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Preface

A unified quantum theory incorporating the four fundamental forces of nature is one
of the major open problems in physics. The Standard Model combines electro-
magnetism, the strong force and the weak force, but ignores gravity. The quanti-
zation of gravity is, therefore, a necessary first step to achieve a unified quantum
theory.

The Einstein equations are the Euler-Lagrange equations of the Einstein—Hilbert
functional, and quantization of a Lagrangian theory requires to switch from a
Lagrangian view to a Hamiltonian view. In a groundbreaking paper, Arnowitt,
Deser and Misner [1] expressed the Einstein—Hilbert Lagrangian in a form which
allowed to derive a corresponding Hamilton function by applying the Legendre
transformation. However, since the Einstein—Hilbert Lagrangian is singular, the
Hamiltonian description of gravity is only correct if two additional constraints are
satisfied, namely the Hamilton constraint, which is expressed by the equation
H = 0, where H is the Hamilton function, and the diffeomorphism constraint.
Dirac [8] proved how to quantize a constrained Hamiltonian system—at least in
principle—and his method has been applied to the Hamiltonian setting of gravity,
cf. the paper of DeWitt [6] and the monographs by Kiefer [36] and Thiemann [42].
In the general case, when arbitrary globally hyperbolic spacetime metrics are
allowed, the problem turned out to be extremely difficult and solutions could only
be found by assuming a high degree of symmetry, cf., e.g. [14].

However, in [15, 17, 18] we proposed a model for the quantization of gravity for
general hyperbolic spacetimes, in which we eliminated the diffeomorphism con-
straint by reducing the number of variables and proving that the Euler—Lagrange
equations for this special class of metrics were still the full Einstein equations. The
Hamiltonian description of the Einstein—Hilbert functional then allowed a canonical
quantization. We quantized the action by looking at the Wheeler—DeWitt equation
in a fibre bundle E, where the base space is a Cauchy hypersurface of the spacetime
which has been quantized and the elements of the fibres are Riemannian metrics.
The fibres of E are equipped with a Lorentzian metric such that they are globally
hyperbolic, and the transformed Hamiltonian, which is now a hyperbolic operator,



vi Preface

H, is a normally hyperbolic operator acting only in the fibres. The Wheeler—DeWitt
equation has the form Hu = 0 with u € C*°(E, C) and we defined with the help
of the Green’s operator a symplectic vector space and a corresponding Weyl
system.

The Wheeler-DeWitt equation seems to be the obvious quantization of the
Hamilton condition. However, H acts only in the fibres and not in the base space
which is due to the fact that the derivatives are only ordinary covariant derivatives
and not functional derivatives, though they are supposed to be functional deriva-
tives, but this property is not really invoked when a functional derivative is applied
to u, since the result is the same as applying a partial derivative.

Therefore, we discarded the Wheeler—DeWitt equation in [19] and expressed the
Hamilton condition differently by looking at the evolution equation of the mean
curvature of the foliation hypersurfaces M(¢) and implementing the Hamilton
condition on the right-hand side of this evolution equation. The left-hand side, a
time derivative, we replaced by the corresponding Poisson brackets. After canonical
quantization, the Poisson brackets became a commutator and now we could employ
the fact that the derivatives are functional derivatives, since we had to differentiate
the scalar curvature of a metric. As a result, we obtained an elliptic differential
operator in the base space, the main part of which was the Laplacian of the metric.

On the right-hand side of the evolution equation, the interesting term was H>, the
square of the mean curvature. It transformed to a second-time derivative, the only
remaining derivative with respect to a fibre variable, since the differentiations with
respect to the other variables cancelled each other. The resulting quantized equation
is then a wave equation in a globally hyperbolic spacetime.

Q = (0, OO) X So,

where Sy is the Cauchy hypersurface. When Sy is a space of constant curvature,
then the wave equation, considered only for functions u# which do not depend on x,
is identical to the equation obtained by quantizing the Hamilton constraint in a
Friedmann universe without matter but including a cosmological constant.

There also exist temporal and spatial self-adjoint operators Hy resp. H; such that
the hyperbolic equation is equivalent to

Hou — H1u = O,

where u = u(t, x), and Hy has a pure point spectrum with eigenvalues /; while, for
Hi, it is possible to find corresponding eigendistributions for each of the eigen-
values /;, if Sy is asymptotically Euclidean or if the quantized spacetime is a black
hole with a negative cosmological constant, cf. [22-24]. The hyperbolic equation
then has a sequence of smooth solutions which are products of temporal eigen-
functions and spatial eigendistributions. Due to this “spectral resolution” of the
wave equation, we were also able to apply quantum statistics to the quantized
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systems, cf. [25]. These quantum statistical results could help to explain the nature
of dark matter and dark energy.

We believe that the wave equation model in the spacetime Q is a very promising
model for describing quantum gravity.

Heidelberg, Germany Claus Gerhardt
December 2017
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Chapter 1 ®)
The Quantization of a Globally oo
Hyperbolic Spacetime

1.1 Introduction

The quantization of gravity is hampered by the fact that the Einstein—Hilbert
Lagrangian is singular. Switching to a Hamiltonian setting requires to impose two
constraints, the Hamilton constraint and the diffeomorphism constraint. Though we
were able to eliminate the diffeomorphism constraint in a recent paper [16], the
Hamilton constraint is a serious obstacle. Quantization of a Hamiltonian setting
requires a model in which the quantized variables, which turn into operators, act,
and, in case of constraints, preferably given as an equation, to quantize this equation.
In the former paper, we proposed a quantization of gravity by working in a fiber
bundle E with base space Sy after quantization, the Hamilton function H was trans-
formed to an hyperbolic operator H, and the Hamilton condition, which could be

expressed by
H =0, (1.1.1)

was transformed to the Wheeler—DeWitt equation
Hu=0 (1.1.2)

in the bundle E. However, the operator H acts only in the fibers and there is no
differentiation in the base space Sy, though the solutions are defined in E. This
seems to be unsatisfactory.

We therefore use a better quantization model, cf. [18]: We are still working in the
bundle E, but we discard the Wheeler—DeWitt equation; i.e., we do not express the
Hamilton constraint by Eq. (1.1.1) but differently using the Hamilton equations. The
second Hamilton equation has the form

L OH
i ===, (1.1.3)
09ij
© Springer International Publishing AG, part of Springer Nature 2018 1
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or equivalently, . »
7;([] :{7‘{'”,7‘{}, (114)

where we use a Hamiltonian density at the moment. Hence, we have the identity

y oH
gij{im , H} = —gij — (1.1.5)
J jagij

which is a scalar equation.
The Hamilton constraint can be expressed in the form

|A]> — H?> = (R —2A). (1.1.6)

Looking at the right-hand side of (1.1.5), the term |A|*> — H?, which will be trans-
formed to be the main part of the hyperbolic operator, occurs on the right-hand side in
two places. Replacing |A|> — H? on the right side by (R —2.A) will give an equation
that defines the Hamilton constraint.

We developed two models: In the first model, we replaced |A|> — H? partially in
(1.1.5). The quantization of the modified equation then leads to a hyperbolic equation

Pu=0 (1.1.7)

in E, where P acts in the fibers as well as in Sy. P is a symmetric operator, and with
the help of its Green’s operator, one can define a symplectic vector space and then a
Weyl system, or a quantum field.

In the second model, we use a geometric evolution equation to express the Hamil-
ton constraint by replacing |A|> — H? completely in the evolution equation. After
quantization, we then obtain a wave equation in £

1 n?
32n—1

i — (n— 1)12—%Au—gt2(f%R—2A)u=o (1.1.8)
in points (x, ¢, §) € E, where a metric g;; in the fiber over x € &y has the form

gij = 1707(x, €) (1.1.9)

and the Laplacian in (1.1.8) is defined with respect to o;;. Hence, for any £ we have
a wave equation in
So x R (1.1.10)

with solutions u = u(x, t, £). We prove that solutions of the corresponding Cauchy
problems exist and are smooth in all variables.

This second model seems to be the right model since it contains the quantization of
acosmological Friedmann universe, without matter but with a cosmological constant,
as a special case by choosing o;; to be the metric of a space of constant curvature
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and by assuming u = u(¢). Equation (1.1.8) is in this case identical to the quantized
Friedmann equation up to the last constant.

Moreover, assuming Sy to be compact we also derive a spectral resolution of
Eq.(1.1.8), by constructing a countable basis of solutions of the form

u=w)vkx), (1.1.11)

where v is an eigenfunction of the problem
n
—(n—1Av — ERU = v (1.1.12)

in Sy with 1 > 0 and w an eigenfunction of an ODE. These solutions have finite
energy, cf. (1.6.73) on page 49.

However, the most satisfying spectral resolution we shall obtain later by defining
temporal resp. spatial Hamiltonians Hj resp. H; such that the wave equation (1.1.8)
can be expressed in the form

t>"%(H, — Hy)u = 0, (1.1.13)

where Hj has a pure point spectrum with positive eigenvalues )\; and where it is
possible to find corresponding eigendistributions of H; for each of the eigenvalues
Ai. Let w; be a complete mutually orthogonal sequence of eigenvectors of Hy and
v;; a sequence of smooth eigendistributions of H satisfying

Hyv;j = Nvi; VY, (1.1.14)

then
Ujj = W;V;j (1115)

will be solutions of the wave equation. This approach will require that the \; belong to
the continuous spectrum of H; which will be the case if the positive real numbers are
part of the continuous spectrum. Fortunately, this will be true for important classes
of open spacetimes, i.e. spacetimes with non-compact Cauchy hypersurfaces S, cf.
the examples in the chapters [3-6].

The results for the first model are proved and described in detail in Sects. 1.4 and
1.5. The results for the second model are proved in Sect. 1.6. Here is a more formal
summary of the results of the second model:

Theorem 1.1.1 Let (Sy, 0ij) be a given connected, smooth and complete
n-dimensional Riemannian manifold and let

Q=8 xR: (1.1.16)

be the associated globally hyperbolic spacetime equipped with the Lorentzian metric
(1.6.41) or, if necessary, with (1.6.42), then the hyperbolic equation
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1 n?
32n—1

. o4 n o, 4 2 o
u—(m— 1t uAu—Et " Ru+nt“Au =0, (1.1.17)

where the Laplacian and the scalar curvature correspond to the metric o;;, describes
a model for quantum gravity. If Sy is compact, a spectral resolution of this equation
has been proved in the theorem below.

Theorem 1.1.2 Assume n > 2 and Sy to be compact and let (v, p) be a solution
of the eigenvalue problem (1.1.12) with 1 > 0, then there exist countably many
solutions (w;, A;) of the implicit eigenvalue problem (1.6.57) such that

A< Ajpp < - <0, (1.1.18)
lim A; =0, (1.1.19)

and such that the functions
u;j = w;v (1.1.20)

are solutions of the wave equations (1.1.8). The transformed eigenfunctions

Bi(t) = wi AT ), (1.1.21)

where

n—1

o= (=AD" (1.1.22)

form a basis of the corresponding Hilbert space H and also of L*(R%, C).

1.2 Definitions and Notations

The main objective of this section is to state the equations of Gaul}, Codazzi and
Weingarten for spacelike hypersurfaces M in a (n 4 1)-dimensional Lorentzian man-
ifold N. Geometric quantities in N will be denoted by (g,3), (Fagﬂ,(;), etc., and those
in M by (gi;), (Rijk), etc. Greek indices range from O to n and Latin from 1 to n; the
summation convention is always used. Generic coordinate systems in N resp. M will
be denoted by (x®) resp. (¢'). Covariant differentiation will simply be indicated by
indices, and only in case of possible ambiguity they will be preceded by a semicolon;
i.e., for a function u in N, (u,) will be the gradient and (u,z3) the Hessian, but, e.g.,
the covariant derivative of the curvature tensor will be abbreviated by Ens‘gwg;f. We
also point out that

Ra@wé;i = Ra@“/é;e-x,'e (121)

with obvious generalizations to other quantities.
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Let M be a spacelike hypersurface; i.e., the induced metric is Riemannian, with
a differentiable normal v which is timelike.
Inlocal coordinates, (x®) and ('), the geometric quantities of the spacelike hyper-
surface M are connected through the following equations
.Xg = h,‘jVa (122)
the so-called Gauf3 formula. Here, and also in the sequel, a covariant derivative is
always a full tensor, i.e.

X =28 — FExf + T x)x]. (1.2.3)
The comma indicates ordinary partial derivatives.

In this implicit definition, the second fundamental form (h;;) is taken with respect
to v.

The second equation is the Weingarten equation

Ve = hfxp, (1.2.4)

where we remember that " is a full tensor.
Finally, we have the Codazzi equation

— g ~ 5
hij;k — hik;j = Raﬁm;l/axll xj’x,‘: (125)

and the Gauf; equation

B8

Uxlx). (1.2.6)

Riji = —{hichji — hith ji} + Rapysxi'x

Now, let us assume that N is a globally hyperbolic Lorentzian manifold with a

Cauchy hypersurface. N is then a topological product I x Sy, where [ is an open

interval, Sy is a Riemannian manifold, and there exists a Gaussian coordinate system
(x%), such that the metric in N has the form

A3 = e {—dx" + 01 (x°, x)dx'dx7}, (1.2.7)

where o;; is a Riemannian metric, ¢ a function on N, and x an abbreviation
for the spacelike components (x). We also assume that the coordinate system is
future oriented; i.e., the time coordinate x¥ increases on future directed curves.
Hence, the contravariant timelike vector (£*) = (1,0, ..., 0) is future directed as
is its covariant version (£,) = e*¥(—1,0,...,0).

Let M = graphu |, be a spacelike hypersurface

M={x"x):xX"=ux), x €S}, (1.2.8)
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then the induced metric has the form

gij = e {—uu; + oy} (1.2.9)
where o;; is evaluated at (u, x), and its inverse (g"/) = (g;;)~" can be expressed as

N o oulud
gl = e—ZvJ{UU + u_u_}’ (1.2.10)
vV v

where (0/) = (0;;)" and

[ A § S
U =0o’uj;

v =1 —Jijuiuj =1—|Dul’.

(1.2.11)

Hence, graph u is spacelike if and only if [Du| < 1.
The covariant form of a normal vector of a graph looks like

(a) = v 'e"(1, —uy). (1.2.12)
and the contravariant version is
W) =Fv e (1, uh). (1.2.13)

Thus, we have

Remark 1.2.1 Let M be spacelike graph in a future oriented coordinate system.
Then, the contravariant future directed normal vector has the form

) =vle V1, uh) (1.2.14)

and the past directed ‘ '
") =—v e V(1 u'). (1.2.15)

In the Gaufl formula (1.2.2), we are free to choose the future or past directed
normal, but we stipulate that we always use the past directed normal. Look at the
component & = 0 in (1.2.2) and obtain in view of (1.2.15)

_p — —0 —0 —0 —0
e /U ]I’lij = —I/t,'j — FOOM,'MJ' — FOjui — Fm”j — Fij‘ (1216)
Here, the covariant derivatives are taken with respect to the induced metric of M,
and o B
—T;; =e¢"hyj, (1.2.17)
where (h ij) is the second fundamental form of the hypersurfaces {x® = const}.
An easy calculation shows
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_ 1 )
hije™" = _Edij —Yojj, (1.2.18)

where the dot indicates differentiation with respect to x°.

1.3 Combining the Hamilton Equations
with the Hamilton Constraint

Let N = N"*! be a globally hyperbolic spacetime. We consider the functional
J= / (R =24), (1.3.1)
N

where R is the scalar curvature and A a cosmological constant. The integration over
N is to be understood only symbolically since we are only interested in the first
variation of the functional; i.e., when a metric g = (g,) in N is given, we are only
interested in the first variation of J with respect to compact variations of g; hence,
it suffices to integrate only over open and precompact subsets £2 C N such that

J = / (R —24). (1.3.2)
2

Itis well known that, when the first variation of J with respect to arbitrary compact
variations of g vanishes, the metric g satisfies the Einstein equations with cosmolog-
ical constant A, namely

Gog+ Agap =0, (1.3.3)

where G, is the Einstein tensor.

When N, endowed with a metric g, is globally hyperbolic, there exists a global
time function f € C*°(N) such that

IDFI? = 5° fofs < 0, (1.34)
and N can be written as a topological product
N=1xS&5y, I=(a,b)CR, (1.3.5)

where
So=f""), a<c<b, (1.3.6)

is a Cauchy hypersurface and there exists a Gaussian coordinate system (x“), 0 <
a < n, such that x° = f and the metric g splits according to
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ds* = —w?(dx")* 4 g;;dx'dx’, (1.3.7)

where (x), 1 <i < n, are local coordinates of Sy and
5ij = 3", x), xe&, (1.3.8)

are Riemannian and w > 0 is function.

Without loss of generality, we may always assume that 0 € I and that ¢ = 0.
When there exists a time function and an associated Gaussian coordinate system
such that (1.3.7) is valid we also say that x° splits the metric.

Lemma 1.3.1 Let (N, g) be a globally hyperbolic spacetime and let f be a time
function that splits g. Let w = (w,3) be an arbitrary smooth symmetric tensor field
with compact support and define

gle) =g+ew (1.3.9)

for small values of €
le] < €. (1.3.10)

If €y is small enough, the tensor fields g(e) will also be Lorentzian metrics that will
be split by f.
Proof We shall only prove that the g(e) will be split by f, since the other claim is

obvious.
Define the conformal covariant metrics

9(e) = (Df, Df)g(e), (1.3.11)

then Df is a unit gradient field for each g(¢). Let Sy = £~'(0) and consider the flow
x = x(¢, &) satisfying
x = —Df,

1.3.12
x(0,8) =¢, ( :

where ¢ € Sy. For fixed £, the flow is defined on a maximal time interval J = (ay, by).
If we can prove that J = I = (a, b) = f(N), then we would have proved that each
metric g(e) satisfies

ds* = —(dx®)* + g;;dx‘x/, (1.3.13)

where the g;; are Riemannian and depend smoothly on ¢, cf. the arguments in [12,
p. 271.
It suffices to prove by = b. Assume that

by < b, (1.3.14)

and let K be the support of w. Then, there exists #y < by such that
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x(t, &) ¢ K Vt>t, (1.3.15)

for otherwise there would exist a sequence (#;)
th > by N x(tx,&) eK (1.3.16)
contradicting the maximality of J, since there has to be a “singularity” for the flow

in b().
Thus, choose

to < t; < by, (1.3.17)
then
x(t,8) e M(t) = f (), (1.3.18)
because
f&x(,8) =t (1.3.19)

as one easily checks.
Lety = y(z, &) be the flow corresponding to e = 0, then y covers N by assumption
and hence there exists ( € Sy such that

y(t, Q) =x(t, 9. (1.3.20)

Then the integral curve
y =—=Df,

(13.21)
y(t, Q) =x(t,8),

where the contravariant vector is now defined with the help g = g(0)

D f =g 3, (1.3.22)

would be a smooth continuation of x (¢, &) past by, a contradiction. O

The preceding lemma will enable us to eliminate the so-called diffeomorphism
constraint when switching from a Lagrangian to a Hamiltonian view of gravity.

Theorem 1.3.2 Let (N, g) be a globally hyperbolic spacetime, f a time function
that splits g with Cauchy hypersurface Sy. Let S22 € N be open and precompact and
assume that the first variation of the functional

J = f(ﬁ —2A) (1.3.23)
2

vanishes in g for those compact variations of g which can be expressed in the form

ds* = —w?(dx")* + g;;dx'dx’, (1.3.24)
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where (g;; (x°, x)) is Riemannian, then the first variation of J in § also vanishes for
arbitrary compact variations.

Proof Letw = (w,p) be an arbitrary smooth symmetric tensor with compact support
in £2. The metrics
ge) =g+ew, el <eo, (1.3.25)

then satisfy (1.3.24) for small €, in view of the preceding lemma, hence
0J(3: 9(0) = 0. (1.3.26)
But the first variation is a scalar, hence
0J(3: 9(0) = 6J (g5 w), (13.27)

where at the right-hand side we used an arbitrary coordinate system to express the
tensors. (]

We are now ready to look at the Hamiltonian form of the Einstein—Hilbert action
followirlg [1].
Let 2 € N be an arbitrary open, precompact set. Then, we consider the functional

J = [(E—zzx), (1.3.28)
2

where A is a negative constant and we assume that there exists a time function f = x°
in N with Cauchy hypersurface Sp = f~'(0) and where, in view of Theorem 1.3.2,
we only consider metrics of the form
ds? = —w*(dx")* + g;jdx'dx’, (1.3.29)

where w is an arbitrary smooth positive function and g;; = g;; x° x), x € So,
Riemannian metrics. Let us fix a metric g = (gap) as in (1.3.29), then we deduce
from the Gaul3 equation

R=H*—|A?+R 2R, sv"V’, (1.3.30)
where R is the Scalar curvature of the slices

M@) = {x° =1}, (1.3.31)

H the Mean curvature of M (t),

H=g"hi;=>Y ki (1.3.32)
i=1
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where k; are the principal curvatures, |A|? is defined by
|A] = hih =" K7, (1.3.33)
i=1

and where the second fundamental form £;; of M (¢) can be expressed as

., _
hij = _Egijw H (1.3.34)
where 9
. Jij
gij = a—t", (1.3.35)
when we identify ¢ with x°.
The last term on the right-hand side of (1.3.30) can be written as
— 2R 5"V = —2(H? — |A]*) + Doa”, (1.3.36)

cf. Lemma 1.3.6 below. Since the divergence term can be neglected, the functional
J is equal to

b
J=/ /{|A|2—H2+R—2A}wf, (1.3.37)
a 2
where we may assume that
R=(a,bxR, eS8, (1.3.38)

and
(a,b) € xX°%(N) = 1. (1.3.39)

This way of expressing the Einstein—Hilbert functional is known as the ADM
approach, see [1].
Let F = F(h;;) be the scalar curvature operator

_ 1 AR
F = E(H |A]%) (1.3.40)
and let 1
Fiik = gii gkl _ E{gikgjl + gl g’"y (1.3.41)
be its Hessian, then -
Fl]’klhijhkl =2F = H2 — |A|2 (1.3.42)

and
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Fil = Fikly, — Hgil — pil. (1.3.43)

In physics - B
Gk = ik (1.3.44)

is known as the DeWitt metric, or more precisely, a conformal metric, where the
conformal factor is even a density, is known as the DeWitt metric, but we prefer the
above definition.

Combining (1.3.34) and (1.3.42) J can be expressed in the form

b
T
J:/ /{ZG”’klgijgklw 24+ (R —2M)}w /9. (1.3.45)
a 2

The Lagrangian density £ is a regular Lagrangian with respect to the variables g;;.
Define the conjugate momenta

_oL _1

rii = 2% GiH g /g
9gij 2 Va (1.3.46)
=—G'"hy/g
and the Hamiltonian density
H= Wijgij - L
1 . (1.3.47)
= —wGijum 7 — (R —2A)w. /7,
Vi
where | |
Giju = {99k + gugjk} — —9ijgui (1.3.48)
2 n—1
is the inverse of GV,
Let us now consider an arbitrary variation of g;; with compact support
9ij(€) = gij + ewij, (1.3.49)

where w;; = wj; (¢, x) is an arbitrary smooth, symmetric tensor with compact support
in £2. The vanishing of the first variation leads to the Euler—Lagrange equations

Gij + Agi; =0, (1.3.50)

i.e. to the tangential Einstein equations. We obtain these equations by either varying
(1.3.28) or (1.3.37).

To obtain the full Einstein equations we impose the Hamilton constraint, namely
that the Hamiltonian density vanishes or, equivalently, that the normal component of
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the Einstein equations are satisfied
G’ — A =0. (1.3.51)

We then conclude that any metric (g,p3) satisfying (1.3.29), (1.3.50) and (1.3.51)
has the property that it is a stationary point for the functional (1.3.28) in the class
of metrics which can be split according to (1.3.29). Applying then the result of
Theorem 1.3.2, we deduce that g,z satisfies the full Einstein equations.

The Lagrangian density £ in (1.3.45) is regular with respect to the variables g;;;
hence, the tangential Einstein equations are equivalent to the Hamilton equations

) oH
gij = Sl (1.3.52)

and 5H
A= (1.3.53)

5gij

where the differentials on the right-hand side of these equations are variational or
functional derivatives; i.e., they represent the Euler—Lagrange operator of the cor-
responding functionals, or more precisely, of the corresponding Lagrangians, with
respect to the indicated variables, in this case, the functional is

/ n (13.54)
2

where S is locally parameterized over §2 C R”. Occasionally, we shall also write

H (1.3.55)
So

by considering Sy simply to be a parameter domain without any intrinsic volume
element.
We have therefore proved:

Theorem 1.3.3 Let N = N"*! be a globally hyperbolic spacetime and let the metric
Jap be expressed as in (1.3.29). Then, the metric satisfies the full Einstein equations
if and only if the metric is a solution of the Hamilton equations (1.3.52) and (1.3.53)
and of the Eq. (1.3.51) which is equivalent to

H=0 (1.3.56)
and is called the Hamilton constraint. These equations are equations for the variables

gij- The function w is merely part of the equations and not looked at as a variable
though it is of course specified in the component go.
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We define the Poisson brackets

ou v ou v

{u, v} = @W - W% (1.3.57)
and obtain
{gij. 7'} = 65, (1.3.58)
where |
5 = 5{5f5§ + 0,00} (1.3.59)
Then, the second Hamilton equation can also be expressed as
7l = {7, H). (1.3.60)

In the next section, we want to quantize this Hamiltonian setting and especially the
Hamiltonian constraint. In order to achieve this, we shall express equations (1.3.53),
(1.3.52) and (1.3.51) by a set of equivalent equations, namely (1.3.53), (1.3.52) and
(1.3.61)

g T, HY = (n — )(R —2A)w/g — Rw /g — (n — 1) Aw,/g

1 i
- = (;rs,kl’rrrJ 7Tkl w,

N

(1.3.61)

where A is the Laplacian with respect to the metric g;;. Let us formulate this claim
as a theorem:

Theorem 1.3.4 Let N = N"! be a globally hyperbolic spacetime and let the metric
Jap be expressed as in (1.3.29). Then, the metric satisfies the full Einstein equations
if and only if the metric is a solution of the Hamilton equations (1.3.52) and (1.3.53)
and of equation (1.3.61).

Proof The second Hamilton equation states

. )
il = —%, (1.3.62)
ij

which is of course equal to (1.3.60), and

S((R—2A
oH 0 (LGm,m”w"’)w+ (« )w\/ﬁ).

Cbgy 09y g 09ij

(1.3.63)

In the lemma below, we shall prove
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MR=2000) Ly 5 g

0gij (1.3.64)
+{w" — Awg" — AgTw} /g
and a simple but somewhat lengthy computation will reveal
g 1 1 .
__(_Grs,klﬂrswkl)w = _(|A|2 - Hz)gljw\/.g
agij «/5 2
| ) | (1.3.65)
—2rimw— + T w—,
NI NG
where the indices are lowered with the help of g;;, and we further conclude
g 1 u
—Gij 57— (=G um 7w
! 39:';’ «/?
= §(|A|2 — HHw /g —2(A> — HHw./g (1.3.66)
n 1
= (5 — DIAP = H)w/g— —Goun” 7w
2 V9 V9
On the other hand, the Hamilton density is equal to
H = —2{G.V" — Ayw /g (1.3.67)
because of the Gaul} equation. Hence,
1 ) 2 1
§{|A| —HYw/g= E(R —2M)w./g (1.3.68)

iff the Hamilton constraint is valid, from which the proof of the theorem immediately
follows. ]

Lemma 1.3.5 Let M be a Riemannian manifold with metric g;;, scalar curvature R
and let w € C*(M) and A € R, then the Eq. (1.3.64) is valid.

Proof 1Tt suffices to consider the term

0(Rw./9)

, (1.3.69)
5gij

since the result for the second term is trivial.
Let £2 C M be open and bounded and define the functional

J:/ Rw./g. (1.3.70)
2
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Let g;;(¢) be a variation of g;; with support in §2 such that
gij = gij(0) (1.3.71)

and denote differentiation with respect to e by a dot or prime, then the first variation
of J with respect to this variation is equal to

J0) = /Q{gifR,»j +g"/’1é,-,}w¢§+/91ew¢§’. (1.3.72)
Again we only consider the non-trivial term
/ 9" Rijw./g. (1.3.73)
2
It is well known that
Rij = =T+ (T, (1.3.74)

where the semicolon indicates covariant differentiation, Fl]; is a tensor. Hence, we
deduce that (1.3.73) is equal to

[ 16w, — g )5 (1.3.75)
Q2
which in turn can be expressed as

ij ki I, . .
9’9 E(gil;k + Grtsi — Gik;)W;
@ : (1.3.76)
—/ 97 g = (Gij + Gj1.i — Gijs)wi,
Q 2

where we omitted the notation of the density ,/g. Let us agree that each row of the
preceding expression contains three integrals. Then, the first integrals in each row
cancel each other, the second in the first row is equal to the third integral in the second
row, and the third integral in the first row is equal to the second integral in the second
row. Therefore, we obtain by integrating by parts

—/ A“wgk’gk,+/ w! gl :f{—ngf+wf}g; (1.3.77)
2 2 2
and conclude
5(R 1 N D
% = (Rg" = RNw g+ ' — Awg") /3. (1.3.78)
gij

O
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Let us now prove the relation (1.3.36).

Lemma 1.3.6 Let M C N be a spacelike hypersurface and let v = (V™) be a smooth
field of unit normal vectors of M, then

Rosv*V’ = (H? = |A]*) + Doa®, (1.3.79)

where a® is a smooth vector field.

Proof Without loss of generality we may assume that the vector field v is defined in
aneighbourhood of M by looking at a tubular neighbourhood of M, cf. [12, Theorem
1.3.13]. Applying the Ricci identities, we then deduce

. — p . —
V;Oaé = V;%a - Rﬁaéyd = V;bé(v + RtyﬂVﬂ~ (1.3.80)

Next, we have the identities

W) = V0500 + 005 (1.3.81)
and
(U;%I/a);a = l/igau” + V%V%, (1.3.82)

from which we infer, by subtracting the last equation from the preceding one,
W) — Wov™)e = V0500 — vl 0" + |A]F — H?, (1.3.83)
where we also used that
vl =xH A VU5 =]|AP (1.3.84)

Combining (1.3.83) and (1.3.80), we obtain (1.3.79). [l

1.4 The Quantization

For the quantization of the Hamiltonian setting we first replace all densities by tensors,
by choosing a fixed Riemannian metric in S

X = (xij (%)), (1.4.1)
and, for a given metric g = (g;; (¢, x)), we define

detgi; |1

1.4.2
det Xij ( )

v =, gij) = (
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such that the Einstein—Hilbert functional J in (1.3.45) on page 12 can be written in
the form

b
Uy .
J = / f {ZG'“"gijgklw 2+ (R =20} wpX. (1.4.3)
a 2

The Hamilton density H is then replaced by the function

H = {¢”'Gijum’ 7 — (R = 2A)p}w, (1.4.4)
where now B )
= —pG M hy (14.5)
and
hij = —¢ "' Gijum. (1.4.6)

The effective Hamiltonian is of course

w'H. (1.4.7)
Fortunately, we can, at least locally, assume

w=1 (1.4.8)

by choosing an appropriate coordinate system: Let (p, xo) € N be an arbitrary point,
then consider the Cauchy hypersurface

M(ty) = {to} x So (1.4.9)

and look at a tubular neighbourhood of M (#)); i.e., we define new coordinates (7, xh),
where (x) are coordinates for Sy near xo and ¢ is the signed Lorentzian distance to
M (ty) such that the points

0, x') € M(1). (1.4.10)

The Lorentzian metric of the ambient space then has the form
ds? = —dt* + g;dx'dx. (1.4.11)

Secondly, we use the same model as in [16, Sect.3]: The Riemannian metrics
gij(t, -) are elements of the bundle T%2(Sy). Denote by E the fiber bundle with base
So where the fibers consist of the Riemannian metrics (g;;). We shall consider each
fiber to be a Lorentzian manifold equipped with the DeWitt metric. Each fiber F has
dimension

nn+1) _

dim F = m+ 1. (1.4.12)
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Let (£), 0 < a < m, be coordinates for a local trivialization such that
gij(x, &%) (1.4.13)
is a local embedding. The DeWitt metric is then expressed as
Gab = G gij.aght b, (1.4.14)

where a comma indicates partial differentiation. In the new coordinate system, the
curves

t— gij(t, x) (1.4.15)
can be written in the form
t— £%(t, x) (1.4.16)
and we infer - o
G iy = G’ (14.17)
Hence, we can express (1.3.37) as
b 1 .
J =/ f{ZGabg“ébw (R —24)p), (1.4.18)
a 2

where we now refrain from writing down the density ,/x explicitly, since it does
not depend on (g;;) and therefore should not be part of the Legendre transformation.
We also emphasize that we are now working in the gauge w = 1. Denoting the
Lagrangian function in (1.4.18) by L, we define

oL 1.
= = G-, 1.4.19
o8 ® bzf ( )

Ta

and we obtain for the Hamiltonian function H

H=¢ oL _
déa

1. 1.
= <,0Gab(§§“)(§§b) —(R=2A)p
= ¢ 'G%n,m, — (R —2A)e,

(1.4.20)

where G is the inverse metric.
The fibers equipped with the metric

(¢Gap) (1.4.21)
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are then globally hyperbolic Lorentzian manifolds as we shall now prove.

DeWitt already analysed the fibers in [6], though he did not look at them as fibers.
Some of the ideas that we shall use in the proofs below can already be found in
DeWitt’s paper.

Lemma 1.4.1 Let F be a fiber, then F is connected and
T=logyp (1.4.22)

is a time function satisfying

n ~1

(p_]Gab’TaTb — _

Proof F is obviously connected, since F' is a convex cone in the vector space defined
by the symmetric covariant tensors of order two.
To prove (1.4.23), we use the original coordinate representation g;; and conclude

g or 1 ..
R —T 1.4.24
T 900 29 ( )
and hence
Gijurir = —— 2 (1.4.25)
lj' 4(n _ ]) b 0 .
where . 1
Giju = E{gikgjl + 9ugjk} — pamt L (1.4.26)
is the inverse of G'/*/ hence the result. O
Theorem 1.4.2 Each fiber F is globally hyperbolic, the hypersurface
M={p=1}={r =0} (1.4.27)

is a Cauchy hypersurface and in the corresponding Gaussian coordinate system (£%)
the metric Gy, can be expressed as

IICES)

ds’ o{—d7? + G opd€rdEP), (1.4.28)

where
7= A —c0o<T <00 (1.4.29)

and (EA), 1 < A < m, are local coordinates for M. The metric G ap is also static,
i.e., it does not depend on T.



1.4 The Quantization 21

Proof (i) Let 7 be as in Lemma 1.4.1, then 7(F) = R and in the conformal metric

. on
4(n—1)

D

ab =@ (Gap) (1.4.30)
T, 18 a unit gradient field in view of (1.4.23).

(i1) The hypersurface M in (1.4.27) is therefore spacelike and has at most countably
many connected components.

Consider the flow . -
§=-D7r=—(G"7)

It will be convenient to express the flow in the original coordinate system, i.e.,

. 4(n—1)
gij = _TGij,lekl»

9i;(0,¢) = ¢ = gij,

(1.4.32)

where G;; z; is the metric in (1.4.26). The flow exists on a maximal time interval J;.
From (1.4.26), we obtain

1
Gijut! = EGij,klgkl
gl | (14.33)
T T T Ty
hence 5
gij = ;gij' (1434)

Let (1) € TXI’O(SO) be an arbitrary unit vector with respect to the metric x;;, then

P07y 2 i j
(i)' =~ gij'n (1.4.35)
leading to
s
gin'n’ = gin'n’er’, (1.4.36)

and thus, the eigenvalues of g;; with respect to x;; are uniformly bounded from above
and strictly bounded against zero when [¢| < const. Moreover,

T(gij) =1t (1.4.37)

from which we conclude
Je=R. (1.4.38)
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If M would be connected, then we would have proved that F is product
F=RxM (1.4.39)

and that the metric would split as (1.4.28). However, if M had more then one con-
nected component, then the corresponding cylinders defined by the flow would be
disjoint and hence F' would not be connected.
(iii) Let (£%), 0 < a < m, be the corresponding Gaussian coordinate system such
that
O =r=1t (1.4.40)

and (1), 1 < A < m, are local coordinates for M. Let g (%) be alocal embedding
in the new coordinate system, where the ambient metric should be the conformal
metric up to a multiplicative constant; i.e., we consider

Gk — %{gijgkl + gilgi*y — gl g (1.4.41)
to be the ambient metric such that
Gab = G gij.ugut.v- (1.4.42)
The metric splits, and we claim that
Gap = G" gijagu.n (1.4.43)

is stationary
d

—Gyp =0. 1.4.44
7,048 ( )
To prove this equation, we observe that the normal to M (t) = {7 = t} is amultiple

of g, cf.(1.4.24), hence B
97 9ija =0 (1.4.45)

for g;; (t, £4) is a local embedding of M (¢) from which we deduce

1 . . oo
Gap = E{glkgﬂ + 9" 9"V g} 490, (1.4.46)
Differentiating this equation with respect to ¢ we infer, in view of (1.4.34),

d 2
d_GAB =—"{g"¢"" + ¢" 9"} 9ij a0 B
t n

2 g, i 1.4.47
+ ;{9 “o/' + g 9"V gi; aguip ( )

=0
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where we also used 5
A —— (1.4.48)
n

(iv) Finally, we want to prove that M = M (0) is a Cauchy hypersurface and hence
F globally hyperbolic, cf. [40, Corollary 39, p. 422]. It suffices to prove this result
for a conformal metric G, where

d5? = —d71? + G ppd€rdE® (1.4.49)

and G 4 is stationary.

G ap is the metric of M. In case n = 3, DeWitt proved in [6, Remarks past
equation (5.15)] that M is a symmetric space and hence complete. DeWitt’s proof
in [6, Appendix A] remains valid for n > 3. We shall only use the fact that M is
complete; in Lemma 1.4.3 below we shall give a second proof which does not rely
on DeWitt’s result.

Let v(s) = (7%(s)), s € I, be an inextendible future directed causal curve in
F and assume that v does not intersect M. We shall show that this will lead to a
contradiction. It is also obvious that v can meet M at most once.

Assume that there exists sy € I such that

7(7(s0)) <0 (1.4.50)

and assume from now on that sy is the left endpoint of /. Since 7 is continuous, the
whole curve v must be contained in the past of M.
~ is causal, i.e.,
Gag¥'3" < 131 (1.4.51)

and thus

VG apyAyBE <40 (1.4.52)

since + is future directed. Let
5= (1.4.53)

be the projection of y to M, then the length of 7 is bounded

LG) = / Gz A58 < / 50 < —4%s0). (1.4.54)
1 1

Hence, 7 stays in a compact set since M is complete and the timelike coefficient is
also bounded
Ys0) <2%s) <0 Vsel, (1.4.55)

which is a contradiction since ~ should be inextendible but stays in a compact set
of F. (]
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Lemma 1.4.3 The hypersurface M = M (x) is a Cauchy hypersurface in F(x).

Proof As in the proof above we consider an inextendible causal curve v and look
at the projection 7 given in (1.4.53) which has finite length, cf. (1.4.54). Then, it
suffices to prove that 7 stays in a compact subset of M.

Representing ¥ = 7(s), s € I = [s9, b), in the original coordinate system (g;;)

5 = (gij(x,5)) = (gi;(s)) (1.4.56)
we use (1.4.46) to deduce
L) = /||§ij|| < —"(s0), (1.4.57)
I
where o
I6:1* = 6" ¢ 31w (1.4.58)

from which we infer, in view of [28, Lemma 14.2], that the metrics (g;;(s)) are all
uniformly equivalent in / and converge to a positive definite metric when s — b.
Hence, the limit metric belongs to M and 7 stays in a compact subset of M. (]

When we work in a local trivialization of E, the coordinates & A are independent
of x.

Lemma 1.4.4 The function ¢ is independent of x.

Proof Let
gij(x, 7, &Y (1.4.59)

be the local embedding in E, then we have

) dgij 2
9ij =757 = ~9ij (1.4.60)
cf. (1.4.34), hence we conclude
2
ij :e;T ij x707 A
g = €7 9, 0,8 (1.4.61)
=e o5 (x, &h,
where
oij =gij(0)eM (1.4.62)
and we further deduce
2 __ detgll _ ZTdetUi_f (1463)

v = detx,-j a detxij'
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In the embedding (1.4.59), 7 is considered to be independent of x being the time
component of a coordinate system (x, £*) describing a local trivialization of the
bundle E. Therefore, we infer from (1.4.63)

det gjj = det Xij» (1464)

proving the lemma. O

We can now quantize the Hamiltonian setting using the original variables g;; and
7/, We consider the bundle E equipped with the metric (1.4.28), or equivalently,

(G, (1.4.65)

which is the covariant form, in the fibers and with the Riemannian metric x in Sp.
Furthermore, let
CX(E) (1.4.66)

be the space of real-valued smooth functions with compact support in E.

In the quantization process, where we choose / = 1, the variables g;; and 7 are
then replaced by operators g;; and 7/ acting in C2°(E) satisfying the commutation
relations

[Gij. 71 = i6}}, (1.4.67)
while all the other commutators vanish. These operators are realized by defining §;;
to be the multiplication operator

Giju = giju (1.4.68)

and 7'/ to be the functional differentiation

14
==, (1.4.69)
1 69,']'
ie,ifu € C*(E), then
ou
— (1.4.70)
09ij
is the Euler-Lagrange operator of the functional
/ u/x = u. (1.4.71)
S[) S(]

Hence, if u only depends on (x, g;;) and not on derivatives of the metric, then

ou Ou
—_— = . (1.4.72)
591j 59[,’
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Therefore, the transformed Hamiltonian A can be looked at as the hyperbolic dif-
ferential operator
H=—-A—(R-2A)p, (1.4.73)

where A is the Laplacian of the metric in (1.4.65) acting on functions
u=u(x, gi)- (1.4.74)

We used this approach in [16] to transform the Hamilton constraint to the Wheeler—
DeWitt equation .
Hu=0 inE (1.4.75)

which can be solved with suitable Cauchy conditions. However, the Hamiltonian in
the Wheeler—DeWitt equation is a differential operator that only acts in the fibers
of E and not in the base space Sy which seems to be insufficient. This shortcoming
will be eliminated when, instead of the explicit Hamilton constraint, its equivalent
implicit version, Eq, (1.3.61) on page 14,! is quantized: Following Dirac, the Poisson
brackets are replaced by ,l times the commutators in the quantization process, i = 1,
i.e., we obtain

(7, HY — i[H, 77]. (1.4.76)

Dropping the hats in the following to improve the readability equation (1.3.61) is
transformed to

igii[H, 7= (m—1)(R—2A)p — Rp+ A, (1.4.77)

where A is the Laplace operator with respect to the fiber metric.
Now, we have

o 5
Z[Hvﬂ-lj] = [H’ _]

07ij
g s 5 (1.4.78)
=[-4, 5—] —[(R=2M0)p, —1,
9ij 09ij
cf. (1.4.73). Since we apply both sides to functions u € CZ°(E)
J 9 i
[-A, —lu=[-A, —Ju=—R" ju", (1.4.79)

5gij agij

because of the Ricci identities, where

Note that the left-hand side of this equation is a variant of the evolution equation of the mean
curvature of the foliation hypersurfaces, cf. (1.6.16) on page 42, i.e., the implementation of the
Hamilton constraint is very similar for these two models.
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R, (1.4.80)
is the Ricci tensor of the fiber metric (1.4.65) and

Mo ou

= — 1.4.81
Ogu ( )

is the gradient of u.
For the second commutator on the right-hand side of (1.4.78), we obtain

ou 1)
2 (R -2M)up),  (148)

1)
—[(R=2A)p, —Ju = —(R =2A)p
891'_1' 5911

59i_;

where the last term is the Euler—Lagrange operator of the functional

(R—=2MN)up = / (R —=2Mup /X
So So (1.4.83)

So

withrespect to the variable g;;, since the scalar curvature R depends on the derivatives
of g;;. From (1.3.64) and the proof of Lemma 1.3.5 on page 15 we infer

0 1 - .

5—{(R —2M)up} = E(R —2M)g"up — R'up

Jii . (1.4.84)

+ o{u! — Aug”} + (R — 24005 =,
ij

where the semicolon indicates covariant differentiation in Sy with respect to the met-
ric g;j, A is the corresponding Laplacian, and where we observe that the fundamental
lemma of the calculus of variations has been applied to functions in L*(Sy, JX),ie.,

f Vg = / Inevx; (1.4.85)
So So
here, we have
feC’%Sy, neC (S). (1.4.86)
We also note that
D ou n Ou 0gij
=5t 5o
Oxt— Ogij O (1.4.87)
i
Oxk

in Riemannian normal coordinates.
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Hence, we conclude that Eq. (1.4.77) is equivalent to

—Au— (n — DpAu — %@(R —2A)u=0 (1.4.88)

in E, since -
gijR” ;=0 (1.4.89)

for .
mgij (1.4.90)

is the future directed unit normal of the Cauchy hypersurfaces {¢ = const}: The

gradient of ¢

dy 1 .
T — Zod 1.4.91
90 >%9 ( )

is a past directed normal in covariant notation. Its contravariant version has the form

1

mgij. (1492)

@71Gij,klgkl%¢ ==
Therefore, the vector in (1.4.90) is future directed and has unit length as can easily
be checked.
Now, let us choose a coordinate system (7, £#) associated with the Cauchy hyper-
surface
M ={p=1} (1.4.93)

and express the metric as in (1.4.28). The time coordinate 7 is defined as

T =log . (1.4.94)
Let ¢ be the time function 1
t=Jp=e, (1.4.95)
then
) 1 2
dt” = Z(pdT (1.4.96)

and we conclude that the Fiber metric can be expressed as

16— 5 4G

—1
ds? = . + ”T)tZGABdgAng, (1.4.97)

where G 45 is independent of 7. We also emphasize that ¢ is independent of x, cf.
Lemma 1.4.4.
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Let (¢4) = (¢, §A), 0 < a < m, be the coordinates such that

f =t A 1<A<m, (1.4.98)

then we immediately deduce from (1.4.97) or (1.4.28) that the Ricci tensor satisfies

Rou=0 VO0<a<m, (1.4.99)

cf. also the arguments following (2.5.14) on page 69, where a more detailed proof is

given.
Since the determinant of the metric in (1.4.97) is equal to

|det(Gap)| = 16(nT_1){4( )} 12" det(G 4p) (1.4.100)

n—1
n
we conclude that Eq. (1.4.88) can be expressed in the form

1 n - ot™u) 1 n
16n—1 ot 4n—1

I_ZA(;M

(1.4.101)
2% n—2,
—(n— Dt Au—Tt (R—-2MN)u =0,
where Ag is the Laplacian with respect to the metric G 45.
For any point
(x,gij) € E (1.4.102)
the metric can be written in the form
gij =110, (1.4.103)
where o;; is independent of 7 and
deta,-j ZthXij, (14104)
cf. (1.4.61) and (1.4.64). Hence, we can write
Au=1""A,u. (1.4.105)
Thus, let us equip E with the metric
16(n — 1 4(n —1 o
gt = 00 =D o AT D o dergen 4 coyjdxdx’
n n -
= Gabdé-adfb_i_ IO'[jdXide (14106)
n—

= Gopd¢d(”,
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where 0 < a < m and 50 = t. We call G, the Fiber metric and o;; the Base metric,
which are to be evaluated at the points

()C, é-a) = (-xs gu) = (x7 t%Uij)- (14107)

Beware that
0ij = 0;j(x, &) € Ey, (1.4.108)

where E; is the subbundle
E ={t=1}. (1.4.109)

The operator P in (1.4.101) is a symmetric hyperbolic differential operator
Pu = —D,(a*’Dsu), (1.4.110)

where the derivatives are covariant derivatives with respect to the metric in (1.4.106)
and the coefficients a®” represent a Lorentzian metric. However, it is not normally
hyperbolic; i.e., its main part is not identical with the Laplacian of the ambient metric.
Nevertheless, we can consider P as a normally hyperbolic operator by equipping E
with the metric

16(n — 1 4
(n )dt2 + (n
n

—1
ds* = — )szABdede

IRLINPESE SN (1.4.111)
n—1 /

= Gapd(d(”,

though, of course, P is not symmetric in this metric.
Let E, E be the bundles

(E,Gup) N (E,Gap) (1.4.112)

respectively, and E; resp. E, the corresponding subbundles defined by
{t =1}. (1.4.113)
We shall now prove that £ and E are both globally hyperbolic manifolds and the
subbundles E resp. E 1, or more generally, the subbundles E (7) resp. E 1(7), defined
” {r=7} 7>0, (1.4.114)

Cauchy hypersurfaces provided the base space Sy is either compact or a homogeneous
space for a suitable metric p;;.
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Lemma 1.4.5 The bundles E and E are both globally hyperbolic manifolds, if Sy
is either compact or a homogeneous space for a suitable metric p;;, and the hyper-
surfaces E1(T) resp. E 1 (1) are Cauchy hypersurfaces.

Proof We shall only prove that E is globally hyperbolic, since the proof for E is
essentially identical. We shall show that E| is a Cauchy hypersurface. The arguments
will then also apply in case of the hypersurfaces E (7). The proof will be similar to the
proof of Lemma 1.4.3, where we proved that the fibers of E are globally hyperbolic.
The fact that we now consider the whole bundle creates a small complication which
will be handled by the additional assumption on Sy.

We shall now prove that E is a Cauchy hypersurface implying that E is globally
hyperbolic. Let us argue by contradiction. Thus, let

v(s) = ("(s), sel=(a,b), (1.4.115)

be an inextendible future directed causal curve in E and assume that v does not
intersect E,. We shall show that this will lead to a contradiction. It is also obvious
that v can meet E; at most once.

Assume that there exists so € I such that

t(y(s)) < 1 (1.4.116)
and assume from now on that s is the left end point of /. Since 7 is continuous, the

whole curve v must be contained in the past of E;.
~ is causal, i.e.,

1 . 4n —1 16(n — 1
Lotz + g nqe < 2O D g0 (1.4.117)
n—1 n n
and thus
1 ) 4(n — 1
\/—la,-,-x'xj + 20D g 448 < 459, (1.4.118)
n — n
since -y is future directed.
Let '
F =Y (1.4.119)

be the projection of v onto E, then the length of 7 is bounded

i 4(n —1) A
Ly < f\/ Utjx X;+ TGAB”YA’YB

< 4(1 — t(s0)) < 4.

(1.4.120)

Expressing the quadratic form
Gapy*HP? (1.4.121)
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in Ey in the coordinates (g;;) = (oi;), we have

Az B ik _jl - -
GAB’Y Y =0 o’ 0ijOki

. (1.4.122)
= ||6311%,
since the right-hand side is exactly
GM&6h, (1.4.123)
if
oij € T(Ey). (1.4.124)

Hence, we infer, in view of [28, Lemma 14.2], that the metrics (o;;(s)) are all
uniformly equivalent in / and converge to a positive definite metric when s tends to
b. It remains to prove that the points (x(s)) are precompact in Sy and then we would
have derived a contradiction.

If Sy is compact, then the precompactness of (x'(s)) is trivial; thus, let us assume
that (Sp, p;;j) is a homogeneous space. Then, 0;;(so) is equivalent to p;; (x(so)), and
hence, in view of the homogeneity, o0;; (s) is uniformly equivalent to p;; (x (s)) for all

s € I, and we conclude
/‘/pijfcifcf < const (1.4.125)
I

proving the precompactness. E| is therefore a Cauchy hypersurface and E is globally
hyperbolic. (]

Remark 1.4.6 Since E is globally hyperbolic and P is a normally hyperbolic differ-
ential operator, the Cauchy problems

Pu = f,
Ulg, ) = U0, (1.4.126)

~ .
UaV g o = UI

have unique solutions -
u e C*(E) (1.4.127)

for given values ug, u; € CSO(EI (7)), and f € CSO(E) such that
suppu C JE(K), (1.4.128)

where
K = suppug U suppu; Usuppf, (1.4.129)

cf. [2, 26, 27].
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Since E, E , and E|(T) resp. E 1(7) coincide as sets and the normals (v“) resp.
%) are also identical
v=v (1.4.130)

we immediately deduce that the Cauchy problems (1.4.126) are also uniquely solv-
able in E. Using this information, we then could derive the existence of the funda-
mental solutions F for P in E and also the existence of the advanced resp. retarded
Green’s operators G4 of P, cf. [26, Theorem 4].

However, we would like to show how the fundamental solutions Fi of Pin E
can easily be transformed to yield fundamental solutions of P in E and similarly
Green'’s functions G 1. This process is valid in general pseudo-riemannian manifolds
and thus also valid for elliptic operators; however, we shall only consider Lorentzian
manifolds. The notations N resp. N refer to the same manifold N equipped with the
metrics gog resp. gag-

Definition 1.4.7 Let7 € D’(N) be adistribution and let ./|¢| be the volume element
in N, where

g = det g.3, (1.4.131)
then we use the notation
(T, nv1gl) (1.4.132)
or
Tnylgll (1.4.133)

to refer to “T acts on 7" instead of the usual symbols
(T, n) (1.4.134)

or
Tnl. (1.4.135)

If P is a differential operator in N and P* its formal adjoint, then

(PT,ny/1gl) = (T, (P*n)y/1gl). (1.4.136)
We found this notation in [10, Definition 2.8.1, p. 60].
Lemma 1.4.8 Let T € D'(N,q) and let g be a another smooth metric in N and set
V19l

Y= 1.4.137
( NI ( )

then
YT € D'(N, g) (1.4.138)
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and

WT.ny1gl) = (T.0/13l)  ¥n e CEWN). (1.4.139)

Proof Follows immediately from the definition of YT

WT, 019l = (T, vny/1gl) = (T, ny/131). (1.4.140)
O

As an application we obtain:

Corollary 1.4.1 Let Fy resp. G be the fundamental solutions of P in E resp. the
advanced and retarded Green’s operators, and define

JiGl
A (1.4.141)

Y=t

then ~
Fr =¢yFy (1.4.142)

are fundamental solutions of P in E and
Gy =vYG. (1.4.143)

the advanced and retarded Green’s operators.

Proof “(1.4.142)” We have

Fi[ny/1G11 = ¢ Fe[ny |Gl ]

~ - (1.4.144)
= Fi[ny/ 1G]]

and
PF.[1/|G|1= PFi[ny/IG|]1=1. (1.4.145)

“(1.4.143)” To prove the second claim, we note that Green’s operators are defined
as maps
CX(E) - C*(E) (1.4.146)
by the definition
G+y1GI1(p) = F-(pIn/IGIl,  p e E. (1.4.147)

Now, from (1.4.144), we deduce
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Fe(p)Iny/IGl1 = Fx(p)lny/ 1G]

= Galn/I1G11(p) (1.4.148)
=¥ GIny1G1(p).
O
Remark 1.4.9 Let G be the Green’s operator of P in E
G=G,—-G_, (1.4.149)
then
N(P)={Gu :u € CF(E)) (1.4.150)

is the kernel of P. Its elements are smooth functions which are spacelike compact;
however, this condition is strictly correct only in E, since the light cones in Eand E
are different. Fortunately, we only need one special property of spacelike compact
functions, namely that their restrictions to Cauchy hypersurfaces have compact sup-
port. This will be case in E, if we only consider the Cauchy hypersurfaces E;(7), as
we shall prove in the lemma below.

Lemma 1.4.10 The compact subsets of E 1 (1) are also compact in E{(T) and vice
versa.

Proof The Cauchy hypersurfaces E|(7) resp. E (1) carry the same topology, since
their induced metrics are uniformly equivalent as one easily checks. O

1.5 The Second Quantization

Let us first summarize some facts about Green’s operators G 1 of P in E which are
still valid even though P is not normally hyperbolic.

Lemma 1.5.1 Let G4 resp. G be Green’s operators of P in E resp. E, then

Gy :CX(E) — C®(E) (1.5.1)
PoGi=GyoP ., =id., (1.5.2)
supp(Giu) = supp(aiu) Yu e CX(E) (1.5.3)
supp G 1u C Jf(supp u) Yue CX(E) (1.5.4)

supp G_u C JE(suppu) Vu e C(E) (1.5.5)
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supp Gu Nsupp G_v is compact (1.5.6)

forallu,v € CX(E) and
GL=0Gx. (1.5.7)

Proof The properties (1.5.1) and (1.5.2) immediately follow from the corresponding
relations for G4 of P in E and the fact that

Gi=1""Gy, (1.5.8)
cf. Corollary 1.4.1 on page 34. The preceding relation also proves the properties

(1.5.3)—(1.5.6), since the topologies of E and E are identical.
It remains to prove (1.5.7). Let u, v € C°(E), then

/(Giu,v) =/(Giu,PG¢v)
E E

= / (PGiu, G3v) (1.5.9)
E

= / (u, G$U>,
E

where the partial integration is justified because of (1.5.6), and the scalar product is
just normal multiplication. O

Lemma 1.5.2 Let E|(7) be one of the special Cauchy hypersurfaces in E, then
/(u, Gv) = / {{(D,(Gu), Gv) — (Gu, D,,Gv)}, (1.5.10)
E Ei(7)

forallu,v € CX(E), where v is the future directed normal of E;(T).

Proof Let E, E_ be defined by

E, ={t > 1} (1.5.11)

and
E_={t<T}, (1.5.12)

then
/(u,Gv) =/ (u, Gv) +/ (u, Gv). (1.5.13)

E E, -
Now, in E, we have

PG_u=u (1.5.14)

and
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PGv=0=GPv. (1.5.15)
Moreover,
supp(G_u) N E, is compact, (1.5.16)
since ~ -
supp(G_u) N E4 is compact, (1.5.17)

hence we obtain by partial integration

/(PG_u,Gv)z—/ (DVG_u,Gv)—i—/ (G_u, D,Gv).  (1.5.18)
E, E(T) E(7)

A similar argument applies to E_ by looking at
PGiu=0 (1.5.19)

leading to

f(PG+u,Gv)=/ (D,,G+u,Gv)—/ (G4u, D,Gv). (1.5.20)
E\ (1) E\(7)

Adding these two equations implies the result. ([

We shall now construct a CCR representation or a Weyl system for P and its
kernel

N(P) = {u € C¥(E) : Pu=0}={Gu:u e C*(E)}. (1.5.21)

This characterization of N (P) is correct, since it is valid in E and because of

PGluy/|G|1 = PGluy/|G| 1. (1.5.22)

cf. (1.4.143) on page 34.

There are two ways to construct a Weyl system given a formally self-adjoint,
normally hyperbolic operator in a globally hyperbolic spacetime which are also
applicable in our case, though P is not normally hyperbolic. One possibility is to
define a symplectic vector space

V =CZ(e)/N(G), (1.5.23)
where G is Green’s operator of P

G=G,—G_. (1.5.24)
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Since
G*=-G (1.5.25)

the bilinear form
w(u,v) = / (u, Gv), u,vev, (1.5.26)
E

is skew-symmetric, non-degenerate by definition, and hence symplectic. Then, there
is a canonical way to construct a corresponding Weyl system.

The second method is to pick a Cauchy hypersurface E; in E and then define a
quantum field @ with values in the space of essentially self-adjoint operators in a
corresponding symmetric Fock space.

We pick a Cauchy hypersurface E; = E;(7) in E and define the complex Hilbert
space

Hp, = L*(E)) ® C = L*(E;, C) (1.5.27)

the complexification of the real Hilbert space L?(E,) with complexified scalar prod-
uct

(u, v)E, 2/ (u, v)c. (1.5.28)
E,

We denote the symmetric Fock space of Hg, by 7 (Hg,). Let ® be the corresponding
Segal field. Since G* = —G, we deduce from (1.5.4), (1.5.6) and Remark 1.4.9 on
page 35 that

G*u),, € C°(E\) C Hg, Yu € CF(E). (1.5.29)

We can therefore define
P (u) = @(i(G*u)hEl — D,,(G*u)‘E] ). (1.5.30)

From the proof of [2, Lemma 4.6.8], we conclude that the right-hand side of (1.5.30)
is an essentially self-adjoint operator in F, (Hg,). We therefore call the map @p,
from C2°(E) to the set of self-adjoint operators in 7 (Hg,) a quantum field defined
in E 1-

Lemma 1.5.3 The quantum field @, satisfies the equation
Pop =0 (1.5.31)
in the distributional sense, i.e.

(PPg,,u) = (Pg,, Pu)

(1.5.32)
=&y, (Pu)=0 VYueC E).
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Proof In view of (1.5.25), we have
G*(Pu) =0. (1.5.33)

O

With the help of the quantum field @g,, we shall construct a Weyl system and hence
a CCR representation of the symplectic vector space (V, w) which we defined in
(1.5.23) and (1.5.26).

From (1.5.30), we conclude the commutator relation

[P, (1), Pp,(v)] = ilm(iG*u — D,(G*u), iG*v — D,(G*v))g I, (1.5.34)

forall u, v € C°(E), cf. [3, Proposition 5.2.3], where both sides are defined in the
algebraic Fock space Fyq¢(HE,).
On the other hand

Im{(iG*u — D,(G*u),iG*v — D,(G*V))E,
= —Im{iG*u, D,(G*v))g, — Im(D,(G*u), iG*v),

= {(G*u, D,(G*v)) — (D,(G*u), G*v)}
E,

= / (u, Gv)
E

(1.5.35)
in view of (1.5.10) and (1.5.25).
As a corollary, we conclude
[Pg, (u), Pp, (W] =i | (u,Gv)] Yu,veCI(E). (1.5.36)

E,
From [3, Proposition 5.2.3] and (1.5.35), we immediately infer
Theorem 1.5.4 Let (V, w) be the symplectic vector space in (1.5.23) and (1.5.26)
and denote by [u] the equivalence classes in V, then

W([ul) = &% ® (1.5.37)

defines a Weyl system for (V, w), where @, (u) is now supposed to be the closure of
D, (u)in FL(Hg,), i.e., g, (u) is a self-adjoint operator. The Weyl system generates
a C*-algebra with unit which we call a CCR representation of (V, w).

Remark 1.5.5 Since all CCR representations of (V, w) are *-isomorphic, where the
isomorphism maps Weyl systems to Weyl systems, cf. [3, Theorem 5.2.8], this espe-
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cially applies to the CCR representations corresponding to different Cauchy hyper-
surfaces E; = E{(7) and E," = E|(7'); i.e., there exists a *-isomorphism T such
that

T (0 Wy = ¢ @ Yyl e V. (1.5.38)

1.6 The Gravitational Waves Model

In the previous sections, we saw that the quantization of the Hamilton constraint does
not yield a unique result but depends on the equation by which the Hamilton constraint
is expressed. In [16], we obtain the Wheeler—-DeWitt equation after quantization and
in the previous sections the Eq.(1.4.101) on page 29 which differs significantly. In
this section, we shall propose another model by replacing any occurrence of the term

|A|* — H? (1.6.1)

by
(R —2A). (1.6.2)

However, when we do this on the right-hand side of (1.3.61) on page 14, then, after
quantization, we would obtain an elliptic equation instead of an hyperbolic equation,
namely

— (- D Au+ #(R —2A)u =0 (1.6.3)

valid in E, which, for fixed (¢, g;;), can be looked at as an eigenvalue equation,
where A would be a constant multiple of the eigenvalue provided n # 4. In case Sy
is compact, a spectral resolution of equation (1.6.3) would be possible.

However, we believe that a hyperbolic and not an elliptic equation should define
the possible states of quantum gravity. In order to obtain a hyperbolic equation while
eliminating any occurrences of the term in (1.6.1) we have to express the Hamilton
constraint by a different equation. In Sect. 1.3, the Hamilton equations only yielded
the Tangential Einstein equations (1.3.50) on page 12, or equivalently,

— 1—
Rij — ERgij+Agij =0. (164)
The Hamilton constraint expresses the normal component of the Einstein equations,

where the terms fangential und normal refer to the foliation M (¢) of the spacetime
N. This foliation is also the solution set of the geometric flow equation

X =—wv (1.6.5)

with initial hypersurface
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My =38y, (1.6.6)

where v is the past directed normal v of the solution hypersurfaces M (¢), cf. [12,
Eq.(2.3.25)]. We shall use the evolution equation of the mean curvature H (¢) of the
M (1) to define the Hamilton constraint.

The mean curvature satisfies the evolution equation

H = —Aw + {|A” + Ropv* v }w, (1.6.7)

where we embellished the Laplacian with a tilde, cf. [12, Eq.(2.3.27)] observing that
in that reference

"

e’ = w. (1.6.8)

To exploit this evolution equation, we need the following lemma:

Lemma 1.6.1 Assume that the Eq.(1.6.4) is valid, then

1—
—R = Gog v’ — A A 1.6.9
> n—l{ sV v }+n_1 ( )
and 5
Ropv v’ = — (G’ — A} — A. (1.6.10)
1 n—1
Proof “(1.6.9)” There holds
R =g¢"R;j — Ropv™V’ (1.6.11)
and hence
— a5 1= n—-1-
Ropv®v’ + ER = R—nA (1.6.12)
or, equivalently,
1— n+1
Gos*V’ — Ay = =R — A. 1.6.13
g1 Casr V= Ah =R =2 (1.6.13)
“(1.6.10)” Combining (1.6.12) and (1.6.13), we deduce
_ -2 2
Rug™? = " 24G 0 — AY — —Z A, (1.6.14)
: n—1 ‘ n—1
O

‘We note that N y .
7 = (Hg' — hi)e, (1.6.15)
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where (A7) is the contravariant version of the second fundamental form and where
we also point out that, as before, we introduced the function ¢ to replace the density
/9 in order to deal with tensors instead of densities.
Hence, we have
(n—VOHHp = g;jm" (1.6.16)

and we shall use the evolution equation of

(n — Y Hp? (1.6.17)
to express the Hamilton constraint.
We immediately deduce
i, Lo
(p2) = Zsﬁzgjgij
| (1.6.18)
1
= —— EH R
27 Y

cf. (1.3.34) on page 11, and obtain, in view of (1.6.7) and (1.6.10),
(n = 1)(Hp?) = —(n — 1) Awep?

2 % a s b =l

+ (n — D{IA]" + Rapr v jwe? — TH prw

= —(n— DAwp? + (n — D(AP — H)prw (1.6.19)
n—1 2 1 a3 1
+ TH 2w+ (n = 2){Gpv v’ — A}p2w
—2Ag0%w.

Employing now the Hamilton condition and observing that
1 2 2 o B
§{|A| — H" — (R —-2A)} = —{G 3"V’ — A}, (1.6.20)
cf. [12, Eq. (1.1.43)], we conclude that the evolution equation

(n— 1) (Hp?) = —(n — DAwp? + (n — 1)(R —2A)p7w
e (1.6.21)
—2A02w + THzgofw

is equivalent to the Hamilton condition provided the tangential Einstein equations
are valid.

Finally, expressing the time derivative on the left-hand side by the Poisson brackets
such that
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(n— D{H?, H) = —(n — D Awep? + (n — (R —2A)p2w
S (1.6.22)
—2A<piw+TH prw

we conclude that the Hamilton equations and the geometric evolution equation
(1.6.22) are equivalent to the full Einstein equation, cf. the proof of Theorem 1.3.3
on page 13.

Switching to the gauge w = 1, we then quantize equation (1.6.22). Because of
the relation (1.6.16), the left-hand side of (1.6.22) is transformed to

~ . ~ )
iH, ¢ 25,771 = [H, sa*%gi,g], (1.6.23)
iy

where H is the transformed Hamiltonian. On the other hand,

)
@_%gijg = Vn(n — DD, = /n(n — )1’ Dy
ij

1.6.24
_nd ( )
400
where ¢ is the future unit normal of the hypersurfaces
M) = {&* =1}, (1.6.25)

i.e., the left-hand side of (1.6.24) is a constant multiple of the covariant derivative
with respect to ¢ in the fiber when the differential operator is applied to functions
u = u(x, g;;). Hence,

~ ! 1)
[H, o 2gij—1u
jagij
1 6 1 8u
= ¢ 2gij—{(R = 2M)up} — o2 (R = 20)pgi; - — (1.6.26)
89ij 0gij
= " HZ(R = 2)up — Rup — (n = 1) Augp),

in view of (1.4.84) on page 27. The transformation of the right-hand side of (1.6.22),
note that w = 1, yields

n—

1 2
S Hu, (1.6.27)

(n— 1D(R — 2 up? —2Aup? + *

where
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n— 1H2 n _%{ 1 1 1) 1)
w2 U=—9@ *\——=P Gijk iU
= — 26T WV Dy Do)
or
%n—le __n - a, b
p?2 > u = zga D, (v"v’ Dyu) (1.6.29)
depending on the ordering of the derivatives.
Observing that
v=_°0,...,0) (1.6.30)
and
1
gy L (1.6.31)
4V n—-1
we obtain, after multiplying both sides with cp%, the hyperbolic equations
1o (n — )2 Au — ZRPu +nAiu =0 (1.6.32)
32n—-1 2
or 5
1 n 0 ~ n
— tT" (") — (n — Dt*Au — —Rt? AtPu =0 1.6.33
a1 g W T T DrAu s S RCuA nAru (1633

where we recall that ¢ = 12, cf. (1.4.95) and (1.4.101) on page 29.
These equations can be rewritten, as before, by observing that

gij =170y, (1.6.34)
such that B .
Au=1""Asu (1.6.35)
and §
R=1t""R,,, (1.6.36)

where R, is the scalar curvature of the metric 0;;. Both equations are hyperbolic
equations in E, where u = u(x, ft, §A), 1 <A <m,ando;; =0;(x, fA). However,
for fixed (£4), we may consider these equations as hyperbolic equations in

So x RY, (1.6.37)

where the solutions as well as the metric depend on an additional parameter (£4).
To simplify the notation, let us drop the tilde over the Laplacian and stipulate that
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the Laplacian as well as the scalar curvature refer to the metric o;;. Then, we can
rewrite the equations as

1 n?

2n—1

i — (n— 1> Au— gtz—%Ru fnt2Au=0 (1.6.38)

and

1 a2 _ 0@™i)

ST _(n_1)¢2*%Au_’%tzféanﬁAuzo, (1.6.39)
p—

respectively. We also note that
det oij = det Xij (1.6.40)

and that 0;; € E| is arbitrary but fixed.

Lemma 1.6.2 Both operators are symmetric with respect to the Lorentzian metric

 R2n-1)

ds? = —di* + 0;;dx'dx’ (1.6.41)
n

and they are normally hyperbolic with respect to the metric

32(n — 1 1 o
20D ey, o0y dldx (1.6.42)

ds* = 5
n n—

Thus, if
0=38) xR: (1.6.43)

is globally hyperbolic with respect to these metrics, and if we denote Q equipped with
the metric (1.6.42) by Q and stipulate that Q is equipped with the metric (1.6.41),
then the results from Sects. 1.4 and 1.5 can be applied to the present setting.

Lemma 1.6.3 Assume that the metric
oij(x,8) € Ey, (1.6.44)

where & = (€) is fixed, is complete, then the Lorentzian manifolds Q and O are
globally hyperbolic, and the hypersurfaces

M,={t=7}CQ (1.6.45)

are Cauchy hypersurfaces.

Proof Let us only consider Q. From the proof of Lemma 1.4.5 on page 30, we infer
that the claims are correct if a bounded curve
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v(s) C So, sel, (1.6.46)

where bounded means, bounded relative to o;;, is relatively compact which is the
case, if (Sp, 0y;) is complete. O

In the next theorem, we would like to prove that the solutions depend smoothly
on &. In order to achieve this, the Cauchy values have to be prescribed on E;(7) and
not only on M.

Theorem 1.6.4 Let P be one of the hyperbolic operators in (1.6.39) or (1.6.38), and
let E1(T) be given as well as functions f € CZ(E) and ug, uy € C°(E;(7)). These
Sfunctions depend on (x, t, £). Since f, ug, uy have compact support, the correspond-
ing &, such that (&), ug(§), ui (&) do not identically vanish in Q, are contained in
a relatively compact, open set U. Assume that the metrics

oij(x,8), €U, (1.6.47)

are all complete, then the Cauchy problems

Pu=f
U = Uo (1.6.48)
l:t‘l:'](r) = Uy

are uniquely solvable in (Q, o;;) for all £ € U such that
u=ux,t8 €CE,), (1.6.49)

where
E,=1{(x,1,8:£eU}. (1.6.50)

Proof First, we apply the results in Sect. 1.4 to the operator P and the globally
hyperbolic spaces Q and Q for each & € U to conclude that, for fixed £ € U,
the solutions exist, are uniquely determined, and are smooth in (x, ¢). Arguing then
as in the proof of [16, Theorem 5.4], where we considered solutions of hyperbolic
problems in the fibers of E, where the solutions and the data were depending on
the parameter x € Sy, we can prove, by considering the problems in 0, so that P
is normally hyperbolic, that the solutions are also smooth in . Moreover, for each
€ € U, the solution u(¢) satisfies the known support properties of solutions in Q. [J

Equations (1.6.39) or (1.6.38) can be looked at as being gravitational wave equations
and some of the solutions u = u(x, &) can be considered to be gravitons. Note that
& = (&€4) are coordinates for the metrics in the fibers, and the pair (x, £) represents
the metric o;; (x, §) in Sp.

If Sy is compact, then we shall construct variational solutions of Eq. (1.6.38) with
finite energy which may be considered to provide a spectral resolution of the problem
for fixed €.
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Let us start with the following well-known lemma:

Lemma 1.6.5 Let Sy be compact equipped with the metric 0;; = 0;;(€). Then the
eigenvalue problem

— (= 1)Av— gRu = (1.6.51)

has countably many solutions (v;, u;) such that

Mo < 1 =2 = e, (1.6.52)
lim p; = oo, (1.6.53)
and
/ vv; = djj, (1.6.54)
So

where we now consider complex-valued functions. The eigenfunctions are a basis
for L*(Sy, C) and are smooth.

Now, we argue similarly as in [13, Sect.6.7]: Choose any eigenfunction v = v;
with positive eigenvalue ;1 = y; and then we look at solutions u of (1.6.38) of the
form

u(x,t) = w)vx). (1.6.55)

Inserting u in the equation, we deduce

1 n?
32n—1

W+ it w4 nt2 Aw = 0, (1.6.56)

or equivalently,
1 n?

o pt> i w — nt? Aw = 0. (1.6.57)

This equation can be considered to be an implicit eigenvalue problem with eigenvalue
A.
To solve (1.6.57), we first solve

1 n?
32n—1

W+ nt?w = \ut*rw, (1.6.58)

where A is the eigenvalue. Let / = R’ and H be the embedded subspace of the
Sobolev space HOI’Z(I )
H < Hy*(1,C) (1.6.59)

defined as the completion of C2°(/, C) under the norm of the scalar product
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(w, W) = /{w’w’+z2ww}, (1.6.60)
I

where a prime or a dot denotes differentiation with respect to . Moreover, let B, K
be the symmetric forms

. 1
B(w,w) = /I{ﬁn

n

2
lu_/ﬁ/ + nt*ww) (1.6.61)

and
K (w, ) = /uﬂ—%u‘)w, (1.6.62)
1

then the eigenvalue equation (1.6.58) is equivalent to
B(w,p) = AK(w,p) VepeH (1.6.63)

as one easily checks.

Lemma 1.6.6 The quadratic form K(w) = K(w,w) is compact relative to the
quadratic form B, i.e. if wy € H converges weakly to w € H

wy — w in H, (1.6.64)

then
K(wy) — K(w). (1.6.65)

Proof The proof is essentially the same as the proof of [13, Lemma 6.8] and will be
omitted. (I

Hence, the eigenvalue problem (1.6.63) has countably many solutions (w;, A;)
such that

0<)\0</\1<~-~, (1666)
lim \; = o0 (1.6.67)

and
K (w;, wj) = 0j;. (1.6.68)

For a proof of this well-known result, except the strict inequalities in (1.6.66), see
e.g. [15, Theorem 1.6.3, p. 37]. Each eigenvalue has multiplicity one since we have
a linear ODE of order two and all solutions satisfy the boundary condition

W, (0) = 0. (1.6.69)

The kernel is two-dimensional, and the condition (1.6.69) defines a one-dimensional
subspace. Note, that we considered only real-valued solutions to apply this argument.
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Finally, the functions
wi (1) = w; (A, 1) (1.6.70)

then satisfy (1.6.57) with eigenvalue
A==\ "7 (1.6.71)

and
U = w;v (1.6.72)

is a solution of the wave equation (1.6.38) with finite energy
Il = [ i+ 1 20y + ) < 0 (1679
Note that the actual energy is defined by a weaker norm
/Q{|u|2 2o i 4 > |ul?) (1.6.74)

which is of course bounded too.
Let us summarize these results:

Theorem 1.6.7 Assume n > 2 and Sy to be compact and let (v, p) be a solution
of the eigenvalue problem (1.6.51) with ;1 > 0, then there exist countably many
solutions (w;, A;) of the implicit eigenvalue problem (1.6.57) such that

A< Ay < - <0, (1.6.75)
lim A; =0, (1.6.76)

and such that the functions
u, = w;v (1.6.77)

are solutions of the wave equations (1.6.38). The transformed eigenfunctions

n

Wi (1) = wi (N1, (1.6.78)

where

n—1

A= (A" (1.6.79)

form a basis of the Hilbert space H and also of L*(R*%, C).

Remark 1.6.8 Let 0;; be a smooth and complete Riemannian metric in Sy, then o;;
is in general only a section of E but not an element. However, the metric ;; in
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(1.4.1) on page 17, which we used to define ¢ in order to replace the density ,/g,
can certainly be assumed to belong to E, and hence to the subbundle E;, because
we can easily define a covering of local trivializations where  is always part of the
generating local frames. Since Y is chosen arbitrarily, we may just as well assume
that

Xij = Oij. (1.6.80)

Hence, the hyperbolic equations (1.6.38) or (1.6.39), which are supposed to describe
amodel for quantum gravity, can be applied to any given smooth and complete metric
ojj, or more precisely, to any complete Riemannian manifold (S, o).

Let us formulate this result in case of Eq. (1.6.38) as a theorem:

Theorem 1.6.9 Let (Sp,0i;) be a given connected, smooth and complete
n-dimensional Riemannian manifold and let

0=38) xR: (1.6.81)

be the corresponding globally hyperbolic spacetime equipped with the Lorentzian
metric (1.6.41) or, if necessary, with (1.6.42), then the hyperbolic equation

1 n?

2n—1

ii— (= D> Au— gtz—%Ru +n?Au =0, (1.6.82)

where the Laplacian and the scalar curvature correspond to the metric o;j, describes
a model of quantum gravity. If Sy is compact, a spectral resolution of this equation
has been proved in Theorem 1.6.7.

Remark 1.6.10 1If S is not compact, then we shall prove in later chapters that a
spectral resolution is possible if either Sy is an asymptotically Euclidean Cauchy
hypersurface of a globally hyperbolic spacetime N, or, if N is a black hole, if Sy
is the smooth limit of Cauchy hypersurfaces representing the event horizon though
with a different metric.

Remark 1.6.11 When o;; is the metric of a space of constant curvature then equation
(1.6.38), considered only for functions u# which do not depend on x, is identical to
the equation obtained by quantizing the Hamilton constraint in a Friedmann universe
without matter but including a cosmological constant. The quantized Friedmann
equation is the ODE

1 n

Te lij — er_gu +2r2Au = 0, 0<r < oo, (1.6.83)
.

cf. [13, Eq. (3.37)], though the equation there looks differently, since in that paper
we divided the Lagrangian by n(n — 1).



Chapter 2
Interaction of Gravity with Yang-Mills oo
and Higgs Fields

2.1 Gravity Interacting with Other Fields

The quantization of gravity interacting with Yang-Mills and Higgs fields poses no
additional greater challenges—at least in principle. The number of variables will be
increased, the combined Hamiltonian is the sum of several individual Hamiltonians,
and, since gravity is involved, we have the Hamilton constraint as a side condition.
Deriving the Einstein equations by a Hamiltonian setting requires a global time
function x° and foliation of spacetime by its level hypersurfaces as we have seen in
the previous chapter. Thus, we consider a spacetime N = N"*! with metric (Ja3),
0 < a, B < n, assuming the existence of a global time function x° which will also
define the time coordinate. Furthermore, we only consider metrics that can be split
by the time function, i.e., the metrics can be expressed in the form

ds* = —w?(dx")* + g;;dx'dx/, 2.1.1)
where w > 0 is a smooth function and g;; (x°, x) are Riemannian metrics. Let
Mit)={x"=1}, tex’N)=1, (2.1.2)

be the coordinate slices, then the g;; are the induced metrics. Moreover, let G be a
compact, semi-simple, connected Lie group with Lie algebra g, and letE,

E;, = (N, g, 7 Ad(G)) (2.1.3)

be the corresponding adjoint bundle with base space N. Then we consider the func-
tional

J=/(R—2A)+/(a1LYM+a2LH), (2.1.4)
N N
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where the o, i = 1, 2, are positive coupling constants, R the scalar curvature, A a
cosmological constant, Ly, the energy of a connection in E, and L g the energy of a
Higgs field with values in g. The integration over N is to be understood symbolically,
since we shall always integrate over an open precompact subset £2 C N.

In [17] we already considered a canonical quantization of the above action and
proved that it will be sufficient to only consider connections Aj; satisfying the Hamil-
ton gauge

AG =0, (2.1.5)

thereby eliminating the Gaul} constraint, such that the only remaining constraint is
the Hamilton constraint, cf. [17, Theorem2.3].
Using the ADM partition (2.1.2) of N, cf. [1] and Sect. 1.3 on page 7, such that

N=1x38, (2.1.6)

where S is the Cauchy hypersurface M (0) and applying canonical quantization we
obtained a Hamilton operator H which was a normally hyperbolic operator in a fiber
bundle E with base space Sy and fibers

Fx) x (@ T (Sp) x g, x €S, (2.1.7)

where F(x) is the space of Riemannian metrics. We quantized the action by looking
at the Wheeler—DeWitt equation in this bundle. The fibers of E are equipped with a
Lorentzian metric such that they are globally hyperbolic and the transformed Hamil-
tonian H, which is now a hyperbolic operator, is a normally hyperbolic operator
acting only in the fibers.

The Wheeler-DeWitt equation has the form

Hu =0, (2.1.8)

withu € C*°(E, C) and we defined with the help of the Green’s operator a symplectic
vector space and a corresponding Weyl system.

The Wheeler-DeWitt equation seems to be the obvious quantization of the Hamil-
ton condition. However, H acts only in the fibers and not in the base space which
is due to the fact that the derivatives are only ordinary covariant derivatives and not
functional derivatives, though they are supposed to be functional derivatives, but this
property is not really invoked when a functional derivative is applied to u, since the
result is the same as applying a partial derivative.

Therefore, we shall use the same approach as in Sect. 1.6 on page 40 by dis-
carding the Wheeler-DeWitt equation and, instead, express the Hamilton condition
differently by looking at the evolution equation of the mean curvature of the folia-
tion hypersurfaces M (¢) and implementing the Hamilton condition on the right-hand
side of this evolution equation. The left-hand side, a time derivative, we shall express
with the help of the Poisson brackets. After canonical quantization the Poisson brack-
ets become a commutator and now we can employ the fact that the derivatives are
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functional derivatives, since we have to differentiate the scalar curvature of a metric.
As aresult we obtain an elliptic differential operator in the base space, the main part
of which is the Laplacian of the metric.

On the right-hand side of the evolution equation the interesting term is H?, the
square of the mean curvature. It will be transformed to a second time derivative
and will be the only remaining derivative with respect to a fiber variable, since the
differentiations with respect to the other variables cancel each other.

The resulting quantized equation is then a wave equation

1 n? 4 noo s no s B
ﬁn—lu_(n_l)t2 "Au_zﬂ "Ru+a1§t2 "FijFu
+ a1 0 BB+ o Tmi TV (@u 4 n Au =0, (2.19)

in a globally hyperbolic spacetime
Q = (0, 00) x S (2.1.10)

describing the interaction of a given complete Riemannian metric o;; in Sy with
a given Yang-Mills and Higgs field; V is the potential of the Higgs field and m a
positive constant. The existence of the time variable, and its range, is due to the
Lorentzian metric in the fibers of E.

Remark 2.1.1 For the results and arguments in this chapter it is completely irrelevant
that the values of the Higgs field @ lie in a Lie algebra, i.e., @ could also be just
an arbitrary scalar field, or we could consider a Higgs field as well as an another
arbitrary scalar field. Hence, let us stipulate that the Higgs field could also be just an
arbitrary scalar field. It will later be used to produce a Mass gap simply by interacting
with the gravitation ignoring the Yang-Mills field.

If Sy is compact we also prove a spectral resolution of Equation (2.1.9) by first
considering a stationary version of the hyperbolic equation, namely, the elliptic eigen-
value equation

— (= 1)Av— %Rv + algF,-,-F"fv

n n (2.1.11)
ij pa pb
+ Oézz%bajd’,- Qv+ agsz(di)v = pv.
It has countably many solutions (v;, x;) such that
Mo < 1 =2 = e, (2.1.12)
lim p; = oo. (2.1.13)

Let v be an eigenfunction with eigenvalue i > 0, then we look at solutions of (2.1.9)
of the form
u(x,t) = wt)v(x). (2.1.14)
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u is then a solution of (2.1.9) provided w satisfies the implicit eigenvalue equation

1 n?

—3—2n_11'i)—,utz_%w—nt2Aw=0, (2.1.15)

where A is the eigenvalue.
This eigenvalue problem we also considered in the previous chapter and we proved
that it has countably many solutions (w;, A;) with finite energy, i.e.,

/ (e 4 (1 + 2 + pe® ) wy]?} < oo, (2.1.16)
0

cf. Theorem 1.6.7 on page 49.

2.2 The Yang-Mills Functional

Let N = N"*! be a globally hyperbolic spacetime with metric (jn3), G a compact,
semi-simple, connected Lie group, g its Lie algebra and E; = (N, g, 7, Ad(G)) the
corresponding adjoint bundle with base space N. The Yang-Mills functional is then
defined by

1 1 —11py = a
Jrw = / —Fn = f — G E Fh, @.2.1)
N N

where v, is the Cartan-Killing metric in g,

Fiy = A% — A+ e AR AS (22.2)
is the curvature of a connection
A= (AZ) 2.2.3)
in E; and f,
fe=(f3) (2.2.4)

are the Structural constants of g. The integration over N is to be understood symbol-
ically since we shall always integrate over an open precompact subset £2 of N.

Definition 2.2.1 The adjoint bundle E; is vector bundle; let E be the dual bundle,

then we denote by

T(E)=E,®  -QFE,QE ® --®F; (2.2.5)

r s

the corresponding tensor bundle and by
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LT (E)), (22.6)

or more precisely,
I'(N, T™ (E»)), (2.2.7)

the sections of the bundle, where N is the base space. Especially we have
T'(E,) = E». (2.2.8)

Thus, we have
Fi\, € I'(T"(Ey) @ T**(N)). (22.9)

When we fix a connection A in E,, then a general connection A can be written in
the form

AZ = AZ + AZ, (2.2.10)
where AZ is a tensor
A% e I(TY(Ey) @ TO'(N)). (2.2.11)

To be absolutely precise a connection in E; is of the form
feAy, (2.2.12)

where f. is defined in (2.2.4); Aj; is merely a coordinate representation.

szﬁni~ti0n 2.2.2 A connection A of the form (2.2.10) is sometimes also denoted by
(A9, A%).

Since we assume that there exists a globally defined time function x%in N we
may consider globally defined tensors (Aj) satisfying

A =0. (2.2.13)
These tensors can be written in the form (A?) and they can be viewed as maps
(A : N — g @ T*"(S)), (2.2.14)
where Sy is a Cauchy hypersurface of N, e.g., a coordinate slice
So = {x° = const}. (2.2.15)
It is well-known that the Yang-Mills Lagrangian is singular and requires a local

gauge fixing when applying canonical quantization. We impose a local gauge fixing
by stipulating that the connection A satisfies
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Ag=0. (2.2.16)

Hence, all connections in (2.2.10) will obey this condition since we also stipulate
that the tensor fields AZ have vanishing temporal components as in (2.2.13). The
gauge (2.2.16) is known as the Hamilton gauge, cf. [9, p. 82]. However, this gauge
fixing leads to the so-called Gaul} constraint, since the first variation in the class of
these connections will not formally yield the full Yang-Mills equations.

In [17, Theorem 2.3], we proved that the Gaul3 constraint does not exist and that it
suffices to consider connections of the form (2.2.10) satisfying (2.2.13) and (2.2.16)
in the Yang-Mills functional Jy,:

Theorem 2.2.3 Let 2 € N be open and precompact such that there exists a local
trivialization of E, in 2. Let A = (A4, AZ) be a connection satisfying (2.2.13)

and (2.2.16) in 2, and suppose that the first variation of Jyy vanishes at A with
respect to compact variations of A}, all satisfying (2.2.13). Then A is a Yang-Mills
connection, i.e., the Yang-Mills equation

Ff\w:u =0 (2.2.17)
is valid in £2.

Proof Let 1y, be an arbitrary tensor field with compact support in 2 satisfying

no =0 (2.2.18)
and define the connections
A(e) = (A%, A% + en). (2.2.19)
Differentiating the functional
Jym(e) = /Q —% (O F"(e) (2.2.20)

with respect to € and evaluating in € = 0 yields

dJyu
de

A
_ / s F, = / T F (2.2.21)
2 Q2

Assuming that the first variation of the functional vanishes we deduce

F”i";ﬂ =0 (2.2.22)
which is equivalent to
Fer =0 (2.2.23)

i
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since we only consider spacetime metrics (g,3) that splits, i.e.,
ds* = —w?(dx")* + g;; (x°, x)dx'dx’ (2.2.24)

in view of the result in Theorem 1.3.2 on page 9. Similarly, the conditions

F =0 (2.2.25)
and
F”O“;H =0 (2.2.26)
are equivalent.
To prove that A also satisfies
F% =0 (2.2.27)

in 2, we argue by contradiction supposing there exists (fy, xo) € 2 such that

F*% (1. x0) # 0. (2.2.28)
Define
& =F™ Go (2.2.29)
so that
Y& F™, <0 (2.2.30)

in (%, xo). Choosing a cut-off function ¢ = (¢, x) satisfying (ty, xo) = 1 we then
infer _
b F" <0 (2.2.31)

o

in N and strictly negative in (¢, xo), where
£ = ¢, (2.2.32)

Next we consider the gauge transformation w = w(¢, x) where w is the flow

w = —wefL’,

) (2.2.33)
w(ty, x) = id,

which is well defined in a neighbourhood of supp . After the gauge transformation
the connections A(e) in (2.2.19) look like

wfeAS(Ow™ —wuw™! (2.2.34)

and the component i = 0 is equal to
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—ow ' = ewfifw (2.2.35)

Since the Yang-Mills functional is gauge invariant its first variation still vanishes
after the gauge transformation and we deduce from (2.2.21) and (2.2.22)

0= / Yar FY € (2.2.36)
2

contradicting (2.2.31). U

Remark 2.2.4 Gauge fixing is an appropriate method for reducing the number of
independent variables, but in the context of canonical quantization itis only legitimate
if it is also used before deriving the Euler-Lagrange equation and if in addition it is
proved that the correct Euler-Lagrange equation is still valid.

Let (B, (x¢))ken be a covering of Sy by small open balls such that each ball lies
in a coordinate chart of Sy. Then the cylinders

Uy =1 x B, (x}) (2.2.37)

are a covering of N such th_at each Uy, is contractible, hence each bundle 7= (Uy) is
trivial and the connection A can be expressed in coordinates in each Uy

A= (A)) = fuAldx". (2.2.38)

We shall prove:

Lemma 2.2.5 In each cylinder Uy there exists a gauge transformation w = w(t, x)
such that .
Agt,x) =0 V(t,x) € Uy (2.2.39)

after applying the gauge transformation.

Proof For fixed k we consider the flow

w= chA(C)a

] (2.2.40)
w(0, x) = id, x € B, (x).

For fixed x € B, (x;) the integral curve exists on a maximal interval J,. If we can
show J, = I, then the lemma is proved.

The claim is obvious, since the integral curve cannot develop singularities, for let
(-, -) be the negative of the Killing metric, then

(@0, W) = — tr(wAqwAy)

o (2.2.41)
= —tr(ApAg) = Y ApAg

from which the result immediately follows. O
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Lemma 2.2.6 Let Uy, U; be overlapping cylinders and let w = w(t, x) be a gauge
transformation relating the respective representations of the connection A in the
overlap Uy N U; where both representations use the Hamilton gauge, then w does

not depend on t, i.e.,
w=0. (2.2.42)

Proof Let (AZ) resp. (AZ) be the representations of A in Uy resp. U; such that

Al = A8 =0, (2.2.43)

then R B
Ay = wAgw ™ —aw!, (2.2.44)

hence
w=0 in U,NU,. (2.2.45)
O
Let E, be the adjoint bundle

Ey = (S0, g, ™, Ad(9)) (2.2.46)

with base space &y, where the gauge transformations only depend on the spatial
variables x = (x'). For fixed 1 A are elements of T"%(Eo) ® T%'(Sy)

Afy € T"(Eo) @ T (S0), (2.2.47)
but the vector potentials A¢ (¢, -) are connections in Ey for fixed ¢ and therefore cannot
be used as independent variables, since the variables should be the components
of a tensor. However, in view of the results in Lemma?2.2.5 and Lemma2.2.6 the
difference

Al(t, ) = AL(t, ) — A%(0, ) € T"O(Ep) ® T*'(Sp). (2.2.48)
Hence, we shall define Af‘ to be the independent variables such that

A% = A%(0, ) 4 A? (2.2.49)

and we infer ~
A?,o = Aia,(r (2.2.50)

In the Hamilton gauge we therefore have

F§ = A¢, (2.2.51)
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and hence we conclude

1 1 1

= g Fn " = Sw gy Al A g — S Fy Y (2.2.52)
where we used (2.1.1).
Writing the density
Vg = Jdetg,; (2.2.53)
in the form

Vg = py/detxij, (2.2.54)

where Y is a fixed Riemannian metricin Sp, x;; = X;;(x),suchthat0 < ¢ = @(x, g;;)
is a function, we obtain as Lagrangian function

1 ij fa b o 1 1 ij
Lyy = 3 Yabg Al AT ow™ o — ZF,-jF we. (2.2.55)

In order to prove a spectral resolution of the combined Hamilton operator after
quantization we need to modify the Yang-Mills Lagrangian slightly. We shall call this
modification process renormalization though the renormalization is different from
the usual renormalization in quantum field theory.

Remark 2.2.7 Therenormalization is necessary since the Yang-Mills energy depends
quadratically on the inverse of the metric, and hence shows a wrong scaling behaviour
with respect to the metric. The appropriate scaling behaviour would be linear.

Definition 2.2.8 When we only consider metrics g, that can be split by a given
time function x°, such that the Yang-Mills Lagrangian is expressed as in (2.2.55),
then we define the renormalized Lagrangian by

| 1 N
LyMmod = Emg”AﬁoAﬁ,Ow”gpng -3 F FlwePo, (2.2.56)

where p € R is real. We shall choose

2
p=-. (2.2.57)
n
An equivalent description is, that we have replaced
F? = FopF*7 (2.2.58)

by
F2pP (2.2.59)
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though this always requires that the metric is split by a time function otherwise the
definition of ¢ makes no sense.

The A%(t, -) can be looked at to be mappings from Sy to T"%(Ep) ® T*'(Sy)
AL(1,) 1 S — T (Eo) @ T (Sy). (2.2.60)
The fibers of T'0(Ey) ® T°!(Sy) are the tensor products
g T (S), xe&, (2.2.61)
which are vector spaces equipped with metric
Yab ® g (2.2.62)
For our purposes it is more convenient to consider the fibers to be Riemannian
manifolds endowed with the above metric. Let ((”),1 < p < nyn,wheren; = dim g,
be local coordinates and ~ ~
(€") = A7 (") = A©©) (2.2.63)
be a local embedding, then the metric has the coefficients
Gpg = (Ap. Ag) = vapg” AY A" . (2.2.64)

Hence, the Lagrangian Ly 1,04 in (2.2.56) can be expressed in the form

1 .. 1 L
Lyvmod = EGPqCPqu_1<P1+% _ ZFijF”wsOH% (2.2.65)
and we deduce oL
7, = —(;24:”" = G Clw o' ts (2.2.66)

yielding the Hamilton function

HyMmod = 7pCP — Ly Mmod
1 : 2 s 2 (a2 1 - 2
= 5Gp (P (w T T weT T 4 2 Fy FUwep! 2.2.67
oras = —a+2) | i 142 (2267
=§G TpTa WP n +ZFijF we n

= HYMmodw-

Thus, the effective Hamiltonian that will enter the Hamilton constraint equation is
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1 R D
Hy Mmod = EQD_(H%)G’"’WPW(I + ZFi_,-th”i. (2.2.68)

If the Yang-Mills Lagrangian is multiplied by a coupling constant ¢, then the effec-
tive Hamiltonian is Hy p/,,04

1 1 .
Hymoa = o' 50~ TDGMR, &y + o L Fy FUp (2.2.69)

2.3 The Higgs Functional

Let @ be a scalar field, a map from N to E,,
@ : N — E,, 2.3.1)

i.e., @ is a section of E,. The Higgs Lagrangian is defined by
1 ~af} a gb
Ly = —Eg ‘ ’Yab(D(,‘Dg —mV (D), 2.3.2)

where V > 0isasmooth potential and m > 0aconstant. Given a global time function
with corresponding foliation of N we also consider a renormalized potential, namely,
we replace V by

Ve,  q=--, (2.3.3)

such that 1
Ltimod = —Ega%ﬂgqﬁg —mV (). (2.3.4)

Let us note that V does not depend on the metric and hence has also the wrong
scaling behaviour.

We assume for simplicity that in a local coordinate system @ has real coefficients.
The covariant derivatives of @ are defined by a connection A = (A7) in E;

Pf = @4, + f5A5D". 2.3.5)
As in the preceding section we work in a local trivialization of E, using the Hamilton
gauge, i.e.,

A% =0, (2.3.6)

hence, we conclude
DF = q§f‘0. 2.3.7)
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Moreover, let B
D S() — E2 (238)

be an arbitrary but fixed smooth section of E, depending only on x € &y and let
®:N— E, (23.9)
be an arbitrary smooth section, then we define
&=+ (2.3.10)

to be the argument that enters in the Higgs Lagrangian but stipulate that & will the
variable.
Expressing the density g as in (2.2.54) on page 60 we obtain the LagrangianL g4

1 . 1 ..
Litmod = 57 @GP 5w ™" ¢ = 29770, @' @wip — mV (@)wip 0 (23.11)

which we have to use for the Legendre transformation. Before applying the Legendre
transformation we again consider the vector space g to be a Riemannian manifold
with metric 4. The representation of @ in the form (#¢) can be looked at, in a
local trivialization, to be the representation of the local coordinates (®¢) such that
the metric 7,, now depends on x.

Let us define

OL Hmo .
Pa = a%ad* 0! = 0, (2.3.12)
then we obtain the Hamiltonian
I:]Hmod = paé)a - LHmod
1 1 ..
= 5@"7‘”’papb + 591-’7abcb;‘<pj?w<p +mV (@) ywpte (2.3.13)
= HHmodw-

Thus, the Hamiltonian which will enter the Hamilton constraint is H g 04
1 —1_ab 1 ij apb (1+q)
Hiimod = 507 7" Pab + 59" 1ab @[ @ jp + mV (P) 0. (2.3.14)

If the Higgs Lagrangian is multiplied by a coupling constant «;, then

1 1.
Humod = 03 5@~ 'Y papy + 02507 1w @ @70 + comV (@) 0. (23.15)
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2.4 The Hamilton Condition

Considering the foliation given by the time function ¢ the Einstein-Hilbert functional
with cosmological constant A can be expressed in the form

b
| PP _
JG =/ /{ZGU’klgijgkzw P+ (R =20} we /X, 241
a 2

where we already replaced the density ,/g by ¢.,/X, cf. (1.4.3) on page 18. The
metric G4 is defined by

Gl],kl — 5(gtkgjl 4 gllgjk) _ gtjgkl (242)
and its inverse is given by

1 1
Giju = E{gikgjk + i gjx} — %9 (2.4.3)

R is the scalar curvature of the metric g;;.
The corresponding Hamiltonian H has the form

He = {97 Gijum 7 — (R = 2A)p)w, (2.4.4)
cf. (1.4.4) on page 18. Hence, the Hamiltonian of the combined Lagrangian is
H = Hg + Hymmod + Hrmod: (2.4.5)

where coupling constants are already integrated in the Hamiltonians and the Hamilton
equations

. oH
9ij = 55 (2.4.6)
. OH
= (2.4.7)
09ij
are equivalent to the Tangential Einstein equations
Gij + Agij — Tij = 0, (2.4.8)

where 7,3 is the stress-energy tensor comprised of the modified Yang-Mills and
Higgs Lagrangians.
The normal component of the Einstein equations

Gopg® v — A = T yv*v’ =0 (2.4.9)
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cannot be derived from the Hamilton equations and this equation has to be stipulated
as an extra condition, the so-called Hamilton condition, cf. (1.3.51) on page 13.

In Theorem 1.3.2 on page 9 we proved that any metric (g,3) which splits accord-
ing to (2.1.1) on page51 satisfying (2.4.8) and (2.4.9) also solves the full Einstein
equations, i.e., it also satisfies the Einstein equations for the mixed components

G()j + Ag()j — T()j =0. (2.4.10)
The Hamilton condition is equivalent to the equation
H=0 (2.4.11)

and after quantization, when the quantized Hamiltonian, still denoted by H, is a dif-
ferential operator in a fiber bundle, the quantum equivalent of Eq. (2.4.11) is usually
considered to be

Hu =0, 2.4.12)

i.e., the elements of the kernel of H are supposed to be the physical interesting solu-
tions. The Eq.(2.4.12) is known as the Wheeler—DeWitt equation. In [16, 17] we
used this approach and solved the Wheeler-DeWitt equation in a fiber bundle E.
The Hamilton operator is then a hyperbolic operator acting only in the fibers of the
bundle as a differential operator and not in the base space Sy, which is unsatisfac-
tory. Therefore we shall express the Hamilton condition differently employing our
approach in Sect. 1.4 on page 17, or, more precisely, in Sect. 1.6 on page 40, since we
believe that the wave equation model is more appropriate to express the quantization
of the Hamilton condition.
The foliation M (¢) is also the solution set of the geometric flow

¥ = —wv (2.4.13)

with initial hypersurface
My = Sy, (2.4.14)

where v is the past directed normal, cf. (1.6.5) on page 40. Let h;; be the second
fundamental form of M (¢), then 7'/ and h;; are related by the equation

/’lij = —(p_]Gijwk[ﬂ'kl, (2415)
cf. (1.4.6) on page 18, and the second Hamilton equation

s
il = —5 (2.4.16)
ij

is equivalent to the evolution equation of the h;; if the tangential Einstein equations
(2.4.8) are supposed to be satisfied. In Sect. 1.6 on page 40 we used the evolution
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equation of the mean curvature -
H = g" hjj (2.4.17)

to express the Hamilton condition, i.e., we modified this equation such that it was
equivalent to the Hamilton condition and we shall use this approach again in the
present situation.
We recall that
7 = (Hg” — h')p, (2.4.18)

and hence -
(n—1DHyp = g;;m". (2.4.19)

We shall modify the evolution equation

_1 . I 1. . L. I
(¢ zgile'l)/:_ZSD nglgklgijﬁl"‘f“ﬂ 2gijm + o 2 gyt

(2.4.20)
n—1 2 1 _1 ij _1 . jj
= Hp2w =29 2hjmw + ¢~ 2g;7,
where we used that !
hij = —Egi,w*, (2.4.21)

and where we emphasize that the symbol H represents the mean curvature and H
the Hamilton function. The Hamilton function is the sum of three Hamiltonians

‘H = Hy+ H, + H>, (2.4.22)

where Hj is the gravitational, H; the renormalized Yang-Mills and H, the renormal-
ized Higgs Hamiltonian. Thus, we infer

oH 0(Ho+ Hi + H,)
g7 = —gij=— = g (24.23)
! ! 59ij ! 59ij
and we deduce further
—gij(;_,(_) =G - )¢~ Gijur 7w + 5 (R=24)pw
Yij (2.4.24)

1 -
— Echw —(n—1)Awyp,

where the scalar curvature and the Laplacian are defined by the metric g;;; for a proof
see the proof of Theorem 1.3.4 on page 14.
Writing
1
H) = aflgG”qﬁpﬁq@_(H%)w +C (2.4.25)



2.4 The Hamilton Condition 67

and ,
Hy =0, Eyab Palbe ' w + C, (2.4.26)
we infer SH | sC
1 n o _ ~ o~ (142 1
—gii— = = —-GP Dw — g — 2.4.27
9ij iy 20‘1 ) TpTgP 9ij iy ( )
and SH 1 5C
2 _n 1w -1 2
—gii— = — — —gii—. 2.4.28
9ij 501 22 3V PaPrp W = Gij 501 ( )
Hence, we conclude
=3 gty 1 ij o okl L
(p2gim’) = 2T guT et
no ij ki 1 n 1
to¢ Gijum/ 7" 2w+§(R—2A)<p2w
1 |

— ERgoiw —(n— 1)A~w<p%

+ %{afl %G”qﬁpﬁqw’“*%) +ay! %g“bpaphw”}w’%w
5C1 5C2 1
g”{égi; + 501 Yoz
(2.4.29)
On the right-hand side of this evolution equation we now implement the Hamilton
condition by replacing
0 'Gijum ! T™w (2.4.30)

by
(R —2A)ow — Hy — H>. (2.4.31)

Expressing the time derivative on the left-hand side of (2.4.29) with the help of the
Poisson brackets, we finally obtain

1
20— 1)

n 1 n _1
+ E(R —20)prw — E(Cl + G2

IER B )
lo™2gym. H} = gii ™ gy o2 w

n 1 1 1 ., (2432
+ E(R —2MN)p2w — ERgpfw —(n—1)Awp?
5C1 5C2 1
— gyl + 2l
! 0gij ~ 09ij

which is equivalent to the Hamilton condition if the Hamilton equations are valid.
Thus, we have proved:
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Theorem 2.4.1 Let N = N"*! be a globally hyperbolic spacetime and let the metric
Jap be expressed as in (2.1.1) on page 51. Then, the metric satisfies the full Einstein
equations if and only if the metric is a solution of the Hamilton equations and of the
Eq.(2.4.32).

2.5 The Quantization

For the quantization we use a similar model as in Sect. 1.4 on page 40. First, we
switch to the gauge w = 1. Previously, we considered a bundle with base space
Sp and fibers F(x), x € Sy, the elements of which were the Riemannian metrics
(gij (x)). The fibers were equipped with the Lorentzian metric

(¢ 'Giju) (2.5.1)

which, in a suitable coordinate system
(1,6, 1=, (2.5.2)

has the form

161 =1, 4

—1
ds? = — + —)tZGABdgAng, (2.5.3)
n

n

where G 4 is independent of ¢ and the coordinates (z, £ A) are independent of x, cf.
(1.4.97) on page 28.
In the present situation we consider a bundle E with base space Sy and the fibers
over x € Sy are
Fx) x (6® T (S0) x g, (2.5.4)

where the additional components are due to the Yang-Mills fields (A") and the Higgs
field (q)“) Letus emphas1ze that the elements of the fibers are tensors and that a fixed
connection A = (A“ (x)) and fixed Higgs field @ are used to define the connections

AY = AY + A¢ (2.5.5)

resp. the Higgs fields

Q4 = @ 4 @ (2.5.6)

the terms in the Hamiltonian will depend on. After the quantization is finished and
we have obtained the final equation governing the interaction of a Riemannian metric
with Yang-Mills and Higgs fields, we shall choose A“ = 0and &“ = 0 such that only
the arbitrary sections A“ and @ are involved and not any elements of the bundle.
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The fibers in (2.5.4) are equipped with the metric

PRSI CICER VEE (h )
n n

12G spd&4de®
apdS”dg (2.5.7)

+ 121G g dCPdC? + 1?7y, d®°dE°,

where the metrics G pg and 7y, are independent of #. The metric G, in (2.2.69) on
page 62 is related with G pg bY

4
n

Gpg =11Gpy. (2.5.8)
Here, we used that a metric
gij(x) € F(x) (2.5.9)
can be expressed in the form
gij =70y, (2.5.10)

where 0;; is independent of ¢ satisfying
deta,-j ZthX,'j, (2511)

cf. (1.4.61) and (1.4.64) on page 25.
Let us abbreviate the fiber metric in (2.5.7) by

ds* = §apd€°€”, 0 <a,B <n, (2.5.12)

such that
=y, (2.5.13)

and let R, be the corresponding Ricci tensor, then
Rys=0 vV} (2.5.14)
as can be easily derived by introducing a conformal time
T =logt (2.5.15)

such that
Gop = € gus, (2.5.16)

where the coefficients g, are independent of 7,

goo = —1, (2.5.17)
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and
Pv=1+c, ¢ = const (2.5.18)

and using the well-known formula

Raﬂ = Ruﬁ - (l’l2 - 1)[wa;3 - ’L/)a'(/)ﬂ] - gaﬂ[A'(/) + (nZ - 1)||D¢||2] (2519)

connecting the Ricci tensors of conformal metrics. Norms and derivatives on the
right-hand side are all with respect to the metric g,s. The index 0 now refers to the
variable 7.

We can now quantize the Hamiltonian setting using the original variables
(gij, ™!, ...). We consider the bundle E equipped with the metric (2.5.7) in the
fibers and with the Riemannian metric y in Sy. Furthermore, let

C*(E) (2.5.20)

be the space of real valued smooth functions with compact support in E.

In the quantization process, where we choose i = 1, the variables g;;, 7, etc.
are then replaced by operators §;;, 7/, etc. acting in C2°(E) and satisfying the
commutation relations

[Gij, 71 = id}), (2.5.21)
for the gravitational variables, o
[P, gl = i0] (2.5.22)
for the Yang-Mills variables, and
169, pp] = i8¢ (2.5.23)

for the Higgs variables, while all the other commutators vanish. These operators are
realized by defining g;; to be the multiplication operator

Giju = giju (2.5.24)

and 7'/ to be the functional derivative

7= Toa (2.5.25)
i
ie,ifu € CP(E), then
)
gbf (2.5.26)
ij

is the Euler-Lagrange operator of the functional
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f u/x = u. (2.5.27)
S[) S(]
Hence, if u only depends on (x, g;;) and not on derivatives of the metric, then
6 0
ouw _ 9w (2.5.28)
59ij 59ij

The same definitions and reasonings are also valid for the other variables. There-
fore, the transformed Hamiltonian H can be looked at as the hyperbolic differential
operator R
H=—-A+Cy+C; + Cy, (2.5.29)
where A is the Laplacian of the metric in (2.5.7) acting on functions u € C°(E)
and the symbols C;, i = 0, 1, 2, represent the lower order terms of the respective
Hamiltonians Hy, H, and H>.
Following Dirac the Poisson brackets on the left-hand side of (2.4.32) on page
67 are replaced by ll times the commutators of the transformed quantities in the

quantization process, since i = 1. Dropping the hats in the following to improve the
readability the left-hand side of Eq.(2.4.32) is transformed to

. 1 ii _1 0
i o2 gy = [H. 072 gij5 - (2.5.30)
9ij
Using the relation in (1.6.24) on page 43
-1 d nd (2531)
v gl]é‘gij - 4 Ot o
when applied to functions u, we conclude
[-4, = =1u=0, (2.5.32)

in view of (2.5.14), and

1 o 1o~ 1 205
[Co+C1+Ca, 0 291’;’@]14:—(”—1)90 2Aup—p Z(E gck)u, (2.5.33)
t k=0 1

cf. (1.6.26) on page 43, where A is the Laplace operator with respect to the metric
gij- Here, we evaluate the Eq.(2.5.33) at an arbitrary point

(x, gij, AL, @) = (x,1, () (2.5.34)
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in E, where we used the abbreviation
v 0 ~A\ — A
(€M) =(".¢H =0 (2.5.35)

to denote the fiber coordinates in a local trivialization. The spatial fiber coordinates
(¢*) are the coordinates for the fibers of the subbundle

E={t=1} (2.5.36)

which is a Cauchy hypersurface, since the fibers of E are globally hyperbolic, cf.
[17, Theorem 4.1].

Remark 2.5.1 If we consider u to depend on the left-hand side of (2.5.34), then Au
has to be evaluated by applying the chain rule. However, if we consider u to depend
on (x, t, ¢*), which are independent variables, then Au is the Laplacian of

u-1,¢h. (2.5.37)

We shall adopt the latter view. Indeed, after having derived the quantized version of
(2.4.32) on page 67 we sha~ll conside~r u to depend on (x, ¢) and only implicitly on a
fixed ¢4, i.e., on a given (AY) and (®“), especially since we shall then specify

Ad=0 A @“=0. (2.5.38)

Let us now transform the right-hand side of (2.4.32) on page 67 by having in mind
that w = 1 and by multiplying all terms with ap% before applying them to a function
u. Later, when we compare the left and right-hand sides, we of course multiply the
left-hand side by the same factor <p%.

The only non-trivial term on the right-hand side of (2.4.32) is the first one with
the second derivatives. We arrange the covariant derivatives such that we obtain

1 n?

_ i,
32n—1

(2.5.39)

where the derivatives are ordinary partial derivatives with respect to ¢, cf. the argu-
ments in (1.6.27)—(1.6.32) on page 44. The other terms are trivial and we infer that
the right-hand side is transformed to

1 n?

32n—-1

. n 1)
u— E(CO +Ci+Cu — (gijg(co + C1 + Cy))u. (2.5.40)
ij

Now, multiplying (2.5.33) by <p% and observing that it equals (2.5.40), we finally
obtain the hyperbolic equation
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1 n? ~ n n i 142
— i—m—DoAu — —(R—-2A)pu+a;<F;jF'¢ "
32n—1 2 8 - (2.5.41)
n ij pa b n 1-2
+ @2 Yabg ' DD} pu + azsz((P)sO "u =0,
where o
(gij, AL, D) (2.5.42)
are arbitrary but fixed elements of the bundle.
Citing (2.5.10) and (2.5.11) we have
gij(x, 1) =l%0ij(x), (2.5.43)
where
det gij = det Xijs (2544)
such that o
(04j, A, @") (2.5.45)
belong to the subbundle E;. Observing that
Au=1"34,u, (2.5.46)
and \
R=1t""R;,, (2.5.47)

where R, is the scalar curvature of the metric o;;, we can express (2.5.41) in the
form

n- . _4 n o, 4 n ., 4 ii

1L on 2 2 2

— i—m—Dt""Au— -t~ "Ru+ o<t " FjF'u

32n—1 2 8 (2.5.48)
noo 4 ij 7a b n. ., 4 2 o

+ozzZt " Yap'! D ¢i“+a2§mt V(@) +nt”Au = 0,

where we dropped the tilde from Au and where the Laplacian, the scalar curvature

and the raising and lowering of indices are defined with respect to the metric o;;.
In Remark 1.6.8 on page 49 we have proved that we may choose 0;; = x;;, and

since x;; has been an arbitrary Riemannian metric on Sy, we can therefore prove:

Theorem 2.5.2 Let (S, 0i;) be a connected, complete, and smooth n-dimensional
Riemann manifold and let Ey = (Sy, g, w, Ad(G)) be the adjoint bundle defined in
(2.2.46) on page 59, and let

A = (A)) (2.5.49)

be an arbitrary smooth connection in Ey, i.e., an arbitrary smooth section, and let



74 2 Interaction of Gravity with Yang-Mills and Higgs Fields
@ = (P9 (2.5.50)

be an arbitrary smooth Higgs field, then the hyperbolic equation (2.5.48) in
0 =R} x & (2.5.51)

describes the quantized version of the interaction of (So, o;j) with these bosonic
fields.

Proof We only have to prove that we may choose the connection (A¢) and the Higgs
field (@“) as arbitrary smooth sections. This follows immediately by evaluating
(2.5.48) at the bundle elements

Ad=0 A =0, (2.5.52)

then the connection A¢ and the Higgs field @ coincide with Af resp. @“ which are
arbitrary smooth sections. (]

Remark 2.5.3 1If we define in Q the Lorentz metric

n—1

ds?> = -32 5

1 o
dr’ + la,-,dxldxf, (2.5.53)

n n —

then Q is globally hyperbolic and the operator in (2.5.48) is symmetric. If we equip
Q with the metric

1

n—

n—1
2

ds® = —32——di’ + 1z%—za,-jdx"dxf, (2.5.54)

n

then Q is also globally hyperbolic, the operator in (2.5.48) normally hyperbolic but
not symmetric, and Q has a Big bang singularity in¢t = 0ifn > 3.

Proof Since o;; is complete it suffices to prove the big bang assertion. Let
M@) = {x" =1} (2.5.55)

be the Cauchy hypersurfaces and #;; their second fundamental form with respect to
the past directed normal, then

1

4
hi‘ e — l‘;_z 4 = —t_(p+l) iis 2.5.56
R e Ul v 7ij (2.5.56)
where 4
p=2--. (2.5.57)

Hence the M (t) are all umbilical. Let H be the mean curvature, then
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n
=P,
2

H (2.5.58)

Moreover, let R be the scalar curvature of the M (1) and R the scalar curvature of
Oij, then

R = (n— Dt’R (2.5.59)
and we deduce _
lim R = 0 (2.5.60)
—
and
liIr(l) H? = oo. (2.5.61)
r—

Hence, some sectional curvatures of the ambient metric must also get unbounded in
view of the Gau} equation and the fact that the M (¢) are umbilical. ([l

2.6 The Spectral Resolution

In case Sy is compact we can prove a spectral resolution for the Eq. (2.5.48) on page
73, where A will act as an implicit eigenvalue. The proof is similar as in Sect. 1.6 on
page 40. First, let us consider an elliptic eigenvalue problem which can be looked at
to be the stationary version of Eq. (2.5.48).

Lemma 2.6.1 Let Sy be compact equipped with the metric 0;;. Then, the eigenvalue
problem

— (=1 Av— ng + aI%EjFijv

n n (2.6.1)
ij gya b
+ angyubU]Q Qv+ azEmV(é)v = pv
has countably many solutions (v;, u;) such that
Mo < 1 =2 = -, (2.6.2)
lim y; = o0 (2.6.3)
and
/ 1_)in = 5,-j, (264)
So

where now we consider complex valued functions. The solutions are smooth in Sy
and form a basis in L*(Sy, C).

This result is well-known, see also Lemma (1.6.5) on page 47. For clarification
let us recall R is the scalar curvature of o;;, and the other coefficients depend on a
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given smooth Yang-Mills field and a Higgs field. There is no sign condition on the
potential V, but later, when establishing assumptions guaranteeing that

Lo > 0, (2.6.5)
we shall require that
V>0, (2.6.6)
or even
V>0 ae, (2.6.7)

i.e., V is strictly positive except on a Lebesgue null set. The constant m is always
supposed to be non-negative.

To prove a spectral resolution of the hyperbolic equation (2.5.48) we choose an
eigenfunction v = v; with positive eigenvalue p = p; and look at solutions of
(2.5.48) of the form

ulx,t) =w)v(x). (2.6.8)

u is then a solution of (2.5.48) provided w satisfies the implicit eigenvalue equation

1 n?
32n—1

W — pt>rw — nt*Aw = 0, (2.6.9)

where A is the eigenvalue.
This eigenvalue problem we also considered in the previous chapter and proved
that it has countably many solutions (w;, A;) with finite energy, i.e.,

R 4
f (I >+ (1 + 2 + > ) |w; [*} < oo, (2.6.10)
0

cf. Theorem 1.6.7 on page 49.

Remark 2.6.2 A different, but similar, approach for non-compact Sy will be used in
the next chapter under the assumption that (So, ;) is asymptotically Euclidean.

Finally, let us consider under which assumptions the lowest eigenvalue (i of the
eigenvalue problem (2.6.1) is strictly positive. This property can also be called a
mass gap. We prove the existence of a mass gap in two cases.

In the first case we assume that V satisfies the condition (2.6.7).

Theorem 2.6.3 Let Sy be compact and let V satisfy (2.6.7), then there exists m
such that for all m > my the first eigenvalue Lo of Eq.(2.6.1) is strictly positive with
an a priori bound from below depending on the data.

The theorem immediately follows from a well-known compactness lemma:

Lemma 2.6.4 Under the assumptions of the previous theorem there exists for any
€ > 0 a constant c. such that
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lu)®> < e |Du|2+c(/ Viul> VYue CYSy). (2.6.11)
So So So

Proof We prove the estimate (2.6.11) in the Sobolev space H 1.2(S,) instead of
C'(Sy), since this is the appropriate function space, and argue by contradiction.
If the estimate (2.6.11) would be false, then there would exist e > 0 and a sequence
of functions
up € H'(Sp) (2.6.12)
such that
lug)® > e/ |Duk|2+k/ Vug)?. (2.6.13)
So So So
Without loss of generality we may assume

/ lug)* = 1. (2.6.14)
So

Hence, the uy, are bounded in H'2(S;) and a subsequence, not relabeled, will weakly
converge in H'2(Sp) to a function u such that

up —u in L*(Sy), (2.6.15)

since the embedding from H'2(S,) into L?(S,) is compact, and we would deduce

ul> =1 (2.6.16)
So
and also
f Viul*> =0, (2.6.17)
So
a contradiction. O

In the second case, we only assume V > 0 such that we may ignore the con-
tribution of the Higgs field to the quadratic form defined by the elliptic operator in
Eq.(2.6.1) completely, since its contribution is non-negative, and only look at the
smaller operator

—(n—l)Av—%Rv+a1%EjFijv. (2.6.18)
If we can prove that the eigenvalues of this operator are strictly positive, then the
eigenvalues of Eq. (2.6.1) are also strictly positive.

Theorem 2.6.5 Let Sy be compact, R < 0, then the smallest eigenvalue of the oper-
ator (2.6.18) is strictly positive provided either R or F;; F'/ do not vanish everywhere.
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Proof Under the assumptions the eigenvalues are always non-negative and the spec-
tral resolution described in Lemma 2.6.1 is valid. Therefore, assume that ;190 = 0 and
let u be a corresponding eigenfunction, then

0:/ |Du|2—E/ R|u|2+a1f/ Fi; Ful?. (2.6.19)
So 2 So 8 X

So

Hence, each of the integrals will vanish and we conclude that
u = const (2.6.20)

and -
— R+ F;;F7 =0, (2.6.21)

contradicting the assumptions. O



Chapter 3 ®)
The Quantum Development of an oo
Asymptotically Euclidean Cauchy
Hypersurface

3.1 Spectral Resolution of a Hyperbolic Equation

In the preceding chapters, we obtained as a result of the canonical quantization of
gravity a quantized version of the Hamilton constraint which is the wave equation

1 n2 . 24 n 24 n 24 ii
7 ]u—(n—l)t nAu—zt nRu-l—ozlgt nFiiFu
n— (3.1.1)
no,_ s ij g mb n. , 4 2
—l—azZt "Yap D Qiu—i—agzmt V(@) +nt"Au =0

in a globally hyperbolic spacetime
0 = (0, 00) x S, (3.1.2)

where Sy = (S, gi;) is a Cauchy hypersurface of the globally hyperbolic spacetime
that had been quantized. This hyperbolic equation is sometimes considered to be
the result of a first quantization. The next step would be the second quantization.
If the result of the first quantization would have been a self-adjoint operator H
acting in a Hilbert space H, then for the second quantization one would consider the
corresponding Fock space and the extension of H to that Fock space.

When the first quantization leads to a hyperbolic equation, then one usually tries
to construct a Weyl system and to apply the techniques of algebraic quantum field
theory. We used the latter approach when we looked at the Wheeler—-DeWitt equa-
tion, cf. [16, 17], or, the more general hyperbolic equation (1.4.101 on page 28, cf.
Sect. 1.5 on page 35. But when we considered our preferred model, namely the wave
equation above, to be the result of a first quantization, we tried, at least for compact
So, to find solutions of the wave equation which are products of temporal and spa-
tial eigenfunctions or eigendistributions of self-adjoint operators associated with the
hyperbolic operator. We, tentatively, called this approach a spectral resolution of the
wave equation.

© Springer International Publishing AG, part of Springer Nature 2018 79
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Now, we want to formalize this approach such that unbounded S; can also be
allowed. For simplicity, we still assume the time interval I to be (0, co) but, of
course, I could be an arbitrary open interval.

Definition 3.1.1 Let (Sy, gi;) be a complete n-dimensional Riemannian manifold
and
Pu =0 (3.1.3)

a second-order hyperbolic differential equation in
Q = (0, 00) x Sp. (3.1.4)

Suppose that there exist temporal and spatial self-adjoint operators H, resp. H; such
that the hyperbolic equation is equivalent to

Hou — Hyu = 0, (3.1.5)

where u = u(t, x), and that one of the operators has a pure point spectrum with
eigenvalues \; while, for the other operator, it is possible to find corresponding
eigendistributions for each of the eigenvalues )\;. Assuming, e.g., that H, has a pure
point spectrum with corresponding mutually orthogonal eigenfunctions w; and H,
has smooth eigendistributions v;; satisfying

Hywijj =Nvi; Vj (3.1.6)

then
Ujj = W;Vjj (317)

would be solutions of the hyperbolic equation. We call the triple (Hy, Hy, u;;) a
spectral resolution of the hyperbolic equation (3.1.3).

Weyl already used this approach to analyse the radiation of a black body, cf. [43,
Kap. 6], though in this case the spatial Hamiltonian H; had a pure point spectrum
and the temporal Hamiltonian Hy, which was just the classical harmonic oscillator,

Hyw = —, (3.1.8)

had only a continuous spectrum.
In case of the wave equation (3.1.1), the temporal operator Hy is given by

2
n* . 2
]w+nt |Alw), (3.1.9)

_ 1
How = 9001(_3_2

where A < 0 is fixed and \
Qolt) =170, (3.1.10)
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H, is self-adjoint in L?(R* , ¢odt) with a pure positive point spectrum
O< X< Ai<Xh<-- (3.1.11)

and there exists a basis of mutually orthogonal eigenfunctions w; . The spatial operator
H, is defined as the closure of the elliptic operator

Av=—(n—1)Av— ZRv+aF;F/v
. 2 f (3.1.12)
+ ozzz'yabo” i Dby + Ozzzmv(@)v-

In order to obtain a spectral resolution for the hyperbolic equation, we then must prove
that for each )\; there exist corresponding eigendistributions v;; satisfying (3.1.6).

In this chapter, we shall prove that this is indeed the case if Sy is asymptoti-
cally Euclidean and the coefficients of A satisfy some natural assumptions. If the
coefficients of A are smooth and bounded in any

C"(Sp), meN, (3.1.13)
then A is essentially self-adjoint in L?(Sp, C), and if Sy is asymptotically Euclidean,
i.e. if it satisfies the very mild conditions in Assumption 3.3.1 on page 93, then the
Schwartz space . of rapidly decreasing functions can also be defined in Sy,

S =S (S0), (3.1.14)

such that
S C LSy c . (3.1.15)

is a Gelfand triple and the eigenvalue problem in .&”

Af =Af (3.1.16)
has a solution for any A € o(A), cf. Theorem 3.2.5 on page 87. Let

(&) reo(a) (3.1.17)
be the set of eigendistributions in . satisfying

Af) =Af), f) €&, (3.1.18)

then the f () are actually smooth functions in Sy with polynomial growth, cf. [20,
Theorem 3] and Sect. 7.1 on page 187. Moreover, due to a result of Donnelly [8], we

know that
[0, 00) C 0ess(A), (3.1.19)
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and hence, any temporal eigenvalue \; of Hj is also a spatial eigenvalue of A in .’
AfOD) =N fON). (3.1.20)

Since the eigenspaces &), are separable, we deduce that for each i there is an at most
countable basis of eigendistributions in &),

vij = fi\), 1= j<n() < oo, (3.1.21)
satisfying
Avjj = Nvyj, (3.1.22)
vij € C%(So) N F"(So). (3.1.23)
The functions
Ujj = W;Vij (3.1.24)

are then smooth solutions of the wave equations. They are considered to describe the
quantum development of the Cauchy hypersurface Sp.
Let us summarize this result as a theorem:

Theorem 3.1.2 Let A and Sy satisfy the conditions in (3.1.13) and Assumption 3.3.1,
and let w; resp. v;; be the countably many solutions of the temporal resp. spatial
eigenvalue problems, then

Ujj = W;V;j (3125)

are smooth solutions of the wave equation (3.1.1). They are considered to describe
the quantum development of the Cauchy hypersurface Sy.

3.2 Existence of a Complete Set of Eigendistributions

Let H be a separable Hilbert space, S a complete nuclear space and

j:S—>H (3.2.1)
an embedding such that j(S) is dense in H. The triple

ScHcCS (3.2.2)
is then called a Gelfand triple and H a rigged Hilbert space. Moreover, we require
that the semi-norms ||-||, defining the topology of S are a countable family. In view

of the Assumption (3.2.1) at least one of the semi-norms is already a norm, since
there exist a constant ¢ and a semi-norm |||, such that
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il =clel, Vees, (3.2.3)

and hence, ||-||, is a norm since j is injective. But then there exists an equivalent

sequence of norms generating the topology of S. Since S is nuclear, we may also

assume that the norms are derived from a scalar product, cf. [44, Theorem 2, p. 292].
Let S, be the completion of S with respect to ||-|| ,, then

S:ﬂ@, (3.2.4)

p=1

and N
s=Js, (3.2.5)

p=I

A nuclear space S having these properties is called a nuclear countably Hilbert space
or a nuclear Fréchet-Hilbert space.
Let A be a self-adjoint operator in H with spectrum
A =o(A). (3.2.6)
Identifying S with j(S), we assume
AS) CS 3.2.7)
and we want to prove that for any \ € A there exists

0# fN) eS (3.2.8)

satisfying
(fN), Ap) = A(f(N), ) VpeS. (3.2.9)

) is then called a generalized eigenvector, or an eigendistribution, if S’ is a
FN g g ) g .

space of distributions. The crucial point is that we need to prove the existence of a
generalized eigenvector for any A € A.

Definition 3.2.1 We define
E={feS Af =)\f} (3.2.10)
to be the generalized eigenspace of A with eigenvalue A\ € A provided
&\ # {0} (3.2.11)

If (3.2.11) is valid for all A € A, then we call
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(E)rea (3.2.12)

a complete system of generalized eigenvectors of A in §’.

Lemma 3.2.2 IfS is separable, then each &, # {0} is also separable in the inherited
strong topology of S'.

Proof The Hilbert spaces S, are all separable by assumption, so are their duals S;,.
Let B, be a countable dense subset of S [’, and set

B=|]B,. (32.13)
p=1

Then, B is dense in & in the strong topology. Indeed, consider f € S’ and a bounded
subset B C S, then there exists p such that f € S, in view of (3.2.5), and for any
g € B, we obtain

sup|(f — g, @) = IIf — gll-psupllell, < callf —gll-p (3.2.14)
peB peB
proving the claim. U

Let E be the spectral measure of A mapping Borel sets of A to projections in H,
then we can find an at most countable family of mutually orthogonal unit vectors

v; € H, 1 <i<m<oo, (3.2.15)

and mutually orthogonal subspaces
H e H (3.2.16)

which are generated by the vectors
E(£2)v;, 2 € B(A), (3.2.17)

where §2 is an arbitrary Borel set in A, such that
H =P H,. (3.2.18)

Each subspace H; is isomorphic to the function space
H; = L*(A,C, 1) = L*(A, 1), (3.2.19)

where ; is the positive Borel measure
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i = (Ev;, v;). (3.2.20)

We have
ui(A) =1 (3.2.21)

and there exists a unitary map U from H; onto H; such that
(, vy = [ ﬁ(A)ﬁ(A)dui Yu,v e H, (3.2.22)
A

where we have set
u=Uu Nué€H,. (3.2.23)

Hence, there exists a unitary surjective operator, also denoted by U,
m
U:H— H= @ H, (3.2.24)
i=1

such that u = (u') is mapped to
i=Uu=Uu) = @@ (3.2.25)

and ‘ .
At =a'\) e L2(A, ). (3.2.26)

Moreover, if u € D(A), then
Au = (Au' (V) = (') = . (3.2.27)

For a proof of these well-known results, see e.g. [11, Chap. I, Appendix, p. 127].

Remark 3.2.3 We define the positive measure

p=> 2" (3.2.28)

i=1

in A, and we shall always have this measure in mind when referring to null sets
in A. Moreover, applying the Radon—Nikodym theorem, we conclude that there are
nonnegative Borel functions, which we express in the form hl2 0 < h;, such that

h? e L'(A, p) (3.2.29)

and
du; = h2dy. (3.2.30)



86 3 The Quantum Development of an Asymptotically Euclidean ...

The map
ve L*(A, pi) — hiv e L*(A, p) (3.2.31)

is a unitary embedding.

Lemma 3.2.4 The functions h; satisfy the following relations

D27 <00 pae. (3.2.32)
i=1

and "
Zz*”hf #0 pae. (3.2.33)
i=1

Replacing the values of h; on the exceptional null sets by 27, the two previous
relations are valid everywhere in A.

Proof (i) We first prove that, for a fixed i, #; cannot vanish on a Borel set G with
positive j; measure, (; (G) > 0. We argue by contradiction assuming that 4; would
vanish on a Borel set G with y;(G) > 0. Let v € H be arbitrary and let v’ be the
component belonging to H;, then

/ 0 Py = / NREE
G A

(3.2.34)
- / xah21'Pdp = 0,
A

and we deduce ‘
vV'=0 ypaeinG VveH, (3.2.35)
a contradiction, since the v’ generate L>(A, j;).

(i) Now, let G C A be an arbitrary Borel set satisfying ©(G) > 0 and define
1 = (") by setting
P =x627, (3.2.36)

then we obtain

1912 =3 [ xe2

i=1 VA
Z/ X2 ¥ hdp < oo
i=1 Y4

(3.2.37)

concluding
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m

Z 27%p? <00 pae. (3.2.38)
i=1

as well as

D 27n£0 pae., (3.2.39)
i=1

where the last conclusion is due to the result proved in (i), since for any Borel set G
with ¢4(G) > 0 there must exist an i such that y; (G) > 0. O

Now we can prove:

Theorem 3.2.5 Let H be a separable rigged Hilbert space as above assuming that
the nuclear space S is a Fréchet—Hilbert space, and let A be a self-adjoint operator in
H satisfying (3.2.7). Then, there exists a complete system of generalized eigenvectors
(E\)xea- If S is separable, then each eigenspace &) is separable.

Proof Since S is nuclear, there exists a norm ||-||, such that the embedding

j:S,— H (3.2.40)
is nuclear; i.e. we can write
o0
J@) =Y Mlfioplue  VoeS, (3.2.41)
k=1
where
o0
0<M A Z/\k < o0, (3.2.42)
k=1
eSS, A lfill=1, (3.2.43)

and u; € H is an orthonormal sequence. We may, and shall, also assume
ux € D(A), (3.2.44)

since D(A) is dense in H: Let
v € D(A) (3.2.45)

be a sequence of linearly independent vectors generating a dense subspace in H,
then we can define an orthonormal basis (v;) in H which spans the same subspace.

Hence, there exists a unitary map 7 such that

v =Tuy VkeN. (3.2.46)
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Instead of the embedding j, we can then consider the embedding

Toj

(3.2.47)

proving our claim. Thus, we shall assume (3.2.44) which is convenient but not nec-

(3.2.48)

(3.2.49)

essary.
From the assumption that j (S) is dense in H we immediately draw the following
conclusions:
The (u;) are complete in H,
0< )\k Vk s
and

for all k there exists ¢ € S such that (fi, ) # 0.

Let U be the unitary operator in (3.2.24), then we define
o0
p=Uoj@) =Y Mlfi-)iix
k=1

such that '
e = (U (N)1<i<m
ik e L*(A, w).
Applying the embedding in (3.2.31), we can also express iy in the form
g = (hifil(N) 1<i<m
hiiil, € L*(A, ).

Similarly, we have '
¢ = (hi¢")

and . .
Ap = (Ah; @),

in view of (3.2.27). Here, we identify ¢ and j, i.e.

Ap=A(jp).

We want to prove that

(3.2.50)

(3.2.51)

(3.2.52)

(3.2.53)

(3.2.54)

(3.2.55)

(3.2.56)

(3.2.57)

(3.2.58)
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AG9) = Ml e 9)Aug
k=1

=AY Melfer )ik

k=1

Indeed, for any bounded Borel set £2 C A
AE($2)
is a self-adjoint bounded operator in H such that

IAE(£2)]l < sup|Al.
re2

Hence, we deduce

AE2)(jo) = Y Melfir Q) AE ()
k=1

and .
AE(2)ur = Ax ik

and we infer
P o0
X2 AGP) = XaA D Ml fer )i
k=1
= Xe Q.

Since §£2 C A is an arbitrary bounded Borel set, we conclude

AGY) =AY Ml fer )i
k=1

A

= A\Q.
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(3.2.59)

(3.2.60)

(3.2.61)

(3.2.62)

(3.2.63)

(3.2.64)

(3.2.65)

The right-hand side of the second equation is square integrable and therefore the

right-hand side of the first equation too.
Let us set

PN = (hig' ().

(3.2.66)

h; @' is an equivalence class, and to define h; ' (\) as a complex number for a fixed
A € A requires to pick a representative of the equivalence class. It is well known that
for a given representative /; %' ()\) is well defined for almost every A € A, i.e. apart
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from a null set. We shall show that ©()\) can be well defined for any A € A and any
@ € S. The choices we shall have to make will be independent of ¢.
Firstly, let us define the product '
hiily, (3.2.67)

unambiguously. In view of Lemma 3.2.4, h; is everywhere finite; i.e., we only have
to consider the case when h; = 0 and |it}| = oo. In this case, we stipulate that

hiii}, = 0. (3.2.68)

This definition insures that the integrals, e.g.

f AR (3.2.69)
A

will give the correct values, because of Lebesgue’s monotone convergence theorem:
approximate iz | by
min(|a,],7), reN (3.2.70)

Secondly, we observe that

L= [|i* = Z/ |k (V)2 (3.2.71)
=174
and hence .,
D Ikt (V> <00 ae.in A. (3.2.72)
i=1
Thirdly, we have
o.¢] m
DO It (VIF #0  ae.in A. (3.2.73)

k=1 i=1

Indeed, suppose there were a Borel set
GcCA (3.2.74)

such that .
0<mG) =Y 271(G) (3.2.75)

and
o0 m

S M P =0 inG, (3.2.76)

k=1 i=1
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then there would exist j such that
1i(G) >0 (3.2.77)

and we would deduce
0= Z/ \h i) Pdp = Zf 4] *dy;, (3.2.78)
k=1"7C k=17C

contradicting the fact that the (ﬁi ) are a basis for L2(A, ).
Fourthly, we have

S5 [ it oPde = Y ndal = Yk <o 3279
ko0 YA k k
and hence we deduce

DO MV <00 ae.in A. (3.2.80)
k i

Now, for any (i, k) we choose a particular representative of /;ii} by first picking the
representative of #; we defined in Lemma 3.2.4 and a representative of 12;{ satisfying
the relations in (3.2.72), (3.2.73) and (3.2.80) and then defining the values of these
particular representatives in the exceptional null sets occurring in the just mentioned
relations by

hi =271 A 4 =27"27K (3.2.81)

Then, hiﬁ,;()\) is well defined for any A € A and the relations in (3.2.72), (3.2.73)

and (3.2.80) are valid for any A\ € A.
Moreover, the series

hi@' ) =Y Ml fior )iy (V) (3.2.82)
k

converges absolutely, since

> NI @R < Dl S Melhiiif (V)]
k k

1 , ] (3.2.83)
<Ml O M2 Q- Melhidiy WIP)? < oo,
k k

in view of (3.2.80).
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Definition 3.2.6 Let us define the sequence space

L={(@): Y > la* < oo} (3.2.84)
ki
with scalar product
((a)), (b)) = Z(Z atby). (3.2.85)
Thus, we have '
M (S PYhittp (V) € D, (3.2.86)
since
A< M (3.2.87)

for k large. By a slight abuse of language, we shall also call this sequence p()),

PN = M fe, )ity (V). (3.2.88)

We are now ready to complete the proof of the theorem. Let A € A be arbitrary,
then there exists a pair (ig, ko) such that

,Oﬁjc‘:) \) #0, (3.2.89)
in view of (3.2.73), which is now valid for any A € A. Define
f) = ,Oﬁj% ) el (3.2.90)
to be the sequence with just one non-trivial term. We may consider
f) e S;, cs (3.2.91)

by defining
(fN, @) =(f(N), o) VepeS, (3.2.92)

where the right-hand side is the scalar product in /,. Indeed, we obtain

(SO0, D) = Mgl i D) iy VI

" (3.2.93)
< Mlhiii, MPllell, Yoes

yielding
f) e S;. (3.2.94)

Furthermore,
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f) #0, (3.2.95)

since there exists ¢ € S such that

(fro» ) #0, (3.2.96)

in view of (3.2.50).
f () is also a generalized eigenvector of A with eigenvalue ), since

(F O, Ag) = (£, ApV) = (£ (), AO)) = M), @) (3.2.97)

because of (3.2.57) and (3.2.59). The final conclusions are derived from Lemma
3.2.2. O

3.3 Properties of 0(A) in the Asymptotically
Euclidean Case

Let A be the elliptic operator

—(n—1)Av — ERv+oz1 8E,F’
o (3.3.1)
+ ozzZ’yahg” q§i“<D§’v + azsz(Q))v.

We want to prove that
[0, 00) C o(A), (3.3.2)

in order to be able to quantize the wave equation (3.1.1) on page 79. Using the results
in [8], we shall show that (3.3.2) or even the stronger result

[0, 00) C 0ess(A), (3.3.3)

where 55 (A) is the essential spectrum, is valid provided the following assumptions
are satisfied:

Assumption 3.3.1 We assume there exists a compact K C Sy and a coordinate
system (x') covering So\K such that Sy\K is diffeomorphic with an exterior region

2 CR (3.3.4)

and
x = (") e 2. (3.3.5)

The metric (g;;) then has to satisfy
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lim g,«,-(x) = (Sl‘j, (336)
|x|]—>00 "

lim g,-j,k(x) = 0, (337)
|x|]—o00

where a comma indicates partial differentiation, and there is a constant ¢ such that
cr < x| < c'r Vxeg, (3.3.8)

where r is the geometric distance to a base point p € K.
Furthermore, we require that the lower-order terms of A vanish at infinity, i.e.

dim {IR]+ |Fij FY 1+ Napg” @{ @] + |V (@)} = 0. (3.3.9)
X|[— 00

Let us refer the lower-order terms with the symbol V = V (x) such that
A=m-D{—-A+V}, (3.3.10)

then we shall prove

Theorem 3.3.2 The operator A in (3.3.10) has the property
[0, 00) C gess(A). (3.3.11D

Proof We first prove the result for the operator (—A + V). Let us define a positive
function
b e C*(Sy), (3.3.12)

such that
b(x) =|x| Vx¢& Br(p), (3.3.13)

where Br(p) is a large geodesic ball containing the compact set K. In view of the
assumptions (3.3.6), (3.3.7) and (3.3.8), b satisfies the conditions (i), (ii) and (ii7)
in [8, Properties 2.1]. Moreover, the assumption (3.3.9), which implies

lim |[V| =0, (3.3.14)

x| =00
insures that the condition (iv) in [8, Theorem 2.4] can be applied yielding

[0, 00) = Oess(—A + V). (3.3.15)
However, since only the inclusion

[0, 00) C Tess(— A + V). (3.3.16)
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is proved while the reverse inclusion is merely referred to, and we could not look at the
given references, we shall only use (3.3.16). This relation is proved by constructing,
for each € > 0 and A > 0, an infinite-dimensional subspace G, of Cf (Sp) such that

/ (A +V = X)) < 62/ >  VoveoG.. (3.3.17)
M M

Multiplying this inequality by (n — 1)2, we infer that (3.3.16) is also valid when the
operator (—A + V) is replaced by

A=m—1)(=A+V) (3.3.18)

proving the theorem. O

3.4 The Quantization of the Wave Equation

The quantization of the hyperbolic equation (3.1.1) on page 79 will be achieved by
splitting the equation into two equations: A temporal eigenvalue equation, an ODE,
and a spatial elliptic eigenvalue equation.

Let us first consider the temporal eigenvalue equation

2

n
32n—1

W 4 n|AlPw = M2 w, (3.4.1)

where
A <O (3.4.2)

is a cosmological constant.
The eigenvalue problem (3.4.1) can be solved by considering the generalized
eigenvalue problem for the bilinear forms

n2

{1
R* 32n—1

B(w, W) = W' + n|Al?wD) (3.4.3)

and
K (w, i) = / 27 (3.4.4)
R

5
in the Sobolev space H which is the completion of

CX(R*, C) (3.4.5)

in the norm defined by the first bilinear form.
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We then look at the generalized eigenvalue problem
B(w,p) =AK(w,p) YpeH (3.4.6)

which is equivalent to (3.4.1).

Theorem 3.4.1 The eigenvalue problem (3.4.6) has countably many solutions
(w;, A;) such that

O<X<A<l<--, (3.4.7)
lim \; = oo, (3.4.8)

and
K(w;, wj) = ;. (3.4.9)

The w; are complete in H as well as in LZ(Rj).

Proof The quadratic form K is compact with respect to the quadratic form B as one
can easily prove, cf. [13, Lemma 6.8], and hence a proof of the result, except for
the strict inequalities in (3.4.7), can be found in [15, Theorem 1.6.3, p. 37]. Each
eigenvalue has multiplicity one since we have a linear ODE of order two and all
solutions satisfy the boundary condition

w; (0) = 0. (3.4.10)

The kernel is two-dimensional, and the condition (3.4.10) defines a one-dimen-
sional subspace. Note that we considered only real-valued solutions to apply this
argument. O

Remark 3.4.2 In [15, Theorem 1.6.3, p. 37], we gave a proof of the more general
problem of solving abstract eigenvalue problems in a Hilbert space by variational
methods which can be applied to eigenvalue problems for elliptic linear operators in
Euclidean space or Riemannian manifolds as well as to ordinary differential operators
as above.

The elliptic eigenvalue equation has the form
Av = v, (3.4.11)

where A is the elliptic operator in (3.3.1) on page 93 and v € C*(S5)). A is a self-
adjoint operator in L*(Sp, C). Let

S =S (S0) (3.4.12)

be the Schwartz space of rapidly decreasing smooth functions, then .# is a separable
nuclear Fréchet—Hilbert space and
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S C L*S.,C) .’ (3.4.13)

a Gelfand triple. Applying the results of Theorem 3.2.5 on page 87, we infer that
there exists a complete system of eigendistributions

(E\)reo(a)) (3.4.14)

in., i.e.
Af(ND) =Af(N) Y €éb. (3.4.15)

These eigendistributions are actually smooth functions in Sy with polynomial growth
as we proved in [20, Theorem 3]; see also Sect. 7.1 on page 187, where a proof is pre-
sented for the convenience of the reader. Assuming, furthermore, that the conditions
in Assumption 3.3.1 on page 93 are satisfied, we conclude that

[0, 00) C 0ess(A), (3.4.16)

in view of Theorem 3.3.2 on page 93; i.e., the equation (3.4.11) is valid for all
A € R, and we conclude further that each temporal eigenvalue )\; of the equation
(3.4.1) can also be looked at as a spatial eigenvalue of the equation (3.4.11). Since the
eigenspaces &), are separable, we deduce that for each i there is an at most countable
basis of eigendistributions in &),

vij = fi(\), 1< j<n() < oo, (3.4.17)
satisfying
Avi; = Nvyj, (3.4.18)
vij € C%(So) N F"(So). (3.4.19)
The functions
Ujj = W;V;j (3.4.20)

are then smooth solutions of the wave equation. They are considered to describe the
quantum development of the Cauchy hypersurface Sy.
Let us summarize this result as a theorem:

Theorem 3.4.3 Let Sy satisfy the conditions in Assumption 3.3.1 and let w; resp. vj;
be the countably many solutions of the temporal resp. spatial eigenvalue problems,
then

Ujj = W;V;j (3421)

are smooth solutions of the wave equation. They describe the quantum development
of the Cauchy hypersurface Sy.



Chapter 4 )
The Quantization of a Guca i
Schwarzschild-AdS Black Hole

4.1 The Quantum Model

In the previous chapter, we looked at the quantum model for the interaction of gravity
with Yang—Mills and Higgs fields and proved a spectral resolution of the underly-
ing hyperbolic equation provided the Cauchy hypersurface Sy was asymptotically
Euclidean. In this chapter, we shall consider a Schwarzschild-AdS black hole N of
dimension n + 1, n > 3. Picking a Cauchy hypersurface Sy with induced metric g;;
in N, then its quantum development would be governed by the hyperbolic equation

1 n?

2n—1

i —(n— D> Au— %tz’%Ru 0 Au =0 4.1.1)

defined in the spacetime
Q = (0, 00) x Sp. 4.1.2)

The Laplacian is the Laplacian with respect to g;;, R is the scalar curvature of the
metric, 0 < ¢ is the time coordinate defined by the derivation process of the equation
and A < 0 a cosmological constant.
We shall especially choose a Cauchy hypersurface in the black hole region of the
form
{r = const < ry}, 4.1.3)

where ry is the radius of the event horizon. It turns out that the induced metric of the
Cauchy hypersurface can be expressed in the form

ds* = dr* + r’o;dx'dx’, (4.1.4)

where
—00 < T <00, 4.1.5)
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r = const and o;; is the metric of a spaceform M = M =1 with curvature &,
ke {—1,0,1}. (4.1.6)

The metric in (4.1.4) is free of any coordinate singularity; hence, we can let r tend
to rp such that Sy represents the event horizon at least topologically. Furthermore,
the Laplacian of the metric in (4.1.4) comprises a harmonic oscillator with respect
to 7 which enables us to write the stationary eigenfunctions v; in the form

Uj(Ts )C) = C(T)QDJ(.X), (417)

where ¢; is an eigenfunction of the Laplacian of M and ¢ a harmonic oscillator the
frequency of which are still to be determined.
The temporal eigenvalue problem is described by the equation

1 n?

—ﬁn_la)+n|A|t2w=)\t2_%w (4.1.8)

with a fixed A < 0, where we choose A to be the cosmological constant of the AdS
spacetime.
In view of Theorem 3.4.1 on page 96, the eigenvalue problem (4.1.8) has a com-
plete sequence (w;, \;) of eigenfunctions with finite energies A; such that
O<)\0<)\1<'-- (419)
and by choosing the frequencies of  appropriately we can arrange that the stationary
eigenvalues j1; of v; agree with the temporal eigenvalues );. If this is the case, then
the eigenfunctions
U= wv; (4.1.10)
will be a solution of the wave equation. More precisely, we shall prove:
Theorem 4.1.1 Let (@, ji;) resp. (w;, ;) be eigenfunctions of
—A=—Ay (4.1.11)
resp. the temporal eigenfunctions and set
A 2~ n 2~
iy =m— Dry ﬂj—z(n—l)(n—Z)ro K. 4.1.12)

Let X\, be the smallest eigenvalue of the (\;) with the property

Xo = [, (4.1.13)
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then, for any i > iy, there exists
w=wjj>0
and corresponding (;; satisfying
— Gij =15 WG

such that
A= pij = (n = Drg?w} + fiy Vi = io.

The functions
uij = w;Gjp;

are then solutions of the wave equation with bounded energies satisfying
limuij(t)= lim Mij(f)=0
t—0 t—oo

and B
uij € C¥RE x Sp) N C** (R x Sp)

for some

Moreover, we have

If
then we define
Cioj =1
In case j = 0and k # —1 we always have
fio <0

and
o = const # 0

and hence
wio>0 Vi>0.
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(4.1.14)

(4.1.15)

(4.1.16)

4.1.17)

(4.1.18)

(4.1.19)

(4.1.20)

4.1.21)

(4.1.22)

(4.1.23)

(4.1.24)

(4.1.25)

(4.1.26)



102 4 The Quantization of a Schwarzschild-AdS Black Hole

Remark 4.1.2 (i) The event horizon corresponds to the Cauchy hypersurface {r = 1}
in Q and the open black hole region to the region

0,1) x S, (4.1.27)
while the open exterior of the black hole region is represented by
(1, 0) x Sp. (4.1.28)

The black hole singularity corresponds to {# = 0} which is also a curvature singu-
larity in the quantum spacetime provided we equip Q with a metric such that the
hyperbolic operator is normally hyperbolic, cf. Remark 2.5.3 on page 74. Moreover,
in the quantum spacetime, the Cauchy hypersurface Sy can be crossed by causal
curves in both directions; i.e., the information paradox does not occur.

(ii) The stationary eigenfunctions can be looked at as being radiation because they
comprise the harmonic oscillator, while we consider the temporal eigenfunctions to
be gravitational waves.

Asitis well known, the Schwarzschild black hole or more specifically the extended
Schwarzschild space has already been analyzed by Hawking [30] and Hartle and

Hawking [29], see also the book by Wald [42], using quantum field theory, but not
quantum gravity, to prove that the black hole emits radiation.

4.2 The Quantization
The metric in the interior of the black hole can be expressed in the form
ds? = —h7'dr* 4+ hdt* + r*o;;dx'dxd 4.2.1)

where (0;) is the metric of an (n — 1)-dimensional space form M and h(r) is defined
by

h=mr= D 4 AP — 4.2.2)

where m > 0 is the mass of the black hole (or a constant multiple of it), A < O a
cosmological constant, and £ € {—1,0, 1} is the curvature of M = M n > 3.
We also stipulate that M is compact in the cases < # 1. If K = 1, we shall assume

M=8"" (4.2.3)
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which is of course the important case. By assuming M to be compact, we can use
eigenfunctions instead of eigendistributions when we consider spatial eigenvalue
problems.
The radial variable r ranges between
0<r <ry, “4.2.4)
where r is the radius of the unique event horizon.
The interior region of the black hole is a globally hyperbolic (n + 1)-dimensional
spacetime and the hypersurfaces
S, = {r = const < ry} “4.2.5)
are Cauchy hypersurfaces with induced metric

ds? = hdt* + r’odx'dx/, (4.2.6)

where
—00 <t < OoQ. 4.2.7)

Note that r = const and hence

0 < h = const. (4.2.8)
The coordinate transformation _
T=h?t 4.2.9)
yields o
ds* = dr* + r’o;dx'dx’, (4.2.10)

where 7 € R. Since we have removed the coordinate singularity, we can now let
r converge to ry such the resulting manifold Sy represents the event horizon topo-
logically but with different metric. However, by a slight abuse of language, we shall
call Sy to be a Cauchy hypersurface though it is only the geometric limit of Cauchy
hypersurfaces.

However, Sy is a genuine Cauchy hypersurface in the quantum model which is
defined by the equation (4.1.1) on page 99.

Let us now look at the stationary eigenvalue equation

— - I)Av—ngzlw 4.2.11)

in Sy, where }
—(n—DAv=—m— 1DV —(n— l)ro_zAv. 4.2.12)
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Using separation of variables, let us write
v(7, x) = ((T)p(x) (4.2.13)
to conclude that the left-hand side of (4.2.11) can be expressed in the form
— (= D+ C{—(n — Dy 2Ap — g(n —Dn—2ry kg, (42.14)
since the scalar curvature R of the metric (4.2.10) is
R=(n—1)(n—2)ryk. (4.2.15)
Hence, the eigenvalue problem (4.2.11) can be solved by setting
v =(pj, (4.2.16)
where ¢;, j € N, is an eigenfunction of — A such that
—Apj = ij9), @.2.17)
O=fio < =fio=<--- (4.2.18)

and ( is an eigenfunction of the harmonic oscillator. The eigenvalue of the harmonic
oscillator can be arbitrarily positive or zero. We define it at the moment as

rytw? (4.2.19)

where w > 0 will be determined later. For w > 0, we shall consider the real eigen-
function
¢ =sinry 'wr (4.2.20)

which represents the ground state in the interval

Iy = (0, ——) (4.2.21)
ro w

with vanishing boundary values. ( is a solution of the variational problem

JulOP

> —min V0 #19 e Hy?(ly) (4.2.22)
S0l

in the Sobolev space Hol’z(lo).
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Multiplying ¢ by a constant, we may assume
I¢)? = 1. (4.2.23)
Iy

Obviously,
So=RxM (4.2.24)

and though ( is defined in R and is even an eigenfunction, it has infinite norm in
L*(R). However, when we consider a finite disjoint union of N open intervals I f

N
Q= U I, (4.2.25)
j=1
where
s ™
Ijz(kj—l,(kj-i-l) - ), ijZ, (4226)
ryg w rog w
then ]
Cv=N"2¢ (4.2.27)

is a unit eigenfunction in £2 with vanishing boundary values having the same energy
as (¢ in Iy. Hence, it suffices to consider ¢ only in /; since this configuration can
immediately be generalized to arbitrarily large bounded open intervals

2 CR. (4.2.28)

We then can state:

Lemma 4.2.1 There exists a complete sequence of unit eigenfunctions ¢; of —A
with eigenvalues [i; such that the functions

Vj = C(pj, (4229)

where ( is a constant multiple of the function in (4.2.20) with unit L2(1y) norm, are
solutions of the eigenvalue problem (4.2.11) with eigenvalue

i = (n— Drg2w® + (n — Drg iy — g(n — D —2rg%k. (4.2.30)
The eigenfunctions v; are mutually orthogonal in L%(Iy x M, C). The eigenvector

Vo = G0, o = const, (4.2.31)

is a ground state with spatial energy
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(n—1) |Dvo|” = (n — 1) / ICPlgol” = (n = Drg ?WPlgol’. (42.32)
TIoxM Il

The energy of the stationary Hamiltonian, i.e., the operator on the left-hand side of
(4.2.11), evaluated at an eigenfunction v; is equal to the eigenvalue 1i; in (4.2.30).

To solve the wave equation (4.1.1) on page 99, let us first consider the following
eigenvalue problem

2

— in”_ Cib AW = A2 w (4.2.33)
in the Sobolev space
Hy?(RY). (4.2.34)
Here,
A<0 (4.2.35)

can in principle be an arbitrary negative parameter, but in the case of an AdS black
hole, it seems reasonable to choose the cosmological constant of the AdS spacetime.
However, if the cosmological constant is equal to zero, i.e., if we consider a pure
Schwarzschild spacetime, then we have either to pick an arbitrary negative constant,
if we still want to consider an explicit eigenvalue problem, or we have to consider
an implicit eigenvalue problem, where A plays the role of an eigenvalue, cf. [18,
Theorem 6.7], [19, eq. (7.9)] or Theorem 1.6.7 on page 49. Since our stationary
Hamiltonian comprises a harmonic oscillator, the frequency of which is still at our
disposal, we would consider an explicit eigenvalue problem with a fixed negative A,
e.g.,

A=-—1 (4.2.36)

if we wanted to quantize a Schwarzschild black hole.

The eigenvalue problem (4.2.33) has already been solved in the previous chapter,
cf. Theorem 3.4.1 on page 96. Let us summarize the results: define the Hilbert space
‘H to be the completion of

CrR:,C) (4.2.37)
with respect to the bilinear form
~ 1 l’l2 -~ 2 - ~
B(w, w) = — w'w' + n|Alt“ww ¢, (4.2.38)
Ry (32n—1

then we have proved:

Theorem 4.2.2 The eigenvalue problem (4.2.33) has countably many solutions
(w;, A\;) such that
O<Xdp<Adi<Xh<---, (4.2.39)
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lim )\,‘ = 00,

/ 'lI),'u)j 26,']'.
R

The w; are complete in 'H as well as in LZ(Rj).

and

We are now ready to define the solutions of the wave equation (4.1.1).

Theorem 4.2.3 Let (p;, fi;) resp. (w;, A;) be eigenfunctions of

—A=—Ay

resp. the temporal eigenfunctions and set

N -2~ n 2~
pj=m—Drog p; — E(n — D —2)ry k.

Let )\, be the smallest eigenvalue of the (\;) with the property
Aip = fij,
then, for any i > iy, there exists
w=w;jj>0
and corresponding (;; satisfying
— G =13 Wi

such that

A= pij = (n— Drg?w} + iy Vi = ip.

The functions
uij = wiGjp;

are then solutions of the wave equation with bounded energies satisfying

i )= fim ) =0

and B
uij € C® (R x Sp) N C*(R], x Sp)

for some

W N
IA
Q
A
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(4.2.40)

(4.2.41)

(4.2.42)

(4.2.43)

(4.2.44)

(4.2.45)

(4.2.46)

(4.2.47)

(4.2.48)

(4.2.49)

(4.2.50)

(4.2.51)
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Moreover, we have

Wjj > 0 Vi > i(). (4252)
If
Xy = [, (4.2.53)
then we define
Goj = 1. (4.2.54)

In case j = 0 and k # —1 we always have

fio <0 (4.2.55)
and
o = const # 0 (4.2.56)
and hence
wio >0 Vi>0. (4.2.57)
Proof The proof is obvious.
O

Remark 4.2.4 (i) By construction, the temporal and spatial energies of the solutions
of the wave equation have to be equal.

(ii) The stationary solutions comprising a harmonic oscillator can be looked at a
being radiation while we consider the temporal solutions to be gravitational waves.

(iii) If one wants to replace the bounded Interval [y by R, then the eigenfunctions
(ij have to be replaced by eigendistributions. An appropriate choice would be

Gy = €0 i, (4.2.58)

The hyperbolic operator defined by the wave equation (4.1.1) on page 99 can be
defined in the spacetime
0 =R} x & (4.2.59)

which can be equipped with the Lorentzian metrics

-1

ds? = —di* + gijdx'dx (4.2.60)
n

as well as with the metric

32(n—1 1
20Dy,

d5? = . + 152 gdxidxd, (4.2.61)
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where g;; is the metric defined on Sy and the indices now have therange 1 < i, j < n.
In both metrics, Q is globally hyperbolic provided Sy is complete, which is the case
for the metric defined in (4.2.10). The hyperbolic operator is symmetric in the first
metric but not normally hyperbolic while it is normally hyperbolic but not symmetric
in the second metric. Normally hyperbolic means that the main part of the operator
is identical to the Laplacian of the spacetime metric.

Hence, if we want to describe quantum gravity not only by an equation but also
by the metric of a spacetime, then the metric in (4.2.61) has to be chosen. In this
metric, Q has a curvature singularity in r = 0, cf. Remark 2.5.3 on page 74. The
Cauchy hypersurface Sy then corresponds to the hypersurface

{r =1} (4.2.62)
which also follows from the derivation of the quantum model where we consider
a fiber bundle E with base space Sy and the elements of the fibers were Riemann
metrics of the form )

gij(t, x) = t70;;(x) (4.2.63)
where o;; were metrics defined in Sy and ¢ is the time coordinate that we use in Q,
i.e.,
9ij (1, x) = 05 (x). (4.2.64)
In the present situation, we used the symbol g;; to denote the metric on Sy since o
is supposed to be the metric of the spaceform M.
Thus, the event horizon is characterized by the Cauchy hypersurface

{r=1} (4.2.65)
and obviously, we shall assume that the black hole singularity

{r =0} (4.2.66)
corresponds to the curvature singularity

{t =0} (4.2.67)
of Q;i.e., the open black hole region is described in the quantum model by

0, 1) x S (4.2.68)

and the open exterior region by

(1, 00) x Sp. (4.2.69)
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Stipulating that the time orientation in the quantum model should be the same as
in the AdS spacetime we conclude that the curvature singularity t = 0 is a future
singularity; i.e., the present time function is not future directed. To obtain a future
directed coordinate system, we have to choose ¢ negative, i.e.,

Q = (—00,0) x Sp. (4.2.70)
In the metric (4.2.61), we then have to replace
42
o 4.2.71)

by
4_2
[t 4.2.72)

and similarly in the wave equation, which is then invariant with respect to the reflec-
tion
t — —t. (4.2.73)

As a final remark in this section, let us state:

Remark 4.2.5 In the quantum model of the black hole, the event horizon is a regular
Cauchy hypersurface and can be crossed in both directions by causal curves; hence,
no information paradox can occur.

4.3 Transition from the Black Hole to the White Hole

We shall choose the time variable ¢ negative to have a future-oriented coordinate
system. The quantum model of the white hole will then be described by a positive
t variable and the transition from black to white hole would be future oriented.
Obviously, we only have to consider the temporal eigenvalue equation (4.2.33) on
page 106 to define a transition, where of course (4.2.72) on page 110 and its inverse
relation have to be observed.

Since the coefficients of the ODE in (4.2.33) are at least Holder continuous in R,
a solution w defined on the negative axis has a natural extension to R since we know
that w(0) = 0. Denote the fully extended function by w too, then

w e C**(R), 4.3.1)

where we now, without loss of generality, only consider a real solution.

Theorem 4.3.1 A naturally extended solution w of the temporal eigenvalue equation
(4.2.33) is antisymmetric in t,

w(—t) = —w(t) (4.3.2)
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and the restriction of w to the positive axis is also a variational solution as defined
in Theorem 3.4.1 on page 96.

Proof 1t suffices to prove (4.3.2). Let ¢ > 0 and define
w() = —w(—1), (4.3.3)

then w solves the ODE in R and

w(0) =w0)=0 4.3.4)
as well as )
w(0) = w(0), (4.3.5)
hence, we deduce
w() =w() V>0 (4.3.6)

because the solutions of a second-order ODE are uniquely determined by the initial
values of the function and its derivative. (]

Remark 4.3.2 This transition result is also valid in the general case when the curva-
ture singularity in # = 0 does not necessarily correspond to the singularity of a black
or white hole. The quantum evolution of any Cauchy hypersurface S in a globally
hyperbolic spacetime will always have a curvature singularity either in the past or in
the future of Sy and the evolution can be extended past this singularity. Note also that
the quantum Lorentzian distance to that past or future singularity is always finite.



Chapter 5 ®)
The Quantization of a Kerr-AdS Gzt
Black Hole

5.1 Rotating Black Holes

In the previous chapter, we looked at the quantum development of a Schwarzschild-
AdS spacetime and derived a spectral resolution of the underlying wave equation

L (n— D24 Au— 2273 Ru+ nt> Au =0 (5.1.1)

defined in the spacetime
0 = (0, 00) x S, (5.1.2)

where Sy = (S, gij) is a Cauchy hypersurface. In the present chapter, we want to
show that similar arguments can also be used to quantize a Kerr-AdS spacetime with
a rotating black hole.

We consider an odd-dimensional Kerr-AdS spacetime N, dim N = 2m + 1,
m > 2, where all rotational parameters are equal

a=a V1<i<m, (5.1.3)

and where we also set
n=2m. 5.1.4)

Replacing the r coordinate in a generalized Boyer-Lindquist coordinate system by
p=r? (5.1.5)
we shall prove that in the new coordinate system the metric is smooth in the interval
—a*<p<oo (5.1.6)
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and that the extended spacetime N has a timelike curvature singularity in p = —a?,
cf. Lemma 5.3.5 on page 129.

For the quantization, we first assume that there is a non-empty interior black hole
region B which is bounded by two horizons

B={r<r<n} (5.1.7)

where the outer horizon is the event horizon. Picking a Cauchy hypersurface in B of
the form
{r = const}, (5.1.8)

we shall prove that the induced metric of the Cauchy hypersurface can be expressed
in the form o
ds* = dr* + o;;dx"dx/ (5.1.9)

where
—00 < T < 00, (5.1.10)

r = const and o0;; is a smooth Riemannian metric on S?m=1 depending on r, a and
the cosmological constant A < 0. The metric in (5.1.9) is free of any coordinate
singularity; hence, we can let r tend to r, such that the Cauchy hypersurfaces converge
to a Riemannian manifold Sy which represents the event horizon at least topologically.
Furthermore, the Laplacian of the metric in (5.1.9) comprises a harmonic oscillator
with respect to 7 which enables us to write the stationary eigenfunctions v; in the
form

Uj(’T, )C) ZC(T)QDj(x)s (5111)

where ; is an eigenfunction of the elliptic operator

—m—nj—g& (5.1.12)

where

A=Ay, (5.1.13)

M = (S, 0;;), and ¢ an eigenfunction of the harmonic oscillator the frequency
of which is still to be determined.

Due to the presence of the harmonic oscillator, we can now consider an explicit
temporal eigenvalue problem; i.e., we consider the eigenvalue problem

1 n?

-—ﬁn_1w+mAww=Aﬂ%w (5.1.14)

with a fixed A < 0, where we choose A to be the cosmological constant of the
Kerr-AdS spacetime.
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The eigenvalue problem (5.1.14) has a complete sequence (wj;, );) of eigenfunc-
tions with finite energies \; such that

0<>\0<)\1 < - (5115)

and by choosing the frequencies of ¢ appropriately we can arrange that the stationary
eigenvalues j1; of v; agree with the temporal eigenvalues );. If this is the case, then
the eigenfunctions

U= wv; (5.1.16)

will be a solution of the wave equation. More precisely, we shall prove:

Theorem 5.1.1 Let (¢;, ji;) resp. (w;, \;) be eigenfunctions of the elliptic operator
in (5.1.12) resp. the temporal eigenfunctions and, for a given index j, let \;, be the
smallest eigenvalue of the (\;) with the property

Xy > [, (5.1.17)
then, for any i > iy, there exists
w=wj; >0 (5.1.18)
and corresponding (;; satisfying
- Gij = Wi (5.1.19)
such that
A= pij = (w—Dw +fi; Vi=io. (5.1.20)
The functions
uij = wiCijp; (5.1.21)

are then solutions of the wave equation with bounded energies satisfying

t—0 t—00
and )
uij € C¥(R% x Sp) N CH* (R x Sp) (5.1.23)
for some
2
3 <a<l (5.1.24)

Moreover, we have
wij >0 Vi>i. (5.1.25)
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If
Nip = fij, (5.1.26)

then we define
Gioj = 1. (5.1.27)

Remark 5.1.2 (i) The event horizon corresponds to the Cauchy hypersurface {t = 1}
in Q and the open set

(—a®> < p < p) (5.1.28)
in N, where
pr =713, (5.1.29)
to the region
0,1) x Sy, (5.1.30)
while the part
{p2 < p < o0} (5.1.31)
is represented by
(1, 00) x Sp. (5.1.32)

The timelike black hole singularity corresponds to {t = 0} which is a spacelike
curvature singularity in the quantum spacetime provided we equip Q with a metric
such that the hyperbolic operator is normally hyperbolic, cf. Remark 2.5.3 on page
74. Moreover, in the quantum spacetime, the Cauchy hypersurface Sy can be crossed
by causal curves in both directions; i.e., the information paradox does not occur.

(ii) The stationary eigenfunctions can be looked at as being radiation because they
comprise the harmonic oscillator, while we consider the temporal eigenfunctions to
be gravitational waves.

The metric describing a rotating black hole in a four-dimensional vacuum space-
time was first discovered by Kerr [34]. Carter [4] generalized the Kerr solution by
describing a rotating black hole in a four-dimensional de Sitter or anti-de Sitter back-
ground. Higher dimensional solutions for a rotating black hole were given by Myers
and Perry [39] in even-dimensional Ricci flat spacetimes and by Hawking, Hunter
and Taylor [31] in five-dimensional spacetimes satisfying the Einstein equations with
cosmological constant.

A general solution in all dimension was given in [25] by Gibbons et al., and we
shall use their metric in odd dimensions, with all rotational parameters supposed to
be equal, to define our spacetime N, though we shall maximally extend it.
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5.1.1 Notations

‘We apply the summation convention and label coordinates with contravariant indices,
e.g., 1. However, for better readability, we shall usually write

1 (5.1.33)

instead of _
(2. (5.1.34)

5.2 Preparations

We consider odd-dimensional Kerr-AdS spacetimes N, dim N = 2m + 1, m > 2,
assuming that all rotational parameters are equal

a=a#0, V1<i<m. (5.2.1)

The Kerr-Schild form of the metric can then be expressed as

. 14122 a4 r2dr?
1 —a?l? A+ 12r2) (% 4 a?)
r? + a?

-2 Z(du, +pide}) (5.2.2)
2my 1 . r2dr )
—(————=(dt — 2d! ,

v T a;“’ D TEEh ey
where 1
P=——— A (5.2.3)
mQ2m — 1)

and A < 0 is the cosmological constant such that the Einstein equations
are satisfied in N, m is the mass of the black hole,

U= +a?)"", (5.2.5)

> dp; + prde)) (5.2.6)
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is the standard metric of S¥"~!, where the <pi are the azimuthal coordinates, the values

of which have to be identified modulo 27, and the i/ are the latitudinal coordinates
subject to the side condition

o =1 (5.2.7)

The 1 also satisfy ‘
O<p' <1 VI<i=zm. (5.2.8)

The coordinates (¢, r) are defined in
—00 <t <00 (5.2.9)

and
0<r<oo (5.2.10)

respectively, cf. [25, Sect.2 and Appendix B].
The horizons are hypersurfaces {r = const}, where p = r? satisfies the equation

A+ p)(p+a®)™ — 2mop = 0. (5.2.11)

Let
@ = P(p) (5.2.12)

be the polynomial on the left-hand side of (5.2.11), then @ is strictly convex in R,
and we have

@) >0 (5.2.13)

and
lim @ (p) = oo, (5.2.14)
p—>00

from which we deduce that the Eq. (5.2.11) is satisfied if and only if

inf @ <0, (5.2.15)
Ry

and in case
inf® <0 (5.2.16)

+

we have exactly two solutions otherwise only one. If there are two solutions r;,
i = 1,2, such that
0<r <, (5.2.17)

then the outer horizon is called event horizon and the black hole has an interior region
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B={r<r<n} (5.2.18)

in which the variable r is a time coordinate. If there is only one solution r, then B
is empty and the black hole is called extremal.
We shall first quantize a black hole with B # @J; the quantization of an extremal
black hole is then achieved by approximation.
Thus, let us consider a non-extremal black hole and let S C B be a spacelike
coordinate slice
S = S(@r) = {r = const}, (5.2.19)

where r also denotes the constant value.
In view of (5.2.2), the induced metric can be expressed as

2my 1 1 + 1?72 ,  2myg 2a

ds§ = (7 (1 — a212)2 Tl azlz) "= 7mu,dtd<p
(ifﬂﬁﬂ?/ﬁ b 2 +f;zu Gij)dp'dep? (5.2.20)
e Z i
from which we deduce
I = 2Uﬂ (1 2212)2 B iJ—rfzr; (5:221)
G = Goir = —%(I_CITZ)ZM?, (5.2.22)
and 2my a? r? +a
Goipi = Tm;ﬁuﬁ + 5 7 6 (5.2.23)

The other components of the metric are either O or are represented by the line element

r?+a?
T Z dp, (5.2.24)

note the constraint (5.2.7).
To eliminate the g;,i, we shall introduce new coordinates. First, let us make the
simple change by defining ¢’ through

et =t, (5.2.25)
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where ¢ # 0 is a constant which will be specified later, and dropping the prime in
the sequel, resulting in a replacement of the components in (5.2.21) and (5.2.22) by

2my 1 1 41?72
2
= (=— — 5.2.26
G =¢ ( U (1- 0212)2 1— azlz) ( )
respectively,
2my a )
gupi = gp,‘, = —CT mﬂl . (5227)
Next, we define new coordinates (7, <,5i) by
af =t (5.2.28)
and A A
¢ =¢' —ant, (5.2.29)
where «, v are non-vanishing constants to specified later, such that
¢ =@ +aani. (5.2.30)
In the new coordinates, the only interesting new components are
ot Ot N ot 8<,0 n 590 8@1
I = Inoior TN e ar Y o ar
5 (5.2.31)
= *(gu +2a72gw +a’V ) gpipr)
ij
and )
Gis = g 8t8gp’+gu&pk&pl
1ol i PP T g
or O¢ ot dp (5.2.32)
= a(gwf +avy Z gvkw).
k
We therefore deduce, in view of (5.2.23), (5.2.26) and (5.2.27),
2m 1 r*+a? 1+101%r2
_ 2 0 2,2 2.2 2
gir=a (7(1_72)2(6—0 v+ a2 ¢ c’) (5.2.33)
and
2myg a r2+a? 2
Gigi = (Tm( y—c)+ T—2pn” avy) ;- (5.2.34)

Choosing now
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2 U 2 2 272
c= (a + —@"4+a")(1 —a’l ))’y (5.2.35)
2m0

we conclude
gizi = 0. (5.2.36)

Combining then (5.2.35) and (5.2.33) by setting v = 1, we obtain

U 2 2
gir = (5~ +a®)’ + Uk
sz 1- (1212
L4 22 U (5.2.37)
2 2 2 272412
— 1_61212(51 +2—mo(r +a*)(1 —a’*))?).
Define )
v , 2 r
= — -, 5.2.38
b 2m0(r +a) 1+ 122 ( )
then
8 <0 inB, (5.2.39)
since the function @ in (5.2.12) is negative in B. Writing
2+ — ) = + r (1 — 2%
2my 141272
+ B(1 —a*1?) (5.2.40)
r? +a?
= — 1 —a’1%),
we infer
gii = A2 (=B0* +a*) — B+ PrH( — a*?)). (5.2.41)

The term in the brackets vanishes on the event horizon and is strictly positive in B,
in view of (5.2.39) and the identity

4+ a® + A + PrHA — a*1?)

2 2\m
) 2 (r+a°) 2.2 272 2 272
=(r —i—a)—i—T(l—l-lr)(l—al)—r(1—al) (5.2.42)
2 2\m
—2a 4+ O i a2 o,
2I7’lo
Hence, for any r satisfying
r<r<rnr (5.2.43)

we can choose o > 0 such that
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gir = 1. (5.2.44)

Writing (7, ¢') instead of (7, '), we can then state

Lemma 5.2.1 For any hypersurface
S=8Sr)CB (5.2.45)

the induced metric can be expressed in the form

2my a? r? +a? D
dss =dr’ + ( T (1 212)2“1‘2“3 + —aphi 5,])0’@ dye’
r2+a (5.2.46)
1—a22 Z i
= dT —}—a,-jdx d)C‘ s

where
Oij =O’,'j(7‘,a,l) (5247)

is a smooth Riemannian metric on S*"~! and T ranges in R, while in case
S = S(r) C N\B, (5.2.48)

the induced metric is Lorentzian of the form

2my a? r? + a? P .

2 2 22

ds§ = AT+ (S (T gy ik T o) e 4
- L, (5.2.49)
1 — a2]2 Z Hi

i=1

= —d7? + 0j;dx'dx’.

If r < ry tends to ry, then the hypersurfaces S(r) converge topologically to the event
horizon and the induced metrics to the Riemannian metric

) , ri+a® i 2 o)

dsg = dr’ + P (ydpldpd + i70ijd i d )

(5.2.50)

2UELDEAD) 3oy
A —arr .

Proof We only have to prove the case (5.2.48). However, the proof of this case is
identical to the proof when (5.2.45) is valid by observing that then the term /3 in
(5.2.41) is strictly positive. O
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5.3 The Quantization

We are now in a position to argue very similar as in the previous chapter. For the
convenience of the reader, we shall repeat some of the arguments so that the results
can be understood directly without having to look up the details.
The interior of the black hole is a globally hyperbolic spacetime and the slices
S(r) with
r<r<rnr (5.3.1)

are Cauchy hypersurfaces. Let r tend to r, and let Sy be the resulting limit Riemannian
manifold; i.e., topologically, it is the event horizon but equipped with the metric in
(5.2.50) which we shall write in the form

ds* = dr* + o;jdx'dx’ (53.2)
as in (5.2.46) on page 122. By a slight abuse of language, we shall also call Sy to be a
Cauchy hypersurface though it is only the geometric limit of Cauchy hypersurfaces.
However, S is a genuine Cauchy hypersurface in the quantum model which is defined
by the Eq. (5.1.1) on page 113.

Let us now look at the stationary eigenvalue equation, where we recall that n =
2m,

— (- 1)Av— ng = v (5.3.3)

in Sy, where B
—(m—DAv=—m-1Di—(n—1DAv (5.3.4)

and A is the Laplacian in the Riemannian manifold
M= (S"", 0:)); (5.3.5)

moreover the scalar curvature R is also the scalar curvature with respect to o;; in
view of (5.3.2). Using separation of variables, let us write

v(7, x) = ((T)p(x) (5.3.6)
to conclude that the left-hand side of (5.3.3) can be expressed in the form
. ~ n
— (= lp+ (= = DAp — ZRp). (53.7)
Hence, the eigenvalue problem (5.3.3) can be solved by setting

V= C@ja (5.3.8)



124 5 The Quantization of a Kerr-AdS Black Hole

where ¢;, j € N, is an eigenfunction of the elliptic operator

—(—DA— gR (5.3.9)

such that y n
— (I’l — 1)A(pj - ER()O} = ,[Lj(pj, (5310)
flo < fli < fip < .- (5.3.11)

and ( is an eigenfunction of the harmonic oscillator. The eigenvalue of the harmonic
oscillator can be arbitrarily positive or zero. We define it at the moment as

w? (5.3.12)

where w > 0 will be determined later. For w > 0, we shall consider the real eigen-
function
¢ =sinwt (5.3.13)

which represents the ground state in the interval
Io=(0.5) (5.3.14)
w

with vanishing boundary values. ( is a solution of the variational problem

JylOP in VO£ e H"(I, 53.15
W—)mln # € 0 (0) ( I, )

in the Sobolev space Hol’z(lo).
Multiplying ¢ by a constant, we may assume

IC)? = 1. (5.3.16)
Iy

Obviously,
So=RxM (5.3.17)

and though ( is defined in R and is even an eigenfunction it has infinite norm in
L?(R). However, when we consider a finite disjoint union of N open intervals I f

N
Q= Ulj, (5.3.18)

Jj=1
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where - .
Ij=(kj—,kj+1)=), k;eZ, (5.3.19)
w w

then 1
(y=N"2¢ (5.3.20)

is a unit eigenfunction in £2 with vanishing boundary values having the same energy
as ¢ in Iy. Hence, it suffices to consider ¢ only in [y since this configuration can
immediately be generalized to arbitrary large bounded open intervals

2 CR. (5.3.21)

We then can state:

Lemma 5.3.1 There exists a complete sequence of unit eigenfunctions of the oper-
ator in (5.3.9) with eigenvalues [i; such that the functions

v = (o, (5.3.22)

where ( is a constant multiple of the function in (5.3.13) with unit L*(Iy) norm, are
solutions of the eigenvalue problem (5.3.3) with eigenvalue

pi = — D’ + fi;. (5.3.23)

The eigenfunctions v; are mutually orthogonal in L*(Iy x M, C).

To solve the wave Eq. (5.1.1) on page 113, let us first consider the following
eigenvalue problem

2

- — i+ n|AlPw = A2 3.24
32n_lw—i-n| [t“w = At nw (5.3.24)
in the Sobolev space
Hy?(RY). (5.3.25)
Here,
A <0 (5.3.26)

can in principle be an arbitrary negative parameter, but in the case of a Kerr-AdS
black hole, it seems reasonable to choose the cosmological constant of the Kerr-AdS
spacetime.

The eigenvalue problem (5.3.24) can be solved by considering the generalized
eigenvalue problem for the bilinear forms

n2

1
R;{ﬁn — la/zz/+n|A|r2ww} (5.3.27)

B(w, w) =
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and
K (w, i) = f 27w (5.3.28)
R

*
in the Sobolev space H which is the completion of
CrR:L, 0O (5.3.29)

in the norm defined by the first bilinear form.
We then look at the generalized eigenvalue problem

B(w,p) =AK(w,p) YpeH (5.3.30)

which is equivalent to (5.3.24).

Theorem 5.3.2 The eigenvalue problem (5.3.30) has countably many solutions
(w;, A;) such that

O<XN<Ai<Xh<---, (5.3.31)
lim \; = oo, (5.3.32)

and
K(w;, wj) = ;. (5.3.33)

The w; are complete in 'H as well as in LZ(Rj).

The above theorem is a mere restatement of Theorem 3.4.1 on page 96.
Combining the temporal und spatial eigenfunctions, we are now ready to define
the solutions of the wave Eq. (5.1.1).

Theorem 5.3.3 Let (p;, ji;) resp. (w;, \;) be eigenfunctions of the elliptic operator
in (5.3.9) resp. the temporal eigenfunctions and let \;, be the smallest eigenvalue of
the (\;) with the property

Aig = i, (5.3.34)
then, for any i > iy, there exists
w=w; >0 (5.3.35)
and corresponding (;; satisfying
- Gij = WGy (5.3.36)
such that
A= pij = (n— D+ fi; Vi=io. (5.3.37)

The functions
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uij = w;Gjp; (5.3.38)

are then solutions of the wave equation with bounded energies satisfying

lim Mij(t) = lim Mij(t) =0 (5.3.39)
t—0 t—00
and B
uij € C®(RE x Sp) N C*(R], x Sp) (5.3.40)
for some
2
3 <a<l. (5.3.41)
Moreover, we have
wij >0 Vi>ip. (5.3.42)
If
Xip = [}, (5.3.43)
then we define

Proof The proof is obvious. O

Remark 5.3.4 (i) By construction, the temporal and spatial energies of the solutions
of the wave equation have to be equal.

(i) The stationary solutions comprising a harmonic oscillator can be looked at a
being radiation while we consider the temporal solutions to be gravitational waves.
(iii) If one wants to replace the bounded Interval Iy by R, then the eigenfunctions ;;
have to be replaced by eigendistributions. An appropriate choice would be

Gj = e, (5.3.45)

The hyperbolic operator defined by the wave Eq. (5.1.1) on page 113 can be
defined in the spacetime
0 =R} xS (5.3.46)

which can be equipped with the Lorentzian metric

_32(n -1

ds* = 5
n

dt* + gijdx'dx’ (5.3.47)

as well as with the metric

32— 1 1 o
- (”2 ) ar® + lzf—zg,-jdx'dxf, (5.3.48)
P

ds? =

n
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where g;; is the metric defined on Sy and the indices now have therange 1 < i, j < n.
In both metrics, Q is globally hyperbolic provided Sy is complete, which is the case
for the metric defined in (5.3.2). The hyperbolic operator is symmetric in the first
metric but not normally hyperbolic while it is normally hyperbolic but not symmetric
in the second metric. Normally hyperbolic means that the main part of the operator
is identical to the Laplacian of the spacetime metric.

Hence, if we want to describe quantum gravity not only by an equation but also by
the metric of a spacetime then the metric in (5.3.48) has to be chosen. In this metric,
O has a curvature singularity in # = 0, cf. Remark 2.5.3 on page 74. The Cauchy
hypersurface Sy then corresponds to the hypersurface

{r =1} (5.3.49)
which also follows from the derivation of the quantum model where we consider
a fiber bundle E with base space Sy and the elements of the fibers were Riemann
metrics of the form )

9ij (1, x) = 170;;(x) (5.3.50)
where o;; were metrics defined in Sy and ¢ is the time coordinate that we use in Q,
i.e.,
gij(l,x) :0,-j(x). (5351)
In the present situation, we used the symbol g;; to denote the metric on Sy since o
is supposed to be a metric on S*"~!.
Thus, the event horizon is characterized by the Cauchy hypersurface

{t=1)}. (5.3.52)

If a = 0, i.e., in case we consider a Schwarzschild-AdS black hole, then we shall
obviously assume that the black hole singularity

{r =0} (5.3.53)
corresponds to the curvature singularity
{t =0} (5.3.54)
of Q;i.e., the open black hole region is described in the quantum model by
0, 1) xS (5.3.55)
and the open exterior region by

(1, 00) x Sp. (5.3.56)



5.3 The Quantization 129

If a # 0, then there is no curvature singularity in » = 0, only a coordinate
singularity in our present coordinate system. Indeed, if we choose generalized Boyer-
Lindquist coordinates, cf. [25, Eq. (3.1)], the metric has the form

g LFer 2 Urdr?
ST =
1 —a22 (T4 2r2)(r2 + a®>)U — 2mor?
r’ta’ ¢ 2 2 2 5\2
+ T—a2 Z(d/h' + i (d; +17dT)%) (5.3.57)
i=l
+ Zﬂ(d7'— a i 2d )2
U 1—a22 P Hice
Then, defining
p=r (5.3.58)
such that
dp =2rdr (5.3.59)

we obtain new coordinates in which the metric is smooth up to p = 0; indeed, the
metric is even smooth in the interval

—a’ < p < oo. (5.3.60)

In p = —a?, there is curvature singularity:

Lemma 5.3.5 The extended spacetime N has a timelike curvature singularity in
p=—a

Proof The fact that the curvature singularity is timelike follows immediately from
(5.2.49) on page 122, where we proved that outside the black hole region the hyper-

surfaces
{p = const} (5.3.61)

are timelike.

To prove the existence of a curvature singularity, we first consider the case m > 3.
Looking at the metric in (5.3.57), we observe that the components with respect to
the coordinates p; form a diagonal matrix without any cross terms with the other
coordinates, namely

p +a?
T Zdu,, (5.3.62)

where the 1; are subject to the side condition

Z pr =1, (5.3.63)
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i.e., (5.3.62) represents the metric of a sphere of radius

+a?
‘/ﬁ (5.3.64)

embedded in R™ and the corresponding sectional curvatures in N are defined inde-
pendently of the other components of the metric in N and they obviously become
unbounded when p tends to —a?, since the sectional curvature o, in a point p € N
of a plane spanned by two linearly independent vectors in

T,(S"1) < T,(N) (5.3.65)
is equal to
1 — 212
— (5.3.66)
p+ta

Secondly, in case m = 2, we used the package GREAT [33] in Mathematica to
compute the squared Riemannian curvature tensor in dimension 5 and obtained

96m(2) (3a2 — p) (a2 — 3p)
(p+a?)

completing the proof of the lemma. O

Raﬁﬂ,

SRV — + 4004 (5.3.67)

Since the curvature singularity is timelike and not spacelike as the singularity of a
Schwarzschild-AdS spacetime or the singularity in our quantum spacetime, equipped
with the metric in (5.3.48), it is easily avoidable. Despite this difference, we stipulate
that the region in (5.3.56) corresponds to

{p2 < p < o0}, (5.3.68)
where
r? =, (5.3.69)
and the region in (5.3.55) to
{(—a® < p < pa). (5.3.70)

Remark 5.3.6 The time coordinate 7 in a generalized Boyer-Lindquist coordinate
system is a time function in .
N\B, (5.3.71)

where N is the extended Kerr-AdS spacetime. We proved it directly with the help of
Mathematica, if dim N = 5, by proving



5.3 The Quantization 131
31,5 =3% <0, (5.3.72)

For a proof in any odd dimension, it will be sufficient to prove that the slices
{T = const} (5.3.73)

are spacelike in the region specified in (5.3.71). Looking at the metric (5.3.57), we
immediately see, by setting d7 = 0, that the induced metric is Riemannian.

Remark 5.3.7 When we have an extremal black hole with mass m, and correspond-
ing radius ry for the event horizon, then the function @ = @ (p) in (5.2.12), where

p=r2 (5.3.74)
satisfies
0= ®(py) = inf @, (5.3.75)
hence
@'(po) = 0. (5.3.76)

From the definition of @, we then conclude that any black hole with mass
mo > my, (5.3.77)

while the other parameters remain equal, will have an interior region. Hence, our
previous arguments could then be applied to yield a quantum model depending on the
Riemannian metric in (5.2.50) on page 122. Letting m tends to m(, the corresponding
radii of the event horizons will then converge to ry leading to a quantum model for
an extremal black hole.

Remark 5.3.8 In the quantum model of the black hole, the event horizon is a regular
Cauchy hypersurface and can be crossed in both directions by causal curves; hence,
no Information paradox can occur.



Chapter 6 ®)
A Partition Function for Quantized Gouck ko
Globally Hyperbolic Spacetimes

with a Negative Cosmological Constant

6.1 Trace Class Operators

Consider a physical system that can be described by a separable Hilbert space H and
a self-adjoint operator H assuming that H has a pure point spectrum. If one wants
to apply quantum statistics to this system, then, for any 5 > 0, the operator

et (6.1.1)

has to be of trace class in H, or, if H is extended to the corresponding symmetric
Fock space, the extended operator in (6.1.1) has to be of trace class in F(H). In
case H is a Schrodinger operator or, more generally, a self-adjoint elliptic operator
in a bounded domain of R” with homogenous boundary conditions, it is well known
that the operator in (6.1.1) is of trace class because of Weyl’s asymptotic behaviour
formula for the eigenvalues A,

J\2
Aj~ Cu(5)7, 6.1.2
j 572 (6.1.2)

where C,, is the so-called Weyl constant, V the Euclidean volume of the domain and
the \; are labelled such that
AM< A< (6.1.3)

We prefer to start the numbering with j = 0 instead of j = 1, though this is of
course irrelevant as far as the asymptotic formulas are concerned, but it might become
relevant if more precise estimates are considered. Hence, when citing estimates the
labelling in (6.1.3) will always be assumed.

Weyl used variational methods and properties of the Green’s function to obtain
the asymptotic estimates, cf. [43] and also [5, Kap. VI.4]. Li and Yau proved a lower
bound

nC, ] 2
> (=) (6.1.4)
n+2'V
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assuming the eigenvalues to be positive; they used the heat kernel for this estimate,
cf. [36].

In case of unbounded domains, we do not know of any asymptotic or lower
estimates which would imply the operator in (6.1.1) to be of trace class—apart from
special cases, when the eigenvalues are explicitly known.

In this chapter, we shall consider self-adjoint elliptic differential operators defined
in R, or R", n > 2, and shall prove, by imposing reasonable assumptions, that the
operator in (6.1.1) is of trace class. The proof will not rely on showing either asymp-
totic or explicit lower estimates but we shall instead construct explicit majorants
from the existence of which we will infer

tr(e ") < oo. (6.1.5)

One crucial ingredient in the proof is a generalization of Maurin’s Hilbert—Schmidt-
type embedding theorem, cf. [38, Theorem 1, p. 336], to unbounded domains with
special weighted measures combined with an interpolation inequality involving the
norm of the target space of the Hilbert—Schmidt embedding.

These new trace class estimates can especially be applied when the physical system
is defined by a wave equation, which is either obtained by a classical description or
is the result of a (first) quantization process. In either case, it is worthwhile to use,
if possible, a separation of variables to split a solution u of the wave equation into a
product

u(t,x) = w()v(x) (6.1.6)

and then finding temporal and spatial self-adjoint operators Hy resp. H; such that one
of them has a pure point spectrum with eigenvalues \; while, for the other operator,
it is possible to find corresponding eigendistributions for each of the eigenvalues
;. Assuming, e.g. that Hy has a pure point spectrum with corresponding mutually
orthogonal eigenfunctions w; and H; has smooth eigendistributions v;; satisfying

Hyijj = Nvi;  Vj (6.1.7)

then
Ujj = W;V;j (618)

would be solutions of the wave equation.
We shall especially look at quantum systems governed by the wave equation

1 n?
32n—1

i — (n— D> Au— gtHRu 0t Au =0, (6.1.9)

defined in a quantum spacetime

N =R, x &, (6.1.10)
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where Sy is a n-dimensional, n > 3, Cauchy hypersurface of the original spacetime,
or, in case of black holes, the smooth limit of Cauchy hypersurfaces. The Laplacian
and the scalar curvature correspond to the metric o;; in Sp. The cosmological con-
stant A is supposed to be negative. In the previous chapters, we applied this model
to a Schwarzschild-AdS resp. Kerr-AdS black hole and to a globally hyperbolic
spacetime with an asymptotic Euclidean Cauchy hypersurface. In all three cases, we
obtained a sequence of smooth functions as solutions of the wave equation which
are a product of temporal eigenfunctions and spatial eigendistributions.

In case of the globally hyperbolic spacetime with an asymptotically Euclidean
Cauchy hypersurface, the solutions to the wave equation can be expressed in the
form

Ujj = W;Vjj, ieN, 1< Jj<m < oo, (6.1.11)

where the w; are the eigenfunctions of a temporal Hamilton operator Hy
Hyw; = \;w; (6.1.12)
and the )\; have multiplicity one such that
O<Xdo<A<--- (6.1.13)

and for each fixed 7, the at most countably many v;; generate an eigenspace

&, €S (So) (6.1.14)
of a spatial Hamiltonian Hj, i.e.
Hyvij = \jvjj. (6.1.15)
We have
vi; € C®(So) N7 (S), (6.1.16)

cf. Theorem 3.1.2 on page 82. A similar spectral resolution has been proved for black
holes in the preceding two chapters.

Let us now give a more detailed summary of our results. First, for the general
trace class estimates. We consider eigenvalue problems in R”, n > 2. Let A be the
linear elliptic operator

Au = —D; (@’ Dju) + b(x)u, (6.1.17)
where -
a',b e L2 (R, (6.1.18)

a'l is symmetric and we assume there exists ag > 0 such that
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wlél® <a’gE;  VEER! (6.1.19)
and that there exists Ry > 1 and positive p, c; such that
ci|x|? < b(x) V(x| = Ry. (6.1.20)

Then, we shall prove:

Theorem 6.1.1 The operator A is essentially self-adjoint in H = L>(R") with a
pure point spectrum
O<Xp<Ais<XNh<-- (6.1.21)

Let H be its self-adjoint extension then, for any 3 > 0,
e Pt (6.1.22)

is of trace class in 'H.
Next, let us consider a Sturm-Liouville operator A in R of the form

Au = —(au’) + bu, (6.1.23)
where a dot or a prime indicates differentiation, and corresponding eigenvalue prob-
lems

Au = \pou, (6.1.24)

where the coefficients a, b and the function ¢ are all measurable and locally bounded
in R, and b is even locally bounded in [0, 00), and they satisfy

at) 2ap>0 VieR,, (6.1.25)

and there exist positive constants cy, ¢3, p, r and fy > 1 such that

b(t) = cit? NVt =>t, (6.1.26)
po(t) <cat” Vit =>to, (6.1.27)

and
0<r<p, (6.1.28)

where the function ¢ is also positive almost everywhere. Then we proved:
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Theorem 6.1.2 The eigenvalue problem
Au = \pou (6.1.29)

has countably many solutions (\;, w;) such that

AMN<A <A< (6.1.30)
and the w; form an ONB in
H=L*R,,dp), (6.1.31)
dp = @odt. (6.1.32)
The operator
0 A (6.1.33)

is essentially self-adjoint in 'H. Let Hy be its self-adjoint extension then, for any
G >0,
e Pt (6.1.34)

is of trace class in 'H.

Finally, let us describe the results with respect to the wave Eq. (6.1.9). In Sect. 6.4,
we shall prove that the wave equation can be expressed in the form

wo(Hou — Hyu) =0, (6.1.35)

where u = u(t, x) is a smooth function, x € Sy and
polt) = 1270 (6.1.36)
Hj is an operator which satisfies the assumptions in the previous theorem, and in
Sect. 6.5, we shall define an abstract Hilbert space H, where the eigendistributions of
H, form an ONB, such that Hy and H, have the same eigenvalues but with different

multiplicities. H; is also essentially self-adjoint in . Let H; be the unique self-
adjoint extension of H;, namely its closure, then we shall prove that for any 5 > 0

e (6.1.37)
is of trace class in H. In addition, Fll satisfies
Hy > XMl, )o>0. (6.1.38)

Let B
H=dI'(H)) (6.1.39)
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be the canonical extension of H, to the symmetric Fock space
F = FL(H), (6.1.40)

then
e 1 (6.1.41)

is of trace class in .# because of (6.1.37) and (6.1.38), cf. [3, Prop. 5.2.27]. Hence
we can define the partition function

Z = tr(e™ M), (6.1.42)
the density operator
p=2Zle PH (6.1.43)
and the von Neumann entropy
S = —tr(plogp) =log Z + BE, (6.1.44)

where E is the average energy and 3 > 0 the inverse temperature
B=T1"" (6.1.45)

Here is a summary of some of the results derived in Sect.6.5.

Theorem 6.1.3 (i) Let By > O be arbitrary, then, for any

0 < B < [y, (6.1.46)
we have
lim £ = o0 (6.1.47)
A—0
as well as
lim S = oo, (6.1.48)
A—0

where the limits are uniform in [3.
(ii) Let By > 0 be arbitrary, then, for any

B = fo, (6.1.49)
we have
lim E=0 (6.1.50)
|A]l—o00

as well as
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lim §=0, (6.1.51)

|Al—>o00
where the limits are uniform in (3.

The behaviour of Z with respect to A is described in the theorem:

Theorem 6.1.4 Let By > O be arbitrary, then, for any

0 < B = Bos (6.1.52)
we have
lim Z = oo (6.1.53)
A—0
and for any
Bo < (6.1.54)
the relation
lim Z =1 (6.1.55)
|A]—o00

is valid. The convergence in both limits is uniform in [3.

Remark 6.1.5 The first part of Theorem 6.1.3 reveals that the energy becomes very
large for small values of |A|. Since this is the energy obtained by applying quan-
tum statistics to the quantized version of a black hole or of a globally hyperbolic
spacetime—assuming its Cauchy hypersurfaces are asymptotically Euclidean—a
small negative cosmological constant might be responsible for the dark matter, where
we equate the energy of the quantized universe with matter. As source for the dark
energy density, we consider the eigenvalue of the density operator p with respect to
the vacuum vector 7

on = Z"n, (6.1.56)

i.e. the dark energy density should be proportional to Z~'.

In Sect. 6.4, we also applied quantum statistics to the quantized version of a Fried-
mann universe and proved:

Theorem 6.1.6 The results in the last two theorems and the conjectures in the remark
above are also valid, if the quantized spacetime N = N"T', n > 3, is a Friedmann
universe without matter but with a negative cosmological constant A and with van-
ishing spatial curvature. The eigenvalues of the spatial Hamiltonian H, all have
multiplicity one.

Remark 6.1.7 Let us also mention that we use Planck units in this book, i.e.

c=G=h=Kz=1. (6.1.57)
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6.2 Trace Class Estimates in R +

Let us first consider a Sturm-Liouville operator A in R__ of the form

Au = —(au’) + bu, (6.2.1)
where a dot or a prime indicates differentiation, and corresponding eigenvalue prob-
lems

Au = \pou, (6.2.2)

where the coefficients a, b and the function ¢ are all measurable and locally bounded
in R, and b is even locally bounded in [0, 00), and they satisfy

at) >ap>0 VieR,, (6.2.3)

and there exist positive constants cy, ¢z, p, r and fy > 1 such that

b(t) > cit?  Vt=>t, (6.2.4)
wo(t) <ot Yt >ty, (6.2.5)

and
0<r<p, (6.2.6)

where (g is also assumed to be positive almost everywhere (a.e.), and where the
specification
Vit >t (6.2.7)

means
a.e.in {r > 1y} (6.2.8)

when used in connection with measurable functions which are not assumed to be
continuous.
We define the bilinear forms

BOLv)z(Auﬂwzi/ {au'v' + biv) (6.2.9)
R+
and
KWJO:/.@MU (6.2.10)
R+
for

u,v e CR,,0), (6.2.11)
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and we denote the corresponding quadratic forms by B(u) resp. K (u).

Lemma 6.2.1 Define

<
by = |0 0=1=ho 6.2.12)
b(t), to <t,
and
Bo(u) = / {alu')? + bolu|?}, (6.2.13)
R+

then, for any € > 0, there exists c. such that

lull3 = / lul* < eBo(u) +c.K(u) VueCOR,). (6.2.14)

Ry

Proof This compactness lemma is well known. However, we give a short proof for
the convenience of the reader. We argue by contradiction and assume there would
exist € > 0 and a sequence

up € CXR,) (6.2.15)

such that
||uk||§ > eBo(uy) + kK (uy). (6.2.16)

Without loss of generality, we may assume that
gl = 1. (6.2.17)

Hence the u; would be uniformly bounded in the Sobolev space

H"“2(J) (6.2.18)
with norm
lullf, = / ('] + |ul?), (6.2.19)
J
for any bounded interval
J € [0, 00), (6.2.20)
and we would deduce
klim K(uy) =0. (6.2.21)
— 00

Moreover, by applying the Sobolev embedding theorem, we would know that a
subsequence, not relabelled, would converge strongly in any

L*(J,C) (6.2.22)
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to a function u. In view of Fatou’s lemma, we would also infer
K@) <limK@u;) =0 (6.2.23)

and thus
u=0. (6.2.24)

But this would lead to a contradiction, since, for any m > tj, we would have

m o0
1=/ |uk|2+/ ||
0 m

m o0
< / P 4 o / bolur (6.2.25)
0 m
m
5/ |uk|2+cf1m_”limsupBo(uk)
0

yielding

1

1 <c'm™Plimsup Bo(uy) < c;'m™Pe™' Vm > 1, (6.2.26)

in view of (6.2.16) and (6.2.17). (Il
As an immediate corollary, we obtain

Corollary 6.2.2 There exists a positive constant ¢ such that
lull® = |ull3 < B(u) +coK () Vue CrR,) (6.2.27)

and |
EBO(M) <Bu)+cKu) VYueCXIR,). (6.2.28)

Proof Since b is bounded in I = [0, #y] we conclude, in view of (6.2.14),

B(u) = Bo(u) — cllul3
> Bo(u) — ceBo(u) — ccK (u)

= (1 —ce)By(u) — cc.K (u) (6.2.29)
> [luly — coK (),
if we choose |
€= 5 (6.2.30)
and ¢ appropriately, proving both estimates. (]

In view of the Poincaré inequality on bounded intervals, we also conclude that
there exists ¢ > 0 such that
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lull?, < cBow) Vu € CE(R,). (6.2.31)

Definition 6.2.3 We define the Hilbert space H; as the completion of C°(R ) with
respect to the scalar product defined by the bilinear form

B+ coK, (6.2.32)

cf. Corollary 6.2.2, and we denote this scalar product by the symbol

(h (6.2.33)
and corresponding norm
I-1l1- (6.2.34)
The Hilbert space H is defined by
H=L*R,,dp), (6.2.35)
where
dp = po(t)dt. (6.2.36)

The corresponding scalar product is K and it is also characterized by the symbol
(-, (6.2.37)

and corresponding norm
-1l (6.2.38)

Using the arguments in the proof of Lemma 6.2.1, the results of Corollary 6.2.2 and
the Assumptions (6.2.5) and (6.2.6), we immediately obtain:

Lemma 6.2.4 The embedding
j HI—>H (6.2.39)

is compact, i.e. if uy € H, converges weakly to u
Uy — U, (6.2.40)

then
Jup) — ju). (6.2.41)

We conclude further that the generalized eigenvalue problem

B(u,v) = \K(u,v) YveH, (6.2.42)
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can be solved by a variational process which goes back to Courant-Hilbert [5, Kap.
6]. We describe it in the following theorem:

Theorem 6.2.5 Let H be a complex, separable Hilbert space, B and K sesquilinear,
symmetric forms on H and assume there exists a positive constant c such that

B+ oK (6.2.43)
is an equivalent scalar product in 'H. K is also supposed to be a positive definite and
compact in 'H, ie.

uy — u = K(up) - Ku). (6.2.44)
Then the eigenvalue problem

B(u,v) = \K(u,v) VYveH (6.2.45)

has countably many eigenvalues with finite multiplicities. If we label the eigenvectors
such that

o<\ <-- (6.2.46)
then
lim \; = oo, (6.2.47)
1—> 00
and
—Ccp < Ap. (6.2.48)

There exists a sequence of corresponding eigenvectors u; which are complete in 'H
satisfying

K(ui,uj) = d; (6.2.49)
and
B(ui,uj) = NKui,uj) (6.2.50)
as well as the expansion
B(u,v) =Y XK, u)K (u;, v) (6.2.51)
and
K(u,v) = Z K (u, u;)K (u;, v). (6.2.52)

The pairs (\;, u;) are defined by the variational problems
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)\izinf{M:O;ﬁue’H, Ku,uj) =0 vO<j<i-—-1}
K (1) ! (6.2.53)

= B(u;, u;).

This theorem is well known. A proof can be found in [15, Theorem 1.6.3].

We apply this theorem to the previously defined Hilbert space H; and the bilinear
(sesquilinear) forms B and K. Let (\;, w;) be the corresponding pairs of eigenvalues
and eigenvectors, then the w; satisfy the ODE

Aw,- = )\[goowi (6254)
in the weak sense. The operator ~
A=y,'A (6.2.55)
is symmetric in
H=L*R,,dp), du=pydt, (6.2.56)

and the w; are eigenfunctions of A

Aw; = \w;. (6.2.57)

Equation (6.2.54) is equivalent to
woAw; = \ipow; (6.2.58)

and A, with domain 5
D(A) = (w; :i e N) CH, (6.2.59)

is essentially self-adjoint as will be proved later, Lemma 6.5.1 on page 174, in a more
general setting. We denote its unique self-adjoint extension by H.
We shall now prove that

e P 350, (6.2.60)
is of trace class in H.
First, we need two lemmata:
Lemma 6.2.6 The embedding
ji M= Ho = L* (R, dji), (6.2.61)
where
dii = (1+41)72dt, (6.2.62)

is Hilbert—Schmidst.



146 6 A Partition Function for Quantized Globally Hyperbolic ...
Proof Maurin was the first to prove that the embedding
H™2(2) < L*(2), (6.2.63)

where
2 CR? (6.2.64)

is a bounded domain, is Hilbert—-Schmidt provided

m> 2, (6.2.65)
2
cf. [38, Theorem 1, p. 336]. We adapt his proof to the present situation.
Let w € Hj, then, assuming w is real valued,
t [ee) 1 [e'e}
woP=2 [Cawsz [Tt [
0 o 2 Jo (6.2.66)

2
< cllwlly

for all + > 0, where |||, is the norm in H;. To derive the last inequality in (6.2.66),
we used Corollary 6.2.2. The estimate

lw@)| <cllwlhy V>0 (6.2.67)
is of course also valid for complex-valued functions from which infer that, for any
t > 0, the linear form

w — w(t), w € Hy, (6.2.68)

is continuous, hence it can be expressed as

where
o € Hy (6.2.70)
and
lloell < c. (6.2.71)
Now, let
e € Hy (6.2.72)

be an ONB, then

o0 o
e P = e el =l < . (6.2.73)
i=0 i=0
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Integrating this inequality over R _ with respect to d i, we infer

o 00
> / le; (117dji < ¢ (6.2.74)
i=0 Y0
completing the proof of the lemma. (|

Lemma 6.2.7 Let w; be the eigenfunctions of Hy, then there exist positive constants
c and vy such that
lwilli < clhi +col”llwillo Vi €N, (6.2.75)

where ||-||o is the norm in Hy.

Proof We have, in view of (6.2.32) and (6.2.5),

oo

lwillf =\ +co) [ po®lwil?
0
o [ee]
s(Ai+co>{/ <P0(T)|wi|2+02/ r’|wi|2}.
0 t

To estimate the second integral in the braces, we exploit the Assumptions (6.2.4) and
(6.2.6) and choose m so large that

(6.2.76)

r<p-Z, (6.2.77)
m
and hence,
f<tPw o Vi>ty> 1. (6.2.78)

Then, choosing small positive constants § and €, we apply Young’s inequality, with

g = - (6.2.79)

and
g =6"" (6.2.80)

to estimate the integral from above by

1 R’ 2_psyap g2
e [ B0y
1 Ju (6.2.81)

Y s
+—/e*4/ (14 1)~ =P |y, |2,
q fo

Choosing, now, § so small such that
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p -1
(——=pd)é =2 (6.2.82)
m

the preceding integrals can be estimated from above by
[P 2, b (T 2012
—€ A+ )P lw;|” + =€ A +1)""|wl (6.2.83)
q fo q 0
which in turn can be estimated by
1 2 1 P 2
;qucllwilll + ?e T Nwillgs (6.2.84)

in view of (6.2.27).
The first integral in the braces on the right-hand side of (6.2.76) can be estimated
by

T 1 o0
/soo(r)|w,-|25—c(1+to>2e2f i
0 2 0

1 [e.¢]
4l / (140w (6.2.85)
2 0
~ 2 2, 1 2
= cellwilly + S lhwillo,
because of (6.2.27).
Choosing now ¢, v and ¢ appropriately, the result follows. (]
We are now ready to prove:
Theorem 6.2.8 Let 3 > 0, then the operator
e Pt (6.2.86)
is of trace class in 'H, i.e.
[o.¢]
tre” M) =" e = ¢(B) < oc. (6.2.87)
i=0
Proof In view of Lemma 6.2.6, the embedding
Jj:H1 = Ho (6.2.88)
is Hilbert—Schmidt. Let
w; € H (6.2.89)

be an ONB of eigenfunctions, then
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—0BNi =B\ 2 =B\ -1 2
e PN = TP w12 = e NN + col THlwi I3

< o=t N o Lel A 4 colP w3,
in view of (6.2.75), but

2 2= 2 -2
lwillg = llwilly Iwillg = (A + co) 1w Il

where
~ -1
w; = w;llw;

is an ONB in H,, yielding

o0 o0

-0 ~ 12
D e <) il < oo
i=0

i=0

since j is Hilbert—Schmidt.

6.3 Trace Class Estimates in R”
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(6.2.90)

(6.2.91)

(6.2.92)

(6.2.93)

O

Let us now consider eigenvalue problems in R”, n > 2, and let A be the linear elliptic

operator B
Au = —D;(@” Dju) + b(x)u,

where -
a’,b e LE(R"),

loc

a' is symmetric and there exists ag > 0 such that
aolé)* <a’&¢;  VEeR”

and there exists Ry > 1 and positive p, c¢; such that
cilx|” < b(x) Vx| = Ro.

Then, we look at the eigenvalue problem

Au = Au.

6.3.1)

(6.3.2)

(6.3.3)

(6.3.4)

(6.3.5)

This eigenvalue problem can be solved by similar, if not identical, arguments as in

the case of the Sturm-Liouville operator.
We define the bilinear forms
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B(u,v) = / a’D;iD;v (6.3.6)

K (u,v) :/ uv (6.3.7)

in C2°(R", C), and one can easily prove the analogues of Corollary 6.2.2 on page 142
and Theorem 6.2.5 on page 144, i.e. there exists ¢y > 0 such that

B+ K > K, (6.3.8)
K is compact relative to B + co K, and there exists countably many pairs ()\;, u;) of
eigenvalues with corresponding eigenfunctions satisfying the properties specified in
Theorem 6.2.5, and we shall now prove that

e PH. B3>0, (6.3.9)

is of trace class, where
H=A (6.3.10)

is the unique self-adjoint extension of A. We recall that A satisfies the estimate
(6.2.28) on page 142 which can be rephrased as

1 -
A+co> 5{—Di(a”Dj) + bo}, (6.3.11)
where
0, Ro,
bo(x) = =] = R (63.12)
b(x), |x| > Ryp.

The right-hand side of (6.3.11) is a strictly positive operator. Since eigenvalues,
obtained by the variational process described in Theorem 6.2.5, also satisfy a minimax
principle, cf. e.g. [15, Theorem 1.6.4], we conclude that

w <X\ VieN, (6.3.13)

where y; are the ordered eigenvalues of the operator on the right-hand side of (6.3.11)
and )\; the ordered eigenvalues of A + ¢(. Hence, it suffices to prove that

[ee]

Ze—f’w < oo. (6.3.14)
i=0

For reasons that will become apparent later, we shall derive trace class estimates for
the operator
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Au = —apAu + Ou, (6.3.15)
where ao
=3 (6.3.16)
(4]
@uy=3%uw, (6.3.17)
po = min(p, 1) (6.3.18)

and 7 is a cut-off function such that

0, [x[ = Ro,
= 6.3.19
o) {1’ = 2R (6.3.19)
‘We emphasize that
1
0 < Ebo (6.3.20)

and hence, due to the inequalities (6.3.3) and (6.3.11),
A+cy > A. (6.3.21)

Therefore, it will suffice to prove that A is a trace class operator. To simplify notations,
let us also drop the tilde and let us write A for the operator in (6.3.15), i.e.

Au = —apAu + Ou. (6.3.22)
Furthermore, the previous definitions of the bilinear form B and the Hilbert space
H, are also adopted while the Hilbert space H is now L>(R"). A is essentially
self-adjoint in H with domain

D(A) = (u; :i e N), (6.3.23)
where u; are a sequence of mutually orthogonal eigenfunctions of A

Aui = )\,’M,‘ . (6324)

Note that
O<Xo<Ai == (6.3.25)

We shall first prove that the eigenfunctions of A are smooth with uniformly bounded
norms
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il =D | 1Dl (6.3.26)

laj<m YR

in the usual Sobolev spaces H m2 (R,

Theorem 6.3.1 Letu € H™ '2(R") N H, be a weak solution of the equation
— apAu + Ou = f, (6.3.27)

where f € H" >2(R"), m > 2, and assume that

it Y [ IR < el fIE s (6.3.28)

|la|<m—2

then u € H™2(R") and

2, + Y [®|D“u|2<6|lfllm » (6.3.29)

lal<m—1
where the constants ¢ depend on m, ®, po, n and «.

Proof We shall prove the theorem by induction. First, in the lemma below we shall
prove that the theorem is valid for m = 2. Thus, let us assume that the theorem is
correct for m = g > 2 and show that it is then also valid form = g + 1.

Fix 1 < k < n and define

v = Dyu. (6.3.30)
Differentiating (6.3.27), we obtain
—apAv+Ov =Dy f — DOu = f. (6.3.31)
We observe that 3
f e H722(RY) (6.3.32)
and that N
1F15 20 < el fI7-1 0 (6.3.33)
because
I1DcOuUll; 5, < clllully—22 + Z ®|D"ul*}
la]<q—2
< cllullg2+ Y7 f 1D uf’) (6334
lal<g—1

2
= C”f”q_z,z
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in view of the definition of ® and (6.3.29). Applying then the induction hypothesis
for m = g, we conclude that the theorem is also valid form = g + 1. |

Lemma 6.3.2 The preceding theorem is valid for m = 2, i.e. any weak solution
ueH;of
—opAu +0Ou = f (6.3.35)
satisfies the estimates (6.3.28) and (6.3.29), where we note that
H™'?(R") = {Dig' + go: go.g' € L*(R")} (6.3.36)
is the dual space of H">(R") and

L*(R") — H "*(R") C H,. (6.3.37)

Equation (6.3.35) has also a unique solution which can be found by minimizing a
Sfunctional if we consider f and u to be real valued. Of course we then also obtain a
solution for complex-valued f.

Proof First, the existence of a solution u € H; of (6.3.35) satisfying
B(u) = (Au,u) < c| | (6.3.38)

is obvious, since
K@) = |v|? (6.3.39)

is compact relative to B, and for real-valued f and v and € > 0, we have

1 1
I(f )] < §6||v||2 + Eeflllfll2
(6.3.40)

1 1
< zeA(;lB(m + Ee-lnfn%

where 0 < )¢ is the smallest eigenvalue of A. It then immediately follows that the
variational problem

J(v) = B(v) — 2(f, v) — min Vv eH; (6.3.41)

has a unique solution u, which is also a weak solution of the corresponding Euler—
Lagrange equation, and that u satisfies (6.3.38) which is equivalent to (6.3.28) for
m=72.

Secondly, to prove (6.3.29) for m = 2 we note that

u e C*MR"), (6.3.42)
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in view of the interior L>-estimates, since A is uniformly elliptic with smooth coef-
ficients. Hence, choosing a cut-off function 7

0<neC MR (6.3.43)
such that
|Dn| <2 (6.3.44)
and 1 < k < n, we have
Dyun? € H(R"). (6.3.45)
Multiplying (6.3.35) by
— Dy(D*un?), (6.3.46)

where we use summation convention, integrating by parts and employing some trivial
estimates, we deduce

o 1
20 |D2u|27)2+—/ ®|Du*?
2 Ja 2

n

(6.3.47)
ScmﬂV+Wﬁg+A%@Mﬂ§dMW,

where we also used (6.3.38), (6.3.44) and where the symbol ¢ may represent different
constants. Since 7 is an arbitrary cut-off function, only subject to (6.3.44), the result
follows. O

As a corollary to Theorem 6.3.1 and Lemma 6.3.2, we obtain

Theorem 6.3.3 Let f € H" 22(R"), m > 2, then the equation
Au = —aAu +Ou = f (6.3.48)

has a unique solution u € H™?(R") N H, satisfying

lullZy + Y fR OIDul* < cllflz_s, (6.3.49)

lal=m—1

where ¢ depends on m, n, ©, pg and .
Moreover, the eigenfunctions u satisfying

Au = du (6.3.50)
are smooth and the H™?-norm can be estimated by

lull 5 < cnN"llull*>  ¥Ym > 1, (6.3.51)

m,2 —
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where ¢, also depends on the smallest eigenvalue )\ of A.

Proof 1t suffices to prove the last estimate, which can be deduced from (6.3.49) by
induction
lully,n < X llully_y < XN ul® = A" ull. (6.3.52)

m—2 —
The proof for m = 1 follows from
lull} , < c(14+AgHB@) = c(1 4+ Ay HAul?. (6.3.53)
O

Lemma 6.3.4 Let Hy,,(R"), m > 1, be the completion of C°(R", C) with respect
to the scalar product

(A™u, A™v) = / A" A™, (6.3.54)

then
”u”%m,Z = c”Aml’t”2 Vu e H2m (Rn)’ (6355)
IA™ ' ull® < cl|lA™ull®>  Yu € Hapm(R"), (6.3.56)

and the eigenfunctions of A are complete in Hy,,(R") for any m > 1. Furthermore,
if the eigenfunctions are mutually orthogonal in L*>(R") then they are also mutually
orthogonal in Hy,, (R") and vice versa.

Proof We prove the first estimate by induction.
“(6.3.55)” The estimate is valid for m = 1, in view of Theorem 6.3.3.
Suppose the estimate is valid for ¢ > 1 and let u be test function, then

lll3g 412 < clAul, ,
< c||A(Au)|? (6.3.57)

o2
= c| AT u)?,

where we used Theorem 6.3.3 in the first inequality and the induction hypothesis in
the second.
“(6.3.56)” Let m > 1, then

TA™ ull> < Ag(AA™u, A"y < A IA™u | A" . (6.3.58)

It remains to prove the completeness of the eigenfunctions u; obtained in Theo-
rem 6.2.5 on page 144. They are complete in H; but also in L?(R") because of the
Parseval’s identity (6.2.52).

If they were not complete in H,, (R") for some m, then there would exist
0 # u € Hy,, (R") such that



156 6 A Partition Function for Quantized Globally Hyperbolic ...

0= (A"u, A"u;) = (u, A*"u;) = \?"(u,u;) VieN, (6.3.59)
hence we would infer
u=0~0; (6.3.60)
a contradiction. O
The elliptic operator A with
D(A) = C*([R") € H = L*(R") (6.3.61)

is essentially self-adjoint; for a proof, see Lemma 6.5.1 on page 174. Let us denote its
unique self-adjoint extension by the same symbol since the domain of the extension
is Ho (R™). We are almost ready to prove the trace class estimates for A but we need
two additional lemmata.

Lemma 6.3.5 Let H be the Hilbert space

Ho = L*(R", dp) (6.3.62)
where
dp= 1+ |x)h~"*, (6.3.63)
then the embedding
J i Hom(R*) > Hy (6.3.64)

is Hilbert-Schmidt provided m > 7.

Proof As in the proof of Lemma 6.2.6 on page 145, we adapt Maurin’s original
proof for bounded subsets of R” to the present situation. Let ¢ be a real-valued test
function

¢ € CZ(R") (6.3.65)
and S the differential operator
S=DjoDyo---0D,, (6.3.66)
then
x! x"
O (x) = / o / S(p?). (6.3.67)
—00 —00

The integrand can be expressed in the form

S@WH= Y casD 0% (6.3.68)
lor|+181=n
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with multi-indices «, 3 and constants ¢, 3, where some constants may be zero. Hence,
we deduce
ol < cligllz, Yo e CO®RY. (6.3.69)

This estimate is of course also valid for complex-valued u € H,,, (R").
Now, let m > % and let ¢; be an ONB in H;,, (R") consisting of eigenfunctions
of A, then, for any x € R”, the map

u — u(x), u € Hpm(R™), (6.3.70)

is continuous, because of (6.3.69) and (6.3.55), hence it can be expressed in the form

u(x) = (A"py, A"u)  Vu € Hyn(R"), (6.3.71)
where
©ox € Ham(R") (6.3.72)
and
A" pull < ¢ (6.3.73)

are uniformly bounded independent of x. If we choose especially u = e; then, for
any x € R”,

o o0
D le P = (A oy, A"e)* = [|A" o, | < . (6.3.74)
i=0 i=0

Integrating now with respect to measure in (6.3.63) completes the proof of the
lemma. ]

The next lemma is analogous to Lemma 6.2.7 on page 147.

Lemma 6.3.6 Let u; be an eigenfunction of A with eigenvalue \;, then there exist
positive constants ¢ and ~y such that

luillf = B(ui) = Nillui 1> < e\ ui g, (6.3.75)

where c, vy are independent of u; and ||-||o is the norm in H.

Proof We have
B(u;) = / {ao Dui |* + Olug [} = Al |12, (6.3.76)
RV!
Moreover, we know, in view of (6.3.17) and (6.3.19), that

1
Ow) = sailxl™  Vix| = 2Ry > 1, (6.3.77)
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where py > 0. Choosing small positive d, € and applying Young’s inequality with

qg= = (6.3.78)

and
g =61 (6.3.79)

we can estimate the L2-norm on the right-hand side of (6.3.76) from above by

1 I _, .
—et [ (14 xDPlui* + —€4 f (14 |x)~ 0= 2, (6.3.80)
q R q Ry
Choosing § so small that
pod l>n+2 (6.3.81)
we deduce 1 1
lui* < c=€?Bu;) + c—e ™ u; |5 (6.3.82)
q q
leading immediately to the desired estimate by choosing e appropriately. (]

Now we can prove:

Theorem 6.3.7 Let A be the elliptic differential operator

Au = —apAu + Ou, (6.3.83)
then
e PA B3>0, (6.3.84)
is of trace class in L*[R"), ie.
o0
> e < oo (6.3.85)
i=0

Proof Let (u;) be an ONB of eigenfunctions of A in H = L?>(R") and let m > 5

then A B 2 BA 1
e = e P = e NN B(uy)

—0BAiy—1 Y 2
< e PN i3

) . . (6.3.86)
< e AT AT A i |l 1
= ce T @ I,

iy = — (6.3.87)

A |
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and where we also used the estimate (6.3.75) to derive the first inequality in (6.3.86).
Hence, we infer

e PN < chllalg, (6.3.88)
where
cs = csupe PPl (6.3.89)
t>0
and we finally conclude
o0 oo
D e <eg Y filf < oo, (6.3.90)
i=0 i=0
because the embedding
J i Hom(R?) < Hy (6.3.91)
is Hilbert—Schmidt, in view of Lemma 6.3.5. O

6.4 The Hamiltonians Governing Quantum Gravity

In the Chaps. [3, 4, 5], we applied our model of quantum gravity to a globally
hyperbolic spacetime with an asymptotically Euclidean Cauchy hypersurface, a
Schwarzschild-AdS and a Kerr-AdS black hole, respectively. In all three cases, the
quantized model had the same structure; namely, it consisted of special solutions to
a wave equation

n2

2n—1

i —(n— 1> Au— gﬂ*%Ru +nitAu =0, (6.4.1)

in a quantum spacetime
N =R, x &, (6.4.2)

where Sy is a n-dimensional, n > 3, Cauchy hypersurface of the original spacetime,
or, in case of black holes, the smooth limit of Cauchy hypersurfaces. The Laplacian
and the scalar curvature correspond to the metric g;; in Sp.

The special solutions are a sequence of smooth functions which are a product of
temporal and spatial eigenfunctions of elliptic operators, where the spatial eigen-
functions are eigendistributions.

In case of the globally hyperbolic spacetime with an asymptotically Euclidean
Cauchy hypersurface the solutions to the wave equation can be expressed in the form

uijj =wiv;;j, I[1e€N, 1<j<m=oo, (6.4.3)
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where the w; are the eigenfunctions of a temporal Hamilton operator H
How; = \w; (6.4.4)
and the \; have multiplicity one such that
O<Xo<A<--- (6.4.5)

and for each fixed 7, the at most countably many v;; generate an eigenspace

E\ C S (So) (6.4.6)
of a spatial Hamiltonian Hi, i.e.
Hyvij = \jvjj. 6.4.7)
We have
vij € C%(Sp) N (Sp). (6.4.8)

In the two remaining cases of the black holes, the special solutions are labelled by
three indices

uijr = wiGijxp;, (6.4.9)

where the w; are the same temporal eigenfunctions as before, the ¢ ; are the eigenfunc-
tions of an elliptic operator A on a smooth compact Riemannian manifold (M, o;;),
where topologically

M~S" (6.4.10)

at least in the physically interesting cases, i.e.
Apj = jijpj, (6.4.11)
flo < < flo < (6.4.12)

The ; form a mutually orthogonal basis of L>(M). For a Schwarzschild-AdS black
hole, we know that
flo <0, (6.4.13)

and for a Kerr-AdS black hole, this condition can be assured by assuming that the
rotational parameter a is small enough such that the scalar curvature of o;; is pos-
itive. Let us emphasize that we considered in Chap. 6 Kerr-AdS black holes of odd
dimensions

dmN =2m+1, m=>2, (6.4.14)

and assumed that all rotational parameters a; are equal
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ag=a7#0 V1<i<m (6.4.15)

The (;j are eigendistributions in .#” (R) satisfying

— G = wiszijkv k=1,2, (6.4.16)
where .
Gj(m) = melw’fT (6.4.17)
and . 4
Gja(T) = me*’”l’”, (6.4.18)
where
wij >0 (6.4.19)

is defined by the relation

A= fij + (n — Dwjy, (6.4.20)
i.e. forany i € N, we look for all j satisfying

and then choose w;; > 0 satisfying (6.4.20). Let N; be the set of integers such that
the ji; satisfy (6.4.21), then the smooth functions

Gijkpj (6.4.22)

are mutually orthogonal in L*(M, o; j)—for fixed i and k; note that we only have
two different eigendistributions (jjx, if

wi; > 0, (6.4.23)

otherwise we have only one. The eigendistributions ¢;;; and (;;» are also considered
to be “orthogonal” since their Fourier transforms

Cijk = O, (6.4.24)
have disjoint supports.
Finally, the smooth functions u;;; in (6.4.9) can be considered to be mutually

orthogonal since u;j; and u; j;+ are mutually orthogonal in

L*(R,.,dp) ® L*(M), (6.4.25)
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where )
dp = t>"ndr, (6.4.26)

if
wij = wi’j’ A k = k/ (6427)

and as tempered distributions otherwise.

The u; . are eigendistributions for both the temporal Hamiltonian Hy as well as for
the spatial Hamiltonian H; with the same eigenvalues )\;, where now the eigenvalues
have finite multiplicities different from 1 by definition of the eigendistributions and
the u;;x also solve the wave equation, since the wave equation can be expressed as

wo(Hou — Hiu) =0, (6.4.28)
where u = u(t, x) is a smooth function
xeSH=RxM (6.4.29)

and \
polt) =170, (6.4.30)

In Sect. 6.5 on page 173, we shall prove that we can define an abstract Hilbert space
‘H, where the eigendistributions u;;; resp. u;; in (6.4.3) form a basis of mutually
orthogonal unit vectors such that the Hamiltonian H; can be defined on the dense
subspace, which is the algebraic span of the basis vectors, as an essentially self-
adjoint operator. Let H, be its unique self-adjoint extension, namely its closure, then
we shall prove that for any 8 > 0

e (6.4.31)
is of trace class in H. In addition, I:Il satisfies
H > XI, X >0. (6.4.32)

The temporal eigenfunctions w; solve the equation

How,' = )\iwi, (6433)
where
HOU)i = SD(;](_L_HZ U), + n12|A|w,-), (6434)
32n—-1
which is equivalent to
1 n? 5
w; + nt7| Alw; = \jpow;, (6.4.35)

T 32n—1
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i.e. it is one of the Sturm-Liouville eigenvalue problems which we considered in
(6.2.2) on page 140, where now

Au— 2| Al (6.4.36)
u= o 1u n u, 4.
b(t) = nt?| Al (6.4.37)
and \
polt) =127n. (6.4.38)

The eigenvalues are obtained by looking at the generalized eigenvalue problem

B(u,v) =AK(u,v) VYveH, (6.4.39)
where
B(u,v) = (Au, v) (6.4.40)
and
K(u,v) = f > i, (6.4.41)
R

+

cf. Theorem 6.2.5 on page 144, where now
co = 0. (6.4.42)

Hence, the assumptions of Theorem 6.2.8 on page 148 are all satisfied and we con-
clude

Theorem 6.4.1 Let 3 > 0 and let Hy be the Hamiltonian in (6.4.34), then the
operator
Pl (6.4.43)

is of trace class LZ(R+, du).

There is also a spatial Hamiltonian H;, which, in the case of the black holes
considered, is a direct product of a classical harmonic oscillator in R and an elliptic
operator A on a compact, smooth Riemannian manifold M = M"!', n > 3, with
metric o;;, where A has the form

Ap=—(n—DAp— chp (6.4.44)

and the Laplacian is the Laplacian in M and R the scalar curvature of the metric. A
is self-adjoint with domain

D(A) = H*>(M) C L*(M), (6.4.45)



164 6 A Partition Function for Quantized Globally Hyperbolic ...

where
H™X(M), meM, (6.4.46)

are the usual Sobolev spaces with norm

o= X [ 1076 (6.4.47)

la]<m

A has a pure point spectrum with countable many eigenvalues ji; with finite multi-
plicities and mutually orthogonal eigenfunctions ¢; such that

fio < fin < -+ (6.4.48)
and
lim fi; = oo. (6.4.49)
J
We want to prove that
e’ B>0, (6.4.50)

is of trace class in LZ(M).
The proof of this result will follow the arguments in Sect. 6.3 very closely.

Lemma 64.2 Letm > %, then the embedding

jiH™ (M) — L*(M) (6.4.51)

is Hilbert—Schmidst.

Proof This result is due to Maurin and its proof is identical with the proof of
Lemma 6.2.6 apart from some obvious modifications. ]

‘We also need the lemma:

Lemma 6.4.3 Let m € N, then there exists c,, > 0 such that

o113, < cm(IA™ I + lloll®) (6.4.52)

and the bilinear form
(A", A"Y)o + (¢, ¥)o (6.4.53)

defines an equivalent scalar product in H*™2(M), where

(o2 o = /M 7. (6.4.54)

Proof Let
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feH™ (M) (6.4.55)
and
© e H**(M) (6.4.56)
a solution of
Ap = f, (6.4.57)
then it is well known that
p e H"™2(M) (6.4.58)
and there exists ¢,, such that
lellma2,2 < Cn(ll fllm2 + llello)- (6.4.59)

The constant ¢,, also depends on A and M. Using this estimate, the relation (6.4.52)
can be easily proved by induction. (I

Now, we are ready to prove:

Theorem 6.4.4 Let A be the self-adjoint operator in (6.4.44), then
e A (6.4.60)
is of trace class in L*(M) for any 3 > 0.
Proof Letm > ”4;1 and equip H>™2(M) with the scalar product (6.4.53) such that
o132 = (A" 0. A" )0 + (. ). (6.4.61)
then any eigenfunctions ¢;, ¢; of A satisfy
(@i, pjlo=0 = (@i, @jlam2 =0. (6.4.62)
Let (¢;) be an ONB of eigenfunctions of A in L?>(M) and define
@i = ©illoilm (6.4.63)

then the ; form an ONB in H*"*(M) and we conclude

—Bi; 2 53
N5 2 195115

= (1 + PG IR < call )13

e = ey 5 = e (6.4.64)

yielding
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o0 o0
—Bi; ~ 12
D e <y Y 1Bl < oo (6.4.65)
=0 i=0

in view of Lemma 6.4.2. (I

With the help of the preceding lemma, we can now prove that, in case of the black
holes, the spatial Hamiltonian H; has the property that

e P (6.4.66)

is of trace class for all 3 > 0, where we still have to define an appropriate Hilbert

space.
We have
Hiv=—n—1)i— Av, (6.4.67)
where we write v as product
v(T,x) = ((T)pk) (6.4.68)
with
TeR A xeM=M"", (6.4.69)

where A is the differential operator in (6.4.44). Let ¢; be the eigenfunctions of A
with eigenvalues fi;, then, for any eigenvalue )\;, we define

Ni={jeN:p; < \} (6.4.70)
and w;; > 0 such that
(n—Dw +fij = A (6.4.71)
Note that
0eN;, Viel, (6.4.72)
since
fip < 0. (6.4.73)
Let
Gijk» k=12, (6.4.74)

be the tempered distributions

Gij1 = eMiT (6.4.75)

1
2T

and
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1 .
ij2 = e, (6.4.76)
C]Z m
where this distinction only occurs for
Wij > 0. (6.4.77)

Let fi i« be the Fourier transform of (;j, then
é:ijl = 6w;/ A é:ijZ = 5—0.);/ (6478)

such that these tempered distributions are considered to be mutually “orthogonal”.
The smooth functions

Uijk = Gijkpj (6.4.79)

satisfy
Hiujjr = Aijji. (6.4.80)

Label the eigenvalues of H; including their multiplicities and denote them by i
Then

o0 N o0 o0 5 5
Z e <2 Z e n(\) =2 Z e Ne 2 Mn(\), (6.4.81)
i=0 i=0 i=0
where
n(\) = #N;. (6.4.82)

Lemma 6.4.5 Let 5y > 0 be arbitrary, then, for any
0<By=<p (6.4.83)
and for any i € N, the estimate
e P n(N) < c(B) < c(f) (6.4.84)
is valid, where c¢((y) also depends on A but is independent of i € N.
Proof Each N; is the disjoint union
N/UN/, (6.4.85)

where
N ={jeN 1y <0} (6.4.86)
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and N/ is its complement. The operator A has only finitely many eigenvalues which
are non-positive, i.e.

#N/ <ny VieN, (6.4.87)
hence , 5 5~
e 2V ni(\) < no + Z e” N <ng+ Z e 2
JEN/ JEN/
<mo+y e il
o (6.4.88)
By ~ s 1~ 4.
=no+ Y e M+ 1Al 1615
Jj=no

oo
<no+c(® Y I3l < oo,
j=0

where we used (6.4.64). The estimate for the Hilbert—Schmidt norm of the embedding
jiH™*(M) — L*(M) (6.4.89)
depends on A, since we used the equivalent norm given in (6.4.61), and

c(B) =supe™ 2 (1+£2"). (6.4.90)

t>0

O

Corollary 6.4.6 The sum on the left-hand side of (6.4.81) is finite and hence
e P B0, (6.4.91)

is of trace class provided we can define a Hilbert space H such that the eigendistri-
butions form a complete set of eigenvectors in H and H, is essentially self-adjoint

inH.

Proof The first claim follows immediately by combining (6.4.88) and Theorem 6.2.8.
In Lemma 6.5.1 on page 174, we shall define the Hilbert space H and shall prove that
H, is essentially self-adjoint in A and that the eigendistributions form a complete
set of eigenvectors in H. O

The elliptic operator A also depends on A, since the underlying Riemannian metric
depends on it. The estimates in the preceding lemma remain valid provided | A|
remains in a compact subset of R, since the operator A is then still uniformly elliptic
and smooth. However, when

[A] — oo, (6.4.92)
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then the relation (6.4.52) is no longer valid and a more sophisticated analysis is
necessary to achieve a corresponding estimate. Let us treat the cases Schwarzschild-
AdS and Kerr-AdS black holes separately.

For a Schwarzschild-AdS black hole, the operator A can be written in the form

A =ryA, (6.4.93)
where rg is the black hole radius and

Ap=—(n—1)Ap— %Egp. (6.4.94)

Here, the Laplacian and the scalar curvature R refer to the corresponding quantities
of S"~! with the standard metric, cf. (4.2.12) and (4.2.14) on page 104. The eigen-
functions of A are the eigenfunctions of A. Let 1 ; be the eigenvalues of Aand i j
the eigenvalues of A, then

fij = ry ;. (6.4.95)

From the definition of the black hole radius

2
—(n-2) 2
=14 ———|A 6.4.96
mr, oAl (6.4.96)
it is evident that
lim ro=0 (6.4.97)
|A|— 00
and also
lim |Alrf = oo, (6.4.98)
|A|—o00

though the latter result is only needed when we shall treat the Kerr-AdS case.
We can now prove:

Lemma 6.4.7 Let 5y > 0 be arbitrary and | Agy| so large that
o<1 Y|Al> |Aol, (6.4.99)
then forany i € N, any 3 > [y and any |A| > | Ag|
e\ < e(B) < (), (6.4.100)

where ¢(0y) also depends on A but is independent of |A| and i € N.

Proof We follow the proof of Lemma 6.4.5 but use A instead of A to define an
equivalent norm in H m2(M),
M=S"" (6.4.101)
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Then, we infer, cf. (6.4.88),

By, _ By, _Bs
e () < no + Z e N <np+ Z e 21

JEN/! JjeN!
<ng+ Z e 5h
Jj=no
e S (6.4.102)
=no+ Yy e A+ |l 18515
J=no
o0
<no+c(B) D I1g;l5 < oo.
j=0
Here, we used
fij =ry ;> pj > 0. (6.4.103)
0

Let us now look at Kerr-AdS black holes. In 5.2.50 on page 122, we described the
metric o;; on M = S"~!

r? +a? P ; .
1_—61212(5ijd,u dp! + p}oid o' d )

S+ +d®) 5 5
a r2(1 — a21?)? Hi dega de’.

dsi, =
(6.4.104)

+

Here
n=2m, m>2, (6.4.105)

and the coordinates y;, 1 <i < m are subject to the constraint

m

> oup=1. (6.4.106)

i=1

They are the latitudinal coordinates of S*! and the @i, | <i < m,are the azimuthal
coordinates. The metric o o
Sidpldpt + ptodo'dy’ (6.4.107)

is the standard metric of S"~!. The constant r is the radius of the event horizon, a #0
the rotational parameter and

(6.4.108)
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The relation
a’l’> <1 (6.4.109)

is assumed. We also require that a is small enough such that the scalar curvature R
of the metric o;; is positive. We can write the metric as a conformal metric

2+a?
gij = 1——412120”. (64110)
Let us also note that the Schwarzschild-AdS black hole is obtained by setting a = 0
and that

lim r = ry, (6.4.111)

a—0

is the Schwarzschild black hole radius.
In order to prove the analogue of Lemma 6.4.7, we assume that, when

|A| = oo, (6.4.112)
a is supposed to be so small that
lim |Ala®> =0 (6.4.113)
|A|—o00
and
lim |A]r? = oo, (6.4.114)
|A|—o00

and we emphasize that these assumptions are always satisfied if a = 0, cf. (6.4.98).
If these are satisfied, then the operator A can be expressed in the form

1 —al® -
where A converges uniformly in C*°(M) to the operator A in (6.4.94), i.e. for large
|Al, A is uniformly elliptic and smooth such that the number of non-positive eigen-
values ng(A) is bounded from above by the n of the limit operator

no > lim supng(A), (6.4.116)

|Al—>oc0

since n is upper semi-continuous as it is well known.

Lemma 6.4.8 Under the Assumptions (6.4.113) and (6.4.114) the results of Lem-
ma 6.4.7 are also valid for the Kerr-AdS black hole, i.e. there exists | Ag| > 0 such
that for all

|A| > | Aol (6.4.117)
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and for any 3 satisfying
0<po=<p, (6.4.118)

where (3 is arbitrary,
]
e 2N n(\) < c(Bo) (6.4.119)

uniformly ini € N, |A| and (3.
Proof The proof is identical to the proof of Lemma 6.4.7 by using the fact that the

special H™?(M)-norm

(A", A"p)o + (. ©)o, (6.4.120)

with different m than used to express the dimension of M, is uniformly equivalent
to the standard H™2(M)-norm, hence the Hilbert—Schmidt norm of the embedding

j i H™X(M) — L*(M) (6.4.121)

is uniformly bounded. We also relied on

1 —a??

r2 4 a? Hi

fij = > ;>0 (6.4.122)

for j € N/ O
Finally, let us derive the last result in this section.

Lemma 6.4.9 Let \; be the temporal eigenvalues depending on A and let \; be the
corresponding eigenvalues for

1A =1, (6.4.123)

then B L
A= NA T (6.4.124)

Proof Let B and K be the bilinear forms defined in (6.4.40) resp. (6.4.41), where B
corresponds to the cosmological constant A, and let By be the form with respect to
the value

|A] = 1. (6.4.125)

Moreover, let us denote the corresponding quadratic forms by the same symbols,
then we have

B(p) _ |A|%M VO£ e CSO(R+), (6.4.126)

K(p) K(p)

To prove (6.4.126), we introduce a new integration variable 7 on the left-hand side

t=ur, p>0, (6.4.127)
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to conclude

Blp) _ 41 Bi(¥)

= VO #peClR,). (6.4.128)
K@) " K@) v .
provided
o= A5, (6.4.129)
The relation (6.4.126) immediately implies (6.4.124). (]

6.5 The Partition Function

We first define the partition function for the black holes and shall later show that the
definitions and results are also applicable in case of the quantized globally hyper-
bolic spacetimes with a negative cosmological constant and asymptotically Euclidean
Cauchy hypersurfaces.

We define the partition function by using the spatial Hamiltonian H; of the quan-
tized black holes, Kerr or Schwarzschild, which is now defined in the separable
Hilbert space H generated by the eigendistributions

Uijr = W;GijkP; (6.5.1)
which are smooth functions satisfying the eigenvalue equations
Hyuije = Niugji (6.5.2)

as well as
Houij = Nuijk, (6.5.3)

where H is the temporal Hamiltonian.
In order to explain how the eigendistributions can generate a Hilbert space, let us
relabel the eigenfunctions and the eigenvalues by (u;, );) such that

Hyu; = \u; (6.5.4)

and ~
H()M,' = )\,’I/t,', (655)

i.e. the multiplicities of the eigenvalues are now included in the labelling and the
ordering is no longer strict ~ ~ ~
NSNS H<S-. (6.5.6)
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To define the Hilbert space H, we simply declare that the eigendistributions are
mutually orthogonal unit eigenvectors, hence defining a scalar product in the complex
vector space H’ spanned by these eigenvectors. We define the Hilbert space H to be
its completion.

Lemma 6.5.1 The linear operator Hy with domain H' is essentially self-adjoint in
‘H. Let Hj be its closure, then the only eigenvectors of H, are those of H,.

Proof H, is obviously densely defined, symmetric and bounded from below
H, > M\l > 0. (6.5.7)
Since 5\0 > 0, the eigenvectors also span R(H,), i.e. R(H)) is dense. Let
weH (6.5.8)

be arbitrary, and let
Hyv; € R(Hy) (6.5.9)

be a sequence converging to w, then v; is a Cauchy sequence, because
5 2
Xollvi —villI” < (Hv — Hivj, v — v;) < [[Hiv; — Hyog | llvi — vjll,  (6.5.10)

hence B
R(H)=H (6.5.11)

and H, is the unique s.a. extension of H;.
It remains to prove that H; has no additional eigenvectors. Thus, let u be an
eigenvector of H; with eigenvalue A

Hiu = u, (6.5.12)

and let _
E(\) CcH, i eN, (6.5.13)

be the eigenspaces of H;. Let us first assume that there exists j such that

A=A

]

(6.5.14)

but ~
u¢ ENj). (6.5.15)

Without loss of generality, we may assume

ueEQ) (6.5.16)
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However, this leads to a contradiction, since then
ue EQ) VieN,

and hence
ueH*

which implies u = 0.
Thus, let us assume ~
A# N Viel,

but then (6.5.17) is again valid leading to the known contradiction.

Remark 6.5.2 1In the following, we shall write H; instead of H.

Lemma 6.5.3 For any 8 > 0 the operator

e*ﬂHl

is of trace class in H. Let
F =F,(H)

be the symmetric Fock space generated by H and let
H =dI'(Hy)
be the canonical extension of Hy to %. Then
e—ﬂH

is also of trace class in F

oo
ey =] — ™)™ < o0.
i=0

175

(6.5.17)

(6.5.18)

(6.5.19)

]

(6.5.20)

(6.5.21)

(6.5.22)

(6.5.23)

(6.5.24)

Proof The first part of the lemma has already been proved in Corollary 6.4.6 on

page 168. This property can now be rephrased as
o ~
tr(e"’H‘) = Ze’ﬁ’\’ < 0.
=0

The second assertion is well known, since

Hy > N\l > 0,

(6.5.25)

(6.5.26)
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and the properties (6.5.25) and (6.5.26) imply (6.5.24), cf. [3, Proposition 5.2.7] and
[32, Volume II, p. 868], where Eq. (6.5.24) is also proved. O

We then define the partition function Z by

Z=tuEe ") =] -e™)! (6.5.27)
i=0

and the density operator p in .% by
p=2Zle M (6.5.28)

such that
trp = 1. (6.5.29)

The von Neumann entropy S is then defined by

S = —tr(plog p)
=logZ + 6Z’Itr(He"3H)

dlogZ (6.5.30)
=logZ —
gZ-f— B
=logZ + OE,
where E is the average energy
E =tr(Hp). (6.5.31)
E can be expressed in the form
E = Z T (6.5.32)
i=0

Here, we also set the Boltzmann constant
Kg=1. (6.5.33)
The parameter [ is supposed to be the inverse of the absolute temperature T
B=T"". (6.5.34)
In view of Lemma 6.4.9 on page 172, we can write the eigenvalues J; in the form

A= NALT (6.5.35)
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where ); are the eigenvalues corresponding to |A| = 1. Hence, Z, S and E can also
be looked at as functions depending on 3 and A, or more conveniently, on (3, 7),
where ]

T=|Al", (6.5.36)
since the \; can also be expressed as

A=) =147, (6.5.37)

where j is different from i
J =i, (6.5.38)

because of the multiplicities of Ai. Let emphasize that the multiplicities also depend
on A, hence it is best to simply note that

Xo=Xo = NolAlT (6.5.39)

and that the :\i are ordered. We shall never use the relation (6.5.37) explicitly in the
proofs of the subsequent theorems and lemmata referring to (6.5.35) instead.

Theorem 6.5.4 (i) Let By > O be arbitrary, then, for any

0 < B < B, (6.5.40)
we have
lim £ = o0 (6.5.41)
A—0
as well as
/lximoS = 00, (6.5.42)

where the limits are uniform in (3.
(ii) Let By > O be arbitrary, then, for any

B = o, (6.5.43)
we have
lim E=0 (6.5.44)
|A]l—o00
as well as
lim S =0, (6.5.45)
|Al—> o0

where the limits are uniform in (3.
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Proof “(1)” We first observe that
oo Y o0
Ai )\i
> E _ (6.5.46)

BN _
i=0 € |

E =

Now, let m € N be arbitrary, then

" " NT
=3 M — => e (6.5.47)
i=0 i=0
and _
m )\i
liminf E > lim § —2
7—0 T—0 - ePrNT (6.5.48)
=m+DF" = m+ 1!
yielding
lim E = oo (6.5.49)
A—0
uniformly in .
Since Z > 1, the relation (6.5.42) follows as well.
“(i1)” We estimate E from above by
00 X A\ 00
Aie PN 8% 83, g1
P TR DAL
= = (6.5.50)
o.¢] 5
< (1= @) 7le@5) Y eV,
i=0
where we used (6.5.43) and
e N < supre=3' = c(B) < (o). (6.5.51)

t>0

Furthermore, we know that

i=0 (6.5.52)

cf. Lemma 6.4.7 on page 169 and Lemma 6.4.8 on page 171, hence we obtain



6.5 The Partition Function 179

o0
E < (1—e ™) le(G)i(Go) Y e i (6.5.53)
i=0
deducing further
[e.¢] 5
limsup E < ¢(Bp)c(fp) lim Ze*i“ =0 (6.5.54)
T—>00 T =0
uniformly in 8 and hence
lim E =0. (6.5.55)

It remains to prove that S vanishes in the limit. We have

oo o0
z=[Ja-e™) " =]Ja+e™a—e™)™
i=0

i=0

~ (6.5.56)
< exp((1 — )7t e,
i=0
where we used the inequality
log(l+#) <t Vt>0 (6.5.57)

in the last step.
Applying then the arguments preceding the inequality (6.5.54), we conclude

lim Z =1 (6.5.58)

T—>00
uniformly in (. ]

Remark 6.5.5 The first part of the preceding theorem reveals that the energy becomes
very large for small values of | A|. Since this is the energy obtained by applying
quantum statistics to the quantized version of a black hole or of a globally hyperbolic
spacetime—assuming its Cauchy hypersurfaces are asymptotically Euclidean—a
small negative cosmological constant might be responsible for the dark matter, where
we equate the energy of the quantized universe with matter. As source for the dark
energy density, we conjecture that the dark energy density should be proportional to
the eigenvalue of the density operator p with respect to the vacuum vector n

on=7Z"'n, (6.5.59)
whichis Z~!.

The behaviour of Z with respect to A is described in the theorem:
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Theorem 6.5.6 Let 3y > O be arbitrary, then, for any

0 <8 < B, (6.5.60)
we have
lim Z = o0 (6.5.61)
A—0
and for any
Bo<p (6.5.62)
the relation
Iim Z=1 (6.5.63)
|A]—o00

is valid. The convergence in both limits is uniform in (3.

Proof “(6.5.60)” Let m € N be arbitrary, then

o0 o0 _
zz[Ja-e™ " =]]a -
0 =0 (6.5.64)
2 (1 _ e—ﬂo/_\,-T)—l
i=0
and we infer
lir% Z = lim i(glf Z = 0. (6.5.65)
“(6.5.63)” This limit relation has already been proved in (6.5.58). U

It is also worthwhile to study the behaviour of S, E and Z if [ is varied while
keeping A fixed. We first observe

Lemma 6.5.7 Denoting the differentiation with respect to 3 by a prime we have

S = BE <0. (6.5.66)
Proof Differentiating the relation
S=1logZ — B(log Z) (6.5.67)
we deduce
S’ = BE’ (6.5.68)
while 3
R

e —

i
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in view of (6.5.32). (|

The corresponding limit relations are expressed in

Theorem 6.5.8 For fixed A < 0 the following relations are valid

lim Z =1, (6.5.70)
[B—00
lim GE =0, (6.5.71)
[B—00
/jlim §=0, (6.5.72)
and
%in})Z = 00, (6.5.73)
gm}) E = o0, (6.5.74)
as well as
}jin%)S = 00. (6.5.75)

Proof “(6.5.70)” Follows immediately from the estimate (6.5.56).
“(6.5.71)” We have

BE=Y_ el +3° S_M . (6.5.76)

RO B
Denote the second sum by R(m, (3) and let 3, satisfy
Boo > 1, (6.5.77)

then
R(m,3) < R(m, Bo) VB = Bo. (6.5.78)

Next, let € > 0 be arbitrary, then there exists m such that

R(m, () < € (6.5.79)
and we conclude
limsup BE <€ (6.5.80)
B—00

proving (6.5.71).
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“(6.5.72)” Follows from (6.5.70) and (6.5.71).

The proofs of the remaining relations are either trivial or are similar to the proofs
of the corresponding results in Theorems 6.5.4 and 6.5.6. (]

Let us now consider the quantized globally hyperbolic spacetimes with an asymp-
totically Euclidean Cauchy hypersurface. The eigenspaces

&, C 7" (S) (6.5.81)

of H; are separable but they are in general not finite dimensional as can be seen by
the following counterexample

H =—-A (6.5.82)
in R”. The eigenspaces
s A >0, (6.5.83)
contain the tempered distributions
e kesy (6.5.84)

As a Hamel basis they generate a vector space, the dimension of which is equal to
the cardinality of S*=!. Of course, as a Schauder basis the functions with

keDcCSy !, (6.5.85)

where D is countable and dense, generate a dense subspace.

This example indicates that not all eigendistributions of H; might be physically
relevant. Contrary to the cases of the black holes, where the selection of eigenvectors
and eigendistributions was a natural process, only the temporal eigenvectors are
naturally selected in the present situation and of course at least one matching spatial
eigendistribution to obtain a solution of the wave equation. Hence, we could use
Hj to define the partition function. However, we believe this choice would be too
restrictive, and we shall instead stipulate that we only pick at most

A (6.5.86)

spatial eigendistributions in &), where ¢ and p are arbitrary but fixed constants, i.e.
we assume that
n(\) <clN|? VieN. (6.5.87)

With this assumption, it becomes evident that the results and conjectures of Theo-
rem 6.5.4, Remark 6.5.5 and Theorem 6.5.6 are also valid in case of globally hyper-
bolic spacetimes with asymptotically Euclidean hypersurfaces.
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6.6 The Friedmann Universes with Negative
Cosmological Constants

In Remark 1.6.11 on page 50, we observed that, if the Cauchy hypersurface Sy is a
space of constant curvature and if the wave Eq. (6.4.1) on page 159 is only considered
for functions ¥ which do not depend on x, then this equation is identical to the
equation obtained by quantizing the Hamilton constraint in a Friedmann universe
without matter but including a cosmological constant. The equation is then the ODE

1 n2 . n st )
— U— =Rt "u+nt"Au =0, 0<t < oo, (6.6.1)
32n—-1 2
where R is the scalar curvature of Sy. We cannot apply our previous arguments to the
solutions of this ODE. However, if we consider instead the more general Eq. (6.4.1),
where u is also allowed to depend on x, which certainly is more general and accurate,
then the previous arguments can be applied if the curvature < of Sy vanishes

k=0. (6.6.2)
The scalar curvature, which is equal to
R =n(n - 1k, (6.6.3)

then vanishes too and
Sy = R". (6.6.4)

We are now in the situation which we analysed at the end of the previous section,
where now the spatial Hamiltonian is

H=-m-1)A (6.6.5)

and some spatial eigendistributions are shown in (6.5.84) on page 182. However,
since we consider the quantized version of a Friedmann universe, we shall look for
radially symmetric eigendistributions, i.e. we look for smooth functions v = v(x)
satisfying

v(x) = p(r) (6.6.6)

such that
Av=¢+m—Dr'o=—p*p in r>0, (6.6.7)

where 1 > 0. Obviously, it is sufficient to assume p = 1, because, if ¢ is an
eigenfunction for p = 1, then

o(r) = p(ur) (6.6.8)
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is an eigenfunction for the eigenvalue ;2. Therefore, let us choose = 1.
We shall express the solution ¢ with the help of a Bessel function J,,. Let 1) be a
solution of the Bessel equation

V+r 4+ A =r 2y =0, (6.6.9)
where
n-2 (6.6.10)
vV = .0.
2 9
then the function
o) =r""y (6.6.11)
satisfies
rég+Qu+1Dp+re=0, (6.6.12)

which is equivalent to (6.6.7) with © = 1. The Bessel Eq. (6.6.9) has the two inde-
pendent solutions J,, and Y, the Bessel functions of first kind resp. of second kind.
It is well known that the functions

r="J, (6.6.13)

can be expressed as a power series in the variable r2, cf. [5, Eq. (21), p. 420], i.e. the
function
v(x) =) =r""J, (6.6.14)

is smooth in R”, while the functions
r Y, (6.6.15)

have a singularity inr = 0. Hence, there exists exactly one smooth radially symmetric
solution v of the eigenvalue equation

—Av=Nv, A>0, (6.6.16)

which is given by
v=(\r)""J,(Ar). (6.6.17)

This solution also vanishes at infinity, hence it is uniformly bounded and a tempered
distribution.

A solution of the wave Eq. (6.4.1) on page 159, in case of a quantized Friedmann
universe, is therefore given by a sequence

u; = w;(t)v;(x), i eN, (6.6.18)
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where w; is a temporal eigenfunction and v; a spatial eigenfunction. The u; are also
eigenfunctions for the temporal Hamiltonian as well as for the spatial Hamiltonian.
Each eigenvalue has multiplicity one. We have therefore proved:

Theorem 6.6.1 The results in Theorem 6.5.4, Remark 6.5.5, Theorem 6.5.4, Lem-
ma 6.5.7 and Theorem 6.5.8 are also valid, if the quantized spacetime N = N ntl
n > 3, is a Friedmann universe without matter but with a negative cosmological
constant A and with vanishing spatial curvature. The eigenvalues of the spatial
Hamiltonian H; all have multiplicity one.
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Appendix i

7.1 The Eigendistributions are Smooth Functions

We assume that the Cauchy hypersurface S is asymptotically Euclidean and A is an
uniformly elliptic linear differential operator with smooth coefficients such that the
coefficients are bounded in any

c™(Sy) VmeN. (7.1.1)

Then, we can prove:

Theorem 7.1.1 The solutions f(\) € .’ of the eigenvalue problem

AfQ) =pfN) (7.1.2)

belong to C*(Sy) and for each m € N and R > 0 f(\) can be estimated by

| V) |, Brxoy < Emn RV F V=, (7.1.3)

where ||-||, is one of the defining norms in . such that the dual norm

[fMl-p = sup [{(f(N), @) (7.1.4)

el =1

and N depends on n, |-||,, A and Sp, while c,, depends on m, A the eigenvalue [
and on Sy. B (xg) is a geodesic ball of radius R for a fixed xo € K C Sy, where K is
the compact set in Assumption 3.3.1 on page 93 and R is so large that K C Bgr(xo).

Proof First, we note that we can absorb the right-hand side of the eigenvalue equation
into the left-hand side and simply consider the equation

Af(\) =0. (7.1.5)
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Hence, it is well known that the distributional solutions is smooth and Eq. (7.1.5)
can be understood in the classical sense, see, e.g., [37, Theorem 3.2, p.125].

The important estimate (7.1.3) is due to the fact that f()\) is a Tempered distri-
bution. Since f(\) € ./, we have

{FO), @) < esup (140D Y ID%)] = cligll, (7.1.6)

x€So lal<mq

and the dual norm
IfIN-p =c. (7.1.7)

To prove (7.1.3) we fix m € N and assume that

|f(>\)|m,BR] (x0) = €0, (7.1.8)

for some sufficiently large radius R; such that we only have to prove the estimate in
the domain )
Br(0)\Bg, (0), (7.1.9)

where we now consider Euclidean balls. Hence, we may consider Eq. (7.1.5) to be
a uniformly elliptic equation in an exterior region of Euclidean space with smooth
coefficients.

Let R > Ry, then we first prove a priori estimates for f(\) in small balls

B,(y) @ Bar(0)\Bg,(0), (7.1.10)
where
2p<po =1 (7.1.11)
and py is fixed.
Let
Hy*(22),  meN, (7.1.12)

be the usual Sobolev spaces, where
2 CcR (7.1.13)

is an open set, to be defined as the completion of C2°(£2) under the norm

Ilsollf,,,z=fQ > 1D (7.1.14)

lal<m

H(']"‘z(.s?) is a Hilbert space. Its dual space is denoted by
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H™™2(2)
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(7.1.15)

and its elements are the distributions f € 2'(§2) which can be written in the form

f= Z D%u,,

|lal<m

where
U, € L*(£2)

and the dual norm of f is equal to

1l = (3 ualB)*.

lal<m
The Sobolev imbedding theorem states that for bounded €2
n m,2 0
m>§ = Hy " (2) — C(£2)

such that
2
lulo < cllullmz Yu e Hy""(£2),

where ¢ only depends on diam$2, m and n.
As a corollary, we deduce

m>2 = HTN@) > C9)
with a corresponding estimate

|u|mo,0 =< C”u”ermo,Za

where ¢ = c(diamQn, m, mg).
Hence, for any ball
B, (y) C Bar(0)

f () can be considered to belong to
fO) € HT 2B, (y))

with norm
IO —rmoy2 < cR*

(7.1.16)

(7.1.17)

(7.1.18)

(7.1.19)

(7.1.20)

(7.1.21)

(7.1.22)

(7.1.23)

(7.1.24)

(7.1.25)

in view of the estimate (7.1.6), where we also assume Ry > 1; the constant ¢ depends

on n, mg, k and the constant in (7.1.6).
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From the proofs of [37, Theorem 3.1, p. 123] and [37, Theorem 3.2, p. 125], we
then deduce that for any m € N there exists p < pg, p depending only on the Lipschitz
constant of the metric o;;, m, n and mq such that the C"-norm of the solution f ()
of Eq. (7.1.5) can be estimated by

| f N, < ¢, R, (7.1.26)
where ¢, also depends on the C™-norms of the coefficients of A and on the ellipticity
constants.

Now

4r)y"2"p™ (7.1.27)

balls
B,(y) C Bar(0) (7.1.28)

cover the closed ball Bg(0); hence, we conclude
Lf N, Bro)\ky = cR¥*Hn, (7.1.29)

where ¢ = c(p, m, mg, n, A). O
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