domain. Applying basic algebra, we obtain
the solution:

o
[(l+2n)

x(1) (2.1.29)

3) Using pairs 1 and 13 from Table 1.1, we invert equation (2.1.24)
from the Laplace domain into the time domain and obtain the so-
lution of differential equation of motion (2.1.19) with the initial
conditions of motion (2.1.20):

T e )] (2.1.25)

xX=—
2n 2n
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2.1.2¢ Analyzing the Solution of the Differential
Equation of Motion
Taking the first and second derivatives of equation (2.1.25),
we determine the velocity and acceleration respectively:

% - éa _e?) (2.1.26)
d2x —2nt
e (2.1.27)

The velocity reaches its maximum value when the accel-
eration becomes equal to zero. Actually, equation (2.1.27) ap-
proaches zero when the time tends to infinity. Therefore, we may
write:

e 50 (2.1.28)

where T is the time duration of the acceleration process.
Substituting expression (2.1.28) into equation (2.1.26), we
obtain:

r

Vinax = 7 oA
o (2.1.29)

where v, _is the maximum value of the velocity. Substituting nota-

max

tions (2.1.4) and (2.1.22) into expression (2.1.29), we have:

R

max ~> oA
v c (2.1.30)

Because equation (2.1.27) is a decreasing function, it becomes
clear that the maximum value of the acceleration occurs at the be-
ginning of the accelerating process. Thus, equating time ¢ to zero in
equation (2.1.27), we determine the maximum value of the accelera-
tiona,,:
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Substituting notations (2.1.4) and (2.1.22) into this equation,
we obtain:

gy = — (2.1.31)

m

The value of the acceleration according to equation (2.1.31)
should be in compliance with the norms of public health and
safety.

In general, the maximum force applied to the system in any
given time equals the sum of the force of inertia and the resisting
forces for this time.

Multiplying the mass of the vessel by the acceleration, accord-
ing to equation (2.1.31), and accounting that when 7 = 0 the damping
force equals zero, we determine the maximum force applied to the
vessel R -

R,.. =R (2.1.32)

However, when the velocity tends to its maximum value,
the acceleration and the force of inertia approach zero. At this mo-
ment of time, the maximum value of the force applied to the system
equals the resisting force that represents the product of multiplying
expression (2.1.30) by C. As a result, we obtain the same value of
the maximum force, as determined according to equation (2.1.32).
The corresponding stress calculations of the vessel should be based
on the force according to equation (2.1.32).

The power N of the system represents the product of mul-
tiplying the maximum force according to equation (2.1.32) by
the maximum velocity according to expression (2.1.30), and we
obtain:

N=— (2.1.33)

Thus, the investigation of the acceleration process of the
vessel is completed.
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2.2 Analysis of the Structure of the General Differential
Equation of Motion

In order to compose the differential equation of motion of a
certain mechanical engineering system, it is necessary to get the in-
formation regarding all possible loading factors that characterize the
problem. Actually, all loading factors that are relevant to common
engineering problems are described above. The general differential
equation of motion (1.4.1) of a hypothetical engineering system was
already composed and introduced in the previous chapter. The gen-
eral initial conditions of motion imply that, at the beginning of the
process of motion, the system’s displacement and velocity have spe-
cific values. Assume that composing and solving the general differ-
ential equation of motion with general initial conditions of motion
may become the universal source for obtaining solutions for real-life
common engineering problems in dynamics. Also assume that by
eliminating from the general solution those components that are not
present in specific problems, it will become possible to obtain the
solutions for these problems.

Rearranging the order of the components in the right side of
equation (1.4.1), we may write:

2
md—f+Cﬂ+Kx+P+F
dt dt

- R+Asin(co,t+),)+Q(p+‘u—tj+C, Z—X+K1x 2.2.1)
T t
The general initial conditions are:

d
for 1=0 x=sp; —=v (2.2.2)
dt
Combining the similar components from both sides of the
equation, we have:
d’x dx dx

m—+C——-C—+Kx—Kx+P+F
dt dt dt

- R+Asin(a)1t+/'L)+Q(p+‘u7t) (2.2.3)
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Denoting:

Cy=C-C( (2.24)
and:

Ky=K-K, (2.2.5)

we rewrite equation (2.2.3) as follows:

2
md—f+C(,d—x+K(,x+P+F
dt dt
) ut
=R+ Asin(w,t+ A1) + Q(p + —j (2.2.6)
T

The damping force associated with the damping coefficient C,
is always positive because the active force, depending on the veloc-
ity, is usually decreasing, and represents a negative value in the right
side of the differential equation of motion. In the vast majority of
cases, the stiffness force associated with the stiffness coefficient K
is also positive. However, we have to keep in mind that in a few rare
cases this force could become negative, or equal to zero. We will
continue solving equation (2.2.6) assuming that the stiffness force
associated with K|, is positive. However, during the analysis of the
solution of equation (2.2.6), we will address the situation where the
force related to K|, is negative.

Thus, equation (2.2.6) represents the general differential equa-
tion of motion that includes all possible loading factors that charac-
terize real-life common engineering problems in dynamics.

2.3 Solution of the General Differential Equation of Motion
The analysis of the solution of general differential equation

of motion (2.2.6) with the general conditions of motion (2.2.2) will

let us verify the applicability of the above-mentioned concept for

solving specific common engineering problems. Dividing equation

(2.2.6) by m, we obtain:

2
%+2n0%+w§x+p+f: r+asin(a)1t+),)+q(p+‘u7t) 2.2.7)
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where:
ony =& (2.2.8)
m
o =% 2.2.9)
m
p=X (2.2.10)
m
=k (2.2.11)
m
=R (2.2.12)
m
a=2 (2.2.13)
m
g=2 (2.2.14)
m

Transforming the right side of equation (2.2.7), we have:

d’ d.
d—tf+2noi+a)§x+p+f

t . .
=r+qp+ gHt +asinw,tcosA+acosw;tsinA  (2.2.15)
T

We continue the solution assuming that @j is positive.

Using Laplace Transform Pairs 3, 4, 1, 5, 2, 6, and 7 from
Table 1.1, we convert the differential equation of motion (2.2.7) from
the time domain into the Laplace domain, and obtain the resulting
algebraic equation of motion in Laplace domain:

IPx(1)=Ivg —7so + 2nolx (1) — 2nolsy + wox (1) + p+ f

o +%+awllcosl+alzsinl
I LR E

(2.2.16)
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Applying to equation (2.2.16) the appropriate algebraic pro-
cedures, we solve this equation for the displacement in Laplace
domain x(1):

+qp-p- +2 g
w(=traempo Jont i) Ln
["+2Inyg+wy " +2nyg+wy 17 +2ny +wg
uq law, cos A
+ 2 2 + 2 2 2 2
TI(I* + 20y + @3) (I +@f )(I* +2Ine + @7)

IPasin A

+
(P + 0! )(I* +2Iny + @)

(2.2.17)

In order to invert equation (2.2.17) into the time domain using
Table 1.1, we first transform the denominators of the fractions to the
shape that is accepted in similar expressions in this table. Applying
basic algebra to the denominators, we may write:

P42y +wi =12 +2ny + 0l +ng —nd =(1+n,)’ +0° (2.2.18)
where:
0’ =w;—n; (2.2.19)

It is very important to emphasize that @ could be positive,
negative, or equal zero. This depends on the value of the coefficient
K,. We assume for now that @ > 0; however, the two other options
will be discussed below. Transforming the denominators in equation
(2.2.17) according to expression (2.2.18), we write:

x(l)= r+qp—p—f , 1(vo+2n,s,) 4 I*s,
(I+ny) +0>  (I+n) +0*> (I+n) +0°

g N law, cos A
tl[(l+ny) +o°] (12 +a)12)[(l+n0 ) +o°]

IPasin A

(2.2.20)
" (P +of)(1+n) + @]
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Using the pairs 1, 22, 24, 27, 39, 42, and 43 from Table 1.1,
we invert equation (2.2.20) from the Laplace domain into the time
domain, and obtain the solution of differential equation of motion
(2.2.7) with the initial conditions of motion (2.2.2):

r+pg—p-— _ ny .
x= pq—2pf [1—e ™ (cos W + —sin@?)]
; 0]
Vo +2n080 _,, . _ ny .
+ 2020 o Sin @1+ see” ™ (cos @F — —sin 1)
0] 0]

+ /'2“1 2,2 {(@* +n3)t = 2n00 — "' [(®° - ny)
TO(w" +n”)

X sin Wt — 2ny@ cos t]}

am, cos A

_ ny .
— — {2ny[e™ (cos wr + —sint) — cos ;]
(601 — Wy ) + 4n0w1 w

n

I . | B
—(a)lz—a)g)(—sma)lt——e “sinwr)}
[0 )

1

asinA

. ny .
; 2 e {(w} —w))e " (COS WF — —Sin ©F) — cos @, ]
(a)1 —a)o) +4nyw; o

12,0, (sin @, — L e sinwr)) (2.2.21)
(0]

Now let us consider the case when @’ = 0. The attempt to sub-
stitute zero instead of @ into equation (2.2.21) leads to the necessity
of dividing some of this equation’s components by zero. This action
is not permissible in mathematics and, by itself, destroys the oppor-
tunity of using solution (2.2.21) to obtain solutions of differential
equations of motion for all other engineering systems.

The case when @’ < 0 occurs when the force associated with
the coefficient K|, is negative; it can be seen from equation (2.2.20)
that the denominators in all the fractions will contain the negative
«”. In this case, the inversion into the time domain requires a dif-
ferent set of Laplace Transform Pairs in comparison with the case
when @' is positive. Consequently, the solution would be different
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from the solution according to equation (2.2.21). This difference is
one more reason why the solution of the general differential equa-
tion of motion is not applicable for solving all other common prob-
lems in dynamics.

However, in spite of this, equation (2.2.21) could be used
for obtaining the solutions of differential equations of motion for
a limited number of certain engineering systems. It is not obvious
in which cases the solution of the general differential equation of
motion is applicable. In addition, equation (2.2.21) is both cumber-
some and transcendental. Its derivatives (which are required for the
analysis of motion) are even more so, and in general the analysis of
this equation is extremely complicated. It would be incomparably
easier to investigate the common engineering problems in dynamics
by composing the appropriate differential equations of motion, solv-
ing them, and analyzing the solutions.

Thus, the above-mentioned concept that is based on utilizing
equation (2.2.21) for obtaining solutions for all other common engi-
neering problems in dynamics is not applicable.

2.4 Identifying the Common Engineering Problems in
Dynamics
In equation (2.2.6), it is justifiable to eliminate the subscripts
for the damping and stiffness coefficients. The general differential
equation of motion then has the following shape:
%+C%+Kx+P+F R+ Asin(w, t+/1)+Q(p+u—t)
(2.2.22)

Analyzing this equation, we can determine the total number
of possible linear differential equations of rectilinear motion that
could be used to describe real-life common engineering problems in
dynamics. The left side consists of five resisting forces. The force
of inertia should be present in the left side of each equation, and the
structure of the simplest left side of the equation is characterized by
the force of inertia only. The number of all possible combinations
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that can be obtained from the other four resisting forces is calculated
from the following formula:

N=2" (2.2.23)

where N is the number of combinations and » is the number of re-
sisting forces (without the force of inertia); thus, n = 4. Consequent-
ly, N = 2* = 16. In order to represent the structures of each of the
16 combinations of the resisting forces, we create a truth table with
four variable parameters. The truth table contains 16 rows. Each
of these 16 rows represents a corresponding combination of resist-
ing forces. According to formula (2.2.23) and the truth table, one
of these 16 combinations does not contain any parameters (or any
resisting forces). Usually the first or the last row of the truth table
is the row without parameters (the empty row). By adding to the
truth table a column consisting of forces of inertia, we can populate
the empty row with the force of inertia. The modified truth table
becomes applicable for determining the structures of the left sides
of all possible differential equations of motion for common actual
mechanical systems.

In order to calculate the possible number of differential equa-
tions of motion associated with actual engineering systems perform-
ing rectilinear motion, we need to determine the number of possible
combinations of active forces that could be included in the right side
of the differential equation of motion. Analyzing the components in
the right side of equation (2.2.22), and accounting that R and Q are
constant forces of the same nature, it becomes clear there are six
combinations of active forces, including the case when the active
force equals zero. These combinations are presented below:

1) zero

2) the constant active force R

3) the harmonic force Asin(@,t + A)

4) the time-dependent force Q ( p+ “{)

5) the sum of the constant active force and the harmonic force
R+ Asin(w,t + \)
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6) the sum of the harmonic force and the time-dependent force
Asin(@,t + M) + Q(p + “7’)

Multiplying the 16 possible combinations of resisting forces
by 6 possible combinations of active forces, we determine there are
96 possible combinations of linear differential equations of motion
describing common mechanical engineering problems. The struc-
ture of the simplest differential equation of motion consists of two
components. The left side of the equation includes the force of in-
ertia, whereas the right side has one active force, or the active force
equals zero. An example of the simplest differential equation of mo-
tion follows:

2
m d—; =0 (2.1.29)
dt

For this example, the initial conditions of motion are:

for t=0 x=0; % =V (2.1.25)

In this case, the system is moving due to its kinetic energy.

It is possible to solve all 96 differential equations of motion.
Presenting these solutions in the book could be beneficial for ad-
vancing the application of analytical investigations in the area of
engineering dynamics. However, practicing engineers should have
a straightforward and simple way to find the required solution for
their particular engineering problem without searching the entire
book. This way is explained below.

2.5 The Structure and Use of the Guiding Table

Engineering dynamics covers 96 common real-life problems.
The appropriate descriptions of these problems are presented in cor-
responding sections of the book. These sections are associated with
combinations of the resisting and active forces applied to each par-
ticular engineering system. The structure of the discussion in each
section is similar, as follows:
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1Y)

2)

3)

4)

Chapter 2

The resisting and the active forces applied to the engineer-
ing system. These forces compose the differential equation of
motion and identify the possible practical application of the
system.

The differential equation of motion of the system and the initial
conditions of motion.

The three-step Laplace Transform methodology of solving the
differential equation of motion with the initial conditions of
motion. The methodology consists of the following steps:

a) Converting the differential equation of motion with the
initial conditions of motion from the time domain into the
Laplace domain using the Laplace Transform Pairs present-
ed in Table 1.1, and obtaining the corresponding algebraic
equation of motion in the Laplace domain.

b) Solving the obtained algebraic equation of motion for the
Laplace domain displacement x(/) as a function of the com-
plex argument /.

¢) Inverting this solution from the Laplace domain into the time
domain using the Table 1.1, and getting the solution of the
differential equation of motion with its initial conditions of
motion in the time domain.

The equations of the laws of motion that represent the solutions

of the differential equation of motion for all possible initial con-

ditions of motion.

The analytical descriptions of the three basic parameters of

motion (displacement, velocity, and acceleration) are given in each
section of Chapters 3 through 14 and also in Chapter 19. Chapters
15 through 18 present the solutions of the differential equations of
certain engineering systems. These solutions are transcendental and
cumbersome; their derivatives are even more so. The analyses of
the solutions, representing the laws of motion, could be performed
based on computational symbolic and numeric methods. Thus,
Chapters 15 through 18 present only the solutions of the differential
equations of motion (the laws of motion).
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In each section, the analysis of the solution begins with deter-
mining the first and second derivatives of the displacement as a func-
tion of time. Based on the obtained equations of the displacement,
velocity, and acceleration of the system, further analysis determines
the appropriate criteria of the system performance and other related
engineering requirements and aspects of the problem.

Each section contains a complete description of the problem’s
solution, including the explanation of its parameters and notations.
This organization eliminates the need to look for explanations ear-
lier in the book. All sections use identical notation for the resisting
and active forces; there is no need to repeat the meanings of these
notations in each section.

For the reader’s convenience, here are the notations used for
these forces:

1) m ‘;—jf is the force of inertia, m is the mass of the mechanical
system, x is the displacement or the position coordinate of the
system and is a function of the running time ¢, which is the
argument.

2) C % is the resisting damping force, C is the damping coefficient.

3) Kx is the resisting stiffness force, K is the stiffness coefficient.

4) P is the constant resisting force.

5) F is the constant friction force.

6) R is the constant active force.

7) Asin(m,t+ A) is the harmonic force, where A is the exciting force
amplitude and @, is the frequency of the harmonic function,
while A is the angle associated with the initial value and direction
of the exciting force at the moment when =0, and 0 <A <27

8) O(p + %t) is the time-dependent force, where Q is a constant
force, p and y are dimensionless coefficients, p = 0 and y # 0,
and 7is the time that the process can last, while # < 7.

The numbers of the sections describing all 96 common engi-
neering problems correspond to the order in Guiding Table 2.1, the
structure of which is based on the modified truth table described ear-
lier. In this table, Row 1 indicates the ordinal order of the parameters.
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Row 2 contains the notations of the resisting and active forces in
their ordinal way.

Guiding Table 2.1 has two sides. The left side presents the
resisting forces and includes Columns A through E. In this side
of the table,2 Row 2 indicates the notations of the resisting forces,
namely: m % (the force of inertia), C % (the damping force), Kx (the
stiffness force), P (the constant resisting force), and F (the friction
force). Rows 3 through 18 indicate the resisting forces applied to
specific engineering systems. In these rows, the cells marked by the
plus sign (+) indicate the presence of these resisting forces for par-
ticular problems.

These resisting forces constitute the left side of the differen-
tial equation of motion for this particular system. These forces also
indicate the row that lists the numbers of the sections describing the
corresponding problems. For instance, if a certain engineering sys-
tem is subjected to the action of the sum of the force of inertia, the
damping force, and the stiffness force, Row 15 contains the numbers
of the corresponding sections, and the left sides of the differential
equations of motion in these sections are made up of the resisting
forces mentioned above.

The right side of Guiding Table 2.1 summarizes the active
forces and the section numbers for their corresponding problems.
Columns 1 through 6 list the notations for the active forces, includ-
ing: 0 (zero), R (the constant active force), A sin(@,t + A) (the har-
monic force), Q(p+ “7’) (the time-dependent force), R+ A sin(@,f+\)
(the sum of the constant active force and the harmonic force), and
Asin(ot+ L)+ Q(p+ ”7[) (the sum of the harmonic force and time-
dependent force).

The remaining cells represent the combinations of resisting and
active forces. The number within each cell indicates the section in the
text that describes a particular engineering problem that corresponds
to that combination of forces. Suppose we have a problem character-
ized by the resisting forces listed in Row 15. That problem also has
a constant active force R applied to the system, shown in Column 2.
The intersection of Row 15 and Column 2 indicates that the descrip-
tion of this problem is presented in section 15.2 of this text.
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Consider a different problem where we determine that the re-
sisting forces consist of the force of inertia, the damping force, and
the friction force, whereas the active force is the harmonic force.
This combination goes with Row 12 and Column 3 and we find their
intersection; the solution of this problem is presented in section 12.3.

As indicated by Guiding Table 2.1, there are 16 combinations of
resisting forces and, hence, 16 chapters that describe the solutions of
the 96 problems (Chapters 3 through 18). Each of these chapters has
six sections, based on the active forces associated with those problems.

Let’s consider a few more examples. Chapter 3 covers prob-
lems that are characterized by the force of inertia as the only resist-
ing force. In that chapter, the left side of each differential equation
of motion consists only of the force of inertia. Chapter 4 describes
problems that are characterized by the sum of the force of inertia
and the friction force. Therefore, the left sides of all the differential
equations of motion in Chapter 4 include the sum of the force of
inertia and the friction force. Similarly, all the rows in the left side
of Guiding Table 2.1 reflect the structures of the left sides of their
corresponding differential equations of motion.

The right sides of all differential equations of motion associ-
ated with Column 1 are identical and equal to zero. Similarly for
Columns 2 through 6, the right sides of the related equations con-
sist of an active force or (sum of forces) associated with the forces
identified at the top of the respective columns. Each cell reflects the
resisting and active forces applied to the system; the combination
of forces determines the structure of the corresponding differential
equations of motion. For instance, section 8.4 describes a system
subjected to the action of the force of inertia, the stiffness force,
and the friction force as the resisting forces; and the time-dependent
force as the active force. Therefore, the left side of the differential
equation of motion described in section 8.4 represents the sum of
the force of inertia, the stiffness force, and the friction force; the
right side consists of the time-dependant force.

The same differential equation of motion has various solu-
tions — depending on the initial conditions of motion. Therefore,
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the description of each particular problem encompasses the solu-
tions for all possible initial conditions of motion, which are:

1) the general initial conditions of motion:

dx
for t=0 x=50; —=v,
dt
where s, and v, are the initial displacement and initial velocity

respectively
2) the initial displacement equals zero:

for =0 x=0; d_x:VO
dt

3) the initial velocity equals zero:

for t=0 x=s,; d_x=0
dt

4) both the initial displacement and velocity equal zero:

for t=0 x=0; d—x=0
dt

This book includes one additional chapter that deals with
applied engineering dynamics. Chapter 19 describes the actual engi-
neering systems performing two-dimensional motion, which occurs
in vertical and horizontal directions. The analytical investigations
of such problems are based on a system of two simultaneous dif-
ferential equations of motion. These equations describe the recti-
linear motion of the system in each of the two directions. Guiding
Table 2.1 is completely applicable to two-dimensional problems.
Engineers should determine the resisting and active forces that are
applied to the system in each of these two directions. According to
these two sets of forces, it is necessary to find in Guiding Table 2.1
the numbers of the two sections that describe the motion in these
directions. More details for solving problems in two-dimensional
motion are explained in Chapter 19.






FORCE OF INERTIA

This chapter describes engineering problems that are charac-
terized by the force of inertia as the only resisting force. In Row 3
of Guiding Table 2.1 the cell related to the force of inertia indicates
the only resisting force marked by the plus sign. The intersections of
this row with Columns 1 through 6 indicate the six sections included
in this chapter. Each section discusses different active forces — the
section titles reflect which active forces.

Throughout this chapter, the left sides of the differential equa-
tions of motion are identical and represent the force of inertia. The
right sides of these equations reflect the characteristics of the active
forces applied to the systems.

3.1 Active Force Equals Zero

According to Guiding Table 2.1, this section describes an en-
gineering problem associated with the action of the force of inertia
(Row 3) in the absence of an active force (Column 1). (Refer to
section 1.3 for a review of the motion of a system in the absence

59
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X

n
>

Figure 3.1 Model of a system moving by inertia

of active forces.) From a practical point of view, this problem has a
limited application.

This system moves in the horizontal direction. It is required
to determine the parameters of motion. Figure 3.1 shows the model
of a system moving by inertia. The above-mentioned considerations
and the model in Figure 3.1 allow us to compose the differential
equation of motion for the engineering system related to the current
problem. The left side of the differential equation of motion for this
problem includes the force of inertia while the right side equals zero.
Thus, the differential equation of motion of this system reads:

d*x _

m; =0 (3.1.1)

Differential equation of motion (3.1.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses follow.

3.1.1 General Initial Conditions
The general initial conditions of motion are:

dx
—= 3.1.2
dr Vo ( )

for t=0 x=s;
where s, and v, are the initial displacement an initial velocity respec-
tively.
Dividing equation (3.1.1) by m, we have:

2
dx_o

e (3.1.3)
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Applying Laplace Transform Pairs 3 and 5 from Table 1.1,
we convert differential equation of motion (3.1.3) with the initial
conditions of motion (3.1.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)=Ivo — 250 =0 (3.1.4)

Solving equation (3.1.4) for the displacement x(/) in the
Laplace domain, we write:

x(l)=s0+ - (3.1.5)

Using pairs 1, 5, and 2 from Table 1.1, we invert equation
(3.1.5) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (3.1.1) with the initial
conditions of motion (3.1.2):

X =39 + Vot (3.1.6)

Taking the first derivative of equation (3.1.6), we determine
the velocity of the system:
dx
—=v 3.1.7
il 3.1.7)

Equation (3.1.6) allows us to determine the displacement of
the system for a given time, calculating the time needed to move a
certain distance.

3.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; d_x =V 3.1.8)
dt

The solution of differential equation of motion (3.1.1) with
the initial conditions of motion (3.1.8) reads:
X =Vt 3.1.9)

The velocity of the system is the same as in the previous case.
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3.2 Constant Force R

This section describes a system subjected to the action of the
force of inertia (Row 3 of Guiding Table 2.1) and the constant active
force (Column 2). The current problem could reflect the acceleration
process of a system moving in the horizontal direction while the re-
sisting forces are insignificant. It is necessary to determine the basic
parameters of motion and the maximum values of the acceleration
and the force applied to the system.

The model of a system subjected to a constant active force is
shown in Figure 3.2.

Based on the above-mentioned considerations and Figure 3.2,
we can compose the left and right sides of the differential equation
of motion for this system. The left side consists of the force of iner-
tia, while the right side includes a constant active force. Hence, the
differential equation of motion of the system reads:

2
m d—f =R 3.2.1)
dt

Differential equation of motion (3.2.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses follow.

3.2.1 General Initial Conditions
The general initial conditions of motion are:

d
for t=0 x=s; & Vo 3.2.2)
dt

X

B
»

Figure 3.2 Model of a system subjected to a constant active
force
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where s, and v, are the initial displacement and initial velocity
respectively. Dividing equation (3.2.1) by m, we have:

2
%§=r (3.2.3)
where:
S (3.2.4)
m

Using Laplace Transform Pairs 3 and 5 from Table 1.1, we
convert differential equation of motion (3.2.3) with the initial condi-
tions of motion (3.2.2) from the time domain into the Laplace do-
main and obtain the corresponding algebraic equation of motion in
the Laplace domain:

Px()=Ilvy—sy=r (3.2.5)

Solving equation (3.2.5) for the displacement x(/) in the
Laplace domain, we may write:

xm:%+%+% (3.2.6)

In order to invert equation (3.2.6) from the Laplace domain
into the time domain, we use pairs 1, 5, 2, and 8 from Table 1.1 and
obtain the solution of differential equation of motion (3.2.1) with the
initial conditions of motion (3.2.2):

2
X =39 + V()t + % (3.2.7)

Taking the first derivative of equation (3.2.7), we determine
the velocity of the system:

d_x =V, +rt (3.2.8)
dt
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The acceleration of the system represents the second deriva-
tive of equation (3.2.7):

d*x

F =r (3.2.9)

Equation (3.2.9) shows that the acceleration a has a constant
value and it is equal:

a=r (3.2.10)

Substituting into equation (3.2.10) notation (3.2.4), we write:

a=— (3.2.11)
m

If this case is associated with a public transportation system, it
should be verified that the acceleration according to equation (3.2.11)
complies with the norms of public safety and health. The maximum
force R applied to the system in this case equals the force of inertia
and represents the product of multiplying the mass m of the system

by its acceleration according to equation (3.2.11). Thus, we have:

R..=R (3.2.12)

The stress analysis of the system should be based on the value
of the force according to equation (3.2.12).

Equations (3.2.7) and (3.2.8) allow calculating the distance
and the velocity for a given time respectively.

3.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; % =, 3.2.13)

Solving differential equation of motion (3.2.1) with the initial
conditions of motion (3.2.13) we have:

t2
X= vl + % (3.2.14)
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The velocity, the acceleration, and the maximum value of the
force are determined according to equations (3.2.8), (3.2.11), and
(3.2.12) respectively.

3.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; @ =0 3.2.15)
dt
The solution of differential equation of motion (3.2.1) with
the initial conditions of motion (3.2.15) reads:
rt’

x=5y+ EX (3.2.16)

Taking the first derivative of equation (3.2.16), we determine

the velocity of the system:
dx =rt (3.2.17)
dt

The acceleration and the maximum value of the force are cal-
culated according to equations (3.2.11) and (3.2.12) respectively.

3.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (3.2.18)

Solving differential equation of motion (3.2.1) with the initial
conditions of motion (3.2.18), we obtain:

X=— (3.2.19)

The velocity, the acceleration, and the force are determined by
equations (3.2.17), (3.2.11), and (3.2.12) respectively.
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3.3 Harmonic Force A sin(@,f + 1)

The intersection of Row 3 with Column 3 in Guiding Table 2.1
indicates the number of this section, which describes a system
characterized by the action of the force of inertia and the harmonic
force.

Harmonic forces are used in vibratory systems that have
a variety of applications. The system is moving in the horizontal
direction. We want to determine the basic parameters of motion, and
the characteristics of the forces applied to the system.

The model of a system subjected to the action of a harmonic
force is presented in Figure 3.3. Accounting for the considerations
mentioned above and Figure 3.3, we assemble the left and right
sides of the differential equation of motion. The left side consists of
the force of inertia, while the right side includes the harmonic force.
Hence, the differential equation of motion reads:

2

m% — Asin(@,1 + A) (3.3.1)

The differential equation of motion (3.3.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses follow.

3.3.1 General Initial Conditions
The general initial conditions of motion are:
dx

for t=0 x=50; —=v, 3.3.2)
dt

Asin(wqt + 4)

<& »
<

X

[
»

Figure 3.3 Model of a system subjected to a harmonic force
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where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function in equation (3.3.1), we
may write:
2

m dtf = Asinw;tcos A+ Acosm,zsin A (3.3.3)

Dividing equation (3.3.3) by m, we obtain:

d2
?f =asin®;tcos A+ acosw,tsin A (3.34)
where:
A
a== (3.3.5)
m

Using Laplace Transform Pairs 3, 6, and 7 from Table 1.1,
we convert differential equation of motion (3.3.4) with the initial
conditions of motion (3.3.2) from the time domain into the Laplace
domain. As a result, we obtain the corresponding algebraic equation
of motion in the Laplace domain:

2

z
Px(1)= vy — 5o = —2°_ cos A+ ———

sinA  (3.3.6)
+ w; " + w;

The solution of equation (3.3.6) for the Laplace domain
displacement x(/) reads:

0]
)c(l)=s0+v—0 a0

+ﬁCOS)«+
[ (" +w))

sinA  (3.3.7)

I* + !

Based on pairs 1, 5, 2, 16, and 14 from Table 1.1, we invert
equation (3.3.7) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (3.3.1) with the
initial conditions of motion (3.3.2):

1 . .
X=8y+ vl + i(z‘ — —sinwf)cos A+ iz(l —cosw,t)sin A (3.3.8)
@, 1 1
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Applying the appropriate algebraic procedures to equation
(3.3.8), we obtain:

at a . a . )
X =S8+ Vot +—cosA+—sinA - —(sinw;tcos A + cosw,tsin )
W, ; ;

This equation could be further transformed into the following
shape:

at a . a .
X=80+vot+—cosA+—sinA——sin(w,;t+ 1) (3.3.9)
) 2 2
1 1 1

Taking the first derivative of equation (3.3.9), we determine
the velocity of the system:

% cosA -2 cosin+ A) (3.3.10)
dt W, W,

The second derivative of equation (3.3.9) represents the
acceleration of the system:

2
% —a sin(@,t+ ) (3.3.11)

Equation (3.3.10) shows that the system reaches the extreme
values of acceleration a,, when:

sin(a,f+ A) = £1 (3.3.12)

Combining equations (3.3.12) and (3.3.11) and substituting
notation (3.3.5), we have:

A
m

(3.3.13)

Aoy =T

Multiplying equation (3.3.13) by m, we obtain the extreme
values of the force R, applied to the system:

ext

R, =*A (3.3.14)
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Hence, according to equation (3.3.14), the system is subjected
to the action of a completely reversed loading cycle characterized by
the following maximum R, and minimum R, values of the forces:

max

Rﬂl(l)( = A (3-3.15)
and:
Rmin =-A (3-3.16)

The stress analysis in this case should include appropriate
fatigue calculations based on the forces according to equations
(3.3.15) and (3.3.16).

3.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; d_x =V 3.3.17)
dt
Solving differential equation of motion (3.3.1) with the initial
conditions of motion (3.3.17), we obtain:

X =vot+ a—lcos A+ izsin), — izsin(wlt +A) (3.3.18)
, (O [OX

Velocity, acceleration, and the forces applied to the system are
calculated according to equations (3.3.10), (3.3.11), (3.3.15), and
(3.3.16) respectively.

3.3.3 Initial Velocity Equals Zero

The initial conditions of motion are:

for t=0 x=s9; —=0 (3.3.19)
dt

The solution of differential equation (3.3.1) with the initial
conditions of motion (3.3.19) reads:

x= 50+ cosA+-Lsind——Lsin(@ir+4)  (3.3.20)
(O} [OX (OX
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Taking the first derivative of equation (3.3.19), we determine
the velocity:
dx a

@ osa-L cos(w,t+ A) (3.3.21)
dr o, w,

The equations for the acceleration and the forces applied to
the system are the same as for the previous cases.

3.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0;, —=0 (3.3.22)
dt

Solving differential equation of motion (3.3.1) with the initial
conditions of motion (3.3.22), we obtain:

t
X="cosA+——sind———sin(@+1)  (3.3.23)
W, ; O;

Equations (3.3.21) and (3.3.11) describe respectively the ve-
locity and acceleration for this case. The forces applied to the sys-
tem are determined by equations (3.3.15) and (3.3.16).

3.4 Time-Dependent Force Q( p+ “Tt)

Guiding Table 2.1 shows that this section represents the inter-
section of Row 3 and Column 4. Consequently, the current problem
is characterized by the force of inertia as a resisting force and the
time-dependent force as the active force.

This problem could be related to the analysis of the accel-
eration of a system subjected to a time-dependent force that is act-
ing a predetermined interval of time. The system is moving in the
horizontal direction. It is necessary to determine the values of the
displacement, the velocity, the acceleration, and the force applied to
the system at the end of the predetermined time, as well as the power
of the energy source.

Figure 3.4 shows the model of a system subjected to the time-
dependent force. We can now compose the differential equation of
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ut
Q(p + 7)
—_—

X

»
»

Figure 3.4 Model of a system subjected to a time-dependent
force

motion that includes in the left side the force of inertia, and in the
right side the time-dependent force. Thus, the differential equation
of motion for this case reads:

d*x

i’

t
m 0(p+ /”‘7) (3.4.1)
Differential equation of motion (3.4.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

3.4.1 General Initial Conditions
The general initial conditions of motion are:

d _

for t=0 x=s; =V 3.4.2)
dt

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (3.4.1) by m, we have:

d*x

ut
—C=g(p+=— 3.4.3
P q(p . ) ( )

where:

3.4.4)

3O
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Based on Laplace Transform Pairs 3, 5, and 2 from Table 1.1,
we convert differential equation of motion (3.4.3) with the initial
conditions of motion (3.4.2) from the time domain into the Laplace
domain, and obtain the corresponding algebraic equation of motion
in the Laplace domain:

()= lvg — 15, = qp+% (3.4.5)
T

Solving equation (3.4.5) for the Laplace domain displacement
x(1), we have:

Vo 4P  gH
x()=so+—+—5+— 3.4.6
e A R E (346
Applying pairs 1, 5, 2, and 8 from Table 1.1 to equation
(3.4.6), we invert this equation from the Laplace domain into the

time domain and obtain the solution of differential equation of mo-
tion (3.4.1) with the initial conditions of motion (3.4.2):

X=5, +vot+%t2 L (3.4.7)

671

Taking the first derivative of equation (3.4.7), we determine
the velocity of the system:

dx qu
— =y, +gpt+—t 3.4.8
7 Vo +4p o7 ( )

The second derivative of equation (3.4.7) describes the accel-
eration of the system:

2
S —gp+iEy (3.4.9)

The acceleration process lasts the interval of time that equals
7. Therefore, substituting time 7 into equations (3.4.7), (3.4.8), and
(3.4.9) and recalling notation (3.4.4), we determine respectively the
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values of the displacement s, the velocity v, and the acceleration a at
the end of the time =

S= 58+ Vv, T+ gtz(ﬁ + ﬁ) (3.4.10)
m 2 6
v=+ Lo+ (3.4.11)
m 2
a= g(p + U) 3.4.12)
m

For public transportation systems, the acceleration according
to equation (3.4.12) should comply with the norms of public health
and safety.

For this case, the force applied to the system equals the force
of inertia. Multiplying the mass m by the acceleration according
to equation (3.4.12), we obtain the force R, that is applied to the
system:

Ry, =Q0(p+ ) 3.4.13)

The stress analysis should be based on the force according
to equation (3.4.13). The power N of the energy source equals the
product of multiplying this force by the velocity according to equa-
tion (3.4.11):

N=0(p+u)v +gr(p+ﬁ)]
m 2
3.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for r=0 x=0; ax =V 3.4.14)
dt
The solution of differential equation of motion (3.4.1) with
the initial conditions (3.4.14) reads:

X=vt+ %tz 48 s (3.4.15)

671
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Substituting the interval of time 7 into equation (3.4.15), we
determine the value of the displacement for this case:

§=voT +qT° (g 4 %) (3.4.16)

The rest of the parameters are the same as for the previous
case.

3.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx

for t=0 x=sy; —=0 (3.4.17)
dt

Solving differential equation of motion (3.4.1) with the initial
conditions (3.4.17), we obtain:

x=so+ 222 I p (3.4.18)
2 67
Taking the first derivative of equation (3.4.18), we determine
the velocity of the system:

i+ By (3.4.19)

dt 27

Substituting the time interval 7 into equations (3.4.18) and
(3.4.19), we determine the values of the displacement and velocity
respectively:

p U
=5, +qT (=+— 3.4.20
s=50+qT7( 5 6) ( )

_ H
v=qt(p+2) (3.4.21)

The values of the acceleration and the force applied to the sys-
tem can be determined from equations (3.4.12) and (3.4.13) respec-
tively. For this case, the power N of the system equals the product of
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multiplying the force according to equation (3.4.13) by the velocity
according to equation (3.4.21):

0’t

N =
m

(p+yxp+§) (3.4.22)

3.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0, —=0 (3.4.23)
dt

The solution of differential equation of motion (3.4.1) with
the initial conditions of motion (3.4.23) reads:

x=2Pp A1 s (3.4.24)
2 671

Substituting into equation (3.4.24) the time interval 7, we de-
termine the displacement for this case:

2, P H
g2+ E 3.4.25
s=qT (2 6) ( )

The values of the velocity, acceleration, applied force, and
power can be determined according to the following equations
respectively: (3.4.21), (3.4.12), (3.4.13), and (3.4.22).

3.5 Constant Active Force R and Harmonic Force A sin(@ + A)
This section, which represents the intersection of Row 3 and
Column 5 of Guiding Table 2.1, describes a problem associated with
the force of inertia, the constant active force, and the harmonic force.
The current problem could be related to the analysis of motion of a
vibratory system subjected to the action of a constant active force.
The system is moving in the horizontal direction. We want
to determine the basic parameters of motion and the characteristics
of the forces applied to the system. Figure 3.5 presents the model
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Figure 3.5 Model of a system subjected to a constant active
force and a harmonic force

of a system subjected to the action of a constant active force and a
harmonic force.

Based on the considerations above and Figure 3.5, it is pos-
sible to describe the left and right sides of the differential equation
of motion of the system. The left side consists of the force of inertia,
while the right side includes the sum of the constant active force and
the harmonic force. Hence, the differential equation of motion reads:

d’x .
m = R+ Asin(w,t+ A) 3.5.1)

t2

Differential equation of motion (3.5.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses follow.

3.5.1 General Initial Conditions
The general initial conditions of motion are:
dx

for t=0 x=s50; — =, 3.5.2)
dt

where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function in equation (3.5.1) and
dividing the latter by m, we may write:
d’*x . .
e =r+asin®,fcosA+acos®,tsin A (3.5.3)
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where

(3.5.4)

(3.5.5)

Using Laplace Transform Pairs 3, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (3.5.3) with the initial
conditions of motion (3.5.2) from the time domain into the Laplace
domain. As a result, we obtain the corresponding algebraic equation
of motion in the Laplace domain:

2

901 osar =2 ind (3.5.6)

Px(l)=lvg—1sy=r+
x(1)=1vy So =71 >+ @ P+

Solving equation (3.5.6) for the Laplace domain displace-
ment, x(/) we have:

Vo r am, .
x()=sp+—+—+———CcosA+ sin A 3.5.7
(D=0 +77+3 1(° +o?) I’ +w? (357
Based on pairs 1, 5, 2, 8, 16, and 14 from Table 1.1, we invert
equation (3.5.7) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (3.5.1) with the
initial conditions of motion (3.5.2):

r a 1 . a .
X=S¢+ Vot +—1t>+—(t— —sinw,f)cos A+ — (1—cos@,t)sin A
2 w, , ;

(3.5.8)
Applying basic algebra to equation (3.5.8), we write:

r , at
X=8y+vot+—1 +—cosi
0,

a . a . )
+—5sinA —— (sin@tcos A + cos ,sin 1)
(OF (OF
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Transforming this equation further, we have:
r at a . a .
X=S¢+ Vot +—1t>+—cosA+ —sinA——sin(wt+1)  (3.5.9)
2 0)1 0)1 a)l

Taking the first derivative of equation (3.5.9), we determine
the velocity of the system:

dax =vy+rt+ 2 cosa-L cos(a,t+ A) (3.5.10)
dt (l)] a)l

The second derivative of equation (3.5.9) represents the ac-
celeration of the system:

2
fl—f =r+a sin(w,t+ A1) (3.5.11)
t
It can be seen from equation (3.5.11) that the acceleration
reaches its extreme values at the following condition:
sin(m,t + 1) = £1 3.5.12)

Combining equation (3.5.11) with equation (3.5.12), we de-
termine the extreme values of the acceleration a,_:

a,,=rxa (3.5.13)

Substituting notations (3.5.4) and (3.5.5) into equation
(3.5.13), we have:

RtA
Aoy =

(3.5.149)

Multiplying equation (3.5.14) by m, we obtain the extreme
values of force R, applied to the system:

R.=RtA (3.5.15)

According to equation (3.5.15), the system is subjected to the
action of a random loading cycle for which the maximum force R,
equals:

R,..=R+A
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while the minimum force R . equals:

Rmm:R_A

The stress analysis of the system for this case should be based
on the appropriate fatigue calculations.

3.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % = Vg (3.5.16)

The solution of differential equation of motion (3.5.1) with
the initial conditions of motion (3.5.16) reads:

r at a . a .
X=vot+—t'+—cosA+ —5sinA ——sin(wt+ 1) (3.5.17)
w, (O (O

The rest of the parameters are the same as in the previous case.

3.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s9; —=0 (3.5.18)
dt

Solving differential equation of motion (3.5.1) with the initial
conditions of motion (3.5.18), we obtain:

t
X =5 PRAPE +a—cosl+%sinl—%5in((olt+l) (3.5.19)
2 wl 601 wl

Taking the first derivative of equation (3.5.19), we determine
the velocity of the system:

dx _ Ft+——cos A — ——cos(@,t + A) (3.5.20)
dt w, W,

The rest of the parameters can be determined from equations
(3.5.11), (3.5.14) and (3.5.15).
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3.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0, —=0 (3.5.21)
dt

The solution of differential equation of motion (3.5.1) with
the initial conditions of motion (3.5.21) reads:

x=lr4 a—tcosl + izsin), — izsin(a)lt +A) (3.5.22)
2 601 w] 0)1

The rest of the parameters are the same as for the previous
case.

3.6 Harmonic Force A sin(@,t + 4) and Time-Dependent
Force Q( p+ “Tt)

This section represents the intersection of Row 3 and Column 6
in Guiding Table 2.1. The current problem is characterized by the
force of inertia as the resisting force and the sum of a harmonic force
and a time-dependent force as the active forces. Certain vibratory
systems on the beginning of their working process may be subjected
to the action of a time-dependent force that acts a limited interval
of time.

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion and the characteristics
of the forces applied to the system. Figure 3.6 shows the model of
a system subjected to the action of the harmonic force and a time-
dependent force.

According to the considerations above and Figure 3.6, it is
possible to describe the structure of the differential equation of mo-
tion. The left side includes the force of inertia, while the right side
consists of the harmonic force and the time-dependent force. Thus,
the differential equation of motion reads:

2

m% = Asin(@,t+A) + 0(p + 5 3.6.1)
T
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Figure 3.6 Model of a system subjected to a harmonic force and
a time-dependent force

Differential equation of motion (3.6.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses follow.

3.6.1 General Initial Conditions
The general initial conditions of motion are:

d
for 1=0 x=sy =y, (3.6.2)
dt

where s, and v, are the initial displacement and initial velocity
respectively.
Transforming equation (3.6.1), we may write:

2
m%zAsinwltcosl+Acosw1tsinl +Qp+%t (3.6.3)
T

Dividing equation (3.6.3) by m, we have:
d’x ) ' qu
i =asinw,;tcosA+acosm,tsinld + gp + Tl (3.6.4)

where:

(3.6.5)

(3.6.6)
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Using Laplace Transform Pairs 3, 6, 7, 5, and 2 from Table 1.1,
we convert differential equation of motion (3.6.4) with the initial condi-
tions of motion (3.6.2) from the time domain into the Laplace domain.
The resulting algebraic equation of motion in Laplace domain reads:

2

()= v —Psy = 290 cosae -4

s1n/1+qp+ (367)
+ w; I* + o}

Solving equation (3.6.7) for the displacement x(/) in the
Laplace domain, we have:
Vo am,

gp | qu
l)=sy+—+—F——-cosA+ A+—0+— (3.68
XD sot 4 ry CosAt pgsindd oy (368)

Applying pairs 1, 5, 2, 16, 14, and 8 from Table 1.1, we invert
equation (3.6.8) from the Laplace domain into the time domain, and
obtain the solution of differential equation of motion (3.6.1) with the
initial conditions of motion (3.6.2):

a 1 .
X =5y +vot+—(t——sinw,t)cos A
@, (O

’5
+—(1 —cosm;t)sin A +-—— qp gHr 3.6.9)
ik 2 61

Applying the appropriate algebra to equation (3.6.9), we write:

—s0+(vo+—c05/1)t+qu qur +—s1n/1
W, 2 6T

—%(sin 0,1 COS A+ cosw,tsin A) (3.6.10)
1

Based on further transformations of equation (3.6.10), we have:

x=s80+ vy + 2 cos Mt +— qp qu sm/l — —sm(a)lt +A)
W, 2 67 co1 o}

(3.6.11)
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Taking the first derivative of equation (3.6.11), we determine
the velocity of the system:

2
dx =y, + D cosA+ qpt+ gur_ _ icos(colt +A) (3.6.12)
dt 0)1 2T wl

The second derivative of equation (3.6.11) characterizes the
system’s acceleration:
d’x qut

F =qgp+ T +a Sil’l(a)lt + )u) 3.6.13)

This process of motion lasts the interval of time 7. Substituting
7 into equation (3.6.13), we obtain the value of the acceleration a
at the end of the time interval 7.

T

a. =qp+qu+asin(w,7+ ) (3.6.149)

The acceleration reaches its extreme values a,, at the follow-
ing conditions:

sin(w,7+1)==1 (3.6.15)

Combining equations (3.6.14) and (3.6.15), we determine the
extreme values of the acceleration:

Ao =qp+qllta (3.6.16)

Substituting notations (3.6.5) and (3.6.6) into equation
(3.6.16), we have:

3
SIS

(p+u)t (3.6.17)

aexz -

Multiplying equation (3.6.17) by m, we determine the extreme
values of the forces R, that are applied to the system:

R.=0Q(p+u)tA (3.6.18)
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As seen from equation (3.6.18), the system is subjected to a
random loading cycle for which the maximum force R, and the
minimum force R . respectively equal:

Ru=0(p+u)+A
Rmin = Q(p+,u')_

The stress analysis for this case should be based on appropri-
ate fatigue calculations.

3.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:

d
for =0 x=0; =y, (3.6.19)
dt
The solution of differential equation of motion (3.6.1) with
the initial conditions of motion (3.6.19) reads:

xX= (vo+—cosft)1f+qp2 q,u +—sm/l——sm(a)1t+/l)
w, 2 6T ] o;

(3.6.20)

The rest of the parameters are the same as for the previous case.

3.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; % =0 (3.6.21)
dt
Solving differential equation of motion (3.6.1) with the initial
conditions of motion (3.6.21), we obtain:

at .
X =15, + 2 cos A+ 9P 2 qu +—sml— 2sm(a)lz‘+ﬂp)
W, 2 61 o o]

(3.6.22)
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Taking the first derivative of equation (3.6.22), we determine
the velocity for this case:

2

ax =2 cosA+ qpt+ qHr icos(colt +A)  (3.6.23)

dt 2T W,

The rest of the parameters are the same as for the previous case.

3.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
d
for 1=0 x=0; =0 (3.6.24)
dt
The solution of differential equation of motion (3.6.1) with
the initial conditions of motion (3.6.24) reads:

xza—cosi+qu qu +—sml——s1n(a)lt+),) (3.6.25)
(O} 2 6T 0)1 wl

The rest of the parameters are the same as for the previous
case.






FRICTION

This chapter describes engineering systems that are subjected to
both the force of inertia and the friction force as the resisting forces.
The section numbers for this chapter are shown in Row 4 of Guiding
Table 2.1, which has plus signs for both of these resisting forces. The
intersections of this row with Columns 1 through 6 indicate the six
sections in this chapter. The section names reflect the active forces
applied to the systems. The left sides of the differential equations in all
sections of this chapter are identical and consist of the force of inertia
and friction force. The right sides of these equations in the sections
differ from each other by the active forces applied to the systems.

4.1 Active Force Equals Zero

According to Guiding Table 2.1 this section describes engi-
neering systems experiencing the action of the force of inertia and
the friction force (Row 4) in the absence of active forces (Column 1).
Key factors related to the motion of a system in the absence of active
forces were discussed earlier in section 1.3.

87
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Figure 4.1 Model of a system subjected to a friction force

The current problem represents a deceleration (braking) pro-
cess of a mechanical system. In real-life conditions, the movable
systems are also subjected to air resistance, which in some cases
could be insignificant.

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion, the braking distance,
and the value of the deceleration, as well as the force applied to
the system. Figure 4.1 shows a system subjected to the action of a
friction force.

The above-mentioned considerations and the model in
Figure 4.1 let us compose the differential equation of motion of the
system. The left side includes the force of inertia and the friction
force, while the right side of the equation equals zero. Thus, the
differential equation of motion reads:

d*x
m—+F=0 4.1.1
" ( )
Differential equation of motion (4.1.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

4.1.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; d_x =, 4.1.2)
dt
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where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (4.1.1) by m, we have:

d*x
—+ =0 4.1.3
e f ( )
where:
F
f= 4.14)

m
Using Laplace Transform Pairs 3 and 5 from Table 1.1, we
convert differential equation of motion (4.1.3) with the initial
conditions of motion (4.1.2) from the time domain into the Laplace

domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px()=lvy—Pso+ f=0 4.1.5)

Solving equation (4.1.5) for the displacement x(/) in the Laplace
domain we have:

x(1)= s, +——i (4.1.6)

I
Based on pairs 1, 5, 2, and 8 from Table 1.1, we invert equation
(4.1.6) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (4.1.1) with the initial
conditions of motion (4.1.2):

f

X =5 +vot—5t2 4.1.7)

Taking the first derivative of the equation (4.1.7), we determine
the velocity of the system:

dx

4.1.8
o —ft ( )
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The second derivative of equation (4.1.7) represents the
acceleration (in this case the deceleration) of the system:

d*x B

F =—f 4.1.9)

Equation (4.1.9) shows that the deceleration is a constant value.
Substituting notation (4.1.4) into equation (4.1.9), we determine the
value of the acceleration/deceleration a,:

4 = -+ (4.1.10)
m

Thus, the absolute value of the acceleration is:

ap =1 EI (4.1.11)
m
For public transportation systems, the value of the acceleration ac-
cording to equation (4.1.11) should comply with the norms of public
health and safety.
Multiplying the mass m by the absolute value of the accelera-
tion according to equation (4.1.11), we determine the value of the
force R, applied to the system:

Ry=IFl 4.1.12)

The stress calculations of the system should be performed based on
the value of the force according to equation (4.1.12).

At the end of the braking process, the velocity of the system
equals zero. Equating the left side of equation (4.1.8) to zero and
performing the needed algebraic procedures, we determine the time
T that the braking process lasts:

Vo

T=— 4.1.13)
7 (

Combining equations (4.1.7) and (4.1.13), we calculate the displace-
ment s of the system:

S=85,+— 4.1.14
0 2 ( )
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The braking distance does not include the initial displacement.
Excluding the initial displacement from equation (4.1.14), we
determine the braking distance s, :
2
S = (4.1.15)
2f
4.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for =0 x=0, —=y, 4.1.16)
dt

The solution of differential equation of motion (4.1.1) with the initial
conditions of motion (4.1.16) reads:

X =Vt — gtz 4.1.17)

The rest of the parameters and their analysis are the same as for the
previous case.

4.2 Constant Force R

This section describes the mechanical systems subjected to the
action of the force of inertia and friction force as the resisting forces
(Row 4 of Guiding Table 2.1) and the constant active force (Column 2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, the value of the accelera-
tion, and the force applied to the system. The model of a mechanical
system subjected to the action of a constant active force and a fric-
tion force is shown in Figure 4.2.

Using the considerations presented above and the model in
Figure 4.2, we can compose the differential equation of motion of
this system. The left side consists of the force of inertia and the fric-
tion force, while the right side includes the constant active force.
Therefore, the differential equation of motion reads:

2

m%§+F=R 4.2.1)
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[
»

4

Figure 4.2 Model of a system subjected to a constant active
force and a friction force

Differential equation of motion (4.2.1) has different solutions for
various initial conditions of motion. These solutions and their
analyses are presented below.

4.2.1 General Initial Conditions
The general initial conditions of motion are:

dr _

for =0 x=s; = 4.2.2)
dt

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (4.2.1) by m, we write:

d*x
? + f =r (4.2.3)
where:
f= F 4.2.4)
m
R (4.2.5)
m

Using Laplace Transform Pairs 3 and 5 from Table 1.1, we
convert differential equation of motion (4.2.3) with the initial con-
ditions of motion (4.2.2) from the time domain into the Laplace
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domain and obtain the corresponding algebraic equation of motion
in Laplace domain:

Px()=Ivyg—Psy+f=r (4.2.6)

The solution of equation (4.2.6) for the Laplace domain displace-
ment x(/) reads:
v  r=f

x(1)=s, +7+ B

(4.2.7)

Based on pairs 1, 5, 2, and 8 from Table 1.1, we invert equation
(4.2.7) from the Laplace domain into the time domain and obtain the
solution of the differential equation of motion (4.2.1) with the initial
conditions of motion (4.2.2):

r—f

X =58y + Vot + T t 4.2.8)

The first derivative of equation (4.2.8) represents the velocity
of the system:

dx
E_VO +(r—f)t (4.2.9)

Taking the second derivative of equation (4.2.8), we deter-
mine the acceleration:

d*x

dr’

- (4.2.10)

Equation (4.2.10) shows that the acceleration for this case repre-
sents a constant value. Substituting notations (4.2.4) and (4.2.5) into
equation (4.2.10), we determine the value of the acceleration q,:
R-F
ay=——"— 4.2.11)
m

For public transportation systems, the acceleration according to
equation (4.2.11) should comply with the norms of public health
and safety.
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In general, the force applied to the system represents the sum
of the force of inertia and the resisting forces. Adding the friction
force F to the product of multiplying equation (4.2.11) by the mass
m, we calculate the force R, applied to the system:

R, =R 4.2.12)

The stress calculations of the system should be based on the force
according to equation (4.2.12).

4.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; % =, 4.2.13)

The solution of differential equation of motion (4.2.1) with the ini-
tial conditions of motion (4.2.13) reads:

X = ot + %ﬁ 4.2.14)

The rest of the analysis is the same as in the previous case.

4.2.3 Initial Velocity Equals Zero

The initial conditions of motion are:
dx _
dt

Solving differential equation of motion (4.2.1) with the initial condi-
tions of motion (4.2.15), we have:

for =0 x=sp; 0 4.2.15)

x=sy+ =L (4.2.16)

Taking the first derivative of equation (4.2.16), we determine the
velocity of the system:
dx
—=(r—f)t 4.2.17
==/ (4.2.17)

The rest of the analysis is the same as in the previous cases.
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4.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0;, —=0 (4.2.18)
dt

The solution of differential equation of motion (4.2.1) with the ini-
tial conditions of motion (4.2.18) reads:

r—
O

5 (4.2.19)

The velocity and the acceleration can be determined from equations
(4.2.17) and (4.2.10) respectively. The analysis of the parameters is
the same as in the previous cases.

4.3 Harmonic Force A sin(w,¢+ 1)

This section describes problems that are characterized by the
force of inertia and friction force as the resisting forces (Row 4 of
Guiding Table 2.1), and the action of a harmonic force (Column 3).
In general, a harmonic force applied to a mechanical system causes
a vibratory motion of the system.

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion and the characteristics
of the forces applied to the system. Figure 4.3 shows the model of
a system subjected to the action of a harmonic force and a friction
force.

According to the considerations above and the model in
Figure 4.3, we can compose the differential equation of motion. The
left side includes the force of inertia and the friction force, while the
right side consists of the harmonic force. Therefore, the differential
equation of motion reads:

d’x .
mW+F = Asin(@,t+ 1) 4.3.1)

Keep in mind that equation (4.3.1) is valid just to the moment when
the velocity of the system becomes equal to zero and changes its
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Asin(wqt+ A1)

P >
< »

F X

S ST

Figure 4.3 Model of a system subjected to a harmonic force and
a friction force

direction, causing the friction force to change its direction as well.
Considerations related to the behavior of a friction force applied to
a vibratory system are presented in section 1.2.

The differential equation of motion (4.3.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

4.3.1 General Initial Conditions

The general initial conditions of motion read:

dx
for t=0 x=s;; —=v 4.3.2
0 d[ 0 ( )

where s, and v, are the initial displacement and initial velocity
respectively.

Transforming the sinusoidal function in equation (4.3.1) and
dividing the latter by m, we have:

2
%"‘f: asin@;tcos A +acos@;tsin A 4.3.3)
where:
F
f=- (4.3.4)
a= A 4.3.5)
m
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Using Laplace Transform Pairs 3, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (4.3.3) with the initial
conditions of motion (4.3.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

2 2 ! . g
x(l)—1lvy—I"sg +f=acos/’tm+asm/’t (4.3.6)

; >+

1
Solving equation (4.3.6) for the displacement x(/) in the Laplace
domain, we have:

f

Vo , .
x()=sg+——>+acosA————+asind
(D)= e (1> + @) P +w?

(4.3.7)

Based on pairs 1, 5, 2, 8, 16, and 14 from Table 1.1, we invert equa-
tion (4.3.7) from Laplace domain into the time domain and obtain
the solution of differential equation of motion (4.3.1) with the initial
conditions of motion (4.3.2):

f, acosﬂ,(

X:SO+V()I_EZ' + o
1

1 . asin A
t——sinw;t |+ (1—cosw;t)
a

2
W, 1

(4.3.8)

Performing some conventional transformations with equation
(4.3.8), we write:
at a . a .
X =Sy 4 Vol — itz +—cosA+—sinA——sin(@r+ 1) (4.3.9)
2 , o ;
Taking the first derivative of equation (4.3.9), we determine
the velocity of the system:

d.
Oy = fr+-Lcos L — cos(@r+ )] (4.3.10)
dt w,
The second derivative of equation (4.3.9) allows calculating
the acceleration:
d’x .
o =—f+asin(w,t+ A) (4.3.11)
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Due to the initial velocity, the system may perform a complete vi-
bratory cycle during the forward motion. Therefore, the extreme val-
ues of the acceleration according to equation (4.3.11) occur at the
following conditions:

sin(@,+ 1) =1 4.3.12)

Hence, combining equations (4.3.11) and (4.3.12), we determine the
extreme values of the acceleration a,

a.. =—f ta 4.3.13)

Substituting notations (4.3.4) and (4.3.5) into equation (4.3.13), we
write:

-FtA

m

Aoy =

(4.3.14)

Adding friction force F to the product of multiplying equation
(4.3.14) by the mass m, we determine the extreme values R, of the
forces applied to the system:

R.=%A (4.3.15)

According to equation (4.3.15), the system is subjected to the action
of a completely reversed loading cycle having the maximum value
of the force R, . = A and the minimum force R , = — A. The stress
analysis should include fatigue considerations.

4.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; ax =V (4.3.16)
dt
The solution of differential equation of motion (4.3.1) with the initial
conditions of motion (4.3.16) reads:

X =vot— itz + a—tcosi + izsinﬂ, — izsin(colt +A) (4.3.17)
2 (U] 601 wl
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The velocity, acceleration, and applied forces are the same as for the
previous case.

4.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx _

for t=0 x=s; =0 (4.3.18)
dt

Solving differential equation of motion (4.3.1) with the initial condi-
tions of motion (4.3.18), we obtain:

f

t
X=5,— =t +a—cosl+i2sini—izsin(a)lt+l) 4.3.19)
W, ; ;
Taking the first derivative of equation (4.3.19), we determine the
velocity of the system:
dx

& s+ Lcos A - cos(ant + A)] (4.3.20)
dt W,

The acceleration can be calculated from equation (4.3.11). The
values of the applied forces are the same as in the previous cases.

4.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0, —=0 (4.3.21)
dt

In this case, the motion begins when the exciting force exceeds the
friction force. The solution of differential equation of motion (4.3.1)
with the initial conditions of motion (4.3.21) reads:

at

x= —itz +—cosA+ %sin A— %Sin(wlt +1) (4.3.22)
2 a)l a)l a)l

The rest of the parameters and their analysis are the same as in the
previous case.
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4.4 Time-Dependent Force O ( p+ %t)

According to Guiding Table 2.1 this section describes prob-
lems characterized by the force of inertia and the friction force as
the resisting forces (Row 4) and the time-dependent force as the ac-
tive force (Column 4). Some mechanical systems, at the beginning
of their working processes, may utilize the time-dependent force
that is acting during a certain interval of time. For example, we may
consider a transportation system in which the active force is increas-
ing during a predetermined interval of time. By the end of this time,
the system reaches a certain velocity.

The system is moving in the horizontal direction. We want to
determine the values of the displacement, the velocity, the accelera-
tion, the force applied to the system, and the power of the energy
source. All these values should be calculated for the end of time
interval 7. The model of a system subjected to the action of a time-
dependent force and a friction force is shown in Figure 4.4.

Based on the considerations above and the model in Figure 4.4,
we can compose the differential equation of motion for the current
system. The left side includes the force of inertia and the friction
force, while the right side consists of the time-dependent force.
Thus, the differential equation of motion reads:

@

dar’
Equation (4.4.1) describes the motion of a system in which Qp > F.

meE L F=0(p+ “7’) 4.4.1)

ut
Q(p + ?)

A 4

F X

.
»

TS 777 0 7

Figure 4.4 Model of a system subjected to a time-dependent
force and a friction force



Friction 101

Differential equation of motion (4.4.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

4.4.1 General Initial Conditions
The general initial conditions of motion are:

dx

—= 4.4.2
i Vo ( )

for =0 x=us;

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (4.4.1) by m, we obtain:

2

Xy reqo+ (4.4.3)
dt T
where:
f= F (4.4.4)
m
=2 (4.4.5)
m

Based on Laplace Transform Pairs 3, 5, and 2 from Table 1.1,
we convert differential equation of motion (4.4.3) with the initial
conditions of motion (4.4.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

z%uyJW—ﬁ%+f:¢p+%o (4.4.6)

Solving equation (4.4.6) for the Laplace domain displacement x(/),
we have:

vo gqp—f qUu
D=so+—+—F—+— 4.4.7
XU =0+ 7+t 44.7)
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Using pairs 1, 5, 2, and 8 from Table 1.1, we invert equation (4.4.7)
from the Laplace domain into the time domain and obtain the solu-
tion of differential equation of motion (4.4.1) with the initial condi-
tions of motion (4.4.2):

x—s0+vot+l(qp e+ ‘61“3 (4.4.8)

Taking the first derivative of equation (4.4.8), we determine
the velocity of the system:

dx qHu >
— =1+ —f)t+—t 4.4.9)
= rlap= ey
The second derivative of equation (4.4.8) represents the accel-
eration of the system:

d2

+ 4.4.10
T =qp-f ( )

In the current problem, differential equation (4.4.1) de-
scribes the motion that is lasting an interval of time 7. Equating
the running time ¢ in equations (4.4.8), (4.4.9), and (4.4.10) to
the interval of time 7, we obtain respectively the values of the
displacement s, the velocity v, and the acceleration a at the end
of time T

— +vor+wr2 4.4.11)
v=v, +W1 (4.4.12)
=q(p+u)-f (4.4.13)

The value of the force R, applied to the system at the end of time 7
is equal to the sum of the force of inertia and the friction force. Mul-
tiplying equation (4.4.13) by m, we determine the force of inertia.
Adding the friction force F to the force of inertia, and substituting
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notations (4.4.4) and (4.4.5), we determine the force applied to the
system:

Ry =0(p+ 1) (4.4.14)

The stress calculations of the system should be based on the force
according to equation (4.4.14).

Multiplying the force according to equation (4.4.14) by the
velocity according to equation (4.4.12), we determine the power N
of the energy source:

20+ U)—-2F
N = 0(p+ vy + LEPFHIZ2F
2m
4.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for =0 x=0; % =, 4.4.15)

The solution of differential equation of motion (4.4.1) with the ini-
tial conditions of motion (4.4.15) reads:

1
x= v+ (gp= )1’ + ‘é“ 7 (4.4.16)

Using equation (4.4.16), we calculate the displacement at the end
of time T
3gp=3f+qu ,

S=VT+ #’L’ (4.4.17)

The rest of the parameters and their analysis are the same as for the
previous case.

4.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx

for t=0 x=s50; —=0 (4.4.18)
dt
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Solving differential equation of motion (4.4.1) with the initial condi-
tions of motion (4.4.18), we have:

1
x=s+(ap-f)7 ‘é’“‘ £ (4.4.19)

Taking the first derivative of equation (4.4.19), we determine the
velocity of the system:

dx

au
—=lap=f)i+ 1 (4.4.20)

Substituting the time 7 into equations (4.4.19) and (4.4.20), we cal-
culate the displacement and the velocity respectively:

5= 50+ WI’Z (4.4.21)
_2ap=2f+qu (4.4.22)
2

Multiplying the force according to equation (4.4.14) by the velocity
according to equation (4.4.22), we determine the power:

O0QCp+p)-2F .
2m

N=0(p+W)

The rest of the parameters and their analysis is the same as in the
previous case.

4.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (4.4.23)

The solution of differential equation of motion (4.4.1) with the ini-
tial conditions of motion (4.4.23) reads:

1
Slap=1)r+ z“ (4.4.24)
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According to equation (4.4.24), the displacement at the end of time
T equals:

_ sz (4.4.25)

S

The rest of the parameters and their analysis are the same as in the
previous case.

4.5 Constant Force R and Harmonic Force A4 sin(w,¢z+ A1)

This section describes problems that have the force of iner-
tia and the friction force as the resisting forces (Row 4 in Guiding
Table 2.1) and both the constant active force and the harmonic force
(Column 5). The current problem could be related to the working
process of certain vibratory systems. Usually the constant active
force exceeds the resisting forces and there are no interruptions in
the vibratory motion of the system.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the characteristics of
the forces applied to the system. The model of a system subjected to
the action of a constant active force, a harmonic force, and a friction
force is shown in Figure 4.5.

Based on these considerations and the model in Figure 4.5, we
can describe the structure of the differential equation of motion of
the system. The left side consists of the force of inertia and the fric-
tion force, while the right side of this equation includes the constant
active force and the harmonic force. Hence, the differential equation
of motion reads:

2

mfle +F =R+ Asin(@,f + 1) 4.5.1)

The considerations related to the behavior of the friction force ap-
plied to a vibratory system are discussed in section 1.2. Differential
equation of motion (4.5.1) has different solutions for various initial
conditions of motion. These solutions and their analyses are pre-
sented below.
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m
R
 ——
Asin(w.t+ A1)
< > F X
T 7Y >

Figure 4.5 Model of a system subjected to a constant active
force, a harmonic fore, and a friction force

4.5.1 General Initial Conditions
The general initial conditions of motion are:
d.
for =0 x=s0; —=v 4.5.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function in equation (4.5.1) and
dividing this equation by m, we have:

2
C;Tf+f=r+asina)1tc05/1+acosa)1tsin/1 (4.5.3)
where:

f= ul (4.5.4)

m
— (4.5.5)

m
a= A (4.5.6)

m

Using Laplace Transform Pairs 3, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (4.5.3) with the initial
conditions of motion (4.5.2) from the time domain into the Laplace
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domain. The resulting algebraic equation of motion in the Laplace
domain reads:

2
> cos)L+l2 > sind  (4.5.7)

1 (O

Px(l)=Ivg— s+ f=r+ lz"“"l

Solving equation (4.5.7) for the Laplace domain displacement x(/),
we have:

c()=sp+ e Ty A0 v — Y Gnd (458
TP I+ o)) I+ =
Based on pairs 1, 5, 2, 8, 16, and 14 from Table 1.1, we invert equa-
tion (4.5.8) from the Laplace domain into the time domain and ob-
tain the solution of differential equation of motion (4.5.1) with the
initial conditions of motion (4.5.2):

—f , acosi

r 1 . asin A
X =8¢+ Vot + r+ (t——sinw;t) + (1-coswt)
2 ® ® w;
1 1 1

(4.5.9)

Performing algebraic procedures with equation (4.5.9), we have:

_fz

a .
—s0+v0t+—t + 4 Cosl+—zsm/l
@, @,

a . .
—— (sinwtcos A +cos w;tsin 1)
(Oh

Further transformation of this equation reads:

a |
—s0+v0t+—ft +—cos/’L+—s1nﬂ, — sin(wt + 1)
2 w, o} w;

(4.5.10)

The first derivative of equation (4.5.10) represents the velocity
of the system:

% =V +(r—f)t+icosl— icos(a)1t+ Ay @311
0]

1 @,
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Taking the second derivative of equation (4.5.10), we deter-
mine the acceleration:
d’x .
o =r— f+asin(wt+A) 4.5.12)
The presence of the constant active force lets us assume that the
extreme values of the acceleration according to equation (4.5.12)
occur at the following conditions:

sin(w, 7+ A) = £1 (4.5.13)

Combining equation (4.5.12) with equation (4.5.13), we determine
the extreme values of the acceleration a,:

a., =r—f=*a 4.5.14)

Substituting notations (4.5.4), (4.5.5), and (4.5.6) into equation
(4.5.14), we may write:
_R-F+A

Aoxy = (4.5.15)
m

Adding the friction force F to the product of multiplying equation
(4.5.15) by m, we obtain the extreme values of the force R, ;:

R.=RtA (4.5.16)

According to equation (4.5.16), the system is subjected to
the action of a random loading cycle for which the maximum force
R . =R+ A, while the minimum force R, = R — A. Therefore,
the stress calculations for this case should be based on appropriate
fatigue considerations.

4.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; % =, 4.5.17)
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The solution of differential equation of motion (4.5.1) with the ini-
tial conditions of motion (4.5.17) reads:

x—vot+;ft2+ cos/l+—sm/1——s1n(a)1t+/l) (4.5.18)
o, } o}

The rest of the parameters are the same as in the previous case.

4.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for =0 x=s d_x =0 4.5.19)
dt
Solving differential equation of motion (4.5.1) with the initial condi-
tions of motion (4.5.19), we have:

_fz

=50+ =] p, 4 cosl + —s1n A— —zsin(a)lt +A) (4.5.20)
2 (1)1 a)l a)l
The first derivative of equation (4.5.20) represents the velocity of
the system:
dx

—= (r—f)t+icosl—icos(a),t+l) (4.5.21)
dt W, W,

The rest of the parameters can be determined from equations
(4.5.12), (4.5.15) and (4.5.16).

4.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; d_x =0 4.5.22)
dt
The solution of differential equation of motion (4.5.1) with the ini-
tial conditions of motion (4.5.22) reads:
_r _f 24
cos A+—sind—— sm(a)lt +A) (4.5.23)
2 a)l 601 wl



110 = Chapter 4
The rest of the parameters are the same as for the previous case.

4.6 Harmonic Force A sin(w,z + A1) and Time-Dependent
Force Q( p+ "7')

This section describes problems characterized by the force
of inertia and the friction force as the resisting forces (Row 4 in
Guiding Table 2.1) and the harmonic force and the time-dependent
force (Column 6) as the active forces. Sometimes in the beginning
of certain working processes, vibratory systems can be subjected
to the action of a time-dependent force that acts during a limited
interval of time. In these kinds of systems, the initial value of the ac-
tive force Qp exceeds the value of the friction force, resulting in the
system’s vibratory motion without a delay.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the characteristics of
the forces applied to the system. Figure 4.6 represents the model of
a system subjected to the action of a harmonic force, a time-depen-
dent force, and a friction force. Based on the considerations above
and the model in Figure 4.6, we can compose the differential equa-
tion of motion. The left side includes the force of inertia and the
friction force, while the right side consists of the harmonic force and

the time-dependent force. The differential equation of motion reads:
d2
d —+F= As1n(a)1t+/1)+Q(p+—) (4.6.1)

The considerations related to the behavior of the friction force ap-
plied to a vibratory system are discussed in section 1.2.
Transforming equation (4.6.1), we may write:

2
m%+F=Asina)ltcosﬂ.+Acosa)ltsin/l+Qp+Q‘ut (4.6.2)

Differential equation of motion (4.6.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.
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m
Asin(wqt + 4)
ut
Qlp+—)
: > F x
777777777 g

Figure 4.6 Model of a system subjected to a harmonic force, a
time-dependent force, and a friction force

4.6.1 General Initial Conditions
The general initial conditions of motion are:
dx

for =0 x=50; —= 4.6.3)
dt

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (4.6.2) by m, we may write:

2
ZTZC + f=asin@tcosA+acosw,tsinA +gp + %l (4.6.4)
where:
F
f=— (4.6.5)
m
a=2 (4.6.6)
m
g=2 (4.6.7)
m

Using Laplace Transform Pairs 3, 5, 6, 7, and 2 from Table 1.1,
we convert differential equation of motion (4.6.4) with the initial
conditions of motion (4.6.3) from the time domain into the Laplace
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domain. The resulting algebraic equation of motion in the Laplace
domain reads:

w,l
x(D)=lvg =1%o+ f = —2° cosA+
(1) = tvo ot S *+ o} I*+w!

2
al sin/l+qp+ﬂ
7l

(4.6.8)

Solving equation (4.6.8) for the displacement in Laplace domain
x(/), we obtain:

x(l):so+V—O+%cosl+%sinl+@+q—%
I I(I"+ o) I+ w; [ 7l
(4.6.9)

Based on pairs 1, 5, 2, 16, 14, and 8 from Table 1.1, we invert equa-
tion (4.6.8) into the time domain. The inversion represents the solu-
tion of differential equation of motion (4.6.1) with the initial condi-
tions of motion (4.6.2):

acosA 1 . asin A
X =S¢+ vt + (t——sinw, 1)+ ——(1—cosw;t)
o, o, ;
- N’ £
L ap=1) LM 4.6.10)
2 671

Applying appropriate algebraic procedures to equation (4.6.10), we
have:

3
x =50+ (v +£cosi)t+ ap=J) . Lol +izsin).
W, 2 6T W,
—iz(sina)ltcosl+cosa)1tsin/1) (4.6.11)

1

Upon further transformations of equation (4.6.11), we write:

_ 3
x:so+(v0+icos)t)t+(qp f)t2+q'w
w, 2 67

+ - sin A — ——sin(e,t + A)
@y o (4.6.12)
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Taking the first derivative of equation (4.6.12), we determine
the velocity of the system:
dx ut’

—= +icosl+(qp—f)t+q—
w, 2T

~ 9 cos(mr+ 1) (4.6.13)
dt 0]

1

The second derivative of equation (4.6.12) characterizes the
system’s acceleration:
d’ .
X gp-r+ 2 dsin(ir+ A) (4.6.14)
dt T
Substituting the time interval 7 into equation (4.6.14), we calculate
the value of the acceleration a, at the end of this time interval:

a; =qp—f+qu+asin(w,7+ 1) (4.6.15)

Because the system possesses an initial velocity, the sys-
tem may perform a complete vibratory cycle before the velocity
becomes equal to zero. Therefore, the extreme values of the ac-
celeration according to equation (4.6.15) occur at the following
conditions:

sin(w,7+1)= =1 (4.6.16)

Combining equations (4.6.15) and (4.6.16), we determine the
extreme values of the acceleration a,

Aoy = qp - f + q,U ta (4.6.17)
Substituting notations (4.6.5), (4.6.6), and (4.6.7) into equation
(4.6.7), we have:

o = (p+ ,u)—Ei% (4.6.18)

m

Adding the friction force F to the product of multiplying equation
(4.6.18) by m, we determine the extreme values of the forces R, ap-
plied to the system:

R.=0(p+u)+A (4.6.19)
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According to equation (4.6.19), the system is subjected to a random
loading cycle having R, =Q(p+u)+Aand R, = Q(p + 1) — A.
The stress calculations should include fatigue considerations.

4.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for t=0 x=0; —=v, (4.6.20)
dt

The solution of differential equation of motion (4.6.1) with the ini-
tial conditions of motion (4.6.20) reads:

x:(vo+icosﬂ,)t+qp ft2+qu +izsinl—i2sin(a)lt+l)
W, 2 6T W W,

(4.6.21)

The rest of the parameters are the same as for the previous case.

4.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for t=0 x=s; x =0 (4.6.22)
dt
Solving differential equation of motion (4.6.1) with the initial condi-
tions of motion (4.6.22), we obtain:

3
at - t a . a .
xX=3s +—cos/1+qp ft2+q,u +—5sinA ——sin(w,t + 1)
w, 2 6T w;

(4.6.23)

Taking the first derivative of equation (4.6.23), we determine the
velocity of the system:

2

W@ osar(gp- P+ s+ ) (4.6.24)
dt (1)] 27: 0)1

The rest of the parameters are the same as for the previous case.
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4.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (4.6.25)

The solution of differential equation of motion (4.6.1) with the ini-
tial conditions of motion (4.6.25) reads:

3

x= ar cosﬂ,+qp f t + +izsin2,—izsin(w1t+l)
W, 2 67: [OX (OF

(4.6.26)

The rest of the parameters are the same as for the previous case.






CONSTANT RESISTANCE

This chapter focuses on engineering problems characterized
by the force of inertia and the constant resisting force as the re-
sisting forces. In Row 5 of Guiding Table 2.1, these two forces are
marked by the plus sign. The intersections of this row with Columns
1 through 6 indicate the sections of this chapter with respect to
different active forces.

The engineering systems described in this chapter could be
intended for interaction with an elastoplastic or viscoelastoplastic
medium that exerts a constant resisting force during its plastic de-
formation. More information related to the deformation of different
types of media is presented in section 1.2. In case of an upward mo-
tion, the weight of the system represents a constant resisting force.

Throughout this chapter, the left sides of the differential equa-
tions of motion in each section are identical and made up by the
force of inertia and the constant resisting force. The right sides of
these equations consist of the active forces applied to the system.
The section titles reflect the active forces involved in the corre-

sponding problems.
117
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5.1 Active Force Equals Zero

This section describes an engineering system subjected to the
action of the force of inertia and a constant resisting force (Row 5
in Guiding Table 2.1) as the resisting forces in the absence of an ac-
tive force (Column 1). For example, this system could interact with
an elastoplastic or viscoelastoplastic medium that exerts a constant
resisting force as a reaction to its plastic deformation. More infor-
mation regarding the deformation of these media is presented in sec-
tion 1.2. The considerations related to the motion of a system in the
absence of active forces are discussed in section 1.3.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, the value of displacement
of the system, and the maximum value of the force applied to the
system. Figure 5.1 shows the model of a system subjected to the
action of a constant resisting force.

Based on the considerations above and the model in Figure 5.1,
we can compose the differential equation of motion of the system.
The left side includes the force of inertia and the constant resisting
force while the right side equals zero. Thus, the differential equation
of motion reads:

d*x
m—+P=0 5.1.1
" ( )
Differential equation of motion (5.1.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

P
h

X

Figure 5.1 Model of a system subjected to a constant resisting
force
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5.1.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; d_x =V (5.1.2)
dt

where s, and v, are the initial displacement and initial velocity re-
spectively. Dividing equation (5.1.1) by m, we have:

d*x
+p=0 5.1.3
PR ( )
where:
p:£ (5.1.4)
m

Using Laplace Transform Pairs 3 and 5 from Table 1.1, we
convert differential equation of motion (5.1.3) with the initial con-
ditions of motion (5.1.2) from the time domain into the Laplace
domain and obtain the resulting algebraic equation of motion in
Laplace domain:

Px(l)=Ilvy—1so+p=0 (5.1.5)
Solving equation (5.1.5) for the displacement in the Laplace domain
x(l), we may write:

x()=sp+2-L (5.1.6)

Based on pairs 1, 5, 2, and 8 from Table 1.1, we invert equation
(5.1.6) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (5.1.1) with the initial
conditions of motion (5.1.2):

X =8y + vt —gtz (5.1.7)
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The first derivative of equation (5.1.7) represents the velocity
of the system:

d
&y pt (5.1.8)
dt

Taking the second derivative of equation (5.1.7), we deter-
mine the acceleration (in this case it is the deceleration) of the
system:

d*x
" =—p (5.1.9)

Equation (5.1.9) shows that the deceleration in this case is a constant
value. Substituting notation (5.1.4) into equation (5.1.9), we deter-
mine the value of the deceleration q,

P
ay=—— (5.1.10)
m
Thus, the absolute value of the deceleration is:
P
ap=1—1 (5.1.11)

m

We calculate the absolute value of the force R, applied to
the system by multiplying the mass m by the absolute value of the
deceleration according to equation (5.1.11):

Ry=1PI (5.1.12)

The stress analysis of the system should be based on the
force according to equation (5.1.12). At the end of the process, the
velocity of the system equals zero. Equating the left side of equation
(5.1.8) to zero and performing the needed algebraic procedures, we
determine the time 7 that the process lasts:

T=— (5.1.13)
p
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Combining equations (5.1.7) and (5.1.13), we determine the value
of the displacement s of the system:

2
5= 5942 (5.1.14)
2p
5.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; 7 =V, (5.1.15)

Solving differential equation of motion (5.1.1) with the initial condi-
tions of motion (5.1.15), we have:

x=vd—§ﬂ (5.1.16)

The rest of the parameters and their analysis are the same as for the
previous case.

5.2 Constant Force R

According to Guiding Table 2.1,this section considers problems
characterized by the force of inertia and a constant resisting force as the
resisting forces (Row 5) along with a constant active force (Column 2).
The working process of systems related to this problem may be as-
sociated with the phase of plastic deformation of an elastoplastic or
viscoelastoplastic medium that exerts a constant resisting force as a
reaction to its plastic deformation (more considerations related to the
deformation of these types of media are discussed in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the maximum value
of the force applied to the system. The model of a mechanical sys-
tem subjected to the action of a constant active and a constant resist-
ing force is shown in Figure 5.2.

The considerations above and the model in Figure 5.2 let us
compose the differential equation of motion, the left side of which
includes the force of inertia and the constant resisting force, while
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R P
_— Ke=—7—=
X

Figure 5.2 Model of a system subjected to a constant active
force and a constant resisting force

the right side consists of the constant active force. Thus, the differ-
ential equation of motion reads:

2

*iP=R (5.2.1)

m

t2

Differential equation of motion (5.2.1) has different solutions for

various initial conditions of motion. These solutions and their analy-
ses follow.

5.2.1 General Initial Conditions
The general initial conditions of motion are:
d.
for =0 x=s,; @ Vo (5.2.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (5.2.1) by m, we obtain:

d*x
—+p=vr 5.2.3
Y ( )
where:
P
p=— (5.2.4)
m
r= B (5.2.5)
m
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Using the Laplace Transform Pairs 3 and 5 from Table 1.1, we
convert differential equation of motion (5.2.3) with the initial conditions
of motion (5.2.2) from the time domain into the Laplace domain. The
resulting algebraic equation of motion in the Laplace domain reads:

Px()=Ilvyg—so+p=r (5.2.6)

Solving equation (5.2.6) for the Laplace domain displacement x(/)
we have:

x(1)=s +Vl—°+rl_—2p (5.2.7)
Based on pairs 1, 5, 2, and 8 from Table 1.1, we invert equation
(5.2.7) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (5.2.1) with the initial
conditions of motion (5.2.2):

x =8+ Vol + % i (5.2.8)

Taking the first derivative of equation (5.2.8), we determine
the velocity of the system:

dx
—=v,+(r—p)t 5.2.9
dt 0 ( P) ( )

The second derivative of equation (5.2.8) represents the
acceleration of the system:

d’x

—=r- 5.2.10

P p ( )

Equation (5.2.10) shows that the acceleration for this case repre-

sents a constant value. Substituting notations (5.2.4) and (5.2.5) into

equation (5.2.10), we determine the value of the acceleration q,:
_R-P

ay=— (5.2.11)
m
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In general, the maximum force applied to the system is equal to
the sum of the force of inertia and the resisting forces. Adding the con-
stant resisting force P to the product of multiplying equation (5.2.11) by
mass m, we determine the maximum force applied to the system R :

Rmax =R

The stress analysis of the system should be based on this value of
the force R .

5.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:

d
for 1=0 x=0;z£=vo (5.2.12)

Solving differential equation of motion (5.2.1) with the initial condi-
tions of motion (5.2.12), we write:

x:vM+£%£ﬁ (5.2.13)

The rest of the analysis is the same as in the previous case.

5.2.3 Initial Velocity Equals Zero
The initial conditions are:
for t=0 x=s; x =0 (5.2.14)
dt
The solution of differential equation of motion (5.2.1) with the initial
conditions of motion (5.2.14) reads:

x=%+£%£ﬁ (5.2.15)

Taking the first derivative of equation (5.2.15), we determine the
velocity of the system:
dx

E = (r - p)t (5.2.16)
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The rest of the parameters and their analysis is the same as in the
previous cases.

5.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; d_x =0 (5.2.17)
dt
Solving differential equation of motion (5.2.1) with the initial condi-
tions of motion (5.2.17), we obtain:

t (5.2.18)

The velocity and the acceleration can be determined according to
equations (5.2.16) and (5.2.10) respectively. The rest of the analysis
of the parameters is the same as in the previous cases.

5.3 Harmonic Force A sin(w,t+ A1)

This section describes a system subjected to the action of
the force of inertia and the constant resisting force as the resisting
forces (Row 5 in Guiding Table 2.1), and the harmonic force as the
active force (Column 3). The current problem could be related to
the working processes of some vibratory systems that interact with
elastoplastic or viscoelastoplastic media that exert constant resisting
forces as the reaction of these media to their plastic deformation.
The considerations related to the deformation of these types of me-
dia as well as to the behavior of a constant resisting force applied to
a vibratory system are discussed in section 1.2.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the characteristics of
the forces applied to the system. Figure 5.3 shows the model of a
system subjected to the action of a harmonic force and a constant
resisting force.

Based on the above considerations and the model in Figure 5.3,
we can compose the differential equation of motion. The left side
includes the force of inertia and the constant resisting force, while
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Figure 5.3 Model of a system subjected to a harmonic force and
a constant resisting force

the right side consists of the harmonic force. Therefore, the differen-
tial equation of motion reads:
d’x
dr’

m +P=Asin(wt+ 1) (5.3.1)

Differential equation of motion (5.3.1) has different solutions for

various initial conditions of motion. These solutions and their analy-
ses are presented below.

5.3.1 General Initial Conditions
The general initial conditions of motion are:
d
for =0 x=s; @ Vo (5.3.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function in equation (5.3.1) and
dividing this equation by m, we have:

d’x
dr’

+ p=asinw,rcos A +acosm,tsin A (5.3.3)

where:

(5.34)

3|~
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a=— (5.3.5)

Using Laplace Transform Pairs 3, 5, 6, and 7 from Table 1.1, we
convert differential equation of motion (5.3.3) with the initial condi-
tions of motion (5.3.2) from the time domain into the Laplace do-
main. The resulting algebraic equation of motion in Laplace domain
reads:

2
w,/
> ! >acosA+— >
I“ +w; "+ w;

Px(l)=Ivyg—1sy+p= asinA  (5.3.6)

Solving equation (5.3.6) for the displacement x(/) in the Laplace
domain, we have:

2

Vo P ()
x(l)=sp+——5+—F———acosA+
(1)=5 [ P +od) P+ ?

asinA  (5.3.7)

Based on pairs 1, 5, 2, 8, 16, and 14 from Table 1.1, we invert equa-
tion (5.3.7) from the Laplace domain into the time domain. The
inversion represents the solution of differential equation of motion
(5.3.1) with the initial conditions of motion (5.3.2):

acosl(

W,

x=s0+v0t—§t2+

1 . asin A
t——sinw;t |+ (1-coswt)
0]

2
(O] 1

(5.3.8)

Performing some conventional transformations with equation
(4.3.8), we write:

t
xX=sy+ vot—gtz +a—cosl+i2sinﬂ.—izsin(a)lt+ A) (5.3.9)

@, (08 (o8

Taking the first derivative of equation (5.3.9), we determine
the velocity of the system:

@ =v,—pt+ 4 [cos A —cos(w;t+ A)] (5.3.10)
dt (1
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The second derivative of equation (5.3.9) represents the
acceleration:
d’x .
o =—p+asin(@,;t+ L) (5.3.11)
Due to the initial velocity, the system could perform a com-
plete vibratory cycle while moving forward. This lets us consider
that the system reaches the extreme values of the acceleration at the
following conditions:

sin(@,1+A)=+1 (5.3.12)

Combining equations (5.3.11) and (5.3.12), we calculate the ex-
treme values of the acceleration a, :

a.,=—pta (5.3.13)

Substituting notations (5.3.4) and (5.3.5) into equation (5.3.13), we
have:

—P+A
Aoy =

(5.3.149)

Adding the constant resisting force P to the product of multiply-
ing equation (5.3.14) by m, we determine the extreme values of the
forces of R, that are applied to the system:

R, =tA (5.3.15)

Equation (5.3.15) shows that the system is subjected to the action
of a completely reversed loading cycle. The stress analysis should
be based on fatigue calculations where the maximum force R, = A
while the minimum force R, =—A.

5.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for =0 x=0;, —=v, (5.3.16)
dt
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Solving differential equation of motion (5.3.1) with the initial condi-
tions of motion (5.3.16), we obtain:

t
x=vot =L+ ZcosA+-——sind——=sin(@r+1) (5.3.17)
2 a)1 601 a)l

The rest of the parameters are the same as for the previous case.

5.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (5.3.18)

The solution of differential equation of motion (5.3.1) with the ini-
tial conditions of motion (5.3.17) reads:

t
x=s,— gﬂ + L cosA+——sinA———sin(@r+1)  (5.3.19)

W, o, ;
The first derivative of equation (5.3.18) represents the velocity:

& L [cosA—cos(@it + )] (5.3.20)
dt ,

The acceleration and the forces could be calculated using equation
(5.3.11). As discussed in section 1.2, when the initial velocity equals
zero, the current differential equation could be valid just for the first
half of the vibratory cycle. However, it is reasonable to perform the
stress calculations based on equation (5.3.15).

5.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0; —=0 (5.3.21)
dt
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Solving differential equation of motion (5.3.1) with the initial
conditions of motion (5.2.21), we have:

x=—Lp & cosl+—s1n2.——s1n(a)1t+/l) (5.3.22)
2 CO] wl wl

The rest of the parameters and their analysis is the same as in
the previous case.

5.4 Time-Dependent Force Q( p+ ”7'

The problems described in this section are characterized by the
sum of the force of inertia and the constant resisting force as the re-
sisting forces (Row 5 of Guiding Table 2.1) and the time-dependent
force as the active force (Column 4).

The current problem could be related to some working processes
of engineering systems involved in the interaction with an elastoplas-
tic or viscoelastoplastic medium that exerts a constant resisting force
as the reaction of its plastic deformation (more information regarding
the deformation of these types of media is presented in section 1.2).

During these processes, the active force gradually increases from
its minimum value that exceeds the value of the constant resisting force.
The increasing of the active force lasts a predetermined interval of time.
By the end of this interval, the system reaches a certain velocity.

The system is moving in the horizontal direction. We want to
determine the values of the displacement, the velocity, the accelera-
tion, the force applied to the system, and the power of the energy
source. The values of these parameters should be calculated for the
end of the interval of time 7.

The model of the system subjected to the action of a time-
dependent force and a constant resisting force is shown in Figure 5.4.
Based on the considerations above and the model in Figure 5.4, we
can describe the structure of the differential equation of motion for
this case. The left side includes the force of inertia and the constant
resisting force, while the right side consists of the time-dependent
force. Thus, the differential equation of motion reads:

2

d t
me Tt P= Q(p+'u (5.4.1)
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Figure 5.4 Model of a system subjected to a time-dependent
force and a constant resisting force

Note that in equation (5.4.1) Qp > P. Differential equation
of motion (5.4.1) has different solutions for various initial condi-
tions of motion. These solutions and their analyses are presented
below.

5.4.1 General Initial Conditions
The general initial conditions of motion read:
for =0 x=s; d_x =, (54.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (5.4.1) by m, we have:

2

d"x ut
—+p= +— 5.4.3
e q(p . ) ( )
where:
p= B (5.4.4)
m
q= Q (5.4.5)
m

Using Laplace Transform Pairs 3, 5, and 2 from Table 1.1,
we convert differential equation of motion (5.4.3) with the initial
conditions of motion (5.4.2) from the time domain into the Laplace
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domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(l)=Ivy— sy + p=q(p+ ﬂl) (5.4.6)
T

Solving equation (5.4.6) for the Laplace domain displacement x(/),
we write:

Vo 4qPp—D  qlU
[)=so+—+ + = 54.7
MU=+ 7+t (54.7)

Based on pairs 1, 5, 2, and 8 from Table 1.1, we invert equation
(5.4.7) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (5.4.1) with the initial
conditions of motion (5.4.2):

1 2, qU 3
=50+ Vot +— —plt +=—t 5.4.8
X=5y+V > (qp p) P ( )

The first derivative of equation (5.4.8) represents the velocity
of the system:

dx qH >
—=v+ —p)t+—t 5.4.9
= vot(ap—p)i+—- (5.4.9)

Taking the second derivative of equation (5.4.8), we determine
the acceleration of the system:
d’x qu
—=qp—p+—t 5.4.10
P qap—p . ( )
Differential equation (5.4.1) describes the motion that lasts an
interval of time 7. Thus, replacing the running time ¢ in equations
(5.4.8), (5.4.9), and (5.4.10) by the interval of time 7, we obtain the
values of the displacement s, the velocity v, and the acceleration a at
the end of time 7 respectively:

Mﬂﬂ (5.4.11)

S=8y+ v T+
6
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+2qp—§p+quf

a=q(p+,u)—p (5.4.13)

The value of the force R, applied to the system at the end of
time 7 is equal to the sum of the force of inertia and the constant
resisting force. Adding the constant resisting force P to the prod-
uct of multiplying equation (5.4.13) by m and substituting notations
(5.4.4) and (5.4.5), we have:

Ry =Q(p+u) (5.4.14)

The stress calculations of the system should be based on the force
according to equation (5.4.14). The product of multiplying the force
according to equation (5.4.14) by the velocity according to equation
(5.4.12) represents the power N of the energy source:

Q@p+mw-2P
2m

(5.4.12)

V=YV

N=0(p+ v+

5.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for =0 x=0;, —=y, (5.4.15)
dt

The solution of differential equation of motion (5.4.1) with the initial
conditions of motion (5.4.15) reads:

qu 3

—t 5.4.16
o ( )

1
X = V0t+5(qp—p)t2 +
Replacing the running time ¢ in equation (5.4.16) by time 7, we
determine the displacement at the end of this time:

3gp=3p+qH »

S=V,T+
6

(5.4.17)

The rest of the parameters and their analysis are the same as for the
previous case.
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5.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d.
for =0 x=s; —=0 (5.4.18)
dt
The solution of differential equation of motion (5.4.1) with the initial
condition of motion (5.4.18) reads:

1 2, qH 3
=85y +— —p)t - +—t 5.4.19
X =8 Z(CIP p) o ( )

The first derivative of equation (5.4.19) represents the velocity of
the system:

E_ (gp- py+2Ep (5.4.20)
T

dt
Substituting the time 7 into equations (5.4.19) and (5.4.20), we cal-
culate the values of the displacement and the velocity at the end of
this time interval respectively:

P Wﬁ (5.4.21)
b wr (5.4.22)

Multiplying the force according to equation (5.4.14) by the velocity
according to equation (5.4.22), we determine the power:

O0QCp+u)-2pP .
2m

N=0(p+u

The rest of the parameters and their analysis are the same as in the
previous case.

5.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0, —=0 (5.4.23)
dt
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The solution of differential equation of motion (5.4.1) with the initial
conditions of motion (5.4.23) reads:

1 2, qH 3
=— —p)t-+=—t 5.4.24
x=(ap=p)r'+ - (5.4.24)

Substituting the time 7 into equation (5.4.24), we determine the dis-
placement at the end of this time interval:

(=39P =3P+ qH

5 (5.4.25)

The rest of the parameters and their analysis are the same as in the
previous case.

5.5 Constant Force R and Harmonic Force A4 sin(w,¢ + 1)

According to Guiding Table 2.1, the problems in this section
are characterized by the action of the force of inertia and the con-
stant resisting force as the resisting forces (Row 5), and by the ac-
tion of an active constant force and a harmonic force (Column 5).

The current problem could be associated with a vibratory sys-
tem intended for interaction with an elastoplastic or viscoelastoplas-
tic medium that exerts a constant resisting force as a reaction to its
plastic deformation. Usually the constant active force exceeds the
constant resisting force; as a result, there are no interruptions in the
vibratory motion of the system. The considerations related to the
deformation of the above-mentioned media and to the behavior of a
constant resisting force applied to a vibratory system are discussed
in section 1.2.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the characteristics of
the forces applied to the system. Figure 5.5 shows the model of a
system subjected to the action of a constant active force, a harmonic
force, and a constant resisting force.

Based on the considerations above and the model in Figure 5.5,
we can describe the structure of the differential equation of motion
of the system. The left side consists of the force of inertia and the
constant resisting force, while the right side includes the constant
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Asin(wqt + 1)
P
|

\ 4

P
<

R

A\ 4

X

Figure 5.5 Model of a system subjected to a harmonic force, a
constant active force, and a constant resisting force

active force and the harmonic force. Hence, the differential equation
of motion reads:

2

m%+P =R+ Asin(w,t+ 1) (5.5.1)

Differential equation of motion (5.5.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

5.5.1 General Initial Conditions
The general initial conditions of motion are:
d.
for t=0 x=sp; —=v (5.5.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function in equation (5.5.1) and
dividing this equation by m, we have:
d’x ) .
?+p=r+as1na)1tc05/l+acosa)1tsm/1 (5.5.3)

where:

(5.54)

3|~
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(5.5.5)

(5.5.6)

Based on Laplace Transform Pairs 3, 5, 6, and 7 from
Table 1.1, we convert differential equation of motion (5.5.3) with
its initial conditions of motion (5.5.2) from the time domain into the
Laplace domain. The resulting algebraic equation of motion in the
Laplace domain reads:

IPx(l)- lvo—ls(,+p—r+ /1+ ~sinA  (58.5.7)

I? +a)l I* + o

Solving equation (5.5.7) for the Laplace domain displacement x(/),
we have:

Vo r—p am,
x()=so+—+ + osA +

(D=0 +77+75 I+ 07 I + o}
Using pairs 1, 5, 2, 8, 16, and 14 from Table 1.1, we invert equation
(5.5.8) from the Laplace domain into the time domain and obtain the
solution of the differential equation of motion (5.5.1) with the initial
conditions of motion (5.5.2):

~sinA  (5.5.8)

x=sg+vor+—Lp 4 acosA (Z—Lsina),t)+ asin (1—cost)
2 a)l 601 a)l
(5.5.9)
Applying algebraic procedures to equation (5.5.9), we have:
— st L+ Lo
2 w,

a . a . )
+—5sinA —— (sin@t cos A + cos w;tsin A)
1 (O}

Further transformation of this equation reads:

- a
—so+v0t+—pt2+ cosl+—sml——sm(w1t+l)
2 w, o} ®;

(5.5.10)
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Taking the first derivative of equation (5.5.10), we determine
the velocity of the system:

d
@ _ Vo + (r—p)t+ 2 cosA— icos(colt +A) (5.5.11)
dt ), (O

The second derivative of equation (5.5.10) represents the
acceleration:

d’x .
—r= r—p+asin(wt+ A1) (5.5.12)

Equation (5.5.12) shows that the acceleration reaches its extreme
values when:

sin(w,t + 1) = =1 (5.5.13)

Combining equations (5.5.12) and (5.5.13), we determine the ex-
treme values of the acceleration a,

Ay =T—p=xa (5.5.14)

Substituting notations (5.5.4), (5.5.5), and (5.5.6) into equation
(5.5.14), we may write:

Aoy =———— (5.5.15)
m

Adding the constant resisting force P to the product of multi-
plying equation (5.5.15) by m, we obtain the extreme values of the
force R, applied to the system:

ext

R.=RtA (5.5.16)

Equation (5.5.16) shows that the system is subjected to a random
loading cycle for which the maximum force R, = R + A, while the
minimum force R,,, = R — A.

max
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The stress analysis for this case should be based on appropri-
ate fatigue considerations.

5.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =, (5.5.17)

The solution of differential equation of motion (5.5.1) with the ini-
tial conditions of motion (5.5.17) reads:
— t
X =vot+ T7Pp & oosh+ %Sinl - izsin(a)lt +A) (5.5.18)
2 CO] (01 wl

The rest of the parameters are the same as in the previous case.

5.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

d.
for =0 x=s; —=0 (5.5.19)
dt
Solving differential equation of motion (5.5.1) with the initial condi-
tions of motion (5.5.19), we obtain:
—P 2

—so+—t + & cos).+—sm/l——s1n(a)1t+l) (5.5.20)
2 601 601 wl

Taking the first derivative of equation (5.5.20), we determine the
velocity of the system:

dx =(r—-pi+ 2 cosA- iCOS((JOJ +2) (5.5.21)
dt @, W,

The rest of the parameters can be determined from equations
(5.5.12), (5.5.15), and (5.5.16).
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5.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for =0 x=0, —=0 (5.5.22)
dt

The solution of differential equation of motion (5.5.1) with the ini-
tial conditions of motion (5.5.22) reads:

— t
=L L cosa+——sind——sin(@t+1)  (5.5.23)
2 (O} o) @,

The rest of the parameters are the same as for the previous case.

5.6 Harmonic Force A sin(w,¢+ A) and Time-Dependent
Force Q( p+ ”7’)

This section describes systems subjected to the action of the
force of inertia and the constant resisting force as the resisting forc-
es (Row 5 in Guiding Table 2.1), and to the harmonic force and
time-dependent force as the active forces (Column 6). The current
problem could be associated with a vibratory system intended for
interaction with an elastoplastic or viscoelastoplastic medium that
as a reaction to its plastic deformation exerts a constant resisting
force (more information related to the deformation of these media is
presented in section 1.2). During the initial stage of the working pro-
cess, the system could be subjected along with the harmonic force
to a time-dependent force that acts a limited interval of time. In sys-
tems of this kind, the initial value of the active force Qp exceeds the
value of the constant resisting force.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the characteristics of
the forces applied to the system. Figure 5.6 shows the model of a
system subjected to the action of a harmonic force, a time-dependent
force, and a constant resisting force.

The considerations above and the model in Figure 5.6 let us
compose the differential equation of motion of the system. The left
side includes the force of inertia and the constant resisting force,
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Figure 5.6 Model of a system subjected to a harmonic force, a
time-dependent force, and a constant resisting force

while the right side consists of the sum of the harmonic force and the
time-dependent force. Thus, the differential equation of motion reads:

2
m%+P=Asin(w1t+/l)+Q(p+ﬂ) (5.6.1)
T

Transforming equation (5.6.1), we write

dz
md—tf+P= Asina),tcosl+Acosa),tsinl+Qp+Q—'ut (5.6.2)
T

Differential equation of motion (5.6.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

5.6.1 General Initial Conditions
The general initial conditions of motion are:
dx

for =0 x=s50; —=p (5.6.3)
dt

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (5.6.2) by m, we have:

d? ) .
dtf + p=asin,tcosA+acosw,tsin A +qp+%t (5.6.4)
T
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where:
p= £ (5.6.5)
m
a= é (5.6.6)
m
q= Q (5.6.7)
m

Applying Laplace Transform Pairs 3, 5, 6, 7, and 2 from Table
1.1, we convert differential equation of motion (5.6.4) with the
initial conditions of motion (5.6.3) from the time domain into the
Laplace domain. The resulting algebraic equation of motion in the
Laplace domain reads:

2
amw,l
> ! 5 cosA+ > 5
+ W, + W

sinl+qp+ﬂ
Tl

x() =lvy—so+p=

(5.6.8)

Solving equation (5.6.8) for the displacement in Laplace domain
x(]), we have:

Vo am, a . qp—p qu
[)=sy+—+———>—CosA+ sindA+-H——+-="=
)=+ I + o) P+ T

(5.6.9)

Using pairs 1, 5, 2, 16, 14, and 8 from Table 1.1, we invert equation
(5.6.9) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (5.6.1) with the initial
conditions of motion (5.6.3):

acosA | . asin A
(t——sinw;t) + — (1 —coswt)
(O] (O (ON

_ 2 3
N (gp—p)t L au
2 671

X =8y +vot+

(5.6.10)
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Applying basic algebra to equation (5.6.10), we have:

3
x=s,+ (v +icosﬂ,)t+ ap=p) 2 I +i2sin).
0)1 2 6T 0)1
— %(sin @1 cos A+ cos@,tsin 1) (5.6.11)
1

Upon further transformations of equation (5.6.11), we may write:

— t3
x:s0+(vo+icosxl)t+(qp p)t2+qu
W, 2 671

+-sin A ———sin(a,1 + A) (5.6.12)
1 1
The first derivative of equation (5.6.12) represents the velocity
of the system:
dx a qut® a

—=v,+—cosA+(gp— p)t+————cos(wt+ 1) (5.6.13)
dt W, 2T (O]

Taking the second derivative of equation (5.6.12), we deter-
mine the acceleration:

2
% =qp—p+ unt +asin(w,t+ A) (5.6.14)

This process of motion lasts during the time interval 7. Substituting
this time interval into equation (5.6.14), we calculate the value of
the acceleration a:

a; =qp—p+qu+asin(w, 7+ A) (5.6.15)
The acceleration reaches its extreme values a,, at the following con-
dition:

sin(w,7+ 1) ==l (5.6.16)
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Combining equations (5.6.15) and (5.6.16), we determine the
extreme values of the acceleration a,:

ey =qp—ptquta (5.6.17)

Substituting notations (5.6.5), (5.6.6), and (5.6.7) into equation
(5.6.17), we have:

P A
oy = Q (p +p)-—t— (5.6.18)
m m
Adding the constant resisting force P to the product of multiply-
ing equation (5.6.18) by m, we determine the extreme values of the
force R, applied to the system:

R.=0(p+u)tA (5.6.19)

Equation (5.6.19) shows that the system is subjected to the ran-
dom loading cycle having the maximum force R,, = O(p+ 1) + A
and the minimum force R, = Q(p + ) — A. The stress analysis for

this case should be based on appropriate fatigue calculations.

5.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; @ =V (5.6.20)
dt
The solution of differential equation of motion (5.6.1) with the initial

conditions of motion (5.6.20) reads:

x=(v0+icosﬂ,)t+qp_p 2 GHC smﬂ.—ism(a)]t+l)
W, 2 67 a)l !

(5.6.21)

The rest of the parameters are the same as for the previous case.

5.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (5.6.22)
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Solving differential equation of motion (5.6.1) with the initial
conditions of motion (5.6.22), we have:

t — .
X=35 +a—cos/1+qp Py qpr +—sml— 2sm(colt+l)
W, 2 6T o w;

(5.6.23)

Taking the first derivative of equation (5.6.23), we determine the
velocity of the system:

2
d_x:icosju+(qp_p)t+ quI —icos(a)lH—).) (5.6.24)

dl (0] 2T a)l

The rest of the parameters are the same as for the previous case.

5.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; d_x =0 (5.6.25)
dt
The solution of differential equation of motion (5.6.2) with the initial
conditions of motion (5.6.25) reads:

t -
x=Hcosp+ PP 2 qpr s1n).——sm(a)t+ﬂ,)
wl 2 6T a)1 wl

(5.6.26)

The rest of the parameters are the same as for the previous case.






CONSTANT RESISTANCE AND
FRICTION

This chapter considers engineering systems subjected to the
force of inertia, the constant resisting force, and the friction force
as the resisting forces. These forces are marked with the plus signs
in Row 6 of Guiding Table 2.1. The intersections of this row with
Columns 1 through 6 indicate the active forces applied to the
systems, and described in the individual sections of this chapter.

The left sides of the differential equation of motion in each
section of this chapter are identical; they consist of the force of in-
ertia, the constant resisting force, and the friction force. The right
sides of these equations consist of the active forces applied to the
systems. The section titles reflect the characteristics of the active
forces associated with the problems.

The problems in this chapter include the working processes of
engineering systems that could interact with elastoplastic or visco-
elastoplastic media. During the phase of plastic deformation, these
media can exert constant resisting and friction forces. Considerations

147
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related to the deformation of these types of media are presented in
section 1.2.

6.1 Active Force Equals Zero

The combination of forces in this section is indicated by the
intersection of Row 6 and Column 1 in Guiding Table 2.1. The
problems are characterized by the action of the force of inertia, the
constant resisting force, and the friction force as the resisting forces
in the absence of active forces. The basic principles of a system’s
motion in the absence of active forces are discussed in section 1.3.
The current problem could be related to the working processes
of systems that interact with an elastoplastic or viscoelastoplastic
medium that exerts a constant resisting force and a friction force
as a reaction to its plastic deformations (see section 1.2 for related
information).

The system 1s moving in the horizontal direction. We want to
determine the basic parameters of motion, the value of the displace-
ment of the system at the end of the process, and the maximum value
of the force applied to the system. Figure 6.1 shows the model of
a system subjected to the action of a constant resisting force and a
friction force.

Based on the considerations above and the model in Figure 6.1,
we can compose the differential equation of motion of the system.

The left side of this equation includes the force of inertia, the
constant resisting force, and the friction force, while the right side of

m
P
_
F X
T Y >

Figure 6.1 Model of a system subjected to a constant resisting
force and a friction force
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the equation equals zero. Thus, the differential equation of motion
reads:

2
m%%+P+F:O (6.1.1)

Differential equation of motion (6.1.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

6.1.1 General Initial Conditions
The general initial conditions of motion are:

dx
—= 6.1.2
dr Vo ( )

for t=0 x=s;

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (6.1.1) by m, we have:

2

d“x
—+p+ =0 6.1.3
2P f (6.1.3)
where:
p= P (6.1.4)
m
=k (6.1.5)
m

Using Laplace Transform Pairs 3 and 5 from Table 1.1, we
convert differential equation of motion (6.1.3) with the initial con-
ditions of motion (6.1.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(l)=Ilvy—1so+p+f=0 (6.1.6)
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Solving equation (6.1.6) for the displacement x(/) in the Laplace
domain, we may write:

x(l)=s, + 20— PHS (6.1.7)

Based on pairs 1, 5, 2, and 8 from Table 1.1, we invert equation
(6.1.7) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (6.1.1) with the initial
conditions of motion (6.1.2):

ptf

X =58y + Vot — Tt (6.1.8)

Taking the first derivative of equation (6.1.8), we determine
the velocity of the system:

Y (6.1.9)
dt

The second derivative of equation (6.1.8) represents the
acceleration (in this case the deceleration) of the system:

d’x
—=—p- 6.1.10
iy f ( )
Equation (6.1.10) shows that in this case the deceleration has a con-
stant value. Substituting notations (6.1.4) and (6.1.5) into equation
(6.1.10) and denoting the constant value of the deceleration by a,,
we have:

P+F

ap = (6.1.11)
m
Hence, the absolute value of the deceleration is:
P+F
a =11 (6.1.12)

m
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We calculate the absolute value of the force R, applied to the
system by multiplying the mass m by the absolute value of the de-
celeration according to equation (6.1.12):

Ry=I1P+FI (6.1.13)

The stress analysis of the system should be based on the force ac-
cording to equation (6.1.13).

Equating the left side of equation (6.1.9) to zero, we calculate
the duration of time 7 that the process lasts:

ptf

T (6.1.14)

Combining equations (6.1.8) and (6.1.14), we determine the dis-
placement s of the system:

2
Vo
=5y +—— (6.1.15)
P 2ptf)
6.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for =0 x=0; % =, (6.1.16)

The solution of differential equation of motion (6.1.1) with
the initial conditions of motion (6.1.16) reads:

xzvd—ggif (6.1.17)

The rest of the parameters and their analysis are the same as for the
previous case.

6.2 Constant Force R
This section describes problems associated with the force
of inertia, the constant resisting force, and the friction force as the
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resisting forces (Row 6 in Guiding Table 2.1) along with the con-
stant active force (Column 2). These problems are related to the en-
gineering systems interacting with elastoplastic or viscoelastoplastic
media that exert constant resisting and a friction force as a reaction
to their plastic deformation (more related information is presented
in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the maximum value
of the force applied to the system. The model of a mechanical sys-
tem subjected to the action of the constant active force, the constant
resisting force, and the friction force is shown in Figure 6.2.

Based on the considerations above and on the model in
Figure 6.2, we can assemble the system’s differential equation of
motion. The left side consists of the sum of the force of inertia, the
constant resisting force, and the friction force as the resisting forces,
while the right side includes the constant active force. Thus the dif-
ferential equation of motion reads:

2
m%+P+F:R (6.2.1)

Differential equation of motion (6.2.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

m
R P
—p —
F x
77777777 Y >

Figure 6.2 Model of a system subjected to a constant active
force, a constant resisting force, and a friction force
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6.2.1. General Initial Conditions
The general initial conditions have the following shape:
d.
for 1=0 x=sp; —=v (6.2.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (6.2.1) by m, we obtain:

2

d"x
Wﬁ'pﬁ'f:l" (6.2.3)
where:
p= £ (6.2.4)
m
f= E (6.2.5)
m
r= 5 (6.2.6)
m

Applying Laplace Transform Pairs 3 and 5 from Table 1.1,
we convert differential equation of motion (6.2.3) with the initial
conditions of motion (6.2.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px()=lvy—Psoy+p+f=r (6.2.7)

Solving equation (6.2.7) for the Laplace domain displacement x(/),
we have:

xm:%+%+i%;i (6.2.8)

Based on pairs 1, 5, 2, and 8 from Table 1.1, we invert equation
(6.2.8) from the Laplace domain into the time domain, and obtain
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the solution of differential equation of motion (6.2.1) with the initial
conditions of motion (6.2.2):

X =50+ Vol + %ﬂ (6.2.9)

The first derivative of equation (6.2.9) represents the velocity
of the system:
d.
E v (r=p-f)t (6.2.10)
dt
Taking the second derivative of equation (6.2.9), we determine
the acceleration of the system:
d’x
—=r—p- 6.2.11
i p=f ( )
Equation (6.2.11) shows that the acceleration for this case represents
a constant value.
Substituting notations (6.2.4), (6.2.5), and (6.2.6) into equa-
tion (6.2.11), we determine the value of the acceleration a,:
R-P-F
ay=—— (6.2.12)
m
In general, the maximum force applied to the system is equal to the
sum of the force of inertia and the resisting forces. Adding the sum
of the constant resisting force P and friction force F to the product
of multiplying equation (6.2.12) by the mass m, we obtain the maxi-
mum force applied to the system R :

R,.. =R (6.2.13)

The stress analysis of the system should be based on the force ac-
cording to equation (6.2.13).

6.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for =0 x=0, —=y, (6.2.14)
dt
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Solving differential equation of motion (6.2.1) with the initial condi-
tions of motion (6.2.14), we have:

X =Vt + Tl (6.2.15)
The rest of the analysis is the same as in the previous case.

6.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx

for t=0 x=s5; —=0 (6.2.16)
dt

The solution of differential equation of motion (6.2.1) with the ini-
tial conditions of motion (6.2.16) reads:

’”_p_ftz

x:S0+
2

(6.2.17)

The first derivative of equation (6.2.16) represents the velocity for
this case:

dx
E—(r—p—f)t (6.2.18)

The rest of the analysis is the same as in the previous cases.

6.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for r=0 x=0; % =0 (6.2.19)

Solving differential equation of motion (6.2.1) with the initial condi-
tions of motion (6.2.19), we have:

w=lZP= T (6.2.20)
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The velocity and the acceleration can be determined according to
equations (6.2.18) and (6.2.11) respectively. The analysis of the pa-
rameters is the same as in the previous cases.

6.3 Harmonic Force A sin(w,f + 1)

This section discusses engineering systems characterized
by the action of the force of inertia, constant resisting force, and
friction force as the resisting forces (Row 6 in Guiding Table 2.1),
and harmonic force as the active force (Column 3). The current
problem could be related to the working processes of vibratory
systems interacting with elastoplastic or viscoelastoplastic media
that exert constant resisting and friction forces as a reaction to
their plastic deformation (more considerations related to the de-
formation of the media and to the behavior of the constant resist-
ing and friction forces applied to a vibratory system are presented
in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the characteristics of
the forces applied to the system. Figure 6.3 shows the model of a
system subjected to the action of a harmonic force, a constant resist-
ing force, and a friction force.

Based on the considerations above and the model in Figure 6.3,
we can compose the left and right sides of the differential equation
of motion. Thus, the left side consists of the force of inertia, the con-
stant resisting force, and the friction force. The right side consists

Asin(wqt + 4) P

\ 4
a

P
<

F x

B

<

S ST

Figure 6.3 Model of a system subjected to a harmonic force, a
constant resisting force, and a friction force
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of the harmonic force. Therefore, the differential equation of motion
reads:

2

m%+P+F:Asin(wlt+l) (6.3.1)

Differential equation of motion (6.3.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

6.3.1 General Initial Conditions
The general initial conditions of motion are:

d.
for 1=0 x=sp; —=v (6.3.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function in equation (6.3.1) and
dividing this equation by m, we have:
2
—x+p+f= asin@,tcos A+ acosm,tsin A (6.3.3)

dr’
where:

P

p=— (6.3.4)
m
F

f=— (6.3.5)
m

a= é (6.3.6)
m

Applying Laplace Transform Pairs 3, 5, 6, and 7 from Table
1.1, we convert differential equation of motion (6.3.3) from the time
domain into the Laplace domain. The resulting algebraic equation of
motion in the Laplace domain reads:

2

Px()=vo— sy + pt f = acos A=t asind—— (6.3.7)
"+ w; "+ w;
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Solving equation (6.3.7) for the displacement x(/) in the Laplace
domain, we have:
vo ptf  ao cosA asinA

[)=s) +— + + 6.3.8
) =5+ Cro)) Prw 639

Using pairs 1, 5, 2, 8, 16, and 14 from Table 1.1, we invert equation
(6.3.8) from the Laplace domain into the time domain, and obtain
the solution of differential equation of motion (6.3.1) with the initial
conditions of motion (6.3.2):

p+ft2+acosl(
2 w,

1 . asin A
X =S8y + Vot — t——sinwt |+ (I—cosw,t)
w

2
(1 1

(6.3.9)
Applying some basic algebra to equation (6.3.9), we have

+ t
xX=s5,+ vot—ut2 +a—cos/1+izsinl—i2sin(a)1t+ A)
2 601 a)l wl
(6.3.10)

Taking the first derivative of equation (6.3.10), we determine
the velocity of the system:

d.
vy —(p+ Prr+-LcosA—cos(at+ )] (6.3.11)
dt W,
The second derivative of equation (6.3.10) represents the
acceleration:

d’x .
o =—p—f+asin(w;t+ 1) (6.3.12)
1
Due to the initial velocity of the system, it can be assumed that during
the first cycle of vibrations the system continues to move in the posi-
tive direction. Therefore, according to equation (6.3.12), the extreme
values of the acceleration a,, occur at the following conditions:

sin(@,1+4)=+1 (6.3.13)
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Combining equations (6.3.12) and (6.3.13), we calculate the ex-
treme values of the acceleration:

Aoy = _p _f i a (6.3.14)

Substituting notations (6.3.4), (6.3.5), and (6.3.6) into equation
(6.3.14), we have:
-P-F*A
Aoy =——— (6.3.15)
m
Adding the constant resisting force P and the friction force F
to the product of multiplying equation (6.3.15) by m, we determine
the extreme values of the forces R, that are applied to the system:

R, =%A (6.3.16)

The system is subjected to the action of a completely reversed load-
ing cycle. The stress analysis should be based on fatigue calcula-
tions where the maximum force R, = A, while the minimum force
R . =-A.

min

6.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; d_x = (6.3.17)
dt
The solution of differential equation of motion (6.3.1) with the ini-
tial conditions of motion (6.3.17) reads:
p+f e at

X = vt — 2 cos A+ ——sinA— ——sin(w,t+ 1) (6.3.18)
2 0)1 a)l a)l

The velocity, the acceleration, and the forces are the same as for the
previous case.

6.3.3 Initial Velocity Equals Zero

For t=0 x=s; % =0 (6.3.19)
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Solving differential equation of motion (6.3.1) with the initial
conditions of motion (6.3.19), we obtain:
p+j S 24

X=8y— cos A+ —sm A—— s1n(a)1t +1) (6.3.20)
2 a)1 wl CO]

Taking the first derivative of equation (6.3.20), we determine the
velocity:

ax _ —(p+ )t + 2 [cosA— cos(w,t + )] (6.3.21)
dt 0,

The acceleration and the force can be calculated from equations
(6.3.12) and (6.1.3.16) respectively.

6.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for =0 x=0;, —=0 (6.3.22)
dt

The solution of differential equation of motion (6.3.1) with the ini-
tial conditions of motion (6.2.22) reads:
rptJ S £

xX=- 4 cos A+—5sinA - 4 ssin(@t+4)  (6.3.23)
2 a)] (0] wl

The rest of the parameters and their analysis is the same as in the
previous case.

6.4 Time-Dependent Force Q( p+ %t)

The engineering problems described in this section are associ-
ated with systems subjected to the action of the force of inertia, the
constant resisting force, and the friction force as the resisting forces
(Row 6 in Guiding Table 2.1) and to the time-dependent force as the
active force (Column 4). The current problems could be related to the
interaction of mechanical systems with an elastoplastic or viscoelasto-
plastic medium that exerts a constant resisting force and a friction force
as the reaction to plastic deformation (more related considerations are
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Figure 6.4 Model of a system subjected to a time-dependent
force, a constant resisting force, and a friction force

discussed in section 1.2). In some mechanical systems at the begin-
ning of the working process, the active force is increasing from a level
that exceeds the resisting force, in other words Qp > P + F.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, the values of the displace-
ment, the velocity, the acceleration, the forces applied to the system
at the end of time 7, and the power of the energy source. The model
of a system subjected to a time-dependent force, a constant resisting
force, and a friction force is shown in Figure 6.4.

Accounting for the considerations above and the model in
Figure 6.4, we can describe the structure of the system’s differen-
tial equation of motion. The left side of the equation consists of the
force of inertia, the constant resisting force, and the friction force,
while the right side consists of the time-dependent force. Thus, the
differential equation of motion reads:

2
md—f+P+F=Q(p+u—t (6.4.1)
dt T
The differential equation of motion (6.4.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

6.4.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s5;, —=v, (64.2)
dt
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where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (6.4.1) by m, we have:

2

d ¢
X p+r=qip+H (6.4.3)
dt T
where:
p=L (6.4.4)
m
=k (6.4.5)
m
7= (6.4.6)
m

Applying Laplace Transform Pairs 3, 5, and 2 from Table 1.1,
we convert differential equation of motion (6.4.3) with the initial
conditions of motion (6.4.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(l)=lvg = sy + p+ f = q(p+ ﬁl) (6.4.7)
T

Solving equation (6.4.7) for the Laplace domain displacement x(/),
we write:

x(l)= 5o+ Ly 4P LS Gk (6.4.8)
) ) Tl

Based on pairs 1, 5, 2, and 8 from Table 1.1, we invert equation
(6.4.8) from the Laplace domain into the time domain, and obtain
the solution of differential equation of motion (6.4.1) with the initial
conditions of motion (6.4.2):

1 2, qH 3
X =350 T Vo > (qp p f) 5 ( )
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The first derivative of equation (5.4.8) represents the velocity
of the system:
dx qu 2

—=vot(ap—p=f)i+-

6.4.10
7 ( )

Taking the second derivative of equation (6.4.9), we determine
the acceleration of the system:

2

qu
=qp—-p—f+-—t
e gp—-p—f .

(6.4.11)

Differential equation (6.4.1) describes the motion that is last-
ing an interval of time 7. Thus, in equations (6.4.9), (6.4.10), and
(6.4.11), replacing the running time ¢ by the interval of time 7, we
obtain respectively the values of the displacement s, the velocity v,
and the acceleration a at the end of this interval of time:

3qp—3(p+f)+qufz

§=50+V,T+ p (6.4.12)
2gp—-12

v=vy + =22 (p;f)w“r (64.13)

a=q(p+/,t)—p—f (6.4.14)

The value of the force R, applied to the system at the end of
time 7is equal to the sum of the force of inertia, the constant resist-
ing force, and friction force. Adding the resisting forces P and F to
the product of multiplying equation (6.4.14) by m, and substituting
notations (6.4.4), (6.4.5), and (6.4.6), we determine the force ap-
plied to the system:

Ry =Q(p+4) (6.4.15)

The stress calculations of the system should be based on the force
according to equation (6.4.15).

Substituting notations (6.4.4), (6.4.5), and (6.4.6) into the
equation of velocity (6.4.13) and multiplying the latter by the
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force according to equation (6.4.15), we obtain the energy source’s
power N:

2Qp—2P—2F+Q,uT]

2m

N =Q(p+ )l +

6.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d

for =0 x=0; d—’; _— (6.4.16)

The solution of differential equation of motion (6.4.1) with the ini-
tial conditions of motion (6.4.16) reads:

1
x=vt+=(gp=p=f)r'+ Z‘T‘ﬁ (6.4.17)

Replacing the running time ¢ by time 7 in equation (6.4.17), we de-
termine the displacement at the end of this time:
3gp=3(p++qu

s=s8+ 6 T (6.4.18)

The rest of the parameters and their analysis are the same as for the
previous case.

6.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (6.4.19)

Solving differential equation of motion (6.4.1) with the initial condi-
tion of motion (6.4.19), we obtain:

1
x=so+-(gp=p=f)r+ Z“ . (6.4.20)
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The first derivative of equation (6.4.20) represents the velocity of
the system:

dx qu »
& (gp-p-f)e+ Iy 6.4.21
o =(ap=p= 1)+ (6.4.21)

Replacing the running time ¢ by the time 7 in equations (6.4.20)
and (6.4.21), we calculate the values of the displacement and the
velocity respectively:
3gp-3(p+ )+
s =50+ 2P (p6 Prap (6.4.22)
2gp—-2(p+ f)+
= 24P (p2 H+au

(6.4.23)

The product of multiplying the force according to equation (6.4.15)
by the velocity according to equation (6.4.23) represents the power
of the system:

QQp+w-2AP+F)

2m

N=0(p+p)

The rest of the parameters and their analysis are the same as in the
previous case.

6.4.4 Both the Initial Displacement and Velocity Equal Zero
In this case the initial conditions are:

for t=0 x=0; % =0 (6.4.24)

The solution of differential equation of motion (6.4.1) with the ini-
tial conditions of motion (6.4.24) reads:

1 2, qH 3
=— —p—f)t"+—t 6.4.25
X 2(qp p—rf) . (6.4.25)
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Substituting the time 7into equation (6.4.25), we determine the dis-
placement:

The rest of the parameters and their analysis are the same as in the
previous case.

6.5 Constant Force R and Harmonic Force A sin(w,?+ A1)

This section describes engineering systems characterized by
the action of the force of inertia, the constant resisting force, and
the friction force as the resisting forces (Row 6 in Guiding Table
2.1), and the constant active force and harmonic force (Column 5).
The current problem could be related to vibratory systems intended
for interaction with elastoplastic or viscoelastoplastic media. The
working processes of these systems are sometimes associated with
the combined action of a constant active force and a harmonic force.
Both elastoplastic and viscoelastoplastic media exert simultaneous-
ly a constant resisting force and a friction force as a reaction to their
plastic deformation. (More related information regarding the media
deformation and the behavior of a constant resisting force and a fric-
tion force applied to a vibratory system can be found in section 1.2).

Figure 6.5 shows the model of a system subjected to a con-
stant active force, a harmonic force, a constant resisting force, and a
friction force. The considerations above and the model in Figure 6.5

m
R

—

P

Asin(w t + 1) )

< — F x

T77 7777777 Y

Figure 6.5 Model of a system subjected to a constant active force,
a harmonic force, a constant resisting force, and a friction force

n
>
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allow us to describe the structure of the system’s differential equa-
tion of motion.

The left side of the equation consists of the sum of the force
of inertia, the constant resisting force, and the friction force. The
right side includes the constant active force and the harmonic force.
Therefore, the differential equation of motion reads:

d2

md—f+P+F:R+Asin(a)1t+ﬂ.) (6.5.1)
t

Differential equation of motion (6.4.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

6.5.1 General Initial Conditions
The general initial conditions of motion are:
d.
for 1=0 x=s5; —=v (6.5.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function in equation (6.5.1) and
dividing the latter by m, we have:

2
(fle+ p+ f=r+asinwitcosA+acoswtsinA  (6.5.3)
where:

pP= £ (6.54)

m
f== (6.5.5)

m

R
r=— (6.5.6)

m
a= A (6.5.7)

m
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Using Laplace Transform Pairs 3, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (6.5.3) with its initial
conditions of motion (6.5.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

w,l al?
Px(D)=lvy=Pso+p+f=r+ 4 cosA+
() 0 otpt+f lz+a)12 2

~sinA (6.5.8)
1

Solving equation (6.5.8) for the Laplace domain displacement x(/),
we have:

Vo Ir—p-— aw
Yo o p—f 1

[)=1s0+ +
)=+ r I +w))

CoSA+————sind  (6.5.9)
"+ w;

Based on pairs 1, 5, 2, 8, 16, and 14 from Table 1.1, we invert equa-
tion (6.5.9) from the Laplace domain into the time domain and ob-
tain the solution of differential equation of motion (6.5.1) with the
initial conditions of motion (6.5.2):

-p- A 1
x=so+v0t+r P fr2+acos (t — —sinw?)
2 w, ,
ClSlIl
(1—-coswt) (6.5.10)

1

Performing algebraic operations with equation (6.5.10), we have:

_pfz

X =S5+ Vvt +——— 5 cosﬂ,
0)1

a . a . )
+—5sinA —— (sin@fcos A + cos @, sin 1)
@, 1

Further transformation of this equation reads:

_sz

X=5y+ vyt +——— cosl+—smﬂ.——sm(a)1t+l)
2 co1 oh ©;

(6.5.11)
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The first derivative of equation (6.5.11) represents the velocity
of the system:

d_x: Vo +(r—p—f)t+icosl—icos(a)lt+l) (6.5.12)
dt W, @,

Taking the second derivative of equation (6.5.11), we deter-
mine the acceleration:
d’x

?:r—p—fﬁ-a sin(a)lt+l) (6'5'13)

Equation (6.5.13) shows that the acceleration reaches its ex-
treme values when:

sin(@,f+A) = %1 (6.5.14)

Combining equation (6.5.13) with equation (6.5.14), we determine
the extreme values of the acceleration a,:

a..=r—p—fzta (6.5.15)

Substituting notations (6.5.4), (6.5.5), (6.5.6), and (6.5.7) into equa-
tion (6.5.15), we may write:
_R-P-F+A

Aoy =———— (6.5.16)
m

Adding the constant resisting force P and the friction force F' to the
product of multiplying equation (6.5.16) by m, we determine the
extreme values of the force R, applied to the system:

ext

R,=R*A (6.5.17)

Equation (6.5.17) shows that the system is subjected to a ran-
dom loading cycle having the maximum force R,, = R + A and the
minimum force R,, = R — A. The stress analysis for this case should
be based on appropriate fatigue considerations.
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6.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d
for =0 x=0; ==y, (6.5.18)
dt
Solving differential equation of motion (6.5.1) with the initial condi-
tions of motion (6.5.18), we have:

_pfz

X=vyt+—— cos/1+—sm/l——sm(a)1t+/l)
2 a)l a)l a)l

(6.5.19)

The rest of the parameters are the same as in the previous case.

6.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s,; % =0 (6.5.20)

The solution of differential equation of motion (6.5.1) with the ini-
tial conditions of motion (6.5.20) reads:

x=so+r Z f 4 cos?t+—sm),——sm(a),t+l) (6.5.21)

wl wl 0)1

The first derivative of equation (6.5.21) represents the velocity of
the system:

dx =(r—p—fHr+ 2 cosA— icos(a)lt +A) (6.5.22)
dt W, ,

The rest of the parameters can be determined from equations
(6.5.13), (6.5.16), and (6.5.17).

6.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0; —=0 (6.5.23)
dt
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Solving differential equation of motion (6.5.1) with the initial condi-
tions of motion (6.5.23), we obtain:

—p- t
P f 2+l osa+ izsin/l — izsin(wlt +4)  (6.5.24)
2 601 0)1 a)l

The rest of the parameters are the same as for the previous case.

6.6 Harmonic Force A sin(w,f + A1) and Time-Dependant
Force Q( p+ ”Tt

According to Guiding Table 2.1, this section describes engi-
neering systems characterized by the action of the force of inertia,
the constant resisting force, and the friction force as the resisting
forces (Row 6), and the harmonic force and a time-dependent force
as active forces (Column 6). The current problem could be associ-
ated with a vibratory system intended for the interaction with elasto-
plastic or viscoelastoplastic media. (Additional information related
to the deformation of these media and considerations regarding the
behavior of a constant resisting force and a friction force applied to
a vibratory system are discussed in section 1.2.)

This problem could reflect the initial phase of the work-
ing process of a vibratory system subjected to a time-dependent
force that acts a limited interval of time. An elastoplastic or
viscoelastoplastic medium can simultaneously exert a constant
resisting force and a friction force as a reaction to its plastic
deformation. In these kinds of systems, the initial value of the ac-
tive force exceeds the value of the resultant of the resisting forces
(Qp>P+F).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the characteristics of
the forces applied to the system.

Figure 6.6 represents the model of a system subjected to the
action of a harmonic force, a time-dependent force, a constant resist-
ing force, and a friction force. Based on the considerations above and
the model in Figure 6.6, we can compose the differential equation of
motion. Thus, the left side of this equation consists of the force of
inertia, the constant resisting force, and the friction force, while the
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Figure 6.6 Model of a system subjected to a harmonic force, a
time-dependent force, a constant resisting force, and a friction
force

right side includes the harmonic force and the time-dependent force.
Therefore, the differential equation of motion reads:

2

m%—kPwLF:Asin(w1t+/1)+Q(p+‘u—t) (6.6.1)
T

Differential equation of motion (6.6.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

6.6.1 General Initial Conditions
The general initial conditions of motion are:
dx

for t=0 x=s50; —=1y (6.6.2)
dt

where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming equation (6.6.1), we may write:

2
m?f+P+ F = Asinm,tcos A+ Acosm,sin A +Qp+%t
T

(6.6.3)
Dividing equation (6.6.3) by m, we have:

2

+ p+ f=asinwtcosA+acosw,tsin A +qp+%t (6.6.4)
T

dr*
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where:

p= £ (6.6.5)
m

f= E (6.6.6)
m

a= é (6.6.7)
m

q= Q (6.6.8)
m

Using Laplace Transform Pairs 3, 5, 6, 7, 5, and 2 from Table
1.1, we convert differential equation of motion (6.6.4) with the
initial conditions of motion (6.6.2) from the time domain into the
Laplace domain. The resulting algebraic equation of motion in the
Laplace domain reads:

2

Sin/’L+qp+%
7l

(6.6.9)

w,! al
D—lvy —Psy+ p+ f=—20 cosA+
X() Vo So P f 12+CO2 lz+

2
1 (O)

Solving equation (6.6.9) for the displacement in Laplace domain
x(]), we have:

x(l)=s0+v—o+%cosl+ 5 2sinl+w+q—‘g
[ (" +w)) [I“ + w; l Tl

(6.6.10)

Based on pairs 1, 5, 2, 16, 14, and 8 from Table 1.1, we invert equa-
tion (6.6.10) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (6.6.1) with the
initial conditions of motion (6.6.2):

acos i 1 . asin A
X =S8+ Vot + (t——sinw;t)+ — (1 —coswt)
W, W, on
2 3
Lap=p=Hr"  qu (6.6.11)

2 6t
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Applying basic algebraic procedures to equation (6.6.11), we
may write:

_ _ 3
(gp—p f)tz+qw L

a
x=s50+(vy+—cosA)t+ —sinA
o @, ) 2 6T o
—%(sinwltcosl+cosa)ltsin/l) (6.6.12)
1

After further transformations of equation (6.6.12), we have:

_ _ 3
x=s0+(v0+icosft)t+(qp P f)t2+q'm
W, 2 67

+ iz sin A — iz sin(@t+ A) (6.6.13)

(O (O

Taking the first derivative of equation (6.6.13), we determine
the velocity of the system:

2
@: Vo +icos;t+(qp—p—f)t+ qHT —icos(a)lt-%l)

dt wl 2T a)l

(6.6.14)

The second derivative of equation (6.6.13) represents the sys-
tem’s acceleration:

2
%=qp—p—f+q7w+asin(wlt+ﬂ,) (6.6.15)

Because the motion lasts during the time interval 7, we may substi-
tute this time into equation (6.6.15) and calculate the value of the
acceleration a, at the end of this time interval:

a.=qp—p— f+qu+asin(@,T+ L) (6.6.16)

The acceleration reaches its extreme values a,, when:

sin(@,7+ )= 1 (6.6.17)
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Combining equations (6.6.16) and (6.6.17), we determine the ex-
treme values of the acceleration a,

ot =qp—p—f+qguta (6.6.18)
Substituting notations (6.6.5), (6.6.6), (6.6.7), and (6.6.8) into equa-

tion (6.6.18), we write:

P+F A
aex,:g(p+,u)— +=
m m m

(6.6.19)

Adding the constant resisting force P and the friction force F to the
product of multiplying equation (6.6.19) by m, we determine the
extreme values of the forces R, , that are applied to the system:

R.=0Q(p+u)tA (6.6.20)

Equation (6.6.20) shows that the system is subjected to a ran-
dom loading cycle for which the maximum force R, = Q(p + 1) + A,
while the minimum force R, = O(p + u) — A.

The stress analysis for this case should be based on appropri-
ate fatigue calculations.

6.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for t=0 x=0; —=v, (6.6.21)
dt

Solving differential equation of motion (6.6.1) with the initial condi-
tions of motion (6.6.21), we have:

_ _ 3
x=t(v0+icos/l)+qp P ft2+q,Ltt
w, 2 67

+-Lsin A — —sin(@t + A) (6.6.22)

(O (O

The rest of the parameters are the same as for the previous case.
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6.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (6.6.23)

The solution of differential equation of motion (6.6.1) with the ini-
tial conditions of motion (6.6.23) reads:

3

—so+—cosl+qp P~ f2 +%sinl—%sin(a)lt+l)
W, 2 6r ), W,

(6.6.24)

Taking the first derivative of equation (6.6.24), we determine the
velocity of the system:
dx a qut’

a
£_2 —p—f)- -4 6.25
" wlcosﬂ,+(qp p f) t+ > wlcos(w]t+l) (6.6.25)

The rest of the parameters are the same as for the previous case.

6.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (6.6.26)

Solving differential equation of motion (6.6.1) with the initial condi-
tions of motion (6.6.26), we have:
3

t - p— . .
x=a—cos/l+qp P ft2+q,u +izs1n/l—izsm(a)1t+/l)
W, 2 6T W w;

(6.6.27)

The rest of the parameters are the same as for the previous case.



STIFFNESS

This chapter covers engineering systems characterized by
the force of inertia and the stiffness force as resisting forces. These
forces are marked by the plus sign in Row 7 of Guiding Table 2.1.
The intersection of this row with Columns 1 through 6 indicates
the active forces applied to these systems, and discussed respec-
tively in this chapter’s six sections. Throughout this chapter, the
left sides of the differential equations of motion are identical, con-
sisting of the force of inertia and the stiffness force. The right sides
of these differential equations vary by the active forces applied to
the systems.

The engineering problems in this chapter could be associated
with mechanical systems intended to interact with elastoplastic or
viscoelastoplastic media or with specific elastic links.

7.1 Active Force Equals Zero
According to Guiding Table 2.1, the engineering problems in
this section are characterized by the force of inertia and the stiffness

177
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force as the resisting forces (Row 7), but with no active force present
(Column 1). (Considerations related to the motion of a system in the
absence of active forces are discussed in section 1.3.)

The current problem could represent a system performing free
vibration or a system interacting with a specific elastic link. It also
could be related to a system involved in the phase of elastic defor-
mation of an elastoplastic or viscoelastoplastic medium that exerts a
stiffness force as a reaction to the deformation (more related infor-
mation is presented in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, their extreme values, and
the characteristics of the forces applied to the elastic link. The model
of a system subjected to the action of a stiffness force is shown in
Figure 7.1.

Based on the considerations above and the model in Figure 7.1,
we can compose the differential equation of motion of the system.
The left side consists of the force of inertia and the stiffness force,
while the right side equals zero. Thus, the differential equation of
motion reads:

2

d"x
m—+Kx=0 7.1.1
dr’ ( )

Differential equation of motion (7.1.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

AAA

X

»
>

Figure 7.1 Model of a system subjected to a stiffness force
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7.1.1 General Initial Conditions
The general initial conditions of motion are:
dx

for =0 x=s0; —=v, (7.1.2)
dt

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (7.1.1) by m, we have:

2

T+ @’x=0 (7.1.3)

dt

where @ is the natural frequency of the vibratory system and:
W =— (7.14)

Using Laplace Transform Pairs 3, 1, and 5 from Table 1.1,
we convert differential equation of motion (7.1.3) with the initial
conditions of motion (7.1.2) from the time domain into the Laplace
domain, and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l) = vy — sy + 0*x(1)= 0 (7.1.5)

Solving equation (7.1.5) for the displacement x(/) in the Laplace
domain, we have:

ly I*s
x(l)= > (7.1.6)
T+’ l +w

Based on pairs 1, 5, 6, and 7 from Table 1.1, we invert equation
(7.1.6) from the Laplace domain into the time domain, and obtain
the solution of differential equation of motion (7.1.1) with the initial
conditions of motion (7.1.2):

Vo .
x =—2sinwt + s, cos OF (7.1.7)
()
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Taking the first derivative of equation (7.1.7), we determine
the velocity of the system:

d
;x — Vo COS T — 5y SiN (7.1.8)
A

The second derivative of equation (7.1.7) represents the
acceleration:
d’x .
F = —V,W sin Wt — s,0° cos Wt (7.1.9)
t

In order to simplify the analysis of equations (7.1.7), (7.1.8),
and (7.1.9), we apply some conventional procedures to the coef-
ficients at the trigonometric functions in equation (7.1.7). Based on
these procedures, we may write:

2..2 2
So® W 1=(sine)* +(cosa)® (7.1.10)

2,..2 2 2,..2 2
So@~ + Vv So@~ + Vv

where:
sing = —2% (7.1.11)
Jsow? +vi
Vo
coso = (7.1.12)

JSo@” +vg
Substituting equations (7.1.11) and (7.1.12) into equation (7.1.7),
we obtain:

2,..2 2
\So@W” +v . .
x=2"" 0 (sinwrcosa +coswrsine)  (7.1.13)
®

and finally we have:

2 .2 2
x= NSOV @+ ) (7.1.14)

(0]
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The first and second derivatives of equation (7.1.14) represent
the velocity and the acceleration respectively:

d
& _ Js20® +vE cos(wr +a) (7.1.15)

dt
d2
?f = - 52w +1¢ sin(@r + o) (7.1.16)
Taking for equations (7.1.14) and (7.1.16) that:

sin(w? + o) = £1 (7.1.17)

we determine the extreme values of the displacement s, , and accel-
eration a,, respectively:

2 2 2
5y = £ YO TVo (7.1.18)

ext

()]
Ay = H(O\500” + 7)) (7.1.19)

Similarly, taking for equation (7.1.14) that:
cos(wt+ o) ==l1 (7.1.20)

we determine the extreme values of the velocity v

ext*

Vo = ta/s20 + 12 (7.1.21)

Multiplying equation (7.1.18) by K and using notation (7.1.4),
we determine the extreme values of the forces R, applied to the
elastic link:

ext

R,, = £\ K*st + mKv? (7.1.22)

Equation (7.1.22) shows that the elastic link is subjected to a com-
pletely reversed loading cycle where the maximum force R, and
minimum force R, respectively are:

R,.. =+ K*ss + mKv] (7.1.23)
R, = —\/Kzsé +mKv} (7.1.24)
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Equations (7.1.23) and (7.1.24) indicate that the stress calculations
of the elastic link should be based on fatigue considerations.

7.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; %:vo (7.1.25)

The solution of differential equation of motion (7.1.1) with the ini-
tial conditions of motion (7.1.25) reads:

x =2 ginor (7.1.26)
(0]

The first derivative of equation (7.1.26) represents the velocity:

d
& _ ), cosor (7.1.27)
dt

Taking the second derivative of equation (7.1.26), we deter-

mine the acceleration:
d2
?f = —nwsin ot (7.1.28)

The extreme values of the displacement and acceleration occur
when:

sinwt = *1 (7.1.29)

Combining equations (7.1.26) and (7.1.28) with equation (7.1.29),
we determine the extreme values of the displacement s,, and accel-
eration a,, respectively:

Sext = T— (7-1.30)

Aoy = i(—Vow) (7.1.31)
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Similarly, taking for equation (7.1.27) that:
coswt = %1 (7.1.32)

we determine the extreme values of the velocity V., :

Vext = iVO (7.1.33)

Multiplying equation (7.1.30) by K and substituting notation (7.1.4),
we determine the forces applied to the elastic link: R, = voImK
and R, = —vo\/ﬁ .

The elastic link is subjected to a completely reversed loading
cycle; therefore, the stress calculations should be based on fatigue
considerations.

7.1.3 Initial Velocity Equals Zero

Because the model in Figure 7.1 implies that the system moves
in the positive direction at the beginning of the motion, we should
take the initial displacement with the negative sign. Therefore, the
initial conditions of motion are:

for t=0 x=-s505 —=0 (7.1.34)
dt

Solving differential equation of motion (7.1.1) with the initial condi-
tions of motion (7.1.34), we obtain:

X =—5§,COSWt (7.1.35)

The first derivative of equation (7.1.35) represents the velocity:

d_x = wsin ot (7.1.36)
dt

Taking the second derivative of equation (7.1.35), we determine the
acceleration:
d2
d—f = 500’ cos ot (7.1.37)
t
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The extreme values of the displacement and acceleration occur
when:

coswt =*1 (7.1.38)

Combining equations (7.1.35) and (7.1.37) with equation (7.1.38),
we determine the extreme values of the displacement s,, and accel-
eration a,, respectively:

S = 189 (7.1.39)
oy = H(—5,0°) (7.1.40)

Similarly, taking for equation (7.1.36) that:
sinwt = *1 (7.1.41)

we determine the extreme values of the velocity V., :

ext*

Vext = i S()w (7.1.42)

Multiplying equation (7.1.39) by K, we determine the forces applied
to the elastic link:

Rmax = KSO and Rmin = _KSO

The elastic link is subjected to a completely reversed loading cycle;
therefore, the stress calculations should be based on fatigue consid-
erations.

7.2 Constant Force R

This section describes engineering systems experiencing the
force of inertia and the stiffness force as the resisting forces (Row
7). Guiding Table 2.1 indicates the current problem is also charac-
terized by the constant active force (Column 2). Numerous mechan-
ical systems interact with elastoplastic or viscoelastoplastic media
and with specific elastic links, while being subjected to the action
of a constant active force. These media exert a stiffness force as a
reaction to the elastic deformation (more related considerations are
presented in section 1.2).
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The system is moving in the horizontal direction. The model
of a system subjected to the action of a constant active force and a
stiffness force is shown in Figure 7.2.

According to the considerations above and the model in Figure
7.2, we can compose the left and right sides of this system’s dif-
ferential equation of motion. The left side of this equation consists
of the force of inertia and the stiffness force, while the right side
includes a constant active force. Hence, the differential equation of
motion reads:

2

d"x
m—+Kx=R 7.2.1
i ( )

As it is explained in section 1.3, in some situations a force that
depends on the displacement could play the role of an active force.
For instance, in case of magnetic interaction, the attraction force P,
can be described by the following equation:

P =R+Kx (7.2.2)

where R > 0. In this case, the differential equation of motion reads:

d’x
m—-—Kx=R 7.2.3
ar’ (7.23)
For the cases according to equations (7.2.1) and (7.2.3), we
want to determine the basic parameters of motion, while for the case
according to equation (7.2.1), we also want to determine the extreme
values of these basic parameters, and the forces applied to the elastic

K
R
S AN

X

Figure 7.2 Model of a system subjected to a constant active
force and a stiffness force
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link. The differential equations of motion (7.2.1) and (7.2.3) have
different solutions for various initial conditions of motion. These
solutions and their analyses are presented below.

7.2.1 General Initial Conditions
The general initial conditions of motion are:

d
for =0 x=s,; =y, (7.2.4)
dt

where s, and v, are the initial displacement and initial velocity
respectively.
a) Equation (7.2.1)
Dividing this equation by m, we obtain:
d2
dr’

+tw’x=r (7.2.5)

where @ is the natural frequency of the system and:

= LS (7.2.6)
m
r= LS (7.2.7)
m

Using Laplace Transform Pairs 3, 1, and 5 from Table 1.1,
we convert differential equation of motion (7.2.5) with the initial
conditions of motion (7.2.4) from the time domain into the Laplace
domain, and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)=lvg—Psy+@*x(D)=r (7.2.8)

Solving equation (7.2.6) for the displacement x(/) in Laplace do-
main, we have:

2
ls0+l’

> l+w2 I+’

(7.2.9)

x(l)— P
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Based on pairs 1, 5, 6, 7, and 14 from Table 1.1, we invert equation
(7.2.9) from the Laplace domain into the time domain. The inver-
sion represents the solution of differential equation of motion (7.2.1)
with the initial conditions of motion (7.2.4):

x="sinwt + s, cosof +—(1—coswr)  (7.2.10)
[0 [0
In order to simplify the analysis of equation (7.2.10), we
rewrite it in the following shape:

r 1 .
x=—+—[vosinwr - (r—sy0*)coswr]  (7.2.11)
0 o
Using the coefficients at the trigonometric functions in equation

(7.2.21), we compose the following expression:

(r—s,0°)’ VoW’

(r—so@0>)* +vi@*  (r—s,0°) +viw

~=1= (sin B)* +(cos B)°

(7.2.12)
According to expression (7.2.12), we denote:
_ 2\2
sinff=—— T =SO) (7.2.13)
(l" — S ) + vy
2 .2
cos B = Y@ (7.2.14)

(r—so@’ )2 +vio’

Combining equations (7.2.13) and (7.2.14) with equation (7.2.11),
we have:

. é[” #\J(r=50") +vi0’ sin@r- Byl (7.2.15)

Taking the first derivative of equation (7.2.15), we determine
the velocity of the system:

dx

1 2\2 )
=— — S ) +viw wt — 7.2.16
i \/(r 500°) + Vi@ cos(wi— ) ( )
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The second derivative of equation (7.2.15) represents the
acceleration:

d’x B
dr*

_ \/(r—s0w2)2 +0° sinwi—B)  (7.2.17)
The velocity becomes equal to zero when cos(wf — ) =0 and, con-
sequently, we may write:

sin(wt — B) =+1 (7.2.18)

Combining equations (7.2.15) and (7.2.17) with equation (7.2.18),
we determine the extreme values of the displacement s, and accel-
eration a,, respectively:

Se = #[r +\(r=s50") +1i0’] (7.2.19)

ey = ir[—\/(r —500°) + Vi ] (7.2.20)

Taking for equation (7.2.18) that cos(wt— f8) =1, we determine
the extreme values of the velocity v__:

ext*

Veu = ié\/(r —50° ) + i@’ (7.2.21)

Multiplying equation (7.2.19) by K and using notations (7.2.6) and
(7.2.6), we determine the extreme values of the forces R, , applied to
the elastic link:

ext

R = Rt(R—Ksy)* +mKv (7.2.22)

According to equation (7.2.22), the elastic link is subjected to
a random loading cycle having the maximum force:

Ry = R+(R= Ksy)> + mKv

and the minimum force:

Ry = R—(R= Ksy)* + mKv
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The stress calculations should be based on fatigue considerations.

b) Equation (7.2.3)
Dividing this equation by m, we may write:

——wx=r (7.2.23)

Converting differential equation of motion (7.2.23) with the initial
conditions of motion (7.2.4) from the time domain into the Laplace
domain, we obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px()=lvg—sy—0*x(D)=r (7.2.24)

Solving equation (7.2.24) for the displacement x(/) in Laplace do-
main, we obtain:
I*s, r

lVo
l)= + + 7.2.25
x(0) F-o* I'-0 I'-o ( )

Using pairs 1, 17, 18, and 21 from Table 1.1, we invert equa-
tion (7.2.25) from the Laplace domain into the time domain, and
obtain the solution of differential equation of motion (7.2.3) with the
initial conditions of motion (7.2.4):

x =2 sinh ot +s, coshwt +— (coshwt 1) (7.2.26)
w (0]

Equation (7.2.26) describes a system in rectilinear translational
motion.

Taking the first and second derivatives of equation (7.2.26),
we determine respectively the velocity and the acceleration:

d
7: — v, cosh@? + s@sinh@f + —sinhr  (7.2.27)
[0)]

d*x

? = vy sinh wt + s, cosh ®t + r cosh wt (7.2.28)
t
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7.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =, (7.2.29)

a) Equation (7.2.1)
The solution of differential equation of motion (7.2.1) with
the initial conditions of motion (7.2.29) reads:

x= Lz (I1-coswt)+ Yo sin @t (7.2.30)
(0 w

Applying similar procedures to equation (7.2.30) as in the previous
case, we may write:

1
x=—I[r+r’ +vio’ sin(wt - B)] (7.2.31)
)

where:
r
Sinf = — (7.2.32)
1 Jrr+viw?
Yo® (7.2.33)

(:05[31=72 —
AP Vv

Taking the first and second derivatives of equation (7.2.31),
we determine the velocity and acceleration respectively:

% = l\/r2 +vo® cos(wt — fB) (7.2.34)
(0]

2
% =— Jr’ + v’ sin(wt - B) (7.2.35)

At the moment of time when the velocity becomes equal to zero, the
displacement and the acceleration obtain their extreme values. At
this moment of time, we have:

sin(t + B) = 1 (7.2.36)
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Combining equation (7.2.36) with equations (7.2.31) and (7.2.35),
we calculate the extreme values of the displacement s, 6 and the
acceleration a, , respectively:

Sew = %(r +{r’ +vo?) (7.2.37)
Uy =% (P +1507) (7.2.38)

Taking for equation (7.2.34) that cos(w?+ f3;) = %1, we obtain the
extreme values of the velocity v,_:

ext®

1
Vew = 2 —A/F + V0’
(0]

Multiplying equation (7.2.37) by K and substituting notations (7.2.6)
and (7.2.7), we calculate the forces applied to the elastic link:

R, = R++R* + mKv?

and

R, =R— R +mKvj .
The stress calculations should be based on fatigue considerations
with respect to a random loading cycle.
b) Equation (7.2.3)

The solution of differential equation of motion (7.2.3) with
the initial conditions of motion (7.2.29) reads:

x =2 sinh ¢ + — (cosh o — 1) (7.2.39)
w w

Equation (7.2.39) shows that the system is in rectilinear translational
motion. Taking the first and second derivatives of equation (7.2.39),
we determine the velocity and acceleration respectively:

dx ro.
— =y, coshwt + —sinh wt
dt w
d’x .
— = vy sinh @7 + r coshwt
t
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7.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:

d.
for t=0 x=sp; —=0 (7.2.40)
dt
a) Equation (7.2.1)
Solving differential equation of motion (7.2.1) with the initial

conditions of motion (7.2.40), we obtain:

1
x=—2[r—(r—soa)2)cosa)t] (7.2.41)
w

Taking the first and second derivatives of equation (7.2.41), we
determine the velocity and acceleration respectively:

1

% = 2 (r—s,0%)sin ot (7.2.42)
w

d*x 5

= (r —so®>) cos wt (7.2.43)

Taking for equations (7.2.41) and (7.2.43) that coswt = £1, we can
determine the extreme values of the displacement s, , and the accel-
eration a,, respectively:

Sext = Lz[r +(r—s5,0%)] (7.2.44)
0]

Ay = T(r — so0%) (7.2.45)

Accepting for equation (7.2.42) that sinwt ==*1, we calculate the
extreme values of the velocity v, :

ext*

Ve = J_ri(r — 500°) (7.2.46)
@

Multiplying equation (7.2.44) by K and substituting the notations
(7.2.6) and (7.2.7), we determine the extreme values of the forces
R, applied to the elastic link:

ext

Rext :Ri(R_KSO)
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Therefore, the link is subjected to a random loading cycle having
R,..=2R—-Ks, and R,;, = K, .

The stress calculations should be performed for a random
loading cycle including fatigue considerations.

b) Equation (7.2.3)
Solving differential equation of motion (7.2.3) with the initial
conditions of motion (7.2.40), we obtain:

x = 5, cosht + — (coshwr — 1) (7.2.47)
[0

According to equation (7.2.47), the system is performing rectilin-
ear translational motion. Taking the first and second derivatives
of equation (7.2.47), we determine the velocity and acceleration
respectively:

dx . ro.
d_ = 5,0 sinh wt + —sinh wt

t w
d*x
—— =5, coshwt + r cosh wt
dr?

7.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0;, —=0 (7.2.48)
dt

a) Equation (7.2.1)

The solution of differential equation of motion (7.2.1) with
the initial conditions of motion (7.2.48) reads:

x=—(1-cosot) (7.2.49)
(0]

Taking the first derivative of equation (7.2.49), we determine the
velocity:

& _ 7T inor (7.2.50)
dt o
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The second derivative of equation (7.2.49) represents the accelera-
tion:

d*x
=rcosmwt (7.2.51)

t2

Because the velocity becomes equal to zero at the moment of
time when sinwt = 0, the extreme values of the displacement and
acceleration occur when:

coswt =*1 (7.2.52)

Combining equations (7.2.49) and (7.2.51) with equation (7.2.52),
we can determine the extreme values of the displacement s, , and the
acceleration a,, respectively:

Sew = —[1= (£1)] (7.2.53)
Q)]
a,, =*r (7.2.54)

Multiplying equation (7.4.53) by K and using notations (7.2.6) and
(7.2.7), we determine the maximum force R, and minimum force
R, applied to the elastic link: R, = 2R while R, = 0. The stress
analysis should be performed for a repeated loading cycle including

fatigue calculations.

b) Equation (7.2.3)
The solution of differential equation of motion (7.2.3) with
the initial conditions of motion (7.2.48) reads:

x =——(coshwt —1) (7.2.55)
0

Equation (7.2.55) shows that the system is in rectilinear translational
motion. Taking the first and second derivatives of equation (7.2.55),
we determine the velocity and acceleration respectively:

dx

ro.
— = —sinhwt
dt o

2

X
—5 =T cosh wt
dt
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7.3 Harmonic Force A4 sin(w,¢ + 1)

This section describes engineering systems characterized by
the action of the force of inertia and the stiffness force as the resist-
ing forces (Row 7 in Guiding Table 2.1) and the harmonic force as
the active force (Column 3). The current problem could be associat-
ed with engineering systems comprising elastic links and subjected
to the action of harmonic forces. These systems have a variety of
applications. This problem could also be related to a vibratory sys-
tem interacting with an elastoplastic or viscoelastoplastic medium.
During the phase of elastic deformation, these types of media exert
a stiffness force as a reaction to the deformation (more related con-
siderations are discussed in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. The model of a system
subjected to the action of a harmonic force and a stiffness force is
shown in Figure 7.3.

Based on the considerations above and the model in Figure 7.3,
we can compose the left and right sides of the differential equation
of motion. Thus, the left side consists of the force of inertia and
the stiffness force, while the right side includes the harmonic force.
Therefore, we can write:

2

m % + Kx = Asin(@,z + 1) (7.3.1)

Differential equation of motion (7.3.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

ASin(wlt +A) W
——

X

»
»

Figure 7.3 Model of a system subjected to a harmonic force
and a stiffness force



196 © Chapter 7

7.3.1 General Initial Conditions
The general initial conditions of motion are:

dx
—= 7.3.2
dr Vo ( )

where s, and v, are the initial displacement and initial velocity
respectively.

Transforming the sinusoidal function in equation (7.3.1) and
dividing the latter by m, we have:

for =0 x=s;

2

?;C+a)2x:asina)ltcosﬂ,+acosa)ltsinﬂ. (7.3.3)
where  is the natural frequency of the system and:
K
®=— (7.3.4)
m
A
a=— (7.3.5)
m

Using Laplace Transform Pairs 3, 5, 1, 6, and 7 from Table 1.1,
we convert differential equation of motion (7.3.3) with the initial
conditions of motion (7.3.2) from the time domain into the Laplace
domain, and obtain the resulting algebraic equation of motion in the
Laplace domain:
aw,l al’ )

o ;012 cosA+ m sinA (7.3.6)

Px(1)=Ivy— sy +@°x(l) =

Applying basic algebra to equation (7.3.6), we may write:
2

&112 cos)p+L sinA  (7.3.7)

a
I* + w; I* + o}

x(D(P+ @)=l +sy +

Solving equation (7.3.7) for the Laplace domain displacement x(/),
we have:

2
x(1)= 2lv0 -+ Zl S02+ 5 lzaa)lz —cos A
F+o° '+ (F+o)"+w))

(7.3.8)



Stiffness 197

Based on pairs 1, 6, 7, 33, and 34 from Table 1.1, we invert equation
(7.3.8) from the Laplace domain into the time domain, and obtain
the solution of differential equation of motion (7.3.1) with the initial
conditions of motion (7.3.2):

a(wsinw,t — w, sinwt)cos A

Vo .
X =—sinwt + s, coswt + —
0] (o —wy)

N a(cosw,t — coswt)sin A

7.3.9
w0’ — o} (7.39)

Taking the first derivative of equation (7.3.9), we determine
the velocity of the system:

dx . aw, (cos @t — cosmtr)cos A
— =V, COSWt — W, Sin W1 + —
dt 0 —o;
a(w, sinw,t — wsinwt)sin A
@ sine, — ) (7.3.10)
0 —;

The second derivative of equation (7.3.9) represents the
acceleration of the system:

d*x . ) aw, (@, sin,t — @ sin®t)cos A
— = —Vy@Sin®t — @5, COS W — > >
dt W —w;
a(w; cosw,t — > cosmt)sin A (7.3.11)
0’ —o!
7.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d
for t=0 x=0; ?’; - (7.3.12)

The solution of differential equation of motion (7.3.1) with the ini-
tial conditions of motion (7.3.12) reads:

Vo . a(wsinw,t — w, sin wr) cos A
x=—sinwt+

® (W — o))

N a(cos @t — cos wt)sin A

7.3.13
o’ — o} ( )
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The first derivative of equation (7.3.13) represents the velocity:

dx am, (cos w,t — cos @t)cos A
— =y, CcOS ! + 5 >
dt 0 —o

a(w, sinw,t —  sin ) sin A
w> —o!

(7.3.14)

Taking the second derivative of equation (7.3.13), we determine the
acceleration:

d*x . aw, (@, sinw,t — @ sin®t)cos A
— =0V, sinwt — > >
dt 0 — o,
a(w; cosw,t — > cosmt)sin A
- 0’ —w? (7.3.15)
7.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d
for 1=0 x=s; d—j:o (7.3.16)

Solving differential equation of motion (7.3.1) with the initial condi-
tions of motion (7.3.16), we obtain:

a(wsinw,t — o, sinwt)cos A
o(w® - o})

X =39 coswt +

N a(cos @t — cost)sin A

7.3.17
o ( )

Taking the first derivative of equation (7.3.17), we determine the
velocity:
dx aw, (cosw,t — cos wt)cos A

— =—s, Sinwt +
dt W’ —w}

a(w, sinw,t — w sin ) sin A

(7.3.18)
0’ — ;!
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The second derivative of equation (7.3.17) represents the accelera-
tion:

d*x 5 am, (o, sinw,t — o sin 1) cos A
—— = —0"S COS W — 2 2
dt @ —

a(®; cosw,t — w* cosmt)sin A
0’ —o!

(7.3.19)

7.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (7.3.20)

The solution of differential equation of motion (7.3.1) with the ini-
tial conditions of motion (7.3.20) reads:

_a(wsinwt — , sinwt)cos A
o(w* — )

X

N a(cos mt —coswt)sin A (7.3.21)

w0’ -}

Taking the first derivative of equation (7.3.21), we determine the
velocity:

dx _ aw,(cosw,t—coswt)cos A
dt ®> — o]

a(o, sin @t — w sin t)sin A
o’ — o}

(7.3.22)
The second derivative of equation (7.3.21) represents the accelera-
tion:

d*x _aw (o, sinw;t — wsinwt)cos A
dr’ 0’ -o!

a(w; cosw,t —w* coswt)sin A
0’ —o!

(7.3.23)



200 < Chapter 7

7.4 Time-Dependent Force Q( p+ ”7')

This section focuses on engineering systems characterized by
the action of the force of inertia and the stiffness force as the resisting
forces (Row 7 in Guiding Table 2.1) and the time-dependent force as
the active force (Column 4). The current problems could be related
to systems interacting with a specific elastic link or with an elasto-
plastic or viscoelastoplastic medium. Sometimes at the beginning of
the working processes, the system is subjected to a time-dependent
force that acts for a predetermined interval of time. The media men-
tioned above exert stiffness forces during the phase of elastic defor-
mation (more related considerations are discussed in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, their values at the end of the
predetermined interval of time, and the characteristics of the forces ap-
plied to the elastic link. The model of the system subjected to the action
of a time-dependent force and a stiffness force is shown in Figure 7.4.

Based on the considerations above and the model in Figure
7.4, it is possible to assemble the left and right sides of the differen-
tial equation of motion. The left side consists of the force of inertia
and the stiffness force, while the right side includes the time-depen-
dent force. Thus, the differential equation of motion reads:

2

mTE s ke=0(p+ M (7.4.1)
dt T

Differential equation of motion (7.4.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

ut
Q(p + T) K

T ANA

X

Figure 7.4 Model of system subjected to a time-dependent force
and a stiffness force
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7.4.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; d_x =V, (7.4.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (7.4.1) by m, we have:

2

d”x ) ut
—+t0x= +— 7.4.3
e q(p . ) (7.4.3)
where w is the natural frequency of the system and:
=5 (7.4.4)
m
q= Q (7.4.5)
m

Using Laplace Transform Pairs 3, 5, 1, and 2 from Table 1.1,
we convert differential equation of motion (7.4.3) with the initial
conditions of motion (7.4.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(l)= v — sy + @*x(1) = gp + % (7.4.6)
T

Solving equation (7.4.6) for the Laplace domain displacement x(/),
we have:

W)=ty IS ap
P+’ P+’ P+o’ tl(*+0?) o
Based on pairs 1, 6, 7, 14, and 16 from Table 1.1, we invert equation
(7.4.7) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (7.4.1) with the initial

conditions of motion (7.4.2):

qH

1 .
> (t ——sinwr)

(7.4.8)

Vo .
X =—>sint + s, cosa)t+q—€(1— cosmwrt) +
w w
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Applying algebraic procedures to equation (7.4.8), we may write:

_ 4P, IE \sinot (7.4.9)
() T

X

V,
+ (s —q—é))coswt+(—0—
w 0]

Taking the first derivative of equation (7.4.9), we determine
the velocity:
dx _ qu

B _ (- TPsinwr + (v, - Ly cosr (7.4.10)
dt 1w 0] T

The second derivative of equation (7.4.9) represents the

acceleration:

d’x ) qu. .

— == (500" —gp)coswt — (vow ———)sinwt (7.4.11)

dt T
Substituting into equations (7.4.9), (7.4.10), and (7.4.11) the time
7, we determine respectively the values of the displacement s, the
velocity v, and the acceleration a at the end of the interval of time =

o () o TO
v= quz —(sow——qp )Sin@T + (v — a8 S)coswr (7.4.13)
w o TM

a4 = (500> — gp)cosat — (vom — Wysinwr  (7.4.14)
T

Multiplying equation (7.4.12) by the stiffness coefficient K
and using notation (7.4.4), we calculate the maximum force R,
applied to the elastic link:

Ry =mlq(p + 1)+ (500" — gp)cos @t + (voa) - %)sinan']
W
(7.4.15)

The force according to equation (7.4.15) should be used for the
stress calculations of the elastic link.
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7.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V, (7.4.16)

The solution of differential equation of motion (7.4.1) with the initial
conditions of motion (7.4.16) reads:

=4P AR 9P osopr+ (22— I sinwr  (7.417)
(U 0] Ta)‘

(0] TW

The first derivative of equation (7.4.17) represents the velocity:

dx_ qM  ap

7.4.18
d 1’ ( )

sinwt + (vy —

Taking the second derivative of equation (7.4.17), we determine the
acceleration:
d’ )
—f =gpcosmt—(vy® — ﬂ) sin Wt (7.4.19)
dt TW
Substituting the interval of time 7 into equations (4.4.17),
(7.4.18), and (7.4.19), we determine respectively the values of the
displacement, the velocity, and the acceleration at the end of the
predetermined time:

AP AP ooy (Y- My Gnor  (7.4.20)
> o0 T

(0]
=B 1 9P Gy oot + (v — (7.4.21)
T(D
_ o qu .
a=qpcosmt — (vo® — ——)sinwt (7.4.22)
T00

Multiplying equation (7.4.20) by K and using notation (7.4.4), we
determine the maximum force R, _applied to the elastic link:

max

R, = mlg(p+ 1) cos@T — gpcos T + (vow — %) sinwr] (7.4.23)
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The stress calculations of the elastic link should be based on the
force according to equation (7.4.23).

7.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s %=0 (7.4.24)
Solving differential equation of motion (7.4.1) with the initial condi-

tions of motion (7.4.24), we obtain:

t

x=22 I (B coswr— L sinwr  (7.4.25)
0] 0] 0} T

The velocity and acceleration represent the first and second deriva-

tives of equation (7.4.25) respectively:

d
E_IE (50— sinwr - L5 cosor  (7.4.26)
dt 1o w T
2
d—f = —(5,0" — gp)cos wt + L sin o1 (7.4.27)
dt T

Substituting the time 7 into equations (7.4.25), (7.4.26), and
(7.4.27), we determine respectively the values of the displacement,
the velocity v, and the acceleration a at the end of the predetermined
interval of time:

5= q(P—'lz‘,U) + (50 — Q_lz) cosWT — q_‘Lg sinwt  (7.4.28)
0] (0]
v= q—‘lj — (5o — @) sinwt — q_,uz COS T (7.4.29)
0} 0] T
B 2 qu .
a=—(so®" —gp)cosAT +—sinwt (7.4.30)
(0]

Multiplying equation (7.4.28) by Kand substituting notation (7.4.4),
we calculate the maximum force R applied to the elastic link:

max

Ry = mlg(p+ 1)+ (500> — gp)cos ot — P sin o] (7.4.31)
T
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The stress calculations of the elastic link should be based on the
force according to equation (7.4.31).

7.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for =0 x=0; % =0 (7.4.32)
The solution of differential equation of motion (7.4.1) with the ini-

tial conditions of motion (7.4.32) reads:

= q_/;+ q,uz anr ——CoSWt — q,u3 sin @t (7.4.33)
T

(0] T

The first and second derivatives of equation (7.4.33) represent the
velocity and the acceleration respectively:

d_x q,uz ar ——sinwt — q,uz coswt (7.4.34)
dt T w T
2
d—f =gpcoswt + ﬂsin wt (7.4.35)
dt (0]

Substituting the time 7 into equations (7.4.33), (7.4.34), and
(7.4.35), we determine the values of the displacement s, the veloc-
ity v, and the acceleration a at the end of the predetermined time
respectively:

AP AP ocor - I Gnor (1.4.36)
® ® 0
V= ﬂ + 9P Gnwr - q,uz (7.4.37)
0 o o)
a=qpcoswt + K sin Wt (7.4.38)
o)

Multiplying equation (7.4.36) by K and substituting notation (7.4.4),
we determine the force R, applied to the elastic link:

R.. =mlg(p+1)—gpcoswr— K Gn wt]  (7.4.39)
0
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The stress calculations of the elastic link should be based on the
force according to equation (7.4.39).

7.5 Constant Force R and Harmonic Force A4 sin(w;¢ + A)

This section describes engineering systems subjected to the
action of the force of inertia and the stiffness force as the resisting
forces (Row 7 of Guiding Table 2.1) and the constant active force
and the harmonic force as the active forces (Column 5). The cur-
rent problems could be related to vibratory systems interacting with
an elastoplastic or viscoelastoplastic medium. These types of media
exert a stiffness force during the phase of elastic deformation (more
related considerations are discussed in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. The model of a system
subjected to the action of a constant active force, a harmonic force,
and a stiffness force is shown in Figure 7.5.

With the considerations mentioned above and the model
shown in Figure 7.5, we can compose the left and right sides of the
system’s differential equation of motion. The left side consists of the
force of inertia and the stiffness force, while the right side includes
the constant active force and the harmonic force. Therefore, the dif-
ferential equation of motion reads:

2

Y L Kx=R+ Asin(@,t+ 1) (7.5.1)

m—==

dt
Differential equation of motion (7.5.1) has different solutions for

various initial conditions of motion. These solutions and their analy-
ses are presented below.

R
—_ K
Asin(wqt + A) —/\/\/—E
h - L X

Figure 7.5 Model of a system subjected to a constant active
force, a harmonic force, and a stiffness force
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7.5.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; d_x =, (7.5.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function in equation (7.5.1) and
dividing the latter by m, we may write:

2
fl—f+a)2x=r+asina),tcosﬂ,+acosa)1tsin). (7.5.3)
t
where o is the natural frequency of the system and:
K
0 =— (7.5.4)
m
R
r=— (7.5.5)
m
A
a=— (7.5.6)
m

Using Laplace Transform Pairs 3, 5, 1, 6, and 7 from Table 1.1,
we convert differential equation of motion (7.5.3) with the initial
conditions of motion (7.5.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

2
aw,!
> l ~ CoOsA+— >
+ w; "+ w;

sin A

Px(l)=Ivy—so+@°x(1)=r+

(7.5.7)
Applying basic algebra to equation (7.5.7), we have:

! I?
(l)(12+ 2)_ ] 2 za 1 ~ cos A+ 2a _
X O )=r+lvg+Iso+ 12 4 I"+w; sinA

(7.5.8)
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Solving equation (7.5.8) for the Laplace domain displacement x(/),
we may write:

r vy I%s, law,
x(l)= + + + cos A
(1) P+’ P+’ P+’ P+’ +o))
I’a

+ sin A
> + 0> + o))

(7.5.9)

Inverting equation (7.5.9) from the Laplace domain into the time
domain by applying pairs 1, 14, 5, 6, 7, 33, and 34 from Table 1.1,
we obtain the solution of differential equation of motion (7.5.1) with
the initial conditions of motion (7.5.2):

r Vo .
x=—(1-coswt) +—sinwt + s, cos Wt
w 0

N a(msin @, — o, sinwtr)cos A N a(cos,t — coswr)sin A

o(w® - o) ®® —o;
(7.5.10)

Taking the first and second derivatives of equation (7.5.10),
we determine respectively the velocity and the acceleration of the
system:

dcx r . .
— = —sin®t + v, cos Wt — s, sin Ot
dt o
N am,;(cos @t —coswt)cosA a(w, sin®,t — @ sin@t)sin A
o’ — o 0’ - o
(7.5.11)
dz.x . 2
—— =TI COsMt — WV, SInW — @°5, Cos Wt
dt
aw,(w, sin @t — @ sin W) cos A
® —o;
a(wi cosw,t —w* coswt)sin A
- (7.5.12)

o’ -}
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7.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V, (7.5.13)
t

The solution of differential equation of motion (7.5.1) with the ini-
tial conditions of motion (7.5.13) reads:

r Vo . a(wsin,t — o, sSinwr)cos A
x=—(1-coswr)+—sinwt + > >
0] w (W —w))

N a(cosw,t — coswt)sin A
w’ - wf
Taking the first derivative of equation (7.5.14), we determine the
velocity:

(7.5.14)

dx r . a®,; (cos @, — cosmt)cos A
— = —sinwt + v, cos Ot + > >
d o 0 —;
a(o; sinw,t — wsint)sin A
- — (7.5.15)
0 —o;

The second derivative of equation (7.5.13) represents the acceleration:

d*x . a, (@, sinm,t — @ sinwt)cos A
— = Ccosmt — WV, Sinwt — > >
dt 0 — o,
a(w; cosw,t — > cosmt)sin A
- > > (7.5.16)
0 —o;
7.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d
for =0 x=s; d—’;:o (7.5.17)

Solving differential equation of motion (7.5.1) with the initial condi-
tions of motion (7.3.17), we obtain:

a(wsin,t — o, sinwtr)cos A
(> — o))

’
x=—(1-coswt)+ s, cosor+
(0

N a(cosw,t — coswt)sin A
0’ — o

(7.5.18)
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The first derivative of equation (7.5.17) represents the velocity:

dx r . ) am, (cos @, — cos wt)cos A
— = —sinwt — s, sin Wt + —
d o 0 —o;

a(m, sin @, — o sin®t)sin A
o’ — o}

(7.5.19)

Taking the second derivative of equation (7.5.17), we determine the
acceleration:
d*x aw, (o, sin @, — @ sin wt) cos A

—5 =Trcosmt — s, cos Wf — —
dt 0 —o;

a(w; cosw,t —* cosmt)sin A
o’ — o

(7.5.20)

7.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (7.5.21)

The solution of differential equation of motion (7.5.1) with the initial
conditions of motion (7.5.21) reads:

a( sin @t — o, sinwt) cos A
o(@* — o))

’
x=—(1-coswr)+
0]

N a(cos m,t — coswt)sin A

7.5.22
o’ —of ( )

Taking the first and second derivatives of equation (7.5.22), we
determine the velocity and the acceleration respectively:

dx r . am, (cos @t — cos r) cos A
— = —sinwt + —
d o 0 —o
a(o, sin @t — w sin @t)sin A (7.5.23)

®® — o}
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d*x aw, (o, sin @, — ® sin wt) cos A

—— =rcoswi—
dr’ 0’ — o}

a(w; cosw,t —w* cosmt)sin A
o’ —of

(7.5.24)

7.6 Harmonic Force 4 sin(m,z + A1) and Time-Dependent
Force Q( p+ ”Tt)

This section describes engineering systems subjected to the
force of inertia and the stiffness force as the resisting forces (Row 7 in
Guiding Table 2.1), and the harmonic force and the time-dependent
force as the active forces (Column 6). The current problems could
be related to vibratory systems intended for interaction with an elas-
toplastic or viscoelastoplastic medium. These media exert reactive
stiffness forces on the phase of elastic deformation (more related
information is discussed in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. The model of a system
subjected to a harmonic force, a time-dependent force, and a stiff-
ness force is shown in Figure 7.6.

Based on the considerations above and the model in Figure 7.6,
we can assemble the left and right sides of the differential equation of
motion. The left side consists of the force of inertia and the stiffness
force, while the right side includes the harmonic force and the time-
dependent force. Therefore, the differential equation of motion reads:

d*x

m 5+ Kx = Asin(@it +2)+Q(p + My (7.6.1)
T

A(sinwqt + 4)

K

Qlp + 7)

_

v

-
<

X

»
»

Figure 7.6 Model of a system subjected to a harmonic force,
a time-dependent force, and a stiffness force
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Differential equation of motion (7.4.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

7.6.1 General Initial Conditions
The general initial conditions of motion are:

dx
dt
where s, and v, are the initial displacement and initial velocity

respectively.
Transforming equation (7.6.1), we have:

for =0 x=s; Vo (7.6.2)

2

m%+l(x :Qp+Qu—t+Asina)1tcosl+Acosa)ltsinxl (7.6.3)
T

Dividing equation (7.6.3) by m, we may write:
2

—§+a)2x=qp+q‘u—t+asina)ltcosl-%acosa)ltsinl (7.6.4)
dt T o
where @ 1s the natural frequency of the system and:
K
w =— (7.6.5)
m
q= Q (7.6.6)
m
A
a=— (7.6.7)
a

Using Laplace Transform Pairs 3, 1, 5, 2, 6, and 7 from
Table 1.1, we convert differential equation of motion (7.6.4) with
the initial conditions of motion (7.6.2) from the time domain into
the Laplace domain, and obtain the resulting algebraic equation of
motion in the Laplace domain:

2
Px(l)=lvy—Psy+ 0 x())=gp+ ai | Aol g+

1 P+of > +w!

(7.6.8)

sin A
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The solution of equation (7.6.8) for the Laplace domain displace-
ment x(/) reads:

2
X(l) ZVO + [ So + QP + q»u’

TPt Pro’ i’ P +od)

law, I’a
2 2 2 2 COS)'+ 2 2 2 2
"+ ) +or) "+ )" +or)
Using pairs 1, 6, 7, 14, 16, 33, and 34, we invert equation (7.8.9)
from the Laplace domain into the time domain. Upon inversion, we

obtain the solution of differential equation of motion (7.6.1) with the
initial conditions of motion (7.6.2):

sinA  (7.6.9)

x:

10)
N a(o sin w,f — o, sin wt) cos A a(cos Wt —cosmt)sin A
o(@® - o}) o’ -]

(7.6.10)

Taking the first and second derivatives of equation (7.6.10), we
determine respectively the velocity and the acceleration of the
system:

dx )
— =V, COS I — S, Sin @f + —— 9P Gin ot +-IE q,u q,uz
dt w ™’
L ao, (cosm,t —coswt)cosA  a(w, sin ¢t — @ sin @t)sin A
0’ — o o’ - o
(7.6.11)
d’x . ) qu .
— = V@ sin W — s~ cos Wt + g p cos M +——sin Wt
dt TW
aw, (w, sin ®,t — @ sin W) cos A
0’ — o}
a(w; cosw,t —®* cosmt)sin A
- (7.6.12)

0’ — o}
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7.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V, (7.6.13)

Solving differential equation of motion (7.6.1) with the initial condi-
tions of motion (7.6.13), we have:

X =

©
N a(w sinw,t — w, sin 1) cos l
w(0° —wy})

N a(cos m,t — coswt)sin A
o —o;

(7.6.14)

Taking the first and second derivatives of equation (7.6.10), we
determine the velocity and the acceleration of the system respec-
tively:

dx
— =V COS ot +— qp sm ot +——~= q'u q'u2 cos wt
dt TW

w TCO
N am,; (cos @t — cos t) cos A
®” — o]

a(w, sinw,t —  sin @t)sin A
0’ —o!

(7.6.15)

d’x qu
—5 = —V@sinwr + gp cos Wt + ——sin wt
dt T®
am, (o, sin @, — @ sin W) cos A
0’ — o}

a(w; cosw,t —* cosmtr)sin A

ORRON (7.6.16)
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7.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for t=0 x=s0; d—sz (7.6.16)
dt
The solution of differential equation of motion (7.6.1) with the initial
conditions of motion (7.6.16) reads:

|
X =5 cosa)t+q—€(1—cosa)t)+ ‘]/Jz (t——sinwt)
0] (10) 0}
N a(m sin @t — o, sinwt)cos A N a(cos @t — cos wt)sin A

o(0* - o}) 0’ — o}
(7.6.17)

The velocity and the acceleration represent the first and second
derivatives of equation (7.6.17) respectively:

dx ) .
— = —syWsinwt + @sm ot + q—uzcos ot
dt 0} TW
N am, (cosw,t — cos wt)cos A
o’ -}
0 —w;
d*x ) qu .
— = —So®" COS W + gp cos Wt +——sin Wt
dt T®
am, (e, sin @, — w sin Wt) cos A
0’ — o}

a(w; cosw,t —w* coswt)sin A
0’ —o!

(7.6.19)

7.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx B

for t=0 x=0; —=0 (7.6.20)
dt
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Solving differential equation of motion (7.6.1) with the initial condi-
tions of motion (7.6.20), we obtain:

1 .
X = q—e(l —coswt) + q'u2 (t——sinwt)
0] (10) w
N a(wsin @t — w, sinwt)cos A

o(w* - o)
N a(cos @t — cos wt)sin A

7.6.21
0w ( )

Taking the first and second derivatives of equation (7.6.21), we de-
termine the velocity and the acceleration of the system respectively:

dx .

A _ AP o G
dt o 0" T

N am, (cos @t — cos wt)cos A

o’ —w}

_ a(osinw,f — wsin1)sin A (7.6.22)
o’ - of

d*x .
— = qpcoswt+%smwt
dt T
aw, (o, sin,t — @ sin W) cos A
0’ —w;

_a(o; cos @it — @’ cost)sin A (7.6.23)
o’ -}



STIFFNESS AND FRICTION

This chapter addresses engineering systems subjected to the
action of the force of inertia, the stiffness force, and the friction
force as the resisting forces. These resisting forces are marked by
the plus sign in Row 8 of Guiding Table 2.1. The intersections of
this row with Columns 1 through 6 indicate the types of active forces
applied to the systems and described in each section. Throughout
this chapter, the left sides of the differential equations of motion
are identical and represent the sum of the force inertia, the stiffness
force, and the friction force. However, the right sides of these equa-
tions are different in each section and depend on the active forces
applied to the systems.

The problems described in this chapter could be related to
mechanical systems intended for interaction with an elastoplastic
or viscoelastoplastic medium, or with specific elastic links. During
the phase of elastic deformations, these media could simultaneously
exert stiffness and friction forces. In cases of vibratory motion,
the differential equations of motion are valid to the point when

217
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the system stops and the friction force instantaneously changes its
direction. The presence of stiffness forces may cause the motion of
the system in the opposite direction after the stop.

8.1 Active Force Equals Zero

According to Guiding Table 2.1, this section describes
engineering system experiencing the action of the force of inertia,
the stiffness force, and the friction force as the resisting forces
(Row 8). No active forces are present in the problems related to
this section (Column 1). The motion in this case is caused by the
system’s energy. (Considerations related to the motion of a system
in the absence of active forces are discussed in section 1.3.)

The current problems could be associated with the working
processes of systems intended for the interaction with an elasto-
plastic or viscoelastoplastic medium during the phase of elastic
deformations that exerts simultaneously stiffness and friction forces
(more related information including the considerations regarding
the behavior of a friction force applied to a vibratory system is dis-
cussed in section 1.2). These problems could be also related to the
interaction of a system with a specific elastic link.

The system is moving in the horizontal direction.We want to
determine the basic parameters of motion, their maximum values,
and the characteristics of the forces applied to the elastic link.
Figure 8.1 shows the model of a system subjected to the action of a
stiffness force and a friction force.

Based on the considerations presented above and the model in
Figure 8.1, we can compose the left and right sides of the differen-
tial equation of motion. The left side consists of the force of inertia,
the stiffness force, and the friction force, while the right side equals
zero. Thus, the differential equation of motion reads:

2

d
m=—=+Kx+F=0 (8.1.1)
dt

The differential equation of motion (8.1.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.
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m
—/\;\/—E
X
77777 A >

Figure 8.1 Model of a system subjected to a stiffness force and
a friction force

8.1.1 General Initial Conditions
The general initial conditions of motion are:
dx

for t=0 x=s0; —=v, (8.1.2)
dt

where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (8.1.1) by m, we may write:

2
% +ox+ =0 (8.1.3)

where  is the natural frequency of the vibratory system and:

w0 =K (8.1.4)
m

£ (8.1.5)
m

Using Laplace Transform Pairs 3, 1, and 5 from Table 1.1,
we convert differential equation of motion (8.1.3) with the initial
conditions of motion (8.1.2) from the time domain into the Laplace
domain, and obtain the resulting algebraic equation of motion in the
Laplace domain:

Px(1)=Ivy—1*sy +@0°x()+ f =0 (8.1.6)
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Solving equation (8.1.6) for the displacement x(/) in the Laplace
domain, we obtain:

Ivg " lzso _ f

‘+or P+’ PP+o’ ®.1.7)

x(l)=
() ;
Based on pairs 1, 5, 6, 7, and 14 from Table 1.1, we invert equation
(8.1.7) from the Laplace domain into the time domain, and obtain
the solution of differential equation of motion (8.1.1) with the initial
conditions of motion (8.1.2):

x= Yo sin Wt + s, COS Wt — iz (1-coswt) (8.1.8)
W W
In order to simplify the subsequent analysis, we apply some
conventional algebraic procedures to the coefficients of the trigono-
metric functions in equation (8.1.8). Based on these procedures, we
may write:

(s0° + f)? Vi@’
(soco2 + f)2 + v§w2 (sooo2 + f)2 + véa)2
=1=(sina)’ +(cosx)’ 8.1.9)
where:
2

sinor = S+ f (8.1.10)

Js0® + )7 +viw®
cos o = Vol (8.1.11)

Js0® + )7 +viw®
Combining equations (8.1.10) and (8.1.11) with equation (8.1.8),
we have:

1
X= F[\/(Sowz + f)2 +viw?

(sinwtcosa +coswtsina) — f] (8.1.12)

Therefore, we obtain:

x= é[\/(sowz + £ + 2@’ sin(wt +a)— f] (8.1.13)
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The first and second derivatives of equation (8.1.13) represent
the velocity and the acceleration of the system respectively:

& _1 oo+ v coswr+a)  (8.1.14)
dt o

d’x
dr’

= —J(s00* + )} + i’ sin(wt + o) (8.1.15)
According to equation (8.1.14), the velocity becomes equal to

zero at the moment of time when we have:

cos(wt+a)=0 (8.1.16)

and, consequently, at the end of the first half of the vibratory cycle
we have:
sin(wr+a)=1 8.1.17)

Combining equations (8.1.13) and (8.1.5) with equation
(8.1.19), we determine the maximum values of the displacement

s,.. and the acceleration a,,_respectively:
1
Smax = F[\/(SOCO2 + f)2 + v§w2 - f] (8.1.18)
Apax = _\/(S()a)2 + f)2 + V(2)w2 (8'1'19)

Multiplying equation (8.1.18) by K and substituting notations (8.1.4)
and (8.1.5), we determine the maximum absolute value of the force
R applied to the elastic link:

max

Rywe =1\(Ksy + F)* +mKvi — F (8.1.20)

It is justifiable to consider that the link is subjected to a completely
reversed loading cycle having:

R .=-R (8.1.21)

nmin max

Therefore, the stress calculations should include fatigue consider-
ations.
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8.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V, (8.1.22)

Solving differential equation of motion (8.1.1) with the initial condi-
tions of motion (8.1.22), we obtain:
r=ginor - (1= coswr) (8.1.23)
@ (0]
Applying the algebraic procedures similarly to the previous case, we
may write:

[ 2.2 + 2
xX= sz(sin Wt coso, + coswtsing, ) — iz (8.1.24)
In) 0]
where:
. f
sinQ) = ———— (8.1.25)
1 v’ + f*
Vo

COSQl) = ———— (8.1.26)
1 Jvow® + f?

Combining equations (8.1.25) and (8.1.26) with equation (8.1.24),
we obtain:

x= é[\/véwz + f*sin(wt + o) — f] (8.1.27)

Taking the first derivative of equation (8.1.27), we determine
the velocity of the system:

2. .2 2
% VWO o) (8.1.28)
(0]

The second derivative of the equation (8.1.27) represents the
acceleration:

d2
If =—\vow’ + £ sin(wr + o) (8.1.29)
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Equation (8.1.28) shows that the velocity becomes equal to zero at
the moment when:

cos(wt+0y)=0 (8.1.30)

and, consequently, at this time we have:

sin(wt+ o) =1 (8.1.31)

Combining equations (8.1.27) and (8.1.29) with equation (8.1.31),
we determine the maximum displacement and acceleration for this
case respectively:

Smax = #[\/véw2 +f7 = f] (8.1.32)
Uy = —[V2O” + f7 (8.1.33)

Multiplying equation (8.1.32) by K and substituting notations
(8.1.4) and (8.1.5), we calculate the maximum absolute value of the
force R, applied to the elastic link:

R,.. =|\mKv;+F>* —F| (8.1.34)

As mentioned in the previous case, it may be accepted that
the elastic link is subjected to a completely reversed loading cycle
where the minimum force R, =— R ..

Therefore, the stress analysis should be based on fatigue
calculations.

8.1.3 Initial Velocity Equals Zero

Figure 8.1 shows that in this case the system moves in a posi-
tive direction. This is possible if the initial displacement is negative.
Thus, the initial conditions of motion are:

for t=0 x=-s50;, —=0 (8.1.35)
dt
According to the initial conditions of motion, the system in this
case possesses potential energy due to the deformation of the elastic link.
The deformation is proportional to the initial negative displacement.
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At the beginning of the process, the motion of the mass m is possible
in those cases when the absolute value of the deformation force | K, |
exceeds the friction force F. Assuming that the motion of the system
in the positive direction is possible, we can solve differential equation
of motion (8.1.1) with the initial conditions of motion (8.1.35). In this
case, the term lzs0 in equation (8.1.6) should be taken with a positive
sign. The solution of the differential equation (8.1.1) reads:

X =—5,COSMt — f (1-coswt) (8.1.36)

R
Applying basic algebra to equation (8.1.36), we have:
1
x= ?[(—sw + f)coswt — f] (8.1.37)

Taking the first and second derivatives of equation (8.1.37),
we determine the velocity and the acceleration of the system
respectively:

% - l(Soco2 — f)sinwt (8.1.38)
)

d*x )

= (s00° — f)coswt (8.1.39)

According to equation (8.1.38), the velocity becomes equal to zero
at the moment when:

sinwt =0

At this moment, we have:

coswt =—1 (8.1.40)

Combining equation (8.1.40) with equations (8.1.37) and
(8.1.39), we determine the maximum values of the displacement s,
and acceleration a, , respectively:

max

2
Smax = So — _‘]: (8.1.41)
(0]

Apax = (S()a)2 - f) (8.1.42)
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Multiplying equation (8.1.38) by the stiffness coefficient K and sub-
stituting notations (8.1.4) and (8.1.5), we calculate the maximum
value of force R, applied to the elastic link:

R =Ks,—2F (8.1.43)

For the stress analysis, we may accept that the elastic link is sub-
jected to a completely reversed loading cycle having:

R, =—Ks,+2F

The stress analysis of the link should be based on fatigue consider-
ations.

8.2 Constant Force R

This section describes engineering problems characterized by
the force of inertia, the stiffness force, and the friction force as the
resisting forces (Row 8 of Guiding Table 2.1). The constant active
force, indicated in Column 2, is applied to the systems related to this
section.

The current problems could be related to the working process-
es of engineering systems interacting with elastoplastic or viscoelas-
toplastic media or with a specific elastic link. These types of media
exert stiffness and friction forces as a reaction to deformation (more
related information including the considerations regarding the be-
havior of the friction force applied to a vibratory system is discussed
in section 1.2).

The system is moving in the horizontal direction. The model
of a system subjected to a constant active force, stiffness force, and
friction force is shown in Figure 8.2.

Based on the considerations presented above and on the model
in Figure 8.2 we can compose the left and right sides of the differ-
ential equation of motion of the system. The left side consists of the
force of inertia, the stiffness force, and the friction force, while the
right side includes a constant active force. Hence, the differential
equation of motion reads:

2

mfle+Kx+F=R (8.2.1)
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As explained in section 1.3, in some cases the force that de-
pends on the displacement could play the role of an active force. For
instance, in case of magnetic interaction, the force of attraction P,
may be characterized by the following equation:

P =R+ kx (8.2.2)

where R > 0. In this case, the differential equation of motion reads:

2

m‘;Tf—KH f=R (8.2.3)

We want to determine the basic parameters of motion; howev-
er, for the case according to equation (8.2.1), we also want to deter-
mine the extreme values of these parameters, and the characteristics
of the forces applied to the elastic link.

Differential equations of motion (8.2.1) and (8.2.3) have dif-
ferent solutions for various initial conditions of motion. These solu-
tions and their analyses are presented below.

8.2.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=sg; % =, (8.2.4)

where s, and v, are the initial displacement and initial velocity
respectively.
a) Equation (8.2.1)

Dividing equation (8.2.1) by m, we have:

2

d’x 2
—+ox+f=r 8.2.5
e f (8.2.5)
where w is the natural frequency of the system and:
K
= (8.2.6)

f= (8.2.7)

m
F
m



Stiffness and Friction = 227

m
R K
S AAA
X
v 77 >
F

Figure 8.2 Model of a system subjected to a constant active
force, a stiffness force, and a friction force

r=— 8.2.8)
m
Using Laplace Transform Pairs 3, 1, and 5 from Table 1.1,
we convert differential equation of motion (8.2.5) with the initial
conditions of motion (8.2.4) from the time domain into the Laplace
domain, and obtain the resulting algebraic equation of motion in the
Laplace domain:

Px(l)— vy —Pso+ 0’ x(D+ f=r (8.2.9)

Solving equation (8.2.8) for the displacement x(/) in Laplace do-
main, we obtain:

r—f vy I*s,
x()= + + 8.2.10

® P+’ P+’ PP+o’ ( )
By means of pairs 1, 5, 14, 6, and 7 from Table 1.1, we invert equa-
tion (8.2.10) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (8.2.1) with the
initial conditions of motion (8.2.4):

r—f

Vo .
x=—>—(l-coswr)+ 2 sin @t + s, oS Wt (8.2.11)
() (0]

In order to simplify further analysis, we transform equation
(8.2.11) to the following shape:

- 1
X = d 2f +—[vo@sinwt—(r— f - sow?)coswr] (8.2.12)
0] w
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Using the coefficients of the trigonometric functions from equation
(8.2.12), we compose the following expression:

(r—f—sow”)’ N VoW’
(r—f—=s5,0°)Y +viw> (r—f—s0°) +vio’
=1=(sin B)* +(cos B)’ (8.2.13)
where
_ _ 2
Sin B = — " S 500 (8.2.14)
\/(r - f- 5o0%) + viw?
cos B = Yo® (8.2.15)

\/(r —f- 5o0%) + viw?
Combining equations (8.2.14) and (8.2.15) with equation (8.2.12),
we obtain:

7

X =

S L s’y v sin@i- )] (8.2.16)
(0] w

The first and second derivatives of equation (8.2.18) represent
the velocity and the acceleration of the system respectively:

& l\/ (r—f—sow”) +vi0° cos(wt—B)  (8.2.17)
da o

2
% e \/(r— f—s5,0°) +vow® sin(wt—B)  (8.2.18)

Equation (8.2.17) shows that the velocity equals zero at the moment
when:

cos(wt—P)=0 (8.2.19)

and, consequently, at this moment we have:
sin(wt— B) =1 (8.2.20)
Combining equations (8.2.16) and (8.2.18) with equation

(8.2.20), we determine the maximum values of the displacement
and acceleration a,,, respectively:

Smax
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- |
Smax = : 2f + _2\/(r_ f_ S0w2)2 + Véa)z (8.2.21)
(0] (0)

Apax = — \/(r - f - S0w2)2 + V(%wz (8.2.22)

Multiplying equation (8.2.21) by K and substituting notations
(8.2.6), (8.2.7), and (8.2.8), we calculate the maximum force R,
applied to the elastic link:

Ryw =R—F +(R— F —Ks,)* + mKv: (8.2.23)

It is justifiable to accept that the link is subjected to a completely
reversed loading cycle having the minimum force:

R .=—R (8.2.24)

min max

Therefore, the stress analysis of the link should be based on fatigue
calculations.

b) Equation (8.2.3)
Dividing this equation by m, we obtain:

2

Eg—w%+f=r (8.2.25)

Using pairs 3, 1 and 5 from Table 1.1, we convert differential
equation of motion (8.2.25) with the initial conditions of motion
(8.2.4) from the time domain into the Laplace domain, and obtain
the corresponding algebraic equation of motion in the Laplace
domain:

Px(l)— vy —1so—@*x()+ f=r (8.2.26)

Solving equation (8.2.26) for the displacement x(/) in Laplace do-
main, we obtain:
1’5, r—f

lVO
)= + + 8.2.27
D PF-w -0 I'-o’ ( )

Based on pairs 1, 17, 18, and 21 from Table 1.1, we invert
equation (8.2.27) from the Laplace domain into the time domain.
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The inversion represents the solution of differential equation of mo-
tion (8.2.3) with the initial conditions of motion (8.2.4):

2= Ginhar + s, coshaor + =L coshwr 1) (8.2.28)
w w
Equation (8.2.28) describes the rectilinear translational motion of a
system.
Taking the first and second derivatives of equation (8.2.28),
we determine the velocity and the acceleration respectively:

—f sinhwr  (8.2.29)
[0)]

dx ) r
— =y, coshwt + sy sinh wt +
dt
d*x
dr?

Equations (8.2.28), (8.2.29), and (8.2.30) are increasing functions
of time.

= vy sinh ot + s, coshwt + (r — f)coshwt (8.2.30)

8.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V (8.2.31)

a) Equation (8.2.1)
The solution of differential equation of motion (8.2.1) with
the initial conditions of motion (8.2.31) reads:

X = f (8.2.32)
w’
Transforming equation (8.2.31), we may write:
I~ f [voa) sin@t — (r — f)cos wt] (8.2.33)
o’ a)

Combining the coefficients of the trigonometric functions in
equation (8.2.33) similarly as in equation (8.2.12), we may write:

x= é[r+ \/(r — )Y +viw’ sin(wt — B))] (8.2.34)
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where:
sin B, = — r—f (8.2.35)
- evie? -
Yo® (8.2.36)

cos 3 = \/(r— i

Taking the first and second derivatives of equation (8.2.34),
we determine the velocity and acceleration respectively:

dx 1 2 2,2 _

= 5\/@ — )* + 12w’ cos(ot - B,) (8.2.37)
d*x 2 2.2 -

P Jr— )} +viw® sin(wt - B)) (8.2.38)

Equation (8.2.37) shows that at the moment when cos(w?— f3,) =0,
the velocity equals zero. Consequently, at this moment we have:

sin(wt— B,) =1 (8.2.39)
Substituting equation (8.2.39) into equations (8.2.34) and

(8.2.38), we determine the maximum values of the displacement s,
and the acceleration a,,, respectively:

Smar = %[r (= ) + 130 ] (8.2.40)
w

Ao = —A(r — f)2 +v; (8.2.41)

Multiplying equation (8.2.40) by K and substituting notations
(8.2.6), (8.2.7), and (8.2.8), we calculate the maximum force R,
applied to the elastic link:

Ryw = R+(R—F)’ + mKv} (8.2.42)

We may accept that the link is subjected to a completely reversed
loading cycle having the minimum force R,, = — R . Therefore,

the stress analysis of the link should be based on fatigue calcula-
tions.
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b) Equation (8.2.3)
The solution of differential equation of motion (8.2.3) with

the initial conditions of motion (8.2.31) reads:

r—f

Vo .
x=—sinhwt + >
0}

(0]

(coshwr—1) (8.2.43)

Equation (8.2.43) shows that the system performs rectilinear trans-
lational motion.

Taking the first and the second derivatives of equation
(8.2.43), we determine the velocity and the acceleration of the sys-
tem respectively:

r—f

(0]

sinh @t

dx
— =y, coshwt +
dt

2
% = vywsinhwt + (r — f’)cosh wt

8.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=us; % =0 (8.2.44)

a) Equation (8.2.1)
Solving differential equation of motion (8.2.1) with the initial
conditions of motion (8.2.44), we obtain:
r—f 1

x=—F——@r—-f- So®>) cOs Wt (8.2.45)
0 o

The first and second derivatives of equation (8.2.45) represent
the velocity and acceleration respectively:

dx _ 1 (r— f — so0”)sin ot (8.2.46)
w

dr
d*x s
o (r—f —so®”)cos ot (8.2.47)



Stiffness and Friction = 233

According to equation (8.2.46), the velocity becomes equal to zero
at the moment when

sinwt =0

This moment occurs after the system has completed one half of the
vibratory cycle. Therefore, at this moment we have:

coswt = —1 (8.2.48)

Combining equation (8.2.48) with equations (8.2.45) and
(8.2.47), we obtain the maximum values of the displacement s
and acceleration a,,_respectively:

_20-f)

Somax 5 So (8.2.49)
w

max

Qpax = —(r = f —5007) (8.2.50)

Multiplying equation (8.2.49) by K and substituting notations
(8.2.6), (8.2.7), and (8.2.8), we calculate the maximum value of the
force R, applied to the elastic link:

R,.. =2(R—F)-Ks, (8.2.51)

It is accepted that the link is subjected to a completely reversed
loading cycle having the minimum force R,, = — R . Therefore,
the stress analysis of the link should be based on fatigue calcula-
tions.

b) Equation (8.2.3)

Solving differential equation of motion (8.2.3) with the initial
conditions of motion (8.2.44), we obtain:

r—f
0)2

X =S5, coshwr+ (coshwr—1) (8.2.52)
According to equation (8.2.52), the system is in rectilinear transla-
tional motion.

Taking the first and second derivatives of equation (8.2.52),
we determine the velocity and the acceleration respectively:
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r—f

(0]

sinh w¢

dx )
— = s, sinh ot +
dt

2
% = sy coshwt + (r — f)cosh wt

8.2.4 Both the Displacement and Velocity Equal Zero
The initial conditions of motion are:

for =0 x=0; % =0 (8.2.53)

a) Equation (8.2.1)
The solution of differential equation of motion (8.2.1) with
the initial conditions of motion (8.2.53) reads:

_r=f

a)z

X

(1-coswt) (8.2.54)

The first derivative of equation (8.2.54) represents the velocity:

dx _r—f

dt

sin Wt (8.2.55)

Taking the second derivative of equation (8.2. 54), we determine the
acceleration:

ax

% =(r— f)coswt (8.2.56)

According to equation (8.2.55), the velocity equals zero when
sinwt =0 ; therefore, we take for equations (8.2.54) and (8.2.56)
that coswt = —1 and we calculate the maximum values of the dis-
placement s, . _and acceleration a,,_respectively:

_20r-f)

St § (8.2.57)
w

Aoy =T + f (8.2.58)

max
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Multiplying equation (8.2.57) by K and substituting notations
(8.2.6), (8.2.7), and (8.2.8), we determine the maximum force R
applied to the link:

R =2(R-F) (8.2.59)

As in the previous cases, it is accepted that the link is sub-
jected to a completely reversed loading cycle having the minimum
force R, = — R,,,.. Therefore, the stress analysis of the link should
be based on fatigue calculations.

b) Equation (8.2.3)
Solving differential equation of motion (8.2.3) with the initial
conditions of motion (8.2.53), we may write:

X =

ra_)zf (coshwr —1) (8.2.60)
Equation (8.2.60) shows that the system performs rectilinear trans-
lational motion.

Taking the first and second derivatives of equation (8.2.60),
we determine the velocity and the acceleration respectively:

@ = r-f sinh wt
dt w

d*x

F =(r— f)coshwt

8.3 Harmonic Force A4 sin(w,z + 1)

According to Guiding Table 2.1, this section describes engi-
neering systems subjected to the action of the force of inertia, the
stiffness force, and the friction force as the resisting forces (Row 8)
and to the harmonic force (Column 3) as the active force. The prob-
lem described in this section could be associated with the working
processes of vibratory systems intended for interaction with elasto-
plastic or viscoelastoplastic media that exert stiffness and friction
forces during their deformation (more related information and con-
siderations regarding the behavior of friction forces applied to vibra-
tory systems are discussed in section 1.2).
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The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. The model of a system
subjected to the action of a harmonic force, a stiffness force, and a
friction force is shown in Figure 8.3.

According to the considerations above and the model in
Figure 8.3, we can compose the left and right sides of the differential
equation of motion. Thus, the left side of this equation consists of
the force of inertia, the stiffness force, and the friction force, while
the right side includes the harmonic force. Therefore, the equation
reads:

2

m % + Kx+ F = Asin(w,t + 1) (8.3.1)

Due to the presence of the friction force, equation (8.3.1)
is valid to the moment when the system comes to a stop, causing
the friction force to change its direction instantaneously. In this
case, equation (8.3.1) is valid during the first half of the vibratory
cycle.

Differential equation of motion (8.3.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

8.3.1 General Initial Conditions
The general initial conditions of motion are:

d
for =0 x=s; @ Vo (8.3.2)
dt
Asin(wqt + 1) K
— AN
X
77777777 >
F

Figure 8.3 Model of a system subjected to a harmonic force, a
stiffness force, and a friction force
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where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function in equation (8.3.1) and

dividing the latter by m, we have:
d? ) )
—f +w’x+ f=asinwitcosA+acoswitsind  (8.3.3)

where @ 1s the natural frequency of the system and:

0 =X (8.3.4)
m

=L (8.3.5)
m

a=2 (8.3.6)
m

Using Laplace Transform Pairs 3, 1, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (8.3.3) with the initial condi-
tions of motion (8.3.2) from the time domain into the Laplace domain.
The resulting algebraic equation of motion in Laplace domain reads:

aw,!
Px(l)—lvy— sy +@’x(1)+ f = 12+;o%

2

cos A+ B ilwz sinA  (8.3.7)

1

Applying some transformations to equation (8.3.7), we have:
Cl(l)]l
I’ +wf

x(D+ @)= lvy + s — [ +

2

cos A+~ sinA (8.3.8)
I+ w;

Solving equation (8.3.8) for the Laplace domain displacement x(/),
we may write:

vy %5, f law,
= + - + cos A
*0) P+’ P+’ PP+’ (C+o>)*+o0))

I*a
+ in 1 8.3.9
Cro )P+ (8.3.9)
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By means of pairs 1, 6, 7, 14, 33, and 34 from Table 1.1, we invert
equation (8.3.9) from the Laplace domain into the time domain, and
obtain the solution of differential equation of motion (8.3.1) with the
initial conditions of motion (8.3.2):

Vo .
x=—2sinwr + s, coswt—iz(l—coswt)
0] [0}
N a(wsinw,f — o, sinwt)cos A N a(cosw,t —cosmt)sin A
o(@® - w}) 0’ — o}

(8.3.10)

The first derivative of equation (8.3.10) represents the velocity
of the system:

dx . /. a®,;(cos m,t — cos@t)cos A
— =V, COS Wt — WS, Sin O —“—sin Wt + —
dt 0] 0 =0
a(w, sinw,t — @ sin @r)sin A
- —— (8.3.11)
W — o;

Taking the second derivative of equation (8.3.10), we deter-
mine the acceleration of the system:

d’x . )
— =—WV, SInWf — f cos®t — w5, COs Wt
dt’
a, (@, sinw,t —wsinwr)cosA  a(o; cosm,t — > cosmt)sin A
o’ -o! 0’ —o!
(8.3.12)

8.3.2 Initial Displacement Equals Zero

The initial conditions of motion are:
d
for t=0 x=0; d—j =, (8.3.13)

Solving differential equation of motion (8.3.1) with the initial
conditions of motion (8.3.13) we write:

a(w sin @t — @, sin @t)cos A

Vo .
x:—osma)t—iz(l—cosa)t)ﬁ- > >
0] 0] ol —w;)

N a(cosw,t —cosmt)sin A

0 — @’ (8.3.14)
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Taking the first and second derivatives of equation (8.3.14), we
determine the velocity and acceleration of the system respec-
tively:
dx f . am,; (cos @t — cos@t)cos A
— =V, COsWt ——sinwt + 5 >

t w 0 —o;

a(w, sinw,t — @ sin @r)sin A
®” — o]

(8.3.15)

d*x )
—- =—WV, sinwt — f coswt
dr’
aw, (o, sinw,t —wsinwt)cos A

w0’ -]

a(w; cosw,t —m* cos wt)sin A
0’ -}

(8.3.16)

8.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; dx =0 (8.3.17)
dt
The solution of differential equation of motion (8.3.1) with the initial
conditions of motion (8.3.17) reads:

a(w sin @t — @, sin t)cos A
iz(l—coswt)+ ( ! > ! > )
0] oo —w))

X =85y COsSwt —

N a(cosw,t —cosmt)sin A
0’ — o}

(8.3.18)

The first derivative of equation (7.3.17) represents the velocity:

dx . f . am; (cos @t —cosmt)cos A
— = —Ws, sin@t — —sin @t + —
dt w 0 —o;

a(m, sinw,t — o sinwt)sin A

W’ -}

(8.3.19)
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Taking the second derivative of equation (8.3.18), we obtain the

acceleration:

d’x .

e =—w’s,cosmt — fsinwt —
t

a, (o, sinw,t — @ sin wt)cos A
o’ -}

a(w; cosw,t —m* coswt)sin A
o’ — o}

(8.3.20)

8.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

d.
for t=0 x=0; —=0 (8.3.21)
dt
Solving differential equation of motion (8.3.1) with the initial condi-

tions of motion (8.3.21), we obtain:

a(wsin,t —w, sinwt)cos A
x:—iz(l—coswt)+ ( 1 > l 5 )
) (@ —wo;)

N a(cosw,t —coswt)sin A
o’ - o}

(8.3.22)

The first derivative of equation (8.3.22) represents the velocity:

dx f . am, (cosw,t —cos wt)cos A
— =—2-ginwt + —
dt w W —w;

a(o, sinw,t — o sinwt)sin A

p. (8.3.23)

Taking the second derivative of equation (8.3.22), we determine the
acceleration:

d’x aw,(®, sinw,t — @ sin®t)cos A
— =—fcoswrt— > >
dt W —o;

a(®; cos @t —®* cost)sin A
0’ —o;

(8.3.24)
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t
8.4 Time-Dependent Force @ (P + ﬂT)

The current section describes engineering problems charac-
terized by the action of the force of inertia, the stiffness force, and
the friction force as the resisting forces (Row 8 in Guiding Table
2.1). The active force applied to the systems described in this sec-
tion represents the time-dependent force (Column 4). The current
problems could be related to engineering systems that interact with
elastoplastic or viscoelastoplastic media, or with specific elastic
links. These media exert stiffness and friction forces as a reaction
to their deformation (see section 1.2 for more information regarding
the deformation of these media and the behavior of a friction force
applied to a vibratory system). In certain situations, the initial phase
of the working process could be characterized by the action of a
time-dependent force during a predetermined interval of time.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, their values at the end
of the predetermined interval of time, and the characteristics of the
forces applied to the elastic link at this time. Figure 8.4 shows the
model of a system subjected to the action of a time-dependent force,
a stiffness force, and a friction force.

Based on the considerations mentioned above and on the mod-
el in Figure 8.4, we can assemble the left and right sides of the dif-
ferential equation of motion. Thus, the left side consists of the force
of inertia, the stiffness force, and the friction force. The right side

m
ut
i —/\;\/‘E
X
7/ 77 >
F

Figure 8.4 Model of a system subjected to a time-dependent
force, a stiffness force, and a friction force
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includes the time-dependent force. Therefore, the differential equa-
tion of motion reads:

2

@y ke F=0(p+ M 8.4.1)
dt T

The differential equation of motion (8.4.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

8.4.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; d_x =, (8.4.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (8.4.1) by m, we have:
2

d™x 5 ut
—t0x+f= +— 843
P x+f=q(p . ) (8.4.3)
where @ is the natural frequency of the system and:
= LS 8.4.4)
m
F
f=— (8.4.5)
m
q= Q (8.4.6)
m

In order to convert differential equation of motion (8.4.3) with
the initial conditions of motion (8.4.2) from the time domain into the
Laplace domain, we use the Laplace Transform Pairs 3, 1, 5, and 2
from Table 1.1. As a result, we obtain the corresponding algebraic
equation of motion in the Laplace domain:

Px(l)— v — sy + @*x(D)+ f = gp + % (8.4.7)
T
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The solution of equation (8.4.7) for the Laplace domain displace-
ment x (/) reads:

vy Isq gp—f qu
x(D)= + + 8.4.8
® P+’ P+’ P+o® tl(’+o0°) (8.4.8)
Based on pairs 1, 6, 7, 14, and 16 from the Table 1.1, we invert
equation (8.4.8) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (8.4.1) with the
initial conditions of motion (8.4.2):

qpf
(1)

Vo .
x = —2sin@t + s, cOs WF +
®

(8.4.9)

Transforming equation (8.4.9), we may write:

- t
:qp2f+q—“2+(s0 qp f
(0] T

)cos a)t+( q_,u%) sin @t
T
(8.4.10)

Taking the first derivative of equation (8.4.10), we determine
the velocity:

ax _ i

qp—f
dt  10° )

— (500 - )sinwt + (v — 1) coswr (8.4.11)
TW

The second derivative of equation (8.4.10) represents the
acceleration:

d’x ) qu. .

— =—(500" —gp+ f)coswt — (vo® — ——) sin®t (8.4.12)

dt T

Substituting the time 7 into equations (8.4.10), (8.4.11), and
(8.4.12), we determine the values of the displacement s, the velocity
v, and the acceleration a at the end of the predetermined interval of
time respectively:

_qaptm—f

0)2

+ (5000 — @) coswT + (ﬁ - q_,uz) sin Wt
w 0 T

(8.4.13)
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Q/vl2 — (500 —
Tw

b= qp — f) sin T + (v, — C[_,Uz) coswt (8.4.14)
) T

a=—(5,0> = gp— f)cosot — (vow — Hysinwr  (8.4.15)
TW

Multiplying equation (8.4.13) by the stiffness coefficient K and sub-
stituting notation (8.4.4), we calculate the maximum force R, ap-
plied to the elastic link:

R, =mlg(p+ 1) — f+(s)@0”> —gp + f)cos @t

+ oo - Eysinawr) (8.4.16)
TW

The force according to equation (8.4.16) could be used for the
stress calculations of the link.

8.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for =0 x=0; @ =, (8.4.17)
dt
The solution of differential equation of motion (8.4.1) with the ini-
tial conditions of motion (8.4.17) reads:

x=Lsiner + @(1 —coswt) + q—‘uz(t L sinwr) (8.4.18)
w 0] (0] 0]

Taking the first derivative of equation (8.4.18), we determine the
velocity:

ax_ g1 _ap-f
(0

a sinwt +(vo— ) coswr  (8.4.19)
dt 1w Tw

2

The second derivative of equation (8.4.18) represents the acceleration:

2
X _ gp- Preosor— o - Pysinor  (8.4.20)
dt T
Substituting the interval of time 7 into equations (8.4.18), (8.4.19),
and (8.4.20), we determine the values of the displacement s, the ve-
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locity v, and the acceleration a at the end of the predetermined time
respectively:

_q9lprw)—f qgp=f
w

2

coswT + ( q—‘u3) sinwt  (8.4.21)
w O T

V= 3

qu +qp—f
(10} (0]

sinwt+ (v - ycoswr  (8.4.22)
T

a=(gp—fcosar—mo— Hysinor  (8.4.23)
T

Multiplying equation (8.4.21) by K and substituting notation (8.4.4),
we calculate the maximum force applied to the elastic link:

R, =mlg(p+ )= f—(gp— f)cosat + (vow — m)sinan]
(8.4.24)

The stress calculations of the link could be based on the force
according to equation (8.4.24).

8.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s,; % =0 (8.4.25)

The solution of differential equation of motion (8.4.1) with the ini-
tial conditions of motion (8.4.25) reads:
_qp—f  qut qp f
- 2 + 2
(0 T

9P~ coswr—E siner  (8.4.26)
T(D

+ (5o —
Taking the first and second derivatives of equation (8.4.26), we de-
termine the velocity and the acceleration respectively:

dx _ qu ap—f
a0’ ®
d’x ) qu .
— =—(s0w” —gp+ f)coswt +=—sin wt (8.4.28)
dt TW

— (500 — ysinwr—IE coswr  (8.4.27)
T
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Substituting the time 7 into equations (8.4.26), (8.4.27), and (8.4.28),
we determine the values of the displacement s, the velocity v, and the
acceleration a at the end of the interval of time 7respectively:

_4PEIT (- qp P—L oswr - ginor  (8.4.29)
T
p=dK (sow—m) sinoor — £ (8.4.30)
a) w T

=—(500° —gp + f)cos T + Clg sin Wt (8.4.31)

Multiplying equation (8.4.29) by K and substituting notation (8.4.4), we
determine the maximum force R, thatis applied to the elastic link:

Ry = mlg(p+ 1) = f + (500’ —qp+f)cosan—ﬂsinw’r]
T

(8.4.32)

The stress analysis of the link could be based on the force according
to equation (8.4.32).

8.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (8.4.33)

Solving differential equation of motion (8.4.1) with the initial condi-
tions of motion (8.4.33), we obtain:

qp‘zf | S cosar— E Gnwr (8.4.34)

(0] T w® 0’

X =

The first and second derivatives of equation (8.4.34) represent the
velocity and the acceleration respectively:
dx _ i  9p=] 9L (8.4.35)

dt 1’ 1) )

2
d_x =(gp— f)coswt +-—— I Gin o (8.4.36)
ar’ T
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Substituting the time 7 into equations (8.4.34), (8.4.35), and
(8.4.36), we determine the values of the displacement s, the veloc-
ity v, and the acceleration a at the end of the predetermined time
respectively:

gz 4PEI=T _4P—T s Ghor  (8.437)
0] ) (0
V= q_,th + M Sin Wt — q_,uz coswT (8.4.38)
0] 0] ()
_ qu .
a=(qgp— f)coswT +—sinwT (8.4.39)
T

Multiplying equation (8.4.37) by K and substituting notation (8.4.4),
we calculate the maximum force R, applied to the elastic link:

Ry = mlq(p+ 1)~ f —(gp— fcos ot — I sinwr]

T
(8.4.40)

The stress calculations of the link could be based on the force ac-
cording to equation (8.4.40).

8.5 Constant Force R and Harmonic force 4 sin(w,z + 1)

Guiding Table 2.1 indicates that this section focuses on engineer-
ing systems experiencing the action of the force of inertia, the stiffness
force, and the friction force as the resisting forces (Row 8) and the sum
of the constant active force and the harmonic force as the active forces
(Column 5). The problem described in this section could be associated
with a vibratory system intended for interaction with an elastoplastic
or a viscoelastoplastic medium that exerts stiffness and friction forces
as the reaction to deformation (see section 1.2 for more information re-
lated to the deformation of these media and to the behavior of a friction
force applied to a vibratory system). This problem could be associated
with an engineering system interacting with a specific elastic link.

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion. Figure 8.5 shows the
model of a system subjected to the action of a constant active force,
a harmonic force, a stiffness force, and a friction force.
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m
R
- K
Asin(w,t + 2) —/\/\/—E
)
X
7 7 >

Figure 8.5 Model of a system subjected to a constant active
force, a harmonic force, a stiffness force, and a friction force

With the considerations above and the model shown in Figure
8.5, we can compose the left and right sides of the differential equa-
tion of motion of the system. The left side consists of the force of
inertia, the stiffness force, and the friction force, while the right side
includes the constant active force and the harmonic force. Thus, the
differential equation of motion reads:
2

d )
md—;+Kx+F = R+ Asin(@, + 1) (8.5.1)
The differential equation of motion (8.5.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

8.5.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; d_x =, (8.5.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function in equation (8.5.1) and
dividing the latter by m , we may write:

d*x ) .
F+w2x+f: r+asinwtcosA+acosw;tsinA (8.5.3)
t
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where @ is the natural frequency of the system and:

| >

= 8.54)
m

f= £ (8.5.5)
m

r= R (8.5.6)
m

a= 4 (8.5.7)
m

In order to convert differential equation of motion (8.5.3) with
the initial conditions of motion (8.5.2) from the time domain into
the Laplace domain, we use Laplace Transform Pairs 3, 5, 1, 6, and
7 from Table 1.1. The resulting algebraic equation of motion in the
Laplace domain reads:

) ) 5 amw,l al*> .
Px(D)=lvy=Uso+ 0 x()+ f =r+——— cos A +——— sinl
"+ w; + w;

(8.5.8)

Transforming equation (8.5.8), we may write:

! 2
x(DNP+@*)=r— f+1lvy+17sy + lza+1 > cos A+ 2al = sin A

a)l l + CO]
8.5.9)

Solving equation (8.5.9) for the Laplace domain displacement x(/),
we have:

- f ZVO ZZS()

x()= 4 + +
T Pre’ P+e’ P+o’
law, I’a

sin A

A+
CroC+od) T Crao P +0))
(8.5.10)
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Using pairs 1, 14, 5, 6, 7, 33, and 34 from Table 1.1, we invert equa-
tion (8.5.10) and obtain the solution of differential equation of mo-
tion (8.5.1) with the initial conditions of motion (8.5.2):

r— Vo .
X = —zf(l—cosa)t)+isma)t+s0 cos wt
() (0

a(wsin,t — w, sinwt)cosA  a(cosw,f —cosmt)sin A
+ bl + BRaLl (8.5.11)
oo —w;) W —w;

Taking the first and second derivatives of equation (8.5.11),
we determine the velocity and the acceleration of the system
respectively:

dx r—f . .
—= sin @t + vy cos Wt — s, Sin Wt
dt 0]
N aw,(cosw,t —coswt)cosA  a(w, sinw,t —wsinwt)sin A
0’ -o! 0’ -o!
(8.5.12)
d’x ) )
F = (r— f)coswt — v, Sin Wt — ®~s, cos Wt
t
am, (o, sinw,t — o sinwt)cos A
0’ — o}
a(w; cosw,t — > cosmt)sin A
- > . (8.5.13)
0 —o;
8.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx
for =0 x=0; m =, (8.5.14)
t

Solving differential equation of motion (8.5.1) with the initial condi-
tions of motion (8.5.14), we have:

a(w sin @t — o, sinwt)cos A
w(w® —w))

r— Vo .
xX= f(l—cosa)t)+—osma)t+
w w

2

N a(cosw,t —cosmt)sin A
0’ — o/

(8.5.15)
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Taking the first derivative of the equation (8.5.15), we obtain the
velocity:
dx _r—f
A o
a(o, sinw,t — o sinwt)sin A
- 0’ -}

am; (cos,f — cos@r)cos A
o’ — o}

sin Wt + v, cos wt +

(8.5.16)

The second derivative of the equation (8.5.15) represents the
acceleration:

d? )
If =(r— f)coswt — wv, sinwt
_ aw, (o, sinwt — @ sin wt)cos A
0’ — o}
2 2 .
a(; cost —m~ coswt)sin A
G — ) (8.5.17)
0 —o;
8.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d
for =0 x=s. d—f -0 (8.5.18)

The solution of differential equation of motion (8.5.1) with the initial
conditions of motion (8.5.18) reads:

r—f a(wsinw,t — o, sinwt)cos A
x= (1—coswt)+ s, coswt + > >
® o(w” —o;)

2

N a(cosw,t —cost)sin A
®> -]

(8.5.19)

The first derivative of equation (8.5.19) represents the velocity:
dx _r—f
&t
a(m, sinw,f — o sinwt)sin A
B 0’ — o}

am, (cos w,f —cos@t)cos A
o’ — !

sin Wt — ws, Sin Wt +

(8.5.20)
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Taking the second derivative of equation (8.5.19), we determine the
acceleration:

2
% =(r— f)coswt —@"s, cos wt
_ aw, (@, sinwt — @ sin wt)cos A
0’ -}
a(®; cosw,t — > cost)sin A
- 3 > (8.5.21)
0 —®;
8.5.4 Both the Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; % =0 (8.5.22)

The solution of differential equation motion of (8.5.1) with the ini-
tial conditions of motion (8.5.22) reads:

r— a(sinw,t — @, sin®t)cos A
= zf(l—cosa)t)+ ( l > 1 > )
[0) (" —wy)

X

N a(cosw,t —coswt)sin A
0’ —o;

(8.5.23)

Taking the first and second derivatives of equation (8.5.23), we de-
termine the velocity and the acceleration respectively:

dx r—f . am,; (cos @, — cos@t)cos A
—=——-sinwt + —
dt 0] 0 —o;
a(w, sin,t — w sin wt)sin A
- — (8.5.24)
0 —o;
d’x aw, (o, sinw,t — @ sin wt)cos A
— =(r—f)coswr - 1 — )
dt 0" —;
a(w; cosw,t —m* coswt)sin A (8.5.25)

o’ — o}
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8.6 Harmonic Force A sin(@,¢ + 1) and Time-Dependent Force

Q(p+4)

This section describes engineering problems characterized by
the force of inertia, the stiffness force, and the friction force as the
resisting forces (Row 8 in Guiding Table 2.1) and the sum of the
harmonic force and the time-dependent force as the active forces
(Column 6). The current problems could be associated with the work-
ing processes of vibratory systems that interact with elastoplastic or
viscoelastoplastic media. Sometimes during the initial phase of the
working process, it is reasonable to apply a time-dependent force
that acts for a limited interval of time. The media exert stiffness and
friction forces as a reaction to their deformation (see section 1.2 for
more information regarding the deformation of the media and the
behavior of the friction force applied to a vibratory system). These
problems could be related to the interaction of an engineering sys-
tem with a specific elastic link.

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion. Figure 8.6 shows the
model of a system that is subjected to the action of the harmonic
force, the time-dependent force, the stiffness force, and the friction
force.

With the considerations above and the model in Figure 8.6,
we can compose the left and right sides of the differential equation

Asin(wqt + 2) m
— K
£ —/\/\/‘E
Qlp + T)
> X
7 77/ >
F

Figure 8.6 Model of a system subjected to a harmonic force, a
time-dependent force, a stiffness force, and a friction force
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of motion. The left side consists of the force of inertia, the stiffness
force, and the friction force. The right side includes the harmonic
force and the time-dependent force. Hence, the differential equation
of motion reads:

2

m%Jr K+ F=Asin@i+)+0p+2y  (8.6.0)
T

Differential equation of motion (8.6.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

8.6.1 General Initial Conditions
The general initial conditions of motion are:
dx

—= 8.6.2
dr Vo ( )

for =0 x=s;
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming equation (8.6.1), we write:

d’ t . .
m—f+Kx+F:Qp+Q‘u7 + Asinw,fcos A+ Acosw,fsin A

(8.6.3)

Dividing equation (8.6.3) by m , we have:

2

d—§+w2x+f = qp+q‘u—t + asinw,tcos A+ acos@,tsin A
t T
8.6.4)
where @ is the natural frequency of the system and:
2 K
0" =— (8.6.5)
m
F
f=— (8.6.6)
m
q= Q (8.6.7)
m
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a=— (8.6.8)
m
Using Laplace Transform Pairs 3, 5, 1, 2, 6, and 7 from Table
1.1, we convert the differential equation of motion (8.6.4) with the
initial conditions of motion (8.6.2) from the time domain into the
Laplace domain. The resulting algebraic equation of motion in
Laplace domain reads:

Px(l)— vy — sy + 0 x() + f = gp+ %
T
2
2a 112 osA+— >~ sin A
"+ w; + w;
(8.6.9)

Solving equation (8.6.9) for the Laplace domain displacement x(/),
we may write:

I*sy gp—f qH
o '+’ P+’ tl(*+o?)

x(D)=
+

law, I*a
2 2 2 2 COS)“+ 2 2 2 2
F+o)(I"+ow;) F+o)(I"+w;)

sinA  (8.6.10)

Based on pairs 1, 6,7, 14, 16, 33, and 34 from Table 1.1, we invert equa-
tion (8.6.10) from the Laplace domain into the time domain. The inver-
sion represents the solution of differential equation of motion (8.6.1)
with the initial conditions of motion (8.6.2). Thus, we may write:

Vo . - I .
x:—0s1na)t+s0cosa)t+w —coswt)+— i > (t — —sinr)
0] 0] ™’ 0}
N a(wsinw,t — o, sinwt)cos A a(cos Wt — coswt)sin A
o(w’ - o) o’ -
(8.6.11)

Taking the first and second derivatives of equation (8.6.11),
we determine the velocity and the acceleration of the system
respectively:
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dx . -
— = —5, Sin Wt + v, cos Wt + Msma)t + = q/J q,u2 cos wt
dt w O )
N am,(cosw,t —cosmr)cosA  a(w, sinw,t — wsinwt)sin A
0’ — o} 0’ — o}
(8.6.12)
d’x ) .
— = —S5oM> COS Wt — Vo Sin Wt + (gp— f)coswt + ﬂsm wt
dt TW
am, (o, sinw,f — @ sinwt)cos A
o’ -}
a(®; cos @t — > cost)sin A 8613
P (8.6.13)
8.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx
fort=0 x=0; d—zvo (8.6.14)
t

Solving differential equation of motion (8.6.1) with the initial condi-
tions of motion (8.6.14), we have:

Vo .
x=—2sin @t + 15— qp f
0]
N a(wsinw,t — o, sinwt)cos A a(cos ,t —coswt)sin A

w(@® —w}) o’ -
(8.6.15)

The first and second derivatives of equation (8.6.15) represent the
velocity and the acceleration of the system respectively:

dx -
—=vocosa)t+qp fsma)t+ q,u q‘u2 cos wt
dt w W Tw
N am,(cosw,t —coswt)cosA  a(w, sinw,t — wsinwt)sin A
o’ -] w0’ —w!

(8.6.16)
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d’ ) )
—f = —V@ sin Wt + (qp—f)cosa)t+ﬂs1na)t
dt (0]
_ aw, (@, sin@,f — ®sin®r)cos A
o’ -}
2 2 .
a(w; cosw,t — o~ coswt)sin A
_ @i — ) (8.6.17)
0 — o,
8.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d
for t=0 x=s. d—’;:o (8.6.18)

The solution of the differential equation of motion (8.6.1) with the
initial conditions of motion (8.6.18) reads:

— 1 .
X =5,coswt + ar > f (1—-coswt) + q,uz (t——sinwt)
0] T w
N a(wsinw,t — o, sinwt)cos A N a(cosw,t —cost)sin A
w(@® — o)) 0’ -}

(8.6.19)

Taking the first and second derivatives of equation (8.6.19), we
determine the velocity and acceleration respectively:

dx ) -/ .
— = —s§,@ sinwt + Msma)t + q—‘uzcos ot
dt w (0
N am,(cosw,t —cos@r)cosA  a(w, sinw,f — @ sinwt)sin A
0’ — o} o’ — o}
(8.6.20)
d’x .
— = —500° cost + (gp — f)coswt + ﬂsma)t
dt T
am, (e, sinw,t — @ sinwt)cos A
o’ —w!
a(®; cosw,t —m* cos wt)sin A
_ (8.6.21)

0’ — o}
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8.6.4 Both the Displacement and Velocity Equal Zero
The initial conditions of motion are:
for =0 x=0; d_x =0 (8.6.22)
dt
Solving differential equation of motion equation (8.6.1) with the
initial conditions of motion (8.6.22), we obtain:

— 1 .
xX= P > f (1—coswt)+ q‘u2 (t ——sinwt)
(0] w
N a(wsinw,f — o, sinwt)cos A N a(cosw,t —cosmt)sin A

w(@® - w}) 0’ — o}
(8.6.23)

Taking the first and second derivatives of equation (8.6.23), we
determine the velocity and the acceleration of the system respectively:

dx —f .
—=Msmwt+ q,uz - q,uz cos Wt
dt w T~ T
N aw,(cosw,t —coswt)cosA  a(w, sinw,t —wsinwt)sin A
0’ —o! 0’ -o!
(8.6.24)
d’x .
— = (qp—f)cosa)t+ﬂsmwt
dt T
a,(w, sinw,t — @ sin wt)cos A
0’ -o!
a(®; cosw,t —®* cos wt)sin A
_ (8.6.25)

0’ — o}



STIFFNESS AND CONSTANT
RESISTANCE

This chapter contains descriptions of engineering systems
subjected to the action of the force of inertia, the stiffness force,
and the constant resisting force as the resisting forces. These forces
are marked with a plus sign (+) in Row 9 of Guiding Table 2.1. The
left sides of the differential equations of motion of all the systems
described in this chapter are identical, consisting of these three re-
sisting forces. However, the right sides of the differential equations
of motion have different active forces, as indicated in Columns 1
through 6. The individual sections in this chapter reflect the charac-
teristics of the active forces involved in the particular problem.

The problems described in this chapter could be related to the
working processes of engineering systems intended to interact with
some elastoplastic or viscoelastoplastic media that simultaneously
exert stiffness and constant resisting forces as their reaction to re-
sidual deformations with strain-strengthening. Sometimes the inter-
action process of the system with the media consists of loading and

259
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unloading stages that occur during the vibratory motion of the sys-
tem. The first half of the vibratory cycle represents the loading stage
characterized by the stiffness and constant resisting forces. During
the unloading stage, the constant resisting force disappears and the
differential equation of motion becomes invalid for this stage. More
information regarding the deformation of these media and the be-
havior of a constant resisting force applied to a vibratory system are
described in section 1.2.

9.1 Active Force Equals Zero

As indicated by Guiding Table 2.1, this section describes the
problems associated with the force of inertia, the stiffness force, and
the constant resisting force as the resisting forces (Row 9), but also
when the active force equals zero (Column 1). (The principles as-
sociated with the motion of a system in the absence of active forces
are discussed in section 1.3.)

The current problem could be associated with the interaction
of a system with elastoplastic or viscoelastoplastic media featuring
plastic deformation with strain-strengthening and exerting simulta-
neously a stiffness force and a constant resisting force. This problem
could also be related to the interaction of a system with a specific
elastic link. At the end of the deformation process, the system may
begin to move backward due to the elasticity of the media or the
elastic link performing a vibratory cycle. Additional information re-
lated to the deformation of the media mentioned above and to the
behavior of a constant resisting force applied to a vibratory system
is described in section 1.2.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, their extreme values, and
the characteristics of the forces applied to the elastic link. Figure 9.1
shows the model of a system subjected to the action of a stiffness
force and a constant resisting force.

The considerations above and the model in Figure 9.1 let us
compose the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the stiffness force,
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Figure 9.1 Model of a system subjected to a stiffness force and
a constant resisting force

and the constant resisting force, while the right side equals zero.
Hence, the differential equation of motion reads:
2

m‘;Tf+Kx+P:o (9.1.1)

Differential equation of motion (9.1.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

9.1.1 General Initial Conditions
The general initial conditions of motion are:
d
for t=0 x=s; @ Vo 9.1.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (9.1.1) by m, we may write:

2

0+ p=0 (9.1.3)
P p 1.
where ® is the natural frequency of the vibratory system and:
=5 9.1.4)
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p=— 9.1.5)
m
Using Laplace Transform Pairs 3, 1, and 5 from Table 1.1,
we convert differential equation of motion (9.1.3) with the initial
conditions of motion (9.1.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)=lvog—sy+0’x(1)+p=0 (9.1.6)
Solving equation (9.1.6) for the displacement x(/) in the Laplace
domain, we have:
lV() lZSO P

l)= + — 9.1.7
x(0) P+o® P+’ PP+o’ ( )

In order to invert equation (9.1.7) from the Laplace domain into the
time domain, we use pairs 1, 5, 6, 7, and 14 from Table 1.1. The
inversion represents the solution of differential equation of motion
(9.1.1) with the initial conditions of motion (9.1.2):

xX= V—Osin t + 5, COS Wt — %(1 —cosmwt) (9.1.8)
0] (0]
To simplify the analysis of equation (9.1.8), we apply some
algebraic procedures to the coefficients at the trigonometric func-
tions. Hence, we may write:

(500 + p)° Vo’ =1
(o> + p)2 +vi@°  (so0° + p)2 +vow®
= (sina)” + (cos )’ 9.1.9)
where:
2
sino = So® TP (9.1.10)
\/(soa)2 + p)2 +viw®
cosa = Yo® (9.1.11)

\/(soa)2 + p)2 +viw?
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Combining equations (9.1.10) and (9.1.11) with equation (9.1.8),
we have:

1 ) .
x= ?[\/(soa)2 +p) +viw’ (sinwtcosa +coswrsinor) — p]

9.1.12)

Therefore, we may rewrite equation (9.1.12) in the following shape:

1
x=5ﬂJ®wf+pY+%w%mmn+mpp] (9.1.13)

The first and second derivatives of equation (9.1.13) represent
the velocity and acceleration of the system respectively:

% = i\/(Sow2 +p)’ + v’ cos(wt + @) (9.1.14)
0]

d’x 2 2. 2. 2.

di = _\/(SOCU + p)” +vo@” sin(wt + o) 9.1.15)

According to equation (9.1.14), the velocity becomes equal zero at
the moment of time when:

coswt =0 (9.1.16)

and, consequently:
sin(wt + o) ==1 9.1.17)

Combining equations (9.1.13) and (9.1.15) with equation
(9.1.17), we determine the extreme values of the displacement s,
and the acceleration a,  respectively:

2

Sext = iri[\/(s@w2 +p) +viw’ - pl (9.1.18)
()]

oy = £(500° + p) + 00 (9.1.19)

Multiplying equation (9.1.18) by K and substituting notations (9.1.4)
and (9.1.5), we calculate the extreme values of the forces applied to
the elastic link R, :

R, = HJ(Ks, + P)* + mKvi — p] (9.1.20)
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According to equation (9.1.20), the link is subjected to a com-
pletely reversed loading cycle where the maximum and minimum
forces are:

Ryue = (Ksy + P)’ +mKv; — P (9.1.21)

Rmin = _Rmax

The stress calculations of the link should include fatigue consider-
ations.

9.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

d.
for 1=0 x=0; —=v, 9.1.22)
dt
The solution of differential equation of motion (9.1.1) with the initial

conditions of motion (9.1.22) reads:

x=—2sinwt — L (1- cosor) (9.1.23)
0] 0

Applying to equation (9.1.23) the same procedures as in the previous
case, we write:

_ww’+p’

X=-————(sinmrcosq,; +coswrsin ;) — % (9.1.24)
)
where
sing = —2 (9.1.25)
Vo’ + p*
cosqy = ——22 (9.1.26)
vow® + p’

Equation (9.1.24) may be transformed into the following shape:

1
x=— v’ + p’ sin(wt +0,)— p] (9.1.27)
[0)]
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The first derivative of equation (9.1.27) represents the velocity of

the system:
dx Jvow® + p’

—= cos(wr+a) (9.1.28)
dt w

Taking the second derivative of equation (9.1.27), we determine the

acceleration:
2
‘;Tf — 20’ + p sin(or+ o) (9.1.29)

Equation (9.1.28) shows that the velocity becomes equal to zero at

the moment when:
cos(wt+o,)=0 (9.1.30)

and, consequently, at this moment of time we have:
sin(wt + o) = 1 (9.1.31)
Combining equations (9.1.27) and (9.1.29) with equation

(9.1.31), we calculate for this case the extreme values of the dis-
placement and acceleration respectively:

S = #[\/vng +p*> —pl (9.1.32)
Aoyt = i[_ \ ngz + pz] (9.1.33)

Multiplying equation (9.1.32) by K and substituting notations (9.1.4)
and (9.1.5), we determine the values of the forces R, applied to the
elastic link:

ext

R. = t[\JmKv; + P* = P] (9.1.34)
The link is subjected to a completely reversed loading cycle having:

R, = JmKVE + P — P (9.1.35)

Rmin = _Rmax

The stress analysis of the link should be based on fatigue calculations.
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9.1.3 Initial Velocity Equals Zero

The model in Figure 9.1 shows that the system moves in the
positive direction. This implies that in this case the initial displace-
ment is negative. Therefore, the initial conditions of motion are:

dx _
dt
Consequently, in equation (9.1.6) the term ’s, should be taken with

the positive sign. The solution of differential equation of motion
(9.1.1) with the initial conditions of motion (9.1.36) reads:

for t=0 x=-s; 0 (9.1.36)

x =—s, cosf — (1= cos r) (9.1.37)
(0]
Applying basic algebra to equation (9.1.37), we may write:
1
x= E[(—so(o2 + p)coswt — p] (9.1.38)

The first and second derivatives of the equation (9.1.38) represent
the velocity and the acceleration of the system respectively:

dx 1

= 5(soa)2 — p)sinwt (9.1.39)
dzx 2
? = (S()a) — p) coswt (9'1'40)

According to equation (9.1.39), the velocity becomes equal to zero
at the moment when sin @t = 0 . For this moment of time, we take:

coswt ==1 (9.1.41)
Combining equation (9.1.41) with equations (9.1.38) and

(9.1.40), we determine the extreme values of the displacement S, ,
and acceleration a,, respectively:

1 2
Sew =7 [(=s00” + p)(£D)— p] (9.1.42)

Apy = H(500° = p) (9.1.43)
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Multiplying equation (9.1.42) by K and substituting notations (9.1.4)
and (9.1.5), we calculate the maximum and minimum values of the
force applied to the elastic link:

R,.. = Ksy—2P (9.1.44)

Rmin = _KSO (9.1.45)

The link is subjected to a random loading cycle, and the stress
analysis should include fatigue considerations.

9.2 Constant Force R

This section represents the intersection of Row 9 and Column 2
in Guiding Table 2.1. As such, it describes engineering systems sub-
jected to the action of the force of inertia, stiffness force, and a constant
resisting force as the resisting forces, and to a constant active force.

The current problem could be related to the working process
of systems intended for the interaction with elastoplastic or vis-
coelastoplastic media characterized by plastic deformations with
strain-strengthening (see section 1.2 for more information regarding
the deformation of the media and the behavior of a constant resist-
ing force applied to a vibratory system). This problem could be also
associated with a system that interacts with a certain specific elastic
link. Due to the elasticity of the media or the elastic link, the system
may perform a cycle of vibratory motion.

The system 1s moving in the horizontal direction. We want to
determine the basic parameters of motion, their extreme values, and
the characteristics of the forces applied to the elastic link. Figure 9.2
shows the model of a system subjected to the action of a constant
active force, a stiffness force, and a constant resisting force.

The considerations above and the model in Figure 9.2 let us com-
pose the left and the right sides of the differential equation of motion
of this system. The left side consists of the force of inertia, the stiffness
force, and the constant resisting force. The right side consists of the con-
stant active force. Therefore, the differential equation of motion reads:

2

m‘;TerKHP:R (9.2.1)
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Figure 9.2 Model of a system subjected to a constant active
force, a stiffness force, and a constant resisting force

Differential equation of motion (9.2.1) has different solutions
for various initial conditions of motion. These solutions and their

analyses are presented below.

9.2.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=sg; a’_x =, 9.2.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (9.2.1) by m, we have:
2
X ot p=r 9.2.3)

dt*

where o is the natural frequency of the system and:

=5 9.2.4)
m

=L (9.2.5)
m

r=X (9.2.6)
m
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Using Laplace Transform Pairs 3, 1, and 5 from Table 1.1, we
convert equation (9.2.3) with the initial conditions of motion (9.2.2)
from the time domain into the Laplace domain. The resulting alge-
braic equation of motion in the Laplace domain reads:

Px(l)=lvy—Pso+0’x()+p=r 9.2.7)

The solution of equation (9.2.7) for the displacement x(/) in Laplace
domain reads:

r—p lV() IZS()
l)= + + 9.2.8
x() P+w* PP+’ P+o° ( )

Using pairs 1, 5, 14, 6, and 7 from Table 1.1, we invert equation
(9.2.8) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (9.2.1) with the initial
conditions of motion (9.2.2):

r=p

Vo .
x=——(l-coswr)+ “Lsin ot + s, cos wf (9.2.9)
0] w

Applying conventional algebraic procedures to equation (9.2.9), we
have:

- 1
x=" zp +—[vwsinwr—(r— p—s,w’)coswr]  (9.2.10)
0

Performing some appropriate algebraic actions with the coeffi-
cients of the trigonometric functions, we compose the following
expression:

(r—p=s0’y Vw?
(r—p—s,0°)Y +viw> (r—p—s0°) +vio’
=1=(sinf8)’ +(cos B)’ (9.2.11)
where:
_ _ 2
sinf=——— P~ 5H0 (9.2.12)
\/(r -p- so0%) +viw?
cos B = Yo® (9.2.13)

r—p—s,0°) +viw*
P
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Combining equations (9.2.12) and (9.2.13) with equation (9.2.10),
we write:

x="Ly % Jr = p—s00*)* + viw* sin(@r — B)] (9.2.14)
w [0

The first and second derivatives of equation (9.2.14) represent
the velocity and the acceleration of the system respectively:

& i\/(”— p—500°) +viw® cos(wt— ) (9.2.15)
dt o

2
% =—J(r= p—s50>) +viw’ sin(wt—B)  (9.2.16)

Equation (9.2.15) shows that the velocity becomes equal to zero at
the moment when:

cos(wr—B)=0 (9.2.17)

and, consequently, at this moment we have:

sin(wt — ) =1 (9.2.18)

Combining equations (9.2.4 and (9.2.16) with equation
(9.2.18), we determine the extreme values of the displacement s
and acceleration a, _ respectively:

max

—p 1
Snax = —L b —J(r = p— 50V + 0> (9.2.19)
(0] (0]

e = = \(F = p = 5007 + 120" (9.2.20)

Multiplying equation (9.2.29) by K and substituting notations
(9.2.4), (9.2.5), and (9.2.6), we calculate the maximum value of the
force R, applied to the elastic link:

max

Ryw =R—P++J(R—P—Ks,)* + mKv} (9.2.21)
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Itisreasonable to consider that the system is subjected to acompletely
reversed loading cycle having the minimum force R, :

Rmin = Rmax (9.2.22)

The stress analysis of the link should include fatigue considerations.

9.2.2 Initial Displacement Equals Zero

for t=0 x=0; % =V (9.2.23)

Solving differential equation of motion (9.2.1) with the initial
conditions of motion (9.2.23), we may write:

v —

x=""La-coswr)+-Lsinwr (9.2.24)
() ()

Applying the appropriate transformations to equation (9.2.24), we
have:
r-p

a)2

x= + LZ [vow sin wt — (r — p) cos wt] (9.2.25)
w

Based on similar procedures as in the previous case, we present
equation (9.2.25) in the following shape:

x= é[r+ \/(r —p) + v sin(wt - )] (9.2.26)

where:

) r=p
sin 8, =— (9.2.27)
- e’

Vo

cosf3 = (9.2.28)
J

(r—p)’ +vow’
Taking the first and second derivatives of equation (9.2.26),
we determine the velocity and acceleration respectively:

dx 1 2 2.2 _
E B 5\/(1’ —p) +vi0° cos(wt— ) (9.2.29)
= py v sin(@r-B) (9.2.30)

dt*
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Equation (9.2.29) shows that at the moment when cos(wt— f3,) =0,
the velocity equals zero. Consequently, at this moment, we have:

sin(wt — B) =1 (9.2.31)

Combining equation (9.2.31) with the equations (9.2.26) and
(9.2.30), we determine the maximum values of the displacement s,
and the acceleration a,,, respectively:

Smax = %[H \/(r— P +viw*] (9.2.32)
w

par = —(F = P)* + V3 (9.2.33)

Multiplying equation (9.2.32) by K and substituting notations
(9.2.4), (9.2.5) and (9.2.6), we calculate the maximum value of the
force R, applied to the elastic link:

max

Ry = R+(R= P)* + mKv} (9.2.34)

As in the previous case, it is accepted that the link is subjected to a
completely reversed loading cycle having:

Rmin = _Rmax

The stress analysis of the link should include fatigue calculations.

9.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d
for r=0 x=sp; ==0 (9.2.35)
dt
The solution of differential equation of motion (9.2.1) with the initial
conditions of motion (9.2.35) reads:
- 1
x=L_ (- p-sw*)coswr (9.2.36)
w

(1)2
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The first and second derivatives of equation (9.2.36) represent the
velocity and acceleration respectively:

1

% =—(r—p—so0°)sinwt (9.2.37)
(0]

dz.x D)

e (r—p—so®”)coswt (9.2.38)

Equation (9.2.37) shows that the velocity becomes equal to zero at
the moment when sin @t = 0, and, consequently, at this moment of
time we have:

coswt=—1 (9.2.39)

Combining equation (9.2.39) with equations (9.2.36) and
(9.2.38), we obtain the maximum values of the displacement s
and acceleration a,,, respectively:

_2(r=p)

Smaxr = > So (9.2.40)
(0]

max

Aoy =—(r—p— So®”) 9.2.41)

Multiplying equation (9.2.40) by K and substituting notations
(9.2.4), (9.2.5) and (9.2.6), we calculate the maximum value of the
force R, applied to the elastic link:

Rywe = 2(R—P)—Ks, (9.2.42)

It is accepted that the stress analysis of the link is based on a com-
pletely reversed loading cycle having:
Rmax = _Rmin

The stress calculations of the link should include fatigue consider-
ations.
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9.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; ﬂ =0 (9.2.43)
dt
Solving differential equation of motion (9.2.1) with the initial condi-
tions of motion (9.2.43), we may write:

x=""La-cosor) (9.2.44)
0]
The first derivative of equation (9.2.44) represents the velocity:
d -
S Pinan (9.2.45)
dt [0

Taking the second derivative of equation (9.2. 44), we determine the
acceleration:
d2
£ = (r-p)cosar (9.2.46)
dt
According to equation (9.2.45), the velocity becomes equal to zero
when sinwt = 0. In this case, we have:

coswt =—1 9.2.47)

Combining equation (9.2.47) with equations (9.2.44) and
(9.2.46), we obtain the maximum values of the displacement s,
and acceleration a,,_respectively:

_20r=p)

Sy = —— (9.2.48)
[0

Apax =—(r—p) (9.2.49)

Multiplying equation (9.2.48) by K and substituting notations
(9.2.4), (9.2.5) and (9.2.6), we calculate the maximum value of the
force R, applied to the elastic link:

R, =2(R-P) (9.2.50)
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For the stress calculations of the link, it is justifiable to assume that
the system is subjected to a completely reversed loading cycle for
which the minimum force is:

R =-R

min max

The stress analysis of the link should include fatigue considerations.

9.3 Harmonic Force A sin(o,t+ A1)

The intersection of Row 9 and Column 3 in Guiding Table
2.1 indicates that the engineering systems described in this section
are subjected to the action of the force of inertia, the stiffness force,
and the constant resisting force as the resisting forces, and to the
harmonic force as the active force.

The current problem could be associated with vibratory sys-
tems intended for interaction with elastoplastic or viscoelastoplastic
media that feature strain-strengthening during the phase of plastic
deformation. These media simultaneously exert stiffness and con-
stant resisting forces as a reaction to the deformation (see section
1.2 for more information regarding the deformation of the media
and the behavior of a constant resisting force applied to a vibratory
system).

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion. Figure 9.3 shows the
model of a system subjected to the action of a harmonic force, stift-
ness force, and a constant resisting force.

Based on the considerations above and the model in Figure 9.3,
we can assemble the left and right sides of the differential equation
of motion. The left side consists of the force of inertia, the stiffness
force, and the constant resisting force, while the right side consists
of the harmonic force. Thus, the equation reads:

2

m% + Kx+ P = Asin(o,f + ) 9.3.1)

Differential equation of motion (9.3.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.
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9.3.1 General Initial Conditions
The general initial conditions of motion are:
for t=0 x=s; d_x = 9.3.2)
dt

where s, and v, are the initial displacement and initial velocity

respectively.
Transforming the sinusoidal function in equation (9.3.1) and

dividing this equation by m, we have:

d*x ) .
—+®°x+ p=asinoitcos L +acoswisin A 9.3.3)

where ® is the natural frequency of the system and:

=X 9.3.4)
m

p=L (9.3.5)
m

a=2 (9.3.6)
m

Using Laplace Transform Pairs 3, 5, 1, 6, and 7 from Table 1.1,
we convert differential equation of motion (9.3.3) with the initial

m

Asin(w t+ 1) _/\/\/—E

v

Figure 9.3 Model of a system subjected to a harmonic force, a
stiffness force and a constant resisting force
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conditions of motion (9.3.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

2

sin A

9.3.7)

o
Px(l)=Ivy=Psy+@’x(I)+ p= I + o cosAt + 0!

Applying appropriate algebraic actions to equation (9.3.7), we have:

2

COSA+ ZL sinA  (9.3.8)
I"'+w

2
1

awll
I* + !

x(l)(l2 +a)2) =1y, +lzs0 -p+

Solving equation (9.3.8) for the Laplace domain displacement x(/),
we may write:

lV() IZSQ p laa)l
l)= + - + cos A
x(1) P+ro’ P+’ P+o* C+o>)*+o))
Ia
+ 2 2 2 2
F+o° )" +wy)
Based on pairs 1, 5, 6, 7, 14, 33, and 34 from Table 1.1, we invert
equation (9.3.9) from the Laplace domain into the time domain and

obtain the solution of differential equation of motion (9.3.1) with the
initial conditions of motion (9.3.2):

sin A 9.3.9)

Vo .
x=—2sinot+ s, cosa)t—%(l—coswt)
w 0]

N a(wsinw,t — , sinwt)cos A N a(cosm,t —cost)sin A
(> —o;) 0’ -}

(9.3.10)

The first derivative of equation (9.3.10) represents the velocity of
the system:
dx am, (cosw,t — coswt)cos A

—:vocosa)t—a)sosina)t—ﬁsinwt+ > >
dt w o —o

a(m, sinw,t — o sinwt)sin A
W’ -]

(9.3.11)
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Taking the second derivative of equation (9.3.10), we deter-
mine the acceleration of the system:

d’x ) )
e =—@V, SInW — M5, COSW! — p COS M
_ aw, (@, sinwt — @sin wt)cos A
0’ -}
a(®; cos @t — > cost)sin A
— > > (9.3.12)
0 — o,
9.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d
for =0 x=0; 7); _— (9.3.13)

The solution of differential equation of motion (9.3.1) with the ini-
tial conditions of motion (9.3.13) reads:

Vo . a(wsinw,f — o, sinwt)cos A
x:—osma)t—%(l—cosa)t)+ ( ! > ! > )
0] 0} (W —o;)
N a(cosw,t —cosmt)sin A
o’ — o}

(9.3.14)

Taking the first and second derivatives of the equation (9.3.14),
we determine the velocity and acceleration of the system respec-
tively:

dx p . am,; (cos m,t — cos@t)cos A
— =y, coswt ——sinwt + —
dt w 0" —;
a(o, sinw,t — @ sinwt)sin A
- 2 2 (9.3.15)
0 —w;
d*x . aw, (o, sinm,t — ®sin®t)cos A
—5 = -V, sin@t — pcosmr — —
dt 0 —o;
2 2 -
a(w; cosw,t —m~ cosmt)sin A
_ o ! ) (9.1.16)

o — o}
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9.3.3 Initial Velocity Equals Zero

The initial conditions of motion are:
for =0 x=s; %=0 9.3.17)

Solving differential equation of motion (9.3.1) with the initial condi-
tions of motion (9.3.17), we have:

a(wsin @t — @, sinwt)cos A
o(®* - w})

x:socosa)t—%(l—coswt)+
w

N a(cos;t —coswt)sin A
0 —o;

(9.3.18)

The first derivative of the equation (9.3.18) represents the velocity:

dx ) p . am,; (cos m,f —cos@r)cos A
— = —@s, sinwt ——sin ot + —
dt w 0 —o;
a(w, sinw,t — wsin®t)sin A
_ oo smo — ) (9.3.19)
0 — o,

Taking the second derivative of equation (9.3.18), we obtain the
acceleration:

d*x 5 ) a, (o, sinw,t — @ sin Wt)cos A
— =-S5, COSWf — pSin @t —

2 2 2
dt 0 — o,

a(w; cosw,t —m* coswt)sin A
0’ — o}

(9.3.20)

9.3.4 Both the Initial Displacement and Velocity Equal Zero

The initial conditions of motion are:
dx

forr r=0 x=0, —=0 (9.3.21)
dt

The solution of differential equation of motion (9.3.1) with the initial
conditions of motion (9.3.21) reads:
a(wsinw,f — o, sinwt)cos A

(@’ —w})

x=—£2(1—cosa)t)+
0]

N a(cosw,t —cost)sin A
0 -]

(9.3.22)
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The first derivative of equation (9.3.22) represents the velocity:

dx p . am, (cosw,t — cosmt)cos A
— =—"sinwt + —
dt 0 " —
a(w, sinw,t — wsin®t)sin A
- TR (9.3.23)
0~ —o;

Taking the second derivative of equation (9.3.22), we determine the
acceleration:
d*x aw, (o, sinw,t — @ sin®t)cos A

—— =—pcoswt —
dt* 0’ — o}

a(@; cos @t —m* cost)sin A
0’ —w!

(9.3.24)

9.4 Time-Dependent Force Q( p+ “7’)

The intersection of Row 9 and Column 4 in Guiding Table 2.1
indicates that the engineering systems described in this section are
subjected to the force of inertia, the stiffness force, and the constant
resisting force as the resisting forces and the time-dependent force
as the active force.

The current problem could be related to systems that interact
with elastoplastic or viscoelastoplastic media characterized by plas-
tic deformation with strain-strengthening. During this phase of de-
formation, the media simultaneously exerts stiffness forces and con-
stant resisting forces as the reaction to their deformation (see section
1.2 for more information). This problem also could reflect interaction
of a system with a specific elastic link. Sometimes during the initial
stage of the working process, the system could be subjected to a time-
dependent force that is acting for a predetermined interval of time.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, their values at the end of
this interval of time, and the characteristic of forces applied to the
elastic link. Figure 9.4 shows the model of a system subjected to the
action of a time-dependent force, a stiffness force, and a constant
resisting force.
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Based on the considerations above and the model in Figure 9.4,
we can compose the left and right sides of the differential equation
of motion. Thus, the left side consists of the force of inertia, the stiff-
ness force, and the constant resisting force. The right side consists
of the time-dependent force. Therefore, the differential equation of

motion reads:
2

d
mEE+ Kx+ P=0(p+) 9.4.1)
dt T

Differential equation of motion (9.4.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

9.4.1 General Initial Conditions
The general initial conditions of motion are:

dx
—= 9.4.2
dr Vo ( )

for =0 x=us;
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (9.4.1) by m, we have:

2

d—tf+ o’ x+p=q(p+ ‘u?t) (9.4.3)
m
K
t
o +5 —/\/\/—E
> -,
" x

Figure 9.4 Model of a system subjected to a time-dependent
force, a stiffness force, and a constant resisting force
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where ® is the natural frequency of the system and:

=5 (9.4.4)
m
_P
p=— (9.4.5)
_2
q="— (9.4.6)

Using Laplace Transform Pairs 3, 5, 1, and 2 from Table 1.1,
we convert differential equation of motion (9.4.3) with the initial
conditions of motion (9.4.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px ()= vy —1I*s, +a)2x(l)+p=qp+ql‘u (9.4.7)

T
The solution of equation (9.4.7) for the Laplace domain displace-
ment x(/) reads:

Ivo I’so apP—p qu
. N N (9.4.8)
)= Fre Py I+

Based on pairs 1, 6, 7, 14, and 16 from Table 1.1, we invert equation
(9.4.8) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (9.4.1) with the initial
conditions of motion (9.4.2):

Vo . - 1 .
x=—0s1na)t+socosa)t+qp zp(l—cosa)t)+q—‘u2(t——sma)t)
0] (0 w

(0]
9.4.9)

Applying the appropriate algebraic procedures to equation (9.4.9),
we may write:

x:‘]f)_;p+q—"l§+(s(]—qp_zp)cosa)t+(&—q—‘u3)sina)t
[0 (10 [0 0 T
(9.4.10)
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The first derivative of the equation (9.4.10) represents the
velocity:

dx _ g _

dt 10’

qu
Tw*

0

)sint + (vy — )coswt (9.4.11)

Taking the second derivative of the equation (9.4.10), we de-
termine the acceleration:

2
d—f = —(so0° — qp + p)coswt — (vow — q_,u) sinwt  (9.4.12)
dt T

Substituting the time 7 into equations (9.4.10),(9.4.11),and (9.4.12),
we determine the values of the displacement s, the velocity v, and
the acceleration a at the end of this interval of time respectively :

g=LPTIZD (PP o+ (- T inwr (9.4.13)
w o Tw
v="1E_ (50— P=Pysinwr+ (v, - L) coswr (9.4.14)
w T

a4 = (550> — gp — P)COSOT — (Vo — %‘) sinwr (9.4.15)

Multiplying equation (9.4.13) by the stiffness coefficient K
and substituting notation (9.4.4), we calculate the maximum force
R applied to the elastic link:

max

R =mlg(p+ 1) — p+ (500> —gp + p)cosdT + (vo® — ﬂ)sinwﬂ
TO
(9.4.16)

The stress analysis of the link should be based on the force accord-
ing to equation (9.4.16).

9.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for =0 x=0;, —=v, 9.4.17)
dt
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The solution of differential equation of motion (9.4.1) with
the initial conditions of motion (9.4.17) reads:
- 1
x=2sinor+ L=L (1 - coswr)+ 2L (- sinwr) (9.4.18)
0] 0] TW w

Taking the first derivative of the equation (9.4.18), we determine the
velocity:

d -
—xzq—‘u+qp—psina)t+(vo—
(0]

. ) coswr  (9.4.19)
dt 1Tw (0

2
The second derivative of the equation (9.4.18) represents the
acceleration:

2
d—f =(gp— p)coswt — (Vo — %)sin wt (9.4.20)
dt T
Substituting the interval of time 7 into equations (9.4.18),
(9.4.19), and (9.4.20), we determine the values of the displacement
s, the velocity v, and the acceleration a at the end of the predeter-
mined time 7T respectively:

g= LPTI=P PP o iyr (o I G (9.4.21)
a) ) 0 TO

sin @t + (vy — q,Li )coswT  (9.4.22)
TW

_ 4k, ap=p
T

a=(gp— p)coswr — (vod — %)sinan‘ (9.4.23)

Multiplying equation (9.4.21) by K and substituting notation (9.4.4),
we calculate the maximum force applied to the elastic link:

R, =mlg(p+)— p—(gp— p)cos@T + (Vi — %)sinan]
(9.4.24)

The stress analysis of the link should be based on the force accord-
ing to equation (9.4.24).
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9.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; @ =0 (9.4.25)
dt
The solution of differential equation of motion (9.4.1) with the initial
conditions of motion (9.4.25) reads:
_4pP— (],U _4qp—p
co2 * ’

)coswt — K ——sinwr  (9.4.26)
T

Taking the first and second derivatives of equation (9.4.26), we
determine respectively the velocity and the acceleration:

dx _ qu qgp—p
0]

—=——— (500 — )sinwt —

R coswr  (9.4.27)
dt T Tw*

d2

—f = —(so®> — gp + p)cos Wt + aH
dt T
Substituting the time 7 into equations (9.4.26),(9.4.27), and (9.4.28),
we determine the values of the displacement s, the velocity v, and

the acceleration a at the end of this interval of time respectively:

sin @t (9.4.28)

:q(pﬂ;)—pﬂ% qp PP cos ot —2E sinwr (9.4.29)
D) TW

= a8 (9.4.30)
T
_ 2 g4
a=—(s)0" —qp+ p)cosWT +——sinwT (9.4.31)
T

Multiplying equation (9.4.29) by K and substituting notation (9.4.4),
we determine the maximum force R, applied to the elastic link:

max
Klad SIn T
Ti

9.4.32)

Rwx = ml(q(p+ W)= p + (500> — gp + p) cos T —

The stress analysis of the link should be based on the force according
to equation (9.4.32).
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9.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for =0 x=0; % =0 (9.4.33)

Solving differential equation of motion (9.4.1) with the initial condi-
tions of motion (9.4.33), we obtain:

xX= qp—zp + q,ui - CIP—ZP cosa)t—q—‘Lgsina)t (9.4.34)
(0] TW (0] TW
The first and second derivatives of equation (9.4.34) represent the

velocity and the acceleration respectively:

A PP G- W osor  (9.4.35)
dt  tw ) T
d2X qu .
— =(gp — p)coswt +——sinwt (9.4.36)
dt (0

Substituting the time 7 into equations (9.4.34), (9.4.35), and
(9.4.36), we determine the values of the displacement s, the veloc-
ity v, and the acceleration a at the end of the predetermined time
respectively:

g=4PEI=P _AP—P i M Gnor  (9.437)
In) w T0)
V= q_ét_i_ a-p Sin T — q_,lj Ccos T (9.4.38)
0] 0] (1
_ gt
a=(gp— p)cos®T +——sin@rt (9.4.39)
0]

By multiplying equation (9.4.37) by K and substituting notation
(9.4.4), we calculate the maximum force R, applied to the elastic
link:

R,,m=m[q(pw)—p—(qp—p)cosm—%sinm]
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The stress calculations should be performed based on the force ac-
cording to equation (9.4.39).

9.5 Constant Force R and Harmonic Force 2 sin(@;t+ A)

The intersection of Row 9 and Column 5 in Guiding Table
2.1 indicates that the engineering systems described in this sec-
tion are subjected to the action of the force of inertia, the stiffness
force, and the constant resisting force as the resisting forces, and
to the constant active force and the harmonic force as the active
forces.

The current problem could be related to the working process
of a vibratory system that interacts with an elastoplastic or visco-
elastoplastic medium exhibiting strain-strengthening on the phase of
plastic deformation. During this phase of deformation, the medium
simultaneously exerts a stiffness force and a constant resisting force
(see section 1.2 for more information regarding the deformation of
the media and the behavior of a constant resisting force applied to a
vibratory system).

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion. Figure 9.5 shows the
model of a system subjected to the action of a constant active force,
a harmonic force, a stiffness force, and a constant resisting force.

m

:

Asin(w t + 1)

-
« »

Figure 9.5 Model of a system subjected to a constant active
force, a harmonic force, a stiffness force, and a constant
resisting force
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Based on the considerations above and the model shown in
Figure 9.5, we can compose the left and right sides of the differential
equation of motion of the system. The left side consists of the force
of inertia, the stiffness force, and the constant resisting force, while
the right side includes the constant active force and the harmonic

force. Therefore, the differential equation of motion reads:
2

m%+Kx+P: R+ Asin(w,t+ 1) 9.5.1)

Differential equation of motion (9.5.1) has different solutions for
various initial conditions of motion. These solutions and their analy-
ses are presented below.

9.5.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; a’_x =, (9.5.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function in the equation (9.5.1)
and dividing this equation by m, we may write:
2

X . )
—S+®°x+p=r+asin@rcosA+acoswsind  (9.5.3)
dt

where  is the natural frequency of the system and:

o’ = LS 9.54)
m
P
p=— 9.5.5)
m
R
r=— (9.5.6)
m
A
a=— (9.5.7)
m
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The conversion of differential equation of motion (9.5.3) with
the initial conditions of motion (9.5.2) from the time domain into
the Laplace domain is performed based on Laplace Transform Pairs
3,5, 1,6, and 7 from Table 1.1. The resulting algebraic equation of
motion in the Laplace domain reads:

2
aw,!
> 12 osA+— >
"+ w; + ;

sin A

(9.5.8)

lzx(l)— vy —I*s, +a)2x(l)+p =r+

After transforming equation (9.5.8), we may write:

2
sin A

9.5.9)

l
D@ +®%)=r— p+vy+ sy + —21° cos A+
x(1)( Yy=r—p+lvy+1°s o 1ot

Solving equation (9.5.9) for the Laplace domain displacement (/),
we have:

2
e Ry
F+o° F+o° IF'+o° (C+o)I"+w))
I’a

+
P +0*)(* + o))

sinA (9.5.10)

In order to invert equation (9.5.10) from the Laplace domain
into the time domain we use pairs 1, 14, 5, 6, 7, 33, and 34 from
Table 1.1. The inversion represents the solution of differential
equation of motion (9.5.1) with the initial conditions of motion
(9.5.2):

r— Vo .
xX= 2p (1—cos 1)+ —=sin @t + s, cos Wt
0] w
N a(wsinw,t — o, sinwt)cos A N a(cosw,t —cosmt)sin A
w(@® - o)) 0’ — o}

(9.5.11)
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Taking the first and second derivatives of equation (9.5.11),
we determine the velocity and the acceleration of the system
respectively:

dx r—p . .
—= sin ot + v, cos Wt — s, Sin Wt
dt 0]
| ao (coswt —coswr)cosA  a(w, sinm,t — @ sinwt)sin A
0’ — o} o’ — o}
(9.5.12)
dzx . 2
7= (r—p)coswt — v, sinwt — ®’s, cos wt
a®, (e, sinw,f — @ sinwt)cos A
o’ -}
a(®; cos,t —m* coswt)sin A
- —— (9.5.13)
0" — o,
9.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx
for =0 x=0; m =, (9.5.14)
t

Solving differential equation of motion (9.5.1) with the initial condi-
tions of motion (9.5.14), we have:

a(wsinw,t — o, sinwt)cos A
w(0* —w})

Vo .
x= p(l—cosa)t)+—osma)t+
w

a)Z
N a(cosw,t —cost)sin A
0’ — o}

(9.5.15)

Taking the first derivative of equation (9.5.15), we determine the
velocity:

am,; (cos,f — cos@r)cos A
o’ —o!

dx _r—p
d
a(w, sinw,t — o sinwt)sin A
- 0’ -}

sin Wt + v, cos wt +

(9.5.16)
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The second derivative of equation (9.5.15) represents the acceleration:

d’x . a®, (®, sin®,t — @ sin t)cos A

— =(r—p)coswt — v, sint — > >

dt W —w;

B a(w; coswltz—a)2 iosa)t)sin). 9.5.17)

0 — o

9.5.3 Initial Velocity Equals Zero

The initial conditions of motion are:

for =0 x=sg; %=0 (9.5.18)

The solution of differential equation of motion (9.5.1) with the ini-
tial conditions of motion (9.5.18) reads:

r— a(osinw,t — @, sin®t)cos A
zp(l—cosa)t)+socosa)t+ ( s )
1) (0" —o;)

X =

N a(cosw,t —cost)sin A
0 -]

(9.5.19)

The first derivative of the equation (9.5.19) represents the velocity:

dx r—p . ) am; (cosmt — cos@r)cos A
—= sinwt — s, sinwt + —
dt w 0" — o
a(o, sinw,t — @ sinwt)sin A
G ' — ) (9.5.20)
O —

Taking the second derivative of the equation (9.5.19), we determine
the acceleration:
d’x 5
— =(r—p)coswr—m"s, coswt
dt
am, (w, sin,f — @ sinwt)cos A
0’ — o}

a(w; cosw,t — > coswt)sin A
o’ — o]

(9.5.21)
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9.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for =0 x=0; % =0 (9.5.22)

Solving differential equation of motion of (9.5.1) with the initial
conditions of motion (9.5.22), we obtain:

a(wsinw,f — o, sinwtr)cos A
w(w* —w})

x= ! Zp(l—cosa)t)+
w

N a(cosw,t —cosmt)sin A
0’ — o}

(9.5.23)

Taking the first and second derivatives of equation (9.5.23), we
determine the velocity and the acceleration respectively:

dx r—p . am, (cos,t —coswt)cos A
—= sinwt + —
dt w W —o;
a(m, sinw,f — o sinwt)sin A
- —od (9.5.24)
0" —o;
d’x a®, (o, sinw,t — o sinwt)cos A
— =(r—p)coswr— > 3
dt 0 — o,
a(w; cosw,t —m* coswt)sin A 9.5.25)

®* — o}

9.6 Harmonic Force A sin(@,t+ A1) and Time-Dependent Force
ut
Q(P + 7)

The intersection of Row 9 and Column 11 of Guiding Table 2.1
indicates that this section describes engineering systems subjected
to the action of the force of inertia, the stiffness force, and the con-
stant resisting force as the resisting forces, and the harmonic force
and the time-dependent force as the active forces..
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The current problem could be associated with a vibratory sys-
tem intended for interaction with elastoplastic or viscoelastoplastic
media exhibiting strain-strengthening during the phase of plastic
deformations (see section 1.2 for additional information regarding
deformation of these media and for considerations related to the be-
havior of a constant resisting force applied to a vibratory system).
This problem could also represent a system interacting with a spe-
cific elastic link.

In some situations, at the beginning of the vibratory working
process, along with the harmonic force the system is also subjected
to a time-dependent force that is acting a predetermined interval of
time.

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion. Figure 9.6 shows the
model of a system subjected to the action of a harmonic force, a
time-dependent force, a stiffness force, and a constant resisting
force.

Based on the considerations above and the model in Figure 9.6,
we can compose the left and right sides of the differential equation
of motion. The left side consists of the force of inertia, the stiffness
force, and the constant resisting force. The right side includes the

m
Asin(wqt + 4) K
e —/\/\/_
Qlp+—)
: ‘ — 5

Figure 9.6 Model of a system subjected to a harmonic force, a
time-dependent force, a stiffness force, and a constant resisting
force
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harmonic force and the time-dependent force. Hence, the differen-
tial equation of motion reads:

2

m%+Kx+P:Asin(a)1t+),)+Q(p+‘u—t) (9.6.1)
T

The differential equation of motion (9.6.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

9.6.1 General Initial Conditions
The general initial conditions of motion are:

dx
—= 9.6.2
dr Vo ( )

where s, and v, are the initial displacement and initial velocity

respectively.
Transforming the sinusoidal function in equation (9.6.1), we

have:

for =0 x=s;

d’ t
m£+Kx+P=Qp+Q‘u—+Asina)1tcos;t+Acosa)ltsin),
T

9.6.3)

Dividing equation (9.6.3) by m, we write:
*x ut
ar +@’x+p=qp+q—+asinwtcosA+acoswitsind (9.6.4)
T

where o is the natural frequency of the system and:

= LS (9.6.5)
m
P
p=— (9.6.6)
m
q= g (9.6.7)
m
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a=— (9.6.8)
m
In order to convert differential equation of motion (9.6.4),
we use Laplace Transform Pairs 3, 5, 1, 2, 6, and 7 from Table 1.1
and obtain the resulting algebraic equation of motion in the Laplace
domain:

Px(l)=Ivy—sy+@°x(1)+ p= gp+I& 4 )

1 PP+of
al> .
+ e sin A (9.6.9)

Applying basic algebra to equation (9.6.9), we have:

S+ @2 = vy + sy — prgp+ P4 92 o2
Tl "+ w

2

+ sin A (9.6.10)

I*+ o]

Solving equation (9.6.10) for the Laplace domain displacement x(/),
we may write:

Ivy Iso qp—p qu
x(l)= + +
® P+’ P+’ P+’ 117 +0?)
law, Ia
2 2 2 2 cos /l + 2 2 2 2

I+ )" +wy) "+ )" +wy)
Using pairs 1, 6, 7, 14, 16, 33, and 34 from Table 1.1, we invert
equation (9.8.11) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (9.6.1) with the
initial conditions of motion (9.6.2):

sind (9.6.11)

Vo . - 1 .
x=—>sin @t + s, coS Or + ap > p (I—coswt)+ q,u2 (t ——sinwt)
w 0] (0] [0}
N a(wsinw,t — o, sinwt)cos A N a(cosw,t —cosmt)sin A
w(0® - o)) 0’ — o}

(9.6.12)
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Taking the first and second derivatives of equation (9.6.12), we
determine the velocity and the acceleration of the system respectively:
qp—_psina)t + q_,uz - q—uzcosa)t

0] 0~ T

N aw,(cosw,t —coswt)cosA  a(w, sinw,t —wsinwt)sin A

dx )
d_ =y, COSW! — S, Sin Ot +
t

W’ -] o’ -}
(9.6.13)
d’ ) .
—f = —1,® Sin Wt — 5o@° cos Wt +(gp — p)coswt + I G ot
dt (0
_ ao, (o, sin®,f — @ sin@t) cos A
0’ -o!
2 2 .
_ a(wy coswt : 0] Sosa)t)sm/l 9.6.14)
0 —o;
9.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; % =, (9.6.15)

Solving differential equation of motion (9.6.1) with the initial condi-
tions of motion (9.6.15), we have:

Vo . - 1 .
x=—sinwt + ar > p(l—cosa)t)+ qu2 (t ——sinwt)
w 0] (10) 0]
N a( sin @t — @, sin t)cos A N a(cosm,t —coswt)sin A
(@ — o) ®* — o}

(9.6.16)

The first and second derivatives of equation (9.6.16) represent the
velocity and the acceleration of the system respectively:

dx -p .
— =V, Cos Wt +w51nwt + q—‘uz—q—‘uzcosa)t
dt w T~ T
N am,(coswt —cos@t)cosA  a(w, sinw,t — ®sinwt)sin A
0’ -o; 0 -o;

(9.6.17)
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d’x ) .
— =—Vy@sinwt +(gp — p)cos wt + ﬂsma)t
TW

dr’
_ aw, (@, sin@,f — ®sin®r)cos A
o’ -}
2 2 .
_ a(wy coswt : 0] Sosa)t)sml 9.6.18)
0 — o,
9.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d
for =0 x=s ;’; =0 (9.6.19)

The solution of differential equation of motion (9.6.1) with the ini-
tial conditions of motion (9.6.19) reads:

— 1 .
X = 5§, CcOSWt + P > p (I—coswt)+ q‘u2 (t ——sinwt)
0] (0] w
N a(wsinw,t — o, sinwt)cos A N a(cosw,t —cost)sin A
o(0* - o)) 0’ — o}

(9.6.20)

Taking the first and second derivatives of equation (9.6.19), we
determine the velocity and acceleration respectively:

dx ) -p .
— = —s,@sin ot + PP Ginoor + q—‘uzcos ot
dt w TW
N am,(cosw,t —cosmr)cosA  a(w, sinw,t — @ sinwt)sin A
0’ — o} 0’ — o}
(9.6.21)
d’x .
— = —500° cost + (gp — p)coswt + ﬂsmwt
dt T
am, (e, sinw,t — @ sinwt)cos A
o’ —w!
2 2 .
a(w; cosw,t —w” cosmt)sin A
_ (9.6.22)

®* — o}
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9.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; @ =0 (9.6.23)
dt
Solving differential equation of motion (9.6.1) with the initial condi-
tions of motion (9.6.23), we have:

qHu

=qp_p(1—cosa)t)+ >
T

2

1
X (t ——sinwr)
w

N a(wsinw,t — o, sinwt)cos A N a(cosw,t —cosmt)sin A
w(0* - o)) 0’ — o}
(9.6.24)

Taking the first and second derivatives of equation (9.6.23),
we determine the velocity and the acceleration of the system
respectively:

dx -pD .
—= wsma)t+q—‘u2— q,uz Cos Wt
dt w W~ T
L ao, (cosmt —coswt)cosA  a(w,sinw,t — wsinwt)sin A
0’ —o! 0’ —o!
(9.6.25)
"x qu
— =(gp— p)coswt +——sinwt
dt TW
am, (e, sinw,f — @ sinwt)cos A
o’ —o!
2 2 .
a(w; cosw,t —w* cosmt)sin A
e ‘ (9.6.26)

o’ — !
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STIFFNESS, CONSTANT RESISTANCE,
AND FRICTION

This chapter discusses engineering systems subjected to the
action of the force of inertia, the stiffness force, the constant resisting
force, and the friction force as the resisting forces. These forces are
marked by the plus signs (+) in Row 10 of Guiding Table 2.1. The
intersection of this row with Columns 1 through 6 indicate the active
forces associated with each system and discussed respective in this
chapter’s six sections. The left sides of the differential equations of
motion in these sections are identical; however, the right sides of
these equations are different depending on the active forces applied
to the systems.

The problems described in this chapter could be related to
engineering systems interacting with elastoplastic or viscoelasto-
plastic media, or with specific elastic links. Certain types of these
media exhibit strain-strengthening during the phase of plastic
deformation. As a result, they may exert simultaneously the stiffness

299
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force, the constant resisting force, and the friction force (more
related information is presented in section 1.2).

10.1 Active Force Equals Zero

According to Guiding Table 2.1, the engineering systems
described in this section are associated with the force of inertia, the
stiffness force, the constant resisting force, and the friction force
as the resisting forces (Row 10), while the active force equals zero
(Column 1). Considerations related to the motion of a system in the
absence of active forces are discussed in section 1.3.

The current problem could be related to systems intended for
the interaction with an elastoplastic or viscoelastoplastic medium fea-
turing strain-strengthening during its plastic deformation. The pres-
ence of a stiffness force in this problem may cause vibratory motion
of the system. Additional information related to the deformation of
these types of media and the considerations related to the behavior of
a constant resisting force and of a friction force applied to the vibra-
tory system are presented in section 1.2. The current problem could
be also related to a system that interacts with a specific elastic link.

The system is moving into the horizontal direction. We want
to determine the basic parameters of motion, their maximum values,
and the characteristics of the forces applied to the elastic link.
Figure 10.1 shows the model of a system subjected to the action of a
stiffness force, a constant resisting force, and a friction force.

Based on the considerations above and the model in Figure 10.1,
we assemble the left and right sides of the differential equation of
motion. The left side consists of the force of inertia, the stiffness
force, the constant resisting force, and the friction force, while the
right side of the equation equals zero. Therefore, the differential
equation of motion reads:

2

m%+Kx+P+F:O (10.1.1)
t

Differential equation of motion (10.1.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.
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Figure 10.1 Model of a system subjected to a stiffness force, a
constant resisting force, and a friction force

10.1.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; d_x =, (10.1.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (10.1.1) by m, we may write:

2

% @’ x+p+f=0 (10.1.3)
where o is the natural frequency of the vibratory system and:
w0 =5 (10.1.4)
m
P
p=— (10.1.5)
m
=k (10.1.6)
m

Using Laplace Transform Pairs 3, 1, and 5 from Table 1.1,
we convert differential equation of motion (10.1.3) with the initial
conditions of motion (10.1.2) from the time domain into the Laplace
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domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)— vy —so+@°x()+p+ f=0 (10.1.7)

Solving equation (10.1.7) for the displacement x(/) in the Laplace
domain, we have:

v, I*s, p+f
2 >t 2 12 2
+0° I'+t+w® I"'t+tw

x(l)= 7 (10.1.8)
To invert equation (10.1.8) from the Laplace domain into the time
domain, we apply pairs 1, 5, 6,7, and 14 from Table 1.1. The inversion
represents the solution of differential equation of motion (10.1.1)
with the initial conditions of motion (10.1.2):

p+f

0)2

Vo .
x =—2sinWr + s, COSOf —
®

(1—coswr) (10.1.9)

Applying algebraic procedures to the coefficients at the trigo-
nometric functions of equation (10.1.9), we write:
(s> + p+ f) HON
(5o@° +p+ [ +vo@>  (so®> + p+ f) +viw’

=1=(sina)’ + (cosa)’ (10.1.10)

where:
So> + p+ f

- — (10.1.11)
\/(soa) +p+ ) +vo

sing =

Vo®@
\/(soa)2 +p+ f)2 +vim*

Combining equations (10.1.11) and (10.1.12) with equation (10.1.9),
we obtain:

coso = (10.1.12)

1 . .
x=—2[\/(socoz+p+f)2+v§co2 (sinwtcos o +coswisino) — p— f]
®

(10.1.13)
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Transforming equation (10.1.13), we have:

X= L2[\/(30602 +p) +vw’sin(wt+a)—p—f1  (10.1.14)
0]

The first and second derivatives of the equation (10.1.14) rep-
resent the velocity and the acceleration of the system respectively:

% = l\/(SOCO2 +p+ ) +viw’ cos(wt+ o) (10.1.15)
)

2
fle = J5o® + pt f) + @ sin@t + @) (10.1.16)

Equation (10.1.15) shows that the velocity becomes equal to zero
when:

cos(wt+a)=0 (10.1.17)

and, consequently, at this moment of time we have:
sin(wt+o)=1 (10.1.18)
Combining equations (10.1.14) and (10.1.16) with equation

(10.1.18), we determine the maximum values of the displacement
s,.. and the acceleration a,,, respectively:

Smax = %[\/(Sowz +p+ ) +vo’ —p-f1 (10.1.19)

e = (5007 + p+ )} + V307 (10.1.20)

Multiplying equation (10.1.19) by K and substituting nota-
tions (10.1.4), (10.1.5), (10.1.6), we calculate the maximum value
of the force R, applied to the elastic link:

Ryw =\(Kso + P+ F)’ +mKvi —P—F  (10.1.21)

We may accept that the link is subjected to a completely reversed
loading cycle having R, . = — R . The stress calculations should
include fatigue considerations.
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10.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; % =, (10.1.22)

Solving differential equation of motion (10.1.1) with the initial
conditions of motion (10.1.22), we have:
p+f

x=2sinwt - L (1-coswr) (10.1.23)
[0 [0

Combining the coefficients at the trigonometric functions in equation
(10.1.23) by using the same procedures like in the previous case, we
write:

2 2 2
= \/voa) +gp+f) (sinwtcoso, +coswtsina,; ) — p+2f
w
(10.1.24)
where:
, p+f
sinq; = (10.1.25)
\/vga)z +(p+f)
cosct, = Vo (10.1.26)
Ve’ +(p+ f)

Transforming equation (10.1.24), we may write:

xX= é[\/vgaﬂ +(p+ )’ sin(wt+oy)—p—f1 (10.1.27)

Taking the first derivative of equation (10.1.27), we determine
the velocity of the system:

dx Vi +(p+f)
dt 0}

cos(wt+ o) (10.1.28)

The second derivative of equation (10.1.27) represents the
acceleration:

2
% =V’ +(p+ f) sin(@t+ar)  (10.1.29)
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Equation (10.1.28) indicates that the velocity becomes equal to zero
at the moment when:

cos(wt+0,)=0 (10.1.30)

and, consequently, at this moment of time we have:

sin(ot +0,) =1 (10.1.31)

Combining equations (10.1.27) and (10.1.29) with the equation
(10.1.31), we calculate the maximum values of the displacement
and acceleration for this case respectively:

1
Smar = a—z[\/véco2 +(p+ ) —p—f] (10.1.32)

(s = —\VO* +(p+ f)} (10.1.33)

Multiplying equation (10.1.32) by K and substituting notations
(10.1.4), (10.1.5), and (10.1.6), we determine the value of the force
R, applied to the elastic link:

Ryue =JmKv; +(P+F)Y —P—F (10.1.34)

The considerations related to the stress analysis are the same as for
the previous case.

10.1.3 Initial Velocity Equals Zero

Figure 10.1 shows that on the beginning of the process, the
system moves into the positive direction. This is possible if the initial
displacement has a negative value. Therefore, the initial conditions
of motion in this case are:

for t=0 x=-50; —=0 (10.1.35)
dt

Hence, for this case the term 1230 in equation (10.1.7) should be taken
with the positive sign.
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Solving differential equation of motion (10.1.1) with the initial
conditions of motion (10.1.35), we obtain:

p+f

0)2

(1-coswt) (10.1.36)

X=—5,COsWt —

Transforming equation (10.1.36), we may write:
x= é[(—soa)z +p+ f)coswt—p—f]  (10.1.37)
The first and second derivatives of the equation (10.1.37)

represent the velocity and the acceleration of the system
respectively:

% = i(sOco2 —p—f)sinowt (10.1.38)
(0]
2

% = (500" = p— f)cos ot (10.1.39)

Equation (10.1.38) shows that the velocity becomes equal to zero at
the moment when sin@? = 0. Consequently, at this moment of time
we have:

coswt=—1 (10.1.40)

Combining equation (10.1.40) with equations (10.1.37) and
(10.1.39), we determine the maximum values of the displacement
s... and acceleration a,_respectively:

Smax = So — 2(p742_‘f) (10.1.41)
0]
Qe = (500° = p— f) (10.1.42)

Multiplying equation (10.1.41) by K we calculate the maximum
value of the force R applied to the elastic link:

Rmax = KS() - 2(P + F) (10.1.43)
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However, at the beginning of the process when ¢ = 0, the link is
deformed by the force R, that is equal to the product of multiplying
K by the initial displacement —s:

R =-Ks, (10.1.44)

The absolute value of the force according to equation (10.1.44)
exceeds the value of the absolute value of the force according to
equation (10.1.43). Therefore, it is acceptable to perform the stress
calculations of the link based on the force according to equation
(10.1.44), assuming as in the previous case that the link is subjected
to a completely reversed loading cycle having the following maxi-
mum and minimum forces:

R,.=1Ksland R, =—R

max

The stress analysis should include fatigue considerations.

10.2 Constant Force R

The intersection of Row 10 and Column 2 in Guiding Table
2.1 indicates that this section focuses on engineering systems sub-
jected to the action of the force of inertia, the stiffness force, the
constant resisting force, and the friction force as the resisting forces,
and to a constant active force.

This problem could be related to the working process of a
system interacting with an elastoplastic or viscoelastic medium
that is characterized by the strain-strengthening during the phase
of plastic deformation. This type of a medium simultaneously ex-
erts the stiffness force, the constant resisting force, and the friction
force as a reaction to its deformation. The presence of a stiffness
force may cause vibratory motion of the system. (Additional infor-
mation related to the deformation of elastoplastic and viscoelasto-
plastic media as well as the considerations regarding the behavior
of the constant resisting force and the friction force applied to a
vibratory system can be found in section 1.2.) The current problem
could be also related to the interaction of a system with a specific
elastic link.
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Figure 10.2 Model of a system subjected to a constant
active force, a stiffness force, a constant resisting force,
and a friction force

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion, their values, and the
characteristics of forces applied to the elastic link. Figure 10.2
shows the model of a system subjected to the action of a constant
active force, a stiffness force, a constant resisting force, and a fric-
tion force.

Based on the considerations above and the model in
Figure 10.2, we compose the left and right sides of the differ-
ential equation of motion of this system. The left side consists
of the force of inertia, the stiffness force, the constant resisting
force, and the friction force, while the right side of this equation
consists of a constant active force. Hence, the differential equa-
tion of motion reads:

2

m%+Kx+P+F:R (10.2.1)

Differential equation of motion (10.2.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.
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10.2.1 General Initial Condition
The general initial conditions of motion are:

fOI' t= 0 X =350, % =V (10.2.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing the equation (10.2.1) by m, we have:

2

d
If+oo2x+ pHf=r (10.2.3)
where o is the natural frequency of the system and:

o =X (10.2.4)

m

P
p=— (10.2.5)

m

F
f=— (10.2.6)

m
r= R (10.2.7)

m

Using Laplace Transform Pairs 3, 1, and 5 from Table 1.1,
we convert differential equation of motion (10.2.3) with the initial
conditions of motion (10.2.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(D)=lvy—Psy+@°x(D+p+f=r (10.2.8)

The solution of equation (10.2.7) for the displacement x(/) in Laplace
domain has the following shape:

r— v I’s
x(h)=" p=fy M TS (10.2.9)
‘to’ l +0° "'+t
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Applying pairs 1, 5, 14, 6, and 7 from Table 1.1, we invert equa-
tion (10.2.9) from the Laplace domain into the time domain. The
inversion represents the solution of differential equation of motion
(10.2.1) with the initial conditions of motion (10.2.2):
_rer=f f
w’

————(1—-coswt) + —sinwt + s, coswt (10.2.10)
w

Transforming equation (10.2.10), we may write:

# +—[vo® sin @t
[0)] a)
—(r—p—f—sy®*)cos wt] (10.2.11)

Performing algebraic actions with the trigonometric function’s
coefficients in equation (10.2.11), we have:

(r—p—f—s0°) Vo’

r—p—f—s50°) +viw* (r—p—f—s,0>) +viw*
(r—=p—f-s0 0 P 0 0

=1=(sinB)* +(cos B)° (10.2.12)
where:

_ _ _ 2
sinf=— r—p-J 2 0213
Jr=p=f=s500>) + Vi

Vo)
Jor=p=f-s50°) +vie’
Combining equations (10.2.15) and (10.2.16) with equation
(10.2.11), we obtain:

cosf3 = (10.2.14)

r-p—f
(02

X =

+£3J0—p—f—swff+v&ﬁsmmn—ﬁn (10.2.15)
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The first and second derivatives of the equation (10.2.15)
represent the velocity and the acceleration of the system respectively:

P :5\/(r p—f—s50°) +viw® cos(wt — B) (10.2.16)

d o =—\/(r p— f—50°) + i@’ sin(@t - B) (10.2.17)

According to equation (10. 2.16), the velocity becomes equal to zero

at the moment when:

cos(wt—fB)=0 (10.2.18)

and, consequently, at this moment we have:

sin(wt — B) =1 (10.2.19)

Combining equations (10.2.15) and (10.2.17) with equation
(10.2.19), we determine the maximum values of the displacement
S,... and acceleration a,, respectively:

Smax = T p2 f \/(r p—f—s50°) +vow® (10.2.20)
(0
Ay = \/(r_ pP— f_ S0w2)2 + vng (10.2.21)

Multiplying equation (10.2.20) by K and substituting notations
(10.2.4), (10.2.5), (10.2.6), and (10.2.7), we calculate the maximum
value of the force R, applied to the elastic link:

Ruw=R-P—F+(R-P—F—Ks,)’ +mKv} (10.2.22)

It is reasonable to accept that the link is subjected to a completely
reversed loading cycle having the following minimum force:

R.=—R (10.2.23)

min max

The stress analysis of the link should include fatigue
considerations.
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10.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; dx = (10.2.24)
dt
The solution of differential equation of motion (10.2.1) with the ini-

tial conditions of motion (10.2.24) reads:

I~ p f ————(1—coswt) + —sin @t (10.2.25)
(0

Transforming equation (10.2.25), we have:

_r=p=f

w2

+—[voa)s1na)t—(r p— f)coswt] (10.2.26)

Applying algebraic procedures to equation (10.2.26) as in the previ-
ous case, we may write:

. #[r +Jr=p= 7 +vie* sin(wr— B)] (10.2.27)

where:
sin B, = ——— 1P~ J (10.2.28)
Jr=p= ) +viw’
cos B, = Yo® (10.2.29)

Jor=p= 7 +vi0’
Taking the first and second derivatives of equation (9.2.27),
we determine the velocity and acceleration respectively:

dx 1 2 2.2 _
= 5\/@_ p—f) +vi@’ cos(wt— )  (10.2.30)
‘; =—Jr—p- )+’ sin(wt - B)  (10.2.31)

Equation (10.2.30) shows that at the moment when cos(w? — 3,) =0,
the velocity is equal to zero. Consequently, at this moment we have:

sin(ot — ) =1 (10.2.32)
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Combining equation (10.2.32) with equations (10.2.27) and
(10.2.31), we determine the maximum values of the displacement
s,... and the acceleration a,,_respectively:

max

Smax = % [r+ \/(r —p—f+vw’] (10.2.33)
w

Opae =—(r=p— Y+ @ (10.2.34)

Multiplying equation (10.2.33) by K and substituting notations
(10.2.4), (10.2.5), (10.2.6), and (10.2.7), we calculate the maximum
value of the force R applied to the elastic link:

Ry = R+(R—P— F)* + mKv} (10.2.35)

As in the previous case, we accept that the link is subjected to a com-
pletely reversed loading cycle having the following minimum force:

Rmin == Rmax
The stress analysis of the link should include fatigue calculations.

10.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (10.2.36)

The solution of differential equation of motion (10.2.1) with
the initial conditions of motion (10.2.36) reads:
cor=r=f

2

- Lz(r —p—f—sw*)coswt  (10.2.37)
() 0]

The first and second derivatives of equation (10.2.37) repre-
sent the velocity and acceleration respectively:

dx _ l(r —p—f—sow*)sinwt (10.2.38)
d o

2
275 =(r—p—f—sy0*)coswt (10.2.39)
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Based on equation (10.2.38), it can be seen that the velocity becomes
equal to zero at the moment when sinwt = 0 and, consequently, at
this moment of time we have:

coswt =1 (10.2.40)

Combining equation (10.2.40) with equations (10.2.37) and
(10.2.39), we obtain the maximum values of the displacement s
and acceleration a,, respectively:

max

_2r=p=H (10.2.41)
(0]

Qe =T — P~ [ —So0° (10.2.42)

max

Multiplying equation (9.2.40) by K and substituting notations
(10.2.4), (10.2.5), (10.2.6), and (10.2.7), we determine the maxi-
mum value of the force R ___applied to the elastic link:

max

R, =2(R—P—F)-Ks, (10.2.43)

It is accepted, as in the previous cases, that the link is subjected to
a completely reversed loading cycle having the following minimum
force:

Rmin == Rmax
The stress analysis of the link should be based on fatigue consider-
ations.

10.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; dx =0 (10.2.44)
dt
The solution of differential equation of motion (10.2.1) with the ini-
tial conditions of motion (10.2.44) reads:

_r=p—f

x= ——(1—cosut) (10.2.45)
0]
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Taking the first derivative of the equation (10.2.45), we determine
the velocity of the system:

dx _r—p-f

sin Wt (10.2.46)
dt w

The second derivative of the equation (10.2.45) represents the
acceleration:

d’x

e =(r—p—f)coswt (10.2.47)
According to equation (10.2.46), the velocity becomes equal to zero
when sin @t = 0. In this case, we have:

coswt =—1 (10.2.48)

Combining equation (10.2.48) with equations (10.2.45) and
(10.2.47), we obtain the maximum values of the displacement s
and acceleration a,,_respectively:

max

=227 )) (10.2.49)
Q)]
Aipax = _(7"_ p— f) (10.2.50)

Multiplying equation (10.2.49) by K and substituting notations
(10.2.4), (10.2.5), (10.2.6), and (10.2.7), we determine the maxi-
mum value of the force R, _applied to the elastic link:

max

R,..=2(R-P-F) (10.2.51)

It is accepted, as in the previous cases, that the link is subjected to
a completely reversed loading cycle having the following minimum
force:

=-R

min max

The stress analysis of the link should include fatigue calculations.



316 © Chapter 10

10.3 Harmonic Force A4 sin(w,¢ + A)

The intersection of Row 10 and Column 3 of Guiding Table
2.1 indicates that the engineering systems discussed in this section
are subjected to the action of the force of inertia, the stiffness force,
the constant resisting force, and the friction force as the resisting
forces, and to the harmonic force as the active force.

The current problem could be associated with the working
processes of vibratory systems subjected to the action of a harmonic
force and intended for deformation of an elastoplastic or viscoelas-
tic medium featuring strain-strengthening during its plastic defor-
mation. In certain conditions, these media simultaneously exert
stiffness, constant resisting, and friction forces as a result of their
deformation (more information regarding the deformation of these
media and the behavior of the constant resisting force and friction
force applied to a vibratory system is provided in section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. Figure 10.3 shows the
model of a system subjected to the action of a harmonic force, a
stiffness force, a constant resisting force, and a friction force.

The considerations above and the model in Figure 10.3 allow
to describe the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the stiffness force,

K

Asin(wt + 2) —/\/\/—E

—

——o P

»

TITTTTTT77777 7Y T x
F

Figure 10.3 Model of a system subjected to a harmonic force, a
stiffness force, a constant resisting force, and a friction force
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the constant resisting force, and the friction force, while the right
side includes the harmonic force. Thus, the differential equation of
motion reads:
d*x )
m?+Kx+P+ F =Asin(w,;t+ A) (10.3.1)
Differential equation of motion (10.3.1) has different solu-

tions for various initial conditions of motion. These solutions and
their analyses are presented below.

10.3.1 General Initial Conditions
The general initial conditions of motion are:

d.
for t=0 x=s —=w, (10.3.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function in equation (10.3.1) and
dividing this equation by m, we have:
d’ ) .
I;C +@°x+p+ f=asinwitcosA+acoswitsindA  (10.3.3)

where @ is the natural frequency of the system and:

| =

W’ = (10.3.4)
m

=L (10.3.5)
m

=L (10.3.6)
m

a=2 (10.3.7)
m

Based on Laplace Transform Pairs 3, 5, 1, 6, and 7 from Table
1.1, we convert differential equation of motion (10.3.3) with the
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initial conditions of motion (10.3.2) from the time domain into the
Laplace domain. The resulting algebraic equation of motion in the
Laplace domain reads:

Px(l)=lvy—so+@°x(D+p+ f

2
COS A+

ot sin A (10.3.8)

I* + o 2

+ !

Applying basic algebra to equation (10.3.8), we have:
x(D(* + w?)

aw;l :
=Wy +1’sg—p—f+—5——5 COSA+—5——
"+ w; + w;

sinA  (10.3.9)

Solving equation (10.3.8) for the Laplace domain displacement (/),
we may write:
v, I%s, p+f law,

)= + -
= o Pr e Pro T Croh@rod)

I’a

in A 10.3.10
TPt ron " ( )

Using pairs 1, 5, 6, 7, 14, 33, and 34 from Table 1.1, we invert equa-
tion (10.3.10) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (10.3.1) with
the initial conditions of motion (10.3.2):

p+f

w2

Vo .
x = —2sin Wt + 5, COSOFf —
®

(1—coswt)

N a(wsinw,f — o, sinwtr)cos A
w(w* —w})

N a(cosw,t —cosmt)sin A

P (10.3.11)
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Taking the first derivative of equation (10.3.11), we determine
the velocity of the system:

dx ) p+f .
d_ = Vo COS wt— s, S1In Wt ————smwt
t

(0]

N am, (cos m,f — cos wt)cos A
0’ — o}

a(w, sinw,t — @ sin@t)sin A

10.3.12

The second derivative of equation (10.3.11) represents the
acceleration of the system:

d? .
dT;C =—v,sinwt ——w’sycoswt — (p+ f)coswt
_am, (@, sin®f — @ sin 1) cos A
0’ -o!
_ a(w; cos w1t2—w2 Sos wt)sin A (10.3.13)
0 —o;
10.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d
for t=0 x=0; d—’; =, (10.3.14)

Solving differential equation of motion (10.3.1) with the initial con-
ditions of motion (10.3.14), we may write:

Vo . a(sint — o, sin®t)cos A
x=—>sint — Pt f(l cosmwt)+ ( ! > ! > )
) (0" — o)

N a(cosw,t — cost)sin A
®’ -]

(10.3.15)
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The first and second derivatives of equation (10.3.14) repre-

sent respectively the velocity and acceleration of the system
am,; (cos @t — coswt)cos A

dx
—:vocosa)t—p fsma)t —
t 0} 0 — o,
a(w, sinw,t — o sinwt)sin A
— (10.3.16)
0 —o;

d*x )
— =—0V,sinwt — (p+ f)coswt

dr’
am, (o, sinw,t — @ sinwt)cos A

0’ -}

2 2 i
a(w; cosam2 w SOSW)SWI (10.3.17)
0" — o

10.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for =0 x=ys; % =0 (10.3.18)

The solution of differential equation of motion (10.3.1) with the ini-

tial conditions of motion (10.3.18) reads:
p+f (wsinw,t — , sinwt)cos A
2
a

o(@w* — o)

a(cos @t — cos mt)sin A (10.3.19)

o’ —w!
Taking the first derivative of equation (10.3.19), we determine the

velocity of the system:

am, (cos w,t — cos mt)cos A

dx . p+f .
— = =S, SINWf ————sIn Wt + > >
dt 0} W —w;

a(w sinwt — @sinwr)sin A (10.3.20)

0’ — o}
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The second derivative of the equation (10.3.19) represents the
acceleration:

d’x .
? =—w’sycoswt —(p+ f)sinwt
am, (o, sinw,t — @ sin Wt)cos A

w0’ - !

a(; cosw,t — > cost)sin A
o’ - o}

(10.3.21)

10.3.4 Both the Initial Displacement and Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=0; dx =0 (10.3.22)
dt
The solution of differential equation of motion (10.3.1) with the ini-
tial conditions of motion (10.3.22) reads:

a(wsin @t — @, sinwt)cos A
x:pf(l cos )+ & i — @y sin ar)
(@ —wo;)

a(cosw,t —cosmt)sin A
+ > 3 (10.3.23)
0" —®;
Taking the first derivative of equation (10.3.23), we determine the

velocity of the system:

dx a®,(cos Wt — cos mt)cos A
ax __pPtJ /o sin wf + i 1 )

dt ® 0’ - o}

a(o, sinw,t — @ sin @r) sin A
o’ -o!

(10.3.24)

The second derivative of the equation (10.3.23) represents the
acceleration:
d’x aw,(®, sinw,t — @ sin®t)cos A

—=—(p+ f)coswt —
dt* 0’ — o}

a(m; cosw,t —m* coswt)sin A
0’ — o}

(10.3.25)
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10.4 Time-Dependent Force Q( p+ ”Tt)

This section describes engineering systems associated with the
force of inertia, the stiffness force, the constant resisting force, and
the friction force as the resisting forces (Row 10 of Guiding Table 2.1)
and the time-dependent force as the active force (Column 4).

The current problem could be related to a system that interacts
with an elastoplastic or viscoelastoplastic medium exhibiting strain-
strengthening during the plastic deformations and exerting stiffness,
constant resisting, and friction forces as the reaction to the deforma-
tion (more information is provided in section 1.2). The current prob-
lem could also represent a system interacting with a specific elastic
link. Sometimes during the initial stage of the working process, the
system is subjected to a time-dependent force that acts for a prede-
termined interval of time.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, their values at the end of
this interval of time, and the characteristics of forces applied to the
elastic link. The model of a system subjected to the action of a time-
dependent force, a stiffness force, a constant resisting force, and a
friction force is shown in Figure 10.4.

m
K
ut
_|_ —_—
e AN
—
—— P
T 777 Y >

F
Figure 10.4 Model of a system subjected to a time-dependent
force, a stiffness force, a constant resisting force, and a
friction force
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The considerations above and the model in Figure 10.4 let us
compose the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the stiffness force,
the constant resisting force, and the friction force, while the right
side includes the time-dependent force. Therefore, the differential
equation of motion reads:

2

m%+Kx+P+F:Q(p+‘u—t) (10.4.1)
T

The differential equation of motion (10.4.1) has different so-
lutions for various initial conditions of motion. These solutions and
their analyses are presented below.

10.4.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s0; —=v, (10.4.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing the equation (10.4.1) by m, we have:

2

%+a}2x+p+f:q(p+‘u7t) (10.4.3)

where @ is the natural frequency of the system and:

| =

0’ = (10.4.4)
m

p= P (10.4.5)
m

f= F (10.4.6)
m

g= Q (10.4.7)
m
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Applying Laplace Transform Pairs 3, 5, 1, and 2 from Table
1.1, we convert the differential equation of motion (10.4.3) with the
initial conditions of motion (10.4.2) from the time domain into the
Laplace domain, and obtain the corresponding algebraic equation of
motion in the Laplace domain:

Px(l)= vy — sy + 0*x(D)+ p+ f = qp+% (10.4.8)
T

The solution of equation (10.4.8) for the Laplace domain displace-
ment x(/) reads:

I*s
Dy ap=p=t, 4t (1949
‘to° I'+o’ >+’ Ti(I"+w”)

x(D)=

Using pairs 1, 6, 7, 14, and 16 from Table 1.1, we invert equation
(10.4.9) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (10.4.1) with the
initial conditions of motion (10.4.2):

xX= &sin(ot + 5, coswt + w(l —COst)
0] 0]
LR (10.4.10)
Tw w

Applying basic algebra to equation (10.4.10), we have:
4P=—P- f . apt

x= ~+ (50— M)cos wt
’ m) ’
+H2 - L sinar (10.4.11)
o TO

Taking the first derivative of the equation (10.4.11), we deter-
mine the velocity of the system:

dx qu S — w) sin ot + (V() -
0

dt  t0°

(10.4.12)
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The second derivative of equation (10.4.11) represents the
acceleration:
d’x ) qu. .
— =—(so@" —gp+ p+ f)coswt — (vy® — =—)sinwt (10.4.13)
dt TW
Substituting time interval 7 into equations (10.4.11), (10.4.12),
and (10.4.13), we determine the values of the displacement s, the
velocity v, and the acceleration a at the end of this interval of time
respectively:

o= q(p+u)2—p—f+(s0 _ qp—z;—f)com
w
Vo qU | .
+H(————=)sinwr (10.4.14)
o T
V= q,uz — (00 — M) sint + (vy — q,uz Jecoswt  (10.4.15)
T0O 0] T0O

a=—(500> = gp— p— fcosat — (vyw—ysinwr  (10.4.16)
T

Multiplying equation (10.4.14) by the stiffness coefficient K
and substituting notation (10.4.4), we calculate the force R, applied
to the elastic link at the end of this time interval:

R =mlg(p+p)—p—f+(s0> —gp+p+ f)cosar

+(v0a) - %) sinwr] (10.4.17)
TW
The stress calculations of the link could be based on the force ac-

cording to equation (10.4.17).

10.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =, (10.4.18)
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Solving differential equation of motion (10.4.1) with the initial con-
ditions of motion (10.4.18), we have:

-p- 1
xX= Yo sin @t + M (1—coswt)+ q—‘uz(t ——sinwt) (10.4.19)
[0 [0 T 0
The first derivative of equation (10.4.19) represents the velocity of
the system:
ax_gH gp-p=f
dt 1’ ®

sinor + (v — 25 ) cos oot (10.4.20)
T

Taking the second derivative of equation (10.4.19), we determine
the acceleration:

2
X _ ap=p-frcosor— o - Hysinar (104.21)
dt TW
Substituting time interval 7 into equations (10.4.19), (10.4.20), and
(10.4.21), we determine the values of the displacement s, the ve-
locity v, and the acceleration a at the end of this interval of time
respectively:

o dp+rW=p-f ap-p-f
B ®* o’

Cos T

X ‘I_lﬁ)smm (10.4.22)
o Tw

v= aH +qp_p_fsin(m'+(vo— e Yeoswr (10.4.23)
w

T’ Tw°

a=(gp—p—f)eosat— oo — IEysinwr  (10.4.24)
T
Multiplying equation (10.4.22) by K and substituting notation

(10.4.4), we calculate the force R, applied to the elastic link at the
end of this interval of time:

Ri=mlq(p+)—p—f-(qgp—p— flcoswr

+(vow — 2 sin 7] (10.4.25)
T
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The stress analysis of the link could be performed using the force
according to equation (10.4.25).

10.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for t=0 x=s,; % =0 (10.4.26)

Solving differential equation of motion (10.4.1) with the initial con-
ditions of motion (10.4.26), we have:

-p-— t
qp 127 f+qu2+(s0 qp - p f)Cosw qug
w T a) T

X =

(10.4.27)

Taking the first and second derivatives of equation (10.4.27), we
determine the velocity and the acceleration respectively:

@ ‘Lu ( So — M) sin Wt — q#
dt 10° w 0’
2
d_f = (500> —gp+ p— f)cosmt + IH in oot
dt T

Substituting the time 7 into equations (10.4.27), (10.4.28), and
(10.4.29), we determine the values of the displacement s, the
velocity v, and the acceleration a at the end of the of the predeter-
mined interval of time respectively:

_ q(P+u)—p—f+(SO_qp—p—f
2 a)z

)cos T

_qu
o (10.4.30)

v=1E _ (s —gp+ p+ f)sinor-2E cosor (10.4.31)
(0] T

a=— (50> —qp+p+ feosor+ E snor  (10.4.32)
TW
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Multiplying equation (10.4.30) by K and substituting notation
(10.4.4), we determine the force R, applied to the elastic link:

R =ml(g(p+w)—p-f

H(s@> —gp+ p+ freosor— P sinor]  (10.4.33)
T

The stress calculations of the link could be based on the force ac-
cording to equation (10.4.33).

10.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for =0 x=0; @ =0 (10.4.34)
dt
The solution of differential equation of motion (10.4.1) with the ini-
tial conditions of motion (10.4.34) reads:

:qp—zz—erqui_qp—lz—fcoswt_Q_“}Smw; (10.4.35)

(0] TW (0] T

X

The first and second derivatives of equation (10.4.35) repre-
sent the velocity and the acceleration of the system respectively:

@ = q,u2 + gp=p=71 sin Wt —q—uzcosa)t (10.4.36)
dt To 0] W

2

I ap=p-preosor+Fsinor  (104.37)
dt T

Substituting time interval 7 into equations (10.4.35), (10.4.36), and

(10.4.37), we determine the values of the displacement s, the veloc-

ity v, and the acceleration a at the end of the of the predetermined

time interval respectively:

o q(p+,u)2—p—f_ qp—lz—fcosm_CI_/ﬂsmm (10.4.38)

@ (0] TW

V= q_/,2L + M Sin T — q_,uz coswT (10.4.39)
w 0] TW
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a=(gp—p-feosor+sinor (10.4.40)
T
Multiplying equation (10.4.38) by K and substituting notation
(10.4.4), we calculate the force R, applied to the elastic link:

Ri=mlg(p+w)—p—-f—-(gp—p-f)

coso7 — I sinwr] (10.4.41)

T
The stress analysis of the link could be performed using the force
according to equation (10.4.41).

10.5 Constant Force R and Harmonic Force 4 sin(w,¢ + 1)

The intersection of Row 10 and Column 5 in Guiding Table
2.1 indicates that this section describes engineering systems sub-
jected to the action of the force of inertia, the stiffness force, the
constant resisting force, and the friction force as the resisting forces,
and to the constant active force and the harmonic force as the active
forces.

The problem could be related to the working process of a vi-
bratory system intended for the interaction with an elastoplastic or
viscoelastoplastic medium that exhibits strain-strengthening dur-
ing its plastic deformation. During this phase of deformation, the
medium simultaneously exerts a stiffness force, a constant resisting
force, and a friction force (more information regarding the defor-
mation of these media and the behavior of the constant resisting
force and friction force applied to a vibratory system is provided in
section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. Figure 10.5 shows the
model of a system subjected to the action of a constant active force,
a harmonic force, a stiffness force, a constant resisting force, and a
friction force.

Based on the considerations above and the model in Figure 10.5,
we can assemble the left and right sides of the differential equation
of motion of the system. The left side consists of the force of inertia,
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Figure 10.5 Model of a system subjected to a constant active
force, a harmonic force, a stiffness force, a constant resisting

force, and a friction force

the stiffness force, the constant resisting force, and the friction force,
while the right side includes the constant active force and the har-
monic force. Thus, the differential equation of motion reads:

2

m%+Kx+P+F: R+ Asin(o,f + 1) (10.5.1)

Differential equation of motion (10.5.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

10.5.1 General Initial Conditions

The general initial conditions of motion are:
dx _
dt

where s, and v, are the initial displacement and initial velocity
respectively.

Transforming the sinusoidal function in equation (10.5.1) and
dividing this equation by m, we may write:

for t=0 x=s; Vo (10.5.2)

d’ ) .
d—f+co2x+pf =r+asinw,;tcosA+acoswitsinA (10.5.3)
t
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where @ is the natural frequency of the system and:

| =

W’ = (10.5.4)
m

=L (10.5.5)
m

=L (10.5.6)
m

r=R (10.5.7)
m

a=2 (10.5.8)
m

To convert differential equation of motion (10.5.3) with the
initial conditions of motion (10.5.2) from the time domain into the
Laplace domain, we use Laplace Transform Pairs 3, 5, 1, 6, and 7
from Table 1.1. The resulting algebraic equation of motion in the
Laplace domain reads:

Px(D)— vy —Psy+@*x(D)+p+ f

aw,l :
2

o sin A (10.5.9)
(O

cosA+

=r+

2 2

+
Applying basic algebra to equation (10.5.9), we have:

xDYP+@7)=r—p—f+1Ivo+1%s,
2

+ aay! COsSA+ al sin A (10.5.10)

>+ o} >+ o}

Solving equation (10.5.10) for the Laplace domain displacement,
x(l) we write:

2
r—p f+ vy N [”so law,

cos A
P+o* P+ P+’ P+ +o0))

x())=

I’a

in 1 10.5.11
Tt ro) " ( )
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Based on pairs 1, 14, 5, 6, 7, 33, and 34 from Table 1.1, we invert
equation (10.5.11) from the Laplace domain into the time domain.
The inversion represents the solution of differential equation of mo-
tion (10.5.1) with the initial conditions of motion (10.5.2):

e
xX= p f(l cosa)t)+—sma)t+so cos mt
CO (0]

N a(wsinw,t — o, sinwt)cos A a(cos Wt — coswt)sin A
w(@® - o)) 0’ -

(10.5.12)

Taking the first and second derivatives of equation (10.5.12), we
determine the velocity and the acceleration of the system respectively:

dx r—-p—f . .
— = ————5in Wt + v, COS Wt — M, Sin WOt
dt W
N aw, (cosw,t — coswt)cos A _ a(@;sin@f — ®sint)sin A
0° - ! 0’ -
(10.5.13)
dzx . 2
ey =(r—p— f)coswt — v, sin@t —"s, cos wt
_ aw, (@, sin®,t — @sin@t)cos A
®° -
a(®; cos @t — > cost)sin A
- — (10.5.14)
0 —o;
10.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d
for t=0 x=0; d—j = (10.5.15)

The solution of differential equation of motion (10.5.1) with the ini-
tial conditions of motion (10.5.15) reads:

r— a(wsinw,t — o, sin@t)cos A
xX= p f(l coswt)+ % sinwr + ( 1 > 1 > )
o’ w oo —ow;)

N a(cosw,t —cosmt)sin A
w0’ — o

(10.5.16)
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The first derivative of equation (10.5.16) represents the velocity of
the system:

dx r—p-f .
— =———-¢inwt + v, coOswt + 5 >
dt 0] W — o

am,; (cos m,t — cos@r)cos A

a(w, sinw,t — @ sin @r)sin A
0’ - !

(10.5.17)

Taking the second derivative of equation (10.5.16), we determine
the acceleration:

d’x B ]
e (r—p— f)cosmt — v, sinwt
am, (W, sin,t — @ sin W) cos A
0’ -

3 a(®; cos @t —m* cost)sin A
0 -} (10.5.18)

10.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; % =0 (10.5.19)

Solving differential equation of motion (10.5.1) with the initial con-
ditions of motion (10.5.19), we may write:

-p-  sin @t — @, Sin ¢ A
x:#(l—coswt)+ So coscot+a( S, > ISH; )cos
® w(w” —o;)
a(cosw,t —cosmt)sin A
+ (10.5.20)

0’ — o}

Taking the first derivative of equation (10.5.20), we determine the
velocity of the system:

dx r—p—f . ) aw, (cosw,t — coswt)cos A
— =—————sinwt — s, Sin ot + 5 >
dt 0] 0" —o;
a(w, sinw,t — wsin®r)sin A
0’ -

(10.5.21)
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The second derivative of equation (10.5.20) represents the accelera-
tion:

d*x
5= (r—p— f)coswt —w*s, cos wt
t
am, (0, sinw,t — o sinwt)cos A
0’ — o}

a(w; cosw,t — > cost)sin A

— (10.5.22)
0 —o;

10.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; dx =0 (10.5.23)
dt
The solution of differential equation motion (10.5.1) with the initial

conditions of motion (10.5.23) reads:

r—p-— a(sinw,t — o, sin®t)cos A
x=#(1—coswt)+( 1 21 > )
oo —ow;)

N a(cosw,t —cost)sin A
®” -]

(10.5.24)

Taking the first and second derivatives of equation (10.5.24), we de-
termine the velocity and the acceleration of the system respectively:

dx r—-p—f . am, (cos o, — cos@t)cos A
“@e_r-r7J fs1na)t+ 1 12 . )
dt w 0 —w;

a(o, sinw,f — @ sinwt)sin A

- —os (10.5.25)
o — o,

d’x aw, (o, sinw,t — @ sin Wt)cos A
LX (1= p- frcosar - LOINOLZ 0SNG
dt O —o;

a(w; cosw,t —m* coswt)sin A (10.5.26)

o’ — o}
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10.6 Harmonic Force A sin(®,¢ + A) and Time-Dependent
t
Force Q( p+ ”7)

The intersection of Row 10 and Column 6 in Guiding Table
2.1 indicates that this section describes problems associated with
the action of the force of inertia, the stiffness force, the constant
resistance force, and the friction force as the resisting forces,
and the harmonic force and a time-dependent force as the active
forces.

The current problem could be related to the working process
of a vibratory system that interacts with an elastoplastic or visco-
elastoplastic medium featuring strain-strengthening during its plas-
tic deformation. As a reaction to the deformation, these types of
media exert a stiffness force, a constant resisting force, and a fric-
tion force that are acting simultaneously. (Additional information
related to the deformation of these media and to the behavior of a
constant resisting force and a friction force applied to a vibratory
system is provided in section 1.2.) Sometimes, at the beginning of
the working process, the system is subjected to a harmonic force
along with a time-dependent force that acts for a predetermined in-
terval of time.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. The model of a system
subjected to the action of a harmonic force, a time-dependent force,
a stiffness force, a constant resisting force, and a friction force is
shown in Figure 10.6.

According to the considerations above and the model in
Figure 10.6, we can assemble the left and right sides of the dif-
ferential equation of motion. The left side consists of the force
of inertia, the stiffness force, the constant resisting force, and the
friction force. The right side includes the harmonic force and the
time-dependent force. Therefore, the differential equation of mo-
tion reads:

d’x . ut
md—+Kx+P+F = Asm(a),t+ﬂ,)+Q(p+7) (10.6.1)

t2
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Figure 10.6 Model of a system subjected to a harmonic force,
a time-dependent force, a stiffness force, a constant resisting
force, and a friction force

Differential equation of motion (10.6.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

10.6.1 General Initial Conditions
The general initial conditions of motion are:

v _

for t=0 x=s;
dt

Vo (10.6.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming equation (10.6.1), we may write:

2

meE ke PrF=0p+oHt
dt T

+ Asinw,tcos A+ A cosm,tsin A (10.6.3)

Dividing equation (10.6.3) by m, we have:
2

!
d7§+a)2x+p+f=qp+q‘u

T

+ a sin@,t cos A + acosm,tsin A (10.6.4)
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where @ is the natural frequency and:

w0 =K (10.6.5)
m

=L (10.6.6)
m

=L (10.6.7)
m

=2 (10.6.8)
m

a=2 (10.6.9)
m

Using Laplace Transform Pairs 3, 5, 1, 2, 6, and 7 from Table
1.1, we convert differential equation of motion (10.6.4) with the
initial conditions of motion (10.6.2) from the time domain into the
Laplace domain. Upon conversion, we obtain the resulting algebraic
equation of motion in the Laplace domain:

Px(l)= vy — sy + 0*x(D)+ p+ f = qp+%
T
2
b 2O osAt " ina (10.6.10)
"+ w; + w;

Solving equation (10.6.10) for the Laplace domain displacement
x(l), we may write:

vy I’sy gp—p—f

)= + +

*D) F+o* PP+’ PP+o’
qu law,

A
C+0))  Cro )l rad)

I’a

in A 10.6.11
T Crao) " ( )
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Based on pairs 1, 6, 7, 14, 16, 33, and 34 from Table 1.1, we invert
equation (10.6.11) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (10.6.1)
with the initial conditions of motion (10.6.2):

qap—-p—f

Vo .
X =—sinwt + s, COs W + > (1—-coswt)
0] 0]
1 . a(wsin @t — , sin®t)cos A
+ q,uz (t——sinwt) + ( 1 > ! > )
TW 0] o —w))

N a(cos m;t — coswt)sin A

10.6.12
o’ - o] ( )

Taking the first and second derivatives of equation (10.6.12),
we determine the velocity and the acceleration of the system
respectively:

d ~p—f .
& Vo COS W — $o COS Ot + Msmcot + q,uz
dt w (0
B q,u2 cos or + 2O (cos a)ltz— coi wt)cos A
T 0" —o;
a(o, sinw,f — @ sinwt)sin A
- TR (10.6.13)
W — o;
dz.x . 2
e = -V, sin®t — 5@~ cos Wt +(gp— p— f)coswt
N qu Sinof — am, (o, sin a)lz - jin wt)cos A
T 0 — o,
2 2 -
a(w; cosw,t —m~ cosmt)sin A
_ o —— ) (10.6.14)
W —o;
10.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d.
for 1=0 x=0; =y, (10.6.15)

dt
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The solution of differential equation of motion (10.6.1) with the ini-
tial conditions of motion (10.6.15) reads:
gp—pr—f

Vo .
X =—SInwt + 2
0]

(1-coson)+ 2 (1~ Lsinan)
(0] T00 w

N a(wsin @t — @, sin®t)cos A
o(®* - o})

N a(cost —coswt)sin A

10.6.16
o o ( )

The first and second derivatives of equation (10.6.16) represent the
velocity and the acceleration of the system respectively:

d -p—f .
d—x:vocosa)t+wsmwt+ q,uz - 9#2 cos wt
T

(0] T

N aw, (cosw,t —coswt)cos A
0 -]

a(w, sinw,t — wsin @t)sin A
o’ —w!

(10.6.17)

d’x ) .
— =—v@sinwt +(gp— p— f)coswt +ﬂsmwt
dt T

am, (o, sinw,t — @ sinwt)cos A

0’ —w!

2 2 i
_alet cost -~ ?wwﬂﬂnl (10.6.18)
" — W

10.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx

for t=0 x=s0; —=0 (10.6.19)
dt
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Solving differential equation of motion (10.6.1) with the initial con-
ditions of motion (10.6.19), we may write:

qp—-p—f

a)2

(1—cosor)+- 2 ¢~ Lsinwr)
(10} (0]

X =5§,Ccoswt + >

N a(wsinw,t — o, sinwt)cos A
(@ —o;)

N a(cos w,t —cos t)sin A (10.6.20)

w0’ — o

Taking the first and second derivatives of equation (10.6.20), we
determine the velocity and acceleration of the system respec-
tively:

dx ) -p—f .
— = —s,0sinwt + Ms1ncot + C]‘le cos mt
dt w T
N aw, (cosw,t — coswt)cos A
W’ -]
a(w, sinw,t — @ sinwt)sin A
G —— ) (10.6.21)
w0 — o,
d’x .
ey =—5,0° coswt + (gp— p— f)coswt + %smwt
am, (o, sinw,t — @ sinwt)cos A
0’ — o}
a(w; cosw,t —m* coswt)sin A
- (10.6.22)

0’ — o

10.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0;, —=0 (10.6.23)
dt



Stiffness, Constant Resistance, and Friction = 341

The solution of differential equation of motion (10.6.1) with the ini-
tial conditions of motion (10.6.23) reads:

!
2= 2P~ PL (1 cosony+ 2 (i~ Lsinar)
CO T w

N a(wsinw,f — o, sinwt)cos A
w(w* —w})

a(cos,t —cosr)sin A
+ Bk (10.6.24)
0 —o;

Taking the first and second derivatives of equation (10.6.24), we de-
termine the velocity and the acceleration of the system respectively:

d —p—
d _ap=p=S Gy G
dt w 0° T
N am, (cos w,f —cos mt)cos A
0’ — o}
a(w, sinw,t — o sinwt)sin A
- = (10.6.25)
0 —o;
"x qu
— =(gp—p— f)coswt + =—sinwt
dr’ T
_aw,(w; sinw,f — @sin@r)cos A
0’ — o}
a(w; cosw,t —m* coswt)sin A
- (10.6.26)

0’ — o}






DAMPING

This chapter covers engineering systems subjected to the
force of inertia and the damping force as the resisting forces. These
forces are marked by the plus signs (+) in Row 11 of Guiding
Table 2.1. The intersections of Columns 1 through 6 with this row
indicate the active forces applied to the engineering systems de-
scribed in the chapter’s six sections. The titles of these sections
reflect the active forces that characterize the problems.

The left sides of the differential equations of motion for the
systems presented in this chapter are identical and consist of the
force of inertia and the damping force. The right sides of these equa-
tions consist of the active forces applied to the systems.

In real conditions of motion, the vast majority of movable sys-
tems experience damping forces that represent the reaction of fluid
media to their deformation.

343
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11.1 Active Force Equals Zero

According to Guiding Table 2.1, this section describes the
problems associated with the force of inertia and the damping force
as the resisting forces (Row 11) at the absence of active forces
(Column 1). The considerations related to the motion of a system in
the absence of active forces are described in section 1.3. The current
problem could be associated with the motion of a system subjected
to the resistance of a fluid medium or a specific hydraulic link.

The system moves in the horizontal direction. We want to de-
termine the basic parameters of motion and the maximum values
of the displacement, the acceleration, and the force applied to the
system. Figure 11.1 shows the model of a system subjected to the
action of a damping force.

The considerations above and the model in Figure 11.1 let us
compose the left and the right sides of the differential equation of
motion. The left side consists of the force of inertia and the damping
force, while the right side of the equation equals zero. Therefore, the
differential equation of motion reads:

2
md—f+C@:0 (11.1.1)
dt dt

Differential equation of motion (11.1.1) describes the decel-
eration process and has different solutions for various initial condi-
tions of motion. These solutions and their analyses are presented
below.

c

___{

»
»

X

Figure 11.1 Model of a system subjected to a damping force
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11.1.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; @:VO (11.1.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (11.1.1) by m, we may write:
2
I L (11.1.3)
dt dt

where 7 is the damping factor and:

2n= < (11.1.4)
m
Using Laplace Transform Pairs 3 and 4 from Table 1.1, we
convert differential equation of motion (11.1.3) with the initial con-
ditions of motion (11.1.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)— vy —1*sy +2nlx(l)—2nlsy =0 (11.1.5)

Solving equation (11.1.5) for the displacement x(/) in the Laplace
domain, we have:

2
(=2 s (11.1.6)
[+2n [+2n

In order to invert equation (11.1.6) from the Laplace domain into
the time domain, we use pairs 1, 10, and 12 from Table 1.1. The
inversion represents the solution of differential equation of motion
(11.1.1) with the initial conditions of motion (11.1.2):

Vo + 2]’LS()
X=—-

5 (I—e")+ spe" (11.1.7)
n

Applying basic algebra to equation (11.1.7), we obtain:

x= L(vo +2nsy —voe ") (11.1.8)
2n
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Taking the first and second derivatives of equation (11.1.8), we
determine the velocity and the deceleration of the system respectively:

% =vee " (11.1.9)
dzx —2nt
? =-2nvye (11.1.10)

Equating the velocity according to equation (11.1.9) to zero,
we determine the time 7 that the process may last. Equation (11.1.9)
shows that the term ¢ " tends to zero when the time T tends to infin-
ity. Therefore, the velocity tends to zero when:

e 50 (11.1.11)

Combining expression (11.1.11) with equations (11.1.8) and
(11.1.10) and substituting notation (11.1.4), we calculate the maxi-
mum displacement s, and acceleration (in this case deceleration)
a, . of the system respectively:

Smax = gvo + 5 (11.1.12)
m
Ay = —£vo (11.1.13)
m

Multiplying equation (11.1.13) by m, we determine the absolute
value of the maximum force R _applied to the system:

max

R, =1Cvy | (11.1.14)

For a transportation system, the maximum value of the ac-
celeration should be verified with the norms of public health and
safety. The maximum force applied to the system is used for the
corresponding stress calculations.

11.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0;, —=y, (11.1.15)
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The solution of differential equation of motion (11.1.1) with the ini-
tial conditions of motion (11.1.15) reads:

x= 20 (=g (11.1.16)
2n

The rest of the parameters are the same as in the previous case.

11.2 Constant Force R

The intersection of Row 11 and Column 2 in Guiding Table 2.1
indicates that this section describes a system that is subjected to the
force of inertia and the damping force as the resisting forces, and the
constant active force.

In general, the current problem is related to the interaction
of mechanical systems with a fluid medium or a specific hydraulic
link. These systems also could represent means of ground, water, or
air transportation. The working processes of a variety of hydraulic
and pneumatic machines are characterized by the interaction of fluid
media with movable elements subjected to constant active forces
(more related information is presented in section 1.2).

The system moves in the horizontal direction. We want to
determine the basic parameters of motion, the maximum values of
the velocity and the acceleration, the maximum force applied to the
system, and the power of the energy source. Figure 11.2 shows the

m

C

4

Figure 11.2 Model of a system subjected to a constant active
force and a damping force

»
»

X



348 © Chapter 11

model of a system subjected to the action of a constant active force
and a damping force.

The considerations above and the model in Figure 11.2 let
us compose the left and the right sides of the differential equa-
tion of motion of the system. The left side includes the force of
inertia and the damping force, while the right side consists of a
constant active force. Therefore, the differential equation of mo-
tion reads:

+C—=R (11.2.1)

Differential equation of motion (11.2.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

11.2.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; % = (11.2.2)

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (11.2.1) by m, we have:

+2n—-=r (11.2.3)

(11.2.4)

(11.2.5)

Applying Laplace Transform Pairs 3, 4 and 5 from Table 1.1,
we convert differential equation of motion (11.2.3) with the initial
conditions of motion (11.2.2) from the time domain into the Laplace
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domain. The resulting algebraic equation of motion in the Laplace
domain has the following shape:

Px()—lvy — sy +2nix(l)—2nlsy = r (11.2.6)
The solution of equation (11.2.6) for the displacement x(/) in Laplace
domain reads:

()= —T ot 25 | lso (11.2.7)
[(I+2n) [+2n [+2n

Using pairs 1, 13, 10, and 12 from Table 1.1, we invert equation
(11.2.7) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (11.2.1) with the
initial conditions of motion (11.2.2):

Vo + 2”50

—t+— 2P+~ (1 —e )+ " 11.2.8
x= 2n[ 5 (e )] o ( )+ s ( )

Transforming equation (11.2.8), we may write:

1
x=—1/rt+ (— —vp)e " ——+v,+2nsy]  (11.2.9)
2n 2n 2n
The first derivative of equation (11.2.9) represents the velocity
of the system:
dx -2 —2nt
O L=y 4 e ™ 11.2.10
7 2n( )+ Vo ( )
Taking the second derivative of equation (11.2.9), we deter-
mine the acceleration:
d2
L (r—2mp)e ™ (11.2.11)
dt
In this case, the velocity approaches its maximum value when
the acceleration tends to zero. Because r—2nv, >0, consequent-
ly, according to equation (11.2.11), the acceleration tends to zero
when:

—2nt

e " =0 (11.2.12)
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Therefore, combining expression (11.2.12) with equation (11.2.10)
and using notations (11.2.4) and (11.2.5), we determine the maxi-
mum value v, _that the velocity is tending to:

R
Vinax = — (11.2.13)
C

The acceleration has the maximum value at the beginning of the
process of motion, when ¢ = 0. Hence, at this moment, according
to equation (11.2.11), the maximum value of the acceleration a
reads:

max

Apax =T — 2nV0 (11.2.14)

For public transportation systems, the maximum value of the
acceleration according to equation (11.2.14) should be in compli-
ance with the norms of public health and safety.

In general, the maximum force applied to the system equals the
sum of the force of inertia and the resisting forces. However, at the
time when the velocity is approaching its maximum value, the accel-
eration approaches zero. Therefore, in this case, the maximum force
R . applied to the system equals the maximum value of the resisting

force, which in its turn equals the product of multiplying the damping
coefficient C by the velocity according to expression (11.2.13):

R =R (11.2.15)

max

Multiplying the maximum force according to equation (11.2.15) by
the maximum velocity according to expression (11.2.13), we deter-
mine the power N of the energy source:
2
N = R— (11.2.16)
C
The stress calculations of the system should be based on the
maximum force applied to the system according to equation (11.2.15).

11.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for t=0 x=0;, —=v, (11.2.17)
dt
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Solving differential equation of motion (11.2.1) with the initial con-
ditions of motion (11.2.17), we obtain:

1 r o T
x=—I[rt+(—=-vy)e " ——+v 11.2.18
2n [ (2I’l ()) 2]’1 ()] ( )
The rest of the parameters and their analysis are the same as in the
previous case.

11.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s dx =0 (11.2.19)
dt
The solution of differential equation of motion (11.2.1) with the ini-

tial conditions of motion (11.2.19) reads:

1 r
x=—I@t+—e

2n 2n
The first and the second derivatives of the equation (11.2.20)

represent the velocity and the acceleration respectively:

2 _ T o) (11.2.20)
2n

dx r
A 11.2.21
2 o ( ) ( )
2
% e (11.2.22)

Equation (11.2.22) shows that when e — 0, the acceleration
is approaching zero and, consequently, the velocity approaches
its maximum value that can be calculated according to expression
(11.2.13). The value of the maximum force and the value of the
power of the energy source are the same as in the previous cases and
do not depend on the initial velocity.

11.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for =0 x=0, —=0 (11.2.23)
dt
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Solving differential equation of motion (11.2.1) with the initial con-
ditions of motion (11.2.23), we obtain:

1 roo, r
x=—rt+—e " —— 11.2.24
2n ( 2n 2n) ( )
The rest of the parameters and their analysis are the same as in the

previous case.

11.3 Harmonic Force 4 sin(w;¢ + A)

The intersection of Row 11 and Column 3 in Guiding Table 2.1
indicates that this section describes a system subjected to the action
of the force of inertia and the damping force as the resisting forces,
and the harmonic force as the active force.

The current problem could be related to the interaction of a
vibratory system with fluid media or a hydraulic link. The system is
moving in the horizontal direction. We want to determine the basic
parameters of motion. Figure 11.3 shows the model of a system sub-
jected to the action of a harmonic force and a damping force.

Based on considerations above and on the model in Figure 11.3,
we can write the left and the right sides of the differential equation
of motion of the system. The left side consists of the force of inertia
and the damping force, while the right side includes the harmonic
force. Therefore, the differential equation of motion reads:

m—+C%:ASin((o,t+/l) (11.3.1)

m

C

Asin(wqt + A1) \

Figure 11.3 Model of a system subjected to a harmonic force
and a damping force

v

[
»

X
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Differential equation of motion (11.3.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

11.3.1 General Initial Conditions
The general initial conditions of motion are:

d
for t=0 x=s,: d—’;:vo (11.3.2)

where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function in the equation (11.3.1)
and dividing the latter by m, we have:
d’ d. . .
If-l_ 2nd—); =asinw,;fcosA+acoswtsinA  (11.3.3)

where 7 is the damping factor and:

2n= (11.3.4)

(11.3.5)

a=

Using Laplace Transform Pairs 3, 4, 6, and 7 from Table 1.1,
we convert differential equation of motion (11.3.3) with the initial
conditions of motion (11.3.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

2

I
Px(1)— Iy — sy + 2nlx(1) = 2nlsy = —2 cos A+ ——— sin A
+ 0; I” +w;

(11.3.6)

Applying some basic algebra to equation (11.3.6), we may write:

l 2
X(DI(I+21) = 12050 +v0) + 50l + 2 cos A +——— sin A
"+ w, "+ w,
(11.3.7)
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Solving equation (11.3.7) for the Laplace domain displacement x(/),
we obtain:

x(D)= 0t By, aa); —cos A
I+2n  1+2n (+20)(0 +0})
+ la sin A
(+2n)( +o7) (11.3.8)

In order to invert equation (11.3.8) from the Laplace domain into the
time domain we use pairs 1, 10, 12, 19, and 20 from Table 1.1 and
obtain the solution of differential equation of motion (11.3.1) with
the initial conditions of motion (11.3.2):

e 2ns, + vy (1= )+ 506" + 2na(l- C(';s a)lt)zcos A
2n o, (o7 +4n°)
asinwitcosA  aw,(1—e?")cosA a(l—cosw,t)sin A
i+’ 2n(w? +4n®) w7 +4n°
2nasinw,tsind  a(l—e>")sin A
0@ +4n*) @l +4n’ (11.3.9)

Applying the appropriate algebraic procedures to equation (11.3.9),
we have:

2na(l—cosw,t)cosA asin®,tcos A

V,
x=50+—(1—e>")+
2n

o, (07 +4n°) ! +4n’
N aw,(1—e?")cosA  a(l—cosw,t)sin A
2n(w; +4n%) ! +4n’

N 2nasinoisinA  a(l— e )sin A
0,(0] +4n*) w? +4n’ (11.3.10)

Taking the first derivative of equation (11.3.10), we determine
the velocity of the system:

dx ow . 2nasinwtcos A
— = V€
dt o} +4n*

a®, cosmtcosA  ame " cosA am,sinw,rsin A
0! +4n* ! +4n’ ! +4n’
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2nacostsin A 2nae " sin A
;i +4n’ ;i +4n’

(11.3.11)

The second derivative of equation (11.3.10) represents the
acceleration of the system:

d’x L 2nam,cos@itcosA  awisinmtcos

— =—2nvee " + > > + > >

dt w; +4n w; +4n
2name " cosA  am; cosmtsin A

-~ +
! +4n* ! +4n’
2naw, sinwtsin A 4n’ae*" sin A

1 1

- + 11.3.12
ol +4n® ol +4n® ( )

11.3.2 Initial Displacement Equals Zero
The initial condition of motion are:

for t=0 x=0; o Vo (11.3.13)

The solution of differential equation of motion (11.3.1) with the
initial conditions of motion (11.3.13) reads:

Vo =)+ 2na(l—coswt)cosA asinw,tcos A
x = —_— —_ e —_

2n 0, (0] +4n*) o} +4n’
—2nt

N am,(1-e"")cosA a(l—cosw,t)sin A
2n(w; +4n”) i +4n’

N 2nasin @t sin A _a(l- e”")sin A
0, (0] +4n*) o +4n® (11.3.14)

The equations for the velocity and the acceleration are the same as
in the previous case.

11.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; % =0 (11.3.15)
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Solving differential equation of motion (11.3.1) with the initial con-
ditions of motion (11.3.15), we obtain:

N 2na(l —cos,t)cos A _asinfcos A | 4o, (1—e?")cos A
(W] +4n) i +4n’ 2n(w; +4n)

X =39

a(l—cos@,t)sin A N 2nasinw,rsind  a(l—e>")sin A
o] +4n’ o, (o] +4n*) i +4n’

(11.3.16)

Taking the first and the second derivatives of equation (11.3.16), we
determine the velocity and the acceleration of the system respectively:

dx 2nasinwtcosA am,costcos aw,e" cos A

dr o] +4n’ o] +4n’ o} +4n*
aw, sinmtsin A  2nacoswtsinA  2nae " sin A
. +4n’ i +4n* o> +4n (11.3.17)

d’x _ 2naw, cost cos A awisinwtcosA  2naw,e" cos A

dt’ o} +4n’ o] +4n’ w; +4n’
awi coswrsinA  2naw, sinotsinA  4n*ae" sin A
o} +4n’ i +4n’ o} +4n’
(11.3.18)

11.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (11.3.19)

The solution of differential equation of motion (11.3.1) with the ini-
tial conditions of motion (11.3.19) reads:

o 2na(l —coswt)cos A _asin@fcos A aw,(1—e?")cosA
o, (0} +4n*) i +4n® 2n(wi +4n*)

a(l—cosw,t)sinA 2nasinwitsind  a(l—e>")sin A
o] +4n* o, (o] +4n) ;! +4n’

(11.3.20)
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The equations for the velocity and acceleration are the same as for
the previous case.

11.4 Time-Dependent Force O (P + %t)

The intersection of Row 11 and Column 4 in Guiding Table 2.1
indicates that this section describes problems associated with the
force of inertia and damping force as the resisting forces, and the
time-dependent force as the active force.

The current problem could represent the initial stage of the
acceleration process of a transportation system interacting with
fluid media. This stage lasts for a predetermined interval of time
during which the active force represents an increasing function of
time.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, the values of the velocity,
the acceleration, the force applied to the system, and the power of
the energy source at the end of the predetermined interval of time.
The model of a system subjected to the action of a time-dependent
force and a damping force is shown in Figure 11.4.

Based on the considerations above and on the model in Figure
11.4, we can compose the left and the right sides of the differential
equation of motion. The left side includes the force of inertia and the

Qp+&

\ 4

__{

»
»

X

Figure 11.4 Model of a system subjected to a time-dependent
force and a damping force
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damping force, while the right side consists of the time-dependent
force. Hence, the differential equation of motion reads:
d 2 dx ut
+C—= +
mo Tl =0(p . —)
Differential equation of motion (11.4.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

(114.1)

11.4.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; %zvo (11.4.2)

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (11.4.1) by m, we obtain:

d’x dx ut
—+2n—= +— 11.4.3
g T2 T APt ( )
where 7 is the damping factor and:
2n= < (11.4.4)
m
q= Q (11.4.5)
m

Using Laplace Transform Pairs 3, 4, 5, and 2 from Table 1.1,
we convert differential equation of motion (11.4.3) with the initial
conditions of motion (11.4.2) from the time domain into the Laplace
domain, and obtain the resulting algebraic equation of motion in the
Laplace domain:

PPx(1)— vy — sy +2nlx(l)—2nls, = gp + % (11.4.6)

The solution of equation (11.4.6) for the Laplace domain displace-
ment x(/) reads:
()= Vo + 21, N JAYS N qp qu

+
[+2n  [+2n I(I+2n) tl*(1+2n)

(11.4.7)
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Based on pairs 1, 10, 12, 13, and 31 from Table 1.1, we invert equa-
tion (11.4.7) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (11.4.1) with
the initial conditions of motion (11.4.2):

Vo +2ns, o2 om , 9P |: | P :|
=20 1- +s0e "+t —(e7" =1
2n ( )+ o 2n 2n( )

qu ., 1 | R
[ - —— (e -1
4’“_[ P (e )] (11.4.8)

Performing some conventional algebraic procedures with equation
(11.4.8), we obtain:

1 _
x=— (Vo +2ns, —voe ")
2n

q u u .o, p u <2
+—[(p———)t+—t"+(————5 )" -1 11.4.9
2n [P 2n’c) 27 (Zn 4n2’c)( ) ( )
The first derivative of equation (11.4.9) represents the velocity
of the system:

@z Voe_zm +i[p_L+‘Lt_t_(p—L)e_2m] (11.4.10)

dt 2n 2nt T 2nt
Taking the second derivative of equation (11.4.9), we
determine the acceleration:
d’x _ qu u o
—— = nvee M + — ) 11.4.11
e 0 2 +q(p r) ( )

Substituting the time 7T into equations (11.4.10), (11.4.11), we deter-

mine the velocity v and acceleration a at end of the predetermined

interval of time respectively:
2nt q

v=ve w Lo By (- e 1412
2n 2nt 2nt

a=-2nve”"" + q/,t

T a(p- “T) 2 (11.4.13)
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For a public transportation system, the acceleration according
to equation (11.4.13) should be in compliance with the norms of
public health and safety.

The force applied to the system equals the sum of the force of
inertia and the resisting forces. The force of inertia equals the prod-
uct of multiplying the acceleration according to equation (11.4.13)
by the mass m. The resisting force, represented by the damping
force, equals the product of multiplying C by the velocity accord-
ing to equation (11.4.12). Adding these two forces together and
recalling notations (11.4.4) and (11.4.5), we determine the force
R, applied to the system at the end of the predetermined interval of
time:

R =0(p+L1) (11.4.14)

The stress calculations of the system should be based on the force
according to equation (11.4.14).

The power of the energy source N equals the product of mul-
tiplying the force according to equation (11.4.14) by the velocity
according to equation (11.4.12):

N =Ry (11.4.15)
11.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =, (11.4.16)

The solution of differential equation of motion (11.4.1) with the ini-
tial conditions of motion (11.4.16) reads:

V() —2nt q /'L ‘u 2 p /'L —2nt
=L (-4 [(p———)t+ 1+ - -1
x=g,dmer o o=y Dt G 4n2’[)(e )

(11.4.17)

The rest of the parameters and their analysis are the same as for the
previous case.
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11.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d.
for =0 x=s; —=0 (11.4.18)
dt
Solving differential equation of motion (11.4.1) with the initial
conditions of motion (11.4.18), we have:

ILL )t+£t2+(£ :LL )(€—2nt_1)]

q
= + — —_ -
X= st o I S G T

(11.4.19)

Taking the first and second derivatives of equation (11.4.19), we
determine the velocity and acceleration of the system respectively:

dx q u ‘th H —2nt
_ S I R (7 S el 11.4.20
dt 2n Lp 2nt 1T P 2nt el o )
d’x  qu LR
da g (i —— e 11.4.21
dt*  2nt a(p 2nt )e ( )

Substituting the time T into equations (11.4.20) and (11.4.21),
we determine the values of the velocity v and the acceleration a at
the end of the predetermined interval of time respectively:

V:i[p_i.p,u_(p—i)e_zm] (11.4.22)
2nt

2n 2nt
a=H 4 o Eyerr (11.4.23)
2nt 2nt

The force applied to the system can be calculated according
to equation (11.4.14). Multiplying the force according to equation
(11.4.14) by the velocity according to equation (11.4.22), and recall-
ing notations (11.4.4) and (11.4.5), we calculate the power of the
energy system:

u

2
: (p+u)%[p——+u—(p—i

N=="
C 2nt 2nt

)e—Zn‘r ]
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11.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions are:

for t=0 x=0, —=0 (11.4.24)
dt
Solving differential equation of motion (11.4.1) with the initial con-
ditions of motion (11.4.24), we have:

x=Lip-Eoyr L (LB gy (11.4.25)
dn°t

2n 2nt 27 2n
The rest of the parameters and their analysis are the same as for the
previous case.

11.5 Constant Force R and Harmonic Force A4 sin(w,z + 1)

The intersection of Row 11 and Column 5 in Guiding Table
2.1 indicates that this section describes engineering systems sub-
jected to the action of the force of inertia and the damping force as
the resisting forces, and to the action of a constant active force and a
harmonic force as the active forces. The current problems could be
related to some vibratory systems interacting with a fluid medium
or a hydraulic link.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. Figure 11.5 shows the

m
R
C
—|
Asin(wq + 1) \

X

Figure 11.5 Model of a system subjected to a constant active
force, a harmonic force, and a damping force
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model of a system subjected to the action of a constant active force,
a harmonic force, and a damping force.

The considerations above and the model shown in Figure 11.5
let us compose the left and right sides of the differential equation of
motion of the system. The left side consists of the force of inertia
and the damping force, while the right side includes the constant
active force and the harmonic force. Therefore, the differential equa-
tion of motion reads:

2
d — C@—RJrAsm(a)Hrl) (11.5.1)
a’ dt

Differential equation of motion (11.5.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

11.5.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; ax =V (11.5.2)
dt
Transforming the sinusoidal function in equation (11.5.1) and

dividing the latter by m, we obtain:

d’x d.
—+2n—x =r+asinwtcosA+acosmitsinA (11.5.3)
dr’ dt
where 7 is the damping factor and:
2n= < (11.54)
m
r= R (11.5.5)
m
a= 4 (11.5.6)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (11.5.3) with the initial
conditions of motion (11.5.2) from the time domain into the Laplace
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domain, and obtain the corresponding algebraic equation of motion
in the Laplace domain:

aw,l cos A N al®sin A

P+l PP+of

(11.5.7)
Applying basic algebra to equation (11.5.7), we may write:

Px()—1lvy —*so 4+ 2nlx(1) - 2nls, = r +

awlcosA al*sinAd
F+o; PP+of
(11.5.8)

The solution of equation (11.5.8) for the displacement x(/) in La-
place domain reads:

x(DII+2n)=r+1(vy +2nsy)+ %5y +

r Vo + 2ns, Is,
x()=
[(I+2n) [+2n [+2n
am, cos A alsin A

o) Gran@ron (1159

Based on pairs 1, 13, 10, 12, 19, and 20 from Table 1.1, we invert
equation (11.5.9) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (11.5.1) with
the initial conditions of motion (11.5.2):

r 1 —2nt Vo + 2nsO —2nt —2nt
x=—1/t+—(E " =-D]+——(>A-e + 50€
o [ o ( )] o ( )+ So
2na(l —cos,t)cos A _asinfcos A aw,(1—e*)cosA
o, (o] +4n*) ;i +4n’ 2n(w;i +4n*)

a(l—coswt)sinA 2nasinwitsind  a(l—e>")sin A
o} +4n* 0, (0] +4n?) o] +4n’

(11.5.10)

Transforming equation (11.5.10), we may write:

2na(l—cosw,t)cos A
0, (0] +4n*)

Vo —2nt r 1 —2nt
=so+—U- +—[t+— D]+
X =8 2n( e™) 2n[ o (e )
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—2nt

asinwitcosA  aw,(1—e™)cosA a(l—cosw)sin A
o} +4n’ 2n(w; +4n*) o] +4n’

2nasinwrsind  a(l—e*")sin A
o, (o} +4n*) . +4n*

(11.5.11)

Taking the first derivative of equation (11.5.11), we determine
the velocity of the system:

dx _ r _ 2nasin@;tcosA awm,cos,tcos A
_:voe 2nt+_(1_e2nt)+ 1 _ 1 1

dt 2n o] +4n’ o} +4n*

aw,e" cosA  aw, sinwtsin A
! +4n’ ! +4n*

2nacos@itsind  2nae>" sin A
ol +4n® o +4n®

(11.5.12)

The second derivative of equation (11.5.11) represents the
acceleration:
d’x
—=(r—2nv)e”" +
dt2 ( 0)

2nam, cos ®,f cos A N aw; sin @t cos A
ol +4n® ol +4n®

2naw,e " cos A N aw? cos,tsin A
o} +4n’ w?+4n®

2nam, sinw,tsinA  4n*ae™" sin A

11.5.13

wf +4n? (012 +4n’ ( )
11.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; % =, (11.5.14)

Solving differential equation of motion (11.5.1) with the initial con-
ditions of motion (11.5.14), we may write:

2na(l—cosmt)cos A
o, (o] +4n*)

Vo —2nt r 1 —2nt
=—(1- +—[t+— -D]+
x 2n( e™) | 2n(e )]



366 + Chapter 11

asinwitcosA  aw,(1—e?")cosA a(l—cosw,t)sin A
ol +4n® 2n(a)12 +4n*) ol +4n®

N 2nasinoitsind  a(l— e )sin A
0, (0] +4n*) o’ +4n’ (11.5.15)

The equations for the velocity and acceleration are the same as in
the previous case.

11.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; %:o (11.5.16)

The solution of differential equation of motion (11.5.1) with the ini-
tial conditions of motion (11.5.16) reads:

2na(l—cosw,t)cos A
o, (o} +4n*)

r 1
=so+—[t+— (" =D+
X =5 2n[ 2n(e )]

asinwitcosA aw,(1—e?")cosA a(l—coswt)sin A
o] +4n’ 2n(wi +4n*) o] +4n’

2nasinw,tsind  a(l—e*")sin A
o, (0] +4n°) o; +4n’

(11.5.17)

Taking the first derivative of equation (11.5.17), we determine the
velocity of the system:

dx r =)+ 2nasinw,t cosA  am, cosw,t cos A
—_ —e —_
dt 2n ;] +4n’ o] +4n*

aw,e " cosA  aw, sin@,tsin A
o +4n® ! +4n*

2nacosmtsinA  2nae*" sin A
ol +4n® ol +4n®

(11.5.18)
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The second derivative of equation (11.5.17) represents the accelera-
tion:

d’x o 2naw;cos@itcosA  awi sinwtcos A
—=re + > > + > >
dr’ W} +4n W} +4n

—2nt

cosA awicosmtsind

2nawm,e N
! +4n’ i +4n’

2 gin A

i +4n® ol +4n®

2naw, sinw,tsinA  4n’ae

(11.5.19)

11.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0;, —=0 (11.5.20)
dt

‘We obtain:

r | R 2na(l—cosw t)cosA asinwtcos A
x=—I[t+—(e"" =D]+ P 3 - 2 2
2n 2n o, (w; +4n°) w; +4n

aw,(1—e?")cosA  a(l—cosw,t)sin A
2n(w; +4n) o; +4n’

2nasinwtsind  a(l—e>")sin A
(0] +4n*) 7 +4n’

(11.5.21)

The equations for the velocity and acceleration are the same as in
the previous case.

11.6 Harmonic Force A sin(w,t + 1)
and Time-Dependent Force O (P + ”%)

Guiding Table 2.1 indicates that this section describes engi-
neering systems subjected to the action of the force of inertia and
damping force as the resisting forces (Row 11), and the harmonic
force and the time-dependent force as the active forces (Column 6).
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The current problem could be related to a vibratory system
interacting with fluid media or with a specific hydraulic link, while
on the initial stage of the working process this system utilizes, in ad-
dition to the harmonic force, the time-dependent force that is acting
for a predetermined interval of time.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. The model of a system
subjected to the action of a harmonic force, a time-dependent force,
and a damping force is shown in Figure 11.6.

Based on the considerations above and on the model in
Figure 11.6, we can compose the left and the right sides of the dif-
ferential equation of motion. The left side includes the force of in-
ertia and the damping force. The right side consists of the harmonic
force and the time-dependent force. Hence, the differential equation
of motion reads:

m—+CZ:Asin(wlt+i)+Q(p+&) (11.6.1)
T
Differential equation of motion (11.6.1) has different solu-

tions for various initial conditions of motion. These solutions and
their analyses are presented below.

m
Asin(wq + 1) C
ut
+ N
QP+~ —_{
—_—

»
»

X

Figure 11.6 Model of a system subjected to a harmonic force,
a time-dependent force, and a damping force
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11.6.1 General Initial Conditions
The general initial conditions of motion are:

fOI' t= 0 X =350, % =V (11.6.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming equation (11.6.1), we have:

d’x dx Jils ) .
m—+C—=0p+Q—+Asinwtcos A+ Acosmtsin A
dt dt T
(11.6.3)
Dividing equation (11.6.3) by m, we may write:
2
d—f + Zn@ =qp+ q‘u—t +asinwtcosA+acoswitsinA  (11.6.4)
dt dt T
where n is the damping factor and:
2n= < (11.6.5)
m
q= Q (11.6.6)
m
a= 4 (11.6.7)
m

Based on Laplace Transform Pairs 3, 4, 5, 2, 6, and 7 from
Table 1.1, we convert differential equation of motion (11.6.4)
with the initial conditions of motion (11.6.2) from the time do-
main into the Laplace domain. The resulting algebraic equation
of motion in the Laplace domain reads:

Px(1)— vy — 5o + 2nix(1)— 2nls,

q awl al’?
:qp+T—‘L;+lz+12cosl+ —

sin A (11.6.8)
; "+ w;
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Applying to equation (11.6.8) some basic algebra, we have:
_ 2 qu
x(DIA+2n)=1(vo +2ns0)+1"so +gp+ ol
T
aw,l al’

[ cosl+msin/l (11.6.9)
1 1

Solving equation (11.6.9) for the Laplace domain displacement x(/)
we may write:

Vo +2ns, Isy qp qu
+ + +—
[+2n  1+2n I(I+2n) 7tl°(I+2n)

am,; cos A N alsin A
(I+2n)*+@?) (I+2n)(* +©))

x(D)=

(11.6.10)

Using pairs 1, 10, 12, 13, 31, 19, and 20 from Table 1.1, we invert
equation (11.6.10) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (11.6.1)
with the initial conditions of motion (11.6.2):

+2 1
= Vo nsy (1_6—2m‘)+soef2m +g_p|:t+_(€2m _1):|

2n n 2n
+ﬂ{t2 _ lt _ Lz(e‘z"’ _ 1)} N 2na(l— C(2)S a)lt)zcos A
4nt n 2n w,(w; +4n")

asinwitcosA aw,(1—e?")cosA a(l—cosw,t)sin A
o] +4n’ 2n(w; +4n*) o} +4n*

2nasinw,rsind  a(l—e*")sin A
o, (o] +4n°) oF +4n’

(11.6.11)

Transforming equation (11.6.11) to the shape more suitable for the
analysis, we write:

xX=5, +ﬁ(1—e‘2"’)+i(p+L)(Hie‘z”’ —i)
2n 2n 2nt 2n 2n
qH o 2na(l—coswt)cosA  asinwitcos A
2nt 0, (0] +4n*) o} +4n’
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aw,(1—e?")cosA a(l—cosw,t)sin A

2n(w; +4n*) o] +4n’
2nasinotsin A a(l—e>")sin A
o, (o] +4n*) o} +4n’ (11.6.12)

Taking the first derivative of equation (11.6.12), we determine
the velocity of the system:

d'x —2m —2nt :u“
—= +——|(1- + =t
dt Yo 2n [(p 2nt j( ) T }

2nasinw;tcosA  aw,coswtcosA  aw,e " cos A
o] +4n’ o] +4n’ o} +4n’

a®, sin ¢ sin A N 2nacostsin A 2nae " sin A
! +4n’ o} +4n’ i +4n’

(11.6.13)

The second derivative represents the acceleration:

d’x 5 o M 2na@, cosmt cos A
— ="2nvee " + (2np + = ) "]+
dt T ] +4n’

a®; sin@,t cos A 2naa)1e’2"’ cos A N a®; cos @t sin A

o} +4n’ o] +4n’ o} +4n’
2nam, sinw,tsinA  4n*ae" sin A
- s T (11.6.14)
w; +4n w; +4n

11.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; @ =V, (11.6.15)
dt
Solving differential equation of motion (11.6.1) with the initial con-
ditions of motion (11.6.15), we obtain:

Vo —2nt q :LL 1 —2nt 1 q‘Ll 2
:—1 +—(p+—)t+— -——)+—t
( ) 2n (p 2nt X 2n ¢ Zn) 2nt
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2na(l—cosw,t)cos A _ asint cos A aw,(1—e?")cos A
o (@F +4n”) o; +4n’ 2n(of +4n°)

a(l—cosw,t)sin A N 2nasinwtsin A a(l—e " )sin A
i +4n® o, (0] +4n”) o; +4n®

(11.6.16)
The rest of the parameters are the same as in the previous case.

11.6.3 Initial Velocity Equals Zero

The initial conditions of motion are:
ax _
dt

The solution of differential equation of motion (11.6.1) with the ini-
tial conditions of motion (11.6.17) reads:

for t=0 x=s; 0 (11.6.17)

X =5, +zi(p+L)(t+iez’" —L)+ﬂt2
n

2nt 2n 2n°  2nt
2na(l—cosw,t)cos A _asinwfcos A
o, (o] +4n*) o +4n’

N aw,(1—e?")cosA a(l—cosw,t)sin A
2n(w; +4n*) o +4n’

2nasinwrsind  a(l—e>")sin A
o, (o] +4n*) ! +4n’

(11.6.18)

The first derivative of equation (11.6.18) represents the velocity of
the system:

2nasinw,f cos A

dx _q 1 Sy, M }
—=—|(p+—)1- +—t |+
dt Zn{(p e - 0 +4n°

aw, cos®tcosA  ame " cosA aw,sinw,tsin A
ol +4n® i +4n® o +4n®

2nacos@tsind  2nae " sin A
o +4n’ P +4n?

(11.6.19)
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Taking the second derivative of equation (11.6.18), we determine
the acceleration:

d’x ) 2naw, cos mt cos A
£r-4 Cnp+ e + B |4 =
dt 2n T T w; +4n
aw?lsinwitcosA 2name " cos A N aw? cos,tsin A
o} +4n’ o] +4n’ o} +4n’
2nam, sinw,tsinA  4n*ae™" sin A
_Zraosnafsns  Irde S (11.6.20)
w; +4n w; +4n

11.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

d.
for t=0 x=0; ==0 (11.6.21)
dt
Solving differential equation of motion (11.6.1) with the initial con-
ditions of motion (11.6.21), we obtain:

q H 1 5, 1 ql »
= (p+—)t+—e " ——)+ "t
o Zn(p 2m')( Zne )

2n"  2nt
2na(l—cost)cos A _a sinmitcosA  am,(1—e>")cos A
o (o] +4n®) o +4n° 2n(w? +4n*)

a(l-cosw,t)sinA 2nasinwitsindA  a(l—e>")sin A
o] +4n’ o, (@; +4n*) i +4n’

(11.6.22)

The equations for the velocity and the acceleration are the same as
in the previous case.






DAMPING AND FRICTION

This chapter discusses engineering systems subjected to the
force of inertia, the damping force, and the friction force as the re-
sisting forces. These forces are marked by the plus signs (+) in Row
12 of Guiding Table 2.1. The active forces applied to the systems
are displayed in Columns 1 through to 6. Throughout this chapter,
the left sides of the differential equations of motion are identical and
represent the resisting forces mentioned above. The right sides of
these equations consist of the active forces applied to the particular
systems, and vary from section to section. The titles of the sections
reflect the active forces applied to the systems,

The problems described in this chapter could be associated
with systems moving on a horizontal frictional surface and interact-
ing with fluid media or specific hydraulic links.

12.1 Active Force Equals Zero
This section describes problems associated with the force of
inertia, the damping force, and the friction force as the resisting

375
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C
in
777 Y o

F

Figure 12.1 Model of a system subjected to a damping force
and a friction force

forces (Row 12 in Guiding Table 2.1), when the active force equals
zero (Column 1). The considerations related to the motion of a sys-
tem in the absence of active forces are described in section 1.3.

The deceleration process of a ground transportation system
moving in the horizontal direction is an example of the current prob-
lem. We want to determine the basic parameters of motion and the
maximum values of the displacement, the acceleration, and the force
applied to the system. Figure 12.1 shows the model of a system sub-
jected to the action of a damping force and friction force.

Based on the considerations above and accounting the model
in Figure 12.1, we compose the left and the right sides of the dif-
ferential equation of motion. The left side consists of the force of
inertia, the damping force, and the friction force, while the right
side of the equation equals zero. Hence, the differential equation of
motion reads:

2
md—f+C@+F:0 (12.1.1)
dt dt

Differential equation of motion (12.1.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.
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12.1.1 General Initial Conditions
The general initial conditions of motion are:

dr _

for t=0 x=s; =V, (12.1.2)
dt

where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (12.1.1) by m, we may write:
d’x dx

?'le’lg'i‘f: 0 (12.1.3)

where 7 is the damping factor and:

on=C (12.1.4)
m

=k (12.1.5)
m

Based on Laplace Transform Pairs 3, 4, and 5 from Table 1.1,
we convert differential equation of motion (12.1.3) with the initial
conditions of motion (12.1.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

I*x(1)—Ivg — 1”50 + 2nlx(l) = 2nlsy + f =0 (12.1.6)
Solving equation (12.1.6) for the displacement x(/) in the Laplace
domain, we have:

v0+2ns0+ Is, B f
[+2n [+2n [(I+2n)

x(l)= (12.1.7)

Using pairs 1, 10, 12, and 13 from Table 1.1, we invert equation
(12.1.7) from the Laplace domain into the time domain and obtain
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the solution of differential equation of motion (12.1.1) with the
initial conditions of motion (12.1.2):

(1—e)+ 5" — I [+ i (e =1)] (12.1.8)

2n n

_ Vo +2ns,

Applying conventional algebraic procedures to equation (12.1.8),
we may write:

X = i[2ns0 +v, + i - ft— (VO + ij el (12.1.9)
2 2n 2n

n

Taking the first and second derivatives of equation (12.1.9),
we determine the velocity and the acceleration of the system
respectively:

dx foom S

— =y +—)e " —— 12.1.10
i~ T, (12110
dzx f —2nt

? =-2n(vy + %)6 : (12.1.11)

Because the system is in a deceleration process, we equate the
velocity according to the equation (12.1.10) to zero and determine
the time 7 that the process lasts. Actually, we may write:

(vo + i)e—znr - i =0 (12.1.12)

2n on

According to equation (12.1.12), we have:

e = _J (12.1.13)
2nV0 + f

Solving equation (12.1.13) for the time 7, we obtain:

7= 2t s

o 7 (12.1.14)
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Combining equations (12.1.13) and (12.1.14) with equation
(12.1.9), we determine the maximum displacement s, of the system:

f

1 2nv, +
Spae = — (2nsy + vy ——1In M)
2n 2n

f

Eliminating from equation (12.1.15) the initial displacement s,, we
calculate the braking distance s, :
1 f / 2nvy + f )

Spr=7—(o—==In

2n 2n f

(12.1.15)

(12.1.16)

Combining equations (12.1.13) and (12.1.11), we determine the
maximum acceleration (deceleration) a,__:

max*

Aoy = _f (12.1.17)

However equation (12.1.11) shows that at the beginning of the
process when ¢ = 0, the deceleration g, equals:

ay=-"2nvy— f (12.1.18)

The absolute value of a, according to equation (12.1.18) ex-
ceeds the absolute value of a,, according to equation (12.1.17);
therefore, for public transportation systems, the verification of the
acceleration with the norms of public health and safety should be

based on the absolute value a, according to equation (12.1.18):
ay=12nvy+ f | (12.1.19)
Multiplying equation (12.1.19) by m and substituting nota-

tions (12.1.4) and (12.1.5), we determine the maximum force R,
applied to the system:

Rmax = CVO + F (12.1.20)

The stress calculations of the system should be based on the
force according to equation (12.1.20).
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12.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V, (12.1.21)

The solution of differential equation of motion (12.1.1) with the ini-
tial conditions of motion (12.1.21) reads:
1 f ) om
x=—I[v+=——ft—|vo+=—|e " 12.1.22
LA FA S
The rest of the parameters and their analysis are the same as for the
previous case, keeping in mind that in this case s,,, = s,,,.

r

12.2 Constant Force R

As indicated by the intersection of Row 12 with Column 2 in
Guiding Table 2.1, this section describes engineering systems sub-
jected to the action of the force of inertia, the damping force, and the
friction force as resisting forces, and the constant active force.

The current problem could be related to the acceleration of
ground transportation systems. This problem could be also associ-
ated with some pneumatic machines characterized by the decreasing
of the active force proportionally to the increasing of the velocity
of a corresponding component (piston) of the machine. Section 1.3
contains a detailed description of this situation. Equation (1.3.1) re-
flects the behavior of this active force and shows that the problems
of these pneumatic machines are actually identical to the problems
associated with the transportations systems.

Considering that the system moves in the horizontal direction,
we want to determine the basic parameters of motion, the maxi-
mum values of the velocity and the acceleration of the system, the
maximum force applied to the system, and the power of the energy
source. Figure 12.2 shows the model of a system subjected to the ac-
tion of a constant active force, a damping force, and a friction force.

Based on the considerations above and the model in
Figure 12.2, we can assemble the left and the right sides of the
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R 1

X

VP ea . >

Figure 12.2 Model of a system subjected to a constant active
force, a damping force, and a friction force

differential equation of motion of this system. The left side consists
of the force of inertia, the damping force, and the friction force,
while the right side consists of the constant active force. Hence, the
differential equation of motion reads:
d’x dx
m——+C—+F=R (12.2.1)
dt dt
Differential equation of motion (12.2.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

12.2.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; % =V, (12.2.2)

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (12.2.1) by m, we have:

—+ 2n—t +f=r (12.2.3)
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where 7 is the damping factor and:

n=C (12.2.4)
m

r=E (12.2.5)
m

r=X (12.2.6)
m

Using Laplace Transform Pairs 3, 4, and 5 from Table 1.1,
we convert differential equation of motion (12.2.3) with the initial
conditions of motion (12.2.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

IPx(l)— vy —*sq + 2nlx(1)— 2nlsy + f = r (12.2.7)

Solving equation (12.2.7) for the displacement x(/) in Laplace do-
main, we may write:
r—f Vo + 2ns, Is,

x()= + + (12.2.8)
[(I+2n) [+2n [+2n

Based on pairs 1, 13, 10, and 12 from Table 1.1, we invert equation
(12.2.8) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (12.2.1) with the ini-
tial conditions of motion (12.2.2):

=t
2n

Vo +2ns,

2n

1
X [t + 2_(€—2nt _ 1)] + (1 _ e—2nr) + Soe—2nt (12.2.9)
n

Applying basic algebra to equation (12.2.9), we have:

x= L[(F—f)t+(r_f—vo)ez'” _r=f +vy+2ns,]  (12.2.10)
2n 2 2

n n
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Taking the first derivative of equation (12.2.10), we determine
the velocity of the system:
de _r—f
dt 2n

(1—e?")+vye ™" (12.2.11)

The second derivative of equation (12.2.10) represents the
acceleration:
dzx —2nt
—=(r—f-2nv)e (12.2.12)
dt
In this case, the velocity approaches its maximum value when the
acceleration approaches zero. Because r — f—2nv, >0, then according
to equation (12.2.12) the acceleration approaches zero when:

e 50 (12.2.13)

where 7T is the time that the process lasts (actually T approaches
infinity).

Combining expression (12.2.13) with equation (12.2.11) and
substituting notations (12.2.4), (12.2.5), and (12.2.6), we determine
the maximum value of the velocity v :

max*

N % (12.2.14)

VWLGX

The acceleration has its maximum value at the beginning of the pro-
cess when ¢ = 0. Therefore, at this moment, the maximum value of
the acceleration a,,_according to equation (12.2.12) equals:

Apax =7 — =201, (12.2.15)

For public transportation systems, the maximum value of the
acceleration should comply with the norms of public health and safety.
The maximum force applied to the system represents the sum
of the values of the force of inertia and the resisting forces at any
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given time. At the time when the velocity approaches its maximum
value, the acceleration approaches zero. Consequently, the force of
inertia at this time also approaches zero. Therefore, in this case, the
maximum force applied to the system equals the sum of the resisting
forces. Thus, multiplying expression (12.2.14) by the C, we deter-
mine the value of the damping force R :

R,=R-F (12.2.16)

Adding the friction force F to the damping force according to
equation (12.2.16), we determine the maximum value of the force
R, applied to the system:

max

R, =R (12.2.17)

The value of the maximum force should be used for the stress
analysis of the system.

The power N of the energy source equals the product of
multiplying the maximum force according to equation (12.2.17) by
the maximum velocity according to expression (12.2.14):

N = RR-F) (12.2.18)
C
12.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; % = (12.2.19)

The solution of differential equation of motion (12.2.1) with the
initial conditions of motion (12.2.19) reads:

1 _ —_
x= %[(r— e+ ( r2 f_ vo)ez’” - % +vo] (12.2.20)

n

The rest of the parameters and their analysis are the same as in the
previous case.
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12.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=sp; % =0 (12.2.21)

Solving differential equation of motion (12.2.1) with the initial
conditions of motion (12.2.21), we obtain:

x= 1 [(r—f)t+ r—f e — r=—f +2ns,]  (12.2.22)
2n 2n 2n

The first and the second derivatives of equation (12.2.22) represent
the velocity and acceleration respectively:

dx _r—f

= - ey (12.2.23)
dzx —2nt
—=(=fe (12.2.24)

The analysis of equation (12.2.23) shows that the maximum
velocity in this case is the same as in the previous cases; it does not
depend on the initial velocity and can be calculated according to
expression (12.2.14). The maximum acceleration a,,, in this case
occurs at the beginning of the process and equals:

Apax = L (12.2.25)

m

The rest of the parameters and their analysis are also the same as in
the previous cases.

12.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0; Z 0 (12.2.26)
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The solution of differential equation of motion (12.2.1) with
the initial conditions of motion (12.2.26) reads:

1 r=f ow_r=rf
x=—I[r—-fit+——e " —— 12.2.26
o [(r=f) o 7 ] ( )
The rest of the parameters and their analysis are the same as in the
previous case.

12.3 Harmonic Force A sin(w,f + 1)

This section discusses engineering systems subjected to the
force of inertia, the damping force, and the friction force as the
resisting forces (Row 12 in Guiding Table 2.1), and to the harmonic
force as the active force (Column 3). This problem could be related
to the working processes of vibratory systems interacting with fluid
media or with a specific hydraulic link.

The system is moving on a frictional horizontal surface. We
want to determine the basic parameters of motion. Considerations
related to the behavior of a friction force subjected to a vibratory
system are described in section 1.2. Figure 12.3 shows the model
of a system subjected to the action of a harmonic force, a damping
force, and a friction force.

e |

c
Asin(wt + 4) i 'f
gl

77 7

Figure 12.3 Model of a system subjected to a harmonic force,
a damping force, and a friction force
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The considerations above and the model in the Figure 12.3
let us compose the left and right sides of the differential equation
of motion. The left side consists of the force of inertia, the damp-
ing force, and the friction force, while the right side consists of the
harmonic force. Hence, the differential equation of motion reads:

d’x d
meS cd—’C +F=Asin(ot+2) (12.3.1)

Differential equation of motion (12.3.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

12.3.1 General Initial Conditions
The general initial conditions of motion are:

fOI‘ t= O X =50, % =V (12.3.2)

where s, and v, are the initial displacement and initial velocity
respectively.

Transforming the sinusoidal function in equation (12.3.1) and
dividing the latter by m, we have:

2
d—+ 2n—+f asin @t cos A+ acosm,tsin A
dar’ dt
where 7 is the damping factor and:
2n= < (12.3.4)
m
F
f=— (12.3.5)
m
a= 4 (12.3.6)
m

Applying Laplace Transform Pairs 3, 4, 5, 6, and 7 from
Table 1.1, we convert differential equation of motion (12.3.3) with
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the initial conditions of motion (12.3.2) from the time domain into
the Laplace domain. The resulting algebraic equation of motion
in the Laplace domain reads:

Px(l)—=lvy = sy + 2nlx(l) = 2nlsy + f

aw,! al?
== lzcosl+ > >
"+ w; I+ w;

sin A (12.3.7)

Applying some basic algebra to equation (12.3.7), we may write:
x(DI(L+2n)=12nsy +vo) +sl° = f
2

aw,l .
12+1 ~cosA+———sind  (12.3.8)

(Oh + @

Solving equation (12.3.8) for the Laplace domain displacement x(/),
we obtain:

2nsy + v, N Is, 3 f N aa); : cos A
[+2n [+2n I(l+2n) (+2n)I"+w))
la
+
(+2n)* + ®})

x(l) =

sin A (12.3.9)

Using pairs 1, 10, 12, 13, 19, and 20 from Table 1.1, we invert equa-
tion (12.3.9) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (12.3.1) with
the initial conditions of motion (12.3.2):

2nsy + v
X=—
2n
N 2na(l—cosmt)cosA asinwitcosA am,(1—e>")cosA
0, (0] +4n*) ! +4n* 2n(w;i +4n*)

1
(1 _ e—2nf)+ Soe—Znt _ £|:t + 2_n(€—2nl _ 1):|

a(l—coswt)sind  2nasinwitsinA  a(l- e )sin A
] +4n’ o, (0] +4n*) ] +4n’
(12.3.10)
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Transforming equation (12.3.10), we may write:

2na(l—cosw,t)cos A
0, (0] +4n*)

Vo —2nt S | P
=50 +—(1- ———|t+— -1 |+
e 2n (=) 2n { 2n (e )}

asinw,f cos A N aw,(1—e>")cosA a(l—cosw,t)sin A

a)l2 +4n? 21/1(6012 + 4n2) CO12 +4n’
2nasinw,t sin A B a(l—e™>")sin A (12.3.11)
o (0? +4n°) o +4n’

The first derivative of equation (12.3.11) represents the veloc-
ity of the system:

@ _ —2nt f

_ 2nasin @t cos A
=y —=—(1-e")+ .
dt 2n

ol +4n’

am, cos w,t cos A N aw,e*" cos A N a, sin @,z sin A
ol +4n’ ol +4n’ ol +4n’

2nacos@tsinA  2nae " sin A (12.3.12)

o? +4n* ! +4n*

Taking the second derivative of equation (12.3.11), we deter-
mine the acceleration of the system:

d*x _ _ 2nam, cos m,t cos A
_2:_2nvoe2nt_fe2m‘+ 12 l2
dt o +4n
aw?sinmtcosA  2naw, cos®tcosA  ami cosmtsin A
! +4n? o} +4n? o} +4n?
. . 2 —2nt _:
B 2naw, 2sm a)ltzsmi N 4n aze 512ni (12.3.13)
w; +4n w; +4n

12.3.2 Initial Displacement Equals Zero
The initial condition of motion are:

for t=0 x=0; % =V, (12.3.14)
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Solving differential equation of motion (12.3.1) with the initial
conditions of motion (12.3.14), we obtain:

VO —2nt f 1 —2nt
Y ey L e
x=5, e 2n[ o )}

N 2na(l—coswt)cosA asinw,fcos A
o, (o] +4n*) o} +4n®

aw,(1—e?")cosA  a(l—cosw,t)sin A
2n(w; +4n*) of +4n’

2nasinw,;tsinA  a(l—e>")sin A
(0] +4n°) o +4n’

(12.3.15)

The equations for the velocity and the acceleration are the same as
in the previous case.

12.3.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:
for =0 x=ys; @ =0 (12.3.16)
dt
The solution of differential equation of motion (12.3.1) with the
initial conditions of motion (12.3.16) reads:

f {t N L(e’z”’ _ 1)}L 2na(l—coswt)cos A

X=8)——
2n o, (o] +4n*)
asinwitcosA  aw,(1—e>")cosA a(l—coswt)sin A
] +4n’ 2n(wi +4n*) o} +4n’

2nasinmitsinA  a(l—e " )sin A
(0] +4n°) o7 +4n’

(12.3.17)

Taking the first and second derivatives of equation (12.3.17),
we determine the velocity and the acceleration of the system
respectively:
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nasi
@:i(e’z"’—1)+ nasin,f cos A

dt 2n o} +4n?

am,; cos m,f cos A N aw,e>" cos A N aw, sinw,tsin A
;] +4n* o} +4n’ ;i +4n’

2nacos@tsinA  2nae " sin A

— (12.3.18)
o} +4n? i +4n*
d*x f 2nam, cos Mt cos A aw; sin @, cos A
—=—fe
dt? o +4n® ol +4n®
2nam, cos®tcos A aw; cos@,tsin A
o} +4n? o? +4n*
2naw, sinmtsin A 4n*ae™" sin A
- S i (12.3.19)
o +4n w; +4n

12.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (12.3.20)

Solving differential equation of motion (12.3.1) with the initial
conditions of motion (12.3.20), we obtain:

f[—(l 2”’)—t} 2na(l—coswt)cos A asinwt cos A

xX=- 2 2
2n @, (wl + 4n ) w; + 4n
aw,(1—e?")cos A a(l—cosw,t)sin A
2n(w; +4n”) o +4n’

2nasinoitsin A a(l—e>")sin A
o, (] +4n*) o +4n®

(12.3.21)

The equations for the velocity and acceleration are the same as for
the previous case.
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12.4 Time-Dependent Force Q(p + "‘7’)

The intersection of Row 12 with Column No 4 in Guiding
Table 2.1 indicates that the engineering system described in this sec-
tion is subjected to the action of the force of inertia, the damping
force, and the friction force as the resisting forces, and to the time-
dependent force as the active force.

The current problem could be related to the acceleration of a
ground transportation system in its initial phase of motion. In this
phase, the active force is increasing during a predetermined interval
of time, while the system reaches a certain velocity.

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion and the values of the
velocity and acceleration at the end of the predetermined interval of
time. Figure 12.4 shows the model of a system subjected to the ac-
tion of a time-dependent force, a damping force, and a friction force.

The considerations above and the model in Figure 12.4 let us
compose the left and right sides of the differential equation of motion.
The left side consists of the force of inertia, the damping force, and
the friction force, while the right side includes the time-dependent
force. Therefore, the differential equation of motion reads:

d*x dx
F + Cd_ +F = Q(P + _) (12.4.1)
m
C
ut
Qp+—)
: Il
—_—
7

77 7 /“F’

Figure 12.4 Model of a system subjected to a time-dependent
force, a damping force, and a friction force



Damping and Friction © 393

Differential equation of motion (12.4.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

12.4.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; % = (12.4.2)

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (12.4.1) by m, we obtain:

d’x dx ut
2 T f=alp . ) ( )
where 7 is the damping factor and:

2n= < (12.4.4)

m
f= F (124.5)

m

_Q
q= - (12.4.6)

Applying Laplace Transform Pairs 3, 4, 5, and 2 from
Table 1.1, we convert differential equation of motion (12.4.3) with
the initial conditions of motion (12.4.2) from the time domain into
the Laplace domain, and obtain the resulting algebraic equation of
motion in the Laplace domain:

()= Ivg — 5o + 2nlx(l)— 2nlsy + f = qp + % (12.4.7)
T

The solution of equation (12.4.7) for the Laplace domain displace-
ment x(/) reads:

Wot2nsy I ap=f 4l (4548

x(l)= >
[+2n  1+2n I(+2n) tl*(+2n)
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Using pairs 1, 10, 12, 13, and 31 from Table 1.1, we invert equation
(12.4.8) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (12.4.1) with the
initial conditions of motion (12.4.2):

1 - gp—f | :|
=— (v +2nso —voe ")+ H—— t+— (e -1
X 5 (vo +2nsy —voe ™) 5 [ o (e )

n n
qu ., 1 [
+——[t"——t—— -1 12.4.9
4m'[ n  2n (e ) ( )

Applying algebraic procedures to equation (12.4.9), we have:

1
x=—{vo+2ns, —vee " + ﬂtz
2n 27

+(qp— 2‘]“ )[t+ @ -]} (12.4.10)
nt 2n

Taking the first derivative of equation (12.4.10), we determine
the velocity of the system:

dx -2 t q‘LL ( j —2nt
i " 12.4.11
r Vo€ 2n1’ p—f- —e ) ( )

The second derivative of equation (12.4.10) represents the
acceleration:
d—zx =2nvee " + K (gp—f- ﬂ)e’z”’ (12.4.12)
dr’ 2nt 2nt

Substituting the time T into equations (12.4.11) and (12.4.12),
we determine the velocity v and acceleration a at end of the
predetermined interval of time respectively:

v=vee " + Z’Z ( p—f- ) —e?") (12.4.13)

a=2mpe + I Lo o (12.414)
2nt 2nt
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12.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for r=0 x=0; % =V, (12.4.15)

Solving differential equation of motion (12.4.1) with the initial con-
ditions of motion (12.4.15), we obtain:

1 —2nt q‘u' 2 ( qu ) 1 —2nt
=—{vy— += | gp—f—-——|[t+— —1
o 2n Vo = voe 2T a1 2nt [ 2n (e )
(12.4.16)

The rest of the parameters are the same as in the previous case.

12.4.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (12.4.17)

The solution of differential equation of motion (12.4.1) with the
initial conditions of motion (12.4.17) reads:

1 —2nt q;u“ 2 ( Q.U j 1 —2nt
=—{2nsy—vee "+ 11" +| gp— f—— |[t+— -1
X Zn{ nsy — Vo€ 27 qp—f ot [ n (e )1}
(12.4.18)

Taking the first and the second derivatives of equation (12.4.18),
we determine the velocity and the acceleration of the system
respectively:

dx qu 1 ( qu ) “2nt
_ f— — -1 la- 12.4.19
dt 2nt  2n =1 2nt (=)« )

d’x qu qu | -
— =2 4t (gp- f-F)e™ 12.4.20
dt*  2nt (ap=1 2ntT e ( )
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Substituting the time 7T into equations (12.4.19) and (12.4.20), we
calculate the values of the velocity v and the acceleration a at the end
of the predetermined interval of time respectively:

dx —ﬂf+i(qp—f—ﬂ)(l—€_2nr) (12.4.21)
2n 2nt

Z_an
d’x _ qu qu .
X _gH o e M o 12.4.22
pranb sl L i vl ( )

12.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for =0 x=0; dx =0 (12.4.23)
dt
Solving differential equation of motion (12.4.1) with the initial
conditions of motion (12.4.23), we have:

1 qu , ( ‘I.u) | R
_ 1 au I P 12.4.24
x= o Gt TP o e =h )

The rest of the parameters are the same as for the previous case.

12.5 Constant Force R and Harmonic Force A sin(@,f + 1)

The intersection of Row 12 and Column 5 in Guiding Table 2.1
indicates that this section describes engineering problems associ-
ated with the force of inertia, the damping force, and the friction
force as the resisting forces, and the constant active force and the
harmonic force as the active forces. The current problem could be
related to the working process of vibratory systems interacting with
a fluid medium or a specific hydraulic link.

The system is moving on a horizontal frictional surface. We
want to determine the basic parameters of motion. The consider-
ations related to the behavior of a friction force applied to a vibrato-
ry system are described in section 1.2. Figure 12.5 shows the model
of a system subjected to the action of a constant active force, a har-
monic force, a damping force, and a friction force.
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I

X

Asin(w t+ A1)

P a
< »

VOO - g

Figure 12.5 Model of a system subjected to a constant active
force, a harmonic force, a damping force, and a friction force

Accounting for the considerations above and the model shown
in Figure 12.5, we can compose the left and right sides of the differ-
ential equation of motion of the system. The left side consists of the
force of inertia, the damping force, and the friction force, while the
right side includes the constant active force and the harmonic force.
Hence, the differential equation of motion reads:

2
d—+C@+F R+ Asin(w,t + 1) (12.5.1)
dr’ dt

Differential equation of motion (12.5.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

12.5.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; @ =V, (12.5.2)
dt
Transforming the sinusoidal function in equation (12.5.1) and
dividing the latter by m, we obtain:

2
6512 +2nc;—+f—r+asma)tcos;t+acosco,tsm/l (12.5.3)
t
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where 7 is the damping factor and:

|

2n= (12.5.4)
m

=k (12.5.5)
m

r== (12.5.6)
m

a=2 (12.5.7)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table
1.1, we convert differential equation of motion (12.5.3) with the
initial conditions of motion (12.5.2) from the time domain into the
Laplace domain, and obtain the corresponding algebraic equation of
motion in the Laplace domain:

awlcosA al*sin A
+
P+l PP+o!
(12.5.8)

Px(1)= vy — sy +2nix(1)—=2nlsy + f = r+

Applying conventional algebraic procedures to equation (12.5.8),
we may write:

awlcosA al*sin A
+
I* + o} >+ o}
(12.5.9)

x(DIA+2n)=r— f+1(vo +2ns0) + %50 +

The solution of equation (12.5.9) for the displacement x(/) in Laplace
domain reads:

()= r—f +vo+2ns0Jr Is,
[(I+2n) [+2n [+2n
am, cos A alsin A

= = (125.10)
d+2m)(* + o) (+2n) +0?)
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Using pairs 1, 13, 10, 12, 19, and 20 from Table 1.1, we invert equa-
tion (12.5.10) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (12.5.1) with
the initial conditions of motion (12.5.2):

r—f | Vo +2ns, o2 2nt
X= o [t+2n( _1)]+T(1_ )+ spe”
2na(l — oS a)lt)cos;t asinwitcosA am,(1—e*")cos A
o (o] +4n*) ! +4n’ 2n(wf +4n*)
a(l—coswt)sinA 2nasinw,tsinA  a(l—e>")sin A
W} +4n® o} +4n%) o} +4n°
(12.5.11)

Using basic algebra, we transform equation (12.5.11) into the fol-
lowing shape:

x4 (me)+ T e e )
2n n 2n
2na(1 cos a)lt)cosl asinmitcosA  aw,(1—e>")cosA
o, (0} +4n*) o +4n* 2n(wl +4n*)
N a(l—cosw;t)sin A N 2nasinysind  a(l-e " Ysin A
! +4n® o, (o] +4n*) ! +4n®
(12.5.12)

The first derivative of equation (12.5.12) represents the
velocity of the system:

dx _ r— _ 2nasin @t cos A
_=V0€2m+ f(l_eznt)+ 1

dt 2n o} +4n’

a@, cosw,tcosA  aw,e " cos A
! +4n? i +4n*

am, sinw,tsin A N 2nacos@tsinA  2nae " sin A
;i +4n’ ;i +4n’ o] +4n*
(12.5.13)
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Taking the second derivative of equation (12.5.12), we deter-
mine the acceleration:

d’x 5 L 2nam, cos®itcosA  awy sinw,t cos A
— =(r—f-=2nv)e" + > > > >
d w; + 4n w; + 4n
2naw,e" cos A N am? cos ;¢ sin A
o} +4n’ o} +4n*

2naw, sinwtsinA  4n’ae™" sin A

12.5.14
ol +4n’ ol +4n’ ( )
12.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; % = (12.5.15)

The solution of differential equation of motion (12.5.1) with the
initial conditions of motion (12.5.15) reads:

Vo o TS | P
=—(1- +—[t+— (" -1
x 2n( e™) . [ 2n( )]

N 2na(l — cos,t)cos A _asinwcos A
o, (o] +4n*) o} +4n®
+aa),(1—e_2”’)c0s;t a(l—cosw,t)sin A
2n(w; +4n*) o; +4n’

2nasinoitsinA  a(l—e>")sin A
(o] +4n*) of +4n®

(12.5.16)

The equations for the velocity and acceleration are the same as in
the previous case.

12.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

dx

for t=0 x=s0; —=0 (12.5.17)
dt
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Solving differential equation of motion (12.5.1) with the initial
conditions of motion (12.5.17), we obtain:

_ =S

2na(l—cosw,t)cos A
X=sy+
n

o, (0} +4n*)

i —2nt _
[+ ” (e D]+

asinw,fcos A L 4o, (1-e?)cosA a(l—cosmt)sin A
i +4n’ 2n(w; +4n*) o} +4n®

2nasinoitsinA  a(l—e " )sin A

12.5.18
o, (o] +4n*) ! +4n? ( )

The first derivative of equation (12.5.18) represents the velocity of
the system:

dx r—f (- 2+ 2nasinw,t cosA  aw, cosw,t cos A
_— —e —_
dt 2n ©? +4n* ! +4n*
aw,e" cosA  aw, sinm,tsin A
o} +4n’ ol +4n’
2nacos@tsinA  2nae " sin A
L e (12.5.19)
w; +4n w; +4n

Taking the second derivative of equation (12.5.18), we determine
the acceleration:
d’x

F=(T—f)€_

2nam, cos®,tcos A  aw; sin@,f cos A
+ 2 2 + 2 2
w; +4n w; +4n
2name " cos A N a? cos ;¢ sin A
! +4n? o; +4n*

. . 2 —2nt _:
B 2naw, 2sm a)lzf2s1n A N 4n aze Slzn A (12.5.20)
w; +4n w; +4n

12.5.4 Both the Initial Displacement and Velocity Equals Zero
The initial conditions of motion are:
dx

fort=0 x=0;, —=0 (12.5.21)
dt
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The solution of differential equation motion (12.5.1) with the initial
conditions of motion (12.5.21) reads:

2na(l1- t
2” 2 w](a)l + 4]’1 )
_asin@;tcos A L ao (- e”")cosA  a(l—coswit)sin A
! +4n? 2n(w) +4n?) o’ +4n

2nasinmitsinA  a(l—e " )sin A
o, (0] +4n°) o +4n®

(12.5.22)

The equations for the velocity and acceleration are the same as in
the previous case.

12.6 Harmonic Force A sin(w,f + 1)

and Time-Dependent Force Q| p + i)

According to Guiding Table 2.1, this section describes engi-
neering systems subjected to the action of the force of inertia, the
damping force, and the friction force as the resisting forces (Row
12), and to the action of the harmonic force and the time-dependent
force as the active forces (Column 6).

The current problem could be associated with the initial phase
of the working process for some vibratory systems interacting with
fluid media or specific hydraulic links. During this phase, the system
is utilizing the harmonic force along with the time-dependent force
that is acting a predetermined interval of time.

The system is moving on a frictional horizontal surface. We
want to determine the basic parameters of motion. Figure 12.6
shows the model of a system subjected to the action of a harmonic
force, a time-dependent force, a damping force, and a friction force.
The discussion related to the behavior of a friction force applied to
a vibratory system is described in section 1.2.

The considerations above and the model in Figure 12.6 let us
assemble the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the damping force,
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m
Asin(wqt + 4)
< = C
t T b
0 +5) aLiE7
—_
X

777777 . >

Figure 12.6 Model of a system subjected to a harmonic force,
a time-dependent force, a damping force, and a friction force

and the friction force. The right side includes the harmonic force
and the time-dependent force. Therefore, the differential equation
of motion reads:

d’x dx

F+Cd_+F Asm(a)t+ﬂ,)+Q(p+—) (12.6.1)

The differential equation of motion (12.6.1) has different so-

lutions for various initial conditions of motion. These solutions and
their analyses are presented below.

12.6.1 General Initial Conditions
The general initial conditions of motion are:
for t=0 x=s; @ =V (12.6.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming equation (12.6.1), we may write:
d’x dx
—2+ Cd_+ F= Qp+Q—+As1nco1tcosl+Acosa)1tsm).
d (12.6.3)
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Dividing equation (12.6.3) by m, we have:

d’ d t . .
X o= qp+q‘u——f+asma)ltcosl+acosa)1tsml

2
dt dt T (12.6.4)

where 7 is the damping factor and:

=S (12.6.5)
m

=k (12.6.6)
m

=2 (12.6.7)
m

a=2 (12.6.8)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (12.6.4) with the initial
conditions of motion (12.6.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(1) = vy — I*so + 2nix(1) — 2nls,

! al> .
O cosA+— >sin A

+of TOU T 12.6.9)

—qp+——f+

Applying algebraic procedures to equation (12.6.9), we obtain:

x(DII+2n) =1(vy +2ns) + s,
qu amw,! al* .
+gp+—+ cosA+———sind  (12.6.10
p 1 P+of I* + o} ( )
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Solving equation (12.6.8) for the Laplace domain displacement x(/)
we may write:

Vo + 27’15() lS() qp - f qu
+ + +—
[+2n [+2n I(I+2n) ["t(l+2n)
amw, cos A alsin A
(l+2n)(l2 + o)) (l+2n)(l2 + o))

x()=

(12.6.11)

Based on pairs 1, 10, 12, 13, 31, 19, and 20 from Table 1.1, we invert
equation (12.6.11) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (12.6.1)
with the initial conditions of motion (12.6.2):

— VO +2ns0 (1 —2nt)+ —2nt + qp_f|:t+i(ezm _1):|
n

2n 2n
1 1 2na(l—
+ﬂ[t2 L L _D}_ na( ccz)sa)lt)zcosl
4nt n (07 +4n”)

asinwitcosA  aw,(1—e?")cosA a(l—coswt)sin A
o} +4n’ 2n(w; +4n°) ;] +4n*

2nasinoitsin A a(l—e>")sin A
o (w! +4n*) ! +4n’

(12.6.12)

The first derivative of equation (12.6.12) represents the veloc-
ity of the system:

P—f qu K o Lap—t f qu
2n 4n T 2n 2m’

2nasinw;fcosA aw,cosw,fcosA ame " cos
o +4n® o +4n* ol +4n’

dx
Z—(Vo_ —(t __)

aw, sinmtsinA  2nacosmitsinA  2nae " sin A
ol +4n® ol +4n’ ol +4n’
(12.6.13)
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Taking the second derivative of equation (12.6.12), we determine
the acceleration:

d*x

" ﬂ)ezm L a8

=|2nvy+qp—f—
( 2nt 2nt
N 2nam, cos®,tcos A  aw; sin @t cos A

+
i +4n* i +4n*

2naw,e*" cosA  awi cos,tsin A
o +4n’ o +4n®

2naw, sinwtsinA  4n’ae™" sin A
o} +4n’ o} +4n’

(12.6.14)

12.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V, (12.6.15)

The solution of differential equation of motion (12.6.1) with the
initial conditions of motion (12.6.15) reads:

X:M(1_€—2”f)+M{l+2L(e—2"f _1)}

2n 2n n
+ﬂ{t2 B lt B Lz(e_z'” B 1)] N 2na(l- C(Z)S a)lt)zcos A
dnt n w,(w; +4n°)

asinoitcosd  aw,(1—e>")cosA a(l—cosw,t)sin A
o} +4n? 2n(w) +4n?) i +4n*

2nasinwtsinA  a(l—e>")sin A
o, (0] +4n°) o +4n°

(12.6.16)

The rest of the parameters are the same as in the previous case.

12.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s % =0 (12.6.17)
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Solving differential equation of motion (12.6.1) with the initial
conditions of motion (12.6.17), we obtain:

qp S iy qu | » 1 | R
-1 |t ——t—— -1
{ 2n 20 )}_ 4nt [t ! 2n’ (e )}

S 2n n
2na(1 COS 1) cos l asinw,fcos A | aw, (1—e*)cosA
o, (0] +4n”) i +4n® 2n(w; +4n*)
a(l—cosw,t)sin A N 2nasinw,tsin A _a(l- e")sin A
o +4n® o, (o] +4n”) o +4n®
(12.6.18)

Taking the first derivative of equation (12.6.18), we determine the

velocity of the system:

a, coswtcosA aw,e " cosA  aw, sintsin A
 0r+4n’ i +4n’ i +4n*
2nacos m,tsin A _ 2nae ' sin A (12.6.19)

o} +4n’ o +4n®
The second derivative of equation (12.6.18) represents the

acceleration:
d*x U\ o, M 2naa)1 cosw;tcos A
?=(qp—f—%je 2n‘L’ ! +4n’
awisinmtcosA  2name" cosA am; cos,tsin A
ol +4n’ B ol +4n’ o +4n®
2nam, sinmtsin A 4n’ae™" sin A (12.6.20)
i +4n* i +4n*

12.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx _ (12.6.21)

for t=0 x=0;, —=0
dt
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The solution of differential equation of motion (12.6.1) with the
initial conditions of motion (12.6.21) reads:

x= M{H;—n(e-ﬂ” —1)}+ﬂ{r2 —lt—%nz(e_z'” —1)}

2n 4dnt n
N 2na(l—cosw,t)cos A _asinwt cos A aw,(1—e>")cos A
0, (0] +4n*) o} +4n* 2n(w; +4n*)
N a(l—coswt)sind  2nasinwitsinA  a(l- e )sin A
] +4n’ o, (0] +4n*) ] +4n’
(12.6.22)

The equations for the velocity and the acceleration are the same as
in the previous case.



13

DAMPING AND CONSTANT RESISTANCE

This chapter discusses engineering systems subjected to
the action of the force of inertia, the damping force, and the con-
stant resisting force as the resisting forces, as indicated by the plus
signs on Row 13 in Guiding Table 2.1. The intersection of this row
with Columns 1 through 6 displays the numbers of this chapter’s
six sections and indicate the active forces applied to the systems.
Throughout this chapter, the left sides of the differential equations
of motion for the engineering systems are identical. The right sides
of these equations differ, corresponding to the active forces applied
to the systems in each section

The problems described in this chapter could be related to
the working processes of engineering systems interacting with
specific hydraulic links or viscoelastioplastic media (the consid-
erations related to the deformation of these media are presented in
section 1.2).

409
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13.1 Active Force Equals Zero

Row 13 in Guiding Table 2.1 indicates that the engineering
systems described in this section are associated with the force of
inertia, the damping force, and the constant resisting force as the
resisting forces. Because this section corresponds with Column 1,
the systems experience these resisting forces in the absence of ac-
tive forces. The considerations related to the motion of a system in
the absence of active forces are described in section 1.3. The cur-
rent problem could be associated with the upward motion of a sys-
tem subjected to the damping resistance of the air and the constant
resisting force related to the gravity. Alternatively, the problem
could be related to the deceleration process of a system moving in
the horizontal direction where the air resistance plays the role of
the damping force, while the dry friction force represents a con-
stant resisting force. The current problem could be also related to
the interaction of a system with a viscoelastoplastic medium that
exerts a damping and a constant resisting force during the stage
of plastic deformation (more related information is presented in
section 1.2).

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the maximum values
of the displacement, the acceleration, and the force applied to the
system. Figure 13.1 shows the model of a system subjected to the
action of a damping force and a constant resisting force.

Based on the considerations above and the model in Figure
13.1, we can compose the left and right sides of the differential
equation of motion. The left side consists of the force of inertia,
the damping force, and the constant resisting force, while the right
side equals zero. Therefore, the differential equation of motion
reads:

2
md—f+Cd—x+P:0 (13.1.1)
dt dt

Differential equation of motion (13.1.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.
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1

P

> x
Figure 13.1 Model of a system subjected to a damping force
and a constant resisting force

13.1.1 General Initial Conditions

The general initial conditions of motion are:
dx _
dt

where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (13.1.1) by m, we may write:
d’x dx

F‘anzﬂ'p =0 (13.1.3)

for t=0 x=s; Vo (13.1.2)

where 7 is the damping factor and:

2n= (13.14)

P= (13.1.5)

I|v 3|0

Using Laplace Transform Pairs 3, 4, and 5 from Table 1.1,
we convert differential equation of motion (13.1.3) with the initial
conditions of motion (13.1.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(1)=Ivg—1%sy +2nlx (1) = 2nls, + p=0 (13.1.6)
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Solving equation (13.1.6) for the displacement x(/) in the Laplace
domain, we have:
x(l)=

Vo +2ns0+ Is, R
[+2n [+2n I(l+2n)

(13.1.7)

Based on pairs 1, 10, 12, and 13 from Table 1.1, we invert equation
(13.1.7) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (13.1.1) with the ini-
tial conditions of motion (13.1.2):
St 280 gy g _ P Lo 13.18)
2n 2n 2n
Using conventional algebraic procedures, we present equation
(13.1.8) in the following shape:
x= L[2ns0 + Vo + P _ pt— (vo + Lje_z"’] (13.1.9)
2n 2n 2n
Taking the first and the second derivatives of equa-
tion (13.1.9), we determine the velocity and acceleration of the sys-
tem respectively:

dx P\ ow D

D R 13.1.10

g Vot e o ( )
X oy 4 Ly (13.1.11)
dr* "o "

Equating the velocity according to equation (13.1.10) to zero, we
may write:

(Vo + %)6_2"7 - 2—’; =0 (13.1.12)

where T is the time that the process lasts.
From equation (13.1.12), we have:

P (13.1.13)
2nvy+p
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Equation (13.1.13) allows us to determine the time 7

T=iln2nv0+p

(13.1.14)
2n p

Combining equations (13.1.13) and (13.1.14) with equation (13.1.9),
we calculate the maximum displacement s, _of the system:

14

S = — 218y + vy — —lnm
2n 2n

p

The braking distance does not include the initial displacement
so; therefore, eliminating the initial displacement from equation
(13.1.15), we obtain the equation for the braking distance s,, (in case
if it is a braking process):

) (13.1.15)

1 2nvy +
5, = (v = L g 2P

13.1.16
2n 2n p ) ( )

Combining equations (13.1.13) and (13.1.11), we determine the
maximum acceleration (deceleration) a,__:

max*

Apax = —P (13.1.17)

However, according to equation (13.1.11), at the beginning of
the process of motion when ¢ =0, the deceleration a,equals:

ay=—-2nvy—p (13.1.18)

The absolute value of a,according to equation (13.1.18) ex-
ceeds the absolute value of a,,  according to equation (13.1.17).
Hence, the maximum value of the acceleration in this case repre-
sents the absolute value a, according to equation (13.1.18):

a, =12nvy+pl (13.1.19)

For public transportation systems, the value of a, should comply
with the norms of public health and safety.

By multiplying the equation (13.1.19) by m and substituting
the notations (13.1.4) and (13.1.5), we determine the maximum
force R applied to the system:

Ry =Cvo+P (13.1.20)
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The stress calculations of the system should be based on the force
according to equation (13.1.20).

13.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; _t =V, (13.1.21)
Solving differential equation of motion (13.1.1) with the initial con-
ditions of motion (13.1.21), we obtain:

 2n 2n n

1
x=—[vo+L—pr— (vo + f)e—”f] (13.1.22)

The rest of the parameters and their analysis are the same as for the
previous case, keeping in mind that in this case s, , =, .

13.2 Constant Force R

According to Guiding Table 2.1, this section describes en-
gineering systems associated with the force of inertia, the damp-
ing force, and constant resisting force as the resisting forces
(Row 13) and the constant active force (Column 2). The current
problem could be related to the acceleration of an upward mov-
ing system experiencing air resistance as a damping force and a
constant resisting force as the weight of the system. Alternatively,
this problem could be associated with the acceleration process of
a horizontally moving system subjected to the air resistance and
any constant resistance force. The current problem could also rep-
resent the working process of a system intended for the interac-
tion with a viscoelastoplastic medium that exerts a damping and
a constant resisting force during the stage of plastic deformation
(additional information can be found in section 1.2). The current
problem could be associated with certain pneumatically operat-
ed machines characterized by the decreasing of the air pressure
force proportionally to the increasing of the velocity of a specific
component (piston) of the machine. More related information is
discussed in section 1.3, where equation (1.3.1) shows that the
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decreasing of the air pressure force can be accounted by a corre-
sponding damping force included in the left side of the differential
equation of motion.

The system moves in the horizontal direction. We want to
determine the basic parameters of motion, the maximum values
of the velocity and the acceleration of the system, the maximum
force applied to the system, and the power of the energy source.
Figure 13.2 shows the model of a system subjected to the action of
a constant active force, a damping force, and a constant resisting
force.

The considerations above and the model in Figure 13.2 let us
compose the left and right sides of the differential equation of mo-
tion of this system. The left side consists of the force of inertia, the
damping force, and the constant resisting force, while the right side
consists of a constant active force. Therefore, the differential equa-
tion of motion reads:

2
md—f+C@+P:R (13.2.1)
dt dt

Differential equation of motion (13.2.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

L
NN

" LI
L

> x
Figure 13.2 Model of a system subjected to a constant active
force, a damping force, and a constant resisting force



416 < Chapter 13

13.2.1 General Initial Conditions
The general initial conditions of motion are:

fOI' t= 0 X =350, % =YV (13.2.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (13.2.1) by m, we have:

d’x dx
—+2n—+p= 13.2.3
a’ ar T (13.2.3)
where 7 is the damping factor and:
C
2n=— (13.24)
m
P
p=— (13.2.5)
m
r= R (13.2.6)
m

Based on Laplace Transform Pairs 3, 4, and 5 from Table 1.1,
we convert differential equation of motion (13.2.3) with the initial
conditions of motion (13.2.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(1)=lvy— sy +2nlx ()= 2nlsy + p=r (13.2.7)

Solving equation (13.2.7) for the displacement x(/) in Laplace do-
main, we may write:

(1) = r—p +v0+2ns0+ Is,
[(I+2n) [+2n [+2n

Using pairs 1, 13, 10, and 12 from Table 1.1, we invert equation
(13.2.8) from the Laplace domain into the time domain and obtain

(13.2.8)
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the solution of differential equation of motion (13.2.1) with the ini-
tial conditions of motion (13.2.2):

Vo + 27’150

r_p 1 —2nt
x= t+— (" =]+
7 [ 2n( )]

(1-e")+s50e™" (13.2.9)
Performing some algebraic actions with equation (13.2.9), we write:
1 — -
x=—[r—ph+| =L v, |2 =L, +2ns,] (13.2.10)
2n 2n 2n

The first derivative of equation (13.2.10) represents the veloc-
ity of the system:

dx _r-p
dt 2n

(1—e")+ve™™ (13.2.11)

Taking the second derivative of equation (13.2.10), we deter-
mine the acceleration:
dz'x —2nt

—=(r—p—-2nvy)e

- (13.2.12)

In this case, the velocity approaches its maximum value when
the acceleration approaches zero. Because r — p—2nv, >0, there-
fore, according to equation (13.2.12), we may write:

e =0 (13.2.13)

where 7T is the time that the process lasts. It should be noted that 7’
tends to infinity.

Combining expression (13.2.13) with equation (13.2.11) and
substituting notations (13.2.4), (13.2.5), and (13.2.6), we determine
the maximum value of the velocity v,,, :

Ve > 2P (13.2.14)

C
In this case, the acceleration has the maximum value at the beginning
of the process when ¢ = (0. Hence, equating in equation (13.2.12) the
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time to zero, we determine the maximum value of the acceleration
Ay -

Apax =T — p— 21V, (13.2.15)

For public transportation systems, the maximum value of the
acceleration according to equation (13.2.12) should comply with the
norms of public health and safety.

In general, the force applied to the system in any given time
equals the sum of the force of inertia and the resisting forces. In this
case, the acceleration according to equation (13.2.15) approaches
zero when the velocity according to expression (13.2.14) approach-
es its maximum value. Therefore, in this case, the value of the maxi-
mum force applied to the system equals the sum of the maximum
value of the damping force and the constant resisting force.

Multiplying expression (13.2.14) by C, we determine the
maximum value of the damping force F;:

F,=R-P (13.2.16)

Adding the force P to equation (13.2.16), we calculate the maxi-
mum value of the force R applied to the system:

R, =R (13.2.17)

The stress calculations of the system are based on the maximum val-
ue of the force according to equation (13.2.17). Multiplying equa-
tion (13.2.17) by expression (13.2.14), we calculate the power N of
the energy source:

_ R(R-P)
- C

N (13.2.18)

13.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for r=0 x=0; % = (13.2.19)
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Solving differential equation of motion (13.2.1) with the initial con-
ditions of motion (13.2.19), we obtain:

1 r—p om =D
=—I[(r—p)t+| ——-— -t
x 2n[(r p) LG v())e o Vol (13.2.20)

The rest of the parameters and their analysis are the same as in the
previous case.

13.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; @ =0 (13.2.21)
dt
The solution of differential equation of motion (13.2.1) with the ini-
tial conditions of motion (13.2.21) reads:
r= (= py+ e TP Lon ) (13.2.22)
2n 2n 2n
The first and the second derivatives of equation (13.2.22) represent
the velocity and acceleration respectively:

% = rz_n” (1—e ™) (13.2.23)
2
% =(r—p)e™ (13.2.24)

Equation (13.2.23) shows that the maximum value of the velocity is
the same as in the previous cases and does not depend on the initial
velocity.

According to equation (13.2.24), the maximum value of the
acceleration a,,, occurs at t = 0. Hence, we have:

Apax =1 — p (13.2.25)

Therefore, for public transportation systems, the value of the ac-
celeration according to equation (13.2.25) should comply with the
norms of public health and safety.
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The rest of the parameters and their analysis are the same as
in the previous cases.

13.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; ax =0 (13.2.26)
dt
Solving differential equation of motion (13.2.1) with the initial con-
ditions of motion (13.2.26), we obtain:

1 r=p ow I'—D
x=—I[r-pt+——e"" ——— 13.2.27
o [(r—Dp) o o ] ( )
The rest of the parameters and their analysis are the same as in the
previous cases.

13.3 Harmonic Force A sin(wf + 1)

This section describes engineering systems subjected to
the action of the force of inertia, the damping force, and the con-
stant resisting force as the resisting forces (Row 13 of Guiding
Table 2.1) and the harmonic force (Column 3) as the active force.
The current problem could be related to some vibratory systems
intended for the interaction with viscoelastoplastic media that ex-
ert damping and constant resisting forces as the reaction to their
plastic deformation (more information related the deformation of
these media is presented in section 1.2). This problem could be
also related to the interaction of a vibratory system with a specific
hydraulic link. Considerations related to the behavior of a con-
stant resisting force applied to a vibratory system are discussed in
section 1.2.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. Figure 13.3 shows the
model of a system subjected to the action of a harmonic force, a
damping force, and a constant resisting force.

Based on the considerations above and on the model in
Figure 13.3, we can assemble the left and right sides of the differential
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Asin(w t + 4) 1 ?
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Figure 13.3 Model of a system subjected to a harmonic force,
damping force, and a constant resisting force

equation of motion. The left side consists of the force of inertia, the
damping force, and the constant resisting force, while the right side
consists of the harmonic force. Therefore, the differential equation
of motion reads:

d’x dx

—2+C—+P Asin(w,t+ A) (13.3.1)

dt dt

Differential equation of motion (13.3.1) has different solu-

tions for various initial conditions of motion. These solutions and
their analyses are presented below.

13.3.1 General Initial Conditions
The general initial conditions of motion are:

d.
for =0 x=sp; —=w (13.3.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function in equation (13.3.1) and
dividing the latter by m, we have:
d’x dx
o +2nE+p asinw,tcos A+ acos®;tsin A (13.3.3)
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where 7 is the damping factor and:

m=C (13.3.4)
m

p=L (13.3.5)
m

a=2 (13.3.6)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (13.3.3) with the initial
conditions of motion (13.3.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

[ al®
Px(1) = Ivg = sy + 2nlx (1) = 2nls, + p = —P_cos A+ sin A
() 0 0 () oTpD 2+12 lz+a)12
(13.3.7)

Applying some conventional procedures to equation (13.3.7), we
write:

2
sin A

o)
x(D)I(1+2n)=1(2nsy+vy)+sol” — p+ za_'_;)lz cosﬂ.+lz+w12

(13.3.8)

Solving equation (13.3.8) for the Laplace domain displacement x(/),
we obtain:

x(l):2nso+vo+ Is, __p
[+2n [+2n [(I+2n)
+ aa); —cos A
(+2n)I" +wy)
la

i 13.3.9
e ron (13:39)

Based on pairs 1, 10, 12, 13, 19, and 20 from Table 1.1, we invert
equation (13.3.9) from the Laplace domain into the time domain and
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obtain the solution of differential equation of motion (13.3.1) with
the initial conditions of motion (13.3.2):

2n
N 2na(l—cosm,t)cosA asinm,tcosA
o, (o] +4n*) ;i +4n’

2ns, + 1
X = nSO V() (1 _ e—2m‘ ) + soe—znt _ i[r + _(e—2nt _ 1):|
2n 2n

aw,(1—e™?")cos A N a(l-cosm;t)sin A
2n(w; +4n*) o} +4n*

2nasinw,rsind  a(l—e*")sin A
o, (o] +4n*) o} +4n*

(13.3.10)

Using basic algebra, we transform equation (13.3.10) to the follow-
ing shape:

Vo ~2nt P L
=so+—(1- -—|t+— -1
r=s 2n (=) 2n { 2n (e )}

N 2na(l—cosw,t)cos A _asinfcos A
o, (o} +4n*) ! +4n’
aw,(1—e?")cos A N a(l—cosw;t)sin A
2n(w; +4n”) ! +4n

2nasinwtsind  a(l—e*")sin A
(0 +4n°) o} +4n’

(13.3.11)

Taking the first derivative of equation (13.3.11), we determine
the velocity of the system:

dx o P o~ 2nasin@,tcos A
—=ye " ——-e"")+ > -
a®, cosmtcosA  am,e " cos A
o; +4n’ o +4n’

a, sin @, sin A N 2nacos@tsinA  2nae" sin A
ol +4n® ol +4n® ol +4n®

(13.3.12)
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The second derivative of equation (13.3.11) represents the
acceleration of the system:

dzx _ _znv e—an _ pe—Znt
- 0
dr’
N 2nam, cos@tcosA  aw; sinw,tcos A
! +4n’ ! +4n’
2nam,e* cosA  am; cosmtsin A
ol +4n® ol +4n®
2naw, sinwrsin A 4n’ae”" sin A
- > > > > (13.3.13)
w; +4n w; +4n
13.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx
for t=0 x=0; Z = (13.3.14)
t

The solution of differential equation of motion (13.3.1) with the ini-
tial conditions of motion (13.3.14) reads:

Vo —2nt 14 1 -2nt
=—(1- ——|t+— -1
* 2n( ) Zn{ 2n (e )}

N 2na(l—cosw,t)cosA asinw,tcos A
o, (o] +4n*) oi +4n’

aw,(1—e?)cosA  a(l—cosw,t)sin A
2n(w; +4n*) ! +4n’

2nasinwitsin A a(l—e " )sin A
o, (0f +4n?) i +4n®

(13.3.15)

The equations for the velocity and the acceleration are the same as
in the previous case.

13.3.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (13.3.16)
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Solving differential equation of motion (13.3.1) with the initial con-
ditions of motion (13.3.16), we obtain:

p [t+i(e‘2”’ —1)}+ 2na(l — coswt)cos A

X=So—7— 2 2
2n 2n o, (w7 +4n7)
asinwitcosA  aw,(1—e>")cosA a(l—cosmt)sin A

o} +4n’ 2n(wi +4n*) o} +4n’

2nasinw,tsinA  a(l—e>")sin A
o, (0] +4n”) o} +4n’

(13.3.17)

Taking the first and the second derivatives of equation (13.3.17), we
determine the velocity and the acceleration of the system respec-
tively:
2nasin @t cos A

o} +4n*

dx _p
dt  2n
amw, cosmtcosA ame " cosA  am,sinw,tsin A

- w; +4n® ;! +4n’ ! +4n’

(e —1)+

2nacos@tsind  2nae*" sin A

13.3.18
o} +4n’ i +4n’ ( )

N 2naw, cos@,tcos A am; sin @, cos A
o] +4n’ o} +4n’

2name " cosA  am; cosmtsin A
i +4n’ ! +4n*

. . 2 —2nt _:
_ 2naw, sinwtsin A L An‘ae sin 4 (13.3.19)

i +4n® ol +4n®

13.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (13.3.20)
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The solution of differential equation of motion (13.3.1) with the ini-
tial conditions of motion (13.3.20) reads:

3l

N 2na(l—cosm,t)cosA asinm,tcosA
0, (0] +4n*) i +4n*

aw,(1—e™?")cos A N a(l—cosm;t)sin A
2n(w; +4n”) o} +4n’

N 2nasinotsinA  a(l- e”")sin A (13.3.21)
(o] +4n”) o} +4n’

The equations for the velocity and acceleration are the same
as for the previous case.

13.4 Time-Dependent Force Q( p+ “7‘)

The intersection of Row 13 and Column 4 in Guiding
Table 2.1 indicates that the engineering systems described in this
section are subjected to the action of the force of inertia, damping
force, and constant resisting force as the resisting forces, and the
time-dependent force as the active force.

The current problem could be related to the acceleration of
an upward moving system during its initial phase of motion. In this
case, the damping force represents the air resistance, and the force
of gravity is the constant resisting force, while the active force is
increasing during a predetermined interval of time. Alternatively,
the current problem could be associated with the deformation of
certain viscoelastoplastic media that exert damping and constant
resisting forces as a reaction to their plastic deformation (addition-
al related information is presented in section 1.2). This problem
could be also related to the interaction of a system with a specific
hydraulic link.

The system 1s moving in the horizontal direction. We want to
determine the basic parameters of motion, the values of the velocity
and acceleration at the end of the predetermined interval of time.
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Figure 13.4 shows the model of a system subjected to the action of
a time-dependent force, a damping force, and a constant resisting
force.

Based on the considerations above and the model in
Figure 13.4, we compose the left and right sides of the differential
equation of motion. The left side consists of the force of inertia, the
damping force, and the constant resisting force, while the right side
includes the time-dependent force.

Hence, the differential equation of motion reads:

d’x dx ut
m i +C 7 +P=0(p+ . ) 13.4.1)

Differential equation of motion (13.4.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

13.4.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; @ =, (13.4.2)
dt
where s, and v, are the initial displacement and initial velocity

respectively.

g

C
ut =n
e+ =1 'j
|

—_
P

> x
Figure 13.4 Model of a system subjected to a time-dependent
force, a damping force, and a constant resisting force
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Dividing equation (13.4.1) by m, we obtain:

d’x +2nd—+ ( +—) 13.4.3)
d 2 d p q p o Te
where 7 is the damping factor and:

2n= < (13.4.4)

m
p= P (13.4.5)

m
q= Q (13.4.6)

m

Using Laplace Transform Pairs 3, 4, 5, and 2 from Table 1.1,
we convert differential equation of motion (13.4.3) with the initial
conditions of motion (13.4.2) from the time domain into the Laplace
domain, and obtain the corresponding algebraic equation of motion
in the Laplace domain:

IPx(1)—=Ivy —I*sy + 2nix (1) = 2nls, + p=gp + q‘L; (13.4.7)

The solution of equation (13.4.7) for the Laplace domain displace-
ment x(/) reads:
x(1)= Vo +2ns, 4 Ls L 4P—P . qH
[+2n  [+2n [(I+2n) 7tl°(l+2n)

(13.4.8)

Based on pairs 1, 10, 12, 13, and 31 from Table 1.1, we invert the
equation (13.4.8) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (13.4.1) with
the initial conditions of motion (13.4.2):

X = (v 4 2n80)(1 = 2 ) 4 sp0 2 + LP=P [r L 1)}
2n 2n 2n

gt b1 gy, (13.4.9)
2n

—t
dnt n
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Applying some algebraic procedures to equation (13.4.9), we have:

1 - qu »
- + 2 _ 2nt + 4=y
X o {vo +2ns, —voe >
. ( ap— p_ﬂJ[HL(e—zm _ppp (13.4.10)
2nt 2n

The first derivative of the equation (13.4.10) represents the
velocity of the system:
@ =y e—2nt CI;U (
2

— R Ll 1 —2nt
a0 2n1’ " qp—p T )( e") (13.4.11)

Taking the second derivative of equation (13.4.10), we deter-
mine the acceleration:

ax
dr’
Substituting the time 7into equations (13.4.11), (13.4.12), we

calculate the velocity v and acceleration a at end of the predeter-
mined interval of time respectively:

—2n‘r qlu“
VvV =Vye -
0 2’“_ 2 (qp p

= e + Iy gp— p— I (13.4.12)
2nt 2nt

il

)(l—e‘z’”) (13.4.13)
2nt

n‘l.'

-2
a=-2nve

+(qp p— 2‘72‘1 Yo 2 (13.4.14)

13.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; @ = (13.4.15)
dt
The solution of differential equation of motion (13.4.1) with
the initial conditions of motion (13.4.15) reads:

v e 4 4 gp- p L L -

2n 2nt
(13.4.16)

The rest of the parameters are the same as in the previous case.
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13.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx

for t=0 x=s9; —=0 (13.4.17)
dt

Solving differential equation of motion (13.4.1) with the initial con-
ditions of motion (13.4.17), we have:

1 qu ) qu L o
=— - + t+— -1
X o (2nsy —vee ™ t (CIP 2 T j[ o (e )1}
(13.4.18)

Taking the first and the second derivatives of equation (13.4.18),
we determine the velocity and acceleration of the system
respectively:

dx qu ( ] —2nt
a_agk ),
g one Tl aP—p=o — 0=t (13.4.19)
d2 _ 9t qu |

" 13.4.20
dl 2nT (p p= 2l’lT) ( )

Substituting the time 7into equations (13.4.19) and (13.4.20),
we calculate the values of the velocity v and the acceleration a at the
end of the predetermined interval of time respectively:

dx_ apn +L(qp 2

— T 4 1_ -2nt
i ont n 4 )( e")  (13.4.21)

2

d X qu Q.u —2nt
dx_gu o Gt 13.4.22
ar " omg TUPTP TS, ( )

13.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (13.4.23)
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The solution of the differential equation of motion (13.4.1) with the
initial conditions of motion (13.4.23) reads:

_ 1 ﬂ 2 qH 2nt
x= 5 { >z ( p—p-— 5 Tj[r+ 2n( -]}  (13.4.24)

The rest of the parameters are the same as for the previous case.

13.5 Constant Force R and Harmonic Force A sin(@,f + 1)

This section describes engineering systems experiencing the
action of the force of inertia, the damping force, and the constant
resisting force as the resisting forces (Row 13 in Guiding Table 2.1)
and the constant active force and the harmonic force (Column 5).
The current problem could be related to the working processes of
vibratory systems interacting with certain viscoelastoplastic me-
dia. The corresponding information related to the reaction of these
media to their plastic deformation and regarding the behavior of a
constant resisting force applied to a vibratory system is presented in
section 1.2. The current problem could also reflect the interaction of
a vibratory system with a specific hydraulic link.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. Figure 13.5 shows the
model of a system subjected to the action of a constant active force,
a harmonic force, a damping force, and a constant resisting force.

The considerations above and the model shown in Figure 13.5
let us assemble the left and right sides of the differential equation
of motion of the system. The left side includes the force of inertia,
the damping force, and the constant resisting force, while the right
side consists of the constant active force and the harmonic force.
Therefore, the differential equation of motion reads:

d’x dx
m—2+C—+P R+ Asin(wt+ 1) (13.5.1)
dt dt

Differential equation of motion (13.5.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.
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o

> x
Figure 13.5 Model of a system subjected to a constant

active force, a harmonic force, a damping force, and a
constant resisting force

13.5.1 General Initial Conditions
The general initial conditions of motion are:

d.
for =0 x=s0 —=v, (13.5.2)
dt
Transforming the sinusoidal function in equation (13.5.1) and
dividing the latter by m we obtain:
2
% + Zn% +p=r+asinwtcosA+acoswtsinA (13.5.3)

where 7 is the damping factor and:

b (13.5.4)
m

p=L (13.5.5)
m

=R (13.5.6)
m

a=2 (13.5.7)
m



Damping and Constant Resistance * 433

Based on Laplace Transform Pairs 3, 4, 5, 6, and 7 from
Table 1.1, we convert differential equation of motion (13.5.3) with
the initial conditions of motion (13.5.2) from the time domain into
the Laplace domain, and obtain the resulting algebraic equation of
motion in the Laplace domain:

awlcosA al*sin A
F+o; PP+of
(13.5.8)

Px(l)— vy — 5o+ 2nlx(l) = 2nlsy + p = r +

Applying basic algebra to equation (13.5.8), we have:
aw,lcosA al*sin A
P+o!  PP+of
(13.5.9)

x(l)l(l+2n): r—p+1(vy+2nsy)+17s, +

The solution of equation (13.5.9) for the displacement x(/) in
Laplace domain reads:

()= r—p v0+2nso+ Is,
[(I+2n) [+2n [+2n
am, cos A alsin A
2 2 + 2 2
(d+2n)"+wy) (+2n) 1" +wy)

Based on pairs 1, 13, 10, 12, 19, and 20 from Table 1.1, we invert
equation (13.5.10) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (13.5.1)
with the initial conditions of motion (13.5.2):

(13.5.10)

r—p 1 —2nt Vo t 2nS0 —2nt —2nt
= t+— (™" =D+ ———A—-€e"")+s0e
o [ 2n( )] o ( )+ 8o
N 2na(l—cosw,t)cos A _asinwy cosA
0, (0] +4n*) i +4n’

aw,(1—e?")cosA  a(l—cosw;t)sin A
2n(w; +4n”) ! +4n®

2nasinwtsind  a(l—e*")sin A
o (0 +4n%) ! +4n’

(13.5.11)
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Using algebraic actions, we transform equation (13.5.11) to the fol-
lowing shape:

—2nt

VO r_p 1 —2nt
=s0+—(1- +—[t+— -1
X =5y 2n( e™) 2 [ 2n(e )]

n
N 2na(l—cosw,t)cosA asin@,tcos A
o, (0] +4n*) of +4n’

N aw,(1—e?")cosA  a(l—cosw,t)sin A
2n(w; +4n*) o} +4n’
2nasinw,rsind  a(l—e")sin A
o0} +4n%) @l +4n’

(13.5.12)

Taking the first derivative of equation (13.5.12), we determine
the velocity of the system:

dx _ e r=p -+ 2na sizn Wt czos A
dt 2n w; +4n
a®, cosmtcosA  amw,e " cos A
- ] +4n’ o} +4n*
aw, sin@;tsinA  2nacostsin A
ol +4n® o} +4n®

2nae " sin A

- W (13.5.13)

The second derivative of equation (13.5.12) represents the
acceleration:

dzx —2nt
o (r—p—2nv)e
N 2nam, cos@,;tcosA  awisinw;tcosA  2naw,e " cos A
o} +4n* o} +4n* o} +4n’

awlcoswtsinA  2naw,sinotsinA  4n*ae”" sin A
ol +4n® o} +4n® o} +4n®
(13.5.14)




Damping and Constant Resistance * 435

13.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =, (13.5.15)

Solving differential equation of motion (13.5.1) with the initial con-
ditions of motion (13.5.15), we have:

VO —2nt 1 —2nt
x=d—e)y+ Ly -1
( ) o Py 2n( )]

Zna(l cosa)lt)cosl asin,tcos A
(Dl(a)l +4I’l ) a)l +4I’l

aw,(1—e?")cosA  a(l—cosw,t)sin A
2n(w; +4n*) o; +4n’

2nasinoitsinA _ a(l— e )sin A
o, (of +4n) o} + 4n’ (13.5.16)

The equations for the velocity and acceleration are the same as in
the previous case.

13.5.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s @:0 (13.5.17)
dt
The solution of differential equation of motion (13.5.1) with the ini-

tial conditions of motion (13.5.17) reads:

X=S8o+ TP [t+ L(e—Zm _)+ 2na(l- C(2)S a)lt)zcos A
2n 2n o, (o) +4n”)

—2nt

B asinwitcosA  aw,(1—e")cosA a(l—cosw)sinA
ol +4n® 2n(w; +4n*) ol +4n®

2nasinrsind  a(l—e")sin A
(0] +4n°) ! +4n°

(13.5.18)
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Taking the first derivative of equation (13.5.18), we determine the
velocity of the system:

2nasin @t cos A
o +4n’

dx _r—p
dt  2n
a®w, cosmtcosA  ame" cosA  am,sinw,tsin A
- ! +4n’ " ! +4n " ! +4n®

(1_672111)_’_

—2nt

2nacoswtsinA  2nae " sin A

o} +4n’ o} +4n’

(13.5.19)

The second derivative of equation (13.5.18) represents the
acceleration:
d’x

—5 =(r—p)pe"

N 2nam, cos m;t cos A
dr’

o} +4n’

aw;sinw;tcosA  2name " cosA  awi cosmtsin
o} +4n’ o} +4n’ ] +4n’

2nam, sin @,z sin A N 4n*ae™" sin A
i +4n’ ©? +4n*

(13.5.20)

13.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (13.5.21)

Solving differential equation of motion (13.5.1) with the initial con-
ditions of motion (13.5.21), we obtain:

r— | . 2na(l—cosw,t)cos A
TPy Ly 2Rall—cosoin)
2n 2n (@) +4n”)

X

asinwitcosA  aw,(1—e?")cosA a(l—cosw,t)sin A
o] +4n’ 2n(w; +4n*) o} +4n’

2nasinwtsind  a(l—e>")sin A
o, (0] +4n*) ol +4n®

(13.5.22)
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The equations for the velocity and acceleration are the same as in
the previous case.

13.6 Harmonic Force A sin(w,f + A) and Time-Dependent
Force Q( p+ ”Tt)

The intersection of Row 13 in Guiding Table 2.1 with
Column 6 indicates that this section describes engineering sys-
tems subjected to the action of the force of inertia, the damping
force, and constant resisting force as the resisting forces and to
the action of a harmonic force and a time-dependent force as the
active forces.

The current problem could be associated with the working
process of a vibratory system interacting with a viscoelastoplastic
medium. At the beginning of the process, along with the harmonic
force, the system utilizes a time-dependent force that is acting a
predetermined interval of time. The corresponding information re-
lated to the reaction of a viscoelastoplastic medium to its plastic
deformation and to the behavior of a constant resisting force ap-
plied to a vibratory system is presented in section 1.2.

The system is moving in the horizontal direction. We want
to determine the basic parameters of motion. Figure 13.6 shows
the model of a system subjected to the action of a harmonic force,
a time-dependent force, a damping force, and a constant resisting
force.

Based on the considerations above and the model in
Figure 13.6, we can compose the left and right sides of the dif-
ferential equation of motion. The left side consists of the force of
inertia, the damping force, and the constant resisting force. The
right side of the equation includes the harmonic force and the
time-dependent force. Hence, the differential equation of motion
reads:

2
mQ+C%+P = Asin(w,t + /1)+Q(p+ﬂ) (13.6.1)
T
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Figure 13.6 Model of a system subjected to the action of a
harmonic force, a time-dependent force, a damping force,
and a constant resisting force

Differential equation of motion (13.6.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

13.6.1 General Initial Conditions
The general initial conditions of motion are:
d
for =0 x=s d—’t‘ =, (13.6.2)

where s, and v, are the initial displacement and initial velocity
respectively.
Transforming equation (13.6.1), we may write:

d2 d
CrX e p- Qp+Q7 +Asin,tcos A+ Acos,fsin A

"
(13.6.3)
Dividing equation (13.6.3) by m, we have:

d’x dx t
+2n—+p qp+q‘u—+asma) tcosA+acosmfsin A

art dt
(13.6.4)
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where 7 is the damping factor and:

m=C (13.6.5)
m

=L (13.6.6)
m

=2 (13.6.7)
m

a=2 (13.6.8)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (13.6.4) with the initial
conditions of motion (13.6.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

I*x(1) = vy — I’so + 2nix() = 2nls, + p

2

o)
=qp+ﬂ+%cosi+ —

sin A (13.6.9)
Tl "+ w; [” + w;

Based on some algebraic procedures with the equation (13.6.9), we
may write:

X(DI(L+2n) = [(vo +2n50) + 250 +qp— p+ %
T
aw,l al> .
+ osA+ sin A .6.
I +? 2+ ? (13.6.10)

Solving equation (13.6.10) for the Laplace domain displacement
x(1), we have:

x(l):vo+2ns0+ Isy N qp—p N qu
[+2n [+2n 1(I+2n) PPt(+2n)
am, cos A alsin A

> —+ > 5 (13.6.11)
(+2n)"+w;) (+2n) 1" +wy)
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Based on pairs 1, 10, 12, 13, 31, 19, and 20 from Table 1.1, we invert
equation (13.6.11) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (13.6.1)
with the initial conditions of motion (13.6.2):

— VO +2n‘s0 (1 —2nt)+ —2nt + Qp_p|:t+2i(e—2nt _1)i|
n

2n 2n
N ﬂ[tz _ lt _ Lz(e’z’” _ 1)} N 2na(l- ccz)s a)lt)zcos A
4nt n o, (w7 +4n°)
_ asint cos A N aw,(1—e?")cos A N a(l—cosm;t)sin A
ol +4n® 2n(wi +4n*) o} +4n®
2nasinitsin A a(l—e?")sin A (13.6.12)
o, (0; +4n”) o; +4n’

Taking the first derivative of equation (13.6.12), we determine the
velocity of the system:

d B e+

@~ 2n Tant “on omrt
2nasin@tcosA  am, cosw,;tcosA  aw,e”’ cos/l
0> +4n> o +4n’ o} +4n’
aw, sinmtsinA  2nacosmitsinA  2nae " sin A
Wi +4n® i +4n® - ol +4n® (13.6.13)

The second derivative of equation (13.6.12) represents the acceleration:

d2
—;C = (—vao +qp—p- ﬂ)e_z’” /el
2nt 2nt

dt
2nam, cos @t cos A N a®? sin@,t cos A
! +4n’ o +4n’

—2nt

2name”" cosA  aw; cosm,tsin A

ol +4n® i +4n®

2naw, sinw,rsind  4n’ae”" sin A
! +4n* i +4n’

(13.6.14)
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13.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; % =, (13.6.15)

The solution of differential equation of motion (13.6.1) with the ini-
tial conditions of motion (13.6.15) reads:

x= v0+2nS0 (1_6—2nf)+qp_p[l,+2i(e—2nt_l):|
n

2n 2n
+ﬂ[tz L N 1)} 2nal - cosait)cos A
dnt n 2n o, (w7 +4n7)

asinwitcosA  aw,(1—e?")cosA a(l—cosw,t)sin A
! +4n* 2n(w;) +4n*) i +4n’

2nasinwtsind  a(l—e>")sin A

13.6.16
o, (0} +4n*) ol +4n® ( )

The rest of the parameters are the same as in the previous case.

13.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; % =0 (13.6.17)

Solving differential equation of motion (13.6.1) with the initial
conditions of motion (13.6.17), we obtain:

x=5, +q”—_p[t+2i(e-2"f —1)}+ﬂ[ﬂ PR —1)}
n

2n 4nt n 2n
N 2na(l—coswt)cosA asinmrcos A
0, (0] +4n*) o} +4n’

aw,(1—e?*)cosA  a(l—cosw,t)sin A
2n(w; +4n*) o] +4n’

2nasinwitsin A a(l—e " )sin A
o, (0] +4n*) o} +4n®

(13.6.18)
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The first derivative of equation (13.6.18) represents the velocity of
the system:

dx 1 ( oo p—ﬂ)(l—ez’”)wL qu t+2nasi2na)1tczosﬂ,
dt " 2n 2nt 2nt w; +4n
aw, cos@,tcosA  ame " cosA  am, sinmtsin A
- o} +4n® o} +4n® i +4n®
2nacos@tsinA  2nae " sin A

(13.6.19)

o] +4n® o} +4n®
Taking the second derivative of the equation (13.6.18), we deter-
mine the acceleration:

2

d’x ( p—p- q,u) om, GH 2nawlcoswtcos;t
dt 2nt 2m‘ ol +4n®

awlsinwtcosA  2naw,e" cos A N ami cosw,tsin A
ol +4n® ol +4n® o} +4n®

2naw, sinm,tsin A N 4n*ae™" sin A
o} +4n’ o} +4n’

(13.6.20)

13.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (13.6.21)

The solution of differential equation of motion (13.6.1) with the ini-
tial conditions of motion (13.6.21) reads:

qp_p 1 —2nt 1 1 —2nt :|
xX=———t+—1(e -1 t"——t—- e -1
2n { 2n( )} 4m‘{ n 2n2( )

2na(l—cos,t)cos A _asinfcos A aw,(1—e?")cosA
o, (0] +4n”) of +4n’ 2n(w; +4n)

a(l-coswt)sinA  2nasin®,tsin A _a(l- e")sin A
2 2 2 2 2 2
w; +4n w,(w; +4n7) w; +4n (13.6.22)

The equations for the velocity and the acceleration are the same as
in the previous case.



DAMPING, CONSTANT RESISTANCE,
AND FRICTION

Engineering systems subjected to the force of inertia, the
damping force, the constant resisting force, and the friction force
as the resisting forces are described in this chapter. These resisting
forces are marked with the plus signs in Row 14 of Guiding Table
2.1. The numbers of this chapter’s six sections are shown in the same
row, corresponding to Columns 1 through 6, which name the active
forces applied to these systems.

The left sides of the differential equations of motion for
the engineering systems throughout this chapter are identical and
comprise the resisting forces mentioned above. The right sides of
these equations are different, corresponding to the active forces
applied to the systems.

The problems described in this chapter could be related to the
working processes of engineering systems interacting with visco-
elastoplastic media or with specific hydraulic links.

443
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14.1 Active Force Equals Zero

The intersection of Row 14 and Column 1 in the Guiding Table
2.1 indicates that the engineering systems described in this section
are subjected to the force of inertia, the damping force, the constant
resisting force, and the friction force as the resisting forces, while the
active force equals zero. The considerations related to the motion of
a system in the absence of active forces are presented in section 1.3.

The current problem could be related to the motion of a sys-
tem that is intended to interact with a viscoelastoplastic medium
that exerts the damping force, the constant resisting force, and the
friction force as the reaction to its plastic deformation. The consid-
erations regarding the deformation of a viscoelastoplastic medium
are presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion and the maximum values
of the displacement, the acceleration, and the force applied to the
system. Figure 14.1 shows the model of a system subjected to the
action of a damping force, a constant resisting force, and a friction
force.

Based on the considerations above and the model in Figure 14.1,
we can assemble the left and right sides of the differential equation
of motion. The left side comprises the force of inertia, the damping
force, the constant resisting force, and the friction force, while the
right side equals zero. Hence, the differential equation of motion
reads:

2
meE e pir=0 (14.1.1)
dt dt

The differential equation of motion (14.1.1) has different so-
lutions for various initial conditions of motion. These solutions and
their analyses are presented below.

14.1.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s0; —=v, (14.1.2)
dt
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Figure 14.1 Model of a system subjected to a damping force, a
constant resisting force, and a friction force

where s, and v, are the initial displacement and initial velocity

respectively.
Dividing equation (14.1.1) by m we may write:
d’x dx
Rk lrad bl ( )
where 7 is the damping factor and:
2n= < (14.1.4)
m
_P
p - (14.1.5)
F
== (14.1.6)

Using Laplace Transform Pairs 3, 4, and 5 from Table 1.1,
we convert differential equation of motion (14.1.3) with the initial
conditions of motion (14.1.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)—=Ivg = 1so +2nlx(1)=2nlsy+p+ f=0  (14.1.7)
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Solving equation (14.1.7) for the displacement x(/) in the Laplace
domain, we have:

v0+2nso+ Isy — p+f

x(l)=
[+2n  [+2n I(I+2n)

(14.1.8)
Based on pairs 1, 10, 12, and 13 from Table 1.1, we invert equation
(14.1.8) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (14.1.1) with the
initial conditions of motion (14.1.2):

_ Vo +2ns, o2

—2nt _ 14 + f —2nt
=)+ Sl 2n( 1] (14.1.9)

Applying algebraic procedures to equation (14.1.9), we have:

A f)t—(vo p2 / ) 2] (14.1.10)

1
x=—/[2nsy+vo + P
2n

Taking the first and second derivatives of equation (14.1.10),
we determine the velocity and acceleration of the system respectively:

X _ v, p+f) o _PHS (14.1.11)
dt 2n
2
% = 2n(vo + p;f Ye 2t (14.1.12)

Obviously, we are considering a deceleration process at the end of
which the velocity becomes equals to zero.

Equating the velocity according to equation (14.1.11) to zero,
we have:

(v + 2Ly g2 _PHT (14.1.13)
2n 2n

where T is the time that the process lasts.
Based on equation (14.1.13), we may write:

P i (14.1.14)
2nvo+p+f
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From equation (14.1.14), we determine the time 7"

T:Lannv0+p+f

2n p+f
Combining equations (14.1.14)and (14.1.15) withequation (14.1.10),
we calculate the maximum displacement s, ,_of the system:

p+fln2nv0+p+f)
2n p+f

In this case, the maximum value of the force applied to the system
equals to the maximum value of the force of inertia that is associated
with the maximum value of the acceleration (actually, deceleration)
at the beginning of the process of motion when ¢ = 0. Thus, from
equation (14.1.12), we obtain the maximum absolute value of the
acceleration a,,:

(14.1.15)

mwf:_z + - I
Snac = = (2050 + 0 (14.1.16)

Qe =120v9 + p+ f | (14.1.17)

Multiplying equation (14.1.17) by m and substituting nota-
tions (14.1.4), (14.1.5), and (14.1.6), we determine the maximum
force R, _applied to the system:

R,.=Cvg+P+F (14.1.18)

The value of the force according to equation (14.1.18) should
be used for stress calculations of the system.

14.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for r=0 x=0; % =V (14.1.19)

The solution of differential equation of motion (14.1.1) with the
initial conditions of motion (14.1.2) reads:
1 ptf

=— v+
2n[0 2n

X

—-(p+f )f_(Vo + 2 2+f )e_z”'] (14.1.20)
n

The rest of the parameters and their analysis are the same as for the
previous case.



448 < Chapter 14

14.2  Constant Force R

The engineering systems described in this section are subject-
ed to the action of the force of inertia, the damping force, the constant
resisting force, and the friction force as the resisting forces (Row 14
in Guiding Table 2.1) and the constant active force (Column 2). The
current problems could be associated with the working processes of
systems intended for interaction with a viscoelastoplastic medium
that exerts a damping force, a constant resisting force, and a friction
force as the reaction to its deformation (more details related to the
deformation of a viscoelastoplastic medium are presented in section
1.2). These problems could be also related to the working processes
of some pneumatically operated machines that are characterized by
the decreasing of the air pressure force applied to a certain com-
ponent (piston) during the acceleration of the latter. This pressure
force represents an active force that decreases proportionally to the
increasing of the velocity of this component. More related consid-
erations are discussed in section 1.3, where equation (1.3.1) reflects
the mentioned above decreasing of the air pressure force. This equa-
tion shows that a corresponding damping force in the left side of the
differential equation of motion can account for the above-mentioned
decrease of the active force.

The system moves on a horizontal frictional surface. We want
to determine the basic parameters of motion, the maximum values
of the velocity and the acceleration of the system, the maximum
force applied to the system, and the power of the energy source.
Figure 14.2 shows the model of a system subjected to the action of
a constant active force, a damping force, a constant resisting force,
and a friction force.

Based on the considerations above and the model in
Figure 14.2, we compose the left and right sides of the differential
equation of motion of this system. The left side consists of the force
of inertia, the damping force, the constant resisting force, and the
friction force, while the right side includes a constant active force.
Therefore, the differential equation of motion reads:

'

m
dr?

+C?+P+F:R (14.2.1)
t
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Figure 14.2 Model of a system subjected to a constant active
force, a damping force, a constant resisting force, and a
friction force

Differential equation of motion (14.2.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

14.2.1 General Initial Conditions
The general initial conditions of motion are:

d.
for =0 x=s; @ Vo (14.2.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (14.2.1) by m, we have:
d*x dx
—+t2n—+p+f=r 14.2.3
dar’ dt p+f ( %

where 7 is the damping factor and:

2n= (14.2.4)

(14.2.5)

Sl 3|0
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(14.2.6)

(14.2.7)

Using Laplace Transform Pairs 3, 4 and 5 from Table 1.1,
we convert differential equation of motion (14.2.3) with the initial
conditions of motion (14.2.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(l)— vy — sy +2nix(l)=2nlso+ p+ f=r (14.2.8)

Solving equation (12.2.7) for the displacement x(/) in Laplace do-
main, we may write:

_ r—p—f+v0+2nso+ Iso

x()=
I(0+2n)  1+2n  1+2n

(14.2.9)

Using pairs 1, 13, 10, and 12 from Table 1.1, we invert equation
(14.2.9) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (14.2.1) with the
initial conditions of motion (14.2.2):

-p- 1 +2
x= r p f [t + _(672}1)‘ _ 1)] + VO nSO (1 _ e*Znt)_i_ soefznt
2n 2n 2n

(14.2.10)

Applying algebraic procedures to equation (14.2.10), we have:

x=L[(r—p—f)t+(ﬂ—voje_2"’ —ﬂ+vo+2nso]
2n 2n 2n
(14.2.11)

Taking the first derivative of equation (14.2.11), we determine
the velocity of the system:

dx r—p—f

% o (I—e")+vee™" (14.2.12)
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The second derivative of equation (14.2.11) represents the
acceleration:
d2
If = (r—p—f—2nvy)e ™ (14.2.13)
In this case, when the acceleration approaches zero, the velocity
approaches its maximum value. Because (r — p— f —2nv,) > 0, then
according to equation (14.2.123) we may write:

e 50 (14.2.14)

where T is the time that the acceleration process lasts. Actually, T
tends to the infinity.

Combining expression (14.2.14) with equation (14.2.12) and
substituting notations (14.2.4), (14.2.5), (14.2.6), and (14.2.7), we
determine the maximum value of the velocity v, :

max*
R-P-F
Viar —> —————
C
In order to calculate the maximum force applied to the system,
we need first to determine the maximum value of the acceleration,
which in this case occurs at the beginning of the process when 7= 0.

Therefore, based on equation (14.2.13), we determine the maximum
value of the acceleration a,,:

e =T — p— f—2nv, (14.2.16)

(14.2.15)

Multiplying equation (14.2.16) by m, we determine the maximum
value of the force of inertia force F;:

F=m(r—p—f—2nv, (14.2.17)

Adding to the force of inertia according to equation (14.2.17)
the resisting forces Cv,, P, and F, and also substituting notations
(14.2.4),(14.2.5),(14.2.6), and (14.2.7), we determine the maximum
value of the force R, _applied to the system:

R =R (14.2.18)
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We can obtain the same result in the case when the accelera-
tion approaches zero and, therefore, the force of inertia approaches
zero. For any given time, the maximum force applied to the system
equals the sum of the force of inertia and the resisting forces. Hence,
for this case, the force applied to the system equals the sum of the
resisting forces. Thus, the damping force equals the product of mul-
tiplying the velocity according to equation (14.2.15) by the damping
coefficient C. Adding to this damping force the forces P and F, we
obtain the maximum value of the force applied to the system. This
force has the same value as in equation (14.2.18).

The stress analysis of the system should be based on the
maximum value of the force according to equation (14.2.18).
Multiplying the maximum force according to equation (14.2.18)
by the maximum velocity according to expression (14.2.15), we
determine the power N of the energy source :

N = RR-P-F) (14.2.19)
C
14.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; dx =V (14.2.20)
dt
The solution of differential equation of motion (14.2.1) with the
initial conditions of motion (14.2.20) reads:

x:L[(,,_p_f)t+(m_vo)e—znz _rep=f
2n 2n

2n
(14.2.21)

The rest of the parameters and their analysis is the same as in the
previous case.

14.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx

for t=0 x=s0; —=0 (14.2.22)
dt
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Solving differential equation of motion (14.2.1) with the initial
conditions of motion (14.2.22), we obtain:

—p=f o _r=p-f
2n 2n

x= zi[(r —p—fu+l +2ns,]  (14.2.23)
n

The first and the second derivatives of equation (14.2.23) represent
the velocity and the acceleration respectively:

dx r— p - f —2nt
—=—11- 14.2.24
dt 2n ( ¢ ) ( )
2
d— =(r—p—fe ™" (14.2.25)

The rest of the parameters and their analysis are the same as in the
previous case.

14.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for =0 x=0; @ =0 (14.2.26)
dt
The solution of differential equation of motion (14.2.1) with the ini-

tial conditions of motion (14.2.26) reads:

-p—f o2 r—-p—f
2n 2n

x= —[(r p— f)t+ ] (14.2.27)
The rest of the parameters and their analysis is the same as in the
previous case.

14.3 Harmonic Force A sin(@t + 1)

The intersection of Row 14 with Column 3 in Guiding Table 2.1
indicates that this section describes engineering systems subjected
to the force of inertia, the damping force, the constant resisting
force, and the friction force as the resisting forces and the harmonic
force as the active force. The current problem could be associated
with working processes of certain vibratory machines intended for
the interaction with viscoelastoplastic media that exert damping



454 < Chapter 14

forces, constant resisting, and friction forces as the reaction to their
plastic deformation. The considerations related to the deformation
of viscoelastoplastic media as well as to the behavior of a constant
resisting force and also a friction force applied to a vibratory system
are discussed in section 1.2.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. Figure 14.3 shows the
model of a system subjected to the action of a harmonic force, a
damping force, a constant resisting force, and a friction force.

The considerations above and the model in the Figure 14.3
let us compose the left and right sides of the differential equation
of motion. The left side consists of the force of inertia, the damping
force, the constant resisting force, and the friction force, while the
right side includes the harmonic force. Hence, the differential equa-
tion of motion reads:

2
md—§+Cﬂ+P+F: Asin(wt+ 1) (14.3.1)
dt dt

Differential equation of motion (14.3.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

m

\ 4

P
<

P

C
| Il
Asin(wqt + 2) 1 P
ie——

A

Figure 14.3 Model of a system subjected to a harmonic
force, a damping force, a constant resisting force,
and a friction force
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14.3.1 General Initial Conditions
The general initial conditions of motion are:

@ =V, (14.3.2)
dt

for =0 x=s;
where s, and v, are the initial displacement and initial velocity
respectively.
Transforming the sinusoidal function of equation (14.3.1) and
dividing the latter by m, we may write:

2
%+2n%+p+f= asinm;tcosA+acoswitsinA  (14.3.3)
where n is the damping factor and:
C
2n=— (14.3.4)
m
p= L (14.3.5)
m
f=r (14.3.6)
m
a= A (14.3.7)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (14.3.3) with the initial
conditions of motion (14.3.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Ix(1) = vy — 5o + 2nlx(l)=2nlsy + p+ f

am,l al?
== lzcosﬂ,+ > >
"+ w, "+ w,

sin A (14.3.8)
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Applying some basic algebra to equation (14.3.8), we have:

awll

x(DI(L+2n)=1(2nsg +vo)+sol° — p— f+ > > cosA
"+ w;
= na (14.3.9)
e 3.

Solving equation (14.3.9) for the Laplace domain displacement x(/),
we have:

2nso+vo+ Is, 3 p+f aa); : cos A
[+2n [+2n 1(+2n) (+2n)I"+w))
la
+
(+2n)I* + ;)

x(D)=

sin A (14.3.10)

Applying pairs 1, 10, 12, 13, 19, and 20 from Table 1.1, we invert
equation (14.3.10) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (14.3.1)
with the initial conditions of motion (14.3.2):

X = 2I’lS0 +v0 (1_8—2n1)+soe—2nt _ p+f{t+i(€—2nt _1):|
2n 2n

2n
N 2na(l—cosw,t)cos A _asin@fcos A N aw,(1—e™?")cos A
0, (0] +4n*) ! +4n’ 2n(w; +4n*)
a(l-cosw,t)sinA  2nasinwtsinA  a(l—e " )sin A
W} +4n° 0@ +4n’) @ +4n’
(14.3.11)

Applying the appropriate algebraic actions to equation (14.3.11), we
write:

Vo —2nt p + f 1 —2nt
=50 +— (- — =+ — -1
re% 2n (1=¢™) 2n [ 2n (e )}

N 2na(l—cosw,t)cosA asinwrcosi N aw,(1—e*")cos A
0, (0] + 4n2) o +4n® 2n(a)12 +4n2)
a(l-cosw,t)sinA  2nasinwtsinA  a(l—e " )sin A

o} +4n’ 0, (0] +4n*) ! +4n*
(14.3.12)
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The first derivative of equation (14.3.12) represents the veloc-
ity of the system:

dx 2t _ P+f(1_€_z,1,)+ 2nasinwt cos A

— =W

dt 2n o] +4n’

am,; cosw,f cos A N aw,e" cos A N am, sin @,z sin A
i +4n’ o} +4n* o} +4n’

—2nt

2nacoswtsinA  2nae " sin A

14.3.13
o +4n® o} +4n® ( )

Taking the second derivative of equation (14.3.12), we deter-
mine the acceleration of the system:

d’x 5 Ly 2nam,; cos @t cos A
—="2nve "= (p+ e "+
dr’ ° (p+]) ;] +4n’
aw; sin @t cos A B 2naw,e*" cosA  awi cosw,tsin A
o} +4n® ol +4n® o +4n®
_ 2naw, 2sin wltzsin A 4n2a2e_2’" sizn A (143.14)
Wy + 4n Wy + 4n
14.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d
for t=0 x=0; d—’; = (14.3.15)

Solving differential equation of motion (14.3.1) with the initial
conditions of motion (14.3.15), we obtain:

1 2na(l—
LI p+f[t+—(ez'”—l)}+ na(l—cosw;t)cos A

2n o, (o] +4n%)
asinwitcosA  am(1—e>")cosA a(l—cosmt)sin A
o +4n® 2n(w; +4n*) ol +4n®

2nasinw,tsind  a(l—e " )sin A
(0] +4n°) ! +4n’

(14.3.16)

The equations for the velocity and the acceleration are the same as
in the previous case.
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14.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:
d.
for =0 x=s; —=0 (14.3.17)
dt
The solution of differential equation of motion (14.3.1) with the ini-
tial conditions of motion (14.3.17) reads:

+ 2na(l— t
X= s — )4 f{ (e 1)}_ na( C(Z)SCO] )2c0s),
27’1 wl(a)l +47’l )
asinwitcosA amw,(1—e"")cosA a(l—cosmwt)sinA
! +4n’ 2n(w; +4n°) of +4n’

2nt

2nasinwtsind  a(l—e>")sin A
(0] +4n*) 7 +4n’

(14.3.18)

Taking the first and second derivatives of equation (14.3.18), we
determine the velocity and the acceleration of the system respec-
tively:

dx _P+ p+f 2nasin@tcosA  aw, cosw,tcos A

hesdd ( —2nt ) _
dt  2n ! +4n’ o} +4n’
aw,e" cosA  aw,sinmtsinA  2nacos®,tsin A
ol +4n® i +4n® ol +4n®
2nae™" sin A
- (14.3.19)
w; + 4n
d’x o 2nam; cos@itcos A awi sinwtcos A
—=—=(p+ e+ > > + > >
dt w; +4n w; +4n

2nam,e”>" cos A N awi cosw,tsinA  2nam, sin@,tsin A
i +4n’ o} +4n* o} +4n*

2 o -
4n“ae " sin A

W +4n° (14.3.20)
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14.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (14.3.21)

Solving differential equation of motion (14.3.1) with the initial
conditions of motion (14.3.21), we obtain:

_ p+f{i(1—e_2’”)—t}+ 2na(1—0(2)sa)1t)2cosl
2n | 2n (0w +4n°)
asinwt cos A N aw;(1-e"")cosA a(l—cosm,t)sin A
! +4n’ 2n(w; +4n%) o} +4n’

X

—2nt

2nasin@tsind  a(l—e " )sin A
o, (0] +4n”) o] +4n’

(14.3.22)

The equations for the velocity and acceleration are the same as for
the previous case.

14.4 Time-Dependent Force Q( p+ %t)

According to Guiding Table 2.1, this section describes engi-
neering systems subjected to the action of the force of inertia, the
damping force, the constant resisting force, and the friction force as
the resisting forces (Row 14) and to the action of the time-dependent
force as the active force (Column 4).

The current problem could be related to the working process
of a system intended to interact with a viscoelastoplastic medium
that exerts a damping force, a constant resisting force, and a friction
force during the phase of its plastic deformation (more related con-
siderations regarding the viscoelastoplastic medium are presented in
section 1.2). The time-dependent force is acting for a limited inter-
val of time during the initial phase of the working process.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion, the values of the velocity
and the acceleration at the end of the predetermined interval of time.
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Figure 14.4 Model of a system subjected to a time-dependent
force, a damping force, a constant resisting force,
and a friction force

Figure 14.4 shows the model of a system subjected to the action of
a time-dependent force, a damping force, a constant resisting force,
and a friction force.

The considerations above and the model in Figure 14.4 let
us assemble the left and right sides of the differential equation of
motion. The left side consists of the force of inertia, the damping
force, the constant resisting force, and the friction force, while
the right side includes the time-dependent force. Therefore, the
differential equation of motion reads:

d2 dx ut
dt +Cd +P+F= Q(p+

Differential equation of motion (14.4.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

(144.1)

14.4.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; % =V, (14.4.2)

where s, and v, are the initial displacement and initial velocity
respectively.
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Dividing equation (14.4.1) by m, we have:

d’*x dx
—+2n —+p+f q(p+—) (14.4.3)
dt dt
where 7 is the damping factor and:
2n= < (14.4.4)
m
=L (14.4.5)
m
=k (14.4.6)
m
q= Q (14.4.7)
m

Using Laplace Transform Pairs 3, 4, 5, and 2 from Table 1.1,
we convert differential equation of motion (14.4.3) with the initial
conditions of motion (14.4.2) from the time domain into the Laplace
domain, and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)= by = sy + 2nx(D)=2nlso + p+ f = gp+ - ‘1“ (14.4.8)

The solution of equation (14.4.8) for the Laplace domain
displacement x(/) reads:

ot2nsy | IS ap=p=f . s (14.4.9)
[+2n [+2n  I(I+2n) tl7(+2n)

Applying pairs 1, 10, 12, 13, and 31 from Table 1.1, we invert equa-
tion (14.4.9) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (14.4.1) with
the initial conditions of motion (14.4.2):

x(D)=

1 -p- 1
x=—+2ns) —voe ")+ ap—p-1 [t +— (e 1)]
2n 2n 2n

1 |
f}i [P == (e =) (14.4.10)
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Based on some algebraic procedures with equation (14.4.10), we
write:
1 - qHu >
x=—{vy+2ns, —voe " +—t
2]’1{ 0 0 0 2T

2n

Taking the first derivative of equation (14.4.11), we determine
the velocity of the system:

(qp p- f— )[t+ 1( -] (14.4.11)
2nt

dx —Znt qu ( :Lt ) —2nt
== 2+ — 1- 14.4.12
5 e 2m Tl 4P P~ T (I-e) «( )

The second derivative of equation (14.4.11) represents the
acceleration:

d’x _ qu T
= e+ oo e e (14413
e nvye - (gp—p-f - )e ( )

Substituting the time 7into equations (14.4.12), (14.4.13), we
determine the velocity v and acceleration a at the end of the prede-
termined interval of time:

y=vpe 4 I T+—(qp po oK )(1—e2’”) (14.4.14)
2nt 2 nt

a=-2me + I | gp—p— -2 (14.4.15)
2nt 2nt

14.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =, (14.4.16)

Solving differential equation of motion (14.4.1) with the initial con-
ditions of motion (14.4.16), we obtain:

X = L{Vo —vee " +ﬂf2 +(qp_p_f_ﬂ)[t+i(e_2m -DI}
2T 2nt

2n 2n
(14.4.17)

The rest of the parameters are the same as in the previous case.
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14.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for =0 x=s ? =0 (14.4.18)
t

The solution of differential equation of motion (14.4.1) with the
initial conditions of motion (14.4.18) reads:

1 q‘u« 2 1 —2nt
=—{2 r+ -1
x=—{2ns+ - (qP p=f- Tj[ PG Y
(14.4.19)
Taking the first and second derivatives of equation (14.4.19),

we determine the velocity and acceleration of the system
respectively:

dx qu 1 “nt

or_ AR _AF =

dt 2m’ 2n (qp p-f j( ¢ ) (14420
d’x qu qu |
g —p—f—=)e 14.4.21
dr*  2nt (ap=r=1 2nt e ( )

Substituting the time 7 into equations (14.4.20) and (14.4.21), we
determine the values of the velocity v and the acceleration a at the
end of the predetermined interval of time:

dx qﬂ 1( j —2n‘L’
=15 -2= 1a- 14.4.22
7 me > ap—-p—f ( ) ( )

d’x _ a4 e
- S Ll 14.4.23
I +@p-p-f T ( )

14.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for =0 x=0;, —=0 (14.4.24)
dt
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The solution of differential equation of motion equation (14.4.1)
with the initial conditions of motion (14.4.24) reads:

1 q;LL 2 ( Q.U j 1 —2nt
= (1= —p— 2= — -1 14.4.25
* 2n{2’ct tap-pr=/ 2nt [H_Zn(e 2 ( )

The rest of the parameters are the same as for the previous case.

14.5 Constant Force R and Harmonic Force A sin(w,f + 1)

Guiding Table 2.1 indicates that the engineering systems
discussed in this section are subjected to the action of the force
of inertia, the damping force, the constant resisting force, and the
friction force as the resisting forces (Row 14), and to the constant
active force and the harmonic force as the active forces (Column 5).

The current problem could be related to the working process
of a vibratory system intended for the interaction with certain
viscoelastoplastic media that exert damping forces, constant resisting
forces, and friction forces as the reaction to their deformation.
Additional considerations related to the deformation of viscoelas-
toplastic media and to the behavior of a constant resisting force as
well as a friction force applied to a vibratory system are discussed
in section 1.2.

The system is moving in the horizontal direction. We want to
determine the basic parameters of motion. Figure 14.5 shows the
model of a system subjected to the action of a constant active force,
a harmonic force, a damping force, a constant resisting force, and a
friction force.

Accounting for the considerations above and the model shown
in Figure 14.5, we can compose the left and right sides of the dif-
ferential equation of motion of the system. The left side consists of
the force of inertia, the damping force, the constant resisting force,
and the friction force. The right side of this equation includes the
constant active force and the harmonic force. Hence, the differential
equation of motion reads:

2
m%+ C%+P+F: R+Asin(w,t + 1) (14.5.1)
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Figure 14.5 Model of a system subjected to a constant
active force, a harmonic force, a damping force, a constant
resisting force, and a friction force

Differential equation of motion (14.5.1) has different solutions
for various initial conditions of motion. These solutions and their
analyses are presented below.

14.5.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; % =, (14.5.2)

Transforming the sinusoidal function in equation (14.5.1) and

dividing the latter by m, we have:
2
% + Zn% +p+f=r+asinwitcosA+acosmisin A (14.5.3)

where 7 is the damping factor and:

m=C (14.5.4)
m

=L (14.5.5)
m

=k (14.5.6)
m
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(14.5.7)

(14.5.8)

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table
1.1, we convert differential equation of motion (14.5.3) with the
initial conditions of motion (14.5.2) from the time domain into the
Laplace domain and obtain the resulting algebraic equation of mo-
tion in the Laplace domain:

aw,lcosA al*sin A
2 2 + 2 2
"+ w; "+ w;
(14.5.9)

Px(l)— vy — sy +2nix(l)=2nlsg+ p+ f =r+

Applying some basic algebra to equation (14.5.9), we may write:

aw,lcosA al*sin A
2 2 + 2 2
[” + w; "+ w;
(14.5.10)

x(DIA+2n)=r—p—f+1(vo+2ns5)+ 1’5y +

The solution of equation (14.5.10 for the displacement x(/) in
Laplace domain reads:

r—-p—f v0+2nso+ Iso N am, cos A
[(I+2n) [+2n [+2n (l+2n)(lz+a)12)

alsin A
+
(I+ 2n)(l2 + a)f)

x(D)=

(14.5.11)

Applying pairs 1, 13, 10, 12, 19, and 20 from Table 1.1, we invert
equation (14.5.11) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (14.5.1)
with the initial conditions of motion (14.5.2):

Vo +2ns, o2

— p f —2nt
-D]+———1-
2n 2n ( ) 2n (
2na(1 cos® t)cos)u asinwitcosA aw,(1—e>")cos A

0, (0} +4n*) ] +4n’ 2n(wi +4n*)

2nt

x= )+ soe”
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a(l—cosw,t)sinA 2nasinw,tsind  a(l—e>")sin A
;i +4n’ 0, (0] +4n*) o] +4n’

(14.5.12)

Based on some algebraic procedures, we transform equation
(14.5.12) to the following shape:

Vo oy TP L
x—so+g(l—e )+T{I+Z(e —1)}
N 2na(l—cos,t)cos A _asinayt cosA N aw,(1—e?")cos A
o, (0} +4n*) i +4n® 211(6012 +4n*)
a(l—cosw,t)sin A N 2nasinitsin A a(l—e™")sin A
o} +4n’ 0, (0] +4n*) o] +4n’
(14.5.13)

The first derivative of equation (14.5.13) represents the
velocity of the system:

dx _ b 4 r_p_f(l—e’z’”)+ 2nasi2na)1tczosﬂ,
dt 2n w; +4n
aw, cos@,tcosA  ame" cosA  aw,sin,tsin A
B o +4n® o +4n® ! +4n*
2nacoswtsin A 2nae " sin A
Wl +4n® @l +4n’ (14.5.14)

Taking the second derivative of equation (14.5.13), we deter-
mine the acceleration:

d*x 2naw, cos m,t cos A

——=(r—p—f-2nmy)e" +
dr’ r=p=f ) o] +4n’

awisinw,;rcosA  2nawe " cos A N ami cosw,tsin A
i +4n’ o} +4n’ o] +4n*

2nam, sinw,tsinA  4n*ae" sin A
o +4n® o +4n®

(14.5.15)
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14.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =, (14.5.16)

The solution of differential equation of motion (14.5.1) with the
initial conditions of motion (14.5.16) reads:

Vo —2nt r_P_f 1 —2nt

x=—(1-e")+——[t+—(e" ~1

Zn( ) o [ 2n( )]
N 2na(l —cosm,t)cos A _asinoy cos A

o, (o] +4n?) o} +4n’

aw,(1—e?")cosA  a(l—cosw,t)sin A
2n(w; +4n*) ! +4n’

2nasinw,tsind  a(l—e*")sin A
o, (0] +4n°) ! +4n’

(14.5.17)

The equations for the velocity and acceleration are the same as in
the previous case.

14.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; % =0 (14.5.18)

Solving differential equation of motion (14.5.1) with the initial
conditions of motion (14.5.18), we obtain:

2na(l—cosw,t)cos A
o, (o] +4n*)

il b
2n
asina),tcosl+aco1(1—e YcosA  a(l—cosmt)sin A

ol +4n® 2n(w; +4n*) ol +4n®

xX=35, t+2—1n(e_2”’—1)]+

—2nt

2nasinw,rsind  a(l—e*")sin A
o (0] +4n°) ! +4n°

(14.5.19)
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The first derivative of equation (14.5.19) represents the velocity of
the system:

dx r—p—f (- eyt 2nasin@,tcosA  aw, coswtcos A
_—— —e —_
dt 2n 0! +4n’ ! +4n*

aw,e" cosA  aw,sinwtsinA  2nacos®tsin A

+ +
ol +4n® ol +4n® ol +4n®

—2nt _*
_ 2nae sin A (14.5.20)

o} +4n*
Taking the second derivative of equation (14.5.19), we determine
the acceleration:

d’x L 2naw;cos@itcosA  awisinwtcos
—o=—-p=-fe "+ 2 2 2 2
_ 2name " cosA  am; cosmtsin A _ 2naw, sinwtsin A
i +4n’ ! +4n* i +4n’
4nae™" sin A 14521)
o +4n® (14.5.
14.5.4 Both the Displacement and Velocity Equal Zero
The initial conditions of motion are:
d
for t=0 x=0; d—: =0 (14.5.22)

The solution of differential equation motion (14.5.1) with the initial
conditions of motion (14.5.22) reads:

—-p- 1 2na(l—
ol p f[t+—(e’2’” D+ na( C(z)sa)lt)zcosl
2n 2n o, (w7 +4n°)
_asinoy cosA aw(1—e*")cosA a(l—cosmt)sinA
ol +4n® 2n(wi +4n*) ol +4n®

2nasinw,tsind  a(l—e*")sin A
(0] +4n°) ! +4n’

(14.5.23)

The equations for the velocity and acceleration are the same as in
the previous case.
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14.6 Harmonic Force A sin(w,¢ + 1)

and Time-Dependent Force Q( p+ %t)

According to Guiding Table 2.1, the engineering systems
discussed in this section are subjected to the force of inertia, the
damping force, the constant resisting force, and the friction force as
the resisting forces (Row 14) and to the harmonic force and time-
dependent force as the active forces (Column 6).

The current problem could be related to vibratory systems in-
tended for the interaction with viscoelastoplastic media. At the be-
ginning of the working processes, these systems may utilize, along
with the harmonic force, a time-dependent force that acts during
a predetermined interval of time. Note that the viscoelastoplastic
media exert damping forces, constant resisting forces, and friction
forces as a reaction to their plastic deformation. Detailed consider-
ations related to the deformation of viscoelastoplastic media as well
as to the behavior of a constant resisting force and a friction force
applied to a vibratory system are presented in section 1.2.

The system is moving in the horizontal direction. We want to de-
termine the basic parameters of motion. Figure 14.6 shows the model of
a system subjected to the action of a harmonic force, a time-dependent
force, a damping force, a constant resisting force, and a friction force.

7

C
ilgn’
-

m

Asin(wqt + 4)

P
<

v

ut
Qlp + 7)
P

\ 4

A

Figure 14.6 Model of a system subjected to a harmonic force,
a time-dependent force, a damping force, a constant resisting
force, and a friction force
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The considerations above and the model in Figure 14.6 let us
assemble the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the damping force,
the constant resisting force, and the friction force. The right side in-
cludes the harmonic force and the time-dependent force. Therefore,
the differential equation of motion reads:

d’x dx
?+Cd—+P+F Asin(w, t+l)+Q(p+—) (14.6.1)

Differential equation of motion (14.6.1) has different solu-
tions for various initial conditions of motion. These solutions and
their analyses are presented below.

14.6.1 General Initial Conditions
The general initial conditions of motion are:
fOI‘ t= 0 X =380, % =YV (14.6.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming equation (14.6.1), we may write:

2
fl—+C%+P+F Qp+Q—+Asma),tcosl+Acosa)tsmﬂ,
t

(14.6.3)

Dividing equation (14.6.3) by m, we have:

d’x dx ut
e +2nE+p+f qp+q—+asma) tcosA+acosmsin A
(14.6.4)
where 7 is the damping factor and:

2n = < (14.6.5)

m
p= L (14.6.6)

m
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r=£ (14.6.7)
m

=2 (14.6.8)
m

a4 (14.6.9)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (14.6.4) with the initial
conditions of motion (14.6.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(1) = Ivo — sy + 2nlx(l)— 2nlsy + p+ f = gp+ %
T
aaw! osA+ 2 sin A (14.6.10)
>+ o} ‘rof s

Applying some algebraic procedures to equation (14.6.10), we have:

x(DII+2n)=1(vy +2ns) + s +gp—-p—f

qu Cla)ll a12 .
+ 2= 4 cos A+ sinA (14.6.11
1 P+ I + o} ( :

Solving equation (14.6.11) for the Laplace domain displacement
x(l), we may write:

x(ly= 020 s ap=p=f _aH
[+2n [+2n  I(I+2n) ["t(l+2n)

am, cos A alsin A
+ 2 2 + 2 2
(I+2n)I"+wy) (+2n) 1" +w))

(14.6.12)

Applying pairs 1, 10, 12, 13, 31, 19, and 20 from Table 1.1, we
invert equation (14.6.12) from the Laplace domain into the time
domain and obtain the solution of differential equation of motion
(14.6.1) with the initial conditions of motion (14.6.2):
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x= Vo +2ns0 (1_6—2n1)+soe—2nl + QP_p_f|:t+2L(e—2nr _1):|
n

2n 2n
N ﬂ{tz B lt B %(6_2'" B 1)} N 2na(l— C(Z)S (olt)zcos),
dnt n o, (o7 +4n7)

asinwitcosA  am,(1—e > )cosA a(l—coswt)sin
W} +4n® 2n(w? +4n*) o7 +4n’

2nasinwtsind  a(l—e>")sin A
o, (0] +4n*) o7 +4n’

(14.6.13)

The first derivative of equation (14.6.13) represents the veloc-
ity of the system:

dx - - —2nt - - 1
X _(y, —9dP=P ! qlzl Je2n 4 4P=P f . am (r——)
dt 2n dn°t 2n 2nt 2n
2nasin @t cos A _ aw, cos oyt cosA ame " cosA
o? +4n’ ! +4n* ! +4n’

aw, sinmtsinA  2nacosmitsinA  2nae " sin A
ol +4n® i +4n® i +4n®

(14.6.14)

Taking the second derivative of equation (14.6.13), we deter-
mine the acceleration:

d’x qu ) ow . G 2nam, cos @t cos A
—=| 2nvy+qp—-p—f—-———|e "+ +
dt’ ( orap=p-f 2nt 2ntT ;] +4n’
awisinw,rcosA  2naw,e" cosA  aw; coswtsin A
o +4n® ol +4n® ol +4n®
_ 2naw, 2sin a)lz‘2 sin A 4n2aze*2"’ si2n A (14.6.15)
wy + 4n w; + 4n
14.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:
d
for t=0 x=0; =y, (14.6.16)

dt
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Solving differential equation of motion (14.6.1) with the initial con-
ditions of motion (14.6.16), we obtain:

=M(l—e2’”)+qp_p_f[t+i( Dt 1):|

211 2n 2n
q'u |:l' _lt_ 12 (e—Znt _1):|+ zna(l —C(z)sa)lt)zcos)L
Tant n o, (o} +4n*)

asinwitcosA  aw,(1—e?")cosA a(l—cosw,t)sin A
ol +4n® 2n(wi +4n*) ol +4n®

2nasinw,rsind  a(l—e*")sin A
o (0] +4n°) ! +4n’

(14.6.17)

The rest of the parameters are the same as in the previous case.

14.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (14.6.18)

The solution of differential equation of motion (14.6.1) with the
initial conditions of motion (14.6.18) reads:

—p- 1
x=s5,+ILZLZ) f{wf—(ez"’—l)}
2n 2n

q‘u |:l- _ll-_ 12 (e—Znt _1):|+ 2na(1_C(2)Sw1t)2COSA,
4nT wl(wl +4l’l )

n
asinwitcosA  aw,(1—e?")cosA a(l—cosmt)sin A
o] +4n’ 2n(wi +4n*) ] +4n’

2nasinw,tsind  a(l—e*")sin A
(0] +4n°) ! +4n’

(14.6.19)
Taking the first derivative of equation (14.6.19), we determine the
velocity of the system:

dx 1 e . QU 2nasinmtcos A
— -2 =)+ 1+
dt  2n ( p=p=t j ) 2nt . +4n’
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aw, cosmtcosA  ame " cosA  aw,sinw,tsin A

- +

ol +4n® ol +4n® ol +4n®
2nacostsind  2nae " sin A 14.6.20
! +4n’ ! +4n’ (14.6.20)

The second derivative of equation (14.6.19) represents the accelera-
tion:

2

dr

qu \ L. qu 2naa)1 cosw,t cos A
= —-p—f-——— e "+
(qp P=1=3 j ot witan’

aw?sinwitcosA 2name " cos A N aw? cos,tsin A
6012 +4n? ol +4n® ol +4n®

2nam, sinw,tsinA  4n*ae™*" sin A
! +4n* ! +4n*

(14.6.21)

14.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0; 7 =0 (14.6.22)

Solving differential equation of motion (14.6.21) with the initial
conditions of motion (14.6.22), we obtain:

xZQp_p_f[t_i_i(e—Znt 1)i| [2 lt_%(e—2nt_1)i|
2n 4nt n

2na(1 CcoS® t)cosl asinwitcosA  aw;(1—e>")cos A
o, (0} +4n*) o] +4n’ 2n(wi +4n*)

a(l—cosw,t)sinA 2nasinw;tsinA  a(l—e>")sin A
;] +4n’ o, (o] +4n*) ;] +4n*

(14.6.23)

The equations for the velocity and the acceleration are the same as
in the previous case.






DAMPING AND STIFFNESS

This chapter discusses engineering systems subjected to the
action of the force of inertia, the damping force, and the stiffness
force. These resisting forces are marked with the plus sign in Row
15 of Guiding Table 2.1. The active forces applied to these sys-
tems are indicated by the intersection of this row with Columns 1
through 6. In this chapter, the left sides of the differential equations
of motion of the systems in all sections are identical and consist of
the sum of the force of inertia, the damping force, and the stiffness
force. The right sides of these equations consist of the correspond-
ing active forces applied to these systems. The section titles reflect
the characteristics of the active forces that are associated with the
problems.

The problems considered in this chapter could be associated
with the working processes of engineering systems interacting with
viscoelastoplastic media.

477
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15.1 Active Force Equals Zero

The intersection of Row 15 of Guiding Table 2.1 with Column
1 indicates that this section describes engineering systems subjected
to the action of the force of inertia, the damping force, and the stiff-
ness force as the resisting forces, while the active force equals zero.

The considerations related to the motion of a system in the
absence of active forces are described in section 1.3. The current
problem could be related to a system performing damped vibra-
tions. This problem could also be associated with the interaction
of a system with a viscoelastoplastic medium that exerts damping
and stiffness resisting forces as the reaction to its deformation (see
section 1.2).

The motion occurs in the horizontal direction. We want to
determine the basic parameters of motion. Figure 15.1 shows the
model of a system subjected to the action of a damping force and a
stiffness force.

The considerations above and the model in Figure 15.1 let us
compose the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the damping force,
and the stiffness force, while the right side of the equation equals
zero. Therefore, the differential equation of motion reads:

d’x dx

m—+C—+Kx=0 (15.1.1)
dt dt

Differential equation of motion (15.1.1) has different solu-

tions for various initial conditions of motion. These solutions are
presented below.

15.1.1 General Initial Conditions
The general initial conditions of motion are:
d
for 1=0 x=s5; —=v, (15.1.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
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Figure 15.1 Model of a system subjected to a damping force
and a stiffness force

Dividing equation (15.1.1) by m, we may write:

2
X on® i x=0 (15.1.3)
e dr

where n is the damping factor and @, is the natural frequency,
while:

2n= (15.14)

3|

3=

(15.1.5)

Using Laplace Transform Pairs 3, 4, 5, and 1 from Table 1.1,
we convert differential equation of motion (15.1.3) with the initial
conditions of motion (15.1.2) from the time domain into the Laplace

domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(1)=lvy—1?sy +2nix (1) —2nlsy + w5 x(I)=0  (15.1.6)



480 = Chapter 15

Applying basic algebra to equation (15.1.6), we have:

x(D)(P +2nl +@5) = 1(vy +2ns) + 175, (15.1.7)

Solving equation (15.1.7) for the displacement x(/) in the Laplace
domain, we obtain:

[(vy +2nsy) I*s,
= +
P+2nl+w; 1*+2nl+w;

x(1) (15.1.8)

Transforming the denominators in equation (15.1.8), we may write:
P+2nl+oi+n*—n*=+n)’+o° (15.1.9)
where

o’ =w;—n’ (15.1.10)

while @ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case *>0

Adjusting the denominators in equation (15.1.8) according to
equation (15.1.9), we may write:

_ 1(vy +2nsy) I*s,
(+n)’+w’> (+n)’+o’

x(1)

(15.1.11)

Applying pairs 1, 24, and 27 from Table 1.1, we invert equation
(15.1.11) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (15.1.1) with the ini-
tial conditions of motion (15.1.2):

Vo +2nsy _, . o n .
x=——""Le"sinwt+s,e " (coswt ——sinwz)  (15.1.12)
0] w

Applying conventional algebra to equation (15.1.12), we have:

—nt

[(vo + son) sin @t + s, cos @t ] (15.1.13)
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Taking the first and second derivatives of equation (15.1.13), we
determine the velocity and acceleration of the system respectively:

% =¢ {vow coswt —[von + so(n”> + w*)]sinwt} (15.1.14)
d’ 1
d_tf = e_'”{a[son(a)2 +n%)— vy (> —n*)]sinwt

—[2von + so(@” +n”)] cos wt} (15.1.15)

The system is in vibratory motion.

b. Case @*=0
In equation (15.1.11), equating ®* to zero, we obtain:

1(vy+2ns,) I%s,
(I+n) (I+n)

x(l) = (15.1.16)

Based on pairs 1, 37, and 38 from Table 1.1, we invert equation
(15.1.16) from the Laplace domain into the time domain and obtain
for this case the solution of differential equation (15.1.1) with the
initial conditions of motion (15.1.2):

x=(vy+2nsy)te”™ +sy(1—nt)e™ (15.1.17)
After transforming equation (15.1.16), we may write:
x=e "[t(vy+son)+ o] (15.1.18)

Taking the first and second derivatives of equation (15.1.18), we
determine the velocity and the acceleration respectively:

% =e "[vy —nt(vy + son)] (15.1.19)
d2X —nt 2 2
? =e [t (vy +son)—2nvy — son” | (15.1.20)

The system is in rectilinear motion.
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c. Case <0
Taking in equation (15.1.11) @ with the negative sign, we
may write:
1(vy+2ns,) I*s,

=S T o (15.1.21)

Using pairs 1, 25, and 28 from Table 1.1, we invert equation (15.1.21)
from the Laplace domain into the time domain and obtain the solu-
tion of differential equation of motion (15.1.1) with the initial condi-
tions (15.1.2):

_ Wt 2ns, o

sinh 7 + 22 ¢ (wcoshwt—nsinhwr) (15.1.22)
1) o

Applying some basic algebra to equation (15.1.22), we obtain:

1
x=—e "[(vy + son)sinhwt + sow coshwt]  (15.1.23)
1)

Taking the first and second derivatives of equation (15.1.22), we
determine the velocity and acceleration respectively:

% = 1 e " {vow coshwt —[von — so(n> —@?*)]sinhwt} (15.1.24)
d? 1

—f =e " {—[vy(n* +@*)—son(n’* — w*)]sinh wt

dt 0]

—[2von —so(n° — w*)]cosh wt} (15.1.25)
The system is in rectilinear motion.

15.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; % =, (15.1.26)
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a. Case >0

The solution of differential equation of motion (15.1.1) with
the initial conditions of motion (15.1.26) reads:

Vo

x=—ce "sinwt (15.1.27)
(0]

Taking the first and second derivatives of equation (15.1.27), we
determine the velocity and the acceleration respectively:

dx vy _,

i —e " (wcoswt — nsinwt) (15.1.28)
0]
d’x vy —ntyy. 2 2N .k
e = P e "[(n"—w”)sinwt —2nw coswt] (15.1.29)
b. Case ®*=0

Solving differential equation of motion (15.1.1) with the ini-
tial conditions of motion (15.1.26), we obtain:

x=vote " (15.1.30)

Taking the first and second derivatives of equation (15.1.30), we
determine the velocity and the acceleration respectively:

% =vyy(1-nt)e™ (15.1.31)
2

d—f =von(nt—2)e™"

dt (15.1.32)

c. Case @°<0

The solution of differential equation of motion (15.1.1) with
the initial conditions of motion (15.1.26) reads:

n

" sinh (15.1.33)

X=—Vvee
(0]
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Taking the first and second derivatives of equation (15.1.33), we
determine the velocity and acceleration respectively:

dx 1
& e (@ coshor —nsinhor) (15.1.34)
dt o

d*x 1 i, 2 2y .

7 = Py voe "[(n" +®”)sinhwt - 2nwcoshwr]  (15.1.35)

15.1.3 Initial Velocity Equals Zero

In order to consider the motion of the system into the positive
direction, as shown in Figure 15.1, the initial displacement should
be taken with the negative sign. Therefore, the initial conditions of
motion are:

for =0 x=-s; % =0 (15.1.36)

a. Case ®*>0
The solution of differential equation of motion (15.1.1) with
the initial conditions of motion (15.1.36) reads:

1
x=——s0e " (nsinwt —  cos o) (15.1.37)
w

Taking the first and second derivatives of equation (15.1.37), we
determine the velocity and the acceleration respectively:

ax lsoe_”’ (n> —*)sinwt (15.1.38)
dt o
d’x 1 —nty 2 2 .
e =—s0e "(n"+0 ) wcoswt—nsinwt) (15.1.39)
)
b. Case @’ =0

Solving differential equation of motion (15.1.1) with the ini-
tial conditions of motion (15.1.36), we obtain:

x=-spe "(nt+1) (15.1.40)
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Taking the first and second derivatives of equation (15.1.40), we
determine the velocity and the acceleration respectively:

& _ sonte™ (15.1.41)
dt 0 oA

d2
= —sne ™" (nt—1) (15.1.42)
dt
c. Case w’<0
The solution of differential equation of motion (15.1.1) with

initial conditions of motion (15.1.36) reads:

1
x=——s0e " (wcoshwt + nsinh wr) (15.1.43)
1)

Taking the first and second derivatives of equation (15.1.43), we
determine the velocity and the acceleration respectively:

dx 1
d_’; = — 50" (n* — *)sinh t] (15.1.44)
w
d’x —nrpy 2 2 n .
Pl —soe "' [(n” — @~ )(cosh @t + —sinh wt] (15.1.45)
w

15.2 Constant Force R

According to Guiding Table 2.1, this section describes engi-
neering systems subjected to the action of the force of inertia, the
damping force, and the stiffness force as the resisting forces (Row
15) and to the constant active force (Column 2). The current problem
could be associated with the working process of systems intended
for interaction with viscoelastoplastic media that exert damping and
stiffness forces as a reaction to their deformation. Additional consid-
erations related to the deformation of viscoelastoplastic media are
discussed in section 1.2.

The system moves in the horizontal direction. We want to de-
termine the law of motion of this engineering system. Figure 15.2
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Figure 15.2 Model of a system subjected to a constant active
force, a damping force, and a stiffness force

shows the model of a system subjected to the action of a constant
active force, a damping force, and a stiffness force.

Based on the considerations above and the model in
Figure 15.2, we assemble the left and right sides of the differential
equation of motion of this system. The left side consists of the force
of inertia, the damping force, and the stiffness force, while the right
side includes the constant active force. Therefore, the differential
equation of motion reads:

2
md—f+Cd—x+Kx= R (15.2.1)
dt dt

Differential equation of motion (15.2.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

15.2.1 General Initial Conditions
The general initial conditions of motion are:

dr _

for =0 x=s,; =, (15.2.2)
dt

where s, and v, are the initial displacement and initial velocity re-
spectively.
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Dividing equation (15.2.1) by m, we may write:
2
X o™ wix=r (15.2.3)
dt dt

where n is the damping factor and @), is the natural frequency, while:

m=C (15.2.4)
m
wi=X (15.2.5)
m
R
r== (15.2.6)
m

Based on Laplace Transform Pairs 3,4, 5, and 1 from Table 1.1,
we convert differential equation of motion (15.2.3) with the initial
conditions of motion (15.2.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)—=lvy —Psy +2nix()) = 2nlsy + wox(D)=r (15.2.7)
Applying basic algebra to equation (15.1.7), we have:
x(D)(P+2nl+wg)=r+1(vy +2nsy) + s, (15.2.8)

Solving equation (15.2.8) for the displacement x(/) in the Laplace
domain, we obtain:
r [(vy +2ns,) I*s,

= + + 15.2.9
x(1) Fioiiol Pimire Pimiw: 02

Applying basic algebra to the denominators in equation (15.2.9), we
may write:

P+2nl+wy+n*—n*=(+n)’+w’ (15.2.10)

where:

®>=w;—n (15.2.11)
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while @ could be positive, equal to zero, or negative.
All these three cases are considered below.
a. Case >0

Adjusting the denominators in equation (15.2.9) according to
equation (15.2.1), we obtain:

x(1)

_ r [(vy + 2nsy) I*s,
(+n)’+0° (+n)’+0° (+n)’+o

- (15.2.12)
Applying pairs 1, 22, 24, and 27 from Table 1.1, we invert equation
(15.2.12) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (15.2.1) with the ini-
tial conditions of motion (15.2.2):

r o n . 1 -
x=———[l-e " (coswr +—sinwr)|+— (v, +2nsy)e " sinwt
W +n 0] )
. n .
+s0e " (cos Wt — —sin wt) (15.2.13)
0]
b. Case ®@*=0

Equating @’ in equation (15.2.12) to zero, we have:

o +l(v0+2ns0) I%s,
(I +n)* (I+n)* (I+n)*

Using pairs 1, 36, 37, and 38 from Table 1.1, we invert equa-
tion (15.2.14) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (15.2.1) with
the initial conditions of motion (15.2.2):

x(1) (15.2.14)

x= Lz[l —e " (1+ nt):l +(vo +2nsy)te™ + 50" (1—nt) (15.2.15)
n

c. Case <0

Taking @ in equation (15.2.11) with the negative sign, we
may write:

x(1)

B r [(vy +2ns,) I*s,
(+n’-w* (+n)’*-0* (+n)’-o0’

(15.2.16)
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Using pairs 1, 23, 25, and 28 from Table 1.1, we invert equation
(15.2.16) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (15.2.1) with the ini-
tial conditions of motion (15.2.2):

. +2 Cnt -
xX= 2’: ~[1—e " (coshwt + 2 sinh wt)]+ 0T =M% oo sinh oot
n° 0] 0]
+sye”" (cosh ot — - sinh or) (15.2.17)
0)

15.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V (15.2.18)

The solutions of differential equation of motion (15.2.1) with the
initial conditions of motion (15.2.18) for the following cases are
presented below.

a. Case >0

1

x=———[1—e " (coswt +—sinwt)]+—vpe " sinwt  (15.2.19)
W +n (0 [0

b. Case @’ =0

x= LZI:l —e "1+ nt)] + vote " (15.2.20)
n

c. Case @*<0

r

2 2
n—aw

x= [1— e (cosh@r + - sinh@t)] + -2 e sinh ot (15.2.21)
[0)] 0]

15.2.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:

d
for =0 x=s; d—f =0 (15.2.22)
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The solutions of differential equation of motion (15.2.1) with the
initial conditions of motion (15.2.22) for the following cases are
presented below.

a. Case ®*>0

r n n . 1 -
x=——[l—-e " (coswt +—sinwr)|+—2nsee” " sinwt
W +n 1) 1)
o n .
+soe " (cos wt — —sin wt) (15.2.23)
1)
b. Case @*=0

x= L2[1 — e (1+nt) |+ 2nsote™ +50¢" (1—nt)  (15.2.24)
n

c. Case @’<0

2nSy

r )
e " sinh wt

X =

_[1- ¢ (cosh ot +—sinh )] +
0

n—w

+sye”" (cosh @t — - sinh or) (15.2.25)
(0]

15.2.4 Both the Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx
for t=0 x=0;, —=0 (15.2.26)
dt
The solutions of differential equation of motion (15.2.1) with
the initial conditions of motion (15.2.26) for the following cases are
presented below.

a. Case >0

[1—e(coswi+Lsinwr)]  (15.2.27)
[0
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b. Case @*=0

x=—[1-e"(1+n)] (15.2.28)
n

c. Case <0

[1-e ™ (coshot+—sinhof)]  (15.2.29)
w

2 2
n—w

15.3 Harmonic Force A sin(@,f + A)

This section describes engineering systems subjected to the
force of inertia, the damping force, and the stiffness force as the
resisting forces (Row 15 of Guiding Table 2.1) and a the harmonic
force as the active force (Column3). The current problem could be
associated with vibratory machines intended for the deformation of
viscoelastioplastic media. These media exert damping and stiffness
forces as the reaction to their deformation (see section 1.2).

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 15.3 shows the
model of a system subjected to the action of a harmonic force, a
damping force, and a stiffness force.

m

ANNN

Asin(wqt + 4)

\ 4

P
<

AN

C
ay
gl

K
_\/\{\_

Figure 15.3 Model of a system subjected to a harmonic force, a
damping force, and a stiffness force
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Based on the considerations above and the model in
Figure 15.3, we can compose the left and right sides of the dif-
ferential equation of motion. The left side consists of the force of
inertia, the damping force, and the stiffness force, while the right
side includes the harmonic force. Therefore, the differential equa-
tion of motion reads:

2
md—f+Cﬂ+Kx = Asin(w,t + 1) (15.3.1)
dt dt

Differential equation of motion (15.3.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

15.3.1 General Initial Conditions
The general initial conditions of motion are:
d.
for 1=0 x=sp; —=v (15.3.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function of equation (15.3.1) and
dividing the latter by m, we obtain:
d’ d. . .
a’Tf-i_ 2nd—:+ i x =asinw,;tcosA+acoswtsind  (15.3.3)

where n is the damping factor and @), is the natural frequency, while:

m=5 (15.3.4)
m
wi=X (15.3.5)
m
a=2 (15.3.6)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (15.3.3) with the initial
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conditions of motion (15.3.2) from the time domain into the Laplace
domain. The resulting algebraic equation of motion in the Laplace
domain reads:

Px(1)—Ivg —1*so + 2nix (1) — 2nlsy + @g x (1)

2
aw,!
== lzcosl+ > >
"+ w; "+ w;

sin A (15.3.7)

Solving equation (15.3.7) for the displacement x(/) in the Laplace
domain, we obtain:

_ I(vy+2nsy) I*s, aw;l

+ cos A
P+2nl+w; P+2nl+o; (P+o0d)*+2nl+0])

x(1)

al*

+ sin A (15.3.8)
P +od)(*+2nl+wp)

Transforming the denominators in equation (15.3.8), we may write:
PP +2nl+w;+n*—n’ =(+n)’ +’ (15.3.9)

where:
o’ =w;—n’ (15.3.10)

while @ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case w’>0
Based on the equation (15.3.9), we adjust the denominators in
the equation (15.3.8) and we may write:

I(vo + 2nsy) I*s, aw,l cos A
x(l): 2 2 2 > T3 2 2 2
(I+n)y+0° (U+n)"+0° ("+o)l+n) +w07]
al*sin A

15.3.11
+(12+(012)[(l+n)2+(02] ( )
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Using Laplace Transform Pairs 1, 24, 27, 42, and 43 from
Table 1.1, we invert equation (15.3.11) from the Laplace domain
into the time domain and obtain the solution of differential equation
of motion (15.3.1) with the initial conditions of motion (15.3.2):

n

1 . _ n .
x=—(vy+2nsy)e " sinwt + spe " (cos @t — —sin 1)
0] 0]

am, cos A . n .
> ;2 —{2n[e™" (cos wt + —sinwr) — cos ;]
(W] —wy)” +4n"w; w

1 1 asin A
—(w} — o)) (—sinwt ——e " sinwt)} +
( 1 O)(a)1 1 ® )} (wlz_wé)2+4n2w12
}{(@% — )" (cos f + - sin o) — cos ;7]
0]
. @, —nt _:
+2nw,(sinw,f ——e " sinwt)} (15.3.12)
w
b. Case @ =0
In equation (15.3.11), equating @ to zero, we have:
2 2
(1) = I(vy + nzso) I”s, - ag)ll _cos A
(I+n) (I+n)y ("+owr)l+n)
12
a in A (15.3.13)

+
Crod)l+n)

Applying pairs 1, 37, 38, 46, and 47 from Table 1.1, we invert equa-
tion (15.3.13) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (15.3.1) with
the initial conditions of motion (15.3.2):

x =y +2nsy)te™™ +s,(1—nt)e™

am, cos A
An*w! +(w; —n®)

~{2n[ e (1+nt)— cosant |
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1 . _ asin A
—(@f —n*)(—sinw,t —te™")} +
2,..2 2 2N\2
w, nw;+@; —n)

X{2no,(sinw,t — w,te™") — (@7 —n*)e™ (1+ nt)— cos ]}

(15.3.14)

c. Case @’<0
The equation for the displacement in the Laplace domain in
this case reads:

_ I(vo +2ns,) *s, N amw,! co
(+n)’ -0’ (+n)’ -0 CC+o))(l+n)’-o0’]

x(1) sA

al’

" P+ o)1 +n) —w?]

sin A (15.3.15)

Using pairs 1, 25, 28, 48, and 49 from Table 1.1, we invert
equation (15.3.15) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (15.3.1)
with the initial conditions of motion (15.3.2):

Vo + 2ns,
X=——

nt - So  _ .
e " sinh @t + —e " (@ cosh wr — nsinh wt)
(0 a

am, cos A
4n*w! +(wf —wg)’

1
{e"[2ncoshwt + —(w; + ®?)sinh wt]
®

1 . o7 —m;)asin A
—2ncosw;t — —(wf — @ )sinwt} + (i 0)

, 4n*w; +(wf —wg)’

2 2

® ® o n .
X {— (1-cos@t) ————[1—e " (coshwt — —sinh wt)]

® n’-o ®

no, . O . .
———(sinw,t ——e " sinhwr)} (15.3.16)

o7 — w; ®
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15.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; Z—x =V, (15.3.17)
t

The solutions of differential equation of motion (15.3.1) with the
initial conditions of motion (15.3.17) for the following cases are
presented below.

a. Case ®*>0

amw, cos A
(0] —w})* +4n*w}

x=—vee " sinwt+
w

—N n b
x{2n[e”" (cos wt + —sin Wt) — cos ]
w

I . I, .
—(@; —w3)(—sinw,t ——e " sinwt)}
, ()

asin A
(@ —wg) +4n’w;

_ n .
{(w} —w)[e™™ (coswt + - sinwt) — cos 1]

120, (sin o, — 2 e sin 1)) (15.3.18)
(0]

b. Case @*=0

aw, cos A .
1 s {2n[e™ (1+nt)—cos w,t]

x=vote " +
4nza)12 + ((ul2 —n")

asin A

1
—(@f —n*)(—sinw,t —te™™)} +
o, 4n’w} +(of —n*)’

X {2nw,(sin,t — w,te™") — (w7 —n*)[e™ (1+nt)— cosw,t]}

(15.3.19)
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c. Case <0
Vo o .
x=—e ™sinhwt
1)

aw, cos A
4n’wi + (0] — ;)

1
~{e™"[2ncoshwt + — (@} + @*)sinh 1]
®

1 .
—2ncosw,t — — (W} — ;) sin w;t}
1
2

2 2\ e
0 —® A o
(@i = @))asin (= (1-cos 1)
®

An*w! + (o] - w))’

2

- 2(01 ~[1—e"(cosht — 2 Ginh wt)]
n - (0]
2
+— sinayt - Lhe sinhor)) (15.3.20)
> — o} ®

15.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (15.3.21)

The solutions of differential equation of motion (15.3.1) with the
initial conditions of motion (15.3.21) for the following cases are
presented below.

a. Case @*>0
1 —nt _: —nt n .
x=—2nsee” " sinwt + soe”" (coswt — — sin @t)
w 0]

am, cos A

n n .
— — {2n[e”" (cos wt + —sin wt) — cos @]
((l)] _0)0) +4n 0)1 w

I . I _, .
—(@f — ) (—sinw,t ——e " sinwt)}
w, 0]
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asin A . n .
{(w} —w)[e " (coswt + —sinwt) — cos w,t]
2 2N\2 2 .2
(W7 —@y)” +4n"w; 0]

+2n0, (sin @, — 2L ¢ sin 1)) (15.3.22)
(0]

b. Case @*=0

amw, cos A
4n*w; + (o) —n*)?

x =2nspte " +so(1—nt)e™ +

1
x {2n[ e (1+nt)—cos oyt |- (@F —n*)(—sinwt —te™")}
0,

asin A

{2nw, (sinw,t — w,te”™")
dn’wi +(of —n*)’

—(wf —nH[e™(1+nt)—cosw,t]} (15.3.23)

c. Case <0

2ns, . So .
x = —2sinhot +—e " (@ cosh wt — nsinh wr)
0]

(0]

am, cos A
Ao} + (o — ;)

{e”"[2ncosh wt

1 ) 1 )
+— (] + ®?*)sinh wt]—2ncosw,t — — (@] — g ) sin w;t}
0] @,

2 2 . 2
o, —wy)asinA @
(@i — o)) —{— (1-cos 1)

Aol + (o —03)* o

2
- 20)1 ~[1—e " (cosht - 2 sinhor)]
n—aw 0]
2nw 0)
+—T (sinyt - ¢ sinhor)) (15.3.24)
O 0}
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15.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for r=0 x=0; ax =0 (15.3.25)
dt
The solutions of differential equation of motion (15.3.1) with the
initial conditions of motion (15.3.25) for the following cases are
presented below.

a. Case >0

am, cos A _ n .
x= . {2n[e”™" (cos wf + —sin wt) — cos 1]
2 22 2 2 1
(wf —wy)” +4n°w; 0}

l . 1, .
—(@f —w5)(—sinwt ——e ™" sinwt)}
o, ®

asin A

2 2Np -1 n .
— —{ (@i —wy)[e™" (coswt +—sinwr)
(w7 —wg)” +4n°w; 0]

—cos ]+ 2nw, (sinw,f — e sinwr)) (15.3.26)
(0]
b. Case ®*=0
aw, cos A .
X = s> 12n[e”™ (14 nt)—cosmf]

4n*w! +(w; —n?)

1
—(w; - nz)(; sinm,t —te™"))
1

asin A
+ 2. .2 2 2
dnw; +(w; —n”)

2 {2”10)1 (Sin wt— wlte_m)
(@ =)™ (14 nt)— cosant]) (15.3.27)

c. Case <0

am, cos A
X =
An*oi + (o] —wy)’

{e™"[2ncoshwt + 1 (0} + ®*)sinh wt]
w
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1 )
—2ncosm,t — — (w7 — ¢ ) sinw,t}
),
(0} —w))asinA o

{— (1 —coswt)
4n*wi +(0f —w;) o’

2

_ 2w1 ~[1—e™"(coshwr — Z sinh o1)]
n - o
2
+ zn—wlz (sinw,t - L™ sinhoor)) (15.3.28)
(0] _(00 w

o t
15.4 Time-Dependent Force Q( p+ “7)

This section describes engineering systems subjected to the
force of inertia, the damping force, and the stiffness force as the re-
sisting forces (Row 15 of Guiding Table 2.1) and the time-dependent
force as the active force (Column 4). The current problem could
be associated with the working processes of engineering systems
interacting with viscoelastoplastic media that exert damping forces
and stiffness forces as the reaction to their deformation (see section
1.2). Sometimes during the initial phase of the working process, the
system is subjected to a time-dependent force that is lasting a pre-
determined time.

The system is moving in the horizontal direction. We want to
determine the system’s law of motion. Figure 15.4 shows the mod-
el of a system subjected to the action of a time-dependent force, a
damping force, and a stiffness force.

Based on the considerations above and the model in Figure
15.4, we can compose the left and right sides of the differential
equation of motion. The left side includes the force of inertia, the
damping force and the stiffness force, while the right side of this
equation consists of the time-dependent force. Hence, the differen-
tial equation of motion reads:

d’x dx ut
T CZZ 4+ Kx = + = 154.1
mo g T O KX Q(p r) ( )
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Figure 15.4 Model of a system subjected to a time-dependent
force, a damping force, and a stiffness force

Differential equation of motion (15.4.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

15.4.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; % =, (15.4.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (15.4.1) by m, we obtain:
d’x dx ut
—+2n—+wjx = +— 15.4.3
o 5 Texr=q(p+o) ( )

where n is the damping factor and @), is the natural frequency, while:

2n= (1544

(15.4.5)

I X 3O
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q=— (15.4.6)
m
Using Laplace Transform Pairs 3, 4, 5, and 2 from Table 1.1,
we convert differential equation of motion (15.4.3) with the initial
conditions of motion (15.4.2) from the time domain into the Laplace
domain, and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Px(l)— vy — sy + 2nix(1) — 2nlsy + o x(1) = qp + % (15.4.7)
T

Solving equation (15.4.7) for the displacement x(/) in the Laplace
domain, we have:

[(vy +2ns,) I*s,
x(D)=— 2 T2 2
"+2nl+w, ["+2nl+w;

qp qu

+
P+2nl+w;  tl(l*+2nl+o}) (15.4.8)

Transforming the denominators in equation (15.4.8), we may write:
P+2nl+ws+n*—n*=1+n)’ +o’ (15.4.9)

where:
0’ =w;-n’ (15.4.10)

while @ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®’>0
Adjusting the denominators in equation (15.4.8) according to equa-
tion (15.4.9), we may write:

_ I(vy +2ns,) I*s,
(+n)’+w* (+n)’+o’

x(1)

ap aH 15.4.11
(+n)’+o’ " I7[(1 + n)* + 0*)] ( )
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Using pairs 1, 24, 27, 22 and 39 from Table 1.1, we invert equation
(15.4.11) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (15.4.1) with the ini-
tial conditions of motion (15.4.2):

vo+2nsy _,, . n . _
=220 e Sin @t + 5, (cos 0t — —sin 0t )e "
0] 0]

qp
W’ +n’

_GH
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+

[1—e " (coswt+ " i wt)]
1)
{(w* +n*)ot —2nw
—e"[(w* — n*)sinwt — 2nw cos wt]} (15.4.12)

b. Case @’ =0
Equating @' in equation (15.4.11) to zero, we obtain:

2
X(l): l(v0+2n2SO)+ lsO . + qp - + CI.U -
(I+n) (I+n)” (+n)y It(l+n)

(15.4.13)

Based on pairs 1, 37, 38, 36, 15 from Table 1.1, we invert equation
(15.4.13) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (15.4.1) with the ini-
tial conditions of motion (15.4.2):

x=(vy+2nsy)te™ +s,(1—nt)e™ + @ [1—e(+nt)]
n

2 2
+q—u2[t——+e‘”’(—+tj] (15.4.14)
n n n

c. Case *<0

Taking @ in equation (15.4.11) with the negative sign, we
may write:

_ I(vy +2ns,) I*s,
(+n)’-w* (+n)’-w°

x(1)
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apP lad 15.4.15
(+n) -’ * I7[(l +n)* — 0] ( )

Applying pairs 1, 25, 28, 23, and 40 from Table 1.1, we invert equa-
tion (15.4.15) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (15.4.1) with
the initial conditions of motion (15.4.2):

Vo + 205,
x=—e

—nt

. 50 m .
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10)

(0]
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qH s
W [(I’L2 — a)z)(a)t +e¢ " sinh wr)
—2nw(1—coshwt)] (15.4.16)

15.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; fl—x =V (15.4.17)
t

The solutions of differential equation of motion (15.4.1) with the
initial conditions of motion (15.4.17) for the following cases are
presented below.

a. Case >0

Vo o .
x=—e¢ ”s1na)t+%

(0] A" +n

wf[(a)qz—‘linz)z{(a)z + I’lz)a)t —2nw
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b. Case @*=0

=ypote " + [1 e""(1+nt)]+ [t—%+e (2 +t)]
m’ n n
(15.4.19)
c. Case <0
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~[1—e"(cosht + " Ginh wt]
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an_(nz _ wz)z

—2nw(1 — cosh wt)] (15.4.20)

[(n* — )@t +e ™™ sinhwt)

15.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for t=0 x=s; d_x =0 (15.4.21)
dt
The solutions of differential equation of motion (15.4.1) with the
initial conditions of motion (15.4.21) for the following cases are
presented below.

a. Case ®*>0

s n . _
e " sinwt + sy (coswt — —sinwt)e "
1)

n .
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o’ +n’ w
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b. Case @*=0
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c. Case <0
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+ [1—e™ (coshwt + " Ginh ot)]
[0}

15.4.4 Both the Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; ﬂ =0 (15.4.25)
dt
The solutions of differential equation of motion (15.4.1) with initial
conditions of motion (15.4.25) for the following cases are presented
below.

a. Case @*>0
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b. Case @*=0

2 2
X = Cr]z_é)l:l —-e "1+ nt):I + i—‘l;[t - +e " (; + tj] (15.4.27)

c. Case ’<0

x=—1 —l1-¢ " coshor + %sinh wi)]
qu 2 2 -
————[(n" — o )wt+e " sinhwt
pepemrel (LRIZR )
—2nw(1 — cosh wt)] (15.4.28)

15.5 Constant Force R and Harmonic Force A sin(@f + A)

The intersection of Row 15 and Column 5 of Guiding
Table 2.1 indicates that this section describes engineering
systems subjected to the force of inertia, the damping force, and
the stiffness force as the resisting forces and to the constant ac-
tive force and the harmonic force as the active forces. The prob-
lem could be associated with the working processes of vibratory
systems intended for the deformation of viscoelastoplastic me-
dia that exert the damping and stiffness forces representing their
reaction to the deformation. Additional considerations related
to the deformation of viscoelastoplastic media are presented in
section 1.2.

The system 1s moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 15.5 shows the
model of a system subjected to the action of a constant active force,
harmonic force, damping force, and stiffness force.

The considerations above and the model shown in Figure 15.5
let us compose the left and right sides of the differential equation of
motion of the system. The left side consists of the force of inertia,
the damping force, and the stiffness force. The right side of this
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Figure 15.5 Model of a system subjected to a constant
active force, a harmonic force, a damping force, and a
stiffness force

equation includes the constant active force and the harmonic force.
Therefore, the differential equation of motion reads:

d*x dx

m——+C—+Kx = R+ Asin(w,t + ) (15.5.1)
dt dt

Differential equation of motion (15.5.1) has different solu-

tions for various initial conditions of motion. These solutions are
presented below.

15.5.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s50; —=v (15.5.2)

Transforming the sinusoidal function in equation (15.5.1) and
dividing the latter by m, we obtain:

d*x dx

+2n—+wix =r+asinwtcosA+acoswtsind  (15.5.3)
drt? dt
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where n is the damping factor and @, in the natural frequency,
while:

on=E (15.5.4)
m
wi=X (15.5.5)
m
r=X (15.5.6)
m
a=4 (15.5.7)
m

Based on Laplace Transform Pairs 3, 4, 1, 5, 6, and 7 from
Table 1.1, we convert differential equation of motion (15.5.3) with
the initial conditions of motion (15.5.2) from the time domain into
the Laplace domain, and obtain the corresponding algebraic equa-
tion of motion in the Laplace domain:

IPx(1)— vy — sy +2nix (1) — 2nlsy + @g x(I)

aw,lcosA al’sin A
+ +

= 15.5.8
F+of P+of ( )
Applying basic algebra to equation (15.5.8), we may write:
x(D(* +2n+wy)
2 .
= 4 Uy + 2nsg) + Py + SQLCOSA alTsinA o5 g)

I+ I’ +w!

The solution of equation (15.5.9) for the displacement x(/) in La-
place domain reads:

+2 :
r N [(vy +2ns,) N [”s

x(D)=
® P+2nl+w}; FP+2nl+wd PP+2nl+o}

am,lcos A al*sin A
2 2 2 2 + 2 2 2 2
F+o)) " +2nl+w;) (7+or)” +2nl+wq)

(15.5.10)
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Transforming the denominators in equation (15.5.10), we may
write:

P+2nl+w;+n*—n’=(+n)’+o’ (15.5.11)
where:
o’ =w;-n’ (15.5.12)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®’>0
Combining equations (15.3.8) and (15.3.9), we write:

_ r [(vy +2nsy) I*s,
(+n)’+0° (+n)’+0° (+n)’+o0’

x(D)

aw,l cos A N al*sin A
C+o)ll+n)’+0°] C+o))l+n)’+w0’]

(15.5.13)

Using pairs 1, 22, 24, 27, 42, and 43 from Table 1.1, we invert equa-
tion (15.5.13) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (15.5.1) with
the initial conditions of motion (15.2.2):

r . n . 1 i
x =—[l1—e " (coswt +—sinwr)]|+— (v, + 2ns,)e” " sinwt
; 10) 0]

_ n .
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a
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2 252 2. .2
(w7 —wgy)” +4n"w; w

I . | R
—(0f — ) (—sinw,;t ——e " sinwt)}
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(0f —0)* +
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—{(0F —w3)[e™" (coswt +—sinwr)
dn-w; w
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. o, .
—cos ]+ 2nw, (sinw,t ——e™ " sinwt)} (15.5.14)
[0

b. Case @’ =0
Equating @' to zero in the equation (15.5.13), we have:

T [(vy +2nsy) I*s,
(I+n)’ (I+n)’ (I+n)’

x(D)

am,lcos A al*sin A
2 2 2 + 2 2 2
F+o)I+n)” ("+ow)(l+n)

(15.5.15)

Using pairs 1, 36, 37, 38, 46, and 47 from Table 1.1, we invert equa-
tion (15.5.15) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (15.5.1) with
the initial conditions of motion (15.5.2):

x= Lz[l —-e "1+ nt)] + (vy + 2nsg )te™™
n

am, cos A

+so(1—nt)e™ +
Ao} + (o —n?)

+{2n[ e (14 nt)—cos |

1
—(w} - nz)(g sinm,t —te™™)}
1
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+ 2,..2 2 2
4”1 @, +((01 —n )

2 {21’10)1 (Sin w\t— O)lte_m)

—(@f —n*)[e™" (1+nt)—cosw,1]} (15.5.16)

c. Case <0

In equation (15.5.13), taking > with the negative sign, we
may write:

(1) = r [(vy +2nsy) I*s,
C(+n)-0® (+n)’ -0’ (+n)’-0°
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aw,lcos A N al’sin A
(12 4—()1)12)[(14-11)2 —0?] (12 +a)12)[(l +n)2 —?]

(15.5.17)

Applying pairs 1, 23, 25, 28, 48, and 49 from Table 1.1, we invert
equation (15.5.17) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (15.5.1)
with the initial conditions of motion (15.2.2):

r Vo +2nsy _,

_n n . .
——[1—e " (coshwt + —sinh@t)] + —————e " sinhwt
n - 1) 1)

X =

So .
+22 e (w cosh @t — nsinh wt)
0]
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2,..2 2 2N\2
dnw; + (07 —wy)
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10)

1 )
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2 2 . 2
o; —mwy)asinA  ®
(2 12 0)2 > 2{—12 (1—cosmt)
dn-w; +(w; —wg5)” o

! n
1 —nt :
- s[1—e ™ (coshwr — Esmh wt)]

2
zna)l > (sina,t — %e"’ sinh wr)} (15.5.18)
1

—Wo

15.5.2 Initial Displacement Equals Zero

For t=0 x=0; d_x =V, (15.5.19)
dt
The solutions of differential equation of motion (15.5.1) with the
initial conditions of motion (15.5.19) for the following cases are
presented below.
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a. Case >0

_ n . |
x=—[l-e " (cos®t + —sint)]+ —voe™" sinwt
W, O w
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_ n .
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(0]
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(0]

b. Case ®*=0
x= Lz[l —e "1+ nt):| +vote ™
n

amw, cos A
4n*w! +(of —n*)

~{2n[ e (1+nt) - cosat |

1
—(w} - nz)(; sinmt —te™"))
1

asin A
An’wi + (o) —n?)

> {2nw, (sinw,t — w,te™)

—(@f —n*)[e"(1+nt)—cos wt]} (15.5.21)

c. Case <0

r ,n n . Vo m
———ll-e "(coshwt +—sinh @7)]+ —e " sinh w7
1) 1)

amw, cos A
4n*w! +(w! — ;)

1
{e"[2n coshwt + — (] + ®*)sinh wt]
®
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(0] —wq)asin A
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X {— (1-cos@t) ———— [1 — e (coshwt — —sinh @1)]
0] n - 0]
2nm, . o _, .
—— 5 (sinw;f ——e¢ " sinhwr)} (15.5.22)
W; — 0, 0]

15.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (15.5.23)

The solutions of differential equation of motion (15.5.1) with the
initial conditions of motion (15.5.23) for the following cases are
presented below.
a. Case ®’>0

r

_ n . 1 Tt
x=—[l-e " (coswt +—sinwr)]|+—2nspe” " sinwt
on 1) ®
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((l)] _a)()) +4n (O (0]
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, 1) (o —w5) +4n"w;
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®
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b. Case @*=0

C.

x= Lz[l —e"(1+ nt):| + 2nste™
n

aw, cos A

+so(1—nt)e™ +
An*w! + (o —n*)*

1
X{2n|:€_m(1 + I’lt) — COS w]t:l - ((0]2 - n2)(_ Sin a)lt _ te—nt)}
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—(@f —n*)[e”" (1+nt) - cos w,1]} (15.5.25)
Case ®><0
2
X=— A ~[1—e " (coshwr + " Sinh wt)]+ 2150 o= Ginh oot
n—-—w [0) 0

0 —nt
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1 .
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(O

2 N 2
o] —wi)asind @
(2 12 0)2 2 2{—12(1—COS(1)11‘)
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2
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n—- w
2n(l)] . (O} nt -
t—— (inw——e " sinhor)} (15.5.26)
@ — g 0]
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15.5.4 Both the Displacement and Velocity Equal Zero
The initial conditions of motion are:

d
for t=0 x=0; =0 (15.5.27)
dt
The solutions of differential equation of motion (15.5.1) with the

initial conditions of motion (15.5.27) for the following cases are
presented below.

a. Case @ >0
r —n n .
x=—[l-e"(coswt +—sinwr)]
o 10)

am, cos A

_ n .
— —{2n[e™" (cos wt + —sin wt) — cos ;1]
(0)1 - 0)0) +4n ), w

1 . 1, . asin A
—(@7 — w5 )(—sinwt ——e™" sinwt)} + ——— —

@, @ (a)] —(00) +4n (O

-n n .
x{(w} —w})[e”" (coswt + —sin wt) — cos w,t]
1)
. o, .
+2nw,(sinw;t ——e " sinwt)} (15.5.28)
1)

b. Case @*=0

am, cos A
Aol + (o —n’)

x=—[1-e"1+nt)]+ {2nfe™ (1+ni)
n

1 . "
—cos @ t]— (wf —n*)(—sinw,t —te™™)}
0,

asin A

{2nw, (sinw,t — w,te”™")
dn’w; +(oF —n*)’

—nt

—(w} —n)[e™" (1 +nt)—cosmt]} (15.5.29)
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c. Case <0

r . n .
x =———[l—e " (coshwt+—sinhwr)]
n —w I0)
am, cos A

4n*w; + (0] — o)

~{e™"[2ncoshwr + 1 (@] + ®*)sinh wt]
w

1 )
—2ncosw,t — — (@ — ;) sin Wt}
@,

(0} —w)asin A {wf
4n*wi +(of —wy)’ ®°

(I1—cosw;t)

2
1) . n .
—2—12[1—e "(coshwt — —sinh wt)]
n —w 10)

2
+2n7w12(sin W\t — ﬂe’”’ sinhwt)} (15.5.30)
w; — 0, 0}

15.6 Harmonic Force A sin(@,t + A) and Time-Dependent
Force Q( p+ ”7’)

The intersection of Row 15 and Column 6 in Guiding Table 2.1
indicates that this section describes engineering systems subjected
to the force of inertia, the damping force, and stiffness force as the
resisting forces, and to the harmonic force and time-dependent force
as the active forces. The current problem could be associated with
the working process of a vibratory system interacting with a visco-
elastoplastic medium. A time-dependent force is sometimes applied
during the initial phase of the working process. This force is acting
along with the harmonic force for just a predetermined interval of
time. Additional considerations related to the deformation of visco-
elastoplastic media are presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 15.6 shows the
model of a system subjected to the action of a harmonic force, a
time-dependent force, a damping force, and a stiffness force.
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Figure 15.6 Model of a system subjected to a harmonic
force, a time-dependent force, a damping force, and a
stiffness force

Based on the considerations above and the model in Figure
15.6, we can assemble the left and right sides of the differential
equation of motion. The left side includes the force of inertia, the
damping force, and the stiffness force. The right side consists of the
harmonic force and the time-dependent force. Hence, the differen-
tial equation of motion reads:
2
mTE L ey ko= Asin@t+ )+ 0(p+ ) (15.6.1)
dt dt T
The differential equation of motion (15.6.1) has different so-
lutions for various initial conditions of motion. These solutions are
presented below.

15.6.1 General Initial Conditions
The general initial conditions of motion are:

dx

for t=0 x=s; =V (15.6.2)
dt

where s, and v, are the initial displacement and initial velocity re-
spectively.
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Transforming equation (15.6.1), we may write:

2 LA,
milhf +CCZ + Kx = Asinw,tcos A +Acosw1lSin)~+Qp+Qw
T

(15.6.3)
Dividing equation (15.6.3) by m, we have:
%+ 2n%+ W x = asinw,tcos A
+acosmrsinA+gp+ % (15.6.4)

where 7 is the damping factor and @, is the natural frequency, while:

2n= < (15.6.5)
m
w; = LS (15.6.6)
m
a= A (15.6.7)
m
q= Q (15.6.8)
m

Using Laplace Transform Pairs 3, 4, 5, 6, 7, and 2 from Table
1.1, we convert differential equation of motion (15.6.4) with the
initial conditions of motion (15.6.2) from the time domain into
the Laplace domain. The resulting algebraic equation of motion in
the Laplace domain reads:

Px(l)—1lvy — sy + 2nlx(1) — 2nls, + o; x(1)

_awllcosl_i_alzsiﬂi_l_ Il (15.6.9)
Frol | Fror Pl -
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Solving equation (15.6.9) for the displacement x(/) in the Laplace
domain, we have:

[(vo+2ns s
LR B .
I"+2nl+w; 1" +2nl+ o,

aw,l cos A al*sin A
(12+w2)(12+2 l 2 + 2 2 2 2
h nl+w;) "+ +2nl+wg)

. || (15.6.10)
"+2nl+w; Tl(l°+2nl+w))

Applying some algebra to the denominators in equation (15.6.10),
we may write:

P+2nl+ws+n*—n*=l+n’+w’ (15.6.11)
where:
0’ =w;-n’ (15.6.12)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®*>0
Transforming the denominators in equation (15.6.10) accord-
ing to equation (15.6.11), we have:

[(vy +2nsy) I*s,
x(l) = 2 2 2 2
(I+n)"+0° (+n)"+w
am,lcos A N al*sin A
C+o)+n)’+0*] C+od)[l+n)+w’]

qp N qu
(+n)’+w* Tl(l+n)+w’]

(15.6.13)

Using pairs 1, 24, 27, 42, 43, 22, and 39 from Table 1.1, we invert
equation (15.6.13) from the Laplace domain into the time domain
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and obtain the solution of differential equation of motion (15.6.1)
with the initial conditions of motion (15.6.2):

1 . _ n .
x=—(vy+2nsy)e " sinwt + s (cos wt — —sin wt)
® 0]

am, cos A

. n .
s — {2n[e™" (cos wt +—sin wt) — cos ;]
(w7 —wy)” +4n"w; 0

asin A

1 . 1 ..
—(0f — 0 )(—sinwt ——e " sinwt)} + ———— —
w, 0] (o7 —wy) +4n"w;

- n .
x{(w} —wi)[e " (coswt + —sin wt) — cos w,t]
®

. @, _, .
+2n, (sinw,t —— e sinwt))
w

qp
)

. n .
[1—e™(cosmt+—sinwt)]
0 0]

a)f(a)qz—‘linz)z{(wz +n2)a)t— 2nw

—e"[(w* —n*)sinwt — 2nw cos wt])} (15.6.14)

b. Case @’ =0
Equating @' to zero in equation (15.6.13), we obtain:

[(vy +2nsy) I*s, aw;l
x(D)= 2 2 2 2 2
(I+n) (I+n)y ("+w)(I+n)

cosA

2
+7 Zl >sin A + qp2+ cla >
(P +@?)(l+n) (+n)  It(l+n)

(15.6.15)

Applying pairs 1, 37, 38, 46, 47, 36, and 15 from Table 1.1, we
invert equation (15.6.15) from the Laplace domain into the time
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domain and obtain the solution of differential equation of motion
(15.6.1) with the initial conditions of motion (15.6.2):

x=(vy+2nsy)te" +so(1—nt)e™

a@,; cos A 1 .
+ 2 .2 1 2 PN {2n(1—COSC()1t)——(a)12—n2)31na)1t
4n (01 +(a)1 —-n ) (01

—“2n[1-e"(1+nt) |+ (@f —n*)te™}

asin A
T 2 2
4n [OX +(a)1 —n )

~{2nw, sin w;t

2, —nt

—(w} —n>)(1—-cosmt)— (@7 —n*)[1—e " (1+nt)] - 2nwite™}
f P ey T 2 e (3 + tj] (15.6.16)
n Tn n n
c. Case w*<0

Taking @ with the negative sign in equation (15.6.13), we
may write:

[(vy +2nsy) I*s, aw;l
D= + A
= e Tl —ot T Cradid iy -
2
+ 2 2 al 2 2 Sil’ll‘l‘ qé) 2+ q‘u2 2
F+o)(l+n) —w”] (I+n)y-w° It(l+n) —-w
(15.6.17)

Using pairs 1, 25, 28, 48, 49, 23, and 40 from Table 1.1, we invert

equation (15.6.17) from the Laplace domain into the time domain

and obtain the solution of differential equation of motion (15.6.1)
with the initial conditions of motion (15.6.2):

Vo + 2ns,

x =210

. So _ .
sinh @7 + =~ ¢~ (e cosh @t — nsinh 1)
w 0]

aw, cos A
4n*w; + (0] — wg)

1
~{e"[2ncoshwt + — (@f + @*)sinh wt]
®
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1 .
—2ncosm,t — — (w7 — @] ) sin w,t}
W,

2 2 . 2
o; —wy)asinA  ®
(2 12 0)2 > 2{—12 (I1—cosmt)
dnw; +(w; — W) @

o}

2 2
n—-w

[1—e " (coshwt— 7 inh wt)]
1)

nw
2 2

1 — W

qp
n—w

. () R
(sinm,t ——e " sinh t)}
0]

+

~[1—e " (coshwr + 2 Ginh wt)]
1)

% [(n* — *) (@t + e sinh wt) — 2nw(1 — cosh wr)]
at(n” —o
(15.6.18)

15.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0; ax = (15.6.19)
dt
The solutions of differential equation of motion (15.6.1) with
the initial conditions of motion (15.6.19) for the following cases are

presented below.

a. Case >0

. am, cos A -
x=—vpe " sinwt +— 21 . — {2n[e™" (cos wt
[0} (a)l - a)()) + 4”1 (O

n . 1 . I .
+—sinwt)—cosmt]— (0] — @ )(—sinw,t ——e " sinwt))
0] (O] 0]

N asin A
(0F —w5)* +4n’w}

. n .
{(w} —o))[e ™ (coswt + - sin wt) —cosm,t]
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. w, _, .
+2nw, (sinw,t —— e ™" sinwt))}
[0}

q

+2 w2

[1-e™(coswt + % gin ot)]
1)
—an(a)%li e {(@* +n*)owt
2nw—e "[(w* —n*)sinwt — 2nw cos wt]} (15.6.20)

b. Case @*=0

am, cos A
An*wi + (o —n?)

x=vpte " + 5 {2n[e‘”’(1+nt)—cos a)lt]

1 . -n
—(w} - nz)(; sinmt —te™"))
1

asin A ‘ B
T 5 55 (2no(sinet —wte™)
4”1 (OX + (0)1 —n )
—(wf —n*) e (1+nt)—coswt]}

2 2
+@ [1—e™(1+n)]+ q_uz[t ——+e" (— + t)] (15.6.21)
n n n n

c. Case <0
Vo .
x = —Lsinhwt
0)
amw, cos A
4n’w; +(wf — wg)

1
—{e”"[2ncoshwt + — (@} + ®*)sinh 0]
®

1 )
—2ncosmt — — (w7 — ;) sin w,t}
@,

2 2 . 2

o; —w;)asinA ©
(2 12 0)2 -5 {—12 (1-cosw;t)

4’1 (01 +(a)1 —0)0) w

of

2 2
n—-w

[1— e (cosh@r — = sinh )]
(0]
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nw,

2 2
0y — 0

qu ~[1—e™"(coshat + 2 inh wt)]+ aH
0]

n*— ) wt(n’ —w®)’

X [(n* — @)t + e sinhwt) — 2nw(1 - coshwt)] (15.6.22)

. o, .
(sinw,t ——e " sinh 1))
10)

+

15.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (15.6.23)

The solutions of differential equation of motion (15.6.1) with
the initial conditions of motion (15.6.23) for the following cases are
presented below.

a. Case @*>0

1 . _ n .
x =—2nsee " sinwt + soe” " (cos Wt — —sin w1)
10) 0]

am, cos A _ n .

1 {2n[e™" (cos @t + —sin@t) — cos ;]
2 252 2..2

(07 —wy)” +4n"w; w

1 . ., .
—(0F — g )(—sinwt ——e " sinwt)}
o, o

asin A

—nt

~{(0} —©7)[e ™ (cos ot

+
(0f —w;)* +4n’°w;
n . . W _ .
+—sinwt)—cosw;t]+ 2nw, (sinw,t ——e " sinwr)}
w w
—n n .
+q—€[1—e ’(coswt+—smwt)]+%
W, 0 ot(w +n°)
x{(@* +n*)wt —2nw — e " [@* —n’]sinwt — 2nw cos wt]}

(15.6.24)
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b. Case @*=0

x =2nspte" +s,(1—nt)e™

N aw, cos A
4n*w! + (i —n?)

>{2n[ e (1+nt)—coswyt |

1 : —n
—(a)lz—nz)(;sma)lt—te )
1

asin A
+ 2. .2 2 2
dnw; +(w; —n)

2 {2”10)1 (Sin wt— wlte_m)

—(@f =n*)[e™™ (1+nt)—cosw,t]}

+ %[1 —e"(1+nt)]+ q—‘é [t— 2 +e (Z + t)] (15.6.25)
n n n n

c. Case <0

nsy
0

. So _ .
xX= sinh oz + -2 e (@ cosh o — nsinh )
w

amw, cos A
4n*w; +(of — wg)

1
~{e”"[2ncoshwt + — (@} + ®*)sinh o]
)

1 . oF —o)asin A
—2ncoswt —— (@ — o] )sinw,t} + (2 12 O)z 2.2
w, 4n (O +(w1 _0)0)

2 2
(0 (0
x{—lz(l—cosa)lt)— 1
a

o n .
——[1—e " (coshwr — —sinh wr)]
n —w I0)

27’1(01
Wl —od

q

2 2
n -

. ()R
(sinw,t ——e " sinh wt)}
w

+

[1—e ™ (coshwt + " Ginh w?)]
10)

% [("* — )t +e™" sinhwr) — 2ne(1 - cosh 1]
aTt(n” —w

(15.6.26)



Damping and Stiftness © 527

15.6.4 Both the Initial Displacement and Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (15.6.27)

The solutions of differential equation of motion (15.6.1) with
the initial conditions of motion (15.6.27) for the following cases are
presented below.

a. Case >0

am, cos A . n .
X=— 212 — {2n[e”" (cos wt + —sin 1) — cos W]
(w7 —wg) +4n°w; 0}
| | asin A
— (0} — ) (—sinw,t ——e " sinwt)} + —— >
W, w (of —wgy)” +4n"w;
n n .
x{(w; —wg)[e" (coswt +—sinwt) — cos @]
[0}
. o, .
+ 2nw,(sinw,;t ——e " sinwt)}
0}
—n n .
+q—€[1—e ’(Cosa)t+—sma)t)]+%
W, 0] ot(w +n°)
x{(w* +n?)wt—2nw —e " [(0* — n*)sinwt — 2nw cos wt]}
(15.6.28)
b. Case ®*=0
am, cos A .
X=—F— — 2{Zn[e (1+nt)—cosa)1t:|
4”1 (O +(a)1 —n )

1
—(w} - nz)(; sinm,t —te™™))
1

asin A ' )
T ——= {2nw,(sinw,r — wte™)
41’1 wl + (a)l —n )

—(w} —nH)[e ™ (1+nt)—cosmt]}

+ @ [1—e™(1+nt)]+ q—“z [t— 2 +e " (g + t)] (15.6.29)
n n n n
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c. Case <0

am, cos A . 1 )
x=——5——>———{e"[2ncoshwt + —(w; + ®")sinh wr]
4” (O +((l)1 _a)o) [0}
1 ) o7 —w;)asin A
—2ncosm,t — — (w7 — @] )sinw,t} + (2 12 0)2 e
0, 4n @, +(CO1 —wo)
2 2
w 0] n n .
X{—5 (1= cos@,t) ————[1— e ™" (cosh wt — —sinh wr)]
0] n - w
2nw . W _,, .
+2712(Slna)1t——l€ tSlnh(Ut)}
w; — w
n n .
+ qu ~[1—e " (coshwt + —sinh wt)]
n - w
—zq,u —[(n* — @)@t +e " sinhwt) — 2n(1 — cosh @r)]
wt(n"—w")

(15.6.30)



DAMPING, STIFFNESS, AND FRICTION

This chapter discusses the problems of engineering systems
subjected to the force of inertia, the damping force, the stiffness
force, and the friction force as the resisting forces — these are the
forces marked with the plus sign in Row 16 of Guiding Table 2.1.
The active forces applied to the systems are shown on the inter-
section of this row with Columns 1 through 6. The titles of this
chapter’s sections reflect the characteristics of the active forces ap-
plied to the systems. Throughout this chapter, the left sides of the
differential equations of motion are identical and consist of the force
of inertia, the damping force, the stiffness force, and the friction
force. The right sides of these equations differ from each other and
consist of the corresponding active forces applied to the systems.

The problems described in this chapter could reflect the work-
ing processes of engineering systems interacting with viscoelasto-
plastic media.

529
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16.1 Active Force Equals Zero

This section describes engineering systems subjected to the
force of inertia, the damping force, the stiffness force, and the fric-
tion force as the resisting forces (Row 16 of Guiding Table 2.1) in
the absence of active forces (Column 1). The considerations related
to the motion of a system in the absence of active forces are dis-
cussed in section 1.3. According to the characteristics of the resist-
ing forces, the current problem could be related to a vibratory sys-
tem or to a system interacting with viscoelastoplastic media that in
certain cases exert the damping, the stiffness, and the friction forces
as the reaction to their deformation. Additional information related
to the deformation of these types of media and the considerations re-
garding the behavior of a friction force applied to a vibratory system
are presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 16.1 shows the
model of a system subjected to the action of a damping force, a stift-
ness force, and a friction force.

Based on the considerations above and on the model in
Figure 16.1, we can assemble the left and right sides of the differen-
tial equation of motion. The left side consists of the force of inertia,

—~/\/
77 //‘F'x

Figure 16.1 Model of a system subjected to a damping force, a
stiffness force, and a friction force
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the damping force, the stiffness force, and the friction force, while
the right side equals zero. Hence, the differential equation of motion
reads:
d*x dx
—2+C—+Kx+F 0 (16.1.1)
dt dt
Differential equation of motion (16.1.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

16.1.1 General Initial Conditions
The general initial conditions of motion are:
for =0 x=s; @ =, (16.1.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (16.1.1) by m, we may write:
d’x —+2n d—+w x+f=0 (16.1.3)
dat " dr o

where n is the damping factor and @, is the natural frequency,
while:

=S (16.1.4)
m

w=X (16.1.5)
m

=k (16.1.6)
m

Based on Laplace Transform Pairs 3,4, 5, and 1 from Table 1.1,
we convert differential equation of motion (16.1.3) with the initial
conditions of motion (16.1.2) from the time domain into the Laplace
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domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:
Px(1)= vy — sy +2nlx (1) = 2nls, + g x(1)+ f=0  (16.1.7)
Applying basic algebra to equation (16.1.7), we may write:
x(D(* +2nl+wy) =1(vy +2nsy) + sy —f (16.1.8)

The solution of equation (16.1.8) for the displacement x(/) in the
Laplace domain reads:

[(vy +2ns,) I*s, f
By >t 5 2 T2 2
I"+2nl+w, [I"+2nl+w; ["+2nl+w,

x(1)

(16.1.9)

Applying algebraic procedures with the denominators of equation
(16.1.9), we may write:

P+2nl+w;+n°—n*=l+n)’+o’ (16.1.10)
where:
o’ =w;—n’ (16.1.11)
while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®*>0

Transforming the denominators in equation (16.1.9) accord-
ing to equation (16.1.10), we have:

_ I(vg +2ns,) I*s, 3 f
(+n)’+0° (+n)’+0° (+n)’+0°

x(1) (16.1.12)

Using pairs 1, 24, 27, and 22 from Table 1.1, we invert equation
(16.1.12) from the Laplace domain into the time domain and obtain

the solution of differential equation of motion (16.1.1) with the ini-
tial conditions of motion (16.1.2):

Vo + 2nSO —nt
X=——"-—¢€

: —nt n .
sinwt + sye” " (cos Wt — —sin wt)
w w
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f

> +n

_[I—e " (coswt +—sinwr)]  (16.1.13)
0]

b. Case @’=0
Equating in equation (16.1.12) @ to zero, we obtain:

[(vy +2nsy) N I*s, f

- (16.1.14)
(I +n)’ (I+n)* (I+n)

x(D)=

Using the pairs 1, 37, 38, and 36 from Table 1.1, we invert equation
(16.1.14) from the Laplace domain into the time domain and obtain
the solution of differential equation (16.1.1) with the initial condi-
tions of motion (16.1.2):

x= (vo+2nsy)te ™ +sy(1—nt)e " — iz[l —e"(+nt)] (16.1.15)
n
c. Case »’<0

In equation (16.1.12), taking @” with the negative sign, we
may write:

[(vo +2nsy) Is, 3 f
((+n)’-0° (+n)’ -0’ (+n)’-w°

x(l)=

(16.1.16)

Applying pairs 1, 25, 28, and 23 from Table 1.1, we invert equation
(16.1.16) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (16.1.1) with the ini-
tial conditions of motion (16.1.2):

_ Vot 2ns, o
0

f

n—w

sinh @r + 22 e"(wcoshwt—nsinhwt)
0]

_[1—e"(wcoshot+—sinhon]  (16.1.17)
0
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16.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for t=0 x=0; —=v, (16.1.18)
dt

The solutions of differential equation of motion (16.1.1) with the
initial conditions of motion (16.1.18) for the following cases are
presented below.

a. Case ®*>0

x=-Le " sinwt———[1-e " (cost +—sinwr)] (16.1.19)
w W +n w
b. Case ®’=0
x=vte " — iz [1—e™(+nt)] (16.1.20)
n

c. Case w’<0

1 -
x=—vee " sinhwt
1)

f
2 a)2

[1—e"(wcoshor+Lsinhor)]  (16.1.21)
w

16.1.3 Initial Velocity Equals Zero

According to Figure 16.1, the motion of the system should
occur in the positive direction. This becomes possible if the initial
displacement is taken with the negative sign.

Hence, the initial conditions of motion are:

for t=0 x=-s5p; % =0 (16.1.22)

In addition, it should be emphasized that for the current case it is
assumed that IKs | > | Fl.
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The solutions of differential equation of motion (16.1.1) with
the initial conditions of motion (16.1.22) for the following cases are
presented below.

a. Case ®*>0

2nS0 -nt _: —nt n .
xX=- e " sinwt — spe” " (cos Wt — —sin wt)
w w
S w n .
————[1-e"(coswt +—sinwr)] (16.1.23)
W +n w
b. Case @*=0

x=-2nsgte" —so(1—nt)e™ — i2 [I—e™A+n)] (16.1.24)
n

c. Case w*<0

2
x == o Ginhor — S—Oe*"’(a) coshwt —nsinhwt)
) 10)
f —nt n .
- s[1—e™(wcoshwt +—sinhwi)] (16.1.25)
n —w )

16.2 Constant Force R

According to Guiding Table 2.1, this section describes engi-
neering systems subjected to the action of the force of inertia, the
damping force, the stiffness force, and the friction force as the re-
sisting forces (Row 16) and constant active force (Column 2).

The current problem could be associated with the working
processes of engineering systems interacting with viscoelastoplastic
media that exert damping, stiffness, and friction forces as the reac-
tion to deformation. Additional considerations regarding the defor-
mation of viscoelastoplastic media as well as the behavior of a fric-
tion force applied to a vibratory system are presented in section 1.2.

The system moves in the horizontal direction. We want to de-
termine the law of motion of this engineering system. Figure 16.2
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4

TS

Figure 16.2 Model of a system subjected to a constant active
force, a damping force, a stiffness force, and a friction force

o ey

shows the model of a system subjected to the action of a constant
active force, a damping force, a stiffness force, and a friction force.
The considerations above and the model in Figure 16.2 allow
us to compose the left and right sides of the differential equation of
motion of this system. The left side includes the force of inertia, the
damping force, the stiffness force, and the friction force. The right
side consists of a constant active force. Hence, the differential equa-

tion of motion reads:

2
md—f+Cd—x+Kx+F:R (16.2.1)
dt dt

Differential equation of motion (16.2.1) has different solu-

tions for various initial conditions of motion. These solutions are
presented below.

16.2.1 General Initial Conditions
The general initial conditions of motion are:
d.
for 1=0 x=s0; —=v (16.2.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
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Dividing equation (16.2.1) by m, we may write:
d’x dx
?+2nz+a}§x+f=r (16.2.3)

where n is the damping factor and @), is the natural frequency, while:

2n = ¢ (16.2.4)
m

W) = K (16.2.5)
m

f= F (16.2.6)
m

r= R (16.2.7)
m

Based on Laplace Transform Pairs 3,4, 5, and 1 from Table 1.1,
we convert differential equation of motion (16.2.3) with the initial
conditions of motion (16.2.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

IPx(1) = lvy — I*so + 2nix(1) = 2nlsy + wg x()+ f =r (16.2.8)
Applying basic algebra to equation (16.2.8), we write:
x(D(P+2nl+wg)=r— f+1(vy+2ns,) +1%s,  (16.2.9)

The solution of equation (16.2.9) for the displacement x(/) in the
Laplace domain reads:

r—f I(vy +2ns,) N I*s, (16.2.10)
‘yonl+w; P+2nl+w; P+2nl+op -

x(D)= 7

Transforming the denominators of equation (16.2.10), we write:

P+2nl+w;+n*—n*=l+n’+o’ (16.2.11)
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where:
o’ =w;-n’ (16.2.12)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.
a. Case @°>0

Using equation (16.2.11), we adjust the denominators in equa-
tion (16.2.10) and we may write:

r—f 1(vo + 2ns,) I’s,
(+n)’+0° (+n)’+0° (+n)’+ow

x(D)=

~ (16.2.13)

Based on pairs 1, 22, 24, and 27 from Table 1.1, we invert equation
(16.2.13) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (16.2.1) with the ini-
tial conditions of motion (16.2.2):

_ 1
x= L 1 e (cos ot + sinwn)] + - (v + 2nsy)e ™ sinar
O +n [0)] (0]
5" (COS @ — - sin 1) (16.2.14)
(0]
b. Case ®*=0

Equating @ to zero in equation (16.2.13), we have:

_r=f +l(vo+2ns0) I*s,
Cd+n)?’ d+n)? (+n)

x(1)

(16.2.15)

Applying pairs 1, 36, 37, and 38 from Table 1.1, we invert equation
(16.2.15) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (16.2.1) with the ini-
tial conditions of motion (16.2.2):

r’;f [1—e™ (14 nt)]+ (vo + 2nsy)te™™ + spe” ™ (1—nt) (16.2.16)
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c. Case <0
Taking @ with the negative sign in equation (16.2.13), we

may write:
r—f [(vy +2nsy) I*s,
(+n) -0’ (+n)’-0> (+n)’-o’

x(l) = (16.2.17)

Using pairs 1, 23, 25, and 28 from Table 1.1, we invert equation
(16.2.17) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (16.2.1) with the ini-
tial conditions of motion (16.2.2):

— +2
x= :7](2[1 —e " (coshwt + 2sinha)t)] 4 Y020 ot i h ot
n—-w 0}
+2% ¢ (@ cosh wt — nsinhwr) (16.2.18)
0]
16.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; % =, (16.2.19)

The solutions of differential equation of motion (16.2.1) with the
initial conditions of motion (16.2.19) for the following cases are
presented below.

a. Case ®*>0

- 1
x= r2 f s[1—e " (coswt + % in )]+ —vee " sinwt  (16.2.20)
W +n 1) 1)
b. Case @’=0

r—f

2
n

x= [1—e " (1+nt)]+ vote™ (16.2.21)
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c. Case w*<0

—f

n—w

x= [1 —e*"’(cosha)t+£sinha)t)]
10)

2

Vo i .
+2e " sinhwt
0]

16.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; d—x:O
dt

(16.2.22)

(16.2.23)

The solutions of differential equation of motion (16.2.1) with
the initial conditions of motion (16.2.23) for the following cases are

presented below.
a. Case ®°>0

r—f

o’ +n’

—n n .
xX= [1—e™™(coswt+—sinwt)]
w

(0]

b. Case w*=0

r—f

2
n

X =

c. Case w*<0

r— . n .
xX=— fz[l—e "(coshwt +—sinh wr)]
n - 0]
nsy

(0]

[1—e™™(1+nt)]+2nsote™™ + s " (1 —nt)

1 ) - .
+—2nspe” " sinwt + soe”" (cos wt — n sinwt) (16.2.24)
w

(16.2.25)

e sinh ot + L e (wcoshwt —nsinhar)  (16.2.26)
w
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16.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (16.2.27)

The solutions of differential equation of motion (16.2.1) with the
initial conditions of motion (16.2.27) for the following cases are
presented below.

a. Case ®*>0

x= %fz [1—e"(coswr+sinwr)]  (16.2.28)
W +n w
b. Case w*=0
x=1 _2f [1—e™(1+n1)] (16.2.29)
n
c. Case w’°<0
r—f

——_[l-¢""(coshwt+—sinhwr)]  (16.2.30)
0

16.3 Harmonic Force A sin(@t + 1)

The intersection of Row 16 and Column 3 in Guiding Table 2.1
indicates that this section describes engineering systems subjected
to the action of the force of inertia, the damping force, the stiffness
force, and the friction force as the resisting forces, and to the har-
monic force as the active force.

The current problem could be associated with the working
process of vibratory systems intended for the deformation of visco-
elastoplastic media that exert damping, stiffness, and friction forc-
es as the reaction to their deformation. Additional considerations



542 -+ Chapter 16

related to the deformation of viscoelastoplastic media as well to the
behavior of a friction force applied to a vibratory system are dis-
cussed in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 16.3 represents
the model of a system subjected to the action of a harmonic force, a
damping force, a stiffness force, and a friction force.

The considerations above and the model in Figure 16.3 let
us assemble the left and right sides of the differential equation of
motion. The left side consists of the force of inertia, the damping
force, the stiffness force, and the friction force, while the right side
includes the harmonic force. Therefore, the differential equation of
motion reads:

d’x dx

m——+C—+Kx+F = Asin(w,t + A) (16.3.1)
dt dt

Differential equation of motion (16.3.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

m C
/
v
Asin(wt + A1) 1 L/
K
N\
S Z
7777 77/ > x

F

Figure 16.3 Model of a system subjected to a harmonic force, a
damping force, a stiffness force
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16.3.1 General Initial Conditions
The general initial conditions of motion are:
for t=0 x=s; Q =, (16.3.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function in equation (16.3.1) and
dividing the latter by m, we have:
d’x dx ) . .
F—i_ 2n5+ Wy x+ f=asinwtcosA+acosmwtsinA (16.3.3)

where n is the damping factor and @), is the natural frequency, while:

2n = < (16.3.4)
m

w; = K (16.3.5)
m

f= F (16.3.6)
m

a= A (16.3.7)
m

Based on Laplace Transform Pairs 3, 4, 5, 6, and 7 from
Table 1.1, we convert differential equation of motion (16.3.3) with
the initial conditions of motion (16.3.2) from the time domain into
the Laplace domain and obtain the corresponding algebraic equation
of motion in the Laplace domain:

Px(1) = vy — sy + 2nix(1) = 2nlsy + wg x(D) + f

2
aw,!
== lzcosl+ > >
"+ w; "+ w;

sin A (16.3.8)
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Solving equation (16.3.8) for the displacement x(/) in the Laplace
domain, we have:

1(vy +2ns,) N I%s, aw,l

D= + cos A
x0) P+2nl+w; P+2nl+o; C+od)*+2nl+wp)
al’ . f
T 2\ /72 2 SInA = 2
(P + 07 )(* +2nl + 07) I’ +2nl + a;
(16.3.9)

Applying basic algebra to the denominators in equation (16.3.9), we
may write:

P+2nl+w;+n*—n*=l+n’+o’ (16.3.10)
where:
o’ =w;-n’ (16.3.11)

while @” could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®’>0
Transforming the denominators in equations (16.3.9) based on
the equation (16.3.10), we write:

_1(vo +2ns,) I*s, aw,lcos A
(+n)’+0° (+n)’+0° @CC+o))l+n)’+o0’]

x(D)

N al’*sin A ~ f
C+o)l+n*+0°] (+n)’+o°

(16.3.12)

Using Laplace Transform Pairs 1, 24, 27, 42, 43, and 22 from Table
1.1, we invert equation (16.3.12) from the Laplace domain into the
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time domain and obtain the solution of differential equation of mo-
tion (16.3.1) with the initial conditions of motion (16.3.2):

1 . _ n .
x=—(vy+2nsy)e " sinwt + s " (cos Wt — —sin w1)
w 0]

amw, cos A

- n .
2 — {2nle "(cos @t + —sinwt) — cos ]
(601 —600) +4n (ON )

| I _, .
—(0f — ) (—sinw,t ——e " sinwt)}
, ()

asin A

—nt

— (0] —w;)le

n .
; 2 (coswt + —sinwt) — cos w;t]
(601 - 600) +4n (O o

. @ _,; .
+2nm,(sin @,f — —e ™" sinwr)}
w

- 2{ _[1—e " (cos & +—sin 1] (16.3.13)
0 +n 0]
b. Case ®’=0
Equating @’ to zero in equation (16.3.12), we obtain:
2
()= [(vy +2n2s(,) [”s, : : af)ll _cos A
(I+n) (I+n) ("+oi)l+n)
2
PR SS— by Y (16.3.14)
(" +owi)l+n) (I+n)

Applying pairs 1, 37, 38, 46, 47, and 36 from Table 1.1, we invert
equation (16.3.14) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (16.3.1)
with the initial conditions of motion (16.3.2):

x =y +2nsy)te”™ +so(1—nt)e™

am, cos A .
+ 2nle”™ (1+ nt) — cos w,t
T+ (or o e () —cosa]
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1
—(w} - nz)(; sinw,t —te™™)}
1

asin A

5 {2]’10)1 (Sin w,t— a)lteim)
dn*w? + (6012 — nz)

—(wf —n*)le™" (1+nt)— coswt]} — i2 [1—e"(1+nt)]
n

(16.3.15)

c. Case @°<0
Taking in equation (16.3.12) @” with the negative sign, we

may write:
_ (v +2ns,) %s, N aw,! co
(+n)’ -0 (+n)’-0° CC+od)l+n)’-o0’]

al’ . f

T 2 2 2 Sm)‘_ﬁ
F+o)l+n) —w’] (l+n)"—-w

x(D) sA

(16.3.16)

Using pairs 1, 25, 28, 48, 49, and 23 from Table 1.1, we invert equa-
tion (16.3.16) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (16.3.1) with
the initial conditions of motion (16.3.2):

_vot+2nsy _,

. S
x=—— 0 o sinhwt+-2e
w (0]

—nt

(wcoshwt —nsinhwt)

amw, cos A
T 2 2
4n w; + (601 - CO())

o 1 )
—{e™"[2ncoshwt + —(@f + @*)sinh ]
w

1 ) on .
—2n coswt — —(w; — W) sin @t}
@,

2 2 . 2

o] —wy)asinA @
(212 0)2 22{—12(1—cosa)1t)

dn-w; +(w; —wy)” o
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7

2 2
n—aw

[1—e ™ (coshwt— " Ginh w?)]
[0}

nw,

o7 - w;

f

2 2
n—-w

. N .
(sinw,t ——e " sinhwt)}
10)

[1—e ™ (coshwr + L sinhor)] (16.3.17)
(0]

16.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =, (16.3.18)

The solutions of differential equation of motion (16.3.1) with the
initial conditions of motion (16.3.18) for the following cases are
presented below.

a. Case ®*>0
| R

X =—ve " sinwt
)

am, cos A

. n .
— — {2n[e™" (cos wt + —sin t) — cos ;1]
(601 _(00) +4n a)l (0]

I . 1, .
—(@f —w5)(—sinwt ——e " sinwt)}
o, ®

N asin A
(0} —w3)* +4n’w;]

o n .
{(w} —w)[e™ (coswt + Esma)t) —cos ;1]

. w, _, .
+2no, (sinm,t —— e " sinwt) )}
0]

f

> +n

_[1—e " (cos ot +—sin 1] (16.3.19)
0
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b. Case @*=0

aw, cos A
Ao} + (o —n*)

x=vyte " + ~{2n[e™" (1+ nt) — cos @]

1
—(w} —n*)(—sinw;t —te™™)}
1

asin A
4n*wi + (6012 — nz)

- {2nw, (sinw,t — w,te™)

—(wf —n*)[e"(1+nt)— cosmt] - iz [I—e™(1+nt)]
n

(16.3.20)

c. Case w*<0

Vo _ .
x=—e "sinhwt

(0]

am, cos A
4n*w;i + (o7 — wy)’

1 .
{e"[2ncoshwt +— (o] + ®*)sinh wr]
®

1 )
—2ncosmt —— (o] — ;) sinw,}
0,

2 2 . 2

W] —my)asinA @
(2 '2 0)2 ) {—l2 (I1—coswt)

dn-w; +(w; —wy)” o

o7
n’ —w?

[1—e ™ (coshwt — M Ginh w?)]
)

i
n—

[1—e™(coshwr— % inh wt)]
I0)

2nm,

o7 — w;

. no_, .
(sinw,t ——e " sinhwt)}
w

e coshor+ Lsinhon) (16.3.21)
n—-—o 0]
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16.3.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for t=0 x=s,; a’_x =0 (16.3.22)
dt
The solutions of differential equation of motion (16.3.1) with
the initial conditions of motion (16.3.22) for the following cases are
presented below.

a. Case ®*>0

1 o _ n .
x=—2nsee " sinwt + soe " (cos Wt — — sin wr)
w w

aw,; cos A _ n .
— — {2n[e™" (cos wt + —sin wt) — cos w;t]
(w; —wy)” +4n"w; 0]

o .
— (0 —@5)(—sinwt ——e ™" sinwt)}
o, ®

asin A

. n .
— —{(®7 —©7)[e™ (cos 1 + —sin®r) — cos W]
(w; —wy)” +4n"w; w

+ 20, (sinw — 2 e sinwr))
®
f [1 —nt ﬁ .
—-———[1-e"(coswt + —sinwr)] (16.3.23)
@ +n )
b. Case @*=0

x =2nsote" +so(1-nt)e™

am, cos A
An’w} + (o —n*)

~{2n[e™ (1+ nt)—cos 1]

1
—(0f - nz)(a sinw,t—te™")}
1



550 < Chapter 16

asin A
An*w! + (@) —n*)

2 {27’10)1 (Sin wt— a)lte_m)

—(w} —nH)[e™(1+nt)—cosmt]} — iz [1—e™(1+nt)]
n
(16.3.24)

c. Case w*<0

_ 2ns
()

nt So .
X e " sinhwr+—>e ™" (w coshwt —nsinh wt)
10)

am, cos A (e
4 2 .2 2 2\2 e
n“o; +(0; — o))

1 .
[2ncoshot + — (@] + ®*)sinhwt]
®

1 .
—2ncoswt ——(w; — g ) sinw,t}
W,

2 2 . 2
o —wy)asinA
(23 OL ——{—5 (1-coswt)
dnw; + (0] —w)” o

0%

2 2
n—aw

[1—e ™ (coshwt — " inh o1)]
10)

2nm,

Wi —w;

. no_. .
(sinw,t ——e " sinhwr)}
w

+— f ~[1—e " (cosh @t + &sinh wr)] (16.3.25)
)

16.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0; —=0 (16.3.26)
dt
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The solutions of differential equation of motion (16.3.1) with
the initial conditions of motion (16.3.26) for the following cases are
presented below.

a. Case ®*>0

am, cos A _ n .
X=— ;2 — {2n[e™" (cos wt + —sin wt) — cos w;t]
(W7 —wy)” +4n w; w

| | R
—(0f — g )(—sinw,t ——e " sinwt)}
o, ®

asin A
dn’wi +(wf — wg)

o n .
~{(w] — w7)[e™" (coswt +—sin 1)
t

. w, _, .
—cos,t]+ 2nw, (sinm,t — —e " sinwt)}
1)

L —emcoswr+ M sinon) (16.3.27)
®*+n ®
b. Case @°=0
am, cos A .
X = >{2n[e”™ (1+ nt) — cos 1]

4n’w} + (i —n?)
2 2 1 . —nt
—(w; —n")—sinwt —te ")}
W,

asin A
4w} + (o) —n?)

- {2nw, (sinw,t — wte™)
—(w} —nH[e™ (1+nt)—cosmt]}

_L [1—e™(1+nr)]

2
n

(16.3.28)
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c. Case w*<0

aw, cos A
X =
An*w! + (o —wg)*

{e™"[2ncoshwt + 1 (0} + w*)sinh wt]
()]

1 .
—2ncosm,t — — (07 — ;) sin @1}
@,

2 2 . 2

w; —my)asinA  ®
(2 12 0)2 > 2{—12 (1—-cosw,t)

dnw; + (o] —wy)” o

2

- ﬁ [1—e ™ (coshwt — % sinh @t)]
2}1601 . n nt -
+——— (sinwt ——e " sinhwr)}
w, — (00 [0}
f —nt n .
P [1—e ™ (coshwt + P sin hwt)] (16.3.29)

16.4 Time-Dependent Force Q( p+ “7')

This section describes engineering systems subjected to the
force of inertia, the damping force, the stiffness force, and the fric-
tion force as resisting forces (Row 16 in Guiding Table 2.1) and the
time-dependent force as the active force (Column 4).

The current problem could be associated with the working
processes of engineering systems interacting with viscoelastoplas-
tic media. In certain cases, a viscoelastoplastic medium exerts a
damping force, a stiffness force, and a friction force during its de-
formation. More information related to the deformation of visco-
elastoplastic media is presented in section 1.2. Sometimes during
the initial phase of the working process, the system is subjected to
a time-dependent force that acts a predetermined interval of time.

The system 1s moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 16.4 shows the
model of a system subjected to the action of a time-dependent force,
a damping force, a stiffness force, and a friction force.



Damping, Stiffness, and Friction © 553

E

C
I
gl
K
vV Iy
7 //////////F > x

Figure 16.4 Model of a system subjected to a time-dependent
force, a damping force, a stiffness force, and a friction force

m

t
e +5)
—

The considerations above and the model in Figure 16.4 let us
compose the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the damping force,
the stiffness force, and the friction force, while the right side in-
cludes the time-dependent force. Therefore, the differential equation
of motion reads:

2
mZTf+C%+Kx+F:Q(p+‘u?t) (16.4.1)

Differential equation of motion (16.4.1) has different solu-

tions for various initial conditions of motion. These solutions are
presented below.

16.4.1 General Initial Conditions
The general initial conditions of motion are:
d.
for 1=0 x=s0; —=v (16.4.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
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Dividing equation (16.4.1) by m, we have:
ax, Zn% roixc+ f=qip+Hh (16.4.3)
T

where n is the damping factor and @), is the natural frequency, while:

2n = ¢ (16.4.4)
m

W) = K (16.4.5)
m

f= F (16.4.6)
m

q= Q (16.4.7)
m

Based on Laplace Transform Pairs 3, 4, 5, and 2 from Table
1.1, we convert differential equation of motion (16.4.3) with the
initial conditions of motion (16.4.2) from the time domain into the
Laplace domain and obtain the resulting algebraic equation of mo-
tion in the Laplace domain:

Px(1) = lvy — sy + 2nix(1) = 2nisy + wg x(1) = f = qp+ % (16.4.8)
T

The solution of equation (16.4.8) for the displacement x(/)in the
Laplace domain reads:

[(vo +2nsy) I*s,
= 2 2+ 2 2
"+2nl+w; ["+2nl+w;

x(1)

/- | — (16.4.9)
I"+2nl+w;, It +2nl+w;)

Applying basic algebra to the denominators of equation (16.4.9), we
may write:

P+2nl+wy+n*—n*=l+n)+o° (16.4.10)
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where:
o’ =w;-n’ (16.4.11)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.
a. Case @°>0

Based on equation (16.4.10), we adjust the denominators in
equation (16.4.9), and we have:

1(vy +2ns,) I%s,
X(l): 2 2 2 2
(I+n)+0° (+n)+ow
ap—f qu

d+n)+0°  Id+n) +0))] (164.12)

Using pairs 1, 24, 27, 22 and 39 from Table 1.1, we invert
equation (16.4.12) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (16.4.1)
with the initial conditions of motion (16.4.2):

Vo + 215,

X=——-——
w

ap—f

®* +n’

an'(a)qz—‘[j-nz)z{(a)z +n2)a)t— 2nw

—nt

) n . ot
e " sinwt + sy (cos Wt — —sin wt)e
0]

_ n .
+ [1—e " (cosmt+—sinwr)]
w

—e"[(®w* —n*)sinwt — 2nw cos wt]} (16.4.13)
b. Case ®’=0
In equation (16.4.12), equating @” to zero, we write:

2 —
x(l): l(VO +2n2SO) + l So . + qp ]: + q‘u“ -
(I+n) (I+n) (+n) It(+n)

(16.4.14)

Based on pairs 1, 37, 38, 36, and 15 from Table 1.1, we invert equa-
tion (16.4.14) from the Laplace domain into the time domain and
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obtain the solution of differential equation of motion (16.4.1) with
the initial conditions of motion (16.4.2):

x=(vy+2nsy)te™ +sy(1—nt)e™ + ap ; f [1—e ™ (1+nt)]
n
2 2
B 2y (— + zj] (16.4.15)
™ n n

c. Case w*<0

In equation (16.4.12), taking @’ with the negative sign, we
may write:

_ I(vy +2ns,) I%s,
(I+n’-w* (+n)’-w’

x(1)

qp-f qu
(I+n)’ -’ " 1t[(l +n)? — ®*] (16.4.16)

Applying pairs 1, 25, 28, 23, and 40 from Table 1.1, we invert
equation (16.4.16) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (16.4.1)
with the initial conditions of motion (16.2.2):

Vo +2ns, _,, . So .
=20 o sinhw + -2 e (w cos hot — nsin hot)

w 0]
+ qu — f2 [1—e (coshwt + " Gin hot)]
n - 0]
— (0 - )@t +e " sinhor) - 2na (1 - cos hot)]
wt(n”—w”)
(16.4.17)
16.4.2 Initial Displacement Equals Zero

The initial conditions of motion are:

for r=0 x=0; ax =V, (16.4.18)

dt
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The solutions of differential equation of motion (16.4.1) with the
initial conditions of motion (16.4.18) for the following cases are
presented below.

a. Case @*>0

x =22 sincor + q? — fz [1—e " (cosmt+ % in w1)]
a 0]
qu 2, 2
— 1"+ Wt —2nw
wt(®® +n°)’ 3 ") "
—e"[(w* —n*)sinwt — 2nw cos wt]} (16.4.19)
b. Case @’=0
2 2
x=vyyte" qp f _’”(1+nt)]+ [t——+€ ( +l)]
n’ n n
(16.4.20)

c. Case w*<0

x= 20 e sinhoor ++ 2P 11~ o (cos heot + - sinhaon)]
0] n—o 0]
qu [(n? 2 S
—— 5 (n" —o")(wt +e " sinhwr) — 2nw (1 — cosh wr)]
wt(n"—m")
(16.4.21)
16.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx
for t=0 x=s9; —=0 (16.4.22)

dt
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The solutions of differential equation of motion (16.4.1) with the
initial conditions of motion (16.4.22) for the following cases are
presented below.

a. Case ®*>0

2nsg
(0

s n . _
xX= e " sinwt + sy(coswt — —sinwt)e "
1)

ap-f
o’ +n?

+

o n .
[1-e(coswt +—sinwt)]
10)

an'(a)%—‘[j-nz)z{(a)z + I’lz)a)f

—2nw — e "[(w* —n*)sin ot — 2nw cos wt]} (16.4.23)

b. Case @*=0

qp-f
™’

[l—e™™(1+nt)]

x=2nspte™ +so(1—nt)e™ +

+ q_uz [t— 2 +e" (2 + tj] (16.4.24)
n n n

c. Case w’<0

2ns,

(0]
qp—f

2 2
n —aw

_ah
an_(nz _ wz)z
—2nw(1 — cos hwt)]

s So - .
x= e ™" sin hot + —e ™" (w cos hot — nsin hor)
10)

+

[1— e (cos haot + —-sin heot)]
[0}

[(n* —*) (@t +e ™™ sinhot)

(16.4.25)
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16.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (16.4.26)

The solutions of differential equation of motion (16.4.1) with the
initial conditions of motion (16.4.26) for the following cases are
presented below.

a. Case @*>0
gp—f

> +n’

—n n .
x= [1—e™™(coswt+—sinw1)]
[0}

qu 2 2
— 5+ ot —2nw
wr(a)2+n2)2{( ) "
— e "[(®w* —n’)sinwt —2nwcoswt]}  (16.4.27)

b. Case w*=0

x=2P—J - / [1—e™(1+n1)]+ 9L ;- 2 +e™ (% + IJ] (16.4.28)
" n

2
Tn n

c. Case w*<0

x=+ qu — fz [1—e " (cos hwt + 2 sin hot)]
- D)
I~ 0@t + e sin hot) - 2na (1 - cos hot)]
ot~ ©° " cos

(16.4.29)

16.5 Constant Force R and Harmonic Force Asin(@,f + A1)

The intersection of Row 16 and Column 5 in Guiding Table 2.1
indicates that this section describes engineering systems subjected
to the force of inertia, the damping force, the stiffness force, and the
friction force as the resisting forces and the constant active force and
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harmonic force as the active forces. The current problem could be
associated with the working process of a vibratory system intended
for the interaction with a viscoelastoplastic medium that exerts the
damping, the stiffness, and the friction forces as a reaction to its de-
formation. Additional considerations related to the deformation of
a viscoelastoplastic medium as well as to the behavior of a friction
force applied to a vibratory system are presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 16.5 shows the
model of a system subjected to the action of a constant active force, a
harmonic force, a damping force, a stiffness force, and a friction force.

Accounting for the considerations above and the model shown
in Figure 16.5, we may compose the left and right sides of the differ-
ential equation of motion of the system. The left side consists of the
force of inertia, the damping force, the stiffness force, and the fric-
tion force. The right side includes the constant active force and the
harmonic force. Hence, the differential equation of motion reads:

2
m%+C%+Kx+F= R+Asin(ws+1)  (16.5.1)

Asin(wt + 1)

P —t
« »

7777 77/

Figure 16.5 Model of a system subjected to a constant active
force, a harmonic force, a damping force, a stiffness force, and a
friction force

X

C
il
. =
K



Damping, Stiffness, and Friction = 561

Differential equation of motion (16.5.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

16.5.1 General Initial Conditions
The general initial conditions of motion are:

dr _

for t=0 x=s; = (16.5.2)
dt

Transforming the sinusoidal function in equation (16.5.1) and
dividing the latter by m, we obtain:

2
%+2n%+w§x+f:r+asina)1tcosl+acosa)1tsini (16.5.3)

where n is the damping factor and @, in the natural frequency, while:

m=C (16.5.4)
m

w=X (16.5.5)
m

=L (16.5.6)
m

r=R (16.5.7)
m

a=2 (16.5.8)
m

Using Laplace Transform Pairs 3, 4, 1, 5, 6, and 7 from Table
1.1, we convert differential equation of motion (16.5.3) with the
initial conditions of motion (16.5.2) from the time domain into the
Laplace domain and obtain the resulting algebraic equation of mo-
tion in the Laplace domain:

I*x(1) = vy — I*so + 2nlx(1) — 2nis, + wg x(1) + f
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_,,aolcosA al’sin], (16.5.9)
F+of I'+of

Applying algebraic procedures to equation (16.5.9), we have:
x(D)(*+2nl+w5)=r— f+1(vy +2n5y)+ 5,

aw,lcosA al*sin A
+ 2 2 + 2 2
"+ w; "+ w;

(16.5.10)

Solving equation (16.5.10) for the displacement x(/) in the Laplace
domain, we write:

r—f 1(vy +2ns) I*s,
‘yonl+w; P42nl+w; 1P+2nl+w;

x(D)= ]

aw,l cos A al® sin A
(12+w2)(12+2 l 2 + 2 2 2 2
h nl+wy) ("+or)°+2nl+w;)

(16.5.11)

Applying basic algebra to the denominators in equation (16.5.11),
we have:

P+2nl+w;+n*—n*=l+n’+o’ (16.5.12)
where:
o' =w;—-n’ (16.5.13)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®*>0

Adjusting the denominators in equation (16.5.11) according
to equation (16.5.12), we write:

(1) = r—f N [(vy + 2ns,) %s,
(+n)’+w* (+n)’+0° (+n)’+o°
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am,l cos A N al*sin A
C+o)l+n)’+0’] C+od))(l+n)+w’]

(16.5.14)

Using pairs 1, 22, 24, 27, 42, and 43 from Table 1.1, we invert
equation (16.5.14) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (16.5.1)
with the initial conditions of motion (16.2.2):

r—f

)

o n .
[1—e™" (coswt +—sinwt)]
10)

—nt

1 s n .
+—(vy +2nsy)e " sinwt + sye” " (cos wt — —sin wt)
I0) 10)

aw, cos A
(0] —w;) +4n°w;!

n n .
{2n[e™™ (cos ot + - sint) — cos m;t]

1 . |
—(0] —w3)(—sinw,t ——e " sinwt)}
w w

—nt

n .
(coswt +—sinwt)
w

—cosyt]+2nw, (sin ot — L e sinwr)) (16.5.15)
Q)]

b. Case @*=0
In equation (16.5.14), equating @’ to zero, we obtain:

()= r—f  l(vy+2nsy) I*s, am,lcos A
Bl I+ n)’* I+ n)2 I+ n)2 (l2 + o} )1+ n)2

al’*sin A
+
>+ o)) +n)’

(16.5.16)

Applying pairs 1, 36, 37, 38, 46, and 47 from Table 1.1, we invert
equation (16.5.16) from the Laplace domain into the time domain
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and obtain the solution of differential equation of motion (16.5.1)
with the initial conditions of motion (16.5.2):

r—f

2
n

x= [1—e™ A+ nt)]+ (vy + 2nsy)te™™

am, cos A .
1 —{2n[e”" (1+nt) — cos @]

+so(1—nt)e™ +
Ao} + (o —n?)

1
—(w} - nz)(; sinw,t —te™™)}
1

asin A

{2nw,(sinw,t — w,te™™)
4n’w; +(of —n*)

—(wf —n*)e"(1+nt)— cosmt]} (16.5.17)

c. Case w*<0

In equation (16.5.14), taking @’ with the negative sign, we
may write:

r—f [(vy +2ns,) I*s,
x(l)= 2 2 2 2 2 2
(I+n)y -0 (+n)" -0 (+n)-ow
aw,l cos A al*sin A

+ +
C+o)d+n)’ -] C+od)l+n) -] (16.5.18)
Based on pairs 1, 23, 25, 28, 48, and 49 from Table 1.1, we
invert equation (16.5.18) from the Laplace domain into the time
domain and obtain the solution of differential equation of motion
(16.5.1) with the initial conditions of motion (16.2.2):
r—f

x= [1—-e™" (cos hot + 2 gin hot)]
1)

2
n —,

Vo +2nsy _, .
+————e"

S0 _n i
sin hot + e (v cos hot — nsin hot)
1) 10)

am, cos A
An*w; + (o} —wg)

—{2n[e™" (cos hot +—sin hot)
w
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1 . I, .
—cosmt]— (o} — w3 )(—sinw,t —— e " sin howt)}
, ®

2 2 . 2

o —wi)asind  ®
(2 '2 0)2 S {—'2 (1—-coswt)

dnw; + (w7 —wy) @

oK

n’—w

_[1—e " (coshwt — —sinhwt)]
0]

2

2nw . W _,, .
+—12(sma)11——le "sinh wt)}
w; — 0, w

16.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; ﬂzvo
dt
The solutions of differential equation of motion (16.5.1)
initial conditions of motion (16.5.20) for the following
presented below.

a. Case ®*>0

r—f
2
0

Y n . |
xX= [1—e™™(coswt+—sinwt)]+— vye " sinwt
1) [0}

amw, cos A
(0] — ) +4n’w;

n

1 . r _, .
— (0} — wy)(—sinw,t ——e " sinwt)}
0]

@,

asin A

—nt

+ {(f —w))le
(0F —w5)* +4n’w}

. w; _,, .
—cos @ t]+ 2no, (sinw,t ——e " sinwt)}
w

(16.5.19)

(16.5.20)

with the
cases are

. n .
~{2n[e”" (cos wt + - sin wt) — cos ;]

n .
(coswt+—sint)
0]

(16.5.21)
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b. Case @*=0

x=" _2f [1—e™ (1+nt)]+ vote ™
n

amw, cos A
4n*w? +(a)12—n2)

> {2n[e™ (1+nt)—cos wt]

1
—(w} — n2)(; sinm,t —te™™))
1

asin A

{2?1601 (Sin w,t — (Olte_m)
dn’w; + (o7 —n*)’

—(w} —n*)[e " (1+nt)—coswt]} (16.5.22)

c. Case w*<0

r— o n . Vo .
xX=— f [1—e " (cos hot +—sin hot)]+ —e ™ sin hot
n’—m, 0] )

aw, cos A
4n*w; + (o] — wg)

1
~{e™[2ncos hot + — (@] + ®*) sin hot]
®

1 )
—2ncos @t —— (@f — ;) sin,t}
0,

2 2 . 2
o7 —wy)asinA o
(2 12 0)2 2 2{_12(1_Cosw1t)
dn-w; + (o] —wy) o

2

- 20_)1602 [1—e " (cos hwt — %sin hot)]
zna)l > (sinwt — D1 o1t gin hwt)}
Wy — W @ (16.5.23)

16.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

d
for =0 x=s: d—’t‘ =0 (16.5.24)



Damping, Stiffness, and Friction = 567

The solutions of differential equation of motion (16.5.1) with
the initial conditions of motion (16.5.24) for the following cases are
presented below.

a. Case ®*>0

r— o n . 1 s
x= Qf[l—e "(cos wt + —sinwt)]+ —2nsye " sin wt
w§ W w
—nt n .
+ spe” " (cos Wt — —sin wr)
0]
aw, cos A
. . {2n[e ”’(cosa)t+—sma)t) cos 1]
(0F —wg)* +4n [0}
2 2 1 : 1 —nt _:
—(0f —wg)(—sinwt ——e " sinwt)}
W, w
asin A n .
P {(a)l ®;)[e™" (coswt +—sinwr)
(0 —@3)* +4n 0]
. w; _,, .
—cost ]+ 2nw, (sinw,;t ——e " sinwt)} (16.5.25)
w
b. Case ®’=0
r_ —n —n
x= zf[l—e "(1+ nt)]+ 2nsote™
n
o am, cos A .
+so(1—nt)e™ + 1 — {2n[e™" (1+nt)

4n*w! + (0] —n’)
2 2 1 . —nt
—cost]—(w; —n”)(—sinw;t —te™™)}
@,

asin A
+ 2, .2 2 2
4n (0N + (601 —n )

2 {21’1601 (Sin wt — a)lte—m )

—(@f —n*)[e" (1+nt)—cosmt]} (16.5.26)



568 © Chapter 16

c. Case w*<0

r—f
2
n —,

2nsy _,. .
% ¢ sin hwt

[1— e ™ (cos hot +—=sin har)]+
w

So .
+=2 e (@ cos hot — nsin hor)
0]

am, cos A
An*w! + (o} — o)

{e"[2ncos hwt

1 ) 1 )
+— (0] + ®*)sin hot]-2ncos 0t —— (@] — @f) sin w,t}
0] (O

2 2 . 2

w; —m;)asinA  ®
(2 '2 0)2 o5 {—]2 (1—-coswt)

dnw; + (07 —wy) @

2

2 [1- ¢ (coshwr — = sinh )]
2
S (sinwy - e sin hon)) (16.5.27)
Oy — Wy 0

16.5.4 Both the Displacement and Velocity Equal Zero
The initial conditions of motion are:

fort=0 x=0; % =0 (16.5.28)

The solutions of differential equation of motion (16.5.1) with the
initial conditions of motion (16.5.28) for the following cases are
presented below.

a. Case ®*>0

r—f

2
(On

_ n .
x= [1—e"(cosmt+—sinwt)]
0]

am, cos A

- n .
— — {2n[e™" (cos wt + —sin wt) — cos ;1]
(W7 —wy)” +4n"w; w
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L. |
—(@7 —w3)(—sinw,t ——e ™" sinwt)}
W, 0]

asin A
(0)1 600) +4n 0)1

n .
{(a)l w;)[e™" (coswt +—sinwr)
w

—cos @]+ 2nw, (sin ot — 2t ¢ sinwr)) (16.5.29)
w
Case w*=0
x= r_zf [1—e " (1+n1)]
n
a0, COSA 5 o (1 4 it — cos @]
4n’w? +(w? —n*)’ ‘
1
—(wf —n*)(—sinw,t —te™™))
@,
asin A
2nw, (sin@, —te ™
Ik (@l ) e —e )
(@ = n®)[e™ 1+ nt) - coswyt]) (16.5.30)
Case 0*< 0
x= 7 e (cos hot + L sin hon)]
n —aa, 0]
am, cos A

{e"[2ncos hwt
An*w; + (o —wg)’

1 ) 1 )
+— (] +®?)sin hwt]—2ncos w,t —— (@] — ;) sin w,t}
0] (]

2 2 .
0l —wd)asind o}
(2 — 0)2 —{—(1-coswt)
An*w! + (0! —wy)  »°
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2

- 2601 >[1—e " (cos howt — 2 gin hot)]
n - w
2
+—P sinet— Lo sinhor)} (16.5.31)
o] - o; )

16.6 Harmonic Force A sin(@,t + A) and Time-Dependent
Force O ( p+ %t)

Guiding Table 2.1 indicates that this section describes the
engineering systems subjected to the force of inertia, the damping
force, the stiffness force, and the friction force as the resisting forces
(Row 16 in Guiding Table 2.1) and to the harmonic force and time-
dependent force as the active forces (Column 6).

The current problem could be associated with a vibratory
system that the working process of which is characterized by the
initial phase utilizing a time-dependent force that is acting for a
predetermined interval of time. The system could be intended for
the interaction with viscoelastoplastic media that may exert damp-
ing, stiffness, and friction forces as the reaction to deformation.
Additional considerations related to the deformation of viscoelasto-
plastic media as well as to the behavior of a friction force applied to
a vibratory system are presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 16.6 shows the
model of a system subjected to the action of a harmonic force, a time-
dependent force, a damping force, a stiffness force, and a friction force.

The considerations above and the model in Figure 16.6 let
us compose the left and right sides of the differential equation of
motion. The left side consists of the force of inertia, the damping
force, the stiffness force, and the friction force. The right side of the
equation includes the harmonic force and the time-dependent force.
Therefore, the differential equation of motion reads:

m—+C%+Kx+ F = Asin(w,t + /1)+Q(p+“—t) (16.6.1)
T
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v

Asin(wt+ A1) Hem

P
<

ut
Q(p+ 7)

—

7 7777 //fF > x

Figure 16.6 Model of a system subjected to a harmonic force,
a time-dependent force, a damping force, a stiffness force, and
a friction force

The differential equation of motion (16.6.1) has different so-
lutions for various initial conditions of motion. These solutions are
presented below.

16.6.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; % =V (16.6.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming equation (16.6.1), we have:
d’x dx
—2+C—+ Kx+ F = Asinw,tcos A
dt dt

+Acosa),tsin/l+Qp+Qﬂ (16.6.3)
T
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Dividing equation (16.6.3) by m, we may write:

d’*x dx .
—+2n—+®; x+ f = asinwt cos A
dt dt

+acosansinA+gp + % (16.6.4)
T

where n is the damping factor and @), is the natural frequency, while:

m=C (16.6.5)
m

w=X (16.6.6)
m

=k (16.6.7)
m

a=2 (16 .6.8)
m

=2 (16.6.9)
m

Based on Laplace Transform Pairs 3, 4, 5, 6, 7, and 2 from
Table 1.1, we convert the differential equation of motion (16.6.4)
with the initial conditions of motion (16.6.2) from the time domain
into the Laplace domain. The resulting algebraic equation of motion
in the Laplace domain reads:

Px(l)—=lvy = sy + 2nlx(l) = 2nlsy + g x(D) + f

2 .
_ amil cos A N al”sin A fqp+ qu (16.6.10)

’+o! P+ It
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Solving equation (16.6.10) for the displacement x(/) in the Laplace
domain, we write:

[(vy + 2nsy) I*s,
‘y2onl+w; IP+2nl+w;

x(l)zl

am,l cos A al®sin A
2 2 2 2 + 2 2 2 2
"+or)("+2nl+wy) "+ +2nl+w))

ap—f . g
2 2 2 2
I"+2nl+w; It +2nl+wp)

(16.6.11)

Applying basic algebra to the denominators in equation (16.6.11),
we have:

P+2nl+wi+n°—n>=l+n)’+o° (16.6.12)

where:

w’ =w;—n’ (16.6.13)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®*>0

Based on equation (16.6.12), we adjust the denominators in
equation (16.6.11) and we may write:

()= 1(vy +2ns,) I*s, aw,l cos A
(+n)’+0° (+n)’+0’° @CC+o))l+n)+0]

N al’*sin A gp—f N qu
C+o)ll+n)’+w°] (+n)’+0> It[(l+n) +0?]

(16.6.14)
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Applying pairs 1, 24,27, 42,43, 22, and 39 from Table 1.1, we
invert the equation (16.6.14) from the Laplace domain into the time
domain and obtain the solution of differential equation of motion
(16.6.1) with the initial conditions of motion (16.6.2):

1 . _ n .
x=—(vy +2nsy)e” " sinwt + sye " (cos Wt — —sin wt)
1) )

aw, cos A _ n .
> ; . — {2n[e™" (cos wt + —sin @t) — cos ;1]
(w7 —wy)” +4n"w; 0]

| I, .
—(@7 — ) (—sinw,t ——e ™" sinwt)}
W, (0

asin A
(©F —w3) +4n’w;

. n .
{(w] —w))[e”™ (cos wt +—sin wr)
w

. o .
—cosmt]+2nm,(sinw,t ——e " sinwt)}
1)

ap-f

+
o’ +n’

n n .
[1—e " (coswt+—sinwt)]
I0)

qu 2 2
+—— (@ +nP)wt —2nw
wt(w® +n*) ( )

—e " [(0* —n*)sinwt — 2nw cos wt]} (16.6.15)

b. Case ®’=0
Equating in equation (16.6.14) @’ to zero, we obtain:

_ l(vy +2ns,) I*s, aw;l

2 2 2 2 2 OSA
(I+n) (I+n) "+ )l+n)

x()

2

9 Guas PG (g66.06)
(" +w;)(+n) (I+n) It(l+n)
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Using pairs 1, 37, 38, 46, 47, 36, and 15 from Table 1.1, we invert
equation (16.6.16) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (16.6.1)
with the initial conditions of motion (16.6.2):

x= vy +2nsy)te”™ +s,(1—nt)e™

am, cos A
An’wi + (i —n*)

>{2n[e™™ (1+nt) — cos w;t]

1
—(wf - nz)(; sinw,t—te™™")}
1

asin A
4n*wi + (6012 — nz)

= {2nw,(sinw,r — wte™)

—(wf —nH)[e " (1 +nt)—coswt]} + q’; s [1—e ™ (1+nt)]
P2 (2 + t)] (16.6.17)
Tn n n

c. Case 0*<0

In equation (16.6.14), taking @’ with the negative sign, we
may write:

(l)— (v +2ns,) %5, N aw,l cos A
S d+n)’ -0 (A+n)’ -0 C+od)l+n) -0?]
2
+ al —sin A+ qu_f ~+ clad
(* + o) +n)* —w’] (I+n) -0 It[(l+n) —0’]
(16.6.18)

Applying pairs 1, 25, 28, 48, 49, 23, and 40 from Table 1.1, we
invert equation (16.6.18) from the Laplace domain into the time
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domain and obtain the solution of differential equation of motion

(16.6.1) with the initial conditions of motion (16.6.2):

_Wot 2ns, o
0

amw, cos A
Aol + (o] - w))?

1 .
—2ncosw,t —— (@) — ;) sinw,t}
W,

(0] —w)asin A {co1
An*ol + (@ —w;)’ o’

(I1—coswt)

7

2 2
n—o

[1— e (cos hot — - sin hot)]
(0]

. w; _, .
> (sin @t — — ™" sin hot))
@, — Wy 0]

+———[1—e""(cos hwt + " gin hot)]
10)

an_(nzq—'t_th)z[(nz —o*)(wt+e " sin hot)

—2nw(1—cos hwt)]

16.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for t=0 x=0;, —=vy,
dt

sin hoot + 22 e " (w cos hwt — nsin hot)
I0)

1
{e""[2n cos hot + — (@] + ®*)sin hot]
®

(16.6.19)

(16.6.20)

The solutions of differential equation of motion (16.6.1) with the
initial conditions of motion (16.6.20) for the following cases are

presented below.
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a. Case ®*>0

am, cos A

| —nt
x=—ve "sinwt + {2n[e™™ (coswt
1) (0 — i) +4n°w}

n . I . I _, .
+—sinwt)—coswt]— (wf — W )(—sinw,t ——e " sinwt))
1) o, ®

asin A

_ n .
—— —{(®] —®))[e" (coswt + —sinw1) — cos @, 1]
(07 — )" +4n"w; w

. w, _, .
+2n0,(sin,t — — e sinwr)}
0]

+ QI; — fz [1-e " (coswt + £sina)t)]
W’ +n 1)
qu 2 2
+—— (" + wt —2nw
wt(@’ +n’) H ") "
—e " [(0* —n?)sinwt — 2nw cos wt]} (16.6.21)
b. Case ®’=0

aw, cos A

—nt

x=vpte”" +

2n[e™™ (14 nt) — cos w,t
4n20)12+(w12_n2)2{ [ ( ) 1 ]

1
—(w} —n’ )(; sinm,t —te™™)}
1

asin A
4n*w! +(of —n?)

) {2”(0] (Sin wqt — wlte_m)

—(@7 —n*)[e™ (1+nt)—cosw;t]}

+qp_f[1—e‘”’(1+nt)]+q—/”§[t—%+e‘"’[%H)]
n n

2
n n

(16.6.22)
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c. Case w*<0

Vo _p . amw, cos A
x=—e " sin hot + l

) An*w! + (o} — ;)

{e™™[2ncosh wt

1 ) 1 )
+— (w7 + ®?*)sinh wt]—2ncosw,t — — (@] — g ) sin w,t}
0] ()]

1

2 2 . 2

W] —m;)asinA  ®
(2 '2 0)2 o5 {—]2 (1—-coswt)

dnw; + (07 —wy) @

2

] - n .
————[1—e"(cos hwt — —sin hwt)]
n—o ®
O . O _, .
2n — (sinw,t —— e " sinh i)}
Wy — o 0]
T qu -/ [1—e ™ (cos hwt +—sin hot)]
n° -, P
% [(n* — @ )@t + e sin hot)
ot(n”—")

—2nw(1— cos hwt)]

16.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; d—x:O
dt

(16.6.23)

(16.6.24)

The solutions of differential equation of motion (16.6.1) with the
initial conditions of motion (16.6.24) for the following cases are

presented below.
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a. Case ®°>0
1 —nt 2 —nt .
x=—2nsoe”" sinwt + spe” " (cos Wt —Zsin wt)
0

am, cos A

—n n .
— — {2n[e™" (cos wt + —sin @t) — cos ;1]
((0] _a)o) +4n (OX (0]

n

| |
— (0} —@g)(—sinwt ——e ™" sinwt)}
o, )

asin A

2 N n .
55— (0] —;)[e " (coswt +—sinwr)
(a)l _a)()) +4n , 0]

. w; _,, .
—cos@,t]+ 2nw,(sin,t ——e " sinwt))}
1)

+M[1_

_ n .
— e " (coswt +—sinwt)]
W +n 0]

qu 2 2
+— _{(w*+nPwt-2nw
wt(w® +n*)’ u )

—e"[(0* —n*)sinwt — 2nw cos wt]} (16.6.25)

b. Case w*=0

aw, cos A
4n*wi + (o} —n*)

x=2nspte " +so(1—nt)e™" + = {2n[e”" (1+nt)

1 . .
—cosmt]— (o} —n*)(—sinw,t —te™™)}
()}

asin A

> 3 V) {2nw1(Sina)1t—w1teim)
4dnw; +(w, -n )

—(w} —n*)[e" (1 +nt)—coswt]}
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PP L 1y + 2 [t—2+e"”(2+t)]
n

n ™m? n
(16.6.26)
c. Case w*<0

2nsy _,, . So .
x="2e"sin hot + —e " (w cos hat — nsin hor)
0] 10)
aw, cos A

4n’of +(of — ;)

—nt
>{e "[2ncos hwt
1 2 2 . 1 2 2 .
+—(w; +w”)sin hwt]—2ncos @t —— (W; — wg)Sin @t}
[0) ),

2 2 . 2

o; —w;)asinA  ®
(2 12 0)2 5 {—12 (1-coswt)

dnw; + (07 —wy) @

2

- 2601 ~[1—e™"(cos hot — 2 sin hwt)]

n - )

2nw1 > (sinw,r — O o gin hot)}

w; — wo [0}
+ qu -/ [1—e"(cos hwt + 2 in hwt)]

n —, (0]

qH 2 2 it

—————n" — o )(wt + e sin hwt

ot(n’ —w’) [( )( )
—2nw(1—cos hwt)] (16.6.27)

16.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0;, —=0 (16.6.28)
dt
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The solutions of differential equation of motion (16.6.1) with
the initial conditions of motion (16.6.28) for the following cases are
presented below.

a. Case ®*>0

am, cos A

n n .
X=——5 — {2n[e™" (cos wt + —sin wt) — cos @]
(0)1 —0)0) +4n @, (0

1 . 1 _. .
— (0} — wy)(—sinw,t ——e " sinwt)}
, 10)

asin A
(0F — ;) +

_ n .
— {(w} —w])[e™™ (cos wt +—sin wt)
4dn”w; 0]

. W, _, .
—cos 1]+ 2nw, (sin,t —— e sinwr)}
0}

+ q’; — fz [1—e ™ (coswt+ 2 Gin w?)]
W +n I0)
qu 2, 2
— (@0’ +n")ot—2nw
ot(®® +n*)’ H )
—e"[(®w* —n*)sinwt — 2nw cos wt]} (16.6.29)
b. Case ®*=0
po o GOCOSA (1 4 ) — cos ]
4n*w? +(0? —n*)’ ‘

1
—(wﬁ—#xz;gnwg—wﬂﬁ}
1

asin A
4n*w}l + ((012 — nz)

2 {2710)1 (Sin wt— wlte_m)

ap-f

2
n

—(wf —nH)[e" (1 +nt)—coswt]} + [1—e ™ (1+nt)]

+q—‘uz[t—z+e_"’(%+t)] (16.6.30)
™ n n
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c. Case w*<0

amw, cos A

1
x= e " [2ncos hwt + — (0} + w?)sin hot
dn’wi +(of —wg) tel a)( : ) ]

1 .
—2ncos ot — (@) — g )sinm,t}
(O}

2 2 . 2

o7 —wy)asind  ®
(2 ! > 0)2 ) {—'2 (1-coswt)

dnw; +(W; —wy) @

of

o n .
-—— ~[1—e " (cos hwt — —sin hwt)]
n —w 1)
w . w, _, .
2” 1 5 (sin@,r — — e ™" sin hwt))
w; — W, 10)
$AP=S 1 o cos hoot +sin hoon))
n —, w
qu

e [(n* — @)@t + e sin hot) — 2nw(1 — cos hot)]

(16.6.31)



7

DAMPING, STIFFNESS,
AND CONSTANT RESISTANCE

This chapter discusses problems associated with engineering
systems subjected to the force of inertia, the damping force, the
stiffness force, and the constant resisting force as the resisting
forces. These forces are marked with the plus sign (+) in Row 17
of Guiding Table 2.1. The problems presented in the sections of this
chapter differ from each other by the active forces applied to the
systems, as indicated by the intersection of Columns 1 through 6
with Row 17. The left sides of the differential equations of motion
presented throughout this chapter are identical. The right sides are
different and consist of the active forces applied to the systems.

The engineering problems discussed in this chapter could be
associated with the working processes of systems interacting with
the viscoelastoplastic media that may exert damping, stiffness, and
constant resisting forces as a reaction to their deformation (more
related information is presented in section 1.2).

583
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17.1 Active Force Equals Zero

According to Guiding Table 2.1, this section describes engi-
neering problems associated with the force of inertia, the damping
force, the stiffness force, and the constant resisting force as the
resisting forces (Row 17) in the absence of active forces (Column 1).
The considerations related to the motion of a system in the absence
of active forces are discussed in section 1.3. The current problem
could be related to the deformation of the viscoelastoplastic media
that exert damping, stiffness, and constant resisting forces as a
reaction to the deformation (see section 1.2).

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 17.1 shows the
model of a system subjected to the action of a damping force, a stiff-
ness force, and a constant resisting force.

The considerations above and the model in the Figure 17.1 let
us compose the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the damping force,
the stiffness force, and the constant resisting force, while the right
side equals zero. Therefore, the differential equation of motion reads:

d*x dx
m—+C—+Kx+P=0 17.1.1)
dt dt
m

NN\

C
]
gl
4¢— P
K %
A/
%
x
Figure 17.1 Model of a system subjected to a damping force, a
stiffness force, and a constant resisting force
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Differential equation of motion (17.1.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

17.1.1 General Initial Conditions
The general initial conditions of motion are:

d.
for =0 x=sp; —=w (17.1.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.
Dividing the equation (17.1.1) by m, we may write:

—+2n%+wox+p=0 (17.1.3)

2n= ¢ (17.1.4)
m

W = LS (17.1.5)
m

p= P (17.1.6)
m

Using Laplace Transform Pairs 3, 4, 5, and 1 from Table 1.1,
we convert differential equation of motion (17.1.3) with the initial
conditions of motion (17.1.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

Ix(1)=lvy = I*so + 2nix(1) = 2nls, + ogx(D+p=0  (17.1.7)

Applying some basic algebra to equation (17.1.7), we may write:

x(D)(P +2nl+wg) = 1(vy +2ns0) + 1750 — p (17.1.8)
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Solving equation (17.1.8) for the displacement x(/) in the Laplace
domain, we have:

(v +2nsy) N I*s, p
2

- 17.1.9
‘fonl+w; P+2nl+w; 1P42nl+w; ( )

x(l)=l

Based on the appropriate algebraic procedures with the denominators
of equation (17.1.9), we may write:

P+2nl+ws+n*—n*=l+n) +o° (17.1.10)

where:

o’ =w; —n’ (17.1.11)

while @” could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case >0

Adjusting the denominators in equation (17.1.9) according to
equation (17.1.10), we have:

_ l(V() +2nS()) lZS() _ P
(+n)+0> (+n)+0° (+n)’+ow

x(D) (17.1.12)

2
Using pairs 1, 24, 27, and 22 from Table 1.1, we invert equation
(17.1.12) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (17.1.1) with the
initial conditions of motion (17.1.2):

Vo+2nSy _, . o n .
=2 " e sinwt + spe " (cos @t ——sin t)
® ®
o n .
————[1-e " (coswt +—sinwr)] (17.1.13)
W’ +n ®
b. Case ®*=0

Equating in equation (17.1.12) @* to zero, we have:

_ vy +2nsy) I*s, p

x(D) 2 2 2
(I+n) (I+n) dA+n)

17.1.14)
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Based on pairs 1, 37, 38, and 36 from Table 1.1, we invert equation
(17.1.14) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (17.1.1) with the
initial conditions of motion (17.1.2):

D

x=(v+2nso)te" +so(1—nt)e™ —=[1—e"(1+nt)] (17.1.15)
n

c. Case @ <0

Taking in equation (17.1.12) w” with the negative sign, we may
write:

_ (o +2nsy) I*sq B p
(+n’-w* (+n) -0 (+n)’-o

x(l) (17.1.16)

2
Using pairs 1, 25, 28, and 23 from Table 1.1, we invert equation
(17.1.16) from the Laplace domain into the time domain and obtain

the solution of differential equation of motion (17.1.1) with the
initial conditions of motion (17.1.2):

+2
x=20T 2 o sinh ot + 22 e (@ coshwr — nsinh wr)
) )
p —nt n .
I [1-e (coshwt+gsmha)t)] 17.1.17)

17.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; @ =, (17.1.18)
dt
The solutions of differential equation of motion (17.1.1) with the
initial conditions of motion (17.1.18) for the following cases are
presented below.

a. Case >0

Vo —nt -
x=—yvyte " sinwt — 2p

W @’ +n’

[1—e ™ (cosor +Lsinwr)] (17.1.19)
w
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b. Case @’ =0
x=wte ™ —L[1—e (1+nt)] (17.1.20)
n
c. Case <0
x=—ve " sinhwt——L—[1- ™ (coshwr +—sinh 1)]
()] n - 0]

(17.1.21)

17.1.3 Initial Velocity Equals Zero

In this case, the motion of the system into the positive direction,
as shown in Figure 17.1, is possible if the initial displacement is
taken with the negative sign.

Therefore, the initial conditions of motion are:

v _
dt

In addition, it should be emphasized that in the current case the
motion is possible if | Ksy | > P 1.

The solutions of differential equation of motion (17.1.1) with
the initial conditions of motion (17.1.22) for the following cases are
presented below.

for =0 x=-s; 0 (17.1.22)

a. Case ®*>0

2nS() —nt . —nt n .
x=———e " sinwt — spe” " (coswt — —sin wt)
0] w
p —nt n .
————[1—e " (coswt +—sinwr)] (17.1.23)
0 +n w
b. Case ®*=0

2

x==2nspte " —so(1—nt)e™" — ya [1—e"(A+nt)] (17.1.24)
n

c. Case <0

2
xX=- ) e " sinhwt — S e " (o coshwt —nsinh wr)
w 0]
p —nt n .
. [1-e ™ (coshwt + P sinh@t)] (17.1.25)
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17.2 Constant Force R

This section describes the engineering systems subjected to
the force of inertia, the damping force, the stiffness force, and the
constant resisting force as the resisting forces (Row 17 in Guiding
Table 2.1) and the constant active force (Column 2). The current
problem could be related to the working processes of engineering
systems interacting with viscoelastoplastic media that exert as the re-
action to their deformation damping, stiffness, and constant resisting
forces. The presence of stiffness forces may cause vibratory motion
of the system. Considerations related to the deformation of visco-
elastoplastic media as well as to the behavior of a constant resisting
force applied to a vibratory system are presented in section 1.2.

The system moves in the horizontal direction. We want to deter-
mine the law of motion of this engineering system. Figure 17.2 shows
the model of a system that is subjected to the action of a constant active
force, a damping force, a stiffness force, and a constant resisting force.

Based on the considerations above and on the model in
Figure 17.2, we can assemble the left and right sides of the differ-
ential equation of motion of this system. The left side consists of
the force of inertia, the damping force, the stiffness force, and the
constant resisting force. The right side includes a the constant active
force. Therefore, the differential equation of motion reads:

2

d d.
m=—+CE 1+ Kx+P=R (17.2.1)
dt dt

Differential equation of motion (17.2.1) has different solutions
for various initial conditions of motion. These solutions are presented
below.

17.2.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; @zvo (17.2.2)
dt
where s, and v, are the initial displacement and initial velocity

respectively.
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N\

NN\

C
]
LD

& p
K
vV vV

Figure 17.2 Model of a system subjected to a constant active
force, a damping force, a stiffness force, and a constant
resisting force

Dividing the equation (17.2.1) by m, we may write:
d’x dx
—4+2n—+wex+p=r 17.2.3
dr’ ar TP ( )

where n is the damping factor and ®, is the natural frequency, while:

m=C (17.2.4)
m

w=X (17.2.5)
m

p=L (17.2.6)
m

p=R 17.2.7)
m

Using Laplace Transform Pairs 3, 4, 5, and 1 from Table 1.1,
we convert differential equation of motion (17.2.3) with the initial
conditions of motion (17.2.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:
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Px(l)— vy — s+ 2nlx(1) = 2nlsy + wox(D+p=r  (17.2.8)

Using some basic algebra to equation (17.2.8), we write:

x(D(P +2nl+wg)=r—p+1(vy+2nsy)+ 175, (17.2.9)

Solving equation (17.2.9) for the displacement x(/) in the Laplace
domain, we have:

_ 2
x(l):l r—p (v +2ns,) N 15y

17.2.10
‘yonl+wy P+2nl+w; IP+2nl+op ( )

Applying algebraic procedures to the denominators of equation
(17.2.10), we write:

P+2nl+ws+n*—n*=l+n)’+o’ (17.2.11)
where:

o’ =wi-n’ (17.2.12)

while ®* could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®*>0

Transforming the denominators in equation (17.2.10) according
to equation (17.2.11), we have:

B r—p (v +2nsy) I*s,
(+n)l’+w> (+n)’+0° (+n)’+o

x(1) (17.2.13)

2
Using pairs 1, 22, 24, and 27 from Table 1.1, we invert equation
(17.2.13) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (17.2.1) with the
initial conditions of motion (17.2.2):

r—p
w*+n’

—n n . 1 -nt _:
x= [1—e™ (coswt +—sinwt)]+— (vy + 2ns, )e " sin ot
Q)] (0]

+ 50" (cos f — L sin ot (17.2.14)
(0]



592 < Chapter 17

b. Case ®*=0
In equation (17.2.13), equating @ to zero, we write:

2
w(ly= =P H00E2ms0) | TS yg5 15
(I+n) (I+n) (I+n)
Based on pairs 1, 36, 37, and 38 from Table 1.1, we invert equation
(17.2.15) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (17.2.1) with the
initial conditions of motion (17.2.2):

r’;p [1— e (1+nt)]+ (v + 2n50 )te ™ + s0e”" (1= nt) (17.2.16)

X =

c. Case ’<0
In equation (17.2.13), taking w> with the negative sign, we have:

_ 2
wy=—t=P i) TR g5
(+n) @’ (+n) - (+n) -

Applying pairs 1, 23, 25, and 28 from Table 1.1, we invert equation
(17.2.17) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (17.2.1) with the
initial conditions of motion (17.2.2):

- . +2 e
X= 21’ p2 [1—e"(coshwt + n sinh @t)]+ Yo T 2N% e " sinh wt
n—w’l 0] w
+ 20 g (@ coshwt —nsinh wt) (17.2.18)
w

17.2.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for r=0 x=0; dx =V, (17.2.19)
dt
The solutions of differential equation of motion (17.2.1) with
the initial conditions of motion (17.2.19) for the following cases are
presented below.
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a. Case >0

x= r2— P s[1—e " (coswr + 2 in wt)]+ 1 voe " sinwt  (17.2.20)
0 +n 0] 0]
b. Case ®*=0
r—p —nt —nt
x=——[l-e " (A +nt)]+vte (17.2.21)
n
c. Case <0
x=——L_[1- e (coshwt +—sinh )]+~ ¢ sinh ot
n —m 0] 0]
(17.2.22)
17.2.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:
for t=0 x=s; % =0 (17.2.23)

The solutions of differential equation of motion (17.2.1) with the
initial conditions of motion (17.2.23) for the following cases are
presented below.

a. Case ®*>0

- . 1 o
x= r2 P s[1—e " (coswt + 2 Gin w1)]+—2nsye” " sint
w +n (0] (0]
+ s0e”" (Cos of — - sinwr) (17.2.24)
0]
b. Case ®*=0
x="T P e (A )]+ 2nsgte™ + sge” " (1= nt) (17.2.25)

2
n
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c. Case <0

- . W5y . .
X= : p2[1—e*"’(coshwt+£s1nha)t)]+ﬂe " sinh wt
n—-w 0} 0)
+ 20 " (@ cosh wr — nsinh ot) (17.2.26)
(O]

17.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; @zo (17.2.27)
dt
The solutions of differential equation of motion (17.2.1) with the
initial conditions of motion (17.2.27) for the following cases are
presented below.

a. Case @*>0

= 1’2— P ~[1—e" (coswt + 2 sin wt)] (17.2.28)
W +n In)
b. Case @’ =0
x="=F [1-e " (1+n1)] (17.2.29)
n
c. Case @’<0
x=——P [1— e (coshar+ Lsinhar)]  (17.2.30)
n—a 0}

17.3 Harmonic Force A sin(@,f + 1)

The intersection of Row 17 of Guiding Table 2.1 with Column 3
indicates that this section describes the engineering systems
associated with the action of the force of inertia, the damping force,
the stiffness force, and the constant resisting force as the resisting
forces and the harmonic force as an active force. The current prob-
lems could be associated with the working processes of vibratory
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machines intended for the interaction with the viscoelastoplastic
media that exert damping, stiffness, and constant resisting forces
as a reaction to their deformation. Additional information regarding
the deformation of viscoelastoplastic media as well as regarding the
behavior of a constant resisting force applied to a vibratory system
is presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 17.3 shows the
model of a system subjected to the action of a harmonic force, a
damping force, a stiffness force, and a constant resisting force.

Based onthe considerations above and on the model in Figure 17.3,
we can compose the left and right sides of the differential equation
of motion. The left side consists of the force of inertia, the damping
force, the stiffness force, and the constant resisting force, while the
right side includes the harmonic force. Hence, the differential equa-
tion of motion reads:

d’ d
m—f+ cCE i kxrP=A sin(w,r + A) (17.3.1)
dt dt

Differential equation of motion (17.3.1) has different solutions
for various initial conditions of motion. These solutions are presented
below.

L
ANN

N\

Asin(wqt + 2) 1

=
=
NN\

Figure 17.3 Model of a system subjected to a harmonic
force, a damping force, a stiffness force, and a constant
resisting force
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17.3.1 General Initial Conditions
The general initial conditions of motion are:

v _

for t=0 x=s;
dt

Vo 17.3.2)

where s, and v, are the initial displacement and initial velocity
respectively.

Transforming the sinusoidal function in equation (17.3.1) and
dividing the latter by m, we obtain:

d. ) .
—+ an—x +wox + p=asinwtcosA+acoswtsin A (17.3.3)
t

where 7 is the damping factor and ®, is the natural frequency, while:

2n= ¢ (17.3.4)
m

W = LS (17.3.5)
m

p= P (17.3.6)
m

a= A (17.3.7)
m

Using Laplace Transform Pairs 3, 4, 5, 6, and 7 from Table 1.1,
we convert differential equation of motion (17.3.3) with the initial
conditions of motion (17.3.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

IPx(1)= vy = I*so + 2nix(1) = 2nlsy + i x(1)+ p

awl 2
=— 1 ~COSA+— 5
"+ w, "+ w,

sinA (17.3.8)

The solution of equation (17.3.8) for the displacement x(/) in the
Laplace domain reads:
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_ vy +2nsy) N I*s, aw,l

x(l cos A
@ P+2nl+w;, P+2nl+w; (P+o0d)(*+2nl+wy)
al’? p
+ sinl—-—— 17.3.9
P+ o)) +2nl +w3) I*+2nl+ w; ( )

Applying algebraic procedures to the denominators of equation
(17.3.9), we have:

P+2nl+ws+n*—n*=l+n) +o° (17.3.10)

where:

w’=w;—n’ (17.3.11)

while @ could be positive, equal to zero, or negative.
All these three cases are considered below.
a. Case @*>0
Transforming the denominators in equation (17.3.9) according
to equation (17.3.10), we write:
_ 1(vo +2ns) *s, aw,l cos A
(+n)’+0* (+n)’+0> CC+o)l+n)+0’]

x(])

N al*sin A ~ p
C+od)(I+n)’+0°] (+n)+o’

17.3.12)

Based on pairs 1, 24, 27, 42, 43, and 22 from Table 1.1, we invert
equation (17.3.12) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (17.3.1)
with the initial conditions of motion (17.3.2):

n

1 . _ n .
x=—(vy+2nsy)e " sinwt + spe” " (cos wt — — sin @t)
0] 0}

am,; cos A
(@ —wy)” +4n’w}

_n n .
{2n[e" (cos ot + - sinwt) — cos ;]

n

1 . 1, .
— (0] — w3)(—sinw;t ——e " sinwt)}
()

W,
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asinA
(07 —w3)’ +4n’w;

o n .
{(@} — w§)[e™™ (cos wt +—sin wt)
®

) Dy .
—cos,t]+ 2nm, (sin@,f ——e ™" sinwr)}
w

——L _[1-¢ " (coswt +=sinwr)] (17.3.13)
w +n [0
b. Case @’ =0

In equation (17.3.12), equating ®? to zero, we have:

[(vy + 2ns,) I*s, aw,!
x(l) = 2 2 2 2 2
(I+n) (I+n) ("+w)l+n

2

+ al sinA——2
>+ o)) +n)’ (I+n)*

cos A

17.3.14)

Using pairs 1, 37, 38, 46, 47, and 36 from Table 1.1, we invert
equation (17.3.14) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (17.3.1)
with the initial conditions of motion (17.3.2):

x =y +2nsy)te”™ +sy(1—nt)e™

am, cos A ot
2nle™™ (1+ nt) — cos wt
T of —py 2le (a0 —cose

1
— (0} — nz)(; sinmt —te™"))
1

asin A

+ {2nw,(sinw,t — w,te™™)
dn’w; + (o7 —n*)’

— (@} —n*)[e" (1+nt)—cos w,t]}
L -+ nn) (17.3.15)
n

c. Case <0

In equation (17.3.12), taking @” with the negative sign, we may
write:
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[(vy+2ns,) I%s, amw,!

x(l)= o+ st ¢
(+n)’-0* (+n)’-0> C+od)l+n)’-w’]
al ) p

2
A——2"rr
+(12+oof)[(l+n)2—aﬂsm (I+n) -’

osA

(17.3.16)

Using pairs 1, 25, 28, 48, 49, and 23 from the Table 1.1, we invert
equation (17.3.16) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (17.3.1)
with the initial conditions of motion (17.3.2):

_Wot 2ns, o

sinh o + 22 e " (wcoshwt — nsinhwt)
10) 10)

am, cos A
An*w! + (o — o)’

1
{e™™[2ncoshwt + — (o] + ®* +n*)sinh wt]
w

1 .
—2ncoswit ——(oF +®> —n*)sinw,t}
@,

o; —w; Jasin A
( : 0) {&(l—cosa)lt)
’

2

2
4n*w; +(co1 —a)o)

o;
-’

2l’la)1 . ; _, .

> > (sinwt ——e " sinhwt)}
07 — W) w

[1—e " (coshwt —— " sinh o1)]
1)

+

P__11- ¢ (coshwr +sinhwr)] (17.3.17)
(0]

2 2
n—

17.3.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V, (17.3.18)

The solutions of differential equation of motion (17.3.1) with the
initial conditions of motion (17.3.18) for the following cases are
presented below.
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a. Case >0

x=—vee "sinwt
Q)]

am,; cos A _ n .
— — {2n[e" (cos wt + —sin 1) — cos ;]
(w7 —wg) +4n°w; D)

1 1
— (07 —@))(—sinwt ——e " sinwt)}
o, ®

asin A 5

o n .
o —{(®] —®7)[e™ (cos® + —sin®1) — cos W]
(07 —wy)" +4n"w; 0]

—nt

. (0] .
+ anl(sma)lt——le sinwt)}
(0]

P f_e(coswr+ Lsinwn)] (17.3.19)
[0

o’ +n?
b. Case @*=0

amw, cos A
An*w! + (@] —n

x=vote " + 5 {2n[e”" (1+ nt) — cos w,t]

1
—(of - nz)(; sinw,t —te™)}
1

asin A
4n*w? + (6012 — nz)

> {2nw,(sinw,t — w,te™)

—(wf —n*)[e”" (1+nt)—cosw,t]} — % [1—e™(1+n1)]
n

(17.3.20)
c. Case <0

Vo _nt . aw, cos A
="e™sinhwr + !

® An'w! +(of — )

{e""'[2n cosh wr
1 2 2 2 .

+—(w; +o” +n")sinhwt]—2ncoswt
w

1 )
—— (0} +®° —n*)sinwt}
@,
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2 2 . 2

o; —wy)asinA  ®
(2 — 0)2 —— {— (1-coswyt)

dn"w; +(0; —wy)” o

w;

2 2
n—w

[1—e™ (coshwt — " sinh ot)]
10)

2

2nw . o _,, .
+—12(sma),t——le "sinhwt)}
1 0 )

P 11— ¢ (coshar + L sinhwr)] (17.3.21)
0]

2 2
n—w

17.3.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (17.3.22)

The solutions of differential equation of motion (17.3.1) with the
initial conditions of motion (17.3.22) for the following cases are
presented below.

a. Case >0

—nt

1 -
x=—2ns,e” " sinwt + sye

n .
(coswt ——sin wt)
0] 0]

am,; cos A

n n .
—— —{2n[e”" (cos wr + —sinwr) — cos ;1]
(a)1 — wo) +4n (O (0]

I . |
— (0] —wg)(—sinw,t ——e " sinwt))
o, )

asin A

—nt

n .
— —{(0F —w5)[e”" (cos @t +—sin @) — cos 1]
(07 — )" +4n"w; w

. w, _, .
+2n0,(sinw,t ——e " sinwt)}
1)

14

o’ +n’

[1— e (cos wt + L sin i) (17.3.23)
(0]
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b. Case @*=0

x=2nsgte”™ +so(1—nt)e™
am, cos A
4n’w; +(wF —n’)

={2n[e”" (1+ nt) — cos wt]

1
—(w} - nz)(; sinwt —te™™)}
1

asin A
4n*w;i + (0)12 — nz)

= {2nw,(sinw,t — w,te™")
— (@2 —nD)[e™ (1 +nt)— cos ]} — n—”2 [1—e™ (14 nt)]
(17.3.24)

c. Case <0

2nsy ;. So _ .

x=""e " sinhwt +->e ™ (0 coshwt — nsinh wr)
() w

am, cos A

4n*wi + (07 —w7)

>{e™"[2ncosh ot
1

+— (0] +®* +n*)sinhwr]
)

1 .
—2ncoswt ——(@; +®* —n*)sinw,t}
o,

(@] —w3)asin A
4n*w; + (] — wy)

of

> {a)2 (1—cosw,t)

of
2 wZ

[1— e (cosh@r — -~ sinh )]
[0)]

2nw . o _, .
+ 712(sm o1 ——e " sinhwr))
W — o 0}

P 11— ¢ (coshwt+ L sinhor)] (17.3.25)
[0)]

2 2
n—aw
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17.3.4 Both the Initial Displacement and Velocity
Equal Zero
The initial conditions of motion are:

d
for t=0 x=0; —=0 (17.3.26)

dt
The solutions of differential equation of motion (17.3.1) with the
initial conditions of motion (17.3.26) for the following cases are

presented below.

a. Case >0

am, cos A . n .
x=—5——35———{2n[e”" (coswt +—sinwr) — cos ]
(0)1 _(l)o) +47’l (O w
2 2 1 - 1 —-nt _:
— (0] —wj ) (—sinw;t ——e " sinwt)}
W, 0]
asin A s e e n .
> > — {(07 —g)[e™™ (coswt +—sin@r)
((l)[ _wo) +4n , (0]
) w _, .
—cosw;t]+2nw, (sinw,t ——e " sinwt)}
0]
p 1 —nt n .
————[1-e " (coswt + —sinwr)] 17.3.27)
0 +n w
b. Case @’ =0
am, cos A Y
x= ‘ — {2n[e”™ (1+ nt) — cos w,1]

Ao} + (o —n?)

1 . —n
— (0} — nz)(; sinw,t —te™)}
1

asin A

{2nw, (sinw,t — w,te™™)
4n*w;i +(w; —n*)’

— (@ —n)e™" (14 nt) - cosyt]} — o [1— e (14 nt)]
n
(17.3.28)
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c. Case <0

a, cos A
x =
4n’of +(of —w;)?

1 .
{e""[2ncoshwt +—(w;] + @* +n*)sinh wt]
w

1 )
—2ncosmit —— (w7 + o> —n’)sinw,t}
@,
2 2 . 2
. —wy)asinA  ®
(2 1 3 0)2 o5 {—g(l—cosa)lt)
4n"w; +(w; —y)

2
0 _ n .
————[1-e™(coshwt — —sinhwr)]
n—aw [0

2

2nw ) 1)
+—12(sma),t——1e " sinh t)}
1 (O (0]

14 —nt n .
————[1-e™(coshwr + P sinh @t)] (17.3.29)

n—o

17.4 Time-Dependent Force Q( p+ ”Tt)

The intersection of Row 17 of Guiding Table 2.1 and
Column 4 indicates that this section describes engineering systems
subjected to the action of the force of inertia, the damping force,
the stiffness force, and the constant resisting force as the resisting
forces and to the action of the time-dependent force as the active
force.

The current problem could be associated with the working
process of a system interacting with a viscoelastoplastic medium
that exerts the damping force, the stiffness force, and the constant
resisting force as a reaction to its deformation (see section 1.2).
Sometimes during the initial phase of deformation, the engineering
system is subjected to a time-dependent force that acts a predeter-
mined interval of time.

The system is moving in the horizontal direction. We want
to determine the law of motion of the system. Figure 17.4 shows
the model of a system subjected to the action of a time-dependent
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force, a damping force, a stiffness force, and a constant resisting
force.

The considerations above and the model in Figure 16.4 let us
compose the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the damping force,
the stiffness force, and the constant resisting force, while the right
side includes the time-dependent force. Therefore, the differential
equation of motion reads:

d2 dx ut
m—s +C " +Kx+P= Q(P+
Differential equation of motion (17.4.1) has different solutions
for various initial conditions of motion. These solutions are presented
below.

17.4.1)

17.4.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=sg; d_x =, 17.4.2)
dt
where s, and v, are the initial displacement and initial velocity

respectively.

5.
AN

0+ Ll

/

Figure 17.4 Model of a system subjected to a time-dependent
force, a damping force, a stiffness force, and a constant
resisting force

=
v
=
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Dividing equation (17.4.1) by m, we have:
d2
d 2

where n is the damping factor and @, is the natural frequency, while:

+2n%+a)ox+p q(p+—) 17.4.3)

2n= ¢ (17.4.4)
m

w; = LS (17.4.5)
m

p= P (17.4.6)
m

g= Q (17.4.7)
m

Using Laplace Transform Pairs 3, 4, 5, and 2 from Table 1.1,
we convert differential equation of motion (17.4.3) with the initial
conditions of motion (17.4.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

IPx(1)— vy — sy +2nlx(1) - 2nls, + @ x(1)+ p=qp + (17 4.8)

The solution of equation (17.4.8) for the dlsplacement x(/) in the
Laplace domain reads:
1(vo +2ns,) Isy
2 2 + 2 2
I"+2nl+w; " +2nl+w;
qap—pr qu
2 2 + 2 2
I"+2nl+w; IT(l" +2nl+ wy)

x(l)=

17.4.9)

Based on algebraic procedures with the denominators of equation
(17.4.9), we may write:

P+2nl+w;+n*—n’=(+n)’+o’ (17.4.10)

where:

0’ =w; -n’ (17.4.11)
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while @” could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case @*>0

Adjusting the denominators in equation (17.4.9) according to
equation (17.4.10), we have:

1) = [(vo +2ns,) I*s, qp—rp qu
.X( )_ 2 2 2 2 + 2 2 + 2 2
(I+n)y+o° (+n)y+o° (+n)"+o0° IT[((+n)" +07)]
(17.4.12)

Based on pairs 1, 24, 27, 22, and 39 from Table 1.1, we invert
equation (17.4.12) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (17.4.1)
with the initial conditions of motion (17.4.2):

_ Yo +2ns, o

nt

n
sin @t + s, (cos Wt — —sin @t )e”
0] w

L 4P—p
(1)+I’l

__aur
wt(w* +n*)
e "[(w* —n*)sinwt — 2nw cos wr]} (17.4.13)

n .
>[1—e™" (coswt +—sinwr)]
()]

{(0° +n*)ot —2nw

b. Case @’ =0
In equation (17.4.12), equating @ to zero, we write:

[(vo +2ns,) I%s, qp—p qu
2 + 2 + 2 + 2
(I+n) (I+n)y” (+n)y It(l+n)

x(l) = (17.4.14)

Using pairs 1, 37, 38, 36, 15 from Table 1.1, we invert equation
(17.4.14) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (17.4.1) with the
initial conditions of motion (17.4.2):

x=vy+2nsy)te™ +s,(1—nt)e ™

PPy )+ 2 g 2, -"’(2“)] (17.4.15)
l’l Tl’l n n
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c. Case ®’<0
In equation (17.4.12), taking @ with the negative sign, we have:

l(vy +2ns I%s —
() = (vo - 0)2 20 _+ QPZP _+ Q.lj .
(I+n)y - (+n)" -0 (+n)" —-w" It[(l+n)" —w’]
(17.4.16)

Using pairs 1, 25, 28, 23, and 40 from Table 1.1, we invert equation
(17.4.16) from the Laplace domain into the time domain and obtain
the solution of differential equation (17.4.1) with the initial condi-
tions of motion (17.4.2):

Vo +2nsy _,, . So _, .
x=——""2e"sinhwr +—e " (e cosh ®r — nsinh wt)
w

(0]
+ ql; — 192 [1—e " (coshwr+ 2 sinh t)]
O +n 0
— 9K (- 0wt +e " sinhor) — 2na(1 - cosh wr)]
ot~ @) (17.4.17)

17.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; d_x =V, (17.4.18)

dt
The solutions of differential equation of motion (17.4.1) with
the initial conditions of motion (17.4.18) for the following cases are

presented below.

a. Case >0

Vo . _ . n .
x=—¢ " sinwt + qu 192[1—6 "(cos @t +—sin )]
0 W +n o
%{(a)2 +n’)wt —2nw
ot(w’ +n”)

— e "[(w® —n’)sinwt — 2nw cos wt]} (17.4.19)
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b. Case @*=0

x=vte " +4P— p[ e "(1+nt)]+ “[ %+e_"'(z+tj]
I’l Tl’l n n

(17.4.20)
c. Case <0
x=2 e sinhwt +-2P=L 11— ¢ (cosh wt + - sinh 1))
® n’—w )
— [ - )@t +e " sinhor) - 2na(1 - cosh )]
wr(n” ) (17.4.21)
17.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for =0 x=s,: ‘Z -0 (17.4.22)

The solutions of differential equation of motion (17.4.1) with the

initial conditions of motion (17.4.22) for the following cases are
presented below.

a. Case >0

2nSO —m‘
= sin wt + s, (coswr — — s1n wt)e ™
0] w
— _n n .
+ q’; pz[l—e "(cos @t + —sinwt)]
o +n w

qu

(;_)1'((1)2—4-2)2{(&)2 + nz)wt —2nw

“[(@* —n*)sin wt — 2nw cos wt]} (17.4.23)
b. Case @’ =0

x=2nspte " +so(1—nt)e™ + P — p[

e "(1+nt)]

2 2
+q—‘Li[t——+e_'" (—+tj] (17.4.24)
™n n n



610 © Chapter 17

c. Case <0

2 )
x = 20 o sinh cor + 22 e " (w coshwt — nsinh wt)
1) 0]
qp—p -n
e [1—e™™
qu
+—
2 @?) [(

ot(n

+ (coshwt + 2 Ginh wt)]
()

n> — )t +e " sinhwt) — 2nw(l — cosh wt)]
(17.4.25)

17.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for =0 x=0; % =0 (17.4.26)

The solutions of differential equation of motion (17.4.1) with the
initial conditions of motion (17.4.26) for the following cases are
presented below.

a. Case @*>0

x= qp P >[1—e " (coswr + £sincot)]
Z4n? 0}
qu 2 2
— 1 _{(w°+n)ot
wt(®* +n*) t )
—2nw—e "[(w® —n*)sinwt —2nwcoswt]} (17.4.27)
b. Case @*=0

=P Pry e-"’(1+m)]+ [t—% ”t(g+t)] (17.4.28)
n

c. Case @’<0

x=2PP

[1—¢ " (cosht +—sinh )]
)
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% [(n* — @)1 + ¢ sinh 1) — 2no(1  cosh @1)]
aTtTn” —w

(17.4.29)

17.5 Constant Force R and Harmonic Force A sin(@,f + 1)

This section describes engineering systems subjected to the ac-
tion of the force of inertia, the damping force, the stiffness force,
and the constant resisting force as the resisting forces (Row 17 of
Guiding Table 2.1), and the constant active force and the harmonic
force as the active forces (Column 5).

The current problem could be associated with the working pro-
cess of vibratory machines intended for interaction with the vis-
coelastoplastic media that exert damping, stiffness, and constant
resisting forces as the reaction to their deformation. Additional con-
siderations related to the deformation of viscoelastoplastic media
as well as to the behavior of a constant resisting force applied to a
vibratory system are presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 17.5 shows the
model of a system subjected to the action of a constant active force,
a harmonic force, a damping force, a stiffness force, and a constant
resisting force.

The considerations above and the model shown in Figure 17.5
let us compose the left and the right sides of the differential equa-
tion of motion of the system. The left side consists of the force of
inertia, the damping force, the stiffness force, and the constant re-
sisting force. The right side consists of the constant active force and
the harmonic force. Therefore, the differential equation of motion
reads:

d*x

d. .
m—r+CZ 4 Kx+P=R+Asin(r+14)  (17.5.1)
dt dt

Differential equation of motion (17.5.1) has different solutions
for various initial conditions of motion. These solutions are present-
ed below.
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m C
. i’
I
=1 l?
P
Asin(wqt + 2) K

x
Figure 17.5 Model of a system subjected to a constant active
force, a harmonic force, a damping force, a stiffness force, and
a constant resisting force

17.5.1 General Initial Conditions
The general initial conditions of motion are:
dx

for t=0 x=s505 —= 17.5.2)
dt

Transforming the sinusoidal function in equation (17.5.1) and
dividing the latter by m, we obtain:
d’ d.
?fﬁ- 2n—x+ Wox+ p=r+asinwtcosA+acoswtsin A
17.5.3)

where n is the damping factor and @ in the natural frequency, while:

2n= ¢ (17.5.4)
m

w; = LS (17.5.5)
m

p= £ (17.5.6)
m

r= R (17.5.7)
m
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a=— (17.5.8)
m
Based on Laplace Transform Pairs 3, 4, 1, 5, 6, and 7 from
Table 1.1, we convert the differential equation of motion (17.5.3)
with the initial conditions of motion (17.5.2) from the time domain
into the Laplace domain, and obtain the corresponding algebraic
equation of motion in the Laplace domain:

I*x(1) = vy — Is¢ + 2nix(1) = 2nls, + wix(1) + p

awlcosA al’sind

= + 17.5.9
P+l IP+of ( )
Applying basic algebra to the equation (17.5.9), we have:
x(D(P +2nl+ @) =r—p+1(ve +2nsy)+ 175,
2 .
N amlcosA al sinA (17.5.10)

I* + o}

2 2
I+ w; h

The solution of equation (17.5.10) for the displacement x(/) in the
Laplace domain reads:

r—p [(vy +2nsy) I*s,
2 2 + 2 2 + 2 2
+2nl+w, ["+2nl+w; [°+2nl+w,

x() = 7

am,l cos A al*sin A

+ 17.5.11
(I + o )(I* +2nl + 7)) (lz+a)12)(lz+2nl+a)§)( )

Based on algebraic procedures with the denominators in equation
(17.5.11), we may write:

P+2nl+w;+n*—n’=(+n)’+o0’ (17.5.12)

where:

0’ =w;—n’ (17.5.13)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.
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a. Case >0
Adjusting the denominators in equation (17.5.11) according to
equation (17.5.12), we have:

r—p [(vy +2ns,) %s,
(+n)’+w* (+n)’+0’> (+n)’*+o°

x(D)=

am,l cos A al*sin A

R Tt —— (17.5.14)
Crod)d+n)’+0’] C+od)ld+n) +o’]

Using pairs 1, 22, 24,27, 42, and 43 from Table 1.1, we invert equa-
tion (17.5.14) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (17.5.1) with
the initial conditions of motion (17.5.2):

r— o n . 1 .
x= zp[l—e "(cost +—sinwt)]+—(vy + 2nsy)e " sin wt
0 w 0]
. n .
+s50¢” " (coswt — —sin wt)
0]
am, cos A ot n .
— 5 5 12n[e”" (cos @t + —sin®t) — cos ;1]
(0)1 _0)0) +4n , (0]
2 2 1 - 1 —-nt _:
— (0] —wi)(—sinw;t ——e " sinwt)}
W, 0]
asin A . n .
> - — {(@7 —@g)[e”™ (coswt + —sinwt) — cos ;1]
(w7 —wg)” +4n"w; w
) w _, .
+ 2nw, (sinw,t — Ee sint)} (17.5.15)
b. Case ®*=0

In equation (17.5.14), equating @ to zero, we have:
_r=p  1(vo+2nsy) I%s,
(I+n)’  (A+n}  (+n)
am,l cos A al*sin A
2 2 2 + 2 2 2
C+o)l+n) (C+or)l+n)

x(D)

(17.5.16)
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Using pairs 1, 36, 37, 38, 46, and 47 from Table 1.1, we invert
equation (17.5.16) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (17.5.1)
with the initial conditions of motion (17.5.2):

x=""Ll— e A+ nt)]+ (vo +2ns))te ™
n

am, cos A

+50(1—nt)e™ + - {2n[e™™ (1+ nt) — cos wt]

4112(1)12+(a)12 -n’)

1
— (o] - nz)(; sinw,t —te™™)})
1

asin A

{2”0)] (Sin O s wlte_m)
dn’wi + (o7 —n*)’

— (w7 —n*)[e"(1+nt)— cosw,t]} 17.5.17)

c. Case <0

In equation (17.5.14), taking ®” with the negative sign, we may
write:

r—p [(vy +2ns,) lzso
(+n’ -0’ (+n)’-0> (+n)’-o°

x(l)=

am,l cos A N al*sin A
(12 + (1)12)[(1 + n)2 —0?] (12 + 0)12)[(1 + I’l)2 —-0?]

(17.5.18)

Using pairs 1, 23, 25, 28, 48, and 49 from Table 1.1, we invert
equation (17.5.18) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (17.5.1)
with the initial conditions of motion (17.5.2):
x= : —P ~[1—e " (coshwr + " Ginh wt)]

n — 0]

+2
L Yot 2nso

0 —nt

. S, .
sinhwt+—e ™" (w cosh ot — nsinh wt)
[0 (0]

am, cos A
An*w! + (o} — )’

1
{e"[2ncoshwt + — (o + w* +n’)sinh wt]
w
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1 .
—2ncosmt ——(w; + o> —n’)sinw,t}
(O}

2 2 . 2

W] —wy)asinA  ®
(2 — °)2 ——{—(1-cosw,?)

dn"w; + (w7 — W) ®

2
0, —nt n .
- >[1—e " (coshwt ——sinh )]
n —w 0]
L sinay — e sinhar) (17.5.19)
1 — g 0

17.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:

d
for t=0 x=0; =y, (17.5.20)

dt
The solutions of differential equation of motion (17.5.1) with the
initial conditions of motion (17.5.20) for the following cases are

presented below.

a. Case >0

r— . n . |
x= 2p[1—e "(coswt +—sinwt)]|+—vee " sinwt
0 w 0]
am, cos A . n .
> 5 5 12n[e”" (cos @t + —sin 1) — cos ;1]
(0f —))” +4n°w; 0]
2 2 L. 1 —nt -
— (0] —wi)(—sinwt ——e " sinwt)}
W, 0]
asin A s e et n .
> -5 (@7 —g)[e" (coswt + —sinwr)
(0)1 _0)0) +4n W, (0]
: [
—cosw;t]+2nw, (sinw,t ——e " sinwr)} (17.5.21)
0]
b. Case ®*=0

x= r;zp [1 —e " (1 + nt):l + vote "
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am, cos A .
2nle ™ (1+nt)—cosw;t
4n2w12+(0)12—l’l2)2{ [ ( ) 1]

1 . _
— (0} —nz)(;smwlt— te”")}
1

asin A

{2nw, (sinw,t — w,te™")
4n*w; +(wf —n*)’

— (07 —nH)[e ™ (1+nt)—cosw,]} (17.5.22)

c. Case *<0

r—=p
n—w

X =

>[1—e" (coshwr + " Ginh ot)]
10)

am, cos A o
l {e”"[2ncosh wt

Vo _ .
+—2 e " sinh ot + — > =
0] dn“w; +(w; —wy)

1 .
+— (0] +®> +n’)sinhwt]-2ncosmt
1)

2 2 . 2

w; —wy)asinA o

(i 0) > {—;(l—cosa),t)
0]

1 .
—— (0 +®* —n*)sinwt} +

@, 4n’w! +(oF — o))
2
- 26310)2 [1—e " (coshwr— %sinh t)]
znwl 7 (sinoit - D sinhor)) (17.5.23)
CO] — a)o (0]

17.5.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:
for t=0 x=s; d_x =0 (17.5.24)
dt
The solutions of differential equation of motion (17.5.1) with the
initial conditions of motion (17.5.24) for the following cases are
presented below.
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a. Case >0

r-p
2
0

. n . 1 ot
x= [1—e ™ (coswt +—sinwt)]+—2ns,e " sinwt
0] 0}

_ n .
+ soe” " (cos wt — —sin wr)
1)

am, cos A _ n .

! {2n[e”" (cos wt +—sin®r) — cos 1]
2 2\2 2 .2

(w7 —wg) +4n"w; w

1 . 1, .
—(0f —@))(—sinwt ——e " sinwt)}
, ®

asin A _ n .
~{(0! — w5)[e™ (cos ot +—sinWF) — cos ;1]
1)

(0] — 03 +4n’w;

n

+2no,(sina,t — 2L e sinor)) (17.5.25)
(0]

b. Case @*=0

x=" —2p [1—e™(1+nt)]+ 2nsete™
n

aw, cos A
An’wi +(of —n?)

+so(1—nt)e™ + >{2n[e”™ (1+ nt) — cos w;t]

1 . _
— (w7 —n*)(—sinw,;t —te™)}

w,
asin A
2nw, (sinw,t — w,te” "
4n20)12+(a)12—n2)2{ nw, ( 1 ite™)
— (@ —n*)[e" (1+nt)—cos w,t]} (17.5.26)

c. Case <0

r—p 2ns,
= 1

> e " sinh wt
n —o

o n .
x= —e "(coshwt + —sinh )]+
®

S0 _
+—e"
0

(@ coshwt — nsinh wt)
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aw, cos A

{e”"[2ncosh wt
An*wi +(wf — ;)

1 )
+— (o} + o> +n’)sinhwt]
a

1 .
—2ncoswit —— (w7 +®* —n*)sinwt}
@,

2 2 . 2

o —wy)asinA
(2 1 > 0)2 ) {—l2 (1—coswt)

dn"w; + (07 —w5)”

2
- 2“_’1602 [1-e " (coshar — %Sinh o1)]
+ " (sineot — L e sinhor)} (17.5.27)
Oy — W, ()

17.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

d
for t=0 x=0; =0 (17.5.28)

dt
The solutions of differential equation of motion (17.5.1) with the
initial conditions of motion (17.5.28) for the following cases are

presented below.

a. Case >0

r-p
2
0

n n .
x= [1—e " (coswt +—sinwt)]
1)

am, cos A

- n .
— — {2n[e™" (cos wt + —sin 1) — cos w;1]
(0f —))” +4n°w; w

I . |
— (W] — @ )(—SIwf——e  SInw
2 2 ¢ nt t

, (0]

asin A

i n .
— —{(® —®;)[e™" (coswt + —sin®1) — cos W]
(w7 —wg)” +4n"w, w

+ 200, (sinw,f — 2 e sinwn)) (17.5.29)
[0)]
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b. Case @*=0

x=""PH e (14 nn)

2
n
am, cos A
An*w! + (o —n®)

={2n[e”" (1+ nt) — cos w,t]

— (0} - nz)(L sinw,t —te ")}

@,
asin A
+ 2no, (sin,t — w,te”"
4n2a)12+(w12_n2)2{ l( 1 1 )
— (o] —nH)[e" 1+ nt)—cosw,t]} (17.5.30)
c. Case ®’<0
x= Z _P ~[1—e " (coshowr + " sinh o1)]
n —w 1)
am, cos A

. 1 ‘
+— ———{e"[2ncoshwt + —(@; + @* +n*)sinh 1]
4n°of + (0 — wp) w

1 )
—2ncosmit —— (@7 +®° —n’)sinw,t}
o,

2 2 . 2

o —wy)asinA @
(212 0)2 2 2{_12(1_Coswlt)

dnw; + (w7 —wy) @

2
— 2 —¢ " (coshar — L sinhar)]
n —w a
2nw w .
TP (sinayt — —-¢ " sinhoor)) (17.5.31)
o — o] )

17.6 Harmonic Force A sin(®,f + A) and Time-Dependent
Force Q ( p+ “Tt)
This section, which is related to the intersection of Row 17 and
Column 6 of Guiding Table 2.1, describes the engineering systems

subjected to the force of inertia, the damping force, the stiffness
force, and the constant resisting force as the resisting forces, and
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the harmonic force and time-dependent force as the active forces.
The current problem could be related to the working process of a vi-
bratory system that interacts with a viscoelastoplastic medium. The
time-dependent force along with the harmonic force is acting for a
limited interval of time during the initial phase of the working pro-
cess. Considerations related to the deformation of the viscoelasto-
plastic media as well as to the behavior of a constant resisting force
applied to a vibratory system are presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 17.6 shows the
model of a system subjected to the action of a harmonic force, a
time-dependent force, a damping force, a stiffness force, and a con-
stant resisting force.

Based on the considerations above and on the model in
Figure 17.6, we can assemble the left and right sides of the differ-
ential equation of motion. The left side consists of the force of iner-
tia, the damping force, the stiffness force, and the constant resisting
force. The right side includes the harmonic force and the time-de-
pendent force. Hence, the differential equation of motion reads:

T2 ™y ket P = Asin(y+ D)+ 00+ (17.6.1)

dt dt T

m c
Asin(w t + 4 /|
SIH(:‘)I ) , _IT ?
pia

— p
ut

Qlp+—) /|
_ /
4

=
v
=

Figure 17.6 Model of a system subjected to a harmonic force,
a time-dependent force, a damping force, a stiffness force, and
a constant resisting force
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Differential equation of motion (17.6.1) has different solutions
for various initial conditions of motion. These solutions are present-
ed below.

17.6.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s; d—x:vo (17.6.2)
dt
where s, and v, are the initial displacement and initial velocity
respectively.

Transforming equation (17.6.1), we write:

d’x dx
—+C—+Kx+P Asinw,tcos A
dr’ dt
. ut
+AcoswitsinA+Qp+Q— (17.6.3)
T

Dividing equation (17.6.3) by m, we have:

d’x dx
+2n5+(o0x+p asinw,tcosA+acoswtsinA+qgp+ q’l;

d 2

17.6.4)
where 7 is the damping factor and @, is the natural frequency, while:
2n= < (17.6.5)

m
w; = LS (17.6.6)

m
p= L 17.6.7)

m
a= 4 (17 .6.8)

m
q= Q (17.6.9)

m

Using Laplace Transform Pairs 3, 4, 5, 6, 7, and 2 from Table
1.1, we convert differential equation of motion (17.6.4) with the
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initial conditions of motion (17.6.2) from the time domain into the
Laplace domain and obtain the resulting algebraic equation of mo-
tion in the Laplace domain:

I*x(1) = vy — 5o + 2nlx(1) — 2nls, + g x(1) + p

awlcosA al’sinA qu
= + +gp+-— 17.6.10
P+l PP+of P It ( )

The solution of equation (17.6.10) for the displacement x(/) in the
Laplace domain reads:

_ (v +2ns,) N %s,

[
*D) P+2nl+w; 1*+2nl+w;
aw,lcos A al*sin A
+
(lz+a)12)(lz+2nl+a)§) (lz+a),2)(lz+2nl+a)§)
wph-r __, Lo (17.6.11)

P+2nl+o; Tl(*+2nl+ o))

Applying basic algebra to the denominators in equation (17.6.11),
we may write:

P+2nl+wi+n*—n*=+n)+ o’ (17.6.12)

where:
o’ =wi-n’ (17.6.13)

while @” could be positive, equal to zero, or negative.
All these three cases are considered below.
a. Case ®’>0
Transforming the denominators in equation (17.6.11) according
to equation (17.6.17), we have:
_ vy +2nsy) s,
(+n)’+0* (+n)’+o’

x(D)

am,lcos A N al*sin A
C+od)+n)’+0°] P+od)l+n)+w’]
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ap—p qu
2 2 + 2 2
(I+n)y+o° IT[(l+n) +w7]
Based on pairs 1, 24, 27,42, 43, 22, and 39 from Table 1.1, we invert
equation (17.6.14) from the Laplace domain into the time domain

and obtain the solution of differential equation of motion (17.6.1)
with the initial conditions of motion (17.6.2):

(17.6.14)

n

1 . _ n .
x=—(vy +2nsy)e” " sinwt + soe”" (cos @t — —sin wt)
0] (0]

am, cos A i n .
s —{2n[e”" (coswt + —sinwr) — cos ;1]
(07 — )" +4n"w; )

1 . |
— (0] —w3)(—sinw,t ——e " sinwt))
o, )

asin A

—nt

2 {(w12 _wg)[e

n .
> 5 > (coswt +—sinwt)— cos ]
(07 — )" +4n"w; w

. w; _,, .
+2nm, (sinw,t ——e " sint)}
w

+ q;z)—pz [l—e_’”(cosa)t+£sina)t)]
o +n w
ql 2, 2
—— (" +n’)wt—2nw
ot(0* +n*) u ") "
—e"[(w* —n*)sinwt — 2nw cos wt]} (17.6.15)
b. Case @*=0
In equation (17.6.14), equating ®? to zero, we obtain:
l 2 I? l
x(l)= (o HZSO) 0 >+ — agol ~cos A
(I+n) (I+n) ("+w))(+n)
2
P AL il S (17.6.16)
"+ ;) +n) (I+n)” It(l+n)

Using pairs 1, 37, 38, 46, 47, 36, and 15 from Table 1.1, we invert
equation (17.6.16) from the Laplace domain into the time domain
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and obtain the solution of differential equation of motion (17.6.1)
with the initial conditions of motion (17.6.2):

x =y +2nsy)te”™ +sy(1—nt)e™
am, cos A
4n*w} + (o —n?)

={2n[e”" (1+ nt) — cos w,t]

1 . _
—((olz—nz)(;sma)lt—te ")
1

asin A
4n*w} + (0)12 — nz)

= {2nw,(sinw,t — w,te™")
— (@i —n*)[e"(1+nt)— cosw,t]}

qp p [ nt(l + I’lt)] q‘u [ % +e (% + t)] (17.6.17)
n’ ™’ n n

c. Case <0

In equation (17.6.14), taking @’ with the negative sign, we may
write:

() = [(vy +2ns,) I*s,
(+n)’ -0 (+n’-o0’
2
+— > aml 5 > cos A+ al pe sin A
C+o)l+n) -w’] P+ o)l +n)’ -]
awp-pr . aH (17.6.18)

(+n)?’-w* It[((+n) -w?]

Using pairs 1, 25, 28, 48, 49, 23, and 40 from Table 1.1, we invert
equation (17.6.18) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (17.6.1)
with the initial conditions of motion (17.6.2):

_ Yo +2ns, o

—Vll‘

ha)t+
w w

(@ coshwt —nsinhwt)
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am, cos A
2,..2 2 2N\2
dnw; +(w; — W)

1 .
—2ncosmt ——(w; +®> —n’)sinwt}
@,

(0] —w))asinl

7

(I1—coswt)

2
An’or +(of —w5) ©
o7 n
————[1-e"(coshwt— —sinhwr)]
n’—o 0]
nw, . O ., .
> lz(sma)lt——'e "sinh wr)}
o} — 05 o
B -n n .
+q2p ‘Z[l—e "(coshwt +—sinh@1)]
- w
__4r
wt(n* —w*)’

17.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for =0 x=0;, —
dt

dx

1
{e""[2ncoshwt+—(w; +®* +n*)sinh wt]
0]

[(n* — o)t + e sinhwt) — 2nw(1 — cosh wt)]

(17.6.19)

Vo (17.6.20)

The solutions of differential equation of motion (17.6.1) with the
initial conditions of motion (17.6.20) for the following cases are

presented below.
a. Case ®’ >0

x=—vee " sinwt
0]

a, cos A

(@ —w3)* +4n’w;

n

| I, .
— (] — o3 )(—sinwt——e " sinwt)}
o) 10)

,n n .
~{2n[e™" (cos @t + —sinwr) — cos wyt]
®
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asin A
(0} — ) +4n’°w

_ n .
> {(w} —w])[e™™ (cos wt +—sin wt)
w
1

. W, _,; .
—cos@y1]+ 2nw, (sin @t — —e " sinwr)}
w
qp—p
®* +n’
_GH
wt(w®+n°)

—e"[(w*> —n*)sinwt — 2nw cos wt]) (17.6.21)

+

. n .
[1—e™™(coswt+—sinwt)]
1)

{(0* +n*)ot —2nw

b. Case @*=0

amw, cos A
An*w! +(wf —n®)

x=vyte " + ~{2n[e™" (1+nt)— cos w,t]

1
— (o - nz)(;sin ot —te™™))}
1

asin A

{2nw,(sinw,t — w,te™™)
dn’wi +(o; —n*)’

—nt

— (@i —n®)[e™(1+nt)— cosw,t]}

. 2 (2
TR P P L (— +1 )] (17.6.22)
n ™ n n

c. Case *<0

aw, cos A

Vo _ur . -n
x =—e " sinhor + — ———{e " [2ncoshwr
w dn-w; + (o] — )
1 2 2 2 .
+—(w] +w” +n”)sinh wt]— 2ncos w,t
w

2 2 . 2

o —w))asinA o

(0 — ) ~{— (1-coswt)
)

1 )
—— (@i + o’ -n))sinot+ ——5—F——
w, dn oy + (w7 —wy)
o7

2 2
n—aw

[1— e (cosh@r — -~ sinh )]
[0
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2
zn—wlz (sinw,t — D1 1t Ginh wt)}
W) — W) 0]
+ qu — p2 [1—e " (coshwt + " Ginh w1)]
n- —m 0]
q‘u 2 2 —nt _*
—— 5 (n" — o)Wt +e " sinh@r) — 2nw(1 - cosh wr)]
ot(n”—w")
(17.6.23)
17.6.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:
for t=0 x=s; Z—x =0 (17.6.24)
t

The solutions of differential equation of motion (17.6.1) with the
initial conditions of motion (17.6.24) for the following cases are
presented below.

a. Case ®*>0

1 nt _ n .
x=—2nspe " sinwt + sye " (coswt — —sin wr)
® 10)

aw, cos A

o n .
—— —{2n[e™" (cos wt +—sinwr) — cos ;1]
(0)1 —(1)0) +4n (O w

1 . I _, .
—(0W] — Wy )(—SINwW i ——e  SInw
2 2 t 1 ¢
), w
asin A
(0] —@)) +4n’*w;

. n .
{(w} —w))[e ™ (coswt + -, 5in Wt) — cosm,t]

. O .
+2n0,(sinm,t — — e " sinwt)}
1)
qp—p
o> +n’

a)/z:(a)qz—‘lj_nz)z{(6()2 +I’l2)(0t— 2nw

—e " [(w* —n*)sinwt — 2nw cos wt]} (17.6.25)

+

. n .
[1—e " (coswt +—sinwi)]
w
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b. Case @*=0

x =2nspte " +so(1—nt)e™
amw, cos A
An’wi +(w; —n*)

={2n[e”" (1+ nt) — cos w,t]

(@ = Y sinayt — 1))
(O]

asin A
An’w} + (w7 —n*)

5 {anl(sin wt— wlte_m)
— (w7 —n®)[e”"(1+nt)— cosw,t]}

LT () + 2 - z+e‘"’(%+l)] (17.6.26)
n? ™’ n n

c. Case *<0

2ns, _ .
x =20 o Ginhor + 22 e " (wcoshwt — nsinh wt
10) 10)

am, cos A

4n*w! +(of — m)*

1
{e"[2ncoshwt+—(w; +®* +n*)sinh wt]
a

1 )
—2ncosmt —— (o} + > —n’)sinw,t}
(O}

(0] a)o)asml2{&(1 cos)
An*w! + (o —wf)

2
(O
2

2nm,

of -

+ 4P pz [1— e (coshr + —sinh wr)]
n — 0]

_[1-¢ ™" (coshwt — —sinh )]
0

W, )
(sm ot ——e " sinh r)}
0]

—nt

K (- wt+e

— sinhwt) —2nw(1— coshwt)]
wt(n"—w°)

(17.6.27)
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17.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
for t=0 x=0; % =0 (17.6.28)

The solutions of differential equation of motion (17.6.1) with the
initial conditions of motion (17.6.28) for the following cases are
presented below.

a. Case @*>0

aw, cos A . n .
> ; 5 — {2n[e™" (cos wt + —sin 1) — cos W]
(w7 —wo)” +4n"w; 0}

1 . 1, .
— (0] —@5)(—sinwt ——e " sinwt)}
o, ®

asinA

o n .
—— —{(®] —®)[e™ (cos @1 + —sin®1) — cos W]
(07 —wy)” +4n"w, 0]

+2no,(sina,t — L e sin o))
1)
ap—-p
W’ +n’
qu 2, 2
— _{(0*+n*)wt-2nw
wt(®* +n*) u )
—e"[(w® —n*)sinwt —2nw cos wt]} (17.6.29)

,,1 n .
+ [1—e " (coswt +—sinwt)]
1)

b. Case @*=0

aw, cos A .
x= 2nle™ (1+ nt) — cos w,t
1 @y 2l (a0 —cos e

L.
—(a)f—nz)(;sma)lt—te )}
1

asin A

{2nw, (sinw,t — w,te”™)
dn*w; + (0 —n*)’

— (@] —n®)[e™™" (1 +nt)—cosw,t]}
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qpp
n’

[1- ””(1+nt)]+ [t—%+ (iﬂ)] (17.6.30)

c. Case <0

am, cos A L 1 _
x=———————{e"[2ncoshwt + —(@; + @ +n*)sinh o]
4dn"w; +(0; — ) )

1 .
—2ncos@,t ——(wf + w*> —n*)sinw,t}
W,

(?1 @;)asin A {&(1 CcoS 1)
4” 0)1 +(a)1 0)0)

2
w _ n .
-— ! ~[1—e " (cosh wt ——sinh wt)]
n—w w

2nw ) w, _, .
L_(sinw,t —— ¢ sinh wt
2 2
(0]

0y — g
+ qu — pz [1- ¢ (cosh ot +—sinh 1)]
n - 0]
q‘LL 2 2 —nt
—— 5 (0" —o )Wt +e " sinh@r) — 2nw(1 — cosh wr)]
ot(n”—w")

(17.6.31)






DAMPING, STIFFNESS, CONSTANT
RESISTANCE, AND FRICTION

This chapter describes engineering systems subjected to the
force of inertia, the damping force, the stiffness force, the constant
resisting force, and the friction force as the resisting forces. On
Row 18 in Guiding Table 2.1 these forces are marked with the
plus sign (+). This chapter discusses systems that are subjected to
the action of all possible resisting forces for common engineering
problems. The numbers of the sections describing the systems
subjected to the action of various active forces are shown on the
intersection of Row 18 with Columns 1 through 6. Throughout
the chapter, the left sides of the differential equations of motion
for the engineering systems are identical whereas the right sides
of these equations are different, depending on the active forces
applied to the systems.

The problems discussed in this chapter could be related to the
interaction of engineering systems with viscoelastoplastic media
that may exert the resisting forces as a reaction to their deformation

(see section 1.2).
633
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18.1 Active Force Equals Zero

The intersection of Row 18 and Column 1 of Guiding Table 2.1
indicates that this section describes engineering systems subjected
to the action of the force of inertia, the damping force, the stiffness
force, the constant resisting force, and the friction force as the re-
sisting forces in the absence of an active force. The considerations
related to the motion of a system in the absence of active forces are
discussed in section 1.3. The presence of the stiffness force may
cause vibratory motion of the system.

The current problem could be associated with the defor-
mation of the viscoelastoplastic media that in some cases exert
damping, stiffness, constant resisting, and friction forces as a re-
action to their deformation. Additional information regarding the
deformation of a viscoelastoplastic medium as well as the consid-
erations related to the behavior of a constant resisting force and
a friction force applied to a vibratory system are presented in the
section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 18.1 shows the
model of a system subjected to the action of a damping force, a stiff-
ness force, a constant resisting force, and a friction force.

—~/\
77 77 > x

Figure 18.1 Model of a system subjected to a damping force, a
stiffness force, a constant resisting force, and a friction force




Damping, Stiffness, Constant Resistance, and Friction = 635

The considerations above and the model in Figure 18.1 let us
compose the left and right sides of the differential equation of mo-
tion. The left side consists of the force of inertia, the damping force,
the stiffness force, the constant resisting force, and the friction force,
while the right side equals zero. Therefore, the differential equation
of motion reads:

2
md—f+Cd—x+Kx+P+F:O (18.1.1)
dt dt

Differential equation of motion (18.1.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

18.1.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s; % ="V (18.1.2)

where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (18.1.1) by m, we may write:
d’x dx

W+2n5+a)§x+p+f:0 (18.1.3)

where n is the damping factor and @, is the natural frequency, while:

2n= < (18.1.4)
m

w; = LS (18.1.5)
m

p= r (18.1.6)
m

f= F (18.1.7)
m
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Based on Laplace Transform Pairs 3,4, 5, and 1 from Table 1.1,
we convert differential equation of motion (18.1.3) with the initial
conditions of motion (18.1.2) from the time domain into the Laplace
domain and obtain the corresponding algebraic equation of motion
in the Laplace domain:

PPx(1)— vy — 75 + 2nix(1) = 2nlsy + @5 x(D+p+ f=0 (18.1.8)
Applying basic algebra to equation (18.1.8), we have:

x(D +2nl+ o) = 1(ve +2nsy) + 125y — p— f (18.1.9)

The solution of equation (18.1.9) for the displacement x(/) in
the Laplace domain reads:

_ vy +2nsy) N I*s, ___ ptf

x(]) = 18.1.10
® P+2nl+w; P+2nl+w; 1I*+2nl+0; ( )

Applying some algebraic procedures to the denominators in equa-
tion (18.1.10), we may write:

P+2nl+w;+n°—n*=(+n’+o’ (18.1.11)
where:
2 2 2
W =wW;—n (18.1.12)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case ®*>0

Adjusting the denominators in equation (18.1.10) according
to equation (18.1.11), we have:

_ (v +2nsy) I*so __ptf
(+n)’+w* (+n)+0*> (+n)’+o°

x(])

(18.1.13)

Using pairs 1, 24, 27, and 22 from Table 1.1, we invert equation
(18.1.13) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (18.1.1) with
the initial conditions of motion (18.1.2):
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_Wt 2ns, o
[0

p+f . n .
————[l—e"(cos wt+gsmwt)] (18.1.14)

W +n

n .
sinwt + spe " (coswt — —sin wt)
w

b. Case @’ =0
In equation (18.1.13), equating @’ to zero, we have:

I(vo+2nsy) sy _ptf

x(l)= 2 2 2
(I+n) (I+n) {A+n)

(18.1.15)

Using pairs 1, 37, 38, and 36 from Table 1.1, we invert equation
(18.1.15) from the Laplace domain into the time domain and
obtain the solution of differential equation (18.1.1) with the initial
conditions of motion (18.1.2):

e " (1+nt)]
(18.1.16)

x=(vy+2nsy)te™ +s,(1—nt)e

o _PHS
t_—2[1
n

c. Case w*<0

In equation (18.1.13), taking @’ with the negative sign, we
may write:

[(vo +2nsy) I*s, ___ ptf

x()= 2 >t 2 2 2 2
(I+n)—-w (l+n)y—-w (I+n)y—-w

(18.1.17a)

Applying pairs 1, 25, 28, and 23 from Table 1.1, we invert equa-
tion (18.1.17a) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (18.1.1) with
the initial conditions of motion (18.1.2):

Vo +2ns, _, o )
= Yo A0 o Ginh cor + 22 e " (w coshwt — nsinh wt)
0] CO

p+f

n —a)2

"(coshwt +— smh wt)] (18.1.17b)
w
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18.1.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; @ =V, (18.1.18)
dt
The solutions of differential equation of motion (18.1.1) with the
initial conditions of motion (18.1.18) for the following cases are
presented below.

a. Case ®*>0

x= 2 e sinwr— LY - e (coswr+ Lsinwn] (18.1.19)
(0] w +n (0]
b. Case @ =0
x=vye P ’;f [ (14 nt)] (18.1.20)
c. Case @°<0
2= vee " sinhwr— 2 (12 e (coshwr+ %sinh o1)]

) n’—w’

(18.1.21)

18.1.3 Initial Velocity Equals Zero

As shown in Figure 18.1, the system moves in the positive
direction. This can occur if the initial displacement is negative.
According to this note, the initial conditions of motion in this case
are:

for t=0 x=-s; ax =0 (18.1.22)
dt
It should be also mentioned that in this case the motion is possible
if | Ksy I>IP+F .
The solutions of differential equation of motion (18.1.1) with
the initial conditions of motion (18.1.22) for the following cases are
presented below.
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a. Case >0

2ns, ) ot n .
x=—""Le " sinwt — spe (coswt — —sinwt)
w w
_ P e cosor+ M sinan)] (18.1.23)
CO + I’l (0]
b. Case @ =0
+
x=2nsote™ —sp(—ne™ —LE e e nn] (18.1.24)

c. Case <0

== 20 o b ot — 2 e (e cosh @i — nsinh o)
0] 0]
p+f —nt n .
————[l—e " (coshwt +—sinh w1)] (18.1.25)
n—w 0]

18.2 Constant Force R

Guiding Table 2.1 indicates that this section describes
engineering systems subjected to the force of inertia, the damping
force, the stiffness force, the constant resisting force, and the friction
force as the resisting forces (Row 18) and the constant active force
(Column 2). The current problem could be related to the working
processes of engineering systems interacting with viscoelastoplastic
media that may exert the damping, stiffness, constant resisting, and
friction forces. These forces represent the reaction of the media to
their deformation. Additional information regarding the deforma-
tion of the viscoelastoplastic media is presented in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 18.2 shows the
model of a system subjected to the action of a constant active force,
a damping force, a stiffness force, a constant resisting force, and a
friction force.
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Based on the considerations above and on the model in
Figure 18.2, we can assemble the left and right sides of the differential
equation of motion of this system. The left side consists of the force
of inertia, the damping force, the stiffness force, the constant resist-
ing force, and the friction force. The right side includes the constant
active force. Therefore, the differential equation of motion reads:

2
md—f+Cd—x+Kx+P+F:R (18.2.1)
dt dt

Due to the presence of the stiffness force, the system may per-
form vibratory motion. The considerations related to the behavior
of a constant resisting force as well as a friction force applied to a
vibratory system are discussed in section 1.2.

Differential equation of motion (18.2.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

18.2.1 General Initial Conditions
The general initial conditions of motion are:

for t=0 x=s0; —=W (18.2.2)

m C

NN\

J1
gis
A/
T X
Figure 18.2 Model of a system subjected to a constant active

force, a damping force, a stiffness force, a constant resisting
force, and a friction force
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where s, and v, are the initial displacement and initial velocity re-
spectively.
Dividing equation (18.2.1) by m, we may write:
d’x dx

?+2n5+a)§x+p+f=r (18.2.3)

where 7 is the damping factor and @, is the natural frequency, while:

on=C (18.2.4)
m

wi=X (18.2.5)
m

p=L (18.2.6)
m

=L (18.2.7)
m

r=X (18.2.8)
m

Using Laplace Transform Pairs 3, 4, 5, and 1 from Table 1.1,
we convert differential equation of motion (18.2.3) with the initial
conditions of motion (18.2.2) from the time domain into the Laplace
domain and obtain the resulting algebraic equation of motion in the
Laplace domain:

Px(l)—=Ivg = s+ 2nlx(1) = 2nlsy + 0y x(D)+ p+ f=r (18.2.9)
Using some basic algebra to equation (18.2.9), we write:

x(DP+2nl+w5)=r—p— f+1(vy+2nsy)+1%s, (18.2.10)

The solution of equation (18.2.10) for the displacement x(/) in the
Laplace domain reads:

r—-p—f N I(vo +2n5,) N %5,
2

x())=
® P+2nl+w} PF+2nl+w; 1I*+2nl+o}

(18.2.11)
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Based on corresponding algebraic procedures with the denomina-
tors in equation (18.2.11), we may write:

P+2nl+oi+n*—n*=(+n)’+o° (18.2.12)
where:
o’ =w;—n’ (18.2.13)
while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case @*>0

Adjusting the denominators in equation (18.2.11) according
to equation (18.2.13), we may write:

r—p-— [(vy +2ns I*s
xy= b St
(I+n)y+w° (U+n)y+w° (+n)+ow

(18.2.14)

Based on pairs 1, 22, 24, and 27 from Table 1.1, we invert equation
(18.2.14) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (18.2.1) with the ini-
tial conditions of motion (18.2.2):

—p- . 1 o
x= %[1 —e "(coswt+ 2 sin ot)]+—(vy +2nsy)e " sinwt
W’ +n 1) ®
+soe " (cos ot — " Gin wr) (18.2.15)
1)
b. Case @’ =0

In equation (18.2.14), equating @’ to zero, we have:

B r—p—f+ (v +2ns)) I*s,
(I+n) (I+n) (I+n)

x(1) (18.2.16)

Using pairs 1, 36, 37, and 38 from Table 1.1, we invert equa-
tion (18.2.16) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (18.2.1) with
the initial conditions of motion (18.2.2):

x= W[l —e "1+ nt)] + (o +2nsy)te”™ +spe”" (1—nt)
n

(18.2.17)
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c. Case <0
In equation (18.2.14), taking @” with the negative sign, we obtain:

r—-p—f [(vy +2nsy) I*s,
2 7t 2 .2 2 2
(I+n)y—-w” (+n)-w" (+n)-w

Using pairs 1, 23, 25, and 28 from Table 1.1, we invert equation
(18.2.18) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (18.2.1) with the ini-
tial conditions of motion (18.2.2):

x())=

(18.2.18)

2
x=" p f ——[1—e " (coshwr + " Sinh o))+ M ~" sinh wt
-’ 0]
+22 o (@ cosh @t — nsinh r) (18.2.19)
0]
18.2.2 Initial Displacement Equals Zero

The initial conditions of motion are:

d
for =0 x=0; d—f _— (18.2.20)

The solutions of differential equation of motion (18.2.1) with the
initial conditions of motion (18.2.20) for the following cases are
presented below.

a. Case >0

1
x=l—P=J f “"(cosmt + 2 sin o1)]+—vee " sinwt (18.2.21)
o’ +n’ ) @
b. Case @’ =0

= ”‘i’%f[l —e (L nt) [+ vee™  (18.2.22)

c. Case <0

rpf

T2 2
n—-w

X = “(coshwr+— s1nh wt)] + " sinh @t
0 60

(18.2.23)
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18.2.3 Initial Velocity Equals Zero
The initial conditions of motion are:
for =0 x=s,; d_x =0 (18.2.24)
dt
The solutions of differential equation of motion (18.2.1) with the
initial conditions of motion (18.2.24) for the following cases are
presented below.

a. Case @*>0

—p— ) 2 o
x= r—p—J 2p Z [1—e " (coswt + ism wt)]+ o e " sin wt
W +n 0]
+s0e”" (cOs f ——sin oF) (18.2.25)
)
b. Case @*=0

x= w [1—e™(1+nt)]+2nsete ™ +spe " (1—nt) (18.2.26)
n

c. Case <0

—p— 2
x= % [1— e (cosh @t + = sinh )]+ 222 ¢~ sinh cor
n—o 0]
+2% 07 (@ cosh @ — nsinh @) (18.2.27)
(0]

18.2.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx
for r=0 x=0; —=0 (18.2.28)
dt
The solutions of differential equation of motion (18.2.1) with the
initial conditions of motion (18.2.28) for the following cases are
presented below.
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a. Case >0

x= r-p=f [1—e"(coswt + 2 gin o1)] (18.2.29)
(0]

o’ +n’
b. Case ®*=0
w= TP e ) (18.2.30)
n
c. Case ®°<0
r-p—f ot n..
x=———[1-e"(coshwt+—sinhwr)] (18.2.31)
n —w 0]

18.3 Harmonic Force A sin(@t + 1)

The intersection of Row 18 with Column 3 in Guiding
Table 2.1 indicates that this section describing engineering
systems experiencing the force of inertia, the damping force, the
stiffness force, the constant resisting force, and the friction force
as the resisting forces and the harmonic force as the active force.
The current problem could be related to the working processes of
vibratory machines intended for the deformation of viscoelasto-
plastic media. Considerations related to the deformation of these
media as well as to the behavior of a constant resisting force and
a friction force applied to a vibratory system are presented in
section 1.2.

The system is moving in the horizontal direction. We want
to determine the law of motion of the system. Figure 18.3 shows
the model of a system subjected to the action of a harmonic force,
a damping force, a stiffness force, a constant resisting force, and a
friction force.

Based on the considerations above and on the model in
Figure 18.3, we can compose the left and right sides of the differen-
tial equation of motion. The left side consists of the force of inertia,
the damping force, the stiffness force, the constant resisting force,
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m C
b
Asin(w4t + 2) _II_ /
> ¢ P
K
77 TS

Figure 18.3 Model of a system subjected to a harmonic force,
a damping force, a stiffness force, a constant resisting force,
and a friction force

and the friction force. The right side includes the harmonic force.
Hence, the differential equation of motion reads:

m—+C%+Kx+P+F = Asin(w,t+A)  (18.3.1)

Differential equation of motion (18.3.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

18.3.1 General Initial Conditions
The general initial conditions of motion are:
d.
for t=0 x=s5; —=v, (18.3.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming the sinusoidal function in equation (18.3.1) and
dividing the latter by m, we obtain:
d’x dx

?+2ng+a)§x+p+f= asinw,tcosA+acosw;tsinA (18.3.3)



Damping, Stiffness, Constant Resistance, and Friction = 647

where n is the damping factor and @, is the natural frequency, while:

m=< (18.3.4)
m

w=-X (18.3.5)
m

=L (18.3.6)
m

£ (18.3.7)
m

a4 (18.3.8)
m

Based on Laplace Transform Pairs 3, 4, 5, 6, and 7 from
Table 1.1, we convert differential equation of motion (18.3.3) with
the initial conditions of motion (18.3.2) from the time domain into
the Laplace domain and obtain the resulting algebraic equation of
motion in the Laplace domain:

Px(l)— vy = s + 2nlx() = 2nlsy + 0 x()+ p+ f

_awyl al> .
=7 s cosﬂ,+msml (18.3.9)

Solving equation (18.3.9) for the displacement x(/) in the
Laplace domain, we may write:

(v +2ns,) I*s, awl
X(l): 2 2 + 2 2 + 2 2 2 2
"+2nl+w, [I"+2nl+w; ("+ow))(I +2nl+wy)
2
cosA+— > Czll > sin),—sz2
(" +o)(I"+2nl+wy) " +2nl+ wq

(18.3.10)

Applying basic algebra to the denominators of equation (18.3.10),
we have:

P+2nl+w;+n°—n*=(+n’+o’ (18.3.11)
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where:
0’ =w;—n’ (18.3.12)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case @*>0

Adjusting the denominators in equation (18.3.10) according
to equation (18.3.11), we obtain:

_ 1(vo+2ns,) I*s, aw,lcos A
(+n)+w> (+n)’+0° C+od))l+n)’+w’]

x(1)

al’sin A p+f

_ 18.3.13
+(12+w3)[(l+n)2+w2] (+n)+w’ ( )

Using Laplace Transform Pairs 1, 24, 27, 42, 43, and 22 from
Table 1.1, we invert equation (18.3.13) from the Laplace domain
into the time domain and obtain the solution of differential equation
of motion (18.3.1) with the initial conditions of motion (18.3.2):

1 o _ n .
x=—(vy+2nsy)e " sinwt +sye” " (coswt — —sin 1)
()] ()

am, cos A i n .
— — {2n[e™" (cos wt + —sinwt) — cos wt]
(W7 —wy) +4n"w; o

1. | -
—(@f — w3 )(—sinwt ——e " sinwt)}
o, ®

asin A
(0 —w5)* +

. n .
—{(®] —07)[e™" (cos @1 + —sin®1) — cos W]
4n-w; 0

. O .
+2nw,(sinw,t ——e " sinwr)}
)

%fz [1— e (cos o +sinor)] (18.3.14)
(0] n w
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b. Case ®*=0
In equation (18.3.13), equating @’ to zero, we have:

[(vy +2nsy) %5, aw;l co
(I+n) (+n)? @ +o})I+n)

2

x()= sA

+— C;l ~sinA — p+f2

"+ o)l +n) (I+n)

Applying pairs 1, 37, 38, 46, 47, and 36 from Table 1.1, we invert

equation (18.3.15) from the Laplace domain into the time domain

and obtain the solution of differential equation of motion (18.3.1)
with the initial conditions of motion (18.3.2):

(18.3.15)

x= vy +2nsy)te”" + so(1—nt)e™

am,; cos A
Ao} +(wf —n’)

~{2n[e™" (1+nt) — cos w,1]

1
—(0f - nz)(; sinwt—te™™)}
1

asin A
An*w] + (o} -

7 {2nw, (sinwt — w,te™"")

—(w} —nH)[e" (1+nt)—cosmt]}

S AS NI, (18.3.16)

c. Case <0

In equation (18.3.13), taking @’ with the negative sign, we
may write:

[(vo +2ns,) I*s, aw;!

x(l)= > T 2 >t 2 2 2
(I+n)y—w° ("+o)l+n) —-w"]

> cosA
(I+n)y-w

N al’ _gni-—P_ as3am
Cron(+n) —o’] (+ny -
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Using pairs 1, 25, 28, 48, 49, and 23 from Table 1.1, we invert equa-
tion (18.3.17) from the Laplace domain into the time domain and
obtain the solution of differential equation of motion (18.3.1) with
the initial conditions of motion (18.3.2):

Vo + 2nS0 —nt

. So _ .
x=——""Ce"sinhwt+—e " (wcosht — nsinhwr)
() (0

am, cos A
4n*w; +(0f — w5)

~{e""[2ncoshwt

1 . 1 )
+—(w; +®* +n*)sinhwt]-2ncos w,t ——(w; +®> —n*)sinw,t}
) o,

(0} —wd)asin A {wf
4wl + (o —wy)’ o’

(I1—coswt)

o}

2 2
n—aw

[1—e " (coshwt — " Ginh wt)]
1)

2]’10)1

2 2
1 — @

p+f
n’—w’

—nt

. 0 .
(sin@,f ——e sinhwr)}
0]

[1— e (coshw? + - sinh )] (18.3.18)
[0

18.3.2 Initial Displacement Equals Zero

The initial conditions of motion are:
for =0 x=0; % =V, (18.3.19)

The solutions of differential equation of motion (18.3.1) with the
initial conditions of motion (18.3.19) for the following cases are
presented below.

a. Case >0

L
x=—vee " sinwt
0]
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am, cos A
(0 —w5)’ +4n* !

n .
~{2n[e " (cos wt + —sinwt) — cos ;1]
10)

. 1
—(of —a)g)(—sma)lt——e "sinwt)}
o, )

asin A
(0)1 600) +4n 0)1

n .
~{(0] —w))le ’(cosa)t+gsma)t)

. 0, .
—cos @, 1]+ 2nw, (sinm,t ——e ™" sinwr)}
w

+
_ P e cosor+ M sinan) (18.3.20)
a) +n 0
b. Case @*=0
x=vpte " + aw, cos — {2n[e”" (1+nt)—coswt]

41126012 +(6012 -n’)
1 . .
—(w} —n*)(—sinw;t—te™™))}
W,
asinA
An*w! + (o —n?)

= {2nw,(sinw,t —wte™™)

—nt

—(w} —nH)[e" (1 +nt)—coswt]}

p+f

2
n

[1—e™ (1+nt)] (18.3.21)

c. Case <0

Vo o . amw, cos A
x=—e ™sinhwr+ — ! >
0] An’w}l + (o - o))

~{e”"[2ncoshwt
+i(co,2 +w*+n’)sinhwt]
)

1 .
—2ncoswt ——(w} +w’> —n’)sinw,t}
W,

(0} —w¢)asin A a)1
An*w! + (o —wd)
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wf

2 2
n—aw

[1—e ™ (coshwt — 2 Ginh wt)]
1)

nw,

2 2
| — g
ptf

2 2
n—w

) o, .
(sinw,t ——e " sinh wr))}
10)

[1— e (cosh@? + - sinh 1)] (18.3.22)
(0]

18.3.3 Inmitial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; % =0 (18.3.23)

The solutions of differential equation of motion (18.3.1) with the
initial conditions of motion (18.3.23) for the following cases are
presented below.

a. Case >0

_nt - _ n .
x=—2nsee " sinwt + soe " (cos Wt — —sin wr)
0] w

aw, cos A i n .
— — {2n[e™" (coswt + —sin@t) — cos w;t]
(w7 —wgy)” +4n"w; )

L. | R
—(@f — w3 )(—sinw,;t ——e " sinwt)}
o, o

asin A

2 N n .
55— (0] —;)[e" (coswt +—sinwr)
(a)l _a)()) +4n W, 0]

. w; _,, .
—cos@, 1]+ 2nw, (sinm,t — —e " sinwr)}
w

_ P e cosor+ M sinan)] (18.3.24)
W +n (0]
b. Case @’ =0

x=2nspte”" +s,(1—nt)e™
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aw, cos A
4n*w! + ((012 —n?)

~{2n[e™ (1+nt)—cos wt]

1 . _
—(wf - nz)(; sinw,t—te™)}
1

asin A
4n*w} + (6012 - nz)

= {2nw,(sinw,t — w,te™)

—(w} —nH)[e™" (1 +nt)—coswt]}
p+f

2
n

[1—e™(1+n1)] (18.3.25)

c. Case @°<0
218y . . Sy _ .
x="¢"sinh@r +—-2e " (0 coshwr — nsinh wr)
0] 0]
am, cos A

Ao +(of — ;)

{e™"[2ncosh wt
1

+—(w; +®* +n*)sinhwt]
1)

1 )
—2ncoswt ——(w} + o> —n*)sinw,}
(O

2 2 . 2

o7 —w5)asinA @
(2 — 0)2 —— {— (1-cosayt)

dnw; +(0; —wy)” @

i
2 a)Z

[1—e " (coshwt — 2 Ginh w?)]
1)

na . w, _, .
2—'2 (sinw,t ——e " sinh 1))}
10)

w; —w;
_ P e coshaor+ L sinhor)] (18.3.26)
n —aw 0

18.3.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; % =0 (18.3.27)
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The solutions of differential equation of motion (18.3.1) with the
initial conditions of motion (18.3.27) for the following cases are
presented below.

a. Case >0
am, cos A

_ n .
x= ~{2n[e™" (cos wt + —sinwt) — cos wt]
0]

(W} —w5)* +4n’w;

L. |
—(07 —wg)(—sinw,;t ——e " sinwt)}
o, o

asin A

n .
{(@f —w;)[e™™ (coswt +—sinwt)
(0 — ;)" +4n’ o] o

. o .
—cosm,t]+ 2nw, (sin@,f — —e " sinwt)}
1)

’:f _[1- e (cos ot + - sinwr)] (18.3.28)
() n w

b. Case @*=0

aw, cos A o
2n[e™ (14 nt)—coswt
4n*w? + (0 —n*) (2nle (1+m) ]

X =

1
—(of - nz)(; sinw;t—te™™)}
1

asin A
4n*wi + (6012 — nz)

2 {anl (Sin wt — a)]te_m )

—(w! —n*)[e"(1+nt)—coswt]}

_pt] [1—-e™ (1+nt)] (18.3.29)

n2
c. Case @°<0
am, cos A
x =
4n’w; + (w7 — ;)

~{e™"[2ncoshwt
1

+— (o] + ®* +n*)sinhwr]
)

1 .
—2ncosmt —— (o} + o> —n*)sinw,}
0,
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2 2 . 2

o] —wy)asinA @
(2 12 0)2 5 {—12 (1—coswt)

dnw; + (07 —wy)” @

2
(0] _ n .
————[1-e"(coshwt ——sinhw1)]
n—o (0]

2nw . o _, .
+2—12(sma)1t——1e "sinhwr)}
0]

W, — W,
- —1: + f2 [1—e" (coshwr +—sinh wt)) (18.3.30)
n - o

. ut
18.4 Time-Dependent Force Q ( p+ 7)

This section discusses engineering systems subjected to the
force of inertia, the damping force, the stiffness force, the constant
resisting force, and the friction force as the resisting forces (Row
18 in Guiding Table 2.1) and to the time-dependent force as the
active force (Column 4). The current problem could be related to
the working process of a system intended for the deformation of
viscoelastoplastic media. These media in certain conditions can
exert the damping force, the stiffness force, the constant resisting
force, and the friction force as the reaction to their deformation
(more considerations related to the deformation of viscoelasto-
plastic media are presented in section 1.2). Sometimes during the
initial phase of deformation, the engineering system could be sub-
jected to a time-dependent force that acts a predetermined interval
of time.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 18.4 shows the
model of a system subjected to the action of a time-dependent force,
a damping force, a stiffness force, a constant resisting force, and a
friction force.

The considerations above and the model in Figure 18.4 let us
compose the left and right sides of the differential equation of mo-
tion. The left side comprises the force of inertia, the damping force,
the stiffness force, the constant resisting force, and the friction force.
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P
vV
7 //“F'x

Figure 18.4 Model of a system subjected to a time-dependent
force, a damping force, a stiffness force, a constant resisting
force, and a friction force
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ut =x)
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The right side consists of the time-dependent force. Therefore the
differential equation of motion reads:

d—x+C%+Kx+P+F Q(p+‘w

18.4.1
i ( )

Differential equation of motion (18.4.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

18.4.1 General Initial Conditions
The general initial conditions of motion are:
d.
for 1=0 x=sp; d—’t‘ =, (18.4.2)

where s, and v, are the initial displacement and initial velocity
respectively.
Dividing equation (18.4.1) by m, we have:

—+2n fh +wox+p+f= q(p+“—t) (18.4.3)
T
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where n is the damping factor and @,1s the natural frequency, while:

om=C (18.4.4)
m
, K
0 =— (18.4.5)
m
=L (18.4.6)
m
=L (18.4.7)
m
4= (18.4.8)
m

Based on Laplace Transform Pairs 3,4, 5, and 2 from Table 1.1,
we convert differential equation of motion (18.4.3) with the initial
conditions of motion (18.4.2) from the time domain into the Laplace
domain and obtain the resulting algebraic equation of motion in the
Laplace domain:

IPx(1)—= vy — 5o + 2nlx(1) = 2nlsy + 0 x()+ p+ f = qp+%
T

(18.4.9)

Solving equation (18.4.9) for the displacement x(/) in the Laplace
domain, we have:

[(vo +2nsy) 4 I*s, qgp—-p—f
‘yonl+w; PP42nl+w; P +2nl+w;

x(l)=l

qH
Tt 2
It(lI” +2nl+ wy)

(18.4.10)

Applying basic algebra to the denominators of equation (18.4.10),
we write:

P+2nl+w;+n*—n*=I+n’+o’ (18.4.11)
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where:
0’ =w;—n’ (18.4.12)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.

a. Case @*>0

Transforming the denominators of equation (18.4.10) accord-
ing to equation (18.4.11), we have:

[(vo +2nsy) Is gp—-p-f
x(l)= 2 2 2 >t 2 2
(I+n)y+w° (+n)+w° (+n)y+ow

qu

It[(l+n)* + )] (18.4.13)
Using pairs 1, 24, 27, 22 and 39 from Table 1.1, we invert equation
(18.4.13) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (18.4.1) with the
initial conditions of motion (18.4.2):

Vo +2n8, _
=20 o sinwt + so(cos ot — " gin wt)e "
0]

1)
w " (cosmt + —s1n wt)]
o’ +n’ )
qu 2, 2
— 1"+ (0]
wt(w®+n*)’ u )
—2nw—e "[(w* —n*)sinwt — 2nw cos wt]} (18.4.14)
b. Case ®*=0

In equation (18.4.13), equating @’ to zero, we write:

l(V0+27’lSo)+ sy CIP p—f

x(D)= >
(I+n) (I+n)’ (I+n)’

qH

+—1 18.4.15
It(l+n)’ ( )
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Using pairs 1, 37, 38, 36, 15 from Table 1.1, we invert equation
(18.4.15) from the Laplace domain into the time domain and obtain
the solution of differential equation of motion (18.4.1) with the
initial conditions of motion (18.4.2):

x= (v 4 2n50)0e™ + so(1—nye ™ + PP~ 11 oo (14 )
n
2 (2
+ 2B e (—+ tj] (18.4.16)
T™n n n

c. Case *<0

In equation (18.4.13), taking @’ with the negative sign, we
may write:

2 —_ pa—
()= [(vy +2ns,) s gp—-p-f

C(+n)’ -0 (+n)’-0® (+n) -’

N qu
I7[(l+n)* —w?]

(18.4.17)

Applying pairs 1, 25, 28, 23, and 40 from Table 1.1, we invert
equation (18.4.17) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (18.4.1)
with the initial conditions of motion (18.4.2):

Vvo+2nsy _, . Sy _ )
x=——""2 " sinh @t + ¢ " (0 cosh®t — nsinh wr)
0]

0]
+ M [1-e¢ ™ (cosht +—sinhwr)]
n— n)
qu 2 2 Cnt
—— 5 (n" —o" )t +e " sinhwr
0T — ) [(n X e )
—2nw(1 - cosh wt)] (18.4.18)

18.4.2 Initial Displacement Equals Zero
The initial conditions of motion are:
dx

for t=0 x=0, —=v, (18.4.19)
dt
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The solutions of differential equation of motion (18.4.1) with the
initial conditions of motion (18.4.19) for the following cases are
presented below.

a. Case >0

Vo _u . qp_p_f[l

X=—e SInwt+ 2 2
(0) W +n

. n .
e " (cosmt +—sinwt)]
0]
qu

m {(0)2 +n2)a)t— 2nw

—e"[(w* —n*)sinwt — 2nw cos wt]} (18.4.20)
b. Case ®*=0
= vote”" M e (14 n1)]
I’l
2 2
T ( +t)] (18.4.21)
‘L'n n n

c. Case w*<0

x =22 e sinh ot + M " (coshwt +— " sinh wt]
a) n*—w’ 0]
q;u“ 2 2 —nt _:
——————[(n" —w” )Wt + e " sinhwt
per e (ULCR )
—2nm(1 - cosh )] (18.4.22)

18.4.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for =0 x=s; ax =0 (18.4.23)

dt
The solutions of differential equation of motion (18.4.1) with the
initial conditions of motion (18.4.23) for the following cases are

presented below.
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a. Case @’ >0
2ns, ) n . ot
X = sin Wt + s, (Cos Wt — —sin @t)e
1) )
M “"(cosmt + 2 sin 1))
(O + I’l w
qu 2 2
— (0 +n’)wt - 2nw
wt(w®+n*)’ t )
—e"[(w* —n*)sinwt — 2nw cos wt]} (18.4.24)
b. Case ®*=0

x=2nspte”™ +so(1—nt)e™ + 76”) p=f

1+ nt)]
™’
2 2
el IE [ —Z e (_H)] (18.4.25)
Tn n n
c. Case @’<0
x= % e " sinhwt + &e"’” (w coshwt —nsinh wt)

w

% “"(coshwt +— " sinh wt)]
n-—m 0]

W‘ljwz)z[(” — )t +e " sinhwr)

—2nw(1—coshwt)] (18.4.26)

18.4.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:

for t=0 x=0; %:O (18.4.27)
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The solutions of differential equation of motion (18.4.1) with
the initial conditions of motion (18.4.27) for the following cases are
presented below.

Case @*>0
x= M e " (cos a)t+£sina)t)]
0) +I’L w
qu 2, 2
—— (0" +n" )t —2nw
ot(w® +n*)’ u )

—e"[(w® —n’)sinwt — 2nw cos wt]}

Case ®" =0
x= TPy gy
n
+— au [t—g+e (%+tj]
Tl’l n n
Case 0 <0
x= 61[)27pf “"(coshwr + —s1nhcot)]
n—o 0
q‘LL —nt _*
m[(ﬂ2 — o)t + ¢ sinhr)

—2nw(1 - cosh wt)]

(18.4.28)

(18.4.29)

(18.4.30)

18.5 Constant Force R and Harmonic Force A sin(@f + 1)
According to Guiding Table 2.1, this section describes the
engineering systems subjected to the force of inertia, the damping
force, the stiffness force, the constant resisting force, and the fric-
tion force as the resisting forces (Row 18) and to the constant active
force and the harmonic force as the active forces (Column 5).

The current problem could be related to the working pro-
cess of a vibratory system that interacts with a viscoelastoplastic
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medium. As discussed in section 1.2, in certain cases the viscoelas-
toplastic media can exert the damping force, the stiffness force, the
constant resisting force, and the friction force as the reaction to their
deformation. The same section presents the considerations related to
the behavior of a constant resisting force as well as a friction force
applied to a vibratory system.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 18.5 shows the
model of a system subjected to the action of a constant active force,
a harmonic force, a damping force, a stiffness force, a constant re-
sisting force, and a friction force.

The considerations above and the model shown in Figure 18.5
let us compose the left and the right sides of the differential equation
of motion of the system. The left side consists of the force of inertia,
the damping force, the stiffness force, the constant resisting force,
and the friction force. The right side includes the constant active
force and the harmonic force. Therefore, the differential equation of
motion reads:

md—zf+cﬂ+l{x+P+F:R+Asin(a)]t+/1) (18.5.1)
dt dt
m C

/
R 71 v
” 1 Z

¢——— P

Asin(wqt+ 24)
K
el

—\/\/ “—
. VvV

TSI x

F
Figure 18.5 Model of a system subjected to a constant active
force, a harmonic force, a damping force, a stiffness force, a
constant resisting force, and a friction force
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Differential equation of motion (18.5.1) has different solu-
tions for various initial conditions of motion. These solutions are
presented below.

18.5.1 General Initial conditions
The general initial conditions of motion are:

dr _

for t=0 x=s; =V (18.5.2)
dt

Transforming the sinusoidal function in equation (18.5.1) and
dividing the latter by m, we have:

d’x dx .
F+2nd—+w§x+p+f:r+asma)1tcosﬂ,
t t

+acos;tsin A (18.5.3)

where n is the damping factor and @, in the natural frequency, while:

m=C (18.5.4)
m

w=2 (18.5.5)
m

p=L (18.5.6)
m

=k (18.5.7)
m

r=R (18.5.8)
m

a=2 (18.5.9)
m

Using Laplace Transform Pairs 3, 4, 1, 5, 6, and 7 from
Table 1.1, we convert differential equation of motion (18.5.3) with
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the initial conditions of motion (18.5.2) from the time domain into
the Laplace domain, and obtain the resulting algebraic equation of
motion in the Laplace domain:

IPx(1)— vy — sy + 2nlx(l) = 2nlsy + g x(D+ p+ f

_r+aa)]lcos;t+alz sin)»_kazl2 sin A (18.5.10)
I*+o! P+l PP+o! -

Based on some algebraic procedures with equation (18.5.10), we
may write:

(D +2nl+wi)=r—p— f+1(vo+2nsy)+1%s,

N aw,l cos A N al*sin A 18.5.11)
P+ro} PP+of -

The solution of equation (18.5.11) for the displacement x(/) in the
Laplace domain reads:

r—-p—f (v +2nsy) %5,
2 2+ 2 2+ 2 2
"+2nl+wy, ["+2nl+w; [°+2nl+w;

x(l)=

aw,lcos A
P+ o)) +2nl + @)

N al’sin A
P +od))*+2nl+w])

(18.5.12)

Applying basic algebra to the denominators in equation (18.5.12),
we have:

P+2nl+w;+n°—n*=(+n)’+o’ (18.5.13)

where:

o’ =w;—n’ (18.5.14)

while @” could be positive, equal to zero, or negative.
All these three cases are considered below.
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a. Case >0

Adjusting the denominators in equation (18.5.12) according
to equation (18.5.13), we have:

r—p-— I(vy +2ns s
x(l)= pz f2+ A 2 0)2 20 2
(I+n)y+w° (+n)y+w° (+n)+w

aw,lcos A al®sin A
2 2 2 2 + 2 2 2
F+r+o)+n)y+0°] C+o)(+n)+w

7 (185.15)

Based on pairs 1, 22, 24, 27, 42, and 43 from Table 1.1, we
invert equation (18.5.15) from the Laplace domain into the time
domain and obtain the solution of differential equation of motion
(18.5.1) with the initial conditions of motion (18.2.2):

_r-r-f

_ n .
x=—5—[1-e"(coswt +—sinwtr)]
W +n w

1 . _ n .
+— (v +2nsy)e " sinwt + sye” " (cos wt — —sin 1)
) )

am,; cos A _ n .
> 21 > — {2n[e™" (coswt + —sinwt) — cos w;?]
(w7 —wy)” +4n"w; w

o o
—(@] — g )(—sinwt ——e " sinwt))}
o, o

asin A

2 N n .
s —{ (i —wy)[e™" (coswt +—sinwr)
(w7 —wg)” +4n ", w

—cos ]+ 2nw, (sinw,t — 2L e sin 1)) (18.5.16)
(0]

b. Case @’ =0
Equating @’ to zero in equation (18.5.15), we have:
_ r—p—f+l(v0+2ns0) %5,
(I +ny (I +ny (I+n)y

x()

2 .
20t(0,l2cos;t — al 2smﬂ, : (18.5.17)
F+o)(+n)y ("+w)l+n)
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Using pairs 1, 36, 37, 38, 46, and 47 from Table 1.1, we invert
equation (18.5.17) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (18.5.1)
with the initial conditions of motion (18.5.2):

= l’—}f—z—f [(1—e™A+nt)]+ vy +2nsy)te”™ + so(1—nt)e™

am, cos A
4n*w! + (i —n*)

= {2n[e™ (14 nt)—cos w]

1
—(wf - nz)(; sin,t—te™™)}
1

asin A
An*w! + (o] —n*)

= {2nw,(sinw,t — wte™)

—nt

—(a)f —nz)[e (1+nt)—coswt]} (18.5.18)
c. Case <0

In equation (18.5.15), taking @’ with the negative sign, we
may write:

r—-p—f (v +2ns,) I*s,
l =
= e Tt -0 TGy —-a
aw,lcos A N al*sin A (18.5.19)
C+od)d+n)’ -0’1 C+o)(+n) -w®]

Based on pairs 1, 23, 25, 28, 48, and 49 from Table 1.1, we invert
equation (18.5.19) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (18.5.1)
with the initial conditions of motion (18.2.2):
x="2P2 1 o cosharn + L sinhaon)
w

2 2
n—aw

Vo +2ns, _, .
+ 200 o b @or 4+ 22 '(@ cosh wt — nsinh wt)
0] 0}

am, cos A

4n*wi + (o] — ;)

~{e""[2ncoshwt



668  Chapter 18

1 )
+—(w{ + ®*> +n*)sinhwr]
0]
1 2 2 2 .
—2ncosw;t——(w; +w" —n")sinw;t}
),
2 2 . 2
o] —w5)asinA  ®
(2 12 0)2 5 {—12(1—cosa)1t)
dn-w; + (07 —w;)” o

2
a)l —nt n .
-— >[1—e " (cosh@t — —sinh @1)]
n-ow 0]
w, . o _, .
2” l 5 (s1na)lt——1e " sinh wr)} (18.5.20)
w; — 0, W

18.5.2 Initial Displacement Equals Zero
The initial conditions of motion are:
for t=0 x=0; % =V, (18.5.21)
The solutions of differential equation of motion (18.5.1) with the
initial conditions of motion (18.5.21) for the following cases are
presented below.

a. Case >0

r—p— _ n . 1 - .
x=%[l—e "(cosmt +—sinwt)]+—vye " sinwt
W’ +n 10) 0]
am, cos A

o n .
> S — {2n[e" (coswt + —sin@t) — cos w;¢]
(wf —wy) +4n"w; w

| I, .
—(@7 —wg)(—sinw,t ——e " sinwt)}
W, ()

asin A

n .
{(@f — wg)[e™ (cos wt +—sin wt)
(0F — ;) +4n’ 0] ®

—cos,t]+ 2na, (sinw,t — Lhe sin o)) (18.5.22)
w
b. Case @*=0

r_p_f —nt —nt
x=———|1—-e"+nt) |+ vte
1 (1+n1) |+,
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aw, cos A
4n*w! + ((012 —n?)

~{2n[e™ (1+nt)—cos wt]

1 . _
—(wf - nz)(; sinw,t—te™)}
1

asin A {2nw,(sinw,t — w,te”")
4n’w} + (w7 —n*) : et
—(w} —n*)[e"(1+nt)—coswt]} (18.5.23)

c. Case ®’<0
_r=p-f -
n*—o’
am, cos A
An*wi + (o7 —wg)’

" (coshwt +— " sinh wt)] + Y0 o Ginh oot
10) a)

{e™"[2ncosh wt
1 2 2 2N

+—(w; +®° +n")sinhwt]—2ncosw;t
(0

1 .
—— (0] +®* —n*)sinw,t}
W,

2 2 .
0l —wd)asind o}
(2 — 0)2 . {—1(1 cosw;t)
4”1 601 +(a)1 —wo)

2
(O —nt n
————[1-e " (coshwt ——sinhwt)]
n—-m @
2
1O sinat—Lhe sinhoor)) (18.5.24)
w; — 0y o

18.5.3 Initial Velocity Equals Zero
The initial conditions of motion are:

for t=0 x=s; d_x =0 (18.5.25)

dt
The solutions of differential equation of motion (18.5.1) with the
initial conditions of motion (18.5.25) for the following cases are

presented below.
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a. Case >0

rpf

1 )
“(cosmrt + —sm 1)+ —2nsee " sinwt
0) + n w w

_ n .
+s0e " (cos Wt — —sin wt)
1)

am, cos A
((91 wo) +4n’w;

n .
~{2n[e™" (cos wt + —sinwt) — cos @]
0]

I . 1, .
—(@F — g )(—sinwt ——e " sinwt)}
w, )

asinA
(wl wo) +4n’w

—nt

n .
2{(601 —wy)[e " (cos wt +—sinwr)
®

—nt

—cos @]+ 2ne, (sinw,t — L e sinwr)) (18.5.26)
[0

b. Case @*=0

x= Lf{l e (14 nt)] + 2nsyte™
l’l

_ amw, cos A _
+s5o(1—nt)e™ + 2n[e”™ (14 nt)—coswt
0( ) 4n2w]2 +(w12 _n2)2 { [ ( ) 1 ]

1
—(w} - nz)(; sinm,t —te™™)}
1

asin A
4n*w}l + (0)12 — nz)

2 {2710)1 (Sin wl — wlte_m )

—nt

—(wf —n*)[e" (1+nt)—cosmt]} (18.5.27)

c. Case w*<0

rpf

n
x= " (coshwt +
n’—w’ 10)

% ¢ sinh wt

So _ : aw, cos A
+=2 e (e cosht — nsinh t) + — 1 —
0] dn“w; +(w; —wy)
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_ 1 .
x {e""[2ncoshwt + — (o] + ®* +n*)sinh wt]— 2ncos w,t
®

1 .
—— (0 +®* —n*)sinw,t}
W,
2 2 .
o} —wy)asinA ;]
(2 — 0)2 —{— (1-cosyt)
An*w] +(of —0))’  o*

2

- 2wl ~[1—e ™ (cosht - 2 sinh )]
n— 1)
2
+2n7w12 (sin@,r — ¢ sinhor)) (18.5.28)
@) — W 0}

18.5.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for =0 x=0;, —=0 (18.5.29)
dt

The solutions of differential equation of motion (18.5.1) with the
initial conditions of motion (18.5.29) for the following cases are
presented below.

a. Case >0

rpf

X = “"(cosmt + —sm wt)]
a) + n 0

am, cos A (2n[e
(0F —w;)* +4n’wf

n .
(coswt +—sinwt)— cos ]
(0]

I . 1, .
—(@f — w3 )(—sinw it ——e " sinwt)}
o, )

asinA
(a)l a)o) +4n’w

—nt

n .
2{(a)1 —w)[e" (cos wt + —sinwr)
®

—cos@yt]+ 2nw, (sin @t — 2L e sin 1)) (18.5.30)
(0]
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b. Case @*=0

w= TP e ey
n

aw, cos A ot
2nle™™ (1+ nt)— cos wyt
4n2w12+(a)12—n2)2{ [ ( ) 1]

1
—(w} - n2)(; sinw,t—te™™)}
1

asin A

{2nw,(sinw,t — w,te”™™)
4n*w} + (w7 —n*)’

—(@} —n*)[e" (1+nt)—coswt]} (18:3-31)
c. Case <0
x= % [1- ¢ (coshwt + —sinhwt)]
n—-m @
am, COSA

{e™"[2n cosh wt

An*wi + (o] — ;)
1 2 2 2 .

+—(w; +®° +n”)sinh@t]—2ncosw;t
w

1 .
—;(wf +w? —n2)31na)1t}
1

2 2 . 2
o; —ws)asinA
(2‘2 0)2 — {— (1-cosayt)
4n (O +(w1 _a)())

2
- 2601 ~[1—e™" (coshwt - 2 inh o?)]
n—e [0
o O
T (sinat— —-¢ " sinh 1)} (18.5.32)
) — 0y 0

18.6 Harmonic Force A sin(@,f + A) and Time-Dependent
Force Q ( p+ ”7’)

The intersection of Row 18 and Column 6 in Guiding Table 2.1
indicates that this section describes engineering systems subjected
to the force of inertia, the damping force, the stiffness force, the
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constant resisting force, and the friction force as the resisting forc-
es and the harmonic force and time-dependent force as the active
forces.

The current problem could be related to the working process
of a vibratory system that interacts with a viscoelastoplastic media.
Along with the harmonic force, the time-dependent force is acting a
limited interval of time during the initial phase of the working pro-
cess. Additional considerations related to the deformation of visco-
elastoplastic media as well as to the behavior of a constant resisting
force and a friction force applied to a vibratory system are presented
in section 1.2.

The system is moving in the horizontal direction. We want to
determine the law of motion of the system. Figure 18.6 shows the
model of a system subjected to the action of a harmonic force, a
time-dependent force, a damping force, a stiffness force, a constant
resisting force, and a friction force.

Based on the considerations above and on the model in
Figure 18.6, we can assemble the left and right sides of the differen-
tial equation of motion. The left side consists of the force of inertia,
the damping force, the stiffness force, the constant resisting force,

m C
Asin(wqt + 4)

- =R
] P

ut ¢ P
Qlp + 7) /
—_— K L/
—~/\

77 77/ > x

F
Figure 18.6 Model of a system subjected to a harmonic force,
a time-dependent force, a damping force, a stiffness force, a
constant resisting force, and a friction force
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and the friction force. The right side includes the harmonic force and
the time-dependent force. Hence, the differential equation of motion
reads:

d’x dx

?+Cd—+Kx+P+F Asm(a)1t+/1)+Q(p+—) (18.6.1)

Differential equation of motion (18.6.1) has different solu-

tions for various initial conditions of motion. These solutions are
presented below.

18.6.1 General Initial Conditions
The general initial conditions of motion are:

for =0 x=s0; dx _ Vo (18.6.2)
dt
where s, and v, are the initial displacement and initial velocity re-
spectively.
Transforming equation (18.6.1), we have:
d’x d.
F+C7):+Kx+P+F Asin@,tcos A

+AcoswtsinA+Qp+Q HE (18.6.3)
T

Dividing equation (18.6.3) by m, we may write:

i.,.z dx — 4w x+p+ f=asinwtcos i
ar g TP '

qu

+acoswtsinA+qgp+-— ;
T

(18.6.4)

where 7 is the damping factor and @, is the natural frequency, while:

(18.6.5)

(18.6.6)



Damping, Stiffness, Constant Resistance, and Friction = 675

=L (18.6.7)
m

=E (18.6.8)
m

a=2 (18 .6.9)
m

g=< (18.6.10)
m

Based on Laplace Transform Pairs 3, 4, 5, 6, 7, and 2 from
Table 1.1, we convert differential equation of motion (18.6.4) with
the initial conditions of motion (18.6.2) from the time domain into
the Laplace domain and obtain the resulting algebraic equation of
motion in the Laplace domain:

Px(l)—=Ivg = s+ 2nlx(1) = 2nlsy + 05 x()+ p+ f

am/lcosA al’sin A qu
= + +gp+-— 18.6.11
>+ o} >+ o} w It ( )

Solving equation (18.6.11) for the displacement x(/) in the Laplace
domain, we may write:

1(vo +2ns,) %5, aw,lcos A
‘yonl+w; P42nl+wy P+od)P+2nl+w7)

x(l):l

N al’sin A N gp-p—f
CH+o))C+2nl+w;) P +2nl+w;

qu
+ 2 2
Tl(I” +2nl+ wq)

(18.6.12)

Using algebraic procedures with the denominators in equation
(18.6.12), we have:

P+2nl+w;+n°—n*=(l+n)+o’ (18.6.13)



676 - Chapter 18

where:

o’ =w;—n’ (18.6.14)

while @’ could be positive, equal to zero, or negative.
All these three cases are considered below.
a. Case @°>0

Transforming the denominators in equation (18.6.12) accord-
ing to equation (18.6.13), we write:

_ 1(vo+2nsy) I*s, N aw,lcos A
(+n)’+w* (+n)+0° C+od))(l+n)+o0’]

x(l)

N al’sin A gp-p—f
C+o)ll+n)’+0’] (+n)’+w°

qu
+ 2 2
IT[(l+n)" + o]

(18.6.15)

Using pairs 1, 24, 27, 42, 43, 22, and 39 from Table 1.1, we
invert equation (18.6.15) from the Laplace domain into the time
domain and obtain the solution of differential equation of motion
(18.6.1) with the initial conditions of motion (18.6.2):

n

1 . _ n .
x=—(vo +2nsy)e " sinwt + spe”" (cos @t — — sin w1)
0] w

amw,; cos A » n .
— — {2n[e™" (cos wt + —sin@t) — cos w;t]
(W7 =) +4n"w; 0}

I . |
—(@f — w3 )(—sinw it ——e " sinwt)}
o, ®

asin A
(@] —w)) +4n’w;!

. n .
{(w] —w))[e”™ (cos ot +—sin wr)
w

. o, .
—cos @]+ 2nm, (sin @,f — —e " sin 1)}
1)
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M “M(cosmt + —sm w?)]
(0 +I’l w
qu 2 2
— 1"+ ot —2nw
an'(a)2+n2)2{( ") "
—e"[(w* —n®)sinwt — 2nw cos wt]} (18.6.16)
b. Case ®*=0

Equating @’ to zero in equation (18.6.15), we obtain:

(v +2nsy) %5, amw,!
)= + A
MO==057 T T Cronainy "
al’ .. qp-p . qu
+ A+ + .6.
Cronlrn M ueny T raany 18617

Based on pairs 1, 37, 38, 46, 47, 36, and 15 from Table 1.1, we invert
equation (18.6.17) from the Laplace domain into the time domain
and obtain the solution of differential equation of motion (18.6.1)
with the initial conditions of motion (18.6.2):

x=(vy+2nsy)te" +so(1—nt)e™

aw, cos A
An*w! + (0] -

2y {2n[e”™ (1+ nt)— coswt]

1
—Mﬁ—nﬁsgﬁnwﬂ—wﬂﬂ}
1

asin A
An*w! +(wf —n*)

2 {2”0)1 (Sin wl — a)lte_m )

—nt

qgp—-p—f
I’l2 [1

—(wf —nH)[e" (1+nt)—cosmt]} + e " (1+nt)]

2 2
+q_'u2[t__+e‘"’(_+t)] (18.6.18)
™ n n
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c. Case <0
In equation (18.3.13), taking @’ with the negative sign, we

may write:
(v +2ns)) I*s, aw,l

x(D)= > ~+ > > +— > > > cos A
(l+n)y—-w” (+n)-w" ("+o)(l+n) —w"]
al® : qgp-p—f
Y ronlan ol "M U o

qu

+ 2 2

IT[(l+n)y —w

Using pairs 1, 25, 28, 48, 49, 23, and 40 from Table 1.1, we invert

equation (18.6.19) from the Laplace domain into the time domain

and obtain the solution of differential equation of motion (18.6.1)
with the initial conditions of motion (18.6.2):

_Wot 2ns, o

0]

(18.6.19)

sinh ot + 22 e " (w coshwt — nsinh wt)
10)

aw, cos A
dn’wi + (07 — ;)

~{e "[2ncoshwt
1

+—(w; + ®* +n*)sinhwr]
1)

1 .
—2ncoswt ——(w; + > —n’)sinw,t}
(O

2 2 .
ol —w))asinA o}
(212 0)2 {—1(1 cosmt)
47’1 0)1 +(a)1 _a)())

2
0, —nt n .
- > [1—¢e " (coshwt — —sinh w1)]
n—-w w
2 .
+ 2na) (sin@,t — O e " sinhwt)}
w; W
% “"(coshwt +— " sinh w1)]
n- —w 0]
qu 2 2 _at .
—————[(n" — o’ )(wt+ e " sinh wt
per e (UICR )

—2nw(1 — cosh wt)] (18.6.20)
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18.6.2 Initial Displacement Equals Zero
The initial conditions of motion are:

for t=0 x=0; % =V (18.6.21)

The solutions of differential equation of motion (18.6.1) with the
initial conditions of motion (18.6.21) for the following cases are
presented below.

a. Case @’ >0
S
x=—vee " sinwt
®

am, cos A
(0 —w5)’ +4n’ !

n .
~{2n[e "(cosmt +—sinmt) — cos ]
0]

1 . I, .
—(@7 —wg)(—sinw,t ——e " sinwt)}
o, o

asin A
(0} — ;) +4n’w

n .
{(a)l ®;)[e™" (coswt +—sinwr)
w

—nt

. (0] .
—cost]+ 2nw, (sin @t — — ¢ sin wr)}
()

M " (cost + 2 sin t)]
o’ +n’ In)
qu 2, 2
———{(w” +n")wt —2nw
ot(®* +n*)’ u ) "
—e " [(@* —n*)sin@t —2nw cos wt]} (18.6.22)
b. Case ®@*=0
ot am, cos A .
X=wle =+ - (2n[e™ (1+nt)—cos w,t]

An*w; + (o —n*)

1
—(0f - nz)(; sinw,t—te™")}
1
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asin A
4n*w! + (o —n?)

2 {2]’1&)1 (Sin wt — O)lte_m )

—(w; —n*)[e"(1+nt)—coswt]}

$ PPy o (14
n
+61_,U2[t_%+e_m(%+t)] (18.6.23)
n n n
c. Case w’<0
x =22 ¢ ginh cor + > 6;601 cozs/l s {e"[2ncoshwt
) 4n*w; +(w; — )

1 .
+— (o + ®*> +n*)sinh o]
®

1 .
—2ncoswt —— (o} + o> —n*)sinw,}
0,

(0} —w¢)asin A
4n*w; + (o) — ;)

2
(O
> {—2 (1-coswt)
w

2

- 2(01 ~[1—e" (coshwt — 2 sinh t)]
n—aw 0]
2
2na), >~ (sinw,t — O o inh ot)}
(O O 0]
+ 76]1)2_ L _zf [1-e ™ (cosh®t +—sinh w1)]
n—w 0]
qu 2 2 Cnt -
—————[(n" =’ )(wt+e " sinhwt
m(ﬂZ _0)2)2 [( )( )
—2nw(1 - cosh wt)] (18.6.24)

18.6.3 Initial Velocity Equals Zero
The initial conditions of motion are:
dx

for t=0 x=s5;, —=0 (18.6.25)
dt
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The solutions of differential equation of motion (18.6.1) with the
initial conditions of motion (18.6.25) for the following cases are
presented below.

a. Case @’ >0
1 —-nt : —nt n .
x =—2nsee " sin@t + sye” " (cos wt — — sin wt)
w 0]

am, cos A

_ n .
— — {2n[e™" (coswt + —sinwt) — cos ;1]
(w7 —wy) +4n"w; w

I . I . .
—(@F — g )(—sinwt ——e " sinwt)}
(O (0

asin A

n .
{(@f —w;)[e™™ (coswt +—sinwt)
(0 — ;)" +4n’ o] o

. ® _, .
—cos 1]+ 2nm, (sinw,t — —e ™" sinwt)}
0]

+%[1 — e (cos @t +—sinwt)]
w +n w
qu 2 2
— 1"+ wt—2nw
an'(a)2+n2)2{( ") "
—e"[(w* —n®)sinwt — 2nw cos wt]} (18.6.26)
b. Case ®*=0

x=2nspte”" +sy(1—nt)e™

aw, cos A
4n*w! + (i —n*)

= {2n[e™ (1+nt)—cos wt]

1
—(w} - nz)(; sinm;t—te™))}
1

asinA
4n*w} + (6012 - nz)

= {2nw,(sinw,r — w,te™)
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—nt

—(wf —n*)[e

+qp—€)—f
n

(1+nt)—cosw;t]}

[1—e™1+nt)]

g2 (3+ t)] (18.6.27)
T n n
c. Casew’<0

2ns,
w

“nt . So _ .
x= e " sinh @7 + -2 e™" (w cosh wr — nsinh wr)
w

aw, cos A
2,..2 2 2N\2
47’l (O + (0)1 - 0)0)

{e"[2n cosh wt
1

+— (o + ®*> +n*)sinh o]
1)

1 .
—2ncosmt —— (o} + o> —n*)sinw,}
@,

2 2 . 2

o; —ws)asinA  ®
(2 ! > 0)2 5 {—12 (1—coswt)

47’1 0)1 +(a)1 _a)()) w

2
; —nt n .
————[1— e (coshwr — —sinh @1)]
n—aw )
2
271(01 > (sin@,t — O o=t Ginh wt)}
O; — @ w
+ q—pz— P _2f [1-e¢ ™ (cosht +—sinhwr)]
n—a 0
qH 2 2 s
—————[(n" =’ )(wt+e " sinhwt
an.(nz —0)2)2 [( X )
—2nw(1 - cosh wt)] (18.6.28)

18.6.4 Both the Initial Displacement and Velocity Equal Zero
The initial conditions of motion are:
dx

for t=0 x=0, —=0 (18.6.29)
dt
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The solutions of differential equation of motion (18.6.1) with the
initial conditions of motion (18.6.29) for the following cases are
presented below.

a. Case >0

am, cos A 0
x= 1 e {2n[e ’(cosa)t+—s1na)t) cos ;]
(@0f —wg) +4n w

I . |
—(@f —wg)(—sinw,t ——e " sinwt)}
o, o

asinA
(0)1 6Oo) +4n 0)1

n .
{(a)l ®;)[e™" (cos wt +—sinwr)
w

. o, .
—cos @]+ 2nm, (sin @t — —e " sin 1)}
w
L4P—p= f
(D +I’l

_aH
wt(w®+n’)

“"(coswt + —sinwt)]
w

{(0* +n”)wt—2nw

—e"[(@0* —n*)sinwt — 2nw cos wt]) (18.6.30)
b. Case @ =0
x= ae, cos A {2n|:e (1+nt)— cosa)lt]

4n*w;! +(w; —n’)’
1. i
—(w} —n*)(—sinw;t—te™™))}
0,

asin A
4n*w} + ((012 - nz)

2 {2nw1(Sinw1t - a)lte_m)
—(w} —nH)[e " (1 +nt)—coswt]}

+w[ e 1+ n)]+ 25 [t—%+e (2+t)]
Tn n
(18.6.31)

n
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c. Case <0

am; cos A .
x= 1 ~{e™"[2ncosh wt

4n*w; + (0 — ;)

1 .
+—(w{ + ®* +n*)sinhwt]
w
1 2 2 2 .
-2ncosw;t——(w; +®" —n")sinw,t}
0,

2 2 . 2

o7 —w)asinA @
(2‘2 0)2 —— {— (1-cosayt)

dnw; + (07 —wy)” @

o]

2 2
n—aw

[1— e (cosh@r — - sinh 1)
[0

2

2nw ) o _, .
+—'2(sm ot ——e¢ " sinht)}
w; — 0, 0]

2 2

+ ap-r-f [1—e ™ (coshwt + Z sinh w1)]
n - @

#‘ljaﬂ)z [(n* — ®®)(wt + e sinh @t)

—2nw(1 — cosh wt)]

(18.6.32)



EXAMPLES OF
TWO-DIMENSIONAL MOTION

The trajectory of a body’s two-dimensional motion represents
a flat curved line having a variable radius of curvature. The analytical
description of this motion is based on a system of two simultaneous
differential equations of motion. These equations describe the rec-
tilinear motion of a body in two mutually perpendicular directions
on a coordinate plane. If the curved line has a constant radius of
curvature, we have a case of rotational motion that is completely de-
termined by one equation of motion, the solution of which represents
the angular displacement as a function of time.

Thus, in order to investigate an engineering problem associ-
ated with a two-dimensional motion, we must compose a system
of two simultaneous differential equations of motion. One of these
equations describes the rectilinear motion in the horizontal direction
(x), while the second describes the motion in the vertical direction
(v). As it turns out, these equations and their solutions can be found
in Chapters 3 through 18. Therefore, for a problem associated with

691
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the two-dimensional motion, we must identify in Guiding Table 2.1
the two corresponding sections that contain the desired solutions.

The purpose of this chapter is to demonstrate a few examples,
using Guiding Table 2.1, to solve engineering problems related to
two-dimensional motion.

19.1 Projectile

At the moment when the projectile leaves the weapon’s barrel,
it possesses a certain initial velocity directed at a certain angle to the
horizon. During its flight, the projectile is subjected to the action of
the force of inertia, the air resistance, and the force of gravity. We
assume that the damping coefficient C of the air resistance has a
constant value and does not depend on the direction of the motion
of the projectile or of its altitude. We want to determine the basic
parameters of the projectile’s motion.

In Figure 19.1, the curved line OA represents the initial part of
the projectile’s trajectory, where the vector v, represents the projec-
tile’s initial velocity. This vector is tangent to the curve OA at the ori-
gin O and shows the magnitude and the direction of the projectile’s
initial velocity. In this figure, « represents the angle between the
velocity vector and the horizontal axis x. The velocity vector is re-
solved into its horizontal component v, and vertical component v, .

According to the diagram in Figure 19.1, we determine the
values of the initial velocity in the horizontal and vertical directions
respectively:

Vo, = Vo COSX (19.1.1)
Voy = Vo sin o (19.1.2)

The movement of the projectile could be described by a sys-
tem of two simultaneous differential equations of motion, one of
which describes the displacement in the horizontal (x) direction, and
the other in the vertical (y) direction.

During the horizontal motion, the projectile is subjected to
the force of inertia and damping force as the resisting forces, while
the active force equals zero. Referring to Guiding Table 2.1, we find
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4 Y
Vo
voy A .
A
a
b
0 > B
Vox
Figure 19.1 Diagram of the initial velocity vector and its
components

that section 11.1 contains the description of an identical problem.
Figure 11.1 represents the model of the system moving in the
horizontal direction, while differential equation of motion (11.1.1)
describes the motion of the system. The initial conditions of motion
are similar to the initial conditions of motion (11.1.15) in which the
initial velocity v, should be replaced by v,. The same replacement
should be made in the solution of differential equation of motion
(11.1.16). Thus, we obtain:

P (19.1.3)
2n

The same replacements should be performed in equations (11.1.9)
and (11.1.10), and we determine the velocity and acceleration of the
projectile respectively:

dx

—= Voe 2" (19.1.4)
2
‘;Tf = 2nvexe ™ (19.1.5)

Now let us consider the movement of the projectile in the
vertical direction. In the upward motion, the projectile is sub-
jected to the force of inertia, the damping force, and the force of
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gravity as the resisting forces, while the active force equals zero.
Obviously, the force of gravity has a constant value. Actually, as
seen in Guiding Table 2.1, the solution of a similar problem is pre-
sented in section 13.1. In Figure 13.1, replacing the x-coordinate by
the y-coordinate, and the constant resisting force P by the force of
gravity W, and also revolving Figure 13.1 by 90 degrees, we obtain
the model of the system for the current case. Performing similar
replacements in differential equation of motion (13.1.1), we obtain
the differential equation of motion of the projectile in the vertical
direction:

m—+C—t+W:O (19.1.6)

Similar replacements should be made in the initial condi-
tions of motion (13.1.21) and in equations (13.1.22), (13.1.10), and
(13.1.11) that represent the displacement, the velocity, and the ac-
celeration respectively. Thus, we obtain:

1
y===[vo, +£—gl—(voy +2£)e_2"’] (19.1.7)
n

2n 2n
dy g\ om &
== (vo, + %)e - (19.1.8)
2
% = 2n(vy, + Zi)e-”" (19.1.9)
n

where g is the acceleration of gravity and:

o=V (19.1.10)
m

19.2 Ground-to-Air Missile

In this example, we want to determine the basic parameters
of motion of a ground-to-air missile that is powered by a rocket
engine, developing a thrust force of a constant value. The missile is
launched in the direction that forms an angle 8 with the horizon. We
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A y
R
Ry A
B
X
RX
Figure 19.2 Diagram of the thrust force vector and its
components

assume that the air resistance does not depend on the direction of
motion of the missile or on its altitude.

The movement of the missile represents a two-dimensional
motion the description of which involves a system of two simulta-
neous differential equations of motion. One of these equations de-
scribes the motion in the horizontal (x) direction, while the other is
in the vertical (y) direction.

Figure 19.2 shows the vector diagram of the thrust force R as
well as its horizontal R, and vertical R, components. According to
the diagram these components are:

R, =Rcosf (19.2.1)
R,=Rsinf (19.2.2)

During the horizontal motion, the missile experiences the
force of inertia and the damping force as the resisting forces, and the
action of the horizontal component of the thrust force as the active
force. Guiding Table 2.1 shows that a similar problem is described
in section 11.2. In this section, Figure 11.2 represents the model of
the system, while differential equation of motion (11.2.1) describes
the motion of the missile in the horizontal direction. In this equa-
tion, the constant active force R should be replaced by the force R,.
The solution of this differential equation with the initial conditions
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of motion (11.2.23) is presented by equation (11.2.24) in which we
replace r by r.. Thus, we may write:

—2nt rx
= - 19.2.3
2n 2n Zn) ( )
where:
r, = & (19.2.4)
m

The same replacements should be performed in equa-
tions (11.2.21) and (11.2.24) that represent the velocity and the ac-
celeration respectively. Therefore, the equations for the velocity and
acceleration in the horizontal direction of the missile’s motion re-
spectively read:

%:5#1 e (19.2.5)
2
%%=nem (19.2.6)

The motion of the missile in the vertical direction is charac-
terized by the force of inertia, the damping force, and the force of
gravity as the resisting forces, and by the vertical thrust component
as the active force. Referring to Guiding Table 2.1, we can see that a
similar problem is described in section 13.2. In Figure 13.2, replac-
ing the x-coordinate by the y-coordinate, and the constant resisting
force P by the force of gravity W, and also the constant active force
R by the vertical component of the thrust force R, and also revolv-
ing Figure 13.2 by 90 degrees, we obtain the model of the system
for the current case.

Substituting the appropriate replacements in equation (13.2.1),
we obtain the differential equation of motion of the missile in the
vertical direction:

2
m®Y e wag, (19.2.7)
a " dt :
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Performing similar substitutions in the initial conditions of motion
(13.2.27), we write:
d
for 1=0 y=0;, =0 (19.2.8)
dt
We obtain the solution of differential equation of motion
(19.2.7) with the initial conditions of motion (19.2.9) by making the
appropriate replacements in equation (13.2.28). Thus, we have:

1 n—8 ou hHh—§
=—1|[r,—o)t+1-Le " -21-2 19.2.9
Y=o [(r,—8) o ¢ o ] ( )
where:

R)’
r,=— (19.2.10)

m
_K 19.2.11
8 " (19.2.11)

while g is the acceleration of gravity.

Performing the appropriate replacements in equations (13.2.23)
and (13.2.24), we determine the velocity and acceleration of the
missile respectively:

dy n—8 —2nt
L8 19.2.12
w2, 4 ( )
2
Y _ (1 — pre (19.2.13)
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A
acceleration
active time-dependent force, 23
determining maximum values, 37-39,
4243
in general differential equation of
motion, 2-5
and loading factors, 5
missiles, 690
Newton’s Second Law, 3
projectiles, 687
see also deceleration; water vessel
acceleration
active force
analysis, 20-23
depending on displacement, 21-22
depending on velocity, 21
in differential equations of motion for
rectilinear motion, 50-51
frictional surfaces, 6
in general differential equation of
motion, 45
Guiding Table 2.1, 55-56
introduction, 20-23
notation, 53, 55
time-dependent, 23
see also constant active force; force of
inertia
active force equals zero
constant resistance, 118-121
constant resistance and friction,
148-151, 148f
damping, 344-347, 344f
damping and constant resistance,
410414, 411f
damping, constant resistance, and
friction, 444-447, 445f
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damping and friction, 375-380, 376f
damping and stiffness, 478—485, 479f
damping, stiffness, and constant
resistance, 584-588, 584f
damping, stiffness, constant resistance,
and friction, 634-639, 634f
damping, stiffness, and friction,
530-535, 530f
and force of inertia, 59-61
and friction, 87-91
projectiles, 688
stiffness, 177-184, 178f
stiffness and constant resistance,
260-267, 261f
stiffness, constant resistance, and
friction, 300-307, 301f
stiffness and friction, 218-225, 219f
active loading factors, 5, 6
active time-dependent force, 23
air compression, 15, 21
see also pneumatic systems
air resistance, 686
applied dynamics. see dynamics
argument, in general second order linear
differential equation, 3

B
braking process. see deceleration

C
constant active force
and constant resistance, 121-125,
122f
and constant resistance and friction,
151-155, 152f
and damping, 347-352, 347f
and damping and constant resistance,
414-420, 415f
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constant active force (continued) and stiffness, constant resistance, and

and damping, constant resistance, and
friction, 448-453, 449f

and damping and friction,
380-386, 381f

and damping and stiffness, 485-491, 486f

and damping, stiffness, and constant
resistance, 589-594, 590f

and damping, stiffness, and friction,
535-541, 536f

and force of inertia, 62-65, 62f

and friction, 91-95, 92f

introduction, 23

notation, 53

and stiffness, 184-194, 185f

and stiffness, constant resistance, and
friction, 307-315, 308f

and stiffness and friction, 225-235, 227f

water vessel acceleration, 39-43, 40f

constant active force and harmonic force

and constant resistance, 135-140, 136f

and constant resistance and friction,
166-171, 166f

and damping, 362-367, 362f

and damping and constant resistance,
431-437, 432f

and damping, constant resistance, and
friction, 464-469, 465f

and damping and friction, 396-402, 397f

and damping and stiffness, 507-517,
508f

and damping, stiffness, and constant
resistance, 611-620, 612f

and damping, stiffness, constant resis-
tance, and friction,
662-672, 663f

and damping, stiffness, and friction,
559-570, 560f

and force of inertia, 75-80, 76f

and friction, 105-110, 106f

and stiffness, 206-211, 206f

and stiffness and constant resistance,
287-292, 287f

friction, 329-334, 330f
and stiffness and friction, 247-252,
248f
constant coefficients, for converting
parameters into unified measurement
units, 4
constant force R
damping, stiffness, constant resistance,
and friction, 639-645, 640f
stiffness and constant resistance,
267-275, 268f
constant friction force, 53
constant resistance force, 117-145, 118f
active force equals zero, 118-121
and constant active force, 121-125,
122f
and constant active force and harmonic
force, 135-140, 136f
dry friction force, 18—19
as frontal resistance force, 16
and harmonic force, 125-130, 126f
and harmonic force and time-
dependent force, 140-145, 141f
introduction, 16—17
notation, 53
plastic deformation, 18
projectiles, 688
time-dependent force, 130-135, 131f
vibratory systems, 17-18
viscoelastoplastic media, 14
see also damping force and constant
resistance; damping force, constant
resistance, and friction; damping
force, stiffness, and constant
resistance; stiffness force and
constant resistance
constant resistance force and friction,

147-176

active force equals zero, 148-151,
148f

and constant active force, 151-156,
152f



and constant active force and harmonic
force, 166-171, 166f
and harmonic force, 156-160, 156f
and harmonic force and time-
dependent force, 171-176, 172f
and time-dependent force, 160166, 161f
constant value, 3, 4, 35
constant velocity, 2

D
damping coefficient
braking systems, 35, 35f
and damping, 11
in general differential equation of
motion, 45
introduction, 9-10
notation, 53
projectiles, 686
water vessel acceleration, 39, 40
damping force, 343-373
active force equals zero, 344-347, 344f
braking systems, 35, 35, 36
and constant active force, 347-352, 347f
and constant active force and harmonic
force, 362-367, 362f
definition, 9
in differential equation of motion, 9,
35, 36, 45
and harmonic force, 352-357, 352f
and harmonic force and time-
dependent force, 367-373, 368f
introduction, 9-11, 9f
as loading factor characteristic, 5
missiles, 689, 690
multiple, 10-11
notation, 53
projectiles, 687
in schematic images, 10
and time-dependent force, 357-362, 357f
and velocity, 9, 9f, 10
viscoelastic media, 13-14
viscoelastoplastic media, 13—14, 18
water vessel acceleration, 39, 40, 40f
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damping force and constant resistance,
409442
active force equals zero, 410414, 411f
and constant active force, 414-420,
415f
and constant active force and harmonic
force, 431437, 432f
and harmonic force, 420426, 421f
and harmonic force and time-
dependent force, 437-442, 438f
and time-dependent force, 426431,
427f
damping force, constant resistance, and
friction, 443475
active force equals zero, 444447, 445f
constant force, 448-453, 449f
and constant force and harmonic force,
464-469, 465f
and harmonic force, 453-459, 454f
and harmonic force and time-
dependent force, 470-475, 470f
and time-dependent force, 459—464,
460f
damping force and friction, 375-408
active force equals zero, 375-380, 376f
and constant active force and harmonic
force, 396402, 397f
and constant force, 380-386, 381f
and harmonic force, 386-391, 386f
and harmonic force and time-
dependent force, 402-408, 403f
and time-dependent force, 392-396,
392f
damping force and stiffness, 477-528
active force equals zero, 478—485, 479f
and constant active force, 485491, 486f
constant force and harmonic force,
507-517, 508f
and harmonic force, 491-500, 491f
and harmonic force and time-
dependent force, 517-528, 518f
and time-dependent force, 500-507,
501f
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damping force, stiffness, and constant
resistance, 583-631
active force equals zero, 584-588, 584f
and constant active force, 589-594, 590f
and constant active force and harmonic
force, 611-620, 612f
and harmonic force, 594-604, 595f
and harmonic force and time-
dependent force, 570-582, 571f,
620-631, 621f
and time-dependent force, 604611,
605f
damping force, stiffness, constant
resistance, and friction, 633-684
active force equals zero, 634-639, 634f
and constant active force and harmonic
force, 662-672, 663f
constant force, 639-645, 640f
and harmonic force, 645-655, 646f
and harmonic force and time-
dependent force, 672-684, 673f
and time-dependent force, 655-662,
656f
damping force, stiffness, and friction,
529-582
active force equals zero, 530-535, 530f
and constant active force, 535-541, 536f
and constant active force and harmonic
force, 559-570, 560f
and harmonic force, 541-552, 542f
and time-dependent force, 552-559,
553f
damping moment, 5
dashpots, in schematic images, 1011, 71f
deceleration
in absence of active forces, 23
determining maximum values, 38-39
differential equation of motion, 34-39
performance criteria, 34
in process of motion, 2
reactive force/moments, 5
see also resisting/reactive loading
factors

deformation
constant resistance force P, 16
and displacement, 11-12
and stiffness force, 11-12
vibratory systems, 17
viscoelastic media, 13-14
viscoelastoplastic media, 13-14
see also plastic deformations
deformation force. see stiffness force
differential equation of motion
analyses, 34-43
applicability to engineering problems,
33, 34, 44-45, 48-49
components, 4
composition, 2-8, 3443
deceleration process, 34-39
displacement, 3
dynamics of motion, 2
general differential equation of motion,
24-25
left side of equation, 67, 20
loading factors in, 4-5, 7-8
methodology of solving, 25-27, 33-34
parameters of motion, 1, 3
resisting forces, 8-20
right side of equation, 67, 20
as second order differential equation, 3
shape, 7
solutions, 3, 36-39, 41-43, 45-49
structure, 6, 33, 44-45
system dynamics analysis, 3
two-dimensional motion, 685-691
vibratory systems, 17
water vessel acceleration, 40—43
differential equation of rotational motion,
6, 24-25
displacement
active force depending on, 21-22
deceleration process, 36-38
and deformation, 11-12
in differential equations, 4, 36-38
and loading factors, 5
notation, 53



as parameter of motion, 3
projectiles, 686
and stiffness force, 11, 13f, 14
and time, 1, 2, 3,4
unit conversion, 4
vibratory systems, 17, 19
dry friction force, 18-19, 35
dynamics
analyses, 2, 3
application of differential equation of
motion, 3, 34, 44-45, 48-49
engineering problems in, 33-57
principles of applied dynamics, 1-32

E
elastic deformation, 12, 13f
elastoplastic media
constant resistance and friction forces,
147-148
constant resistance force, 117
deformation, 11-12, 16, 147-148
dry friction force, 18
friction force, 14
plastic deformation process, 12
stiffness and constant resistance,
259-260
stiffness, constant resistance, and
friction forces, 299-300
stiffness and friction forces,
217-218
strain-strengthening, 12, 13f
and vibratory systems, 17
external/active loading factors, 5, 6

F
fluid media, 8, 343
force
in differential equation of motion, 4
as loading factor, 3, 5
maximum value, 34, 37-40, 43
force of inertia, 59-85, 60f
as active force, 20-21
active force equals zero, 59-61
and constant active force, 62—-65
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and constant active force and harmonic
force, 75-80, 76f

definition, 5, 8

in differential equation of motion, 8,
35,49

and harmonic force, 6670, 66f

and harmonic force and time-
dependent force, 80-85

introduction, 8, 20-21

as loading factor characteristic, 5

missiles, 689, 690

notation, 53

projectiles, 686, 687

as resisting force, 8

and time-dependent force, 70-75, 71f

water vessel acceleration, 40

friction force, 87-115, 88f

active force equals zero, 87-91

braking systems, 35, 35

and constant force, 91-95, 92f

and constant force and harmonic force,
105-110, 106f

differential equations of motion, 19, 35

elastoplastic media, 14, 18

and harmonic force, 95-99, 96f

and harmonic force and time-
dependent force, 110-115, 171f

and time-dependent force, 100-105,
100f

viscoelastoplastic media, 14

see also constant resistance force and
friction; damping force, constant
resistance, and friction; damping
force and friction; damping force,
stiffness, and friction; dry friction
force; stiffness force and friction

frictional surfaces, 5, 6
frontal resistance force, 12, 16

gravity

as constant resistance force, 18, 410, 426
missiles, 690
projectiles, 686, 687-688
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ground-to-air missiles, 688—691, 689f
ground transportation systems, 376, 380,
392
Guiding Table 2.1, 54t
force of inertia, 59-60
structure and use of, 51-57
two-dimensional motion, 686, 688, 689

H
harmonic force
as active force, 22-23
and constant resistance, 125-130, 126f
and constant resistance and friction,
156-160, 156f
and damping, 352-357, 352f
and damping and constant resistance,
420426, 421f
and damping, constant resistance, and
friction, 453-459, 454f
and damping and friction, 386-391,
386f
and damping and stiffness, 491-500,
491f
and damping, stiffness, and constant
resistance, 594-604, 5951
and damping, stiffness, constant
resistance, and friction, 645-655,
646f
and damping, stiffness, and friction,
541-552, 542f
in differential equation of motion, 16
and force of inertia, 66-70, 66f
and friction force, 95-99, 96f
notation, 53
and stiffness, 195-199, 195f
and stiffness and constant resistance,
275-280, 276f
and stiffness, constant resistance, and
friction, 316-321, 316f
and stiffness and friction, 235-240, 236f
see also constant active force and
harmonic force
harmonic force and time-dependent force
and constant resistance, 140-145, 141f

and constant resistance and
friction, 171-176, 172f

and damping, 367-373, 368f

and damping and constant resistance,
437-442, 438f

and damping, constant resistance, and
friction, 470475, 470f

and damping and friction, 402—408,
403f

and damping and stiffness, 517-528,
518f

and damping, stiffness, and constant
resistance, 620-631, 621f

and damping, stiffness, constant resis-
tance, and friction, 672-684, 673f

and damping, stiffness, and friction,
570-582, 571f

and force of inertia, 80-85, 81f

and friction, 110-115, 111f

and stiffness, 211-216, 211f

and stiffness and constant resistance,
292-298, 293f

and stiffness, constant resistance, and
friction, 335-341, 336f

and stiffness and friction, 253-258,
253f

harmonic function depending on

time

as active force, 22-23

as resisting force, 15-16

hydraulic systems

damping force, 9, 347

damping force and constant resistance,
409

in schematic images, 10

I
inertia, force of. see force of inertia
initial conditions of motion
in analyses of dynamics of motion, 2
braking systems, 35-37
in differential equation of motion, 24
general case, 7
internal combustion engines, 8, 22



K
kinetic energy, 5, 23, 34, 36

L
Laplace Transform, 28—32t
braking (deceleration) process,
36-37
methodology, 25-27, 34
table explanation, 27-28
laws of motion
mechanical systems, 1, 2, 3
Newton’s First Law, 23
Newton’s Second Law, 3
linear differential equations of motion
constant coefficients, 4
introduction, 6
Laplace Transform, 25-27
mechanical engineering problems, 51
loading factors, in differential equation of
motion, 4-5, 7-8, 44

M
mechanical systems, differential equations
of motion, 50, 51
missiles, ground-to-air, 688—-691
moment of inertia, 5
moments, 3, 4, 5
motion
parameters of, 1, 2, 3, 60
process of, 2, 5

N

Newton’s First Law, 23

Newton’s Second Law, 3

non-linear differential equations of
motion, 6-7

notations, 7, 53, 55

P
parameters of motion, 1, 2, 3, 60
performance
criteria for evaluation, 1-2, 34
influence of system parameters
on, 2
plastic deformations, 12, 13f
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constant resistance and friction forces,
147-148
constant resistance force, 16, 18
dry friction force, 18
stiffness, constant resistance, and fric-
tion forces, 299-300
stiffness force-displacement relation-
ship, 12-13, 13f
with strain-strengthening, 12-13, /13f,
16, 18
pneumatic systems
active force depending on
velocity, 21
damping, 347
damping, constant resistance, and fric-
tion, 448
damping and friction, 380
resisting stiffness, 15
projectiles, 686—688, 687f

R
reactive loading factors, 5, 6, 20
reactive resisting forces, 6, 35
rectilinear motion
differential equations, 6, 50-51
forces as loading factors, 3
two-dimensional motion, 685
resisting forces
analysis, 820
braking systems, 35
in differential equation of motion,
8-20, 35, 49-50
frictional surfaces, 6
Guiding Table 2.1, 55-56
harmonic function depending on time,
15-16
introduction, 8-20
notation, 53, 55
water vessel acceleration, 40
see also constant resistance force;
damping force; dry friction force;
force of inertia; harmonic force;
stiffness force; time-dependent force
resisting/reactive loading factors, 5, 6, 20
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rotational motion
differential equations, 6, 24-25
moments as loading factors, 3
two-dimensional motion, 685
running time, 3, 7, 28, 53
see also time

S
second order linear differential equation,
3,4-5
ships, damping forces, 10
shock absorbers, 9, 11
solid state media, 8
springs, 1415, 15f
stiffness coefficient, 14-15, 45, 53
stiffness force, 177-216
active force equals zero, 177-184, 178f
and constant active force and harmonic
force, 206-211, 206f
and constant force R, 184-194, 185f
definition, 11
in differential equation of motion,
11-15, 45
and displacement, /3f, 14
elastoplastic media, 18
and harmonic force, 195-199, 195f
and harmonic force and time-
dependent force, 211-216, 211f
as loading factor characteristic, 5
notation, 53
in plastic deformation with strain-
strengthening, 16
in schematic images, 14
and time-dependent force, 200-206,
200f
viscoelastic media, 13—-14
viscoelastoplastic media, 13-14
see also damping force and stift-
ness; damping force, stiffness, and
constant resistance; damping force,
stiffness, and friction; deformation
stiffness force and constant resistance,
259-298
active force equals zero, 260-267, 26 If

and constant force, 267-275, 268f
and constant force and harmonic force,
287-292, 287f
and harmonic force, 275-280, 276f
and harmonic force and time-depen-
dent force, 292-298, 293f
and time-dependent force, 280-287,
281f
stiffness force, constant resistance, and
friction, 299-341
active force equals zero, 300-307,
301f
and constant active force, 307-315,
308f
and constant active force and harmonic
force, 329-334, 330f
and harmonic force, 316-321, 316f
and harmonic force and time-
dependent force, 335-341, 336f
and time-dependent force, 322-329,
322f
stiffness force and friction, 217-258
active force equals zero, 218-225, 219f
and constant active force, 225-235,
227f
and constant active force and harmonic
force, 247-252, 248f
and harmonic force, 235-240, 236f
and harmonic force and time-
dependent force, 253-258, 253f
and time-dependent force, 241-247,
241f
stiffness moment, 5
stress analysis
braking mechanism, 34, 39
water vessel acceleration, 43
system dynamics. see dynamics

T

thrust, 688-689, 689f, 690

time
acceleration as function of, 3
in differential equations, 4, 36-38
and displacement, 1, 2, 3



resisting force representing harmonic
function depending on time, 15-16
unit conversion, 4
velocity as function of, 3
time-dependent force
as active force, 23

and constant resistance, 131-135, 131f

and constant resistance and friction,
160-166, 161f

and damping, 357-362, 357f

and damping and constant resistance,
426-431, 427f

and damping, constant resistance, and
friction, 459-464, 460f

and damping and friction, 392-396,
392f

and damping and stiffness, 500-507,
501f

and damping, stiffness, and constant
resistance, 604-611, 605f

and damping, stiffness, constant
resistance, and friction, 655-662,
656f

and damping, stiffness, and friction,
552-559, 553f

in differential equation of motion, 16

and force of inertia, 70-75, 71f

and friction force, 100-105, 100f

and harmonic force, 80-85

introduction, 16, 23

notation, 53

as resisting force, 16

and stiffness, 200-206, 200f

and stiffness and constant resistance,
280-287, 281f

and stiffness, constant resistance, and
friction, 322-329, 322f

and stiffness and friction, 241-247,
241f

see also harmonic force and time-
dependent force

trajectory, 685, 686
transportation systems
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damping and friction forces, 376, 380,
392
force of inertia, 20
mass as variable value, 8
see also acceleration; deceleration
truth tables, 50
two-dimensional motion, 685-691
ground-to-air missiles, 688—-691, 689f
Guiding Table 2.1, 57
projectiles, 686688, 687f

U
uniform motion, 2, 8, 23

\%
velocity
as basic parameter of motion, 3
and damping, 9, 9, 10
in differential equation of motion, 4,
37-38
as function of time, 3
and loading factors, 5
missiles, 690
in process of motion, 2
projectiles, 686, 687
unit conversion, 4
water vessel’s maximum, 39, 42
vibratory systems
absence of resisting forces, 23
acceleration and deceleration, 2
constant resistance forces, 17-18
damping, stiffness, and constant resis-
tance, 594-595, 611, 621
damping, stiffness, constant resistance,
and friction, 662—-663, 673
damping, stiffness, and friction, 530,
541-542, 560, 570
differential equations of motion, 17-18
displacement, 19, 23
friction force, 18-19
horizontal motion, 17
vertical motion, 17-18
see also harmonic force
viscoelastic media, 11, 13—-14, 443
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viscoelastoplastic media

constant resistance, 14, 117

constant resistance and friction,
147-148

damping, 11, 13-14

damping and constant resistance, 409

damping and stiffness, 477

damping, stiffness, and constant
resistance, 583, 589, 595, 604, 611,
621

damping, stiffness, constant resistance,
and friction, 633, 634, 639, 645,
655, 662-663, 673

damping, stiffness, and friction, 529,
541-542, 552, 560, 570

deformation, 11-12, 13-14, 16,
147-148

dry friction force, 18

friction force, 14

plastic deformation process, 12

stiffness, 13-14

stiffness and constant resistance,
259-260

stiffness, constant resistance, and fric-
tion, 299-300

stiffness and friction, 217-218

strain-strengthening, 12, 13f

and vibratory systems, 17

viscosity, 13

w

water vessel acceleration
differential equation of motion, 40-43
model, 40f
performance criteria, 3940

weapons. see ground-to-air missiles;

projectiles
wheeled transportation systems, 20
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