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Preface

This book is an extension of three lectures presented as the first set of “Centro

Interuniversitario Crescita & Sviluppo Economico (CICSE) Lectures on

Growth and Development” in Lucca, Italy, in July 2007. When I was invited

to present this series, I was delighted that CICSE asked me to lecture on

capital accumulation and economic growth in a small open economy. Both

international macroeconomics and the theory of economic growth have

interested me for a long period, so this seemed like a good opportunity to

discuss them in a unified way. Over the past two decades economic growth

has evolved into an enormous area of research, drawing increasingly on

contributions from other areas of economics, as well as from other

disciplines. The approach I adopt in these lectures is a traditional one,

extending the standard models of capital accumulation to the open economy.

The lectures and this resulting short book draw heavily on research that I

have undertaken in this area since the mid 1990s. At the appropriate places in

each chapter, I have indicated the original source of the research from which

the presentation has been adapted, although in many cases the material has

been extensively revised. As will be seen from the appropriate references

much of the research has been undertaken jointly and I am grateful to have

had the opportunity to work with many talented coauthors over the years. I

also want to express my appreciation to Stefan Schubert who worked through

the manuscript and was helpful in eliminating errors and inconsistencies.

In developing the lectures and the book, I have tried to present the research

in a progressive way. The first part (lecture) is devoted to setting out a basic

canonical model and to analyzing the simplest version of it. This leads to a

simple endogenous growth model, which has the characteristic that the only

viable equilibrium is for the economy to always be on its balanced growth

path. While this might serve as a convenient benchmark, it is obviously

unrealistic, since empirical evidence suggests precisely the opposite, namely

that most of the time economies are well away from their balanced growth

xi



paths. Hence the second part extends the model so that the long-run balanced

growth equilibrium is reached only gradually along a transitional adjustment

path. This structure can be accomplished in various ways, all of which

involve augmenting the order of the underlying dynamics, and several

alternative approaches are spelled out in Part II. The third part applies some

of the models to an important practical subject, namely the granting of foreign

aid. This is indeed a critical issue, having many dimensions. Within the

framework we develop, we focus on a very specific, but widely debated,

issue, namely the question of whether foreign aid should be “tied” to

investment in infrastructure, say, or “untied,” allowing the recipient economy

to use the resources as it wishes. But even within this restricted framework the

answer to this question is complex and involves detailed knowledge of the

structural characteristics of the recipient economy. Moreover, the applications

of the model are sufficiently complex that we need to supplement the formal

analytics with numerical simulations. And so a by-product of Part III is the

illustration of the use of these numerical methods in simple growth models of

this kind.

Finally, I wish to thank Neri Salvadori for his invitation to present the 2007

CICSE Lectures on Growth and Development. It is indeed an honor to

inaugurate the lecture series. I hope that it will be the start of a successful

series, providing an avenue whereby the presentation of diverse approaches to

the study of growth theory will enhance our understanding of this most

important topic.
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1

Introduction and brief overview

Economic growth is arguably the issue of primary concern to economic

policy makers in both developed and developing economies. Economic

growth statistics are among the most widely publicized measures of

economic performance and are always analyzed and discussed with interest.

As a consequence, growth theory has long occupied a central role in

economics.

The study of economic growth illustrates the power of compound interest.

A seemingly small growth differential can accumulate over time to sub-

stantial differentials in levels. To take one very simple example, suppose two

countries begin with the same level of income. A sustained 1% growth dif-

ferential in output between the two economies implies that in seventy years –

just one lifetime – the output level of the faster-growing economy will be

double that of the slower-growing economy. Indeed, the dramatic changes in

relative incomes among the OECD countries that one can observe between

the end of World War II and the present are in some cases the accumulated

results of these seemingly small differences in growth rates.

1.1 Some background

Long-run growth was first introduced by Solow (1956) and Swan (1956) into

the traditional neoclassical macroeconomic model by specifying a growing

population coupled with a more efficient labor force. The direct consequence

of this approach was that the long-run equilibrium growth rate in these

models was ultimately tied to demographic factors, such as the growth rate of

population, the structure of the labor force, and its productivity growth

(technological change), all of which were typically taken to be exogenously

determined. Hence, the only policies that could contribute to long-run eco-

nomic growth were those that would increase the growth of population, and
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manpower training programs aimed at increasing the efficiency of the labor

force. Conventional macroeconomic policy had no influence on the long-run

growth performance. It could, however, influence the transitional growth path

and thus the long-run capital stock and resulting output. Moreover, the slower

the economy’s rate of convergence, the longer it remained in transition, and

the more significant the accumulated level effects.

Over the last half-century, economic growth theory has produced a

voluminous literature, doing so in two distinct phases. The Solow–Swan

model was the inspiration for a first generation of growth models during the

1960s, which, being associated with exogenous sources of long-run growth,

are now sometimes referred to as exogenous growth models. Research interest

in these models tapered off abruptly around 1970 as economists turned their

attention to shorter-run issues, perceived as being of more immediate sig-

nificance, such as inflation, unemployment, and oil shocks, and the design of

macroeconomic policies to deal with them. Beginning with the seminal work

of Romer (1986), there has been a resurgence of interest in economic growth

theory, giving rise to a second generation of growth models, and continuing to

this day. This revival of activity has been motivated by several issues, which

include: (i) an attempt to explain aspects of the data not discussed by the

neoclassical model; (ii) a more satisfactory explanation of international dif-

ferences in economic growth rates; (iii) a more central role for the accumu-

lation of knowledge; and (iv) a larger role for the instruments of

macroeconomic policy in explaining the growth process; see Romer (1994).

These new models seek to explain the long-run growth rate as an endogenous

equilibrium outcome of the behavior of rational optimizing agents, reflecting

the structural characteristics of the economy, such as technology and pref-

erences, as well as macroeconomic policy. For this reason they have become

known as endogenous growth models.

One can identify interesting differences between the first and second

generations of growth models, both in terms of the range of issues they

address and the methodology they employ. The earlier models focused

almost entirely on the role of physical capital accumulation as the source of

economic growth, coupled with the exogenous growth in population and

technology. The approach tended to be what one might call “sequentially

structured,” meaning that one begins with the simplest model and then

augments it in various directions to incorporate additional aspects. This

is well illustrated by Burmeister and Dobell (1970), which at the time of

its publication was a state-of-the-art review of the literature. Beginning

with the one-sector model, they first extend it by introducing technological

change, then go on to two sectors, add a second asset, and subsequently
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advance to a range of multi-sector models, before culminating with a

discussion of optimal growth.

In contrast, contemporary growth theory is more wide-ranging. While

physical capital accumulation remains a central source of economic growth,

many other aspects are discussed in parallel. These include the accumulation

of human capital, knowledge and education, the role of public capital, the

quality of health, demographic factors, and recently, the role of institutions,

the political environment, and even religion. The transmission of techno-

logical change and innovation is also assigned a central role. Recognizing that

the spoils of growth are not shared equally among society, the relationship

between economic growth, the level of development, and income distribution

is a central issue that also has a long history. One consequence of studying

growth from this broader perspective is that the study tends to be more

motivated by empirical observation rather than by trying to develop a unity of

structure as was more characteristic of the earlier literature.

One other contrast between the two generations of growth model is that

whereas the old theory focused almost exclusively on closed economies, the

new theory tends to have more of an international orientation; see e.g. Grossman

and Helpman (1991). This may reflect the increased importance of the inter-

national aspects in macroeconomics in general and the international linkages

that exist throughout the economy. But it may also reflect the greater emphasis

placed by the current literature on empirical issues and the reconciliation of the

theory with the empirical evidence. In this respect, differential national growth

rates and evolving differential national income levels are central topics and have

given rise to the widely debated issue of the so-called convergence hypothesis.

The question here is whether or not countries have a tendency to converge to a

common per capita level of income, and if so, how long it takes.

As one assesses the new growth theory, one can identify two main strands

of the theoretical literature, emphasizing different sources of economic

growth. One class of models, closest to the neoclassical growth model,

stresses the accumulation of (private) physical capital as the fundamental

source of economic growth. This differs in a fundamental way from the

neoclassical growth model in that it does not require exogenous elements,

such as a growing population, to generate an equilibrium of ongoing growth.

Rather, the equilibrium growth is internally generated, though in order to

achieve that, certain restrictions relating to homogeneity must be imposed on

the economic framework. Some of these restrictions are of a knife-edge

character and have been the source of criticism; see e.g. Solow (1994).

In the simplest such model, in which the only factor of production is

capital, the constant-returns-to-scale condition implies that the production
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function must be linear in physical capital, being of the functional form

Y¼AK. For obvious reasons, this technology has become known as the “AK

model.” As a matter of historical record, explanation of growth as an

endogenous process in a one-sector model is not new. In fact it dates back to

Harrod (1939) and Domar (1946). The equilibrium growth rate characterizing

the AK model is essentially of the Harrod–Domar type, the only difference

being that consumption (or savings) behavior is derived as part of an inter-

temporal optimization, rather than being posited directly. These one-sector

models assume (often only implicitly) a broad interpretation for capital,

taking it to include both human, as well as nonhuman, capital; see Rebelo

(1991). This is necessary if the model is to be calibrated plausibly using “real-

world” data. A direct extension of this basic model is a two-sector invest-

ment-based growth model, originally due to Lucas (1988), that disaggregates

private capital into human and nonhuman capital. This has also generated an

extensive literature; see e.g. Mulligan and Sala-i-Martin (1993) and Bond,

Wang, and Yip (1996).

A second class of models emphasizes the endogenous development of

knowledge, or research and development, as the engine of growth. The

seminal contribution here is that of Romer (1990), which develops a two-

sector model of a closed economy, where new knowledge produced in one

sector is used as an input in the production of final output. The knowledge/

education sector has been extended in various directions by a number of

authors; see e.g. Aghion and Howitt (1992), Zhang (1996), Glomm and

Ravikumar (1998), Bils and Klenow (2000), and Blankenau (2005). A related

class of models deals with innovation and the diffusion of knowledge across

countries, and a comprehensive discussion is provided by Barro and Sala-i-

Martin (2000, ch. 8).

One is beginning to see a confluence of some aspects of the old and new

growth theories. The new growth models are often characterized as having

scale effects, meaning that variations in the size or scale of the economy, as

measured by population, say, affect the size of the long-run growth rate. For

example, the Romer (1990) model of research and development implies that a

doubling of the population devoted to research will double the growth rate.

Whether the AK model is associated with scale effects depends upon whether

there are production externalities that are linked to the size of the economy; see

Barro and Sala-i-Martin (2000). By contrast, the neoclassical Solow–Swan

model has the property that the equilibrium growth rate is independent of the

scale (size) of the economy; it is therefore not subject to such scale effects.

Empirical evidence does not support the existence of scale effects. For

example, Jones (1995a) finds that variations in the level of research
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employment have exerted no influence on the long-run growth rates of the

OECD economies. Backus, Kehoe, and Kehoe (1992) find no conclusive

empirical evidence of any relationship between US GDP growth and meas-

ures of scale. These empirical observations are beginning to stimulate interest

in the development of non-scale models. Such models are hybrids in the sense

that they share some of the characteristics of the neoclassical model, yet their

equilibrium is derived from intertemporal optimization as in the new growth

models.1 Jones (1995b) proposes a specific model, in which the steady-state

growth rate is determined by the growth rate of population, in conjunction

with certain production elasticities, in his case pertaining to the knowledge-

producing sector.

1.2 Scope of this book

It is clearly beyond the scope of this book to present an exhaustive discussion

of growth theory. For that the reader should refer to specialized textbooks,

such as Grossman and Helpman (1991), Aghion and Howitt (1998), Barro and

Sala-i-Martin (2000), and Acemoglu (2008), which provide comprehensive

treatments of the subject from different perspectives. Nor is it a compre-

hensive treatment of international macroeconomic dynamics. This too is a

broad area and discussed from various viewpoints by Frenkel, Razin, and

Yuen (1996), Obstfeld and Rogoff (1996), and Turnovsky (1997a). Rather,

the purpose of this book is to exposit investment-based growth models, but

from an international perspective, and more specifically from a viewpoint that

is more applicable to a small open economy. This means that numerous topics

central to international macroeconomics are not addressed.

The book has three parts. We begin our discussion in Chapter 2 by

expositing a canonical model of a small open economy that is sufficiently

general to encompass alternative models that appear in the literature and that

we shall discuss. The remainder of Chapter 2 and Chapter 3, which together

make up Part I, develop models that have the property that the economy is

always on its balanced growth path. It is important to stress that this char-

acteristic is not assumed, but is derived as the only equilibrium that is

intertemporally viable.

These initial models can be viewed as being alternative versions of the AK

growth model. Such models have been extensively used to analyze the effects

of fiscal policy on growth performance; see e.g. Barro (1990), Jones and

1 Jones (1995a) refers to such models as “semi-endogenous” growth models.
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Manuelli (1990), King and Rebelo (1990), Rebelo (1991), Jones, Manuelli,

and Rossi (1993), Ireland (1994) and Turnovsky (1996a).2 Most of these

endogenous growth models have been developed for a closed economy,

although several applications to an open economy now exist; see Rebelo

(1992), Razin and Yuen (1994, 1996), Mino (1996), Turnovsky (1996b,

1996d, 1997c), van der Ploeg (1996), Baldwin and Forslid (1999, 2000), and

Chatterjee (2007).

Section 3 of Chapter 2 begins with the simplest Romer (1986) model

with fixed labor supply, characterizing in detail the equilibrium that is

attained. Section 4 then discusses an open economy version of the Barro

(1990) model, where government expenditure is productive, and analyzes

optimal fiscal policy in that setting. Chapter 3 extends this basic model to

the case where labor is supplied elastically. It emphasizes how going from

one assumption to the other fundamentally changes the determination of the

equilibrium growth rate and the impact of fiscal policy. Adjustments that are

borne by the accumulation of capital when the labor supply is fixed, are

accommodated by an adjustment in the capital–labor ratio, when labor is

supplied elastically.

These initial models all abstract from transitional dynamics, so that in each

case the economy is always on its balanced growth path. This implies that the

economy fully responds instantaneously to any structural or policy change.

While this may be pedagogically convenient, it is obviously implausible. It is

also inconsistent with the empirical evidence pertaining to convergence

speeds, which suggests that economies spend most of their time adjusting to

structural changes. Part II therefore presents in some detail several natural

ways that transitional dynamics may be introduced.

Chapter 4 discusses two ways of accomplishing this in a one-sector

economy. Like much of international macroeconomics, the benchmark

assumption being adopted is that the small country can borrow or lend as

much as it wishes, at a fixed given interest rate. One way to introduce

dynamics is to replace this assumption, which in any event is a polar one,

with an assumption that the small economy has restricted access to world

financial markets, in the form of borrowing costs that increase with its debt

position. This is particularly likely to be relevant for a small developing

economy, but it is also plausible as a general proposition. The second

modification, which again is a move toward reality, is the introduction of

2 There has been less research analyzing the effect of monetary policy on endogenous growth.
Two studies that consider monetary aspects include van der Ploeg and Alogoskoufis (1994)
and Palivos and Yip (1995).
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government capital, so that in contrast to the Barro model, government

expenditure influences production as a stock of public capital, rather than as

a current expenditure flow.

Transitional dynamics can also be introduced in other ways, and these are

discussed in the following two chapters. Chapter 5 treats the case where the

production technology is augmented to two sectors, a traded and a nontraded

sector, showing the nature of the dynamics that this introduces. The two-

sector model, where the two sectors consist of physical (nonhuman) and

human capital, respectively, was one of the original models of endogenous

growth pioneered by Lucas (1988). Other authors who analyze the two-sector

model include Mulligan and Sala-i-Martin (1993), Devereux and Love

(1994), and Bond, Wang, and Yip (1996). This aspect is particularly relevant

for international economies, where it is natural to identify the two sectors

with nontraded and traded capital, as in the traditional dependent economy

model.

As we have already noted, the endogenous growth model has been subject

to criticism along two lines. First, it is often associated with “scale effects”

meaning that long-run growth rates are linked to the size of the economy, a

characteristic that is not supported by the empirical evidence. Second, it holds

only if strict “knife-edge” conditions on the technology hold. In response to

this, we have seen the development of non-scale growth models, which have

the property that long-run growth rates are independent of the scale of the

economy. This model is also associated with transitional dynamics and is

discussed in Chapter 6. In particular, we show that if we combine this more

general technology with the increasing cost of debt, introduced in Chapter 4

we are able to replicate quite complex behavior of debt, which in some cases

was associated with the episodes of the Asian debt crisis in the 1990s.

Part III of this book combines some of the elements presented in Parts I

and II and applies them to the issue of foreign aid. Specifically, we construct

an endogenous growth model of a small developing economy that faces

restricted access to the world financial market. The country is relatively

poorly endowed with public capital, which it then receives in the form of

foreign aid from abroad. The issue that the model addresses concerns the form

that the aid should take. Should it be tied in the sense of being committed

solely to public investment, or should it be untied, in the sense of being used

for any purpose that the recipient country wishes, including debt reduction,

consumption, or perhaps private capital formation? By combining the accu-

mulation of public with private capital, together with costly debt accumula-

tion, the macroeconomic equilibrium is represented by a higher-order

dynamic system, the effective analysis of which can be conducted only
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numerically. Chapters 7 and 8 perform this in some detail, thus illustrating the

use of straightforward numerical simulations to assist in our understanding of

this process. We should emphasize that the answer to the basic question being

posed here – the relative merits of tied versus untied foreign aid – is highly

sensitive to many aspects of the economic structure, and for this reason we

need to conduct substantial sensitivity analysis.

Throughout this book, our main objective is to exposit the structures of

the various models in their basic form rather than to analyze any one in

detail. The models provide powerful analytical tools that can be adapted to

various needs and circumstances. One key issue that distinguishes the

endogenous growth model from the non-scale model is the impact of policy

on the long-run equilibrium growth rate. Before embarking further, we

should acknowledge that the empirical evidence pertaining to this issue is

mixed. If one takes the evidence on non-scale growth models seriously, and

accepts that the long-run growth rate is determined as suggested by Jones

(1995b), the scope for fiscal policy is limited, although less so than in the

Solow model. Indeed, empirical evidence by Easterly and Rebelo (1993)

and Stokey and Rebelo (1995) suggests that the effects of tax rates on long-

run growth rates are insignificant, or weak at best. Stokey and Rebelo argue

that their findings provide evidence against those models, such as AK

models, that predict large growth effects from taxation. In order for the

predictions of these models to be consistent with their evidence, these

growth effects would have to be largely offset by changes in other deter-

minants of the long-run growth rate. But other studies, such as Grier and

Tullock (1989), Barro (1991), and Barro and Lee (1994), obtain negative

relationships between growth and government consumption expenditure,

while Barro and Lee also find that government expenditure on education has

a positive effect on growth. Taken together, we do not view the empirical

evidence as necessarily contradicting the ability of fiscal policy to influence

the growth rate. It may well be the case that a higher income tax has a

significant negative effect on the growth rate, but that this is roughly offset

by a significant positive growth effect of the productive government

expenditure it may be financing, thus yielding a small overall net effect.3

Indeed, the welfare-maximizing rate of taxation in the simple Barro (1990)

model of productive government expenditure coincides with the growth-

maximizing tax rate, so that if the tax rate is in fact close to optimal there

3 Kneller, Bleaney, and Gemmell (1999) argue that the results finding weak evidence for the
effects of tax rates on growth are biased because of the incomplete specification of the
government budget constraint.
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should be little effect on the growth rate, precisely as the empirical evidence

seems to suggest. But to understand this relationship, it is important to

develop a model in which the various components of fiscal policy are

introduced explicitly, and their separate and possibly conflicting effects on

the growth rate analyzed. It is in this vein that we view the AK model as

providing an instructive framework for analyzing the effect of fiscal policy

on growth.

1.2 Scope of this book 9





PART ONE

Models of balanced growth





2

Basic growth model with fixed

labor supply

2.1 A canonical model of a small open economy

We begin by describing the generic structure of a small open economy that

consumes and produces a single traded commodity. There are N identical

individuals, each of whom has an infinite planning horizon and possesses

perfect foresight. Each agent is endowed with a unit of time that is divided

between leisure, l, and labor, 1 � l. Labor is fully employed so that total labor

supply, equal to population, N, grows exponentially at the steady rate Ṅ¼ nN.

Individual domestic output, Yi, of the traded commodity is determined by

the individual’s private capital stock, Ki, his labor supply, (1� l), and the

aggregate capital stock K¼NKi.
1 In order to accommodate growth under

more general assumptions with respect to returns to scale, we assume that the

output of the individual producer is determined by the Cobb–Douglas

production function:2

Yi ¼ að1� lÞ1�r
Kr
i K

g 0<r< 1; g >
<0 ð2:1aÞ

This formulation is akin to the earliest endogenous growth model of Romer

(1986). The spillover experienced by an individual from the aggregate stock of

capital can be motivated in various ways. One is to interpret K as knowledge

capital, as Romer suggested. Another is to assume N specific inputs (subscripted

by i) with aggregate K representing an intra-industry spillover of knowledge.

A negative exponent can be interpreted as reflecting congestion, along the lines

of Barro and Sala-i-Martin (1992a) and is illustrated in Section 2.4 below.

1 Since all agents are identical, all aggregate quantities are simply multiples of the individual
quantities, X¼NXi. Note that since all agents allocate the same share of time to work, there is
no need to index the individual agents’ leisure, l.

2 When production functions exhibit non-constant returns to scale in all factors, the existence of
a balanced growth equilibrium requires the production function to be Cobb–Douglas, as
assumed in (2.1a); see Eicher and Turnovsky (1999a).
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Each private factor of production has positive, but diminishing, marginal

physical product. To assure the existence of a competitive equilibrium the

production function exhibits constant returns to scale in the two private

factors (Romer, 1986). In contrast to the standard neoclassical growth model,

we do not insist that the production function exhibits constant returns to scale;

indeed total returns to scale are 1þ g, and are increasing or decreasing,

according to whether the spillover from aggregate capital is positive or

negative.

As we shall show in subsequent chapters, the production function is

sufficiently general to encompass a variety of models. For example, we

shall demonstrate that the model is consistent with long-run stable growth,

provided returns to scale are appropriately constrained. This contrasts

with models of endogenous growth and externalities in which exogenous

population growth can be shown to lead to explosive growth rates; see

Romer (1990). We should also point out that the standard AK model

emerges when rþ g¼ 1 and n¼ 0, and the neoclassical model corresponds

to g¼ 0.

Aggregate consumption in the economy is denoted by C, so that the per

capita consumption of the individual agent at time t is C/N¼Ci, yielding the

agent utility over an infinite time horizon represented by the intertemporal

isoelastic utility function:

X � R1
0

1=cð Þ Cil
h

� �c
e�qtdt; �1< c< 1 ; h> 0; 1> cð1þ hÞ; 1> ch ð2:1bÞ

where 1/(1� c) equals the intertemporal elasticity of substitution, and h
measures the substitutability between consumption and leisure in utility.3 The

remaining constraints on the coefficients in (2.1b) are required to ensure that

the utility function is concave in the quantities C and l.

Agents accumulate physical capital, with expenditure on a given change in

the capital stock, Ii, involving adjustment (installation) costs that we

incorporate in the quadratic (convex) function:

U Ii;Kið Þ � Ii þ hI2i =2Ki ¼ Ii 1þ hIi=2Kið Þ ð2:1cÞ

This equation is an application of the familiar Hayashi (1982) cost of

adjustment framework, where we assume that the adjustment costs are

3 This form of utility function is consistent with the existence of a balanced growth path; see
Ladrón-de-Guevara, Ortigueira, and Santos (1997). The specification in (2.1b) introduces
leisure as an independent argument; they also consider the case where utility derived from
leisure depends upon its interaction with human capital.
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proportional to the rate of investment per unit of installed capital (rather than

its level). The linear homogeneity of this function is necessary if a steady-

state equilibrium having ongoing growth is to be sustained.4

Convex adjustment costs are a standard feature of models of capital

accumulation in small open economies with tradable capital facing a perfect

world capital market, being necessary for such models to give rise to non-

degenerate dynamics; see Turnovsky (1997a). They are, however, less

common in endogenous growth models of closed economies, which typically

treat the accumulation of capital as being determined residually; see e.g.

Barro (1990), Rebelo (1991).5

Adjustment costs turn out to have at least two important roles in this

model, particularly in the basic AK version of the model to be discussed in

Section 2.2. First, they may preclude the existence of a steady-state equi-

librium growth path. Second, they introduce an important flexibility into the

equilibrating process. In equilibrium, the after-tax rates of return on the two

assets available to the economy, traded bonds and capital, must be equal.

Given the linear technology, the marginal physical product of capital is also

constant, so that the equality between these two after-tax rates of return in

general constrains the feasible choice of tax rates. By contrast, the presence of

adjustment costs introduces a variable shadow value of capital (the Tobin q),

which equilibrates the rates of return on these two assets, for any arbitrarily

specified tax rates.

For simplicity we assume that the capital stock does not depreciate, so that

the net rate of capital accumulation is given by:

_Ki ¼ Ii � nKi ð2:1dÞ
In addition, agents have unrestricted access to a world capital market,

being able to accumulate foreign bonds, Bi, which pay an exogenously

determined fixed rate of return, r. We shall assume that income from current

production is taxed at the rate sy, income from bonds is taxed at the rate sb,
while, in addition, consumption is taxed at the rate sc. We shall illustrate the

contrasting implications of different models by analyzing the purely distor-

tionary aspects of taxation and assume that revenues from all taxes are

4 Many applications of the cost of adjustment in the Ramsey model assume that adjustment costs
depend upon the absolute rate of investment, rather than its rate relative to the size of the
capital stock. They also often assume only that it is convex; the assumption of a quadratic
function is made for convenience, simplifying the solution for the equilibrium growth rates in
the endogenous growth model.

5 There are some exceptions; see Turnovsky (1996c) in a closed economy. Baldwin and Forslid
(1999, 2000) emphasize the q-theoretic approach in an open economy.
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rebated to the agent as lump-sum transfers, Ti. Thus the individual agent’s

instantaneous budget constraint is described by:

_Bi ¼ ð1� syÞYi þ rð1� sbÞ � n½ �Bi � ð1þ scÞCi�Ii 1þ h

2

Ii

Ki

� �
þ Ti

ð2:1eÞ
The agent’s decisions are to choose his rates of consumption, Ci, leisure, l,

investment, Ii, and asset accumulation, Bi, Ki, to maximize the intertemporal

utility function (2.1b), subject to the accumulation equations (2.1d) and (2.1e).

The discounted Hamiltonian for this optimization is:

H � e�qt 1

c
Cil

h
� �cþke�qt

�ð1� syÞYi �Ui � ð1þ scÞCi

þ rð1� sbÞ � n½ �Bi � Ti � _Bi

�þ q0e�qt½I � nKi � _Ki�

where k is the shadow value of wealth in the form of internationally traded

bonds and q0 is the shadow value of the agent’s capital stock. Exposition of the

model is simplified by using the shadow value of wealth as numeraire.

Consequently, q� q 0/k can be interpreted as being the market price of capital

in terms of the (unitary) price of foreign bonds.

The optimality conditions with respect to Ci, l, and Ii are respectively:

C
c�1
i lhc ¼ kð1þ scÞ ð2:2aÞ

hCc
i l
hc�1 ¼ kð1� syÞð1� rÞYi

ð1� lÞ ð2:2bÞ

1þ h Ii=Kið Þ ¼ q ð2:2cÞ

Equation (2.2a) equates the marginal utility of consumption to the tax-

adjusted shadow value of wealth, while (2.2b) equates the marginal utility

of leisure to its opportunity cost, the after-tax marginal physical product of

labor (real wage), valued at the shadow value of wealth. The third equation

equates the marginal cost of an additional unit of investment, which is

inclusive of the marginal installation cost hIi/Ki, to the market value of

capital. Equation (2.2c) may be solved to yield the following expression for

the rate of capital accumulation:
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_Ki

Ki

¼ Ii

Ki

� n ¼ q� 1

h
� n � fi ð2:3Þ

With all agents being identical, equation (2.3) implies that the growth rate

of the aggregate capital stock is f¼fiþ n, so that:

I

K
¼

_K

K
¼

_Ki

Ki

þ n ¼ q� 1

h
� f ð2:30Þ

This describes a “Tobin q” theory of investment, with _K >
< 0 according to

whether q >
< 1. Starting from an initial capital stock, K0, the aggregate

capital stock at time t is KðtÞ ¼ K0e

R t

0
fðsÞds

.

Optimizing with respect to Bi and Ki implies the arbitrage relationships:

q�
_k

k
¼ rð1� sbÞ � n ð2:4aÞ

ð1� syÞrYi
qKi

þ _q

q
þ ðq� 1Þ2

2hq
¼ rð1� sbÞ ð2:4bÞ

Equation (2.4a) is the standard Keynes–Ramsey consumption rule, equating

the marginal return on consumption to the growth-adjusted after-tax rate of

return on holding a foreign bond. With q, r, and sb all being constants, it

implies a constant growth rate of marginal utility, k. In contrast to stationary

models of intertemporal capital accumulation, in which, in order to ensure a

finite steady-state equilibrium, we must set k ¼ �k, for all t, implying a

constant level of k, the equilibrium is now consistent with a constant growth

in k; see Turnovsky (2002a). In most of our discussion we assume that

B> 0, so that the agent is a net lender abroad, being taxed on his foreign

income earnings. However, nothing rules out the possibility that B< 0, in

which case the agent is a net borrower, and indeed in subsequent chapters

this case is considered in the situation where the economy faces an upward-

sloping supply curve of debt.

Likewise (2.4b) equates the after-tax rate of return on domestic capital to

the after-tax rate of return on the traded bond. The former has three com-

ponents. The first is the after-tax output per unit of installed capital (valued at

the relative price q), while the second is the rate of capital gain. The third

element, which is less familiar, is equal to (qI�U)/qK. This measures the rate

of return arising from the difference in the valuation of the new capital qI and
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the value of the resources it utilizes, U, per unit of installed capital. This

component reflects the fact that an additional source of benefit from higher

capital stock is the reduction of the installation costs (which depend upon I/K)

associated with new investment.

Finally, in order to ensure that the agent’s intertemporal budget constraint

is met, the following transversality conditions must be imposed:6

lim
t!1 kBie

�qt ¼ 0; lim
t!1 q0Kie

�qt ¼ 0 ð2:4cÞ
The government in this canonical economy plays a limited role. It levies

income taxes on output and foreign interest income, it taxes consumption, and

then rebates all tax revenues. In aggregate, these decisions are subject to the

balanced budget condition:

syY þ sbrBþ scC ¼ T ð2:5Þ

Aggregating (2.1e) over the N individuals, and imposing (2.5) and (2.1d)

leads to:

_B ¼ Y þ rB� C � I 1þ h=2ð Þ I=Kð Þ½ � ð2:6Þ

which describes the country’s current account. It asserts that the rate at which

the economy accumulates foreign bonds equals its trade balance, Y�C� I

(1þ (h/2)(I/K)), plus the interest it is earning on its capital account.

The model can thus be summarized by the five optimality conditions

(2.2a)–(2.2c), (2.4a), and (2.4b), together with the current account rela-

tionship (2.6). If, as many models do, we assume that labor is supplied

inelastically, in that case the optimality condition for labor (2.2b), ceases to

be operative.

2.2 The endogenous growth model

The investment-based endogenous growth model has been the subject of

intensive research since Romer’s seminal paper appeared in 1986. Most

such models assume that labor is supplied inelastically and, as we shall

demonstrate, the endogeneity, or otherwise, of labor is a crucial determinant

of the equilibrium growth rate and its response to economic policy.

6 The transversality condition on debt is equivalent to the national intertemporal budget
constraint.
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The key feature of the endogenous growth model is that it is capable of

generating ongoing growth in the absence of population growth, i.e. n¼ 0. For

this to occur, the production function (2.1a) must exhibit constant returns to

scale in the accumulating factors, individual and aggregate capital, that is:

rþ g ¼ 1 ð2:7Þ

Substituting this into (2.1a), this implies individual and aggregate production

functions of the form:

Yi ¼ a ð1� lÞK½ �gK1�g
i ; Y ¼ a ð1� lÞN½ �gK ð2:8Þ

The individual production function thus has constant returns to scale in private

capital, Ki, and in labor, measured in terms of “efficiency units” (1� l)K.

Summing over agents, the aggregate production function is thus linear in the

endogenously accumulating capital stock. Note that as long as g 6¼ 0 so that

there is an aggregate externality, the average (and marginal) productivity of

capital depends upon the size of the population. Increasing the population,

indefinitely, holding other technological characteristics constant, increases the

productivity of capital and the equilibrium growth rate. The economy is thus

said to have a “scale effect”; see Jones (1995a). While productivity may

increase with population until some critical population level is reached (i.e.

there may be an optimal population level), this clearly cannot continue

indefinitely, since congestion and other impediments to productivity will

eventually set in. Such indefinite scale effects run counter to the empirical

evidence and have been a source of criticism of the AK growth model; see

Backus, Kehoe, and Kehoe (1992). These scale effects can be eliminated from

the AK model if either (i) there are no externalities (g¼ 0), or (ii) the individual

production function (2.1a) is modified to:

Yi ¼ að1� lÞ1�r
Kr
i K=Nð Þg ð2:1a0Þ

so that the externality depends upon the average, rather than the aggregate,

capital stock; see Mulligan and Sala-i-Martin (1993). Henceforth, throughout

this chapter, we shall normalize the size of the population at N¼ 1 and thereby

sidestep the issue of scale effects.

2.2.1 Inelastic labor supply

Throughout the remainder of this chapter, we focus on the case where labor is

supplied inelastically, i.e. l ¼ �l. With population normalized, the individual
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and aggregate production functions are of the pure AK form:

Yi ¼ AKr
i K

1�r; Y ¼ AK ð2:9Þ

where A � að1��lÞ1�r
is a fixed constant. With the labor supply fixed, both

the marginal and average productivity of capital are constant. The specifi-

cation of the technology, consistent with ongoing growth, is a very strong

knife-edge condition, one for which the endogenous growth model has been

criticized; see Solow (1994).7

To determine the macroeconomic equilibrium, we first take the time

differential of (2.2a), which with labor supplied inelastically implies:

ð1� cÞ
_C

C
¼ �

_k
k

and then combine the resulting equationwith (2.4a) (and zero population growth):

_C

C
¼ rð1� sbÞ � q

1� c
� w ð2:10Þ

An immediate consequence of (2.10) is that the equilibrium growth rate of

domestic consumption is proportional to the difference between the after-tax

rate of return on foreign bonds and the (domestic) rate of time preference. From

a policy perspective, it also implies that the consumption growth rate varies

inversely with the tax on foreign interest income, but is independent of all other

tax rates. Solving this equation implies that the level of consumption at time t is:

CðtÞ ¼ Cð0Þewt ð2:11Þ

where the initial level of consumption C(0) is yet to be determined.

The critical determinant of the growth rate of capital is the relative price of

installed capital, q, the path of which is determined by the arbitrage condition

(2.4b). To analyze this further, we rewrite (2.4b) as the following nonlinear

differential equation with constant coefficients:

_q ¼ ½rð1� sbÞq� Arð1� syÞ� � ðq� 1Þ2
2h

� HðqÞ ð2:12Þ

7 Note that the technology (2.9) is identical to that of the original Harrod–Domar model, of
which the AK model is a modern counterpart. It was Harrod himself who originally referred to
the “knife-edge” characteristics of his model.
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In order for the capital stock domiciled in the economy ultimately to follow a

path of steady growth (or decline), the stationary solution to this equation

attained when _q ¼ 0 must have (at least) one real solution. Setting _q ¼ 0 in

(2.12), implies that the steady-state value of q, ~q say, must be a solution to the

quadratic equation:

Arð1� syÞ þ ðq� 1Þ2
2h

¼ rqð1� sbÞ ð2:13Þ

Equation (2.13) also emphasizes the importance of adjustment costs and the

associated market price in equilibrating the rates of return. In the absence of

such costs (h! 0, q! 1), (2.13) reduces to Ar(1� sy)¼ r(1� sb). Since A

and r are given constants, this condition imposes a fixed constraint on the two

tax rates when capital is freely adjustable; in this case they cannot be set

independently.8

A necessary and sufficient condition for the capital stock ultimately to

converge to a steady growth path is that this equation have real roots, and this

will be so if and only if:

Arð1� syÞ � rð1� sbÞ 1þ hrð1� sbÞ
2

� �
ð2:14Þ

The smaller the adjustment cost, h, the smaller must the marginal physical

product of capital A be, in order for a balanced growth path for capital to

exist. This is because there is a tradeoff between the first and third com-

ponents of the rates of return to capital given by the left-hand side of (2.4b).

The smaller the adjustment cost h, the greater the returns to capital due to

valuation differences between installed capital and the embodied resources

and the greater the incentives to transform new output to capital. If for a

given h, A is sufficiently large to reverse (2.14), the returns to capital

dominate the returns to bonds, irrespective of the price of capital, so that no

long-run balanced equilibrium can exist where the returns on the two assets

are brought into equality.

Figure 2.1 illustrates the phase diagram for the differential equation (2.12)

in the case where (2.14) holds, so that a steady asymptotic growth path for

capital does indeed exist. In this case, the real solutions to the quadratic

equation (2.13) are:

8 We may also point out that if the convexity of the adjustment costs is represented by a higher-
order term than a quadratic, then (2.13) would have more solutions and quite plausibly a
multiplicity of feasible solutions.
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q1 ¼ 1þ hrð1� sbÞ½ � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ hrð1� sbÞ½ �2� 1þ 2hArð1� syÞ

� �q
ð2:15aÞ

q2 ¼ 1þ hrð1� sbÞ½ � þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ hrð1� sbÞ½ �2� 1þ 2hArð1� syÞ

� �q
ð2:15bÞ

indicating the potential existence for two steady equilibrium growth rates for

capital. Two cases can be identified:

Case I: r(1� sb) > Ar(1� sy), which implies q2 > 1 > q1 > 0

Case II: r(1� sb) < Ar(1� sy), which implies q2 > q1 > 1

In either case it is seen from the phase diagram that the equilibrium point

A, which corresponds to the smaller equilibrium value, q1, is an unstable

equilibrium, while B, which corresponds to the larger value, q2, is locally

stable. That is, if the system starts off with an initial value of q lying to the

right of the point A, it will converge to B. Likewise, if it starts to the right of

B, it will return to B. However, any time path for q which converges to B

violates the transversality condition (2.4c). To see this, observe that:

q

q

A B

negative root
(unstable)

positive root
(stable)

Figure 2.1 Phase diagram
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lim
t!1 q0Ke�qt ¼ lim

t!1 qkKe�qt

Solving equations (2.30) and (2.4a), implies KðtÞ ¼ K0e

R t

0
fðsÞds

;

kðtÞ ¼ kð0Þeðq�rð1�sbÞÞt , where K0 is the given initial stock of domestic capital

and k(0) is the endogenously determined initial marginal utility, so that:

lim
t!1 q0Ke�qt ¼ lim

t!1 qkð0ÞK0e

R t

0
½qðsÞ�1�=hð Þds

n o
�rð1�sbÞt ð2:16Þ

Substituting the larger root, q2, from (2.15b) into this expression, it is seen

that this limit diverges, thereby violating the transversality condition on the

capital stock. Likewise, substituting the smaller root, q1, from (2.15a), the

transversality condition is shown to hold.9 The behavior of q can thus be

summarized by:

Proposition 2.1: The only solution for q that is consistent with the trans-

versality condition is that q always be at the (unstable) steady-state solution

q1, given by the smaller root to (2.13). Consequently there are no transi-

tional dynamics in the market price of capital q. In response to any shock, q

immediately jumps to its new equilibrium value. Correspondingly,

domestically domiciled capital is always on its steady growth path, growing

at the rate f¼ (q1� 1)/h.

The domestic government is assumed to maintain a continuously balanced

budget in accordance with (2.5), with all tax revenues being rebated back to the

private sector, implying that the net rate of accumulation of traded bonds by the

private sector, the current account balance, is described by (2.6). Substituting

the expressions I and K(t) from (2.30) and C(t) from (2.11) into (2.6), this

accumulation equation can be written in the form:

_B ¼ rBþ #K0e
ft � Cð0Þewt ð2:17Þ

9 There are some intermediate steps here that should be noted. If q were to converge to the larger
(stable) root, q2, it would do so along the stable adjustment path q(s)¼ q2þ (q(0)� q2)e

lt,
where l< 0, is the corresponding stable eigenvalue. Along this path:

Z t

0

½qðsÞ � 1�=hð Þds ¼ ½q2 � 1�=hð Þt þ ½qð0Þ � q2�=lð Þ elt � 1ð Þ

Substituting this expression into (2.16), evaluating the expression, and letting t!1 we verify
that the transversality condition is indeed violated, as suggested in the text. In the case of the
smaller (unstable) root there are no transitional dynamics; q is always at the unstable root and
the fact that it satisfies the transversality condition can be verified by substituting q(s)¼ q1 into
(2.16) and evaluating the expression directly.
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where f and w are as defined in (2.30) and (2.10) respectively, and:

# � A� q2 � 1ð Þ
2h

¼ qðr � fÞ þ A½1� rð1� syÞ� � qrsb
� � ð2:18Þ

The q appearing in (2.18) is the smaller root, q1, reported in (2.15a), though

for notational convenience the subscript 1 will henceforth be omitted.

The final step is to solve (2.17), which describes the accumulation of

traded bonds. Starting from a given initial stock B0, the stock of traded bonds

at time t is given by:

BðtÞ ¼ B0 þ #K0

r � f
� Cð0Þ
r � w

� �
ert � #K0

r � f
eft þ Cð0Þ

r � w
ewt ð2:19Þ

In order to ensure national intertemporal solvency, the transversality condi-

tions lim
t!1 kBe�qt ¼ lim

t!1 kð0ÞBe�rð1�sbÞt ¼ 0 must be satisfied, and this will

hold if and only if:

rð1� sbÞ � f> 0 ð2:20aÞ

rð1� sbÞ � w> 0 ð2:20bÞ

Cð0Þ ¼ ðr � wÞ B0 þ #K0

r � f

� �
ð2:20cÞ

Condition (2.20a) is ensured by the solution q1, while (2.20b) imposes an

upper bound on the rate of growth of consumption. This latter condition

reduces to q > cr(1� sb) and is certainly met in the case of a logarithmic

utility function. The third condition determines the feasible initial level of

consumption and if this condition is imposed, the equilibrium stock of traded

bonds follows the path:

BðtÞ ¼ B0 þ #K0

r � f

� �
ewt � #K0

r � f

� �
eft ð2:21Þ

2.3 Equilibrium in one-good model

Equations (2.30), (2.11), and (2.21), together with the solution for q and

the initial condition (2.20c), comprise a closed-form solution describing

the evolution of the small open economy starting from given initial stocks
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of traded bonds, B0, and capital stock, K0. One additional variable of

importance is domestic wealth, W(t)¼B(t)þ qK(t), which can be expressed

as follows:

WðtÞ ¼ B0 þ qK0ð Þewt þ #

r � f
� 1

� �
K0 ewt � eft
� � ð2:22Þ

A key quantity in the above solution is (#/(r�f)). From the definition

appearing in (2.18), this equals [qþ (A[1� r(1� sy)]� qrsb)]/(r�f) and

represents the price of capital, adjusted for both taxes and the aggregate

production externality. Thus we shall define WT (t)�B(t)þ (#/(r�f))K(t) to
be “adjusted” wealth. Consequently, equation (2.20c) indicates that the initial

consumption C(0) is proportional to the initial adjusted wealth WT (0).

Furthermore, combining (2.30) and (2.21), we see that WT (t)¼WT (0)e
wt, so

that with consumption growing at the same rate, consumption is proportional

to the adjusted wealth at all points of time.

The following three additional general characteristics of this equilibrium

can be observed.

(i) Consumption and adjusted wealth on the one hand, and physical capital

on the other, are always on their respective steady-state growth paths, growing

at the rates w and f respectively. The former is driven by the difference

between the after-tax rate of return on foreign bonds and the domestic rate of

time preference; the latter by q, which is determined by the technological

conditions in the domestic economy, as represented by the marginal physical

product of capital rA, and adjustment costs h, relative to the return on foreign

assets. For the simple linear production function, the rate of growth of capital

also determines the equilibrium growth of domestic output, Ẏ/Y.

Thus an important feature of this equilibrium is that it can sustain differ-

ential growth rates of consumption and domestic output. This is a consequence

of the economy being small and open. It is in sharp contrast to a closed

economy in which, constrained by the growth of its own resources, all real

variables, including consumption and output, would ultimately have to grow at

the same rate. In order to sustain such an equilibrium we shall assume that the

country is sufficiently small that it can maintain a growth rate that is unrelated

to that in the rest of the world. Ultimately, this requirement imposes a con-

straint on the growth rate of the domestic economy. If it grows faster than does

the rest of the world, at some point it will cease to be small. While we do not

attempt to resolve this issue here, we note that the question of convergence

of international growth rates has been an area of intensive research activity; see

e.g. Barro and Sala-i-Martin (1992b), Mankiw, Romer, and Weil (1992), Razin

and Yuen (1994, 1996), Galor (1996), Quah (1996).
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(ii) Holdings of traded bonds are subject to transitional dynamics, in the

sense that their growth rate Ḃ/B varies through time. Asymptotically, the

growth rate converges to [w, f], and which it will be depends critically

upon the size of the consumer rate of time preference relative to the rates of

return on investment opportunities. In the case of the logarithmic utility

function (c¼ 0)

sgnðf� wÞ ¼ sgn q� 1

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ hrð1� sbÞ½ �2� 1þ 2hArð1� syÞ

� �q� �
ð2:23Þ

Suppose that domestic agents are sufficiently patient (i.e. q is sufficiently

small) that both expressions appearing in (2.23) are negative. Thus w > f
and in the long run domestic consumption will grow at a faster rate than the

domestic capital stock or domestic output. Being patient, the agents choose

to consume a small fraction of their tax-adjusted wealth. This enables them

to accumulate foreign assets, running up a current account surplus and

generating a positively growing stock of foreign assets. It is the income from

these assets that permits the small economy to sustain a long-run growth rate

of consumption in excess of the growth rate of domestic productive capacity.

The opposite applies if w < f. In the long run, the country accumulates an

ever increasing foreign debt (see [2.21]) and is unable to maintain a con-

sumption growth rate equal to that of domestic output.10

(iii) The final feature of the equilibrium is that with all taxes being fully

rebated, it is completely neutral with respect to the consumption tax, which

has no effect on any aspect of the economic performance. In this circum-

stance, the consumption tax acts like a pure lump-sum tax. This is because

the labor supply is assumed to be fixed so that we are excluding a possible

labor–leisure choice, which in general causes the consumption tax to have

real effects.

2.3.1 Taxes and growth

With the neutrality of consumption taxes, we can focus on the two forms of

income taxation. Differentiating the solution for q1, together with the

10 The result that a patient country is able to sustain a higher long-run consumption growth
rate than an impatient country is analogous to the result of Jones and Manuelli (1990),
where they show that with identical rates of time preference, a country without taxes will
grow at a faster rate than one with taxes. The parallel can be seen most directly from
equation (2.10) where increasing patience (reducing q) is equivalent to reducing the tax
rate. Jones and Manuelli also briefly discuss heterogeneous agents having different rates of
time preference.
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definition of the growth rate of capital we obtain

dq

dsb
¼ qr

rð1� sbÞ � f
> 0 ð2:24aÞ

dq

dsy
¼ � Ar

rð1� sbÞ � f
< 0 ð2:24bÞ

We may thus state:

Proposition 2.2: An increase in the tax on bond income increases the growth

rate of capital and reduces the growth rate of consumption. An increase in the

tax on capital income reduces the growth rate of capital, but leaves the growth

rate of consumption unaffected.

Intuitively, an increase in the tax on bond income lowers the rate of return on

bonds, thereby inducing investors to increase the proportion of capital in their

portfolios, raising the price of capital and inducing growth in capital. In

addition, this tax induces agents to switch from saving to consumption,

increasing the ratio of consumption to tax-adjusted wealth. This slows down

the rate of growth of consumption. An increase in the tax on capital income

generates the opposite portfolio response, lowering the growth rate of capital.

On the other hand, the growth rate (but not the level) of consumption is

unaffected by the tax on capital income.

2.3.2 Taxes and welfare

A key issue concerns the effects of tax changes, on the level of welfare of the

representative agent, when consumption follows its optimal path, namely the

expression:11

X ¼
Z 1

0

1

c
Cð0Þewt½ �ce�qtdt ¼ Cð0Þ½ �c

cðq� cwÞ ð2:25Þ

Thus, the overall intertemporal welfare effects of any policy change depend

upon their effects on (i) the initial consumption level, and (ii) the growth rate

of consumption.

11 The transversality condition (2.20b) implies that q>wc so that the integral in (2.25)
converges.
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Consider first a change in the tax on capital sy. Its effect on the initial level

of utility (1/c) [C(0)]c, say, is given by [C(0)]c�1 (@C(0)/@sy). Starting from

an initial situation of zero taxes:

@Cð0Þ
@sy

¼ ðr � wÞ @q

@sy
þ Ar
r � f

� �
¼ 0 ð2:26Þ

leaving initial welfare unaffected. It then follows from (2.25) that since it has

no effect on the consumption growth rate, the capital income tax has no

impact on the time profile of utility, leaving total overall discounted welfare

unchanged as well.

The effect of a tax on bond income on welfare has two components. Starting

from an initial zero tax equilibrium, its impact on initial consumption is:

@Cð0Þ
@sb

¼ r

1� c
B0 þ hK0

r � f

� �
þ ðr � wÞ @q

@sb
� qr

r � f

� �
ð2:27Þ

The first component reflects the fact that the higher tax on bond income raises

the fraction of tax-adjusted wealth that is consumed and this is welfare-

improving. The second component is the effect on the tax-adjusted price of

capital and, as for the capital income tax, this is zero. Thus in the short run, a

higher tax on bond income raises consumption and is therefore welfare-

improving. However, its effect on the growth rate of consumption is negative,

so that the short-run gains come at the expense of longer-run losses. Indeed, it

is straightforward to establish that the net effects on the discounted utility

measure (2.25) are exactly offsetting so that starting from zero taxes, the

imposition of a tax on bond income (with appropriate rebating) has no effects

on overall intertemporal welfare. All it does is to redistribute the time path of

consumer welfare. We may summarize these results in:

Proposition 2.3: Starting from zero taxes, an increase in either form of income

tax leaves the overall level of welfare unchanged. However, the two taxes do

have fundamentally different effects on the time profile of consumer welfare.

2.3.3 Wasted tax revenues

An alternative assumption for separating tax from expenditure effects,

introduced for example by Rebelo (1991), is that the tax revenues, instead of

being rebated, are wasted on useless government expenditure which has no
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effect on the behavior of the private sector or the resources available to it. The

components of the equilibrium determined by the optimality conditions

characterizing the behavior of the representative agent remain unchanged. In

particular, the equilibrium value of q and the growth of capital f remain as

described in Proposition 2.1. The equilibrium growth rate of consumption w,
which is determined by: _k=k, also remains unchanged, as defined in (2.10).

Because the tax revenues are no longer rebated, what changes is the level of

consumption and the measure of wealth to which it is tied. Specifically, one

can show that now the evolution of wealth and consumption are related by:

_W ¼ rð1� sbÞW � ð1þ scÞCð0Þewt

The solution to this equation, together with the transversality condition,

implies that the equilibrium consumption to wealth ratio is now the following

constant:

CðtÞ
WðtÞ ¼ q� cw

1þ sc
ð2:28Þ

and wealth grows at the same steady rate as consumption.

Tax rates impact on the various growth rates in much the same way as

before. The tax on foreign bond income raises q and thus the growth rate of

capital and domestic output, while it lowers the growth rate of total wealth and

consumption. The tax on capital income lowers the growth rate of capital, but

has no effect on the growth rates of consumption or wealth. The lack of impact

on the growth of wealth is different from (2.22), which implied that with

rebating, the capital income tax will influence the transitional path of wealth.

The consumption tax has no effect on any growth rate nor does it affect

wealth. However, it does lower the consumption to wealth ratio and therefore

the level of consumption at all points of time. In the absence of rebating this is

unambiguously welfare-deteriorating. A tax on capital income leaves the

consumption to wealth ratio unchanged. But by reducing the price of capital,

q, it reduces wealth, thereby lowering consumption at all points of time, and it

too is unambiguously welfare-deteriorating.

The tax on foreign bond income is less clear. By increasing q it raises

wealth, while at the same time reducing the consumption–wealth ratio, and

this may result in either a higher or lower level of consumption in the short

run. But by reducing the growth rate of consumption it always induces long-

run losses. The foreign bond tax will always be ultimately welfare-deteriorating

if w > f, when the domestic economy is a net creditor. However, if f > w, so
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that the economy is ultimately a net debtor, then such a tax may become

welfare-enhancing. The reason is simply that without rebating, in this case it

represents a subsidy rather than a tax.

2.4 Productive government expenditure

Thus far we have focused on the taxation side of the government budget. But

most tax revenues are used to finance government expenditures, which pro-

vide some benefits to the economy. We shall focus on government expend-

iture that enhances the productive capacity of the economy, identifying such

expenditures as being on some form of infrastructure.

2.4.1 The Barro model

This model was first applied to a closed economy by Barro (1990) and, like

Barro, we shall make the simplifying assumption that the benefits are derived

from the flow of productive government expenditures.12 In Chapter 4 below,

we shall discuss in some detail the more plausible case where it is the

accumulated stock of government expenditure that is the more appropriate

measure of productive government expenditure.

We continue to abstract from labor (maintaining l ¼ �l ) and assume that the

production function of the representative firm is now specified by:

Yi ¼ AGg
sK

1�g
i � A Gs=Kið ÞgKi; 0< g < 1 ð2:29Þ

where Gs denotes the flow of productive services enjoyed by the individual

firm. As in Section 2.3, we assume that the population growth n¼ 0. Thus

productive expenditure has the property of positive, but diminishing, mar-

ginal physical product, while enhancing the productivity of private capital.

We shall assume that the services derived from aggregate expenditure,G, are:

Gs ¼ G
Ki

K

� �1�e

ð2:30Þ

whereK denotes the aggregate capital stock. As Barro and Sala-i-Martin (1992a)

have argued, most public services are characterized by some degree of

12 In Turnovsky (1996b) we discuss the parallel case where government expenditure is on a
utility-enhancing consumption good.
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congestion; there are few pure public goods. It is straightforward to parameterize

the degree of congestion. This is important since the degree of congestion is to

some extent the outcome of a policy decision, and, once determined, congestion

turns out to be a critical determinant of optimal tax policy. Substituting (2.30)

into (2.29), the individual’s production function can be expressed as:

Yi ¼ AGg Ki

K

� �gð1�eÞ
K

1�g
i ¼ AGgK

1�eg
i K�gð1�eÞ ð2:31Þ

Equation (2.30) is one convenient formulation of congestion that builds on

the public goods literature; see Edwards (1990). It implies that in order for the

level of public services, Gs, available to the individual agent to remain

constant over time, given his individual capital stock, Ki, the growth rate of

G must be related to that of K in accordance with _G


G ¼ ð1� eÞ _K
K.

Congestion increases if aggregate usage increases relative to individual usage,

and a good example of this type of congestion is the service provided by

highways. Unless an individual drives his car (uses his capital), he derives no

service from a publicly provided highway, and in general, the service he

derives depends upon his own usage relative to that of others in the economy,

as total usage contributes to congestion.

The parameter e can be interpreted as describing the degree of relative

congestion associated with the public good, and the following special cases

merit comment. If e¼ 1, the level of services derived by the individual from

the government expenditure is fixed at G, independent of both the

individual’s own usage of capital and aggregate usage. The good G is a non-

rival, non-excludable public good that is available equally to each individ-

ual; there is no congestion. Since few, if any, such public goods exist, it is

probably best viewed as a benchmark. At the other extreme, if e¼ 0, then

only if G increases in direct proportion to the aggregate capital stock, K, does

the level of the public service available to the individual remain fixed. We

shall refer to this case as being one of proportional (relative) congestion. In

that case, the public good is like a private good, in that since K¼NKi, the

individual receives his proportionate share of services. This can be seen by

setting e¼ 0 in (2.31).

In order to sustain an equilibrium of ongoing growth, government

expenditure cannot be fixed at some exogenous level, but rather must be tied

to the scale of the economy. This can be achieved most conveniently by

assuming that the government sets its level of expenditure as a share of

aggregate output, Y¼NYi:
G ¼ gY ð2:32Þ
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In an environment of growth this is a reasonable assumption. Government

expenditure thus increases with the size of the economy, with an expan-

sionary government expenditure being denoted by an increase in g.

Summing (2.29) over the N identical agents and substituting (2.30) and

(2.32), we obtain

G ¼ AgNgeð Þ1=ð1�gÞ
K

Yi ¼ AggNgeð Þ1=ð1�gÞ
Ki

Y ¼ AggNgeð Þ1=ð1�gÞ
K

ð2:33Þ

In equilibrium, each firm thus has the fixed AK technology, as does

aggregate output, where the productivity of capital depends (positively)

upon the productive government input. Notice that provided ge > 0, the

productivity of capital depends upon the size (scale) of the economy, as

parameterized by the fixed population, N. This is because the size of the

externality generated by government expenditure increases with the size of

the economy, playing an analogous role to aggregate capital in the Romer

(1986) model. As in that model, this scale effect disappears if e¼ 0, so that

there is proportional congestion and each agent receives his own individual

share of government services, G/N.

We now re-solve the representative individual’s optimization problem. In

so doing, he is assumed to take aggregate government spending, G, and the

aggregate stock of capital, K, as given, insofar as these impact on the

productivity of his capital stock. Performing the optimization, the optimality

conditions (2.2a), (2.2c), and (2.4a) remain unchanged. The optimality

condition with respect to capital is now modified to:

ð1� syÞð1� geÞYi
qKi

þ _q

q
þ ðq� 1Þ2

2hq
¼ rð1� sbÞ ð2:4b0Þ

The difference is that the private marginal physical product of capital is now

proportional to (1� ge), depending both upon the degree of congestion and

the productivity of government expenditure. The less congestion (the larger e),
the less the benefits of government expenditure are tied to the usage of private

capital, thus lowering the return. The other modifications are to the govern-

ment budget constraint (2.5) and the current account relationship (2.6), which

are modified to:

syY þ sbrBþ scC ¼ G ð2:50Þ
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and

_B ¼ Y þ rB� C � I 1þ h=2ð Þ I=Kð Þ½ � � G ð2:60Þ
The key point to be made is that the equilibrium structure basically

remains intact. The consumption growth rate is still given by (2.10). The

growth rates of the capital stock and therefore output continue to be given

by (2.30) where q is the smaller root to the quadratic equation (2.4b0). It is
clear from this relationship that the growth rate of production is affected by

both the tax rates and government expenditure insofar as the latter influ-

ences the equilibrium productivity of capital, as indicated in (2.31).

2.4.2 Optimal fiscal policy

It is clear from Section 2.4.1 that in this model, growth and economic

performance are heavily influenced by fiscal policy. This naturally leads to

the important question of the optimal tax structure. To address this issue it is

convenient to consider, as a benchmark, the first-best optimum of the central

planner, who controls resources directly, against which the decentralized

economy can be assessed. The central planner is assumed to internalize the

equilibrium relationship NKi¼K, as well as the expenditure rule (2.32). The

optimality conditions are now modified to:

C
c�1
i ¼ k ð2:2a0Þ

1þ h Ii=Kið Þ ¼ q ð2:2c0Þ

q�
_k
k
¼ r ð2:4a00Þ

ð1� gÞYi
qKi

þ _q

q
þ ðq� 1Þ2

2hq
¼ r ð2:4b00Þ

The key difference is that the social return to capital nets out the fraction of

output appropriated by the government.

It is straightforward to show that the decentralized economy will repli-

cate the first-best equilibrium of the centrally planned economy if and

only if:

sb ¼ 0 ð2:34aÞ
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ð1� gÞ ¼ ð1� syÞð1� egÞ ð2:34bÞ

The first condition follows from the fact that since there is no distortion to

correct in the international bond market the optimal tax on foreign bond

income should be zero. By contrast, government expenditure, by being

tied to the stock of capital in the economy, induces spillovers into the

domestic capital market, generating distortions that require a tax on capital

income in order to ensure that the net private return on capital equals its

social return.

To better understand (2.34b), it is useful to observe that the welfare-

maximizing share of government expenditure is (Barro, 1990):13

ĝ ¼ g ð2:35Þ

Substituting (2.35) into (2.34b) and simplifying, the optimal income tax can

be expressed in the form:

ŝy ¼ g� ge
1� ge

¼ g� ĝ

1� ge
þ ĝð1� eÞ
ð1� geÞ ð2:34b0Þ

In order to finance its expenditures (2.50), the government must, in con-

junction with ŝy, set a corresponding consumption tax ŝc:

ŝc ¼ geð1� gÞ
ð1� geÞ C=Yð Þ ð2:34cÞ

Equation (2.34b0) emphasizes that the optimal tax on capital income

corrects for two distortions. The first is due to the deviation in government

expenditure from the optimum; the second is caused by congestion. Com-

paring (2.34b0) and (2.34c) we see that there is a tradeoff between the income

tax and the consumption tax in achieving these objectives, and that this

depends primarily upon the degree of congestion. In the case where e¼ 1, so

that there is no congestion, capital income should be taxed only to the extent

that the share of government expenditure deviates from the social optimum.

The tradeoff between the two taxes is seen most directly if g is set optimally

in accordance with (2.35). In this case, if there is no congestion, government

expenditure should be fully financed by a consumption tax alone; capital

13 This is obtained by maximizing utility with respect to g. We can also show that setting g in
accordance with (2.35) maximizes the output growth rate, just as it does in the closed
economy. But in contrast to the closed economy, the consumption growth rate is given by
(2.10) and is independent of government spending.
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income should remain untaxed. As congestion increases (e declines), the

optimal consumption tax should be reduced and the income tax increased

until, with proportional congestion, government expenditure should be

financed entirely by an income tax.

It is useful to compare the present optimal tax on capital with the well-

known Chamley (1986) proposition which requires that asymptotically the

optimal tax on capital should converge to zero. The Chamley analysis did

not consider any externalities from government expenditure. Setting g¼ 0,

we still find that the optimal tax on capital is equal to the share of output

claimed by the government (ŝy ¼ g). The difference is that by specifying

government expenditure as a fraction of output, its level is not exogenous,

but instead is proportional to the size of the growing capital stock. The

decision to accumulate capital stock by the private sector leads to an

increase in the supply of public goods in the future. If the private sector

treats government spending as independent of its investment decision

(when in fact it is not), a tax on capital is necessary to internalize the

externality and thereby correct the distortion. Thus, in general, the Chamley

rule of not taxing capital in the long run will be non-optimal, although it

will emerge in the special case where g¼ ge, in which case there is no

spillover from government expenditure to the capital market.

2.5 Two immediate generalizations

As we have noted, an equilibrium of ongoing growth will emerge only if the

underlying preference and production functions yield an equilibrium in

which the ratios of the endogenously growing quantities are constant. This

involves severe restrictions, and indeed we have focused on the Cobb–

Douglas production function and a constant elasticity utility function. Both

of these specifications can be generalized to some degree, as we now briefly

discuss.

2.5.1 More general production function

The critical feature of the production function is that it be homogeneous of

degree one in the accumulating factors. Thus for example, the production

function for the individual firm in (2.8) could be generalized to:

Yi ¼ F ð1� lÞK½ �;Kið Þ ð2:36Þ
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where F(· , ·) is homogeneous of degree one in its two arguments. Using the

homogeneity, the equilibrium marginal product of capital (obtained by

imposing the equilibrium condition Ki¼K) is:

@Yi
@Ki

¼ f ð1� lÞ � ð1� lÞf 0ð1� lÞ

where f(1� l)�F(1� l, 1) and equilibrium aggregate output is:

Y ¼ NYi ¼ F
ð1� lÞK

Ki

; 1

� �
NKi ¼ f ð1� lÞK

This structure enables all of the previous analysis to go through without

imposing the Cobb–Douglas specification. An example of this more general

specification is provided in the analysis involving public capital discussed in

the latter part of Chapter 4. It is illustrated further in the numerical simu-

lations carried out in Chapter 8, which employ the constant elasticity of

substitution (CES) production function.

2.5.2 More general utility specification

Our analysis has focused on a single traded good, which again is a restriction

and obviously precludes consideration of some of the key issues in inter-

national economics, pertaining to the real exchange rate, for example. While

we shall take up this issue in greater depth in Chapter 5, where we develop a

richer two-sector model, we shall indicate one straightforward extension of the

present analysis that can easily accommodate two consumption goods, one

produced domestically, the other imported. This type of specification has been

extensively used in studying terms of trade shocks in the context of the

Laursen–Metzler (1950) effect; see e.g. Obstfeld (1982).

Suppose that the instantaneous utility function is of the constant elasticity

of substitution (CES) form:

U ¼ 1

c
aC�m

D þ ð1� aÞC�m
M

� ��c
m

where e � 1
1þv

is the elasticity of substitution in consumption between CD, a

domestically produced good, and CM, an imported consumption good. Let us

consider a small open economy which faces a fixed relative price, p, between

these two goods. Dropping the index for the individual, we assume that the

consumer’s objective is to maximize:
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Z 1

0

1

c
aC�m

D þ ð1� aÞC�m
M

� ��c
me�qtdt ð2:37aÞ

subject to the accumulation equation modified to:

_B ¼ ð1� syÞY þ rð1� sbÞ � n½ �B� ð1þ scÞ½CD þ pCM �
� I 1þ h

2

I

K

� �
þ T ð2:37bÞ

together with the previous production and capital accumulation conditions.

The difference arises with respect to the equilibrium conditions for

consumption and we shall focus our attention on them, since all other

conditions remain unchanged. There are now two optimality conditions for

consumption:

aC�m
D þ ð1� aÞC�m

M

� ��ðcþmÞ
m aC�m�1

D ¼ k ð2:38aÞ

aC�m
D þ ð1� aÞC�m

M

� ��ðcþmÞ
m ð1� aÞC�m�1

M ¼ kp ð2:38bÞ

Dividing (2.38b) by (2.38a) yields:

ð1� aÞCmþ1
D ¼ apCmþ1

M

Now define:

C1þm � C1þm
D þ pC1þm

M

It then follows that:

CD ¼ a
1

1þmC ð2:39aÞ

CM ¼ 1� a

p

� � 1
1þm

C ð2:39bÞ

With a, p being constant, we immediately have:

_CD

CD

¼
_CM

CM

¼
_C

C
ð2:40Þ
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Now take the time derivative of (2.38a):

�ð1þ mÞ
_CD

CD

þ ðcþ mÞ aC�m
D

_CD



CD

� �þ ð1� aÞC�m
M

_CM



CM

� �
aC�m

D þ ð1� aÞC�m
M

" #
¼

_k
k

and combine this equation with (2.40) and (2.4a). This yields:

_CD

CD

¼
_CM

CM

¼
_C

C
¼ rð1� sbÞ � q

1� c
ð2:41Þ

It thus follows that consumption of the two goods, the domestic

and imported, grows at the same rate, as does aggregate consumption,

Ĉ �CDþ pCM. Moreover, since the growth rate of production is inde-

pendent of consumption, the growth rate of capital and output will be

unaffected by the presence of the second consumption good. Its impact will

be on the accumulation of traded bonds as reflected in (2.37b).
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3

Basic growth model with endogenous

labor supply

3.1 Introduction

The endogenous growth model analyzed in Chapter 2 includes two interde-

pendent critical knife-edge restrictions: (i) inelastic labor supply, and (ii)

fixed productivity of capital. The structure of the equilibrium changes fun-

damentally when the labor supply is endogenized. This introduces two key

changes. The first is that the production function is modified to (2.8), so that

the productivity of capital now depends positively upon the fraction of time

devoted to productive labor. Second, the fixed endowment of a unit of time

leads to the requirement that the steady-state allocation of time between labor

and leisure must be constant. This latter condition provides a link between the

long-run rate of growth of consumption and the rate of growth of output,

forcing them to grow at the same constant rate.

In this chapter we address the role of an elastic supply of labor in some

depth, focusing particularly on the effectiveness of fiscal policy in such an

economy. As in a closed economy, endogenizing labor supply leads to

important changes in the equilibrium structure of the economy, and has

important implications for fiscal policy. But in contrast to the closed econ-

omy, the introduction of an elastic labor supply yields a less, rather than a

more, potent role for distortionary taxes in influencing the equilibrium growth

rate. Not only do the taxes on wage income and consumption continue to have

very limited effects, but now, in addition, the capital income tax ceases to

have any effect on the growth rate of output and capital. All the adjustment to

a capital income tax now takes place through the labor–leisure choice and the

resulting adjustment in the capital–labor ratio. Indeed, with elastically sup-

plied labor, the equilibrium growth rate of output becomes independent of

almost all fiscal instruments, including government expenditure, the only

instrument to have any influence being the tax on foreign interest income.
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The fact that the equilibrium growth rate is invariant with respect to the

main fiscal instruments is of interest to the recent debate regarding

the empirical relevance of the AK endogenous growth model. Empirical

studies by Easterly and Rebelo (1993), Jones (1995b), and Stokey and Rebelo

(1995), which suggest that the effects of tax rates on long-run growth rates

are insignificant, or weak at best, have been taken as evidence against AK

models that predict large growth effects from taxation. However, the impli-

cations of the present model of a small open economy with endogenous

labor supply turn out to be entirely consistent with these empirical findings,

which may therefore be viewed as being supportive of this form of AK growth

model.

Our analysis of fiscal policy focuses on two general issues. First, we

conduct a number of comparative static exercises, analyzing the effects of

distortionary tax changes and government expenditure changes (which we

take to be on a productive good) on the equilibrium growth–leisure

(employment) tradeoff. We find many striking contrasts between the effects

of various policy changes in closed and open economies respectively. For

example, an increase in the tax on capital income in the decentralized

economy now leads to a decline in leisure (increase in labor supply), whereas

in the analogous closed economy just the opposite occurs. Likewise, an

increase in government expenditure in the present open economy, financed by

a lump-sum tax, leads to an increase in leisure (decline in labor supply), again

in contrast to the closed economy.

The key mechanism generating these results is the assumption that the small

open economy has access to a perfect world capital market that pays a fixed

rate of return, r. This rate of return, together with preference parameters, pins

down the equilibrium growth rate. The equilibrium equality between the after-

tax rates of return on domestic capital and foreign bonds then determines the

equilibrium output–capital ratio, which is increasing in labor supply and gov-

ernment expenditure. An increase in the tax on capital income reduces the net

return on capital and requires an increase in labor supply in order for the

equilibrium arbitrage condition to hold. An increase in government expenditure

raises the return to capital and requires a decrease in labor supply for this

equilibrium condition to be maintained. For convenience, Table 3.1 summar-

izes the key qualitative differences of fiscal policy between open and closed

economies, for both fixed and elastically supplied labor.

The second issue we address is optimal fiscal policy. If government

expenditure is set optimally, then capital income should not be taxed, while

consumption and leisure should be taxed uniformly. If government

expenditure is not at its optimal level, it introduces a distortion to the
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domestic capital market, requiring a tax on capital income for its correction.

These optimal policies are essentially as in the analogous closed economy.

This is hardly surprising since similar distortions are being corrected in the

two cases. But, in addition, for the form of government expenditure rule

being considered, foreign interest income should remain untaxed.

3.2 The analytical framework: centrally
planned economy1

Given our emphasis on discussing optimal fiscal policy, it is convenient to

begin by setting out the equilibrium for the centrally planned economy to

serve as a benchmark. As in Chapter 2, the small open economy comprises

N identical individuals, each of whom has an infinite planning horizon and

possesses perfect foresight. Since we wish to focus on the endogenous

growth equilibrium, population remains fixed over time. We shall also

assume that the externality generating endogenous growth is due to pro-

ductive government spending, thereby extending the Barro (1990) model

discussed in Section 2.4 to incorporate endogenous labor supply. Thus,

Table 3.1. Summary of qualitative effects of fiscal shocks in a decentralized

economy

Closed economy Open economy

~w ~l ~wc ~wk
~l

Increase in productive government expenditure, g
Fixed labor þ 0 0 þ 0
Endogenous labor þ – 0 0 þ
Increase in capital income tax, sk
Fixed labor – 0 0 – 0
Endogenous labor – þ 0 0 –

Increase in labor income tax, sw, or consumption tax, sc
Fixed labor 0 0 0 0 0
Endogenous labor – þ 0 0 0

Note: ~wc and ~wk denote the equilibrium growth rates of consumption and capital
(output) respectively. These are distinct for the open economy with fixed labor supply;
they are identical in all other cases.

1 This material is adapted from Turnovsky (1999).

3.2 The analytical framework: centrally planned economy 41



output of the individual firm, Yi, is determined by the Cobb–Douglas

production function:

Yi ¼ aGgð1� lÞgK1�g
i 0< g< 1 ð3:1Þ

where Ki denotes the individual’s capital stock, assumed to be infinitely

durable, and G denotes the flow of services from government spending on

the economy’s infrastructure. We assume that these services are congestion-

free so that G is a pure public good.2 The individual firm faces positive, but

diminishing, marginal physical products in all factors, constant returns to

scale in the private factors, capital and labor, and constant returns to scale in

private capital and in government production expenditure.3 As noted in

Chapter 2, to ensure ongoing growth, we shall assume that government

claims a fraction, g, of aggregate output, Y, for expenditure on a productive

activity (infrastructure), in accordance with:

G ¼ gY 0< g< 1 ð3:2Þ
Thus, combining (3.1) with (3.2), and noting Y ¼ NYi, aggregate output in

the economy is given by:

Y ¼ Aggð Þ1=ð1�gÞð1� lÞg=ð1�gÞ
K ð3:3Þ

where A¼ aNg. As in Section 2.4, the aggregate production function is an

AK technology, though now the productivity of the aggregate capital stock

depends positively upon the fraction of time devoted to work, as well as the

share of productive government expenditure.

The representative agent’s welfare is given by the intertemporal isoelastic

utility function:4

X � R1
0

1=cð Þ Cil
h

� �c
e�qtdt¼ R1

0
1=cð Þ C

N
lh

� �c
e�qtdt;

�1< c< 1; h> 0; 1> cð1þ hÞ; 1> ch
ð3:4aÞ

2 Congestion can be introduced along the lines of Section 2.4.
3 Recall that in order to assure ongoing growth the production function must be linearly
homogeneous in the factors that are being accumulated. This requires that, in equilibrium,
government expenditure be tied to the capital stock and that the production function have
constant returns to scale in capital and government expenditure.

4 In general the introduction of leisure will be consistent with a balanced growth equilibrium
as long as the utility function is of one of the two following forms (see Ladrón-de-Guevara,
Otigueira, and Santos, 1997):

uðC; lÞ ¼ 1=cð ÞCcf ðlÞ; c> 1; c 6¼ 0 or

uðC; lÞ ¼ lnC þ f ðlÞ; for c ¼ 0

The constant utility formulation being adopted here is of this class.
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He also accumulates physical capital in accordance with the convex cost

of adjustment function (2.1c) which, aggregating over the N individuals,

leads to:

UðI;KÞ ¼ I þ h
2
I2

K
¼ I 1þ h

2

I

K

� �
ð3:4bÞ

The aggregate economy accumulates net foreign bonds, B, that pay an

exogenously given world interest rate, r, subject to the accumulation

equation:

_B ¼ Y þ rB� C � I 1þ h=2ð Þ I=Kð Þ½ � � G ð3:4cÞ

where we have substituted for the cost function U(I, K). We continue to

assume that capital does not depreciate, so that the economy also faces the

physical capital accumulation constraint:

_K ¼ I ð3:4dÞ
In this section, we consider the equilibrium generated in a centrally

planned economy in which the planner chooses C, I, and l, together

with K and B, to maximize the utility of the representative agent (3.4a),

subject to the aggregate resource constraint of the economy (3.4c), the

capital accumulation equation (3.4d), and the aggregate production func-

tion (3.3). We begin by assuming that the government’s share of output

used for production, g, is fixed arbitrarily; in Section 3.2.3 below we

consider the case where g is set optimally, along with the other decision

variables.

The optimality conditions with respect to C, l, and I, consist of the

following:

N�cCc�1lhc ¼ k ð3:5aÞ

N�chCclhc�1 ¼ kð1� gÞ g
1� g

� �
Y

1� l
ð3:5bÞ

1þ h
I

K
¼ q ð3:5cÞ

where q is the shadow price of capital, normalized by the marginal utility of

wealth, k.
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Dividing (3.5b) by (3.5a) the first two equations can expressed as:

h
C

l
¼ ð1� gÞ g

1� g

� �
Y

ð1� lÞ

On the left-hand side we see that with the allocation of time remaining

bounded (0 < l < 1), the marginal rate of substitution between consumption

and leisure grows with consumption. On the right-hand side we see that,

given the fixed allocation of labor, the social return to labor (the wage rate)

grows with output. Rewriting this equation as:

C

Y
¼ l

1� l

� �
g

1� g

� � ð1� gÞ
h

ð3:6aÞ

we see that for these conditions to remain compatible over time, the equi-

librium consumption–output ratio must remain bounded, forcing output and

consumption ultimately to grow at the same constant rate.

From (3.6a) we see that an increase in leisure, l, both raises the marginal

utility of consumption and reduces output, leading to an increase in the

consumption–output ratio. An increase in the productivity of labor, g, raises
the return to labor. This raises the marginal rate of substitution between

leisure and consumption, so that given the fraction of time devoted to leisure,

it induces an increase in the latter. Finally, an increase in the fraction of

output absorbed by the government reduces the amount available for con-

sumption, thus reducing the consumption–output ratio. Equation (3.5b),

which is analogous to (2.3), may be immediately solved to yield the following

expression for the rate of capital accumulation:

_K

K
¼ q� 1

h
� f ð3:6bÞ

so that starting from an initial capital stock, K0, the aggregate capital stock at

time t is KðtÞ ¼ K0e

R t

0
fðsÞds

.

Applying the standard optimality conditions with respect to B and K yields

the analogous arbitrage relationships to (2.4a) and (2.4b):

q�
_k
k
¼ r ð3:7aÞ

ð1� gÞ Aggð Þ1=ð1�gÞð1� lÞg=ð1�gÞ

q
þ _q

q
þ ðq� 1Þ2

2hq
¼ r ð3:7bÞ
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Finally, in order to ensure that the agent’s intertemporal budget constraint is

met, the following transversality conditions must be imposed:

lim
t!1 qkKe�qt ¼ 0 ¼ lim

t!1 kBe�qt ð3:7cÞ

3.2.1 Macroeconomic equilibrium

To derive the macroeconomic equilibrium, we begin by taking the time

derivatives of: (i) the optimality condition for consumption (3.5a), (ii) the

equilibrium consumption–output ratio (3.6a), and (iii) the production function

(3.3). This leads to the relationships:

ðc� 1Þ
_C

C
þ hc

_l
l
¼

_k
k
¼ q� r ð3:8aÞ

_C

C
�

_Y

Y
¼ _l

l
þ

_l

1� l
ð3:8bÞ

_Y

Y
¼

_K

K
� g

1� g

� � _l

1� l
¼ q� 1

h
� g

1� g

� � _l

1� l
ð3:8cÞ

Combining these equations with (3.3), (3.6), and (3.7), the macroeconomic

equilibrium can be expressed by the pair of differential equations in q and l:

_q ¼ rq� ðq� 1Þ2
2h

� ð1� gÞ Aggð Þ1=ð1�gÞð1� lÞg=ð1�gÞ ð3:9aÞ

_l ¼ 1

FðlÞ r � q� ð1� cÞðq� 1Þ
h

� �
ð3:9bÞ

where:

FðlÞ � 1� cð1þ hÞ
l

þ 1� c
1� l

� �
1� 2g
1� g

� �
> 0

.

The steady state to (3.9) is obtained by setting _q ¼ _l ¼ 0, and is therefore

characterized by the relative price of capital, q, and the fraction of time devoted

to leisure, l, both being constant. Linearizing (3.9) around its steady state, we

can easily show that the two eigenvalues to the linearized approximation are
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both positive.5 Hence the only bounded equilibrium is one in which both q and

l adjust instantaneously to any structural or policy shock, to ensure that the

economy is always on its balanced growth path (denoted by ~), namely:6

~w � r � q
1� c

¼ sðr � qÞ ¼ ~q� 1

h
ð3:10aÞ

ð1� gÞ Aggð Þ1=ð1�gÞð1�~lÞg=ð1�gÞ

q
þ ð~q� 1Þ2

2hq
¼ r ð3:10bÞ

where s denotes the intertemporal elasticity of supply and ~w denotes the

equilibrium growth rate. The transversality condition (3.7c) yields:7

~w � ~q� 1

h
< r; i:e: q > rc ð3:10cÞ

Equation (3.10a) implies that the equilibrium is one in which domestic

output, capital, and consumption all grow at a common rate determined by

the difference between the world rate of interest and the domestic rate of

time preference, all multiplied by the intertemporal elasticity of substitu-

tion. In effect the (common) equilibrium growth rate is driven by the con-

sumption growth rate, and the form of the expression is analogous to the

5 Linearizing (3.9) one can easily establish that the determinant, D, and the trace, Tr, to this
linearized system satisfy:

D ¼ ð1� gÞ g=ð1� gÞð Þ Y=Kð Þ ð1� cÞ=hð Þ1=FðlÞ> 0
Tr ¼ r � ðq� 1Þ=h> 0:

This implies that the two eigenvalues are real and positive.
6 This local instability of the dynamic path depends in part upon our assumptions of a Cobb–
Douglas production function and constant elasticity utility function, and justifies our focus on
that equilibrium in the present analysis. For more general production functions one cannot
dismiss the possibility that the dynamics have a stable eigenvalue, giving rise to potential
problems of indeterminate equilibria. In a model with both physical and nonhuman capital,
Benhabib and Perli (1994) and Ladrón-de-Guevara, Ortigueira, and Santos (1997) show how
the steady-state equilibrium may become indeterminate. Other authors have emphasized the
existence of externalities as sources of indeterminacies of equilibrium; see Benhabib and
Farmer (1994).

7 This is met under plausible conditions. It is certainly met if c < 0, i.e. if the intertemporal
elasticity of substitution is less than unity, a condition that the overwhelming majority (but
not all) empirical studies confirm. For example, an early study by Hall (1988) estimates
the intertemporal elasticity of substitution in consumption to be around 0.1. This result,
obtained for the United States, is confirmed in a later study by Patterson and Pesaran
(1992), who also obtain slightly higher estimates (0.4), for the United Kingdom. Guvenen
(2006) provides a recent study that reconciles some of the conflicting evidence on the
intertemporal elasticity of substitution.
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equilibrium growth rate in the simplest AK model; see Barro (1990). The

only difference is that for the small open economy the (fixed) marginal

physical product of capital is replaced by the (given) foreign interest rate.

Given this growth rate, (3.10a) determines the equilibrium price of capital,

~q, which will ensure that domestic capital grows at this required equilibrium

rate. Having obtained ~q, (3.10b) then determines the fraction of time

devoted to leisure (employment) such that the marginal physical product of

capital ensures that the rate of return on domestic capital equals the (given)

world rate of interest. Hence in this small open economy with elastically

supplied labor, the growth rate of output and capital is independent of

production characteristics such as the productivity parameter, A, and the

marginal cost of adjustment, h. Changes in these parameters are reflected in

the labor–leisure choice ~l. In order for the equilibrium to be viable, the

implied fraction of time devoted to leisure must lie in the range 0<~l< 1.

This will be so if and only if:

0< r þ h

1� c

� �
ðr � qÞ rð1� 2cÞ þ q

2ð1� cÞ
� �

< ð1� gÞ Aggð Þ1=ð1�gÞ ð3:11Þ

a condition that is plausibly met. For example, for the plausible parameter

values r¼ 0.06, q¼ 0.04, c¼�1, h¼ 16, a¼ 0.18, g¼ 0.08, g¼ 0.08,

inequality (3.11) reduces to 0< 0.07< 0.12.

With the equilibrium growth rate, ~w, being determined exogenously by

(3.10a), it immediately follows that an increase in the share of government

expenditure claimed by the central planner has no effect either on the

growth rate, or on the Tobin q that determines the growth rate of capital.

Instead, an increase in g has two offsetting effects on the net social marginal

physical product of capital. On the one hand, an increase in government

expenditure raises the productivity of capital, while at the same time it

absorbs some of the output. The effect on the net productivity of capital

depends upon (g�g).8 In order to maintain the net marginal physical product

of capital constant, so that the rate of return to capital remains equal to the

(fixed) return on traded bonds, the supply of labor must adjust to offset this

effect. That is, the fraction of time devoted to labor must decrease if g> g,

and increase otherwise. Accordingly, the effect of an increase in g on the

time devoted to leisure is given by:

8 The effect of g on the net productivity of capital is given by

@½ð1� gÞðAggÞ1=ð1�gÞð1�~lÞg=ð1�gÞ�
.
@g.
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sgn
@~l

@g

� �
¼ sgnðg� gÞ ð3:12Þ

We now need to address the implications of this for the country’s external

account. To do this we first note from (3.6a) that consumption at time t is given by:

CðtÞ
KðtÞ ¼

~l

1�~l

� �
g

1� g

� � ð1� gÞ
h

~Y
~K

ð3:13Þ

where ~Y=~K is given by the production function (3.3). Thus, having determined

the equilibrium fraction of time employed, (3.13) determines the constant

consumption–capital ratio. Substituting (3.6) and (3.13) into the current account

relationship (3.4c), the accumulation of foreign bonds by the economy is:

_B ¼ rBþ ð1� gÞ 1�
~l

1�~l

� �
g

hð1� gÞ
� �

~Y
~K
� ~q2 � 1

2h

� �� �
K0e

~wt ð3:14Þ

Solving this equation and applying the transversality condition (3.7c), implies:

B0 þ K0

r � ~w
ð1� gÞ 1�

~l

1�~l

� �
g

hð1� gÞ
� �

~Y
~K
� ~q2 � 1

2h

� �� �
¼ 0 ð3:15Þ

This equation is the nation’s intertemporal resource constraint. The initial value

of its foreign bonds plus the capitalized value of the current account surplus

along the balanced growth path must sum to zero. Having determined the

equilibrium values of ~l; ~q and Y ~=K, the intertemporal constraint (3.15) deter-

mines the combination of the initial capital stock, K0, and the initial stock of

foreign bonds, B0, necessary for the equilibrium to be intertemporally viable. If

the inherited stocks of these assets violate (3.15) we assume that the central

planner can engage in an initial trade, described by: dB0 þ ~qdK0 ¼ 0, to bring

about the correct ratio. Substituting (3.15) into the solution of (3.14) we see that

the equilibrium stock of traded bonds accumulates at the common equilibrium

growth ~w.

3.2.2 Comparison with two models

Small open economy fixed-employment AK model

The above model of the small open economy with elastic labor supply

behaves very differently from the basic small open economy AK model with

fixed labor supply discussed in Chapter 2. Consumption growth in that model

48 3 Basic growth model with endogenous labor supply



remains as given by (3.10a), and is thus determined by domestic taste

parameters and the world interest rate. Investment growth is given by (3.6b),

where now ~q is determined by:

ð1� gÞðAggÞ1=ð1�gÞ

~q
þ ð~q� 1Þ2

2h~q
¼ r

In this case, ~q is determined by the smaller root to this quadratic equation

which can be shown to satisfy the transversality condition (3.10c).9 The

growth of domestic capital and output now depend upon the domestic pro-

duction parameters, a and h, and are independent of the taste parameters. In

general, consumption and capital (output) grow at different constant rates,

with the difference being reconciled by the accumulation of traded bonds.

These are subject to transitional dynamics, with the long-run growth rate of

traded bonds converging to the larger of these two growth rates. This in turn

depends upon the consumer rate of time preference relative to the rates of

return on investment. With consumption being tied to output, it is no longer

free to adjust so as to ensure international solvency of the economy. Instead,

B0 and K0 must be adjusted in accordance with dB0 þ ~qdK0 ¼ 0, so as to

ensure that the intertemporal viability condition (3.15) is met.

The flexibility of labor supply also has important consequences for the

impact of government policy. Equation (3.10b) determining ~q implies that in

the fixed-employment open economy, the common equilibrium rate of growth

of domestic output and capital, ~’, satisfies:

sgn
@ ~’

@g

� �
¼ sgnðg� gÞ ð3:16Þ

With labor supplied inelastically, the net effect of higher government

expenditure is to raise the marginal physical product of capital if and only if

g> g, thereby leading to an increase in the growth rate of capital and output.

By contrast, when labor supply is elastic, the equilibrium adjustment to the

higher government expenditure is borne entirely by the labor–leisure choice,

with the equilibrium growth rate of capital remaining unchanged.

9 As in Chapter 2, one can demonstrate from this equation that the presence of convex
adjustment costs may plausibly preclude the existence of a balanced growth equilibrium.
In contrast, with flexible labor supply, the corresponding equation (3.10b), yields a feasible
solution for ~l and therefore a balanced growth equilibrium for all but extreme parameters.
For example, the transversality condition (3.10c) ensures that this will be so for all cases
of positive equilibrium growth.
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Closed economy endogenous labor supply model

The behavior of the small open economy model with elastic labor supply also

contrasts sharply with that of the corresponding closed economy model. In

that case, Turnovsky (2000) has established the following tradeoff between

the effects of government expenditure on growth and leisure:

sgn
@ ~’

@g

� �
¼ sgnðg� gÞ; sgn

@~l

@g

� �
¼ sgnðg� gÞ

Assuming, for example, g> g, higher government expenditure leads to more

growth, as in the fixed-employment AK open economy. The higher growth

rate raises the wage rate, thereby encouraging agents to substitute work for

leisure. This decline in leisure in the closed economy is in direct contrast to

the increase in leisure implied by (3.12) for the open economy.

3.2.3 Optimal government expenditure

Suppose now that the planner chooses the share of government expenditure,

g, optimally in conjunction with C, l, B, and K. This leads to the additional

optimality condition:

ĝ ¼ g ð3:17Þ
That is, the optimal fraction of output claimed by the government (denoted by )̂

should equal the elasticity of output with respect to the government input.

This optimality condition is standard across all models. It obtains both in the

fixed-employment and elastic labor supply closed economy models, as well as

in the fixed-employment small open economy model. With elastically sup-

plied labor, (3.13) and (3.17) imply that the effect of an increase in gov-

ernment expenditure on leisure depends upon whether government

expenditure is above or below its social optimum. Finally, corresponding to

the first-best optimal government expenditure policy (3.17), the overall first-

best optimal consumption–output ratio is:

Ĉ

Y

 !
¼ l̂

1� l̂

 !
g
h

3.3 Decentralized economy

We now turn to an individual agent in a decentralized market economy. In

order to highlight the decentralization aspect, we assume that the agent

confronts a wage rate and asset returns that he takes as parametrically given.
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With endogenous labor supply it now makes sense to decouple the tax on

labor income from the tax on capital income since they influence the agent’s

decisions in very different ways. Thus, the agent purchases consumption out

of the after-tax income generated by labor, his holdings of domestic capital,

and foreign bonds. His objective is to maximize (3.4a) subject to his bond and

capital accumulation equations:

_Bi ¼ð1� swÞwð1� lÞ þ ð1� skÞrkKi þ ð1� sbÞrBi

� ð1þ scÞCi � Ii 1þ h

2

Ii

Ki

� �
� Ti

ð3:18aÞ

_Ki ¼ Ii ð3:18bÞ

where rk ¼ return to capital, w ¼ real wage rate, sw ¼ tax on wage income,

sk ¼ tax on capital income, sb ¼ tax on foreign bond income, sc ¼ consumption

tax, and Ti ¼ agent’s share of lump-sum taxes. As before, Ki refers to the

individual agent’s holdings of capital, and now Ci denotes the individual

consumption level.

The production function remains as specified in (3.3), while the govern-

ment continues to tie its expenditure levels to aggregate output as in (3.2).

Aggregating the individual production functions (3.1), aggregate output is

determined by:

Y ¼ NYi ¼ aGg Nð1� lÞ½ �gK1�g ¼ aðGLÞgK1�g

where L�N(1�l) ¼ aggregate supply of labor. The equilibrium real wage and

rate of return on capital are determined by the marginal product conditions:

w ¼ @Yi
@ð1� lÞ ¼ g

Yi

ð1� lÞ ¼ g
Y

L
ð3:19aÞ

rk ¼ @Yi
@Ki

¼ ð1� gÞ Yi
Ki

¼ ð1� gÞ Y
K

ð3:19bÞ

Carrying out the optimization for the consumer and aggregating over the

N identical representative agents leads to the corresponding optimality

conditions:

C

Y
¼ 1� sw

1þ sc

� �
g
h

l

1� l

� �
ð3:6a0Þ
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1þ h
I

K
¼ q ð3:6b0Þ

together with the dynamic efficiency conditions:

q�
_k

k
¼ rð1� sbÞ ð3:7a0Þ

ð1� skÞð1� gÞ Aggð Þ1=ð1�gÞð1� lÞg=ð1�gÞ
q þ _q

q
þ ðq� 1Þ2

2hq
¼ rð1� sbÞ

ð3:7b0Þ

The parallels between (3.6a0), (3.6b0), (3.7a0), and (3.7b0) in the decentral-

ized economy, and (3.6a), (3.6b), (3.7a), and (3.7b) in the centrally planned

economy are clear. The main difference is that in the decentralized economy

the agent takes the size of government as given independently of his

decisions, and responds to tax incentives. The fact that a higher tax on

consumption reduces the consumption–income ratio is straightforward and

familiar from models having inelastic labor supply. But in addition, a higher

tax on labor income, for given leisure, l, also reduces the consumption–

output ratio. This is because for given output a higher wage tax reduces the

income available for private consumption. Equations (3.7a0) and (3.7b0)
equate the net after-tax rate of return on bonds to the net after-tax private

rate of return to capital and to the rate of return on consumption.

In the absence of debt, tax revenues and government expenditures must

satisfy the balanced budget condition:

swNwð1� lÞ þ skrkK þ sbrBþ scC þ T ¼ gY ð3:20Þ

Summing (3.18a) over the N individuals and combining with (3.20) leads to

the aggregate resource constraint (3.4b).

3.3.1 Macroeconomic equilibrium

Following the procedure set out in Section 3.2, the macroeconomic equilibrium

in the decentralized economy may again be expressed as a pair of first-order

differential equations in q and l. Again the two eigenvalues to the linearized

system are positive, and both q and l adjust instantaneously to ensure that the

system always lies on its balanced growth path, now expressed by:
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~w � rð1� sbÞ � q
1� c

¼ sðr � qÞ ¼ ~q� 1

h
ð3:10a0Þ

ð1� skÞð1� gÞ Aggð Þ1=ð1�gÞð1�~lÞg=ð1�gÞ

q
þ ð~q� 1Þ2

2hq
¼ rð1� sbÞ ð3:10b0Þ

where the transversality condition now implies:

~w � ~q� 1

h
< rð1� sbÞ

As before, these three equations jointly determine the steady-state equilibrium

growth rate, the Tobin q, and leisure. Eliminating ~q from (3.10a0), the equi-

librium can be conveniently summarized by a pair of relationships between w
and l, illustrated in Figure 3.1.10

The first of these, described by the horizontal locus RR expresses the

equilibrium growth rate in terms of its determinants, namely the taste and

interest rate parameters. The second, illustrated by PP, describes the tradeoff

between the equilibrium growth rate and the fraction of time devoted to leisure

that ensures the equality between the after-tax rate of return to capital and the

after-tax rate of return to bonds. This curve is nonlinear (quadratic) as indicated

in the figure. A feasible equilibrium, where 0< l< 1, will exist if and only if:11

0< rð1� sbÞ þ h

1� c

� �
ðrð1� sbÞ � qÞ rð1� sbÞð1� 2cÞ þ q

2ð1� cÞ
� �

< ð1� skÞð1� gÞ Aggð Þ1 ð1�gÞ=

ð3:110Þ

The viability of the equilibrium requires that the nation’s intertemporal

budget constraint (3.15) be met and this requires that the initial ratio of traded

bonds, B0, to capital, K0, be set appropriately. In the decentralized economy

we assume that this occurs through initial lump-sum taxation (if necessary),

of the form dT0 þ dB0 þ ~qdK0 ¼ 0, whereby the private agent is forced to

readjust his portfolio to attain the intertemporally viable ratio consistent with

(3.15). Using the equilibrium conditions (3.19), the government’s balanced

budget (3.20) can be expressed as:

T ¼ gY � swg� skð1� gÞK � sbrB� scC ð3:21Þ

10 A similar graphical representation can also be given in the centrally planned economy.
11 Assuming the parameter values applied to equation (3.11), and in addition the tax rates

sk ¼ sb ¼ 0.28, (3.110) reduces to 0< 0.04< 0.09.
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thus determining the required level of lump-sum taxes at each point in time.

Along the balanced growth path, this is of the form:

TðtÞ ¼ ðaK0 þ bB0Þe ~wt ð3:22Þ

where a, b are constants, easily derived from the balanced growth equilibrium.

3.4 Fiscal shocks in the decentralized economy

This section uses the model to analyze the effects of various fiscal shocks.

3.4.1 Tax on capital income

This is illustrated in Figure 3.2. A higher tax on capital income shifts the PP

locus to the left from PP to P0P0. The equilibrium thus moves from A to B.

With the equilibrium growth rate, and the equilibrium price of capital, ~q,

fixed, the higher tax on capital reduces the after-tax return to capital. In order

P

R R

c

l

P

r (1 − tb)

r (1 − tb) – r

1 − g

A

Figure 3.1 Equilibrium growth and leisure
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to maintain equilibrium among rates of return, the productivity of capital

must be increased. This is achieved by an increase in the fraction of time

devoted to labor, that is, by a decline in leisure.

This response contrasts with the fixed-employment open economy AK

model, where the higher tax on capital reduces the equilibrium growth rate of

output. It also contrasts with the analogous closed economy with endogenous

labor, in which the higher tax on capital also reduces the growth rate, but is

accompanied by a reduction in the time devoted to labor, i.e. an increase in

the time allocated to leisure. Hence we conclude that the effect of a higher

capital income tax on employment (leisure) depends critically upon whether

the economy is open or closed.

3.4.2 Increase in government expenditure

This is illustrated in Figure 3.3 and operates in precisely the opposite way to a

higher capital income tax. The move is represented by the increase in leisure

from A to B, with the growth rate remaining unchanged. The contrast in this

P

R

l

P

P�

P�

B A
R

c

r (1 − tb)

r (1 − tb) – r

1 − g

Figure 3.2 Increase in tax on capital
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response with both the fixed-employment small open economy and the

endogenous labor closed economy continues to apply.

3.4.3 Tax on interest income

This is also illustrated in Figure 3.3 and leads to a downward shift in the RR

curve together with a rightward shift in the PP curve. These two effects

compound and the combined response is summarized by the movement from

A to D. First, the higher tax on foreign interest reduces its net return and the

equilibrium growth rate directly. If the after-tax rates of return on domestic

capital and foreign bonds are initially in equilibrium, domestic capital now

yields a higher net rate of return. To restore equilibrium the productivity of

domestic capital must be reduced and this is achieved by a switch from work

to leisure. This initial effect is reflected by the movement along AC in the

figure. In addition, however, the lower growth rate means a reduction in the

Tobin q. This further increases the rate of return on domestic capital relative

to the net return on foreign bonds. To restore equilibrium the productivity of

domestic capital must be further reduced, and this is accomplished by a

P

RR

c

l

P

P�

R�R�
P�

A B

C D

r (1 − tb)

r (1 − tb) – r

1 − g

Figure 3.3 Increase in government expenditure and tax on foreign interest
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further increase in leisure. This part of the adjustment is represented by the

horizontal movement CD.

3.4.4 Taxes on wages and consumption

These have no effect on either the growth rate or on employment. Their only

effect is on the consumption–output ratio, which is reduced. In this respect,

the two taxes act very much like lump-sum taxes, as in the fixed-employment

AK model of the open economy. But these effects contrast with the closed

economy elastic labor supply model, when both the wage tax and the con-

sumption tax operate precisely as does the capital income tax, namely they

reduce growth and increase leisure. The difference arises because of the fact

that in the open economy (i) the equilibrium growth rate, and (ii) the equi-

librium relationship between the rate of return to capital and bonds are both

independent of these two tax rates.

The fact that the growth rate is independent of most income taxes (except sb)
offers an interesting perspective to the following issue. As we observed at the

outset, one of the implications of the basic endogenous growth model, a

feature that distinguishes it from the traditional neoclassical model, is that its

equilibrium growth rate varies inversely with distortionary income taxes. The

fact that empirical evidence by Easterly and Rebelo (1993), Jones (1995b),

and Stokey and Rebelo (1995) does not support this implication has been used

as evidence against these endogenous growth models. Our results suggest

some caution might be required in reaching this conclusion. For small

economies facing a perfect world capital market, equilibrium growth rates are

in fact independent of most tax rates. Instead, such economies respond to

changes in tax rates through variations in their equilibrium labor–leisure

choice.

3.5 Optimal fiscal policy

Comparing the equilibria of the decentralized and centrally planned economies

enables us to characterize the first-best optimal tax policy. First, setting:

ŝb ¼ 0 ð3:23aÞ

1� ŝk ¼ 1� g

1� g
; i:e: ŝk ¼ g� g

1� g
ð3:23bÞ
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the pair of equations (3.10a0, 3.10b0) coincide with (3.10a, 3.10b), thus ensuring
that the steady-state growth rate and leisure time in the decentralized economy

will replicate those of the centrally planned economy. These optimal tax rates

are identical to those obtained for the fixed-employment AK model. They

correct for the distortions (if any) induced by government expenditure in

financial markets; see Turnovsky (1996a).

From (3.17) and (3.23b) it is seen that the tax on capital income depends

upon the deviation in the aggregate share of government expenditure

from its optimum. The intuition for this result is as in Turnovsky (1996a),

involving the deviation between the social and private returns to

capital accumulation. The social return to accumulating a marginal unit of

capital is:

rs ¼ ð1� gÞ Y
K

ð3:24aÞ

This consists of the gross marginal product of capital, less the induced claim

by government. This measure takes account of the fact that as capital

increases and output expands, the size of the government also expands in

accordance with (3.2). The private return to capital in the decentralized

economy is the after-tax rate of return:

rp � ð1� skÞ @Yi
@Ki

¼ ð1� skÞð1� gÞ Yi
Ki

¼ ð1� skÞð1� gÞ Y
K

ð3:24bÞ

This expression assumes that the private agent operating in a decentralized

economy treats the impact of his own rate of capital accumulation on

aggregate government expenditure as negligible. The optimal tax on capital

is then determined so as to equate the private and social rates of return; i.e.

set rp ¼ rs.

If aggregate government expenditure exceeds the optimum, the costs of

the resources utilized by the government exceed the benefits and it has a net

adverse effect on the return to capital. The private agent fails to recognize this

and overinvests relative to the optimum. This is corrected by imposing a

positive tax on private capital income. If government expenditure is below its

optimum, the benefits exceed the costs and capital needs to be subsidized. If it

is at its optimum, the costs just match the benefits, there are no spillovers

from government expenditure to the capital market, and capital income

should remain untaxed; i.e. ŝk ¼ 0.

The optimal tax on foreign interest income, ŝb, is zero, because govern-

ment expenditure is not tied to interest income. If it were, similar distortions
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to those involving capital would arise, and when g is away from its optimum,

foreign interest income would need to be taxed as well.

Comparing (3.6a) and (3.6a0), and having replicated l through the appro-

priate tax rates on capital and interest, the consumption–output ratios in the

two economies will be replicated if and only if:

1� ŝw
1þ ŝc

� �
¼ 1� g

1� g

� �
ð3:25Þ

The relationship between the optimal tax on wage income and on consumption

reflects the effects of externalities on the marginal rate of substitution between

consumption and leisure. The marginal rates of substitution (MRS) in the

centrally planned and in the decentralized economies (subscripted by c and d),

obtained by dividing (3.5b) by (3.5a) and the corresponding conditions for the

decentralized economy, are:

MRSc ¼ g
1� g

1� g

� �
Y

1� l
; MRSd ¼ g

1� sw
1þ sc

� �
Y

1� l

and the latter will mimic the former if and only if (3.25) holds.

When government expenditure is set optimally, i.e. g¼ g, (3.25) reduces to:

ŝw ¼ �ŝc ð3:250Þ

That is, the tax on labor income must be equal and opposite to that on

consumption. Interpreting the tax on wage income as a negative tax on

leisure, (3.250) says that in the absence of any externality, the optimal tax

structure requires that the two utility-enhancing goods, consumption and

leisure, be taxed uniformly. This result can be viewed as an intertemporal

application of the Ramsey principle of optimal taxation; see Deaton (1981)

and Lucas and Stokey (1983). If the utility function is multiplicatively

separable in c and l, as we are assuming here, then the uniform taxation of

leisure and consumption is optimal.

An alternative interpretation to (3.250) can be given using a concept due to

Prescott (2004), who defines the effective tax on labor income, s say, by:

1� s ¼ 1� sw
1þ sc

; so that s ¼ sw þ sc
1þ sc

which takes account of the fact that to the extent that labor income is being

spent on consumption, it is also subject to the consumption tax. Written in

this way, (3.250) requires that the effective tax on labor income be zero.
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The first-best optimal integrated fiscal policy is characterized by (3.17),

(3.23), and (3.250). Substituting these conditions into (3.11a) and (3.11b), the

corresponding first-best equilibrium growth rate, ŵ, price of capital, q̂, and

associated time devoted to leisure, l̂, are given by

ŵ ¼ r � q
1� c

; q̂ ¼ 1þ h
r � q
1� c

� �

ð1� gÞðAggÞ1=ð1�gÞð1� l̂Þg=ð1�gÞ ¼ r 1þ h
r � q
1� c

� �� �
� h

2

r � q
1� c

� �2

ð3:26Þ

The optimal tax rates and expenditure shares must also be consistent with the gov-

ernment budget constraint (3.21). Setting ŝb ¼ ŝk ¼ 0; ŝc ¼ �ŝw, and evaluating

(3.19a), (3.6a) at the optimum yields:Nŵ ¼ gŶ

ð1� l̂Þ; Ĉ ¼ l̂


ð1� l̂Þ� �
g=hð ÞŶ

so that (3.21) may be expressed as:

ŝw 1� l̂

1� l̂

 !
1

h

 !
gŶ þ T ¼ gŶ ð3:210Þ

Any combination of ŝw and T consistent with this equation will satisfy the

government budget constraint. This can be feasibly achieved without lump-

sum taxation (T ¼ 0), if and only if 1=hÞ l̂=ð1� l̂Þ� �
> 1

�
.12 A sufficient

condition for this to be met that any plausible economy will satisfy is that the

optimal consumption–output ratio ðC=̂YÞ, exceeds the optimal government

production expenditure–output ratio ĝ ¼ g. In this case, (3.210) will be met

by subsidizing the labor–leisure choice and applying an exactly offsetting tax

to consumption:13

ŝw ¼ �ŝc ¼ 1

1� 1=hð Þ l̂

ð1� l̂Þ� �� � < 0 ð3:27Þ

Finally, to sustain the first-best optimum, the government will also need to levy

an initial one-time lump-sum tax so as to ensure that the initial configuration of

assets, consistent with the nation’s intertemporal government budget constraint

is attained.

12 If 1=hð Þ l̂

ð1� l̂Þ� �

< 1 we would require sw > 1, which is clearly infeasible.
13 In the implausible case where g > (C/Y), (3.27) implies that labor income should be taxed and

consumption subsidized at more than 100%. Obviously this is infeasible and lump-sum
taxation would be required to sustain the optimum.
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3.6 Conclusions

Most endogenous growth models assume that labor is supplied inelastically.

This is true for the bulk of the literature that deals with closed economies; it

is even more true for the sparser literature focusing on the open economy.

This assumption is not only unrealistic, but it has strong, and even mis-

leading, policy implications. In this chapter we have extended the AK

growth model of Chapter 2 to include an elastic labor supply, determined by

the labor–leisure tradeoff. As was the case for the fixed-employment econ-

omy, the macroeconomic equilibrium has the characteristic that the economy

lies continuously on its balanced growth path, which under plausible con-

ditions always exists. The equilibrium is determined in a very different way

from that in the previous analysis. Domestic consumption, capital, and

output all grow at a common rate determined by taste parameters, together

with the after-tax rate of return on foreign bonds. Given this growth rate and

the associated price of capital, the fraction of time devoted to leisure (work)

is then determined so as to ensure that the after-tax return to capital equals

the after-tax return to foreign bonds.

Our main focus has been on the implications of the elastic labor supply for

fiscal policy. We find that the long-run growth rate is independent of almost

all domestic fiscal instruments, except the tax on foreign bonds. The essential

exogeneity of this growth rate is thus consistent with the empirical evidence

on this issue cited by a number of authors. It does, however, contrast sharply

with the fixed-employment small open economy AK model in which con-

sumption grows as in this model, but output and capital grow at an inde-

pendent rate that depends not only upon technological parameters, but also

upon both the tax on capital and productive government expenditure.

The other interesting contrast is with the closed economy. In the basic

fixed-employment AK model due to Barro (1990), for example, taxes on

wages and consumption have no effect; they operate like lump-sum taxes.

Endogenizing labor supply in that model ensures that these tax rates have real

distortionary effects, operating in a qualitatively similar way as the capital

income tax. Introducing elastic labor supply in the small open economy has

quite the opposite effect. Not only do the taxes on wages and consumption

remain nondistortionary, but now the tax on capital income has no effect on

the growth rate. It does affect leisure, although now in precisely the opposite

way to how it does so in the closed economy. The bottom line is that how

fiscal policy impacts on the equilibrium growth rate of an endogenous growth

model depends upon the nature of the economy.
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Finally, the optimal tax structure in the decentralized economy has been

characterized. In general, the optimal distortionary tax rates will depend upon

the chosen levels of government expenditure relative to its optimum. These

rates are set in response to externalities that this expenditure generates in (i)

financial markets, and (ii) the consumption–leisure choice. If government

expenditure is chosen optimally the first externality vanishes. In that case, the

optimal tax rate on capital income is zero and leisure and consumption should

be taxed uniformly, in accordance with established principles of public finance.

Under the assumption we have made that the level of government expenditure

is set independently of foreign interest income, the latter should remain

untaxed. However, if government expenditure were tied to domestic GNP,

rather than GDP, this would cease to be the case, and foreign interest income

would have to be taxed in much the same way as domestic capital income.
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PART TWO

Transitional dynamics and

long-run growth





4

Transitional dynamics and endogenous

growth in one-sector models

The models discussed thus far all have the characteristic that consumption

and output (capital) are always on their respective balanced growth paths;

there are no transitional dynamics. Instead, the economy adjusts with infinite

speed to any exogenous shock, thus contradicting the empirical evidence

pertaining to the speed of convergence. One of the main conclusions of this

literature is that the economy in fact adjusts relatively slowly, with the

benchmark estimate of the speed of adjustment being around 2–3% per

annum.1 While the original estimates have been challenged on various

empirical and methodological grounds, the consensus remains that the speed

of convergence may be somewhat higher than originally suggested, but

probably less than 6% per annum.2 In any event, this implies that the econ-

omy is mostly off its balanced growth path, on some dynamic path that

converges only gradually to a steady state. It is therefore important to modify

the model to allow for such transitional dynamics, and this can be achieved in

several ways, all of which assign a central role to a second state variable in

determining the equilibrium dynamics.

In this chapter we consider two important modifications to the basic one-

sector model that accomplishes this objective. These include: (i) limited

access to the world financial market; and (ii) the introduction of public

capital. In Chapter 5 we shall show that extending the model to two sectors,

having traded and nontraded capital, will also introduce transitional

dynamics, the nature of which will depend in part upon the relative sectoral

capital intensities. One additional way to introduce transitional dynamics is

to modify the technology and allow it to have non-scale growth, along the

1 This benchmark value was originally established by Mankiw, Romer, and Weil (1992),
Barro and Sala-i-Martin (1992b), and others.

2 See e.g. Islam (1995), Caselli, Esquivel and Lefort (1996), and Evans (1998).
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lines initially proposed by Jones (1995a, 1995b). This model will be pursued

in detail in Chapter 6.3

4.1 Upward-sloping supply curve of debt4

The assumption that the economy is free to borrow or lend as much as it

wants at the given world interest rate in a perfect world capital market is a

strong one. While it is convenient, and may serve as a reasonable approxi-

mation for small developed economies having access to highly developed and

integrated capital markets, it is less plausible for developing economies. But

even a small developed country, if it trades international bonds too inten-

sively, will eventually reach a point where it is no longer sufficiently small

that it can take the world interest rate as given. In any event, the equilibrium

structure changes dramatically when the economy faces restricted access to

the world capital market. Not only does this generate transitional dynamics,

but it also provides a mechanism linking the equilibrium growth rates of

consumption and output, albeit a very different one from the endogeneity of

labor supply, discussed in Chapter 3.

The importance of restricted access to international capital markets can be

most conveniently addressed in the case of a debtor nation by postulating that

the rate of interest at which it may borrow is an increasing function of its debt.

This type of constraint was originally proposed by Bardhan (1967) and has

been introduced by many authors since then; see Obstfeld (1982), Bhandari,

Haque, and Turnovsky (1990), Fisher (1995), Fisher and Terrell (2000). While

these specifications are essentially arbitrary, more formal justification of this

type of relationship, in terms of default risk and financial intermediation, has

been provided by Eaton and Gersovitz (1989) and more recently by Chung and

Turnovsky (2007), who also provide some empirical support.5

One issue that arises is whether the specification of debt cost should be

expressed in terms of its absolute level, as originally proposed by Bardhan, or

relative to some earnings capacity to service the debt, as initially argued by

Sachs (1984) and others. In a stationary economy the choice may be

3 Transitional dynamics can be achieved in still other ways by (i) introducing Uzawa (1968)
preferences, (ii) adopting the Blanchard (1985)–Weil (1989) overlapping-generations model,
and (iii) introducing other state variables such as human capital, education, and health.

4 The material in Section 4.1 is adapted from Turnovsky (1997d).
5 A rigorous derivation of (4.1) presumes the existence of risk. Since we do not wish to model a
full stochastic economy, we should view (4.1) as representing a convenient reduced form.
Some early empirical support is provided by Edwards (1984) who finds a significant positive
relationship between the spread over LIBOR (e.g. r�) and the debt–GNP ratio.
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unimportant. However, the latter formulation is appropriate if an equilibrium

of ongoing growth is to be sustained, and indeed, this formulation has been

adopted in previous models of growing open economies; see e.g. van der

Ploeg (1996) and Turnovsky (1997b).6

To illustrate the impact of endogenizing the borrowing rate, we focus on a

debtor economy and assume that the cost of borrowing from abroad is:

r Z=Kð Þ ¼ r� þ dt Z=Kð Þ; t0 > 0: ð4:1Þ

where Z��B denotes the aggregate stock of debt, r� denotes the given world
interest rate, and dtð:Þ is the borrowing premium over the world rate. For

simplicity, we return to the specification of Chapter 2, where we consider the

impact of distortionary taxes (including now a tax on debt), the revenues of

which are rebated. It is important to emphasize that in performing his opti-

mization, the representative agent takes the interest rate as given. This is

because the interest rate facing the debtor nation is an increasing function of

the economy’s aggregate debt, which the representative agent, in making his

decisions, assumes he is unable to influence. We should point out, however,

that the equilibrium and implications are fairly insensitive to variations in this

specification that replace Z/K with expressions such as Z/Y or Z/W where W

denotes wealth. The important thing is that the borrowing costs be homo-

geneous of degree one.

In order to focus on the new dimension being introduced, we shall return to

the initial assumption of inelastic labor supply so that the objective function

and technology revert to:

X �
Z 1

0

1

c
C
c
i e

�qtdt ð4:2aÞ

Yi ¼ AK1�rKr
i ð4:2bÞ

The key change is in the specification of the agent’s instantaneous budget

constraint, which we specify as:

_Zi ¼ ð1þ scÞCi þ Ii 1þ h=2ð Þ Ii=Kið Þ½ � � ð1� syÞAK1�rKr
i

þ ð1þ szÞr Z=Kð ÞZi þ Ti
ð4:3aÞ

6 Senhadji (2003) uses a measure of export earning to debt as his measure of ability to
service the debt.
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This equation, expressed from the standpoint of a debtor, asserts that to the

extent the agent’s consumption, investment expenses (inclusive of adjustment

costs), and interest payments plus all taxes exceed his output he will increase

his stock of debt. As before, the (capital) income tax rate is sy, while con-

sumption is taxed at sc, but in addition, we now assume that debt is taxed at sz.
7

The agent’s optimization problem thus becomes to choose his consump-

tion level Ci, his rate of investment Ii, and his rates of capital and debt

accumulation, Ki and Zi, to maximize utility (4.2a), subject to flow budget

constraint (4.3a), and the capital accumulation equation:

_Ki ¼ Ii ð4:3bÞ

Since all agents are identical, in equilibrium Ki¼K (where we normalize the

number of agents to be unity) and subscripts will henceforth be dropped.

With this in mind, the optimality conditions with respect to C and I are

now

Cc�1 ¼ kð1þ scÞ ð4:4aÞ

1þ h I=Kð Þ ¼ q ð4:4bÞ

while optimizing with respect to z and k yields with the arbitrage conditions:

q�
_k
k
¼ ð1þ szÞr Z

K

� �
ð4:5aÞ

ð1� syÞAr
q

þ _q

q
þ ðq� 1Þ2

2hq
¼ ð1þ szÞr Z

K

� �
ð4:5bÞ

These four equations are analogous to (2.2a), (2.2c), (2.4a),and (2.4b),

obtained previously; the only difference is that the rates of return on con-

sumption and capital should now be equated to the costs of borrowing,

inclusive of tax. In addition, to ensure that the agent’s intertemporal budget

constraint is met, the usual transversality conditions must apply, and analo-

gously to our previous results this requires:

q� 1

h
< rð1þ szÞ ð4:6Þ

7 It is possible for sz< 0, in which case debt is being subsidized, rather than taxed.
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The dynamics of asset accumulation are as follows. First, combining

(4.3b) and (4.4b) capital accumulation is given by:

_K

K
¼ q� 1

h
ð4:7aÞ

Second, assuming that the government maintains a balanced budget, now

expressed as:

syY þ szrZ þ scC ¼ T ð4:7bÞ

the current account relationship (the national resource constraint) becomes:

_Z ¼ C þ I 1þ h

2

I

K

� �
� AK þ r

Z

K

� �
Z ð4:7cÞ

which corresponds to (2.6) in the basic model. The difference is that now the

interest rate is endogenously determined as a function of the nation’s debt–

capital ratio, Z/K, and this changes the dynamics fundamentally.

To derive the macrodynamic equilibrium, we need to transform it into

stationary variables. For this purpose, it is convenient to express it in terms

of c � C/K, z � Z/K, and q. Differentiating c and z with respect to time

yields:

_c

c
¼

_C

C
�

_K

K
;

_z

z
¼

_Z

Z
�

_K

K
ð4:8Þ

Taking the time derivative of (4.4a) and combining with (4.5a) and (4.7a)

we obtain:

_c ¼ c
1

1� c
ð1þ szÞrðzÞ � qð Þ � q� 1

h

� �
ð4:9aÞ

Next, dividing the current account relationship by Z, and using (4.7a), yields:

_z ¼ cþ q2 � 1

2h

� �
� q� 1

h

� �
z� Aþ rðzÞz ð4:9bÞ

Finally, we may rewrite (4.5b) in the form:

_q ¼ ð1þ szÞr zð Þq� ð1� syÞAr� ðq� 1Þ2
2h

ð4:9cÞ
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These three equations determine the evolution of c, z, and q. In contrast to the

case of a perfect capital market discussed in earlier chapters, any policy or

structural shock to the system will generate transitional dynamics, before the

system (if stable) will ultimately converge to its new steady-state equilibrium.

To consider the transitional dynamics we linearize the dynamic system

(4.9a)–(4.9c) around its steady-state equilibrium, denoted by c~, z~, and q~, to

obtain:

_c
_z
_q

0
@

1
A ¼

0 ~c
1�c r

0ð~zÞð1þ szÞ � ~c
h

1 ½rð~zÞ þ r0ð~zÞ~z� � ~q�1
h

� �
~q�~z
h

� �
0 r0ð~zÞð1þ szÞ~q rð~zÞð1þ szÞ � ~q�1

h

� �
0
B@

1
CA c� ~c

z� ~z
q� ~q

0
@

1
A

ð4:10Þ

Recalling the condition (4.6), implied by the transversality condition, the

determinant of the matrix of coefficients in (4.10) is negative, while the trace is

positive. This implies that this system has two positive (unstable) and one

negative (stable) eigenvalue.8 Since consumption, c, and the price of capital, q,

can jump instantaneously, while the ratio of debt to capital, z, is constrained to

adjust continuously, the number of unstable roots to this equation equals the

number of jump variables, so that starting from an initial debt–capital ratio, z0,

the economy follows the unique stable transitional adjustment path:

zðtÞ ¼ ~zþ z0 � ~zð Þe lt ð4:11aÞ

qðtÞ � ~q ¼ � ð1þ szÞr0ð~zÞ~q
ð1þ szÞrð~zÞ � ð~q� 1Þ=hð Þ � l

zðtÞ � ~zð Þ ð4:11bÞ

cðtÞ � ~c ¼ ~cð1þ szÞr0ð~zÞ
l

1

1� c
þ ~q=h

ð1þ szÞrð~zÞ � ð~q� 1Þ=hð Þ � l

� �
ðzðtÞ � ~zÞ

ð4:11cÞ
where l< 0 denotes the stable eigenvalue. The relationships (4.11b) and

(4.11c) describe stable saddlepaths for the price of capital, q, and consumption,

c, both of which are negatively sloped. As the debt to capital ratio increases, the

cost of borrowing rises, requiring an increase in the equilibrium rate of return

8 This pattern of eigenvalues can be established as follows. The negative determinant implies
that the product of the three eigenvalues is negative, implying that the number of negative
eigenvalues is either one or three. However, the positive trace, being the sum of the three
eigenvalues, rules out the latter case, thus implying one negative eigenvalue.
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on capital, which is achieved by a reduction in its price. In addition, the higher

interest payments reduce the amount of consumption.

4.1.1 Steady-state equilibrium and long-run adjustments

Steady-state equilibrium is reached when _c ¼ _z ¼ _q ¼ 0, so that the corres-

ponding steady-state values of ~c;~z; and ~q, and the corresponding growth rate,

~f, are determined by:

1

1� c
ð1þ szÞrð~zÞ � qð Þ ¼ ~q� 1

h
� ~f ð4:12aÞ

~cþ ~q2 � 1

2h

� �
� ~q� 1

h

� �
~z� Aþ rð~zÞ~z ¼ 0 ð4:12bÞ

ð1� syÞArþ ð~q� 1Þ2
2h

� r ~zð Þ~qð1þ szÞ ¼ 0 ð4:12cÞ

The constant consumption to capital and debt to capital ratios imply that in the

long run, consumption, debt, capital, and output all grow at the same rate, ~f.
This is in sharp contrast to the basic fixed-employment model of Chapter 2,

where the small economy had unrestricted access to a perfect world capital

market. That opportunity leads to an equilibrium in which both consumption

and wealth grow at one steady rate, determined by tastes and borrowing costs,

while capital and output grow at another rate, determined by production con-

ditions, with the difference between them being accommodated by appropriate

borrowing or lending. With increasing borrowing costs, the economy is forced

to incur an equilibrium level of debt such that the consumption and output

growth rates are brought into equality. This equilibrating mechanism also

contrasts sharply with the equilibrating mechanism in the elastic labor supply

model of Chapter 3; see (3.10a) and (3.10b). In that case, it was the allocation

of time devoted to leisure that adjusted to ensure that the productivity of capital

and its equilibrium growth rate of capital were consistent with the exogenously

determined growth rate of consumption.

Being nonlinear, (4.12) raises potential problems of nonuniqueness

and nonexistence of a balanced growth equilibrium. This can be seen most

directly by combining (4.12a) and (4.12c) to obtain

ð1� 2cÞ~q2 þ 2 hqþ cð Þ~q� 1þ 2hArð1� syÞ
� � ¼ 0 ð4:13Þ
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This is a quadratic equation in ~q and the economy will ultimately follow a

balanced growth path if and only if (4.13) has (at least) one real solution. As

long as c< 1/2, the existence of real roots to this equation is assured. Given

the preponderance of empirical evidence favoring the intertemporal elasticity

of substitution being less than unity (i.e. c< 0) this condition is almost certain

to prevail in practice. However, in the extreme case that c> 1/2, it is possible

for the returns to capital to dominate sufficiently the costs of debt so that no

long-run balanced growth equilibrium exists, where the returns on these two

activities are brought to equality.9

Provided that the roots are real, (4.13) admits two solutions for ~q, say

~q1; ~q2 corresponding to the negative and positive roots respectively, sug-

gesting the potential existence of two steady-state equilibrium growth paths.

In order to be viable, these roots must be (i) nonnegative, and (ii) consistent

with the transversality conditions. It is straightforward to show that if c< 1/2,

the smaller of the two roots, ~q1, violates (i), while it violates (ii) if c> 1/2. By

contrast, the larger root, ~q2, always satisfies both conditions, implying that in

fact that there is only one viable solution.

Table 4.1 summarizes the long-run effects of changes in debt costs and fiscal

shocks. The intuition behind these results is as follows. The long-run domestic

growth rate, ~f � ð~q� 1Þ=hð Þ, is determined by (4.13). It is determined entirely

by internal conditions, such as the production parameters, A, r, and h, fiscal

instruments, sy, and the rate of time preference, q, but is independent of factors
determining external borrowing costs, r�, d, including the tax on debt, and sz.
Indeed, the determinants of the long-run growth rate are much closer to those of

a closed economy than those determining the growth of capital in an open

economy under perfect capital markets. This can be seen by comparing (4.13)

with Turnovsky (1996a, eq. 8) and Turnovsky (1996b, eq. 10). The steady-state

equilibrium requires that the level of external debt must be such that the tax-

adjusted rate at which the country may borrow must equate the growth rate of

consumption to that of capital. This variable therefore plays the same role in the

adjustment process as does the endogenous interest rate in a closed economy.

Given that ~q is independent of r�, it then follows from (4.12a) that the

equilibrium net borrowing rate, ~rð1þ szÞ, must be independent of r�. Thus,
while the direct effect of a higher world interest rate, r�, is to raise borrowing

costs, this leads to a long-run reduction in the debt–capital ratio that exactly

offsets this higher cost and leaves the overall equilibrium cost of debt

unchanged. The effect of a lower long-run debt with the borrowing rate

9 We may note the parallels here with the existence problem in the basic model discussed in
Chapter 2, although the nature of the tradeoff is very different in the two cases.

72 4 Transitional dynamics and endogenous growth



T
ab
le

4
.1
.
E
ff
ec
ts

o
n
lo
n
g
-r
u
n
eq
u
il
ib
ri
u
m
:
d
ec
en
tr
a
li
ze
d
ec
o
n
o
m
y

(a
)
D
eb
t
co
st
s

r�
d

~z
�

1 r0
�
t r0

rð~z
Þ

0
0

~ q
0

0

~ c
r�

~ q
�1 hð
Þ

r0
>
0

t
r�

~q
�1 h�
�

�
�

r0
>
0

(b
)
F
is
ca
l
sh
o
ck
s

s z
s y

~z
�

r
ð1
þs

z
Þr0

<
0

�
A
r

h
r0
ð1
þs

z
ÞD

<
0

rð~z
Þ

�
r

1
þs

z
<
0

�
A
r

h
ð1
þs

z
ÞD

<
0

~ q
0

�
A
r

ð1
�c

ÞD
<
0

~ c
rþ

r0
~z�

~ q�
1

hð
Þ

½
�r

ð1
þs

z
Þr0

>
0

A
r

h
D

1
r0
ð1
þs

z
Þ
r
þ
r0 ~
z
�

~ q
�
1

ð
Þ

ð
Þþ

~ q�
~z

1
�c

�

n
o <

0

w
h
er
e
D
�

rð1
þ
s z
Þ�

~ q�
1

h�
�

�
� 1 1

�c
þ

~ q h
>

0



remaining unchanged is to reduce the long-run debt burden, leaving more

resources available for consumption and thus raising the consumption to

capital (or equivalently consumption to output) ratio. The responses are

qualitatively identical (and indeed proportional) for an increase in the

country-specific borrowing premium, d.
The responses to fiscal shocks summarized in Table 4.1b assume that

each change is financed by lump-sum taxation. Since the borrowing costs

(inclusive of tax) are determined by ~q, it follows that an increase in the tax

on borrowing, sz, must lead to a corresponding decrease in the before-tax

borrowing rate and this requires a decrease in the debt–capital ratio. This

lowers borrowing costs, thus raising the equilibrium consumption–capital

ratio. A higher tax on capital income, sy, decreases the net return to capital,

thus reducing the price of capital, ~q, and the equilibrium growth rate. This

requires the equilibrium consumption growth rate to fall and this is

accomplished by a reduction in the domestic borrowing costs, brought about

by a reduction in the debt–capital ratio. This in turn leads to an increase in

the long-run consumption–capital ratio.

4.1.2 Transitional dynamics

The transitional dynamics in response to the two shocks, r� and sy are

illustrated in Figures 4.1 and 4.2, respectively. In each case, part (a) illustrates

the stable saddlepath dynamics of the debt–capital ratio, z, and the shadow

value of capital, q.10 Part (b) illustrates the transitional growth paths of

capital, _K


K, debt, _Z



Z, and consumption, _C



C. These three growth rates

always converge to the common long-run growth rate, ~f.
An increase in the exogenous world interest rate r� has been shown to

lead to a long-run decline in the debt–capital ratio, with ~q, and the long-run

growth rate unchanged. The steady-state equilibrium thus shifts from P to R

in Figure 4.1a. With perfect foresight, this anticipated long-run decline in

the relative scarcity of capital reduces its shadow value in the short run; in

terms of Figure 4.1, q initially drops from P on the original stable saddlepath

AA to Q on the new stable locus A0A0. This reduction in q induces the

economy to begin reducing its rate of capital accumulation, thus increasing

its relative scarcity and causing its shadow value to begin to rise. At the

same time, the higher borrowing cost causes initial consumption to decline.

This reduction in consumption, together with the reduction in investment

10 There is also a stable locus in c-z space, defined by (4.11c), that we have not drawn.
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plus adjustment costs, leads to a reduction in aggregate demand by the

domestic economy. With domestic output fixed instantaneously, there is an

increase in the country’s trade balance, the effect of which is to reduce the

initial growth rate of debt. Furthermore, since the decline in aggregate

q

z

P

A

A�

A�

A

Q

R

Growth rates

Time

Consumption

Capital

Debt

(a) Stable adjustment path

(b) Growth rates

Figure 4.1 Increase in borrowing costs
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demand reflects more than just the decline in investment, the rate of growth

of debt is reduced more than that of capital, so that the debt–capital ratio

starts to decline. This gradual reduction in z accompanied by the increase in

q is represented by a movement in the direction QR along the new stable

q

z

P

Q

R

Growth rates

Time

Consumption

Capital

Debt

(a) Stable adjustment path

(b) Growth rates

A

A

A�

A�

Figure 4.2 Increase in capital income tax
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saddlepath A0A0. The adjustment ceases when the price of capital is restored

to its original value.

The fact that after the initial reduction in q, _q > 0 along the transitional

path implies that after its initial decline, the growth rate of capital is in fact

increasing along the transitional path. In addition, the fact that _z < 0 along

this path implies that _Z


Z

� �
< _K



K

� �
, although it too is rising over time.

This is because the increase in the growth of capital and installation costs

increases the demand for resources relative to output, thus increasing the

need for the country to borrow abroad. Finally, combining (4.4a) and (4.5a)

to yield:

_C

C
¼ ð1þ szÞrðzÞ � q

1� c

we may infer the following time path for consumption. After the initial

decline in C, the increase in the world interest rate causes a corresponding

initial increase in borrowing costs, thus raising the initial growth

rate in consumption. As the debt–capital ratio declines during the tran-

sition, the borrowing rate declines and the growth rate of domestic con-

sumption falls correspondingly. The time paths for the growth rates of

consumption, capital, and debt thus follow the convergent paths illustrated

in Figure 4.1b.

Figure 4.2 illustrates the dynamics in response to a higher tax on capital

income. This is similar to that resulting from a higher foreign interest rate, but

with two differences. First, in contrast to the latter, a higher tax on capital

income leads to a reduction in the long-run growth rate. The short-run

responses in the growth rates of both debt and capital exceed their long-run

responses, implying an overshooting in growth rates. Second, the growth rate

of consumption does not respond on impact. Instead, it adjusts over time to

the gradual reduction in the debt–capital ratio.

An important question facing developing economies concerns the extent

to which restricted access to world financial markets affects their growth

rates and the ability of their governments’ policies to influence the econ-

omy. Within this model, access to the world financial markets may be

proxied by d in (4.1), with a decrease in access being reflected by a higher

value of this parameter. As we have seen, the long-run growth rate is

determined by internal conditions and is therefore unaffected by borrowing

conditions. In the short run, less favorable access to the world borrowing

market will have an adverse effect on the growth of output, but this is only

temporary. Over time the economy adjusts by reducing its foreign debt,
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thereby reducing the costs of servicing the debt and the drain this imposes

on the economy.

The fact that the borrowing premium has a relatively limited effect on the

long-run equilibrium is a consequence of the fact that we are dealing with

individual representative agents, each of whom has a negligible effect on the

borrowing rate. If the agent is sufficiently large so as to take account of his

actions on the borrowing rate then it turns out the borrowing premium is

much more important in determining the long-run equilibrium of the econ-

omy. This is the case, for example, if the economy is operated by a central

planner.

4.1.3 Centrally planned economy

As a benchmark, it is useful to compare the adjustments we have discussed

in Sections 4.1.1 and 4.1.2 with those that would obtain in a centrally

planned economy, in which the planner controls quantities directly. In this

case, the decision maker chooses consumption and investment, C and I, and

the rates of accumulation of capital and debt, _K and _Z, directly so as to

maximize the utility function (4.2a), subject to the resource constraint of the

economy (4.7c). In making these decisions the planner recognizes the effect

of his decisions on the cost of borrowing, r(Z/K). He also internalizes the

externalities due to the aggregate capital stock in the individual production

function, thereby focusing on the social rather than the private rate of return

on capital.

Corresponding to (4.4a), (4.7a), (4.5a), and (4.5b), the relevant optimality

conditions are now:

Cc�1 ¼ k ð4:4a0Þ

I

K
¼

_K

K
¼ q� 1

h
� f ð4:7aÞ

q�
_k
k
¼ r

Z

K

� �
þ r0

Z

K

� �
:

Z

K

� �
ð4:5a0Þ

A

q
þ _q

q
þ ðq� 1Þ2

2hq
þ r0 Z=Kð Þ

q
:

Z

K

� �2

¼ r
Z

K

� �
þ r0

Z

K

� �
:

Z

K

� �
ð4:5b0Þ
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The following modifications to the previous conditions may be observed.

First, tax rates are obviously no longer relevant in a centrally planned

economy. Second, the interest rate appearing on the right-hand side of

(4.5a) and (4.5b) is now replaced by the marginal cost of debt, where the

central planner recognizes that increasing his stock of debt and therefore

the debt–capital ratio, raises the cost of borrowing. Analogously, increasing

the capital stock lowers the debt–capital ratio, thus reducing the cost of

further borrowing. This is reflected by the term r0 Z=Kð Þ=q½ �: Z=Kð Þ2 and is

an additional component of the rate of return on capital. Finally, the

optimality condition for investment (4.7a), remains unchanged.

Repeating the analysis of Section 4.2, the macrodynamic equilibrium is

now given by:

_c� ¼ c�
1

1� c
rðz�Þ þ r0ðz�Þz� � qð Þ � q� � 1

h

� �
ð4:9a0Þ

_z� ¼ c� þ q�2 � 1

2h

� �
� q� � 1

h

� �
z� � Aþ rðz�Þz� ð4:9b0Þ

_q� ¼ rðz�Þ þ r0ðz�Þz�½ �q� � r0ðz�Þz�2 � A� ðq� � 1Þ2
2h

ð4:9c0Þ

where * denotes equilibrium in the centrally planned economy. Linearizing

this system of equations yields:

_c�

_z�

_q�

0
@

1
A ¼

0 ~c�
1�c 2r0 þ r00~z�½ � � ~c�

h

1 ½rð~z�Þ þ r0ð~z�Þ~z�� � ~q��1
h

� �
~q��~z�

h

� �
0 2r0 þ r00~z�½ �ð~q� � ~z�Þ rð~z�Þ þ r0~z� � ~q��1

h

� �
0
B@

1
CA c� � ~c�

z� � ~z�

q� � ~q�

0
@

1
A

ð4:100Þ
As in Section 4.2 the transversality condition, together with the condition that

the net asset position of the economy be positive, ~q� � ~z� � ~q� ~K� � ~Z� > 0,

ensures that the system (4.100) has one stable and two unstable roots.

Starting from the initial debt–capital ratio, z�0, the stable transitional adjustment

path is

z�ðtÞ ¼ ~z� þ z�0 � ~z�
� �

e lt ð4:11a0Þ

q�ðtÞ � ~q� ¼ � ð2r0 þ r00~z�Þð~q� � ~z�Þ
r�ð~zÞ þ r0~z� � ð~q� � 1Þ=hð Þ � l�

z�ðtÞ � ~z�ð Þ ð4:11b0Þ
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c�ðtÞ � ~c� ¼ ~c�ð2r0 þ r00~z�Þ
l�

1

1� c
þ ð~q� � z�Þ=h
r�ð~zÞ þ r0~z� � ð~q� � 1Þ=hð Þ � l�

� �
ðz�ðtÞ � ~z�Þ

ð4:11c0Þ

Equations (4.11b0), (4.11c0) are stable saddlepaths for the price of capital and

the consumption–debt ratio and are negatively sloped, as before.

Steady-state equilibrium in the centrally planned system is described by:

1

1� c
rð~z�Þ þ r0~z� � qð Þ ¼ ~q� � 1

h
� ~f� ð4:12a0Þ

~c� þ ~q�2 � 1

2h

� �
� ~q� � 1

h

� �
~z� � Aþ rð~z�Þ~z� ¼ 0 ð4:12b0Þ

Aþ ð~q� � 1Þ2
2h

þ r0~z�2 � r ~z�ð Þ þ r0~z�ð Þ~q� ¼ 0 ð4:12c0Þ

Equations (4.12a0) and (4.12c0) now determine ~q�and ~z� jointly, rather than

sequentially as in the decentralized economy (cf. (4.13)). Potential problems of

nonuniqueness and nonexistence of equilibrium remain as before, and may

be compounded depending upon the nature of the debt function r(z).11

4.1.4 Replication of first-best optimum steady state

The equilibrium corresponding to that of the centrally planned economy,

derived in Section 4.1.3, represents the first-best outcome. In this section we turn

to the determination of the tax structure that will enable this to be replicated by

the decentralized economy. Two general requirements must be met. The first is

that the decentralized economy must ultimately attain the steady state of the

centralized economy. Second, having replicated the steady state, the transitional

dynamic adjustment paths in the two economies must also coincide. In general,

to achieve these twin objectives, the optimal tax must be time-varying.

11 It is straightforward to analyze the effects of increases in the cost of borrowing on the long-run
stock of debt and the equilibrium growth rate in the planned economy. Several differences
from the corresponding responses noted in Table 4.1 for the decentralized economy arise. The
most important difference is that an increase in the cost of borrowing, whether in the form of a
higher foreign interest rate or a higher risk premium, will have an adverse effect on the long-
run growth rate. It is also apparent by comparing the steady-state equilibrium (4.120) with
(4.12) that the marginal costs of borrowing, as reflected by terms involving r0 are more
important in the centralized equilibrium.
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Consider first the steady state. In order for the steady states in the two

equilibria to coincide, the price of capital and the ratio of debt to capital in

the two economies must be equal; i.e. ~q ¼ ~q�;~z ¼ ~z�. This will be so if and

only if (i) the two stationarity conditions of consumption/capital growth

conditions in the two economies, (4.12a) and (4.12a0) coincide and (ii) the

rates of return in the two economies, (4.12c) and (4.12c0) coincide.

These two conditions will be met if and only if (i) the subsidy to debt, ŝz,
and (ii) the tax on capital, ŝy, in the decentralized economy are chosen to

satisfy:

ð1þ ŝzÞ~rð~z�Þ ¼ rð~z�Þ þ r0ð~z�Þ~z� ð4:14aÞ

Aþ r0ð~z�Þ~z�2 ¼ ð1� ŝyÞAr ð4:14bÞ

Provided (4.14a) and (4.14b) hold, ~q ¼ ~q�;~z ¼ ~z�, in which case the equi-

librium goods market conditions (4.12b) and (4.12b0) will automatically be

satisfied as well.

Solving (4.14a) and (4.14b) for ŝz and ŝy, the decentralized steady state

will coincide with that in the centrally planned economy if and only if:

ŝz ¼ r0ð~z�Þ~z�
rð~z�Þ ð4:15aÞ

ŝy ¼ r� 1

r

� �
� r0ð~z�Þ~z�2

Ar
ð4:15bÞ

Having set the income tax rates in this manner, in order for the government

budget to be balanced, the consumption tax, ŝc, must be set to satisfy the

government budget constraint:

ŝc~c
� ¼ �ŝzrð~z�Þ~z� � ŝyA

Substituting for (4.15a) and (4.15b) into this relationship we find that the

optimal tax on consumption raises revenue of the amount:

ŝc~c
� ¼ ð1� rÞ

r
A ð4:15cÞ

This optimal tax structure reflects the two externalities facing the economy.

The first is the production externality, generated by the impact of the

aggregate capital stock on the productivity of private capital. The decision

4.1 Upward-sloping supply curve of debt 81



by the private sector to accumulate capital leads to an increase in the

aggregate capital stock, raising the productivity of private capital. Since the

private sector treats the aggregate capital stock as being independent of its

investment decision, when in fact it is not, an externality is introduced,

requiring a tax on the returns to capital to correct for this distortion and

replicate the first-best equilibrium.

In the absence of a country-specific premium associated with borrowing

(r0 ¼ 0), there should be no tax or subsidy on debt. In such an economy,

consumption and wealth will grow at one rate, while output and capital will

grow at some other rate. Leaving debt untaxed will ensure that the con-

sumption growth rate in the decentralized economy will track the consump-

tion growth rate in the centrally planned economy. A tax on capital income,

however, is in general required to correct for the production externality and to

ensure that the growth rate of the centrally planned economy is replicated.

Given this tax rate, a consumption tax must be residually set to ensure that the

government’s budget is balanced. The amount of the externality and the

required corrective capital income tax depends upon the production exter-

nality (1�r). If r¼ 1, there is no externality, the capital income tax should

be set to zero, and there is no need for a consumption tax either.

The upward-sloping supply curve of debt introduces a second externality,

internalized by the central planner, but not taken into account by the repre-

sentative agent in the decentralized economy. This leads to a further modi-

fication of the optimal tax policy. Specifically, agents in the decentralized

economy fail to take account of the fact that as they collectively increase their

amount of borrowing, they raise the aggregate debt–capital ratio, thus raising

the cost of debt. Similarly, as they invest in capital and increase the prod-

uctivity capacity of the economy and its ability to finance debt capital, they

lower the aggregate debt–capital ratio, and reduce the cost of debt. Accord-

ingly, by underestimating the true cost of borrowing and underestimating the

true benefits to accumulating capital the agents in the decentralized economy

under-invest in capital and over-borrow, relative to the first-best optimum. To

correct for this misallocation, the cost of debt should be taxed, while the

return to capital should be partially subsidized, thus reducing ŝy < ðr� 1Þ=r.
Indeed, in the absence of any externality from capital, there should be net

subsidy on capital income; i.e. ŝy < 0.

4.1.5 Replication of first-best optimum transition path

To replicate the entire first-best optimum, we need to track its complete

transitional path. In general, if the tax rates in the decentralized economy

82 4 Transitional dynamics and endogenous growth



are set as in (4.15a)–(4.15c) during the transition, the adjustment path fol-

lowed by the decentralized economy will fail to mimic that of the first-best

optimum. To see this we consider the respective eigenvalues and show that

in this circumstance l ¼ l�. For notational convenience we denote the

elements of the matrix of coefficients in the linearized centrally planned

economy by (aij). These elements can be immediately identified by referring

to (4.100). The equilibrium eigenvalue in the centrally planned economy is

the negative solution to the cubic equation:

Fðl�Þ � l�ða22 � l�Þða33 � l�Þ � a32½a13 þ a23l
��

þ a12ða33 � l�Þ ¼ 0
ð4:16Þ

Using this notation, if the tax rates in the decentralized economy are set

in accordance with (4.15), thereby replicating the steady state, then the

corresponding eigenvalue, l, in the decentralized economy is determined

where

GðlÞ � lða22 � lÞða33 � lÞ � r0ð1þ ŝzÞq½a13 þ a23l�
þ c

1� c
r0ð1þ ŝzÞða33 � lÞ ¼ 0

ð4:160Þ

Combining (4.16) and (4.160) we find that

FðlÞ � r0ð1þ ŝzÞq� ½2r0 þ r00~z�½~q� ~z�ð Þ½a13 þ a23l�
� c

1� c
r0ð1þ ŝzÞ � ½2r0 þ r00~z�ð Þða33 � lÞ

Under weak conditions, F(l)< 0.12 It then follows from the fact that the

function F(.) is cubic in l and that l and l� are unique stable eigenvalues that
the relationship l�< l< 0 must hold. In other words, if the tax rates are fixed

over time as in (4.15), then the ratio of debt to capital in the decentralized

economy, z, determined by (4.14a), will converge too slowly, relative to the

optimal rate of adjustment as described by (4.11a0). The intuition for this

result is a consequence of the fact that each individual agent treats the cost of

borrowing as given and does not take account of their collective impact on

the net borrowing costs.

12 A simple sufficient, but not necessary, condition to ensure that this is so includes
~q> ð2r0 þ r00~zÞ=ð2r0 þ r00~zÞ � r0ð1þ szÞ. If the equilibrium is one of positive growth
(~q > 1), this condition will be met certainly as long as the debt–capital ratio is not too
large. Weaker conditions can also be obtained.
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The speed of adjustment can be modified by introducing a time-varying

component to the tax rate. One possibility is to modify the tax (subsidy) rate

on debt to:

szðtÞ ¼ ŝz þ h z�ðtÞ � ~z�½ � ð4:17Þ

where ŝz is given by (4.15a) and h is a constant, to be determined. The tax rate

as specified by (4.17) is time-varying, responding to the changing deviation in

the aggregate debt to capital ratio from its steady-state value as the economy

evolves. Since sz(t) is a function of aggregate variables, the representative

agent takes it as given, and since h is relevant only along the transitional path

(when z� 6¼ ~z�) it has no impact on the steady-state equilibrium. Conse-

quently, setting ŝz in accordance with (4.15) will still replicate the steady state
of the first-best optimum. But by varying the tax rate in accordance with

(4.17), h will affect the eigenvalue l in the decentralized economy and

therefore the speed of adjustment along the transitional path. By appropriate

choice of h, the government is able to induce the decentralized economy to

track the debt–capital ratio of the centrally planned economy, and thereby

track the adjustment paths followed by other variables as well.

Thus the time-varying tax rate on debt (4.17), is able to replicate the

entire first-best optimum in the sense that both the steady state and the

transitional path will be attained. Having set the distortionary (income)

taxes optimally, any combination of lump-sum taxes or consumption tax,

satisfying the flow government budget constraint will replicate the first-best

optimal path. Note further that with the availability of a full set of tax

instruments the problem of time inconsistency of optimal policy does not

arise. With the target value for the tax rate on debt at each instant of time

being determined by the time path followed by the first-best optimum, the

government will always want to choose the tax rate on debt to attain that

given and unchanging target path.

4.2 Comparison with basic model

Limitations on foreign borrowing are important constraints on developing

economies. Thus far in this chapter we have developed a growth model of

such an economy facing an upward-sloping supply curve of debt. The

behavior of such a model is in marked contrast to that associated with a small

open economy having unlimited access to a perfect world capital market,

developed in Chapter 2. In such an economy, consumption is always on a
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steady growth path, growing at a rate determined by tastes and the fixed world

interest rate; capital is also always on its steady growth path, growing at a

fixed rate determined by the production conditions in the economy. Differ-

ences between these rates are supported by the country’s ability to borrow or

lend indefinitely at the world interest rate.

In the economy we have been discussing, growth is characterized by

transitional dynamics in which consumption and capital converge to a

common long-run growth rate. The key adjustment is through the debt–

capital ratio, which drives the borrowing rate to a level at which the growth

rates are equalized. This structure leads to very different policy implications

from those obtained with perfect capital mobility. For example, we have

shown that an increase in the tax on capital income will reduce the (com-

mon) equilibrium growth rate in the economy, while an increase in the tax

(or subsidy) on debt will leave the equilibrium growth rate unaffected.

Instead, a tax on debt will discourage the accumulation of debt to the point

that the net borrowing cost just equals the (unchanged) equilibrium rate of

return on capital. This response contrasts with that obtained with a perfect

world bond market when a higher tax on interest income would raise the

equilibrium growth rate of capital, but reduce the growth rate of con-

sumption and wealth.

4.3 Public and private capital

We now turn to the second model to be discussed in this chapter, namely

one with public, as well as private, capital. Most models analyzing pro-

ductive government expenditure treat the current flows of government

expenditure as the sources of contributions to productive capacity. This is

true of Aschauer (1988) and Lee (1995) within the context of the stationary

Ramsey model, and also of Barro (1990) and Turnovsky (1996b) in the

context of the AK model, discussed in Chapter 2. While the flow specifi-

cation has the virtue of tractability, it is open to the criticism that insofar as

productive government expenditures are intended to represent public

infrastructure, such as roads and education, it is the accumulated stock,

rather than the current flow, that is the more appropriate influence on the

economy’s productive capacity.

Despite this, within the Ramsey framework, relatively few authors have

adopted the alternative approach of modeling productive government

expenditure as a stock. Arrow and Kurz (1970) were first to model gov-

ernment expenditure as a form of investment, although much of the recent
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theoretical and empirical interest in the impact of public capital on private

capital accumulation and economic growth originated with the work of

Aschauer (1989a, 1989b).13 Subsequently, Baxter and King (1993) studied

the macroeconomic implications of increases in the stocks of public goods.

They derive the transitional dynamic response of output, investment, con-

sumption, employment, and interest rates to such policies by calibrating a

real business cycle model. Fisher and Turnovsky (1998) address similar

issues from a more analytical perspective, and this work is further extended

by Turnovsky (2004).

The literature introducing both private and public capital into growth

models is sparse. Futagami, Morita, and Shibata (1993), Glomm and Ravi-

kumar (1994), and Turnovsky (1997b) do so in a closed economy, while an

open economy version is developed by Turnovsky (1997c). Private capital in

the Glomm–Ravikumar model fully depreciates each period, rather than

being subject to at most gradual (or possibly zero) depreciation. This enables

the dynamics of the system to be represented by a single state variable alone,

so that the system behaves much more like the Barro model in which gov-

ernment expenditure is introduced as a flow. In particular, under constant

returns to scale in the reproducible factors, there are no transitional dynamics

and the economy is always on a balanced growth path. Devarajan, Xie, and

Zou (1998) address the issue of whether public capital should be provided

through taxation or through granting subsidies to private providers. This is

extended to an open economy by Chatterjee (2007).

In order not to overly complicate things we shall revert to the case of a

small developed economy that has unrestricted access to a perfect world

capital market. In this case, the introduction of public capital leads to an

equilibrium in which the transitional dynamics can be specified in terms of

(i) the ratio of public to private capital, (ii) the consumption to capital ratio,

and (iii) the shadow value of private capital. As in the basic model of Chapter

2, consumption and capital may converge to different equilibrium growth

rates, with the discrepancy being accommodated by the country’s accumu-

lation of traded bonds.

4.3.1 The analytical framework14

We shall focus our discussion on the decentralized economy that produces a

single traded good. Output of this good, Yi, produced by the typical domestic

13 See Gramlich (1994) for a comprehensive survey of the subsequent empirical literature.
14 The following analysis is adapted from Turnovsky (1997c).
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representative agent is determined by his privately owned capital stock, Ki,

and the services, Ks
G, derived by the firm from its use of public (government)

capital stock, in accordance with the constant returns to scale technology:

Yi ¼ FðKi;K
s
GÞ � f

Ks
G

Ki

� �
Ki; f 0> 0; f 00< 0 ð4:18aÞ

The production function (4.18a) is analogous to (2.29), of the basic Barro

(1990) model, although there are two differences. First, and most importantly,

we have replaced the flow of public expenditure with the stock of public

capital. Thus, (4.18a) embodies the assumption that the services of the public

capital stock enhance the productivity of private capital, though at a dimin-

ishing rate. Second, we have generalized the Cobb–Douglas production func-

tion to any general homogeneous production function of degree one in the two

accumulating productive factors, Ki;K
s
G, as suggested in section 2.5. In add-

ition, we continue to abstract from labor so that private capital may be inter-

preted broadly to include human as well as physical capital; see Rebelo (1991).

The productive services derived by the agent from government capital are

analogous to those of section 2.4, namely:

Ks
G ¼ KG Ki=Kð Þ1�e

0 � e � 1 ð4:18bÞ

where KG denotes the aggregate stock of public capital and K denotes the

aggregate stock of private stock, thereby incorporating a specific form of

congestion. Just as in equation (2.30), the specification of government ser-

vices by (4.18b) implies that the use of public capital is congested only by the

use of private capital. Other formulations are also possible. For example,

public services might be congested by output or employment. But with labor

fixed inelastically, (4.18b) is an appropriate specification, especially since our

focus is on the interaction of public and private capital accumulation.

Substituting (4.18b) into (4.18a), the individual firm’s production function

can be expressed as:

Yi ¼ f
KG

Ki

Ki

K

� �1�e
 !

Ki ¼ f
KG

K

K

Ki

� �e� �
Ki ð4:18a0Þ

As long as e 6¼ 1, so that the public good is associated with some con-

gestion, aggregate capital is introduced into the production function of the

individual firm in an analogous way to Romer (1986). With all agents being

identical, the aggregate and individual capital stocks are related by K¼NKi,

where N is the number of representative agents. Thus, in equilibrium, the
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individual output Yi and aggregate output Y¼NYi may be expressed as:

Yi ¼ f
KG

K
Ne

� �
Ki; Y ¼ f

KG

K
Ne

� �
K ð4:18a00Þ

As encountered previously, the production function embodies the potential

“scale effect” associated with the population size. For expositional con-

venience we shall abstract from this and set the number of agents N¼ 1, again

enabling us to drop the distinction between aggregate and individual

quantities in equilibrium.

The introduction of the constant rate of depreciation of capital introduces

little complication and since it becomes important for the calibration of the

model that we shall undertake in later chapters, we will allow for the

depreciation of both types of capital. Thus, private capital, K, depreciates at

the constant rate dK, so that, letting I denote the rate of gross private

investment, net private capital accumulates at the rate

_K ¼ I � dKK ð4:19aÞ

Likewise, public capital, KG, depreciates at the constant rate dG, so that,

letting G denote the rate of gross public investment, the rate of net public

capital accumulation follows:

_KG ¼ G� dGKG ð4:19bÞ

New output may be transformed to either type of capital. In both cases this

process involves adjustment costs (installation costs) that we incorporate in

the quadratic (convex) functions:

UðI;KÞ � I 1þ h1

2

I

K

� �
ð4:20aÞ

WðG;KGÞ � G 1þ h2

2

G

KG

� �
ð4:20bÞ

The specification (4.20a) is familiar from previous models, while (4.20b)

assumes an analogous form of installation costs for public capital. The reason

for the proportional specification of installation costs and its necessity to

sustain ongoing growth has been discussed in earlier chapters. The only point

to be added at this stage is that there is no compelling reason to assume that

the installation costs for the two types of capital are the same.
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As in the basic model of Chapter 2, in order for an equilibrium with steady

ongoing growth to be sustained, the current flow of government expenditure,

G, must be linked to the size of the economy. Thus analogously to (2.32), we

specify the current flow of government spending by:15

G ¼ gY ¼ gf
KG

K

� �
K ð4:21Þ

As long as g remains fixed, the government is claiming a fixed share of the

growing output for gross investment, so that an increase in the share, g,

parameterizes an expansionary expenditure policy in a growing economy.16 In

Section 4.3.7 below, we also discuss the case where government expenditure is

set optimally along with private expenditures. As will be seen, the optimal

expenditure policy will require the fraction g to be time-varying, continuously

adapting to the changing aggregate stocks of public and private capital. This

optimum serves as an important benchmark in explaining the effects of changes

in government expenditure away from the optimum.

We now turn to the representative agent operating in a decentralized

economy. The objective of the agent is to choose his consumption, investment,

and rates of accumulation of traded bonds and private capital to maximize his

constant elasticity utility function (4.2a), subject to his accumulation of private

capital (4.19a) and his own budget constraint, represented by:

_Bi ¼ rð1� sbÞBi þ ð1� syÞf KG

K

K

Ki

� �e� �
Ki

� Cð1þ scÞ � I 1þ h1

2

I

K

� �
� T ð4:22Þ

where: sy¼ rate of taxation on capital income; sb¼ rate of taxation on foreign

bond income; sc¼ rate of taxation on consumption; T ¼ time-varying rate of

lump-sum taxation (or rebate).

Two points concerning this specification merit comment. First, we assume

that the distortionary tax rates sb, sy, and sc are constant through time, being

subject to at most once-and-for-all policy changes at discrete times. Second,

in performing this optimization, the agent is assumed to treat the stock of

public capital, KG, and the aggregate stock of private capital, K, as given and

15 Other rules determining government expenditure are also possible. For example, (4.210)
below postulates expenditure to be related to total GNP, rather than to current output.

16 Barro (1990) and Rebelo (1991) in effect parameterize government expenditure in this fashion
by assuming that all income tax revenues are spent, i.e. G¼ sY.
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independent of his own decisions. With the population size being normalized

at unity, the condition Ki¼K holds as an equilibrium relationship.

We abstract from government bonds and assume, instead, that through

lump-sum taxation the government maintains a continuously balanced budget

which, for the above specification of taxation and with G specified in

accordance with (4.21), is:

T þ sy f KG=Kð ÞK þ rsbbþ scC ¼ gf KG=Kð ÞK 1þ h2

2

gf KG=Kð Þ
KG=K

� �
ð4:23Þ

Aggregating (4.22) over the agents and combining with (4.23) yields the

national resource constraint:

_B ¼ rBþ f
KG

K

� �
K � C � I 1þ h1

2

I

K

� �
� G 1þ h2

2

G

KG

� �
ð4:24Þ

4.3.2 Equilibrium growth

The representative agent’s optimality conditions with respect to consumption

and private investment remain unchanged:

Cc�1 ¼ kð1þ scÞ ð4:4aÞ

1þ h1
I

K

� �
¼ q ð4:4b0Þ

where k denotes the shadow value of wealth and for simplicity the subscript i

is dropped, and q is the market value of private capital. Thus, as before, we

may solve (4.4b0) for the rate of growth of private capital, fk:

I

K

� �
¼ q� 1

h1
;

_K

K

� �
¼ q� 1

h1
� dK � fk ð4:7a0Þ

The optimality condition with respect to traded bonds is given by:

q�
_k
k
¼ rð1� sbÞ ð4:5a0Þ

so that the equilibrium rate of growth of consumption becomes:

_C

C

� �
¼ rð1� sbÞ � q

1� c
� w ð4:25Þ
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implying that the level of consumption at time t is:

CðtÞ ¼ Cð0Þewt ð4:26Þ

It will be apparent that (4.25) and (4.26) are identical to the corresponding

expressions, (2.10) and (2.11), in the basic model. The consumption growth

rate will be precisely the same, although the level will be different due to the

fact that the determinants of C(0) are no longer the same.

The optimality condition with respect to private capital is now modified

to:

ð1� syÞ
f ðkgÞ � ef 0ðkgÞkg
� �

q
þ _q

q
þ q� 1ð Þ2

2h1q
� dK ¼ rð1� sbÞ ð4:5b0Þ

where kg � KG=K denotes the ratio of public to private capital. The inter-

pretation of this is analogous to that of (2.4b0), the only difference being the

inclusion of the depreciation rate. Finally, the following transversality

conditions apply:

lim
t!1 kBe�qt ¼ 0; lim

t!1 kqe�qt ¼ 0

4.3.3 Dynamics of production

Access to the perfect world capital market, together with the assumption of

fixed labor supply, implies that the equilibrium dynamics of the economy

dichotomizes, as it did in Chapter 2. Consumption always grows at the

constant rate specified by equation (4.25), which is determined entirely by

taste parameters and rates of return.

To determine the dynamics of the production side we need to consider the

evolution of the two capital stocks, together with the market price of private

capital. Because of the homogeneity, what is relevant is the evolution of the

relative capital stock, kg � KG=K. We can thus reduce the dynamics of the

production side to a pair of dynamic equations in kg and q as follows.

First, we may rewrite (4.5b0) in the form

_q ¼ rð1� sbÞ þ dK½ �q� q� 1ð Þ2
2h1

� ð1� syÞ f ðkgÞ � ef 0ðkgÞkg
� � ð4:27aÞ

Next, taking the time derivative of kg yields:

_kg
kg

¼
_KG

KG

�
_K

K
ð4:28Þ
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Next, substituting (4.21) into (4.19b) and dividing by Kg yields the growth

rate of public capital:

_KG

KG

¼ g
f ðkgÞ
kg

� dG � fg ð4:29Þ

and substituting (4.29) and (4.7a0) into (4.28) implies:

_kg
kg

¼ g
f ðkgÞ
kg

� dG

� �
� ðq� 1Þ

h1
� dK

� �
ð � fg � fkÞ ð4:27bÞ

Equations (4.27a) and (4.27b) provide a pair of differential equations in q and

kg. Because of the nonlinearity of the system, there are potential problems of

nonexistence and nonuniqueness of equilibrium, just as has been encountered

in previous models. However, we do not pursue this issue here; for further

discussion in this specific instance see Turnovsky (1997c).

Since the equilibrium system (4.27) is nonlinear, we proceed by con-

sidering its linearized dynamics about the steady-state equilibrium ~q; ~kg
� �

;

namely:17

_q

_kg

 !
¼ rð1� sbÞ þ dK � ~q�1

h1


 �
ð1� syÞ ef 00~kg � ð1� eÞf 0� �

� ~kg
h1

gf 0 � dG � ~fk

0
@

1
A q� ~q

kg � ~kg

� �

ð4:30Þ

The transversality condition will be met if and only if:

rð1� sbÞ þ dK >
~q� 1

h1
ð4:31Þ

Under this condition, which is equivalent to rð1� sbÞ> ~fk, the system is a

saddlepoint, the stable eigenvalue of which is denoted by l< 0.

Because of adjustment costs, the stocks of both public and private capital

are assumed to evolve gradually from their initial values, thus implying the

same for their ratio. In contrast, we assume that the shadow value of private

capital, q, can respond instantaneously to new information as it comes

available. The equilibrium dynamics of the linearized system are as follows.

The ratio of public to private capital evolves as follows:

kgðtÞ � ~kg ¼ ðkg;0 � ~kgÞe lt ð4:32aÞ

17 Note that f � kgf
00 ¼ @Y=@K> 0.
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while the shadow value of private capital is given by:

ðq� ~qÞ ¼ � ð1� syÞ½ef 00~kg � ð1� eÞf 0�
rð1� sbÞ þ dK � ~q�1

h1


 �
� l

n o ðkg � ~kgÞ ð4:32bÞ

which is negatively sloped, reflecting the fact that the shadow value of private

capital varies inversely with its relative scarcity.

It is straightforward, and more to the point of the present discussion, to

express the transitional dynamics in terms of growth rates rather than

shadow values. In steady-state equilibrium the ratio of public to private

capital remains constant, so that both types of capital grow asymptotically

at the common rate, denoted by ~fk ¼ ~fg � ~f. The growth rates of the

two capital goods along the economy’s transitional path are obtained by

linearizing:

fk �
q� 1

h1
� dK ; fg � g

f ðkgÞ
kg

� dG

kg
kg

fk

f

fg

fk, fg

X

XY

Y

~

~

Figure 4.3 Stable adjustment paths for growth rates of public and private capital
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about their common steady state:

~f � ~q� 1

h1
� dK ¼ g

f ð~kgÞ
~kg

� dG

as kg and q evolve along (4.32a) and (4.32b). Performing the app-

roximation, the linearized transitional paths followed by the respective

growth rates are:

fk � ~f ¼ �ð1� syÞ½ef 00~kg � ð1� eÞf 0�
h1
rð1� sbÞ � ~f
h i

� l
n o ðkg � ~kgÞ ð4:33aÞ

fg � ~f ¼ � g

ð~kgÞ2
f � ~kgf

0� �ðkg � ~kgÞ ð4:33bÞ

These are illustrated in Figure 4.3, where the upward-sloping locus XX

corresponds to the stable transitional adjustment path in the growth rate of

private capital and the downward-sloping locus YY corresponds to the

stable adjustment in the growth rate of public capital. The striking feature of

the adjustment is that during any transition the growth rates of the two forms

of capital are moving in opposite directions. This figure forms the basis for

the analysis of the dynamic effects of a fiscal expansion.

4.3.4 Equilibrium dynamics: current account

To obtain the time path for the current account we proceed as follows. First,

linearize the production function appearing in (4.24). Next, substitute the

solutions from (4.7a0), (4.29) and (4.26) into (4.24). This leads to the

following linear approximation describing the rate of accumulation of

traded bonds:

_B ¼ rBþ CP;0e

R t

0
fkðsÞds þ CG;0e

R t

0
fgðsÞds � Cð0Þewt

where CP,0 and CG,0 reflect the initial impacts of the private and public

capital stocks on the economy’s net output.18 Solving this equation and

invoking the transversality condition on the traded bond, we can show that:

18 The constants CP,0 and CG,0 are not of any particular interest and hence we do not need to
specify them explicitly.
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Cð0Þ ¼ ðr � wÞ B0 þ CP;0

Z 1

0

e

R s

0
fkðsÞds�rs

dsþ CG;0

Z 1

0

e

R s

0
fgðsÞds�rs

ds

� �
ð4:34aÞ

This equation determines the initial level of consumption C(0), consistent

with the intertemporal solvency of the small open economy. The term in

parentheses can be interpreted as the present discounted value of wealth,

allowing for the fact that both types of capital grow at the respective net

rates fk(t) and fg(t). Substituting this initial condition into the general

solution for B(t), we find that the stock of traded bonds follows the stable

transitional growth path:

BðtÞ ¼ �ert CP;0

Z 1

t

e

R s

0
fkðsÞds�rs

dsþ CG;0

Z 1

t

e

R s

0
fgðsÞds�rs

ds� Cð0Þ
r � w

eðw�rÞt
� �

ð4:34bÞ
which is analogous to (2.21).

4.3.5 Steady-state fiscal effects

The steady-state shadow value of private capital and the ratio of the two types of

capital, ~q and ~kg; are determined by setting _q ¼ _kg ¼ 0 in (4.27a) and (4.27b),

from which the corresponding value of the equilibrium growth rate ~f imme-

diately follows. This forms the basis for the long-run effects of various types

of fiscal policy. Here we shall discuss the effects of changes in the tax rates

and in the share of government expenditure, on the assumption that

the government budget constraint is met through appropriate adjustments

in lump-sum taxes. Note that this aspect of the equilibrium is independent of

the consumption tax, sc, which therefore operates as a lump-sum tax; see also

Rebelo (1991). Omitting details, the following results can be established:

@~f
@sb

¼
r~qg f � ~kgf

0� �.
h1ð~kgÞ2

A
> 0;

@~kg
@sb

¼ �r~q=h1
A

< 0;
@w
@sb

¼ �r

1� c
< 0

ð4:35aÞ

@~f
@sy

¼
�g f � ~kgf

0� �
f � e~kgf 0
� �.

h1ð~kgÞ2

A
< 0;

@~kg
@sy

¼ ðf � e~kgf 0Þ


h1

A
> 0;

@w
@sy

¼ 0

ð4:35bÞ
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@~f
@g

¼ �ð1� syÞ f


~kg

� �
ff 00


h1

A
> 0;

@~kg
@g

¼
rð1� sbÞ � ~f
h i

f


~kg

� �
A

> 0;
@w
@g

¼ 0

ð4:35cÞ

where

A � g
.
ð~kgÞ2


 �
f � ~kgf

0� �
rð1� sbÞ � ~f
h i

þ 1=h1ð Þð1� syÞ½ð1� eÞf 0 � ef 00~kg�> 0

Intuitively, an increase in the tax on interest income lowers the net rate of

return on traded bonds, thereby inducing investors to increase the proportion

of private capital in their portfolios, raising the price of capital, and inducing

long-run growth in private capital. This growth in private capital reduces the

equilibrium ratio of public to private capital. In addition, this tax induces

agents to switch from savings to consumption, increasing the amount of

initial consumption, but slowing down its growth rate.

An increase in the tax on private capital income has the opposite portfolio

effect, lowering the growth of private capital and public capital and

increasing the ratio of public to private capital. It leaves the growth rate of

consumption unaffected.

In contrast to a centrally planned economy, an increase in the share of

output claimed by the government, financed by a lump-sum tax, raises the

equilibrium growth rate of capital unambiguously. This is because lump-

sum taxation avoids the excess burden of taxation associated with distor-

tionary taxes. At the same time, the transversality conditions prevent the

growth rate from being increased indefinitely through an ever-increasing

share of government expenditure.

4.3.6 Transitional dynamics

Figure 4.4 illustrates the transitional dynamics in capital following the three

types of fiscal disturbance. Part (a) illustrates the effects of higher income tax

rates, while part (b) traces out the dynamic adjustment in response to a higher

proportion of government expenditure. In each case, the economy is initially

in steady-state equilibrium at the point P.

The immediate effect of an increase in the tax rate on interest income, sb,
is to induce agents to begin switching their portfolios from bonds to capital.

The rate of growth of private capital increases, reducing the ratio of public

to private capital in the economy. As kg declines (i.e. the relative abundance

96 4 Transitional dynamics and endogenous growth



of private capital increases), its shadow value declines, causing the growth

rate of private capital to decline. The transitional adjustment in the growth

rate of private capital is illustrated by the initial jump from P to A, on the

kg

kg

(a) Increase in income tax rates

(b) Increase in government expenditure
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Figure 4.4 Transitional dynamics of capital: decentralized economy
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new stable arm X0X0, followed by the continuous decline, AQ, to the new

steady state at Q. With the growth of public capital being tied through

aggregate output to the capital stocks in accordance with (4.21), the growth rate

of public capital does not respond instantaneously to the higher tax rate sb.
Instead, as kg declines, the average productivity of public capital, f/kg, rises,

causing the growth rate of public capital to rise gradually over time. The stable

arm YY remains fixed and the growth rate of public capital occurs gradually

along the path PQ.

The transitional response to a higher tax on capital, sy, is the mirror

image of what we have just been discussing. The higher tax on capital

generates an initial decline in the rate of growth of private investment,

followed by a gradual, but only partial, increase. This is represented by the

initial jump from P to B, to the new stable path X00X00, followed by the

continuous increase along BR, to the new equilibrium at R. The growth of

public capital does not respond immediately, but declines gradually, as its

average productivity f/kg falls. This is represented by the continuous

movement along PR in Figure 4.4a.

The transitional adjustment of the two types of capital to an increase in

government expenditure is illustrated in Figure 4.4b. In this case, the long-run

increase in the equilibrium growth rate is sufficiently large to generate a cor-

responding partial increase in the short-run growth rate of private capital, fol-

lowed by a further continuous increase along SU. In contrast, the direct impact

of the increase in government expenditure is to cause the growth rate of public

capital to overshoot on impact and decline thereafter to its new (higher) growth

rate as the ratio of public to private capital declines during the transition.

4.3.7 Optimal fiscal policy

The presence of public capital in production, the stock of which grows

endogenously with the economy, but which agents take as given, has two

important consequences for policy. First, it raises the question of the optimal

stock of government capital. Since government capital is subject to declining

marginal productivity, at some point the marginal resources devoted to public

investment may be utilized more productively elsewhere in the economy, thus

limiting the size of public capital. Second, the fact the stock of government

capital grows endogenously with the size of the economy, a link that private

agents ignore, implies the presence of an externality, the size of which depends

upon the degree of congestion. This implies that the time path of the decen-

tralized economy that we have been discussing deviates from the socially
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optimal time path, thus creating the potential for taxation to correct for the

distortion. The analysis of this is discussed in detail elsewhere; see Turnovsky

(1997c). Here we simply summarize the main issues, pointing out that the

analytical procedure is similar to that discussed earlier in the chapter to deal

with the externality associated with debt.

To determine the optimal rate of government expenditure it is most con-

venient to focus on the problem from the viewpoint of the central planner. The

procedure is essentially as set out in Section 4.1, where the central planner

internalizes the externalities, in this case arising from the fact that public capital

increases with the size of the economy. Analytically, the central planner

includes the accumulation of public capital in his optimization, a consequence

of which is that the macroeconomic equilibrium involves the time path of the

shadow of public capital, as well as private capital. This means that the order of

the macrodynamic equilibrium on the output side increases from two (as in

(4.28) for the decentralized economy) to three, requiring one “sluggish” (the

relative stocks of capital) and now two “jump” variables (the two shadow

values) for a unique stable adjustment path to prevail.

Using this framework one can establish that the long-run growth-

maximizing level of g, ḡ say, exceeds the long-run welfare-maximizing

level, ĝ. This is in contrast to Barro (1990), who, introducing government

expenditure as a flow in the production function, finds that the welfare-

maximizing and growth-maximizing shares of government expenditure coin-

cide, as we observed in Section 2.4. The difference is accounted for by the fact

that when government expenditure influences production as a flow, maximizing

the marginal product of government expenditure net of its resource cost

maximizes the growth rate of capital. But it also maximizes the social return to

public expenditure, thereby maximizing overall intertemporal welfare. By

contrast, when government expenditure affects output as a stock, public capital

needs to be accumulated to attain the growth-maximizing level. This involves

forgoing consumption, leading to welfare losses relative to the social optimum.

Intertemporal welfare is raised by reducing the growth rate, thereby enabling the

agent to enjoy more consumption.

The optimal tax structure is characterized as the one that will enable

the decentralized economy to replicate the first-best outcome of the

centrally planned economy. There are two general requirements to be met.

The first is that the decentralized economy must ultimately attain the

steady state of the centralized economy. Second, having replicated the

steady state, the transitional dynamic adjustment paths in the two econ-

omies must also coincide.
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Omitting details, the optimal tax rates in the steady state are:

ŝb ¼ 0 ð4:36aÞ

ŝy ¼ �~mgþ ð1� eÞf 0~kgð1þ ~mgÞ
f � e~kgf 0

ð4:36bÞ

where v denotes the shadow value of allocating a marginal unit of output to the

government, measured in terms of the unitary price of foreign bonds. It reflects

the deviation of government spending from its optimum. These expressions can

be given the following intuitive interpretation. Since there is no distortion in the

bond market, the tax rate on foreign bond income should be zero, and indeed

(4.36a) will replicate the growth rate of consumption.

The intuition behind the optimal (capital) income tax rate, ŝy, given in

(4.36b) can be understood by comparing the private and social returns to

private capital accumulation in the presence of public capital. Recalling

(4.5b0), the steady-state private return to accumulating a marginal unit of

private capital is:

rp � ð1� syÞ
f ð~kgÞ � ef 0ð~kgÞ~kg
� �

~q
þ ~q� 1ð Þ2

2h1~q
� dK

In contrast, the steady-state social return to accumulating a marginal unit of

private capital is:

rs � ð1þ ~mgÞ ½f �
~kgf

0�
~q

þ ð~q� 1Þ2
2h1~q

� dK

This takes account of the fact that, since the government maintains a fixed

expenditure ratio, gY, the accumulation of private capital indirectly causes the

government to increase its rate of investment, the social value of which is ~m,
while, in addition, the central planner internalizes the congestion. The optimal

tax rate, ŝy; is set so as to equate rp to rs. The income tax rate thus corrects for

two potential sources of externality: (i) the size of the government relative to

its social optimum, and (ii) the degree of congestion.

Suppose that there is no congestion, so that e¼ 1, and that ~m > 0, so that the

relative stock of government capital is less than optimal. In this case, the

optimal tax on private capital income is ŝy < 0; see (4.36b). Since private

investment increases output and therefore has the desirable effect of increasing

the size of public capital, it generates a positive externality and therefore

should be encouraged through a subsidy. On the other hand, if ~m < 0 and the

government is too large relative to the optimum, capital income should be
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taxed positively. This is because the induced expansion of the government

through private investment now generates a negative externality and should be

discouraged through taxation. Finally, if ~m ¼ 0, so that the size of the gov-

ernment sector is optimal, the induced change in government expenditure is

just worth its cost. There is no externality and so private capital income should

be untaxed. The first-best optimum can be reached either through lump-sum

taxation alone, or equivalently through a consumption tax. At the other

extreme, suppose that e¼ 0, so that congestion is proportional. If the stock of

public capital is at its social optimum, ~m ¼ 0, the income from private capital

should now be taxed at the rate, ŝy ¼ ~kgf
0
f , the share of public capital in the

overall social optimum.

The idea that the presence of congestion favors an income tax over lump-

sum taxation or a consumption tax has been shown previously by Barro and

Sala-i-Martin (1992a) and Turnovsky (1996a). In these models, in which

government expenditure appears as a flow, there are no adjustment costs and if

congestion is proportional (e¼ 0), the optimal tax rate turns out to be ŝy ¼ ĝ so

that the expenditure is fully financed by the capital income tax. In the present

case, ŝy >
< ĝ, reflecting the fact that while congestion in public capital enhances

the return to private capital, thus providing an incentive for private investment,

this needs to be weighed against the adjustment costs associated with the latter.

The result that the optimal tax rate does depend upon the degree of con-

gestion contrasts with that of Glomm and Ravikumar (1994), who reach the

opposite conclusion. The difference is due to the formulation of congestion

and the fact that we are imposing constant returns to scale in the two forms of

capital in the absence of labor. If we adopt the Glomm–Ravikumar specifi-

cation of congestion, the only assumption consistent with ongoing growth is

for e¼ 0, in which case our expression (4.34b) with ~m ¼ 0 also reduces to the

Barro expression ŝk ¼ f 0~kg


f .19

The other aspect of the optimal tax structure – the differential taxation of

capital and interest income when g is not at its optimum – is due to the form

of the government expenditure rule (4.21), where gross public investment is

assumed to be a fixed proportion of output. It is through this relationship that

the accumulation of private capital generates the externality that needs to be

corrected by a tax on capital income. Since government expenditure is

unrelated to interest income, the accumulation of bonds by the agent gener-

ates no such externality.

19 Glomm and Ravikumar (1994) specify congestion (using the present notation) in the form

Ks
G ¼ KG



Kf where f� 0, rather than in the form (4.18b) adopted here.
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While the expenditure rule (4.21) is plausible, it is arbitrary, and we

therefore briefly consider the implications of modifying (4.21) to:

G ¼ g f
KG

K

� �
K þ rB

� �
ð4:210Þ

so that government expenditure is proportional to GNP. In this case the

accumulation of bonds generates an externality completely analogous to that

generated by private capital. To replicate the first-best optimum will therefore

require the taxation of both forms of income and, with G being proportional to

the sum of the income sources, both sources of income will have to be taxed

equally in order to replicate the first-best equilibrium.20

To replicate the growth rates of the capital stocks in the two economies

is more involved. Basically we need to equate the stable eigenvalues in

the decentralized and centrally planned economies and this requires the

optimal capital income tax rate, sy, to be time-varying. Essentially the

method is similar to that which we applied in the previous model.

4.4 Role of public capital: conclusions

As noted previously, virtually all of the analytical work addressing the role

of public expenditure in determining the productive performance of the

economy has introduced government expenditure as a flow in the production

function. It is therefore subject to the criticism that, insofar as it is intended

to represent the infrastructure of the economy, it is an inadequate measure

of what is really relevant, namely the accumulated stock of publicly pro-

vided capital. In the latter part of this chapter, we have introduced both

public and private capital into an endogenous growth model of a small open

economy. Apart from its intrinsic importance, the small open economy has

the advantage of enabling us to focus on the dynamic interaction of the

adjustments of the two types of capital in the most transparent way.

We conclude by drawing the parallels and highlighting the differences

between considering productive government expenditure in the form of

capital and the more standard practice of introducing it as a flow. The first

difference is that the introduction of public capital together with private

capital generates transitional dynamics in the growth of both types of

20 If G ¼ gfK þ g0rb then the two forms of income will be taxed at differential rates. The
specifications in (4.21) and (4.210) correspond to polar cases. When government spending is
optimally determined then the specifics of any underlying rule cease to matter.
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capital. This is in contrast to the case where government expenditure

appears as a flow, when the private capital stock is always on its balanced

growth path; see Section 2.4. Second, not only do the two types of capital

evolve at different time-varying rates during the transition, but they also

approach their common equilibrium growth rate from opposite directions.

In response to an increase in the size of the government, say, the growth of

public capital initially overshoots, before gradually declining to the new

equilibrium growth rate. The growth rate of private capital always under-

shoots on impact – and indeed may initially respond perversely – before

gradually increasing to its new equilibrium. This pattern of adjustment is

reversed in response to tax changes. Now the growth rate of private capital

initially overshoots its long-run response – positively in the case of a tax on

interest, negatively in the case of a tax on capital – while the growth of

public capital adjusts gradually to the new equilibrium.

Third, as in the case where productive government expenditure impacts

as a flow, there is a growth-maximizing size of productive government

expenditure. However, in contrast to that case, maximizing the equilibrium

growth rate does not coincide with welfare maximization. The process of

accumulating the public capital necessary to maximize the equilibrium

growth rate of capital may involve consumption losses, which more than

outweigh the benefits to future production. The economy may be better off

with a slightly lower growth rate and higher consumption.

Finally, as in the more conventional formulation, the introduction of

government capital introduces an externality in production. As in the sim-

pler model this can be corrected by a combination of income taxes and/or

lump-sum taxes, enabling the decentralized economy to replicate the first-

best equilibrium of the centrally planned economy. But in contrast to the

simple model, the income tax necessary to achieve this varies along the

transitional path. The steady-state component has a simple structure aimed

at correcting for potential externalities due to (i) the deviation in govern-

ment expenditure from its social optimum, and (ii) the effects of congestion

associated with public capital. The transitional component is aimed at

inducing the representative agent to take proper account of the fact that the

shadow value of public capital varies inversely with the changing ratio of

public to private capital along the adjustment path.21

21 We may note that with the consumption tax essentially operating as a lump-sum tax, the
issue of time inconsistency, often identified with optimal capital taxation, does not arise.
Given an unchanging time path characterizing the first-best optimum, the policy maker
will have no incentive to deviate from it.
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5

Two-sector growth models

5.1 Introduction1

The one-sector production model, while an essential analytical tool of

aggregate economics, is inevitably limited as a framework for analyzing the

full economy-wide impacts of policy shocks and structural changes. This is

particularly problematic in an international economy, one of the key charac-

teristics of which is the fact that international trading activities affect different

parts of the economy to varying degrees. Some parts of the economy are

specialized in exports or export-related activities, others in imports or import-

related activities, while other sectors, notably service industries, operate more

or less independently of the international environment. The differential impacts

on these various sectors were a central issue in the debate over the Dutch

disease and the discovery of oil in Northern Europe, as well as in assessing the

effects of mineral discoveries in Australia. In both cases the discovery of the

resource led to a change in the country’s terms of trade, and this in turn had an

effect on the country’s traditional export sectors, as well as on its import-

competing sectors. Or, to take another example, a tariff imposed on a country’s

imports, by changing the country’s terms of trade, will also have consequences

elsewhere in the economy. To capture these relative price effects one needs to

augment the basic model to introduce a second, or perhaps even more, sectors.

Two-sector models of economic growth were pioneered by Uzawa (1961),

Takayama (1963), and others in the context of a closed economy. In this early

literature, the two sectors corresponded to the production of the consumption

good and the production of the investment good, respectively. The key result

in that early literature focused on the uniqueness and stability of equilibrium,

which was shown to depend critically upon the capital intensity of the

investment good sector relative to the consumption sector.

1 This chapter draws on material presented in Turnovsky (1996d).
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In a seminal paper, Lucas (1988) introduced the two-sector endogenous

growth model. The Lucas model includes two capital goods, physical capital

and human capital. The former is produced, together with consumption

goods, in the final output sector, using both human and physical capital.

Human capital is produced in the education sector, also using both physical

capital and human capital. The agent’s decisions at any instant of time are

(i) how much to consume, (ii) how to allocate his physical and human

capital across the two sectors, and (iii) at what rates to accumulate total

physical and human capital over time. Having two capital goods, this model

is characterized by transitional dynamics. However, because two-sector

endogenous growth models initially proved to be intractable, much of the

early analysis was restricted to balanced growth paths (see e.g. Lucas, 1988;

Devereux and Love, 1994) or to analyzing the transitional dynamics using

numerical simulation methods (see e.g. Mulligan and Sala-i-Martin, 1993;

Pecorino, 1993; and Devereux and Love, 1994). One important exception to

this is Bond, Wang, and Yip (1996), who using the methods of the standard

two-sector trade model, provided an effective analysis of the dynamic

structure of the two-sector endogenous growth model. In fact, if one iden-

tifies physical capital with traded capital and human capital with nontraded

capital, it becomes natural to interpret the Lucas model within an inter-

national context, as being an endogenous growth version of the so-called

“dependent economy” model.

5.1.1 The dependent economy model: a brief background

The dependent economy model has a long history and has become an

essential workhorse of international macroeconomics. By distinguishing

between traded and nontraded goods, it provides a convenient general

equilibrium framework for analyzing the behavior of the real exchange rate

both in a static context, as in the early models of the 1960s, as well as in a

dynamic framework.2 Modern analytical treatments of nontraded goods in a

macroeconomic setting can be traced to the Australian school of Salter

(1959), Corden (1960), Swan (1960), Pearce (1961), and McDougall (1965),

to which should be added the important work of Diaz-Alejandro (1965)

from a Latin American perspective. In the United States, Balassa (1964) and

2 The first published use of the term “dependent economy” was by Salter (1959) to describe
an economy that was a price taker on world markets, but also produced nontraded goods for
domestic use. The term is still very much in use even though nontraded goods account
for a substantial share of the GDP of large OECD countries, which can hardly be described
as being dependent.
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Samuelson (1964) singled out the role of productivity differences in the

traded good industries across countries as the primary long-run reason for

differences in the relative prices of nontraded goods. Balassa and Samuel-

son focused on the supply-side determinants of the relative price of non-

traded goods, in contrast to the Australian school’s emphasis on the

demand-side determinants of the relative price of nontradables, taking the

supply side of the economy as given.

During the 1970s the incorporation of investment into this framework by

Fischer and Frenkel (1972, 1974), Bruno (1976), and others began a process

of extending the short-run character of the model to a longer-run treatment of

the determination of the relative price of nontradables, the capital stock, and

the current account in a small open economy. These early dynamic models

were open economy extensions of the standard portfolio balance macro-

dynamic models of that period. Moreover, a decade or so later several authors

had begun to incorporate capital formation into an intertemporal optimizing

framework; see e.g. Razin (1984), Murphy (1986), Brock (1988), and

Obstfeld (1989).

Once the distinction between traded and nontraded goods is introduced,

the way investment is classified becomes important. Intuitively, investment

can reasonably be placed into either category. Capital goods, taking the

form of infrastructure and construction, are presumably nontraded; invest-

ment goods in the form of machinery or inventories are obviously poten-

tially tradable. Different treatments of investment, reflecting these different

possibilities, can be found in the literature.3 For analytical reasons most of

the earlier literature assumes that investment falls entirely into one category

or another, and on balance, the treatment of capital as nontraded is more

prevalent.

Brock and Turnovsky (1994) develop an intertemporal two-sector depend-

ent economy model that includes both traded and nontraded capital goods.

Their model, which employs a Ramsey-type technology, shows that a general

analysis, incorporating both types of capital simultaneously, is in fact tractable,

and their analysis provides a characterization of the roles of the two

capital goods in the adjustment process. The analysis to be presented below can

also be viewed as an adaptation of their framework to an endogenous growth

context.

Finally, one of the most interesting aspects of the dynamics is that they

depend critically upon the relative capital intensities of the two sectors. If the

3 A summary of some of the approaches adopted, as well as the applications of the model is
provided by Turnovsky (1997a).
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traded good is the more capital intensive, the adjustment of the real exchange

rate to any unanticipated permanent shock occurs immediately. The subse-

quent accumulation or decumulation of capital in response to such a shock

occurs with no concurrent change in the real exchange rate. By contrast, if the

nontraded sector is the more capital intensive, the transitional adjustment in

the capital stock will be accompanied by an appropriate change in the real

exchange rate.4

The next section lays out the theoretical framework, while Section 5.3

derives and characterizes the macroeconomic equilibrium. Section 5.4 illus-

trates the model by analyzing the steady-state growth effects of three types of

disturbance: (i) a demand disturbance in the form of an increase in the rate of

time preference; (ii) productivity shocks in the two sectors; and (iii) foreign

price shocks in the form of a higher world interest rate, and a higher price of

imported investment goods. Whether prices have transitional dynamics will

be shown to depend critically upon the relative intensities of the two sectors

in the two capital goods. Section 5.5 discusses the nature of the transitional

dynamics in two examples where it occurs.

5.2 The model

The economy is inhabited by a single infinitely lived representative agent.

The agent accumulates two types of capital for rental at the competitively

determined rental rate. The first is traded capital, K (say machinery), and the

second is nontraded capital, H (say structures). Neither capital good is subject

to depreciation. For expositional simplicity there is no government, but that

can be easily added as in previous chapters.

These two forms of capital are employed by the agent to produce a trad-

able good, YT, taken to be the numeraire, using a linearly homogeneous

production function:

YT ¼ aKa
TH

ð1�aÞ
T ; 0 < a < 1 ð5:1aÞ

where KT and HT denote the respective allocations of the capital goods to the

production of the traded good. The agent also produces a nontraded good, YN,

4 Two-sector models that include sectoral externalities are often associated with
indeterminate solutions. By excluding such externalities we avoid this issue. Examples of
two-sector growth models in an open economy which allow for externalities that generate
indeterminacy include Weder (2001) and Meng (2003). The latter is particularly close in
its general structure to the present framework.
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by means of an analogous production function

YN ¼ bK
b
NH

ð1�bÞ
N ; 0< b< 1 : ð5:1bÞ

The fact that the two production functions are linearly homogeneous in the

two reproducible factors, K and H, is critical for an equilibrium with steady

endogenous growth to exist. The relative price of nontraded goods, p, is taken

as parametrically given by the agent, and is determined by market-clearing

conditions in the economy. Both forms of capital are costlessly and instant-

aneously mobile across the two sectors, with the sectoral allocations being

constrained by:

KT þ KN ¼ K ð5:2aÞ

HT þ HN ¼ H ð5:2bÞ
The accumulation of traded capital involves adjustment costs.5 With both

production functions having constant returns to scale, and the small economy

having access to a perfect world bond market, these adjustment costs are

necessary in order to avoid imposing constraints on the technological par-

ameters to ensure that the arbitrage conditions equating rates of return are

met.6 Thus we assume that in order to accumulate traded capital at the rate:

_K ¼ I ð5:3Þ

involves costs represented by the quadratic (convex) function:

UðI;KÞ ¼ I p� þ hI=2Kð Þ ð5:4Þ

where p� represents the exogenous world price of new traded capital. This

equation is analogous to (2.1c), the only minor difference is that we

allow the price of new traded capital to deviate from that of other traded

commodities.

5 It would be straightforward to introduce adjustment costs on nontraded capital. There is no
need to do so, as their rate of adjustment is constrained by the endogenous adjustment in
the relative price of nontraded goods; see also Brock and Turnovsky (1994). The assumption
that sectoral allocation factor movements occur both costlessly and instantaneously, while
standard in this Heckscher–Ohlin-type production framework, is also strong. The structure
changes dramatically if one introduces retrofit costs associated with intrasectoral factor
movements. Various formulations of this in a non-growth model are provided by Mussa
(1978), Gavin (1990), and, more recently, Morshed and Turnovsky (2004).

6 In the analysis of Brock and Turnovsky (1994) this is unnecessary since their production
functions are linearly homogeneous in the three factors of production: traded capital,
nontraded capital, and the nonreproducible factor, labor.
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In addition to accumulating the two types of capital, the agent accu-

mulates traded bonds, B, that pay an exogenously given world interest rate,

r. Thus the agent’s instantaneous budget constraint is specified by:

_B ¼ aKa
TH

1�a
T þ pbK

b
NH

1�b
N þ rB� CT � pCN

�I p� þ hI=2Kð Þ � p _H
ð5:5Þ

where CT and CN are the agent’s consumption of the traded and nontraded

goods.

The agent’s optimization decision is to choose the rate of consumption

(CT, CN), capital allocation decisions (KT, KN, HT, HN), and rates of capital

accumulation, I and _H, to maximize the intertemporal isoelastic utility

function:

X �
Z 1

o

1=cð Þ Ch
TC

1�h
N

� �c
e�qtdt ð5:6Þ

subject to the constraints (5.2)–(5.4) and the initial stocks of assets, K0, H0,

and B0.

The following optimality conditions with respect to CT, CN, KT, KN, HT,

HN, and I obtain:

hChc�1
T C

cð1�hÞ
N ¼ k ð5:7aÞ

1� hð ÞChc
T C

c 1�hð Þ�1
N ¼ kp ð5:7bÞ

aaKa�1
T H1�a

T ¼ pbbKb�1
N H

1�b
N � rk ð5:7cÞ

a 1� að ÞKa
TH

�a
T ¼ pb 1� bð ÞKb

NH
�b
N � rh ð5:7dÞ

p� þ hðI=KÞ ¼ q ð5:7eÞ

where, as in previous chapters, k is the marginal utility of wealth held in the

form of traded bonds, and q reflects the market price of installed traded

capital in terms of the price of foreign bonds. The first pair of equations are

the usual intertemporal envelope conditions relating the marginal utility of

the two consumption goods to the shadow value of wealth. Equations (5.7c)

and (5.7d) equate the marginal returns to traded and nontraded capital across
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the two sectors. The quantities rk and rh define the marginal physical

products of traded and nontraded capital, respectively, measured in terms of

traded output (the numeraire). Equation (5.7e) equates the marginal cost of

an additional unit of investment, inclusive of the marginal installation cost

hI/K, to the market value of capital. Equation (5.7e) may be immediately

solved to yield the following expression for the rate of accumulation of

traded capital:

I

K
¼

_K

K
¼ ðq� p�Þ

h
� fðtÞ ð5:8Þ

so that starting from an initial level of K0, the stock of capital at time t is

KðtÞ ¼ K0e

R t

0
fðsÞds

.

Applying the standard optimality conditions with respect to the traded

bond, B, and the two forms of capital, K and H, leads to the arbitrage

conditions:

q�
_k
k
¼ r ð5:9aÞ

rk

q
þ _q

q
þ ðq� p�Þ2

2hq
¼ r ð5:9bÞ

rh

p
þ _p

p
¼ r ð5:9cÞ

These equations are analogous to (2.4a) and (2.4b) of the basic model. As

before, (5.9a) is the standard Keynes–Ramsey consumption rule, equating

the marginal return on consumption to the fixed rate of return on holding a

foreign bond. With q and r both being constants, it implies a constant

growth rate of the marginal utility k. Likewise (5.9b) equates the rate of

return on traded capital to the rate of return on the traded bond. The former

has three components. The first is the marginal physical product of traded

capital per unit of installed capital (valued at the price q), the second is the

rate of capital gain, while the third reflects the contribution of a higher

traded capital stock to reducing installation costs. The final equation equates

the total rate of return on nontraded capital, which consists of its marginal

physical product plus its rate of capital gain, to the rate of return on the

traded bond.
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Finally, in order to ensure that the agent’s intertemporal budget constraint

is met, the following transversality conditions must be imposed:

lim
t!1 kBe�qt ¼ 0; lim

t!1 kqKe�qt ¼ 0; lim
t!1 kpHe�qt ¼ 0 ð5:10Þ

5.3 Determination of macroeconomic equilibrium

We define aggregate consumption C, expressed with the traded good as

numeraire, by:

C � CT þ pCN

This definition, together with the optimality conditions (5.7a) and (5.7b),

implies that consumptions of the two goods are:

CT ¼ hC; pCN ¼ ð1� hÞC ð5:11Þ

leading to:

_CT

CT

¼
_C

C
;

_p

p
þ

_CN

CN

¼
_C

C
ð5:12Þ

Combining the time derivative of (5.7a) with (5.12) implies that aggregate

consumption grows at the rate:

_C

C
¼ r � q� cð1� hÞ _p=pð Þ

1� c
� wðtÞ ð5:13Þ

where at this point the rate of inflation of the relative price, _p=p, is yet to be

determined.

The strategy for deriving the macroeconomic equilibrium involves three

stages, the first of which determines the static allocation of existing resources,

while the latter two determine the dynamics. In the first stage we express the

sectoral capital intensities and marginal physical products of capital in terms of

the relative price of nontraded to traded goods and also express the absolute

levels of the allocation of capital in terms of the gradually evolving aggregate

stocks,K andH.As is characteristic of two-factor two-sector growthmodels, the

dynamics of the system decouple, and in the second stage we solve for the price

dynamics. Having determined prices, the third stage then solves for the equi-

librium rates of accumulation of the aggregate stocks of assets, K, H, and B.
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5.3.1 Static allocation conditions

Let x � KT=HT denote the traded to nontraded capital ratio in the traded

sector. Dividing equation (5.7c) by (5.7d) yields:

KN

HN

¼ 1� a
1� b

� �
b
a

� �
x ð5:14Þ

implying that the capital intensities in the two sectors move proportionately.

Substituting (5.14) into the first equation of (5.7c) implies:

x ¼ dp 1=ða�bÞð Þ where d � b
a

� �b
1� b
1� a

� �1�b
b

a

" # 1=ða�bÞð Þ
ð5:15aÞ

This equation, together with (5.14), yields simple relationships between the

sectoral capital intensities and the relative price of nontraded to traded output.

Combined with (5.7c) and (5.7d) these in turn lead to the following expres-

sions for the marginal physical products of the two types of capital:

rkðpÞ ¼ aaxa�1 ¼ aada�1p ða�1Þ=ða�bÞð Þ ð5:15bÞ

rh pð Þ ¼ a 1� að Þxa ¼ a 1� að Þdap a= a�bð Þð Þ ð5:15cÞ

Equation (5.14), together with the sectoral allocation relationships (5.2a)

and (5.2b), leads to the following expressions for the levels of the capital

stocks instantaneously employed in the two sectors:

HT ¼ bð1� aÞxH � að1� bÞK
xðb � aÞ KT ¼ bð1� aÞxH � að1� bÞK

ðb � aÞ ð5:16aÞ

HN ¼ að1� bÞ K � xH½ �
xðb � aÞ KN ¼ bð1� aÞ K � xH½ �

ðb � aÞ ð5:16bÞ

which in turn can be expressed in terms of the relative price p by substituting

for x from (5.15a). The equilibrium sectoral allocation of capital depends

upon the relative sectoral capital intensity b�a. Intuitively, an increase in K,

say, will raise the aggregate K/H ratio, attracting resources toward the sector
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that is relatively intensive in traded capital. If a > b this is the traded sector.

Thus KT and HT will rise. If H is held fixed, the additional nontraded capital

used in the traded sector must be attracted from the nontraded sector, so that

HN declines. This lowers the marginal physical product of traded capital in

the nontraded sector and induces a shift in traded capital away from that

sector, as well; that is, KN declines.

In order for the sectoral capital allocations Ki, Hi to be nonnegative, the

sectoral and aggregate capital intensities must satisfy the following conditions:

If b> a :
rh

rk

b
1� b

� �
� KN

HN

>
K

H
>

KT

HT

� rh

rk

a
1� a


 �

if b< a :
rh

rk

b
1� b

� �
� KN

HN

<
K

H
<

KT

HT

� rh

rk

a
1� a


 � ð5:17Þ

These inequalities define a cone within which the aggregate K/H ratio must lie

for a feasible equilibrium to obtain.7

5.3.2 Price dynamics

By observing the expressions for rk and rh given in (5.15b) and (5.15c), in

conjunction with the arbitrage conditions on the two types of capital (5.9b)

and (5.9c), it is seen that the dynamics of the relative price, p, and of the price

of (installed) traded capital, q, proceed independently of the aggregate stocks

of capital, being determined by the pair of equations:

_p ¼ rp� að1� aÞdapa=ða�bÞ ð5:18aÞ

_q ¼ rq� ðq� p�Þ2
2h

� aada�1p a�1ð Þ=ða�bÞð Þ ð5:18bÞ

These equations are recursive; the relative price of the two goods evolves

autonomously in accordance with (5.18a), and in turn determines the

evolution of the market price of installed traded capital.

Equations (5.18a) and (5.18b) emphasize the importance of adjustment

costs and the associated price of capital in equilibrating the rates of return.

In the absence of such costs (h ! 0; q ! p�) and (5.18b) reduces to a static

equation determining p. This will be consistent with (5.18a) if and only if

7 These inequalities are sometimes referred to as the Lerner–Pearce conditions; they ensure that
incomplete specialization prevails.
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the technological parameters are appropriately tied to the foreign rate of

interest.8

The critical determinant of the growth of traded capital is the market price

of installed capital, q, the price of which is determined by the solution to the

pair of differential equations (5.18a) and (5.18b). In order for the traded

capital stock domiciled in the economy ultimately to follow a path of steady

growth or decline, the stationary solution to this pair of equations, attained

when _p ¼ _q ¼ 0, must have (at least) one real solution. Thus, the steady-state

relative price of nontraded goods ~p must be either zero, which we shall rule

out, or:

~p ¼ r

að1� aÞdað Þ
� � a�bð Þ=bð Þ

ð5:19aÞ

so that the steady-state real rate of return on nontraded capital rhð~pÞ=~p just

matches the return on traded bonds, r.

The corresponding steady-state value of q, ~q, is the solution to the quad-

ratic equation:

rkð~pÞ þ ~q� p�ð Þ2
2h

¼ r~q ð5:19bÞ

This equation is analogous to (2.13) of the basic model and, as in that case,

a necessary and sufficient condition for the stock of traded capital ultimately

to converge to a steady growth path is that this equation have real roots, and

this will be so if and only if:

rkð~pÞ � r p� þ hr

2

� �
ð5:20Þ

a condition that we shall henceforth assume is met.

Figures 5.1 and 5.2 illustrate the phase diagrams for the price dynamics

(5.18a) and (5.18b) in the case that (5.20) holds, so that a steady-state growth

path for traded capital exists. Figure 5.1 assumes b> a, so that the nontraded

sector is relatively intensive in traded capital, while Figure 5.2 corresponds to

a > b, so that the relative sectoral intensities in the two types of capital are

8 The specific constraints can be written most conveniently as

að1� aÞdap b=ða�bÞð Þp� ¼ rp� ¼ aada�1p ða�1Þ=ða�bÞð Þ. Eliminating p from these equalities
imposes a constraint on the exogenously given technological coefficients, which is
the analogue of the requirement that a¼ r in the one-sector model.
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reversed.9 If the roots of (5.19b) are real, the potential arises for two steady-

state equilibrium growth rates for traded capital to exist. Denoting the two

roots by q1 (smaller) and q2 (larger), for both capital intensities two cases can

be identified:

Case I: r>rkð~pÞ, which implies q2 > p* > q1 > 0

Case II: r < rkð~pÞ, which implies q2 > q1 > p*

Consider first Figure 5.1, which corresponds to b > a. From the phase

diagram it is seen that the equilibrium point B, which corresponds to the

smaller equilibrium value, q1, is an unstable node, while A, which corres-

ponds to the larger equilibrium value, q2, is a saddlepoint, with the vertical

locus XY being the stable saddlepath. Thus, if the system starts out from any

point other than B on XY it will converge to A; otherwise it will diverge and

there will be no steady growth path. But, any time path for q which converges

to A violates the transversality condition for traded capital (5.10), which

A

B

X

Y

q

p

q = p*+ hr

p

p = 0

q = 0

q = 0

~

~

Figure 5.1 Phase diagram: b > a

9 Since there are only two factors of production, the statement that the traded sector is
relatively intensive in traded (nontraded) capital is equivalent to the statement that the
nontraded sector is relatively intensive in nontraded (traded) capital.
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needs to be met.10 The only solution for q which is consistent with the

transversality condition and the attainment of a steady growth path for traded

capital is the unstable equilibrium point B.

Figure 5.2, which corresponds to a > b, is analogous. In this case, the

equilibrium point B, which corresponds to the smaller equilibrium, q1, is a

saddlepoint, with the stable saddlepath being the negatively sloped locus LM.

The equilibrium A, which corresponds to the larger equilibrium value, q2, is

now a locally stable node. But as in Figure 5.1, any time path for q which

converges to A violates the transversality condition for traded capital.11 Thus,

in this case the only solutions for p and q which are consistent with both the

A

B

X

Y

q

p

q = p* + hr

p

L

M

p = 0

q = 0

q = 0

~

~

Figure 5.2 Phase diagram: a > b

10 To see this, observe that lim
t!1 q0Ke�qt ¼ lim

t!1 qkKe�qt . Solving equations (5.8) and (5.9a),

implies KðtÞ ¼ K0e
ðq�p�Þ=hð Þt; kðtÞ ¼ kð0Þeðq�rÞt, where K0 is the given initial stock of

domestic capital and k(0) is the endogenously determined initial marginal utility of wealth.

Combining these expressions implies lim
t!1 q0Ke�qt ¼ qkð0ÞK0 lim

t!1 e

R t

0
½ðqðsÞ�p�Þ=h�ds�rt

.

Substituting the solution for the larger root q2 into this expression, it is clearly seen that this
limit diverges, thereby violating the transversality condition on the capital stock. Similarly,
the smaller root q1 ensures that the required transversality condition holds.

11 The argument is as in note 10.
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transversality condition and the attainment of a steady growth path for traded

capital lie on the stable saddlepath LM.

The behavior of prices can thus be summarized by:

Proposition 5.1: (i) If b > a so that the nontraded sector is relatively intensive

in traded capital, the only solutions for p and q which are consistent with the

transversality condition on traded capital are p ¼ ~p given by (5.19a), and q = q1,

the (unstable) steady-state solution given by the smaller root to (5.19b). In this

case there are no transitional dynamics in either the relative price of nontraded to

traded goods or the market price of capital. In response to any shock, these prices

immediately jump to their respective new steady-state values.

(ii) If a > b so that the traded sector is relatively intensive in traded capital,

the only solutions for p and q which are consistent with the transversality

condition on traded capital are that p and q lie on the stable saddlepath LM,

ultimately converging to p ¼ ~p given by (5.19a), and q = q1, the (unstable)

steady-state solution given by the smaller root to (5.19b). In this case, a shock

to the economy will generate transitional adjustment paths in both p and q.

The significant feature of Proposition 5.1 is that it indicates that the

dynamic behavior of asset prices, p(t) and q(t), is intimately tied to the

production structure of the economy, as reflected by the relative sectoral

capital intensities. Many would argue that (ii) is the more plausible of these

two cases; that is, the tradable sector, manufacturing goods say, is relatively

intensive in tradable capital – for example, equipment.12 In this case, one

would expect a shock to the economy to lead to a jump in asset prices,

followed by a smooth transition. The stable eigenvalue to the linearized

approximation to the dynamic system represented by (5.18a) and (5.18b) is

br/(b�a)<0, in which case the formal solution to the local dynamics is as

follows:13

pðtÞ � ~p ¼ pð0Þ � ~p½ �e br=ðb�aÞð Þt ð5:21aÞ

qðtÞ � ~q ¼ ð1� aÞ=ðb � aÞð Þ rkð~pÞ=~pð Þ
ðp� þ hrÞ � ~q½ �=hð Þ � br=ðb � aÞð Þ

� �
pðtÞ � ~pð Þ ð5:21bÞ

The equilibrium market price of traded capital, ~q, appearing in (5.21b) is the

smaller root q1 to (5.19b), though for convenience, the subscript 1 is

12 See e.g. Fischer and Frenkel (1974) and Brock (1988).
13 In fact equations (5.18a) and (5.18b) are of a form which permit exact solutions to be

obtained.
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omitted.14 From the solution we see that p� þ hr> ~q, so that with a > b,
(5.21b) is a negatively sloped locus (being a linear approximation to LM in

Figure 5.2). Accordingly, the two asset prices move in opposite directions

during this phase of the transition. Both prices are forward-looking variables so

that their respective initial values, p(0) and q(0), will be determined to satisfy

the transversality condition on nontraded (human) wealth; see (5.33) below.

The behavior of the sectoral capital intensities x, KN/HN, and the real

marginal physical products rk(p), rh(p) will mirror that of p. Thus if b > a
they too will remain constant throughout at their respective steady-state

values, ~x;~rk; and ~rh, while if the sectoral intensity is reversed they will vary

through time in response to the evolution of the relative price p.

As is standard in the two-good, two-sector, two-factor model, the steady-

state relative price and all factors which depend upon it are determined solely

by production conditions; they are therefore independent of any source of

demand shock. The latter, however, will generate transitional responses in

these variables in the case where a> b.15

5.3.3 Asset dynamics

In order to derive the dynamics of asset accumulation, it is useful to begin

with the following relationships, expressing the equilibrium sectoral outputs

in terms of the aggregate stocks of capital, K and H. These are derived from

the production functions by utilizing the optimality conditions (5.7c) and

(5.7d), together with (5.15b) and (5.15c), and reflect the equilibrium sectoral

adjustments in KT, HT, etc. as determined in (5.16a) and (5.16b):

YT ¼ �rkð1� bÞK þ rhbH
ðb � aÞ ; YN ¼ rkð1� aÞK � rhaH

pðb � aÞ ð5:22Þ

An increase in the aggregate stock of traded capital, K, will attract resources

to the sector that is relatively intensive in traded capital. If a > b that sector

is the traded sector, the output of which increases at the expense of the

nontraded sector.

Define aggregate wealth, with the traded good as numeraire, as:

W ¼ qK þ pH þ B ð5:23Þ

14 The formal solution is q1 ¼ p� þ hr½ � � p� þ hr½ �2� ðp�Þ2 þ 2hrkð~pÞ
h i
 �1=2

15 We can observe that the relative sectoral capital intensity plays precisely the same role in
determining the nature of the price dynamics as it does in the Brock–Turnovsky (1994)
Ramsey-type analysis.

118 5 Two-sector growth models



Differentiating this expression with respect to t and noting: (i) the accu-

mulation equations (5.3) and (5.4); (ii) the production functions (5.1a)

and (5.1b), in conjunction with (5.22); (iii) the definition of aggregate

consumption C; (iv) the optimality condition for investment (5.8); and (v)

the arbitrage conditions (5.9b) and (5.9c), leads to the following relationship

describing the rate of aggregate wealth accumulation:

_WðtÞ ¼ rWðtÞ � CðtÞ ð5:24Þ

The form of this wealth accumulation relationship is standard. The only

difference here is that C evolves in accordance with (5.13), which depends

upon _p=p, which in turn depends upon the relative sectoral capital inten-

sities. Indeed the entire profile of asset accumulation depends upon whether

b>
< a and the two cases will be discussed in turn.

(i) bb >> aa: nontraded sector relatively intensive in traded capital

In this case p remains at its steady-state level ~p; _p � 0 so that consumption

grows at the steady rate (see (5.13)):

_C

C
¼ r � q

1� c
� ~w; i:e: CðtÞ ¼ Cð0Þe ~wt ð5:25Þ

Substituting this into (5.24) and solving, while invoking the transversality

conditions (5.10), imposes the restriction r> ~w and implies the constant

equilibrium consumption–wealth ratio:

C

W
¼ r � ~w ¼ q� cr

1� c
ð5:26Þ

Aggregate wealth therefore grows at the same rate as consumption, with both

variables being on their respective equilibrium steady-state growth paths; i.e.

_W


W ¼ _C



C ¼ ~w.

We turn now to the components of W, and in particular to the two types of

capital. With p constant over time, q is also constant, so that traded capital

grows at the steady rate:

_K

K
¼ ~f ¼ ð~q� p�Þ

h
ð5:27Þ

where ~q is the solution to (5.19b).
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Comparing (5.25) and (5.27) we see that consumption and wealth on the

one hand, and traded capital on the other, are always on their respective

steady-state growth paths, growing at the rates ~w and ~f. The former is driven

by the difference between the rate of return on foreign bonds and the domestic

rate of time preference. The latter is determined by ~q, which is determined by

the technological conditions in the domestic economy, the adjustment costs h,

the cost of imported investment goods p�, and the return on foreign assets.16

The market clearing condition for nontraded capital is specified by

_H ¼ YN � CN , which using (5.22) and (5.11) can be written as:

_H ¼ ~rkð1� aÞK � ~rhaHð Þ
~pðb � aÞ � ð1� hÞC

~p
ð5:28Þ

Substituting KðtÞ ¼ K0e
~ft and CðtÞ ¼ Cð0Þe ~wt into this equation, the solution

for H, starting from the initial stock of nontraded capital H0, is:

HðtÞ ¼ H0 � ð1� aÞ~rk
ðb � aÞ~p ~fþ ar=ðb � aÞ

h iK0 þ ð1� hÞ
~p ~wþ ar=ðb � aÞ½ �Cð0Þ

2
4

3
5e� ar=ðb�aÞð Þt

þ ð1� aÞ~rk
ðb � aÞ~p ~fþ ar=ðb � aÞ

h iK0e
~ft � ð1� hÞ

~p ~wþ ar=ðb � aÞ½ �Cð0Þe
~wt

ð5:29Þ

The transversality condition lim
t!1 kpHe�qt ¼ 0 in (5.10) now reduces to

lim
t!1He�rt ¼ 0. Applying this to the three exponential terms in (5.29), the

following conditions must hold: (i) ar=ðb � aÞð Þ þ r> 0; (ii) r> ~f; (iii)

r> ~w. Condition (i) is assured under the capital intensity assumption b > a;
condition (ii) is satisfied by the smaller root q1 (see note 10); condition

(iii) has been imposed by the transversality conditions upon aggregate wealth

and is necessary and sufficient for the consumption–wealth ratio to be non-

negative; see (5.25) and (5.26).

The important observation is that the evolution of nontraded capital, HðtÞ,
involves a transitional adjustment path. It is restricted, however, by the

requirement that the steady-state K/H ratio must lie within the cone defined in

(5.17), and for this to occur the growth rate of H must converge to that of K. If

16 We shall assume that the country is sufficiently small that it can maintain a growth rate
which is unrelated to that in the rest of the world. Ultimately, this requirement imposes a
constraint on the growth rate of the economy. If it grows faster than the rest of the world,
at some point it will cease to be small.

120 5 Two-sector growth models



h ¼ 1 so that the agent does not consume the nontraded good – a natural

assumption if H is interpreted as being human capital – the convergence of

the growth rate of nontraded capital, H(t), to the growth rate, f, of traded
capital is assured. However, if h < 1 so that the agent consumes some of the

nontraded good, the additional restriction f > w must be imposed. This is

because if w > f, so that consumption were to grow faster than traded capital,

nontraded capital would ultimately need to grow at the rate of consumption in

order to generate the nontraded output to satisfy the faster-growing nontraded

consumption demand. The K/H ratio would therefore converge to zero, vio-

lating (5.17).

Thus assuming that either h¼ 1 orf>w, (5.29) implies that the ratio of traded

to nontraded capital will converge to a balanced growth path along which:17

~K
~H
¼ fðb � aÞ þ ar½ �

ð1� aÞ
~p

rkð~pÞ ð5:30Þ

Using the fact that in steady-state ~rh ¼ ~pr, the steady-state K/H ratio (5.30) can

be shown to satisfy the inequalities in (5.17) as long as the (common) equi-

librium growth rate of capital f � 0.18 If the growth rate is strictly positive

then ~K=~H lies within the feasible cone. However, if f ¼ 0, so that the

economy is in fact stationary, then ~K


~H ! ~KT



~HT and the equilibrium output

of the nontraded good, YN, reduces to zero; see (5.22). The economy therefore

is fully specialized in the production of the traded commodity. This is because

with either no nontraded consumption (h ¼ 1), or declining consumption (f ¼
0 > w) and a fixed stock of nontraded capital, asymptotically, there is no

demand for additional output of the nontraded good. All production needs can

be met by allocating the existing fixed stocks of the two capital goods between

the two sectors. The case where f < 0, so that the economy is declining,

drives ~K


H beyond the boundary of the cone defined by ~KT



~HT . This is

because in a contracting economy YN < 0 in order for market clearance of the

nontraded good, _H ¼ YN � CN , to hold. While this is unsatisfactory, it can be

easily remedied, and a declining economy accommodated, by allowing non-

traded capital to depreciate.

From these solutions for W, K, and H, we can derive the long-run impli-

cations for traded bonds. Rewriting (5.23) in the form:

17 Using the expressions for ~f and ~w the restriction ~f> ~w can be expressed in terms of
underlying taste and technology parameters.

18 In showing that the solution for K/H given in (5.30) satisfies (5.17), use is also made of
the transversality condition r>f.
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B ¼ W � ~qK � ~pH

it is evident that holdings of traded bonds are also subject to transitional

dynamics, and their growth rate may converge either to that of wealth accu-

mulation or that of capital accumulation. Which it will be will depend in part

upon whether or not the agent consumes nontraded output. In the event that he

does not (h ¼ 1), there is no restriction on the relative growth rates f and w. In
that case it is possible for ~w> ~f so that K and H both grow asymptotically

slower than W; eventually the country will become a net creditor and continue

to accumulate further foreign assets. This condition characterizes a relatively

patient country in which the agents choose to consume a small fraction of their

wealth. This enables them to accumulate foreign assets, running up a current

account surplus, and generating a positively growing stock of foreign assets. It

is the income from these assets that permits the small economy to sustain long-

run growth rates of consumption and total wealth in excess of the growth rate of

capital and productive capacity. However, as long as the agent consumes some

nontraded output, the restriction ~f> ~w must be imposed. In this case the

country is relatively impatient. In the long run, the country consumes beyond

its productive capacity and accumulates an increasing foreign debt.

(ii) aa >> bb: traded sector relatively intensive in traded capital

Recall equation (5.13), the solution to which is CðtÞ ¼ Cð0Þe
R t

0
wðsÞds

. Sub-

stituting this into the wealth accumulation equation (5.24), solving the

equation, and invoking the transversality condition implies the aggregate

consumption to wealth ratio:

C

W
¼ 1R1

t
e

R s

t
½r�wðsÞ�ds

ds
ð5:31Þ

where w(t) is given in (5.13). In general, the consumption–wealth ratio is now

time-varying. To the extent that the domestic agent consumes the foreign good

(h< 1), movements in the relative price of the two consumption goods give rise

to income and substitution effects, which are exactly offsetting when the utility

function is logarithmic (c¼ 0).19 Using (5.23) and the solution for C(t), the

equilibrium rate of growth of aggregate wealth may be expressed as:

19 See e.g. Sandmo (1970) for a discussion of the income and substitution effects for the
isoelastic utility function.
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_W

W
¼

_C

C
þ ðr � wÞ � C

W

� �
ð5:32Þ

Thus both aggregate wealth and consumption have transitional dynamic time

paths, reflecting the differential impacts of the relative price movements. As the

price level converges to its steady-state level (i.e. as _p ! 0), C/W converges to

its steady-state ratio (5.26), while _C


C and _W



W converge to their common

constant growth rate (5.25).

The growth rate of traded capital is given by (5.8) and is also time-varying,

reflecting the evolution of q along the stable locus. However, as q approaches

its steady state, the growth rate of traded capital approaches the steady-state

rate given in (5.27).

With the relative price of nontraded capital, p(t), being time-varying, it is

convenient to focus on the rate of accumulation of nontraded capital in value

terms, which is given by:

dðpHÞ
dt

¼ r þ rhðpÞ
p

b
a� b

� �� �
ðpHÞ � rkðpÞ 1� a

a� b

� �
K � ð1� hÞC

In the neighborhood of steady-state equilibrium, this equation can be

approximated by:

dðpHÞ
dt

¼ ~r
a

a� b

� �
ðpHÞ � ~rk

1� a
a� b

� �
K � ð1� hÞC

A linear approximation to the solution for the time path of p(t)H(t), valid in the

neighborhood of the steady-state growth path, when the solutions for asset

prices are near their respective steady-state levels, ~p; and ~q, is thus given by:

pðtÞHðtÞ ¼ pð0ÞH0 � ð1� aÞ~rk
ðb � aÞ ~fþ ar=ðb � aÞ

h iK0 þ ð1� hÞ
~wþ ar=ðb � aÞ½ �Cð0Þ

2
4

3
5

· e� ar=ðb�aÞð Þt þ ð1� aÞ~rk
ðb � aÞ ~fþ ar=ðb � aÞ

h iK0e
~ft

� ð1� hÞ
~wþ ar=ðb � aÞ½ �Cð0Þe

~wt

ð5:280Þ

However, with the reversal of sectoral relative capital intensities (i.e. a > b),
condition (i), necessary for the transversality condition to hold, is no longer
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automatically met. This is because the partial effect of a higher pH is

to increase its flow at the nonsustainable rate ar=ða� bÞ> r. Indeed, in order

for the transversality condition to hold, we now require the term in the first

parentheses in (5.280) to be zero. Noting that in the neighborhood of steady

state:

Cð0Þ ¼ r � ~wð ÞWð0Þ ¼ r � ~wð Þ qð0ÞK0 þ pð0ÞH0 þ B0½ �

in order for the transversality condition to hold we require:

pð0ÞH0 � ð1� aÞ~rk
ðb � aÞ ~fþ ar=ðb � aÞ

h iK0

þ ð1� hÞ r � ~wð Þ
~wþ ar=ðb � aÞ½ � qð0ÞK0 þ pð0ÞH0 þ B0½ � ¼ 0 ð5:33Þ

While this transversality condition has been derived in terms of non-

traded capital, it is in fact a recasting of the conventional national inter-

temporal budget constraint. This can be seen as follows.

Conditions we have imposed have ensured that lim
t!1 kWe�qt ¼

lim
t!1 qkKe�qt ¼ 0 are met. It then follows from the definition of W in (5.22)

that this implies lim
t!1 k pH þ B½ �e�qt ¼ 0. Thus the transversality condition on

nontraded capital in (5.10), together with the solution for kðtÞ ¼ kð0Þeðq�rÞt,
implies lim

t!1Be�rt ¼ 0 and this latter condition is equivalent to the national

intertemporal budget constraint. As a result, (5.33) imposes conditions on the

initial relative price of the two goods, p(0), and on the initial price of

installed capital, q(0), that ensure that the resulting path of net exports so

generated is consistent with the intertemporal solvency of the economy. This

equation, taken in conjunction with the stable saddlepath (5.20b), determines

the initial values of the two price levels, pð0Þ and qð0Þ – both of which may

respond instantaneously to new information – consistent with stable

adjustment. The previous comments with respect to convergence of the

aggregate K/H ratio and the behavior of traded bonds B continue to hold, at

least locally.

5.4 Structural changes

We turn now to analyzing the effects of alternative types of disturbance on the

equilibrium. Three types of shock will be considered:
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(i) domestic demand shock, taking the form of an increase in the rate of

time preference;

(ii) domestic supply shocks, taking the form of proportional shifts in the

production functions of the two sectors;

(iii) foreign price shocks, taking the form of (a) an increase in the foreign

interest rate; (b) an increase in the price of imported investment.

The effects of these disturbances upon the steady-state equilibria of key

domestic variables are summarized in Table 5.1. Since the balanced growth

equilibrium is characterized by only two growth rates, ~w and ~f, these are the
only two growth rates reported. We shall assume that h< 1 so that the growth

rate of nontraded capital converges to that of traded capital. Thus ~f can

simply be referred to as the growth rate of capital. In the case where b> a, the
adjustments described in the table occur instantaneously; however, if a> b
they represent long-run responses, following a transitional adjustment, to be

discussed in Section 5.5 below.

5.4.1 Increase in rate of time preference

As noted, the steady-state relative price, the marginal physical products of

capital, and sectoral capital intensities are all determined by supply conditions

and are independent of any domestic demand shock. Thus, ~p; ~x;~rh;~rk; and ~q

are all independent of q. The equilibrium growth rate of traded capital, being

determined by ~q, is therefore also independent of q. The same applies to

nontraded capital. The only response to an increase in the rate of time pref-

erence is to induce domestic residents to increase the fraction of wealth that is

consumed, leading to a reduction in the growth rate of consumption and

wealth; see Table 5.1, col. 1.

5.4.2 Increase in productivity

Column 2 of Table 5.1 summarizes the effects of a specified percentage increase

in productivity in producing the traded commodity, as represented by the Hicks-

neutral technical change da/a. The key to understanding these relationships (as

well as those in column 3) is provided by the static efficiency conditions (5.7c),

(5.7d), and the steady-state version of (5.9c), together with (5.18b).

First, the increased efficiency in producing the traded good raises the rela-

tive price of the nontraded good; i.e. ~p must rise. In steady-state equilibrium,

the real rate of return on nontraded capital measured in terms of the numeraire,

~rh=~p, must equal the foreign interest rate. With the latter remaining fixed, ~rh
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must therefore rise in proportion to the relative price ~p. But in order for the

value of the marginal physical product of nontraded capital in terms of the

numeraire (i.e. ~rh=~p) to remain constant, the relative capital intensity ratio in

the nontraded sector KN/HN must remain constant. And since, further, capital is

freely mobile across sectors, the relative capital intensity in the traded sector,

KT/HT, remains constant as well; i.e. x remains unchanged. It then immediately

follows that the marginal physical product of traded capital in the traded sector,

~rk, increases in proportion to the productivity increase, implying that the

increase in the relative price of the nontraded good is similarly proportionate.

The higher marginal physical product of traded capital implies a higher rate of

return to traded capital, thereby increasing the market price of installed capital,

~q. This in turn raises the growth rate of traded capital and therefore that of

nontraded capital as well. By contrast, the higher productivity of traded output

has no effect either on the steady-state consumption–wealth ratio, or on the

equilibrium growth rates of consumption or wealth, all of which are determined

by the difference between the rate of return on foreign bonds and the domestic

rate of time preference.

Table 5.1. Balanced growth effects

Domestic
demand shock

Domestic
supply shocks

Foreign
price shocks

dq da
a

db
b

dr
r

dp�

(1) (2) (3) (4) (5)

d~p
~p

0 1 � a
b

a�b
b

0

d ~x
~x

0 0 � 1
b

1
b

0

d~rh
~rh

0 1 � a
b

a
b

0

d~rk
~rk

0 1 1�a
b

� 1�a
b

0

d~q 0 h ~rk=að Þ
ðp�þhrÞ�~q

h 1�a
bð Þ ~rk

bð Þ
ðp� þ hrÞ�~q

�h 1�a
bð Þ ~rk

rð Þ
ðp� þ hrÞ�~q

p��~q
ðp� þ hrÞ�~q

d
~C
W


 �
1

1�c
0 0 � c

1�c
0

d ~w � 1
1�c

0 0 1
1�c

0

d~f 0 ~rk=að Þ
ðp� þ hrÞ�~q

1�a
bð Þ ~rk

bð Þ
ðp� þ hrÞ�~q

�
1�a
bð Þ ~rk

rð Þ
ðp� þ hrÞ�~q

� hr

ðp� þ hrÞ�~q

Note: p� þ hr � q> 0
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From the results reported in Table 5.1 it is straightforward to determine the

effect of the increase in da/a on the equilibrium aggregate traded–nontraded

capital ratio, K/H, reported in (5.30). With ~rk=~p remaining constant, the only

effect is through the growth rate, with this depending upon the relative sec-

toral capital intensities. Thus, the increase in the growth rate, ~f, stemming

from the productivity increase, will raise the ratio K/H if b> a and lower it

otherwise. This is because during the transition K grows faster than H, so that

relatively more traded than nontraded capital is accumulated. If a > b the

decline in p during the transition implies that Hmust grow at a faster rate than

K, so that over time the K/H ratio will fall.

Column 3 summarizes the analogous effects of a specified percentage

increase in the productivity of producing the nontraded good, as represented by

the change db/b. Here the choice of numeraire plays a role, leading to differ-

ences from the previous productivity shock. First, the increase in efficiency of

producing the nontraded good will reduce its relative price; i.e. ~p will fall. With

the world interest rate fixed, equilibrium in the world bond market requires that

~rh now declines in proportion to the decline in relative price ~p. Now in order for

~rh=~p to remain constant in the face of an increase in the efficiency of the

production of the nontraded good (i.e. larger b), the relative capital intensity

ratio in the nontraded sector KN=HN must decline, with an identical decline

occurring in the traded sector. In other words, ~x falls. The decline in KT=HT

raises the marginal physical product of traded capital in terms of the numeraire;

i.e. ~rk rises. Thus in contrast to the case of the productivity shock da, the two

marginal physical products, ~rk and~rh; move in opposite directions. The higher

marginal physical product of traded capital raises its installed price and the

equilibrium growth rate of capital. The consumption–wealth ratio, as well as

the equilibrium growth rates of consumption and total wealth, remain

unaffected. The effect on the ratio of traded to nontraded capital is similar to

that discussed in connection with the change in da/a, although in addition to the

growth effect, which remains precisely as before, the increase in ~rk=~p causes a

decline in the K=H ratio.

5.4.3 Foreign price shocks

An increase in the foreign interest rate raises ~rh=~p. With the production

function for the nontraded sector remaining constant, this raises the

relative sectoral capital intensity in the nontraded sector, KN=HN (see

[5.7d]), raising KT=HT proportionately; i.e. ~x rises. The rise in KT/HT

reduces the marginal physical product of traded capital in the traded

sector, so that ~rk falls. In order for the value of the marginal physical
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product of the two types of capital to be equated across the two sectors,

the relative price of the nontraded good must move to offset the impact of

the higher sectoral capital intensity ~x on the marginal physical product of

capital in that sector. Thus ~p must rise or fall according to whether a >
< b.

Whatever the response of the relative price, it is dominated by the direct

effect of the foreign interest and ~rh rises unambiguously. The decline in

the marginal physical product of traded capital reduces the market price

of installed capital, thereby reducing the equilibrium growth rate of

capital. Thus in all these respects, the foreign interest rate operates like a

negative shock to the productivity of nontraded output. Its effect on the

equilibrium ratio of traded to nontraded capital is therefore the reverse of

that in section 5.4.2.

But it also has consumption effects. The higher interest rate has a positive

income effect dr and a negative substitution effect �dr/(1�c), with the net

effect being �cdr/(1�c). Whatever the net effect on consumption, the higher

income is more than offsetting, so that the net effect is to raise the growth rate

of consumption and wealth.

Finally, an increase in the import price of investment, p�, has neither a
production effect nor a demand effect. It therefore has no effect on the

relative price, the sectoral relative capital intensities, the marginal physical

products, all of which are determined by production conditions, or on

consumption, or the growth rates of consumption and wealth. The only

impact is on the price of installed capital and the growth rate of the two

capital goods. A higher cost of new investment reduces ~q if ~q> p�, so that

there is positive growth, and raises it otherwise. This is because, in a

positively growing economy, a higher import price of investment reduces

the rate of return on traded capital resulting from valuation effects (the third

term in [5.9b]). This needs to be offset by a reduction in the price of

installed capital, q, in order to restore the rate of return on traded capital to

the fixed rate of return on traded bonds. Consequently, the rate of growth of

capital in a positively growing economy declines, while the rate of decline

in a stagnating economy – one having negative growth – increases. These

growth rates translate immediately to impacts on the equilibrium K/H ratio,

as for previous shocks.

5.5 Transitional dynamics

We now consider the case where the traded sector is relatively more capital-

intensive in traded capital (i.e. a > b) so that the adjustment to any shock
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involves a path of transitional dynamics. Two examples are illustrated in

Figures 5.3 and 5.4.

Figure 5.3 illustrates the transitional adjustment in the case where the

domestic economy becomes more impatient, and increases its rate of time

preference. Suppose that the economy is initially in the steady-state equilibrium

denoted by B. Since the steady-state values of ~p and ~q are independent of the

rate of time preference, the stable saddlepath LM remains unchanged following

this change in q, so that the system ultimately returns to B.

Upon impact, the higher rate of time preference will generate initial

changes in both the relative price, p(0), and in the price of installed capital,

q(0). These initial jumps are required so as to: (i) keep the economy on

the stable saddlepath, in this case LM; (ii) ensure that the transversality

condition (5.33) for nontraded capital is satisfied. The movement is thus

represented by a discrete jump from B to U or from B to V, at which

point the economy reverses itself and proceeds continuously back to the

equilibrium B.

The increase in the rate of time preference, q, raises the C/W ratio,

thereby increasing the initial consumption demand for both goods. In order

for (5.33) to be maintained, this must be offset by a decline in initial wealth

A

B

X

Y

q

p
p

L

M

U

V

p = 0

q = 0

q = 0

q = p*+ hr~

~

Figure 5.3 Increase in Rate of Time Preference: a > b
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and this is accomplished by initial jumps in the two prices dp(0), dq(0). At

the same time, these initial price changes are constrained by the require-

ment that they remain on the stable saddlepath LM. Denoting the negative

slope of that line by �f (where f> 0) we require dq(0) ¼ – fdp(0), so that

the two prices move in opposite directions. In general, we can establish a

critical value of the ratio of nontraded to traded capital, �j say, such that the

required initial reduction in wealth is accomplished by a reduction in

the price of the relatively abundant form of capital, in terms of this

critical ratio.

Thus if the initial ratio of nontraded to traded capital H0=K0 > �j, the
wealth reduction is brought about by a reduction in p(0) together with a

smaller increase in q(0). This is represented by a jump from B to U and an

initial increase in the growth rate of traded capital. The reduction in the

relative price of nontraded output has immediate effects on the sectoral

capital intensities and the rates of return on the two forms of capital, in

accordance with (5.15). These effects are all transitory as the economy

returns to B along UB. If the relative size of the two forms of capital is

reversed, so that H0=K0 < �j holds, the reduction in wealth is accomplished

by a reduction in q(0), together with an increase in p(0). The adjustment is a
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Figure 5.4 Increase in Rate of Productivity: a > b
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jump from B to V and involves a reduction in the growth rate of traded

capital, which, however, is only temporary, as the economy eventually

returns to B along VB.

Figure 5.4 illustrates the dynamics in response to an increase in the

productivity of the nontraded good, as represented by an increase in b. In this

case the _p ¼ 0 locus moves to the left and the _q ¼ 0 locus shifts to the right.

The new equilibrium is now at the point R, lying to the northwest of B, with

the stable saddlepath shifting up from LM to L0M0. The transition to the new

saddlepath occurs through jumps in p(0) and q(0) and this may take place in

the direction BR or along BQ, depending in part upon the initial relative

sectoral intensities. But after the initial jump, the economy proceeds con-

tinuously along the new stable saddlepath to R.

5.6 Conclusions

This chapter has presented a two-sector endogenous growth model of a small

open economy with traded and nontraded capital goods. As such it extends

two important bodies of literature. The first is the dependent economy model,

which has proved to be a standard workhorse in international economics.

Second, identifying traded capital with physical capital, and nontraded capital

with human capital, the model is equivalent to the two-sector, two-capital-

good, endogenous growth models that have recently been so prominent in the

literature. The assumption that the economy faces a perfect bond market is

crucial in enabling a tractable closed-form solution to be obtained.

A key feature of the model is that the accumulation of traded capital takes

place by means of a convex cost of adjustment function. This raises a number

of issues with respect to the nature of the steady growth equilibrium. First,

despite the linear technology, it is possible in the presence of adjustment costs

for no steady-state growth path to exist. This will be so if the differences

between the valuation of new capital and the resources it utilizes are too large.

Second, the rate of growth of traded capital on the one hand, and the rate of

growth of domestic consumption and wealth on the other, are determined

largely independently. The former is determined by the equilibrium “Tobin q,”

and depends mainly on production conditions, including the adjustment costs to

investment. The latter are determined much more by taste parameters, such as

the rate of time preference and the intertemporal elasticity of substitution.

The nature of the economy’s growth path depends critically upon the

relative sectoral capital intensities of the two domestic production functions.

In the case where the nontraded sector is relatively intensive in traded capital
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(b > a), neither the relative price of nontraded output nor the price of

installed capital undergoes transitional dynamics; they are always at their

respective steady-state levels. Thus traded capital and aggregate wealth are

always on their respective steady-state growth paths, in general growing at

different rates. Nontraded capital undergoes transitional dynamics, ultimately

converging to the growth rate of traded capital and an equilibrium ratio of

traded to nontraded capital.

In the case where it is the traded sector which is relatively intensive in

traded capital (a > b), both asset prices will follow transitional paths, before

eventually converging to their respective steady-state equilibria, which

remain the same as when b > a. Corresponding to these transitional paths for

prices are transitional growth paths for traded capital and wealth, which too

converge to the same respective steady-state growth paths as before. Thus an

important general implication of our framework is that the qualitative

behavior of asset prices in a small economy depends crucially upon its

underlying production structure and, specifically, upon the relative intensities

of the two sectors in the two types of capital.
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6

Non-scale growth models

6.1 Introduction1

As we noted briefly in Chapter 2, an important potential difficulty associated

with endogenous growth models is that they may exhibit “scale effects,”

meaning that variations in the levels of key variables pertaining to the size of

the economy, such as the population, number of people employed in the

research sector, or the capital stock, exert permanent influences on national

growth rates. In addition, they also suggest that policy variables, most notably

tax rates, may have a profound effect on the equilibrium growth rate. These

theoretical predictions run counter to recent empirical evidence obtained from

studies based on the USA and other OECD countries.2 This has led to the

development of a new class of so-called “non-scale” growth models, in which

technology and capital accumulation are still endogenous, but long-run

growth rates are now independent of changes in policy and other scale

variables.3 Instead, long-run growth rates are determined by the exogenous

growth rate of labor in conjunction with production elasticities. In this respect

these new models are closer in spirit to the traditional Solow–Swan neo-

classical growth model, which in fact emerges as a special case.

The non-scale specification has both advantages and disadvantages. One

attractive feature is that a balanced growth equilibrium obtains with few

restrictions on returns to scale. This is in contrast to endogenous growth models,

1 This chapter draws on material in Eicher and Turnovsky (1999b).
2 For example, OECD data support neither the claim of R&D-based growth models that
a doubling of the resources devoted to R&D efforts should increase the rate of growth
proportionately, nor the proposition of AK models that an increase in investment rates results
in higher growth (Jones, 1995b). Tax rates have been shown to be ineffective in influencing
long-run growth in the USA; see Backus, Kehoe, and Kehoe (1992) and Stokey and Rebelo
(1995).

3 The term “non-scale” reflects the characteristic that a country’s growth rate is independent
of the scale of the economy, as measured, for example, by the size of population; see Jones
(1995a), Segerstrom (1995), and Young (1998). Eicher and Turnovsky (1999a) provide a
general characterization of non-scale growth using a two-sector production technology.
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which require constant returns to scale in the accumulated factors of production

for balanced growth to prevail.4 It also contrasts with the traditional neoclassical

growth model, for which constant returns to scale in capital and labor must

hold. Thus the non-scale growth model has the important advantage of flexibility,

in that the relevance of the production elasticities to growth provides a possible

explanation for the observed diversity of long-run growth rates. On the other

hand, a balanced growth with non-constant returns to scale to be sustained

requires the production function to be of Cobb–Douglas form, and is unsus-

tainable for more general technologies.5

One other feature of the non-scale model is that the increased flexibility

of the technology raises the dimensionality of the adjustment relative to

that of the corresponding endogenous growth model. Thus, while the one-

sector AK growth models, like those discussed in Part I, always lie on their

balanced growth path (and therefore have no transitional dynamics), the

corresponding one-sector non-scale growth model is described by a sec-

ond-order system that is saddlepoint-stable. This implies that the balanced

growth equilibrium is approached along a one-dimensional stable locus. If

we introduce an upward-sloping supply of debt function into the AK

model, this leads to a third-order system having one stable eigenvalue and

also a one-dimensional stable locus; see Chapter 4. As we shall show in

this chapter, if we introduce increasing borrowing costs into the non-scale

model, this leads to a fourth-order dynamic system, with the stable

manifold being a two-dimensional locus. The upshot is that the non-scale

model introduces flexibility into the transitional characteristics of the

economy that can be important in helping explain observed differences in

adjustments across sectors; see e.g. Bernard and Jones (1996).

The fact that the transitional dynamics in the presence of international

capital market imperfections is of higher order can help provide interesting

insights. For example, events in East Asia and Mexico in the 1990s dem-

onstrated that simple one-time policy changes can generate inherently non-

linear adjustments in the sense that they can lead to an initial period

of excessive capital inflows, followed by substantial capital outflows at

some later stage.6 Conventional dynamic endogenous growth models of

open economies, such as those discussed in Chapters 4 and 5, are usually

4 Solow (1994) refers to this as a knife-edge condition. See Jones (1999) for discussion of this issue.
5 See Eicher and Turnovsky (1999a).
6 For example, Thailand’s recent financial liberalization involved increased subsidies
(reduced taxes) on foreign borrowing, leading to (perceived) excessive capital inflows
that eventually led to a balance of payments crisis with associated net capital outflows;
see Guitan (1998).
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characterized by one-dimensional transitional adjustment paths, and therefore

require at least two time-separate and offsetting policy shocks in order to

account for such reversals in capital flows. By contrast, a simple non-scale

model can generate such capital flow reversals as part of the intrinsic tran-

sitional dynamics following a one-time policy event.

To keep the analysis tractable we restrict the production technology to only

a single sector. Initially we consider a conventional pure small open economy

facing a perfect world capital market, and assume that capital accumulation is

subject to convex adjustment costs, as in the benchmark model of Chapter 2.

Subsequently, we modify the model by introducing a capital market imper-

fection, in the form of an upward-sloping supply schedule of funds, introduced

in Chapter 4.

As in previous models, the presence of a perfect world capital market

generates a sharp dichotomy between the behavior and determinants of the

equilibrium growth rates of the consumption side and the production side,

although differences now emerge. Consumption is always on its balanced

growth path and its equilibrium growth rate is determined by domestic

preferences and the net-of-tax foreign interest rate. On the other hand, while

the long-run growth rate of output (and capital) is now determined by the

production and population growth parameters alone they are subject to

transitional dynamics.7

Also, as in Chapter 4, the introduction of the capital market imperfection

fundamentally changes both the dynamic structure and long-run policy

effectiveness. The evolution of all variables becomes interrelated and subject

to transitional dynamics. Borrowing constraints thus yield an equilibrium in

which the equilibrium growth rates of both output and consumption are

determined by the production and population growth parameters alone, pre-

cisely as in a non-scale closed economy; cf. Jones (1995a) and Eicher and

Turnovsky (1999a).

To illustrate the dynamics, we consider two alternative policy changes.

The first we call “financial liberalization,” which takes the form of a

reduction in the tax on debt (or debt subsidy), and is often seen as a cause of

the events in Thailand and Korea in the 1990s. We show that while the

equilibrium levels of capital and output remain unchanged, a subsidy to debt

increases the debt–capital ratio permanently, exclusively through an

increase in the level of debt. The higher debt and higher cost of borrowing

raise the costs of debt service so that long-run consumption per capita must

7 This contrasts with the open economy AK model developed in Chapter 2, for example, in
which the production side is also always on its steady balanced growth.
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decline, since output remains unchanged. The transitional adjustment fol-

lowed by capital and debt is especially interesting since it involves a loop

consisting of three distinct phases. Initially, a reduction in borrowing costs

raises the incentives to accumulate both debt and capital. During the inter-

mediate phase, the increased debt raises debt service costs, leaving less

output for investment, so that capital accumulation slows and eventually

declines. Finally, during the third stage the reduction in capital and the

higher associated debt costs, eventually more than offset the benefits of the

initial subsidy, causing debt to decline, along with capital, toward the new

long-run equilibrium.

We also examine an increase in a distortionary income tax and find that, in

contrast to a reduction in the tax on debt, it leads to proportionate long-run

declines in the stocks of capital and debt. While a variety of transitional time

paths are possible, monotonic adjustment in both variables is the most

plausible.

6.2 Small open economy

We begin with the basic canonical model, discussed in Chapter 2, of a small

open economy that consumes and produces a single traded commodity. Ini-

tially we assume that each individual is endowed with a fixed quantity of

labor, Li. Labor is fully employed so that total labor supply, equal to popu-

lation, N, grows exponentially at the steady rate Ṅ¼ nN. As before, individual

domestic output, Yi, of the traded commodity is determined by the

individual’s private capital stock, Ki, his labor supply, Li, and the aggregate

capital stock, K (¼NKi):

Yi ¼ a0Li1�rKr
i K

g � aKr
i K

g 0< r< 1; g<
> 0 ð6:1aÞ

Aggregate consumption in the economy is denoted by C, so that the per

capita consumption of the individual agent at time t is C/N¼Ci, yielding the

agent utility over an infinite time horizon represented by the intertemporal

isoelastic utility function:

X � R1
o

1
cC

c
i e

�qtdt �1 < c < 1 ð6:1bÞ

Agents accumulate physical capital, subject to the usual adjustment costs:

UðIi;KiÞ ¼ Ii þ h
I2i
2Ki

¼ Ii 1þ h
2
Ii
Ki


 �
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so that the net rate of capital accumulation is given by:

_Ki ¼ Ii � nKi ð6:1cÞ

Agents also accumulate foreign bonds, Bi, which pay a fixed rate of return, r.

We shall assume that income from current production is taxed at the rate sy,
income from bonds is taxed at the rate sb, while, in addition, consumption is

taxed at the rate sc. Thus the individual agent’s instantaneous budget con-

straint is described by:

_Bi ¼ð1� syÞYi þ rð1� sbÞ � n½ �Bi � ð1þ scÞCi

� Ii 1þ h=2ð Þ Ii=Kið Þ½ � þ Ti
ð6:1dÞ

As before, the agent’s decisions are to choose his rates of consumption, Ci,

investment, Ii, and asset accumulation, Bi and Ki, to maximize the inter-

temporal utility function (6.1a), subject to the accumulation equations (6.1c)

and (6.1d). The resulting optimality conditions are:

C
c�1
i ¼ kð1þ scÞ ð6:2aÞ

1þ h Ii=Kið Þ ¼ q ð6:2bÞ

q�
_k
k
¼ rð1� sbÞ ð6:3aÞ

ð1� syÞrYi
qKi

þ _q

q
þ ðq� 1Þ2

2hq
¼ rð1� sbÞ ð6:3bÞ

together with the transversality conditions:

lim
t!1 kBie

�qt ¼ 0; lim
t!1 kqKie

�qt ¼ 0 ð6:3cÞ

where k is the shadow value (marginal utility) of wealth in the form of

internationally traded bonds and q is the value of capital in terms of the

(unitary) price of foreign bonds.8 Solving equation (6.3b) yields the following

expression for the rate of capital accumulation:

8 Since the shadow values k; and q pertain to individuals they should have subscripts i appended
to them. But as agents are identical, their respective shadow values are the same, and for
notational simplicity the subscripts are suppressed.
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_Ki

Ki

¼ Ii

Ki

� n ¼ q� 1

h
� n � fi ð6:4Þ

so that the growth rate of the aggregate capital stock, is f¼fiþ n:

_K

K
¼ I

K
¼ q� 1

h
� f ð6:40Þ

6.3 Aggregate dynamics

Our objective is to analyze the dynamics of the aggregate economy about a

stationary growth path. Since the economy comprises one production sector,

which produces both output and capital goods, along such an equilibrium

path, aggregate output and the aggregate capital stock must grow at the

same constant rate, so that the aggregate output–capital ratio remains

unchanged. Summing the individual production functions (6.1a) over the N

agents, the aggregate production function is:

Y ¼ aKgþrN1�r � aKrKNrN ð6:5Þ

where rN � 1 – r ¼ share of labor in aggregate output, and rK � rþ g ¼
share of capital in aggregate output. Thus rKþ rN¼ 1þ g measures total

returns to scale of the social aggregate production function. Taking

percentage changes of (6.5) and imposing the long-run condition of a

constant Y/K ratio, the long-run equilibrium growth of capital and output, g,

is given by:

g � rN
1� rK

� �
n> 0 ð6:6Þ

We shall show below that as long as the dynamics of the system are stable,

rK <1, in which case the long-run equilibrium growth is g > 0, as indicated.

Under constant returns to scale (the neoclassical model), g¼ n, the rate of

population growth. Otherwise g exceeds n or is less than n, that is, there is

positive or negative per capita growth, according to whether returns to scale

are increasing or decreasing, g>
< 0.

To analyze the transitional dynamics of the economy about the long-run

stationary growth path, it is convenient to express the system in terms of the

relative price of installed capital, q, and the following stationary variables:
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c � C

N rN=ð1�rK Þð Þ ; k � K

N rN=ð1�rKÞð Þ ; b � B

N rN=ð1�rK Þð Þ ð6:7Þ

Under standard conditions of constant social returns to scale (rNþ rK¼ 1),

the quantities in (6.7) reduce to standard per capita quantities; i.e. c¼C/N¼Ci,

etc. Otherwise they represent “scale-adjusted” per capita quantities.

6.3.1 Consumption dynamics

To determine the growth rate of consumption we take the time derivative of

(6.2a) and combine with (6.3a) to find that the individual’s consumption

grows at the constant rate:

_Ci

Ci

¼ rð1� sbÞ � q� n

1� c
� wi ð6:8Þ

With all individuals being identical, the growth rate of aggregate consump-

tion is W¼Wiþ n, so that:

_C

C
¼ rð1� sbÞ � q� cn

1� c
� w ð6:80Þ

Differentiating c in (6.7) and using (6.80), the growth rate of the scale-adjusted
per capita consumption is:

_C

C
¼ rð1� sbÞ � q� cn

1� c
� rN

1� rK

� �
n � w� g ð6:9aÞ

Equations (6.8), (6.80), and (6.9a) all share the property that with a perfect

world capital market, the corresponding consumption growth rates are con-

stant and independent of the production characteristics of the domestic

economy. In addition, these equilibrium growth rates vary inversely with the

tax on foreign bond income, but are independent of all other tax rates. These

aspects of the dynamics of consumption remain unchanged from the basic AK

model discussed in Chapter 2.9

9 It is important to note that this dependence of the consumption path on exogenous factors
would not vanish if we introduced another sector to the non-scale model, as in Jones (1995a)
or Eicher and Turnovsky (1999a). The exogeneity of the consumption path is a function
of the constant return to foreign bonds and is unrelated to the accumulation of domestic
variables. In fact, the rate of return to any domestic factors must adjust to match the
foreign return.
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6.3.2 Capital and the price of capital

The dynamics of capital accumulation are, however, distinctly different from

those of the standard open economy AK model, where like consumption,

capital always lies on its balanced growth path. In the present model we find

that the scale-adjusted capital–labor ratio, k, and the relative price of capital,

q, converge to a long-run steady growth path along a transitional locus. To

derive this path we differentiate k in (6.7) with respect to time and combine

with (6.40), to obtain:

_k

k
¼ q� 1

h
� rN

1� rK

� �
n

� �
¼ f� g ð6:9bÞ

To derive the law of motion for the relative price of the capital good, we

substitute the production function (6.1a), the aggregation condition, K¼NKi,

and (6.7) into the arbitrage condition (6.3b). The latter can then be expressed as:

_q ¼ rð1� sbÞq� ðq� 1Þ2
2h

� ð1� syÞarkrK�1 ð6:9cÞ

Thus (6.9b) and (6.9c) comprise a pair of equations in q and k, that evolve

independently of consumption.

In order for the domestic capital stock ultimately to follow a path of steady

growth (or decline), the stationary solution to (6.9b) and (6.9c), attained when

_q ¼ _k ¼ 0 , must have (at least) one real solution. Setting _q ¼ _k ¼ 0 we see

that the steady-state values of q and k, ~q and ~k, are determined recursively as

follows. First, the steady-state price of installed capital is:

~q ¼ 1þ h
rN

1� rK

� �
n ¼ 1þ hg ð6:10aÞ

Having determined ~q from this equation, the equilibrium scale-adjusted

capital–labor ratio, ~k, is determined from the steady-state arbitrage condition:

ð1� syÞar~krK�1 þ ð~q� 1Þ2
2h

¼ rð1� sbÞ~q ð6:10bÞ

In order to be viable, the long-run equilibrium must satisfy the transversality

conditions. Substituting (6.3a), (6.40) into (6.3c) and evaluating this requires

that:
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rð1� sbÞ> g> 0 ð6:11Þ

That is, the after-tax interest rate on foreign bonds must exceed the growth rate

of domestic aggregate output. Observe that the condition (6.11) ensures

that (6.10a) and (6.10b) imply a unique steady-state equilibrium having (i) a

positive equilibrium growth rate of capital (output), ~f ¼ g, and (ii) a positive

scale-adjusted capital–labor ratio, ~k .10

The equilibrium of the production side is thus fundamentally different in the

non-scale economy from that of the simple AK technology. First, it is char-

acterized by transitional dynamics (6.9b) and (6.9c), the nature of which will be

discussed below. Second, in contrast to the AK technology where the existence

of a balanced equilibrium growth rate depends upon the size of the adjustment

costs, the condition (6.11) always ensures the existence of a unique equilibrium

growth rate of capital.11 Moreover, as is evident from (6.6), provided rK <1 the

steady-state growth rate of aggregate capital (and output) is (i) strictly positive,

and (ii) depends upon the returns to scale in the production function. Specif-

ically, the growth rate is greater than or less than that of labor, according to

whether there are increasing or decreasing returns to scale in aggregate pro-

duction, and this provides the channel through which the externality perman-

ently influences the market equilibrium. Finally, the growth rate is independent

of the taxes levied upon interest or capital income. This implication contrasts

with the corresponding (fixed-employment) AK model of the small open

economy in which the growth of output increases with the former tax rate and

decreases with the latter.

One further interesting aspect is the response of the relative price of capital,

q, to the cost of adjustment h. From equation (2.4b) we see that in the AK

model an increase in h reduces the component of the return to capital arising

from the favorable impact of capital on installation costs, so that for the total

return to capital to remain equal to the fixed return on foreign bonds, q

must decline. In the non-scale economy, with the equilibrium growth rate

determined by production elasticities, an increase in h requires a higher q, in

10 This may be shown as follows:

ð1� syÞar~krK�1 ¼ rð1� sbÞ~q� ~q� 1ð Þ2
.
2h

Using (6.10a) and (6.11) the right-hand side of this equation exceeds gð1þ hg=2Þ> 0, thus

implying ~krK�1 > 0 and hence ~k> 0.
11 The AK model corresponds to rþ g ¼ rK ¼ 1 in (6.10b). This yields a quadratic equation

in ~q, which may or may not have a real solution. In the case that it does, the smaller
root yields the equilibrium growth rate of output f ¼ ð~q� 1Þ=h. Equilibrium growth is thus
determined by (6.10b), rather than by (6.10a), as in the non-scale model.
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order for the growth rate of capital to equal the equilibrium growth rate of

output; see (6.10a).

Linearizing (6.9b) and (6.9c) around (6.10a) and (6.10b), the local transi-

tional dynamics of capital and its shadow price can be represented by the

system:

_k
_q

� �
¼ 0 ~k



h

�ð1� syÞar rK � 1ð Þ~krK�2 rð1� sbÞ � g

� �
k � ~k
q� ~q

� �
ð6:12Þ

From (6.10a) we see that a necessary and sufficient condition for the equi-

librium growth rate of output, g, to be positive is that rK <1. This condition

implies g < rN¼ 1 – r, so that the share of external spillover generated by

private capital accumulation, and hence the overall social increasing returns

to scale, cannot exceed the exogenously growing factor’s share (labor) in

production. Assuming that this condition is met, the determinant of the

matrix appearing in (6.12) is negative, implying that the dynamics are a

saddlepoint. As usual, we assume that the capital stock accumulates slowly,

so that k evolves gradually from its initial value, K0, while the shadow value

of capital may adjust instantaneously to new information. The stable sad-

dlepath is thus:

kðtÞ ¼ ~k þ ðk0 � ~kÞe lt ð6:13aÞ

qðtÞ � ~q ¼ lh
~k

kðtÞ � ~k
� � ð6:13bÞ

where l< 0 is the stable eigenvalue to (6.12). Thus (6.13b) defines a

negatively sloped locus between the scale-adjusted capital–labor ratio and

the relative price of capital.

Figure 6.1 illustrates the phase diagram for the linearized dynamic sub-

system (6.12). The value ~q ¼ 1þ hg corresponds to the _k ¼ 0 locus. The

value q� ¼ 1þ hrð1 – sbÞ denotes the value of q at which the slope of the

_q ¼ 0 locus becomes vertical. Steady-state equilibrium is at the intersection

of the _k ¼ 0 and the _q ¼ 0 loci, with SS being the negatively sloped sad-

dlepath through that point.

6.3.3 Accumulation of foreign debt

As in the simple AK model, an important aspect of this equilibrium is that

differential growth rates of consumption and domestic output can be sustained.
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This is a consequence of the economy being small in the world bond market

and we now consider the implications for its net asset position.12

The domestic government is assumed to maintain a continuously balanced

budget. Thus we assume that all tax revenues are rebated to the private sector,

in accordance with:

T ¼ NTi ¼ syaK
rKNrN þ sbrBþ scC ð6:14Þ

Aggregating the individual consumer’s flow budget constraint (6.1c), and

substituting for (6.14) implies that the aggregate net rate of accumulation of

traded bonds by the private sector, the nation’s current account balance, is

described by:

_B ¼ rBþ aKrKNrN � C � I 1þ h=2ð Þ I=Kð Þð Þ ð6:15Þ

k

q

S

S

q*= 1+ hr (1 – tb)

q = 1+ hg

q = 0

k = 0
~

Figure 6.1 Phase diagram

12 We shall assume that the country is sufficiently small that it can maintain a growth rate
which is unrelated to that in the rest of the world. Ultimately, this requirement imposes
a constraint on the growth rate of the economy. If it grows faster than the rest of the world,
at some point it will cease to be small. While we do not pursue the issue here, we should
note that the issue of convergence in international growth rates is an important one.
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In the appendix to this chapter we show that provided the transversality

conditions (6.3c) hold, the linearized solution to the scale-adjusted

per capita stock of bonds, starting from the initial stock of bonds, b0, is

given by:

bðtÞ ¼ � M

r � g
� L

r � g� l
e lt þ b0 þ M

r � g
þ L

r � g� l

� �
eðw�gÞt ð6:16Þ

where M and L are constants defined and interpreted in the Appendix.

As we can observe from (6.16), traded bonds are subject to transitional

dynamics, in the sense that their growth rate _b=b varies through time. There

are two cases. First, if w< g, b ! –M/(r – g), so that asymptotically bonds

grow at the same rate as capital, g. Second, if w> g, the scale-adjusted stock

of traded bonds grows at the rate w – g, with the aggregate stock of traded

bonds growing at the rate w. Which case is relevant depends critically upon

the size of the consumer rate of time preference relative to the rate of return

on investment opportunities.

Subtracting (6.80) from (6.6), yields:

g� w ¼ rN
1� rK

� �
n� rð1� sbÞ � q� cn

1� c

� �
ð6:17Þ

The condition w> g is associated with a relatively patient consumer (i.e. q
is small) and vice versa. In this case, domestic consumption grows faster

than does domestic capital stock or output in the long run. Patient agents

choose to consume a small fraction of their wealth, which enables them to

accumulate foreign assets. The ensuing current account surplus generates a

growing stock of foreign assets, the income from which enables the econ-

omy to sustain a long-run growth rate of consumption in excess of the

growth rate of domestic productive capacity. The opposite applies if w< g.

6.4 Upward-sloping supply curve of debt

As we have discussed in Chapter 4, the assumption that the economy is free

to borrow or lend as much as it wants at a fixed interest rate in a perfect

world capital market is strong, particularly for developing economies,

which because of risk considerations have restricted access to world

financial markets. The key institutional factor that we wish to take into

account is that world capital markets assess the risk associated with lending
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to specific economies in terms of their credit worthiness and their ability

to service the associated debt costs. We therefore now examine how

the macrodynamic equilibrium is affected if the country confronts an

upward-sloping supply curve of debt of the type discussed in Chapter 4,

namely:

r Z=Kð Þ ¼ r� þ t Z=Kð Þ; t0 > 0 ð6:18Þ

where r� is the exogenously given world interest rate and t(Z/K) is the

country-specific borrowing premium that increases with the nation’s debt–

capital ratio.

In specifying (6.18) we are viewing the imperfection of the bond market

from the standpoint of a borrowing nation. This seems more natural in the

sense that it is the debtor nation that in reality is the source of the risk

underlying the borrowing premium. But recognizing that Z ¼ –B, the stock of

net credit, one can formulate the analysis symmetrically in terms of a

downward-sloping supply of credit to the world credit market. However,

since most developing economies are debtor nations, we shall assume Z � 0.

With this formulation an increase in r� describes an increase in the world

interest rate, while an exogenous shift in the function t represents a change in
the country-specific borrowing rate.

As we shall see, the dynamics change dramatically when the economy

faces an upward sloping supply curve of debt. As was the case in Chapter 4,

the increasing cost of borrowing ties the consumption and production

decisions together, in contrast to the case of a perfect world capital market

discussed in Section 6.3, which permits a decoupling of these two sets of

decisions.

The representative agent’s decision remains the maximization of the utility

function (6.1b), subject to the capital accumulation equation (6.1c), and the

flow budget constraint, now expressed as:

_Zi ¼ð1þ scÞCi þ Ii 1þ h

2

Ii

Ki

� �
� ð1� syÞYi

þ ð1þ szÞr Z

K

� �
� n

� �
Zi � Ti

ð6:19Þ

where sz is now a tax on debt. The constraint (6.19), expressed from the

standpoint of a debtor, asserts that to the extent that the agent’s consumption,

outstanding interest payments plus investment expenses exceed his net rev-

enue, he will increase his stock of debt. Again we wish to emphasize that in
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performing his optimization, the representative agent takes the interest rate,

which depends upon the economy’s aggregate debt, as given.

The optimality conditions with respect to Ci and Ii remain given

by (6.2a) and (6.2b), with the latter implying (6.4), as before. The optim-

ality conditions with respect to debt and capital are now modified to

incorporate the endogenous interest rate as a function of the nation’s debt–

capital ratio, Z/K:

q�
_k
k
¼ ð1þ szÞr Z

K

� �
ð6:3a0Þ

ð1� syÞrYi
qKi

þ _q

q
þ ðq� 1Þ2

2hq
¼ ð1þ szÞr Z

K

� �
ð6:3b0Þ

which are essentially identical to (4.5a) and (4.5b).

As in Section 4.3.3, the government rebates all revenues in accordance

with (6.14), or, writing the equation in terms of aggregate debt:

T ¼ NTi ¼ syaK
rKNrN þ szrZ þ scC ð6:140Þ

Combining (6.19) with (6.140) implies that the economy’s net rate of accu-

mulation of debt, its current account deficit, is described by:

_Z ¼ C þ I 1þ h

2

I

K

� �
� aKrKNrN þ r

Z

K

� �
Z ð6:190Þ

which is virtually identical to (4.7c).

6.4.1 Macrodynamic equilibrium

Transforming the system in terms of the stationary “scale-adjusted” per capita

variables defined in (6.7), together with the price of capital, q, the equilibrium

dynamics are now expressed by:

_c

c
¼ r z=kð Þð1þ szÞ � q� cn

1� c
� rN

1� rK

� �
n � w� g ð6:20aÞ

_k

k
¼ q� 1

h
� rN

1� rK

� �
n

� �
¼ f� g ð6:20bÞ
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_q ¼ r z=kð Þð1þ szÞq� ðq� 1Þ2
2h

� ð1� syÞarkrK�1 ð6:20cÞ

_z ¼ r z=kð Þ � gð Þz� akrK þ cþ q2 � 1

2h

� �
k ð6:20dÞ

Since the cost of borrowing depends upon the nation’s debt–capital ratio, all

four dynamic equations are linked in an indecomposable fourth-order system,

the variables of which are subject to transitional dynamics, and the properties

of which are briefly discussed below. In particular, all variables, including

consumption, are now subject to transitional dynamics.

The steady-state growth path is obtained when _c ¼ _k ¼ _z ¼ _q ¼ 0, so that

the corresponding steady-state values of c, k, z, q, denoted by tildes, are

determined by:

1

1� c
ð1þ szÞrð~z



~kÞ � q� cn

� � ¼ g ð6:21aÞ

~q ¼ 1þ h
rN

1� rK

� �
n ¼ 1þ hg ð6:21bÞ

ð1� syÞ ar
~krK�1

~q
þ ð~q� 1Þ2

2h~q
¼ ð1þ szÞrð~z=~kÞ ð6:21cÞ

~cþ ~q2 � 1

2h

� �
~k � a~krK þ rð~z=~kÞ � g

� �
~z ¼ 0 ð6:21dÞ

This steady state has a simple recursive structure. First, the steady-

state price of installed capital is determined by (6.21b), so that the equi-

librium growth rate equals g. Given the non-scale nature of the model,

the restricted access to the world financial market has no adverse impact on

the country’s long-run growth rate of output. Thus the same condition

applies in a small economy facing a perfect world capital market. But in

contrast to such an economy, long-run domestic consumption grows at the

same rate as domestic output. This is achieved through the adjustment in the

country’s debt to capital ratio ~z=~k
� �

, and hence in the cost of borrowing.

Having determined both ~q and ~z=~k
� �

, (6.21c) determines the scale-adjusted

capital–labor ratio, ~k, such that the after-tax rate of return on capital equals

the after-tax equilibrium cost of debt. Finally, given ~q, ~z=~k
� �

, and ~k,
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equation (6.21d) determines the equilibrium scale-adjusted per capita

consumption, ~c.

Since the steady-state equilibrium requires that the scale-adjusted

quantities all be constant, it follows that consumption, capital, output, and

debt, must all grow at the common long-run rate, g, which in addition must

be consistent with the transversality condition. By direct calculation, this

can be shown to reduce to: ~rð1þ szÞ> g . Substituting from (6.21a), this can

be expressed in terms of exogenous parameters as:

q>
cðrN þ rK � 1Þn

ð1� rKÞ

As long as this condition is met, the steady-state equilibrium is unique.

We can now characterize and compare the steady state (6.21) to that of the

exogenous interest rate case of Section 6.3. In contrast to the previous case,

the endogenous interest rate ties both output and consumption growth to the

exogenous production and population growth parameters embodied in g. A

reduction in the tax on debt, sz, which in a pure small open economy would

raise the consumption growth rate permanently, will have only a transitory

effect. This is because it will encourage the economy to accumulate debt,

raising the debt–capital ratio and the cost of borrowing, and thus offsetting

the effects of the subsidy, to the point where the net cost of borrowing

is unchanged; see (6.21a). With ~q being determined independently, and

the long-run after-tax cost of debt unchanged, equation (6.21c) implies that

the equilibrium stock of capital, ~k , remains unchanged. Thus the increase in

the debt–capital ratio is accomplished entirely by an increase in debt, ~z . The

higher debt and the higher cost of borrowing raises the costs of debt service,

so that with output remaining unchanged, long-run consumption per capita

must decline.

Long-run borrowing costs are determined by the debt–capital ratio, ð~z=~kÞ,
and are therefore independent of the domestic income tax, sy. Thus an

increase in sy must lead to a proportional adjustment in ~k and ~z. With ~q fixed,

the arbitrage condition (6.21c) implies that an increase in sy must lead to a

reduction in ~k and therefore a proportional reduction in ~z. The resulting effect

on per capita consumption, ~c, is ambiguous. While the reduction in capital

lowers output, the reduced debt costs leave more resources available for

consumption. On balance we find that a higher income tax rate will reduce

long-run consumption if and only if C/Y > (1– rK).
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6.4.2 Transitional dynamics

We are interested in characterizing the transitional dynamics of the economy in

order to trace out the adjustment paths in response to alternative policy measures

pertaining to external indebtedness. Specifically, we will present a more com-

plex and novel adjustment mechanism in response to changes in the domestic

income tax rate, and especially in the tax (or subsidy) on foreign debt. The

linearized dynamics to this system are expressed by the fourth-order system:

_k
_z
_q
_c

0
BB@

1
CCA ¼

0 0 ~k


h 0

a21 ~r þ ~r0: ~z


~k

� �� g ~q~k


h 1

a31 ð1þ szÞ~r0: ~q


~k

� � ð1þ szÞ~r � g 0

�ð1þszÞ~r0: ~z~c=~k2ð Þ
1�c

ð1þszÞ~r0: ~c=~kð Þ
1�c 0 0

0
BBBBB@

1
CCCCCA

k � ~k
z� ~z
q� ~q
c� ~c

0
BB@

1
CCA

ð6:22Þ
where

a21 � að1� rKÞ~krK�1 � ~z

h
~r þ ~r0:

~z

h
� g

� �
� ~c
~k

a31 � �ð1þ szÞ~r0:~z~q~k2 þ 1� sy
� �

arð1� rKÞ~krK�2

It is straightforward to show that both the determinant and the trace of the

matrix in (6.22) are positive, implying that there are either two or four

eigenvalues having positive real parts. Various sufficient conditions can be

established to ensure that there are in fact two positive and two negative roots,

in which case with capital and debt, k and z, evolving gradually, and c and q

allowed to jump instantaneously, the dynamics are represented by a unique

stable saddlepath. Being second order, it allows for nonlinear adjustment paths

for both capital and debt along which both variables may overshoot their

respective long-run equilibria. The simplest sufficient condition to ensure a

unique stable saddlepath is C/Y > (1– rK). In extensive simulations and sen-

sitivity analysis, Eicher and Turnovsky (1999a) find that this constraint is never

violated, and they attain saddlepoint stability in all cases.

Henceforth we assume that the stability properties are ensured so that we

can denote the two stable roots by l1 and l2, with l2 < l1 < 0. The stable

solution is of the generic form:

kðtÞ � ~k ¼ B1e
l1t þ B2e

l2t ð6:23aÞ
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zðtÞ � ~z ¼ B1m21e
l1t þ B2m22e

l2t ð6:23bÞ

qðtÞ � ~q ¼ B1m31e
l1t þ B2m32e

l2t ð6:23cÞ

cðtÞ � ~c ¼ B1m41e
l1t þ B2m42e

l2t ð6:23dÞ

where B1, B2 are arbitrary constants and the vector (1 v2i v3i v4i)
0 i ¼ 1, 2

(where the prime denotes vector transpose) is the normalized eigenvector

associated with the stable eigenvalue, li. That is, (1 v2i v3i v4i)
0 satisfies:

�li 0 ~k


h

� �
0

a21 ~r þ ~r0: ~z


~k

� �� g� li ~q~k


h

� �
1

a31 ð1þ szÞ~r0: ~q


~k

� � ð1þ szÞ~r � g� li 0

� ð1þszÞ~r0: ~z~c=~k2ð Þ
1�c

ð1þszÞ~r0: ~c=~kð Þ
1�c 0 �li

0
BBBB@

1
CCCCA

1

m2i
v3i
v4i

0
BB@

1
CCA ¼ 0

ð6:24Þ

The arbitrary constants B1, and B2, appearing in the solution (6.23), are

obtained from initial conditions, specifically that the economy starts out with

given initial stocks of capital and debt, k0 and z0. Setting t ¼ 0 in (6.23a) and

(6.23b) and letting d~k � ~k� k0; d~z � ~z� z0 , B1 and B2 are given by:

B1 ¼ d~z� m22d~k
m22 � m21

; B2 ¼ m21d~k � d~z

m22 � m21
ð6:25Þ

The constants B1 and B2 thus depend upon the specific shocks, and once deter-

mined, the complete solution for the equilibrium evolution follows from (6.23).

We shall focus our attention on the dynamics of capital and debt. These

depend critically upon v2i and v3i, i ¼ 1, 2. From (6.24) we obtain:

m3i ¼ h

~k
li < 0; i ¼ 1; 2 ð6:26aÞ

m2i ¼ � a31 þ ð1þ szÞ~r � g� li½ � h
~k� �
li

� �
~r0ð1þ szÞ ~q



~k

� � ; i ¼ 1; 2 ð6:26bÞ

In general, v2i can be positive or negative. A weak condition for v22> v21> 0

is that the interest elasticity of the debt supply function exceeds 1 – rK.
13 This

13 To establish this, substitute (6.21c) into the expression for a31. This condition suffices to
ensure a31 < 0
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condition establishes a relationship between the elasticities of the marginal

productivities of foreign debt and capital. In general, the slope along the

transitional path in z-k space is given by:

dz

dk
¼ B1m21l1e

l1t þ B2m22l2e
l2t

B1l1el1t þ B2l2e l2t
ð6:27Þ

where B1 and B2 are given by (6.25). Note that since 0 > l1 > l2 as t ! 1,

this converges to the new steady state along the direction (dz/dk)t!1 ¼ v21> 0.

Decrease in ssz: In our analysis of the steady state we have seen that

the endogenously determined interest rate links output and consumption

growth to the parameters embodied in g. Financial liberalization, in the

form of a reduction in the tax on debt, sz, which would raise the consumption

growth rate permanently in a pure small open economy, now has only a

transitory effect. While the long-run stock of national debt increases, the

long-run stock of capital remains unchanged. This is illustrated in Figure 6.2

by a long-run move from P to S. The transitional dynamics are along the path

PQRS. With d~k ¼ 0 for this shock, B2 ¼ – B1 and the slope along the

k

z

P

Q

R

S

Figure 6.2 Transitional dynamics: decrease in sz
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transitional locus is given by:

dz

dk
¼ m21l1e

l1t � m22 l2e
l2t

l1el1t � l2el2t
ð6:28Þ

Evaluating this expression at t ¼ 0 and for t ! 1, we see that the locus both

begins its transition and converges to the new steady state in a positive

direction, as drawn. Since the long-run stock of capital is unchanged this must

imply a transitional loop.

The intuition for this adjustment path can be broken into three distinct

phases. First, the immediate effect of a lower tax on borrowing is to lower the

net costs of borrowing. In order for asset market equilibrium to prevail the rate

of return on capital must decline and given the instantaneous stock of capital,

its shadow value, q, must immediately rise. Thus the reduction in borrowing

costs and the rise in the shadow value of capital generates an incentive to

accumulate both additional debt and capital. This is represented by the

movement in the positive direction PQ in Figure 6.2. The second phase starts as

the increased debt raises debt service costs, leaving less output for investment

so that capital accumulation slows and eventually declines. This part of the

transition is represented by the movement in the negative direction QR. The

reduction in capital and accumulating debt raises debt costs even further,

eventually more than offsetting the benefits of the initial subsidy. This causes

debt to decline along with capital, as represented by the movement along

the final segment RS toward the new steady-state equilibrium at S.14 This

adjustment may be summarized in the following proposition:

Proposition 6.1: A decrease in the tax on foreign debt, sz, leads to capital

flow reversals (an adjustment loop) as both foreign and domestic capital

overshoot their respective new steady-state levels during the transition.

Increase in ssy: To characterize the transitional dynamics in this case, we

recall from our analysis of the steady state that a higher income tax reduces

the long-run stock of capital and debt proportionately. We have also shown

that, irrespective of the shock, both debt and capital will converge asymp-

totically to the new equilibrium in a positive direction, which in this case

means that they will both be reduced together in the direction (dz/dk)t!1 ¼
v21 > 0. The early stages of the transition are somewhat ambiguous, however.

It is straightforward to show that:

14 It can be shown from equation (6.23c) that the relative price of capital adjusts according to a
similar transition loop.
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dz

dk

� �
t¼0

¼ m21l1 � m22 l2ð Þd~zþ m21m22ðl2 � l1Þd~k
ðl1 � l2Þd~zþ m21l2 � m22 l1ð Þd~k

d~z

~z
¼ d~k

~k
< 0

The reduction in long-term debt, d~z < 0 , will tend to generate an imme-

diate reduction in capital and debt, for precisely analogous reasons to those

just discussed above in conjunction with the subsidy to debt. At the same

time, the reduced after-tax return on capital income must be compensated

either by an initial reduction in q, or an initial increase in _q in order to

maintain portfolio balance equilibrium, given the initial unchanging cost of

debt; see (6.3b0). It seems most plausible that the long-run reduction in the

capital stock, d~k < 0, will induce a decline in q, thus adding to the incen-

tives to reduce the stock of capital in the short run. However, we are unable

to rule out the possibility that the initial response consists of an increase in q

accompanied by a large increase in _q , thus generating an initial increase in

capital.

Figure 6.3 illustrates a variety of possible time paths whereby the long-run

reduction in capital and debt are accomplished. Of these, we view the

P

Q

R

S
T

k

z

Figure 6.3 Transitional dynamics: increase in sy
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monotonic paths PSQ and PTQ as most likely. We summarize the transitional

dynamics in this case with the proposition:

Proposition 6.2: An increase in the income tax, sy, leads to a monotone

reduction in debt during transition. Domestic capital may, however, increase

during early stages of the transition, before converging to a lower steady-

state level.

6.5 Elastic labor supply

Throughout this chapter we have assumed that labor is supplied inelastic-

ally. This turns out to be an important condition in the case where the

economy has unlimited access to a perfect world capital market supply,

since, once this is imposed, all other parameters are unrestricted. However,

the combination of (i) perfect capital market and (ii) endogenous labor

supply requires a much stronger condition for a consistent equilibrium to

obtain. This is because the optimality condition for labor supply must now

be taken into account. With the fraction of time allocated to work constant

in steady state, this relationship implies that the steady-state consumption–

output ratio must be constant, thereby imposing the equality of the long-run

growth rates of consumption and output (and capital). Thus equating (6.6) to

(6.8) we must have:

w � rð1� sbÞ � q� cn

1� c
¼ rN

1� rK

� �
n � g ð6:29Þ

That is, the return on foreign bonds, given the taste parameters, must be such

that the implied growth rate of consumption is driven to that of capital, which is

determined by the population growth rate in conjunction with the productive

elasticities, in accordance with the non-scale growth model.

If all the quantities in (6.29) are constants, then this relationship imposes

a constraint between them. In fact, condition (6.29) is the growth analogue

to the well-known knife-edge condition in the stationary Ramsey model, r ¼
q, necessary for an interior equilibrium to exist, and to which it reduces in

the absence of growth (n ¼ 0); see Turnovsky (1997a). Note, further, that if

there are constant returns to scale, (6.29) simplifies to

rð1� sbÞ ¼ qþ n ð6:290Þ
which is the familiar long-run viability condition for the standard Ramsey

growth model. But now, with the more general productive structure, (6.29)

154 6 Non-scale growth models



involves both the productive elasticities, rK and rN, as well as the inter-

temporal elasticity measure, c.15

6.5.1 Macrodynamic equilibrium

Being a generalization of previous models, the macrodynamic equilibrium of

the present model includes elements of the earlier discussion, and here we

merely sketch its structure. Following previous procedures, the macro-

dynamic equilibrium includes the set of equations:

_k ¼ q� 1

h
� g

� �
k ð6:30aÞ

_q ¼ rð1� sbÞq� q� 1ð Þ2
2h

� ð1� syÞað1� lÞrNrkrK�1 ð6:30bÞ

_l ¼ ð1� cÞrK
FðlÞ g� q� 1

h

� �
ð6:30cÞ

where, analogously to (3.9b):

FðlÞ � 1� cð1þ hÞ
l

þ ð1� cÞð1� rNÞ
1� l

And in deriving (6.30c) we have used the condition (6.29). Note that (6.30a)

and (6.30c) imply that scale-adjusted capital, k, and leisure, l, move in inverse

proportion, and, to a linear approximation, the distances from their respective

steady states (denoted by tildes) are related by:

lðtÞ �~l ¼ �ð1� cÞrK
Fð~lÞ~k kðtÞ � ~k

� � ð6:31Þ

Intuitively, as capital increases, the return to labor rises and the desirability of

leisure declines. Note from (6.31) that employment is now subject to tran-

sitional dynamics that mirror the path of capital.

Equation (6.31) introduces a linear dependence into the three dynamic

equations, thus implying that the stationary equations corresponding to

(6.30a), (6.30b), and (6.30c) do not suffice to determine the steady state.

15 In the case of imperfect capital mobility r is not constant. Now (6.29) no longer imposes
a constraint among exogenous coefficients, but rather determines the equilibrium debt to
capital ratio.
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Setting _k ¼ _l ¼ 0 , we see that both (6.30a) and (6.30c) imply that the

steady-state price of installed capital, ~q, remains as determined by (6.30a).

Given this value of ~q, the remaining steady-state relationship (obtained by

setting _q ¼ 0 in [6.30b]) determines only the equilibrium marginal physical

product of capital, which except in polar cases depends upon both ~l and ~k. If

employment is fixed, then this determines ~k ; if rK ¼ 1, so that we have an

AK technology (as in Section 3.3), then this determines ~l.

But in the present case, where both ~l and ~k are endogenously determined,

further consideration is required to pin each down. The additional relationship

is the current account. This requires that ~l be appropriately chosen to ensure

that (6.15) generates a consumption path that is consistent with the nation’s

intertemporal budget constraint. The argument is basically similar to that of

the stationary Ramsey model, as set out in Turnovsky (1997a) and has the

characteristic that the long-run equilibrium values of ~l and ~k are dependent

upon initial conditions.16

6.6 Conclusions

In this chapter we developed a one-sector non-scale growth model of an

open economy. Initially, the economy was assumed to face a perfect world

capital market, and subsequently we examined the economy in the presence

of international capital market imperfections.

With the introduction of a perfect world capital market, the non-scale

structure of closed economy models is no longer fully retained. Consumption

growth is determined by a combination of tastes and the exogenous world

return on capital, just as in the endogenous growth model. But in contrast to

the AK model, the dynamics of capital and its relative price are subject to

transitional dynamics that can be conveniently represented in terms of what

we call “scale-adjusted” per capita quantities. The long-run growth rate of

domestic output and capital is determined by a combination of the exogen-

ously given growth rate of labor, together with the production elasticities of

capital and labor. Most importantly, it is unaffected by either the taxation of

foreign interest or domestic income, though both will have transitory effects.

The former will generate a short-run increase in the growth rate of output,

leading to the accumulation of capital; the latter will have the opposite effect.

In the long run both these are reflected in the adjustment of the factor mix

chosen by the economy.

16 For further discussion, see Turnovsky (2002a).
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The second part of the chapter introduced international capital market

imperfections, in the form of an upward-sloping supply curve of debt. As a

result of this constraint the dynamics of the consumption, output, and capital

growth rates are fully linked, with their common long-run equilibrium growth

rate being determined by the interaction between the technological elasticities

and the population growth rate. An interesting aspect of this higher-order

dynamic model is that it provides an explanation for capital flow reversals

that are consistent with one-time policy changes. Effectively the model

implies that financial liberalization may generate capital inflow reversals

during the transition from one stationary state to another, such as those that

occurred in Asia during the 1990s.

Appendix

Utilizing the normalizations in (6.7) and substituting the expressions for

aggregate investment and capital (6.40) into (6.15) enables this equation to be

expressed in the scale-adjusted per capita form:

_b ¼ ðr � gÞbþ akrK � c� ðq2 � 1Þ
2h� �
k ð6:A:1Þ

Starting from given initial stock, b0, and using the stable solution to (6.12) the

linearized solution to this equation is:

bðtÞ ¼ b0 þ M

r � g
þ L

r � g� l
� cð0Þ
r � l

� �
eðr�gÞt � M

r � g

� L

r � g� w
elt þ cð0Þ

r � w
eðw�gÞt

ð6:A:2Þ

where:

M � a~krK � ð~q2 � 1Þ
2h� �
~k

L ¼ k0 � ~k
� �

arK~k
rK�1 � ð~q2 � 1Þ
2h� �� l~q

� �
In order to ensure national intertemporal solvency, the transversality

condition lim
t!1 kBe�qt ¼ lim

t!1 kð0ÞN0be
ðg�rð1�sbÞtÞ ¼ 0 must be satisfied and

this will hold if and only if:

rð1� sbÞ � g> 0 ð6:A:3aÞ
rð1� sbÞ � w> 0 ð6:A:3bÞ
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cð0Þ ¼ ðr � wÞ b0 þ M

r � g
þ L

r � g� l

� �
ð6:A:3cÞ

Condition (6.A.3a) is ensured by (6.12), while (6.A.3b) imposes an upper

bound on the rate of growth of consumption. This latter condition reduces to c
< q/[r(1– sb) – n], imposing an upper limit on the intertemporal elasticity of

substitution. This is certainly met in the case of a logarithmic utility function

and given the empirical evidence indicating small elasticities of substitution

ðc< 0Þ, will hold under less restrictive conditions as well. The third condition

determines the feasible initial level of consumption, and, imposing this

condition, (6.A.2) reduces to (6.15) of the text.
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PART THREE

Foreign aid, capital accumulation, and

economic growth





7

Basic model of foreign aid

7.1 Introduction

Investment in public infrastructure is widely recognized as being an essential

component of economic development and growth. Services associated with

the use of infrastructure account for roughly 7 to 9 percent of GDP in low-

and middle-income countries. Infrastructure in these countries typically

represents about 20 percent of total investment and 40 to 60 percent of public

investment.1 The stock of physical infrastructure is thus an important input in

the production process of such economies, raising the efficiency and prod-

uctivity of the private sector, and thereby providing a crucial channel for

growth, distribution of output, and ultimately higher living standards.

The significance of infrastructure has assumed a central role in the context

of the expansion of the European Union (EU). In several instances, the per

capita level of GDP of members acceding to the Union has been below the

EU average. For example, in 1988, the per capita GDPs (in purchasing power

parity) of Greece, Ireland, and Portugal were only 54.4, 64.6, and 53.8

percent, respectively, of the EU average. Moreover, these countries were also

experiencing low growth rates that even exhibited tendencies to decline. As a

consequence, the EU introduced pre-accession aid programs to assist these

and other potential member nations in their transition into the Union. This

process of “catching up” began in 1989 with unilateral capital transfers from

the EU through its Structural Funds Program, and subsequent programs were

introduced in 1993 and 2000. These assistance programs tied the capital

transfers to the accumulation of public capital, aimed at building up the

infrastructure of the recipient nation, and thereby enabling it to maintain a

growth rate compatible with that of the European Union.

1 The World Bank (1994, 2004).
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How investment in infrastructure is to be financed is important. A

significant source for the financing of investment in public infrastructure in

resource-constrained developing economies is external financing. Such

financing could be in the form of borrowing from abroad, or through uni-

lateral capital transfers, as in the case of the European Union. But at the same

time, it is likely that external assistance and borrowing will not meet the total

financial needs of public investment; hence domestic participation by both the

government and the private sector is also important.

The objective of this chapter is to analyze the process of developmental

assistance in the form of transfers to a small growing open economy. The

model builds upon the various components developed in previous chapters,

particularly Chapter 4, and has the following key characteristics. First, the

assistance may be tied to the accumulation of public capital, which is

therefore an important stimulus for private capital accumulation and growth.

Second, we assume that public investment in infrastructure is financed both

by the domestic government and by international transfers, thereby incorp-

orating the important element of domestic co-financing, characteristic of the

European Union. The international transfers are assumed to be tied to the

scale of the recipient economy and therefore are consistent with maintaining

an equilibrium of sustained (endogenous) growth. The model is sufficiently

general to allow the possibility of a third source of financing public infra-

structure, the private sector of the economy. By taxing private firms, and

spending a fixed proportion of those taxes in financing new infrastructure, the

government can ensure the private sector’s participation in building up the

economy’s stock of infrastructure.2 We assume that the small open economy

faces restricted access to the world capital market in the form of an upward-

sloping supply curve of debt, of the form introduced in Chapter 4.

One general issue of concern for both donors and recipients is how foreign

aid should be spent in an economy with scarce resources. This has given rise

to a long-standing debate, both in academic and policy circles, as to whether

international transfers should be “tied” (“productive”) or “untied” (“pure”).

As Bhagwati (1967) points out, tied external assistance can take several

forms. It may be linked to (i) a specific investment project, (ii) a specific

commodity or service, or (iii) procurement in a specific country. Recent

studies by the World Bank point out that over time, a larger proportion of

foreign aid has become “untied” with respect to requirements for procuring

2 The efficient use of infrastructure is a further important issue. For example, Hulten (1996)
shows that inefficient use of infrastructure accounts for more than 40% of the growth
differential between high- and low-growth countries.
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goods and services from the donor country, but it has become more “tied” in

the sense of being linked to investments in public infrastructure projects

(telecommunications, energy, transport, water services, etc). Between 1994

and 1999, for example, the proportion of official development assistance that

was “untied” in the sense of not being subject to restrictions by donors on

procurement sources rose from 66 percent to about 84 percent. At the same

time, between two-thirds and three-fourths of official development assistance

was either fully or partially tied to public infrastructure projects (see note 1).

This chapter contributes to the general discussion of foreign aid in several

important directions. First, most of the existing development literature, which

examines the possible effects of aid on saving and investment in developing

countries, has been based mainly on static models and therefore does not

address two important issues. The first is the effect of aid on investment and

capital accumulation and the second is the fact that most development

assistance is temporary in nature; both of these require the use of an explicit

dynamic framework.3

Second, since it is likely that external assistance and borrowing will fail to

meet the total financial needs for public investment, domestic participation by

both the government and the private sector is also important. Recently, in an

influential article, Burnside and Dollar (2000) find that foreign aid is most

effective when combined with a positive policy environment in the recipient

economy. In earlier works, Gang and Khan (1991) and Khan and Hoshino

(1992) report that most bilateral aid for public investment in less developed

countries (LDCs) is tied and is given on the condition that the recipient

government invests certain resources into the same project. We specifically

characterize the consequences of domestic co-financing of public investment

and outline the tradeoffs faced by a recipient government when it responds

optimally to a flow of external assistance from abroad.

Third, the question we shall address is closely related to the “transfer

problem,” one of the classic issues in international economics, dating back to

Keynes (1929), Ohlin (1929), Pigou (1932), and Samuelson (1952, 1954).

This early literature was concerned with “pure” transfers, which could be in

the form of unrestricted gifts or as debt-relief. It suggested that in a two-

country world with stable markets and no distortions, international transfers,

through their effects on the terms of trade, impoverish the donor and enrich

3 A key early reference is Chenery and Stroud (1966). See Cassen (1986) and, more
recently, Brakman and van Marrewijk (1998) for a survey of this literature. Two exceptions
are Djajic, Lahiri, and Raimondos-Moller (1999) and Hatzipanayotou and Michael (2000),
who examine the effects of transfers in an intertemporal context.
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the recipient.4 While our analysis focuses primarily on “productive” transfers,

the use of which is tied to public investment, we parameterize the transfer so

that we can conveniently identify pure and productive transfers as polar cases.

The analysis of this chapter adapts and applies the previous models to an

important policy issue. But by combining various components, it becomes too

complex for detailed formal analysis and consequently most of the analysis is

conducted numerically. In general, the impact of a transfer on the economy

depends crucially upon (i) whether or not it is “pure” or “tied” to public

investment, and (ii) how the government responds. The main results of our

model include the following. With inelastic labor supply (the assumption

adopted in this chapter), a permanent pure transfer has no intertemporal

effects; it simply raises current consumption instantaneously, raising welfare

correspondingly. By contrast, a tied transfer generates a dynamic adjustment.

But whether it benefits or harms the economy depends upon its initial stock of

public capital. In the most relevant case, where the economy is under-

endowed with public capital, a tied transfer will raise the growth rate per-

manently and will raise welfare by a larger amount than if the transfer is pure.

However, if the recipient economy is relatively well endowed with public

capital, a tied transfer may reduce the growth rate and be harmful. In that

case, the economy can still be made better off with a pure transfer. In any

event, the economy can always convert a tied transfer to a pure transfer, by a

corresponding reduction in its own participation. Furthermore, we show how

the government can maximize the benefits of the tied transfer by the appro-

priate coordinated determination of its expenditure and tax rates. On the other

hand, we show that if it responds by choosing its policy instruments to

maximize the growth rate, it can be made worse off by the tied transfer. There

is thus a sharp tradeoff between welfare maximization and growth maxi-

mization, not present in the basic Barro (1990) model, but characteristic of the

Futagami, Morita, and Shibata (1993) model.

Both a temporary pure transfer and a temporary productive transfer gen-

erate transitional dynamics, though of a sharply contrasting nature. Tem-

porary pure transfers have only modest short-run growth effects, which

impact most directly on private capital, causing the dynamics, as represented

by the public–private capital and debt–private capital ratios, to decline in the

short run. These adjustments are then reversed after the temporary pure

4 Subsequent work has extended this early research in various directions. These include
extensions to a multilateral world (Bhagwati, Brecher, and Hatta, 1983, 1985), the role of
distortions (Turunen-Red and Woodland, 1988), and the intertemporal dimensions (Galor
and Polemarchakis, 1987; Haaparanta, 1989; and Brock, 1996).
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transfer ceases and the economy reverts back to its original equilibrium.

A tied transfer has much more potent short-run growth effects, and by

impinging more directly on public capital and debt, yields precisely the

opposite transitional dynamics. The public–private capital and debt–capital

ratios now increase in the short run, and decline after the removal of the

shock. By influencing the transitional growth rates, temporary transfers have

permanent effects on the levels of key variables such as the capital stocks,

output, and welfare, these gains being more significant for the productive

transfer. One striking contrast between the two transfers is that a productive

transfer leads to a substantial increase in the long-run debt of the recipient

economy, whereas a pure transfer leads to unchanged long-run indebtedness.

The increase in the former case is not a problem, since the country is able to

finance the higher debt with its enhanced productive capacity.

7.2 The analytical framework5

7.2.1 Private sector

The economy is small and populated by an infinitely lived representative

agent who produces and consumes a single traded commodity. Output, Y, of

this commodity is produced using the Cobb–Douglas production function:

Y ¼ a
KG

K

� �g
K ¼ aKg

GK
1�g; a> 0; 0< g< 1 ð7:1aÞ

where K denotes the representative agent’s stock of private capital and KG

denotes the stock of public capital. Equation (7.1a) is of the form (4.18a) of

Chapter 4, except for convenience we abstract from congestion, so that KG is

a pure public good.

The agent’s utility function is of the familiar isoelastic form:

U � R1
0

1
cC

ce�qtdt; �1< c< 1 ð7:1bÞ

The accumulation of private physical capital remains unchanged, involving

quadratic adjustment (installation) costs:

UðI;KÞ ¼ I þ h1
I2

2K
¼ I 1þh1

2
I
K

� � ð7:1cÞ

5 This analysis is adapted from Chatterjee, Sakoulis, and Turnovsky (2003).
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so that the net rate of capital accumulation is:

_K ¼ I � dKK ð7:1dÞ

where dK denotes the rate of depreciation of private capital. Since we employ

extensive numerical simulations, the introduction of capital depreciation is

important for the calibration to be plausible.

Agents may borrow internationally on a world capital market. As in

Chapter 4, we assume that the creditworthiness of the economy influences its

cost of borrowing from abroad. World capital markets assess an economy’s

ability to service debt costs and the associated default risk, the key indicator

of which is the country’s debt–capital (equity) ratio. As a result, the interest

rate countries are charged on world capital markets increases with this ratio.

This leads to the upward-sloping supply schedule for debt, expressed by

assuming that the borrowing rate, r(N/K), charged on (national) foreign debt,

N, is of the form:

r N=Kð Þ ¼ r� þ x N=Kð Þ; x0 > 0 ð7:1eÞ

where r* is the exogenously given world interest rate and x(N/K) is the

country-specific borrowing premium that increases with the nation’s debt–

capital ratio. As discussed previously, various formulations can be found in

the literature, but the homogeneous specification adopted in (7.1e) is neces-

sary to sustain a balanced growth equilibrium.6

The agent’s decision problem is to choose consumption, and the rates of

accumulation of capital and debt, to maximize intertemporal utility (7.1b)

subject to the flow budget constraint:

_Z ¼ C þ r N=Kð ÞZ þU I;Kð Þ � ð1� sÞY þ �T ð7:2Þ

where Z is the stock of debt held by the private sector, s is the income tax rate,

and �T denotes lump-sum taxes.7 As noted previously, in performing his

optimization, the representative agent takes the borrowing rate, r(.), as given.

The optimality conditions with respect to C and I, are

Cc�1 ¼ m ð7:3aÞ

6 Chatterjee, Sakoulis, and Turnovsky (2003) employ the relationship r(N/(KþKG))¼ r*þ
x(N/(KþKG)), but this makes little difference.

7 It is natural for us to assume Z > 0, so that the country is a debtor nation. However, it is
possible for Z< 0 in which case the agent accumulates credit by lending abroad. For simplicity,
interest income is assumed to be untaxed.
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1þ h1 I=Kð Þ ¼ q ð7:3bÞ

where m now denotes the shadow value of wealth in the form of inter-

nationally traded bonds, q0 is the shadow value of the agent’s private capital

stock, and q¼ q0/m is defined as the market price of private capital in terms of

the (unitary) price of foreign bonds. These equations are familiar and require

no further comment (cf. [4.4a] and [4.4b]). Solving (7.3b) yields:

_K

K
� fK ¼ q� 1

h1
� dK ð7:3b0Þ

which is also unchanged.

Applying the standard optimality conditions with respect to Z and K

implies the standard arbitrage relationships:

q� _m
m
¼ r

N

K

� �
ð7:4aÞ

ð1� sÞð1� gÞaKg
GK

�g

q
þ _q

q
þ ðq� 1Þ2

2h1q
� dK ¼ r

N

K

� �
ð7:4bÞ

which again require no further discussion. Finally, in order to ensure that the

agent’s intertemporal budget constraint is met, the usual transversality con-

ditions must hold:

lim
t!1 mZe�qt ¼ 0; lim

t!1 q0Ke�qt ¼ 0: ð7:4cÞ

7.2.2 Public capital, fiscal transfers, and national debt

We assume that the gross accumulation of public capital, G, is also subject to

convex costs of adjustment, similar to that of private capital:

WðG;KGÞ ¼ G 1þ h2=2ð Þ G=KGð Þð Þ ð7:5aÞ

In addition, the stock of public capital depreciates at the rate dG so that the net

rate of public capital accumulation is:

_KG ¼ G� dGKG ð7:5bÞ
The resources for accumulation of public capital come from two sources:

domestically financed government expenditure on public capital, Ḡ, and a
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program of fiscal transfers, TR, from the rest of the world. We therefore

postulate

G � �Gþ kTR 0 � k � 1 ð7:6Þ

where k represents the degree to which the flow of transfers from abroad is tied

to investment in the stock of public infrastructure.8 The case k¼ 1 implies that

transfers are completely tied to investment in public capital, representing a

“productive” transfer. The other polar case, k¼ 0, implies that incoming

transfers are not invested in public capital and hence represent a “pure”

transfer, of the Keynes–Ohlin type. In order to sustain an equilibrium of on-

going growth, both domestic government expenditure on infrastructure (Ḡ) and

the flow of transfers from abroad must be tied to the scale of the economy:

�G ¼ �gY; and TR ¼ rY; 0< �g< 1; r> 0; 0< �gþ r< 1

We can therefore rewrite (7.5b) in the following form:

_KG ¼ G� dGKG ¼ gY � dGKG ¼ ð�gþ krÞY � dGKG; g ¼ �gþ kr> 0

ð7:5b0Þ

and dividing (7.5b0) by KG, the growth rate of public capital is given by:

_KG

KG

� fG ¼ �gþ krð Þ Y

KG

� dG: ð7:5b00Þ

The government faces the flow budget constraint:

_A ¼ WðG;KGÞ þ r N=Kð ÞA� sY � TR� �T ð7:7Þ

This equation states that the excess of domestic government expenditure on

public infrastructure and interest payments on debt over tax and transfer

receipts, is financed by accumulating debt (A). Note that if k¼ 0, the transfer

results in an equivalent reduction in government debt. If k¼ 1 a unit increase

in transfers raises the flow of government purchases correspondingly. In the

absence of installation costs (h2¼ 0) this will leave the stock of government

8 Note that there are different ways of specifying how aid is tied. The specification (7.5a) relates
aid to the accumulation of new public capital. An alternative formulation is to tie the aid to
total investment costs, inclusive of installation costs. As noted by Chatterjee, Sakoulis, and
Turnovsky (2003), the differences between these specifications are minor, and since there is no
compelling evidence favoring one formulation over the other, we adopt (7.5b), which turns out
to be marginally simpler.
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debt unchanged. But to the extent that public investment involves installation

costs, which require domestic resources, a unit increase in transfers will

actually require the government to issue additional debt to finance the

installation component of the investment. In addition we require that the

government satisfy its intertemporal budget constraint specified as:

lim
t!1Ae�rð:Þt ¼ 0 ð7:70Þ

National debt is the sum of private debt and public debt, N¼ ZþA. Thus

combining (7.7) and (7.2) we get the national budget constraint (the nation’s

current account):

_N ¼ r N=Kð ÞN þ C þU I;Kð Þ þW G;KGð Þ � Y � TR ð7:8Þ

Equation (7.8) states that the economy accumulates debt to finance its

expenditures on public capital, private capital, consumption and interest

payments net of output produced and transfers received. It is immediately

apparent that higher consumption or investment raises the rate at which the

economy accumulates debt. On the other hand, higher transfers affect the

growth rate of debt in two offsetting ways. The direct effect of a larger unit

transfer on the growth rate of debt is given by (k� 1)þ (h2/KG)kG. An

interesting observation is that the more transfers are tied to public investment

(the higher k), the lower the decrease in the growth rate of debt. When

transfers are completely tied to investment in infrastructure, i.e. k¼ 1, debt

increases on account of higher installation costs. However, the indirect effects

induced by the change will still need to be taken into account.

7.2.3 Macroeconomic equilibrium

The steady-state equilibrium we shall derive has the characteristic that all real

quantities grow at the same constant rate and that q, the relative price of

capital, is constant. Thus we shall express the core dynamics of the system in

terms of the following stationary variables, normalized by the stock of private

capital, c�C/K, kg�KG/K, n�N/K, and q. The equilibrium system is

derived as follows.

First, taking the time derivative of kg and substituting (7.5b00) and (7.3b0)
yields:

_kg
kg

� fG � fK ¼ ð�gþ krÞakg�1
g � ðq� 1Þ

h1
� dG � dKð Þ ð7:9aÞ
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Next, dividing (7.8) by N, and substituting, we can rewrite this equation as:

_N

N
� fN ¼ rðnÞ

þ 1

n
ð�gþ krÞ � ð1þ rÞf gakgg þ a2

h2

2
�gþ krð Þ2k2g�1

g þ ðq2 � 1Þ
2h1

þ c

� �
ð7:80Þ

Taking the time derivative of n and combining with (7.3b0) leads to:

_n

n
� fN � fK

¼ rðnÞ þ 1

n
ð�gþ krÞ � ð1þ rÞf gakgg þ a

h2

2
ð�gþ krÞ2k2g�1

g þ ðq2 � 1Þ
2h1

þ c

� �

� q� 1

h1

� �
þ dK ð7:9bÞ

Third, from (7.3a) and (7.4a), we derive the growth rate of consumption:

_C

C
� fC ¼ rðnÞ � q

1� c
ð7:3a0Þ

Taking the time derivative of c and combining with (7.3b0) leads to:

_c

c
� fC � fK ¼ rðnÞ � q

1� c
� ðq� 1Þ

h1
þ dK ð7:9cÞ

Finally, rewriting (7.4b) implies:

_q ¼ rðnÞq� ð1� sÞð1� gÞakgg �
q� 1ð Þ2
2h1

þ dKq ð7:9dÞ

Equations (7.9a)–(7.9d) provide an autonomous set of dynamic equations

in Kg, n, c, and q, from which the evolution of government debt can be

derived.

7.2.4 Steady-state equilibrium

The economy reaches steady state when _kg ¼ _n ¼ _c ¼ _q ¼ 0, implying that

_K


K ¼ _KG



KG ¼ _N



N ¼ _C

.
C � ~f, the steady-state growth rate of the
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economy. The steady state can thus be described as follows:

ð�gþ krÞa~kg�1
g � dG ¼ ~q� 1

h1
� dK ð7:10aÞ

rð~nÞ � 1

~n
1� �gþ ð1� kÞrf ga~kgg � a

h2

2
ð�gþ krÞ2~k2g�1

g � ð~q2 � 1Þ
2h1

� ~c

� �

¼ ~q� 1

h1

� �
� dK ð7:10 bÞ

rð~nÞ~q� ð1� sÞð1� gÞa~kgg �
~q� 1ð Þ2
2h1

þ dK~q ¼ 0 ð7:10cÞ

rð~nÞ � q
1� c

¼ ð~q� 1Þ
h1

� dK ¼ ~f ð7:10dÞ

Equations (7.10a)–(7.10d) determine the steady-state equilibrium in the

following recursive manner. First, equations (7.10a), (7.10c), and (7.10d)

jointly determine ~kg; ~q; and rð~nÞ, from which the steady-state growth rate,

~f, immediately follows. These quantities are independent of (i) the

adjustment cost of public capital, h2, and (ii) the sensitivity of the country-

specific borrowing cost, as reflected by r0(ñ). Having determined ~r,

the equilibrium stock of debt–capital ratio, ñ, is obtained from (7.1e). In

particular, a higher interest sensitivity of borrowing costs lowers the equi-

librium stock of debt to the point that the interest rate remains unchanged.

Given ~kg; ~q; rð~nÞ; and ~n, the equilibrium consumption–capital ratio, ~c, is

obtained from the current account equilibrium condition (7.10b). Provided

~r > ~f (which we shall show below is required for the transversality

condition to hold) higher marginal borrowing costs reduce total interest

payments, raising the consumption–capital ratio. Also, higher installation

costs, h2, reduce the amount of output available for consumption, ~c.

Since this system is highly non-linear, it need not be consistent with a

well-defined steady-state equilibrium with ~kg > 0;~c> 0. Our numerical

simulations, however, yield well-defined steady-state values for all plausible

specifications of all the structural and policy parameters of the model.9

9 A rigorous discussion of the issues giving rise to non-existent or multiple equilibria in a related
model is provided by Turnovsky (1997c).
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7.2.5 Equilibrium dynamics

Equations (7.9a)–(7.9d) form the dynamics of the system in terms of k, n, q,

and c. Linearizing these equations around the steady-state values of kg, n, q,

and c obtained from (7.10a)–(7.10d), we obtain

_kg
_n
_c
_q

0
BB@

1
CCA ¼

gað�gþ krÞ~kg�1
g � dG � ~f 0 0 �ð~kg



h1Þ

a21 r0ð~nÞ~nþ rð~nÞ � ~f 1 1=h1ð Þ ~q� ~nð Þ
0 r0ð~nÞ~c=

:
ð1� cÞ 0 � ~c=h1ð Þ

�gað1� sÞð1� gÞ~kg�1
g r0ð~nÞ~q 0 rð~nÞ � ~f

0
BBBBB@

1
CCCCCA

kg � ~kg
n� ~n
c� ~c
q� ~q

0
BB@

1
CCA

ð7:11Þ

where

a21 � �g 1� �gþ ð1� kÞr~kg�1
g

n o
þ ð2g� 1Þa2 h2=2ð Þ �gþ krð Þ2k2g�2

g

The determinant of the coefficient matrix of (7.11) is positive under the

condition that rð~nÞ> ~f, i.e. the steady-state interest rate facing the small open

economy must be greater than the steady-state growth rate of the economy.10

Imposing the transversality condition (7.4c), we see that this condition is

indeed satisfied. Since (7.11) forms a fourth-order system, a positive deter-

minant implies that there could be zero, two, or four positive (unstable) roots

and correspondingly four, two, or zero negative (stable) roots. Imposing the

following sufficiency conditions: (i) �1/2< c< 0, (ii) dG� dK, and (iii) ~q> ~n,

we are able to rule out the cases of zero or four positive roots.11 Conditions

10 The determinant of the coefficient matrix in (7.11) is given by

ð1� gÞð~q� 1Þr0ð~nÞ
h1

~c~q

h1
þ ~c

1� c
rð~nÞ � ~q� 1

h1
þ dK

� �� �

þ
~kgr

0ð~nÞ
h1

~c

1� c
gð1� sÞð1� gÞa~kg�1

g > 0

if rð~nÞ> ~f

11 Let l be the vector of characteristic roots of the system in (7.11). Then, the characteristic
equation is a fourth-order polynomial of the form l4 þ p1l

3 þ p2l
2 þ p3l þ p4 ¼ 0, where

pi (i ¼ 1, 2, 3, 4) are functions of the terms in the coefficient matrix in (7.11). By the
determinantal condition, p4 > 0. Imposing (i) �1/2 < c < 0, and (ii) dG < dK, we can
show that p1 > 0. Condition (iii) ~q> ~n, leads to p2< 0. Then, by applying Descartes’ rule
of signs, we can show that there is a maximum of two positive roots. Also, condition
(i) implies that the trace of the matrix in (7.11) is positive, which rules out the case of zero
positive roots. Hence the system has two positive roots and two negative roots. Note that
conditions (i) and (ii), together with (iii) ~q>~n, are only sufficient conditions for saddlepoint
stability. Conditions (ii) and (iii) are quite plausible, the latter asserting that the net asset
position of the domestic private sector is positive. Other more complex (but less
restrictive) sufficiency conditions can also be derived. Numerical solutions yield saddlepoint
behavior in all cases and do not require the imposition of these sufficient conditions.
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(i) and (ii) impose restrictions on the structural parameters c, dK, and dG and

(iii) states that in steady state the value of the capital stock in the economy

must be greater than the value of its outstanding stock of debt. Under these

conditions the dynamic system (7.11) can be shown to be saddlepoint-stable

with two positive (unstable) and two negative (stable) roots. We denote the

two stable roots by l1 and l2, with l2<l1< 0.

7.3 Long-run effects of transfers and fiscal shocks

Table 7.1a summarizes the long-run effects of a permanent transfer on the

key equilibrium variables, including the public to private capital ratio.

These results imply that a permanent transfer tied to public capital will raise

the long-run ratio of public to private capital. This increases the productivity

of private capital, thereby raising its relative price and the equilibrium

growth rate. Financing the higher investment expenditures for the accu-

mulation of private capital increases the agents’ holdings of debt and thus

increases the steady-state stock of national debt relative to private capital.

The resulting effect (not reported) on the steady-state stock of consumption

relative to private capital is ambiguous. We can show that the effect on

consumption is a weighted average of two terms, the weights being k and

(1 � k). The first is applied to two components, one representing the effect

of a higher ratio of public to private capital, the other the increase in the

market price of private capital. A higher stock of public relative to private

capital raises output relative to private capital and therefore tends to

increase consumption relative to private capital. On the other hand, higher

investment in public capital increases its installation costs and this leads to a

crowding out of private consumption. Moreover, the increase in the market

price of private capital, and the consequent increase in private investment,

makes the agent substitute away from consumption and this tends to reduce

steady-state consumption. Depending on which component dominates, this

first effect on consumption (which is proportional to k) could either go up or

down. The second term represents the effect of that part of transfers not tied

to public investment, and hence is scaled by (1 � k). Since a fraction (1 � k)
of resources is freed up with the inflow of higher transfers, it contributes

toward increasing consumption. The overall effect on consumption is thus

ambiguous.

Two critical factors in determining these long-run responses are (i) k, the
degree to which transfers are tied to investment in public infrastructure, and

(ii) r0(n), the extent to which borrowing costs are tied to the nation’s debt
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position. In the extreme case of a pure transfer (k¼ 0) there is no effect on

either the steady-state public–private capital ratio, the growth rate, or the

nation’s debt–capital ratio. All that happens is that the consumption–capital

ratio increases. Furthermore, this adjustment occurs instantaneously and

raises welfare unambiguously. In the limiting case where r0(n)¼ 0, the

growth rates of the production side and the consumption side diverge. The

(common) growth rate of public and private capital is enhanced by pro-

ductive transfers, while the growth rate of consumption remains unaffected.

In this respect the present model reduces to the model with public capital

discussed in Chapter 4.

In Table 7.1b we see that the effects of an increase in the domestic rate of

participation, ḡ, on ~kg; ~q; and ~n are identical to those of a productive transfer.

Thus to the extent that the domestic government matches the tied transfer, the

effects are reinforcing. Table 7.1c describes the effects of a higher distor-

tionary tax rate. By having a contractionary effect on private capital accu-

mulation, this also raises the ratio of public to private capital, while reducing

the equilibrium growth rate and therefore the equilibrium interest rate, and

thus the equilibrium debt to capital ratio.

Table 7.1. Steady-state effects of changes in transfers and fiscal shocks

(a) Permanent increase in transfers

d~kg
dr ¼ kar0 ð~nÞ

J
½ ~q
h1
þ rð~nÞ�ð~q�1Þ=h1

ð1�cÞ �~kg�1
g > 0

d~q
dr ¼ ka2r0ð~nÞ

J

gð1�sÞð1�gÞ
ð1�cÞ ~k2g�2

g > 0

d~n
dr ¼ ka2

J

gð1�sÞð1�gÞ
h1

~k2g�2
g ¼ ð1�cÞ

h1r0ð~nÞ
d~q
dr > 0

(b) Permanent increase in domestic government spending

d~kg
d�g ¼ ar0ð~nÞ

J
½ ~q
h1
þ rð~nÞ�ð~q�1Þ=h1

ð1�cÞ �~kg�1 ¼ 1
k
d~kg
dr > 0

d~q
d�g ¼

a2r0ð~nÞ
J

gð1�sÞð1�gÞ
ð1�cÞ ~k2g�2

g ¼ 1
k
d~q
dr > 0

d~n
d�g ¼ a2

J

gð1�sÞð1�gÞ
h1

�~k2g�2
g ¼ 1

k
d~n
dr > 0

(c) Permanent increase in the income tax rate

d~kg
ds ¼ ar0ð~nÞð1�gÞ~kgg

Jh1ð1�cÞ > 0

d~q
ds ¼ � a2ð1�gÞ2r0ð~nÞð�gþkrÞ~k2g�2

g

Jð1�cÞ < 0

d~n
ds ¼ � ð1�gÞ2a2~k2g�2

g

Jh1
< 0

J � að1� gÞr0ð~nÞ ð�gþ krÞ ~q
h1
þ rð~nÞ�ð~q�1Þ=h1

1�c

� �
þ gð1�sÞ~kg

h1ð1�cÞ

� �
~k
g�2

g > 0
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7.4 Optimal responses

As our numerical results will show, the effect of the capital transfer on the

domestic economy depends in part upon the corresponding response (if any)

of the domestic government. In this respect we see that a tied or “productive”

fiscal transfer of a given amount, coupled with an equivalent decrease in

government expenditure, is equivalent to an untied transfer of an equivalent

amount. Here, we briefly discuss two other responses: (i) the growth-maxi-

mizing fiscal response, and (ii) the welfare-maximizing fiscal response.

7.4.1 Growth-maximizing fiscal response

Suppose that the government sets its expenditure rate, ḡ, and its tax rate, s, so as
to balance the costs of the net purchase of capital, given the transfers, namely:

s ¼ �g� ð1� kÞr ð7:12Þ

Installation costs are thus financed by issuing new debt or by lump-sum taxes in

accordance with the flow constraint (7.7):

_Aþ �T ¼ rð:ÞAþ h2=2ð Þ G2


KG

� �
Using (7.12), together with the results from Tables 7.1b and 7.1c, we can then

establish that the steady-state growth rate will be maximized if ḡ and s are set
in accordance with:12

�̂g ¼ g� rðk� gÞ; ŝ ¼ g� rð1� gÞ ð7:13Þ
In the absence of foreign transfers, equations (7.13) reduce to the growth-

maximizing tax (¼ expenditure) rate ŝ ¼ �̂g ¼ g, obtained originally by Barro

(1990) in his flow model, and later by Futagami, Morita, and Shibata (1993)

in their stock model. But the presence of foreign transfers (r > 0) leads to a

divergence between the growth-maximizing tax and expenditure rates, except

in the case where the transfers are fully tied to investment in public capital.

Both also deviate from g, in contrast to Barro (1990) and Futagami, Morita,

and Shibata (1993). Having the fraction, r, of income coming from abroad,

permits the tax rate to be lowered, so that ŝ � g. To the extent that the

transfers are untied, �̂g must exceed ŝ, and in fact it will exceed g if k < g.

12 To establish this we set dq=d�g ¼ @q=@s � @s=@�gþ @q=@�g ¼ 0 where @s=@�g ¼ 1 from (7.12)
and then substitute for @q=@s; @q=@�g from Table 7.1.
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Substituting (7.13) into the dynamic system (7.9a)–(7.9d) we see that the

equilibrium dynamics, including the steady state, are independent of k. In
other words, if the government sets its expenditure and tax rates to maxi-

mize the growth rate, the transitional dynamics and the long-run equilibrium

are rendered independent of the extent to which the transfers are tied to

investment.

7.4.2 Welfare-maximizing fiscal response

A second response is to determine constant fiscal responses, constrained by

(7.12), that maximize the welfare gains generated by the transfer, namely:

DðWÞ ¼
Z 1

0

1

c
ðCðtÞÞc � ð~CðtÞÞc� �

e�btdt ð7:14Þ

where ~C is the consumption along an initial equilibrium balanced growth

path. Evaluating this quantity numerically, we find that the welfare-maxi-

mizing choices of s and ḡ, subject to (7.12), are less than the growth-maxi-

mizing values, as in Futagami, Morita, and Shibata (1993) and Turnovsky

(1997b). Moreover, setting s and ḡ in this way, we again find that the equi-

librium path (7.9a)–(7.9d) is independent of k. This is an important result,

since it implies that by combining the transfer with the appropriate expend-

iture and tax mix, the recipient economy can choose its equilibrium path and

associated level of welfare, which is independent of any constraints imposed

by the donor country.

7.5 Numerical analysis of transitional paths

Further insights into the effects of transfers are obtained by analyzing the

model numerically. We begin by calibrating a benchmark economy using

the set of parameters representative of a small open economy reported

in Table 7.2, which we assume starts out from an equilibrium with zero

transfers.

Our choices of preference parameters, q and c, and depreciation rates, dK
and dG, and the world interest rate, r*, are standard, while a is a scale

variable.13 The productive elasticity of public capital g¼ 0.2 is consistent

13 A convenient source for conventional choices of parameters for calibration is provided by
Cooley (1995).
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with the empirical evidence (see Gramlich, 1994). The borrowing premium

a¼ 0.10 is chosen to ensure a plausible equilibrium debt–output ratio. The tax

rate is set at s¼ 0.15, while the rate of domestic government expenditure on

public investment is assumed to be ḡ¼ 0.05. The choice of adjustment costs

is less obvious and h1¼ 15 lies in the consensus range of 10 to 16.14 Note also

that the equality of adjustment costs between the two types of capital serves

as a plausible benchmark.

These parameter values lead to the following plausible benchmark

equilibrium, reported in row 1 of Table 7.3: the ratio of public–private

capital is 0.29; the consumption–output ratio is 0.6; the debt to output ratio

is 0.45, leading to an equilibrium borrowing premium of 1.4% over the

world rate; the capital–output ratio is over 3, with the equilibrium growth

rate being just under 1.4%. This equilibrium is a reasonable characterization

of a small medium-indebted economy experiencing a modest steady rate of

growth and having a relatively small stock of public capital. Rows 2–7

summarize key short-run and long-run changes to this equilibrium following

the specified changes. The final column in the table summarizes the effects

on economic welfare, measured by the optimized utility of the representa-

tive agent:

W ¼
Z 1

0

1

c
Cce�btdt

Table 7.2. The benchmark economy

Preference parameters: c¼�1.5, q¼ 0.04
Production parameters: a¼ 0.4, g¼ 0.2, h1¼ 15, h2¼ 15
Depreciation rates: dK¼ 0.05, dG¼ 0.04
World interest rate: r*¼ 0.06
Risk premium on borrowing: a¼ 0.1a

Policy parameters: s¼ 0.15, g¼ 0.05
Transfers: r¼ 0, k¼ 0

a The functional specification of the upward-sloping supply curve that we use is
r(n)¼ r*þ ean� 1. Thus, in the case of a perfect world capital market, when a¼ 0,
r¼ r*, the world interest rate.

14 For example, Origueira and Santos (1997) choose h1¼ 16 on the grounds that it
generates a plausible speed of convergence. Auerbach and Kotlikoff (1987) assume
h1¼ 10, recognizing that this is a low estimate value, while Barro and Sala-i-Martin
(2000) propose a value above 10. In conducting the sensitivity analysis reported in
Table 7.5, we have also assumed smaller values of h.
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where C is evaluated along the equilibrium path. These welfare changes are

calculated as the percentage change in the initial stock of capital necessary

to maintain the level of welfare unchanged following the particular shock.

7.5.1 Permanent shocks

Row 2 reports the effects of a permanent pure transfer equal to 5% of the

recipient country’s GDP. While r¼ 0.05 is arbitrary, it is approximately the

average rate of foreign aid offered by the European Union under its aid

program to prospective members in the early 1990s and thus serves as a

reasonable benchmark. It represents a pure wealth effect, which from (7.10a)–

(7.10d) has no effect on ~kg; rð~nÞ; ~n; and ~f, and therefore no effect on the

transitional adjustments. All that happens is that the transfer leads to an

immediate and permanent increase in consumption, raising the consumption–

output ratio from 0.60 to 0.65, and leading to an increase in welfare of 8.3%.

Row 3 describes the impact of a permanent productive transfer, fully tied

to investment in public capital, which is also 5% of the economy’s GDP.

In the new steady state the ratio of public to private capital increases from

0.29 to 0.61, thereby generating a huge investment boom in infrastructure.

The increase in the stock of public capital increases the marginal productivity

of private capital, thereby leading to a positive, though lesser, accumulation

of private capital. Although the transfer stimulates consumption through the

wealth effect (like the pure transfer), the higher long-run productive capacity

has a greater effect on output, leading to a decline in the long-run con-

sumption–output ratio from 0.60 to 0.56. The higher productivity raises the

long-run growth rate to 1.94%, while long-run welfare improves by 9.8%, as

indicated in the last column of row 3. The increased accumulations of both

private and public capital lead to a higher demand for external borrowing as a

means of financing new investment in private capital and the installation costs

of public capital. This results in an increase in the steady-state debt–output

ratio from 0.45 to 0.77, raising the borrowing premium to over 2.8%. How-

ever, this higher debt relative to output is sustainable since it is caused by

higher investment demand rather than higher consumption demand. The long-

run increase in the economy’s productive capacity (as measured by the higher

stocks of public and private capital, and output) ensures that the higher debt

is sustainable. This view has also been expressed by Roubini and Wachtel

(1998).

The transitional dynamic paths are depicted in Figure 7.1. Figure 7.1a

illustrates the stable adjustment locus in kg-n space, indicating how kg and

n increase almost proportionately during the transition. The contrasting
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transitional paths of the four growth rates fK, fG, fY, and fC toward their

common long-run growth rate are shown in Figure 7.1b. The stimulus to

public capital raises its initial growth rate to over 6.7%, after which it declines

monotonically. By contrast, private capital adjusts only gradually. Indeed,

after increasing on impact to 1.78%, it declines marginally, before the

stimulating effect of the higher public capital has its full impact and even-

tually raises its growth rate toward the equilibrium. The growth rate of output

n
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Figure 7.1 Transitional adjustment to a permanent productive transfer shock:

k¼ 1; r¼ 0.05

180 7 Basic model of foreign aid



is an average of the growth rates of the two capital stocks. The fact that the

growth rate of output initially doubles from 1.37% to 2.77% is of interest and is

consistent with the experiences of some of the recipient countries in the

European Union. Finally, the growth rate of consumption is unaffected on

impact, but responds only gradually. The reason for this is evident from (7.3a0)
and the fact that it depends upon the sluggishly evolving debt–capital ratio, n.15

Figures 7.1c–7.1e illustrate the transition paths for the consumption–output

ratio, the debt–output ratio, and the capital–output ratio, respectively. The

capital–output ratio declines monotonically over time, while the debt–output

ratio increases. This is because the accumulation of public capital raises the

average productivity of private capital, while the accumulation of both types of

capital raises the need to borrow from abroad. By contrast, the consumption-

output ratio initially increases before declining through time. This is because

the wealth effect associated with the transfer raises consumption immediately,

while the effect on the economy’s productive capacity, through capital accu-

mulation, takes time.16

Row 4 reports the effects of a bond-financed (or equivalently lump-sum

tax financed) government expenditure increase on infrastructure in the

absence of transfer flows. In order to draw a comparison with the case of a

transfer shock, the magnitude of the government expenditure shock is equal to

that of the transfer. We find that the two shocks have identical effects on the

economy’s long-run equilibrium in all but two respects. First, the government

expenditure shock causes a larger crowding out of private consumption than

does a transfer shock, with the consumption–output ratio declining to 0.51.

This is because in contrast to the transfer of resources from abroad, the higher

domestic government expenditure entails a direct appropriation of the econ-

omy’s output, thereby decreasing the amount available for consumption.

Second, as a consequence, the welfare gains from the higher government

expenditure are also smaller than those from productive transfers. Welfare

improves by only 0.3% in this case as against a 9.8% improvement from the

transfer shock. The dynamics are generally similar qualitatively and are not

illustrated. There is a minor change in the initial growth rate of private

capital, which in turn is reflected in the initial growth rate of output, both of

which rise marginally. This is a consequence of the reduction in private

15 Much of the recent literature on growth theory has emphasized the speed of convergence, that
is the speed at which the economy converges to its steady state. We obtain an asymptotic
speed of convergence of around 6% which is plausible for an open economy. The speed
is fairly insensitive to the form of the transfer and the form of policy response.

16 We have also considered the time path for the instantaneous utility and find that it is uniformly
higher at each instant of time with the tied transfer.
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consumption stemming from the higher financing costs (either lump-sum

taxation or borrowing).17

7.5.2 Domestic co-financing and welfare gains

Rows 5 to 7 deal with the issue of domestic co-financing in response to a

transfer shock, a feature that is common to all of the EU’s structural funds

programs. Row 5 requires the domestic government to match fully the con-

tribution from abroad. The interesting point here is that this reduces the

welfare gain to 4.7%, the reason being that this forces the domestic

government to devote 15% of output to public investment, making the public

sector too large. If, instead, the transfer were untied, while forcing the equal

co-financing, welfare would again be 9.83%.

Alternatively, suppose that the domestic government accommodates the

transfer shock by setting its own participation so as to maximize the long-

run growth rate. That is, the tax and expenditure rates are set in accordance

with (7.13). Assuming without any loss of generality that k¼ 1, this implies

ŝ ¼ �̂g ¼ 0:16 ði:e: ĝ ¼ 0:21Þ. Notably, this response causes the steady-state

growth rate to nearly double from the benchmark value of 1.37% to 2.56%.

The short-run growth rates of public and private capital undergo similar

large increases to nearly 3% and over 18% respectively, with the short-run

growth rate of output increasing to over 6%. This emphasis on growth and

capital accumulation implies that there is less output available for con-

sumption and, indeed, the consumption–income ratio drops to 0.38. This is

undesirable from an intertemporal welfare point of view; indeed, welfare

drops by 8.6% relative to the benchmark.18

Row 7 describes the final response, namely where the government sets its

tax and expenditure rates so as to maximize the welfare gains resulting from

the transfer. Again, without loss of generality, setting k¼ 1, the welfare-

maximizing response is to set g¼ s¼ 0.02, these values being obtained as

solutions to (7.14) from numerical simulations of the model. This leads to a

long-run growth rate of 2.1%, with the short-run growth rates of public

capital, private capital, and output, being moderated to 3.5%, 2.8%, and 3%

respectively. The consumption–output ratio is also correspondingly higher at

17 The case where the increase in government investment is financed by a higher
distortionary tax rate leads to generally similar responses, since with the externalities, the
distortions are relatively small.

18 This specific result does depend upon the magnitude of the adjustment costs. If, instead,
h1 ¼ h2 ¼ 8, we find that the growth-maximizing response is also welfare-improving relative
to the benchmark.
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0.55, with the corresponding intertemporal gain in welfare being 10.5%.

Comparing 6 and 7 we see that there is a dramatic tradeoff between growth

maximization, on the one hand, and welfare maximization, on the other.

The dynamic adjustments with active co-financing are qualitatively similar

to that illustrated in Figure 7.1 where the government responds passively.

But there are some minor differences, which are brought out in Figure 7.2.

Figure 7.2a compares the time paths of the growth rate of output under two

regimes: (i) where the domestic government responds passively to the pro-

ductive transfer, and (ii) where the domestic government sets its participation

at the welfare-maximizing level. We see that the time path of the growth rate

of output is uniformly higher in the latter case. Figure 7.2b illustrates the time

Optimal domestic co-
financing

Optimal domestic co-
financing

(a) Output growth paths

(b) Welfare paths

Benchmark domestic co-
financing
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financing

Benchmark steady-state
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Figure 7.2 Growth and welfare paths under alternative regimes of domestic

co-financing
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paths of welfare gains (relative to the benchmark) for these two regimes. Here

we see that there is a weak intertemporal tradeoff. By devoting more

resources to investment in the short run, the optimal response reduces short-

run consumption and utility in return for a significantly higher permanent

growth rate and more consumption in the future (beyond fifteen years).

7.5.3 Some sensitivity analysis

While the above parameters represent a plausible description of a small poorly

endowed economy, some of the results are dependent upon this characteriza-

tion. Tables 7.4 and 7.5 conduct some sensitivity analysis. Table 7.4 considers

two alternative benchmark economies, corresponding to g¼ 0.12 (large

domestic government investment) and g¼ 0.02 (small domestic government

investment). In the first case (Benchmark II), a tied transfer leads to a small

welfare loss of 1.65%, while additional domestically financed government

expansion leads to a large welfare loss of 12.8%. Furthermore, equal

co-financing is even worse, leading to a welfare loss of 16.5%, which is more

than the sum of its two components. By contrast, the untied transfer is highly

desirable, improving welfare by 10.5%. The reason for this is that such an

economy is characterized by an overly large stock of public capital relative to

private capital and a large foreign debt. It is clearly better off by reducing its

debt and is only made worse off by increasing its stock of public capital.

Table 7.4. Alternative benchmarks

~kg ~N=Y

~f
(%)

D(W)
(%)

Benchmark II: r¼ 0, k¼ 0, g¼ 0.12, s¼ 0.15 0.742 0.846 2.096 —

Pure transfer: r¼ 0.05, k¼ 0, g¼ 0.12, s¼ 0.15 0.742 0.846 2.096 þ10.50

Tied transfer: r¼ 0.05, k¼ 1, g¼ 0.12, s¼ 0.15 1.077 0.972 2.410 �1.65

Bond-financed gov. exp. increase: r¼ 0, k¼ 0,
g¼ 0.17, s¼ 0.15

1.077 0.972 2.410 �12.76

Co-finance: r¼ 0, k¼ 0.05, g¼ 0.17, s¼ 0.15 1.417 1.054 2.651 �16.54

Benchmark III: r¼ 0, k¼ 0, g¼ 0.02, s¼ 0.15 0.109 �0.103 0.069 —

Pure transfer: r¼ 0.05, k¼ 0, g¼ 0.02, s¼ 0.15 0.109 �0.103 0.069 þ7.56

Tied transfer: r¼ 0.05, k¼ 1, g¼ 0.02, s¼ 0.15 0.417 0.618 1.634 þ31.62

Bond-financed gov. exp. increase: r¼ 0, k¼ 0,
g¼ 0.07, s¼ 0.15

0.417 0.618 1.634 þ21.46

Co-finance r¼ 0, k¼ 0.05, g¼ 0.07, s¼ 0.15 0.742 0.846 2.096 þ36.55
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For Benchmark III things are reversed. The country has only a small ratio

of public to private capital and actually is a foreign creditor. Both the tied

transfer and the domestically financed government expenditure improve

welfare dramatically (31.6% and 21.5% respectively), and co-financing is

even better. With small debt, the pure transfer is now only moderately wel-

fare-improving, and indeed less so than for Benchmark II.

A natural question concerns the extent to which the gains from a foreign

transfer depend upon (i) the installation costs associated with public capital

(h2), and (ii) the degree of imperfection of the world capital market (measured

by a). Table 7.5 presents these gains for the two cases k¼ 0 and k¼ 1, for three

values of each of these parameters, in the case that the domestic government

acts passively. The values of h2¼ 1, 15, and 40 correspond to low, medium,

and high installation costs, while a¼ 0.03, 0.10, and 10 correspond to high,

medium, and virtually no access to the world capital market. The percentage

changes reported in the table refer to the benchmark that would correspond to

the associated combination of parameters. Thus, for example, the figures in the

top left-hand corner imply that an economy for which a¼ 0.03, h2¼ 1 will

enjoy an 8.99% improvement in welfare if it experiences a 5% pure transfer,

and a 20.85% welfare gain if the transfer is tied to investment in public capital.

From this table we can make the following observations:

(i) For a given degree of imperfection in the world capital market (i.e. given

a) an increase in the installation costs of public capital (h2) leads to

larger welfare gains from a pure transfer of a given magnitude, but a

decrease in welfare gains if the transfer is tied to public capital.

(ii) For given installation costs, an increase in the degree of imperfection in

world capital markets in general leads to lower long-run welfare gains

from the transfer.

(iii) For very high installation costs the economy is better off with a pure

transfer: a tied or productive transfer is welfare-reducing in the long run,

Table 7.5. Welfare sensitivity to installation costs and capital market

imperfections (r¼ 0 to r¼ 0.05)

h2¼ 1 h2¼ 15 h2¼ 40

k¼ 0 k¼ 1 k¼ 0 k¼ 1 k¼ 0 k¼ 1

a¼ 0.03 8.99% 20.85% 9.3% 13.16% 9.92% �1.89%
a¼ 0.10 8.06% 16.26% 8.32% 9.83% 8.81% �2.39%
a¼ 10 7.73% 15.32% 7.96% 9.47% 8.41% �1.5%
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irrespective of the nature of world capital markets. However, in all other

cases, welfare gains from productive transfers are higher than those from

pure transfers.

The result in (iii) that under very high adjustment costs, a tied transfer is

welfare-reducing is interesting. Intuitively, it reflects the fact that by tying the

transfers, the donor country is committing the recipient country to devote a

large portion of its resources to the costly task of installation, thereby making

it worse off.

7.6 Temporary transfers

Most transfer programs, whether pure or productive, are only temporary.

Thus it is important to analyze the consequences of a temporary transfer. As

before, we assume that the magnitude of the transfer is 5% of the recipient

country’s GDP, and we focus on the polar cases of a pure transfer (k¼ 0) and

a fully tied productive transfer (k¼ 1), respectively. We assume that the

duration of the transfer is ten years, consistent with the average length of the

EU’s structural funds programs.

The results of our experiments are reported in Table 7.6, and their

dynamics are illustrated in Figures 7.3–7.5. The first four columns of Table

7.6 report the instantaneous impact of a temporary transfer on the growth

rates of private and public capital, output, and consumption, respectively.

Rows 1 and 2 describe the type of transfer shock, i.e. whether it is pure or

tied in nature.

7.6.1 Pure transfers

We turn first to the pure transfer, reported in row 1. Neither the growth rate of

consumption nor debt responds immediately. In the case of consumption, the

reason for this remains as for the permanent transfer; its growth rate is tied

via the borrowing rate to the debt–capital ratio, n, which is constrained to

evolve continuously over time. Similarly, when k¼ 0, (7.5b00) implies that

the growth rate of public capital responds to the productivity of public capital,

Y/KG, which also evolves only gradually. By contrast, the growth rate of private

capital, being determined by q, does respond on impact, increasing from 1.37%

to 1.58%. This is because with the transfer being only temporary, the initial

response in the consumption–output ratio is dampened from 0.65, if it were

permanent, to just over 0.63, thereby freeing some domestic output, which then

becomes available for investment in private capital. The short-run higher
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growth rate of private capital raises the short-run growth rate of output to

1.54%, this reflecting the relative importance of private capital in production.

In contrast to the permanent pure transfer, the adjustments are characterized

by transitional dynamics. These can be understood by considering Figure 7.3a,

n
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Figure 7.3 Transitional adjustment to a temporary pure transfer shock: k¼ 0;

r¼ 0.05; duration of shock¼ 10 years
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the phase diagram describing the dynamic adjustments of the ratio of public

capital to private capital, kg and the debt–capital ratio n, in conjunction with

the growth rates for K and KG illustrated in Figure 7.3b, and N (not illus-

trated).19 Suppose that the economy starts out from the equilibrium point A

in Figure 7.3a. Since the transfer has no impact on the initial growth of

public capital, while leading to more private investment, the ratio of public

capital to private capital, kg, begins to decline. At the same time, while the

untied transfers reduce the accumulation of debt, the higher investment and

consumption has the opposite effect. On balance, the former effect dom-

inates, and the initial growth rate of debt falls from its benchmark value of

1.37% to 0.5%, so that the debt–capital ratio, n, begins to decline as well.

The economy therefore begins to move along the locus AB in Figure 7.3a.

During the early stages of the decline in kg and n, the growth rate of private

capital continues to increase, though at a declining rate, reaching a peak at

about 1.64% after six periods, after which it too begins to decline. This is

because the initial jump in q, together with the decline in kg reduces the rate

of return on private capital, requiring _q> 0, to ensure that the return on

capital equals the cost on debt, which initially declines at a slower rate. The

increase in the private capital stock raises the growth rate of output, thereby

gradually increasing the growth of public capital and thus slowing the

decline in kg. By contrast, as n declines, the decline in the growth rate of

debt accelerates dramatically, due primarily to the lower interest costs.

After ten periods, when the transfer ceases, the economy is at B. At that

point, the growth rates of K, kg, and N are respectively 1.57%, 1.46%, and –

7.80%. However, the removal of the transfer immediately raises the growth

rate of debt to 7.75%, so that the debt–capital ratio starts to increase. By

contrast, with private capital still being accumulated at a faster rate than

public capital, KG continues to decline, though with the former declining

and the latter increasing, this decline ceases at time 15, when the economy is

at C. Thereafter, the reduced relative stock of public capital raises its

productivity, encouraging public investment, so that the economy returns to

its original equilibrium along CA, with both kg and n increasing. From

Figure 7.3b the growth rate of output is seen to be an average of that of the

two capital stocks, while the time path for the consumption growth rate

reflects that of the time path of n.

19 The reason for not illustrating the growth rate of N is one of scale. Its growth rate is much
larger (in magnitude) than that of Y, a fact that can be inferred from the N/Y ratio illustrated in
Figure 7.3c. Critical values are as follows: during the duration of the temporary pure transfer
Ṅ/N declines from 0.5% to �7.8% at t¼ 10, when it immediately jumps to 7.75% before
converging back to the steady-state value of 1.37%.
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Figures 7.3c–7.3e illustrate the dynamic time paths of the consumption–

output, debt–output, and capital–output ratios, respectively. These all

mirror the differential growth rates as set out in Figure 7.2. Thus, for example,

the K/Y ratio is increasing or decreasing, as long as the ratio kg is falling or

rising. Likewise the fact that C/Y falls rapidly at first is because during this

period Y is rising while C is falling; the decline is more gradual when the two

growth rates are close to converging.

7.6.2 Tied transfers

Row 2 of Table 7.6 reports the impact of a temporary tied (productive)

transfer. Again, the growth rate of consumption does not respond instantan-

eously. However, the growth rates of all other variables respond instantan-

eously, with the magnitudes of these initial jumps being significantly higher

than for a pure transfer. Thus, the growth rate of private capital increases on

impact to 1.74% as compared to 1.58% for a pure transfer. With the transfer

being tied to public investment, the growth rate of public capital increases to

6.7%, a sharp contrast to its sluggish response to a pure transfer. As a result,

the growth rate of output goes up to 2.74% as against 1.54% for a pure

transfer. It is interesting to observe that when compared to the corresponding

jumps for a permanent productive transfer shock (see Table 7.3, columns 6–9),

we find that a temporary productive transfer induces marginally larger initial

responses in growth rates than does a permanent shock of equal magnitude.

Thus, in the short run, while the transfer program is in effect, strong positive

differentials are created in growth rates relative to the benchmark. This result

vindicates the objectives of the EU’s temporary transfer programs; empirically

the magnitude is consistent with the growth rates experienced by Spain and

Portugal as recipients in the EU transfer program.

The dynamics can be understood by considering Figure 7.4a in conjunction

with the growth rates illustrated in Figures 7.4b. These indicate a dramatic

contrast with those of the pure transfer; indeed the time paths for most variables

are generally reversed.20 Suppose that the economy starts out at point A in

Figure 7.4a. With the dramatic increase in the growth rate of public capital, far

exceeding that of private capital, the ratio of public to private capital begins to

rise. At the same time, with the tied transfers being unavailable for debt

20 Again, the growth rate of N cannot be conveniently illustrated in Figure 7.4b, because of
differences in magnitude, which are now even more dramatic. Critical values are now as
follows. During the duration of the temporary tied transfer Ṅ/N declines from 24% to 1.8% at
t¼ 10, when it immediately jumps to �5.8% before converging back to the steady-state value
of 1.37%.
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reduction, the higher consumption and investment leads to a similar dramatic

increase in the growth rate of debt, which increases at the rate of 24% on

impact, so that the debt–capital ratio begins to rise sharply as well. The

economy therefore begins to move along the locus ACB in Figure 7.4a. As kg
and n both increase, the growth rates of both public capital and debt decline

n
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Figure 7.4 Transitional adjustment to a temporary productive/tied transfer

shock: k¼ 1; r¼ 0.05; duration of shock¼ 10 years
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dramatically, the latter more so, with the economy reaching B after ten periods.

The permanent elimination of the transfer at that time reverses the dynamics,

taking the economy back to its original equilibrium along the locus BDA.

From Figure 7.4b, we see that following the initial jump, the growth rates of

public and private capital, and of output, start declining toward the benchmark

growth rate. The growth rate of consumption, although unaffected initially,

increases slightly in transition. At the end of the program, when the transfer

flows cease, the growth rate of public capital jumps down below its benchmark

level, after which it then increases back to its (unchanging) equilibrium level.

Figures 7.4c–7.4e present the dynamic paths of the consumption–output,

debt–output, and capital–output ratios respectively. These are all generally

opposite to those for the pure transfer, reflecting the reversal in the dynamics

of kg and n. One interesting difference arises with respect to the consumption–

output ratio, which falls below its benchmark during the period the transfer is

in effect. This is due to a short-run substitution of consumption for capital

accumulation. However, the end of the transfer program causes a reverse

substitution toward consumption, and the ratio increases to its benchmark

in the long run. The general picture which emerges in comparing Figures 7.3

and 7.4 is that the particular nature of the incoming transfer has important

implications for the economy’s dynamic adjustment, in both the short run and

the long run. In our case, the transitional dynamics of a pure transfer are very

different from those of a productive transfer.

7.6.3 Permanent effects of a temporary transfer shock

In this section we show how a temporary transfer program, by altering the

growth rate during the transition, can have permanent effects on the levels of

key variables such as the capital stock, output, and consumption of the

recipient economy. In addition we show how the type of incoming transfer

(pure or tied) affects the magnitude and direction of the permanent effects.

Figure 7.5 and the last six columns of Table 7.6 report the permanent effects

of temporary transfers. Specifically, we normalize the benchmark steady-state

level to unity and express the new steady-state levels relative to the nor-

malized benchmark. Thus, the ratio of 1.10 across steady states implies a 10%

increase in levels relative to the benchmark.

Formally, we may let the after-shock time path of a variable X be:

XðtÞ ¼ Xð0Þexp½
ZT
0

fXðsÞdsþ
Z t

T

fXðsÞds�
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where fX(t) is the growth rate of variable X, at time t, and follows different

paths while the temporary policy is in effect (until time T) and after it is

removed. The corresponding time path of X in the absence of the shock (the

benchmark path) is then given by:

XbðtÞ ¼ Xb;0 exp ðfbtÞ
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Figure 7.5 A comparative analysis of the permanent effects of temporary

productive and pure transfer shocks (benchmark levels¼ 1)
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where Xb and fb denote the benchmark level of X and f respectively. Then

the long-run impact of the temporary shock on the level of X relative to its

benchmark is given by:

XðtÞ
XbðtÞ ¼

Xð0Þ
Xb;0

exp

ZT
0

ðfXðsÞ � fbÞdsþ
Z t

T

ðfXðsÞ�fbÞds
2
4

3
5

while in the long run the growth rate of X(t) returns to its original benchmark

level, fb, the accumulated effect of the differential growth rate during the

transition on the level of X(t) is permanent and may be significant.21

For our experiments, X¼K, Kg, C, N, Y, and the level of long-run

welfare, denoted by W. From columns 6–11 in Table 7.6 we see that

temporary transfers do indeed have permanent effects on the levels of

key economic variables. However, as the results reveal, the magnitude of

the effects is different, depending upon the specific nature of the transfer.

From Row 1 we see that a temporary pure transfer leads to only a 3% long-

run improvement in the stocks of private and public capital and in the levels

of consumption and output. However, the debt position of the economy

worsens by 4% in the long run. On the other hand, the long-run effects of a

productive transfer are less uniform and larger in magnitude. Row 2 indi-

cates that a temporary productive transfer increases the long-run stocks

of private and public capital by 7% and 10% respectively. Consumption

and output increase by 7% and 8% respectively. For both types of transfer,

the effects on intertemporal welfare are substantial, being 4.4% and 5%

respectively. The relatively small difference is due to the fact that the

greater benefits associated with the tied transfer occur through time and are

therefore discounted. The long-run debt position of the economy actually

improves by 25%. This is in contrast to the result for pure transfers: a

temporary productive transfer improves the current account permanently,

while a pure transfer causes a permanent deterioration of the current

account. This is due to the fact that the increase in long-run productive

capacity, as measured by the long-run changes in the stock of private and

public capital, and the level of output, is much larger for a productive

shock. The higher long-run productive capacity enables the economy to

improve its long-run debt position. The above results are graphically rep-

resented in Figure 7.5.

21 Note that K, Kg, Y, and N evolve continuously at t¼ 0, so that for these variables
X(0)/Xb,0¼ 1. In contrast, C and W undergo jumps at time 0. These differences are
illustrated in Figure 7.5.
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7.7 Conclusions

In this chapter we have addressed an important topical issue, namely the impact

of a program of tied transfers, such as those implemented recently by the EU,

on the growth and macroeconomic performance of a recipient country. The

effects of both permanent and temporary transfers have been considered, the

former serving as a benchmark, the latter being a closer representation of actual

policies.

The main general conclusion to emerge is that there is a sharp contrast

between the effects of pure transfers of the traditional Keynes–Ohlin type and

those of transfers tied to public investment. A permanent pure transfer has no

growth or dynamic consequences. It is always welfare-improving, the gains

varying positively with the size of the government, when the stock of debt and

the benefits of debt reduction increase. In contrast, a tied transfer generates

dynamic adjustments, as public capital is accumulated in the recipient econ-

omy. Its effect on the long-run growth rate, and the extent to which this is

beneficial, depends upon the size of the infrastructure in the economy, as well

as the co-financing arrangements, if any, imposed on that economy, and how its

government chooses to react to the additional flow of resources. For what we

consider to be the most applicable case of an economy relatively poorly

endowed with public capital, a tied transfer will both raise the long-run growth

rate and yield greater intertemporal benefits than does a pure transfer. However,

the benefits from an equal co-financing, similar to that proposed by the

European Union, are substantially smaller than if no such arrangement is

imposed. If the economy is relatively well endowed with government capital, a

tied transfer is welfare-reducing, and is particularly harmful if it involves

domestic co-financing.

These distinctions also apply for temporary transfers. The transitional

dynamics in the two cases are in sharp contrast. Whereas a temporary pure

transfer has only modest short-run growth effects, the productive transfer has

significant impacts on short-run growth, thus validating the position taken by

the European Union. Both transfers, although only temporary, have per-

manent effects on levels, with those of the tied shock being significantly

greater. For example, for the benchmark economy we find that a ten-year tied

transfer of 5% of the recipient economy’s GDP raises long-run output by 10%

and its welfare by nearly 5%, values we find to be significant.
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8

Foreign aid, capital accumulation, and

economic growth: some extensions

The analysis of Chapter 7 has been based on two plausible, but critical,

assumptions, namely the Cobb–Douglas production function and inelastic labor

supply. It turns out that the relative merits of tied versus untied aid are highly

sensitive to both these assumptions. Accordingly, this final chapter is devoted to

exploring these sensitivity issues in further detail.

8.1 Generalization of model1

The model is virtually identical to that of Chapter 7 and hence our description

is brief. The economy is small and populated with an infinitely lived repre-

sentative agent who produces and consumes a single traded good. The agent

has one unit of time, a fraction l of which is devoted to leisure, and the

balance, 1 – l, to labor supply. Output, Y, is produced using the constant

elasticity of substitution (CES) production function

Y ¼ a
KG

�K

� �e

g 1� lð ÞKGf g�jþ 1� gð ÞK�j½ ��1=j
; e � 0 ; �1< j< 1

ð8:1aÞ

where K denotes the representative agent’s stock of private capital, �K is

the average stock of private capital, and KG denotes the stock of

public capital. The production function has two components. In the first,

public capital interacts with the agent’s labor supply to yield labor measured

in efficiency units, (1 – l)KG, which in turn combines with private capital.

Thus s � 1/(1þk) is the elasticity of substitution between private capital and

1 This chapter is based on material first presented in Chatterjee and Turnovsky (2007).
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“efficiency units of labor” in production. The second element is an externality

provided by public capital, incorporated in the term ðKG=�KÞe. Here, KG

enhances general productivity by offsetting congestion effects associated with

the aggregate private capital stock, �K; see e.g. Barro and Sala-i-Martin

(1992a), Eicher and Turnovsky (2000). The production function has constant

returns to scale in both the private factors of production, K and (1 – l ), and

the accumulating factors, K; �K; and KG, enabling it to support an equilibrium

of ongoing (endogenous) growth with both private factors being paid their

respective marginal physical products.2

As in Chapter 3, the agent consumes the traded good at the rate C, yielding

utility over an infinite horizon represented by the isoelastic utility function:

U �
Z 1

0

1

c
Clh
� �c

e�qtdt ð8:1bÞ

where h represents the relative importance of leisure in utility.

The agent’s specification of capital accumulation, and access to the world

financial market remains as specified by equations (7.1c)–(7.1e), and the

agent’s optimization problem is to choose C, l, I, _N; and _K to maximize

(8.1b) subject to the flow budget constraint

_N ¼ C þ r N=Kð ÞN þU I;Kð Þ � ð1� sÞY þ �T ð8:2Þ

where all quantities are as defined previously. Since we shall assume (see

[8.5] below) that the government maintains a balanced budget, the private

sector’s debt coincides with national debt.

The relevant optimality conditions are as before and require no further

comment, except to note the modification to (8.4b), reflecting the more

general production function:

Cc�1lhc ¼ m ð8:3aÞ

hCclhc�1 ¼ m 1� sð Þ @Y

@ 1� lð Þ ð8:3bÞ

1þ h1 I=Kð Þ ¼ q ð8:3cÞ

2 Chatterjee and Turnovsky (2004) assume e¼ 0 and we shall treat this as our benchmark
case as well. A natural alternative specification to (8.1a) is Y ¼ aðKG=�KÞe½gfð1� lÞ�Kg�q

þ 1� gð ÞK�q��1=q, which simply augments the Romer (1986) model to include the
“congestion-offsetting” externality effect of public capital.
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q� _m
m
¼ r N=Kð Þ ð8:4aÞ

a�j KG=�Kð Þ�ej
1� sð Þ 1� gð Þ Y=Kð Þ1þj

q
þ _q

q
þ q� 1ð Þ2

2h1q
� dK ¼ r N=Kð Þ

ð8:4bÞ

The usual transversality conditions also apply.

The specification of public capital accumulation and transfers remain as

specified in Section 7.2.2. The only difference, already alluded to, is that

government sets its tax and expenditure parameters to maintain a balanced

budget.3 Expressing this in the form:

�T ¼ WðG;KGÞ � sY � TR ð8:5Þ

�T determines the lump-sum tax necessary to balance the current budget, given

by the right-hand side of (8.5). The national budget constraint (the current

account) is obtained by combining (8.5) and (8.2):

_N ¼ r N=Kð ÞN þ C þU I;Kð Þ þW G;KGð Þ � Y � TR ð8:6Þ

8.2 Macroeconomic equilibrium

The steady-state equilibrium of the economy has the characteristic that all

real aggregate quantities grow at the same constant rate, and that the labor

allocation, l, and the relative price of capital, q, are constant. We show in

the appendix to this chapter how the equilibrium dynamics of the system

can be conveniently expressed in terms of the following stationary variables:

y � Y/K, kg � KG/K, n � N/K, l, and q. Since all agents are identical, we shall

focus on a symmetric equilibrium in which K ¼ �K. Thus we obtain:

_kg
kg

¼ �gþ krð Þ y

kg
� dG � q� 1ð Þ

h1
� dK

� �
ð8:7aÞ

3 As noted in Chapter 7, several aid programs call for co-financing by the government of the
recipient economy, which is required to match the foreign aid to some degree; in that chapter
we also consider growth-maximizing and welfare-maximizing government responses. Since
the main consequences of co-financing arrangements are only marginally affected by the
elasticity of labor supply, there is no need to consider this aspect further here.
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_n

n
¼ r nð Þ þ 1

n
cþ q2 � 1

2h1
þ �gþ krð Þ � 1þ rð Þf gyþ h2

2
�gþ krð Þ2y

2

kg

� �

� q� 1ð Þ
h1

� dK

� �
ð8:7bÞ

_l ¼ 1þXf g q� r nð Þf g þ 1� cð Þ X 1þ jð Þ � ð1þXÞe½ �wKþ 1þ jþ ðe� jÞð1þXÞ½ �wGf g
c 1þ hð Þ � 1f g 1þXf g � 1� cð Þ 1þ jð ÞX l

1�l

� �� �
 !

l

ð8:7cÞ

_q ¼ r nð Þq� 1

ajkejg
a 1� sð Þ 1� gð Þy1þj � q� 1ð Þ2

2h1
þ dKq ð8:7dÞ

where

X � Xðkg; lÞ � ð1� gÞ=gð Þ ð1� lÞkg
� �j ð8:8aÞ

Y

K
� y ¼ yðkg; lÞ ¼ akeg ð1� gÞ þ g ð1� lÞkg

� ��j� ��1=j ð8:8bÞ

C

K
� c ¼ cðkg; lÞ ¼ ð1� sÞ

h
l

1� l

� �
1

1þX

� �
y ð8:8cÞ

rðnÞ ¼ r� þ xðnÞ ð8:8dÞ

and the growth rates of the two types of capital are:

_K

K
� wK ¼ q� 1

h1
� dK ð8:9aÞ

_KG

KG

� wG ¼ �gþ krð Þ y

kg
� dG: ð8:9bÞ

Equations (8.7a)–(8.7d) provide an autonomous set of dynamic equations

in kg, n, l, and q, of which two (kg and n) are state variables and the others

(q and l) are “jump” variables, free to respond instantaneously to new

information as it becomes available. Once kg and l are known, the output–

capital ratio and the consumption–output ratio are determined by (8.8b) and
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(8.8c). The parallels between this system and (7.9a)–(7.9d) for the basic

model of foreign aid should be clear.

The economy reaches steady state when _kg ¼ _n ¼ _l ¼ _q ¼ 0. Applying these

conditions to (8.7a)–(8.7d) we can solve for the steady-state values ~kg; ~q; ~n; and~l.

Given these quantities, (8.8b)–(8.8d) and either (8.9a) or (8.9b) determine ~y and~c,

the steady-state interest rate, ~r, and the long-run growth rate, ~w, respectively.4

Linearizing (8.7a)–(8.7d) around the steady state yields an approximation to the

underlying dynamic system. This system (not reported) is analogous to (7.11)

and forms the basis for our dynamic simulations. To be saddlepoint-stable, we

require that there be two unstable roots to match the two jump variables. For

all plausible sets of parameter values our numerical simulations yield the

required pattern of eigenvalues, namely two positive (unstable) and two

negative (stable) roots, the latter being denoted by l1 and l2, with l2 < l1 < 0.

Equations (8.7) and (8.8) represent “core” dynamic equations from which

other key variables, in particular the various growth rates, may be derived. In

addition to the growth rates of the two capital goods reported in (8.9a) and

(8.9b), the growth rates of consumption and output are given by

_C

C
� wC ¼ r nð Þ � qþ ch 1=lð Þ Fðkg; n; q; lÞ



Gðkg; lÞ

� �
1� c

ð8:9cÞ

_Y

Y
� wy ¼

1

1þXðkg; lÞ ½Xðkg; lÞwK þ wG �
_l

1� l
� þ e½wG � wk� ð8:9dÞ

where F(.) and G(.) are defined in the Appendix. Although the growth rates

diverge during the transition, they ultimately converge to the common

equilibrium rate ~wK ¼ ~wG ¼ ~wC ¼ ~wY ¼ ~w.

8.3 The dynamic effects of foreign aid: a numerical analysis

The introduction of labor supply, while a simple conceptual extension,

complicates the formal analysis significantly. Accordingly, all of our sub-

stantive analysis is undertaken using numerical simulations. We begin by

calibrating a benchmark economy, using the parameters summarized in

Table 8.1, representative of a small open economy, which starts out from an

4 The solution for the steady-state equilibrium is set out in the Appendix. As for the simpler
model of Chapter 7, numerical simulations always yield well-defined steady-state values for all
plausible parameter specifications.
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equilibrium without any transfers or aid from abroad. As already noted, the

productive elasticity of public capital g¼ 0.2 is consistent with the empirical

evidence (see Gramlich, 1994). But given the introduction of labor in effi-

ciency units, this implies that the productive elasticity of labor is also 0.2,

while that of private capital is 0.8.5 Setting k¼ 0, i.e. s¼ 1, yields the Cobb–

Douglas technology, which serves as a reasonable benchmark.6 The public

good externality parameter is set at e¼ 0.

Substituting these base parameters into the steady-state equations (8.A.7a)–

(8.A.7f), (see Appendix), (8.9a) and the functional form for (8.10d), yields the

following benchmark equilibrium values: ~kg ¼ 0:253; ~n ¼ 0:141; ~q ¼ 1:997;

~y ¼ 0:337; ~y ¼ 0:337; ~c ¼ 0:202; ~r ¼ 0:0813; and ~w ¼ 0:0165. Table 8.2,

Row 1 summarizes these in a more convenient form. Thus the benchmark

Table 8.1. The benchmark economy

Preference parameters: c¼�1.5, q¼ 0.04, h¼ 1

Production parameters: a¼ 0.6, g¼ 0.2, e¼ 0, h1¼ 15, h2 = 15

Elasticity of substitution in production: s¼ 1

Depreciation rates: dK¼ 0.05, dG¼ 0.05

World interest rate: r*¼ 0.06

Premium on borrowing: a¼ 0.15a

Policy parameters: s¼ 0.15, �g¼ 0.05

Transfers: r¼ 0, k¼ 0

a The functional specification of the upward-sloping supply curve that we use is
r(n)¼ r*þean�1. Thus, in the case of a perfect world capital market, when a¼ 0,
r¼ r*, the world interest rate.

5 An inevitable feature of calibrating a Romer (1986)-type AK model is that keeping the size of
the externality plausible, while maintaining the assumption of constant returns to scale in the
private factors, imposes constraints on the elasticities of labor and private capital. In order
to reconcile these elasticities with the empirical evidence on the income shares of labor and
private capital, it is necessary to interpret K as an amalgam of physical and human capital, with
(1 – l) describing “raw” unskilled labor; see Rebelo (1991).

6 As justification for the Cobb–Douglas functional form, Berndt’s (1976) early comprehensive
study is often cited. For the preferred methods of estimation, using superior data, he finds
estimates of the elasticity of substitution to range from around 0.8 to 1.2. However, recent
authors have argued that the treatment of technological change has biased the estimates toward
unity, and that modifying the econometric specification leads to significantly lower estimates
of the elasticity, in the range 0.5–0.7, thus rejecting the Cobb–Douglas specification; see e.g.
Antràs (2004) and Klump, McAdam, and Willman (2007). Duffy and Papageorgiou (2000)
estimate the elasticity of substitution using cross-sectional data and find that the Cobb–Douglas
production function is an inadequate representation of technology across countries. Their
evidence suggests that the elasticity of substitution exceeds unity for rich countries, but is less
than unity for developing countries.
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equilibrium yields a steady-state ratio of public to private capital of 0.25, a

consumption–output ratio of 0.60, and a debt–output ratio of 0.42, yielding an

equilibrium borrowing premium of 2.13% over the world rate of 6%. The

capital–output ratio is 2.97, and 78% of the agent’s time is allocated to leisure,

consistent with empirical evidence, yielding a long-run growth rate of 1.65%.

The equilibrium is a reasonable characterization of a small medium-indebted

economy, experiencing a modest steady growth rate and having a relatively

small stock of public capital.

This equilibrium is based on several specific assumptions and therefore it

is important to conduct some sensitivity analysis. The critical parameters

upon which we focus are (i) the elasticity of substitution in production, s,

(ii) the elasticity of leisure in utility, h, (iii) the externality parameter, e, and
(iv) the domestic fiscal policy parameters, �g and s.

8.3.1 A permanent increase in the flow of

foreign aid: long-run effects

We now introduce a permanent foreign aid flow to the above benchmark

economy. Specifically, the inflow of foreign aid is tied to the scale of the

recipient economy, and increases from 0% of GDP in the initial steady state to

5% of GDP in the new steady state (an increase in r from 0 to 0.05). This aid

may be tied to new investment in public capital (k¼ 1), representing a

“productive” transfer, or it may be untied (k¼ 0), in which case it is a “pure”

transfer. The long-run and short-run responses of key variables in the recipient

economy are reported in rows 2 and 3 of Tables 8.2a and 8.2b. In addition, the

final columns in the tables summarize the effects on long-run welfare (DW),

and short-run welfare (DW(0)), both measured by the optimized utility of the

representative agent, where C and l are evaluated along the equilibrium path.

These welfare changes are measures of equivalent variation, calculated as the

percentage change in the initial stock of capital necessary to maintain the level

of welfare unchanged following the particular shock. The differences between

the effects of the two types of transfer are dramatic.

We first consider the long-run effects of an increase in foreign aid (Table

8.2a) and then discuss the short-run transitional dynamics generated by this

shock (Table 8.2b and Figure 8.1).

Tied aid

The long-run impact of a tied foreign aid shock is reported in row 2 of Table

8.2a. Since the aid is tied directly to public investment, in the new steady state

the ratio of public to private capital more than doubles, increasing from 0.25 to
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0.54, as a consequence of the investment boom in infrastructure. The larger

stock of public capital increases the marginal productivity of private capital and

labor, leading to a positive, though lesser, accumulation of private capital, and

increasing employment time from 0.220 to 0.232. Although the transfer

stimulates consumption through a wealth effect, the enhanced productive

capacity has a greater effect on output, leading to a decline in the long-run

consumption–output ratio from 0.60 to 0.563. The higher productivity raises

the long-run growth rate to 2.31%, while long-run welfare improves by 7.96%.

The increased accumulation of both private and public capital leads to a higher

demand for external borrowing as a means of financing the new investment in

private capital and the installation costs of public capital. This results in an

increase in the steady-state debt–output ratio from 0.42 to 0.62, raising the

borrowing premium to nearly 3.8%. However, this higher debt relative to

output is sustainable since it is caused by higher investment demand rather than

by higher consumption demand. The long-run increase in the economy’s

productive capacity (as measured by the larger stocks of public and private

capital, and output) ensures that the additional debt is sustainable.

Untied aid

A permanent untied aid shock, i.e. an aid flow not tied to any investment

activity, has precisely the opposite qualitative effects, as illustrated in row 3

of Table 8.2a. Apart from consumption and leisure, the changes are much

smaller. Being untied, the transfer is devoted to debt reduction, thereby

allowing an increase in consumption. The debt–output ratio declines to

0.396 and the consumption–output ratio rises to around 0.65. The increase

in consumption raises the marginal utility of leisure, increasing the fraction

of leisure time from 0.78 to 0.793. Since the aid no longer favors public

investment, the ratio of public to private capital remains virtually

unchanged. With the shift toward more consumption and leisure, product-

ivity of both types of capital declines and the equilibrium growth rate is

marginally reduced from 1.65% to 1.60%, leading to an overall increase in

welfare of around 7.71%, marginally less than for the tied transfer.

8.3.2 Transitional dynamics

Tied aid

The transitional adjustment paths following the increase in tied aid are

illustrated in Figure 8.1a for the benchmark economy. Figure 8.1a illustrates

the stable adjustment locus in kg-n space, indicating how kg and n both

generally increase together during the transition.

204 8 Foreign aid, capital accumulation, and economic growth



The immediate effect of the tied aid shock is to raise the growth of public

capital, to above 8%, thereby raising the productivity of both private capital and

labor; see Table 8.2b, row 2. Given the cost of borrowing, the higher return to

capital causes an instantaneous upward jump in the shadow price of private

capital, q, from its initial benchmark level of 2 to 2.04, thereby inducing a

corresponding increase in private investment. At the same time, the higher

productivity of labor induces an immediate, but slight, decline in leisure from

0.780 to 0.777. While the upward jump in q reduces the rate of return on private

(a) Phase diagram (b) Market price of private capital

(c) Leisure (d) Consumption–output ratio

(e) Debt–output ratio (f) Growth rates

Benchmark

New steady state

New steady state

New steady state

New steady state

Benchmark

Benchmark

New steady state

Benchmark

A

B

0.25 0.35 0.40 0.45 0.50

0.14

0.16

0.18

0.22

0.24

n

10 20 30 40 50 60
t

2.02

2.04

2.06

2.08

q

5 10 15 20
t

0.768

0.772

0.774

0.776

0.778

0.780
l

5 10 15 20
t

0.57

0.58

0.59

0.60

C/Y

N/Y

5 10 15 20
t

0.45

0.55

0.60

10 20 30 40 50 60
t

0.02

0.03

0.04

0.05

0.06

0.07

0.08

Growth rates

cG

cY
cC cK
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Figure 8.1 Dynamic responses to tied aid shock (Cobb–Douglas case)
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capital, the increase in labor raises the return. On balance, the former slightly

dominates and immediately after its initial increase, q begins to drop slightly, to

around 2.03 after the first five periods. Leisure drops steadily toward its new

equilibrium level of 0.768, so that after a few periods its positive productivity

effect dominates, and q begins to rise monotonically toward its new equilib-

rium level of 2.10; see Figures 8.1b and 8.1c.

The introduction of the tied transfer leads to an initial short-run decline in the

consumption–output ratio (Figure 8.1d). This is because the short-run substi-

tution from leisure to labor both increases output and reduces the marginal

utility of consumption. Thereafter, as the larger capital stocks are reflected in

more output, the consumption–output ratio continues to decline monotonically

toward its new steady-state value. Also, note that leisure and the consumption–

output ratio move together. The contrasting time paths of the four growth rates,

wk, wG, wY, and wC during the transition toward their common long-run growth

rate of 2.31% are strikingly illustrated in Figure 8.1f. With public capital being

directly stimulated by the transfer, its growth rate jumps initially to over 8.3%

before gradually declining. By contrast, private capital increases only very

gradually from 1.95% to 2.31% during transition, as the accumulation of public

capital enhances its productivity. As a result, the ratio of public to private capital

increases at a steady monotonic rate. The growth rate of output is a weighted

average of the growth rates of the two capital stocks plus the temporary growth

of labor and therefore immediately increases sharply to 3.5% with the transfer.

On the other hand, the only influence on the initial growth rate of consumption is

the effect that operates through the labor supply and the labor–leisure choice,

raising its growth rate from 1.65% to 1.87%. Thereafter it responds only

gradually, in response to the accumulation of assets in the economy. It always

lies below the growth rate of output, so that C/Y is falling, as noted in Figure

8.1d. However, the level of consumption is still growing, albeit at a modest rate.

The final aspect of the dynamics concerns the debt–output ratio. Starting at

0.42, the short-run increase in output leads to a slight initial decline in the

debt–output ratio, after which it increases monotonically through time. This is

because the accumulation of public capital raises the average productivity of

private capital, while the accumulation of both types of capital raises the need

to borrow from abroad to finance new investment and installation costs. But

as noted previously, the higher debt, being backed by higher productive

capacity through the tied transfer, is sustainable.

Untied aid

The transitional dynamics following an untied aid shock are illustrated in Figure

8.2. Three points should be made at the outset, which distinguish our results
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from earlier findings. First, the existence of transitional dynamics following an

untied aid shock depends crucially upon the endogeneity of labor supply. If

labor supply is inelastic, then untied foreign aid has no dynamic or growth

effects and the economy moves instantaneously to its new steady state via a

once-and-for-all increase in the consumption–output ratio; see Chatterjee,

Sakoulis, and Turnovsky (2003). Second, the dynamics in response to untied aid

are in sharp contrast to those generated by tied aid, being more or less the

reverse. This reflects the fact, noted in Table 8.2, that the long-run responses of

(a) Phase diagram (b) Market price of private capital

 (c) Leisure (d) Consumption–output ratio

(e) Debt–output ratio  (f) Growth rates
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Figure 8.2 Dynamic responses to untied aid shock (Cobb–Douglas case)
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the economy to the two types of aid are generally opposite in nature. Third, the

dynamic adjustment generally occurs much more rapidly than in response to the

tied aid shock.

Figure 8.2a illustrates the transitional adjustment paths for the two state

variables, debt/private capital and public capital/private capital. We see that

on receipt of the aid, these move in opposite directions, implying that on

impact the debt–capital ratio begins to decline, while the public–private

capital ratio begins to increase. Indeed, the untied transfer is initially

applied primarily to debt reduction, which allows an immediate substantial

increase in consumption, increasing the marginal utility of leisure, and

thereby inducing an immediate sharp reduction in labor supply.

The main impact of an untied transfer is on consumption, leisure, and debt

reduction, as illustrated in Figures 8.2c, 8.2d, and 8.2e. Its initial impact is to

raise the marginal utility of leisure, causing a reduction in labor supply, and

hence in the productivity of private and public capital, and in q. The receipt of

the untied transfer has a slightly less adverse short-run effect on the growth rate

of public capital, reducing it to 1.57%, slightly above that of private capital. As

kg increases, the productivity of public capital declines relative to private

capital, causing their relative growth rates to reverse. After just over two

periods the growth rate of private capital exceeds that of public capital and kg
begins to decline with n. The decline in q is partially reversed during the

subsequent transition as the relative stock of public to private capital declines.

8.4 Sensitivity analysis

The contrast between the effects of tied and untied foreign aid is striking. It

is therefore important to determine how sensitive this comparison is to the

chosen parameter values for the benchmark economy. This is explored in

Tables 8.3–8.6, along the various dimensions noted earlier.7

8.4.1 Elasticity of substitution in production versus

flexibility in labor supply

Table 8.3 presents a grid summarizing the changes in key variables in

response to equal amounts of tied aid and untied aid, respectively, as the

7 In Chapter 7, with fixed labor supply, we conducted sensitivity analysis with respect to the
adjustment costs of public capital as well as the degree of capital market imperfection. We
have also addressed these aspects here, but since the conclusions are basically unchanged from
those obtained previously, we omit them from our discussion.
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elasticity of substitution in production, s, varies between 0.8 and 1.6, while h
varies between 0 and 2. One interesting feature is that the effects of tied aid

on the growth rate are highly sensitive to even minor deviations from the

benchmark value of s¼ 1 (Cobb–Douglas). Thus, for example, if a researcher

estimates s¼ 1 with a standard error of 0.1 – a tight estimate – and if h¼ 1,

then, with 95% probability the implied increase of 0.66 percentage points in

the growth rate could be as high as 0.98 or as low as 0.45. A sustained

difference in the growth rate of half a percentage point accumulates to a

substantial difference in economic performance. This is seen from the spread

on the implied welfare gain of 7.96%, which is even larger, ranging as high as

21.1% and as low as 0.53%; see Table 8.4.

Looking though the two parts of Table 8.3, the following observations can

be made.

(i) The tendency for tied and untied aid to have opposite long-run effects

on economic activity is robust to variations in s and h.
(ii) Tied aid has substantially greater long-run effects on variables

involving asset accumulation (capital aid and foreign debt) than does untied

aid. The effects on consumption and leisure are comparable in magnitude

(though opposite in direction).

(iii) Increasing the elasticity of substitution, s, reduces the positive effect

of tied aid on the growth rate, while reducing the negative effect on the

consumption–output and capital–output ratios. On the other hand, a higher s

primarily reduces the adverse effect of an untied aid shock on the debt–output

ratio, while decreasing the positive effects on the capital–output and con-

sumption–output ratios, the latter only mildly. The net effect is to reduce the

adverse effect on the growth rate.

Intuitively, the larger the elasticity of substitution, the more the increased

productivity of private capital resulting from the tied transfer induces substi-

tution toward private capital. As a result, the Y/K ratio rises less, so that the

increased productivity of private capital is reduced, thus reducing its rate of

accumulation, and mitigating the fall in consumption. For untied aid, a higher

elasticity of substitution means that the reduction in the productivity of private

capital resulting from the reduction in labor supply is mitigated, so that the fall

in the growth rate is moderated. Slower growth means less borrowing, lower

borrowing costs, and thus a decline in the debt–output ratio.

(iv) Increasing the importance of leisure in utility, h, reduces the positive

effect of tied aid on the growth rate, and reduces the adverse effect on the

consumption–output and capital–output ratios. It increases the adverse effect

of untied aid on the growth rate, while reducing the positive effect on the

capital–output ratio and the adverse effect on the debt–output ratio.
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The intuition is as follows. The more the agent values leisure in utility,

the less he is willing to reduce it in response to an increase in tied aid, the

less the reduction in consumption, and the less the positive effect on

the growth rate. In the case of untied aid, as h increases and agents

enjoy more leisure, the productivity of capital and the return on capital

decline, so the adverse effect on the growth rate increases. However, there

are some offsetting effects. As leisure increases, because of its diminishing

marginal utility, agents increase their leisure at a diminishing rate. This

mitigates the adverse effect of the untied aid on the growth rate, for suffi-

ciently large h.8

8.4.2 Welfare comparisons

The comparison of the overall intertemporal welfare gains for the two types

of aid is particularly striking. Table 8.4 indicates that for the benchmark case,

s¼ 1, h¼ 1, the net effects of the two types of aid on intertemporal welfare

are more or less comparable; the gains from tied aid are 7.96%, while those

from untied aid are 7.71%. But despite this similarity in the overall inter-

temporal welfare gains for the two forms of aid, the contrasting dynamic

adjustments in the economy lead to sharp differences in the time profiles of

the benefits they provide. For tied aid, the commitment toward public

investment involves initial consumption losses and less leisure, leading to a

short-run welfare loss of 1.53%. Over time, as the economy becomes more

productive, consumption increases rapidly. Welfare increases dramatically,

with subsequent gains dominating the initial losses, resulting in an overall

intertemporal welfare gain. In contrast, the response to untied aid does not

involve intertemporal tradeoffs. Instead, it results in an immediate and an

almost constant increase in consumption, leisure, and therefore welfare, along

the transition path.

Table 8.4 presents the sensitivity of the short-run and long-run welfare

responses to the two types of aid shocks, for variations in s and h. The
following patterns emerge from the table.

8 One result in Table 8.3 worth noting is the contrast in the response of leisure to an increase
in tied aid as s increases from 0.8 to 1.6. As already noted, if s = 1, a tied transfer, by
increasing labor productivity, encourages more work effort, an effect that is exacerbated as
the elasticity of substitution increases beyond 1. For low s, however, this response is
reversed. The intuition is seen most clearly by focusing on the polar case of the fixed
coefficient production function, s = 0. In this case, private capital, K, and labor in
efficiency units (1 – s)Kg, need to change proportionately. Since tied aid leads to an
increase in the relative stock, kg � Kg/K, this must be accompanied by a decrease in labor
for (1 – l)kg to remain constant and for production to remain efficient.
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(i) Both the short-run and the intertemporal welfare gains from an untied

aid shock are remarkably insensitive to variations in both s and h. For

plausible ranges of the parameters, an untied aid flow equal to 5% of GDP

leads to short-run welfare gains in the range 7–9% and long-run gains in the

range 5–10%, both measured by an equivalent variation in the initial stock of

capital. The long-run gains are typically within 1 percentage point of the

short-run gains, suggesting a gradual increase over time.

(ii) In contrast, both the short-run and long-run welfare gains from tied aid

of the same magnitude are highly sensitive to both parameters. For any given

h, the long-run welfare gains decline with s. On the other hand, welfare gains

increase with h for values of s less than 1. For high values of s, tied aid yields

both short-run and long-run losses, the former being relatively independent of

h, and the latter increasing with h. There is therefore a sharp contrast between

the short-run and long-run welfare effects of tied aid.

Results (i) and (ii) from Table 8.4 are two key findings, and the following

intuition may be provided. An untied aid flow has little effect on the stocks of

public or private capital. The higher elasticity of substitution raises the level

of output attainable from given stocks of capital, thereby raising consumption

and welfare approximately uniformly. If the aid flow is tied, it increases the

rate of investment in public capital. With a low elasticity of substitution this

requires an approximately corresponding increase in private capital, leading

to a large increase in output, consumption, and benefits. As the elasticity of

Table 8.4. Sensitivity of short-run and long-run welfare responses to the

elasticities of substitution (s) and leisure (h)

s¼ 0.8 s¼ 1 s¼ 1.2 s¼ 1.6

D W 0ð Þð Þ D Wð Þ D W 0ð Þð Þ D Wð Þ D W 0ð Þð Þ D Wð Þ D W 0ð Þð Þ D Wð Þ
(a) Tied aid: r increases from 0 to 0.05, k¼ 1

h¼ 0 0.71 10.18 �3.97 6.00 �7.76 1.06 �13.04 �3.14

h= 1 5.14 21.08 �1.53 7.96 �6.71 0.53 �12.56 �6.82

h¼ 2 7.03 26.46 �0.69 9.15 �6.55 0.16 �12.52 �7.68

(b) Untied aid: r increases from 0 to 0.05, k¼ 0

h¼ 0 8.24 8.24 8.66 8.66 8.94 8.94 9.28 9.28

h= 1 7.49 6.47 8.32 7.71 8.94 8.55 9.70 9.52

h¼ 2 7.22 5.89 8.21 7.50 8.94 8.54 9.78 9.64
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substitution increases, the higher public capital is associated with a smaller

increase in private capital, so that the increase in output, consumption, and

welfare declines. This is exacerbated by the fact that for a high elasticity of

substitution, the tied transfer generates a large increase in the real wage and

its growth rate, leading to substantial substitution toward labor, which is

further welfare-reducing.

The contrasting sensitivities of the welfare gains resulting from tied and

untied transfers, respectively, to changes in s and h, mean that the relative

merits of the two forms of transfer, from a welfare standpoint, are also highly

sensitive to these two critical parameters. To consider this, we shall focus on

the benchmark case, s¼ 1, and consider variations in h. As we have already

noted, for h¼ 1, tied aid is marginally superior to untied aid from a long-run

(intertemporal) welfare point of view. But as h declines and leisure becomes

less important in utility, untied aid is superior to tied aid. Indeed in the

limiting case of inelastic labor supply, h¼ 0, an untied aid shock generates a

long-run welfare gain of 8.66%, while the corresponding gain from a tied aid

shock is much lower, at 6%. The less (more) important is leisure in utility, the

more (less) tied aid crowds out private consumption, thus decreasing

(increasing) the benefits relative to untied aid. This comparison is sensitive to

even small variations in the elasticity of substitution. For example, if s¼ 0.8

tied aid dominates untied aid (intertemporally), irrespective of the importance

of leisure (even for h¼ 5), while if s¼ 1.2 precisely the reverse is true.

8.4.3 Generalizations of the production function

Table 8.5 extends the comparison of the long-run welfare effects of tied and

untied aid by allowing public capital to have the additional externality effect

as introduced in (8.1a). The main message of these results is clear and

unsurprising. While the benefits of untied aid are relatively insensitive to e
(being mildly negative), the benefits of tied aid are highly sensitive to this

effect, so that the latter is heavily favored as e increases. Take, for example,

the benchmark case, h¼ 1, s¼ 1. Whereas tied aid is only marginally superior

in the absence of this effect, it clearly dominates for e¼ 0.1 (7.51% vs.

18.50%). Moreover, in cases where, for e¼ 0, untied aid dominates tied aid,

and where the latter is welfare-deteriorating, tied aid may now not only be

positive from a welfare standpoint but may also be superior to untied aid. An

example of this arises if s¼ 1.6 and e¼ 0.2.9

9 We have also conducted sensitivity analysis using the generalized Romer production
function in note 2. If e¼ 0 in that model, tied aid is clearly undesirable, since it is obliging the

8.4 Sensitivity analysis 213



8.4.4 Sensitivity of transitional dynamics

We have recomputed the transitional paths for both types of aid to determine

their sensitivity to variations in s and h, as well as in e. For untied aid, the time

profiles retain the general qualitative characteristics, illustrated in Figure 8.2

for the benchmark h¼ s¼ 1, as h, s, and e are varied. Many of the qualitative

characteristics of the transitional paths following a tied aid shock also remain

as illustrated in Figure 8.1, although there are some substantive differences,

which are illustrated in Figures 8.3 and 8.4.

Table 8.5. Sensitivity of long-run welfare responses to the elasticities of

substitution (s), leisure (h), and the public capital externality (e) (percentage
changes in welfare, r increases from 0 to 0.05)

s¼ 0.8 s¼ 1 s¼ 1.2 s¼ 1.6

k¼ 0 k¼ 1 k¼ 0 k¼ 1 k¼ 0 k¼ 1 k¼ 0 k¼ 1

(a) e¼ 0.02

h¼ 0 8.21 12.10 8.63 6.33 8.91 2.68 9.25 �1.68

h= 1 6.44 23.46 7.67 9.89 8.51 2.24 9.47 �5.31

h¼ 2 5.86 29.11 7.46 11.16 8.50 1.88 9.59 �6.16

(b) e¼ 0.05

h¼ 0 8.16 15.12 8.58 9.05 8.86 5.20 9.19 0.60

h= 1 6.39 27.84 7.61 12.94 8.43 4.91 9.39 �2.93

h¼ 2 5.82 33.34 7.40 14.34 8.42 4.57 9.50 �3.78

(c) e ¼ 0.1

h ¼ 0 8.08 20.57 8.49 13.93 8.77 9.70 9.09 4.65

h= 1 6.30 34.21 7.51 18.50 8.32 9.73 9.25 1.33

h ¼ 2 5.75 41.17 7.31 20.18 8.32 9.46 9.37 0.51

(d) e ¼ 0.2

h ¼ 0 7.94 33.43 8.33 25.31 8.59 20.11 8.90 13.89

h= 0 6.15 51.30 7.31 31.90 8.10 21.19 8.99 11.32

h ¼ 0 6.37 60.63 7.14 34.36 8.12 21.11 9.12 10.59

recipient economy to devote the resources to an unproductive use. But if e is sufficiently large
(e.g. around 0.2) it is again the case that tied aid is not only beneficial, but also superior to
untied aid.
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The transitional time paths for leisure and the consumption–output ratio

following a tied aid shock are sensitive to variations in the elasticity of substi-

tution (s), and Figure 8.3 compares them for values of s¼ 0.5, 1, and 1.6, while h
remains at its benchmark value of unity. As already observed, for the benchmark

economy, l and C/Y move together. For a low elasticity of substitution (s¼ 0.5),

leisure generally increases, for reasons discussed in Section 8.4.1. The initial
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increase in leisure increases the marginal utility of consumption, so that C/Y

initially increases, after which it declines steadily. This implies that l and C/Y

move in opposite directions throughout the transition. For a high elasticity of

substitution, l initially declines and continues to decline during the transition, just

as in the benchmark case. But in this case, the initial decline in l is sufficiently

sharp to cause a sharp decline in initial consumption, C(0). The C/Y ratio

overshoots its long-run response, and thus rises during the transition, implying

again that l and C/Y move in opposite directions throughout the transition.
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Figure 8.4 illustrates the sensitivity of the dynamic adjustments of the

basic state variables, kg and n, to an increase in s. Figure 8.4a shows the case

of tied transfers. As the elasticity of substitution increases, the curvature of

the adjustment path increases. The higher the degree of substitution between

the two types of capital, the more the transfer increases the initial growth rate

of public capital relative to that of private capital.10 At the same time, the rate

of debt accumulation increases, raising borrowing costs. Over time, as the

growth rate of public capital declines and that of private capital increases,

foreign borrowing and borrowing costs fall. For a very high elasticity of

substitution, we get very rapidly increasing debt and borrowing costs during

the early phases of the transition. However, over time, these inhibit borrowing

and debt eventually declines. In the limiting case where the two types of

capital are perfect substitutes, n ultimately returns to its initial level.

Figure 8.4b shows the case of untied transfers. The main point to observe

is that the initial period of an increasing public–private capital ratio, which

prevails only briefly for the benchmark case, is much more prolonged for a

low elasticity of substitution, while for a high elasticity of substitution kg
declines uniformly along with n.

8.5 Consequences for the government fiscal balance

One issue of debate in the aid–growth literature concerns the relationship

between the effectiveness of foreign aid and “good” government policy.

Recently, in a panel study of fifty-six developing countries and six four-year

periods (1970–93), Burnside and Dollar (2000) argue that aid is most

effective when complemented by “sound” or “good” economic policy making

by the recipient government.11 Consequently, their conclusions call for greater

selectivity on the part of donor countries when making aid decisions. Burnside

and Dollar’s (2000) influential findings have now become an effective weapon

for donor-countries and aid agencies to persuade prospective recipients to

enforce more disciplined fiscal and monetary policies in order to receive aid;

see Easterly (2003). However, several papers, including Collier and Dehn

(2001), Dalgaard and Hansen (2001), and Easterly, Levine, and Roodman

10 Care must be exercised in comparing the slopes of the n-kg loci in Figures 8.1a and 8.2a, as the
units differ.

11 “Good” policy includes practices like low inflation, low government deficits, and fostering
openness. A useful discussion of the role of fiscal policy for development, in general, and for
the Millennium Development Goals, in particular, is provided by Gupta, Clements, and
Inchauste (2004).
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(2004) have shown that Burnside and Dollar’s (2000) empirical results are not

robust to the definitions of “aid,” “good policy,” and “growth.” They show that

broader definitions of these terms and extended data sets weaken the link

between aid and the quality of policy, and consequently economic growth.

Despite the lack of consensus with regard to the empirical evidence, the

issue of good government policy is obviously important and our model gives

some insight on the role of the government budget deficit, one of the key

elements of the Burnside–Dollar analysis, in the aid–growth process.

Recalling equation (8.5), T represents the amount of lump-sum taxation (or

transfers) necessary to finance the primary deficit and is therefore a measure

of current fiscal imbalance. Defining:

V �
Z 1

0

�TðtÞ
YðtÞ e

�
R s

0
rðnÞds

ds

¼
Z 1

0

1

YðtÞ WðG;KGÞ � sY � TR½ �e�
R s

0
rðnÞds

ds

V measures the present discounted value of the lump-sum taxes per unit of

current output necessary to balance the government budget over time, and

thus provides a measure of the intertemporal fiscal imbalance; see Turnovsky

(2004). Substituting for the appropriate quantities from Section 8.2, yields:

V ¼
Z 1

0

ð�gþ krÞ 1þ h2=2ð Þð�gþ krÞ yðtÞ
kgðtÞ

� �
� ðsþ rÞ

� �
e
�
R s

0
rðnÞds

ds

ð8:10Þ

The issue then is the effect of tied and untied aid on this measure. Table 8.6

summarizes the effects of tied and untied aid on both intertemporal welfare,

W, and the government’s intertemporal balance, V, for varying domestic fiscal

configurations. The following important insights emerge from Table 8.6a.

(i) The welfare benefits from untied aid are relatively insensitive to sub-

stantial variations in both the tax rate and the rate of government spending,

decreasing mildly with the former and increasing mildly with the latter. In

addition, untied aid always improves the government’s intertemporal fiscal

balance and thus is beneficial from that standpoint.

(ii) The welfare benefits from tied aid increase slightly with the tax rate but

decrease dramatically with the rate of government spending. This is because

the benefits from tied aid depend critically upon the level of domestic gov-

ernment spending �gð Þ on public capital relative to the socially optimal level

which, in turn, depends upon the tax rate. For example, for s¼ 0.15, the
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socially optimal fraction of government spending in the absence of foreign

aid is �g ¼ 0:098.12 If �g ¼ 0:02, government investment is far below the

optimum and clearly foreign aid tied to public investment is highly desirable;

if �g ¼ 0:05, the tied aid raises total public investment to 0.10, which is close

to the social optimum and therefore still desirable. But if �g ¼ 0:10, the rate of

public investment is above the social optimum and any further tied aid is

welfare-reducing.13

(iii) Tied aid always worsens the government’s intertemporal deficit and is

not desirable from that standpoint.14 Thus for low rates of government

expenditure tied aid involves a tradeoff in that increased wealth is accom-

panied by a higher intertemporal government deficit. For high rates of gov-

ernment expenditure, tied aid is unambiguously bad in that it is both welfare-

reducing and also reduces the government’s intertemporal balance. In con-

trast, untied aid always has a positive effect on both targets.

(iv) The larger the current government surplus, as parameterized by s–�g,
the more (less) beneficial is tied (untied) aid. “Good” policy in the Burnside–

Dollar sense thus favors tied aid.

(v) For extreme rates of expenditure, optimal policy (i.e. welfare-

maximizing policy) involves corner solutions. Thus for �g ¼ 0:02 tied aid is

not only superior but maximizes welfare, while for �g ¼ 0:10, untied aid is

optimal. For �g ¼ 0:05, the optimal policy is an interior mix. Thus for

s¼ 0.15, the optimum is for 53% of the aid to be tied and the remainder

untied. While this will take the economy to below the optimal rate of

government investment, the losses from this are more than compensated by

the fact that this is associated with a reduction in the government’s inter-

temporal fiscal balance.

Table 8.6b yields a similar pattern in the case of a positive externality

e¼ 0.10. The main difference is that the existence of this externality raises

the productivity of public capital. In this case the socially optimal rates of

public investment are 0.120, 0.130, and 0.138, corresponding to s¼ 0.10,

0.15, and 0.20, respectively. Hence the tied transfer remains optimal even if

�g ¼ 0:05.

12 This is obtained numerically. For s¼ 0.1 and 0.2 the socially optimal expenditures are
0.091 and 0.106, respectively.

13 Since the total rate of public investment is �gþ kr, the benefits of tied aid also depend
upon its size, r, since like �g, too large an increase in r will take �gþ kr beyond the social
optimum rate of public investment. There is, in effect, a tradeoff between �g and r insofar
as the benefit of tied foreign aid is concerned.

14 This result can also be established analytically by considering (8.10) in the case k ¼ 1.
An important element for this result is the fact that tied aid also imposes installation costs
which the government needs to finance.
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8.6 Conclusions

The link between foreign aid, economic growth, and welfare depends

crucially on the mechanism through which a particular aid program,

whether tied or untied, is absorbed by the recipient economy. In this

chapter, we have extended the analysis of Chapter 7 to include additional

crucial mechanisms. In particular, we highlight the importance of the

endogeneity of labor supply as an additional margin along which foreign

aid may influence macroeconomic performance. In doing so, we focus on

(i) the role played by the interaction of labor supply and public capital, and

(ii) externalities associated with public capital accumulation in determining

an economy’s response to foreign aid. We also emphasize the tradeoffs

between flexibility of leisure in utility and flexibility of substitution in

production.

We conclude with three comments. First, our results carry some important

policy advice. The fact that the effects of the tied transfer are less certain than

those of the pure transfer, depending upon the structural characteristics of the

recipient economy, suggests that the donor economy must be careful to ensure

that it has accurate information on the recipient economy. When donors

decide on whether a particular aid program should be tied to an investment

activity, careful attention should be paid to the recipient’s opportunities for

substitution in production, the elasticity of labor supply, and production

externalities. Otherwise, it is perfectly possible for a tied transfer to have an

unintended adverse effect on the recipient economy, if that economy is

structurally different from what the donor perceives.

Second, we have abstracted entirely from any political economy factors

relating to rent-seeking or corruption, which are clearly relevant issues

in any foreign aid discussion. Recent work by Acemoglu and Robinson

(2000) and others show that the existence of “political elites” and powerful

interest groups in poor economies may be a deterrent to investment, tech-

nological change, and economic development. Further, the lack of institutions

may also inhibit the effects of aid on growth. Clearly, the consequences

of these are significant considerations for determining both the nature

and composition of foreign aid and are important directions for future

research.

Finally, we should note that we have focused on the effects of the

transfer on the economic performance of a small recipient economy. Being

small, this has no feedback to the donor economy. However, where such

transfers are being proposed simultaneously for a number of prospective

member nations, the collective feedback effects on the donor economy need
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no longer be negligible. A natural extension of this analysis is, therefore, to

consider the transfer in a multi-country growth equilibrium setting.

Appendix

This appendix provides the detailed derivations of the macrodynamic

equilibrium.

Derivation of the equilibrium relationships (8.7a)–(8.7d)

The production function we consider is:

Y ¼ a
KG

�K

� �e

g 1� lð ÞKGf g�j þ 1� gð ÞK�j½ ��1=j ð8:1aÞ

The marginal rate of substitution between C and l is given by:

C

Y
¼ g 1� sð Þ

Ajh
l

1� l

� �
Y

1� lð ÞKG

� �j
ð8:A:1Þ

where A � a (KG/K)e. Next, we recall the definition of X(kg, i) �
X¼ ((1 – g)/g)[(1 – l)kg]

j given in (8.8a). Substituting this into the

production function (8.1a) and into (8.A.1) we can express the output–

capital ratio and consumption–capital ratio in the form:

Y


K � y ¼ yðkg; lÞ ¼akeg 1� gð Þ þ g 1� lð Þkg

� ��j� ��1=j

¼ akeg ð1� gÞ 1þX

X

� ��1
j

ð8:A:2aÞ

C

K
� c ¼ cðkg; lÞ ¼ 1� sð Þ

h
l

1� l

� �
1

1þX

� �
y ð8:A:2bÞ

Then, differentiating the optimality condition (8.3a), the marginal rate

of substitution condition (8.A.1), the production function (8.1a), all with

respect to time, and recalling (8.4a), yields:

c� 1ð Þ
_C

C
þ ch

_l

l
¼ _m

m
¼ q� r N=Kð Þ ð8:A:3aÞ
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_C

C
�

_Y

Y
¼

_l

l
þ ð1þ jÞ

_l

1� l
þ j

_Y

Y
�

_KG

KG

� �
� ej

_KG

KG

�
_K

K

� �
ð8:A:3bÞ

_Y

Y
� wY ¼ 1

1þX
X

_K

K
þ

_KG

KG

�
_l

1� l

� �
þ e

_KG

KG

�
_K

K

� �
ð8:A:3cÞ

Combining these four equations together with (8.9a) and (8.9b), we can

eliminate the growth rates, _C


C; _K



K; _KG



KG; _Y



Y ; and _m=m from these

equations and express the dynamics of labor supply by the following

differential equation:

_l ¼ F kg; n; q; l
� �
G kg; l
� � ð8:A:4Þ

where:

F kg; n; q; l
� � � 1þX kg; l

� �� �
q� r nð Þ½ ��

þ 1� cð Þ X kg; l
� �

1þ jð Þ � 1þX kg; l
� �� �

e
� �

wK

þ 1þ jþ e� jð Þ 1þX kg; l
� �� �� �

wG

 !)
l

G kg; l
� � � c 1þ hð Þ � 1f g 1þX kg; l

� �� �� 1� cð Þ 1þ jð ÞX kg; l
� � l

1� l

� �� �

and:

wKðqÞ �
_K

K
¼ q� 1ð Þ

h1
� dK ð8:A:5aÞ

wGðz; lÞ �
_KG

KG

¼ g
Y

KG

� dG

¼ ag 1� lð Þkeg g 1þX kg; l
� �� �� ��1=j� dG

ð8:A:5bÞ

Using (8.A.3a) and (8.A.4) we can express the growth rate of consumption

as:

wC �
_C

C
¼ rðnÞ � qþ ch 1=lð Þ Fðkg; n; q; lÞ



Gðkg; lÞ

� �
1� c

ð8:A:5cÞ

while (8.7d) follows directly from the optimality condition (8.4b).

The equilibrium dynamics can now be represented by the following

autonomous system in the stationary variables, kg, n, q, and l:
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_kg
kg

¼
_KG

KG

�
_K

K
¼ �gþ krð Þ y

kg
� dG � q� 1ð Þ

h1
� dK

� �
ð8:A:6aÞ

_n

n
¼

_N

N
�

_K

K
¼ r nð Þ þ 1

n
cþ q2 � 1

2h1
þ �gþ krð Þ � 1þ rð Þf gyþ h2

2
�gþ krð Þ2y

2

kg

� �

� q� 1ð Þ
h1

� dK

� �
ð8:A:6bÞ

_q ¼ r nð Þq� 1� sð Þ 1� gð Þyð1þjÞ

ajkejg
� q� 1ð Þ2

2h1
þ dKq ð8:A:6cÞ

_l ¼ FðÞ
GðÞ

¼
1þXð Þ q� r nð Þð Þ þ 1� cð Þ X 1þ jð Þ � 1þXð Þe½ �wK

þ 1þ jþ e� jð Þ 1þXð Þ½ �wG

� �� �
c 1þ hð Þ � 1f g 1þXf g � 1� cð Þ 1þ jð ÞX l=ð1� lÞð Þ½ � l

ð8:A:6dÞ

where, from above, X ¼ Xðkg; lÞ; y ¼ yðkg; lÞ; c ¼ cðkg; lÞ; wK ¼ wKðqÞ;
and wG ¼ wGðkg; lÞ.

Steady-state equilibrium

Steady-state equilibrium is attained when _z ¼ _n ¼ _l ¼ _q ¼ 0, so that

_C

C
¼

_K

K
¼

_KG

KG

¼
_Y

Y
¼

_N

N
¼ ~w

Setting _kg ¼ _n ¼ _l ¼ _q ¼ 0 in (8.A.6a)–(8.A.6d) and recalling (8.A.2a),

(8.A.2b), (8.A.5a), (8.A.5b), and the definition of X(kg, l), we can summarize

the steady-state in the following form:

�gþ krð Þ ~y
~kg

� dG ¼ ~q� 1

h1
� dK ð8:A:7aÞ

r ~nð Þ þ 1

~n
~cþ ~q2 � 1

2h1
þ �gþ krð Þ � 1þ rð Þf g~yþ h2

2
�gþ krð Þ2 1�~l

� �
~y2

~kg

" #
¼ ~q� 1ð Þ

h1
� dK

ð8:A:7bÞ
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r ~nð Þ~q� 1� sð Þ 1� gð Þ~y 1þjð Þ

aj~kejg
� ~q� 1ð Þ2

2h1
þ dK~q ¼ 0 ð8:A:7cÞ

r ~nð Þ � q
1� c

¼ q� 1ð Þ
h1

� dK ð8:A:7dÞ

~y ¼ a~keg 1� gð Þ þ g 1�~l
� �

~kg
� ��j

h i�1=j
ð8:A:7eÞ

~c ¼ 1� sð Þ
h

~l

1�~l

� �
1

1þ ð1� gÞ=gð Þ ð1�~lÞ~kg
� �j

" #
~y ð8:A:7fÞ

These six equations can be solved for the steady-state values of~kg; ~n;~l; ~q;~c; and ~y;

and consequently, the equilibrium growth rate, ~w.
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