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to my wife HERMONA



PREFACE

The nonlinear method in the theory of distributions presented in this work is based on
embeddings of the distributions in D'(Rn) into associative and commutative algebras

whose elements are classes of sequences of smooth functions on R". The embeddings de-
fine various distribution multiplications. Positive powers can also be defined for cer

tain distributions, as for instance the Dirac § function.

A framework is in that way obtained for the study of nonlinear partial differential

equations with weak or distribution solutions as well as for a whole range of ‘irregu-

lar operations on distributions, encountered for instance in quantum mechanics.

In chapter 1, the general method of constructing the algebras containing the distribu-
tions and basic properties of these algebras are presented. The way the algebras are

constructed can be interpreted as a sequential completion of the space of smooth func-

tions on R". In chapter 2, based on an analysis of classes of singularities of piece

wise smooth functions on R", situated on arbitrary closed subsets of R"™ with smooth
boundaries, for instance, locally finite families of smooth surfaces, the so called

Dirac algebras, which prove to be useful in later applications are introduced.

Chapter 3 presents a first application. A general class of nonlinear partial differen-

tial equations, with polynomial nonlinearities is considered. These equations include

among others, the nonlinear hyperbolic equations modelling the shock waves as well as
well known second order nonlinear wave equations. It is shown that the piece wise
smooth weak solutions of the general nonlinear equations considered, satisfy the equ-

ations in the usual algebraic sense, with the multiplication and derivatives in the

algebras containing the distributions. It follows in particular that the same holds

for the piece wise smooth shock wave solutions of nonlinear hyperbolic equations.

A second application is given in chapter 4, where one and three dimensional quantum
particle motions in potentials arbitrary positive powers of the Dirac § function are
considered. These potentials which are no more measures, present the strongest local
singularities studied in scattering theory. It is proved that the wave function solu-
tions obtained within the algebras containing the distributions, possess the scatter-
ing property of being solutions of the potential free equations on either side of the

potentials while satisfying special junction relations on the support of the potenti-

als. In chapter 5, relations involving irregular products with Dirac distributions
are proved to be valid within the algebras containing the distributions. In particu-

lar, several known relations in quantum mechanics, involving irregular products with



Vi

Dirac and Heisenberg distributions are valid within the algebras. Chapter 6 presents
the peculiar effect coordinate scaling has on Dirac distribution derivatives. That

effect is a consequence of the condition of strong local presence the representations

of the Dirac distribution satisfy in certain algebras. In chapter 7, local properties
in the algebras are presented with the help of the notion of support, the local cha-
racter of the product being one of the important results. Chapter 8 approaches the

problem of vanishing and local vanishing of the sequences of smooth functions.which

generate the ideals used in the quotient construction giving the algebras containing
the distributions. That problem proves to be closely comnected with the necessary

structure of the distribution multiplications. The method of sequential completion

used in the construction of the algebras containing the distributions establishes a
connection between the nonlinear theory of distributions presented in this work and

the theory of algebras of continuous functions.

The present work resulted from an interest in the subject over the last few years and
it was accomplished while the author was a member of the Applied Mathematics Group
within the Department of Computer Science at Haifa Technion. In this respect, the au-
thor is particularly glad to express his special gratitude to Prof. A. Paz, the head
of the department, for the kind support and understanding offered during the last

years.

Many thanks go to the colleagues at Technion, M. Israeli and L. Shulman, for valuable
reference indications, respectively for suggesting the scattering problem in potenti-

als positive powers of the Dirac § function, solved in chapter 4.

The author is indebted to Prof. B. Fuchssteiner from Paderborn, for his suggestions

in contacting persons with the same research interest.

Lately, the author has learnt about a series of extensive papers of K. Keller, from
the Institute for Theoretical Physics at Aachen, presenting a rather complementary ap
proach to the problem of irregular operations with distributions. The author is very

glad to thank him for the kind and thorough exchange of views.

A special gratitude and acknowledgement is expressed by the author to R.C. King from
Southampton University, for his generosity in promptly offering the result on genera-
lized Vandermonde determinants which corrects an earlier conjecture of the author and

upon which the chapters 5 and 6 are based.

All the highly careful and demanding work of editing the manuscript was done by my
wife Hermona, who inspite and on the account of her other much more interesting and

elevated usual occupations found it necessary to support an effort in regularizing
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the irregulars ..., in multiplying the distributions ...
By the way of multiplication: Prof. A. Ben-Israel, a former colleague, noticing the
series of preprints, papers, etc. resulted from the author's interest in the subject

and seemingly inspired by one of the basic commandments in the Bible, once quipped:

Y"Be fruitful and multiply ... distributions ..."

Haifa, December 1977
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Chapter 1

ASSOCIATIVE, COMMUTATIVE ALGEBRAS CONTAINING THE DISTRIBUTIONS

§1. NONLINEAR PROBLEMS

The theory of distributions has proved to be essential in the study of linear partial
differential equations. The general results concerning the existence of elementary so-
lutions, [103], [34], P-convexity as the necessary and sufficient condition for the
existence of smooth solutions, [103], the algebraic characterization of hypoelliptici-
ty, [64], etc., are several of the achievements due to the distributional approach,
[1543, [e3], [e4]1, [153], L1561, [331, [1141.

In the case of nonlinear partial differential equations certain facts have pointed out
the useful role a nonlinear theory of distributions could play. For instance, the ap-
pearance of shock discontinuities in the solutions of nonlinear hyperbolic partial dif-
ferential equations, even in the case of analytic initial data, (621, (891, [1131, [50]
[70], [511, (243, [251, [261, [311, [323, (521, (581, (711, [79], (841, [90], [911,
(1331, [149], [163], indicates that in the nonlinear case problems arise starting with
a rigorous and general definition of the notion of solution. Important cases of nonli-
near wave equations, [5], [91, [10], [11], [121], prove to possess distribution solu-
tions of physical interest, provided that 'irregular' operations, e.g. products, with
distributions are defined. Using suitable procedures, distribution solutions can be as-
sociated to various nonlinear differential or partial differential equations, [1l, [23
[30], [42], [43], [453, [801, [921, [941, [117], [118], [119], [120], [122], [138],
(1461, [1471, [159], [1601, [1611.

In quantum mechanics, procedures of regularizing divergent expressions containing 'ir-
regular' operations with distributions, such as products, powers, convolutions, etc.,

have been in use, [61, [7), [121, [133, E15], [19]1, [20]1, [21]1, [29], [54], £55]1, [56]
(571, (601, [761, [771, [781, [112], [143], [151], suggesting the utility of enriching

in a systematic way the vector space structure of the distributions.

A natural way to start a nonlinear theory of distributions is by supplementing the vec-

tor space structure of D'(Rn) with a suitable distribution multiplication.

Within this work, a nonlinear method in the theory of distributions is presented, based

on an associative and commutative multiplication defined for the distributions in

D'(Rn), [125-131]. That multiplication offers the possibility of defining arbitrary po-



sitive powers for certain distributions, e.g. the Dirac § function, [1301, [1511.

The definition of the multiplication rests upon an analysis of classes of singulari-

ties of piece wise smooth functions on Rn, situated on arbitrary closed subsets of
no. . . . D1k
R” with smooth boundaries, for instance locally finite families of smooth surfaces

in R" (chap. 2, §3).

Several applications are presented.
First, in chapter 3, it is shown that the piece wise smooth weak solutions of a ge-

neral class of nonlinear partial differential equations satisfy those equations in

the usual algebraic sense, with the multiplication and derivatives in the algebras

containing the distributions. As a particular case, it results that the piece wise
smooth nonlinear shock wave solutions of the equation, [90], [71], [1331, [521, [32]
[131]:

u (1) +a@x,t) cu (,t) =0, xR, t> 0,

u(x,0) = uo(x) , X € R1 s

where a 1is an arbitrary polynomial in u , satisfy that equation in the usual al-

gebraic sense.

Second, in chapter 4, quantum particle motions in potentials arbitrary positive pow-
ers of the Dirac § distribution are considered. These potentials present the strong-
est local singularities studied in recent literature on scattering, [27], [3], [28],
[115], [116], [140]. The one dimensional motion has the wave function y given by

1

Px) + (ke I™MU) =0, x e Rl , k,a e RE , m e (0,%)

while the three dimensional motion assumed spherically symmetric and with zero angu-

lar momentum has the radial wave function R given by
2 2 m 1
(r"R'(r))" + v (k-0(8(r-a)) IR(r) =0 , r ¢ (0,°) , k,a ¢ R" , a,m e (0,)

The wave function solutions obtained possess a usual scattering property, namely they

consist of pairs V_,¢  of usual ¢® solutions of the potential free equations,
each valid on the respective side of the potential while satisfying special junction

relations on the support of the potentials.

Third, it is shown in chap. 5, §5, that the following well known relations in quantum
mechanics, [108], involying the square of the Dirac § and Heisenberg 6+,6_ distri-

butions and other irregular products hold:



&2 - am¥n? = -axbym?
§ « (1/x) = -D8/2
©,)?

8

-D8/4mi - (1/x2)/4r?

2 - ps/ami - (1/x%)/4n%

"

where 6+ = (§+Q@/x)/mi)/2 , §_ = (8-(1/x)/mi)/2 .

§2. MOTIVATION OF THE APPROACH

The distribution multiplication, defined for any given pair of distributions in D'(Rn),
could either lead again to a distribution or to a more general entity. Taking into ac-
count H. Lewy's simple example, [93] (see also [ 641, (1551, [48]), of a first order li-
near partial differential operator with three independent variables and coefficients

polynomials of degree at most one with no distribution solutions, the choice of a dis-

tribution multiplication which could in the case of particularly irregular factors lead

outside of the distributions, seems worthwhile considering. Such an extension beyond
the distributions would mean an increase in the 'reservoir' of both data and possible
solutions of nonlinear partial differential operators, not unlike it happened with the
introduction of distributions in the study of linear partial differential operators,
[154].

One can obtain a distribution multiplication in line with the above remarks by embed-
ding D'(Rn) into an algebra A *). It would be desirable for a usual Calculus if the
algebra A were associative, commutative, with the function ¥(x} =1, ¥ x e R s

its unit element and possessing derivative operators satisfying Leibnitz type rules for
the product derivatives. Certain supplementary properties of the embedding D‘(Rn) <A

concerning multiplication, derivative, etc. could also be envisioned.

There is a particularly convenient classical way to obtain such an algebra A , namely,

as a sequential completion of D‘[Rn) or eventually, of a subspace F in D'[Rn)

The sequential completion, suggested by Cauchy and Bolzano, (1581, was employed rigo-
rously by Cantor, [22], in the construction of R1 . Within the theory of distributions
the sequential completion was first employed by J. Mikusinski, [105] (see also (110D
in order to construct the distributions in D'(Rl) from the set of locally integrable

functions on R1 , however without aiming at defining a distribution multiplication.

*) All the algebras in the sequel are considered over the field cl of the complex
numbers.



Later, in [106], the problem of a whole range of 'irregular' operations - among them,

multiplication - was formulated within the framework of the sequential completion.

The method of the sequential completion possesses two important advantages.

First, there exist various subspaces F in D'(Rn) which are in a natural way asso-
ciative, commutative algebras, with the unit element the function ¢(x) =1 ,
VxeR . Starting with such a subspace F , it is easy to construct a sequential
completion A which will also be an associative, commutative algebra with umit ele-
ment. Indeed, the procedure is - from purely algebraic point of view - the following
one. Denote ¥ = N > F , that is, the set of all sequences with elements in F .

With the term by term operations on sequences, ¥ 1is an associative, commutative al-
gebra with unit element. Choosing a suitable subalgebra A4 in ¥ and an ideal

in 4 , one obtains A = A/T .

Second, the sequential completion A results in a constructive way. Further, a sim-

ple characterization of the elements in A is obtained. Indeed, these elements will

be classes of sequences of 'regular' functions in R? (in this work, F = Cw(Rn)
will be considered) much in the spirit of various 'weak solutions' used in the study

of partial differential equations.

Within the more general framework of Calculus, the distributional approach - essenti-
ally a sequential completion of a function space, [105],[1103,[4] - can be viewed as

a stage in a succession of attempts to define the notion of function. Euler's idea of
function, as an analytic one was extended by Dirichlet's definition accepting any uni-
valent correspondence from numbers to numbers. That extension although significant -
encompassing even nonmeasurable functions, provided the Axiom of Choice is assumed,
[49] - failed to include certain rather simple important cases, as for instance, the

Dirac § function and its derivatives.

It is worthwhile mentioning that the distributional approach can be paralleled by cer-
tain approaches in Nonstandard Analysis. In [134], a nonstandard model of R1 obtai-
ned by a sequential completion of the rational numbers was presented. In that nonstan-
dard R1 , the Dirac & function becomes a usual univalent correspondence from numbers

(nonstandard) to numbers (nonstandard).

The notion of the germ of a function at a point which can be regarded as a generali-
zation of the notion of function, since it represents more than the value of the func-
tion at the point but less than the function on any given neighbourhood of the point,

is related both to the distributional approach and Nonstandard Analysis, [109],[97].

The variety of interrelated approaches suggests that the notion of function in Calcu-

lus is still 'in the making'. The particular success of the distributional approach



in the theory of linear partial differential equations (especially the constant coef-
ficient case, otherwise see [93]1) is in a good deal traceable to the strong results
and methods in linear functional analysis and functions of several complex variables.
In this respect, the distributional approach of nonlinear problems, such as nonlinear
partial differential equations, can be seen as requiring a return to more basic and
general methods, as for instance, the sequential completion of convenient function

spaces, which finds a natural framework in the theory of Algebras of Continuous Func-

tions (see chap. 8).

The sequential completion is a common method for both standard and nonstandard meth-
ods in Calculus and its theoretical importance is supplemented by the fact that it
synthetizes basic approximation methods used in applications, such as the method of
'weak solutions'. The nonlinear method in the theory of distributions presented in
this work is based on the embedding of D'(Rn) into associative and commutative al-
gebras with unit element, constructed by particular sequential completions of Cm(Rn),

resulting from an analysis of classes of singularities of piece wise smooth functions

n . R . . .
on R, situated on arbitrary closed subsets of R™ with smooth boundaries, for in-

stance locally finite families of smooth surfaces in R" (see chap. 2, 83).
p

§3. DISTRIBUTION MULTIPLICATION

The problem of distribution multiplication appeared early in the theory of distribu-
tions, [135], [81-83], and generated a literature, [91, [11-211, [35-411, [46], [53-
571, C61], [66-691, [72-741, [76-78], [85], [106-1081, C112], [125-1321, [1341, [136]
(1371, L1481, [151], [162]. L. Schwartz's paper [135], presented a first account of

the difficulties. Namely, it was shown impossible to embed D'(Rl) into an associa-

tive algebra A under the following conditions:

a) the function P(x) =1, V¥V x¢ R1 , is the unit element of the algebra A ;

b) the multiplication in A of any two of the functions
1,x,x(%nlx]-1) € c°RY
. . 1
is identical with the usual multiplication in c%r) ;

c) there exists a linear mapping (generalized derivative operator) D : A~ A,

such that:
c.1) D satisfies on A the Leibnitz rule of product derivative:

D(a*b) = (Da) * b +a + (Db) , ¥ a,b ¢ A

c.2) D applied to the functions



1,x,x2(n|x]-1) « ct Y

is identical with the usual derivative in Cl(Rl) H

d) there exists § ¢ A, & + 0 (corresponding to the Dirac function) such that
x*38=0.

The above negative result was occasionally interpreted as amounting to the impossibi
lity of a useful distribution multiplication. That could have implied that the dis-
tributional approach was not suitable for a systematic study of nonlinear problems.
However, due to applicative interest (see §1) various distribution multiplications
satisfying on the one side weakened forms of the conditions in [135] but, now and

then also rather strong and interesting other conditions not considered in [135],

have been suggested and used as seen in the above mentioned literature. In this res-
pect, the challenging question keeping up the interest in distribution multiplicati-
on has been the following one: which sets of strong and interesting properties can

be realized in a distribution multiplication?

There has been as well an other source of possible concern, namely, the rather per-
manent feature of the distribution multiplications suggested, that the product of
two distributions with significant singularities can contain arbitrary parameters.
However, a careful study of various applications shows that the parameters can be
in a way or the other connected with characteristics of the particular nonlinear
problems considered. The complication brought in by the lack of a unique, so called
'canonical' product, and the 'branching' the multiplication shows above a certain
level of singularities can be seen as a rather necessary phenomenon accompanying op-

erations with singularities.

The study of the literature on distribution multiplications points out two main ap-
proaches. One of them tries to define for as many distributions as possible, pro-
ducts which are again distributions, [9], [11-21], [35-41], [46], [53-57], [61],
le6-691, [72-741, [ 78], [l06-108], [112]1, [132], [136], {1371, [148], [162]. That
approach can be viewed as an attempt to construct maximal 'subalgebras' in D'(Rn) s
using various regularization procedures applied to certain linear functionals asso-
ciated to products of distributions. Sometimes, [9], [11]1, [78], the regularization
procedures are required to satisfy certain axioms considered to be natural. A gene-
ral characteristic of the approach is a trade-off between the primary aim of keep-
ing the multiplication within the distributions and the resulting algebraic and to-
pological properties of the multiplication which prove to be weaker than the ones
within the usual algebras of functions or operators. The question arising connected
with that approach is whether the advantage of keeping the product within the dis-
tributions compensates for the resulting restrictions on operations as well as for

the lack of properties customary in a good Calculus.



The other approach, a rather complementary one, aimes first to obtain a rich algebra-
ic structure with suitable derivative operators, enabling a Calculus with minimal re-
strictions, [81-83], [761, [77]1, [85]1, [125-131], [134], [151]. That approach can be

seen as an attempt to construct embeddings of D'(Rn) inte algebras.
The present work belongs to the latter approach.

A more fair comment would perhaps say that within the first approach, one knows what
he computes with, even if not always how to do it, while within the second approach,
one easily knows how to compute, even if not always what the result is. However, the
second approach seems to be more in line with the initial spirit of the Theory of Di-
stributions, aiming at lifting restrictions, simplifying rules and extending the ran-

ges of operations in Calculus, even if done by adjoining unusual entities.

§4. ALGEBRAS OF SEQUENCES OF SMOQTH FUNCTIONS

The set
48] W=N+C R®Y

of all the sequences of complex valued smooth functions on R® will give in the se-
© o7
quel the general framework. If s ¢y, v e N, xc¢ r" , then s(®) ¢ ¢ R") and

s(v) (x) € ¢t

For ¢ € Cw(Rn) denote by u(y) the constant sequence with the terms % , then
u@@) € ¥ and u@)®) =V, ¥veN.

With the term by term addition and multiplication of sequences, ¥ is an associati-
ve, comutative algebra with the unit element wu(l) ; the null subspace of W is

0 = {u(0)}

. n
Denote by So the set of all sequences s ¢ W , weakly convergent in pD'(R") and

by Vo the kernel of the linear surjection:

) §,2 5 ——> <s,> ¢ D' R"
where <s,Us> = lim [ s(v) (¥ (x)dx , V¥ « DR
N |
R
Then
w n
(3) SO/Vo E) (s+Vo) ——> <g,> ¢ D'(R)

is a vector space isomorphism.
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Since W 1is an algebra, one can ask whether it is possible to define a product of any
two distributions <s,*> , <t,*> ¢ D'(Rn) by the product of the classes of sequences

s +V and t +V_.
o o

A simple way to do it would be by constructing diagrams of inclusions:

I > A W

(4)

Vo _ So

with A subalgebra in W and I ideal in A4 , satisfying

4.1) InSO=Vo

which would generate the following linear embedding of D' (Rn) into an associative

and commutative algebra with unit element:

n
'

D'(RY) So/Vo AlT
w w w
<g,*> < - s+V —— s+l

isom o lin,inj

However, diagrams of type (4) cannot be constructed, since
(5) (‘VO-VO)nSOdVO

1
Indeed, if n =1, take v()(x) = cos(v+l)x , ¥ve N, x<c R , then ve V0 s

V2 € So and v2 ¢ V0 , since <v2,-> =1/2 .

An other way could be given by diagrams of inclusions:

I A W

(6)

<

o > 5
with 4 subalgebra in ¥ and I ideal in A4 , satisfying

V =
(6.1) o n4=1

6.2) V +A =5

which would generate the following linear injection of an associative and commutative

algebra onto D! (Rn)
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n
1
D'(RT) 8,1V, A/T
W W w
<§,*> “—m— - st/ — 54T
isom ©  lin,inj,sur
Here the problem arises connected with (6.2). Indeed, it is not possible to construct
diagrams of type (6) with A containing some of the frequently used 'S sequences',
{47, U35-411, [53], (681, [69], [(105-1101, [1361, (1371, [162], as results from (see
the proof in §12):

Lemma 1

Suppose given s e ¥ such that supp s(v) shrinks to 0 ¢ R" , When v > o
Then

1) 1In case s 1is a sequence of nonnegative functions, the following two pro-

perties are equivalent

1.1) s ¢ So and <s,*> = § (the Dirac distribution)

[0}
—

1.2) lim [ s(v)(x)dx
\)—)00

Rl’l

2) If s e SO and <s,*> = § , then 52 43

The importance of the above type of '§ sequences' is due to the smooth approximations
they generate for functions f ¢ L}OC(RH) through the convolutions fv = f * g(V) ,

Ve N.

In [125-131] it was shown (see also Theorem 1, §7) that the following, slightly more

complicated diagrams of inclusions can be constructed:

T 4 > W
7) V —m———— > 5 3u()

Ve—om— > 5

[o] o]

with A subalgebra in y , I ideal in 4 and V7 , § vector subspaces in So , sa-

tisfying the conditions:

(7.1) InsS=V



i}

(7.2) Vons=7V

(7.3) Vo+5 =5

and thus generating the following linear embedding of D'(Rn) into an associative and

commutative algebra with unit element:

D' (R™) 5./, SV AT
(8) U] w V] U]
<§,*> < sV < s+V s+l
isom o isom lin,inj

The intermediate quotient space S/V has the role of a regularization of the repre-
sentation of the distributions in D'(R") by classes of sequences of weakly conver-

gent smooth functions, given in (3).

§5. SIMPLER DIAGRAMS OF INCLUSIONS

In constructing diagrams of inclusions of type (7), the main problem proves to be the
choice of the regularizing quotient space S/V . One can think of reducing that prob-
lem to the choice of S only, since V can be obtained from (7.2). However, it will

be more convenient to consider (see (20.2) and Remark D in §7):

9 5=v(@®s"

with S5' vector subspace in So and to replace the problem of the choice of S by
the one of the choice of the pair (V,5') . In that case, the conditions (7.2) and
(7.3) become

ao 5,=V, ®s?

Now, the difficult task remains to fulfil (7.1). Obviously, if any ideal I satisfies
(7.1) then the smallest ideal containing V will still satisfy that relation. In this
respect, taking in (7) the smallest possible I will be convenient when one constru-

cts the algebras containing the distributions. The smallest I can easily be obtained

since u(l) € S in (9). Indeed, denoting
(1) I(V,A) = the ideal in A generated by V

one obtains the smallest ideal in A which contains V . Moreover, I(V,A) being the
vector subspace generated by V * A in 4 , one obtains a particularly useful insight

into the structure of the algebra A/I(V,A)} containing the distributions.

Therefore, the diagrams (7) will be considered under the particular form
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I(V,4) > 4 W
(12) V ——————> 7®s' 2 ull)
Vo > So
with
(12.1) VO(:)Sn = SO
(12.2) IV,A)n WS =V

It will be useful to notice that (12.2) can be written under the equivalent simpler

form:

(12.3) IV,A) nS' =0

In the case of the diagrams (12), the embeddings (8) will obtain the particular form

1 n 1
D'(RT) 5,17 V(s A/T(V,4)
(13) w w w w
<§,*> <—————— 54 < s+V s+I(V,A)
isom o isom lin,inj

Besides the problem of choosing (y,g') , it apparently remains the problem of choo-
sing 4 . However, that latter problem will be solved in §7, in an easy way. There-
fore the problem of embedding the distributions in D'(Rn) into algebras will be re-

duced to the problem of constructing suitable regularizations (y,s')

§6. ADMISSIBLE PROPERTIES

Several properties of the algebras A/I(V,A) , such as the existence of derivative op
erators on the algebras, the existence of positive powers for certain elements of the
algebras, etc. will depend on corresponding properties of the algebras 4 . A uniform
approach of these properties can be obtained with the help of the following definiti-

on. A property P , valid for certain subsets # in W is called admissible, only if
(14.1) W has the property P ,

(14.2) an intersection of subsets in ¥ , each having the property P ,

will also have that property.
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Suppose, P and Q are admissible properties, then P is called stronger than Q
and denoted P = Q , only if each subset 7 in ¥ satisfying P will also satisfy
Q . Obviously, if pl""’Pm are admissible properties, then their conjunction
P = (P1 and ... and Pm) is also an admissible property and P = max {Pl,...,Pm}

with the above partial order = .

Denote by P the property of subsets # in W that H =}/ , then obviously P is
the strongest admissible property.

Three of the admissible properties of subsets 4 < ¥ encountered in the sequel are

defined now.

(15) 4 is derivative invariant, cnly if

(15.1) DPH e, v peiN
where DP : W+ ¥ is the term by term p-order derivative of the sequences in W,
that is, (OPs)()(x) = PN , ¥scw, veN, xR .

(16) H 1s positive power invatiant, only if

(16.1) Vs ed
*) s)(X) 20, VveN, xR

= (SOLEH, Yo e (0,°))

*¥) & e w , ¥a e (0,°)

where (W) (x) = (s E)D*, Vv eN, xcR"

a7 7 is sectional invariant, only if

17.1) YVteW:
4 se¢d , UHeN:

¥ VeN, vzyu.: = tecH
t(v) = s{Vv)

A related, in a way stronger admissible property is defined in:

(7") H 1is subsequence invariant, only if any subsequence t of a sequence

s ¢eH 1s also belonging to # .

§7. REGULARIZATIONS AND ALGEBRAS CONTAINING THE DISTRIBUTIONS

The aim of this section is to define general classes of regularizations and to const-

ruct the corresponding algebras containing D'(Rn)

The construction of the algebras is carried out assuming that a certain admissible pro

perty P was specified in advance.



15
Suppose now, given any admissible porperty Q , such that Q < P .

For (V,S') given in 85, the choice of the subalgebra A needed in the diagram (12)
in order to obtain the embedding (13), will be

(18) AQ(V,S') = the smallest subalgebra in ¥ with the property Q
and containing v (&) g

The notation (see(1l))

19) w,s1) = 107,827,5"))

will be useful.

In Theorem 1, below, it is proved that one can reduce the construction of diagrams

(12) to the choice of pairs given in the following:

Definition

A pair (V,S') of vector subspaces in v, respectively 5, is called a P-regu-

larization, only if

20.1) 5=7, @ s
(20.2) veve) ® s, vpeN U
(20.3) w5 0 s =0
where
(21) U= {u@@ |y e CRYY

is the set of constant sequences of smooth functions, and

(22) V) ={vev|Vre N, r<p:Dver, Vp e .

Denote by R(P) the set of all P-regularizations (V,S')

If Q is an admissible property and Q < P then R(P) < R(Q) , due to (20.3),
(19) and (18). Therefore, FR(P) < R(P) for any admissible property P , since

P is the strongest admissible property (see §6).

A pair (V,8") ¢ R(P) will be called regularization. Thus, a (V,5') is regula-

rization, only if it is a P-regularization, for any admissible property P .

*) N =Ny {«}



Remark 1

1) The above condition (20.1) is identical with (12.1) while (20.3) is equivalent with
(12.3), assuming that one takes in (12), 4 = AP(V,S') . The condition (20.2) is a
stronger version of the relation u(l) ¢ VC)S' in (12) and it is needed in order
to secure the fact that the multiplication in the algebras containing p' induces
on ¢ the usual multiplication of functions. The presence of y(p) , with
p € N , in (20.2) is connected with the family of algebras mentioned in Remark D,

below, used in order to define proper derivative operators.

2y I1f (V,S8') 1is a P-regularization then V g vy - Indeed, assume vy = Vo » then
(20.1) and (20.3) result in IP(V,S') n 8, c ¥, - But (19) implies v  c IP(V,S') s
therefore (5) is contradicted.

Remark D

It is important to point out the necessary connection between the way the derivative
operators are defined on the algebras and the validity of certain basic relations in-

volving important distributions. Indeed, as seen in §11, assuming:

a) the existence of an algebra A > D'(Rl) possessing a derivative operator
D:A-> A, and
b) the validity of the relation x = § = 0 ,
one necessarily obtains 62 = 0 , a relation not always in line with the possible in-
terpretations of 52 (see chap. 4 and (113, [21], [108], [151]) (the relation
x ¢ d =0 is important in that it gives an upper bound of the order of singularity

the Dirac 8§ function exhibits at 0 « Rl)

A way out is to embed D'(Rn) into a family of algebras Ap , with p ¢ " , possess-

ing derivative operators (see Theorem 3, §8):

q . n .

Dh AL A, s ¥ aeN , pe¥
From here the presence of the vector subspaces V(p) , with p e N , in the condition
(20.2). However, that method can still lead to the situation in a) above, provided
that DWW <V , ¥ qce N" , in which case the algebras Ap with p e ¥ will be iden-

tical.

And now, the basic result in the present chapter.
Theorem 1
R(P) 1is not void.

Suppose given (V,S') ¢ R(P) and an admissible property Q , such that Q < P .
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Then, for each p ¢ N , the diagram of inclusions holds

Rwe),s") —> g e,s') —————>
r A
(23) ve) ———— > v ® s —————
Vo > Sy
and
(23.1) Rre,s) 0 e Os) = ve)
or, equivalently
(23.2) R, n s =0
Proof

R(P) is not void due to Theorem 4 in chap. 2, §6.

The inclusions in (23) result easily and we shall only prove (23.1). Obviously,

V(p) < V , hence AQ(V(p),S') c AQ(V,S') . Noticing that due to Q < P , the inclusion
A,s) < APw,s') holds, one obtains 1(¥(p),5') ¢ I'.(,5') . Therefore,
IQ(V(P),S') n (V) ®s') < IP(V,S') n W®s) c V, » the last inclusion resulting
from (20.3). Now, obviously IQ(V(p),S') n (V(p)(:)s') = Vo n (V(p)(),g') = y(p) and
the inclusion c in (23.1) is proved. The converse inclusion resulting from (23), the

proof of Theorem 1 is completed VYVV

And now, the definition of the family of associative and commutative algebras with un-
it element, each containing the distributions in D'(Rn) , family associated to any

given P-regularization.

Suppose (V,5') ¢ R(P) and Q 1is an admissible property, with Q < P . Denote then
(24) AR5t = oE.s/1%@E.s) , with p e B .

The algebras AQ(V,S',p) will be called derivative algebras, positive power algebras,

sectional algebras or subsequence algebras, only if Q 1is respectively stronger than

the admissible properties (15), (16), (17) or (17').
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§8. PROPERTIES OF THE FAMILIES OF ALGEBRAS CONTAINING D'(Rﬁl

The next three theorems present the main properties of the embeddings
'R < Aw,s',p)

Theorem 2

Suppose given (V,5') ¢ R(P) and an admissible property Q , such that Q <P .
Then

1) AQ(V,s',p) is an associative, commutative algebra with the unit element
u(l) + IQ(V(p),S') , for each p . I

2) The following linear applications exist for each p « N
/ ¢ BP Q
— P ' P '
< > A 3 b
56!V, 5Ty V(@) ®s'/vip) T W,S8",p)
with ap(S+V(p)) =5 + V0

B, (s+V () = s + 12w ) ,5")

3) For each p cF" , the linear injective application (embedding) exists:

€p

(25) D' (R™) > A,5',p)

with e =8 o aél owl (see (3))

4) For each p ¢ N , the multiplication in AQ(V,S',p) induces on cm(Rn) the

usual multiplication of functions.

5) For each p,q,r ¢ ¥, p<qs< T, the diagram of algebra homomorphisms is

|

Aw,st ) —— st ——— Aw,s',p)
r,q q,p

commutative:

Yr,p

with v, p(s+IQ(V(q),s')) = s+ Rue),s) . etc.
6) For each p,q ¢ 1N ,pP<q , the diagram is commutative:

> AQ(V,S',q) _— AQ(V,S‘,p) <

7
4P
Bq T T BP
€ 7@ ®s' V@ — v @) Os' /v €
a,p
woaq l l woap
p' (R < F p'®")
with nq’p(s+V(q)) =s + V(p)

therefore, Yq p restricted to Eqa)'(Rn)) is injective.
E]



Proof

4) results from (20.2). The rest follows from Theorem 1 VVV

The existence of derivative operators on the algebras as well as their properties are

established now.
Theorem 3

In the case of derivative algebras (see 86), suppose given

admissible property Q , such that Q < P . Then

(V,5') ¢ R(F) and an

1) For each e N and ¢ N , the following linear mapping (p-th order de-
P q p

rivative) exists (see Remark D, 87):

. Qo :
(26) 0, Awstam) - Aw.sa)
with
(26.1) 0P, (I (@p).sM) = DPs + 1R (@) s

[se]
and the restriction of DP to (¢ (Rn) is the usual p-th order derivative
+ p

q+p

of functions.

2) The relation holds
P1 P2 P1*P;

(27) D DS =D . ¥ ppye N, qe N

qQ*P1*Py A*P2  Q¥PL+P2

3) For each pe N, q,r ¢ N"

>

D
AQ(V)S' ,T"’P) —_—L> AQ(V:S"I)
l Yr+p,qep J Tr,q
AQ(V,S',q+p) ————————5——————~> AQ(v,s',q)
D
q+p

q < r , the diagram is commutative:

4) The mapping Dg+p , with p e N? , g€ N , satisfies the Leibnitz rule of

product derivative:

pPk ¢

>

k
28 o’ (sT) = I (P D S - ,
(28) qrp D k| Yqp-k,q “q+p Tark,y Cq+p
keNR
k<p
in particular, if [p| = 1 , the relation holds:
28.1 P _(seT) =DP 5. T + sepP T
(28.1) arp &) = Dgup Tq+p,q Ya+p,q q+p

where S,T ¢ AQ(V,S',q+p) in both of the above relations.
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1) First, we prove (26). Obviously
(29) DPy(qwp) c V(@) , ¥pe N, qec .
Now, we show that
(30) PA(y(awp),51) « A (@) . Ve N, qe B
Indeed, (18) results in
pPa%w(q+p),5") < n DP4

where the intersection is taken over all subalgerbras 4 in J which have the proper-
ty Q and contain V(q+px:)s‘ . Since we are in the presence of derivative algebras,
each of the subalgebras 4 above satisfies the condition DY4 c 4 , therefore, one ob-
tains

PAYY (a+p),5") < o 4
with the intersection having the same range as before. Mticing that V(q+p) < V(q) .,
one obtains

DPA%(y (q+p).8") < n 4

here the intersection being taken over all subalgebras 4 in p which have the pro-
perty Q and contain V(q)(:)s' . Taking now into account the definition in (18), one
obtains (30).

The relations

(31) N .5 e Qe@,sn, vpe ', qe i

result easily noticing that v(q+p) < V(q).

Comparing (29), (30) and (31), it follows that

(32) P (a+p) s « 1w @, , Vpe N, qe N .
Now, (31) and (32) will imply (26).
The second part of 1) results from (20.2).

2), 3) and 4) result from 1) and Theorems 1,2 WV

Now, positive powers will be defined for certain elements of the algebras. Denote

o N o, 1N *) L[)(X) > 0 > V X ¢ Rn
c, ®) = {Wec (R) o oon
*) Yo RD, Yoae (0,9

. . ©. N n © N
Obviously, if ¢ ¢ (R) and Yx) >0, ¥ x ¢ R , then ¥ ¢ C+(R ) . But there ex-

ist ¢ cm(Rn) s PE) 20, ¥x ¢ R" , such that ¢ ¢ CT(R”) for instance,

s I

PY) = xf...xz

= n -
o ¥V x = (xl seees xn) € R° . However, defining
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exp (-(l/x1 + ...+ 1/x)) if x, >0, ¥ 1<i<n
n i
Vv(x) =
0 otherwise
one obtains Y ¢ C+(Rp) . Denote further

W+={seW|s(\))eC°:(Rn), VvenN?}

It follows that, for s ¢ W+ one can define any positive power s* , by

(33) P = EN®, Vae (0, , veN, xeR,

. o
and one obtains s € W+

Now, the condition in (16) for a positive power invariant subset # in ¥ can be re-
formulated as follows
(34) VseHnW, , ae (0@ :s*cH

Suppose T 1is a vector subspace in SO and denote
n— L]
DZ',’+(R)—{<t,>[teTnW+}
The distributions in D% . (Rn) will be called T-nonnegative.
2

Theoren 4

In the case of positive power algebras, suppose given (V,5') e R(P) and an ad-

missible porperty Q , such that Q < P . If T is a vector subspace in So s
satisfying the condition
(35) Un W+ cT e S

then

1 R ey, R

2) For given p € M and any o ¢ (0,9) , one can define a mapping (positive

power) :

> T ¢ AQr,st,p)

T
bp , (R) BT
with T = <t,> > 1% = t%+ 19V(p),5') , where t e T a ¥, and the relati

ons will result:

(36.1) ™ = T
(36.2) B % . v e (0,0
(36.3) (™™ = " vae (0,0 , me N0} .

3) For any p € K" , the mapping in 1) is identical on Cf(Rn) with the usual

positive power of functions.
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4) Suppose in addition the case of derivative algebras, then the following re
lations hold in the algebras AQ(V,s',p) , with p < K" :

37 ¢ T%-g.T 1p2 7
G7) p+q p+q =’

n
VTen) @Ry, ae(1,® , qeN", |ql =1

Proof

1) It follows from (35). 2) It results from (35) and 2) in Theorem 2. 3) It re-
sults from 1) and 2). Finally, 4) is a consequence of (28.1) Vv

Remark 2

The condition (35) can be easily fulfilled in case (20.2) is veplaced by the stronger
condition (see (25) in chap. 2, §6): U < S!

§9. DEFINING NONLINEAR PARTIAL DIFFERENTIAL OPERATORS ON THE ALGEBRAS

As stated in 81, one of the main aims of the nonlinear method in the theory of distri-
butions presented in this work is to offer a framework for the study of the nonlinear
partial differential equations. The embedding of the distributions in D'(Rp) into the
algebras AQ(V,S',p) (see Theorem 2, 88) creates the possibility of studying nonline-

ar partial differential operators of the general form

TMu(x) = I ¢ (x) iy , x € B,
1<ish 1<j<k
for xeQ, Qc R? , 940, open)

with ¢, smooth and p.. € N?
i ij

In order to define these operators on the algebras containing the distributions, one
has to take into account the following two features of the distribution multiplication

presented in this work:
1) The algebra homomorphisms (see 5) in Theorem 2, §8)

A5 ,q) > a(v,5",p)

Yq,P
need not generate algebra embeddings.
2) The derivative operators (see pct. 1 in Theorem 3, §8)

. Q | 1
Dg+P : A8t ,q4p) > AQR,9Y,Q)

act between different algebras in case q ¢ N has finite components.

Suppose, we are in the case of derivative algebras. Given the above operator T(D) ,

define its order by



p = max { P; ; | 1=iz<h 1<jsk, }
then, one can define for any ¢ ¢ N the mapping
0 : A,5ap) > AT,

by
P
TOu = % c. ] v - Dy, v oue AQu,st,q4p)
lsish * 1sgjsk, PPy 4 A4TP T
where the additions and multiplications in the right term are effectuated in
AQ(V,S',q) . The commtativity of the diagrams in 5) in Theorem 2 and 3) in Theorem 3,
§8, grants the consistency of the above definition. Moreover, due to 4) in Theorem 2,
§3, the above definition of T(D) coincides with the usual one in the case of smooth

u .

An important particular case is when T(D) acts upon u ¢ D‘(Rn) . Then, due to 3)
in Theorem 2, §3, one can consider u belonging to any of the algebras AQ(V,S',r) ,

with e N, r2p, and apply the above definition.
Due to 5) in Theorem 2,83, the same happens when T(D) acts upon Uu € AQ(V,S',w)

In chapter 3, the above definition will be used in the study of piece wise smooth weak
solutions of the so called polynomial nonlinear partial differential operators. The
nonlinear hyperbolic partial differential equations modelling the shock waves are par-

ticular cases of polynomial nonlinear partial differential equations.

§10. MAXIMALITY AND LOCAL VANISHING

There exists an applicative interest in constructing the algebras AQ(V,S',p) , P € "
in a way that the ideals IQ(V(p),S‘) , P € i , are large, possibly maximal. Indeed,
according to (24), the larger these ideals, the more equality relations are obtained

in the corresponding algebras.

To construct the algebras AQ(V,S',p) and the ideals IQ(V(p),S') means to choose
P-regularizations (V,S') . According to (11) and (19), the larger V is, the larger
the ideals IQ(V(p),S') , P € N , will be. Therefore, as a first approach in securing
maximal ideals, the problem of (V,S') ¢ R(P) , with maximal V , will be studied in
the present section. An alternative approach to the problem of maximal ideals

19w p),s') , pe N, will be given in chap. 2, §7.

And now, several results on the structure of R(P) . In addition to the relation
(38) v (v,8') e R(P) = V < v,

obtained in 2), Remark 1, §7, the following two simple results will be useful.
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Lemma 2

Suppose (V,5') € R(P) . If S'' is a vector subspace in So satisfying the

conditions
(39) MOEAERTOYN
(40) Ucvm)®S' , ¥ pe N (see (20.2))

then (V,5'') ¢ R(P) .

Proof

Since V < V0 , the relations (39) and {20.1) will obviously imply So = Vo(:)S"
Now, it suffices to show that (V,S'') satisfies (20.3). Indeed, taking into account
(19) and (18), one obtains I (V,5'') = I'(,5') VWV

Lemma 3

Suppose (¥, , 81} , (V, , 85) e R(P) . If 5] < 5

| R,
1 ) then S1 = 3

Proof

It follows easily from the fact that both (Vl , Si) and (V2 s Sé) satisfy (20.1)
Vv
The relations (11), (19) and Lemmas2,3 suggest that an appropriate way in enlarging the
ideals IQ(V(p),S') , P e N , is to enlarge V . From here the interest in finding
V,5') ¢ R(P) with V maximal.
Define on R(P) a partial oxder < by
' =

(V1 s Sl) < (V2 s Sé) had V1 S V2 and Si = Sé

The admissible property P is called regular, only if each chain in (R(P) , < ) has

an upper bound.

We recall (see §6) that the strongest admissible property, namely the property of sub-
sets # in W that H = W , was denoted by P .

Theorem 5

P is a regular admissible property.

Proof

Assume ((VA , 8 | A ep) is achain in (R(P) , <) . Denote ¥V = y VA . We shall

prove that (V,S') ¢ R(P). e



25

Obviously, V is a vector subspace in_ Vo and (20.1) and (20.2) hold. It remains to
prove (20.3). First, we notice that AP(V,S') = , since P holds only for 4 =W .
Therefore, IP(V,S') = I(V,#) and the condition (20.3) becames I(W,W) n S' =0 .
Assume now s ¢ I(V,W) n S' . Then, s ¢ I(V,#) results in

41) s = 1g§sk v, e W, with vieV ., WwoeW, V¥ l<ick .

Since ((VA , 5Y) | A e A) is a chain, there exists Ao ¢ A such that v, e 14
V I<i<k . Now, (41) will imply

Ay’

sel, ,Wns =0
[}

the last equality resulting from the fact that (VX ,S') ¢ R(P) VW

o}

Based on Zorn's Lemma, Theorem 1, §7 and Theorem 5, one can define for a given regular

admissible property P the nonvoid set of maximal P-regularizations:

R (P)

max { (V,8') ¢« R(P) | (V,8') maximal in (R(P) , <) }

The fact that the strongest admissible property P 1is regular (see Theorem 5) offers
the possibility to construct the algebras AQ(V,S',p) s P € N , for any admissible pro-
perty Q , with V maximal. Indeed, since Q < P , one can choose (V,5') ¢ Rmax(ﬁ)

and the construction of the algebras will proceed according to (24) and (23).

The above remark and the relation (38) generate an interest in a possible upper bound

of V , with {F,R') ¢ Rmax(ﬁ) , which would give an insight into the necessary structu-

re of the distribution multiplications defined according to the relations (24), (23),
(18), (19) and (11).

The following Theorem 6 gives an upper bound of the mentioned type under the form of a
local vanishing property which V has to satisfy. Namely, it is proved for instance,
that in case P’C)S' contains 'S sequences' (see Lemma 1 in §4 and [4], [35-411, [53],
Le68], [69], [105-110], [136], [137]1, [162]) the sequences of smooth functions weakly
convergent to 0 ¢ D'(Rn) which constitute V , have to vanish infinitely many times

in points arbitrarily near to each point in R" .

For p ¢ 8" , denote by P the set of all sequences of smooth functions w ¢ y which

satisfy the local vanishing property:
V GeR', G$p, open, qeN , qep, pelN:

(42) 3 xeG, veN, vzu:
P x) = 0

or, written simpler
V xeR', qeN', qsp:
(421) DWW (V)(y) = 0 for infinitely many v ¢ N

and y ¢ R" arbitrarily near to x



26

A P-regularization (V,S') 1is of local type, only if

V GeR", G+p, open :

(43)
3 sg € V+ S
(43.1) <sq . >4 0c¢ D' (R™)
(43.2) supp sG(\))CG, ¥ veN, vZu,

for a certain HW e N .

Theorem 6

Suppose given a local type regularization (V,S') ¢ R(P)
sectional invariant.
Then

vp) <« W, ¥ pe N,

Proof

such that V@S'

is

Taking into account (22) and (42), it suffices to prove the inclusion V < w° only.

Assume it is false and v € M\W° . Then (42) implies

HGCRn,G¥¢,open,u'sN:
¥V xe G, veN, vzyu'
vV (X) £ 0
Now, due to (43.2), one obtains
4 u'' e N:
Vv veN, vzu'
supp sG(\))CG
Define w e W by

0 if x4 G
w(v) (x)

SG(\)) x)/v(v) (%) if xe G

whenever Ve N, Vv 2y =max {u' , u''} . Then

44) v(v) ¢ wv) = sG(\)) , ¥ veN, vzu
therefore
(45) vewe V(@S

since s; ¢ ®S' and V(@S is sectional invariant. But
P
(46) vewe W) =1 (7,5

since ve ¥V .

Now, (45) and (46) together with (20.3) will imply v * w ¢ V which due to (44) re-
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sults in <s, , *> = 0¢ D'(Rn) , since V ¢ Vo . Therefore (43.1) was contradicted.
Wy

Remark 3

There exist relevant instances of regularizations (V,5') which meet the conditions
in Theorem 6 above. Indeed, one can notice that V@S' will be sectional invariant
whenever V has that property. Further, the regularizations (V,T ®Sl) obtained in
Theorem 4, chap. 2, 86, can be chosen with V sectional invariant, since any Dirac
ideal obtained in Proposition 6, chap. 2, 86 is obviously sectional invariant. Final-
ly, the regularizations (V,T ®Sl) considered in chap. 5, 84, are of local type.
Indeed, 7. c T where X = (sx | x e Rn) € Zg , therefore given G < R? , G#P,

Z

open, one can take in (43) s, = Sy s provided that x ¢ G .

G

With the method used in the proof of Theorem 6 one obtains the following more general

result.
Theorenm 7

Suppose given a regularization (V,S') such that V(®S' is sectional invari-

ant.
Then each v ¢ V satisfies the vanishing condition

V teV@®S', téV, nelN;
3 veN, vzu, xce supp t(v)
V(W) (x) = 0

Proof
Assume it is falseand veV , te V(®S', t ¢V and uwe N such that

¥ veN, vzuyu
v(v}) # 0 on supp t(v)
Define w ¢ W by
0 if x ¢ supp t(V)
wiv(x) =
t(V) (x)/v(v)(x) if x € supp t(V)

whenever v e N, v 2u . Then

47) v(v) cw®) =t(v) , ¥ veN, vz2u
therefore
(48) VW e V@S'

since t ¢ V(®S' and V(¥)S' is sectional inyariant.
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But

(49) vew e LW = 10,50

since v eV .

The relations (48) and (49) together with (20.3) imply v ¢ w e V . Then (47) will give

<t,»> = 0 e D'(R") since Vc v, . It follows that t e V_ . Dw, (20.1) will contra-
dict t ¢V VW

In the same way, one can prove:

Theorem 8

Suppose (V,S') 1is a regularization, then each v ¢ V satisfies the vanishing condi-
tion

Vterv(®s', tév:
3 ven , X € supp t(v)
v(iv)(x) = 0

§11. STRONGER CONDITIONS FOR DERIVATIVES

It will be shown that even in the one dimensional case n = 1 , the stronger conditions
on derivatives mentioned in Remark D, 87, lead necessarily to a particular, rather tri-

vial distribution multiplication.

Suppose A is an associative and commutative algebra containing the real valued poly-
. 1 . . . . . -
nomials on R~ as well as the distributions in D'(Rl) with support a finite number

of points.

Suppose also that

(50) the multiplication in A induces the usual multiplication on the polynomials and
the polynomial Y(x) =1 , ¥ X ¢ Rl , i1s the unit element in A ,

(51) there exists a linear mapping D : A > A such that

(51.1) D is identical with the usual derivative when applied to polynomials or

distributions with support a finite number of points

(51.2) D satisfies on A the Leibnitz rule of 'product derivative'

D(a*b) = (Da) * b + a = (Db) , ¥ a,be A
and finally

(52) (x-x} Sxo =0€A, ¥ x €R
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Theorem 9
Within the algebra A the relations hold:

RY

(53) (x-xo)p . DqGXO =0¢e A, ' X, € p,qe N, p>q
(54) (p+) * Dp5x0 + (xex)) ¢ Dp+16X =0cA, V x eR, peN
(55) x-x )P+ P )9 =0cA, Vv x eR', pqeN, qz2
° o]

2 . B 1

(56) (6, )7 = &, D§ =0c¢€A, ¥ x, eR
[o] (o) [s]

Proof

Applying D to (52) and taking into account (51), one obtains

1

(57) S+ (x-x) * DGX =0 ¢ Vx R

[¢) o)

X A,

which multiplied by (x—xo) gives due to (52) the relation (x—xo)2 * DS =

Rl

¥V x ¢
o
one obtains in the same way the relation (x—xo)3 . DZSX
o
peating the procedure, one obtains (53).

=0¢€e A

The relation (54) results applying repeatedly D to (57).

Now, multiplying (54) by (x—xo)p , one obtains

1 Lp+l
(p+1) (X_XO)P . Dpdxo + (X_xo)p+ . DP+ Gxo

=0 ¢

A 3

X
(o]

, ¥x R
o

1
v X, € R

0¢ A,

. Applying D to the latter relation and then, multiplying by (x-x,) ,

Re-

,PeN

Multiplying that relation by (DPGX )q—l and taking into account (53), one obtains

o}
(55).

2 .

X )7 =
o

D to that relation, the proof of (56) is completed WV

Taking p = 0 and q = 2 in (55), one obtains (¢

§12. APPENDIX

The proof of Lemma 1 in 84 is given here.

1) It follows easily.

2) For a e R1 and v ¢ N denote

E(a,v) = {x e R" | s((x) 2a}

0€e A

3

¥ X € R1
o

. Applying
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First, we prove the relation

(58) Tim [ sWIX)dx2 1, ¥V ac g
Voo

E(a,v)

Assume it is false. Then

3 ace Rl €>0, Uu'eN:

3

¥ ve N , vzuyu!
J sMWM)(x)dx <1 -¢
E(a,v)

But, s ¢ SO , <s,*> =48 and supp s(vV) shrinks to 0 ¢ R" , when V > © | Therefore,

assuming Y ¢ D(R") and § =1 on a neighbourhood of 0 ¢ R® , one obtains

L =v(0)

oo Vo

n

lim J s(v) (x)y(x)dx = lim [ s(v) (x)dx
R" R

It follows that

4 ' e N:

vV ve N, vzu"

>
1 -¢g/2¢%< J s(v) (x)dx
R

Now, for Vv ¢ N, the relations hold

J s(v) (x)dx = s(v) (x)dx + J s(v) (x)dx <

R? E(a,v) supp s(V)\E(a,Vv)

1A

s(V) (x)dx + a [ dx

E(a,v) supp s(v)

Therefore, one obtains for Vv e N, Vv 2 max {u' , u''} the inequality

1-¢€/2<1~-¢€+a J dx
supp s (V)
which is absurd since supp s(v) shrinks to 0 ¢ R" , and the proof of (58) is comp-

leted.
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We prove now that there exist a, ¢ [0,°) , with Vv ¢ N, such that
(59) lim a_ = © and 1lim J s(vV)(x)dx 21
VoV Voo
E(a, ,V)

Indeed, according to (58), there exist \)u e N, with H ¢ N such that

(60) vo < vl < ... < vp < ...

and

(61) 1 - 1/@+1) < J s(vu) (x)dx , ¥V ueN
E(u,vu)

Define now a, = inf{uenN|vs vu }, with veN.

Then a < ¥VveN and

a
v v+l ?

(62) a, = W, ¥V ueN
u

due to (60), hence, the first relation in (59) is proved. Taking into account (61), the

second relation in (59) follows from (62).
Finally, we prove
-_— 2
63 1 s(VY(x))%dx = + o«
(63) 1im [(()())
E(av ,V)

Indeed, (s(\)))2 > avs(v) on E(av V), ¥ Ve N, since s(v) 2 a, 2 0 on E(a, ,Vv)

V Vv ¢ N . Therefore
J sV )%dx > a, - I s(M)x , ¥V veN

E(a

NEAY) E(a, ,V)

The relation (63) will result now from (59). Obviously, (59) implies

Tin J (s ())%dx = +w

Rn

. n
Then s° ¢ Sy since supp sz(v) = supp s(v) shrinks to 0 ¢ R® when Vv =+ .
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Remark 4

The condition of nonnegativity of the sequence s in 1) in Lemma 1, 84, can be remo
ved in special cases. For instance, assume s given by

sME) =a ¥bx), ¥V veN, x e &,

where ¥ ¢ D(R™Y) , a, € ¢t , by« Rl and %}g | b, | = + = . Then, it is easy to

see that the equivalence between 1.1) and 1.2) in the mentioned lemma, will still be

valid.



Chapter 2

DIRAC ALGEBRAS CONTAINING THE DISTRIBUTIONS

§1. INTRODUCTION

In chapter 1, diagrams of inclusions of the general type (23) were constructed in or-
der to obtain the algebras (24) containing the distributions in D'(Rn) . The const-
ruction of diagrams (23) was based on the presumed existence (Theorem 1, chap. 1, §7)
of P-regularizations (V,S') , for a given admissible property P .

In this chapter two results are presented.

First, specific instances of the diagrams (23), chap. 1, 87, are constructed, leading

to so called Dirac algebras in which nonlinear operations of polynomial type can be
performed with piece wise smooth functions on R" and their distributional derivati-
ves. The nonlinear operations considered, cover the ones encountered in the nonlinear
partial differential operators introduced in chap. 1, §9. In that way, the Dirac alge-
bras prove to be useful in chapter 3, in the study of nonlinear partial differential
equations with piece wise smooth weak solutions. The class of the piece wise smooth
functions admitted in the nonlinear operations is rather wide, their singularities be-
ing situated on arbitrary closed subsets of r" with smooth boundaries, for instance,

locally finite families of smooth surfaces in R .

As a second result, based on the existence of Dirac algebras, one can prove the exis-
tence of the regularizations (V,S') wused in chapter 1, and therefore validate the
general method of embedding the distributions into algebras, presented there. For an

alternative validation, not using Dirac algebras, see §§8 and 9.

§2. CLASSES OF SINGULARITIES OF PIECE WISE SMOOTH FUNCTIONS

When performing nonlinear operations with piece wise smooth functions on R" and their
distributional derivatives, a problem arises in the neighbourhood of the singularities.
The classes of singularities, concentrated on arbitrary closed subsets of R with
smooth boundaries, for instance, locally finite families of smooth surfaces in R" ,
are defined now.

m
A set T of mappings 7Y : R" 5 R Y , Y € ¢® , with my e N , is called a singularity

generator on R" . The closed subsets in R"
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m
FY = {x e R" ] y(x) =0 <R Yy

defined by the mappings 7y ¢ I' will represent the basic sets of possible singularities

The set F of all F, = Y F , where Ac T and F is closed, will be called the
r A yer Y A
class of singularities associated to T . Obviously, if Ac ' and A is finite or

more generally, (FY | Y € A) is locally finite in R , then FA € FP . Therefore, we

shall in the sequel be able to consider singularities concentrated on arbitrary locally

finite families of smooth surfaces in R" .

Denote then by Frloc the set of all FA with Ac T and (FY | Yy e &) locally fi-
nite in R" . It follows that F c F. .

T ,loc T
Remark 1

i}

The subsets F_  can be fairly complicated. For instance, suppose m 1 and

Y(xl e s xn) = exp (—l/xlz) sin (l/xl) if Xy + 0 , while vY(x) = 0 otherwise.
Then FY is an infinite set of hyperplanes in R" which is not locally finite. How-
ever, obviously FY € FT,loc

The piece wise smooth functions on R" considered will be those in

1

R = (£ R0 |3 F R fe PR ]

T
. . - . n .
thus, having the singularities concentrated on arbitrary closed subsets of R~ with

smooth boundaries, for instance locally finite families of surfaces from T .

The nonlinear operations on functions in C?(Rn) and their distributional derivatives

will be of the following polynomial type

e T(g . oo £) = 5 e 11D Ug

0, N n 00 T
c .
where S C(R), p e N and gij 3 {fl ,...,fm} c F(R )

ij
The actual range of the nonlinear operations (1) will be the set of distributions
0o, N 1 n L roR
(CRRY 0 L (R + DR
where

D%(Rn)={SeD'(Rn) |3 FeF, :suppSc<F}.

§3. COMPATIBLE IDEALS AND VECTOR SUBSPACES OF SEQUENCES OF SMOOTH FUNCTIONS

The construction of the Dirac algebras will proceed through §83-6 in several stages,

ending with Theorem 4 in §6.
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Given a regularization (V,5') , one obtains (see Theorem 2, chap. 1, §8) the follow-

ing embeddings of D'(Rn) into algebras

'R 817, V) DS /V(p) s,
(2) W W w w
<s,> S+U < SV () — > s+I8W (p),5")
bij bij inj

where Q is any admissible property and p « N

It follows (see also Theorem 3, chap. 1, §8) that the nonlinear operations of type (1)
when applied to distributions - in particular, functions in C?(Rn) - are effectuated

within the algebras, according to the relation

T (<s1 s>, ..., S >y =

(3 ot
= I oo, TT s+ Rep s e s,
1gish ' 1<k, =
1

where Sij € { SL see Sy } cV(p)(®S' . One can always assume that Sy seeessp €8

in (3) since V(p) < VO and in the left term, the distributions <s1 ">""’<Sm s>
appear only. Therefore, S' has a particularly important role, since the nonlinear

operations (1) and (3) when observed from S' become the corresponding classical ope-
rations applied term by term to sequences of smooth functions. The role V will have
is to generate ideals IQ(V(p),S‘) which annihilate within the embeddings (2) the ef-
fect the singular distributions in Df(Rn) cause in the nonlinear operations (1) and

(3.

In this respect, the regularizations (V,S') will be chosen as follows:

a) V will be a vector subspace in I n V0 , where I is an ideal in ¥ of sequenc-
es of smooth functions vanishing on certain singularities F ¢ FF , as well as on

neighbourhoods of points outside of those singularities.

b) S' will be split into I’()Sl , where the sequences of weakly convergent smooth

functions in T represent the distributions in Df(Rn)

The main part of the construction, both theoretical (in this chapter) and applicative

(in chapters 3, 4 and 5) rests upon the ideals I .
The final choice of the ideals I and vector subspaces I and Sl obtained in 86,

will evolve in several steps.

It is particularly important to point out that the above way of choosing a regulariza-
tion (V,S5') belongs to a natural, general framework presented in Theorem 1 below,

where a basic characterization of regularizations is given. That characterization will

be used throughout the chapters 3-7, when constructing algebras containing the distri-

butions needed in applications to nonlinear problems or in theoretical developments.
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An ideal I in ¥ and a vector subspace T in 5, are called compatible, only if
(see Fig. 1.):

(4) InT-= VO nT =20
(5) Ins eV O
Theorem 1

Suppose the ideal I and vector subspace T are compatible. If V 1is a vector

subspace in I n Vs and S

(6) VO®T@51 =5,
~Tt
©) vev@®r®s; , vV peX

then (V,Z’()Sl) ¢ R(P) for any admissible property P . (see Fig. 2)

1 is a vector subspace in S0 satisfying

Conversely, any regularization (V,S') can be written under the above form.

Proof
Denote S' = T(:)Sl . It suffices to show that (see (20.3) in chap. 1, §7)
(8) IV,W) nS' =0

First, we notice that I(V,W) ¢ I since V< I and [ is an ideal in W . Therefore

9) I(V,W)y n S'" « I'nS!
But
(10) InSt=0

Indeed, (5) results in

(1) Ins'c (InS)ns < (VO®T) n (T@Sl) cT

the last inclusion being implied by (6). Now, (10) follows from (11) and (4). The re-
lations (9) and (10) imply (8).

Conversely, assume given (V,S') « R(P) and denote I = IP(V,S') . Then, obviously

I =1W,¥) therefore, I is an ideal in ¥ . But Vo C)S' = S0 , due to (20.1). Hen-
ce, there exists a vector subspace T < S' such that I n So < Vo(:)T . Obviously,
one can choose a vector subspace Sl in $' so that §' = T(:)Sl . Now, (20.3) will
imply I nT c I n S' =0 while (20.2) will result in U c ¥V (p)(:)T(:)Sl , ¥pe Nt
The proof is completed, noticing that Ve I(V,¥) = I , since u(l) ¢ ¥ VVV

Remark 2

Theorem 1 gives an affirmative answer to the question of the existence of regulariza-

tions (V,S') provided one can prove the existence of:






Fig. 2
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a) compatible ideals I and vector subspaces T , as well as of
b) vector subspaces S, satisfying (6) and (7).

These two problems will be solved in Theorem 2, 85, respectively Corollary 2, §6.

84. [LOCALLY VANISHING IDEALS OF SEQUENCES OF SMOOTH FUNCTIONS

A first specialization of the ideals I in Theorem 1, §3 is given here, under the form

of locally vanishing ideals.

For p e N"  denote by Wp the set of all sequences of smooth functions w ¢ ¥ satis-

fying the local vanishing property

vV xeRr" , q € Nt , 9= p:
4 weN:
¥ VeN, v2uyu:

DMV (x) = 0

(12)

or, formulated in a simpler way

(1249 qu(v)(x) = 0 for each x ¢ R" , q¢€ N , g=p, if v 1is big enough
Obviously WP , with p ¢ N' , are ideals in ¥ and WP < WP, ¥peR" (see chap. 1
§10) .

An ideal I in W 1is called locally vanishing, only if

as) Iew,

Given a singularity generator [ on R" , a class of associated locally vanishing ide-
als is constructed now. For & < Fp and p ¢ K", denote by I, p the ideal in W

generated by all sequences of smooth functions w e ¥ satisfying

(14) 1G6e§:

(14.1) ¥ qce N® , 4 <p:

k| ul € N:

¥ ve N, vz 5]
qu(v) =0 on G

X € Rn\G :
V neighbourhood of x , U, € N :

<«

(14.2)

B8]

¥ veN, v2 Kyt
w(V) =0 on V

or, formulated simply:
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(14Y) 1G¢eG:
(14'.1) qu(V) =0 on G, for qc¢ Nt , q9<p and Vv big enough,
(14'.2) w(V) = 0 on a neighbourhood of each x ¢ R™G , if Vv 1is big enough
In case & = {G} , the notation I =7 will be used.
G,p G,p
Proposition 1
IG,p c Wp , therefore IG,p is a locally vanishing ideal.

Proof

It suffices to show that w e¢ ¥ whenever w e W satisfies (14). Assume w ¢ ¥ sa-
tisfies (14) for a certain G € ¢ and take x € R® . If x ¢ G then (14.1) will imply
(12). In case x € R\G , (12) will be implied by (14.2) VWV ‘

Denote by JC the set of all sequences of smooth function w ¢ ¥ satisfying (14).
Obviously, i, is the set of all finite sums of elements in ¢ .

G’P GIP
Two examples of elements in JG and thus, in 7, P are presented in Lemmas 1 and 2

Suppose we W , vyel,ace Cw(RmY] and define wY o€ W by
n

Wy G ) = al(v)y () = wMW ), ¥ veN, xe R
Lemma 1
If a ¢ D(RmY) and satisfies for a given k ¢ N the condition
m
D'a(0) =0, ¥ reNY,|r]|<k
N -n
then w . e JG,p . ¥ GeFp, G3E ., pel, lp| <k .
Proof

It can be seen that WY o and FY ¢ G satisfy (14) VW

Suppose now Yy ¢ I' , with m, = 1 and denote by dY the Dirac § distribution of the
surface F_ . Suppose s_ € SO such that <SY , *> = 6Y . For q ¢ N and

v
cW b
Ysq y

SYqW)&)=@HVMY&D * By (x)) 'ﬁkﬁvﬂﬂ , ¥ veN,xeR

0,8 ¢ CC(RY) define s
n

Lemma 2
If o€ D(Rl) , & =1 in a neighbourhood of 0 « R1 and pg satisfies for a

given k ¢ N the condition
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D'B(0) =0, V¥ re N, r<k
then
1 J ns E}
b Sy,q "% VO, 3R,
2) s ¢ V_ provided that Iql < k .

Y,9q 0
Proof
1 It can be seen that d e G i J
) Sy,q 0 F, satisfy (14), therefore 5 q € Gp -
The relation Sy a € So results easily.

2) It follows easily VWV

An important property of the sequences of smooth functions s € IG P n So is given in:
2

Proposition 2

Suppose s € IG P n SO then

>

d Gy s oo s Gh € G
supp <s,*> < fr G1 u...u fr Gy, *)
Therefore int supp <s,*> =@ . *)
Proof
Since s € IG,p , there exist Wi oo, W€ JG,p and G1 seees Gh ¢ G such that
(15) e L
and LI Gi , with 1 <1< h , satisfy (14). Since G1 seees Gh are closed, the re-

lations s ¢ So , (15) and (14.2) imply
(16) supp <s,*> < G U...U Gh

Take now 1 < i <h and x € int Gi and denote

A

I1=1{1
K={1

IA

jsh|xeintG, }, J={1<js<h | x e fr Gj Y,
jShlxéGj}

IA

Obviously
InJ=IaK=JnK=¢, ITuJuk=1{1,...,h}

For j ¢ I take Vj < Gj R Vj neighbourhood of x . For j ¢ K take Vj < Rn\Gj s Vj
the neighbourhood of x resulting from (14.2). Denote V = N V. . Then (14.1)
jeIuk

. . . n
*) fr A and int A denote respectively the frontier and interior of a subset A R
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applied to Vj with j e I and (14.2) applied to Vj with 7€ K will restlt
through (15) in

dueN: ¥ veN,vzpu,xeV:isWMI@yY) = I w.(MW
jed J
If J =¢ , the above relation implies x ¢ supp <s,*> . Assume J* ¢ and j € J,

then x ¢ fr Gj . Taking now into account (16), the proof is completed VVV

Corollary 1

Suppose G < Fp ;. (see §2), p« M oand s eI p" S, then

E| As cT
(R I v e A) Tlocally finite
2) supp <s,*>c YU frF

Y
YeAS

Proof

For each Gi e G in Proposition 2, there exists Ai < T' such that (FY | v e Ai)

locally finite and G, = U F therefore fr G, © Y frF

Yed, A YeAi

v -

i
Choosing A =4 vu...u A , the proof is completed v

§5. LOCAL CLASSES AND COMPATIBILITY

A specialization of the vector spaces T in Theorem 1, §3, is given now.

A vector subspace T in SO is called a local class, only if

(17.1) Tal,

0

(17.2) eT , t¢&0:

Vv t

3 xeR':

¥ neN

4 ve N, Vv2u:
t

ME) £0

ProEosition 3

A locally vanishing ideal I and a local class T are compatible, only if

Ins eV, ®F

Proof

1t suffices to show that I and V satisfy (4). Taking now into account (17.1) it
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remains to prove that I n T =0 . Assume veInT |, véO,
Then (17.2) results in

I xerR": ¥ N : v > :
Woe -]ueN,\)p u v(\)u)(x)4=0

But (13) and (12) with q = 0 will imply that
3 w'eN: ¥velN, va2yu : yVE) =0

The contradiction obtained ends the proof VW

A basic result, implying the existence of compatible locally vanishing ideals and lo-
cal classes is given in the following proposition whose proof uses the cardinal equi-

valence between R and C°(R™

Proposition 4

For any vector subspace J in WO n So there exist local classes T , such that
J c So(:)T .

Proof
Assume (ei I i1 ¢ I) 1is a Hamel base in the vector space E =J/( n VO) . Then

e; = s, + @ n Vé) , where s. € J . Assume ¥ ¢ C(R™) such that ¥(x) £ 0 ,
¥V x € R" . One can assume the existence of an injective mapping a : I~ (-1,1) . In-
deed

JeWe (N> CO@RM)
and

car CO(Rn) = car Rl *)
therefore

1. car N

car E < car J < (car R7) = car R
Now, define v, € So , with 1 ¢ I , by the relation
(18) v,V ) = @ENWE , ¥V veN, xeRY.
Denote by 7 the vector subspace generated in S0 by 1 s; ot vy | ie I} . We pro-

ve that T is the sought after local class.

First, the inclusion J ¢ Vé +T . Assume s ¢ J then s +J n VO = I c; e s for
ieJ
certain Jc I, J finite and ¢, ¢ Cl . Hence s - I c; 8y TV J n V0 . Denot-
. ieJ
ing t= I ci(si+vi) it follows that t ¢ T and s =v - _Z c; vyt t e VO + T,
ied ied

since v. ¢ V. with i e J .
i o)

*) car X denotes the cardinal number of the set X
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It only remains to prove that T is a local class. First, the relation (17.1). Assume

teV nT. The relation t € 7 implies

19) t= I c.(s.+v.)
jeg 1id
where J <1, J finite and ¢, € ¢l . Now, t €V resultsin Z ¢, s, €V
i o] . i7i o’
ieJ
since v, ¢ Vé , with i ¢J ., But I cy s € J , hence I c; e; =0 € E, which

ied 1ed

gives ¢; =0, ¥ieJ. Then, (19) will imply t € O . We prove now that (17.2)

holds for any t € T, t ¢ 0 and x € R" . Indeed, assume that
20) 4 HeN: ¥V vVeN, V2Uu: t(V)(X) =0

for t given in (19). Since J 1is finite and s; € J < h; , with i €J , the rela-

tion (12) with q = 0 , will imply

(21) Hu'eN:vveN,vzu',ieJ:si(v)(x)=0

The relations (20), (21) and (19) give

22) 4 u't e N: ¥ veEN, v zur' I oc.v.(W)(0) =0
igg Y7

Taking into account (18) and the fact that VY(x) 4+ 0 , we obtain from (22) the relati-

ons

23) I oc,@in’ =0, ¥ veN, vzuv
ied
Since a is injective, (23) implies c; = 0, Vie€J, therefore t € 0 , according

to (20). The contradiction obtained ends the proof WV

Now, the answer to the first problem in Remark 2, 83.

Theorem 2

For any locally vanishing ideal I there exist compatible local classes r.

Proof

Assume I is a locally vanishing ideal. Demote J = I a SO then J is a vector sub-
space in Wo n S according to (13). Now, Proposition 4 will imply the existence of a
local class T such that J < VO(:)T . Taking into account the relation ¢ = I n 50
and Proposition 3, the above inclusion is the necessary and sufficient condition for

the compatibility of I and T . WV
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§6. DIRAC ALGEBRAS

The solution of the second problem in Remark 2, §3, namely, the existence of vector

subspaces S1 in So » satisfying (6) and (7), is obtained in Corollary 2, below.

Proposition 5

Suppose V and T are vector subspaces in Vo , respectively in So and the
conditions

1) Vol =0

2) Un 7 OND cvn W@®ND ., V pe

are satisfied.

Then, there exist vector subspaces Sl in So so that (6) and (7) hold.

Proof

Denote U1 =Un (VO(:)T) and assume U2 vector subspace in U such that
U = U1 ®U2 . Then U2 n (Vo @T) = 0 , therefore, there exist vector subspaces 5y
in So such that Vo(:>T(:)U2(:)SZ = 5, . One can take now &) = Uz(:)Sz 'A%

A local class T 1is called Dirac class, only if

(24) ¥ teTlT : int supp <t,*> = @

Corollary 2

Suppose I is a Dirac class, then there exist vector subspaces Sl in So ,

satisfying (6) and the following stronger version of (7):

(25) Ue s

Proof

Due to (17.1) and (24) it follows easily that U n (Vo(:)T) = 0 , therefore, the con-
ditions in Proposition 5 are satisfied. One can choose now Sl as in the proof of

the mentioned proposition VW

The problem of finding Dirac classes T is solved in Proposition 6, below.

A locally vanishing ideal I is called Dirac ideal, only if

(26) ¥ seln So : int supp <s,*> = §
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Theorem 3

For any Dirac ideal I there exist compatible Dirac classes T .

Proof

T constructed with J =1I n So according to the procedure in the proof of Proposi-
tion 4, will be a Dirac class. Moreover, due to Proposition 3, I and T will be

compatible (see the proof of Theorem 2, §5) VWV

The last problem, namely to secure Dirac ideals is solved in

Proposition 6
I, . is a Dirac ideal, for any G < F and p ¢ .

i3

Proof

It follows from Proposition 2, §4 VW

Now, one can sum up the previous results and obtain the final answer on the existence
of P-regularizations (V,5') for any admissible property P.
Theorem 4

For any Dirac ideal I (see Proposition 6) there exists a compatible Dirac

class T. Further, there exist vector subspaces S1 in SO , satisfying the

conditions:
27) v.Or®s) = 5,
(28) U< s

Choosing any vector subspace ¥V in I n V, » one obtains (V’T(:)Sl) ¢ R(P)

for all admissible properties P.

Proof

Assume given a Dirac ideal I , for instance, according to the method in Proposition 6
Then Theorem 3 grants the existence of a compatible Dirac class I . Now, according to
Corollary 2 , one can obtain a vector subspace Sl in So satisfying (27) and (28).

Taking into account Theorem 1, §3, the proof is completed VVV

The algebras used in the applications presented in chapters 3, 4 and 5 can be defined

now.

Suppose given a Dirac ideal I and a compatible Dirac class T - For any ideal T

in ¥, I>T

1> compatible vector subspace T in So , T o 1& , yector subspace V¥
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in In Vo and vector subspace Sl in SO satisfying (6) and (7), the algebras (see
(24) in chap. 1):

Rer@s, ., pe i

where Q is a given admissible property, will be called Dirac algebras.

Remark C

The basic method whithin the present work, in constructing regularizations - and there-
fore, algebras containing the distributions - has been given in Theorem 1, §3. That me-
thod rests upon the notion of compatibility between an ideal I in ¥ and a vector
subspace T in So .

It is worthwhile mentioning the bottleneck feature the notion of compatibility exhibits

Namely, given the ideal I , the compatible vector subspace I has to be small enough

in order to satisfy (4) but in the same time, big enough in order to satisfy (5).

In that respect, Theorems 2 and 3 are nontrivial. Both of them are based on Propositi-
on 4, which rests upon the cardinal equivalence between R1 and CO(Rn) , an essential

characteristic of the set of real numbers.

Alternative ways, not depending on Dirac ideals and classes, but still within the fra-

mework of Theorem 1 in §3 of constructing regularizations will be given in §§8 and 9.

§7. MAXIMALITY

Taking into account 510 in chap. 1 as well as 83 above, it follows that there exists an
applicative interest in constructing algebras containing the distributions, based on

large, possibly maximal compatible ideals I and vector subspaces T .

Denote by ( the set of all pairs (I,T) of compatible ideals I in W and vector
subspaces T in So satisfying for a certain vector subspace Sl in So the condi-
tions (see Theorem 1, §3):

(29) T, ®T®s =5 .,

(30) vevp) T ® S, VpelN

where V =1In V0 .
Define a partial order < on C by

I, 7)<, ,T) =1 <I, ad T <T,

Lemma 3

Each chain in (C,<) has an upper bound.
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Assume ((IA , TA) | A € Ay is a chain in (C,<) and denote I = U IA and
A€l
r= vV Ty , then obviously I 1is an ideal W, I is a vector subspace in So and
Ael
they are compatible. It only remains to show that I and T satisfy (29) and (30).

Denote

U0 =Un ﬁ_n V(p) @T)
peN

and assume U1 is a vector subspace in U , such that U = UO(:)Ul . If
(31) , ®m n U =0
then, one can choose a vector subspace Sz in So , such that

v, @T@Ul @sz =5,

Denote §; = U; @SZ , then (29) and (30) hold obviously. Now, if (31) is false, then
there exists ) € A such that

(32) (VO(-DTA) n Uy £0

But, CIA s TA) e C , therefore there exists a vector subspace Slk in 30 such that

(33) VO®T>\ ®51>\ =5,
=n
(34) U<V, ®T>\®Sn , ¥V peN
where VX = IA n VO . However, the relations (33) and (34) contradict (32). Indeed,
denote
(35) Uy =Un mN“ 7y, @) ®T)
p€

then, obviously Uok c Uo , therefore there exists a vector subspace le in U,

such that U = UOAG)UM and Uy > U . Then, (32) implies
(VO®T>‘) nU, 0

Assume u; € Upy , Uy t0, veV, and tce Ty such that

(36) u; = Vo4 t

But, (34) implies

(37) u = vy +t' o+ 51

where vy € ﬂ}P Vx(p) , t'e TA and ) € Slk . Now, the relations (36), (37) and

pe .
(33) result in v = vy o, t=1t' and 5; € 0 . Then (37) gives up E vyt t' which

together with u; € le c U and (35) will imply uy € on . Therefore uy € 0 , since

u; € Uy - The contradiction obtained completes the proof VW

1
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It follows, due to Zorn's lemma, that the set

Chax = 1 @1 € C | (Z,7) maximal in (C,<) }

is not void. Moreover,

¥ (I,7) eC :
1 ({,7) ¢ Cmax :

Icl , TcrT

§8. LOCAL ALGEBRAS

In this section, regularizations (V,S') will be constructed according to the proce-
dure in Theorem 1, 83, for the biggest locally vanishing ideal I = Wo and for

VelIn Vo . The resulting algebras however, will not be used in the present work and
their interest here is only due to the alternative proof they offer for the existence

of regularizations.

Progosition 7

Suppose I = WO , then there exists a compatible local class T and a vector

subspace S, in So satisfying (6) and (25).

1

Proof

The existence of a compatible local class T results from Propositions 3 and 4 in §5.
The problem is the existence of a suitable vector subspace Sl in So . That will be

obtained through Corollary 2 in 86.
In this respect, we recall the way T was obtained in the proof of Proposition 4.

Assume J = WO n So and (e, | i € I) is a Hamel base in the vector space

i

E=J/(J nV) . Then e, =s., + ¥ oV | with s, e ¥ nS . Nw, T is obtained
o i i o 0 i o o

as the vector subspace generated in So by {si+vi | i € I} where v, are given in

(18).

We shall prove that

(38) vo ,®1) =0

Indeed, assume Y ¢ Cw(Rn) » VeV, and t ¢ 7 such that u(®) = v + t . Then, taking
into account the definition of 7 and the fact that vi € Vo , one obtains
(39) u(@) =w+ I c; S

ieJ

where W ¢ Vo , J o I,J finite and c; ¢ C1 . But s; € Hb , Therefore, applying (12)
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for q = 0 , one obtains from (39) the relation
X € Rn :
4 peN :
¥ velN, vzu:
wv) (x) = ¥(x)

which according to Lemma 4 below, gives ¥ = 0 on R" , thus ending the proof of (38).

dow, the relation (38) grants the existence of a vector subspace Sz in So such
that

v.OI®U®s, = 5

Taking Sl = l/(:)Sz , the proof is completed VWV

Lemma 4

Suppose Y € CO(Rn) and v is a sequence of continuous functions on R" , weak-

ly convergent to 0 ¢ D'(Rn) such that

¥ x ¢ R"
4 peN
¥ ve N, v2=2u:

vv) (x) = &)

then ¥ =0 on R .

Proof

Assume, it is false and B < R" is a nonvoid open subset such that ¥(x) # 0,
¥ x € B . But, according to Lemma 5 below, there exists G < B , G nonvoid, open and

U € N such that
vivy(x) = v(x) , ¥ xeG, veN, vz2u

It follows that for any X € D(Rn) with supp x < G , the relation holds

én Yx)X(x)dx = Lim 1{“ v(V) (X)X (x)dx = <v,x> = 0

which contradicts the fact that Y(x) #0, ¥xe G WV

Lemma 5
Suppose E is a complete metric space and F is a topological space. Suppose
given the continuous functions f : E > F and fv : E~ F, with v e N, such

that
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¥V x¢ E :
e N:

¥V VeN, vzuypu:
fv(x) = f(x)

Then, for each nonvoid closed subset H < E , there exists a nonvoid relatively

open subset G< H and u ¢ N such that

fv(x) =f(x}) , ¥V xeG, veN, vzu.

Given H and u ¢ N, denote
Hu={er|fv(x)=f(x), V ve N, v=u}
The hypothesis implies obviously

U =H

ueN
Now, it is easy to notice that Hu , With uw e N, are closed in E due to the conti-
nuity of f and fv . Since H is in itself a complete metric space, the Baire cate-
gory argument implies the existence of W, € N such that the relative interior of

H is not void VVV

Ho

The alternative proof for the existence of regularizations, not based on Dirac ideals
and classes is obtained in
Theorem 5

There exist local classes T compatible with W, as well as vector subspaces

S, in SO satisfying

1
(40) v, @T@Sl = 5,
41) Uc Sl
Choosing any vector subspace V in WO n Vo , one obtains a regularization
v,7®s,)
Proof

It follows from Proposition 7 as well as Theorem 1 in 83 WV

Suppose given an ideal I, in W and I, c W,

For any ideal I in W , I o I, , compatible vector subspace I in 5, vector sub-
space V in I n Vs and vector subspace 5 in S, satisfying (6) and (7), the al-

gebras
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Qwr®s, ., pe B

where Q 1is an admissible property, will be called local algebras. Obviously, they

contain as particular cases the Dirac algebras.

Remark M

Theorem 6 in chap. 1, §10, the inclusion Wo c #W° as well as §7 of the present chap-

ter rise the question:

Are the local algebras obtained for I = I, = N maximal either in the sense that

*
V= Wo n VO is maximal according to chap. 1, 8§10, or I = ¥, is maximal according
to §7?

The algebras constructed in the next section give a negative answer.

§9. FILTER ALGEBRAS

Given a filter base B on R" , denote by WB the set of all sequences of smooth func

tions w ¢ W which satisfy the condition

i BeB
¥ xeB
(42) i weN:
¥V ve N, v2u
wiV)(x) =0

or, under a simpler form

(42" J BeB :

wWx) =0, ¥V xe B, ve N, Vbig enough

Obviously, ¥, is an ideal in W .

B
If B1 and B2 are filter bases on R and B2 generates a larger filter than B1 ,
then obviously WBl < WBz

A filter base B on R" is called strongly dense, only if R® \ B is nowhere dense

in R® for each B ¢ B .

The following filters on R"

n
F,o= (RT)
Fe = {FecR' | R'\F finite }

E&f = {Fc R? | R" \ F 1locally finite }

F.= {Fch' | R® \ F nowhere dense }
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are examples of strongly dense filter bases on R" . Obviously, F < Fgc< FogcFpg -

Moreover, if B 1is a strongly dense filter base on R? , then B < F 4 .
Due to the relation

Wo = WF
v

the algebras constructed in this section will contain as particular cases the local al

gebras defined in §8.

And now the important property of the ideals WB .
Proposition 8
Suppose B is a strongly dense filter base on Rt . Then, there exist vector

subspaces I in So compatible with the ideal I = W, . Further, there exist

vector subspaces Sl in So satisfying (6) and (25).

Proof
We shall adapt the proof of Propositions 4 and 7.
Assume (ei | 1 € I) is a Hamel base in the vector space E = (I n So) / @n Vo) .

Then e, = s, + In VO , where s, ¢ In So . Assume Y € dw(Rn) such that

Y(x) + 0, V¥ xeR. Finally, assume a : I » (-1,1) injective. Define now

v, € Vo , with i € I , by the relation
(43) VO = @ENT Y, Vo veN, xR .

Denote by T the vector subspace generated in SO by {si vy l i ¢ I} . We shall

prove that I and T are compatible.

The relations I n So c Vo +T and VO nT =0 result easily, as can be seen in the

proof of Proposition 4, in §5.
It only remains to prove that
44 InT =0

Assume t e I nT , then te T implies

(45) t iEJ s (si+vi)

with J< I, J finite and ¢, € C1 . Now tel = Wy implies

i BeB:
¥ xeB:
(46) 1 welN:
¥ veN, vzu:

t(V)(x) = 0

In the same time, s; € I = Wé , with i ¢ J , and the finiteness of J imply
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1 B'e¢B
¥ x € B':
47 i u'e N:

¥ v e N, vzu'  ieJ:
;M) =0

The relations (46), (47) and (45) result in

i B''¢B
(48) ¥ xe B"

d u'teN:

¥ ve N, v2u"
(48.1) z ¢y vi(v)(x) =0

ied
Due to (43), the relation (48.1) can be written as

(48.2) 2 e, a@n’ =0

. i

ied
since Y(x) ¥ 0, Vxe¢ R" , and B'' ¢ B implies B'' £ g . Further, a is injective,
therefore (48.2) results in ¢y = 0, Vield. Thus (45) will give t ¢ O , ending the
proof of (44) and establishing that I and T are compatible.

Now, we prove the second part of Proposition 8, namely the existence of suitable vector

subspaces Sl in So .

First, we prove the relation
(49) Un (Vo(:)T) =0
Assume indeed U € Cw(Rn) ,veV and t e T given by (45) and such that u(@) = v +t

Then

50 =w+ I . s.
(50) ) v Iy

i v .
with w € o

Yow, (50) and (47) will give for a certain B' ¢ B the relation

V xeB'", ve N, vzu'
(51)
Y = wV) ()
with ' possibly depending on x € B' . But ®" \ B' is nowhere dense in R" , since
B' ¢ B .
Therefore

¥ GcR" , G ¥ 9, open
(52) 3 G'<G,G' %0, open :
G' ¢ B'
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Now, (51), (52) and Lemma 5 in §8 imply that ¥ = 0 on B' , since w ¢ V0 in (51).

n

One can conclude therefore that Y = 0 on R  and the proof of (49) is completed.

The relation (49) implies the existence of a vector subspace S

Vo OT®UES, = 5

Taking S1 = U(:)Sz , the proof is completed VWV

in S such that
2 [

Theorem 6

Given a strongly dense filter base B on R" , there exist vector subspaces T

in So compatible with W, as well as vector subspaces Sl in So satisfy-

ing

(53) v, @T®51 =5,

(54) Uc S1
Choosing any vector subspace V in WB n Vo , one obtains a regularization
(V,T@Sl)

Proof

It follows from Proposition 8 and Theorem 1 in §3 VWV

Suppose given a strongly dense filter base B on R" and an ideal I, in W such
that [, < Wy .
For any ideal I in ¥ , I » I, , compatible vector subspace T in So , vector sub-
space V in I n Vo and vector subspace S1 in S0 satisfying (6) and (7), the al-

gebras
AQ(V,T@S1 P, pe N,
where Q is an admissible property, will be called filter algebras and they are with-

in the present work the most general instances of algebras given by a specific constr-

uction.

The question in Remark M, §8, reformulated for the case of filter algebras obtained

from I =1, = WF , remains open.
nd

§10. REGULAR ALGEBRAS

It is worthwhile noticing that the Dirac ideals IG P (see 84 and Proposition 6 in 86),

’
the locally vanishing ideals WP (see (12)), the ideals WE (see (42)) as well as the
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ideals IG and 16 used in chapters 5, 6 and 7, are all subsequence invariant (chap
1, §6).

It will be shown in the present section (see Proposition 10) that starting with arbi-

trary subsequence invariant ideals I in W , one can under rather general conditi-

ons construct algebras containing the distributions.

An ideal I in W is called regular, only if

(55) Un (Vo +1) =0
and
YV velInbV
o
1 ueN:
(56) Y ve N, v2u
3 xerR"
viv){x) =0

or, shortly,

. . . T
(56") if velIn VO then v(v) does not vanish in R

for at most a finite number of Vv € N

Proposition 9
Suppoese I is a regular ideal. Then, there exist compatible vector subspaces

T in So and vector subspaces S1 in So satisfying (6) and (25).

Proof
We shall once more use the method of proof in Propositions 4, 7 and 8.

Assume (ei | i € I) 1is a Hamel base in the vector space E = (I n So) / @ n VO)
Then e, = s, +In 7V with s;€InS . Assume ¥ e ¢”(R" such that Y(x) + 0,
V x ¢ R0, Finally, assume a : I > (-1,1) injective and define v; e 7, , with
iel, by

BV n
(57 v = (@) v, ¥ veN, xeR
Denote by I the vector subspace in So generated by { s;ot vy | ie I} . We

shall prove that I and T are compatible (see (4), (5)). First the relation

(58) VO nT =20

Assume V ¢ V0 nT, then v e T implies
(59) v = .Z Ci(si + vi)
ieJ

where J c I ,J finite and c, ¢ C' . But (59) gives
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(60) I c. s, =v- 2% ¢c.y.elnvV
ieg t 0t ieg tot ©

since s. € I and v,v. € V_ ., Now (60) results in I ¢. e. = 0 ¢ E , hence
i i o ied i
c; =0, ¥icJ. Then (59) will give v ¢ 0 , ending the proof of (58).

i

Now, the relation

(61) Ias v ®r

Assume s € I n So , then s + In V0 € E , hence

(62) s+IaV = I ¢, e.
o . ii
ied
for certain J < I, J finite and c; € C1 . But (62) can be written as
s- 2 ¢c.s.=velnV
. i o
ied
therefore

= X -
s = c; (si+vi) + v _2 Cy vy c T(:)Vb
1ed 1ed

since v,v; € Vo and (60) is proved.

In order to prove that I and 7T are compatible, it remains to show that
(63) InT=0

Assume t e I nT , then t ¢ 7 implies

(64) t = _Z ¢y (si+vi)
1ed

with J < I, J finite and c; o« C1 . Hence

(65) v = .Z e, vy = t - ‘Z c; s;eln Vo
ied ied

since v, € V0 and t,s. € I . But (56) applied to v ¢ I n V0 gives

i
4 peN:
¥ veN, VZu:
n
i xe R
vivi(x) = 0

which together with (65) results in

¥ veN, v2u: g4 xc¢ Rn :

L oc,v.(V)®) =0
ieg * %

Now (57) and the fact that ¢(x) # 0 , V x e R' , will imply

(66) 2ci(a(i))"=o, ¥ veN, v2u
ieJ
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The well known property of the Vandermonde determinants applied to (66) gives ¢; =0,
¥ ieJ, hence t ¢ O due to (64) and the proof of (63) is completed.

Now, we prove the existence of vector subspaces Sl in So satisfying (6) and (25).

First, we prove

(67) Un (VO @T) =0
Obviously T c Vo + I , hence (67) follows from (55). Now, the existence of the requi-

red S1 results easily from (67) wWv

Theorem 7

Given a regular ideal I in W , there exist vector subspaces T in SO compa-

tible with I as well as vector subspaces S, in So satisfying

1
(68) INOHOENEN-A
(69) ves,

Choosing any vector subspace V in I n V_, one obtains a regularization
o

(V,T@Sl )

Proof

It results from Proposition 9 and Theorem 1 in §3 WV

The existence of regular ideals is granted by:
Proposition 10

A subsequence invariant ideal I in W is proper only if it satisfies (56).
Therefore, a subsequence invariant, proper ideal I in ¥ which satisfies

(55) is regular.

Proof

It suffices to show that (56) holds whenever I is proper. Assume it is false and

veln Vo such that
n
V weN: 3 VU e N, vu > U v(vu) $4 0 on R
Define w e ¥ by w(u) = v(vu) , YUueN. Then we I, since I is subsequence in-

variant. But obviously 1/w ¢ W , therefore
u(l) =w - (/w) e I « Wl

contradicting the fact that I ; W VWV

It follows that the ideals mentioned at the beginning of this section are regular (in
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the case of the ideals WB , the additional condition that B is a strongly dense fil-

ter base on R" is needed] .

One can easily notice that the set of regular ideals is chain complete, therefore, due

to Zorn's lemma, there exist maximal regular ideals containing any given regular ideal.

Suppose given a regular ideal I1 and an ideal I, in ¥ such that I, < I1 .

For any ideal I in W , I > I, , compatible vector subspace T in So , vector sub-

space V in I n ¥V and vector subspace S, 1in So satisfying (6) and (7), the alge~

1
bras

Ner®s; .» ., pe ¥

where Q 1is an admissible property, will be called regular algebras.

The regular algebras will find an important application in chapter 3, 84, where a gene-
ral solution scheme is established for a wide class of nonlinear partial differential

equations.

Remark 3

The condition (55) in the definition of a regular ideal is needed in order to secure the
condition (69) in Theorem 7 (see (7) in Theorem 1, §3 and (67) in the proof of Proposi-
tion 9, as well as (20.2) in chap. 1, §7).

However, due to Proposition 5 in §6, one can replace (55) by the weaker condition
Bk
(70) va (v +I)<Un Te)®D , V pe

where V =1 n V0 and T was constructed in the proof of Proposition 9, since in that

case the relation holds

VO@T=VO+InSO



Chapter 3

SOLUTIONS OF NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS
APPLICATION TO NONLINEAR SHOCK WAVES

§1. INTRODUCTION

It will be proved in §2 of this chapter that, the piece wise smooth weak solutions of
nonlinear partial differential equations with polynomial nonlinearities and smooth co-

efficients, satisfy these equations in the usual algebraic sense, with the multiplica-

tion and derivatives defined in the Dirac algebras containing D'(Rn) introduced in

chapter 2.

An application to the shock wave solutions of nonlinear hyperbolic partial differenti-

al equations will be given in §3.

When dealing with partial differential equations, one has to consider various nonvoid
open subsets § in R" and restrict the functions and distributions to such subsets. It
is obvious that the construction of the algebras containing the distributions, carried

out in chapters 1 and 2, remains valid for any Q < R" , S84 p , open.

§2, POLYNOMIAL NONLINEAR PARTIAL DIFFERENTIAL OPERATORS AND SOLUTIONS

Given Qc R, Q4 ¢, open, a partial differential operator T(D) is called polyno-

mial nonlinear on & , only if

(1) TMu(x) = £ L O T ux) , ¥ uelC @ , xe,
1gish * .

where Li(D) are linear partial differential operators with smooth coefficients, while
Ti are polynomials of the form

(2) T. u(x) = £Z C. . (x)(u(x))j , ¥ uce Cw(Q) , xef,
i lsjski ij

with c¢.. smooth,

1]
The polynomial nonlinear partial differential operator T(D) 1is called homogeneous,
only if u(x) = 0, for x ¢ @ , implies T(Du(x) =0, for x e @ .

Obviously, the polynomial nonlinear partial differential operators are particular ca-

ses of the operators in chap. 1, §9.

The nonlinear hyperbolic operators studied in §3 are examples of homogeneous polynomial
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nonlinear partial differential operators. The same is the case of several types of non-
linear wave operators studied in recent literature, [5], [8-111, [911, [121], [122], as

well as other nonlinear partial differential operators, [80].

. 1 . . . . .
A function u : @ > C° 1is called a piece wise smooth weak solution of the equation

3 TMu(x) =0, xe@
only if the following conditions (4), (5), (6) and (7) are satisfied:

There exists a set A of mappings Y : @~ RmY , with Y ¢ ¢ , My ¢ N, such that
the set (see chap. 2, §2) Fp={x e R"| 3Yed :v(x) =0c RV} is closed, has

zero Lebesque measure in R" and
) ue CC@Fy)

If k = max { k. | 1<i<h } (see (2)) then

(5) uk is locally integrable on

The weak solution property holds

6) J ( z T. u(x)Lf (D) (x))dx = 0 , ¥ ¢y e DGQ) ,
1gich 1
Q

*
where Ly (D)} 1is the formal adjoint of Li D)

m
For each Y ¢ A there exists a bounded and balanced neighbourhood BY of 0 eR s

such that
%) { Y—l(BY) | ¥ ¢ A} is locally finite in & .

The nonlinear hyperbolic partial differential equations studied in §3, are known,

[133], [52], to possess piece wise smooth weak solutions in the above sense.

The main result of the present chapter is presented in
Theorem 1

Given a homogeneous polynomial nonlinear partial differential operator T(D)

defined on a nonvoid open subset { ¢ R" and a piece wise smooth weak solution

u: > C1 of the equation

(8) TDu(x) =0, x e &,

there exist regularizations (V,S') (see chap. 1, §7) such that for any admis-

sible property Q , one obtains
) uweAlw,st,p), V ped,

2) in the case of derivative algebras, u satisfies the equation (8) in

the usual algebraic sense, with the respective multiplication and deri-

vatives within the algebras AQ(V,S',p) . .
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Proof

m
Assume given aY tRY > [0,11, aY e & , for each Y ¢ A , in such a way that

m
(9.1) aY = 0 on a certain neighbourhood VY of 0eRY R
9.2) aY =1 on RmY \ BY (see (7))
For veN and x ¢ R define a regularization of the piece wise smooth weak solution
u by
u(x)- aY((v+1)Y(x)) if x e Q\FA
(10) JOIORE vel
0 if x ¢ FA
We prove that
(11) s e W(Q)
Assume Vv ¢ N given. If x ¢ Q\FA then
(12 {yer]| (vel)y(x) e BY } finite.

Indeed, (Vv+1)Y(x) € BY only if x € Y_l (G%T-By). Therefore, (12) will result from

(7) and the fact that BY , with Yy € A, are balanced. But (12) and (9.2) imply that
the product aY((v+1)Y(x)) in (10) contains only a finite number of factors f 1.
Yeh

Thus s(v) 1is well defined on @ \ FA . Since Q\ FA is open, one can take a compact

neighbourhood V of x , Ve @\ FA . Then, as in (12), one obtaines
(13) {yed | Dy n B, £ ¢} finite.
Now, (13) and (10) imply that s(V) ¢ ¢ in x .

If x ¢ FA then Y(x) = 0 for a certain Yy ¢ A . Take V a neighbourhood of x ,
such that Yy (V) ¢ TéT'VY (see (9.1)), then

(14 s(v) =0 on V

according to (9.1) and (10). Therefore, s(v) ¢ ¢® in x and the proof of (11) is
completed.

Define v ¢ W() by

1s) v = T(D)s

The sequence of smooth functions v is obviously measuring the error in (8) obtained
by replacing u with its regularization s given in (10) and it plays the essential
role in constructing the ideals IQ(V(p),S') of sequences of smooth functions needed

in the construction of the algebras AQ(V,S',p) (see (24), chap. 1, §7).
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We prove the relations

¥ Kec @\ F, , K compact :
1 pe N:
(16) V ve N, vy

s(v) =u on K
v(v) =0 on K

Indeed, denote AK ={yeA]|YEn By + p} , then AK
te a = inf { ||Y(x)[|Y [ v e Ay, x €K }*) then a>o0 , since AK is finite and
Kn FA = f , K compact. Obviously, there exists W ¢ N , such that

is finite due to (7). Deno-

sup Iix Ii_<ua, ¥ e A
xYng Yy Y
m, .
Then (v+1)Y(K) ¢ R Y\ BY , YyehA,veN,vzu. Now, (16) results easily from
(10), (15) and (6).

An other relation needed, given in

¥ veN, pe N

a7
DPs(v) = oPv(v) =0 on F, ,

results easily from (14) and (15), since T(D) is homogeneous.
A last property of the regularization s , given in
(18) S € SO(Q) and <s,*> = u

follows obviously from (11), (16), (4) and (5), since in the last relation one can as-

sume k = 1 , otherwise T(D) being trivial.

The preliminary results above lead to the following essential property of the error se-

quence v ¢

)
19 v e Vg(Q) and v € IFA p ¥ pe N (see chap. 2, §3)

Indeed, the relation v e I , ¥Vpe N' results from (16), (17).

FA sP
It only remains to prove that v € VO(Q) . Assume ¥ € D(f2) and Vv € N, then (15) and
(6) imply

| J v(V) (Y (x)dx | = | J IT, s L; DY (x)dx | =
1<i<h
Q Q
=]J h (rsw)@)-TJmm)Lf(mwamx|s
l<ish * . t
f
< I J | T, s - T, ue) |« | L] @ | dx
1<ish . N
supp ¥
*) [l |i_ is a norm on RmY , with v ¢ A, so that sup sup llx [[ <

Y Yeh xYeBY Yy
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Therefore, it suffices to prove

(20) lim J | T.s(v) )
Voo 1
K

T;u(x) | dx =0, ¥ l<ich, Kc® , K compact

First, (2) and (10) imply for x e 9 \ Fp  the relation

Tis(v)(x) - Tiu(x)

¢ @« (TT @ (yen! - 1,
zh 1sj<k J yea Y

i
V 1<ish , v e N .

And, due to (9) one obtaines

(22) I (ocY((v+1)Y(x)))j—1|51, V jeN, veN, xe@,
YeA

while taking into account also (7), it follows that

23) Yo (TT @ (v - =0, ¥ jex, xeq\F

Yeh A

Now, (21), (22) and (23) together with (5) and the fact (see (4)) that the Lebesque
measure of E, in R" is zero, will imply (20), completing the proof of (19).

The above relation (19) offers the possibility of comstructing the ideals IQ(V(p),S')
upon which the construction of the algebras AQ(V,S',p) is based.

Denote by IV the ideal in W(R) generated by v , then

(24) Iv is a Dirac ideal (chap. 2, §5) and
-n
Iv c IFA . ¥ pe N (chap. 2, §4)
Indeed, according to (19), v ¢ IFA D therefore, Iv < IFA D and Proposition 6,

chap. 2, 86, implies that IV is a Dirac ideal.
Assume now given any Dirac ideal I , such that
(25) Iv c T

then, according to Theorem 4, chap. 2, §6, there exists a Dirac class T , compatible

with I . Thus, there exists a vector subspace S1 in SO(Q) , satisfying the condi-

tions
(26) V() @T@Sl =5,
7 U@ < 8

1

If u is not smooth, then S, can be chosen so that

1
(28) s € Sl

Indeed, in that case s ¢ VO(Q)(:)T(:)U since u = <s,*> is piece wise smooth and T

is a Dirac class.

One can choose a vector subspace V in I n VO(Q) such that

(29) velV(p) , V¥ pei®
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Indeed, (19) implies that

plv e VOGQ) , ¥ qeN"
while (16) and (17) and the fact that © \ F, 1is open, result in
n

q n N
Dlv e I , ¥ € N, € N
Fp P q P

Denote now
(30) st =18,

then Theorem 4 in chap. 2, §6, will imply that (V,5') is a Q-regularization for any
admissible property Q .

The relation
(31) ue ,st,p), ¥ pei
results easily from (18) and the fact that D'(22) < AQ(V,S',p) , with p e Rl

It only remains to prove that u satisfies (8) in the usual algebraic sense, with the

respective multiplication and derivatives in the algebras AQ(V,S',p)
Due to (28) and (30) one obtains
(32) u=s+ e, e Aqu,s,p, vV opek

therefore, taking into account 59 and Theorems 2, 3, §8, chap. 1, as well as (15} and

(29), one obtaines in the case of derivative algebras, the relations

(33) Ty = TM)s + 197 (p),8") = v + 12,8 = 0 A@,50,p) , vpel

The relations (32) and (33) end the proof of Theorem 1 Vv

Remark 1

The regularizations (V,S') whose existence is stated in Theorem 1, are obtained in a
rather simple, constructive way. Obviously, the algebras AQ(V,S',p) obtained are Di-

rac algebras.

§3. APPLICATION TO NONLINEAR SHOCK WAVES

Consider the nonlinear hyperbolic partial differential equation

(34) u, (6,8 + a@in) *u (ot =0, xe RV, t> 0

(35) u(x,0) = u (x) , xe gt
where a : R! > R1 is a polynomial.

Obviously, the left part of (34) is a polynomial nonlinear partial differential opera-

tor on = R1 x (0,®) < R2 and it is homogeneous.
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Under rather general conditions, for smooth, [133], [52], or even piece wise smooth,
[32], initial data ug s the equation (34), (35) possesses shock wave solutions

u: -~ R1 , with the properties:

There exists a finite set A of smooth curves Y : £ ~ Rl » such that

(36) ue @\ Fy

(37) u locally bounded on £

(38) J Wl (x,t) + flulx,t)) * ¥, (x,t))dxdt =0, V¥ ¥ e D@
Q

where f 1is a primitive of a .

Obviously, such a solution u will be a piece wise smooth weak solution, in the sen-

se of the definition in §2.
Therefore, Theorem 1 in §2 results in :
Theorem 2

If u:Q-~> R1 is a shock wave solution of (34), (35) which satisfies (36),
(37) and (38), then, there exist regularizations (V,S') (see chap. 1, §7)
such that for any admissible property Q , one cbtains

D uwead@s,p, Vope

2) in the case of derivative algebras, u satisfies (34) in the usual al-

gebraic sense in each of the algebras AQ(V, S'yp), pce N , with

the respective multiplication and derivatives.

§4. GENERAL SOLUTION SCHEME FOR NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS

With the help of the regular algebras introduced in chapter 2, §10, the general result

on the piece wise smooth weak solutions of homogeneous polynomial nonlinear partial
differential equations, established in Theorem 1, §2, can be seen as a particular case

of a yet more general solution scheme for a fairly arbitrary class of nonlinear parti-

al differential equations presented next, in Theorem 4.

Suppose given a nonlinear partial differential operator (see chap. 1, §9) of the gene-
ral form
P..
(39) TOPE = I ¢ D Hue) , xel,
l<i<h Ljsk,

where © <R is nonvoid and open, and c; € Cm(Q) s Pij e N

A distribution S ¢ p'(Q) 1is called a (nontrivial) regular weak solution of the non-

linear partial differential equation

(40) T(D)U(X) =0, X ¢ 2 ’
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only if there exists a weakly convergent sequence of smooth functions s € SO(Q) sa-

tisfying the following three conditions

(41) S = <s,*> and there exists a nonvoid open subset G < £ and a
smooth function u € Cm(G) , such that

(41.1) S=u=s(v) on G, vV veN,
further
(42) v = T(D)s ¢ VO(Q)

and finally, the ideal Iv generated in W () by Py , with p e N , satisfies the
condition

1
(43) Iv n (V0 + U +R)c VO , where R =C s

Theorem 3

A piece wise smooth weak solution of a homogeneous polynomial nonlinear partial

differential equation is a regular weak solution.

Proof

It follows from the relations (18), (19) and (24) in the proof of Theorem 1 in §2
wWv

Theorem 4

Given a nonlinear partial differential operator T(D} of the form in (39) and a

regular weak solution S ¢ D'(Q) of the equation
(44) T(Du(x) =0, xef ,

there exist regularizations (V,S') such that for any admissible property Q ,

one obtains
D seAwstp), ¥ opeR

2) in the case of derivative algebras, S satisfies the equation (44) in the

usual algebraic sense, with the respective multiplication and derivatives

within the algebras AQ(V,S‘,p) s, D€ .

Proof

Since S is a regular weak solution of (44), there exists s ¢ 5 (Q) satisfying (41),
(42) and (43).

We notice that the ideal I, is regular in the sense of chapter 2, §10. Indeed, the
condition (43) above implies (55) in chap. 2, §10. Further, (41.1) and (42)
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above imply
viv) =0 on G, ¥V velN,
therefore
V we IV :
(45)
w(v) =0 on G, ¥ veN

which obviously implies (56) in chap. 2, §10. Therefore, Iv is indeed a regular ide-
al in W(Q)

Assume now given a yvegular ideal I in W(Q) , such that
(46) I»> IV
47) In [VO + U +R) c Vo

Then, according to Proposition 9 in chap. 2, §10, there exist vector subspaces T in

S0 compatible with I , as well as vector subspaces Sl in So satisfying
(48) IAOLOERERS

(49) Uc S1

In case S 1is not smooth, (47) implies

(50) s ¢ V0 + T+ U

since V6 + T c Vo + I , if one takes T as in the proof of Proposition 9 in chap. 2,

§10. Then (48), (49) and (50) imply that S can be chosen satisfying

1
(51) s € S1

Now, one can choose a vector subspace V in I n VO(Q) such that

(52) veVp , V¥V pefi®
since v e Iv c I . Denoting

vz
(53) st = 1(®s,

one obtains a regularization (V,S') according to Theorem 7 in chap. 2, §10.

Given an admissible property Q , the relation
(54) seAw,stp), Vopei®

results from (41) and the fact that D'(R) < AQ(V,S',p) , V pefl.

It only remains to show that S satisfies (44) in the usual algebraic sense, with the
respective multiplication and derivatives in the algebras AQ(V,S',p) ., P € Nn .

The relation (51) will give

(55) s=s5+12r(p),s") e A,51,p) , V peR
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Now, §9 and Theorems 2 and 3 in §8, chap. 1 as well as (52) above, imply in the case of

derivative algebras, the relation

(56)

T()S = T(D)s + 13(V(p),5') = v + I3(V(p),5') = 0 ¢ AdV,5',p) , Vp W

The relations (55) and (56) end the proof of Theorem 4  VVV

Remark 2

1)

2)

The condition (43) in the definition of a regular weak solution can be written un-

der the following explicit form:

vV oyoe OO
P
u() = v, + 2w, DY TMDs=¢9=0 on Q,
i J
n
where v, € VO(Q) > W, o€ W() and pij € N

Taking into account Remark 3 in chap. 2, §10, the condition (43) above can be re-

placed by the weaker one given in (70), in the mentioned remark.

The algebras AQ(V,S',p) obtained in Theorem 4, are obviously regular algebras in
the sense of chapter 2, §10.



Chapter 4

QUANTUM PARTICLE SCATTERING IN POTENTIALS
POSITIVE POWERS OF THE DIRAC & DISTRIBUTION

§1. INTRODUCTION

Potentials with strong local singularities have been studied in scattering theory, [3],
[271, [281, [115], [116], [140]. The strongest local singularities of the potentials
considered were those of measures which need not be absolutely continuous with respect
to the Lebesque measure, [27]. The potentials in this chapter, given by arbitrary po-
sitive powers (G)m , 0 <m<® , of the Dirac § distribution, present obviously stron-

ger local singularities.

The wave function solutions obtained possess the scattering property of being given by

o0 .
pairs ¢_ , ¢+ of usual ¢  solutions of the potential free motions, each valid on

the respective side of the potential and satisfying special junction relations on the

support of the potentials. In the case of the potential a6, i.e. m =1 , the only
one treated in literature, [44], the junction relation obtained is identical with the

known one.

§2. WAVE FUNCTIONS, JUNCTION RELATIONS

One and three dimensional motions are considered.

The one dimensional wave function Y is given by
€ VO UMW) =0, xeRl (keRD
with the potential
m 1 1

) Ux) =a@(x)) , xeR (aeR , me (0,9)
The solution of (1), (2) is expected to be of the form

Y_o(x) if x<0
(3) Y = _

w+(x) if x>0
where Y_ , U, ¢ Cm(Rl) are solutions of

0, Xe¢ R1 ,

Yrr(x) + ky(x)

satisfying certain initial conditions

V) =y, s LK) =y
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where - < X, <0< x = ® and Yo » V1 5 %9 5 7y € C1 are given and the vectors
Yo %o
11 %

might be in a certain relation.

As known, [44], that is the situation in the case of m =1 and X, =x = 0 , when

the junction relation in x = 0 between ¥ _and ¢+ is given by

¥, (0) 1 o v _(0)
ey =
P! (0) o 1) v
In the case of an arbitrary positive power m ¢ (0,°) , the following three problems
arise:
1) to define the power (G(X))m , X € R1 , of the Dirac § distribution,
2) to prove that the hypothesis (3) is correct, and

3) to obtain a junction relation generalizing (4).

The first problem is solved in 85, where a special case of the Dirac algebras construc-
ted in chapter 2 will be employed. The solution of the second problem results from Theo
vem 4 in §5, and is based on the smooth representation of & constructed in §4. The
third problem will be the one solved first, using a standard 'weak solution' approach

presented in §3. That approach will also suggest the way the first two problems can be

solved.
The junction relations in x = 0 between ¥_and V¥, , will be:
¥, (0) b_(0)
(5) = Z(m,q)
P! (0) ! (0)
where
1 0 1
(5.1) Z(m,a) = , for me (0,1) , e R,
0 1
1 0 1
(5.2) Z(l,a) = , for aeR (see [44]1 and (4))
o 1
5 -n’ o
(5.3) Z(2, - (vim°) = vl » for v =10,1,2,...
0 -1
g 0
(5.4) Z(m,a) = , for me (2,2) , a¢e (-=,0)
K o
with o=+ 1 and - < K s +o arbitrary.
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The interpretation of (5) in the case of one dimentional motions (1) in potentials (2)

results as follows:
1) For m =1, the known, [44] , motion is obtained.

2) If m =2, then for the discrete levels of the potential well

() Ux) = -2, xe R, v=1,35,7,...
there is motion through the potential, which causes a sign change of the wa-
ve function, namely ¢+(x) = -y_(x) , xe Rl

3) If me (2,7) , there is motion through the potential (2) in the case of a
potential well only; however, the junction relation (5.4) will not give a
unique comnection in x = 0 between P_and ¢ _ as the parameters © and

K involved can be arbitrary.

As known, [44], the problem of the three dimensional spherically symmetric motion with
no angular momentum, and the radial wave function R given by

(2R (@) + P2(k-U@) * R(x) =0, re (0,9 (keR)

where the potential concentrated on the sphere of radius a 1is

U@ = ad@-an™, re (0 (@eR ,m,ac (0,9) ,

can be reduced to the solution of (1), (2). Therefore, the above interpretation for the
one dimensional motion will lead to the corresponding interpretation for the three di-

mensional motion.

§3. WEAK SOLUTION

The solution (3), (5) of (1), (2) will be obtained in two steps.

First, a convenient nonsmooth representation of & will give in Theorem 1 a weak solu-
tion of (1), (2).

The second step, in §4, constructs a smooth representation of §, needed in the algeb-
ras containing D‘(Rl) . That representation gives the same weak solution, which pro-
ves to be a valid solution of (1), (2) within the mentioned algebras and therefore, in-

dependent of the representations used for ¢

The nonsmooth representation of & , employed for the sake of simpler computation of the

junction relations, is given in

1
(7) §(x) = lim V(wv R l/mv , X}, XxXxeR , velN,
AVl
where
(8) lim w, = 0 and w, > 0 with veN,

Vroo
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while

K if 0<x<w
(9) V(w,K,x} =

where W > 0 and K ¢ R1 .

Given m ¢ (0,°),0,k ¢ Rl s X, <0, Yo oY1 € C1 and VvV € N, denote by
vy, € CCRN0,6,1) n cl®Y) , the unique solution of
(10) Py £ (k-Vw ,d/ﬂﬂv)m,X))w(X) =0, xeR,
with the initial conditions

- 1 -
(11 b)) =y, s V) =y,
Denote by M(k,xo) the set of all (m,a) € (0,®) XRl for which there exists

(w, | Ve N) satisfying (8) and such that

v, @) z 1
12 lim = exists and finite, for any vy, , y; ¢ C
Voo [
b wy,)) Zy
Suppose given (m,a) € M(k,xo) and (wv | Vv € N) satisfying (8) and (12). Then for
any y, o, ¥y € C1 , one can define ¢ _, v, € Cm(Rl) as the unique solutions of

(13) Yo o+ k() =0, xe R

satisfying respectively the initial conditions

Y o(x)) b4 Y (0) z
(14) - o] - [s) , + -
VIx)) Y1 v, (0) zy

where Zg 5 27 € C" 1is obtained through (12).

Theorem 1

Suppose P given in (3) with ¢ , Yy, from (13) and (14). Then, the sequence of

- . R 1
functions (wv | Vv e N) resulting from (10) and (11) is convergent in D'(R’)
to ¢ .

Proof

Obviously wv = ¢ on (-=,0], for every Vv ¢ N . Thus, it remains to evaluate w+ - wv

on (0,) . The relation (12) and the second relation in (14) imply that
¥ a,e >0 : dpeN : ¥veN, vzu

(15)
| v, - Y, [, | by - vy | <& on [w, , al

Now, from the proof of Theorem 2, below, on can obtain that
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1 XK>0 : VvVeN:
(16)
I v, bl vy | <K on Lo,w,]

Indeed, according to (19) in the proof of Theorem 2, it follows that

b, (x) v_(0)
= Weo/ @)% | ° , v ven, xelon]d.
00 V1 (0)

which implies the following two evaluations, respectively for & >0 and @ <0 .
Assume & > 0 , then for any V €N and x ¢ [0,0,] , one obtaines
| u,00 - by | < ¢ lexp(a) - exp Lyl + lexp(-xity) - exp(-L)|)
an v+ Wrlmyy sz <
< (exp Ly 1) * ([ (o] + [breoylmy ) /2
the last inequality resulting from the fact that 0 <=xH,, <L, since 0 =x <4U,.

Now, the relations (21) and (22) in the proof of Theorem 2, together with (17) and (12)

will imply (16).
Assume o <0 , then for any V €N and x e [0,w,], one obtaines
(18) l b, - (e | < | cos xH, - cos L, |« | v (0) |+

+ | sin xH, - sin Ly, | * | ¥ (0) |/ H,

Now, the relation (23) in the proof of Theorem 2, together with (18) and (12), will
again imply (16). The relations (15) and (16) obviously complete the proof WV

According to Theorem 1, the function ¥ in (3) with ¥ , w+ from (13), (14) is a weak
solution of (1), (2) obtained by the respresentation of § in (7), (8), (9), provided
the potential (2) is obtained from (m,d) ¢ M(k,xo) . The problem of the structure of
AKk,xo) is solved now.

Theorem 2
1

The set M(k,xo) does not depend on k € R™ and x, < 0, and
M= (0,11 xRY u ({2} x {-n%,-4n%,-977,.. D) u ((2,9) x (-=,0)) u
u ((0,%) = {o})
If u e Cm(Rl) is the unique solution of
u''(x) + hux =0, X € R1 , (he Rl)
with the initial conditions
u(a) =b , u'(a) =c,
then
‘u(x) b 1

(19) = W(h,x) W(h,-a) , XeR
u' (x) c
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where
0 1
W(h,x) = exp QxAh) . Ah = |nx 0

Assume (m,0) € (O,°°)><Rl . Applying (19) to the functions ¥ one obtains

\) 3
Y, (w) y

VIV = W e/ e ) W k,x)) [0, v veN
1

by (@) Y1

Therefore, (m,0) e M(k,xo) only if

. m = . L.
(20) %iﬂ W(k-a/(wv) ,wv) = Z(m,a) exists and finite.

It thus remains to make the condition (20) explicit in terms of m and o .

First, suppose o > 0 . Since w, -+ 0 , one can assume k - o / (wv)m < 0 , therefore
1

exp L, + exp (-L) i (exp L, - exp (—Lv))
v

W(k-o/(w)"w) = 3
Hy (exp L, - exp (-Ly))  exp Ly + exp (-L)

with
- m1/2 -
Hy = (kee/ ()™, L = wH
Obviously
(21 1& H\) = + ©
0 if e (0,2)
. 1/2 . _
(22) %ig LV + | o if m=2
+ if m ¢ (2,9

#.

Therefore, M(k,xo)n ([2,2)x(0,%))

Assume now m ¢ (0,2) , then the three terms in W(k—a/(wv)m,wv) , except

Hg_(exp Lv - exp (—Lv)) , have got a finite limit when Vv > ® . Concerning the latter
2

term, one obtains
Hv if me (0,1)
éig 5—-(exp L, - exp ('Lv)) = o if m=1
+° if me (1,2)

Thus, one can conclude that M(k,xo) n ((1,2)x (0,9)) =@ and (0,1]1x (0,®) < M(k,xo)

Suppose now o < 0 . Since w, * 0 , one can assume k - ¢ / (wv)m > 0 , therefore

cos L 1—~sin L
Wik-o/ ) w) = v i, v
v v -H, sin L cos L
v v v
with

H, = (k-ot/(m\))“‘)l/2 L Ly = O
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Obviously
(23) limH = + o«
VoV
0 if me (0,2)
lin L_ = Y% if m=2
vV
+ if me (2,9

Assume now m ¢ (0,2) , then the three terms in W(k-a/(wv)m,wv) , except _Hv sin Lv R

have got a finite limit when Vv ~ < . Concerning the latter term, one obtains

0 if m e (0,1)
éig (-Hv sin Lv) = a if m=1
- if me (1,2)
Therefore M(k,xo) n ((1,2) x (-©,0)}) =@ and (0,1]x (-»,0) c M(k,xo)

Now, assume m = 2 , then again the three terms in W(k—a/(wv)m,wv) , except —Hv sin Lv
have got a finite limit when v »> © , while the latter term tends to a limit according

to 5
0 if a=-(um° with u=1,2,...
lim (—Hv sin Lv) =
Ve +00 otherwise

Therefore HM(k,x)) n ({2} x (-=,0)) = {2} x {—(uﬂ)z | u=1,2,...}

Finally, assume m e (2,°) , then lim H = lim L = += thus a necessary condition
oV VooV
for (20) is
(24) lim sin Lv =0
Voo

The condition (24) will indicate the way the sequence (wv | v € N) satisfying (8)
. 1 .

has to be chosen in order to secure (20). Indeed, given k ¢ R™ , there exist

A,B € (0,9 such that k - o/w" >0, ¥ o e (0,A) and the function

6 : (0,A) > (B,®) defined by 6(w) = w(k - oa/wm)l/2 has the properties

8 1is strictly decreasing on (0,A) ,
éig B(w) =, éiﬂ 6(w) =B .
Therefore, the inverse function 6'1 : (B,©) - (0,A) exists, is strictly decreasing
on (B,*) and
(25) 1im e'l(Y) =0

’Y—)OO
Moreover, o7 ¢ CI(B,W) and
(26) 1im 067 1(Y) = 0

‘Y—)OO
Assume now that (nv l Vv ¢ N) is a sequence of positive integers and (ev l v € N)

is a sequence of nonzero real numbers, such that

27) %ig n, = , %ig e, = 0 and ngT o+ e, >B, ¥ velN.
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Define
-1
(28) w, = ] (nvﬂ + ev) s, ¥ veN
Then (wv ] v € N) satisfies (8), according to (27) and (25). Further, one obtains
Iy . n, + .
(29) cos Lv = (-1) cos ev . -Hv sin Lv = (-1) Hv sin e, , ¥ velN

Now, (29) and (27) imply that
(30) lim cos L exists
Voo v
provided that
(31) n o, with v e N, have constant parity.
Therefore, (20) will hold only if
(32) &i@ (—HV sin Lv) exists and finite
But, due to (29), (27) and (31), the property in (32) is equivalent with
(33) %&g evHv exists and finite
It is simpler to compute the square of the limit in (33) which due to (28), (27) and
(26) becomes
lin (e H)? = 1im (e )2 (k-o/ (6" (n_mre ™) =
V0 \Y \)) Voo \)) AY \Y

- o lin (e\))2 / (e_l(nvmev))m -
l2/m

. -1 1-2/m -1 ~m
- o %ig ( |ev 6 “(n,m * |ev| /™ e (nym+g e )7 =

- o tin e? /@y
since Ev € (0,1) , ¥ velN.

But, due to (25) and (27), the last limit can assume any value in [0,~], depending on
a proper choice of n, and e, - Therefore, (30) and the second relation in (29) will
imply that for any o e {-1,1} and K ¢ [-» , +o] , there exists (w, | v eN) satis

fying (8) and such that
o) 0
lim W(k—oc/(w\))m,w\)) =
Ve K o

Now, obviously (2,%) x (-©,0) c M(k,xo] and the proof is completed VWV

Remark 1

The relations (5.1) - (5.4) result easily from the proof of Theorem 2.
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§4. SMOOTH REPRESENTATIONS FOR &

In order to prove that the weak solutions (3), (5) of (1), (2) obtained in §2, are va-
1id within the algebras containing the distributions and therefore, independent of the
representations (7), (8), (9) used for &, we first need to show that the same weak so-
lutions can be obtained from certain smooth representations of 8. These representations
will be obtained by appropriately 'rounding off the corners' in (7), (8) and (9). The
'rounding off' is accomplished with the help of any pair of functions B,y € CT(RI)
(see chap. 1, §8) satisfying:

¥y B =0 on (-,-1]
(34) **) 0<B<M on (-1,1)
***) B =1 on [1,»)
#xx%) pPRO) £ 0, V peN

and

LI}
[
(=]
3

*) Y (_oo’_.]_]
(35) **) 0<y<1 on (-1,1)
¥%*¥y v =0 on [1,»)

The existence of the functions B and Y results from Lemma 1, at the end of this

section.
Given now a sequence @nv | v € N satisfying (8) and two other sequences
@) [ v eN) , @ | v ¢ N) such that

Vv eN , w' s wi ,w! , ... are pair wise different and

3 " -
B Gy ) /0y =0

w' ,w'>0
(36) \) Y

define Sg € W by

(37) s (X) = BO/w]) Y (xw)l) [y, ¥ v eN, xR,

then

supp sg(v) < [-w) , w+ wyl and 11 - f sd(v)(x)dx| < 2((M+)wlrul)/ey

R ¥ velN,
therefore, due to (36), one obtains
(38) sg € S nw, and <sg s > =6
with the relatlon Sg € W, (see chap. 1, §8) implied by (37) and the fact that
S,YeC(R)
Now, the smooth representation of § obtained in (37) will be the one replacing (7], (8)
and (9). It remains to prove that (37) generates again the weak solution (3), (5) when
. 1 .

used in solving (1), (2). Given (m,a) ¢ ¥ , k e R" , X < o, (wv | v e ™ .
(8) and (12), (w [ ve N and (uff | v e N) satisfying (36), y; , ¥, ¢ C and
v € N, denote by Xy € ™ (R ) the unique solution of

satisfying
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(39} X'"(x) + (k-a(sg(v) M x =0, xekR ,
with the initial conditions
(40) X(x) =y

0 X'(x)) =y

Theorem 3

It is possible to choose (wb | veN) and (ws | v e N) satisfying (36), and
such that the sequence of functions (Xv | v ¢ N) resulting from (39) and (40)
is convergent in D'(Rl) to V¥ given in (3), where ¥_ and ¢+ are from (13)
and (14).

Proof

A Gronwall inequality argument will be used. First, the equations (10), (11) are writ-

ten under the form

Et _ F 1 _ Yo
\)(x) - 1\)()() \)(x) ) x € R s F\)(XO) -
Y1
where
b, () 0 1
F\)(X) = N A\)(x) = n
w\'}(x) —k+V(w\> s 0':/ (w\)) :X) 0
Similarly, (39), (40) can be written as
y
Lo = By(X) G,(0) , X e R, 6 (x) = y°
1
with
1
%, (%) 0
) = , B (X) =
e Xy (X v ~k+a(s (V) (x) " 0
Denote Hv = Fv - Gv , then 0
H() = B0 H )+ (A,00-B,(0) G0, xRN, H () =
therefore X X
1
H (x) = J (A,(8) - B,(8)) F (£)dE +J B (€) H,(€)dE , X« R
X X
o )

Applying the || [l vector, respectively matrix norms, denoted for simplicity by

o

[l || , one obtains x x
lle(X)|| < J llAv(E)-Bv(E)il . ||Fv(£)|l dg + J lle(Elll'l[Hv(E)il g ,
X0 %o X € R1 .

Now, the Gronwall inequality dimplies
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X X

IIHV(X)II SJ 1|A\)(£)—B\,(€)II . IIF\)(E)II . (eXPJ [lB\)(n)II dn) 4§ ,

X, 13
X € Rl

But

| 4,00 - %, 0 | < HH !, x e r!
and

HAEB, @11 =0, £ e (=il v lo), ouilu o), ©)
while

||Av(£)_gv(g);| slal/ (“v)m , & € [-m¢ , wé] u [wv—wU , W+l
Further

HB Il <max {1, [ k| +]al/@)", _—

Therefore, one obtains

(41) 9, 00-%, )] < 2@3wy) « la| + K, * exp2loywal) A+|kl+lal/@)™)/ @)™

where X € R1

WEARETALB

K, = max { HE, @)1 | £ ¢ [w) 0!l v lo -, o «w)

For given v € N , Rv

decreasing in w& and ws . That fact, together with (41) imply that for given v € N

depends only on w, and not on wé or ws . Therefore, Kv is

and w, > 0 , the function wv can be arbitrarily and in a uniform way on R appro-
ximated by the function Xy o provided m¢ and ws are chosen small enough. Taking

into account Theorem 1 in §3, the proof is completed WV

Lemma 1

There exist functions B,Y ¢ CT(Rl) satisfying (34) and (35) respectively.

Proof
Define n € CT(Rl) by

0 if x<0
nx) =
exp (-1/x) if x>0

Assume 0 < a , b <1 and define 31 » By € Cw(Rl) by
8;(x) = n(x+1) / (n(x+1) + n(-x-a)) and B,(x) = n(1-x) / (n(1-x) + n(x-b)) , for
x ¢ R* . Defining g ¢ ¢"(RL) by (see Fig. 3) B(x) = (8, (x) exp x-1) g,0) + 1,
for x ¢ RY, g will satisfy (34) with M = e . Defining y e ¢“(R') by
v(x) = n(1-x) / (n(1-x) * n(x+1)) , for x ¢ Rl , y will satisfy (35) VW
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§5. WAVE FUNCTION SOLUTIONS IN THE ALGEBRAS CONTAINING THE DISTRIBUTIONS

It is shown in this section that, given any (m,a) ¢ M , the weak solution ¢ of (1)},

(2) obtained in 883, 4 is a solution of (1), (2) in a usual algebraic sense, consi-

dered in certain algebras containing D‘(Rl), with the multiplication, derivatives
and positive powers defined in the algebras. Therefore, the wave function solution
¥ obtained is independent of the particular representations used for the Dirac § di-

stribution.

Theorem 4

Suppose given (1)}, (2) with (m,a) € ¥ and let ¥ be the weak solution of (1),
(2) constructed in 883, 4.

Suppose ¥ is not smooth, that is, y or Y' is not continuous in 0 € r! . Then,

there exist regularizations (V,5') (see chap. 1, §7) such that for any admis-

sible property Q , one obtains

D veaw,sS,p), ¥V pek

2) in the case of derivative and positive power algebras (see chap. 1, §7)

Y satisfies (1) in the usual algebraic sense in each of the algebras
AQ(V,S',p), p ¢ N, with the respective multiplication, power and deriva-

tives.

Moreover, there exist s ¢ S0 not depending on Q or p , such that

3 p=<s,er =5+ 10@E),5) € AW,S,p) , ¥V opei.

Since (m,®) ¢ 4 , there exists Gnv I v € N) satisfying (8) and (12). Assume given
X, < 0 and Yo s V1 € C1 , then according to Theorem 3 in 84, it is possible to choo
se (W) [ ve N) and (W] | v e N) satisfying (36) and so that the sequence of
smooth functions (X | V € N) resulting from (39) and (40) will converge in D'(R )
to ¥ given through (3), (13), (14). Therefore, defining s € W by s(V) = Xy

¥ vV € N, one obtains
42) s € SO , <s,*> =1

and, due to (39), (40), the relation

(43) D% + (k-a(sg)™s = u(0) ¢ O
and
v
) s(V) (x,) R v oven.

Ds (V) () Yy
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The idea of the proof is to show that (43) is valid in the algebras AQ(V,S',p) , with
suitably chosen regularizations (V,S') . In this respect it suffices that the regula-

rization (V,S') satisfies the condition:

(45) 5,5 € V(P)(®)S' , ¥ pe N (see (22) in chap. 1, §7)

Indeed, s ¢V (p)(:)S' , Vpe N and (42) imply (see (25) in chap. 1, §8) that
(46) =5+ 12,5 e Aw,s,p), V peR

In the same time, sg € V(p)(:)S' , Vpe N and (38) result in

(47) § =55+ IU(p),5") e AW,5",p) , ¥V peR.

Mow, (46), (47), (43), (38) and Theorems 3, 4 in chap. 1, §8, will obviously imply 2).
Further, 1) and 3) will result from (46).

Therefore, it only remains to obtain regularizations (V,5') which fulfil (45).
We shall use the method given in Theorem 1, chap. 2, §3.
Take J = W such that for each w ¢ J |, the relation holds
(48) supp w(v) either is void for v € N big enough or shrinks to
{0} < Rl , when Vv >
(49) w(V)(©0) =0, for v e N big enough

and denote by I, the ideal in W generated by J .

1

Denote by T1 the vector subspace in So generated by

2
{56 » Dsg , Dsg , ... }
We prove that I1 and T1 are compatible. Obviously Vo n Tl = 0 . Further,
5 : <f o> C
I1 n SO < Vo(:)Tl . Indeed, assume t € Il n So , then (48) implies supp <t, {o} ,

thus t € Vo(:)Tl , taking into account (38). Finally, we prove that Il n Tl =0 .
Assume indeed t ¢ I. n T_ then

1 1

i

(50) t = ; Xi D7s¢
0<isp
with pe N, Xi € C1 . Now, according to (49) and (37), the above relation (50) im-
plies
0=tM(@O = I K DB (0) / wv(w6)1 , for Vv e N big enough
0<i<p

which due to (36) and ****) in (34) results in
A= ... =A =0
o p
Now, (50) will give t € O . Recalling the conditions (4) and (5) in chap. 2, §3, it
follows that I1 and T1 are compatible. Obviously, s ¢ Vo(:)T1 and
(V6<:>T1) nyJ =0 . Moreover, s ¢ Vo(:)Tl(:)U , since ¥ is not smooth and <s,*> =1y

according to (42).
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Assume I > I1 , with I 1ideal in ¥ and T > T , with T vector subspace in 50 B
such that I and T are compatible and s ¢ Vo(f)T(:)U . It follows that there exist
vector subspaces Sl in So , such that VO(:)T(:)Sl = So and s ¢ Sl , Uc S1 . As-
sume finally V a vector subspace in I n Vo . Now, Theorem 1 in chap. 2, §3 will im-
ply that (V,8') with ' = T(:)s1 is a regularization. Obviously, (V,5') satisfies

(45), since s € S1 and S5 € T1 <T WV

Remark 2

1) The regularizations (V,S') whose existence is obtained in Theorem 4 result in a
rather simple, constructive way. Obviously, the algebras AQ(V,S',p) are Dirac

algebras.
2) The smooth representation of § given by S € So in (37) has the property
(51) Dpsd(v)(o) 40, ¥ veN, peN

which was essentially needed in the proof of Theorem 4. That property implies in

particular that no symmetric representation of § can be used.

In chapters 5 and 6, a generalization of the relation (51) to the n-dimensional case

will be used for defining important classes of Dirac algebras.



Chapter S

PRODUCTS WITH DIRAC DISTRIBUTIONS

§1. INTRODUCTION

A class of relations containing products with Dirac distributions encountered in the

theory of distributions is given in

8] (x-xo)r . Dqéx =0, V x ¢ R® , q,T € N , rtgq
)

where GX is the Dirac ¢ distribution concentrated in xj
[
The importance of the relations (1) is due to the fact that they give an upper bound

of the order of singularities the Dirac distributions and their derivatives exhibit.

It is worthwhile mentioning the role played by relations of type (1) in the way deri-
vative operators may or may not be defined on the algebras containing the distributi-

ons (see chap. 1, 88, as well as Remark D in §7).

As a first result, Theorem 1, §4, will establish relations of type (1), within a wide
class of Dirac algebras constructed in the present chapter. In §4, several other types
of relations involving products with Dirac distributions will be proved valid within

the mentioned algebras.

A second result is obtained in Theorem 6, §5, where known formulas in Quantum Mecha-
nics, involving irregular products with Dirac and Heisenberg distributions are proved

to be valid within the Dirac algebras constructed in the present chapter.

These algebras are obtained according to the general procedure given in Theorem 1,
chap. 2, §3, which presumes the existence of compatible pairs I, where I 1is an
ideal in ¥ and T 1is a vector subspace in S5 . The construction of such compatible
pairs is given in §52 and 3. Here the main problem is the construction in §3 of suit-
able vector subspaces T , whose existence is based on a rather sophisticated algebraic
argument involving generalized Vandermonde determinants. The present form of the res-

pective conjecture in Theorem 8, §7, as well as its proof was offered by R.C. King.

A third result is presented in §8. For a subclass of the Dirac algebras constructed in
§§2-4, a stronger version of the relations with products given in Theorem I in §4, in-

volving this time infinite sums of Dirac distribution derivatives, is obtained.
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§2. THE DIRAC IDEAL I5

Denote by I(S the set of all sequences of smooth functions w ¢ j which for any

X, € R? satisfy the condition

(2) w(v)(xo) =0, for VvV ¢ N big enough,
and for a certain neighbourhood V of X5 s the condition
(3) V n supp w(v) either is void for Vv ¢ N big enough

or shrinks to {xo} when VvV > @ |

Proposition 1
1’S is a Dirac ideal (see chap. 2, §6)

Proof

A direct check of the conditions (13) and (26) in chap. 2, will end the proof. However,
it will be useful to give a second proof, showing that I6 is acutally an ideal I, o
E

where G = Fp.  and FG is a certain singularity generator on R®  (see chap. 2,

8 .
§82,4). Then, Proposition 6 in chap. 2, §6 will complete the proof.
. . 1
MNow, the singularity generator FG is chosen as the set of mappings Yx : R+ R s
with X, € R? , defined by 0
2
Y, 0 = (lxx 1D, xeR',
X, o
where || || is the Euclidean norm. Then, obviously FY = {xo} , for x e R"
x
o

Now, the relation I5 = IG o will follow easily, ending the second proof of Proposi-
tion 1 WV
§3. COMPATIBLE DIRAC CLASSES 7.
First, several auxiliary notions.
For m € N denote

P(a,m) = { p = @ » -+- 5 D) € N | lpl = P+ .- *p Sm }
and by £(n,m) the number of elements in P(n,m)
One can see that there exists a linear order —| on N"  such that

N = {p) ,p(2 , ... 1 ,

p) —| p@ —~| ... ,

and Pm,m) = {p(l) , ... , pA(m,m)) }, ¥ meN,.
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It is easy to notice that #(n,m) can be obtained from the recursive relations
2(l,m) =m + 1 , ¥ me N,
and

f+lm = £ AmK) , V meN.
osk<m

To any sequence of smooth functions w e W, the following Wronskian type infinite mat-

rix of smooth functions will be associated with the help of the above linear order —|

on Nn :
PO )........ Py ...t

.

W) (x) = @P(l)w(v)(x) ...... P , x ¢Rr"

\ /
Denote by # the set of all infinite vectors of complex numbers A = (Xu luenN
with a finite number of nonzero components Xu .
An infinite matrix of complex numbers A = (avp | v,u e N) is called column wise non-

singular, only if
V AelMM + AMeld=>A=0
And now, the definition of an important class of weakly convergent sequences of smooth

functions representing Dirac § distributions. Given Xx € R" , denote by ZX the set

of all weakly convergent sequences of smooth functions s ¢ 5 , satisfying the condi-

tions
< - > =
4 s Sy
(5) supp s(V) shrinks to {x} , when v+,
(6) W(s) (x) 1is column wise nonsingular.

The existence of sequences s € 2 will be proved in §7.

The condition (6) can be called, [128], strong local presence of the sequence s in

X5 due to its meaning in the following particular case. Suppose, we are in the one
dimensional case n =1 and ¢ ¢ D(Rl) such that jl ¢(x)dx = 1 . Define SW e W

by R
1
(n Sw(v)(X) = (vtDy(x/(v+#1)) , ¥ veN, xeR .
Then, s, obviously satisfies (4) and (5), with X, = 0« R1 . Now, one can see that

s, will satisfy (6), only if

1
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(8) DY) 0, V peN,
in particular, Y must be nonsymmetric (see (37) and ****) in (34) in chap. 4)
Denote

Zs = n Zx

and for I = (sX | x e Ry « Zs denote by TZ the vector subspace in So generated
by {DpsxlxeRn,peNn}

Proposition 2

For each I ¢ Zs » Ty is a Dirac class which is compatible with the Dirac ide
al IG (see chap. 2, §83,6).

Proof

First, we prove that TZ is a Dirac class, that is, it satisfies (17.1), (17.2) and

(24) in chap. 2. Indeed, the conditions (17.1) and (24) result easily. Assume now

tels,t ¢ 0, then
9 t = I z A b9
xeX qeN® x
a=p,

n - : 1
where X ¢ R, X finite, nonvoid, p, € N' and qu e C° . Moreover
(10) erX,qun,qu DA # 0

o 0 0 X L

We show that (17.2) is satisfied for X, given in (10). Assume it is false and
(11 4 peN ¢ ¥V veN, vzyp : t(v)(xo) =0

then (9) gives

q =

(12) Z X n qu D sx(v)(xo) =0, vV veN, v2yu

x€X Q€N

qSPX
But, due to (5) and the fact that X is finite, one can take U such that (12) imp-
lies
q =

(13) ZNn Ax q D 5. (v)(xo) =0, ¥ veN, vy

qe o o

qsp,
o
Define now the infinite vector of complex numbers A = (Xﬁ I U ¢ N) where
A if ) <
(14) A= xop () PO < By
U

0 otherwise

then, obviously A e ¥ and (13) is equivalent to
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W(s, )(x)) A

(¢}
Therefore, (6) will imply A = 0 which through (14) will contradict (10), ending the
proof of (17.2) in chap. 2.

It remains to prove that TZ and I6 are compatible, that is, the relations (4) and
(5) in chap. 2, §3, are satisfied. The relation (5) follows easily since I  is a Di-
rac ideal. In order to prove (4) it suffices to show that

(15) %4 7. =0

since Vo n TZ =0 , as it was noticed above. Assume therefore ¢t ¢ Ia nly , t €0,
. . $

then (9) and (10) hold again, since t € TZ . But, t € I° and (2) will again give (11)

thus the reasoning above, contradicting (10) will end the proof of (15) VWV

§4. PRODUCTS WITH DIRAC DISTRIBUTIONS

A . . J . .
Based on the compatibility of the Dirac ideal I  with the Dirac classes TZ , for
S ZG , we shall follow the procedure in Theorem 1, chap. 2, §3, and construct the Di-

rac algebras used in the present chapter.

Suppose given X ¢ Zg
For any ideal I in W , I o I6 and compatible vector subspace T in 5, , 7> Ty ,

if V 1is a vector subspace in I n V0 and 5, is a vector subspace in So such

that
(16) v, Or®s; = 5,
a7 vevm@®I®Ss, ., ¥V pe o,

then (V,T(:)Sl) is a regularization, therefore one can define for any admissible pro-
perty Q the Dirac algebras
Q -
a8) ARw,r®Ss; , P, pe
which for the sake of simplicity will be denoted within the present chapter by Ap s
with p e N" .
Properties of type (1) concerning products with Dirac distributions are given in:
Theorem 1
In case
$
(19) I n V0 eV

any q-th order (q ¢ Nn) derivative DQGX of the Dirac delta distribution in
o}
x, € R" has the properties:

as i
1) on¥ 0€A , VpekN
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< - pds - <
2 Wlex) -+ D 5XO =0cA , Vopc o,

for every Y e Cm(Rn) which satisfies

(20) Drw(O) =0, Vv re® , Tr<p or r

A
e

in particular

3) (x-xo)r . qux =0 ¢ AP s, ¥ pe N , Te¢ N , Ttp and T £ q
o

Proof

1) Assume I = (sx | x e Rn) . According to 3) in Theorem 2, chap. 1, §8, the relation
holds

X
[o] [o]

q = p4 Q
D, =D, o+ TNV , T(:)Sl) € Ap
therefore, quxo =0 € AP , only if Dqsxo € IQ(V(p),T(:)Sl) . But, obviously
DqsXo € Ty . Thus quxo =0 ¢ Ap implies Dqsxoe Ty n IQ(V(P):T(:)SIJ cTal=20
and the relation Dqsx € 0 is absurd due to 4).
o

2} According again to 3) in Theorem 2, chap. 1, 88, the relation holds

(21) bixex)) » 0%, = pixexy) « s+ 120 ), 15 € A

[¢] (¢}

Define v € ¥ by

VOV () = Wx-x) Dqsx W& , ¥V veN, xeR",
[¢]
then (21) becomes
(22) veex) c 0% = v+ 1) TP « A,

o]

We shall prove that

(23) ve 130 m,7®s))
and then, due to ({22), the proof of 2) in Theorem 1 will be completed. First we no-
tice that v ¢ So since ¢ € Cw(Rn) and (4). Actually, v ¢ Vo since r < q in
(20). Thus

(24) D'y € Vo, V ore Nt

Assume now T € N , T <p , then (20) and (5) will imply that DTV ¢ I<S which to-
gether with (24) and (19) will give

Dty e 1% n VeV, V¥ ore N, rs<p
That relation implies v € V(p) and the proof of (23) is completed.

T

3) It results from 2) choosing Y(x) = x , ¥ x € R" yw
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Remark 1

The relations in 3) in Theorem 1, describing the products within the algebras contain-
ing the distributions between polynomials and derivatives of the Dirac § distribution
are identical with the usual formulas (1) within D'(Rn) , except when r < p . Howev-
er, even in that case, the relations proved in the algebras are alsc valid in D'(Rn).

For instance, in the one dimensional case n = 1 , the relations in 3) in Theorem 1,

imply for any p ¢ N and X, € Rl -
—x )P*L. = (x-x P*ls - = (x-x )P*L. pP-ls .
(25) x xo) 6x = (x xo) DSX = = (xmxy) D Sx =0 ¢ AP .
0 o o
+1
(26) (x-x )% 'Dq6x0=OeAP, VgeN, qz=p

The nontriviality of the powers of Dirac distribution derivatives is given in:
Theorem 2

In case

(27) Ve I6 n Vo

the relations hold

(0% 10 Ay, Vope o X, € R", qeN', keN, k=21
[+

Proof

Assume I = (sX | X € Rn) . According to 3) in Theorem 2, chap., 1, §8, the relation

holds
q k _ .q k
(s, ) = 0%, )
(o] (o]

. IQ(V(p),T(:)Sl) € A

therefore, defining v ¢ ¥ by v = (DqsX )k , the theorem is valid, only if
Q s}

v & 1), 78

Assume, it is false, then (27) and (2) imply for a certain U ¢ N the relation
V(V)(xo) =0, ¥ veN, vzuyu
which due to the definition of v , will result in

Dqsxo(v)(xo) =0, ¥ veN, vz2i.

However, that relation obviously contradicts (6) wv

The nontriviality of the product of Dirac distribution derivatives concentrated in the

same point of R" can be obtained in special cases:
Theorem 3

In case (27) in Theorem 2 is valid, there exist I ¢ ZG such that in the corre-
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sponding algebras A_, p € N° , the relations hold

P
L Ays VopeR xR

o o °
n
qo,... ,qkeN

> ke N,

Proof

Assume I = (sX | x ¢ Rn) with s, given in the proof of Corollary 1, §7. According
to 3) in Theorem 2, chap. 1, §8, the relation holds

9 . .Y a5 A Q
(28) D cSX D 6x =D "s cee " DTs .+ TN ()T +Sl)eAp
[} [0 [o] o]
Define v e W by
q
(29) v =D0 .. . +pkg
X X
[o] [o]

then, due to (28), the theorem holds only if v ¢ IQ(V(p),T(:)Sl) . Assume
V€ IQ(V(p),T(:)Sl) , then (27) and (2) imply for a certain u ¢ N the relation

v(v)(xo) =0, ¥ ve N, v2u
Now, (29) gives

0, V¥V velN, vy

q q
D%%WM%)'“.'D&%WM%)

q.
which implies the existence of 0 < i £ k such that D lsx (v)(xo) vanishes for infi
o

nitely many values of V € N .

However, that contradicts the fact that DPW(O) =1/K>0, ¥p« N" , established

in the proof of Corollary i, 87 WV

An expected property of the product of two Dirac distribution derivatives concentrated
in different points in R" , is given in:
Theorem 4

In case (19) in Theorem 1 is valid, one obtains the relations

p¥_ - D8 =0¢ AP , Vvopef™, x;yeR', xty, qrenN

Proof

Assume XL = (sX | X € Rn) . According to 3) in Theorem 2, chap. 1, 88, the relation

holds

ds . s = nd
(30) p%, - p¥s = pls

. pt Q
D's 4 TN @), (D5) < A,
Denoting v = pds_ - Drsy , the relation (5) together with x ¥ y implies

X
th € 19 nv, ¥ k= N, Therefore v e V(p) < IQ(V(p),T(:)Sl) and the relation

(30) will end the proof WV
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In the case of derivative algebras, the relations in 3) in Theorem 1 - see also (25)

and (26) in Remark 1 - will be supplemented in Theorem 5. For the sake of simplicity,

the one dimensional case n =1 is considered only.
Theorem 5

In case (19) in Theorem 1 is valid, one obtains the relations

x4 . % kK - 1
(-x) 0%, ) =0c¢ A.p , ¥ peN, x eR , qe N,

[¢)
[o]
qzp+tl , ke N, k22

Proof

Assume I = (sx ] X € Rl) . According to 1) and 4} in Theorem 3, chap. 1, §8, the rela-
tion
1 q+l | T k, _ v 3d . T k
Dy ((xX) (078, )9 = @) exT - 078 )T+
(31)
s xex )3 L. 0%, )kl L b
(o} X, o

holds in A_ , for any q,r,k ¢ N . Now, due to 3) in Theorem 1, one obtains

(32) (x—xo)q+1 . Dréx =0c¢ Ap , ¥V qre N, q2p, gq=z2r
o)

Therefore, (31) and (32) imply in A, the relation

1 +1 T ky _ q ., F k
D (x4 - 0 8 )0 = @l lext - 0%, %

(33) )
vV qr;keN, g2p, gq21r, k22
But, the product in the left side of (33) is computed in AP+1 and according to 3) in
Theorem 1, one obtains
1
(34) (x-xo)q+ . Drﬁxo =0 ¢ Ap+1 , ¥ gq,reN, qz2ptl , q=T71

Taking r = q , the relations (33) and (34) will end the proof WV

An example for the application of Theorem 1 is given in:
Proposition 3
The Riccati differential equation
y' = T y * (y+1) + Dr+16Lx) , with X ¢ Rl , g,reN, gqg=1 ,
has in the algebras AP , p<r , the general solution
y(x) =1/ (c exp (-xq+r+l / (g+r+1))-1) + pYS(x) , x e R , ¢ e (-,0],

provided that (19) is fulfiled.
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Proof

Assume ¢ ¢ R1 and define Y ¢ Cm(Rl) by

1

T (grra1)) -1, xe RL,

U(x) = ¢ exp (-x
then 1/ ¢ € Cm(Rl) , for c e (-~,0] . Therefore
T=1/y+0BeDi®yc A, Vopel, ce (0],

Since Ap , with pe N ;| are associative, commutative and with the unit element

oo
leC (Rl) , one obtains in these algebras the relation

T e T e ey = X 0 058)2 4 2 X3 ¢ T8) - ) +

+T

X a8y« xTT . (1)

provided that c¢ ¢ (-~,0] . But, due to 3) in Theorem 1, one obtains in Ap , with
p < r , the relation

x4 . p¥s = 0 ¢ A,

since q +r >r , as q 21 . Therefore, one obtains in the algebras Ap , with
p £ r , the relation

q+r

T e ey = xYT e a) - QD , ¥ ce (-,00,

which means that T is a solution of the considered Riccati equation VVV

§5. FORMULAS IN QUANTUM MECHANICS

In the one dimensional case n =1 , the Dirac § distribution and the Heisenberg dist

ributions

8 ¢+ /xy /wi) / 2

6-/x)y/mi) /2

+

$

satisfy the formulas, [108], given in:
Theorem 6

There exist T ¢ Zg and regularizations (V,T(:)sl) (see the beginning of §4)

such that within the corresponding algebras A.p , D e N, the relations are va-

lid:
(35) ORER TR I Vo WS
(36) 6,02 = -D§ / 4ni - (1/x7) [ 4n°
(37) (6% = D8/ 4mi - (A/x%) / an®

(38) § e« (1/x) = -D8 [ 2
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Proof

Assume Y € D(Rl) with jl P(x)dx = 1 and satisfying (8), then Sy given by (7) will
belong to Zo . R
Denoting Mq =sup { IDWE)I | x e Rl } , for q e N, and assuming that

supp ¥ < [-L,L] , for a certain L > 0 , one obtains

| oy 000 | < Mot L, ¥ ogvenN, xe R,

therefore, Sy is a 'S sequence' according to [106], [108].

Assume I = (sX ] X € Rl) € Zg such that S = Sy - Define the sequence of smooth func-

tions t ¢ ¥ by the convolutions t(Vv) = Sw(v) * (1/x) , with V ¢ N . Then, obviously
t e So and <t ,*>=1/x

Denote by Pt the vector subspace in So generated by { p%t | qeN } , then

v, QuEIE n P =0

according to Lemmas 1 and 2, below. Therefore, one can choose a vector subspace S1 in

So which satisfies

(39) v, ®Ors®s; = 5,

(40) U(:)pt <8

Taking now T = Ty , the relations (39) and (40) will imply (16) and (17), therefore
w,r + Sl) will be a regularization.

Since s To =T and t ¢ Pt c Sl , one obtains according to 3) in Theorem 2, chap.

[
1, §8, the relations

(41) 5, = (syst/mi) / 2 + e, r®s) « A,

(42) §_ = (syt/mi) / 2+ IQ(V(p),T(:)Sl) < A,

43) 60 (U/x) =5yt b+ Rrm.r®s) « A,

Define the sequences of smooth functions ty sty ty e W by
(44) t) = (sw+t/ﬂi)2 Sty = (sw—t/ﬂi)z Sty s, t

It was proved in [108] that t] sty tye So and

(45) <t , v >=-D§/mi- /x> 7 v

(46) <t,,+>= D5/ m- a/x% / =

(47) <ty *>=-D8/2

The relations (41-43) and (45-47) will give through (44), the required relations (36-
38). It only remains to prove (35). From the definition of 6+ it follows that in each

algebra A.p , with p ¢ N, the relation holds

6,2 = e/l /4= 2 7 4 - a/m? /4’ v 8- W)/ 2m
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which compared with (36) and (38) will give (35) WV

And now, the two lemmas concerning distributions in D'(Rl) needed in the proof of
Theorem 6.

Denote by Dé(Rl) the set of all distributions in D'(Rl) with support a finite sub-
set of R . Denote by 56 the set of all weakly convergent sequences of smooth func
tions s ¢ So which generate distributions <s,+*> in Dé(Rl) . Finally, denote by
D(RY) the set of all distributions T e D'(R') such that I ADTT € D3Ry for

<p<
certain q e N , Ar e cl s Aq 0. 0=T=9

Lemma 1

For t e SO denote by Pt the vector subspace in So generated by
{D% | qeN}.If t &0, then (WESH n P, = 0=<t,> ¢ C"®Y + &Y

Proof

The implication <. Assume, it is false and let s ¢ (U(:)Sd) n Pt be such that
t ¢ O . Then
“48) s=u@@ +t = I xrnrt

osr<q

oo 1
for certain Y ¢ C (Rl) st €8, qe N, A€ €, Aq 0.

Denote P(D) = I )\rDr . Let X € Cw(Rl) be such that P(D)x = ¥ . Then
osr=q
v rnl
(49) ty=t- u(x) € So s Sty 0> D'(R")
since P(D)t2 =ty due to (48), while tl € 56 . But (49) implies

<t,*> = ¥ + <t > ¢ Cm(Rl) + Dé(Rl) contradicting the hypothesis.

2 3
Now, the implication = . Assume, it is false and <t,*> € Cw(Rl) + Dé(Rl) . Then

<t ,*>=9+< t,, 0

with ¢ ¢ Cw(Rl) and tl € So such that s = P(D)t1 € SG . Therefore, <P(D)t,*> =
= P(D)Y + <s,*> , hence P(D)t =u(yP) + s + v , for certain v ¢ VO . It follows that
P(D)t « U@ScS . Now, if P(D)t ¢ O then (U@Sa) nP O POt 0 contradicting
the hypothesis. On the other side, if P(D)t ¢ O then P(D) <t,*> = <P(D)t,*> =

1 o 1 s
=0¢ D'(R7) , hence <t,*> ¢ C (R7) , therefore t ¢ U(:>56 , since Vo < SG . One
obtains finally (U(:>56) NP 2t¢0 again contradicting the hypothesis WV

Lemma 2

a/x™ ¢ R +p®RY . ¥ meN, m>1
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Proof
Assume, it is false. Then
(50) U=y 4T
. © 1 1 .
for certain Y ¢ C (R°) and Te Dé(R ) . Hence

(1) gy

for certain ¥ € Cw(Rl\{O}) . But, according to the definition of D&(Rl) , it follows
that

(52) s = T Ap'TeDzmh
0<rsq r
for certain qe N, Ay € ct s Aq 1 0 . Then.
1‘
S, = § e Dy(r*\{oh
(53) ! RN} °

Now, (51-53) imply
(54) s, = D)X ¢ "®RM\{o})

where P(D) = I A D' . As ¢ n Dy = {0} , the relations (53), (54) result in
o<rzq

Sl = 0 which together with (50-52) gives
PO (A/X™ = P@W on RN\{0}
Computing the derivative in the left side, one obtains

r {m+r-1)! 3

- “r 3T =MV POwE) , Vxe rRI\ {0}

z (-1
o<r<q

Taking the limit for x -+ 0 , one obtains

q (m+q-1)! -
R S

contradicting the assumption that Xq o VW

§6. A PROPERTY OF THE DERIVATIVE IN THE ALGEBRAS

. 1 .
In the present section, the case of derivative algebras containing D'(R™) will be con

sidered.

According to the general result in 1) in Theorem 3, chap. 1, §8, the derivative mapp-

ings within the algebras

a . N
Dp+q : AP+q -> Ap , peN, qeN,
coincide on Cm(Rl) with the usual derivatives D% of smooth functions. That result

will be strengthened in Theorem 7.
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First, we notice that due to the inclusion TZ < T , the same 1) in Theorem 3, chap. 1,
§8, implies that the derivative mappings within the algebras coincide on
d»(Rl)(:)Dé(Rl) with the usual distribution derivatives.

Theorem 7

Given any distribution T e 0'(R') \ €”(R')+0}(R))) there exist regularizations
(V,T(:)Sl) such that within the corresponding algebras Ap , D e N, the deriva-

tive mappings coincide on d»(Rl) + Lg(Rl) + MT with the usual distribution de-

rivatives, where M% is the vector subspace in D'(Rl) generated by
{1, DT, DT s eae 1

Proof

Assume T = <t,*> for a certain t ¢ S . Then, according to Lemma 1, §5,

(U(:)S6) n El = 0 . But, obviously 55 = Vo(:>TZ , for any I ¢ Zg - Therefore, given
z e Z6 , one can choose a vector subspace Sl in So such that
(55) v, D ®sy = 5,
(56) v®pP, © 5,
Taking 7 = T , the relations (55), (56) will imply (16) and (17), therefore
(V,T(:)Sl) will be a regularization. Noticing that
My = 1 <s,> | s ¢ P, }
and taking into account 1) in Theorem 3, chap. 1, §8, the proof is completed VWV

§7. THE EXISTENCE OF THE SEQUENCES IN Zo

In order to prove that (see §3)

1
Lt VxR,

it is obviously sufficient to show that Z0 # § . In this respect, a class of sequen-
ces s belonging to Z0 will be constructed by a proper generalization to n 21
dimensions of the method in (7) and (8).

Suppose VY € D(Rp) such that f P(x)dx = 1 and define S¢ € W by
R

(57 sw(v)(X) =) e () Wy (X wmx)) o,

V veN, x=(x . xn) € R"

R
where the mapping

(58) N2V > uE) = (), sn (D)) e N
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is constructed in (59-62).
First, define N3 v > k(v) € N, by (see §3):
(59) k(0) = 0 and k(v+#1} = k(v) + 2(n,v+1) , ¥ veN.

Define also N2 v~ h(v) ¢ N, by

(60) h(0) =0 and h(v#) =h®) +v+1, V¥ veN.

Define now N3 v > e(v) ¢ N' | by

(61) e() = (h(V),...,h(v))) , ¥V veN.

Finally, define (58), by

(62.1) HEo) = (1,...,1) e N"

(62.2) {u@M+D) , ..o, uk(W+1)) } = P(n,v+l) + e(v+1) , ¥ v e N .

The mapping (58) is illustrated in Fig. 4, in the case of n = 2 . There, the set de-
noted by M, can be written in terms of (62.2), as

My = L uk(3)+1) , ..., uk(4) } = P(2,4) + e(4)

Lemma 3

s, satisfies (4) and (5).

v

Proof
It follows from the fact that

limp, V) =+, ¥ 1l<i<n VW
Voo 1

The basic property of the sequences sw defined in (57-62) is given in:
Proposition 4
The following three conditions are equivalent:
*
) Sw € Z0
*¥) W(sw)(O) is column wise nonsingular

w53 DPYo) 40, Vv peN (see(8))

Proof

Taking into account the definition of Zo in §3 as well as Lemma 3, the conditions *)
and **) are obviously equivalent. It only remains to establish the equivalence between

**) and ***). First, we compute W(sw)(O) . The relation (57) will give easily

Dqswcv)(O) = Yo% , ¥V g, veN,



100

—

Fig. 4

10

15
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where e = (1,...,1) ¢ N" . Therefore
(63) W(SW)(O) = A B
where
A= (@eP@" v N)
while B 1is a diagonal matrix with the diagonal elements
(64) POy , ven

Now, according to Theorem 8, below, A is columnwise nonsingular. Indeed, due to Lem-
ma 4, below, it suffices to show that A satisfies (65). Assume given V,0 € N . We

choose me N, such that ¢ = 8(m,m+1) -1 2 & and k(m) 2 Vv . Now, we choose
Vo = k(m) +1 ,..., Vg = k(m+l)

Then, the conditions *) and **) in (65) are obviously satisfied, while (62.2) and The-
orem 8, will directly imply ***) in (65). Therefore A is column wise nonsingular.
Now, the relations (63), (64) and Lemma 4, imply that W(sw)(O) is column wise nonsin-
gular, only if DPMy(0) #0, YveN WY

And now, the main result of the present section
Corollary 1

ZXo + P, ¥ x ek

Proof

According to Proposition 4, it suffices to show the existence of ¢ € D(Rn) such that
[ Y(x)dx =1 and DPY(0) $# 0, ¥Vpe N .

Rt

Define o : R* > R1 by u(x1 s e ’Xn) = exp (xl ot xn) and assume B ¢ D(Rn)

such that B = 0 and B = 1 in a certain neighbourhood of 0 ¢ R" . Then

K

J a(x)B(x)dx > 0

an

Defining ¥ = o * B / K , one obtains the required function, since Dpw(O) =1/K >0
¥pe N WY

In case arbitrary positive powers of the Dirac § distributions are to be defined with-
in the algebras constructed in the present chapter (see Theorem 4, chap. 1, §8 and

chap. 4) one needs the result given in:
Corollary 2

1
zxonw++ﬂ s ¥ x eR
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Proof

00
Choosing B ¢ C+(Rn) in the proof of Corollary 1, one obtains ¥ ¢ éj(Rn) and there-
fore sw € Zo nw, VW

Lemma 4

The infinite matrix of complex numbers A = (avo | V,0 ¢ N) 1is column wise non-
singular, only if

V,0 € N :
g e N, Vg seees vc e N:
*) G <0
*%) < < <V
) Yo o
L
B e
) Vv o &g
(65) o
. : + 0
A e a,
(o] o}

Proof

It follows easily from the definition in §3 VW

And now, the theorem on generalized Vandermonde determinants (for notations, see §3),

whose present form, as well as proof was offered by R.C. King.

Theorem 8

—

Suppose given n e N, n 2
Then, for each a ¢ N L aze-= 1,...,1) ¢ N and 2 ¢ N , 221, the rela-

tion holds
(asp)P (a+p(1))PH)
: =1 TT (;GNr>o0
: l<isn  1sj<t
(3+P(i))P(1) ............... (a+p(i))P(Z)

where p(j) = (p;(3),...,p (§)) , for 1<j <.
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Remark

The value of the determinant depends only on n,%,p(1),...,p(&} and does not depend

on a .

Proof
Let us consider the determinant

A, = det ((a*p(0))P)) | where 120 , 122

For 1< 1< & , the T-th column in Al is
p, (1) p,(T)
(a4 ()7 H 7 x L (a +p, (1"
c,(0) =
‘P L p (D)
(a4 () 1 % X (ajep (D) 1

if a = (a1 seras an)

For 1<1<% , consider the column

()™

CZ(T) =

p(2)P(V)
where 00 = 1 whenever it occurs.

We obtain then
p(1)

p(A)

where the sum § is taken for all 1 <X < & such that Ip(A)I < Ip(m)l

(66) C,(1) = C (1) + T (-)P (D) -P(A) C,eA)) , ¥ 1sTsi,

Introducting the determinant

AZ = det (p(c)p(T)) , where 1 <o0,T <42,

it follows from (66) that A2 = Al , since CZ(T) is the T-th column in AZ .

We shall now simplify AA2 with the help of the function F : N xN > N defined by
1 if k=0
F(h,k) =
h(h-1)...(h-k+1) if k =1

which obviously satisfies the conditions
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67) F(h,k) =0 e h-k+1<0<h<k

(685) F(h,h) h !

Now, for 1 £ 1T £ 2 | we define the column

F(py (1) , py(¥)) *...x F(p (1) , p (1))

C (1) =

Foy () 5 p(M) x... x F(p (1) , p, (1))

Then, it follows that

p(l)q(T)
(69) Co(T) = Cy(0) + 2 (T T (-3 |« , ¥ 1T <?
jed :
I;(,Q)q(T)
where
(69.1) the sum L is taken for all J = Jpu Jn 30
with Ji c {1,2,...,pi(T)—l} , for 1 <i<n,
(69.2) q(t) = p(™) - (IJll,...,|JnJ) , with IJi[ denoting
the number of elements in .Ji .
The relation (69) can obviously be written under the form
(70) Co() =Cy(n) + 2 (CTT(-3)) ¢, At ,.ooy J)), ¥ 1T,

jed
where (69.1) and (69.2) are still valid and X(T,Jl saens Jn) € N is uniquely defined
by

.
~
(-
—
I

PO, ) -

therefore 1 < A(T,J; ,..., J ) <% and IA(T,d) 5eens Jn)l < Ip(t)l

p(t) - (131 Lo, 13D

Denoting by A, the determinant with the columns c3(1),...,c (2) , the relation (70)

3
implies AZ = A2 and thus
(713 AZ = Al

Now, the relation (67} gives for any 1 < ¢,7 £ & the equivalences

T E(p,(0) , p,(1)) = 0= (3 Isisn 1 p;(0) < py(1)) = p(1) £ p(0)

1<isn

Therefore, taking into account (68) and the form of the columns CS(T) , with 1<t<% ,

the relation (71} will end the proof VW
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8§8. STRONGER RELATIONS CONTAINING PRODUCTS WITH DIRAC DISTRIBUTIONS

The stronger version of the relations in 2) and 3) in Theorem 1, 84, obtained in the
present section is of the following type: Given a locally finite subset X < R , @
family of Dirac distribution derivatives (anﬁa | aeX), with q, € N' , and a fa-
mily (wa [ a € X) of functions wa € Cw(Rn) whose derivatives up to a sufficiently
high order vanish in 0 ¢ R" , one obtains within a subclass of the Dirac algebras

constructed in§§2-4, the relations:

q, n
(72) L P (x-a) * D x) =0, xeR .
a a
aeX
The mentioned Dirac algebras are constructed through a particularization of the proce-
dure in 882-4, Mmely, the family of Dirac classes TZ , with ¥ ¢ ZG , defined in §3,

will be replaced by a smaller family which possesses stronger properties.

First, we restrict the representations of the Dirac § distributions given by Zg5 in
§3.
Denote by Zd the set of all I = (sX | X € Rn) € ZG satisfying the condition

n

(73) ¥ X< R , X locally finite:
(73.1) (supp sx(v) | x € X) is locally finite, ¥ Vv e N,
(73.2) v x e R

0
3 V neighbourhood of X, o, We N

¥V veN, v=2u:
Von _J supp sx(v) =f
xeX\{xo}

The analog of Corollaries 1 and 2 in 7 is obtained in:
Proposition 5

§ n
26 f # and there exist I = (sx | X € Rn) e 2~ such that Sy € W, , ¥xe R

Proof

1t results from the proof of Corollary 2, §7 VWV

Now, for I = (sx | X € Rn) € Z6 , denote by TZ the vector subspace in So genera-

ted by all the sums

pX Z n A pls
xeX qeN
q4<p,

1 .
where X c R , X locally finite, Py € N' and qu e C* . One can notice that due
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to (73.1), the definition of TZ is correct.

And now, the analog of Proposition 2 in §3:

Proposition 6

§ . . . . :
For each X ¢ 7~ , TZ is a Dirac class which is compatible with the Dirac

ideal IS .

Proof

First, we prove that TZ is a Dirac class, that is, it satisfies (17.1), (17.2) and
(24) in chap. 2. Indeed, the conditions (17.1) and (24) result easily. Assume now
ter , t €0, then

(74) t=12 = _a_pls
XeX qun xq "X
q<p,
where X < R" » X 1locally finite, nonvoid, P, € N' and qu € Cl. Moreover
< .
(75) 3 x €X, q ¢ N, Gy S P, A, q 0
<} o'o

We show that (17.2) is satisfied for X, given in (75). Assume, it is false and
(76) I WueN: V veN, va2yu Pt (x)) =0

then (74) gives

q =
77 X z quD sx(v)(xo) =0, ¥ veN, vz2uyu
x€X qeN
q<p,

Now, the condition (73.2) implies that one can take M such that (77) will result in

(78) pls M(x) =0, ¥ veN, v2u
[¢]

b
qENn x.q

Using the same argument as in the proof of Proposition 2, 83, the relation (78) will
contradict (75) ending the proof of the fact that TZ is a Dirac class. It remains to
show that TZ and IG are compatible. Since, obviously Ty < TZ and Ia , Ts are
compatible according to Proposition 2, §3, it suffices to prove that

(79) Bart-o0.

Assume therefore t ¢ I6 n TE , t &0, then (74) and (75) hold again, since t ¢ TZ .

But t € IG and (2) will again give (76), thus the reasoning above, contradicting (75),
will end the proof of (79) WV

Based on the above result we proceed to construct the Dirac algebras in which relatioms

of type (72) are valid.
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Suppose given Z ¢ ZCS .
For any ideal I in W , I > e , compatible vector subspace I in S, T2 r? ,

vector subspace V in I n V0 and vector subspace S. in So satisfying (16) and

1
(17), one obtains a regularization (V,T(:)Sl) . Then, for any admissible property Q,

one can define Dirac algebras according to (18).

The analog of Theorem 1 in 84, stating the validity of (72) within the algebras defi-

ned above is obtained in Theorem 9.

First, we shall specify within the algebras the meaning of expressions as in (72), or

more general, of the form

(80) T oY (x-a) * (Z_ A 0%
aex 2 qun aq a
asp,

where X ¢ R" , X locally finite, wa € Cm(Rn) » Py € N and Aaq e ct .

Suppose H = (ha | a€X) is a family of functions ha € D(Rn) such that

(81) ¥ ae€eX:
3 v, < R" V, neighbourhood of a :
h =1 onV
a a
(82) V a,beX, a$b:

supp ha N supp hb =p
The existence of such families H results from the fact that X is locally finite.

Obviously, one can define
1
U(x) = Z h (x) * ¥ (x-a) , xR
aex @ a

and then ¥ e CT(R™) . Define T e D'(R") by

- q
(83) T= X Z_A__ D1
acx qun aq a
a<p,
Lemma 5

Within the algebras A_ , p ¢ " , the product Y+T does not depend on H ,
provided that (19) is valid.

Proof
Assume H' = (h! | a ¢ X) is an other family satisfying (81) and (82) and define
a
n
P e CT(R) by

VOO = I RIG) - g xea) , x e RD .
xeX
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We shall prove that
(84) preT=y T

holds within the algebras AP s p € N Indeed, assume I = (sX | X € Rn) , then the

z

relation (83) above, the inclusion 7° ¢ T and 3) in Theorem 2, chap. 1, 88, gives

T=12 z_x_ 0% + @e),r®s e A
aeX qun aq a (:) 1 P

asp,

since t = I 2 a0l e 7 and T = <t,*> .,

acX qun aq a

asp,

Therefore,

ERERIOREEE SUOE{OTNE A,

Te = LI Q

b T =un et EELT(S))e A
hence
(85) P« T-¢ *T=u@-P) »t + IQ(V(p),TQSl) € Ap

But, due to (73.2), t satisfies the condition
¥ X, € R? \ X

(86) 4 V neighbourhood of X, , Re N:

¥V veN, vz=yu:
Vonsupp t(v) = @

while, due to (81), u(@'-P)+t satisfies the condition

¥ X, € X :
(87) 3 U neighbourhood of X,
@'-y) «+ t(v) =0 on U, ¥ velN

Now, the relations (86) and (87) will imply
D (uQ'-g)-t) ¢ IO n Vo, voreN

therefore, (19) and (85) will give (84) wv

Lemma 6

Within the algebras A.p ,pe N, the relations hold

(ai h, (O, (x-)) = (I % A ana) = Y (x-a)(E A, ana)

Y aeY qun a aeY qeN q
q4sp, asp,

for any Y < X, Y finite, provided that (19) is valid.

Proof

Assume a,b e Y, a#$b and q ¢ N® , then
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(88) B0 ¢ ¥ (ca) - D%y =0 A

Indeed, assume Z = | X € Rn) , then, according to 3) in Theorem 2, chap. 1, §8,

(s
5 X
and the inclusion 7~ < T , one obtains

(89) hy(x) * ¥ (x-a) + D%, = u(h) * u@, (--a)) D% + 10, TS « A,

But, (81) and (82) imply that b ¢ supp ha , therefore, one obtains

(90) Di(uthy) - ul,(-2)) Dls) « 0V, ¥ re W

taking into account that Sy € Zb . Now, the relations (19) and (90) together with (89)
will imply (88) wv

The Lemmas 5 and 6 suggest within the algebras Ap , P ¢ N , the following definition
of the expressions in (80)
q

T Y.(x-a) * (Z_A DI Yy =(I h(x)9P (x-a))+ (x £ _Ar__Dls)

(o1 aeX qun aq a aex 2 a aeX qun aq a
q<p, 9<p,

where H = (ha | a € X) 1is any family of functions ha € D(Rn) satisfying (81) and
(82).

Theorem 9

In case (19) is valid, the following relations hold in the algebras Ap , with

p e N

q
- 3 36 =
1) aEX wa(x a) D a(x) 0 ¢ Ap s

n . o N
for each X < R, X locally finite, ¢, ¢ N' and wa e C (R)
satisfying the condition

92) Drwa(OJ =0, V¥ aeX, 7Tc€ N, r< p or rs<gq, .

In particular, if p € N"  then

T q

2) I (x-a) @+ 0D a6a(x) =0¢A_ ,
aeX P

for each X c R" , X locally finite, T,os Gy € N » T, £p and

T, £ qa, -

Proof

1) Assume 2 = (sx | X ¢ Rn) and H = (ha ] a ¢ X) is a family of functions

ha € D(Rn) satisfying (81) and (82). Then, according to (91)

« pla, _cz . _ e ¢ pd
(93) aix v, (x-a) * D (x) = (2 Pa® b, (x-a)) (P %5200)
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We shall prove that the right side of the above relation,denoted by S , vanishes
in A_ . Indeed, S ¢ D‘(Rn) , thus, taking into account 3) in Theorem 2, chap. 1,

§8, and denoting

v=u (I h % (+-a)) *+ I D%S
aeX a a aeX a
one obtains
(94) s=v+ 1o r@s) « Ay

since I ans e et .
a
aeX

But v ¢ V6 due to the fact that (92) holds for r € ﬁl, r = q, - Therefore

(95) DrveVo, ¥V oret,

Assume now 1 € N , T £p , then (90) and (5) imply that v € 16 which toge-
ther with (95) and (19) will give

p'v « I5 n Vﬁ eV, Vv reN , T =p .

That relation implies v € V(p) , hence due to (94) the expression in (93) vani-

shes in A_ .
P
T

2) It follows from 1) taking ¥, (x) = x @y aex, xeR WV



Chapter 6

LINEAR INDEPENDENT FAMILIES OF DIRAC DISTRIBUTIONS

§1. INTRODUCTION

The representations of the Dirac § distribution used in chapters 4 and 5, were given
by weakly convergent sequences of smooth functions satisfying a condition of strong
local presence (see (6) in chap. 5, §3). A first consequence of that condition was
the nonsymmetry of these representations, implying that the Dirac distribution deri-
vatives DU of any order q ¢ N? , are not invariant within the algebras under the
transformation of coordinates

n

R'>x + a*xeR? B a= -1,

(see pct. 2 in Remark 2, chap. 5, §5).

In the present chapter the following stronger result is proved within the algebras
containing the distributions in D'(Rn) : Applying to any given derivative D%
q € Nn, of the Dirac distribution the transformations of coordinates

R"2x » a* xeR" , ac R1 \ {o} ,

one obtaines for pair wise different Ay seees 8y € Rl\{O} , linear independent

DqG(aox),...,Dqé(amx)

In 84, that result is extended to include also generalized Dirac elements of the form

lim anﬁ(ax)
a")m

The above problems are approached within a general framework established in §2, where

arbitrary coordinate transformations within the algebras are studied.

§2. COMPATIBLE ALGEBRAS AND TRANSFORMATIONS

Suppose given I € Z6 (see chap. 5, 882-4).

Given an ideal I in W , I > I6 , a compatible vector subspace I in So , T o> TZ R

a vector subspace V in I n V0 and a vector subspace 5| in 5, such that
(1 v OIS, = 5,

on
(2) veTE®IT®Ss, , v pe i,

it follows that (V,T(:>Sl) is a regularization, therefore, one can define for any ad
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missible property Q the Dirac algebras
Q =

(3 M@ IS . p) ., pe N

denoted for the sake of simplicity by Ap

It will be assumed throughout 8§82 and 3 that

4 v=1av
o)

. . n oo
Given a mapping o : R +R", o e C called transformation, we define o : W > W

by

()W) = sM@X) , ¥V seWw, VeN, xcRl,

obtaining thus a homomorphism of the algebra W .

An algebra Ap and the transformation O are called compatible, only if
1), 7@s) ad AW(p),7(Ds,) are invariant of o : W W .

In that case, one can define the algebra homomorphism o : A.p > Ap given by
a1 ), 7@5) = ats) + REELIEs) ¥ s« e, 7®s)

A transformation ¢ : R - /" , O € ¢ is called invertible, only if

-1 n 1

ot R >R exists and o - ¢ C”
Proposition 1

An algebra A_ and an invertible transformation o are compatible, only if
R ), 7(Ds;) is an invariant of a : W > W .

Proof

The necessity is obvious. Now, the sufficiency. One needs only to show that

2@ (p),7(D5,) is an invariant of a : W > W . But, R (p),7(D5,) is the ideal in
AQ(V(p),T(:)Sl) generated by V(p) , therefore, due to Lemma 1 below, it is an invari
ant of o : W~> W VWV

Lemma 1

. - =11 . N
1f o is an invertible transformation, then V(p) , with p ¢ N , are invariant

of o : W~>W.

Proof

Since ¢ is invertible, one obtains easily
) aly) < 7,

The relation
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(6) ot(Is) c I(s

is also valid. Indeed, assume w ¢ I(S and X, € R" given. We have to show that aw
satisfies in x, the conditions (2) and (3) in chap. 5, §2. Denote X = a(xo)

Then w and X satisfy (2) in chap. 5, 82, thus (aw)(v)(xo) = w(v)(xl) =0, for
V € N big enough.

But w and X; also satisfy (3) in chap. 5, 82, for a certain neighbourhood Vi of

X, . Assume V is a neighbourhood of X, such that o(V) < V., . Now, if

V1 n supp w(v) = § for Vv ¢ N big enough, then also V n sup; (ow)(v) = p for

V ¢ N big enough. On the other side, assume that Vy 0 osupp w(v) shrinks to {x;},
when Vv > ® _ Now, due to the continuity of u'l it will follow that V n supp(ow) (V)
shrinks to {xo} , when v =+ ® | and the proof of (6) is completed. The relations (5)
and (6) will obviously imply o(V) € V , since (4) was assumed valid. Then, it is ea-
sy to see that a(V(p)) < V(p) , ¥pe N' WV

The result in Proposition 1 above, justifies the following definitions.

Suppose M 1is a set of invertible transformations. We shall say that a subalgebra 4
in ¥ has the property Py , only if 4 is an invariant of each o : W » ¥ , with
o €M,

Obviously, PM is an admissible property (see chap. 1, 56).

The algebras (3) will be called M-transform algebras, only if Q is stronger than

PM .

Corollary 1

An M-transform algebra Ap and a transformation o ¢ M are compatible.
Proof

The subalgebra AQ(V(p),T + Sl) is invariant of o : ¥ > ¥ since Ap is an M-trans-

form algebra and o e M VWV

§3. LINEAR INDEPENDENT FAMILIES OF DIRAC DISTRIBUTIONS

. n . 1
Denote by Mo the set of invertible transformations aa : R" >R , with a ¢ R \{o} ,

defined by ua(x) =ax , ¥xc¢ R" .

Theorem 1

The Dirac distribution derivative transforms Dq5(aox),...,Dq6(amx) with given

=N
q e N® , are linear independent within the Mo-transform algebras Ap s, pe N,
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provided that m < |pl and a_ ,..., a € RN {0} are pair wise different.

Proof

Assume, it is false and ko seans km € C1 are such that

'S kODq5(aox) o kmeS(amx) =0enA

(8) 1 0<is<m:k, %0

m
i
n
Assume I = (sX | x e R') then 3) in Theorenm 2, chap. 1, 88, and the inclusion
TZ < T give
bl = pIs_ + 12w (p) I®8)) « A,
therefore

q - q Q :
(9) k;D8(a,x) = kiaai s+ T3V (p) ,T@Sl) €Ay, ¥V O0Sism,

since Ap is an Mo—transform algebra. Denote

(10) v= I k.o Ds
osism 1'% °
then (7) and (9) imply v ¢ IQ(V(p),T<:)Sl) hence

an v = z V., * W,

with v, ¢ V(p) and w; ¢ INUORIOEN

i s . . § .
Taking into account (4) above, as well as condition (2) in the definition of I  in

chap. 5, §2, one obtains from (11) the relation

V re N s T

U eN:

1A

p -

|
(12) -
¥V velN, VU

DTv(v) (0) = 0
Since m < [pl , the relations (10) and (12) will give
(13) ( b ki(ai)lrl] I s @ =0, v reN, r<p,

U s

o<i=m frl sm, veN, vzuyu',
for a suitable u' ¢ N .
But s € Z_, therefore

o o

vre , O0¢€ N:
(14) 4 veN, v=z2o0:
Drso(\)) (0) £ 0

since the matrix W(so)(o] is column wise nonsingular (see chap. 5, §3).

Now, the relations (13) and (14) result in
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z k.(a.)2 =0, ¥V 2eN, 2<|pl
o<ism i1

Since m < Ipl and a  ,..., a are pair wise different, the known property of the

Vandermonde determinant will imply ko = ... = km = 0 , contradicting (8) wv

Corollary 2

The family (% (ax) | a ¢ Rl\{O}) of Dirac distribution derivative transforms

with given q ¢ Nt » is linear independent within the M -transform algebras

[o]
A > P € N N o = ®

84. GENERALIZED DIRAC ELEMENTS

Within D'(Rn) , the operation
(15) lim a"0_S
a® a
has a meaning for certain distributions S . For instance, if S = f ¢ Ll(Rn) and

K = fn f(x)dx , then (15) gives KS . In case S = § , one obtains anaas =S,
R
thus (15) will give S =6 .

Within the Mo-transform algebras AP , D€ £, pl = » , the problem of the limit

n

3

16) lim a"o_ = lim a"8(ax) , x ¢ R
a»o a a—»o

becomes nontrivial due to Corollary 2 in §3.

A class of algebras, similar to the ones used in §82 and 3 will be constructed in this
section and it will be shown in Theorem 2 that within those algebras, the limit in
(16) exists and it is different of a'6(ax) , with a ¢ rRI\{o} .

: 8 . .
The mentioned algebras are constructed by replacing the ideal I defined in chap. 5
§2, with the smaller one I6 , consisting of all the sequences of smooth functions

W€ Ia which satisfy the additional condition

an w(v) vanishes outside of a bounded subset of R® , provided that

v ¢ N is big enough.

It is easy to see that IG is indeed an ideal in W , actually a Dirac ideal.

Proposition 2

For each I ¢ ZG , the Dirac class 7. and the Dirac ideal IG are compatible.

z

Proof

It follows from the inclusion I5 CVJ."5 and Proposition 2 in chap. 5, §3 VW
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Suppose now given I ¢ Zé .
Given an ideal I in W , I > I6 , a compatible vector subspace T 1in So , T > TZ s

a vector subspace V in I n Vo and a vector subspace 5; in S, such that
(18) Vo(:)T(:)Sl =5,
(19) vev@@®TESs; . Vo pe N,

it follows that (V’T(:>Sl) is a regularization, thus, one can define for any admissi
ble property Q the Dirac algebras

(20) A r@s; ) . pe I,
denoted for simplicity by Ap

We shall assume in the sequel that

(21) V= Ign Vo .

Within the above algebras Ap , P e Nt , the limit in (16) will be obtained as given

by a relation

. n Q
22 lim a'd(ax) =t + IV (p), T (+)s A,
(22) lin (ax) V@5 € A
with te W , t(v) =(bv)“ s) (b,%) VveN,xeR', where scz  and
b\)>0,\l)ﬂb\)=oo

The entities of type (22) will be called generalized Dirac elements.

Using a proof similar to the ones in Proposition 1 and Lemma 1 in 82, one obtains:

Proposition 3

An algebra A and an invertible transformation o are compatible, only if

ﬂW@LHD%) is an invariant of o : W > W .

Suppose given b = (b, | v eN) , with b, ¢ Rl\{O} . Then, one can define the algebra
homomorphism o WK, where

(oW (V) (x) = Ib\)ln WX, ¥ wel, veN, xce R?

We shall only be interested in the case when

(23)

wB o=

Since in the definition of compatibility between an algebra Ap and a transformation
o: R* > R" given in §2, the transformation appears only through the generated algeb-
ra homomorphism o : ¥ > ¥ , it follows that the compatibility has actually been defi-
ned between the algebras AP and algebra homomorphisms of ¥ . In the same way, the
definition of M-transform algebras given in §2, will still be correct if M contains

besides transformations also algebra homomorphisms of ¥ .
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Proposition 4

The algebra A_ and the algebra homomorphism o, are compatible, only if

NUSRIOEA

g

is an invariant of o -

Proof

See the proof of Proposition 1, §2 and the following:

Lemma 2

V(p) , with p e N' , are invariant of Q-

Proof

Assume

(24) lim b = + ®
v Y

First we prove

(25) o (Ig) < I

Indeed, assume W ¢ IS and X, € R® given. First, we notice that due to (24), the se
quence of smooth functions O W will obviously satisfy (17), since w € 18 satisfies
that condition. We shall now show that oW satisfies in X, the conditions (2) and
(3) in chap. 5, 82. Indeed, in case X, 4 0 , the two conditions result easily from

(24), while for X, = 0 they are obvious.
Now, we prove that
(26) a M <V
Assume, indeed v ¢ V , then v ¢ Ign V0 therefore, due to (25), it will suffice to
show that ERA Vo , which is equivalent to proving
@n lim J vV) ()W(x/b )dx =0 , V ¥ e DRM
Vo - v
First, we notice that
(28) supp v(v) < K, ¥ ve N, v2u
for suitable K c R? , K bounded and u ¢ N, since v ¢ Id . Assume now X € D(Rn)

such that X = 1 on K . Due to (28), the relation (27) will hold omnly if

(29) lim J VO OX XU (x/b Jdx = 0, ¥ ¥ e DR™M

Ve fn
But, for any V¥ ¢ D(Rn) , the sequence (wv | v e N) with wv(x) = x(x) * ¥x/by)
¥ xe R? , is convergent in D(Rn) to ©¥(0) * X . Therefore, (29) holds, since
veV=1I nV, < Vo hence, the sequence (v(v) | v € N) converges in D'(R™ to 0

§
Thus, the relation (26) is proved. It follows then easily that
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o VNS V@) , ¥ pe .

The case when lim b = - is similar WV
VooV

Suppose given b = (b, | venN) , with b, € RN {0} , satisfying (23) and denote
My =M U {ab} where M = was defined in §3.

As noticed above, one can define Mb-transform algebras Ap , with p € Nt According

to Propositions 3 and 4, these algebras will be compatible with any B € M-

And now, the result concerning generalized Dirac elements.
Theorem 2

The Dirac distribution derivative transforms DqG(aox),...,Dq6(gmx) and the ge
neralized Dirac element derivative anb6(x) , with given q € N! | are linear
independent within the Mb—transform algebras AP , P € " , provided that

m< [pl and ay seees a € r! \ {0} are pair wise different.

Proof

Assume, it is false and ko P km , ke C1 are such that
q q -

(30) kquﬁ(aox) s+ kD8 ) ¢ kDS = 0 € A

(31) k=0 =4 0<i<m: ki £ 0

Assume L = (sx | x ¢ Rn) then 3) in Theorem 2, chap. 1, 88, and the inclusion

Ty T imply
ds - pd Q
DU = D+ IV (p) ;ﬂ@sl) € Ap

Since A.p is an Mb—transform algebra, it follows that

q - q Q < i<
(32) k;D%(a;x) = kiaai s+ NV (p) ,T@Sl) <A, ¥ O0sism,
-k . Q .

(33) quoch(x) =k e+t INUE,I®S) € A,
where

_ n . q n
(34) t(M) X)) = lbvl D so(v)(bvx) , ¥ velN, xeR
Denote

q
(35) v= X k.o D's +k-=+t
o<izm ay °

then (30), (32) and (33) imply v ¢ I3(V(p),7(D5,) thus

(36) v= L v, °*°w,

with v, ¢ V(@) and W, ¢ N ), r®s))
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Taking into account (21) above as well as condition (2) in the definition of l"S in

chap. 5, §2, the relation (36) will result in

A

¥V re }P , T

i we N:

¥V veN, Vvzuyu
D" v(v)(0) = 0

P
(37)

[\

But m < [pl , therefore (35) and (37) will give

[ 2 '™ a1 1Ty - o

(38) o<i<m

[\

VreN, r<p, Irlsm, veN, vzup,

for a suitable u' e N.

Now, according to (14) in the proof of Theorem 1 in 83, the relation (38) results in

(39) p ki(ai)2 + klb,, ™Y o, ¥V LeN, 2<m,
)

o<ism

where for any given o € N , one can find suitable Vo arres Vg € N, vo yeees Vg 20

But ko ,eeas k., k, a a, are constant in (39). Therefore, (23) will imply

n o 2
that k must vanish since ¢ above can be arbitrary. Then, (39) becomes
T ok.(a) =0, V LeN, f<m.
X iv7i
o<i<m

Since aj se.., &, are pair wise different, the known property of the Vandermonde de-
terminants will imply k0 =.,.. = km = 0 which together with k = 0 obtained above,

will contradict (31) VvV

Corollary 3
The family (D%(ax) | a ¢ Rl\{O}) of Dirac distribution derivative transforms
together with the generalized Dirac element derivative uqu (x) with given
q € N , are linear independent within the Mb—transform algebras AP s

pe , Ipl==.



Chapter 7

SUPPORT, LOCAL PROPERTIES

§1. INTRODUCTION

An important property of the distribution multiplication, namely its local character,
[11]1, Ce61], [66-691, [78], which can be formulated as follows
v S§,8',T,T' ¢ D'(Rn) , E<R', E4p, open:
*¥) ST, S' +T' existin D'(RM

> §+T=8"+«T" on E
#%) S =8t , T=T' on E

will be proved valid for the multiplication within the algebras containing the distri-
butions. An extension of the notion of support of a distribution is used in establish-
ing the above, as well as several other local properties of the elements in the algeb-

Tras.

§2. THE EXTENDED NOTION OF SUPPORT

Suppose P is an admissible property, (V,S') is a P-regularization, Q is an admis-

sible property, such that Q < P and p ¢ .
Given S € AQ(V,S',p) and Ec R" , we say that S vanishes on E , only if
1 s e AEp),sh
m 5 s=s+ 1w,
*¥) s(v) =0 on E, with ve N, v=2u,
for a certain U € N .
The support of S will be the closed subset

(2) supp S = R* \ {x ¢ R" | S vanishes on a neighbourhood of x} .

Proposition 1
For functions in Cw(Rn) the above notion of support is identical with the

usual one.

Proof

It results from (20.2) in §7 and Theorem 2 in §8, chap. 1 WV
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The local character of the multiplication and addition within the algebras containing

the distributions is established in the following two theorems.

Theorem 1

1£ 5,T e AQw,5',p) , then

1) supp (S + T) < supp Su supp T

2)  supp (5 - T

Proof

It follows from a direct

Given s,5' ¢ AdW,5',p)

vanishes on E

Theorem 2

Suppose S,S',

on E , then
1) S+ T=

2) S*T-=

Proof

It follows directly

T,T!

St +
St .
form

< supp S n supp T

verification of the definitions WV

and Ec R', we say that S =5' on E , only if S - §'

e Adv,5',p) and Ec R" . If §S=S' on E and T =T

T'" on E
T' on E
the definitions wv

An important feature of the above notion of support is pointed out in the case of the

algebras where the Dirac 8 function is represented by weakly convergent sequences of

smooth functions satisfying the condition of strong local presence (see chap. 5, §3
and also chap. 4, §6).

Theorem 3

In the case of the algebras constructed in chapter 5, the derivatives p%s of

any order ¢ ¢ N™ of the Dirac § distribution, possess the properties:

1) supp D48 = {0}

2) p%§ vanishes on any E ¢ R' such that 0 & ¢l E *)

3) p%s does not vanish on R'\{0} , provided that the condition (19) in

chap. 5, 84 is valid.

*) ¢l E is the topological closure of E ¢ R
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4) p9S does not vanish on {0} , provided that the condition (27) in
chap. 5, 84 is valid.

Proof

Assume I = (sX [ X € Rn) , then 3) in Theorem 2, chap. 1, §8, and the inclusion

TZ c I gives for 0%  the following representation
() pds = pis + @ .7 ®s) « @S, p) . pe N

Then 1) and 2) result easily from (5) in chap. 5, §3.

n

3) We notice that in any representation

as = Q Q R
4 DY =t + XU (E),7(DS)) ¢ AAV.T@DS; P, P e N,
t will be a sequence of smooth functions. Therefore, if p%5 vanishes on R™{0} B
then
(5) t(v) =0 on RO, ¥ veN, vzu,

for certain U ¢ N . But (5) obviously implies D't € I(S n VO , ¥re N Thus, due
to (19) in chap. 5, 84, one obtains t € V(p) , ¥ p ¢ " . Now, (4) will imply
D% =0 ¢ AQ(V,T(:)Sl ,P) , Y pe N , contradicting 1) in Theorem 1, chap. 5, §4.

4) Assume, it is false and there exists a representation (4) with
Q
t € AX(V(p) ,T@Sl) such that
(6) t(W(©0) =0, ¥ veN, vy,
for certain U' € N . Denote
-+ _p4
) v=1t-D's,

then (3) and (4) imply v ¢ IQ(V(p),T(:)Sl) therefore

with Vj e V{p) , wj € AQ(V(p),T(:)Sl) . Now, the condition (27) in chap. 5, §4, will
give
Vj e V(p) ¢ Ve I(S s ¥V 0<j=<m
which together with (2) in chap. 5, 82 results in
(8) vj(v)(O) =0, V¥ 0<j<m, veN, vzyu",
for certain u'" € N .
Now, (6), (8) and (7) imply
(9) Dqso(\))(o)=0, V veN, vy
with € N suitably chosen. But, s_ ¢ Z while (9) obviously contradicts the con

o o
dition (6) in chap. 5, 83 VWV
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Remark 1

The property in 4), Theorem 3, that the Dirac distribution derivatives DqGX , with
x, € R, q e N', do not vanish on {x } is a consequence of the condition®of
strong local presence and it is proper for the algebras used in chapters 4, 5 and 6.
The 'delta sequences' generally used, [4], [35-41], [53]1, [68-69]1, [105-110], [136-

1371, [162], do not necessarily prevent the vanishing of DqGX on {xo} .
o

A characterization of the support of the elements in algebras in terms of the supports

of the representing sequences of smooth functions is presented in:
Theorem 4
Suppose S ¢ AQ(V,S',p) then
supp S =n cl Tim supp s(v)
Voo

where the intersection is taken over all the representations

(10) s=s+ 1@,y AE,s,p with s AFE,ED

Proof

The inclusion € . Assume s given in (10) and x € R™ \ cl Tim supp s(v) . Then
oo

V n supp s(V)

g, ¥ veN, vewu,
for a certain neighbourhood V of x and U € N . Now, obviously x ¢ supp S .
Conversely, assume X € Rn\supp S , then there exists an open neighbourhood V of x ,

such that S vanishes on V . Hence, one can obtain a representation (10), such that

Vn lim supp s(v) =9 WV
AV

In the case of the algebras constructed in chap. 6, §4, an additional result on the

support can be obtained.
Theorem 5
Suppose given S € AQ(V,T(:)S1 ,P) and two representations
- - Q Q
S=s, + R @),r(Ms) = s, + 17@,7®s) « B, 70s8; .p)
Then, the subsets in rR"
\1)1%."} supp s; (V) , \lrl,g supp s,(V)

differ in at most a finite number of points, provided that V c Ign Vo

Proof

: Q
Obviously S; =Sy ¢€ I (V(p),T(:)Sl) , hence
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(8) S, - S, = I v, * w.
1 2 osj<m j j

with v, € 7(p) , Wy € A (p) ,T@sl) . Now, (27) in chap. 5, $4 implies

Vj e Vip) e Vel

therefore Vi with 0 < j < m, satisfy (3) in chap. 5, §2 and (17) in chap. 6, 84.

5 ¥ 0<j<m
Then, due to (8), S1 - 5, will also satisfy those two conditions VvV

Corollary 1
Under the conditions in Theorem 5, if
m
s"=0e A0, r@®s, L v

for certain me N, m=2 1, then supp S is a finite subset of points in R" .

Assume given a representation

S=s+ IQ(V(p),T@Sﬂ , with s ¢ AQ(V(P):T@Sl)
then

s™e s IQ(V(p),T®Sl) =0c,r®s; L P
therefore s e IQ(V(p),T(:)Sl)

Using an argument similar to the one in the proof of Theorem 5, it follows that

T e Iy therefore lim supp s™(v) is a finite subset of points in R" . Finally,
Y

supp s(v) = supp sm(v) , ¥veN VW
Remark 2

In the case of the algebras constructed in chap. 5, the results in Theorem 5 and Corol-

lary 1 will still be valid, provided that finite is replaced by locally finite.

§3. LOCALIZATION

Given S ¢ AQ(V,S',p) denote by Eé the set of all open subsets E c R™ such that

S vanishes on E .
The relation

LJ e =/ \ supp S
EEES
is obvious. In case S ¢ D'(Rn) and the usual notions of vanishing and support for di-

stributions are used, the corresponding set ES has the known property that any union
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of sets in ES is again a set in &

In particular

S *

R™ supp S = J Ec¢k

EEES

S

A first problem approached in the present section is the extension of the above proper
ty to the algebras containing the distributions. In this respect, several results on

the structure of ES will be given.

Theorem 6

*
Suppose S ¢ AQ(V,S',p) and E , By € Eg . If d(Ej\E, , E,\E{) > 0 ) then

E1 u E2 € ES .
Assume S1 5 Sy € AQ(V(p),S') such that
9) S=s, + e ,s) « Qw,st,p), Vv 1<ic<2,
(10) si(v) =0 on Ei , ¥ 1<i1i<2, veN, v2yu,
for certain U ¢ N . Denote v =‘s1 =S, then (9) implies
(11) v e Rr(p),s") ‘

Further, one obtains for v e N, v=u

s; (M) - s, (x) if x e R\ (F u E,)
(12) vOV) (%) = sl(v)(x) if X e E2 \ El

—sz(v)(x) if x e B} \ By

0 if Xe]f‘llnE2

According to Lemma 1 below, there exists { € Cm(Rn) , such that ¢ = -1/2 on E \E
and ¢ = 1/2 on EI/E2 . Denote w = u(y) * v , then (11) implies w ¢ IQ(V(p) S')
thus denoting s = (sl+52)/2 + w , the relation (9) will give

(13) s=s+ 18wp,s) « Aw,s1,p) , s e aA,s,p)

But, due to (12), it follows obviously that

(14) s(v) =0 on El u E2 , Y veN, vzuyu

Now, (13) and (14) will imply E; v E, ¢ Eg YW

*) d( , is the Euclidian distance on R" and
d(E, F) = inf {d(x,y) | x ¢ E , y ¢ F} for E,F < R"
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1

Suppose F < G < R" such that d(F,R™\G) > 0 , then there exists ¥ e ¢ (R")

with the properties

1) 0<¢y =<1 on R
2) =1 on F

3) Y =0 on R\G

4)  YeD®RY if F bounded

X i R x(0,2) > R by
K+ exp (e2/(1IxI1%-¢%)  if lixll <e
X{x,€) =
0 if Iixllze

K =1/ J exp (€2/(11xi12-€%))dx

[Ix]I<e

0 <e<d(F,R"\G)/2 and define ¥ : R* » Rl by

Y(x) = J X(x-y,e)dy
F(g)
F(e) = {y ¢ R" | d(y,F) < €}

It can easily be seen that V¥ is the required function WV

ary 2

Coroll

Proof

Suppose S ¢ AQ(V,S',p) and E,F ¢ ES . If
1) clEncl F=¢9
2) F bounded

then E u F ¢ Es

The sets E and F satisfy the conditions in Theorem 6 VW

Theorem 7

n
Suppose S ¢ AQ(V,S‘,p) and E Ez € ES . If Ei < El and d(Ei , R \El) >0

1 3
u E ¢ F

1
then E 2 S -

1
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Proof

We shall use the notations in the proof of Theorem 6.
According to Lemma 1, there exists ¥ « Cm(Rn) such that ¢ = -1/2 on EZ/EI and

Y =1/2 on Ei . Then, it can be seen that the relation (14) becomes

(15) s(v) =0 on Ei u E2 R ¥V veN, v2uyu,

therefore, the relation (13) will imply Ei u E2 € ES Vw

Corollary 3
Suppose S € AQ(V,S',p) and E < R"\ supp S , E open. If
1) cl Ensupp S = ¢
2) E bounded

then E ¢ ES

Proof
Assume K < R™\ supp S , K compact, K o E . It follows from (2) that

*
¥V xeX: 4 g, > 0: B(x,ex) € Es )

Assume Xo seees X € K pair wise different, such that

m

(16) ke L B(x; , € /2)

o<izm i
If m=0 then EcKc B(x0 » &y /2) and the proof is completed.
o
Assume m = 1 ., Denote
> ) 3
1 Xy X, 1
then E E, and E! fulfil the conditions in Theorem 7, therefore I% u E2 € ES

1772 1
and due to (16) the proof is again completed.

E, = B(xo » & ), By =B(x, €X1 /2)

Assume m = 2 . Denote

E1 = B(x2 s By ), E2 = B(x0 > &y Ju B(x1 > €y /2) ,
2 0 1
| -
Ef = B(x, , & /2)
2
then § vanishes on E1 and as seen above, also on E2 . Moreover, E1 R E2 and Ei
fulfil the conditions in Theorem 7, therefore Ei u E2 € Eg and due to (16) the proof

is completed again.

The above procedure can be used for any me¢ N, m >3 VW

*) B(x,e) = {y e R" | lly-xI| <€} for x e R', €>0
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Corollary 4

Suppose S ¢ AQ(V,S',p] and He R" , then supp S < H , only if

n

¥ K¢ R \H, KX compact:
(17) 3 EeBg :
KcE
Proof

Assume (17) and x € R™\H then, x € E for a certain E ¢ ES . Therefore
x ¢ supp S since E 1is open. The converse results directly from Corollary 3 taking

into account that supp S is closed WV

Corollary 5
Suppose S ¢ AQ(V,S',p) , then supp S = § , only if

v Ecr® , E open, bounded:

E € ES

Proof

It follows directly from Corollary 3 VW

Theorem 8
Suppose S € AQ(V,S',p) and F < R" , F closed. Then
v ¥ e DR™MNF)
Q = supp S c F
Y »8=0¢e ATV, ,p)

In the case of sectional algebras (see chap. 1, §6) the converse implicatiomn is

also valid.

Proof

Assume X ¢ Rn\F . Since F 1is closed, it follows that there exists Y ¢ D(Rn\F)
and a neighbourhood V of x such that ¢y =1 on V. Then, due to the hypothesis
Y+ S =0c¢ AQ(V,S',p) , therefore, given any representation

(18) s=s+ 2wp),s) ¢ Qw,s,p) , with s ¢ AwE),s")
one obtains

(19) ugy) + s e 1V (P),8Y

But, (18) and (19) imply

(20) s = u(1-y) * s + 12WE),5") « AW,s,p)
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Denoting t = u{l1-¥)} * s , it follows that t(V) =0 on V , ¥ Vv e N . Then (20) will
imply x ¢ supp S and the first part of Theorem 8 is proved.

Assume now, in the case of sectional algebras the inclusion supp S < F and
¥ ¢ D(R™F) . Since supp ¥ is compact, Corollary 4 implies the existence of E ¢ ES
such that

(21) supp ¥ < E

Due to the fact that S vanishes on E , one can assume that s in (18) satisfies the

condition
(22) s{(v) =0 on E , ¥V VeN, VvZu,

for certain uw ¢ N . Now, the presence of sectional algebras makes it possible to assu-
me W =0 in (22). Then, (21) and (22) will result in u(¥) * s € O hence (18) will
imply ¢ -5 =0 @5 ,p W

Two decomposition rules for the elements of the algebras, corresponding to components

of their supports are given now.
Theorem 9

In the case of sectional algebras suppose S ¢ AQ(V,S',p) . If supp S=FuK

with F closed, K compact and F n K = @ , then the decomposition holds
S = SF + SK

for certain S , Sy « AQ(V,S',P) satisfying the conditions

1) supp Sp N supp SK =f

2) K n supp S; = #

3) F o supp S = # and supp Sy compact

Proof

Assume Gl,GZ,GZ,G4CRn such that K <G , ¢l G <G, , ¢l G, <Gy,

cl G3 < G4 , cl G4 NF=0 and G4 is bounded. Denote X; = (cl G4) NG, then
Ky is compact and Ky 0 supp S = ¢ . According to Corollary 4, there exists E e fg
such that K1 € E . Then, for a certain representation

S=s+ IQ(V(p),S') e AQqv,50,p) , with s ¢ AQ(V(P),S')
one obtains
s(vy =0 on E, ¥ veN, vy

with suitably chosen p € N . But the case of sectional algebras allows the choice of
n
W =0 . Now, Lemma 1 grants the existence of 1 ¢ Cm(Rn) and Yy € D(R") such that
= n = = = RMNG,, -
wF =1 on R \G4 s Yp=0 on cl Gz , Wy 1 on cl G and 12 0 on \G,
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Then, obviously u(wF + wK) * s = s . Defining SF = u(wF) * s + IQ(V(p),S') and
SK = u(wK) * s o+ IQ(V(p),S') , one obtains S = SF + Sp and the properties 1), 2)
and 3} will be satisfied VW

In the one dimensional case n =1 , a stronger decomposition can be obtained.

First, a notion of separation for pairs of subsets in Rl . Two subsets F , Lc Rl

are called finitely separated, only if there exists a finite number of intervals co-

vering F u L

(—m,co),(co,cl),...,(c ,w),meN,

m
such that no interval contains elements of both F and L while successive inter-

vals do not contain elements of the same set F or L .

Theorem 10

In the case of sectional algebras suppose S € AQ(V,S',p) . If supp S=F UL

with F , L disjoint, closed and finitely separated, then the decomposition
holds

for certain SF , S, € AQ(V,S',p) satisfying the conditions

L
1) supp SF n supp SL =f

2) L n supp SF = Fn supp § = [

Proof

Since F , L are closed, there exists € > 0 such that
FulLce (-W,co—e) u (co+s,c1—e) U ..o U (cm+€,°°)

Denote

k=1 [ci—e,ci+e]

o<ism
then K compact and K < R1 \ supp S . According to Corollary 4, there exists E ¢ ES

such that K< E . Assume a representation

s=s+ 1jw(p),s) « R@,5,p) , with s e AW E),5")
such that

s(v) =0 on E, ¥V veN, vu

for certain W e N . But, one can assume M = 0 , due to the presence of sectional al-

o
1
gebras. Further, Lemma 1 implies the existence of wo yenes ¢m+1 ¢ C (R7) such that
Y, =1 on (-=,c-e/21, Yy =1 on [c1*e/2,¢5-€/21 ,

s Upa = 1 on [gm+e/2,a0
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and

7,1)0 =0 on [00-8/3,+ ®) 1]}1 = on (-, c1+g/3] U [c2_3/3, ) ,

s Ynal =0 on (-, Cm+€/3]

Denote

JO = (_005 co] 3 J]. = [CO ’Clj 3 s s Jm+l = [cm ’00)
and define

Vo= T W, b= Ty

Foocismsl 1 l<igm+l *

FnJi= [} LnJi= []

It can easily be seen that u(wF + ¢L)s = s . Defining Sp = up) ¢ s + IQ(V(p),S')
and SL = u(wL) c s + IQ(V(p),S') , the required properties will follow easily WV

§4. THE EQUIVALENCE BETWEEN S = 0 AND supp S =0

If S=0c¢ AQ(V,S',p) then, obviously supp S = P . A result on the converse impli-

cation is given in:

Corollary 6
In the case of sectional algebras suppose S € AQ(V,S',p) . If

1 supp S = @
2) S vanishes outside of a bounded subset of R" ,

then S =0 e AY,9",p)

Proof

Assume B < R" , B bounded, such that S vanishes on R*\ B . Then, there exists a

representation

s=s+ 10wE,s ) « Aw,s,p) , with s e A@E,s" ,
such that

s(v) =0 on R"\ B , ¥V veN, vzu,

for a certain U € N . Due to the presence of sectional algebras, one can assume W = 0
Assume Y € D(Rn) such that ¢ =1 on B , then obviously u(¥) * s = s , that is

(23) poS=5eaA@,s,p)

But supp ) n supp S = § and supp S is closed, therefore Theorem 8 will imply
P =S=0c¢ A . The relation (23) completes the proof WV



Chapter 8

NECESSARY STRUCTURE OF THE DISTRIBUTION MULTIPLICATIONS

§1. INTRODUCTION

The algebras containing the distributions in D'(Rn) were constructed as sequential
completions of the smooth functions on R" and resulted as quotients A/I , where

A4 is a subalgebra in W = N+ C (R™) , while I is an ideal in 4

That construction can naturally be placed within the framework of the theory of alge-
bras of continuous functions, noticing that W itself is a subalgebra in

CO(N x R® s Cl) . As known in that context, an essential feature of the ideals I is
their connection with certain zero-filters generated by subsets of N x R" on which

the functions in I vanish.

In the present chapter, specific connections between ideals and zero-filters will be
established in the case of the quotient constructions giving the algebras containing

the distributions. In that way, an information on the necessary structure of the di-

stribution multiplications will be obtained.

82, ZERO SETS AND FAMILIES

For a sequence of smooth functions w ¢ W denote
zw) = { (v,x) e N xR* | wew)(x) = 0}

and call it the zero set of w .

For a set of sequences of smooth functions H < ¥ denote
z@) ={z@t) | t el }

and call it the zero family of #

A standard argument in algebras of functions gives:

Theorem 1
Suppose (V,5') is a regularization and denote by I the ideal in W genera-
ted by ¥ . Then Z(I) and in particular, Z(V) are filter gemerators on
n
N xR" .
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Proof
First we prove the relation

ey VM) 8, ¥V vels=I(,W

Assume it is false, then v(V)(x) #+ 0, ¥ ve N, x ¢ RN , therefore, one can define
Wwekl by wOW(X) =1/v(V)(x) , Y¥VeN,xeR .Thus u(l) =v-+we I(7,0N
which results in I(V,W) = ¥ . Then (20.3) and (20.1) in chap. 1, will contradict

each other.

Now, we can prove

(2) Z(vo) n...n Z(vh) ¥p, Vv o,...,v € I{T,H
Indeed, define w € W by w = Vo v; kv Y where v; is the complex con-

jugate of v, - Then, obviously

(3) Z(w) = Z(VO) n...n Z(vh)
But, w e I(V,W) , since Vg seees V€ I(V,W) . Therefore, (3) and (1) will imply (2)
'A%

The following three theorems reformulate in terms of zero sets the results in Theorems
6, 7 and 8 in chap. 1, §10.
Theorem 2
Suppose given a local type regularization (V,5') , with V(:)S' sectional in-
variant. Then
z(v) o ({p,u+l,...} xG) is infinite

forany veV, weN and GecRY, G449, open.

Theorem 3
Suppose given a regularization (V,5') such that V(:)S' is sectional invari-

ant. Then, the zero set Z(v) of each Vv ¢ V has the property:
zov) n L J (v} xsupp t(v)) infinite, ¥ teV()s', t ¢V, HeN
JIESVECH
Theorem 4
Suppose (V,S') is a regularization. Then, the zero set Z(v) of each v ¢V

has the property:

Zv) 0 ) (v} xsupp t(W)) 8, vV tev(®S , t&V
VeN
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§3. ZERO SETS AND FAMILIES AT A POINT

The results in Theorems 1, 2, 3, and 4 in §2, will be strengthened in the present sec-

tion.
Given we W , Hc W and x ¢ R" , call
zw) ={ve N| wv)(x) =01}
the zero set of w at x and call
z,@) = { 2 (1) | ter }
the zero family of H at x .

It will be shown in Corollaries 1, 2 and 3 that for a large class of P-regularizations

(V,8') , the zero families ZX(V) of V at any x ¢ R" are filter generators on N

First, several notations.

Suppose E is a set of subsets in R" and denote

¥ E e & :
Wp = {weWw 3 x €e¢E
z,w) f 8

Call E hereditary, only if

¥V xeE el ;
EN{x}#p = EN{x}cxr

Denote by Ef and Ec the set of all nonvoid and finite, respectively countable sub-

sets in R" . Obviously Ef and Ec are hereditary.

Theorem 5

Suppose given a vector subspace V in W , satisfying for a certain 7 c E.
the condition
V< WE

Then, for any Vg seees Vo€ V the property holds

¥V Ee F :
4 xeE
Zx(vo) n...n Zx(vh) 0

If F 1is hereditary, then the stronger property results

V E ¢Fg:
4 E'c E
1) car E' = car E
1
2) ZX(VO) n...n Zx(vh) +p, V¥ xckE
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Proof

It follows from Lemma 1 below VWV

Corollary 1

Suppose the P-regularization (V,S') satisfies the condition

4) Zx(v) 1P, ¥ veV, xeR"
Then, the zero family ZX(V) of V at any x e R" is a filter generator
on N .
Proof
It is easy to notice that (4) is equivalent with V c WE VW
f

Corollary 2

If under the conditions in Corollary 1, V is sectiocnal invariant, then the
zero family ZX(V) of V atany x e R" , generates a filter of infinite

subsets of N .

Proof

Assume it is false and x e R" , v ¢ ¥ and U € N such that

PR Vh

(5) Z, vy 0o nZo(v) e {0,...,u}
Define vé se e vﬂ e W by

1 if v<su
(6) ViV () =

vi(v)(y) if v2u+1
Then vi ¢ V , since v, € V and V is sectional invariant. Therefore
1 1
(7N Zx(vo) n... 0 Zx(vh) + 0
due to Corollary 1.
But, (5) implies that

¥y veN, vzu+1:
3 i, e {0,...,h} :
v. () %0
1y

which together with (6) is contradicting (7) IV

Call a subset M of N sectional, only if
{u#l , u#2 , ...} e M

for a certain U ¢ N .
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Corollary 3

If under the conditions in Corollary 1, V is subsequence invariant (see chap.
1, §6), then the zero family ZX(V) of V at any x e R" , generates a fil-

ter of sectional subsets of N .

Proof

It suffices to show that the sets ZX(V) , with v eV and x ¢ R" , are all sectio-
nal in N . Assume it is false and v ¢ V and X ¢ R" such that Zx(v) is not sec-

tional in N . Then, there exists an infinite subset M of N , such that
(8) Z, () n M= g

Assume M = {uo > WL ,-..} and define v' ¢ W by

(©) VD) =V . ¥V veN, yekR

Then v' e ¥V, since v e V and V is subsequence invariant. Therefore
(10} Zw') +p

due to Corollary 1.

But, (8) implies that

¥ velN:
V(uv)(X) 0

which together with (9) is contradicting (10) VW

And now, a lemma of a general interest, used in the proof of Theorem 5, is presented.

X 1
Given a nonvoid set X , denote by W the set of all functions w : N xX > C" .

For we W and x ¢ X denote
zw)={veN [ wv,x) =01

For a set Y of nonvoid and countable subsets in X , denote

¥V YeVY
W, = {wew 3 yev:
Zy(w) 0

Lemma 1

Suppose V is a vector subspace in W and V < WY . Then, for any

Vo oseees Vp € V , the relation holds

2 Yg_Y
11 1 yeY:
Zy(vo) Aee. N Zy(vh) 38
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If ¥ is hereditary, then (11) obtains the stronger form

¥V Ye¥
(12) 1 Y'ey:
(12.1) car Y' = car Y
(12.2) zy(vo) n ... zy(vh) PP, ¥V yey
Proof

First, we prove (11). Assume it is false and Y ¢ ¥ such that

Zy(vo) n...nN Zy(vh) =P, V ye¥
Then

YV veN, yeY:
(13) 3 i,,yc€ {0,...,h}

vi y) 0
\)Jy

Define

h+l

R 3 = (AO yeees Ah) vy o= ono oL+ thh eV
and

NXY3 (uy) > A ={re R | vy =01

3 \),y }\1
It is easy to notice that Av y with (v,y) ¢ N X Y , are vector subspaces in Rh+1.
Moreover
h+1

14 A <R , Voo, N XY
(14) vy § .y«
Indeed, denoting X = (0,...,0,1,0,...,0) ¢ Rh+1 , with 1 in the i _+1 -th posi-

v,y
tion, one obtains A ¢ Av y due to (13).
2

Now, (14) and the Baire category argument will give

h+1
W A, , §R
velN v,y #
yeY

since Y 1is countable.

Assume therefore

Ae Ry U

veN VoY
yeY
then
(15) vvy) $0, ¥V veN, ye¥

But vy € Ve “& therefore (15) is contradicted and (11) is proved.

Assume Y is hereditary and take Y e¢ ¥ . Then (11) implies the existence of yeY
such that zy(vo) n...n zy(vh) $+ P . Denote Y; =Y\ {y} . If Y, = p then taking
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Y' =Y , the proof is completed. If Y, # p then Y, ¢Y due to the fact that ¥ is

hereditary. Now, (11) can be applied to Y, , etc. VW
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