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Preface

There is much literature on equivalence tests in the clinical bioavailability
world. Unfortunately, this paradigm and its associated statistical methods
presume that the “limits of equivalence” are actually undesirable values
for the variables or parameters under consideration. Thus, for example, if
a government regulation states that, on the average, a generic version of
a drug must have a time to maximum blood concentration that is within
+20 percent of that for the brand name drug, the regulation actually implies
that the difference in those averages must be much less than 20 percent.
Thus, statistical equivalence tests for such bioavailability parameters are
constructed to FAIL with near certainty (95 percent probability) if the actual
difference is 20 percent. An engineer is not likely to specify tolerances or
limits on a parameter that are actually unacceptable. The engineer would
more likely specify the tolerance around a parameter to be such that fit,
form, and function of the product or system or process are not adversely
affected as long as the parameter remains within the tolerance limits. So,
the methods for “bioequivalence,” as they are described by bioavailability
writers and researchers, would be useless to the engineer. This work is
intended to be a reference handbook for performing analyses related to
demonstrating equivalence or noninferiority in the context of engineering
and applied science.

The need for equivalence and noninferiority tests in engineering and
quality control often arises in the context of process validation and design
verification testing. However, there are a wide variety of situations in which
equivalence or noninferiority questions may apply. Thus, a variety of tests
are presented in this book, with the hope that the practitioner may find a test
fitting her or his application, or perhaps gain some insights into an applica-
tion that may be similar to some of those presented here. The tests described
here all stem from actual situations and problems the author has faced in a
wide variety of industrial settings over more than 30 years.

In order to get value from this book, the reader should have familiarity
with the notions of statistical inference as taught in introductory statistics
courses. Test 2.5 and Chapter 7 require exposure to linear regression,
including multiple regression. Test 2.6.2 presumes the reader is familiar
with two-level factorial experimental designs and analyses. Knowledge of
elementary calculus and probability theory would be helpful for under-
standing the power curve derivations. Knowledge of some matrix algebra is
necessary for the multivariate test, Test 6.1. While code and procedures for
implementing tests are presented in the “Computational Considerations”
sections, this is not a tutorial text on computer programming or soft-
ware packages. It is presumed that the reader will either be familiar with

vii



viii Preface

the software used to implement the tests in the book, or be familiar with
another suitable software system.

Finally, this work is heavily invested in the frequentist approach to infer-
ence. There are no Bayesian concepts introduced or discussed. This is not
because the author is opposed to Bayesian ideas, but because in the context
of this work, the frequentist view is more straightforward.
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Introduction to Hypothesis Testing

Hypothesis testing is the fundamental process of statistical inference. It is in
fact the backbone of the scientific method. Unfortunately, it is also the most
misunderstood, misapplied, and misinterpreted of all statistical concepts.
Aside from the mathematical formalism of hypothesis tests, there are sev-
eral ideas that make hypothesis testing the central component of empirical
investigation.

1.

Data are based on a subset (sample) of individuals from a larger,
often infinite population.

. The measurements or quantified observations made on the individ-

uals are associated with a probability distribution, which has some
parameters such as the mean, standard deviation, and percentiles.

. The only information we have (presuming no a priori knowledge

of the parameter) about the values of these parameters comes from
the sample statistics calculated using the measurements or observa-
tions made on individual members of the sample, such as the sample
mean, the sample standard deviation, and the sample percentiles.

. If we obtained two samples from the same population, each sample

having the same number of individuals, and computed the sample
statistics for some measurement, the two samples would very likely
yield different values for the same statistic. Neither sample is likely
to yield the actual value of the corresponding population parameter.

. The number of individuals in the population is too large to feasibly

observe every single individual; in other words, we MUST rely on
sample information to determine anything about the population
parameters.

The most important idea that makes hypothesis testing so indispensable is

6.

It is desirable to demonstrate, using empirical observations, that
some parameter or set of parameters falls into some particular range
of values.

Because we understand from item number 4 that any sample statistic is
subject to sampling variation, we must couch our conclusions about popula-
tion parameters in the language of probability. Furthermore, we must be able
to state a priori into what range we are hoping to demonstrate the param-
eters fall.

xiii
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Formal Hypothesis Testing

Every hypothesis test begins with a statement of two hypotheses, or asser-
tions, about some parameter or set of parameters that are the logical negations
of each other. The first, by convention, is often called the “null” hypothesis
and is labeled H,,. The alternative, which is the logical negation of the null
hypothesis, is symbolized in this work by H,. The null hypothesis is gener-
ally a statement of something we hope is not true. The idea is that, using
data, we hope to reject the null hypothesis. We reject the null hypothesis if
it is not likely enough to have obtained the observations we made given that
the null hypothesis is true. “Likely enough” is customarily defined as a prob-
ability greater than 5 percent. Typically, the null hypothesis is stated in such
a way as to make it possible to assess the limits to a feasible range for sample
statistics given that the null hypothesis is actually true. Note that in elemen-
tary statistics texts the null hypothesis is almost always stated as an equality,
either the value of a parameter between two or more groups, or the equality
of a parameter for a single population to a particular value. In the case of
equivalence and noninferiority, the null is usually stated as an inequality,
the nature of which is always adverse to the experimenter’s general desire.
As an example, consider the hypotheses

Hypn=10
and its logical negation:
Hy:p=10

Here, the Greek letter 1 symbolizes the mean value of some measurement
made on individuals, averaged over all individuals in the population. Note
that it is not possible to calculate the arithmetic average of any measure-
ment for a population with an infinite number of members, and it may not
be economically feasible for a population with a finite number of members.
Without elaborating, let us just assume that some population mean exists,
but its value is unknown. Suppose further that we sample n = 15 individuals,
and compute the sample mean and the sample standard deviation:

So, do we believe that the population mean is in fact 10 or not? After all, 9.3
doesn’t seem too far off from 10. Perhaps if we sampled again, we might get
a different sample mean that was greater than 10. Perhaps we cannot afford
to sample more than these 15 individuals. Statistical theory tells us how to
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quantify the uncertainty in deciding which hypothesis to believe. We can
use the fact that if the null hypothesis, H, is in fact true, then we would
expect only so much deviation between the sample mean and the population
mean. Specifically, we would expect the quantity:

X-10
S/n

to fall between the limits:
foos(15—1) = —2.145
and

toors (15— 1) = +2.145

about 95 percent of the time that we sample n = 15 individuals from this
population and make the same measurements. The values

t0.025(15 - 1)
and
t0.975(15 - 1)

are the 2.5th and 97.5th percentiles (respectively) of a student’s ¢ distribution
with 15 - 1 = 14 degrees of freedom.
The actual computation is

X-10 _ 93-10 _
S/Jn 17/15

Since the sample computation (-1.595) lies in between +2.145, we decide
not to reject the idea that the null hypothesis is true. We have set our limit
of believability to 95 percent. The sample result falls within the 95 percent
believability range.

Suppose instead:

—-1.595.

Then

5{—10= 9.0-10
S/Jn 1.7/15

=-2.278 <-2.145.
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Therefore, in this case, we would reject the null hypothesis. Note that
rejecting or failing to reject the null hypothesis depends on X, S, 1, and p.
Of course, it also depends on the value of the probability measure for the
range of “believability,” which will always be set at 95 percent in this work.
Furthermore, generally we base the rule for rejecting the null hypothesis on
the condition that the null hypothesis is actually true. Thus, we typically
choose a rule that would give us a relatively small chance of rejecting the
null if in fact it were true. The probability that the sample statistic lies out-
side the range of believability is called the size of the test, size of the critical
region, Type I error risk, or significance level.

Hypotheses for Noninferiority and Equivalence

Equivalence and noninferiority tests are based on the desire to show that
something is close enough to ideal to be acceptable. Boundary conditions
(either lower and upper, in the case of equivalence, or one-sided, in the
case of noninferiority) are established for a parameter or set of parameters.
The test, based on the sample data, is used to decide whether we should
believe that the parameter(s) lies(lie) outside the range of “equivalence”
or “noninferiority” (null hypothesis) or whether it is better to believe that
the parameter(s) is(are) within the range of equivalence or noninferiority
(alternative hypothesis). Unlike the traditional or more common hypothesis
test, where the null hypothesis is that the parameter is exactly equal to some
specified value (often 0), the equivalence and noninferiority test provides
evidence that the parameter is in fact “close enough” to ideal. That is, failure
to reject the null hypothesis is not sufficient evidence to truly accept it; all we
can say is that we do not have sufficient evidence to reject it. The equivalence
test is designed to allow the experimenter to make a much stronger state-
ment about the parameters.

In the more common, traditional hypothesis test, the null hypothesis
usually states that at least one parameter of interest equals some specific
value. The alternative hypothesis can either be one-sided (parameters are
less than or greater than the specified value) or two-sided (the parameters
are not equal to the specified value, with no specification about being less
than or greater than). In a noninferiority hypothesis, the null and the alterna-
tive hypotheses specify whether the parameters are less than or greater than
specific values. For example, it may be desirable for the mean response under
a new treatment to be no worse than some specified quantity less than the
mean response using a currently accepted treatment. As an applied physi-
cal science example, suppose a material used to make a plastic part has a
high tensile strength. A new material is much less expensive and would be
acceptable if it had a tensile strength that was no worse than 10 pounds per
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square inch (Ibs/in?) less than the currently used material. Symbolically, the
hypotheses could be expressed as:

HO: Woew = Meyrrent < -10.00

le Miew = Meurrent 2 -10.00
One difficulty is that there are now an infinite number of values of p,,,
— Weyrreny that would make the null hypothesis true. In the traditional hypoth-

esis test, there is usually exactly one value of the parameter that makes the
null hypothesis true. That is, the hypotheses might be

HO: Woew = Meurrent = -10.00

Hl: Woew = Meurrent > -10.00
The only condition that makes the null hypothesis true is W, — Wy =
-10.00. Thus, in the traditional test, it is relatively straightforward to find a

critical region of size 0. Recall that o is the probability of rejecting the null
hypothesis when it is true. The critical value of this test would be

D. =-10.00+#_,SE

where t,_, is the 100(1-o) percentile of a t-distribution with
Myeo + 11 — 2 degrees of freedom, and

SE = Sﬁew + Sczurrent
Myew Neurrent
This critical value represents the highest believable value that D could have if
it were true that the average tensile strength of the new material was in fact

only 10 Ibs/in? less than the average tensile strength of the current material.
So, the null hypothesis would be rejected if the difference in sample means

new current

D= Xnew - Xcurrent

was greater than the critical value (it is a one-sided test, since the alternative
is “>"). Equivalently, the null hypothesis would be rejected if

D —t_,SE >-10.00.

In this traditional hypothesis test, if D were less than the critical value, all
we could infer is that we do not have sufficient reason to reject the null
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hypothesis. So, for example, if D = ~7.7, with 11,,,, = H1yen = 10, and o = 0.05,
Snew = Scurren{' = 3'0/

_ 2 2

D—-t_(SE=-77-1.734 3.0 + 3.0

0 =-10.03 <-10.00.

Therefore, we would fail to reject the null hypothesis.

In the case of the noninferiority test, the probability of falsely rejecting
the null hypothesis depends on how false it actually is. So, if W,., — Lo =
-10.10, you would expect a lower chance of rejecting the null hypothesis
than if the truth was that u,, — 1,; = —20.00. Nevertheless, the critical
value is still based on the condition that w,,, — 1,; = —10.00. However, we
now find the sample result that would be the lowest believable value for D
if W, — Moy = —10.00. Since we are hoping for a difference greater than
-10.00, we would use a critical value that is the lowest we would expect
for a difference in sample means if {,,,, — lyy = —10.00. Using the notation
F1yero + Meyrrens — 2) to represent a random variable with a (central) ¢ distribu-
tion having n,,,, + ", — 2 degrees of freedom, we would want a critical
value, D,, to be such that

PI'{D 2 Ec “'l-m’w —Meuurent = _1000} = 1—B

or equivalently,

Pr{D < Dc |unew —Meuurent :_1000} = B

Thus,

D—(-10.00) _ D. —(-~10.00)
P new — Meuurent = -10.00¢ =

D, —(~10.00) m

new —Meurent =—10.00 =B =
SE W cuurent } p

Pr {t(”new + Newrrent — 2) <

D. +10.00
e TE
SE

D. =-10.00—t,_3SE
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and we would reject the null “inferiority” hypothesis:
HO: unew - ucurrent < -10.00
in favor of “noninferiority” if

D>-10.00—#, sSE

or in other words, if
D+ t1.sSE =-10.00.

Using the same data as the example with the traditional hypothesis, with
B =0.05,

2 2
3.0 + 3'% =-5.37 >-10.00.

D+t sSE=-7.7+1.734

”

So, the null “inferiority
noninferiority.

In order to reject the traditional null, assuming the same sample sizes and
standard deviations, the difference in sample means would have had to be
at least —7.67. Conversely, in order to reject the noninferiority null, the differ-
ence in the sample means would have had to be at least —12.32.

hypothesis would be rejected in favor of

The Two Paradigms

There are two paradigms under which equivalence and noninferiority tests
are formulated: the bioavailability and quality engineering paradigms. In
bioavailability studies, the decision rule is designed so that failure to reject
the null hypothesis (nonequivalence or inferiority) when the parameter is
exactly equal to the boundary condition is low (Wellek, 2003; Berger and
Hsu, 1996; Anderson and Hauck, 1983). This paradigm follows the concept
alluded to earlier, in which we choose a rule for rejecting the null based on it
being true. Thus, if we decide that the mean concentration of a drug must be
between L and U in order for it to be effective, and if the mean concentration
is either exactly equal to L or U, the test will only have a small chance, o, of
rejecting the null, that the mean concentration is either less than L or greater
than U.

The second paradigm is that of quality engineering. In this paradigm, tests
to determine whether to accept or reject products or processes, referred to as
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“acceptance sampling tests,” can be formulated as equivalence or noninferi-
orty hypothesis tests. As in the case of bioavailability, the null hypothesis is
that the parameter is outside of some predefined interval of “equivalence” or
“noninferiority,” and the alternative is that the parameter is inside the inter-
val. However, in an acceptance sampling test the decision rule is designed so
that the chance of rejecting the null hypothesis when the parameter is exactly
equal to the boundary condition is high (Cowden, 1957; Duncan, 1965; Grant
and Leavenworth, 1980). Or alternatively, the boundary conditions are those
that are the worst “acceptable” values for the parameter of interest. In this
work, we have taken the quality engineering point of view. Thus, we would
only want at most a 100B percent chance of failing to reject the null if in fact
the parameter exactly equaled the “boundary” value, where B is a relatively
small probability. Generally, we will set B = 0.05. It represents the chance of
failing to reject the null hypothesis when it is in fact false, and is referred to
as Type Il risk. In the quality engineering paradigm, the null is considered
false if the parameter actually equals a boundary condition.

Schilling and Neubauer (2009), following Freund (1957), point out that in
the acceptance sampling paradigm, there should be a 1 — a (o is usually
set to a small value, such as 0.05) chance of inferring “acceptability” if the
parameter under study is exactly equal to the boundary value for equiva-
lence (which they call APL, acceptable parameter level, or alternatively,
AQL, acceptable quality level). Duncan (1965, p. 268) describes an example
where the critical value of a sample mean is the lowest believable value for
the sample mean under the hypothesis that the population mean is equal to
the lower boundary for noninferiority. He postulates that a chalk company
desires a minimum average density for their chalk of L = 0.1350 g/mL. He
assumed that ¢ was known to be 0.006 g/mL. Using a critical region of size
0.05, he found a critical value for the sample mean density with sample size
n to be such that:

XL _X.—0.1350 _
o/n 0.006/\n

Zpo5 = -1.645= Xc =L- Z0p.95 i

Jn

The hypotheses are
HO: I'Ldz'nsity <L
and
Hl: udensity 2 L.
Reject H,, if
X ZXC :L_ZO'95 i

N
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or in other words,

v (o}
X+Zo_95—2L.

Jn

Thus, under the condition that fe,g, = L, there would be a 100(1- f) percent =
95 percent chance of rejecting the null using Duncan’s criterion. So, for exam-
ple, if X =0.1349, and n = 9, then

X +zg95s ——= = 0.1349+ 1. 645M 0.1382 =L =0.1350.

\/E V9

Therefore, we would reject the null hypothesis H, in favor of the alterna-
tive H;, even though the sample mean was less than L. Of course, if ¢ were
unknown, replace z,4; with ¢4, and ¢ with s.

In the bioavailability paradigm, the critical value would have been

0.006
X.=L+z =(.1350+1.645
095\/E \/§

And the null would be rejected only if X > X,. Since X = 0.1349 < 0.1383,
we would have failed to reject H,,.

As another example, consider a binomial proportion, P. The hypotheses
are

=~ (0.1383.

Hy: P <P,
H;:P =P,
In other words, we are hoping that P is greater than or equal to P,.

In the quality engineering paradigm, we would choose a critical value, P,
so that if P = P, exactly, we would expect the sample proportion

p=X
n
to be at least
p=Xe
n

about 1 — B = 95 percent of the time, or more exactly, choose X_ over all
possible values of X such that:

supPr{sz%|P=P0,n}=supPr{X > X, | P=Py,n}=sup Py p =1-P=0.95.
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Thus, as long as

p>Xe_p
n

we would REJECT the null hypothesis, H,. With n = 100, and P, = 0.95, P, = 92

would yield P, po  0.937. The critical value of 92 gives the closest value of
Pyeject,po less than or equal to 1 — 8 = 0.95. In contrast to the quality engineering

paradigm, the critical value under the bioavailability paradigm would be to
find P, such that:

supPr{IADZ% | P:Po,n}:supPr{X 2 X, |P=PRy,n}=sup Py, po = 0.=0.05.

In this case, X, = 99 would yield P, po = 0.037, again the closest value less
than or equal to 0.05.

Juran and Godfrey (1999) describe an acceptance sampling test for percent
defective parts with AQL = 1.2 percent, sample size of n = 150, and a critical
value of

X. 4

P.=—"=—=2.67%.
n 150

In this test, the hypotheses are
HyP>AQL=12%
H;: P<AQL.

The critical value of 4 defective parts out of 150 was chosen to give a
100(1 — B) percent = 96 percent chance of rejecting the null if in fact the
percent defect was equal to the AQL = 1.2 percent. The null hypothesis is
rejected if the sample percent defective is less than or equal to 2.67 percent,
which is greater than the “null” value of AQL = 1.2 percent. So, for example,
if 3 defective parts were found in a sample of n = 150 (i.e, 2.0 percent),
then the null hypothesis would be rejected in favor of the alternative. In
the bioavailability paradigm, the critical value would have been 0.0 percent
(o0 ~ 0.1635) and therefore with 3 defective parts found the null would not
have been rejected.

The notion of noninferiority may bother some people when they realize
that the observed value of a sample test statistic can be “worse” than the
“null” value, and yet it is possible that they could still reject inferiority in
favor of noninferiority. However, consider an analogy to a game of fortune.
Suppose your friend told you that you have at least a 90 percent chance of
winning at a game. If you played the game 100 times, and won 89 of those
times, would you call your friend a liar? After all, 89 is only 89 percent of 100.
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Probably you would not suspect your friend of lying. Conversely, if you had
only won 50 times, you might at least suspect that your friend was incorrect
about the chances of winning. For inferiority hypotheses, we will calculate
the worst value we would expect (with probability 1 — B = 95 percent) to
observe for a test statistic if the truth is at the border between inferiority and
noninferiority. Remember that in the case of the traditional hypothesis test,
the observed statistic value can be better than the null parameter value, and
we might still fail to reject the null hypothesis.

In fact, the only difference between the bioavailability and quality
engineering paradigms is whether or not the boundary conditions for
parameters are actually “acceptable” or not. The bioavailability formula-
tion of the equivalence problem gives a small chance (0) of rejecting the null
hypothesis when the parameter is at the boundary; the quality engineer-
ing paradigm gives a large chance (1 — B) of rejecting the null hypothesis
when the parameter is at the boundary. Bickel and Doksum (2009) give an
example of an acceptance sampling test formulated with the bioavailability
paradigm. The hypotheses are stated as:

H\: Pr{defective} > 6,
H,: Pr{defective} < .

In their example, they choose a critical value for the number of defectives,
X,, found in a sample of size n such that:

Pr{X<X.16,} <.

That is, if the percent defective is as high as 1006, percent, they want to have
a small chance (o) of rejecting the null hypothesis. In the paradigm followed
in this work, the value 6, would the highest acceptable level of the parameter,
and the test would be chosen to have approximately (up to but not exceed-
ing) a 100(1 — o) percent chance of rejecting the null hypothesis.

In either case, whatever critical value is chosen, it is possible to deter-
mine parameter values that yield a low (o) or high (1 — o) chance of reject-
ing the null. It is always possible to find conditions (boundaries) so that
the critical regions are identical, regardless of whether the boundaries are
defined to yield an o or 1 — o chance of rejecting the null. That is, if P1 is
the parameter value that gives an o chance of falling in critical region R,
then there is always a parameter value P2 that gives (approximately) a1 — o
chance that the test statistic will fall in the same region R. So, to elaborate
the example of Bickel and Doksum, if they had chosen 6, = 6.35 percent as
the boundary condition for the hypothesis, then the critical value of 4 defec-
tive out of n = 150 would yield about o = 3.5 percent chance of rejecting the
null hypothesis. The same critical value, 4/150 = 2.67 percent, yields about
a 96.5 percent = 100 percent — 3.5 percent chance of rejecting the null if
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FIGURE 0.1
Power curve for noninferiority test with critical value 4/150 ~ 2.67 percent.

the parameter 6 = 6, = 1.2 percent. In the language of quality engineering
(Schilling and Neubauer, 2009), 1.2 percent is the AQL, whereas 6.35 percent
would be the rejectable quality limit (RQL). The power curve for the test,
regardless of whether the hypotheses are stated with 8, = 6.35 percent
and tested using the bioavailability paradigm, or with 8, = 1.2 percent and
tested with the quality engineering paradigm, is identical, and is shown
in Figure 0.1. Using the language of quality engineering, this curve could
also be referred to as the operating characteristic, or OC curve, in that it
describes the probability of passing a quality test. To add some formalism
to the reconciliation between the two “paradigms,” in the bioavailability
paradigm, the hypotheses would be:

H,: Pr{defective} > RQL

H;: Pr{defective} < RQL

and the test, or rejection criterion, would be that the maximum number of
defectives, X, found in a sample of size n should be such that

Pr{X<X.IRQL} < o
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This test is uniformly most powerful (Bickel and Doksum, 2009). Conversely,
in the quality engineering paradigm, the hypotheses would be

H,: Pr{defective} > AQL
H;: Pr{defective} < AQL

and the rejection criterion would be the maximum number of defectives, X,
found in a sample of size n should be such that

Pr{X<X.AQL}<1-B, withB=o.

In other words, AQL and RQL are found such that, if one is fixed, the other
can be found to have exactly the same critical region. The difference in the
paradigms becomes one of fixing RQL, finding a test with critical region of
size o, and then finding an AQL that corresponds to a power of 1 — 3, or
fixing AQL, finding a test with power 1 — 3, and then finding RQL that cor-
responds to a power of o.

Finally, consider the following example. Suppose you want a probability
of “success” to be at least 95 percent. Bickel and Doksum would construct
the hypotheses H,: P < 95 percent vs. H;: P > 95 percent. They would find a
critical value, X, for number of successes, X, out of N = 200 Bernoulli trials
(let’s just assume you have a binomial parameter you are trying to make an
hypothesis about) such that:

sup PriX > X |N, P =095} = o.

The value X, = 195 yields o = 6.23 percent, which is the least upper bound
(sup, or supremum) for Pr{X > X |N, P = 0.95} with N = 200, P = 0.95. That
means if P = 0.95 exactly, you have only o = 6.23 percent chance of rejecting
H, and concluding noninferiority. But what if P = 0.95 is perfectly accept-
able? Really, there should be a HIGH chance of rejecting H, if P = 0.95. So,
Bickel and Doksum (and most of the mathematical statisticians) are imply-
ing that if P = 0.95 really is acceptable, then the hypotheses should be H: P <
89.27 percent vs. H;: P > 89.27 percent.

The critical value, with N = 200, is X, = 186, so that Pr{X = 186|N = 200,
P = 89.27 percent} = 0.050 = Pr{REJECT H,|N = 200, P = 89.27 percent} and
Pr{X> = 186|N = 200, P = 95 percent} = 0.922. In other words, this critical
value of X, = 186 with N =200 yields a high chance of rejecting H, if P = 0.95,
which is what is desired. The test would be constructed in this way in order
to fix Type I error risk at o. However, there is no particular reason not to
construct a test by fixing . The probability of Type I error then depends
on just how bad the truth is. In other words, we could switch the roles of
Type I and Type II errors, so to speak. In this work, we will generally fix 3
by choosing a critical region such that under the null hypothesis, there is
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FIGURE 0.2
Illustrating the two equivalence paradigms.

approximately a B chance of FAILing to reject, and then compute a Type I
error risk curve.

As a final attempt to illustrate the differences between the two equiv-
alence paradigms, consider Figure 0.2. The values on the horizontal axis
represent potential values of the parameter of interest, and L and U rep-
resent the lower and upper acceptable limits for that parameter. The fre-
quency curves (foiq, fiow frign) represent the sampling distributions of the
test statistic used to decide whether the system(s) under consideration
are equivalent, or that the single system under consideration is perform-
ing or designed acceptably. In the quality engineering paradigm, L and
U would be the most extreme values of the parameter that are completely
acceptable. Thus, if the parameter is actually equal to L, we would want
the sampling distribution to look something like f,. Or, if the true value
of the parameter was equal to U, we would want a sampling distribution
to look like fy;.;,. The critical values would be the lower 100B percent tail
of f,,,, and the upper 100(1 - B) percent tail of f;;,,. In other words, if the
parameter value was equal to L or to U, we would want the critical value to
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be defined so that there was approximately a 100(1 — ) percent chance of
passing the test. If the bioavailability methods were applied using L and U
and the boundaries defined in the hypotheses, then the sample distribution
of the test statistic would look more like f, 4, and there would be a 100(1 — )
percent chance of failing the test if the true value of the parameter were
equal to either L or U.

A Note on Confidence Regions

In the bioavailability paradigm, the null hypothesis (nonequivalence or infe-
riority) is rejected if the parameter space for which noninferiority or equiv-
alence is defined completely contains the 1 — o confidence region. In the
quality engineering paradigm, the null hypothesis is rejected if the “equiva-
lence” or “noninferiority” parameter space has a nonempty intersection with
the 1 - confidence region.

Organization of the Book

The text is organized into chapters, and each chapter is further divided into
tests. Every test will be organized into the following subchapters:

Parameters: a list of the parameters involved, some of which may
have known values, and others of which may be the object of the
hypothesis test.

Hypotheses: a null (adverse) hypothesis and its logical negation, the
alternative, will be stated.

Data: a description of what type of data will be used to make the
inferences.

Critical value(s): values of sample statistics that would be decision
points, for example, if the statistic exceeds the critical value, then
reject the null hypothesis in favor of the alternative.

Discussion: some theoretical and practical considerations related to the
hypotheses.

Example: a numerical example.

Confidence interval formulation: formulas or procedures for obtaining
confidence regions related to the test.

Computational considerations: some notes about software.
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Who Should Use This Book and How to Use It

Thisbookisintended asahandbook for those who arerequired to demonstrate
equivalence or noninferiority, in the quality engineering paradigm, through
empirical experimentation. There can be many reasons for such require-
ments, although process validation and design verification testing are two
possible motivations. Engineers and applied scientists are typical of those
who have the need to demonstrate equivalence or noninferiority.

If you are an engineer or applied scientist who requires a method for
analyzing data from a validation/equivalence/noninferiority test, then:

1. Find the type of test that you are performing in the table of contents.

2. Read the parameters, hypotheses, data, and critical values subsec-
tions to determine what inputs you will need and how to decide
whether the test was passed or failed.

3. You may want to look at the subsection on computational consid-
erations if you are uncertain as to what functions or procedures of
various software packages to use.

4. If you need to compute a power curve for the purposes of
documentation for your test plan, or to understand the risk levels
of the test, find the theoretical derivations and formulas in the
discussion subsection, and look in Chapter 11 on computer code for
programs useful for generating power curves.

If you are interested in the basis for the tests, read the discussion subsection
for the tests of interest. You may also find the example subsections helpful.
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Proportions and Binomial Random Variables

Test 1.1 Single Binomial Proportion (One-Sided;
Probability of “Success”)
Parameters:

P, = probability of “success”
n = number of Bernoulli trials

Hypotheses:
Hy: P <P,
H;:P=>P,
Data:
X = number of successes out of # trials
Critical value(s):

X. = minimum number of successes needed to REJECT H,,

Discussion:
The experimenter chooses X_ so that:

Pr{X = X_|Py} = 1 — B (usually 0.95)

where:

Pr{X>X,|P,n}= Z( ](P)

The power curve is generated by plotting Pr{X > X_|P,} on the vertical
axis against P, on the horizontal. For values of P, < P,, the power will be less
than 1 - B.
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Example:
It is desired that at least 95 percent of the units of some machine part

manufactured satisfy the criteria for some quality inspection. Then P; = 0.95.
To test the hypotheses Hj: P < 0.95 versus H;: P > 0.95, it was decided to use
a sample of n = 100 units. Let 1 — 3 = 0.95. The critical number of “successes”
was chose to be X =92, since:

100

100 . -
2( . )(0.95) (0.05)"* ~0.9369 <1-PB = 0.95.

k=92

Thus, if X = 92 or higher, the null hypothesis would be rejected. Do not be
confused by the fact that, in this example, P; =095 and 1 — 3 = 0.95. Figure 1.1
shows a power curve for this test.
Confidence interval formulation:

The lower confidence limit, P, , is the value such that, given X successes
observed out of # trials:

i(:)&k (1-R) " =1- E[:)Pf (1-p,) " =B.

k=X 0
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FIGURE 1.1
Power curve for Hy: P < 0.95 vs. H;: P> = 0.95.
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In the example, if X =93 out of n = 100, with 1 — § = 0.95, the value P; = 0.8726
yields:

100

100 100
p= Z( )51 Pyt =1- Z( )PL 1- )™ = 0.0502

k=93

sol—-p=09498 <1 - B = 095, so the lower confidence limit for P is P, =
0.8726.

Computational considerations:

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121026 test 1 1 example data;

xc = 21;
power = 1 - probbnml(0.8,30,xc-1);/* Pr{Binomial > = xc} */
run;

proc freq data = calc;
tables outcome;
run;

proc print data = calc;/*dataset calc has columns n mul muA
sigma delta nc power */

run;
The SAS System 08:19 Friday, October 26, 2012 3
The FREQ Procedure
outcome
Cumulative Cumulative
outcome Frequency Percent Frequency Percent
SIS fFfFfFfFfffsfss
0 4 13.33 4 13.33
1 26 86.67 30 100.00
The SAS System 08:19 Friday, October 26, 2012 4
Obs outcome pde: power
1 1 21 0.93891

2 1 21 0.93891
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3 0 21 0.93891

4 1 21 0.93891

5 1 21 0.93891

6 1 21 0.93891

7 1 21 0.93891

8 1 21 0.93891

9 1 21 0.93891
10 1 21 0.93891
11 1 21 0.93891
12 1 21 0.93891
13 1 21 0.93891
14 1 21 0.93891
15 1 21 0.93891
16 1 21 0.93891
17 1 21 0.93891
18 1 21 0.93891
19 1 21 0.93891
20 1 21 0.93891
21 1 21 0.93891
22 1 21 0.93891
23 1 21 0.93891
24 0 21 0.93891
25 0 21 0.93891
26 1 21 0.93891
27 1 21 0.93891
28 0 21 0.93891
29 1 21 0.93891
30 1 21 0.93891

e JMP data table and formulas:
Example: n = 30; P, = 0.80, B = 0.05 (Figure 1.2).

Test 1.2 Single Binomial Proportion (Two-Sided)

Parameters:
P, = probability of “success”
A, = allowable difference
n = number of Bernoulli trials

Hypotheses:
HyP<P,—-A, OR P>P,+A,

Hy:Py— Ay <SP<Py+ A
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FIGURE 1.2
Test 1.1: JMP screen.

Data:

X = number of successes out of # trials

Critical value(s):
X; = minimum number of successes needed to REJECT H,,
Xy = maximum number of successes needed to REJECT H,,.
If X < X or X > Xy, then H, is rejected in favor of H,.
Discussion:
As mentioned earlier, in the case of two-sided tests, the two one-sided test
(TOST) philosophy will be adopted. Thus, X; is chosen so that:
PriX > X, | Py— Ay} = 1-P (usually 0.95)

and



6 Equivalence and Noninferiority Tests

PriX < Xy | Py+ A} = 1-PB (usually 0.95).

That is, each side of the null hypothesis is treated as a one-sided test.
The probability formulas are

Pr{X ZXL |P0 —A(),Tl}: E(ZJ(PO —Ao)k (1—P0 +A0)n7k

k=Xt

and

Xu n
Pr{X <Xy |P +A0,n}=2(k)(1’o +A0) (1-Py = Ay)"™".

k=0

Example:
Suppose

P,=0.50

A, =0.025

n =100

X =59

1-B=095
Then

P, =P, - A, = 0.50 - 0.025 = 0475
Py =P, + Ay = 0.50 + 0.025 = 0.525

X, is the value such that

n

n
Pr{X > X, | B — Ay} = Z ( k)(o.475)k(1 —0475)"* =0.95

k=Xr

and Xy, is the value such that
Xu n
PriX <Xy | R +Ao}= Z(kj(0.525)k(1 —0.525)"* = 0.95.

k=0

So X, =40, and

— (1
Z ( k)(0.475)" (1-0.475)"* ~ 0.9460

k=X1.
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and Xy = 60, so
Xu
n
2( k)(o.525)k(1 —0.525)"* = 0.9460.
k=0

Since 40 < 59 < 60, the null hypothesis is rejected.

Confidence interval formulation:
Let

3>
1l
:J:><

Then P, is the value such that

n

n —
Z(k)m)k(l—m “=p.

k=X

and Py is the value such that

>

X
k=0

(Zj(m)k(l—z?u)”-k -B

Then (P, P,) is a 100(1 — 2B) percent confidence interval for P. In the
example, with n =100, X =59, P, =~ 0.503, and P, =~ 0.673.

Computational considerations:
The same procedures used for Test 1.1 apply to Test 1.2.

Test 1.3 Difference of Two Proportions (Two-Sided)

Parameters:
p, = Pr{”success,” group or treatment 1}
p, = Pr{”success,” group or treatment 2}
n, = sample size, group or treatment 1
1, = sample size, group or treatment 2
A = minimum allowable difference between p; and p,
Ay = maximum allowable difference between p, and p,
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Hypotheses:
Hyp,—-p, <A, OR p,—p,>Ay
Hi: A <p—p, <Ay
Data:

X, = number of “success,” group or treatment 1

X, = number of “success,” group or treatment 2

~ Xy

pPr=—

m

~ Xy
, =22

ny

Critical value(s):
Reject H,, if

f?l — ﬁz +Zl,ﬁSE > AL and f)l - f)z _Zl—BSE < Au, where:

SEz\/fal(l—ﬁoJaz(l—ﬁz)

m ny
z, _, = the upper 100(1 - B) percentile of a standard normal distribution.

Discussion:

The exact distribution of the difference between two proportions was
derived by Nadarajah and Kotz (2007). However, finding percentiles of this
distribution would be at best a difficult numerical approximation exercise.
Therefore, only the normal approximation formulas and methodology are
presented. The method provides the most accurate results when the popula-
tion proportions in question are “close” to 0.50 (Armitage, 1971).

Using the normal approximation, the power to reject the null hypothesis
is given by

Pr{z > A=A —ZI,B} or
SE

Pr{z < Aé;A +zl_5} where z ~ N(0, 1).
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Example:
Suppose
n, =n, =100
X, =50
X,=62
A =-0.01
Ay =+0.01
Then
-~ Xy 50
P m 100 0.50
~ X, 62
P2 100 0.62

SE- \/pl(l—pl) N p2(1-p2) _ \/0.50(0.50) + 0.62(0.38) _ 0.0697

n 1, 100 100
1-B=095
2,y = 1.645.

The critical values are
pl—p2+zl,BSE ~—0.0054 =2 -0.01 = A"
and
P1—P2—21pSE ~ —0.2346 < +0.01 = A,.

Therefore, the null hypothesis of nonequivalence is rejected. Figure 1.3
illustrates the power curve for this example. Note that only the curve for A
is presented.

Confidence interval formulation:

The interval

(ﬁl - ﬁz - Zl_ﬁSE, ﬁl - ]az + Zl_ﬁSE)

is a 100(1 — 2p) percent confidence interval for p; — p,.

" Wellek (2003) has suggested to use odd’s ratio in lieu of differences between two proportions.
However, no text for equivalence based on odd’s ratios will be presented in this book.
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FIGURE 1.3
Power curve for p, — p, <A = -0.01.

Computational considerations:
Example: n = 30, = 0.05, A, = 0.05, A; = 0.05

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121026 test 1 3 example data;

dellL = -0.05;
delU = 0.05;

run;

proc freq data = calc;
tables groupl/out = propl;
tables group2/out = prop2;
run;

data prop first;
set propl;
countl = COUNT;
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pl = PERCENT/100;
run;

data prop_second;
set prop2;
count2 = COUNT;
p2 = PERCENT/100;
run;

data prop all;
set prop first;
set prop second;
run;

data comp;
set prop all;
if (groupl = 1 & group2 = 1);

11

nl = countl/pl;
n2 = count2/p2;
se = sqgrt((pl*(1-pl)/nl)+(p2*(1-p2)/n2));

low = pl - p2 + probit(.95)*se;
high = pl - p2 - probit(.95) *se;

proc print data
SE High Low*/

run;

proc print data comp;
run;

The SAS System

calc;/*dataset calc groupl group2 dell delU

08:19 Friday, October 26, 2012 26

The FREQ Procedure

groupl
Cumulative Cumulative
groupl Frequency Percent Frequency Percent
T ffffffffffffffffffffsrssrssrss
0 4 13.33 4 13.33
1 26 86.67 30 100.00
group2
Cumulative Cumulative
group?2 Frequency Percent Frequency Percent
SRR EEEEEE R R R R EE PR R PR R R R R R R R R R R RRERI
0 6 20.00 6 20.00
1 24 80.00 30 100.00
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The SAS System 08:19 Friday, October 26, 2012 27
Obs groupl group2 delL delU
1 1 0 -0.05 0.05
2 1 1 -0.05 0.05
3 0 1 -0.05 0.05
4 1 0 -0.05 0.05
5 1 1 -0.05 0.05
6 1 1 -0.05 0.05
7 1 1 -0.05 0.05
8 1 0 -0.05 0.05
9 1 1 -0.05 0.05
10 1 1 -0.05 0.05
11 1 1 -0.05 0.05
12 1 1 -0.05 0.05
13 1 1 -0.05 0.05
14 1 1 -0.05 0.05
15 1 1 -0.05 0.05
16 1 1 -0.05 0.05
17 1 1 -0.05 0.05
18 1 1 -0.05 0.05
19 1 1 -0.05 0.05
20 1 0 -0.05 0.05
21 1 0 -0.05 0.05
22 1 1 -0.05 0.05
23 1 0 -0.05 0.05
24 0 1 -0.05 0.05
25 0 1 -0.05 0.05
26 1 1 -0.05 0.05
27 1 1 -0.05 0.05
28 0 1 -0.05 0.05
29 1 1 -0.05 0.05
30 1 1 -0.05 0.05
The SAS System 08:19 Friday, October 26, 2012 28
Obs groupl COUNT PERCENT countl pl group2count2 p2 nln2 se low high
1 1 24 80 26 0.86667 1 24 0.830300.0958390.22431-0.090975

e SAS code (alternative)

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121026 test 1 3 example data;

run;
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proc means data = calc;
var groupl group2;
output out = props MEAN = propl prop2 N = nl n2;
run;

data outcalc;
set props;

dell = -0.05;

delU = 0.05;

se = sqgrt((propl* (1-propl)/nl)+ (prop2* (1-prop2)/n2)) ;
low = propl - prop2 + probit(.95)*se;

high = propl - prop2 - probit(.95)*se;

run;

proc print data = outcalc;/* has vars propl prop2 nl n2 dellL
delU se low high */

run;

The SAS System 07:03 Sunday, October 28, 2012 11
Obs _TYPE_ _FREQ propl prop2 nl n2 dellh delU se low high
1 0 30 0.86667 0.8 30 30 -0.05 0.05 0.095839 0.22431-0.090975

¢ JMP Data Table and formulas: see Figure 1.4.
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Test 1.3: JMP screen.
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Test 2.1 Single Mean (One-Sided)

Parameters:
U = population mean
U, = minimum desired value for
¢ = population standard deviation

Hypotheses:
Hy <y,
Hypzp,
Data:
X = sample mean
S = sample standard deviation
n = sample size
Critical value(s):
Reject H, if:
X+t % >

where t, _;=100%(1 - B) percentile of a central ¢ distribution with n — 1 degrees
of freedom.
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Discussion: B
If =y, then we would expect the sample mean, X, to be greater than:

S
Mo —t1p ﬁ
with probability 1 — B. If
S S
XU —tg T

we would reject the hypothesis that . < ;. Or, in other words, we reject H, if

> S
X+t1_B ﬁ 2“0.

If the inequalities in the hypotheses are reversed, that is,
Ho:u>
Hypsy,

then we would reject H,, if
- S
X -t ——<U,.
1-B \/; Mo
The power for the former case is given by:

\/E(ua - HO)
o

> _tl,ﬁ | n,ﬁ =

- S Jn(X—p
Pr{X'Ft]B\/ZZuO“L:uWn}: Pr{(so)

where

N

o

o=

is the noncentrality parameter for the statistic

X~
S/\n
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which has a noncentral ¢ distribution with n — 1 degrees of freedom (Johnson,
Kotz, and Balakrishnan, 1995).

Example:
Suppose we hypothesize that the average time until failure of a machine is
at least 100 hours. The hypotheses are
Hy: 1 <100
versus the alternative
H;: p=100.

We obtain, from a sample of n = 20 times to failure, the data

X =99.9 hours

S =3.4 hours.
We choose 1 - 3=095,s0t, 5~ 1.729. Thus

=999+1.729 — 34 _ 101.2 >100.

X+t_—
P V20

Therefore, we reject the null hypothesis in favor of the alternative.
To calculate the power under alternative values of p = p1,, we must calculate
the probability

o S
Pr{X+t1ﬁ\/E2p,0 |H=Ma,n} .
If u =y, then

X -l
S/\n

t=

has a central t-distribution with 7 — 1 degrees of freedom, and

_ Jn(X -
Pr{X+hﬁJ—>uo|u Mo, 1 } Pr{(SO)Z—h_ﬁluwo,n =1-8.

If u =y, <y, then

X~
S/\In
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has a noncentral ¢-distribution with noncentrality parameter

5= \/E(Hu _MO).

o

Since, in general, ¢ is unknown, the power may be plotted against

& (Ma—Mo)

Jn c

or in other words, the difference 1, — |1, expressed as a proportion of the stan-
dard deviation of the population. Note that if pt, = p,, then § = 0. Figure 2.1
shows a power curve for the example.

Confidence interval formulation:
The expression:

0.9

0.8 1

0.7

0.6

0.5

Power

0.4

0.3

0.2

0.1

0 T T T T T T T T T T T T

T T T T
-12 -1 -08 -06 -04 -02 0 0.10.20.304

FIGURE 2.1
Test 2.1, power curve n = 20.
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is a one-sided upper confidence limit for p. Thus, from the example, the
upper 95 percent confidence limit for p is

= 99.9+1.729ﬁ =101.2.

= S
X+t pg—
W J20

Computational considerations:
Example: n = 25, § = 0.05, p, = 10.00

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121029 test 2 1 example data;
run;

proc means data = calc;
var X muO beta;
output out = onemean MEAN = xbar popmu betaprob STD = sd N
nl;
run;

data outcalc;

set onemean;

se = sd/sgrt(nl);

lowlim = xbar + tinv(l-betaprob,nl-1) *se;
run;

proc print data = outcalc;/* has vars xbar popmu betaprob nl
se lowlim */

run;
The SAS System 07:03 Sunday, October 28, 2012 13

Obs _TYPE  FREQ xbar popmu betaprob sd nl se lowlim

1 0 25 9.68 10.00 0.05 1.00 25 0.20092 10.0266

* JMP Data Table and formulas (Figure 2.2):
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FIGURE 2.2
Test 2.1, JMP screen.

Test 2.2 Comparison of Two Means—Two Independent
Samples, Fixed A Paradigm (One-Sided)

Parameters:
W, = population mean, “group” 1
W, = population mean, “group” 2
6, = population standard deviation, “group” 1
0, = population standard deviation, “group” 2
A, = maximum allowable difference between , and L,

Hypotheses:
Ho: g <y — 4
Hypy 2, - A
Data:

X, = sample mean, “group” 1
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S, = sample standard deviation, “group” 1
n, = sample size, “group” 1

X, = sample mean, “group” 2

S, = sample standard deviation, “group” 2
n, = sample size, “group” 2

Critical value(s):
Reject H,, if:

X; =Xy +1SE = -A,

where t, _g = 100*(1 - ) percentile of a central ¢-distribution with n; + n, — 2
degrees of freedom and SE is the standard error for the difference of two
means:

Discussion:

If W, = W, — A, exactly, then we would expect that X; > X, — A, about as fre-
quently as X, <X, —A,. Since y, = W, — A, would be minimally acceptable,
we would want to avoid failing to conclude that p, > y, — A, just because
X; < X, —A,. That is, we would want to conclude that u, < p, — A, only when
X, was sufficiently less than X,. In other words, we are willing to believe that
W > W, — A, (e, the alternate hypothesis) as long as

}?1 > XZ _AO —t1,ﬁSE.

As in the case of the single mean, the test statistic under various alternate
hypotheses has a noncentral t-distribution with n; + 1, — 2 degrees of free-
dom and noncentrality:

Aa _AO

\’G%/]’ll +G%/Tl2 .

Welch (1947) provided an alternative calculation for the degrees of free-
dom of the two-sample t-test, when it is assumed that the variances for the
two populations or systems are not equal.
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Let:

St /m

Wl _ 512/7’11 +522/7’12
(m-1)

and

522/1’12

W2: 512/1’114‘5%/7’12 .
(2 -1)

Then the degrees of freedom for Welch’s t-test are

1

d.f.=
f Wi+ W,

For simplicity, the conventional i, + 1,— 2 degrees of freedom will be used for
the examples presented. In actual practice, Welch’s formula is recommended.

Power calculations are made as a function of the noncentrality parameter,
and particularly as a function of A,.

Example:
Suppose we hypothesize that the mean of “group” 1 is no more than

A, = 5.0 units less than the mean of “group” 2. The data are

X, =96.0
S, =240
n, =12
X,=101.5
S, =220
n,=14

We choose 1 - =095,s0 t; _5=1711 (12 + 14 — 2 = 24 degrees of freedom).
We compute

2 2 2 2
SE= S—1+S—2 = \/2'40 220 0.909.
n  np 12 14

The critical value is

X, =X, +t3SE=96-101.5+1.711* 0.909 = -3.94 > -5.0.
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Therefore, we reject the null hypothesis, H, in favor of the alternate, H;.
If w, = u, - 5.0, then

X%, 450
1451 Ny

t

has a central t-distribution with n; + 1, — 2 degrees of freedom.
Thus, the probability of rejecting the null hypothesis when , = 1, - 5.0 is

Pr{X,-X, +4SE>-5.0}=1-p.

Under some specific alternate hypothesis, such as W, = w, — A,, where
A, > 5.0, then
X —X,+50
S
n "

t

has a noncentral f-distribution with n, + 1, — 2 degrees of freedom and non-
centrality parameter

A, =50

\Jo1/m +63/n, .

To calculate a power curve, we will make the simplifying assumptions that

m+ny
2

0,=06,=0 and m=n,= =13.

Thus, the noncentrality parameter simplifies to

5 V1(A-50)
 J2o

Expressing

A, =50
o

as a proportion (i.e., the difference in ¢ units) is usually easier than obtaining a
reasonable estimate of 6. Thus, the power curve will be expressed as a function of

_A.-50
o

Y
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FIGURE 2.3
Test 2.2, power curve for equivalence of two means.

fory=0,...,2.0 (c units). Figure 2.3 shows the power curve for this test.

Confidence interval formulation:
The expression

Xy - Xs +4SE

is a one-sided 100(1 — B) percent upper confidence limit for w, — y,. From the
example, the upper 95 percent confidence limit for u, — , is

X; - X, +t3SE=96-101.5+1.711*0.909 = -3.94.

Computational considerations:
For this test, one could use a confidence limit computed by various pro-

grams for the difference between two means. The upper confidence limit
should be compared to the lower “acceptable” bound on the difference, and a
one-sided 100(1 — B) percent [or a two-sided 100(1 — 2f3) percent] limit should
be computed, in concert with the two one-sided test (TOST) philosophy.
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Some software might as a default compute two-sided 95 percent confidence
limits, which, if used to accept or reject Hy,, would be less stringent than the
two one-sided limits.

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121102 test 2 2 fixed;
run;
proc means data = calc;
var X1 X2 delO beta;
output out = onemean MEAN = xbarl xbar2 pdel0 betaprob STD =

sdl sd2 N = nl n2;
run;

data outcalc;

set onemean;

se = sgrt(sdl**2/nl + sd2**2/n2) ;
wl = ((sdl**2/nl)/(sdl**2/nl + sd2**2/n2))**2/(nl-1);
w2 = ((sd2**2/nl)/(sdl**2/nl + sd2**2/n2))**2/(n2-1) ;

dfe = 1/(wl + w2);
lowlim = xbarl - xbar2 + tinv(l-betaprob,dfe) *se;
run;

proc print data = outcalc;/* has vars xbarl xbar2 pdel0
betaprob nl n2 se lowlim */

run;

The SAS System 10:16 Friday, November 2, 2012 10
Obs _TYPE  _FREQ xbarl xbar2 pdel0 betaprob sdl
1 0 25 9.68 11.42 1.10 0.05 1.00
Obs sd2 nl n2 se wl w2 dfe lowlim

1 1.03 25 25 0.28816 .009847617 0.011002 47.9632 -1.25322

® JMP Data Table and formulas (shown in Figures 2.4, 2.5, and 2.6)
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Test 2.2, JMP screen 3.

Test 2.3 Comparison of Two Means—Proportional Difference
Paradigm for Two Independent Samples (One-Sided)

Parameters:
W, = population mean, “group” 1
W, = population mean, “group” 2

0, = population standard deviation, “group” 1
0, = population standard deviation, “group” 2
1 - py = minimum proportion of W, that equals p,

In other words, we require

28
K2

>1-po =1 (1 po)Ma.

The two paradigms for comparing means are related, thatis, u, — Ay = (1 - p,)

W,. So 1 — p, is the desired minimum value of some proportion 1 —p.
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Hypotheses:
Hy:wy <1 = po)ity
Hy: py 2 (1 = poiy
Data:
X, = sample mean, “group” 1
S, = sample standard deviation, “group” 1
n, = sample size, “group” 1
X, = sample mean, “group” 2
S, = sample standard deviation, “group” 2
n, = sample size, “group” 2
Critical value(s):
Reject H, if:

X‘l —(1—p0))22 +t1,BSE >0

where t, _ 5 = 100%(1 - B) percentile of a central t-distribution with n, +
n, — 2 degrees of freedom and SE is the standard error for the difference
Xl —(1—p0)X2.

s, (1-p)'si
n Ny

SE=

Discussion:

If 1, = (1 - pyi, exactly, then we would expect that X; > (1-py) X, about as
frequently as X; <(1-po)X>. Since p, = (1 - po)u, would be minimally accept-
able, we would want to avoid failing to conclude that u, > (1 — py)L, just because
X1 <(1-po)X>. That is, we would want to conclude that pl < (1 — pO)p,
only when X, was sufficiently less than (1—p0)X2. In other words, we are
willing to believe that W, > (1 — py)u, (i.e., the alternate hypothesis) as long as
X1 2(1-po) X, —t14SE.

One might be tempted to estimate the parameter

M1

Bl_q1_

%] P
with the sample statistic

Xi .
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There are several problems with such an estimator. Even if it was true that

M1
EL=1-p,,
M2 Po

the sampling variation in the ratio statistic

is intractable mathematically (Springer, 1979). Thus, it is not possible to know
in any sense how close to the truth the sample ratio is. It might be possible
to use a resampling technique such as the bootstrap (Efron, 1990) to assess a
confidence interval for the parameter 1 —p.

The power to reject the null hypothesis is based on a noncentral t-distribution
with n; + n, — 2 degrees of freedom and noncentrality parameter

5= (Po—Pa)pain
cs./1+(1—po)2

where p, is the alternate hypothesis value for the proportion, p.

Example:
Let p,=0.05 (1 - p, = 0.95). The data are
X, =935
5,=25
X, =100.0
S,=31
n=n,=15
SO
S2 (1-po)°S3 |25 (0.95)3.1%
SE=|ZL4 =]+ = 0.997.
m 1y 15 15

Let 1 - B = 095. Then with 15 + 15 — 2 = 28 degrees of freedom, t; ;=
1.701 and X; —(1-po) X2 +t_3SE=93.5 - (0.95)*100.0 + (1.701)*0.997 ~ 0.197 > 0.
Therefore, the data lead us to reject the null in favor of the alternate hypoth-
esis that u, > (0.95)u,. Note that had X; =93.3, and all the other data had
remained the same, we would have failed to reject the null hypothesis.
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Power calculations are similar to those for the A paradigm, with some
important differences.
Note that under the condition that u, = (1 — p)u, p, # po

E[Xl —(1—Po)xz]=(1—Pu)l-l2 —(1=por = (Po —Pa)llz
As a result, the noncentrality parameter for the test statistic is

(Po—pa)ua/n
c 1+(1—p0)2

Thus, in order to compute the probability of rejecting the null, estimates
of both ¢ and p, are required. Figure 2.7 shows the power curve for the
example, assuming |, = 100 and ¢ = 2.8. In this example, Pr{Reject Hy|p, =
0.0835} ~ 0.051.

Confidence interval formulation:
The expression
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0.5

Power

0.4 1

0.3

0.2

0.1

T T T T
0.04 0.05 0.06 0.07 0.08 0.09
pa

FIGURE 2.7
Test 2.3, power curve for equivalence of two means—percent paradigm.
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)21 - (1— po)Xz + tl_ﬁSE

is a one-sided 100(1 — B) percent upper confidence limit for w, — (1 — py)u,.
From the example, the 95 percent upper confidence limit for p, — (1 — py)u, is

X, - (1 —Po ) X, + t1.sSE =93.5—-(0.95)*100.0+(1.701)*0.997 = 0.197.
Computational considerations:

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121104_ test_ 2 3 prop;
run;
proc means data = calc;
var X1 X2 pO0 beta;
output out = onemean MEAN = xbarl xbar2 pOval betaprob STD =
sdl sd2 N = nl n2;
run;

data outcalc;

set onemean;

se = sgrt(sdl**2/nl + ((1l-pOval)**2)*sd2**2/n2) ;

wl = ((sdl**2/nl)/(sdl**2/nl + sd2**2/n2))**2/(nl-1);

w2 = ((sd2**2/nl)/(sdl**2/nl + sd2**2/n2))**2/(n2-1) ;

dfe = 1/(wl + w2);

lowlim = xbarl - (1-pOval)*xbar2 + tinv(l-betaprob,dfe)*se;
run;

proc print data = outcalc;/* has vars xbarl xbar2 pOval
betaprob nl n2 se lowlim */

run;
The MEANS Procedure

Variable Label N Mean Std Dev Minimum Maximum
S f A fffFffFFFfFFfFFFfFfffrffsrs
X1 X1 25 8.8799300 1.0305582 7.3220509 11.6006410
X2 X2 25 9.6829027 1.0045857 7.4892100 12.0170228
po0 po0 25 0.1000000 0 0.1000000 0.1000000
beta beta 25 0.0500000 0 0.0500000 0.0500000

T i fffffffFFffFFfFFFFFFFfffffFfffsfsrs
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The SAS System 06:27 Sunday, November 4, 2012 2
Obs TYPE  FREQ  xbarl xbar2 poOval betaprob sdl
1 0 25 8.88 9.68 0.10 0.05 1.03
Obs sd2 nl n2 se wl w2 dfe lowlim

1 1.00 25 25 0.27419 0.010955 .009891787 47.9688 0.62520

e JMP Data Table and formulas (Figures 2.8, 2.9, and 2.10)

Test 2.4 Single Mean (Two-Sided)

Parameters:
U = population mean
6 = population standard deviation

B 20121104 Test 2-3 proportio D
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WeeA=ELEG

FIGURE 2.8
Test 2.3, JMP screen 1.
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Test 2.3, JMP screen 2.
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FIGURE 2.10
Test 2.3, JMP screen 3.
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U = lower acceptable limit for p (L for “low”)

Uy = upper acceptable limit for u (H for “high”)
n = sample size

1-B = power to reject the null if u =, or pu = py

Hypotheses:
Hyu<y, OR p>uy
Hyp su<py
Data:
X =sample mean
S = sample standard deviation
n = sample size
Critical value(s):
If
X+t % >
and

tlB\/—<uH

where t; 3 =100%(1 - B) percentile of a central t-distribution with 7 — 1 degrees
of freedom, then reject H,,.

Discussion:

This is an implementation of the two one-sided test, or TOST, philosophy
of schuirmann (1987). That is, we do not split § in half, but apply all of this
risk to each side of the hypothetical interval, (1, 1y). The reasoning for using
TOST is twofold:

1. The “OR” in the null hypothesis statement is an exclusive “or.” That
is, U cannot be both less than |; and greater than ;.

2. Inasmuch as failing to reject the null is not the desired state, reduc-
ing B by splitting it in half would be a less conservative criterion
than not splitting the risk.

As a result, the power calculations are identical to those of the single mean
(one-sided) test.
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Example:
Suppose
X =10.0
$=20
n=25
w, =8.0
Uy =95
B =0.05
Then:
}?+t1_ﬁ\/__100+1708*%~1068>80
*—tl_ﬁ—_wo 1708+ 2% ~932<95
Jn J25

Therefore, we reject H, in favor of H,: 8.0 < 1 < 9.5, even though X =10.0>9.5.
Under TOST, the power calculations for the two-sided test for a single mean
are like those for the one-sided test. However, instead of simply calculating

_ S Jn(X -
Pr{X+tlﬁﬁ2uL L=, <uL,n}:Pr{¥2—tlﬁ u=u, <uL,n}

we must also calculate
\/_
Pr —tlw—ﬂmlu Wo >Wp, 1 <+t1 gl =W, > W, 1
1-p.
As in the one-sided case, the quantity:
}_( —Ur
S/\n

has a noncentral ¢-distribution with noncentrality parameter
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\/E(ua _HL) .

(¢}

8L=

Similarly, the random variable

X —UWy
S/\n
has a noncentral ¢-distribution with noncentrality parameter
5 i (e — b))
H="" .
c

Note that as either

O _MaM o 8u _Ha—Hu

In c Jn c

goes to zero, the likelihood of rejecting the null hypothesis goes increasingly
tol-p.

Confidence interval formulation:
The interval

S S s S
(X_tl—ﬁ\/E/X"'tl—B \/E)

is a 100(1 — 2P) percent confidence interval for p. Using the example data
yields the 90 percent confidence interval (9.32, 10.68).

Computational considerations:
The code for this test is essentially the same as the code for Test 2.1, except

that both a lower and upper test must be performed. In light of the TOST
philosophy, both lower and upper test statistics should use a 100(1 — B) per-
centile from the appropriate t-distribution.

Test 2.5 A Special Case of Single Mean
(Two-Sided)—Regression Slope

A special case of the single mean, two-sided test (Test 2.4) is for simple
linear regression slope parameters. A common hypothesis and its alternate are:

HyBy<1-A OR B, >1+A
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Hi:1-A<B, <1+A

where [, is the slope parameter and A is a number between 0 and 1.
The standard error of the ordinary least squares (OLS) slope estimate is

where 6 is the root mean square error from the ANOVA for the regression.
The null hypothesis, H,, is rejected if

bi+t, ,SE>1-A and b;—t; (SE<1+A

where b, is the ordinary least squares (OLS) slope estimate, and ¢, _; =
100*(1 — B) percentile of a central t-distribution with  — 2 degrees of freedom.

(by—t1_pSE, by +,_4SE)

is a 100(1 — 2P) percent confidence interval for the slope parameter f3, (do not
confuse the slope B, with the Type II error risk, B).

Computational considerations:
The computations for Test 2.5 are very similar to those for Test 2.4. The

principal differences are a special case of the hypotheses, and the computa-
tion of the standard error of the estimate.

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121105 test 2 5 example data;
run;

proc means data = calc;

var X Y del0O beta;

output out = outmeans MEAN = xbar ybar delbar betabar N = nx
ny CSS = ssx ssy;

run;

proc print data
run;

calc;

proc print data = outmeans;
run;
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proc reg data = calc outest = outregl;
model Y = X;
run;

data outreg2;
set outregl;
drop TYPE ;
run;

data bigcalc;

set outmeans;

set outreg2;

seslope = RMSE /sgrt (ssx);
tval = tinv(l-betabar,nx-2);
lowlim = X + tval*seslope;
upplim = X - tval*seslope;
run;

proc print data = bigcalc;/*dataset bigcalc: var X is slope
estimate */

var nx X lowlim upplim;

run;

The output parameter “CSS” in proc reg is the corrected sums of squares.
So, “ssx” is the corrected sums of squares for the X variable, as X is the first
column in the data file.

The SAS System 09:33 Monday, November 5, 2012 10

The MEANS Procedure

Variable Label N Mean Std Dev Minimum Maximum
i ffrffffsffrfrfrsrfrfrsfrfrsrfrsrfsrsrsrs
X X 30 10.2108583 1.2373869 7.6748992 13.4843440
Y Y 30 15.4861972 1.3359807 12.6635617 18.7004035
del0 delo0 30 0.0750000 0 0.0750000 0.0750000
beta beta 30 0.0500000 0 0.0500000 0.0500000

FIFTFIf T fFFFfFFFfFfFfFfFFFFFFFfFfFFFfFfFfFfFfFfffffsss

The SAS System 09:33 Monday, November 5, 2012 11
Obs X Y delo beta
1 10.05 15.12 0.075 0.05
2 8.97 14 .55 0.075 0.05
3 9.78 15.62 0.075 0.05
4 7.67 12.66 0.075 0.05
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The SAS System 09:33 Monday, November 5,

Obs TYPE FREQ xbar ybar delbar betabar nx ny ssx

1 0

Source

Model
Error
Corrected

30

10.2115.49 0.075

0.05

25

2012 12

ssy

30 3044.4027 51.7605

The SAS System 09:33 Monday, November 5,

The REG Procedure

Model :

Dependent Variable:

MODEL1

Number of Observations Read
Number of Observations Used

Total

Analysis of Variance

Sum of
DF Squares

1 49.05940
28 2.70109
29 51.76049

Y Y

30
30

Mean
Square F Value
49.05940 508.56

0.09647

2012 13

Pr > F

<.0001
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Root MSE 0.31059 R-Square 0.9478
Dependent Mean 15.48620 Adj R-Sg 0.9460
Coeff Var 2.00561

Parameter Estimates

Parameter Standard

Variable  Label DF Estimate Error t Value Pr > |t
Intercept Intercept 1 4.75325 0.47930 9.92 <.0001
X X 1 1.05113 0.04661 22.55 <.0001

The SAS System 09:33 Monday, November 5, 2012 14
Obs nx X lowlim upplim
1 30 1.05113 1.13042 0.97184

To reject Hy, lowlim must be greater than or equal to 1 — A = 0.975 and
upplim must be less than or equal to 1 + A = 1.075.

e JMP Data Table and formulas (see Figures 2.11, 2.12, and 2.13)

Edit Tables Rows Cols Graph Tools

et Stmoblesmn bomemsCoteb )¢ s Arstyzant mpt e oo/ icoym i vvoms ey
DUEAES $aR((R2@¢MSs P P+ BSSH O 202104 Test2:5 ample Data
o [=]s

SJoozvom==

FIGURE 2.11
Test 2.5, JMP screen 1.
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e
Fle Edt Tables Rows Cols DOE Analyze Graph Tools View Window Help

EFI T ERE Y-

P BSOS L L+ BSSH O 00UNTest25 BampleDate v

zZgomzzg

23R

Cii () 20121108 Test2-5 Example Date
220121104 Test25 [ ¢- =

B

X Vi delo beta
1] 1005 1512 0075 005
2| ser 1455 0,075 005

©— Linear it
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RootMean Square Erfor
Mean of Response
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Term s
Intercept 47532536 0
X 10511304 0.

FIGURE 2.12
Test 2.5, JMP screen 2.
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FIGURE 2.13
Test 2.5, JMP screen 3.
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Test 2.6.1 Comparison of Two Means—Two
Independent Samples (Two-Sided)

Parameters:
W, = population mean, “group” 1
W, = population mean, “group” 2
6, = population standard deviation, “group” 1
0, = population standard deviation, “group” 2
A, = minimum allowable difference between L, and L,
Ay = maximum allowable difference between , and p,
1-B = power to reject the null if p, —p, = A; or 1y — [, = Ay

Hypotheses:
Hypw —w <A OR -, > Ay
Hi A<y — W, <Ay

Data:
X, =sample mean, “group” 1
S, = sample standard deviation, “group” 1
n, = sample size, “group” 1
X, =sample mean, “group” 2
S, = sample standard deviation, “group” 2
1, = sample size, “group” 2

Critical value(s):

Reject H, if:

}?1 - }?2 + tl*BSE > AL and }?1 - }?2 - tl,BSE < AH

where t, _g = 100*(1 - ) percentile of a central t-distribution with n; + n, — 2
degrees of freedom and SE is the standard error for the difference of two
means:

St 53
21422
nm mn

SE=
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Discussion:

There are several special cases of the comparison of two means.
Comparison of regression slopes is such a case. Assume that slopes form-
ing two independent simple linear regressions are to be compared, where
the response variable was measured under two competing methods and the
regressor is the same for both models. The two means are replaced with two
slope estimates. The standard error for each slope is

S

/Z(x -X)’

where s is the root mean square error from the regression:

SE(b)=

Y; =B+ B Xi+g

i=1,n, and b, is the slope estimate. If there are two slopes to be compared,
say, B; and y;, and the hypotheses are

Hy:Bi-v2 <A, OR Bi-1>A4y
Hpi AL <Bi-1 <Ay
with slope estimates b, and c,, the rejection rule is

Reject H,, if:
bi—c,+t, gSE2A;, and bj—c,—t, gSE<Ay

where ¢, _ = 100*(1 — ) percentile of a central t-distribution with dfe, + dfe,
degrees of freedom, where dfe; and dfe, are the respective degrees of freedom
of error for the two independent regressions, and SE is given by:

SE =\[SE(b,)* +SE(c,)?.

As in the case of all two-sided equivalence tests, we have adopted the
TOST philosophy for the two-sided comparison of two means or slopes.

Example:
Suppose we hypothesize:

Hypy-m,<-50 OR -, >+50

Hy: =50 <, — 1, < +5.0
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The data are

X, -X,=96-101.5=-5.5.

We choose 1 - =095,s0t,_5=1711 (12 + 14 - 2 = 24 degrees of freedom).
We compute

2 2 2 2
sE= 51452 2 \/ 2407, 2207 _ 909,
1451 Ny 12 14

The critical values are
X, =X, +t3SE=96-101.5+1.711* 0.909 = -3.94 > 5.0
and
Xy =X, -t 3SE=96-101.5-1.711*0.909 = —7.05 < +5.0.

Therefore, we reject H,,.
The probability of rejecting the null hypothesis when W, —u, = A, is

Pr{}_(l —}_(2 +t1,ﬁSE2AL}:1—B

or in other words

Xi—-X,-A; }
| — —1—[3
{ SE -

Similarly, the probability of rejecting the null hypothesis when p, — p, =
Ay is

PI'{X‘l —Xz —tl,BSESAH}:l—B.
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Under some specific alternate hypothesis, such as

W= =4,
where A, < A,
f— X -Xp—A,
mom

has a noncentral f-distribution with 1, + n, — 2 degrees of freedom and non-
centrality parameter

A, —Ar

\o1/m+03/n, .

As 8 — 0, the probability of rejecting H, goes to 1 — . A similar statement can
be made for A, > Ay,.

Confidence interval formulation:

(X1 =Xa =t SE, X1 = X5 +14SE)

is a 100*(1 — 2B) percent confidence interval for W, — W,. In the example, the
90 percent confidence interval for W, — 1, is (-7.05, —3.94).

Computational considerations:

The code for this test is essentially the same as the code for Test 2.2, except
that both a lower and upper test must be performed. In light of the TOST
philosophy, both lower and upper test statistics should use a 100(1 — ) per-
centile from the appropriate t-distribution.

Test 2.6.2 A Special Case of Comparison of Two Means—Two
Independent Samples (Two-Sided), Two-Level
Factorial Validation/Verification Experiment

Consider a situation in which a process has multiple “factors” that affect
the distribution of some quality characteristic of the product of the process.
Assume that the quality characteristic is a continuously valued random
variable, and that the factor levels can be controlled, at least in an exper-
imental setting. Furthermore, suppose that for each factor, two levels can
be identified as being lower and upper bounds, respectively, on the oper-
ating level for the factor. In this discussion, we treat each factor as having
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the characteristic that it can be set to any value over a continuum, ranging
from a lowest level (L) to a highest level (H). While the assumption of a con-
tinuously valued factor is not absolutely necessary for the statistical proper-
ties to hold true, it will simplify the illustrations of those properties.

The objective of such an experiment is to show that within the low and
high ranges of all the factors (called the operating space) the average value of
the quality characteristic does not change “enough to matter.”

It is assumed that each factor will vary between exactly two levels for the
experiment. Each combination of conditions under which the experiment is
performed is called a “run.” It is assumed that for each run, a fixed number
of observations, or measurements, of the quality characteristic, will be made.
We will refer to each observation as a “replicate,” although it is possible that
the observations are not “true” replicates, in that they are all observed within
a single “run.”

Parameters:

k = the number of factors.

2P = the fraction of the total number of possible combinations of factor
levels to be used in the experiment (p could be 0, so that all possible
combinations will be included, i.e., a full factorial experiment).

n = number of replicates for each run.

u" = the average value of the quality characteristic (also called the
response variable) when the ith factor is set to its low level (L).

w = the average value of the quality characteristic (also called the
response variable) when the ith factor is set to its high level (H).

E; = pi™ — ulb, the effect of the ith factor on the average value of the quality
characteristic.

G = the estimate of the within-run standard deviation of the quality char-
acteristic, estimated using the square root of the mean square error
term from an ANOVA. Itis assumed that the within-run “population”
standard deviation, o, is the same regardless of the run conditions.

A, = the lower bound on the tolerable effect of the ith factor.

Ay = the upper bound on the tolerable effect of the ith factor.

Hypotheses:
HyE;<A, OR E;>Ay,
Hy: A <E <Ay
Data:
éi =0 —uf = the estimated effect of the ith factor
SE= 26 = the standard error of the effect estimate

n2kr
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Critical value(s):
Reject H,, if:

i‘ii + tl—BSE > AL and E,' - tl—BSE <Ay

where t, g = 100*(1 — B) percentile of a central t-distribution with n2<r—T
degrees of freedom, where T is the number of terms in the ANOVA and SE is
the standard error of the estimated effect.

Discussion:
The power calculations are very similar to those for the comparison of two
means, two-sided test. The quantity:

Ei-Ap
SE

has a noncentral ¢-distribution with noncentrality parameter

s Ba—A (A — Ap)Vn2"?
20 20

n2kr

or

8 _(A—A V2T

ﬁ 26

Similar to the case of comparing two means, as & — 0, the probability of
rejecting H, goes to 1 —f3.

Example:
Consider a full two-factor design (k = 2, p = 0), with n = 2 replicates per run

(Table 2.1), with A; = -1.0 and Ay = +1.0,and 1 - 3 = 0.95.

TABLE 2.1

24 Full Factorial Experiment with n = 2 Replicates

Run Factor A FactorB  Replicate  Response

1 Low Low 1 10.1
1 Low Low 2 10.5
2 Low High 1 12.3
2 Low High 2 12.7
3 High Low 1 8.1
3 High Low 2 8.3
4 High High 1 16.9
4 High High 2 16.8
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From these data:
E,=(% —uk =1.125
SE = 0.15207
by~ 21318

Ea+t gSE~1452A;
E4—t sSE~0.80< Ay

Therefore, we reject Hy, and conclude that factor A does not have a mean-
ingful effect on the response.

Confidence interval formulation:

(EA —t.3SE,E4 + tl_BSE)

is a 100*(1 — 2B) percent confidence interval for the effect of factor A. The
example data yield a 90 percent confidence interval of (0.80, 1.45) for the
effect of factor A.

Computational considerations:
In the example used to illustrate the computer code and output, a full

23 factorial experiment with n = 1 replicate was used. The three-way interac-
tion term was not included, which provides a single-degree-of-freedom error
term. In general, it is not recommended to use an experiment with such a low
power for validation. The example presented here is only used to illustrate
the computing methods.

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121107_test 2 6_2 example_ dat;

run;

/* this proc glm will produce two-one-sided 95% confidence
limits for the effect of X1 */
proc glm data = calc;
class X1 X2 X3;
model Y = X1 X2 X3 X1*X2 X1*X3 X2*X3/ALPHA = 0.10 CLPARM;/*
note alpha set to 0.10 */
estimate 'X1 effect' X1 -1 1;
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lsmeans X1/out = outcalc;/* this output file provides an

alternate way of making the calculations */
run;

data compl;
set outcalc;
prod = X1 * LSMEAN;
SESQ = STDERR**2;
run;

proc means data = compl;
var prod sesq;
output out = comp2 SUM = effect sumsqg;
run;

data outcomp;
set comp2;
beta = 0.05;
sediff = sqgrt (sumsq) ;
lowlim = effect - tinv(l-beta,l)*sediff;
upplim = effect + tinv(l-beta,l) *sediff;
run;

proc print data
run;

proc print data
and limits */
run;

The GLM Procedure

Class Level Information

Class Levels Values
X1 2 -1 1
X2 2 -1 1
X3 2 -1 1

Number of Observations Read

8
Number of Observations Used 8

calc;/*dataset calc has input datax/

The SAS System 05:14 Wednesday, November 7, 2012 43

The GLM Procedure

Dependent Variable: Y Y
Sum of
Source DF Squares Mean Square

Model 6 43.76912169 7.29485362

F Value

287.62

outcomp; /*effect with std error of effect

35
Pr > F
0.0451
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Error 1 0.02536297 0.02536297

Corrected Total 7 43.79448466

R-Square Coeff Var Root MSE Y Mean
0.999421 -87.62644 0.159258 -0.181746
Source DF Type I SS Mean Square F Value Pr > F
X1 1 5.22305892 5.22305892 205.93 0.0443
X2 1 37.59467830 37.59467830 1482.27 0.0165
X3 1 0.00971073 0.00971073 0.38 0.6472
X1*X2 1 0.49558028 0.49558028 19.54 0.1416
X1*X3 1 0.37802734 0.37802734 14.90 0.1614
X2*X3 1 0.06806613 0.06806613 2.68 0.3489
Source DF Type III SS Mean Square F Value Pr > F
X1 1 5.22305892 5.22305892 205.93 0.0443
X2 1 37.59467830 37.59467830 1482.27 0.0165
X3 1 0.00971073 0.00971073 0.38 0.6472
X1+*X2 1 0.49558028 0.49558028 19.54 0.1416
X1+*X3 1 0.37802734 0.37802734 14.90 0.1614
X2*X3 1 0.06806613 0.06806613 2.68 0.3489
Standard
Parameter Estimate Error t Value Pr > |t| 90% Confidence Limits

X1 effect 1.61602273

0.11261210 14.35

0.0443 0.90501791 2.32702755

The SAS System 05:14 Wednesday, November 7, 2012 44
The GLM Procedure
Least Squares Means
X1 Y LSMEAN
-1 -0.98975737
1 0.62626536
The SAS System 05:14 Wednesday, November 7, 2012 45
The MEANS Procedure
Variable N Mean Std Dev Minimum Maximum

T f i f i ffffrfffrfffrff s fsfrssrssssrssrssrsrsrss
prod 2 0.8080114 0.2570277 0.6262654 0.9897574

SESQ 2 0.0063407 0 0.0063407 0.0063407
T f i f i ffrfff s frff s fsrsrssrssssrssrssrsrsrsrsy
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JMP Data Table and formula

To obtain the same results with JMP as SAS, the factors X1, X2, and
X3 must be modeling type “nominal” (Figures 2.14, 2.15, 2.16. and

2.17).

B 30131 SPXELS e
Fie Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help

DUERES Y 0B[[? @M P P +BSH O M0 Te2625ampledsts

[ storer

1 1 20121107 Test 2.2 Evample Dot

Atributes
Transform =
Nolntercept

520121107 Test2:6- [ ©
o [SHodel x1 x x v dell ol
I 257915962 g .
Re 1| 251117568| ¥/~ Response Y
G Bie | Summary of Fit
S| 6237215
RSquare 0.999421
G| E— e i
5 E 0.150258
| SICORims (6] -3.6227204 018175
o B 1| 31901604, Opsenations (or Sum Wats) s
i ¥/ Analysis of Variance )
3 Fit Model S@=] Sum of
Source Squares Mean Ratio
¥[ Model J Hode! 6 4a7o0iz2 720485 2876183
Personali:Standard Least Squares v] Emor 1 0025363 00253 Prob>F
CToal 7 43704485 -
flxt )[4y Emphasis: [Eflect Screening i 00457
x> optional 7| Parameter Estimates.
wa
Tem Estimate Std Error tRatio Prob>|
il i [cotora ramerc | imercest 0181746 0056306 923 0.1913
X1 -0.808011 0.056306 -1435 0.0443"
fdcert otonsl mumerc Xt 210795 ooses 3850 0otes'
X3 0.0348402 0.056306 062 06472
- XIPIGL 02173785 0056306 385 0.1814
XA 000224 0056306 464 03439

FIGURE 2.14
Test 2.6.2, JMP screen 1.

Sum of
OF Squares  FRatio Prob>F
7 e
(Bl fan Rune
1o fm Borns
X2°X: 1 0068066 26837

¥ Effect Details |
¥ = Prediction Profiler

1.61602 0.012681 0.05 0.11261 0.90502 2.32703
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P2
Fie at Tables fows Cols DOF Anaze Gph Took View Vindow Fielp
DERHS % al[[f?@¢MsP S+ B5SH O M0 Tet262EampleDeta

20121107 Test 2462 Eample Data
aq |2 20121107 Test26- [ ¢ =
1 | Model = x1 x2 a3 ¥ gl el
m 1 1 1 1] 257916962 15
R 2 1 1 S 2511768 EH ¥ Summary of Fit
G| 3 1 E] 1] 09616523 5] S

alysis of Variance
s 4 1 E] 1| 16237215 E ( J
. B ! LammE s O Soaros o Seure it
o [ columns 6m) s 2 1 A 71808 15 Model 6 43769122 729485 2676183
B 7 E] E] 1] 36227204 EH o e
4 | x2 E = = SUIERPU1CE 55 C Total 7 43704485 0.0451°

37504678
0000711
0495560
X173 0378027
@3 0068066

¥ Sorted Parameter Estimates

v Effect Details.

 LsMeans Table
LsMeans Plot

s e
LSMeans Student'st
LSMeans Tukey HSD
Test Sices

Power Anclysis

o

FIGURE 2.15
Test 2.6.2, JMP screen 2.

DGR ES ¥ LR[S Ms £ L+ ASSH O 020107 Test26-2 ample Data

"~ Response Y
¥ Summary of Fit
| Analysis of Variance
sum ot

LIROELOIFED

Saquares
5223059
37504678
0009711

0.495580
0378027
0.068086

| Least Squares Means Table

Least
Level  SqMean StdEror  Mean
1 09897574 007952878 -0.98976
1 06262654 007952678 062627

| Test Detail

el

Sum of Squ s
Numerator OF | Make Combined Data Table.

FIGURE 2.16
Test 2.6.2, JMP screen 3.
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File Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help

39

DVENES X LAM? R4MP P P+ 8 SSH O 2002107 Test 262 Bample Dats

FIGURE 2.17
Test 2.6.2, JMP screen 4.

[ IMP Starter E@=]
ﬂ 20121107 Test 2-6-2 Example Data
54 |220121107 Test2.6- [ € ®
o] [Sodel o x1 2 x3 Y
M 1 1 1 1| 257915982 45
R 2 1 1 -1 251117568] E 1
G 3 a E] 09615523 EX 1
S 4 1 = 1| 16237215 E 1
M 5 1] 113877721 = 1
s [ 1] 171508311 5
o ¥~ Response Y =[] -as227200 15
54 ¥ Summary of Fit | [ 1] -31901604 15
| Analysis of Variance |
Sum of
Sowrce  DF  Squares MeanSquare FRatio
Model 6 43760122 7.20485 287.6183 1 (& Untitied 17
Error 1 0025363 002535 Prob>F = o )
C.Total 7 43794485 00451 | eUnmed1z o o g
» | = umn im upplim
| ESTa Fshaiey | el 1| 161602272845576 | 0.90501791| 232702755 |
! Effect Tests 2[1 . . .
Sumof 3[Estimate | 161602273
Source Nparm DF  Squares FRatio Prob>F | P 4| stgEror
x1 11 5223050 2059325 00443 | = 5[tRato | 143503471
x2 1 1 37504678 1482266 00165° 1 [Erows &[Prob>i | 0.04420107
x3 11 0009711 03820 06472 1 [arrows TR = e
X1x2 11 0495580 195395 01416 1 [setectea o
X1%X3 11 0378027 149047 Otste |5 i -
x2X3 11 0068086 26837 03489
¥ Sorted Parameter Estimates
| Effect Details
e ]
¥/ Least Squares Means Table
Least
Level  SqMean SEmor  Mean
4 09897574 007962678 -0.98976
1 06262654 007962878  0.62627
R
| Test Detail
El El
1 1
Estimate 1616
StEmor 01126 m
tRao 1435
Prob>ltf 00443
ss 52231

Since for factor X1, estimate —tSE ~ 0.905 < A; = +1.5 and estimate +SE =
2.327 = A, = 1.5, conclude that the low (-1) and high (+1) levels of X1 are

equivalent with respect to response variable Y.

The value of t in this case in the 100(1 — ) percent = the 95th percentile of
a t-distribution with 1 degree of freedom (based on the error term for the

linear model).

Test 2.7 Comparison of Two Means—Proportional Difference
Paradigm for Two Independent Samples (Two-Sided)

Parameters:
W, = population mean, “group” 1
W, = population mean, “group” 2
0, = population standard deviation, “group” 1
0, = population standard deviation, “group” 2

p. = minimum allowable proportion difference between W, and y,.
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pu = maximum allowable proportion difference between L, and p,.
1-B = power to reject the null if i, — (1 — p)w, =0o0r i, — (1 + p, =0

Hypotheses:
Hopy =1 =pPup <0 OR - py = (1 +ppit, > 0
Hy: (1=poty <ty < (L+ppity
Data:
X, =sample mean, “group” 1
S, = sample standard deviation, “group” 1
n, = sample size, “group” 1
X, =sample mean, “group” 2
S, = sample standard deviation, “group” 2
n, = sample size, “group” 2
Critical value(s):
Reject H, if:
X1 —(1-p1) Xy +t14SE. 20
and

}_(1 _(1+pH)XZ —tl,ﬁSEH <0

where ¢, _g = 100*(1 - B) percentile of a central t-distribution with n; + 1, — 2
dggrees of greedom, and SE; is the standard error for the difference
X] _(1_pL)X2:

2 (1-p.)’ S
SEL = 5714-7( pL) 2
ny Ny

and SEj, is the standard error for the difference X; — (1+ pH)XZ:

ﬁ_}_ (1+PH )2 57%
m ny '

SEH =
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Discussion:

While this TOST is very similar to the comparison of two means with
maximum allowable differences A; and Ay, the biggest difference is that
there are two standard error formulas, depending on the side of the test (i.e.,
1 —-p, or 1 + py). Inasmuch as this is a TOST, the power calculations are done
separately for each side of the test, and are therefore identical to those of the
single-sided “proportional” difference paradigm.

Example:
Suppose we hypothesize:

Hyw—-(1-0.0)u, <0 OR py—-(1+0.0)y, >0
Hy: (1-0.0D)u, < W, < (1+0.01),
In other words, we hope that L, is in the interval (0.991,, 1.01 Ww,). Note that in

this example, p; = py = 0.01.
The data are:

X1=989
5, =240
n, =12
X, =100.0
S5,=220
n,=14

We choose 1 - =095,s0 t; _=1711 (12 + 14 — 2 = 24 degrees of freedom).
We compute

2 (1-p,)' S 2 (1-0.01)72.22
sg, =[St AP &2 =\/2'40 LUZ0007227 o040
n ny 12 14

2 (1+py) S2 2 01)> 2.2
sp, =[5, (1+Pn)" S} :J2.40 (0017220 oo
m Ny 12 14

Comparing the test statistics to the critical value of 0:

X - (1-pr) X, +t3SE; =98.9—(1-0.01)100.0+ 1.711(0.9049) = 1.448 > 0.
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and

X1 —(1+pn) Xz —tisSEy =98.9—(1+0.01)100.0 - 1.711(0.9125) = —3.661 < 0.
Therefore, we reject H,,.
Confidence interval formulation:
X1 —(1-pL) X2+t 4SE;
is an upper 100(1 — B) percent confidence limit on w, — (1 — py)LL,.
X1 —(1+pu) X2 —t13SEn
is a lower 100(1 — B) percent confidence limit on p, — (1 + py)Ll,.

Thus, in the example, the 95 percent lower confidence limit for w, — (1.01),
is —3.661. The 95 percent upper confidence limit for p, — (0.99), is 1.448.

Computational considerations:
The computer code for this test is very similar to that for Test 2.3. Both a

lower and upper limit would be computed. Also, recall that the formulas
for the lower and upper limit standard errors are different, in that the SE;
involves the factor 1 — p, and the SE,; involves the factor 1 + py;.
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Variances (Standard Deviations)
and Coefficients of Variation

Test 3.1 Single Variance (One-Sided)

Parameters:
03 = maximum tolerable variance
1 - B = power to reject the null if variance equals 65

Hypotheses:
Hy: 6% > 63
H;:c6%*<63
Data:

L 1 S\2
S = sample standard deviation = \/ = Z(X,- -X )

Critical value(s):
Reject H,, if

5<% gty n-1)
n—1

where y7 3(n—1)=100(1-B) percentile of a chi-squared distribution with n —
1 degrees of freedom.

Discussion:
The quantity

(n—1)S?
G,

43
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has a chi-squared distribution when 6 =67. Suppose that
o2 =k*c} fork>1
Then

(n-1$* _(n-1)$*
o2 k*c}

and

2 G2 w2 (4
Pr{—(”;?s sx%s(n—l)lczzci}zPr{(” 51)8 SXl_ﬁ,(;Z 1)}
0

a

For k =1, this probability is 1 — B. As k gets large, the probability, which is the
power, decreases.

Example:
Suppose: 65 = 4.0, n=20,and S = 2.1. If 1 - B = 0.95, then

xip(n—1)=30.144.

Since

SJi
n-1

$2=441<

Yip(n-1)= %30.144 ~6.35

we reject H,. The power curve for this test is given in Figure 3.1 (power as a
function of the multiplier, k).

Confidence interval formulation:

Sy = (rz—l)S2
\ xp(n—1)

is an upper 100(1 - B) percent confidence limit on c. In the example,

~ _ |(n=1)S* _ [(20-1)4.41 i
Su=\gnen =\ 1017 ~2FB0e(20-1=10117)
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FIGURE 3.1
Test 3.1, power curve for testing a single variance.

Computational considerations:

e SAS code

45

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\

Programs & Output';

data calc;
set stuff.d20121107 test 3 1 example data;
run;

proc means data = calc;
var X sig0 beta;

output out = onemean MEAN = xbar popsig betaprob

VAR = sampvar N = nl;
run;

data outcalc;
set onemean;

upplim = (popsig**2)*cinv(l-betaprob,nl-1)/(nl-1);

run;
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proc print data = outcalc;/* has vars xbar popsig betaprob
sampvar nl upplim */
run;

The SAS System 13:53 Wednesday, November 7, 2012 2

The MEANS Procedure

Variable Label N Mean Std Dev Minimum Maximum
T i fffffrfffrffrfffrffrsfrfrfsrs
X X 30 0.1613638 0.7395784 -1.5758867 1.5200489
sig0 sig0 30 1.2000000 0 1.2000000 1.2000000
beta beta 30 0.0500000 0 0.0500000 0.0500000

T FffFfffFfff S ff A fFFFfFFFfFFFfFfffvfs

The SAS System 13:53 Wednesday, November 7, 2012 3

Obs _TYPE FREQ xbar popsig betaprob sampvar nl upplim
1 0 30 0.161 1.200 0.05 0.54698 30 2.11317

e JMP Data Table and formulas (Figure 3.2)

File Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help

DDEAES % 2a((M? 24P 2+ BSSH O summayof 2121107 Test3-1 eample data -
IMP Starter ==
cni E 20121107 Test 3-1 example data ﬁ ‘Summary of 20121107 Test 3-1 example data =
o 720121107 Test 21 € & |l |2summary or2012110 [ ¢ 9 3
e = x| sig0 beta = Source © NRows | NX) | Variance(q Mean(beta)
M 3| os98| 1200 005 1] 30[  30[054697627|  1.2000 005 211317357
R 4| 0647| 1200 0.05| |
G 5| -0001| 1200 005
s 6| 0493] 1200 005 &
M 7| 0215 1200 0.05 | = Columns (6/1) @ o
LEEDEE | [Emclon s{oronped) ¥
g( 8| 0060| 1200 005 4 NRows & é MR B v - o]
9| o0819| 1200 005 4 NS ] ows ow g
4 To[ a3t0] rz00| s | || [vananceccs - o BB [Numer
L 4 —_— Variance(X) g |Transcendental
|= Columns 3i0) 11| 0688|1200 005 = Rows Hean(sig0) == Trigonometric
AxF 12| 0223 1200 005 Al rows 1 | | Mean(oeta) EE@® |cnaracter
A sig0de 13| 0476] 1200 0.05 Selected 0 | |upptim Character Pattern
4 vetad 14| 1220| 1200 005 Excluded ol Comparison [ cear ]
E Hidden 9 Conditional
15| 1576|1200 005
16| 0892] 1200 00| [|[-ebetied | Probability 2
17| 0515] 1200 0.05 7 L:I E
18| 0178 1200 005
19| 1380 1200 005
20| 1520] 1200 005 5
= Rows 21| 0413] 1200 005 ‘Menn@'@]
(Al rows 30| 22| -1.007| 1200 0.05| ¥ lonces. B | 1 |
D i 2 e I Chisquare Quantie] 1 Mean(beta), N4 - 1)
Excluded o 4| 0389|1200 005 | | [
[liizn 9 547| 1200 005 | E—
(Lo 9 0.020[ 1200 005
00| 1200 005
0055| 1200 005 =
29| 0.166] 1200 005 4 L
30| -0206] 1200 005
« i 5]

= Eo LA
o R

FIGURE 3.2
Test 3.1, JMP.
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I
Test 3.2 Comparison of Two Variances (One-Sided)

Parameters:
o1 = variance of population 1
o3 = variance of population 2
k¢ = maximum tolerable ratio of the two variances

1 - B = power to reject the null if

Hypotheses:

Hlii

Data:
S, = sample standard deviation, sampled from population 1
S, = sample standard deviation, sampled from population 2
n, = sample size from population 1
n, = sample size from population 2

In general, the formula employed here for sample standard deviation is
assumed to be

Critical value(s):
Reject H,, if:

-DS 1
221_1351 < E 143(7’11 -1, -1).
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Discussion:
If

oi =kio3
then

(m —1)S7 / k303
(7’12 — 1)5%/0%

has an F-distribution with n, — 1 and #n, — 1 degrees of freedom in the numer-
ator and denominator, respectively. Thus,

gz:gzz ~k§F(ny —1,m, —1).
Therefore,
Pr{kGF(m —1,m - 1)< F_g(m —1,nm, - 1)}

= Pr{F(nl -1,n,-1)< %Fl_ﬁ(nl -1,n, — 1)}

=1-B
SO

Pr{gz:gig < éFl_B(ﬂl -1,n, —1)}: 1-B.

If in fact

oi =kio3, k.>ko

then, as k; gets larger than kj, the power decreases. That is, the power is
given by:

2
PY{FSI;(;H_B(nl —].,1’12 —1}

a

Example:
Suppose:

k2=10
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5,=50
S5,=60
n,=n, =10

and 1- =095, so

(m-1)St _9*5.0°
(1 -1)S3  9*6.0°

= 0.694
1

kTFl—B(”l -1,m1,-1)=3.1789.
0

Since

(m —-1)S¢ < 1

< F_(nm—-1,n,-1)=3.1789
(7’12—1)5% kg 1 [3( 1 2 )

we reject H,.

49

The power curve for this example is given as a function of k, > k, = 1.0 in

Figure 3.3.

1
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0.2
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ka

FIGURE 3.3
Test 3.2, power curve for comparison of two variances.
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Confidence interval formulation:

(2 — 1)522
= [—=F_ -1,n,-1
\/(ﬂl _1)512 1-p(m 1, —1)

is an upper 100(1 — B) percent confidence limit for

31
(o))

k:

The example data yield:

~ (nZ 1)52 (10 1)36 B
ku = \/( g Fram—Lm == \/(10 )25 (3:1789) = 4578.

Note that as 1, and n, get large, F,_(n, -1, n,—1) will get smaller.

Computational considerations:
e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;

set stuff.d20121107 test 3 2 example data;
run;

proc means data = calc;
var X1 X2 kO;
output out = onemean MEAN = xbarl xbar2 kOval VAR = vl v2
N = nl n2;
run;

data outcalc;
set onemean;
beta = 0.05;

var ratio = ((nl-1)*vl)/((n2-1)*v2);
crit val = finv(l-beta,nl-1,n2-1)/k0val**2;
run;

proc print data = outcalc;/* has vars xbarl xbar2 kOval vl v2
nl n2 beta var_ratio crit_val */
run;
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The SAS System 13:53 Wednesday, November 7, 2012 7

The MEANS Procedure

Variable Label N Mean sStd Dev Minimum Maximum
i ffffffrfrfffrfrfrfsrsrfrfrsrrsrsrsrsfrs
X1 X1 35 0.1920832 1.8406642 -3.8176650 4.3223639
X2 X2 35 0.1100396 2.0376728 -4.5550806 4.7211140
kO kO 35 1.0500000 0 1.0500000 1.0500000

i ffffFffFFffFFffFFFFFFfffffFfffsfsrs

The SAS System 13:53 Wednesday, November 7, 2012 8

var
Obs _TYPE_ _FREQ xbarl xbar2 kOval vl v2 nl n2 beta ratio crit_val
1 0 35 0.192 0.110 1.05 3.38804 4.15211 35 35 0.05 0.81598 1.60732

® JMP Data Table and formulas (Figure 3.4)

Fie Edt Tobles Rows Cols DOE Analyze Graph Tools View Window Help

DNEAMI X DB[M)? SOy P P+ BSSH O Summaryof 2020107 Test3-2 cample cata
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- i o moes! 2os] | |[Fsouree ® NRows | N(X1) | StaDevixt) | NOX2) | StaDev(x2) | Mean(k0) | varratio | critcalval
P TG T 184066421 203767275| 105 08159814 | 160731653 |
i 5| 0866] 2302 1.05]| | [ |2 Cotumns (810)
C 6| -0.103] 4555 105 :x“:"‘;é 3
o 7| -054a| 1278 105 o) =
8| -0123| -1.640 1.05 Sl
9| -0879| -0.856 1.05 PRSI
10| 2196] -0.043 105
r—r 11| 3818] 0389 105
12| 0819 2363 105
A X149
i Ce i — | : :
4 0% 5| 1504 2ras] | B verratio S]] [ 5 criticalval EE=]
16| 4322 0337[ | |[Table Columns ] e Functions (grouped) v| ] [Table Columns v| @ [Functions (grouped) v/
17| 0896 2506] | | [NRows HE® [row - NRows BHEE [row =
e, EEE ) s @ () o)
- ] e = ranscendenta 7 ranscendenta
20| osse| o090s| | ||ne [SIEI2 Y Kot (Caeey ] | o) (S Kot
21| 3396 e | ||SteDeved) EE@) | characer staDevoc2) BIRI@) | craracter
Hean(k0) Character Patiem Mean(ko) Character Patter
22| 0111] 3217
— 2o sz |l == [gw)
. crtical val Conditional crtcal val Conditional
At rows 3 LAl S Probabity - Probabilty -
Selected 0 5| 0650| 4711 gl o
Excluded 0 6| 2008| 2039] |
Higden g 27| 1817] 0349
[ 0 28| 2197| 1321
29| 0017| 1208 o | 2
[{oct)-1)- sta evoxry?]
‘| [vex2)-1)* sta pevix2)® J‘

FIGURE 3.4
Test 3.2, JMP screen.
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Test 3.3 Single Coefficient of Variation (One-Sided)
Parameters:
c=9 = coefficient of variation (cv)

¢, = upper tolerable bound on c.
1B = power to reject the null if ¢ equals c,.

Hypotheses:

Hyc>cq

Hyc<cy
Data:

c= g = sample cv.
4
n = sample size.
Critical value(s):
Reject H, if

T,(B,Tl - lrﬂ)
Co
T'[B, 1;\/EJ
Co

is the 100(B) percentile of a noncentral t-distribution with n — 1 degrees of
freedom and noncentrality parameter

Jn

Co

Discussion:
The critical value and subsequent power calculations are all based on an
approximation to the distribution of the sample

cv,e=2.
Q
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Kang et al. (2007) used the approximation that
T’ (n -1, \/EJ
c

where

c

T’(n— 1,\/EJ

is a noncentral ¢+ random variable with n — 1 degrees of freedom and
noncentrality parameter

Jn

c

Using T” to represent the appropriate noncentral ¢ variable, the power to reject
the null hypothesis is:

I I S R T U
T’(B,n—l,\/f) T T’(B,n—l,\/f)

= Pr{T’ > T’(B,n - l,fj}

Pric<

Example:
Suppose:
¢, =0.06
Hy: ¢ >0.06
Hy:c<0.06
¢=0.065
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1-B=095
Then

Ji e
Co 00

=133.33

T’(B,n— 1;ﬂ} =~116.43

Co

Jn 8

" 11643
T’(B,n—l;\m]

Co

= 0.0678.

Since ¢ =0.065 < 0.0687, the null hypothesis is rejected. Figure 3.5 shows the
power curve for this example.
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FIGURE 3.5
Test 3.3, power curve for test of single CV.
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Confidence interval formulation:

N
T’(B,n—l;\/gJ

¢

is a 100 percent (1 — B) upper confidence limit on the coefficient of varia-
tion, c.

The example data yield:

Jn _ J64 8

= = =(0.0744.
J 107 46
T’(B,n—l;\/;J T’(0.05,63; 64 J

¢ 0.065

Computational considerations:

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;

set stuff.d20121107 test 3 3 example data;

run;

proc means data = calc;
var X c0 beta;
output out = onemean MEAN = xbar cOval betaprob STD = sdx
N = nl;
run;

data outcalc;
set onemean;
samp_cv = sdx/xbar;
crit val = sgrt(nl)/tinv(betaprob,nl-1,sqgrt(nl)/coOval);
run;

proc print data = outcalc;/* has vars xbar cOval betaprob sdx
nl sampe cv crit_val */
run;
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FIGURE 3.6
Test 3.3, JMP screen.
The MEANS Procedure

Variable Label N Mean Std Dev Minimum Maximum
T i ffffffrfffrffrfffrffrsfrfrfsrs
X X 25 9.6829027 1.0045857 7.4892100 12.0170228
c0 cO 25 0.1000000 0 0.1000000 0.1000000
beta beta 25 0.0500000 0 0.0500000 0.0500000

S F S fFfFfFfFfFffffffffsffsfsss
The SAS System 13:53 Wednesday, November 7, 2012 10

Obs TYPE FREQ xbar cOval betaprob sdx nl samp cv crit val
1 0 25 9.68 0.10 0.05 1.00 25 0.10375 0.12351

e JMP Data Table and formulas (Figure 3.6)
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Exponential Rate Parameters

Test 4.1 Single Exponential Rate Parameter (One-Sided)

Parameters:
A = exponential rate parameter (number of events per unit time)
Ap = maximum tolerable rate
1-B = power to reject the null if A =

Hypotheses:
Hy: A> A,
Hyi: A<,
Data:

T = average time between events

1

A=== average rate (number of events per unit time)

~3

Critical value(s):

If time to event, T, has an exponential distribution, then

?=2Ti =nT
i=1

has a gamma distribution with parameters A, and n. Often n is called the
“shape” parameter, and A, is called the “scale” parameter. Thus, if

Y
R 7\.” .
G(y|n,7»0):J.T;)x" le Mgy >
0

57
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then reject H,. That is, G() is the cumulative distribution function for a
gamma-distributed random variable with parameters A, and n. Similarly,
find the value, call it y,, such that

G(y. |m,ho) = jl"( o x" e dx =B

and reject H, if
V27e

One could also rely on the central limit theorem, and reject the null
hypothesis if

T+tlﬁ—>l

NIy

where S is the sample standard deviation of the T..

Discussion:

The smaller the rate parameter, the longer the expected time to event. Thus,
demonstrating that the average time to event is at least 1/}, is the same as
showing that the rate (number of events per fixed unit of time) is no greater
than A,.

In this formulation, we have implicitly assumed that the “events” of interest
are undesirable, such as a machine failure. Thus, high rates of occurrence
would be undesirable.

The probability of rejecting the null hypothesis under the alternative that
A=A, is

1=Gy. |mA,)=1- _[ e .
Ye )

Example:
Let A, =0.75, or 1/ Ay~ 1.33. So the hypotheses are
Hy A >075
Hy: A <075

Suppose:

T =1.29 (sample average time to event)

5=1.08
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n=20
B =0.05
tH_B=~1729

=129+ 1.729@ =1.708 2 1 =~1.33.

_ S
T+t g—
P J20 Ao

Therefore, we reject H,. Also, we have
¥=20%1.29=25.8

and

25.8

1-G(25.8|n=20,Ay=0.75)=1- j lfzo)x”‘le‘“”‘dx ~0.5287 > B.
n
0

Therefore, we would reject H, using the “exact” gamma critical value. Note
that for B = 0.05, with n = 20, the critical value, v,, is 17.67. That is,

17.67

G(17.67 |1n=20, ko = 0.75) = J’ o
0

e M dx = 0.05=p.
F(n)x e X B

Figure 4.1 shows the power curve using the exact gamma critical value of
17.67 for this example.

Confidence interval formulation:

= S
T+t p—F—
1-B \/E
is a 100(1 — B) percent upper confidence limit on 1/A. For the example,

=129+ 1.729@ =1.708

— S
T+t g—
P J20

is a 95 percent upper confidence limit on 1/2, the mean time to event.

Computational considerations:

Care should be taken when using built-in functions for computing
probabilities or quantiles from gamma distributions. In some cases, the
“scale” parameter may be expressed as a rate, for example, the expected
number of occurrences per unit time, and in some cases, the scale parameter
may be expressed as a mean time between events (R, JMP). In some cases,
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FIGURE 4.1
Test 4.1, power curve for exponential time-to-event test—exact gamma method.

such as SAS, the scale parameter is assumed to be 1, so that a change of
variables is required to compute probabilities or quantiles from distributions
where the scale parameter is not 1.

e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121108 test 4 1 example data;
run;

proc means data = calc;
var T lamdaO beta;
output out = onemean MEAN = tbar lamdaOval betaprob
SUM = sumt STD = sdt N = nl;
run;

data outcalc;
set onemean;
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crit _gam = gaminv(betaprob,nl)/lamdaOval;

norm_stat = tbar + tinv(l-betaprob,nl-1)*sdt/sqrt (nl);
crit norm = 1/lamdaOval;

run;

proc print data = outcalc;/* has tbar lamdaOval betaprob sumt
sdt nl crit_gam norm stat crit_norm */

run;

The MEANS Procedure
Variable Label N Mean Std Dev Minimum Maximum
i ffffffffrfrfffrfrfrfrsrsrfrfrfrrsrsrsrsfsrs
T T 25 1.9768811 1.6434899 0.0482092 5.6483261
lamda0 lamda0 25 1.1000000 0 1.1000000 1.1000000
beta beta 25 0.0500000 0 0.0500000 0.0500000

i ffffFffFFffFFFfFFFFfFffffFFfffsfsrs

The SAS System 08:52 Thursday, November 8, 2012 12

norm_ crit_
Obs _TYPE__FREQ  tbar lamdaOval betaprob sumt sdt nl crit_gam stat norm
1 0 25 1.97688 1.1 0.05 49.42201.64349 25 15.8019 2.539240.90909

e JMP Data Table and formulas (Figure 4.2)
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Test 4.2 Two Exponential Rate Parameters (One-Sided)

Parameters:

A. = exponential rate parameter (number of events per unit time),
comparator system

A, = exponential rate parameter (number of events per unit time), evaluation
system

n = number of times to event, comparator system (no censoring)

m = number of times to event, evaluation system (no censoring)

o, = proportionality constant, 6, >1

T, = time-to-event variable, comparator system

T, = time-to-event variable, evaluation system

E[T,] = expected value of T. = 1/A,
E[T,] = expected value of T, = 1/A,
Hypotheses:
Hy: A, > A,
Hi: A, < 9\,

Or, alternatively:

HyE[T]< L ET]

3o
1
Hy E[T.] = —E[T.]
3o
Data:
T, = mean time to event, comparator system
T, = mean time to event, evaluation system
Critical value(s):

Reject the null hypothesis, H, if

T-1T +1t,SE=0
8o
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where

and 3 =100(1 - B) percentile of a (central) t-distribution with m + 1 -2 degrees
of freedom.

Discussion:

This test is a special case of Test 2.3, with the primary difference being
the estimate of the standard error, SE. Under the assumption that T has an
exponential distribution,

_ye_ 1
- n _1’1

6°[T]

is the minimum variance estimate for the variance of T (Mann, Schafer, and
Singpurwalla, 1974).
Suppose Hy: A, = 8,1, §, > ;. Then the test statistic

The correspondence between Test 4.2 and Test 2.3 is

1
=1
5, - Fo

The exponential distribution assumption simplifies the noncentrality,
since in this case

1
E(T)=p=0=—.
()ucx
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Example:
Suppose:

T. =100
T,=80
n=m =100
6 =1.001

so that

Equivalence and Noninferiority Tests

T}, T _ |80y

2
1 (100 =12.798.

SE=,|—+ =
m  nd 100
Then the test statistic is

1.001> 100

T, -~ T. +1,SE ~80— 1 100)+1.653(12.798) ~ 1.250 2 0.
8 1.0001

Therefore, the null hypothesis, H,, is rejected.

Confidence interval formulation:

i—%i+@£

is an approximate 100(1 — ) percent upper confidence limit on

EHH—%HEL

Computational considerations:
See the code for Test 2.3.
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Capability Indices

Test 5.1 C,;

Parameters:
L = lower specification limit
U = upper specification limit
U = population mean
¢ = population standard deviation
n = sample size

w—L
C, ===
T 3g
—u
Cori =
S

Cy =min(Cy, Cour)

K, = minimum desirable value for C,

Hypotheses:
Hy: Cy <K,
H;: Cy 2K,
Data:

X =sample mean

S = sample standard deviation

A X-L
C,; =
ST

65
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Critical value(s):
Both C,; and C, have distributions that are proportional to a noncentral
T. Specifically,

3nCy ~T'(n—1,8=3JnC,y).

Thus, to test the hypotheses:
Hy: G, <K

Hy:C, > K,

pL =
reject the null hypothesis if

. T¢(n-1,8=3VnkK
G2 Lu 3Jn )

where
Ty (n—1,8=3JnK,)
is the lower 100Bth percentile of a noncentral t-distribution with n — 1 degrees

of freedom and noncentrality parameter 6= 3JnKj. The same logic is used
for C,y; namely, reject the null hypothesis if

p >TB'(n—1,5=3JEKO)
pu = Bﬁ :

Note that since épk = min(épL , épu ), the decision to accept or reject is made

based on only one of épL or épu. The rejection probability should actually
be based on the distribution of the minimum of two noncentral T random
variables. However, for practical purposes, the fact that the test statistic is
actually a function of two random variables will be ignored.

An approximation to the standard error of Cy is described by Bissell (1990):

~2
SE= i+ Cok |
I 2n-1)
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As an alternative approach, a normal approximation could be used with
this expression for the standard error. The critical value would be similar to
the case of the single mean, namely:

Reject H, if:

~

Cpk + Zl,ﬁSE > K()

where z; _; = 100*(1 - B) percentile of a standard normal distribution.

Discussion:

As in the case of all the hypothesis tests described in this work, we assume
that the “null” value stated for Cp is acceptable, so that we desire a high
probability of rejecting the null hypothesis if the true C,; is equal to the null
value. Thus, the critical value is the lower 100Bth percentile of the appropri-
ate sampling distribution. . .

It should be noted that the estimates C,, and C,; are biased, in that their
expected values exceed the value of the parameter. The bias is a multiplier

described by:
n-2
n—1 F( 2 )

bigs =, |——
2 r(n—l)
2

where I'() is the gamma function. The bias is relatively small for values of
n 2 100. At n = 100, the bias is approximately 1.008, or 0.8 percent too high.
To compensate for bias, multiply the critical value by the bias formula.
Alternatively, divide the usual estimator by the bias, and then use the “unad-
justed” critical value.

The power to reject the null is given by:

. Ty (n—1,8=3nK,)

PriC, 2 N |8, =3VnkK,

and
Ty (n—1,8=3JnkK,)

is the lower 100Bth percentile of a noncentral t-distribution with  — 1 degrees
of freedom and noncentrality parameter § = 3v/nK,. K, is the alternate value
of the population C .
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Note that the test for C is identical in theory to the criteria used in ANSI
ASQ 719 standard sampling plans (1993), or ISO 3951 (1989). That is, the
statistics:

A X-L
C =
P38
and
A u-x
C =
Y

are replaced in the standard sampling plans by

X-L
KL= S

and

which only differ from the C,, statistics by the multiplicative constant 3.
Thus, power characteristics for the hypothesis tests concerning C, are iden-
tical to those of the ANSI/ASQ Z1.9 or ISO 3951 plans.

Example: .
Suppose that K, = 1.33. With a sample of n = 100, suppose that C,;, =1.30

and é,,u =2.00. Then the decision to reject the null hypothesis will be based
entirely on épL. For B = 0.05, the noncentrality is

&=3VnK,=39.9

and the critical value for épL =1.18. Since épL =1.30, the null hypothesis is
rejected. The bias-corrected critical value is approximately 1.19. Figure 5.1
shows a power curve for this test.

Confidence interval formulation:

_For the exact lower 100(1 — ) percent confidence limit on C,; or C,; find
C,(low) such that

Pr{T/(n~1,8=3uC,y (low) <,y | =1-P
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FIGURE 5.1
Test 5.1, power curve for noninferiority test on Cpk, K, =133, n =100.

or épu(low) such that
Pr{T"(11-1,8=3nCpu (low)) < G} =1-B.

See Kushler and Hurley (1992).

Using the normal approximation, the lower confidence limit would be:

A 1 C3
Cor = Z1py|—+ =+
n Z”\/9n 2m-1)
A 1
Cou —Z1py|—+ =~
- Z”‘\/9n 2(n—1)

Computational considerations:

e SAS code

69
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libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121108 test 5 1 example data;
run;

proc means data=calc;

var X KO beta LL;

output out = onemean MEAN = xbar KOval betaprob LLval
STD = sdx N = nx;
run;

data outcalc;

set onemean;
CpL = (xbar - LLval)/(3*sdx) ;

bias = sgrt((nx-1)/2)*gamma ( (nx-2)/2)/gamma ( (nx-1)/2) ;
CpLcorr = CpL/bias;

crit val = tinv (betaprob,nx-1,3*sgrt (nx) *K0val) /
(3*sqgrt (nx) ) ;

run;

proc print data=outcalc;/* has vars xbar KOval betaprob LLval
sdx nx CpL bias CpLcorr crit_val */

run;
The SAS System 08:52 Thursday, November 8, 2012 19
The MEANS Procedure

Variable Label N Mean Std Dev Minimum Maximum
T ffFffffffffffrsfffrffsrs
X X 25 99.6029607 1.8757915 95.5723262 102.2447737
KO KO 25 0.7200000 0 0.7200000 0.7200000
beta beta 25 0.0500000 0 0.0500000 0.0500000
LL LL 25 95.0000000 0 95.0000000 95.0000000

T ffffffffFfffFfffFfffFfffffsfffsrsrs

The SAS System 08:52 Thursday, November 8, 2012 20

Obs TYPE _FREQ xbar KOval betaprob LLval sdx nx CpL bias CpLcorr crit_val
1 0 25  99.600.72 0.05 95 1.8825 0.817961.03267 0.79208 0.55321

e JMP Data Table and formulas (Figures 5.2 and 5.3)
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Test 5.2 C,,

Parameters:
L = lower specification limit
U = upper specification limit
U = population mean
6 = population standard deviation
n = sample size

_u-L
" 6o
K, = minimum desirable value for C,

Hypotheses:
Hy: C, <K,

H;:C,2K,

KO = = = —
6(50 6K0

so the hypotheses are equivalent to

6K,
Data:
S = sample standard deviation
¢ u-L
65
Critical value(s):

The critical value for S is:

§?<

u-rL )) Xip(n—1)

5% 2
=1y =| —2E
_pxsn=D (6[(0(;1—1

n
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where y75(n—1)=100(1-p) percentile of a chi-squared distribution with
n — 1 degrees of freedom. Therefore, the critical value for

_u-L
65

G
is

K = J(n—=1K,
\/X%—ﬁ(” -1

where y75(n—1)=100(1-P) percentile of a chi-squared distribution with n
— 1 degrees of freedom.

Discussion:
Power calculations are very similar to those for the single standard devia-
tion case. Simply make the substitution:

u-L
Oy = .
6K,
Example:
Suppose
Ko=""L_13s.
60,
Suppose further that n = 26, and
¢, =Y"L_100
65

The critical value, with = 0.05, is

(n-1DK,  /25(1.33)

.= = ~1.084.
Jiisn-1) 3765

Since

C, = % =120>K, ~1.084

reject H,,.
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Confidence interval formulation:
The lower 100(1 - ) percent confidence limit for C, is

C,(L)= 7\'(11_1)6:?7‘
’ Jxip(n-1)

The upper 100(1 — B) percent confidence limit for C, is

J(n— 1)ép
C,U)="———.
Jxp(n-1)
Computational considerations:
e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121108 test 5 2 example data;
run;

proc means data = calc;
var X KO beta L U;
output out = onemean MEAN = xbar KOval betaprob Lval Uval
STD = sdx N = nx;
run;

data outcalc;

set onemean;

Cp = (Uval - Lval)/(6*sdx) ;
crit _val = sgrt(nx-1)*KOval/sqgrt (cinv(l-betaprob,nx-1)) ;
run;

proc print data = outcalc;/* has vars xbar KOval betaprob Lval
Uval sdx nx Cp crit_val */

run;



Capability Indices 75

The SAS System 08:52 Thursday, November 8, 2012 21

The MEANS Procedure

Variable Label N Mean Std Dev Minimum Maximum
i fffffrfffrffrfffrffrsfrfrfsrs
X X 30 99.9869696 0.7676268 97.5063021 101.2103010
KO KO 30 0.8600000 0 0.8600000 0.8600000
beta beta 30 0.0500000 0 0.0500000 0.0500000
L L 30 98.0000000 0 98.0000000 98.0000000
U U 30102.0000000 0102.0000000 102.0000000

T fffffffffFffFffFffffFffFffffIffrffsfsrys
The SAS System 08:52 Thursday, November 8, 2012 22
Obs _TYPE_ _FREQ xbar KOval betaprob Lval Uval sdx nx Cp crit_val

1 0 30 99.990.86 0.05 98 102 0.77300.86848 0.70992

e JMP Data Table and formulas (Figure 5.4)

b JMP - crit
File Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help
NN EANS s a2 @4Ms P P+ 8BS0 mARTe52campledotaTobleSummay __~|

2] 20121108 Test 5.2 example data =] Bc
20121108 Test5.2 | ¢ & [T | ® [
® X Ko beta L Y NRows BHEW [row -
1| 10047 086 005 % 102 | [nooy HER) |numerc
2| 9980 086 0.05 % 102| || stapevoo - ‘Transcendental
%
3| 10074 0386 005 % 102] || Mean(0) % ‘Trigonometric
4| 10121 086 005 98 102 | {Mean(beta) Character
5[ 10030 085 005 % 02| | [Mean) Character Pattern
6| 10010 086 005 % 102 g:‘"‘“' g:"’“d‘:::;" (aGena]
7Y — — —1 | ] e
8| 10024 086 0.05 9
9| 9953 086 0.05 [
= Columns (510) 10] 10021 086 0.05 %
4 X% 11| 9995 086 0.05 98
:K°‘|‘+ 12| 10067 086 005 %
beta
Pl 13| 10071 0.86 0.05 98 [Mea,,(u){, Mea,,{,_)]‘
i 14| 10061 086 005 %
15| 9907 086 005 %
6| s881 086 005 %
17| 10081
18| 10027
19| 9914 ] vl
- Rows 20| 10046 : 1 HE®  [row -
(Al Fows 30| 21] 10049 086 005 98 R [F@) |Numeric
Selected o 22| 9961 086 005 % @Rfg) |Trenscendental
Excluded of 23] sess 086 0.05 % ) Trigonometric
Hidden of 24| 9751 086 005 % Mean(bets) @) | character
Labelled of = oo = i = Mean() g:.’::;; Paten
26| o048 086 0.05 % Contio
21 = Probability <
28 %
29 %
30 9
\lf‘/ N " @@z]
20121108 Test 52 example data Table Summar o [@ 2 =
= i s ChiSquare Quantile] 1 - Mean(beta) , IN(X) - 1
= = e
20121108 Test5.2ex [ ¢ =
 Source © NRows | N( | StdDevx) |Mean(0) | Mean(beta) | Mean(L) | Mean®w) |  Cp crit val
1| 30|  30|o7e7e2679| 086 005 o8  102| 086847759 | 0.70092441
|= Columns (9/0) =
|4 NRows & - « P

4 NS =
= Raws B _

2 c »Eﬁﬁ ) - Y| R = TeedE@E SEN S

FIGURE 5.4
Test 5.2, JMP screen.
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Multivariate

Test 6.1 Multivariate—Single Mean Vector (Two-Sided)

Parameters:
k = number of univariate variables being considered simultaneously
1 = mean vector (k x 1)
¥ = covariance matrix (k x k)
Lo = target mean vector (k x 1)
A = tolerable distance between W and ,, that is, noninferiority is defined as:

[TETRIER

where:

9l|=di +d5 +---+di

where:

d
5= d?
di

is a k x 1 column vector. 1 — B = power to reject the null if

=>4,

Hypotheses:
HO:HE—@H>A
Hyclp - <A

77
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Data:
X = (n x k) matrix of observations, x; = the ith observation of the jth variable.
X1

X2
= the sample mean vector.

I=>
Il

Xk

¥ = the sample covariance matrix.

Critical value(s):
Let
2 A QESEY
= nfi-po) £7(A-w)
Then reject H, if:
Fr= K 2 e ek 3T E)
(n—-1)k

where

Flg(k,n—k,nd"£78)

is the 100(1 — B) percentile of a noncentral F-distribution with degrees of
freedom k (numerator) and 7 — k (denominator) and noncentrality parameter
nd" 3.

Discussion:
The statistic:

T 4 A
T = (- ) £7(A-po)

has a distribution known as Hotelling’s T2. It can be shown (Anderson, 1958)
that

’_ n—k 2
(n—-1k
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has a noncentral F-distribution with degrees of freedom k (numerator) and
n — k (denominator); noncentrality parameter nd"25'8. ¥, is the population
covariance matrix, which generally is unknown. Thus, the critical value for
the hypothesis test is based on the sample covariance matrix. Strictly speak-
ing, the critical value should be based in part on the population covariance
matrix. However, since it is generally unknown, substituting the sample
covariance matrix is a reasonable approximation.

Defining a multivariate noninferiority region presents some difficulties.
For one, it is possible that every dimension could satisfy the univariate
criteria:

Mo—di S S +d, fori=1k
and not satisfy the multivariate criterion:
b-wof=a.

Example:

Suppose the population mean vector is

An s
o H o)
o 4 o]

Furthermore, suppose that for each univariate mean, as well as in a
multivariate sense, the maximum tolerable difference was

and

5
I

so that:

A =0.125.

Then
Mo—d;=04-01=03<(W=03)<wy+d;=04+01=05

tyo—dy=04—-01=03<(,=05)<,+d,=04+01=05
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However,

= = 0 = 11,0)? + (2 — M2 0)? =0.14142 > A =0.125

Thus, each univariate mean satisfies the univariate definitions for noninfe-
riority, but the multivariate criterion is not satisfied.
Confidence interval formulation:

In a multivariate situation, the confidence region is a k-dimensional object
and its interior. In the case of mean vectors, it is an ellipsoid together with its
interior. Specifically, it is the set of all vectors, 1, such that

T2 = n(@)T o (g) < %gm_k

where F,  ,_; = the 100(1 — o) percentile of a (central) F-distribution with k
numerator degrees of freedom and # — k denominator degrees of freedom, and

X1

x
?  |=the sample mean vector.

=
Il

Xk

Computational considerations:

While it is possible to use JMP scripting language (JSL) or SAS Proc IML to
compute and invert covariance matrices, it is easier to do so in R. Use the R
function cov() to compute the covariance matrix, and the solve() function to
invert the covariance matrix. Recall that in R, a statement of the form:

>x <- ¢(1, 2, 3)
creates a column vector, not a row vector, called x.
R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20121109 test 6 1 example.
csv",header = TRUE,sep = ",")
> attach(dfl)
> xmat <- as.matrix(dfl)
> xmat
X1 X2 X3

[1,] 100.21 33.37 102.22

[2,] 101.22 33.79 100.33

[3,] 97.16 32.32 95.55

[4,] 98.72 33.05 97.60
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[5,]1 97.26 32.41 97.01

[6,] 100.71 33.34 101.12

[7,17 101.30 33.75 101.62

[8,]1 98.88 32.99 97.98

[9,1] 100.25 33.55 99.88
[10,] 97.19 32.19 96.81
[11,] 105.16 35.07 105.63
[12,] 98.30 32.70 96.40
[13,] 100.74 33.38 101.39
[14,] 97.69 32.62 98.26
[15,] 100.02 33.12 101.32
[16,] 101.43 33.94 102.32
[17,] 95.40 31.76 96.44
[18,] 99.85 33.08 99.45
[19,] 97.43 32.43 98.82
[20,] 100.63 33.59 99.84
[21,]1 102.00 33.90 101.51
[22,1] 97.45 32.30 97.14
[23,] 102.03 34.03 100.69
[24,] 99.79 33.43 99.40
[25,] 98.61 33.00 97.65
[26,] 95.31 31.77 93.97
[27,1] 98.34 32.57 99.32
[28,1] 97.27 32.49 96.80
[29,] 98.46 32.82 99.50
[30,] 100.42 33.50 98.54
[31,] 99.90 33.39 99.34
[32,] 101.10 33.59 99.98
[33,] 98.40 32.72 96.44
[34,] 100.80 33.73 101.81
[35,] 95.56 31.62 94.11
[36,] 98.63 32.72 100.50
[37,] 99.13 32.80 98.35
[38,] 103.18 34.52 102.33
[39,] 101.08 33.64 100.17
[40,] 102.08 33.93 103.59
> cmat <- cov(xmat)
> cmat

X1 X2 X3
X1 4.578826 1.5819854 4.853564
X2 1.581985 0.5612728 1.654349
X3 4.853564 1.6543490 6.324297
> cmatinv <- solve (cmat)
> cmatinv
X1 X2 X3

X1 10.549891 -25.641264 -1.3890829
X2 -25.641264 70.101515 1.3407270
X3 -1.389083 1.340727 0.8734525
> mul_est <- mean (X1)
> mu2_est <- mean (X2)
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> mu3_est <- mean (X3)

> mu_est <- c(mul est,mu2_ est,mu3 est)
> mu_est

[1] 99.47725 33.12300 99.27825
> mu0 <- c(100,32,99)

> muO

[1] 100 32 99

> diff <- mu _est - muo

> diff

[1] -0.52275 1.12300 0.27825

> n <- length(X1)

> n

[1] 40

> T2 <- n*t(diff)%$*% cmatinv%*% diff
> T2

[,1]
[1,] 4908.197
> k <- 3
> Fstat <- (n-k)*T2/((n-1)*k)
> Fstat
[,1]
[1,] 1552.165
> delta <- c(3,2,3)
> nct <- n*t(delta)%$*%cmatinv$*%delta
> nct
[,1]
[1,] 2664.248
> Fcrit <- gf(0.95,k,n-k,nct)
> Fcrit
[1] 1371.96

Since Fstat > Fcrit, we fail to reject H,, concluding that the mean vector is
not equivalent to L1,
The function t(X) in R returns the transpose of the matrix (or vector) X.
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Reliability

Test 7.1 Comparison of Reliability Using Parametric Models

Parameters:

T = time to failure

h.(t) = o + 204t = hazard rate function, comparator system

h(t) = By + 2Bt = hazard rate function, evaluation system
(these hazard rate functions are a slight generalization of an exponential
hazard rate, where o, = 8, = 0)

t
H.(H) = J‘hc(r)dt = oot + ot
0

= cumulative hazard function, comparator system

H(®)= [ h(de=Bot+Bi
0

= cumulative hazard function, evaluation system

R.(t)=e O =Pr{T > t|h, } = reliability function, comparator system

R.(t)=e H® = Pr{T >t he} = reliability function, evaluation system

T = time at which reliability of the evaluation system is to be compared to
that of the comparator system

d = maximum allowable reduction in reliability of evaluation system
compared to the comparator system at time T

Hypotheses:
Hy: R.(T)<(1-8)R.(T)
Hy: R, (T)2(1-8)R.(T)

83
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Alternatively, the hypotheses can be stated as:
Hy: -H/(T)+H/(T)<In(1-9)
Hy: -H,(T)+H/(T)2In(1 - ).
Based on the parametric model, these hypotheses can then be expressed as:
Hy: (0tg—=Bo)T + (04 —By)T? < In(1-9)

H: (09— Bp)T + (0 = B)T? 2 In(1- )

Hy: DT + D,T? < In(1-9)
H,: D,T + D,T? > In(1-§)
D= o, k=0,1, or finally:

1 1
H()ZDl +?D0—Fln(1—8)<0

1 1
Hll D1 +?D0 —F]_n(l—ﬁ)ZO

Data:

ta ty ..., t, =nsample order statistics for failure times, comparator system
ta tw ..., t,, =msample order statistics for failure times, evaluation system
(), rto), . . ., r(t,) = sample reliabilities, comparator system

rt,y), rty), . . ., r(t,,) = sample reliabilities, evaluation system

8 _k . &

- —-i—-1)-1

r(ty) = (n 1) I I ((n ! - ) J -(Kaplan-Meier estimator, see Lee, 1992)
n - n—i—1

1i" obs. uncensored
with 8,‘ =

01" obs. censored
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I:IC (t) = Ot + Gt* = least squares fit of cumulative hazard, comparator
system, with response variable y = —Inr(t).
I:Ie(t) = Bot + Bltz = least squares fit of cumulative hazard, evaluation system.
Dy =&, —PBr, k=0,1.

Critical value(s):
Reject H,, if

S A 1
D, +?DO —Fln(l—8)+tﬁSEmg >0

where g = 100(1 - f) percentile of a (central) t-distribution with m + n - 4
degrees of freedom, and

SE,, = \/552(151)+ %552(150)
where
SE*(Dy)=SE2(6e) + SE2(B:) k = 0,1 and SE(6w), SE(B:)

are standard errors for the regression estimates of the corresponding
parameters.

Discussion:
The parametric models for the hazard functions,

h(t) = oy + 204t
and
h, () = By + 2Bt

could be somewhat generalized to a pth-order polynomial in t:

4
h(t) = Z(k +1)y.th.
k=0
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Thus, the cumulative hazard function would have the form:
f P
H(t) = jh(r)dr R
0 k=0

Example:

Suppose from a sample of m = n = 100 times to failure for two systems, least
squares estimates of the parameters are

0 = 0.60902

o, =0.01696

~

By = 0.74436

B, =0.17178

and the standard errors are

SE(80) = 0.014285

SE(611) = 0.002053
SE(B,) = 0.008214

SE(B,) ~ 0.002445

Figure 7.1 shows the sample reliability curves, R (f) and R_(t).
Thus,

Do = & — Bo = 0.60902 — 0.74436 = —0.13534
D, =6, —PB; = 0.01696 — 0.17178 = —0.15482

At T = 0.5, with 8 = 0.10,

SE(Dy) = 0.016478
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Y --- Re(t) — Re(t)]

0.9 A

0.8

0.7

0.6

0.4

0.3

0.2

0.1 A

0 04 081 14 18 22 26 3 34 38 42 46 5
Time

FIGURE 7.1
Sample reliability curves.

SE(Dy) = 0.003193

SE,., = 0.03311

reg
With 100 + 100 — 4 = 196 degrees of freedom, the statistic is

D+ % D, - %ma —8)+t3SE,y = 0.000108 > 0.

Therefore, reject the null, and conclude that the evaluation system is equiv-
alent to the comparator in reliability at T = 0.5.

Confidence interval formulation: .
The one-sided upper 100(1-B) percent confidence limit on Dj =&, — By,
k=0,11is

Dy + tySE(De) = G — By + by SE*(6u)+ SE* (B

where t = 100(1 - B) percentile of a (central) t-distribution with m + n - 4
degrees of freedom.
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% Report: Fit Model
+20121115 Test 7-1 : ¥/ = Model Specification 8
- T 2 10 R D Re | SeledtC Personality.Standara Least Squares
©FilModel inRc 1| 0steszter|  oo7s| 0soa0aes7|  oo7s s
©Model -nRe 2| 116388056 095 099534604 095 dRe Emphasis: [EfectScreening
S FitModel éie 3| 134881188 0.925| 153291861 0925 dTe
4| 180620125 09| 156278905 03 |dre
5| 200784789 0.875 | 157826264 0875 dTc_sq
6| 247261671 0:85| 166069191 085 [dTe_Sq
7| 249830612 0825 | 172049275 0825 {4-nRc
8| 25949663 08 180620857 08 :;'r‘::Fomula g
9| 262606769 0775 | 220337695 0775 iy =
10| 269008772 075 228473859 075
11| 279580912 0725| 22852056 0725
12| 283610544 07 237863621 07
13| 286765941 0675 | 243927681 0675
= Columns (10/0) 14] 303840381 065 246805067 065
ATc 15| 316522002 0.625| 256969047 0.625.
4 Re 16| 334966869 0.6] 263311397 [
: : 17| 347437988 0575 | 264380873 0575 Degres
i - 18| 347537363 055 266448072 055 s
4 Tosat 19| 361016641 0525 | 276398937 0525 ancaapes U
20] 379117137 05] 279104473 05 L
:,f:ﬁi: 21| 381205869 0.475| 2.79766336 0475 MNolnterceot =
| 4 Pred Formula nRe] 22| 385166963 045 282265347 045 3% Fit Model EE=]
| Pred Formula -InRe| 23] 39182012 0425 288545293 0425 v = Model ificatic S
e Qi gemeh o [ SeledC [ FickRole Personalit: | Standard Least Squares |
422436034 0375| 30050322 0375 s VETh SENCETean SHas
434711469 035 304578952 035 drc ol Elpehiaeia E¥ed Sovon oMK
433018145 0325| 31233314 0325
450217169 03] 320253014 03
— o[ sotauss | aarel savssset|azrs
aows 5 30| 467131551 025| 358207764 025
Selected o 31| 485289606 0225 | 363437665 0225
Excluded 0 32| 487784569 02 370271987 02
Hidden 0 33| 494615635 0.175| 372857691 0175 =
Labelled 0 34| 495783646 0.15| 378657952 015
35| 520098822 0.125| 381381741 0125
36| 52653477 0.1] 385722806 [X]
37| 532186931 0.075| 387076639 0075
38| 638202118 005 400659012 005
39| 64747783 0.025| 405154843 0025
40| 654242888 0| 478621711 0

FIGURE 7.2
Test 7.1, JMP screen 1.

Computational considerations:

Computationally, Test 7.1 is a combination of Test 2.5 (regression slope) and
Test 2.2 (comparison of two means, fixed A). In the example used here, the
two systems are considered equivalent at time T = 3 if the reliability of the
evaluation system, Re(T), is at least 99 percent of Rc(T) (i.e., & = 0.01).

JMP Data Table and formulas (Figure 7.2 and Figure 7.3). The columns
re and rc in Figure 7.2 represent the reliability functions for the time-to-event
variables, Te and Tc. You can use the “Fit Model” function to obtain coeffi-
cient estimates. Make sure to check the “No Intercept” option box.

Right-click on the Parameter Estimates Chapter of the Fit Model output,
and select the “Make into Data Table” option. Create new columns to com-
pute the standard error squared, and a column that indicates the row num-
ber in each parameter estimate table (called “order” in this example). Join the
tables for Te and Tc parameter estimates using the Tables > Join function,
with “order” as the matching column. Then compute Dk, the difference in
the parameter estimates, for the linear (order = 1) and quadratic (order = 2)
terms of the two models.

* The models and the data (Figures 7.4 and 7.5):
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P - 20121115 Test. [t
File Edt Tables Rows Cols DOE Analyze Graph Tools View Window Help

2 BB S P P+ B SSH O 00005 Test 11 bample Datawith Regrssions -
IMP Starter 5
ick Category: e ————
|;' 20121115 Test7-1 Example Data with Regressions =
v “Response-nRe | 2 10 Re
L 3 Pl 0975 080403957 0975
| ! Summary of Fit ] 095] 099534604 095
g RSquare z 0.925| 153291861 0,925
| Reauarers . 03| 156278905 03
Y| Rootmeansquare Eror 0 150508 Tl To
Mean of Response 0954732
d 085| 166069191 085
b 0otmmnmm (orSum Wgts) £ e b i
of| /Analysis of Variance 08 180620857 08
Sumof 0775| 220337695 0775
Source DF  Squares Mean Square F Ratio 075| 228473859 075
Wodel 2 63571890 317859 1403218
Error 7 083131 00227 prob>F 20121115 Test7-1 Example Data with Regres. o
CToal 39 64410021 <000t i == =
Tested against reduced model: Y=0. G AID
| Parameter Estimates | Summary of Fit ]
Term  Estimate StdError tRatio Prob>it] RSquare .
nosans _nna oo RSquare Adj g
> RootMean Square Eror 0271046
» Mean of Response 0954732
‘Obsenvations (or Sum Wats) B
¥/ Analysis of Variance
Sumof
}'= Prediction Profi _ MakeInto Matrix Source  DF  Squares Mean Square FRatio
Hodel 2 61691778 308450 4198860
Error 7 2718263 00735 Prob>F
25] 422436934 | ol 39 64410021 <0001
25| 434711459 e
271 430018145} | v parameter Estimates
25 asoorrise| | e L
5| Tem  Estmate SwEmor tRato Provol
el z 4::21551 Te 0503593 0073088 689 <0001*
Al rows ] £ Te_Sq 02819445 0022437 1257 <0001*
g g troiens| | Y Effect Tests |
Excuded o 87784569)
Hidden o 946156 ¥ Sorted Parameter Estimates |
Lavelled 0 95783646 | b/ Effect Details

20098822|
B Profil

52653477 Prediction iler =

53218693 : 2

538202118 0.05| 400659012 005

6.4747783 0025| 405154843 0025
654242888 0| 478621711 [

FIGURE 7.3
Test 7.1, JMP screen 2.

1_

09 - Y oRc — Rc(t) - model |

0.8 1
0.7
0.6

0.5

R(t)

0.4

0.3 4

0.2

0.1+

0-

r T T T T T T
1.5 2 27 3 35 4 45 5 55 6 65 7
Tc

FIGURE 7.4
R (t) JMP overlay plot).
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Y O Re — Re(t) - modell

0.7 —

R(t)

0.4 —

0.1

15 2 2.5 3 3.5 4 4.5 5 55 6 65 1.7

FIGURE 7.5
R, (t) JMP overlay plot).

File Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help
DNSAES X LR[[R)? 24 MF L P+ BS54 O AU TestT-1 oined Te & Te Regression Output

(5] 20121115 Test 7-1 Example ata with Regressons
20121115 Test 7-1 || ¢-

cse CPaalue Eestimates ESE | Etstafisic | EPvalue
0.2235458 | 002512337 98954611 05035029 | 007308784 | -6.8902419| 3.97143e-8| 027994709
0.11617747| 0.00540719 17119822 02819445 002243724 | 125659212 | 6.4293e15| -01657671

h CTerms
4 Cestimates

= Rows
Allrows.
Selected

4 Pred Formula -InR¢|
| 4 Pred Formula -nRe|

434711469

439018145

450217169
4.60169055
467131551
485289606
487784569
494615635
495783646
520008822

52653477
532186931
538202118

64747783

478621711

Test 7.1, JMP screen 3.
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Click Category:

Test 7.1, JMP screen 4.

[SE=]
Basic 20121115 Test7-1 = -
+20121115 Test 7-1 | ¢ ©
= Source ® c | EPvalue Dk CSE™2 | ESE™2 | SEDK | indinear | indquad D1 D2 SED1 SED2
1}19| 397148e-8| 027994709 0.0006311 | 0.00534183 | 0.07728529 1 027994709 0] 007728529 ]
) 2}12| 6.4293¢-15| -0.16576712.92377e- | 000050343 | 0.02307959 ] 0| -0.1657671 0] 0.0230758
th CTerms
A Cestimates
= Rows
Alltows 2.
Selected 0
|« —————————) " _|
—_— ——
13] 286765941 0.675] 243927681 0675
| Cotumns (100) 14| 303840381 065 2.45805067 065
4T 15| 316522002 0625 256069047 0625
4 Re 16| 334966869 06 263311397 [
4 Te 17| 347437986 0575 264380873 0575
:'T‘: o 47537363 055 266448072 055
4 Tosob 61016641 0525 276308937 0525
4 -oRed 79117137 05[ 279104473 05
4 -nRed 21| 381205869 0475| 279766336 0475
A Pred Formula -InRc| 22| 385166963 045 282265347 0.45
4 Pred Formula -inRe| 23| 30182012 0425 288546203 0425
24| 40770956 04| 29854508 [
25| 422436934 0375| 30050322 0375
26| 434711469 0.35| 304578952 035
27| 439018145
28| 450217169
o 29| 450169055
e ) 30| 467131551
Selected o 31 485289606
Exciuded o 32| 487784569 o ¥
Hidden o 33 494615635 0.175| 372857691 0175
Labelled o 34| 405783646 0.15| 378657952 015
35| 520098822 0.125[ 381381741 0125
36| 52652477 0.1] 385722806 [X]
37| 532186031 0.075| 387076639 0075
38| 638202118 0.05| 400659012 0.05
30| 64747783 0.025| 405164843 0025
40| 654242888 o[ a78621711

Create “dummy variable” columns (“indlinear” and “indquad”) to allow the
standard errors for the linear and quadratic coefficient estimates to be com-
puted in the same row of an output table. That is, for example, indlinear = 1
for row 1 and 0 for row 2 of the estimate table. D1 is indlinear*Dk; D2 is

indquad*Dk.
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Test 7.1, JMP screen 5.

The test statistic requires as input a particular time to event (T) and .
Since in this example the test statistic is less than 0, the null hypothesis is
not rejected, and the conclusion is that the two systems are not equivalent at

time T = 3.

Test 7.2 Nonparametric Test for Comparison of Reliability

Parameters:
T = time to failure
h.(t) = hazard rate function, comparator system (no form specified)
h,(t) = hazard rate function, evaluation system (no form specified)

t
H.(t)= J.h“ (t)dt = cumulative hazard function, comparator system
0

t
H.(t)= .[he (t)dt = cumulative hazard function, evaluation system
0
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Re(t)=e"® =Pr{T >t|h.} = reliability function, comparator system
R.(t)=e 0 = Pr{T >t hg} = reliability function, evaluation system

T = time at which reliability of the evaluation system is to be compared to
that of the comparator system

8 = maximum allowable reduction in reliability of evaluation system com-
pared to the comparator system at time T

Hypotheses:

Hy: R(T) < (1-8)R.(T)
R(T) 2 (1-8)R.(T)

Note that in this “nonparametric” case the hypotheses about R(t) will be
tested directly using estimates of R(f).

Data:

tg to, ..., t,, = n sample order statistics for failure times, comparator system
ta tey ... b, = m sample order statistics for failure times, evaluation system
rt.), rto), ..., r(t.,,) = sample reliabilities, comparator system

r(t,y), rty), ..., r(t,,) = sample reliabilities, evaluation system

And the Kaplan-Meier estimators:

n n—i—1

k .
&c(tk): n—lH(n—l—ll)—l

Ro(t)= m— 1H(m_i_z_ _

The standard errors of reliability at time T are:

SE(R.(T))=R.(T) \/Zm
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k

SE(R.(T)) = f{c(T)\/ Z(m—z)(;i—ﬂrl)

i=1

for k s.t. t, = T (If the life table method is used to calculate reliability estimates,
use Greenwood’s (1926) approximation formula for the standard error.)

Critical value(s):
Reject H,, if:

Ro(T)— (1= 8)R.(T) + 1 \/SEZ(K, (T))+ SE2(R.(T)) =0

where tg = 100(1 - B) percentile of a (central) t distribution with m + n - 4
degrees of freedom.

Discussion:

The rationale for this test is identical to that of Test 2.3, the one-sided alter-
nate paradigm for comparing two independent means. Note that this test is
referred to here as “nonparametric” because no particular parametric forms
for the hazard functions or associated reliability functions are assumed.

Example:
Suppose at T = 0.5,
R.(T)=0.90
R.(T)=0.87
m=mn=100
6=0.025

SE(RC (T = 0.5)) ~0.03

SE(R.(T =0.5))=0.03.

Then

RA(T) - (1= 8)R(T) + ty/SE> (R.(T)) + SE*(R.(T)

=0.87 — (1-0.025)0.90 + 1.653+/0.03* + 0.03* = 0.063 > 0.
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Therefore, the null hypothesis of inferiority, H,, is rejected in favor of nonin-
feriority, H,.

Confidence interval formulation:

RAT) = (1= 8)R.(T) + ty/SE>(R.(T)) + SE*(R.(T)

is an approximate 100(1 — B) percent upper confidence limit on R,(T)
= (1=8) R.(T).

Computational considerations:
This test is conceptually identical to Test 2.3.

Test 7.3 Accelerated Life Test with Type I Censoring

Parameters:
A, = unaccelerated failure rate
A, = accelerated failure rate
f = acceleration parameter, thatis, A, = f A,
n = number of units tested
T, = censoring time, accelerated conditions
T, =fT.=time equivalent to T, censoring time under unaccelerated conditions
A0 = maximum tolerable failure rate, unaccelerated conditions
A, o = maximum tolerable failure rate, accelerated conditions
7La,o :f)\'u,O

fo = e huofle = phaole reliability at time T, (accelerated)

Hypotheses:
Hyh, >N
Hyh, <A,
or equivalently
Hy: h, > fh,
Hy A, <fAh,

Note that from the parameter list:

_ —].nro

7\-11,0 TC
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Data:

K = number of units failing at or before time T,
x; = time of ith failure, for the K units that failed at or before time T,
O X (n—K)T,
T = fd + MET N2,
2t &
If no units failed before time T, then T =T..

~

Ao =

| =

Critical value(s):

The same critical values used in Test 4.1 would apply; namely, if time to
event, T, has an exponential distribution, then

y= 31T
i=1

has a gamma distribution with parameters A, , and n. Often 7 is called the
“shape” parameter, and 4, , is called the “scale” parameter. Thus, if

G311, ha0) = jF” e > B

then reject H,. That is, G() is the cumulative distribution function for a

gamma-distributed random variable with parameters A,, and n. Similarly,
find the value, call it y,, such that

YC
Moo ne1 haor
G(Yc |n17\'a,0):J-1_‘(:l))x 18 Aa,0 d.X:B
0

and reject H, if

\%

T2v..

One could also rely on the central limit theorem, and reject the null
hypothesis if:
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In this test, due to the assumption that some results may be censored,
we are strictly relying on the assumption that time to failure is exponen-
tially distributed, so that the maximum likelihood estimator of the standard
deviation of time to failure is T.

Discussion:

Inasmuch as this test is similar to Test 4.1, the power calculations are
virtually identical. Of particular interest is the acceleration parameter, f. One
method of deriving this value is based on the Arrhenious reaction rate law
(Mann, Schafer, and Singpurwalla, 1974); namely:

foh e E(11
A, P K\z, 7,

where 71, is the temperature of acceleration, and 7, is the “unaccelerated”
temperature, or the nominal temperature to which the items under test
are normally exposed, and at which the desired reliability at time T, is r,.
Generally, the temperatures are expressed in degrees Kelvin. The constant
B = E/K is the energy of activation divided by Boltzmann’s constant. It is a
constant that is specific to the materials and associate chemical reactions that
occur to attenuate the performance characteristics of the items under test.
In some cases, the value of B = E/K is known, usually from previously per-
formed empirical investigation. In some cases, it may be desirable to perform
some experiments to estimate the value of B. A simple and limited experi-
ment would consist of an accelerated life test at two temperatures, say, T, and
T,, observing times to failure for n items under each temperature, computing
the failure rate estimates for each sample:

ik =_l fork=1,2
Tx

and then computing the least squares estimate for B:

zl]nh +h17~2:|_|:1+1][]n;11+h1712]

T1 Ty T1 Ta
2 2 2
(BEGIEES
T1 T2 T1 T2

which is based on the linear model for failure rate:

B=-

In(A,) =InA - Bow, + v,
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where

W, =—

and v, represents model errors.

Example:
Suppose that under unaccelerated conditions, it is desired that at T, = 36

hours, the reliability of a device is at least 9 percent, that is,

o =e M =0.90 so that

Ao =~ _ =In(0:90) _ 555957
T, 36

With an acceleration rate of 10,
Moo =fhy o =10(0.002927) = 0.02927

11
Moo 0.02927

=34.17

T, = 36 =3.6 hours.
10

The hypotheses are
Hy: A, > fA, o= 0.02927
Hy: A, < fA, o= 0.02927

Out of n = 100 items put on accelerated life test, 90 did not fail before
3.6 hours, and 10 failed at 1.5 hours, so that

K
7o z %, (n=K)T. _10(15) (100-10)3.6
K

= 33.9 hours.
p K 10 10
The test statistic is
- T 33.9 1
T+t — =33.9+1.6604 ~39.53 > =~34.17.
P (on J .



Reliability 99

Therefore, the null hypothesis is rejected.

Confidence interval formulation:

— T
T+t pg—=
1-B \/;
is an approximate 100(1 — ) percent upper confidence limit on 1/, so

- T
T+t g—F
)
is an approximate 100(1 — ) percent upper confidence limit on 1/A,,.

Computational considerations:
The code for this test is identical to the code for Test 4.1, except that the

estimate of T accounts for censored data.
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Sample-Based Criteria

In the previous seven chapters, critical values were always based on some
hypotheses stated a priori and on desired risk levels for rejecting the null
hypothesis. Unfortunately, sometimes a naive approach is taken in choosing
critical values for a test, without regard to any hypotheses, sample size, or
associated risk levels. In this chapter, several such cases are discussed. Most
of these cases are formulated as acceptance sampling problems as opposed
to equivalence or noninferiority tests, per se.

Test 8.1 Single Proportion
Data:

X = number of successes out of # Bernoulli trials

P=

S

Critical value(s): .
Pass the test if P > p..

Discussion:

Given that the population proportion of successes, P, is unknown, and
there is no hypothesis concerning its minimum acceptable value or maxi-
mum unacceptable value, it is not possible to specify the risk of failing (or
passing). As a consequence, it is not possible to determine what sample size,
n, would be required. If the sample size is fixed to some arbitrary value, then
a risk curve for that sample size could be constructed. In other words, the
critical number of successes would be:

X, = round (np,, 0)

where round(x, 0) means round x to the nearest integer.
For P =0 to 1, the probability of passing the test is

Pr{X>X,|P,n}= Z( Z J(P)" (1-P)"™"

k=X¢

101
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TABLE 8.1

Probabilities of Passing the Sample-
Based Criterion Test for Proportions

N P X.=95%0fN PrXzXJ}
200 095 190 58.31%
100 0.95 95 61.60%
50 095 48 54.05%
200 097 190 95.99%
100 097 95 91.92%
50 097 48 81.08%

However, since no particular minimum acceptable probability of success
was specified, it is not possible to determine whether the sample size, , is
sufficient, too small, or even too large.

Example: A
Suppose 1 = 100, and the criterion for passing the test is that P >0.95, so

that X = round (100*0.95, 0) = 95. If the population’s probability of a “success”
is P = 0.95, then the probability of passing the criterion is:

100
Pr{X >95/0.95,100} = 2{ 120 J(0.95)k (0.05)™* = 0.616

k=95

or about a 61.6 percent chance. Conversely, suppose that the sample size is

changed to 50, but the sample criterion remains the same, that P>095in
order to pass. Then, under the same population condition, that is, P = 0.95,
the probability of passing is now:

50
Pr{X >48/0.95,48} = 2( 5k0 J(0.95)k (0.05)* = 0.540

k=48

or about a 54.0 percent chance of passing, even though the sample criterion is
still 95 percent of n. Table 8.1 shows the probabilities of “passing” the test for
n = 200, 100, and 50, under the conditions that P = 0.95 and P = 0.97.

Test 8.2 Single Mean
Data:

X = sample mean

n = sample size
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Critical value(s):
Pass the test if:
X<x,.

Discussion: B
The central limit theorem dictates that the sample statistic, X, tends toward
having a normal distribution, that is,

2
X~N[M,Gj.
n

Clearly, the probability of passing the test depends on the parameters p, G,
and n. Without specifying p and o, it is not possible to assess the risk curve for
such a test. Of course, as in the case of the single proportion, fixing the accep-
tance criterion/critical value regardless of sample size results in risks that
potentially change for each instance of the test, if the sample size is not fixed.

Example:
Suppose that the pass criterion is that:

X <x.=100.

Suppose further that i =95, ¢ = 14, and n = 30. Then

100 x-95
30 T A
e dx = 0.9748.
14/2m

If the sample size were changed to n = 10, without changing the critical
value, the associated probability of passing would be:

Pr{X <100|p=9506=14,n=30}=

100 =95
N
e dx = 0.8706.
1421

—oo

Pr{X <100|u=9506=14,n=10} =

Test 8.3 Relative Difference between Two Means

Data:
X, = sample mean of antecedent system

X, = sample mean of descendent system
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Critical value(s):
Pass the test if:

MS;’.

a

In other words, it is desirable for the descendent system mean to be no more
than 1007 percent greater than the mean of the antecedent system.

Discussion:
Even under the restriction that the sample means are independent, the
sampling distribution of the ratio:

Xd - Xﬂ
X,

is at best complicated, and beyond the ability of most statistical analysis pro-
grams to compute. Consequently, the risk characteristics of this test could
only be computed using a specially designed and written computer program
(Springer, 1979). Alternatively, a Monte Carlo simulation approach could be
used if the parameters ,, ©,, Ly, 04 and n were specified. However, it must
be emphasized that:

E[Xd_)_(a];t Mg — Mg
Xa Ha

and in fact this expectation is not finite.

Example:
The “pass” criterion is that:

Xa— X, <0.03.

a

If n = 30 for both antecedent and descendent systems, then there is an infi-
nite number of possible parameter vectors [, G,, Iy, 04] for which

supPr{Xd);X“ < 0.03}= 1-B=0.95

a

even with the sample sizes fixed. Furthermore, the condition:

Ha—Ha =0.03
W,
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FIGURE 8.1
Test 8.3, power curve for relative difference of means, n = 30 per system, p, = 100.

is neither necessary nor sufficient to ensure any particular value of 1 - B,
including our customary 1 — B = 095. A simulation was run in which
0, =04=2.0, 1, =100, and n = 30 for each system. Figure 8.1 shows the power
curve for the test.

Thus, in this case, if we had decided to make the hypothesis test for

Hy: MM S 00216

Mo

Hy: 22 =M 20,0216
i,

then under the conditions stated above for the parameters, with the sample
criterion that we would reject H, if

Xa— X, <0.03
X

a

there would be approximately a 1 — 8 = 0.95 chance of rejecting H,, if it were

true that Ma—Hla _ 0.0215.
M,
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FIGURE 8.2
Test 8.3, power curve for relative difference of means, n = 30 per system, p, = 50.

If instead of p, = 100, we had p, = 50, the risk curve would have changed.
Figure 8.2 shows the curve for this case.

Now, with p, = 50, the hypotheses having the same power to reject are
changed to:

Ho: ™M 5 00132

Ha

Hy: MM <0132,

T

Even though the sample sizes are identical, the assumptions about the
standard deviations are identical, and the critical values for the test statis-
tic are identical, the hypotheses that generate the same level of risk (power)
are very different. With a critical value fixed without regard to sample size
or population parameters, it is not possible to specify a “null” value for the
parameter

Mg — U,
M,
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without also specifying a value for u,. By fixing the critical value of the test
statistic, we can no longer specify how close the descendent population mean
must be to the antecedent in order to be close enough. Under the paradigm
that pu, = 100, in this case, we have implied that 2.16 percent is close enough.
Under the paradigm that y, = 50, we have implied that 1.32 percent is close
enough. The situation begs the questions:

1. If we care about relative percent difference, then why would we not
have a single threshold for L4 in terms of percent difference from p,?

2. If we really care about relative percent difference only, why do we
not test the hypotheses as described in Chapter 2, Test 2.3, so that the
population relative percent error is constant, regardless of the values
of the antecedent mean?

Test 8.4 Single Standard Deviation

Data:
S = sample standard deviation =
n = sample size
Critical value(s):

Pass the test if S <s_.

Discussion:
From Test 3.1, “passing” implies that
2

s <2 =90
n—-1

Xi-p(n—1)

where xi(n—1)=100(1-B) percentile of a chi-squared distribution with
n — 1 degrees of freedom, but 6, the population standard deviation, is
unspecified. Thus, in order for this test to have a 100(1 — §) percent chance of

resulting in a “pass,”
[ (1-1)s?
Go=, 5 .
Xip(n=1)
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Clearly, if the sample size changes but s. remains constant, then the value
of o, required to yield a 100(1 — B) percent chance of “passing” changes.
Thus, by fixing the critical value, s, without adjusting for sample size, the
risk characteristics of the test change, potentially in an undesirable fashion.

Example:
Suppose we decide to sample n = 30 items, and rejectif S <5, =1.0. In order to

have a 100(1 — P) percent = 95 percent chance of “passing,” we would require

Gy = /w =(0.8255.
X05(30—1)

Conversely, if n = 15 with the same criterion, S <s.= 1.0, the implication is that

Gy = {w =~ (.7688.
Xos(15-1)

Figure 8.3 shows a plot of values of 6, as a function of sample size, n, with
s. = 1.0. Thus, with n = 30, the fixed sample criterion implies that we are will-
ing to tolerate a population standard deviation as high as ¢, = 0.8255, but
with n = 15, we are only willing to tolerate a population standard deviation
as high as ¢, = 0.7688.

In general, specifying a constant sample acceptance criterion, regardless of
sample size or population criteria, is like marking the finish line for a race,
but changing the starting line every time the race is run.

0.83

0.82 -

0.81 -

Sigma0

0.79 -
0.78

0.77 A

0.76 +—————F———7—"—T—— 77— 77—
12 14 16 18 20 22 24 26 28 30 32

FIGURE 8.3
Test 8.4, maximum tolerable sigma implied by S <5, for s fixed regardless of 7.
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Comparing Sequences of Points

I
Test 9.1 Two Sequences, Variability Known

Parameters:
fo(t)=p.(t)+e, e~ N(O,cf) Vit
f,(H)=m,()+n, n~N(0,07) Vt
Note that p,(t) and p,(t) are deterministic functions of t.
6. = variance of noise in f,() (assumed known)

67 = variance of noise in f,(f) (assumed known)
d, = maximum desirable difference between the sequences

Hypotheses:
Hy: | ) - 0] >8, vt
Hy: [ () - 1,(0)] <8, vt
Data:

t; = the ith value of a sequencing variable (often time), fori =1, n
f.(t) = observation of one of two sequences sampled at ¢

f,(t;) = observation of the other of two sequences sampled at f;

y? Z )— fr(t; ) = the sum of squared differences between the

two sequences

Critical value(s):
Reject H,, if

109
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2
” 7’180
le n/xo =
B( 62+02

is the 100(1 — B) percentile of a noncentral chi-squared distribution with n
degrees freedom and noncentrality parameter 2.

Discussion:
Note that:

V=Y () £ )

Z(Gf +G$)i(fe (ti)_fr(ti)—(ue (ti)_ur(ti))+(ue (t)-1, (ti)))z |

(c?+07)

If:

W) —u () =9, Vi

then

2
"'IZ - sz (l’l, 7\‘0 — 1’150 J

62+02 62+02
a noncentral chi-squared with noncentrality

_ ndp

62+0?

0

(Johnson, Kotz, and Balakrishnan, 1995). As the difference p,(t) -, (t;) gets
larger than §,, the chance that the statistic

2

v
o2+0?

is smaller than the critical value

2
X’lz—[i[”/M: s )

62 +0?

diminishes.
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Y o— fe(time) +— fr(time)l

FIGURE 9.1
Two sequences of points.

Example:
Consider the two sequences of values shown in Figure 9.1.

Figure 9.2 shows the differences, point by point.
Assume that 6, = 6, = 1.665, so that 67 + 62 = 3.33. From these data (1 = 60 per
sequence):

v’ = Z(fe (£)- £, (1)) = 280.6508.

Thus,

2

% ~ 84.2795.

2
e r

If we were testing the hypothesis:
Hy: [ue () -1, ()] >8 =033 Vi
against the hypothesis:

Hy: [, (-1, (] <0.33 ¥
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FIGURE 9.2
Differences, f,(t) — f,(t).

the critical value, with 1 — B = 0.95, is

, 60(0.33)*
2| 1=60,h0 =222) |~ 81.6569 .
X0.95 (n 0 333 ]

Since the test statistic is greater than the critical value (84.2795 > 81.6569),
we fail to reject the null hypothesis and conclude that the sequences are not
equivalent. Figure 9.3 shows the power curve for this test.

Confidence interval formulation:
An upper 100(1 - B) percent confidence limit on

5 = sup|u () - ()|

can be derived as follows. First, find the value, A, the largest value of the
noncentrality parameter such that

2
g grna)=1os

e r

where F() is the cumulative distribution function of the noncentral chi-
squared with n degrees of freedom. Then compute:

5, =[(G£+G%)kur
n
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FIGURE 9.3
Test 9.1, power curve.

which is an upper 100(1 - B) percent confidence limit for 6.
Computational considerations:

Inasmuch as the next test, Test 9.2, is more generally applicable, and the
methods are very similar, no code or computer output will be demonstrated
for Test 9.1. However, computing applications are given for Test 9.2.

Test 9.2 Two Sequences, Variability Unknown

Parameters:
f.(H)=p.(t)+e,e~ N(O,G?) Yt

f()=m ()+n,n~N(0,07) Vt

Note that p,(f) and ,(f) are deterministic functions of ¢.
6. = variance of noise in f,(f) (assumed unknown)

o7 = variance of noise in f,(f) (assumed unknown)

8, = maximum desirable difference between the sequences
3o

Yo= 75—
Jol+o?

= maximum desirable difference between the sequences,

in standard deviation units
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Hypotheses:
() - (t) 8
Hy: = Vit
’ Jol +c? ~ o Jo? + o2
Ju(®)-u() B
M \/02+02 = Oz\/czj-cz vt
Data:

t; = the ith value of a sequencing variable (often time), fori =1, n
f.(t) = observation of one of two sequences sampled at ¢
f.(t) = observation of the other of two sequences sampled at ¢,
= Z( fo(t:)— fr(tz-))2 = the sum of squared differences between the
i=1
two sequences

6. +6; = an estimate of the variance of paired differences between the
two sequences

Critical value(s):
Reject H,, if:
a ndj
o <Fg|nnkg=——"
2+6; ”{ ‘ 0§+63)
where

nds
Fl,fﬁ [7’1, n, 7\‘0 = ZOZJ
O, +0;

is the 100(1 — B) percent percentile of a noncentral F-distribution with n degrees
of freedom in the numerator and denominator, and numerator noncentrality

2
nSQ 2
)\'O = 2 2 = nYO
O, +0;

In other words, since variability is unknown, the noncentrality parameter
could be specified in standard deviation (of the difference) units.
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Discussion:
If

Var(f, (t:) - f, (t:)) = Var(D;) = Var (e - 1) = 67 + 67

then the maximum likelihood estimate of the variance of the difference

fe)—f, () is

and

The test statistic

62+6?2

has a noncentral F-distribution with n degrees of freedom in both numerator
and denominator, and noncentraility:

2
1ndg 2
}\'O: 2 2 =nYp
O, +0;

(Johnson, Kotz, and Balakrishnan, 1995).

Example:
From the example for Test 9.1,

y?= Z( £.(#)— £, (1)) = 280.6508.

The estimate of noise variance is
ap  ap 1 - —\2
6:+62=—» (D;-D) =4.9%.
n i=1

The test statistic is

y>  280.6508

Ay = =~ 56.6034.
G, +0; 4.9582
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With:
Yo = 250 ~= 033 _ 51808
Jol+o? /333
and n = 60, the “null” noncentrality is
Nz 1B ~60(.1808° ) ~ 1.9622
T 52+02 To =00 o '

The critical value from the noncentral F-distribution with n = 60 degrees of
freedom in both numerator and denominator is approximately 1.5843. Since
56.6034 > 1.5843, the null is not rejected. The power curve for this example is
given in Figure 94.

Confidence interval formulation:
An upper 100(1 - B) percent confidence limit on

_ He (t)_ur(t)|
Y= sup72 5
¢ tOF

1

0.9 A

0.8

0.7

0.6

0.5

Power

0.4

0.3

0.2

0.1 A

0 T T T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Gamma alt.

FIGURE 9.4
Test 9.2, power curve for comparing two sequences, variability unknown.
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can be derived as follows. First, find the value, %, the largest value of the
noncentrality parameter such that

2

v
F| 5 |nn iy |=1-
(02 62| u) P

e r

where F() is the cumulative distribution function of the noncentral F with
n degrees of freedom in both numerator and denominator. Then compute:

I
Yu = [M]

n

which is an upper 100(1 — B) percent confidence limit for ¥.

Computational considerations:
e SAS code

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;

set stuff.d20121116 test 9 2 example data;
diff = fe - fc;

diffsqg = diff**2;

run;

proc print data = calc;
run;

proc means data = calc;
var diff diffsqg;
output out = onemean SUM = sdiff sdiffsqg VAR = vdiff N =
ndiff;
run;

data outcalc;

set onemean;

delsig = 5;

ncO0 = ndiff*delsig**2;

beta = 0.05;

psisqg = sdiffsq/vdiff;

f crit = finv(l-beta,ndiff,ndiff,nco0);
run;



118

proc print data =

run;

The SAS System

Obs

W J o0 Uk WN R
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Equivalence and Noninferiority Tests

outcalc;/* has vars sdiff sdiffsqg vdiff
ndiff delsig ncO beta psisqg £ crit */

11:02 Friday, November 16,

O ©© U1 K Ul O

13.

17

19.
18.

22
22

14.
10.

11

10.
12.

17

12.

11

16.
18.
19.
18.
12.
16.

-1
-4
-4
-7

-8.

-1

-3.
-9.
-8.

-10

fc

.0000
.9697
.5610
.7207
.5700
.8114
4625
.4663
5568
9278
.5127
.4253
7594
6493
.3332
.2396
.5967
6682
2426
.9369
4793
.5343
0l64
7508
8442
9532
0322
4105
.5825
.1924
.5464
.9271
.8922
.9586
2935
.0380
5019
2971
2664
.0305

o U1 B U

11

17

-4

-7

-1

fe

.0749
.0135
.6425
.8904
.4026
.3124
13.
16.
20.
20.
23.
23.
13.
.0431
10.
.9960
.8327
12.
12.
19.
12.
12.
14.
18.
19.
19.
12.

9105
6408
0469
6939
0le4
7516
0602

6330

3575
3369
3441
8372
3369
3267
9056
3896
5501
8241

.6849
.1428
.2532
-3.
.3207
-5.
-9.
.9490
-0.
.9691
-8.
-9.
-9.

1166

6441
0416

6618

9091

5914
7129

I
OHrBHFHOOOOH OO Fr o

o I
OH OOHKrH OO

I
o =

2012 3

diff

.07488
.95619
.08156
.16973
.16740
.49895
.44803
.82550
.49017
.76616
.50366
.32634
.69920
.39383
.70021
.24355
.76401
.68934
.09434
.40723
.35789
.80261
.68972
.15478
.45452
.59686
.79197
.27436
.43971
.06076
.57019
.60640
.75185
.08294
.34451
.37619
.53274
.38805
.32503
.31761

OHFH ONOOHFHFOONONMNHFEFOOOONOOHONMNOOOONEFEFOWOOOOOOOOHR

diffsqg

.15536
.91431
.00665
.02881
.02802
.24895
.20073
.68145
.24027
.11933
.25367
.75918
.88727
.15510
.49029
.05932
.58371
.85388
.00890
.98031
.12808
.64418
.85514
.02396
.20659
.35624
.62721
.62401
.07277
.00369
.46550
.36772
.56528
.17276
.11868
.14152
.34928
.15058
.75570
.10088
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The SAS System 11:02 Friday, November 16, 2012 4

The MEANS Procedure

Variable N Mean std Dev Minimum Maximum
T ffffffffrfrfffrfrfrfsrsrfrfrfrsrsrsrsrsfsrs
diff 40 0.0720266 0.9497339 -1.6991980 1.7661628
diffsqg 40 0.8846325 0.9877772 0.0036921 3.1193311

T i ffffFffFfffFFfFFFFFfFfffffFfffsfsrs

The SAS System 11:02 Friday, November 16, 2012 5

Obs _TYPE__FREQ  sdiff sdiffsq vdiff ndiff delsig nc0 beta psisg £ _crit
1 0 40 2.88106 35.3853 0.90199 40 5 1000 0.05 39.2301 39.6493

Since psisq < f_crit, the null hypothesis is rejected in favor of the alterna-
tive; namely, the two sequences are equivalent.

® JMP Data Table and formulas (Figures 9.5, 9.6, and 9.7)

el -
File Edit Tables Cols Analyze Graph Tools View Window Help

572069765
856999974
981139434
13.4524962
17.4863024.
19.5567639
18.9277533 7661628
225127347 23.0163933 | 050365862
224252724 237516116 1.32633917
= Columns (510) 147594297 | 13.0602317| -1.699198
106492598 | 11.043092| 039383217

11.333243| 106330375
823955082
959668993
106681986
122426061
17.9368616
24793164
5342850
0164083
7507836
8441681
9532283
0321623
4105105
58251359
219240401

060639725
07518478

-1.0379663
35018501 | -
-9.2071178|_-8.9090657

-8.2663824| -9.5014118| 13250204 1.7
-10.030501| -9.7128877 | 0.31761353 | 0.

{ ———————————

BEESEEESEEE
8(8|8(4/8|8 (28|82

FIGURE 9.5
Test 9.2, JMP screen 1.
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i MP - . . |
Fle Edt Tables Rows Cols DOE Anabze Graph Tooks View Window Help

NG AMS $2a[[M)? 24 MS 2 2+ 8BS O 2126 Test9-2 bample Dta Table Summary
] 20121116 Test 9-2 Example Data. [a)[@]
[F2021misTestoz [© | -
e time et fo) fellriel) | Wetrovr+2 H‘

1 1 10| 11.0748769] 1.07487687 | 1.15526029
2 2| 59696848| 501349153 | -09561933| 091430557

20121116 Test9-2 Example Data Table Summary

[+20121116 Test9-2 Exam| ¢ =
= Source ® NRows | Neime) )| Psi2 | aeusig beta
1| a0 40|  osotessss 353853002 | 392300601 5 005 396493228
4 NRows B =
4 Nime) & -
T
& a2 [Sl@]=]| & no EE=)
| © e = T ® ]
| oK | | ok
NRows BHES [row - [NRows BHE® [row B
Niime) MER) [humerc Concel || [niime) REB) [tumenc Concel Numeric
Variance(fa(-ct) Transcendental Variance(fe(-fct) Transcendental
) 2
lE) = (I oot [ Togenomenc [Coeet
Psi2 BeE®) | cnaraceer Pei2 B)E®) |cnaracer Psi2 Character
delisig Characte Pattern aelisig Character Pattem gelisig Characte Pattern
veta Comparison Clear.. ||| beta Comparison Cleat., | veta Comparison st
nco Conditional nco Conditional nco Conditional
Fa e o || S e | | SR e

Sum(fe(t)-fe()]2), [eme aersig?]
Variance(fe(t)-f(t) ime)|deisig”

FIGURE 9.6
Test 9.2, JMP screen 2.
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FIGURE 9.7
Plot of the two sequences.
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Calculating Sample Sizes

Parameters and variables:
n = sample size
0 = population parameter about which the inference is to be made
T = test statistic, which is a function of the observed data, and whose
probability distribution depends on the value of 6 and n
T, = critical value of the test statistic, being such that if the test statistic
exceeds this value, the null is rejected
8, = the value of the parameter that defines the boundary between accept-
able and unacceptable conditions
y = prespecified parameters other than the one(s) for which an inference
(hypothesis test) is to be made. For example, in a test about means, stan-
dard deviation, o, is prespecified for purposes of power calculations.

Discussion:
In general, the probability of rejecting the null hypothesis can be
expressed as:

Pr{|T| 2,16, 1, )
We generally have chosen the critical value, T, so that:
supPr{|T| >2T.|0,n,y} =1-.

Suppose we could choose another potential value of the parameter 6, say,
0,, such that:

infPr{T>T,|0,n,vy} =0a

for some specified value of oo < 1 — . Then, in theory, the two equations
could be used to solve for the sample size, n. There are some pragmatic
issues associated with this methodology. In particular, it is often difficult for
experimenters to specify the value of 6,. It may, however, be easier for experi-
menters to determine a potential range of economically feasible sample sizes
(or at least an upper bound). Thus, rather than calculating the solution to
the two simultaneous equations, the value of n might be fixed, the critical
value T, determined using the first equation, and then the value of 6, deter-
mined for a fixed value of a. The value of 6, determined in this fashion may

121
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| | —®—Power n =100 ’

0.9 ~
—#— Power n = 200 /
0.8

1

0 Vi

/|

/]

. /]

0.(1) -4&.-‘44:‘:::‘./ . .

Power

FIGURE 10.1
Power curves for tests of a single proportion (Test 1.1).

shock the experimenter into choosing a larger sample size, or it may seem
adequate. The question of “How bad is too bad?” is very context sensitive, as
is the question of “How large a sample size can we afford?”

For the tests described in this work, as sample size increases, the power
to reject the null hypothesis actually decreases. While this may seem coun-
terintuitive, it is in fact the appropriate relationship between power and
sample size. Larger sample sizes will result in more stringent tests. This is
true in regard to conventional hypothesis tests. Figure 10.1 shows the power
curves for a test of a single proportion (Test 1.1), with sample sizes n = 100
and n = 200. The hypotheses are:

H,: P<095
H;: P>0.95.

Note, for example, if P = 0.90, with n = 100, the power to reject the null is
approximately 0.3209 (32.09 percent). With n = 200, the power at P = 0.90 is
0.1431 (14.31 percent). Thus, when the sample size doubled, the power was
reduced to less than half. Similarly, Figure 10.2 shows power curves for a test
of a single mean (Test 2.1) with n = 20 and n = 40. The hypotheses are

Hy:n<100

H,: =100
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1

—o— Power n = 20
—— Power n = 40

/7
/4
£/
-

0.3 /

02 /

/)

T T T T T T T 1
-1.3-1.2-1.1 -1 -0.9-0.8-0.7-0.6-0.5-0.4-0.3-0.2-0.1 0 0.1 0.2 0.3 0.4
Delta/Sigma

0.9 1

Power

FIGURE 10.2
Power curves for tests of a single mean (Test 2.1).

The graph is in terms of:

8 _ (u—100)
N

or the difference between the (hypothetical alternative) population mean
and the null value of 100, in standard deviation units. At

(1, —100)
c

=-0.5

with n = 20, there is approximately a power to reject the null of 0.3048
(30.48 percent). With n = 40, the power is approximately 0.0719 (7.19 percent).

The reader is referred to Desu and Raghavarao (1990) for a more general
discussion of sample size calculation methods.
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Computer Code—Power Curves

This chapter describes computer codes and procedures for generating the
power curves for various tests. Each test (except Test 6.1, for which only R
code is presented) will have the following parts:

Input parameters

SAS code

JMP Data Table and formulas
R

Test 1.1 Single Binomial Proportion
(One-Sided—Probability of “Success”)

Input parameters:
PO = minimum desired probability of success

P1 = alternate values for probability of success (P1 < P0)

N = sample size

Xc = critical value for number of successes (yields ~ 1 — beta probability of
rejecting the null hypothesis if probability of success = Py)

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority)\
Programs & Output';

data calc;
set stuff.D20120730 One_ Proportion Power;

power = 1 - probbnml (P1,N,Xc-1);/* Pr{X > = Xc} */
run;

proc print data = calc;/*dataset calc has columns N, Xc, PO,
P1, power */

run;

125
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Output:
The SAS System 09:04 Monday, July 30, 2012 1
Obs N Xc PO Pl power
1 100 92 0.95 0.95 0.93691
2 100 92 0.95 0.94 0.85371
3 100 92 0.95 0.93 0.73397
4 100 92 0.95 0.92 0.59263
5 100 92 0.95 0.91 0.44940
6 100 92 0.95 0.90 0.32087
7 100 92 0.95 0.89 0.21651
8 100 92 0.95 0.88 0.13859
9 100 92 0.95 0.87 0.08448
10 100 92 0.95 0.86 0.04921
11 100 92 0.95 0.85 0.02748
12 100 92 0.95 0.84 0.01474
13 100 92 0.95 0.83 0.00762
14 100 92 0.95 0.82 0.00380
15 100 92 0.95 0.81 0.00183
16 100 92 0.95 0.80 0.00086

JMP Data Table and formulas:

B 00 L
File Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help

DUENES ¥ R|[([()? R4Ms L P+ BS5SH O 2020730 0neProporionPower  ~.
mp =
) Power 5 =]
Click Cate - ta)
|+20120730 One Proport| 4 B & ] © ] o)
Basic e N | x| Po | P1 | Power i BE@ [row &
Model 1] 100 92| 095 005| 093691041 Xc R [Numedc
Hutivarial 2] 100] e2| 095 094] 08s371305] Po Transcendental
Retabity 3| 100] 2] 095 093] 0.73396586 Pl @ Trigonometric
sl 4| 00| 92| o095| 092| 059202823 Power ® Character
5| 100 92| 095 091] 044930085 | Charactar Paltam
leasure i
7| 100[ 92| oss| 089 021650587 o i
Tables 8| 100] 2| 095 o0ss| 013850208
| > Columns (5/0) H -
| 5 o 100] e2| 095 o087| 0ossssate]
| 10| 100 2| 085 086| 0.04921208]
4 P0 1| 100[ 92| o005] 085 0027arsee|
4P 100[ o2 84| 001474205 |
|| 4 Powerse 100 92| 0. 83| 0.00761892|
| 00[ 92| o 82| 000380021
| 100[ e 81] 000183243
| 6] 100 2| 095 08| 00008554]
|1/- Binomial Distribution| P1, N, Xc-|1
= Rows
[ATrows 19|
Selected 9
Excluded o
Hidden o
Labelled o
|
|
| « B < v

Power for Test 1.1, JMP screen.
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127

Note that the column labeled “Power” is computed as described in the

formula view.
R:

> prob <- <¢(0.95,.94,.93,.92,.91,.90, .89,
.83,.82,.81,.80)

> power <- 1 - pbinom(92,100,prob)

> power

.88,

.87,

.86,

.85,

[1] 0.8720395214 0.7483494398 0.5987792361 0.4471097512

0.3127949596

[6] 0.2060508618 0.1284536668 0.0761360984 0.0430807590

0.0233537817

[11] 0.0121651919 0.0061048616 0.0029577572 0.0013860090

0.0006291400
[16] 0.0002769869
> plot (prob, power)

0.8

0.6

Power

0.4

0.2 °

004 o o o o o ©°

0.80 0.85 0.90
Prob

Test 1.1, R: power curve.

0.95

.84,

I
Test 2.1 Single Mean (One-Sided)
Input parameters:

muA = alternative values of the mean
muL = minimum desirable value for the mean
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sigma = prior estimate of the standard deviation
n = sample size

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority)\
Programs & Output';

data calc;
set stuff.d20120801 one mean;
delta = (muA - mul)/sigma;
nc = sqgrt(n) * delta;
tcrit = tinv(0.05,n-1);
power = 1 - probt(tcrit,n-1,nc);/* Pr{T' > = tcrit} */
run;

proc print data = calc;/*dataset calc has columns n mul muA
sigma delta nc power */

run;
The SAS System 09:11 Wednesday, August 1, 2012 1

Obs n muL muA sigma delta nc tcrit power

1 20 100 96.00 3.5 -1.14286 -5.11101 -1.72913 0.00053

2 20 100 96.25 3.5 -1.07143 -4.79157 -1.72913 0.00150

3 20 100 96.50 3.5 -1.00000 -4.47214 -1.72913 0.00390

4 20 100 96.75 3.5 -0.92857 -4.15270 -1.72913 0.00929

5 20 100 97.00 3.5 -0.85714 -3.83326 -1.72913 0.02033

6 20 100 97.25 3.5 -0.78571 -3.51382 -1.72913 0.04094

7 20 100 97.50 3.5 -0.71429 -3.19438 -1.72913 0.07597

8 20 100 97.75 3.5 -0.64286 -2.87494 -1.72913 0.13021

9 20 100 98.00 3.5 -0.57143 -2.55551 -1.72913 0.20668

10 20 100 98.25 3.5 -0.50000 -2.23607 -1.72913 0.30485

11 20 100 98.50 3.5 -0.42857 -1.91663 -1.72913 0.41961

12 20 100 98.75 3.5 -0.35714 -1.59719 -1.72913 0.54173

13 20 100 99.00 3.5 -0.28571 -1.27775 -1.72913 0.66005

14 20 100 99.25 3.5 -0.21429 -0.95831 -1.72913 0.76440

15 20 100 99.50 3.5 -0.14286 -0.63888 -1.72913 0.84815

16 20 100 99.75 3.5 -0.07143 -0.31944 -1.72913 0.90933

17 20 100 100.00 3.5 0.00000 0.00000 -1.72913 0.95000

18 20 100 100.25 3.5 0.07143 0.31944 -1.72913 0.97460

19 20 100 100.50 3.5 0.14286 0.63888 -1.72913 0.98814

20 20 100 100.75 3.5 0.21429 0.95831 -1.72913 0.99492

21 20 100 101.00 3.5 0.28571 1.27775 -1.72913 0.99800
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JMP Data Table and formulas:

File Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help

DOSANES @ 2 @b MS P P+ B SSH O 2012801 Single Mean One-Sided Power
Starter EEr=

e =
ko n muL muA sigma delsig
i 2 100 % 35| 1.1428571| 51110125 17291328 ©
2 20 100 9625 35| -1.0714286| -47915742| -17291328 B=® [rRow
3 2 100 %5 35 1| -4472135] 17201328 ®E Numeric
4 2 100 9675 35| -0.8285714 ‘Transcendental
5 20 100 o7 35| 08571429 - %% ‘Trigonometric
6 20 100 9725 35| 07857143 ¥ [Character
7 20 100 975 35| 07142857 - Character Paftern
8 20 100 9775 35| 056428571 - 17291328 0. (Comparison
9 2 100 9 35| 05714286 - sr:":a’:::‘
0 2 100 9825 35 05
1 2 100 %85 35| 04285714 -
12| 100 9875 03571429
100 99 02857143 -
100 9925 02142857
100 %05 ~0.1428571
100 9975 5] 00714285 1|-t Distribution| tcrf, In- 1, nc
100 100 [
100 10025 07142857
100 100 5| 0.14285714
100 1007 5| 021428571
28571429

Power for Test 2.1, JMP screen.

R:

> muA <- c(96,96.25,96.5,96.75,97,97.25,97.5,97.75,98,98.25,
98.5,98.75,99,99.25,99.5,99.75,100,100.25,100.5,100.75,101)
> mul <- 100

n <- 20

sigma <- 3.5

delta <- (muA - mul)/sigma

nc = sqgrt(n)*delta

tcrit <- gt (0.05,n-1)

power <- 1 - pt(tcrit,n-1,nc)

plot (delta, power)

V. V. V V V V V
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1.0 4

0.8

0.6

Power

0.4

0.0

-0.6 -0.4

Delta

-0.2

Test 2.1, R: power curve.

0.0

0.2

Test 2.2 Comparison of Two Means—Two Independent
Samples, Fixed A Paradigm (One-Sided)

Input parameters:
D0 = maximum desirable difference between means
mul = prior estimate of mean for group 1
n = sample size per group

SAS code:

libname stuff
Programs & Output';

data calc;
set stuff.d20120803_test 2 2 two_means;
mu2 mul - Da;
delta (DO - Da)/sigma;
nc sqrt (n/2) * delta;
tcrit tinv (0.05,2*n-2) ;
power 1 - probt(tcrit,2*n-2,nc);/* Pr{T'
run;

>

'"H:\Personal Data\Equivalence & Noninferiority\

terit} */
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proc print data

run;

Obs n

13
13
13
13
13
13
13
13
13
13
13
13
13
13
13
13
13
13
13
13
13
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The SAS System

mul DO

100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100

(G2 R Ox RO RO B G O RO RO 2 RO B G IO G2 RO 2 IO BN G2 RO B 02 G2 B O2 IO

[y

U Ul Ul Ul OYOY OO I N0 000 0o w o wo

13:57 Friday, August 3,

Da sigma mu2

.00
.75
.50
.25
.00
.75
.50
.25
.00
.75
.50
.25
.00
.75
.50
.25
.00
.75
.50
.25
.00

W W W WwWwwwwwwwwwwwwwwwwww

{2 2 R IO N B O 2 B O R RO 2 RO RO 2 IO RO RO 2 BN O RO 2 IO B 02 IO 2 IR ©2 IO

90.
90.
90.
90.
91.
91.
91.
91.
92.
92.
92.
92.
93.
93.
93.
93.
94 .
94 .
94 .
94 .
95.

00
25
50
75
00
25
50
75
00
25
50
75
00
25
50
75
00
25
50
75
00

delta

-1.
-1.
-1.
-1.
-1.
-1.
-1.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.

0.

42857
35714
28571
21429
14286
07143
00000
92857
85714
78571
71429
64286
57143
50000
42857
35714
28571
21429
14286
07143
00000

-3.
-3.
-3.
-3.
.91373
.73162
.54951
.36740
.18529
.00319
.82108
.63897
.45686
.27475
.09265
-0.
-0.
-0.
-0.
-0.
.00000

-2
-2
-2
-2
-2
-2
-1
-1
-1
-1
-1

nc

64216
46005
27794
09583

91054
72843
54632
36422
18211

131

calc;/*dataset calc has columns n mulL muA
sigma delta nc power */

2012 2
tcerit power
-1.71088 0.02925
-1.71088 0.04315
-1.71088 0.06195
-1.71088 0.08662
-1.71088 0.11797
-1.71088 0.15661
-1.71088 0.20278
-1.71088 0.25624
-1.71088 0.31626
-1.71088 0.38156
-1.71088 0.45044
-1.71088 0.52085
-1.71088 0.59063
-1.71088 0.65765
-1.71088 0.72004
-1.71088 0.77634
-1.71088 0.82558
-1.71088 0.86732
-1.71088 0.90161
-1.71088 0.92892
-1.71088 0.95000
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JMP Data Table and formulas:

mmhushnmnoﬁsnphvmvinwmnep -
DDSAMS Y LA[R)? &My P P+ @SS Of 20120603 Test 22 Two Independent Means Fised Delta One-Sided Power

(B wesane (e)@=]
ﬁm Test 2-2 Two Independent Means Fixed Delta One-Sided Power
= 20120803 Test 227 [ ¢ 2 |
e Da | gelsig
i e 1 El 14285714 -
Table Columns | ® | Functions (grouped) v/ “ 9.75 90.28 13571429 | -3
n - BEEW [rw 8 = o 90. 5| 12857143 -3
mut )@ |Numeric 925 907" 12142857
D0 Transcendental 5 ] e 35| 11428571
Da %E  Trigonometric 5 875 9125 35| -10714285
mu2 g“’a:‘“ . 5 85 915 35 ] oK
sigma aracter Pattern -
5 5 825 9175 35| 09285714
dalsig (Gomparison, 5 s 2 35| 08571420
nc Conditonal
toit - Probability - 2 e L] S0 8a/id5 B na Trigonometric
N B 75 925 35[ 07142857 | || muz b @) |character
5 7.25 9275 35| 06428571, | [sigma Character Pattern
5 7 93 35| 05714285 | || celsig Comparison (=2
5 675 9325 35 05| ||ne Conditional
5 65 95 35| -04285714 ) | [tert b Probability :
5 625 9375 35| 03571420
5 6 94 35] 02857143
- [= 575 9425 35| 02142857
d * [ 55 945 35| 01428571 e
1-t Distribution| terif, 2*n -2,
2] 73] 5 525 9475 35| 00714286 ‘ fod [2°n}-2 g
fEice g 21] 13 100] B 5 o 35 0
Labelled

Fundtions (grouped) v,
Row -
Numeric
Transcendental
Trigonometric
Character

Character Pattem
Comparison
Condttional

Probability

Power for Test 2.2, JMP screen.

R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20120803 test 2 2 two_
means.csv",header = TRUE,sep = ", ")
> df1l

n mul

g
o

Da sigma

1 13 100 5 10.00 3.5
2 13 100 5 9.75 3.5
3 13 100 5 9.50 3.5
4 13 100 5 9.25 3.5
5 13 100 5 9.00 3.5
6 13 100 5 8.75 3.5
7 13 100 5 8.50 3.5
8 13 100 5 8.25 3.5
9 13 100 5 8.00 3.5
10 13 100 5 7.75 3.5
11 13 100 5 7.50 3.5
12 13 100 5 7.25 3.5
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13 13 100 5 7.00 3.5

14 13 100 5 6.75 3.5

15 13 100 5 6.50 3.5

16 13 100 5 6.25 3.5

17 13 100 5 6.00 3.5

18 13 100 5 5.75 3.5

19 13 100 5 5.50 3.5

20 13 100 5 5.25 3.5

21 13 100 5 5.00 3.5

> mu2 <- dfls$mul - dflsDa

> delsig <- (df1$D0 - dflsDa)/dflS$sigma
> nc <- delsig*sqgrt(dflisn/2)

> tcrit <- gt (.05,2*dfls$n-2)

> power <- 1 - pt(tcrit,2*dflsn-2,nc)

> power
[1] 0.02925394 0.04315103 0.06195378 0.08661506 0.11796964
0.15661283

[7] 0.20277933 0.25624291 0.31625815 0.38156107 0.45043685
0.52085077

[13] 0.59062639 0.65764531 0.72003815 0.77633847 0.82557882
0.86731959

[19] 0.90161406 0.92892317 0.95000000

> plot (delsig, power)

o
o
o
o
o
0.8
o
o
o
0.6 o
by o
2
o
~y o
0.4 1 °
o
o
0.2 o
o
o
o
o
o ©
0.0 - T T T T T T T T
-1.4 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2 0.0
Delsig

Test 2.2, R: power curve.
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Test 2.3 Comparison of Two Means—Proportional Difference
Paradigm for Two Independent Samples (One-Sided)

Input parameters:
mu? = prior estimate of mean for group 2

p0 = desired maximum proportion difference between mean of group 1
relative to mean of group 2
n = sample size per group

SAS code:

libname stuff

data calc;

'"H:\Personal Data\Equivalence & Noninferiority)\
Programs & Output';

set stuff.d20120805 test 2 3 two means pro;
mul = (l-pa)*mu2;

se = sigma*sqgrt (1+(1-p0) **2);

delta = (p0 - pa)*mu2/se;

nc = sqrt(n) * delta;

tecrit = tinv(0.05,2*n-2) ;

power = 1 - probt (tcrit,2*n-2,nc);/* Pr{T' >

run;

= tcrit} */

proc print data = calc;/*dataset calc has columns n mul muA

sigma delta nc power */

run;
The SAS System 07:15 Sunday, August 5, 2012 1

Obs n mu2 poO pa sigma mul se delta nc terit power
1 15 100 0.05 0.0500 2.8 95.00 3.86207 0.00000 0.00000 -1.70113 0.95000
2 15 100 0.05 0.0550 2.8 94.50 3.86207 -0.12946 -0.50141 -1.70113 0.87605
3 15 100 0.05 0.0600 2.8 94.00 3.86207 -0.25893 -1.00283 -1.70113 0.74736
4 15 100 0.05 0.0650 2.8 93.50 3.86207 -0.38839 -1.50424 -1.70113 0.57027
5 15 100 0.05 0.0700 2.8 93.00 3.86207 -0.51786 -2.00565 -1.70113 0.37753
6 15 100 0.05 0.0750 2.8 92.50 3.86207 -0.64732 -2.50706 -1.70113 0.21160
7 15 100 0.05 0.0800 2.8 92.00 3.86207 -0.77679 -3.00848 -1.70113 0.09858
8 15 100 0.05 0.0835 2.8 91.65 3.86207 -0.86741 -3.35946 -1.70113 0.05136
9 15 100 0.05 0.0900 2.8 91.00 3.86207 -1.03571 -4.01130 -1.70113 0.01170
10 15 100 0.05 0.0950 2.8 90.50 3.86207 -1.16518 -4.51271 -1.70113 0.00293
11 15 100 0.05 0.0900 2.8 91.00 3.86207 -1.03571 -4.01130 -1.70113 0.01170
12 15 100 0.05 0.1000 2.8 90.00 3.86207 -1.29464 -5.01413 -1.70113 0.00059
13 15 100 0.05 0.1050 2.8 89.50 3.86207 -1.42411 -5.51554 -1.70113 0.00010
14 15 100 0.05 0.1100 2.8 89.00 3.86207 -1.55357 -6.01695 -1.70113 0.00001
15 15 100 0.05 0.1150 2.8 88.50 3.86207 -1.68303 -6.51836 -1.70113 0.00000
16 15 100 0.05 0.1200 2.8 88.00 3.86207 -1.81250 -7.01978 -1.70113 0.00000
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JMP Data Table and formulas:

Edit Tables Rows "DOE Analyze Graph Tools View Window Help

135

DU EGAES ¥ 0B[M? ¢S P 2+ 8B5S O 201080 Twolndependent Means One-Sided Power Prop

[(0-pa) muz]
o]

Power for Test 2.3, JMP screen.

R:

[#) IMP Starter (e @]=]
ﬂ (=) 20120801 Two Independent Means One-Sided Power Prop.
5 | 220120801 Two Independent [ ¢ =
" ® n mu2 0 pa mut sigma delsig nc ot Power
" 1 15 100 0.05 005 9 2 [ 0 17011308 095
R 2 15 100 0.05 0055 945 28| 01294542 | 05014126 -1.7011309] 087605105
G 3 15 100 0.05 0.06 94 28| -02589284| 10028253 -1.7011309| 07473597
S 4 15 100 0.05 0065 935 28| 03883926 | 15042379 -1.7011309| 057026756
i 5 15 100 005 007 93 28| 05178567 | 20056505 -1.7011308| 03775293
G aRamERI 0! 6 15 100 005 0075 925 28| -06473200| -25070632| -17011309| 021159746
? 4 nd 7 15 100 0.05 008 92 28| 07767851| 30084758 -1.7011309| 009857946
3 : "“‘i" 8 15 100 005 0.0835 9185 28| -086741| 33504646 -1.7011309] 005136323
‘: 9 15 100 0.05 009 91 28| 1.0357135| 4011301] -1.701130| 0.01169715
e 10 15 100 0.05 0095 905 28| 11651777 | 45127137 | -1.7011309| 0.00293119
4 sigma 1 15 100 005 009 ) 28| 10367135| -4011301] -1.701130| 0.01169715
4 delsigd 12 15 100 005 [X] % 28| 12045418| 50141263| -1.7011309| 000058991
A ncd 3 15 100 005 0105 895 28| -1424106| 55155389 | -1.7011308| 000009501
A it 14 15 100 0.05 0141 89 28| -15535702| -6.0169516| -1.7011309| 1.22134e5
A Powerd: 15 15 100 005 0.115) 885 28| 16830344| 65183642| 17011309 1250696
16 15 100 0.05 012 88 28| 18124985 | 70197768 -1.7011309| 1018717
[=Rows 2] delsig EEE)
Al rows 1 S [Fundlons (Grouped) v]
ey oE e - [Lox ] Fimclons rmpedly| (pe]
Excluded Row o
bidcen @l [unerc Rumerc [concel
Lavelled ranscender Transcendental
Trgonamenc Tngonomettc
Character Character |
Character Pattern Charader Patiermn
(Conditional Conational |

1)-t Distribution| terit, 2% n -2, nc |

> dfl <- read.table("H:\\Personal Data\\Equivalence &

Noninferiority\\Programs & Output\\d20120805 test 2 3 two_
means_pro.csv", header =

> dfl

n
15
15
15
15
15
15
15
15
15
15
15
15
15

W J 0 Ul WN R

e
W N R oW

mu2
100
100
100
100
100
100
100
100
100
100
100
100
100

O O OO O OO0 0o o o o o

TRUE, sep
jolt] pa sigma
.05 0.0500 2.8
.05 0.0550 2.8
.05 0.0600 2.8
.05 0.0650 2.8
.05 0.0700 2.8
.05 0.0750 2.8
.05 0.0800 2.8
.05 0.0835 2.8
.05 0.0900 2.8
.05 0.0950 2.8
.05 0.0900 2.8
.05 0.1000 2.8
.05 0.1050 2.8

Illll)
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14
15
16

V V.V V V V

>

[1]

15
15
15
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100
100
100

0.05 0.1100
0.05 0.1150

2.8
2.8
0.05 0.1200 2.8

attach (dfl)

mul <-
se <-
delta
nc <-
tecr:t
power
power
9.50

(1-p0) *mu2
sigma*sqgrt (1 + (1-p0)**2)
(p0 - pa)*mu2/se
sgrt (n) *delta
<- gt (0.05,2n-2)
<- 1 - pt(tcrit,2*n-2,nc)

< -

0000e-01 8.757451e-01 7.463953e-01 5.684745e-01

3.751986e-01

[6] 2.093631e-01 9.696149e-02 5.026319e-02 1.131429e-02
2.804476e-03

[11] 1.131429e-02 5.573024e-04 8.846726e-05 1.118841e-05
1.125064e-06

[16] 8.981452e-08

> plot (delta, power)

0.8

0.6

Power

0.4

0.2 °

004 o o o o o o °

-0.5 0.0

Delta

Test 2.3, R: power curve.
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I
Test 3.1 Single Variance (One-Sided)
Input parameters:

n = sample size

k = multiple of maximum allowable ¢, (that is, it is desired that k = 1; values
of k > 1 are undesirable)

beta = probability of failure to reject the null hypothesis given that k = 1

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority)\
Programs & Output';

data calc;
set stuff.d20120913 test 3 1 single sd;
chicrit = cinv(l-beta,n-1);
chialt = chicrit/k**2;
power = probchi (chialt,n-1);/* Pr{Chi-Sq < = chialt} */
run;

proc print data = calc;/*dataset calc has columns n k beta
chicrit chialt power */

run;
The SAS System 07:30 Thursday, October 25, 2012 5

Obs n k beta chicrit chialt power

1 20 0.5 0.05 30.1435 120.574 1.00000

2 20 0.6 0.05 30.1435 83.732 1.00000

3 20 0.7 0.05 30.1435 61.517 1.00000

4 20 0.8 0.05 30.1435 47.099 0.99965

5 20 0.9 0.05 30.1435 37.214 0.99254

6 20 1.0 0.05 30.1435 30.144 0.95000

7 20 1.1 0.05 30.1435 24.912 0.83654

8 20 1.2 0.05 30.1435 20.933 0.65949

9 20 1.3 0.05 30.1435 17.836 0.46661

10 20 1.4 0.05 30.1435 15.379 0.30180

11 20 1.5 0.05 30.1435 13.397 0.18236

12 20 1.6 0.05 30.1435 11.775 0.10498

13 20 1.7 0.05 30.1435 10.430 0.05848

14 20 1.8 0.05 30.1435 9.304 0.03191

15 20 1.9 0.05 30.1435 8.350 0.01721

16 20 2.0 0.05 30.1435 7.536 0.00924



138 Equivalence and Noninferiority Tests

JMP Data Table and formulas:

Analyze Graph Tools View Window Help
()72 @@ PP 2L+ BS54 O 20120913 Test 31 Single Standard Deviation

20120913 Test 3-1 Single Standard Deviation
|~20120913 Test -1

o n 3 chi-Sqait | Power

05[ 30.1435272 1
05] 30.1435272 1
0.7] 30.1435272 099909778
08 30.1435272 099965432
0.9] 30.1435272| 0.9925406
1] 301435272 095
1.1] 301435272 083654091
12| 301435272 065948549
30.1435272| 0.46661032
14 301435272 030179888
15[ 301435272 018236487
16 301435272 010497633
17/ 301435272 005847887
18] 301435272 003190943
19 301435272 001721072

1 | 1 2| 301435272 0.00023774
hiSquare Distribution| |=Rows
J fairows

Selected
[Exciudea
Hidden

Labelied

il

2

Trigonometric 3
Character %
5

6

7

]

Character Pattern
Comparison
Conditional

|~ columns (4/0)
n

|4«
|4 chisqcit 4 0
|4 Powerde

@

SRR S S A N A

ccood

Power for Test 3.1, JMP screen.

R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20120913 test 3 1 single

sd.csv", header = TRUE,sep = ", ")
> attach(dfl)
> dfl

n k
1 20 0.5
2 20 0.6
3 20 0.7
4 20 0.8
5 20 0.9
6 20 1.0
7 20 1.1
8 20 1.2
9 20 1.3
10 20 1.4
11 20 1.5
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12 20 1.6
13 20 1.7
14 20 1.8
15 20 1.9
16 20 2.0

> chicrit <- gchisg(0.95,n-1)

> chicrit

[1] 30.14353 30.14353 30.14353 30.14353 30.14353 30.14353
30.14353 30.14353

[9] 30.14353 30.14353 30.14353 30.14353 30.14353 30.14353
30.14353 30.14353

> chialt <- chicrit/ (k**2)

> chialt

[1] 120.574109 83.732020 61.517402 47.099261 37.214231
30.143527

[7] 24.912006 20.933005 17.836407 15.379351 13.397123 11.774815
[13] 10.430286 9.303558 8.350008 7.535882

> power <- pchisg(chialt,n-1)

> power

[1] 1.000000000 1.000000000 0.999997779 0.999654323
0.992540600 0.950000000

[7] 0.836540906 0.659485488 0.466610324 0.301798876
0.182364875 0.104976327

[13] 0.058478875 0.031909430 0.017210722 0.009237735

> plot (k, power)

1.04 o o o o o

0.8

0.6

Power

0.4 1

0.2

0.0 ° o

0.5 1.0 1.5 2.0

Test 3.1, R: power curve.



140 Equivalence and Noninferiority Tests

I
Test 3.2 Comparison of Two Variances (One-Sided)

Input parameters:

nnum = sample size for numerator variance

ndenom = sample size for denominator variance

kO = multiple of maximum allowable o,

ka = alternative multiples (it is desired that ka = kO; values of ka > k0 are
undesirable)

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20120914 test 3 2 two_ sds;
beta = 0.05;
fcrit = finv(l-beta,nnum-1,ndenom-1) ;
falt = (kO0**2)*fcrit/ka**2;
power = probf (falt,nnum-1,ndenom-1);/* Pr{F < = falt} */
run;

proc print data = calc;/*dataset calc has columns nnum ndenom
k0 ka fecrit falt power */

run;
The SAS System 07:30 Thursday, October 25, 2012 6

Obs nnum ndenom kO ka beta fecrit falt power

1 20 20 1.1 0.5 0.05 2.16825 10.4943 1.00000

2 20 20 1.1 0.6 0.05 2.16825 7.2877 0.99997

3 20 20 1.1 0.7 0.05 2.16825 5.3543 0.99970

4 20 20 1.1 0.8 0.05 2.16825 4.0994 0.99827

5 20 20 1.1 0.9 0.05 2.16825 3.2390 0.99308

6 20 20 1.1 1.0 0.05 2.16825 2.6236 0.97917

7 20 20 1.1 1.1 0.05 2.16825 2.1683 0.95000

8 20 20 1.1 1.2 0.05 2.16825 1.8219 0.89990

9 20 20 1.1 1.3 0.05 2.16825 1.5524 0.82698

10 20 20 1.1 1.4 0.05 2.16825 1.3386 0.73438

11 20 20 1.1 1.5 0.05 2.16825 1.1660 0.62940

12 20 20 1.1 1.6 0.05 2.16825 1.0248 0.52104

13 20 20 1.1 1.7 0.05 2.16825 0.9078 0.41762

14 20 20 1.1 1.8 0.05 2.16825 0.8097 0.32509

15 20 20 1.1 1.9 0.05 2.16825 0.7268 0.24664

16 20 20 1.1 2.0 0.05 2.16825 0.6559 0.18303
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17 20 20
18 20 20

JMP Data Table and formulas:

B me -

File Edit Tables Rows Cols DOE Graph Tools View Window

2.1
2.2

141

0.05 2.16825 0.5949 0.13329
0.05 2.16825 0.5421 0.09556

Ao e v v o 10t ot ymOrn i o e st
DUERAES X 2R[[?E4¢Ms P L+ 85H 0| 2mmu3Tes2
13 Test 3-2 Two Standard Deviations

Numeric

Transcendental
Togonomenc H

Forit. Character
Power Character Patiem
Comparson [

Condttional
Probabilty

20120913 Test 32 ¢ o
® nnum ndenom K0 Ka F ot Power
1 20 20 Xl 05| 21682516 099999801
2 2 20 il 06| 21682516 | 099996647 |
3 2 20 Xl 07| 21682516 | 0.99969596
4 2 20 Xl 08[ 21682516 | 099826511
S Cakimas (60} 5 20 2 1 09| 21682516] 09930778
: nnume 6 20 20 11 1| 21682516| 097917405
0 :;:ami- 7 20 20 11 11| 21682516 0.95
i z 20 20 Xl 12| 21682516 089990487
dFons o 1682516 082698183
4 Powerd 10 1682516 | 073438402
ko) 1682516
124 1035161
= Rows 1682516
Al rows 18] 1682516
Selected 1682516
1682516
21662516 | 0.

Trigonometric
Character
Character Pattem
Comparison
Conditional
Provabilty

 Distribution
e
—|*Foit
ka?

1,
ndenom-1]

Power for Test 3.2, JMP screen.

R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20120914 test 3 2 two_sds.
I “)

csv",header = TRUE, sep =
> df1l

nnum ndenom kO ka
1 20 20 1.1 0.5
2 20 20 1.1 0.6
3 20 20 1.1 0.7
4 20 20 1.1 0.8
5 20 20 1.1 0.9
6 20 20 1.1 1.0
7 20 20 1.1 1.1
8 20 20 1.1 1.2
9 20 20 1.1 1.3
10 20 20 1.1 1.4



142 Equivalence and Noninferiority Tests
11 20 200 1.1 1.5

12 20 200 1.1 1.6

13 20 200 1.1 1.7

14 20 200 1.1 1.8

15 20 200 1.1 1.9

16 20 200 1.1 2.0

17 20 20 1.1 2.1

18 20 20 1.1 2.2

> beta <- 0.05

> fcrit <- gf(l-beta,nnum-1,ndenom-1)

Error in gf (1 - beta, nnum - 1, ndenom - 1)
not found

attach (dfl)

fcrit <- gf (l-beta,nnum-1,ndenom-1)

fac <- k0**2/ka**2

power <- pf(fac*fcrit,nnum-1,ndenom-1)

> power

[1] 0.99999801 0.99996647 0.99969596 0.99826511 0.99307790
0.97917405

[7] 0.95000000 0.89990487 0.82698183 0.73438402 0.62939587
0.52104314

[13] 0.41761782 0.32509097 0.24664387 0.18302541 0.13329022
0.09556305

> plot (ka, power)

object 'nnum'

vV V. V V

104 o o o o o °
o
o
o
0.8 1
o
o

. 0.6
(o)
2
8 o

0.4 - °

o
o
0.2 - R
o
o
T T T T
0.5 1.0 15 2.0

Ka

Test 3.2, R: power curve.
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Test 3.3 Single Coefficient of Variation (One-Sided)

Input parameters:
n = sample size
C0 = maximum desirable coefficient of variation (percent)
cv_pct = alternative CV values (percent)
beta = probability of failure to reject the null hypothesis given that
cv_pct =C0

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121016_ test 3 3 cv_power curv;/* input CO n
cv_pct beta */
nct_null = sgrt(n)/(C0/100);
tcrit = tinv(beta,n-1,nct_null);
cv_crit = 100* (sgrt(n)/tcrit);
nct = sqgrt(n)/(cv_pct/100);
t_alt = tinv(beta,n-1,nct);
cv_alt = 100* (sgrt(n)/t_alt);
power = 1 - probt(tcrit,n-1,nct);/* Pr{t = > tcrit|nct} */
run;

proc print data = calc;/*dataset calc has columns CO n cv_pct
beta nct_null tecrtit cv-crit t_alt cv_alt power */

run;
The SAS System 06:08 Sunday, October 21, 2012 3

Obs CO n cv_pct beta nct_null tcrit cv_crit nct t_alt cv_alt power
1 6 64 5.75 0.05 133.333 116.428 6.87122 139.130 121.495 6.5846 0.98516
2 6 64 6.00 0.05 133.333 116.428 6.87122 133.333 116.428 6.8712 0.95000
3 6 64 6.25 0.05 133.333 116.428 6.87122 128.000 111.765 7.1579 0.87528
4 6 64 6.50 0.05 133.333 116.428 6.87122 123.077 107.461 7.4446 0.75517
5 6 64 6.75 0.05 133.333 116.428 6.87122 118.519 103.475 7.7313 0.60216
6 6 64 7.00 0.05 133.333 116.428 6.87122 114.286 99.774 8.0181 0.44157
7 6 64 7.25 0.05 133.333 116.428 6.87122 110.345 96.328 8.3049 0.29826
8 6 64 7.50 0.05 133.333 116.428 6.87122 106.667 93.112 8.5918 0.18659
9 6 64 7.75 0.05 133.333 116.428 6.87122 103.226 90.103 8.8787 0.10893
10 6 64 8.00 0.05 133.333 116.428 6.87122 100.000 87.282 9.1657 0.05982
11 6 64 8.25 0.05 133.333 116.428 6.87122 96.970 84.631 9.4528 0.03115
12 6 64 8.50 0.05 133.333 116.428 6.87122 94.118 82.137 9.7399 0.01550
13 6 64 8.75 0.05 133.333 116.428 6.87122 91.429 79.784 10.0270 0.00742
14 6 64 9.00 0.05 133.333 116.428 6.87122 88.889 77.563 10.3142 0.00344
15 6 64 9.25 0.05 133.333 116.428 6.87122 86.486 75.461 10.6015 0.00155
16 6 64 9.50 0.05 133.333 116.428 6.87122 84.211 73.470 10.8889 0.00068
17 6 64 9.75 0.05 133.333 116.428 6.87122 82.051 71.580 11.1763 0.00030
18 6 64 10.00 0.05 133.333 116.428 6.87122 80.000 69.785 11.4637 0.00013
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JMP Data Table and formulas:

Fie Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help

DOSAES A 0@B[[[)? $¢ M P L+ BSSH O M206Test33 KV Power Curve Clcultor

2 20121016 Tet3
20121016 Test3-3 |4 ©|
Basie = Overtay Plot ® co n nct_null | tquant_nuil
haoet 133333333 110,427
Mutvariste 133332333 110427
Reliabilty 133332323 116,427
Graph 133333333 | 1184276
Surtace P 133332333 116,427
et i 133333333 | 116,427
Control s 427
DOE 4 nct_nul4
Tables 4 tquant_nuid 421
Sas 4 o citde 427
h cv_pct ¥ Bl .427¢
A nctd 1" 4276
4 betad =
b i [ 5 687122205
e 14, 5 115427615 6
nct null
e ——
‘Table Columns v, © Functions (grouped) v/ [Table Columns v/ E)
[0 - ®EE@ rw - |l - @8
a XER | 3
nct_null ElEE nct_nul
tquant_null W tquant_null tauant_null
oot oot o_cit
oo o pet oipct
nct nct e nct
beta beta. beta
- prosavity - fllam provaity [re

Power for Test 3.3, JMP screen 1.

.
Fie Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help

DNEANS ¥ 2a[[? 8¢OHs 2 2+ BSS O MAN6TetI3 %Y Power Cuve Cacator

[5) VP Starter
2 20121016 Test 3.
[~20121016 18833 [ © )
e (= Overtay Plot ® co n
Model
utivariste
Reliability
Graph )
Surtace
Measure 4 cod d 0 54
Control 4n% E 5
DOE 4 nct_nuld
Tables 4 tquant_nui 8 64
e 4 ot 9 o 103.225805
h ov_pct ¥ 10 64 6.87122205 8 100 0.05| 87.2816432
A nctd Rkl 64 687122205 825 96969697 0.05| 846312557
4 petat 12 64 687122205 85[ 941176471 0.05] 821366114,
4 tquantd 13 64 8.75| 91.4285714
g 14 64 122205 9| 888888889 0.05
= 15| 64 687122205 025 864864865|  005]
=Rows 1 o [oertozz0s| 05| esztosm3
e ol 7 64
Ewis 1] 64 [e87122205] 10| s0f
SE=]
Fundiions (grou
Row
Numeric
Transcendental
Trigonometric
Character
Character Patiem
Comparison
Congitonal

Provavilty Probavilty

¥ Quanti] beta, n-1] ncl [1-t Distrbution] tquant_nuil, -1, nct

Power for Test 3.3, JMP screen 2.
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R:

dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20121021 test 3 3 cv_

power.csv",header = TRUE,sep = ", ")
> df1l
co n beta cv_pct
1 6 64 0.05 5.75
2 6 64 0.05 6.00
3 6 64 0.05 6.25
4 6 64 0.05 6.50
5 6 64 0.05 6.75
6 6 64 0.05 7.00
7 6 64 0.05 7.25
8 6 64 0.05 7.50
9 6 64 0.05 7.75
10 6 64 0.05 8.00
11 6 64 0.05 8.25
12 6 64 0.05 8.50
13 6 64 0.05 8.75
14 6 64 0.05 9.00
15 6 64 0.05 9.25
16 6 64 0.05 9.50
17 6 64 0.05 9.75
18 6 64 0.05 10.00
> attach(dfl)

nct _null <- sqgrt(n)/(C0/100)

terit <- gt (beta,n-1,nct null)

nct <- sgrt(n)/(cv_pct/100)

t alt <- gt(beta,n-1,nct)

cv_alt <- 100*sgrt(n)/t_alt

power <- 1 - pt(tcrit,n-1,nct)

> power

[1] 0.9861050152 0.9500000000 0.8715816329 0.7460943038
0.5892190044

[6] 0.4285830459 0.2885809310 0.1814330537 0.1075681294
0.0607377413

[11] 0.0329631123 0.0173362572 0.0088991809 0.0044862788
0.0022327487

[16] 0.0011018783 0.0005412315 0.0002654232

> plot (cv_alt,power)

V V.V V V V



146 Equivalence and Noninferiority Tests
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Test 3.3, R: power curve.

NOTE: the calculation of the critical t percentile using R resulted in a value of
116.627. Both SAS and JMP calculated a value of 116.428. Thus, power calcula-
tions were slightly different for R in this example.

Test 4.1 Single Exponential Rate Parameter (One-Sided)

Input parameters:
n = sample size
lamda_0 = maximum desirable (failure) rate
beta = probability of failure to reject the null hypothesis given that lamda_a
=lamda_0

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121022 test 4 1 exponential;/* input n lamda 0
lamda_a */
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beta = 0.05;
k0 = gaminv(beta,n)/lamda 0;/* note that SAS gaminv and

probgam assume lamda = scale parameter = 1 */

power = l-probgam(kO*lamda _a,n);/* Pr{gamma > = kO|n,
lamda_a} */

run;

proc print data = calc;/*dataset calc has columns n lamda 0
lamda_a beta k0 ka power */

run;
The SAS System 08:52 Thursday, November 8, 2012 18

Obs n lamda 0 lamda_a beta kO power

1 20 0.75 0.75 0.05 17.6729 0.95000

2 20 0.75 0.80 0.05 17.6729 0.91771

3 20 0.75 0.85 0.05 17.6729 0.87399

4 20 0.75 0.90 0.05 17.6729 0.81879

5 20 0.75 0.95 0.05 17.6729 0.75325

6 20 0.75 1.00 0.05 17.6729 0.67963

7 20 0.75 1.05 0.05 17.6729 0.60095

8 20 0.75 1.10 0.05 17.6729 0.52057

9 20 0.75 1.15 0.05 17.6729 0.44175

10 20 0.75 1.20 0.05 17.6729 0.36730

11 20 0.75 1.25 0.05 17.6729 0.29937

12 20 0.75 1.30 0.05 17.6729 0.23931

13 20 0.75 1.35 0.05 17.6729 0.18773

14 20 0.75 1.40 0.05 17.6729 0.14462

15 20 0.75 1.45 0.05 17.6729 0.10949

16 20 0.75 1.50 0.05 17.6729 0.08152

17 20 0.75 1.55 0.05 17.6729 0.05973

18 20 0.75 1.60 0.05 17.6729 0.04310

19 20 0.75 1.65 0.05 17.6729 0.03064

20 20 0.75 1.70 0.05 17.6729 0.02148
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JMP Data Table and formulas:

g M - Powci N S e — - .
File Edit Tsbles Rows Cols DOE Analyze Graph Tools View Window Help

DR SAESXL@ fgv B e M H L L+ BSSH O 212022 Testd bponential Time-to-Event
20121022 Test 4-1 Exponential Time-to-Event ==

20121022 Test 41 [ ¢- |
g8 f ® n lamda 0 | lamdaa | citval Power
1 20 075 075 176728688 035
DSl 17.6728688 | 0.91770536
0.85| 17.6728688 | 0.8739022
09| 176728688 0818789
0095| 17.6728688 | 075325192
= Columns (510) X 1| 176728688 | 067963105
and X 1.05| 176728688 | 060094895
| 4 lamda_04 X 1.1] 17.6728688 | 052056631
4 lamda_a ; 1.15] 17.6728688
4 aitvald 10 20 075 1.2| 17.6728688 | 0.36730496
A Powerdh [
1" 20 075 1.25| 17.6728688 | 029937135
12 20 075 13| 17.6728688 | 0.23930786
13 20 075 1.35| 17.6728688| 0.1877314
S Rows 14 20 075 14| 17.6728688 | 0.14462479
m 15 20 075 145| 17.6728688 | 0.10949105
Selected 16 20 075 15| 17.6728688 | 0.08151776
Exciuded o i 20 075 1.55| 17.6728688 | 005972675
Hidden 0 18 20 075 16 17.6728688| 0.0430951
Labelled 0] 19 20 17.6728688 | 0.03064213
20 20 X .7| 17.6728688 | 0.02148432
it val C
[ | o | | o)
n FHEE [row - | HE@ [row - =)
s BB e | (] Com) BEG e () L)
amda_a ranscende :
crit val % Trigonometric I % Trigonometric
Power @) | Character | Character
Character Pattern Character Pattern
Companson =0 Comparson [Lor ]

Conditional
Proability

Condttional i
Pty -

1

0

lamda_a

Gamma Distribution| crit_val,n

Power for Test 4.1, JIMP screen.

R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20121022 test 4 1 exponen-
tial.csv",header = TRUE,sep = ",")
> attach(dfl)
> dfl

n lamda 0 lamda a

1 20 0.75 0.75
2 20 0.75 0.80
3 20 0.75 0.85
4 20 0.75 0.90
5 20 0.75 0.95
6 20 0.75 1.00
7 20 0.75 1.05
8 20 0.75 1.10
9 20 0.75 1.15
10 20 0.75 1.20
11 20 0.75 1.25
12 20 0.75 1.30
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13 20 0.75 1.35

14 20 0.75 1.40

15 20 0.75 1.45

16 20 0.75 1.50

17 20 0.75 1.55

18 20 0.75 1.60

19 20 0.75 1.65

20 20 0.75 1.70

> scale0 <- 1/lamda 0

> crit_gam <- ggamma (0.05,shape = n,scale = scale0)

> crit_gam

[1] 17.67287 17.67287 17.67287 17.67287 17.67287 17.67287
17.67287 17.67287

[9] 17.67287 17.67287 17.67287 17.67287 17.67287 17.67287
17.67287 17.67287

[17] 17.67287 17.67287 17.67287 17.67287

> scalea <- 1/lamda_a

> scalea

[1] 1.3333333 1.2500000 1.1764706 1.1111111 1.0526316
1.0000000 0.9523810

[8] 0.9090909 0.8695652 0.8333333 0.8000000 0.7692308
0.7407407 0.7142857

[15] 0.6896552 0.6666667 0.6451613 0.6250000 0.6060606
0.5882353

> power <- 1 - pgamma(crit gam,shape = n,scale = scalea)

> power

[1] 0.95000000 0.91770536 0.87399220 0.81878950 0.75325192
0.67963105

[7] 0.60094895 0.52056631 0.44174745 0.36730496 0.29937135
0.23930786

[13] 0.18773140 0.14462479 0.10949105 0.08151776 0.05972676
0.04309510

[19] 0.03064213 0.02148432

> plot (lamda_a, power)
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Test 4.1, R: power curve.

Test 4.2 Two Exponential Rate Parameters (One-Sided)

Input parameters:
n = sample size
del0 = maximum desirable multiple of nominal rate
dela = alternative multipliers; dela > del0
beta = probability of failure to reject the null hypothesis given del0

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority)\
Programs & Output';

data calc;
set stuff.d20121024 test 4 2 two_ exp;

delta = (1/dela) - (1/delo0);

nc = sqgrt(n) * delta/sqgrt((1 + (1/del0)**2));

tecrit = tinv(beta,2*n-2);

power = 1 - probt(tcrit,2*n-2,nc);/* Pr{T' > = tcrit} */
run;
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proc print data
dela delta nc tcrit power */

run;

Obs

W J o0 U WN R

MNNMNNMNMNMNMMNMMNMNMRRPERERPRPRPRPRRPRRERERR
W JO0O Ul WNEFEF O WOWNNO U WDNDE o

151

calc;/*dataset calc has columns n beta del0

The SAS System

30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30

beta

.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05

O O O O O O O OO0 OO0 0000000000 O0OOOOoOOo oo

del0 dela

PR R PRPRPRPRRERRPRRERRPRPRERERPRRRRPRRRRRR

=

OCWOWUdO U WNNNMNMNNMNNMNNNNMNMNNRERRERRRPER R P R
OO0 000000 WVW®O®UIAOU D WNREOWO®UIOU® WNR O

07:36 Wednesday,

delta

.00000
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.

09091
16667
23077
28571
33333
37500
41176
44444
47368
50000
52381
54545
56522
58333
60000
61538
62963
64286
65517
66667
75000
80000
83333
85714
87500
88889
90000

-1
-1
-1
-1
-1
-1
-1
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2

nc

.00000
-0.
-0.
-0.
.10657
.29099
.45237
.59476
.72133
.83457
.93649
.02871
.11254
.18908
.25924
.32379
.38337
.43855
.48978
.53747
.58199
.90474
-3.
-3.
-3.
-3.
-3.
-3.

35209
64550
89377

09839
22749
31970
38886
44265
48569

October 24,

tecrit

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155
.67155

2012 2

O O O O O O O OO OO0 OO0 O0OO0OO0O0OOOO0OOLOOOOoOOoOOoOOo

power

.95000
.90266
.84300
.77682
.70925
.64391
.58295
.52740
.47753
.43319
.39397
.35939
.32891
.30203
.27830
.25730
.23868
.22211
.20733
.19411
.18225
.11015
.07823
.06122
.05095
.04418
.03944
.03595
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JMP Data Table and formulas:

Fie Edit Tables Rows Cols DOE Analyze Graph Toos View Window Help

DOSAES ¥ 0B[22 E&¢ NS P S+ BSSH O 020 Tetd-2 Two Biponentis Rtes One-Sded Power -
[8) P Starer [
%{ D) 0121024 Test -2 Two Expomertia Rates One-ided Power =
B 20121024 Test 4-2 Two Expo | ¢ @
2| overtay Protpowervene_— | < n veta ae deta ne et Power
W0 ez Piot powerv el 16| 14523088 | 16715528 05829492
R 17] 15047578 | 16715528 0.52739776
& 18| 17213250 | 10715528 0.47753252
s 1 1] 18345711 10715528 0.43319059
M " -1.9364917 | -16715528 | 0.39397467
¢4 = Columns 7/0) 2 1 1| -20287056| 16715528 | 03503866
ot 3 i 2| 21128304 6715828 032800513
:zﬁ: 7 1 3[ 21890775 | 16715528 | 030202895
4 5 1 | 22502403 16715528 027620774,
A ncd 6 1 5 -2.32379| -1.6715528 | 0.25730034.
P 7 T 6| 23839744 1 6715628 023867575,
4 Powerde 18 1 7| -24385451| 16715528 022211045
19 ) 005 1 28| 2489775 10715528 020733285
20 30 0.05 1 29| -25374718| -16715528| 0.19411338
21 20 005 1 3] 25019889 16715528 018224044
2 2 005 1 | 29087375 -ve715528] 01101433
= 20 005 1 5| 20083067 | 16715528 007623062
Bre o)) g e
Table Columns v ) Functions Grouped)v| - o | [Table Courms o B Fundiions (0rouped) v] E [ ] ® [
n BEA  [row A n BHEE [row B n BHES [row
veta EES |numenc [concel | [oais XER |nmenc | o |Ben WER |numenc
aei0 Transcandantal
B (B ol ol I | [)a) |Tenscencentl
dela @ @ Trigonometric: dela  Trigonometric: ‘ dela @ Trigonometric:
nc &) |character ne BfE@) | cnaracer ne B)E®) | characer
ot Character Pattem it Characer Patiem it CharacterPatiemn
Power Comparison Clor | oouer Comparison Slear | Power Comparison
Conditonal Condional Condtional
e
Probability axd i | Probability ] Help Probability

Power for Test 4.2, JMP screen.

R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20121024 test 4 2 two_exp.
csv",header = TRUE,sep = ", ")

> dfl

n beta del0 dela

30 0.05 1 1.0

30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05
30 0.05

W J 0 Ul WDN

[y
o v
B W NEHE O WO Ul b WwN K

[y
=

[y
\S)

[y
w

=
'

PR RPRPRRRRPRRRRP PR
NNV NNRRRPR R B R PP

=
w1
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16 30 0.05 1 2.5

17 30 0.05 1 2.6

18 30 0.05 1 2.7

19 30 0.05 1 2.8

20 30 0.05 1 2.9

21 30 0.05 1 3.0

22 30 0.05 1 4.0

23 30 0.05 1 5.0

24 30 0.05 1 6.0

25 30 0.05 1 7.0

26 30 0.05 1 8.0

27 30 0.05 1 9.0

28 30 0.05 1 10.0

> attach(dfl)

> delta <- (1/dela) - (1/del0)

> nc <- sgrt(n)*delta/sgrt(1l+(1/del0) **2)
> tcrit <- gt (beta,2*n-2)

> power <- 1 - pt(tcrit,2*n-2,nc)
> power

[1] 0.95000000 0.90265934 0.84300024 0.77681996 0.70924735

0.64390729

[7] 0.58294920 0.52739776 0.47753262 0.43319059 0.39397467

0.35938660

[13] 0.32890513 0.30202895 0.27829774 0.25730034 0.23867575

0.22211045

[19] 0.20733386 0.19411338 0.18224944 0.11014930 0.07823062

0.06121769

[25] 0.05094668 0.04418344 0.03943986 0.03595075

> plot (dela, power)

Power

0.8

0.6

0.4

0.2

0.0

Test 4.2, R: power curve.

153
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Test 5.1 C,;

Input parameters:
n = sample size
cpk0 = minimum desirable C,,
cpka = alternative C, values; cpka < cpk0
beta = probability of failure to reject the null hypothesis given cpk0

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\
Programs & Output';

data calc;
set stuff.d20121023 test 5 1 power cpk;
nco 3*sgrt (n) *cpkO;
nca 3*sgrt (n) *cpka;
tcrit = tinv(beta,n-1,nco0);
cpkerit = tcrit/ (3*sqgrt(n));
bias = sgrt((n-1)/2)*gamma ((n-2)/2)/gamma((n-1)/2) ;
cpk _bcorr = cpkcrit*bias;
power = 1 - probt(tcrit,n-1,nca);/* Pr{T' > = tcrit} */
run;

proc print data = calc;/*dataset calc has columns cpkO cpka n
beta tcrit cpkcrit bias cpk bcorr power */

run;
The SAS System 11:43 Tuesday, October 23, 2012 2
cpk_

Obs CpkO Cpka n Dbeta nc0O nca tcrit cpkcrit Dbias bcorr power
1 1.33 1.33 100 0.05 39.9 39.9 35.4878 1.18293 1.00766 1.19198 0.95000
2 1.33 1.30 100 0.05 39.9 39.0 35.4878 1.18293 1.00766 1.19198 0.90687
3 1.33 1.25 100 0.05 39.9 37.5 35.4878 1.18293 1.00766 1.19198 0.78202
4 1.33 1.22 100 0.05 39.9 36.6 35.4878 1.18293 1.00766 1.19198 0.67396
5 1.33 1.20 100 0.05 39.9 36.0 35.4878 1.18293 1.00766 1.19198 0.59134
6 1.33 1.15 100 0.05 39.9 34.5 35.4878 1.18293 1.00766 1.19198 0.37345
7 1.33 1.10 100 0.05 39.9 33.0 35.4878 1.18293 1.00766 1.19198 0.18874
8 1.33 1.05 100 0.05 39.9 31.5 35.4878 1.18293 1.00766 1.19198 0.07369
9 1.33 1.02 100 0.05 39.9 30.6 35.4878 1.18293 1.00766 1.19198 0.03657

10 1.33 1.00 100 0.05 39.9 30.0 35.4878 1.18293 1.00766 1.19198 0.02158
11 1.33 0.99 100 0.05 39.9 29.7 35.4878 1.18293 1.00766 1.19198 0.01627
12 1.33 0.95 100 0.05 39.9 28.5 35.4878 1.18293 1.00766 1.19198 0.00462



Computer Code—Power Curves

JMP Data Table and formulas:

Fie Edit Tables Rows Cols DOE Analyze Graph Toos View Window Help
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Power for Test 5.1, JMP screen 2.
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R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20121023 test 5 1 cpk

power.csv",header = TRUE,sep = ", ")

> df1l
CpkO Cpka n beta

1 1.33 1.33 100 0.05
2 1.33 1.30 100 0.05
3 1.33 1.25 100 0.05
4 1.33 1.22 100 0.05
5 1.33 1.20 100 0.05
6 1.33 1.15 100 0.05
7 1.33 1.10 100 0.05
8 1.33 1.05 100 0.05
9 1.33 1.02 100 0.05
10 1.33 1.00 100 0.05
11 1.33 0.99 100 0.05
12 1.33 0.95 100 0.05
> attach(dfl)

> ncO0 <- 3*sgrt(n) *Cpk0

> tcrit <- gt(beta,n-1,nc0)

> cpk_crit <- tcrit/(3*sqgrt(n))
> nca <- 3*sgrt(n) *Cpka

> power = 1 - pt(tcrit,n-1,nca)
> bias <- sqgrt((n-1)/2)*gamma((n-2)/2)/gamma((n-1)/2)
> cpk_bcorr <- cpk_crit*bias

\%

power
[1] 0.950000000 0.905477195 0.778011372 0.669142561
0.586209919 0.368588986

[7] 0.185372972 0.072000352 0.035620438 0.020977501
0.015800452 0.004470561

> plot (Cpka, power)
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Test 5.1, R: power curve.

1.2 1.3

Test 5.2 Cp

Input parameters:
n = sample size

cp0 = minimum desirable C,

k = multiplier to compute cpa, alternative values of C,, cpa < cp0
beta probability of failure to reject the null hypothesis given k = 1

(cpa = cp0)

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\

Programs & Output';

data calc;

set stuff.d20121023 test 5 2 cp power;

k = cp0/cpa;

chicrit = cinv(l-beta,n-1);

chialt = chicrit/k**2;

power = probchi (chialt,n-1);/* Pr{Chi-Sq < = chialt} */

run;
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proc print data = calc;/*dataset calc has columns n cp0O cpa k
chicrit chialt power */

run;

The SAS System 15:24 Tuesday, October 23, 2012 1

Obs n beta cp0 cpa k chicrit chialt power
1 20 0.05 1.33 1.33 1.00000 30.1435 30.1435 0.95000
2 20 0.05 1.33 1.32 1.00758 30.1435 29.6919 0.94415
3 20 0.05 1.33 1.31 1.01527 30.1435 29.2438 0.93775
4 20 0.05 1.33 1.30 1.02308 30.1435 28.7990 0.93079
5 20 0.05 1.33 1.29 1.03101 30.1435 28.3576 0.92322
6 20 0.05 1.33 1.28 1.03906 30.1435 27.9197 0.91501
7 20 0.05 1.33 1.27 1.04724 30.1435 27.4852 0.90615
8 20 0.05 1.33 1.26 1.05556 30.1435 27.0540 0.89660
9 20 0.05 1.33 1.25 1.06400 30.1435 26.6263 0.88634

10 20 0.05 1.33 1.24 1.07258 30.1435 26.2020 0.87534
11 20 0.05 1.33 1.23 1.08130 30.1435 25.7811 0.86359
12 20 0.05 1.33 1.22 1.09016 30.1435 25.3636 0.85108
13 20 0.05 1.33 1.21 1.09917 30.1435 24.9495 0.83779
14 20 0.05 1.33 1.20 1.10833 30.1435 24.5388 0.82371
15 20 0.05 1.33 1.15 1.15652 30.1435 22.5365 0.74163
16 20 0.05 1.33 1.10 1.20909 30.1435 20.6194 0.64179
17 20 0.05 1.33 1.00 1.33000 30.1435 17.0408 0.41290
18 20 0.05 1.33 0.95 1.40000 30.1435 15.3794 0.30180
19 20 0.05 1.33 0.90 1.47778 30.1435 13.8031 0.20495
20 20 0.05 1.33 0.80 1.66250 30.1435 10.9061 0.07304
21 20 0.05 1.33 0.70 1.90000 30.1435 8.3500 0.01721
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JMP Data Table and formulas:

Fie Edt Tables Rows Cols DOF Analyze Graph Took View Vindow Help
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Power for Test 5.2, JMP screen.

R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20121023 test 5 2 cp

power.csv",header = TRUE,sep = ", ")
> dfl

n beta CpO0 Cpa
1 20 0.05 1.33 1.33
2
3 20 0.05 1.33 1.31
4 20 0.05 1.33 1.30
5 20 0.05 1.33 1.29
6 20 0.05 1.33 1.28
7 20 0.05 1.33 1.27
8 20 0.05 1.33 1.26
9 20 0.05 1.33 1.25
10 20 0.05 1.33 1.24
11 20 0.05 1.33 1.23
12 20 0.05 1.33 1.22
13 20 0.05 1.33 1.21
14 20 0.05 1.33 1.20
15 20 0.05 1.33 1.15
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16 20
17 20
18 20
19 20
20 20
21 20

o O O o

.05
.05
.05
.05
0.05
0.

05

[ I

.33
.33
.33
.33
.33
.33

> attach(dfl)
k <- Cp0/Cpa

VvV V V

> power
[1]
0.91501373
[7]
0.85108045
[13]
0.30179888
[19]
> plot (Cpa, power)

o O o o+

.10
.00
.95
.90
.80
.70

chicrit <- gchisqg(l-beta,n-1)
power <- pchisg(chicrit/ (k**2),n-1)

Equivalence and Noninferiority Tests

0.20495238 0.07304450 0.01721072

0.95000000 0.94414784 0.93775382 0.93078690 0.92321668

0.90614996 0.89659902 0.88633671 0.87534138 0.86359437

0.83778817 0.82371035 0.74162575 0.64179364 0.41289854

0.8 1

0.6

Power

0.4

0.2

0.0

0.7 0.8

Test 5.2, R: power curve.

0.9

1.0 1.1 1.2
Cpa

1.3

Test 6.1 Multivariate—Single Mean Vector

Inasmuch as inverting covariance matrices is much simpler with R compared
with either JMP or SAS, only R code will be presented for this test. Also,
since this test is multivariate, power is a hyper-surface over all dimensions of
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the vector space of interest. Here some power calculations will be illustrated,
using three-dimensional “delta” vectors (a “null” vector, delta0, and several
alternatives).
Input parameters:
n = sample size
covmat = covariance matrix
delta0 = vector of allowable limits on the difference between the mean
vector and target mean vector
beta = probability of failure to reject the null hypothesis given delta_alt
= delta0

R:
> beta <- 0.05
> covmat <- c¢(4.5,1.6,4.8,1.6,0.6,1.65,4.8,1.65,6.3)

> dim(covmat) <-c(3,3)

> covmat

[,11 [,2] [,3]
[1,] 4.5 1.60 4.80
[2,] 1.6 0.60 1.65
[3,] 4.8 1.65 6.30

> delta0 <- c(3,2,3)
>n <- 30
> covinv <- golve (covmat)
> covinv
[,1] [,2] [,3]

[1,] 7.014925 -14.328358 -1.5920398
[2,] -14.328358 35.223881 1.6915423
[3,] -1.592040 1.691542 0.9286899
> ncO0 <- n*t(deltal)$*%covinv$*%deltal
> ncO

[,1]
[1,] 962.6866
> k <- 3

> F _crit <- gf(l-beta,k,n-k,nc0)

> F_crit
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[1] 542.9681

> delta_alt <- ¢(3.3,2.2,3.3)
> nca <- n*t(delta alt)%*%covinv%*%delta alt
> nca
[,1]
[1,] 1164.851
> power <- pf(F _crit,k,n-k,nca)
> power
[1] 0.8530768

> delta_alt <- ¢(3.6,2.4,3.6)
> nca <- n*t(delta alt)%*%covinv%*%delta alt
> nca
[,1]
[1,] 1386.269
> power <- pf(F _crit,k,n-k,nca)
> power
[1] 0.6817987

> delta_alt <- ¢(3.9,2.8,3.9)
> nca <- n*t(delta alt)%*%covinv%*%delta alt
> nca
[,1]
[1,] 2176.791
> power <- pf(F _crit,k,n-k,nca)
> power
[1] 0.1163759

> delta_alt <- c(4.0,3.0,4.0)
> nca <- n*t(delta alt)%*%covinv%*%delta alt
> nca
[,1]
[1,] 2696.517
> power <- pf(F _crit,k,n-k,nca)
> power
[1] 0.01867881

Test 9.1 Two Sequences, Variability Known

Input parameters:
n = sample size (number of points in each sequence)
del0 = maximum desirable difference between the sequences
dela = alternative differences between the sequences
beta = probability of failure to reject the null hypothesis given del0
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“u_ 1

sigma_e = standard deviation of noise in “e” sequence

“u_ 1

sigma_r = standard deviation of noise in “r” sequence

SAS code:

163

libname stuff 'H:\Personal Data\Equivalence & Noninferiority\

Programs & Output';

data calc;
set stuff.d20121025 test 9 1 two_seq var k;
delsig0 = delO/sqgrt(sigma e**2 + sigma_ r**2)
ncO0 = n * delsig0**2;
chi crit = cinv(l-beta,n,nc0);
delsiga = dela/sqgrt(sigma e**2 + sigma_r**2)
nca = n * delsiga**2;

7

7

power = probchi(chi crit,n,nca);/* Pr{ChiSq < = chi crit} =*/

run;

proc print data = calc;/*dataset calc has columns n beta
sigma e sigma _r delO dela delsig0 delsiga chi_crit nc0 nca

power */

run;

The SAS System 07:30 Thursday, October 25, 2012 1

Obs nsigma_e sigma r beta del0 dela delsig0 ncO0 chi crit delsiga

130 1.665 1.665 0.050.33 0.33 0.14015 0.58924 44.6297 0
230 1.665 1.665 0.050.33 0.40 0.14015 0.58924 44.6297 0
330 1.665 1.665 0.050.33 0.50 0.14015 0.58924 44.6297 0
430 1.665 1.665 0.050.33 0.60 0.14015 0.58924 44.6297 0
530 1.665 1.665 0.050.33 0.70 0.14015 0.58924 44.6297 0
630 1.665 1.665 0.050.33 0.80 0.14015 0.58924 44.6297 0
730 1.665 1.665 0.050.33 0.90 0.14015 0.58924 44.6297 O
830 1.665 1.665 0.050.33 1.00 0.14015 0.58924 44.6297 0
930 1.665 1.665 0.050.33 1.50 0.14015 0.58924 44.6297 O.
1030 1.665 1.665 0.050.33 2.00 0.14015 0.58924 44.6297 0
1130 1.665 1.665 0.050.33 2.50 0.14015 0.58924 44.6297 1
1230 1.665 1.665 0.050.33 2.60 0.14015 0.58924 44.6297 1
1330 1.665 1.665 0.050.33 2.70 0.14015 0.58924 44.6297 1
1430 1.665 1.665 0.050.33 2.80 0.14015 0.58924 44.6297 1
1530 1.665 1.665 0.050.33 2.90 0.14015 0.58924 44.6297 1
1630 1.665 1.665 0.050.33 3.00 0.14015 0.58924 44.6297 1

.14015
.16988
.21234
.25481
.29728
.33975
.38222
.42469

63703

.84938
.06172
.10419
.14666
.18913
.23160
.27407

Uk WNR P OoOo

nca

.5892
.8657
.3527
.9479
.6513
.4629
.3828
.4108
12.
21.
33.
36.
39.
42.
45.
48.

1743
6433
8176
5771
4449
4208
5050
6973

O 0O 00000000000 OO o

power

.95000
.94582
.93796
.92747
.91383
.89641
.87454
.84756
.62140
.29742
.07342
.05036
.03333
.02127
.01307
.00773
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JMP Data Table and formulas:

W
DOGAMS S LA[N)? @My P L+ @SS Of 20121025 Tests-1 Two Sequences Variabilty Known Power ~|

(1) 20121025 Test9-1 Two Sequences Variability Known Power BRI
|>20121025 Testo-1 [ ¢ 2 -
= ® n sigma_e | sigma_r veta delo dela ncto ndta chiz_cit | _power
5 1 30 1665 1665 005 033 0.33| 0.58923789 | 058923789 | 44629687 095
M 2 30 1665 1665 005 033 0.4] 058923789 | 08657306 44.620687 | 094562136
i 3 30 1665 1665 005 033 05| 058923789 | 135270406 | 44629687 09379597
= 1665 005 033 0.6[ 058923789 | 194780384 44620687 | 092747287
chi2_crit [e[@= | 1,665 0.05 033 07| 0.58923789 | 265129995 44.629687 | 0.91382793
B ® 1665 0.05 033 0.8[ 058923780 | 246202238 | 44620687 | 089640874
able Columns v/ ‘ unclions (grouped) v| e
1665 0.05 033 0.9] 058923789 | 4.38276114| 44.620687| 06745444
= N 1665 005 033 1] 058923789 | 5.41081622| 44620687 084755655
:::x—" ®EE T;’"“;fn ok 1665 005 033 15| 050923789 | 12.1743365 | 44629687  0.62139538
otn BBE Trigonometric 1665 0.05 033 2| 058923789 | 216432649 | 44629687 | 029741569
el BI0=@ | characer 1665 005 033 25| 058923789 | 338176014| 44620687 007341723
dela Character Pattern 1685 005 033 26| 058923789 | 365771177| 44620687 | 005035557
ncto Comparison 1665 0.05 033 27| 058923780 | 30.4448503| 44620687 003333311
ncta Conattional E 1665 0.05 033 28] 058923789 | 424207992 44.620687 | 0.02127113
chi2_cit = Probabilty S 1665 005 033 20| 058923780 | 45.5040644| 44620687 | 001307183
1665 005 033 3| 058923789 | 43.697345| 44629687 | 0.00772847
hiSquare Quantie] 1-beta, n, ncto ]
< i | -
&) net0 o ® &) ncta ol® =
Table Columns v| ® Functions (grouped) v| [ |[Table Columns v| ® Functions (grouped) v/ C‘ [Table Columns v @ Functions (grouped) v/
n - BE® [row = [ - BE® [row - n - BEE |row -
sama_e @ [tumeic sigma_e B e G |l som.e WED |wmee (]
sigma_r o\ ranscende 2| [||siomar =I5 ranscendent sigma_r =l ranscendental |
veta 2} Trigonometric beta ) Trigonometric A8 || [beta L Trigonometric
del0 @) |characer del0 EIE® | character ael0 5 EE® | chaacer
dela Character Patter dela Character Pattern dela Character Pattern
ncto Comparison ncto Comparison < 1 |nco Comparison =2
ndta Conditional ncta Condiional o [ Condiional
chi2_ciit - Probabiliy < | |leniz_cit - Probability 5 chi2_ciit ~ Probability =
[qe?]
[ - N z] hiSquare Distribution| chi2_cri, 1, ncta)|
[sgma_e " |sigma /|

Power for Test 9.1, JMP screen.

R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20121025 test 9 1 two_seq
var _k.csv",header = TRUE,sep = ",")
> dfl

beta delo dela

n sigma e sigma r

W J o0 U WN R

e
W N RO

30
30
30
30
30
30
30
30
30
30
30
30
30

1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665

1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665
1.665

O O O O OO OO0 oo oo o

.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05

O O OO O OO0 OO o oo

.33
.33
.33
.33
.33
.33
.33
.33
.33
.33
.33
.33
.33

.33
.40
.50
.60
.70
.80
.90
.00
.50
.00
.50
.60
.70

NNMNMNNMNMHEHEPRPOOOOOOO
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14 30 1.665 1.665 0.05
15 30 1.665 1.665 0.05
16 30 1.665 1.665 0.05

> attach(dfl)

delsig0 <- del0/sgrt (sigma_e**2
delsiga <- dela/sqgrt (sigma_e**2
ncO0 <- n*delsig0**2

nca <- n*delsiga**2

V V.V V V V

power <- pchisg(chi crit,n,nca)
> power

[1]
0.913827934 0.896408739
[7]
0.073417235 0.050355572
[13]
> plot (dela, power)

chi crit <- gchisg(l-beta,n,nco0)

165

0.33 2.80
0.33 2.90
0.33 3.00

sigma r**2)
sigma r**2)

0.950000000 0.945821364 0.937959697 0.927472866

0.874544399 0.847556554 0.621395383 0.297415686

0.033333111 0.021271126 0.013071830 0.007728469

o
° o ° o .
o
o
0.8 -
0.6 - °
3
z
o
~
0.4
o
0.2 1
o
° (o]
0.0 - °oo
T T T T T T
0.5 1.0 15 2.0 2.5 3.0
dela

Test 9.1, R: power curve by A.

> plot (delsiga, power)
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%0 o o, .
o
o

0.8

0.6 - °
3
z
o
~

0.4

o
0.2
o
° o
0.0 - Coo
T T T T T T
0.2 0.4 0.6 0.8 1.0 1.2

delsiga

Test 9.1, R: power curve by A/c.

Test 9.2 Two Sequences, Variability Unknown

Input parameters:
n = sample size (number of points in each sequence)
g0 = maximum desirable difference, in standard deviation units, between
the sequences
ga = alternative differences, in standard deviation units, between the
sequences
beta = probability of failure to reject the null hypothesis given g0

SAS code:

libname stuff 'H:\Personal Data\Equivalence & Noninferiority)\
Programs & Output';

data calc;
set stuff.d20121025 test 9 2 two seqg var u;
nc0 = n * go**2;
nca = n * ga**2;
f crit = finv(l-beta,n,n,nc0);
power = probf (f crit,n,n,nca);/* Pr{F < = £ crit} */
run;
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proc print data

nc0 nca £ crit power */

run;

The SAS System

Obs

W J 0 Ul WDN

N
W N R oW

14
15
16
17

n
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30

beta
0.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05
.05

O O O OO 000000 OoOOoOOoOOoO o
O OO O OO0 O0O0OO0OO0OO0OO0OOoOOoOOoOOoOo

07:30 Thursday,

g0

.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015
.14015

HEPRPRPHEERPEROOOOOOOOOO

ga
.14015
.15000
.20000
.30000
.40000
.50000
.60000
.70000
.80000
.90000
.00000
.10000
.20000
.30000
.46000
.50000
.60000

JMP Data Table and formulas:

Fie Edit Tables Rows Cols DOE Analyze Graph Tools View Window Help

nco
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924
.58924

O O O O O OO0 OO0 OoOOoOoOOoOOo oo

October 25,

nca
0.5892
0.6750
1.2000
2.7000
4.8000
7.5000
10.8000
14.7000
19.2000
24.3000
30.0000
36.3000
43.2000
50.7000
63.9480
67.5000
76.8000

2012 4
f crit
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695
.87695

PR RPRRRPRERRPRERRPRPRRRRRRRR

O O O O O 000000000 OoOOoOo
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calc;/*dataset calc has columns n beta g0 ga

power
.95000
.94923
.94438
.92906
.90404
.86593
.81119
.73723
.64404
.53550
.41959
.30689
.20773
.12914
.04977
.03771
.01754

DOERES % LB[E? @¢MH& P L+ BSSH O 212105 Tend-2 Two Sequences ariabilty Unknown Power -
1) 20121025 Test -2 Two Sequences Varisilty Unknown Power =]
20121025 Test9-2 | ¢ -
® n veta % % nco nca ot | power
1 ED 005| 0140147 0140147 | 058923545 | 058923545 187695375 055
2| 30 0.05 0.140147. 0.15| 0.58923545 0675 1.87695376| 0.94923176
3 30 005 0.140147. 02| 058923545 1.2| 1.87695376 | 094437738
s = 03| 059923545 27| 187695376 0.92906357
s Co)@0==] o 04| 058923545 48] 187695376 0.90403908
Table Columns v/ ® Functions (grouped) v | a7 05| 058923545 75| 187695376 | 0.86593284
Numeric TN 2 el
Transcendental B et = e
Trigonometic e T
Character | @8@ o | o)
Character Patten n low B
Comparson [Ccten ] o W fmee [conce]
Conationsl aa o ranscendental el
Probability 3 F;ﬂ %% ::"“W“::"""
i aracter
i ncta Character Pattem
e Comparison (o]
W i power Conational
] | ¥ Quantie] 1-beta, 1, n, nctd
] nctd EE=] o
‘Table Columns v/ ® [Functions (grouped) v/ (o) g CiA)
n HE@ [row B
veta PORER) umerc [eonca]
o = Transcendental
5 WES o =)
ncto BR@) | cnarscer n
ncta Character Patern
e Comparsan (Caer ] ©
power Contonal 9
oy - (e
ln" g0}

Power for Test 9.2, JMP screen.
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R:

> dfl <- read.table("H:\\Personal Data\\Equivalence &
Noninferiority\\Programs & Output\\d20121025 test 9 2 two_seq

var u.csv",header = TRUE,sep = ",")
> df1l
n beta g0 ga
1 30 0.05 0.140147 0.140147
2 30 0.05 0.140147 0.150000
3 30 0.05 0.140147 0.200000
4 30 0.05 0.140147 0.300000
5 30 0.05 0.140147 0.400000
6 30 0.05 0.140147 0.500000
7 30 0.05 0.140147 0.600000
8 30 0.05 0.140147 0.700000
9 30 0.05 0.140147 0.800000
10 30 0.05 0.140147 0.900000
11 30 0.05 0.140147 1.000000
12 30 0.05 0.140147 1.100000
13 30 0.05 0.140147 1.200000
14 30 0.05 0.140147 1.300000
15 30 0.05 0.140147 1.460000
16 30 0.05 0.140147 1.500000
17 30 0.05 0.140147 1.600000
> attach(dfl)
> ncO0 <- n*g0**2
> nca <- n*gar**2
> £ crit <- gf(l-beta,n,n,nc0)
> power <- pf(f crit,n,n,nca)

\%

power
[1] 0.95000000 0.94923176 0.94437738 0.92906357 0.90403908
0.86593284

[7] 0.81118561 0.73722763 0.64404296 0.53550462 0.41959153
0.30689462

[13] 0.20773002 0.12913863 0.04977451 0.03771117 0.01753920
> plot (ga, power)
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Test 9.2, R: power curve.
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Appendix I: Review of Some Probability
and Statistics Concepts

Probability Concepts

Probability begins with the ideas of “sample space” and “experiment.” An
experiment is the observation of some phenomenon whose result cannot
be perfectly predicted a priori. A sample space is the collection of all possible
results (called outcomes) from an experiment. Thus, an experiment can
be thought of as the observation of a result taken from a sample space. These
circular definitions may be a little annoying and somewhat baffling, but they
are easily illustrated. If the experiment is to observe which face of a six-sided
die lands up after throwing it across a gaming table, then the sample space
consists of six elements, namely, the array of one, two, three, four, five, or
six dots, as they are typically arrayed on the faces of a six-sided die. Sample
spaces need not be so discrete or finite; they can be continuous and infi-
nite, in that they can have an infinite number of outcomes. For example, if a
sample space consists of all possible initial voltages generated by Lil batteries
made in a battery manufacturing plant, then it would have an infinite (albeit
bounded) number of possible outcomes.

A random variable is a mapping from a sample space into (usually) some
subset of the real numbers (possible over the entire real line). Think of the
random variable as a “measurement” taken after the experiment is per-
formed. Thus, the number of dots in the array showing after the die is cast, or
the voltage as measured by a volt meter, would be random variables. There
are two basic classes of random variables, discrete and continuous. Discrete
random variables are mapped from the sample space to a subset of integers,
and continuous random variables are mapped to subsets of real numbers.
The die example is discrete, and the voltage example is continuous.

Every random variable has a probability distribution function that
describes the chances of observing particular ranges of values for the random
variable. In the case of discrete random variables, it also makes sense to talk
about the probability of an experiment resulting in a particular value, for
example, the probability that the number of dots in the die array showing is
four. For continuous variables, it makes sense to talk about the probability of
obtaining a value in a “small” range, but the probability of obtaining a par-
ticular value is zero. This is not to say that particular values of continuous
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random variables are never observed or measured; it just means that we do
not have the ability to predict a particular value with any non-zero measure
of uncertainty.

A probability distribution function describes the probability that a random
variable is less than or equal to a particular value. We will use capital
letters to represent the random variable, and lowercase letters to represent
particular values. If X is a random variable, then the probability function for
X is symbolized as

Fy (x) = Pr{X < x}.

In the case of discrete random variables, this function is a sum of probabili-
ties for particular values, p(k), up to and including the value x:

Fe(x)= Y p(k).

k<x

The function p(k) is referred to as the probability mass function. In the case
of continuous random variables, the summation is replaced with an integral,
and the discrete probability mass function is replaced with something called
a probability density function (usually; there are some more or less degen-
erate cases where a density function does not exist), f(x), which defines the
probability that the random variable would have values observed in a small
interval, dx:

fx @)dx =Prix—dx < X <x + dx}.

So the probability distribution function is:

F()= [fe(E)de

In general, the probability mass functions and density functions are
defined in terms of parameters that give these functions their particular
characteristics. This book involves several special classes of density func-
tions and their associated parameters.

There are some special characteristics of random variables called moments.
We will only be concerned with two such characteristics, called expecta-
tion (or mean) and variance (and its square root, called standard deviation).
The expectation of a random variable is given by:

Zxkp(xk)

k

n=1,. .
[ereym
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The sum is for discrete random variables, and the integral for continuous
random variables. The expectation is like the center of gravity for the random
variable, if one thinks about the density function describing the distribution
of mass over a beam. The variance is

Z(xk —1)” p(xi)

k
o = +oo

[(e-wr rie)e

—oo

Again, the summation and integral are for discrete and continuous random
variables, respectively.

Table AL1 shows the parameteric forms of density and mass functions for
several special random variables referred to in the text.

TABLE Al.1
Some Probability Density and Mass Functions

Name Parameters Density or Mass Function Range of Values
Normal , 0 —ocoL <400
[ 1 o 1 ( x—p )2
J2no 4 2\ o
Gamma n,A A x>0
n-1
I'(n)
Chi-squared \% v x>0

W25 g 1)

i

2
T v —co<X<+00
( v+1 ) |: :| VH)
F Vi, Vo ( Vi+V, ) (1),1 x>0
X 2
(vi+v2)/2
(B
2 2

n k=0,1,2,3,...,n

k}’k 1

Binomial n,p [
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Statistics Concepts

This book is concerned with making inferences about parameters of prob-
ability distribution functions. An inference is a generalization made from
some specific observations. The specific observations are the data; the gen-
eralization is about the values of the parameters. The data are presumed to
be a (relatively) small subset of values obtained, measured, or observed in
some way from a larger population (sample space). Generally, the parameters
are unknown. What we have instead are sample statistics, which are func-
tions of the data. These statistics are themselves random variables, in that
every new subset of values from the population yields potentially at least a
new value for the statistic. As a result, the sample statistic also has a sample
space associated with it, and a probability distribution function as well. The
probability distribution function for a sample statistic is often referred to as
a sampling distribution function (Meyer, 1970). The form of the sampling
distribution usually depends on the formula for the statistic, and the distri-
bution function of the random variable for which the data constitute a subset
of values or observations.

One common situation is to make inferences about the expected value of
a random variable having a normal probability density, that is,

E(X)=ﬁ J.xexp(—;(x;u) )dx= u.

It is a convenient coincidence that the expected value of a normally distrib-
uted random variable happens to be one of its parameters.

The problem is that both u and o, the two parameters for the normal dis-
tribution, may not have known values. We can only infer something about
this expected value based on a finite subset of values from this normally
distributed population. Let x;, x,, x3, . . ., x, represent the values of this finite
subset, called a sample. We can infer two sample statistics:

X=— X;
n
i=1

and

— 1 Y _72
s= n_IZ(x, x) -

These represent sample estimates for the population parameters 1 and 6. An
inference would be made if we wanted to know (infer) whether the expected
value of this particular normal distribution was equal to a particular value.
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If we “hypothesize” about whether the expected value is equal to L, that is,
some specific value, we form yet another sample statistic:

_\/;(f—lvlo) ‘

F=
5

This statistic, if the expected value of the random variable X actually is equal
to Uy, has a sampling distribution called Student’s t with a parameter called
degrees of freedom (df) equaling the convenient (and known) value n — 1. The
inference to be made is whether it is believable that the expected value of X
is equal to p,. If the value of the statistic ¢ falls within a “reasonable” range,
we would expect (say, a range that covers 95 percent of values for a random
variable having a Student’s t-distribution with df = n — 1. In other words, if
t, represents the 100p percentile of this Student’s t-distribution, we would
expect the sample statistic to fall somewhere between f,; and t,; with
probability 0.95 (95 percent). So the inferential rule for this statistic could be
the following: If the sample statistic, f, falls in the interval (f, s, t975), then we
are willing to believe that the expected value of the random variable we were
sampling is equal to L. Otherwise, we will not believe it.

For an excellent coverage of probability and statistical topics, see
Meyer (1970).






Appendix 11

Theorem
For any interval on the real line, say, A, and a critical region y, such that:

sup Pr{xe x|y=inf A} =1-

there is always an interval B, such that
inf A >sup B
and
sup Pr{xe |8 =sup B} =a<1-p.
Proof: Let
f(®) =Pr {xe |6}
be a continuous, monotonically decreasing function of 6. Then
fO) =Prixex|vi=1-p

and there is a value 8 < ysuch that

f@)=Pri{xeyld=a<1-B

by continuity and monotonicity. Let A be any interval such that y = inf A.
Since § < v, define the interval B such that § = sup B.
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