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Preface to the Second Edition

Since the first edition of this book appeared in 1996, white noise theory and
its applications have expanded to several areas. Important examples are

(i) White noise theory for fractional Brownian motion. See, e.g., Biagini
et al. (2008) and the references therein.

(ii) White noise theory as a tool for Hida—Malliavin calculus and anticipative
stochastic calculus, with applications to finance. See, e.g., Di Nunno
et al. (2009) and the references therein.

(iii) White noise theory for Lévy processes and Lévy random fields, with
applications to SPDEs.

The last area (iii) fits well into the scope of this book, and it is natural
to include an account of this interesting development in this second edition.
See the new Chapter 5. Moreover, we have added a remarkable, new result
of Lanconelli and Proske (2004), who use white noise theory to obtain a
striking general solution formula for stochastic differential equations. See the
new Section 3.7. In the new Chapter 5 we provide an introduction to the more
general theory of white noise based on Lévy processes and Lévy random fields,
and we apply this theory to the study SPDEs driven by this type of noise.
This is an active area of current research.

We show that the white noise machinery developed in the previous
chapters is robust enough to be adapted, after some basic modifications,
to the new type of noise. In particular, we obtain the corresponding Wick
product, generalized Skorohod integration and Hermite transform in the
Lévy case, and we get the same general solution procedure for SPDEs. The
method is illustrated by a study of the (stochastic) Poisson equation, the wave
equation and the heat equation involving space or space-time Lévy white
noise.

In this second edition we have also improved the presentation at some
points and corrected misprints. We are grateful to the readers for their posi-
tive responses and constructive remarks. In particular we would like to thank
(in alphabetical order) Atle Gyllensten, Jorgen Haug, Frank Proske, Mikael
Signahl, and Gjermund Vage for many interesting and useful comments.

Trondheim Helge Holden
Oslo Bernt Jksendal
Bergen Jan Ubge
Manchester Tusheng Zhang

January 2009



Preface to the First Edition

This book is based on research that, to a large extent, started around 1990,
when a research project on fluid flow in stochastic reservoirs was initiated
by a group including some of us with the support of VISTA, a research
cooperation between the Norwegian Academy of Science and Letters and
Den norske stats oljeselskap A.S. (Statoil). The purpose of the project was
to use stochastic partial differential equations (SPDEs) to describe the flow
of fluid in a medium where some of the parameters, e.g., the permeability,
were stochastic or “noisy”. We soon realized that the theory of SPDEs at the
time was insufficient to handle such equations. Therefore it became our aim
to develop a new mathematically rigorous theory that satisfied the following
conditions.

1) The theory should be physically meaningful and realistic, and the corre-
sponding solutions should make sense physically and should be useful in
applications.

2) The theory should be general enough to handle many of the interesting
SPDESs that occur in reservoir theory and related areas.

3) The theory should be strong and efficient enough to allow us to solve
these SPDEs explicitly, or at least provide algorithms or approximations
for the solutions.

We gradually discovered that the theory that we had developed in an
effort to satisfy these three conditions also was applicable to a number of
SPDEs other than those related to fluid flow. Moreover, this theory led to a
new and useful way of looking at stochastic ordinary differential equations
as well. We therefore feel that this approach to SPDEs is of general interest
and deserves to be better known. This is our main motivation for writing
this book, which gives a detailed presentation of the theory, as well as its
application to ordinary and partial stochastic differential equations.

We emphasize that our presentation does not make any attempts to give
a comprehensive account of the theory of SPDEs in general. There are a
number of important contributions that we do not mention at all. We also
emphasize that our approach rests on the fundamental work by K. It6 on
stochastic calculus, T. Hida’s work on white noise analysis, and J. Walsh’s
early papers on SPDEs. Moreover, our work would not have been possible
without the inspiration and wisdom of our colleagues, and we are grateful to
them all.

In particular, we would like to thank Fred Espen Benth, Jon Gjerde,
Hékon Gjessing, Harald Hanche-Olsen, Vagn Lundsgaard Hansen, Takeyuki
Hida, Yaozhong Hu, Yuri Kondratiev, Tom Lindstrgm, Paul-André Meyer,
Suleyman Ustiinel and Gjermund Vage for helpful discussions and comments.

xi



xii Preface to the First Edition

And, most of all, we want to express our gratitude to Jirgen Potthoff. He
helped us to get started, taught us patiently about the white noise calculus
and kept us going thanks to his continuous encouragement and inspiration.

Finally, we would like to thank Tove Christine Mgller and Dina Haraldsson
for their excellent typing. Bernt (Jksendal would like to thank the University
of Botswana for its hospitality during parts of this project. Helge Holden
acknowledges partial support from Norges forskningsrad. We are all grateful
to VISTA for their generous support of this project.

April 1996 Helge Holden
Bernt ksendal

Jan Ubge

Tusheng Zhang

How to use this book

This book may be used as a source book for researchers in white noise theory
and SPDEs. It can also be used as a textbook for a graduate course or a
research seminar on these topics. Depending on the available time, a course
outline could, for instance, be as follows:

Sections 2.1-2.8, Section 3.1, Section 4.1, and a selection of Sec-
tions 4.2—4.8, Sections 5.1-5.7.
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Chapter 1
Introduction

1.1 Modeling by Stochastic Differential Equations

The modeling of systems by differential equations usually requires that the
parameters involved be completely known. Such models often originate from
problems in physics or economics where we have insufficient information on
parameter values. For example, the values can vary in time or space due to
unknown conditions of the surroundings or of the medium. In some cases
the parameter values may depend in a complicated way on the microscopic
properties of the medium. In addition, the parameter values may fluctuate
due to some external or internal “noise”, which is random — or at least appears
so to us.

A common way of dealing with this situation has been to replace the
true values of these parameters by some kind of average and hope that the
corresponding system will give a good approximation to the original one. This
approach is not always satisfactory, however, for several reasons.

First, even if we assume that we obtain a reasonable model by replacing
the true parameter values by their averages, we might still want to know
what effect the small fluctuations in the parameter values actually have on
the solution. For example, is there a “noise threshold”, such that if the size
of the noise in the system exceeds this value, then the averaged model is
unacceptable?

Second, it may be that the actual fluctuations of the parameter values
effect the solution in such a fundamental way that the averaged model is not
even near to a description of what is actually happening.

The following example may serve as an illustration of this.

Suppose that fluid is injected into a dry, porous (heterogeneous but
isotropic) rock at the injection rate f(¢,x) (at time ¢ and at the point
x € R3). Then the corresponding fluid flow in the rock may be described
mathematically as follows:

Let pi(x) and (¢, ) denote the pressure and the saturation, respectively,
of the fluid at (¢,2). Assume that either the point x is dry at time ¢, i.e.,

H. Holden et al., Stochastic Partial Differential Equations, 2nd ed., Universitext, 1
DOI 10.1007/978-0-387-89488-1_1, (© Springer Science+Business Media, LLC 2010



2 1 Introduction

0(t,xz) = 0, or we have complete saturation 6y(z) > 0 at time ¢. Define the
wet region at time t, Dy, by

Dy = {z; 0(t,2) = O(x)}. (1.1.1)

Then by combining Darcy’s law and the continuity equation (see
Chapter 4) we end up with the following moving boundary problem for the
unknowns p¢(z) and D; (when viscosity and density are set equal to 1):

div(k(z)Vpi(x)) = — fi(z);z € Dy
pe(x) = 0;2 € 9Dy

Oo(z) - %(aDt) = —k(z)NT(2)Vps; 2 € 0Dy, (1.1.4)

where N(z) is the outer unit normal of 9D, at x.

(The divergence and gradients are taken with respect to z.)

We assume that the initial wet region Dy is known and that suppf; C D;
for all ¢. For the precise meaning of (1.1.4) and a weak interpretation of the
whole system, see Chapter 4. Here k(x) > 0 is the permeability of the rock
at point z. This is defined as the constant of proportionality in Darcy’s law

qi(x) = —k(x)Vp(x), (1.1.5)

where ¢ () is the (seepage) velocity of the fluid. Hence k(x) may be regarded
as a measure of how freely the fluid is flowing through the rock at point x. In
a typical porous rock, k(x) is fluctuating in an irregular, unpredictable way.
See for example, Figure 1.1, which shows an actual measurement of k() for
a cylindrical sample taken from the porous rock underneath the North Sea.

In view of the difficulty of solving (1.1.2)—(1.1.4) for such a permeability
function k(z), one may be tempted to replace k(x) by its x-average k
(constant) and solve this system instead. This, however, turns out to give

A R 'T“l_q,'ﬂ*.y/-F‘:;*_vl,ﬂ#"', W ""1"\.’{‘-”1”}‘
N A N SR
S . a i s i
FI‘J{' k '\\\‘*"\\Lq.l r#.,lyl' N, A J-.ﬂ.'; A_wp N Y

P M T AN
W WL/AfT" i ‘L’“ﬁh fﬂ"rv’nd J"\ll‘,'.'"i__.k/‘ - ‘.‘Lm-'] »f* W A |'p-"'|

: i 3
Fig. 1.1 Measurements of permeability in a porous rock. (A linear interpolation is used
on intervals where the values are missing). Courtesy of Statoil, Norway.



1.1 Modeling by Stochastic Differential Equations 3

a solution that does not describe what actually happens! For example, if we
let fi(x) = dp(x) be a point source at the origin and choose Dy to be an open
unit ball centered at 0, then it is easy to see (by symmetry) that the system
(1.1.2)—(1.1.4) with k(z) = k will give the solution {D,};>¢ consisting of an
increasing family of open balls centered at 0. See Figure 1.2.

Such a solution is far from what actual experiments with fluid flow in
porous rocks show; see, for example, Figure 1.3.

In fact, it has been conjectured that 0D, is a fractal with Hausdorff
dimension 2.5 in R® and 1.7 for the corresponding 2-dimensional flow. In
the 2-dimensional case this conjecture is supported by physical experiments
(see Oxaal et al. (1987) and the references therein). Moreover, in both two
and three dimensions these conjectures are related to the corresponding con-
jectures for the (apparently) related fractals appearing in DLA processes
(see, e.g., Malgy et al. (1985)).

We conclude from the above that it is necessary to take into account the
fluctuations of k(z) in order to get a good mathematical description of the
flow. But how can we take these fluctuations into account when we do not
know exactly what they are?

We propose the following: The lack of information about k(z) makes it
natural to represent k(x) as a stochastic quantity. From a mathematical point
of view it is irrelevant if the uncertainty about k(z) (or some other parameter)
comes from “real” randomness (whatever that is) or just from our lack of
information about a non-random, but complicated, quantity.

If we accept this, then the right mathematical model for such situations
would be partial differential equations involving stochastic or “noisy” para-
meters — stochastic partial differential equations (SPDEs) for short.

In order to develop a theory — and constructive solution methods — for
SPDEs, it is natural to take as a starting point the well-developed and
highly successful theory and methods from stochastic ordinary differential
equations (SDEs). The extension from the 1-parameter case (SDEs) to the
multiparameter case (SPDEs) is in some respects straightforward, but in
other respects surprisingly difficult. We now explain this in more detail.

Fig. 1.2 A constant permeability k(z) = k leads to solutions of the moving boundary
problem consisting of expanding balls centered at the injection hole.
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Fig. 1.3 A physical experiment showing the fractal nature of the wet region (dark area).
Courtesy of Knut Jgrgen Malgy.

In SDE theory the fundamental concepts are the white noise Wi(w)
(where t denotes time and w some random element), the Itd integral
fo s,w)dBs(w), or the Stratonovich integral f(f f(s,w) o dBs, where

Bs; = Bs(w) denotes n-dimensional Brownian motion, s > 0. There is a
canonical extension of 1-parameter white noise Wi(w) to multiparameter
white noise Wy, 4, 4, (w). Similarly, the 1-parameter Ité and Stratonovich
integrals have canonical extensions to the multiparameter case, involving
multiparameter Brownian motion By, 4, 4, (w) (sometimes called the , see
Chapter 2). From that point of view the extension from SDE to SPDE
appears straightforward, at least in principle.

The following example, however, related to an example discussed by Walsh
(1986), shows that there are unexpected difficulties with such an extension.

Consider the following model for the temperature u(x) at point z in a
bounded domain D in R?. When the temperature at the boundary 0D of D
is kept equal to 0, and there is a random heat source in D modeled by white
noise W(x) = W(xy1,xa,...,2,,w), then
{Au(m) =-W(z); = (21,...,2,) €D (1.1.6)

u(z) =0; z € OD.

It is natural to guess that the solution must be

u(z) = u(z,w) = /G(m,y)dB(y), (1.1.7)

where G(x,y) is the classical Green function for D and the integral on the
right is the multiparameter It6 integral (see Chapter 2). The problem is that
for the (multiparameter) It6 integral in (1.1.7) to make sense, it is necessary
that G(z, ) be square integrable in D with respect to the Lebesque measure.
But this only holds for d < 3.

For d = 1, G(z,) has no singularity at all at « = y. For d = 2, the
singularity of G(x y) at z =y is log 1/|z — yl|, which belongs to L (R?) for
all p < oo. In R? for d > 3, the singularity is |z — y|~9*2, and using polar
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coordinates we see that G(z,) € L, (R?) if and only if p < d/d — 2 for d > 3.
It was shown in Walsh (1986) that for any d there exists a unique distribution
valued stochastic process u(z,w) solving equation (1.1.6). More precisely,
there exists a Sobolev space H "(RY) and an H~"(R?)-valued stochastic
process

u=u(w): Q— H "(R?Y) (withn € N large enough)

such that (1.1.6) holds, in the sense of distributions, for almost all w.
Therefore, for SPDEs one can no longer expect to have solutions represented
as ordinary (multiparameter) stochastic processes, unless the dimension is
sufficiently low.

This fact makes it necessary to reconsider the concept of a solution of an
SPDE in terms of some kind of generalized process. The Walsh construction,
albeit elegant, has the disadvantage that it leads to the problem of defining
the multiplication of (Sobolev or Schwartz) distributions when one considers
SPDEs where the noise appears multiplicatively. Also, it does not seem to
allow extension to types of noise other than white noise. To be able to model,
for example, our problem (1.1.2)—(1.1.4) as an SPDE, it will be necessary to
represent the permeability k(z) as a positive noise. Moreover, there the noise
appears multiplicatively.

Because of this difficulty we choose a different approach: Rather than
considering the distribution—valued stochastic processes

w—u(w) e H*RY); weQ,
we consider functions
= ulz,) € (8)_1; z € RY,

where (S)_; is a suitable space of stochastic distributions (called the
Kondratiev space). See Chapter 2.
This approach has several advantages:

(a) SPDEs can now be interpreted in the usual strong sense with respect
to ¢t and x. There is no need for a weak distribution interpretation with
respect to time or space.

(b) The space (S)_;1 is equipped with a multiplication, the Wick product
denoted by a ¢. This gives a natural interpretation of SPDEs where the
noise or other terms appear multiplicatively.

(¢) The Wick product is already implicit in the It6 and the Skorohod-
integrals. The reason for this is the remarkable fact that if Y(¢) = Y (¢, w)
is Skorohod-integrable, then

T

T
/Y(t)aB(t) = /Y(t) oW(t)dt; T > 0, (1.1.8)
0

0
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where the integral on the left is the Skorohod-integral and the integral
on the right is the Pettis integral in (§)_1. If Y(¢,w) is adapted, then the
Skorohod-integral coincides with the Itd integral, and (1.1.8) becomes

T

/TY )dB(t :/Y )dt. (1.1.9)
0

0

(See Chapter 2.)

(d) When products are interpreted as Wick products, there is a powerful
solution technique via the Hermite transform (or the related S-transform)
(see Chapter 2).

(e) When applied to ordinary stochastic differential equations (where prod-
ucts are interpreted in the Wick sense), our approach gives the same
result as the classical one, when applicable. In fact, as demonstrated in
Chapter 3, our approach is often easier in this case. This is because of
the useful fact that Wick calculus with ordinary calculus rules, e.g.,

(wov) =u' ov+uod (1.1.10)

is equivalent to It calculus governed by the It6 formula.

(f) It is irrelevant for our approach whether the quantities involved in an
SDE are anticipating or not, the Wick calculus is the same. There-
fore, this approach makes it possible to handle (Skorohod-interpreted)
SDEs where the coefficients or initial conditions are anticipating. See
Chapter 3.

We emphasize that although the Kondratiev space (S)—; of stochastic
distributions may seem abstract, it does allow a relatively concrete inter-
pretation. Indeed, (S)_1 is analogous to the classical space S’ of tempered
distributions, the difference being that the test function space for (S)_; is a
space of “smooth” random variables (denoted by (S)1). Thus, if we interpret
the random element w as a specific “experiment” or “realization” of our
system, then generic elements F' € (S)_1 do not have point values F(w)
for each w, but only average values (F,n) with respect to smooth random
variables n = n(w). In other words, knowing the solution

x — u(z,-) € (§)-1

of an SPDE does not tell us what the outcome of a specific realization w
would be, but rather what the average over a set of realizations would be.
This seems to be appropriate for most applications, because (in most cases)
each specific singleton {w} has zero probability anyway.

For example, if u = u(z, ) € (S)_1 is applied to the constant (random) test
function 1 € (8)1, we get the generalized expectation of u(z,-), (u(z,-),1) € R.
This number may be regarded as the best w-constant approzimation to u(zx,-).
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This corresponds to the first term (zeroth order term) in the generalized
Wiener—Ito chaos expansion of u(x,-) (Chapter 2). Similarly, the next term
(the first order term) of this expansion gives in a sense the best
Gaussian approximation to u(x, -) and so on. This will be discussed in detail in
Chapter 2.

Finally we mention that for several specific applications it may be more
appropriate to consider the smoothed form of noise rather than the idealized,
singular noise usually applied. For example, for the idealized 1-parameter
white noise W(t) = W (t,w) it is usually required that {W(t,w)}icr is a
(generalized) stochastic process that is stationary, has mean zero, and satisfies
the requirement

t1 #£to = Wi(t1,-) and W(ts,-) are independent. (1.1.11)

In most applications the specific form of noise we encounter does not satisfy
(1.1.11), because usually W (ty,-) and W (ts,-) are not independent if ¢; and
ty are close enough. In these cases it is natural to modify the noise to the
smoothed white noise

wg@)::wgaﬁw:=<w¢m>::/¢4@d34w) (1.1.12)

(the Itd integral of ¢; with respect to l-parameter Brownian motion By),
where ¢ is a suitable (deterministic) test function (e.g., ¢ € S(R)), and ¢, is
the t-shift of ¢ defined by

pe(s) = (s —t) for s,teR. (1.1.13)

Then {Wy(t) }1er will be an ordinary (not generalized) stochastic process.
It is stationary as {W(¢)}, and the mean value of Wy(t) is still zero, for all ¢.
However, we have independence of Wy (t1) and Wy(t2) (if and) only if the
condition supp ¢¢, N supp ¢y, = () is satisfied.

Therefore, in specific applications it is natural to choose ¢ such that the
size of the support of ¢ gives the maximal distance within which Wy(¢1) and
Wy (t2) are correlated. Thus ¢ will have a physical or modeling significance, in
addition to being a technical convenience, in that it replaces the singular
process {W(t)} by the ordinary process {Wy(t)}.

In this case the solution u of the corresponding SDE will depend on ¢ also,
so we may consider the solution as a function

w(é,t) : S(R) x R — (S)_;.

Similarly, for the multiparameter equation the solution w of the
corresponding SPDE will be a function

u(¢p,z) : S(RY) x RY — (S)_;.
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Such processes are called functional processes. We stress that from a
modeling point of view these processes are of interest in their own right, not
just as technically convenient “approximations”. In fact, there may be cases
where it is not even physically relevant to ask what happens if ¢ — §y (the
Dirac measure at 0). Nevertheless, such questions may be mathematically
interesting, both from the point of view of approximations and in connection
with numerical methods. We will not deal with these questions in depth in
this book, but give some examples in Chapter 3.

Finally, in Chapter 4 we apply the techniques developed in Chapter 2 to
stochastic partial differential equations. Our general strategy is the following:
Consider a stochastic partial differential equation where the stochastic ele-
ment may be a random variable in the equation or in the initial and boundary
data, or both. In general, the solution will be a (stochastic) distribution, and
we have to interpret possible products that occur in the equation, as one
cannot in general take the product of two distributions. In our approach,
products are considered to be Wick products. Subsequently, we take the
Hermite transform of the resulting equation and obtain an equation that
we try to solve, where the random variables have been replaced by complex—
valued functions of infinitely many complex variables. Finally, we use the
inverse Hermite transform to obtain a solution of the regularized, original
equation.

The equations we solve here are mostly equations where we obtain the
final solution on a closed form expressed as an expectation over a function of
an auxiliary Brownian motion. There are also methods for solving equations
where the solution cannot be obtained in a closed form, see, e.g., Benth (1996)
and Vage (1995a).

Our first example is the stochastic Poisson equation

AU =-W

on a domain D in R? with vanishing Dirichlet boundary data, where W is
singular white noise. First taking the Hermite transform (no Wick products
are required in this equation), we obtain the equation

AU = -W

on D with the same boundary condition, which leads to the solution
(Theorem 4.2.1)

Ux) = / G, )W (y)dy

in (§)* with G being the corresponding Green function of the deterministic
Poisson equation. If we instead first regularize white noise, i.e., replace
W by the smooth white noise W, for some test function ¢ € S(R?), we
find, see equation (4.2.10), correspondingly the solution Uy (z) = [5. G(z,y)
Wy (y)dy € LP(p) for all finite p. If ¢ approaches Dirac’s delta-function,
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then the solution U, will converge to U in (S)*. The stochastic Poisson
equation has been studied in Walsh (1986) using different techniques, and
his solution differs from ours in the sense that his solution takes z-averages
for almost all realizations w, while our approach considers w-averages for each
point x in space.
The next equation that is analyzed is the linear transport equation, Gjerde
(1996b),
Qg:lﬁAU+VVU+KU+g
ot 2
with initial data given by U(z,0) = f(x). Here all functions V, K, g, and f
are elements in (S)_1, and are assumed to satisfy regularity conditions, see
Theorem 4.3.1. We first insert Wick products, obtaining

o _ 1UQAU—FV<>VU—|—K<>U—i—g

ot 2
before we make the Hermite transform to yield (4.3.7). The resulting equation
can be solved, and we find the solution U in (S)_; given by equation (4.3.5).
If we specialize to V = g = 0, we find the solution of the heat equation with
stochastic potential (Corollary 4.3.2).

Closely related to the previous equation is the stationary Schrodinger

equation with a stochastic potential, Holden et al., (1993b), Gjerde (1996b)

%AU+V0U:—f

on a domain D in R? and with vanishing Dirichlet data on the boundary
of D. We analyze the case where the potential V' is the Wick exponential of
white noise, i.e.,

V() = pexp®[W(x)],

where p is a constant. The function f is assumed to be a stochastic distribu-
tion process. Under certain regularity conditions, we obtain the solution in
closed form; see Theorem 4.4.1 and equation (4.4.7). If we replace singular
white noise by regularized smoothed white noise, we obtain a solution that
is in L'(u). This is the content of Theorem 4.4.2.

Our prime example of a nonlinear stochastic partial differential equation
is the celebrated viscous Burgers equation (Burgers (1940), (1974)), which
has been studied extensively. The key insight in all approaches to this equa-
tion is the Cole—Hopf transformation which effectively linearizes the Burgers
equation. This transformation turns the Burgers equation into the linear heat
equation. If we modify the Burgers equation by an additive (stochastic) source
term, the Cole-Hopf transformation yields the linear heat equation with a
multiplicative potential. We are able to solve this equation by the methods
described above, and what remains is to apply the Cole-Hopf transforma-
tion in our stochastic setting where the Wick product replaces the ordinary
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product. This turns out to be possible, and we obtain a solution in (S)_; of
Burgers’ equation

ou ou 02U

— 4+ No—=v—+F

at "% TV T
where we assume that the stochastic source F is a gradient, i.e.,
F = —0N/0z. The solution U is unique among solutions of the form
U = —0Z/0x. The analysis is easily generalized to a Burgers system of

equations (see Theorem 4.5.4), where the scalar U is replaced by a vector U
in R?,

An important equation in the modeling of porous media is the stochastic
pressure equation given by

div(K (z) o Vp(z)) = —f(a)

on a domain D in R% and with vanishing Dirichlet data on the boundary of D.
An important case is the case where K is has a log-normal distribution.
A natural interpretation is then to consider

K(z) = exp®[W ()]

or the smoothed version K (z) = exp[Wy(z)]. For a source term f in (S)_1,
we obtain a solution in closed form; see Theorem 4.6.3 and Theorem 4.6.1
and equations (4.6.37) and (4.6.6), respectively. We also describe a method
for computing the actual solution based on approximations using the chaos
expansion. An alternative method based on finite differences is described
in Holden and Hu (1996). The 1-dimensional case is computed in detail
in Theorem 4.6.2.

One may combine the stochastic heat equation with the pressure equation
to obtain a heat equation in a stochastic, anisotropic medium, namely an
equation of the form

U _ div(K o VU) + g(x).
ot

Here K is taken to be a positive noise matrix with components that are
the Wick exponentials of singular white noise. The initial data U(z,0) is a
given element in (S)_1, and the solution is in the same space.

If we consider the more general class of quasilinear parabolic stochastic
differential equations given by

ou

o= L(t,z,VU) 4+ o(z)U o W (t),

we obtain an equation with a solution in LP(u) when we assume a related
deterministic SDE has a unique solution; see Theorem 4.8.1.
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So far analysis has been exclusively with Gaussian white noise, start-
ing with the Bochner—Minlos theorem. One could, however, replace the
right-hand side of (2.1.3) by other positive definite functionals, thereby
obtaining a different measure. An important case is the case of Poisson noise.
Most of the analysis can be carried out in this case. A brief presentation of
this, based on Benth and Gjerde (1998a), is given in Section 4.9, culminating
in a solution of the viscous Burgers equation with the Gaussian noise replaced
by Poisson noise.

In the new Chapter 5 we do this in the more general setting of Lévy white
noise, based on the multiparameter Lévy process (Lévy random field). We
establish a white noise theory in this setting and we use it to solve stochastic
partial differential equations driven by such noise.



Chapter 2
Framework

In this chapter we develop the general framework to be used in this book.
The starting point for the discussion will be the standard white noise struc-
tures and how constructions of this kind can be given a rigorous treatment.
White noise analysis can be addressed in several different ways. The presen-
tation here is to a large extent influenced by ideas and methods used by the
authors. In particular, we emphasize the use of multidimensional structures,
i.e., the white noise we are about to consider will in general take on values
in a multidimensional space and will also be indexed by a multidimensional
parameter set.

2.1 White Noise

2.1.1 The 1-Dimensional, d-Parameter Smoothed
White Noise

Two fundamental concepts in stochastic analysis are white noise and
Brownian motion. The idea of white noise analysis, due to Hida (1980), is to
consider white noise rather than Brownian motion as the fundamental object.
Within this framework, Brownian motion will be expressed in terms of white
noise.

We start by recalling some of the basic definitions and properties of the
1-dimensional white noise probability space. In the following d will denote a
fixed positive integer, interpreted as either the time-, space- or time—space
dimension of the system we consider. More generally, we will call d the
parameter dimension. Let S(R?) be the Schwartz space of rapidly decreasing
smooth (C*) real-valued functions on R?. A general reference for properties
of this space is Rudin (1973). S(R?) is a Fréchet space under the family of
seminorms

£l 0 = Sg@{(l + [z[*) 0% f ()]}, (2.1.1)

H. Holden et al., Stochastic Partial Differential Equations, 2nd ed., Universitext, 13
DOI 10.1007/978-0-387-89488-1_2, (© Springer Science+Business Media, LLC 2010
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where k is a non-negative integer, @ = (aq,...,aq) is a multi-index of
non-negative integers aq,...,aq and
o i h 2.1.2
= o where |of:= a1+ - -+ agq. 1.
f az(lxl .. (91‘3“ f | ‘ 1 d ( )

The dual &' = S’'(R?) of S(R?), equipped with the weak-star topology, is
the space of tempered distributions. This space is the one we will use as our
basic probability space. As events we will use the family B(S’(R%)) of Borel
subsets of S’(R%), and our probability measure is given by the following
result.

Theorem 2.1.1. (The Bochner—Minlos theorem) There exists a unique
probability measure pu; on B(S'(RY)) with the following property:

E[e9)] .= /€i<w’¢>dﬂl(w) — e zlol® (2.1.3)
S/
for all ¢ € S(R?), where ||¢||* = ||¢H2LQ(R(1), (w,9) = w(¢) is the action of

w € S'(RY) on ¢ € S(RY) and E = E,,, denotes the expectation with respect
to py.

See Appendix A for a proof. We will call the triplet (S’(R%), B(S"(R?)), u1)
the I1-dimensional white noise probability space, and p; is called the white
noise measure.

The measure 1 is also often called the (normalized) Gaussian measure on
S’(R%). The reason for this can be seen from the following result.

Lemma 2.1.2. Let &y,...,&, be functions in S(RY) that are orthonormal
in L?(R%). Let A\, be the normalized Gaussian measure on R", i.e.,

A, (2) = (271‘)_%6_%'36'26[,%1 coedxg; v = (21,...,2,) € R (2.1.4)

Then the random variable

w = (W, &), (W, &) -5 {w,&n)) (2.1.5)

has distribution \,. Equivalently,

E[f((-, &)y, (&) = /f(x)d)\n(aj) for all f € L*(\,). (2.1.6)

R

Proof It suffices to prove this for f € C§°(R™); the general case then follows
by taking the limit in L'()\,,). If f € C§°(R™), then f is the inverse Fourier
transform of its Fourier transform f:
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f(z) = (2n)" / F)eevay

f(y) = (2m)% / f(@)e =D dr,

where

where (z,y) denotes the usual inner product in R?. Then (2.1.3) gives

EUf((60), s 6a))] = (2m) 3 / F)Ele-Z €0y

R

— (2n)°% / e Hlay

/ /f —i(z) gy | o= 51YI? dy
= (2m)" / /() / et =iy | do
R R

=(2m) "2 /f(x)e_%‘xlzdx

R

~ [ f@irae).

Rn

where we have used the well-known formula

1
. 2 2
/em*ﬁfzdt: (g) e 7. (2.1.7)
R

(See Exercise 2.4.) 0

Q

=

For an alternative proof of Lemma 2.1.2, see Exercise 2.5.

Remark Note that (2.1.6) applies in particular to polynomials

(T1,...,2p) = Z cax®, N=1,2 ...,

le| <N
where the sum is taken over all n-dimensional multi-indices a = (o, ..., ay)
and z® = z{'28?.-- zi. Let P denote the family of all functions

p: S'(R?) — R of the form

p(w) = f(<wa€1>7 ) <wa€n>)



16 2 Framework

for some polynomial f. We call such functions p stochastic polynomials.
Similarly, we let £ denote the family of all linear combinations of functions
f: S8 (R?) — R of the form

f(w) = expli(w, )] where ¢ € S(RY).

Such functions are called stochastic exponentials. The following result is
useful.

Theorem 2.1.3. P and £ are dense in LP(uy), for all p € [1,00).

Proof See Theorem 1.9, p. 7, in Hida et al. (1993). O

Definition 2.1.4. The I-dimensional (d-parameter) smoothed white noise

is the map
w: S(RY) x §'(RY) — R

given by
w(g) = w(p,w) = (w,¢); weS R, ¢ecSRY. (2.1.8)

Remark In Section 2.3 we will define the singular white noise W(x,w).
We may regard w(¢) as obtained by smoothing W (z,w) by ¢.

Using Lemma 2.1.2 it is not difficult to prove that if ¢ € L?(R?) and we
choose ¢,, € S(RY) such that ¢,, — ¢ in L2(R?), then

(w, @) == lim (w,¢n) existsin  L*(uy) (2.1.9)

and is independent of the choice of {¢,} (Exercise 2.6). In particular, if we
define
E(.’E) = E(xla s ,.’L'd,(.d) = <w7 X[O,ml]x'~~><[07rd]>;x = ((El, s 7xd) € Rdv
(2.1.10)

where [0,z;] is interpreted as [z;,0] if z; < 0, then E(m,w) has an
z-continuous version B(z,w), which becomes a d-parameter Brownian
motion.

By a d-parameter Brownian motion we mean a family {X(z,)},ecge of
random variables on a probability space (2, F, P) such that

X(0,-) =0 almost surely with respect to P, (2.1.11)

{X (x,w)} is a Gaussian stochastic process (i.e., ¥V =(X(zM), ...,

X(z™,.)) has a multinormal distribution with mean zero for all
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M 2™ eRand all n e N) and, further, for all
r=(v1,...,24),y = (y1,..-,ya) € RL, that X(z,-) X(y,-) have
the covariance Hf 1 Ti Ny;. For general z,y € R? the covariance is

HZ 1 fR 2 ( (s)ds,where 0, (t1,...,tq) = 0y, (t1) - - - 05, (ta), with
(2.1.12)

1 if0<s <z
Op,(5) =¢—1 ifz; <s<0

0 otherwise
We also require that

X (x,w) has continuous paths, i.e., that z — X (z,w)

is continuous for almost all w with respect to P. (2.1.13)

We have to verify that B(z,w) defined by (2.1.10) satisfies (2.1.11) and
(2.1.12) and that B has a continuous version. Property (2.1.11) is evident.
To prove (2.1.12), we choose z(1), ... 2™ ¢ Ri, C1y...,¢n € R and put

X (t) = X0, (t); t e RY

><---><[0,x§lj>]

where z(9) = (xgj), A mgj)), and compute
oo (+308060) | < e (i 25 en) )]
j=1
1 n . 2
- _Z ()
exp ( : )
j=1
1 n 2
— _Z ()
_exp( 2/<§cjxj (t)) dt)
= exp ( —= Z clc]/ dt)
4,j=1
1
= exp ( — 2CTVC),
where ¢ = (c1,...,¢,) and V = [Vj;] € R™*™ is the symmetric non-negative

definite matrix with entries

Vij = /x(“(y)x(j)(y)dy = (x, x¥).

Rd
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This proves that Y = (B(z™,.),..., B(z(™,.)) is Gaussian with mean
zero and covariance matrix V = [V;;]. For @ = (z1,...,24) € R% let x, (t) =
Xio,211% -+ x[004] (t); t € RL Then for y = (y1,...,94) € R%, we have

d d
2= Ix. — Xy||2 = H HX[O,zi] ~ Xio,v,] ?= H |lzi — yil.
=1 1=1

Hence by (2.1.6)

E[|B(z) — B(y)I"] = El(-,x, — x,)"]

2
D2EK.,X$DXy> } - D2/t2d)\1(t) — D?,

R

which proves that B satisfies (2.1.12).

Finally, using Kolmogorov’s continuity theorem (see, e.g., Stroock and
Varadhan (1979), Theorem 2.1.6) we obtain that B(z) has a continuous
version B(x), which then becomes a d-parameter Brownian motion. See
Exercise 2.7.

We remark that for d = 1 we get the classical (1-parameter) Brownian
motion B(t) if we restrict ourselves to ¢ > 0. For d = 2 we get what is often
called the Brownian sheet.

With this definition of Brownian motion it is natural to define the
d-parameter Wiener-It6 integral of ¢ € L2(R?) by

/gb(z)dB(a?,w) = (w,¢); weS'(RY. (2.1.14)

We see that by appealing to the Bochner—-Minlos theorem we have obtained
not only a simple description of white noise, but also an easy construction of
Brownian motion. The relation between these two fundamental concepts can
also be expressed as follows.

Using integration by parts for Wiener—It6 integrals (Appendix B), we get

/¢ )dB(x /8x1 (2)B(z)dz. (2.1.15)

Hence

“&
&
U:J
| |
/:\\
Qa
§
Q
L e
QJ
8
U
&
——

9B
- (¢, M)’ (2.1.16)
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where (-, -) denotes the usual inner product in L?(R?). In other words, in the
sense of distributions we have, for almost all w,

0B

We will give other formulations of this connection between Brownian
motion and white noise in Section 2.5.

Using w(¢,w) we can construct a stochastic process, called the smoothed
white noise process Wy (z,w), as follows: Set

Wy(z,w) := w(dy,w), =R weS'(RY, (2.1.18)

where

$2(y) = ¢y — @) (2.1.19)

is the x-shift of ¢; z,y € R%.
Note that {Wy(z,-)},ere has the following three properties:

If supp ¢z, N suppoy, =0, then Wy(x1,-) and Wy(x2,-) are independent.
(2.1.20)

{We(z,-)}sera is a stationary process, i.e., for all n € N and for all

zM 2™ and h € RY, the joint distribution of (2.1.21)
Wz 4 hy-)y o, We(a™ + b, )

is independent of h.
For each z € R%, the random variable Wy (x,-) is normally distributed

with mean 0 and variance ||@||*. (2.1.22)

So {Wy(z,w)},ere is indeed a mathematical model for what one usually
intuitively thinks of as white noise. In explicit applications the test function
or “window” ¢ can be chosen such that the diameter of supp ¢ is the maximal
distance within which Wy(z1,-) and Wy(z2,-) might be correlated.

Figure 2.1 shows computer simulations of the 2-parameter white noise
process W (z,w) where ¢(y) = X{o,nx[o,n](¥); ¥ € R? for h = 1/50 (left) and
for h =1/20 (right).

Fig. 2.1 Two sample paths of white noise (h = 1/50, h = 1/20).
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2.1.2 The (Smoothed) White Noise Vector

We now proceed to define the multidimensional case. If m is a natural number,
we define

m m

S:=][s®%, s :=][[s®Y, B:= ﬁ B(S'(RY)) (2.1.23)

1=1 1=1 =1

and equip &’ with the product measure

I = 1 X 1 X -+ X piq, (2.1.24)

where p; is the 1-dimensional white noise probability measure. It is then easy
to see that we have the following property:

/ei<‘”’¢>d,um(w) =e 21" for all pes. (2.1.25)
S/

Here (w, @) = (w1, 1)+ -+ (W, dm ) is the action of w = (w1, ...,wy) €
S on ¢ = (¢1,...,0m) €S, where (wy, ¢r) is the action of wy € S’'(R?) on
o € SRY): k=1,2,...,m.

Furthermore,

1
2

ol = Nl = <zm: ||<25k||2>é = (?:/d%(x)dx) (2.1.26)
k=1 =1

is the norm of ¢ in the Hilbert space K defined as the orthogonal sum of m
identical copies of L%(R?), viz. K = @], L*(R%).

We will call the triplet (S, B, i) the d-parameter multidimensional white
notse probability space. The parameter m is called the white noise dimension.
The m-dimensional smoothed white noise

w:SxS8 —R™
is then defined by

w(¢) =w(¢,w) = ((w1,01),- -, (Wi, Pm)) ER™ (2.1.27)

ifw= (w1,...,wm) €S,¢ = (é1,...,0m) € S. If the value of m is clear
from the context, we sometimes write p for fi,.

As in the 1-dimensional case, we now proceed to define m-dimensional
Brownian motion B(z) = B(z,w) = (Bi(7,w),...,Bu(r,w)); » € RY
w € &' as the z-continuous version of the process

B(z,w) = ({W1, X[0,21]x - x[0,2a])s - - » (@rm> X[0,01]x - x [0,2a]))- (2.1.28)
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From this we see that B(z) consists of m independent copies of
1-dimensional Brownian motion. Combining (2.1.27) and (2.1.14) we get

</¢1 )dB1(x /¢>m )d B, ) (2.1.29)

Using w(¢,w), we can construct m-dimensional smoothed white noise
process W (z,w) as follows:

Wy(z,w) = w(ds, w) (2.1.30)
for ¢ = (¢1,...,0m) €S, w=(w1,...,wn) €S’, where

Ge(y) = (P1(y — 3),...,dm(y — 2)); 2,y € R™. (2.1.31)

2.2 The Wiener—It6 Chaos Expansion

There are (at least) two ways of constructing the classical Wiener—Itd chaos
expansion:

(A) by Hermite polynomials,
(B) by multiple Itd integrals.

Both approaches are important, and it is useful to know them both and to
know the relationship between them. For us the first construction will play
the major role. We will therefore introduce this method in detail first, then
sketch the other construction, and finally compare the two.

2.2.1 Chaos Expansion in Terms of Hermite
Polynomzals

The Hermite polynomials h,(x) are defined by

3
hp(x) = (-1 ”eéxzd— e~ ; n=0,1,2,.... 2.2.1
dx™

Thus the first Hermite polynomials are

ho(x) =1, hi(x) = 2, hao(z) = 22 — 1, hz(z) = 2® — 3u,
ha(z) = z* — 622 + 3, hs(x) = 2° — 102> + 15z, .. ..

The Hermite functions &, (x) are defined by

En(z) =7 T (n— D))" 2e 3 hy 1 (V22); n=1,2,.... (2.2.2)
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The most important properties of h, and £, are given in Appendix C.
Some properties we will often use follow.

& € S(R) for all n. (2.2.3)

The collection {£,}5°, constitutes an orthonormal basis for L?(R).
(2.2.4)

sup |&, (2)] = O(n~ ). (2.2.5)
z€R
The statement (2.2.3) follows from the fact that h, is a polynomial of
degree n. Proofs of statements (2.2.4) and (2.2.5) can be found in Hille and
Phillips (1957), Chapter 21.
We will use these functions to define an orthogonal basis for L? (i, ), where
thm = H1 X -+ - X p1 as before. Since the 1-dimensional case is simpler and also
the case we will use most, we first do the construction in this case.

Case 1 (m = 1). In the following, we let 6 = (d1,...,d4) denote
d-dimensional multi-indices with 61,...,04 € N. By (2.2.4) it follows that
the family of tensor products

& = 5(51,...,54) = 651 @ ® §5d; o€ Nd (226)

forms an orthonormal basis for L?(R%). Let §(/) = (59), (5§j), e 5C(lj)) be the
jth multi-index number in some fixed ordering of all d-dimensional multi-
indices § = (61,...,04) € N4 We can, and will, assume that this ordering
has the property that

i<j= o0 4o 4 o) <P 489 67, (2.2.7)

i.e., that the {5(j)}3?';1 occur in increasing order.
Now define
n; =& = §5§.7‘> R ® 55&7'); i=1,2.... (2.2.8)
We will need to consider multi-indices of arbitrary length. To simplify
the notation, we regard multi-indices as elements of the space (NJ). of all

sequences a = (a1, o, .. .) with elements «; € Ny and with compact support,
i.e., with only finitely many a; # 0. We write

7 = (.. (2.2.9)

Definition 2.2.1 (m =1). Let a = (o, ag,...) € J. Then we define

H,(w)=H® (w) := H ho, ((w,m));  w € S'(RY). (2.2.10)

=1
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Case 2 (m > 1). In this case we have to proceed one step further from (2.2.8)
to obtain an orthonormal basis for K = @}, L*(R?). Define the following
elements of K:

e = (m,0,...,0)
e = (0,m1,...,0)

e(m) = (0707 cee 7771)'

Then repeat with n; replaced by 7s:

elmth) = (12,0,...,0)

6(2m) - (0707 s 7772)7

and so on.
In short, for every k € N there are unique numbers ¢ € {1,...,m} and
j € N such that £k =i+ (j — 1)m. Then we have

et = +G=Vm) — (0. 0,... n;,...,0) = ;e € K, (2.2.11)

where €(?) is the multi-index with 1 on entry number i and 0 otherwise.

Definition 2.2.2 (m > 1). For a € J define

H,(w) = H"™ (w ﬁ w,e®)) (2.2.12)

Here w = (w1, ...,wn) € 8§’ and

(w,e(k)> = (wl,egk)> +- 4 (wm,eg,’f)> = (w;,n) ifk=1i+(j—1)m. (2.2.13)

Therefore we can also write

oo

HMw) = [  halwim)); weS. (2.2.14)
k=ii(j£1)7n

For example, if o = ¢®) with k =i + (j — 1)m, we get

H. o = (w,e®) = (Wi, ;). (2.2.15)

€
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There is an alternative description of the family {H((Xm)} that is natural from
a tensor product point of view:

ForI' = (vM,..../M) e g" =T x---x T, w= (wi,...,wm) €S
define

m

H(m)( ) H(l)

) @), (2.2.16)
i=1

where each HA(Y})) (w;) is as in (2.2.10). Then we see that

H™ (w H H ho ((wisng) = H"™ (w), (2.2.17)

i=1j5=1
where a = (o, a9,...) € J is related to I' = (y(V) € 7™ by

ozk:'y](i) if i+(G—-1m==k.

Theorem 2.2.3. For any m > 1 the family {Hy}acs = {Hr }regm consti-
tutes an orthogonal basis for L*(pm). Moreover, if a = (a1, 9,...) € J, we
have the norm expression

| Ha |72 y =ali=ailag!---. (2.2.18)

(km,

Proof First consider the case where we have m = 1. Let @ = (aq,...,Qp)
and 8 = (01,...,Bn) be two multi-indices. Then using Lemma 2.1.2, where

we have = E, , we get the expression

E[H,Hg) = [Hh (W, i) h: (@, i)

1=1
/Hh (2:)hg, () dAn (21, . . ., T0)
g 0=1
= H/ o, (@) h, () dA ().
z—lR

From the well-known orthogonality relations for Hermite polynomials (see,
g., (C.10) in Appendix C), we have that

/ hi(z)hg(z)e 3" da = §; 4/ 27k, (2.2.19)

R

We therefore obtain (2.2.18) and that H, and Hg are orthogonal if o # .
To prove completeness of the family {H,}, we note that by Theorem 2.1.3
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any g € L?(uy) can be approximated in L?(u;) by stochastic polynomials of
the form

pn("‘}) = fn(<w>n1>a IR <w’77’ﬂ>)'

Now the polynomial f,(z1,...,2z,) can be written as a linear combina-
tion of products of Hermite polynomials hy, (21)ha,(22) - hq, (25,). Then,
of course, p,(w) is the corresponding linear combination of functions H,(w)
where a = (aq,...,q,).

The general case m > 1 follows from the above case using the tensor
product structure. For completeness, we give the details.

With H, = H&m) defined as in Definition 2.2.2, we get, with g = py,,
E=E, a=(a,...,a,),8=(f1,...,0n):

E[H,Hp| = H P, ((w, €V g, ((w, W})]
k=1
=k H h%(<wi(k)v77j(k)>)hﬁk(<wi(k), 77j(l~c)>)]
k=1
= B[ TT o (o) - s (on i)
-

i(k)=1

H hak<<wm,nj<k>>>hﬁk<<wm,m<k>>>}
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= ag,Br Xk = :
Pt 0 ifa#g.

We conclude that {H, } is an orthogonal family in L?(u) and that (2.2.18)
holds.
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Finally, since the span of {H(gl)}aej is dense in L?(u), it follows by

(2.2.17) that the span of {Hém)}aej is dense in L?(f1,,,). This completes the
proof. a

From now on we fix the parameter dimension d > 1, the white noise
dimension m > 1 and we fix a state space dimension N > 1. Let

N
=P L*(tm)- (2.2.20)
k=1

Applying Theorem 2.2.3 to each component of L?(u,,), we get

Theorem 2.2.4 (Wiener—Itd chaos expansion theorem). Fvery f €
L2(pm) has a unique representation

= caHq(w) (2.2.21)

aceJ
where co, € RN for all o

Moreover, we have the isometry

||f||L2(ltm) Z O[‘Ca, (2222)
aeJ
where 2 = |c4|? = (ca, co) denotes the inner product in RY.

Remark The major part of this book will be based on this construction. It
must be admitted that the definitions behind (2.2.21) are rather complicated.
Nevertheless the expression is notationally simple and quite easy to apply as
long as we can avoid the underlying structure.

Exercise 2.2.5 (N =1,m=1)
i) The 1-dimensional smoothed white noise w(¢,w) defined in (2.1.8) has
the expansion

w(6.0) = . 6) = (Y G, )

j=1
e

Z (6, m)(w,m5) =Y (&, m) Hee (w),

j=1

where €) = (0,0,...,1,...) with 1 on entry number j, 0 otherwise. The
convergence is in L?(p).
In other words,

w) = anH
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with

] (2.2.23)
0 otherwise.

{(gi), n;) ifa= €@
Co =

ii) The 1-dimensional, d-parameter Brownian motion B(z,w) is defined by
(2.1.10):

B(z,w) = (w,9),
where
YY) = X[0,21] % x[0,24] (¥)-

Proceeding as above, we write

Z ¥, n)m;(y
Z/ w)dun;(y),

where we have used the multi-index notation

/773 du—/ /77] Uy .. uq)dug - dud— /Sﬁm ty)dty

when x = (x1,...,2q) (see (2.2.8)). Therefore,
or= {3 [t )= 5 [ opatn),
j=1} j=1
so B(x,w) has the expansion

:Z/% Ydu H,;) (w). (2.2.24)

Jj=19

Example 2.2.6 (N =m > 1).
i) Next consider m-dimensional smoothed white noise defined by (2.1.27):

w(d,w) = (w1, P1), -y (Wins O ),
where w = (w1, ..., wm) €S,¢ = (d1,...,0m) €S.
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Using the same procedure as in the previous example, we get

W((b,(U) = <<wlaz<¢lanj)nj>77<wm7z ¢m7n] >>
i=1 =1
(Z ¢1777] W1>77J 72 d)manj Wm7771>>
7=1 7j=1

Since by (2.2.15)
(wi, ;) = Hir-vym (w),

we conclude that the ith component, 1 < i < m, of w(¢,w), w;(¢,w), can be
written

Mg

wi(¢,w) = (¢i,m5) (wis 1)

Il
-

J

o

(¢, M) H (it 5-1ym) (w). (2.2.25)

<.
Il
—

Thus
wi(@,w) = (¢i,m)Hery + (¢4, m2) Hetimy + - -+

Note that the expansions of {w;}; involve disjoint families of {H ) }.

ii) A similar expansion can be found for m-dimensional d-parameter
Brownian motion

B(z) = B(z,w) = (Bi(7,w), ..., Bu(z,w))
defined by (see (2.1.28))

B(z,w) = ((w1,9), - {wm, ¥)); (w1, ,wm) €S,

where

YY) = X[0,21]x - x[0,00) ()5 Y € R

So from (2.2.24) and (2.2.25) we get
B(z, (Z/m )du{wi, m;), 72/% )du wma771>>

( /77; YduH (14G-1ym) ( Z/m YduH (jm) (w ))
Jj=17y Jj=17y
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Hence the ith component, B;(x), has expansion

00 xT
x) - Z/nj(u)duHe(i+(j—l)7n,)
=1}
T T .

= /nl(u)duHeu) + /ng(u)duHeaer) + /ng(u)duHe(Hm) + e
0 0 0
(2.2.26)

Again we note that the expansions of {B;(z)} involve disjoint families
of {Hs(k) }

Note that for white noise and Brownian motion it is natural to have
N = m. In general, however, one considers functions of white noise or
Brownian motion, and in this case N and m need not be related. See
Exercise 2.8.

2.2.2 Chaos Expansion in Terms of Multiple Ito
Integrals

The chaos expansion (2.2.21)—(2.2.22) has an alternative formulation in terms
of iterated It6 integrals. Although this formulation will not play a central role
in our presentation, we give a brief review of it here, because it makes it easier
for the reader to relate the material of the previous sections of this chapter
to other literature of related content. Moreover, we will need this version in
Section 2.5.

For convenience of notation we set N = m = d = 1 for the rest of this
section. For the definition and basic properties of (1-parameter) It6 integrals,
the reader is referred to Appendix B. For more information, see, e.g., Chung
and Williams (1990), Karatzas and Shreve (1991), or Oksendal (2003). If
¥(t1,...,t,) is a symmetric function in its n variables t1,...,t,, then we
define its n-tuple It6 integral by the formula (n > 1)

oo tp tn-1

/de@m '—n'/ // /¢tl,tg,...,tn)dB(tl)dB(tg)---dB(tn)7

—00 —00 —O0
(2.2.27)

where the integral on the right consists of n iterated Ito integrals (note that
in each step the corresponding integrand is adapted because of the limits of
the preceding integrals). Applying the It6 isometry n times we see that this
iterated integral exists iff » € L?(R™), then we have

2
( /de®"> 1 —n'/zp (t1, ... tn)2dty - dt, = nl|]]|%.  (2.2.28)
Rn

R
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For n = 0 we adopt the convention that [;, »dB®® = 1) = ||¢)|| L2 (roy When
¥ is constant. Let @ = (aq,...,a;) be a multi-index, let n = |a| and let
&1,&a, ... be the Hermite functions defined in (2.2.2). Then by a fundamental
result in 1t6 (1951), we have

k
/£i®a1® . ®§]§JakdB®n — H haj (<w, §j>) (2229)
. i=1

Here & denotes the symmetrized tensor product. So, for example, if f, g
R — R, then

(f @ g)(z1,22) = f(21)g(22); (1, 72) € R

and ]
(f&g)(z1,22) = §[f®9 +9® fl(w1,22); (w1,22) € R?,

and similarly for higher dimensions and for symmetric tensor powers.
Therefore, by comparison with Definition 2.2.1 we can reformulate
(2.2.29) as

/ 50dBO" — [, (w), (2.2.30)
Rﬂ,

where we have used multi-index notation
g0 — gdag . g, (2.2.31)
Now assume f € L%(u) has the Wiener-It6 chaos expansion (2.2.21)
= Z coH,

We rewrite this as

ﬁME@ HM8

_ i 3 / €3
n:O|o¢\:n R™

\ .HM

= Z cat®*dB®"
Hence -
=> /fndB®”, (2.2.32)
n=0 g
with X
fo=> ca®* € L*R"), (2.2.33)
lal=n

where L?(R") denotes the symmetric functions in L2(R™).
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Moreover, from (2.2.22) and (2.2.28) we have

n=0
We summarize this as follows.

Theorem 2.2.7 (The Wiener—Ito chaos expansion theorem II). If
f € L?(u), then there exists a unique sequence of (deterministic) functions
fn € L3(R™) such that

o0

flwy=>" / fndB®™. (2.2.35)

n:ORn

Moreover, we have the isometry

[ee}

112200 = D ntlfalZegn- (2.2.36)

n=0

This result extends to arbitrary parameter dimension d. See It (1951).

2.3 The Hida Stochastic Test Functions and Stochastic
Distributions. The Kondratiev Spaces (S)7%Y (S)T;)N

As we saw in the previous section, the growth condition

Za!ci < 00 (2.3.1)

(e

assures that

flw) = Z%Ha(w) € L*(p).

[e3%

In the following we will replace condition (2.3.1) by various other
conditions. We thus obtain a family of (generalized) function spaces that
relates to L?(p) in a natural way. At the same time these spaces form
an environment of stochastic test function spaces and stochastic distribu-
tion spaces, in a way that is analogous to the spaces S(R?) c L?(R%) C
S’(R%). These spaces provide a favorable setting for the study of stochastic
(ordinary and partial) differential equations. They were originally constructed
on spaces of sequences by Kondratiev (1978), and later extended by him and
others. See Kondratiev et al. (1994) and the references therein.
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Let us first recall the characterizations of S(RY) and S’(R?) in terms of
Fourier coefficients: As in (2.2.7) we let {5(j)};?°:1 = {((59)7 e ,5((;))}3?0:1 be
a fixed ordering of all d-dimensional multi-indices 6 = (d1,...,d4) € N¢ sat-
isfying (2.2.7). In general, if & = (a1,...,¢j,...) € T, B=(01,...,08j,...) €
(RY).. are two finite sequences, we will use the notation

Bj

aﬁzafla'gzu-aj -+ where a?zl. (2.3.2)

Theorem 2.3.1 Reed and Simon (1980), Theorem V. 13-14.
a) Let ¢ € L*(R?), so that

¢ = Zajnj7 (2.3.3)

j=1
where a; = (¢,n;); 7 =1,2,..., are the Fourier coefficients of ¢ with respect
to {n;}32 1, with m; as in (2.2.8). Then ¢ € S(R?) if and only if
Za?(§(j))7 < oo (2.3.4)
j=1
for all d-dimensional multi-indices v = (Y1, -+ ,7d)-

b) The space S'(R?) can be identified with the space of all formal
exrpansions

T=> b (2.3.5)
j=1
such that o
D> (09 < 00 (2.3.6)
Jj=1
for some d-dimensional multi-indez 0 = (61,...,04).

If (2.3.6) holds, then the action of T € S’'(R%) given by (2.3.5) on
¢ € S(RY) given by (2.3.2) reads

(T, ¢) = Zajbj. (2.3.7)

We now formulate a stochastic analogue of Theorem 2.3.1. The following
quantity is crucial:

Ifv=(v1,.,7-..) € (RN), (i.e., only finitely many of the real numbers
«y; are nonzero), we write

(2N)" = JJ(24). (2.3.8)

J
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As before, d is the parameter dimension, m is the dimension of the white
noise vector, f,;, = p1 X -+ X pp as in (2.1.24), and N is the state space
dimension.

Definition 2.3.2. The Kondratiev spaces of stochastic test function
and stochastic distributions.

a) The stochastic test function spaces
Let N be a natural number. For 0 < p <1, let

(S) = ()™

consist of those

=z

f Z CocH € L ,u'm @ ,Um with Cq € RN

such that
IF12 5 == c2(a) TP 2N)* < 0o forall k € N (2.3.9)
where
N
A =lca* = Z:(cak))2 if e = (¢, ..., M) e RV,
k=1

b) The stochastic distribution spaces
For 0 <p <1, let

consist of all formal expansions

F = ZbaHa with b, € RY

such that

(P2l Zzﬂ (a!)!=P(2N)79 < 0o for some ¢ € N. (2.3.10)

—l)(l

N

The family of seminorms || f|[,x; k € N gives rise to a topology on (S),,

and we can regard (S)%, as the dual of (S)) by the action

(F,f) = (ba; ca)o! (2.3.11)

[e%

F=Y boHa€ (SN, f=) caHa € (S))
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and (by,cq) is the usual inner product in RY. Note that this action is well
defined since

D (b el =3 (b () 5 (28)F (2 %

(Zan'poN ) (Zc (al)+r(2N) ) <

for ¢ large enough. When the value of m is clear from the context we simply

write (8)1, (S)Y, instead of (S)7, (S)T;N, respectively. If N = 1, we

write (S),, (S)—, instead of (S),, (8):,1), respectively.

Remarks

a) Note that for general p € [0, 1] we have

S c(S)) (8 CL?(m) C (SN c (SN, c (SN,.  (2:3.12)
From (2.3.11) we see that if F = (Fy,...,Fxn) and G = (Gy,...,GN)
both belong to L2(u,,), then the action of F on G is given by

N
Z F.G,;
1=1

b) In some cases it is useful to consider various generalizations of the spaces
(S);,"?N, (S)T;)N. For example, the coefficients c,,, b, may not be constants,
but may depend on some random parameter w that is independent of our
white noise. In these cases we assume that b, (@), o (@) € L?(v), where v
is the probability measure for @. Then the definitions above apply, with

the modification that in (2.3.9) we replace c2 by HCQH%Z(;/) and in (2.3.11)

(2.3.13)

we interpret (by,cq) as

By baca] = / ba () (@)AV(&) = (b ca)2(0)- (2.3.14)

Another useful generalization (where the ¢, are elements of Sobolev
spaces) is discussed in Vage (1996a).

¢) The quantity (2N)* in (2.3.8) will be applied frequently, so it is useful to
have some estimates of it.

First note that if o = ¢®) | we get

(2N)" = 2k, (2.3.15)

Next we state the following result from Zhang (1992).
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Proposition 2.3.3 Zhang (1992). We have that

> (2N)T < oo (2.3.16)
aeJ

if and only if ¢ > 1.
Proof First assume ¢ > 1. If o = (a1, a2,...) € J, define

Index @ = max{j; a; # 0}.

Consider
ai= ), @ = > [e)
Index a=n ab--(;)na;lzo j=1
I (s (25)7 9% 3 (2n) 1%
Jli[l (%2_:0 ! ) (a;1 )
I S & N C)L 1o (2))
((2n)7 —1) 31;[1 ((25)2—=1) (2n)4 J1;[1 ((2j)7 — 1)
This gives
a:il 1= Egz — 1= (1+ :L) —(@2n)77 -1 (2.3.17)

In particular,

Hence

liminfn( an —1) >qg>1

n— o0 Ap, 41

and, therefore, by Abel’s criterion for convergence,

Z(2N)7QO‘ = i ay < 00,
n=0

[e3

as claimed. Conversely, if ¢ = 1, then, by (2.3.17) above,

ay 1
— =14+ —, so
An+1 2n

n 1 1
limn<a —1):limn-=2<l.

n—oo An+1 n—oo 2n

Hence Y, a, = 0o by Abel’s criterion. O
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The following useful result relates the sum in (2.3.16) to sums of the type
appearing in Theorem 2.3.1. It was pointed out to us by Y. Hu (private
communication).

Lemma 2.3.4. Let 5@ = (6% ) . .,5((ij)) be as in (2.2.7). For allj € N
and all d € N we have

Proof The case d =1 is trivial, so we fix d > 2. Since 5,(5) <j (by (2.2.7)),
the second inequality is immediate. To prove the first inequality, we fix j

and set ‘ A ‘
M = 5§J) +6£J) _|__'_5£(1J)

Note that M > d. Consider the minimization problem

d
inf{f(xl,...,xd); x; € [1,00) for alli;in:M},

i=1
where f(x) = zyz---z4. Clearly a minimum exists. Using the Lagrange

multiplier method we see that the only candidate for a minimum point
when z; > 1 for all ¢ is (x1,22,...,2q4) = (M/d, ..., M/d), which gives the

value
M M\ (M\?
f(d""’d) = <d) -

If one or several x;’s have the value 1, then the minimization problem can
be reduced to the case when d and M are replaced by d — 1 and M — 1,

respectively. Since
M— 1\ %! MA@
< 7 )
d—1 —\d

we conclude by induction on d that

d
xp-xg > M —d+1forall (x1,...,24) € [1,00) with in:M.
i=1

(2.3.18)
To finish the proof of the lemma we now compare M and j:

Since 5@ + -+ 5C(lj) = M and the sequence {(5@,...,65}) >, is
increasing (see (2.2.7)), we know that

s k6 <M forall i<

Now (by a known result in combinatorics) the total number of multi-indices
(81,...,64) € N? such that §; + dg + - - + 84 < M is equal to

S (- ()
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Therefore

i< (M) _ MM —1)-(M—d+1) < (M —dt 1)

d!
or

M—-d+12>j4.

Combined with (2.3.18) this gives

1

5%])55])5((;) > jd. 0

As a consequence of this, we obtain the following alternative charac-
terization of the spaces (S),(S)Y,. This characterization has often been
used as a definition of the Kondratiev spaces (see, e.g., Holden et al.
(1995a), and the references therein). As usual we let (5@, . .,5((;)) be as

n (2.2.7).
In this connection the following notation is convenient:

With (67),...,69)) as in (2.2.7), let A = (Ay,...,Ag,...) € NV be the
sequence defined by

Ay =2460680) 5D =12, (2.3.19)
Then if o = (a1,...,q;,...) € (RY),, we define
A= ATTAS A H (2969 ... 50y (2.3.20)

in accordance with the general multi-index notation (2.3.2).

Corollary 2.3.5. Let 0 < p < 1. Then we have
a) f =3 caHa (with co € RY for all o) belongs to (S)) if and only if

Z A (a)TPAR < 0o forall keN. (2.3.21)

b) The formal expansion F =Y by, H, (with by, € RY for all a) belongs to
N . . @
(S)Z, if and only if

Z b2 (a)'TPATI < 00 for some g €N. (2.3.22)
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Proof By the second inequality of Lemma 2.3.4 we see that

o0

Ak‘a — H(2d6((ij) - ] H 2d -d kaJ H 2] dk‘ozJ (2323)
j=1 =1

j=1
for all @ € J and all k € N.
From the first inequality of Lemma 2.3.4 we get

ﬁ(2d§§j) 05 Yk > ﬁ ﬁ (24) T ke (2.3.24)
j=1 j=1 j=1

for all & € J and all k € N. These two inequalities show the equivalence
of the criterion in a) with (2.3.9) and the equivalence of the criterion in b)
with (2.3.10). O

Example 2.3.6. If ¢ € S(R?), then

w(d)aw) € (S)l
Indeed, by (2.2.23) we have

(¢ m5)Heii (w Z caHg,
j=1
S0
2_cale? At =3 (¢ n;) (2760 . gk
e .
= Z¢77] ~5((ij))k<oo
by Theorem 2.3.1a. Hence w(¢,w) € (S); by Corollary 2.3.5. O

Note that with our notation (S)g and (S)_¢ are different spaces. In fact,
they coincide with the Hida spaces (S) and (S)*, respectively, which we
describe below.

Remark The definition of stochastic test function and distribution spaces
used in Kondratiev et al. (1994), and Kondratiev et al. (1995a), does not
coincide with ours. However, the two definitions are equivalent, as we will
now show.

Let us first recall Kondratiev’s definition. Let ¢ € L?*(u1) be given by

¢=> caH,



2.3 The Hida Stochastic Test Functions and Stochastic Distributions 39
For p € R define

Kp:={¢ € L*(m) ; ||¢ll; < +oo}

where
o0

Iol2= 32 3 2N < +oo.

n=0 o
|a|=n

The Kondratiev test function space (K); is defined as

K)1 = nle, the projective limit of /Cp.
P

The Kondratiev distribution space (K)_1 is the inductive limit of K_,,, the
dual of IC,.
According to our definition,

oo

913, = calal)? Z Z (al)?cs (2N)*

Obviously a! < n! if || = n. Therefore

6l < lI¢llp-

Hence
(K)1 C (S

On the other hand, if a1 + as + -+ + @, = n,a; > 1 we have

nl=a o+ 1)1 +2) (a1 +ao)(lag +ag+ 1) (a1 + -+ apm)
< 041'041(042 + 1)'0(2(0&3 + D) a (o + 1)'

Hajaj—i—l '—(Haj)HQa
H 2§)%%  (since 204? < (29)%%) = l(2N)?*

Hence

oo

o7 = > (n)? Y (2N

n=0 la|=n

Z 2(2N)* 2 (2N)2P

QM HM8

< -)Qci(m)a@*‘* = 16l13 pra-

This shows (S); C (K)1, and hence (8); = (K);.
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2.3.1 The Hida Test Function Space (S) and the Hida
Distribution Space (S)*

There is an extensive literature on these spaces. See Hida et al. (1993), and
the references therein. According to the characterization in Zhang (1992), we
can describe these spaces, generalized to arbitrary dimension m, as follows:

Proposition 2.3.7 Zhang (1992). a) The Hida test function space (S)N
consists of those

f= anHa € L2(Mm) with ¢, € RY

such that
sup{c2a!(2N)**} < 0o for all k < oo. (2.3.25)

b) The Hida distribution space (S)*N consists of all formal expansions
F=> boHy with b, €RY
(03
such that
sup{b2a!(2N)77*} < 0o for some q < co. (2.3.26)
Hence, after comparison with Definition 2.3.2, we see that
SN = (SN and ()N = (8)™N. (2.3.27)

If N =1, we write

Corollary 2.3.8. For N =1 and p € (1,00) we have
(S) C LP(um) C (S)*. (2.3.28)
Proof We give a proof in the case m = d = 1. Since LP(u) D LP (u) for

p’ > p and the dual of LP(u) is L9(p) with 1/p+1/¢=11if 1 < p < o0, it
suffices to prove that

(8) C LP(u) for allp € (1,00).

To this end choose

f= ZCQHQ € (S).
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Then

£ Loy <D lealllHallLo -
[e3

If @« = (o1,...,01), we have Hy(w) = ha, ((W, 1)) ha, (W, &2)) -+ - hay
({w, &) for w € 8'(R). Hence, by independence,

V2, = EIHLP)
k
= RO (2.3.20)
j=1
Note that by (2.2.29), we have

ha; ((w, €5)) /§®“J dB®%i (x). (2.3.30)

By the Carlen—Kree estimates in Carlen and Kree (1991), we have, in
general, for p > 1, n € N, ¢ € L*(R),

H [ o @asena)

< Vnl(6,/ep)" (2mn) "3 [|",  (2.3.31)
Lr(p)

1
ep:1+,/1+z—). (2.3.32)

Applied to (2.3.29)—(2.3.30), this gives

where

|H||Lp<u><H\/ (0p/ep)™ (2ma;) 4

< VE( 6, /eP) 1.
Hence, by (2.3.25),

1 fllze () < Z o] Val(6,/ep)e!
<3 JealVal(2N)F (8, /ep) ! (2N)
< sup{lea| Val(2N)*} 3 (6,vep) ! (2N)

< o0

for k large enough. O
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2.3.2 Singular White Noise

*

One of the many useful properties of (S)
pointwise white noise.

is that it contains the singular or

Definition 2.3.9. a) The I-dimensional (d-parameter) singular white noise
process is defined by the formal expansion

W(x)=W(r,w) =Y _ m(x)Haow(w); z€RY, (2.3.33)
k=1

where {n;}?°_, is the basis of L?(R?) defined in (2.2.8) while H, = a is
defined by (2.2.10).

b) The m-dimensional (d-parameter) singular white noise process is
defined by

W(z) = W(z,w) = (Wi (z,w),..., Wy(z,w)),

where the ith component W;(z), of W(x), has expansion
Wl(x) = Z j (x)H5i+(j—1)7n
j=1
=M (x)He(i) + 772(5”)H67:+m + 773(1')H6i+2m +oee (2334)

(Compare with the expansion (2.2.25) we have for smoothed m-dimensional
white noise.)

Proposition 2.3.10.

W(z,w) € (S)*™ for each x € RY,

Proof (i) m = 1. We must show that the expansion (2.3.34) satisfies con-
dition (2.3.10) for p =0, i.e.,

> ni(@)(2k) 71 < oo (2.3.35)
k=1

for some ¢ € N. By (2.2.5) and (2.2.8) we have |ni(z)] < C forall k =
1,2,..., z € R? for a constant C.

Therefore, by Proposition 2.3.3, the series in (2.3.35) converges for all
q>1.

(ii) m > 1. The proof in this case is similar to the above, replacing n
by e®). O
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Remark Using (2.2.11) we may rewrite (2.3.34) as

W(m,w) = Z e(i-l-(j—l)M) (m)H(m) (UJ)

€it(j—1)m

i=1,....,m
j=1,2,...
N (Z Mj (x)Hf(lll(j—wm (@) Z M (x)Hf(i)Hj—l)’" (w))
j=1 j=1

(2.3.36)

By comparing the expansion (2.3.33) for singular white noise W (z) with
the expansion (2.2.24) for Brownian motion B(x), we see that
ad

: — — i *. <i:1<m= > 3.
Wi (z) 8331”.8de2($) in (§)"; for1<i<m=N,d>1 (2.3.37)

In particular,
Wt = SB() in (8) (d=m=N=1) (2339)

See Exercise 2.30. See also (2.5.27).

Thus we may say that m-dimensional singular white noise W(z,w)
consists of m independent copies of 1-dimensional singular white noise. Here
“independence” is interpreted in the sense that if we truncate the summa-
tions over j to a finite number of terms, then the components are independent
when they are regarded as random variables in L?(p,,) = L2(pg X - -+ X puq).

In spite of Proposition 2.3.10 and the fact that also many other important
Brownian functionals belong to (S)* (see Hida et al. (1993)), the space (S)*
turns out to be too small for the purpose of solving stochastic ordinary and
partial differential equations. We will return to this in Chapters 3 and 4,
where we will give examples of such equations with no solution in (S)* but
a unique solution in (S)_;.

2.4 The Wick Product

The Wick product was introduced in Wick (1950) as a tool to renormal-
ize certain infinite quantities in quantum field theory. In stochastic analysis
the Wick product was first introduced by Hida and Ikeda (1965). A sys-
tematic, general account of the traditions of both mathematical physics and
probability theory regarding this subject was given in Dobrushin and Minlos
(1977). In Meyer and Yan (1989), this kind of construction was extended
to cover Wick products of Hida distributions. We should point out that this
(stochastic) Wick product does not in general coincide with the Wick product
in physics, as defined, e.g., in Simon (1974). See also the survey in Gjessing
et al. (1993).
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Today the Wick product is also important in the study of stochastic
(ordinary and partial) differential equations. In general, one can say that
the use of this product corresponds to — and extends naturally — the use of
1t6 integrals. We now explain this in more detail.

The (stochastic) Wick product can be defined in the following way:

Definition 2.4.1. The Wick product F ¢ G of two elements

F= ZaaHa,G ZbH €)™Y with aa,bs €eRY  (24.1)

is defined by

FoG = (aa,bp)Haip- (2.4.2)
o,

With this definition the Wick product can be described in a very simple
manner. What is not obvious from the construction, however, is that F'¢G in
fact does not depend on our particular choice of base elements for L?(y). It
is possible to give a direct proof of this, but the details are tedious. A sketch
of a proof is given in Appendix D.

In the L?(u) case the basis independence of the Wick product can also
be seen from the following formulation of Wick multiplication in terms of
multiple It6 integrals (see Theorem 2.2.7).

Proposition 2.4.2. Let N = m = d = 1. Assume that f,g € L*(u1) have
the following representation in terms of multiple Ito integrals:

=> /fidB®i7 gw) =" /gde®j~
:ORi j=0 RI

Suppose fog € L*(u). Then

(fog)(w Z /Z fi®g;dBE™. (2.4.3)

R™ i+j=n
Proof By (2.4.2) we have

(fog)(w Zaab,@HaJrﬂ( )
a,B

and by (2.2.30) we have

Hovolw)= [ €3nag57apelro

Rle+ 8]
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Combining this with (2.2.33), we get

f<>g Z Z @abﬂ< /§®a®£®ﬁdB®n>
n=0|a+p3|=n Rn

= /( DD bﬁ£®ﬁ> JB®"
n=0 pp i+j=n

n |al=i

1Bl=j
> ( 3 f¢®gj>dB®”7
n=0

Rn i+j=n

as claimed.

O
Example 2.4.3. Let 0 <ty < t; < oo and assume that h(w) € L?(ju1)
Fi,-measurable. Then
ho(B(t1) — B(to)) = h- (B(t1) — B(to))-
Proof If

(2.4.4)

zj/ 2)dB (3),

then each of the functions h;(z) must satisfy

hi(z) = 0 almost surely outside {z;z; < to for j =1,2,...,n}.
Therefore the symmetrized tensor product of x,, , ,(s) and h;(x1,
is given by (with z,11 = s)

Cey X))
( [to,t1] ®h )(561, . ,1‘n+1) h(y)

e X (ma{a ),
where y =

- (y17y27 o
= acj =

when ¥

1<z<

max {xz} is removed. (For almost all (z1,
there is a unique such j )

,Yn) 18 an arbitrary permutation of the remaining x;
Since

. 7xn+1)

B(t) - Blto) = [

Xieg.ey) (8)AB (),
we get, by (2.4.3),

hO(B(tl)—B(t()))
= (oo @hi) (21,
;::0 / Xt 1]

co @y )ABEOTY ()
Rn+1
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t1 Tn—1 xr1

(n+1)!/ !

n+1

)

X[f,o,f,l] (@h(y)dB(xl) e dB(xn+1)

3

I

=)
=
=

dB(2n+41)

i m]l [j)]z (1,...,2n)dB(z1)dB(z2) - - -

= to

3
o

tllqg

3
Il
o

”'( h(l'la'~';xn)dB(x1)"'dB(xn)>< /dB(mn+1)>
0<z1<zo<--<zp

to

M

/h )dB®"™(x) - (B(t1) — B(to)) = h- (B(t1) — B(to)).

R

3
I
=)

O
An important property of the spaces (S)_1, (S); and (S)*, (S) is that they
are closed under Wick products.
Lemma 2.4.4.
a) F,Ge (8™ = FoGe(S) ”11,

b) f.g€ (SN = foge (ST
c) F,Ge (8N = FoG e (8);

d) f,g€ (SN = foge(S).
Proof We may assume N = 1.
a) Take F' =3 aoHa, G =3 5bgHg € (§)—1. This means that there exist
q1 such that
Zai(ZN)_’“a < oo and Zb%(QN)_qlﬁ < 00. (2.4.5)
B

We note that F'o G = 3° saabgHatps =3, (30
set ¢y = Za+ﬁ:yaabﬁ' With ¢ = ¢1 + k we have

> (2N)” qvcv—Z(zN)—’”(zN)—m( > aabﬁ>2

a+B=v aabﬁ)ny and then

g atB=y
Z M (2N) m<a+zﬁ_wai> (a;g:_yb%)
< (;(QN)’W) (Zﬂ:ai(m)‘ha) (Zﬁ:bz(m)qlf’) < 00

(2.4.6)

for k > 1, by Proposition 2.3.3. The proofs of b), ¢) and d) are similar. O
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The following basic algebraic properties of the Wick product follow directly
from the definition.

Lemma 2.4.5.

a) (Commutative law) F,G € (§)™N = FoG=GoF.
b) (Associative law)

F.G,He (S)™'=Fo(GoH)=(FoG)oH.
c) (Distributive law)

F,ABe(S)™N = Fo(A+B)=FocA+FoB.

The Wick powers F°F; k=0,1,2,... of F € (S)_; are defined inductively

as follows:
F0 — 1
2.4.7
{Fok:FoFo(k_l) fork:LQ,.... ( )

More generally, if p(z) = Zgzoanx”; a, € R, z € R, is a polynomial,
then we define its Wick version

P (S)-1 = (8)-1

N
PP(F) =" a,F°" for Fe(S)_y. (2.4.8)

n=0

Later we will extend this construction to more general functions than
polynomials (see Section 2.6).

2.4.1 Some Examples and Counterexamples

For simplicity, we will assume that we have N = m = d = 1 in this paragraph.
If F,G € LP(u) for p > 1, then it also makes sense to consider the ordinary
(pointwise) product

(F-G)(w) = F(w) - Gw).

How does this product compare to the Wick product (F¢G)(w)? This is a
difficult question in general. Let us first consider some illustrating examples:

Example 2.4.6. Suppose at least one of F' and G is deterministic, e.g.,
that F' = ag € R. Then

FoG=F-G.
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Hence the Wick product coincides with the ordinary product in the deter-
ministic case. In particular, if F =0, then FF'o G = 0.

Example 2.4.7. Suppose F,G € L?(u) are both Gaussian, i.e.,

Fw)=ao+ Y apH.m (W), Gw) =bo+ Y biH, (W), (2.4.9)
k=1 =1

where
Za%<oo, Zb%<oo.
k=1 =1
Then we have
(F<>G)(w) = agbo + Z akblHe(k)+el (w)
kil=1
Now

. hwhe  for k#1
e T\ R, —1 fork=1.

Hence

(FoG)(w) = Fw)-Gw) — 3 aby. (2.4.10)
k=1

This result can be restated in terms of It6 integrals, as follows: We may
write

F(w) = ag +/f(t)dB(t), (2.4.11)
R
where f(t) = > 77, axli(t) € L*(R), and, similarly,
G(w) = by + /g(t)dB(t)7 (2.4.12)
R

with g(t) = Y77 | be&i(t) € L*(R). Then (2.4.10) states that

( / f(t)dB(t)> o ( / g(t)dB<t>>
_ ( / f(t)dB(t)) - ( / g(t)dB(t)) _ / F(t)g(t)dt. (2.4.13)

R R
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In particular, choosing f = g = x[o,s) We obtain
B(t)*?> = B(t)* — t. (2.4.14)

Note, in particular, that B(t)°? is not positive (but see Example 2.6.15).
Similarly, for the smoothed white noise we obtain

w(¢) ow(y) = w(@) - w(¥) — (4,¢) (2.4.15)
for ¢, € L*(RY) with (¢,v) = [ ¢(x)(x)dx. (See Exercise 2.9.)
Note that if ¢ = ¢ and ||9|| :Rl, this can be written

w(9)*® = ha(w(9)); ¢l = 1. (2.4.16)
This suggests the general formula
w(@)™" = hn(w(¢)); o]l = 1. (2.4.17)

To prove (2.4.17) we use that the Wick product is independent of the
choice of basis elements of L?(R%). (See Appendix D.) In this case, where
w(¢) and its Wick powers all belong to L?(u), the basis independence follows
from Proposition 2.4.2. Therefore, we may assume that ¢ = 7;, and then

w(¢)" = hi({w,m))*" = HZ" (W) = Hpe, (w)
= hn({w, M) = hn(w(e)).

Example 2.4.8 Gjessing (1993). The L?(u) spaces are not closed under
Wick products.

For example, choose ¢ € S(R?) with ||¢||.: = 1, put O(w) = (w,¢) and
define

Then

Example 2.4.9 Gjessing (1993). Independence of X and Y is not enough
to ensure that

XoY=X.Y.

To see this, let X, be as in the previous example. Then Y = °? = 2 —1
is independent of X, but X oY and X - Y are not equal. In fact, they do not

even have the same second moments. See, however, Propositions 8.2 and 8.3
in Benth and Potthoff (1996).
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Example 2.4.10 Gjessing (1993). The Wick product is not local, i.e.,
the value of (X ¢ Y)(wp) is not (in general) determined by the values of X
and Y in a neighborhood V of wy in &' (R9).

2.5 Wick Multiplication and Hitsuda/Skorohod
Integration

In this section we put N = m = d = 1 for simplicity. One of the most striking
features of the Wick product is its relation to Hitsuda/Skorohod integration.
In short, this relation can be expressed as

/Y<m /Y t) o W(t (2.5.1)

Here the left-hand side denotes the Hitsuda/Skorohod integral of the
stochastic process Y (t) = Y (t,w) (which coincides with the It6 integral if
Y (t) is adapted; see Appendix B), while the right-hand side is to be inter-
preted as an (S)*-valued (Pettis) integral. Strictly speaking the right-hand
side of (2.5.1) represents a generalization of the Hitsuda/Skorohod integral.
For simplicity we will call this generalization the Skorohod integral.

The relation (2.5.1) explains why the Wick product is so natural and
important in stochastic calculus. It is also the key to the fact that It cal-
culus (with It6’s formula, etc.) with ordinary multiplication is equivalent to
ordinary calculus with Wick multiplication. To illustrate the content of this
statement, consider the example with Y (t) = B(t) - x, ,(f) in (2.5.1): Then
the left hand side becomes, by It6’s formula,

T
/B fB2( ) — %T (assuming B(0) = 0), (2.5.2)
0

while (formal) Wick calculation makes the right hand side equal to

T T
/B@oW@ﬁ:/B@oR@ﬁ:%mﬂw, (2.5.3)
0 0

which is equal to (2.5.2) by virtue of (2.4.14).

This computation will be made rigorous later (Example 2.5.11), and we
will illustrate applications of this principle in Chapters 3 and 4.

Various versions of (2.5.1) have been proved by several authors. A version
involving the operator J; is proved in Hida et al. (1993), see Theorem 8.7 and
subsequent sections. In Lindstrem et al. (1992), a formula of the type (2.5.1)
is proved, but under stronger conditions than necessary. In Benth (1993), the
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result was extended to be valid under the sole condition that the left hand
side exists. The proof we present here is based on Benth (1993). First we
recall the definition of the Skorohod integral:

Let Y(t) = Y (¢,w) be a stochastic process such that

E[Y(t))] < 0o for all . (2.5.4)
Then, by Theorem 2.2.7, Y (¢) has a Wiener—Itd chaos expansion

Y(t) = Z /fn(sh...,sn,t)dB®"(sl,...,sn), (2.5.5)

n=0 R™

where f,(-,t) € L2(R") for n = 0,1,2,... and for each t. Let

fn(slv ) 57L75n+1)

be the symmetrization of f,,(s1,...,8,+1) wrt the n+ 1 variables s1,. .., sp,
Sn+1-

Definition 2.5.1. Assume that

oo

D+ DI fallFegnsny < oo (2.5.6)
n=0

Then we define the Skorohod integral of Y (t), denoted by

/ Y($)5B(t)
R

by

/Y(t)dB(t)—i /fn(sl,...,an)dB@(”“)(sl,...,an). (2.5.7)
R n=0

]Rn-*—l

By (2.5.6) and (2.5.7) the Skorohod integral belongs to L?(u) and

H /Y(t)cSB(t)

R

2

Z n A+ DU Full22 i) (2.5.8)

L2

Note that we do not require that the process be adapted. In fact, the
Skorohod integral may be regarded as an extension of the Itd integral
to non-adapted (anticipating) integrands. This was proved in Nualart and
Zakai (1986). See also Theorem 8.5 in Hida et al. (1993), and the references
there. For completeness we include a proof here.
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First we need a result (of independent interest) about how to characterize
adaptedness of a process in terms of the coefficients of its chaos expansion.

Lemma 2.5.2. Suppose Y (t) is a stochastic process with E[Y?(t)] < oo for
all t and with the multiple Ito integral expansion

i / (z,0)dB®™(z) with f,(-,t) € L*(R™) for all n.

]R
(2.5.9)

Then Y (t) is Fi-adapted if and only if
suppfun(t) C{z e RY; o; <t for i=1,2,...,n}, (2.5.10)
for all n.

Here support is interpreted as essential support with respect to Lebesgue
measure:

supp fu(-t ﬂ{F F closed, fn(x,t)=0 forae x¢F}.

Proof We first observe that for all n and all f € L2(R"), we have

/ f(z)dB®™(x) |ft}
in

[e’e] n t
:E[n!/ fte, ... t,)dB(t))dB(t |]—'t}
t t, t2
0O 0 0

— 0o
Therefore we get

E

~
N

8

Y (t) is Fi-adapted
S EYt)F]=Y, forallt

&> E / ful 0ABE @) F | = 3 / fule, )dBE" ()
n=0 n=0
T

& fn(%t)x[o,ﬂn (x) = fo(z,t) for all t and almost all z,

by the uniqueness of the expansion. a
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The corresponding characterization for Hermite chaos expansions is

Lemma 2.5.3. Suppose Y (t) is a stochastic process with E[Y?(t)] < oo for
all t and with the Hermite chaos expansion

Y(t) = calt)Ha(w). (2.5.11)
Then Y (t) is Fi-adapted if and only if
supp{ Z ca(t)§®a(x)} C{zeR™ z; <t for i=1,...,n} (2.5.12)
la]=n

for all n.

Proof This follows from Lemma 2.5.2 and (2.2.33). O

Proposition 2.5.4. Suppose Y (t) is an Fi-adapted stochastic process such
that

/E[Yz(t)]dt < o0.
R

Then Y (t) is both Skorohod-integrable and Ité integrable, and the two
integrals coincide:

/ Y (t)5B(t) = / Y (t)dB(t). (2.5.13)
R

R

Proof Suppose Y (t) has the expansion

o0

v =3 / Ful@, )ABE (@); fu(t) € L2(R™) for all .
n:ORn
Since Y(t) is adapted we know that f,(z1,22,...,25,t) = 0 if

maxi<;<n{Z;} > t, a.e.
Therefore, the symmetrization f,(z1,...,2n,t) of fn(z1,...,2y,,t) satis-
fies (with @, 41 =1)

fn(l'l,--.7$n,xn+1) =

n+ 1f(y1a cey Yn, ISI%aY)L{—&-l{xi})’

where (y1,...,Yn) is an arbitrary permutation of the remaining z; when
the maximum value z; := maxi<;<n+1{%;} is removed. This maximum is

obtained for a unique j’, for almost all x € R"*! with respect to Lebesgue
measure.
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Hence the It6 integral of Y (¢) is

/Y(t)dB(t)
R
= i ( fulx1, ... 7an,t)dB®"(aJ)>dB(t)
"O]R/ R[
= n! oo | fo(zr, ..z, t)dB(x )~--dB(acn)>dB(t)
S f(f ] ] e 1
> 4_4_44 1 )dB (@ "
—Z /fn T1,... xn,xn+1)dB®("+l)( ey T, Tpt1)
ORn+1
/Y t)dB(t
as claimed. a

We now proceed to consider integrals with values in (S)*.

Definition 2.5.5. A function Z(t) : R — (S)* (also called an (S)*-valued
process) is called (S)*-integrable if

(Z(t), f) € L*(R,dt) for all f € (S). (2.5.14)

Then the (S)*-integral of Z(t), denoted by [, Z(t)dt, is the (unique)
(8)*-element such that

</ (t)dt, f) = R/ >dt Fel(s). (2.5.15)

Remark It is a consequence of Proposition 8.1 in Hida et al. (1993) that
(2.5.15) defines [ Z(t)dt as an element in (S)*.
R

Lemma 2.5.6. Assume that Z(t) € (S)* has the chaos expansion

= calt)Ha, (2.5.16)

where

Za!HcaHQLl(R)(ZN)_P“ < oo for some p< oo. (2.5.17)

[0}
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Then Z(t) is (S)*-integrable and

/Z(t)dt = Z/ca(t)dtHa. (2.5.18)

R “ R

Proof Let f =5 a,H, € (S). Then by (2.5.17)

[z

= Z Vallaa|(2N) ¥ Val||ca | 1 @) (2N) ™%

ca(t)‘dt <> allaglllcalliz)

3 3
S(Za!ai(?N)‘”’) <Za!||ca||2L1(R)(2N)_°‘p> < 0.

Hence Z(t) is (S)*-integrable and

</Z(t)dt,f> =/< /Za'aaca
R
—Za'aa/ Calt)t = <Z/ca<t)dtﬂa,f>,
* R

which proves (2.5.18). O

Lemma 2.5.7. Suppose
Y(t) = an(t)Ha € (8)" forallteR,
and that there exists ¢ < co such that
K = sup{a!||ca |71 @) (2N) 77} < oo. (2.5.19)

Choose ¢ € S(R). Then Y (t) o W (t) and Y (t) o Wy(t) (with Wy(t) as in
(2.1.15)) are both (S)*-integrable and

/Y t) o W (t)dt = Z/ca Ver(t)dtH , v (2.5.20)
ak p
and
/Y(t o Wy(t)dt = Z/ca ), Ek)dtH 4 (i (2.5.21)
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Proof We prove (2.5.20), the proof of (2.5.21) being similar. Since

an fk a+e<’<)*z Z Hﬂv

0<+e(k) =g

the result follows from Lemma 2.5.6 if we can verify that

2
Z@H D calt)ér(t) (2N) "7 < o0
Mjklg , L1(R)

for some p < co.
By (2.2.5) we have, for some constant C' < oo,

/ lea()][€(8)ldt < C / ea(ldt = Cleall 1 ).
R R

Note that for each 8, a there is at most one k such that o + ¢*) = 3.
Therefore

‘ > calt)n(t) Sl > ”Cagk”Ll(R)]

ak L1(R) a,k
ate(k)=p atelk)=p
2
2
<C E ||Ca|L1(R)]
ak
a+telk)=p

<CUB)? D leallZimy

(e
Sk,a+e(k)=p

where [(8) is the number of nonzero elements of 3, i.e., () is the length of
3. We conclude that

M(2g) < C* Y+ €M) (U(ar + €)1 gy (2N) 20005
a,k

(k) \1 k
<C°KY :Lf)‘(z(a + 9))2(2N) 0 (2n) 20V
(o
a,k

) 1
< %K 1)32-lelag—2q f .
< Z(Ial+) <oo for ¢>g

a,k O

Corollary 2.5.8. Let Y(t) = > ca(t)Hy be a stochastic process such
that f;E[Yf]dt < oo for some a,b € Rya < b. Then Y(t) o W(t) is
(S)*-integrable over [a,b] and
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/Y t) o W(t)dt = Z/ca VR (t)dtH i) - (2.5.22)

Proof We have

b

b
Za!/ci(t)dt:/E[Y(t)Q}dt < o0,

a

hence (2.5.19) holds, so by Lemma 2.5.7 the corollary follows.
We are now ready to prove the main result of this section. O

Theorem 2.5.9. Assume that Y (t) = )" ca(t)Hq is a Skorohod-integrable
stochastic process. Let a,b € R, a < b. Then Y (t) o W(t) is (S)*-integrable
over [a,b] and we have

/Y t)6B(t /Y ) o W(t (2.5.23)

Proof By the preceding corollary and by replacing c4(t) by ca(t)X(a,s) (1),
we see that it suffices to verify that

[Y@iB(0 = ¥ ear 60, (2.5.24)
R a,k
where (cq, &) fR Ca(t)Ek(L)dt. ThlS will be done by computing the left-

hand side explicitly: Let Y( ) Yool o ) falur, .o un, t)dBO (ug, ... up).
Rn
Then by (2.2.33) we have

:Z /Z Ca(O)E (uy, ... up)dB®™ (uy, . .., up)

R™

-3 B> 3 (o €066 (DE5 (a0 )B " a0y

= Rn laj]=nk=1
Now the symmetrization of
& (1) e (ua, - up) = E(uo) (€ &+ BT ) (wn, ),

where o = (a1, ..., ;), as a function of ug, ..., u, is simply

£®(a+e<’“)) _ 5?@1 &--- ®€§(O‘k+1)® e ®§;®O‘J (2.5.25)
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Therefore the Skorohod integral of Y (s) becomes, by (2.5.7) and (2.2.30),

Jraoma=> [ ¥ Yl ager s
R n=0

R lal=nk=1

Z Z Z Cougk atelk) = Z(Ca7fk)HQ+€(k),

la|=nk=1 a,k
as claimed. a
To illustrate the contents of these results, we consider some simple examples.

Example 2.5.10. It is immediate from the definition that
¢

/ 16B(s) = B()

0

(assuming, as before, B(0) = 0), so from Theorem 2.5.9 we have

¢
= /W(s)ds (2.5.26)
0
In other words, we have proved that as elements of (S)* we have
dB(t
7di ) _ W(t), (2.5.27)

where differentiation is in (S§)* (compare with (2.1.17)).
More generally, if we choose Y (t) to be deterministic, Y (¢t,w) = ¥(t) €
L?(R), then by Theorem 2.5.9 and Proposition 2.5.4

/¢ t)dB(t /¢ )6 B(t /w t) o W(t (2.5.28)

Example 2.5.11. Let us apply Theorem 2.5.9 and Corollary 2.5.8 to com-
pute the Skorohod integral

t t
/B )OB(s :/B ds.
0 0

From Example 2.2.5 we know that

Bs) =Y / &5(r)drH, o (@),

j=1 0
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which substituted in (2.5.22) gives

/B )OB(s Z//@ Vdrér(s)dsH Gy 4 er -

gk 0

Integration by parts gives

/t/sfj(T)drﬁk(S)dSZ/tﬁj(r)dr/tfk(s)ds—/t/sfk(s)dsfj(r)dr
00 0 5 ,

Hence, by the symmetry of j and k,

t t

/ Z/fﬂ / (s)dsH ) yetm -

0 3k 9

By the Wick product definition (2.4.2) this is equal to 1 B(¢) o B(t). Hence
we obtain, using (2.4.14), the familiar formula

¢ ¢
1 1 1
[ BB = [ BB = B0 =SB0 - 5t
0 0
We can more easily obtain this formula if we use (2.5.27) and work in (S)*.

Then
/B(s)(SB(s) - /B(s)oW(s)ds _ /B(s)oB’(s)ds

B(s)®® = -B(t)** = %Bz(t) — %t.

1
2

0

Corollary 2.5.12. Suppose that Y (t) = Y (t,w) is Skorohod-integrable, that
h(w) € (8)* does not depend on t and that h oY (t) is Skorohod-integrable.
Then for a < b we have

b

b
/ hoY(t)8B(t) = ho / Y (£)5B(2). (2.5.29)

Proof By Theorem 2.5.9 we have
b

/hoY NOB(t /hoY Yo W (t)dt = ho/Y(t)éB(t).

a
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Example 2.5.13.  Choose Y (t) = x,, ,,(t)h(w), with h € L*(p1),a < b.
Then the Skorohod integral becomes

b b

/ h(w)0 By (w) = / h(w) o W(s)ds = h(w) o (B(®) — B(a)).  (2.5.30)

a a

Finally, we state and prove a smoothed version of Theorem 2.5.9.

Theorem 2.5.14. Let Y (t) =

~—

Y (t,w) be a stochastic process such that

E[Y?(t)]dt < . (2.5.31)

B

Choose ¢ € S(R) and let

(p*Y)(t,w) = /d)(t —9)Y(s,w)ds (2.5.32)

R

be the convolution of ¢ and Y (-,w), for almost all w. Suppose (¢ x Y)(t) is
Skorohod-integrable. Then Y (t) o Wy (t) is (S)*-integrable, and we have

/ (6% Y)(£)dB(t) = / Y (t) o Wy(t)dt. (2.5.33)

R R

Proof Suppose Y (s) has the expansion

= Z ca(s)H

Then by (2.5.31) and Lemma 2.5.7 Y () o Wy(t) is (S)*-integrable. Applying
Theorem 2.5.9 with Y (¢) replaced by (¢ * Y')(t), we get, by (2.1.18),

/ (6% YV)()5B(t) = / (6% Y)(t) o W (t)dt

R
/(/m_s )<>W<>d
:R/y /¢t_5 dtds—/Y ) o Wy(s)ds.
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2.6 The Hermite Transform

Since the Wick product satisfies all the ordinary algebraic rules for multipli-
cation, one can carry out calculations in much the same way as with usual
products. Problems arise, however, when limit operations are involved. To
handle these situations it is convenient to apply a transformation, called the
Hermite transform or the H-transform, which converts Wick products into
ordinary (complex) products and convergence in (S)_; into bounded, point-
wise convergence in a certain neighborhood of 0 in CN. This transform, which
first appeared in Lindstrgm et al. (1991), has been applied by the authors
in many different connections. We will see several of these applications later.
We first give the definition and some of its basic properties.

Definition 2.6.1. Let FF = Y  by,H, € (S)Y, with b, € RY as in
Definition 2.3.2. Then the Hermite transform of F, denoted by HF or ﬁ,
is defined by

HF(z) = F(z) = Z baz® € CNY (when convergent), (2.6.1)

where z = (z1,22,...) € CN (the set of all sequences of complex numbers)
and
2% =22y (2.6.2)

if a = (a1, as,...) € J, where 2§ = 1.

Example 2.6.2 (N =m =1).

i) The 1-dimensional smoothed white noise w(¢) has chaos expansion
(see (2.2.23))

n

w(gyw) =Y (¢,n;) Hetrn (w), (2.6.3)

j=1
and therefore the Hermite transform w(¢) of w(¢) is

W($)(z) = > (¢.n;)%, (2.6.4)
j=1

which is convergent for all z = (21, 22,...) € (CY)..

ii) The 1-dimensional (d-parameter) Brownian motion B(z) has chaos
expansion (see (2.2.24))

:Z/% YduH, ;) (w), (2.6.5)

j=lp
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and therefore
Z/ Wduzy; 2 = (21,23, € (CV)., (2.6.6)

where (CY), is the set of all finite sequences in CV.

iii) The 1-dimensional singular white noise W (x,w) has the expansion (see
(2.2.23))

Zm H) (w (2.6.7)

and therefore
an T)z5; 2 = (21, 22,...) € (CY).. (2.6.8)

Example 2.6.3 (N =m > 1).

i) The m-dimensional smoothed white noise w(¢) has chaos expansion
(see (2.2.25))

W(¢7 w) = (wl (¢7w)7 s ?wm(¢’ w)),
with

w;i(¢,w) = w(¢pi,w;)

=3 (¢ ) Hepy )W) 1< i < (2.6.9)
j=1

Hence the Hermite transform of coordinate w;(¢,w) of w(¢,w) is, for
z € (CY),,

Wi(9)(2) = Y _ (64, 15) 2~ 1)itm
j=1
= (¢ism)zi + (isn2) Zigm + (Dis M3) Zigom + -+ 51 < i <m.

(2.6.10)

Note that different components of w involve disjoint families of
zp-variables when we take the H-transform.

ii) For the m-dimensional d-parameter Brownian motion

B(m,w) = (Bl(wi)a R Bm(wi))
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we have (see (2.2.26))

Bi(z,w) = Z/nj(u)duHeiﬂjfl)m (2.6.11)
0

j=1

and hence

z) = Z/"ﬁ w)du Ziq (j-1ym; 1 <@ <m. (2.6.12)
J=17

ili) The m-dimensional singular white noise
W(z,w) = Wi(z,w),..., Wn(z,w))

has expansion (see (2.3.34))
=Y 0@ He,(y_yy,i 1< <m, (2.6.13)

and therefore

2) = @)z onym; 1<i<m, z€ (CVe.  (2.6.14)

Note that if F = Y boHas € (S)Y, for p < 1, then (HF)(z1, 22, ...)
converges for all finite sequences (z1, 29, . ..) of complex numbers. To see this
we write

3 lballz = 3 [bal(al) 2"

[e3 (e

(Zlbla'lf’zN )<Z|z a'p12N)>

(2.6.15)

(o) 7 2% 2N) " (2N)

2

Now if z = (21,...,2,) with |z;| < M, then

D Pt EN)r < Y Ml (e atelnel < oo (26.16)

for all g < co. If g is large enough, then by Proposition 2.3.3, the expression
(2.6.15) is finite.

If F € (S)",, however, we can only obtain convergence of HF(z1, z2,...)
in a neighborhood of the origin. We have
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1 1
2 2
> lball=l < (Z bi(m)aq) (Z |za|2(2N)aq> (2.6.17)
where the first factor on the right hand side converges for ¢ large enough. For

such a value of ¢ we have convergence of the second factor if z € CN with

|zj| < (27)7¢ for all j.

Definition 2.6.4. For 0 < R, g < o0, define the infinite-dimensional
neighborhoods K,(R) of 0 in CY by

Kg(R) = (C1,Ca,--.) € TN D ICHP(@2N)™™ < R? 5 (2.6.18)
a0
Note that
¢<Q, "< R=Kq(r) CKyR). (2.6.19)

For any ¢ < 00,d > 0 and natural number k, there exists € > 0 such that

z=(21,...,2,) €ECF and |z < 1<i<k=z€K, (). (2.6.20)
The conclusions above can be stated as follows:

Proposition 2.6.5. a) IfF € (S)N, for some p € [—1,1), then the Hermite

transform (HF)(z) converges for all z € (CV)..

b) If F € (S)Y,, then there exists ¢ < oo such that (HF)(z) converges for
all z € K4(R) for all R < 0.

One of the reasons why the Hermite transform is so useful, is the
following result, which is an immediate consequence of Definition 2.4.1 and
Definition 2.6.1.

Proposition 2.6.6. If F,G € (S)Y,, then
H(F o G)(2) = HF(2) - HG(2) (2.6.21)

for all z such that HF(z) and HG(z) exist. The product on the right hand
side of (2.6.21) is the complex bilinear product between two elements of CN
defined by

N
(CroeeesCn) - (wr, - wn) = D Gwi; Gyw; € C.

i=1

Note that there is no complex conjugation in this definition.
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Example 2.6.7. Referring to Examples 2.6.2 and 2.6.3, we get the following
Hermite transforms:

(i) H(w*(¢))(2) =

J,

(¢7 77])(¢a nk)zjzk

1

T8

) BN = 3 ([mtwda) ( fautuda)zyz

o0

(i) HW3(2)(2) = > mile)n;(z)ne(z)ziz;z

igk=1

2

(iv) H(W3(2) o Wa(2)(2) = ( w@ ) (£ mio)

1

nj (x)nk(x) 20512085 2 = (21,22, ..).
1

e

J

The Characterization Theorem for (S)N,

Proposition 2.6.5 states that the H-transform of any F € (S)V, is a CN-
valued analytic function on Ky (R) for all R < o0, if ¢ < oo is large enough.
It is natural to ask if the converse is true: Is every CV-valued analytic function
g on K, (R) (for some R < 00,q < 00) the H-transform of some element in
(S)N,? The answer is yes, if we add the condition that g be bounded on some
K4(R) (see Theorem 2.6.11).

To prove this, we first establish some auxiliary results. We say that a
formal power series in infinitely many complex variables z1, 2o, . . .

= Zaaz“; o €CN 2= (21,2,...)
«
is convergent at z if
D laal|2] < 0. (2.6.22)
If this holds, the series has a well-defined sum that we denote by g(z).

Proposition 2.6.8. Let g(z) = Y, a02% ao € CVN, z = (21,22,...)
be a formal power series in infinitely many variables. Suppose there exist
g < oo,M < o0 and § > 0 such that g(z) is convergent for z € Kq(0) and
lg(z)] < M for all z € K,(9).
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Then
Z lagz“| < M A(q) for all =z € Ks4(0),

where, by Proposition 2.3.3,

A(g) = Z(2N)_qo‘ <oo for g>1.

«

To prove this proposition we need the two lemmas below.

Lemma 2.6.9. Suppose f(z) = Z;O:Oakzk is an analytic function in one
complex variable z such that

sup |f(2)| < M. (2.6.23)

|z<r
Then |apz®| < M for all k and all z with |z| < r.

Proof By the Cauchy formula

k! f(©)
B (5) = _ )
fY¥(z) = i / C— o) d¢, for |z|] <, (2.6.24)
I<l=r
and we have
|F®(0)] < klrF M. (2.6.25)
Hence
*)(0

lar2"| = / k'( )zk < ‘;‘ <M, for |z|<r. (2.6.26)
O
Lemma 2.6.10. Let g(z) = > aaz® be an analytic function in n complex

variables such that there exists M < oo and c1,...,¢, > 0,0 > 0 such that
l9()| < M, (2.6.27)

when z € K := {z = (21,...,2,) € C" c1]21]? + -+ + culza]® < 6%}, Then
laaz®| < M for z € K, for all a.

Proof Use the previous lemma and induction. For example, for n = 2 the
proof is the following: Write g(z1,22) = > po Ak(22)2F. Fix 22 such that
022'% < 2, and let

f(z1) = i Ap(z2)2F, for (z1,22) € K. (2.6.28)
k=0
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By the previous lemma we have | Ay (22)2¥| < M for (21, 22) € K. Applying
the same lemma to

fz2) = Ak(22) Zaklzg, (2.6.29)

< M or |ag 2F 25| < M, as claimed. O

Proof of Proposition 2.6.8 We may assume N = 1. Without loss of
generality we can assume that ¢ is so large that ) (2N)79* < oo, and we
put @ = 3q. Then by Lemma 2.6.10 we have

laqw®| < M for all w € K,(9). (2.6.30)
Choose z € K34(6). Then if
w; = (25)%z, (2.6.31)

we have

D PEN)T =Y (2N)P 202 < 4, (2.6.32)

[e3

so w € K4(d). Therefore

Zlaallza|<<zaa| |2*[*(2N)? ) <za: )é

= (Z%FIM”‘F@N)_Q“) (Z@N)_q“)

<M (2N)7 (2.6.33)

Theorem 2.6.11 (Characterization theorem for (S)N;). a) If F(w) =
> aaHa(w) € (S)N,, where a, € R™, then there is ¢ < 0o, My < oo such
that

F(2)| < Z laa ||z < M, (Z(ZN)qo‘|za|2> for all z € (CY)..
" ’ (2.6.34)

In particular, F is a bounded analytic function on K (R) for all R < co.

b) Conversely, suppose g(z) =Y., baz®™ is a given power series of z € (CV),
with b, € RN such that there exists ¢ < 0o and § > 0, such that g(z) is
absolutely convergent when z € K,(0) and

sup |g(z)| < o0. (2.6.35)
z€Kq(6)
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Then there exists a unique G € (S)Y, such that G = g, namely
G(w) = baHq(w). (2.6.36)

c) Let F =3 coHy(w) € (S)-1,—q. Then we have

sup |HF(z)| < R||F||=1,—¢ for all R >0
z€Kq(R)

d) Suppose there exist ¢ > 1,5 > 0 such that

g a2
«

M,(6) .= sup

z€Kq(9)

<0

Then there exists r > q such that

S, = sup |eal (2N) 7 < M, (5)A(q).

where

Aq) := Z(2N)_q°‘ (see Proposition 2.6.8),

[e3

and such that F =) coH, satisfies

|F||-1,—2, < Aq) sup [HF(2)]
z€Kq(6)

e) For all R > 0,q > 1 there exist v > q such that

sup [HF(2)| < RI|F||-1,q < R||IF|| -1 2 < RA(g) sup [HF(2)|
z€Kq(R) z€Kq(R)

Proof a) We have

1 1
3 3
0 Sl = (om0 e
&7 « «
(2.6.37)
Since F € (S)Y}, we see that M? := Y |aq|*(2N) 79 < oo if ¢ is large
enough.

b) Conversely, assume that (2.6.35) holds. For r < oo and k a natural
number, choose ¢ = ¢("*) = ({1, (o, ..., () with

G=@2) 1)<k (2.6.38)



2.6 The Hermite Transform 69

Then

Z C*P(eN)™ <) (2N (2.6.39)

«

if r is large enough, say r > ¢;. Hence
¢ eK,.(0) for r>q.
By Proposition 2.6.8 we have

> Iballz®] < M A(q) for z € Ksy(d),

[e3%

where M = sup{|g(2)|; z € K,(d)}. Hence, if r > max(3q, ¢1), we get

> bal(2N) e > [bal¢®

Indegagk Inde)(clozgk
= Y BallCI <D Iballz]
Inde)?agk «
< M A(q), for z € Kgq(9), (2.6.40)

where Index « is the position of the last nonzero element in the sequence

(Oél,OZQ, .. )
Now let k& — oo to deduce that

K :=sup|bs|(2N) ™" < oo. (2.6.41)

This gives

ST balP@N) T < K [b|(2N) 7 < o0, (2.6.42)

and hence G := )" boH, € (S)_1 as claimed.

c) If z € K,(R) we have

[HE(2)| =

< Zm 2N)~ 39| 2*|(2N) 3«

< (Z ZO‘IQ(2N)“°‘> (Z CQIQ(QN)W>

< R[|F[|-1,—4
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d) Suppose M,(d) < co. Then it follows as in (2.6.41) that there exists r > ¢
such that S, < M,(0)A(¢q) and

‘ ZCQHQ

2

_ Z |Ca|2(2N)72ro¢
<S8, Z |ca|(2N)™"

< 5,.My(8)A(q) < A*(q) M (5)

—1,—2r

e) This is a synthesis of ¢) and d).

From this we deduce the following useful result:

Theorem 2.6.12. Kondratiev et al. (1994), Theorem 12 (Analytic
functions operate on H-transforms). Suppose ¢ = HX for some
X € (S)N,, and let M € N. Let f be a CM-valued analytic function on a

neighborhood U of (o := g(0) in CN such that the Taylor expansion of f

around (o has real coefficients. Then there exists a unique Y € (S)M, such

that
HY = fog. (2.6.43)

Proof Let r > 0 be such that
{¢eCNi|¢—¢Cl<r}cU.

Then choose g < oo such that g(z) is a bounded analytic function on K, (1)
and such that

lg(2) — Col < g for zeK4(1).

(This is possible by the estimate (2.6.37)). Then fog is a bounded analytic
function on K, (1), so the result follows from Theorem 2.6.11. O

Definition 2.6.13 (Generalized expectation). Let X = Y coH, €

(S)Y,. Then the vector co = X (0) € RY is called the generalized expectation
of X and is denoted by E[X]. In the case when X = F' € LP(u) for some p > 1
then the generalized expectation of F' coincides with the usual expectation

BlF] = / Fw)dpu(w).

S/

To see this we note that for N = 1 the action of FF € LP(u) on f €
LP(u)* = L(u) (where 1/p+1/g = 1) is given by

(F, f) = E[Ff],
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so that, in particular,
E[F] = (F,1).
On the other hand, if FF =}  coH,, then by (2.3.11)
(F,1) = ¢o = F(0).

So

E[F] = ¢y = F(0) (2.6.44)

for F € LP(u),p > 1, as claimed.
In fact, (2.6.43) also holds if F' € L'() N (S)_1. (See Exercise 2.10.)
Note that from this definition we have

E[X oY] = (E[X],E[Y]) forall X,Y € (S)",, (2.6.45)
where (-,-) denotes the inner product in RY, and, in particular,

E[X oY] = E[X]|E[Y]; X,Y € (S)_1. (2.6.46)

Thanks to Theorem 2.6.12 we can construct the Wick versions f¢ of
analytic functions f as follows:

Definition 2.6.14 (Wick versions of analytic functions). Let X €
(S)V, and let f : U — CM be an analytic function, where U is a neighborhood
of (o := E[X]. Assume that the Taylor series of f around (y has coefficients
in R™. Then the Wick version f°(X) of f applied to X is defined by

FX)=H(foX) € (S)M. (2.6.47)
In other words, if f has the power series expansion
f(z)= Z an(z —(p)* with a, € RM,

then
FOX) = aa(X = G0)* € (S)M,. (2.6.48)

Example 2.6.15. If the function f : CN — CM is entire, i.e., analytic in
the whole space CVV, then f°(X) is defined for all X € (S)Y,;. For example,

i) The Wick exponential of X € (S)_1 is defined by

o0
1
exp® X =) —xen. (2.6.49)

n=0
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Using the Hermite transform we see that the Wick exponential has the
same algebraic properties as the usual exponential. For example,

exp’[X + Y] = exp®[X] oexp®[Y]; X,Y € (S)_;. (2.6.50)

ii) The analytic logarithm, f(z) = logz, is well-defined in any simply
connected domain U C C not containing the origin. If we require that
1 € U, then we can choose the branch of f(z) = log z with f(1) = 0. For
any X € (8)-1 with E[X] # 0, choose a simply connected U C C\ {0}
such that {1, E[X]} C U and define the Wick-logarithm of X, log® X, by

log® X = H ™ (log(X(2)) € (S)_1). (2.6.51)

If E[X] # 0, we have
exp®(log® (X)) = X. (2.6.52)

For all X € (S)_1, we have
log®(exp® X ) = X. (2.6.53)
Moreover, if E[X] # 0 and E[Y] # 0, then
log®(X oY) =log® X + log® Y. (2.6.54)

iii) Similarly, if E[X] # 0, we can define the Wick inverse X°(=1) € (S)_y,
having the property that

Xox°th=1.
More generally, if E[X] # 0, we can define the Wick powers X°" € (S)_; for
all real numbers 7.
Remark Note that, with the generalized expectation E[Y] defined for
Y € (S)_; as in Definition 2.6.13, we have
Elexp® X = exp[E[X]J; X € ()1, (2.6.55)
simply because

Elexp®[X]] = H(exp®[X])(0) = exp[H(X)(0)] = exp[E[X]].

Positive Noise

An important special case of the Wick exponential is obtained by choosing X
to be smoothed white noise w(¢). Since w(¢, -) € L?(u), the usual exponential
function exp can also be applied to w(¢,w) for almost all w, and the relation
between these two quantities is given by the following result.



2.6 The Hermite Transform 73

Lemma 2.6.16.
exp®lw (¢, w)] = exp |w(p,w) — %||¢H2 ;¢ € L2(RY) (2.6.56)

where [|¢] = (]| 2@ -

Proof By basis independence, which in this L2(u)-case follows from
Proposition 2.4.2 (see Appendix D for the general case), we may assume
that ¢ = ¢y, in which case we get

e (@) = 3 Zw(@) = 3 S (w,n)"

I
[M]8
S |9
Jas
°¢
€
I
[M]8
S |9
=
€

n=0 n=0 n
e ch

= Z *'hn(<wa771>) = exp c(w,771> —5¢ :|
n=0

where we have used the generating property of the Hermite polynomials
(see Appendix C). O

In particular, (2.6.55) shows that exp®w(¢) is positive for all ¢ € L?(u)
and all w. Moreover, if

Wy(z,w) = w(pg,w); T € RY

is the smoothed white noise process defined in (2.1.15), then the process
1
Ko(,0) 1= exp® Wy ()] = exp | Wo(z,w) = 5 10]1 (2.6.57)

has the following three properties (compare with (2.1.20)—(2.1.22)):

If supp ¢z, N supp ¢g, = 0, then Ky(z1,-) and Ky(z2,-) are independent.
(2.6.58)

{Ky(z,-)}zera is a stationary process. (2.6.59)

For each = € R? the random variableK4(z,-) > 0 has a lognormal

distribution (i.e.,log K4(x,-)has a normal distribution) andE[Ky(z,-)] =1,

Var[K (2, )] = expl[lg]] - 1. (2.6.60)

Properties (2.6.57) and (2.6.58) follow directly from the corresponding
properties (2.1.20) and (2.1.21) for Wy(x,-). The first parts of (2.6.59)
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follow from (2.6.56) and the fact that E[Wy(z,)°%] = 0 forall &k > 1.
The last part of (2.6.59) is left as an exercise for the reader (Exercise 2.11).
These three properties make Ky(z,w) a good mathematical model for many
cases of “positive noise” occurring in various applications. In particular, the
function Ky(z,w) is suitable as a model for the stochastic permeability of
a heterogeneous, isotropic rock. See (1.1.5) and Section 4.6. We shall call
Ky(z,-) the smoothed positive noise process. Similarly, we call

K(z,) = exp®|[W(z,)] € (S)* (2.6.61)

the singular positive noise process. Computer simulations of the 1-parameter
(i.e., d = 1) positive noise process Ky(z,w) for a given ¢ are shown in
Figure 2.2.

Computer simulations of the 2-parameter (i.e., d = 2) positive noise
process Ky(x,w) where é(y) = exjonxon(¥); y € R? are shown on
Figure 2.3.

The Positive Noise Matrix

When the (deterministic) medium is anisotropic, the non-negative permeabil-
ity function k(x) in Darcy’s law (1.1.5) must be replaced by a permeability
matrix K(z) = [K;;(x)] € R4 The interpretation of the (i,7)th element,
Kij, is that

K;;(z) = velocity of fluid at z in direction 7 induced by a pressure gradient
of unit size in direction j.

Physical arguments lead to the conclusion that K (z) = [K;;(x)] should be
a symmetric, non-negative definite matrix for each x.

For a stochastic anisotropic medium it is natural to represent the stochastic
permeability matrix as follows (Gjerde (1995a), @Oksendal (1994b)):

Let W(z) € (8)V;Y be N-dimensional, d-parameter white noise with the
value N = 1/2d(d + 1). Define

K(z) := exp®[W(x)]; (2.6.62)
where
Wick exponential ‘Wick exponential

Fig. 2.2 Two sample paths of the Wick exponential of the 1l-parameter white
noise process.
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Fig. 2.3 Two sample paths of positive noise K 4(z,w), (h=1/50, ¢=0.05) and (h=1/20, e=0.1).

Wia(x) Wig(x) - Wy ()

W1:2(33) szz(@ W2:d(x)
: _ (2.6.63)

Wia(e) - Waa)

and W;;(x); 1 < i < j <d are the 1/2d(d + 1) independent components of
W (z), in some (arbitrary) order.

Here the Wick exponential is to be interpreted in the Wick matrix sense,
ie.,

=1
exp’M] = > —Men (2.6.64)
n=0

when M € (8)™"** is a stochastic distribution matrix. It follows from

Theorem 2.6.12 that exp® M exists as an element of ()™,

We call K(z) the (singular) positive noise matriz. It will be used in
Section 4.7.

Similarly, one can define the smoothed positive noise matrix

Ky (z) = exp®[Wey(z)], (2.6.65)

where the entries of the matrix Wy(x) are the components of the 1/2d(d+1)-
dimensional smoothed white noise process W y(z).

2.7 The (S)ﬁ’r Spaces and the S-Transform

Sometimes the following spaces, which are intermediate spaces to the spaces

(8)),(S)N,, are convenient to work in (see Vage (1996a)).

Definition 2.7.1.  For p € [-1,1] and 7 € R, let (S)), consist of those

F =3 a0Hy € (S)) (with a, € RN for all o) such that

IE)15, =D ad(a) ™+ (2N)™ < co. (2.7.1)
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If F =3, a0Hy, G =3, boaHy belong to (S),, then we define the inner
product (F,G), of F and G by

(F,G)pr = Y (a0, ba) () F7(2N)", (2.7.2)

[e%

where (aq, by) is the inner product on RY.

Note that if p € [0,1], then (S)) is the projective limit (intersection)

of the spaces {(S)%,},>0, while (S)_, is the inductive limit (union) of

{(8)—p,—r}r20-

Lemma 2.7.2 Vage (1996a). For every pair (p,r) € [—1,1] xR the space
(S) ' equipped with the inner product (2.7.2) is a separable Hilbert space.

Proof We first prove completeness: Fix p,r and suppose Fj, =Y a((lk)Ha

is a Cauchy sequence in (S)),,k = 1,2,.... Then {a&k)}zozl is a Cauchy
( )

sequence in R (with the usual norm), so as’ — aq, say, as k — oo. Define
F=> anH,
[0

We must prove that f € (S)), and that F, — F in (S)J,. To this end let
e > 0 and n € N. Then there exists M € N such that

Y (@) —al))(a)trr(2N)

acl'y,
< Z a2 (@) HPRN)™™ < € for 0,5 > M,
where
I, ={a=(a1,...,an);a; €{0,1,...,n}, j=1,...,n}. (2.7.3)

If we let i — oo, we see that

> (aa —a))? (@) TPERN) < € for j > M.
ael,

Letting n — oo, we obtain that
F—F;€(S)),

and that
F;—F in (8%

p’r.
Finally, the separability follows from the fact that {H,} is a countable

dense subset of (S),. O
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Example 2.7.3. Singular white noise W(z,w) belongs to (S)_g,—4 for all
q > 1. This follows from the proof of Proposition 2.3.10.

The S-Transform

The Hermite transform is closely related to the S-transform. See Hida et al.
(1993), and the references therein. For completeness, we give a short intro-
duction to the S-transform here.

Earlier we saw that if ¢ € S(R?), then (w, ¢)°" = w(¢,w)°" € (S)1, for
all natural numbers n (Example 2.3.4). It is natural to ask if we also have
exp®w(¢,w)] € (S)1, at least if |||l ;2(re) is small enough. This is not the
case. However, we have the following:

Lemma 2.7.4. a) Let ¢ € S(RY) and q < co. Then there exists € > 0 such
that for A € R with |A| < € we have

exp®[Aw(¢, )] € (S)1,q- (2.7.4)
b) For all p < 1 we have

exp® (6, )] € (S), (2.7.5)
for all A e R.

Proof Choose A\i,...,A\r € R and consider

exp®[(w, \im1 + - -+ + Aemw)]

Jj=1
k on
= E)Xp<> <Z)\jH€(])(w)> Z <Z>\ iH (])>
j=1 n= O

— E § : 231 Qg

B E a lakl)\l Ak HCE1€1+“'+OHCE(’”')
o0 1

— E E aq A

o o !"'Oék!Al /\k Ha151+"'+ak€(k)

Y X s ¥ prH= T

n=0 |a|=n @
Index a<k Index a<k

(2.7.6)
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where A% = AT A52 - - A\7*. Hence by Lemma 2.3.4

> (@) (a)?(2N)

LR T () e

Index a<k
= ) AN
Index a<k
— Z )\%Dq L. )\iak 929a1 4992 ., (Qk)qak
Index a<k
< (S oo
[e5] =0
| ( > (Rl ol ~-5£ﬁ>>q'>“>
ap=1
LB
= H 5 < (2.7.7)
j=1
if
Ay =234 6T <1, (2.7.8)

where ¢’ = (d/d — 1)q if d > 2, ¢ = q if d = 1. Now choose ¢ € S(R?). Then
by Theorem 2.3.1 there exists M < oo such that

(6,m;)2 < M2(2%69 ... 694 forall j.
Hence, if A € R with |\| small enough, we have
1 ; W\ —4
N(g,m)? < 5 (246 --69") " forall ;. (2.7.9)
Therefore, if we define

A7 =N (0,m5)?,

we see that (2.7.8) holds, and we can apply the above argument.
Then, if we write (¢,7)* = (¢, n1)* -+ (0,m)* when a = (a1, ...,ak),
we get

1

[e3

= > MV H,, (2.7.10)

[

exp®[Mw, ¢)]
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and hence, by (2.7.7) and (2.7.9),

k
() ) (2N = lim _H

[e3

by (2.3.3). O

If F € (§)-1, then there exists ¢ < oo such that F' € (§)_1,—4. Hence we
can make the following definition:

Definition 2.7.5 (The S-transform). (i) Let F' € (S)_; and let ¢ €
S(R?Y). Then the S-transform of F at A\¢, (SF)(A\), is defined, for all real
numbers A with |A| small enough, by

(SF)(Ap) = (F,exp®lw(Ag, -)]), (2.7.11)
where (-,-) denotes the action of F' € (S)_1,_4 on exp®[w(Ag,-)], which
belongs to ((S)-1,—¢)* = (S)1,4 for |A| small enough, by Lemma 2.7.4.

(ii) Let F € (S)_, for some p < 1 and let ¢ € S(R?). Then the S-transform
of F' at A is defined by

(SEF)(Ap) = (F,exp®lw(Ag, -)]) (2.7.12)

for all A € R.

In terms of the chaos expansion we can express the S-transform as follows:

Proposition 2.7.6.  Suppose F =Y aoH, € (S)_1, and let ¢ € S(RY).
Then, if A € R with || small enough, we have

(SF)YAg) = Alag (6,1)%; ¢ € S(RY), (2.7.13)

«

where (¢,m)* = (¢,m)" (¢,72)* - -
Proof By (2.7.10) and (2.3.11) we have

(SF)(A¢) = (F,exp®w(A,)])

_ Zaa( Al (g ) ZW'% (6.1)
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Corollary 2.7.7. As a function of X the expression (SF)(\¢) is real analytic
and hence has an analytic extension to all A € C with |A| small enough. If
F € (S)-, for some p < 1, then (SF)(\$) extends to an entire function of
A eC.

From now on we will consider the S-transforms (SF)(A¢) to be these
analytic extensions.

Example 2.7.8. i) The S-transform of smoothed white noise F' = w(¢, -),
where ¢ € L2(R%), is, by (2.2.23) and (2.7.13),

(Sw(ty, ) (Ad) = D AW, 1) (¢,a;) = (A, ¥); ¢ € S(RY), A€ C. (2.7.14)
j=1

ii) The S-transform of singular white noise F' = W(z,-) is, by (2.3.33) and
(2.7.13),

(SW ZA% (¢,m5) = Ap(x); € S(RY),AeC. (2.7.15)

An important property of the S-transform follows: (Compare it with
Proposition 2.6.6.)

Proposition 2.7.9. Suppose F,G € (S)_1 and ¢ € S(R?). Then, if |\| is

small enough,

S(FoG)(\p) = (SF)(\o) - (SG)(\o). (2.7.16)

Proof Suppose F'= 3}, aaHa, G =3 ;b3Hs. Then by (2.7.13)

(SF)(Ag) - (SG)(\g) = (ZA'“ aa(é,n) )(Z/\lﬁibﬁ )

= 3 et by(g,m)e+P

—zm( 5 aabﬁ)w,w

a+pB=y
— S(FoG)(\).
O

The relation between the S-transform and the H-transform is the following:

Theorem 2.7.10. Let F € (S)_1. Then

(HE)(z1,29,...,2k) = (SF)(z1m1 + zem2 + - -+ + 2k (2.7.17)



2.8 The Topology of (S)y1 81

for all (z1,...,2) € CF with |z;| < (2d6§j)-~-5gj))_q/; 1 < j <k, where
q < 00 s so large that
Fe(8)-1,-4

with ¢ =d/d—1ifd<2,¢ =qifd=1.

Proof By (2.6.18) and (2.7.7), both sides of (2.7.11) are defined for all such
2= (21,...,2,) € CF. Suppose F has the chaos expansion

F:ZbaHa.
(6%

Then by (2.7.13) we have

(SF)(z1m + -+ + zink) Zb 2+t 2, )

—Zb 27 25?2t :Zbazo‘:(HF)(z),

as claimed. O

2.8 The Topology of (S)T,

The topologies of (8) and (S)pr ; 0 < p <1 are defined by the correspond-
ing families of seminorms given in (2.3.9) and (2.3.10), respectively. Since
we will often be working with the H-transforms of elements of (S)%, it is
useful to have a description of the topology in terms of the transforms. Such
a description is

Theorem 2.8.1. The following are equivalent:

a) X, — X in (S)V;
b) there exist 6 > 0,q < 0o such that X,,(z) — X(z) uniformly in Kq(0);

c) there exist 6 > 0,q < oo such that X,,(z) — X(z) pointwise boundedly in
Ky(0).

It suffices to prove this when N = 1. We need the following result (Recall
that a bounded linear operator A : Hy — Hy where H; are Hilbert spaces
i = 1,2, is called a Hilbert-Schmidt operator if the series }_, ; |(Aei, f5)]?
converges whenever {e;} and {f;} are orthonormal bases for H; and H,
respectively.):

Lemma 2.8.2. (8); is a nuclear space.

Proof Define

(S)r, = {f =S a1, < oo} (2.81)

[e3
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where || f||,,- is defined by Definition 2.7.1, so that
IF1E, =D calad)®@N)e, (2.8.2)

Then (S)1,, is a Hilbert space with inner product

(f,9)10 =D aaba(a)*(2N)™ (2.8.3)

when f = Za aoH, € (S)l,ra g= Eﬁ bﬁHﬂ € (S)l,r~

Therefore the family of functions
1 _ra
Hy, = —'(QN) 2 Hyyae J
a!

constitutes an orthonormal basis for (S); . By definition, (S); is the projec-
tive limit of (S)1,, i.e.,

If ro > ry + 1, then
1 —Troc 71
S N Ham i, = ZW(QN) 2 (al)?(2N)"
=) (@2N) (2T < oo,

by Proposition 2.3.3. This means that the imbedding (S)1,, C (S)1,r is
Hilbert—Schmidt if 9 > r1 + 1 and hence (S); is a nuclear space. O

Proof of Theorem 2.8.1. a) = b). First note that the dual (S)_1,_, of
the space (S)1,, is defined by

(8)-1r = {F =3 CaHai [FI2, = Y2 0EN) " < oo} .

Assume that X, =Y VWH, - X = Y o baHq in (S)—1. Since (S); is
nuclear (Hida (1980)), this implies that there exists rg such that X,, — X in
(8)-1,—r, as n — oco. From this we deduce that

—1—7"0

= sup { Z |bg")|2(2N)T°°‘} < 00.

M? = sup{||Xa )21, }
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Hence

X (2)] = > oM (2N) T (2N) e

[e%

Z b 2o

«

3 3
< (Sppem ) (e )
« «
<M(1+R)
if z € K,y (R), so {X,(2)} is a bounded sequence on K,,(R) for all R.

Moreover, since X, — X in (S)_1,,, we have, by the same procedure as
above, that

[Xu(2) = X(2)] =

Z(b((xn) —bq)2"

«

1
2

: <Z'b(a") —ba|2<2N)_r°a) (;Iz‘*lQ(zN)w‘*)é

«

<A+ R)|X,—X||-1,-r, =0 as n — o0,
uniformly for z € K, (R), for each R < 0.

b) = a). Suppose there exist § > 0, < 0o, M < oo such that X, (z) — X(z)
for z € K4(6) and |X,,(2)| < M for alln=1,2,...,2z € K (6).
For r < 0o and k a natural number, choose ¢ = (") = (C1y. .., ) with

¢ =(24)"" for j=1,... k.

Then
Z(2N)ro¢|<a|2 < Z(2N)—ro¢ < 82

for r large enough, say r > ¢.
Hence ¢ € K,.(6) for r > q1. Write X,, = 3, b{" H,,. Since | X,,(2)] < M
for z € K4(6), we have by Proposition 2.6.8

D B2 < MA(q) for all 2 € Kag(0).

Thus if » > max(3¢, q1), we get

Yo bleNnTe = Y e

« o
Index a<k Index a<k

> < Y IMIC < MA(g).

a
Index a<k
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Letting £k — oo we deduce that

K = sup |b{™|(2N)""® < oo,

which implies

S OBEIPEN) T <KDY BIY](2N) T < KM A(g).

So
[ Xnll—1,—2r < KMA(q) forall n.

A similar argument applied to X,, — X instead of X,, gives the estimate

1 X0 — X|| 1, 0r < KA(q) sup |X,(z) — X(2)].
z€K4(0)

The proof of the equivalence of b) and c¢) follows the familiar argument
from the finite-dimensional case and is left as an exercise. O

Stochastic Distribution Processes

As mentioned in the introduction, one advantage of working in the gen-
eral space (S)%] of stochastic distributions is that it contains the solutions
of many stochastic differential equations, both ordinary and partial and in
arbitrary dimension. Moreover, if the objects of such equations are regarded
as (S)Y,-valued, then differentiation can be interpreted in the usual strong
sense in (S)%,. This makes the following definition natural.

Definition 2.8.3. A measurable function

u: R — (S)Y,

is called a stochastic distribution process or an (S)Y,-process.

The process u is called continuous, differentiable, C*, C* etc., if the (S)V;-
valued function u has these properties, respectively. For example, the partial
derivative Ou/Oxy(x) of an (S)_1-process u is defined by

ou
Txk(xl,...,xd)
— im w(xy, .. o+ Az, xg) — (T, Thy e, Tg)

. (2.8.4)

provided the limit exists in (S)_1.
In terms of the Hermite transform @ (z)(z) = @(x; z), the limit on the right
hand side of (2.8.4) exists if and only if there exists an element Y € (S)_1
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such that

1

— [z, ...k + Azg, .o xa;52) — (T, Ty e, T 2] —>)~’(z)
A(Ek

(2.8.5)
pointwise boundedly (or uniformly) in K, (6) for some ¢ < 0o, > 0, according
to Theorem 2.8.1. If this is the case, then Y is denoted by du/dxy.

When we apply the Hermite transform to solve stochastic differential equa-
tions the following observation is important.

For simplicity of notation, choose N = d = 1 and consider a differentiable
(8)_1-process X (t,w). The statement that

dX(t,w) . 4
T—F(t,w) in (S)

is then equivalent to saying that

. 1 /= > =
Jlim (X(t A 2) - X (6 z)) — F(t;2)
pointwise boundedly for z € K,(4) for some ¢ < 00,0 > 0. For this it is
clearly necessary that

%?Z) = ﬁ(t;z) for each z € K,(9),

but apparently not sufficient, because we also need that the pointwise
convergence is bounded for z € K4(0). The following result is sufficient for
our purposes.

Lemma 2.8.4 (Differentiation of (S)_j-processes). Suppose X (t,w)
and F(t,w) are (S)_1-processes such that

% = ﬁ(t; z) for each t € (a,b),z € Ky(0) (2.8.6)

and that

F(t;z) s a bounded function of (t,z) € (a,b) x K4(9),
continuous in t € (a,b) for each z € Ky(6). (2.8.7)

Then X (t,w) is a differentiable (S)_1 process and

dX(t,w)

pra F(t,w) for allt € (a,b). (2.8.8)
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Proof By the mean value theorem we have
= (Rt +At2) — X(1:2)) = F(t + 04 2)
At b ) 9,
for some 6 € [0, 1], for each z € K,(4). So if (2.8.6) and (2.8.7) hold, then
1 ()?(t + Aty z) — X (t; z)) — F(t;z) as At—0
At b bl ) b
pointwise boundedly for z € K, (9). m|

Similarly we can relate the integrability of an (S)_j-process to the
integrability of its H-transform as follows:

We say that an (S)_1-process X(t) is (strongly) integrable in (S)_; over
the interval [a, b] if

/X(t,w)dt = ltlkrriOZX e, w) Aty (2.8.9)
exists in (S)_1, for all partitions a = tn < t; < -+ < t, = b of [a,b],

Aty = tgy1 — tr and i € [t}g,tk+1} fork=1,...,n—1.
Taking H-transforms and using Theorem 2.8.1, we get the following result:

Lemma 2.8.5. Let X(t) be an (S)_1-process. Suppose there exist ¢ < oo,
6 > 0 such that

sup{X (t; 2);t € [a,b], 2 € Ko(6)} < o0 (2.8.10)
and

X(t;z) is a continuous function
of t € [a,b] for each z € K4(9). (2.8.11)

Then X (t) is strongly integrable and

b b
/ X(t)dt| = / X (t)dt. (2.8.12)

Example 2.8.6. Choose N = m = d = 1 and let B(¢{,w) be Brownian
motion. Then (see Example 2.2.5)

00 t
B(t,w) = Z/gj YdsH ) (w),
0

i=1
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and so ,
B(t;z) = Z/gj(s)dszj; z € (CY)..
j=1 0
Hence _
dB(t;2) <= N
pra j;fj(t)zj, for each z € (CV)..
Moreover,
o0 2 oo o0
e @) @)
> &Mz < (Z & (1)(2N) 2 ) (Z |2 P (2N)? )
j=1 j=1 i=1

2 - N\ —2 @ |2 2« 2
< sup £ (1) > (2)) ;lz ?(2N)** < CR

Jj=1

for some constant C if z € Ky(R). We also have that

oo
t— Z &i(t)z; is continuous.
j=1

Since Y 77, &;(t)2; is the H-transform of white noise W (t,w) (see (2.6.8)),
we conclude by Lemma 2.8.4 that

dB(t,w)

pn =W(t,w) in (S)-1. (2.8.13)

(Compare with (2.5.27).)

Example 2.8.7. Let us proceed one step further from the previous example
and try to differentiate white noise W (t,w). (Again we assume m =d = 1.)
Since

W (t; 2) = Z & (t)z;; z € (CY),,

Jj =1

we get

Here the right hand side is clearly a continuous function of ¢ for each z.
It remains to prove boundedness for z € K,(J) for some ¢ < 00,6 > 0. From
the definition (2.2.1) of the Hermite functions §; together with the estimate
(2.2.5) we conclude that

sup |§(t)] < C7, (2.8.14)
t€la,b]
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where C' = C,  is a constant depending only on a,b. Hence

> oGz < (Z |£3<t>2<2N>4€<”> - (_Z zj|2<2N>4i‘”>

j=1
<0223 (25) Z\z 2(2N)** < ¢ R?

j=1

if z € K4(R); t € [a,b]. From Lemma 2.8.4 we conclude that

dW“’ Zg H.(w) in (S)_1. (2.8.15)

j=1

2.9 The F-Transform and the Wick Product on L*(u)

The S-transform is closely related to the Fourier transform or F-transform,
which is defined on L' () as follows:

Definition 2.9.1. Let g € Ll(um),qb c S(Rd). Then the F-transform,
Flgl(¢), of g at ¢, is defined by

Flol(6) = / £9) g () dpu(w). (2.9.1)

S’ (R4)

Note that if g € LP(u,,) for some p > 1, then g € (S)* (Corollary 2.3.8)
and hence, with 7 denoting the imaginary unit,

(89)(i6) = (g, exp®[w(igy, )]) = / exp®w(id, w)]g(w)du(w)

S’(R%)

- / exp®li(w, 9)]g(w)du(w)
S’(R%)

— esllel? / expli(w, ®)]g(w)dp(w)

S/(R)
= e2141° F[g) ().
This gives
Lemma 2.9.2. a) Suppose g € L' (um) N (S)—, for some p < 1. Then
Flgl(¢) = e 2191 (Sg)(ig) (2.9.2)
for all ¢ € S(RY).
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b) Suppose h € L*(j1,,) N (S)_1. Then for all ¢ € S(R?) we have
Flh)(Ap) = e 2N 19 (Sh)(ixg)  for |\ small enough. (2.9.3)

Proof a) We have proved that (2.9.2) holds if g € L?(j1,,). Since L?(p) is
dense in both (S)_, and L' (uy,), the result follows.

b) Choose hy, € L'(im) N (S)—, (for some fixed p < 1) such that h, — h in
L' () and in (S)_;. Then (2.9.2) holds for h,, for all n. Taking the limit as
n — oo we get (2.9.3). O

This result gives the following connection between F-transforms and Wick
products.

Lemma 2.9.3. a) Suppose X,Y and X oY € L'(puy,) N (S)—, for some
p <l
Then

FIX 0 Y)(9) = ezl FIX](9) - F[Y](9); ¢ € SRY). (2.9.4)

b) Suppose X,Y and X oY all belong to L*(pm) N (S)_1. Then for all
¢ € S(RY) we have

FIX o Y](Ag) = e2¥191° F[X)(Ag) F[Y](\o) (2.9.5)
for || small enough.
Proof a) By Lemma 2.9.2 a) and Proposition 2.7.9 we have, for ¢ € S(R?),
FIX 0Y](9) = e 21 (S(X 0 V) (i0)
= e 319 (SX) (ig) - (SY)(i9)
— e 1117 1912 FL X () 3190 £ Y] (0)
= e2 12" F[X](¢) F[V](9).
b) This follows from Lemma 2.9.2 b) in the same way. O

Using the F-transform we can now (partially) extend the Wick product
to LY (um) as follows:

Definition 2.9.4 (The Wick product on L'(i,,)). Let X,Y € L* ().
Suppose there exist X,,,Y,, € L?(j1,,) such that

X, — X in L' () and V;, — Y in L*(1,,) as n — oo (2.9.6)

and such that
lim X, oY, existsin L*(i). (2.9.7)

n—oo
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Then we define the Wick product of X and Y in L'(in,),denoted
X3Y, by
X3Y = lim X, 0Y,. (2.9.8)
n—oo
We must show that X3Y is well defined, i.e., we must show that

lim,, o X, ¢ Y, does not depend on the actual sequences {X,,}, {Y,}. This
is done in the following lemma.

Lemma 2.9.5. Let X,,,Y,, be as in Definition 2.9.4 and assume that X/, Y,
also satisfy

X! — X in L () and Y, — Y in L' (p) asn — oo (2.9.9)
and
lim X/ oY, exists in L' (fim). (2.9.10)
n—oo
Then
lim X! oY! = lim X, oY, = X3Y. (2.9.11)

Moreover, we have
FIxsY](9) = 219" F[xX)(9) FIY(9) (2.9.12)
for all ¢ € S(RY).
Proof Set Z =lim,_ . X,, ¢Y,. Then by Lemma 2.9.3 we have

Fl2](¢) = lim F[X, 0 Y,](9)

n—oo

= lim e%”‘b”zf[Xn](@f[Yn](d))

n—oo

= 214" F[X)(¢) FY)(9), ¢ € S(RY).

Similarly, we get, with Z/ = lim X oY,

F1Z')(¢) = e2*I" FX)(6) - FIY](9),

hence F|[Z](¢) = F[Z'](¢) for all ¢ € S(R?). Since the algebra € generated by
the stochastic exponentials exp[i{w, #)]; ¢ € S(R?) is dense in L?(i,,) (see
Theorem 2.1.3), a function in L!(j,,) is uniquely determined by its Fourier
transform. Therefore Z = Z’. This proves (2.9.11) and also (2.9.12). O

We can now verify that the two Wick products ¢ and ¢ coincide on the
intersection L1 (p,) N (S)_1.
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Theorem 2.9.6. Let X,Y € L' (um) N (S)—1. Assume that X3Y emists in
LY () and that X oY (the Wick product in (S)_1) belongs to L' (jt,,). Then

XY =XoY.

Proof By Lemma 2.9.3 (ii) we have that
FIX 0 Y](0) = 2N I F[X](A0) - FIY](A0)

for all ¢ € S(RY) if |\ is small enough. On the other hand, from
Lemma 2.9.5 we have that

FIxaY](y) = 2IVIF FIX](9) - FIY] (%)

for all ¢ € S(R?).
This is sufficient to conclude that XéY = X o Y. O

Remark In view of Theorem 2.9.6 we can — and will — from now on write
X oY for the Wick product in L' (p,).

Corollary 2.9.7. Let X,Y € L'(uy,), and assume that X oY € L' (i)
exists (in the sense of Definition 2.9.4). Then

E[X oY] = E[X]- E[Y]. (2.9.13)

Proof Choose ¢ =0 in (2.9.12). O

Functional Processes

As pointed out in the introduction, it is sometimes useful to smooth the
singular white noise W (z,w) by a test function ¢ € S(R?), thereby obtaining
the smoothed white noise process

Wy(z,w) = w(ds,w), (2.9.14)

where ¢, (y) = ¢(y — x); x,y € R? (see (2.1.19)).

The reason for doing this could be simply technical: By smoothing the
white noise we get less singular equations to work with and therefore (we
hope) less singular solutions.

But the reason could also come from the model: In some cases the
smoothed process (2.9.14) simply gives a more realistic model for the noise
we consider. In these cases the choice of ¢ may have a physical significance.
For example, in the modeling of fluid flow in a porous, random medium the
smoothed positive noise

Ky(z,w) = exp®[Wy(z,w)] (2.9.15)
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will be a natural model for the (stochastic) permeability of the medium, and
then the size of the support of ¢ will give the distance beyond which the
permeability values at different points are independent. (See Chapter 4.)

In view of this, the following concept is useful:

Definition 2.9.8 (Functional processes). A functional process is a map
X : S(RY x RY — L ().
If there exists p > 1 such that
X(¢,x) € LP(puy) for all ¢ € S(RY), z € RY,
then X is called an LP-functional process.

Example 2.9.9. The processes W y(z), Ky(z) given in (2.9.14) and (2.9.15)
are both LP-functional processes for all p < co.

In Chapters 3 and 4 we will give examples of smoothed stochastic differ-
ential equations with solutions X (¢, ) that are LP-functional processes for
p =1 but not for any p > 1.

2.10 The Wick Product and Translation

There is a striking relation between Wick products, Wick exponentials of
white noise and translation. This relation was first formulated on the Wiener
space in Gjessing (1994), Theorem 2.10, and applied there to solve quasilinear
anticipating stochastic differential equations. Subsequently the relation was
generalized by Benth and Gjessing (2000), and applied to a class of nonlinear
parabolic stochastic partial differential equations. The relation has also been
applied to prove positivity of solutions of stochastic heat transport equations
in Benth (1995).

In this section we will prove an (S)_;-version of this relation (Theorem
2.10.2). Then in Chapter 3 we present a variation of the SDE application in
Gjessing (1994), and in Chapter 4 we will look at some of the above-mentioned
applications to SPDEs.

We first consider the translation on functions in (S);.

Theorem 2.10.1. For f € (S); and wy € S'(R?), define the function T, f :
S'(RY) — R by
T f(W) = f(w+ wp);w € S'(RY). (2.10.1)

Then the map f — T, f is a continuous linear map from (S)1 into (S)1.
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Proof Suppose f € (S); has the expansion
= 2 callplw) = 3 calnn)”
where
(W, = (w, )" o (w,m2)*7 o
(see (2.4.17)). Then
flw+wo) = ea(w+wo,m =" ca({w,n) + (wo,m)*”
B B
=Y e [T (wimy) + (wo. ;)
5 j=1
=2 e 1 ( (ﬁj)w ) wo,my) w)
5 g1 Nyy=0 N
S X () () e ome
5 o<wesp NN
<w0 m >(51 Y1) . <w0’772>(52—72) ..
= <ﬂ) (w, ) (wo,m)’ 7,
5 0<y<p N
where we have used the multi-index notation
(5) _ <51> (52) U - L. N |
gl Y1/ \2 1B —7)! 2! (Be —2)! (B —)!
Hence the expansion of f(w + wp) is
flw + wo) ZZ%( ) wo, NP (w, )
v Bzy
Introduce
B _
by = Z 05< (wo, 7).
B2y 7
To show that f(w + wp) € (S)1, we must verify that
Z b2 (7))’ (2N)?" < oo forall ¢ €N. (2.10.2)
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Choose g > 2. Since we have f € (S)1, we know that for all » € N there
exists M(r) € (0,00) such that

c3(BN?(2N)*P < M?(r) for all 3,

ie.,

lcg) < M(r)(B)"H2N)"F for all .

Therefore, with r to be determined later,

2
S <Y (Z M(r) (8 (2N) (f) <w0,77>ﬁ_7> (122N

v B2y
2
<MY (Z(wo,ﬂ>ﬁ_7(2N)_rﬂ) (2N). (2.10.3)
vy B>y

By Theorem 2.3.1 we can write wg = Z;’il bjn;, where
DB @) (0) 0 < oo
j=1

for some 6 = (61,...,04). Setting 6y = max{6;;1 < j < d}, we get

ST 0209870 < oo,
j=1

By Lemma 2.3.4 this implies that
Z b?j*‘%d < 00.
j=1
In particular, there exists K € (1,00) such that
[{wo, )] = |bj] < K - j%4. (2.10.4)
Using this in (2.10.3), we get

J(g) < M(r)* ) (Z(KN)QOd(ﬁ”)@N)”’) (2N)77.

vy B>~

Now choose
r = 0od(1+log, K) + q+ 2. (2.10.5)
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Then we get
J(g) < M(r)? ; <ﬁ>v Keodwweodamem)Q -
< M(r)’ ; (ﬁMNeodﬁg<q+z>|ﬁ|Noodﬂ(q+z>g>2 (2N)
— M(r)? ; <ﬁ>’y(2N)q52ﬁ>2(2N)q»y
< MY L (M@wa)Q(mw
<o 3 (e e

sy
\Y
o
2
\
o

This proves (2.10.2), and we conclude that T,,, f € (S);.

It is clear that the map f — T, f is linear. Finally, to prove that f — T, f
is continuous from (S); into (S)1, note that the argument above actually
shows that T,,, maps (S)1, into (S)1,, when r is given by (2.10.5). This
proves the continuity, for if f,, is a sequence in (S); converging to 0 and

Nigr={f € S)gllf

1, < R}

is a neighborhood of 0 in (S);, then Ty, f,, € N1 4 r if n is so large that we
have f, € (S)1,r. O

Remark It is proved in Hida et al. (1993), Theorem 4.15, that T, is a
continuous linear map from (S)(= (S)o) into (S). In Potthoff and Timpel
(1995), the same is proved for the translation operator on the space (G).

Definition 2.10.2. Fix wy € S'(R?).

a) The map Ty, : (S)1 — (S)1 is called the translation operator.
b) The adjoint translation operator is the map

T35, : (S)-1 = ()=

defined by
<T;0X’ f> = <X7 Twof>§ Ie (S)le € (S)fb (2106)
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Remark Note that 77; maps (S)_; into (§)_1 because of Theorem 2.10.1.

The following result is the (S)_j-version of Lemma 5.3 in Benth and
Gjessing (2000) (see also Prop. 9.4 in Benth (1995)).

Theorem 2.10.3 Benth and Gjessing (2000). Let wy € S'(R?) and
X €(S)-1. Then
T; X = X oexp®lw(wo)], (2.10.7)

where

w(wo, w Zwo,m o (W) € (8)*. (2.10.8)

18 the generalized smoothed white noise.

Proof First note that from (2.10.4) it follows that w(wo,:) € (S)*.
We verify (2.10.7) by proving that S-transforms of the two sides are equal:
For ¢ € S(R?) and |A| small enough we have (see (2.7.11))

(T3, X, exp®[w(Ae, )])
= (X, Two(exp [w(Ag,-)])
= (X, exp®[(w + wo, A@)])
= (X, exp®[{w, A@)]) - exp[(wo, Ad)]
= (§X)(A0) - (Sway ) (A9)
= S(X 0wy, )(AP).

(ST, X) (M) =

By Theorem 2.7.10 and the uniqueness of the Hermite transform on (S)_1,
the theorem is proved. |

Corollary 2.10.4 Benth and Gjessing (2000). a) If X € (S)_1 and
wo € S'(RY), then

(exp®w(wo)] o X, f) = (X, Too f); f € (S)1- (2.10.9)

b) If X € (S)1, f € (S)1 and wo = ¢ € L*(RY), then

/f (exp®[w(g)] o X)( /X (w+ @)du(w). (2.10.10)

Proof a) follows directly from (2.10.7). Version b) is an (S)1-version
of a). O

In particular, as observed in Benth and Gjessing (2000), if we choose
X =1, we recover a version of the Girsanov formula.
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Corollary 2.10.5. Let f € LP(u1) for some p > 2 and let ¢ € L*(R?).
Then f(w+ ¢) € L*(u1) and

/f - exp*[u(6)] (@) dpa (w /fw+¢> dp (). (2.10.11)

Proof Fix p > 2 and ¢ € L%(R9). Choose f, € (S); such that f, — f in
LP?(u1). Then by (2.10.10) we get that (2.10.11) holds for each f,, and with
o =1/2p, ie.

S//fn(w)-expo {wGw)]( )dp (w /fn<w+ ga)dul( e n=1,2,...

Since exp®[w(1/2¢)] = explw(1/2¢) — 1/8||¢||2, Rd)] is in L(pq) for all
q < oo, we have by the Holder inequality that f, - exp®lw(1/2¢)] — f -
exp®[w(1/2¢)] in L?(u1). Therefore

2
/(fn _fm)Z(eXp<> |:w <;SO> ]) dup — 0 asm,n — o0
S

This is equivalent to

/(fn — f)? exp®[w()]dus — 0 as m,n — oo
Sl

By (2.10.10) this implies that

/(fn(w + @) = fnl(w + ©)%dp (w) — 0 as m,n — oo
Sl

and hence {f,(- + ¢)}>, is convergent in L?(uy). Since a subsequence of
{fn} converges to f a.e., we conclude that the L?(j1) limit of f,,(-+¢) must

be f(- + ). O

The following useful result first appeared in Gjessing (1994), Theorem 2.10,
in the Wiener space setting, and subsequently in Benth and Gjessing (2000),
Lemma 5.6, in a white noise setting (for the spaces G,G*). We will here
present the L?(u)-version of their result.

Theorem 2.10.6 (Gjessing’s Lemma). Let ¢ € L*(R?) and X € LP(u;)
for some p > 1. Then X o exp®[w(¢)] € LP(u1) for all p < p, and almost
surely we have

(X oexp®[w()])(w) = T X (w) - exp®[w(9)](w)- (2.10.13)
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Proof First assume X € (S); and choose f € (S)1. Then, by (2.10.10) and
(2.10.11),

/ F(@)-(X o exp®uw(6)])(w)dp ()
J
- / X(@)f(w + 6)djua (@)
J
= /X(w — @) f(w) exp®[w ()| (w)du1 (w). (2.10.14)
J

By Corollary 2.10.5 we know that X (- — ¢) € LP(uq) for all p < p and
hence the same is true for X (- — ¢) - exp®[w(¢)]. Since (2.10.14) holds for all
f€(S)1 and (S)1 is dense in L7(py) for all ¢ < oo, we conclude that

X oexp®lw(9)] = X(w — @) - exp®[w(¢)], almost surely,

as claimed. O

2.11 Positivity

In many applications the noise that occurs is not white. The following exam-
ple illustrates this.

If we consider fluid flow in a porous rock, we often lack exact information
about the permeability of the rock at each point. The lack of information
makes it natural to model the permeability as a (multiparameter) noise
(see Chapter 1). This noise will, of course, not be white, but positive, since
permeability is always a non-negative quantity. In this section we will discuss
the positivity in the case of distributions and also in the case of functional
processes. Let (S); and (S)_1 be the spaces defined in Section 2.3.

Definition 2.11.1.  An element ® € (S)_; is called positive if for any
positive ¢ € (S§)1 we have (®,¢) > 0. The collection of positive elements in
(S)_1 is denoted by (S)T.

Before we state an important characterization of positive distributions, we
must provide some preparatory results. For simplicity we assume d = 1. Let
A be an operator on L?(R) given by

A= —(;;)2—1-(1”2—&—1). (2.11.1)

Then the Hermite function &,,n > 1 is an eigenfunction of A with eigenvalue
2n. Let S, (R) be the completion of S(R) under the norm |-|3 , := [|AP-[| L2(w).
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Denote by S_,(R) the dual space of S,(R), with the norm | - |2 _p. It is well
known that S(R) is the projective limit of S,(R),p > 0 and S'(R) is the
union of S_,(R),p > 0, with inductive topology.

Lemma 2.11.2 Kondratiev et al. (1995a), Corollary 1. Letp > 0
be a constant such that the embedding Sp(R) — L?*(R) is Hilbert-Schmidt.
Assume that ¢ € (S)1. Then for any € > 0, there exists a constant C; , such
that

|p(x)| < Ceplloll1pe!™27; € S_,(R). (2.11.2)

Proof See Corollary 1 in Kondratiev et al. (1995a). O

Theorem 2.11.3 Kondratiev et al. (1995a), Theorem 2. Let & €
(S)T,. Then there exists a unique positive measure v on (S'(R), B(S'(R)))
such that for all ¢ € (S)1,

(®, ) = / é(x)v(dz). (2.11.3)
)

S'(R

Proof We will construct the measure v by estimating the moments of the
distributions. Since the polynomials P C (S)1, we can define the moments of
the distribution ® as

Mn(Cl;CQau'?Cn) = <<I)a H<’<j>>7 n e Nv]- S .7 S n, Cj € S(R)

i (2.11.4)
My = (®,1).
First assume (1 = (2 = -+ = (, = ¢ € S(R). Since ¢ € (S)_,, for some
p > 0, we have
(@, (O™ < NP1, O™ M1, (2.11.5)

To obtain a bound of [|(-,{)"||1,p, we use the well-known Hermite decom-
position (see Appendix C)

k

n! 1

L An — 22, ®n=2kgp®n=2k (911,

0" =3 e~ gl ) [ o (2.11.6)
k=0 Rn—2k

But for any integer n > 1,

/ CondB®" = Y7 (P65 / §ondBEI = % (¢, €9%) Ha(w).
R R

lal=n lal=n

(2.11.7)
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Hence,

2
H / <®ndB®n
R™ Lp

= > {Em 52 (al)?(2Np

le|=mn

< ( > <<®",f®“>2<2N>m> (n1)?

lal=n

- W( > <<A5>®"<®",§®a>2> = (IR

laj=n

(2.11.8)

Observe that [;, (¥"dB®",n > 1, are orthogonal in (S)_,. Thus we
obtain from (2.11.6) and (2.11.8) that

(5] nl 2
1O™ME, =Y <k'(2k)'2k> I¢I175 Ry /C®n_2kd3®”_2k
k=0 ’ Rn 1,p
(5] oon
)?[¢157s Z 52720 < ()24 ¢ C, (2.11.9)

where C' = Y"77, 272" /(k!)?. By the polarization formula, this implies

n

H<'7Cj>

j=1

<2 (n)) ﬁ 1Gila,2- (2.11.10)

Lp j=1

Hence we obtain from (2.11.4) that

Mo (G G)l < 0] vE2 () TT 16z (211.11)

j=1

Due to the kernel theorem — see Gelfand and Vilenkin (1964) — the follow-
ing decomposition holds:

Ma(Cty s G) = (MM G ®G®- & (), (2.11.12)

where M(™ ¢ S'(R)®™. The sequence {M™ . n € N} has the following
property of positivity: For any finite sequence of smooth kernels { f (") ne N},
i.e., that f( € S(R)®", f(") =0,n > ny

no

S (MED f 0 @ f0)) = (@, ]¢]?) >0, (2.11.13)

k,j

where ¢(z) = > 10 (z®", fM),z e S'(R).
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By the result in Berezansky and Kondratiev (1988), (2.11.11) and (2.11.13)
are sufficient to ensure the existence of a uniquely defined measure v on the
probability space (S'(R), B(S'(R))), such that for any ¢ € P

(@, $) H(w)v(dw). (2.11.14)

S'(R)

By Corollary 2.4 in Zhang (1992), it is known that any element ¢ € (S); is
defined pointwise and continuous. Thus to show (2.11.14) also holds for any
¢ € (S)1, by Lemma 2.11.2 it suffices to prove that there exists p’ > 0 and
€ > 0 such that exp[e|z|2,—,/] is integrable with respect to v. Choose p’ > p/2
such that the embedding i# : Sy (R) — S,/2(R) is of the Hilbert-Schmidt
type. Then we let {ex,k € N} C S(R) be an orthonormal basis in S, (R).
This gives

oo

23 =) (x,er) 2 € S_p(R) (2.11.15)

k=1

and

/ RESIOED SR DR (N R e S Y

k=1 ka=lg/(p)

Using the bound (2.11.11), we have

[l de) < 1V 2 WSS e e s

S'(R) ki=1  k,=1

= @] -1,V C2*" 20| |l 6)*"

because
oo

. /
S lesldp = 17113,

k=1

For an arbitrary integer n > 1,

/leg _pv(dw) (/|w|2 ' u( dx)éz/(S’(R))é

S'(R) S'(R)

1 ! n %
< Il —pCt2m - 2m (|, )" My, (2.11.16)

where we have used that (2n)! < 4"(n!)? and v(S'(R)) = My < +o0. Choose
e < 1/4|% |,L. Then
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o0 6 N
/ exple|w]a, _p |v(dw) = Z - w5 _ v (dw)
S'(R) n
1 1 > o n
< Mg Cay/||@]|-1,—p Z(e4llz” [l s)™ < +00.
(2.11.17)
O

Let X =) caHqy € (S)* (the Hida distribution space defined in Section
2.3). As we know, the Hermite transform of X is given by

HX(z) = X(2) = anzo‘, 2= (21,22, 2n,...) € CN. (2.11.18)

By Lindstrgm et al. (1991), Lemma 5.3, and Zhang (1992), X (z) converges
absolutely for z = (z1,...,2,,0, 0,...) for each integer n. Therefore, the
function )}(")(21, ceeyZn) = )Z'(zl, 29y...,2n,0---0) is analytic on C" for
each n. Following Definition 2.11.1, we can define the positivity in (S§)*. The
following characterization is sometimes useful.

Theorem 2.11.4 Lindstrgm et al. (1991a). Let X € (S)*. Then X is
positive if and only if

gn(y) == XM (iy)e 2%, y e R™ (2.11.19)
is positive definite for all n.

Before giving the proof, let us recall the definition of positive definiteness.
A function ¢(y),y € R", is called positive definite if for all positive integers
m and all y, ... 4™ € R" a = (ay,...,a,) € C™,

> azarg(y? —y™) > 0. (2.11.20)
7,k

Proof Let d\(z) be the standard Gaussian measure on R, i.e., the direct
product of infinitely many copies of the normalized Gaussian measure on R.
Set F(z) = X" (2), for z = (21,...,2,) € C". Define

Jn(l‘) = Jn(xla s ,an) = /jz'(n) (l' + Zy)d)\(y)
= /F(a:+z‘y)e*%|y‘2(27r)*%dy, (2.11.21)

where y = (y1,...,Yn), dy = dy1 - - - dyn.
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We write this as

In(z) = ezl /F(z)eéz ceT @) (o) T E dy

1

e /G(z)efiu,y)dy, (2.11.22)

where z = (Zlv' . '5Zn)7zk = Tk +iyk,2’2 = Z%+ : +Z%7 (Ivy) = ZZ:lIkyka
2
and G(z) := F(z)e2* is analytic. Consider the function

f(z,n) = /G(x +iy)e "MV dy . n e R™. (2.11.23)

Using the Cauchy—Riemann equations, we have

of G _inw) / LO0G
A Rl Wy = ) = o= mY) gy
811 a$1 € Y ( Z)ayle 4
But
+oo PYe. +oo
/ (*i)afylefimyldyl =1 / G(z)e™ "™V (—in1)dy.
This gives
Of(x,n)
—_ = . 2.11.24
D, nf(z,n) ( )
Hence we have f(x1,22,...,2,;n) = f(0,22,...,2,;7)e™* and so on for
T3, ...,T,. Therefore,
o) = £ = 1) [ Glag)e 0y (2.11.25)

We conclude from (2.11.21)—(2.11.25) that
Jo(x) = el (2m) 7% / X (iy)e ol =i gy
=e3lg (2), (2.11.26)
where §,(z) = (2m)™/2 [ g,(y)e~"@¥)dy is the Fourier transform of g,.

Note that g, € S(R™), and hence g, € S(R™). Therefore, we can apply
the Fourier inversion to obtain

3nw) = 20)# [ gu(0) s = 2m) [y (cape Hel e g

_ / (=)@ A (z) = / To(@)e= 1= (), (2.11.27)
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soif yM, ...,y € R” and a = (a1, ...,am,) € C™, then
> augn(s? ~y*) = [ )P ()dA @), (211.28)
.k

where y(z) = 37" aje= ™" Since

/ndB = </nl(t)dB(t),/ng(t)dB(t),...,/nn(t)dB(t),...>

has distribution dA(x), we can rewrite (2.11.28) as

iajdkgn(y(j) —y)) = E[’y(/ndB) 2%(/7}(13)}, (2.11.29)

j.k
since (S) is an algebra (see, e.g., Zhang (1992)), we have that
Iv([ ndB)|? € (S). Since J, ([ ndB) — X in (S)*,

> ajangn(yV) —y™) =< X, ‘7(/?7613 < )
7,k

2
>, as mn — +oo.

(2.11.30)
So if X is positive for almost all w, we deduce that
m )
i Zk ajarga(y? —y®) > 0. (2.11.31)
J

But with y®,...,y(™ € R” fixed, gn(y(j) — y(k)) eventually becomes
constant as n — +00, so (2.11.31) implies that g, (y) is positive definite.

Conversely, if g, is positive definite, then, by (2.11.27), J,(x) > 0 for
almost all x with respect to d\, and if this is true for all n > 1, we have that

X(w) = lirrln Jn</77dB> is positive. -

Remark Let X € L%(u1) C (S8)*. Then X is positive in (§)* if and only if
X is a non-negative random variable.

Definition 2.11.5. A functional process X (¢,x,w) is called positive or a
positive noise if
X(¢p,z,w) >0 for almost all w (2.11.32)

for all ¢ € S(R?),z € RY.

Example 2.11.6. Let w(¢) be the smoothed white noise defined as in
Section 2.6. Then the Wick exponential exp®[w(¢,w)] is a positive noise.
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This follows from the identity (see 2.6.55)
o 1 2
exp®lu(6,w)] = exp [w(o,) — 5[10]1].

Corollary 2.11.7. Let X = X(¢,w) and ¥ = Y(o,w) be positive
L2-functional processes of the following form:

X(¢,w) =Y aa(6®1) Hy (),
“ (2.11.33)
Y(¢,w) = ba(¢1) Ha (w).

where aq, b, € H™*(R™) for some s. If X oY is well defined, then X oY is
also positive.

Proof For ¢ € S(R?), consider X ™ (¢, iyy)e~1/214* as before and, similarly,
Y (™) (g, iy)e*1/2|y‘2. Replacing ¢ by p¢ where p > 0, Theorem 2.11.3 yields
that

9 (y) = X (4, ipy)efé"”l2 is positive definite,

hence

on(y) == XM (o, z'y)eiél%‘2 is positive definite, (2.11.34)
and, similarly,

Yu(y) = Y™ (4, iy)e 215" is positive definite. (2.11.35)

Therefore the product o,7v,(y) = (X'(”)(qﬁ)?(")(qb))(iy)e_‘%‘z
definite. If we choose p = v/2, this gives that

is positive

H(X oY) (g, z'!y)e_%'y‘2 is positive definite.

So from Theorem 2.11.4, we have X oY > 0. O

Exercises

2.1 To obtain a formula for E[(-, $)"], replace ¢ by a¢ with o € R in equation
(2.1.3), and compute the nth derivative with respect to a at & = 0. Then
use polarization to show that we have E[{-,¢)(-,¥)] = (¢,v) for functions
¢ € S(RY).

2.2 Extend Lemma 2.1.2 to functions that are not necessarily orthogonal in
L3(RY).
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2.3 Show that E[|B(z1) — B(z2)|Y] = 3|a1 — 2|2

2.4 Prove formula (2.1.7). (Hint: Set F(a,3) = [; eot=Bqt for B > 0.
Verify that 0F/9f = 9*F/0a? and F(0,8) = (7/8)'/?, and use this to
conclude that F' must coincide with the right-hand side of (2.1.7).)

2.5 Give an alternative proof of Lemma 2.1.2. (Hint: Use (2.1.3) to prove that

the characteristic function of the random variable ((w, &1), (w, &), . . ., (w, &)
coincides with that of the Gaussian measure A, on R".)

2.6 Prove statement (2.1.9): If ¢ € L?(R?) and we choose ¢, € S(R?) such
that ¢, — ¢ in L?(R?), then

(w,d) := lim (w, ¢,,) exists in L?(p)

n—oo

and is independent of the choice of {¢,}. (Hint: From Lemma 2.1.2 (or from
Exercise 2.1), we get E[(w, $)?] = ||#]|? for all ¢ € S(RY). Hence {(-, ¢,) }3°_,
is a Cauchy sequence in L?(yu;) and therefore convergent.)

2.7 Use the Kolmogorov’s continuity theorem (see, e.g., Stroock and
Varadhan (1979), Theorem 2.1.6) to prove that the process B(z) :=
(W, X[0,21]x---x[0,24)) defined in (2.1.10) has a continuous version.

2.8 Find the Wiener—It6 chaos expansion (2.2.21),

flw) = Z caHao(w); o € RY,

aceJ

for the following f € L?(u,,) (when nothing else is said, assume N = m = 1):
a) f(w) =w?(¢,w), ¢ € S(RY). (Hint: Use (2.2.23) and (2.4.2).)

b) f(w) = B°%(z,w); = € RY (Hint: Use (2.2.24) and (2.4.2).)

¢) f(w) = B%*(z,w); x € RY (Hint: Use b) and (2.4.14).)

d) f(w) = B3(z,w); z € RY (Hint: Use (2.4.17).)

e) f(w)=exp®w(n,w)]. (Hint: Use (2.6.48).)

f) f(w) = explw(n,w)]. (Hint: Use (2.6.55).)

g) m>1, f(w) = Bi(z,w) + -+ Bp(z,w); z € R (Hint: Use (2.2.26).)

h) m > 1, f(w) = B¥(z,w) + -+ + B2 (z,w); * € RY. (Hint: Use (2.2.26)
and c).)

i) N>1, f(w) = (2B(z,w) + 1, B} (z,w))

2.9 Prove (2.4.15):
w(g) ow(¥) = w(d) - w(y) - (¢,¢)
for all ¢,¢ € L?(R?). (Hint: Use (2.4.10) and (2.2.23).)
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2.10 Let F € L*(u) N (S)—1, with chaos expansion
S

Prove that E[F] = ¢g. (Hint: Combine (2.9.1) and (2.9.3) when ¢ = 0).
2.11 Let Ky(z,w) = exp®[Wy(z,w)] be as in (2.6.56). Prove that

E[Ky(x,-)] = 1 and Var[Ky(z, )] = exp]|¢]*] -

(Hint: Use (2.6.54) and (2.6.55).)
2

2.12 Let ¢ be normally distributed with mean 0 and variance o~.
Prove that

E[¢**] = 2k —1)(2k —3)---3-1-0%" for k € N.

(Hint: We may assume that o = 1. Use integration by parts and induction:

E[¢*] = / 22 d\(z) = / z - 2?7 A\ ()

R —R

2k—1  —3a? 1 / 2k—2
= —z e 2 o — 4 [(2k—1)x dX\(x),
| =+ [er-neaw

oo R

with dA(z) = dA1(z) as in (2.1.4).)
2.13 For X € (8)_-1 we define the Wick-cosine of X, cos®[X], and the
Wick-sine of X, sin®[X], by

oo

cos® E

n=0

and

_ <>(2n—1)
sin’ _Z 2n—1 ’

n:l
respectively. Prove that
a) cos®[w(¢)] = exp [5]|6]*] - cos[w(4)]
b) sin®[w(p)] = exp [3]|¢]]?] - sin[w(e)].
(Hint: Use Lemma 2.6.16 and the formulas

cos? ()] = 5 (exp*[w(i9)] + exp (i)
sin®[w(9)] = o (exp° w(i6)] — exp?luo(~i6),

where i = /—1 is the imaginary unit.)
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2.14
a) Prove that

oo

exp®[— exp®] Z

71

n? o
exp | mu(@) — 1017 .
where the right-hand side converges in L!(p).
b) Give an example to show that the Wick exponential exp®[X] need not in
general be positive. In fact, it may not even be bounded below.

(Hint: Consider f(z,y) = > -, (—=1)"/n!exp[nz —n?y?]. If we have that
r=2y%>>2In(3+ M) for M > 0, then f(x,y) < —M.)
2.15

a) Show the following generating formula for the Hermite polynomials:

exp { T — tQ] Z

(Hint: Write exp[tz — 1/2t%] = exp[1/22?] - exp[—1/2(z — t)?] and use

Taylor’s Theorem at t = 0 on the last factor. Then combine with Defini-
tion (C.1).)

b) Show that

exp [t~ 51o1°] = 3 140, (50

for all ¢ € L?(R%), where ||¢[| = ||| p2ga)-
¢) Deduce that

oo 50 1] = 3 (P2 a0,

n=0

d) Combine b) with Lemma 2.6.16 and (2.6.48) to give an alternative proof

of (2.4.17):
w(@)*™ = 6]k (lfj"")

for all n € N and all ¢ € L?(R%).

2.16 Show that exp®[w(¢)°?] is not positive.
2.17 Show that

| exp® 0@l 2o = exb (0 = D260z

for all n € N, ¢ € L2(R9),p > 1.
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2.18

a) Show that exp®[exp®[w(¢)]] € (S)—1 N L (u).
b) Show that if p > 1, then exp®lexp®(w(¢)]] ¢ LP(1).

2.19 Let ¢ = x[o,- Use It6’s formula to show that

a) [, [, v®2dB®? = B2(t) —t.
b) [s ¥E3dBE? = B3(t) — 3tB(t).
(Compare with (2.2.29).)

2.20 Let ¢ € (S1). Prove that ¢ is pointwise defined and continuous on §'(R).
(Hint: Use Definition 2.3.2 and formula (C.2).)

2.21 Consider the space L*(R,\) where

A7) = ——e37%g
x) = e z.

o
Let h,(z);n = 0,1,2,... be the Hermite polynomials defined in (2.2.1). In
this 1-dimensional situation we can construct (S) and (S)* as follows: For
p > 1, define

(8)p = {um =3 cahala) € L(RA): Y dnl2™ < oo};
n=0

n=0

set (S) =(1,51(S)p and (8)* = (S)’, the dual of (S). Prove that if f € (S)1,
then B

fz)exp [— ;x“} e S(R).

2.22 Let G be a Borel subset of R. Let F¢ be the o-algebra generated by all
random variables of the form

/XA(t)dB(t) = /dB(t); A C G Borel set.
R A

Thus if G = [0, t], we have, with F; as in Appendix B, Fjg , = F; for t > 0.
a) Let g € L?(R) be deterministic. Show that

E[ / g(t)dB(tﬂfG} _ / xa(g(t)dB().

b) Let wv(t,w) € R be a stochastic process such that wv(t,-) is
Fi N Fg-measurable for all ¢ and

E|:/U2(t,w)dt:| < oo0.

R
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Show that [, v(t,w)dB(t) is Fg-measurable. (Hint: We can assume that
v(t,w) is a step function v(t,w) = >, vi(wW)X[t,,t,,.)(t) Where v;(w) is
Fi, N Fg-measurable. Then

/G v(t,w)dB(t);Gn[t’ /t )vi(w)dB(t)

— Y () / dB(t).)
i GNlti,tist)

c) Let u(t,w) be an Fi-adapted process such that

E[/uz(t,w)dt] < 0.

Show that

E{/u(t,w)dB(t)U—'G} = /E[u(t,w)|fg]dB(t).
R G

(Hint: By b) it suffices to verify that

Bl [utwano)| = £|1)- [ Bt w7t
R G

for all f(w)= [,dB(t),ACG.)
d) Let f, € L*(R™). Show that

E /fndB®n|fG :/fn(tlv---vtn)XG(tl)'"XG(tn)dB®n(t1a-~-vtn)'
Rn R’VL

(Hint: Apply induction to c).)

e) We say that two random variables ¢1, ¢2 € L?(u) are strongly independent
if there exist two Borel sets G1, G2 C R such that ¢; is Fg,-measurable
for ¢ = 1,2 and G; N G2 has Lebesgue measure 0. Suppose ¢1, ¢p2 are
strongly independent. Show that ¢; © ¢o = ¢1 - d2. (See Example 2.4.9.)
(Hint: Use Proposition 2.4.2 and d).)

2.23 Find the Wiener-It6 expansion (2.2.35)

oo

Fw)=3" | fadB®; f, € LX(R")

n=0 /R"
of the following random variables f(w) € L?*(u) (N =m=d = 1):
a) f(w) = Blto,w); to >0
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b) f(w) = B?(to,w); to >0

¢) f(w) = exp[fg g(s)dB(s,w)]; g € L*(R) deterministic

d) f(w) = B(t,w)(B(T,w) — B(t,w)); 0<t<T.

(Answers:

a) fo=0, fi = X[,to], fn=0forn>2.

b) fo= th J1 =0, fa(t1,t2) = X[o.t0) (t1) - X[0.t) (t2), frn =0 for n > 3.

¢) fo=expli H9HL2(R)] ®n for all n > 0.

d) fo =0, fi =0, fo(t1,t2) = %(X{t1<t<t2<T} + X{to<t<ti<r})s fn =0

for n > 3.)
2.24 Find the following Skorohod integrals using Definition 2.5.1:
fo (to,w)dB(t); 0<tg < T

fo fo (5)6B(t), where g € L*(R) is deterministic.
¢) [ B%(to,w)8B(t); 0 <ty <T.
d) [ exp[B(T,w)]dB(t).

e) Ji B(t,w)(B(T,w) — B(t,w))B(t).
(Hint: Use the expansions you found in Exercise 2.23.)

(Answers:

a) B(to)B(T) — to.

—

' n+1 (%)
e) $(B(T)*-3TB(T)).)

2.25 Compute the Skorohod integrals in Exercise 2.24 by using the Wick
product representation in Theorem 2.5.9. (Hint: In e) apply Exercise 2.12
e).) Remark: Note how much easier the calculation is with Wick products!

2.26 Let
w(p,w) = ((w1, d1), (w2, ¢2))

be the 2-dimensional smoothed white noise vector defined by (2.1.27). Define

We(0,w) = (w1, ¢2) + (w2, ¢2),
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where ¢ = y/—1 is the imaginary unit. We call w. the complex smoothed white
notise.
Prove that

Wi (¢,w) = Wi (¢, w).
For generalizations of this curious result, see Benth et al. (1996).

2.27 Let
w(wy) = w(wy,w) =Y (w1,n;)He, (w) € (8)*; wi € S'(RY)
j=1

be the generalized smoothed white noise defined in (2.10.8). Prove that
exp®[w(wy + wa)] = exp®[w(w)] © exp®[w(w2)].
(Note that both sides are functions of w € S’'(R%).)
2.28 Let wy,ws € S'(RY). Prove that
T3 4w = T0,T0, = T35, 15,

(Hint: See Theorem 2.10.3 and use Exercise 2.24.)

2.29 In this exercise, we let ¢ denote the Hermite function of order k € N,
ie., ¢(x) = &k (x) where & (x) is given by (2.2.2).
a) Define X (w) =77 janw(¢)°", where

oo
Z (n!)?a? < oco.
n=0

Show that
Z anhn(z) € L*(R,dN),
where 1
d\(z) = e~ 3% dx
(z) or
and that

(Hint: See Exercise 2.15.)
b) Define

n

—Oo(_iw om _ 1 exp® —lw o2
=3 e = e (-5u).
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This is called the Donsker delta function. Note that 6(w(¢)) € (S)*. Show
that X € (S); and that

(0(w(9)), X) = ¥x(0).
¢) Show that no element Z € (S)_; can satisfy the relation
Zow(p) =1.

d) In spite of the result in c), we can come close to a Wick inverse of w(¢)
proceeding as follows:
With a slight abuse of notation, define

o k
Z 2k+2 2k + 2)2Fk

(¢)0(2/€+1)'

Show that w(¢)~°! € (S)_; and that
w(@) ™ ow(¢) =1 - V2rd(w(9)).
w(p)~°t is called the Wick inverse of white noise. See Hu et al. (1995) for

more details.

2.30 Prove (2.3.38), i.e., that W(t) = L B(t) in (S)*.

dt



Chapter 3

Applications to Stochastic Ordinary
Differential Equations

As mentioned in the introduction, the framework that we developed in
Chapter 2 for the main purpose of solving stochastic partial differential equa-
tions, can also be used to obtain new results — as well as new proofs of old
results — for stochastic ordinary differential equations. In this chapter we will
illustrate this by discussing some important examples.

3.1 Linear Equations

3.1.1 Linear 1-Dimensional Equations

In this section we consider the general 1-dimensional linear Wick type
Skorohod stochastic differential equation in X (t) = X (t,w)

AX(0) = g(t,wydt +r(t,w) o X(Odt + 3 eslt, ) o XWIBH) g )

X(O) = XO(w)>

where g(t,w), r(t,w), Xo(w) and «;(t,w); 1 < i < m, are random functions,
possibly anticipating. B(t) = (B (t), ..., B (t)) is m-dimensional Brownian
motion.

In view of the relation given by Theorem 2.5.9 between Skorohod integrals
and Wick products with white noise, we rewrite equation (3.1.1) as

P = g(t,w) +7(t,w) 0 X (1) + g:l oty w) o X(£) 0 Wi(t)

K2

(3.1.2)
X(O) = XO (LU),

H. Holden et al., Stochastic Partial Differential Equations, 2nd ed., Universitext, 115
DOI 10.1007/978-0-387-89488-1_3, (© Springer Science+Business Media, LLC 2010
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where W(t) = (Wi(t),...,Wn(t)) is m-dimensional white noise. In this
setting it is natural to assume that X, and the coefficients involved are
(8)-1-valued, as well as X (¢).

Theorem 3.1.1.  Suppose g(t,w),r(t,w) and a;(t,w); 1 < i < m are
continuous (S)_1-processes and that Xo € (S)_1. Then equation (3.1.2) has
a unique continuously differentiable (S)_1-valued solution given by

X(t,w) = Xo(w) o exp® / (r(u,w) + Z a;(u,w) © Wl(u)> du

0 i=1

=1

—|—/exP° / (r(u,w) + Zai(u,w) o Wz(u)> du| ¢ g(s,w)ds.
‘ (3.1.3)

The generalized expectation of X (t) is

E[X ()] = E[Xo]exp UE ]
0

+/exp {/E[r(u)]du] Elg(s)]ds. (3.1.4)

0 s

Proof Taking H-transforms we get the equation

L0~ g(t) + [F(t) + 3 a@mw, (t)] ()

i=1

(3.1.5)

X(0) = Xo,

where we have suppressed the z in the notation: )Z(t) = )?(t; z), etc.
For each z € (CY), we now use ordinary calculus to obtain that

X(t) = X exp 0/( +Zal )du
+/exp /( +Zaz )du 9(s)ds (3.1.6)
0

S

is the unique solution of (3.1.5). Moreover, X (t;z) is clearly a continuous
function of t for each z € (CY).. Hence by (3.1.5) and our assumptions on
g, and « the same is true for dX /dt(t; z). Moreover, by (3.1.6) and (3.1.5)
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we also have that dX /dt(t; z) is a bounded function of (¢, z) € [0,T] x Kq4(R)
for any T' < oo and suitable ¢, R < co (depending on g, and «).
We conclude from Lemma 2.8.4 that

X (t,w) = Xo(w) ¢ exp® / <r(u,w) + Zai(u,w) o Wi(u)> du
A i=1

Jr/exp<> /(r(u,w)Jriai(u,w)oWi(u)) du| ¢ g(s,w)ds
0

s i=1

solves (3.1.3), as claimed. The last statement of the theorem, (3.1.4), follows
from (2.6.45) and (2.6.54). O

Note that (3.1.2) is a special case of the general linear 1-dimensional Wick
equation

XA — g(t,w) + h(t,w) o X(t)

X(0) = Xo(w), (311

where g(t,w), h(t,w) are continuous (S)_1 processes, Xg € (S)-1. In (3.1.2)
we have h(t,w) = r(t,w) + Y v, a;(t,w) o W;(t). By the same method as
above, we obtain

Theorem 3.1.2.  The unique solution X (t) € (S)_1 of (3.1.7) is given by

X (t,w) = Xo(w) o exp® /h(u,w)du
0

t

+ / exp® j h(u, w)du| o g(s,w)ds. (3.1.8)

0

Corollary 3.1.3.  Suppose g(t,w) is a continuous (S)_1-process, that r(t)
and a;(t);1 < i < m are real (deterministic) continuous functions and that
Xo € (S)—1. Then the unique solution of (5.1.2) is given by

X(t) = Xg oexp /T(u) 1 Zaf(u)du + Z/Ozl(u)de(u)
0 =1 i=1 0
+ /exp /T(u) _1 Za?(u)du + Z/ozl(u)dBl(u) o g(s)ds
0 s i=1 =17
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Proof This follows from Theorem 3.1.1 combined with the relation (2.6.56)
between Wick exponentials (exp®) and ordinary exponentials (exp) of
smoothed white noise. O

Corollary 3.1.4. Let v and « be real constants and assume that Xg is
independent of {B(s);s > 0}. Then the unique solution of the Ito equation

X(t)=rX X (t)dB

dX(t) = rX(t)dt + aX (t)dB(t) (3.1.10)

X(0) = X,

s given by
1
X(t) = Xo - exp [(r - 2a2>t + aB(t)} . (3.1.11)
If | Xo| has a finite expectation, then the expectation of X (t) is

E[X] = E[Xo] - exp[rt]. (3.1.12)

Proof This follows from (3.1.9) and (3.1.4). Note that the Wick product
with Xg in (3.1.9) coincides with the ordinary product, since Xj is indepen-
dent of {B(s);s > 0}. O

Remark The solution (3.1.11), usually called geometric Brownian motion,
is well known from It calculus (see, e.g., Oksendal (1995), equation (5.5)).
Note that our method does not involve the use of It6’s formula, just ordinary
calculus rules (with Wick products).

3.1.2 Some Remarks on Numerical Simulations

Expressions like the one in (3.1.11) are quite easy to handle with respect
to numerical simulations. We have an explicit formula defined in terms of a
function applied to Brownian motion. This can, of course, be done in several
different ways. The construction we have found most useful to exploit is that
Brownian motion has independent increments. We thus have

B@ :B(:) —B(0)+B<Z> _B(D +...+B<7’j) —B<k;1>

k
=Y AB; (3.1.13)
=0
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where AB; = B(j+1/n) — B(j/n). Here all the AB;,j = 0,1,... are
independent normally distributed A[0,1/n] random variables. Many
computer programs have ready-made random number generators to sam-
ple pseudo-random numbers of the form A[0, 0%]. We then produce a sample
path of Brownian motion simply by adding these numbers together. The fig-
ure below shows three different sample paths of geometric Brownian motion,
generated from (3.1.11) using the scheme above.

The figure also shows the average value X (t) = E[X (t)] = F[Xo] - e (see
(2.6.54)). As parameter values we have used r = 1, = 0.6 and X = 1. Note
that X () coincides with the solution of the no-noise equation, i.e., the case
when o = 0.

3.1.3 Some Linear Multidimensional Equations

We now consider the multidimensional case. In this section we will assume
that all the coefficients except one are constant with respect to time. We will,
however, allow them to be random, possibly anticipating. The general linear
case will be considered in Section 3.3.

Theorem 3.1.5 (1-dimensional noise).  Suppose that G(t,w) € (S)V;
is t-continuous and that Xo € (S)Ny, R € ()N and A € (S)N)Y are
constant with respect to t. Assume that R and A commute with respect to
matriz Wick multiplication, i.e., Ro A= Ao R. Let W(t) be 1-dimensional.
Then the unique (S)Y,-valued process X (t) = X (t,w) solving

{ DA = G(t,w) + R(w) o X (1) + A(w) 0 X (£) 0 W(t) (3.1.14)

X(0) = X,

X, (wl)

E[X]

X, (w2)

) L
! L Iy
RO RN
) Wy

X, (w3)

Fig. 3.1 Three sample paths of geometric Brownian motion.
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18 given by

X(t,w) = Xo(w) o exp®[tR(w) + A(w)B(t,w)]
+ /exp°[(t — $)R(w) + A(w)(B(t,w) — B(s,w))] ¢ G(s,w)ds,
0

(3.1.15)

where B(t,w) is 1-dimensional Brownian motion.

Here the Wick matrix exponential exp®[K(w)], with K € (S)N;V, is
defined by

| —

exp’[K(w)] = Y —K(w)", (3.1.16)
n=0

!

3

where K°™ is the Wick matrix power of order n, i.e., K" =Ko Ko -0 K
(n factors). The convergence of (3.1.16) is easily shown by taking H-transforms,
or by using Theorem 2.6.12.

The proof of Theorem 3.1.5 follows the same lines as the proof of Theorem
3.1.1 and is omitted. Unfortunately this method does not extend to the case
when R and A vary with ¢.

3.2 A Model for Population Growth in a Crowded,
Stochastic Environment

If the environment of a population has an infinite carrying capacity, then the
equation (3.1.2) with deterministic coefficients, rewritten as

{ngm = [r(t) + a(O)W(t,w)] o X (t,w) (3.2.1)

X(05w) = Xo(W),

may be regarded as a model for the growth of a population X (¢,w), where
the relative growth rate at time ¢ has the form

r(t) + a(t)W(t,w). (3.2.2)

This is a mathematical way of describing unpredictable, irregular changes
in the environment. Equation (3.2.1) is a stochastic version of the Malthus
model for population growth.

If the environment is limited, however, with a finite carrying capacity K,
then the equation for the population size X (¢,w) at time ¢ must be modified.
The Verhulst model assumes that the relation growth rate in this case is
proportional to the “free life space” K — X (¢,w). This gives two possible
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models, in which the population sizes are denoted by Y and X, respectively.
The first model is

ay () B . .
MODEL A { = YOE = Y®)r(t) +a®W ()
Y (0) =29 >0 (constant),

which can be interpreted in the usual It6 sense

{dY(t) =r(t)Y (t)[K — Y (£)ldt + a(t)Y (£)[K — Y (t)]dB(t) (3.2.3)

The second model is

dxX(t) _ B . .
MODEL B { - = X(t) o (K= X))o [r(t) +at)W(t)]
X(0) = o,

or, in Skorohod integral interpretation,

{dX(t) =r(t)X(t)o (K — X(t)dt + a(t) X (t) o (K — X(t))0B(t)
(3.2.4)

Note that the two models coincide in the deterministic case (o = 0).
It is therefore a relevant question which of the two models gives the best
mathematical model in the stochastic case. We emphasize that there is no
reason to assume a priori that the pointwise product Y (t,w) - [K — Y (t,w)]
is better than the Wick product (X (¢,-)o[K — X (t,-)])(w). In this section we
will show how to solve (3.2.4) explicitly and compare the stochastic properties
of this solution X (¢) with the solution Y'(¢) of (3.2.3).

Model B was first discussed in Lindstrgm et al. (1992) (as in equation in
L?(u)) and subsequently in Benth (1996), as an equation in (S)_;. Here we
first present the approach in Benth (1996), and then compare it with the
solution in Lindstrgm et al. (1992). For simplicity, we assume that the units
are chosen such that K = 1.

3.2.1 The General (S8)_1 Solution

Theorem 3.2.1 Benth (1996). Suppose Xy € (S)_1 with E[Xy] > 0.
Then the stochastic distribution process

X(t,w) = [1 4 6y o exp®[—rt — aB(t)]]°Y, (3.2.5)
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with
0o = (X0)°V —1, (3.2.6)
is the unique continuously differentiable (S)_1-process solving the equation
t

X (t) :Xo—i-r/X(s)o(l—X(s))ds—Fa/X(s)o(l—X(s))oW(s)ds;tZO.
0

0
(3.2.7)

Proof Taking the H-transform of (3.2.7) gives us the equation (where we
have X (t) = X(¢;2))

dﬁgt(w = (r+aW®)Xt)(1 - X(t)

_ N (3.2.8)
X(O) = Xo; z € (CN)C,
which has the solution
~ 1
X(t)=—= —, (3.2.9)
1+ 6 exp[—rt — aB(t)]
where
~ 1
00 = 90(2) = = — 1. (3210)
Xo(2)

Since Xo(0) = E[X,] > 0, there exist ¢ > 0 and a neighborhood K, (9)
such that

1 Xo(2)] > e>0 forall zelK, ().

Hence y(z) is a bounded analytic function in Kq(8). Moreover, since
00(0) > 0 and B(t;0) = 0, we see that for all £ > 0 there exist q(t),d(t)
such that X(#;z) is a bounded analytic function in z, for z € Ky (()).
Moreover, for given T' < oo, the numbers ¢1 = ¢(t),01 = §(¢) can be cho-
sen to work for all ¢ < T Therefore, by (3.2.8) the derivative dX (¢;z)/dt is
analytic in z and bounded for (¢,z) € [0,T] x K, (61). From (3.2.8) we also

see that dX (t;z)/dt is a continuous function of ¢ when defined. We conclude
from Lemma 2.8.4 that

X(t,w) =H (X (t2)) = [1 + 6y o exp®[—rt — aB(t)]]°Y

with
6 = (X0)°"! —1

solves equation (3.2.7). The uniqueness follows from the uniqueness of the
solution of (3.2.8). O
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3.2.2 A Solution in L'(u)

For simplicity, let us from now on assume that Xo = ¢ > 0 is a constant.
Moreover, assume r > 0. First consider the case

1 1
zo > =, e, 0= — —1€(—1,1). (3.2.11)
2 i)

Then formula (3.2.5) can be written

X(t) - Xl( ) (]. + Q)exp [_rrt _ aB(t):I)O(*l)

= Z 1)™67" exp®[—rmt — amB(t)]
=0

:g 707 exp [ -(rm+ a%rt) ¢~ amBio)]

(3.2.12)

Since E [ exp®[—amB(t)]] =1, the sum (3.2.12) converges in L'(u) for all
t > 0. Moreover, the L (1) process X1 (t) defined by (3.2.12) satisfies equation
(3.2.7), when the Wick product is interpreted in the L!(u) sense as described
in Section 2.9. To see this, note that

N
X1(t)o (1 —Xy(t)) = lim ( Z (—1)™0y" exp®[—rmt — amB(t)])

N—oo
m=0

N

o (1 — Z(—l)"&f} exp®[—rnt — omB(t)])
n=0

N

lim (—1)mtntlgmtn

N—oo m=0

n=1

—a(m+n)B(t)]
2N
lim Z(—l)k+19§]€ exp®[—rkt — akB(t)]

N—oo
k=1

exp®[—r(m + n)t

= i(—l)kﬂegkexpo[—rkt —akB(t)] € L*(p).
- (3.2.13)

Hence X (t) o (1 — X;(t)) exists in L' (x) and is given by (3.2.13). Let

Y (t) = exp®[—rkt — akB(t)]; k=0,1,2,....
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Then by It6’s formula

dYi(t) = d (exp {— (rk + ;a2k2> t— akB(t)D

= Yi(t) ( - <rk + ;oﬂk?) dt — akdB(t) + ;aszdt)

= kY (t)(—rdt — adB(t)).

Hence
t

/Xl(s) o (1= X1(s))(rds + adB(s))

(=)

t

(—1)k9§/kYk(s)(—rds — adB(s))

0
= (— )keo (Yi(t Z keo Yi(t) — 1)
k=1 k=0
1
=X1(t) - 150, Xi1(t) — zo,

as claimed. We conclude that X;(¢) satisfies equation (3.2.7).
Next consider the case

1 1
0<zg< =, ie,fp=——1>1. (3.2.14)
2 o

Then formula (3.2.5) can be written
X(t,w) =Xs(t,w)
=0yt exp®[rt + aB(t)] o (1 + 0y ' exprt + aB(t)])°* Y

oo

=0y ' exp®[rt + aB(t)] o ( Z (—=1)"™0, ™ exp®[rmt + amB(t)})

m=0

= 2(_1)””195”1 exp Krm - ;a2m2> t+ amB(t)].
(3.2.15)

This converges in L!(p) for all ¢ such that exp[rt] < 6y, i.e., for
1
t<dy:= *11100.
r

A similar calculation as above shows that Xs(t) is an L!(u) solution of
(3.2.7) for t < Ty. Note that the series (3.2.15) in fact converges pointwise



3.2 A Model for Population Growth in a Crowded, Stochastic Environment 125

for almost all w for all values of ¢, but we can only deduce L' () convergence
when t < Tp. In the following we let X5(¢) denote the pointwise a.e. limit of
(3.2.15) for all t > 0.

We summarize this as follows:

Theorem 3.2.2 Lindstrgm et al. (1992). Assume thatr > 0,a € R are
constants.

a) Suppose xg > 1/2, i.e., Oy := 1/xg — 1 € (—1,1). Then the process

X(t) = X1(t) = Z (—=1)"00" exp®[—rmt — amB(t)] (3.2.16)

m=0

is an L'(u) solution of the equation

X(t)=mo + er(s) o(1—X(s))ds+ jaX(s) o (1—X(s))dB(s)

X(0) = o
(3.2.17)
for allt > 0.
b) Suppose 0 < zo < 1/2, i.e., g :=1/x90—1> 1.
Then the process
X(t)=Xo(t) = Z (—1)™ 1o, ™ exp®[rmt + amB(t)] (3.2.18)
m=1

converges for almost all w for all t and is an L*(pn) solution of (3.2.17)
for
1
t < Ty:=—1nby. (3219)
r

Some interesting properties of these solutions are the following:

Corollary 3.2.3.  Let X;(t), X2(t) be as in Theorem 3.2.2.
a) Let xg > 1/2. Then we have

E*[X1(t)] = x(t), for allt, (3.2.20)
where x(t) is the solution of (3.2.17) in the deterministic case (a = 0),
i.e.,
drt) — pa(t)(1 — z(t
@ (= +0) (3.2.21)
z(0) = xo.
Moreover,
lim X4(¢t)=1 a.s., (3.2.22)

t—o00



126 3 Applications to Stochastic Ordinary Differential Equations

and for all t > 0 we have
PP[X1(t) > 1] >0 and P™[Xi(t) <1] > 0. (3.2.23)
b) Let 0 < xo < 1/2. Then, with Ty as in (3.2.19),
E*[Xat)] = z(t) for t<Tp. (3.2.24)
Moreover, for all t < Ty we have
P™[X5(t) > 1] >0 and P*[X,(t) <1]>0. (3.2.25)

Proof Properties (3.2.20), (3.2.24) follow immediately from the fact that

E

exp® l / H(t)dB(1)

=F

exp [ / o(t)dB, - ;wH —1 (3.2.26)

for all ¢ € L?(R). Property (3.2.22) follows from the expression (3.2.16)
combined with the law of iterated logarithm for Brownian motion:

B
limsup ————— =1 almost surely, (3.2.27)
t—oo  /2t1In(Int)

(see, e.g., Lamperti (1966), Section 22). Statements (3.2.23) and (3.2.25)
are consequences of formulas (3.2.16), (3.2.18) for X (t), X2(t) plus the fact
that for any ¢ > 0 Brownian motion obtains arbitrary large or small values
with positive probability (the density function for B(t) is positive on the
whole of R). O

Computer simulations of some paths of X;(¢), X2(t) are shown on the
figure below.

Remark For z¢p = 1/2 the (S)_; solution X (¢) does not seem to allow as
simple a representation as in (3.2.16) or (3.2.18). For this reason the point
xg = 1/2 is called a stochastic bifurcation point in Lindstrgm et al. (1992).
Note, however, that the (S)_; solution exists for all initial values z¢ > 0
and for all ¢ > 0. But the H-transform X (£;z) given by (3.2.9) cannot be
extended to an analytic function of z on C™ for any n > 1 (the function
is meromorphic). Therefore, by Proposition 2.6.5 we see that X (¢) does not
belong to (S)—, for any p < 1. In particular, X (¢) is not in (S)* for any
t >0 and any xo > 0.
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Logistic paths

The same sample with r = 1, a = 1. Starting points: 0.75, 0.6.

Logistic growth Logistic growth

1 1
0.8 W 0.8 W
0.6 0.6
0.4 0.4
0.2 0.2

t t
1 2 3 4 5 1 2 3 4 5

Different sample paths with » = 1/5, & = 1/2. Starting point: 0.6.

Logistic growth Logistic growth

1 1
0.8 0.8
0.6 0.6~
0.4 0.4
0.2 0.2

t t
1 2 3 4 5 1 2 3 4 5

Different sample paths with » = 1/5, a = 1. Starting point: 0.25.

Logistic growth Logistic growth

1.5 1
125 0.8

1

0.75 06

0.5 0.4
0.25 0.2 M

t t
2 4 6 8 10 1 2 3 4 5

3.2.3 A Comparison of Model A and Model B

It is known (see, e.g., Lungu and Qksendal (1997)) that the Ité stochastic
differential equation (3.2.3) of Model A has a unique continuous, F;-adapted
solution Y (¢t,w) for all ¢ > 0 (still assuming r > 0 and zy > 0). Moreover,
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the solution is a strong Markov process, and it is easily seen that it has the
following properties:

If o > 1, then Y (¢,w) > 1 for all ¢ and almost all w, (3.2.28)
If 0 <x9 <1, then 0 < Y(t,w) <1 for all ¢t and almost all w.  (3.2.29)

We see that while the process X (t) from Model B allows the population
to cross the carrying capacity (“overshoot”), by (3.2.23), (3.2.25), this is
impossible for the process Y (¢) from model A.

By (3.2.23), (3.2.25) we also conclude that X () cannot be a strong Markov
process, because if it were, it would necessarily continue to have the constant
value 1 once it hits this value, which is impossible by (3.2.16), (3.2.18). See
also Exercise 3.1.

3.3 A General Existence and Uniqueness Theorem

In this section we first formulate a general result about differential equa-
tions in (S)%; and then we apply it to general linear stochastic differential
equations.

Theorem 3.3.1 Vage (1996b). Let k be a natural number. Suppose that
F:[0,7T] x (S)]_VL_k — (S)]_VL_,C satisfies the following two conditions:

VE(Y) = (8 2) |1 < CIY = Z]| 1 (33.1)
forallt €[0,T]; Y, Z € (S)ivlﬁk, with C independent of t,Y and Z;

1E(& YY) -1,k < DA+ [V ]| -1,-x) (3.3.2)

for allt € 10,T],Y € (S)Y, _, with D independent of t and Y.
Then the differential equation
dX (t)
dt

=F(t,X@1); X(0)=Xoe (SN, _, (3.3.3)

has a unique t-continuous solution X (t) : [0,T] — (S)Jfl’ik.

Proof The result follows by standard methods for differential equations of
this type. The details are omitted. See Exercise 3.2. a

We wish to apply this to the general linear Wick stochastic
differential equation. For this we need the following useful estimate for Wick
products:
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Proposition 3.3.2 Vage’s inequality, Vage (1996a). Suppose

F = ZaaHa S (8)71771, G = ZbﬁHﬁ € (5)71171@,
o B

where I,k € Z with

k>141. (3.3.4)
Then
[FoGll-1,-x < Ak = 1) - | Fll -1~ - |Gl -1~k (3.3.5)
where .
Ak —1) = {Z@N)(l-’“)a} T e (3.3.6)

[e3

by Proposition 2.3.3.
Proof

|FoG|%, ;= lim Z( > aab5> (2N)~

vElR *oatpB=y
2
= lim > ( > aa(2N)§abg(2N)§ﬁ>
" OOVEFn a+fB=~
where
Lhn={yvy=0n,---,m) EN"v<n for i=1,...,n}.

Define f(a) = ao(2N)"2%, g(8) = bg(?N)’gﬁ and write o < «y if there
exists a multi-index § such that a + § = . Then from the above we get

IFoGIE, = jim 3 (3 flalaty—a)

Y€l N a<ly

= 1im > Y f@)f(@)gly - a)gly— )

YET, a,a’ <y

=lim Y f@f) Y gly-a)yly—d)

a,a’ €l y> o, yeT,
1 1
3 3
<limsup 3 f(a)f(a’)< )3 g(ﬂ)2> (% a)
T aarel, BET, BeT,
< lim sup Z )|l f(a |Zg
n—oo a,a’ely,

- (Zaj|f<a>|)2;g<ﬁ>2
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- (Zaa@N)’%“) T
( Jaa] (2N) 5 (2) 2 ) TE
gz a3 )R,

[e3

T I T .

Theorem 3.3.5 (The general linear multi-dimensional Wick
stochastic differential equation). Let T > 0 and ! € Z. Suppose X, €
(S)N,,G : 0,T] — (S)Y, and H : [0,T] — (S)NN for 1 < i,j < N.
Moreover, suppose there exists M < oo such that

1Gi(t)[|-1,—1 + |1 Hij ()] -1, < M (3.3.7)

forallt €]0,T);1 <4, <N.
Then there is a unique solution X : [0,T] — (S)Y, of the general linear
system of equations

N
dX;(t
j=1
with initial condition
X (0) = X,. (3.3.9)

Proof Define F = (F1,...,F,):[0,T] x (S)Y, — (S)Y; by
Fi(t,Y) =Gi(t) + ZHij(t) oY

for Y = (Y17 e ,YN) S (S)—l'
Choose k > 1+1,Y,Z € (S)Y,. Then by Proposition 3.3.2 we have

N

> Hiy(t)o (Vs — Z))

Jj=1

[ F:(t,Y) = Fi(t, Z)||-1,—& <

1,k

WE

<> Ak =D Hijll-1,-allY; — Zjll -1,k

1

<.
I

N
k=OMY 1Y) = Zjl|-1,-x
j=1
< A(k =DM - NI)Y = Z||-1,—x
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and
1 E5 (Y| —1,— S NM 1+ A(k = D)V ]| -1,k

for 1 <i<N.
Hence the result follows from Theorem 3.3.1. O

As in Section 3.1 we note that (3.3.8) is a generalization of the linear
stochastic differential equation

aX,(t) al
at —Gi(t)+z_:Rij<>Xj(t)

7=1
+ Y W) e AP () o X;(t)1<i <N (3.3.10)

1<j<N
1<k<m

with initial condition
X(0) = Xo € (5)Y, (3.3.11)

where G; : [0,T] — (S)_1,Ry; : [0,T] — (S)-1 and A} : [0,T] — (S)_,
satisfy

1G] =1t + | Ry ()| 1= + AR @)1y < M (3.3.12)
for 1<i,j<N,1<k<m.

Corollary 3.3.6. There is a unique solution X (t) € (S)Y;; 0 <t < T of
the equation (3.5.10).

Proof We apply Theorem 3.3.5 to the case when

m

Hij(t) = Rij(t) + > Wi(t) 0 AL (1). (3.3.13)
k=1

We must verify that (3.3.7) holds: Using the Proposition 2.3.10 we have
that Wi(t) € (S)o,—; C (S)—1,—; for all I > 1. Therefore, combining (3.3.12)
with Proposition 3.3.2, we obtain (3.3.7). O

3.4 The Stochastic Volterra Equation

The classical stochastic (linear) Volterra equation has the form

X(t) = 0(t) +/b(t,s)X(s)ds+/o(t,s)X(s)dB(s); 0<t<T (34.1)
0 0



132 3 Applications to Stochastic Ordinary Differential Equations

where 0(s) = 0(s,w) : R x Q — R, b(t, s) = b(t,s,w) : R? x Q — R and where
we have that o(t, s) = o(t, s,w) : R? xQ — R are given F,-adapted processes,
b(t,s) = o(t,s) =0 for s > t, and T > 0 is a constant. The solution X (¢) is
then required to be Fi-adapted also, and the integral on the right of (3.4.1)
is an Ito integral.

If 6,b or o is not adapted, i.e., if some of them are anticipating,
then the integral on the right is interpreted as a Skorohod integral
(see Section 2.5).

Skorohod Volterra equations with anticipating kernel (but adapted initial
condition 6(t)) have been studied in Pardoux and Protter (1990). See also
Berger and Mizel (1982), and the survey in Pardoux (1990). In Ogawa (1986),
the stochastic Volterra equation is studied in the setting of Ogawa integrals.
In Cochran et al. (1995), existence and uniqueness of solution of (3.4.1) is
proved when 6 is (possibly) anticipating, b = 0 and o (¢, s) is deterministic,
measurable with a possible singularity at s = ¢ of the type

lo(t, )] < A(t—s)* 0<s<t

for some constants A > 0 and 1/2 < a < 0.

There are several situations that can be modeled by stochastic Volterra

equations. The following economic example is from Oksendal and Zhang
(1993):

Example 3.4.1. An investment in an economic production, for example,
the purchase of new production equipment, will usually have effects over a
long period of time. Let X (¢,u) denote the capital density with respect to u
at time ¢ resulting from investments that were made v units of time ago (i.e.,
have age u). More precisely, let fU X (t,u)du denote the total capital gained
at time ¢ from all investments with age u € U. Assume that

0X (t,u) n 0X (t,u)
ot ou

= —m(u)X(t,u), (3.4.2)

where m(u) > 0 is the age-dependent relative “death” rate of the equipment
or of the machines involved in the production. Since the left-hand side of
(3.4.2) can be expressed as

. X(t+ At,u+ At) — X (t,u)
lim ,
At—0 At

the interpretation of this equation is simply that such a rate of change of
X (t,u) is proportional to X (¢, u).

Moreover, assume that the amount of new capital X (¢,0) at time ¢ is
described by the equation
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o0
= /X(Lu)p(u)du, (3.4.3)
0

where p(u) is the production at age u per capital unit. So in this model
we assume that all the produced capital is reinvested into the production
process.

If the initial capital density X (0,u) = ¢(u) is known, then the solution
X (t,u) of (3.4.2) is given by

Mu—ﬂﬁm{—jm@+u—ﬂﬂ} 0<t<u

X(t,u) = o (3.4.4)
X(t —u,0) - exp [—fm(r)dr}; t>u.
0
Substituting this in (3.4.3) we get the Volterra equation
¢
X@@:Y@+/kﬁ—gx@mm, (3.4.5)
0
where
Y(t) = /gf) s) exp /m s+r)dr| p(t+ s)ds (3.4.6)
0 0
and
¢
K(t) = p(t)exp —/ m(r)dr|. (3.4.7)
0

If the productivity function p(u) is subject to random fluctuations,
we could model p(u) by

p(u,w) = po(u) + W (u,w), (3.4.8)

where € > 0,pg(u) = F [p(u,w)] is deterministic and W (u,w) is white noise.
This leads to a stochastic Volterra equation of the form

X(t,w) = a(t,w) + /b(t, $)X (s,w)ds

0
t

+ [ o(t,9)X(s,w) o W(s,w)ds, (3.4.9)
/
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where

a(t,w)= [ ¢(s)exp | — [ m(s+r)dr| po(t + s)ds
oo |

¢
+e / d(v—t)exp —/ m(r+v—t)dr| dB,, (3.4.10)
t 0
_—_— -
b(t,s) = po(t — s) exp —/ m(r)dr|; 0<s<t (3.4.11)
L 0 J
and ) )
t—s
o(t,s) = eexp —/ m(r)dr|; 0<s<t. (3.4.12)
L O i

Note that a(t,w) is not adapted in this case. Then there is no reason to
expect that X (t,w) will be adapted either. An alternative formulation of
(3.4.9) would be in terms of the Skorohod integral

t t

X(t,w) =a(t,w) + /b(t7 s)X(s,w)ds + /J(t, s)X(s,w)dB(s) (3.4.13)

0 0

(see Section 2.5).
We may regard (3.4.9) and (3.4.13) as special cases of the following general
linear stochastic Volterra equation:

t
—|—/Kts<>X )ds, 0<t<T, (3.4.14)
0

where T' > 0 is a given number and
J:[0,T] = (S)-1 and K:[0,T] x[0,T] — (S)-1

are given stochastic distribution processes. Using Wick calculus we can solve
this equation explicitly.

Theorem 3.4.2 Qksendal and Zhang (1993), Oksendal and Zhang
(1996). Let J :[0,T] — (S)-1,K : [0,T] x [0,T] — (S)—1 be continuous
stochastic distribution processes. Suppose there exists | < oo, M < oo such
that

IK(t, s)|-1,-1 <M for 0<s<t<T. (3.4.15)
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Then there exists a unique continuous stochastic distribution process X (t)
that solves the stochastic Volterra equation

t
—|—/Kt$<>X Yds; 0 <t <T. (3.4.16)
0
The solution is given by
¢
+/H (t,s)oJ(s (3.4.17)
0
where
oo
=Y Kal(t,s), (3.4.18)
n=1

with K, given inductively by
t

Kpia(t,s) = /Kn(t,u) o K(u,s)du; n>1 (3.4.19)

S

Ky(t,s) = K(t,s). (3.4.20)
Proof With K,, defined as in (3.4.19)—(3.4.20), note that
Ks(t,s) = /K(t,u) o K(u, s)du

and
t
/K2 t (5] OK(UQ, )dUQ

t

:/ /K(t,ul)oK(ul,ug)dul o K(ua, $)dus

S U2

/ / K(t,u1) o K(u1,u2) o K(ug, s)duidus.

s<ug<u; <t

By induction we see that

<
K,(t,s) = / .- H K(ug,ugs1)duy -+ dugp—1.  (3.4.21)

§<Up 1< <uy <t 0<k<n—1
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Here [[g<j<,_; denotes the Wick product from k =0 to k =n — 1, and we
set ug = t,u, = s. Choose k > [+ 1, and apply Proposition 3.3.2 to (3.4.21):

K n(t,8)|| -1,k < A"Mn/ / dui - dup_1
s<up—1<--Sur <t
B AnMn(t _ S)nfl

TSV (3.4.22)

where A = A(k — ). This shows that
o0
= Z K
n=1
converges absolutely in (S)_1 _x. So we can define X (¢t) by (3.4.17), i.e

t
+/Hts Yo J(s)ds; 0 <t <T.
0

We verify that this is a solution of (3.4.16):

Jr/K(t,r) o X (r)dr

+/tK(t,r)<> (J(r)Jr/TH(r,u)oJ(u)du) dr

/KtroJ dr+//Ktr ZK (r,u) o J(u)dudr

n=1

+/K(t,r)<>J(r)d7"+i/</K(t,r)oKn(r,u)dr) o J(u)du
0 n=1% \u

t) + 0/ K(t,u) o J(u)du + ; 0/ K1 (t,u) o J(u)du
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(Note that (3.4.21) implies that K, 1(t,u) = fi K(t,r) o K, (r,u)dr.) This
shows that X (t) is indeed a solution of (3.4.16).

It remains to prove uniqueness. Suppose Y (t) is another continuous solu-
tion of (3.4.16), so that

¢
+/K (t,5) o Y (s)ds. (3.4.23)
0
Subtracting (3.4.23) from (3.4.16), we get
¢
/KtsoZ )ds; 0<t<T, (3.4.24)
0

where Z(t) = X (t) — Y (¢). This, together with Proposition 3.3.2, gives that

t
1Z()]|1p < M / 1Z(3)| -1, —ds
0

for some constant M < oco. Applying the Gronwall inequality, we conclude
that Z(t) = 0 for all ¢. O

Example 3.4.3. We verify that the conditions of Theorem 3.4.2 are
satisfied for the equation (3.4.9). Here J(t) = a(t,w) is clearly continuous,
even as a mapping from [0, 7] into L?(y). In this case we have,

K(t,s) =b(t,s) + o(t,s) o W(s).

Since b, o are bounded, deterministic and continuous, it suffices to consider
W (s). By Example 2.7.3 we have W (s) € (S)o,— for all ¢ > 1. Moreover, for
s,t € [0, T], we have, by (2.8.14),

oo

b = (9~ (0 20

W (s) = W(t)

8 II

<> Cork®ls —t[*(2k)

k=1

< Corls —tf? Z(%)Z_q < 00,
k=1

for ¢ > 3. Hence W(s), and consequently K (t,s), is continuous in (S)o,—3
and therefore in (S)_1,_s.
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Example 3.4.4. In Grue and Oksendal (1997), a stochastic Volterra
equation is deduced from a second-order ordinary (Wick type) stochastic
differential equation modeling the slow-drift motions of offshore structures.
Such constructions are well known from the deterministic case, and the Wick
calculus allows us to perform a similar procedure when the coefficients are
stochastic distribution processes.

Consider a linear second—order stochastic differential equation of the form

X(t) +a(t)o X(t) + B(t) o X(t) +y(t) = 0, (3.4.25)

where the coefficients «a(t), 8(t) and v(t) : R — (S)_;1 are (possibly antici-
pating) continuous stochastic distribution processes. If we Wick multiply this
equation by

M(t) := exp® l/a(u)du], (3.4.26)
0

we get

Hence

or

o
(=)

_/t/vexpo —/a(u)du o y(s)dsdv
00

—/t/vexp<> —/a(u)du o B(s) o X(s)dsdv. (3.4.27)
00
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Now

v v

/t/eXp<> —/a(u)du o B(s) o X (s)dsdv
0 0

t t v

://exp° —/a(u)du dv o 3(s) o X (s)ds.

0 s s

Therefore (3.4.27) is a stochastic Volterra equation of the form

¢
+/Kts Yo X(s)ds; t>0 (3.4.28)
0
with
¢ v
J(t) = X(0) + X(0) <>/exp<> f/a(u)du dv
0 0
t v v
7//exp° f/a(u)du o vy(s)dsdv (3.4.29)
00 s
and
t v
K(t,s) = —/exp<> —/ alu)du| dvo f(s); 0<s<t. (3.4.30)

Example 3.4.5 (Oscillations in a stochastic medium). Let us consider
the motion of an object attached to an oscillating string with a stochastic
force constant (Hooke’s constant) k. If we represent k by a positive noise
process of the form

k= k(t,w) = exp®[Wy, (w)] (3.4.31)

for a suitable test function ¢ € S(R), then this motion can be modeled by
the stochastic differential equation

X(t) + exp®[Wy,] o X(t) = 0;  X(0) = a, X (0) = 0. (3.4.32)
According to (3.4.28)—(3.4.30) this can be transformed into a stochastic

Volterra equation

X(t) = a+ / KO(t, s) o X (s)ds, (3.4.33)
0
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where
K%(t,s) = —(t — s)exp®[Wy,]; 0<s<t (3.4.34)

Hence by Theorem 3.4.2 the solution is
ot
X =a|1+) [Kisas) (3.4.35)
n=1 0

where by (3.4.21) K¢ is given by

Kff(t, s)

e [ -

s<tuy_1<<up <t =0

n—1

T (wr = ki) exp® {Z W%J duy - dup—1,

k=1
where ug = t, u, = s. Therefore
1K (8 )| 1 ()

o [ Tl e <

5<tUn 1 < Sug <t F=0

It follows that Yo | K2(t,s) converges in L'(u), uniformly on compacts
n (t,s). We conclude that X (¢) given by (3.4.35) belongs to L'(u) (as well
as (8)_1). Moreover, we see that exp®[Wy,] o X (t) € L'(u), also. Therefore,
if we define
2(t) = EIX (1)),

then by taking the expectation of (3.4.32) we get
i) +z(t)=0; 2(0)=a, #(0)=0

and hence
E[X(t)] = acost; t >0,

which is the solution when ¢ = 0, i.e., when there is no noise. It is natural to
ask what can be said about other probabilistic properties of X (¢).

3.5 Wick Products Versus Ordinary Products:
a Comparison Experiment

The presentation in this section is based on the discussion in Holden et al.
(1993b). In Chapter 1 and in Section 3.2 we discussed the use of Wick
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products versus ordinary products when modeling stochastic phenomena.
A natural and important question is:

Which type of product gives the best model?

This question is not as easy to answer as one might think. How does one
test a stochastic dynamic model? The problem is that it is usually difficult to
“re-run” a stochastic dynamic system in real life. Here the random parameter
w can be regarded as one particular realization of the “experiment” or of “the
world”. How do we re-run the price development of a stock? How do we re-run
the population growth in a random environment?

There is, however, an example where it should be possible to test the
model: fluid flow in a random medium. Here each w can be regarded as a
sample of the medium, so different experiments are obtained by choosing
independent samples of the medium. Here we discuss one aspect of such flow:
The pressure equation, described in the introduction. This equation will be
considered in arbitrary dimension in Chapter 4. We now only look at the
1-dimensional case, modeling the fluid flow in a long, thin (heterogeneous)
cylinder:

o’ (K(w) - ;ip@c)) —0; >0 (35.1)

with initial conditions
p(0) =0, K(0)p'(0) = a. (3.5.2)

Here K (x) > 0 is the permeability of the medium at x, p(x) is the pressure
of the fluid at x, and @ > 0 is a constant. Condition (3.5.2) states that at
the left endpoint of the cylinder the pressure of the fluid is 0 and the flux
is a. If the medium is heterogeneous, then the permeability function K(x)
may vary in an irregular and unpredictable way. As argued in the introduction
it is therefore natural to represent this quantity by the positive noise process

K () = exp? Wy ()] = exp [Wo(e) — 113 (35:3)

(see (2.6.56)), where ¢ > 0 is a (deterministic) test function with compact
support in [0,00). The diameter of the support of ¢ indicates the maximal
distance within which there is a correlation between the permeability values
(depending on the sizes of the pores and other geometrical properties of the
medium). The L' norm of ¢, [|¢||1 = [ [¢(x)|dx, reflects the size of the noise.

The figure below shows some typical sample paths of the Wick exponential
K(x) = K(z,w). In the figure we have used

1

¢(z) = 7 x[o,01 (@),

with h = 1,3,5,7,9 and 11.
Let us now consider the solutions of (3.5.1)—(3.5.2) in the two cases.
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a) Ordinary product. In this case the equation is

(K(z,w) - p'(z,w)) =0; x>0
p(0,w) =0, K(0,w)-p'(0,w)=a,

which is solved for each w to give the solution

T

p(z,w) =p1(z,w) = a/exp |:—W¢(t) + %Hng%} dt.

0

To find the expected value of p;, we note that

x

pi(o.w) = a [ exp [Woy(t) = 511013 de - expllol]

0
T

—a-expl|ol]) - [ exp?l-Wo(o)at.
0

Hence, by (2.6.59) we conclude that

Elpi(2)] = az - exp|]|9|3].
b) Wick product version. In this case the equation is
(K(x,) op'(x,))(w) =0; 220

p(ovw) =0, (K(Oa ) Opl(ov ))(w) = a.
Straightforward Wick calculus gives the solution

x

o) = palew) =a [ exp®[-Wy(o)at
0

(3.5.6)

(3.5.7)

(3.5.8)

(3.5.9)

(3.5.10)
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In other words, the relation between the solutions is

p1(z,w) = p2(z,w) exp([|4]13], (3.5.11)

and we have
Elpa(2)] = az. (3.5.12)

Note that E[pa(z)] = ax coincides with the solution p(z) of the equation
obtained by taking the average of the coeflicients:

(1-p(z)) =
p(0) =
This property will hold for solutions of Wick type stochastic differential

equations in general, basically because of (2.6.44).
If we let ¢ = ¢,, approach the Dirac delta function J in the sense that

; x>0, (3.5.13)
, P(0)=a. (3.5.14)

/g(x)qﬁn(x)da? —g(0) as n — 00,9 € Ch(R), (3.5.15)
R

then [, ¢n(z)dz — 1 and suppg, — {0} as n — oo.
It follows that ||¢,|l2 — oo as n — oo. Hence we see that there are
substantial differences between the two solutions p;(z,w) and ps(z,w)

as ¢ — 0:
l})in};pl(yrz,(.u) = 400 (3.5.16)
while
lim i (,0) = / exp?[-W (#)]dt € (S)". (3.5.17)
0

See also the solution in Potthoff (1992).

Although (3.5.17) only makes sense as a generalized stochastic process, this
means that there are certain stability properties attached to the
solution po. For a further discussion of this, see Lindstrgm et al. (1995).

3.5.1 Variance Properties

In reservoir simulation one often finds that Monte Carlo simulated solutions
do not behave in the same manner as the solution of the averaged equation.
The simple calculation (with the ordinary product) in the previous section
sheds some light on this point of view. There may, however, be other expla-
nations for this phenomenon. In the renormalized case, i.e., with the Wick
product, it may happen that the typical sample path behaves very differently
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from the average solution. In this case the correlation width controls much of
the behavior. It also suggests that certain scaling ratios are more favorable
than others. To investigate this, we estimate the variance in some special
cases.

To simplify the formulas, we use the function

P(x) = %X[O,h) (z). (3.5.18)

The parameter h is the correlation width, and e controls the size of the noise.
With this choice of ¢ we get (see Lindstrgm et al. (1991a), p. 300, for the
case a = 1 and see Exercise 3.3)

anaX{EQ (x—i—];) ,% (e%2 —1)}

h h 2
< El(pa(z,w) — ax)?] < az% (e % 1) . (3.5.19)
From this we can easily deduce the following:
For all z > 0
}llir% Var[ p2(z,w)] = oo; (3.5.20)
Forall z > 0
lim Var|pa(z,w)] = oc. (3.5.21)
h—oo

Hence if the correlation width is very small or very large, we can expect
that typical sample paths differ significantly from the averages value. In these
circumstances there is little point in estimating the average values from Monte
Carlo experiments.

On the other hand it can be seen from the estimates that the variance (as
a function of the correlation width) has a lower point. Around this point a
Monte Carlo approach might be more favorable. For this to be true, the noise
parameter € must not be too large. More precisely we can see that

If €2 < h < x, then

Var([ps(z,w)] = eay/. (3.5.22)

When the parameters can be adjusted to conform with these scaling ratios,
a Monte Carlo approach will give relevant information about the average
value. Below we show some sample paths of the solution according to various
choices of parameters.

In the figures below we used the value ¢ = 1 and

)h=10,e=1 i)h=05 e=1
iii)h=03,e=1 iv)h=02, e=1.
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In the first two cases the variance is reasonably small. In the two last cases

we are outside the favorable region, and the typical sample path is very much
different from the average value.

The variance estimates are essentially the same in the case where we
use the usual product. The two solutions differ by the constant factor
ell#lzz = ee/h, Multiplying both sides of (3.5.19) by e2€/h we get

262 h h &2
a2e h Mmax {62 ((E + 3>,x2(62h — 1)}

ﬁh(:rJrh)( 262 )

< E[(p1(z,w) — E[p1])?] < a®e’* 5 e —1

If we examine the relations above, it is not hard to see that the properties
(3.5.20-3.5.22) also apply in the case of the usual product. The stability
region will, however, be somewhat smaller than in the Wick product case.

3.6 Solution and Wick Approximation
of Quasilinear SDE

Consider an It6 stochastic differential equation of the form
dX(t) =b(t, X (t))dt + o(t, X (t))dB(t), t > 0; Xg =2 € R, (3.6.1)

where b(t,z) : R?> — R and o(t,z) : R? — R are Lipschitz continuous of at
most linear growth. Then we know that a unique, strong solution X; exists.
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If we try to approximate this equation and its solution, the following approach
is natural:
Let p > 0 be a smooth (C'*) function on the real line R with compact

support and such that
/p(s)ds =1.
R

For k =1,2,... define
or(s) = kp(ks) for s € R (3.6.2)
and let
Wik (8) = W (6) = [ én(s ~ 0dB(s,); t € Row € S®)
R

be the smoothed white noise process. As an approximation to (3.6.1) we can
now solve the equation

dY(t)
dt

= b(t, Yk(t)) + O'(t, Yk(t)) : W(k)(t), t>0; Yk(O) = (363)

as an ordinary differential equation in ¢ for each w. Then, by the Wong—-Zakai
theorem, Wong and Zakai (1965), we know that Y (t) — Y (¢) as k — o0,
uniformly on bounded ¢-intervals for each w, where Y (¢) is the solution of the
Stratonovich equation

dY (t) = b(t, Y (£))dt + o(t, Y (t)) 0 dB(t,w), t > 0; Y(0) = 2.  (3.6.4)

So, perhaps surprisingly, we missed the solution X (¢) of our original Ito
equation (3.6.1).

However, as conjectured in Hu and (Oksendal (1996), we may perhaps
recover X (t) if we replace the ordinary product by the Wick product in the
approximation procedure (3.6.3) above. Such a conjecture is supported by
the relation between Wick products and It6/Skorohod integration in general
(see Theorem 2.5.9). Thus we consider the equation

dXy(t)
dt

= b(t, Xk () + o (t, Xe(t) o Wiy (£),£ > 0; X,(0) =2 (3.6.5)

for each k and we ask

Does (3.6.4) have a unique solution for each k? If so, does Xy (t) — X(¢)
as k — oo?

The answer to these questions appears in general to be unknown. In this
section we will apply the results from Section 2.10 to give a positive answer
to these questions in the quasilinear case.
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Following Gjessing (1994), we will consider more general (anticipating)
quasilinear equations and first establish existence and uniqueness of solutions
of such equations.

Theorem 3.6.1 Gjessing (1994).  Suppose that the function b(t,z,w) :
R xR x §'(R) — R satisfies the following condition.:

There exists a constant C' such that
[b(t, z,w)| < C(1+ |z|) forall t,z,w (3.6.6)
and
|b(t, x,w) —b(t,y,w)| < Clz—y| forall t z,y,w. (3.6.7)

Moreover, suppose that o(t) is a deterministic function, bounded
on bounded intervals. Then the quasilinear, anticipating (Skorohod-type)
stochastic differential equation

dX (t)
dt

=b(t, X(t),w) +o(t)X () o W(t),t >0; X(0) ==z (3.6.8)
has a unique (global) solution X (t) = X (t,w);t > 0. Moreover, we have

X(t,-) € LP(pu) forall p < oo,t>0. (3.6.9)

Proof Put c®(s) = o(s)x0,4(s) and define

t

Js(t) = exp® —/J(s)dB(s) = exp® —/ o®(s)dB(s)|. (3.6.10)

Regarding (3.6.8) as an equation in (S)_;, we can Wick-multiply both
sides by J,(t) and this gives, after rearranging,

Jy(t) o d);t(t) — () (t) o W(t) o X(t) = J,(t) 0 b(t, X (t),w)
d%it) = Jy(t) o b(t, X (t),w), (3.6.11)
where
Z(t) = Jy(t) o X (¢). (3.6.12)

By Theorem 2.10.6 we have, if X (¢) € LP(u) for some p > 1,

J,(t) o b(t, X (t),w) = J,(t) - b(t, Ty, X (1), w + o) (3.6.13)
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and
Z(t) = J,(t) - T X (). (3.6.14)

Substituting this into (3.6.11) we get the equation

%Et) = Jo(t) - b(t, I () Z(t),w — o)t > 05 Zo =a. (3.6.15)

This equation can be solved for w as an ordinary differential equation in .
Because of our assumptions on b we get a unique solution Z(t) = Z(t,w)
for all w. Moreover, from (3.6.15) we have

t

1Z(1)] < |2 + /J(,(s) b(s, T H(8)Z(s),w — o) ds

0
t

< |z| +/J,T(S)C(1 + J7Ns)|Z(s)|)ds

0
t t

= |5E|+C/Jg(s)ds+0/|Z(s)\ds.

0 0

Hence, by the Gronwall inequality,
T
zw)| < [ |2+ C / Jo(s)ds | exp[Ct] for t<T. (3.6.16)
0

Then, for t < T, we have
P

T
E[|Z(t)]”] < exp[pCt] | 2°|z|P + 2PCPE /J[,(s)ds
0

T A
<C;+CyFE /1ds -/Jg(s)pds
0 0

T
<0+ Cg/EHJC,(s)\p]ds
0

1
< C1+ C3T exp [5192”0”%} < 0.
We conclude that Z(t) € LP(u) for allt > 0,p < oo. It follows from (3.6.14)

that the same is true for T_ ) X (¢). From Corollary 2.10.5 we get that this
is also true for X(t). O
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Next, we consider the approximation question stated earlier in this section.

Theorem 3.6.2 Hu and Oksendal (1996).  Let b(t,x,w) and o(t) be
as in Theorem 3.6.1, and let Wy, (t) be the ¢r-smoothed white noise process

as defined in (3.6.2). Moreover, suppose that it is possible to find a map
D(w,0) : S'(R) x S(R) — (0,00) such that

|b(t, x,w + 0) — b(t,x,w)| < D(w,0) forall t,x,w,0 (3.6.18)

and
E,[DP(-,0)] =0 as 6—0 in S'(R) (3.6.19)

for somep > 1. Then for each k € N there is a unique solution Xy (t) € LP(u)
for all p < oo of the equation

%kt(t) = b(t, Xp(t),w) + o (t) Xi(t) o Wiy (1), > 0; Xp(0) = 2. (3.6.20)

Moreover, for all ¢ < p, we have
E | Ze(t) - Z(t)|"] =0 as k— oo (3.6.21)
uniformly for t in bounded intervals.

Proof Note that

o(8)pr(r — s)ds; t > 0.

S)
=
=
—~
=
S~—
Il
o

Set
t

Jo,. (t) = exp® [—/U(S)W(k)(s)dsl = exp® l—/ U,(:)(r)dB(r)

0 R

From now on we proceed exactly as in the proof of Theorem 3.6.1, except
that o is replaced by oj. Thus, with

Zi(t) = Jo, (1) © Xk (1) (3.6.22)
we get that

dZ(t)
dt

= o (8) - b(t, T 1) Zi(t), 0 — o)t > 05 Zy(0) =z, (3.6.23)
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which has a solution Zj(t) € LP(u) for all p < oo just as equation (3.6.15).
Finally, to prove (3.6.21) we use (3.6.18)—(3.6.19) to get

t

/ (J,,k (5)b(s, T3 (5) Zk(s), w0 — o)

0

|1Z1(t) — Z(1)] <

— Jy(s)b(s, J; () Z(s),w — 0(5))>ds

'Y o

t

</ (Jak[cm(s) — 2(s)]

0

D@0 — o] 4 oy — Tl + |Z<s>|>>ds.

By the Gronwall inequality, this leads to
t
\Z4(t) — Z(8)] < F - exp C/Jak(s)ds for t<T
0

where

T

F= / <J0k(s)D(w,a,gs> — ) 4 | (5) — Jo(8)|C(1 + |Zs|)> ds.
0

From this we see that (3.6.21) follows. O

3.7 Using White Noise Analysis to Solve General
Nonlinear SDEs

From the previous sections one might get the impression that white noise
analysis and the Wick product can only be used to solve linear, and some
quasi-linear, SDEs. However, this is not the case. In a remarkable paper by
Lanconelli and Proske (2004) the authors give an explicit solution formula
for a general SDE. The formula and its proof uses the machinery of white
noise analysis and the Wick calculus. We now present their result in more
detail. For simplicity we only deal with the 1-dimensional case.
Consider an Ito stochastic differential equation of the form

dX (1) = b(t, X (£))dt + o(t, X(£))dB(t); X(0) =z, 0<t<T  (3.7.1)
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We assume that the functions b : [0,7] x R - Rand o : [0,7] x R — R
are Lipschitz continuous and have at most linear growth. This is sufficient
to guarantee that a unique, strong solution X (¢) exists. Moreover, we know
that

T
E X2(t)dt| < oo (3.7.2)
/

(See, e.g., Oksendal (2003), Chapter 5.)

For notational convenience we will in the following assume that the
equation (3.7.1) is time-homogeneous, in the sense that b(t,z) = b(x) and
o(t,z) = o(x). Moreover, we impose the conditions that

o(r) >0 for all z € R and o € C*(R) (3.7.3)

and
b(z)
o(x)

In the following we need to introduce the stocastic integral of an
(S)*-valued process ¢(t) with respect to a Brownian motion B(t) on a filtered
probability space (Q, F, 1), {Fi}+>0, where Fy is the filtration generated by
B(s); s < t. We only give the construction in the case when

is bounded on R (3.7.4)

is white noise, which is the case we are interested in.
First consider a step function approximation W) (t) to W (t), defined as

follows
kn—1

W) = 7 W)X o) (0),

)
‘ i+1)
=1

where 0 = tgn) << tfcz) =T is a partition of the interval [0, T] such that

max; [t{") — tl(i)1| — 0 as n — oo. Note that there exists a ¢ > 1 such that

||W(”)(t) —W()||=0,—q — 0 as n — oo,

uniformly in ¢ € [0,7]. We define the stochastic integral of W) (t) with
respect to B(t) by

kn—1

T
[ W wan = 3 W) - Be)
0

i=1
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It can be verified that the following It6 isometry holds

T T
N (n) » _ (m) >
o / W (1B () / WO (£)dB (1)
0 0 —0,—¢q
T
_ / W) (1) — W (1)12,_ di (3.7.5)
0

Hence we can define the stochastic integral
T
/ W(t)dB(t) € (S)*
0

as the limit in L?(f, (S)—o,—4) of the Cauchy sequence {fOT W ()dB(t)}e,,
as follows:
T

T
/ W(t)dB(t) = lim [ W™ (#)dB(t) in L2(i1, (S)_o0,_q)- (3.7.6)
0 0

It is easy to see that the limit does not depend on the partition chosen.
The following result is needed in the proof of the main theorem:

Lemma 3.7.1. The map ® : Q0 — (S)_1 defined by

T
@ — exp® /W(s,w)dé(s,@) cweNOweD
0

is Bochner integrable in (S)_1 with respect to the measure fi.

Proof By Theorem 2.6.11 for all R > 0 there exist constants C' < oo and
r > ¢ such that if F' € (S)_1 g, then

sup |HF(2)] < R||F||-1,—¢ < R||F||z1,—2r < C sup [|HF(z)| (3.7.7)

2€K,(R) 2€K,(R)

Therefore it suffices to verify that

Eﬂ[ s [H@(@))()]| < oo
z€Kq(R)

By our construction of the stochastic integral we have that if [ is large
enough, then

/W(s,w)dé(s,@) € (S)-1_.
0
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for a.a. @ with respect to ji. Combined with Theorem 2.6.11 this gives the
estimate

Ep | sup |H(¢(@))(Z)I]
2€Kq(R)
r T
< E; |exp | sup |H /W (2)
z€Kq4(R)
L L 0
[ T
< E; |exp |R /Wsst
L L 0 —1,—1
T
< Ci+E; [exp / dB
0 —1,—1
Since fo (s)dB(s) is a zero mean Gaussian random variable in (S)*,, it

follows by Fernique’s theorem (see, e.g., Da Prato and Zabczyk (1992)) that
the last expectation is finite. Hence the conclusion follows from (3.7.7). O

We are now ready to state and prove the main result in this section:

Theorem 3.7.2 (Lanconelli and Proske (2004), explicit solution
formula for SDEs). Assume that (3.7.3) and (3.7.4) hold. Define

A(y) _/a(lu)du (3.7.8)

Let ¢ : R — R be measurable and such that

x

(oA ( (t )) € L2() for all t € [0, T) (3.7.9)

Let X*(t) be the strong solution of (3.7.1). Then
B(X" (1)) = Bz [o(A~ (B(1)M3] (3.7.10)

where
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Proof Without loss of generality we can assume that the drift term is zero,
i.e., that

dX*(t) = o(X*(t))dB(t), X*(0) =z (3.7.12)

We first find the Hermite transform of ¢(X*(¢)): Choose z € (CY).. Then by
the relation between the S-transform and the Hermite transform (Theorem
2.7.10) we have

H(p(X*(1)))(2) = Ey [¢(Xr(t))exp° [/{2151(5) +o Zkﬁk(S)}dB(S)”
R

B, |6(X7(t)) exp® / H(W.)(=)dB(s) (37.13)
R
Hence by the Girsanov theorem (see Corollary 2.10.5)
H($(X(1))) = Euo(X7(1))] (3.7.14)

where
X7(t,w) = X" (t,w +wp), with <wo, > = (H(W(s))(2),")r2w®) (3.7.15)
Note that X?(t) solves the equation
dX®(t) = h(t)o(X®(t))dt + o(X*(t))dB(t); X*(0) =z (3.7.16)
where h(t) = H(W(t))(z). Moreover, if we define
7 = A(X*(1)
then by the Itd formula

zg = (h(t) - % (o' 0 A7Y) (zgf)) dt +dB(t); 75 = A(w) =0 (3.7.17)

Applying the classical Girsanov formula we obtain

H(G(X*(1)(2) = Eu[o(X*(1))] = Bal(g 0 A~)(2)]
— Bal(¢ 0 A")(B(t) My] (3.7.18)

where

_0/T<h(s)—;(a'oA_l)(B(s))>2ds]. (3.7.19)
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By Lemma 7.3.1 we can apply the inverse Hermite transform to the last
term in (3.7.18) and get

H(H(X*())(2) = H(Eal(d 0 A1) (B() MF])(2) (3.7.20)

for z € K,4(R) for some ¢, R. Then the conclusion follows by the characteri-
zation theorem for Hermite transforms (Theorem 2.6.11). O

Remark 3.7.3 In spite of its striking simplicity, the solution formula
(3.7.10) is not easy to use to find standard, non-white-noise solution formulas,
even in cases when the solution is easy to find using the It6 formula.
See Exercise 3.11.

Exercises

3.1 Show that the processes X;(t), X2(t) defined by (3.2.12) and (3.2.15),
respectively, are not Markov processes. This illustrates that in general the
solution of a Wick type stochastic differential equation does not have the
Markov property.

3.2
a) Construct a solution X (¢) of equation (3.3.3) by proceeding as follows:
Define Xy(t) = Xo and, by induction, using Picard iteration,
t
X,(t) = Xo+ /F(S,Xn,l(s))ds.
0
Then X, (t) converges in (S)Y; _; to a solution X (t) as n — oo.
b) Prove that equation (3.3.3) has only one solution by proceeding as follows:
If X;(t), Xo(t) are two solutions, define g(t) = || X1(t) — Xz(t)||2_17_k for
t €10,7]. Then

g(t) < A / o(s)ds
0

for some constant A.

3.3 Deduce the inequalities in (3.5.19).
3.4 Use Wick calculus to solve the following Itd stochastic differential
equations:

a) dX(t) =rX(t)dt + aX(t)dB(t), t >0
Xy = x; x,r, a constants;

b) dX(t) = rX(t)dt + adB(t), t >0
Xy = x; x,r, o constants;



156 3 Applications to Stochastic Ordinary Differential Equations

c) dX(t) =rdt +aX(t)dB(t), t >0
Xy = x; x,r,a constants;

d) dX(t) = r(K — X(t))dt + a(K — X (£))dB(t), t > 0
Xo =x; z,r, K, a constants;

e) dX(t) = (r+ pX(t))dt + (a+ BX(t))dB(t), t >0
Xo =uz; z,r, p,a, 0 constants.

f) If Xo = x is not constant, but an F..-measurable random variable
such that Xo(w) € L?(u), how does this affect the solutions of a) — e)
above?

3.5 Solve the Skorohod stochastic differential equations

a) dX(t) =rX(t)dt+aX(t)0B(t); 0<t<T
X(T) = G(w) € L?(u), Foo-measurable;

b) dX(t) =rX(t)dt + adB(t); 0 <t <T
X(T) = G(w) € L*(p), Foo-measurable;

c) dX(t)=rdt+aX(t)dB(t); 0<t<T
X(T) = G(w) € L*(n), Foo-measurable;

d) dX(t) = B(T)dt + X(t)6B(t); 0 <t <T
X(0) = G(w) € L?(u), Foo-measurable.

3.6 Use Wick calculus to solve the following 2-dimensional system of
stochastic differential equations:

B — Xy (t) + aW (1)

d)fft(t) = Xy (t) + fWa(t); X1(0), X2(0) given,

where W(t) = (Wy(t), Wa(t)) is 2-dimensional, 1-parameter white noise.
This is a model for a vibrating string subject to a stochastic force.

3.7 In Grue and Qksendal (1997), the following second—-order stochastic dif-
ferential equation is studied as a model for the motion of a moored platform
in the sea exposed to random forces from the wind, waves and currents:

() + [a+ LW ()] o &(t) +yx(t) =0W(t); £ >0
x(0), %(0) given,

where «, 3,7, 0 are constants.
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a) Transform this into a stochastic Volterra equation of the form
t
z(t) = J(t,w) + /K(t,s,w) ox(s)ds
0

for suitable stochastic distribution processes.

b) Verify that the conditions of Theorem 3.4.2 are satisfied in this case
and hence conclude that the equation has a unique stochastic distri-
bution solution z(t) € (S)_1.

3.8 Solve the second—order stochastic differential equation

) +z(@t) =W(E); t>0
x(0),£(0) given,

by transforming it into a stochastic Volterra equation.
3.9 Use the method of Theorem 3.6.1 to solve the quasilinear SDE

dX(t) = f(X(t))dt+ X(t)dB(t); t >0
X(0) =2z € (0,1) (deterministic),

where f(z) = min(x,1); z € R.
3.10 Use the method of Theorem 3.6.1 to solve the SDE

dX(t) =rX(t)+aX(t)dB(t); t >0
X(0) € L*(p1), Foo-measurable,

and compare the result with the result in Exercise 3.4 a) and f).

3.11 Use Theorem 3.7.2 to show that the solution of the stochastic differential
equation

AX7(t) = pX*(t)dt + o X (H)dB(t); X*(0) =2 >0

(where u, o > 0 are constants) is the geometric Brownian motion

X*(t) = x exp [(u - ;ﬁ) t+ aB(t)} t>0



Chapter 4

Stochastic Partial Differential
Equations Driven by Brownian White
Noise

4.1 General Remarks

In this chapter we will apply the general theory developed in Chapter 2
to solve various stochastic partial differential equations (SPDEs) driven by
Brownian white noise. In fact, as pointed out in Chapter 1, our main moti-
vation for setting up this machinery was to enable us to solve some of the
basic SPDEs that appear frequently in applications.

We can explain our general approach to SPDEs as follows:

Suppose that modeling considerations lead us to consider an SPDE
expressed formally as

A(t, 2,0,V U,w) =0 (4.1.1)
where A is some given function, U = U(t,z,w) is the unknown (gen-
eralized) stochastic process, and where the operators 9, = 9/0t,V, =

(0/0z1,...,0/0x4) when x = (x1,...,74) € R%
First we interpret all products as Wick products and all functions as their
Wick versions, as explained in Definition 2.6.14. We indicate this as

A°(t, 2,0V, Uw) = 0. (4.1.2)

Secondly, we take the Hermite transform of (4.1.2). This turns Wick prod-
ucts into ordinary products (between (possibly) complex numbers) and the
equation takes the form

At 2,8, V4,U, 21,2,...) =0, (4.1.3)

where U = HU is the Hermite transform of U and 21, Z2 are complex numbers.
Suppose we can find a solution u = u(t, z, z) of the equation

A(t, 2,0, Vg, u,2) =0, (4.1.4)

for each z = (21, 22, ...) € K4(R) for some ¢, R (see Definition 2.6.4).
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Then, under certain conditions, we can take the inverse Hermite
transform U = H~1u € (S)_; and thereby obtain a solution U of the original
(Wick) equation (4.1.2). See Theorem 4.1.1 below for details. This method
has already been applied in Chapter 3. See, e.g., the proof of Theorem 3.2.1.

The first step of this procedure, to interpret all products as Wick prod-
ucts, reflects a certain choice regarding the exact mathematical model for the
equation. As pointed out in Chapter 1, the solution U of (4.1.1) will in many
cases only exist as a generalized stochastic process, and this makes it difficult
to interpret the products as ordinary, pointwise products. Wick products,
however, have the advantage of being well-defined (and well-behaved) on the
space (S)_1.

Moreover, it coincides with the ordinary product if one of the factors
is deterministic, and it represents the natural extension of the principle of
interpreting differential equations with white noise as 1t6/Skorohod stochastic
differential equations. See (1.1.9) and the other related comments in
Chapter 1. However, regardless of all such good theoretical arguments for the
use of the Wick product, the ultimate test for such a model is the comparison
between the mathematical solution and the observed solution of the physical
phenomenon we are modeling. See Section 3.5 for a 1-dimensional example.

The Hermite transform replaces a real-valued function depending on w (or,
more generally, an element of (S)_1) by a complex—valued function depending

on a complex parameter z = (21,22,...) € (CV).. So to solve (4.1.4) we
have to solve a deterministic PDE with complex coefficients depending on
the complex parameters 21, zo,.... If we succeed in doing this, we proceed

by taking inverse Hermite transforms to obtain a solution of the original
equation. Sufficient conditions for this procedure to work are given in the
next theorem.

Theorem 4.1.1.  Suppose u(t,x,z) is a solution (in the usual strong,
pointwise sense) of the equation

A(t,x,8,,Va,u,2) =0 (4.1.5)

for (t,z) in some bounded open set G C R x R, and for all z € K (R), for
some q, R. Moreover, suppose that

u(t,z,z) and all its partial derivatives, which are involved in (4.1.4),
are(uni formly) bounded for (t,z,z) € G x Ky(R), continuous with
respect to (t,z) € Gfor each z € Ky (R) and analytic with respect to
z € K4(R), for all (t,z) € G. (4.1.6)

Then there exists U(t,z) € (S)—1 such that u(t,z,z) = (HU(t,x))(z) for all
(t,z,z) € G xKy(R) and U(t,z) solves (in the strong sense in (S)_1) the
equation

A%(t, 2,04, V5, Uw) =0 in (S)_1. (4.1.7)
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Proof This result is a direct extension of Lemma 2.8.4 to the case involving
higher order derivatives. It can be proved by applying the argument of
Lemma 2.8.4 repeatedly. We omit the details. See Exercise 4.1. g

Remark Note that it is enough to check condition (4.1.6) for the highest-
order derivatives of each type, since from this the condition automatically
holds for all lower-order derivatives, by the mean value property.

4.2 The Stochastic Poisson Equation

Let us illustrate the method described above on the following equation, called
the stochastic Poisson equation:

{AU(J:) =-W(zx); zeD (4.2.1)

U(x)=0; =ze€dD,

where A = 2221 0?/0x2 is the Laplace operator in R4, D C R? is a
given bounded domain with regular boundary (see, e.g., @ksendal (1995),
Chapter 9) and where W (z) = Zjoil Nk (x) He, (w) is d-parameter white noise.
As mentioned in Chapter 1, this equation models, for example, the tempera-
ture U(z) in D when the boundary temperature is kept equal to 0 and there
is a white noise heat source in D.
Taking the Hermite transform of (4.2.1), we get the equation
Au(z, z) = —W(m,z); xr €D (4.2.2)
u(z,z) =0; x€dD

for our candidate u for U, where the Hermite transform W(w, z) =
Z;’il nj(z)z; when z = (21,22,...) € (CV). (see Example 2.6.2). By con-
sidering the real and imaginary parts of this equation separately, we see that
the usual solution formula holds:

u(z, z) = /G(x,y)W(%z)dy, (4.2.3)

where G(z,y) is the classical Green function of D (so G = 0 outside D).
(See, e.g., Port and Stone (1978), or Pksendal (1995), Chapter 9). Note that
u(z, 2) exists for all x € (CN).,z € D, since the integral on the right of (4.2.3)
converges for all such z,z. (For this we only need that G(z,y) € L'(dy) for
each z.) Moreover, for z € (CY),., we have
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ZZJ‘/G(%y)nj(y)dy‘

ssupmj(y)\/c:(x,y)dyzwzﬂ <CS |yl =0 ||
7 J J

2,9

u(z, 2)| = '/G($7y)znj(y)zjdy’ _

<o Tl ) : (Zeme)
< CR(Z(Qj)2)2
< 00, j (4.2.4)

if z € Ky(R). Since u(z,z) depends analytically on z, it follows from the
Characterization Theorem (Theorem 2.6.11) that there exists U(z) € (S)_1

such that U(z,z) = u(x,z). Moreover, from the general theory of elliptic
(deterministic) PDEs (see, e.g., Bers et al. (1964)), we know that, for each
open V CC D and z € (CV).. there exists C' such that

[u(, )l c2+a vy < Cl|AU(, 2)llcep) + [[ul; 2)llcp))- (4.2.5)

In particular, 9?u/dz?(z,2) is bounded for (z,z) € Ky(R) since both
Au = —W and u are. Therefore, by Theorem 4.1.1, U(x) solves (4.2.1).
We recognize directly from (4.2.3) that u is the Hermite transform of

U(z) = / Gl )W (p)dy = 3 / G, y)ny (y)dyH.., (o),
Rd

j:]-Rd

which converges in (S)* because (see (2.3.26))

o0 oo

2
Z (/G(w,y)nj(y)dy> (25)71 < C? Z(Qj)_q <oo forall ¢>1.

j=1 Rd j=1

Theorem 4.2.1. The unique stochastic distribution process U(z) € (S)—1
solving (4.2.1) is given by

U(x) = / G, )W (y)dy

- Z/G(ﬂf,y)m(y)dyHaj(w)- (4.2.6)

jled,

We have U(x) € (S)* for all x € D.
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As mentioned in Chapter 1, equation (4.2.1) was studied in Walsh (1986).
He showed that there is a unique distribution valued stochastic process
Y (z,w) solving (4.2.1). This means that there exists a Sobolev space H"(D)
such that Y (-,w) € H~™(D) for almost all w and

AY(,w)=-W(,w) in H (D), as.

in the sense that

Y(,w),Ap) = —(W(-,w),¢) as., foral ¢e H*(D).

The Walsh solution is given explicitly by

o) = [ [Gepowinas)y o= o € @ (@27

For comparison, our solution U(xz) in (4.2.6) can be described by its action
on its test functions f € (S):

U), ) = / Gla,y)(W(y), Hidy: | = F(w) € (). (4.2.8)

Rd

In short, the Walsh solution Y (x,w) takes z-averages for almost all w, while
our solution U(z,w) takes w-averages for all .
4.2.1 The Functional Process Approach

It is instructive to consider this equation from a functional process point of
view (see Section 2.9). So we fix 1) € S(R?) and consider the equation

AU, z) = —Wy(x); €D
(¢, x) (@) (429)
U@,z)=0; x€dD,
where Wy (2) = w(¥g,w) = [pu (& — x)dB() is ¥,-smoothed white noise

and ¥, (y) = ¥(y — x); y € R4, ThlS equation can be solved for each w to
give

/G z, Y)Wy (y dy—//G x,y)w(€ —y)dydB(§). (4.2.10)
R4 Rd

We have U (¢, z) € LP(p) for all p < oc.
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If 4, or rather ¥dy, tends to §p in the weak star topology in the space

of measures on RY, then U(¢,z) — U(z) (given by (4.2.5)) in (S)*. This is
because, using the notation of Definition 2.7.1,

1U(¢,z) = U(x)

or < [ GlapIWels) = Wwlordy
Rd

< [ 6w Tiwm) - nwPe) d—0 for <.
R J

See Lindstrgm et al. (1995), for a discussion of similar properties of the
more general stochastic Poisson equation

div(a(z)VU(x)) = =W (x); z€D
U(x)=0; ze€dD

where a(z) = [a;;(2)] is a d x d symmetric matrix with bounded measurable
components a;;(x). The solutions are in this case interpreted in the Walsh
sense.

This type of stability question, as well as the basic idea behind func-
tional processes, are inspired by Colombeau’s theory of distributions (see
Colombeau (1990)), which makes it possible to define the product of certain
distributions.

The Colombeau theory was adapted to stochastic analysis in Albeverio
et al. (1996). There existence and uniqueness are proved for a Colombeau
distribution solution of a certain class of nonlinear stochastic wave equations
of space dimension 2. See also Russo (1994), Oberguggenberger (1992, 1995),
and the references therein.

4.3 The Stochastic Transport Equation

4.3.1 Pollution in a Turbulent Medium

The transport of a substance that is dispersing in a moving medium can be
modeled by an SPDE of the form

W = L152AU + V(t,2) - VU + K(t,z) - U + g(t,x); t>0,2z€R?
U@0,z) = f(z); x€R%,
(4.3.1)

where U (t, ) is the concentration of the substance at time ¢t and at the point
x € D, 1/20% > 0 (constant) is the dispersion coefficient, V (t,x) € R is
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the velocity of the medium, K(¢,z) € R is the relative leakage rate and
g(t,x) € R is the source rate of the substance. The initial concentration is a
given real function f(z).

If one or several of these coefficients are assumed to be stochastic, we call
equation (4.3.1) a stochastic transport equation. For example, the case when
we have K = g = 0 and V = W(z) (d-dimensional white noise) models
the transport of a substance in a turbulent medium. This case has been
studied by several authors. When d = 1 and the product W (z) - VU (¢, z) is
interpreted by means of a Stratonovich integration, the equation has been
studied by Chow (1989), Nualart and Zakai (1989), and Potthoff (1992), and
in the Hitsuda—Skorohod interpretation by Potthoff (1994). See also Deck
and Potthoff (1998), for a more general approach. For arbitrary d and with
V(z) = Wy(z) = (W(z()l)(ac)7 ce Wéd) (2)), d-dimensional ¢-smoothed white
noise (¢ € §), and the product Wy(z) - VU(t, ) interpreted as a Wick
product Wy(x) o VU(t,z) (and still K = g = 0), an explicit solution was
found in Gjerde et al. (1995). There the initial value f(z) was allowed to be
stochastic and anticipating and it was shown that the solution was actually a
strong solution in (S)* for all ¢, z. Equation (4.3.1), with V, K deterministic,
but g(t, ) random, was studied by Kallianpur and Xiong (1994), as a model
for pollution dispersion. Then Gjerde (1994) combined the two cases studied
by Gjerde et al. (1995), and Kallianpur and Xiong (1994) and solved the
following generalization:

W = 162AU + Wy(2) o VU + K(t,2) o U + g(t,z); t>0,z € R
U0,z) = f(z); z€R?
(4.3.2)
where o is a constant and K(t,z), g¢(t,z) and f(z) are given stochastic
distribution processes.

Our presentation here is a synthesis of the methods in Gjessing (1994),
Gjerde et al (1995), Holden et al. (1995a), and Holden et al. (1995b).

Theorem 4.3.1 Gjerde (1994) (The stochastic transport equation).
Assume that K : RT xR? — (8)_1,9 : R* xR — (S)_; and f : R — (S)_4
satisfy the following conditions:

There exist ¢ and R < oo such that |K(t,z,2)| + [§(t,z,2)| + |f(z,2)| is
uni formly bounded for (t,z,z) € RT x R? x K,(R). (4.3.3)

There exists K,(R) such that for each z € K,(R) we can find v € (0,1)
such that K(t,z,z)€CYT (Rt xRY), §(t, x,2) € CYY(RT xRY) and f(z,z) €
C?*(RY). (4.3.4)
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Then there exists a unique stochastic distribution process U(t,x) solving
(4.3.2), namely

U(t,z) = E* | | f(oby) o exp® /K(t —r,oby)dr

/ t — s,0bs) ¢ exp® /Ks—rab)dr ds | o M|, (4.3.5)

0
where
d t t
M = exp [— Z o~ / (z(,k)(ob dpk) — Z 2/ s))2ds|.
k=1 2 0
(4.3.6)
Here (by)i>0 = (bgl),...,bid))tzo is an auziliary Brownian motion in RY

(independent of {B(t)}i>0) with probability law P* when starting at x € RY
at time t = 0, and E® denotes the expectation with respect to P, Thus the
integrals in the Wick exponent are (S)_i-valued It6 integrals and
(S)_1-valued Lebesque integrals (Bochner integrals), respectively.

Proof Taking the Hermite transform of (4.3.2), we get the equation

%u — 152 Au+ Wy(x)  Vu+ K(t,z) - u+g(t,z); t>0,z¢cR?
u(0,z) = f(z); xeR?

(4.3.7)

for the Hermite transform u = u(t, x,2) = (HY (t,z))(z) = Y (,z, z), where
2= (21,22,...) € (CY)..

Let us first assume that z = A = (Ag, Aa,...) € (RY), and then define the
operator

d
1, i 0 (1, 0) -2
Z:: 5 52 T Z Wi (e N (4.3.8)

where W(j()k) (x) is component number k of W(z), so that

oo

WP (2, ) Z ® A Gkra; 1<k <d (4.3.9)

(see (2.6.10)), where ¢%) is component number k of ¢, € S. Then equation
(4.3.7) can be written

{_%7;+A*u+f(u:—§; t>0,z R

w(0,z) = f(z); xR (4.3.10)
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Let X} = Xt)"m be the unique, strong solution of the Ité stochastic
differential equation

dX) = W4(X}, N)dt + odby; t >0, X)) = . (4.3.11)

Note that the coefficient W¢(m, A) is Lipschitz continuous in x and has
at most linear growth, so by the general theory (see Appendix B) a unique,
strong, global solution X} exists. Note also that X;* has generator A*. There-
fore, by the Feynman—Kac formula (see, e.g., Karatzas and Shreve (1991),
Friedman (1976)), the unique solution u of (4.3.10) is given by

t
u(t,r,\) = £ f(Xt, A) exp /f((t —r, XM Ndr
0

t s
—&-/ﬁ(t—s,XS)‘,)\)exp /I?(s—r),Xf‘,/\)dr ds|, (4.3.12)
0 0

where E7, denotes the expectation with respect to the law Q® of { X} >0

when we have X3 = z. Using the Girsanov transformation (see Appendix B)
this can be formulated in terms of the expectation E* as follows:

t
u(t,x, \) = E* f(obt, A) exp /IN((t —r,0b., \)dr
0

t

+/'§(t—s,abs,)\) exp /I?(sfr,crbr,)\)dr ds | My(\) |,
0 0
(4.3.13)

where

0
d L
ZU*Z/(W;’“)(abS,A))st . (4.3.14)
0

Clearly this function A — u(t,z,\); A € (RY)., extends analytically to
a function z — u(t,z,2);z € (CV),, obtained by substituting z for A in
(4.3.13)—(4.3.14). To prove that this analytic function u(t, z, z) is the Hermite
transform of some element U(¢,z) € (S)_1, we must verify that u(t,z, z) is
bounded for z € Ky (R) for some ¢, R. To this end it suffices, because of our
assumptions, to prove that we have

E[|My(2)]] is bounded for z € K (R).
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Choose ¢ = 2 and z = A + iy = (A1 + iy1, A2 + iy, ...) € Ky(R). Then,
since M; is an exponential martingale, we get

E*[|My(2)]]

k=1
) d 1 A
= FE% |exp Zoﬁl/ W(k)(abs,/\ b(k 520 2/ crbs,)\ )2ds
k=1 0 k=1 3
1< /
) xr
33007 [T (b )P
k=1 3
J ¢
< sup exp |3 3007 [(75(5.0)dy
peR? k=1 0
_1 e e] 2 e o] @) o] )
-2 26‘] —2eV
<exp §da t||¢||<Z|yl|) < exp C’Z Z
L j=1 j=1 j=1
<exp [CY [y P(2N)** > (24) 77
a#0 j=1

Hence there exists U(t, ) € (S)_; such that U(t,z) = u(t, z). By comparing
the expansions for U(t,z) =Y aa(t,2)Hy and u(t,z) =Y, ba(t, x)2%, we
see that U(t, ) can be expressed by (4.3.5)—(4.3.6).

Verifying that U(t, z) solves (4.3.2) remains. Define the partial differential
operator L by

1
Lu(t,x) = % — 70'2A'U/ . W¢ Vu— K(t,z)u. (4.3.15)
Then from the general theory of (deterministic) parabolic differential
operators we have (see Egorov and Shubin (1992), Theorem 2.78, and the
references therein) that for every open set G = (0,7) x D CC RT x R? there
exists C' < oo such that

ull 124+ @y < C(l|Lullcrmay + ||f||c2+w(aD))~ (4.3.16)

Combining this with our estimate for the function w(t,z,z) and our
assumption about Lu(t,z,z) = g(t,x,z), we see that the conditions of
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Theorem 4.1.1 are satisfied for u(t, x, z), and we conclude that U(t, z) solves
(4.3.2), as claimed. ]

Theorem 4.3.1 has several important special cases, some of which were
already mentioned at the beginning of this section. We state two more:

4.3.2 The Heat Equation with a Stochastic Potential

If we choose V = g = 0in (4.3.1), we get the following stochastic heat equation

Wt x)=Lo2AU(t,z) + K(t,x) o U(t,z); t>0,2 € R?
{at( ) =73 (t, ) + K(t,z) o U(t,x) (4317)

U0,z) = f(z); x€R%
This equation was studied in Nualart and Zakai (1989), in the case when
K (t, z) is white noise. They prove the existence of a solution of a type called

generalized Wiener functionals. In Holden et al. (1995b), this equation was
solved in the (S)_; setting presented here.

Corollary 4.3.2 Holden et al. (1995b). Suppose that K(t,z) and f(x)
are stochastic  distribution processes satisfying the conditions of
Theorem 4.3.1. Then the unique (S)_1 solution U(t,x) of (4.3.17) is given by

t
U(t,z) = E* | f(obs) o exp® / K(t—s,0by)ds| |. (4.3.18)
0

4.4 The Stochastic Schrodinger Equation

An equation closely related to equation (4.3.2) is the stationary Schrodinger
equation with a stochastic potential

IAU() + V(z) o U(z) = —f(z); =
{QAU(HV() U)=~f(z); z€D (4.4.1)

U(x)=0; ze€0dD.
Here D is a bounded domain in R% and V'(x) and f(z) are given stochastic
distribution processes. This equation was studied in Holden et al. (1993a), in

the case when the potential V(x) is proportional to the Wick exponential of
smoothed white noise; or more precisely

V(z) = pexp®[Wy(2)], ¢ € SR), (4.4.2)

where p € R is a constant. If p > 0, this is called the attractive case.
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Let Ag be the smallest eigenvalue for the operator —1/2A in D, i.e., \g > 0
is the smallest A\ for which the boundary value problem

1 U\T) = AU\ ); xXr
{QA() fu(@); €D (4.4.3)

u(z) =0; x € drD (the regular boundary of D)

has a bounded solution u € C?(D). (As usual, the boundary condition
u(z) = 0forxz € 9D is a shorthand notation for limy s u(y) = 0 for

x € 0D.) As in the previous section, we let {b;};>0, denote an auxiliary
Brownian motion in R? (independent of {B(t)};>0), and E* denotes the
expectation with respect to the law P of b, starting at x. Define the first
exit time 7p for b; from D by

7p = inf{t > 0;b; ¢ D}.
The following result will be useful: Ag > 0 is related to 7p
Ao = sup{p € R; E®[exp[prp]] < >0}, forall z e D. (4.4.4)

(See, e.g., Durrett (1984), Chapter 8B.)

Theorem 4.4.1.  Suppose f(x) is a stochastic distribution process such that

f(z,z) s bounded for (z,z) € D xKy (Ry1), forsome q1,R1. (4.4.5)

Let D be a bounded domain in R with all its points reqular for the classi-
cal Dirichlet problem in D. Let p < Ao be a constant. Then there is a unique
(8)-1 solution U(x) of the stochastic Schrédinger equation

{%AU(Q;) pexp?W(@)]oUle) = —f(a): ze€D "
U(x)=0; xz€0dD,
and it is given by
U(z) = E® / exp® [p / expO(W(bs))dsl o f(bt)dt]. (4.4.7)
0 0

Proof This result can be proved by modifying the proof of Theorem 4.3.1.
For completeness we give the details.
By taking Hermite transforms we get the equation
$Au(w,z) + pexp[W (2)(2)] - u(z,2) = —f(x,2); x€D (4.48)
u(z,z) =0; x€0D.
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Choose z € (CV)... Then by a complex version of the Feynman—Kac formula
(see, e.g., Karatzas and Shreve (1991), Friedman (1976), in the real case) we
can express the unique solution u(z, z) of (4.4.8) as

O/f(bt, z) exp

provided the expression converges. Note that, by (C.15),

< sup ln(a (Z |zj|)

J,x

p | exp[W(bs, z)]ds} dt] , (4.4.9)
/

2
|W¢ bs,Z

$)%

<bup|n] )2 Z|zj| (2N qf‘”z(zN)—q v
< sup |n; (x RZ‘Z 2j)7% =: C(q, R)* < o0
J,x

if z € K¢(R) for ¢ > 1.
Therefore, by our assumption on f, for z € K, (R) we get,

4

u(z, 2)] < ME” l/eXp lp/exp[c(qu)]dS

0 0
< ME"| [ exp | pexp[C(q, R)]t|dt

/

M
= mE [exp[pexpC(g, R))7]],

where M = sup{|f(a:,z)|; (x,2) € D x Kg (R1)}-
Now choose g2, R and € > 0 such that

peClafi2) (1 — ¢)\,.
Then for ¢ > max(q1,q2) and R < min(R;, R2) we have

M .
u(z,z)| < ————=FE%|exp |(1 — €)AoT| | < 0
w2l S (e R (1= €)2or]
for all (z,2) € D x K4(R).
Since u(z,z) is clearly analytic in z € (CV). N K,(R), we conclude that
there exists U(z) € (S)—1 such that HU = u. Moreover, since L = 1/2A is
uniformly elliptic, it follows by the estimate (4.2.5) that the double derivatives
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0*u/0x?(x,2); 1 < i < d, are uniformly bounded for (z,z) € V x K,(R)
for each open set V. CC D. Hence by Theorem 4.1.1, U(z) does indeed
solve (4.4.6). Moreover, we verify directly that the Hermite transform of the
expression in (4.4.7) is the expression in (4.4.9). O

4.4.1 L*(pn)-Properties of the Solution

Working in the space (S)_; can be technically convenient, because of the
useful properties of the Hermite transform and the characterization theorem.
However, we pay a price: The space (S)_; is large and relatively abstract.
Therefore it will always be of interest to identify the solutions as members of
smaller or more concrete spaces, such as (S)* or, preferably, L?(u) for some
p > 1. We have already seen examples of equations whose solutions belong
to (8)—1 but not to (§)* and hence not to LP(u) for any p > 1. (See, e.g.,
Section 3.2). Nevertheless, it turns out that the solution sometimes is also in
LY(p) (like in Section 3.2). This useful feature is more often achieved when we
apply the functional process approach, i.e., smoothing the white noise with
a test function ¢ € S(R) as we did above. We now prove that, under certain
conditions, our solution in Theorem 4.4.1 is actually in L*(u), provided that
we interpret the equation in the weak (distributional) sense with respect to x.

Theorem 4.4.2 Holden et al. (1993a). Assume as before that D is a
bounded domain in R* with 0D = OrD. Moreover, assume that

f(z) is deterministic and bounded in D and (4.4.10)
p < Ao (defined by (4.4.4)). (4.4.11)

For z € D and ¢ € S(R?), define

7jexp<> [p/texpo[WMbs)]dS] f(bt)dt].

0 0

Ux) = U(¢p,z,w) = E7

Then U(x) € L*(p),x — U(x) € L' (u) is continuous for x € D, and U(x)
satisfies the stochastic Schrodinger equation

AU (z) 4 pexp® Wy (2)] o U(z) = —f(z); =z €D
U(x)=0; x€09dD

(4.4.12)

in the weak distributional sense with respect to x € D, i.e., that there exists
Qy C S'(RY) with p(Qy) = 1 such that

S (U, 80) 4 plexp[W,] o U, ) = —(, ) (4.4.13)
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for all w € Qg and for all Y € C§°(D) (where (-,-) is the inner product on
L2(RY)).

Remark The Wick product in (4.4.13) is now interpreted in the L!(1u)

sense. See Definition 2.9.4.

Proof Expanding the first Wick exponential according to its Taylor series,
we find

Ule) = B7 | | > ——— b
0 k=0
o] pk ~ i t o - pk
— Yk / ( / exp°[W¢<bs>]ds) fodt| = Vi)
k=0 0 0 h=0
(4.4.14)
with

D t ok
Vi(z) = Vi(¢, z,w) = E® / ( / expo(W¢(bs))d5> f(b)dt|; (4.4.15)

0 0

k=0,1,2,.... The key identity we will establish is

_ < .
EAV;C(.%) _ kexp® Wy(x) o Vi_i(z); keN (4.4.16)
2 —f(z); k=0.
for all z € D.
To this end we perform a Hermite transform of V() to obtain

D t k

V(@) = Vi(w, 2) = B* / < / é(bs)ds> Fbo)dt ], (4.4.17)
0 N0

where G(y) = exp[fV[V/(i,(y)]. For x € D let N; = Nj(z); j = 1,2,..., be a
sequence of open sets such that N; C D and ﬂ;)il N; = {z}. Define

oj =inf{t >0; by ¢ N;}; j=1,2,.... (4.4.18)

Let A denote Dynkin’s characteristic operator, so that

AVilw) = Jim ——— (B [Vilba, )] ~ Vi(a)). (4.4.19)
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ol

Write ¢ = 0; and consider

t

o]
(]
| [ ( / é<b5+a>ds) f(bt+g>dt], (4.4.20)

-0

where 0, is the shift operator (6, (b) = bi1o), T\?) = inf{t > 0; by, ¢ D},
and we have used the strong Markov property of {b;};>0 (see, e.g., @ksendal
(1995), Chapter 7). Since 0 < 7, we have 0 + T(?) = inf{s > o; b, ¢ D} =T
and therefore

) tto
J=FE" /(/G ) bm)dt}
k

I
>
8
/\
Qz
=
N
Q
S
N——
&h
=
N
Q.
Vo)
| I

|
tys
8
o\\‘

(4.4.21)
Now
o, s k
E” ( é(br)dr> f(bs)ds]
Y
1 [T 7 k .
< EA””[o-j] D O/(Ms) Mds] —0 as j— oo, (4.4.22)

where M = sup{|G(w)| + |f(y)l;y € D}. Therefore, writing H(s) =
Jy G(by)dr and assuming k > 1, we get

Af/k(x)
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/ ((ﬁ<s> — (o))" - ff(s>k> f<b5>ds]
0

/k (H;(s)" £ (bs)ds ff(aj)] (4.4.23)
0

by the mean value theorem, where H;(s) lies on the line segment between the
points H(s) and H(s) — H(o;). Since H;(s) — H(s) pointwise boundedly as
Jj — oo and (see Exercise 4.2)

Lr[f[(%)] —G(z) as j— o
EI[O'J'] (z) J )

we see from (4.4.23) and (4.4.19) that

AVi(z) = —kG(2)Vie_1(z) for k> 1. (4.4.24)

Similarly, but much more easily, we see from (4.4.23) that

AV = —f(z). (4.4.25)

In general we know that the solution of the generalized boundary value
problem

{Au(x) =—g(z); z€D (4.4.26)

u(z) =0; x€dD

(where ¢ is a given bounded, continuous function) is unique and given by
(see, e.g., Dynkin (1965), or Freidlin (1985))

u(z) = E* /g(bs)ds]; r € D. (4.4.27)

0

On the other hand, from the theory of (deterministic) elliptic boundary
value problems, we know that the equation

{éAv(I) =—g(z); weD

(4.4.28)
v(z)=0; =z€dD

has a unique solution v € C?(D). Since A coincides with 1/2A on C?, the two
solutions must be the same, and u must be C?. If we apply this to (4.4.25),
we get that Vy € C?(D) and then by induction, using (4.4.24), we get that
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‘N/k € C%(D) for all k € Ny. Hence we have proved that, in the strong sense,

—k exp[w¢(x)]‘~/k,1(x); keN

1 ~
5 AVi(2) = {_f(x); i (4.4.29)

Moreover, from this we see, again by induction, that AV, (z) is bounded for
(x,2) € D x K4(R) and continuous with respect to z for each z € Ky (R).
Hence we can take inverse Hermite transforms and conclude (by
Theorem 4.1.1) that (4.4.16) holds in (S)_;.

Define "
Z% (z); n=0,1,2,.... (4.4.30)
k=0
Then from (4.4.16) we get
1 = p"
=3 Z EA f(z)

'OZ p Vk 1( )OeXPO(ch(x))_f(x)

= —pUn_l(x) oexp®[Wy(z)] — f(z). (4.4.31)

We will now prove the following three statements:

U,(z) € L*(p) forall x€ D,neN; (4.4.32)
sup ||Uy () o exp® Wy () — Up,(x) o exp® Wy ()| L1 () — O (4.4.33)
z€D

as m,n — oo; and

sup |Un(z) = U(z)||p1() — 0 as n — oo. (4.4.34)
zeD

To prove (4.4.32), consider

<] fowrmoa) )
:CQ<E$7D</t
o[ (] fo o S o)
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- D t t k 2
< C?E" TD/tk/"'/ (exp<> lw(ZqﬁbSi)]) d51~--dskdt]
L0 0 0 i=1
- T t t 1 k 2 2
= C?F* TD/tk/' . (exp [w(z¢bsl> 3 Zgbbsl- ]) dsy - ~d5kdt]
L 0 0 0 1=1 =1 2
- D t t k k 2
= (%" TD/tk/"'/eXp [w<2z¢b5i> — ZqﬁbSi ]dSyudskdt]
L 3 5 F i=1 i=1 2
- D t t k k 2
= C%FE" TD/tk / . ~/exp<> [w(ZngbSi) + Z¢b-<i ]dsl . ~~d5kdt].
L 3 5 5 i=1 i=1 2
This gives
r D t t k 2
E,[VZ(2)] < C*E" TD/tk/m/exp[ > o, ]dsl--~dskdt]
L 0 0 =1 2
< C2E°” /t’“/ /exp (k2| ¢||3)dsy - - dskdt]
L0 0 0
-
= C%E® TD/t% exp[k2||¢||g]dt]
L0
1 2%+2
= Cexp [W6l18) 5 773+ < o

by (4.4.4). This proves (4.4.32).
Next, to prove (4.4.33) choose m < n and consider

Hyom(x) :=Up(x) 0 exp® Wy(z) — Up(z) © exp® Wy(x)
D t ok
Z % / ( oo [W¢<bs>1ds> f(badt] o expC [V, ()]
=m+ 0 N0
no ok

= ] Vie(z) o exp®[We(z)].
k=m+1

B

=

We see that, by an argument similar to the one above,

n

o
Bl < Y SEIGE)

k=m+1
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gzn:pCE

T t

// /eXp [Zm N ]dsl dskdtH

k=m+1
n D n
C k
k= m+1 0 +1( + )
C . [eS)
< —FE° pTE] —0 as m — oo,
p k!
k=m-+2

uniformly for € D, since p < ). Finally, we note that (4.4.34) follows by
the same proof as for (4.4.33).

We can now complete the proof of Theorem 4.4.2: Choose ¢ € C3°(D).
Then by (4.4.31) we have

( Un,Aw) —p(Up—1 0exp® Wy, ) — (f,9) for neN.

Letting n — oo we use (4.4.32)—(4.4.34) and the definition of Wick product
in L'(x) to obtain that (4.4.13) holds. Moreover, since z — U, (z) € L?(u)
is continuous on D for each n we also have that z — U, () is continuous as
a map into L' (). Moreover, by (4.4.34), U,,(z) — U(x) uniformly for x € D
and hence x — U(x) is continuous as a map from D into L*(p). Since it is
obvious from the definition of U(z) that U(z) = 0 for © € 0D = 9rD, the
proof is complete. a

4.5 The Viscous Burgers Equation with a Stochastic
Source

The (1-dimensional) viscous Burgers equation with a source f has the form
(A, v positive constants)

ou u 8%u
Ly ut=vis+f;, t>0zxelkR
{ 3; w7 Oa (4.5.1)

u(0,z) =g(z); zeR.

This equation has been used as a prototype model of various nonlinear
phenomena. It was introduced in Forsyth (1906), p. 101, where he also pre-
sented what is known as the Cole-Hopf transformation in order to solve
it. The equation was extensively analyzed by Burgers (1940, 1974), who in
fact studied it (heuristically) with white noise initial data and no source,
ie, f=0.

Burgers equation is a simplified version of the Navier—Stokes equation
where R = v~! corresponds to the Reynolds number. Applications vary from
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the formation and the structure of the universe (see Albeverio et al. (1996)
and Shandarin and Zeldovich (1989)) to the growth of interfaces. For a dis-
cussion of some applications of (4.5.1) we refer to Gurbatov et al. (1991).
For other recent discussions of Burgers equation related to the presenta-
tion here, we refer to Da Prato et al. (1994), Truman and Zhao (1996)
and Bertini et al. (1994). For a different approach to SPDEs of the type
Ou/ot + 0f (u)/0x = g, u(z,0) = up(z) with either random noise g or ran-
dom initial data ug, we refer to Holden and Risebro (1991, 1997).

We will, however, mention one application in some detail here, namely
the Kardar—Parisi-Zhang (KPZ) model of growth of interfaces of solids (see
Kardar et al. (1986) and Medina et al. (1989).)

Let h(t,z) denote the location of an interface measured from some given
reference plane. We assume that there are two opposing forces that act on
the interface. One force is a surface tension contribution given by vAh and
another force is a nonlinear function ¢ of Vh that tends to support and
promote higher irregularity of the interface. Thus we may write

% =vAh+o(Vh)+ N (KPZ), (4.5.2)
where N is some external source term. Now assume that
o(x) = %)\xQ; z € RY, (4.5.3)
and introduce
u=—Vh, f=-VN. (4.5.4)

Taking the gradient of both sides of (4.5.2), we get

_%Vh +V(0(Vh)) = —vV(AR) — VN
or
% + 5AV(W?) = vAu + f. (4.5.5)

With v = (ug,...,uq),x = (x1,...,24),f = (f1,...,fqa), this can be
written
8uk

T +)\Z ja b A+ fi 1< Kk <d. (4.5.6)

Sometimes this is also written

% + AMu, VIu =vAu+ f,

where (u,V) = Z;.lzl u;0/0x;. The equation (4.5.6) is a multidimensional

system generalization of the classical Burgers equation. We will study a
stochastic version of this equation in this section.
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Formally, the KPZ equation (4.5.2)—(4.5.3) can be linearized by what is
traditionally called the Cole—Hopf transformation.
If we introduce

o —exp[21]. .

then the KPZ equation becomes a heat equation:

9o A
o = VAs+ N, (4.5.8)

By solving this and transforming back,
2
h= 7” In ¢, (4.5.9)

we get a solution of (4.5.2)—(4.5.3).

If the source components fi,..., f4 are functionals of white noise, then
it is not clear how to interpret the products u;0u;/0xy in (4.5.6), nor is it
clear how to interpret the Cole-Hopf transformation and its inverse. However,
we will show that if the products are interpreted as Wick products u; ¢
Ou;/Ox), and the equation is regarded as an equation in (S)_1, then a Wick
version of the Cole-Hopf solution method can be carried out and gives us a
unique solution of the stochastic Burgers equation. We now formulate this
rigorously.

Lemma 4.5.1 Holden et al. (1994), Holden et al. (1995b) (The
Wick Cole—Hopf transformation). Let us assume that N = N(t,x)
and G(z) = (G1(x),...,Ga(x)) be (S)_1 and (S)%, processes, respectively.
Assume that N(t,z) € C%', and define

F=—V,N. (4.5.10)

Assume that there exists an (S)_1-valued CY3-process Z(t,x) such that
the process

U=-V,Z (4.5.11)
solves the multidimensional stochastic Burgers equation

B+ AT Ujo 8% = vAU  + Fi; >0,z € RY
Up(0,2) = Gi(z); 1<k<d

(4.5.12)
Then the Wick Cole-Hopf transform Y of U defined by

A
P <
Y :=exp |:21/Z:| (4.5.13)
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solves the stochastic heat equation

P —VAY + LY O [N+C]; ¢ R¢
{Bt VAY + 5V 0[N+ (] t>0,z¢€ (4.5.14)

Y (0,2) = exp® [ Z(0,2)]
for some t-continuous (S)_1-process C(t) (independent of x).

Proof Substituting (4.5.10) and (4.5.11) in (4.5.12) gives
() s () s ()
oxy, 033] 8333 Gack o 81; amk oxy,

02
% — %Z (gxz) +vAZ + N +C, (4.5.15)
- J

or

where C' = C(t) is a t-continuous, z-independent (S)_;-process. Basic Wick
calculus rules give that

oY AN, 07

and
oY A oz
—_— = —_— 4.5.1
Oz 2u © Oz (4.5.17)
Hence

o (A 0z
AY = Zé)x](é)%) Zf)gvj(2z/y 8x]>

A A YANS
=—Y — E — AZ . 4.5.1
2w (2V (8zj) + ) (45.18)
Now apply (4.5.16), (4.5.15) and (4.5.18) to get

oy A A 07\

J

A /A 07\ *? A
_<><2J:(> +I/AZ>+2VY<>(N+C)

2v 2

as claimed. O
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Next we consider the deduced stochastic heat equation (4.5.14). By
Corollary 4.3.2 we have

Lemma 4.5.2. Suppose that K(t,x) and M(z) are (S)_1-processes such
that

there exists Kq(R) such that both K(t,z,z) and ]\7(1’, z) are uniformly
bounded for (t,x,z) € RT x R? x K, (R), (4.5.19)

and

IN((t,x, z) and M(m, z) are locally Holder continuous in x,uniformly
int, for each z € Ky (R). (4.5.20)

Then there is a unique (S)_1-valued C*? solution Y (t,x) of the stochastic
heat equation

o (4.5.21)

Y _YAY + KoY:; t>0,2€R?
Y(0,2) = M(x); =x€R%,

namely

Y(t,x) = E”

M(V/2vb,) o exp® [/K(t — s,\/ﬁbs)dsH, (4.5.22)
0

where, as before, by 1s a standard Brownian motion in R4, and E® denotes
expectation with respect to the law P* of by starting at x.

Finally we show how to get from a solution of the stochastic heat equation
(4.5.21) back to a solution of the stochastic Burgers equation (4.5.12):

Lemma 4.5.3 Holden et al. (1994), Holden et al. (1995b) The inverse
Wick Cole—Hopf transformation. Let Y (¢,x) be the (S)_1-process given
by (4.5.22) that solves the stochastic heat equation (4.5.21), where K(t,x)
and M(x) are continuously differentiable (S)—1-processes satisfying (4.5.19)
and (4.5.20). Moreover, assume that

E [M(x) >0 for z€R% (4.5.23)
where E,, denotes generalized expectation (Definition 2.6.13). Then

2v

Ut,z) = — 3

V. (log® Y (t,)) (4.5.24)

belongs to (S)4 for allt > 0,x € R? and U(t,z) = (Ui(t,x),...,Us(t,z))
solves the stochastic Burgers equation
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3Uk+Az] LU; <>3U =vAU, + Fy; t>0,z€R?

(4.5.25)
Ur(0,2) = Gi(z); ze€RH1<k<n,
where
2u OK
=" 3. 4.5.
Fi(t, z) > For (t, ) (4.5.26)
and
Gule) = -2 M@)o P @) 1 <k <m (4.5.27)

A 6l‘k

Proof From (4.5.22) and (2.6.54) we see that
¢

E,[Y (t,x)] = E* | E,[M(V2vb,)] - exp / E K (t—s, \/ﬁbs)]dsH > 0.

0

Therefore the Wick log of Y (¢, x),log® Y (¢, z), exists in (S)_; (see (2.6.51)).

Hence we can reverse the argument in the proof of Lemma 4.5.1.
Set

Z(t,z) = 271/ log® Y (¢, ) (4.5.28)
and
Ut,x) = =V, Z(t, ). (4.5.29)
Then
Y(t,z) = exp® [;\Z(t, x)} , (4.5.30)
v

so by (4.5.16) and (4.5.18) we get

oUj,
ot

3 Z 0z n 0% (07 N v 0K
= —— R v _ — _——
8xk 8% 8;10] dxy, - dx3 \ Dy, A Oy,
0 oz A 0z v
_M(_m+2zj:(axj) + AZ—F)\K)

2
:a(yo(—l)o( QVaY 2v Ay_,_Q)l\/Koy))

U,
AZU o —k oz, — VAU, — F},

oxy, )\ 8t A
2v 8 <>(—1)

=— - —1|Y — 4+ VvAY + KoY 0
A 6Z‘k

which shows that Uy, satisfies the first part of (4.5.25).
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To prove the second part, observe that

07 2v 19)4
il V¢ o(=1) o 27
Uk(oa Z) a T (O :L') A (0,1') < 8$k (va)
- ,%M(xy(fl) o 87M(I); 1<k<d,
A T
as claimed. 0

To summarize, we have now shown how to get from a solution of the
Burgers equation (4.5.12) to a solution of the heat equation (4.5.14), which
is easily solved. Then we can reverse the process and obtain the solution of
the Burgers equation. This gives us the following existence and uniqueness
result:

Theorem 4.5.4 Holden et al. (1995b) (Solution of the stochas-
tic Burgers equation). Let N(t,z), R(x) be (S)_i-valued C%' and C*
processes, respectively, satisfying the following conditions:

~ A ~
There exists Ky(r) such that N(t,x,z) and exp |:2R(:L‘,Z):| are
v

uniformly bounded for (t,x,z) € R x R x K,(r) and (4.5.31)

- A ~
N(t,z,z) and exp [—Z}R(x)} are locally Holder continuous in z,
uniformly in t, for each z € Ky(r). (4.5.32)

Then there exists an (S)L,-valued CY? process U(t,x) = (Ui(t,z),-,
Ua(t,z)) that solves the stochastic Burgers equation

S+ A Ujo 52 =vAU, - 85 1>0, z e R

Oz’

(4.5.33)
Ur(0,2) = —9%(z); zeRL1<k<d
This solution is given by
2v o
Ult,z) = —TVw(log Y(t,x)), (4.5.34)
where
A A /
Y(t,z) = E* | exp® [— ER(\/ 2Vbt)] o exp® l— o /N(t — s, v2ub8)d8H

0
(4.5.35)
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is the unique (S)_1-valued CY? solution of the stochastic heat equation

P —VAY + 2NoY; t>0,z€R?
(4.5.36)

Y(0,z) = exp® [&R(z)]; = €RL

Moreover, the process U given by (4.5.34) is the unique solution of (4.5.33)
of gradient form, i.e., the gradient with respect to x of some (S)_1-valued C'*3
process.

Proof a) Existence: By Lemma 4.5.2 the process Y (¢, x) given by (4.5.35)
solves (4.5.36). Hence by Lemma 4.5.3 the process U(t,z) given by (4.5.34)
solves the stochastic Burgers equation (4.5.25) with

o 200K  2v 0 A _ ON
TN dxr M\ Oxp \ 2w T Oxg
and
2u oM
— 2D o 222
Gk A ¢ axk
4 o A ol A A OR
= Texp |: 21/R:| < exp |:21/R:| (21/85Ck
__OR
B al‘k

b) Uniqueness: f U(t,x) = =V Z(t, ) solves (4.5.33), then by Lemma 4.5.1
the process

Y = exp® {)\Z}
2v

solves the equation

Y __ A ;
{Bt_yAY+2VY<>[N+C], t>0,z€R? (4.5.37)

Y(0,2) = exp® £ Z(0,2)]

for some t-continuous process C(t) independent of x. Hence by Lemma 4.5.2
we have
Y(t,x) = E*

exp®

220, @b»]

¢ ¢
o exp® [/N(t—s, @bs)ds+/0(s)d$
0 0

O/C’(s)ds

|

= YO (t, 2) o exp®

)
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where Y () (¢, z) is the solution of (4.5.37) with C' = 0. Hence

t

2v 2v 2v

Z=""1og°Y = “~1og° Y 7/

3 log Y o8 + 3 C(s)ds,
0

so that 5
U:—VZ:—%Vng@)

which in turn implies that U is unique. g

4.6 The Stochastic Pressure Equation

We now return to one of the equations that we discussed in the introduction

(Chapter 1). This equation was introduced as an example of a physical situ-

ation where rapidly fluctuating, apparently stochastic, parameter values lead

naturally to an SPDE model:

div(K () - Vp(x)) = —f(z); @€ D o)
p(x) =0; xze€dD. o

Here D is a given bounded domain in R?, and f(z), K(z) are given func-
tions. This corresponds to equations (1.1.2)—(1.1.3) in Chapter 1 for a fixed
instant of time ¢ (deleted from the notation). With this interpretation p(z)
is the (unknown) pressure of the fluid at the point z, f(z) is the source
rate of the fluid, and K(x) > 0 is the permeability of the rock at the
point x. As argued in Chapter 1, it is natural to represent K(z) by a
stochastic quantity. Moreover, it is commonly assumed that probabilistically
K has — at least approximately — the three properties (2.6.57)—(2.6.59).
These are the properties of the smoothed positive noise process Ky
in (2.6.56), i.c.,

Ky(z,w) := exp® Wy(x). (4.6.2)

Thus we set K = K, for some fixed ¢ € S(R?). In view of (2.6.57), one
can say that the diameter of the support of ¢ is the maximal distance within
which there is correlation in permeability values. So, from a modeling point of
view, this diameter should be on the same order of magnitude as the maximal
size of the pores of the rock.

Alternatively, one could insist on the idealized, singular positive noise
process

K(z,) :=exp® W(zx,-) € (5%, (4.6.3)

corresponding to the limiting case of Ky(z) when ¢ — . Indeed, this is the
usual attitude in stochastic ordinary differential equations, where one prefers
to deal with singular white noise rather than smoothed white noise, even in
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cases where the last alternative could be more natural from a modeling point
of view.

In view of this, we will discuss both cases. However, in either case we
will, as before, interpret the product in (4.6.1) as the Wick product. With
K as in (4.6.3) it is not clear how to make the equation well-defined with
the pointwise product, although both products would make sense (and give
different results) in the smoothed case (see Section 3.5).

Since the proofs in the two cases are so similar, we give the details only in
the smoothed case and merely state the corresponding solution in the singular
case afterwards.

4.6.1 The Smoothed Positive Noise Case

Theorem 4.6.1 Holden et al. (1995). Let D be a bounded C?* domain in
R? and let f(x) be an (S)_1-valued function satisfying the condition

there exists Kq(R) such that f(z,2) is uniformly bounded for (z,z) €
D x K4(R) and for each z € K,(R) there exists A € (0,1) such that

flx, 2) is A\ — Hélder continuous with respect to x € D. (4.6.4)

Fiz ¢ € S(RY). Then the smoothed stochastic pressure equation

VM&@MWM»=#@%x6D

p(z)=0; z€dD (4.6.5)

has a unique (S)_1-valued solution p(z) = ps(x) € C*(D)NC(D) given by

o B*

pam=ww[—;mw>

t
if
4

0

where (bt( ), P*) is a (1-parameter) standard Brownian motion in R? (inde-
pendent of By(w)), E* denotes expectation with respect to P* and

/f(bt) o exp® [— %Wd,(bt)
0

%(VW(i,(y))<>2 + AW¢(y)] ds] dt] , (4.6.6)
y=b

7p = 7p(w) = inf{t > 0;b;(&) ¢ D}.

Proof Taking Hermite transforms of (4.6.5) we get the following equation
in the unknown u(z) = u(x, z) = p(z, 2), for z in some K, (S),

{diﬂf@,(x) Vu(x)) = —f(e); zeD (4.6.7)

u(z) =0; x€0D
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LPu(z,2) = —F(z,2); xz€D
{u(x) =0; x€dD, (4.6.8)
where

L®u(z) = %Au(x) + %V’y(x) - Vu(zx) (4.6.9)

with
V(@) = 70(@) = (. 2) = Wolw,2) = D _(60:5)2, (4.6.10)

j=1

and

F(x)=F(x,z) = %f(:z:, z)-exp [ —v(z, 2)]. (4.6.11)

First assume that z = (21, 22,...) = (&1, &2, . . .) with & € R for all k. Since
the operator L&) is uniformly elliptic in D we know by our assumption on
f that the boundary value problem (4.6.8) has a unique C?**(D) solution
u(z) = u(z,§) for each &, where A = A\(¢) > 0 may depend on §. Moreover,
we can express this solution probabilistically as follows:

Let (z; = xﬁﬁ)( ), P%) be the solution of the (ordinary) It stochastic
differential equation

1
dxy = §V7(xt,§)dt +dby; xo =<z (4.6.12)

where (b (&), P*) is the d-dimensional Brownian motion we described above.

Then the generator of x@ is L®, so by Dynkin’s formula (see, e.g.,
Theorem 7.12 in @Oksendal (1995)), we have that, for x € U CC D,

E%u(zs,,8)] = u(x, &) + E* /L(f)u(xt,ﬁ)dt] ) (4.6.13)

0

where E® denotes expectation with respect to P? and
T = Ty (W) = inf{t > 0;2:(v) ¢ U}

is the first exit time from U for x;. By the Girsanov formula (see Appendix B),
this can be expressed in terms of the probability law P¥ of b; as follows:

T

/ L®u(by, £)E(t, g)dt], (4.6.14)

0

E*[u(br, E)E(r,6)] = u(x, &) + £
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where

t

1
Et, z) —exp[ /V'y bs, z)dbs §/ (V)% (bs, 2)d ] (4.6.15)
0

E* denotes expectation with respect to If’z, and
7 =71y(@) = inf{t > 0;b,(w) ¢ U}.

Letting U 1 D, we get from (4.6.14) and (4.6.8) that

u(,€§) = / F(bt,@S(af)dt] . (4.6.16)
0
By Ito’s formula we have
t ) t
Y¥(be, &) = v(bo, &) + /V’y(bs,g)dbs + i/Aw(bs,f)ds (4.6.17)
0 0
or
1 / 1 1 1 /
3 [ T b = 5100 — 39009 — 1 [ B0, Ods. (@o9
0 0

Substituting (4.6.18) and (4.6.11) in (4.6.16) we get, with 7 = 7p,

u(r,€) = § exp [ ;v@c,&)} B

[ 100 -exp [— 57060,6)
0

t

/

0

(V)2 (s, &) + Aw(bs,ﬁ)d«S} dt] (4.6.19)

| =
DO =

for all £ € K,(R) NRY.
Since y(z,£) = > (02, Mk)Ek; €k € R has an obvious analytic extension to
21, € C given by v(z,2) = Y, (¢z, M) 2k, similarly with
Vy(z,2) = Z Vi (bu, k) 2k
k

Avy(x,z) = Z Ay (bay ) 2k
k
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we see that & — u(x,£); € € (RY), given by (4.6.19) has an analytic extension
(also denoted by w) given by

1 1
U(I,Z) = 5 exp [_ 57(1‘72)

[ Fo-exp [— 57002)
0

t

/

0

=
N —

(V)% (bs, 2) + Ay(bs, z)ds] dt,] (4.6.20)

provided the expression converges. If z € K,(d), then

2

(w,2)]* =

Z(%Wk)%

k

< (S um?) Tla

k k

< Jol* D 1= PN)™

< 6?%||¢||*  for all ¢ > 0,

similarly with |V~(z, )| and |Avy(z, 2)].
This gives

s .
ute.2) < Cresp |3 Jol| £

r 5

[ 5l

0

+1(52|v¢ O +35]A¢ |)t dt
4 2 xr €T

where (7 is a constant. Since D is bounded, there exists p > 0 such that

E%lexp[p7]] < 0.

Therefore, if we choose § > 0 such that
1 (5°
1 (SIv6ul? + a1l <o

we obtain that u(z, z) is bounded for z € K,(9).

We must verify that u(-, z) satisfies equations (4.6.8). We know that this
is the case when 2z = ¢ € K,(§) N RYN. Moreover, the solution u(z,£) is real
analytic in a neighborhood of & = 0, so we can write

u(z, &) = Z Ca(x)E7.
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Note that since u(z,&) € C?>TA(D) with respect to z for all £, we must
have c,(x) € C**A(D) for all a. Moreover, by (4.6.8) we have c,(z) = 0 for
x € 0D.

Similarly, we may write F'(z,2) = > aq(x)2®, and we have

= V(¢ )2
k

Substituted in (4.6.8), this gives

> %Aca(:p)ga + 3 V(i) - Vep(a (z)eB+<” = Z ao(2)€%,  (4.6.21)
« B,k

i.e.

> %Aca(x)—i- > V(¢am) - Vep( Zaa EY. (4.6.22)

[e% B,k
(
Since this holds for all £ small enough, we conclude that

fAca Z V(¢z,mk) - Veg(z) = ao(z) (4.6.23)
8.k
B+e(F) =
for all multi-indices a.. But then (4.6.22), and hence (4.6.21), also holds when
¢ is replaced by z € Ky(6). In other words, the analytic extension u(z, z) of
u(z, &) does indeed solve the first part of (4.6.8).

Next, since co(z) = 0 for z € dD for all «, it follows that u(z,z) = 0
for x € 0D for all z € K,(§). We conclude that u(z,z) does indeed
satisfy (4.6.8).

Moreover, we saw above that w(z,z) is uniformly bounded for all
(z,2) € D x K,4(0). Furthermore, for all ¢ € K,(6) N RY, we know that
u(z, &) € C*AE (D). This implies that ¢, (x) € C*TM(D) for all a. So all
partial derivatives of ¢, (z) up to order two are continuous and uniformly
bounded in D. By bounded convergence we conclude that,

= Z Acy ()2,

is continuous and uniformly bounded in D for each z € Ky(6). So by
Theorem 4.1.1 we conclude that inverse Hermite transform of u(z),

p(r) =H " u(w)

satisfies equation (4.6.5). Moreover, from (4.6.20) we see that pg(z) is given
by (4.6.6). 0
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4.6.2 An Inductive Approximation Procedure

We emphasize that although our solution p(z,-) lies in the abstract space
(8)—1, it does have a physical interpretation. For example, by taking the
generalized expectation E,, of equation (4.6.5) (see Definition 2.6.13) and using
(2.6.45) we get that the function

p(x) = Eulp(z,-)] (4.6.24)

satisfies the classical deterministic Poisson problem

{%ﬁ(z) = -E,[f(x)]; zeD (4.6.25)
p(x) =0; e dD,

i.e., the equation we will obtain if we replace the stochastic permeability
Ky(x,w) = exp® Wy (z,w) by its expectation

K(z) = Ey[Ky(z,w)] =1,

which corresponds to a completely homogeneous medium.
We may regard p(x) as the best w-constant approximation to p(x,w). This
w-constant coincides with the zeroth-order term cy(x) of the expansion for

p(z,w),

p(z,w) = an(x)Ha(w), (4.6.26)

where ¢q () is given inductively by (4.6.23). Having found p(z) = ¢o(z), we
may proceed to find the best Gaussian approzimation p1(z,w) to p(z,w). This
coincides with the sum of all first order terms:

pw) = Y cale)Ha(w)

o] <1

=co(x) + Y e () {w, my)- (4.6.27)
j=1
From (4.6.23) we can find ¢, (z) when co(x) is known from the equation

{éAcem(fB) +V(¢2,m;) - Veo(r) = acp (z); €D (4.6.28)

cen(x)=0; x€dD.

Similarly, one can proceed by induction to find higher-order approximation
to p(z,w). This may turn out to be the most efficient way of computing p(z, -)
numerically. See, however, Holden and Hu (1996), for a different approach
based on finite differences.
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4.6.3 The 1-Dimensional Case

When d = 1, it is possible to solve equation (4.6.5) directly, using Wick
calculus.

Theorem 4.6.2 Holden et al. (1995). Let a,b € R,a < b, and assume

that f € L'[a,b] is a deterministic function. Then for all ¢ € S(R) the unique

solution p(x,-) € (8)—1 of the 1-dimensional pressure equation
{(GXP°[W¢($)] op'(z,)) = —f(x); x€(ab)

pla,-) =p(b,-) =0 (4.6.29)

s given by

x

@) = Ao / exp® [ Wy (1)) dt — / / F(s)ds exp[—W,(D])dt,  (4.6.30)

a
where

A= Aw)

b bt

o(—1)
= (/expo[qu(t)]dt) 0//f(s)dsexp°[fW¢(t)]dt €(S)-1.

a a a

(4.6.31)

Proof Integrating (4.6.29) we get
exp (W) o3/ (2,) = A~ [ f(0)dts 2 € (@.b),

where A = A(w) does not depend on x. Since exp®[—X] ¢ exp®[X] =1 for all
X € (8)-1, we can write this as

p'(x,) = Aoexp®[-Wy(z)] — /f(s)ds -exp®[—Wy(x)]. (4.6.32)

Using the condition p(a,:) = 0, we deduce from (4.6.32) that p(z,-) is
given by the expression

p(z,-) :Ao/expo[—qu(t)]dt—//f(s)dsexpo[—qu(t)]dt. (4.6.33)

a
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It remains to determine the random variable A. The condition p(b,-) = 0
leads to the expression

b

Ao bexp | F(s)ds exp[—W,(t)]dt. (4.6.34)
et [ |

Set

y = / exp? [ W, ()] dt. (4.6.35)

We have Y € (S)_1 and E[Y] = b — a # 0. Therefore Y°(=1) € (S)_; exists
by Example 2.6.15(iii). So

b t
Am Yo(_l)o//f(s)dsexp°[—W¢(t)]dt6 (S) 1

and with this choice of A in (4.6.33) we see that p(zx,-) given by (4.6.33)
solves (4.6.29). O

4.6.4 The Singular Positive Noise Case

Theorem 4.6.3. Let D and f be as in Theorem 4.6.1. Then the (singular)
stochastic pressure equation

{dz’v(exp°[W(x)] oVp(a)) = —f(z); zeD (4.6.36)

p(x) =0; x€0dD,
has a unique (S)_1-valued solution p(z) € C?(D) N C (D) given by

p(z) = % exp® {—;W(I)] o B°

/f(bt) o exp® l— %W(bt)
0

-1/ ﬁ(vmy))ﬂ + Aw<y>]

ds] dt] , (4.6.37)
0 =b

Y=0s

where bt,Ew and Tp are as in Theorem 4.6.1 and where, in addition, we
have that W(z) = W(z,w) = >>;n;(x)He) (w) is the singular white noise
PTOCess.

Proof The proof follows word for word the proof of Theorem 4.6.1, except
that the smoothed versions are replaced by the singular versions everywhere.
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For example, y(z) = v4(x) = >2;(¢2,7m;)2; in (4.6.10) is replaced by the
function y(z) = §(z) = 32, nj(x)z;. Because of our choice of n; (see (2.2.8)),
this will not disturb any of the arguments nor any of the estimates we used
in the smoothed case. O

Corollary 4.6.4. Letp >0 and ¢px;k = 1,2,... be as in (3.6.2). Let p(y)(x)
be the solution of the ¢i-smoothed stochastic pressure equation (4.6.5) (i.e.,
with ¢ = @), and let p(x) be the solution of the singular stochastic pressure
equation (4.6.36). Then

Py (x) = plx) in (S)-1 as k— oo,
uniformly for x € D.

Proof This follows by inspecting the solution formulas (4.6.6) and (4.6.37)
or, rather, their Hermite transforms. For example, we see that

Yoy () = Z/(bk(t —z)n;(t)dtz; — an(x)zj as k — oo,

‘]Rd

since {¢y }7° | constitutes an approximate identity. Moreover, the convergence
is uniform for (z,z) € D x K,(6). Similar convergence and estimates are
obtained for the other terms. We omit the details. O

Remark The approach used above has the advantage of giving (relatively)
specific solution formulas — when it works. But its weakness is that it only
works in some cases. There are other methods that can be applied to obtain
existence and uniqueness more generally, without explicit solution formulas.
One of these methods is outlined in the next section (see also Gjerde (1995a),
(1995b)). Another interesting method is based on fundamental estimates for
the Wick product in the Hilbert spaces (S)_1,— (see, e.g., Proposition 3.3.2)
combined with the Lax—Milgram theorem. See Vage (1995), (1996a), (1996b)
for details. In Qksendal and Vage (1996), this approach is applied to the
study of stochastic variational inequalities, with applications to the mov-
ing boundary problem in a stochastic medium, i.e., a stochastic version of
equations (1.1.2)—(1.1.4) in Chapter 1.

4.7 The Heat Equation in a Stochastic, Anisotropic
Medium

In the previous section the following method was used: When taking the
Hermite transform we got an equation in U(z, z) that could be solved for real
values A of the parameters z;. Then, from the solution formula for u(zx, \),
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it was apparent that it had an analytic extension to u(z,z) for complex z.
Finally, to prove that u(x,z) was the Hermite transform of an element in
(8)—1, we proved boundedness for z in some K,(9).

In other equations the extension from the real case zp = A € R to the
complex, analytic case z; € C may not be as obvious, and it is natural to ask
if it is sufficient with good enough estimates in the real case alone to obtain
the same conclusion. Of course, examples like

1 . .
g(z) =cosz = 5(612 +e**); zeC,

remind us that good estimates for z = A € R do not necessarily imply good
estimates for z € C. Nevertheless, as discovered by Gjerde (1995a), good
estimates for z = A € K,(R) NRY do imply good estimates for complex z in

a smaller neighborhood K;(R). Using this he could solve, for example, the
heat equation in a stochastic medium.

We now explain this in more detail. Our presentation is based on Gjerde
(1998).

Definition 4.7.1. A function f : K,(6)NRY — R is said to be real analytic
if the restriction of f to K,(§) N R* is real analytic for all natural numbers
k, and there exist M < oo, p > 0 independent of k such that

0% £(0)] < Mlaltp™® (4.7.1)
for all o € N’g.

Lemma 4.7.2 Gjerde (1998). Suppose f is real analytic on K,(5) N RY.

)
Then there exist § < 00,6 > 0 and a bounded analytic function F : K@(é) —C
such that

fO) =F(\) for XeKg6)NRY.
In short, f has an extension to a bounded analytic function on Kq(S).

Proof From the general theory of real analytic functions (see, e.g., John
(1986), Chapter 3) we know that, with M, p as in (4.7.1), for all k € N, the
power series expansion

9°f(0) \a
f)=> — A (4.7.2)
aeNk
is valid for all A € R¥ with |\;| < p. Moreover,

0% £(0)| < Mla|lp~l®l for all o e NE.
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In particular, this expansion holds for
k
X € Ri(p) = {x eRMD Jay] < p}.
j=1
It is clear that we can extend f|g, (,) analytically to the set
k
Ck(p) = {z eC) |yl < p}
j=1

by defining
f(z) = Z Mza; z € Cg(p).

a!
aeNk

Now note that if 2?21 |z;| < p1 < p, then

1 1
F( < D0 10Ol < D0 —Mlaflp™l]ee|

aGng aEN’S
=M Y Hlal
j=0 lal=5
aEN(}g
S , > j M
:MZP_J(|Z1|+"'+|ZH)]SMZ<&) — r_
=0 =0 P p—p1

From this we see that f(z) is analytic and bounded, uniformly in k, on
k
{z € Ck;z 2] < pl} for all k.
j=1
Therefore it suffices to find § < 00,0 > 0 such that
K;(8) C {z € (CN;Z |z;| < p}. (4.7.3)
j=1
To this end note that

ilzjl < Zajlz“l < <Za:|z°‘l2(2N)q°‘> : (Z(2N)q°‘> < §A(g)2,

(03

N=
Nl=
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where by Proposition 2.3.3, A(¢q) = " (2N)79* < oo for ¢ > 1. Therefore, if
5 < ¢ and ¢ > q are chosen such that

JA(G)* < p,
then (4.7.3) holds and the proof is complete. O
Theorem 4.7.3.  Consider an SPDE of the form (4.1.2), i.e
A°(t, 2,0V, Uyw) =0 (4.7.4)

for (t,z) € G C R, Assume that for some q < 00,8 > 0 there ewists a
solution u(t,x, \) of the Hermite transformed equation

A(t, 2,01, Ve, u, ) =0;  (t,2) € G (4.7.5)
for real X = (A1, Az, ...) € K,(6) NRY. Moreover, assume the following:

For all (t,x) €G the function \—u(t,x,\) is real analytic on K,(5) N RY
(4.7.6)

and

u(t,x, \) and all its partial derivatives with respect to t and x which

are involved in (4.7.5) are real analytic with respect to A € K, (6) NRY.
Moreover, u(t, x,\) is continuously differentiable in all the variables
(t,z,)) € G x K,(8) N RY for all orders with respect to X\ and all the
above orders with respect to (t,x). (4.7.7)

Then there exists U(t,x) € (S)—-1 such that HU(t,x) = u(t,x) and U(t,z)
solves (in the strong sense in (S)_1) equation (4.7.4).

Proof By assumption (4.7.6) and Lemma 4.7.2 we know that A\ — u(t, z, \)
has an analytic extension to a bounded function z — u(t, z, z) for z € K4(d)
for some §,4. In order to apply Theorem 4.1.1 it suffices to prove that all
partial derivatives of u involved in (4.7.5) are bounded and continuous on
G x K4(0). Fix (t,x,2) € G x K4(8), and let e, be the kth unit vector in
R? ¢ > 0. Then by (4.7.2) we have

1 11 _, o o
g[u(t7x + ceg, 2;) — u(t7 x)z)} = Z a—g(a/\u(t x + €€k;,0) — (‘3/\u(t,x, 0))2
—Za' For (B%u(t, x + e, 0)) 2%

ou
— Za: a&i‘a—m(t,x,O)za as € — 0,
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by (4.7.7) and the mean value theorem (0 = 6(¢) — 0 as ¢ — 0).
Here 05 means that the derivatives of order « are taken with respect to
A = (A1, Ag,...). This shows that 9/0zu(t, z,z) exists and is analytic and
bounded with respect to z for z in some Ky, (61). The same argument works
for other derivatives with respect to ¢ or x. By restricting ourselves to
(t,z) € Gy CC G, we obtain boundedness. Hence Theorem 4.1.1 applies
and the proof is complete. O

As an illustration of Theorem 4.7.3 we give the following important
application:

Theorem 4.7.4 Gjerde (1998). Let K = exp® W(x) be the positive noise
matriz defined in (2.6.61), (2.6.62). Let T > 0 and suppose there exists p > 0
such that

(t,x) — g(t,x) € (S)_1 belongs to  CTP([0,T) x RY) (4.7.8)

and
z — f(z) € (S)_1 belongs to C; TP (RY). (4.7.9)

Then the heat equation in a stochastic medium

ot (4.7.10)

{BU = dio(K(z) o VU) + g(t,2); () € (0,T) x R
U(0,z) = f(z); = eR?

has a unique (S)_1-valued solution U(t,z) € CY2([0,T] x RY).

Idea of proof Taking Hermite transforms we get the equation

{?_;; = div(K - Vu) + §(t,z); (t,z) € (0,T) x R" @71
u(0,z) = f(x)

in u = u(t,z, z). We seek a solution for each z in some K, (R). First choose
z =X € K, (R) NRY, with ¢, R to be specified later. Note that for y € R?
with |y| = 1 we have

~ 1~

y K (N =)~y Wl \)"y
n=0

1

~ Wiz, \y)"

M8

n=0

= exply” W(z, N)yl.

Since the components of W(z,\) are uniformly bounded for (z,))
€ R? x Ky(1), we conclude that K(x,\) is uniformly elliptic for x € R?
and has A-uniform ellipticity constants, i.e., there exist C7, Cy such that
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C1 <y K(z,\)y < Cy (4.7.12)

for all (z,\) € R x (Kz(1) NRY) and all y € R? with |y| = 1.

Hence from the general theory of deterministic uniformly elliptic Cauchy
problems, we conclude that (4.7.11) has a unique C*** solution u(x,\) for
each A.

The next step is to prove that the solution depends real-analytically on .
This is achieved by applying known estimates from the theory of deterministic
parabolic differential equations. These estimates also yield (4.7.7) and hence
we can apply Theorem 4.7.3. We refer to Gjerde (1998), for the details and
for applications to other SPDEs. O

4.8 A Class of Quasilinear Parabolic SPDEs

In Section 3.6 we saw how Gjessing’s lemma (Theorem 2.10.7) could be used
to solve quasilinear SDEs. This method was further developed in Benth and
Gjessing (2000), to apply to a class of quasilinear SPDEs. To illustrate the
main idea of the method, we consider the following general situation:
Let
L(t,z,Vy)

be a partial differential operator operating on x € R%. Let W (¢) be 1-parameter,
1-dimensional white noise, and consider the following SPDE:

{gtU(t,x) = L(t,z,VU(t,z)) + o(t)U(t,z) o W(t); t >0,z € R?,

U(0,7) = g(z); z€R?
(4.8.1)

where o(t),g(z) = g(z,w) are given functions. Note that, in view of
Theorem 2.5.9, this equation is a (generalized) Skorohod SPDE of the form

dU; = L(t, z, VU;)dt + o(t)UrdBy; Ug(x) = g(x).
As in the proof of Theorem 3.6.1, we put
o (s) = a(s)xp0,1(s)

and

(4.8.2)
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The following result is a direct consequence of the method in Benth and
Gjessing (1994):

Theorem 4.8.1. Assume the following:

o(t) is a deterministic function bounded on bounded intervals in
[0, 00). (4.8.3)
For almost all w (fized), the deterministic PDE (4.8.4)

ot
(4.8.5)
Y(0,2) = g(x,w)

{W = J,(t,w) - L(t,z,J; (t,w)VY); t>0,zcR?
has a unique solution Y (t,x) = Y (t,z,w), and there exists p > 1 such that
Y(t,z,-) € LP(u) for all t,z.
Then the quasilinear SPDE (4.8.1) has a unique solution U (t,x,w) with
Ult,z,) € L(p)

for all ¢ < p. Moreover, the solution is given by

U(t,:z:,-)_J;(1)(t)<>Y(t,z,-)_eXp°l/cr(s)st(-) oY (t,z,-). (4.8.6)
0

Proof We proceed along the same lines as in the proof of Theorem 3.6.1.
Regarding equation (4.8.1) as an equation in (S)_1, we can Wick-multiply
both sides of (4.8.1) by J,(t). This yields, after rearranging,

ou

Jo(t) o Gr = o)) Jo(t) o U o W (t) = J(t) o L(t,, VU)

or
%(Jg(t) oU) = Jy(t) o L(t,z, VU). (4.8.7)
Now define
Y(t,z) =J,(t) o U(t,x). (4.8.8)
By Theorem 2.10.7 we have, if U € LP(u) for some p > 1,
Y(t,2) =J,(t) - T_,»U(t,x) (4.8.9)

and
Jo(t) o L(t,x,U) = Jy(t) - L(t,x, T_,»U). (4.8.10)
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Substituting this into (4.8.7), we get

oy

5= Jy(t) - L(t,z, J, 1 () VY) (4.8.11)

with the initial value
Y(0,2) =U(0,2) = g(x). (4.8.12)

This is an equation of the form (4.8.5) which we, by assumption, can solve
for each w, thereby obtaining a unique solution

Y(t,z) =Y (t,z,w)
for each w € S'(R?). Since
Y(t,x,-) € L7 (p),

it follows from Theorem 2.10.7 that
Ult,z) = J2V(t) o Y (¢, )

t

= exp® [ [ o0

0

oY (t,x) € LY p) forall ¢ <p.

O
As an example of an application of this general method, consider the SPDE
%—(tj(t, z,w) + Vi (ft,z,U(t,z,w)))
= VAUt z,w) + o(t)U(t,z,w) o W(t,w) (4.8.13)
U0, z,w) = ¢o(z,w),

where f :R xR xR — R,0: R — R and ¢ : R? x S’(R) — R are given
(measurable) functions and v is a positive constant.

Corollary 4.8.2 Benth and Gjessing (2000). Assume the following:

f is Lipschitz in u, in the sense there exists C(t,x) > 0 such that
lf(t,x,u) — f(t,x,0)] < Ct,z)|lu — v| for all u,v € R and that

sup C(t,z) < oo. (4.8.14)
t,x
f(t,z,0) =0 for all t,x. (4.8.15)
o(t) is bounded on bounded intervals. (4.8.16)
There exists p > 2 and A(w) € LP(u1) such that (4.8.17)

sup |¢o(z,w)| < A(w).
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Then for 1 < q < p/2, there exists a unique solution U(t,z,-) € LI(u1) of
(4.8.13) (interpreted in the weak form with respect to t and x).

Idea of proof The assumptions are used to establish that there exists a
solution of the corresponding deterministic equation (see (4.8.5)). Then one
can apply Theorem 4.8.1. We refer to Benth and Gjessing (2000), for details
and other results.

O

4.9 SPDEs Driven by Poissonian Noise

So far we have discussed only SPDEs driven by Gaussian white noise. By
this we mean that the underlying basic probability measure is the Gaussian
measure o = p; defined by (2.1.3). From a modeling point of view one might
feel that this is too special. One can easily envisage situations where the
underlying noise has a different nature. For example, Kallianpur and Xiong
(1994), and Gjerde (1996a), discuss stochastic models for pollution growth
when the rate of increase of the concentration is a Poissonian noise.

It turns out, however, that there is a close mathematical connection
between SPDEs driven by Gaussian and Poissonian noise, at least for Wick-
type equations. More precisely, there is a unitary map between the two spaces,
such that one can obtain the solution of the Poissonian SPDE simply by
applying this map to the solution of the corresponding Gaussian SPDE. This
fact seems to have evaded several researchers. On the other hand, versions of
it have been known to some experts, see, e.g., It6 and Kubo (1988), Albeverio
et al. (1996), Albeverio et al. (1993b), and Kondratiev et al. (1995b).

A nice, concise account of this connection was recently given by Benth and
Gjerde (1995), and we will base our presentation on that paper.

Analogous to Theorem 2.1.1, we have

Theorem 4.9.1 (The Bochner—Minlos theorem II). There exists a
unique probability measure = on B = B(S'(R?)) with the property

/ '@ dr(w) = exp {/(ew(m) - 1)d:c} (4.9.1)
5/(Rd) R4

for all ¢ € S(RY).

The existence of the measure 7 follows from Theorem A.3 in Appendix A,
because the function

9(¢) = exp { / (e — 1)@}

Rd

satisfies the conditions (i), (ii), (iii) of this theorem. (For more information
about positive definite functions, see, e.g., Berg and Forst (1975).)
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Definition 4.9.2. The triple (S, B, ) is called the Poissonian white noise
probability space and 7 is called the Poissonian white noise probability
measure.

Based on the measure 7 one can now develop a machinery similar to the one
we constructed in Chapter 2 for u. We only outline this construction here. For
proofs see Hida et al. (1993), It6 (1988), and Us (1995). For simplicity we only
consider the case with noise dimension m = 1 and state dimension N = 1.

Lemma 4.9.3. Let ¢ € S(RY). Then

Bl = [ (w.o)dn / oz (492)

S’(R9)

B0 | ¢<x>dx)2} P (193
Bl 6] = 9l3 + (/cz» dx).

and
or

Hence the map

— (W, ¢) — /¢(x)dx; ¢ € S(RY), (4.9.4)

can be estended to an isometry, denoted by J, from L*(RY) into L?(r), by
the definition
Jo(6) = lim J(6n) (19.5)

n—oo

for ¢ € L?(R%), the limit being in L*(r), where {¢,} is any sequence in
S(R?) converging to ¢ in L?(RY). By (4.9.3) the limit in (4.9.5) ewists and
is independent of the sequence {¢,}.

In particular, for each z = (z1,...,24) € R? we can define
P(z,w) := (w,0,) )+ H x; € L*( (4.9.6)

where 0, (t1,...,tq) = 0y, (t1) -+ - 04, (ta), with

1 if 0<s <
Or,(s) =9 -1 if x; <s<0 (4.9.7)
0 otherwise.
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Then P(z,w) has a right-continuous integer-valued version P(z,w) called
(d-parameter) Poisson process. The process

d
Q(z,w) = P(z,w) H X(0a] X *** X X[o.wa)) € L2(7)  (4.9.8)

is called the compensated (d-parameter) Poisson process.
If d =1 and t > 0, then P(t,-) has a Poisson distribution with mean ¢.
Moreover, the process {P(t, ) }+cr has independent increments. Define

Q) = Q(t,w) = P(t,w) —t; t € R.

Then @ is a martingale, so we can define the stochastic integral: in the usual
way

[ .o

R

of (t,w)-measurable processes f(t,w), adapted with respect to the filtration
Gy generated by Q(s,-);s < t, and satisfies

E[R/fQ(t,w)dt} < 00

(see Appendix B). Similar to the Brownian motion case (see Section 2.5),
we can define the multiple stochastic integrals

/ 9(2)dQ®" (2)

Rnd

with respect to @, for all g € L2(R™%). Moreover, similar to (2.5.5) we have
(see, e.g., Hida et al. (1993), Itd (1988), or Itd and Kubo (1988))

Theorem 4.9.4 (The Wiener—Ité chaos expansion). Every g € L?(r)
has the (unique) representation

o0

Z / (2)dQ®" (z) (4.9.9)

=0 Rnd

where g, € L*(R") for all n.
Moreover, we have the isometry

o0

lglZ2cry = D nMllgnllZe@nay- (4.9.10)
n=0
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We have seen that for Gaussian white noise analysis the Hermite
polynomial functionals H,(w) defined in Section 2.2 play a fundamental
role. In the Poissonian case this role is played by the Charlier polynomial
functionals Cy(w), defined by

ai ag

Co(w) = Cla|(WsNy 01y ey My 5 M) (4.9.11)

for « = (a1,...,ax) € N§ (with 7, as before, see (2.2.8)), where

o -
Cn(w;d1,.. 0 0n) = Furou. exp [<w,log (1 + Zuj¢j)>

j=1
Yo [ewal (19.12)
j=1 R UL =-=un,=0
for n € N, ¢; € S(R?).
Thus, with ¢ = [ ¢(x)dx,
Ci(w; 9) = (w, ) — d; ¢ € S(RY) (4.9.13)
and
OQ(U)’ ¢17 ¢2) = <(4)7 ¢1><w3 ¢2> - <w7 ¢1¢2> - <w7 ¢1>¢_52

— (W, $2)P1 + Pr1dh2;  di € S(RY). (4.9.14)

Analogous to (2.2.29) we can express multiple integrals with respect to @
in terms of the Charlier polynomial functionals as follows:

/ ni@a1® - ®n§ade®n = Ca(w)7 (4915)
Rnd
where n = ||, a = (a1, ..., ak).

Combined with Theorem 4.9.4 this gives the following (unique) represen-
tation of g € L?(m):

9(w) = baCa(w) (b €R) (4.9.16)

where

lglZ2m = > alb. (4.9.17)
Corollary 4.9.5 Benth and Gjerde (1998a). The map U : L*(u) —

L?(r) defined by
L{(ZbaHa(w)> = baCa(w) (4.9.18)

18 isometric and surjective, i.e., unitary.
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Analogous to Definition 2.3.2 we are now able to define the Kondratiev
spaces of Poissonian test functions (S)p,= and Poissonian distributions (S)_p.
respectively, for 0 < p <1 as follows:

Definition 4.9.6 Benth and Gjerde (1998a). Let 0 < p < 1.

a) Define (S),,» to be the space of all g(w) = > baCu(w) € L*(7) such
that
19112 ko =D b2 () FP(2N)F < o0 (4.9.19)

for all k € N.
b) Define (S)_,.~ to be the space of all formal expansions

Gw) =) asCa(w)
such that
G2, pr =Y _ a2 (a)' 7P (2N)F* < o0 (4.9.20)
for some k € N.
As in the Gaussian case, i.e., for the spaces (S), = (S),,, and (S)_, =
(S)—piu» the space (S)_,;r is the dual of (S),,;~ when the spaces are equipped

with the inductive (projective, respectively) topology given by the seminorms
I llpksm (I |, ks respectively). If

Gw) = ZaaCa(w) €(S)—pir and g(w) = ZbaC’a(w) € (S)pims

then the action of G on g is given by

(G,g) = alagba. (4.9.21)

Corollary 4.9.7 Benth and Gjerde (1998a). We can extend the map U
defined in (4.9.18) to a map from (S)—_1,, to (S)—1;x by putting

L[(Za:baHa(w)> = za:baca(w) (4.9.22)

when

Fi=> boHa(w) € (S)-15-

Then U is linear and an isometry, in the sense that

A CEW o i = 11Nl ki (4.9.23)
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for all F € (S)p,, and allk € Z,p € [—1,1]. Hence U maps (S) 5, onto (S) pix
for all p € [-1,1].

Definition 4.9.8. If F(w) = >_ a,Ca(w) and G(w) = >_;5b5Cp(w) are
two elements of (S)_1,r, we define the Poissonian Wick product of F and G,

F3G, by
(FSG)(w) Z( > aabg>0,y(w). (4.9.24)

Y Catf=y

As in the Gaussian case, one can now prove that the Poissonian Wick
product is a commutative, associative and distributive binary operation on
(8)=1;7 and (S)1.7.

From (4.9.24) and (4.9.22) we immediately get that the map U respects
the Wick products.

Lemma 4.9.9. Suppose F,G € (S)_1,,. Then

s

U(FoG)=U(F)oU(G). (4.9.25)

Definition 4.9.10. The (d-parameter) Poissonian compensated white noise
V(z) = V(z,w) is defined by

V(z,w)=> m(@)Ce, (w). (4.9.26)
k=1
Note that
Vizg,w)=UW(z,w)) (4.9.27)
and
Q(z,w) =U(B(x,w)). (4.9.28)

Using the isometry U we see that the results for the Gaussian case carry
over to the Poissonian case. For example, we have

V(z,w) € (S)_o;x forall zecR? (4.9.29)
and
ad

Qz,w). (4.9.30)

Definition 4.9.11. The Poissonian Hermite transform H.(F) of an ele-
ment F(w) =5 aaCa(w) € (S)—1;r is defined by

Ha(F) = aaz% 2= (21,2,...) € (CV)e. (4.9.31)
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(Compare with Definition 2.6.1.)

By the same proofs as in the Gaussian case (see Section 2.6), we get

Lemma 4.9.12. If F,G € (S)_1.x, then

Lemma 4.9.13. Suppose g(z) = g(21,22,...) = >, a2 is bounded and
analytic on some K (R). Then there exists a unique G(w) € (S)_1,x such
that

Ha(G) =g,

namely
G(w) = aaCalw).
(Compare with Theorem 2.6.11D.)

Lemma 4.9.14. Suppose g(z) = Hr(X)(2) for some X € (§)_1,x. Let
f: D — C be an analytic function on a neighborhood D of g(0) and assume
that the Taylor expansion of f around g(0) has real coefficients. Then there
exists a unique Y € (S)_1,x such that

He(Y)=fog.
(Compare with Theorem 2.6.12.)

Thus we see that the machinery that has been constructed for Gaus-
sian SPDE carries over word-for-word to a similar machinery for Poissonian
SPDE.

Moreover, the operator U enables us to transform any Wick-type SPDE
with Poissonian white noise into a Wick-type SPDE with Gaussian white
noise and vice versa.

Theorem 4.9.15 Benth and Gjerde (1998a). Let
Ao(t’ xZ, 8157 vl‘) Ua Ct)) = 0

be a (Gaussian) Wick type SPDE with Gaussian white noise. Suppose
U(t,z,w) € (S)-1,u is a solution of this equation. Then

Z(t,x,w) =UU(t,z,-) € (S)-1:n
solves the Poissonian Wick type SPDE
Ag(ta Z, atv vl‘v Za w) =0

with Poissonian white noise.
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Example 4.9.16 (The stochastic Poissonian Burgers equation).
Under the conditions of Theorem 4.5.4, where the spaces and the Hermite
transforms are interpreted as Poissonian ((S)_1,» and H,), we get that the
unique gradient type solution Z(t,z) € (S)%,., of the Poissonian Burgers
equation

o7 4 9z, ON . d
D F AL 205 = AL — gy T2 0 ER (4.9.32)

Zi(0,2) = — 2B (z); x € R?

Oz
is given by
Zy=UUy); 1<k<d,
where

U= (Ula SR Ud) € (‘S)Uil;ﬂ'
is the solution (4.5.24) of the Gaussian Burgers equation (4.5.23).
We refer to Benth and Gjerde (1998a), for more details and other
applications.

Exercises

4.1 Prove the following special case of Theorem 4.1.1: Suppose there exist
an open interval I, real numbers ¢, R and a function u(x, z) : I x K, (R) — C
such that
0?%u
Ox?
where F'(z) € (S)_1 for all x € I.
Suppose §%u/dx?(x, z) is bounded for (z,z) € I x K,(R) and continuous
with respect to x € I for each z € K,(R). Then there exists U(z) € (S)_1
such that

(z,2) = F(z,2) for (z,2) € I x K, (R),

o0
Ox2

4.2 Let 0; be defined as in (4.4.18) and let H(s) = I G(b,)dr. Prove that

=F(z)in (S)_q, for all z € I.

where G(z) = exp W,ﬁ(x)
4.3 Let U(x) = [z. G(x,y)W (y)dy be the unique solution of the stochastic

Poisson equation (4.2.1) on D C R%. Then U(x) € (S)* for all d. For what
values of d is U(x) € L?(u)?
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4.4 Let X(t) be an It6 diffusion in R? with generator L. Assume that L is uni-
formly elliptic. For fixed deterministic functions ¢ €  L?*(RY),
f € L*(R%), consider the SPDE

W — LU +Wy(z)oU; (t,z) € R x R
U0,z) = f(z); zeD,

where Wy (x) is smoothed white noise in R? (noise in the space variables

only).

a) Show that the solution is given by
¢
U =U,t,z) = B° [f(X(t)) exp® UWMX(S))dSH,
0

where E* denotes the expectation with respect to the law Q% of X (¢)
when X (0) = z.

b) Find the limit of Uy (¢, z) in (S)_1 as ¢ approaches the Dirac measure
0 at 0 (in the weak star topology on the space of measures).

4.5 (Guitar string in a sand storm) In Walsh (1986), the following SDE is
discussed as a model for the motion of a string of a guitar “carelessly left
outdoors” and being exposed to a sand storm:

ot? ox2

{BZU — U —W(t,x) for(t,z) eRT xR
U(0,z) = %(0,2) = 0.

a) Show that the unique (S)* solution is given by

t x+t—s

Ult,z) = %/ / W (s,y)dyds.

0 z+s—t
b) In particular, if the noise only occurs in the space variable, we get

U(t,x):%/B(x—}—t—s)—B(m—i—s—t)ds.
0

4.6 Find the general solution of the SPDE

U oU ,
as- +b87 =cWi(t,z); (t,z) € R,

where a, b, ¢ are constants.



212 4 Stochastic Partial Differential Equations Driven by Brownian White Noise
4.7 Study the 1-dimensional Schrédinger equation

U+ V() oUR) =—f(t); tel0T]

Ut)=0 fort=0,t=T,

where V(t), f(t) are given stochastic distribution processes, by transforming
the equation into a stochastic Volterra equation, as in Example 3.4.4.

4.8 Consider the 1-dimensional stochastic pressure equation
(K(z)op'(z)) = —f(x); z€(ab)
p(a) =p(b) =0,

where K () = exp®[Wy(x)] and f(z) = 1. Find co(z) and ¢, (x) in the chaos
expansion

pla,w) = ca(z)Ho(w)
[0
of the solution p(z,w), by using (4.6.28).

4.9 Consider the heat equation in a 1-dimensional stochastic medium

ot ox ox

{BUB(K(x)oaU); (t,z) e RT xR
U,z) = f(z); =€R,

where f is a bounded deterministic function. Show that this equation has a
unique (S)_; solution proceeding as in the sketch of the proof of Theorem
4.7.3.

4.10 a) Use the method of Theorem 4.8.1 to solve the SPDE
{%[t] =AU+ W(tw)oU
U(0,2) = f(z),

where f(x) is bounded, deterministic and W(t) = W(t,w) is
1-parameter white noise.

b) Compare the result with the general solution (4.3.5) of the stochastic
transport equation.



Chapter 5

Stochastic Partial Differential
Equations Driven by Lévy Processes

5.1 Introduction

In the last decades there has been an increased interest in stochastic models
based on other processes than the Brownian motion B(t). In particular, the
following two generalizations of Brownian motions as driving processes have
been (and still are) studied:

(i) Generalization 1: Fractional Brownian motion

By definition a fractional Brownian motion with Hurst parameter
H € (0,1), denoted by By (t); t € R, is the continuous Gaussian process
with mean

E[BH(t)] :O:BH(O); tZO,

and covariance

1

E[Bu(s)Br(t)] = 3

(Jt 7 + s — [t — s*"); st eR.

If H=1/2, we see that By (t) = B(t), i.e., the classical Brownian motion.
But for all other values of H the process By (t) does not have independent
increments. In fact, if H > 1/2 the increment By (n+ 1) — Bg(n) for n > 1
is always positively correlated to By (1) — By (0), (i.e., the process By (t) is
persistent). On the other hand, if H < 1/2, the increment By (n+1)— By (n)
for n > 1 is always negatively correlated to By (1) — By (0), (i.e., the process
By (t) is antipersistent). This makes fractional Brownian motion a useful tool
in many stochastic models, including turbulence (H < 1/2) and weather-
related cases (H > 1/2).

We will not deal with stochastic partial differential equations driven by
(multiparameter) fractional Brownian motion here, but we refer to the forth-
coming book (Biagnini et al. (2006)) and the references therein.

H. Holden et al., Stochastic Partial Differential Equations, 2nd ed., Universitext, 213
DOI 10.1007/978-0-387-89488-1_5, (© Springer Science+Business Media, LLC 2010
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(ii) Generalization 2: Lévy processes

A Lévy process, denoted by n(t); t > 0, has stationary, independent
increments just like Brownian motion B(t), but it differs from B(t) in that
it does not necessarily have continuous paths, (and in general it is not
Gaussian). In fact, if we impose the condition that a Lévy process 7(t) is
continuous, then it has the form

n(t)=at+oB(t); t>0

where a and ¢ are constants, so we are basically back in the Brownian motion
case.

The possibility of jumps makes it possible to get more realistic models.
For example, it has been pointed out that certain classes of processes based
on (discontinuous) Lévy processes fit the stock prices data better than the
classical Samuelson-Black-Scholes model based on Brownian motion. We refer
to, e.g., Barndorff-Nielsen (1998), Eberlein (2001), Schoutens (2003), and
Cont and Tankov (2003) for more information. Similarly, stochastic partial
differential equations driven by (multiparameter) Lévy processes allow for
more realistic models than in the classical Brownian motion case. It turns
out that it is possible to develop a white noise theory for Lévy processes,
even in the multiparameter case, and this theory shares many of the features
of the classical white noise theory described in the previous chapters. It is
the purpose of this chapter to explain this in detail and apply the theory
to solve stochastic partial differential equations driven by (multiparameter)
Lévy processes.

According to the Lévy-Ito representation (see (E.12)) any Lévy process
n(t) can be written on the form

n(t) =at+oB(t / / =N (ds, dz) /t / N(ds,dz), (5.1.1)

0 Jz]<1 0
where N (-, -) is the Poisson random jump measure of 7 and where N (ds, dz) =
N(ds,dz) —v(dz)ds is the compensated Poisson random measure of 7, v(dz)

being the Lévy measure of 7.
For simplicity we will from now on assume that

E[n*(t)] < co for all t > 0. (5.1.2)

This implies that n(¢) can be written on the form

n(t) = a1t + oB(t) // (ds,dz),
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where
a =a+ / zv(dz).
5121

Since the Brownian motion case is covered by the previous chapters, we
are now primarily interested in the so-called “pure jump” case, i.e., when 7(t)
has the form

n(t)]/zN(ds,dz). (5.1.3)
0 R

We consider also the multiparameter case
n(z) =n(xy,...,x2q); == (x1,...,24) € R

of a Lévy process and — more generally — of a compensated Poisson random
measure N (dz,dz).

5.2 The White Noise Probability Space of a Lévy
Process (d = 1)

This presentation is based on [Di Nunno et al] and [@Pksendal et al]
Recall that by the Lévy-Khintchine formula a pure jump Lévy process
n(t) = n(t,w); (t,w) € [0,00) x Q, with E[n?(t)] < oo for all ¢, can be
characterized as the (unique) cadlag process 7(-) such that

Elexp(iun(t))] = exp(t¥(u)), (5.2.1)
where
U(u) = / (e —1—iuz)v(dz); uweR (5.2.2)
R

where v is the Lévy measure of 7(-). This measure v always satisfies

/ZQV(dZ) < o0. (5.2.3)

R

(See Theorem E.2.)

We will now prove a converse of the above. More precisely, given a measure
v on B(Rg) such that (5.2.3) holds, we will construct a cadlag stochastic
process 7(t) such that (5.2.1)—(5.2.2) hold. This construction will be similar
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to the construction we did of Brownian motion in Section 2.1 (and of the
Poisson process in Section 4.9).
Accordingly, let v be a given measure on B(Ry) such that

M = [ 2?v(dz) < . (5.2.4)
/

We now construct a pure jump Lévy process n(t); t > 0 such that v is the
Lévy measure of 7(-):

Theorem 5.2.1.  There exists a measure j = p™) defined on the o-algebra
B(Q) of Borel subsets of Q@ = S'(R) such that

[ hdu) = e | [wisonay | 7es@ (5.2.5)

Q R

where

U(w) = / (e™* —1—iwz) v(dz), i=+-1 (5.2.6)
R

and (w, f) denotes the action of w € S'(R) on f € S(R).

Proof The existence of u() follows from the Bochner-Minlos theorem
(Appendix A). In order to apply this theorem we need to verify that the
function

F:feexp /wuwww; f € S(R)

R
is positive definite, i.e., that
> ZEF(f— fr) 20 (5.2.7)
Gk=1
for all complex numbers z; and all f; € S(R), n=1,2,... (here Z; denotes
the complex conjugate of z; € C). We leave the proof of (5.2.7) to the reader
(Exercise 5.1). O

Definition 5.2.2. The triple (Q, B(Q), u(™) is called the (pure jump) Lévy
white noise probability space.

Lemma 5.2.3. Let g € S(R). Then, with p = p™, E = E, and M =
[ 2%v(dz), we have
R

E[<,g>] =0, (528)
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and

Var[(-, g)] := E[(-, 9)’] = M/gQ(y)dy. (5.2.9)

Proof If we apply (5.2.5) to the function f(y) = tg(y) for a fixed t € R,
we get

Elexp(i t{w, 9))] = cxp / Ut g(y))dy

= exp // (e”zg(y) -1- itzg(y)) v(dz)dy
R R

Assume for a moment that v is supported on [—R, R]\ {0} for some R < oo
and that g has compact support. Then the expansion of the above in a Taylor
series gives

m
oo

Sarestear= 3 (][ (S ares )W

1 k/ /k
t zz/dz g
mZ::Omu Zkl J

Comparing the first order terms of ¢ and then the second order terms
(those containing 2) we get, respectively,

itE[(- 9)] =0,

and
S “DPEL 0 = 5(-DF [ 2utda)- [ ).
R R

The case with general g € S(R) and general v now follows by an approxi-
mation argument. O

Using Lemma 5.2.3 we can extend the definition of (w, f) for f € S(R) to
any f € L?(R) as follows:

If f € L?(R), choose f, € S(R) such that f, — f in L?*(R). Then by
(5.2.9) we see that {(w, f,)}5°; is a Cauchy sequence in L?(u) and hence

convergent in L?(u). Moreover, the limit depends only on f and not the
sequence {f,,}2° ;. We denote this limit by (w, f).
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Now define
i(t) == (w, Xj0,4(-)); teR (5.2.10)
where
1 ifo<s<t

Xjo,4(8) =9 —1 ift <s<0exceptt=s=0, (5.2.11)
0  otherwise.

Then we have

Theorem 5.2.4.  The stochastic process 7j(t) has a cadlag version, denoted
by n(t). This process n(t); t > 0 is a pure jump Lévy process with Lévy
measure v.

Proof We verify that 7 satisfies (5.2.1), i.e., that

Elexp(iu (w, X[0,4(*)))]
=exp [t / (ei“z —-1- Zuz) v(dz) |; ue Rt >0 (5.2.12)
R

By (5.2.5) we get, with f(y) = uxjo,4(y), t >0, u € R, that

E [exp (iu (w, xj0,4()))]

= exp / / (emzx[ovﬂ(y) — 1 —iduzxq (y)) v(dz) | dy

R \R
=exp |t / (e“‘z —-1- zuz) v(dz)
R
which is (5.2.12).

It follows that 7 has a cadlag version n (see, e.g., Applebaum (2004),
Theorem 2.1.7), which hence is a Lévy process with Lévy measure v. By
the Lévy—Khintchine formula (Theorem E.2) it follows that (by our choise of
U(w) in (5.2.6)) that n is a pure jump Lévy martingale, i.e.,

n(t) = j / 2N (ds, dz). (5.2.13)
0 R

a
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5.3 White Noise Theory for a Lévy Process (d = 1)

5.3.1 Chaos Expansion Theorems

Assume that d = 1 in this section, so that

¢
://zN(ds,dz); t>0, (5.3.1)
0 R

where N (ds,dz) = N(ds,dz) — v(dz)ds is the compensated Poisson random
measure of 7. In the following we recall a chaos expansion for square inte-
grable functionals of 7, originally due to It6 (1956). The expansion is similar
to the one for Brownian motion given in Theorem 2.2.7, but note that now
the expansion is in terms of iterated integrals with respect to N(ds,dz),
not with respect to dn(s). (The latter is in fact not possible in general. See
Exercise 5.4).

Let X\ denote the Lebesgue measure on Ry and let L?((\ x v)") denote
the space of all functions f : (Ry x R)™ — R such that

|\f||%)\xy)n = / 2t 215ty 20)dt v (d2y) - - - dtpv(dzy,) < oo
(R4 xR)™
(5.3.2)
If f is a (measurable) function from (Ry x R)® — R, we define its
symmetrization f by

iz, oty zn) == = Zf o(1)s Zo(1)s - - s ta(n)» Zo(n)) (5.3.3)

where the sum is taken over all permutations o of {1,2,...,n}. We call f

symmetric if f = f and we define L2((A x v/)™) to be the set of all symmetric
functions f € L2((A x v)"). Put

Sp={t.2) € (R xR)"; 0<ty <tp <--- <ty < oo}

Then if f € L*((A x v)™), we have

112 (aym)

// //f (t1, 215+ o s tn, 2n)dt1v(dzy) - - - dtyv(dzn)

=n! ||f”L2(Sn)' (5.3.4)
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If g € L*(S,,), we define its n-fold iterated integral with respect to N(, )
over S, by

to

Jn(9) :://~o~//g(t1,zl,...,tn,zn)N(dtl,dzl),...,N(dtn,dzn).
0 R 0 R
(5.3.5)

Iffe ﬁz(()\ x v)"), we define its n-fold iterated integral with respect to
N(,-) over (Ry x R)™ by

L.(f) =n J.(f)- (5.3.6)
By applying the Itd isometry (E.11) inductively, we obtain the isometry
E[(L,(£))] = E[(n)*(Ju(/))*) = )| falli2(s,)
=nl anH2L2((,\XV)n)§ fe > ((Axv)). (5.3.7)

Moreover we have the following orthogonality relation

_J0 ifn#m
E[L,(f)Im(g)] = {n!(f’ Dy = m (5.3.8)
for f,g € L2((A x v)"), where
(f: 9 r2(0xym) = / ft,2)g(t, 2) (A x v)"(dt, dz) (5.3.9)

Ry xXR)™

is the inner product on L?((A x v)™).

Theorem 5.3.1 (Itd (1956)) (Chaos expansion theorem I). Let F €
L?(u) be measurable with respect to the o-algebra Fo generated by {n(s);
s > 0}. Then there exists a unique sequence of functions f, € L2((A x v)")
such that

F =Y I(fa) (with Io(fo) := E[F)). (5.3.10)
n=0

Moreover, we have the isometry

E[F?| =E[F? + Y !l fall32(om (5.3.11)
=1
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Proof We have already outlined the proof that (5.3.10) implies (5.3.11). It
remains to prove that the linear span of the family {I,,(fn); fn € L*((Axv)"),
n=0,1,...} is dense in L?(u1). See Itd (1956) for details. For an alternative
proof of this we refer to Lgkka (2001). O

Remark 5.3.2 If F € L?(p) is measurable with respect to the o-algebra
Fr generated by {n(s); 0 < s < T}, then

suppfn(-,2) C [0,T]" for all z € Ry (5.3.12)

The proof of this is similar to the proof of Lemma 2.5.2. Thus in this case
we get the expansion

F = E[F]
0 T to
+ Zn!//~~//fn(tl,zl,...,tn,zn)N(dtl,dzl)~~N(dtn,dzn).
n=0 9 R 0 R

(5.3.13)

2
T

Example 5.3.3 Choose F = n*(T) = (ffz (dt,dz) > . Then by the 1td
0 R

formula (Theorem E.4)

d(n*(t)) =/ ((n(t) +2)* = n*(t) — 2n(t)2) v(dz)dt
R

+ / ((n(t) +2)% — 772(75)) N(dt, dz)
R

B

22v(dz)dt + / (2n(t) 4 z) zN(dt, dz)

:/zQV(dz)dt—&—R/ 20/R/<z\7(ds,dg)+z 2N (dt, d2)

R

Z/ZQV(dZ)dt+/Z2N(dt,dZ)
R R

t

+/ //QCZN(dS,d() N(dt, dz).

0 R
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Hence

P2(T) =T H! 2u(dz)dt + 0/ R/ 2 N(dz, dt)

+/T/ /t/szN(ds,dC) N(dt,dz). (5.3.14)

This is the chaos expansion of 7?(T), with

Io(fo) = El*(T)] = T / 2u(dz),
R

fl(t7z) = 227 f2(S7C7t7Z) = 2<Z

From now on we assume that the Lévy measure v satisfies the following
integrability condition:
For all € > 0 there exists A > 0 such that

exp (Az]) v(dz) < oo (5.3.15)
R\ (—¢,e€)

This condition implies that 1 has finite moments of order n for all n > 2. It is
trivially satisfied if v is supported on [—R, R] for some R > 0. The condition
implies that the polynomials are dense in L?(p), where

p(dz) = dp(z) = 2*v(dz) (5.3.16)

(See [Nualart and Schoutens]). Now let {l,,}m>0 = {1,11,02,...} be the

orthogonalization of {1, 2,22, ...} with respect to the inner product of L?(p).
Define

pj(z) = HljleZ%(p) zli_1(2); 7=1,2,... (5.3.17)

In particular, we have
pi(z) = M3z or z = M3py(z)

Then {p;(2)}52, is an orthonormal basis for L*(v). Define the bijective map

k:NxN— N by

JH+5=2)+5i-1)
2

k(i) = (5.3.18)
Let {&;(t)}52, be the Hermite functions. Then if k = x(i, j), we define

Or(t,2) = 0u(iy)(t, 2) = &(t)p;(2); (i,5) e Nx N (5.3.19)
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Y} () (4) N an i =
e — e ° ° °
v e e v
3) e . ° ° °
v O
(6) ° [ ° ° °
e
(10) e . ° ° °
J
1

Fig. 5.1 The function k

If « € J with Index(a) = j and |a| = m, we define the function §%* by

6®a(t1731; coostmy Zm) = 5?0(1 Q- ® 5;@% (t1, 21, sty 2m)
=061(t1,21) - - 01(tays Zay) - 05 (bm—ay 41, Zm—a,4+1) == 05 (tm, Zm) -
«q factors a; factors

(5.3.20)

(The factors where a; = 0 are set equal to 1, i.e., 620 = 1)
Finally we define the symmetrized tensor product of the d;’s, denoted

by 69, by
(5®a(t1,21,...,tm,2m) z(i&*(tl,zl,...,tm,zm)
=07 G @07V (t, 21, -ty Zm). (5.3.21)
For o € J define

Ky = Ko(w) = I <5®a) (w); w e Q, (5.3.22)

where I}, is the iterated integral of order m = |a| with respect to N(-,-), as
defined in (5.3.5)—(5.3.6).
For example
Kniany = I1(0kij))
= 5(&(t)p;(2))

_ 0/ R/ & (0)p; (2)N(dt, d2).

To simplify the notation we will from now on sometimes write

e9) = ¢(r(9)) = (0,0,...,1)with 1 on place number x(i, j) (5.3.23)
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By our construction of % we obtain that any f € L2((A x v)™) has an
orthogonal expansion of the form

Flt, 2ty zm) = > cad® (b1, 21 b, 2m) (5.3.24)
la]=m
for a (unique) choice of constants ¢, € R. Combining this with (5.3.21) and

the Chaos expansion theorem (I) (Theorem 5.3.1), we get

Theorem 5.3.4 (Chaos expansion theorem II). Let F' € L?(p) be mea-
surable with respect to the o-algebra Foo. Then there exists a unique sequence
{¢a}acg with cq € R such that

w) = Z ca K
aeJ
Moreover, we have the isometry

IF |2 = D oled. (5.3.25)
acd

Example 5.3.5 Let h € L?(R) be a deterministic function and define
zmwz/m@m@zhm@m.
R

Since h has the expansion

oo

h(s) = Z(hvgi)LQ(R)gi(S)a
i=1
where

(m@mwz/mwywm
R

we get the expansion
= Z (h, &) 2y [1(Ei(8)2) = M2 > (h, &) 2y K cinciny (W) (5.3.26)
i=1 i=1

In particular, choosing h(s) = X 4(s) for t > 0, we get the chaos expan-
sion of n(t):

=1

00 t
M%Z/gz Vs K (i (w). (5.3.27)
0
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5.3.2 The Lévy—Hida—Kondratiev Spaces

We now proceed to define the Lévy analogues of the Kondratiev spaces and
the Hida spaces introduced in Section 2.3:

Definition 5.3.6 (The Lévy—Hida—Kondratiev spaces of stochastic
test functions and stochastic distributions) (N =m = 1)

a) The Kondratiev stochastic test function spaces. For 0 < p < 1, let
(S), = (S)( ) consist of those

¢$= Z caKo(w) € L2(u))  (co € R constants)

acJ
such that
161125 5= > 2(a)! TP (2N)* < oo for all k € N. (5.3.28)
aeJ

b) The Kondratiev stochastic distribution spaces. For 0 < p <1let (S)_, =
(8)(L) consist of all formal expansions

F=3 boKaw)

aeJ

such that

IFI?,_, = Z b2 ()P (2N) 79 < 0o for some q € N. (5.3.29)
aeJ

c) The space (S) = (S)BL) is called the Hida stochastic test function space
and the space (S)* = (S)(LO) is called the Hida distribution space.

As in Section 2.3 we equip (S), with the projective topology (intersection)
defined by the norms || - ||, x; & = 1,2,... and we equip (S)_, with the
inductive topology (union) defined by the norms || -||—,—¢; ¢ = 1,2,....
Then (S)_, becomes the dual of (S), and the action of F' =" b, K, € (S)—,
on ¢ =3 aKy € (S), is given by

<F,¢>=) aabsal. (5.3.30)

We can now define the Lévy white noise process:

Definition 5.3.7 The Lévy white noise process n(t) is defined by the
expansion

=M=z Z& 6( K (i, 1)) ) teR. (5331)

i =1
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Note that in this case 1(t) = >, c s ca(t)Ka(w), with

) {M%gi(t) if a=(0,0,...,1) = ex(@:D)

0 otherwise

Hence

> cat)al(2N)” MZEQ 1< oo

aceJ

for all ¢ > 2. Therefore n(t) € (S)* for all t. Note that by comparing (5.3.27)
and (5.3.31) we have

n(t) = %n(t) in (S)* (5.3.32)

which justifies the notation 7(t) in (5.3.31). (Compare with (2.3.38).)
We can also define the white noise of the compensated Poisson random
measure:

Definition 5.3.8 The white noise 1\7 (t,z) of the Poisson random measure
N(dt,dz) is defined by

= Z i (0)p; (2) Ketntiiy - (5.3.33)

4,521

Note that

N(t,U)=1, (Xo,4(9)Xu(2))

= > (X &) 20 (X0 pi) L2 1 (6i()ps (2))
e
= /67, / j(Z)V(dZ) KE(H(I‘,J‘)). (5334)
1,5 =1
Therefore the random measure N (dt,dz) can be given the representation
N(dt,dz) = > &(t)p;(2) K wiin v(dz)dt. (5.3.35)
=1

_ We can therefore regard N (t,z) as the Radon—Nikodym derivative of
N(t,z) with respect to dt x v(dz), i.e

3 N(dt,dz)

N(t2) = grid) (5.3.36)
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Note that 7(t) is related to (t z) by

i(t) = / 2N(t, 2)v(dz) (5.3.37)
R

where the integral is an (S)*-valued integral in the sense of Definition 2.5.5
(See Exercise 5.6).

Wick products and Skorohod integrals

Comparing the chaos expansion of Theorem 5.3.4 and Definition 5.3.6 with
the expansions of Theorem 2.2.4 (with m = 1) and definition 2.3.2 (with
m = 1), we see that - at least formally- the white noise theory for Brownian
motion can be carried over to a white noise theory for the Lévy process 7(-)
through the correspondence

H, « K,; a€ J.

We now explain this in more detail. We remark, however, that in spite of
the close relation between the two cases, there are also significant differences.

Definition 5.3.9 (The Wick product) Let F' =} _;a.K, € (S)(L)

and G =3 5. ;b Kp € (S)Ej:l) Then the Wick product F o G of F' and G is
defined by the expansion

FoG= > anbgKarg= Y | Y aubs]| K. (5.3.38)
a,Bed YET \a+B=v

Just as in Chapter 2 we can prove that the Wick product has the following
properties:

5.3.39
5.3.40
(commutative law) FoG=GoF 5.3.41

F.Ge(S)-, = FoGe(S)_,; 0<p<1 (
(
(
(associative law) Fo(GoH)=(FoG)oH (5.3.42
)-
(5.3

)
FGe(S), = FoGe(S),; 0<p<1 )
)
)

(distributive law) Fo(G+H)=FoG+ FoH, F,G,H € (S 1

43)

Similarly, in terms of the iterated integrals I, (+) defined in (5.3.5)—(5.3.6),
we have

L (fn) © Iim(gm) = Ingm(fa®Gm), (5.3.44)
where f,®g,, is the symmetrized (with respect to the (,z)-variables) ten-

sor product of falti, 21,y tn, 2n) € ﬁz((A x v)") and gm(t1, 215 -+ by Zm)
€ L2((\ x v)™) (see (5.3.3)).
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This can be seen as follows: Suppose f, =3,/ , cad® € L2((A x v)™)
and g = 35—, bp0®® € L2((A x v)™). Then

fa®gm = Z Z cab55®(°‘+ﬂ) — Z ( Z Ca bg) 587
la|=n|B|=m lyl=n+m \a+B=7
Therefore, by (5.3.22),
In+m(fn®gm) = Z Z Co bﬁKw

l[yl=n+mat+B=y

while, again by (5.3.22) and by (5.3.38)

In(fn) © I (gm) = ( > CQKQ) o ( > bﬁKﬁ)
la|=n |8l=m

= Y (Z cabﬁ)m.

[v|[=n4+m \a+B=~

This proves (5.3.44).

Example 5.3.10
(i) Choose h € L*(R) and define

Then by (5.3.44)

FoF = IQ(h(Sl)Zlh 82)2’2)

(/ 81 Zl Sz)ZQN(dSl,dzl)) N(d327dZ2)
0
(/h (s1)dn(s1) ) h(s2)dn(sz2)

0

By the It6 formula (Theorem E.4) with X () = [ h(s)dn(s)
0

d(X2(1)) = / (X (1) + h(£)2)® — X2(8) — 2X (0)h(1)2) v(dz)dt

Il
2O

Il
N

0\8 0\8

/ )2)? — X2(t)) N(dt,dz)
R
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=h2(t) / 22v(dz)dt + / (2X (t)h(t)z + h2(t)2?) N(dt,dz)

R R
=2X(t)dX (t) + h(t) / 22N (dt,dz). (5.3.45)
R
Therefore
FoF = 2/X YdX (s //h2 V22N (ds, dz). (5.3.46)
0

In particular, choosing h(s) = &g 4(s), we get

n(t) o n(t) // 22N (ds, dz). (5.3.47)

Compare this to the Brownian motion case, where (see (2.4.14))
B(t) o B(t) = B2(t) —

(ii) It follows by the same method as above that
K.y oK.y =K.y - K.y — M~ //52 )22 N (ds,dz)X;—;, (5.3.48)

where, to simplify the notation, we have put

@) = (=) = (0,0,...,1),

with 1 on place number k(i, 7). (see Exercise 5.8).

The following definition of the Skorohod integral with respect to the Lévy
process 7)(t) is originally due to Kabanov (1975):

Definition 5.3.11 (The Skorohod integral) Let Y (¢) be a measurable
stochastic process such that

E[Y?(t)] < oo forallt>0

Then for each ¢ > 0, Y (¢) has an expansion of the form

Y t) = Z In(fn(at))
n=0
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where f,(-,t) € L2(A x v)") for n = 1,2,... and Io(fo(-t)) = E[Y(t)].

Let f(t1,21,--., tnt1, Znt1) be the symmetrization of
Zng1 fu(ti, 215ty 20y tnyn)-
Suppose
s ~
D A+ DI fallF2(axayniry < 00 (5.3.49)
n=0

Then we say that Y(-) is Skorohod-integrable with respect to n(-) and we
define the Skorohod integral of Y (-) with respect to n(-) by

[Y@in0 =3 uth). (5.3.50)
0 n=0
Note that by (5.3.11) and (5.3.50) we have
T 2 -
BN [y@m®) | = X0+ DAy <20 6350
0 n=0
T
so [Y(t)dn(t) € L*(u). Moreover,
0
T
B | [y -o (5.3.52)
0

Just as in the Brownian motion case one can now show that the Skorohod
integral is an extension of the Itd integral, in the sense that if Y'(¢) is
Fi-adapted and Skorohod-integrable, then the two integrals coincide:

Proposition 5.3.12. Suppose Y (t) is an Fi-adapted process such that

o0

E| [ Y*t)dt| < 0. (5.3.53)
/

Then Y (+) is both Skorohod-integrable and Ito integrable with respect to
n(+), and the two integrals coincide.

Proof The proof is similar to the proof of Proposition 2.5.4 and is therefore
omitted. O
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Similarly, by replacing the basis elements H, defined in Definition 2.2.1
by the basis elements K, defined in (5.3.22) and using the chaos expansion
in Definition 5.3.6, we can repeat the proof of Theorem 2.5.9 and obtain the
following:

Theorem 5.3.13. Assume that Y (t) = Y c 7 ca(t) Ko is a stochastic pro-
cess which is Skorohod-integrable with respect to n(-). Then the process

Y (t) on(t)
is (S)*-integrable and
/Y(t)dn(t) = /Y(t)oﬁ(t)dt, (5.3.54)
R R

where the integral on the right hand side is an (S)*-valued integral in the
sense of Definition 2.5.5.

Example 5.3.14 Let us compute the Skorohod integral

/ n(T)sn(t) = / 0(T) X0,y (£)5n (1)
0 0

in two ways:
(i) by using the chaos expansion (Definition 5.3.11)
(ii) by using Wick products, i.e., Theorem 5.3.13.

(i) The chaos expansion of n(T) is

n(T) = /T / N (dt, d=)

oo

://X[O’T](tl)zlﬁ(dtl,dzl) = L(f1),
R

0

where
Fi(t1, 21,t) = Xjo,1(t1) 21 X0, 77 (1)

Hence fl(tl, 21,12, 22) is the symmetrization of zpXjo 7)(t1)21 &[0, 1)(t2) With
respect to (t1,21), (t2, 22), i.e.

Ji(te, 21, ta, 22) = 212080, (t1) X0, (t2)
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/ n(T)s(t)
0

L(f1)
2// //leQXOT t1 X[O T](tQ) (dtl,dzl) N(dtQ,dZQ)
0 R

ta T

2 / /le(dtl,dzl) Xpo.1)(t2) 22N (dts, dzs)
R 0

=2 /77 to NT) X, 1) (t2) 22N (dts, dzs)
R’

2

O —y Tt —g 3

n(t)dn(t) (5.3.55)

(ii) Using (5.3.55) and (5.3.47) we get

T

T
/ n(T)sn(t) = / n(T) (1)t
0

0

T
=n(T)o [ 9(t)dt
J
T
=n(T) on(T) 2°N(ds, dz) (5.3.56)
o-f]

This is the same as (5.3.56) by virtue of (5.3.45).

5.4 White Noise Theory for a Lévy Field (d > 1)

5.4.1 Construction of the Lévy Field

In this section we extend the definitions and results of Sections 5.2-5.3 to
the multi-parameter case when time ¢ € [0,00) is replaced by a point z =
(x1,...,2q) € R?, for a fixed parameter dimension d. In this case the process
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n(z) = n(r,w); (r,w) € RY x Q is called a d-parameter (pure jump) Lévy
process or a (pure jump) Lévy (random) field.

We first extend the construction in Section 5.2 to arbitrary parameter
dimension d > 1. As in the Brownian motion case, the construction for
arbitrary d > 1 is basically the same as for d = 1. Nevertheless, we found it
useful to go through the details for d = 1 first (Section 5.2), since this case
is more familiar and has special interest. Now we only need to check that
everything carries over to arbitrary d, mostly with only minor modifications.
For completeness we give the details.

Let v be a given measure on By(Rg) such that

M = /zQy(dz) < o0. (5.4.1)
R
We will construct a d-parameter Lévy process n(x); = (x1,...,24) € RY,

such that v is the Lévy measure of 7(-), in the sense that
v(F) =E[N(L,..., 1} F)], (5.4.2)

where N(x; F) = N(z; F,w) : R? x By(Rg) x Q — R is the jump measure of
n(-), defined by

N(z1,...,24; F) = the number of jumps An(u) = n(u) —n(u™)
of size An(u) € F when u; < z;; 1 <i<n,
uw= (u,..., ug) € R (5.4.3)

As before let S(R?) denote the Schwartz space of rapidly decreasing smooth
functions on R? and let Q@ = S’(RY) be its dual, the space of tempered
distributions. Then we define

Definition 5.4.1. The d-parameter Lévy white noise probability measure
is the measure yu = p*) defined on the Borel o-algebra B(Q) of subsets
of Q1 by

/ei<°”f>du(w) = exp /‘I’(f(y))dy ; feSRY (5.4.4)
Q R4
where
U(u) = / ("% —1—iu-2)v(dz); ueR (5.4.5)
R

and < w, f > denotes the action of w € S'(R%) on f € S(R?). The triple
(2, B(Q), u)) is called the d-parameter Lévy white noise probability space.
For simplicity of notation we will write () =z from now on.
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Remark The existence of y follows from the Bochner—Minlos theorem (see
Appendix A). In order to apply this theorem we need to verify that the map

F:f e exp / V(f)dy |; f e SRY

d

is positive definite on S(R?), i.e., that

> ZEF(fj— fr) 20 (5.4.6)

g k=1

for all complex numbers z; and all f; € S(R?), n = 1,2,.... We leave the
proof of (5.4.6) to the reader (Exercise 5.1).

Lemma 5.4.2. Let g € S(R?) and put M = [ 2%v(dz) < co. Then, with
R
E=E,,
E[<-g>]=0, (5.4.7)

and
Var, [< g >]=E[<.g >2] = M/gz(y)dy. (5.4.8)
Rd

Proof The proof is similar to the proof of Lemma 5.2.3: If we apply (5.4.4)
to the function f(y) =t g(y) for a fixed ¢ € R and for y € R% we get

E[explit <w,g >]] = exp /\I’(tg(y))dy

IRd
= exp // (eitzg(y) -1- itzg(y)) v(dz)dy| .

R4 R

Assume for a moment that v is supported on [—R, R]¢\ {0} for some
R < 0o and that g has compact support. Then by expansion of the above in
a Taylor series we get
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m

SN RN
= Z — Z Ezktk/zku(dz)/gk(y)dy
D) = k!

m=0 R Rd

Comparing the terms containing the first order term ¢ and the second order
term t2, we get

itE[<,g>]=0
and

%(—1)t2E [< g >2] = %(—1)t2/z2u(dz)/92(y)dy.
R Rd

The case with general g € S(R?) and general v now follows by an approx-
imation argument. a

Using Lemma 5.4.2 we can extend the definition of < w, f > from f €
S(R?) to any f € L*(R) as follows:

If f € L?(R?) choose f,, € L?(R%) such that f, — f in L*(R?). Then by
(5.4.8) we see that {< w, f,, >},~_; is a Cauchy sequence in L?(yx) and hence
convergent in L?(p). Moreover, the limit depends only on f and not on the
sequence {fy},~;. We denote this limit by < w, f >.

In general, if ((z) = ((z,w); = € R? is a multiparameter stochastic process

we define its increments Ap((x) for h = (hi,...,hq) € RL as follows:
Ap¢(z)
d ~
=C(z+h) =D (w1 +hy,.. i+ hi,. . 2a+ ha)
i=1

d
+ Z C($1+h17...,$i+ili,...7.%'j+Bj7...7$d+hd)—'~-+(—1)dC({E>
ig=1

i#]

where the notation ~ means that this term is deleted. In other words, if we
regard ((x) as a random set function ¢ by defining

C((—o0, 1] X -+ X (—00,z4]) = ((21,...,2q) (5.4.10)
and extending to all rectangles (a, b1] X - -+ X (aq, bg] by additivity, then
Apl(x) = (f((xl,xl + hy] X - X (24, Tq + ha)). (5.4.11)
For example, if d = 2 we get

Ap(z) = ((x1 + h1, 22 + he) — ((z1, 22 + h2) — ((x1 + h1,z2) + ((21, T2).
(5.4.12)
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Theorem 5.4.3 (Construction of a multiparameter pure jump Lévy

process).
For x = (v1,...,74) € R? define

() = n(z1,...,2q4) =< w, X () > (5.4.13)
where
Xo.2)¥) = Xo.er) (1) Xowu) (¥a); ¥ = (y1,---,yq) € R (5.4.14)
with

Xio o1 (vi) = 1 if0<y; <z orx; <y; <0,except z; =y; =0
(02 Y] = 0 otherwise

(5.4.15)
Then 7i(z) has the following properties
7(z) =0 if one of the components of z is 0, (5.4.16)
7 has independent increments (see below), (5.4.17)
7 has stationary increments, (5.4.18)
7 has a cadldag version, denoted by 1. (5.4.19)

Proof The property (5.4.16) follows directly from (5.4.13)—(5.4.15). To
prove (5.4.17) it suffices to prove that if f, g € S(R?) have disjoint supports,
then

<w,f> and <w,g> are independent.

To this end, it suffices to prove that, for all a, § € R,
E [eia<w,f>eiﬁ<w,g>} = E [eia<w,f>} E [eiﬁ<w,g>} . (5420)

By (5.4.4) we have

E [eia<w,f>€iﬁ<w7g>] —E [ei <w,o¢f+ﬁg>]

exp / /{ei(o‘f'*'ﬁg)z —1—i(af + ﬁg)Z} v(dz) | dy

a \R
— ex iaf(y)z _ 1 _ fy)ztd
ep[!(sup{f {e i yz} Y

+ / {e“’g(y)z —-1- zﬂg(y)Z} dy)l’(dz)}

supp g
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— exp [/( / {emf@)Z . mf(y)z} dy) V(dz)]

R supp f
. exp { R/ ( l g {ewg(y)z 1 iﬂg(y)z}dy)y(dz)}

- E [eia<w,f>] -E [eiﬂ<w,g>]7

which proves (5.4.20).

To prove (5.4.18) it suffices to prove that if f € S(R?), h € R%, and we
define fy,(z) = f(z+h); * € R% then < w, f > and < w, f;, > have the same
distribution. To this end it suffices to prove that, for all & € R,

E [eia<w,f>] - R [eia<wvfh>:| .

By (5.4.4) this is equivalent to the equation

/ / {07 —1—iaf(y) =} (d2) | dy

R4 R

= / /{emf(“h)z —1—iaf(y+ h)z} v(dz) | dy

Re \R
which follows from the translation invariance of Lebesgue measure dy.

The existence of a cadlag version n(z) of 7i(x); = € R? follows from
Theorem 2.1.7 in Applebaum (2004). The proof that (5.4.4) implies that
v is the Lévy measure of 7 is left for the reader (Exercise 5.10). O

In view of Theorem 5.4.4 it is natural to call the process n(x) a multipa-
rameter (pure jump) Lévy process/martingale or a (pure jump) Lévy random
field. If d = 1, then n(z) = n(t) is the classical pure jump Lévy martingale
(see (5.2.13)).

The process 7(z); € RY is the pure jump Lévy field that we will work
with from now on.

By our choice (5.4.5) of the function ¥(u), it follows by the (multi-
parameter) Lévy-Khintchine formula (see Theorem E.2 for the d = 1 case)
that n(z) is a pure jump Lévy martingale of the form

n(xz) = zN(dy,dz); © € R? (5.4.21)
[

Note that if {Ag};", is a disjoint family of disjoint rectangeles (boxes) in
R? and ¢; € R are constants, then
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< W,ZCkXAk(') > = ch < wa‘XAk(') >
k k

=) an(Ag) = / (Z CkXAk(m)> dn ().
k R k

Thus by an approximation argument we obtain that

<w,h> = /h(x)dn(m)

:R] / h(z) = N(de, dz) (5.4.22)

Re R

for all (deterministic) h € L?(\), where A denotes Lebesgue measure on R

5.4.2 Chaos Expansions and Skorohod Integrals
(d>1)

If f(z™M),2,...,2M™, 2,) is a function from (R? x R)" into R, we define its
symmetrization f by

1
F@W, 2z, .. 2™, 2,) = - S F@) 2,2 2 ) (5.4.23)

the sum being taken over all permutations ¢ of {1,2,...,n}. In other words,
f is the symmetrization of f with respect to the n variables

Y1 = (z(l)azl)w s Yn = (I(n)vzn)

We let L2((Axv)") denote the set of all symmetric functions
fer?((Axuv)).
Put

IN

G= {(x(l),zl,...,x(”),zn); xg.l) < xg-Q) e < x§»n) for all j = 1,2,...,d}

) (5.4.24)
For f € L? ((A x v)") define the n times iterated integral of f by

I,(f)=n! /f(x(l),zl,...,x("),zn)N(dx(l),dzl)~~J\~f(d:r(”),dzn).
Gn

(5.4.25)
By proceeding along the same lines as in Section 5.3, we obtain the
following result (compare with Theorem 5.3.1):
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Theorem 5.4.4 (Chaos expansion I for Lévy fields).
(i) Every F € L*(P) has a unique expansion

F= Z In(fn); fn € L’ (Axv)") (5.4.26)
n=0

where, by convention Io(fo) = fo when fq is a constant.

(ii) Moreover, we have the isometry

o0

||F||2L2(P) = Z n!||fn||%2((,\w)n)' (5.4.27)

n=0

Example 5.4.5 Fix 2z € R%. Then F := n(z) € L?(P) has the expansion
) = [ [ =¥z = 0.
0 R

with
1 (ya Z) = X[O,l‘] (y)Z = X[O,Jq](yl) T X[O,wd] (yd)a

where z = (z1,...,24), y= (Yy1,.--,Yd)-
We can now proceed to define Skorohod integrals in the same way as in
Section 5.3 (see Definition 5.3.11):

Definition 5.4.6 (Skorohod integrals (d > 1)) Let Y(z); x € R? be a
stochastic process such that

E [Y?(2)] < oo for all z € R%. (5.4.28)

Then for each z € R? Y (z) has an expansion of the form

Y(z) =Y L(fa(2); (5.4.29)
n=0
where f,,(-,x) € L? (A x v)"), with z as a parameter. Suppose that
> ~
Z (n+ 1)!Hf77/||%2(()\><y)n+1) < oo (5.4.30)
n=0
where fn (2™, z1,..., 2 2, x, 2) is the symmetrization of

zfn(m(l), 21y, 2 x)
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with respect to the n + 1 variables
g = @0, 20), g = (@, 20), g1 = (3,2) = (@D, 241).
Then the Skorohod integral of Y with respect to 7 is defined by

/Y(w)5n(a:) =" Liyi(fa)- (5.4.31)
n=0

Rd
Just as in the case d = 1 we can now prove that if Y (z) is Skorohod-
integrable, then

2
/Y(w)én(w) = Z DI fallf2(anyniny <00 (5.4.32)
d

n=0
and

/Y(m)én(x) = 0. (5.4.33)

See (5.3.52) and (5.3.53). Moreover, if Y(-) is adapted, in the sense that for
all « the random variable Y (z) is measurable with respect to the o-algebra

F. generated by
{ny); vi <x1,..0 90 < xa}

and E

JY*(x dx] < 00, then Y () is Skorohod-integrable and

Rd
/Y )on(z /Y Ydn(x

where the integral on the right hand side is the It6 integral.

Proceeding as in Section 5.3 we assume from now on that v satisfies condi-
tion (5.3.15). And we let {lm}m>0 = {1,11,l2,...} be the orthogonalization
of the polynomials {1, 2,22, ...} with respect to the inner product of L?(p),
where

dp(z) = 2*v(dz); z € R.
Define, as in (5.3.17),

pi(2) = i1l 2z li-1(2); G=1,2,... (5.4.34)

where

M = /zQz/(dz) < 0.

R
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Then {pj(z)}jo.il is an orthonormal basis of L?(v). Note that with this
definition we have

p(z)=M"2zorz=M3p(2); z €R. (5.4.35)
As before let {&;(¢)}52, be the Hermite functions on R and for

7:(71,...,7d)€Nd

let
=606 ® - ®&, (5.4.36)

ie.
§7($) = 5’71 (xl)g"/z (1?2) o 'g’m(zd); T = (Ilv ce ,SL'd) € Rd

Then {&,},ene is an orthonormal basis for L?(R?). As in (2.2.7) we may
assume that N is ordered, N = {y(1) 4(2) .} in such a way that

i<j = A4 440 <A 4 4y (5.4.37)
and from now on we write (with abuse of notation)
Si(x) =& (x); i=1,2,...; 2 € R? (5.4.38)
With x : Nx N — N as in (5.3.18), we define
On(ing) (@, 2) = &(2)p;(2); (i,5) ENx N (5.4.39)

for (z,2) € R x R.
As before let Z be the set of all multi-indices o = (v, ..., ) € Z with

a; e NU{0}, fori=1,...,m, m=1,2,...
For a = (a1,. .., Q) € Z with Index(«) := max{i; «; # 0} = j and
la|:=a1+---+aj=m

we define the function §®* by

6% (zM 2z, 2™ 2,) =681 9 ... ® 5?% (D 21, .., 2™ 20)
= 51($(1)7 Zl) e 51(x(a1)’ ZOtl) e 5j(x(miaj+1), meoz_ﬂrl) e 6j(m(m)a Zm)
«ay factors ajfactors
(5.4.40)

As usual we set 0°° = 1.
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We thus define the symmetrized tensor product of the d;s, denoted by
59 as follows:

5%z 2y, 2™ 2,) = (F@’?)(x(l), 21y, 2™ 2)
= 5?”@ e ®5§§a" (M, 21, ..., 2™ 2),

(5.4.41)

where the symbol = denotes symmetrization.

Definition 5.4.7 For o € 7 define
Ko = Ko(w) i= I (5@’&) . (5.4.42)
As in Section 5.3 we simplify the notation and put

i) = (=3 = (0,0,...,1), (5.4.43)

with 1 on place number (3, j), where (i, j) is defined as in (5.3.18).

Example 5.4.8 By (5.4.40) and (5.4.35) we have

Koo = Konin = 1y (5®e”<”>)
=11 (0n ) I (& (@)py (2))

//fz N(dz, dz)

Rd R

=M"2 / / &i(2)zN(dz, dz). (5.4.44)

Rd R

) Let f, = Z\a|:naa5®a e L2(Axv)") and g, = Zm\:mbﬁ&@ﬁ €
L? (A x v)™). Then

Fu®gm = Z Z aabﬁ5®(a+ﬁ)
la|=n|8|=

= Z Z aabg (5®’Y.

[y|=n+m \a+pB=v

Hence, by Definition 5.4.7,

Lif) =Y auls (6®a) =Y auKa (5.4.45)

la|=n lee| =
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and

Iner (fn®gm) = Z Z aabﬁ K’y (5446)

ly|=n+m \a+B8=vy

The identity (5.4.45) gives the link between Chaos expansion I
(Theorem 5.4.4) and the following expansion:

Theorem 5.4.9 (Chaos expansion II for Lévy fields).
(i) BEvery F € L?(P) has a unique representation

F =Y caKa; ca €R. (5.4.47)
acl

(ii) Moreover, we have the isometry

1F|72p) = Y aled. (5.4.48)
acZ

Example 5.4.10 Choose F' = n(x

o%a

[ 2N(dy,dz), where = € R? is fixed.
R

Then
F= /Z (X[U’m](')7§i)L2(>\) §Z(y)z]\~f(dy,dz)
Rd R i=1
:Z/"'/fz'(u)dul"'dud //Ei(y)zN(dy,dz)
i=17p A

/fz Yduq -+ dugK iy

=M? Z / &i(w)duK .. (5.4.49)
0

We can now proceed word by word as in the case d = 1 (Section 5.3) to
define the general d-dimensional Lévy field version of the Hida—Kondratiev
stochastic test function spaces

(8) :==(S)o and (S),; 0<p<1
and the Hida—Kondratiev stochastic distributions spaces

(8)* = (S)_g and (S)_,: 0< p< 1.
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(See Definition 5.3.6). As before we have
(8)1 C(8), C(S) CL*(P) C ()" C(8)-p C (S)-1-

Example 5.4.11 The (d-parameter) Lévy white noise n(x) of the Lévy field
n(z) is defined by the expansion

n(w) = M2 > &i(@) Koy (5.4.50)
i=1

Just as in the case d = 1 (see Definition 5.3.7) we can verify that
n(x) € (S)* for each = € R?

and (see (5.4.49))

= oy 0w, T = (@ wa). (5.4.51)

5.4.3 The Wick Product

Based on the chaos expansion II (Theorem 5.4.9), we can now proceed to
define the Wick product along the same lines as in Chapter 2:

Definition 5.4.12 (The Wick product) Let F = }  _;a.,K, and
G =3 5c7bpKp be two elements of (S) 1. Then we define their Wick product
F o G by the expression

FoG = Z aabsKorp = Z < Z aab5> K,. (5.4.52)

o,BeT YELZ \a+pB=y
As in Chapter 3 we can prove that all the spaces (S), and (S)_,; 0 < p <1

are closed under Wick multiplication.

Example 5.4.13 Note that by (5.4.45)(5.4.46) we have, for f,, € L2 (A x v)™)
and g,, € L? (A x v)™)

In(fn><>1m(gm): Z ao Ky 0 Z b,@Kﬁ :Z aabﬁKa+ﬁ

la|=n |Bl=m a,BET

[v|=n+m \a+B=v
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In particular, by (5.4.44),
K wiinn © Kowiny = MM (&(2)2) o I (&i(2)2)
= ML (g (zM)g; (a (2)),21,22). (5.4.54)
Example 5.4.14 Let us compute

n%(z) := n(z)on(z
= I { Xjo,q( y )011 (X[(),m](y(Q))Zz)

= I (Xo, ()Xo, () 2122 )

(2)
0

=2

Y

//zlng (1),(121) N(dy@),dzg)

0

'/
R/Z Y2 dzy) 2/77 (5.4.55)

0

S —,

This is the Lévy analog (and d-dimensional extension) of the identity

t

/B(s)(SB(s) = %Bw(t)

0
obtained in Example 2.5.11.

Remark Surprisingly, the relation in d = 1 between the Skorohod integrals
and Wick product in Theorem 5.3.13, namely

/Y(t)én(t) - /Y(t) o n(t)dt
R

R

does not extend to d > 1. To see this, choose d = 2 and Y (z) = n(x).
By Wick calculus we have

(@) = 29(a) 0 5

and

2?2 0? on On

=2 2— o —

635181’277 (.’L‘) T](.”L') © 92,075 (9:1718562 ( ) + (3'121 3562
on

. on
= 2n(z) on(z )+287331087332
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Integrating over the rectangle [0, 1] x [0, z2] we get

T2 ITq
82
02 x :/ o2 duqd
n ( ) / 6:’-/18:(]277 (y) Yyiay2

— 2 oty +2 /(5‘?: o) s G450
0 0

Comparing this with (5.4.55) we obtain

x

517 = [ nw)dny)
0
. IT o on  On
- O/ 1(y) o n(y)dy + 0/ < o0 ayQ)(y)dy. (5.4.57)

For more information about this, see Lgkka and Proske (2006). On the
other hand, if Y : R? — R is deterministic and f Y?2(y)dy < oo, we do have

/Y on(y dy—/Y dy—/Y )dn(y (5.4.58)

that

5.4.4 The Hermite Transform

Just as we have seen for the Brownian motion case in Chapter 3, we can
define a correspondence between the elements of the stochastic distribution
space (8)—1 and a space of analytic functions of several complex variables.
The correspondence is given in terms of the Hermite transform, defined as
follows:

Definition 5.4.15 Let F' =) _;aoKq € (S)_1. Then the (Lévy) Hermite
transform of F', denoted by HF, is the function from the set (CV).. of all finite
sequences of complex numbers into C, defined by

F(G1,G,--) = Y aa(* €C, (5.4.59)

acl
where ¢ = ((1,(2,...) € CN and

¢ =t oo if o= (a,ag,. .., 0) €.
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Example 5.4.16 Let F = 5(x) = M= > &i(@) Koy € (S)*. Then
2)¢e oD
)

(HF)() = M*

> &
7j=1

1
D&
j=1
The following useful result is a direct consequence of the definition:

Proposition 5.4.17. If F,G € (S)_1, then
H(F o G)(C) = (HF)(C) - (HG)(C); ¢ € (CY).. (5.4.61)

We end this section with a characterization theorem for Hermite trans-
forms. Again the proof is similar to the Brownian motion case and is therefore
omitted:

Theorem 5.4.19 (Characterization theorem for Hermite transforms).
Define, for 0 < g, R < o0, the infinite-dimensional neighborhood Ny(R) of 0
in CN by

Ny(R) = ¢ (G, Gas- ) € CY Y [CYP(2N)™ < R? (5.4.62)
a#0
where ¢ = (1o if a = (ag, ..., am) €T.

(i) fF =), craaKa € (S)_1, then there exist q, M, < oo such that

HF(Q)| < > laall™] < M, (Z(zN)an“) (5.4.63)

ael aE€l

for all ¢ € (CN).. In particular, HF is a bounded analytic function on
Ny(R) for all R < 0.
(ii) Conversely, assume that g(¢) := >, c7baC® is a power series in

(= (¢, G- ..) € (CN),

such that there exist ¢ < 00,6 > 0 with g(¢) absolutely convergent and
bounded on Ng(6). Then there exists a unique G € (S)_1 such that

HG = g,

namely

G=> baKa. (5.4.64)
ol
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We now have the machinery needed to solve stochastic partial differential
equations driven by Lévy white noise. Examples of such will be given in the
next section.

5.5 The Stochastic Poisson Equation

We now use the white noise theory developed in the previous sections of this
chapter to study the stochastic Poisson equation

AU(z) = -n(x); ze€D U(x)=0; x€dD (5.5.1)

driven by Lévy white noise 7(x). (See Section 4.2 for the Brownian white
noise case.) As before A = ¢ _, 9%/0a2 is the Laplace operator on R and
D C R? is a given bounded domain with regular boundary. This equation is
a natural model for the temperature U(z) at the point = € D if the boundary
temperature is kept equal to 0 and there is a Lévy white noise heat source
in D. As in Chapter 4 we regard (5.5.1) as an equation in (S)_; and the
derivatives are defined in the topology of (S)_1.
To solve (5.5.1) we proceed as in Chapter 4:

Step 1: We transform the equation into a deterministic partial differen-
tial equation with complex parameters ¢ by applying the Hermite transform
defined in the previous section.

Step 2: We solve this deterministic partial differential equation by classical
methods for each parameter value ¢ € (CV)..

Step 3: Finally, we use the characterization theorem for Hermite transforms
(Theorem 5.4.19) to show that the solution found in Step 2 is the transform
of an (8)_1-valued function, which solves the original equation.

Applied to equation (5.5.1) this procedure gives the following:
Re. Step 1: Define

u(z;¢) = (HU())(Q); ¢ = (C1.¢ar--.) € (CY)e

Since

H((2))(Q) = M D &(2)Cagi)

Jj=1

(1(5,1)) 1)

where (1) = ¢° =(° € C for all j (see (5.4.59), the H-transform

of (5.5.1) is

Au(z, () = —M3 jz:;fj(m)c(j’l); €D (5.5.2)

u(z;{) =0; x€dD
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Re. Step 2: Let G(z,y) be the classical Green function for the Laplace

operator on D with 0 boundary conditions. Then for a given ¢ € (CV), the
solution of (5.5.2) is

u(m7 C) ( ( ))(C) x ) 5] x d C 7,1)

Re. Step 3: Note that for all ( € (CV),, # € D we have, using that
C(j71) = Celuin))

lu(z; Q)] < %Z /I@ NG (2, y)d

GGy | < const Y ¢

) Jj=1
3 1
o] 3 - L
< const Z I 1)|2(2N)25(J=1) Z(QN)QE(M)
j=1 =
o0 3
< const - R Z(zN)_QE(J,l)
j=1

if ¢ € N3(R) (see (5.4.62)). From (5.3.18) we see that
Z(QN),QEU*” = (26(j,1) 2 <) (2§ (5.5.4)
j=1 j=1 j=1

It follows that the series (5.5.3) converges absolutely for { € N(R), for
all R < oo. Hence u(z;() is an analytic function of ¢ € Na(R) for all R < oo
and we can apply part (ii) of Theorem 5.4.19 to conclude that for all x € D
there exist a unique U(z) € (S)_1 such that

HU (2) = u(z), (5.5.5)
namely

Uz) = /fj G(z,y)dy | K- (5.5.6)
j=1

It remains to verify that this U satisfies
AU(z) = —n(z); =z € D. (5.5.7)

To this end we proceed as outlined in Theorem 4.1.1: From the general
theory of deterministic elliptic partial differential equations (see, e.g., Bers
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et al. (1964), Theorem 3, p. 232) it is known that for all open and relatively
compact sets V' C D and for all a € (0, 1) there exists a constant C' such that

[[u(-;O)|lczve < C (||Au(5O)lcavy + JulO)llerv))

for all ¢ € (CV).. Since both Au = —H7) and u are bounded on D x K»(R),
we conclude that Au(z;¢) = A(HU(z))(¢) is uniformly bounded for (z,() €
D x K3(R), it is x-continuous in D for each ¢ € K»(R) and analytic with
respect to ¢ € K5(R) for all x € D. Hence (5.5.7) follows, by (the Lévy analog
of) Theorem 4.1.1. We have proved

Theorem 5.5.1 Lgkka et al. (2004). There exists a unique stochastic
distribution process U: D — (S8)* solving (5.5.1). The solution is twice con-
tinuously differentiable in (S)* and is given by

Uz) = / ()G y)dy

|
m\.-‘

Z/ G(x,y)dyK 1) (5.5.8)

Remark Although we have worked in the stochastic distribution space
(8)-1, it is easy to see that the solution U(x) given by (5.5.8) actually
belongs to (S)* for each z. (Exercise 5.14.) As in the Brownian white noise
case, the interpretation of such an (S)*-valued (resp. (S)_1-valued) solution
U(z) is the following:

For each z € D, U(x) is a stochastic distribution whose action on a
stochastic test function f € (S) (resp. f € (S)1) is

/G (x,y)(n(y), fHdy, (5.5.9)

where

(n(y), ) = <J\/fé ij(y)Ke<~<j,1>>,f>

i=1
- M3 Zgj(y)E[Kemu,l))f]
j=1
_ SWE | f &i(x) 2z N(dz,dz) |.
meo ][

In this sense we may interpret U(x) = U(x,w) as a solution which takes
w-averages for each .
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If the dimension d is low, we can prove that U(z) is actually a classical
L?(P) process:

Corollary 5.5.2. Lgkka et al. (2004) Suppose d < 3. Then U(z) € L*(P)
for all x € D, and x — U(z) is continuous in L'(P).

Proof Since the singularity of G(z,y) at y = « has the order of magnitude
|z — y|*>~¢ for d > 3 and log[1/|z — y|] for d = 2 (with no singularity for
d = 1), we see by using polar coordinates that

1 1
/GZ(z,y)dy <const - /r2(2*d)rd*1dr = const - /r3*ddr < 00
D 0 0

for d < 3. Hence, using (5.4.58),

E[U® /Gary

G(z,y)dn(y
D

{(/ /G(m,y)zN(dy,dz) 2
/)

G*(z,y) 22 v(dz)dy M/Gz(x,y)dy < o0
D

This proves that U(z) € L?(P) for each x € D. Moreover, since

Sup/G2(x,y)dy < o0,
IEBD

the family { [ G(x, y)dn(y)} is uniformly P-integrable and hence
D

z€D

/G ), y)dn(y /nydn —0

for all sequences {z(™}2°_, converging to 2 € D. Hence U(x) is continuous
in L1(P). O
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5.6 Waves in a Region with a Lévy White Noise Force

Let D C R™ be a bounded domain with a C' boundary. Consider the
stochastic wave equation

O 10) — AU ) = F(t,2) € O7F (R, x B"5(5) )
U(0,7) = G(x) € C7% (R™;(S) 1) (5.6.1)
W (0,2) = H(z) € € (R™;(S
O (0.) = H(x) € C%F (R (8) )
Here
F(-,-): Ry xR™ — (8)-1 (corresponding to d =m + 1)

G() :R™ — (8)_1 (corresponding to d = m)

and
H() :R™ = (8) 4

are given stochastic distribution processes.

By applying the Hermite transform, then solving the corresponding deter-
ministic PDE for each value of the parameter ¢ € (CV). and finally taking
inverse Hermite transform as in the previous example, we get an (S)_1-valued
solution (in any dimension m). To illustrate this we just give the solution in
the case m = 1 and we refer to Qksendal et al. (2006) for a solution in the
general dimension.

Theorem 5.6.1 [@ksendal et al. (2006), m =1 case]. If m =1 then
the unique solution U (t,z) of equation (5.6.1) is

x+t
1 1
Ult,a) = 5(Gla+1) ~ Gz~ 1) + 5 /H(s)ds
x—t
t a:+ t s
1
+ 2/ / (s,y)dy ds.
0 z—(t—s)

Here the integrals are (S)*-valued integrals.

In particular, if F(s,y) =7(s,y), then the last term can be written

1
in(Dt,x)

where Dy, = {(s,y);z —t+s <y <x+t—s50<s <t} is the domain of
dependence of the point (¢, z).
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5.7 Heat Propagation in a Domain with a Lévy White
Noise Potential

Consider the stochastic heat equation

%—[t](t,x) = %AU(t,x) +U(t,z)on(t,z); (t,z)€[0,T] x R?

U0,z) = f(z); =z €R? (f deterministic)

(5.7.1)

We take the Hermite transform and get the following deterministic heat
equation in u(t, z;¢) with ¢ € (CY), as a parameter:

D t:0) = £ Auft,2:0) + ult. s it :0)

0
u(0,2;¢) = f(x).

This equation can be solved by using the Feynman—Kac formula, as follows:
Let B(t) be an auxiliary Brownian motion on a filtered probability space
(Q, F, {Fi}i>0, P), independent of B(-).

Then the solution of (5.7.1) can be written

(5.7.2)

u(t,z;¢) = E” (5.7.3)

FB®) exp [ / Hil(s, B(s); C)ds
0

where E® denotes expectation with respect to P when B(O) = x. Taking
inverse Hermite transforms we get:

Theorem 5.7.1. The unique (S)_1-solution of (5.7.1) is

t
U(t,x) = E | f(B(t)) exp® l / ﬁ<s7é<s>>d5H, (5.7.4)
0
where exp®[-] denotes the Wick exponential, defined in general by
exp[F] = i Lpon. pes
p - — n! 3 -1,
where
F"=FoFo---oF (n times).
Exercises

5.1 Prove (5.2.9) and (5.4.6).
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5.2 (d = 1) Find the chaos expansion F = > > I,,(fn) (of the form
(5.3.10)) for the random variables

(i) F(w)=n*(T) (Hint: See Example 5.3.3)
(i) F(w) = exp[n(T)].

5.3 (d = 1) The It6 representation theorem (It6 (1956)) for pure jump Lévy
processes states that if FF € L2(u) is Fp-measurable, then there exists a
unique predictable process ¢(t, z) such that

T
E O/R/ng(t,z)y(dz)dt < 00

and

F:E[F]+//¢(t,z)N(dt,dz).
0 R

a) Find ¢(t, 2) when F = n*(T). (Hint: Use (5.3.14))
b) Prove that there does not exist a predictable process ¥(¢) such that

T
E /qﬂ(t)dt < o0
0

and

7ﬂﬂ=EWGN+/Wme
0

5.4 (d = 1) Prove that a chaos expansion with respect to dn(t), i.e.

oo to

FlF Yot [ [ hultns o ta)dnten) )
n=1 3 0

(similar to Theorem 2.2.7) with f, € L?(\") is not possible for
F =n?(T). (Hint: Use (5.5.14))

5.5 (d = 1) Find the chaos expansion F(w) = ) c7 cala(w) (of the form
(5.3.24)) for the following random variables:

(i) F(w)=n*(T)
(i) F(w) = exp[n(T)].

5.6 (d =1) Prove (5.3.37) (Hint: Use (5.3.33) and (5.3.35)) to get
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//ZN(S,Z)V(dZ)dSZM% //Zz@-(s)p](z)KE(m,j))V(dz)ds
0 R 0 R “I=1

5.7 (d = 1) Show that
t1A\to
n(t) o n(ts) = n(tr) - nts) — / /z2N(ds,dz) for 1,2 > 0.
0 R

(Hint: Use bilinearity of the Wick product to extend (5.3.45) to Fy ¢ F3),
where

EW%i/m@M@%meLm@M=L2
R

5.8 (d = 1) Prove (5.3.48).
(Hint: Use the extension of (5.3.46) in Exercise 5.7 and that K 1) =

I(&(t) 2).)
5.9 (d = 1) Find the Skorohod integral

T
/ 2 (T)s(t)
0

in two ways:

(i) By using chaos expansion (Definition 5.3.11)
(ii) By using Wick products (Theorem 5.3.13) (Hint: Proceed as in
Example 5.3.14.)

5.10 Let n(z) be the pure jump Lévy field constructed from the measure v,
as in Theorem 5.4.3. Show that v is the Lévy measure of n(-), in the sense of
(5.4.2)-(5.4.3).

5.11 Show that for z € R? we have

x x

/ﬁuwmw=2/%@mmw

0 0

(Hint: Proceed as in Example 5.3.14.)
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5.12 Show that for z € R? and for F = F(w) a random variable not
depending on y we have

x xT

/F577(y) = FO/dn(y) = Fon(x)

0 0
5.13 Prove that if Y : R? — R is deterministic and Y € L*(R?), then
/Y(a:)dn(x) = /Y(x) on(x)dx = /Y(m)ﬁ(x)dx.
Rd Rd Rd

5.14 Let U(x) be as in (5.5.8). Prove that U(z) € (S)* for all dimensions d
and all z € D.



Appendix A
The Bochner—Minlos Theorem

As our approach to stochastic partial differential equations is completely
based on the existence of the white noise measure p; on S'(R?), we include
a proof of its existence.

There are by now several extensions of the classical Bochner’s theorem
on R? Instead of choosing the elegant and abstract approach as in
Hanche-Olsen (1992), we will present a more analytic proof taken from Simon
(1979), and Reed and Simon (1980). This means that we will first prove the
Bochner—Minlos theorem on a space of sequences. The idea of the proof is
simple. The existence of a measure on finite-dimensional subspaces is just
the classical Bochner’s theorem. Kolmogorov’s theorem is used to obtain the
existence of a measure on the full infinite-dimensional space, and we are left
to prove that our space of sequences has full measure. The result is carried
over to the set of tempered distributions using the Hermite functions as a
basis. We will in fact prove a more general version of the Bochner-Minlos
theorem than needed in Theorem 2.1.1 in that the right hand side of (2.1.3),
e 1/ 2||¢||2, is replaced by a positive definite functional.

For simplicity of notation we consider only S(R%) with d = 1. Let s be the
space of sequences

s={a= {a”}”ENO;Ji_,HOIO nPa, =0 forall pe N}, (A.1)

and let

Sm = {a = {antneny; llal?, = Z 1+ n*)™a,|? < oo}, meZ. (A2)

n=0
Clearly
s = ﬂ Sm,y (A.3)
meEZ
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and s is a Fréchet space. The topological dual space to s, denoted by s, is
given by

s = U Sms (A.4)

meZ
and the natural pairing of elements from s and s’, denoted by (-,-), is
given by

o0
(a',a) = E ana, for a €5 ac€s.
n=0

We equip s’ with the cylinder topology. We will, whenever convenient,
consider s and s’ as subsets of RYo, the set of all sequences.

Assume now that we have a probability measure u on s’, and consider the
functional g on s defined by

gfa) = [ e auta) (A.5)

s/
Then g has the following three properties:

(i) 9(0) =1;
(ii) g is positive definite, i.e.,

n
Z zjzigla; —a;) >0 forany z;€C,a;€s,j=1,...,n
J,l=1

(iii) g is continuous in the Fréchet topology.

The Bochner—-Minlos theorem states that conditions (i)—(iii) are not only
necessary but also sufficient for the existence of p.

Theorem A.l. A necessary and sufficient condition for the existence of a
probability measure p on s’ and a functional g on s satisfying (A.5) is that g
satisfies conditions (i)—(4ii).

Proof (Simon (1979), p. 11f). We have already observed that conditions
(i)—(iii) are necessary. Taking the classical Bochner’s theorem for granted
(see, e.g., Reed and Simon (1975), p. 13), we know that for any finite index
set N C N we have a unique measure py on R#¥(N) such that

g(a) = / D dp (al), (A.6)
R#(N)
where #(N) denotes the cardinality of N. We now use Kolmogorov’s theorem

(Simon (1979), p. 9) to conclude that there exists a measure p on cylinder
sets on RY such that (A.6) holds for all a € s with finite support. Considering
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s as a subset of RY, it remains to show that u(s’) = 1. To that end, let € > 0.
Using the continuity of g, we can find m € N and ¢ > 0 such that ||a||,, < ¢
implies |g(a) — 1| < e. We see that

Re g(a) = /cos(a',a)d,u(a’) > -1 forall a.

s/

By considering the cases ||a|,» < § and ||a|l,» > 0 separately, we obtain
that
Re g(a) > 1 — ¢ —262||a|? (A7)

m*

Let o = {an},an, > 0, be some fixed sequence and define measures on
RN+ by

N 2
dpn,o(a) = H (27?00%)*% exp [— 22” } day,, (A.8)

n=0 n

where o > 0 is a constant. Then uy ,(RV*!) =1 and

/ a;jadpn,e(a) = oojd;i,

RN+1
o (A.9)
/ eile ’a>d,uN7o.(a) = &xXp [—2 Z ana;?] :
RN+1 n=0
By integrating (A.7) we find that
o N
12 !/
/ exp [—2 nzo apay | du(a’)
RN+ B (A.10)
N
>1—e—252%0 Z (1+n*)™a,.

n=0
Let o, = (1 +n?)™™ 1 Then > >°_, a,(1l + n*)™ = ¢ < oo. Monotone
convergence implies that
/exp [—; Z ana;f] du(a') > 1 —e—20"20C. (A.11)
RN n=0
Let 0 — 0. Then u(s_—1) > 1 — €. Hence
:LL(SI) 2 1- €,

which finally proves that u(s") = 1. 0
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Our next result relates the sequence spaces s and s’ with the Schwartz
space, S(R), and the set of tempered distributions, S’(R), respectively.
For that purpose we use the Hermite functions. Recall from (2.2.2) that the
Hermite functions given by

M)

x

ha(V22), n=1,2,... (A.12)

where h,, are the Hermite polynomials, constitute an orthonormal basis in
L?(R). Furthermore, defining the operator

En(T) =

1 d d
we find that
Hép=né1 n=0,1,.... (A.14)
For f € S(R) we define the norm

1l == (G2 +1)™ fl2, (A.15)

where we use the L?(R)-norm on the right hand side.

The relation between s and S(R) is the one induced by the Hermite func-
tions; given a sequence in s we form a function in S(R) by using the elements
as coefficients in an expansion along the basis {,}.

Theorem A.2. a) The map K : S(R) — s given by

f= A&, N0 (A.16)

is a one-to-one map, and || f{lm = [{(§n+1, /)}HIm- Here (-,-) denotes inner
product in L?(R).

b) The map K': S'(R) — s’ given by

F= )} (A.17)

1S a one—to—one map.

Proof (Reed and Simon (1975), p. 143f)

a) Let f € S(R). Then H™ f € S(R), which implies that a,, = ({41, f) sat-
isfies Y0 ann™&ny1 € L2(R); or 3 |an|*n?™ < oo, which implies that
we have lim,,—. |an|n™ = 0. Hence a = {a,} € s. By direct computation
we see that || f|lm = ||Kf]|, thereby proving injectivity. If a = {a,} € s, we
define fy = Zg:o an&ni1. We easily see that {fx} is a Cauchy sequence in
each of the norms || - ||,», and hence fy — f as N — oo.
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b) Consider now f € S'(R). Let a, = f(&ns1). Then |d)| = |f(€ng1)] <
Clléns1llm = C(n? +1)™, and hence o’ = {a,,} € s'. If o’ = {al,} € &', then
lal| < C(1+n?)™ for the same m. Define

(oo}

f(z anfn+1> = Z ana%
n=0

n=0

for a = {a,} € s. Then

‘f(z an§n+1> < Z|an||a;1|
n=20
<C (i (1 +n2)2m+2|an|2> (

o0
Z (14 n?)

n=0 n=0

v
ol

< Cllallm,

which proves that f € S'(R). O

We now obtain the Bochner—Minlos theorem for S'(R).

Theorem A.3. A necessary and sufficient condition for the existence of a
probability measure p on S'(R) and a functional g on S(R) such that

9(6) = / D duw), 6 e SR), (A.18)

1s that g satisfies

(i) 9(0) =1,
(ii) g is positive definite,
(iii) g is continuous in the Fréchet topology.

In order to conclude that Theorem 2.1.1 follows from Theorem A.3, it
remains to show that

g(¢) = e_%”¢”2

is positive definite. To that end, it suffices to show that the matrix
[e™ Flug—ug)? Fr=1, (A.19)

with elements u;, u; € R?, is positive definite. Let &; € C. Then

2
n
L 2 - _d _1 2 ; .
3 embhuulge = (2m) 2/6 Hol? | 5 g i
J

k=1

(A.20)

proving that indeed [~ 2w —uxl® ]} =1 is positive definite. O
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Stochastic Calculus Based on
Brownian Motion

Here we recall some of the basic concepts and results from Brownian motion
based It6 calculus that are used and implicitly assumed known in the text.
General references for this material are, e.g., Tkeda and Watanabe (1989),
Karatzas and Shreve (1991), and @Qksendal (2003).

First we recall the definition of d-dimensional (l-parameter) Brownian
motion (or Wiener process) B(t,w). We saw in Section 2.1 that such a
stochastic process can be constructed explicitly using the probability space
(8'(R), B, 11), and this is indeed a useful way of looking at Brownian motion,
for several reasons. However, the Brownian motion process need not be linked
directly to (S'(R),B,u1) but can be linked to a general probability space
(Q,F, P*), where  is a set, F is a o-algebra of subsets of ), and P¥ is a
probability measure on F for each x € R%:

Definition B.1. A d-dimensional Brownian motion (Wiener process) is a
family {B(t,-)}:>0 of random variables B(t,-) on  with values in R? such
that the following, (B.1)—(B.4), hold:

P*[B(0,-) = z] =1, i.e., B(t) starts at z a.s. P*; (B.1)
{B(t,-)} has independent increments, i.e., if 0 = tg < t; < -+ < ty,, then
the increments

{B(t1) — B(to), B(t2) — B(t1),...,B(tn) — B(tn—1)} (B.2)

are independent with respect to P7%;
For all 0 < t < s the random variable B(s) — B(t) € R? has a multinormal
distribution with mean
E®|B(s)— B(t)] =0 (B.3)

263
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and covariance matrix

0 ifi#j
n(s—t) ifi=j,

E*[(Bi(s) — Bi(1))(B;(s) — B;(t))] = {

where E* denotes expectation with respect to P7;
B(t) has continuous paths a.s., i.e., the map

t — B(t,w); te€][0,00) (B.4)
is continuous, for almost all w € € with respect to P*.

There are also other (equivalent) descriptions of Brownian motion. (The
definition given here can easily be seen as equivalent to the one given in
Chapter2.) The first construction of Brownian motion was done by Wiener
in 1923. He also constructed the Wiener integral, which was later generalized
by It6 in 1942 and 1944 to what is now known as the [t6 integral. The basic
idea of the construction of this integral is the following:

Assume that B(t,w) = B(t) is a 1-dimensional starting at 0, and set
P° =P E°=FE.Fort>0,let F; be the o-algebra generated by the random
variables {B(s)}s<¢. Then for 0 <t < s < co we have

{waﬂ}:ng}-tgfsgf

We now define the It6 integral

T
I(f) ::/f(t,w)dB(t), where 0< S5 <T,
S

for the following class U(S,T) of integrands f(¢,w) satisfying (B.5)—(B.7):

(t,w) — f(t,w) is B x F-measurable, where B is the Borel
o-algebra on[0, c0); (B.5)
f is Fi-adapted, i.e., f(t,-) is Fy-measurable, for all ¢ € [S,T7; (B.6)

T

E /fQ(t,w)dt < 0. (B.7)

S

To construct I(f) for f € U(S,T), we first consider the case when
felU(S,T) is elementary, i.e.,

F=0tw) = ej(W)xi, ),
j=1

where t; = j-27" € [S,T]; j,n € N and e; is F;;-measurable, E[e3] < oo.
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For such ¢ we define the Ité integral I(¢) by

T m
/¢ t,w)dBy(w) = Z B(tj+1) — B(t))). (B.8)
s =

For general f € U(S,T), we define the Itd integral I(f) by
I(f) = lim I(¢y) (limit in L*(P)), (B.9)

where {¢} is a sequence of elementary processes such that

T

E /(f —¢p)?dt| —0 as k— oo. (B.10)
s
One can show that such a sequence { ¢y, } satisfying (B.10) exists. Moreover,
(B.10) implies that limg_o I(¢x) exists in L?(P). Furthermore, this limit
does not depend on the actual sequence {¢} chosen. The proofs of these
statements follow from the fundamental Ito isometry

T 2 T
/gde =F /¢2dt ; (B.11)
S S

which is first (easily) verified for all elementary ¢ and hence holds for all
o eU(S,T).
This construction can be generalized in several ways. Here we just mention
that the requirement (B.7) can be relaxed to
T
P /fQ(t,w)dt <oo| =1, (B.12)
s
in which case the convergence in (B.9) will be in measure rather than in

L?(P). Next, the requirement (B.6) can be relaxed to
There exists an increasing family H;;t > 0 of o-algebras such that

a) B(t) is a martingale with respect to H; and
b) f(t,w) is H;-adapted.

This last extension allows us to define the It6 integral

T
/f t,w)dBy(t,w) (B.13)
5
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with respect to component number k, By (t,w), of d-dimensional Brownian
motion when f(t,w) satisfies (B.5), (B.12) and is measurable with respect
to

H; = F := the o-algebra generated by {By(s,-);k=1,...,d,s <t}.
(B.14)
One can show that, as a function of the upper limit ¢, the It6 integral
process

M(t,w) :z/f(&w)dBk(s,w)
0

has a continuous version. As is customary, we will assume from now on that
this continuous version is chosen.

The Ité6 Formula

Similar to the situation for deterministic integration, definition (B.9) is not
very useful for the actual computation of It6 integrals. There is no fundamen-
tal theorem of stochastic calculus, but the Ité formula is a good substitute.
To describe it, consider an Ité process X (t,w) € R?, i.e., a sum X (t,w) of an
It6 integral and a Lebesgue integral:

X(tw)=z+ /u(s,w)ds + /v(s,w)dB(s,w); 0<t<T. (B.15)
0 0

Here u, v are processes in R%, R?*P respectively, = € R? is a constant and
B(s,w) is p-dimensional Brownian motion, and both v and v are F;-adapted
(with F; = F¢ as in (B.14)) and satisfy suitable growth conditions, like (B.12).

A shorthand (differential) notation for (B.15) is
dX (t,w) = u(t,w)dt + v(t,w)dB(t,w); t € [0,T], X(0,w)=2z. (B.16)
Here and in (B.15) we use the matrix notation
P
[v(t,w)dB(t,w)]; = Z v (t,w)dB,(t,w); 1<1i<d, (B.17)

j=1

where, as usual, a; denotes the ith component of the vector a € R?.
The It6 formula states that if X (¢,w) is an Itd process as in (B.15) and

g(t,z) : R* x R - R
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is a function in C12(R* x R?), then the process
Y(t,w):=g(t, X(t,w))
is again an It6 process, described explicitly by the formula

d

_Og d dg 1 0%g
dY (t,w) = == (t, X)dt + ; 8—%(75, X)dX; + 5 Z

1 8%1({9%]

X)dX;dX,
at (t7 )d ld 7

1,] =
(B.18)

where dX; is component number i of dX given by (B.16) and (B.17) and
dX;dX; = [vvl];dt, 1<i,j<d, (B.19)

where vT is the transposed of the matrix v. In other words, dX;dX; is
computed from (B.16), (B.17) by using the distributive law plus the “multi-
plication” rules

{dtdt = dtdB; = dB;dB; =0 fori#j;1<ij<d (B.20)

dB? =dt; 1<i<d.

In particular, if X (¢) and Y'(¢) are two Itd processes, then Itd’s formula
gives that

d(X ()Y (t) = X(t)dY (¢t) + Y (t)dX (t) + dX (t)dY (t), (B.21)
where dX (t)dY (t) is computed from (B.20).

If we apply this to the special case when Y (¢) is absolutely continuous,
i.e., Y(t) has the form

dY (t,w) = w(t,w)dt,

we get the following integration by parts formula:
T T
/Y(t)dX(t) =X(T)Y(T)— X(0)Y(0) — /X(t)w(t)dt, (B.22)
0 0

because dX (t)dY (¢) = 0.

Stochastic Differential Equations

Ifb:RxR — R?and o : R*RY — R¥*P are given deterministic functions
and Z(w) € R? is a given random variable, then the equation

Xt)=2Z+ /b(s,X(s))dS + /O'(S,Xs)dB(s) (B.23)
0 0
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(with B(s) € RP) is called a stochastic differential equation (SDE) (strictly
speaking, a stochastic integral equation would be a better name). A funda-
mental result from the theory of SDEs is the following:

Theorem B.2. Assume that Z is independent of B(t,-);t > 0 and
E|[Z?] < co. Moreover, assume that b and o satisfy the conditions

[b(t, )| + |o(t, )] < C(1+ |z|) (B.24)

and
b(t, z) — b(t, y)| + [o(t,z) —o(t,y)| < D]z —y| (B.25)

for allt € [0,T);z,y € R, where C and D do not depend on t,z,y. Then
there exists a unique stochastic process X (t,w) which is Fi-adapted and
satisfies (B.23). Moreover, we have E[X?(t,-)] < oo for all t € [0,T].

We call X (t,w) the (strong) solution of the SDE (B.23).

The Girsanov Theorem

This important result relates the probability law of one Ito process Y (¢) € RY
of the form

dY (t) = B(t,w)dt + 0(t,w)dB(t); 0<t<T (constant) (B.26)
to the law of the related process X (t) € R? of the form
dX(t) = a(t,w)dt + 0(t,w)dB(t), 0<t<T, (B.27)

where a € R%, 3 € R? and 0 € R**P are F,-adapted processes, each compo-
nent of which satisfies (B.7): If there exists an F;-adapted process u(t,w) € RP
satisfying

O(t,w)u(t,w) = B(t,w) — alt,w) (B.28)
and such that
. T
E |exp 3 /uQ(s,w)dS < 00, (B.29)
0

then the Girsanov theorem states that the @Q-law of {Y (¢) }+<r coincides with
the P-law of {X (¢)}; <, where the measure @ is defined by

dQ(w) = Mp(w)dP(w) on Fr, (B.30)
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T
/uz(t)dt] . (B.31)
0

with
T

f/u(t)dB(t) -

0

My (w) = exp

| =

In particular, @ < P and P < Q.

For an important special case, choose 0(t,w) = Iy, a(t,w) = 0. Then we
get u(t,w) = B(t,w), so if (B.29) holds, we conclude that the Q-law of

Y(t) = /ms,w)ds FB#):; 0<t<T (B.32)

coincides with the P-law of X (¢) := B(t); 0 < ¢ < T. In other words,

B(t) := Y (t) is a Brownian motion with respect to @), where
T . T
dO(w) = exp | — / BaB() ~ / Bdt| dPw) on Fr.  (B.33)
0 0

In particular, for any bounded function g : R — R and all ¢t < T we have

Eqlg(Y(1))] = Erlg(B(1))],

/g</ﬂds + B(t)) exp [/TﬁdB(t) _ ;/Tﬂ%lt] dP(w)
0

Q 0 0

or

- / g(B(t))dP(w).  (B.34)

Q

If B(t,w) = B(t) is deterministic, and we define 3(¢) = 0 for ¢t > T, then
we can write

T T
L 2 = exp®[—w
exp —O/ﬁdB(t)—Qo/ﬁdt = exp° [-u(B)

(see Lemma 2.6.16), and (B.34) obtains the form

/ g< / ﬂds+B(t)> exp?[-w(P)aP) = [g(BONPE).  (B.35)
0

Q Q
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This can also be written

¢
[oB@) et w@iaew - | g<B<t> +f ﬁds> Q). (B.3)
Q Q 0

and in this form we can see the resemblance to formula (2.10.11) in

Corollary 2.10.5, but note that the settings are different in these two
formulas.
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Properties of Hermite Polynomials

The Hermite polynomials h,(z) are defined by

ho(z) = (—1)"e2™ =—(e727); n=0,1,2,... (C.1)

or, alternatively,

1\* n! e
hn(x) = O<—2> mm 2k, (C.2)

Thus the first Hermite polynomials can be calculated very easily, for
example,

ho(z) =1, hi(z) =2, ho(z)=2%—1, hs(z)=2a—-3z
hy(x) = 2* — 622 +3, hs(z) =2 — 1023 + 15z, . ... (C.3)

In fact, any polynomial can also be expressed in terms of Hermite
polynomials. The formula is

(3]
g = (” ) (2k — 1) hp_op (), (C.4)
where (2k — 1)l = (2k — 1)(2k — 3)(2k — 5) - - - 1.

The generating function of Hermite polynomials is (see Exercise 2.15)

g 2
Z —hn(z) = exp [ + taz} . (C.5)
= 2
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The following relations may be deduced from (C.5):

(dd; — xdd ) n(z) = (C.6)
hint1(2) — zhy(x) + nhy_1(x) = (C.7)
Pnl®) oy a(a). (C8)

Besides, one has the following integral representation and orthogonal
property:

+oo
() = / (@ + iy)" J%e_%dy (C.9)

(oo}
h Ay, - . .1
/ n(T) L(x)exp{ 5 0 % m (C.10)
Thus {h,(z),n > 1} forms an orthogonal basis for L?(R,u(dz)) if
w(dz) = 1/v2me="2da.

The Hermite functions &, (x) are defined by

1:2} {\/27rn! ifn=m
dr =

En(a) =m i((n—1))"2e 2% hyyy(V22); n > 1. (C.11)

The most important properties of &, used in this book are

P | o

- = tx &n(x) = 2n&, () (C.12)
dx
and
& € S(R) forall n>1. (C.13)
The collection {&,}2°_, constitutes an orthonormal basis for L*(R).

(C.14)
Sup [€n ()| = O(n~ %) (C.15)
ta(u) =0~ 1) forall ueR (C.16)
€l ) = O(n). (C17)

We refer to Hille and Phillips (1957), Hida (1980), and Hida et al. (1993),
and the references therein for more information.
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Independence of Bases in the Wick
Products

It may appear that the definition of the Wick product depends on the choice
of basis elements {e(?)}2° | for @ L?(R?). In this appendix we will prove
directly that this is not the case.

First we establish some properties of Hermite polynomials. Recall that
Hermite polynomials are defined by the relation

ho () = (—1)"e% (e—%).

dx™

We adopt the convention that h_j(2) = 0. Then for n=0,1,2... we have
hpt1(z) = hi(z)hp(x) — nhy_1 (). (D.1)

If e=(z1,2a,...,zN) is a vector, and o= (a1, a9, ...,ap ) is a multi-index,
we define

ha(z) = hay (#1)hay (22) - - hay, (T0r).
Formulated in this language, (D.1) takes the form

al

aogtes@ iIBl=1 (D2

hoHrﬁ(x) = ha(x)hﬁ(x) -

Lemma D.1. Ifa?+b2 =1, then for alln=0,1,2... we have

hn(az + by) = i( ) a" by (2) b1 ().

Proof By induction. The cases n=0,1 are trivial. We use (D.1) to get

1 (az + by) = (a2 + by)hn(az + by) — nhy 1 (az + by)
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Using the equation (D.1) backwards, we have the following:

n n -
hnt1(ax + by) = § (k:) aF T R hy (y)
k=0

+
|

n
(k> a1 P b (@) Py (y)

>
I
=)

+
M=

(Z) aF T R by () e ()

3 =
[
— e

+
(]

(Z) aFo" T (@) y -1k (y)

3 =
I
= o

-1
(nk )nakbn_l_khk(-r)hn—l—k(y)'
k

I
o

The sum of the two first terms gives the required expression. As for the three
last terms, when we let S denote the sum of these, we have

S ::z::: Kkil) (k + 1)a? + (Z) (n — k)b?
- <”k 1) n} a6 R by (@) o1k (y).

Here

(/cj-1>(k+1)”2+ (Z)(”_k)bz_ (”;1)n= (a2+bz—1)<n;1>n:0,

and this proves the lemma. |
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Proposition D.2. Ifa = (aj,as,...,an) with vail a? =1, we have

M
hy, (Z aixi> = Z %aaha (z).
i=1

a=(a1,az,...,anr)
|la|=n

Proof Trivial if M = 1. If M > 1, we set

ie.,

Then af + b2 = 1, so by Lemma D.1

M+1 n
hn <z; aﬂ;i> = Z (Z) afb" (21 bk (y).

k=0

The induction hypothesis applies to h,_(y). Hence

M+1 n n
hy, (Z aﬂq‘,) = Z (k:) af " Fhy(z1)
k=0

i=1

(n—k)! a®
X g Twha(x2a$37~--7$M+l)
a=(0,02,...,ap141) '
lal=n—k

n!
= Z Z M lfagQ.-~a(]t}:j11hk(.’1?1)ha($2,...,$M+1).
k=0 OL:(0,0&g ..... OLM+1) o
|la|=n—k
O
Proposition D.3. Leta, by, bs,...,ba,x be vectors in RE. If all the inner

products (a,b;) =0i=1,2,..., M, then

n!
Do B by ekt (2)

la]=n

n!
= > et ha(@)hs, sy ().
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Proof By induction again. This time we use induction on the number of
[-s. We first consider the case with one 5. We use (D.2) to get

nl
Z 1 VPhays(x)

|a]=n
181=1
n! n!
— a8 _ apB
= lz_: ol b”he(z)ha(z) lz_: (a—ﬁ)!a b ho—p(x)
181=1 18l=1
n! .5 5.5 n!
= Z e b he(x)hg(z) — Z a’b Z i he(2)
la| = 1B1=1 loe|=n—1
Bl=1
If (a,b) = 0, the last term vanishes. This proves the case with one §.

By induction we will assume that the statement is true on all levels up to M.
We use (D.2) again to get

n! 3
Z ﬁaab?l T bJ\/;/I-t,jrll hatpit - +Bm+Br+1 ()
la|=n ’

[B11=1,...,1Bpr411=1

n! o 38
= =W b By 4 e (D) ()
\/31\:1v|-(-1-‘v:5?/1+1\:1
n! a1 Brr+1 (a+ﬂl++ﬁM)'
_ Z —a®byt - by
o (a+B14- 4By —Brrs1)!

|a]=n
[B11=1,..., 1Br411=1

X h0¢+51+ By =B (iL’)

We now use the induction hypothesis on the first term.

.. bﬁM“ ha (x)hﬁlJr 4B (f)hﬁMﬂ (x)

n! a1
= Z aa byt by
o] =n )
1B11=1...21Bpr 1 1=1
_ Z E!aabﬁl'~-bﬁNI+1 (a+ﬂ1++5M)'
(oo al” ! MAY (a4 B+ -+ Brr—Brrs1)!

1811=1,..., [1Br1l=1
X hoé+ﬁ1+ o +Bym—Br+1 (aj)

Then we use (D.2) backwards in the first expression.

n! B
ﬁaab?l cee b]\/?/ﬂjll ha(m)hﬁ1+ - +Bm ({E)

loe|=n
[B1]=1,..., [Br1l=1
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n! 5 B+ + Bu)!

+ —a®byt ha(z

cdz—n (a! M (Bt Bar — Bar ) (@)
1B11=1,..., 1Br41l=1

X h51+ By — B+ (.’IJ))

_ Z Q!aabﬁ1...bﬁhl+1 (O‘+ﬁ1++ﬁM)'
al” ! ME (Bt +Br — B!

la|=n
[B1]=1,..., IBrp1l=1

X ha+ﬁl+ o +Br —Bm 1 (:ZJ))
=1+ 1II—-1III

Now observe that

|
(61 iﬂl ,+_,_ ggfﬂé;fﬂ)! = #{Bi = Bm+1,i < M}
(a+ B+ -+ Bu)! o

(a+ﬁl+"‘+ﬁM—ﬁM+1)! - (a_ﬁM+1)! +#{ﬂi:6M+1,i§M}

We consider the second term I7, and have

n!
Ir= Z (ollaabllal o 'bl]é\)/ﬁjrllha(m)hﬁﬂr-~~+,3M*,3M+1 (l‘)

la|=n
1811=1...o.|Bps 41 1=1

#{01 = Bm+1,1 < M})

E Z n!
- b?\/}vﬂ:ll be+1 aaabgz o bé\i/IIW ha (‘T)h32+ o +Bm (LE)
[Br+1]=1 la|=n !
|B2]=1,..., 1Bal=1

n!
+ Z b?\/fofbgMﬂz aaab'flbgg"'b%ha(m)hﬁﬁﬁwmwﬁj(@

[Br41]=1 la|=n

+

S el 3 n! B
+ b]\/?/IJrJrllbl\/JIuJrl Eaabilal "'b]\/?/illha(‘r)hﬁ1+“'+ﬁMfl(x)'
[Br+1]=1 la|=n ’
[B11=1,..., [Br—11=1



278 Appendix D

The induction hypothesis applies (backwards) to all of these, so we get
that the second term I7 is equal to the expression

n! 38 .
Z Jaab[fl bMM-:llha+51+m+BM—5M+1 (@)#{Bi = Bu41,1 < M}

la|=n
[B11=1,...,1Bpr411=1

Now we can finally subtract the third term III from the second II, to
obtain

HESIESESY %aabfl' : 'bﬁkﬁl(a_giul)!haler--»wM—ﬁMﬂ(x)
mﬂ:l,lg‘,\:ﬁyfmlwzl
= Y Y R e () g =0,
(= PR ooy A
and this proves the proposition. a

We now proceed to show basis-invariance. We consider two bases, {e(k) i)
and {e®)1  for @™ L2(R?). We let 0, =< w,e® > and 0, =< w,é®) >
denote the corresponding first—order integrals, and we let ¢ and & denote the
Wick products that arise from the two bases. To prove that ¢ =3, we proceed
as follows:

Lemma D.4. For each pair of integers n and k
07" = 07" = hn(6r)-

Proof Since [0 12(,,,) =1, it can be approximated in L?(u,,) by a sum
Zf\ilaiéi where Zi]\iﬂ? =1. Then by definition of the & product,

M dn
. A n! PO A
GZ" ~ (Za191> = Z aaaha(elag%-"veM)
i=1 ’

a=(on,...,an)
loe|=n

M
i=1

In the third equality we used Proposition D.2. We now let M — oo, and
this proves the lemma. |

Corollary D.5. If n,m and k are non-negative integers,

hn(ﬁk)éhm(ek) = hn(ek) < hm(9k) = hn+m(9k)~
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Proof , A A
hn(0k) S hp (0) = 677 30™ = GZ"J”” = Ry (Ok),

by Lemma D.4. O

Proposition D.6. For all finite length multi-indices o and (3,

Ha(w) 6 Hy(w) = Ha(w) o Hy(w) = Hayp(w):

Proof Because of Corollary D.5 it suffices to prove that for all ny, ns, ..., ng,
hn1 (91)6hn2 (92)<A> : <A>hmr< (GK) = hnl (6‘1) : hnz (92) : hnK (GK)

As in the proof of Lemma D.4, we may just as well assume that 61, 0z, ..., 0k
is in some finite dimensional subspace generated by the 0j-s, i.e., we may
assume that

M M M
0= aib; 0= b7 - 0= 00,
i=1 i=1 i=1
where, in particular, a = (a1, as,...,ay) is orthogonal to all the b()-s. By

Propositions D.2 and D.3, we get

hnl (91 )6hn2 (02)<A> : <A>hm< (GK)

M M M M
B, (Zaie})é <Zb§2)éi>€> : 6(21952)9}) 5 (Zbg@@) ..
i=1 ]

=1 =1 1=1
no—times ns—times
’17/' 818 I . N N
— apP1yP2 no+-+ng
= § a1 b1 05% - b s Pt it By g (0155 O0r)

|al=n1
[B11=1, | Brg+ 4n e | =1

n! Brgtin A 5 - N
= > J“abfi O E B (01, 00N 44 By (015 O0r)

loe|=m1
|51|=17---7|Bn2+~+n;{ |=1

= hny (01) - {hny (02)3 - Shn i (0k)
and the claim follows by repeated use of this argument. a

Proposition D.6 says that the alternative Wick product ¢ is equal to the
original Wick product on all elements in a base for L?(u,,). The same then
certainly applies to all finite-dimensional linear spans of such elements. This
is the result that we used previously in this book. It is certainly possible to
extend the result to more generalsituations. Roughly speaking, the above
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result says that the definition of the Wick product does not depend on
any particular choice of base elements. The topological structure of (S)~1,
however, strongly depends on the choice of the Hermite functions as basis
elements. If we want to extend the above result to limits of finite-dimensional
linear spans of base elements, a space has to be fixed so that the limit concept
is well-defined. The natural space structure is then certainly (S)~!. As in the
definition of L' Wick products in Holden, et al. (1993a), a natural definition
of the alternative Wick product & is then just to define

X3Y = lim X,3Y,,

n—oo

where X,, and Y,, are finite combinations of base elements converging to
X and Y respectively in (S)~! and the limit is taken in this space also. By
Proposition D.6, we always have X,,3Y,, = X, ¢Y,,. Hence the limit always
exists and is equal to X ¢ Y. With the above definition, we easily get

XY =XoY

for all X,Y € (S)7L.
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Stochastic Calculus Based on Lévy
Processes

This appendix is somewhat analogous to Appendix B except that here we deal
with a more general class of processes, the Lévy processes. Nevertheless, it is
useful to have seen the special case with Brownian motion first as decribed
in Appendix B, rather than proceeding directly to the more general theory
in this appendix.

We will not give proofs in the following, but we refer to Applebaum (2004),
Bertoin (1996), Jacod and Shiryaev (2003) and Sato (1999) for more details.
The summary here is also based on Chapter 1 in @ksendal and Sulem (2007).

Definition E1. Let (92, F,P) be a probability space. A (1-dimensional)
Lévy process is a stochastic process n(t) = n(t,w) : [0,00) x @ — R with the
following properties:

n(0) =0 a.s. (E.1)
1 has independent increments (see B.2) (E.2)
1 has stationary increments, i.e., for all fixed h > 0 the increment process

I(t) :=n(t+ h) —n(t); t > 01is a stationary process. (A) stochastic process

0(t) is called stationary if 6(t + to) has the same law as 6(¢) for all ¢y > 0.

n is stochastically continuous, i.e., for all t > 0,e > 0 we have (E4)
lim P(|n(t) —n(s)| > €) =0,

and 7 has cadlag paths, i.e., the paths of n are continuous from the right
(continue & droite) with left-sided limits (limites & gauche).

Note that if we strengthen the condition (E.4) to requiring that n has
continuous paths, then in fact 7 is necessarily of the form (see (C.1))

n(t)=at+oB(); t>0

281
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where a, b are constants and B(-) is a Brownian motion. Thus it is the possible
presence of jumps that distinguishes a general Lévy process from a Brownian
motion with a constant drift.

The jump of 1 at time ¢ is defined by

An(t) =n(t) —n(t")

Put Ry = R\ {0} and let B(RRq) be the family of all Borel subsets U C R
such that U C Ry. If U € B(Rp) and ¢ > 0 we define

N(t,U) = the number of jumps of 7(-) of size An(s) e U; s <t

Since the paths of n are cadlag, we see that N(¢,U) < oo for allt > 0,U €
B(Rg). It can be proved that for all w € 2 the function (a,b) xU — N (b,U)—
N(a,U); 0<a<b<oo,U € B(Rg) defines a measure on B([0, x0)) x B(Ry),
called the Poisson random measure of n. The differential form of this measure
is denoted by

N(dt,dz)
The Lévy measure v of n(-) is defined by

v(U) =E[N(1,U)]; U € B(Ro) (E.5)
The Lévy measure need not be finite. In fact, it is even possible that
/min(l, |z))v(dz) = o0 (E.6)
R
On the other hand, we always have

/min(l,z2)u(dz) < oo (E.7)

The Lévy measure v determines the law of n(-). In fact, we have

Theorem E.2 (The Lévy—Khintchine formula). Let n be a Lévy
process with Lévy measure v. Then

/min(l,zQ)u(dz) < o0
R
E[eiun(t)] _ et‘l’(u); ueR (ES)

U(u) = —%U2u2 +iau / {e™* —1—juz}v(dz)+ / (e™* —1)v(dz) (E.9)

[z]<1 lz|>1
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for some constants a,0 € R. Conversely, given constants a,0 € R and a
measure v on B(Ry) such that

/min(l,zQ)u(dz) < 00
R

there exists a Lévy process n(-) (unique in law) such that (E.8)-(E.9) hold.

In general one can prove that if we define the compensated Poisson random
measure N by

N(dt,dz) = N(dt,dz) — v(dz)dt (E.10)
and 6(t, z) is an Fy-adapted process such that

E[/T/GQ(t,z)V(dz)dt] < o0
0 R

hm/ / 0(t,z)N dzdt) 0<t<T

n—oo

then

0 Jz1>5%

exists as a limit in L?(P) and it is a martingale. If we only know that

T
//QQ(t,Z)I/(dZ) < 00 a.s.

0 R

= hm/ / 6(t, z)N(dz, dt)

0 Jz1> %

then the limit

exists in probability and it is a local martingale. Moreover, the following It
1sometry holds:

//etz (dt,dz) = //QQtz (dz)d (E.11)

A complete description of a Lévy process is given in the following result:

Theorem E.3 (It6—Lévy decomposition theorem). Let n be a Lévy
process. Then n can be written

n(t) = ait + oB(t) + / ZN(t,dz) + / ZN(t,dz) (E.12)
lz| <1 |z| >1

where a1, 0 are constants and B(-) is a Brownian motion.
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In general we have that if, for some p > 1,
E[|n(t)|P] < cofor all ¢
then

|z|Pv(dz) < oo

2121
In particular, if
E[n(t)]] < oo for all ¢ (E.13)
then [ zv(dz) is well defined and the representation (E.12) simplifies to
2121
n(t) = at+oB(t) + /z[(f(t7 dz) (E.14)
R

where a = a; + [ zv(dz). For simplicity we will from now on assume
|z]>1

that (E.13) (and hence (E.14)) holds. In view of (E.14) it is then natural to

consider stochastic processes of the form

X(t):x+/oz ds—i—/tﬁsde +/t/ (s,w)N(ds,dz) (E.15)
0 0

where «, 8 and 7y are predictable processes such that

/{|a(s)| + 32(s) + /72(8,Z)V(d2)}d$ < 00 a.S. (E.16)
0 R

We call such processes (1-dimensional) It6—Lévy processes. In analogy with
the Brownian motion case we use the short hand differential notation

dX(t) = a(t)dt + B(H)dB(E) + / V(N ), X(O0) =z (B.A7)

R

for (E.14).

Theorem E.4 (The 1-dimensional Ité formula). Let X(t) be the
Itéo—Lévy process (E.15). Let f(t,x) : RxR — R be a function in C*?(R x R)
and define

Y(t) = ft, X(t))
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Then Y (t) is also an Ité6-Lévy process and it is given in differential form by

of of 10%f
av () =2 @ x@)ar+ Liawar + swasm) + 12w xw)p 0
0
+ [{rex0+50.9) - f0.x0) - Gt XN ey
R
+ /{f(th(t) +(t2)) = f(t, X (1)} N(dt, dz) (E.18)
R
In the multidimensional case we are given n It6—Lévy processes
Xi(t),...,Xn(t) driven by m independent 1-dimensional Brownian motions
Bi(t),...,By(t) and [ independent (1-dimensional) compensated Poisson

random measures Ni(dt,dz), ..., N;(dt,dz) as follows

l
dX;(t) = dt+Zﬁ” t)dB;( Z/%ktszkdtdzk) 1<i<n
=1 k=
(E.19)
Or, in matrix notation,
dX (t) = a(t)dt + B(t)dB(t) + / y(t, z)N(dt, dz) (E.20)
R
where
Xm(t) Oll(t)
axw=1 : |aw=|: |
dXn(t) an(t)
Bt) = 1850 2125 76 2) = bt 2y
and
Nl(dt,dzl)
N(dt,dz) = : s 2= (21,...,2) €ER
N(dt, dz)

Then we have the following:

Theorem E.5 (The multidimensional 1t6 formula). Let X (t) € R™ be
as in (E.20). Let f(t,z) = f(t,z1,...,2,) : R X R" = R be in CLH?(R x R™)
and define

Y(t) = ft, X(t))
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Then
dY(t)—g dt+z o dt+z,6’ t)dB;(t)
*a 1 7
z*l j=1
. ZﬁﬁTu) = (0. X (1))
zj_l
+Z/{ftX 10t %)
_1R

— f(t. X (1) — Vo f (t, X (&) "7 ¥ (¢, 2i) b (dz ) dt

+ Z/{f (t, X () +~®(t, 21.)) — f(t, X ()} Ni(dt, dz)dt (E.21)

=13
where v (t, 2) is column number k of the n x | matriz (t, z).

One can prove an existence and uniqueness result for stochastic differential
equations driven by Lévy processes, analogous to the result stated in
Appendix B:

Theorem E.6. Let a: R xR" — R™ 3 RxR"™ — R"*™ gnd §: R x R™ x
R — R™¥! be given functions satisfying the conditions:
There exists a constant C' such that

b(t, 2)* + ||8(t, )| + Z/\ak (t, 2, 20) v (dz) < C(1+ |2?)  (B.22)

k=13
for allt €10, T];xz € R™.
There exists a constant D such that
|b(t, ) — b(t Y)I> + (18t 2) = Bt )|
+ Z / 0k (t, 2, 2) — Ok (t,y, 21) |Pvi(d2zi) < D)z — y|? (E.23)
for allt € [0, T];x,y € R™. Then the stochastic differential equation
dX (t) = b(t, X (t))dt + B(t, X (t))dB(t) + /G(t,X(t*),z)N(dez)

R
0<t<T,X(0)=x(constant) € R" (E.24)

has a unique Fi-adapted cadlag solution X (t) such that E[X?(t)] < oo for all
te[0,T].
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Example E.6. Consider the stochastic differential equation

dY (t) = p()Y (t)dt + o(t)Y (£)dB(t) + Y () / (t, 2)N(dt, dz)

R
0<t,Y(0)=y>0 (E.25)
where u(t), o(t) and y(t, z) are deterministic, (¢, z) > —1. If u(t) = p,o(t) =
o and (t, z) = z do not depend on ¢, this may be regarded as a natural jump

extension of the classical geometric Brownian motion. We call this process
the geometric Lévy process. Using the It6 formula we obtain that the solution

of (E.25) is
0/{ - fo' )}ds+0/a(s)dB(s)

{In(1 + ~(s, 2)) — (s, 2) }v(dz)ds

=Yyexp

—

+

SRy

In(1 + (s, 2))N(ds, dz)} (E.26)

S O~—_
B

under suitable growth conditions on pu, o and 7.

The Girsanov theorem The Girsanov theorem for Brownian motion was
presented in Appendix B. We here just concentrate on what happens in the
jump case:

Theorem E.7 (Girsanov theorem for It6—Lévy processes). Let X(t)
be an Ito—Lévy process in R™ of the form

AX () = a(t)dt + / ~(t, )N (dt, d2) (E.27)

RI
Assume that there exists a process 0(t,z) = (01(t,2),...,0;(t,2))" € R! such
that 0;(t,z) <1 and
!
Z /’y” (t,25)0(t, zj)vi(dz;) = a;(t); 1<i<n (E.28)

and such that the process

—exp[Z//{ln (1= 0,(5, 2)) + 0, (s, 2) by (dz; )ds
=19
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t

l
+) //ln(l —0;(s,2;))N;(ds, dz;) (E.29)
i=19 R
exists for 0 <t <T and satisfies E[Z(T)] = 1. Define the measure Q on Frp
by

dQ(w) = Z(T)dP(w) on Fr (E.30)
Then X (t) is a local martingale with respect to Q. In other words: Q is an
equivalent local martingale measure for X (t).

Remark E.8 Note that the condition (E.28) corresponds to the condition
(B.28) in the Brownian motion case. However, while equation (B.28) has a
unique solution u(t) if 6(¢) is a non-singular quadratic matrix, equation (E.28)
will typically have infinitely many solutions 6(t, z), even if the matrix (¢, z)
is quadratic and non-singular. We see this even in the case where n =1 = 1.
Then (E.29) becomes

/'y(t,z)ﬁ(t, z)v(dz) = a(t)

R

The only case where this has a unique solution is when v is supported on
one point only, say zg, i.e., when

v(dz) = Aoy (d2)

for some constant A > 0. This corresponds to the case when n = [ zN(t, dz)
R
is a Poisson process with intensity A and jump size z.

The second fundamental theorem of asset pricing states that — under
some conditions — a mathematical market is complete if and only if there is
only one equivalent local martingale measure for the normalized price process
of the risky asset. Applied to the Girsanov theorem above, this means that
the market consisting of

(i) a safe investment, with price dSy(t) = pSo(t)dt; Sp(0) =1

(i) a risky investment, with price

dSi(t) = pSi(t)dt + 3S1(t7) / v(t, 2)N(dt,dz); S1(0) >0
R

where p, u and [ are constants, will typically be an incomplete market, unless
the underlying Lévy process is a Poisson process.
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List of frequently used notation and symbols

N = the natural numbers 1,2, 3, ...

No = Nu {0}

Z = the integers

Q = the rational numbers

R = the real numbers

RT = [0,00) the nonnegative real numbers

Ro =R\ {0}

C = the complex numbers

R®" =R x -+ x R (n times)= the n-dimensional Euclidean space
R} =Ry x -+ x Ry (n times)

R™*™ = the set of all m X n matrices with real entries
I, = the n x n identity matrix

CN = the set of all sequences z = (21,22,...) with z;, € C

(CN). = the set of all finite sequences in CN (a finite sequence (21, ..., z) is
identified with the sequence (21, ..., 2,0,0,...) € CY)

(RY), = the set of all finite sequences in RY (a finite sequence (1, ...,z}) is
identified with the sequence (z1,...,2%,0,0,...) € RY)

J = (N}). the set of all finite sequences (multi-indices) o = (a1, g, .. ., )
where «; € No, k= 1,2,... (see equation (2.2.9)

Index o = max{j;a; # 0} if « = (a1, 9,...) €T
l(a)) = the length of o = the number of nonzero elements of o € J
e®) =(0,0,...,0,1,0,...) € J, with 1 on entry number k, k =1,2,...

I'y ={a € J;Index a <n and o; € {0,1,...,n} for all j}
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2V =z"20% - if € CN and v € (RY), (where 0° is interpreted as 1)
(2N)Y =T[52,(24)" for vy € (RY), (see equation (2.3.8))
K={z=(21,...,2,) €C"; c1]z1|* + - - - + cn|2n|? < 6%}

Ky(R) ={¢=(¢1,C2,...) € CN§ZQ¢0 |C¥|?(2N)9* < R?} (Definition 2.6.4)
hn(x) = the Hermite polynomials; n = 0,1,2,... (see equation (2.2.1))

&, (2) = the Hermite functions; n = 1,2,... (see equation (2.2.2)) (they con-
stitute a basis for L?(R))

€5 =&, @ @643 = (01, -.,04) € N? (the tensor product of &, , ..., s, i.e.
Es(x1, .. a) = Es (1) - €5, () 5 (1, -, 24) € RY) (see equation (2.2.6))

n; = &5y, where oM 6@ . is a fixed ordering according to size of all
d-dimensional multiindices § = (01, ...,84) € N? (see equation (2.2.8)). The
family {n;}32, constitutes a basis for L2 (R%).

Hy(w) =112 ha; ((w,m:)) (see equation (2.2.10))
K,(w) = I|a‘((5®a)(w) (see equations (5.3.22) and (5.4.42))

e =n;e® if k =i+ (j—1)m;i € {l,...,m},j € N. The family {e®)}°
constitutes a basis for K = @, L?(R?). (See equation (2.2.11)).

(8)) = (8)7N; =1 < p < 1 = the Kondratiev spaces (Definition 2.3.2 and

Definition 5.3.6)

(m is the dimension of the white noise vector and N is the state space
dimension)

(8),(S)* = the Hida test function space and the Hida distribution space,
respectively (see Proposition 2.3.7 and Definition 5.3.6)

)Z‘r
-6)

o = the Wick product (Section 2.4 and Definition 5.3.9)

(S = the Kondratiev Hilbert spaces (Definition 2.7.1 and Definition
5.3

H(F)(z) = F(z) = the Hermite transform of F € (S)_; (Definition 2.6.1 and
Definition 5.4.15)
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(SF)(Ap) = the S-transform of F' € (S)_1 at A¢ (Definition 2.7.5)

S(RY) = the Schwartz space of rapidly decreasing smooth functions (d is
called the parameter dimension)

S'(R?) = the space of tempered distributions on R?

S=[[~,S(RY, S8 =TI, S'(R?) (see equation (2.1.33))

w1 = the white noise probability measure on S&'(R%) (Theorem 2.1.1)

Lm, = 1 X - -+ X pp d-parameter, m-dimensional white noise probability mea-
sure on &’ (see equation (2.1.24)). If the value of m is clear from the context,
we sometimes write y for p,

E,, = the expectation with respect to u

B(t);t € R = 1-parameter Brownian motion

B(x);z € R? = d-parameter Brownian motion/field (see equations (2.1.11)—
(2.1.13))

W (x);x € R = d-parameter singular white noise (Definition 2.3.9)

W(x) = (Wi(x),...,Wn(z)) = m-dimensional, d-parameter singular white
noise (Definition 2.3.10) = € R?

(w, ¢) = the action of w € §'(R?) on ¢ € S(R?) (see Theorem 2.1.1)

w(¢); ¢ € S(R?) = 1-dimensional, smoothed white noise (Definition 2.1.4)
w(¢); » € S = m-dimensional, smoothed white noise (see equation (2.1.27))
b:(y) = ¢(y — 2); 7,y € R? = the x-shift of ¢ € S (see equation (2.1.31))

Wy(x) = w(ds), We(x) = w(¢p,) = the 1-dimensional and the m-dimensional
smoothed white noise process, respectively. (See equation (2.1.30))

n(t);t € R = 1 — parameter Lévy process

n(z);z € RY = d — parameter Lévy process/field (see Definition E1 and
Theorem 5.4.3)

N(dt,dz) = the jump measure of a Lévy process (Definition E1)
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v(dz) = the Lévy measure of a Lévy process (see equation (E.5))

N(dt,dz) = the compensated jump measure/Poisson random measure (see
equation (E.10))

N(t);t € R =1 — parameter Lévy white noise (Definition 5.3.7)
n(z);z € R? = d — parameter Lévy white noise (see equation (5.4.50))

N(t,2);(t, z) € RxRg = (1 —parameter) white noise of N(dt,dz) (Definition
5.3.8)

supp f = the support of the function f

dx,dy,dt,... = Lebesgue measure on R"
L (RY) = the functions on R? that are locally in LP with respect to the

Lebesgue measure

C*(U) = the real functions on U C R"™ that are k times continuously differ-
entiable (k € Np)

cU) =CcoU)

CE(U) = the functions in C*(U) with compact support in U
C=(U) = N2 C*(U)

C5o(U) = Mo CE(U)

CkF = C*(R™)

CY*A(U) = the functions g in C(U) that are Hélder continuous of order
i.e., that satisfy
g\x)—g\y
lgllcorx @y := sup M <oo (0<A<1)

swev | =y

Ay
Ck*+X(U) = the functions in C*(U) with whole partial derivatives up to order
k are Holder continuous of order A € (0,1)

gller+x @y = Xo<ja<k 10%9llor )
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If g=g(t,z);t € [0,T],z € D C R, then

l9(y1) — g(y2)|
= = su t,x)|+ su —_—
lgllcon = llgllee o, xp) S lg(t, )| SIS )

zeD €(0,T)XD

where

d(yr,y2) = (w1 — a2 + [t1 — t2|)% when ;= (t;,2;) € (0 T) x D.
d

t2

™) —

lglloeen = lglleon + H

636] 8;10 (?mJ

™) cN)

(-,-) = the inner product in L?(R?) or the inner product in R” (depending
on the context)

A=30_, % (the n-dimensional Laplace operator)

A= 2d5§j)5£j) e 5§lj); j=1,2,... (see equation (2.3.19))

A= ATAS? AT =TT (246906800 ... 500 )05 (see equation (2.3.20))
0D = the (topological) boundary of the set D in R"

OrD = the regular boundary points of D (with respect to the given process)
D = the closure of D

V CC D means that V C D and that V is compact

do(z) = Dirac measure at 0

0;; = 1if i = j, 0 otherwise

E[X] = E,[X] = expectation of a random variable X with respect to a mea-
sure v

Var [X] = E[(X — E[X])?] = the variance of X
:= by definition equal to
C' = a constant (its value may change from place to place)

O = end of proof.
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Abel’s criterion, 35
adapted, 6, 264
analytic function, 65
anisotropic, 74
anisotropic medium, 10
approximation, 145
attractive case, 169

Bochner—Minlos theorem II, 14, 203, 257
boundary problem, 2

Brownian motion, 16, 18, 61, 263, 264
Brownian sheet, 4, 18

Burgers’ equation, 9, 178, 210

cadlag, 282

chaos expansion, 7, 21, 26, 29

characterization theorem, 65, 67

Cole-Hopf transformation, 180

Colombeau’s theory of distributions, 164

compensated (d-parameter) Poisson
process, 205

complex smoothed white noise, 112

Darcy’s law, 2
DLA processes, 3
Donsker delta function, 113

expectation, 6, 70

fluid flow, 1

Fourier transform, 88

fractional Brownian motion, 213
functional processes, 8, 91

Gaussian approximation, 7, 192
Gaussian white noise, 11
generalized expectation, 70

generalized smoothed white noise, 96
Girsanov formula, 96

Girsanov theorem, 268

Gjessing’s lemma, 97

Green function, 4, 8, 161

Gronwall inequality, 137, 148, 150

Hausdorff dimension, 3

heat equation, 169

Hermite functions, 21
Hermite polynomials, 21
Hermite transform, 6, 61
Hida distribution space, 40
Hida test function space, 40
Hilbert—Schmidt operator, 82

It6 calculus, 219

1t6 integral, 4, 29, 264

It6 isometry, 265

It6—Lévy decomposition theorem, 283
1t6-Lévy process, 284

1t6/Skorohod integration, 50

kernel theorem, 100

Kolmogorov’s continuity theorem, 18, 106

Kolmogorov’s theorem, 257, 258

Kondratiev distribution space, 39

Kondratiev spaces, 5, 31, 33, 37

Kondratiev spaces of Poissonian test
functions, 207

Kondratiev test function space, 39

Lévy process, 281

Lévy measure, 282

Lévy-Khintchine formula, 282

Lévy field (multiparameter), 232-237
linear stochastic differential equations, 128
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Logistic paths, 127
lognormal, 73

noise, 1, 4, 11, 13, 18, 42, 43
nuclear space, 81
numerical simulations, 118

oscillating string, 139

parabolic stochastic partial differential
equations, 10, 92, 200

parameter dimension, 13

Poisson equation, 8, 161

Poisson random measure, 282

Poissonian white noise probability space,
204

population growth, 120

positive definite, 102, 203

positive noise, 10, 72, 139, 186

positivity, 92, 98

pressure, 1

pressure equation, 10, 141

pure jump Lévy martingale, 219, 244

quasilinear, 10, 92, 145

S-transform, 75
saturation, 1
Schrédinger equation, 9, 169
Skorohod integrals, 5
Skorohod integration, 50
smoothed white noise, 13, 19
Sobolev space, 5, 34
stochastic
bifurcation point, 126
Burgers equation, 180
distribution process, 9
distributions, 6

environment, 120

exponentials, 16

medium, 139

permeability, 74

Poisson equation, 9, 161

polynomials, 25

potential, 9

Schrédinger equation, 172

source, 10, 178

test functions, 31

transport equation, 164
Stratonovich equation, 146
Stratonovich integral, 4
strongly independent, 110
symmetric tensor product, 30

tensor product, 24, 25
translation, 92
translation operator, 95
transport equation, 9, 165

Vage’s inequality, 129
Volterra Equation, 131

wet region, 2
Wick
exponential, 71
inverse, 72
matrix, 75
powers, 47, 72
product, 5, 43
version, 47
versions f¢ of analytic functions, 71
‘Wick-cosine, 107
Wick-logarithm, 72
‘Wick-sine, 107
Wiener process, 263
‘Wiener—It6 chaos expansion, 21, 30, 205
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for at ogsa de dumme
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as a comprise,
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to find it wise.
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