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PREFACE

The purpose of this book is the study of non-self-adjoint boundary eigenvalue
problems for first order systems of ordinary differential equations and n-th or-
der scalar differential equations. The coefficients of the differential equations as
well as the boundary conditions are allowed to depend polynomially, holomor-
phically or asymptotically on the eigenvalue parameter. The boundary conditions
may contain infinitely many interior points and an integral term. With the bound-
ary eigenvalue problem a bounded operator function is associated which consists
of two components, the differential operator function and the boundary operator
function. These operator functions depend in general nonlinearly on the eigen-
value parameter.

Various eigenfunction expansions are proved by the contour integral method
under regularity conditions which originally were introduced by BIRKHOFF and
STONE in case of A-independent boundary condtitions. The calculation of the
Fourier coefficients of these expansions is based on the theory of the inverses of
holomorphic Fredholm operator valued functions which for the sake of complete-
ness is included in this book. An important aspect of this theory is the representa-
tion of the principal parts of the inverses of these functions at their poles by root
functions (eigenvectors and associated vectors) of the given operator functions
and their adjoints. The proofs of the eigenfunction expansions are based on sharp
asymptotic estimates of the resolvents (Green’s functions) for large values of the
eigenvalue parameter.

Our approach is based on functional analytic methods. The reader should
be familiar with basic concepts of Banach spaces and Lebesgue integration and
should have some knowledge about distributions. Whenever we use these ba-
sic results we give references so that the reader unfamiliar with these concepts
can easily find them. Our main references to the basic topics are the monograph
[KA] of T. KATO for Banach spaces, the monograph [HS] of E. HEWITT and K.
STROMBERG for the theory of Lebesgue integration, and the monograph [HO2]
of L. HORMANDER for the theory of distributions.

Each chapter ends with a short section containing historical notes.

Chapters 1 and II are concerned with preparations from functional analysis
and Sobolev space theory. In Chapters II[I-V first order systems are considered,
followed by n-th order equations in Chapters VI-IX. Since n-th order equations
are reduced to first order systems, some of the results of Chapters III-V are needed

A
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in Chapters VI-IX. Chapter X contains applications to problems from physics and
engineering.

The literature for n-th order linear differential equations and first order sys-
tems is vast, and the bibliography is only a selection of publications in this field.

The list of notations and the index should help the reader to navigate through the
text.
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INTRODUCTION

In this monograph we consider first order systems of ordinary differential equa-
tions

y = (A4, +A,)y
on a bounded interval [a, b] together with boundary conditions of the form

Y WU h)sta) + [ Wi Ayl dr=0,
=0 a

where a; = a, a; = b and the other points a; lie in the interior of [a,b] and are

mutually distinct. The n x n matrices W) (1) and W (x, 1) depend polynomially
on A, A, and A, are n x n matrix functions depending on the independent variable
x € [a,b], and A, (x) is a not necessarily invertible diagonal matrix, but satisfies
certain other restrictions.

Apart from A-nonlinear boundary eigenvalue problems for first order systems
such problems for n-th order scalar differential equations will be investigated,
more precisely,

n
WY p( A =0
i=0
together with boundary conditions

wOR)(0),.... y" DO+ WO R) (1), "D ()T =0.

The functions p; are polynomials in A whose coefficients are, for example, con-
tinuous functions on [a,b], and WO (1), W{(1) are n x n-matrices depending
polynomially on A. For simplicity we have here only written down two-point
boundary conditions, but in the general treatment we will also have multipoint
and integral boundary terms as in the case of first order systems.

Boundary eigenvalue problems of these types occur in various branches of
engineering and physics, e. g. in elasticity theory, control theory, hydrodynamics,
magnetohydrodynamics, and even in meteorology. For more details we refer to
Chapter X of this monograph.

Since every n-th order differential equation can be transformed into a first
order system, we will first develop a spectral theory for first order systems. State-
ments about n-th order differential equations will then be proved by using results
for first order systems, with possible special attention to improvements due to the
special structure of n-th order differential equations.

X1



Xil Introduction

With a boundary eigenvalue problem for a first order systems we will associate
the operator pencil

1) = (7ai3) ) s (@b = Lalab) xC,

where H,(a,b) is the Sobolev space of order 1, and '

TD(l)y = y/ - (AA1 +A0)ya
Ty = Y WO, + [ Wi o) de
j=0 a

Similarly, for an n-th order scalar differential equation we introduce the operator
pencil
_ (L2
L(A) = (LR(/I)) : Hp(a,b) — Ly(a,b) x C*,

where H,(a,b) denotes the Sobolev space of order n and

LPA)y=y"+ ¥ p(, A,
i=0

LFA)y =WOQ)((0),....y" O+ W) (1), .y D).

It is the particular goal of this monograph to prove eigenfunction expansions for
such A-nonlinear boundary eigenvalue problems, both for first order systems and
for n-th order differential equations. In the following paragraphs of this intro-
duction we will restrict our considerations to boundary eigenvalue problems for
first order systems and consequently to operator functions 7 (A ); nearly analogous
statements hold in the case of differential equations and for the operator function
L(A).

The realization of eigenfunction expansions consists of two parts: first explicit
formulas for the Fourier coefficient of these expansion have to be found, and sec-
ondly the convergence of these expansions for a suitable class of functions has to
be proved. The solution of both problems is highly nontrivial. For a satisfactory
solution of the first problem a functional analytic setting is appropriate. For the
convergence proof we apply the powerful contour integral method.

Such a functional analytic setting has already been put into place in the def-
inition of the operator function T(A). For fixed A € C, T(A) is a bounded Fred-
holm operator defined on the whole domain (H,(a,b))". With respect to A it is a
holomorphic function in C. For such operator functions a well-established spec-
tral theory is available: The notions resolvent set, spectrum, discrete spectrum,
eigenvector and associated vectors or root functions are well-known. The adjoint
operator function 7*(A) is also a holomorphic bounded Fredholm operator valued
function in C. Thus the same notions as for T'(A) are available.
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If the resolvent set of such an operator function is non-empty, I.e., there is
a point A, € C such that 7'(A;) has a bounded inverse, then the spectrum of this
operator function is discrete and its resolvent is a finitely meromorphic operator
function in C. According to a theorem of 1. C. GOHBERG and E. I. SiIGAL [GS],
in a special case due to M. V. KELDYSH [KEI1], {KE2], the finite rank operators
in the principal part of T(1)~! of the Laurent expansion in a neighbourhood of
an eigenvalue A, can be represented by biorthogonal canonical systems the eigen-
vectors and associated vectors of 7(4) and T*(1) at A = A,

To explain how this representation yields the Fourier coefficients in the eigen-
function expansions, let us assume for simplicity that the operator function 7' (1)
is linear in A, i.e., T(A) = T, + AT,. Then for 4 in the resolvent set of 7, the
identity

I _ 1, .

T =T T f+ T (AT f
holds. If we integrate this identity along a contour around 0 in the resolvent set,
say, a circle with centre 0 and radius r, then we obtain

: - : I :
f=Yres T NN g [ ST AT

where the summation is taken over all finitely many eigenvalues of 7 with || < r.
An application of the above mentioned representation theorem yields the corre-
sponding partial sum of the eigenfunction expansion for f with explicit formula
for the Fourier coefficients. If we extend the summation in this partial sum over all
eigenvalues of 7" and the question of convergence of this series is not addressed,
then it is referred to as the formal eigenfunction expansion of f.

In order to prove the convergence of the formal eigenfunction expansion, we
have to impose so-called regularity conditions, originally introduced by G. D.
BIRKHOFF and M. H. STONE, respectively, on the given boundary eigenvalue
problem, i.e., on 7(4), and certain boundary conditions on the function f which
is to be expanded. By a tedious estimate of the resolvent 7~!(4), Birkhoff regu-
larity yields that this resolvent is bounded on a certain sequence of circles I',, with
centres 0 and radii r, tending to infinity. The Stone regularity condition is weaker
and means that the resolvent divided by some power of A, say A*, is bounded
on such a sequence of circles. If such regularity conditions assure that in a suit-
able function space the integral in the foregoing equation tends to zero as r = r,
tends to infinity, then in this function space the convergence of the eigenfunction
expansion holds. Otherwise conditions have to be imposed on the function f.

We will explain how this leads to boundary conditions on f in a quite natural
way. Choose a function /1! in (H,(a,b))" such that

Lf+1 =0
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and substitute 7] FUU for T,f in the above identity for 7' (1)7, f. By this proce-
dure we obtain

R SR S .
Tﬁ](l)Tﬂl = Ij+IT [(A)TLIIM

and further by iteration
1 1

_ N .
Tt =7 ‘(A)Tlﬁpr YT M,

whence

I r |
f=Yres, (T7HAT )+ %/w#ﬁTl(/l)Tof“] dA,
where the summation is again taken over all eigenvalues u of 7 with |u| < r. If
now the second term on the right-hand side of this equation converges to 0 in the
considered function space, then we stop this procedure. Otherwise, we repeat it.
Since by the regularity conditions the function A —*T(A) is bounded on the circles
I', as n tends to infinity, the procedure will stop after at most s+ | iterations.
Next we will illustrate the meaning of the above condition on f!!l. Recall that
the operator function 7(A) consists of two components: namely the differential
operator part
TP(A)y =y = (A +A4,)y

and the boundary part

TR(A)y = Ty + ATy
Let us assume for simplicity that the matrix A, (x) is invertible for all x € [a,b].
Then the differential part of the equation for f!'! means that
f“J = _A1—1(f/ _A()f)a
and the boundary part yields the boundary condition

I f T =0

which the function f has to fulfil. If the boundary condition is independent of A,
then this condition reduces to the usual boundary condition
& =o0.

If the matrix A, (x) is not invertible or the boundary conditions are polynomial in
A, the foregoing procedure has to be modified, but works in priciple in the same
way.

Some hard analysis consists in the derivation of practical criteria for Birkhoff
or Stone regularity and in the proof of asymptotic estimates of the resolvent, i.e.,
of the Green’s matrix function. The proofs of these criteria and estimates rely on
the construction of a suitable asymptotic fundamental system of solutions of the
first order system. With respect to the n-th order scalar differential equation it is
advantageous to transform it into a first order system. The transformed system is
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then asymptotically linearized with respect to the eigenvalue parameter. For this
reason we consider a slightly more general first order system than written down
above, namely

A

where the n x n matrix function A%(-, 1) is uniformly bounded as A tends to infin-
ity, together with the above given boundary conditions in an appropriate asymptot-
ically constant form. For the asymptotic system a suitable fundamental system is
constructed. With respect to this fundamental system the determinant of the char-
acteristic matrix associated with the asymptotic boundary conditions becomes an
exponential sum whose coefficients are A-asymptotic polynomials. This repre-
sentation yields the regularity criteria. Birkhoff regularity is characterized by the
leading term of the asymptotic fundamental system and the constant terms of the
asymptotic boundary conditions at the endpoints of the interval [a,b]. A char-
acterization of Stone regularity is much more involved. We present a practical
geometric criterion due to R. H. COLE [CO3] in a slightly generalized form.

1
y = </1A, +Ay+ —A%,A)) Y,

The estimates of the Green’s matrix function and the resolvent of the A-
asymptotic boundary eigenvalue problem are established in various function spa-
ces. They require a careful analysis of the Green’s matrix function and skilful
arrangements of its components. The resulting estimates for the A-asymptotic
boundary eigenvalue problem which are valuable for themselves lead to a vari-
ety of eigenfunction expansion theorems concerning Birkhoff and Stone regular
boundary eigenvalue problems both for first order systems and n-th order scalar
differential equations as stated at the beginning of this introduction.

In this monograph we only deal with the problem of expandability in terms
of eigenfunctions and associated functions. Expandability implies completeness,
but does not imply minimality or basisness of these functions. Only recently, the
problems of minimality and basisness for Birkhoff regular boundary eigenvalue
problems defined by systems of differential equations y' = (AA, + A,)y and n-th
order scalar differential equations Kn = AHn both with A-polynomial boundary
conditions were successfully approached by C. TRETTER in a series of papers
[TR7], [TR8], [TRY], and [TR10]. The key point is a new linearization method of
the A-polynomial boundary conditions which leaves the structure of the diagonal
matrix unchanged by blowing it up with additional zeros. Boundary eigenvalue
problems with such noninvertible diagonal matrices were first investigated in the
authors’ publications [MM4], [MMS5].

Purely functional analytic methods, not considering the Green’s function, are
applied to A-polynomial boundary eigenvalue problems of different types in nu-
merous publications. A. DIKSMA [DIJ] and A. DiJksMA, H. LANGER and
H. DE SNOO [DLS1], [DLS2], [DLS3] treated self-adjoint A-polynomial bound-
ary eigenvalue problems and transformed them to common spectral problems for
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self-adjoint operators in Hilbert or Krein spaces by problem oriented linearization
methods. M. V. KELDYSH [KE1], [KE2], I. C. GOHBERG and M. G. KREIN
[GK], V.M. VizITEl and A. S. MARKUS [VM], M. FAIERMAN, A. S. MARKUS,
V. MATSAEV and M. MOLLER [FMMM], for numerous further references see
the substantial monograph of A. S. MARKUS [MA4], developed a comprehen-
sive spectral theory for operator polynomials in Hilbert and Banach spaces using
abstract linearization procedures and perturbation arguments to prove so-called
n-fold completeness, minimality and basisness for the corresponding eigenvec-
tors and associated vectors. These publications include various applications to
A-polynomial ordinary and partial differential equations, however, nearly exclu-
sively with A-independent boundary conditions. An exception is A. A. SHKA-
LIKOV’S paper [SHS5] which treats boundary eigenvalue problems for n-th order
scalar differential equations where the differential equations as well as the bound-
ary conditions depend polynomially on the eigenvalue parameter.

The functional analytic approach of combining the differential operator and
the boundary operator to a two-component operator defined on a fixed space, not
depending on the eigenvalue parameter, was introduced for S-Hermitean bound-
ary eigenvalue problems by F. W. SCHAFKE and A. SCHNEIDER in [SCHSCHI1],
[SCHSCH2], [SCHSCH3], see also H.-D. NIESSEN [NI]. For non-self-adjoint
boundary eigenvalue problems this setting is due to R. Mennicken and M. Moller
in [MM4], [MMS5]. One advantage of this approach is the fact that the boundary
conditions are considered inhomogeneously in a natural way, see also the mono-
graph [STV] of S. SCHWABIK, M. TVRDY and O. VEIVODA. Another advan-
tage is that, in the case of a non-self-adjoint problem, the adjoint boundary value
problem including all spectral data, as for example associated vectors, is defined
without any additional restrictions.

Because of the diversity of the subject and the enormous number of publica-
tions we abstain here from a further historical excursion, but refer the reader to
special sections with historical remarks at the end of each chapter.

Chapter I deals with spectral theory for holomorphic Fredholm valued oper-
ator functions, in particular, the principal parts of their inverses at the poles are
investigated. It is shown that these principal parts can be written in terms of eigen-
vectors and associated vectors of the operator function and its adjoint. One-to-one
connections between biorthogonal systems of eigenvectors and associated vectors
and the principal parts of the inverse operator functions are established. Special
attention is paid to the case of A-linear problems.

Chapter II contains the preriquisites for the study of differential operators.
Sobolev spaces on intervals are introduced and their properties are investigated.
These results are essentially well-known but, in general, are stated and proved for
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subsets of R*. The one dimensional case is easier and gives some additional prop-
erties. Therefore, and to make the monograph more self-contained, this chapter is
included. Also, some basic results for differential equations are stated.

Chapter III starts with the definition of boundary eigenvalue problems for first
order systems. The adjoint and the inverse are calculated, and their relations to the
“classical” adjoint and inverse for the differential operator considered in L, spaces
are discussed. Some examples show the difficulties which arise if one considers
the classical adjoint. The inverse is an extension of the classical inverse, which is
an integral operator whose kernel is the GREEN’S matrix function.

Chapter IV is devoted to the estimate of the GREEN’S matrix function. To
this end, Birkhoff regularity is introduced for systems which are asymptotically
linear in the eigenvalue parameter, and necessary and sufficient conditions for
Birkhoff regularity are given. The characteristic determinant is estimated below
away from its zeros, which are the eigenvalues of the given boundary eigenvalue
problem. Then the GREEN’S matrix function and finally the resolvent of the
boundary eigenvalue operator functions are estimated on suitable circles in the
complex plane tending to infinity.

In Chapter V the estimates of the previous chapter are used to prove expansion
theorems for first order systems which are linear in the parameter; the boundary
conditions are still allowed to depend polynomially on the parameter. Not only
Birkhoff regularity is considered but also Stone regularity. Whereas all functions
in L,(a,b), 1 < p < e, are expandable in eigenfunctions and associated functions
if the problem is Birkhoff regular, the expandable functions must be sufficiently
smooth and must satisfy certain auxiliary boundary conditions if the problem is
Stone regular. Also uniform convergence is investigated, where even for Birkhoff
regular problems the expandable functions have to satisfy certain regularity con-
ditions and some boundary conditions.

Chapter VI is concerned with n-th order differential equations. Here the cor-
responding results of Chapter 1II are obtained for an »-th order differential equa-
tion, where also the equivalence of this problem to one for a first order system is
established.

Chapter VII deals with boundary value problems for differential equations
whose equivalent first order system can be linearized asymptotically. Using the
estimates of Chapter IV, expansion theorems are proved.

Chapter VIII is concerned with regular two-point boundary eigenvalue prob-
lems for the differential equation Kn = AHn, where K and H are differential
operators such that K is of higher order than H. The structures of the fundamen-
tal system, its adjoint, and the Green’s function are investigated more thoroughly.
However, the estimates of Chapter IV can still be used. Some applications to
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problems from mechanics are given, to which the results of Chapter VII are not
directly applicable.

In Chapter IX problems depending polynomially on the eigenvalue parameter
A are linearized with respect to A. The corresponding convergence theorems for
first order systems lead to n-fold expansions for the original problem. Complete-
ness and minimality for these problems are considered.

Chapter X contains further examples dealing with problems from mechanics
like elastic bars and control of beams, fluid mechanics, magnetohydrodynamics,
and meteorology.

Appendix A deals with estimates of exponential sums. They are needed for
the estimate of the characteristic determinant in Chapter IV.



Chapter 1

OPERATOR FUNCTIONS IN BANACH SPACES

This chapter deals with holomorphic Fredholm operator valued functions in Ba-
nach spaces. The structure of the resolvent of such an operator function is dis-
cussed in detail. It is shown that, on a domain in C, its resolvent is finitely mero-
morphic if its resolvent set is non-empty (Theorem 1.3.1). The operators in the
principal parts of the resolvent are expressed in terms of biorthogonal canonical
systems of root functions (eigenvectors and associated vectors) of the correspond-
ing operator function and its adjoint operator function (Theorems 1.5.4, 1.5.9 and
1.6.5, 1.6.7). This representation can be understood as the formal eigenfunction
expansion with respect to the given operator function since it yields explicit for-
mula for the corresponding Fourier coefficients. As a consequence of this repre-
sentation theorem concerning the principal parts of the resolvent we obtain a local
factorization theorem for the operator function itself (Theorem 1.8.4). Particular
properties, such as minimality of the system of eigenvectors and associated vec-
tors, are discussed for Fredholm operator valued functions which are linear in the
eigenvalue parameter.

Boundary eigenvalue problems as considered in later chapters have an under-
lying abstract operator theoretic structure, which is investigated in Section 1.11.
For these abstract boundary eigenvalue problems the notions fundamental ma-
trix function and characteristic matrix function are introduced, generalizing the
concepts of fundamental matrix and characteristic matrix, which is well-known
for boundary value problems for ordinary linear differential equations and sys-
tems. It is shown that the operator function defined by such an abstract bound-
ary eigenvalue problem, shortly called boundary eigenvalue operator function, is
globally holomorphically equivalent to a canonical extension of its characteristic
matrix function (Theorem 1.11.1). The characteristic matrix function is defined
on a smaller (finite-dimensional) Banach space than the corresponding boundary
eigenvalue operator function, but nevertheless contains all the information about
its spectral data.



2 I. Operator functions in Banach spaces

1.1. Banach spaces

Let E be a vector space. We always assume that E is a vector space over the field
of complex numbers C. Amap | |: E — R is called a norm if

y[>0 (ye€E),
oyl =lallyl (axeC yek),
ety <l +yl - (ny€E),
l=0=y=0 (yek)

If | | is a norm on E, then E = (E, | |) is called a normed space.

Let E be a normed space, y € E and (y,), . be a sequence in E. Then (y,)
is said to converge to y if

ne neN

lyn —y| — 0 as n— oo,

and we write
Yo —yasn—o or limy,=y.
n—oo

The sequence (y,) oy is said to be a Cauchy sequence in E if for each € > 0 there
is a number n;, € N such that |y, — y,,| < € for all n,m > n, . A normed space E is
called a Banach space if each Cauchy sequence in E converges to some yin E. A
Banach space is a complete metric space, see e. g. [DI, p. 88].

Let E and F be Banach spaces. Then L(E, F) denotes the space of all con-
tinuous linear operators on E to F,i.e., T € L(E,F) ifand only if T : E — F is
linear and

IT|:=sup{|Tyl,:y € E, |y|; <1} <eo,

where | |, and | |, are the norms on E and F, respectively. It is well-known that
| | is a norm on L{E,F) which makes L(E,F) a Banach space, see e.g. [KA,
p. 150]. We write L(E) instead of L(E,E). By id, we denote the identity on E,
i.e.,id;x =x for x € E. For an operator T € L(E,F), N(T) :={x € E: Tx=0}
denotes the null space and R(T) := {Tx:x € E} the range of T. T € L(E,F) is
called a Fredholm operator if both its nullity nul T := dim N(T) and its deficiency
def T := codim R(T) are finite. ®(E, F) denotes the set of all Fredholm operators
onEtoF.IfT € ®(E,F), then indT :=nulT — def T is well-defined and called
the index of T.

The operator T € L(E,F) is called invertible if there is an operator T~! €
L(F,E) such that TT~! =id, and T~!T =id,. If T is invertible, then 77" is
unique. From the closed graph theorem, see e. g. [KA, p.166], we know that T is
invertible if and only if T is bijective.

E':=L(E,C) is called the dual space of E. The bilinear form (, } on E x £
is defined by (y,u) = u(y), where y € E and u € E'. With respect to the norm

|u| := sup{|{y,u)| : [y| < 1},
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which is the operator norm on L(E,C), E' is a Banach space. For T in L(E,F)
there is a unique T* € L(F', E') such that

(Ty,v) = (»,T*V) (y€E,vEF).

The operator T* is called the adjoint of T. Note that |T| = |T”*|, cf. e. g. [KA,
p.154]. If T is a Fredholm operator, then T* is also a Fredholm operator, cf.
e.g. [KA, p.234]). T is invertible if and only if T* is invertible, and in this case
(1) =(T")"".

Note that E' is the set of continuous linear functionals on £ and not the set of
continuous complex conjugate linear functionals. This is advantageous since we
are often dealing with holomorphic operator functions, in which case the adjoint
will be holomomorphic, see Proposition 1.2.6. Otherwise, the adjoint would be
anti-holomorphic, which would generate unnecesssary complications. Although
T’ might seem to be more appropriate as a notation for the adjoint of T, we have
chosen T* since T is reserved for the derivative.

For a set G we denote the set of k x n matrices with entries from G by M, (G).
We write G if n = 1, and M,(G) if n = k. For

(1.1.1) y= )l iy € M, (E)
we set
k
(1.1.2) b= Zr?faflyiﬂ.
i=1 /"

Then M, ,(E) is a Banach space with respect to this norm.

If y is given by (1.1.1), then

R N
yT =Y = (yij)jnzl’izl .

Fory € E and v € F' we define the tensor products y® v and vQ®y by
(yev)(w):=(wv)y (weF),
(v®y)(u) = u)y (meE).

PROPOSITION 1.1.1. Lety € Eandv € F'. Theny®v € L(F,E), v®y € L(E',F'),
(y®v)  =v®y and|y®v|=|v@y| =y |v|.

Proof. Obviously, y® v and v® y are linear. We have
ly®v|=sup{|(y®@v)(w)| :w € F, |w| < 1}
= sup{[(w,v)||y| : w € F, [w| < 1}
=y,
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which implies y®v € L(F,E). Letw € F and u € E’. Then
(Y®v)(w)u) = ((w,v)y,u) = (w, (y,u)v)
= (w (v®y)(4)).
This proves (y®v)* =v®y. U
PROPOSITION 1.1.2. Let E, F and G be Banach spaces, y € E, v € F', §, €
L(E,G) and S, € L(G,F). Then
S, yev)=(S;y)®v and (y®v)S,=y® (S).
Proof. Forw € F and u € G we have

(S,0®v))(w) = (wv)S;y = ((S;y) @v)(w)
and
(&V)S$) () = (y®v)(Su) = (Su,v)y
= (u,$3v)y = (y®(S))(w). O

A set A C E is called bounded if sup{|y| : y € A} < oo.

Let T € L(E,F). Since the Banach space F is a complete metric space, the
following three conditions are equivalent:
i)  for each bounded subset B of E, the set T (B) is relatively compact;
ii) for each bounded subset B of E, the set 7'(B) is precompact;
iii) for each bounded sequence (y,),. in E there is a convergent subsequence

of (TYn) yen s
see e.g. [DI, 3.16.1]. The operator T is called compact if it fulfils one of these
equivalent conditions.
DEFINITION 1.1.3. Let E and F be Banach spaces, G be a nonempty open subset
of E,and f : G — F. Then f is called differentiable if for each y, € G there are
a linear operator f'(yy) € L(E,F) and amap &,  : G — F such that g, (y) — 0 as
y = yo and
FO) = fo) + £ o)y = yo) + &, 01y = ¥

for all y € G. The operator f'(y,) is called the derivative of f at y,.

PROPOSITION 1.1.4. Let E and F be Banach spaces and assume that the set
S (E,F) of invertible continuous linear operators from E to F is nonempty.
i)Let T € #(E,F)and B € L(E,F) such that |B] < |T~!|7L

ThenT +B € J(E,F) and

(1.1.3) (T+B)7| < +—,

(1.1.4) (r+B)"' 17"

where 8 := [BT!| < L



1.1. Banach spaces 5

ii) The set F(E,F) is open, the map T — T~ from #(E,F) to F(F,E) is
differentiable, and its derivative at Sy € S (E,F) is given by T — —SalTSa1
(T € L(E,F)).

Proof. i): From § = |BT ™| < |B||T~!| < 1 we infer
(1.1.5) i\ N <iT” ‘Z|BT < |
1. L 5

v=0

Hence the series ¥ (—1)¥7~! (BT_I)V converges in L(E, F) and thus defines an
v=0
element in L(E, F). The equations

(T +B) i BT’

v=0

and

yield that T + B is invertible and
(1.1.6) (T +B)” i BT™)".
From (1.1.5) we infer (1.1.3). Finally_,
(T+B) ™' =T~ 1‘<Z‘T |<—_—|T“1|

completes the proof of part 1).
ii): Let S, € Z(E,F). Foreach S € L(E,F) with |S— Sy| < [S5!|~!, part i) yields
S ¢ #(E,F), which proves the openness of .#(E,F). For S € #(E,F) we set

& (S):=

0

1S =Sy (57 = S5 + S5 (S—Sp)S5 ") if S # Sy,
0 if S =5,

Then
ST =551 =551 (S Sp)Sy ' + 1S~ Syleg (S)
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holds for S € #(E,F). For [S— Sy <|S;'|™" and § # S, we conclude from
(1.1.6) with T = S, and B = § — S, that

oo

&5, ()] = 15— S5 | X (~1)785 (5= Sp)s5™)”
v=2
IS — S '561[3
T 1= S-Sl

This proves ESO(S) — 0 as § — S,. Obviously, T — —S(;ITS(;1 is a linear map
from L(E,F) to L(F,E), and |-S;'TS;!| < ’S(;l|2|T| proves its continuity.  [J

1.2. Holomorphic vector valued functions

Let Q be an open nonempty subset of C.

DEFINITION 1.2.1. Let E be a Banach space, y : Q — E, and A, € Q. The vector
function y is called holomorphic at A if there are a number r > 0 and y, € E
(n € N) such that K,(A)) :={A € C: |[A =Xy <r} CQ,

(1.2.1) Y Pl <
n=0
and
(1.2.2) YA) =Y (A =2) yn
n=0

for all A € K,(A,). Because of (1.2.1) the series (1.2.2) is absolutely convergent,
and thus y(A) is well-defined. The vector function y is called holomorphic in Q if
it is holomorphic at each A € Q.

H(Q,E) denotes the set of all holomorphic functions from Q to E; if E; is
any subset of E, then

H(Q,E)) :={f€H(Q,E): f(Q) c EO}.
REMARK 1.2.2. A function f: Q — E is holomorphic if and only if it is (contin-

uously) differentiable, see e. g. [DI, (9.3.6) and 9.10, Problem 1)].

PROPOSITION 1.2.3. Let E|, E,, E; be Banach spaces and - : E; X E; — Ej be

a bilinear and continuous mapping, i.e., |x-y| < Clx||y| for some C > 0 and all
x€E andy€E,. Ifue H(Q,E,) andv € H(Q,E,), then u-v € H(Q, E;), where
(u-v)(A) :=u(d) -v(d) (A € Q).

Proof. Let A4, € Q. There are r > 0, u, € E| and v, € E, for n € N such that
K.(Ag) CQ,

Y ] <o, Y P v < o
n=0 n=0
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and

oo (e

w(d) =3 (A =Ag) un, v(A) =) (A—A)"vn

n=0 n=0
for all A € K,(A,). Then

¥ bl = (X 7l (X ) <

0 k=0

agk

n

and

W(A)v(2) = f;o(a - %)"kiouk Yok
for A € K.(4;). O

We immediately infer

COROLLARY 1.2.4. Let E, F, and G be Banach spaces, T € H(Q,L(E,F)),
Se H(Q,L(F,G)), y € H(Q,E) and v € H(Q, F').
Then ST € H(Q,L(E,G)), Ty € H(Q,F) and y®v € H(Q,L(F,E)).

For T € H(Q,L(E,F)),
p(T):={A € Q:T(A) is invertible }

is called the resolvent set of T and o(T) := Q\ p(T) the spectrum of T. We
set T-'(A) :=T(A)~! for A € p(T). The operator function 7~! is called the
resolvent of T

PROPOSITION 1.2.5. Let E and F be Banach spaces and T € H(Q,L(E,F)).
Then p(T) is open and T~' € H(p(T),L(F,E)).

Proof. Let Ay € p(T). From the holomorphy of T and the openness of .7 (E, F),
see Proposition 1.1.4 i), we infer that A € p(T') for all A in some neighbourhood
of A,. This proves the openness of p(T').

T~ is the composition of A — T(A) (A € p(T)) and S+ S~! (S € FZ(E,F)).
The first map is differentiable by assumption, cf. Remark 1.2.2. Since the second
map is also differentiable, see Proposition 1.1.41ii), the map T-! is differentiable
as the composition of differentiable maps is differentiable, see e. g. [DI, 8.2.1].
This proves T~ € H(p(T),L(F,E)), once more because of Remark 1.2.2. (I

Proposition 1.2.5 can also be proved by calculating the power series expansion
of T~! in a neighbourhood of A € Q. Conversely, Proposition 1.2.3 can be proved
as Proposition 1.2.5 by using the differentiability of the bilinear map, see e. g. [D],
8.1.4].

PROPOSITION 1.2.6. Let E and F be Banach spaces and T € H(Q,L(E,F)). Set
T*(A) ;= (T(A))* for A € Q. Then T* € H(Q,L(F',E")).



8 L. Operator functions in Banach spaces

Proof. Let Ay € Q. Then there are a number r > 0 and, forn € N, T, € L(E,F)
such that K,(4,) C Q,

-]

Y I <o,

n=0
and

oo

TM%:ZM—%VE (A € K (Ay))-
n=0
Since |7,}| = |T,|, we obtain

Y T <o
n=0

whence

oo

T(A) =Y (A=A )"T; (A €K (2))

n=0
is well-defined. Fory € E, v € F' and A € K,(,) we obtain

oo

T (A) = (T(A)yv) = ) (A = A9)"(Ty,v)

n=0

= ¥ (- A T)
n=0

= (T (),

which proves that

Thus 7* is holomorphic. [

Letp e Candye H(U'\ {u},E) for some open neighbourhood U’ of 1. We
say that y is meromorphic at  if there is a nonnegative integer s such that (- — u)*y
has a holomorphic continuation to all of U’. The smallest such number s is called
the pole order of y at i1, and 1 is called a pole of y if this number is positive. Note
that y has a holomorphic extension to g if and only if the pole order is zero. Since
(- — u)*y is holomorphic at 1, the Laurent series expansion

oo

y= Z ('—.u)jyj‘

j==s
holds in some punctured neighbourhood of . We call
-1

Z ( ‘.u)j}’j

j=s

the principal part of y at .
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Let U be an open subset of Q and y € H(U, E). We say that y is meromorphic
in Q if Q\ U is a discrete subset of Q and y is meromorphic at each point i in
Q\U.

1.3. The inverse of a Fredholm operator valued function

Let Q be a domain in C and E and F be Banach spaces.

THEOREM 1.3.1. Let T € H(Q,®(E,F)) and assume that p(T) # 0. Then o(T)
is a discrete subset of Q and T~ is a meromorphic operator function in Q. If
peo(T), then T~ hasapoleat , i. e.,

(1.3.1) 7' = .Z (-—wys;,

in some punctured neighbourhood of U, where s, € N\ {0} and S_g , # 0. In
addition, for —s,, < j < —1 the operators S o are degenerate operators, i.e.,
dimR(S; ) < o, and S, , € ®(F,E) with indSy , =0. T~ is called a finitely
meromorphic operator function, ¢f. GOHBERG and SIGAL [GS].

Proof. Let Q, be the set of all u € Q such that U\ {u} C p(T) for some neigh-
bourhood U of u. Define €, to be the set of all u € Q having a neighbourhood
which is contained in 6(7). We assert that Q = Q, UQ,. Obviously, p(T) C Q,
since p(T) is open by Proposition 1.2.5. Now let it € o(T). Since T(u) is a
Fredholm operator, there are a finite-codimensional subspace M C E and a finite-
dimensional subspace N C F such that

(13.2) E=M+N(T(x)), F=R(T(un)+N.

We may assume that M is a closed subspace of E, see e. g. [KA, p. 135]. T(u) is
a Fredholm operator and thus R(7 (1)) is a closed subspace of F, see e. g. [GO,
Corollary IV.1.13]. Hence the direct sums in (1.3.2) are also topologically direct,
see e. g [TL, p. 247]. This yields the operator matrix representation

(133)  T()= (21&1; 22&%) M4+ N(T () = R(T (1) + N

for A € Q. The operators T;; (i, j = 1,2) are holomorphic in Q. For example,
T,,(A) = QT (A)P, where P is the continuous embedding of M into M +N(T'(u))
and Q is the continuous projection of R(T (1)) + N onto R(T (1)). Form € M and
n€ N(T(u)) we have

Ty, (1)m = T(w)m = T (1) (m+n).

This immediately shows that N(T,, (1)) = {0} and R(T}, (1)) = R(T (). Hence
T,,(u) is invertible. Thus the operator T},(A) : M — R(T(u)) is invertible for
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each A in some neighbourhood U of p since p(T},) is open by Proposition 1.2.5.
In U we consider the SCHUR factorization

7, T
(1_3‘4) ( 11 12)
T21 T22

_ (Y O (T 0 idy Tﬁlle)
T, T;' idy )\ 0 Tp=T,T'Ty, ) \ O idyr,,

It is easy to see that the right-hand factor and the left-hand factor on the right-hand
side of (1.3.4) are invertible on U, e. g.

. _ —1 . _
<1dM T;'Ty, ) _ <‘dM ’T111T12>
0 iy 0 Wy

S(A) = Tp(A) = T,y (T (M T,(A) (A €V).
The representation (1.3.4) yields that 7(A) is invertible for A € U if and only if

("5 sh)

is invertible. Since T, is invertible on U, we infer for A € U that T(A4) is invert-
ible if and only if S(A) has this property. S(1) : N(T(¢)) — N is a linear operator
in finite-dimensional spaces. If dimN # dimN(T(u)), then S(A) is not invertible
forany A € U, and p belongs to Q, . If dimN = dimN(7 (1)), then S(A) is invert-
ible if and only if detS(1) # 0, where the determinant is taken relative to some
bases of N and N(T(u)). Since the holomorphic function detS is zero in some
neighbourhood of i or does not have a zero in some punctured neighbourhood
of i, we infer that i belongs to 2, U€,. The openness of the sets Q, and Q, and
Q,NQ, = 0 are obvious by definition of Q, and Q, . Since Q is connected and
Q, D p(T) # 0, the set Q, is empty, which proves the discreteness of o(T).
Now let 1 € 6(T) and S be defined as above. By CRAMER’S rule, applied to
the matrix corresponding to S(A) with respect to some bases of N and N(T (1)),

we obtain a holomorphic operator function S : U — L(N,N(T(1))) such that

on U. We set

detS(A)idy = S(A)S(4).
The SCHUR factorization (1.3.4) yields

T—1:<idM "Tl—llle) (Tﬁ‘ 0>(idk<r<u)) 0>
0 ldN(T(u)) 0o s ‘T21T1—11 idy

- 17 ¢ -1 -1
- Tnl 0 + (detS)™! T leSTle“ -T11~T125
0 90 —ST, T};! S
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in some punctured neighbourhood of y. Since detS is a holomorphic function
which is not identically zero and S is an operator function in finite-dimensional
spaces, we obtain

(det )" <T1717125T21T1Tl —T1_11T125 _ i (-~ 1A,

3T, 1! S =} ”‘
in some punctured neighbourhood of y1, where 5, is the order of the zero of detS
at pandall A; , are degenerate operators. Suppose that T~! is holomorphic at
[. Since TT~! = id; and T-IT = id; in some punctured neighbourhood of u,
this would imply 7(u)T (1) = id; and T~ (u)T (u) = idg , which contradicts
@ € o(T). Hence T~! has a pole of order s, <5, at 11, the representation (1.3.1)
holds with §; , = A, for —s, < j< -1,

T, ()" 0
Sop = < 11(61) 0) +Ap, € P(FE)

since the sum of a Fredholm operator and a degenerate operator is a Fredholm
operator, and

-1
indS, , = ind (TH((‘)‘) 8) = ind T, (1)~ +dimN — dimN(T (1)) = 0.

For the the arguments used in the proof of the properties of §, | see e.g. [KA,
Theorem 1V.5.26]. O

PROPOSITION 1.3.2. Let T € H(Q,P(E,F)) such that p(T) # 0 and let pu €
o(T). The holomorphic part in the Laurent series expansion (1.3.1) is called the
reduced resolvent of T with respect to |1 and denoted by S,,. In a neighbourhood
of L we have

o —1

(1.3.5) Su= L (—m)S;, =T = ¥ (—w)S;,,

j:O j:_s#

which shows that S,, € H(p(T)U{u},L(F,E)). If the pole order of T Varpist,
then

(1.3.6) T () Su(u)T (1) =T(1).
If T is a polynomial of degree 1, then
(1.3.7) Su()T (1) Su(p) = Su ().
Proof. Let

T= i(- - 1)'T;
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be the power series expansion of T at u. First we consider the case that T-!has a
pole of order 1 at . From T7!T = id, we infer

S 1,T5=0,
and 7T~ = id, yields
(1.3.8) ToSou+TiS_1p =idg .
Thus
T(u) =TSy, To+ 1S,y To = T(1)Su ()T ().
Now let T be a polynomial of degree 1. In this case, (1.3.8) also holds. Hence
Su()T (1)Su(p) = S0, = SouTiS_1 -
From T~!T = id; and TT ! = id; we infer
Seplt = ~Siriulo and ToS_, ;. = “TiS_4 oy
for k € N, where S_ = 0 for j > s, . These identities yield
SO,yTIS—l,y = —Sl,pTOS—l,u = Sl,uTIS-—Lu
= =8,ul|S 0.
Hence (1.3.7) is proved. [

"3;1“17“ -

In the following examples we shall see that (1.3.6) and (1.3.7) are not neces-
sarily true without the restrictions imposed in Proposition 1.3.2.

EXAMPLE 1.3.3. Let T € H(C,L(C?)) be given by

T(A):(g 7{) (Le0).

i.e., 0is a pole of T of order 2. Obviously,

0 1
T(0) = (0 O) , Sp(0)=0.
Hence (1.3.6) does not hold. [
EXAMPLE 1.3.4. Let T € H(C,L(C?)) be given by

T(A) = <_‘/1 /fz) (2 €0).

T is a polynomial of degree 2 and

I
I (A) = (E *i“) (2 €C\{0,~1}),
1+A

A+AZ
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i.e., 0is a pole of T of order 1. Obviously,

0=y o). 50=(7 7).

0 0
507050~ (] o)
This shows that (1.3.7) does not hold. [
EXAMPLE 1.3.5. Let T € H(C,L(C?)) be given by

T(A) = <_11 fz) (AeC).

T is a polynomial of degree 2 and

1 _ L
T“(l)=(f f*) (A € C\{0}),

sy Ty
1
2 0}
0 0

i.e., 0 is a pole of T of order 2. Obviously,
1 0
1.4. Root functions of holomorphic operator functions

Hence neither (1.3.6) nor (1.3.7) holds. [

Let Q be a domain in € and E and F be Banach spaces.

DEFINITION 1.4.1. LetT € H(Q,P(E,F)) and u € Q. The vector function y in
H(Q,E) is called a root function of T at u if y(u) # 0 and (Ty)(u) = 0. The
number v(y) denotes the order of the zero of T’y at  and is called the multiplicity
of y (with respect to T at [1).

Since, by Theorem 1.3.1, the inverse of a holomorphic Fredholm operator
valued function on a domain is meromorphic if its resolvent set is nonempty, we
obtain

LEMMA 1.4.2. Let T € H(Q,®(E,F)) such that p(T) # 0. Let u € o(T) and
denote the pole order of T~ at u by 5y. Then

sy =max{v(y) : y root function of T at j1}.
Proof. Let y be a root function of T at y. Since (- — p)**T~! is holomorphic at
M, 1
(—u)ry=(—p)T" Ty
has a zero of order > v(y) there. From y(u) # 0 we infer v(y) < s,. This proves

sy > max{v(y) : y root function of T at p}.
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For the proof of the reverse inequality, we use the Laurent series expansion

T—l = Z ( _’J')ij#
J=—syu
in a punctured neighbourhood of i, where the operators S; , belong to L(F,E)
for j = —s,,—s,+1,... and S_su}# # 0. Choose x;, € F such that S—su,uxo #0.
Setz:= (- — u)% T~ 'x,. The function z is holomorphic at t, z(it) = S s, u%0 70,
and Tz = (- — it)**x, has a zero of order s, at yt. Then the Taylor polynomial
~1
Y= Z (- _.u):“+ij,px0
J==5u

of z at yt of order s, — 1 is a root function of T at g with v(y) >s,. [

Though it is useful to have a root function defined as a holomorphic function,
in general we only need the “principal part”

of a root function y at i, where

is the power series expansion of y at gt. Thus we can deal with polynomials, if
necessary. On the other hand, we often only need a power series expansion in a
neighbourhood of y; i.e., it is sufficient to have a root function of 7" at i defined
in a neighbourhood of p.

Let T € H(Q,®(E,F)) such that p(T) # 0. Let 4 € o(T) and n € N\ {0}.
Then L, denotes the set of all y, € N(T(p)) such that there is a root function y
with y(u) =y, and v(y) > n. Obviously,

(1.4.1) L,:=L,U{0}
is a subspace of N(T'(u)). For j € Nwith 0 < j <nul T(u) we define
(1.4.2) m; :=max{n € N\ {0} : dimL, > j}.

The numbers m j are called the partial multiplicities of T at . They are well-

defined since L, = N(T(u)) and L, = {0} if n is larger than the pole order of 7!
at 4. Obviously, mpzmg,.
The number r = dimN(T (i) is called the geometric multiplicity of T at u,
and the number r
m=Ym
j=1

is called the algebraic multiplicity of T at L.
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REMARK 1.4.3. Let0 < j <nul T(y). ThendimL, ., < j<dimLy, .
J

PROPOSITION 1.4.4. Let T € H(Q,®(E,F)), assume that p(T) # 0 and let | €
o(T). Let 0 <r <nulT(u)andlety,,...,y, be root functions of T at |1 such that
y (1), yr(1t) are linearly independent.

The following conditions are equivalent:

i) v(y;) = max{V(y) :yisa rootfunction of T at u and

(1) ¢Span{yl )y (W} G=1...,1),
i vo)=m, (=L,
1ii) v(y;) 2 m; (j= )7

Proof. 1) = ii). The condition i) implies v(y,) > v(y,,,) (k=1,...,r—1). Let
j€{l,...,r}. Then

span{y; (1), ¥, ()} C Ly, -

We infer dimL, V) 2 > j. Hence m; > v(y;) by (1.4.2). We know that there is

a vector y, € L,,, \span{yl )s- ..,yj_l( W)} since j—1< dlmL,,,j, see Remark
1.4.3. By the deﬁmtlon of Ly, there is a root function y with y(u) =y, and
v(y) > m; . Hence the number on the right-hand side of i) is greater or equal m;,
ie., v(y; ) > m;. Thus we have proved v(y;) =m;.
The conclusmn i) = iii) is obvious.
i) = i). Let j € {1,...,r}. Since y (i) ¢ span{y;(1),...,y;_; (1)}, we see
that v(y;) does not exceed the number on the right-hand side of i). We set i:
v(y )+ 1 Fork=1,...,dimL; we have i < m, and thus i < v(y,) by assumption
iii). This proves that y, (1) € L, for k=1,...,dim L. Hence

(1.4.3) L= span{yl(u),...,ydimL_(u)}.

From v(y]) = [~ | and the assumption v(y ) > m; we conclude m; < and thus
J>dimL; . In view of (1.4.3) we infer

(1.4.4) L; Cspan{y,(1),...,y;_, (1)}

Now let y be a root function of T at y with y(u) & span{y,(§),-..,y;_; (#)}.
Because of (1.4.4), y(u) & L;, which implies v(y) < i. Therefore v(y) <i—1=
v(y;). This proves that i) holds. [

DEFINITION 1.4.5. Let T € H(Q,®(E,F)), p(T) #0 and 1 € 6(T). A system
{¥;,.-.,yr} of root functions of T at u is called a canonical system of root func-
tions (CSRF) if {y, (1), ...,y-(1t)} is a basis of N(T (1)) and one of the equivalent
conditions i), ii) or iii) in Proposition 1.4.4 is fulfilled.
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PROPOSITION 1.4.6. Let T € H(Q,P(E,F)), p(T) #0 and n € o(T). We set
r=nulT(u) andletk € {0,...,r —1}. Lety,,...,y, be root functions of T at i
with V(y;) > m; for j=1,....k such that y (t),...,y, (i) are linearly indepen-
dent, where the numbers m; are the partial multiplicities defined in (1.4.2). Then
there are root functions y, ,,,...,yr of T at W such that {y,,...,y,} is a canonical
system of root functions of T at L.

Proof. With r, :=dimL, we have r = r;. If my:=m; +1, then L, = {0} by
definition of m,. From v(y;) > m; > m, for j=1,...,k we infer

y](:u)aayk(.u') € Lmk-

Choose root functions y,  ,...,y,, such that
k

span{y, (1), ... + Vi, (1)} =Ln,

and v(y;) > m (> mj) for j=k+1,....ry . Forn=m —1,m —2,...,1 there

are root functions y, RRTERRE o of T at ut such that
n+

Ln+1+span{yrn+]+1(U)’ ce s Y (U)} =L,

and v(y;) >nfor j=r, ,+1,....r,. Forthese j wehave j>r, , =dimL,
and hence n+1 > m;. Thus m; <n < v(y;). This proves that condition iii) of
Proposition 1.4.4 holds for all j € {1,...,r}. From

N(T(u)) = L, +Span{y,2+l(/.i), oy}
== Lmk + Span{yrmk+1 (#), cue ayr(/'l)}

= Span{yl (‘Ll), L ayr(.u)}
we infer that {y, (&),...,y,(u)} is abasis of N(T(u)). O

Taking k = 0 in the above proposition we obtain
PROPOSITION 1.4.7. Let T € H(Q,®(E,F)), p(T) #0and p € 6(T). Set r :=
nul T (). Then there is a canonical system of root functions {y,,...,y,} of T at L.
Another result on completing incomplete systems of root functions is the fol-
lowing one:

PROPOSITION 1.4.8. Let T € H(Q,P(E,F)), p(T) # 0 and p € o(T). Set
re=nulT(u). Let x;,...,x, (0 <k <r) be root functions of T at [L such that
x; (1), ..., x, (1) are linearly independent and such that for each set AC {1, ...k}
and for each root function y of T at pt with y(it) € span{x;(1t): j € A} the estimate

(1.4.5) v(y) <max{v(x;) : j € A}

holds. Then there is a canonical system of root functions y,,...,y, of T at | such
that {x,...,x.} C{yy;---, o}
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Proof. We first take those x i (1), ..., x; (1) which belong to L,,, . Then we choose

Zoypr-eorZry € Lm, such that {le (u),... ,xj_\.(u),st,...,z,ml} is a basis of Ly, .
Here r,, := dimL,. Now we set y, := X; fori=1,...,s, and we choose root
functions Ygs1r+++2Yry Of T at i of multiplicity m; such that ;) =z, for j =
s+ 1. 7m.

Next we take those x; (i4),...,x, (1) which belong to L, \Lp,. The as-

sumption (1.4.5) says that1 "
Lml N Span{xkl (,U.), cee ,ka([l)} = {0}

Then we choose Welfyeer Wes where §' ;= dim Lml_l - dimL,,,l, such that

Lm]——l = Lml + {xkl (IJ')7 a-xk.\,(.u')awf.}.p"' awsl}-

Wesety, , :=x fori=1,...,§and for j=5§+1,...,s we choose root functions
ny i

Y jtrm, of T at y of multiplicity m, — 1 such that Yjtrm, (1) = w,. Proceeding in

this way, we obtain a system {y,,...,y,} of root functions with {x,...,x.} C

{¥\,---,yr}. By construction, y,(),...,y, (i) are linearly independent. From
j < dim L,,,j we infer yj(u) € L,,,/_. Therefore v(yj) > m; follows if we show

that v(y) < v(y;) holds for each root function y of T at u with y(u) = yi(p). If
Y =%, for some j, this follows from (1.4.5) with A = j/. And ify, & {x;, .., x5},
it holds by construction. [J

PROPOSITION 1.4.9. Let T € H(Q,D(E,F)), p(T) #0 and u € o(T). Let
{¥,--.,yr} be a canonical system of root functions of T at l. Then

Ly, =span{y (t) : j <dimL,} = span{y;(it) : m; > n}
holds for each n € N\ {0}.

Proof. Since there are no root functions y of T" at &t with v(y) > m,, we have
L, = {0} = span{y, (1) : j < dimL,} forn>m,.

Now let n € N\ {0} withn <m, and set r, := dimL, < r. The definition of m; in
(1.4.2) yields n < m,,, and hence v(y,) > --- > v(y,,) > n follows. This proves
that L, D span{y; (i) : j < rs}. Since y,(),...,yr, (1) are linearly independent,
we obtain that span{y (i) : j < r,} is an r,-dimensional subspace of L,. From
r, = dimL, we infer L, = span{yj(u) 1 j<dimL,}.

The second equality follows since, by definiton of m i dim L, > j holds if and
onlyifm;>n. 0O
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1.5. Representation of the principal part of a finitely meromorphic operator
function

Let © be a domain in C and E and F be Banach spaces.

PROPOSITION 1.5.1. Let N be a finite-dimensional subspace of E and {y,,...,y,}
be a basis of N. Assume that A € L(F,E) and R(A) C N
Then there are v, ,...,v, € F' such that

k
A= Zy,.@vi.
i=1

Proof. The HAHN-BANACH theorem yields a family (u ( ) | in E' which is bior-
thogonal to (y,)*_,i.e., (yjsu;) = 6;; holds for i, j=1,..., k; see e. g. [HO, p. 51].
It follows that

k
y=Y )y, (YEN).
i=1

Fori=1,...,k wesetv,:= A*u,. Let w € F. Since Aw € N, the above equation
yields

=~

k
Zy,@v O
i=1

M»

Aw =) (Aw, u
1

1=

:1

REMARK 1.5.2. Let N be a finite-dimensional subspace of F' and {v,,...,v,} bea
basis of N. Assume that A € L(F,E) and R(A*) C N. Then there are y,,...,y, € E
such that

k
A= Zy,-@vi.
i=1

Proof. The linear independence of the v,,...,v, implies that there is a family

(x;)%., in F which is biorthogonal to (v;)¥_;; see e. g. [RR, p. 32]. Setting y; := Ax;,
we obtain as in the proof of Proposition 1.5.1 that

k
= Zvi®yi.
i=1

PROPOSITION 1.5.3. Let E| and E, be Banach spaces and [ € Q. Assume
that xy,...,x, € H(Q,E|) and z,,...,z, € H(Q\ {u},E}). Assume that the vec-
tors x;({t),...,x.(i) are linearly independent and that the functions z,,...,z, are
r
meromorphic at 1. If ¥, x;®z; is holomorphic at |1, then all the z; (j=1,...,r)
j=1
are holomorphic at |L.
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Proof. There are a neighbourhood U C Q of u and for each j € {I,...,r} an
integer s; € N such that

oo

5= Y (A-wid)  (aev\{u}).

l-——SJ

Suppose that the assertion of the proposition does not hold. Then it follows that
s:=max{i e N:3je{l,...,r} zﬁ._i) # 0} > 0. From the holomorphy of the x;
r
and of ) x; ®z; at u we obtain
i=

r

(1.5.1) Y A ex(u) = (( —u)s(ixi@%)*)(#)

=1

Il
e

We fix some j € {1,...,r} such that z s) £ 0. Since the x,(11) are linearly inde-
pendent, the HAHN-BANACH theorem yields an element w € Ej such that

(xi(.u)7w):5ij (i=1,...,r),
see €. g. [HO, p. 51]. Then (1.5.1) leads to the contradiction

9= ¥ ()l =0, O

=1

THEOREM 1.5.4. Let T € H(Q,P(E,F)), p(T) # 0, and let p € 6(T). Let
{¥1,..,¥r} be a CSRF of T at [. Then there are polynomials v;: C — F' of
degree less than m and a function D € H(U,L(F,E)), where U C Q is a suitable
neighbourhood of W, such that

(1.5.2) T-'(A) = i(/’t—u)_”'fyj(l)@)vj(l)—l—D(l)
j=1

for all & € U\ {u}. The polynomials v; are uniquely determined by the system
15wk
(1.5.3) {v(,...,v,} isa CSRF of T*at U,
v(v;)=m; (j= 1,...,r), where my,...,m, are the partial multiplicities of T at
U, and the biorthogonal relationships

4

1 d
(1.5.4) ﬂm(ni,h7vj>(U) 5,15,,1 Y
(1Sigr,1§h§mi,1§j§r,0§l§mj—l)
are fulfilled, where
Mp(A) = (A = ) ~™"(Ty,) (A).
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Proof. Let s be the pole order of T~ at u. First we prove the following statement
by induction:

(1.5.5) For x =0,...,s and j = 1,...,r there are polynomials v :C — F' of
degree less than m j such that the pole order of

(1.5.6) T =Y (=) iy @V
j=1

at it does not exceed s — K

For k =0, (1.5.5) holds with V? =0(j=1,...,r). Suppose that the statement
(1.5.5) is fulfilled for some 0 < x < 5. We set

o0

(1.5.7) AQy:= Y (A-w'a

l=—5s+K
= TA) = Y (k- )y, () @ VE(R)
=1

for A in some punctured neighbourhood of p (where A, € L(F,E)). For j €
{1,...,r}, (= u)™"Ty; is holomorphic at u because of m; = v(y;). Hence,
by (. 5 7, Proposntion 1.1.2 and Corollary 1.2.4, TA is holomorphic at f. For
Yo € R(A_s, ) \ {0} choose some x € F such that y, =A_ _ ,.x and define y(A) :=
(A — 1)*"®A(A)x. y is aroot function of T at u with y(1t) =y, and v(y) > s -«
This proves R(A_;, ) C L,_,, where L,_, is defined by (1.4.1). By Proposition
1.5.1 with N = L;_, and Proposition 1.4.9 we find z; € F' (j=1,...,r) such that

dimL,_,

(1.5.8) Aspe= ), y(W)®z;=) y,(1)®z
j=1 j=1
Wherezj::Oifmj<s—K. We set

VL (Q) == V) (A= )™ (=100,

The v;‘“ : C — F' are polynomials of degree less than m . From (1.5.7) and

J
(1.5.8) we conclude that

T71(A) = Y (A — 1)y, (M) ®vEF I (A)

j=1

—A) - Y (- )y, () @,
j=1

J

o0

= X (l—u)’A,—Za W) () ~ (1) ®1;,

I=—s+K+1 j=1

whence (1.5.5) holds for k + 1 since the pole order of (- — p) =" (y; —y; (1)) at
W is less than s — x.
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The assertion (1.5.2) follows if we set v; := v} (j=1,...,r).
To prove uniqueness let

T(R) = Y (A - )y, (1) @ 5(A) + DA
j=1

for A in a punctured neighbourhood of y, where ¥, : C — F "(j=1,...,r) are

polynomials of degree less than m j and D is holomorphic in a neighbourhood of
H. Then

;yj@) ((-=p)y™i(v;=9))=D-D

is holomorphic in a neighbourhood of . Since y,(it),...,y-(1) are linearly in-
dependent, the functions (- — )" (v; — V) are holomorphic at {1 by Proposition
1.5.3. As v; and ¥; are polynomials of degree less than m ; , we obtainv; =V, = 0.

We still have to prove the assertions (1.5.3) and (1.5.4). Multiplying (1.5.2)
with T (1) from the right-hand side yields

r

(1.5.9) id; = Z(,l — )™My (A) ® (T*v,)(A) + (DT)(A)

j=1
for A € U\ {u}. Hence the sum

Yy ®(—p) Ty,
j=1

is holomorphic in U. Since y,(i),...,y-(i) are linearly independent, the func-
tions

(1.5.10) (=) ™T (j=1,...,0)
are holomorphic at i by Proposition 1.5.3. We apply (1.5.9) to y,(4) and obtain

r

yi(A) =Y (A=) "y (A), (T*v))(A))y;(A) + (DTy,) (A)

j=1
for A € U\ {u}. At u the vector function DTy, has a zero of order at least m,,
whence

Z )’j{(' - /'l)_mi(Sij —((-- N)‘”l’Tyi7Vj>)}
j=1
is holomorphic there. Thus, by Proposition 1.5.3 with E, = C, the functions
(=)™ (8 = (=)™ Ty,v,)) = (= )" (8 = {(- = ) ™™ Ty, ;)

fori, j=1,...,rare holomorphic at u. We infer fori, j=1,...,randh=1,...,m,
that the function

8- =)™ = (- = ) Tyv))
has a zero of order not less than m at 11, whence the equations (1.5.4) are proved.



22 I. Operator functions in Banach spaces

In (1.5.4) we set h = m; and [ = 0 and obtain

(1.5.11) (ni’mi(u),vj(u)) =8, (,j=1,...,r).
These equations show that the vectors v, (it),...,v,(i) are linearly independent.
Since the vector functions in (1.5.10) are holomorphic at , the v; (j=1,...,7)

are root functions of 7* at 4 with v(v;) > m,.
We multiply the equation (1.5.2) with T'(1) from the left-hand side and obtain

r

idp = Y (A — 1) ™ (Ty)(A) @ v,(A) + (TD)(2)

j=1
for A € U\ {u1}. Forming the adjoint yields

r

idp =Y (A — ) ™"w;(A)® (Ty))(A) +(D'T7)(A)

Jj=1
for A € U\ {u}. Let v be a root function of T* at u. The above equation yields

r

v(d) = Y (A= @)™ {(Ty)(A),v(A))v;(A) + (D' T"v)(A)

j=1
for A € U\ {u}. As u is a zero of T*v, it follows that
(1.5.12) v(p) =Y ((C=p)™™Ty,) (1), v(1))v, (1),

J=1

which proves that v(it) € span{v,(u),...,v.(@t)}. Hence {v,(t),...,v-(1t)} is a
basis of N(T*(u)). If 1 <k <rand

v(u) & span{v (1t),...,v;_, ()},
then, by (1.5.12), there is an integer j > k such that the function
((-—w)™™Ty;v)
has a non-zero value at (. But this function is equal to
(yja ( - ﬂ)_"lfT*V>»
whence v(v) <m;. Since j > k, the inequality m; < my holds. Furthermore,
m, < v(v,) as was shown above. Thus v(v) < m, < v(v,). We infer that

v(v,) = max{v(v) : v is a root function of T* at i and
V(‘U) g Span{vl (uu)a A avk_l (,LL)}}
and v(v,) = m,. This proves the assertion (1.5.3). [

An immediate consequence of the properties of the CSRF of T* is

COROLLARY 1.5.5. Let T € H(Q,P(E,F)), p(T) # 0 and i € o(T). Then
nul7(u) =nulT*(u), and the partial multiplicities of T and T* at i coincide.
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COROLLARY 1.5.6. Let T € H(Q,®(E,F)), p(T) # 0, and u € o(T). We set
r=nulT(u). Then there are root functions y,,...,y, of T at p and vy,...,v, of
T* ar [ such that the following properties hold:

viy)=vlv)=m; (j=1,...,r)

d . :
(1.5.13) m(ni,vj)(u) =6;0, (1<i<nl<j<r0<i<m;—1),

where
n; = (-— )™y, (i=1,...,r);

d* . .
(1.5.14) m(yivz:j)(u') =6,;0, (1<i<nl1<j<n0<i<m—1),
where
C_] :( —ILL)—’”}T*VJ (.] = 1’ ,r)’
(1.5.15) D:=T"'=Y (-—p) ™"y, ®v,

is holomorphic at [t. The systems {y,,...,y,} and {v|,...,v,} fulfilling the above
properties are called biorthogonal CSRFs of T and T* at L.

Proof. Choose a CSRF {y,,...,y,} of T at u according to Proposition 1.4.7. Let
{v|,...,v.} be aCSRF of T* at u according to Theorem 1.5.4. Then (1.5.13) and
(1.5.15) immediately follow from (1.5.4) and (1.5.2). The relationships (1.5.13)
say that each of the functions §,; — (1;,v;) (i, j = 1,...,r) has azero of order > m;
at pt. The definition of the { ; and the 77, immediately yields

&=l = —U)"li_m’(Sij - <77n"j>) (i,j=1,...,r).
Hence each of these functions has a zero of order > m; at it. This proves (1.5.14).
O

REMARK 1.5.7. The biorthogonal relationships in (1.5.13) are formally weaker
than the biorthogonal relationships (1.5.4). But they are easily seen to be equal if
we observe that (1.5.4) means that, fori,j=1,...,randh=1,...,m,

(- /J)mi_h(aij —{(n;v;))
has a zero of order > m jatp, whereas (1.5.13) means that this holds for # = m;.
REMARK [.5.8. Assume that T € H(Q,P(E,F)), p(T) #0 and pt € o(T). Let
{v,...,v-} beaCSRF of T* at yt. Note that the numbers m; = v(v;) (j=1,...,7)
are the partial multiplicities of T and T* at . Then there exist polynomials
y;: € - E of degree less than m; and a function D € H(U,L(F,E)), where U C Q
is a suitable neighbourhood of p, such that {y,,...,y,} is a CSRF of T at y and
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the representation (1.5.2) as well as the biorthogonal relationships (1.5.4) hold,
where the polynomials y,,...,y, are uniquely determined by v,...,v,.

Proof. This is analogous to the proof of Theorem 1.5.4. We only have to use
Remark 1.5.2 instead of Proposition 1.5.1 in order to obtain a representation

A = Zx ®V

with x; € E. Now we proceed as in the proof of Theorem 1.5.4, considering T*
instead of 7. [

Often it is not easy to find the partial multiplicities or to check condition i)
of Proposition }.4.4. But the following theorem says that an estimate of the mul-
tiplicities of root functions and the validity of biorthogonal relationships is suffi-
cient to find biorthogonal CSRFs.

THEOREM 1.5.9. Let T € H(Q,O(E,F)), p(T) #0, u € 6(T) and r:=nul T ().

Let k; > --- > k, be positive integers, y,,...,y, be root functions of T at |1, and
Viyeoos Vr be root functions of T* at [ Assume that v(y;) > k; and v(v;) > k; for
j= 1,...,r. Set

n, = (-—u)‘kiTyi (i=1,...,r).
Then the following properties are equivalent:
i) the systems {y,,...,y,} and {v,,...,v,} are biorthogonal, i. e.,
d! . .
(1.5.16) W(ni,vj)(u):d.jﬁo, (1<i<nl SJSr,OSISkj—l);

il) the operator function
-1} —k;
(1.5.17) D:=T -Zl(.-u) y;®v;
j:
is holomorphic at u.
If one of these properties holds, then {y,,...,y,} isa CSRF of T at 1, {v|,..., v/}
isa CSRF of T* atpt, and v(y;) = v(v;) =k for j=1,...,r
Proof. 1) = ii); Set
§=(—wy™hTY, (j=1,...,1).
These functions are holomorphic at y as v(v j) 2> k;. The definition of g ;and 7;
immediately yields

(1.5.18) 8= 8) = (=8, — (mpvy)) (L=1...0).
By (1.5.16), the functlon & — <77,an>
we infer that (- — pt)%~ ( —{n;v))

(15.19) <y"g>('u) 8, (ij=1,..,n).

has a zero of order > k at it. Since k; > 0
) has a zero at p. This proves
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Thus the linear independence of the vectors y,(¢),...,y,(¢) is proved. From
r=nul T(g) we infer that {y,(u),....y-()} is a basis of N(T(p)). Since T~!
has a pole at 1, D also has a pole at 1t or is holomorphic there. Hence there is an
integer K such that

(1.5.20) D(A) = i (A — 1) Dy
K=K

in a punctured neighbourhood of pt. Suppose that K, < 0 and Dy # 0. From the
definition of D in (1.5.17) and the definition of 1 ;we obtain

,
(1.5.21) TD=id;—Y n,®v;

J=1
This proves that 7D is holomorphic at u as the vector functions 7, and v ; are
holomorphic there. Since T(1)Dy is the coefficient of (- — )% in the Laurent
series expansion of TD at i, we have T(N)qu, = 0. Hence

R(Dy,) C span{y, (i), -, yr(K)}-
Choose some x € F such that Dy x # 0. The biorthogonal relationships (1.5.19)
imply that
(1.5.22) (D x, Cjo(,u)) #0 forsome jj € {1,...,r}.

The function (Dx,T*v j0> = (TDx,v jo> is holomorphic at u. From (1.5.20) we
infer the expansion

(Dx,T*VjO> =(- “)KOH"O (D %, Cjo(/.i)) + terms of higher order.

In view of (1.5.22) and x;, < O this shows that (Dx,T*v jo> does not have a zero
of order > kjo . For j = 1,...,r the biorthogonal relationships (1.5.16) yield that
the function 51',10 —{n; vjo) has a zero of order > k/'o at . In view of (1.5.21) we
obtain that

(Dx,T*v; ) an i)

has a zero of order > k . This Contradlctlon proves the holomorphy of D at .
Let i) be fulfilled. We shall prove that {y,,...,y,} is a CSRF of T at u,
{vi,-..,v,}isaCSRF of T* at u and v(y ) =v(v;) =k forj=1,...,r. We have
shown that {y,(14),--.,y-(u)} is abasis of N(T(1)). From (1.5.16) with =0 we
infer that the vectors v, (u),...,v, (i) are linearly independent. This shows that
{vi(u),...,ve (1)} is a basis of N(T*(u)) as nul T(¢) = nul T*(u), see Corol-
lary 1.5.5. By Definition 1.4.5 and Corollary 1.5.5 we know that {y,,...,y,} and
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{vy,...,vr} are CSRFs if we prove that kj>m;forl <j<r, where the numbers

m; are the partial multiplicities of T at u Suppose that there is a j, € {1,...,r}
suchthatkj ij for1 <j<jy—1 .emdkj0 <m . Setyj:yj for j = 1,...,]0 l.
By Proposition 1.4.6 there are root functions )7]-0, ..., ¥, such that {§,,...,¥,} is a

CSRF of T at . We choose the CSRF {¥,,...,¥,} of T* at u according to Theo-
rem 1.5.4. By (1.5.2) the operator function

- 21( - U)—mj)jj ®‘7]’
j:

is holomorphic at i. Since the property ii) holds, we infer that the operator func-

tion
r r

Zl( - u)—”ljfj ® ‘7]' - X:l( - U)_kj)’j ® Vj
Jj= j=
is holomorphic at (2. We multiply the above operator function by the holomorphic
function (- — )™ ™" and obtain that
Jo! 4, —1 —k i, —1
Y 5@ (- ) = (=) )

+ Z }71‘® ( _#)—mj+mj0—l‘.}.j
J=lo
is holomorphic at u since (- — /,L)—kf+""'o_l is holomorphic for j = ji,...,rask; <
kjo <m; . Since the §,(14) are linearly independent, Proposition 1.5.3 yields that
(-— u)‘lﬁjo is holomorphic at 1, i.e., we have 171.0(/1) = 0. But this is impossible
since ‘7,‘0 is a root function. Finally, k; > m; implies m; < k; < v(yj) =m,
whence k; = v(y;) and, similarly, k; = v(v;) for j=1,...,r
ii)=>i): Let y € N(T(u)). Property ii) yields

Y )y, @) (T (R

j=1
=y= Y 0 ((-—w)7NT) (1))y; (W),
j=1
whence N(T (1)) C span{y,(¢),...,y-(1)}. Here we have used that the vector
function (- — p)~ /T*v is holomorphic at u since v(v ) > k;. From the assump-

tion that dimN(T (u)) = r we infer that y, (1), .. ,y,(/,L) are lmearly independent.
By property ii), for each i € {1,...,r} the function

Z yl, (T’l - Z:l( - u)_kjyj®vj)Tyi
j:
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has a zero of order > k; at u since v(y,) > k; . From Proposition 1.5.3 with E, =C
we infer that for i, j = 1,...,r the functions

(=)™ (8= (Mv)) = (= ) ™5(8; — 3, §;))
are holomorphic at g, which yields the biorthogonal relationships (1.5.16). U

1.6. Eigenvectors and associated vectors

Let Q be a domain in C and E and F be Banach spaces.

DEFINITION 1.6.1. Let T € H(Q,®(E,F)), p(T) #0and u € o(T).
i) An ordered set {y,,y,,...,y,} in E is called a chain of an eigenvector and
associated vectors (CEAV) of T at u if

h

yi=Y (-wy

1=0

is a root function of T at u with v(y) > h+1.
ii) Let y, € N(T (1)) \ {0}. Then V(y,) denotes the maximum of all multiplicities
v(y), where y is a root function of T at it with y(ut) = y,. V(y,) is called the rank
of the eigenvector y,,.
ili) A system {ygj) 1<j<nr0<i< m; — 1} is called a canonical system of
eigenvectors and associated vectors (CSEAV) of T at u if

{y(()l), . ,y(()’)} is a basis of N(T'(u)),

OO W) VisaCEAVof Taty (j=1,...,7),
J

;= max{V(y) :y € N(T(u))\span{y(()k) k<j}} (U=1,...,r).

PROPOSITION 1.6.2. Let T € H(Q,®(E,F)), p(T) # 0 and let u € o(T). Let
{y%j) 1<j<n0<1 gmj—l} be a CSEAV of T at 1 and set

mj~1

yii= X C=whY (=1,

Then {y,,...,y+} is a CSRF of T at 1, and the numbers m are the partial multi-
plicities of T at L.

Proof. By assumption, {y, (1),...,y-()} = {yél),. .. ,y(()’)} is abasis of N(T(1)).
The definition of a CEAV yields v(y;) > m; for j=1,...,r. Hence

v(y;) > max{V(y) : y € N(T (1)) \ span{y§) : k < j}}
= max{V(y) : y is a root function of T at j and

y(|) € span{yl(u),...,yj_l(u)}}.
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The above inequality is an equality since the estimate < is obvious. So {y,,...,y,}
isa CSRFof T at u with v(y;) =, (j=1,...,r), see Definition 1.4.5. U

PROPOSITION 1.6.3. Let T € H(Q,D(E,F)), p(T) # 0 and u € o(T). Let
{y(s---,yr} be a CSRF of T at p1. Set

d’y; .
yg). l'dli(u) (J=1,...nl=0,...,m;—1),

where the numbers m j are the partial multiplicities of T at . Then the set of
vectors {yl(j) 1<j<n0<i<m;—1}isa CSEAVofT ar 1, andV(yéj)) =m;
forj=1,...r

Proof. The set {y(()l), e ,y(()’)} isabasis of N(T(u)) asyéj) =y;(u)forj=1,...,r
Since

mj—l 1 dly»
A
is the Taylor polynomial of yo f order m; — 1 at i, it is a root function of order
> v(y;) at u. Hence {y ,)m }1saCEAV of T at u for j=1,.

Fmally, for j=1,.

m; = max{v(y) : yis aroot function of 7" at i and

y(i) & span{y (1), ..., y; (1) }}

= max{¥(y) -y € N(T () \span{y{{) -k < j}}. O
PROPOSITION 1.64. Let T € H(Q,®(E,F)), p(T) # 0 and u € o(T). We set
r:=nulT(u) and let mj, j=1,...,r, be the partial multiplicities of T at |1. Then
there is a CSEAV {yff) 1<j<n0<i<m— 1} of Tar .
Proof. The result immediately follows from Propositions 1.4.7 and 1.6.3. O
THEOREM 1.6.5. Assume that T € H(Q,P(E,F)), p(T) #0and it € o(T). Let
{yfj) 11<j<n0<iL n; — 1} be a CSEAV of T at pi. Then there are vectors
v}j) EF (j=1,...,nl =0,...,m;— 1) and a function De H(U,L(F,E)), where
U C Q is a suitable neighbourhood of W, such that

m; m,—1

(1.6.1) T—‘(A)zi (A —p) ’iyh ®v> _,+D()

forall A € U\ {u}. The vectors vﬁj ) are uniquely determined by the given system
P r<j<no<i<m—1},

i) <j<r0<1<m;—1}isa CSEAV of " at i,
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v(v0) = m; (j=1,...,r), and the biorthogonal relationships

I dtt
(1.6.2) (,u)y” Y 8,0y
1;)1121 k+q <dll‘+‘7 ] lk>
are fulfilled.

Proof. Define the CSRF {y,,...,y,} of T at yt according to Proposition 1.6.2. By
Theorem 1.5.4 there are unique root functions

mj—l

such that the representation (1.5.2) of 7! holds. Since {v,,-..,v,} is a CSRF of
T* at i by (1.5.3), Proposition 1.6.3 yields that {vgj) 1<jsn0<i<m; - 1}
is a CSEAV of T* at . An easy calculation gives that

,
-
Z ( Z yh m-—l h
is the principal part of
,
Z ( . —m; ® V
j=1

at y. This proves the representation (1.6.1), and the uniqueness of the v ; implies
the uniqueness of the vgj ).

Fori=1,...,randh=1,...,m,let i be defined as in Theorem 1.5.4. Since
Ty, has a zero of order > m;, we infer

3 dIT
M= )= 77 e (Mg

k=0

Hence
oo ! m; l dk+qT ] ]
<nihav'> = Z( _‘u)—h+m‘-+l Z _< k (H))’E,l)_ 7V(i) >
ACLY " kmmax 6T +1)4=1 (k+g)! \dAXt+e =g’ 1k

Fori=1,...,r, j=1,...,r, h=m, and [ =0,...,m; -1 the biorthogonal rela-

tionships (1.5.4) yield

o k+
: 1 d*TIT , .
@ VD N=5.8 0
/;)qzx (k+g)! <daﬂ+4(”)ymﬁfl’vl—k> i oL
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COROLLARY 1.6.6. Let T € H(Q,fb(E,F)) such that p(T) # 0. Let u € o(T),
r=nulT(u), and m; (j =1,...,r) be the partial multiplicities of T at [t. Then

there are CEAVsyé),...,y,(?{) | (j =1,...,r) of T at U and v(()j),...,v(j) . (j=
T =
1,...,r) of T* at 1 such that the following properties hold:

VO =V =m; (=1,...,0),

L& 1 gd™T
1.6.3 —_ (i) 8, 5
( ) I;)q;l (k+q)'<dlk+‘7 (‘u)ym —q’ l k>
(1<i<n1<j<r0<I<m;—1),

and the operator function

_ rom; mj—l . -
(1.6.4) D=T"-Y Y (-w' ¥ Wew
j=1Il=1 h=0 4

is holomorphic at 1. We call the systems {ygj) 1<j<n0<i<m;— 1} and
{v;j) 1<j<n0<i<m;— 1} biorthogonal CSEAVs of T and T* at |L.

The above corollary follows from Corollary 1.5.6 in the same way as we ob-
tained Theorem 1.6.5 from Theorem 1.5.4. Similarly, Theorem 1.5.9 yields

THEOREM 1.6.7. Assume that T € H(Q,®(E,F)), p(T) #0and u € o(T). Let
r=nulT (i) andk, > --- >k, be positive integers. Lety(()f),...,yl((j) . (j=1,...,r)
-

be CEAVs of T at p and v\ ... vl((j) | (1,...,r) be CEAVs of T* at . Assume
-

v
that V(yéf)) > k;and V(v (1)) > kjfor j=1,...,r. Then the following properties
are equivalent:

i) {yfj):lgjgr,oglgmj—l} and{vfj):lgjgr,oglgmj—l} are
biorthogonal, i.e.

7 ;
(1.6.5) Z): k+q < Mﬂ(u)y(m) o0 k> 8.8,

k=0g=1

ii) the operator function

_ rom; m/—l . '
(1.6.6) D=7"'-Y Y (-w"Y yﬁlj) ®vf’{_)_1_h
Jj=1i=1 h=0 1

is holomorphic at IL.

If one of these properties holds, then {y}f) 1<j<rn0<I<L m;— 1} is a CSEAV
of T at , {vl(j) 11<j<n0<1<m;—1}isa CSEAV of T* at L, ana’V(yéj)) =
V(v(()j)) =k forj=1,...r
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1.7. Semi-simple eigenvalues

Let Q be a domain in C and E and F be Banach spaces.

DEFINITION 1.7.1. Let T € H(Q,®(E,F)) and u € o(T). Then p is called a
semi-simple eigenvalue of T if foreach y € N(T (1)) \ {0} thereisav e N(T*(u))

such that
(7)) o

If 4 € o(T) is semi-simple and nul 7'(1t) = 1, then u is called a simple eigenvalue.

PROPOSITION 1.7.2. Let T € H(Q,®(E,F)), p(T) #0 and u € o(T). The fol-
lowing properties are equivalent:

1) i is a semi-simple eigenvalue of T,

i) there are CSRFs {y,,...,y;} of T at ptand {v,,...,v,} of T* at y such that

(7)) =85 (=1,

iii) for each root function y of T at it we have v(y) = 1;
iv) the pole order of T™' at W is 1.

Proof. iii) < iv) is obvious because of Lemma 1.4.2.
i) = iii): Suppose that there is a root function y of T at g with v(y) > 2. Then

( ddx T)(y(w) = (;&-Ty) () - T(H)(d—jy> (1)
= —T(H)(d—dly> ().

Now let v € N(T*(u)). Then

() wtm), vy = =) (37) ().v)

(o)

which contradicts i) since y(¢t) € N(T(u))\ {0}.
iii) = ii): By Corollary 1.5.6 there are biorthogonal CSRFs {y,,...,yr} of T at
g and {v),...,v,} of T* at . The assumption iii) implies that m; = 1 for all

JE€{1,...,r}. Fori,je{1,...,r}, (1.5.13) yields
(( “H)_lTyi)(H)vvj(H)> =5;.
Since
(=7 D)) = = (T, w)
= d—iT)(,u)yi(,u)+T(#)(a€lj)’i)(#)a
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we infer
<(;§1—T) (u)yi(u),v,(u)>
d

= (=7 Ty )y, () = () (0, (), ()
=§;.
ii) = i): Let y € N(T(u)) \ {0}. Then there are o, € C (i = 1,...,r) such that

y= Zaiyi(ru')a
i=1

where o # 0 for some iy € {1,...,r}. We infer

<(§XT) ()3, (1)) =§a,~<(%T) (1)), v, (1)) = o,
which proves i) since vio(u) EN(T(n)). O

Using eigenvectors the above proposition reads

PROPOSITION 1.7.3. Let T € H(Q,P(E,F)), p(T) #0 and u € o(T). The fol-
lowing properties are equivalent:

1) i is a semi-simple eigenvalue of T ;

it) there are bases {y,,...,y,} of N(T (1)) and {v,,...,v;} of N(T*()) such that

<<T) (u)yi,vj> =8, (Lj=1,...,r);

iil) each eigenvector of T at | has rank 1;
1v) the pole order of T™" at i is 1.

The following result shows that we can easily create operators with non-semi-
simple eigenvalues.

LEMMA 1.74. Let T € H(Q,®(E,F)), p(T) #0, u € o(T), and consider the

T 0
operator S = ( ir T €EH(Q,OEXE,FXF)). Thenp(S)=p(T). If p is
dx
a semi-simple eigenvalue of T, then [ € 6(S) is a non-semi-simple eigenvalue of
S. In particular, if 6(T) is infinite, then T or S has infinitely many eigenvalues
which are not semi-simple.

Proof. For A € p(T) we have
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which shows that S(1)~! has a pole at each eigenvalue of T, i.e., 6(S) = o(T).
Since i is a simple pole of T', there are biorthogonal systems of eigenvectors of T
and T* at 4 such that

1 L .
T(A)—l _ m Zy(l) ®V(j)
=1

is holomorphic at p, see (1.6.1). Therefore the proof of the lemma is complete
if we show that the coefficient of (A — u)~2 in T(A)~'T’(1)T(A)~! is nonzero.
But this coefficient is

(Xo0700) (Grr)w (L o)

1.8. Local factorizations

Let © be a domain in C and E and F be Banach spaces.

PROPOSITION 1.8.1. Let T € H(Q,®(E,F)), p(T) # 0 and u € 6(T). Let
{yis---oyr} and {v|,...,v,} be biorthogonal CSRFs of T and T* at . Let D,
nyand §; (j=1,...,r) be as defined in Corollary 1.5.6. Then:

1) For all A in some neighbourhood of |t we have

T(A)D(A) = idy — Y 0,(1) v, (A
j=1

DAT(R) =idy~ Y y,() @
=1

ii) T(u)D(U)T (u) =T ().

i) Foralli,j=1,...,r and each w in some Banach space G we have
(w®y;(1)) G (1) = 8w = (w® §(1))y; (1)

and
wev,(uhn(u)=6w=we m(w))v;(1).

iv) Foralli=1,...,r we have

(TD)(1) = 0, (T*D*E) (1) = 0.
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Proof. i) immediately follows from the definitions of D, n ; and § Iz

ii) follows from i) since T(p)y; (1) =0for j=1,...,r.

iit) is clear because of the biorthogonal relationships (1.5.14) and (1.5.13).

iv) immediately follows from i) and iii) if we also take the adjoints in the second
equation of 1). O

REMARK 1.8.2. The operator function D given by (1.5.15) differs from the re-
duced resolvent S}, defined in Proposition 1.3.2 by a degenerate operator function.
The operator D(u) depends on the choice of the CSRFs. But for our purposes it
is more appropriate than S, () since 7 (u)D(u)T (1) = T (1) always holds. If
is a semi-simple eigenvalue, then we can choose-CSRFs of T and T* at it which
consist of constant vector functions. In this case, D coincides with S}, and (1.3.6)
is a special case of Proposition 1.8.1 ii).

PROPOSITION 1.8.3. Let T € H(Q,®(E,F)), p(T) # 0 and p € o(T). Let
{¥1,---,yr} and {v,,...,v,} be biorthogonal CSRF of T and T* at . Let D,
nyand §; (j=1,...,r) be as defined in Corollary 1.5.6. Then there are a neigh-
bourhood U C Q of 1 and holomorphic operator functions C, € H(U,L(F)),
C, € H({U,L(E,F)) and D, € H(U,L(E)) such that C;(A), Cy(A) and D|(7) are
invertible for all A € U and such that

(1.8.1) T=C(T(u)+ )i(-—u)”‘fm(u)@@,-(u))Dp
j=1
(1.8.2) T =C,(D(u)T (1) + )i(- — )"y () ® §i(w)) D,
j=1
hold in U.

Proof. Let U' C Q be a neighbourhood of u in which the operator function D
defined by (1.5.15) is holomorphic. For A € U’ we define

Obviously, C, € H(U',L(F)),C, € H(U',L(E,F)) and D, € H(U',L(E)). Propo-
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sition 1.8.1 and T*(p)v;(it) = 0 yield

(1.83) CM(TW)+ X (A= py"m () @, (w))

for A € U". Analogously, Proposition 1.8.1 and T (4)y, () = 0 yield
(1.84) Gy () (D(u g iy, ()@ &(1))

= T(;L)D('I)T(IJ)+§(7L —u)"in;(A)®¢;(u)
for A € U'. On the other hand,
(1.8.5) T(A)Dy(%) = T(A)D(A)T () Jr;(/1 —u)"in;(A) ®¢,(u)

for A € U'. We shall prove that

(1.8.6) él(u), C,(n) and 51(/,1) are invertible.

Then, by Proposition 1.2.5, there is a neighbourhood U C U’ of p such that C. ((A),
C,(A) and D, (A) are invertible for all A € U, and we define

Ci(1) = C,(A), G,(A) :=Cy(R), D, () := D, (1) .

This proves the theorem because of (1.8.3), (1.8.4) and (1.8.5).
Now we are going to prove (1.8.6). Proposition 1.8.1 immediately yields

G\(1) = T()D() + Y. m,(n) @ v, (1) = idy
=1

By(1) = DT () + Y v, (1) ® (1) = id
L

Since

=Tm+immm
j=1
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we infer with the aid of Proposition 1.8.1 and 7'(tt)y; (1) = O that

&) (PUOT D) + Y 3, 00) @ v,10)
j=1

=T(u)D(p)+ Y n(u)@v,(n) =idg .
=1
In the same way, Proposition 1.8.1 and T*(u)v;(tt) = 0 yield

(DUDTWDGW) + X3, (1) &v,(1)) (k)
j=1

= DT () + ¥ v, (1) ® § (1) = idy.
j=1

Hence 52(#) is invertible. [

THEOREM 1.8.4. Let T € H(Q,®(E,F)) such that p(T) #0. Let n € 6(T),
ro=nulT(u), and let m; (j = 1,...,r) be the partial multiplicities of T at L.
Then there are biorthogonal projections P, € L(E) (i=0,...,r), e,

(1.8.7) PP,=6.P (i,j=0,..,7),
withdimR(P) =1 fori=1,...,r and

(1.8.8) Y P =id,
i=0

a neighbourhood U C Q of I, and operator functions C € H(U,L(E,F)) and
D, € H(U,L(E)) such that C(A) and D,(A) are invertible for all A € U and

(1.8.9) T=C<Po+ ):(-—u)"’ij)Dl

j=1
holds in U. The right-hand side of formula (1.8.9) is called a factorization of T
at i (see [GS)).

Proof. With the notations of Proposition 1.8.3 we set C := C,,

Po:=DW)T (1), Pp=y;(m)@C{u) (j=1,...7).

Then (1.8.9) is just the representation (1.8.2), and (1.8.8) follows from Proposition
1.8.1i). Now we shall prove (1.8.7). P? = F, follows from Proposition 1.8.1 ii).
Forj=1,...,r wehave F,P, = Osince y; is aroot function of T at i, and P;Fy =0
because of Proposition 1.8.11iv). Finally, PP, = SijPi is valid for i,j = 1,...,r
because of Proposition 1.8.1iii). O
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Now let E and F be finite-dimensional spaces with dimE = dimF and let
T € H(Q,L(E,F)). For fixed bases of E and F we consider the determinant
(detT)(A) =detT(A) (A €Q).

Obviously, det T is a holomorphic function on Q. With respect to different bases,
the determinants only differ by a constant nonzero factor. Thus the zeros of detT
and their multiplicities do not depend on the choice of the bases and we may speak
of “the zeros” and “the multiplicities of the zeros” of “the determinant”.

Since operators in finite-dimensional spaces are Fredholm operators, p(T') #
0 implies that every y € o(T) is a pole of T~! and an eigenvalue of finite algebraic
multiplicity.
PROPOSITION 1.8.5. Let E and F be finite-dimensional spaces such that dimE =
dimF. Let T € H(Q,L(E,F)) and assume that p(T) # 0. For u € o(T) the
algebraic multiplicity of T at U is equal to the multiplicity of the zero of detT

at .

Proof. We shall apply Theorem 1.8.4. Let the P; be as defined there. According
to the representation (1.8.9), the multiplicity of the zero of the determinant of T
at U is equal to the multiplicity of the zero of the determinant of

S:=PFy+ ) (-—w)"P,
j=1

at 4. From (1.8.7) and (1.8.8) we infer that there is a basis of E such that

S=diag(1,....1,( —w)™,...,(-— u)™)
with respect to this basis. Indeed, let {x,,...,x,} be a basis of R(F,) and choose
X, €R(PIN{O} (G =1,...,r). Then {x},..., %5, % 4|, , %, } is @ basis of E
because of (1.8.7) and (1.8.8). Finally,
Sx; =SPx;=x; (j=1,....s)
and
Sxo ;= SPxg = (=) "ix; (J=1,...,7).
This completes the proof since detS = (- — )™ with respect to this basis, where
r

m= ) m;is the algebraic multiplicity of T at . [

j=1
1.9. The completion of biorthogonal systems of root functions
Let Q be a domain in C and E and F be Banach spaces.

In Theorem 1.5.9 we have seen that two systems of root functions {y,,...,y,}
and {v,...,v,} of T and T* at u are canonical systems of root functions if » =
nul 7 (u) and if they are biorthogonal.
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Now assume that there are biorthogonal systems of root functions {y,,...,y.}
and {v;,...,v,} of T and T* at p with ' < r. We ask if they can be completed
to biorthogonal canonical systems of root functions, i.e., if there are biorthogo-
nal systems of root functions {J,,...,¥.} and {¥,...,V,} of T and T* at i such
that {y,,...,y} C {J,,...,¥.} and {v,,...,v,} C {¥|,...,V,}. The next theorem
shows that this is always possible.

THEOREM 1.9.1. Let T € H(Q,®(E,F)), p(T)#0and u € o(T). Let 0 < 1’ <
r=nul T (i), y,,...,y,. be root functions of T at i, v,,...,v, be root functions of
T*atp, k; >0, v(y;) 2k, v(v;) > k; (j=1,...,r'). Assume that
!
‘a%(”nvﬂ(ﬂ) =96y, (i,j= L,...,r50<1< k;—1),

where
ni:('_u)_kiTyi (izla""rl)'
Then there are biorthogonal canonical systems of root functions {y,,...,¥,} and
{Vs--s% } of Tand T* ar p such that {y,,....y;} C{y;;.. ., ¥} and {vy,...,v.}
c{v,...,%}
Proof. First we shall show that {y,,...,y,} can be completed to a canonical sys-
tem of root functions of T at 1. Let
Cj = (- _y)’ij*vj (j=1,...,7).
From the definition of 1, and { ; we immediately infer (see (1.5.18)) that the
biorthogonal relationships can also be written in the form
d .
SO = 8,8, (=1, 501 <k 1),
We want to apply Proposition 1.4.8. The linear independence of the vectors
yi(1),-..,y. (1) is an immediate consequence of the above biorthogonal relation-
ships. Let y be a root function of T at 1. We have to show that v(y) <max{v(y;):
JEA}If
y(u) = Z oy, (1),
ieA
where A C {1,...,7'} and the ¢; are complex numbers. Suppose that v(y) >
max{v(x;) : j € A}. Then (- - 1) =% Ty has a zero at y for each j € A, which
implies that

0=((-— ) "MTy,v) (1) = (1), §; (1) = .
This is impossible since y(i1) # 0. By Proposition 1.4.8 we know that there is a
canonical system of root functions {§,,...,§,} of T at y such that {y,,...,y,} C
{9;,-.-,9-}. Now let {9,,...,9,} be a canonical system of root functions of T"* at
{ which is biorthogonal to {§,,...,¥,}. Note that the number k ; 1s the multiplicity

of y; since (17;,v;)(1) = 1 implies v(y;) < k;.
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From Theorem 1.8.4 we know that there are a neighbourhood U C £ of it and
operator functions C € H(U,L(E,F)) and D, € H(U,L(E)) such that C(A) and
D, (A) are invertible for all A € U and such that

where P, :ﬁj(u)®§j(u) forj=1,...,rand
Dy(A)™" =Dy(A) = DA)T (1) + iﬁj(l)®§j(#) (A €U),
j=1

see the proofs of Theorem 1.8.4 and Proposition 1.8.3 for the definition of P; and
D,(4). For any two vector functions y € H(U,E) and v € H(U,F') we have
(TY7V> = <T\D1y7C*v>'
Thus the systems of root functions {y},...,y;} of T at g and {v},..., v} of T* at
are biorthogonal if and only if the systems {D,y|,...,D,y;} and {C*V},...,C*V{}
are biorthogonal systems of root functions of T and T* at u. The definition of
D,(2), 9;(#) € N(T(p)) and the biorthogonal relationships (9;(1t), ;(1)) = &;;
yield ,
Dy (A)9,(1) = DT ()F; (1) + Y Fi(k), &;(1))3;(2)
=1
=J3;(4).
Hence y,(u) =D, fori=1,...,r.

Now we can reformulate the statement of the theorem as follows:
PROPOSITION 1.9.2. For A € Q let

T() =Byt Y (k- )P,
=1

J

where my > m, > --- >m, >0, Py, P,,..., P, are biorthogonal projections on E
such that P.=x;®@w,; # 0 fori=1,...,r, where x; € E and w, € E', and
r
id =) P.
i=0

Let {y,,...,y.} C{x;,...,x,} and letv,,...,v, be root functions of T* at [t with
v(vj) > kj (j=1,...,r") such that
!

d ..
W(yn"j)(“) =8,8, (i,j= 1...,/50< 1<k~ 1),

where k G =m; ify =X Then there are biorthogonal canonical systems of root
7 J

functions {§,,...,9,} and {¥,,...,9,} of T and T* at u such that {y,,...,y,} C

-t and {vy,... v} C{F, LB

(1.9.1)
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Proof. In the biorthogonal relationships (1.9.1) we wrote y; instead of 7),. This is
correct since Px; = x; and hence
T(A)x; = T(A)Px, = (A —p)"x, (A €Q)
holds for i =1,...,ras P,P, = 51.]1’,- for j=0,...,r. Also
T (Awy = (A—p)"w, (A€Q)

holds fori = 1,...,r. Since
,
77! =F+ Z( _‘u)_ijj’
=

{x;,...,x.} and {w,...,w,} are biorthogonal CSRFs of T and T* at ;1 by Theo-
rem 1.5.9.

By assumption, there is a set of indices {i,,...,i,} C {1,...,r} such that
y;=x; for j=1,...,r. Now we choose i,,_,,...,i, such that {i, ,...,i;} =
J
{1,...,7 3\ {i},... i }. We set
3 ._.kj_ll dk k f ___1 /
v -—éaa—k\’j(ﬂ)('—u) or j=1,...,r
and
b, :=w, forj=r'+1,...,r
7 7
Fromk; =m; for j=1,...,r and
)

V(ﬁij) = V(Wij) =m; for j=r+1,...,r

we infer v(ﬁj) >m; for j=1,...,r. Hence {¥,,...,9,} is a canonical system of

root functions of T* at u if the vectors ¥, (ut),..., V(1) are linearly independent.
We state that for j = 1,...,7 the identity

f
(1.9.2) =RVt ) (T w,
k=r'+1

holds. Indeed, we infer that

and (1.9.2) follows from the biorthogonal relationships (1.9.1), which yield that
(yk,ﬁij) =9, ; since (yk,ﬁij) is a polynomial of degree less than k;. Observing
that ﬁij(u) € N(T*(u)) we obtain Pgﬁil_ (1) = 0, which shows that (‘71']. (1))izy is
obtained from (W’) (1))~ by a linear transformation whose coefficient matrix is a
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normed triangular matrix, and the linear independence of ¥, (t£), ..., v, (i) follows
from the linear independence of w,...,w,.

According to Remark 1.5.8 we choose a canonical system of root functions
{#1,---,9,} of T at u which is biorthogonal to {#,...,V}. In addition, the J; can
be chosen to be polynomials of degree less than m; forall j=1,...,r

The proof of the proposition will be complete if we show that y, = yij_ for

j=1,....r. Let je {1,...,r'}. Since
POyij :POTyij
has a zero of order > m; at i and is a polynomial of degree < m; , F,J; is zero.
J J 7
Fork=7r +1,...,r we have

Piky’i}. = (xik ®‘7ik))~’ij = <)7ij»‘7ik>xik
- —M ok
= (5, (— ) TR, ),
The biorthogonal relationships for {y,,...,¥.} and {¥,,...,7,} prove that Pikii,
7

has a zero of order > m; . Hence P, y, =0 for k=7r+1,...,r. Note that this
implies (¥, , Wi ) =0 for k=r + 1,...,r. Thus we have
J

’,l

(1.9.3) Z =Y O wi, )%,

k=1
Now let/ € {1,...,r'}. From (1.9.2), F,5; =0, and <y~,._,w,.k) = 0 for the numbers
J J
k=r"41,...,rit follows that
<)~)i.7wi,> = (=) "G T W)
7 ] 1
—m; 4

‘1<}7ij’T*‘7i,>_ Z ('—ﬂ)_nli’< ><yz T W1k>
k=r'+1

=(—u)

= (5, (- )T,
Since (yij,wil) is a polynomial of order < m; we infer (iij,wil) = 5].1, and (1.9.3)
gives yij =X =Y O
REMARK 1.9.3. Ifyj] = )7,(1 and vy, = \7k2 in Theorem 1.9.1, then the biorthogonal
relationships show that j, = j, if and only if k; = k,.
1.10. The operator function A + AB
Let E and F be Banach spaces. In this section we assume that

T(A)=A+AB,

where A € C, A and B are in L(E,F) and B is a compact operator. If p(T) # 0,
then T € H(C,D(E,F)), see e. g. [KA, Theorem IV.5.26].
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PROPOSITION 1.10.1. Let T(A) = A+ AB, where A € C, A and B are in L(E, F),
and B is compact. Assume that p(T) # 0 and let u € o(T). Let the CSEAVs
{ygj):l§j§r,0§l§mj—l}ofTatuana’{vfj):lgjgr,Oglgmj—l}
of T* at | be given. Then these CSEAVs are biorthogonal if and only if

(1.10.1) (By() VY =88,
(1SlSra1§j§r30§m§m]-—1)

Proof. This immediately follows from (1.6.5) since on the left-hand side of (1.6.5)
only the term for k = 0 and g = 1 is different from zero. 0O

PROPOSITION 1.10.2. Let T(A) = A+ AB, where A € C, Aand Bare in L(E ,F),
and B is compact. Assume that p(T) # @ and let 1 € 6(T). Let yy,y,,.-.,y, bea
CEAV of T at . Then

(1.10.2) (A+ 1B)y, =0,

(1.10.3) (A+uB)y,,,=-By, (I=0,...,k-1).

Proof. The definition of a CEAYV yields that the function given by

k

K
Y (A—p) Zl mn) A+uByl+ZA 1)+ By,
i=0 i=0

has a zero of order > k+ 1 at y. This proves (1.10.2) and (1.10.3). [

PROPOSITION 1.10.3. Let T(A) = A+ AB, where A € C, A and B are in L(E,F),
and B is compact. Assume that p(T) # 0 and let u € o(T). Let the CSEAVs
PV1<j<n0<i<m —1}of Tatpand (W) : 1< j<r0<i<m;~1}
of T* at U be given. Then these CSEAVs are biorthogonal if and only if

(1.10.4) By W) =65,

(1 Slgr,Oglgmi—l, 1 _<_j§r,0§k_<_mj—l).
Proof. We have to show that the relations (1.10.1) and (1.10.4) are equivalent.
Obviously, the relations (1.10.4) for/ =m,— 1 and k =m ;— 1 — m coincide with

(1.10.1). Forl =0,...,m;—2 and m < m;— 1 we have in view of (1.10.2) and
(1.10.3) and the corresponding relations for a CEAV of T* at u that

(BY W) = —((A+ By VD)

l+17 ni
_ i) * ),y = ¢y(d ()
= (y5+1,(A +uB )Vn{ ) _<yl+1’B v”l 1)
= Byl vl

where v\) := 0 if m < 0. Now the relations (1.10.4) follow from (1.10.1) by a
recursive application of the above identity. O
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PROPOSITION 1.10.4. Let T(A) = A+ AB, where A € C, A and B are in L(E,F),
and B is compact. Assume that p(T) # 0 and let i and [i be eigenvalues of T
such that i # fi. Let {y§j) 1<j<n0<1<m;—1} bea CSEAV of T at |1 and

{):1<j<F0<I<;—1} beaCSEAV of T* at fi. Then

(1.10.5) By, i)y =0

(1<i<R0<I<m~1,1<j<F0<k<m,—1).

Proof. In view of (1.10.2) and (1.10.3) and the corresponding formulas for a
CEAV of T* at 1 we have for / <m;— 1 and k < m;—1 that

(1= m)(BY,5) = ([(A+uB) - (A+ iB) 1), 517

=B+ OB,

where yf,’;) ;=0 and ﬁﬁ,{) := 0 for m < 0. Now (1.10.5) follows by induction on
k+1. O

A system of vectors (yq)qc; in a Banach space E is called a minimal if the
closed linear hull of (y),; is different from the closed linear hull of any proper
subsystem of (yq) In particular, for a series

Zaa)’a =0

ael

a€el

with complex numbers a, which converges in parenthesis we obtain a, = 0 for
all & € I'if (yg)gqe; is minimal. This also shows that the vectors of a minimal
system are linearly independent.

PROPOSITION 1.10.5. Let T(A) = A+ AB, where A € C, A and B are in L(E,F)
and B is compact. Assume that p(T) # 0. For each . € o(T) choose a CSEAV
{yilf)l (1 <j<r(p),0<I<my(u)—1} of T at 1. Then the system of vectors

{ym cneo(T),1<j<r(pn),0<1<myu)— 1} is a minimal system in E.

Proposition 1.10.5 is a particular case of the following proposition. It is in-
cluded here because of its simpler formulation.
PROPOSITION 1.10.6. Let T(L) = A+ AB, where A € C, A and B are in L(E,F)
and B is compact. Assume that p(T) # 0. Let H be a Banach space which con-
tains E such that the embedding E — H is continuous. Assume that B is the
restriction of a continuous linear operator from H to F. For each |1 € 6(T) let
{yﬁlf)l 11 <j<r(u),0<1<myu)—1} be a CSEAV of T at 1. Then the vectors

y(j): €o(T),1<j<r(n),0<!I<m,(u)— 1} form a minimal system in H.
u,l H Jﬂ

Proof. Choose the CSEAV {va)l 1<j<r(p),0<I<mpu)—1} of T* at p

according to Theorem 1.6.5. Let y/) be one of the eigenvectors or associated

(
il
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vectors of the given system. By Propositions 1.10.3 and 1.10.4 we know that
() _Bxyld) = (0 gxyl) —0if (fi.k.i i
<y#7[7B V,U,ﬂl](‘u)—I“1> 1 and <y,&,k’B v#,nlj([l)—l—l> Olf(/l?k?l)#(u’l’.])'we
may assume without loss of generality that E is dense in H and therefore that
H' C E'. The assumption on B says that R(B*) C H'. Hence the bilinear form can
be taken with respect to H and H'. This proves the minimality in H of the system

of eigenvectors and associated vectors. [

The following simple example shows that A-linearity of the operator function
is crucial for minimality of a CSEAV.

ExAMPLE 1.10.7. We consider

1 0 0
TA)=1{0 2 O
0 0 A2
Then T € H(C,L(C?)), detT(A) = A3 and nul T (0) = 2 are obvious. Set
0 0 0
Yo = 0]y i={0], 3= 11
I 0 0
From
(] 0
T(A)|0o]=2%]0
1 1
and
0 0
TA){1|=41}1
0 0

we infer that {y, o,y; ;} and {y,} are CEAVs of T at 0. Clearly, {y, o,¥,,} is
basis of N(T'(0)), m; > 2, and m, > 1. By Proposition 1.8.5, m, + m, = 3, which
proves that m; = 2 and m, = 1. Hence {yl,O’yl,l;yZ,O} is a CSEAV of T at 0.
Since the associated vector Yia is zero, this CSEAV of T at O is not minimal.
PROPOSITION 1.10.8. Let T(A) = A+ AB, where A € C, A and B are in L(E ,F)
and B is compact. Assume that p(T) # 0 and let p € o(T). Then | is a semi-
simple eigenvalue of T if and only if for each eigenvector y of T at |4 there is an
eigenvector v of T* at L such that

(By,v) # 0.
Proof. The result immediately follows from the definition of a semi-simple eigen-

value. (O

If E = F is finite-dimensional and B = —id, i.e. T(A) = A — A id, then
o(T) is also denoted by o(A), and eigenvectors and associated vectors of T are
called eigenvectors and associated vectors of A.
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THEOREM 1.10.9 (Jordan canonical form). Let E be a finite-dimensional space,
dimE =n. Let A € L(E). Then o(A) consists of p < n eigenvalues [L,,..., .
There is an invertible linear operator C € L(C",E) such that

r

P i
-1 — m; ()
(1.10.6) CTAC= DD Wy + 6.0
i=1 j=1
where r; = nul(A — p;idg) (i=1,...,p) and m(W;),...,m, (4;) are the partial
multiplicities of A — Aidg at p;. This means that C~'AC is given by the block
matrix

A
Ap
0
Ay, )
0 A,
AP’p
where
gl
0
Aij = .
0 -1
H;
is an m;(1;) x m;(;) matrix fori=1,...,pand j=1,...,r;. A representation of

C and C~! is obtained as follows: Fori=1,...,p choose biorthogonal CSEAVs
DU 1< j<r, 0 <my(p) =1} and (V1001 < j <r, 0 <1 <my(py) — 1)
of A and A* at |1, according to Corollary 1 6.6. Define

1.10. = ({1 D) Lootnd Lyl Loy )
(L1079 ¢ (yl’o ylvml(ul)~l yl’(l) yl"l”ﬁ (1)1 yp’o P, (“P)_l)
and
— {v(D 1 (ry) {ry) {rp) (rp)
D= (Vl,m](u])—l "'vl‘O"'vl,:n,l (1)1 ‘..v],(l) '”vp,fnrp(u,,)—l ...vp”(’) >

Then C € L(C*,E), D* € L(E,C"), and (1.10.6) holds, where C™' = —D*.

Proof. The determinant of A — A id is a polynomial of degree n. Since the eigen-
values of A — Aid are the zeros of det(A — Aid), o(A) is finite and consists of



46 I. Operator functions in Banach spaces

at most n elements (i, ..., 1, . Choose biorthogonal CSEAVs as in the statement
of the theorem. By Proposition 1.8.5,

= Zimj(ui)
J=1

is the multiplicity of the zero of det(A — Aid,) at y1,. Since the sum of the multi-
plicities of all zeros of det(A — Aid E) is equal to its degree, we obtain

ZZm W) =

=1 j=
Hence C given by (1.10.7) defines a linear operator C : C* — E. From Propo-
sition 1.10.5 we know that the vectors y( 1) are linearly independent. Hence C
is invertible. For each k € {1,...,n} there are unique numbers i, € {1,...,p},
5, € {1,...,rik} and [, € {0,..., msk(ulk) 1} such that

1 s~1
k=Y m(u)+ Y m( )+ +1.
=1 j=1

Let e, be the k-th unit vector in C*. Sete, | :=¢,_,if |, #0and ¢_, := 0 if
[, = 0. From (1.10.2) and (1.10. 3) we obtain
_ _ (S )
ACe; Ay ,Ltlk i lkklk—l

= .uikcek + Cek—l = C(u; e, + Ck-1)y

which proves (1.10.6).

Finally D € L(C",E'), and therefore D* € L(E,C"). Here we have used that
we can identify E an E” since E is finite-dimensional, see e.g. [KA, p. 15]. For
J.k € {l1,...,n} we have in view of Propositions 1.10.3 and 1.10.4 that

éiD*Ce; = (¢;,D*Ce;) = (De;,Cey) = =6,

for j,k € {1,...,n}. This proves C"! = -D*. O

1.11. Abstract boundary eigenvalue operator functions

Let Q be an open subset of C. We consider the Banach spaces E, G, F|, F,,
F = F, x F, and operator functions T € H(Q,L(E,F)) and Z € H(Q,L(G,E)).
According to F = F, x F, we have T, € H(Q,L(E,F})) and T, € H(Q,L(E, F,))

suchthat T(A) = (T‘ (l)> for A € Q. We assume that for all A € Q

1%

i) T;(A) is right invertible,
(1.11.1) ii) Z(A) is injective,
iii) N(T;(A)) = R(Z(A)).
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Condition (1.11.1) i) means that there is an operator U(A) € L(F|,E) such that
T,(AMU(A) = idg, . We set
(1.11.2) M(A) :=T,(A)Z(A) (A €Q),

whence M € H(Q,L(G,F,)) by Corollary 1.2.4. We call T an abstract bound-
ary eigenvalue operator function, Z a “fundamental matrix” function and M the
characteristic “matrix” function associated to T (with respect to Z).

THEOREM 1.11.1. There are operator functions
Ce H(QaL(F2 X F],F)),DE H(Q7L(E)Gx Fl))

such that for A € Q the operators C(A) and D(A) are invertible and the factor-
ization
M(A) O
T(A)=C(A) ( 0 id, ) D(A)
1
holds.

Proof. By SUBIN [SU]J, see also BART [BA2, p-183], there is a holomorphic right
inverse U of 7}, i.e., there is an operator function U € H (S, L(F),E)) such that

(1.11.3) Tl(l)U(/l):idF] (A €Q).
We shall show that the operator
(1.11.4) (Z(A),U(A)):GxF, = E

is invertible for all A € Q. First let (x,y) € G x F; and Z(A)x+ U(A)y = 0. We
apply T;(A) to this equation and obtain y = 0 because of (1.11.1)iii) and (1.11.3).
Hence Z(A)x = 0, whence x = 0 since Z(A) is injective by (1.11.1)ii). Thus the
operator (1.11.4) is injective. To prove its surjectivity let x € E. From (1.11.3) we
infer that

T(A)(x=U(A)T,(A)x) =0.
The assumption (1.11.1)1ii) yields that

x—U(A)T,(A)x € R(Z(A))
whence x € R(Z(A)) + R(U(A)). This proves the surjectivity. We set
(1.11.5) D(A) = (Z(A),UAM)™" (A eQ).

From BANACH’S closed graph theorem and Proposition 1.2.5 it follows that D
belongs to H(Q,L(E,G x F|)). We define

(1.11.6) VAA) =T,AUR) (AeQ)

and

(1.11.7) C(A) = (idOF &(zf{)) (A €Q).



48 L. Operator functions in Banach spaces

Obviously C belongs to H(Q,L(F, x F|,F)). For A € Q the operator C(A) is
invertible and

(1.11.8) c'(A) = <_.V(M i‘i{z).

1dF1

An easy calculation yields

C(/l)(MéM idop) B (MOA) ‘;((i;l)>

forAeQ. O

In the terminology of [GGK] and [KAS], Theorem 1.11.1 states that T is
globally equivalent on € to the canonical F|-extension of M.

In all applications of Theorem 1.11.1 it will be shown directly that the right
inverse U is holomorphic. Therefore, the results of Subin or Bart quoted in the
proof are not essential for our purposes.

We assume now that there are Banach spaces X 1» X5, Y}, Y, and holomorphic
operator functions
CeH(Q,L(Y, xY,,F)), De HQ,L(E, X, xX,)),
M e H(Q,L(X,,Y,)), J € HQ,L(X,,Y,))
such that
(1.11.9) T(A) = C(A) <Mé’1) J(Ol)) D(A) (AeQ).

We suppose that the operators C(1), D(A), and J(A) are invertible for all A € Q.
There are operator functions

C, € H(Q,L(F,Y,)),C, € H(Q,L(FY,)),

D, € H(Q,L(X,E)),D, € H(Q,L(X,,E))
such that

o= (20), o =m0 (e
G(4)

It is obvious that T € H(Q,®(E,F)) if and only if M € H(Q,®(X,,Y,)) and that
p(T) = p(M). Also note that nul T () = nuiM(u) for all 4 € o(T).
LEMMA 1.11.2. Let Q be a domain and assume that T € H(Q,P(E,F)) ful-
fils (1.11.9). Let p(T) # 0 and p € o(T). Let {cy,...,c,} and {d,,...,d,} be
biorthogonal CSRFs of M and M* at 1. Define

(1.11.10) y;=Dic;, v;:=Cid,  (j=1,...,7).
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Then {y,,...,y,} and {v,,...,v,} are biorthogonal CSRFs of T and T* at u,
v(y;) =v(v;) = v(cj) =v(d;) =:m, for j=1,...,r, and the operator function

T =Y (- —u) "y ®v;
=1

is holomorphic at (L.

Proof. An easy calculation yields

,
- Yoy
]:

=000 (M A) (&) -Le-wmee)eca)

By Theorem 1.5.9 the operator function
r
M~ - Z}(- — 1) e, ®d,
]:
is holomorphic at i, whence
p
T - Zl( - .u)hm’yj @ v,
j:

has the same property. The operators

D™ (1) = (Dy(1),D,(t)) and C™"" (1) = (CT (), C3 (u)

are invertible. Hence D (i) and C7(u) are injective, which implies y (t) # 0 and
v, (1) # 0. From

TijTD,Cj = TD#l (E{) :C(lg 3) (g) :C(lwocj)

we conclude that Ty, has a zero of order m j at . In the same way we obtain

_1* (d; M 0\ [d; M*d.
. =T*C*d. =T* 1 ) = D* J) = D* J
o< (§) oo () (4) <o ().

whence T*v ; has a zero of order m; at 1. By Theorem 1.5.9 the proof is compliete
if we observe that r = nulM{(p) =nulT(u). O



50 I. Operator functions in Banach spaces

THEOREM 1.11.3. Let T € H(Q,P(E,F)) fulfil (1.11.1) and let Z, M, V be given
asin(1.11.1), (1.11.2) and (1.11.6). Let p(T) # 0 and p € o(T). Let {cy,...,c/}
and {d,,...,d,} be biorthogonal CSRFs of M and M* at \. Define
(1.11.11) yi=2c;, v, ;=( ‘;_df) (j=1,...,r).

J
Then {y,...,yr} and {v,...,v,} are biorthogonal CSRFs of T and T* at L,
v(y;) =v(v,)=v(c;) =v(d;) =:m, for j=1,...,r, and the operator function

,

)
=

is holomorphic at UL

Proof. 1t is easy to verify the assumptions of Lemma 1.11.2. We set X, := G,
X,:=F,Y =FandY, :=F,.By(l.115), D! =(Z,U) whence D, = Z. From

(1.11.8) we obtain
C—l* _ —V* ldF]’
1dF2, 0
k _v*
1=\ )

Operator functions as considered in this chapter are also called operator bundles,
operator pencils, or operator colligations. There are two different aspects of the
spectral theory of holomorphic operator functions. Given that T(x) € L(E), E a
Banach space, depends holomorphically on the complex parameter k, the ques-
tion arises how the spectrum of the operator T(x) depends on the parameter k.
Notice that the spectral parameter A occurs linearly in T'(x) — A idg. Since we are
not concerned with problems of this kind, we refer the reader to the monographs
of KATO [KA, Chapter 7] and BAUMGARTEL [BG] for an extensive treatment of
this question. We study 7'(A1) with A as the spectral parameter which in general is
a nonlinear problem. The aspect considered here is the behavior of the resolvent
of T(A) at its poles. Spectral properties of T(A) with A as the spectral param-
eter, in particular the representation of the principal parts of the resolvent, were
stated in Hilbert spaces for polynomial operator pencils / — K(4), K(A) compact,
by KELDYSH [KE1] and proved in [KE2]. The discreteness of the spectrum in
case p(T) # 0 for holomorphic Fredholm operator valued functions was shown
by ATKINSON [AT1] and SZ.-NAGY [SZN]. KELDYSH’s theory was extended
to holomorphic and meromorphic Fredholm operator valued functions by TROFI-
MoV [TRO], MARKUS and SIGAL [MAS], and GOHBERG and SIGAL [GS]. The

and hence

1.12. Notes
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proof in [GS] differs from ours in that a local factorization is used, whereas we ob-
tain the local factorization in Section 1.8 from the representation of the principal
part. We took this route since our main aim in this chapter is the representation
of the principal parts of the resolvent. In the special case of an integral opera-
tor of Fredholm type whose kernel depends holomorphically on a parameter 4,
the meromorphic dependence of the kernel of the inverse operator was shown by
TAMARKIN [TA4]. Root functions were introduced by TROFIMOV [TRO]. Al-
though root functions also occur in [GS], the first representation of the principal
parts of the resolvent in terms of root functions has been proved in [MM1]. Fur-
ther results in this direction appeared in [MM3, MM4, MMS5]. A generalization
to Fréchet spaces has been published in [MM2]. The structure of the resolvent in
the A-linear case is well-known, see e.g. KATO [KA, p. 181]. The representation
of eigenvectors and associated vectors of an operator function by those of a re-
lated characteristic function were first published in [MM3]. The fact that in this
case the given operator function is a global extension of its characteristic matrix
function was shown by KAASHOEK [KAS].

Representations of the principal parts of meromorphic operator functions and
in particular inverses of holomorphic operator functions play also a role in other
publications. Apart from the literature cited above we just mention the contribu-
tions [BA1] by BART, [JW] by JEGGLE and WENDLAND and the recently pub-
lished monograph [KM] by KOzZLOV and MAZ’ YA.
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Chapter 11

FIRST ORDER SYSTEMS OF ORDINARY
DIFFERENTIAL EQUATIONS

This chapter contains basic elements of the theory of first order systems of ordi-
nary linear differential equations. Since it is advantageous to treat boundary eigen-
value problems using weak derivatives in the corresponding differential equations,
we give a short introduction to the theory of Sobolev spaces on intervals and
prove properties which are needed in the sequel. A realization of the dual of such
a Sobolev space is established (Theorem 2.2.5). For first order linear differential
systems with coefficients depending holomorphically on a parameter the existence
of a fundamental matrix function which depends holomorphically on this param-
eter is proved (Theorem 2.5.3). Further investigations concern the asymptotic
behavior of fundamental matrix functions in case the coefficients of the first or-
der differential system are asymptotically linear in the parameter (Theorem 2.8.2).
These properties of the fundamental matrix functions are essential for asymptotic
estimates of the GREEN’S function (the resolvent) of boundary eigenvalue prob-
lems.

2.1. Sobolev spaces on intervals

Throughout this chapter we assume that a and b are real numbers with a < b. Fur-
thermore, let 1 < p <o, There is a unique p’ with 1 < p’ <eand1/p+1/p = 1.

Let I C R be an interval. C(I) = C°(I) denotes the space of all continuous
functions on I to C. For a positive integer k, C¥(I) denotes the space of k-times
continuously differentiable functions on /. Let

c(I):= ﬁcku).
k=1

For f € C(I) the set

supp f :={x € 1: f(x) # O}
is called the support of f, where the closure is taken with respect to /.
If I is compact, we set

k
If|(k) = ZT@I’(V(”(’V” (f€ Ck(l))-
=0

53
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It is well-known that (C*(/), | ](k)) is a Banach space.

As usual, L,(I) denotes the space of measurable functions f on / (modulo
functions which vanish almost everywhere) such that

i
loi= (S 1f@IPd)'7 <o (1< p<e),
[flw :=esssup{|f(x)] :x €I} <o (p=rco).
It is well-known that L,(I) is a Banach space with respect to the norm | |, see
e.g. [HS, (13.11) and (20.14)].

For f,g € L,(R) and almost all x € R, the function y — f(x—y)g(y) belongs
to L, (R); for these x the convolution (f xg)(x) of f and g at x is defined by

(f+g)(x /fx y)g(y) dy,

and f g belongs to L, (R), see e. g. [HS, (21.31)].
Let L1°°(1) be the set of measurable functions f on I (modulo functions which
vanish almost everywhere) such that f|, € L,(K) for each compact subset K of /.

For simplicity of notation we identify an element of Lll"C (I) with any of its
representatives. Hence identities, inequalities etc. for L11°°(I)-functions are to be
understood almost everywhere.

If the interval is given explicitly, then we shall simplify the notation by omit-
ting the outer parentheses in the definition of spaces over intervals, €. g. we write
C[a, b] instead of C([a,b]).

Now let I be open. A function f € C*(I) is called a test function if its support
is a compact subset of /. The space of all test functions on an open interval / is
denoted by Cg (). We identify Cj(I) with a subspace of C7’(R) by setting f =0
outside of / for each f € C3’(I). Thus

an= U &K,
KClI,compact
where
Cs (K) == {f € C5(R) :supp f C K}.

A linear functional u on Cg({) is called a distribution on I if for each compact

set K C I there are numbers k£ € N and a C > 0 such that

(@, u)| <CZSUP|§0 ') (9 C(K)),
j=0x€K
where (@,u) := u(@). The space of distributions on / is denoted by Z'(I).
For u € 2'(I) the support of u, denoted supp , is the set of points x € I such
that for each neighbourhood U C I of x there is a function ¢ € C3(U) such that

(@,u) #0.
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According to the definition

@.1.1) (0,f) = / ofdx (¢ e€Co), feL™()),

we identify LI (I) with a subspace of 2'(I), see e.g. [HO2, p.37]. Then we also

have L,(I) C 2'(1) (1 < p <o) and C(I) C 2'(I) with respect to the bilinear

form (2.1.1). A distribution on / belonging to L‘l"C is called a regular distribution.
Letu € 2'(I). Then

(2.1.2) (p.u) == —(¢",u) (peCF(I))
defines a distribution #' on I, called the derivative in the sense of distributions
of u. For k = 1,2,... we recursively define

Lkt (u(k))’_
Hence, for k € N, the k-th derivative u*) € 2'(I) of u € 2'(I) is well-defined. If
u € C(I), then the k-th derivative u*) in the sense of distributions coincides with

the classical k-th derivative because of the formula for integration by parts.
Analogously, for u € 2'(I) and y € C=(I),

(2.1.3) (@, yu) == (yo,u) (9 eCy(I))

defines a unique distribution yu on [.
DEFINITION 2.1.1. Let/ C R be an open interval and k € N. The space

W) = {f e Ly(I):Vje {1,....k} fY) e L,(1)}

is called a Sobolev space. Here the derivatives f(/) are the derivatives in the sense
of distributions. For f € Wif (1) we set

k .
|f|p,k = Z |f(])|p :
j=0

Note that W,?(I) = Ly(I).

REMARK 2.1.2. Let AC'(I) be the set of functions f on I such that f] is abso-
lutely continuous for each compact subinterval K of /. Then, for k£ > 0,

WE(I) = {f € AC®°(1):Vj € {1,....k— 1} fI € aC"(1), ¥ € L,(1)}.

Observing the fact that f € AC'°(I) if and only if f is the indefinite integral
of a locally integrable function, Remark 2.1.2 will be an immediate consequence
of Proposition 2.1.5 below.

PROPOSITION 2.1.3. Let I C R be an open interval, y € I and g € Lp(I). Set
x —

(2.1.4) Gx) = / gt)dt (xel).
Y

Then G is continuous on I and G' = g in 9'(1).
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More precisely, we should write (G| ,)' = g. But since a continuous function
on / is uniquely determined by its values on /, we shall often identify G and G|,.

Proof. Let [, B] be any compact subinterval of / containing y. Then g|[a gt €

Ly([a,B]NI) C L,([e, B]), which shows that G is well-defined. It is well-known
that G is continuous on [a, 3], see e.g. [HS, (18.1)]. This proves that G is continu-
ous. Now let ¢ € Cg(1). Choose a, 8 € I such that & < y< 8 and supp ¢ C [, B].
With the aid of the theorem on integration by parts, see [HS, (18.19)], we obtain

((P, Gl) = _(q),’ G)

B B
—— [(oWow ax= [ pgr s
=(9,8)

which proves G’ =g. O

COROLLARY 2.1.4. Let k € N and u € 9'(a,b) such that ' € W[f(a,b). Then
u€ Witl(a,b).

Proof. We must show that u € L,(a,b). With g:=u' € W,f(a,b) and Gasin2.14

we obtain (u — G)' = 0. Hence u — G is a constant, see [HO2, Theorem 3.1.4]. By
Proposition 2.1.3 this implies that u is continuous and hence belongs to L,(a,b).
O

PROPOSITION 2.1.5. Let I C R be an open interval and k € N\ {0}.
i) Let f € Ly(I) and y € 1. Then f € Wlf(l) if and only if there are g € ka_](l)
and ¢ € C such that

(2.1.5) f(x):c+/yxg(t)dt (x€l).

In this case, g = f', f has a continuous extension to I, which we also denote by f,

and ¢ = f(7).
ii) Wi (1) c 1 (T).

Proof. i): Let f € W[f(l). Since k > 1, we have f' € L,(I) by definition of W[f(l).
With

G(x) ::/ Fd (xel),

Y
Proposition 2.1.3 yields G’ = f'. Hence G — f is a constant, see [HO2, Theorem
3.1.4], which proves (2.1.5) with g = f'. Since gl/) = f(j“) € L,(I) for j =
1,...,k—1, we have g € W=1(I). Conversely, if 2.1.5 holds with g € W~'(I) C
L, (1), then f' = g by Proposition 2.1.3. Thus f) = gU=D € L(I) for j=1,... k.
This proves f € Wlf(l). Assume that (2.1.5) holds. Then f has a continuous
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extension to / by Proposition 2.1.3, and (2.1.5) even holds for x € /. Evaluating
this equation for y € 1 yields f(y) =

ii): For k =1 the statement has already been proved in part i). Now let k£ > 1
and suppose that ii) holds for k — 1. Let f € W,f([). Then f' € W[f"‘(]). The
representation (2.1.5) and ii) for £ — 1 complete the proof. O

PROPOSITION 2.1.6. Let I C R be an open interval and k € N. Then Wlf(l) isa
Banach space with respect to the norm | |, .

Proof. With respect to the mapping

fer (A W),
the space W, (I) is isomorphic to the subspace

R_{ jOfEL()(J— )f fj+1(J_ ak_l)}
of (L,(I))*!. Since (L,(I))**! is a product of Banach spaces and hence a Banach
space, it is sufficient to prove that R is a closed subspace of (L,(I))**!. For this let
((f;’)’]‘.zo);,"’:o be a sequence in R which converges to some (fj)’j‘.:0 in (L,(I))<!.
Let ¢ € C5 (). Then, for j=0,...,k, HOLDER’S inequality yields
o, f} = ‘ / ¢ (x ;) (x) dx

§|(Plp" j fjlp_>0 (n — o).

Hence, for j=0,...,k—1,
(9.17) = —{¢'. £;) = = lim (9", 7

= im (0, /1y1) = (0. ;1)

This proves f; = figr for j=0,...,k—1, and we obtain (fj)lj‘-:() €ER O

PROPOSITION 2.1.7. For eachk € Nand 1 < p < g < oo we have

(2.1.6) Wy (a,b) C Wj(a,b),
(2.1.7) Wit!(a,b) C C¥a,b],
(2.1.8) Ca,b] C W)(a,b),

where the inclusions also hold topologically, i.e., the corresponding inclusion
maps are CONtINUOUS.

Proof. From [HS, (13.17)] we infer for ¢ < o that Ly(a,b) C Lp(a,b), where the
inclusion is continuous. A similar proof also holds for ¢ = co. This immediately
proves (2.1.6) and the continuity of the inclusion. The assertion (2.1.7) is a special
case of Proposition 2.1.5ii). The inclusion (2.1.8) is obvious since continuous
functions on [a, b] belong to L,(a,b).
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Next we shall prove the continuity of the inclusion (2.1.7). For this we choose
fe W;‘“(a,b) and j € {0,...,k}. From Proposition 2.1.5i) we infer

(2.1.9) U (x) = fUla) + / ’ Uty de (x €[a,b)).
Hence ,
@ <l [0l (xelab).

We integrate and obtain

-al@) < [ 19 Wlac 6-a) [ 17506 dx

This estimate, (2.1.9), and HOLDER’S inequality yield

I < b0 [10Wa2 [ 1000
< (b-a)" 7|, + 26— a)' V7|

Hence
flyy < ((6=a) P +2(6-a)' ") fl, 14

holds for all f € W,f“ (a,b). This proves the continuity of the inclusion (2.1.7).
For p = oo, the inclusion map in (2.1.8) is an isometry since | ](k) and | |,

coincide on C¥[a, b]. Now let p < oo, f € C*[a,b] and j € {0,...,k}. Then

1/ .
= /!f I”dx pS(b—a)l/Plf(1)|(O) (j=0,....,k)

implies
Flpx < B =a)! P11

The continuity of the inclusion (2.1.8) is proved. EI

PROPOSITION 2.1.8. Let k € N. For f € W) (a,b) we set

:/:f(t)dt.

Then I € L(WS(a,b),Ws*!(a,b)) with |I| <b—a+1.

Proof. By Proposition 2.1.5 i) we have that I maps W‘f(a,b) into Wlﬁ‘“ (a,b). Ob-
viously, / is linear. For p < e, HOLDER’S inequality yields

([1[ sl sy

<([G-arisge)’ = G-alr,.

a

|1f|p:
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Obviously, |/f|, < (b—a)|f|, also holds if p = c. Hence

‘Iflp,/ﬁq = |Iflp+ (1£) |p,k <(b—a) |f’p+|f[p,k
S(b*a+1)|f|p,k u

2.2. The dual of Wj(a,b) for p < e

If we consider distributions defined on different intervals, then we shall often use
the notion ( , ); for the bilinear form on C3'(I) x 2'(I) in order to distinguish be-
tween the diffent bilinear forms. Only for I = (a,b) we shall never use a subscript.

PROPOSITION 2.2.1. Let k € N. Let I and I' be open intervals with I' C 1. A
continuous linear map from W;(I) into Wlf(l') is given by f — f|, for f € Wif(l).
In particular, (f],,)(j) :f(j)ll, holds for all f € Wlf(l) and j=0,...,k. ForI=R
and I' = (a,b) we write Ky o= f|(a’b) for f € W;‘(R). Thus

K

i W (R) — W(a,b)

is a continuous linear map.

Proof. Let f € Wk(I) and ¢ € C3(I') C Cg(I). For j =0,...,k we have
( fl[l) )1/“ - )]< () f|11>1/

~1)/ [ V(£ ax = (=1)7 [ 91

=(-1) <p“)f>1—<pf >

= [o s ax= [ o
= (‘Paf l,:)p-
Hence (f],)) = fU|, € L,(I') for j =0,...,k, which proves f|, € W¥(I') and
Il < |f|pk a
PROPOSITION 2.2.2. LetI C R be an open interval, 'y € I and k € N\ {0}. Let f, €
W;(Iﬂ (—o0,7)) and f, € W[f(lﬂ (7,%0)). By Proposition 2.1.5 ii) the complex
numbers fl,(j)(y) are well-defined fori = 1,2 and j =0,...,k—1. Set

f1(x) if x € IN(—o0,7],
fH(x) ifxeIn(y,oo).
Then f € WX(I) if and only if fU)(y) = fz(f)(y) for j=0,...,k— 1. If this holds,

then ) ifxeln(—e,y)
() _ h X ifxeln —,%),
2.2.2) 7 (x) {fz(j)(x) if x € IN(y,0),

2.2.1) flx) = {

forj=1,...,k
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Proof. If f € Wi(I), then f(f)( y) = fUl(y) = f(f)(y) for j =0,...,k— | since
fec(I)by Proposmon 2.1.51i). And (2.2.2) immediately follows from Propo-
sition 2.2.1 as f(/) Lp(I)for j=1,... k.

Conversely, let fl(j)(y) = fz(j)('y) for j=0,....k— 1. We shall prove f € W.(1)
for { =0,...,k by induction. Obviously, f € L,({). Nowlet/ € {0,...,k— 1} and
suppose that f € W)(I). Note that (2.2.2) holds for j = by the first part of the
proof. Let ¢ € C5 (/) and choose @, 8 € I such that o < y < B and supp ¢ C [, B].
With the aid of the theorem on integration by parts, see [HS, (18.19)], we infer
that

(o, fIy = —(g', fU
- / o' (x) £ (x) dx — / o' (x) 1,
/<p Rl / () AT (x) de+ o(n) A (1)
_/ o(x 1+1 dx+/ o(x ’“)(x)dx
:<q)vf([+]))’
where

g [ exen ey,
({+1 fz(””(X) if x € IN(y,00).

Hence fU+7) = fiys1y € Lpll), and f € W, (/) implies f € W' (7). O

PROPOSITION 2.2.3. Letk € N. Then there is a continuous linear map

T, Wala,b) = Wi (R)

pk -

suchthatx,, 7, =id and T,/ has compact support foreach f € W[,f (a,b).

Wk(a,b)

Proof. We choose a test function y € C7'(R) with ¥ = I in a neighbourhood of
[a,b]. For the existence of such a function see e.g. [HO2, Theorem 1.4.1]. For
fe W[f(a,b) we set

Z f“ J(x—¢)) (x€R, c€{a,b})

and
W(X)fa(x) if x <a,
(T, /) (x) == ¢ f(x) ifa<x<b,
yix)f(x) ifx2>b.
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Obviously, 7,,f € L,(R) C Z'(R) and supp(z ».f) C suppy is compact. For
k = 0 the assertion is obvious. Now let k > 1. From v fe € C5(R) we immediately
infer Wfal _.., € W} (—c0,a) and VSolipey € W"(b o), see Proposition 2.2.1.
Since y = 1 m a neighbourhood of ¢ = a or ¢ = b, we have

WV () =) (j=0,....k=1).
Applying Proposition 2.2.2 first to the interval / = (—eo,b) and ¥ = a and then
to the interval / = R and ¥ = b, we obtain Tf € Wk (R). 1t is obvious that
K, Tpx = idy, Wiab) Choose a, B € R such that suppy C [, B]. From

P
(wf)! i

we infer that there are C; > 0, C, > 0 such that
W Sal(gaylpi < Cil
WSelwp)lpik < CalFlyeyy
holds for all f € W"(a b). By (2.2.2) and the continuity of the inclusion (2.1.7),

| kf|pk§ |V’fa‘ (a,a) lpk+|f|pk+IWfb| (6,8) ‘pk
SC’flp’k

forsome C >l and all f € Wk(a b). DO

i y(-—c) (1=o0,....k

\..

The mapping t ok depends on the choice of the test function y. Below, T Tpk
always means an arbltrary mapping fulfilling the assertion of Proposition 2.2.3.

For1 <g<ooand f € L,(a,b) we set

x) ifx€(a,b),
@23) fulw) = { T X @b

0 ifxeR\(ab).
The function f, is called the canonical extension of f to R.
PROPOSITION 2.2.4. Let p < o and k € N\ {0}. Set

k .
Wy lab):= {ue 2'(R): 3 ()0 € (Ly(ab))* =Y ()P},

j=0
Then, for u = :Vi (uj)gj) € Wka[a,b] and f € W[f(a,b),
j=0
ko b o
(2.2.4) (o)=Y / (1)) £ (x)u, (x) dx
=

does not depend on the representation of u. For ¢ € C5(R) we have
(2.2.5) <(p|(a)b)au>p,k = (0, u)p.
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k .
Proof. Let (u )j —0 € (Lyl(a, b))**! and set u:= ¥, (uj)g,f). For ¢ € C3(R) we
=0

have
k k
(P = X (0, (1)) = X (=D (0Y, ()l
j=0 j=0
ko rb
=Y [ =100 (x) ax

.
il
[=]

which proves (2.2.5). Let f € Wf(a,b). Since 7, f € W;(R), there is a sequence
(n)y in CF(R) such that
(T, hf * 0) ) = ( pkf) * P — ( p,kf)(j)

in L,(R) as n — oo for j=0,...,k, see [H02 Theorem 1.3.2 and (4.2.5)]. Using

f=x,,7,,fand (x,, pkf) =(r kf) |  for j=0,...,k, see Propositions
2.2.3 and 2.2.1, we infer that

DWACHIRCIE '1%2/ (2, % 00) () (1))e () dr

= lim (7, f* n, )

which proves that (f,u) , , is well-defined. [

THEOREM 2.2.5. Let p < oo and k € N\ {0}. For u € W>*[a,b] let

k
. k .
luly = 1nf{r§1:a())(|uj|p, : (uj)lj‘-zo € (Ly(a, b)Y+ = Z(')(u!')gj)}'
]:

Then (ijk[a,b],| Ip',—k) is a Banach space and the dual of (W;(a,b),l |p,k) with
respect to the bilinear form () o defined in (2.2.4).

Proof. Foru € WpT"[a, b] and f € W (a,b) we set
(Ju)(f) = (f 1) o

k .
Letu= Y (u,)Y), where u; € L ,(a,b) (j =0,...,k). Then, by definition (2.2.4)
Jj=0
of (, ), and HOLDER’S inequality,

()] < mx s
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which proves that Ju € (Wk(a,b),| | i) and [Jul}, , < |ul, _, . Here |}, denotes
the norm on (W (a,b), | |,4)'- Hence

J € L(W;*[a,b], (W) (a,b))).

We have to prove that J is bijective and that J~! is continuous. For the proof of
the injectivity of J let u € WPTk [a,b] such that Ju = 0. There is a representation

k .

u=Y (uj)gf), where (uj)’;:() €(L, (a,b))**1. For ¢ € C3(R) we have by (2.2.5)

j=0
that

(‘Pﬂ")R = (‘P](a,b),u)p,k = (-]“)((pl(a,b)) =0,

which proves u = 0.

For the proof of the surjectivity of J let w € (Wf(a,b))’. Since Wj(a,b) is
isomorphic to the subspace R of (L,(a,b))**! defined in the proof of Proposition
2.1.6, there is a continuous linear functional v on R such that

w(f) =v((fD) )

for f € Wlf(a,b). Since Lp,(a,b) is the dual of L,(a,b), see [HS, (15.12) and
(20.20)], the HAHN-BANACH theorem yields that there are u j €Ly (a,b) for
j=0,...,k such that

k b
w(f) =Y (=1) | fORux)de (f € Wi(a,b))
J=0 a
and
(2.2.6) ity = T§g|uj|p,.
Set

Then Proposition 2.2.4 yields
w(f) = {f,u), = (Ju)(f) (f € Wy(a,b)),
which proves w = Ju € R(J). Finally we obtain from 2.2.6 that
Wy = Tl < Wl

whence J~! is continuous. Since the dual of a Banach space is a Banach space,
we also have proved that (Wka[a, b],| |7 _4) is a Banach space. Note that the two
norm estimates obtained in the proof show that J is an isometry. [
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EXAMPLE 2.2.6 (Dirac distribution). Let p < oo and ¢ € [a,b]. Since f+— f(c)isa
continuous linear functional on Cla, ], it is also a continuous linear functional on
Wp1 (a, b) because of the continuity of the inclusion W, (a,b) C C[a,b], see (2.1.7).
By Theorem 2.2.5, there is a distribution 6, € WpTl [a,b] such that

fl&)=(£,8)p1 (FEW,(a,b)).
O, is called the Dirac distribution or Dirac measure at c.
We can extend the definition of the space Wp‘,k[a, b] to k = 0. In this case,

W[?/[a,b] ={u.:u€l,(ab)}
is isomorphic to Lp,(a, b).
PROPOSITION 2.2.7. Let k € N, [ € N\ {0}, and u € W*[a,b]. Then we have
ul) € Wp_,k_l[a,b].

Proof. By assumption, there are u; € Lp,(a,b) (j=0,...,k) such that

k
w=Y ().
j=0
Then
) = Y ()1,
=
which proves ul!) € WpT"”[a,b]. O

Identifying f € L, (a,b) and f, for p < c we have Lp,(a,b) C Wka(a,b) for
all £k € N. In this way we obtain

(2.2.7) Wi (a,b) C L, (a,b) C W [a,b]

for k,/ € N\ {0}. Thus we may consider y € W[ﬁ, (a,b) as adistribution in Wka[a, b]
if we identify y and y,.

But if we consider the derivatives of y as a distribution on (a,b) and R, respec-
tively, they are different in general, i.e., y, # ('), (see Proposition 2.6.5). Thus
we have to be careful in which space we take the derivative. For f € L, (a,b) and

j €N, U9 always means the j-th derivative in 2'(a,b), and we write £ for the
Jj-th derivative in 2'(R).
PROPOSITION 2.2.8. Let p < oo and k > 0. Then L,(a,b) C Wp‘,"[a,b].

Proof. Let f € L,(a,b). Choose u, € Cg (a,b) such that

/abuo(t) dl———/abf(t) de,
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and define .
u, (x) ::/a (F(1) — u(0)) dt (x € (a,b)).

Then uy,u, € W} (a,b) C L,(a,b) with uj(a) =0 = u,(b), and it follows from
Proposition 2.2.2 that f, = (uy)e + (#y),. O

[

2.3. Multiplication in Sobolev spaces on the interval (a,b)
All of the results on scalar-valued functions in this section extend to vector-
and matrix-valued functions since it is sufficient to consider their components.

PROPOSITION 2.3.1. Let 1 < p <r < ooandk € N\ {0}. Then the multiplication
operator

o W;(a,b) x W(a,b) — W:(a,b)
is a continuous bilinear map and
(2.3.1) (f) =¢'f+ef
forge Wlf(a,b) and f € W¥(a,b). Also, for k = 0 the multiplication operator
- Lp(a,b) X Le(a,b) — Ly(a,b)
is a continuous bilinear map.

Proof. For k = 0 the result is clear since gf is measurable for all g € L,(a,b) and
f € Lw(a,b), see e.g. [HS, (11.17)], and |gf|, < |g|p|f|- by definition of the L,-
and L..-norm.

Now let £ > 0 and suppose that the multiplication operator from the product
space W5~ (a,b) x WE~1(a,b) into W¥=!(a,b) is continuous. Let g € Wy(a,b)
and f € W(a,b). Since f,g € W(a,b), Proposition 2.1.51) and the theorem on
integration by parts, see [HS, (18.19)], yield for x € [a, b] that

X X
6N =N+ [ s0f@a+ [ nswa.
a a
By (2.1.6) we have f' € W[f"’(a,b), and (2.1.7) and (2.1.8) yield that g and f
belong to WX~!(a,b). Hence, by assumption,
gf +¢'fews N a,b).

From Proposition 2.1.51) we infer gf € W;(a,b) and (gf) =gf' +4'f.
The continuity of the multiplication operator from W~!(a,b) x WX™'(a,b)

into W[f_l (a,b) and the continuity of the inclusion maps in Proposition 2.1.7 yield
that there are constants C,, C,, C;, which do not depend on f and g, such that

lef' +glf|p,k_1 <C (lg,w,k_1 lfllp,k_l + |gl|p’k—1 |f|oo,k_1)
< C2|g’p)k|f/|ryk—l +C3|gllp,k——1!f|r’k'
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Finally, the continuity of the inclusion W(a,b) < L..(a,b) yields
|8f|p,k =|gflp+ [(gf)llp,kq
< C4|g|p‘f’r,k +(G +C3)|glp,klf|r,k
< Cslglp,klflr,ka
where C, and Cg do not depend on fandg. 0O
Since for ! > k the embedding W}(a,b) — W} (a, b) is continuous, Proposition

2.3.1 immediately yields

PROPOSITION 2.3.2. Letk € N, 1 € N\ {0} and k < 1. Then the multiplication
operator

(2.3.2) -1 Wi(a,b) x W)(a,b) = W)(a,b)
is a continuous bilinear map.
PROPOSITION 2.3.3. Letk € N [ € N\ {0}, k <l and n € N\ {0}. Then, with re-
spect to the multiplication Ay (A € M,,(W[f(a,b)), y€ (Wlf(a,b))"), M,,(W;(a,b))
is isomorphic to a subspace ofL((W,f (a,b))", (W;(a,b))").
Proof. For A € M,,(Wlf(a,b)) and y € (Wlf(a,b))" let T,y := Ay. From the con-
tinuity of the bilinear map (2.3.2) it follows that A +— T, is a continuous linear
inclusion map from M,,(W!f(a,b)) to L((W;f(a,b))”, (W:(a,b))”). The definition
of the matrix norm, see (1.1.2), gives

|Al, 4 < nsup{|Ac]|,, :c€C", || < 1}
Identifying elements from C* with constant functions we obtain for ¢ € C”

|Acl, i = Tyel,p < Tyllel,, = Tyl (b —a) /P,

which proves A|,, <n(b—a)'/?|T,|. O

Let p<oo,keN, 1eN\{0}, k<l andge W,f(a,b). By Proposition 2.3.2,
g is a continuous operator from W,ﬁ(a,b) to W[f (a,b). Theorem 2.2.5 yields that
its adjoint (g-)* is an operator from Wka[a,b] to WpTl[a,b]. Forv e Lp,(a,b) and
fe Wé(a,b) we have

@33 {fle) W= (e = [ B d

= <f’ (gv)e>p,[7
ie., (g)ve=1(gv)eif ve LP,(a,b). Here we have used that gv € L,(a,b) and
applied Proposition 2.2.8. We use the notation gv, = (gv), and extend (2.3.3) to

(2.3.4) (g)Yu=:1g-u=:gu

forall u € Wka [a,b]. Therefore we obtain
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PROPOSITION 2.3.4. Let p < oo, k€N, 1 € N\ {0}, k<1, and g € Wf(a,b). Then
the “multiplication” operator
g: WPTk[a,b] -3 WPTI[a,b]

is a continuous linear map.

2.4. Compact inclusion maps in Sobolev spaces on (a, b)

LEMMA 2.4.1. Let p > 1. Then the inclusion map W;‘(a,b) — C*~1a,b] is com-
pact for each k € N\ {0}.
Proof. Let
B :={f € Wy(a,b) : | fl,, < 1}.

We have to show that B, is a relatively compact subset of C*~![a,b]. Since
C*~[a, b] is isomorphic to the subspace

R={(f))izo: Vi €{0....k=2} f; € C'la,bl, fj=f},1}
of (C[a,b])* with respect to the mapping

f}_) (f’fl" M 7f(k-1))7
it is sufficient to show that for each j € {0,...,k— 1} the set { /) : f € B, } is rela-
tively compact in Ca, b]. Butin view of {f/): f € B,} C B, for j € {0,...,k— 1}
this holds if we prove the lemma for k = 1.
Thus let k£ = 1. By Proposition 2.1.7 there is C > 0 such that |f|(0) <Clfl,,

forall f € Wp1 (a,b). Therefore {f(x) : f € B,} is bounded for all x € [a,b]. For
X,y € [a,b] the representation in Proposition 2.1.51) and HOLDER’S inequality

yield
Y !
£0) - f()] = / roal
<ly=+""7U1,,
<y

for all f € B. Hence B, is an equicontinuous subset of C([a,b]). By ASCOLI’S
theorem, see e.g. [DI1, 7.5.7], B, is a relatively compact subset of Ca,b]. [

THEOREM 2.4.2. The inclusion map Wlf(a,b) — W;"l(a,b) is compact for each
k € N\ {0}.

Proof. If p > 1, the statement immediately follows from Lemma 2.4.1 and Propo-
sition 2.1.7 since the composition of a compact linear operator and a continuous
linear operator is a compact operator, see e.g. [KA, Theorem 1I1.4.8]. Now let
p =1 and set

B:={f € W{(a,b): |flig < 1}.
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Since W¥!(a,b) is complete, it is sufficient to show that B is precompact in
W~ !(a,b). For this let € > 0 and 7,, be an extension operator according to
Proposition 2.2.3. Set § := % , where C is the operator norm of T4 Let f € B.
For j=0,...,k—1,

(0 )90 = 1@ + [ (5, NI & (e R)

by Proposition 2.1.51), and hence the following estimate holds for y € [-8, §]:

b ) ) —
[ 160063 -@un0mies [ 7@ 0001 o
/z+ydx

b+6 }

<[ Mmnel

a—§ ’
< 5'(71,kf)(j+l)|

Set fs = (7, ,f) * ¢5, where ¢5 € C7'[-6,6], ¢5 > 0 and g ¢5{x) dx = 1. The

differentiation of convolutions yields Iy V) = (1, o )U) % ¢ . Hence

dt

1-

My = 19 —/ 79 - £ d

5((T1kf) ( ) (T1kf) ())¢5(y)dydx

//‘lef (x—y) - (lef ldx%
< 8|(7, HVY),

which proves

€
Q4.1) sl —f{l,k—l <éc=3
forall f€ B. LetM := In|1a)§ ¢5(y). Obviously, for [ =0,... k,
y| <
]f ‘ <|(% kf)u M
and thus

for all f € B. This proves that B := {fs[(a by f € B} is a bounded subset of

WX(a,b). By Lemma 2.4.1 there are finitely many elements f,..., f, in B such
that for each f € Bthereisa j € {1,...,m} such that
€
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Using (2.4.1) we infer that for each f € Bthere isa j € {1,...,m} such that
1 = Filaet S 1= Fsliawy lar + Usliam = Fisl @ haet T 155 = F 6l am 1 aes
<E,

which completes the proof. [

2.5. Fundamental matrices

In this section let Q be a nonempty open subset of C, n € N\ {0} and A €
H(Q,M,(Ly(a,b))). The value of the matrix function A at A € Q and x € (a,b) is
denoted by A(x, A). We set

(2.5.1) TP(A)y:=y -A(, L)y (ye (Wp1 (a,b))", A € Q).
LEMMA 2.5.1. T? € H(Q,L((W, (a,b))", (Ly(a,b))")).
Proof. Proposition 2.3.3 yields A € H(Q,L((W (a b))",(Lp(a,b))?)). O

DEFINITION 2.5.2. Let Ay € Q. A matrix ¥, € M,(W, (a,b)) is called a funda-
mental matrix of TP (Ay)y = 0 if for each y € N(TP(,)) there is a c € C" such
that y = Yjc.

A matrix function Y : Q — M,,(Wpl (a,b)) is called a fundamental matrix function
of TPy = 0if Y(A) is a fundamental matrix of T7?(1)y = 0 for each A € Q.

THEOREM 2.5.3. Let TP be given by (2.5.1). Then there is a fundamental matrix
function Y € H(Q,M,(W 1( b)) ofTDy =0 withY(a,A) = idp, forall A € Q.
In addition, Y (-, A) is invertible in M, (W, (a b)) forall A € Q.

Proof. For A € Q, B € M,(Lp(a,b)),y € (Cla,b)])", and x € [a,b] we set

- / “Bl)y(e) dt

Since By € (L,(a,b))", we obtain (IB)y € (C[a,b])". HOLDER’S inequality yields

((B)Y) ()] < (b—a)' "7 |B,]yl o,

for each x € [a,b]. This proves I € L(M,(Ly(a,b)),L((Cla,b])")). For A € Q,
y € (Cla,b])", and x € [a,b] we set
X
:/ A, A)y(e) dt
a

Since K(A) = IA(,A), Corollary 1.2.4 yields K € H(Q,L((Cla,b])")). Let y >0
and set

Il = max [yl ™) (y € (Cla b))
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For each y € (Cla, b])" we have

Il < Il < € llyly,

which shows that the norms | |(0) and || ||, are equivalent. Hence (Cla,b])" is a

Banach space with respect to the norm || ||,.

Let A € Q. We shall prove that there is a y > 0 such that |[K(A)]|, < 1, where
IK(A)]ly is the operator norm of K(A) on L((C[a,b])") induced by the norm || ||,
on (Cla,b])". Since the function ¢ — |A(z,A)| belongs to L,y(a,b) C L,(a,b), the
function

X
X / IA(1,1)] dt
a
is uniformly continuous. Hence there is a € (0,b — a) such that
B 1
[ e <
o 4
for all &, B € [a,b] with |& — B| < 8. Fory € (C[a,b])" and x € [a, b] we have
/ Alt, 1)y(0) def 70—
a

< [ 146 Ay 0] 1) dr

(2.5.2)

[(K(R)y)(x)]e” 19 =

< [T a)e drly]
a
For x € [a,a+ 6], (2.5.2) implies

X 1
[ 1A ar <
a

Za
and for x € (a+ §,b], (2.5.2) implies

X x x—0
/ A®t, )]0 dr < / |A(:,/1)|dt+e—75/ IA(1,A)] dt
a x—8 a
L,y
Sz tne PIAGA)
Choose ¥ > 0 such that e"°|A(-, )], < 2 . Then the above estimates yield

1
1K)y < X
and we obtain that id(c[a wy — K (A) is invertible for all A € Q. From Proposition
1.2.5 we infer that (id o ~K)"te H(Q,L({Cla,b))")). Fork = 1,...,n define

(2.5.3) Y(,A)ey = (id gy — KA) e, (AeQ),

where ¢, is the k-th unit vector in C*. Then Y (-,A) € M,(C[a,b]) and depends
holomorphically on A.

(Cla.b]
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We apply id —K(A)toY(-,A) and obtain

(Clasly
(2.5.4) Y(x, 1) — /XA(I,A)Y(t,l) dr=idy (x€ [a,b]).

ASA(-,A)Y (-,A) € My(Lp(a,b)), Proposition 2.1.51) gives Y (-, 1) € M, (W, (a, b))
and

(2.5.5) Y'(-,A) :A(-,)L)Y(-,/'t).

The multiplication from M, (L,(a,b)) x M,(C([a,b])) to M,(L,(a,b)) is a con-
tinuous bilinear map. Accordmg to Proposmon 1.23,AY € H (Q M, (Ly(a,b))).
Proposition 1.2.3, Proposition 2.1.8 and (2.5.4) yield Y € H(Q,M,(W, (a b))).
From (2.5.4) we infer Y (a,A) = idsy .

Let A € Qand y € N(TP(1)). Then, by Proposition 2.1.51),

i+ [A0 Ay @ (relab)

and thus
(g ~KN(®) = (@) (x€ [a,b]).
This proves
y=Y(,4)y(a).
We still have to prove that Y (-, A1) is invertible in M, (W, (a b)) foreach A € Q.
We consider the operator TP (1) € L((W, (a b))*, (L (a,b)) ) given by

TPy =y +AT(,A)y (v € (W,(a,)"),

where AT denotes the transposed matrix function of A. For fixed A € Q we know
that there exists a fundamental matrix ?o of TP(1)y = 0 with ?O(a) =id . Set
Yy :=Y(-,A). Since YO,YO € M, (W, (a b)), Proposition 2.1.51) and Proposition
2.3.1 yield

(2.5.6) (TTYy) (x) = (FTY,) (@) + / TT(0)g(e) dt + / BT ()Y (1) de
a a
= idgy
since ¥y = A(-,A)Y, and ?6 = —AT(-,/I)YO. This proves that YOT is the inverse of
Y(,A), O

PROPOSITION 2.5.4. Let TP be given by (2.5.1), A, € Q, and Y, be a funda-
mental matrix of TP (A,)y = 0. Then Yy € M, (W (a,b)) is a fundamental matrix

of TP(Ay)y = 0 if and only if there is an invertible matrix C € M,(C) such that
Y, =Y,C.
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Proof. Obviously, it is sufficient to consider the case Y| = Y(:,A;), where Y is
the fundamental matrix function obtained in Theorem 2.5.3. Let Y, be a fun-
damental matrix of T?(2,)y = 0. We define C :=Yy(a). Letd € C". Since
TP(A)Y (-, Ag)d = 0 by (2.5.5), there is a vector ¢ € C" such that Yyc =Y (-, A)d.
We infer that Cc = Y(a)c = d, which implies that C is surjective and hence in-
vertible and that Y,C~! = Y (-, 4,).

Now let ¥, = Y (-, A,)C. For y € N(T?(2,)) there is a vector d € C" such that
y=Y(-,Ay)d. Setc:=C7'd. Theny =Y(-,4))Cc =Yyc. O

From Proposition 2.5.4 and (2.5.5) we immediately infer
COROLLARY 2.5.5. Let TP be given by (2.5.1), Ay € Q, and Y, be a fundamental
matrix of TP (4,)y = 0. Then
Yo —A(, 49)Y, = 0.

For each invertible matrix C in M, (C) there is exactly one fundamental matrix
Y. of TP(Ay)y = 0 with Y.(a) = C. In particular, there is a unique fundamental
matrzxfunctzon Y of TPy = 0 with Y (a, 1) = idgy for all A € Q.

PROPOSITION 2.5.6. Let TP be given by (2.5.1) and let Y be the fundamental
matrix function of T?y = 0 with Y (a,A) = idg, for all A € Q. Set

(ZA)S)(x) =Y (x)c (AEQ, ce T, x€ (a,b)).
Then Z € H(Q,L(C" (W, (a b))")), and Z(A) is injective for all A € Q.
Proof. By Theorem 2.5.3, Y € H(Q,M,(W (a b))). ForV e M, (W (a b)) and

ceC, IVc| 1 <nlV|, le|. Hence the “multlpllcatlon” from M,(W (a b)) to

L(C", (W, (a b)) ) is continuous, which proves Z € H(Q,L(C", (W, (a b)")).
Since (Z(/'L)c) (a) = ¢, we obtain that Z(A) is injective.  [J

LEMMA 2.5.7. Let TP be given by (2.5.1) and let Y be the fundamental matrix
function of TPy = 0 with Y (a,A) = idg forall A € Q. For A € Q, f € (Lp(a,b))"
and x € (a,b) we set

UANE =Y xA) [ 1)
ThenU € H(,L((Ly(a,b))", (Wp1 (a,b))")) is a holomorphic right inverse of TP.

Proof. From Theorem 2.5.3 we have that ¥ € H(Q,M,(W, (a,b))), and therefore

Y='e H(Q,M,(W (a b))) by Theorem 2.5.3 and Propositions 2.3.3 and 1.2.5.
From Propositions 2 3.3,2.1.8 and Corollary 1.2.4 we infer that

f»—)/xY(t,/l)"'f(t) dr
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defines a continuous linear map from (L,(a,b))" into (Wpl (a,b))", which depends
holomorphically on A. An application of Proposition 2.3.3 and Corollary 1.2.4
shows U € H(Q,L((Ly(a,b))",(W,(a,b))")). Since Y'(-,A) = A(,A)Y (-, 4),
Propositions 2.3.1 and 2.1.51) yield

U =AGNUR)F+Y (A ()T (f € (Lyla,b)"),
whence

TPMUA)f=F (f€Lplab))”). O

PROPOSITION 2.5.8. Let k € N\ {0} and C € M,I(W"(a b)). Suppose that the
matrix C(x) is invertible for almost all x € (a,b) and that C~' € M, ( (a,b)).
ThenC~' e M, (Wlf(a,b)) and

(2.5.7) cV=-c'cct.
Proof. Since C~'C' € M, (L,(a,b)), Corollary 2.5.5 yields that
y+C'Cly=0

has a fundamental matrix ¥ € M,(W,!(a,b)) with Y (a) = C(a)~". With the aid of
Proposition 2.3.1 and Corollary 2.5.5 we infer

(2.5.8) (cyY =C'v +cy' =0.
Hence CY is constant, see [HO2, Theorem 3.1.4], and C(a)Y (a) = idg, yields
C'=Y eM,(W (a b)).

In addition, (2.5.8) implies (2.5.7). Since k > 0, (2.5.7) and Proposition 2.3.1
yield that Y' € M,(L,(a,b)), whence Y € M,(W, (a,b)). Now let 2 < j < k and

suppose that C™!' =Y € M, (W[g Ya,b)). From (2.5.7) and Proposition 2.3.1 it
follows that Y € M, (WJ~'(a,b)), which proves Y € M,(W}(a,b)). By induction
we obtain ¥ € M, (W) (a,b)). O

PROPOSITION 2.5.9. Let ¥, € M,,(Wp1 (a,b)), Ay € C and assume that
¥~ Al )Yy =0

and that Y(c) is invertible for some c € |a,b]. Then Y, is a fundamental matrix of
TP(Ay)y =0.

Proof. Let Y be the fundamental matrix function of TPy = 0 given in Theorem
2.5.3. Since ¥ :=Y (-, A;) is invertible in M, (W, (a b)), Proposition 2.5.8 yields

(Yl_lYo)lz”Yl Y1Y1 Y0+Y1 YO
= Y TAC AV YT Y + YA Ag)Y, = 0.

Hence ¥;~'Y is constant, see [HO2, Theorem 3.1.4]. Since ¥; ' (c)Yy(c) is invert-
ible, an application of Proposition 2.5.4 completes the proof. []
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2.6. Regularity of solutions of differential equations

PROPOSITION 2.6.1. Letk,n €N, p; € Wy*'(a,b) fori=0,...,n, p;' €L, (a,b),
§ € Ly(a,b). If k=0, we additionally require that p,§ € L,(a,b). Assume that

n

(2.6.1) Y (p:0)9 € Wi(a,b).

i=0

Then § € Wit"(a,b).

Proof. In case n = k = 0 nothing has to be proved. For n = 0 and k£ > 0 the
statement follows from Propositions 2.5.8 and 2.3.1. Let n > 1 and suppose that
the statement holds for n — 1. Since p; € W[ﬁ‘(a,b) C Lw(a,b) if k > 1, we have
for any k and i = 0,...,n that p,{ € L,(a,b) C 9'(a,b). Thus (p,0) is well-
defined. Suppose that { & W *"(a,b). Then there is a j € {0,...,k+n—1} such
that { € Wl{'(a,b)\WI{“(a,b). Let j/ :=min{j,k}. Setg=pif j/ >0andg=1
if j/ = 0. Then, in view of (2.6.1) and Proposition 2.3.1,

n—1

(T2 09) = X (0i0)? - pol € W (a,0),

i=0 i=0
whence
n—1 ) .
Y (PO e W/t (a,b)
i=0

by Corollary 2.1.4. Hence { € W/ =1 b) = W/ +”(a b) by induction hy-
pothesis. In case j/ =0 we obtam § e Wl(a,b) C L (a,b). Therefore p,¢ €
Ly(a,b), and by repeating the above step we now can take g = p also in case
J'=0. If j' = j, we obtain the contradiction { € WJ*"*(a,b) C WJ*!(a,b). If
J' = k, we obtain the contradiction { € Wy*"(a,b). O

PROPOSITION 2.6.2. Letl € N neN\{O} p,eW(ab)(z ,n). If1=0,
we additionally assume that p; € W' max{p,p’ }(a b) (i= ,n). S

n 7 . .
ar= L (1) G=0nm
For { € Wj(a,b) we have

sz t)_z ’)()

i=0

in the sense of distributions, where piC satisfies the equation

262 (0nt" =1 [(op) LW dx (9 € Crlab)

if p;€ @) defines a regular distribution; otherwise, p,{ ) is defined by (2.6.2).
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Proof. First we note that in case p,{ () is a regular distribution the theorem on
integration by parts, see [HS, (18.19)], yields (2.6.2). Now let ¢ € Cy(a,b) and
j €40,...,n}. Arecursive application of Proposition 2.3.1 to ¢ p; shows that the
LEIBNIZ rule holds:

(@p,)" ;() (i=0,....n).

0 (J) [0 e

Therefore

((P pl _1

which proves
— i(__l)i—j (l) (p(i—j)g)(]‘)‘ 0
j=0 77

REMARK 2.6.3. The distribution p,¢! () in Proposition 2.6.2 is regularincase i < /.
If p> 1 and i > I, then ({1V), € W)~ ‘[a b] by 2.2.7), p,(¢1), € Wi [a, b] in the
sense of Proposition 2.3.4, and p,C is the restriction of p,({(), to (a,b).
PROPOSITION 2.6.4. Let k,1 € N, n € N\ {0}, p, € Wi*!(a,b) for i =0,...,n,
p,le L, (a,b), and € € W;(a,b). If k =1 = 0, we additionally assume that
p;eEW! ax{pp}( a,b) (i=0,...,n). Assume that

Zp, ¥(a,b).

Then § € Wit"(a,b).
Proof. The assumptions of Proposition 2.6.2 are satisfied. Let g,,...,q, be as

defined there. For E (g;¢ )() the assumptions of Proposition 2.6.1 are satisfied.

Therefore { € W"+"(a b) follows from Proposition 2.6.1. O
PROPOSITION 2.6.5. Letn € Nand u € Wj(a,b). Then

(2.63) ue = + Z ’l 1—!) _ u([) (b)azgn._]_,))

holds in 2'(R), where u, is the canonical extension of u.
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Proof. The statement is trivial if n = 0. Let n = 1 and ¢ € C7’(R). Then, by the
theorem on integration by parts, see [HS, (18.19)],

(pae /(P ue

= [ o0 ) e~ (8)utp) + o(auta)

—((P,(u)) — (@, u(b)8,)p + (9, u(a) du)y -

This proves (2.6.3) for n = 1. Suppose that (2.6.3) holds for n — 1, where n > 2.
Then an application of (2.6.3) for n — 1 and 1 yields

ugn) — (ugn—[))/
SOV LN (0 ) §0-2-1) (0 ) =210
), + Y (4 (a)8] - u’(b)o, )
i=0

= "), +u" (@) 8, — u"1(b)§,

n—2
+ Z (u(z)(a)chn 1-i) u(l)(b)élgn 1 1)) m
i=0

2.7. [Estimates of integrals with a complex parameter

We shall often deal with functions having a special asymptotic behaviour when
the parameter A tends to infinity. For this we introduce some notations.

Let U be an unbounded subset of C, f be a function on U with values in
M, (C) and g be a complex-valued function on U. We write

f(A) =0(g(2))

if there is a C > 0 such that | f(4)]| < C|g(A)] for A € U. The notation
f(A) =o0(g(2))

means that {f(1)||g(1)|' = 0asA —» inU. Leta €M, ,(C). We write

if f(A)—a=o0(1).
Now let f(-,A) € M, ,(Ly(a,b)) for A € U and, as above, g be a complex-
valued function on U. We write

f(A)={0(g(A)}, or f(-,A)=0(g(1)) in M, ,(Ly(a,b))
if there is a C > 0 such that | f(-,A)|, < C|g(A)| for A € U, and
Ay ={o(g(A))}p or f(,A)=o0(g(4))inM,,(Ly(a,b))
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if [f(-,A4)]|g(A)|~" — 0 as A — . For h € M, (L,(a,b)), we write

it £(,2) —h = {o(1)},-
PROPOSITION 2.7.1. Let r € Ly(a,b) such that r(x) > 0 for all x € (a,b) and
r=' € L.o(a,b). For x € [a,b] we set

Let1 < p, Sooandlszgoosuchthat%+pl—]—l=pl—2. Let u € Ly(a,b) and

v € Lp (a,b). Then there is a function h € L, (0,R(b)) such that
[l < 1Pt P2 ]

and

b X R(b)
| v exp{aR()} [ exp(-2RE)u(E) dEdx= [ explechrin(r)de
wherec=aorc=b, g =1ifc=a & =—-1ifc=b.

Proof. Let p : [0,R(b)] — [a,b] be the inverse of the absolutely continuous in-
creasing function x — R(x). Then p is also a continuous increasing function.
Since the function T — e ‘( ] is the composite of a continuous and a bounded

measurable function, it is a bounded measurable function. We define the function
f:[0,R(b)] = R by

todr
flt):= a+/0 ;m

Since R is absolutely continuous with R’ = r, the theorem on integration by sub-
stitution, see e.g. {HS, (20.5)] or [MS, 38.4], yields

R(x)
f@@»=a+A o

:a+/ax$r(t)dt=x

for x € [a,b]. Hence f = p, which proves p € W!(0,R(b)) and p’ = (rop)~!, see
Proposition 2.1.51).
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Let ¢ = a. We apply the substitutions x = p(¢), & = p(t) and 7+ ¢ — 7 and
obtain, again using the theorem on integration by substitution,

[ v0eiar@) [ exp(~2RE)u(e)
R(b) p1)
= [ vpnewian [T exp{-AREMEP' (1) & s
R(b) t
= [ v [ explat - lutp(@)p! (2)p () drar
0 0

R(b)
= /0 exp{At}h(7)dT,
where R(b)
h(z) = / v(p(e)p' (Dulp (£ — ©)p'(t - 7) dr.

The function A is the convolution of the two functions 4, and &, given by

() = | CPOP'() ifs € ORE)),
I 0 ift € R\ (0,R(D)),

and
() = {(u(p(—t))p'(—f) if 1 € (~R(b),0),

0 ift € R\ (=R(d),0).
Hence we have

[Blp, < 1(vop)p'lp, I(wop)p'l,,
see [HS, (21.31), (21.32), (21.33), and (21.56)]. For 1 < g < oo and w € L,(a,b)
the theorem on integration by substitution yields that
@.7.1) (wop)p'lg < 1p'15" (wop)?p'l, = I~ J5" Wi,
This completes the proof of the proposition in the case ¢ = a.

If c = b, we have

/abv(x) exp{lR(x)}/b"exp{—AR(g)}u(g)dg dx
4
:_/abu(é)exp{~/11z(g)}/a exp{AR()}v(x) dxdE.

Proceeding as above the proposition is proved. O

We need the following generalization of the RIEMANN-LEBESGUE lemma.

LEMMA 2.7.2. Let r € L,(a,b) such that r(x) > 0 for all x € (a,b) and r~' €
L(a,b). For x € [a,b] we set
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For g € Lp(a,b), x,y € [a,b] and A € C we define

Flgx ) i= [ expA(R(X) - R(1)) bglr) dr

y

and
v(g,4) == max{|F(g,x,y,A)| : x,y € [a,b], R(1)(x~y) <0}

We assert:
i) Let gy,8(A) € Ly(a,b), where g(A) = g+ o(1) in Ly(a,b). Then the estimate
v(g(1),A) = o(1) holds.

i) There is a real number C > 0 such that
v(g,A) C+|RANPgl, (g€ Lpla,b), A €C).

iii) Let c(A) = a if R(A) <0or¢(
take either value.) Let p > p and 1
C > 0 such that

bif R(A) > 0. (In case R(L) =0 we can

1

A)=
< p L oosuch that%—l—az %. Then there is a

IF(g,,¢(A),4) ] SCU+ RN gl, (g€ Ly(a,b), 2 €O).

Proof. From the theorem on integration by substitution, see [HS, (20.5)], we infer

R(E)—R(

: (&)-R(
2.7.2) /y r(r)exp{A(R(x) = R(1))} dt = /R ( exp{—A7) d7

»)=R(x)

= 2 (exp{A(RCY) - ROY))) —exp{A(R(:) ~ R(E)})

for £ in the interval with the endpoints x and y.

i): Let € > 0. Then there is a function g, € C”[a,b] such that [g, — g,{; < %,
see e.g. [HO2, Theorem 1.3.2]. There are a measurable set M C (a,b) and a real
number K > 0 such that

£ €
/Mr(x)dxgz(l—gﬂ;r—l),/]wdxgm,|r(1—xM)1mgK,

where %, is the“characteristic function of M, see [HS, (12.34)] and its proof.
According to [HO2, Theorem 1.3.2] we can choose a test function ¢ € C5'(R) such
that ¢ >0, [¢(x)dx=1and |(&),x¢ 8| < & Seth:= ((%L)e*¢)l

C*[a,b]. From

€
[a,b]

,/R(gf)e(x—y)¢(y)dy[s)g71]m (x € (a,b))
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we infer [h]o. < |&|_. Then

180 = hrly < 180 = 8111 +15- Iy (1 =yl + 181 2ag s + 1oty
£
2t
E.

IN

g e el
PR PEIRL mli

IN

Note that
lexp{A(R(x) — R(r)) }| = exp{R(A)(R(x) ~ R(r))} < 1

for all x,y € [a,b] and ¢ in the interval with endpoints x and y if R(1)(x—y) <O0.
Hence

[ expla(RE) = RO Heolo) ~ hO(0) o] < e

y
for all x,y € [a,b] with R(A)(x—y) < 0. The formula for integration by parts, see
[HS, (18.19)], and (2.7.2) yield

/ " exp{A(R(x) — R(t) V(1) r(1) dt

Y

= %{h(y) exp{A(R(x) = R(y))} — h(x) + / " exp{A(R(x) = R(E)) VK (1) d,}

y

= o3 ),

where |C(x,y,A)| < 2|h|w + |h}| for all x,y € [a,b] with R(A)(x —y) < 0. These
two estimates prove v(gy,A) < 2¢ if |A| is sufficiently large. By assumption,
v(g(A) — g, A) < |g(A) —gyl; = o(1) as A — oo. Then the assertion of part i)
follows in view of v(g(A),4) < v(gy,A) +v(g(A) — gy, A )-

ii): The statement is obvious for p = 1. Now let p > 1 and g € L,(a,b). With
the aid of HOLDER’S inequality we infer for x,y € [a,b] and A € C such that
R(A)(x-y) < O and [R(A)| > 1

Flexn )] <[ exp(RA)RE) - RO g(o)]

= [[1e01(g5) " exp () (R0~ R} &

< ls= 7L [ exp (R ) R} ]

< P lgl | R 1P
<2V P YR (1 [R(A)) T Pel -
If |R(A)| < 1, we obtain
IF(g,x,3,A)| < (b—a)'~Plgl, < (2(b—a))' =P (1+RA)) 7 gl -
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iit) For p = co this follows from ii). Now let p < 0. Forv € Ly (a,b) we obtain
according to Proposition 2.7.1 that

o

b b X
/a v(x)F(g,x,c(/l),l)dxz/a v(x)/Mexp{l(R(x)—R(t))}g(t)dtdx
R(b)
- /0 expe, ; ATHh(1) dr,

where i € L;(0,R(b)) and |h| 5 < [r1 |};1/ﬁ|v|ﬁ,|glp since %+ ;;7 —1= ;13- . In view
of 93(86( M/l) < 0, part ii) yields the estimate

R(b) 0
l/o exp{sc(l)}tf}h(r) dr‘ = i/R(b) exp{—ec(l)l(—r)}h(r) dr
< C(1+ RN A,
where C' does not depend on 4. Since Lp, is the dual space of L, , we infer
IF (g, ¢(A),A)]p SC'Ir ! |o(L+IR(A)) gl O

REMARK 2.7.3. Let the notations be as in Lemma 2.7.2 and assume additionally
that r € W/ (a,b). Then

WgA) =0( )¢

|, ewl@b).

Proof. The estimate was essentially established in the proof of part ii) of Lemma
2.7.2 if we observe that we can take 2 = £ under the present assumptions. Here

we also have to note that £ belongs to W ! (a,b) by Propositions 2.5.8 and 2.3.1.
O

2.8. Asymptotic matrices

In this section we consider first order systems of differential equations
2.8.1) Y =A(,A)y =0,
where, for some k € Nand y > 0,
k
(2.8.2) A(A) = Y ATA_+ATANA) (1A 2 ).
j==1

We shall construct a fundamental matrix of (2.8.1) which has an appropriate as-
ymptotic behaviour for A — oo. For this purpose we make the following
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ASSUMPTION 2.8.1. We assume that
i) A€M, (Wka,b)),

i) A_;eM,(WSi(a,b)) (j=0
iii) A*(-,A) belongs to M,(L,(a,b)

as A — oo,
iv) A, has the diagonal form

s k),
) for |A| > v and is bounded in M,(L,(a,b))

A
Al 0
A= 0 ,
Al
I
where AL =r 1, , (v=0,...,1), ¥ n,=n, I, is the n, X n, unit matrix.
v=0
v) Forv,u €{0,...,1} there are ¢,, € R such that
(2.8.3) ry(x) — Tu (x) = Irv(x) - r”(x)|ei(’ov*‘
holds for all x € [a, b]. Finally we assume
(2.8.4) (ry—ry) € Lula,b) (v, =0,...,Lv#p).

We set
R = [ n(E)aE (v=0.....lixeab),
Ey(x,A) :=exp(AR,(x))l,, (v=0,...,L;x€a,b]; A €C),

Ey(x,A)
E(x,2) 0

(2.85)  E(x,A):= 0

El (xa)')
forx € [a,b) and A € C.

For the matrices A i and P[’], defined below, we form the block matrices

j,v;,z)lv,p:O and PH (P[r])vu =0

according to the block structure of A .

A;=:(A

When applying the results of this section we shall not always assume that
the dimensions n, are positive since some statements are easier to formulate if we
allow n, to be zero. But n, = 0 means that the corresponding entries do not occur.
Therefore we may assume for the proofs in this section that all n, are positive.
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THEOREM 2.8.2. Let Assumption 2.8.1 be satisfied.
A. There are Pl ¢ M,,(kaH“’(a,b)) (r=0,...,k) such that the equations

(2.8.6) POA —a PO =0, POg)=1,,
(287) P[r]I — ZA_]P[r_]] +P[’+1]Al __AIP[I‘+]] — O
=0
! (r=0,....,k—1),
ko
(2'8'8) P\[/k\]/l _AO VVP[k] = ZE)AO,VqP[k + z:l ZA —J,vq :% d
j=1¢=0
oy (v=0,...,])
hold.

B. For 1 < g < o we set

max (1 + |R(Aei®w) ) 1H1a i1 >0,

(2.8.9) T (A) =AY

A" ifl=0.

For r € {0,...,k} let the matrices PVl belong to M,,(W[f“"’(a,b)) and fulfil
(2.8.6), (2.8.7), (2.8.8). We assert that for |A| > vy there is a matrix function
B, (,A) € M,,(Wp1 (a,b)) with the following properties:

i) For |A| > 7,

k
(2.8.10) Y(,A) = ()_:Ox—fp['l +/1_"Bk(-,/l))E(-,}t)

is a fundamental matrix of the system (2.8.1).
ii) For large A we have the asymptotic estimates

(2.8.11) Bk( = {o(1)}=,

(2.8.12) B (,A )—{O(Tp(l))}m,
(2.8.13) B,(-,A) = {O(1(1))}, if k >0,
(2.8.14) 1B, A) = {o(1)}, ,

(2.8.15) 1B (- A) = {0(7,(1))}, -

iii) Let [ > 0. If k=0 and p < 3, then we additionally assume for v, =0,...,1
with v # 1 that A, € M,, (va (a,b)), where 1 < py, < oo are such that

—+p +;,—1; <2forallv,u,q=0,...,l withv # q and L # q. Then there is a
vq q

numberEE(O,l—%)ifp>10r£=0ifpzlsuchthat

I\)

vy

v,u=0

(2.8.16) By(-,A) = {0 max(l+|9?(le"”vu)|)*1/l7—5
V£l »
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Proof. A. The equations (2.8.6), (2.8.7) and (2.8.8) are fulfilled if and only if the
block submatrices of Pl satisfy the relationships

2817 Pl =0 (vu=0,.. Lv#p), P[O](a):l,,v (v=0,...,0),

vV

2.8.18) Pl -4y, Pl ZAOV +ZZA_,vq v

j=1¢=0
q#V
(v=0,....l;r=0,...,k),

(2.819) P = (r, 1) { ZZA_,W,P%’]}

j=09=0
(Vviu=0,....v#u,r=0,....k—1).

Indeed, for r =0,...,k,

(2.8.20) P4, -4, P = ((ry - r)PLL), o
Hence (2.8.6) is fulfilled if and only if (2.8.17) holds, and (2.8.7) is fulfilled for
r€{0,...,k—1} if and only if (2.8.18) and (2.8.19) hold for this r. Finally, (2.8.8)
holds if and only if (2.8.18) holds for r = k.

We are going to solve the equations (2.8.17), (2.8.18), and (2.8.19). For
ve{0,...,1}let Py)‘] € Mn(Wp1 (a,b)) be the fundamental matrix of y' — A,y =0
with P%}(a) = I, , see Theorem 2.5.3. For v # uu we set P[0} = 0. Then (2.8.17)
and, for r = 0, (2.8.18) are valid, see Corollary 2.5.5. Repeated application
of Propositions 2.3.2 and 2.1.4 to (2.8.18) proves that PO ¢ M,,(W[f“(a,b)).
Now we assume that £k > 0 and let 0 < m < k— 1. Suppose that there exist
Pl € My, p, (WSt "(a,b)) for v, =0,...,l and r = 0,...,m such that (2.8.17)
is fulfilled, (2.8.18) holds for r = 0,...,m, and (2.8.19) holds for r=0,...,m — 1.
For v # 1 we define P‘[,’ﬁ“] by (2.8.19). Forv#pu, ry—ry € Wlf(a,b) and
(rv—ry)~' € Lw(a,b). Hence (ry —ry) "' € W[f(a,b) by Proposition 2.5.8. From
Proposition 2.3.2 we infer Pyﬁ“] € My, n,(Wy~"(a,b)). For r =m+1 the right
hand side of (2.8.18) belongs to M,,V(WP"‘”‘_l (a,b)) C My, (Ly(a,b)) by Proposi-
tion 2.3.2. For the differential operator y — y' — Agyyy we apply Lemma 2.5.7 to
each column of this matrix function and obtain that there is a solution P‘[,’CH] €
M,,(Wp1 (a,b)) of (2.8.18) for r = m+ 1. By arecursive application of Propositions
2.3.2 and 2.1.4 we infer P‘[,’(ﬁ“] € M,,V(W[f‘”’[a,b]). This completes the proof of
part A.

B. Because of (2.8.17) and (2.8.18) for r =0, P is the fundamental matrix of
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with Pl%(a) = I, by Proposition 2.5.9. Then Theorem 2.5.3 and the uniqueness
of this fundamental matrix, see Corollary 2.5.5, yield that PO is invertible in

M,,(Wp1 (a,b)). It follows that there is a K > 0 such that
(2.8.21) POl <K PO <K
see Proposition 2.1.7. For k € N we define

(2.8.22) " P(A) = )iA—’P[’J (A € C\{0})
=0

and set P, := P, if k > 0. If k= 0 we choose a matrix Ay = (Xo,vu)lv,uzo in
M,(L,(a,b)) such that

Ag vy = Ao vy (v=0,...,1),
28.23) { (ru—ry)" Ay € My, (C¥[a,0]) (Vo =0,...,1 v # 1),

|4 —Agly < (1+1)72K°.

This is possible since C*[a,b] is a dense subspace of L,(a,b); see the proof of
Lemma 2.7.21) for a construction of such functions. In this case we set
1.
Pll:=0 (v=0,...,1),
P[l] :Z(rli'—rv) on#P/,[lo/,]l (V,HZO,---,I;V?é/J),
which yields P! = (P[I]) _o € M,(W,(a,b)) and the equation

(2.8.24) POV & POLL PllA, — A PU =0,
We define
By(,A) =PO+ A~1P (4 e C\ {0}).
Now let k be arbitrary. We set
S,:=PE, S,:=PE,
where E is the matrix function defined in (2.8.5). Since P, L A) = PO ag A — oo

in M,(W (a b)), there is a ¥, > 7 such that ﬁk(-,l) is invertible in M, (W (a b))
for |A] 2 7, and

(2.8.25) P Mo <K, BTG <K (1A 2 7).
For |A| > v, we set
, 2%k .
D, (1) = {P[k] -y y M—fA_jP[’-fl}pk(-,;L)-l —271AR (LR,
r=k j=r—k
D, =D, if k >0, and
Dy(-, 1) = {(Ag — Ag) P+ 271 (P — 4 PI) Y B (-, A) "1 = A71A0(, A).
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Let k := max{1,k}. Then Proposition 2.3.1, E'(:,A) = AA,E(-,A) and the rela-
tionships (2.8.6), (2.8.7) and, if k =0, (2.8.24) yield

Si(A) —A(,A)S, (-, A)
= Py(- A)E(-,A) + B(, A)E'(,A) = A(, A)P (- A)E (-, A)

= (L AP 42 Y A77PA,
r=0 r=0

():AJA A ATRLARC )):wpw} A)

j=-1
K , xk—1
= { Y AP £ Y APt la 4 AP,
r=0 r=0

ktx min{k,r} . -
~Y Y ATAPr AT AR A) JEC,A)

r=—1 j=max{~1,r—«x}

= {/1 (P["]Al - AIP[O])

-1
+KZA— (P[’ ZA plr=]] P[’+‘1A1—A1P[’+‘1)
r=0

AP - Z A_pi)

k+x -
Ay Z AFTTA_ P AR A)Pk(-,k)}E(-,l)

r=k+1 j=r—x

=A7*D, (-, A)S, (-, A).
With k = k the same proof shows
S;c(’l) _K(vl)sk(vl) = A'_ka('a)L)Sk(',l)-

Forv =0,...,IletIV) be the nxn matrix whose v-th diagonal block is ,, and
whose other components are zero. For v,;t =0,...,land A #0 wesetx,,(A) =a
if R(Ae'Pn) < 0and xy,(A) = bif R(Ae'Pu) > 0.

Next we prove that the integral equation

l x
(2826) Cx,A)=IL—-A2"* Y} / S, (6, VST (e, A)D, (8,A) x
v, =0 xvp(l)

C(t, A)S, (1, IS (x,A) dr
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has a unique solution in M, (C[a,b]) for all sufficiently large A. For this purpose
we consider the continuous linear operator

T, : My(Cla,b]) = M,(Cla, b))
given by

l
RnW=t Y [ SRS 6BA)

X f(6)S, (6, A IS (x, 1) de
where f € M,(C[a,b]). Since E and I¥) are diagonal matrices,
E(x MIYVE(, )" = exp{A(Ry (x) = Ry (1))}

By assumption,
Ry(3) = Ry(0)+ Ru(1) = Ru() = €% [ 1 (m) = ru(m)] .

whence the equation

=27 }: / exp{ae® ["ir,(n) = ru(mldn} x
XV#

X P(x MV B (1,A)D, (8,A) ()P (8, M) IW P (x,A) dt
holds for f € M,(Cla,b]). By the choice of x,, (1) we obtain
(2.8.27) |exp{xef¢vu[ Iry(m) = ru(mldn }|

. X
= exp{(ae®) [y (m) —ru(m)dn} <1
for ¢ in the compact interval with the endpoints x,,(A) and x € [a,b]. Note that
P, A < 1B (:, ). Then
IT,| < A+ 1)2K4 D, (-, A)] -

Since A*(-,A) is bounded in M,(L,(a,b)) as A — o, there is a constant M > 0
such that for all sufficiently large /l
(2.8.28) ID(A)lp <M and Dy (A)|, <M,

whence
T < A4+ 1)K M
follows for k > 0. For k = 0 we obtain with a suitable M, > 0 that

(2.8.28") 1Dy, A)], < 1Ay — Agl, K + 147" M,
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for all sufficiently large A. With the aid of the estimate in (2.8.23) we infer in this
case that

1 -
Tl < 5+ I+ 1)°KM,,

We conclude in either case that there is a positive 6 < 1 and a number ¥, > 7 such
that |7, | < & for |A| > ¥, For |A| > ¥, the operator

TA = idM,,(C[a,b]) +Tl
is invertible by Proposition 1.1.4. As (2.8.26) holds if and only if fAC(-,A) =1,
where I, ;= idg ,
C(,A) =T,

is the unique solution of (2.8.26). In addition, from

I -i Ma(Clab]) = Z

see (1.1.6), we infer

(2.8.29) IC(-,A) _]'11(0) <(1- 5)"1[TA1,,|(0) (A > %)-

From (2.8.26) and Propositions 2.3.2 and 2.1.8 we see that C(-,A) € M,I(W (a,b)).

Note that the components of C(x,A) are products of functions of the form fi(x)

with f| € Wp1 (a,b) and [ " f,(t) dr with f, € L,(a,b). Therefore Propositions
Vi

2.3.1 and 2.1.3 and (2.5.7) yield that

C'(x, 1) = =A7*D, (x,A)C(x, 1)

| X ~
_;L—szzo /mm L0, AYIS (2, A)D, (1, 1)C (2, 1)S, (1,4)

x (WS (x,A)de+ A7 i / S, (6, IS (1,4) x
},1 %0 Jru(d)
x D (t,A)C(t,A)S, (1, TS (x, 1)) (1, A) S (x, A) e
= -A-kﬁk(x,x)c(x,x)+sk(x,x) T A)(C(xA) = 1)
— (C(r,A) = L)S,(x, A)S H(x,4)
= —A7*D,(x, 1)C(x, A) + S,(x, A)S;  (x,1)C(x, )
C(x,A)S,(x, 1)S; 1 (x, 1),
We define
(2.8.30) Y :=CS, =CPE
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and infer from (2.3.1) that
Y'=C'S, +CS), = AY

by inserting the right-hand sides of the matrix differential equations which we
obtained above for S, and C. If k = 0 we set

(2.8.31) By(-,A) = (C(-,A) = ) By, A) + AP
and if £ > 1 we set
(2.8.31") B,(-,A) := AK(C(-,A) = L) B.(, 1)

These definitions and (2.8.30) immediately yield B, (-,4) € M,,(Wp1 (a,b)) and
(2:8.32) F(,A) = {R(,0) +A74B,(,2) bEC,2).

This proves (2.8.10) for |A| > ¥,. But for simplicity of notation we may assume
that % = 7. Indeed, for any fundamental matrix there is a B,(-,A) such that
(2.8.32) holds, and the values of B, (-,4) for y < |A| < ¥, do not influence the
asymptotic behaviour of B,.

We have to prove the estimates for B, (-,A) as A — oo. First we give the proof
of (2.8.11), (2.8.12) and (2.8.16). In view of (2.8.31), (2.8.31') and the uniform
boundedness of 13;(-,1) in M, (Lw(a,b)) for |A] > 7, see (2.8.25), it is sufficient
to estimate the matrix function A%*(C(-,A) — I,,). We set

Q[O} = (Ko —4y)

and, if k > 1,
I k I -1
oW = {p[k} _ ZOA_J.P[I‘ ﬁ}PiOl .
j:

For f € M,(Cla,b]) and x € [a,b] we define

Tl,l(f)(x) = Ak i /x exp{lei¢vu/tx|rv(n)—r#(n)|dn} X

v,u=0 Xvu(
V#U

x POV (0)0M 1) £(1) PO (010 P ()

! X
Tz,z(f)(x) = A—k Z /x (A)P[O](X)I(V)P[O]—l(I)Q[k]([) X

v=0

x F)PO VPO () dr,
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=27 Y [ eplaem [Minm-rumian} »

v,u=0 Jxvu(d
{(xu (rA)A(Dkw)—Q["](t))f() (1, IWE (x,2)
+A(BxA) - P["]( NIVE (1,208 (1) £(1) P (1, MIWE (3, 2)
+ PO() (—‘(r,x)~P[°1 EONLIOHGIA A)ﬂ“)ﬁ,:‘(x,m
+P[°1( PO (1) 0H (1) £(1) 2 (By(e, 2) — PO (0) 1B (x,4)
PO IR (1) oM (1) £(0) PO ()1 WI2 (B 0, 2) — PO () } .

Then
=T ,+T ,+T, ;.

The definition of P,(-,A) yields that B(-,4) = PO + 1O(1) in My(W}(a,b)) as
A — oo, With the aid of Proposition 2.3.3, (1.1.3) and (1.1.4) we infer for A —» oo

P (,4) = O(1) in My(W, (a,b)),
A (B (1) = PO) = 0(1) in M, (W, (a,b)),
P! (5 2) = 0(1) in My(W; (a,b)),
BT (A - PO ‘)=0<1)mM< W) (a,b)).
These estimates and the definitions of 51( and QW yield
A(Dy(-,2) = @¥) = 0(1) in Ma(Ly(a, b))
as A — oo. It follows that lkHT“(f) (x) is a sum of terms of the form

0,x2) [

Xvu('l)

exp{ A% [, (m) = ru(m)]} dn (1, 2) 1 033, 2),

where Q,(-,A),05(-,A) = O(1) in My(W,(a,b)) and Q,(-,A) = O(1)|fl gy in
M,(Lp(a,b)) as A — oo. As W (a,b) is contained continuously in L.(a,b), it fol-
lows that |A*T, 5= {0(+ )}m. Since |T,| < 6 < 1 for |A| > ¥, , there are numbers
% 2 1and §;,8, <1suchthat §,+6, <1, [T | +T,, < &), and |A'T, ,3| <4,
for |A| > 7, . We calculate

AHC(,A) — 1) = 2% Y (—1VTI()
j=1
AR Y (~ )Ty, + Ty, 1)+ Ty 4(0)

.
Il
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where

Tl SIS, 5 (1) 1y Tyl 1,0

j=1lm=1

= Al Z {UTy + T+ T ) =Ty + T,
=1

k " -
SIAMT S Y J(T,  + Tl + 1T 50
j=1

= O(A*T, ) = 0(A7Y).

This shows that T, ,(I,) = O(A™") in M,(Cla, b]) and thus also in M,(L,(a, b)).

From (2.8.8) and (2.8.23) we conclude that the block diagonal of QV‘ is zero.
This shows that T, ,(I,) = 0 and T,1 , = 0. Therefore,

(2833)  f =AY ()T, +T,,) (1)
j=1

= —Ale’l(I,,)+/lk( ) 22 1rA L+ T, (I,)
Jj=

k k
=-A"T, () +2 (TA1+TA1T,12+T,2TA,1)8A7

where

oo

8, = Z()(_l)j(T,I’1 + T)Lyz)j(ln) = 0(1) in Mn(C[a’b])
j=

since [T, ; + 7T, ,| <6, <L
It is clear that T, | and T, , are uniformly bounded with respect to A. There-

fore, in order to establish the estimates (2.8.11), (2.8.12), (2.8.13) and (2.8.16) it
is sufficient to prove for & € M,(Cla, b]) that

(2.834) AT hsatisfies o(1) and O(,(1))|hlq in Ma(Cla, b)),
(2.835) ATy \hand AT, T, |k satisfy O((2)) |kl ) in Ma(Lp(a,b)),

where (2.8.35) holds under the additional assumptions made in iii). To prove
(2.8.11) we remark that it is sufficient to estimate A*T, (I,) in M,(Cla, b]) because
of (2.8.29). Hence it would be sufficient to con31der h =1, in (2.8.34) for the
estimate o(1).

The estimates (2.8.34) and (2.8.35) are trivial in case [ = 0 since TA)1 =0in
this case. Now let [ > 0. To estimate 7. “h we have to consider terms of the form

f(u,x,?t) -——/: exp{lei‘Pvu /lerv(n)—r#(n)ldn}u(t) de,

vu(l)
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where v # it and u € L,(a,b) such that |u[, < C|h|(0) and C > 0 does not depend
on h. For x € [a,b] we set

r(x) := [ry(x) = ru(%)]-
Let F be defined as in Lemma 2.7.2. Then
F(u,x,1) = F(u,2,xy, (1), Ae'P).
As R(Ae'P)(x —xy, (1)) <0, Lemma 2.7.2 yields the estimates
F(u,-,A) =0(1) as A — oo,
F(
(

O((1+[R(Ae®w)) = *1/P) (k] o) in Lo(a,b),
O((1+ | R(2e'®)|)™")Ih g in Ly(a,b).

- A)

Flu,- JA)

Since |T, ,T; | = O(A7%), the estimate for T, ,T; , in (2.8.35) is trivial for
k > 0. Therefore, let k = 0. The components of T, ,T, & are sums of terms of the

form
4
&) |
(4) Ty (A

2(x,A) = w() /

nn
where v # U, w € Wpl (a,b) andv € L), (a,b) are functions depending only on the
coefficient matrices in 7 , and T, ,, and u € L, (a,b) for some g # v satisfies
|ulp,, <C |h| , where C > 0 depends only on the coefficient matrices in T, | and

(2.8.36) .
explRe® [ Jry(m) = ra(m)| an pule) ae 08,
m 4

TA , - Here we take Puv = Pyg=pincasep > .If p> 1 we choose € € (0,1 — l)
such that 1 R + L <2_¢forallv, i, q under consideration. With r as above,
R(x)zf ()dt xe[a b], and g € L ,(a,b) we obtain

[Cstwtmian= ["n@) [ cxplacm(@e) - Ro)uC) s,
where

Hap(A)
M) =v(&) [ slow(x) as
withx, (1) = b if x,,(A) = aand x,, () = a if x,, (A1) = b. Since
1 1 1 I I
— = =——+-—-1<1-€-—,
Pvqg  Puv  Pvqg Ppv P
it follows from Lemma 2.7.2 iii) with suitable p > p,, and p < p’ﬂv that

. _1_
%)2(62) de| < € (1+[RAP)) 77y, g

<Cy(1+IR(A®)]) 2 [g],,lhl g
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which proves
. _1_
e, A)lp < Cy (14 [R(AP)]) ™7l

Finally we shall prove the estimates (2.8.14) and (2.8.15). For |A| > y, we
have

B(,A) = AP (,A) = S, (L DIET! ().
The differential equations fulfilled by Y (-,A), E(-,A) and S, (-,A) yield
(2.8.37)

Bi(2) = M{AC AT (,2) = $,(, 1)) = 274D, (1), (,2) E(,2)
— AT (,2) = S, B (A,
=A(,A)B,(-,A) = D(-, A)P(-,A) = AB,(-,A)A,

The estimates (2.8.14) and (2.8.15) for %B;((-,Z.) now follow from the estimates
(2.8.11), (2.8.12) and (2.8.28). O

COROLLARY 2.8.3. We assume that the conditions i)-iii) in Assumption 2.8.1 are

sharpened such that the following properties hold for some x € N:

i) A € M,(WiT™(a,b)),

i) A_j€ My(Ws "i(a,b)) (j=0,....k),

iii') A*(,A) € M, (W5 (a,b)) if L] > y and A (-, 1) is bounded in M), (Wy(a,b))
as A — co,

We assume that the matrix functions P! belong to M,,(ka“"’(a,b)) for all

r€{0,...,k} and fulfil 2.8.6), (2.8.7) and (2.8.8). For |A| > ¥ let the matrix

function B, (-, A) be defined as in part B of Theorem 2.8.2.

Then Pl € M,,(W;“‘H"(a,b))for re{0,...,k} and B,(-,A) € M,,(Wp"Jrl (a,b))

for|A| > y. We have

(2.8.38) EBU(,A) = {o(1)},
and
(2.8.39) 2B () = {0(1,(A))},

for|A|>vyand1€{0,...,k+ 1}, where T, is the function defined in (2.8.9).

Proof. The case k = 0 is part of Theorem 2.8.2. Therefore let k > 0. With the aid
of Proposition 2.3.2 and Corollary 2.1.4, the first assertion follows from (2.8.17),
(2.8.18) and (2.8.19) by induction. In view of (2.8.37) we infer that the matrix
function

Bi(A) —A(-,A)B, (' A)+AB (M)A = —Dk(-,l)Pk(-,l)

P +Z Z AFrA_ P alAR Z/’L“’P[’]

r=k j=r—k
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belongs to M,(W,"(a, b)) and is bounded in this space as 4 — c. An application

of Proposition 2.3.2 and Corollary 2.1.4 proves B,(-,A) € M,I(WPK+I (a,b)). The
LEIBNIZ rule, which holds in view of (2.3.1), yields that

-1

1—1 ~—]—i ;

I%TBI(:)(-’A): Z( j ){111_714(1 1 ])("A)%Bij)("l)
Jj=0

- B A) Al I} = (DB N 2)

fort =1,...,k+ 1. The estimates (2.8.38) and (2.8.39) follow from these equa-
tions and (2.8.11), (2.8.12) by inductionont. O

REMARK 2.8.4. Assume additionally that the coefficients A|,A,,...,A_, are in-

definitely differentiable and that A* = 0. Then the P! (j=0,...,k) and B,(-,A)
belong to M,,(C*[a, b]). Here k can be chosen arbitrarily large.

REMARK 2.8.5. Assume that A; = r,I, and write
A(x,A) =: AA,(x) +A%(x, 1).
Let the fundamental matrix )7(, A) of (2.8.1) be as in Theorem (2.8.2) B. Then
P(,A):==Y(,A)E(,A)""

is a fundamental matrix of y'(x) — A%(x, A )y(x) = 0.

Proof. We have
Y'(x, 1) = AA, (2)Y (x,A) + A%(x, )Y (x,A)
and N
Y'(x,A) = P'(x,A)E(x,A) + P(x,A)AA, (x) E(x,A)

as E(-,A) is a fundamental matrix of y'(x) — AA,(x)y(x) = 0. Since A;(x) and
P(x,A) commute, this proves that

P'(x,A) = A%x,A)P(x, ).
Finally, P(a,A) = Y(a,A) is invertible. Thus P(-,A) is a fundamental matrix of
y =Ay(:,A)y by Proposition 2.5.9. O

REMARK 2.8.6. Assume thatA, =r,I, and let E(-,4) and P be the fundamental
matrices of

Y (%) =24 (x)y(x) =0 and '(x) - Ay(x)y(x) =0
with E(a,A) = I, = P1%(a), respectively. Then P'E(-, 1) is a fundamental matrix
of
Y (x) = (A4, (x) + A5 (x) ) y(x) =0
as given in Theorem 2.8.2 B.
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If the first order system of linear ordinary differential equations (2.8.1) is not
of the form as considered in Remark 2.8.6, then, in general, one cannot find a
k € N such that B, (-,A) = 0 for all sufficiently large A.

If k& can be chosen arbitrarily large (see e.g. Remark 2.8.4), then we may
consider the formal series
Y APl
r=0

But it may happen that this series does not converge for any A as is seen in the
following example.

EXAMPLE 2.8.7. Let A(-,1) = AA, +A,, where

1 0 0 «a
=y %) =)
and a € C”[a,b).

Then (2.8.17) and (2.8.18) yield P{%)(a) = 1 and PZ[;]' =0 for r € N. Hence

Pz[g](x) =1=:¢, and Pz[;](x) = ¢, for x € [a,b] and r € N, where ¢,c,,... are

arbitrary complex numbers. From (2.8.17) and (2.8.19) we infer
, | QU
Pl[g] =0 and P1[2+'] = E{Pl[zl —ac,} forre N

This means that

pl[g] =0 and Pl[’z“] =-Y 2_’*”jcja("j) forr e N.
j=0

Now letustake 0 <a < 1, b=1and a(x) = } . Suppose that we can choose the
¢, in such a way that

Y APl
r=0

is pointwise convergent almost everywhere for sufficiently large A. Then there is
an x € [a,b] such that

Y A7 Pl(x)
r=0
converges for sufficiently large A, say || = d. Hence
Z A e, = Z l"Pz[;] (x)
r=0 r=0

converges for this A. Then the sequence (A~"c,)J is bounded for this A, which
means that there is a C > 0 such that

(2.8.40) lc,| <Cd” forallr€N.
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In the same way, the convergence of

RGN
r=0
yields

(2.8.41) ;)2—”—‘% ja(’"j)(x)l <cd*' forreN,
j:
where we may take the same constant C in (2.8.40) and (2.8.41). Since
a(x) = (-1)'nx =t

the estimates (2.8.40) and (2.8.41) imply

,

—r—1 —r=1 —r—14j Ny =il 1

27 epr!ix " SZ}2 el (r= T e Cd
J:

<cZz—f Hi(dx) (r— j)tx - Cartl,

Hence " o
Y Ar— ! 2" dx)"
lSCZ2’(dx)j(r J) +C (X) )
= r! r!
Since 1
2d r+
———( *) —0asr— oo,
r!
this implies that
e (r=N!
(2.8.42) liminf Z (2dx)! ——— > 0.
roe A= r!

Forr=1,2,... we set

\)

Z 2dx
j=1
Then

2dx ( - !
b, = — (2
" + Z dx)’

r!
_

-2 (14 By O

2d
rx(1+b 1)

holds for r = 2,3,... For r > 4dx we obtain
b, <max{l,b,_,}.
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This proves that the sequence (b,)}., is bounded. Thus

2d
b, = —x(l+br_1) —0asr— o
r

which contradicts (2.8.42). Hence the formal series
Y A-rpl
r=0

does not converge if the Pl are chosen according to (2.8.6) and (2.8.7). O
If k = 1, then we have

P A) = PO 4 27t PIT L 471 (),
where B, (+,1) = {0(1)}«. Hence there is a fundamental matrix function ¥ (-, 1)
of y) —A(-,A)y = 0 such that

Y(,ME(A) ™ = PO 4 {o(A ).
The following example shows that this does not hold in general if k = 0.
EXAMPLE 2.8.8. Let A(-,1) = AA, + A, where

1 O 0 «a
A1=<0 -1)’ A0:<o o>’

a=0,b=1,and a € L;(0,1). Let

o (FuGA) FalA)
A= (y*li(-,x) yZ(-,A))

be a fundamental matrix function of y' —A (+,A)y =0. It is easy to see that we
have

(2.8.43) ¥ar(A) = =Ayy (-, 4)
and
(2.8.44) Yo A) = Ay (5 A) + ayyy (-, A).

The solution of equation (2.8.43) is
Yplnd) = Cz(l)e_hv
where ¢, is a complex-valued function. If we require that
(2.845)  Y(,A) = (PO +{0((1+|R(A))™M}=)E(,A) withn >0,

where P fulfils (2.8.6), then we obtain that (A) =1+0((1+4|R(A)])~ ") as
|A| — oo. The solution of equation (2.8.44) is

yaln2) =e(e () +e @) [

X

afr)e M dt) ,
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where ¢, is a complex-valued function. The representation in (2.8.45) leads to

(2.8.46) 2 (cl(z)+c2(x) /0 " a(t)e M dt) = {O((1+|RA))™) }olx)

as |A| — oo. For x =0, (2.8.46) yields ¢, (A) = O((1+ |R(4))~"). For our
purposes it is sufficient to consider the case A < 0. Then (2.8.46) holds for A < 0
if and only if

/0 "0 ) g = {O(IA ) }w(x) a5 A — —oo.

Now let
a(x) =x""*P  with B € (0,1).
For A < —1and x= —A~! we have

/Xeu(x—;)t—ms dr > 148 /er,l(x—t) dr
0

1
_1+ﬁ X
2IA| e ‘0

= AP - ),

=X

Now assume that (2.8.45) holds whenever a € L,(0,1). Since o belongs to
L,(0,1) for B > 1—1/p, it follows that 1 < 1—1/p in (2.8.45). Hence, for
k = 0, the estimate (2.8.12) is sharp in the sense that no 7 > 1 — 1/p exists such
that

B(-A) = § O max (14 [9(Re®)]) "
v oo

holds for every first order system of differential equations (2.8.1) fulfilling the
assumptions of this section. [J

REMARK 2.8.9. The additional condition in Theorem 2.8.2 B.iii) is due to the
fact that that the operator T, , defined in the proof of Theorem 2.8.2 does not have

a bounded extension to L(M,(L,(a,b))) if the coefficients of Q¥ do not belong to
L,(a,b).

The condition given in Theorem 2.8.2 B.ii) is satisfied if there is a number
q € {0,...,1} such that the coefficients of Ag,yy belong to Lp,(a,b) for all pairs
of numbers (v, 1t) € T, where either I' = {(v, ) € {0,...,[}>: v £ u,v#gq} or
C={(v,u) €{0,....1}*: v#u,u#q}.

Another condition under which (2.8.16) holds for k =0, p < % and A; in
M,(Ly(a,b)) is that A is a block triangular matrix. Indeed, in this case, (2.8.35)
only needs to be shown for block triangular matrices # of the same form since g,
has obviously this shape. But since 7 2 annihilates any block triangular matrix of
the same shape as A, the crucial estimate in (2.8.35) is trivially fulfilled.
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The asymptotic representation of the fundamental system obtained in Theo-
rem 2.8.2 or Corollary 2.8.3 is stable with respect to change of variables:

REMARK 2.8.10. Let the assumptions be as in Theorem 2.8.2 or Corollary 2.8.3.
Let —o0 < ¢ < d < o and u : [c,d] — [a,b] be surjective with u € WET*+1(c,d)
(x := 0 for Theorem 2.8.2) and & € Lu(c,d). Then

. k
V(u(),2) = (;)a—rpwou+/1~k3k(u(-),/1))15(u(-),/1)

has the same properties as ¥ (-, 1); in particular, P ou is invertible, and B, (u(-), 1)
satisfies the same estimates as B, (-,A).

Proof. In order to establish the estimates for B, (u(-),A) we note that, in view of
the chain rule and LEIBNIZ’ rule, it is sufficient to show that (2.8.38) and (2.8.39)
also hold if we replace the variable x by u(x). But this immediately follows from
the formula on integration by substitution.  [J

2.9. Notes

The theory of Sobolev spaces over subsets of R is well-known, see e.g.
ADAMS [AD]. However, here we only deal with intervals. In that case, we obtain
stronger results and simpler proofs. Therefore, and in order to keep the book more
self-contained, we have included Sections 2.1-2.4.

The definition of the fundamental matrix Y (-,A) in Section 2.5 is not the stan-
dard one. But it is more convenient for our purposes since the conditions are kept
at a minimum, and it is shown that the property T?(-,A)Y(-,A)c =0forallc € C"
and the invertibility of Y (-,A) follow. The estimates in Section 2.7 are general-
izations of the RIEMANN-LEBESGUE lemma and will be frequently used in the
following chapters.

Asymptotic fundamental matrices and systems are the main ingredient to
prove the convergence of expansions into eigenfunctions and associated func-
tions. These asymptotic expansions for systems were obtained by WILDER [WI1],
TAMARKIN [TA3], BIRKHOFF and LANGER {BIL], LANGER [LA9], WHYBURN
[WHY1], and CoLE [CO3], among others. In [LA9] the systems are considered
in the complex domain, but essentially the same techniques as for intervals are
applied.

In our presentation we tried to keep the regularity conditions on the coeffi-
cients as weak as possible. If all coefficients are infinitely differentiable, then
the fundamental matrix can be chosen to be an asymptotic polynomial in % of
arbitrary order, and the estimates and their proofs could be simplified. In most
publications on asymptotics of solutions of differential equations much attention

is given to a suitable choice of sectors, see e.g. [NAI, Chapter II]. By a suitable



100 I1. Systems of differential equations

choice of the limit of integration x, , (1), see (2.8.26), we can avoid to consider
these sectors. Our proof follows the approach of R. E. LANGER in [LA9] in the

complex domain and of COLE [CO4] in the real domain.
The fundamental systems for n-th order differential equations will be dis-
cussed separately in the notes to Chapter VIIIL.



Chapter III

BOUNDARY EIGENVALUE PROBLEMS FOR FIRST
ORDER SYSTEMS

In this chapter boundary eigenvalue problems for first order systems of ordinary
linear differential equations are considered. The differential system as well as the
boundary conditions are allowed to depend holomorphically on the eigenvalue
parameter. ‘The boundary conditions consist of terms at the endpoints and at in-
terior points of the underlying interval and of an integral term. Such boundary
eigenvalue problems are considered in suitable Sobolev spaces, so that both the
differential operators and the boundary operators define bounded operators on Ba-
nach spaces. The assumptions on the boundary eigenvalue problems assure that
these operators depend holomorphically on the eigenvalue parameter. In a canon-
ical way we associate a holomorphic Fredholm operator valued function to such
a boundary eigenvalue problem with the variable being the eigenvalue parameter.
This operator function consists of two components, the first one is the differen-
tial operator function, the second one is the boundary operator function. Operator
functions defined in this way are called boundary eigenvalue operator functions.

The theory of holomorphic Fredholm operator valued functions in Chapter I
is applied to these boundary eigenvalue operator functions. As a first result we
obtain that such an operator function is globally holomorphically equivalent to
a canonical extension of the characteristic matrix function of the corresponding
boundary eigenvalue problem (Theorem 3.1.2). The principal parts of the resol-
vent, i. €., the inverse of the boundary eigenvalue operator function, are expressed
in terms of eigenfunctions and associated functions of this operator function and
its adjoint (Theorem 3.1.4). The resolvent is defined on the direct sum of a space
of vector functions and a finite-dimensional space of constants. On the space of
vector functions, the resolvent is an integral operator whose kernel is the GREEN’S
matrix; on the space of constants, it is a multiplication operator (Theorem 3.2.2).

The adjoint operator function of a boundary eigenvalue operator function de-
fines the adjoint boundary eigenvalue problem (Theorem 3.3.1). The adjoint prob-
lem in this operator theoretical sense is obtained without further assumptions on
the original boundary eigenvalue problem. The adjoint operator function maps
the direct sum of a space of vector functions and a finite-dimensional space of
constants into a space of distributions.

101
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The realization of the original boundary eigenvalue problem in L,-vector
spaces leads to the adjoint boundary eigenvalue problem in parametrized form.
This realization is achieved in the following way: Take the original boundary
eigenvalue problem with homogeneous boundary conditions and associate to it
the eigenvalue parameter family of closed linear operators whose domains consist
of Wp1 -vector functions which fulfil the boundary conditions. These closed lin-
ear operators are not necessarily densely defined, and their domains may depend
on the eigenvalue parameter. Consequently, the adjoints of these closed linear
operators are closed linear relations but in general not operators. Additional as-
sumptions are needed to assure that these adjoints form a family of operators, in
which case they define the adjoint boundary eigenvalue problem in parametrized
form. The relationships between the adjoint boundary eigenvalue problems in op-
erator theoretical sense on one side and in parametrized form on the other side are
discussed in detail (Theorems 3.4.3 and 3.4.5).

As a special case we consider two-point boundary eigenvalue problems. It
is shown that the coefficients in the classical adjoint boundary conditions depend
holomorphically on the eigenvalue parameter if the coefficients of the original
boundary conditions have this property. We state that the classical adjoint bound-
ary eigenvalue problem coincides with the adjoint problem in parametrized form.
Root functions (eigenvectors and associated vectors) are defined for the above
mentioned families of closed linear operators by taking root functions (eigenvec-
tors and associated vectors) of the corresponding holomorphic boundary eigen-
value operator function. It is proved that the principal parts of the GREEN’S
matrix can be represented in terms of eigenfunctions and associated functions
of the family of closed linear operators for the realization of the boundary eigen-
value problem in L,-vector spaces and the family of the adjoints of these operators
(Theorem 3.5.11).

3.1. The boundary eigenvalue problem

Let Qbe adomaininC, —o<a<b<o, 1< p<oo, psuchthat I/p+1/p' =1,
and n € N\ {0}. LetA € H(Q,M,(L,(a,b))) and TR € H(Q,L((W, (a,b))",C")).
We consider boundary eigenvalue problems of the form

y —A(,A)y =0,

G.1.1)
TR(A)y =0,

for A € Q. Here a solution y € (Wp1 (a,b))" of the differential system in (3.1.1) is
to be understood as a weak solution, i. e., a solution in the distributional sense. If,
e. g., we take

(3.12) T*(A)y = W(A)y(a) + WP (A)y(b)
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forye (Wp1 (a,b))" and A € Q, where W, W? € H(Q,M,(C)), then (3.1.1) is a
two-point boundary eigenvalue problem. We define
TD(A’)y = yl _A('al)%

D 1 n
(3.1.3) )y = (iREig) | (v € (W)(a,b))", A € Q).

From Lemma 2.5.1 we know that T2 € H(Q, L((W,(a,b))",(Ly(a,b))")), whence
T € H(Q,L((Wpl (a,b))",(Lp(a,b))" x C")). Since (3.1.1) is a boundary eigen-
value problem, we call T given by (3.1.3) a boundary eigenvalue operator func-
tion. We choose the fundamental matrix function

(3.1.4) Y € H(Q,M,(W, (a,b)))

with Y (a,A) =id, for A € Q according to Theorem 2.5.3. Define
(3.1.5) Z(A)e:=Y(,A)c (ceC", A e€Q),

(3.1.6) (UA)f)(x) = Y(x,)L)/XY(t,A)_lf(t) dr

forA € Q, f € (Ly(a,b))" and x € (a,b). Since the operator function Z belongs to
H(Q,L(C", (Wp1 (a,b))")) by Proposition 2.5.6, the characteristic matrix function
M defined by

(3.1.7) MA):=TRA)Z(A) (A eQ)
belongs to H(Q,M,(C)) by Corollary 1.2.4.

THEOREM 3.1.1. T is an abstract boundary eigenvalue operator function in the
sense of Section 1.11.

Proof. WesetE :=(W)(a,b))", F, := (Lp(a,b))", G:=F,:=C", T;(1) :=T?(A)
and T,(1) := TR(A). We must prove that (1.11.1) holds. (1.11.1) i) and (1.11.1) ii)
follow from Lemma 2.5.7 and Proposition 2.5.6, respectively. For the proof of
(1.11.1)iii) let A € Q and y € N(T?(A)). Then, by Definition 2.5.2, there is a vec-
tor ¢ € C" such thaty =Y (-,A)c = Z(A)c, which proves y € R(Z(1)). Conversely,
let y € R(Z(A)). Then there is a vector ¢ € C" such that y = Z(A)c = Y (-,A)c.
Corollary 2.5.5 proves y € N(T?(1)). O

Since U depends holomorphically on A by Lemma 2.5.7, we can apply The-
orem 1.11.1 without using SUBIN’S result in the proof of that theorem:

THEOREM 3.1.2. The operators

—

0 id Ly(ab)) a b)) n
(id@ TR(/l)U(l)) € L(C" x (Ly(a,b))", (Lp(a,b))" x C*)
and

(Z(A),U(A)) € L(C" x (Ly(a,b))", (W, (a,b))")
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are invertible and depend holomorphically on A € Q. The operator function T
is holomorphically equivalent on § to the (L,(a,b))"-extension of M; more pre-

cisely, for A € Q we have
))n M(A) O -1
- (Z(),U(A)".

0 d, .,
T(A)=| R( pla,
ide THA)U(A) (Ly(ab))"

Proof. The statement is obvious from Theorem 1.11.1 in view of (1.11.5) and
(r1.11.7). O

Since M is an operator function from the finite-dimensional space C* into
itself and hence Fredholm operator valued with index zero, we immediately obtain

COROLLARY 3.1.3. We have T € H(Q,®((W,(a,b))",(Ly(a,b))"* x C")) and
indT(A) =0forall A € Q.

THEOREM 3.1.4. Let M be the characteristic matrix function given by (3.1.7).
Assume that p(M) # 0. Let i € 6(M) and r := nulM(u). Let {c,,...,c,} and
{d,,...,d,} be biorthogonal CSRFs of M and M* at u. Define

_ _[(—(TRU)*d; ,
y;i=Zcj, vj.=< d J (j=1,...,r).
Then {y,,...,y-} and {v,,...,v,} are biorthogonal CSRF of T and T* at L,
v(y;) =v(v;)=v(c,) = v(d;) =tm; for j=1,...,r, and the operator function

T - Z( ‘H)_nlj)’j‘g’vj

j=1
is holomorphic at |.

Proof. This theorem is merely a restatement of Theorem 1.11.3 in the present
context. [

PROPOSITION 3.1.5. Let W € H(Q,M,(L,(a,b))), a, € [a,b] (k€N), a; # g,
(k# j), ay=a,a, =b, W) € H(Q,M,(C)) (j €N) such that

(3.1.8) Y sup[WW(R)] < oo
Jj=0A€k

for each compact subset K of Q. For A € Qand y € (Wp1 (a,b))" we set
_ b
619 THAyi= LWORa)+ [ WEANE) .

Then TR € H(Q,L((W, (a,b))",C")).
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Proof. Integration as a map from (L, (a,b))" to C" is continuous. From Propo-
sition 2.3.3 and Corollary 1.2.4 we infer that the assertion holds for the integral
part. The assumption (3.1.8) implies that

yor Y WO 2)y(a))
j=0

converges uniformly on compact subsets of Q as a series of holomorphic operator
functions in the Banach space L((C([a,b]))",C"). Hence this series defines a hol-
omorphic operator function in L((C([a,d]))", (C”) see [DL, (9.12.1)]. As W, (a,b)
is contained continuously in Cla, b], this completes the proof. [

REMARK 3.1.6. The statement of Proposition 3.1.5 even holds if we replace
(3.1.8) by the weaker condition

(3.1.10) supz WU (A)] < o
AEK j=0

Proof. We apply VITALI’S theorem in order to obtain the holomorphy. O

3.2. The inhomogeneous boundary eigenvalue problem

Let T be the boundary eigenvalue operator function defined by (3.1.3), where T
is given by (3.1.9). For A € p(T), f, € (Lp(a,b))" and f, € C" we set

(3.2.1) Ry (2 )f1 =17 (A)(£,0),
(3.2.2) Ry(A) fy := T~ (A)(0, ).
If A €p(T)andye (W,(a,b))", we obtain

(3.2.3) y=T Y A)T(A)y =R, (M)TP(A)y+Ry(M)TR(A)y.

We now give an explicit representation of R (1), R,(A) and T~!(A). For this
purpose we set

(3.2.4) Z A)+/XW(t,l)dt (a<x<b),
P ‘
. b
(3.2.5) F(b,A) = ZW(’)(KH-/ W(t,A)dr
j=0 “

The matrix function F(-,4) is of bounded variation because of the assumptions
(3.1.8) and W(A) € M,(L,(a,b)).
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PROPOSITION 3.2.1. Let A € Q andy € (W, (a,b))". Then

= [ GFEIN0O e K @p))

where the integral is the Riemann-Stieltjes integral of the vector function y with
respect to the integrator F(- ).

Proof. The integral is well-defined since y is continuous, see [HS, (17.15), (17.16)
and (8.7)]. There is a sequence a = té‘ < t’f < L tf,lk = b of subdivisions of [a,b]
such that

ST WO+ [ WA a) +wOme
i=] j=0

=i i—1
t,-kﬁlgaj<t:‘
converges to fab d,F(t,A)y(r) as k — oo, where max(tk —tk )= 0ask - cocan

be assumed. On the other hand, the above sum converges to

Y WORpla)+ [ Wm0 a
=0 a

by LEBESGUE’S dominated convergence theorem. Here we take the counting
measure on N for the convergence of the sum and the LEBESGUE measure on
[a,b] for the convergence of the integral. O

LetY € H(Q,M, (W (a,b))) be the fundamental matrix function of the first

order system TPy =0 with Y (a,A) = id, for A € Q. Let M be the characteristic
matrix function given by (3.1.7). For A € p(T) the GREEN’S matrix of T is
defined by

/ Y (e, MM~ (A) d,F (1, A)Y (1, A)Y "1 (E,A)

(a<8<x<D),

ﬁ /Yx?L {A) 4,F (1, )Y (1,M)Y (€, A)

(a<x<&<bh),

(3.2.6)  G(rEA) =

where the integrator is F (-,A). From Proposition 2.5.4 we infer that the matrix
functions Y (x,A)M~'(A) and Y (¢,A)Y~!(&,A) do not depend on the choice of
the fundamental matrix. Hence also the GREEN’S matrix does not depend on the
choice of the fundamental matrix.

We set
(3.2.7) G(x,A) :=Y(x, A )M "(L) (x€la,b], L € p(T))

and state
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THEOREM 3.2.2. For A € p(T), f, € (L,(a,b))", f, € C" and x € (a,b) we have
that G(x,-,A) belongs to M,(L(a,b)) and that

(3.2.8) = (x,8,24) 1, () dé,
(3.2.9) (Ry(A) ) (x) ( ) 1o
(32100 (T A ) /G JEA)f,(E) A€ +G(x,2) .

Proof. Since, for &, < &, in [a,x] or [x,b], respectively,

|/ (6 A)M () GF (1 A)Y (12)Y T E )

Q)\

<[ max |¥(x, )M~ ()| |Y (1, )Y~ (€ /1)|] /§2d|F(t )]
= Logeas) ’ ’ g "

G(x,-,A) is of bounded variation for each A € Q and x € [a,b]. Since the real as
well as the imaginary part of a function of bounded variation is the difference of
two monotone functions, a function of bounded variation is measurable. Hence
each component of G(x,-, 1) is measurable. This shows that G(x,-,A) belongs to
M, (Lw(a,b)).

The proof of the theorem will be complete if we show (3.2.10). From

(3.2.11) /abG(x,é,/l)fl(é)dé
a// MY R) F (5, )Y (6, A)Y (€, 1), (€) dé
xx// M A ()Y (1,0 (€, ) £ (6) dé

and Propositions 2.3.1 and 2.1.8 it follows that f G(-,&,1)f,(&)d& belongs to
(W, (a b))". On the right-hand side of (3.2.11) we add and subtract the term

Y ) [ [ O GG 02 EAAE) e

We obtain

b X
6212 [ Gl &M (E)dE =Y(x) / YoUE A (8) 6
M// MR AF (MY ()Y (6,2 (5) o

since, by Proposition 3.2.1,

:/b dF (6, A)Y(1,1).
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Since the first term on the right hand side of (3.2.12) is (U(4) f;)(x), where U(A)
is a right inverse of T?(), and since T?(-,1)Y (-,A) = 0, it follows that

b ~
32.13) 1) ([ 6C.EAA(E) & +BLAL) = 1.

Again from (3.2.12) we deduce in view of Proposition 3.2.1 and FUBINI’S theo-
rem, applied to the measures d,F(x,A) and d&, that

b X
1) [[G0.6MAE) 8 = [ aFar ) [ ERAE) i
b rb
[ [ arearenr @ e o

whence

b ~
(32,14 ([ G.E A6 +E(,ML) = o
This proves (3.2.10) since T(A) is invertible by assumption. [J

3.3. The adjoint boundary eigenvalue problem

The adjoint boundary eigenvalue problem in distributional sense consists in find-
ing nontrivial weak solutions (u,d) € (Lp,(a,b))" x C" of the differential equation

(3.3.1) W, +AT( N, — TR (A)d =0

for A € Q, where u, is the canonical extension of u. The following theorem justi-
fies this definition of the adjoint boundary eigenvalue problem.

THEOREM 3.3.1. Let the boundary eigenvalue operator function T be given by

(3.1.3) and assume that p < oo.
Then T* € H(Q,L((Lp,(a,b))” x C", (WPTl [a,b])")) has the representation

(3.3.2) T*(A)(u,d) = —ud, — AT(-,A)u, + TR (1)d

(ue(Lyla,b))", deC). If TR has the form (3.1.9), then

333 TR () = Y WO ()8, + (W, 2))
Jj=0

and

(334 ((T*U)*(A)a) ()

= 02T Y, WO, 0+ [ VEAWE A a8
j=1 !

7

Here X(a,aj) is the characteristic function of the interval (a,aj).
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Proof. As for n = 1, we denote the canonical bilinear form on (Wé< (a,b))" x
(Wp‘,k[a,b])” by (, ),x- Since L,(a,b) is the dual of L,(a,b) and WpT’[a,b]
is the dual of Wp1 (a,b) by Theorem 2.2.5, Proposition 1.2.6 yields that T* €
H(Q,L((L,(a,b))" x(C",(WpTl[a,b])" .Letye (W, (a b))"andu € (L,(a, b))
Then we infer with the aid of the definition of (, ) il in (2.2.4) and Proposmon
2.3.4 that

TP (A)u) ) = (TP(A)ye) 5
= <ylau€>p}()_ <A("l)y7u£’>p,0
- —<y7 ule>p,1 - <yaAT('7)’)u€)p,l .

This proves
(3.3.5) TP " (Mu=—u, —AT(-,A)u,.
Since, ford € C",

BT () () 5, = (T(A)y, ()
= (TP (A)y, ), o+ (TR (A)3,d)

=0T (A)u,+ TR (A)d)

we obtain the representation (3.3.2).
Now let T® be given by (3.1.9), y € (W, (a,b))" and d € C". The definition of
the Dirac distribution, see Example 2.2.6, and Proposition 2.3.4 yield

(T (A)d),, = (TF(A)y,d)
=Y dwl + [Camwie nve) ag
j=0 a
= Y WO A8, )+ (s (WT(2))ed)

.
It
=

Il
S~

<
It
=

T (A)dS, + (WT(A))ed)
J p

which proves (3.3.3).
For f € (L,(a,b))" we obtain

ROV @)= L WO @2 [ e a

j=0
+/abW(§,/l)Y(§,/1)/j y=1(e,A) £(¢) de d&
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J

b .
- / {,_; WO MY (@, DY (1, 0) 2.0, (0)

b
+ [ WEED &Y} 0 dr
Now (3.3.4) immediately follows from
(£, (TRU)* (A)d) o =d"TRAWU(R)f. O

3.4. The adjoint boundary eigenvalue problem in parametrized form

In this section let p < e. In order to define the adjoint boundary eigenvalue prob-
lem in parametrized form we consider the family of operators T,(A) in (L,(a,b))"
defined by

(3.4.1) D(Ty(A)) = {y € (Lp(a,b))" : y € (W, (a,b))", T*(X)y = 0}
and
(3.4.2) Ty(A)y=T L)y (v € D(Ty(A)))-

This is the operator family which is classically considered together with the bound-
ary eigenvalue problem (3.1.1). Note that the domain D(T(A)) of Ty(A) may
depend on A since T® depends on A and that the domain of T,(A) may be a non-
dense subspace of (L,(a,b))". For example, the boundary eigenvalue operator
TR(L) given by TR(A)y:= [ ab y(t) dt is a nonzero continuous linear operator from
(Lp(a,b))" onto C". Hence, in this case, D(T,(A)) is a nondense subspace of
(Lp(a,b))".

Let p'(T,) := {A € Q: T(1) is bijective} and, as usual for not neccessarily
bounded operators, p(Ty) := {4 € p'(T,) : T,(A)™" is continuous}.
THEOREM 3.4.1. i) We have p(T,) = p'(Ty) = p(T) and T, (A) f =T~ () (f,0)
for A € p(T) and f € (Ly(a,b))".
ii) Assume that TR is of the form (3.1.9) and let G be the GREEN’S matrix given
by (3.2.6). Then, for A € p(T;) and f € (Lp(a,b))",

(3.4.3) (15 N = [ 668,278 b6,

Proof. i) Let A € p'(Ty) and y € N(T(A)). Theny € (W) (a,b))" and TR(A)y = 0.
Hence y € D(Ty(4)) and T,(A)y = 0. This proves y = 0 since T,(A) is injec-
tive. We have proved that T'(1) is injective. From Corollary 3.1.3 we know that
indT (1) = 0. This proves defT(1) =nulT (1) =0, i.e., T(A) is bijective.

Let A € p(T). Fory € N(Ty(A)) we have TP(A)y = 0 and T®(A)y = 0, which
proves y = 0 since T(A) is injective. For the proof of the surjectivity of T(A) let
f € (Ly(a,b))". Sety:=T 1 (1)(f,0). Then T®(1)y = 0 shows y € D(Ty(1)),
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and Ty(A)y = TP(A)y = f follows. The continuity of T~'(A) immediately im-
plies T;"'(A) € L((Lp(a,b))"), which also proves p(T,) = p'(T;)-
i1) is clear from 1) and Theorem 3.2.2. 0O

REMARK 3.4.2. For all A € Q, the operator Ty(A) : (Ly(a,b))" = (Lp(a,b))" is
closed.

Proof. If A € p(Ty), this immediately follows from the continuity of T, '(1),
which was shown in Theorem 3.4.1i). For arbitrary A € Q, let y, € D(T,(4))
(k € N) such that y, = yin (L,(a,b))" and T,(A)y, = fin (L,(a,b))" as k — oo,
Since U(A)TP(1)y, —y, € N(TP(1)), there is a ¢, € C" such that
UMTy(A)y, =y +Y(,A)c, (kEN).

U(A) is continuous as an operator from (Lp(a,b))" into (Wp1 (a,b))", whence
UA)Ty(A)y, = U(A)f in (W, (a b))" and therefore also in (L,(a,b))". Thus
(Y(-,A)c,)pep converges in (L,(a,b))". But since the set {Y(-,A)c:c € C'}
is a finite-dimensional subspace of (W, (a b))", (Y{-,A)c, )i also converges
in (W (a b))" since all norms on ﬁmte dimensional spaces are equivalent, see
[CON Theorem II1.3.1]. This shows that (y, )7, converges in (Wp1 (a,b))". There-
fore y € (W (a,b))", and the continuity of T(A) implies that TR(A)y =0, i.e.,
y€D(Ty(A)), and Ty(A)y =TP(A)y=f. O

The adjoint T (A) is a linear relation in (Lp,(a, b))" defined by its graph
G(T5 (1) = (G(-Ty(A))*,
i.e., foru € (L,(a,b))" we have
u € D(I5 (1)) & 3w € (L (a,b))" Yy € D(TH(A)) {Ty(A)y,u) = {y,w)
and

Ty (A)u={w € (L, (a,b))" : Vy € D(Ty(A)) (Tp(A)y,u) = (»w)}-

Here (, ) is the canonical bilinear form on (L,(a,b))" x (L,(a,b))".

Conditions to assure that the linear relations T;; (A) (A € Q) are operators will

be given below. In that case,
Ty(Mu=0 (ueD(Ty(A))

is called the classical adjoint boundary eigenvalue problem to the given problem
Ty(A)y =0 (y € D(Ty(A)).

For u € 2'(R) we denote its restriction to (a,b) by u,, i.e., u, € 2'(a,b) is
given by

(‘paul‘>: <¢au>R (q)ECB"(a,b))

Note that (u,), = u foru € L,(a,b).
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For y € (W, (a,b))" and u € Wy a,b])" with u = v, and v € (L
have by (2.2.4) that

p,(R))" we
)y = ) o = Oy ur).

THEOREM 3.4.3. i) Let A € Q and u € (L, (a,b))". Then u € D(T5(A)) if and
only if there is a vector d € C" such that T*(/l)(u,d) (Lp,(R))".
it) Ler A € Q and u € D(T§(1)). Then

Ty (A)u={(T"(A)(u,d)), :d € C", T*(A)(u,d) € (L, (R))" }.

Proof. Let u € (L, (a,b))" and d € C" such that T*(1)(u,d) € (L,(R))". For
y € D(Ty(A)) we have TR(A)y = 0. Hence

(Ty(A)y,u) = (TP (A)y,u) + (T*(A)y,d)
= (T(A)y, (u,d))
=T (M) (u,d)),,
= (T (W) (,d)),)

This proves u € D(T§(A)) and (T*(A)(u,d)), € Ty (A )u.
Conversely, let u € D(T7(A)). Then there is aw € (L, (a,b))" such that

(3.4.4) (Ty(A)y,u) = (y,w)
for all y € D(T,,()). Hence, fory € D(T,(A)),
0= (yw) — (To(A)y,u)
= <y)W€ - TD*()”)u>p,l :

Since TR (1) is defined on the finite-dimensional space C", the range R(TX* (1))
is finite-dimensional and thus closed. This implies

we — T2 (A)u € (D(Ty(A))) W (@b)" (W, abl))
= (V(TR(a)) @O e = R(r® (1)),

see [KA, p.234]. Thus there is a d € C" such that w, — T?*(A)u = TR*(1)d. This
proves T*(A)(u,d) =w, € (Lp,(R))" and thus the distribution (T*(A)(u,d)), =w
belongs to (Lp, (a,b))". Since w € Ty (A)u satisfying (3.4.4) was arbitrary, we have

Ty (A)u C {(T*(X)(,d)), :d € C*, T*(X)(u,d) € (L, (R))"}.

Together with the first part of the proof this shows that ii) holds. [



3.4. The adjoint problem in parametrized form 113

PROPOSITION 3.44. Let c; € [a,b] (i € N) with ¢; # c; for i # j, 1 € N and
o, €C(HeN v=0,..,1)with )oi |, | <ooforv=0,...,I Let
, et

Y Yo 8 el (R).

v=0i=0

Then o, =0forallie Nandv =0,...,L

Proof. Since the operator norm of 56(.") (v = ., 1) as a continuous linear func-

tional on C!([a,b]) does not exceed 1, }: Z o; 5 ) € L(C*([a,b]),C) is well-
v=0i=

defined and also belongs to W“’—] [a,b] by Example 2.2.6 and Proposition 2.2.7.

By assumption, f := ): ): o 6 v) e L, /(R). Choose a nonzero y, € C7’(R).

v= Oz
Let x; € R such that Wo (xo)[ = mé}é‘l% (x)|(> 0). There is a number p > 0
xe

such that supp ¥, C [x, — p,x, + p]. Let y(x) := (u/é’)(xo)p’)"quo(px+x0).
Then y € C3(R), w(0) = 1, [y (x)| < 1 for x € R, and y(x) = 0 for |x| > 1.
Inductively we obtain |y(V)(x)| < 1 for v=1-1,/-2,...,0. Let j € N and set
@ (x) = k'Y (k(x—c;)) (k=1,2,...). Then @{!(c;) = 1, |o{")(x)| < k*~* for
xe€R v=0,...,,k=12,...,and ¢, (x) =0 for k =1,2,... and x € R with
x—c;| > +. Thus LEBESGUE’S dominated convergence theorem yields

/ O () f(x)dx =0 (k- o)

and, with respect to the counting measure,

which proves o = 0 since
b
| 0500 dx= (9, )
| o
<<pk, Y Zalvé > =Y Z(_l)vai,v ;EV)(CI')'
R =

v=0i=

A recursive application of this method yields the statement. [J
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THEOREM 3.4.5. Let TR be given by (3.1.9) and assume that A(-,A) belongs to
M, (L.(a,b)) and that W (-, 1) belongs to M, ( (a,b)) forall X € Q.

iyLet A € Qand u € (Ly(a,b))". Thenu € D(TO( )) if and only if there is a
vector d € C" such that

(3.4.5) —u +ZW 1)ds, ;€ (Ly(R))".

ii) Let A € Q. Then Ty (A) is a linear operator if and only if for each d € C" the
implication

VieNWOT(A)d=0=WT(-,1)d=0
holds.
iii) Let A € Q. Then T;(A) is a linear operator ifW( A) =0 or if for each
d € C"\ {0} there is an integer j € N such that W) (1)d # 0.

Proof. 1) is obvious because of Theorem 3.4.31), (3.3.2) and (3.3.3).
ii) We know from Theorem 3.4.3 ii) that

5 (2)(0)
{(ZW 8o +WT(, /l)d) :deC‘,iW(j)T()L)d6aje(Lp,(R))”}.
r ]:0

Since T (A) is an operator if and only if T (A)(0) = {0}, the result is obvious
from Proposition 3.4.4.
iii) immediately follows from ii). [J

COROLLARY 3.4.6. Let TR be given by (3.1.9), where the sum runs from 0 to k,
k > 1. Assume that A(-,A) belongs to M,(L.(a,b)) and that W (-,1) belongs to
M,,(Lp, (a,b)) for all . € Q. The set [a,b]\{ay,...,a,} is the disjoint union of k
open intervals I,,...,I,. Let A € Qand u € (Ly(a,b))". Then u € D(T§(A)) if
and only if there is a vector d € C" such that

ulp € Wh(I)" (j=1,....k),
u(a+>=w<°>T(A>d, <b )=-whT(4)4,
+)—ula,=) =W (N)d  (j=2,....k),

where u(c+) and u(c—) are the right-hand limit and the left-hand limit, respec-
tively. For suchd € C", the function T*(A)(u,d) € Ty (A)u is uniquely determined
by

u(a;

T* (W) (wd)l; =~ (ul, ) ~AT(,A)ul, +W(,2)],d
forj=1,... k.
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Proof. For ¢ € R, the Heaviside function H, is defined by H.(x) =0 if x < ¢
and H.(x) = 1 if x > c. We have H, € LY(R) and H. = §,. Therefore, for
u€ (L,(a,b))" andd € C*,

k k
(~uet WO Q)dH,,) =~ + Y WOT(A)ds,,
j=0 j=0

Theorem 3.4.51), and Corollary 3.1.4 yield that u € D(T;(A)) if and only if there
is a vector d € C" such that

k
(-w+;ymWMw%Nmmem¢wﬁ»m
j:

where @ < a < b < 8. To complete the proof we apply Proposition 2.2.2. ([

Now let A € Q and suppose that T;(1) is an operator and that the assump-
tions of Corollary 3.4.6 are fulfilled. Then Corollary 3.4.6, Theorem 3.4.3 ii), and
Theorem 3.3.1 show that A is an eigenvalue and u € (L, (a,5))" \ {0} an eigen-
function of the adjoint boundary eigenvalue problem in parametrized form if and
only if there is a vector d € C" such that, for j=1,...,k, u|, € (Wpl, (a,b))",

J
(3.4.6) () +ATC, A)ul, = WT(,4)], d =0,
and the boundary conditions
(3.4.7) {M“ﬁ=W@WM¢ u(b—) =-Ww(A)d,
o _ N _wDT - .
u(a1+) u(aj )_WJ (l)d (j—2,,k),

are satisfied.

PROPOSITION 3.4.7. Let M be the characteristic matrix function given by (3.1.7)
and assume that p(M) # 0. Let p € 6(M) and r :=nulM(u). Let {cy,...,c/}
and {d,,...,d,} be biorthogonal CSRF of M and M* at li. Define

yji=Ze;, up=—(TRUYd;,  (j=1,...,n),
where Z and U are given by (3.1.5) and (3.1.6), respectively. Let m; := v(c;), the
multiplicity of the root function ¢ i Then the operator function

,
TO_1 - Z( - ﬂ)_'"fyj®uj
=1
is holomorphic at U. ’

Proof. Let J be the canonical injection from (L,(a,b))" into (Ly(a,b))" x C".
Since T71J = TO—1 by Theorem 3.4.1 and

;v =y,®(v,)=y;®u

by Proposition 1.1.2, where v ; 1s defined as in Theorem 3.1.4, the result follows
from Theorem 3.1.4 and Corollary 1.2.4. [
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PROPOSITION 3.4.8. Let u € o(T).

i) Let y, be an eigenvector of T at j1. Then y, € D(Ty(1t)) and To(ft)y, = 0.

ii) Assume that T3 (1) is an operator and let (uy,d,) be an eigenvector of T* at L.
Then uy € D(Ty (1)) and T ()uy = 0.

Proof. i) From T (i)y, = 0 it follows that TX(t)y, = 0, and thus y, € D(Ty(1)).
ii) As T*(uy,dy) =0 € (L, (R))", the statement follows from Theorem 3.4.3. O

PROPOSITION 3.4.9. Assume that TR does not depend on A and let i € 6(T).

i) Let (y,)!_, be a CEAV of T at p. Theny, € D(Ty(u)) for [ =0,...,h.

it) Assume in addition that A € H(Q,M,(L.(a,b))) and that T§ (1) is an operator
for all A € Q. Let (u,,d))i_, be a CEAV of T* at u. Then u, € D(T5(u)) for
1=0,....h

Proof. 1) By Definition 1.6.1, the function

has a zero of order > k41 at ut. Then

h

Z( - .U)ITR(.U))’[

=0

has a zero of order > h+ 1 at i, which proves that T®(u)y, = 0, and hence
y, € D(Ty(1)) for I =0,...,h.
ii) Let k € {0,...,h}. Since

T*Z( - ul,

has a zero of order > A+ 1 at i,

k
1
Z—‘ Bll uk_'),dk__j) :0.
With the aid of Theorem 3.3.1 we infer

k
T*(#)(uk,dk) =- Z (aaij T*)(.u)(”k_pdk_j)

From Theorem 3.4.31) it follows that u, € D(T; (1)). O
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EXAMPLE 3.4.10. We consider T(A) € L((W, ( ,1))2, (L, (0, 1))2 x C?) given by

TP(A)y =y -2y (€ (W, (0,1))),

= (] “Q)”)y(omm.

Y(x,A) = (

is a fundamental matrix of T?(A)y = 0. Then
A
et 1427
= (7 E)
)

From detM(A) = ¢** — 1 — 24 we infer that p(M) # 0 and that detM has a zero
of order 2 at 0. The vector function

1+ A er — 1+ rer —2A
Mw(_l )= (")

has a zero of order 2 at 0. Hence 1_+1/1 is a root function of M at 0 of mul-

tiplicity 2, and by Proposition 1.8.5 it is also a CSRF of M at 0. In the same

way,
( et 1) 1-3A _ let —1het %—%l
1+22 ) \-1-1a 12 - 22— Lt - Laet

Obviously,

=1+ A%y (1),

where h; and h, are holomorphic functions on C, we see that the CSRFs are
biorthogonal. According to Theorem 3.1.4 and (3.3.4),

(=4 +31)et1=x)
(14A)eM (%—}-él)e’m"‘)
x and ( i1y )
273
1
—3— A

—e€
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are biorthogonal CSRF of T and T* at 0 of multiplicity 2. Hence

1,1
() (G5
2
£— 35X
-1 —X -
( 2> <_
are biorthogonal CSEAVs of T and T* at 0. From

o ()= ) o)+ (5) =)

we see that the associated vector L+x does not belong to the domain of 7;,(0).

I N BO|=— ‘
[o— SIS
89—

N LI —

In view of Theorem 3.3.1 and Proposition 2.6.5 we have

1 1
. —z+35x d
T (0)(( 26_li>’<d1>>
372 2
_14ls 415 d d
=< 12+26 0"'13 1>+( 2>5o+< 1)51
7~ 5%+ 596 d, d,
_ (1t G )8+ (5+4d)8,
T+ (=3+d))8+ (L +d,)8,

For any choice of d,d, € C not all the coefficients of 8, and §, are zero. Hence,

according to Theorem 3.4.3 1) and Proposition 3.4.4, we see that the first compo-
1,1

nent 26 12 of the associated vector of 7* at 0 does not belong to the domain
5—5x
372

of Ty(0). O

The above result shows that the statements of Proposition 3.4.9 may be false
if TR depends on A:
PROPOSITION 3.4.11. There are two-point boundary eigenvalue problems (3.1.1)
with associated operator function T given by (3.1.3) having the following proper-
ties:
D p(T)#0;
1i) there is an eigenvalue [ € ¢(T) which is not semi-simple;
iii) for each CEAV (yy,y,) of T at p, the associated vector y, does not belong to
D(Ty(1):
iv) for each CEAV (vy,v,) of T* at i, where v, = (u,d) € (Lp,(IR))” x C*, u does
not belong to D(T§ (11)).

Proof. The boundary eigenvalue problem considered in Example 3.4.10 fulfils i)
and ii) with u = 0.
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iii) Let (y{",")) be the CEAV of T at 0 defined in Example 3.4.10 and let

(y(()z),y(lz)) be an arbitrary CEAV of T at 0. Then y(()l) and y(()z) are eigenvectors.
From nul 7 (0) = nulM(0) = 1 we infer yéz) = ay(()‘) for some & € C\ {0}. Since
() ! i) -
we obtain that
(2) — (1) oW — 70V = (1)
T(0)y,” = aT(0)y;’ +aT'(0)y,’ —T'(0)y,” = aT(0)y; .
Hence

TR0 = aT*(0)yl") = (2: ) #0.
iv) Let (v{!,»{")) be the CEAV of T* at 0 defined in Example 3.4.10 and let
(v(()z),v(lz)) be an arbitrary CEAV of T* at 0. As in the proof of iii) we obtain

T*(0)v{?) = aT* (0)v{)
for a suitable a € C\ {0}. We write
W = (@, d%) e (L,(R)"xC*  (i=1,2).
Letd € C*. Then
T*(0)(u'?,d) = T* (0¥ + T*(0)(0,d — d?)
= a7*(0)(u",dV + a7 '(d -dP)) ¢ (L, (R))"
) 0

by the above example. Hence u(?) ¢ D(T}(0)). O

3.5. Two-point boundary eigenvalue problems in (Lp(a,b))"
In this section let p < o0 and
TP(A)y =y —A(,A)y,
{TR(l)y = W(1)y(a) + WP(A)y(b),
for A € Qand y€ (Wp‘(a,b))", where A € H(Q,M,(L.(a,b))) and W, W’ ¢
H(Q,M,(C)) with rank(W4(1),W?(1)) =nforall A € Q.
PROPOSITION 3.5.1. There are A, B € H(Q,M,(C)) such that the matrix

We(A)T  A(A)
G2 (Wi 5)

3.5.1)

is invertible for all A € Q.

Proposition 3.5.1 is a special case of the following lemma, see also [BAZ,
Theorem 5.3].
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LEMMA 3.52. Letk>12>1, x; € H(Q,CY) (j=1,...,1) and assume that the
vectors x,(A),...,x,(A) are linearly independent for all A € Q. Then there are
x; € H(Q,C) (j=1+1,...,k) such that x,(A),...,x,(A) are linearly indepen-

dent for all 2 € Q. In case x,,...,x; are polynomials in A, x_|,...,x, can be
chosen to be polynomials.
Proof. Set

X = (x,...,x).

Then X € H(Q,M, (C)). With respect to the decomposition C* = C' @ C*~' we
write XT =: (X, X,). Since rank X (A1) = [ for all A € Q, we may assume without
loss of generality that rank X, (A,) = I for some A, € Q. Thus the function det X,
is not identically zero. Let B,(4) be the transpose of the matrix of the cofactors
of X,(4). Then B, is holomorphic and fulfils

X,By = (det X,)1, .
Letc € {0} @ (C*'\ {0}) C C* and define z € H(Q,C) by
2(A) = (Bo(()/l) (;gi(i)/lx)l)(ﬁ) c (AeQ)
Then z(A,) # 0 since the matrix
(Bouo) ~By(A)X, (A@)
0 (detXy(A)),_,

is invertible. This shows that the set of the zeros of z is a discrete subset of Q. By
WEIERSTRASS’ theorem (see e.g. [BU, Theorem 7.32]) there is a holomorphic
function y:  — C such that the set of the zeros and their multiplicities coincide
for y and z. Hence
b4

A y
is a holomorphic function with z,(A) # 0 for all A € Q. In case x|,...,x, are
polynomials, also z is a polynomial. Then we can take a polynomial for ¥, and z,
is a polynomial. We have

B, —ByX
XTz=(Xp, X)) | D ol
0 (detXy)I,_,

= ((detX,),,0)c = 0.
Thus, forall A € Q,
2 (2) e N(XT(A)) = (R(X(A)))"

In particular, z,(1)7x,(A) =0 fori=1,...,/ and A € Q. Since z,;(1) # 0 for
all A € Q, i.e., the components of z, do not have common zeros, and since every
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finitely generated ideal in H (Q) is a principal ideal, see e g. [BU, Corollary 11.42],
there is x,, ; € H(Q,C") such that z;(1)Tx, | = 1 for all 2 € Q. From the proof
of this result we also see that x,,; can be chosen to be a polynomial if x,,...,x
are polynomials. It follows that x, (4),...,x,,,(4) are linearly independent for all
A € Q. The statement of the lemma follows by induction. [

Apart from T we consider 2% ¢ H(C, L{(W,, [ (a,b))", (L » (a,b))")) defined
by

(35:3) 0" (M)y =~y ~AT(,A)y (A €C, y€(Wy(a,b)").
The differerential operator T"° * (A) is called the formally adjoint of the differential
operator T2 (1).
PROPOSITION 3.5.3. Foralluc (W (a b))' and d € C" we have
(3.54) T ud) = (TP u)e+ (—ula) + WTd) 8, + (u(b) + W*'d) 5, .
Proof. With the aid of (3.3.5) and Proposition 2.6.5 we infer
TP u=—u,— ATu,
= —(u)e — u(a)d, + u(b)d, — ATu,
= (TP u), — u(a)8, + u(b)8,.

Then (3.5.4) follows because of (3.3.2), (3.3.3) and the special boundary condi-
tions (3.5.1). 0O

PROPOSITION 3.5.4. Set

Then the LLAGRANGE identity

'
(TP (A)yu) = (3, TP (A)u) = GE’,;) H (EbD
holds for all A € Q, y € (W, (a,b))" and u € (W) (a,b))".

Proof. Since TP*u = T*(u,0), we immediately infer from Proposition 3.5.3 that
(TP (A)y,u) = (TP (M)
= (0, T2 (W), — O, (TP (Mw)e) 0
= (3, —u(a)8, + u(b)8,)
_ Y@\, (u(a)
- <y(b>> " (u(b)) '

We can also prove Proposition 3.5.4 without applying 7™ if we use (2.3.1) and
Proposition 2.1.51). O

pl
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With a matrix function of the form (3.5.2) which is invertible for all A € Q
we define

CA) D@\ _ (wem)T A@A)\"
e (e wn) = (nia i)

where the matrix on the left-hand side is divided into nxn block matrices. In case
W4(A) and Wb(A) depend polynomially on A € C, we infer from Lemma 3.5.2
that we can choose A(1) and B(A) to be polynomials in A. Since the determinant
o (T 40)

Wo(A)T B(R)
stant. Therefore the matrix function (3.5.5) depends polynomially on A. Hence
we may assume that W3(A) and W?(1) depend polynomially on A € C if this
holds for W4(2) and Wb(4).

Analogous to the operator T(A) we define the operator 7' (1) in (Ly (a,b))"
by

) is a polynomial which is invertible for all A € C, it is con-

(3.5.6) D(T;F (1))

= {ue (L,(a,b)":ue (Wy(a,b)", W(A)u(a) + W>(A)u(b) = 0}
and
(3.5.7) Tf (Mu:=TP (M)u  (ue D(T; (A))).

BIRKHOFF and LANGER [BL4, p. 64] considered adjoint boundary conditions
in the case of invertible boundary matrices W%(4) and W®(1). In our notation,
these adjoint boundary conditions are given by

WeT(A) " u(a) + WoT (1)~ 'u(b) = 0.

It is easy to see that the boundary ~conditions are 0£ the form (3.5.6), i.e., that
WeT(A)~T = Wa(A), WPT(A)~" = WP(A), if we set A(L) := 0, B(A) := Wh(A)T.

Then we also have C(1) = ~W4"(1)~1, D(A) = 0.
By Theorem 3.4.5iii), T (A ) is a linear operator.

THEOREM 3.5.5. Forall A € Q we have
i) I,7(A) =T5 (R),
i) (THA)) =Ty(A) if p> 1.

Proof. i) Lety € D(Ty(A)) and u € D(T; (4)). From Proposition 3.5.4 we know
that

(Ty(A)y,u) = (T (A)y,u)
_ + y@)\",,; (u(a)
= (y, TP (A)u) + <y(b)) H (u(b)) .
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From (3.5.5) and the definitions of D(T,(4)) and D(T,F (1)) we infer
Co)eCe)
=) etar ) (o) o) (i)
= (0,%) (’6) =0.

(Ty(A)y,w) = 0,777 (A)u),
which proves u € D(Ty(A)) and T (A )u = T (A )u.

Conversely, let u € D(T; (1)). We have to prove u € D(T;* (). From Corol-
lary 3.4.6 we know that u € D(Tf(4)) implies that there is a vector d € C" with
ue (W (a,b))", u(a) = W(A)7d and u(b) = —-W?(A)Td. From (3.5.5) we infer

Thus

We(A)u(a) + Wo(A)u(b)
_ C(A) D)\ (u(a)
=04 (wam vam) (u(b))
we)T AN\ (=1, 0\ [-We(A)Td
o0 (e a) (o 1) (wird )
W) A\ (W) A (L
(wbw m)) (wbw Em) (0>"
I,
(O)d 0,
which proves u € D(T+(l ).
ii) Obviously, — ( +)+ (A) = TP(A). From (3.5.5) and HT = H we infer
B(A

<X(A>T (2 )T) ( °(A)T g(w)-lH

We(A) WP(R) WH(A)T D(A)T ’

which proves D(Ty(1)) = D(— (=T, )*(1)). Hence Ty(A) = —(=T;")* (). Fi-
nally, apply part i) to —T;" (1) obtain (T;"(A))* = = (=T ) (A1) = T,(4). O
REMARK 3.5.6. Since A and B are not uniquely determined, also the boundary

matrix functions W4 and W? are not uniquely determined. But Theorem 3.5.51)
shows that the definition of TO+ is unambiguous, i. e., the boundary conditions

We(A)u(a) + WP (A)u(b) =0
are uniquely determined by the boundary conditions
W(A)y(a) + WP (A)y(b) = 0.
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From Proposition 3.4.11 we know that there are two-point boundary value

problems for which no associated vector of the corresponding operator func-
tions 7 and 7* at some u belongs to the domain of D(T(1t)) and D(T (1)) =
D(T,"(u)), respectively. Hence we have to go beyond the domain of T;(u) for
the definition of a root function of T at i1.
DEFINITION 3.5.7. Lety € H(Q,(W, (a,b))") and u € Q. The vector function
y is called a root function of T, at yt if and only if y(u) # 0, (T°y)(u) = 0 and
We(w)y(a, 1) +Wo(u)y(b, i) = 0. The minimum of the orders of the zeros of
TPy and Wey(a,-) + WPy (b,-) at p is called the multiplicity of y.

From TRy = W9(a,-) + W%y(b,-) we obtain
PROPOSITION 3.5.8. Lery € H(Q,(W,(a,b))"), u € Qand v EN. Thenyisa
root function of T, of multiplicity v at [t if and only if y is a root function of T of
multiplicity v at |1

Canonical systems of root functions of T, are defined in the same way as for
T. Hence a system of root functions is a canonical system of root functions of T
at p if and only if it is a canonical system of root functions of T at .

The situation is different for TO+ =Ty and ™.

PROPOSITION 3.5.9. Let (u,d) € H(Q, (Lp,(a,b))” x C") be a root function of T*
at | of multiplicity v. We may assume that u is a polynomial of order < v — 1.
Thenu € H(Q, (W;,(a, b))*), u is a root function of T;* of multiplicity v, at i, and

d+Cu(a,-) + Du(b,) has a zero of order v, at i, where v =min{v,, v, }.

Proof. By assumption we have
v—1

2= L -pu (heq)

where u; € (L, (a,))" (i=0,...,v~1). In order to show «; € (Wpl, (a,b))" set
dii= 5 (Sd)(n) (i=0,...,v=1).
Since (u,d) is a root function of 7* of multiplicity v at t we have
i
(3.5.8) T (u)( Z}L dle]T* w_nd,_ ;) (i=0,..,v=1).
From (3.3.2) and (3.3.3) we mfer
uj = —(T*(u)(w d;))r—AT(-, )u
- Z au )”i—j € (Lpr(aab))n-

Hence u; € (W, (a b))" by Corollary 2.1.4. From Proposition 3.5.3 we know that
T (u,d) = (T? w), + (—ula,) + W d) &, + (u(b,-) + W*'d)$,.
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Since (u,d) is a root function of T* of multlpllclty v at 1, Proposition 3.4.4 ylengs
that —u(a, ) +W*"d and u(b, ) +W""d have a zero of order > v at yt. Thus 72" u

also has a zero of order > v at u. In view of (3.5.5),

asn (o D% D) D

WeT(1) A(A)
W (A) B(A)
we see that W%u(a,-) + WPu(b,-) has a zero of order > v at 1. Furthermore,

~ N u(aa )
(C,D) (u(b,-)) +d
has a zero of order > v at u. This together with (u,d) (i) # 0 proves u(-, i) # 0.
The above considerations immediately yield v = min{v,,v,}. 0O

PROPOSITION 3.5.10. Let u € H(Q, (W, (a,b))") be a root function of Ty of mul-
tiplicity v at l. Set d := —au(a, )= 5u(b, -). Then (u,d) is a root function of T*
of multiplicity v at |L.

has a zero of order > v at 1. Since ( ) is invertible for all A € C,

Proof. By assumption, W“u(a, )+ Wbu(b,-) has a zero of order > v at 1. Hence
the matrix function (3.5.9) has a zero of order > v at y. With the aid of (3.5.5)
we infer that —u(a,-) + W4 d and u(b,-) + W2"d have a zero of order > v at .
By assumption, this also holds for 77 *u. For at least one of these three functions
in (WpT‘[a,b])" the order of the zero at u is exactly v. In view of (3.5.4) and
Proposition 3.4.4 the proof is complete. [J

We define eigenvectors, associated vectors, and canonical systems of eigen-
vectors and associated vectors of T, and T, via corresponding root functions and
canonical systems of root functions as we did for 7 and T* in Section 1.6.
THEOREM 3.5.11. Let u € o(T,) and let {yEI") 1<i<n0<h<m—1}bea
canonical system of eigenvectors and associated vectors of Ty at 1. Then there is a
canonical system {ugi) :1<i<r,0<h<m — 1} of eigenvectors and associated
vectors of T," at i such that the principal part of the GREEN’S matrix G(x,§,-)
at | has the form

(3.5.10) i

I M‘?

]
u)l—mj hz_:oyglj) (x)u(l)

IfW? and W? do not depend on A, then the biorthogonal relationships

by A A
( ? , (x )dlk+q(u)yf,,2_q(x)dx= —0,;6,

1<i<n1<j<r0<i<m; 1
J

(3.5.11) Z

k=0g=1

hold.
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Proof. Since a CSEAV of Ty at p is a CSEAV of T at i, by Theorem 1.6.5 there
1saCSEAV{ ) 1<z<r0<h<m—l}ofT*atusuchthat

3

-1y )
Z y m,—z h’dr(njj—l—h)

is the principal part of T~! at y, and the biorthogonal relationships

1 ydar N
G219 kzozl (k+q)! <d/1k+q(“)yfnz—q’(”Ej—)k’dt(i)k»:5if501
9=

(35.12) Z

j=1

-
Il

1

(1<i<n1<j<n0<i<m;—1)
hold. _

By Proposition 3.5.9, foreach i € {1,...,r}, {ugp :0< h<m;—1}isaCEAV
of Ty at u, and d{l) = —C(u)ul?) (a) - D()ul) (b). Hence u(,...,ul) are lin-
early independent as (u(()’),d(()l)), . (ué’) , d(()’)) are linearly independent. Since the
multiplicities of a CSEAV of Ti;* at 1 cannot exceed the multiplicities of a CSEAV
of 7* at 1 by Proposition 3.5.10, {u) : 1 <i<r,0 < h<m,—1} is a CSEAV of
Tyt at . Theorem 3.4.11) yields that the principal part of TO_] at i is

m; ; -1
()' 'u - th ®um)—l h’
j=1i=1 h=0
Since the GREEN’S matrix is uniquely determined by (3.4.3), we obtain (3.5.10)—
recall that we understand this identity to hold almost everywhere. Let

m;—1

If W? and W? are constant, then T¥y, is a polynomial of degree < m, — 1 and has
a zero of order > m; at y1. Hence TRy,- =0fori=1,...,r. Thus (3.5.13) leads to
3.5.11). 0O

3.6. Notes

Historically, boundary eigenvalue problems have been investigated for scalar n-th
order differential equations before they were considered for first order systems.
However, since each boundary eigenvalue problem for an n-th order differential
equation is equivalent to one for a first order system, we can use the results of this
chapter also for n-th order differential equations. Of course, also higher order sys-
tems are equivalent to first order systems. In this monograph we do not consider
systems of higher order differential equations. We just mention that in this case
certain restrictions have to apply: for systems of differential equations of mixed
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order the associated operators may not be Fredholm, see [ALMS, Section 4]. But
even if one only wants to consider n-th order scalar differential equations, it is
often advisable also to deal with first order systems since it is in general easier to
consider first order systems because solutions of first order systems of differential
equations are easier to handle than solutions of n-th order differential equations.

It was first shown by Kaashoek [KAS] that the operator functions associated
with two-point boundary eigenvalue problems are globally equivalent to an exten-
sion of their characteristic matrices, see Theorem 1.2.

Since the boundary part is considered nonhomogeneously, the vector d occurs
naturally in the adjoint boundary conditions, see Theorem 3.3.1. If one considers
a homogeneous boundary part, the integral term in the boundary conditions of the
original system together with this parametric vector occur in the adjoint system
of differential equations, whereas the boundary conditions of the adjoint operator
are interface conditions at those points where the original boundary conditions are
taken, involving the parametric vector, see Corollary 3.4.6. This form of the ad-
joint problem was established by R. H. Cole in [CO3]. A. M. Krall [KR2] showed
that Cole’s definition coincides with the functional analytic adjoint operator. He
called these adjoint problems differential-boundary problems since the boundary
conditions are linked with the differential equation via the parameter. In a se-
ries of papers, [KR3]-[KR11], Krall investigated properties of these differential
boundary operators. Krall’s results were generalized by Maller in MO1]-[MO4].
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Chapter 1V

BIRKHOFF REGULAR AND STONE REGULAR
BOUNDARY EIGENVALUE PROBLEMS

This chapter deals with regular boundary eigenvalue problems for first order n x n
systems of ordinary differential equations. These first order systems are asymp-
totically linear in the eigenvalue parameter A. The leading matrix, i.e., the co-
efficient matrix of A, is supposed to be a diagonal matrix whose nonzero diag-
onal elements as well as their nonzero differences are assumed to have constant
arguments and to be bounded away from zero (almost everywhere). The bound-
ary conditions are allowed to have infinitely many interior points and an integral
term. The coefficients of the boundary conditions may depend on the eigenvalue
parameter A, with respect to which they are asymptotically constant as A tends to
infinity.

First Birkhoff regular boundary eigenvalue problems are dealt with (Defini-
tion 4.1.2). This regularity property is given in terms of the arguments of the
nonzero diagonal elements of the leading matrix in the differential system, further
by the zero-approximand of the A-asymptotic fundamental matrix of the differen-
tial system, and by the limits of the coefficient matrices in the boundary condi-
tions. If the leading matrix in the differential system is invertible, then Birkhoff
regularity is easy to check since in this case it only depends on the arguments of
the diagonal elements of the leading matrix in the differential system and on the
limits of the coefficient matrices in the boundary conditions at the endpoints of the
underlying interval. To illustrate the notion of Birkhoff regularity, some boundary
eigenvalue problems for 2 x 2 differential systems are classified with respect to
this property. One of the most important consequences of Birkhoff regularity of
a boundary eigenvalue problem is the fact that the determinant of a suitable char-
acteristic matrix function is bounded away from zero for A in the union of circles
Iy (v € N) with centres at zero and radii p, which tend to infinity as v tends to
infinity (Theorem 4.3.9).

Stone regularity is also considered in this chapter. For a natural number s
we call a boundary eigenvalue problem s-regular if there exists a sequence of
circles T, (v € N) with centres at zero and radii p, which tend to infinity such
that the determinant of an appropriate characteristic matrix multiplied by 4° is
bounded away from zero for A in the union of the circles I', . Birkhoff regular

129
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boundary eigenvalue problems are O-regular. A boundary eigenvalue problem is
called Stone regular if it is s-regular for some natural number s.

In the next chapter eigenfunction expansions for regular boundary eigenvalue
problems will be proved by the contour integral method, i. e., by integrating cer-
tain operator functions which essentially consist of the product of some negative
power of A and the resolvent of the boundary eigenvalue problem along the circles
I'y (v € N) which are given by the regularity assumptions. The exponent of this
power of A is determined by the order of regularity of the boundary eigenvalue
problem. In the present fourth chapter we prepare the proofs of these expansion
theorems by establishing several estimates of the operator functions which will
be used in the contour integral method. These estimates yield the convergence of
the contour integrals taken along the sequence of the regularity circles I'y, (Theo-
rems 4.4.9 and 4.4.11). With the aid (of a special case) of the Hilbert transform
these first results are sharpened for Birkhoff regular boundary eigenvalue prob-
lems. Under this regularity condition and some other technical assumptions it is
shown that the sequence of certain contour integrals taken along the regularity
circles T, (v € N) converge strongly in the L,-norm to the identity operator on a
subspace of (L,(a,b))" (Theorem 4.6.9 for 1 < p < oo, Theorem 4.7.5 for p = o).
In the case 1 < p < oo this subspace is explicitly determined by the structure of the
leading (diagonal) matrix in the differential system. For p = oo it is not that easy
to describe: it consists of the class of continuous functions which are of bounded
variation and fulfil certain boundary conditions.

4.1. Definitions and basic results

Let —e0o <a < b <eo, 1 <p<ooandn e N\{0}. For sufficiently large complex
numbers A, say |A| > y(> 0), we consider the boundary eigenvalue problem

(4.1.1) Y — (A4, +4,+A714°(,A4))y =0,
(4.12) ZW(])(/l)y(aj)+/ W (x, A)y(x) dx =0,
j=0 a

where y varies in (W) (a,b))".

For the system of differential equations (4.1.1) we assume that the coefficient
matrices A and A, belong to M,(L,(a,b)), that A%(-,1) belongs to M, (L,(a,b))
for || > y and depends holomorphically on A there, and that

A%(-,) is bounded in M, (L,(a,b)) as A — co.
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We suppose that A, is a diagonal matrix function, more precisely,
Ag
Al 0
A= 0 ' . ’
A

where [ is a positive integer,

!
AL =r,0, (v=0,...,0), va =n,
v=0

with ny € Nand n, € N\ {0} for v =1,...,l. According to the block structure of
A, wewrite Ay = (AO,V“)IVY“:O.

For the diagonal elements of A; we assume:
) ry=0, and for v, = 0,...,I there are numbers @y, € [0,27) such that
(4.1.3) (ry—ry)~' € Lu(a,b) ifv#p,
(4.1.4) ry(x) = ry(x) = |ry(x) = ry (x)]e"®  a.e. in (a,b).

Note that it = 0 gives ;! € L..(a,b) forv=1,...,l and
(4.1.5) r(x) = |ry(x)e? ae in(a,b) (v=1,...,1),
where @, ;=@ =@, tnforv=1,... 1L

If ny = 0, then we need the conditions (4.1.3) and (4.1.4) only for v,u €
{1,...,1}. On the other hand, the conditions r;! € L..(a,b) for v=1,...,l and

(4.1.5) are needed in any case. Hence it is no additional assumption if we take
v,u€{0,...,l} in (4.1.3) and (4.1.4) also in the case ng =0.

To give a more explicit representation of condition I), we consider the follow-
ing conditions (we remind that identities and inequalities of functions are under-
stood to hold almost everywhere):

IT) ry = 0, and there are a number & € C and for v =0, ...,/ real-valued functions
7y € Lp(a,b) such that for all v,u =0,...,!

(4.1.6) ry = Qafy,
(4.1.7) (ry —ry) "' € Lu(a,b) if v # p,
(4.1.8) Fy — 7y is a positive or negative function if v # p.

III) ry = 0, and there are a positive real-valued function r € Ly(a,b) such that
r~! € L.(a,b) and o, € C (v =0,...,1) such that r, = o, r and o, # o, for
v,u=0,....,land v # 1.

PROPOSITION 4.1.1. Letr,,...,r, € Ly(a,b). Then 1)< II) v III).
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Proof. )=IDVIII): Observe that ¢y, ¢, and @, o for v, € {1,...,! } satisfy

(@.19) 1ry(9) = ra (e = ry(3) = r(3) = (Iry (3) = 10~ P, (1)) P

for x € (a,b). Condition (4.1.3) implies that r, # 0. If ¢, — @0 € nZ for all
v, € {1,...,1}, then we set & = €% and 7, := &~ !r,. Then the functions 7, are
real-valued, (4.1.6) and (4.1.7) are obvious, and (4.1.8) follows from

Fy(x) = Fu(x) = |ry(x) — ry (x)|a"lei‘pvﬂ a.e. in (a,b)

since (4.1.9) implies that @, — ¢, € #Z. Thus II) holds in this case. Now
suppose that there are v, € {1,...,/} such that ¢, — ¢,0 ¢ 7Z. Forx € (a,b)
we infer from (4.1.9) that

[y () = 7 ()l P0) 4 [y ()] 0= ) = 1y ()]
The imaginary part yields
|rv (x) = ru (x)] sin(@y — @,0) + 1y (x)] Sin((PpO = y) =0.

Since |ry(x)| # 0 a.e. and sin(@,, — ¢,9) # 0 by assumption, we obtain that
sin(@y, — @) # 0. Hence

o sin(@— 9,0)
ro(x) = [rp(x)] | €m0 — — 2 Y2 i ||
v(x) = #( )l < Sm((Pvu_(pVO)

sin{@yu — 9,4
Now let k € {1,...,[}\ {v,u}. Then ¢4~ @,o & 7Z or @, — P4 & AZ. If
@0 — Puo & TZ, then as above there is a complex number o, € C such that
ric(x) = ou|ry(x)|. If @, — @, & TZ, then there is a complex number o, € C
such that r(x) = o |ry(x)|. Set o := ay|a,|. This proves that III) holds since
(4.1.3) implies that the . are pairwise different.
II)=1) immediately follows from

ry(x) = ru(x) = a(ry (x) - 7u(x)).

II)=>1) is obvious since r~! € L..(a,b). O

We set r(x) == [ry(x)], o := "0, @t := (&'P0 — ﬂﬂ‘(’—_(‘IJL"ie"‘l’vu), and o, = 0.

For the boundary conditions (4.1.2) we assume that a; € [a, b] for j € N, that
a; # a, if j #k, and that a; = a, a; = b. We suppose that the matrix function
W(-,A) belongs to M,(L,(a,b)) for |A| > v and that there is W, € M,(L,(a,b))
such that

(4.1.10) W(,A) =W, =0(A7") in M,(L,(a,b)) as A — c.
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Finally we assume that the Wj(l) are n X n matrices, defined for |A| > ¥, and that
there are n X n matrices WOU) such that the estimates

©o

(4.1.11) pMRLAURES
j=0
and
(4.1.12) Y Iw@a) -w =07y asd = e
Jj=0

hold. Since
(4.1.13) Y WO < Y W+ Y IwA) - wi)| <o,

j=0 Jj=0 j=0

the boundary conditions (4.1.2) are well-defined for |A| > 7, see Section 3.1.
By Theorem 2.8.2 there is a fundamental matrix function
(4.1.14) Y(A) = (PO 4 By(, 1)) E(-,A)
of the differential equation (4.1.1) having the following properties: The matrix
function E(-,A) belongs to M,,(Wp1 (a,b)) and
(4.1.15) E(x,A) =diag(Ey(x,A),E (x,A),...,E/(x,))
for x € [a,b] and A € C, where

R = [(n(E)6E,  Eulxd) = exp(ARy (1),

The matrix function PI% belongs to M,,(Wp1 (a,b)) and has block diagonal form
according to the block structure of A, i.e.,

(4.1.16) P = diag(PQ), PO, .. PI%).

The diagonal elements P‘[,(il are uniquely given as solutions of the initial value
problems

!
4.1.17) { P\[’? = AO‘va\[/O\L
P%a) =1,,

where the n, x n, matrix functions A, are the block diagonal elements of A,
The matrix function By(-,A) belongs to M,,(Wp1 (a,b)) for |A| > v and fulfils the

estimates

(4.1.18) {Bo("l) ={o(l)}« ,

as A — oo
By(,A) = {0(7p(4)) }= ,
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where

t,(A) = max (1+ |R(AePwn)))~1+1/P,
oy

Incase 1l < p < % we require that there are numbers 1 < p,, < oo for v,u =
0,...,1, v # u, such that

1 1 1
(4.1.19) Agve EMp, n (Lp, (a,b)) and — + — <2 — —
Ve " ”q( P q( ) Pvqg  Pgu p
forall v,u,g=0,...,] with v # g and u # g, where Agyq is the (v,q) block entry
of A, according to the block structure of A,. If p > % orl<p< % and (4.1.19)

holds, then there is a number € € (0,1 — ‘—1,) such that

(4.120)  By(,A)={0 max(1+[9t(/1e'<°vu)|)*‘/””€ as A — oo.
v, u=0
V#L p

For the definition of Birkhoff regularity we need some further notations: For
v=1,...,0 let ¢, be as defined in (4.1.5) and let A € C\ {0}. We set

0 if R(Ae®) <
1 if R(Ae) >

4.1.21 O, (L) := ,

*1.2D VA =0 iegae) = OandS(}te"PV)>O
1 if R(Ae'®) =0and S(Ae®) < 0.

For convenience let §y(A) = 6,(4). We define the block diagonal matrices
@122 { (1) := diag(8y(A)hnys---, 8,(A),),
A, := diag(0- 1,,0,1,11,...,1,,1),
which (by definition) reduce to
(4.1.23) A(A) =diag(6,(A)ln -, 6/(A)n),  Agi=1n,
if ny = 0. Finally we set

(4.1.24) M, —ZW )P (g / Wi (x) PO (x
Jj=

From the definition of the 6, (A) we immediately infer that
A(=A)=1,—A(A).

This is one reason for the choice of §,. Another reason is that the values of A only
depend on the values of §,,...,9,.
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DEFINITION 4.1.2. The boundary eigenvalue problem (4.1.1), (4.1.2) is called
Birkhoff regular if

(4.1.25) WO 1, — A1) A + WD AR) Ag + My (I, — )
is invertible for A € C\ {0}.

We would like to mention that the first n, columns of the matrices in (4.1.25)
do not depend on A and are the corresponding columns of A?z. For j > n, and
A € C\ {0}, the j-th column in the matrix (4.1.25) is the j-th column of WO(O) if
the j-th diagonal element of A(4) is 0, and it is the j-th column of WO(I) if the j-th
diagonal element of A(A) is 1.

Obviously, a necessary condition for Birkhoff regularity is that none of the
first n, columns of A712 and none of the last n — n, columns of WO(O) and WO“) is
zero. For example, a sufficient condition for Birkhoff regularity is that ny, = 0
and Wo(l) = aWO(O) such that a # 0 and WO(O) is invertible. We shall call boundary

conditions with WO(’) = ocWO(O) asymptotically periodic boundary conditions.

Forv =1,...,] we define

0-1,,
8yl 0
(4.1.26) A= ;o
8yl
and
01y,
(1 - 6\} )In] 0
(4.1.27) A2 = ) . |
(1 - 6\1/)111,
where
i 2
(4.1.28) Sb = Lif g € gy, @y +7) mod(27)
0 if ¢y & [y, ¢y + 7) mod(27)

forv,u =1,...,l. Here ¢, € Zmod(27) for a subset Z of R means that there is a
number a € Z such that ¢, —a € 277Z.
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THEOREM 4.1.3. The boundary eigenvalue problem (4.1.1), (4.1.2) is Birkhoff
regular if and only if the matrices

(4.1.29) WLOA, + WIVAL + M, (1, — Ay)

and

(4.1.30) WAL + WA, + M, (1, — Ay)

are invertible for all v = 1,...,l, where Wéo) and Wo(l) are uniquely determined

by W (1) — Wo(j) =0(A)'asA = o for j=0,1, and A712 is defined in (4.1.24).
First we are going to discuss the Birkhoff regularity conditions before we
prove this theorem.

We shall call the matrices occuring in (4.1.25) or in (4.1.29) and (4.1.30),
respectively, the Birkhoff matrices of the boundary eigenvalue problem (4.1.1),
(4.1.2). If A|(x) is invertible a. e. in (a,b), i. ., ny = 0 and hence A, = I,, then the
Birkhoff matrices only depend on A| and the boundary matrices

0) — (N — i
Wi = lim Wo(2), W) = lim W, (2)

at the endpoints of the interval [a,b]. Thus, in this important special case, we do
not need any information neither on the “boundary” matrices W,(4) at the interior
points (j & {0,1}) nor on the matrix W (-,1) in the integral term in order to decide
whether the boundary eigenvalue problem is Birkhoff regular or not.

The situation is different if ny # 0, i.e., Ay # I,. In this case the limit matrices

of all W;(4) and W(-, 1) and the matrix P9 have to be considered since they occur

in A712. Fortunately,
Iy — Ay = diag(l,0-1,_, ),

so that we only need to know the n,, X n;, block matrix P(gg] which is defined by
o' 0
{ Pl =Aoo0Pig-
PA(a) = I,

see (4.1.17), and the first n, columns of the matrices Wj(o) and W,,.

REMARK 4.1.4. There are [, real numbers 0 < y; < -+ < X, < 27 such that
{xv:v=1,... )} ={oy, 0, +m:v=1,.. 1} mod(27).
Let x,:= X, — 27 and set
T T
L, ={Ae€C\{0}: —3 X <argh < ——2——xk_1} (k=1,...,1),

where, for convenience, arg A is taken in the interval [—2F — x,,— % — x,). Then
C\ {0} is divided into the [ sectors £, (k= 1,...,/)). The number J; is an even
number with 2 </, < 2L
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Here X = Z mod(2) for two subsets X and Z of R means that for each a € X
there is a number b € Z such that a — b € 277 and for each b € Z there is a number
a € X such thata — b € 2nZ.

PROPOSITION 4.1.5. The matrix function A defined in (4.1.22) is constant on each
r (k=1,...,1).
k L)

Proof. Letk € {1,...,l;} and v € {1,...,1}. Then
(Xk_laxk] C(@y, 0y + 7[] mod(27) or (Xk_l,xk] C (o, - ”’(Pv] mod(27),
for otherwise
oy € (Xk_pxk) mod(27) or @, +TmE (Xk_pxk) mod(27),

which contradicts the definition of ¥, , and g,. If

(Zx—1: %) C (9v, @y + ] mod(27),
then we obtain

3n n
argA € [—7 — @y, 5 (pv) mod(27)

for all A € I, and hence 8,(A) = 0 for these A. If

(X1 2] C (@y — 7, 0] mod(27),

then we obtain

T n
argA € [~§ — Qv (pv) mod(27)

forall A € £, and hence 6,(4) = 1 for these A. O

PROPOSITION 4.1.6. The matrix function A defined in (4.1.22) takes the values
A(—iexp(—i@y)), I, — A(—iexp(—ig,)) (v=1,...,1).
Proof. Since exp(i(—F — %)) € Z;, A has the values

A(exp(i(—g— — ) = A(—iexp(=ix)) (k=1,...,L)

by Remark 4.1.4 and Proposition 4.1.5. Since the values of all the ¥, are the values
of all the @, or @, + 7, exp(—i(@, £ 7)) = —exp(—i@,) and A(—1) =1, — A(A),
the proposition is proved. O

Proof of Theorem 4.1.3. The definition of &, immediately yields that the identity
8, (—iexp(—igy)) = 8, (exp(—i(§ + ¢y))) = 1 holds if and only if

T T T
5 oy € [_5 _(Pu,i - (Pu) mod(27),

1.e., we have

(4.1.31) 8y (—iexp(—ig,)) = 1 & @, € [@y, 9, + m) mod(27)
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forall u,v =1,...,.. From the definition of the 8} we conclude that

6;1("iexp(—iq)v)) :6\‘/1 (Vvl'L:lr-'al)a
whence

Ay = A(—iexp(—ig,))Ag, A= [I,—A(=iexp(—ipy)]A,
for v=1,...,I, which proves Theorem 4.1.3 because of Proposition 4.1.6. [

We are going to investigate two special cases in more detail. First we consider
the simple case that ny =0and [ = 1, i.e., A, (x) = r;(x)], a.e. in (a,b), where
rl_1 € Lu(a,b) and r, fulfils (4.1.5). Then A has only the values I, and 0, and the
problem (4.1.1), (4.1.2) is Birkhoff regular if and only if the matrices WO(O) and
WO(I) are invertible. The second case is more important and treated in

PROPOSITION 4.1.7. Let | = n and A(A) = diag(8,(A),...,8,(1)) as given by
(4.1.23). We suppose that

@y = 2—”% (v=1,...,n).
i) If n is even, then the values of A are the diagonal matrices with 5 consecutive
ones and 5 consecutive zeros in the diagonal in a cyclic arrangement.
it) If n is odd, then the values of A are the diagonal matrices with % consecutive
ones and % consecutive zeros in the diagonal and the diagonal matrices with
"2;1 consecutive ones and % consecutive zeros in the diagonal, each in a cyclic
arrangement.

Proof. Since | = n, we have ny, = 0. In this case, the values of A are the matrices
A} and A? (v = 1,...,n). Obviously, for v,it = 1,...,I we have

¢y € [0y, 0, +m)mod(2n) & p € [v, v+ g) mod(n).

1
v/

If nis even, then Pz = (¢, 4+ m)mod(27) for v=1,...,n. Hence A2 = A
where v' — v = § mod(n), and we only have to consider the matrices Al. The
definition of the diagonal elements 5% immediately yields that the 5 consecutive
diagonal elements of Al starting with the v-th entry are 1 and that the others are
0, which proves the assertion in case 7 is even.

If n is odd, the same argument as above shows that the % consecutive di-
agonal elements of Al starting with the v-th entry are 1 and that the others are
0. Since A3 = I, — A}, the Z£! consecutive diagonal elements of A3 starting with
the v-th entry are O and the others are 1. [

We state the following obvious generalization of Proposition 4.1.7.

COROLLARY 4.18. Ifny #0, 1 =n—ny, and ¢, = 2= (v=1,...,1), then the

assertions of Proposition 4.1.7 hold for the last | columns of A given by (4.1.22),
where n has to be substituted by l.
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4.2. Examples of Birkhoff regular problems

In general, the boundary matrices are not asymptotically constant in the applica-
tions. Hence we multiply the boundary conditions, given in matrix form, by a
matrix function C, from the left. Of course, if, for some given A, C,(4) is invert-
ible, then the old boundary conditions at A are equivalent to the new ones at A. We
shall call the boundary conditions obtained by multiplication with C, equivalent
to the given ones if C,(4) is invertible for all but finitely many numbers A.

EXAMPLE 4.2.1. Here we consider the first order 2 x 2 system

0 a a
(3 D)-(a )
Y 0 B Y a4y Ay Y

where a and 3 are nonzero complex numbers and the functions a;; belong to
L;(0,1). To this system we first associate the boundary conditions

(3 2o+ (} D)=

These conditions are not asymptotically constant. A simple method to make them
asymptotically constant is the multiplication by A~!. But in this case the sec-
ond columns of both boundary matrices are asymptotically zero, and the bound-
ary eigenvalue problem would not be Birkhoff regular. If we only consider the
A-terms, we see that the first row and the second row are the same for both bound-
ary matrices. Therefore we multiply the boundary conditions by the invertible

matrix
1 0
-1 1
from the left and obtain

(5 1)@= (5 9)pm=o

Now, for A # 0, we multiply the boundary conditions by the matrix

A7b o
0 1
from the left, which yields

(6 ’“[l)y(ow((ﬁ )t =o.

These boundary conditions are equivalent to the original boundary conditions and
are asymptotically constant with

© =7 —wD)
WO =1, =wb.

Hence, for any values of & and f3, the boundary eigenvalue problem is Birkhoff
regular; the Birkhoff matrices are equal to /,.
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Now we consider the boundary condition

(é;)ymy+<T(Dyu):Q

where 7 is a complex number. In this case A takes the values

1 0 0 0 .
(O 1) and (O 0) if arga = arg 3,

1 0 00 .
<O 0) and (0 1) if arga = (arg B + 7) mod(27),
and all these four matrices  if arg @ # arg § mod(7).

As Birkhoff matrices we obtain

Yy O 11 : _
(l 1> and (O 1> if arga = arg 3,

(T i) e ((1) (1)> if arg @ = (arg B + 7) mod (27),
and all these four matrices  if arg o # arg 8 mod().

Hence, in this case, the boundary eigenvalue problem is Birkhoff regular if and
only if

y#0 ifarga =argf,

y#1  if arga = (arg f + 7) mod(27),

y#0,1 if argo # arg f mod(7). O
EXAMPLE 4.2.2. We consider the second order linear differential equation
(4.2.1) 77”‘+‘(plo"‘lpn)nl"‘(l’oo*‘lpm+)LZP02)77 =0

forn € sz(O, 1). We assume that p,, and p,, are complex numbers and that the
other coefficients belong to L,(a,b). To this second order equation we associate
the first order 2 x 2 system

0 1
4.2.2) “—< >*=Q
Y —Poo — APy ‘Azl’oz —P1o—AP1 Y

where § € (Wp1 (0,1)%. Ifn ¢ W;(O, 1) is a solution of (4.2.1), then j = (3,)

obviously belongs to (Wpl (0,1))? and fulfils the equation (4.2.2). Vice versa, let

y= @1) € (Wp] (0,1))% be a solution of (4.2.2). The first component of this
2

equation yields y; =y, whence 1 :=y, € WPZ(O, 1). The second component of
(4.2.2) shows that 11 solves (4.2.1).
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The system (4.2.2) is not asymptotically linear in A. In order to obtain an
asymptotically linear system, we apply the transformation § = C(A)y with

ﬂﬂ=(ﬁlﬁ)’

where r; and r, are the roots of the equation

P’ +pp + Py, = 0.
We require that C(A) is invertible for A # 0, i.e., that the roots r, and r, of the
above quadratic equation are different. If one root is zero, we assume without loss
of generality that then r; = 0. In order to obtain a system where the coefficient

matrix of the derivative is the identity, we have to multiply the transformed system
by C(4)~! from the left which leads to

0 1
/ _ C A -1 <
Y (4) = Poo — APy —/121902 P10~ APy

An easy calculation yields

0 |
c(A)™! < )C A
) "Poo‘ll’ox'lzpoz —Pio—Apy )

:,’L<r1 0>+(r2_r1)—1<P01+1’10’1 P01+P10r2>
0 n ~Po1 — Pt —Po1 — Pio"2

+l_l(r2——rl)'l(p00 p00>_

)cup:a

“Poo T Poo
Hence we obtain an asymptotically linear system
(4.2.3) Y — (A4 + Ay +A714%(, 1))y =0,
where

A, = (rl O) ,
0 r
Ag=(ry—r)"" < Poir TPt PortPio" ) 7
~Por — Pio"t TPor T P2
AO-,l:r—r -1<p00 Poo)_
(A)=(r=r)™ o0 P00
We consider two different kinds of boundary conditions. First we take peri-
odic boundary conditions

(4.2.4) n(0)-n(1)=0, n'(0)-n'(1)=0.
In terms of the first order system (4.2.2), these boundary conditions can be written

(é ?)y(0)+<'01 _()l)ﬂl):O-
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The transformation of (4.2.2) to the system (4.2.3) changes these boundary con-

ditions to
1 1 -1 -1
(7‘,rl lrz) y(0)+ (—)Lrl —lrz) (1) =0

In order to make them asymptotically constant, we multiply this equation from

the left by
1 0
0 A1
and obtain
1 1 -1 -1
4.2.5) <r1 r2> y(0)+<_r1 —rz) y(1) =0.

Ifr, #0and r, #0,1.e., py, # 0, then (4.2.3), (4.2.5) is a boundary eigenvalue
problem with n, = 0 and periodic boundary conditions, see page 135. Hence, in
this case, the problem is Birkhoff regular.

Now let r; =0, i.e, Po2 = 0. Obviously ny = 1. Since the element in the

upper left corner of A is 5 ! Py, the element in the upper left corner of Pl is the
solution of v — r; ! py;v = 0 with v(0) = 1, whence

v(x) = exP(rz‘l /0 oy () dt) (x€[0,1)).

It is easy to see that
~ (1 1 -1 -1 v(l) 0
M2—<0 ’2)+<0 "2)(0 *)
_ (1)
= 0 e
Thus the Birkhoff matrices are
(1—v(1) 1) and <l~v(1) —1>.
0 ry 0 —r,
These matrices are invertible if and only if

1
/ Po (t) dt & 2xr,iZ.
0

Thus the boundary eigenvalue problem for the first order system (4.2.3), (4.2.5)
associated to the boundary eigenvalue problem (4.2.1), (4.2.4) with p%l #4py,
for a second order differential equation is Birkhoff regular if and only if

1
Py #0 or /0 po (t) dt & 27p,|iZ,

where we have to note that p,, # 0 if py, = 0.
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Now we take separated boundary conditions:

;71(0) + 0,1'(0) =0,
Bin(1) +Byn'(1) =0,
with |o; |+ |o,| > 0 and |B;|+|B,| > 0. As above, this leads to the boundary

conditions
(5 -3 -
and

o, +0Ar, o+ oAr 0 0 _
<] 0 Y (‘)’2 2)y(0)+</31+[521r1 Bl*‘ﬁz’lrz)y(l)—o'

For any transformation, i. e., multiplication from the left by a A-depending 2 x 2
matrix, which makes these boundary conditions asymptotically constant, these
constant boundary matrices are not invertible. The discussion in Example 4.2.1
shows that the identity matrix and the zero matrix are values of A if r;r, # 0
and arg r, # (argr, + w) mod(27). Hence the boundary eigenvalue problem is not
Birkhoff regular if r, r, # 0 and argr, # (argr, + &) mod(27x).

Now let us assume that r;r, =0 or argr, = (argr, + ) mod(2x). We consider
the special case a, = 0 and 8, = 0. Then the boundary conditions do not depend
on A. In this case they are (asymptotically) constant. If o, # 0 or B, # 0, we

multiply the boundary conditions by C (A) from the left, where

(4.2.6)

¢ /31
(AO ?) if &, #0and 8, =0,

C(A) =4 ((1) )fil) if,=0and B, #0, (A +#0).

-1
L(I’{O ;L) if @, #0and B, #0,

In all these cases the asymptotic boundary matrices are

©_ (% % m_(9 O
427 w "(o o) and W ~~(31 5,)

where, for j = 1,2,

(=]

) ogr; ifay #0,
= a, ifa,=0,
and

{ﬁzrj if B, #0,
B, ifB,=0.
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If r, =0, then

Thus the Birkhoff matrices are

(oot 8) = (ot &)

It is always true that §, and 7, are nonzero. Since r; = 0, the problem is not
Birkhoff regular if o, # 0 or B, # 0. Butif o, = B, =0, then 7, = a; # 0 and
8, = B, # 0. Therefore, the problem is Birkhoff regular in this case.

If r, # 0 and argr, = (argr, + ) mod(27x), then the Birkhoff matrices are

" O 0%
(8 5) = (5 %)

by the discussion of the values of A in Example 4.2.1. Hence the problem is
Birkhoff regular if r| # 0 and argr, = (argr, + 7) mod(27).

Now we shall express these conditions in terms of the coefficients of the dif-
ferential equation. The condition

argr, = (argr, +m)mod(2x) or r =0

is fulfilled if and only if O lies on the line segment connecting r, and r,. Since the
roots of

P2+P11P+P02 =0

1
§<“P11 + \/p%l _4P02>’

this means that there is a t € [0, 1] such that
1 2 I 2
0=t{§<_1’11+\/l’11 ‘4P02>}+(1 —f){§<—1711 VP _41702)}
1
= 5{-1711 +(2r—-1)4/p} —4p02}.

This holds if and only if

py = (2t— 1)\/17%1 —4pg, .

Since 2t — 1 varies in the interval [—1, 1], this condition is satisfied if and only if
there is a T € [0, 1] such that

are

Pl = t(pl —4pyy),
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i.e., if there is a 7 € [0, 1] such that

(1-1)p}, = —47py,.

This holds if and only if 0 lies on the line segment with the endpoints p%, and 4p,,,
i.e., if and only if p;; =0, py, = 0 or 2arg p,, = (arg py, + 7) mod(27). Thus the
boundary eigenvalue problem for the first order system (4.2.3) with the asymp-
totic boundary conditions (4.2.7) associated to the boundary eigenvalue problem
(4.2.1), (4.2.6) with p%l # 4p,y, for a second order differential equation is Birkhoff
regular if and only if

P =0, pyp=0 or 2argp = (argpy,+7)mod(27),
where in the case py, = 0 also &, = 3, = 0 has to be satisfied. For example, this
is fulfilled if p, is a negative real number and p,, is a real number. [J

EXAMPLE 4.2.3. Suppose that the boundary eigenvalue problem (4.1.1), (4.1.2)
satisfies the general assumptions stated in Section 4.1 and that ny = 0 and / = 1.
Let

w0 = .o and Wo(l)zl,l.

Then the problem is Birkhoff regular.

We shall continue the discussion of this example on page 156.
EXAMPLE 4.2.4. Assume that ny =n—1, ¢, = 2—”(—‘;11—) (v =1,...,1) and that
the boundary eigenvalue problem is asymptotically separated, i.e., Wo(j) =0 for
Jj€{0,1}, Wy =0, and for each j € {1,...,n} either the j-th row of WO(O) or
the j-th row of Wo(l) is zero. We may assume without loss of generality that
there is an s € {0,...,n} such that eJTWO(O) =0for j=1,...,sand e}WO(I) =0 for

j=s+1,...,n. In this case, each of the Birkhoff matrices has the form
Y (0) (1)
M, WO W0
(4.2.8) I s X n | 0 ‘sx(n—no—r) [
| (n—s)Xny | (n—s)xr| 0 |

up to a permutation of the last / columns. Here the first line indicates from which
matrices the columns are taken. The terms s X n, etc. denote the size of the corre-
sponding blocks, and r = % if liseven, r = ’*Tl orr= ’—5—1 if [ is odd by Corollary
4.1.8. The last n — ny — r columns of (4.2.8) are linearly dependent if its right up-
per block has more columns than rows. Thus a necessary condition for Birkhoff
regularity is s > n—n, —r. The same consideration for the middle lower block

of (4.2.8) yields n—s > r. Hence n—ny —r < s < n—ris a necessary condition
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for Birkhoff regularity. If [ = n — n is even, then 5'_:229 <s< % is a necessary
condition for Birkhoff regularity. If [ = n — n,, is odd, then ";"ZQJr—l <s< E%O;l
is a necessary condition for Birkhoff regularity.

Note that there are no Birkhoff regular asymptotically separated boundary
eigenvalue problems if n, = 0 and » is odd.

In general, one cannot reduce the number of the matrices which are necessary
to check for Birkhoff regularity as is seen in the following
THEOREM 4.2.5. Let A, = exp(i(—5 — %)) (k= 1,...,k)), where the %, are de-
fined in Remark 4.1.4. For each ky € {1,...,1,} there are n X n matrices A and B
such that ‘

det[A (L, — A(A,)) A + BA(A,) 8 + (APP) (@) + BPO(5)) (I, — A)]
is zero if k = kg and different from zero ifk € {1,...,1,}\ {ky}.
Proof. A pair (A,B) of n x n matrices fulfilling the property of the statement is
said to be k,-singular. If ny # 0, take (n —n,) x (n —n,) matrices A, and B, and set
A=Pl(a)"' @Ay, B=P(b) "' @B, Let A'(A) = diag(8,(A) s, , 6,(A)n,).
Then
A(ly = A()) Ag + BA(A) A + (AP a) + BPLOB)) (1, — A)

21, 0
B < 0 Ag(li—n, —A'(R) +BOA’(7Lk))'
Obviously, (A,B) is ky-singular if and only if (A, B,) is k,-singular. Since the
latter case corresponds to the case n, = 0, it is sufficient to consider the case
n, =0.

’ We have X, = @v 0T X = (¢, + T)mod(27) for some v € {1,...,1}. If
X, Z{9,...,9}, we choose v € {1,...,1} such that X, = (¢y + ) mod(27).
There is a k; € {1,...,l,} such that X = @v. By the definition of the A, we
obtain /lkl = —A, since y, = (xko + ) mod(2x). Since

A(L, = A(X)) + BA(A) = B(I, - A(—1)) + AA(—A),

we infer that (A, B) is k,-singular if (and only if) (B,A) is k,-singular.
Hence it is sufficient to consider the case that X, = Oy forsome v e {1,...,l}.
Without loss of generality we may assume v = 1. We consider matrices of the

form
_(1 < _(B v
A= <O In—1)7 B= (6 In~1> .

From the definition of §, and from X, = ¢ we immediately infer that, for k €
{1,...,5,}, 6,(4,) = 1 holds if and only if
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We note that this implies &, (/lko) =1.
For those k € {1,...,1} for which §,(4,) = 0, the first column of

(4.2.10) A(l — A(A)) +BA(R,)

is the first column of A, and the matrix (4.2.10) is a normed upper triangular
matrix. Hence its determinant is nonzero.

We still have to show that there are suitable «, 3, 7, 6 such that the matrix
(4.2.10) is invertible for those k € {1,...,1}\ {k,} for which 6,(A,) = 1 and that
it is not invertible for k = k,. If Xppm1 = X, = T then 6,(A,) = 1 if and only if
k = k. In this case, the proposition is proved if we set & =0, § =0, y =0, and
6=0.

Now we consider the case Xi—1 > Xy~ Then thereisap € {1,...,/} such
that g, =%, _, mod(27) or ¢, = ( Xi—1+ m)mod(27). Choose some j such that
the diagonal element of A in the j+ 1-th column is the function §,,. From X1~
Xy, — T We infer that @, # ¢, , i.e., we have pu # 1. This implies j > 0. Now
weset B =1and § =(0,...,0,1,0,...,0)7, where the 1 is at the j-th position. If
Pu = Xp, -1 mod(27) weset ¢ = 6T and y=0. If @, = (Xk0~1 + ) mod(27), we
sety=0T and a = 0.

First we consider the case @, = Xe,-1 mod(2r). We have 8,(A,) = 0 if and
only if

(4.2.11) X € (xko-l’xko—l + | mod(27).

Letk e {1,...,1,} such that §,(,) = 1. From Xig =T < Xgy—1 < X, We infer that
(Xko -, xko] and (xko_l,xko_l + 7] are subsets of (xko — 7%, z). Since (4.2.9)
and (4.2.11) can be written as

X —Ji2m e (Xko - ﬂ,xko],
Xy —J)2m € (Xko_laxko_1 + 7}

for some j,, j, € Z, this immediately implies j, = j,. Hence d,(A,) = 0 holds if
and only if

X € (Xko_,,xko]mOd(m),
i.e., if and only if k = k.

Forke {1,...,1,}\ {k,} with 6, (4,) = 1 we thus have &, (4,) = 1. In this case
the first column and the j+ 1-th column of (4.2.10) are the corresponding columns
of B. Hence (4.2.10) is a normed lower triangular matrix and thus invertible.

Finally, 9, (lko) =1and 5#(1,(0) = 0 imply that the first column of (4.2.10) is
the first column of B and its j + I-th column is the j+ 1-th column of A. Since
these columns coincide, the determinant of (4.2.10) is zero. This completes the
proof in the case ¢, = X -1 mod(2r).
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In the case ¢, = ()(,CO_1 + m)mod(2x) we have to replace 6,(4,) = 0 by

8,(A,) = 1 in the above considerations. Hence &,(4,) = 1 and 8, (4,) = 1 if
and only if k = k. In this case the matrix (4.2.10) is a normed lower triangular
matrix if k # k,, and its determinant is zero if k = k,. I

4.3. Estimates of the characteristic determinant
We introduce the fundamental matrix ¥ (-,A) of (4.1.1) which is given by
@31 PR =TA) (- AR +E(B,A)TAR) (2] 2 ).

where Y(-,1) is the fundamental matrix as considered in (4.1.14) and A(A) is
defined in (4.1.22). For [A| > v we set

(4.32) ()= Y W )?(aj,l)+/bW(x,/l))7(x,7L)dx
J=0 e

(4.3.3) My(A) := WO PO a) (1, - AR)) + WV PO (b)A(),

(4.3.4) M (A) := iWO(j)P[O](aj)E(a A) (I, — A(A))

+ LW PO E (e, E(DA)AR),
j=
see (4.1.2) to (4.1.17) for the definition of the terms on the right-hand sides. We
also need the matrix M2 defined in (4.1.24). Note that the matrices Mo(l) and
M1 (A) are well-defined for all A € C\ {0}.

PROPOSITION 4.3.1. The boundary eigenvalue problem (4.1.1), (4.1.2) is Birkhoff
regular if and only if

4.3.5) My(A) := My(A)Ag + M, (I, — Ay)
is invertible for all A € C\ {0}.
Proof. Forall A € C,
POa)(1, — A(A)) Ay + POB)A(L) Ay + I, — A,
is invertible and its inverse is
POa)~ (1, — A(A)) Ay + POB) TA(A) Ay + 1, — By,

For this we have to note that P! commutes with A(A) and A, since P is a block
diagonal matrix. Now the assertion of the proposition follows from

Mo(2) = (WO (1, — AR)) Mg + WDA(R) Ay + My (1, — Ay)) %
x (P(a) (1, — A(2))8g + POU(B)A(R) Bg + 1 — )
and the definition of Birkhoff regularity. [
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From Proposition 4.1.5 and the definition of M, we immediately infer

REMARK 4.3.2. M, is constant on each £, (k = 1,...,];) and has at most [, dif-
ferent values, where [, and the sets Z, are defined in Remark 4.1.4.

PROPOSITION 4.3.3. Let c,d € [a,b]. We assert:
D) |E(c,A)E(d,A)" (I —A))|[ < 1ife>d,
i) |E(c,A)E(d,A)"'A(Q))| < 1ife<d,

i) E(c,A)E(d, )" (I — A(A))Ay = O <r§é¥(l + |9z(zei¢v)|)“> ifc>d,

iv) E(c,A)E(d,A)"'A(A)Ay =0 (rylgi{(l + |<ﬁ(/1e"¢v)|)“> ifc<d.

Proof. Since all matrices under consideration are diagonal matrices, it is sufficient
to prove the assertions for the diagonal elements. For v =0,...,/and A € C\ {0}
it follows from

|exp{ARy(c)} exp{~AR,(d)}| = exp{R(Ae'®)(IRy(c)| ~ IRV (d)]) }

that

|(1—8y(A))exp{ARy(c)} exp{~ARy(d)}|
<exp{|R(Ae')|(IRv(d)] = [Ry(c)]) }

and

‘6v(l) exp{ARv(C)}eXp{“le(d)}l
<exp{|R(Ae®)[(IRv(c)] = IRV(d)]) }-

Now the assertions follow from the fact that R, (&,)| > |R,(&,)]| for §; > &, and
v=0,...,/, that [R,(§,)| > |R,(,)| for &, > &, and v =1,...,] and that the set
{(1+1)exp(ta):t >0} is bounded if & < 0. O

COROLLARY 4.3.4. i) The matrix function )7(-,1) is uniformly bounded in the
space M, (Cla,b]) for |A| > 7.

ii) The matrix function M(A) is bounded for |A| > .

iii) The matrix function M, is bounded on C\ {0}.

Proof. Using Proposition 4.3.31), ii) we obtain that i) follows from the estimate
(4.1.18) of By(-,A), that ii) follows from (4.1.10), (4.1.13), and part i), and that
iti) follows from (4.1.11). O
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PROPOSITION 4.3.5. Let f, € (Ly(a,b))". We assert that

/:E(t,A)E(aj,/l)—‘ (I, — A(R)) Ao £, (£) dt
:

/aE(Jj,).)E(t,A)“l(In-A(l))AOfl(t)dt
B CRARNCAATE

and .
J, EGMECH) " a8 ) e
have the asymptotic behaviour

{o(1)}=(8),
{0 (r\l/lliii((l + |9§(/’Le"pv)|)_l+l/p> }m(§)|f1|p,

{0(ryé¥(1+|9i(/le"“”)l)"')}p(é)lfllp,

as A — oo, where £ varies in [a,b] and the two latter estimates hold uniformly for
all f; € (Ly(a,b))".

Proof. Letv € {l,...,
Lemma 2.7.2 with r( )=

(1-8,2) [ exp {1 (R ()~ &) Jet0

4 )
= —(1-8,(1) [ exp{ -2 (R,(E)] - IR (0)]) (o)
=—(1-8,(A))F(g, & b,~Ae'™)

has the asserted asymptotic behaviour. In the same way we see that

¢
5,(2) [ exp{A(R(0) - R(&)) belo)

3 .
=8,(2) [ exp{=2e® (IRy(8)] - IRu(0)]) }&(0)
:SV(A’)F(g’é’a’—Aei(Pv)

has the asserted asymptotic behaviour.

Since the nonzero components of the first and the third vector function in the
assertion are of the form as considered above, the proposition holds for them.
Since A(A) = I, — A(—A) and E(7,A) = E(1,—A)~}, the two other vector func-
tions in the assertion are of the same form. O

I}, g be the v-th component of f;, and F be defined as in
|ry(x)] (x € (a,b)). Then Lemma 2.7.2 yields that
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Obviously, the assertions of Proposition 4.3.5 also hold if we multiply the
transposed vector function fT from the left instead of f, from the right or if we
take a matrix function instead of a vector function.

PROPOSITION 4.3.6. Let M, My, M,, M,, A, be as defined in (4.3.2)~(4.3.4),
(4.1.24), (4.1.22). We assert:

i (F1(3) ~ F(1)) = o(1) as min[K(2e%)] oo

i) (M(A) — M, ()8 = o(1) as A — e=.
iii) (M(A) — M,) (I, — A,) = o(1) as & — .

v,u=0
V#U
v) Let p > 1. Suppose that Wy € M,(L,(a, b)) for some g > 1 and that a and b are

no accumulation points of the set {a JEN W ) £ 0}. Then

iv) (M(A) ~ M) (I, — Ag) = O | max (1+ muewvun)‘“/”) .

v,u=0
V£

where o = min{1—1/p,1-1/q} > 0.

(M(A) = My(A))Ag = O (max (14]|R(AeiP)])” ) ,

Proof. Using the representation
V(,2) = (P4 Bo(, ) EC,A)

of the fundamental matrix given by (4.1.14), we obtain

WO (a;,2) = WP (a))E(a;A)

= [wv ><A>Bo<a,.,x> (WUA) = W) P (a))E(aj, A).
The estimates of By, the assumptions (4.1.11) and (4.1.12) on Wj and ng , and
Proposition 4.3.31),ii) forc =a;andd =aord = b, respectively, imply that
(4.3.6) Ll WO A)Y (a),4) ~ W PO (a))E (a;, )] (1 — AR))

]:

and

(4.3.7) i W)Y (a;,4) - WP a))E(a;,A) | E(b,A) T A(R)
j=0

are of the form o(1) and O (max] V”;uo (1+ |9i(lei¢vu)|)'l+l/p>. In the same
way,

W (x,A)Y (x, 1) = Wo(x) P (0) E(x, 1)
— [W(x,A)By(x,A) + (W (x,A) = W,(x)) PV (x)] E(x, )
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shows that

43.8) /ab[vwx,x) (5,2) = Wy () PO () E (x, 4)] dx (I — A(A))
and

(4.3.9) /ab[W(x,/'L) (x, ) = W, (x) PO (x) E(x,A)] dxE(b,A) "' A(A)

are of the form o(1) and O mlaxo(l + |9((/1ei¢v“)|)_l+l/p . Since the equation
v,u=
V£
)(I —Ay) =1, — Ay holds for all x € [a,b] and A € C, the matrix function
-M )(1 — Ay) is the sum of the four terms (4.3.6)—(4.3.9) multiplied by
(I, — AO) from the right. Thus the estimates of (4.3.6)—(4.3.9) prove iii) and iv).

Since W, PO e M, (L ,(a, b)), the estimates in Proposition 4.3.5 yield

E(x,
M(A

(4.3.10) / Wy (1) PO () E (x, ) dx (I, — A(A))A = o(1) as A — oo

and
b
4.3.11) / W, (1) PO () E (x, 1) dxE (b, 1)~ A1) A = o(1) as A — oo,

Since (A71(/1) - Ml (A))A, is the sum of the four terms (4.3.6)~(4.3.9) multiplied
by A, from the right and the two terms (4.3.10) and (4.3.11), ii) follows from the
estimates of (4.3.6)-(4.3.11).

Let € > 0. Then there is a j, € N such that

. 0 - 0
WP )E(a,2) (1~ AAA| € T WIPO(a,)] <

€
- 2"
J=Jpt1 J=Jp+1

! .
For sufficiently large o and all A € C with mirlllfﬁ(/le"PV)l > o we obtain from
V=
Proposition 4.3.3 iii) with ¢ = a; and d = a that

z WP @) B, 2) (= A(R) 8] < -
Hence
i POa;)E(a;,)(I, — A(A))Ag = o(1) as Iyirllli)?(le""”)l — oo,

In the same way we obtain with the aid of Proposition 4.3.3iv) with ¢ = a; and
d = b that

! .

ZW P (a,)E(a;, A)E(B,2) ™ A()Ag = o(1) as min|R(Ae)| — oo.
V=

ﬁél
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These two estimates and ii) prove i).

Suppose that the assumptions of v) hold. We apply Proposition 4.3.5 to the
matrix functions on the left-hand sides of (4.3.10) and (4.3.11) and obtain
(4.3.12)

/ab W, (x) PO (X)E (x, 1) dx (I, — A(A))Ag = O (max( + Ig{(lez(pv)l)—l'H/q)
(4.3.13)

b ° - ! ioony —1+1/q
/ W, (x) PO (X)E(1,1) dxE(b,A)'A(A)Ay = O (r\r’]g((l +IR(Ae))) ) '

By assumption,

a:=inf{a;: jEN\{O}W #£0}>a

and
B::sup{a j €N\ {1}, W ) 40} <b.
Hence
| X WP ) B, 1) 1~ AR)) A
j=1
< (j_;lwé”t) (max PO £(@,A) (0 — AR)) A
and

l i W()(j)P[O](aj)E(aj,l)E(b,/l)“A(/l)AO'

=

< (X 1) (mas 1P ) BB, AE(B.2) ™ AR)
j:
J#l

are of the form O <m’a¥(l + I%(/lei*"V)l)_l) by Proposition 4.3.3. These esti-
V=

mates, the estimates (4.3.12) and (4.3.13) and the estimates of (4.3.6)—(4.3.9)

prove part v). [

PROPOSITION 4.3.7. Suppose the boundary eigenvalue problem (4.1.1), (4.1.2)

is Birkhoff regular. Let M be given by (4.3.2). Then there are numbers o > 0 and

~ l .
0 > 0 such that |detM(A)| > & ifmir11|9{(le"”")| >a.
V=
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Proof. The matrix function M, is invertible and has only a finite number of differ-
ent values for A € C\ {0} by Proposition 4.3.1 and Remark 4.3.2. Hence there is
a positive number J such that

(4.3.14) |det My(A)] > 28 forall A € C\ {0}.
Proposition 4.3.6 1), 1ii) yields
M(X) = My(A)Ay + M, (1, — Ag) +o(1)
! .
=My(A)+o(l) as mix;]‘ﬁ(le"pv)] — oo,
V=

The components of My(A) are bounded functions with respect to A since M|, has
only a finite number of different values by Remark 4.3.2. Hence

detM(A) — detMy(1) as rvnér]llﬁ(lei"’v)l — oo,
i.e., there is a positive number & such that
(4.3.15) |detM(A) —detMy(A)| < & if I‘érlﬂ%(/lei‘pvﬂ > .
The assertion of the proposition follows from (4.3.14) and (4.3.15). 0O
PROPOSITION 4.3.8. Let

(4.3.16) M (L) := M, (A)Ag + M, (I, — Ay).

Then N
detM(A) = detM, (A)+o(1) as A — co.

Proof. This is obvious from Proposition 4.3.6ii),iii) since the components of
M,(A) are bounded by Corollary 4.3.4. O

THEOREM 4.3.9. Suppose that the boundary eigenvalue problem 4.1.1), 4.1.2)
is Birkhoff regular. Let M be the characteristic matrix function given by (4.3.2).
Then there are circles T, = {A € C: [A|=py} (vEN) withp, S oas v — o

and a number 8 > 0 such that |detM(A)| > 8 forall L € J T, .
v=0
Proof. For A € C we set

Zw POa /W )P (x) (I, — Ap) dx.

We shall prove that detM is an exponential sum in the sense of Section A.2. We
set

) - u
Pgi=ry, Rg:=Ry, 6;:= 0y and §, := ¢, for Zon,(<q§ Zon,c,
K= K=
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and
s (0) : (Jq)
o, L= sgn(o a a‘ [ iyeaey jn €N,
Ungtveenrdn O';S,, gn( )4131 G(q),qq:I;IH o(q)q Ungtro--2Jn € N)

where S, is the set of permutations of the numbers 1,...,n. We set

yo=max )l (eN).

mg=

From Z]W I<°oandP[0]€M(W (a,b)) C M,(C[a,b)) we1nfer§_’,71<oo

j=0
Hence
hind oo n
. ) ]ajnO-H aaaaa j,,l <n! . Z ’){)[0 H 'yjq
j"o*"""j":O fno+1v~~v1n:0 g=ny+1
haid n—ny
=n! '}6‘0 (Z yj) < oo,
j=0
Thus
n =]
v = (J) )
detM() = G; sgn(o) l:[ (2_: aj, exp{qu(aj)})
n q=1 _1_0
= Z Jn " H exp{lR }
j,.0+1)---yjn—0 q—-n0+1

where the sum is absolutely convergent. Hence detM(A) is an exponential sum in
the sense of Section A.2.
Letl,, x, and X, be as defined in Remark 4.1.4, k= 1,...,[;. Let

0, :={q€{ny+1,....,n}: ¢, € [x,, X, +7)mod(27)}
and set A, := e (3% Then A, € L,, §,(A,) = 1if g € 6, and §,(1,) = 0 if
g€ {ng+1,...,n}\6,.Let

4.3.17) &:={ Y Rya):j €N k=ny+1,.. o}
k=ny+1
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Since ﬁk(a ) € 0,§k(b), the convex hull of £ is a convex polygon by Theorem
A.1.3. Set
b= Y Rib) (k=1,...,1).
j€b,
Since the numbers Xis--r X, are the numbers @, ..., @,, of Section A.1, the set
{b, ke {l,...,1,}} is the set & of the vertices of &. The representation of these
points is unique by Theorem A.1.3iii). Hence we obtain that the coefficient of

exp{Ab,} in detM is Oy = af,.0+1»---v1'n’ where the numbers Jnye12++ > Jn ar€

given by A(4,) = diag(*,...,*,jn0+1,...,jn) if we observe that ﬁj(ao) =0 and

R,(a,) = R,(b). Since (4.1.1), (4.1.2) is Birkhoff regular,
Oy ) = det (WO (1, — A(R)) A + WP B)A(A,) Ay + My(L, — Ag)) # 0.

By Remark A.2.13 the exponential sum det M(A) fulfils the assumptions of The-
orem A.2.15, and we accordingly choose € and (p, ) from the statement of that

theorem. Now let A € £, N |J T, . From Proposition 4.1.5 we infer A(A) = A(4,).

Hence V=0
det(l, — A(A) + E(b,A)'A(A)) = exp{—bA}.
Since
M, (A) = M, () A + My (1, — Ag)
= M(A) (I, - A(A) +E(b,A)" A1),
we obtain

detM, (A) = detM(1)exp{—b,A}.
Therefore Theorem A.2.15 yields
|detM,(4)| > €.

From Proposition 4.3.8 we coclude that |detM(A) — detM,(1)] < £ holds for
IA| > p, if we choose p, sufficiently large. Then the assertion of the theorem
follows with 6 = 5. OO0

We now continue the discussion of Example 4.2.3. For simplicity we assume
n=2,a=0,b=1.We take the first order system

(4.3.18) Y —Ay— <8 g‘) y=0,

where o is a complex constant and A varies in C. An asymptotic fundamental
matrix function in the sense of Theorem 2.8.2 B of this system is given by
e axe“)

(4.3.19) Y(x,A) = ( 0 oM
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where k = 0 and B, = 0. Indeed, this follows from Remark 2.8.6 since

e 0
0 elx

is the fundamental matrix of y'(x) — Ay(x) = 0 which is the identity at 0, and

1 ox
0 1
is the fundamental matrix of
; 0 o _
Y- (5 §)sw=o

which is the identity at 0. The characteristic matrix with respect to the boundary
conditions

(4.3.20) ((1) i) ¥(0) + (é A 2ﬁ> y(1)=0

is

(4.3.21) M(A) = ((1) D T ((1) A?rﬁ) (eg O;ix)

[+ aet +1 )
_( 0 (A+B)+A)"
1
0 A
is of the form considered in Example 4.2.3 and hence Birkhoff regular.

First let § = 0. Then the eigenvalues of M are 0 and (2k+ 1)7i (k € Z). For
o = 1 the dimension of the eigenspaces corresponding to the nonzero eigenvalues
is 2. For a # 1 the dimension of the eigenspaces corresponding to the nonzero
eigenvalues is 1, and there is a chain of an eigenvector and an associated vector
by Proposition 1.8.5.

For 3 # 0 we have two sequences of eigenvalues: (2k+ 1)7i (k € Z), and the
zeros of (1+ g)el +1.

Now we are going to deduce an asymptotic representation of the zeros of
(1+ %)e’L + 1 for large A. Using the results of Section A.2, we see that they have
the form

A multiplication of (4.3.20) by ( 91) from the left shows that this problem

(2k+ 1)mi+o(1) as |k| — oo for k € Z.

But we shall give a more accurate representation and estimate. For this we note
that

(4.3.22) <1+§)el+l =0
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holds if and only if

—A+mi B
=14=.
e + 1

Taking the logarithm we see that (4.3.22) holds if and only if there is a k € Z such
that

—~A+mi=log <1 +§> — 2kmi,

where we choose the argument of the logarithm in the interval [~7, xr). For k € Z
we set

fi(A) = (2k+ 1)mi —log (1 + g—) (A € C\{0,-B}).

Thus we have to determine the fixed points of f, for large A. Since log(l + Q—)
tends to zero as A — oo, a large fixed point corresponds to a large value of [k|. On
the other hand, for each A € C\ {0} we have

£ > [S£,(A)] = 2K - D).
This shows that the fixed points of f, are of the form
(2k+ 1)7i+o(1) as |k| — oo.
Hence it is sufficient to consider the case
k| >14|B|x~" and 2 € B ((2k+1)7i).

where B, ((2k+ 1)) is the closed disc with centre (2k + 1)7i and radius 1. In the
following considerations of this example we shall always take k and A according
to these conditions. We have

(4.3.23) Al > Q|- 1)m—1>2(k| - )T +2>2|B|+2.

The mean value theorem gives

B B 1 2|B|
log (HI)I < ﬂlzsl)lslf’%l T+7 < T
|B| |B|
S = Dr+1 S Bl+1°
From 5
Il —
we infer
§:= _sup |fi(2)]
2€B, ((2k+1)mi)
1B 1B 1

S =D+ 1 = 2B+ 12~ 8



4.3. Estimates of the characteristic determinant 159

a1+)

show that f, : K,((2k+ 1)mi) — K,((2k + 1)) is a contractive mapping. By
BANACH’s fixed point theorem, f, has exactly one fixed point y, in the disk
B, ((2k+ 1)7i). The a priori estimate yields

This estimate and

[fo(A) = (2k+1)mi| = <1

= (2 )] € T2 (ke 1)~ @t )i
81

S (CESEEDE ‘°g(”(2_ka)E>1

Bl
Using the Taylor series expansion of log(1 + z) we obtain

T (K -Dr+1)3
(2K + D)mi) = (2k+ 1)mi — log (1 + 6%;)
2,1 Bi Y

J
= (2k+1) ’”*Z ((2k+1) ) T @kt D)

Thus we have

Bi 1 p? " %
ke Dr 2 (k+ )RR T (=D + 1)’

Iﬁl3

W, = (2k+1)mi+

where

Il < = +1B1°

since |(2k+ 1) > 2((Jk| - )7+ 1).
If we consider ! := (2k+ 1) i as a first approximation, we may take
Bi 1 B
(2k+ 1) 2((2k+1)7)?
as a second approximation. Repeating the above method with u,f instead of 1}, we
get an approximation y? such that u? — (2k+ 1)7i is a polynomial in (2k + 1)~!

and p} — pZ = O([k|=>). Proceeding in this way we see that i, — (2k + 1)7i can
be written as an asymptotic polynomial in 2k + 1 of arbitrary order. [

pl = (2k+ mi+
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REMARK 4.3.10. The above example shows that there are Birkhoff regular eigen-
value problems with i) infinitely many eigenvalues for which the dimension of the
eigenspace is larger that 1 or ii) infinitely many eigenvalues which are not semi-
simple or iii) the infimum of the distance of different eigenvalues is zero, i.e.,
there are sequences of eigenvalues (4,)7 and (u,)7 such that A, — oo, [, — oo,
and 0 # A, — u, — 0 as k — oo. Of course, it is possible to construct examples
where i, ii), and iii) occur simultaneously.

4.4. Estimates of the Green’s matrix

Besides Birkhoff regularity we shall also consider Stone regularity. In this sec-
tion, no additional investigations are necessary if we prove the results for Stone
regularity.

DEFINITION 4.4.1. Let s € N. The boundary eigenvalue problem (4.1.1), (4.1.2)
is called s-regular if there are circles I, = {A € C: |A| = py} (v € N), where
(Pv)yen is a strictly increasing sequence of positive numbers with p, oo as

vV — oo, and a number & > 0 such that |ASdetM(A)| > 8 forall L € |J T, where
v=0

M is the characteristic matrix function given by (4.3.2).

The boundary eigenvalue problem (4.1.1), (4.1.2) is called Stone regular if there
is an integer s € N such that the boundary eigenvalue problem (4.1.1), (4.1.2) is
s-regular.

From Theorem 4.3.9 we know that Birkhoff regular problems are O-regular.
Throughout this section we suppose that the boundary eigenvalue problem (4.1.1),
(4.1.2) is Stone regular.

Together with the boundary eigenvalue problem (4.1.1), (4.1.2) we consider
the operator function

TP(2)

(44.1) T(A):= <TR(7L)) L (W, (a,0))" = (Lp(a, )" x T (|A] > ),

where v is a fixed positive number and

TP(A)y =y — (A&, + Ay + A4, 1))y,

~ - b .
(A=Y W (A(a) + [ WAy ax
j=0 a
and y varies in (W) ((a,b))".
We have seen that we can take any fundamental matrix ip\ the definition of the
GREEN’S matrix function G(-,-,4) and in the definition of G(-,A). Here we take
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the fundamental matrix )7(, A) as defined in (4.3.1). Theorem 3.2.2 and formula
(3.2.12) yield

T A (Fnf) ) = P2 [ P&, (808
AT RFC) - [ [ sFemrenzen e az |

forA € G Iy, fi € (Lp(a,b))", f, € C" and x € (a,b), where
v=0
(4.4.2) F(x,A) = Z / W(t,A)d

fora <x < band

~ < b
4.4.3) F(ba):= Y W) +/ W(t,1) dr
~ a
We subtract and add the term (see Proposition 3.2.1)

~ b,
P(x,A)a() / PEA)A(E)dg

— P, 1) (T // 4F (LT (1, )AMT(E,2) 7 f,(8) dE
and obtain with f = (f,, f,) that
(4.4.4) (TN A) 1) (%) = L (x, £, A) + T (6, )M (A)L(f, 1),
where

@445) L5 f,A) =Y (x,A) (I, —A()L))/X’)?(é )7L, (E) d
~Pumam) [ 7)),
b rb R
@46 B2 == [ [ AR AT (60 (- AT, )7 f,(8) d
+/ab :aa’,f(t,A)?(t,l)A(l)?(Jj,)L)“fl(g)dg,

Note that we can take ¥ instead of ¥ in (4.4.5) and (4.4.A6).
The main task in this section will be to estimate 1,,Y,and L. For this we need
some propositions. Define

@47 BxA) = POx) (L, - AA))E(x, 1) + A(A)E(x,)E(b,1)}).
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PROPOSITION 4.4.2. i) The matrix function Y (-,1) ~B)(-,1) satisfies the esti-
mates {O(Tp(A))}o and {0(1) }e.
it) If p> 1 and, in case p < %, the conditions (4.1.19) are satisfied, then there is
a number € € (0,1 — %) such that

Y(,A) = B(,A) = {o (Vm’axou +|9t(/1ei<°vu)|)“/"‘£) } :
Vin ,

Proof. The asymptotic representation (4.1.14) of Y yields
Y(x,2) = (PO(x) + By(x, 1)) (I, — A(R))E(x,A) + A(A)E(x,A)E(b,A) ")

for x € (a,b) and |A| > y. The assertion of the proposition immediately follows
from the estimates (4.1.18) and (4.1.20) of B,, and from Proposition 4.3.3 1), ii).
O

PROPOSITION 4.4.3. We have E(-, A)Y (-,A)~" = PO £ B(-, 1), where By(-,A)
satisfies the estimates {O(Tp(A))}w and {0(1)}e.

Proof. Since P is invertible in M, (Wp1 (a,b)) and hence in M,(L.(a,b)), and
since By(-,A) = {0(1)}, the estimate

-1
1By (%, A) PO (x)] <

N —

holds for all x € (a,b) and all sufficiently large A. Then we have the Neumann
expansion

E(x,A)Y(-,A)"! = (P[Ol(x) +Bo(x,l))_l

With
By(x,A) := PO (Z 06 A)PO 7 (x ))
it follows that
(PO (x) + By(x,A)) " = PO (x) + By (x,4)

and

|By(x, )] < [PO (x)By (x, )P0 IZiBoxAP["l "))

< 2P (x)21By x, A)1-
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Finally, By(-,A) = {O(15(1))}e, By(-,A) = {0(1)}w, and the above estimate
yields _
By(-,A) = {O(15(1))} and By(, 1) = {0(1)}we. O

We set
(4.4.8)

B £1,2) = PO~ AADE ) [ EE,2) PO (E)4,(8) e

— PO(x)A(ME (x, A) / E(£,A)71 PO (€) £, (£) de.

PROPOSITION 4.4.4. Let I, be as defined in (4.4.5) and let f, € (Lp(a,b))". Then

1) 11('af17l) _1?('7f17a') iS oftheform {O(TP(A))}""Ifllp and {0(1)}°°tfllp
ii) Let p> 1. Ifng=0o0r p> 3 or p <3 and the conditions in (4.1.19) are
satisfied, then there is a number € > 0 such that

AOII('aA()fla)")_AOI?("AOflaA')

{o(swmocn)} v,
VEL

p
Proof. Letx € (a,b). The representation (4.1.14) of ¥ and Proposition 4.4.3 yield

@49 Txa)(h-8) [ FEMTAE) dE
- PO3) (1, - 8 2) [ E(E,2) 7P ()5(8) o
— Bo(s,2) (- AA)) B 2) [ B(E, )P (),(8) 08
PO (1, - AR)EWA) [ E(E,2) B8, 4)4(8) o
+ B ) (1= BA)E(2) [ E(E,2) BolE )1 (8) .
Observing Bo(-,4) = {O(55(A)) Yo By, ) = {o(1)}en Bo(-, 1) = {0(5,(A) e
By(-,A) = {0(1)}«, and the estimate in Proposition 4.3.31), this shows that the

right-hand side of (4.4.9) is of the form {O(7,(1)) }(x)| f;|p and {o(1) }e (x)| £, |-
Since analogous estimates hold for

@a1n  Femam) [TEn 46k
- POWAMEG) [ BT )78 dE.

X

this proves part i).



164 IV. Birkhoff regular and Stone regular boundary eigenvalue problems

For the proof of ii) we multiply (4.4.9) from the left by A, and replace f, by
Ay f1- Since the first term on the right-hand side 1s

Bo(x,x)(ln—A(A))/:E(x,ME(é,A)“AOP["]“(é)fl(é)dé,

Proposition 4.3.5 yields that it has the estimate

1By, )1 O ( max(1+%(Re®)) ™) b ()PO7 .
v=1

p

Similarly, the second term satisfies the estimate

|Pl°1<x)|{o(max( FIR(A)]) )} (Bl A fi -

p

From B( = {O(15(1))} and B = {O(7,(A))}~ we obtain that the
desired estlmate is fulfilled for the ﬁrst two terms The last term can be estimated
in the same way if ny = 0. Otherwise, we use (4.1.20) and Proposition 4.4.3.
Analogous estimates of (4.4.10) complete the proof. [

PROPOSITION 4.4.5. For & € (a,b) we have that
[/ AT 0A)BER) (- 83)
— Y WP (a)E(a, A)E(EA) (I - A(L)

—/25 Wy (6) PO ()E (1, A)E(E,A)~ (1, — A(A)) dr

and
d,F(t, )Y (1,A)E(E,1)"A(R)
=a
- 2 WP (a)E(a;, A)E(E, 1) A(R)
2
;

- / Wy(1) PO () E (1, AJE(E,A) " A(A) dr

fulfil the estimate O(t,(A)) and o(1) uniformly.
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Proof. Let o, € [a,b] with ¢ < B and set I := [, ) if B # band I := [, B] if
B = b. An obvious generalization of Proposition 3.2.1 yields

B
@.4.11) / dF (e, )7 (1, 1)

+/B (W(t, 1) = W,(2)) (PO(r) + By(t,1)) E(t,A) dr

+ i W By(a;, A)E (a;,A) +/ﬁ W, ()By(t, A)E(t,A) dt

.

jEI

15

For the proof of the estimate for the first term we set ¢ = £, B = b, and mul-
tiply (4.4.11) by E(&,A)~' (I, — A(A)) from the right The assertion now fol-

lows from the estimates W(-,A) W, = O(1 Z IW (j)|: oA 1

By(-,A) ={O0(7p(A)) } .. By(-A) = {0(1) }w , sECE (41 10) (4.1.12), (4.1.18) and
Propos1t10n 4.3.31) w1th c=a;orc=tandd = E.

For the proof of the estlmate for the second term we set @ = a, [3 &, and
multiply (4.4.11) with E(,1)"'A(A) from the right. The assertion now follows
again from the estimates (4.1.10), (4.1.12), (4.1.18) and Proposition 4.3.3 ii) with
c=ajorc=tandd=¢. [

LEMMA 4.4.6. Suppose that the boundary eigenvalue problem (4.1.1), (4.1.2) is
s-regular. Then the characteristic matrix function M given by (4.3.2) satisfies the
estimate

M(A)'=0(%) (Ae U )
where the circles T, are as in Definition 4.4.1.

Proof. The set {Ml(l)AO +M2(1,, —Ay) 1 A € C\{0}} is bounded in M,(C) by
Corollary 4.3.4iii). Hence M(A) = O(1) as A — oo by Proposition 4.3.6 i), iii).
Let M2d(A) be the matrix of the cofactors of M (A). Then the boundedness of M
implies that M*4(1) = O(1) as A — oo. Since M(A)~! = (detM(2))~'M2(A),
the assertion of the proposition follows from the definition of s-regularity. [
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For f = (f,f,) € (Lp(a,b))" x C" we set
(44.12) B(f,A):=f,
- ):W P0a,) [ Ea, MEE) (1= 80P )£, (6) 8

/ WoPO) [ B AEEA) ! (1 - AR) PO (E)4,(6) e
+ X Pa ) [ Ela EE A A0P @)1

+ / W) PO0) [ EGA)E(E,2) AP (€),(6) d ar

PROPOSITION 4.4.7. The vector function I;(f,A) — L(f, M) satisfies the estimates

O(Tp(A)I Sy and o()If1 - where [flpny = 1filp + |f)ln» and Ly, 19 are
given by (4.4.6), (4.4.12).

Proof. We multiply the matrix functions in the assertion of Proposition 4.4.5 by
the vector function E(&,A1)Y (€,A)~! (&) from the right and integrate from a to
b with respect to £. From Propositions 4.4.5 and 4.4.3 we infer that these integrals

are O(7,(A))|f,|, and o(1)|f,|p, 1. €.,
L(f,A) —1§’(((1,, +P[0]§0(',7L))f1,f2),)~) = O(7p(A))|filp

and

L(f, ) = B(((n+ POBo(, 1)) £y, £3),4) = o(D)I i .-
From Propositions 4.4.3 and 4.3.3 1), ii) and Z |W )| < oo we infer

Ig((P Bo(-,l)fl,O),/l) = O(Tp(l))lfﬁp
and
B((POB,(-, 1) £,,0),A) = o(1)|f,,-

This proves the proposition since Ig’ is linear with respect to the first variable. I

In the following we shall use contour integrals of holomorphic vector valued
functions. For this we briefly recall the definition and some properties of line in-
tegrals. A piecewise smooth path in C is a continuous and piecewise continuously
differentiable mapping 7y of a compact interval [@, ], @ < B, into C. Let E be a
Banach space and & : y([t, B]) — E be continuous. Then the integral

[rnyan:= [ wroyy o
y a
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is well-defined. Let y: [a,B] — C and v, : [a;,8;] = C be piecewise smooth
paths. The path 7 is called equivalent to ¥, if there is a continuous strictly in-
creasing function ¢ : [e;, B,] = [, B] whith ¢(¢e;) = & and @(J3;) = B such that
Y, = Yo ¢. A piecewise smooth curve is an equivalence class of piecewise smooth
paths. For equivalent paths as above we have

By
/ W)Y O de= [ hin )R 0)dr,

i.e., [,h(A)dA only depends on the curve. Hence we shall not distinguish between
a smooth curve and its representative. A piecewise smooth contour is a piecewise
smooth simply closed curve. We shall mostly take circles. They will be traversed
anti-clockwise, i.e., they are given by the path

Y(t) =c+re" (1 €[0,27)),

where c is the centre and r the radius of the circle. For a piecewise smooth curve
v [a,b] — C and a continuous function 4 : ¥([e, B]) — E we define

/ }|dA| = / R (O) |7 ()] d.

We have the following estimate, see e.g. [DIN, § 8, Proposition 4],
4413 RAYAA| < [ |W(A)][dAL.
@4.13) |[raa| < [ rniien)
Note that for each A € p(T) and f = (f;, f,) € (Ly(a,b))" x C" it follows
from (4.4.4) that
(4.4.14) AN =R fuA )+18( AM(A)T'B(f,2)
+Il('af1, )_I?("fla ) ,A‘)M(A’) 1(13( If(i) ))
+(?(,A’) _Ig('v ))M(A’) llg(fv )a

where the terms on the right-hand side are defined in (4.3.1), (4.3.2), (44.5),
4.4.6), (4.4.7), (4.4.8), and (4.4.12).

PROPOSITION 4.4.8. Let s € N and assume that the boundary eigenvalue problem
(4.1.1), (4.1.2) is s-regular. Then

(4.4.15) TS = B0, f1,2) = BMMQA) B (f,4)
for f = (f1,f,) € (Lp(a,b))" x C* fulfils the estimates {O(M(Tp(l))}mlﬂ[p,ﬂ
and {o(ls)}w|f|[p,n] on LJFV.

Proof. From Proposition 4.3.3 i), ii) it follows that I2(-, £, 1) {0( ) }eol f1 |p and
B(-,A) = {O(1)}«. In the same way, Proposition 4.3.31),ii) and Z |W | < oo
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yields 12(f,4) = O(1)|f l[p‘"]. From (4.4.14), Proposition 4.4.41), Proposition
4.4.2, Lemma 4.4.6 and Proposition 4.4.7 the estimates of (4.4.15) follow. [
THEOREM 4.4.9. Let s € N and assume that the boundary eigenvalue problem
(4.1.1), (4.1.2) is s-regular. Let Ay € C\ U I',, where the circles 1, are as
in Deﬁnmon 4.4.1 of s-regularity. Let J, ( p(a,b))" = (Ly(a,b))" x C* and
J (W, (a b))" = (Lp(a,b))" be the canonzcal embeddings. We set

1

(4.4.16) Soyv =
’ 2mi

}((z 2) " AL (veEN),

where T is given by (4.4.1).
i) For all v € N we have S;,, € L(( p(a,b))" xC*, (W, (a b)").

ii) For each compact set G C C\ U Iy we have

v=0

sup d A —p| " 2ITH(A)]|dA| = 0 as v — oo
HeGvly

1) We have JSs+1,v

—0in L((Ly(a,b))" xC*,(Ly(a,b))") as v — oo.

Proof. 1) is obvious since T-! depends holomorphically and hence continuously

onAin J I,.

v=0
ii) Proposition 4.4.8 and the estimates of I7(-, f;,A), I2(-,A), and 15(f, ) stated
in the proof of Proposition 4.4.8 yield

T~ A) = 0(A?)

for A € U T, . Since sup |A — u| ™52 = O(]A|~*72) for these A, we have
V= HeG

sup § |1~ u| =T (1) 2|
HEG I,

:fr o(IA"2)0(A%) | dA|
=0(p, ")

iii) immediately follows from ii). O

PROPOSITION 4.4.10. We have
! . —
B((80£,012) = 0 (b 1+ 1(e%)) ™) 15,

for f, € (Lp(a,b))", where IY) is given by (4.4.12).
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Proof. By Proposition 4.3.5 there is C > 0 such that for all f, € (L,(a,b))" the
C"-norm of the integrals with respect to & in IY((A,f,,0),2) has the upper bound

C mélf((l + |9((Aei¢f)|)‘1+l/ ?| £, - Now the assertion of the proposition immedi-

atejl; follows in view of (4.1.11). O

THEOREM 4.4.11. Let s € N and assume that the boundary eigenvalue problem

(4.1.1), (4.1.2) is s-regular. Let Ay € C\ Go Iy, where the circles T, are as in Def-
v=

inition 4.4.1 of s-regularity. LetJN (L (a b))" = (Lp(a,b))" x C* be defined by

Jf = (81,0) (f € (Lp(a;b))" ) and et 7 (W) (0.5))" — (Ly(ab))" be defined
by Jy = Agy (y € (W, (a b))"), where Ay is deﬁned in (4.1.22). We set

S,y = —1—]4 (A—2)~ T (A)dA (veN),

2mi

where T is given by (4.4.1).
i) For 1 < p < oo and a compact set G C C\ U I'y we have

v=0

sup ¢ A — | "HITHA)|dA| = 0 as v — oo.
UEG Iy

ii) For 1 < p < oo we have J~Sx,v —=0inL((Ly(a,b))" xC",(Lp(a,b))") as v — oo,

iii) For 1 < p < oo and a compact set G C C\ | Iy we have
v=0

sup ¢ |A — p|=THITHA)T||[dA] = 0 as v — oo,
HeGJIILy

iv) For 1 <p<oowehaveJSst —0in L((Lp(a,b))") as v — oo
Proof. 1) For f = (f}, f,) € (Ly(a,b))" x C* Proposition 4.4.8 yields

(4.4.17) JT7YA)f = Bl f1,A) + BB (- MM (A) T IS (£, 1)
+{OA 7,(A ))}w|f|[,,y,l] :

From Proposition 4.3.5 we obtain the estimate
! ; -
(4.4.18) AOI?(-,fl,/l) = {O (malx(l + I‘K(le’%)]) 1>} Ifilp-
= p

Let v € (L,(a,b))" where 1/p+1/p' = 1. By definition of [, The non-zero
components of [? 7VT (x)AgD9 (x,A) dx are sums of integrals of the form

b )
(1-5,(1)) / 7(x) exp{Ae'® R, (x)]} dx
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and b
8,(2) [ 50)exp{Ae® (1R, ()] - R, (D))} &,

where j € {1,...,/} and ¥ is a component of vTAOP[O]. By Lemma 2.7.2 i), these
integrals fulfil the estimates O (r?élx(l + |9{(/lei¢,-)|)—l/p> V], . As (Lp,(a, b))"
is the dual of (L,(a,b))", this yields

(4.4.19) A (1) = {o< ‘Ialx(l +192(/1e"%);)“/”>} .
= P

Note that the above proof also holds for p = 1, and that (4.4.19) is also true for

p = oo. Finally, B(f,A) = 0(1)|f|[p q (see the proof of Theorem 4.4.91ii)) and

Lemma 4.4.6 give the estimate

JT-'(A) =0 2° m’axo(1 +IR(AO)) T
V)“:
V£
where 11 := min{1/p,1 —1/p}. Hence we have

sup § |1~ | F (1) |
ueGJTy

=fr0(lll““)0 A max (1-+[R(Ae®)]) 7 | |dA|
y vu=

VEU

! ; -
= O | max (1+p,|R(Ae®))7 | |dA
fi (VM( puIR(AeP)) " | A
VN
=o(1)
as v — oo by LEBESGUE’S dominated convergence theorem.

i1) immediately follows from i).
iii) For f € (L,(a,b))" Proposition 4.4.8 yields that

JTHAN, f =AY Ao f,A) + B3 (- M (A (A ,0), 1)
+{o(A*)} Iflp-

Hence we obtain in view of (4.4.18), (4.4.19), Lemma 4.4.6 and Propositions 4.4.7
and 4.4.10 that

T\ ()T =0 A m’axo(l +RAP)) T | +0(A9).
V,U=
VER
Proceeding as in part i), the assertion iii) is proved.

iv) immediately follows from iii). 0O



4.5. A special case of the Hilbert transform 171

4.5. A special case of the Hilbert transform

In order to obtain better estimates for Birkhoff-regular operators we need two
special cases of the Hilbert transform stated in Propositions 4.5.2 and 4.5.3 below.
Since the proof of these propositions is easier than the proof of the existence
and the boundedness of the Hilbert transform, we shall prove these propositions
directly. The statement and the proof of Proposition 4.5.1 are extracted from the
proof of [T], Theorem 101].

PROPOSITION 4.5.1. Let 1 < p < oo and —oo < ¢ <d < oo, For f € Ly(c,d) and
z € C with 3(z) > 0 we define

d
0,0 = | {%dr

Then ¢ (- +iy) € Lp(—o0,) for all y > 0 and there is a constant C > 0 such that

19, + )l <CIflp
forall f € Ly(c,d) and all’y > 0.

Proof. Since ¢ is holomorphic, ¢.(- + iy) is measurable for all f € L,(c,d) and
ally > 0. Also ¢,(z) = 0(%) as |z| — oo. Hence ¢ (- +iy) € Lp(—oo,c0) for all
f € Lp(c,d) and all y > 0. Thus it is sufficient to prove that there is a constant
C, > O such that |¢(- + iy)|, < C,|f], for each nonnegative f € L,(c,d) \ {0}.

In the following we need the function
2+ 2% =exp{alogz} (z € C\ {0}), 0% :=0,

where o > 0 and log is the principal value of the logarithm, i.e., logz = log |z| +
iargz for z E C\ {0}, where argz € [—m, ). This function is holomorphic on
{z€ C:3(z) <0} and continuous on {z € C: 3(z) < 0}.

i) First we consider the case 1 < p<2. Let2< p’ < o such that 1/p+1/p = 1.

We set C, := p21(P~1) and
C:= n(sup{r> 0:C,(1+r'7P) —r}cos (pg)' > 0} + 1) ,

which is finite since r'~? — 0 as r — oo and cos(p%) # 0. Let f € L,(c,d) \ {0}
be real-valued and nonnegative. Then we write

‘pf(z) = u(x,y) - iv(xvy)

where x,y € R, y > 0, z = x+iy, and u, v are real-valued functions. For all x € R
and y > 0 we obtain

4 f(+x) ot f)
u(X,}’)—/C (T+x)2—+y2dt’ V(X,Y)-)’/C —(t+x)2+y2dt>0'
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This shows 3(¢,(z)) < 0 for all z € C with 3(z) > 0. Hence

2 ¢,(2)” = exp{plog ¢,(z)}

defines a holomorphic function on {z € C: 3(z) > 0}. We consider the contour
integral

9,07 dz=0
along the straight line from —R + iy to R+ iy and along the semicircle above it.

Since ¢(z) = O(1), we obtain that

R
/ 6, (x+iy)? dx = O(R ™) - TR = O(R'™?) as R — oo,
—R
Hence
@.5.1) /w 9, (x+iy)? dx =0

for all y > 0. From

¢f(x+i)’)

Op(x+iy)? —ulxy)P = p/ &~ dz

u(x.y)

we infer
|6 (et )P = u(x,1)?| < pulx,y) ((x,y) +vlx,y)2) 277"

1
< py(x,y) (2max{u(x,y)?,v(x,y)?})?
< C () e )P~ 4+ v(x)P).
With the aid of (4.5.1) we conclude

[ utxrad = | [ (0,002~ ute)?) a

(p—1)

<[ vtuen)l der [ viey) ).
Since
oz eipgux, P if u(x,y) >0,
Py =1 ¢ | ()] (x,7)
e~ P2 lu(x,y)[P if u(x,y) <0,
we obtain

‘cos (pg) i /_:|u(x,y)]” dx = 'fK(eip% /_: u(x,y)? dx)‘
< 1/:0u(x,y)pdx,.
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Then, by HOLDER’S inequality,
T
lcos (P3| 115 < € {9 vy + (o315
ya
<C{Jul )7 e + )15 )
=C1{|u('7y)|5_llv('a IP+ |V( 3y)|§}
Dividing the above inequality by |u(-,y)|2~tv(:,y)|, if u(-,y) is not identically
4 p

zero and setting 7 := |u(-,y)|p[v(-,y)|; ! we obtain [cos(p})|r < C\(1+r'7P).
Hence r < (% — 1) by definition of C, i.e.,

C
@52) o < (£ 1) Wl
which trivially holds if u is identically zero. Applying HOLDER’S inequality to
1
f €Ly(c,d) and —— € Lp,(c,d)

((+x)2+y%)5 ((+x)24+32)7

we obtain that

¢ fwP __dr et
v(x,y)"Sy”/c mdf{/c m}

d p
ST Wi

dx
’ P<7tp1/ / "
V(- ¥)] y [ f() (Tl
=nP|f|5.

Together with (4.5.2) we infer

|¢f(' +iy)|p, <C|fp-
ii) Nowlet2 < p<ooand 1 < p' <2suchthat 1/p+1/p’ = 1. Applying part i)
of the proof to p' we obtain that there is a C > 0 such that

6 (- +iy)| , < Clgl 4
forally >0and g € Lp,(R) with compact support. Here we have to note that the

number C in part i) does not depend on ¢ and d. Let f € L,y(c,d), r >0,y > 0 and
g € Ly(—rr). By FUBINI'S theorem and HOLDER’S inequality we have

dr (1) di

Hence

1 glx ¢f x+iy) dxl

—r t+x+zy
— /C f(;)¢g(r+iy)dt)slflpClgl,,/
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Since Lp(—r,r) is the dual of L, (—r,7), we obtain ¢,(- + iy)l( o EL o(—1,7)
and |¢f(-+iy)|( ) Ip Clflp- B LEVI'S theorem yields ¢ (- +zy) € L,(R) and
19:(-+iy)lp <Clfl,. O

PROPOSITION 4.5.2. Let 1 < p <o, ¢; >0and c, > 0. For f € Ly(0,c,) we set

FUCE A

Then 7 € L(Lp(0,c,),Lp(0,c,)).

dr (x €(0,c,)).

Proof. Tt is sufficient to consider the case f > 0. Let ¢, and u be as in Proposi-
tion 4.5.1. Since u(',y)|(0C2) >0 and u(-,y)|(002) S H(f)asy\y0, B. LEVI’S
theorem and Proposition 4.5.1 yield 5#(f) € L,(0,c,) and

)y = lim [u(- ),

<Clfl,- O

There are simpler proofs of Proposition 4.5.2, see e. g. [HLP, Theorem 316].
But since we need Proposition 4.5.1 to prove Proposition 4.5.3, we have also used
it for the proof of Proposition 4.5.2.

PROPOSITION 4.53. Let 1 < p < o and r € L,(a,b) such that r > 0 and
r~! € L.(a,b). Set

R(x) := / “Hd (x€lab)
and, for « > 0, f € L,(a,b) and x € (a,b),

Vol = [ [ e{intRt) ~REN}FE) d ar.

Then y, , € L,(a,b), and there is a constant C > 0 such that
|V’f,a'p < lelp
forall o> 0and f € Ly(a,b).

Proof. Since y, , depends continuously on x it is clear that y/, , € Ly(a,b). Let
g € L,(a,b) where 1/p+1/p' = 1. Applying the transformations p which is the
inverse of x — R(x), and t = —R(&), we obtain with the aid of the theorem on
integration by substitution, see [HS, (20.5)}, that

b
@53) [ sWwpa 00

( ) o .
= [ sene [ [ e tonp (e
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For h € L,(—R(b),0) and z € C we define

¥, 4(2) : / / " p(t) dr dr.

For 3(z) > 0, integration with respect to T ylelds

VNI (Z) - /O h(t) {eia(t-}-z) _ e—ia(t+z)} dr.
e ~R(b) i(t +72)

We set iy (1) := h(r)e’® . Then, with the notation ¢ from Proposition 4.5.1,

‘I’h,a(z) = _ieiaz¢ha () + ie~iaz¢h_a (),
and Proposition 4.5.1 implies that there is a constant C' > 0 such that
|V7h,a(' + i)’)|(o,R(b))|p < (e—ay + eay)CI|h|p~

Since W, , (- + iy)|(0 r(p)) CONVerges uniformly to ‘Tlh,a‘(o R(b) BV 0, we obtain

|0l 0.p60) e < 2C 1Hlp-
Hence (4.5.3) yields in view of HOLDER’S inequality and (2.7.1) that

b
[ 6y al) ax] <2C1(g0p)' I (FoP)Ps
<201 elgl £l

Now RIESZ’ theorem yields the assertion of the proposition with C := 2C’|r™!|...
g

Proposition 4.5.3 does not hold for p = . But since p = oo is the case of
uniform convergence, it is desirable to include this case. For this we have to
restrict the class of functions to functions of bounded variation, see e.g. [HS,
p- 266] for a definition of these functions. Here we use the fact that f is of bounded
variation if and only if there are bounded nonnegative nondecreasing functions f,

f5» f3» [y such that
(.54 f=fi-hify—if.

We denote the set of all functions of bounded variation on [a,b] by BV [a,b]. It is
a Banach space with respect to the norm

(4.5.5) |flgy = Inf{| fi ] + [ foloo + | f3leo + | foloo }

where the infimum is taken over all decompositions (4.5.4) having the above prop-
erties. The norm on BV [a, b] is usually defined as

J
[ty = @1 +sup{ T 1) = flxy ] =g <xy < <= b
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The two norms are equivalent since

\flay < Iflay <2y -
PROPOSITION 4.5.4. Let r € Lo.(a,b) such that r > 0 and r~! € L..(a,b). Set
X
R(x) = / rnd (x€la,b))
a

and, for & > 0, f € Lo(a,b) and x € (a,b),

Vald = [ [ ewticlRe) - REN} @) € ar

Then Y, , € BV[a,b], and there are constants Co > 0 (& > 0) such that
W, alay < Calfle

forall a > 0and f € Lo(a,b), and a constant C > O such that
Vs ol < Clflpy

forall a > 0and f € BV|{a,b).

Proof. The function v , belongs to Wl (a,b) and

Vi) = [ [ rerexplin(Rt) ~REN} ) a.

In view of Proposition 2.1.51) this implies

31Vl < 1ol = 17@1+ [ 19 0] e < Ui,

Therefore the first estimate holds. We have proved it for functions in L, (a,b), but
we shall only apply it to functions in L..(a,b).

Let p be the inverse of x — R(x) and 11 = R(x), x € [a,b]. Then integrating
with respect to 7 and the theorem on integration by substitution, see [HS, (20.5)],
yield

ll/f,a(x) _ 2/ab Sln{(:’(? ;(Iggé))}f(é) dé

(b) gi _
—o [" Wf(p(t))f)'(t) dr.

We set k(1) = f(p(2))p’(¢) and obtain that % is of bounded variation with |h|g, <
|flgy|r~'|e. Let h = hy —h, + ihy — ik, be the decomposition (4.5.4) for h, and
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set fj(é) = h,(R(&))r(€) for j=1,...,4. With the substitutions a(n —t) > ¢
and o (n —t) — —t we obtain

an . -1)
2/ sint, (L dt+2/ En—tvz | dr

_2/aR Smt |h lo — R <n+a)) dr.

Each of the above integrals is an mtegral of the product of “ti’ with a nonnegative
nonincreasing function. Hence an upper bound of the absolute value of each of
these integrals is the corresponding integral over [0, z]. This yields

ij,a(x)l < 67r|hj]BV < 6mlh|g, < 6”|r—l loo| £y »

and the desired estimate holds with C = 24z|r~!|... O

LEMMA 4.5.5. Let ¢ > 0 and H, be the class of all continuous real-valued func-
tions h on an interval (0,c) with the following properties:

(0,¢) can be divided into k, subintervals such that h is monotonic and does not
change sign on any of these subintervals;

sup [th(t)| =:C, < co.

Then for each 0 < B < 1 the: (?:; constant C > 0 such that
(4.5.6) /0 "sin(rr)h(1) £(2) | < i oy

(45.7) /O "(cos(Brr) - Xpo,z) (D)) £ (2) dt‘ < CCl gy
@s8) | [ =20 @) S0 & <Gl
@s9) | [ o= 1)z gO10) | < €y 1

holds for all c >0, h€ H,, f € BV{[0,c], r >0, and & € [0, 1]. Here x denotes the
characteristic function.

Proof. We shall prove the four estimates with different constants C. Then we take
the maximum of these four constants as a common estimate. For the proof of
(4.5.6) it is sufficient to consider nonnegative nondecreasing f € BV[0,c| and a
subinterval [c,¢,] C [0,c] on which & is monotonic and does not change sign; we
may even assume that 4 is nonnegative. Then

/C " sin(re)h(e) £(2) dt = / “ sin(rt)h(e)| f dt — / “ sin(r)h(t) (|fl — £(1)) db.

1 €
Taking the left-hand side if % is nondecreasing and the right-hand side if 4 is non-
increasing, we see that in each of these integrals the integrand is the product of
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sin(r¢) with a nonnegative monotonic function. An.upper bound for the modu-
lus of such an integral is obtained if we take the modulus of the integral over a
subinterval [gZ,(g+1)Z] N[c,,c,] for a suitable nonnegative integer ¢. From the
assumptions on A4 we infer

/ “ sin(r)h() £(2) @ < / 07 fsin(rr)
c q

x
1 r

sin(rr)

dt2C, | fle < 27C, | Fleo-

This proves (4.5.6) with C = 2.
To prove (4.5.7) we calculate for ¢’ = min{c, £

VOC (1= cos(rt))h(t) £ (1) dtl
% sin®(rt) ¥ 5 n?
S/o mdtchmwg/o rtdtCylfle < 2 Cylfl-

In case ¢ > 7 we obtain from (4.5.6) that

| /;cos(rﬂh(t)f(r) al=| [ “Fnon (14 2) (14 )

<2nCk, | flgy

)< 3) (43 <6

This proves (4.5.7) for = 1. If 0 < 8 < 1, then we replace r by Br. The differ-
ence to the integral in (4.5.7) can be estimated by

since

% dt
~Gilflo = |log B Cy| fl-

o
2r

This completes the proof of (4.5.7).

Again with ¢’ = min{c, £ } and for arbitrary f € BV[a,b] (we can even take
f € Lo(a,b)), the estimate

—ar Z1—e o on
[ - al< [T w1 < el
and, in case ¢ > 5 , the estimate
¢ re g=$ 2z
[remnswals [Mdsc i < et

(¥
[N

r

prove the inequalities (4.5.8) and (4.5.9). O
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PROPOSITION 4.5.6. Let v;,Y, € R and X be a sector in the complex plane which
is bounded by the rays argA = v, and argA = 7,. Let n,,1m, € R be such that

w+nu €3, %ﬂ] mod(27x) for v,u € {1,2}. If n, # N, we require v, — v, € ©.
Letc\,c, > 0. For f € BV(0,c,], r >0, and x € [0,c,] we define

. C )
v, () = / 1oy CXP{AEM ) / 'exp{Ae™ 1} f(7) drdA.
[Al=r 0
Then there is a constant C > 0 such that
Vsl < Clflgy
forallr > 0and f € BV[0,c,].

Proof. Integrating with respect to A yields

¢ exp{er(eMx+e™ 1)} — exp{e r(eMx+ ™)}
v, 1= [ o) et flz)dl.
0 eMmx+e™mT

Subtracting and adding Xpo, 2] (T +x) in the numerator, it is sufficient to prove the
1 2r

estimate for

(4.5.10)

c, exp{er(eMx+eMt)} — X £]('r+x)
/ L oy,
0

eMx+ et
where Yy =7 or y=1,. Since ¥, —7y, € ®Z in case N, # N, and %, + Ny €

L %7[] mod(27), we infer 1, — n, € m+2nxZ. Replacing y+ 7, with 1, we
thus have to estimate (4.5.10) for y=0, n,,7, € [, %n] andn,—1n, € T +27Z.
The denominator becomes ™7 (¢ x + ™). Since the constant e~ has modu-
lus 1, we can omit it in the sequel. We further simplify the numerator by writing
it as

exp{r(eMx+e™1)} —exp{r(eMx+e™M1)}
+exp{r(eMx+eMt)} — Xpo,z1 (T +%).

In the first two terms, we factor out the 7-independent term exp{reMx}, whose
modulus does not exceed 1. We write the remaining part of this term as

exp{re™1} — x[o,%](r) — [exp{re™t} - X[O%](T)].

Hence we have to estimate the integrals

¢, exp{reiT} — x0 £,(7)
/ P p@ae (j=1,2)

eMx+ et
and

¢, exp{r(eMx+eMt)} — Xpo _,,_](T +x)
/ 7 0 f(7)dr.
0 eMhx+eht
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With the transformation 7+ x — 7, the latter integral can be written as

c,+x exp{reMt} — xo ,(T)
/l 0.3/ (t-x)dr,
0

(M —eM)x+ emT

where f(€) :=0if & < 0. Since the norm in BV[O,cl] of T+ f(7) and the norm
in BV[0,¢, +x] of T+ f(7 — x) coincide, it is therefore sufficient to prove that

¢ exp{remj 7:} - X[OZE](T'-) .
l/o } f(T)dT'SleIBv (j=12),

wx-+T

where w is a complex number which is not a negative real and the constant C is
independent of x and ¢. Again, we split up the numerator. We have ¢'i = —a+if,
where o and f3 are real numbers with a > 0. If 8 # 0, then we write

exp{re 1} — Xpo,z)(7) = exp(—art)(cos(Br) + isin(Brr) = x4 £,(7))
+ (exp(—arr) — l)x[o,%](r).
If B = 0, then we simply have
exp(=rT) = X0 2, (7)-

by
Hence the result follows from Lemma 4.5.5 if we show that the real and imag-
inary parts h,, h, of

exp(—st)
4.5.11 h{t) = ———=
( ) ( ) wx+1
are functions of class H,, where an upper bound for k, and C, (j=1,2) can be
J J

found which does not depend on x > 0, ¢ > 0, and s > 0. This is obvious if w = 0.
For w # 0 we have

1 {1 if R(w) >0,

s if R(w) <0.

From

[s(wx+1) + 1] (Wx +1)?

[wx +1]4

B (t) = —exp(—st)

bl

we infer that 4, and h, have at most one zero and three turning points. Thus the
numbers kh| and kh2 are at most 5. [
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4.6. Improved estimates of the Green’s matrix

PROPOSITION 4.6.1. Let f € (L,(a,b))". Then each component of the matrix
function I3((Ag f,0),1) defined in (4.4.12) is a sum of terms of the form

1R, 0) .
(4.6.1) 5,(1) / exp{—Ae"PHy (1) de
0
and
IR, (5) |
4.6.2) (1=-8,(1)) / exp{Ae® T}u(7) dt,
0

where v € {1,...,1}, u € Ly(a,b), and |u|, < C|f|, for some C > 0 which does
not depend on f.

Proof. Let p, be the inverse function of x — |R,(x)|. In the proof of Proposition
2.7.1 we have shown that p, € W.1(0,|R,(b)|). The theorem on integration by
substitution, see [HS, (20.5)], shows for g € L,,(a,b) that

b IRy (b)] i0n 1~
[ iR (@)} exp{-AR,(©)}g(§)d = [ exp{-AeT}(z) ar,

J
where

2(1) = {g(Pv(ﬁL [Rv(a;))) Py (T +IRv(a))]) if 0 <7 <[Ry(B)] - Rv(a))l,
0 if [Ry(b)] — [Ry(a;)| < T <Ry (D),

and g € L,(0,|R,()]) with |g|, < C,|g|, for some C; > 0 which does not depend

on g, see (2.7.1). This representation and a similar representation for the integra-

tion over [a,a;] prove that the components of the sums in B((Ayf,0),2) are sums

of terms of the form (4.6.1) and (4.6.2) which fulfil the estimate |u|, < C,|f], for
some C, independent of u in view of assumption (4.1.11). From Proposition 2.7.1
we infer that this also holds for the double integrals in I((4,f,0),A). O

Let x, (k=1,...,l,) be as defined in Remark 4.1.4. Set

if R(Ae't) <0,

if Re(Ae') > 0,

if R(Ae%) =0 and 3(Aet) > 0,
if R(Ae%) =0 and F(Aet) < 0.
The following result is obvious:

REMARK 4.6.2. Foreach v € {1,...,l}, A € C\ {0} and 7 € R we have
8,(A)exp{—Ae'® 1} = §*(A)exp{—Ae¥1}

SK(A) =

_ 0 - O

if x, = ¢y, and
(1-5,(1)) exp{Ae'® 1} = 6*(A)exp{—Ae%et}
if x, = (¢ + w) mod(27).
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PROPOSITION 4.6.3. Let 1 < p < o and suppose that the boundary eigenvalue
problem (4.1.1), (4.1.2) is Birkhoff regular. Then we obtain

MM:’Aolg(-,;t)M&l(l)lg((Aof,O),/l) dA| =0()Iflp as r <o

where f varies in (L,(a,b))" and Ay, M, Ig, Ig are defined in (4.1.22), (4.3.5),
“4.4.7), (4.4.12).

Proof. By Remark 4.3.2, M,, is constant in each Z,, (m = 1,...,/;). From Propo-
sition 4.6.1 and Remark 4.6.2 we infer that in every sector X, (m = 1,...,1,) each
component of Ayl9(x,A)My ' (A)3((Ayf,0),2) is a linear combmatlon of terms
of the form

w(x)((1—8,(A))exp{AR, (x)} + 8,(A) exp{A(Ry (x) — Ry(b))}) x
x 8k(/'L)/()Clexp{—leixk’c}u(T) dr (v=1,..,mk=1,...1),

where w € Lo, (a,b) is a component of the matrix function P1%, ¢, is one of the
numbers |R, (b)},...,|R,(b)|, u € L,(0,c,), and |u|, < C|f}, for some C > 0 not
depending on f. Let p; be the inverse of x — |R;(x)|. We apply the transforma-
tions x - p;(§) and x > p (IR ;(b)| — &), respectively, and obtain as in the proof
of Proposition 4.6.1 with the aid of the theorem on integration by substitution, see
[HS, (20.5)], that Proposition 4.6.3 is proved if we show that
(4.6.3)
| /w_m )84 (A) exp{—Ae'ti.} / exp{—Ae hu(t) drdA| = O(1)lul,

A|=r
for j,k € {1,...,l;} and for u € L,(0,c,), where ¢,,c, > 0 and the norm on
the left hand side is taken in L,(0,c,). Since &/,8% are constant on I, (see
Proposition 4.1.5), we only have to consider those j,k € {1,...,[,} for which
8I(A) =8%(A) =1forall A € I,.

First let j # k. Since R(Ae'%) > 0 and R(Ae'%) > 0 as §/(A) = 8¥(1) =1,
Lemma 2.7.2 i) yields that there is a C > 0 such that, forv € L ,(0 ),

’/Oczv(é /ﬁz exp{— /le’llg}/ exp{—Ae%t}u(t )drdldé’

<c 'lﬁzm(l+m(ae%)|)“‘/"(1+|9t(xe"xk)|)‘/”“‘|du|v|,,|u|,,

=3 Zm1 (1 —-1/p 1 1/p-1
:C/,, . (;+|COS((P+7CJ‘)|> (;+|COS((p+Xk)|) d(p[v[p,’u|p_
T 2T Am

The integrand is bounded by the function
8(9) = |cos(@+ ;)| "/Plcos(@+ )P
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We have x; — x; & {~n, 7} since 6/(1)8%(1) =1 for 4 in the non-empty set
L. We infer that the function g is piecewise bounded by functions of the form
Ccos(-+a) P with B € {1/p,1—1/p}. Since

cos(x + %))nﬁ |5

x> 'cos(x+%)l—ﬁ= ( ®

is the product of a bounded function and an integrable function in a neighbourhood
of 0, g is an integrable function, which proves (4.6.3) for j # k.
Now let j = k. We calculate

[Iez exp{—/l.ei%f'é}/c1 exp{~Ae%it}u(t) drdA
jAl=r o

- /0 i /le):”‘exp{—leixf(é+T)}d/lu(‘c) dr

IAl=r
= [MenE ey x
x (exp{re 2§ 1 1)} —exp{re At (E + 1)} () dr

. (T a9 1
P e—lxj' ex re‘('g"_1m+xj‘) /
{ ¢} o E+7

. gE a9 1
—e ’xiexp{re'(2 x,,,_1+x,-)§}/
0

E+1
Since R(Ae'%) is nonnegative for all A € £, we obtain that %(ei(%—x"'foj)) and

m(ei(%—x,,,_ﬁxj)) are nonpositive. Thus (4.6.3) is proved because of Proposition
452. O

exp{rei(%"x"‘J’xi)r}u(f) dt

exp{re!c Hn1 ) }u(7) d1.

PROPOSITION 4.6.4. Let B > 0. Then

</|A|=,(1 +IRA))) P ldA] = 0(1) as r — .
Proof. We calculate
/mz,(”!%(wl)—‘-ﬂ al= [ (1 4+ ricos o))~ P dp
S4/O§r(rcos o) '\P d(p+8/f rsin@(1 + rcos )~ do
4

<ar(2) P+ L (14 rosp) P

Al DR

™| oo

< 2B+igy—By %. O
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PROPOSITION 4.6.5. Let 1 < p < oo. Then we obtain for f € (L,(a,b))"
Mklzrl?(-,Aof,/l)d/l =00l asr e

where Ay and I? are defined in (4.1.22) and (4.4.8).

Proof. We set

Y= {A €C: A = 5, R(Ae®) > 0},
¥y ={A €C: A =r, R(Ae'?) < 0}.

Let IV) be the nx n-matrix whose v-th diagonal block is /,, and whose other
components are zero. We have

!

!
AGE(x,A) = z_: Z Jexp{AR,(x)}.

v=1

. -1 .
Since A, and plol commute, we obtain

fuw 19(x, Ay f, ) dA
- pmuxh-Am»Eaxx/ﬁﬂaxrvwrkamJ@wﬁdz

|Al=r

b -1
“ﬂkN%MMWWM/E@M”W]@AﬂQ@M

X

= Z P[O] /axexp{l(Rv(x) —Rv(é))}P[O]_l(g)f(é) d& da

—zgﬁfﬂ%wﬂ”/%nﬂamxn—Rwﬁnwﬂf%af@ﬁwdx

=—Ze2%W //wﬁnm )= RN} (£)7(8) dE de

—r a

where we have used that the contour integrals along the semicircle y,fv and the

line segment rei(z =), —rei(3-9v) and the contour integrals along the semicircle

¥y and the line segment —re'(3=9+) rei(3-¢+) are 0 by CAUCHY’S theorem. Now
the assertion of the proposition immediately follows from Proposition 4.5.3. [J
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PROPOSITION 4.6.6. Let 1 < p < oo and suppose that there is a number p > p
such that Ay, € My n,(Ls(a,D)) for v =1,...,1. Here A gy is the block of A
with index (0, V) according to the block structure of A, . Then there is a number
N < 1/p such that

v.u=0
V#EU

L((80f,0),4) — B((84f,0),4) = 0<maX(1+9‘(le”"““)|)l+n) |£1p

for f € (Ly(a,b))", where Ay, Iy, I9 are defined in (4.1.22), (4.4.6), (4.4.12).
Proof. We have
L((80£,0),2) = ((4,£,0),2)
= L,((80£,0),4) = B(((l+ PPBy(-, 1)) A £,0),4)
+B((POIB,(-,1)A,f,0),4).
We multiply the matrix functions in Proposition 4.4.5 by E(&,A)Y (&,A) "' Ay f(€)

from the right and integrate from a to b. In view of (4.4.11) we obtain with the
aid of Proposition 4.4.3, (4.1.10), (4.1.12) and Proposition 4.3.3 1),1i) that

I5((80£,0),4) = (1 + PPIBy(-,2)) 80 £,0), 4)
== LW/ Bo(a;. ) [ B, 200 - BANT(E,2) 8 £(8) d
j= a

—/bWO(t BO(t,/l)/tE(t,/l Yy — AANY (E,4)7 A £(E) dE de

+ZW Bya, /E ap AT (E,4) 8 f(8) &

/WO ot A / E(t, ALY (E,2) 7 A, f(E) dE dr
NIl

Since B,(-,A) and BO(~,/1) are of the form {O(7,(A))}, see (4.1.18) and Propo-
sition 4.4.3, we infer that

L((89f,0),4) = B (I + PUBy(-, 1)) £,0),4) =
= Y WByla;,2) [ B, 2)EEA) (- 8()PY ()80 (E) 6
j=0 a

— [ Walo)Bo0,) [ B AIEE ) - AP (€)80(6) 05
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oo A b -1
+ Y WB(a,2) [ Ela, EEA) T AMPOT (E)a(E) dg
j=0 4

b b
+ [ W Ol / E(A)E(E,)7 AP (€)a0(8) o
+{O0A™NY +0(1,(A))*}I£l,-
With the aid of Proposition 4.3.5 it follows that

I((89f,0),4) = B(((n + PPIB (-, 1)) A0 £,0), 1)

= {O(l’) +0(1,(1))°

+{Bo(,2)}=0 ( max (1+ We"*’w)l)“‘““’) } flp-
vu
Hence

L((Agf,0), ) = B(((I + PPIBy(-, 1)) Ao £,0), 1)
=0 (max (1+ |9{(let¢vu)|)“+"') 171,

v,u=0
VEU

where ' = max{0,~1+2/p}. From the definition of B, (see the proof of Propo-
sition 4.4.3) we infer

POIBy(,4) = ~By(-, )P +z 1) (B, )P )’

= —B,( A)PO "+ {0(1,(1))}n.

Thus we obtain the estimate

L((8£,0),4) = B((4,1,0),)

= ~R((Bo(- 1)PP ' 80£,0),2) +0 ( max, (14 [R(Ae®)]) " ) I
v
The proof of the estimate of T yhand T, T  h in (2.8.35) yields that

(In Ao)B A) = {0( (A}
since (I, — O)Q[O] € My(L;(a,b)) by the assumption on the A, . From
Bo(-,A)Ag = AyBy (-, A)Ag + (I, — Ag) By (-, A) A,
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we infer

I3((A0f,0),l) _Ig((A()f)O)>A')

= ~B((80By( )P 80£,0),4) + 0 | max (1-+[%(Re®)) ™" | 1]
V#U

where 11 := max{n’,1/p} < 1/p. Finally, Proposition 4.4.10 yields

B((AgBo(-A)PU T A £,0),2) = 0(2,(M)2fl,. O

LEMMA 4.6.7. Let 1 < p < co. Suppose that A| € M,(Lw(a,b)) and that there is
a number p > p such that Ay o, € My, n,(L;(a,b)) for v=1,...,1. Here Ay, is
the block of Ay with index (0, V) according to the block structure of A, . If p < %
we require that the condition (4.1.19) holds. Let W, be defined by (4.1.10) and
suppose that Wy € M,(L,(a,b)) for some number q > 1 and that a and b are no
accumulation points of the set of points {a JEN, W ) # 0}. Suppose that the
boundary eigenvalue problem (4.1.1), (4.1. 2) is Btrkhoﬂ regular and choose the
curves I, (v € N) according to Theorem 4.3.9. We define

P,f =——f T A)AL0) A (f € (Lya,b)),

27

where J : (W, (a b))" — (Lp(a,b))" is defined by Iy = Aoy and A is given by
(4.1.22). Then {P, : v €N} is bounded in L((L,(a,b))").

Proof. By A; =AyA,, (4.4.14), Proposition 4.4.4 i), (4.4.19), Proposition 4.4.2 i1),
Lemma 4.4.6, Proposition 4.6.6, and Proposition 4.4.10 it follows that

AT HAYALL,0) =AY (A, £,4) + A3 (- )M~ (M) B ((A, £,0), 1)

+{0 mlaxo(l +|9i(le"”v“)|)_l—ﬂl Iflp
V=
o ,

for f € (Ly(a,b))" and A € U [y, where B’ :=min{¢,1 -1/p,1/p—m} >0, ¢

is as in Proposition 4.4.21i), and 7 is as in Proposition 4.6.6. From Proposition
4.3.61v), v) and the definition of M,, in (4.3.5) we obtain

M(A) = My(A) = O | max (1 [t (Ae™on)])” -+,
,,u——
v#u
where 8 := min{f8’,a} > 0 and « is as in Proposition 4.3.6 v). Hence Lemma
4.4.6 with s = 0, Proposition 4.3.1 and Remark 4.3.2 yield
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4.6.4) M~ A) - My (L) = M7 (A) (My(A) - M(A)) My (A)

=0 | max (1+|R(Ae®n)]) P
vu=0
V#U

for A € J I, . This estimate, (4.4.19) and Proposition 4.4.10 yield
v=0

8T ()AL £,0) = B, A, £, 2)+ 8688 MMy (WB((A,£,0), )

+{ 0| max (1 + |9((/1€'q’”“)|)~1—ﬁ |flp
#._
V#UL p

for f € (Ly(a,b))" and A € D I,. The statement of the theorem now follows
0

V=
from Proposition 4.6.5, Proposition 4.6.3, Proposition 4.6.4, and (4.4.13) with
respect to the Banach space M,(L,(a,b)). O

LEMMA 4.6.8. Let E and F be Banach spaces such that F is contained continu-
ously in E. Denote the corresponding embedding by J.. For v € N let P, € L(E).
Suppose that {P,J : v € N} is bounded in L(F,E). Let H C F such that P,w — w

inE as v — o forallw € H. Then Pyz — zin E as v — oo holds forallz € H' .

Proof. We may assume without loss of generality that |J.| < 1. Letz € A" and

€ > 0. Set M := sup |P,J,|. Choose w € H such that [z —w]|; < 3% and vy €N
veN

such that |P,w — w|p < for v > v,,. We obtain

e
IPyz—z|g < |PJEllz—wlp+ |Pow—w|g+|z—wlp<e. O

THEOREM 4.6.9. Let 1 < p < oo. Suppose that A; € M,(Lw(a,b)) and that there
is a number > p such that Ay, € My, n, (Lﬁ(a,b)) forv=1,...,1. Here Ay,
is the block of Ay with index (0, v) according to the block structure of A . If p < %
we require that the condition (4.1.19) holds. Let W, be defined by (4.1.10) and
suppose that W, € M,(L,(a,b)) for some number q > 1 and that a and b are no
accumulation points of the set of points {a; : j € N, W ) # 0}. Suppose that the
boundary eigenvalue problem (4.1.1), (4.1. 2) is Blrkhoﬁ‘ regular and choose the
curves Ty, (v € N) according to Theorem 4.3.9. We define

Pf = =gm § TS0 (FELyla b))

2ri

where J : (W (a b))* = (Lp(a,b))" is defined by Jy= Ay and A, is given by
(4.1.22). Then 31_1;11 P,f = f holds for all f € (Ly(a,b))" with f = A f.
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Proof. We are going to show that the assumptions of the foregoing lemma are
fulfilled. Here we take E = F = (L,(a,b))". The boundedness of {P,J : v € N}
was shown in Lemma 4.6.7. Let Q := {4 € C:|A| > v}. For A, u € Q we define

_(2-140(. 7Y _ 1;—140(.
suy= (THTESD SO peman)
Then B(A,u) € L((Wpl( )) y(Lp(a,b))" x C"), and the operators B(A, L) are
uniformly bounded in L((W ( b))",(Ly(a,b))" x C") for A, 1t € Q. Set Jyf :=
(4,£,0) (f € (Lp(a,b))". Then

JoJ==A-w) " (TA)-T(w)-B(A,1))  (AHEQAFN)
since A, = A,Ay. For 4y € @\ U T, we have with S, , as defined in (4.4.15) that
v=0 '

- . 1 1 e~
T80y (M) = ﬁf{r el AT (L) dA

1 ~— 1 1 ~—~
— ¢ JT Y A)JJdA - ?{———JT‘I MB(A,A,) dA.
g B T AT ah = 2§ o T (LB o)
With the aid of Theorem 4.4.11 i) we infer

l?é ——JT (A)B(2,11) 42|

sf 1A= 24l 'TT 1 (2)] 142 sup [B(R,A9)] =0
Iy

A€l

as v — oo, Thus, in view of Theorem 4.4.11 ii),

J=lim P,J.
V—oo
Hence we can take H = Ay(W}(a,b))". Since C'([a,b]) C W, (a,b) is a dense
subspace of L,(a,b), see [HO2, p. 17], we obtain H = Ay(L,(a,b))". O

4.7. Uniform estimates of the Green’s matrix

In this section we consider p = oo, i.e., the norm of uniform convergence. In
particular, all general assumptions involving p are understood to hold for p = co
unless otherwise stated.

PROPOSITION 4.7.1. Suppose the boundary eigenvalue problem (4.1.1), (4.1.2)
is Birkhoff-regular. Then we obtain

£, B CAIMG! QIB((87,0)2) 3A|_ = O(1)Iflgy as 7=
where f varies in (BV[a,b])" and Ay, M, Ig Ig are given by (4.1.22), (4.3.5),
4.4.7), (4.4.12).
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Proof. First we note that Proposition 4.6.1 also holds if we replace L,(a,b) and
its norm by BV [a, b] and its norm. Also note that BV [a, b] is a Banach algebra and
that P9 and P10~ belong to M,(W.(a,b)) C M,(BV]a,b]). For the application
of Proposition 2.7.1 in the proof of Proposition 4.6.1 we have to observe that the
convolution from L,(a,b) x BV[a,b] is a continuous bilinear map into BV [a, b].
Proceeding as in the proof of Proposition 4.6.3 we see that it is sufficient to show
that there is a constant C such that

]/Ae):,,, 1)8%(A) exp{— le’xfx}/ exp{~Ae%t}u(t)drdA| < Clulgy,
[Aj=r
holds for x € [0,¢,], u € BV[0,c,] and r > 0, where the notations and conditions are
as in the proof of Proposition 4.6.3. Now we are going to show that the assump-
tions of Proposition 4.5.6 are satisfied. Weset ¥, = =% —¥u. = -5 = X,_; >
m = x;+ %, M, = X, + 7. Since, for sufficiently small £ > 0,

§/(eM) = §(eh=8)) = §¥(eh) = §k(lh9) = 1,

we infer ¥, + xp (%, 5] mod(2x) for v = 1,2 and 4 = j,k, and it follows that
Y+ My € [£, 37 mod(27) for v, p € {1,2}. We have 1, — %, & 7Z unless I = 2.
If j # k and [, = 2, then §/(1)8%(1) = 0for all A € C\ {0}. Hence only j = k has
to be considered in case ¥, — ¥, € nZ. Therefore Proposition 4.5.6 is applicable,
and the desired estimate holds. [J

PROPOSITION 4.7.2. For f € (BV|[a,b])" we have

| 1, BC8f2) 03] =0y as 7=,
where A, I? are defined in (4.1.22), (4.4.8).

Proof. This is the same proof as for Proposition 4.6.5. Only in the last step we
have to apply Proposition 4.5.4 instead of Proposition 4.5.3. O

PROPOSITION 4.7.3. Suppose that ry,...,r, € W} (a,b) and that Ag oy belongs to
M,,()‘,,V(Wll (a,b)) for v =1,...,1, where A, is the block of A, with index (0, V)
according to the block structure of A| . Then

L((80f,0),4) — B((8g£,0),2)

o "+o0 Vnzla_x(mm(xe'%u)t) )
V#L

for f € (Lp(a,b))", where A, 13, are defined in (4.1.22), (4.4.6), (4.4.12).
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Proof. As in the proof of Proposition 4.6.6 we obtain

L((A£,0), 1) — B((Aef,0), 1) = B(((In — Ag)Bo(-, A)PO ' Ay £,0),2)
= 0(A7") + O(1-(1))?.

Then the required estimate will follow from
(4.7.1) |(In — Ag) By (-, A) ] = O(A71) + O(T(A)).

To obtain this estimate we return to the proof of the estimates of By(-,A) in
Section (2.8). It is sufficient to show that, with f, defined in (2.8.33),

(In - Ao)f,l = —(In - AO)TAJ (In) + (In - A())(T)vz,l + T,l,lT;L,z + TL2TA’1)gl

satisfies the estimate {O(A 1) + O(7..() } where g/I {o(1)}..

We have the estimates (I, — Ay)T, | (/ { O(A~h)}_, in view of Remark
2.7.3 and Tf,lgl = {0(1.(1))*}_,. Also T 3.2 is bounded from M,(Lw(a,b)) to
M,(W.(a,b)) and independent of A, which implies 7, |7} ,8, = {o(x=h}_ in
view of Remark 2.7.3. Therefore we still have to consider Tx,le,lgA’ i.e., we
have to consider the function z(x,A) as in (2.8.36):

wt=wte [ @ [C enlaen [l - nimian b s

vi

Writing the outer integral as an integral from x,, (1) to x,,(4) and an integral
from x,,(A) to x, we see that we may assume that x,,, (1) = x,,(2) in order to
find an L..-estimate of z{x,A). We cannot apply Remark 2.7.3 directly. Therefore
we interchange the order of integration in z(x,A) and obtain

2(x,4) = w(x) / ’ ult)z (s ) o

vu()

where
zy(x,1,4) =/tXV(€)exp{/16"“’V“ /télrv(n)*rp(n)ldn} dé,

|t < Cgy | = O(1), and v € W} (a,b) contains the components of (I, — Ag)A,.
Remark 2.7.3 shows that z,(x,z,A4) = O(A™") uniformly for all x € [a,b] and ¢
between x,,(A) and x, and the estimate (4.7.1) is proved. [
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LEMMA 4.7.4. Suppose that A; € M,(W}(a,b)) and that Ay o, € M n, (W (a,b))
forv=1,....1, where Ay, is the block of Ay with index (0,Vv) according to the
block structure of A,. Suppose that the matrix function W, defined in (4.1.10)
belongs to M, (Ly(a,b)) for some g > | and that a and b are no accumulation

points of the set {a JEN, W ) 4 0}. Suppose that the boundary eigenvalue

problem (4.1.1), (4.1.2) is Bzrkhoﬂ regular and choose the curves T, (v € N)
according to Theorem 4.3.9. We define

Pt ———75 TFNAYAL0)dA  (f € (La(a,B))),

2mi

where J ( 1(a,0))" = (Lo(a,b))" is defined by Jy = Ayy and A, is given by
(4.1.22). Then {P, | (BViap - Y € N} is bounded in L((BV[a,b])",(Lw(a,b))").

Proof. We use estimates similar to those in the proof of Lemma 4.6.7. Using
Proposition 4.7.3 instead of Proposition 4.6.6 we obtain

AT (A)(AL£,0) = Al (A, f,4) + AT (- A)M ™~ (A)B (A, £,0),4)

+{oA H+o méixo(1+|9ﬁ().ei‘pv“)\)~2 | fleo
V=
V#EU oo

and then

BTN () (A, £,0) = AT, A, £, 1) + B8 (, A)MG (MB((A, £,0),2)

+{oAN+o0 m’axo(l +R@Aer )P Il
Vo=
V;”lu =)

for f € (Lo(a,b))", A € U T, and some B > 0. The statement of the theorem
v=0
now follows from Propositions 4.7.2,4.7.1,and 4.6.4. 0O

Apart from the operator function T we shall also consider
- ()
I§
where

and

TRy = ZWO“)y(aj)+ j W (x)y(x) dx

fory € (W.(a,b))". Note that 7~"0Ry can also be defined for y € (Cla, b])".
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THEOREM 4.7.5. Suppose that A, € M,(W](a,b)) and Apoy € M0, (W) (a,b))
Jor v =1,...,1, where A, is the block of Ay with index (0,Vv) according to the
block structure of A|. Suppose that the matrix function W, defined in (4.1.10)
belongs to M,(L,(a,b)) for some g > 1 and that a and b are no accumulation
points of the set {a JEN, W ) £ 0}. Suppose that the boundary eigenvalue
problem (4.1.1), (4.1.2) is Btrkhoﬁ‘ regular and choose the curves T, (v € N)
according to Theorem 4.3.9. We define

Pf =g § T O@L0G (fE (Lafab)),
where J - (W)(a,b))" = (L.(a,b))" is defined by Iy = Aoy and A, is given by
(4.1.22). Then ]1m 1 Py f = f holds for all f € (Cla,b) N BV[a,b))" satisfying

f=A,f and

4.72) B(A)f := BgMo(A) ™ B(((8g — 1AL T5 1), 2) =0

for some A € C\ {0}, where M,,, 13? are given by (4.3.5), (4.4.12). The condition
B(A)f = 0 is independent of A, and there are exactly n — ny, linearly independent
linear functionals given by B(A).

Proof. We shall show that the assumptions of Lemma 4.6.8 are fulfilled if we take
E = (Lo(a,b))", F = (BV|a,b])", and

H = {y € Ay(W.i(a,b))" : B(A)y =0}.

The uniform boundedness of the operators P,/ was shown in Lemma 4.7.4. Next
we prove that P,y — y as Vv — oo in (L.(a,b))" for all y € H. In the following we
shall use that the condition B(A)y = 0 is independent of A € C\ {0}. The proof
of the independence will be postponed to the end of the proof of Theorem 4.7.5.
Let Q:={A € C:|A| > y}. For A,u € Q we define

(2 =107 4N _ 4 —140/.
= (T T ) veoeon

Then B(A,u) € L((Wl(a,b))", (Lo(a,b))" x C*), and the operators B(A,u) are
uniformly bounded in L((W.}(a,b))", (L.(a,b))" x C") for A, € Q. Further-
more, |B(A,u)| = O(A7!) +0(u~") as A, — . This is clear for the first
component, and it follows from (4.1.10) and (4.1.12) for the second component.
The representation (4.4.17) also holds in case p = . We immediately infer that
lJT-'(A)| = 0(1) on U I, whence

v=0

780, (A)| = 0(‘57%/1—0!)-
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Here we have written S ,,(4,) instead of Sy, since we shall vary 4, and have to
observe the dependence of S, on 4. Since |T(AO) (Ao)l =0(A; "), we infer

S0, () [T (&) — Ty(Ag)]l = (MOI = M'o')

ForveNand A € Q\T, we set

_ 1~
Por =5 fr T T B ) 0

12, = 05 2o (0™ + 0Ll ™).

As in the proof of Theorem 4.6.9 we obtain that

J=PJ =08, (h)T(A) +P,
holds for every v € N and every A, € Q such that |{4j| < py. Also, by Theorem

4.4.111v) we have
784, (o) <A0Tog(%)) ’ = o(1) as v — oo

forall 4, € Q\ U T . This shows that
v=0

j’_ ij'_ fsoyv()'o) ((In A )TO (2‘0)) \ — O(M'Ol_—l)

TO

Then

limsup
V—o0

forall A, € Q\ U I', . Again from the estimates in the proof of Theorem 4.4.111)

we infer that only the terms coming from

A3 MIMo(2) T B (1 = B) Y — Ag»), T5¥), A)

. L, — AT (A
mn ‘]SO,V()'O) (( ! QT'())RO ( 0)

Hence P,y — y in (L.(a,b))" as v — o for all y € H. Therefore, we can
apply Lemma 4.6.8, and the convergence result in Theorem 4.7.5 follows if we
show that

) y do not necessarily tend to zero as v — oo,

H = {y € 8(Cla,b]NBV[a,b])" : B(A)y = 0},
where the closure is taken in (BV [a,b])". Since H consists of continuous functions
and since the BV -norm is stronger than the L..-norm, we have that H C (Cla, b])".
Also, B(1) : (Cla,b])" — C" is continuous. Hence B(A)y =0forall y € H.
We still have to show that every function z € Ay(Cla,b] N BV([a,b])" with
B(A)z = 0 belongs to H. To this end we first note that C'[a, b] is a dense subset
of Cla,b]N BV [a, b] with respect to the norm of bounded variation. It is sufficient
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to show this for nonnegative nondecreasing functions f in Cla,b] N BV [a,b]. Set
f(x) = f(a) for x < a and f(x) = f(b) for x > b. Take any sequence of nonnega-
tive functions (9,)7_, in C5 (R) with fg ¢,(x) dx =1 and supp¢; C [—¢;,¢;] with
€; — 0 as j — co. Then the convolution f * ¢; belongs to C*(R) and tends to f
uniformly, see e. g. [HO2, Theorem 1.3.2] and its proof. Also, since f is nonneg-
ative and nondecreasing, all the f % ¢ ; have the same property. Hence f * ¢, also
converges in BV [a,b] to f.

Let {y;,...,y; } C Ay(W.(a,b))" such that {B(A)y,,...,B(A)y; } is a basis
of {B(A)y : y € Ay(W.A(a,b))"}. Now let z € Ay(Cla,b] N BV[a,b])" such that
B(A)z = 0. Since C'[a,b] C Wl(a,b), the denseness result from the previous
paragraph shows that there is a sequence (z,)§ in Ay(W.l(a,b))" with z; — z in
Ay(Cla,b)N BV [a,b])". There are @;, € C such that

B(A)z, = ZoiaLkB()L)y ; (keN).
=

From B(A)z = 0 we infer B(A)z, — 0 as k — oo. Hence o, »0forj=1,....j,
as k — oo because of the linear independence of B(A)y,,...,B(1)y j, - This shows
that

Jo
2= ) 0,
j=1

belongs to H and tends to z as k — o0, and z € H is proved.
Now we shall prove that the condition B(A1)f = 0 does not depend on A. Let
I3 and 197 be defined as I as in (4.4.12) with A(A) replaced by arbitrary diagonal

matrices A' () and A%(1), respectively. Then E(t,A1)(I, — Ay) = I, — A, yields
I:(),)YI(((AO _In)AOf) T()Rf)7l) ~1§)’2(((A0 - In)AOf’ j\:()Rf)aa')
~ b
= (8 = 1A' (1)~ 42(3)) [P (£)a(6)(8)

= Mo(A) (89— 1,) (8'(2) = 4°(2)) LbP[°]"(¢>Ao(é>f(é)dé.

This shows that B! (1) = B2(1), where B'(1) and B?(A) are defined as B(A) with
I3 replaced by I and I2?, respectively. Taking A'(A) = A(A) and A*(4) = 0 we
infer that

B(A)f = AMy(A) ' (A = L) Ao f, T ), ),
where it is easy to see that I9?(((Ag — In)Aof, I £),A) does not depend on A. Let
A, Ay € C\ {0}. Then

Mo()'o)—lMo(A') = Mo(lo)_lﬁo(l)Ao + Mo(ao)_lﬁz(ln - Ao)
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implies that
My(Rg) ™ My(R) (I, — Ag) = My(Ag) ™' M, (I, — Ay).

The right-hand side shows that this matrix is independent of A, whereas the left-
hand side for A = A, shows that it is I, — A,. Hence, with 4, fixed, it follows

that
-1 . In D1 (A)
with suitable matrix functions D,(A) and D,(A). Now

(160 Dz(zl)) A()Mo(l)_l = A0 <160 lD)Lgi;) MO(A)_] = Aoll/lo(/‘to)_1

shows that B(A) f = 0 is independent of A since D,(A) is invertible.

This also shows that the number of conditions given by B(A) f = 0 is at most
n— ny since A, has rank n —n,. We still have to prove that it is at least n— n,,.
To this end we observe that, for any cy,c, € C* and any € > 0, we can find
fe € (Cla,b]N BV [a,b])" such that f.(a) = ¢y, fe(b) =c,, |fe|, < € and

1o fe = WO fe(@) + W fo(b) = W%+ Wile,
(note that we assume that a and b are no accumulation points of the a ; for which

Wo(j) # 0). For example, we can take for f; the function whose graph consists
of the line segments connecting the points (a,c,), (a+ 8,0), (b — &,0), (b,c,),
where & is a sufficiently small positive number. Then

. -1 0 1
lim B(A) fe = AgMo(2) ™ (W% o+ WVey)
yields that it is sufficient to show that
AOMO(A)_I(WO(O)aWo“))
has rank n — n,. But this is obvious since

Ay = BgMy(A) " My (M) Ay = AMy(A) "' My () A,

P[O](a)(ln —A("L))A
= AgMo(2) 7 (W0 W) ( PO(b)A(L)A 0>'
0

REMARK 4.7.6. 1) If ny = 0, then A, = I,, and the condition B(4)f = 0 reduces
to TR f =0.
i1) Let A be a diagonal matrix whose first n,, diagonal elements are zero and whose

other diagonal elements are zero or one. Then it is immediately clear from the
proof of Theorem 4.7.5 that li_1>n AP, f = f holds for f € A(C(a,b)NBV[a,b])" if
Voo

AMy(A) "B (A — I)Aof, TE £),A) = 0 for A € C\ {0}. From Theorem 4.7.5
we know that there are exactly n — n, conditions given by B(A) f = 0. Therefore,
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for such A with rank A = m, the number of conditions lies between m and n — n,,.
In general, the conditions depend on A and have to be evaluated for each sector
¥, (see Remark 4.1.4).

REMARK 4.7.7. In case T f = 0is a two-point boundary condition we have

By(A)S = B(((8g — L)Aof, T3 1), 1) = Wi £(a) + WiV £ ()

-1

= (W A) = Wi PB) (1, = AR (1 = A) / PI(E)4,(8)f(6) de.
As was seen in the proof of Theorem 4.7.5 we can take A(A)(l, —Ay) = 0 or
AA)YI —Ay) =1, — A,
REMARK 4.7.8. If y € (W.!(a,b))" and lim P,y =yin (Lo(a,b))", then it follows

—)oo
that y € Ay(W,}(a,b))" and B(A)y = 0, where P, and B(A) are as in Theorem 4.7.5
and A, is defined in (4.1.22).
Proof. Since R(P,) C Ay(W.(a,b))", the condition y € Ay(W.(a,b))" is neces-
sary. And from the proof of Theorem 4.7.5 we immediately infer that vlim Py=y
-—oo
holds for y € Ay(W.l(a,b))" if and only if
lim limsup‘f —L——A B(x, py A )My (A)~! x
W:ll—% 072\ Ky 0

}.O—WO V—oo

x L(((4g )Ao)’aTo y),A)dA|=

uniformly for all x € [a,b]. It is easy to see that the limit superior does not de-
pend on A,. For simplicity, we thus may take A, = 0. We also may multiply

B(x,pyA) by po~! (x) from the left. Hence we have that lim P,y =y holds for
y € Ag(W.(a,b))" if and only if
'y (x) =
?|{,1|=1%A0((1" — AA))E(x,pyA) + A(A)E (x,py L) E (b, pyA) " )My(A) ™" x
x B(((8g = In)Ag» Tg'y), 1) dA

tends to 0 as v — oo uniformly for all x € [a,b]. The components of this integral
are of the form

W

(4.7.3) / i”exp{e"“’ple,-(x)i}ml(<p) de

+ / exp{e®py (IR, (x)| = R, (b)]) ym,(0) do,
2
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where m, and m, are step functions consisting of those parts of the components of
B(A)y which only depend on arg A, and j € {1,...,l}. We are going to show that
m, = 0 and m, = 0. Assume that the first integral in (4.7.3) is different from zero
for some v, € N and x, € [a,b]. Since |R}| is strictly increasing and continuous
with R (a) = 0, there is a (unique) x, € [a,b) such that py[R;(xy)| = Py, | R;(xv)]
for v > v,. From py|R;(b)| — oo as v — o we infer that, with these x,, the second
integral tends to zero as v — oo by LEBESGUE’S dominated convergence theorem.
This shows that /Vy(x, ) would not tend to zero as v — co. A similar argument with
the second integral shows that both integrals in (4.7.3) must be zero for all v € N
and all x € [a,b].

It follows that ,

7% ;
/,, exp{e'®p}m;(¢)dp =0
2
for j=1,2 and all p > 0. Differentiating with respect to p gives

3

” . .
4.7.4) /ﬂ2 e exp{e?p}m;(@)dp=0

2

for all nonnegative integers k. Integrating with respect to p gives
3
i i i
[ e lexplei®p,} — explei®p)]m;(9) do =0,
2
where 0 < p < p, . Forp, — oo,

P 4
[[2 e”?exp{e'?p, }m;(¢)dp — 0

2

by LEBESGUE’S dominated convergence theorem. Hence
3

[ e exp(epim,(¢) dp = 0

2
for all p > 0. Repeating this integration we see that (4.7.4) holds for all integers k.
Since {€**? : k € Z} is a basis in L,(%, %n), we infer that exp{ei‘Pp}mj((p) =0
and hence m; = 0 and m, = 0. This shows that B(A)y =0. O

EXAMPLE 4.7.9. We consider the boundary eigenvalue problem
Y =24y +A4g, WO0)+wy(1) =0,

00 0 0 a B
A=(0o1 0], A=(0 0 0],
00 —1 00 0
0 0 -1 1 0 -1
wO=[-11 o], wll=]0 0 1],
0 0 1 01 1
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where o and 8 are complex numbers. We shall determine the conditions given
by B(A)y = 0. In this example, PI%(x) is the identity matrix for all x since [ = 2,
ng = ny = n, = 1, and the diagonal elements of A, are zero. Also, A, is constant,
and we obtain in view of Remark 4.7.7 that

By(A)y =Wy (0) + wily(1)

_m@Mm—wmm—Mﬂmhﬂw%Lgﬁmé

We have
1 00 0 00
Al)=10 1 0}, A-1)=|[0 0 O
000 0 01
M, has the two values
1 0 -1 1 0 -1
My(l)={-1 0 0|, MO(—I)_ -1 1 1
0 1 1 0 0

0 -1 0 1 0 1
Mi)'= 1 1 1], M(-1)'=[110
-1 -1 0 0 1
and
0 ~1 1 0 -1
By(l)y= | -1 1 y0)+10 0 1 |x(1)
0 0 1 01 1
0 0 0\
+lo o B [,
0 0 0/°7°
0 0 -1 1 0 —1
By(-y=[-1 1 0]y0+{0 0 1 }y1)
0 0 1 01 1
0 o pB 1
+lo 0 0 /ﬂ@%
0 0 0/7°
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it follows that

0 0 0 0
B(l)y=[-1 1 O{y0)+{[ 1 1 1>y(1)
1 -1 1 ~1 0
+lo a B[
0 —a -B/7°
00 0 000
B(-1)y=(-1 1 —=1{y0)+[1 0 0]y(1)
00 I 01 1
00 0\
+lo a B [ ye)as
00 0/7°

We have to consider arbitrary y = (0,y,,y;) € Ay(C[0,1]NBV[0,1])*. We sce
that the conditions given by B(1)y = 0 and B(—1)y = 0 are the same. Of course,
we already know this from Theorem 4.7.5. Explicitly, the conditions given by
B(A)y=0are

! 1
720 =30 +a [ 1,(E)d+B [ yy(&)dz =0
y3(0) +y,(1) +y5(1) =0.

In case & = 8 = 0 it is easy to see that any y € A,(C[0,1]NBV[0, 1])? satisfy-
ing the given boundary conditions also satisfies B(A)y = 0. But there is no obvious
way how to deduce the conditions B(A)y = 0 from the boundary conditions.

Now let us assume that we only want the convergence for the third compo-
nent. In view of Remark 4.7.6ii) we have to consider only the third component of
B(—1) and B(1). This gives the two conditions

¥3(0) +y5(1) =0,

1)~ [ () dE =0

that is, here we have to consider both B(1) and B(—1) to find a minimal set of
conditions. Also, if we only consider the second component, we obtain two con-
ditions. In this case, there is no reduction of the number of conditions obtained for
general (0,y,,y;). But there are other boundary conditions for which the number
of conditions for y, or y; alone reduces to one.
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4.8. Notes

The boundary conditions in this section are kept as general as possible and
may include (infinitely many) interior point boundary conditions as well as in-
tegral terms. In this sense, they coincide with those in COLE [CO3]. Although
this makes many proofs more involved (and certain restrictions may have to be
imposed), the interior point boundary terms and the integral term do not enter
into the condition for Birkhoff regularity if A, is invertible. The regularity con-
dition in COLE [CO3, p. 541] yields Stone regularity as defined in Section 4.4,
see Lemma 5.7.8. Our estimates of the resovent follow the approach of LANGER
[LA9] and CoLE [CO2], [CO3]. The main idea for the estimates of the inverse
of the characteristic matrix is to write all terms as a product of bounded matrices,
where the factorization may be different for different values of the variables and
the parameters. This splitting is been taken care of in the matrices A(A), so that
one can handle different cases with one formula. This, and staying with matrices,
if possible, makes the proofs more manageable.

Eigenfunction expansions are often stated as being equiconvergent with
Fourier series. Although we do not make any statements of that form, Proposition
4.6.5 may be considered as a result on the convergence of the Fourier expansion.
In this light, Proposition 4.6.5 may be seen as the main estimate, whereas the other
estimates would be perturbation results stating equiconvergence with expansions
for a simplified problem.
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Chapter V

EXPANSION THEOREMS FOR REGULAR
BOUNDARY EIGENVALUE PROBLEMS FOR FIRST
ORDER SYSTEMS

In this chapter eigenfunction expansions for regular boundary eigenvalue prob-
lems for first order n X n systems of ordinary differential equations are proved.
The boundary conditions are allowed to contain countably many interior points
and also an integral term. The first order differential system depends linearly
on the eigenvalue parameter A and the coefficients in the boundary conditions
are n X n matrix polynomials in A. The notions Birkhoff regularity and Stone
regularity are introduced for such boundary eigenvalue problems in terms of the
corresponding notions defined in the preceding chapter for boundary eigenvalue
problems with asymptotically constant boundary conditions (Definitions 5.2.1 and
5.5.1). For this the A-polynomial boundary conditions of this chapter have to be
transformed to asymptotically constant boundary conditions as considered in the
fourth chapter. Indeed, it depends on this transformation whether a boundary
eigenvalue problem of the present type is Birkhoff regular or Stone regular, and
sometimes an appropriate choice is not obvious. A method to check Birkhoff
regularity is deduced, first for the more important and simpler case of two-point
boundary eigenvalue problems (Theorem 5.2.2), and afterwards in the general
case (Theorem 5.2.3). Also a procedure is described by which Stone regularity
can be checked. The actual conditions which have to be satisfied are rather so-
phisticated, and the calculations which have to be performed are very laborious.

Under the assumption that the endpoints of the underlying interval are no ac-
cumulation points of the interior points occurring in the boundary conditions, it is
shown for Birkhoff regular boundary eigenvalue problems in the case 1 < p < o
that certain components of the vector functions in (L,(a,b))" are expandable
into series of the corresponding eigenfunctions and associated functions (Theo-
rem 5.3.2). These series are L,-convergent. If the leading matrix A, in the dif-
ferential system is invertible, each vector function in (L,(a,b))" is expandable.
For p = e, which means uniform convergence of the eigenfunction expansions,
a more restrictive result holds (Theorem 5.3.3). As in the case of Fourier series,
only continuous vector functions which are of bounded variation and fulfil certain
boundary conditions can be expanded.

203
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For Stone regular boundary eigenvalue problems the situation is more compli-
cated. In this case the resolvent behaves like some nonnegative power of A on the
regularity circles I, (v € N). It is shown that for 1 < p < e certain components
of the eigenfunction expansions of such problems converge to these components
of a given vector function if this function is smooth enough, i. e., belongs to some
Sobolev space of sufficiently high order, and fulfils certain boundary conditions
(Theorems 5.6.7, 5.6.9, 5.6.10 and 5.6.11). These boundary conditions are defined
by an iterative procedure.

Finally, the notion of strong s-regularity is introduced. This concept yields
some improvements of the above mentioned expansion theorems.

5.1. First order systems which are linear in the eigenvalue parameter

Let —co <a < b<eo, 1 <p<ooandneN\{0}. Here we consider the boundary
eigenvalue problem

(5.1.1) Y = (AA; +A4y)y =0,

o b
(5.1.2) Zw<f>(/1)y(aj)+/ W (x, A)y(x) dx = 0,
=0 a

where y varies in (Wp1 (a,b))".

For the system of differential equations (5.1.1) we assume that the coefficient
matrices A, and A, belong to M, (L,(a,b)). As in Section 4.1 we suppose that A
is a diagonal matrix,

4
Al 0

=
{l

where [ is a positive integer,
Al = roly, (v=0,...,1), Z n, =n,

where n, € N and n, € N\ {0} for v =1,...,I. According to the block structure
of A, , we write Ay = (AO’V”)’V’H:1 . For the diagonal elements of A; we assume:
ro =0, and for v,u =0,...,/, there are numbers ¢, € [0,27) such that

(ry —ry) "1 € Lu(a,b) if v # 1,

ry(x) = ry(x) = |ry(x) = ry (x)|e'® a.e. in (a,b).
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Note that it = 0 gives r;, ! € Loo(a,b) for v=1,...,] and
rv(x) = |ry(x)|e? a.e.in (a,b) (v=1,...,0),
where @, ;== @, =@, trforv=1,... L
For the boundary conditions (5.1.2) we assume that a; € [a,b] for j € N, that
a; # a, if j # k, and that a; = a, a; = b. We suppose that the matrix function
W( A) is a polynomial with coefficients in M, (L, (a,b)) and that the W(/)(1) are
polynomials in M, (C) with a common upper bound for their degrees.

The first order system (5.1.1) fulfils the assumptions of Section 4.1, but the
boundary conditions (5.1.2) are not asymptotically constant if W or one of the
wU) depends on A. In order to obtain the conditions (4.1.10)—(4.1.12) we require
that there is an n x n matrix polynomial C,(A) whose determinant is not identically
zero such that the following properties hold:

There is a matrix function W, € M,(L,(a,b)) such that

(5.1.3) CH AW (L) =Wy =0(L7")  in My(L,(a,b)) as A — oo,

and there are n X n matrices Wo(j ), j € N, such that the estimates

(5.1.4) Y W <eo
j=0
and
(5.1.5) Yl MwD @) —wi) | =0A") asi — e
j=0
hold.

We have to check that the boundary conditions (5.1.2) are well-defined. Since
the determinant of C, (1) is a polynomial and since C,(A) is invertible if its deter-
minant is nonzero, C,(A) is invertible for all sufficiently large A. Hence condition
(5.1.3) makes sense. From

Z!W |<Z\cz w(2)]1c,(4)
—oucz( )

as A — oo (see Section 4.1) we infer that
(5.1.6) YwY@yla)  (veWy(ab))

is locally uniformly bounded and convergent for sufficiently large A4, say |A| > 7.
Since C, () is invertible for all sufficiently large A, we may assume that C,(4) is
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invertible for [A| > 7. For |A| < yand k € N we obtain by the maximum modulus
principle that

\Zw y(a)| < sup ¥ WA pla,).

[1l=7 j=0

Hence (5.1.6) is locally uniformly bounded on C. By VITALI’S theorem, (5.1.6)
converges for all A € C and represents a holomorphic vector function. Thus

G1T) THy= EWOANE)+ [ WA (e wplab)”

defines a holomorphic operator function T on L((W, (a,b))",C"). Here we have
to note that the strong holomorphy, i. e., the holomorphy of Ty for each function
ye (W (a b))", implies the (norm) holomorphy of TX, see e. g. [KA1, Theorems
IIL.1 37 and I11.3.12]. For |A| > yand y € WF(a,b))" we set

(5.1.8) TRA)y = ic;l(/l)wju)y(aj)+/bc;‘(,1)W(x,,1)y(x) dx.
j=0 ¢

Then TR(A) belongs to L(W, (a,b))",C") and depends holomorphically on A for
AeQ:={AeC:|A|>7}

5.2. Birkhoff regular first order systems

DEFINITION 5.2.1. The boundary eigenvalue problem (5.1.1), (5.1.2) is called
Birkhoff regular if there is an n x n matrix polynomial C,(A) fulfilling the as-
sumptions (5.1.3)—(5.1.5) such that the differential system (5.1.1) with the bound-
ary conditions TR(A)y = 0 is Birkhoff regular in the sense of Definition 4.1.2.

Now we present a method how to check Birkhoff regularity. If v is the maxi-
mum of the orders of the polynomials W and W(/), then we can take C,(A) = A"1,.
In this case

and
G AWV -w =07 (jeN)
holds for suitable W, and Wo(j ). But in order to obtain Birkhoff regularity one often
has to take a more sophisticated matrix polynomial C,, see e.g. the examples in
Section 4.2.
First we consider two-point boundary eigenvalue problems with ny = 0. Thus
W =0and WU) =0 for j > 2. Then we write

W)= wO@)wh@)):
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If one component w;(A) is identically zero, then the matrix W(A) has rank n — 1,
and so C;'(A)W(A) has rank n~ 1 for any C,(1) such that Gyl AW (A) is
asymptotically constant. But then the determinants of all n x n submatrices of
C;'(A)W(A) are identically zero. Thus the determinants of all  x n submatrices
of
wO,wl) = lim C;'(1)W(A)
A—ro0

are zero, which proves that none of the corresponding Birkhoff matrices—which
are certain n X n submatrices of (WO(O),WO('))—is invertible.

Hence a necessary condition for Birkhoff regularity is that none of the w;(1)
is identically zero.

Let v; be the degree of the vector polynomial w; and let w(} be its coefficient of
AVYi. If the w(} (j =1,...,n) are linearly dependent, then there are «;,..., o, € C
such that

n
ajw(}zo and (qy,...,0,) #0.
=
We choose a number j, € {1,...,n} with

J
We may assume that o; = 1. We define c(A) = (¢;(A),...,ca(A)) by

c;(A) = 0 if a; =0or j=Jjp
AT A% ey if o # O and j # .

Vi, =max{Vv;:j€{l,...,n}, a; #0}.

Then
CA):=1I,—¢, c(A)

Jo
is invertible with
C'A) =Ii+e; c(A)

since c(A)e j, = 0- Now we consider C~'(A)W(A). This is again a matrix poly-
nomial. For j € {1,...,n}\ {j,}, the j-th row of C~'(1)W (1) is the j-th row of

—~

W(A), and the ji,-th row of C"1(1)W(4) is
n
Z A.Vfo_vfajwj(l).
j=0
From the definition of the v; we know that this row is a polynomial of degree less
or equal v iy’ and its coefficient of A "% is
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Hence the jj-th row of C~! (A)W(A) is a polynomial of degree less than v, - If

the j,-th row of C! (A)W(A) is identically zero, then we already know that the

boundary eigenvalue problem cannot be Birkhoff regular. If it is nonzero, then

we repeat the above procedure. The sum of the degrees of the vector polynomials
formed by the rows decreases strictly. After a finite number of steps we thus
obtain an n x 2n matrix function C~'W with the following properties:

i) Cis a polynomial and C(A) is invertible for all A € C,

ii) either one of the rows of C~!(A)W(A) is identically zero or for each j €
{1,...,n} the j-th row of C-'(1)W(A) is a polynomial, say of degree v;,
and if its coefficient of A"/ is denoted by w‘}, then we have that w?,...,w2

are linearly independent.

Boundary conditions fulfilling these properties are called normalized. Since
this procedure is done by multiplying the boundary matrices with an invertible
matrix polynomial from the left, it would be no restriction to require that the
boundary conditions are normalized.

Finally we multiply the normalized boundary conditions by

diag(A™",...,A7")
from the left. Then we obtain the representation

G 'MW @A) = W, W) + 0™,
where C,(A) is the product of diag(A"1,...,A"") and a finite number of matrices
of the form [, — e joc(/l), i.e., C,(A) is a matrix polynomial and invertible for

A #0.

THEOREM 5.2.2. We consider the two-point boundary eigenvalue problem
(5.2.1) Y — (A4, +4,)y =0, WOR)ya)+WwH(A)yb) =0

and assume that A, is invertible, i. e., ny = 0. Then the two-point boundary eigen-
value problem (5.2.1) is Birkhoff regular if and only if the following two properties
hold:

i) There is a matrix polynomial C, whose determinant is not identically zero such
that

G AYWOR),WOQR)) = WO WD) + 04" asd — e,

where (WO(O), WO(I)) is an n X 2n matrix of rank n.
ii) For any matrix polynomial C, fulfilling i) the boundary eigenvalue problem

(5.2.1) is Birkhoff regular in the sense of Definition 4.1.2.
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Proof. The sufficiency of the conditions is obvious by the definition of Birkhoff
regularity. We have already seen above that i) is necessary. Now let the problem
be Birkhoff regular and C, be a matrix polynomial fulfilling 1), i.e.,

Cy (AW (R) =W, +O(A7Y),

where W () := (WO(L),W(1)(1)) and rank W, = n. By definition of Birkhoff
regularity, there is a matrix polynomial C, such that

CTH AW (A) =W, +0(A7")

with rank Wl = n such that

W, <I" ;(‘;()’10 is invertible for all 2 € C\ {0}.

The matrix C3¢(A) is the matrix of the cofactors of C,(1), i.e., its entries are the
determinants of (n — 1) x (n — 1) submatrices of C,(A). Hence C3¢ is a matrix
polynomial. Since the determinant of C,(A) is a polynomial which is not identi-
cally zero, we have

detC,(A) = aA"(1+0(A7")) asA —eo
for some integer r and some & # 0. Hence
(detC,y(R))™! = a_ll"(l +0(A7")) asA - oo,
which proves that
CyHA)C (M) = (detC, (1) ' C(A)C(A) = ASCH+O(A ) as A — oo
for some integer s and a nonzero n X n-matrix C. Then
' AC, (CT (MW ()
= (A’C+OAN)) (W, +0(A™ 1)
= A'CW, +0(A°7Y).

Since Wl has rank » and C is nonzero, the matrix CVT/1 is nonzero. Hence s =0
and CW, = W,. Since rank W, = n, we infer that C is invertible. But this proves

that
17 In “A()*) T In _A(l)
%< AR) )‘CM< A()
is invertible for all A € C\ {0}. O
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If s € Nand f is a complex-valued function defined on an unbounded subset
U of C, then we call f an asymptotic polynomial of order s (with respect to %) if
there are f; € C (j =0,...,s) such that

f(A) = Y AT £+ 27%0(1)
j=0

as A — oo. f is called an asymptotic polynomial if it is an asymptotic polynomial
of some order s. Asymptotic polynomials for vector-valued functions are defined
analogously.

THEOREM 5.2.3. Let ny = 0. The boundary eigenvalue problem (5.1.1), (5.1.2) is
Birkhoff regular if and only if the following three properties hold:

1) There is a matrix polynomial C, whose determinant is not identically zero such
that

G A WOR),wh@R) = WO W) +0o(A™") asd e

and (WO(O),WO(I)) is an n X 2n matrix of rank n.
ii) For any matrix polynomial C, fulfilling i) the two-point boundary eigenvalue
problem (5.1.1), WO(O) y(a) + Wo(l)y(b) = 0 is Birkhoff regular in the sense of Defi-
nition 4.1.2.
iif) For any matrix polynomial C, fulfilling i) the estimates
G AMW(,A) = 0(1)  in My(L,(a,b))

and, for j €N,

G AWY(A) =0(1)  in M,(C)
hold, and the properties (5.1.4) and (5.1.5) are fulfilled, where the matrices Wo(j )

are uniquely determined by C,. If W) £ 0 only for finitely many j, then (5.1.4)
and (5.1.5) are automatically satisfied.

Proof. First we suppose that there is a matrix polynomial C, fulfilling i)-iii). Here
we have to note that

Gl (A) =AG(A),

where s is a suitable integer and 52().) is an asymptotic polynomial of arbitrary
order. Indeed,

detC,(A) = x'(ao + f_ ajl"f)
j=1

with » € N and o, 7 0 shows that (detC,(A))~! is an asymptotic polynomial of
arbitrary order. As in the proof of Theorem 5.2.2 we infer that

;' (A) = (detGy(1) "' (1)
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has the representation stated above. Thus C; ' (1)W(-,A) and the C;! (AW (A)
are asymptotic polynomials which proves the representations (5.1.3) and

'MWV =wd+o(a™") (jeN).

Conversely, let the problem (5.1.1), (5.1.2) be Birkhoff regular. Then also the
two-point boundary eigenvalue problems (5.1.1), W@ (1)y(a) + W) (1)y(b) =0
is Birkhoff regular. Hence condition ii) is necessary by Theorem 5.2.2. Let C, be
any matrix polynomial fulfilling i). We have to prove that iii) is fulfilled. Choose
some matrix polynomial C,; such that the boundary eigenvalue problem (5.1.1),
C; Y (A)T®(A)y = 0 is Birkhoff regular in the sense of Definition 4.1.2. Since the
corresponding two-point boundary eigenvalue problem is also Birkhoff regular,
we know from the proof of Theorem 5.2.2 that

G HAC (A) =C+ 0™,

where C is an invertible n X n matrix. But this immediately proves that iii) does
not only hold with respect to C, but also with respect to C,. [

REMARK 5.2.4. In case n;, # 0 we have to substitute
(WO M)A+ TRA)PO(L, - 80), WD (2)8g + T(A)PO(L, - Ay))

for (W(O)(l),W(l)(l)) in condition i) of Theorem 5.2.2 or 5.2.3, respectively.
Also, the boundary condition in ii) has to be replaced by

+ / W ()y(0) dt = 0.

We leave the details to the reader.

5.3. Expansion theorems for Birkhoff regular problems

We suppose that the boundary eigenvalue problem (5.1.1), (5.1.2) is Birkhoff reg-
ular and associate to it the operator function

TD
= (1)

where
(5.3.1) T%A»=#—Aw—lmx
(5.3.2) TR(A)y = ZW(’) )+ / W (x, A)y(x) dx

j=0
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forAecCandye (W (a,b))". We choose a matrix polynomial C, according to
Definition 5.2.1 of Blrkhoff regularity and set

. (id 0
5.3.3 T=| L)y T.
(5:3.3) ( 0 c;!

Then the boundary eigenvalue problem T (A )y = 0 is Birkhoff regular in the sense
of Definition 4.1.2. By Theorem 4.3.9 and the discussion following Definition
4.4.1 we obtain that there are circles I', centred at 0 with radii p, (v € N) such
that p, *eoas v — co and T(A) is invertible for all A € T, and v € N. Since we
may assume that C,(A) is invertible for these A, T(4) is invertible forall A € T',,
and v € N. Hence, for f € (Ly(a,b))",

5.3.4) o f ————?{ JT~ )(A,f,0)dA (veN)

2mi

is well-defined, where J - (W fs a,b))" = (L,(a,b))" is given by Jy= A,y. Because
of (5.3.3) we obtain

(5.3.5) T ) (A, ) =T A1, G (A) )
for A € p(T) and (fi, o) € (Lp(a,b))" x C*. We immediately infer that
Ov=P, (veN),
where the P, are defined in Lemma 4.6.7, 1. e.,
1

Pf==gmf T @S0 (veN).

As an immediate consequence of Theorem 4.6.9 we obtain
THEOREM 5.3.1. Let 1 < p < oo. Suppose that A € M,(L..(a,b)) and that there
is a number p > p such that Ay, € My n,(L5(a,b)) for v=1,...,1. Here Ay,
is the block of A, with index (0, v) according to the block structure of A,. If p < %
we require that the condition (4.1.22) holds. Let W, be defined by (5.1.3) and
suppose that W, belongs to M,(Ly(a,b)) for some g > 1. Assume that a and b
are no accumulation points of the set {a JEN, W ) #£ 0}. Suppose that the
boundary eigenvalue problem (5.1.1), (5. 1 2) is Bzrkhoﬁ regular and let Q, be
defined by (5.3.4). Then Ji_IEOQVf = fin (L,(a,b))" holds for all f € (Lp(a,b))"
with f = A, f, where A is defined in (4.1.22).

Since T is a Fredholm operator function, we can represent the principal parts
of T~! in terms of eigen- and associated vectors of T and T*. Since an eigen-
vector or associated vector v of T* belongs to (Lp, (a,b))" x C", we can write
v=(u,d) with u € (L, (a,b))" and d € C". For an eigenvalue A, of T we define
r(Ag) :=dimN(T (A)) and let m,; (j = 1,...,r,) denote the partial multiplici-
ties of T at A,.. Theorem 5.3.1 and Corollary 1.6.6 lead to
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THEOREM 5.3.2. Let 1 < p < oo. Suppose that A, € M,(L.(a,b)) and that there
is a number p > p such that Ay, € My, (Ls(a,b)) for v=1,...,1. Here Ay,
is the block of A, with index (0, V) according to the block structure of A|. If p < %
we require that the condition (4.1.22) holds. Let W, be defined by (5.1.3) and
suppose that W, belongs to M,(Ly(a,b)) for some q > 1. Assume that a and b
are no accumulation points of the set {a; : j € N, Wo(j ) £ 0}. Suppose that the
boundary eigenvalue problem (5.1.1), (5.1.2) is Birkhoff regular and choose the
curves T, (v € N) according to Theorem 4.3.9. Let Ay, A,,... be the eigenvalues
of T and let

{y(j)ij: 1,‘__,,-()«);[:0,...,mK’j—1}

K,l
and
{(u(j) d(jg) j= 1,,,,,r(2,,(-);l:0,---amx,j_ 1}

k!’ 7k,

be biorthogonal CSEAVs of T and T* at Ay.. Then

rd)me=l oy
=i X (T [, )

ni<ps
holds in (Lp(a,b))" for all f € (Ly(a,b))" with f = Ayf, where A, is defined in
(4.1.22).

Now we consider the case p = . In the above theorem, we used the eigen-
functions and the associated functions of the adjoint operator function to find the
coefficients of the expansion. But for p = o we want to refrain from this since
the dual of L..(a,b) has a much more complicated representation than the dual of
Lp(a,b) for p < co.

The choice of a suitable p for the boundary eigenvalue operator depends on
the functions we want to expand and the regularity of the coefficients in the dif-
ferential equation. If T is defined for p,, then it is also defined for all p < p,,.
But the characteristic matrix of T does not depend on p. Hence the partial multi-
plicities are independent of p, and any CSEAV of T corresponding to p, is also a
CSEAV of T corresponding to p < p,. In addition, a CSEAV of T* for p is also
a CSEAV of T* for p,, if p, < co. In particular, the principal part of T-! at a pole
is independent of p as a linear combination of tensor products of the eigenvectors
and associated vectors of T and T™*.

Since T~1(1) for p = oo is the restriction of 77! (1) for any p < e, say p =2,
we can consider p = 2 to find the residues of 77! in the case p = oc. Thus we do
not need the representation of the dual of L..(a,b) or even the dual of W} (a,b) in
the following theorem.

The analog of Theorem 5.3.1 is obtained for p = o if we use Theorem 4.7.5.
And with the above considerations we obtain
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THEOREM 5.3.3. Suppose that A, € M,(W'(a,b)) and Ay, € My n, (W] (a,b))
forv=1,...,1. Here Ay, is the block of Ay with index (0, V) according to the
block structure of A,. Let W, be defined by (5.1.3) and suppose that W, belongs
to M,(Ly(a,b)) for some q > 1. Assume that a and b are no accumulation points

of the set {a; : j €N, Wo(f) # 0}. Suppose that the boundary eigenvalue problem
(5.1.1), (5.1.2) is Birkhoff regular and choose the curves T, (v € N) according to

Theorem 4.3.9. Let Ay, A, ... be the eigenvalues of T and let
{yf({} j=1 (A 1=0,...,m,  —1}
and
{(@),dD): j=1,...,r(Ac); 1=0,...,m, ;— 1}

K17k,

be biorthogonal CSEAVs of T and T* at A, respectively. Then
)i

r(dyc) M. j 1
i=-im £ (B[, oo
xeN \ j=1 h=0 78
Aci<py
holds in (C(a,b))" for all f € (Cla,b)NBV[a,b])" with f = A, f and
B(A)f = 8gMo(A) ' B(((8g —~ L) Ao T3 f), ) = 0

for some A € C\ {0}, where Ay and Ig are defined in (4.1.22) and (4.4.12),
~ hind . b
TRf=Y Wi f(a)+ / Wi (1) £(1) dt,
J=0 a
and Wy, Wi (j € N) are defined in (5.1.3)~(5.1.5).

5.4. Examples for expansions in eigenfunctions and associated functions

We continue the discussion of the boundary eigenvalue problem (4.3.18), (4.3.20)

given by
/ 0 a) _
y—ly—(o O)y—O,

(6 1)20+ (5 255)00=0

We have shown that this boundary eigenvalue problem is Birkhoff regular. For
the expansion of arbitrary functions with respect to eigenfunctions and associated
functions of this boundary eigenvalue problem we have to determine biorthogonal
CSEAVs of the corresponding boundary eigenvalue operator function T and its ad-
joint T*, But since we know the characteristic matrix of the boundary eigenvalue
problem explicitly, we shall first determine biorthogonal CSEAVs of M and M*.
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We have seen that the algebraic and the geometric multiplicities of the eigen-
values depend on the values of & and . Therefore, we shall consider three cases.
First let us state some general properties. A fundamental matrix function of the
differential system (4.3.18) is

elx

Ax
Oaxe
Y(xa)‘) = ( 0 e/lx >
(see (4.3.19)). The characteristic matrix is given by (4.3.21):
e +1 ae* +1
M(A) = .
(4) < 0 (l+[3)el+l>

According to Theorem 3.1.4 we need the operator function (TRU)* in order to
determine the eigenfunctions and associated functions of 7* from the eigenvectors
and associated vectors of M*. In (3.3.4) we have calculated

(TRU)*(M)d) (x) = Y1, A)TY (1,A)TWD () Td.
Since W(1 (1) is the coefficient matrix of y(1) in (4.3.20), we obtain
rryp )= ¢ 0 d
(( )*(A) )(x) - (a(l_x)el(l—x) (A +B)el(l—x)> .

The asymptotic boundary conditions were obtained with C,(1) = (é g) . Thus

Remark 4.7.6 1) yields that the boundary condition B(4) f = 0 in Theorem 5.3.3 is
equivalent to ((1) }) fO)+f(1)=0.

If B =0, the eigenvalues of M are 0, A, := (2k— 1)wiand A_, := (—2k+1)7i
fork=1,2,....
CASEL. B=0and a=1. Fork € Z\ {0} we set
1

V.(h) := ———M(A)
k A=A,
and obtain
-1 -1
V(A =< )
| =10
since
im S
Ao A=A
We set
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Since M(A,) = 0, any nonzero element of C? is an eigenvector of M or M*, re-

spectively. From
(I)T (1) 2y —
zz)-r V/((A'k) (Ck Ck ) 12

we immediately infer that {Cl(cl)’cl(f)} and {dlgl),dlgz)} are biorthogonal CSEAVs
of M and M* at 4,.
Now we have to find the corresponding eigenfunctions of T and T*. We set

()
. . , . . u .
W i=Y (5 4)e), uld) = —(TRUY* (4)dD), W) = ( de)> (j=1,2).
From Theorem 3.1.4 we know that {yl(cl)’yl(cZ)} and { vl((l),vfcz)} are biorthogonal
CSEAVsof T and T* at A,. An easy calculation yields

A x A x
My = [€* ) () = [*€*
yk (X)—(()), yk ('x)_(elkx)’
—Ax
—e 0
W) (x) = (A) = ().

We still have to consider the eigenvalue 0. For this & can be arbitrary. Since 0 is

a simple eigenvalue and M(0) = <(2) a;f)— 1) ,d = ((1)) is a CSEAV of M™* at .
But as R

u:=(T"U)"(0)d =0,
the eigenvalue 0 does not contribute to the expansion. In view of Theorem 5.3.2
we thus obtain that the eigenfunction expansion

v . 1 .
f==lim 3 Y ¥ ) [l
k=1j=1.2
=%k
holds for all f € (L,(0,1))%, 1 < p < «, and the series converges in (L,(0,1))2.
In case p = oo we infer from Theorem 5.3.3 that the above series converges in

(Lw(0,1))? for all f € (C[a,b]ﬁBV[a,b])2 satisfying ((1) }) fO)+f(1)=0.

For example, if we take f(x) = (1

0) , then the first component yields

= 4 i sin((2k — 1) 7x)
T 21

in L,(0,1) for 1 < p < eo. But the right hand side is the Fourier series on (—1,1)
of the function which is 1 on (0,1) and —1 on (—1,0). Therefore, the above
expansion does not hold uniformly on [0, 1].
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CASEII. B =0 and a # 1. As we have already seen in the discussion of
Case I, the eigenvalue 0 does not contribute to the eigenfunction expansion. For
ke Z\ {0} we set

1
q)=[21-2,
l-a

Since
A 1 2 3
t+tl=—(A-21)-=(A-2) +0((1_;Lk))

as A — A, we obtain

RSk R
M(A)e,(3) = (-a
——(* +1)(A - 4)
) +(§—T_—)(Ala) 0((% -4,
- A A,
(A A 2 (- 2 4 O(( - )
=0((l_’1k) ).

This proves that ¢, is a root function of M at A, of order 2. It is easy to see that

—(A-2)

A= al—”kl (-;—k+1/12 )02

is a root function of M* at ).k of order 2. Furthermore we obtain that

d(A)T(A —A)2M(A)c, () = 1+ 0((A - 1))".

Since the dimension of the null space of M(A,) is 1, this proves that ¢, and d, are
biorthogonal CSRFs of M and M* at u.
Now we calculate

elx axe/lx 1
s A)am = (% ) A-4

l—o

elkx—{-—)f———elkx(ﬂ,—l )
1- k 2
= 1 Ax( 3 +O((l—ﬂ.k))
% p—
1-af ( 2
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and
~ ((T*U)*(1)4,(4)) (%)
A-24
A1-3) 0 «
- (Oz(l - x)e*(1=%) le’m“")> l—o_ (~1— + L- )(l A)

M A2

M= (4 — 4,)
= +0((A-1)%).
((1 — a)eMd1=8) — xeh(1-9) (), — A) ( )

For k € Z\ {0} we set

o= (%) o= 15

dk,O =

Uo(x) = ( )’ Uy (%) = (;:—_A:)'
(&

Then {y, 4,y ,} and { ) ( )} are biorthogonal canonical systems of

eigenfunctions and asso ociated fllI'lCthl’lS at A, . With the aid of Theorem 5.3.2 we
obtain that

v 1
f:_‘!i_r)ll’ Z Z yl’j./() u1,1_1( x)Tf(x) dx

holds for all f € (L,(0,1))?, 1 < p < o, and the series converges in (L,(0,1))2.
Furthermore, we know from Theorem 5.3.3 that the series converges in (L..(0,1))?

for all f € (C[a,b]N BV [a,b])? with (O i) fO)+f(1)=

CASE III. B # 0. We already know that the eigenvalues are A, (k € Z \ {0})
as defined above and additionally the zeros of (A + B)e* + A. We assume that
the zeros of (A + B)e* + A are simple, i.e., that this function and its derivative
(A+B+ l)eA +1 do not have common zeros. This condition holds if and only if
(A+B)e* +A and e* +1— A or, equivalently, e* +1—2 and (A +B)(A —1)+1

have no common zeros. Thus we exclude those B = —“— — i where u is any root

of e* +1— A = 0. Then the zeros of (A + B)e* + 4 and of ¢* + 1 are different and
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simple. Thus the boundary eigenvalue problem has only simple eigenvalues. We
have already given an estimate for the large zeros of (A + B)e* + A (we slightly
change the notation):

(54.1) W, = (2k—1)mi+o(1) ask — +oo,
o W, = (2k+ 1)mi+o(1) ask— —oo,

Hence, for sufficiently large natural numbers k,, the zeros of (1 + f)e* + A with
|R(A)| > 2ky7 or [S(A)| > 2k, are exactly

uk0+1uu—k0_1a“'k0+2a ‘u—kO—Z’ T

We shall show that (A + 8)e* + 2 has exattly 2k, + 1 zeros with |R(1)| < 2k,7
and |3(A)| < 2ky7 if k is sufficiently large. Thus we can denote the zeros of

(A +B)e* + 4 by t, (k € Z) such that the asymptotic behaviour (5.4.1) holds.
We know that Ae* + A has exactly 2k, + 1 simple zeros with |R(A)| < 2k,7 and
IS(A)| < 2kym, namely (—2ky + 1)7i, (—2ky + 3)7i, ..., (2ky — 3) i, (2ky — 1) 7i,
and 0. Let k, € N such that | 3| < k7. For $(1) = +£2k,7 we have ¢! = X >0,
and hence

|Be*| < |A[le* +1].

For R(A) = 2k,m we have because of |e*| > 2 that
1
|Be*| < 5Il!|ell <|Al(le* - 1)
< |Aljet +11.

For R(A) = —2k,m we have because of |e¢*| < 1 that

1
|Be*| < EIM <|AI(1=1e*))
< |Alle* +1].

Hence ROUCHE’S theorem yields that (A 4+ 8)e* + A and Ae* + A have the same
number of zeros inside the rectangle |R(A)| < 2k,7 and |3()] < 2k, 7.
-1
Fork € Z\ {0}, ¢, := (é) is an eigenvector of M at 4,,and d, := | a—1
B

is an eigenvector of M* at A,. From

(A~ ﬂ,k)_lM(/l)Ckl,lzlk - <_01)
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we immediately infer that c, and d, are a biorthogonal CSEAVs of M and M* at

A The corresponding CSEAVs y, and (Zk> of the boundary eigenvalue problem
k
are given by
elkx
V() =Y (xA)c, = ( 0 >
and
_e_ kx
w,(x) := —((TRUY* (A )d, ) (x) = A+
()= (O R = | (401 g (1B
B
Fork e Z,
oete+ 1
Cp 1= et + 1
is an eigenvector of M at i, and
0
cfk = 1
e+ 11—,
is an eigenvector of M* at l,. An easy calculation yields
d;r(l - ”k)_lM(A')Ekh:uk
_ 1 -1 A
= g AR (@R ),
et (u + Blet + 1

=1,
which proves that ¢, and Jk are biorthogonal CSEAVs of M and M* at ,. We set
ox— ol —x)et — le“‘kx

Fplx) ==Y (x,1)6, = et +1
et
0
(x) = = ((T"U)* (1 )d,) (x) = Be o wr
efe+1-

With the aid of Theorem 5.3.2 we obtain that

v 1 v 1
f:_gl_?}o{z Z )’1/0 ul(x)Tf(x)d.x-i— Z )’Nz/o ﬁl(x)Tf(x) dx}

k=1l==k k=—v



5.5. Stone regular boundary eigenvalue problems 221

holds for all f € (L,(0,1))%, 1 < p < oo, and the series converges in (Lp(é,
Furthermore, we know from Theorem 5.3.3 that the series converges in (Lo

for all f € (Cla,b] N BV [a,b])? with (8 }) £(0)+ £(1) =o0.

1))2.
,1))?

In case 8 = ;£ — p for some root p of e* +1—A =0, y is a non-simple
eigenvalue. Hence we have at most two eigenvalues for which a CSEAV contains

an associated vector. We shall not pursue this exceptional case further.

5.5. Stone regular boundary eigenvalue problems

In Section 4.4 we have defined Stone regularity for the boundary eigenvalue prob-
lem (4.1.1), (4.1.2). In an analogous manner to Definition 5.2.1 we define Stone
regularity for the boundary eigenvalue problem (5.1.1), (5.1.2):

DEFINITION 5.5.1. Let s € N. The boundary eigenvalue problem (5.1.1), (5.1.2)
is called s-regular if there is an n x n matrix polynomial C,(A) satisfying the as-
sumptions made at the beginning of Section 5.1 such that the boundary eigenvalue
problem (5.1.1), TR (A)y = 0 is s-regular in the sense of Definition 4.4.1, where
TR(A) is defined in (5.1.8). The boundary eigenvalue problem (5.1.1), (5.1.2) is
called Stone regular if it is s-regular for some s € N.

We now deduce a method how to check Stone regularity. As in Section 5.1
we can construct a matrix polynomial C, such that

{ G'Aw@R) =w +oa™h,

(5.5.1) : i
C (AW (,A) = W, + O™ in My(L,(a,b))

as A — oo, and such that the following alternative holds:
i) either one row of

Gl AY(W(,A),wha),wd(4),...)

is identically zero, or
ii) the rows of

(W, WD, Wi, )

are linearly independent.

In the first case, the determinant of the characteristic matrix is identically zero,
and hence the problem cannot be Stone regular.

Thus we shall assume that the condition ii) holds. We suppose that the as-
sumptions of Theorem 2.8.2 are fulfilled for some k > 0. First we shall see that
the asymptotic behaviour of the boundary matrices (5.5.1) can be described more
precisely. In the proof of Theorem 5.2.3 we have seen that C (A) = 1352(;{),

where 52(/1) is an asymptotic polynomial of arbitrary order. Since (5.5.1) holds,
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there are n X n matrices W( ) (v=1,...,k; j € N) and n x n matrix functions
Wy € M,(L,(a,b)) such that

k
C Z oAl (jeN)
(5.5.2) Vk=
(o - Y AW, =0(A7*")  in My(L,(a,b))
v=0

as A — oo, If only finitely many matrix functions W/ are different from zero,
then we obtain

)ﬂc;l(/l)w ):/1 W)
j=0

as A — oo, This immediately implies that

A,kl)

io W A)y(a) ~ X AT WDy(a) = 0™l

holds, where y varies in (C([a,b]))" and
W)= Awl@a) (jeN)

for sufficiently large A. Now we shall show that this estimate also holds if in-
finitely many matrix functions W) are different from zero and 1f the estimates
(5.1.4) and (5.1.5) hold with respect to C, . The matrix functions wu ) (j jeN) are
holomorphic in a neighbourhood of oo, and

WO () =W (jeN)
by (5.1.5). The estimates (5.1.4) and (5.1.5) give
Z WD)yl < ():lc2 AWD(R) W] + Z W) Yy

]_

o(1 )|)’|(o)
for y € (Cla,b])" as A — oo. This proves that

Z W(i)y(a )
j=0

is uniformly bounded and convergent in a neighbourhood of c. By VITALI’S

theorem there is a neighbourhood of co where E wu )y(a j) converges uniformly
j=0
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and defines a holomorphic function at c. Because of the uniform convergence we
have for sufficiently large » and v € N that
1

v—1 () Vi =V — v=iw U (AVy(a. ) d
o J;W (A)y(a,) dA ];) — f{szr}b WO (A)y(a,) dA

=Y wiya)).
j=0
In view of the above estimate this shows that
yo Y Wilya)  (ye(Cla,b)")
Jj=0
converges unconditionally in L((C[a,b])",C") and that

‘;()W‘Sj)y @ )l(o) =00 )Ml

Taking constant functions, e. g. the unit vectors in C*, we obtain that ) W‘fj)
j=0
converges unconditionally and hence also absolutely, i.e.,

(5.5.3) ilWV“N <o (v=0,...,k).
j=0

The Taylor expansion of E W (A)y(a ;) at oo yields that
j=0

oo

L oo
(5.5.4) Y WOA)ya) ~ ¥ A7 Y wiya;)
j=0 v=0 Jj=0

= Z A7y Z W\Sj))’(aj) = O(A’k’1)|y|(0)
v=k+1 Jj=0
as A — oo fory € (C([a,b]))".
PROPOSITION 5.5.2. Let k € N be such that the assumptions of Theorem 2.8.2 are
satisfied. The matrix functions P'} (r=0,...,k) and E(-,A) are as in Theorem
2.8.2. The matrices W‘Ej) and the matrix functions W, are as given by (5.5.2). In
addition, we assume that W, € M,,(Wlk“"(a,b)) forv=0,....k Forr=20,...,k
we set .
(g V= L WP € M, (W7 (a,8)).
v=0

With 7, (q=ny+1,...,n) given by A; =: diag(O,...,O,fnoH,...,f,,) we define

(4]
it _<.Lf’.'bﬁi)'
m.q,r - i:t]
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forme{l,...,n}, g€ {ny+1,...,n}, r€{0,....k—1}, and j=0,...k—r—1.
Form=1,...,nandr=0,...,k we set

mg.r ()

-(0) Z—qr—(’a—)l—— forg=ny+1,...,n,
Wi r =

0 forg=1,...,ny,

r—14 E,I,]r ,(b)
S0 Z_qT(Jb)— forg=ny+1,...,n,
maq,r =0

0 forg=1,...,n,.

For j=0,1andr € {l1,...,k} we set
Wi = (wh) yr

r m,q,r/mqg=1-

For j>1andre{0,...,k} letﬁ\/r(j) = 0. We set

(5.5.5) M A):=Y Y AWYE(@a;, 1)
’ j=0r=0
k r
+}:A’ /W YPU=Y(t) dr (1, — Ay),
r=0 a
where
(5.5.6) W) = Y W‘Ej)P[’_V](aj) +W

and A is defined in (4.1.22). Let
(5.5.7) M(L) = TRA)Y (A) (I, - A(A) + E(b,A)"'A(R))

denote the characteristic matrix of the boundary eigenvalue problem (5.1.1),
TR(A)y = 0, where TR(L) is defined in (5.1.8) and the fundamental matrix func-
tion

F(,A) = (i A~ Pl +/1-’<Bk(-,/1))5(-,z,)
is as in Theorem 2.8.2. Then ~
(5.5.8) ML) =M, (A) (I, — A(R) + E(b,A) ' A(R)) = o(A7¥),
where A(A) is defined in (4.1.22).
Proof. For sufficiently large A, the matrix function

oo - ok r
j;owm(x)y(aj,x)—xz/lfxw Pr=Ya;)E(a;,A)

j=0r=0 v=0
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is well-defined by (5.5.3). For ¢ € C" we set

k
+ Y A7 Y wiPr(a,)E(a;,A).

r=k+1 v=r—k

Let D (1) be either E(a;,A) (I, — A(A)) or E(a;, A)E(b, 2)"'A(R). The estimate
(5.5. 4) and Proposition 4 3.31),i1) for c = a; and d = a or d = b, respectively,
yield that

o k k
\ZOR(’)().) Z())L"PM (aj)Dj(l)‘ — 0(/1""“)\ Zbl"Pij(/l)
i= r= =
=0(A~* ).
With the aid of the estimates (2.8.11) and (2.8.12) of B, we also infer that

(0)

;/l—kﬁ/(j)(l)Bk(aj,/l)Dj(l) = O(I)A‘kwk(.,/l)l)j(l)l(o)

is of the form o(A "*) and O(A*1,(1)) as A — eo. And the estimates (5.5.3) yield
that

oo

5 Y A Y WP ()] = 0,

J=0r=k+1 v=r—k

Altogether we obtain that

oo k
Y [FO(AF(a2) - LA Zw Pr(a))E(a;,2)| (= AL))
j=0 r=0
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and
i [W<f>(x)?(aj,,1) - f AT Z WVU)P['—VJ(aj)E(aj,;L)]E(b,x)—lA(A)
j=0 r=0 v=0

are of the form o(A7¥) and O(27*1,(1)) as 2 — co. A similar proof shows that
the same estimates hold for

b -
/c2 VW (L, AT (1, 2) dt—ZA 4 /wv(t)P[’-Vl(t)E(z,x)dt]x
r=0 v= 0 a
x (I, — A(L)

/c2 YW (r, )P (5,2) dr — Z’V’Z/W (VP (0)E(:,2) ] x
E(b,2)"'A(R).

We thus obtain

o k r
(5.5.9) MA) -Y Y Ay wip JE(a;, ) (I — A(R))

j=0r=0 v=0

- i Zk‘.'l ' i WPV (a;)E (a;,A)E(b, 1) A(A)

j=0r=0  v=0

k r b
~Y AT Y [ WP R) dr (1, - AR))
v=0

r=0 a
k rob

—L A ’):/ Wy (1) P (O)E(t, ) dt E(b, ) A(R)
r=0 v=0v4a

=o(A7F).

Let r € {0,...,k}. Theorem 2.8.2 yields P~V € M,(Wk+1="+¥(q,b)) for
v =0,...,r. By Propositions 2.3.1 and 2.1.7 we have

() g1 € Ma(W{"(a,)).

The functions u,[j,*élr] € Wlk“’“f (a,b) are well-defined because of Propositions 2.3.1
and 2.5.8 since 74 € Wlf (a,b). An integration by parts, see [HS, (18.19)], yields

b 1 R 1 4, 1) ’
[ il exp (AR () ot = 7 e AR0)]

l/ Lﬂ}l,] (r)exp{AR,(r)} dt
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for j=0,...,k—r— 1, where R,(1) = [ 7,(t) d7. Hence we obtain

o o

[ exp AR}
k—r—1

o ul] (b) ud  (a)
_ —j=1 4T X _ Imgr
= LA (S e taRen - )

AR / W) () exp{AR, (1)} de

by a recursive application of the foregoing equation. In the proof of Proposition
4.3.5 we have seen that, for v=1,...,/ and g such that 7, = r,,

(1-8,()) / = exp(AR, (1)} ar

and
5,(%) / b exp{A (R, (1) - Ry(b))} dr
are o(1) as A — co. Altogether the representation (5.5.8) is proved. I

PROPOSITION 5.5.3. Let the notations and assumptions be as in Proposition
5.5.2. We set

k o~
(agr?g(l));z,qzl = Z /l_rW,(O)A

(Z YA LY AT Y / W, ()P dr) (s —By),
V= 0 a

Jj=0r=0 r=0

(@) (A1 = Z AW, (e N\{0}),

r=0

and
o
(5.5.10) a, ()= Y sgn(o) I‘[a(°> ]’[ al fq ),
ng+17 7 Jn L L7 0(g).q K
CES, g=1 q=ny+1
where j"0+1,...,j,l € Nand S, is the set of permutations of the numbers 1,... n.
Let Ml «(4) be as defined in (5.5.5). Then
det]\//ilyk(/l) =) sgn(c H(Z A)exp{AR,(a )})
oES, g=1 "j=0
oo n
= Z a; - J,,(A') H exp{;{Rq(a]q)},
jn0+]v'-<>jn=0 0 q:”0+1

where the sum is absolutely convergent.
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Proof. The representation is as in the proof of Theorem 4.3.9, where this was done
for k = 0. Since all the estimates also hold here in view of (5.5.3), the convergence
also holds fork > 0. O

The following criterion states a sufficient condition for Stone regularity which
is essentially due to COLE [CO?2], [CO4].

LEMMA 5.5.4. Let k € N be such that the assumptions of Theorem 2.8.2 are
satisfied. The matrix functions P' (r = 0,...,k) and E(-,A) are given accord-
ing to Theorem 2.8.2. The matrices W‘fj) and the matrix functions W, are as
given by (5.5.2). In addition, we assume that W, belongs to M,(W}~"(a,b)) for
v=0,...,k Forv=1,....land u = 1,2 we set

k
Wyu(A) := Y A7 (WOA + WDASH)
r=0

k )
+Y A Y W1, - Ay)
r=0 j=0

k r b
+Y A"y / W, (t)PU=YN(e) dr (1, — Ay),
r=0 y=0’4a
where AL is given by (4.1.26) or (4.1.27), respectively, and Wr(j) is defined in
(5.5.6). The functions Ev u are asymptotic polynomials. Suppose that
Bvﬂ(l) = l‘sv#[bw]
and

forv =1,... .l and )t = 1,2. Suppose that the exponential sum detl\//;, ks weakly
regular in the sense of Definition A.2.12, where A//il , is defined in (5.5.5). If

si=max{s,, :v=1,..,Lu=12} <k
then the boundary eigenvalue problem (5.1.1), (5.1.2) is s-regular.
Proof. Let A, =:diag(0,...,0,7 ,Fn) and

g1

~

Ry(1) == /atfq(‘c)dr (r €[a,b], g€ {ny+1,...,n}).

By Theorem A.1.3 the convex hull of

n
e={ ¥ Ry(@,):jpriern €N}
g=ng+1
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is a convex polygon, and the set of vertices & of this convex polygon has the
representation

Y Ry :hec\{o}},
q=ny+1
see (A.1.3), where (x, ,*,Sn 41 (4),. ..,3,,(/1)) := A(A) and A(A) is defined in

(4.1.22). Let & be as given by (A.2.36). Since, for each ¢ € &, the coefficient
function b.(1) of exp(Ac) in detlf/}l «(4) is a polynomial in A~1, we have either
be(A) = A~Ve[b.] with b # 0 or b.(1) = 0 = A ~*[0]. In the latter case ¢ does not
belong to &. Therefore the assumptions of Theorem A.2.15 are satisfied for the
exponential sum det M 1, «(4). Here we have to note that the estimate (A.2.4) holds

because of (5.5.3) and that the by, are the coefficients of exp(Ac) for ¢ € &. Thus
we obtain for

My (A) =M, (A) (I — A(A) + E(b,A) ' A(L))
that there are a number € > 0 and circles Iy, (v € N) such that

|A*detM, ()] > |A7Y detM1 A >e

for A € U Iy, where v(A) = —v, for a suitable ¢ € E. Here we have assumed

without loss of generality that the radius p, is greater or equal 1. Since the es-
timate M, ; (1) —M(A) = o(A~ %) holds by Proposition 5.5.2, M(A) is bounded
with respect to A by Corollary 4.3.41i), and s < k, we may assume that

[ det (1) — detM(A)] < A2 <215

forA € J I,. Then

v=0

|ASdetM(A)]

v
N,

forAe UT,. O

v=0

If there are infinitely many j for which W{/) # 0, then one has to consider
infinitely many polynomials in A~} in order to decide whether the exponential
sum is weakly regular. Since the actual formulation of these conditions would be
lengthy, we shall not give it here. Instead, we shall consider the special case that
only finitely many W) are different from zero. In this case, the exponential sum
is weakly regular, see Definition A.2.12 and Remark A.2.9. Therefore Lemma
5.5.4 yields
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THEOREM 5.5.5. Let k € N be such that the assumptions of Theorem 2.8.2 are
satisfied. The matrix functions PV (r =0,... k) and E(-,A) are given according
to Theorem 2.8.2. The matrices W‘Ej) and the matrix functions W, are as given
by (5.5.2). In addition, we assume that W,, € M, (Wk_"(a b)) for v=20,... k.
Suppose that there are only finitely many j such that wU) £0, Forv=1,...,1
and it = 1,2 we set

2/1 (DA +WIDASH)

+Zl ZWUI—%

r=0 j=0
+2,1 Z / W, (6)PY (1) dr (1, — Ay),
r=0

byy(A) ==detW,, (1),

where AL is given by (4.1.26) or (4.1.27), respectively, and W is defined in
(5.5.6). The Sfunctions qu are asymptotic polynomials. Suppose that
Evu(l) = AT [bvu}
and
by, #0
forv=1,... land u=12.1If
si=max{sy,:v=1,..,Lu=12}<k
then the boundary eigenvalue problem (5.1.1), (5.1.2) is s-regular.

COROLLARY 5.5.6. Let k € N be such that the assumptions of Theorem 2.8.2
are satisfied. Suppose that A, is invertible, that there is no integral term in the
boundary conditions (5.1.2), and that only finitely many wU) are different from
zero. The matrices W‘Sj) are as given by (5.5.2). Forv=1,...,land g = 1,2 set

-~ k ~ o~

Wou(A) =Y A" (Wﬁ"’A‘V* + W£‘)A3—“)
r=0

byy(A) :=detWy, (1),

where AL is given by (4.1.26) or (4.1.27), respectively, and

W ZW(J PI=V(g )P0~ ' a).

=0
The functions I;V” are asymptotic polynomials. Suppose that

byu(A) = A7 [by,]
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and
by, #0
forv=1,....land u=1,2. If
s:=max{sy,:v=1,...,Lu=12} <k,
then the boundary eigenvalue problem (5.1.1), (5.1.2) is s-regular.

Proof. Since A, is invertible, we have Al +A%,‘“ = I,. It is also true that A}
and PO commute. Therefore PI%(a,)A¥ + PI%(a,)A3~# is invertible, and the
asymptotic polynomials by, in Theorem 5.5.5 and Corollary 5.5.6 differ by a
nonzero constant factor. In view of Theorem 5.5.5 the proof is complete.  [J

In the formulation of Corollary 5.5.6 we have replaced Pl by PP A
we have seen, this is advantageous for Birkhoff regular boundary eigenvalue prob-
lems since POIPIO ™! = I, . In general, if we would take P! plr 1, then solving the
differential equation (2.8.18) would reduce to a simple integration. The follow-
ing proposition shows that this is also true if we assume that the 4, ,, are scalar
matrix functions. This trivially holds if = n.

PROPOSITION 5.5.7. Let the assumptions be as in Theorem 2.8.2. Suppose that
the matrices Ay (v=0,...,1), which are the block diagonals of A, with index
(v, V) according to the block structure of A,, are scalar matrix functions. Set

Pl .= plr ]P[O]—1 Then the conditions (2.8.18) and (2.8.19) are equivalent to

G3.1D Pr] = ZAOVq q]+Z ZA—j vq q(/—j]

j=1¢g=0
q#v
(v=0,... Lr=1,... k),

(5512) B = (r =) {PU + Pl - ZZA—IVLI ol

j=0g=0
(v,u=0,....v#u,r=0,..,k-1).
Proof. We have
7’ r 1 r -1 ! -1
P = PP Pl PP

vV " vy

’ 1 ’ —1
=PV RN — PURD Ao
r r 1
=(P\[/] AOvv []) [0]

\ 44

and
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5.6. Expansion theorems for Stone regular problems

Here we suppose that the assumptions of Theorem 2.8.2 hold for some k > 0.
According to the decomposition C" = Ch x C"™" we write

0 A0
o= (1 5)
’ 0 0
AL AL
0 0
t=( a)
PROPOSITION 5.6.1. Let f € (Wy*!(a,b))". We set

Jil
f= = ( f}0]> € (Wy™!(a,b))"0 x (Wy+H(a,h))" ™™
2

and

and suppose that
0] _ Al0] £[0 0] £0} _
A - Al AR =0
Then there are fU) € (Wyt1I(a,b))" for j € {1,...,k+ 1} such that

(5.6.1) A fl—a fitl =0 (j=0,...,k).

Proof. We are going to prove that there are functions flm € (Wi1~/(a,b))" and
fzm € (Wit1=i(a,b))"" (j = 1,...,k+1) such that
(5.6.2) f[j]' - A[O]f[j] ~A[O]f[j] =0,
(5.6.3) =7l A AL T A1 £l
for j =0,...,k. By assumption, fIO] and f2[°] satisfy (5.6.2).

Let 0 <! < k and assume that there are functions fl[j] € (W;H‘j (a,b))" and
fUl € (WiH1=i(a,b))"" for j=1,...,I such that (5.6.2) holds for j=0, .., and
such that (5.6.3) holds for j =0,...,/ — 1. Note that the components of A[O] Al

1’12’

A[zo1] and Ag)z], i.e., the components of A, belong to W,f (a,b) by the assumptions

of Theorem 2.8.2. Hence
0" 400 £ al0] £l k+1-(1+1) -
LA G
by Proposition 2.3.2. Since the components of Q™! belong to W[f(a, b) ifk > 0and
to L(a,b) if k = 0, Propositions 2.3.2 and 2.3.1, respectively, yield that (5.6.3)

defines a unique fz[’“] € (W[f“*(l“)(a,b))"—"o. If [ < k, we have, again in view
of Proposition 2.3.2, that

AU A € (Wh(a,b))" C (Lp(a,b))"™.
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Lemma 2.5.7 yields that there is a solution f[l+1] € (W, (a,b))™ of (5.6.2) with
J=1+1. From

f[1+1]’ :A[o]f[1+1] +A[o]f[1+1]

and Proposition 2.3.2 we inductively infer that f 1)’ € (Wy'(a,b))™ and hence
fl[’“] (Wp’"“(a,b))"o for m=1,...,k—1. For m =k —1 we obtain fl[l“] €
(Wé‘“_l(a,b))"o C (Wlf“_(’“)(a,b))"". Hence there are fl[j] € (W,f““j(a,b))"o
(j=0,....k) and fUl € (Wf+'=I(a,b))"™ (j =0,...,k+1) such that (5.6.2)

f[j] _
flj] for j=1,...,k+1.
Then (5.6.2) and (5.6.3) immediately prove (5.6.1). U

and (5.6.3) hold. Finally we set f¢*!1:= 0 and fU]:=

REMARK 5.6.2. If ny = 0, then the condition

!
O - A9 - A9 =0
is trivially fulfilled since it is a condition in a O-dimensional vector space. Hence
we can always find f[f] for j=1,...,k+ 1, and they are recursively given by

. Al _ .
Jiag =Al—1f[J] — A7 1A0fm.
REMARK 5.6.3. Let fI% € (WSt (a,b))"~™ and Ay, A, € (Wj(a,b))". Then there
is a function f][O] € (Wit (a,b))" such that
0 0] £[0 0 0] _

(5.6.4) FOV — Al £0l_ AL £l =
Proof. By Lemma 2.5.7 there is a solution f][o] € (W[} (a,b))" of (5.6.4). From
(5.6.4) we inductively obtain fI% € (W*+1(a,b))0. O

From Proposition 5.6.1 and Remark 5.6.3 we immediately infer
REMARK 5.6.4. Let fI € (Wi*!(a,b))"~" and Ay,A, € (W5 (a,b))". Then there
are fll € (W;““j(a,b))” (j=0,...,k+ 1) such that (5.6.1) holds and such that

0 0 0
AgflO = ( fz[O])’ where A, = (o I no)

In Section 5.1 we have seen that
TR(A) = O(|C,(A)]) in L((W (a b))",C") as A — oo.
Since |C,(A)| has a polynomial growth and since 7* is holomorphic on C, it is a

polynomial by LIOUVILLE’S theorem. Hence there is a ¢ € N such that

q
(5.6.5) TR2) =Y AT,
r=0
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where T, € L((W)(a,b))",C") for r=0,...,q. For A € p(T) we set R(A)f, =

T (A)(£1,0) (f; € (Lp(a,6))") and Ry(R)f, := T'(A)(0,£,) (f, € C7), see
(3.2.1) and (3.2.2).

PROPOSITION 5.6.5. Let f € (WXt!(a,b))". We set

(0]
f=0= (f 0]) € (W, " a,b))" x (W™ (a,b))""s

5
and assume that

0]/ 0] A0 0] A[0] _
A )

For je{1,...,k+1} choose functions fUl (W,f“_j (a,b))" according to Propo-
sition 5.6.1 such that the equations (5.6.1) hold. Let $1 € Nsuch that s; < k. Then

(5.6.6) R(A)A f=- Z 1—/—1fUJ +;L—s1—lR1()L)A1f[s1+l}

j=0
5 ) .
+ Y AR () TR(A) £V
j=0

Suppose that the “boundary conditions”

min{q,s, +1—;} _
(5.6.7) Y rRAl=0 (j=1,...,min{s, +1,5,})
r=0

are fulfilled for some s, € N. Then

51 i . g=1 min{gs +1+} .
(5.6.8) Y AR £ = YAl Y Rl

j=0 J=0 r=j+1

5, +1 min{q,s1+l—j}
4 Z A Z Ter[j+r—l]
j=s,+1 r=0
and
1 51 : .
(5.6.9) If =—R, (M)A, f- Z l—]—lf[l] + ;{—-sl—lRl()L)Alf[s1+l]
j=1

g-1  min{g,s;+1+/}

+R,M) YA Y pRpril

Jj=0 r=j+1
5i+1 min{g,s,+1-j}

+RyA) Y, A Y TR

j=52 +1 r=0
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Proof. The relationships (3.2.3) and (5.6.1) lead to
, 1 : . .
Rl(;L)Alf[J] - "/{Rl(M(TD(;t)f[]] —fm’+A0f[’])

1 1 ;o1 .
:_If[fl+XR2(A)TR(,1)f[1]+IR1(,1)A1f[1+1]

for j=0,...,k. Then a recursive substitution for R,(1)A,fU for j = 1,...,s,
yields (5.6.6). We calculate

51 ) . Sioq . .

Z ATIITR(A) A = Z Z AT TR £l

j=0 Jj=0r=0

q stl=r
- Z Z ;tr-j—lTer[j]

r=0 j—r+l=—r+1
g Ss+l-r
Z Z l—jTer[ja—r—l]

r=0 j=-r+1

5;+1 min{g,s,+1-j}
= Z A Z Ter[j+r—1]
j=—q+1 r=max{0,~-j+1}
0 min{q,s,+1-j}
— Z A7 Z TR flitr=1]
J=—q+l1 r=—j+l1
5+1 min{g,s,+1-}
FY ATy g
j=1 r=0
Then (5.6.8) immediately follows from (5.6.7), and (5.6.9) is a consequence of
(5.6.6)and (5.6.8). O

The following definition is a refinement of the definition of s-regularity, see
e. g. Theorem 5.6.9 below.
DEFINITION 5.6.6. Let T be given by (5.3.1) and (5.3.2) and let 5,,s, € N. Let A
be a diagonal matrix whose diagonal elements are 0 or 1. T is said to be (s,,s,,A)-
regular if there are circles I, = {A € C: |A| =p,} (Vv €N) withp, S casy — o
such that

$ AR (A SR 50 as v oo

and

fr|A|—fz—l|JAR2(/1)f2||dz|—>o as Voo

where f; € (L,(a,b))" satisfies the condition that A, f; € (L,(a,b))", f, € C", the
map J : (W, (a,b))" — (L,(a,b))" is the canonical embedding, J, = AJ, and R,
R, are given by (3.2.1) and (3.2.2).
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THEOREM 5.6.7. Let T be given by (5.3.1) and (5.3.2) and let s,,s, € N. Let
A be a diagonal matrix whose diagonal elements are 0 or 1. Suppose that T is
(81,85, A)-regular and that Ay,A, € M,(W,'(a,b)). Let f € (W;‘H(a,b))”. We
set

(0]
f=f= <g01> € (Wt (a,b))" x (Wy1*!(a,b))" "

and assume that

o]’ 0
AR A =0

For j€{1,...,s,+ 1} we choose functions fUl € (W;ﬁ'l_j(a,b))” according to
Proposition 5.6.1 such that (5.6.1) holds. Suppose that the “boundary conditions”
min{q,s,+1-j}

(5.6.10) Y rRftU=0 (j=1,...,min{s +1,5,})
r=0

are fulfilled, where
q
T*(2) =Y A'TE.
r=0

Choose the curves T, (v € N) according to the definition of (s|,s,,A)-regularity.
Then the expansion

(5.6.11) Af=lim Y {~Alres, kA, f
peo(T)Nintl,

g—1 min{g,s,; +14}

+resl:p(AR2(l) ]Z::O,y y T,Rf[f—j~1])}

r=j+1
holds in (Lp(a,b))".
Proof. The assumptions of Proposition 5.6.5 are fulfilled with k = s,. We multiply

(5.6.9) by A from the left and integrate along the curves I', . From Definition 5.6.6
we obtain

fr A~ AR, (A)A, 51 A - 0
and for j =s, + 1,s2+2,v...,s1 +1,r=0,...,min{g,s, + 1 - j}

}g v ATIAR,(A)TRFIH=1dA — 0
in (Lp(a,b))" as v — oo, These estimates and the residue theorem complete the
proof. [

If s, = 0 in Theorem 5.6.7, then the condition (5.6.10) is void. In this case
we do not need that the functions to be expanded fulfil some boundary conditions.
This can always be achieved by introducing an auxiliar eigenvalue:
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COROLLARY 5.6.8. Let T be given by (5.3.1) and (5.3.2) and let 5,5, € N with
s, > 0. Let A be a diagonal matrix whose diagonal elements are 0 or 1. Suppose
that T is (sy,s,,A)-regular and that Ay,A, € M, (W, (a,b)). For the function

fe (W;l'H(a,b))" we set
[0] f[O] s;+1 n s1+1 n—n
F=: = o | € @ n) o x (W @ )y
2
and assume that
o}/ 0] £[0 0] £0] _
A=A AR =0

For j€ {1,...,s,+ 1} choose the functions flU} (W;lH_j(a,b))" according to
Proposition 5.6.1 such that (5.6.1) holds. Choose the curves T, (v € N) according
to the definition of (s,s,,A)-regularity. Let A, € C\ 6(T'). Then the expansion

Af=lim Y {-Ales,R)A,f

V—’muea(T)mmrv
g—1  min{gs,+1+/} R
+resl=#((l—}t T2AR,( ZM ZH TRfl—J )}
r=j
g— .min{q,sl+l+j} ‘
+reslz%((l—20)_‘2AR2(/l)ZM Y TRA)
j=0 r=j+1
holds in (L, " If &y € 6(T), then we obtain the expansion
Af = lim Afresy R))A, f
Vﬂw#ea(Tz)l:’)imI'{
g-1 .min{q,sl+1+j} R fr—je]
—I—resk:#((l—lo)—soARz().)XbM ZH TR flr—J )}
j= r=j

Proof. We replace TR(1) by (A — A,)=T®(1), i.e., we consider the boundary
eigenvalue operator function

70(2)
hiA) = ((A —%)WR(M) ‘

T (A) = (Ry(A), (A = A9) 2R, (1)).
Thus 7, is (s,,0,A)-regular and the corollary immediately follows from Theorem
56.7. 0O

Obviously,



238 V. Expansion theorems for first order systems

THEOREM 5.6.9. Let T be given by (5.3.1) and (5.3.2) and let s € N. Suppose that
T is s-regular in the sense of Definiton 5.5.1 and that Ay,A, € M,,(W[f“(a,b)).
Choose a matrix polynomial C, according to Definition 5.5.1 and let x € Z be
such that

C{l(}{) =0(A]*) asA — .
Let f € (W;+2(a,b))”). We set

0]
f=f9= (ﬁol> € (W§*2(a,5))" x (W3 (a,b))""o
2

and assume that ,
f() A 0 fO A 0] £[0 0

For j€{1,...,5+2} choose functions fll € (Wlf”“j (a,b))" according to Propo-
sition 5.6.1 such that (5.6.1) holds. Suppose that the “boundary conditions”
min{g,s+2—j} )
(5.6.12) Y TR0 (j=1,...,min{s+2,s+ Kk+1})
r=0
are fulfilled, where
q
TRA) =Y A'TR.
r=0
Choose the curves T, (v € N) according to the definition of s-regularity. Then the
expansion
(5.6.13) f=lim Y {~(res,R)A,f
ueo(T)NfT,
min{q,s+2+j}

+resA:#(R2(),)qu),f y T,Rf[r—j—ll)}
J

=0 r=j+1

holds in (L,(a,b))".

Proof. We have already seen in Section 5.1 that we can choose a number x such
that C;' (1) = O(|A|¥) as A — 0. From (5.3.3) we know that

RI(A)A £, =T (A)(4,£,0) (f; € Ly(a,b))"),

R(M =T 'A)0,C5'(A)f) (HLET.
From Theorem 4.4.9ii) we obtain

}{r IAIS=21JR, (M)A, f,||dA| 0 as v — oo

and, for some C > 0,

AR () p10A] <€ §AIPTUT W 1A 1A -0
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as v — . Hence T is (s +1,s,,/)-regular, where s, := max{0,s+ Kk +1}. Now
the statement of this theorem immediately follows from Theorem 5.6.7. O

THEOREM 5.6.10. Let T be given by (5.3.1) and (5.3.2) and let s € N. Suppose
that T is s-regular in the sense of Definiton 5.5.1 and that Ay,A| € Mp(Wy(a,b)).
Choose a matrix polynomial C, according to Definition 5.5.1 and let x € Z be
such that

C;'(A) = O(AF) asA — oo,
Let f € (W5t'(a,b))"). We set

f[0]
f= 0= ( fl[o}) € (W (a,b))" x (Ws*'(a,b))" "0
2

and assume that
(01 _ 4[0) ¢10] _ 4[0) 0]
f] A11f1 A[l:gfz[]_o'
For j€{1,...,s4 1} choose functions fU} (W;+1=J(a,b))" according to Propo-
sition 5.6.1 such that (5.6.1) holds. Suppose that the “boundary conditions”

min{q75+1—j} i
(5.6.14) Y rRf-l=0 (j=1,...,min{s+1,s+x+1})
r=0

are fulfilled, where
q
TR(A) = ZA’T,R.
r=0

Choose the curves T, (v € N) according to the definition of s-regularity. Then the
expansion

(5615 Aof=lim ¥ {-res,(aR)A,f

“pes(T)nfT,

-1 min{qg,s+1+j} )
tres,_, (AORZ(JL) YA Y 1f f[’—f—‘l) }
j=0 r=j+1
0

holds in (Lp(a,b))", where Ay = (0

0 In—"0> € M,,(C"O X C’l—no )

Proof. Arguing as in the proof of Theorems 5.6.9 and 5.6.7 we still have to prove
that

fr IS~ TR, (M)A, £|[dA| = 0 as v — oo,

But this is true in view of Theorem 4.4.11 iii). Here we have to note that A; = AjA |
implies 7' (A)(4,,,0) =T~ (A)J,A,f,. O
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THEOREM 5.6.11. Let 1 < p < oo, let T be given by (5.3.1) and (5.3.2) and let
s € N Suppose that T is s-regular in the sense of Definition 5.5.1 and that A, A,
belong to M,(Wy(a,b)). Choose a matrix polynomial C, according to Definition
5.5.1 and let x € Z be such that

G (A) = O(IA%) as A — oo.

Let f € (W;“(a,b))") with Ayf = f. Then f =: <f([)2]>, and we choose some
fL € W5t (a,b))™ such that
o)’ 0] £[0 0] £0] —
A Al A28 =0

(0]

Set fl0) .= (j:l[o]). For j€{1,...,s4 1} choose fUl € (W;*l"f(a,b))" according

2
to Proposition 5.6.1 such that (5.6.1) holds. Suppose that the “boundary condi-
tions”
min{q,s+1—j}

(5.6.16) Y rRArlU=0 (j=1,...,min{s+1,5+})
r=0

are fulfilled, where
q
TR(A) =Y A'TE.
r=0

Choose the curves T'y, (v € N) according to the definition of s-regularity. Then the
expansion
(5617 Af=lim Y {(resuAR)A S
neo(T)NfT,
g-1 min{gs+1+;j}

tres,_, (AORZ(A) ];) A Y TR f[f—j—ﬂ) }

r=j+1

O ! —n,
0 1 )EM,,((Cox(C" 0).

n—ng,

holds in (L,(a,b))", where Ay = <O

Proof. In Remark 5.6.4 we have seen that we can define f[O],..., f[”l] fulfilling
the statements of Proposition 5.6.1. Since f = A,f® and A, f = A, f¥, a revision
of the proofs of Theorems 5.6.7, 5.6.9, and 5.6.10 shows that it is sufficient to
prove that

AT ACT MR(AVLIA =0 as v s

where the norm is taken in L(C", (L,(a,b))"). But this estimate holds by Theorem
4.4.111). 0O
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REMARK 5.6.12. Incase s =0, i. e., if the problem is Birkhoff regular, Theorems
5.6.10 and 5.6.11 give expansions for those cases in which the expansion theorems
5.3.2 and 5.3.3 are not applicable; e. g. if a or b is an accumulation point of those
a; for which Wo(f) #0.

Finally, we note that the residues which have to be calculated in the expansion
theorems can be expressed by the eigenvectors and associated vectors of T and T*.
For simplicity of notation we shall work with the corresponding root functions.
Let 1 be any eigenvalue of T and {y,,...,yr}, {v;,..., v} be biothogonal CSRFs
of T and T* at . We know that these CSRFs can be expressed by biorthogonal
CSRFs {c,,...,c,} and {d,,...,d,} of the characteristic matrix function M of T
and its adjoint M*, see Theorem 3.1.4. We have

yj=Yc; uj= —(TRU)*dj, and v, = (Z,J) .
j
In Section 5.3 we have seen that the residues of R;A, can be expressed in terms
of y; and u;, see Theorem 5.3.2. The principal part of T~! at p is

Y (=) My ®v;,
j=1
where the m ; are the partial multiplicities. Since
R,=T7',,
where JA'2 :C" — (Lp(a,b))" x C" is the canonical embedding, and since the map
J3 (Lp,(a, b))* x C* — " is the canonical projection, we obtain because of

Proposition 1.1.2 that the principal part of R, at i is given by

r

Zl(”“)_ijj®dj-
J:

5.7. Improved expansion theorems for Stone regular problems

DEFINITION 5.7.1. Let M(A) be the characteristic matrix defined in (5.5.7) as-
sociated with the boundary eigenvalue problem (5.1.1), TR(A)y = 0, where T%
is defined in (5.1.8). The boundary eigenvalue problem (5.1.1), (5.1.2) is called
strongly s-regular if there are finitely many numbers o) < o, <--- < @ ; =
@, + 27, a positive number B, and curves I, = {4 € C: |A| = p,} (v € N) with
Py /o0 as v — oo, such that

M) =28 (MO,S(A') +0 <m'a]x(1 + |9((Ae"a,~)l)“ﬁ))

J=

holds on |J T, where the matrix function M, ; is constant on each of the sectors
veN '

{AeC\{0}:a;<argA <, .y} (j=1,....0).
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REMARK 5.7.2. 1) Each s-regular boundary eigenvalue problem is strongly s+ 1-
regular.

ii) Each Birkhoff regular problem satisfying the hypotheses of Theorem 5.3.2 is
strongly O-regular, see (4.6.4).

THEOREM 5.7.3. Let 1 < p < oo and let s be a positive integer. Suppose that A,
and A, belong to M,(W,(a,b)). Suppose that the boundary eigenvalue problem
(5.1.1), (5.1.2) is strongly s-regular. Let Ay, A,,... be the eigenvalues of T and let

{yg({;:jzl,...,r(x );1=0 -1}
and
{@V) d(’)) Jj=1 () 1=0,...,m 1}

K'l’ K]

be biorthogonal CSEAVs of T and T* at Ay, respectively. Then

f=-fim Y (): 3o [ e >*A1<x>f<x>dx)

keN j=
[l <py

holds for all f € (W;(a,b))" with f = Ayf and

s—1

Y A7) TR Ul = o,

=0
where the series converges in parenthesis in (Ly(a,b))", f € (Wy(a,b))" is cho-
sen such that A, f = f and the construction in Remark 5.6.4 holds, and Ay =

0 0 )
(5 ,°) emien

Proof. Consider the space
{fe 21 =1e, (A ITR(/l)fm:O(}L‘s“)}.

Here we have to note that fI% ..., f5=1 belong to (Wp1 (a,b))" if f belongs to
(Wy(a,b))".

If ny > 0, then floL .., 75~ are not uniquely defined. To make them unique
we require that, in addition to (5.6.2), (I, — A) f1%a), ..., (I, — Ag) /¥~ (a) are
certain continuous linear functionals depending on f € F. For any particular
choice made for (I, — Ay) f1%(a), ..., (I, — Ag) f*~11(a) for any nonzero f, we can
always satisfy this requirement by the HAHN-BANACH theorem. Of course, we
could simply take (I, — Ao)ﬁo](a) =0,...,(I, - Ao)ﬂx_”(a) = 0. But since it is
desirable to have F as large as possible, a different choice might be better.
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In view of the definition of fU/ and Lemma 2.5.7 we obtain that the maps

£ fUl from (W;(a,b))" into (Wlf“f(a,b))’l are continuous for j =0,...,s. For
f € F we obtain

s—1 o ‘
Vr F):OA—J—IJRZ(A)TR(A)N dl‘

< [ iR e <) Af ic (TR 11 j02

-/ O(IAI‘S“‘)IJRz(/'l)Cz(l)lldllIflp,s
= 0()|flps

by Theorem 4.4.11 i) since the problem is s-regular.

Since F is a closed subspace of (W, (a,b))", it is a Banach space with respect
to the norm induced by (W,(a,b))". Let Ji : F — (Lp(a,b))" be the canonical
embedding from F into E = (Lp(a,b))". Let P,(= Q,) be defined as in Section
5.3. From (5.6.6) with s; = 5 — 1 we infer

R ==+ 3 b AT AR ()AL 41+ 0(1)

We have
ATM(A) ™ =M, (A) +O(m’af((1 +|R(Ae)))P),
: =
where Mo,s(l) is constant on sectors. And that is exactly what we used in the
proof of Proposition 4.6.3. The actual location of the sectors was inessential; the

sector L, can be replaced by any smaller one. An obvious modification of Lemma
4.6.7 leads to

1 o
|57 . A0k (W), 71| = 0(1)I7, = O £l

and the boundedness of {P,J, : v € N} follows.
Now let f € (Ws*!(a,b))" NF. Then we have by (5.6.6) that

PJ.f= f—2—m?§ AT AR, (M)A, F¥1dA + TS, ,(0,¢) + O(A7),

where S; , is defined in Theorem 4.4.11 and T in the definition of Ssy 1s given
by (5.3.3), and where ¢ € C" (and depends on f][O],...,fl[s_l]). Here S, , is taken
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with respect to A, = 0. From Theorem 4.4.11 ii) we know that J~Ss,v(0, c) —0as
v — oo, As in the proof of Theorem 4.6.9 we infer, now for a suitable A, # 0,

5.7.1) 78, (%) = 5% }(r (A= 2g)~ T ()T (A) dA
+ zim A(A )T AV T dA
- 55§ =20 T B Ay .

Since s > 0 we conclude with the same estimates as in Theorem 4.6.9 that
1 — ~

— ¢ (A=A)IT ' (A)JyJdA =0

3 . = 20) T Ay
as v — 0. Applying this to f[s] we see that PyJf — fas Vv — o

The proof of the theorem will be complete by Lemma 4.6.8 if we show that

(Ws*!(a,b))" NF is dense in F. Since Ws*'(a,b))" is dense in (W (a,b))" and F
is a finite-codimensional subspace of (W (a,b))", the result will be a consequence
of the following lemma.

LEMMA 5.7.4. Let E be a Banach space, F a closed and finite-codimensional
subspace of E, and H a dense subspace of E. Then HNF is dense in F.

Proof. Let M be a (finite-dimensional) complementary space of F in E and let P
be the projection of E onto M along F. Let Q : P(H) — H be a linear operator
such that PQ is the identity on P(H). Since P(H) C M is finite-dimensional, Q
is continuous. Also P is continuous by the closed graph theorem since F and M
are closed. Now let x € F and choose (x,)5 C H such that x, — x as n — .
By definition of Q we have y, := x, — QPx, € H for n € N. Also Py, = 0 since
PQ is the identity. Thus y, € HNF. Now QPx, — QPx = 0 since Q and P are
continuous and Px = 0. This shows that y, = xasn — . [

REMARK 5.7.5. The condition
s—1
Y ATl R Ul = 0
j=0

in Theorem 5.7.3 can be given in a more explicit form. For this let us write the
asymptotic boundary conditions in the form

s—1 -
CA)'TRA) =TR*A) = Y A7 TR+ 0(1 7).
r=0
Then

¥ A16,(4) T8() U = o)
j=0
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is equivalent to
I
Y TR =0 (j=0,...,s-1).
r=0

THEOREM 5.7.6. Let s be a positive integer. Suppose that Ay and A, belong to
M,(WZ(a,b)). Suppose that the boundary eigenvalue problem (5.1.1), (5.1.2) is
strongly s-regular. Let Ay,A,,... be the eigenvalues of T and let

{y&:jzl,...,r(/'t)l— —1}
{(uggg,cﬂ Nij=1...,r(A);1=0,...,m ;—1}
be biorthogonal CSEAVs of T and T* at A, respectively. Then

f=-lim ¥ (Z ¥ 50 [, ._1_,,<x>TA1<x>f<x>dx)

keN Jj=
[Acl<py

holds for all f € (C°[a,b])" with f) € (BV [a,b])", f = Ayf, and

and

o
(5.7.2) Y TR =0 (j=0,...,s),

where the series converges in parenthesis in (Cla,b])", f € (W, (a,b))" is chosen
such that A, f = f and the construction in Remark 5.6.4 holds.

Proof. Let E be the set of all f € (C°[a, b])" such that f*) € (BV[a,b])". ThenE is
a Banach space with respect to the norm | f|« + | f*)] (BV{a,p])r » 0 ', the subset of
E consisting of functions satisfying (5.7.2), is a closed finite-codimensional sub-
space of E. Let J. be the canonical embedding from F into (L(a,b))". Combin-
ing the proofs of Theorem 5.7.3 and Lemma 4.7.4 we obtain that {P,J, : v € N} is
bounded in L(F, (L..(a,b))"). Here we have to note that f*) € (BV[a,b])" implies
f¥ € (BV[a,b))". Since also f5+! is defined for f € (W2t!(a,b))", we can take
the iteration one step further for these f and obtain with the aid of (5.6.6) that

PJ.f= f—;}{ A‘S‘IAORI(A)Alf[’“]dl+o(l).

Here we have used that (5.7.2), (5.3.3), and Theorem 4.4.9 i) imply that

]}4 ZAJ R, (A)TRA) U dA| —0as v — .

T, oo

vj=

Taking now the representation (5.7.1) with s replaced by s+ 1, an application of
Theorem 4.4.9 iii) shows that P,.J. f — f as v — oo for all f € F N(W5+2(a,b))".
As in the proof of Theorem 4.7.5 we can show that (Cy'(a,b))" is dense in E.
Therefore, an application of Lemmas 4.6.8 and 5.7.4 completes the proof. [J
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REMARK 5.7.7. i) If we suppose that A, and A, belong to M,(W/ (a,b)), then
also the case s = 0 is covered by Theorem 5.7.6.

ii) If we consider Example 4.7.9 in light of Theorem 5.7.6, then we obtain that
we can expand functions (0, f,, f;)7 for which there is a function f, such that

fi=afy,+Bf,and, for f = (f,, f,, ;)7 WO £(0) + WD f(1) = 0. If we choose

£, =f2<o>+f3(1)+a/0‘f2<£)dé+B/0"f3(é>dé

then we obtain exactly the conditions which were deduced in Example 4.7.9.

The next result states a sufficient condition of an s-regular problem to be
strongly s-regular.

LEMMA 5.7.8. Let s be a positive integer. Suppose that Ay,A| € M,(W;(a,b)),
where p > 1, and that the W, given in (5.5.2) belong to M,( Fa V(a,b)) for some

g>1 ana’ v =0,...,5. Suppose that a and b are no accumulatzon points of
{aj : W(f)(aj) # 0}. We consider the boundary eigenvalue problem (5.1.1), (5.1.2)
and the determinant

det i Is Z be(A)exp(ch),
cef

where b.(L) = A~ e[b.] and 1\71,: is defined in (5.5.5). Suppose that v, = —s for all

ce&andb. #0force &, the set of vertices of &. Then the boundary eigenvalue
problem is strongly s-regular.

Proof. Without loss of generality we may assume p = 4. Let
My o(2) = M, ,(A) (I = A2) + E(b,2) 7' A(A)).
In (5.5.8) we have proved that
M(L) = My (A) = A~%0(1).

In the proof of Proposition 5.5.2 we have seen that we also obtain

M(L) — My (1) = =°0(1,(A)).

)

The assumptions imply that the problem is s-regular, and thus [A° detM(A)| > &
and |ASdetM, (1)] > 8 on |J T, for some & > 0. Hence M(4)~! = O(A®) and
' veN

Mo,s(l)"l = O(A’) on VLEJNFV. This implies

M(A)™" = My (M) = M(A) ™" (8, (A) — M(A)) My (A)™!
=A'0(1,(4)) on UFV.

veN
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Hence it is sufficient to show that there is a matrix function M, (A) which is
constant on sectors such that

Mo (1)~ = A% (My (A) + O(55(1)).
Arguing as in the proof of Proposition 4.3.6iv),v) we infer that

o~ _ —~ __1 A~

MO,S(A') f= (detMO,s()')) Mgg()"%

where
M4 (A) = M, (A) + O(1y(1))

and the matrix 1\22 ;(A) is constant on sectors. In the same way it follows that
be(X) = A7V¢(b, + O(1,(2))), where 0 < v, < s. An application of Theorem
A.3.1 completes the proof. Here we have to note that the additional assumption

on & in Theorem A.3.1 are satisfied in view of Proposition A.1.6 and its proof and
Corollary A.1.4. O

5.8. Notes

We recall that historically n-th order scalar differential equations were consid-
ered before first order sytems of differential equations. Also, n-th order equations
have attracted more attention than first order systems, mainly because of its greater
relevance in applications. See the notes of Chapter VII and Chapter VIII for more
details.

The first expansion theorems for systems have been obtained with respect to
uniform convergence, see the paper [BIL] of BIRKHOFF and LANGER. In the
sequel, important generalizations have been published by R. E. LANGER [LAS5],
[LA6], [LA9] and R. H. COLE [CO2], [CO3], [CO4]. In most of these publi-
cations, in case of two-point boundary conditions, the eigenfunction expansions
are stated as being pointwise convergent or locally uniformly convergent in the
interior of the interval (a,b). However, we are mostly interested in either L, con-
vergence or uniform convergence on the whole interval. Then the behavior of
the functions at the boundary becomes important; indeed, we see that we have
to impose some auxiliary boundary conditons for the expandable functions if we
consider uniform convergence or Stone regular problems. The boundary condi-
tons which have to be satisfied for Stone regular problems were found explicitly
in [MMS5]. These boundary conditions are fulfilled if the functions which are to
be expanded and their derivatives up to a certain order vanish at the endpoints of
the interval (a, b).

Further results, in particular concerning completeness, minimality and basis-
ness of the eigenfunctions and associated functions for systems of of differen-
tial equations of type (5.1.1) with A-polynomial boundary conditions (5.1.2) have



248 V. Expansion theorems for first order systems

very recently been published by C. TRETTER in [TR8]. The proofs of these re-
sults are based on the spectral theory for linear operator pencils A — AB, on a new
linearization method for a class of A-nonlinear boundary eigenvalue problems de-
veloped by C. TRETTER in [TR9] and [TR7] and on sharp asymptotic estimates
of the Green’s matrix function as published in [MMS5].



Chapter VI

n-TH ORDER DIFFERENTIAL EQUATIONS

In this chapter boundary eigenvalue problems for n-th order ordinary linear differ-
ential equations are considered. The differential equation as well as the boundary
conditions are allowed to depend holomorphically on the eigenvalue parameter.
The boundary conditions consist of terms at the endpoints and at interior points of
the underlying interval and of an integral term. Such boundary eigenvalue prob-
lems are considered in suitable Sobolev spaces, so that both the differential op-
erators and the boundary operators define bounded operators on Banach spaces.
The assumptions on the boundary eigenvalue problems assure that these opera-
tors depend holomorphically on the eigenvalue parameter. In a canonical way a
holomorphic Fredholm operator valued function is associated to such a boundary
eigenvalue problem with independent variable being the eigenvalue parameter.
This operator function consists of two components, the first one is the differen-
tial operator function, the second one is the boundary operator function. Operator
functions defined in this way are briefly called boundary eigenvalue operator func-
tions.

The results of this chapter are the analogs of those proved for boundary eigen-
value problems for first order differential systems in the third chapter. Some of the
present statements are derived by the usual transformation of boundary eigenvalue
problems for n-th order differential equations to such problems for first order n x n
differential systems. A notable feature of this transformation is the fact that the
characteristic matrix functions of the original boundary eigenvalue problem for
the n-th order differential equation and the associated problem for the first order
system coincide. Other results of this chapter are proved directly without refer-
ence to first order systems.

We obtain that a boundary eigenvalue operator function associated to an n-
th order differential equation is globally holomorphically equivalent to a canoni-
cal extension of the characteristic matrix function of the corresponding boundary
eigenvalue problem (Theorem 6.3.2). The principal parts of the resolvent, i.e., the
inverse of the given boundary eigenvalue operator function, is expressed in terms
of the eigenfunctions and associated functions of this operator function and its
adjoint (Theorem 6.3.4). As in the third chapter, inhomogeneous boundary con-
ditions are treated in a natural way. The resolvent is defined on the direct sum of

249
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an L,-function space and a finite-dimensional space of constants. On the function
space, the resolvent is an integral operator whose kernel is the Green’s function;
on the space of constants, it is a multiplication operator (Theorem 6.4.1).

The adjoint operator function of a boundary eigenvalue operator function de-
fines the adjoint boundary eigenvalue problem (Theorem 6.5.1). For the adjoint
problem in this operator theoretical sense no additional assumptions on the origi-
nal boundary eigenvalue problem are needed. The adjoint operator function maps
the direct sum of an L,-function space and a finite-dimensional space of constants
into a space of distributions.

The realization of the original boundary eigenvalue problem within an L ;-
function space is achieved in the following way: Take the original boundary
eigenvalue problem with homogeneous boundary conditions and associate to it
a family of closed linear operators whose domains consist of Wp1 -functions which
fulfil the boundary conditions. These closed linear operators are not necessarily
densely defined and their domains may depend on the eigenvalue parameter. The
adjoints of these closed linear operators are in general not operators but closed
linear relations. Under additional assumptions these adjoints form a family of
operators, in which case they yield the adjoint boundary eigenvalue problem in
the parametrized form. The relationships between the adjoint boundary eigen-
value problem in operator theoretical sense and the corresponding problem in
parametrized form is thoroughly discussed (Theorems 6.6.4 and 6.6.5).

Finally, the special case of two-point boundary eigenvalue problems is con-
sidered. We state that the classical adjoint boundary eigenvalue problem coincides
with the adjoint problem in the parametrized form. Root functions (eigenvectors
and associated vectors) are defined for the above mentioned families of closed lin-
ear operators by taking root functions (eigenvectors and associated vectors) of the
corresponding holomorphic boundary eigenvalue operator function. It is shown
that the principal parts of the GREEN’S function can be represented in terms of
eigenfunctions and associated functions of the family of closed linear operators
and the family of the adjoints of these operators (Theorem 6.7.8).

6.1. Differential equations and systems

In this chapter let Q be a nonempty open subset of C, —o0 <a < b < oo, 1 < p < oo,
1< p' <eosuchthat1/p+1/p' =1,andn € N, n > 2. By e; we denote the j-th
unit vector in C”. We consider the scalar n-th order differential equation

n—1
(6.1.1) N+ Y p(A)nY =0 (n€Wia,b),AeQ),
=0
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where p; € H(Q,L,(a,b)) (i =0,...,n—1). Together with this differential equa-
tion we consider the differential operator

n—1
(6.1.2) LPan ="+ Y p,(,A)n"  (neW,)(a,b),A € Q).
i=0

LEMMA 6.1.1. LP € H(Q,L(W}(a,b),L,(a,b))).

Proof. From Proposition 2.3.3 we infer that p; € H(Q,L(W;™'(a,b),L,(a,b)))
fori=0,...,n—1. 0O

We associate a first order system to the n-th order differential equation. This
system is defined by the operator

(6.1.3) TP(A)y:=y -A(,A)y (y€ (W,(a,b))", 2 €C),
where
0 1
0
(6.1.4) Ai=(8,; 1 =80, )i = '
0 0 1
-—po . . . —pn—l

PROPOSITION 6.1.2. Letn) € Wy(a,b), A € Q, and set

n

n/

yi=1 .
n(”_l)

Theny € (Wpl (a,b))" and
0
°Ay=|
(A)y 0
LP(A)n

Proof. The assertions y € (Wp1 (a,b))" and

(6.1.5) eITA(-,/l):eiT+1 (i=1,...,n=1)
are obvious. Fori=1,...,n—1, (6.1.3) and (6.1.5) yield

e]TP(A)y =e]y —eJA(, A)y =" —¢]

.T+1y:O.
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Finally we obtain
eITP(A)y = ey + Z pi el y
= "+Zp, : =L°(A)n. O

PROPOSITION 6.1.3. Lety € (W, (a,b))", A € Q, and assume that eTTP(L)y =0
fori=1,....n—1. Thenn —eTyEW:(a,b),

nl
(6.1.6) y= n :
=)
and
(6.1.7) LP(A)n =€l TP (A)y.

Proof. Leti€ {1,...,n—1}. By assumption and from (6.1.5) we obtain
(6.1.8) ely =ely ~elTP(A)y = e A(-, L)y =e], .

This proves 1 € W,(a,b) and €Ty = nt=Y fori = 1,...,n. Indeed, this is true for
i=1. Assume that 1 € Wi(a,b) and €]y = (=" holds for some i < n. Then
(6.1.8) yields

nt =ely =e] lyEW (a,b)

which proves 7 € Wii“(a,b), see Corollary 2.1.4. Thus n € W,(a,b), and the
equation (6.1.6) holds. Because of (6.1.6), the equation (6.1.7) immediately fol-
lows from Proposition 6.1.2. O

DEFINITION 6.1.4. Let 4, € Q and 71,,...,7M, € Wy (a,b). Then {n,,..., M} is
called a fundamental system of LP(Ay)n = 0 if for each n € N(LP(A,)) there are
c; € C(j=1,...,n) such that

n
n=3 ¢
j=1

A function (7,,...,M,) : Q = M, (W] (a,b)) is called a fundamental system func-

tion of LPy = 0 if {n,(A),...,1,(A)} is a fundamental system of L”(A )y = 0 for
each A € Q.
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LEMMA 6.1.5. Let Ay € Q and ¥, € M,,(Wpl (a,b)) be a fundamental matrix of
TP(Ag)y =0. Then {eIYpe,,...,eTYyen} is a fundamental system of LP(Ay)1n =0,
and

(6.1.9) (eT¥pe )™ =eT¥ye,
holdsfori=1,...,nand j=1,...,n

Proof. For each j € {1,...,n}, Yye; fulfils the assumptions of Proposition 6.1.3.
Thus eTYge,,...,elYyen € Wy (a,b), and (6.1.9) holds. Now let 17 € N(LP(Ay))
and sety := (n,7’,...,n""1)T. Then y € N(T”(A,)) by Proposition 6.1.2. Def-
inition 2.5.2 yields a vector ¢ = (¢|,...,c,)T € C" such that y = ¥yc. It follows
that

n

n=ely=elYyc= Z cjelpe;. O

=1
LEMMA 6.1.6. Let 4, € Q and ny,...,N, € Wy (a,b) such that {n,..., M} is
a fundamental system of LP(Ay) = 0. Then (n](,i_'))n € M,,(Wp1 (a,b)) is a
fundamental matrix of TP (2,)y = 0.

IYj:l

Proof. Let y € N(TP(A,)). Proposition 6.1.3 yields that n := ely € W, (a,b),
y=(n,n',...,n" N7 and LP(A,)n = ] TP(A,)y = 0. Hence there is a vector
c=(cy-.-,cn)T € C" such that

n=3 ¢y
j=1

This proves

Y= : = (n]('i_l))ﬁjZIC' g
r’("“l)
PROPOSITION 6.1.7. Let Ay € Q and n,,...,n, € W;(a,b). Then the following
conditions are equivalent:

1) N,,..., M are linearly independent, LD(/'LO)nj =0 for each j € {1,...,n}, and
for each n) € N(LP(A,)) there are c;€C(j=1,...,n) such that

n= chnj;
=1

ii) {ny,..., M} is a fundamental system of LP(A)1 = 0;

iii) (n;i_l) 1 j=1 is a fundamental matrix of TP(Ay)y =0.
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Proof. 1) =»ii) is clear by definition of a fundamental system and ii) = iii) follows
from Lemma 6.1.6. '

Assume that iii) holds. For j=1,...,n we set y, := (nj,n},...,n](.”_l))T.
From Corollary 2.5.5 we infer T° (49)y; = 0 and hence, by Proposition 6.1.2,
LP(Ay)m ;=0for j=1,...,n. Since a fundamental matrix is invertible by Theo-
rem 2.5.3 and Proposition 2.5.4, y,,...,y, are linearly independent. This implies
that n,,...,7n, are linearly independent. An application of Lemma 6.1.5 com-
pletes the proof. O

THEOREM 6.1.8. There is a fundamental system function (1,,...,M,) of L’ =0
such that n](i‘l)(a,l) =0, forA€Qandi,j=1,...,n. Furthermore, the funda-
mental system function is uniquely determined and depends holomorphically on
A € Q. More precisely, we have 1; € H(Q,W}(a,b)) for j=1,...,n.

Proof. By Theorem 2.5.3 there is a fundamental matrix function ¥ of T?y =0
such that Y(a,A) =1, for all A € Q. For j = 1,...,n we set n; = e]Ye;. By
Lemma 6.1.5 we obtain that (7,,...,7,) is a fundamental system function. In
addition, (6.1.9) and Y (a,A) = I, yield n](."-”(a,/l) =g, for Ae€Qandij=
1,...,n.

Now let (7,,...,1,) be any fundamental system function of LPn = 0 with
nj(.i"l)(a,l) =g, forA € Qandi,j=1,...,n. By Corollary 2.5.5 there is a unique
fundamental matrix function ¥ of T?y = 0 with Y(a,A) = I, for A € Q. Since

(nj(i_l));’ j=1 is a fundamental matrix function with these properties by Lemma

6.1.6, we obtain that (7,,...,7,) is uniquely determined.

~Since Y depends holomorphically on A by Theorem 2.5.3, it follows that
n](.’"l) € H(Q, Wpl (a,b)) for i,j=1,...,n. For h € N, the indefinite integral de-
fines a continuous linear map from W}(a,b) to W;*!(a,b) by Proposition 2.1.8.
From nj(,i“‘)(a) = §,; and Proposition 2.1.5i) we know that

nfa) =8+ [ 1060 (xe (ap)

forj=1,...,nandi=1,...,n— 1. Hence we obtain in view of Corollary 1.2.4
that

n—2 2 n
n} e H(Q,W(a,b)),...,n, € HQ,Wp(a,b)). O
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6.2. Boundary conditions

Let LR € H(Q,L(W}(a,b),C")). Suppose that p < eo. We fix some A, € Q and
'€ {l,...,n}. By Theorem 2.2.5 there are u; € L, (a,b) (j =0,...,n) such that

eTLR(Rg) = ¥ (u)){) and
Jj=0
T LX) = (1,e] X Ol pn = X [ (=10, () dx
j=07a
for each 1 € W/(a,b). Hence

TR () = (M, (p)e + ()00, + Y (00, (=10 Dw )0,
j=2

for each n € Wy(a,b). This proves that for each A € Q there is an operator
TR(A) € L((W, (a,b))",C") such that

nl
n

(6.2.1) LR(A)n =TR()
nln-1)
holds for all € W;(a,b).
In applications, the boundary conditions are mostly given in a form such that

it is easy to give a representation (6.2.1) with T® € H(Q,L((Wp' (a,b))",C"). For
example, let

LR(A)n = (i(aij(/'\)n(j”')(a)+ﬁij(l)n(j_l)(b))> ] (n € W;(a,b)),
j=1 i=

where the ¢, i and f; ; are complex valued functions and where LR depends holo-
morphically on A. Choosing functions 77 for which exactly one of the values
nU=Ya), nU=1(b) (j = 1,...,n) is different from zero we see that the ;; and
B;; are holomorphic functions. Then TR(L), defined by

TRy = (04;(A)! _y(@) + (B;(M)] _y(B) (v € Wp(a,b)),
depends holomorphically on A.

Now we shall show that, if p < oo, we can always choose T®(1) in such a way
that it also depends holomorphically on A. This immediately follows from
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PROPOSITION 6.2.1. LetleN 1< p<ooandve€ H(Q,Wp‘,’[a,b]). Then there
are uy,...,u; € H(Q,L ,(a,b)) such that

W)=Y u@l  (LeQ).

Proof. 'We shall prove the proposition by induction on /. In case [ = 0 nothing has
to be proved. Assume that the assertion holds for / — 1 and let v € H(Q, Wp‘,l [a,b]).

For each A € Q there are vy(4),...,v,(1) € L, (a,b) such that

vA) =Y WP (AeQ).
For A € Q and x € R we set

(R (x) = / [VO(A)E(Wbiau,v(x))p,,x(a'b)(t) dr,

where X(a,p) 18 the characteristic function of (a,b). Since

b
w@)(®) = [ @0 d = (1,v(2),, =0

by definition of the bilinear form ( , ), , (see (2.2.4)), we have w(A)(x) = 0 for
x € R\ (a,b). From Proposition 2.1.51) it follows that w(4) € Wp1 (R) C Lp(R)

and
1

(1, V(A')>p)[x(a)b)'
Then

HA) == w(d)+ Y (M) e W [a,b].
We note that
- 1
(6.2.2) HA) =w(d) + Y v =v(d) - 52 VA i X a)

depends holomorphically on A in the Banach space WpT’[a,b]. Letg € W;f”l (a,b)
and set

wix) = /ax(p(t)dt (x € (a,b)).
Then y € Wé(a,b) and
(@,9(4)) 1 = (W, 5(A)) o1 = (=¥, 9(A)") -
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Hence ¥ is (weakly) holomorphic in Wp7’+1 [a,b]. The induction hypothesis yields
that there are u,,...,u; € H(Q,L ,(a,b)) such that

-1
Ay =Y u (MY (AeQ).
i=0
We set
i
up(A) == E(lvv(l))pJX(ayb)'
Then u, € H(Q,L,(a,b)). From (6.2.2) we obtain

v(/l)=uo(x)+ﬁ(x)'=2u,.(,1)g"> (AeQ). O

We would like to note that the “canonical way” to associate T to LR does not
always yield a holomorphic operator function T®. For example, the identity

[ w0 =n)-n(a)

yields that, for any complex valued function & on C,

R _ (n(a)
L (A)T] T (n(b) _*_a(l)(r’(a) — n(b)) +a(l)ffn'(f) dt)

defines a holomorphic operator function
LR € H(C,L(W$(a,b),C?)).

But the operator function T®, given by

R . )’1(“)
T (A)y:= (yl(b)+a(l)(y1(a) =3 (8) +@(d) {3 (0) dt) ’

where y = (i 1) € (W,(a,b))?, does not depend holomorphically on A if o does
2

not depend holomorphically on A.
We shall assume also in the case p = eo that L® € H(Q,L(W (a,b),C")) is
given in such a way that (6.2.1) holds for some T% € H(Q,L((W, (a,b))",C")).

6.3. The boundary eigenvalue operator function
Let LP and LR be as defined in Sections 6.1 and 6.2. We call
(6.3.1) L= (L°,L*) € H(Q,L(W}(a,b),L,(a,b) xC"))

a boundary eigenvalue operator function.
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Let {n,,...,Mn,} be the fundamental system function of LPn = 0 given by
Theorem 6.1.8 and set Y := (nj(.i_l)):'jzl. Define

(632)  Z,(A)c:=(n(A),., (5 A))e=elY(,A)c (ceC,A Q)

and
6.3.3) (U (A)f)(x) == e{Y(x,}t)/axY(t,/l)‘lenf(t) dt (f € Ly(a,b)).

From Lemma 6.1.6 we know that Y is a fundamental matrix function of 7%y = 0.
Let A € Q and U(1) be the right inverse of T?(1) given by (3.1.6). Then

(6.3.4) U (A) =e]U(L)e,.

A characteristic matrix function of L is defined by

(6.3.5) ML) = LR (A)Z,(A).

Note that M is also a characteristic matrix function of the associated first order

boundary eigenvalue operator function T = (T2, TR) given by (6.1.3) and (6.2.1).

THEOREM 6.3.1. L is an abstract boundary eigenvalue operator function in the
sense of Section 1.11,

Proof. We set E := Wy (a,b), F, := Ly(a,b), G := F,:=C", T .= LP, T, := L*.
We have to prove that (1.11.1) holds. For this let A € Q. For each f € L,(a,b) we
have

TP(MU(L)enf = enf.
Thus we can apply Proposition 6.1.3 and obtain eJU (A )e, f € W/ (a,b) and

(6.3.6) (TUMenf) ™ =eTUM)enf (j=1,...,1).
Then (6.1.7) and (6.3.4) yield
LPUL(A)f = el TP (AU (A)enf = f

for each f € Lpy(a,b), i.e., U (1) is aright inverse of LP(A).

For each A € Q, Z; (1) is injective since 7,..., 7, are linearly independent
by Proposition 6.1.7.

For the proof of (1.11.1)iii) let A € Q and 1 € N(LP(A)). Then, by Definition
6.1.4, there is a vector ¢ € C* such that n = (1,(-,4),...,M(",A))c = Z,(A)c,
which proves 7 € R(Z, (4)). Conversely, let n € R(Z;(A)). Then there is a vector
ceC suchthatn =2, (A)c=(n,(-,A),...,Ma(,A))c. Proposition 6.1.7 proves
n € N(LP(2)).

We shall show that U, is even a holomorphic right inverse. As in the proof of
Proposition 2.1.6 we define

R:= {(f])’;ZOfJELp(a,b) (_]ZO,,k), f]I:f].H (.]=Oaak_l)}
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Because of the isomorphism proved in that proposition it is sufficient to show that
for j=0,...,n

(A, )= U ANV (AeQ, feLyab))

defines a holomorphic map in L(L,(a,b),L,(a,b)). For j=0,...,n— 1 this fol-
lows from (6.3.6) since U € H(Q,L((L,(a,b))",(W, (a,b))")). Since this also
yields that

(A, f) = (UA)HD (A eQ, feLya,b)

defines a holomorphic map in L(L,(a,b),W, (a,b)), we finally obtain that the
assertion also holds for j=n. [

As in Section 3.1 we apply Theorem 1.11.1 and obtain

THEOREM 6.3.2. The boundary eigenvalue operator function L given by (6.3.1) is
holomorphically equivalent on Q to the L,(a,b)-extension of M; more precisely,
for A € Q we have

(0 id M) 0 .
Lm~<id@ LR(lL)gj ())L)>< 0 ide(a,b)> (Z,(A), U, (),

and the operators

0 id,
(ab) )
<id@ LR(AS)UL(A)) € L(C" x Ly(a,b),Lp(a,b) x C')

and
(ZL(A)auL(;{')) € L(C" X Lp(a’b)aw};l(aa b))
are invertible and depend holomorphically on A.

COROLLARY 6.3.3. The boundary eigenvalue operator function L is Fredholm
operator valued and p(L) = p(M) = p(T).

Proof. The first assertion and p(L) = p(M) immediately follow from Theorem
6.3.2 since M(A) is an operator in finite dimensional spaces. As M is also a
characteristic matrix function of 7', we have p(M) = p(T) by Theorem 3.1.2. 0

In the same way as Theorem 3.1.4 we obtain

THEOREM 6.3.4. Let M be the characteristic matrix function given by (6.3.5).
Suppose that p(M) # 0. Let j € 6(M) and r := nulM(u). Let {c,,...,c.} and
{d,,...,d,} be biorthogonal CSRFs of M and M* at li. Define

—(LRU,)*d;
nj:=ZLcj, vj::( d,L) 7
J
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Then {n,,...,n,} and {v,,...,v,} are biorthogonal CSRF of L and L* at U,
v(n,)=v(v;)=v(c;)=v(d;)=m; (j=1,...,r), and the operator function

r

2: —m ®V

Jj=1
is holomorphic at U.
PROPOSITION 6.3.5. Let W € H(Q,M,(L,(a,b))), a; € [a,b] (k€EN), a, #a,

1
(k# j), ag=a a, =b WV € H(Q,M,(C)) (j € N) such that
(6.3.7) Z sup [WUI(A)] < oo
j=0A€K

for each compact subset K of Q. For A € Qand 1 € Wy (a,b) we set

- n(a;) , n(s)

(6.3.8) LR(A :Z : +/ W(E,A) : dé.
=0 n‘”“)(a,-) ’ =N (g)

Then L® € H(Q,L(W}(a,b),C")).

Proof. This follows from Proposition 3.1.5. O

6.4. The inverse of the boundary eigenvalue operator function

Let L be the boundary eigenvalue operator function defined by (6.3.1), where LR
is given by (6.3.8). For A € p(L), f; € Ly(a,b) and f, € C" we set

(6.4.1) K (A)f, = L7 (A)(£,,0),
(6.4.2) Ky(L)f, ;= L7 (2)(0, f,).
As in Section 3.2 we set
(6.4.3) F(x,A) = i WUl (A) +/XW(I,/1) dr (a<x<b),
2 ’
it , b
(6.4.4) F(b,A) = ZW(J)(A)+/ W(t,A)de
=0 a

Let (1y,...,Ma) € H(C,M, ,(W;(a,b))) be the fundamental system function of

n—0w1th17 Na,A) = g, for 2 € C, and set ¥ —-(n(' ')) el Let M be
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the characteristic matrix function defined by (6.3.5). For A € p(L), the GREEN’S
function of L is defined by

' ff eTY (x, )M~ (1) &, F (1, A)Y (1, )Y (€, A )es

(a _<__ 5 S X S b)a
6.4.5) G(x,&,1) =<

"/‘_bg eTY (x, A)M ™Y (1) 4, F (1, )Y (1, )Y 7 (&, A ) e
[ (a<x<E<b),

where the integrator is F(-,A). We set
(6.4.6) G(x,A) = elY (x, M~ (A) (x€[a,b], A € p(T)).

THEOREM 6.4.1. Let L be the boundary eigenvalue operator function as defined
in (6.3.1), and let K, , K, be given by (6.4.1), (6.4.2). For A € p(L), f, € Ly(a,b),
f, € C" and x € (a,b) we have

b
(6.4.7) (K,(M£)E) = [ G )5 (8)
(6.4.8) (Ko (M) f,)(x) = G(x,A) £,
(6.4.9) W)W = [ 6,24 E)E +Ble Ay

Proof We only have to prove (6.4.9). By Corollary 6.3.3 we have A € p(T).
From

TD(A')T_I()')(enfpfz) = enfl

we infer that y := T71(A)(enf,, f,) fulfils the assumptions of Proposition 6.1.3.
Hence (6.1.7) yields

64100  LPA)eIT™'(A)(enf), f,) = el TP(AT~ (A) (enfys o) = fis
and (6.1.6) and (6.2.1) prove that

(6.4.11) LRA)eI T A) (enfys £y) = TRT ™ (A)(enfys o) = 1o
Since L(A) is invertible by assumption, we have

(6.4.12) L) (fy, o) = el T (A ) (enfr, fo)-

This proves (6.4.9) in view of (3.2.10). [
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6.5. The adjoint of the boundary eigenvalue problem

The adjoint boundary eigenvalue problem in distributional sense consists in find-
ing nontrivial weak solutions (u,d) € L, (a,b) x C* of the differential equation

n—1 .
(6.5.1) (~1f + Y (=1 (pi(, 2)),) +L¥ (A)d =0

i=0
for A € Q, where u, is the canonical extension of u. The following theorem justi-
fies this definition of the adjoint boundary eigenvalue problem.

THEOREM 6.5.1. Let the boundary eigenvalue operator function L be given by
(6.3.1). If p <oothen L* € H(Q,L(L,(a,b) x C*,W "[a, b)) is given by

652  L'AN)ud) = " 4 ): )Y+ LR (A)d

(ue L, (a,b), d € C"), where u, is the canonical extension of u. If L¥ has the
form (6.3.8), then

6.53) LF*(A) = Zn:(—l)i‘l (i (W (A)e,) 801 + ((W(-,l))ﬁi”l)ei)T>

j=0 !
and, for d € C",
6.5.4) ((LRU)*(M)d)(t) = (Y (t,A)en) " x

X { i Y{ap ) TWO(A) 5, 0 () + /bY(é,l)TW(é,l)T dé } d
J=1 ! f

Here Xag, | is the characteristic function of the interval (a,a;).

Proof. Letn € W)(a,b) and u € Lp,(a,b). Then we infer with the aid of Proposi-
tion 2.3.4 for k =0, [ = 1 and Theorem 2.2.5 that

<n,LD*<x>u>,,,n = ()

= p0+2 ,P, a >p,1

< >pn+z M”)fei)>pm'

i=0

This proves
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Since, ford € C*,
(n,L7(A)(u,d)) = (L(A)n, (u,d))
= (LP(A)n,u) + (L*(A)n,d)
= (n,LP" (A)u+ LR (1)d),
we obtain the representation (6.5.2). For a function n € W, (a,b) we set y :=

(n,n’,...,n"=1)T and obtain

(0, L% ()d)p = (LT

il

A)n,d) e
l))’)")@n
F(2)d)

Il
NS
N Lz

pl

(nt=Y, eI % ()d)

i
ngE

pl

—

i
H'M=

—

(n, (- TR M)D) ),

This equation and (3.3.3) yield (6.5.3).
Since
LRA)UL(A) = TR(A)U (A)en
by (6.2.1), (6.3.4), and (6.3.6), we have
(L*U)* (4) = e} (TRU)*(A).
With the aid of (3.3.4) we obtain the representation (6.5.4). O

6.6. The adjoint boundary eigenvalue problem in parametrized form

In this section let p < oo. Let L be given by (6.3.1) and define Ly(4) in L,(a, b) by

(6.6.1) D(Ly(A)) = {n € W}(a,b) : LR(A)1 =0} C Ly(a,b)
and
(6.6.2) Ly(A)n =LP(A)n (1 € D(Ly(A)).

As for first order systems considered in Section 3.4, the domain D(Ly(4)) of
Ly(1) may depend on A and may be a non-dense subspace of L,(a,b).

Let p(Ly) := {1 € Q: Ly(A) is bijective}, o(Ly) := Q\ p(Ly).
THEOREM 6.6.1. Let L be the boundary eigenvalue operator function given by

(6.3.1) and let L be its restriction in L,(a, b) with homogeneous boundary condi-
tions as given by (6.6.1) and (6.6.2).

i) p(Ly) = p(L) and L5 ' (A)f = L~ (A)(£,0) for A € p(L) and f € Lp(a,b). If
A € p(Ly), then Ly (1) is continuous.
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ii) Suppose that LR is of the form (6.3.8) and let G be the GREEN’S function given
by (6.4.5). Then, for A € p(Ly) and f € Ly(a,b),

b
(15" WNW = [ 6xE,M18) de.

Proof. Up to some changes in notations and references, the proof coincides with
the proof of Theorem 3.4.1. O

As in Section 3.4 we can prove

PROPOSITION 6.6.2. For all A € Q the operator Ly(A) : Ly(a,b) = Ly(a,b) is
closed.

In the same way as Proposition 3.4.7 we prove

PROPOSITION 6.6.3. Let M be the characteristic matrix function given by (6.3.5)
and suppose that p(M) # 0. Let u € 6(M) and r .= nulM(u). Let {c,...,c,}
and {d,,...,d,} be biorthogonal CSRF of M and M* at j1. Define

n; =27, uj::—(LRUL)*dj (j=1,...,r),

where Z, and U, are given by (6.3.2) and (6.3.3), respectively. Let m; := V(nj),
the multiplicity of the root function ¢ ;- Then the operator function

L' =) (—w)™™"m;®u

=1
is holomorphic at L.
The adjoint L§(A) is a linear relation in L, (a,b) defined by its graph
G(L5(A)) = (G(~Lo(A))*,
i.e,
u € D(Lo(A)) < 3w € L, (a,b)Vy € D(Ly(1)) (Lo(A)y,u) = (y,w)
and
Lo(A)u={w € L, (a,b) : ¥y € D(Ly(1)) (Lo(A)y,u}) = (y,w)}-
Here (, ) is the canonical bilinear form on L,(a,b) x L, (a,b).

In the same way as Theorem 3.4.3 we prove

THEOREM 6.6.4. i) Let A € Q and u € Lp,(a,b). Then u € D(L3(1)) if and only
if there is a vector d € C" such that L*(A)(u,d) € L, (R).
ii) Let A € Q and u € D(Ly(A)). Then

Ly(A)u={(L*(A)(u,d)), :d € C", L*(A)(u,d) € L,(R)}.
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THEOREM 6.6.5. Let LR be given by (6.3.8) and suppose that W(-,1)e; belongs
to (Wpi,_l(a,b))”foriz 1,...,n.

i) Let A € Qand u € Ly(a,b). Then u € D(Lg(A)) if and only if there is a vector
d € C" such that

(—1)"u£">+")—:1(—1)"(p,-<-,1>u)” (1) fj ) dsli™Y
i=0 i=1 j=0
+ni ) (—D)" (W, A) " De,,) T (a)d sl
i=1 m=i+1

belongs to Lp,(R).

ii) Let A € Q. Then Lj(A) is a linear operator if W(-,A) = 0 or if for each
d € C"\ {0} one of the following five properties holds:

There is an integer j €N, j > 2, such that W) (A)Td #0;

eIWO(A)Td #0;

eIW(D(1)Td #0;

There is a number i € {1,...,n— 1} such that

(__1) (W Td+ Z m 1 -,l)(m_l—i)em)T(a)d;éO;

m=i+1

There is a number i € {1,...,n— 1} such that

n

(-7 W) Td+ Y (=1 (W(,A) T e,,) T (b)d # 0.

m=i+1

Proof. 1) is obvious because of Theorem 6.6.41), (6.5.2), (6.5.3), and Proposition
2.6.5.

ii) For d € C" we have L*(1)(0,d) = LR*(1)d. In case W(-,A) = 0, the property
LR (A)d € L, (a,b) immediately implies LR*(2)d = 0 by Proposition 3.4.4. And
if one of the other five conditions is satisfied, then it follows by part i) and Propo-
sition 3.4.4 that L®*(A)d ¢ Lp,(a,b) if d # 0. In both cases, Theorem 6.6.41i)
yields L*(1)(0) = {0}, i.e., L*(A) is an operator. (I
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COROLLARY 6.6.6. Let p;,(-,A) € W! ax{pp,}(a,b) fori=1,...,n—1. Let L® be

given by (6.3.8), where the sum runs from 0 to k, k > 1, and W (-, A )e; belongs to
(Wl;,_l (a,b))" fori=1,...,n. The set[a,b}\ {ay,...,a,} is the disjoint union of k
open intervals I,,...,I,. We set p, := 1 and define

"’ 3
, ()= pE ) 0 <I<n—1,0<m<n—1-1
0 f1<li<n—-1lin—-I<m<n-1,

Hx(l) ( lm(x l))lm =0
Then § € D(L§(A)) if and only if there is a vector d € C* such that

C‘lean;(Ij) (]=1,,k),

n-2 n
~ Z (=)™ e, (W(,2) " De,) (a)d,
1=0 m=I1+2
H,A) (¢ (b-))r = -wD(A)Td
n-2 n

(1) + X (=1 (25 )P €L, 1)

for £ € D(L5(A)) and j = 1,...,k. Proposition 2.6.1 shows that {|, € W (I})
J

for j =1,... k. Therefore, in the following, we may suppose that { € Lp, (a,b)

satisfies this property. Note that

~

Z R C'I

J..—.
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Therefore, by Theorem 6.6.5 and Proposition 2.6.5, u € D(L(A)) if and only if
there is a vector d € C” such that

k : i
Y YD) {(p,-(-,/l)C)('_1‘[)(aj+)5¢§,? — (p,(~1)E) (ﬁ,~—)6,§f,’}

—i(—l)izk:(w()(l) )Tdal 1
i=1 j=0
+n—1 i (_1)m—1((W(‘,l)(nz—i—l)em)T(a)d6‘£i~l)
i=1 m=i+1

_ W(-,A.)(m—i—l)em)T(b)dalgi—l)> ELPI(R),

where /; =: (a;, 8;). In view of Proposition 3.4.4 this holds if and only if all the
coefﬁaents of 5 ) are zero for / =0,...,n—1and j=1,...,k. Let us consider
j = 0; the cases j =1land j=2,...,kare similar. So, for j =0, we have to satisfy

n

(6.6.3) Y (=1 (M) D at) = (WO (R)e,, ) Td
i=l+1
£ Y (1) W) e,) (@) = 0
m=Il42

for/=0,...,n— 1. Applying LEIBNIZ’ rule to (pi(-,/l)C)(i‘l”) we obtain

n

n—1
Y, )T A0 = Y by ()™
m=0

i=l+1
for! =0,...,n— 1, which shows that (6.6.3) is equivalent to
Ha(A)(C N (a+))i%
n—2 n

=wO)Td-Y Y (-1 e
1=0 m=I[+2

l+1(W(-,l)("’_’_z)em)T(a)d. O

Now let A € Q and suppose that the assumptions of Corollary 6.6.6 are ful-
filled. Then A is an eigenvalue and the nonzero function { € Lp, (a,b) is an eigen-
function of the adjoint boundary eigenvalue problem in parametrized form if and
only if there is a vector d € C" such that, for j = 1,...,k, C[l, € W:,(a,b),

(6.6.4)
n—1 n
(171 + DA+ L ()T W A e) ) =0

i=0
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and the boundary conditions

Ha(A) (W (at))izy = WO (R)Td

- ”i Zn: (=1)" e, (W, A)me,) T (a)d,

1=0 m=I+2
665  H,A)(EVBb-)i =-wh@)d
n—-2 n
+Z Z (_l)m——le
=0 m=I+2
Ha, (1) (§9(a;4) = {0, =) 5y = W) (j=2,...K)

are satisfied.

[+1 (W(',A)(m#)em)T(b)d,

Analogously to Proposition 3.4.8 we obtain

PROPOSITION 6.6.7. Suppose that p(L) # 0 and let i1 € o(L).

1) Let 1 be an eigenvector of L at . Then 1y € D(Ly(1)) and Ly(u)n, = 0.

i) Assume that L§(1L) is an operator. Let (uy,d,) be an eigenvector of L* at (L.
Then uy € D(Lg(1)) and Ly(p)uy = 0.

PROPOSITION 6.6.8. Suppose that LX does not depend on .

i) Let u € o(L) and (n,)t_, be a CEAV of L at i. Then 1, € D(Ly(1t)) for
k=0,... k.

ii) Suppose in addition that p, € H(Q, L(a,b)), that the p; do not depend on A
fori=1,...,n—1, and that L§(1) is an operator for all A € Q. Let u € o(L) and
(u,,d,)l_o be a CEAV of L* at p. Then u, € D(Lg(1)) for k=0,...,h.

Proof. The proof of part i) is similar to the proof of part i) in Proposition 3.4.9
and therefore omitted.

ii) For k = 0,...,h we obtain as in the proof of Proposition 3.4.9 and with the aid
of (6.5.2) that

k
L' (W) edy) = = ¥ 5 (FHL ) e jody )
]:

k

%

—

9’71’9 Wu_; € Ly(a,b). O

_I—-
v

The next example shows that the statement of Proposition 6.6.8 ii) is not nec-
essarily true if one of the functions p|,...,p,_, depends on A.

EXAMPLE 6.6.9. We consider L(A) € L(W2(0,1),L,(0,1) x C*) given by
LP(A)n =1"-247n"+An,

won=(g o) (i) ()
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Obviously, {e** — Axe** xe**} is a fundamental system of LP(A1)n = 0. The
corresponding fundamental matrix is

Ax Ax Ax
e — Axe xe
¥xd) = ( —A2xerr Qhx +lxe“>

and fulfils ¥ (0,4) = I,. The characteristic determinant is given by

-1 -1 et — Let et
M(l):(o 0>+<—12€l el—l-lel)
_ er—1-21et -1

B ( -2 et +le}‘) '

From detM(A) = e** — e* — Le* — A2e* we infer p(M) # 0 and that detM has a
zero of order 2 at 0. The vector function given by

M(A) (é) = (el :iz—e%&)

has a zero of order 2 at 0. Hence (é) is a root function of M at 0 of multiplicity

2, and by Proposition 1.8.5 it is also a CSRF of M at 0. In the same way,

) 280\ _ [ —1-21et -A%r )\ [-2-82
M(l)( 213 )_< et —1 e’l—i—/le’l)( 21 )
_ (e* —1-Ae*)(—2-82) - 2236

2(1—e* + At +A12e4) — A (e - 1)

28
shows that ( 2 l) is a CSRF of M* at 0 of multiplicity 2. From

3
22
1 /—2-82\T 1
w (7 e o)

—2_8)\T/_1_ 1y
:( 2&3 > ( 2_13 ),12;1‘(,1)
=1+A%h,(A),

where 4, and h, are holomorphic functions on C, we see that the CSRFs are
biorthogonal. It is easy to see that

—Ax —Ax -~Ax
-1 _ (e 4+ Axe —xe
Y= xd) = ( A2xe=Ax e A — /'Lxe““)
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Now 6.5.4 yields
(L*U)*(A)d) (x) = (Y (x,A)e,)TY (1,A)TWD g
B —xe M T(ed—rer  —A2 d
T \e A - AxeAx et e* + At

_ ({—x(l — )+ (1 Ax)}et(= ) ]
= {224 (1= Ax)(14+4) Jer1-9)

— (I_x)el(l—X) d
T A1+ A = Ax)er)

—2_38
((LRUL)*(A) < 22/13/1)) (x)=(2x—2~ —§—7L+ g/lx—i— 242 ~2/12x)e}‘(1_").

Hence

According to Theorem 6.3.4,

(05

is a CEAV of L* at 0. In view of Theorem 6.5.1 we have
L*(A)(u,d)

2
=ty + 22U+ A%u+ Y (1) (W) T8 + (Wile) T80 1)d

i=1
T T
55+<(1)) 5, — (?) 61’}d.

" ' 2 ~1\T 1N\’
=u, +2Au, + 1A u+{( 0 ) Oy + <O)
From Proposition 2.6.5 we infer
Uy = (") e +u(0)8 — u(1)8) +u'(0)8, — u'(1)8,.
Thus we obtain for d = (d,,d,)T € C?
8 20
L - =
(0) <3 3 x+ 2x2,d)
8 20
44 28426~ T8+ 38— d o+ d 8+ d, 5, - .

Since for any choice of d|, d, this distribution does not belong to Lp, (a,b), it

follows from Theorem 6.6.4 ii) that the first component % - 23-0x+ 2x? of the asso-
ciated vector of L* at 0 does not belong to the domain of L§(0). O
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6.7. Two-point boundary eigenvalue problems in Ly(a,b)

In this section let p < o0 and

n—1
LPAn=n"+Y p(,A)nt,

i=0
n(a) n(b)
Am=we@)|  :  |+W@R)|
n*~(a) =)
for A € Q and n € W) (a,b), where p; € H(Q, Wmax{pp}(a,b)) (1<i<n-1)

and W2 W* ¢ H(Q,M,(C)). We suppose that rank(W4(1),W®(1)) = n for all
AeQ.

Apart from LP we consider L2 € H(Q,L(Wp", (a,b),Lp, (a,b))) defined by
+ n—1 ) )
P = (=1 + Y (-1 (p(,4)m)®
i=0
for A € Qand 1 € Wj(a,b).
PROPOSITION 6.7.1. Letl € N, v € Wy(a,b) and w € W},(a,b). Then

)= (=D (ywt)
]

= Y (=)' (0 o) (b) — U170 (@)w (a)).
0

o,

I
- =

Proof. For I = 0 nothing has to be proved. Now let / = 1. In view of (2.3.1) and
Proposition 2.1.5 i) we obtain

VW) + (yw') = /b(v'w+ ww') dx = /b(vw)' dx
= vt(zb)w(b) - v(a)w(a).a
Assume that the statement holds for some / > 1. Then
D) = (=1 i wH D) = D ) — (- 1)’<v wi))
+(=1) l( l+1))>
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PROPOSITION 6.7.2. We set p, := 1 and

where H,(A) has been defined in Corollary 6.6.6. Then H € H(Q,M,,(C)), H(4)
is invertible for all A € Q, and

n@@ \' {(a)
67 P8 - o = | @ | | €
- ’ ’ n(b) ¢(b)
7)) £ (b)

holds for all A € C, n € Wj(a,b) and { € W:,(a,b).

Equation (6.7.1) is called the LAGRANGE identity. We call H(A) the LA-
GRANGE matrix of LP(1).

Proof. Since p, € H(Q,W](a,b)) for i = 1,...,n, we have that k, belongs to
H(Q,W/(a,b)) and hence h,,, € H(Q,Cla,b]) by Proposition 2.1.7. This proves
that &, (x,-) is a holomorphic function for each x € [a,b]. Therefore H depends
holomorphically on A. Since h,, = 0if [ +m > n, H,(A) is an upper left triangular
matrix, and h;,_,_, = (=1)""""'p, = (~1)"""~! shows that the corresponding
diagonal elements are nonzero. Hence H,(A) is invertible for all A € Q and all
x € [a,b]. Thus also H(A) is invertible for all A € Q. For the proof of (6.7.1) we
calculate with the aid of Proposition 6.7.1

(LP(A)n, &) — (. LP (A)0)
( Lo 10) = (1, (2, 1))

1

nr"«

Il
.M=

Il
1l
=}

(=1 (0D B 1)) B) ~ 1D (a) (-, 1)0) (@)

Because of (2.3.1) we can apply LEIBNIZ’ rule to p;{ and obtain that

—

i

(=)' @) (P () 6) 1 ()

-

i=11=0
n—1 n

=Y 1% Y (07,20 )
=0 i=l41
n—1

n—1
n0G) Y a2, )8 (x)
m=0

Il
=]
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nx) \' ¢(x)
= : Hy(A) : .
=1 (x) ¢l (x)
Forn € Wy(a,b) and { € le‘,(a,b) we briefly write y := (7,...,7("")T and
w:=(g,...,§lM)r.

We note that the LAGRANGE identity can be written as
(6.7.2)

LD* LD+ T+ Z eT( Hy)u(a, ) + 6;§i_l)e;‘eru(b7 ,))
for{ e W:, (a,b) . Furthermore, (6.5.3) immediately yields that
(6.7.3) LFa=Y (-1)""(ewTds{~V +eTW a8l

holds for d € C".

By Proposition 3.5.1 there is an invertible matrix Q(4) € M,,(C) which de-
pends holomorphically on A such that

WeA)T A(A
wo (U A
with suitable A, B € H(Q, M,(C)).
We define

C(y DAY\ _ (we)r AN
@5 (i) i) = (o 5)) 7

where the matrix on the left hand side is divided into n x n-block-matrices.
The operator L$ (A) in L, (a,b) is defined by

(6.7.6) D(LF(A))

£(a) £(b)
=4 & € W)i(a,b): W*(A) : +Wb(2) : =0
§=(a) ¢ (b)
C Lp,(a,b)
and
(6.7.7) L§A)G:=LPT (M) (¢ €D (L))

By Theorem 6.6.51i), Lj(A) is a linear operator.
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THEOREM 6.7.3. We consider the families of operators Ly(A) and L (1) defined
by (6.6.1), (6.6.2) and (6.7.6), (6.7.7), respectively. For all A € Q we have

i) L§ (A) = L5(A),

i) (LF(A))* =Ly(A) if p> L.

Proof. i) Letn € D(Ly()) and § € D(L{ (A)). From Proposition 6.7.2 we infer
(Lo(A)n,8) = (LP(A)n, C)

_ + Wa)\' u(a)
= (n,LPT(A)¢) + (y(b)) H(A) (u(b)) :
From (6.7.5) and the definitions of D(Ly(4)) and D(L} (1)) we infer

o))
=) Getar a) (et o) ()

Thus
(Lo(A)n,{) = (n,L°7(A)E),
which proves § € D(Lg(A4)) and L§(A)¢ = L (A)€.
Conversely, let § € D(L§(A)). We have to prove that { € D(L{(4)). Corol-
lary 6.6.6 shows that { € W (a,b) and that there is a vector d € C" such that

(6.7.8) H,(A)u(a) =WA(L)Td and H,(A)u(b) = —~Wb(1)Td.
From (6.7.5) we infer
W4(A)u(a) + Wo(A)u(b)

which proves that { € D(L{ (1)).
ii) Since Lp(a,b) is reflexive and L,(A) is closed by Proposition 6.6.2, we have
Ly(A)*™ = Ly(A), see [KA, Theorem IIL.5.29]. Therefore ii) follows from i). [
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DEFINITION 6.7.4. Letn € H(Q, Wy (a,b)) and p € Q. n is called a root function
of Ly at u if and only if (i) # 0, (LPn)(1) = 0 and W2 (u)(n')(a, 1)) +
We(u)(n (b, 11))"=) = 0. The minimum of the orders of the zero of LDn and
we(n(a, Ny + Wb(n( ) (b, )i, at g is called the multiplicity of 7.
From L1 = we(n\(q, ))f’z_ol + Wb (n® (b, ))l”:_o1 we obtain

PROPOSITION 6.7.5. Let 1 € H(Q,W}(a,b)), p € Qand v EN. Thenn isa
root function of Ly of multiplicity v at p if and only if 1 is a root function of L of
multiplicity v at 1.

Canonical systems of root functions of L, are defined in the same way as for
L. Hence a system of root functions is a canonical system of root functions of L
at ¢ if and only if it is a canonical system of root functions of L at .

The situation is different for L = Lj and L*.
PROPOSITION 6.7.6. Let ({,d) € H(Q,Lp,(a,b) x C") be a root function of L*
of multiplicity v at . We may assume that § is a polynomial of order < v — 1.
Then § € H(Q, Wy (a,b)), € is a root function of LE of multiplicity > v at u, and
d+ Cu(a,-) + Du(b,-) has a zero of order > v at J1.
Proof. By assumption

v—1

fA)=) A-w' (A0,

i=0

where {; € L,(a,b) (i=0,...,v —1). First we shall show that {; belongs to
W) (a,b). For this, define

di¢=$<a%d)(#) (i=0,...,v—1).
Since (§,d) is a root function of L* of multiplicity v at u, we have
W(C,d) = Z (;j{,zf) )& pdi)) (=0,0,v—1).

Since the restriction of L*" to 9'(a, b) is zero, we obtain

(679 (7 () Z (&) i)

For i = 0, (6.7.9) yields (LP*(1)¢,), = 0 and hence &, € W}(a,b) by (6.5.2)
and Proposition 2.6.1. Now, for i = 1, the right hand side of (6.7.9) belongs to
L, (a,b), and Proposition 2.6.1 yields §, € Wy (a, b). Repeating this procedure
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we obtain {; € wy (a,b) fori=0,1,...,v— 1. As in the proof of Corollary 6.6.6
we obtain that

(6.7.10) Hau(a,)—W%'d and Hu(b,-)+W°'d
b

have a zero of order > v at u. From the representations (6.7.2) and (6.7.3) we
infer that LP* ¢ has a zero of order > v at p1. Hence { is a root function of LY of
order > v at i. From (6.7.10) and the definition of H we obtain that

er (o ) (o ) (60)+ Gor 5) ()

has a zero of order > v at t. Hence it follows in view of the invertibility of

aT § - .

(VWVbT %) that Cu(a,-) + Du(b,-) +d has a zero of order > vatu. 0

PROPOSITION 6.7.7. Let § € H(Q,W;'(a,b)) be a root function of L§ of multi-
)-

plicity v at jt. Set d := —Cu(a,-) — Du(b,-). Then ({,d) is a root function of L*
of multiplicity > v at |.

Proof. By assumption, Wu(a,-) + W?u(b, ) has a zero of order > v at 1. Hence
the matrix function (6.7.11) has a zero of order > v at y. Now the assertion is
clear because of (6.7.2), (6.7.3), (6.7.5) and (6.5.2). 0O

A canonical system of eigenfunctions and associated functions of the family
of operators L,(A) is defined by taking a canonical system of eigenfunctions and
associated functions of the holomorphic boundary eigenvalue operator function L.

THEOREM 6.7.8. We consider the families of operators Ly(A) and L (A) defined
by (6.6.1), (6.6.2) and (6.7.6), (6.7.7), respectively. Assume that 1 € 6(L,) and
let {n,, 11 <i<r,0<h<m—1} be a canonical system of eigenvectors and
associated vectors of Ly at |i. Then there is a canonical system of eigenvectors
and associated vectors {§;, : 1 <i<r,0<h<m;—1} of L§ at p such that the
principal part of the GREEN’S function G(x,&,-) at | has the form

m;—1

(6.7.12) Y X -y ank Gijk(8
i=1 j=0

IfW® and W° do not depend on A, then the biorthogonal relationships

(6713) Zk'/ alk Cj,m k( )dx 5tj5m —h,m

(1<h<m;0<m<m;—1;i,j=1,...,r) hold, where

m;—1

eih = LD Z ( - .u)l—hni,m :
1=0
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Proof. We set

m;—1

A=Y A-p'n, (=1,.,n.

h=0
{ny,-..,n} is a CSRF of L at u by Propositions 1.6.2 and 6.7.5. By Theorem
1.5.4 there are polynomials ({;,d,) : C = L, (a,b) x C" of degree < m; such that
{({,,d,),...,({r,d,)} is a CSRF of L* atu,

(6.7.14) L' =Y (—w) ™00 (5,d)
i=1
is holomorphic at ¢ and the biorthogonal relationships
1 dm .
(6.7.15) ﬁm<eih’(€j,dj))( ) 61_15m —h,m

hold for 1 <h<m;, 0<m< m;— 1,i,j=1,...,r, where we use the notation
6, := (- — p)~"Ln,. By Proposition 6.7.6, {,, ..., are root functions of L} at
p and d;(1) = —C(p)u;(a, 1) — D(1)u,(b, ). Hence & (u),...,E (1) are lin-
early independent as (,,d,)(1),...,(¢,d,)(1) are linearly independent. Since
the multiplicities of a CSRF of Lar at i cannot exceed the multiplicities of a CSRF
of L* at i by Proposition 6.7.7, {{,,...,§,} is a CSRF of L] at ut. We set

m;—1
Gy= Y (A-nl'g, (i=1...)
h=0
and infer that {{; , : 1 <i<r,0<h <m;— 1} is acanonical system of eigenvectors
and associated vectors of La‘ at . By Theorem 6.6.11) and (6.7.14) the principal
part of Lj Iat p is equal to the principal part of

Y (- 1) ® 6

=1

at i1, and Theorem 6.6.1 ii) yields that the principal part of G(x,&,-) at u is

r om—1
3 X i (e )6 60) )

ST T - Y (98, 6.
j k=0

If W and W? are constant, then LR, is a po]ynomial of degree < m; — 1 and

has a zero of order > m; at . Hence LRn, =0 fori=1,...,r. Thus 8, = (6,,0),
and (6.7.15) leads to (6.7.13). [J
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6.8. Notes

Mostly, the operators associated with boundary eigenvalue problems are con-
sidered as operators from L,(a,b) to Ly(a,b). In that case, it it sufficient to con-
sider somewhat weaker conditions on the coefficients, see [NA2, Chapter VI.
However, in general it is much more advantageous to have bounded operators,
and we are therefore going to use the operator L : Wy (a,b) — Lp(a,b) x C" in
subsequent chapters. An important advantage of this approach is the fact that
the adjoint operator L*(A) is defined on the whole space Lp,(a,b) x C" and is a
bounded operator with values in some space of distributions. As a consequence,
the associated adjoint boundary eigenvalue problem is defined without any re-
strictions. This implies that the eigenvectors and associated vectors of the adjoint
problem are always defined. The associated vectors may not belong to the do-
main of the classical adjoint problem. This explains why in the classical approach
problems containing associated vectors are mostly disallowed.

Adjoint boundary conditions for two-point boundary eigenvalue problems
were introduced by G. D. Birkhoff in [BI2]. G. FROBENIUS has shown in [FRO]
that the adjoint differential expression A’ of a differential expression of the form
A =Y_oA ;D is uniquely determined by the identity vA(u) — uA'(v) = DA(u,v),

where A(u,v) = }k(—l)k (Dju) D (Aj+k+1v)'



Chapter VII

REGULAR BOUNDARY EIGENVALUE PROBLEMS
FOR »n-TH ORDER EQUATIONS

This chapter deals with eigenfunction expansions for regular boundary eigenvalue
problems for n-th order ordinary differential equations. The coefficients in the dif-
ferential equation as well as in the boundary conditions depend polynomially on
the eigenvalue parameter A. As in the fifth chapter, the boundary conditions are
allowed to contain countably many interior points and also an integral term. For
such boundary eigenvalue problems the notions Birkhoff regularity and Stone reg-
ularity are defined in terms of the corresponding notions introduced in the fourth
chapter for boundary eigenvalue problems for first order n X n differential systems
with asymptotically linear parameter dependence (Definitions 7.3.1 and 7.6.1). To
this end, in a first step the n-th order differential equation depending polynomi-
ally on the eigenvalue parameter A is transformed to a first order n x n differential
system which is asymptotically linear in A and has a leading matrix in diagonal
form satisfying the specific assumptions in the fourth chapter (Theorem 7.2.4).
In a second step, the boundary conditions, which depend polynomially on A, are
transformed to conditions which are asymptotically constant as A tends to infinity.
An efficient method to check Birkhoff regularity of boundary eigenvalue problems
for n-th order differential equations is presented (Theorems 7.3.2 and 7.3.3).

Under the assumption that the endpoints of the underlying interval are no ac-
cumulation points of the interior points of the boundary conditions it is shown
for Birkhoff regular boundary eigenvalue problems in the case 1 < p < o that
functions in L,(a,b) are expandable into series of corresponding eigenfunctions
and associated functions. These series are L,-convergent (Theorem 7.4.3). With
respect to uniform convergence, i. e., if p = o, continuous functions which are of
bounded variation and fulfil certain boundary conditions can be expanded (The-
orem 7.4.4). Eigenfunction expansions are also established for Stone regular
boundary eigenvalue problems. It is shown that for 1 < p < oo these expansions
converge to the given function if this function is smooth enough, i. e., belongs to
some Sobolev space of sufficiently high order, and fulfils certain boundary condi-
tions (Theorems 7.6.5 and 7.6.6). These boundary conditions are defined by some
iterative procedure in terms of the coefficients of the given differential equation
and of the boundary conditions. The convergence proofs of these eigenfunction

279



280 VII. Boundary eigenvalue problems for n-th order equations

expansions are based on the contour integral method and make use of convergence
results from the fourth chapter concerning certain sequences of contour integrals
of the resolvent of the transformed boundary eigenvalue problem.

7.1. General assumptions

Let —o<a<b<e, 1<p<oo,neN, n>2 andleta; € [a,b] (j €N) such
thata; # a, (j #k), ay=a, and a; = b. Let

n—i
(7.1.1) p,(A) = Z/lfn”_,.’j (i=0,...,n—1),
Jj=0
where 7, _, . € Ly(a,b) i=0,...,n—1, j=0,...,n—i). Weassume 7, ,, ,#0
for some i € {0,...,n—1}. Let w,, (i,k =1,...,n) be polynomials in A with
coefficients in L,(a,b) and wl(({) (jJ€N, i,k=1,...,n) be polynomials in A with
complex coefficents. Suppose that

oo

Y sup Wi/ (A)] < oo
j=0IA|<r

forallr >0andi,k=1,...,n.
For A € Cand 1 € Wy(a,b) we consider the boundary eigenvalue problem

n—1
(7.1.2) ™+ Y p(,A)n =0,
i=0
(7.1.3)
n o i ) noorb .
Y Y wlWn @)+ Y [ w6 =0 (k=1,...,n).
i=1j=0 =174

The function 7 defined by

n—1
(7.1.4) n(,p):=p"+Y p'm, i, (PEC)
=0

is called the characteristic function of the differential equation (7.1.2). Together

with the boundary eigenvalue problem (7.1.2), (7.1.3) we consider the operators

n—1
(7.1.5) P ="+ Y p (A,
i=0
(7.1.6)
no . . n b ) n
= (X L w W a)+ Y. [ w6 amE@)de)
i=1j= =174 =

i 0

1)
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where 4 € C and 1 € W}(a,b), and
(7.1.7) L:=(IP LF).
From Lemma 6.1.1 and Proposition 6.3.5 we infer
PROPOSITION 7.1.1. L € H(C,L(W}(a,b),L,(a,b) x C")).
Together with the n-th order differential equation (7.1.2) we consider the as-
sociated first order system T2 (A)y = 0, where T? is given by (6.1.3), (6.1.4). We

shall assume that there are a matrix function C(-,4) € M,,(Wp] (a,b)) depending
polynomially on A and a positive real number ¥ such that

(7.1.8) C(-,A) is invertible in M,,(WP1 (a,))if |A| >y
and such that the equation

(1.1.9) C' (M) TPCC, )y =y —A(,A)y =: TP(A)y
holds for [A| > yand y € (W, (a,b))", where

(7.1.10) AL A) =24, + A4, +A71A%A) (1A > )
fulfils the assumptions made in Section 4.1.

We shall also consider the following sharpened form of (7.1.10): For some
kK € Nlet

(7.1.11) A(A)= Y ATIA_ +ATTIARC,A) (A > ),
j=—1

where j

(7.1.12) A| € My(W)(a,b)),

(7.1.13) A_;€EM,(W)S I (a,b)) (j=0,...,k),

(7.1.14) AX(-,A) € My(Ly(a,b)) for |A| >y

and is bounded in M,,(L,(a,b)) as A — oo.

Condition (7.1.8) is fulfilled if for each x € [a,b] and |A| > 7y the matrix C(x, 1)
is invertible: Since C(-,A) is continuous in [a,b], C7}(-,A1) € M,(Lo(a,b)) if
|A] > 7. Proposition 2.5.8 yields C~'(-,A) € M,(W, (a,b)) for [A| > 7.
PROPOSITION 7.1.2. Suppose that C fulfils (7.1.8) and let r € N\ {0} such that C
is a matrix polynomial with coefficients in M,(W,(a,b)). Then we have

detC™'(4) = A7 (co + 1, (-, A)
for |A| > v, where § € Z, c; is an invertible element in W(a,b), and c is an
asymptotic polynomial in Wp’ (a,b) of arbitrary order. There is a number § € Z
such that
C_l (a/l) = A'éco(‘al),
where C, is an asymptotic polynomial in M,(W,(a,b)) of arbitrary order.
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Proof. Since C is a polynomial with coefficients in M,(W,(a, b)), there is a non-
negative integer s such that

5
detC(x,1) = Y 7,(x)A/
j=0
for x € [a,b] and A € C, where y; € Wj(a,b) for j € {0,...,s} and 7, # 0. If

7:(x) # 0O for all x € [a,b], then there exists a § > 0 such that |y(x)| > & for all
x € [a,b] since 7, is continuous. Then the NEUMANN series expansion

At Cn ) = —— ¥ (<1 (T ACJYY
’ - %(x) =0 j=0 ¥%(x)

holds if A is sufficiently large. From Proposition 2.5.8 we know that 7! belongs
to W;(a,b). Hence AS(detC(-,A))~! is an asymptotic polynomial in W, (a,b) of
arbitrary order which tends to y,! as A — 0. This proves the first assertion; the
second assertion follows by CRAMER’S rule.

Assume that ¥; has a zero in [a, b]. Since % is continuous and not identically
zero in [a, b], there is a sequence (x, ) in (a,b) converging to some z € [a, b] such
that %;(xy) # 0 (v € N) and ¥%(z) = 0. Since detC(z,A) # O for sufficiently large
A, there is a number j, € {0,...,s~ 1} such that }'jo(z) # 0 and 7,(z) = 0 for
J€{jp+1,...,5}. Wedefine

ax{JZ((Z))II tx € a,b], j€{0,...,jy— 1}} if jy >0,

0  ifj,=0,

Py =

and p :=max{4 P, 7, 1}. Since ¥;(xy) — 0as v — eoforeach j € {Jo+1,...,8}
and i (xy) — on(z) # 0 as v — oo, there is an integer v € N such that

1 : oy Gl
I'on(xv)l > EIYJO(Z)‘ and . Z 1|'yj(xv)|p] Jo < _1_04—__ )
J=lt

From the definitions of p, and p we infer that

N
Y 7 x)A| < Iy ()2
j=0
J#io
for |A| = p. Hence ROUCHE’S theorem yields that detC(x,,A) has exactly j,
zeros in the open disk with centre 0 and radius p. Since j, < s and ¥%(x,) # 0,

there is at least one A with JA| > p and detC(x,,A) = 0. This contradicts the
assumption (7.1.8), which implies that C(x,,A) is invertible for [A| > p >y. O



7.2. Asymptotic linearizations 283

7.2. Asymptotic linearizations

The most crucial assumption of those in Section 7.1 is that A is a diagonal matrix
fulfilling the conditions (4.1.3), (4.1.4) and (4.1.5). In the sequel we are looking
for necessary and sufficient conditions in terms of the problem (7.1.2) to fulfil this
assumption. First we look for an “asymptotic linearization” of A with respect to
A. The easiest way to do so is by multiplying A with a diagonal matrix

(7.2.1) Co(A) =diag(A",...,A™) (v,...,\, EZ)
from the right and with its inverse from the left. We have
(722)  CTHA)A(LA)CHA) = (8, A% = 8, ,p,_ (L AAYT)]

i,j—1 ij=1"
Let deg p; be the degree of the polynomial p; with respect to A. Then we must
have

(7.2.3) Vi — V%<1 and degpj+vj+1—v,,§1

fori=1,...,n—1and j=0,...,n—1. For j=0,...,n— 1 we infer that
n—1

(7.2.4) degp; <1+V,—Vv,, =14+ Y (v, —v)<n—j.
i=j+1

This is the reason for assumption (7.1.1).
PROPOSITION 7.2.1. Letn € N\ {0}, b,,...,b, €C,

By :=(8,; 1 = &by jr)ijmniik (k=1,..,m)
and
a,(p):=det(p—-B,) (k=1,...,n).
We assert:

i) Forp e Cand k=2,...,n we have

a(p) =pay_,(p) +by.
ii) Forp e Cand k= 1,...,n we have

k .
ap)=p*+Y p*b;.

j=1
Proof. i) Letk € {2,...,n}. Expanding a,(p) with respect to the first column we
obtain

a,(p) =p det(p 5i,j - 6i,j—1 + 6i,nbn—j+l)?,j:n+2—-k
+(=1)"p, det(pd,_; ; — Oy j_1)i j=nt2—k
=pa,_(p)+ by

ii) For k = 1 we have

a;(p)=p+b;.
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Assume that the assertion holds for some k € {1,...,n—1}. With the aid of i) we
obtain

a.1(p) = pa,(p) + b,

k
— pk+1 + Zpk—j+lbj+bk+l
j=1
k+1 )
:pk+1 + Zp(k+l)_]bj' 0O
Jj=1

PROPOSITION 7.2.2. i) Assume that A(-,A) has an asymptotic linearization, i. e.,
that there is an invertible matrix function Cy(A), |A| >y > 0, such that

(1.2.5) Cy (MA(,A)Cy(A) = AA+O(1).
Then
(7.2.6) det(p — A) = 7(-,p),

where T is the characteristic function given by (7.1.4).
ii) Additionally, let C| be invertible in M,,(Wp1 (a,b)) and set

Clx,A) =Co(A)C (x)  (x €[a,B], [A] 2 7).

Then the matrix function A given by (7.1.9) satisfies

(1.2.7) A(,A) = AA, +Ay(A),
where
(7.2.8) A, =CyAC, € My(Ly(a,b)),

Ay = O(1) in My(Ly(a,b)) as A — oo, and

(7.2.9) n(-,p) =det(p—A,).

iii) Additionally to i) and ii) we suppose that C, and A, are diagonal matrices,
(7.2.10) A, =diag(0,...,0,r},...,7}),

where ry,...,r; are not identically zero. Then

[}
(7.2.11) n(x,p) =p[Jlo—r,x) (x€(a,b)),
i=1

where ny =n — . Furthermore, | > 1, and r;(x) # r(x) for all j,m € {1,...,1}
and x € (a,b) such that r;(x) # 0, rn(x) #0, and j # m.
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Proof. i) By Proposition 7.2.1 we have

n—1
A7"det(pA —A(,A)) = p"+ ) p'AT"p(+,A)
i=0

=p +Zp < 1 ,+%0(1))-

On the other hand, (7.2.5) yields
_ ~ 1
A" det(pA — A(-,A)) = det (p —A+O(I))
= det(p — A) + + Z p'o(1

For A — oo we obtain det(p — Z) =x(-,p).
it) In view of LEIBNIZ’ rule (2.3.1) we have for y € (W, (a b))" that

(7.2.12) TP(A)y = CT'Cy(A) ' TP (L) (Cy(A)C )
=Cri(Cy) - CrH(AA+0()Cyy
=y —AC;'AC,y +0(1)y,

whence the representation of A holds, and (7.2.9) follows from (7.2.6).

iii) Obviously, by a suitable choice of C,, we can write A, in the form (7.2.10),
where r,...,r, are not identically zero. Then (7.2.11) follows from (7.2.9). Since
we suppose that 7,_; ., # O for some i € {1,...,n}, not all the r; can be zero,
i.e., we must have [ > 1. In the matrix A given by (6.1.4), the (n—1) x (n—1)
submatrix in the upper left corner is a triangular matrix with zeros in the diagonal.
By (7.2.5) this also holds for A since we suppose that Cy(4) is a diagonal matrix.
Therefore the (n— 1) X (n — 1) submatrix of p — A in the upper left corner is
invertible for p # 0 since it is a triangular matrix with diagonal elements p. Hence
the rank of p — —Aisatleastn—1 if p # 0. In view of (7.2.8) we infer that r ,(x) — A,

has rank n — 1 whenever r;(x) #0. O

PROPOSITION 7.2.3. Let ny € {0,...,n— 1}, | := n— ny, and suppose that
”("p) = p"oyrl(.,p),

where

1
(7.2.13) m(,p)=p'+Y pin
j=1
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Suppose that for all x € [a,b] the roots of m)(x,p) = 0 are simple and nonzero
and that there is x € N\ {0} such that &, |,..., 7, € W)(a,b). Then there are

ry,-.. 1 € Wy(a,b) such that

!
(7.2.14) m(x,p) = [](p —r;(x)
j=1

holds for all x € [a,b] and p € C. In addition, we have that r;l € Wp"(a, b) for
j=1,....L

Proof. Forx € [a,b] let @, |, ..., be the roots of 7;(x,p) = 0. We set
& = %min{lax’j — ol ol jk=1,, 0L # k} >0
and
!
v=UlpeC:lp-a, =5}
j=1
Then 7,(x,p) # 0 for all p € ¥,. Since ¥, is compact, there is a §, > 0 such that

m(E,p)#O0forall & € [x— 6, x+6]N[a,b] and p € ¥;.
Let x, € [a,b]. For x € [xg — & ,% + &; ] N[a,b] and j = 1,...,] we define

on,
1 E)L()Qp)
(7.2.15) x.m:~% P d
B ())_]( ) 27[[ Ip_axo.j|:£“0 ﬂ:l (x, p)

The functions on j are continuous since the integrand depends continuously on x.

Choosing J,, sufficiently small we may assume that | BXO, i) = ﬁxo, (x0)] < &, for

!
j=1,...,1 and x € [x; — &, %)+ Oy | N[a,b]. From m,(x,p) = [1(p — @, ;) we
k=1
infer
a

i 1 zﬁmm_
=1 P~ %y 7r1(x,p)

¥

The residue theorem yields

!
k=1
(7.2.16) ﬁxo,j(x) = Z‘Iax,k—axo,jl < Ex Oty
for j=1,...,0 and x € [xy — 8, %)+ &,] N[a,b]. Forx=x;and j=1,...,] we
obtain ﬁxo’ i(xg) = o, ;- From
lﬁxo,,-(X)l > |ﬁx0,j(x0)| - Ion,j(xo) - ﬁxo‘j(x)l > 28, —&,>0

for j=1,...,1 and x € [xg — & , %y + 8;,] N[a, b] and (7.2.16) we infer for each j €
{1,...,0} and x € [xy — 8, Xy + &,] N[a,b] that there is at least one k € {1,..., 1}
such that |a, , — &, ;| < &,. Since the disks {peCilp-e ;| < &, } are
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pairwise disjoint, we obtain {ﬁxo (), (x)} = { 10 }. Hence, for

) xl
all x € [x; — 8, %)+ 6] N [a, b], we obtain r, (x,p) p ﬁxw(

Let J,,J, C [a,b] be intervals, o,..., & € C(J, ) and By,...,B, € C(J,). As-
sume that there is a ¢ € J; NJ, such that, for all j=1,...,1, a;(¢c) = B;(c) = Ot”,
m(x, a;(x)) = 0 (x € Jy), m(x, B;(x)) =0 (x € J,), and o, 7é o fk=1,...,1
and k # j. We set

I'={xeJynJy:3je{l,....1} o;(x) # B;(x)}

!
U{xe s nJ:mxp)# r[l(P —a;(x))}.
j=

We shall prove that I = 0. Assume that I N[a,c] # 0. The case IN|c,b] # @ can
be treated analogously. Because of the continuity of 7, and the o; and B, the
set / and thus also the set /N [a,c) is an open subset of J, NJ,. Furthermore
c ¢ 1. Hence x;, :=sup(/ Na,c)) & I. Since the roots of 7, (x,, p) = 0 are pairwise
different, we obtain B(x,) = a;(xg) # & (xy) = B, (xo) for j # k. Because of the
continuity of the ¢; and B ; we obtain for all x € IN [a,x,), sufficiently close to
xo, that B;(x) # o4 (x), a;(x) # o (x), B;(x) # B (x) for j # k. Since the o;(x)
and f;(x) are roots of m,(x,p), we obtain that the sets {a(x),...,®(x)} and
{B,(x),...,B,(x)} are contained in {, ..., e, }. Since each of these three sets
consists of l elements these sets are equal Hence x ¢ 1. This is a contradiction,
and / = @ is proved.

Thus there are a maximal subinterval J C [a,b] such that a € J and unique
continuous functions ry,...,r, on J such that rj(a) =a,; for j=1,..1 and

I
m(x,p) = T1(p —r;(x)). Let x, := supJ and choose ¢ € J N [xy — &y, X,]. Since
j=1

l 4
H —n:lxp ZI_I xo]

j=1 j=1
we may choose the roots @, ,,...,0, , in such a way that ric) = on) j(c) for
j=1,...,1. But then the above con51derations yield that
(x ifxeJ
Fi(x) = 75) s (=1,...,0)
ﬁxOyj(x) if x € [xg — 6y Xp + 5x0] N{a,b)

defines unique functions 7; € C([a,xy + &) N[a,b]) satisfying 7,(a) = @, ; and

!
m(x,p) = I1 (p —7;(x)) for x € [a,x,+ &,] N[a, b]. This proves that [a,xy + &, ] N
J=1
[a,b] C J C [a,x,]. Hence x, = b and J = [a, b].
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We still have to prove r; € W(a,b) and rj”l € Wy(a,b) for j=1,...,1. For
this let x, € [a,b]. Set I := (xy ~ &y, % + O,) N (a,b). From Proposition 2.5.8 we
infer for p € aKEX (r;(xp)) that (-, p)lyte W X (1). Since WX(I) is identified with
a subspace of L(W ( )) by Proposition 2.3.3 and since the inverse of an element in
W(1) is the inverse of the corresponding multipication operator, 7,(-, p p)|; ! also
depends holomorphically on p in a neighbourhood of 8K£x (r;(xp)) by Proposi-

tion 1.2.5. Therefore ——L@ is a continuous mapping from 8K£X (r;(x0)) o W5 ().
In view of (7.2.15) thls proves that ri belongs (locally) to W"(a b) Fmally, we

have that r; is continuous and rj( x) ;é 0 for all x € [a,b]. This proves that rj_l is
bounded. An application of Proposition 2.5.8 completes the proof. O3

THEOREM 7.2.4. Let | € {1,...,n} be such that m;; # 0 and m;; = 0 for i =
I+1,...,n. Suppose that @, | € L(a,b). Then there is a matrix function

C(x,A) = diag(A",...,A")C,(x)

with v|,...,V, € Zand C, € M, (W (a,b)) such that A(-,1) given by (1.1.9) has
the form (7 1.10), where

A, = diag(0,...,0,r,...,1)

and r"l L.(a,b) for j=1,...,1, ifand only if the following four conditions hold:
R V€ Loo(a,b);
[ .
ii) pi(nA)= Y Mm,_;; (i=0,...,ny—1);
Jj=0 ’
i) 7, ; € Wp‘(a,b)fori: 1,...,1
or T
I=1and ”7‘[’“" eWla,b) fori=1,...,n—1;
1,1

iv) The zeros of 7, (x, p) are simple and different from zero for all x € [a,b], where
7, is defined in (7.2.13).
A.Ifi), i) and iv) hold and if | = 1 or m;; € W (a,b) fori=1+1,...,n, then we

canchoosevl=---:vn0+1—0,v,--—1—n0—~1(z—n0+2 )ana’
1 0
0
0 1
(7.2.17) C, = —%’ —"'7# 1 ... 1],
"y T
0 :
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where r|,...,r, € Wp1 (a,b) are the roots of (-, p) = 0 according to Proposition
7234 1> 1.
B. Ifi), ii) and iv) hold and if m; ; € Wp1 (a,b) fori=1,...,l, then we can choose
Vi=o =V, =0 v,=i-ny(i=ny+1,...,n) and
I 0
0
0 1|t !
(7.2.18) C, = 1 1|,
" Ty
0 : :
it !
wherer,...,r, € Wp1 (a,b) are the roots of m/(-,p) = 0 according to Proposition

7.2.3. Note that in case | = n the matrix function C, ist just the lower right block.

Proof. Assume that we have an asymptotic linearization of the required form.

!
Then i) is clear since (7.2.11) yields x,; = [] (—rj), where the function on the

right-hand side is invertible in L..(a,b).
From 7, , # 0 we infer deg p,, = n — n,. Hence (7.2.4) yields for j = n, that

n—1
1+ Y (v, —v) =L
i=ny+1
Since v, | —v; <1 by (7.2.3), we obtain v, , = v, + 1 fori=ny+1,...,n— 1.
This proves that the matrix function A defined by (7.2.5) has the form
(7.2.19)
0 14

'yno-—l

)
fl

Moy, - - - —71:1+11“n0 My —71:1’1)
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where, fori=1,...,ny, %, =1if v, =v,+1and v, =0if v, | <v,. Furthermore,
degp, | <1+v,—v,=:y,fori=1,...,n,by (7.2.4).

Now let ny > 0. Again from ”1_1] € Lo(a,b) we infer that the [ x [ submatrix
of A in the lower right corner has rank /. But since A| has n, zeros in its diagonal,
rank A = rankA; = [. Thus the first n, columns of A are linear combinations of
the other columns, and we obtain that the entries ¥,,..., /A in the matrix A are
zero. This implies v, < Vio—1 <---<vy.Hence y; <1+v,—v, fori=1,...,n,.
Since A has rank [, its ny-th row must be a linear combination of the last / rows.
Hence ¥, =0 or y,, #0 and 7w, , =- = 0. In the first case we
obtain i, <1+v, - Vag+1° and the second case yields degp; | <1+ V, —Vy, =
24v,— Vn0+l fori=1,...,n,. Hence, inboth cases,degp, ; <1+V,— vnOJrl =1
fori=1,...,n,. Thus ii) holds.

Let/>1orny#0andy, =1.Letj€{l,...,1}. WehaveAe, i =re, ..
Let g=ny if ny=0o0r %, =0and g=ny—1if ny >0 and ¥, = 1. Then

se = 7[l+l”un0

el}:\\=0fork= 1,...,q and eZA\:eIIH fork=gqg+1,...,n— 1. Hence, in view
of C/A, =A\Cl,we obtain

(7.2.20) rje,ICle =0 for k=1,...,q

ng+j
and

(7.2.21) rjeZCIen0+j=eI+1CIeno+j

for k=qg+1,...,n—1.

Since r is invertible, (7.2.20) implies that eZClenOH =0fork=1,...,q. If
elC, (x)enoﬂ- = 0 for some x € [a, b], then (7.2.21) and rj_l € Lw(a,b) would im-
ply that the modulus of eIIC 1€ng+j is smaller than a given positive number in a
sufficiently small neighbourhood of x for all k € {g+ 1,...,n}. Then the conti-

nuity of C; would give e]C, (x)eno +j = 0 for these k. But this is impossible since

C,(x) is invertible. Hence (e]C, €y + j)_1 € Wpl (a,b) by Proposition 2.5.8. From
q < n—2,(7.2.21) and Proposition 2.3.1 we infer

I (elC,e )“l(e;_IC]e

j )EWpl(a,b).

ny+j ny+J

The assumption 7, , € Lu(a,b) implies

!
r= (—l)'7r,7l H rt € Lo(a,b).
m=1
m#j
These two properties of r; yield r; € Wp1 (a,b) in view of Proposition 2.5.8. Be-
cause of (7.2.11) and Proposition 2.3.1, this proves iii) if / > 1 or n, # 0 and
Yy = 1.
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In case [ = 1 it follows that n,, > 0 since n > 2. Hence we still have to consider
the case that [ = 1, n, # 0 and s, = 0. We have seen in the proof of ii) that
B ST4+Vo—v, =tfori=1,...n— 1{(= ny). Note that A, = r eqe] and
m oy =-—r.Leti€ {1,...,n}. If y, =1, then

-1 I B 3 A I ) -1 _ 7 T~1 1
T By ipr =1y enAe, =1y eCiAC e, = e]CeqefC) eiEWp(a,b).

If u, <0, then x,_; = 0. This completes the proof of iii).

For the proof of iv) we observe that rJT‘ € Wp1 (a,b) for j=1,...,1 implies that
the zeros of 7;(x, p) are different from zero for all x € [a, b]. And from Proposition
7.2.2ii) we infer that the roots of m,(x,p) are simple for all x € {a,b].

Conversely, assume that the conditions i)-iv) are fulfilled. If r, ..., r, actually
occur in the matrices (7.2.17) or (7.2.18), i.e., if | > 2, then Proposition 7.2.3 is
applicable, and we choose r|,...,r, € Wp1 (a,b) such that (7.2.14) holds. Property
iv) implies that r; —r; is invertible in Lw(a,b) if i # j. By Proposition 7.2.3 we
also have r;!,...,r7! € Wl(a,b). Note that at least one of the cases A or B is
applicable. This proves C, € M,,(Wp1 (a,b)) for C, given by (7.2.17) or (7.2.18),
respectively. Since the lower right [ x ! block of C, is a Vandermonde matrix, we
obtain that

detC, = [] (r;—n)
I<i<j<t’
is invertible in L..(a,b). Hence C, is invertible in L.(a,b) by CRAMER’S rule.
Then Proposition 2.5.8 yields C;'! € M, (W, (a,b)). Hence C(-,1) = Co(A)C, is
invertible in M, (W, (a,b)) if |A| > 1, i.e. (7.1.8) is fulfilled.
Next we shall show that

(7.2.22) Cy (A)A(,A)Cy(A) = AA+ O(1) in My(Lp(a,b)).

Indeed, in case A we infer from ii) and (7.2.2) (see also (7.2.18) that (7.2.22) holds
with

2>)
i
o

(7.2.23)

I T . T R W
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And in case B we infer from v, = [ and (7.2.2) that (7.2.22) holds with

0 0
1
~ 0 1
(7.2.24) A= 0
0
0 .
0 1
TR N

In both cases the repre~sentation (7.2.7) yields that (7.1.9) and (7.1.10) hold
since the matrix function Ay(-,A) is a polynomial in A~1. Also, (7.2.8) holds,
i.e,

-1 N
A =C[AC,.
We have to prove that
0 0
A, =
] r
0
0
0
T
In case A we obtain
~ -~ Ty jr1l
(7.2.25) AClej =A (ej — 7, €pt1

= _n”‘j+1,le" + n-n—j+1,le” =0 (.] =1,... ,l’lo).

In case B we have
(7.2.26) ACie;=Ae;=0 (j=1,...,np).

Let g := n; in the case A or if ny = 0 and let g := ny — 1 in the case B for n;, # 0.

Since C,(x)e, , ; € span{e .yeq} for j=1,...,1 and x € [a,b], we obtain

ny+j g+10°°

(7.2.27) e;(fAC,enoﬂ- :O:e;rjclenoﬂ- k=1,...,q; j=1,...,1).
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The definition of C; immediately yields

(7.2.28) e AClen = k+1CIen0+j:eIIerIeno+j

fork=g+1,...,n—1and j=1,...,. Finally, m,(-,r;) = 0 implies

(7229) " €JACie, ;= Z mrt=ri=elrCie, i (j=1,..,0).

The equations (7.2.25) to (7.2.29) prove that
C,A, =AC, = C,diag(0,...,0,r,,...,r;). O

We still have to require that the functions r,,...,r, in the asymptotic lineariza-
tion obtained in Theorem 7.2.4 satisfy the condition I) in Section 4.1 on page 131.
By Proposition 4.1.1 we know that I) holds if and only if one of the conditions II)
or III) defined in Section 4.1 holds. It is convenient to introduce the following two
conditions:

IV) There is a complex number & € C\ {0} such that for all x € [a, b] the roots of
Ty (%, P) 1= a7 (x,ap) = 0 are real, simple and different from 0.

V) There are a real-valued function r € Wp1 (a,b) such that r(x) # 0 for all x € [a, b]
and ;€ C (j=1,...,1) with §; # 0 such that

(7.2.30) 7, i(x) = ﬁjr(x)j forall j=1,...,nand x € (a,b),
!
(7.2.31) o) (p) :=p'+ Zl ﬁjp’_f = 0 has only simple roots.
j:

PROPOSITION 7.2.5. Let the assumptions of Proposition 7.2.3 be fulfilled. Let
FiyeeosT) € Wp1 (a,b) be the roots of m)(-,p) = 0 and set ry := 0. Then

i) < 1V),

ii) Ill) & V).

Proof. i) Let oo € C\ {0}. Then

Ty x.p) =T (p -0 7'r,()

j=1

Since the roots of 7,(x,p) = 0 are simple and different from zero by assumption,
it is easy to see that II) and 1V) are equivalent.
ii) IlN=V): We have

. T

j=1
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Hence there are §; € C (j = 1,...,1) such that

pl l pl~j
m(x,p) = r(x)l (W +j:1 r(x)i=J Bj) :

! .
We obtain B = [ (-;) # 0 and x; ;(x) = r(x)/B; for j = 1,...,I. Finally we

j=1

infer that rc(o)(p) = ﬁnl (a,pr(a)) = 0 has only simple roots.

V)=1I): Let ,...,q; be the zeros of o) From 3, # 0 we immediately infer
that &; #0,...,0; # 0. Then we have for all x € [a, b]

Hence, for a suitable choice of the indices, r, = a,r holds for v =0,...,I, where
o, = 0. Since the roots of m;(a,p) are simple and different from zero, we obtain
oy # oy forv,u=0,...  landv#pu. 0O

COROLLARY 7.2.6. In Theorem 7.2.4 we have that A, satisfies condition 1) from
Section 4.1 if and only if we replace condition iv) by
iv') I > 1 and there is a number o € C\ {0} such that for all x € [a,b] the roots of

!
T g6, P) = p' +i_21p"’a”7ri,,~(x) =0
are real, simple and different from 0,
or
I > 1 and there are a real-valued function r € Wpl (a,b) such that r(x) # 0 for all
x€la,bland B; € C(j=1,...,1) with B, # O such that

7, ;(x) =ﬁjr(x)jf0rallj= l,...,nand x € (a,b),

!

o) (p):=p'+ Zlﬂjpl_’ = 0 has only simple roots,
J:

or

| = 1 and there is a number o € C\ {0} such that o~ 1), is positive.
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Proof. Let ry = 0. In case I = 1 the equivalence is obvious since r; = —7; ;. In
case [ > 1 it follows from m,(x,p) = a'm,,(x, ) and 7(x,p) = r(x)’n(o) (;65)
that iv') implies iv). Hence the assumptions of Proposition 7.2.5 are satisfied, and
the result follows from Propositions 7.2.5and 4.1.1. (I

7.3. Birkhoff regular problems

Together with the boundary conditions (7.1.3) and a function C(x,A) satisfying
(7.1.8)—(7.1.10) we consider the matrix functions

W)= (wl(({)(l))z,i:lc(aj’l)’

(7.3.1) .
W(xal) = (Wki(x’l))k,izlc(xal)a

and set

(132) PAyi= EWORDa)+ [ Weapa e Whab)).
i=0 @

DEFINITION 7.3.1. The boundary eigenvalue problem (7.1.2), (7.1.3) is called
Birkhoff regular if m,, # 0 and if there are matrix functions C(-,A) satisfying
(7.1.8)—(7.1.10) and C, (A ) satisfying (5.1.3)—(5.1.5) so that the associated bound-
ary eigenvalue problem T2(A)y = 0, C,(1)"'TR(A)y = 0 is Birkhoff regular in
the sense of Definition 4.1. 2

We shall assume that C(-,A) = {A%,...,A¥"}C,, where C| and v/, ..., V, are
given as in Theorem 7.2.4 A or B

The condition 7, # 0 means that n, = 0. Theorems 5.2.2 and 5.2.3 also hold
in this case since the term A°(-,1) is irrelevant for Birkhoff regularity. For the
convenience of the reader we restate these theorems in this section, where we also
use Theorem 4.1.3. First let us note that the characteristic function (7.1.4) can be

factorized as
n

(p) =[P —rv(x))

v=|
according to Proposition 7.2.3. From Theorem 7.2.4 we know that the functions r,,
(v =1,...,n) are bounded away from zero and mutually different. Furthermore,

rv(x) = |ry (x)[e'®
for some ¢,. As in Section 4.1 we set
if R(Ae'?) <0,
if R(Ae'?) > 0,
if R(1e'¥) =0and 3(Ae'?) >
(Ae) =0

8,(1) = N
if R(Ae'? and 3(Ae'?) < 0.

—_—0 = O
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Forv =1,...,n we define
Al = diag(8},...,8"),

where
i 1 if @, € [@y, ¢, + 1) mod(27),

v 0 if @, &[@y, 0, + n)mod(2r).
THEOREM 7.3.2. Suppose that the assumptions of Theorem 7.2.4 and property
iv') in Corollary 7.2.6 are satisfied. Let ®,, # 0. Assume that (1.1.2), (7.1.3) is a
two-point boundary eigenvalue problem, i. e., that (7.1.3) has the form
n

ki

WO @) + Y wll ANy =0 (k=1,...,n).
1 i=1

This problem is Birkhoff regular if and only if the following two properties hold:
1) There is a matrix polynomial C, whose determinant is not identically zero so that

A WOQ),wWIQ)) = WO WD) +0A") as A o,

where (WO(O),WO(I)) is an n X 2n matrix of rank n.
it) For any matrix polynomial C, fulfilling i) the matrices

WAL + W (1, - Ay) and WO (I, — AV + WA, (v=1,...,n)
are invertible.

Note that it is not necessary to state that (WO(O),WO(I)) has rank n since ii)
implies this condition.

THEOREM 7.3.3. Suppose that the assumptions of Theorem 7.2.4 and property iv')
in Corollary 7.2.6 are satisfied. Let m,, # 0. The boundary eigenvalue problem
(7.1.2), (7.1.3) is Birkhoff regular if and only if the following three properties hold:
i) There is a matrix polynomial C, whose determinant is not identically zero so that

G A WOA),WH Q) = WO WY +0ATY) asd o e,

where (WO(O), WO(I)) is an n X 2n-matrix of rank n.
it) For any matrix polynomial C, fulfilling 1) the matrices

WAL + W (1, — AL) and WO (I — AV + WAL (v=1,...,n)
are invertible.
iii) For any matrix polynomial C, fulfilling 1) the estimates

C{l(l)W(-,l) =0(1) inM,(L(a,b))
and, for j €N,
C;H AW (L) = 0(1)  in M,(C)

hold, and the properties (5.1.4) and (5.1.5) are fulfilled. If w() £ 0 only for
finitely many j, then (5.1.4) and (5.1.5) are automatically satisfied.
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Since C,(A) and W(-,A) are polynomials, property iii) implies that

(133) C,(A)" W (1) =w0+0(%) in My(L, (a,b)).

7.4. Expansion theorems for Birkhoff regular »-th order differential equa-
tions

In this section we shall suppose that 7, , # 0, which is equivalent to n, = 0. We
also suppose that the assumptions of Theorem 7.2.4 and property iv') in Corol-
lary 7.2.6 are satisfied and that the boundary eigenvalue problem (7.1.2), (7.1.3)
is Birkhoff regular, where we assume that the transformation C(-,A) is as in The-
orem 7.2.4. Choose the circles I', according to Theorem 4.3.9 and define

1 -
A41) Oufi= 5§ L M) (mad™ S0 AL (f€Lplad), vEN),

where JN1 : Wy (a,b) — Ly(a,b) is the canonical embedding. Note that 7, , belongs
to L. (a,b) by the assumptions made in Theorem 7.2.4. Hence Q, is a continuous
operator on L,(a,b).

Let T2(A) be given by (7.1.9) and TR(A) = Cy(2)7! TR(2). Since the bound-
ary eigenvalue problem (7.1.2), (7.1.3) is Birkhoff regular, the boundary eigen-
value problem T2(A)y = 0, TR(A)y = 0 is Birkhoff regular in the sense of Defi-
nition 4.1.2. Together with f(l) = (TP(A),TR(1)) we consider the operators

Pf: —-—f TTYA)A£,0)dA (f € (Ly(a,b)", v EN),

2mi
see Lemma 4.6.7.
PROPOSITION 7.4.1. For f € Ly(a,b) we have

Oy f =€lC\P,Ci e, f:
Proof. We have seen in (6.4.12) that
(7.4.2) L™ (A)(f, £) = €IT 7 () (enfys 1)

for f, € Ly(a,b), f, € C*, where T = (TP,TR) is given by (6.1.3), (6.1.4) and
(6.2.1). We have

- . -1
aan T = (YT Q) Tk
whence
(7.4.4) L™ (A)(£,,0) = eIC(-, )T (A)(C(,A) "enf,,0)

=AVI"V"e{CIT"(l)(Cl‘lenfl,O).
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From (7.2.19) we obtain that
(7.4.5) CT' Mupen = —C7'Ae, = —A,C ey,

whence the proposition is proved if we set f, = 7, ,f and observe that v| — v, =
1 —nby Theorem 7.2.4. [

From (7.2.12) we infer that

Ay=-Cr'ci+ ;! C,,

na—1 o

and condition (4.1.19) holds if we require in case p < % that there is a number p
such that % <2- % and

(7.4.6) M ;€ Wﬁl_j(a,b) fori=1,...,nand j=0,1.

As multiplication by C; and C;! is continuous in (L,(a,b))", Theorem 4.6.9 gives

LEMMA 7.4.2. Let 1 < p < o. Suppose that the boundary eigenvalue problem
(7.1.2), (7.1.3) is Birkhoff regular. If p < 2, then we require that (7.4.6) holds.
Suppose that C(x, ) is as in Theorem 7.2.4 and that W, € M,,(L,(a,b)) for some
g > 1, where W, is given by (7.3.3). Assume that a and b are no accumulation

points of the set {a; : j €N, Wo(j) # 0}. Then Jgn Ovf = fforall f € Ly(a,b).

Since L is a Fredholm operator function, we can represent the principal parts
of L™! in terms of eigen- and associated vectors of L and L*. Since an eigenvector
or associated vector v of L* belongs to L, (a,b) x C", we can write v = (u,d) with
u € L,(a,b) and d € C". For an eigenvalue A, of L let r(A¢) := dimN(L{Ay))
and m, (j=1,...,ry) be the partial multiplicities.

Lemma 7.4.2 and Theorem 1.6.7 lead to
THEOREM 7.4.3. Let 1 < p < oo, Suppose that the boundary eigenvalue problem
(7.1.2), (7.1.3) is Birkhoff regular and choose the curves I, (v € N) with radius p,
according to Theorem 4.3.9. If p < % then we require that (7.4.6) holds. Suppose
that C(x,A) is as in Theorem 7.2.4 and that W, € M,(L,(a,b)) for some q > 1,
where W, is given by (7.3.3). Assume that a and b are no accumulation points of
the set {a;: j €N, Wo(f) #0}. Let Ay, A,,... be the eigenvalues of L and let

{T’)(CJ,I)J: 1)"'7"(1'(');1=O’”"mx’j_1}

and
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be biorthogonal CSEAVs of L and L* at A, respectively. Then

' r(xx)mm{mx_j,n} 1 y
f=Jim ) (Z X (1—1)1’? X

in Ly(a,b) holds for all f € Ly(a,b).
The analog of Lemma 7.4.2 for p = oo is obtained if we use Theorem 4.7.5.
For its formulation we observe that

wO(2) = (WD)} 2, Co(A),

kji=1

W(x,A) := (w,(x, ) i1 Co(d),

satisfy
W) =W +0(™"), W(,A)=W+0@A™),
W =W (a)), W=WC,.

THEOREM 7.4.4. Let p = oo, suppose that the boundary eigenvalue problem given
by (7.1.2), (7.1.3) is Birkhoff regular and choose the curves T, (v € N) with radius
pv according to Theorem 4.3.9. Suppose that C(x, 1) is as in Theorem 7.2.4 and
that Wy € M,(L,(a,b)) for some q > 1, where W, is given by (7.3.3). Assume that
a and b are no accumulation points of the set {a;: j €N, W ) £0}. Let AgrApye-e

be the eigenvalues of L and let

0= i1 =0, m = 1)
and

{@),dD):j=1,...,r(A); 1 =0,...,m,  — 1}

x,l’ K,J

be biorthogonal CSEAVs of L and L* at Ay, respectively. Then

r(Ag)min{m, ;n} ne1
— 1 - -
rm (R ()
xeN j=1
[Acl<py

x Z 0 [l () o)

holds in Cla,b] for all f € Cla,b|N\BV|a,b] satisfying

;()W()(J)elf(aj)+/zz Wy (x)e, f(x) dx =



300 VII. Boundary eigenvalue problems for n-th order equations

Proof. We only have to verify condition (4.7.2). Since n =0, that condition is
TRC; e, f =0by Remark 4.7.6. O

7.5. An example for a Birkhoff regular problem with A-dependent bound-
ary conditions '

The following example has been investigated by [HEI1], [SCHM], [TR2]. Con-
sider the boundary eigenvalue problem

(7.5.1) n“+Kn=an,
(752) n(0)=0, 7'(0)=0, n"(1)=0, BA)N"(1)+a(i)n(1)

where

0,

a(A) = oA’ + AT+ oA+ oy, B(A) = B,A? + By A + By,
K, oy, &y, 04, 0, By, By, B, are complex numbers, and a; # 0, B, # 0.
If we replace A by A4, then the expansion theorems in Section 7.4 are appli-
cable, and we obtain

THEOREM 7.5.1. For 1 < p < oo, every f € Lp(a,b) is expandable into eigenfunc-
tions and associated functions of the eigenvalue problem (7.5.1), (7.5.2) with A re-
placed by A*, where the expansion converges in Ly(a,b). If f € Cla,b]NBV [a,b]
and satisfies
f(0) =7(1) =0,

then f is expandable into eigenfunctions and associated functions of the eigen-
value problem (7.5.1), (7.5.2) with A replaced by A*, where the expansion con-
verges in Cla, b).

Proof. Tt is easy to check that the assumptions of Theorem 7.2.4 and Corollary
7.2.6 are fulfilled. Here we have 7, , = —1 and, with r(x) =1,

ﬂ'-(())(p) = P4 -1
Then r ;=) where @, ..., @, are the fourth unit roots. Hence

1 1 1 1
A, A, Ay Aay,
(L0)? (@) (Aey)? (Ae,)?
o) (Ao, (Awy)’ (Aaw,)’
The boundary matrices given by (7.3.1) are

1 000

Clx,A) =

WO (1)= c(o,4), wih(a)=

OO O
o OO
OO OO
o= O O

1 0
00
00
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and we immediately infer that we can choose C,() = diag(1,4,4%,A1!2). Thus
we obtain

I 1 1 1 0O 0 0 o
_ |9 O O o m-f{0 0 0 0
Yo 00 0 o] " Tl & o
0 0 0 0 oo o o

From Proposition 4.1.7 we infer that any Birkhoff matrix is, up to a permutation
of the columns, of the form

11 0 0
o, o 0 0
0 0 o o]’
3 4
0 0 o o4

where o; # @, and a)i # (o,i. This shows that the Birkhoff matrices are invert-

ible. Hence the problem is Birkhoff regular, and the result for p < oo follows. For
the uniform convergence the condition

£(0)
0=, /(0)+ Ve f)=| ¢

o5 f(1)
has to be satisfied. O

The result of Theorem 7.5.1 was obtained in [TR2] in the case of uniform
convergence. A slightly weaker result was derived in [HEI1]. In [SCHM] an
expansion theorem in L, (0, 1) was obtained, but only under some additional con-
ditions on the functions which are to be expanded.

7.6. Stone regular problems

Let the notations be as at the beginning of Section 7.3.

DEFINITION 7.6.1. The boundary value problem (7.1.2), (7.1.3) is called strongly
s-regular if m,, # 0 and there are matrix functions C(-,A) satisfying (7.1.8)~
(7.1.11) and C,(A) satisfying (5.1.3)—(5.1.5) such that the boundary-value prob-
lem TP (4)y =0, C,y(A)! TR(A)y =0 is strongly s-regular in the sense of Defini-
tion 5.7.1.

The Stone regularity gives an estimate for the resolvent T~! of the asymptot-
ically linear system associated with the given problem. Therefore, in view of the
results in the proof of Proposition 7.4.1, this gives an estimate for L~!. As for
systems, we define auxiliary functions in order to reduce the highest A-power in
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the integral over the resolvent L~!(2), where we do not necessarily assume that
tn.n # 0. To this end we define the differential operators 4] fori =0,...,I by

n—1
™ + P o™ ifi=0,

ni’”n—k,in(k) ifi=1,...,1,

(7.6.1) A =

1

where [ =n—n, and ) € Wj(a,b). Assume thatx,_, ; =0fork=0,...,n,—1
andi=1[+1,...,n—k. Then

/
(7.6.2) LP(Ay=Y A
i=0

PROPOSITION 7.6.2. Let k > 0 and m > n— 1+ 1. Additionally to the gen-
eral assumptions of this chapter we also require that Ty € Wp"+’_”+’"(a,b) for
i=max{0,n -k —m+1},....,I =1, k=0,...,min{n—i,n— 1}, 7,; € Lwo(a,b)
fori=1,..l-1Lm _, eWrrH=1tmtk(g b) (k=0,...,n~1), 7! € Lu(a,b).
Let f € W)™ (a,b). Then there are e Wp""j+”'(a,b) (j=0,...,x+1) such
that f% = f and

min{j,/}

%f[jlz_ Z %—if[j—i]
i=1
forj=1,....,x+ 1L

Proof. The statement is trivial for j = 0. Now assume that it holds for j =0,..., k'

with k' < ic. Then fIF+1-1 ¢ wxk=x=1+im(q p) fori=1,...,min{k'+1,1}. The
assumptions on the 7, _, ; imply by Proposition 2.3.1 that

min{x’+1,/} ‘
(763) Z %—if[’d+l_l] € WpK—xJ—n+l——l+m(a,b)_
i=1

Since /7] can be considered as a differential operator from ng’_l (a,b) to Ly(a,b),
there is a solution (X1 € W"~!(a,b) of the differential equation

min{k'+1,/} g _
jﬁf[)(-%-l] — _ z:l jﬁ-—if[ +1—II.

If 1=n, then ] is the multiplication by 7, ,, and fI<*1 € Wr=(K+1+m(g p)
follows. If I < n, then m,_,, € WX~<-"+~=14m+(q b) and Proposition 2.6.4
yields f[x’-H] € pr—x’—-n+l—l+m+n—l(a’b) — pr—(ld+l)+m(a,b)‘ O

REMARK 7.6.3. If m > n— [+ 1, then we do not need that 7, ; € L..(a,b). But

since we shall apply Proposition 7.6.2 together with Theorem 7.2.4, this is no
additional restriction in that case.
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PROPOSITION 7.6.4. Let the assumptions be as in Proposition 7.6.2 and, addi-
tionally, let m > n. Let the operators K,(A) and K,(A) be as defined in (6.4.1)
and (6.4.2). Then we have for f € W *"(a,b) and ' =0,..., K that

K [1-2-K+j . o
(7.6.4) A’—IKI(A),;f;fz-Z( y AI—J—IKI(A)%fm_;L—;—lfm>
Jj=0 =0

« .
AR D E TR Wil T OTA
j=0

where the functions f U are as in Proposition 7.6.2.

Proof. For j=0,...,k we have fUl € W, (a,b) and

=171 QL) fV
= K(ALP () U+ Ky (LA () V)

/
= Y MK (M)A £+ Ky () LR (2) £,
i=0

From Proposition 7.6.2 we know that

min{j+1,/}
— o fU = st 4 Z _ =l (j=0,...,k).

Hence we obtain for j =0,...,x that

(7.6.5) AR (M)A fU) = A - Z ALK (M) AU
i=0
min{j+1,/} ‘ ' _
+ Y AR (s, S Ak (M) s U - AT K () LR(A) U,
m=2
For ' =0, (7.6.4) coincides with (7.6.5) for j = 0. Assume that (7.6.4) holds
for some k' < k. Then we have with the aid of (7.6.4) and (7.6.5) that

AFTk () f

K 1-2—K'+j ‘ .
I:Z( Z AT (A f[}]) ___A’_J*lf[j]:l F AR 2l

j=0 i=0

- o g min{x’+2,!} o -
Z 1 2K jff[ +1] _|_ Z Al 3K (A)jipl—mf[ +2—m]
i=0 m=2

K+1 ) .
+AI"KJ_3K1(1)3ﬁf[KJ+2] — Z }L“J‘IKZ(/I)LR(A)JP[]]
=0
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K 1-3-K+j '
~<Z ) l"f”‘Kl(M%;fM).
j=0 =0

K K4 _ .
- Z AI_KJ_F?’KI(A)%_z_K/_Hf[]] + Z l—j—lfm
j=0 j=0
1-2-K+j>0
-2 y min{x’+2,1} o o
_ Z/'Lt—— 2K (A ( )jff K’+I]+ Z A=K 3k (A)%_mf[ +2—m]
i=0 m=2

-}-A,I_KJ—:;K( jff[xj-ﬂ] Z A~ Jj— IK ( )f[]]

i=0

K41 [1=2-(+1)+) . . .
=— Xb ( Z AI—J-lKl(A)%f[J] _;L—J—lf[11>
1:

K41 ;
+ll—2—(1€’+1)K1(A)%f[('ﬁ'ﬂ)ﬂ] — Z A_j_le(l)LR(/’L)f[]] O
j=0

THEOREM 7.6.5. Let 1 < p < o and s > 1. Additionally to the general as-
sumptions of this chapter we require that T ki € W”’ Ya,b) provided that

i =max{0,2 —s},....n~ 1, k= 0,...,mm{n—z n— 1} Ton € Wit5"2(a,b),
T, L€ Lo(a,b). If p < 3, we require that (7.4.6) holds. Suppose that the as-

sumptions of Theorem 71.2.4 and condition iv') in Corollary 7.2.6 are satisfied and
that the boundary eigenvalue problem (7.1.2), (7.1.3) is strongly s-regular. Let

F:= {f €W (a,b) X—Z‘,lzl—fcz(l)—lm(l)f[j] = O(A—S—vl)} |
j=0

where the fU! are as in Proposition 7.6.2 and Vv, is as in Theorem 7.2.4. Let
Ags Ay, ... be the eigenvalues of L and let

{nr(c{l) =1 (A =0, m,  — 1}
and _
{((’) d()) j=1,. (}L,();lzo,...,mx’j—l}
be biorthogonal CSEAVs of L and L* at Ay, respectively. Then

. ,(Ax)mm{mx_j,n} n [
Y L (ks

xeN j—

1cl<py A
X Z T] / }—l h( )ﬂn,n(x)f(x) d)

holds for all f € F, where the series converges in Ly(a,b).
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Proof. This proof essentially coincides with that of Theorem 5.7.3. The assump-
tions of Proposition 7.6.2 are satisfied with | = n, Kk =s—1, and m = n. Let
Jg : F — Ly(a,b) be the canonical inclusion of F into L,(a,b). Then Proposition
7.6.4 yield for f € F that

1 i~
0vIrf =5 fr AT K () T f dA
s—1n—1-s5+j

—f—— ?f)a =) K (R AU dA

27[1 r

. n—l-sy7 (5]
+2m}£ W ()

Each of the integrals containing K1 is of the form

f ATIRT K (A)gdA
with g > s. From (7.4.4) we know that
A"TK (A)g = e]C\ T (1)(Cy ' eng;0),
whence

[ A gda| < (| AT AT ens 0)aR| 50
T, p L g

as v — oo if g € W) (a,b) for u = s and g € Ly(a,b) for y > s. Indeed, if 4 > s
this follows from Theorem 4.4.111). And if u = s, then the estimate follows from
(5.7.1) and estimates in the proof of Theorem 4.6.9. In particular this holds for all
g = HfUl if we require f € Wy+(a,b). In view of
K,(A)c= e{T‘l(l)(O,c)

= e]C(, A)T 7 (A)(0,C,(2)'¢)

=elC,T7'(A)(0,A"1C,(A)'¢)
for c € C" and Theorem 4.4.11 i) we infer for f € F that

jé Z)L U AR () fUdA — 0

T j=

as v — oo. The boundedness of {P,J : v € N} follows*from the above represen-
tations as in the proof of Theorem 5.7.3. Here we have used that similarly to the
proof of Theorem 5.7.3 we can choose fU! such that f — f U1 is a continuous map
from W)**(a,b) into le‘+s“f(a, b). The remaining parts of the proof concerning
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the convergence are analogous to the corresponding parts in the proof of Theo-
rem 5.7.3. The representation of the residues follows from Theorem 1.6.7, see
Theorem 7.4.3. [

For uniform convergence we obtain as in Theorem 5.7.6:
THEOREM 7.6.6. Let s > 1. Additionally to the general assumptions of this
chapter we require that 7, _, ; € W:ti=Ya,b) for i = max{0,2 —s},...,n— 1,
k=0,...,min{n—i,n—1}, m,, € W2 7, ; € Leo(a,b) for the remaining in-
dices, and m, 1 € L.(a,b). Suppose that the assumptions of Theorem 7.2.4 and

condition iv') in Corollary 7.2.6 are satisfied and that the boundary eigenvalue
problem (7.1.2), (7.1.3) is strongly s-regular. Let

Fi={f e ap): f Y € BV[a b

s o
Y A7IC M) R ) M = 01 |,
j=0
where the fU! are as in Proposition 7.6.2 and Vv, is as in Theorem 7.2.4. Let
Ay, Ay, ... be the eigenvalues of L, and let

{ni(cj,l) Hj= 1,,;-(1'(),]:0,7’";(,1_‘1}

and
{(u(j),d(j)) =1 (A =0, my - 1}

k! Tkl

be biorthogonal CSEAVs of L and L* at Ay, respectively. Then

r(Aog) min{my ;n} 1
: n-— -1
r=tm L (X HESE

keN \ j=1  I=1
[Ax|<py

mx.j—l ) b ‘
8 f;) n’((]}l/a ug({z'lx_j—l—h(x)ﬂn)” (x)f(x) d>

holds for all f € F, where the series is uniformly convergent.

In the two previous expansion theorems we had to require that f belongs to
W;’““(a,b) since the differential operator J%; occurs already in the very first
iteration step. Since there are A-powers which are smaller than necessary, a sub-
stitution for the asymptotically linear differential system would reduce the order
of differentiation. However, boundary terms occur which still contain the high
derivatives. Therefore, in the next theorems, we shall use an iteration with the
asymptotically linear differential system. For this we note that

n—1
TPA)y=y-Y A7A_y (ye€(W,(ab))"),

i=-—1
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where A, = diag(r,,...,r,),
Ag=—Ci (8, y 110 )t j=1CL —CTCH,
A_,=-Cf (Smnn e e V),jzlcl (v=1,...,n—1).

Here 7; ,, := 0 for m < 0. Let k > 0 and assume that 7, ; € W)**/~/(a,b) for all
i=1,...,nand j=0,...,i for which k + j—i > 0 (the remaining 7, ; belong
to L,(a,b) by our general assumptions). From Proposition 7.2.3 we obtain that
r; € Wy(a,b) fori=1,...,n. Therefore C|, C;! and A, belong to M, (W, ' (a,b)).
Now it follows that A_, € M,(W}~'"(a, b)) for v=0,...,min{x — 1 n—1},
andA_, € My(Ly(a,b)) forv=x,...,n— 1.

Fory € (L,(a,b))" and c € C" we set
Ri(A)y:=T(A)'(0), Ry(A)y:=T(1)7'(0,0).

PROPOSITION 7.6.7. Let the assumptions be as above. For f € W) (a,b) we set
Yo =AT'Cl ey f € (Wy(a,b)) and
min{j—1,n—1}

y[j} ::Al—ly[j_l]’ _ Z Al—lA_iy[j—i—l] € (pr'—j(a’b))n
i=0

for j=1,...,K. Then

(7.6.6) R(A)CT enmtpnf = — ZA =iyl Z Z ATITIR (M)A _pY]
j=0i=x'— j-H

AR WA+ T AR TR
Jj=0

holds for ¥' =0,...,k— 1.

Proof. By definition of y!% we have Ry(A)CT ety nf = R, (2)A,y. Then we
obtain for j =0,...,x— 1 that

- . "_l . B o~ B
Wl =R () - Y ATR (AMA_pV 4 Ry(A) TR,

i=—1

whence

n—1 .
Rl(l)AlyU] =2~ — Z l_i“lRl(l)A_iy[j] +A'1R1(/1)A1y[f+”
i=1
min{j,n—1} o _ '
+ Y ATRMADITI TR, TR AV
i=1
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This proves (7.6.6) for k' = 0. Now assume that (7.6.6) holds for some ¥’ < Kk — 1.
With the above equation for j = k' + 1 we infer

A0 = — Z'l =140 Z Z ATITIR (A)A_pl)

J=0i=x'~j+1

_ A_z—KJy[K’-H] _ Z l“i‘z_"JRl(l)A_iy['d+l] +;{—2—K"R1(/'{)A1y[!(’+2]

i=1

min{x’+1,n—1} oK+l ) - .
Y ATERMA YL Y A Ry FR )Y
i=1 J=0
K41 K+l on-l '
=- ZA hll—y Z AR (M)A
Jj=0 i=x'—j+2
K'+1 ) -~ ;
+ Y AR MTRAN. O
j=0

The definition of the yl] is suitable for the proof of the extension theorems.
However, to calculate the occurring auxiliary boundary conditions, it seems to be
better to use the vector functions C, ym:

PROPOSITION 7.6.8. Let the assumptions be as above. Set

21 = (8,1~ 5i,nnn—j+l,n—j+l)gf=1’
A_yi=—=(8, M iin i)zt (V=0,..,m-1).
For f € W) (a,b) we set y10) := —e f and
min{j—1,n~1} _
}7[1'] ::Xl—ly,[j-lll Z lA ~[J =] (WK J(a b))"
i=0

forj=1,... k. Thenim=C1y[f]forj:0,...,1<.

Proof. For j= 0 this follows from (7.4.5), whereas a straightforward calculation
provesitfor j=1,...,x. O

We recall that
e 7 n b n
= L () (@) + [ (a9
j=0 a

and set Z(1) = diag(1,A,...,A"1).
From the identity (7.6.6) for ¥ = s+ 1 we conclude similarly to Theorems
5.7.3 and 5.7.6:
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THEOREM 7.6.9. Let 1 < p < o and let s be a positive integer. Suppose that
€Wt TITa,b) foralli=1,...,nand j=0,...,ifor whichs+ 1+ j—i>0
and that ; ; € L,(a,b) for the remaining indices. Suppose that the assumptions
of Theorem 7.2.4 and condition V') in Corollary 7.2.6 are satisfied and that the
boundary eigenvalue problem (7.1.2), (7.1.3) is strongly s-regular. Let

F:= {f € W;(a,b) : s_):] A, (M) TITR(A)E@A)I = 0(,1-5)} ,

j=0

where the 39! are defined in Proposition 7.6.8. Let Ay,A,,... be the eigenvalues
of L and let

{n):j=1rAs 1 =0, ymy  — 1)

and
{0 aDy: j= Loooyr(Ag); 1 =0, m,  — 1}

[ AR ')

be biorthogonal CSEAVs of L and L* at A, respectively. Then

r(Ag) mi“{”’x,j M} n—1
— 1 - —!
f=lim Y (Z. )3 (1—1)1'? X
xeN j=1 =1
[Ax|<pv

my =l b
< 3 [, wmatrea)

holds for all f € F, where the series converges in Ly(a,b).

THEOREM 7.6.10. Let s be a positive integer. Suppose that T; ; € Witl+i~i(a, b)
foralli=1,...,nand j=0,... ifor whichs+ 1+ j—i >Oandthat7ri’j belongs
to L..(a,b) for the remaining indices. Suppose that the assumptions of Theorem
7.2.4 and condition V') in Corollary 7.2.6 are satisfied and that the boundary
eigenvalue problem (7.1.2), (7.1.3) is strongly s-regular. Let

Fo= {f € C%(a,b) :f¥ € BV[a, b,

Y. 277G, TR MMM = 0,
=0

where the 51 are defined in Proposition 7.6.8. Let Ay, A,,... be the eigenvalues
of L and let

{nY) =1 ()il =0, imy =1}

and
{(u(j) d(j)) = ],_,,,r(lx);l=O,---,m;<,j—1}

KKl
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be biorthogonal CSEAVs of L and L* at Ay, respectively. Then

(Ax)min{m,w»,n} n—1
— T - -1
f=Jim ), <); L <1—1)l'g 8
keN Jj=1 =1
[Ax|<py

r

m, .—l

N2
< X0 [, et a)

h=0

holds for all f € F, where the series converges in C(a,b).

7.7. Boundary eigenvalue problems for n” + p,n'+pyn = A%n

We consider the boundary eigenvalue problem

n"+pn’ + pen = A%,
ay,n(0) +a1n'(0)+b071(1) ‘*‘b]n/(l) =0,
coN(0) +¢;n'(0) +4yn (1) +4;n'(1) = 0.

Here we suppose that the boundary conditions are linearly independent and that
Pg» Py € Lp(a,b). This problem is well-known and was considered e. g. in Naimark
[NA1] and Locker [LO1]. '

First we want to characterize the Birkhoff regular problems. For this we note
that in case a;d| = b,c, a suitable linear combination of the boundary conditions
yields that we can take ¢; = d, = 0. Therefore we shall always assume that ¢, =
d,=0holds ifa,d, = b,c,.

THEOREM 7.7.1. In the following three cases the problem is Birkhoff regular:
CASEl: ayd, #bc,,

CASE2: ¢, =d,=0,a,dy+b;cy#0,

CASE3: a =b =c;=d;=0.

Proof. The differential equation is as considered in Example 4.2.2 with r; = 1 and

r, = —1. Hence C(14) = < )IL —1l> , and the boundary matrices given by (7.3.1)

are
©) /2y _ [G+Aa ap— Aa,
W) = (co-+—/lc1 co—Acy )’
(1 _(by+Ab, by—Ab,
We shall apply Theorem 7.3.2 to prove Birkhoff regularity. The matrix polynomial
C, will be different in the three cases under consideration.
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CASE 1: Here we take C,(A) = A, and obtain

o[ m_ (b —b
o (Cl _C1>’ %o (dl —d, )

Note that the matrices AJ, occuring in Theorem 4.1.3 are diag(1,0) and diag(0, 1).
Therefore, the Birkhoff matrices are

a; —b by —a
(C1 _d1> and (dl —¢ )’
which are invertible. Therefore Theorems 7.3.2 and 4.1.3 yield Birkhoff regular-
ity.
CASE 2: Here we take C,(A) = diag(A, 1) and obtain

0 _[a —q m_ (b —b
%o (Co Co)’ %o (do dy )

The Birkhoff matrices are

(Co dy dy ¢

Hence the problem is Birkhoff regular by the assumption that a,d;, + b,c, # 0.
CASE 3: Here we take C,(A) = I, and obtain

0 _ (G 9 ) _ (bo by
%o <Co Co)’ %o (do dy)’

They are invertible since the boundary conditions are linearly independent. O

In view of our general asumptions, the considered cases can be written as
follows:
CASE 1: |a,| +1by| > 0, |c,| +|d,| > O,
CASE 2: |a|| +1b,| > 0, |c,| +|d;| =0, a,dy+ b,cy # O,
CASE 3: |a,| +|b,| =0, |c;| +|d,] = 0.
Hence we still have to consider the case

la,| +1b,] >0, ¢, =d, =0, a;dy+b;c, = 0.

Next we consider a case where no expansion holds.
THEOREM 7.7.2. The spectrum of the boundary eigenvalue problem is empty in
CAse 4a: |a,|+|by| >0, ¢, =d|; =0, a;dy+b,cy =0, b, =0, dy = 0.
CASE 4b: |a;|+1by| >0, ¢, =d, =0, a,dy+b;cy =0,a,=0, ¢, =0.
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Proof. We only consider Case 4a; Case 4b is obtained by interchanging the end-
points of the interval [0, 1]. Under the assumptions of Case 4a we have b,c, = 0.
Since ¢y # 0, b, = 0 and a,; # 0 follow. The second boundary condition reads
coN(0) =0, and we thus may assume that a, = 0. Therefore the first boundary
condition is @,1'(0) = 0. This is an initial value problem, which does not have
nontrivial solutions. O

Therefore we still have to consider the case
la,|+1b,] >0, ¢, =d; =0, aydy+b,cy =0, (|bo] + |dy|)(lagl + o) > 0.

Here we shall check for Stone regularity. For this we need additional conditions
on the regularity of p, and p, . We start with formal calculations assuming this
regularity. Later on we shall state the precise conditions.

According to Corollary 5.5.6 and Proposition 5.5.7 we have to check the co-
efficients of the polynomial in A~ for k = 1,2:

(7.7.1) (ZA (W AL+ )A2>>
where A} = diag(1,0), A} = diag(0,1), A2 =1, - AL,
vf, ) i Br-v(q
Here the transformation in the proof_of Case 2 in Theorem 7.7.1 is taken. There-
fore
o=z 7). (3 %)
0= 2) (3 )

= (J)
Then we have W, =WU

From

we infer in view of a,d, + b, c, = 0 that
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where k' = 3 — k. In the same way we obtain

det(W O A, + WIVPI(1)AZ) = 24,4,V (1).

Also
det(WOPI(0)AL + WNAZ) = (=1)%bye, (BI1(0) + BL(0)),
det(W/ O AL+ WIVPVI(1)AZ) = (=1)*"aydy (P, (1) + BV, (1)).
From
(o) ((ﬂ'l<>+ﬂ4< ) (ﬂ’1<>+ﬁ;;1<o>))
we infer

det(WOPI(0)AL + WINAZ) = (= 1) Taydy (PV(0) + PI(0)).

In the same way,
det(W, ()A‘+W( PU(1)AL) = (=1)%byc, (PVL, (1) + PUL (1)),

From Example 4.2.2 we know that

1 (-1 1 1 (-1 -1
A°:§P1<1 —1>’ A—1:§p°<1 1)'

THEOREM 7.7.3. Suppose that p, € Wp1 (0,1) and that
CASES: |a||+1by| >0, ¢; =d, =0, ady+b,c, =0,

boCo — Gody + 3a,dy (p,(0) + p, (1)) #0.
Then the problem is 1-regular.

313

Proof. The assumptions of Theorem 2.8.2 with respect to A, and A _, are satisfied
with k = 1. According to Definition 7.6.1, Corollary 5.5.6, and Proposition 5.5.7
we must show that the coefficient Q 4 of A~Vin (7.7.1) for k = 1 is different from

zero for k = 1,2. We have
oy o = det (WO AL + WP (1)AZ)
+det(W VAL +w<1>A2)
+det(WO P (0)AL +W( IAZ)
+ det (W/©) A‘ +WIAZ)

=2a,dyPUL (1) + (= 1) byco — 2a,dyPLI (0) + (—1)*'ayd,.

From Proposition 5.5.7 we have

- 1
(1.7.2) P = —(re—r ) 7'Ag o = (=1)*zp1;
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and it follows that
. 1
o = (= 1)"{boco — agdy + 50,0 (P, (1) +£,(0) }. T

THEOREM 7.7.4. Suppose that p; € W3(0,1), p, € W,(0,1), and that
CASE6: |a;|+1b)| >0, ¢, =d; =0, a;dy+b,cy =0,
boCo — agdy + 3a,dy (P, (0) + p, (1)) =0, a; #0, dy #0,

Po(1) = po(0) = 3 (P (1) = py(0)) + 5 (P, (0)* = py (1)?) # 0.
Then the problem is 2-regular.

Proof. The proof is similar to that of the previous theorem. Here we have to
consider the coefficient @, . of A~2in (7.7.1). First we calculate

det(W VP (0)AL + W
= (=1)"'a,dy{ (PI(0) - P! (0)) (B (1) + PLIL(1))
]

Then we obtain

@, . =det( 0<0>A,‘<+W(1 PP(1)A2) + det(W O A, + WVPII(1)AZ)
+det (WO P2 ()AL +w! A2)+det(W1 IPU(0)AL + WAL
+det (WO PU(0)AL + WPl +det(W VP (0)AL + WVAZ)
(0)

+det(W1°A‘+w P (1) Ai)
=2a,doP, (1) + (= 1)"boco (P (1) + P (1))
= 2a,doP2 (0) + (=1)*ayd, (P(0 >+ﬂ1 (0)

+(_1)K——12a do(/\”](())?i“](l) K(O 1 )

A%)
+det(W A1+W JA2)
)+

+ (1) e (PL(0) + BL(0)) + (1) ‘aodo( P+ BLL(D)
=aydy{2P5 (1) ~ 2P (0) + ( -1"‘2( PLIOPNL (1) - ELIOL (1)}
+ (=1 '(aodo—boco>(13}:3<0)+%:j(o> PLL ) +BLL(1)
=ado{ 2P0, (1) - 2P (0) + 2PE(0)PLL (1) - 2PLL ()P (1)
+§<—1>K-'(p1 )+p1(1) (PO + A0 + L) + (1)}
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In view of (7.7.2) it follows that

0, =2a,dy{ P, (17— P2 (0) + P}

Kk KK KK’ K'x
+ (L0 )—ﬁL‘ul))(ﬂlx<o>+ﬂ;,c<o>+ﬂ‘}d<1> PLL (1))}
=2a,d,{ P12, (1) - P2 (0) + Pl (0)PU!] (0)

Since A = A v » We have in view of (5.5.12) and (7.7.2) that

0,xx
1 f
2 -1
ﬁ}n]d = (-1 5(13}(1,1: “Ao,xx'ﬂ,;],d _A—l,md)
1, 1 1 |
= 5(*11"1 +(=D* zplﬁ} + 2Po)
1
Therefore

O = o {3 (1) ~ Po0) = 3 (51 (1) 51 (0)) = 2P 07 = 2P 12}

= %aldo {po(l) — Po(0) - %(Pll(l.) - p1(0)) + :;(Pl(o)z -p(1)?) } . 0

If py = p; = 0 we take the fundamental system {cosh(Ax), 1 sinh(Ax)}. For
the case not covered by Theorems 7.7.1-7.7.3 the coefficents satisfy ¢, = d, =0,
a,dy+ b cy =0, and byc, — ayd, = 0. In this case, the characteristic determinant
1s —a, ¢, — b, d,,. That means, the problem is not Stone regular since the spectrum
is either empty or all of C. Therefore we obtain

THEOREM 7.7.5. Suppose that p, = p, = 0. Then the spectrum of the boundary

eigenvalue problem is empty in

CASE 4c: |a;|+|by| >0, ¢; =d; =0, a;dy+bycy =0, bycy — apdy =0,
a,cy+b,d, #0,

and the spectrum of the boundary eigenvalue problem is all of C in

CASE4d: |aj|+|b)| >0, c; =d; =0, ajdy+b,cy = 0, bycy — agdy =0,
a;co+bdy=0.

Note that Case 4c contains Cases 4a and 4b. In particular, if p, = p, =0,
then every s-regular problem with s > 2 is 1-regular. However, in case of general
po and p, it seems to be apparent that s-regular problems which are not (s — 1)-
regular can occur for all s € N\ {0}.
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7.8. The Regge problem
We consider the Regge problem
n"—qn-A*n =0,
n(0)=0, n'(1)+An(1) =0,

where ¢ is a given function. Regularity conditions on this function will be given

later. By Example 4.2.2 we have C(1) = ( /11 _ll), the corresponding asymp-

totically linear system is

' 1 0 q 1 1
Y "1<0 —1)”5(—1 —1)y’

and the (asymptotically constant) boundary conditions are

((1) é)y(0)+<? 8)y(1)=0.

Therefore the Birkhoff matrices are

(60) = (o)

Since the first matrix is not invertible, the problem is not Birkhoff regular. In the
following, we suppose that the function g is sufficiently smooth. According to
Theorem 5.5.5, the problem is s-regular if the coefficient of A~* of

det[rgol”’(((l) (1)>p[r1(o) ((1, 8)+(? 8)P[r](1)(8 (Dﬂ

is different from zero, where the Pl] are the matrix functions from Theorem 2.8.2
corresponding to the above system. Since

(‘1) 8)%1(1) (g ?):(8 P}rz?(l)>,

the coefficients of A~1,... A~/ are zero if Pl[;](l) =0forr=1,..., . Hence, if
the problem is s-regular, then Pl[;](l) # 0 for some r € {1,...,s}. Conversely, if
Pl[fé](l) # 0, but Pl[;](l) =0forr=1,...,j— 1, then the coefficient of A~/ of the

above determinant is
(1 | )
] )
0 PU(1)

Therefore we have the following result: Suppose that P1[:2] (1) # 0 for some s € N.
Let s be minimal with this property. Then the problem is s-regular but not s — 1-
regular.
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By (2.8.19) we have
1 '
+1] r q -1 —1
Pt =3 {pl -0 -0 5 () |
Since Pl[(z)] =0, it follows that Pl[y =0.In Pz[;] we have an additive constant which

can be chosen such that P{II(1) + PL(1) # 0. Thus, for r = 1,2,..., PLY(1)

is a linear combination of ¢("~1(1),q"=2)(1),...,4(1), where the coefficient of
q("l)(l) is different from zero. Therefore, suppose that g has a zero of order
s—2 at 1. Then the Regge problem is s-regular but not s — 1-regular.

Now let us investigate the regularity conditions on ¢. Since we need P1[S2] we

have to take k& = s in Theorem 2.8.2 whence g € W[f‘l (a,b). As in Lemma 5.7.8
we infer that the problem is strongly s-regular. In order to apply Theorem 7.6.9 we
must have g = —Myo € Wg‘l (a,b), i.e., we have the same condition as above. To
find the iterates according to Proposition 7.6.8 we note that the nonzero coefficient

matrices are A 1= ((1) (1)> and Z_l = (2 8) Therefore,

g0 — _ (f

y - (O)’

4y _ (01 MN_ (0

Y 1 0J\0) T "\f)

a1 (0 1\ 4- 0 1\ /0 0\ 4 i1 _ g5li-2) '

y[zl=<1 O)y[l 11:_(1 0) <q O>y[l 2]=<y2 y{j_l]ll (j>2),
1

and we obtain

i )7[1'—2]" - qy[lf‘z] if j is even and positive,
1 0 if j is odd,

4 _ 0 if j is even,
2750 it s odd.
We have
G T RERI = (5 o) #o+ (] 0)st.

Then the asymptotic boundary conditions in Theorems 7.6.9 and 7.6.10 for the
functions f which are expandable are given by

#0)=0, AW +55(1) =0,
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for j=0,...,k, where Kk =s— 1 if p < e and Kk = 5 if p = co. Observing the
above recursion formulas we immediately obtain that this is equivalent to

o0 =0, ) =0, F01) =0,

for j=0,...,[5] and k=0,...,[55}]. It is easy to see that the latter two condi-
tions are equivalent to f(/)(1) =0 for j = 0,..., k. However, the first condition
cannot be expressed this easily. For j =0 and j=1itis f{(0) =0and f'(0) =0,
respectively, but for j = 2 we obtain f(*)(0) — 24'(0)f'(0) = 0.

We can summarize the above conditions as follows:

Lets>2and g € W;—l (a,b). Suppose that g has a zero of order s —2 at 1.
Then, for | < p < «, a function f € Wy(a,b) is expandable in an L,-convergent
series of eigenfunctions and associated functions of the Regge problem if f satis-
fies the boundary conditions

Wo=0 (=0..,[5],

AN =0 (j=0,...,5-1).

If p = oo, then the series converges uniformly for f € C*(a,b) with f¥) €
BV{a, b] satisfying
S

=0 (j=0,...,[5]),

1)y=0 (j=0,...,s).

7.9. Almost Birkhoff regular problems

In this section we consider the case n, # 0 and shall always assume that the as-
sumptions of Theorem 7.2.4 A are satisfied.

DEFINITION 7.9.1. The boundary eigenvalue problem (7.1.2), (7.1.3) is called
almost Birkhoff regular if the assumptions of Theorem 7.2.4 A are fulfilled and if
there are matrix functions C(-,A) satisfying (7.1.8)—(7.1.10) and C, (4 ) satisfying
(5.1.3)(5.1.5) such that the associated boundary eigenvalue problem 72(A)y =0,
Cz(l)_lfR(/l)y = 0 is Birkhoff regular in the sense of Definition 4.1.2.

Choose the circles I'y according to Theorem 4.3.9 and define
1 ~ .
(7.9.1) O, f := -2;}{ T A (m A £,/ dA (f € Ly(a,b), v EN),
L, ’

where J~] : Wlﬁ (a,b) — Lp(a,b) is the canonical embedding. In case ny = O this
definition coincides with (7.4.1). We again have Q, € L(L,(a,b)). Let P, be as
considered at the beginning of Section 7.4.
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PROPOSITION 7.9.2. For f € L,(a,b) we have
Ovf=el  \CPCT e, 1 f

Proof. Let f, € Lp(a,b) and f, € C*. In the proof of Theorem 6.4.1 we have seen
that 7' (1) (enf;, f,) fulfils the assumptions of Proposition 6.1.3, whence

(7.9.2) LA, 21V = el T (A (enfy, )

for j=0,...,n—1by (6.4.12) and Proposition 6.1.3. As in (7.4.4) we obtain
(793) LT A)A0]0) =A% el G TTHA)(C enf,0)
and

(7.9.4) CT'myenf = ~Ci'Ae, |\ f = =ACT e, 11 f)

whence the proposition is proved if we set f; =.7, , f and observe that Vg1~ Vn =
1 — /by Theorem 7.2.4A. [

Now we obtain as in Lemma 7.4.2 that P, f — f for all f € L,(a,b) if the un-
derlying problem is almost Birkhoff regular. Therefore, every function in L,(a, b)
is expandable into n,-th derivatives of eigenfunctions and associated functions of
the eigenvalue problem. However, we want to expand into eigenfunctions and
associated functions themselves. For this we consider two-point boundary value
problems in case 1 < p < co. Starting with the classical adjoint problem and con-
sidering the family of operators @, (v € N) we obtain Q,v — v in Lp, (a,b) for all
vE Lp,(a,b). Therefore,

Q) f — f weakly in L,(a,b) for all f € L,(a,b).

But Theorem 6.7.8 immediately yields that this is an expansion into eigenfunc-
tions and associated functions of the given problem. ’

In order to obtain an expansion into eigenfunctions and associated functions
which converges strongly, more use has to be made of the special structure of n-th
order differential equations. This problem will be dealt with in the next chapter.

7.10. Notes

The statement of the expansion theorems can be simplified if L only depends
on A"

First expansion theorems for non-self-adjoint boundary eigenvalue problems
defined by arbitrary n-th order differential equations were proved by BIRKHOFF
[BI2] and TAMARKIN [TA3]. Those expansion theorems have been obtained for
Birkhoff regular problems with respect to local uniform convergence in the inte-
rior of the underlying compact interval. The generalization to Stone regular prob-
lems appeared in [ST3]. In [HI2], [HI3], E. HILB independently published some
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remarkable eigenfunction expansion theorems for second order differential equa-
tions, in the latter paper allowing the coefficients to have singularities. In a series
of papers W. EBERHARD [EB1]-[EB6] and W. EBERHARD and G. FREILING
[EF1]-[EF4] extended the results of BIRKHOFF and TAMARKIN in various di-
rections. In [EB1]-(EB3] EBERHARD investigated irregular boundary eigenvalue
problems for n-th order differential equations with separated boundary conditions
and in particular falsified an application of the general functional analytic results
to such irregular problems by Keldysh in [KE1]; as a consequence, this special
application was no longer considered in [KE2]. L,-expansions have been inves-
tigated by Benzinger [BE3], [BE6], [BE7]. Expansions for differential equations
with a particular form of A-dependence have been considered by MOLLER and
USCHOLD in [MU].



Chapter VIII

THE DIFFERENTIAL EQUATION Kn = AHn

This chapter is concerned with regular two-point boundary eigenvalue problems
for n-th order A-linear differential equations of type Kn = AHn, where K and
H are differential operators such that K is of higher order than H. The boundary
conditions are allowed to depend polynomially on the eigenvalue parameter A.
The results on eigenfunction expansions from the foregoing chapter are applicable
to boundary eigenvalue problems of this type only if H is a multiplication operator.
In the present chapter expansion statements are established by a specific approach.

To this end, first the proper structure of the asymptotic fundamental system
of the differential equation K1 = AHn is determined from the asymptotic fun-
damental matrix which has been constructed in the second chapter for asymptoti-
cally A-linear first order differential systems (Theorems 8.2.1 and 8.2.4, Corollar-
ies 8.3.1 and 8.3.2). This asymptotic fundamental system fully reflects the special
structure of the differential equation Knp = AHn. An asymptotic representation
of the inverse of the corresponding fundamental matrix is deduced, which in turn
yields an appropriate asymtotic fundamental system of the formally adjoint dif-
ferential equation K*{ = AH*{ (Theorems 8.4.1 and 8.4.2).

These asymptotic fundamental matrices of the original differential equation
and of its formally adjoint are most useful for efficient estimates of the GREEN’S
function G(x,&,A) of the given boundary eigenvalue problem. The essential dif-
ference between the estimates of the GREEN’S matrix in the fourth chapter, which
have been used for the proofs of the expansion theorems in the previous chapter,
and the estimation of the GREEN’S function in this chapter consists in the fact
that, in the fourth chapter, the characteristic matrix has been estimated separately
from the other terms in the GREEN’S matrix whereas here the asymptotic be-
havior of the GREEN’s function is investigated as a whole. The condition of
almost Birkhoff regularity imposed on the given boundary eigenvalue problem
yields that there is no exponential growth of H* G(x,-,A) on the regularity cir-
cles I, (v € N). The asymptotic boundary conditions are defined in such a way
that those terms in the asymptotic representation of fab f (ﬁ)HgG(x,é,)L) dé van-
ish which would prevent the convergence of the sequence of contour integrals over
fab f (éj)HgG(x, &, A) d€ along the regularity circles I', . These asymptotic bound-
ary conditions are given in terms of the coefficients of the differential operators K

321
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and H as well as of the coefficients in the boundary conditions (Definition 8.5.3).
In the special case that H is a multiplication operator, the asymptotic boundary
conditions are determined by the coefficients of the boundary matrices only. In
this case the notions Birkhoff regularity and almost Birkhoff regularity coincide.

The expansion theorems state the expandability of sufficiently smooth func-
tions which fulfil the asymptotic boundary conditions up to a certain order. The
eigenfunction expansions converge in the topology of some function space C*[a, b]
or W, (a,b), respectively, (Theorems 8.8.2 and 8.8.3). Some examples demon-
strate the quality of the achieved results. A boundary eigenvalue problem for a
simple fourth order differential equation shows that the asymptotic boundary con-
ditions in general have to include the values of the coefficients of the differential
equation at the endpoints of the underlying interval.

8.1. The eigenvalue problem and general assumptions

Let 1 < p<oandp suchthat 1/p+1/p' =1.Let —,o<a<b<oecandn €N,
n > 2. In this chapter we consider the differential equation

(&.1.1) Kn=A4Hn (n€W/(a,b)),
where
n—1
(8.1.2) Kn = n(”) 1 Z kin(i)’
i=0
”0 ]
(8.1.3) Hy =Y hnt,
i=0

with 0 <ny <n—1andk,h, € W;i’ (a,b). We shall always assume that ,, > 0
and that i, | € Loo(a,b). In view of Proposition 2.5.8 we infer hy € Wy (a,b) if
ny > 0. If ny = 0, we suppose that h,jO' € Wpl, (a,b).

As usual, we associate the differential operator
(8.1.4) LP(A)n :=Kn-AHn (1 € W/(a,b))

with the differential equation (8.1.1). Together with the differential equation
(8.1.1) we consider two-point boundary conditions

n

n—1 ’ n—1 '
8.1.5) LfA)n:= (;)wl((?)(/l)n(!—l)(a)+;)wg)(/l)n(t—l)(b)> =0,

k=1

where the wl(({ ) are polynomials. For convenience, we define the boundary matrices

(8.1.6) W) = (W), (=01).

We shall always assume that the resolvent set of the operator
(8.1.7) L:=(LP,LF) € H(C,L(W,} (a,b),L,y(a,b) x C"))
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is nonempty. Let G denote the GREEN’S function defined in (6.4.5).

The assumptions of Theorem 7.2.4 hold with p' substituted for p if we replace
Aby Al where [ =n— n,. We have

818 M=k (i=0,...,n—1andm_,, =—h, (i=0,..,np),
whence 7, = —hy, and 7,; = 0if i € {1,...,n} and i # . According to Theorem
7.2.4, case B, we can take C(x,A) = C,(1)C,(x), where
(8.1.9) Co(A) = diag(1,...,1,A,...,A%),
1 0
.. 0
1 - 1=
0 [ O
(8.1.10) C, = i i
wle, .. mle
0 : :
W=t b !
and
2mi(j - 1
wj:exp{—m(—jl———l} (j=1,...,0).
We define the formally adjoint H* of H by
(8.1.11) Hfn=Y (-1)(hm)? (n € Wr(a,b)).
i=0

LEMMA 8.1.1. IfA € p(L), then

6112 (SN0 = [ (B Gl ANESEVE (7€ Lylad),x€ fab)

a
is well-defined, and S € H(p(L),L(L,(a,b), W:_"O_l (a,b))).
Before proving this lemma let us state a consequence.

THEOREM 8.1.2. We consider circles {, : v € N} in p(L) with centre 0 and
radii tending to o as v — . The radii will be specified later. For v € N and
f € Ly(a,b) we define

b
.1.13) (Qy)(x) = fy / (HG(x, A))(E)F(E)dEdR  (x € [a,b]).

2w

Then Qy € L(Ly(a,b),W,” "=1(a,b)).
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The operator family {Q, : v € N} leads to the desired expansion theorems.

Let T(1) be the system associated to L(A) according to (6.1.3) and let Y (-, 1)
be a fundamental matrix function of T72(1)y = 0. Let M(A) be the associated
characteristic matrix given by

(8.1.14) M) =Wy (a,A)+ WAy (b, 1).

In the following lemma, we sometimes omit the eigenvalue parameter A in order
to shorten the formulas.

LEMMA 8.1.3. We have Y~ le, € (Wﬁ (a,b))" and

o
(8.1.15) (Y le) ) =Y g, Y e,,
v=0

for j=0,...,n—1, where q; (-,A) € W"V=J(a,b). The q,, are inductively,
.]7V p' va
with respect to j, given by

qj,j:(_l)j (j=0,...,n-1),
9jj1=—9j-1j—2 (J=2,...,n—=1),
qj,v"—'qu—l,v—q]'_l,v_] (j=3,...,n=Lv=1,...,j-2),

j=1
qjaoquj—l»()-{—ZPI!-V—lqj—l,V (j=17"'7n-"1)a
v=0
where
k; ifnyg+1<i<n-1,
Pi('a)"): i ! . 0 .
ki—lhi lfOSlSno.

Furthermore, the degree of q j,v as a polynomial in A does not exceed j— Vv, and

g, is a polynomial in Al

Proof. From (2.5.7) and with A given by (6.1.3) and (6.1.4) it follows that
(8.1.16) (Y™ =y ly'y ' = —r~la,
which implies that

(8.1.17) ¥ e, =-Y"e_,+p,_ Y e,
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for k=2,...,n. Obviously, (8.1.15) is true if j = 0. Assume (8.1.15) holds for
some j € {0,...,n—2}. Then (Y~'e,)) € (W] (a,b))", and we can differentiate
(8.1.15). In view of (8.1.17) this leads to

1

J
- 1) -1 —
( e ]+ § I, qj % €hv— qj,VY €h_v—1 +pn—v—1qj,VY e”)

j
-1 -1
==q; ¥ e 1+ Y @y~ - 1)Y lny
v=1

J
+ (q',~,o +) pn_v_lqj,v)Y‘len,
v=0
whence (8.1.15) follows for j+ 1. Finally, (Y~'e,)""!1 € W) (a,b))" implies
Y~'e, € W3 (a,b) by Corollary 2.1.4. O

Proof of Lemma 8.1.1. By (3.2.6) the GREEN’S matrix of the differential operator
T(A)is

Y (x, )M ()W O (0, 1) Y~ (E,4)

G rE2) (@<E<x<b),
e —Y (5, )M ()WDY (b,A)YH(E, L)
(a<x<&<D).

‘We have
Grxt,x—=0,1) = Gr(x,x+0,1) = G, (x+0,x,A) = Gy (x—0,x,A) =1,

which shows that e] Gy (x,§,4)e; is continuous in both variables x and & if k # j.
Since the GREEN’S function of L defined in (6.4.5) satisfies

G(-x)éa)'l) = eIGT(x7§7A‘)en7
we infer for k =0,...,n—ny—1and j=0,...,n, in view of Proposition 2.2.2,
(eIY(-,/l))(k) = eZHY(-,?L), and Lemma 8.1.3 that

el Y M WO (0, 1) ( M)en)

a_kij_(;( GA) = (a<8<x<b),
FEIET TN g e i W @Y (5, ) (2 )en) )
(a<x<&<D).

Since H* is an ny-th order differential operator with coefficients in L, (a,b),

S(A) € L(Lp(a,b),W,~ "0~1(4,b)) follows. The holomorphy is an immediate con-
sequence of the holomorphlc dependence of Gon A. O
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8.2. An asymptotic fundamental system for Kn = A'Hn

In order to obtain the desired estimate of the GREEN’S function we need more
information about an asymptotic fundamental system. In this section we suppose
that h"o =1.

THEOREM 8.2.1. Suppose that h,, = 1, set | =n—n,, and let k € N. Suppose
that k > max{l,n, — 1} if ny > 0. Suppose that

o) k; € Lp,(a,b) for j=0,....n—1—k and k,_,_; € Wlf,"j(a,b) for
j=0,...min{k—1,n—1} ifny =0,

B) oy by _y € Wy(a,b), ko, k, _ €Wy (a,b), and k,_,_; € W™/ (a,b)

for j=0,...,1—1ifny>0. Let {m,..., M } C W:,+"o(a,b) be a fundamental
system of Hn = 0.

For sufficiently large A the differential equation Kn = A'Hn has a fundamental
system {1,(-,A),..., (-, A)} with the following properties:

i) There are functions T, € W:,+"°_"(a,b) (1<v<ny, 1<r< [’7‘]) such that

(8.2.1) (A =2+ Y A2l 4 {o(A79)).

(V=1,...,np £ =0,...,n5— 1),

[
®22) 0=+ Y AT o

(v=1,...,n5 u=ny,...,n—1),

ii) Set k := min{k,k+1—n,}. Let W= exp{zm J=1) } (j=1,...,1). There are
Sfunctions @, € W:H "(a,b), r=0,...,k such that @y is the solution of the initial
value problem

(823) @Oy — 7(}1”0_1 - kn—])(pO = 0, ﬂo(a) = 1,
and
k
( va—n (x—a)
(8.2.4) ' (x,A) [dx“] {Z ,_. ,,0 o-(x)e 0 }

r=0

_|_{0 —k+ }we vno
(v=ny+1,...,m p=0,...,n—1),

(x—a)

where [d%‘%] means that we omit those terms of the Leibniz expansion which con-

tain a function @) with j > k—r.

r
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Proof. The regularity assumptions on the coefficients k; and k; might be partly
weaker than the general assumptions k;,h; € W;;(a,b) made at the beginning of
this chapter. This means that this theorem holds under the conditions stated here,
but we shall only apply it if the general hypotheses of this chapter are satisfied.

We denote the i-th unit vectors in C*, C", C! by e, €, €. Forie Z\{l,...,n}
ori € Z\{1,...,ny}ori € Z\{l1,...,l} wesete;:=0,¢;:=0, g := 0, respectively.

We can write the matrix A(-, A') of the corresponding system given by (6.1.4)
as

J, €n, ET
A ',)«l = ( o o™y )
(>4 gal(A) gal+J,+A'gel

according to the decomposition C" = C" @ C, where

(8.2.5) al(A) = Al (g, hy 1) = (kgs-sky ) =2 A'a]) +al,
(8.2.6) al = —(kng,--- k1),
0 1
0. 0
(8.2.7) Jy = € M,(C).
0 1
0
We set
I}
(8.2.8) e:=Y el =(L,...,1) e C,
i=1
(8.2.9) Q, :=diag(w,,..., ),
(8.2.10) Z,(A) :=diag(1,A,...,A""") € M,(C),
| |
! i1 ay N a)l
(8.2.11) V=Y geTQ =
= a){"’ S a),’.“

If we observe that

[ . .
. . I if j = Omod(]

(8.2.12) eTQle=Y w/i=§ 17O (1),

= 0 if j # Omod(l),
we obtain that V is invertible with

IR R
(8.2.13) vili= 7f_{Q} g€l .
1=
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Also,
(8.2.14) gV =e"Q (i=1,...,])
and
(8.2.15) (J,+eel)v=vQ,

Then we have in view of (8.1.9) and (8.1.10) that
(8.2.16) CC(A)=C(,A) = (160 ;"j(% )

and the matrix function A(-,A) given by (7.1.11) has the form
!

(8.2.17) A(,A) =C(A)T'A(LA)C() = Y ATA_,
j=—1
where
(8.2.18) = ( )
(8.2.19) _ (Tn = eng@ly (et = (g oy = hop)enyJETQ
- 1Q,€a], 1y 1 —k,_)QeETQL! ’
_ (0 ,, e, €TQ 1 o
(8.2.20) _(0 VN Oy~ (j=1,...,1-1),

—€,.a k, _€n € TQr !
(8.2.21) A_=1{,."° 2 Jom i o 1,
: T€a], —1k o~ 18 EETL,

n
and hno_l is understood to be zero in case ng = 0.

For the proof of the representation (8.2.17) of A. (+,A) we first define the aux-
iliary matrices

I, 0 (L, €n,€TQ!
Coy(A) = <o° AE, (M) ) C(z)—(o° " )

for which C(4) = C(l)(/l)C(z) . Then
C(1)(A) A(A)C, ( )(l) =
Ing Aen €8 (A)V
}L_IV’IEI_I(A)ElaI(A) V‘IEI‘I(A)(&‘,a;+J,+118181T)El(/1)v '

From (8.2.13), (8.2.14) and (8.2.15) we obtain the identities
1
efE,(A)V =€]V =¢T, Vg = TUE,
VIET A, + A g el)E M)V = AV (U + g€])V = AQ,,



8.2. An asymptotic fundamental systems for Kn = A'Hn 329

which yields the representation

Coy(M) A, 2)C ) (2) =

1)
Ju 0 0 ¢,¢€
(4
(%l_lQlea{(l) %ll‘llea;El(l)V) +4 <0 §021 )

We already know from Theorem 7.2.4 that A, has the representation (8.2.18),
which can also be checked here easily. The representations (8.2.19)-(8.2.21) fol-
low from

In, —enoeTQl"’ In, 0 Iy, e,,OSTQl‘l
0 I ATIQeaT(A) 1ATIQea]E (A)V )\ 0 /f

_ Ing — l_le,,OaI(l)
TATIQeal (1)

eno—l 1

8TQI_1 - l'lenoaT(l)enoeTQl" - ll_lenoagil(l)v
TATIQEaT(A)en €TQ ! + 1A IQ ] B (A)V

definitions (8.2.5) and (8.2.6), and the identity (8.2.14).
The assumptions &) and ) give A_; € M,,(W:,“f(a, b)) (j=0,...,min{k,l}).

According to (8.2.18)—(8.2.21) the coefficient matrix K(-,l) satisfies the assump-

tions made in Section 2.8. From Theorem 2.8.2 we obtain that y) —A(-,A)y =0
has a fundamental system

(8.2.22) F(,A) = (ix—rp{'u {o(l_k)}m)E(-,l)
r=0

if A is sufficiently large, where PV} € M,,(W;‘,“"(a,b)) and

E(X,)«) = dlag(l, ey l,e)'wl(x_a)’ L ,elwl(x—-a)).
We infer that

" - D 0
(8223) (M1 (Ao = Y(,A) :=CA)T (-, 4) (0 A,,O_IQ:,O>

is a fundamental matrix of T?(A)y = 0 if A is sufficiently large, where D is an
invertible n, X ny matrix which will be appropriately chosen later. We set

v - 0,,(+1) 0,(2)
(8.2.24) YOLAEGCA) = (=1 <12 )
LRERY (QZI('»’I) sz("/l)
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and obtain that

0, (4 A) + e, TQ7'0,, (-, 4)
8.2.25 Y(-,A)= 11 ot 24 ¥l
22 ) ( AZ,(A)V Dy (1)

A1 (L A) Q0 + A% e €TQT Oy (-, A) (D 0>E( ».
ATE (A)V Opy (-, A ) Q20 0 1

We set 1y := 1y, . Then {n,(-,4),...,M(,A)} is a fundamental system of
Kn = A'Hn and n‘(f‘) =Muv (v=1,...,n p=0,...,n—1) by Lemma 6.1.5.
We shall show that the 7,, have the properties stated in Theorem 8.2.1.

By (8.2.24) and (8.2.22) we have

- k
(8.2.26) Q,;(A) = r)::o,r’QE.;] +{o(A ™} (i,j=1,2),

where the elements of QE;] belong to Wlf,““r(a,b). We set Q{_;] :=0forr<0.
We infer that (2.8.6)-(2.8.8) are equivalent to the following equations:

!
(8.2.27) O — (U, —engal )00 =0, 0%a) =1,
r 1
(8.2.28) O — 7y~ k)05 =0, O)(a) =1,
0] _ o] _
(8.2.29) o%=0, o=y,
r]’ r - 4
( Q[IIJ - (‘]"0 - E"Oa.lrl)Q[ll] = (6"0—1 B (h”o“1 - k’l—l)e”o)gTQl 1Q[Zl]
(8.2.30) . ’
L + an e T IO — ey aT QU (=1, k),
[ ] -1y _ (-1 _ 1 To-1Alr—1]
Q21 = Q lQ __( ny~1 —kn_l)gg Ql Q21
(8.231) L
—Z Bl JQ[’ =] saT Q’ SU(r=1,.. k),
\ ! J=1
4
0l = 0 + (4, — ] )01 0!
+ (5n0—1 - (hno—l "kn—l)fno)gTQl_lQ[zrz_l]Ql—l
(8.2.32) ! ‘ | ,
" 'Z’Ik"——j—l6"0{-:T'Q'I_-1_1Q[2r2__1_]]gl_1 ~€ny@ ZQ[r_l ]Q_
j:
L (r = 17 . 7k)7




8.2. An asymptotic fundamental systems for Kn = A'Hn 331

( QIQ[’] - Q[’]Q
=l —Qe TIQ[’—‘l—;(hnr1 —k,_;)Q,eeTQ; QU
(8.2.33) 1
1 . .
+7,-zzlk”“” QeeTQ Q1= —Q eal, Q11
\ (r=1,...,k),
VT{Q["J’ - —Q eal, 0l - ( et —k,,_l)leeTQ,—‘Q[zkzl
(8.2.34)

~|
M~

(v=1,...,1).

Indeed, (2.8.6) is equivalent to the second conditions in (8.2.27) and (8.2.28),
(8.2.29) and that Q[zoz] is a diagonal matrix function. In view of (8.2.29) we obtain
that (2.8.7) and (2.8.8) for v = 0 are equivalent to the first condition in (8.2.27) and
(8.2.30)-(8.2.33). Obviously, (2.8.8) for v = 1,...,/ and (8.2.34) are equivalent.
Since (2.8.6) implies that Q[2°2] is diagonal, it remains to be shown that the diagonal

elements of Q[zoz] satisfy the differential equation
(h

71 ~k,_1)n =0.

We conclude this fact from the equation (8.2.33) for r = 1. For this purpose
we have to observe that the diagonal elements of QlQ[;z] - Q[ZIZ]Q, are zero, that
Q[102] = 0 by (8.2.29), and that the diagonal elements of Q,ssTQl“ have the value 1.

The Q[l; and Q[zg are uniquely determined by (8.2.29), (8.2.31) and (8.2.32)
(if the terms on the right-hand sides of (8.2.31) and (8.2.32) are considered to
be given). But we are completely free to choose Q[I’I] (a) for r =1,...,k. The
representation in part i) will only hold if we make a suitable choice. We require

(8.2.35) ola)=0 (r=1,...,k).
From (8.2.25) and (8.2.26) we infer that there are 7,,, € W:f,“_’(a,b) for
r=0,...,ksv=1,...,nyand £ = 0,...,n, — 1 such that
k
(8.2.36) M CA) = Y A7y + {0(A75) )
r=0

(v=1,...n 0 =0,...,n,—1).
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From (8.2.29) it follows that
(T100r- -+ Ty 00) = €] OVID,
and (8.2.27) yields that it is a fundamental system of Hn = 0. Since two funda-
mental systems of Hn = 0 differ by multiplication from the right by an invertible
ng X ny matrix, we can choose the matrix D such that
(Fpyeees ) = (”100’---77%000)-

By (8.2.25) and (8.2.26) we have
(8.2.37) Tyry = eL_H (Q[lrl] + EnOSTQl"lQ[zrD ey
for u =0,...,ny—1, v=1,...,ny, and r = 0,...,k. The relations (8.2.27),
(8.2.29) and (8.2.30) imply that

GLQ[lrl]/ = €L+1Q[1r1] +6iT+16"o‘€TQl_lQ[2r}
for u =1,...,ny— 1 and r = 0,...,k. These equations and (8.2.37) show that
Tyry = 7:5‘:3 foruy=0,...,ng—1; v=1,...,n5; r=0,...,k. Since Ty rng—1 €
W[f,“_’(a,b), it follows that 7, , € W;‘,"L”O_’(a,b). From (8.2.25) and (8.2.26) we
infer that there are 7, € W;,J""O"“_’(a,b) forv=1,...,n5 t =ng,...,n—1,
andr=ny—pu—1,...,k+ny— p —1such that

ktny—u—1

(8.2.38) r,(“)(-,),) = Z /l—r”vm+{0(/1_k_"°+“+l)}m

v
r=ny—p—1

(v=1,...n5 1 =ng,...,n—1).

According to the estimate (2.8.14) in Theorem 2.8.2 differentiation leads to

kt+ny—pu—2
8239 it A)= Y ATm, +{o(ATF )}
r=ny—p—1

(v=1,...ny L =ng,...,n—1).

Again by the estimate (2.8.14) in Theorem 2.8.2 we obtain
k=1

(8.2.40) Ny (A = Y AT+ {o(A T},
r=0

(v=1,...ny 1 =ngy,...,n—1)
from (8.2.36) for 4 = ny— 1. From (8.2.38), (8.2.39) and (8.2.40) we deduce
Tyry =0if r <0, and 7y, = JT(,r,“_l if 0 < r <k+ny—p ~1, where gt runs from
ny to n— 1. The last equation leads to

— qlu=ng+l) _ (1)
T =T, 21 = Ty
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forv=1,...,n95 4 =ngy,...,n—1andr=0,...,k+ny— p — 1. Thus part i) of
Theorem 8.2.1 is proved if we show that m, =0 for r = 1,...,k if r is not a
multiple of /. This is a consequence of the following proposition.

PROPOSITION 8.2.2. Let Q[l’l] (@) =0forr=1,...,k. Weassert:
i) Q[lrl] =0forr=1,...,kif ris not a multiple of I.
ii) Forr=1,... k there are gl'l € MI,HO(W;,“_’(a,b)) such that Q[Z’l] = Q}"’Eq[’].

Proof. The assertion immediately follows from (8.2.30) and (8.2.31) by induction,
where we make use of (8.2.12) and the identity QI" =1. 0O

Now we shall prove assertion ii) of Theorem 8.2.1. First let Q\[]’g and Q\[zrzl

(r =0,...,k) be arbitrary solutions of (8.2.28), (8.2.29), (8.2.32), (8.2.33) and
(8.2.34). We shall show that the matrix functions

/
(8.2.41) oll:= Y Qlle el ! = Qe e7; !
m=1
and
i
(8.2.42) ol = ZI(JIT +e,6])" ' Olle €10,

where r = 0,... k, also satisfy (8.2.28), (8.2.29), (8.2.32), (8.2.33) and (8.2.34).
The elements of Q[1’2] and Q[z’z] belong to W:,“_’(a,b) because @1’2] and Q[zrz] have
this property. Q\[loz] = 0 implies Q[loz] = 0. Since @202] satisfies the differential equa-
tion in (8.2.28), also Q[zoz] satisfies it. And Q[zoz] (a) = I, follows from @202] (a) =1, and
(T +een)" e =g, form=1,...,1. Theidentity o, = o_, ;' (i=2,...,])
leads to

! I
S(JT T = S T T — Se el T
QU +e¢g) = QI(ZEiei_l +&€ ) =) oeel |+

1

!

=S s T $ T\ — . =S/7T ™OS

= o (Zwi_leiei_l+w,8,£l>—a), (] +€€N)Q
i=2

for s € Z and further to
(8.2.43) QiU+ )" =] +£€)"TIQ] (s€Zim=1,...,])
by induction with respect to m. Since

1. _ I R P A5 o _
Qe =g, =1, Q" =0l Q" , ETUT +egl)=¢€T,

and because of (8.2.43) we obtain
!
r -1 A~ —r— fr— — —r—1
o=y {—Q[12 Ny e el Q" + (Jn, — enal,) 00 e €10

12
m=1
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(€1 = (g =y )eny ) €7QT QIO e 1O
]

+ Y ke €T IO 0 e T Q!
j=1

"‘6,10 2Qr 1- I]Q 8£TQ—r 1}

[r—1 —r— Alr— —r—1
—Z{ O We €10 + (U, —en,al,) O Ve e
m=1

—l—(e

1

To-1-j(JT Tym=1r=1=jlpo oTO—"+j
+an~1—j€”0£ QU] + g€ Q[zz ]elngl

—(h ko en, ) €T IT + 66T QU e g1 07

ng—1 ng—1" %n 22

j=1

T Alr—1- l] TO-—r+i-1
e,loale I ANON

forr=1,...,k. We conclude that the matrix functions Q[l’g and Q[2’2] satisfy (8.2.32)
for r =1,...,k. In a similar way we obtain

Q,05 - ollo,
I

= Zl{Q,(JITJrelslT)”’ 'Ole €1 — (T +,6T)" ' Olle €100 ’“}
m=

!

Y (7 +een)m Q00 - 0la, e el !
m=1

!
— {(111'+£181T)n1—lQ[r ! € ST.Q r+1

1%m

T r+1
1€

(J] +&€)" ' Qea Q[’ g
(g1 = k)T + 687" Q,ee7Qr 1 O0 e T QP

/
T Tym—1 TO-1-iAlr-1-J TO-—r+1
Z ST+ e N eeTQr G 1e 610y

—

_7( T+€8T)m IQ saTzQ[r 1- IESTQ r+1}

Q[r 1 ——QeaTlQr l]_l(h

—1 -1
z —k,_)QeeTQ QLY

ng—1
i ; 1 .
+ 5 Ly e gl 78], Q=14
j=1
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for r = 1,..., k. Finally the relationships
gQe=0ele=w,eQE, € e, =0y
and again (8.2.43) yield

' 1 -
8J{Q[2k2] IQ salelz _ 7( nyol ~ k, )Q,E€TQ, lQ[k]
4 - an L eeTQ gl - 79 eal, 0l l]}
{Q Q £aT1Q ( ny—1 - kn—])ngeTQl‘lé[ZkZ]

l
Z _QeeTo 0k f]——QSaTzQ 1e =o.

«\.|._‘

PROPOSITION 823. Letny > 2 Forr=0,...,np—2andi=1,...,ny—r—1
— — _ 0
we have el.TQ[l’% =0. Forr=1,...,ny— 1 we have e,T!O_rQ[]’z]E1 = SITQ[22]£

Proof. The first assertion is clear for r = 0 by (8.2.29). Assume that it holds for
0 <r—1<ny—2. We have to prove the assertion for randi=1,...,n5—r—1
which is at most n, — 2. From (8.2.32) and the induction hypothesis we obtain

g} = -l o'+, 0 e =0
The second assertion holds for » = 1 since, by (8.2.32),
e, _ —170l0-1, — 0
e Qe =T olloy ey = e] Qe
Here we have used that Q[zoz] is a diagonal matrix function. Assume that the asser-
tion holds for 1 < r—1 < ny— 1. Then the first assertion and (8.2.32) yield

e O =e  00N0 e =€f0le,. O

ll —r
Let ny, > 2. Proposition 8.2.3 yields eIQ[l’g =0forr=0,...,ny — 2. Hence,

by (8.2.25) and (8.2.26), there are ¢,,, € W;,*z_”o_’(a,b) for v=ny+1,...,nand
r=0,...,k+1-ngsuchthat, forv=ny+1,...,n,

k+1—ny
D={ L A0+ o)

r=0
From (8.2.25) and (8.2.26) we immediately infer that this representation also holds
for ny = 1 and that, forny=0and v=1,...,n,

A)= {gl”’fpw(X) + {0(/1"‘)}«’} Horem,

where @, € W;,“_’(a,b).
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Ifnyg>0andny+1<v<n 0<r<k+1-—ng, then we have

(8.2.44) Toyr = eT{Q[’+”0_1]Q"0 T e, €707 Q=g }ev_,,o

= {Q[{;"O“”+e T Qo™ ”}slw;_’,,o

by (8.2.25), (8.2.26), (8.2.41), (8.2.42) and (8.2.43). If ny =0, 1 < v < n, and
0 < r <k, then we have by (8.2.25), (8.2.26), (8.2.42) and (8.2.14) that

(8.2.45) v =eTVolle, , =o;7, eT0Ue, .
This Jeads to
Qvr = wv_—rno Prg+1,r

forv=ny+1,...,n and r =0,...,k. Hence, forv=ny+1,...,n,

k k Aw,_, x
(8.2.46) vix,A) = {Z(/lwv_,,o)"’(p,(x) + {o(l‘k)}w}e v=ngt

r=0
where ¢, =@, ., .
If ny = 0, then (8.2.45) yields
®o=P10= £1TQ[202]81 -

If ny = 1, then (8.2.44) yields

Qo= Py = 8TQI_1Q[202}9181 = 81TQ[202]81

If ny > 2, then (8.2.44) and the second assertion of Proposition 8.2.3 yield
-1 0
Po=Ppyr10~ EIQ[lnzo ]Q;losl - 81TQ[22]‘€1

From (8.2.28) we thus obtain ¢} — %(hno_1 —k,_,)¢, =0and @,(a) =

If ny =0orny =1, then @, = Puyr1,r € W";,“"(ha,b) forr=0,...,k. Next
we prove that this also holds if ny > 2 and r =0,...,k+1—n,. From (8.2.25) and
(8.2.26) we infer for v=n,+1,...,nand 4 =0,...,ny— 1 that

k+1—ng
(8.2.47) nMx, 1) = { Z A7 @y (x )+{0(1—k~1+no)}w}elwv-nox,

=1—n,

where
(8.2.48)

— -1 -1 k4+2—n,—
Pyry = a)vo . €L+1 (Q[1r2+no 1] + E"OET'QI Q{2r2+ﬁ0 ])SV—"O c Wp/+ ng r(a,b)
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forr=1-ny,....,k+1-nyand @ =@y, . Forv=ny+1,...,n,u=1,...,n5—1
and r = 2 —ny,...,k+1—ngy the equations (8.2.32) yield

-1
(8.2.49) Py = wconeL rbro=tle,

— yfio—1 [r+n0 T
=9 ( Q +€u+1

Qi g e, €m0 Q0 ) e,y
=0,_ "o( (pv,r-—l,u—l + ¢v,r—1,u)'
We shall prove that (8.2.49) leads to

(8.2.50) Qv EWSH T (a,0)

forv=ny+1,...,n,u=0,...,ny—l,and r=1—ny,...,k+1~ny Forp=ny—1
this is true because of (8.2.48). From (8.2.48) and (8.2.29) we infer Pyl = 0
for 4 =0,...,n,— 2. Suppose that (8.2.50) holds for r— 1, where 1 —ny <r <
k+1—ng. Then (8.2.49) yields ¢y, € W:,“”’"“(a,b) forp=0,...,ny—2.
From (8.2.50) we obtain ¢, = @, | € W;‘,“_’(a,b).
It remains to prove (8.2.4). The equations (8.2.25) and (8.2.26) yield

®25)  nfmA) = {Z A Gy (x >+{o<x—k+“)}m}elwv-nox

r=—4
forv=ny+1,...,nand g =n,,...,n—1with @, € Wf*l’"“(a,b). According
to (8.2.4) we have to prove that

(8.2.52)
() by c n A0, , x
nvﬂ (x,l):{ Z @, _ "0 Z( > r-J+—,u iy )+{0(/1 “)}w}e v—ng
r=—u =0
forv=ny+1,...,nand u =0,...,n— 1, where ¢, := 0 for r <0. This repre-

sentation is true for g = 0 by (8.2.46). Suppose that it holds for some g <n-1.
Since the right-hand side of (8.2.52) is equal to the right-hand side of (8.2.46),
(8.2.47) or (8.2.51), we infer from the estimate (2.8.14) in Theorem 2.8.2 that
differentiation is allowed and leads to

n# Y (x,4)
gt a il A
L o)L (B) sl 00 oy, e
r=—u j=0
kop a i k Aw,_, x
+{ ¥ o) ’“Z( o, W)+ {o(a FEeh, he o
r=—u ]

k~(p+1)

—-r +1 i —k Ao, _, x

{8 o) (M) 0l 0+ 0T e
r=—(u+t)
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Sometimes it is easier to have Theorem 8.2.1 in matricial form.

THEOREM 8.2.4. Suppose that h, = 1, set | = n —ny, and let k € N. Suppose
that k > max{l,ny — 1} if ny > 0. Suppose that

@) k; € Lp,(a,b) for j=0,...,n—1—kand k,_, ;€ W;}‘,‘j(a,b) for
j=0,...min{k—1,n—1} ifny =0,

B) By sy _y € Wy(a,b), ko, k, _y € Wh™H(a,b) and k,_,_; € Wi (a,b)
(j=0,...,1=1)ifny > 0. Let <I>[10]] € MnO(W:,“(a,b)) be a fundamental matrix
of Hn = 0.

For sufficiently large A the differential equation K1 = A'Hn has a fundamental
matrix function

(8.2.53) Y(-,A)= <¢’11(:,;) d,(, )) E(2),
where
E(x,2) = diag(l,--wLelw‘(x_a),...,e’l“’x(x—a))

and ®; = exp{@———)} (j=1,...,1), with the following properties:
i) There are ny x ny matrix functions CD[I’l] (r=1,..., [17‘]) with €L+1(D[1r1] belonging
toM (W;‘L”O*l’_“(a,b))for r=0,..., [lﬂ and p =0,...,n,— 1 such that

1,n,

(82.54) @, Z/’L l'cp['1+{o N, @y (-, A0) = Dy (1)

ii) There are | x ny matrix functions 43[2’1] (r=0,..., [kT]) with 8T<I)[ ] belonging

1o Ml,no(W!’;,_l’“j“(a,b)) for r=0,... [} and j =1, ..,mm{l,k—lr} and

£].T<I>[2q =Of0rr:0,...,[¥] and j=k—Ir+1,...,n such that
(8.2.55)

—_

k
'T
= Y A7l 4 AT, () {o(AF) }e, @y (-, A0;) = Dy (- A).

r=0
iii) Ser k := min{k,k+1 —ny}. Forr= 0,....kand n =0,...,n— 1 there are

functions uy, € W;’;,“" (a,b), where u,q = @y is the solution of the initial value
problem

(p() - T(h"O_l - kn—])¢0 = 0’ (Po(a) =
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such that, with

@1 = diag(ug,,...,u, _, WO,

" ny—1,r
1 Coe 1
w RN ,
~ 1 1
V= ,
w”o_l a)”o_l

1 Lo
[’]—dlag(u,, ryees gy Y Q”O_’

forr=0,... ,I~<, the representations

(8.2.56) (-, A) = E, (A {):/l”’<1>12+{0( )}«»}a
(8.2.57) D, (-, A) = AME, (A {}:l ’<I>[2’2]+{0(/1"2)}w},
and

(8.2.58) D, (,A0) =D, (LA +EET) (j=1,2)

hold. We remind that J,, Q,;, E,, V are defined in (8.2.7), (8.2.9), (8.2.10),
(8.2.11).

Proof. The statements i) and ii) immediately follow from Theorem 8.2.1 if we

observe that the differential equation K1 = A'Hn depends on A so that we can

take the asymptotic representation for 0 < argA < 2% 7 and extend it to arbitrary A

by setting 1;(-,4) = n,(-,A@,) for j=1,...,n, and suitable i (depending on A).
For the proof of iii) we observe that (8.2.52) yields

12 -
W) = (Ao, )" { Y (A0y_) () + {o(r")}w} Ay (),

r=0
where the u,,, have the stated properties. To prove (8.2.56) and (8.2.57) we have

to show that
ol
n-r — o7 12
Oy —nyur = € (cp[r] Evny
22

holds for 4 =0,...,n—1,v=ny,...,n,and r = 0,...,k. But this follows imme-
diately from

['] ~
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where
1 o 1
~ 1% L
(8.2.59) V= (VQ?O) = : :
- -1
ot L

Since the differential equation K1 = A'Hn depends on A, it is clear that the
functions ﬁnoﬂ(-,l) = nnoﬂ(v,la)j) for j=2,...,1 are solutions of it. But since
ﬁ"o +; and Mg+ only differ by o-terms in (8.2.4), the above statements also hold
if we suppose that ﬁ”o 45 = Mgt for j =2,...,n. Then (8.2.58) immediately
follows. [J

Taking only the leading terms, we obtain

COROLLARY 8.2.5. Let the assumptions of Theorem 8.2.4 be satisfied. Let <1>[101]
be a fundamental matrix of Hn = 0 if ny > 0. Then, for sufficiently large A,
K7 = A'Hn has a fundamental matrix function of the form

@ ", ()7 )
Y(-,A) = 11 0 )
Y ([cp[zoll]w (POMOEI(A)[VQ;’O]OO (,4)

where @, is invertible.

8.3. The asymptotic fundamental system in the general case

In our investigations in Section 8.2 we have assumed that the coefficients of the
highest derivatives of K and H are 1. In the following we shall suppose that the
leading coefficients are bounded and bounded away from zero. Since we can di-
vide the differential equation by the coefficient of the highest derivative of K, it is
no restriction to suppose that this coefficient is 1. Now we suppose additionally
that the coefficient of the highest derivative of H is the product of a nonzero com-
plex number « and a positive function. Replacing the eigenvalue parameter A by
Aa~! we thus have the assumptions as required at the beginning of Section 8.1,
where we impose the regularity conditions stated there; additionally, we require
hy, € C[a,b] in order to avoid too complicated regularity considerations.

Now let

R ) = [ ()16 (x€ fa,b])
and 8 = u(b). We define the differential operator L, on [0, 3] by
(8.3.2) Lf ="' L(fow]ou™  (f € Wp(0,B)),

where u~! is the inverse of . Then
(8.3.3) L,=K,-AH,,
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where K, is an n-th order differential operator and H,, is an n-th order differential
operator. Since

(fou)) = (') fU) o u+ lower order derivatives in f

and u' = h}lé !, we infer that the coefficient of the highest derivative is 1 for both
K and H. Also, the coefficients of K, and H,, have the same regularity properties
as those of K and H. Hence L, satisfies the assumptions of Section 8.2. Then
L,f = 0 has a fundamental matrix Y,(-,A) as stated in Theorem 8.2.1. Since
L,f = 0if and only if L(f ou) = 0, we infer that e]Y,(-,A4) ou is a fundamental
system of Lf = 0. Define Y(-,A) by

eTY(,A) = (eTu(, M) o)™ (v=1,...,m).

Then Y (-, A) is a fundamental matrix of Kn — AHn = 0, which satisfies the same
asymptotic estimates as Y, (-,A) in view of Remark 2.8.10 since

\4
(8.3.4) elY (-, A) =Y cyuelYu(,A)ou (v=1,...,n).
u=1
The coefficients ¢y, are linear combinations of products of derivatives of u and
thus belong to C™[a,b]. The elements c,,, are powers of 1’ and thus are invertible.

In this case (8.2.1) and (8.2.2) are also true if 4 = 0 since {7,,..., 7, } is a
fundamental system of Hf = 0 if and only if {7, ou™!,..., Ty, © u~'} is a funda-
mental system of H, f = 0.

In part ii) of Theorem 8.2.1 some changes are necessary. First, the terms
@1 5=%) i1 (8.2.4) have to be replaced by ¢*®-r*™) (mote that a corresponds
to the left endpoint of the interval [0, B]). Since the functions né“)(-,l) have the
same asymptotics as in (8.2.1) and (8.2.2), a term-by-term differentiation shows
that these representations also hold here. And of course, ¢, corresponds to @, ,ou,
where @, is the solution of

1
(pllz,O - —[(hu,no—l - ku,n—l)(pu,o =0, (pu,O =1,

and h,, _y, k,,_; are the corresponding coefficients of the differential equation
L,f = 0. We can write down the corresponding differential equation for ¢, in
terms of the coefficients of the given differential equation. But since we do not

need to know ¢ explicitly, we are not going to find this differential equation.

Therefore, the results of Section 8.2 can be generalized to the case that &, is
not necessarily 1. This will be summarized in the following three corollaries.
COROLLARY 8.3.1. Suppose that hy, € C”a,b], h,, >0, and h,jol € L.(a,b). Set
I =n—ny, letk €N, and suppose that k > max{l,ny — 1} if ny, > 0. Suppose that
a) k; € Ly(ab) for j=0,....,n—1~k and k,_,_; € W;,‘j(a,b) for
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j=0,.. min{k—ln—l} ifny =0,

B) hy,---, n , € W"(a b), ky yoo Ky 1 € W:,_l(a,b) and k,_,_; € Wk_ (a,b)
(j=0,...,1=1)ifny >0. Let {m,...,m, } C W11;+”0(a,b) be aﬁmdamental sys-
tem of H = 0.

For sufficiently large A the a’iﬂerential equation K1 = A'Hn has a fundamental
system {1N,(-,A),..., (-, A)} with the following properties:

i) There are functions 7rw W:,“L”O-l’(a,b) (1<v<ny,1<r< [17‘]) such that

[4]
(8.3.5) n#(A) =7l + Y ATl + {o(A7H)}
r=1
(v=1,...,n5 0 =0,...,n5—1),
[kv;u;n[rl]
®36  aMeA) = Y AT+ oA
r=1

(v=1,...,np L =ng,...,n—1),

ii) Set k= min{k,k+ 1~ ny}. Let @; = exp{ZU=1} (j=1,...,1) and let u be
given by (8.3.1). Forr =0,...,k there are functions @, € W;,J’l_’(a,b) such that
(’%0 € Lo(a,b) and

u k
@31 P =[L ]{Z 0o BN

dxt

+{o(A )} ew" o #(%)
(v=ny+1,...,n; u=0,...,n—1),

where [(jj 3| means that we omit those terms of the Leibniz expansion which con-
tain a function (p( D with j>k—r.

COROLLARY 8.3.2. Suppose that h, € C”a,b], h, >0, and h,jol € L.(a,b). Set
I =n—ny, letk €N and suppose that k > max{l,ny — 1} if ny > 0. Suppose that
a) k; € Ly(ab) for j=0,...,n— 1~k and k,_;_; € W";,“J(a,b) for
j=0,...,min{k—1,n—1} ifny =0,

B) kg, sy € Wy(aib), ko, k, _; € Wi a,b) and k,__; € Wk— (a,b)
(j=0,...,0=1)ifny > 0. Let CD[IOI] € M,,O(Wlf,“(a,b)) be afundamental matrix
of Hn = 0.

For sufficiently large A the differential equation Kn = A'Hn has a fundamental
matrix function

(8.3.8) Y(,A.) — (q)ll(ai) gn(’ )) E(,;{')’
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where
E(x,A) = diag(1,...,1,e*) . Aoy,

o, = exp{ZU=UY (j=1,...,1), and u is given by (8.3.1), with the following
propertzes
i) There are ny x ny matrix functions CD[’] (r=0,... [%]) with eT CD[I’% belonging

to Ml’no(Wll:,Jr"O_l’_“(a,b))for r=0,....[5and u=0,...,n5— 1 such that

839  @,(, Z 1+ {0(A™)}e, @)1 (-,20) = @y, (-, 2).

ii) There are | x ny, matrix functions CD[’] (r=0,..., [kT] with ETdD[’] belonging
to M, , (Wk =i+ q, b)) for r = ,,[%] and j=1,. mm{l,k—lr} and
£T<I>[’]—Of0rr— ["_Tl] andj:k—lr+1,...,nsuchthat
(8 3. 10)

k
T
D, (-, Z ATl L A%, (A){0(A ™)}, B,y (5 A0) = Dy (1),

iii) Set k := min{k,k+1—n,}. Forr=0,...,kand u=0,...,n— 1 there are
functions uy, € W:,“"(a,b), where t € Loo(a,b) and u, = hﬁo/’uoo for u =
0,...,n—1, such that, with

CD[I’z] = diag(uy,, . ., u,IO,l,,)VQI—’,

1 .o 1
(O] PR ()
- 1 (4
V= ,
wno—l wno—l

1 Lo
ol = diag(unyr, ... Uy SV

a1,

forr=0,...,k, the representations

(8.3.11) D1y (4 A) = Ep ( {Zl "ol + {o(2 )}m},

(8.3.12) ®,,(,A) = /1"03,(,1){): Aol + {o(a—’?)}m},
r=0

and

(8.3.13) D ,(,Aw) =P, (,A)(J, +e€]) (j=1,2)

hold. We recall that J,, Q,, E,, V are defined in (8.2.7), (8.2.9), (8.2.10), (8.2.11).
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COROLLARY 8.3.3. Let the assumptions of Corollary 8.3.2 be satisfied. Let (p[101]
be a fundamental matrix of Hn = 0 if ny > 0. Then, for sufficiently large A,
Kn = A'Hn has a fundamental matrix function of the form

Y(-A) = (@ ”oirzo(lh,‘,él)[?]m )
| (@) @oARR (AR [V QL ) 7
where @, is invertible,
()C,l) = diag(1,..., l’elw]u(x), . ,el(o,u(x)),
w; = exp{M} (j=1,...,1), and u is given by (8.3.1).

8.4. The inverse of the asymptotic fundamental matrix

THEOREM 8.4.1. Suppose that hy, € C*[a,b], hy, >0, and b, € Luo(a,b). Set
I =n—ny, let k € N and suppose that k > max{l,n, — 1} if ny > 0. Suppose that
a) k; € Lp,(a,b) for j=0,....n—1—-k and k, | ; € W;‘,“j(a,b) for
j=0,...,min{k—1,n—1} ifny =0,

B) ho-.sh, s € W};, (a,b), Koy k, _y € W[f,"(a,b) and k,_,_; € W[f,—f'(a,b)
(j=0,...,1=1)ifny > 0.

Let Y(-,A) be the fundamental matrix function of Kn = A'Hn given as in Corol-
lary 8.3.2. We recall that J,, Q,, E,, V are defined in (8.2.7), (8.2.9), (8.2.10),
(8.2.11), that €; is the j-th unit vector in C!, and €; is the j-th unit vector in Cho.
Then, for sufficiently large A,

(8.4.1) Y(a/l)_l :E(,-—-l) (l{lll(’i)
where
B 1) = dig(, 1B )

o, = exp{ZU=UY (j =1,...,1), uis given by 8.3.1), and the ¥,; have the
followmg propertzes

i) Forr =0,. [ | there are ‘P[I’} My, ,,O(W[f,“‘“(a,b)) such that

o~

(8.4.2) ¥ (,4) = Y A7 4 {o(A 7))

r=0

I

it) Forr=0,... [Iﬂ there are n0 x I matrix functions ‘PM with ‘P[ ]8 belonging to
(W:,“_l(’“)ﬂ(a b)) forr=0,...,[%and j=1,. lsuch that

(1
®43) W) =27 Y AT o) ()7
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iii) For r =0,...,k there are ‘P[’] € MIXHO(W[’;+1_’(a,b)) such that
(8.4.4) ¥, (A) = A" Z ATy (o(A7F ) ),
r=0
and
Yy (5 Aw) = (J] + €)Wy (,4).
iv) Forr=0,... k there are ‘P[’] eEM (W"+1 ’(a b)) such that
(8.4.5) ¥, (-, {Z A7l + {o(A75) }w} A~z (1)

and
‘I’zz(-,la)l) = (JlT +81817)‘P22(-,l).
V) If ng > 0 then
0, _ _ p—14[0"!
Pe = —n 1ol e, .
vi) We have
0 0]~ 1 —1p—na/ly—npy, —1= —-1/1
‘P[22] = CD[22] = ('DO lhno 0/ Q[ oV 1":‘l(hn0 / )

Ijroof. First let us consider the differential operator L, defined in (8.3.2). Let
Y,(-,A) be a fundamental matrix of L,f = 0 as given by (8.2.22). According to
Theorem 2.8.2 and the Neumann series expansion we have

o Y,(5A) Y(42)
Yu('7l) = E(’_l) </)>;i(,/l) YZ(J)) ,

where E corresponds to the matrix function E considered in Section 8.2,
k
~ PN .
7y(:2) = AT+ o)
r=

and the components of i/:,[j’] belong to W[f,“"(a,b). Also observe that ?2[(1)] =0in
view of (2.8.17). Writing

- e (LAY P (L)
Yu(, M) =E(,-2) <~y§i(-,x) Téﬁ(-%)) ’

we infer from (8.2.23) and (8.2.16) that
Wi (5 4) = D7'Y, (5 4),

(5 A) = A1 70Q Y, (-, 1),

Wy(,A) = D! (—Y“(- Men g0 + 75,20 ) A7 VIE (A)7
(4) = 21700 "0 (=Y, (-, A)en, €TQ ! + ¥y (,4)) A7V TIE (A) 7
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In view of (8.3.4) the stated asymptotics and the regularity of the coefficients
follow since Y(-,A)~! is obtained from Y, (u(-),A)~! by multiplication from the
right by a lower triangular matrix whose coefficients are in C*(a,b) and do not
depend on A.

We still have to prove the particular shapes of the ‘Pl[,;]. In view of (8.3.9),

(8.3.10), and (8.3.13) we have

_ (1, 0
Y('7A'a)l)E('7A'wl) = Y(a)')E(7A') : (00 ‘Il+818T> '
1

Hence

Iy 0 —1
00 ‘]1T+£1£[T> E(',A')Y(HA) :

For ®@,, and ¢, we infer that the asymptotic polynomials are invariant under the
transformation A +— A @;. Hence the asymptotic polynomials are actually asymp-
totic polynomials in A’. Since the highest possible A-power of ¥,,(-,A) is A~
by the representation given above, this completes the proof of parts i)-iv).

In order to prove v) and vi) we first observe that ®,,(-,A) and ®,,(-,A) are
invertible for sufficiently large A. This follows immediately from Corollary 8.3.3.
Using the Schur factorization (1.3.4), the corresponding factorization with indices
1 and 2 interchanged, and the fact that a fundamental matrix is invertible, we also
obtain that

E(,A@)Y(Aw) ' = (

—1 —1
D,y — Py Py Py, and Py - PPy, Dy,

are invertible. Furthermore, taking the inverses in (1.3.4) and multiplying out
yields

(8.4.6) ¥, = (D), - @, P50 P,) ),
(8.4.7) Wy, = =@ @)y (D), — D D1 D)
(8.4.8) ¥y, = =Dy @, (P, — P05 Pyy) 7,
(8.4.9) Wy = (Dy, — CI)21(1)?11(1)12)_1‘

Here we are interested in ¥, and '¥,, . From Corollary 8.3.2 we infer
Dy () = @y (1 A) D (5 A) T Dy (A
= 2%, () (@] - [0 (@) 1. B,y (M) @I
= A0E,(2)[@Y]...
Hence

}-—l

\Pzz(wl) = [cI)[202 ]w;{—nozz(l)_la

which proves vi) in view of Corollary 8.3.3.
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We have
_ -1 _ e
@, (A) '@ p,(-, 1) :[CD[101] ]w‘PO‘:"o(lh'llél)[V]""’
which yields
-1, S n, _ _ - _
Wi () = = [0 1u g, (AR VR, oV T A o el E (A
With the aid of (8.2.13) and (8.2.12) we infer

o 1 1 Q& i—n, &
i, i
Ve v Tle = TZeisTQl e= ) .
= nOl—:iélZ
This implies
Eny ARV "0V g ] = A% 10D e, ..,
whence

- -1
Wy(,A)g = 27" @l ey .
This proves part v). O

Together with H and K we consider their formally adjoints H* and K™, re-
spectively, given by

HHE= Y (RO (CeWnia)

n—1

K¢ =(-1)""+ Y (=160 (£ eWp(a,b)),

i=0
see (8.1.11).
THEOREM 8.4.2. Suppose that by € C”[a,b), hy, >0, and h,jol € Lo(a,b). Let
k € N and suppose that k > max{l,n, — 1} if ny > 0. Suppose that k; € W;, (a,b)
for j=0,...,n—1 and that
)k, ;€ W:,"j(a,b)forj= 0,...,n—1lifny=0and k> n,
B) hoy- - hy _y € Wilab), ko, k, | €Wy (a,b), and k,_,_; € W™ (a,b)
(j=0,...,1=1)ifny > 0.
Let {n,(-,A),...,Ma(*,A)} be the fundamental system of K1 — A'Hn = 0 as con-
sidered in Corollary 8.3.1, and let Y (-,A) = (n(““l)(-,/l))"’,’uzl. Set

(8.4.10) LA =elY (M) le, (v=1,...,n).

Then, for sufficiently large A, {{,(-,A),...,C,(-,A)} is a fundamental system of
the differential equation Kt { — A'H*{ = 0 with the following properties:
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i) There are a fundamental system {Ki,...,%, } C W:,“(a,b) of Ht{ =0 and
functions x,, € W:,““”(a,b) (1<v<n, 1<r< [%]) such that

7]
8.4.11H) C‘E“)(-,/l) =)~} (K‘(/#) + Z l—lf,(‘(llri) + {O(,l—kﬂt)}w)
r=1

forv=1,... ngjand u=0,....n—1.
i) For r=0,...,k there are functions Y, € W:,“_’ (a,b) such that yy'! exists and
is bounded, and

d' 1

8:4.12) (1w2) = ey { | T {2 Tyt
+ {o(l_k’““)}we_lwv-"o”(x)}

forv=mny+1,...,nand p =0,...,n— 1, where u is given by (8.3.1) and [d—‘i%
means that we omit those terms of the Leibniz expansion which contain a function
l{/r(j) with j > k—r.

If hny = 1, then y,, is the solution of the initial value problem

1 1
(8.4.13) v/{)+7(hn0_1—k,,_1)ll/0=0, %(a)=7-

Proof. From (8.1.17) we immediately infer by recursive substitution that
i
C\(/n) = (_l)l(esy—len l Z J l pn jCV) )

fori=0,...,n— 1. If we observe that (8.1.17) also holds for k = 1 with e, =0,
then the above identity is also true for i = n, which shows that the {, (-, 1) satisfy
the differential equation K¢ — A'H*{ = 0. And if the ¢, (-,A) would be linearly
dependent, then again (8.1.17) would yield that eTY (-,1)~!,...,e]¥ (-,1) ™" were
linearly dependent which is impossible. Hence {{,(-,4),...,{,(-,A)} is a funda-
mental system of the differential equation K*¢{ — A'H*{ = 0.

i) We know from Lemma (8.1.3) and Theorem 8.4.1 ii) that

u
(8.4.14) CM(-,A) =un,,~eIY(-,/1) :
- qu,l 8[ i

7
(% wa,u—k“w-,x))
r=0
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forv=1,...,ngand u =0,...,I— 1 with g, , € W;,“"’_“(a,b) and §,, (1, A) =
{o(1)}- . Here we have used that the g, ; do not depend on A for 4 =0,...,1—1
and belong to W;,H—#(a,b).

For 1 = 0, the representation (8.4.11) follows. Furthermore, since (D[101] is a
fundamental matrix of Hn = 0 by Corollary 8.3.2, it is also a fundamental matrix

of iHn = 0. Then the same argument as at the beginning of this proof shows that

{eLdD[lol]_leno v=1,. ”0} is a fundamental system of ( ) { =0. Since

Ky = Wyoo = —h;oleI,CI)[”] ]e,,o by Theorem 8.4.1v), it follows that {k;, ..., K, }
is a fundamental system of H*{ = 0.
From the considerations at the beginning of the proof of Theorem 8.4.1 we

infer that the {,(-,2) are linear combinations of products of polynomials in A1
and o- functions having the properties stated in Theorem 2.8.2. Thus not only

Pyu(-,A) = {o(1)}.. but also 3 Wy (+4) € {o(1)}, holds. Hence differentiating
and comparmg coefficients we obtain

%ur = WV,#+l,r
for 1< v <ng,0< pu<I-2,0<r<[*#=1] This proves i) for u =0,...,/— 1.

Forv =1,...,nyand u =1,...,n~1 we have in view of Lemma 8.1.3 and
Theorem 8.4.1 that

unl JA)el Y (1, A) len_i

- U
= Zq#,i(',l)GE‘Plz(',/l)E,_i +unyi(-,l)e“r,‘l’“(-,l)en_i
i=0 i=l

k
—l i ;L—lr ),_k+#~ A
(X AW+ A0, (,2)),

r=—(4]

where Wy, (-,4) = {o(1)}. and + W, (-,) = {o(1) )}, - To verify the A-exponent
in the asymptotlc representation we have used the statement on the degree of g, ;
in Lemma 8.1.3. Differentiation of C‘(,“) for 4t =ny—1,...,n—1 and comparison

with the above representation of C‘(,“) completes the proof of part i).
ii) This proof is similar to the proof of part i). First we consider v = n; + 1. From
Lemma 8.1.3 and Theorem 8.4.1 iv) we know that

u
-1 )
n0+1 unz ny YA e, = un,ie el ¥y (e,
i=0

— l_n+l+“{zl_rwn0+l,u,r+ {O(A_k)}w}e—lu

r=0
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for p=0,....,0—1, where y, ., . € W[f,“_’(a,b). With the aid of Theorem
8.4.11iii) this asymptotic representation can be extended to 4 = /,...,n— 1. Pro-

ceeding as in the proof of part i), the representation (8.4.12) for v = n, + 1 follows.
From Theorem 8.4.1 vi) and (8.2.13) we infer

(8.4.15) v, = ng\p[O]g - (p“lh( —n)/lgTQ nyy —1 g = _‘Po lh (1=m)/l

which completes the proof of part ii) for v = n,+ 1 in view of (8.2.3).
Now let v € {n;+2,...,n}. Then we infer from Theorem 8.4.1 iv) that

CvixA) = e_lwv_nou(X)g\Lnoquz(x’)’)8!
Tt eT 1—,.0\1122(",1“’1_1)81
= ¢ HOv-ngul¥) g, (x, l(ul“ )elwv“‘"o"(x)

= et MIr (nAe).

From a)l_j = w;,, we infer that

CV(xv A) - Cn0+1 (x7 lwv—no)

for v € {ny+2,...,n}. Since we have already shown that (8.4.12) holds for v =
ny+ 1, it therefore holds for all v = n, 4 1,...,n. Finally, (8.4.13) immediately
follows from (8.4.15) and (8.2.3). O

REMARK 8.4.3. i) In general, it is not very useful to have estimates where the
o-terms dominate all of the other terms. So (8.4.11) is most useful if —k+ u <0,
i.e., if u < k (note that we suppose that k > [ if ng > 0).

ii) If we differentiate in (8.4.12) we obtain

k
G416 P0A) = (20, ) ] Y (10, ) W (e
r=0

_+_{0 }we COV nou( )}

forv=ng+1,...,nand 4 =0,...,n—1, where y,, , € W’f‘,“"(a,b) and Y, , =
(—h}?él)“ - Since §,(+,A) is a solution of (K* — A'HT){,(-,A) = 0, it follows
that (8.4.16) also holds in case ¢t = n.

ii1) In Theorems 8.2.1, 8.2.4, 8.4.1, 8.4.2 and in Corollaries 8.3.1, 8.3.2 the asymp-
totic estimates {0(A ~*)}.. can be replaced with the estimates {0(7L_krp,(/%))},,o
or {O(?L‘krw(l))}p, , where the latter estimate holds if £ > 0 or p < 3. In case
k=0 and p > 3, which can only occur if ny = 0, we have k, | € Wpl, (a,b) since
n > 2, and then the estimate (2.8.16) holds, see (6.4.10). This follows from the
corresponding proofs if we take the estimates (2.8.12) or (2.8.13), respectively,
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instead of (2.8.11). Also, these considerations apply to expressions (-] consid-
ered below, e. g. we can replace [c].. by ¢ +{O(7,(4))}~. Furthermore, in the
estimates {0(+) } and {O(-)}= , the functions considered are continuous (even in
Wpl,(a,b)), so that these estimates hold at each point in the interval [a, b]. Finally,
by using (2.8.14), we can differentiate Cy‘) term by term if ¢ < n—1, where
{o(A7%)}., has to be replaced by {o(A*+1)}

s

2
8.5. Almost Birkhoff regular boundary eigenvalue problems

In order to define Birkhoff regular and almost Birkhoff regular problems we first
introduce some notations. For v=1,... nlet

(8.5.1) l, = deg[el (WO (ANE, (1), WD (ANE,(1))],

where W(/)(4!) and E,(A) have been defined in (8.1.6) and (8.2.10). Then we
have . .
diag(A7",...,A"m WV ANE, () =Wl + 027"
for j =0, 1. We suppose that
rank(W© w1 = n.

If this condition should not hold, then it might be achieved by taking suitable
linear combinations of the boundary conditions. This is similar to the method in
Section 5.1. We leave the details to the reader.

Let [, € {0,...,1— 1} such that

(8.5.2) I, =l,mod(l) (v=1,...,n).
We have
(8.5.3) IWI(ANZL(A) = AT W )

forv=1,...,nand j=0,1. Since W and W (1) depend on A!, only those entries
of eI,WO(j )er 4+ are different from zero for which 7 = [, mod(l). We can write these

tasT=1,+tlfort=0,...,L where

-1
(8.5.4) L= 1 |
It might be that the 7 for ¢ = L is already larger than n — 1. In this case, all terms
corresponding to this ¢ are tacitly understood to be zero. For v = 1,...,n and
j=0,1let
U).— () _
(8.5.5) oy = el Wy! € st (t=0,...,L)
and
3 L T .
(8.5.6) af) = Y Wyl (a))al),

=0
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where a, :=a and a, :=b.

Forv=1,...,nlet g, be the degree of ] (W(® (1), W(D (1)) as a polynomial
in A. For v = 1,...,n there are integers g, < ¢, such that
857 el (WORHY (a,1) (L, - Ay), W DAY (b, A) (I, — Ay)) = O(AH).

Here we can choose the exponent to be a multiple of I since Y (-,A)(I, — A;) is a
function of A'. We can write

(8.5.8) eyM(A)e; = A u uy ;]
forv=1,...,nand j=1,...,n,, where M(A) is the characteristic matrix given
by (8.1.14).

Now let 9 C {1,...,n}. Writing ¥ = {¥,...,9;} we shall use the notations
9= {1,...,n}\ 0 = {d,...,0, ;}. Letsgn¥ be the signum of the permuta-
tion given by {dy,...,9,_;,%,...,9,}. Also, let

3,1}1

n—j J
(8.5.9) ly=1) qo+Y 1y
=1 =1
Let ®, ,, be the set of all subsets of {1,...,n} with m elements. We set
10 = max{l,: 9 €0, },
(8.5.10) I =max{l,: 9 €©,,,,}if ny >0,
12 = max{l,: 9 €0, |}

For j =0,...,] we define

(8.5.11) B = ¥ sgndugvy
veo, ,
1,=19
where
uﬂ],y1 ”19{,:10
(8.5.12) g =1 : D9 # {10}, uy = 1else,
Uy ) Uy
o 0 o a©® o g o™ o)
17y, joY, JES Rt i
(8.5.13) Ve =
0] la() w la(o) a) i a() "la(l)
) o, jtl ! y
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From the definitions of gy, q,, and [, it immediately follows that lg, <1,
whence [, <1 3 if % C 8. Therefore

(8.5.14) 1) < 100 < (1),
DEFINITION 8.5.1. Letr— 1) — 1) if n, > 0. Suppose that b\ # 0 for j = 3 if

lisevenand for j=51 and j= ’“ if [ is odd.

)If ny=00rn,>0 and r=20, then the boundary eigenvalue problem (8.1.1),
(8.1.5) is called Birkhoff regular.

i) If ny > 0 and r > 0, then the boundary eigenvalue problem (8.1.1), (8.1.5) is
called almost Birkhoff regular of order r.

REMARK 8.5.2. In order to simplify the notations we shall call the problem
(8.1.1), (8.1.5) almost Birkhoff regulaf of order zero if it is Birkhoff regular.

Together with almost Birkhoff regular problems we have to consider some
auxiliary boundary conditions. In order to define them some further notations are
needed. For k = 1,...,n we write

(8.5.15) k=10, +tl—m+1,

where 0 <7 < L+ 1and 0 <m <[ — 1. This representation of k in terms of / and
m is unique. We shall consider numbers x given by this formula for 0 <t < L+1
and 0 < m <[ — 1. Several of these numbers may lie outside the admissible set
{1,...,n} for k. But we shall avoid imposing unhandy restrictions on m and .
Rather, it is always to be silently understood that all numbers, functions, etc.,

considered for those ¢ and m for which [, +t/ —m+1 ¢ {1,...,n} are zero. From
the definition of /, we infer the representation
(8.5.16) AT WOANERYe; - = AT (e, +0(AT),

forv=1,...,n,1=0,1, r and m as above, wherea ) eC.

For j=0,...,n—1and v =0,..., jdefines,, [L-—] and 04 = 1 if atis not
a multiple of / and &, = 0 if ¢ is a multiple of /. Then g, € Wl"+" /(a,b) is
defined recursively with respect to j by

qj,j,Oz(—l)j (jzoa"'an_l);
9,i-10=—9j-1,-20 (J=2,...,n—1),
qj,V,O - Sjl'—vqu—l,v,o_qj'_hv_]’o : (j=3,...,n-— Ibv= 1,_”’]'_2),

j—1
45,00 :qu—l,0,0+ Z kn—v_19j-1v0 (j=1,...,1=1),

v=0

J=1-=Is;, : J ’S_,,o
s !
qj,O,O_Sj (qj—1,0,0+ Z ‘kn—v;lqj—l,v,o) - Z hno—qu—l,v+l—1,0
v=0 v=0

(j=1{,...,n—1).
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Forxk=0,...,]-1andt=1,...,Lsuch that x+ ¢/ < n we define

(8.5.17) it = Z Z (~1)f ()h,_ )qJn il0-

] ’lo—K'l j
Furthermore, we set 0, =0if j<0. Form=0,...,1-1,i=0,...,m, and
t =0,...,L we define

lifi=mand? =0,

Oifi<mandt =0,

m—i—1 [ .
1+7 (t) m 1oy (m—i)
;) < T ) 0-n—nH-H-r—tl,O + (l) (h"o) ift > 1.

DEFINITION 8.5.3. For v = 1,...,n the asymptotic boundary conditions are de-
fined by

(8.5.19)

(8.5.18) ¥, =

I, f,—i AVLl—z

Uyf:= ZZ Z OCWm zlv~m -I-ZZ Z (X tm le f(i)(b) -0,

i=01=0m=0 i=01=0m=0

In the above definition, f is a suitable function on [a,b]. The actual assump-
tions on f will be formulated later. Also the regularity conditions on the co-
efficients will be given later to ensure that all quantities considered above are
well-defined.

If h,, = 1 then hgi"j) =0fori=nyandi> j. Hence we obtain
REMARK 8.54. If h,,o =1, then we have

ng—1 ny—1
Onx—rt0 = (= 1)y n__uot Y Y- ()hl_ )an K—1,0°

J=ng—K i=j
The asymptotic boundary conditions can be calculated explicitly. But this
calculation with multiple sums and recursions is very involved. So we are going
to consider some special cases in which these conditions are relatively easy.
REMARK 8.5.5. i) Incase L =0, i.e., n, = 0, the asymptotic boundary conditions
are

iv . [V .
Uvf= ;)O‘f()),iv_if(')(a) + Zloail,()),fv—if(l)(b) =0

forv=1,....n
ii)Incase L=1,i.e., 1 <ny <7, weobtain ){)O—y‘ ‘L :h:'O fort———O,l,)/g’l =0,
and, if [ > 2,

W1 = Py 1 = Bk + (1= o)l
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iii) In case L = 1 and [, < 1 we have

Uyf = 26 +26w ’

where
ol +alhhy (a) ifi=1y,
g0 — J 048 + Ly )
+af,ll)0{hno—1 (a) — P (a)k,_y (a)+(1- no)h:xo(al)}
ifi=0andf, =1.

Proof. 1) is clear by Deﬁnmon 8.5.3.
ii) All but the formula for )/0 , immediately follows from Definition 8.5.3. For 70 i
we calculate

I
0,1 = Oy 10T

My
ng N /i
= ; 1Z(_1)z (j)hh )‘11"0—10+h"0
J=ny—=11=)

= (_l)no_lhno—lqno—l,no—l,o + (_1)n0n0h:loqno—-l,n0—~l,0
-+ (—1)"0hn0qn =10 +h;0
- hno 1 h”okn 1 ( - nO)hlno‘

iit) This follows from part ii) and

llvt

Z Z an lv—m al

t=0m=0

_ A1) 1
=a - ~+Zoavlnz’)/i,fv—nt(al)' o

v,0,l,—i P

REMARK 8.5.6. Here we suppose that h, =1
i)Incase L=1,i.e, 1 <ny <%, weobtain ¥, =1fori=0,..., - 1 and, if
1>2,

’Yil,i+1 = hno—l - kn—l
fori=0,...,1-2. i
ii) If { > 3 (only in this case /, > 2 can occur) and n;, > 2, then we have
Yil,i+2 = (nO —i- 2)( :l—l - :10-—1) + (kn—l - hno—l)kn—l + hn0—2 - kn—2
fori=0,...,1-3.
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iii) In case L =1, ny 1 2, and I, <2, the asymptoticboundary conditions are

by 4 by _
Upf =Y 801 (a)+ ) 85 f(b) =0,
i=0 i=0

where
(0l +al) ifi=1,
\(z())l+a£1)|+a\(/1)o(h (al)’kn—l(al)) ifi=1, -1,
8L = § Oy T Oy + o (1 (@) - k,z (@)

+a\(/1)0{(n0—2)( n— l(a) "o_l )
(ke (@) = By (@)K, 1(a1)+hno_2(al)-kn_z(al)}
1fi=0ande:2

\

Proof. 1) We calculate

1 _ -1
Vi1 = O _10= (=1, a4, 1510+ (=1)"G, 510
—h -k

ng—1 n—1-

i1) We have
T2 = 0, 20t (i+ 1o, 10
=(- 1) Dy ng—20t (=1 Ry 280 20 20
+ (___1)n0—1(n0 - 1)h:lo—1qno -2,n5—2,0
+ (‘ l)no_lhno—IQno—Ln —20 + (l + 1) ng -1 0

A recursive application of the formule defining the g;; ,, yields

L N
Dngng-2,0 = (-1) J‘I:,O—j,no—j—ho"‘ (_l)jqno——j,no——j—Z,O

for j =0,...,ny — 2, where we have used / > 3. Another application of these
formulas yields

Dngng-2,0 = (=1)"(ny— 1)g1 g0+ (= 1)k, _1qy g+ (=1)0k,_»4; 1 0-
In the proof of part i) we have already calculated G- 10 Altogether we infer
Yoz = (ng— Dk + ko) —ky_ythy,

(nO_l) n~l ho—lkn—l+(l+1)( n—l :1—1)
= (nO —i= 2)(k:l—1 - :10—1) + (kn——l _hno——l)k,_n—l +hn0—2 - kn—2
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iii) We have

| lv—l

Z Z avml tlv—m

t=0m=0

v,0,0, —i

_ (1) 1) A1
=0 T ZO avlnz},i,iv—nz(al)'
m=

Now the result follows from parts i) and ii). [

8.6. Estimates of the characteristic determinant

In this section we suppose that the assumptions of Theorem 8.4.2 are satisfied
and that additionally £ > 0 and

(8.6.1) k>lm’§{((q’v—qv+l)ifn0>0.
V=

Then the estimates |- ] which were obtained in the previous section can be replaced
by -+ O(A7!), where Corollary 8.3.2 has been used.

The determinant of the characteristic matrix M (1) given by (8.1.14) is an
exponential sum in the sense of Section A.2. Here we use the fundamental matrix
Y(:,A) as derived in Corollary 8.3.2. Let ® be the set of all subsets of {1,...,1}

and set
=) o
j€o
for 8 € ®. We consider the set
&:={0w:0H e B},
for which the set & of the vertices of the convex hull of & has been derived in
Theorem A.1.7.
LEMMA 8.6.1. Suppose that b V£ 0 for j= zfl is even and for j =
j= ﬂ if l is odd, where b§. is defined in (8.5.11). Then there are a sequence
of circles Iy (v € N) with centre 0 and radii tending to infinity, real numbers

U <X%H< <X =X+27 c,....c €&, and y,,...,Y € C\{0} such that
the estimates

1 and

EK((C_Cj))") <0
and
detM(A)™! = 17" exp{—c,A} (7, + O(1(2))
hold for j=1,....;t and A € J Ty with x; <argAd < x.., and for all ¢ in the

veN
convex hull of &, where T, is defined in (A.3.1).
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Proof. We have

detM (A Z by Boulb
€O

where the coefficient functions b, (1) of M(A) are obtained in the following way:
For 6 € O let

AY := diag{0,...,0,1-8(1),...,1-6()},
A} := diag{0,...,0,8(1),...,8())},
where 6(j) =0if j ¢ 6 and 0(j) = 1if j € 8. Then
bg(L) = detMy(A),
where
My(L) = M(A) (I, — Bg) + WO (A1) P(a, 1) A + WD (A P(b,A)Ap

and P(-,A) =Y (-,A)E(-,A)"". Note that Ay = AJ + A}.
Together with 8 € ® we shall consider 8° € ® given by 6° = (6 + s) mod(/)
for s € Z. Note that

L, 0 e 0 N

0 (J+eg)') o\ 0 (JT+eg) 6
forall @ € ®, s € Z and j = 0,1. Then we infer in view of (8.3.9), (8.3.10), and
(8.3.13) that
(8.6.2) bos(A) = (= 1)=Db, (Aey ).
From (8.5.3), (8.5.5), (8.5.6), and Corollary 8.3.3 it follows for v = 1,...,n,
M =ny+1,...,n,and j = 0,1 that

2 IWU (A)P(ay, ey = (@yla;) + O(A™")) ol woy

v Y-ny

Therefore we obtain for j =0,...,/ that
0 ; iy -
be (A) = 217 gola) gg(B) I (610 + 0(A71),

where 6, = {j+ 1,...,1}. From Theorem A.1.7 we know that 6@ € E if and only
if = 6% forseNand j= % iflisevenor j= Sl or j=5 H1if [ is odd. It follows

for 8w € & that bg(A) = A [ b9, where b ;é 0. An application of Theorem
A.3.1 completes the proof. [J

LEMMA 8.6.2. Let m and k be positive integers. Let M = (my,...,m;) € M,(C)
be invertible and let A = (ay,...,an) € M, ,(C). Then

(det M)M~'A = (det M2

k,
Vp,) m

v,u=1’

A
where My, := (my,...,m,_,ay,m, ,...,m).
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Proof. 1t is well-known that
(detM)M_ (detM‘,u)v p=1s

where M, := det(m,,...,m,_ e ,m, ,...,m). Write A = (avu)k’z . Then

k k,m
(detM)M~'A = (Z (detMVj)aju>

j=1 v,u=I
k k,m
zdet(ml,...,mv_l,Zajuej,mvH,...,mk)
j=1 v,u=1
— k,m
_det(ml,...,mv_l,a#,mvH,...,mk)v)“zl. d
Now we consider M~ (A )W) (A1) (aj,A). In case ny = 0 we have in view

of Corollaries 8.3.2 and 8.3.3 that
Y(-,A) = E,(A) (@ + {0(A7" }=) E(-,2),

with invertible ®[%. This is no longer possible if ny > 0, and a separate consid-
eration of M~'(1) and W()(11)Y (a,,A) as done in the previous chapters is not
appropriate.
We recall that the matrices Ay and A(A), A # 0, defined in Section 4.1 are
given by
A0= 8 ?) EM’I(C)’

AA) = (8,(4),..-,8,(2),8,(A),...,§(A)) € M\ (C),

where
0 if R(Ae?) <O,
1 if R(Ae?) >0,
6"(;\') = : i) i,
0 if R(Ae'™)=0and S(Ae') >0,
1 if ‘.R(/le'“"') =0 and S(/’Le'“"’) < 0.

LEMMA 8.6.3. Let the assumptions be as in Corollary 8.3.1 and suppose addi-
tionally that (8.6.1) holds.

i) If the boundary eigenvalue problem (8.1.1), (8.1.5) is Birkhoff regular in the
sense of Definition 8.5.1, then there are circles T, (v € N) with radii tending to
infinity such that

M)W (ANY (a;,1)E(a;,A) 7!
= (I, — A(R) +E(b,l)"lA(l)) (Vo’j(l) +0(1(1)))
on J T, for j=0,1, where C\ {0} is subdivided into finitely many sectors on

veN
each of which Vo,j is constant.
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i) If the boundary eigenvalue problem (8.1.1), (8.1.5) is almost Birkhoff regular
of order r(> 0), then there are circles T, (v € N) with radii tending to infinity
such that

M(AYT WO ADY (a,,A) (I, — Ay)

= (L~ M) +E(b,A)7'A)) (V, ;(A) + O(1(2))),
AM(A) WA ) ( )E(a,l) '8,

= (- A(R) + T'AR)) (Vy,;(A) + O(7(1))),
(I = Bg)M ()™ 'W()( ) (a;,A)E(a;,A)” Ao

= A"(I, = AA) + E(b,2) T A)) (Vs (A) + O(1(R))),

on |J T for j=0,1, where C\ {0} is subdivided into finitely many sectors on
veN
each of which Vi j» Va . Vs ; are constant.

Proof. We shall prove ii) where also the cases r = 0 and n, = 0 are included. Then
1) is a special case of this.
Write Y (-,A)E(-,A)"' =P(-,A). Let j=0or j=1and

det(M(2))M(2) "' WU AN P(a;, 3) = (cvu(A)) umt
M(2)"' WO RAN)P(a;, ) = (dyu(A))y yet -

We shall use Lemmas 8.6.1 and 8.6.2 to estimate ¢, . Also, 4 is always a complex

number in {J T'y.
veN
If v <nyand p < ngy, then ¢, (A) has the same form as detM(2), i.e., the

same exponential terms occur, and also the same asymptotics hold. Also note that
we have exp{(c —c;)A} = O(A7") for c € £\ {c;} and A in the corresponding
sector. Hence

(1= B WO Y (@), 4) (1, ~ Ag) =, (3) + O(a(A)

follows in view of Lemma 8.6.1, where \71’ ;(A) is constant on sectors.

If v > ng but u < ny, then the column containing the exponential terms
veng @) for ¢ = 0,1 is substituted by a column without exponential terms.
Thus, if we multiply ¢, (4) with emv"‘o“(”"), then the exponentials occuring in
this expressions still lie in the convex hull of & for i =0, 1. The maximal occuring
A-power in this case is A" . Since I < 1 we infer that elmv‘”ou(a")dv#(l) =
dyu(A) + O(T(A)), where i is chosen such that e M@v-14(%) 5 the v-th diagonal
element of I, — A(A) + E(b,2)"'A(4) and where d,,,, (1) is constant on sectors.

Ao,
€
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u(a,)

In case v > n; and u > n,, again the exponential terms et Ov-ng do not

occur. Here the maximal occuring A-power in ¢y, (A) is A" Hence
0y (1) = dyu(A) + 0((2)),

where a; is chosen as in the case it < ny and d,, (1) is constant on sectors.
In case v < ngand [ > ng, a column without exponential terms is substituted.

Here the maximal occuring A-power in ¢, (1) is AY. o
LEMMA 8.6.4. Under the assumptions of Lemma 8.6.3 we obtain
AM (L)~ diag(Ah,..., AM)
= (I, — AQA) + E(b,2) "' A(R)) (V4(A) + O(1(1))),
(I, — Ag)M (L)~ diag(Ah,...,AM)
=A"(I,— AA) + E(b,A)T'AL)) (Vs(A) + O(1(1))),
on LeJN Ty, where C\ {0} is subdivided into finitely many sectors, on each of which
\4

V, and Vs are constant.

Proof. The considerations are essentially the same as in Lemma 8.6.3. We only
have to note that the case it > n,, in Lemma 8.6.3 has to be applied to all i in
Corollary 8.6.4. [ '

8.7. Asymptotic estimates of the Green’s function

In this section we assume that the assumptions of Theorem 8.4.2 and (8.6.1) hold
and that k > n if ny # 0. Throughout this section we suppose that the boundary
eigenvalue problem (8.1.1), (8.1.5) is almost Birkhoff regular of order r.

The operators O, deﬁned in (8.1.13) can be written as

@AW =5 b [ A G ANESE DR (xefab)
- 27:1% A )(x) d

where the T, are circles centred at 0 and the radius of ¥, is the [-th power of the
radius of I',. We also have that

(0 N)W() = ~5= § A (SN

2mi Jr,
foru=0,...,1—1, where

(S0 = [ 6], Gyl M) E)F(E) e

in view of the derivatives obtained in the proof of Lemma 8.1.1.
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For j=0,land u4 =0,...,/— 1 we define

Giou®8,A) =el Y (x )M~ (W (A)Y (a;,4) x
X (I~ Ag) (HY (-, 1) len) (£)
G 8,A) =€l Y (x M (MW (L)Y (a;,1) x

X AO(H+Y(-,/1)"en)(§)-
Then

(S(/’U)f)(ﬂ)(x) :/{;X(GO’Ov#(x’é’l)+GO,1,/,1(X’§7A))][(€)dé
G108+ Gy ANFE) .

PROPOSITION 8.7.1. We have G , (x,E,1) = O(A~"Y) uniformly for j = 0,1,

p=0,...,1-1x¢&€lab) and A € Ur,.
veN

Proof. Theorem 8.4.2 yields
(I = A)H* (Y (-,A)"es) = {O(A7%)},
and Corollary 8.3.2 yields
el Y (L AE(A)T = {0(A*)}e.
Since
E(,A)(I,~ A(A) +A(RA)E(b,A)7) = {0(1)}

by Proposition 4.3.3 1),ii) and since

(I = AA) + AR)E (5, )M ()T W (AN)Y (a;,4) (I — Bg) = O(1)
by Lemma 8.6.3 ii), the statement of the proposition follows.

To estimate Gj,l‘u for j=0,1and g =0,...,] — 1 we define
D (A i n ~ _
(0= (G207 = O A g B2

y“(‘,l) - €L+1Y(',l),

~D

and

(4 A) = E(,A)H G, (4, A))y o1
where

E(x,A) = diag(e*®(), . et i)
and the (matrix) functions ®,,, ®,,, 7, &, and u are defined in Corollary 8.3.2,
Corollary 8.3.1, Theorem 8.4.2, and (8.3.1).
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PROPOSITION 8.7.2. We have

o
H' (Y 'e,) =Y o¥ e, ,,
v=0

where

and the q; , are defined in Lemma 8.1.3.

Proof. From Lemma 8.1.3 we know that

"0 i .
HY (Y le,) =Y (-1)'} <’> H=D (yLe,)U)
i=0 =0 \J
ny i .
=20 (5 L g en
i=0 =0 \J v=0
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If we additionally suppose that h, € W;,“(a,b) fori=0,...,ny—land s </,
then the oy are in W, (a,b). Hence the following considerations make sense un-
der this additional assumption. For j=0,1, u =0,...,/—-1,s=0,...,/, and

feW;(a,b) let

(G, uf)(x,E,A) =T Y M WD (AT (a),2)E (a;,4) x

x A=QrE(E,A) D (- M) HIE),

where

Df := (/' )"

We suppose that f € W (a,b). For c,d € [a,b] integration by parts leads to

[ B 56 a

J

d —~
+/c ATQTE(E,A)T D (2(, A) ) (€) dE.

-1
N LRI ]

d
c
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This yields

x b
8.7.0) | Gorute g MA@ - 6y, E (6 a8

s—1

Yulo ) Y AT I VDY (2, A) £) (%)

J=0

+el Y, M AW AHY (g, 1) x

B+l
—1

x ):/1—1'—19,—1'—‘h,:o‘/’(a)D"(z(-,/l)f)(a)

j=0

+el Y, MM T AWHAHY (b,A) x

p

xZM@’W%)%WM

ﬁbm éMé/QM (&) dE.

PROPOSITION 8.7.3. Let j € {0,...,l} and suppose that k > j and h; belongs to
lefﬂl(a,b)fori: 0,...,ny— 1. Then

(8.7.2) z(-,/l)(j):/I'"Q,{(h”/’% s+Z/l "W+ {o(A7FH) }m},

where §f; . € Wpl, (a,b).
Proof. From (8.4.16) we immediately infer that
z(-,l)(“):;{‘“’Q}"{ Z AT+ {o(ATF ) 1 }
r=—p

for £ =0,...,j. By Remark 8.4.3 we can differentiate term by term if it < j, and
it follows that §, , = 0if 1 < u < jand r > 0. Finally,

2 4) = (= 1)hey(20y_) ™, o),y + {0 )
= HIA Qe+ {o(A )}
gives the stated representation of 1/71.‘0. O

PROPOSITION 8.7.4. Let j € {0,...,l} and suppose that k > j and h; belongs
to W;“j“(a,b) for i=0,...,ny— 1. Then it follows for @ = 0,...,n— 1 that

Yu ).)/l—j*lQ_j“’h_l/’D/( (,A)f) is the sum of a polynomial in A' and an
asymptotic polynomzal in A™!. The highest possible A-power has the exponent

(7] = L.
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Proof. From (8.3.13) and Theorem 8.4.1 we infer immediately that the above vec-
tor function is invariant under the transformation A — 4 @;, which proves that it
only depends on AL Indeed, this is trivial if { = 1, and if / > 1, then

)’u(‘alwl) IYM(‘aA)(Jz +81£1T)a

and R R
(J; +E€ENE(A@) (T +¢€¢€f) =E(-,4)
shows that
2(,A@) = E(,A0) (HT G, (L, A0))5 o0 11
=E(,A@)HE(, 1) ¥,, (A 0)g,
=E(,A0)HE(,—20)(J] + & €T )¥y (- A)g,
= (JT+&€ )E(,A)HE(,—1)¥,, (-, A)g,
= (J] +&¢£")z(, ).
Finally, (8.2.42) yields

(J, +ge])(Aay)™ = 'Q = 1(JT-+-£ ey =17~ IQ J-1
since @, @, = 1. The remaining statements follow from Proposition 8.7.3. U

PROPOSITION 8.7.5. Let 1 <s <, k> s—1, and suppose that k>1—1 and

h; € Wl’;,""‘(a,b)fori:O,...,nO— 1. Then

s—1

yul,A) Y AT I D (2, A) f) = {OAT) Yl fl 5o
j=0

foru=0,....,I-1and f € Wy(a,b).
Proof. The statement immediately follows from Proposition 8.7.4. O

Now let us consider the two remaining sums. First we have by Proposition
8.7.4 that

WORT (@, A1 e @)D (2, ) ) (@1)
(j=0,...,s—1;1=0,1) is a function of A'. On the other hand,

(8.7.3)
diag(A™",..., A7 WM AYY (a,, 1) A 771 Q 7 m  a,) D (2, A) ) (@)

satisfies the estimate O(A =/} in view of (8.3.11), (8.3.12), the definition of /,, in
(8.5.1), and (8.7.2). If we suppose that k > s, then the above considerations yield
8.74) -
diag(A™h,...,A7m WO AT (@, A)AT1Q 7 i @)D (2, A) £ (a0)

=277 (B() +0(A1 ™)),
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where Bj(‘) is a polynomial in A ! of order less than s — j. We write

s—1
W) = -ig(t)
BU(A) =) 27BN (A).
Jj=0
Then B() is a polynomial in 4~ of order less than s. If s > r we obtain

Y(-,7L)M_‘(7L)W“)(/1’)?(au/1)S_Zl AT e a) DY (e, 2) ) )

€uil L
=€l Y(A)M'(A)diag(Ah,..., A")A 7 BY(A) + {O(A 7))}

IRy
for u =0,...,min{s,/ — 1}, where we have used Lemma 8.6.4 and the fact that
eLHY(-,/l)E(-,/'t)"lAO ={0(A*)}« and elTlHY(-,/'L)(I,, —Ay) ={O0(1) }w in view
of Corollary 8.3.1.

Hence the two remaining sums in (8.7.1) are of order O(A ™) if we require
BO(R)+B1(2) =0

For later use we note that we can substitute O(A ") by O(A~!=1) if s > max{r,u}.
Again from Proposition 8.7.4 and s </ we infer that only those terms occur in
A~ ﬁj(.‘)(/l) for which we take the highest possible A-power. For the element in

the v-th row this is a number —/, mod(/), i.e., —[, . That s,

elBY(A) = A7,

Of course, only terms with [, < s must be considered since el B*(A) = 0 other-
wise.

PROPOSITION 8.7.6. Let 0 <s <[l k>n—1ifny, =0, k>nifny, >0 and
h, € Wlifs(a,b)forizo,...,no— l. For u=0,...,min{s,/ — 1} and f € W;(a,b)
we have
s—1 ) ]
Rt MM QWO T (0.2) A0 @D el A) ) a)
j:
s—1

Y, M AW ANY (6,2) Y 270 (B)DY (2(, A) £) (b)
j=0

T
-i~ethl

= {07}l fl 5o

if f satisfies the boundary conditions U, f =0 for v =1,...,nwith [, <.

To prove Proposition 8.7.6 we have to show that U, f = CE,O) + cs,l). For this
we need some preparations.
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We see that cS}) is the coefficient of A»—%in

s—1
(8.7.5) W (AHY (a,,4) Y 4771077 lh @)D (2, 2) (@)

j=0
To find this coefficient, we write (8.7.5) as the sum with respect to Kk = 1,...,n of
the products of the two terms

(8.7.6) A7 eIW M (AHE, (A)ex

and
s—1

(8.7.7) A'VeLE,,(A)—IY(aI,l)E))ﬁf"Ql‘/‘lh,jol/’(al)Df(z(-,l)f)(al).
]:

We have already obtained an asymptotic representation of (8.7.6) in (8.5.16),
where K is written as in (8.5.15). To find the coefficient of A=h=1in (8.7.5) we
thus have to find the coefficient of A’v—%~*™ in (8.7.7) (note that we are looking
for the term with the highest possible A-power in (8.7.5)). That means, we have
to find the coefficient d{!) of A¢=1) in

s—1
(8.7.8) Vi vam@A) Y AT e @)D (2 ) £ (@)
v ]:0
Then we can write
L+11—
=3 Z o, dl),.
=0 m=0

From Proposition 8.7.4 we infer that only m+ j < [, gives a contribution in (8.7.8).
In this case, any number x € {I,...,n} has a representation (8.5.15) with [ < L.
So we have that

L
(8.7.9) V) = ):;3 Zoag)mdgym.
= (=]
Form=0,...,]—-1land¢=0,...,L such that m+t! < n— 1 we define
(8.7.10) MOV ES TN ZA mlgsi- ‘h'l/’Df( -, A)f),
j=0

where f is a dummy function. Form=0,...,/—-1,i=0,...,mand ¢t =0,...,L
let %, be the coefficient of 2(="! £ in K, (-,A). Then

ly—m

(8.7.11) dV) =Y ¥; _ (a)fa).
i=0

Next we shall show that ¥/, = ¥ ,. We extend the definition of %, to the
cases i=m+ 1 and i = —1. Letme {0,...,l —1}. Fori=m+1, we take
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formally the same definition as in (8.7.10), which gives ¥ ,(-,4) = 0, and we take
-1 to be the coefficient of A=k in Vi (54205 4).

ProproSITION 8.7.7. Form=1,...,l—1,i=0,...,m,andt =0,...,L such that
m+tl <n—1we have

%,m = (’Z,m—l)l + %—l,m—l )

where ¥, | =0ifm=i.
Proof. We first note that Y (-, 1) = Y (-, A)E(-,A)™! G)) implies
!

ym—H—tl(.’l)l = ynz-}—tl(")') —ym—1+tl(”a’)lglhrll({l'

m—1 .
Since the coefficient of A~ jp K _,(wA)is ¥ ﬂm_lf(’), it follows that the
i=0

coefficient of A(¢=1! () jn (K (A ) + Y 1pu(A)2(-A) f is the function

(7,-'),,1“1)/ + T{_,ym_l . We calculate
(Krtn—l(")')f)/ +)’,,,_1+,1(-,l)z(-,/’t)f

m—1

:ym+tl("a’) zél*j_lgl_j_lh;ol/le(z(W)’)f)
J:
m—1 i o
_ym—1+tl('7l) Z A_JQ[_]DJ(Z(’aA')f)
Jj=1

m—1

Yo (5A) Y ATTIQTIDIM (2, 4) )
Jj=0

= K (s 2) = Yy (AT i D (-, 1) £)
+Ymet4u (5 AATQD (2, ) f)
= K1(2) = Yyt (A AT VDR o (-, 2) ).
Now the result follows if we observe that
Vo1 (5A) = {OA™* )} and D(z(-,2)f) = {0(A' )} O
PROPOSITION 8.78. For0<i<m<l-1landt=0,...,.Lwithm+tl<n-—1

we have
m—i—1 /.
. I+7TY\ . m i
%,m = Z ( T > (V—l,m—l—i—‘r)(r) + (l) (hizo)(m l)'

=0
Proof. First let m = 0. In this case, 7, is the coefficient of (=1 in

(AT e (-, A).
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In view of (8.7.2) we have
2(A) = Al_lth%l‘Vo[g]a
and from (8.3.7) we know that
Yu(,A) = XK, @leT).
Then (8.4.15) leads to
Too = Ho, @o€Thy il e
== igo g, = K,

Now let m > 1 and suppose that the statement holds for m — 1. Then, if i > 1, we
infer from Proposition 8.7.7

Tom =(Fim=1) + Tt
=Y () Wm0 (M e

+m2”( ) im0 (7)) im0
=Y () i () v

With obvious changes in the above calculation, the result also holds fori =0. O

We immediately infer from Proposition 8.7.2

PROPOSITION 8.7.9. Fork=0,...,l—1landt=0,...,Lsuchthat1 < xk+tl<n
we have

0 ift =0,
O-no—K—(t—-I)l ift>0.

The ¢, defined in Lemma 8.1.3 are polynomials in A. Now we shall give
an estimate for the order of the highest A-power and determine the “leading”
coefficient. We do not require that the leading coefficient is different from zero.
PROPOSITION 8.7.10. Let j€{0,...,n—1} and v € {0,..., j}. Lets;, andq;
be definied as in Section 8.5. Then

9, y(5A) = Abi [q v 0]'
Proof. For v = j the statement follows from the definition of ¢; ; in Lemma 8.1.3.

Now let 0 < j < n—1 and suppose that the proposition holds for j—1. Then the
statement for 0 < v < j— 1 follows from the definition of ¢ v If v =20 we first

observe that p, , (-,A) =k, ;, ;ifi<I-2and p, , (-,A) = ~A'[h,_,_|] if
i > {— 1. Now the statement for v = 0 easily follows. 0O

n—i—1
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PROPOSITION 8.7.11. For x =0,...,l—1landt=1,...,L such that x +tl <n
we have

e};_HlY(-,)«)H+(Y(',A)_1€n) = ;{'(l_l)l[o-no—x—(t—l)l,o]’

where the o, are defined in (8.5.16).

Proof. We have
o-nn—K—(t—J)l("l) - Z Z _1 < ) )qj,no-x—(t—l)l("l)'
j=ng—Kk—(1=Nli=]

By Proposition 8.7.10, the largest A- exponent is obtained for the largest j, and
it is ["—"_—(fw]l — 1. And since [’—&K——] >t~ 1 if and only if
J 2 nyg—K,an application of Proposition 8.7.9 and 8.7.10 completes the proof. [

PROPOSITION 8.7.12. i) Form=0,...,l -2 we have | =0.
i) Form=0,...,1—-2and 1 <t <L we have

ylrn: no—-m 1-(-1)1,0"

Proof. By definition, ¥, is the coefficient of AU in Ymani2(sA). Since
Y (-, A) (I — Ag)HT(Y(-,2) " te,) = {O(A7%)}. by Theorem 8.4.2 and Corollary
8.3.2, 7., is the coefficient of A0~V ine, ¥ (-, A)H* (Y (-,A) 'e,). Part i)
now immediately follows from Proposition 8.7.9. And part ii) follows from Propo-
sition 8.7.11. O

Proof of Proposition 8.7.6. From Propositions 8.7.8 and 8.7.12 we infer ¥} ,, = %,
form=0,...,0—-1,i=0,...,m,and t =0,...,Lsuch that m +¢tl <n—1. Now
the statement of Proposition 8.7.6 follows in view of (8.7.9) and (8.7.11). [

We write the two remaining integrals on the right hand side of (8.7.1) as in
(4.4.4) and obtain

[ oD £ A e~ [ (G E AV GE = 1y (51,2 Dy (05, )
where
fs )
= 27yl 1) - BANQE ) [ B A) Dl M (E) 4

AT A BRI EwA) [ EEA) D MNE) &,
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by (6 f,2) = =A% Y (6, M (WD DY (b, 2) x

b —~ ~
X / (I, = A(R)E (b, A)E(§,4)7' QD! (2(+, A) )(§) d&
+27%] Y (x, A)M-I(A)w<°>(/11)?(a,/1) X

< [ BOIE@MEE AT DL MNE) 6,
A(r) = diag(6,(4),...,8,(1)).
PROPOSITION 8.7.13. Let 0 <5 < L. Suppose that h,, € C™[a,b], hy, > 0 and
h;ol € Lo(a,b), and that k; € W,i,(a,b) fori=0,...,n—1. If ny > 0, then we
additionally suppose that k; € W:,O(a,b) fori=0,...,ny—1,k € W;,H (a,b) for

i=ny,...,n—1, and h, EW[;‘,(a,b)forizO,...,nO— 1.
i) Let 1 < p <. For f € W;(a,b) and t = 0,...,min{s,/ — 1} we obtain

[f. A1) @] = 0D e asm— .

ii) Here let p < oo, i.e. p' > 1ifny=0and p =n—1, and let p = o otherwise.
For f € C*[a,b] with f) € BV[a,b] and u = 0,...,min{s,] — 1} we have

]fr AL (G FA) de — 0(1)|f] as m — oo,

where |f| = |f|(s) + |f(s)|3v[a,b]‘

Proof. The assumptions of Corollary 8.3.1 and Proposition 8.7.3 are satisfied with
k=n~-1ifny=0and k = n if n, > 0. Here we note that Proposition 8.7.3 also
holds in case k = j — 1, where the o-term dominates. We have

ARy (5 A) = Qberh gy + {0(A ")}
by Corollary 8.3.1 and

= 21710, (D (0 y) ¥ e+ {O(™) + 05, ()}l

by Proposition 8.7.3, where we have made use of Remark 8.4.3. If p < s <nor
u < s—1 and s = n, then the above representations and Proposition 4.3.3 yield

L, (i A) ={O( (2™ }e, and the result follows. If gy =s <norpu+1=s=n,
the part coming from {O(A™!)}. in A7y, (-,A) can be estimated as above.
Therefore we still have to estimate
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(387.12) 50~ BANEC2) [ EEN D EAE) dé
~SRMEWA) [ (e D)@ 6

and

8713) 5@ -A( xl/E«H O, (A)}w(E) E |1

~SWRAIERA) [ B2 00 (A)1a(E) 4 s

where ¥ and 7 are vector functions in suitable Sobolev spaces (in case s = n we
have 7 = 0). Now the desired estimate of (8.7.12) follows from Propositions 4.6.5
and 4.7.2, respectively, whereas the estimate of (8.7.13) follows from Propositions
4.3.5 and 4.6.4. For part ii) we have to observe that {O(7, (A))}< can be replaced
by {O(A™!)}w if 4 < k. In the remaining case, i.e. ny =0and g =n—1, we
have p' > 1, so that the above proof also holds here. [J

PROPOSITION 8.7.14. Suppose that the assumptions of Proposition 8.7.13 are
satisfied and that (8.6.1) holds. Suppose that the boundary eigenvalue problem
(8.1.1), (8.1.5) is almost Birkhoff regular of order r < I.

ii) Let r < s < 1. In case ny = 0 we can even take s = r. Let 1 < p <. For
f € Wy(a,b) and it =0,...,min{s,! — 1} we obtain

lf AL (o fiR)
ii) Let r < s < I. For f € C*[a,b] with f¥ € BV[a,b] and 1 =0,...,s we have
U( A f,/l)dl‘m=0(l)|f|asm—>oo,

where Ifl - |fl(s) + Ifs IBV[a,b]'
Proof. In view of Lemma 8.6.3 we have that

Al Y (e, M (AW ()Y (a,A)

u+l
= A%y, (5, A)E(x, 1)(1 A(R)+E(b,2)7'A(1)) (v, (1) +O(1(2))

FAL Y (52T = 4g) (7, (1) + O(5-(4))),

where A%y, (-,A) and /l’“se#HY(‘,/l) are of the form v+ {O(A™")}.., the co-
efficients of v belong to L..(a,b), and v, ;(A) and ¥, ;(1) are constant on sec-
tors. Now the terms containing O(..(1)), A"~ if r <s, or {O(7,())} (from

D*(z(-,A)f)) and terms with it < s are easily estimated as in Proposition 8.7.13.
Since terms with A"~ do not occur if ny = 0, we do not need any restriction with

(D] f]p.s as m — oo.
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respect to r in this case. The remaining terms coming from y,(-,4) are of the
form a considered in Propositions 4.6.3 and 4.7.1, respectively. In part ii) we still
have to estimate terms where the exponential terms in the variable x are missing.
But this corresponds to x = a in the case with full exponential terms. Since the
estimates in Proposition 4.7.1 are uniformly on [a, b], they extend to this case. O

From Propositions 8.7.1, 8.7.5, 8.7.6, 8.7.13, and 8.7.14 we obtain
LEMMA 8.7.15. Let the assumptions be as in Proposition 8.7.14. Suppose that the
boundary eigenvalue problem (8.1.1), (8.1.5) is almost Birkhoff regular of order
r<l.
DLetl <p<eo,s€{r....I—-1}ifny=0se{r+1,...,1—-1} ifny, >0, and
let F be the Banach space
F={feW,(a,b):Uyf=0,v=1,...,n, [, < s}

Then {QnJp : m € N} is bounded in L(F,W;(a,b)), where Jp. is the canonical
inclusion map from F into Wy (a,b).
it) Let s € {r,...,l — 1} and let F be the Banach space

F={fe€Cab)]: f e BV[a,b], Uf=0v=1,..n [, <s}.

Then {QumJg : m € N} is bounded in L(F,C*[a,b]), where I is the canonical in-
clusion map from F into C*[a,b).

8.8. Expansion theorems

PROPOSITION 8.8.1. Suppose that the assumptions of Proposition 8.7.14 are sat-
isfied. Suppose that the boundary eigenvalue problem (8.1.1), (8.1.5) is almost
Birkhoff regular of order r < I.
yLetl<p<oo,s€{r...,l=1}ifn,=0s€{r+1,...,1=1}ifn, >0, and
let H be the set

H={fe€ W!f+1(a,b) Uyf=0,v=1,...,n [, <s}.

Then Quf — f inWy(a,b) asm — oo forall f € H.
ii) Let s € {r,...,1 — 1} and let H be the set

H={feC*ab]: f*Y e BV[a,b], Uf=0,v=1,...,n [, <s}.
Then Q,f — f in C*[a,b] as m — oo forall f € H.
Proof. We use the representation of Q,, as obtained in Section 8.7 and follow the
steps which were used to prove Lemma 8.7.15. Let f € W;“ (a,b) with s as in i)
or ii). Then we can iterate one step further in (8.7.1), i.e., we replace s by s+ 1.

Then Proposition 8.7.3 holds with s+ 1 instead of s since i+s+1 <nfori<n;—1
shows that its assumptions are satisfied. Therefore we have for 4 =0,...,s that

1 _ oo .
s, A 2) LAt D el ) e
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is the sum of the coefficient of 1~/ of the asymptotic polynomial

L)
(8.8.1) Yu(A) Y ATTIQ T e D (2, A) f)
j=0
and an o-term. In view of Proposition 8.7.4 the coefficient of A~ of (8.8.1) co-
incides with the coefficient of A~/ on the right-hand side of (8.7.10) with it = m
and ¢ = 0. By definition of 70 and the fact that 710 ﬁm , the above integral can
be written as

u .
;%f") +{o(1)}e = F*) + {0(1)}en.

Now we want to show that the integral over I, of the second and third sum-
mands in (8.7.1) multiplied by A'~! (with s — 1 replaced by s) tends to 0 in L, (a,b)
asm—oofor g =1,...,s, where p = oo in part ii). In part ii) this immediately
follows from Proposition 8.7.6 and the considerations preceding it since U, f =0
for v=1,...,n with [, < s. In part i), the coefficient of =% in (1) + B(D(A)
will be different from 0 in general, and therefore we still have to show that

}{rm el Y (, )M (A)diag(Ah,..., AM)A—"" dA

tends to 0 in L..(a,b) as m — o for 4 = 1,...,s. In view of the assumption s > r
in case n;, # 0 we infer from Lemma 8.6.4 and Y (-,A)(l, — A,) = O(1) that only
the integral

7{ A7l Y (5 A) MM (A) diag (AT, A%) dA

has to be considered. From Corollary 8.3.2 we infer that

A7l Y, A)AO:a#—f(hgo/l%sm;‘+{0(/1—1)}°°)E(-,/1)A0.

This representation and Lemmas 8.6.4 and 2.7.21i) show that there is a constant
C > O such that, for h € (L ,(a,b))",

=511 Y (0 A)AgM (l)diag(l’l,...,A"‘)dlh(x)dx'

m

< C|h|,,, fr w—‘(l +Ii’<(/1)l)”‘/"ldll = Clil,, }{leu+pmm<x>|>—‘/”rm,

where p,, is the radius of [,,. By LEBESGUE’S dominated convergence theorem,
the integral tends to 0 as m — oo, and

?f ATl Y (v A)AM ™ (3) diag (AN, A) 42| =0
Lo P

as m — oo 1s shown.
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Finally, also the two remaining integrals are of the form {o(1)}. To see this
we observe that we know from the proof of Proposition 8.7.14 that

Al Y (M MWD ()Y (a,,4) = {O(1)}en

ptl

on |J I', and that Lemma 2.7.2 gives
meN

b ~ ~
[ 0=Ba)EG-£,10 DM (- A)(E) d = o),
[ BB )0 D el 1)) (E) g o). D

Since the linear functionals U, for v = 1,...,n with [, < s are continuous
on the space F considered in Proposition 8.7.15ii) and since it follows as in the
proof of Theorem 4.7.5 that H considered in Proposition 8.8.11ii) is dense in F
defined in Lemma 8.7.15ii), Lemma 8.7.15 ii), Proposition 8.8.11i) and Lemma
4.6.8 yield
THEOREM 8.8.2. Suppose that the boundary eigenvalue problem (8.1.1), (8.1.5)
is almost Birkhoff regular of order r < 1. Let s € {r,...,1 — 1} and suppose that
hy, € C”[a,b), by, > 0, h;ol € L.o(a,b), and k; € W/(a,b) for i=0,...,n— 1. If
s =n— 1, then we suppose that k; € W;(a,b) forsome p>1landi=0,...,n—1.
If ny > 0, then we additionally suppose that k; € W*(a,b) for i =0,...,ny — 1,
k, € Wl”'](a,b)fori: Ny,---,n—1, and h, € W(a,b) for i =0,...,ny— 1. Then
Onf — f as m — oo in C[a,b] for each f € C[a,b] with f©) € BV|[a,b] which
satisfies the boundary conditions U, f =0 forv=1,...,nwith [, <s.

Similarly, we obtain
THEOREM 8.8.3. Suppose that the boundary eigenvalue problem (8.1.1), (8.1.5)
is almost Birkhoff regular of order r <1. Let 1 < p <o, s € {r,...,l1—1}ifn, =0,
se€{r+1,...,0 =1} if ny > 0, and suppose that hn, € C”[a,b), hn, > 0, h,fol €
Leo(a,b), and k; € W;, (a,b) for i=0,...,n—1. If ny > 0, then we additionally
suppose that k; € W:,O(a,b)foriz 0,...,ng— 1, k; € W;,*l(a,b)fori: Ny =
1, and h; € W;,(a,b)fori:O,... ;ng— 1. Then Qn f — f asm— oo in Wy (a,b) for
each f € W;(a, b) which satisfies the boundary conditions Uy f =0forv=1,...,n
with [, < s.

REMARK 8.8.4. The convergence in the previous theorems can be written as the
convergence of a series in eigenvectors and associated vectors as in Section 7.4.
For this let L be the differential operator associated with the boundary eigenvalue

problem (8.1.1), (8.1.5), and let L* be its adjoint. Let A, A,,... be the eigenvalues
of L and let

{n(/) j=1,. (l,();h:O,...,mm.—l}
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and
{ (V) d(>) j=1..,r(A);h=0,...,m  —1}

K,h’
be biorthogonal CSEAVs of L and L* at A, respectively. Then the statement
Omf — f in the above theorems can be written as

= tim ¥ ((Z i / (H'u E(in‘j_l_h)(X)f(x)dx)
l<pm =t A=

in Ly(a,b) for p = 0,...,s for a suitable sequence of positive numbers p,, — oo,
where we have used the representation of the Green’s function given in Theorem
6.7.8.

8.9. The differential equation n'¥ — an™ = An"

In this section we consider a boundary eigenvalue problem for a differential equa-
tion of the form (8.1.1) with A, , = 1 where the boundary conditions which must be
satisfied for the expansion theorems depend on the coefficients of the differential
equation. For this we must have [, atleast 1, i.e., ! atleast 2, and a corresponding
a(ll)O # 0. By (8.5.16) this means that e, must be defined, and we therefore need
that n is at least 4. Here we consider a differential equation were these numbers
are minimal, namely

TI(4) _ an/// _Anu =0 (a € (C)
together with the boundary conditions

n(1) =0, n'(0) =0, n"(1) =0, n"(0) =0.

Therefore Hn = 1", and a fundamental system of Hn = 0 is {1,x}. Hence the
fundamental matrix considered in Theorem 8.2.1 satisfies

x 0

Y(xa /’L)(In - AQ) =

0
o1+ {oa) .
0

1
0
0
0

oSO -

0
0
0

For the boundary matrices defined in (8.1.6) we infer

10 00 11 11

20 1} _ [0 1 (1)a2y|0 1] _]0 0

@9 WAy ol=10 ol WA |4 o 0 0
00 00 00 00

According to the requirement (8.5.7) we can take

q1:q2=07 Q3:q4:_1-
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Also, we obviously have that the numbers defined in (8.5.1) are
L=0,l,=1,1;=21,=3.
We infer
19 =5 /=6,
see (8.5.10). By Definition 8.5.1 the problem is almost Birkhoff regular of order
1 if we show that U3 43 # 0 and V3431 # 0 for the numbers defined in (8.5.12)
and (8.5.13). By definition, u (3.4} is the determinant of the matrix obtained by

summing up the two matrices in (8.9.1) and taking their first two columns. So
U3 4) # 0. Also, by definition (note that @, = 1, @, = —1),

1)
1)

0
a§) a

:
0) _ gl
&, 4
where the (/) are defined in (8.5.6). Now o{%) = 0 and af!) = 0 since the third
boundary condition only contains terms at 1 and the fourth boundary condition
only contains terms at 0. Obviously,

7

Vizayr =

1 1 0) _ 0) _
O‘3E )=Z()a3(')=1’ O‘zg)*zoazg;)—l’
1= 1=

which shows that u (4} #0.

Hence we can apply Theorem 8.8.2 for s = 1. For the numbers defined in
1) _ 0y _ 1) _ 0) _ 1)
(8.5.16) we h.ave.al(o()) =1, 062(0()) =1, a3(1()) =1, a£]2) = 1, and all other Oc‘(,tm are
zero. Hence, in view of Remark 8.5.61ii), the boundary terms U, f = 0 are

U f = f(1), U,f = £1(0), Usf = f(1), Uy f = af(0) + f(0).

If o # 0, we thus have the three asymptotic boundary conditions

f(1)=0, f(0)=0, f'(0)=0.

If & = 0, we only have two asymptotic boundary conditions

f(1)=0, f(0)=0.

8.10. The differential equation n(*) + Kn = AHn
In this section we consider the differential equation

N+ Kn-AHn =0
with the boundary conditions

n(0) =0, n'(0) =0, n"(1) =0, B(A)n""(1) + &(A)n (1)

Il
k=
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where K is a function,
a(d) = oA + A% + oA,
B(A)=BA%+ B4,
with a; > 0 and 8, > 0, and
A' Hn - n,
B. Hn=n'+Gn,
C. Hn=n"+Gn'+G,n,
with functions G, and G,. We suppose that the functions K, G,, G, satisfy the

assumptions of Theorems 8.8.2 or 8.8.3. A sufficient condition is that these three
functions belong to W2(0, 1). The differential equation is of the form (8.1.1).

Case A. Here n, =0 and
L=0,,=1054=21,=12
By Definition 8.5.1 the problem is Birkhoff regular if Vi1234)2 # 0, where this

number is defined in (8.5.13). We have, if we observe that a‘(,o) =0if v=3,4 and
all =0ifv=1,2,

al® @ 0
o il 0 0
123412 7 | 0 a3(‘) —a3(1)
(1) (1)
0 0 «a o,
=2(i- a9V oV
~2i- Neaafofh o
since
0) — 0) — ) — (1) —
al =1, a0 =1, al)) =1, al) = aj.

For the boundary conditions we need further

0y — 0) — (1 —
Oy = 05 Q3 =0, 03, = 0.

Hence we have
U[f:f(o)a sz:fl(o)a U3f:fﬂ(1), U4f:f(1)

Therefore the asymptotic boundary conditions are

f(0)=0, f(0) =0, f(1) =0, f(1) =0.

Which of these conditions are actually needed in the corresponding expansion
theorems in Section 8.8 depends on s and p. Of course, this also holds for the
cases B and C below.
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Case B. Here n, = 1 and
L=0,L=11L=21=9
Choosing g, = ¢/, we have

9,=0,9,=0,9;=0, g, =3.
Then
19 =12, 1 = 12.
Hence the problem is Birkhoff regular if
B9 #£0 and b #0.
We have
bﬂo) = U523 T 25412345

Since the first two boundary conditions are taken at 0 and the last two at 1, we
infer

0 0
0 0|=0,

* ok

Vs =

O * *

=)
o
I

o

Vio3arn =

o

Also,

423 = % (s U4 =m(0),
where 7, is a nontrivial solution of Hn = 0. Since Hn = 0 is a first order differ-
ential equation, the nontrivial solution 7; does not have zeros, and

Uy 03 #0 and U 3.4) #0
follows. So we must show that

Vi123}.2 #0 and V341 # 0.

We have
al(O) al(O)
Viasa = | aéo) 00 0 |=(0,- wl)a)gafo)aéo)agl),
0 0 w32a§‘)
oo 0 0
Vosaa=| 0 wzza;%l) wga%l) = (0’22 - wg)“éo)%(l)ail),
0 aﬁl ai‘




380 VIIL The differential equation Kn = AHn

where @, @,, @, are the distinct third unit roots. In view of (8.5.6) we must show
that
(J) () - - - .
apm ol #0forv=12j=0andv=34,j=1,

where we have used that aé{ ) = a%. We have

0) — (0) — )~ ) — ) —
al(oo‘ L oo =1, O‘3(oo— L, aéoo—og,a‘gu))—ﬁz,

and all the other a\(,{ 2" are zero. Since ¢, and f3, are positive, the Birkhoff regular-
ity of the problem follows. From Remark 8.5.5iii) we infer

0 _
=1,

0) _ 0) _
=050 =1.
8y = 0+ By,

which implies

U f = £(0), Upf = £1(0), Uyf = (o5 + By) £(1).

For the remaining boundary condition a direct calculation yields

Usf = i}fz(l)f“)(l) =f"(1).
This leads to the asymptotic boundary conditions
f(0)=0, f(0)=0, f(1) =0, f'(1) =0.
Case C. Here ny = 2 and
L=0,L=1,05L=21=T.
Choosing gy, = ¢,,, we have

q, =0, 42:0a 513:0, Q4:3'

Then
10 =9, /) =10,

and

0) _ —

b = Ui ayVizayt T U3V T Y23y Vst
since v (B4 = 0 as the third and fourth boundary conditions do not contain terms
at 0. First observe that
_ o [m(0) m(0)
“23) T B (1) (1))

where {7, 7, } is a fundamental system of Hn = 0. Since the condition « {23} #0

is independent of the choice of the fundamental system, we may choose 7, (0) = 0.
Since 7,(0) # 0 in this case, u 23 # 0 if and only if the boundary value problem
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(8.10.1) Hn=0,n(0)=0,n(1)=0
has only the trivial solution.
We have . 0
(04 —Q
— |2 2 — (0} (1) —
ORI MO O oo =1
since, in this case,
0) — (0) — (1) — () — 1) —
Opgo =1, Cpop =1, 03y =1, &5 = BZ’O@EO; =0,

and all the other a‘(,i)r are zero. Hence, if the boundary eigenvalue problem (8.10.1)
has only the trivial solution, then the problem is almost Birkhoff regular of order 1.
From Remark 8.5.51i1) we infer

0) —
51(0)‘1’
0) _ 0)
) =0, 80 =1,
1 —
53(0)_1’

30 = g+ B,G, (1), 81 = B,.
It follows that
U f = f(0), Uyf = f1(0), Usf = f(1), Upf = (05 + B,G, (1)) f(1) + B, f (1),

and the asymptotic boundary conditions are

f(0)=0, f(0)=0, f(1) =0, f/(1)=0.

8.11. A boundary eigenvalue problem with associated functions at each
eigenvalue

Here we consider the boundary eigenvalue problem
YW —=2y"=0; y(1)=0,y(0)=0,y(1)=0,y"(1) =0.

This is an example from [KF, p.79]. Kaufmann calculated the eigenvectors of
the given problem and its adjoint. He realized that they are not biorthogonal and
could not get an expansion theorem. According to our results, we immediately
know that to every eigenfunction there must be an associated function.

We shall investigate the regularity of the problem and calculate its eigenfunc-
tions and associated functions as well as those of the adjoint problem.

First let us consider regularity. We use the notations of Section 8.5. Obvi-
ously, n, = 2 and

L=0L=11=11=2,
g =g, =93 =4, =0.
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This gives
10 =3 () =4,

b

and 0

bi7 =ugs Va1 T %paypat
As the third and the fourth boundary conditions only have terms at 1, v Ba = 0.
Also, {1,x} is a fundamental system of y = 0 whence

11
o=l 1|0

Finally,

Hence the problem is almost Birkhoff regular of order 1.
It is easy to see that

1) _ 0) — (1y — (1) —
a§o<))’ L 0‘20())— L oc30(>) =1 a41())—0,

and that all other a‘(liln are zero. By Remark 8.5.5iii) we obtain

U f = f(1), Upf = £1(0), Us(f) = £(1), Ug(f) = F(1)-

Therefore the asymptotic boundary conditions are

f()=0, f(0)=0, f(1)=0.
In order to find the eigenfunctions and associated functions, it is convenient to
introduce the new eigenvalue parameter p = ~iv2, R(p) > 0, where we also note
for later use that g—f% = - 715. Then a fundamental matrix of the given differential

equation for A # 0 is

1 x  cos(px) sin(px)
|0 1t —psin(px)  pcos(px)
Y(xA)= 0 0 —pZcos(px) —p2sin(px)
0 0 p3sin(px) —p3cos(px)
The characteristic matrix is
cosp sinp
0 p

M(2) = —psinp  pcosp |’

—plcosp —p?sinp

o oo -
O = = —

and its determinant is
1 0 p
detM(A)=|1 —psinp pcosp |=
0 —p2cosp —p?sinp

=p3(1 —cosp).

~psinp p(cosp—1)
—p2cosp —p2sinp
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Clearly, M(0) is invertible if we take the fundamental system {1,x,x*,x°} at 0.
Hence the eigenvalues with respect to p are the numbers 2k, k € Z \ {0}, and the
spectrum of the given problem consists of the numbers 4, = —4k?n?, k € N\ {0}.
Since p — 1 —cos p has a double zero at these numbers, the total multiplicity of
each eigenvectors is 2.

Now let us calculate the eigenvectors of M(A,). We have

11 1 0

0 1 0 2km

01 0 2km |’

0 0 —4k’m*> 0

which has rank 3. Hence the dimension of the eigenspace is 1, and there must be
an associated vector.

.M(/lk) =

So each eigenvalue A, of M has a root function ¢, of order 1. To find it we
have to solve

M(lk)ck(lk) =0, M(?Lk)c}((/lk) - ——M'(lk)ck(lk).
Obviously, we can choose

2km

—2km
c,(A4,) = 0

1

In view of Theorem 6.3.4 this means that an eigenfunction of the boundary eigen-
value problem at 4, is given by

N, (x) = sin(2knx) — 2kmx 4 2k7.

With
00 0 1
1 0 0 0 1
l o —
M(A) = 4kn |0 0 —2kn 1
0 0 —4kn —4k*n?
we infer that ¢;(4,) is found from
1 1 1 0 1
0 1 0 2km /| )__1__ 1
0 1 0 2kn | VW T 4ix 1
0 0 —4k*n* 0 — 4k n?
This shows that we can take
-1
. 1
Ck(z'k)—_
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Since e[ Y ¢, is a root function of the eigenvalue problem at A, we have that

;9
Mt (6) = €] 52Y (6. 4 ) (&) + el (x4 )i (Ay)
is an associated function of the eigenvalue problem at A,. We calculate
2km
—2km
M1 (x) = (0, 0, 75 sin(2kmx), ;ﬁ(—‘;cos(anx)) 0
1
-1
: 1 2k in(2k !
+m( ,x,cos (2kmx), sin (2kmx)) )
0
1_x(cos(2k7'£) 1).
4km ¥
Now we shall find the root functions of M* at A,. We have
1 0 0 0
. o 1 0
MA)=11 o o -aem|
0 2km 2km 0
and an eigenvector is
0
- 1
[ |
0
We have
00 O 0
x 1 0o 0 O 0
!
M (A")—-M 0 0 —-2kmn —dkm |°
11 1 —4kPn
and an associated vector cfk , 1s given by
1 O 0 0 006 O 0 0
1 1 1 0 J _1j100 0 0 1
1 0 0 -4k |"%17 4kg |0 0 —2%km —dkm || -1
0 2knm 2km 0 11 1 -4/ \ 0

on— O O
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Hence we can choose
0

- 0

k1= 0
1
8k2 72

To establish biorthogonal root functions, we must find ¢ # 0 and 8 such that,
with

L

d () = (a+B(A - 4))d, + a(A —A)d,

the relation
di (MM (A)c,(2) = (A = 22 (1+0(A — A,)?)

holds, where
2km 4k” (A-A )

—2km+ m(l — A’k)

(A —2)
1

¢ (4) =

A straightforward calculation yields
d (MM (A)c, (A) = (a+B(A ~ ?t)) —(A=%)psinp
o
W(}t—;tk) p2cosp
+ (o +B(A—A4,))p(1 —cosp) + n 2(/1 A)ptsinp.
Using the Taylor expansions
psinp = -~ (l A + 32k2 A=A +0((A - 4)%),
pzcosp:4k2 2—(l—l)+0((l—lk)2),
1 4
p(l—cosp) = 7= (A= 4)* +O((A - 4)*),

plsinp = —km(A — ,1)+_—(/1 A)F+0((A - 2,)%)

16km
we infer
cmMMMkww:—ggu—hf+ﬁggga~af—§%u—hf
+%(A—lk)2—32—g?(l ’1)““?67(’1 A)?
+—1—6i—n(x—xk)3-é%(a— k)2+12§%3-(1—/1k)3+0((z-1k)4)
[04

= (A=A - A o- 2.
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This yields &« = —16km and 8 = 0, whence

0
—16kn
16kn
—%(’1 — )

To find the eigenfunctions and associated functions of the adjoint problem we
must calculate LRUL according to Theorem 6.3.4. In the definition (6.3.3) of U,
we can replace the number a by any other element of the interval [a,b]. In our
case, it is best to take this value to be 1, i.e.

UG =Y (1) [ Ve 2) e (0

a(A) =

Then
(U, (A1) (x) = €TY'(x, 1) /1 Y(1,0) e, f(r) dt

=egy(x,,l)/lxy(z,/l)—le4f(:)dt.

Repeating the differentiation we infer for j =0,...,3 that

UMW) =el, Pxd) [Ve2) el dr

Now all boundary terms at 1 are zero, and hence

LRU,(A) f = -e;Y(o,/l)/o1 Y(t,2)" e f(2) dr

o O — O

We calculate
(L*UL(A) dy(A), f) = (d(A),LRUL(A) )
1
— 16knegy(o,x)/ Y(t,2)" e f(2) dr
0
whence
((LRU,(A))*d (A)) (1) = 16kme] Y (0,A)Y (t,1) e,
Since
¢;¥(0,4) = (0,1,0,p),
we must calculate e;'Y(t,l)"e4 and elY(t,l)“le4 . From
detY (x,A) = p°
and CRAMER’S rule we obtain
1 cos(px) sin(px)
e;Y(x,l)_]e4 =p°|0 —psin(px) pcos(px) |=p
0 —p?cos(px) —p?sin(px)

-2



8.12. Notes 387

and
1 x  cos(px)
elY(x,l)—1e4 =p~°|0 1 —psin(px) | = —p3cos(px).
0 0 —pZcos(px)
So we have
(LRUL(A))*d,)(t) = 16kmp~2(1 — cos(p?)).
From
p2(1 - cos(pt)) = Zlen—z(l — cos(2knt))
+ W[l — cos(2kmt) — ke sin(2k7))(A — A,) + O((A — A,)%)
we infer

(LRU () d,) (1) = %(1 — cos(2knt))

+ k—317t_3[1 ~ cos(2kmt) — kmesin(2knt)}(A — A,) + O((A - A).

Altogether we obtain from Theorem 6.3.4 that

{sin(2k7tx) +2kn(1 - x), :—;tf(cos(anx) - 1)} ,

4 1
{E(cos(an:x) - 1), 53 (cos(2kmx) — 1+ knxsin(anx)}
are biorthogonal canonical systems of eigenfunctions and associated functions of
the given boundary eigenvalue problem and its formally adjoint at —4k*z2.

From Theorem 6.7.8 and the definition of Q,, we therefore obtain the expan-
sion
. 1
fix)=4 Z {[sin(2k7rx) +2kn(1 - x)] / tsin(2kme) f(r) dt
k=1 0
1
+ (1 —x)(cos(2kmx) — 1)/ cos(2kmt) f(¢) dt},
0
where f € C![a,b] such that f' € BV[a,b] and f(1) =0, f(0) =0, f'(1) = 0, and
the series converges in C![a, ], see Theorem 8.8.2.

8.12. Notes

The results in this chapter are essentially due to TRETTER [TR2], [TR3].
Whereas TRETTER uses the classical asymptotic expansion of the fundamental
system, we use first order systems and matrix representation as much as possible,
which, in our opinion, shortens and clarifies proofs. Also, we have given special
attention to the case h,, # 1. Although it is in principle easy to transform this
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problem to the case h,l0 = 1, this transformation is cumbersome and timeconsum-
ing, so that we feel that it is very helpful to have formulas which allow us to check
directly for Birkhoff or almost Birkhoff regularity.

Further results on boundary eigenvalue problems for the differential equa-
tion Kn = AHn with A-independent boundary conditions, in particular concern-
ing completeness, minimality and basisness of the corresponding eigenfunctions
and associated functions can be found in the publications [SHTR1], [SHTR2] of
SHKALIKOV and TRETTER. Only very recently Tretter succeeded to extend these
results to the case of A-polynomial boundary conditions in [TR6], [TR10]. As
in the case of first order systems, see the notes in Section 5.8, the proofs of the
minimality and basisness properties are based on TRETTER’S new linearization
method in [TR7], TRETTER’S theory of linear pencils A — AB in [TR9] and sharp
asymptotic estimates of the Green’s function as published in [MMS5] and newly
presented in Section 8.7 of this monograph.

KAMKE was the first who systematically studied boundary eigenvalue prob-
lems for the differential equation Knp = AH7n with A:independent boundary con-
ditions in the self-adjoint case, see the monograph [KK2]}. In a series of papers
EBERHARD [EB4], [EBS], [EB6] and EBERHARD and FREILING [EF2], [EF3]
treated the non-self-adjoint case for the differential eqaution Kn = AHn together
with A-polynomial boundary conditions. According to their expansion theorems,
the class of the expandable functions is relatively small: apart from fulfilling the
usual smoothness conditions these functions and their derivatives up to a certain
order have to vanish at both endpoints of the underlying interval.

The Orr-Sommerfeld equation is an important special case of a differential
equation of type K1 = AHn and will be paid a particular consideration in Chap-
ter X.



Chapter IX

n-TH ORDER DIFFERENTIAL EQUATIONS AND
n-FOLD EXPANSIONS

In general, for n-th order differential equations there are too many eigenvec-
tors and associated vectors in the sense that expansions are not unique. This
non-uniqueness is due to the fact that the eigenvalue parameter occurs nonlin-
early. In this chapter we study boundary eigenvalue problems for n-th order
scalar differential equations together with two-point boundary conditions, both
with A-polynomial coefficients, which have been investigated by SHKALIKOV
in [SHS]. Following his approach the corresponding operator function L(A) =
(LP(A),LR(A)) is linearized with respect to A in a product of Sobolev spaces
(Theorem 9.1.3). It is shown that an n-fold eigenfunction expansion holds if the
original boundary eigenvalue problem is Birkhoff regular (Theorem 9.3.3).

9.1. Shkalikov’s linearization

Letn € N, n>2,and 1 < p < . Consider the differential operator

n
9.1.1) L°(A) =Y A,
i=0
where A € C,
n—1
nW+ym_n® ifi=0,
%TI = n—i k=0
kgoﬂ"_k’in(k) ifi=1,....n,

all the coefficient functions 7, _, ; belong to Ly(a,b), m;; fori=1,...,n and 7r,,",§
belong to Le(a,b), and 11 € Wy (a, b), see (7.6.1). With this differential equation,
A-polynomial two-point boundary conditions are associated:

9.1.2) LK) = f AYUYn =0.
v=0
Then
(9.1.3) L(A) = (LP(4),LR(A)) : W} (a,b) — Ly(a,b) x C"

389
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is a continuous operator and depends holomorphically on A. We write

vy N yvin()
U n—j;oU nt,
where
Ui =a,, na)+B,, MV B) (k=1,..,n)
with complex numbers o, , ;and B, , ..
By the substitution

(9.1.4) Y I=1, Y = Ay, =AN, ..., ya = Ay, = A" In,

we obtain the identity
D n—1
L7(A)N = ATy nyn + Z AR
i=0

whence the equation LP(A)n = 0 becomes equivalent to

HPy =1y,
where
Y2

. yl
D, _ 1.
H y= yn » Y= .
Z’)f yn

nn y1+1

To make H® a proper operator, we have to define its domain and range spaces. To
this end let r,k € N and set

(9.1.5) # ik (a,b) =W, a,b) @ W, (a,b) @ @ W, (a,b).

Then H? : #/}"(a,b) — #,X"(a,b) is a continuous operator and can be written in
the matrix form

0 1
(9.1.6) HP = |
~Tadty - —Tadt
The substitution also yields
AYUVInl) = gviyl) if j+v<n,

v+1
VUV jn = AV-ntiHlgv, Jy(J) if j4+v>n,
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whence
m
R T
9.1.7) LR(A)n = leujy,
j=0
where
(918) UO = (UO’O .. UO>”_1’UI)0. .. Ul,’l—z, L ’Ull—l,())’

U;=(0...0U"" 1 0...0ut "2 0...0,U7 " 10)
for j=1,....m, U =0ifk > m,
=0T, 50),
i}:(yj,..,’ysfl—j)) (j=1,...,n).

(n—1-k) i

Here, in U, for j > 0, U/*%"~1=* is applied to the function o

Define the boundary operator
HR(A): #}"(a,b) > C"
by

m
7R .—— iTr
9.1.9) HY(A)y:= Y MUy,
j=0
and the operator

H(A): #,)"(a,b) — #"(a,b) & C"
by

~ D _
(9.1.10) HQA) = (%R(/l/)l)

PROPOSITION 9.1.1. The operator function His globally equivalent to a canoni-
cal extension of L.

Proof. Define the multiplication operator D(A) : Wp"" (a,b) = Wpl”' (a,b) by

1
. P 0

©.1.11) pay=1| "
A1 0 I

Obviously, D is holomorphic, and D(A) is invertible for each A € C. Define
C(A): #)"(a,b) ®C* = (Ly(a,b) ®#,} """ (a,b)) ®C" by

5(1).: 511(1) 0
C\GA) )
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where

(9112) 6“(2’) = ('}ﬁ‘n——l(l)B(A’)_—l '_nn,n>

-B(A)~! 0
with the invertible (n — 1) x (n — 1) matrix

-1

9.1.13) B(A) := Aol 0 ,
0 A —1
9.1.14) Ay (A) i= (K, Ty T + ATl ),
and
g o "’R 0 O
(9.1.15) CZI(/I)._H(A)<B(M_1 o)’

It is easy to see that C depends holomorphically on A and that C(2) is invertible
for each A € C. With

A

A=
ln——l
we have

A
0
.| = =B(A)v(4),
0

and therefore

(HD—A)B(/I)—(_B(MV(M B(2) )(V(l o>

whence

Since
Cuth) == (g ,° ) Culd),

we infer that

~ - . 0 0
Cyy (A)(HP = A)D(A) = ~H"(A) <o id )
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Therefore, in view of (9.1.4), (9.1.7), and (9.1.9),

1
N - S - A
(CH(A)HP =)D+ HYA)DA)y =H* )| . |y =LAy,
A’n-——l
and it follows that
LP(%) 0
(9.1.16) CAMHMDMA)=| 0 iy, |. O
LR(A) 0

If HR(A) is linear in A, then the above proposition yields a linearization of
L. Otherwise we still have to linearize the boundary operator. In [LM] it was
shown that a canonical extension of HR(A) is equivalent on C\ {0} to a colligation
(linear system). Since we want equivalence on all of C, we have to modify the
construction. Essentially, we have to introduce an additional permutation, which
makes the result slightly more complicated than that in {LM].

m .
For i =1,...,n let v; be the degree of the operator polynomial ef }. A/U;.
j=0
Let

9.1.17) N:=) v.

1

-

1

Il

Without loss of generality we may assume that v, > v, > --- > v,. Letq:= 0 if
v, =0and g :=max{j: v; > 0} otherwise. Define

HRO . 9/} (a,b) - C"

by
e{UV]
Hy:=1 = |7,
erUy,
and

HRY ) (a,b) -
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by
eIUVI_1
eIU0

T
e U"z—l

<

T
e U,

\7

T
equ_,

erUp
Let A = diag(A("),... A9)), where AU is the V; X V; matrix

01 0

. V.
A(}) = (5i+1:k)i,;<=l = {

o . . O

j-1
Forj=1,...,q+1letk;:= ¥ v,. Let G be the n X N matrix whose entries in the
I=1
Jj-th row and the k; + 1-th column are 1 for j=1,...,9 and whose other entries

are zero. Define
HR: %""(a,b) eC" - C' eV

HRO G
e (9

~ HR’O G
R —
H (A’) - (HR’I A _AIN> .
Define an n+ N dimensional permutation matrix J which permutes the rows
of HR(A) as follows: For j = 1,...,q, the j-th row becomes the n+ k; + 1-th row.

The rows numbered n + k ; +1ton+k ; + V- 1 are shifted one row down, and
then+k;+v ;-th row becomes the j-th row. Then we have

HRO  -AG
HRL 1, —AAT)’

by

and set

(9.1.18) JARQ) = (
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where
H%y = Uy,
e]T Uy,

T
elU1

T
erV2
elU,

2

T
eqUVq

T
equ

and G is the n x N matrix whose entries in the j-th row and k& | +1-th column are 1
for j=1,...,q and whose other entries are zero. Since I, — AAT is invertible for
all A € C, we have

©.1.19) HRO+ AG(Iy — AAT)"'HRY 0 _ (I, AG(ly—AAT)™! y
0 Iy 0 I,

% <H;R’O —la > 171/,}*"(a,b) R 0 .
HY 1y = AAT) \ —(1, — AAT) T HRD (I, — AAT) !

PROPOSITION 9.1.2. The CV -extension ofﬁR is globally equivalent to HR.

Proof. In view of the preceding observations it it sufficient to show that
(9.1.20) HR(A) := HRO 1 AG (1, — AAT)T'HR = HR(Q).
For j > g we have e}@ = 0 whence

eTHM(A) = e]H™0 = eTHR ().

For j < g we have

eTU

~ vi~1 N Vi
eTHY (R)y = eTUps+2¢] Y 25(4V)) S B

k=0 e}'Ul

vj—l

=elUpi+ Y. ).kHe}UkH)"):e}ﬁR().)y,
k=0

where the last identity follows from (9.1.7) and (9.1.9). O
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We define
. Ln N 0,n N
H W) a,b) ®C = #2(a,b) ©C" S C

by the block operator representation

HP 0
(9.1.21) A =|HRY G
HRL A

Let ] : 7/[,1'”(a,b) ®&CY — Wpo’”(a,b) @® C" @ CY be the canonical embedding.
From Propositions 9.1.1 and 9.1.2 we immediately infer

THEOREM 9.1.3. The canonical Wp' n=1(a,b) ®CV extension of L(A) is globally
equivalent on C to 5 — Al

Propositions 9.1.1 and 9.1.2 also give this equivalence explicitly. But the per-
mutation matrix J makes the representation cumbersome. Therefore, we consider
instead

- d 0.n 0 -~
9.1.22) H(R) = (l ’”p(‘)“‘”” J> (2 — A D).

COROLLARY 9.1.4. Let

CA) : #2"(a,b) @ C" ®CY — (Ly(a,b) @, " (a,b)) & C & C"

be given by
C,(A) 0 0
CA):=|C)(A) L. AG(Iy—AAT)™!
0 0 I

and D(A) : Wpl'”(a,b) eC — Wpl*"(a,b) @ CV be given by

__ D(A) 0
D(A) = <_(1N _AAT)_@R,@(M (IN_)‘AT)—1> )

where D(2.), 511(),) and 521(1) are given by (9.1.11), (9.1.12) and (9.1.15), re-
spectively. Then

I~

=

P

o
o oo
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Proof. In view of Propositions 9.1.1 and 9.1.2 and the representations (9.1.16),
(9.1.19), and (9.1.20) this follows from

c,(A) 0 0 id,//po,,,(a’b) 0 0
CA)=1Cy(d) L 0 0 I, AG(I, — AAT)!
0 0 I 0 0 Iy

and

_ 1y 1a(a0) 0 D(x) ©
pia)= ( (Iy — AAT) "1 HR (1N—AAT)—'>< 0 lzv)' .

The linearization % — A1 essentially coincides with the linearization obtained
in [SHS, p. 1321]; Shkalikov considers a restriction of this operator to a domain
of finite codimension, see Section 9.3.

9.2. A first convergence result

In this section let 1 < p < oo. Furthermore, we suppose that the assumptions of
Theorem 7.2.4 are satisfied, that 7, , € L ,(a,b), 1/p+ 1/p’ =1, and that one of
the conditions II), ITI), IV) or V) considered in Proposition 7.2.5 holds. We set

ey, _,
. 0 I IR I
&= (gay) ma B= |5 U=t
e}UO
PROPOSITION 9.2.1. Suppose that the problem (9.1.1), (9.1.2), i.e. L(A)n =0, is
Birkhoff regular. Let (ﬁ) € (W) (a,b))" ®C". We write

T
Cc = (C”...Clvl...qu...quq> .

Suppose that

—1—
(9.2.1)  Gy(A)” (Z ZM "{ Z Uf’ (eT )Y

k=1 j=0

V.

q j
S WU B ’} 22”’”‘31%) =0@™).
=1r=1

=1

Then there is a sequence of positive numbers (py),, oy With py — 0 as v — oo such
that, forT', = {1 : |A| = py},

1 ~ i~
9.2.2) —ﬁﬁv(%ﬂ—ll)—ll (f:) dA — (’:)

in V/PO’"(a,b) ®&CN as v — .
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Proof. From the definition of ¢ in (9.1.21) it follows that
AL G
HRY AL,

P (55,

where 7 : 7/1,1 "a,b) — 7/[,0*"(a,b) is the canonical embedding. In an analogous
manner to formula (1.3.4) one can see that the inverse operator

A (A) = (HO(A) = G(A = Aly) ' HRY)!
exists for A € p(A) N p(5#). With the notation
9.2.3) ) = (AP(A) ~ARM)G(A-A1)™)

we obtain that

sl (1) 0 0
(9.24) (K -Al)" = (_(A_MN)I_nHR,lj?I’O(;L)>+(0 (A—MN)—1>

for A € p(A) N p (). With
H(A) = A0+ (CO,(A) 0 0 0)

jf—li::(

with

we first shall prove
L (!

9.2.5 —— QAT ) da —
92.5) 5w f A (C) f
in 7/,,0"‘(a, b) as v — oo,

We shall use J2 (2)~! to find a representation of j’f;(’ (A). For this we write
L' = (K,,K,), see Section 6.4. Then
-1

D
o5 @ o K@)y 0 K)o
y,/pl.n—l(ayb) — 0 idyl‘rhl 0 0 '
. (ab)
LR(A) 0 0 0 "0 0 1
0 0 Iy '

With the aid of (9.2.4), (9.1.22) and Corollary 9.1.4, a straightforward calculation

shows that .

026 BN (id’”f'" >= e xm) x

%,n—l(l)B(/’\’)_l —Tpon 0 0
"\ A3 0 I AGy-AAT)V)’

%)
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Writing
9.2.7) 0 = (AR AM))

with 553 (A) : #,2/(a,b) — #,}"(a,b) and FBY(L) : C'*N — #,}7(a,b) gives
1

— A A, (A)B(A)T -,
9.2.8) 4 (A) = K,(A) K,(A U "
( ) 21( ) ( 1( ) 2( ))( HR(A)C%(A) 0 ’
ln—l
1
20 A Sy
KoM= . | KA) (I AG, - AAT)TN)J.
i
In view of
g n+kj+] 1
J"Zen+k+1e + Z eeT+Z Z ek+lek+zej ntk;,
Jj=q+1 j=lk=n+k;+1
a straightforward calculation yields
1
— A
929 A =] . {va)e eT+ZZAV el +,}
: j=lr=

)’n—l
Observe that we obtain similar to (7.4.4) that
(K, (A)R) B = ak=H et O\ TN A)(CT enh,0) (0=0,...,n—1)

for h € Ly(a,b), where T is given by (7.4.3) and C, is as in Theorem 7.2.4. Here
n, = 0, and in both cases (7.2.17) and (7.2.18) we have C, = ( l*-‘)lk | » where
ri,-..,rn are the zeros of the characteristic function (7.1.4). Since we assume
that the problem (9.1.1), (9.1.2) is Birkhoff regular, the problem T(A)y=0is
Birkhoff regular, see Definition 7.3.1. Let p, be the radii as assigned for these
Birkhoff regular problems. Then

9.2.10) fr (K, (MA(A) W dA =0 in Ly(a,b) as v — o

follows for 4 = 0,...,n— 1 and h(1) = O(A""*7#) in L,(a,b) as A — oo, see
Theorem 4.4.11ii). And for 4 € Ly(a,b) and 4 =0,...,n— 1 we infer in view of
(7.4.5) and Theorem 4.6.9 that

L[ ) _
9.2.11) %fr AR K (AR dA = T, CPCr eyt 8, g
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in Ly(a,b) as v — co. From (7.4.2) and (7.4.3) it follows that
(Ky (M) = Akl ¢\ T(2)7(0,65(A) o),
and Theorem 4.4.11 ii) yields that
(9.2.12) fr (K,(A)e(A) W dA =0 in L,(a,b) as v — o

holds for 4 =0,...,n— 1 and each vector function ¢ with coefficients in C" such
that C,(A)"1c(A) = O(A~F~h,

Fork=1,...,n—1 we have
n—1
(9.2.13) B(A) e, = - 2 Ak,

and therefore

H, o (MB(A) e ==Y ATEA.

j=k
Here and in the following, e, is the k-th unit vector in C"! or C*, where it is clear

from the context which space is taken. For f =: (fl) € (W;’(a,b))”'1 oW, (a,b)

h
we obtain
(9.2.14) —K (M)A, (MB(A) eel fy
k—1
= K,(MLP(MA el f~ ¥ AR (M) el f
j=0
and

(9.2.15) KA pnfy = K (A)LP(A)A "] f — ZA! K\ (A)He) |

Fors+u <n-—1landk=1,...,n—1 it follows from (9.2.10) that

1 S _ (1)
0216 —5=($ VK @AA,(MBA) el fy dh)

—_1_ —k+s D T (1)
() o
and

1 S (1)
(9.2.17) T (fr AK (M) T n S dl)

! s (1)
:z“a(ﬁf BK (AP (A)elfdr) " +ol(1)
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inLpy(a,b) as v — . For h € W (a,b) we have
K (A)LP(A)h = h— K, (A)LR(A)R
by definition of K (1) and K,(A). Therefore, for k = 1,...,n,
1

—k+s D
(9.2.18) z—mﬁ AR (A)LP(A)e] £ dA

1 —k+s
=8 el f - 2711% ATk Ky(A)LR(A)e] fdA.

Altogether, we obtain for s = 0,...,n — 1 and U=0,....n—1—5 in view of
(9.2.6), (9.2.7),(9.2.8), (9.2.9), (9.2.16), (9.2.17), and (9.2.18) that

1 ()
(9.2.19) —T( ] e IR <f> d,l) v

T

(1)
= —L.(}év A'SKI(A)(‘%,n—I(l)B(A’)_Ifl - ﬂ"v”f2)dl> ! dA

Vj )

—5711—1(]( g;m—’ejc,,dx)(“

1
s+1f 27!'1 <% {Z A kLR eTf
(n)
+HR(A f1+):§:/1vf } ) +o(1)

j=1r=1
in L,(a,b) as v — oo, From (9.2.13) we infer that

n—1ln—

~ k
(9.2.20) C (A Z Z A ke, el
and therefore, in view of (9.1.7), (9.1.9), and (9.1.8),

Zl LR+ HRA)CH (M) £,

= Lt (o) - LA e, )t s
:ZZO j kHR ]+1€I
k=1 j=
:IZE Jj— k{"Z]]UjleTf(I_}_ZAUH]n 1- _](eTf)(" I—~ ]}
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Hence (9.2.5) follows in view of (9.2.1) and (9.2.12).

In view of (9.2.4) this proves the convergence for the components belonging
to Wpo’” (a,b) in (9.2.2). Here we have to note that in (9.2.5) the operator function
H(A) can be replaced by j%’?) (A) since C3;(A) depends polynomially on A.

Since
1

C2mi
the proof of (9.2.2) will be complete if we show that
1 —
f (A— AL " HR (M) (’;) da

2mi

f(A ALy~ cdd =,

v,—1

=-Y ASHR‘IQ%]{ r%‘%%aﬁ(ﬁ) dA
s=0 LJr,

tends to 0 as v — oo for all (JC( ) satisfying (9.2.1). For this it is sufficient to prove
for s € N that

~5—1 200 f
9.2.21) m?! A1 )T ( )d/’L N

in %" (a,b) as v — oo,
We have by (9.2.20) that

__l_j{ 25 1(5(2)() 0 0 0)1~<J:>dl

2mi

n—1n— —1-s

n
—5—1 k
- Z Z 27[1_7{ AT ]+1€dea' = kz es+k+1ez
=1

On the other hand,
1 s—1 0 f
27”7{/1 jf(l)()dl

min{n—1,s} ] Y f
_ j)::o ﬁffhl el AR (C> dA
.S i b AWI(L) o
A 2w I, S ’

where we have used that the definition of jgo(l) immediately gives the identity
l‘s”‘ehljfzo(l) = e}_s%”zo(/l). From (9.2.5) we know that

1 f
-2;]( e AT < ) dA - —el_f
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in W;’(j“’)“ (a,b) for j =s+1,...,n— 1. Therefore we still have to show that

# A“S"ehlj?;o(l)f(f) a1 =0

c

in Wl"“j(a,b) asv—oeforseNand j=0,...,min{n—1,s}. From (9.2.1) and

an estimate as in (9.2.19) we infer for j=1,...,min{n—1,s}and £ =0,...,n— j
that

—-s—1_71 0 T f )
(9.2.22) ( ][rvx el AW (c) dl)

- (ﬁva-fe;}f?(mi(g dx>(#) =o(1)

holds in L,(a,b) as v — co. In the same way, the estimate

. (1)
(9.2.23) (fr AT el (M <f> dl) ' =o(1)

C

in Ly(a,b) as v — e holds for 4 = 0,...,n— 1. We still have to consider the latter
integral for 4 = n. For this we note that

A
Ani(D)=| T |2 e,

c

where g(2) is a certain polynomial vector function in A. We have

(L' (M) ™ = (LP(1) - LP()) L™ (A)g(A),

where |
LPAm =Y ”n~k,077(k) +) Ao
k=0 i=1

Since g(A) depends polynomially on A, we infer that
. (n) —
(f A=l AR ()T (f) dl) _ "}4 251 LD (M)l A (AT (f> da
T, Iy

C c

n—1 o - (k)
-y nn_w(ﬁ AT ()] (f) dl)
k=0 v
- -5 X 7 f
—;ji”(ﬁ/l e;%0(1)1<c> d/l),

which is of the form o(1) in L,(a,b) as v — e by (9.2.22), (9.2.23) and 7, , €
L (a,b). This completes the proof of (9.2.21). [0
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9.3. The expansion theorem

In this section we shall show that the convergence holds for a larger class of func-
tions than established in Proposition 9.2.1. For this we suppose that the con-
ditions posed at the beginning of the previous section are satisfied. Addition-
ally, we assume that the boundary conditions are normalized. Thus we can take
C,(A) = diag(A",...,A"%), where ¥, is the degree of the operator polynomial

e;r i AV(UV‘O,AUV’I, . ,l"_lUV’"—l).
v=0
Then v, = max{/ + j : e’TUj” # 0}, and therefore y, =v,+n—1fori=1,...,q9
and
Y, =max{/+j<n-—1 :el.TUj*l #0} (i=q+1,...,n).
PROPOSITION 9.3.1. Assume that the boundary conditions are normalized. Then
(9.2.1) is equivalent to

%
(9.3.1) k[bejuk(e,{ﬂf) =0 (i=q+1,...mj=1,....n—1-7).
Proof. Fori=1,...,q, the i-th component of the left-hand side in (9.2.1) satisfies

the estimate O(A™"). Fori =g+ 1,...,n, the i-th component of the left-hand side
of (9.2.1) s

n n n—t—k+j ) !
AEYATY Y quki (el )Y
j=1 k=j 1=0

Condition (9.2.1) means that for j =1,...,n— 1 — % the coefficient of A% s
zero. Finally, we replace k — j by k and observe that el.TU"’l =0ifl>y~k O

We define the operators O, : Wpov"(a,b) eCY — 7/[,0*” (a,b) ®CN by

- 1 i~

=—=—¢ (#—A)"'IdA (veN

Ovi= 5§ (£ -AD7TaL (vem),

where, in this case, ] is the canonical embedding from WPO’"(a,b) @ C" into
Wpo»”(a,b) eC aoCV.

PROPOSITION 9.3.2. Assume that the boundary conditions are normalized. Let

F, be the set of all ({) € (Wy(a,b))" ®CN satisfying the conditions (9.3.1), and

let F be the closure of F in Wpov" (a,b) ®CN. Then {év|p : v € N} is a bounded
subset of L(F, 7/!,0’” (a,b) ®CN).

Proof. Since the operators év are continuous, it is sufficient to show that {évl Fo}

is a bounded subset of L(FO,VVPO'"(a,b) @® C"), where F, is equipped with the
relative topology induced by 7/[)0*"(a, byeCV.
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In view of Theorem 4.4.11 ii) we have that the integrals (9.2.10) and (9.2.12)
satisfy the estimates o(1) in L,(a,b) as v — oo uniformly for k(1) = O(A""*7*)
in Ly(a,b) as L — oo and C,(A) " 'c(A) = O(A7#1), respectively. Using Lemma
4.6.7in (9.2.11), that integral satisfies O(1)|h|, . Redoing the proof of Proposition
9.2.1 with these estimates completes the proof of Proposition 9.3.2. [J

THEOREM 9.3.3. Let 1 < p < o, Consider the boundary eigenvalue problem
(9.1.1), (9.1.2), and assume that it is Birkhoff regular and that the boundary con-
ditions are normalized. For the coefficients of the differential equation (9.1.1)
we suppose that they belong to L,(a,b) and that, additionally, T, ; € Wp1 (a,b) for

i=1,...,n 7, €Lo(a,b), m o€ L,(a,b), 1/p+1/p' =1 Let

n—1
n('ap) = pn + Z plnn—i,n—i
=0

be the characteristic function of the differential equation (9.1.1) and assume that
either

i) there is a number o, € C\ {0} such that for all x € [a,b] the roots of m(x,ap) =0
are real, simple and different from Q,

or

ii) there are a real-valued function r € Wp1 (a,b) such that r(x) # 0 for all x € [a, b]
and B; € C(j=1,...,n) such that ;(x) = Bjr(x)jforjz 1,...,nand x € (a,b)

and p"+ Y. B;p"/ =0 has only simple roots.
j=1
Let F be the finite-codimensional closed subspace of WPO*” (a,b) ®CN which con-

sists of those elements <]:> satisfying

Y
(9.3.2) Y eTU (el f)=0 (i=g+1,...,mj=1,....n—1-7).
k=0

k+j
where
(9.3.3) v=max{l+j<n—1:eJUM #£0} (i=q+1,...,n).
Then
(9.3.4) (f> = — lim (%—AT)”T(Q dA
C Vo T, C

for (i) € F, i e, the elements (f) are expandable into a series of eigenvectors

and associated vectors of 7€ — A1 which converges in 7/}”((1, b)®CN. Here we
have used the same symbol I for the canonical embeddings from ”//pl "(a,b) & TV
and Vﬂpo’"(a,b) ®CN into 7/1)0’"(a,b) aC'oCV.
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Proof. From Propositions 9.3.2,9.3.1 and 9.2.1 and Lemma 4.6.8 the stated result
follows for F as defined in Proposition 9.3.2. We still have to show that the space
F as defined in Theorem 9.3.3 is the closure of F, defined in Proposition 9.3.2.
F, C F is obvious, and F is closed since the linear functionals on the left-hand side
of (9.3.2) are continuous on Wpo>"(a,b). To prove that F is dense in F let u be a
continuous linear functional on F such that u| = 0. We must show that u = 0. Let

v be a continuous linear extension of u to WPO*” (a,b) ®CN and w the restriction of v
to (W;(a,b))" @& CV. Since WIF() = ulpo =0, wis a linear combination of the linear
functionals given by (9.3.2). Since (W, (a,b))" @CV is dense in WPO*"(a, p)y®CV,
also v can be written as this linear combination of the linear functionals given by
(9.3.2). But this implies u =v| =0. O

Now let us compare our results with those of Shkalikov. He considers mini-
mality, completeness and basis property for the eigenvectors and associated vec-
tors for p = 2. A system of vectors in a Banach space E is said to be complete
if their linear span is dense in E. Shkalikov only requires that the coefficients
belong to L, (a,b), but he always assumes that the 7, ; are constant. In [SHS, The-
orem 3.1], it is shown that the eigenvectors and associated vectors of the operator
[SH5, (1.36), (1.37)] form a Riesz basis in parenthesis. The operator [SHS5, (1.36)]

is
HP 0
—-HR A
and its domain is the set of all (Z) € Wpl*” (a,b) ®CV which satisfy (9.3.1) and

HR‘Oy = Ge.

Of course, we can replace LR by — LR without changing the problem under consid-
eration. Then this operator coincides with a restriction of the operator .7 defined
in (9.1.21).

The space for which Shkalikov shows that the Riesz basis property holds co-
incides with the space for which we obtained expandability in Theorem 9.3.3.

We note that Shkalikov also proved the basis property in certain subspaces of
¥, (a,b) @CN for r > 0, where the coefficients have to be in W/ (a,b). Since we
did not consider expansions of this form in our general exposition, we shall not
dwell on this.

Finally, we are going to show that our expansion result in Theorem 9.3.3
yields completeness and minimality. Expandability and completeness imply ba-
sisness but not Riesz basisness.

Let 7// ;/(a,b) denote the set of all elements in 7// "(a,b) satisfying the bound-
ary condmons (9.3.2), where j € N.
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PROPOSITION 9.3.4. Assume that p(5) # @ and let (j:) € Vﬂpl’"(a,b) ®&CN be

an eigenvector or associated vector of # — Al at 1L € (). Then f belongs to
7/}71 ;7(a,b).

Proof. In view of Proposition 1.10.2 we have

o -un) () - é ,

c

where <‘§> is either zero or an eigenvector or associated vector of ¢ — AT at u.

Using a proof by induction, we may assume that g € Wp‘ij‘(a,b). Then, by defini-
tion of 47 in (9.1.21),

HDf - [.lf =g,
and therefore

©93.5) frn ==

forl=1,...,n—1. FromeiTG:Ofori:q+1,...,nweinfer
RO L k
0=el (H*f+Gc) :kZOeJU el f,

which proves (9.3.2) fori=g+1,...,nand j+1. For j=2,...,n—1—7% we use
induction. Assume (9.3.2) holds for j — 1. Then (9.3.5) and g € 7/171*(;’(a,b) imply

Y % Y
TUkeT F= T kT TUkeT -
kzoe,-U ek+jf—ukzbeiU ek+j-1f+kzoeiU ¢ j-18=0- O

THEOREM 9.3.5. Let the assumptions of Theorem 9.3.3 be satisfied. Then ev-
ery element ({ ) € Wpoé‘(a,b) ® CV is expandable into a series of eigenvec-

tors and associated vectors of the operator function 7€ — A1 which converges
in 7/{%’ (a,b) BCN, and the set of eigenvectors and associated vectors of 7€ — A1

is complete and minimal in Wpoi';(a,b) @ CV.

Proof. Since the problem is Birkhoff regular, we have p () # 0. From Theorem
9.3.3 and Proposition 9.3.4 we know that every element (Jcc ) € Wpoé'(a,b) oCV
is expandable into a series of eigenvectors and associated vectors of the operator
function ¢ — Al which converges in Wpo’('}(a,b) @ CV since all the terms of the
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expansion belong to Wp’ J(a,b)® CV. This also shows that the system of eigen-

vectors and associated vectors of J# — Al is complete in WO*” 7 (a,b) & CV. We
shall use Proposmon 1.10.6 to show that the system of elgenvectors and associated
vectors of . — Al is minimal. The operator I is the product of the embeddings
L/ (a b) < Wf(a,b) (k =0,...,n— 1), which are compact by Theorem 2.4.2.
Hence I is compact. Since the embeddmg W‘ ;7 (a,b) ®CN — %0’”(a,b) eCV

is continuous, the system of eigenvectors and associated vectors of % — Al is
minimal in #,>"(a,b) ® C" and therefore also in WPO’L’,' (a,p)dCY. O

REMARK 9.3.6. From Theorem 9.3.5 and Proposition 9.3.4 it is immediately clear

that (]Cc > € Wpo’”(a, b)@C" is expandable into a series of eigenvectors and associ-

ated vectors of the operator function # — AI which converges in %O’”(a, b)dCN
if and only if f € Wpo'(;’(a,b).

9.4. Notes

In this chapter we followed the linearization procedure y, =1n,y, =47, ...,
yn = A""!n. This type of linearization has been frequently used in connection
with the investigation of A-polynomial operator matrices, see €. g. GOHBERG and
KREIN [GK, Section V.9], MARKUS [MA4, Chapter 2] and the references in the
monographs. A different linearization method can be used for the differential
operator L?(1) by simultaneously transforming this operator to a first order sys-
tem and linearizing it with respect to A, see [KRI], [LMM1], [LMM2]. A rather
particular type of linearization method was used in [LMMS] and [MOS5].



Chapter X

APPLICATIONS

In this chapter we apply our results to some spectral problems which have been
considered in the literature. In particular, we investigate whether these problems
are Birkhoff or Stone regular. Sections 10.1-10.4 deal with problems occurring in
mechanics. In Section 10.5, a problem from meteorology is discussed. The well-
known Orr-Sommerfeld equation is studied in Section 10.6. Finally, Sections
10.7-10.9 deal with problems from hydrodynamics and magnetohydrodynamics.

10.1. The clamped-free elastic bar

HAUGER and LEONHARD [HL1, HL2] have investigated the equation of motion
of a clamped-free elastic bar. Separation of variables leads to the eigenvalue prob-
lem

(1+K)2 " 200

(1+K-)2n - =0,

(10.1.2)  n(0) =0, n'(0) =0, n"(1) =0, n" (1) - A(1-7)n'(1) =0,
where x, Q, y are constants and k¥ > —1, Q > 0. The differential equation is of
the form (8.1.1) withn =4, nj = 2,

(10.1.1) n¥W-a

_ (1+x)?
hny (%) = T+’

Hn = h, 1", and a fundamental system of Hn = 0 is {1,x}. By Theorem 8.2.1
there is a fundamental matrix Y (-,A) of (10.1.1) such that

I x 00
0100 _
Y(xa}")(ln - AO) = 000 O + {O(A’ 1)}°°7
0000
where A, = diag(0,0, 1,1). For the boundary matrices defined in (8.1.6) we obtain
1 000 0 0 00
0y |0 1 00 (v |0 0 00
(10.1.3) W% (A) = 000 0| W) = 0 0 1 0
0000 0 -A(l-y) 0 1

409
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According to the requirement (8.5.7) we can take
q, =¢q, =0, CI3="17 CI4=1-

Also, we obviously have that the numbers defined in (8.5.1) are
L=0,L=110L=21,=3

We infer
10 =5 1) =6,

?

see (8.5.10). We have

( (0) 1 —
a® =1, a0 =1, alll =0, al) =v-1, ol =1,

see (8.5.16), and all the other a‘(,tzn are zero. Note that a‘% = aé{). We want to
show that

0) _
b = Uy Vs T e e 7 O

see (8.5.12) and (8.5.13) for the definition of these numbers. Then the problem
is almost Birkhoff regular of order 1 by Definition 8.5.1. Here U3} and Ui )
are the determinants of the matrices built by taking the rows number 1,4 and 1,2,
respectively, of

1 0
0 1
* *
0 y-1
Hence
Uepzy =7 1#£0, us 4y =1#0,
and
al® gl
Vo = o) _é3(1) =-of%a{") = —h,l,({z(O)h,,O(l) #0,
ol ol
= " 3 | =
V(3,431 0,0 oV 0

since oc3(0) i ) = 0. This shows that b #0.
To calculate the boundary condmons U f=0 we use Remark 8.5.5 m) We
0 s(1) s(1) g0
need only 51(0‘, 52(0 , 62(1), 53(0), 5}0), 5}1) since 5V =0if v=3,4and 5(
if v=1,2. With

h, =0,k_, =0,

o
(1+k)? K1) = — 2K
(14+xx)3” "0 14k

By (1) = 1, iy (1) = =2k
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we infer

2K
0) _ 0) __ 0) _ 1) _ —
80 =1,80=080=1,68)=1,5) 8 =y—141=7.

BRI
Hence the boundary conditions U, f = 0 are given by

U f = £0), Uyf = £(0), Usf = f(1), Usf =
which can be rewritten as

f0) =0, f(0)=0, f(1) =0, yf'(1) =
By Theorem 8.8.2 we obtain an expansion into eigenfunctions and associated
functions in the space C'[0, 1] of the problem (10.1.1), (10.1.2) for all f € C1[0,1]
with f' € BV[0,1] which satisfy these boundary conditions. This expansion theo-
rem was obtained by TRETTER in [TR2], [TR3].

K !
S () + £ (),

10.2. Control of beams

In this section we consider one beam (N=1) or N(> 1) beams connected by joints,
see [CDKP] for more details. The problem is governed by the partial differential
equation

1322 +Ejlj§3 0, on(a;_j,a;)forj=1,..
initial conditions, and the boundary conditions
(0,1) =0, gy (0,1) =0,
Wy =0, ey =2t )
Ej]jg_j;(a;’t)"Ej+11j+1§_i§(atf)=u0j(t), ¥ (1<j<N-1)
—[Ejljg_g(a;’t) Ej+111+13;( t)]zulj(t)7 )

83
Eyly=3 (L) = gy (0),
92
—E INa 2(L 1) = ugy(t).
Here the joints, if any, are at a; < a, < --- < ay_,. For convenience, we have set

a,:=0 and a,, := L. In the control problem, the functions Uy (=12,1<j<N)
are connected with the unknown function. Here we consider the case

d 9°
oy (1) = koy 5 @),y (1) = hyy5=-(ap),
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where k; I k, j are positive constants (for j = 1,...,N —1 we might also allow
them to be zero). Using the separation of variables technique,

y(x1) = w()n(x),
this leads to the differential equations
Y+ A%y =0
(10.2.1) EIn™ -2’mn=0 on(a,_ja)forj=1,...,N,
where A is the eigenvalue parameter coming from the separation. Taking the

solution y(z) = '™ (the case W(r) = e~ is similar), the boundary conditions
can be written as

n(0)=0, n'(0)=0,
n(a;)=n(df), n'(aj)=n'(a;
77”/( i) E1+1 +177m( = ko,’ln(a]
—[ j jn "(a a;)—E 1 (a ( )] _klﬂln (a;
ENINTIHI( ) = koniAn (L
~EyIyn"(L) = kypidn'(L).
Of course, in case N > 1, the solutions of the eigenvalue problem do not belong
to H*(0,L) in general. But we can consider the differential equation on the inter-
vals ( b 1) separately. Therefore we arrive at a system of ordinary differential

equanons In Section 10.3 we shall consider the case N = 1 and in Section 10.4
the case N > 1.

v (j=1,...,N=1),

’

)
)
)
),

10.3. Control of one beam

In [KR12] A. M. KRALL considered the case N = 1. He mentions that by results
of COLE and LANGER an eigenfunction expansion holds. Here we shall show
that this is indeed true by showing that the problem is Birkhoff regular. Replacing
A by A? we have according to Theorem 7.2.4 that the transformation matrix is
C(A) = diag(1,A,1%,A%)V where

1 1 1 1
s_|B B - -ip
- 132 _ﬁz Bz _ﬁ2
B3 —iﬂ3 __ﬁ3 lﬁ3
and B = {/m (E,I,)~". Therefore, the boundary matrices defined in (7.3.1) are
1 0 0

02) = v,

(e e I )
OO > O

0
0
0

(=N e
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0 0 0 0
(1) — 0 0 0 0
WER =1 iz o 0 Eyat|”
0 ~kyir® —EylyA* 0
and we obtain according to Theorem 7.3.2 that
1 000 0O 0 0 O
©_10 100 m_[(0 0 0 0
o =looo00|" M =lo o o E|"
0 000 0 —kni 0 O

Altogether, there are 4 Birkhoff matrices, the first one being

100 0 000 0
o0 10 mlo 000
(10.3.1) % 1o oo o™ Joo 1 0]
0000 000 1

and the other ones are obtained by a cyclic permutations of the zeros and ones
in the diagonals of the diagonal matrices in the previous formula, see Proposition
4.1.7. The Birkhoff matrix (10.3.1) is invertible,

11 0 0
B iB 0 0

0 0 —Ey,B> iEyyB°|’
0 0 klNiﬁ —klNB

and also the other three Birkhoff matrices are invertible. Therefore the problem
is Birkhoff regular, and by Theorem 7.4.3 every function f € L,(a,b) (1 < p < o)
can be expanded into a series of eigenfunctions and associated functions of
(10.2.1) for N = 1 with the corresponding boundary conditions.

10.4. Control of multiple beams
This problem has to be transformed to one for which our results apply. We define
n;(x) :=nla;_, +(a;—a;_)x) (x€(0,1),j=1,...,N).

We abbreviate ;. := (a; —a;_;)"E;{;. Then the differential equation (10.2.1)

can be written as a system

aj,477,(-4) —lzmjnj =0on (0,1) for j=1,...,N,

and the boundary conditions are

m,(0)=0, n1(0) =0,
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77;(1):77]'+1(0),
(@, - a, D) = (., ~ @) (0),
j/// ) j( " " ’ .]+1 (]zla '7N_1)7
&;3M; (1) - _}+13nj+]( )= kOjl)'nj(l)a
[O‘ 277,(1) j+1277]+1( ) zlzljiln;'(l)a
Oy 37 (1) = koyidny(1),

— oy ,Mn(1) = kyyiAmy(1),
where 121 = (aj —a-_l)klj.
We again replace A by A2 and set B;:=¢/m; oy !. Defining V; as we defined
V in Section 10.3 with f replaced by B} it follows that

diag(lulalzal3)vjyj (77,,77],%,77;”)
transforms the differential equations into the first order systems
Y =2AB,Qy,,

where Q = diag(1,7,—1,—i). Therefore, the system of fourth order differential
equations is transformed into a 4N x 4N system of first order differential equa-
tions. The boundary matrices are, see (7.3.1),

BO(2) )
BO(2) 0
wO (1) = :
0 BO (1)
D
D
B{(2) 0
w(2) = B{V(2) ,
0 B{(1)

where D is the 2 x 4 zero matrix, the matrices Bso)(l) and Bl(\})(l) are 2 x4
matrices, and all the other matrices B( J(1) are 4 x 4 matrices. The Bﬁ.")(l) are

given by
(0) {1 0 0 O
Bi W‘(o 20 0"

konid? 0 0 — 0y A3
(1) _ [ "o~ . N,3
By'(2) ( 0 —k, i’ —ocN,zﬂLz 0 >VN’
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1 0 0 0
0 (a;,—a,_))A 0 0
(0) — J J-1 _
Bj (A’)— 0 0 0 aj,3)«3 V] (1—21 7N)7
0 0 oA 0
-1 0 0 0
0 —{a,—a;,_)A 0 0
(1) j=1
B = | kyin? 0 0 —a,t |V
0 —k A —o,Ar 0
(j=1,...,N=1).
Therefore we have
0
B("% (0)
(0) %o ’
Wo = ,
0
0 Bgvy)o
D
D
1
B(ly()) 1 0
Wi = B{)(2) ,
1
0 BI(V})

where in case all k; j are different from zero we have

(0): 1 0 00 () _ 0 0 0 aN3
BI»O (O 1 00 Vi BN»O 0 —kwi 0 0 Vs
1 0 0 O
0 a,—a; 0 O
0) — i %= —
Bj,O_ 0 O O aj,3 VJ (.] 2)" aN),
0 0 0 0
-1 0 0 0
0 —(a;~a,_;) 0 O
(1) = PR = _
B].,O— 0 0 0 —a, V] (1-1,. JN-—1)
0 —ky i 0 0

415
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As in the case of one beam we have four Birkhoff matrices. The first Birkhoff
matrix is obtained by taking the first and second column from WO(O) , the third and

fourth column from Wo(l), and so on. This matrix has the form

where C §O> and C 1(\/]) are 2 x 2 matrices and the other C J(.k) are 4 x 2 matrices. These

matrices are
co—(1 1 clh) = O3By~ 5iBR,
: N T \EyiBy KBy )
INEPN INPN
1 1
a.—a . ila.—a. . i
C(O)_ (] l)iBj (_/ j—l)B] (_]=2,,N),

- = ,
g @3B} ~ia; 3B}
0 0
~1 ~1
(aj~a,_1)B; ila;—a;,_,)B;
cV) = TR = =1,....N—1).
/ 9‘1’,3[313 - 1)311313 ( )

ky;1B; —kyB;
Since the matrices Cfo) and C}Vl) are invertible if k;, # 0, the problem is Birkhoff

regular if and only if the matrices (C (¢l (j=1,...,N—1) are invertible.
j 1) Y
But

1 0 . -
det (C§ ) C;('Jr)l) =2(1-i){a;, _aj)ﬁj+lﬁjklj(aj+l,3ﬁ]3+l +aj,3[3,3) #0

since the k, ; # 0, @; ; and f3; are positive.

The other Birkhoff matrices have—after a permutation of their columns—the
same shape as the above one, where now the matrices Cﬁk) are formed by different

rows of the B(,kg. In the same way as above we see that these Birkhoff matrices are

)

invertible.

This shows that the first order system is Birkhoff regular if the constants , i
are nonzero for all j=1,...,N. Also in case not all of the k, j are zero it can be
shown that the problem is Birkhoff regular.
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Now it is easy to see that one can apply the methods of Section 7.4 to show
that every function in L, (0,L) (1 < p < e0) can be expanded into a series of eigen-
functions and associated functions of (10.2.1) for N > 1 with the corresponding
boundary conditions.

10.5. An example from meteorology

PROUDMAN and DoopsoN [PRD] investigated the effect of atmospheric con-
ditions to the sea-level. This led to an eigenvalue problem. The corresponding
expansion in eigenvectors and associated vectors has been discussed by PROUD-
MAN [PR].

The boundary eigenvalue problem is given by
(10.5.1) (M) +iv= -1,

(10.5.2) V(0) = 0, (1) =0, /lv(x)dx—al=0,
0

where 7 is a real continuously differentiable function on (0,1) greater than a
positive number, and ¢ is a real nonzero constant.

Proudman showed that there are numbers A; such that
(10.5.3) Y Aws=0,
s
(10.5.4) ZAS =1
s
holds, where {v;} is the sequence of the eigenvectors. Furthermore, he proved an

expansion
(10.5.5) Y B =/,
s
(10.5.6) Y B,=0
s
for functions having Sturm-Liouville expansions. The proof is done by consider-
ing the initial value problem
(V') +AV =0,
V(0) =1, V'(0) =0.
and the homogeneous boundary eigenvalue problem
(nV")Y' + AV =0,
V'(0) =0, V(1) =0.
Here we use a different approach to transform the problem into a homoge-

neous one. For this we observe that we may consider the value —1 on the right-
hand side of the differential equation as a constant function (# 0); the special
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value only means a normalization of the eigenfunction. Thus we can replace —1

by a function —y; with y5 = 0. We set y, := v and y, := nv'. Then the boundary
value problem (10.5.1), (10.5.2) can be written as

1
Yo+ Ay +y; =0, )’/1_5}’2:& y3 =0,
1
y,(0)=0, y,(1) =0, /0 ¥, (x) dx — Ay, (0) =0,

where the case y; = 0 has to be excluded; indeed, below we shall show that y; # 0
for every nontrivial solution of this boundary eigenvalue problem.

Y1
With y := | y, | this boundary eigenvalue problem has the form

Y3
0 7t 0
(10.5.7) y—{ -2 0 —1]y=0,
0 0 0
(10.5.8)
01 0 0 0 0 L /0 00
00 0 |y0)+(|1 00O y(1)+/ 0 0 0]y(x)dx=0
0 0 -Aa 000 °\1 00

In the following, we make the substitution A = p?.
We consider the transformation matrix
i —i 1
Ct.p)={pvm pvyn 0 |,
0 0 —p?

which has the inverse

1 [ v e
=z L v ip
0o 0  -2p-

Then we obtain the following differential system

0o n' o0
(10.5.9) 0=C7'(,p){ (CC,p)y) = | =P O —=1]C(,p)y
0 0 0
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0
. P
Cou 7 ey =i a0
- -1 5= 2
=Y 5 i (pyM) p . —ip "5% p —5% 01y
0 0 =2p 0 0 0
— i 7 on
VR DL RN A
=y =P Wi Yrily v oY
0 0 0 0 0 O
We set
py/n(0) 0 0
G (p):= 0 1 0.
0 0 p*

Denoting the boundary operator given in (10.5.8) by TR(A) we obtain the follow-
ing boundary conditions:

110
(10.5.10) 0=C21(P)TR(P2)(C(-,P)y)=(0 0 0))’(0)
0 0 &
0 0 0 /0 0 O
+1i =i 1]lyW)+p~* 0 0 0]y(x)dx
0 0 0 O \i —i 1

Now we shall prove that the boundary value problem is Birkhoff regular in
the sense of Definition 4.1.2. For this we calculate

1 00
A=10 1 0},
000
0 0 0 0
o), wili —i 1],
o 0 0 0
0 0
1 0].
00
8.

From Pl = diag(n(0)#73,1(0)3n"3,1), see (2.8.17), (2.8.18), we infer

N 0 0 0 000
Mz(l,,—AO)z(WO(O)+WO(1)P[°](1)) 0 1.
0

o

(= w]
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Now the two matrices

0 0
—-i 117,
0 o

S O -

are invertible which proves that the problem is Birkhoff regular.

We are interested in expansions into eigenfunctions of the problem (10.5.1),
(10.5.2). By construction, an eigenfunction of (10.5.1), (10.5.2) is the first com-
ponent of an eigenfunction of (10.5.7), (10.5.8) whose third component is 1. We
shall show that y; # 0 for each eigenfunction y of (10.5.7), (10.5.8); hence, after
normalization, the first component of each eigenfunction of (10.5.7), (10.5.8) is

Y1
an eigenfunction of (10.5.1), (10.5.2). Indeed, assumie that | y, | is an eigen-
0
function of (10.5.7), (10.5.8) for some eigenvalue A. Using y5 + Ay, =0 and the
boundary conditions, we infer

()= [ n () dx=0

Therefore, (y 1] is a solution of a first order system satisfying the initial condi-
2
tions y, (1) =0, y,(1) =0, and y, =0, y, = 0 follows.

Note that the eigenspaces are one-dimensional. Indeed, if there were two lin-
early independent eigenfunctions of (10.5.1), (10.5.2) for some eigenvalue, then
the problem (10.5.7), (10.5.8) would have the same property. Taking a suitable
linear combination, we would obtain an eigenfunction of (10.5.7), (10.5.8) whose
third component is zero. But this is impossible as we have seen in the previous
paragraph.

Also observe that 0 is no eigenvalue of (10.5.1), (10.5.2). Indeed, if O were an

Y1
eigenvalue and [ y, | an eigenfunction of (10.5.7), (10.5.8), then y, (x) = —x and
1

1
= [ o

But since 11 > 0, this contradicts the boundary condition fol y (x)dx =0.

We denote the eigenvalues of (10.5.9), (10.5.10) by p; (j € N) and the cor-
responding chains of eigenfunctions and associated functions by w oW1
K ) J

Here we multiply the last boundary condition in (10.5.10) by p* in order to have
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polynomial dependence on p. Let P:C = 2 bethe projection onto the first two
components. Let 1 < p < oo. From Theorem 5.3.2 we know that the expansion

rj—l R
(10.5.11) (2) =Y Y ¢, f)Pwjy

JEN k=0

holds for all fi,f, € L,(0,1), where the series converges (in parenthesis) in the
space (L,(0,1))%.

Also, if f,, f, € Cla,b]NBV[a,b] and f,(0) + £,(0) =0, f,(1) = f,(1), then
the expansion (10.5.11) holds in (L.(a,b))?. This follows from Theorem 5.3.3.
Here we have to verify the boundary conditions B(A)(f;, f,,0) = 0. By Remark
4.7.7 it is sufficient to consider By(A)(f,, f,,0). Since P/ is a diagonal matrix

function, it is easy to see that (1, — AO)P[O]_IA0 = 0. Hence the condition is

. £(0) fi(1)
WO £,00) | +wb f2(()1) =0,
0

and the above conditions follow.
Finally let us note that 0 is an eigenvalue. A corresponding eigenfunction is
-1
1 ]. And there is also an associated function.
2i
Now we consider (10.5.7), (10.5.8). Let }tj (j € N) be its eigenvalues. Ob-
viously, {A,: j € NfU{0} = {pj2 : j € N}. Let p be a nonzero eigenvalue of
(10.5.9), (10.5.10). Then we we have an eigenfunction

1 7
w= C(ap)— Yo i
1
Y1
where | y, | is the (unique normalized) eigenfunction of (10.5.7), (10.5.8) corre-
|
sponding to the eigenvalue A = p?. Then
1 ‘
W= C('a*p)— Y2
1

is an eigenfunction of (10.5.9), (10.5.10) for the eigenvalue —p. This shows that
to each eigenvalue A i there correspond two eigenvalues p,,p, .
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Assuming that (10.5.7), (10.5.8) has no associated vectors, the expansion
(10.5.11) can be written as

Y1,j

(2>:]§(0§ (£ F)FCCo M) 67 (fr RIPCL, = /2) ™) )
Y.

where | y, j is an eigenfunction of (10.5.7), (10.5.8) for the eigenvalue ,%j ,

say 0 < arg,/ Aj < 1 for definiteness, and w is the term corresponding to the
eigenvalue 0 of (10.5.9), (10.5.10).

We consider the contour integral leading to the above expansion. Let us de-
note the operator associated with the problem (10.5.7), (10.5.8) by T(A), and the
operator associated with (10.5.9), (10.5.10) by T'(p). Since

Fo)= (T8 D)) TPICER)

we can write (10.5.11) as

AY == tim — § BT )] A f 0fd
f2 - Voo DTTI T, (p ](;2 ’ p

v—= 27 JT,

f
=~ lim —— PC(-,p)~'T7(p?) (C(-,p)A f; ,0) dp,
0

where A is the coefficient of p in (10.5.9) and I, is a circle with centre 0 and
radius r, . We have

fi i —i 1 -j—,!,- 0 0\ /f
ct,pAl K, =1pvn Py O 0 5 01 {A
0 0 0 -p*/\o o o/ \O
fth
_| .
= | —ip(fi—f)
If we set f, = —f; and subtract the second component from the first one in the
above expansion, then we obtain, with f := f,
0

T 2\ =12
f—vlgxgom;gv(l 0 p)T RN | | of ] 0] do
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If 7, denotes the circle with centre 0 and radius r%,, then we can write

0
— lim —— 1y -1
f = lim — yv(l 0 AN T7Y(A) g ,0 ] dA.

Hence we obtain
0
f=0 0 1)770) ((f) ,0> + Y A (N0 +A7.
0 jeN

It is easy to check that

0 c [l sty dt =} atm Jo f(t) dedr
7-1(0) g 0] = Jo f(£)dr —cx ;
c

where

c:/olﬁ/orf(t)dtdf//oln—zsdt'

Hence we obtain the expansion

1 1 T 1 t
F=Y Ay + YA /1.—1+/ —/ £() drde / L a
% S J% iNA; o 1n(7) Jo o n(t)
This holds for all f € L,(0,1) if 1 < p < e. If p = o, we have to impose the
restriction f € Cla,b]NBV(a,b] and f(1) = 0. Since y, ; is an eigenfunction of
(10.5.1), (10.5.2), we have y; j(l) = 0. Therefore, for uniform convergence, the
above expansion splits into two parts:

(10.5.12) f=Y A,
=g
and
e g
(105.13) %Aj(f)xj - /()TI(’C)/O f(t)dtdt//o _t

This is not the expansion with the coefficients as obtained by PROUDMAN.
So let us consider a different transformation. We take the transformation matrix

i ~i 0
(10.5.14) C(,p)= pvy/n pyn O
0 0 -1
Then
1 ~i (p\/ﬁ)—l 0
C_l(',P)=§ i (pym™' 0],
0 0 -2
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and we obtain the differential system

0o n' o0
— !
0=C'(,p){ (C(,p)y) — | =p* O —1]C(,p)y
0 0 0
i 7 1 1
, w 00 (o7 0 1 0 i
=y = i -1a 7 - 1
yp0ﬁ0y+4nn0yp002ﬁy
0 0 0 0 0 0 00 0
We set
pvn(0) 0 0O
(10.5.15) Cy(p) = 0 i 0

and obtain the following boundary conditions:

1
0= p)T () (C(,p)y) = 8

0 0 0 /0 0 0
+{1 -1 0 y(1)+p“2/ 0 0 0]yx)dx
0 0 0 0 \1 -1 0
Here
~ 000
My(I,—A)={0 0 0
0 0 «
and the two Birkhoff matrice are
1 0 0 01 0
0 -1 0}, 1 00
0 0 « 0 0 «

Since they are invertible, also this problem is Birkhoff regular in the sense of
Definition 4.1.2.

Since the differential system is not holomorphic on C, we do not obtain an
expansion in terms of eigenfunctions of this system. But we are not interested in
eigenfunction expansions of this system, only in the first component of it. Most
important is that the Birkhoff regularity yields as in the previous case that

fi 1 = 11 n
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with the same assumptions on f, f, as above, and where A is the coefficient of p
in the differential system. We have

fith
A o
C(,p)A J(;z = | —ip(fi = 1)
If we set f, = —f, and subtract the second component from the first one in the
above expansion, then we obtain, with f:= f,
1 0
=lim=—¢ (I 0 0)T !(p? ,0 | dp.
f=lim o )T (p%) %{ p
If 7, denotes the circle with centre 0 and radius r2, then we can write
0
f=lim-—¢ (0 o)) | [f].0]a
V—oo 27[1. ’yv 0
Hence we obtain
f= ZAj(f)ij-
JjEN

This holds for all f € L,(0,1) if 1 < p < eo. If p = oo, we have to impose the
restriction f € Cla,b]NBV]a,b] and f(1) = 0. This coincides with the first ex-
pansion (10.5.12), but we do not obtain the identity (10.5.13) here.

Now we shall use still another method. We consider the operator T associated
with (10.5.7), (10.5.8). As we have done for Stone regular problems, we write for
few,(0,1))

1 1
(10.5.16) If:T‘l(}t)Tlf+%T'l()L)T0f,
where T(1) =: AT, + T,. Now we are looking for f{ll € (W}(0,1))* such that
(10.5.17) T,f =T, .

That is, we have to satisfy

fi-n7'% 0
fi-f | ={A1],
b 0

and, for the boundary part,

1
£0)=£,0)=0, —afll©)= /O £,(x) d.

That means, we have to choose f; to be constant. Since the third components of
the eigenfunctions of T' are constant, this is also necessary for an eigenfunction
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expansion. Furthermore we have to require that nf] = f, € Wp1 (0,1) and also

M) =fH=fH- f (0 1), and, for the boundary part, f,(0) = £,(1) =0
The last boundary condltlon can always be satisfied by a suitable choice of fz['l].
Inserting (10.5.17) into (10.5.16) yields

=T AT S+ )= T )T

Integrating along yv as defined above we obtain

f—— T”l(/l)Tlfdl —l—f pI3T Yp®) T, M dp.

2mi
With the second transformation, i.e., (10.5.14) and (10.5.15), we obtain

—f T AR

27i Jr, p?

L Lo vim1ipy (€ )T AW

- ¢ — . ’ dp.

i fil_v p2p C( ap)T (p) < Cz—l(p)ToRf[l] p
Since p~!C(-,p) = O(1), C7!(-,p) = O(1) , and C; ' (p) = O(1), we obtain in

view of Theorem 4.4.9 1i) that
~ e L -1

holds in L, (a,b) for f = (f|, f,, f3)7 satisfying the above conditions.

Now assume that the problem has only simple eigenvalues. Taking f; = f, =0

and f; = [, we obtain the expansion (10.5.3), (10.5.4) of PROUDMAN. And taking
f3 =0, we obtain the expansion (10.5.5), (10.5.6) of PROUDMAN, albeit under the

stronger assumption that (1f{)’ € W,(0,1) and f;(0) = f{(1) = 0. As we have
seen for Stone regular problems in Section 5.7, the condition (1 f])’ € Wp1 (0,1)
might be weakened.

The expansions obtained by PROUDMAN show that the coefficients of an ex-
pansion in eigenvectors of the problem (10.5.1), (10.5.2) are not unique. Taking
an “intermediate” substitution

7D ()’1> = ((Tl)"l)'-l-)»y] +)’2>
Ya ylz ’
~ 1 T
r* (yl) = (y’l(O),yl(l),-layz(OH/o y1(x) dX) )
we obtain an operator
T(A):= (TP(A),TR(A)) : W2(0,1) x WE(0, 1) = (L,(0,1))* x C°.

As for first order systems of differential equations and n-th order scalar differential
equations, the operator T'(A) is a Fredholm operator of index 0. Also, writing
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T(A) = T;) + lﬁ, we see that fl is compact in view of Theorem 2.4.2. Since the

eigenvalues of T are the eigenvalues of (10.5.1), (10.5.2), we infer that p (f) # 0.
Therefore, Proposition 1.10.6 shows that the coefficients of an expansion

(¢)=za(v)

are unique for all f € L,(0,1) and ¢ € C for which such an expansion holds.

In the previous results we assumed for simplicity that there are no associ-
ated functions. We have seen that this means that all eigenvalues are simple. Of
course, our general results about the principal parts of inverses of Fredholm oper-
ator functions immediately give expansion theorems in case there are associated
functions.

Let us show that associated functions can occur. Let ¢ be a positive constant
' = A
and consider the case 11 = ¢. For A # 0 and cos \/: # 0,

lcos\/—g A

is the unique function satisfying (10.5.1) and the first two boundary conditions in
(10.5.2). In order to satisfy the third boundary condition, we have to satisfy

(10.5.18) \/—Etan\/z— 1=ar’
A c

Then A is a double eigenvalue if it satisfies (10.5.18) and

1 03 Al z\ﬂ 3
2\/& 2tan\/;+ﬁ<l+tan C>_2al.

These two equations hold if and only if (10.5.18) and

! —C—tan\/z+1 1+t 2\/7 = £tan\/z—l
4\ A c 4 YT )TV c

are satisfied. Setting ¢ = \/% the latter equation means that we are looking for a
zero of

h(t) = gtant —5—tan’t

with t # 0. In the interval (0, %) we have h(t) = 3¢+ O(t*) near zero, i.e. h(r) >0
for small positive . But 4(t) — —oo as r — §, and so there must be a number
to € (0, %) such that A(z;) = 0. With A = ¢z and « such that (10.5.18) is satisfied
we obtain a multiple eigenvalue. Note that & > 0.
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10.6. The Orr-Sommerfeld equation

We consider the Orr-Sommerfeld equation

(10.6.1) o — 202" + a’p — iRa{(u—A)(¢" — a*®) +2¢} =0
on the interval [a,b] subject to the boundary conditions
(10.6.2) #(a) = 9(b) = ¢'(a) = 9'(6) =0,

see [DR1, p. 156]. This differential equation results if one considers the pertur-
bation of a given plane flow. Here the Reynolds number R and the wave number
o are given nonzero real numbers and u is a given function describing an un-
perturbed flow. Examples for u are the plane Couette flow where u(x) = x and
the plane Poiseuille flow where u(x) = 1 —x* on [~1,1]. Expansion theorems
for this problem where obtained by SCHENSTEDT [SS1] and DIPRIMA and HA-
BETLER [DHI]. The differential equation is as considered in Chapter VIII. Here
we have [ = n—1[ =2, and the numbers given by (8.5.1) and (8.5.7) are [, =, =0,

L=1,=14,=0(v=1,...,4). Therefore, /(%) = /(1) = 2. We have

0
b(l )= U Ve

(“1,1 ”1,2)
Uy U ’
e d” ayalV
T \o ) a,al!
see (8.5.11), (8.5.12), and (8.5.13). Since H¢ = —iRa(¢" — a*¢), a fundamen-

tal system of H¢ = O is given by {cosh(a(x — a)),sinh(c(x —a))}. In view of
Theorem 8.2.1 and (8.5.8) it follows that

(i 2) = oy (g)

B <cosh(a(b—a)) sinh(a(b—a))) ’

and therefore U343 # 0. From (8 5.5) and (8.5.6) we infer a(O) =1, a(o) =0,

aio) =1, a<l) 0, and thus a ) #£0, oc ) # 0. Altogether, b # 0, and hence

the boundary eigenvalue problem is Blrkhoff regular.
: — — 0) _ 1) _
Since a1(0()) I, a(o()) 1, oc3(0()) =1, aéo()) = 1, and all the other a‘(,;,)n are zero,
we obtain for the asymptotic boundary conditions by Remark 8.5.5 iii):

U,f = fla), Uy(f) = £(b), Us(f) = f(a), Uy(f) = f'(b).

where

“izay =

V(3431
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Then Theorems 8.8.2 and 8.8.3 yield that a function f is expandable into a series
of eigenfunctions and associated functions of the eigenvalue problem (10.6.1),
(10.6.2) if

i) f € Cla,b]N BV [a,b] such that f(a) = f(b) = 0, and the series converges in
Cla, ],

or

ii) f € C'[a,b] such that f' € BV[a,b] and f(a) = f'(a) = f(b) = f'(b) =0, and
the series converges in C![a, b],

or

iii) f € Lp(a,b), 1 < p < e, and the series converges in L,(a,b),

or

iii) f € W) (a,b), 1 < p < oo, such that f(a) = f(b) = 0, and the series converges
in WpI (a,b).

10.7. A system of differential equations in the theory of viscous fluids

In the theory of viscous fluids, the following system of differential equations oc-
curs, see [DR, p. 1551

(D? - a? —iaR(U — ¢)}u = RUw + iaRp,

{D* - a® - iaR(U —¢)}w = RDp,
iau+Dw =20,

where D =d/dx, U and U are given functions, c is the eigenvalue parameter, u, w,
p are the unknown functions, and & and R are nonzero real constants. Boundary
conditions are given by

Eliminating the unknowns u and p this leads to the Orr-Sommerfeld equation
as considered in Section 10.6. Hence we obtain expansions in terms of the eigen-
function components corresponding to w and u. For the w-component we obtain
exactly the same expansions as in Section 10.6, whereas for the u-component the
corresponding expansions in the spaces L,(a, b) and Cla, b] hold, where the func-

tions f which are expanded additionally satisfy fab f(x)dx=0.

10.8. Heat-conducting viscous fluid

After linearization and separation of variables, the differential equation of a heat-
conducting viscous fluid leads to the differential equation

(D* - a®)(D* - &% — 5)(D? — d® — s/P)n +a*Rn = 0,
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where D = d/dx and R and P are the Rayleigh and the Prandtl number, respec-
tively, and the boundary conditions
n(c) =1'(c) =n® - (2a* +s/P)n"(c) =0 (rigid boundary)
W]

n(c)=n"(c) =n%(c) =0 (free boundary)
at the endpoints ¢ = 0,1, see [DR1, p.43]. Here s is a certain “eigenvalue” pa-
rameter, and q is a parameter occuring in the separation of variables. Therefore,
we can also consider a as an eigenvalue parameter. Hence we shall investigate the
expansion problem with respect to the eigenvalues s and a. Of course, this should
be considered as a two-parameter problem, but we ask here what happens if we
fix one of the parameters. We write the differential equation in the form
1+ Py(a,5)n + Py(a,5)n" + Py(a,s)n =0

where

P,(a,s) = —{3a* +s(1+1/P)},

Py(a,s) = a*(a* +s) + (2a® + s)(a* + 5/ P),

Py(a,s) = —a*(a® +s5)(a* +s/P) +a’R.

Let us first take the eigenvalue parameter A = a. Then
Mo =73 My =3, Tgs=—1,

and ™= 0for j=1,3,5. In this case we have n;, = 0. The characteristic function
is
pe=3pt+3p?—1=(p*-1)".
The roots are not simple, and hence our expansion theorems are not applicable.
Now consider the eigenvalue parameter A2 = s. Then we obtain

T, =—(1+1/P), ;4 =1/P,

and m; j=0for j=1,3,5,6. The results of Chapter VIII are not applicable since
the differential equation contains two different powers of the eigenvalue parame-
ter. Therefore we shall transform the boundary eigenvalue problem into one for a
first order system. We are going to consider three different transformations.

Writing the differential equation in the usual way as a system for the vector

function y = (17,7’,...,13))7, the transformation
1 0 0 0 0 O
a 1 0 0 0 0
a 0 1 0 0 0.
Y= aa* & A 1 0o 0}”
at 0 A?424° 0 1 0
aat @ A +24°0 A%+24? —\%—[—, 1
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yields a full linearization of the resulting system with the coefficient matrix of A
being diagonal:

o 1 0 0 O 0
aZ-a* - 1 0 0 0
, 0 0 A 1 o0 o |
y= 0 0 & -2 1 0o |V
A
02 0 0 O \/—21_, 1A
—a“R 0 O a —'ﬁ

Here « is a free parameter. Note that this transformation even holds in case P = 1
when 1 and —1 are double roots of the characteristic equation. However, due
to the fact that the transformation matrix is lower triangular, the last column of
each boundary matrix is zero. Indeed, it is easy to see that for the asymptotic
boundary matrices, the last three columns of the leading (A-independent) matrix
are always zero. Then this also holds for the Birkhoff matrices, and therefore this
A-linearized problem is not Birkhoff regular.

Of course, one might ask for Stone regularity. We leave this to the interested
reader.

Now we are asking if the asymptotic linearizations in Theorem 7.2.4 lead
to Birkhoff regular problems. Here we must suppose that P # 1. Taking first
Theorem 7.2.4 A we obtain the transformation matrix

1 00 0 0 0

01 0 0 0 0

a 0 1 1 1 1

— A A

(10.8.1) CA)=]0 0 A -2 VoY
A A

00 A2 A2 4 A4

3 3

00 A% -A* & -4

With Theorem 7.2.4 B we have the transformation matrix

10 0 0 0 0\

01 1 -1 P —P

00 2 A A A

10.8.2 C(A) = 2 _q92 A2 _ A%
( ) A)=10 0 A A‘{?A‘{F
004 A 4% X

4 4

00 A% 2% 45 -2

In both cases, the coefficient matrix of A in the transformed system is the same as
in the fully linearized system. For the transformed system with the transformation
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(10.8.1) we obtain that the upper left-hand 2 x 2 block of the A4 -independent matrix

18
0 1
AO,OO = <a2 O) .

The fundamental matrix of y; = A, o,y Which is the identity matrix at 0 is given
by

cosh(ax) 1lsinh(ax)
asinh(ax) cosh(ax) /-

A straightforward calculation shows that the problem is Birkhoff regular only in

the case when both boundaries are free. For the transformed system with the

transformation (10.8.2) we obtain that the upper left-hand 2 x 2 block of the A-

independent matrix is
01
= (1),

The fundamental matrix of y; = A, 5,y Which is the identity matrix at 0 is given

by
1 x
0 0/°

Here a straightforward calculation shows that the problem is Birkhoff regular with
any combination of rigid and free boundaries.

In case we use the transformation (10.8.1), the results of Section 7.9 are ap-
plicable, and we obtain that every function in L,(a,b) (1 < p < o) is expandable
into a series of second order derivatives of eigenfunctions and associated func-
tions of the given eigenvalue problem-—where the series converges in paranthesis
in L,(a,b)—if both boundaries are free. Also, one can show that the adjoint prob-
lem is of the same form. Therefore, the eigenfunctions and associated functions
of the given eigenvalue problem with free boundaries are complete in the reflexive
space Lp(a,b).

In case we use the transformation (10.8.2), the results of Section 7.9 are not
applicable. Therefore we use a modification which works in this case. We shall
first prove an abstract result.

Suppose that the general assumptions of Chapter VI are satisfied. For j =
1,...,n—1 we define

n—1—j

LA ="+ Y p MY (f €Wy (a,b).
i=0

Note that
LP(A)f = eITP(A)(0,...,0,f,f,..., fr= 3=y,

J
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Similarly, we define

LEA)f = TR0, 0, f, flyeo s [T (f €Wy (a,0)).
PROPOSITION 10.8.1. Let j € {1,...,n—1}, A € p(L), f; € W)™/ (a,b), and
f, € C". Then
(1083) L' ALY, A+HLEA Y =, T ) (e, 1)
fork=0...,j.
Proof. Lety :=T"'(A)(e;f,,f,). Then T°(A)y = e, f,, and it follows that

y;:yi-i-l (i=1,...,n=1,i#j), y'i:yﬂ‘]-[—fl'
Therefore

(1084) y,=y"V(i=2,..,j), y=HNV-fTV(i=j+1,.,n)

Hence the last component of T?(A)y = e ;f leads to
LP(Q)y, ~L§-)(2»)f1 =0.
Then
L= TR(l)y = LR(A))H -Lf(l)fl,
which proves altogether
(LY AV f1s o+ LR £) = LAy,
and with the aid of (10.8.4) it follows that
[L_I(A)(L?(/l)ﬁ Jo +L§(/’L)f1)](k) = y<1k) =Yr+1 = e,IHT'I(K)(ejf] 7f2)- a

R Now we return to the transfg\rmation (10.8.2). In this case, the transformation
A is given by (7.2.24), and thus Ae, = e, since Ty y= 0. As in (7.9.4) this leads to

Crley =Ci'Ae, = A\Ci ey,
and therefore, in view of Proposition 10.8.1 and with T as defined in Section 7.4,
(L' ANLE )£, L5 (2) 1)) = 2e]C, T (A)(A,C ey £,0)
for f € sz(O, 1). This yields that
1 e _
5= § AT AL LEMNIY dh = JCRCT e f = f

as v — eoin Ly(a,b) for all f € sz(O, 1), see Theorem 4.6.9. The left hand side
can be expressed in terms of third derivatives of eigenfunctions and associated
functions of the given problem and an additional residue at 0. In view of the
structure of A it is impossible to avoid this additional residue, i. €., for ¢ € C” such
that e;f;l\c =0 fori< jand e};l\c # 0 for i = j where j > 3 we have elc # 0 for
somei > j.



434 X. Applications

Taking a = 0 we obtain that a fundamental system of the differential equation
at A = 0 is given by the functions ’j‘—’, (j=0,...,5), and with any combination
of rigid and free boundary conditions, the characteristic matrix is different from
zero. Since the boundary eigenvalue problem depends polynomially on a and
R, it follows that the characteristic matrix depends holomorphically on a and R.
Therefore it is nonzero for almost all @ and R (which have a physical meaning).

Therefore let us assume that 0 € p(L). Then it follows that for each f €
WS(O, 1) the function
(10.8.5) FHILTH OB £ L50) A

is expandable into a series of third order derivatives of eigenfunctions and associ-
ated functions of the given eigenvalue problem.

We want to determine those functions which have the representation (10.8.5).
Obviously,

fr f+ L7300/, L5 0) £
is a continuous operator from Wp3 (0,1) to W;(O, 1). In order to find an estimate

for the defect of this operator we first consider the case a =0. Let s € Wp3(0, 1).
Above we have seen that the eigenvalue problem

1
6) — 1,03)
g 2h )

8(0) = 5(1) =0, g(0) = 2K(0), (1) = 3K (1), 8)(c) =0,

for ¢ = 0,1, where 1. = 1 if the boundary is rigid and 1. = 2 if the boundary is
free, has a (unique) solution g € Wpﬁ(O, 1). With f =h—gB ¢ WS(O, 1) and
vi= L0 L5 (0)£,L5(0) )] —
it follows in view of LP(0)n = n(9) that
W = 0+ LP()L71(0) (13 (0) £, L5 (0) 1) — k¥
— f(3) -|-L3D(O)f —h3) = 2f(3) )

since
L2(0)f = fO = 3af' = 0.
But
2F3) — p3) = 2(n® — g(6)y — h3 =0
shows that v(®) = 0. With
w:=L71(0)(L5(0) £, L5 (0)f) — ¢

we have
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and therefore, forc =0, 1,

v(c) =w¥(c) = f(c) - g¥W(c) = (c) =28 (c) =0,

which gives altogether that v is constant. And since the third derivative does not
occur in the boundary part in L(0), we do not know if we can find f such that
v = 0. This shows that for a = 0 the operator given by (10.8.5) has defect at most
1. Also the nullity is at most 1. Indeed, if

f+ILT OB, L50) ) =0,
then we set
g:=L71(0)(Z2(0) £, L5 (0)f)
and obtain
2f =10 +15(0)f = O+ =0

and 2f'(c) = f'(c) + g (c) = 0 for ¢ = 0, 1. Therefore f must be constant. Then
we can find an extension of this operator which is at most one-dimensional in the
domain and range spaces such that this extension is invertible. Since this operator
depends holomorphically on a and R (for which L(0) is invertible), it follows for
almost all a and R that each function f which belong to a subspace of W1S3) (0,1) of
codimension at most 1 can be expanded into a series of third order derivatives of
eigenfunctions and associated functions of the given eigenvalue problem, which
converges in L,(0,1).

Of course, if both boundaries are free, the result which we obtained from the
transformation (10.8.1) is better. However, we can improve the result consider-
ably if one boundary is rigid (say at 0) and the other boundary is free (say at
1). An obvious generalization of Proposition 6.6.8 shows that all eigenfunctions
and associated functions of the boundary eigenvalue problem satisfy those bound-
ary conditions which are independent of the eigenvalue parameter. Therefore,
for each function f € Wf(a,b) which satisfies f(0) =0, f'(0) =0, and f"(1) =0
such that f3) can be expanded into a series of third order derivatives of eigenfunc-
tions and associated functions of the given eigenvalue problem which converges
in L,(0,1), it follows by repeated integration that f can be expanded into a series
of eigenfunctions and associated functions of the given eigenvalue problem which
converges in Wp3 (0,1). Since these functions must also satisfy the boundary condi-
tion (1) =0, the set of all f3) such that f satisfies these four boundary conditions
has codimension 1 in WIP) (0, 1) and must therefore coincide with the set for which
we obtained the expansion into a series of third order derivatives of eigenfunctions
and associated functions of the given eigenvalue problem. Hence we obtain that
each function f € W¢ (a,b) which satisfies £(0) = f(1) = f'(0) = f"(1) = 0 can
be expanded into a series of eigenfunctions and associated functions of the given
eigenvalue problem which converges in W; (0,1).
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The expansions into second and third order derivatives is not really what we
want. Even in the last case, we have to take the functions in Wp6 (0,1) in order to

obtain an expansion in Wp3 (0,1). Appropriate expansions theorems should be ob-
tained by generalizing the results of Chapter VIII to the case when the differential
equation depends polynomially on A.

10.9. Motions of an incompressible magnetized plasma

In [LI] LIFSCHITZ considered, among other problems, the Lundquist equa-
tions describing motions of an incompressible magnetized plasma of unit density.
After separation of variables, this leads to the following system of ordinary differ-
ential equations

o+ (a—B)gy+(a—p)AN (a+p)H¥ (VM) =0
(a—B)N o+(a+B)gy +(a+B)N o

VJ_,~

where o is the eigenvalue parameter, @ and f are real constants characterizing
the relative magnitude of the velocity and magnetic field. The 2-vector functions
¥, . are the horizontal components of ¥, = v+b, where v is the plasma velocity
and b is the magnetic field. The angular variable v is the independent variable,
and therefore the periodic boundary conditions

()@= (i) e

have to be imposed. Finally,

1-62
p2(1—8cos2y)+ 1~ 62
Sp?sin2y
p2(1—5cos2y)+1— 82

0_
N =

where p € (0,00) is the radial variable, which is fixed here, and & € [0,1) is the
ellipticity parameter of the elliptic flow. Lifschitz states that for |a| # |B] the
spectrum is discrete but that the classical arguments of Birkhoff and Langer are
not applicable to this problem since the eigenvalues are not asymptotically sim-
ple. Hence the author was not able to prove completeness of the system of corre-
sponding eigenfunctions. Here, as with any non-self-adjoint problem, associated
functions can occur, and it is very difficult to show that the eigenvalues are al-
gebraically simple or at least that the algebraic multiplicity coincides with the
geometric multiplicity, which would guarantee that there are no associated func-
tions.
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However, we shall show that the system of eigenfunctions and associated
functions is complete. To this end, we introduce the vector function

. <(a~ﬁm,+> |

(+B)v, _
and the eigenvalue problem becomes
(10.9.1) Yy —(0A;+Ay)y=0, y(0)=y(2r),
where

__[=ph __
h= ( 0 —alﬁ12>’ Ao <,/V JV)’

and A, depends continuously on y.

The matrices A(c) are of the form diag(l,,0) and diag(0,1,) if || > || and
I, and 0if |B| < |a]. Since W(® = —w (%) = I, if writing the boundary conditions
in the form W9y(0) + W2*(2x) = 0, it is immediately clear that all Birkhoff ma-
trices are invertible. Hence this problem is Birkhoff regular, and it follows from
Theorem 5.3.2 that every function in (L,(0,27))* is expandable into eigenfunc-
tions and associated functions of this problem.

The above result shows that the system of eigenvectors and associated vectors
is complete, and from Proposition 1.10.5 we know that it is also minimal. Hence
the existence of at least one associated function would imply that the system of
eigenvectors would not be complete.

Now we are going to investigate the case of circular flow, i.e., 6 =0, where a
fundamental system and the eigenvalues can be calculated explicitly. Writing

1 1 1
a: b._ Cc =

“aF YT T

a straightforward calculation shows that

p(0,4) =det(cA, + A, — A) = (ca+A) (cb+A)* +c*(o(a+b) +2A)%

The matrix 6A, + A, is similar to an upper triangular matrix, and therefore the
fundamental matrix ¥ (y) of (10.9.1) is similar to an upper triangular matrix with
diagonal elements exp(A, ), ... ,exp(4,y), where 4; = 4,(0), j=1,...,4, are
the four zeros of p(o,A). Hence o is an eigenvalue of (10.9.1) if and only if
Aj(0) € iZ for some j, i.e., p(0,ik) = 0 for at least one k € Z.

We want to investigate if and when there exist eigenvalues with associated
functions. So let o be an eigenvalue of (10.9.1). Then the above considerations
shows that the geometric multiplicity of 0, i. e., the defect of Y (0,27) — Y (0,0),
is at least as large as the number of different integers & such that p(c,ik) = 0.
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On the other hand, the algebraic multiplicity of the eigenvalue o is the multi-
plicity of the zero of

4
det(Y(7,27m) — H exp(27A;(t)) — 1)
j=1

at T = 0. If exp(2mA;(0)) = 1 for some j, then A,(c) = ik for some integer ,
and thus

Ai(T) — ik 1
exprd, () -1 zmo T

This shows that the algebraic multiplicity of the eigenvalue ¢ equals the sum of
the multiplicities of the zeros of

4
H = p(t,ik)

Jj=1

at T = o, the summation being over all integers k.

Therefore, the geometric multiplicity of the eigenvalue o equals its algebraic
multiplicity if for any k for which p(o,ik) = 0, o is. a simple zero. In other
words, if there exist associated functions for the problem (10.9.1), there must be
an integer k and a complex number ¢ which is a multiple zero of p(o, ik).

Obviously, p(o,A) = 0 if and only if

(10.9.2) (ca+A)(ob+A) =igc(o(a+b)+2A), & =—-1,1,

i.e.,with A =ik

(109.3) o=- a+b \/a b)2(k? —2¢,ck) + c*(a+b)?
7 ) b 20 ! '

Hence p(o,ik) has a multiple zero if and only if o satisfies (10.9.2) for &, = —1
and g, = 1 or if (a — b)*(k? — 2¢,ck) +c*(a+b)* =0.

The first case occurs if and only if both sides of (10.9.2) are zero, which is
satisfied if and only if c =0and k=0ora=band ¢ = -—i%, k € Z. We observe
that

p(0,0) = ®p*0* + ?o*(a+ b)?
= 6X(a*h*c? + c*(a+b)?).
Hence, if a+ b # 0, then 6 = 0 is a double zero for k = 0. But

A= (N AN __1 12‘12 0 0 I, -l
o=\ )=73\1 )\ 2x)\L 1

shows that A, is diagonalizable since .4 is diagonalizable, and O is a double
eigenvalue of A;. Thus Y (27) — Y (0) for o = 0 and k = 0 has defect 2, and
therefore o = 0 has no associated functions if a+ b # 0.
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If a+b =0, then o = 0 has algebraic multiplicity 4, but Y (27) — Y(0) is
similar to

diag(0,0,exp(4nic) — 1,exp(4mic) — 1),
which has geometric multiplicity 4 if ¢ = % i.e., p=1+/3, and geometric multi-
plicity 2 for all other p > 0. As a+ b = 0 occurs if and only if @ = 0, it follows
that for & = 0 and p # +/3 there are associated functions.
Now leta=b,i.e.,  =0. Then
p(0,ik) = (6a+ik)* + 4c*(ca + ik)?
= (ca+ik)*((ca+ ik)? + 4c?),

l.e.,0 = —ig is a double zero. But, for a = b,

k _ [kt A
_’2A1+A0"‘( N —ik12+./V>

_ (L L\ (~ik, 0 L -1
T o2\-4 L)\ 0 —ikbL+24)\L, I,

and it clearly follows that ¥ (27) — ¥ (0) has defect (at least) 2. Hence the algebraic
and geometric multiplicities coincide.

If (a— b)*(k? — 2¢,ck) + c*(a+ b)? = 0, we have already covered the case
a+b=0and k=0. Fora+b =0, it remains the case k = 2¢,c, i€, c= % and
k =¢,. Then

p(o,ik) = p(c,ig,) = (6a+ie,)*(~ca+ig)? — 1
=(a*0?~ 1)2~ 1
=a’c*(a®c? -2).

Again, 0 = 0 is a double eigenvalue, and we have already seen above that in
this case the geometric multiplicity is at least 2. Hence there are no associated
functions in this case.

Finally, for a+b # 0, (a — b)?(k? — 2¢,ck) + c*(a+ b)? = 0 can only be sat-
isfiedifk=¢,1i.¢e,

(@—b)*(1-2¢) +c*(a+b)2 =0

or

ﬁ 2
(10.9.4) A+ (1-2¢) <&> =0.
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Since 0 < ¢ < 1, it is easy to see that this case occurs if and only if || > |«|. From
(10.9.3) we obtain that ¢ = —i %el (1 —c¢), and therefore, after some straightfor-
ward calculations,

2 2
- 1-2
p(o,A) = <7L2 —2ide, 11 _ 1 +2c‘) +4c? <-—i£1 ¢ +/l> .

-C 1-c¢

In case £ = | the four solutions A of p(c,A) =0 are i, i(1 — 12%20), i(1- T2—C“E)’
i{(2c — 1), and only one of them belongs to iZ (note that % < ¢ < 1dueto (10.9.4)).
Hence o is an eigenvalue of algebraic multiplicity 2 and geometric multiplicity 1,
and associated vectors occur.

To summarize, we have shown that in case § = 0 there are associated func-
tions if and only if |o| < |B].



Appendix A

EXPONENTIAL SUMS

A.1. The convex hull of sums of complex numbers

Let n € N\ {0}. We consider sets &,,..., %, C C with the property that, for
each j € {1,...,n}, 0 € &; and there is a number ¢; € &; such that ¢; # 0 and

P C 0,c;. We set
n

(A.11) é”:={sz:zje<@j,j:l,...,n}.
j=1

Let & be the convex hull of &.

Obviously, there is a natural number m with 1 < m < n such that the points
of #,,..., P, lie on m different lines g,,...,8n with 0 € g; (j=1,...,m). We
have g; = Re'?i, where we may assume without loss of generality that 0 < @, <
;< <@u<m ForleZ\ {0} and j€{l,....m} weset @, . .:=@+Ix
and g, := g, Then ¢ < @, and ¢, ,, = ¢, + 7 hold for all k € Z. For j € Z
we set

c,€R, e
Then
e_i‘pfaj+”l <0< e'i‘pfaj.
Since there is at least one k € {1,...,n} with ¢, € g;\ {0}, we have a

a; #0. Hence a;, , —a; #0.
For j € 7Z we set

Jj+m 76 0 or

n
&l ::{ Z zk:zkeﬁk,k:L...,n}.
k=1

ckEgj

Note that a =a; and EItm = &iforall j€Z.

J+2m

441
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PROPOSITION A.1.1. For each j € Z we have & C &, and the line segment
a;,a,,, isthe convex hull of &. Let 7 € 0,¢; (k=1,...,n;¢, € g;) and

Then

A12 - _
( ) % {0 ifc, € R_e'i.

Proof. Let j € Z. The statement &/ C & is obvious since 0 € &, for all k €

{1,...,n}.

From g; = Re'%; we immediately infer

n n

= J = J
a= Y c¢eé& ad a,,= ) e
k=1 k=1
ck€R+e‘¢i ckER_e"pf
Hence a;;a;,, is a subset of the convex hull of & .,

Now let z € &/. Then there are z, € &, (k= 1,...,n; ¢, € g;) such that

n
=Y %

k=1

CL€8;
For ¢, € R, " we have e7%iz, € [0,e7%¢,] and for ¢, € R_e'% = R, %itm we
have e7*%iz, € [e7'%ic,,0] since &, C 0,c,. Hence

n n
—ip, —iQ, —iQ; —iQ; —ip;
.S Y 0o Y e <o,
k=1 k=1
c€R_ e ¢ ER, e’

58, and z=a; if and only if (A.1.2) holds.  [J

PROPOSITION A.1.2. The convex hull & of & is

n
P = Zaj,aj+m.
=

which proves z € @

Proof. The definitions of & and &/ immediately yield
m
£=Y &
j=1
Hence

m
cvé = Z cvE,
=1
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where cv denotes the convex hull. An application of Proposition A.1.1 completes
the proof. O

For j € Z we set
j+m—1

Z a, €6.
Note thatb;  —b;=a; ., —a; #0. The definition of the q, yields
_1+m 1 n

Z L oo

cveR e‘Pk

Since ¢, € R, ¢'% holds for some k € {j,..., j+m—1}ifand only if arg c, — @, €
[0, r)mod(27), we obtain the representation

n

(A.1.3) b= Y cy.
0,<urBey

THEOREM A.1.3. i) & is a convex polygon with 2m vertices, the set of the vertices
of P is

E=1{b;:j= 1,...,2m},

and the boundary of & is
2m

0P = Jb;b;,,-
j=1

ii) Let j € {1,...,2m}, 7, €0,c, (k=1,...,n) and z = ):zk Thenz €b;,b, | if
and only ifforall1 € {j+1,.. ,]+m—l}andallk€{1 .,n} withc, €g,
e ife eRiEY,
%= {0 ifc, € R_e
iii) The representation of b; (j = 1,...,2m) as an element of & is unique.

Proof. Form =1 we have & = &, b, =a, and b, = a,. In this case the assertion
of Theorem A.1.3 follows from Proposition A.1.1.
Now let m > 2. i) We set

H;:={zeC:3((z=bj)(b;,, —b))) 20} (j=1,...,2m)

and
2m

H:= ﬂHj.

j=1
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We assert that

(A.1.4) P =H

and
2m

(A.15) 0% =Jb,,b,,.
j=1

First we shall prove that
(A.1.6) &CH ;

holds for j =1,...,2m. For this let j € {1,...,2m} and z € &. Then there are
7, € &, (k=1,...,n) such that

n j+m—1 n
z=Y)5=Y Y z.
€8

For !l € Z we set

k=1
€8
Then d, € &' and
J+m—1
(A.17) z= ) d,
=)
Since d, € a;;a,;, by Proposition A.1.1, (d, — a,)e™*%+n > 0. Hence
j+m—1
(A.1.8) (2=0,)(b;1—b)) = Z (d,—a)a;,—a))
=
Jj+m—1 . )
= IZ Id[ — al|e“pl+m|aj+m — ajle_’(pﬂ-m'
=j

From Citm < Prym < Pym+tmforl=j+1,...,j+m—1 we infer that
S((z—bj)m) >0 and

(A.1.9) S((z—bj)m):Oc)Vle{j+1,...,j+m—l}dl:al.
This proves (A.1.6). Thus we obtain

(A.1.10) P CH

since H, is a convex set for each j=1,...,2m.
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Now we shall prove that

2m

(A.1.1D oH = Ub

j+1

Since H is closed, z € dH holds if and only if 7€ H and z € c?Hj for at least one
J€{1,...,2m}. From (A.1.10) we infer b; € H for j € Z. The convexity of H

implies b,,b . , ,b +1 CHfor j=1,...,2m. Since the boundary of H ; is the straight
line consisting of those complex numbers z for which 3 {(z— b (b —b ])) =0,
we obtain b;,b; | C dH, for j=1,...,2m. This proves

2m
OHD | Jb,,b,
j=1
Conversely, let z € dH. Then there is a j € {1,...,2m} such that z € 8Hj. Since
dH is a straight line with bj,b;.) € dH thereisat € Rwithz=(1-1)b; +
lbj+1- Then

(e=b, )by —by ) =(1=1)(b; = b, ) (b1 — b))
=(1=0)a;—a;,le¥a; —a;, . le P

We have 0 < ¢, | — ¢; < 7 because of m > 2. Then

P~ Piymr = (91— @) -7

j+]

implies
2L Q= Py < T
Wehavea; #a;,,,a; 1 #a;,,,,and3((z=b,,,)(b;;, —b;,,)) > Osince z €
H;, . A comparison of the imaginary parts of the above equation yields 1 —¢ > 0.
Analogously we consider
(Z—bj)(bj_bj—l) =t(bj+l _bj)(bj _bj 1)

= tla}. |e 1+m|a e—i¢j+m~l .

j+m aj+n1~1 |

Because of
(2=b))(bj=b;_)=(z—b;_)(bj—b,_|) —(b;=b;_,)(b;—b,_;)
we have

S((z=b)(b;—b;_))) =S((z=b;_)(b;—b,_|)) >0

j
sincez€ H,_,. From0< @, -, <Ta;#a,,and a;, ,#a;., ,we

infer t > 0. Thus ¢ € [0, 1] which implies z € b, bj+1 This proves (A.1.11).
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Let r := max{|b;| : j = 1,...,2m} and U := {z € C: |¢| > r}. Since H,
is a half-plane, we have U ¢ H, and hence U ¢ H. From (A.1.11) we know
UNJH = 0. Hence the set U N H has no boundary point in U. Since U is con-
nected, U N H = 0. This proves that H is bounded and hence compact.

Now we shall prove that

(A.1.12) HC .

Assume that (A.1.12) is false. Then there is a number z;, € H\ 2. Fort € R we
set t(t) =175+ (1 —1)c,. Since a(0) = ¢, € # and (1) =z, ¢ &, the convexity
of & implies that

(A.1.13) {tzg+ (1 —1)c,:t 2 1}NF =0.
On the other hand the compactness of H implies
7o € {tzg+(1—t)c,:t > 1} ¢ H.

Hence there is a r > 1 with z 1= 75+ (1 —t)c;, € dH. According to (A.1.13),
z ¢ &. This is a contradiction since (A.1.11) yields dH C &. Now (A.1.10),
(A.1.11) and (A.1.12) prove (A.1.4) and (A.1.5).

Since &2 = H is the intersection of 2m half-spaces, & is a convex polygon.
The representation (A.1.5) of the boundary of &2 immediately implies that &C
{b;:j=1,....,2m}. For j€ {l,...,2m} and k € {j +2,..., j+m} we have

k+m—1 j+m—1

k-1
b= Y =Y a.,+ Y a
i=k Iy =k

The summand for / = j+ 1 on the right hand side is a;, 1. AS @}, # @y,
we infer from (A.1.9) that b, does not lie on the straight line through the points b,
andb; . Forke {j+m+1,...,j+2m— 1} we have

k+m—1 k—m—1 Jj+m—1

k—1
be=Y =Y a,= Y a+ Y .
1=k l=k—m I=j I=k—m

The summand for / = j+m — 1 on the right hand side is a;_y. As a;_; # Ayt
we infer from (A.1.9) that b, does not lie on the straight line through the points
b;and b, . We have proved that no three points of {b,,...,b,,} lie on a straight
line. This proves that each b, is a vertex of L.
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ii) Let z, € 0,¢; and z = Z z;- Then, by (A.1.9), zeb b, if and only if

(A.1.14) Z 3, =q
Ckggl

forl = j+1,...,j+m— 1. The application of the last statement of Proposition
(A.1.1) completes the proof of ii).
iii) If in ii) additionally z = b, then (A.1.8) and (A.1.9) yield that (A.1.14) also
holds for [ = j. Again by Proposition A.1.1 we infer that all z, (k=1,...,n) are
uniquely determined by z=b;. [
COROLLARY A.1.4. Forall j€ {1,...,2m} we have

b b NE=b;—a;+ &7

n
Proof. Let z € &. Then we have the representation z = Y 7z, , where 7, € &, C
k=1

0,c, ,¢;- From Theorem A.1.3ii) we infer that z € b i N & if and only if

j+m 1 n
= ) Z ot Z %
I=j+1 k=1
c,€R, &% Ck€8,
n
k=1
€8
From the definition of &/ we immediately infer that z € b.b.., i ] .41 N¢& if and only if
ZEbj—aj+<o‘"j. O
REMARK A.1.5. Since b, —b;=a;,,—a;andb; , ,—b;  =a;—a;, for

j=1,...,m, the line segments bj,ij and b
have the length |a;,, —a;l.

4 Ojmyr AT parallel to g; and
J+m
PROPOSITION A.1.6. Assume in addition that for each j € {1,...,n} the points
0 and c; are no accumulation points of &,. Then for each j € {1,...,2m} the set

ENb b

has no accumulation point in b »b; 41

Pyl
Proof. First we shall prove for each j € {1,...,n} that the point a ; 18 no accumu-
lation point of &7. For this let (z,),.y be a sequence in &/ such that 7, — a; as

k — co. Then there are z, ; € &, such that

n
4= Z i
=1

€/€8;
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Since every term on the right hand side of

n

n
e (g ~a;)= Z (e7iz, , —e™"%ic)) + Z e iz
=1 =1
CIEIR+ &% c,eR_ s

is nonpositive, z, — a; as k — oo implies z,, — ¢, if ¢, € R, ¢'% and z, ) — 0 if
c, € R_e'% as k — 0. Since 0 and ¢, are no accumulation points of £, we have
zy,=c if ¢, € R e and z;, = 0 if ¢, € R_e"% for sufficiently large k. Hence
2, = a; if k is sufficiently large. This proves that a jisan isolated point of &7.
Now let (z;),.n be a sequence in & such that z; — z as k — oo for some

Z€E bj’bj+1' According to (A.1.7) we write

Jj+m—1

) dy,-
I=j

SinceE'S((z—l9j)(ijrl —bj)) =0, we have‘:S((zk—bj)(bj+1 —bj)) — 0 as k — co.
Each term on the right hand side of (A.1.8) has a non-negative imaginary part.
Thus (A.1.8) yields d, , = a, fork —ooand [ = j+1,..., j+m~ 1. The first part
of the proof gives d ,Y =gq, forl = j+1,...,j+m~—1if k is sufficiently large.
Hence zk € b 14y if kis sufficiently large by Theorem A.1.31i). This proves that
&\ b has no accumulation point in b by O

Now we consider a special case. Let

W, = exp(27rij—;1) (jezZ),

c;=0;, &;:={0,c;} (j=1,...,n). For a finite subset 6 of Z let
6w :=) o,
j€8
Then
E={0w:0C{l,...,n}}.
For j € Z and r € N we set
6] == {j,j+1,....j+r—1}.

For 6 C {1,...,n} and 8 C Z we write 8 ~ 8 if #0 = #0 and if for each ¥ € 0
there is a ¥ € 8 such that § — O € nZ.
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THEOREM A.1.7. 1) Let n be even. Then the set of the vertices of & is
é = {egw:je {1,...,n}}.

Let 0 C {1,...,n}. Then 6w € 0 if and only if 8 ~ 6/ for some numbers
re{5- 1,’2’,;+1}and16{1 .1}
ii) Let n be odd. Then the set of the vertices of & is

E={6lw:re {5} je{l,...,n}}.

. . - I
Let© C{1,...,n}. Then 0w € .2 if and only if @ ~ 6] for some r € {251, 21}
and j€{l,...,n}.

Proof. i) In this case, m = 4 and @, = 2L for j € Z. Obviously,

a;=w; (j=1,...,2m).
Since
b, _Zwk-—efw (j=1,...,2m),
keel

Theorem A.1.3 yields the representation of &
Let 8 C {l,...,n}andset ¥, =1ifk€ @and ¥, =0ifke {1,...,n}\6.

Then
n
w=Y 0.
k=1

According to Theorem A.1.3, 6w € JP if and only if there is a number j €
{1,...,n} such thatforall /€ {j+1,...,j+m—1} wehave ¥, = 1 if k € [4-2mZ
and ¥, =0 if k € [ +m+2mZ. This holds if and only if there is a set 6 C
{Jj,--nj+2m—1} with 6/t! € 8 C 9,{&1 and 0w = @w. This proves part i)
because of
i+1 a +1 j+1
o/t coce, «be{o 0,600/ 1,

9”“ ~ 9’ and 6”“ ~ 9,} _q-

11) In this case, m = n and ¢;= =L for J € Z. Obviously,

@i =0 (j=1,...,m),

and
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For j=1,...,m we have
2j4m=2 JHEE—
_ — .Y
by = Y 4= ) 0=6,0
k=2j~1 k=j 2
and
2j+m—1 jHoH -1
— j+1
b2j - Z ak Z a)k - 6m 1
k=2j k=j+1

Theorem A.1.3 yields the representation of &.

By Corollary A.1.4 we have b;,b,, | NE =b;—a;+ & for je {1,...,2m}.
Since #&7 = 2, we obtain b b]Jrl N& ={b;,b;,,}. Hence 8w € dF N & for
6 C {1,...,n} if and only if 90) b, forsome j € {1,...,2m}. Theorem A.1.3 iii)
and the above representation of b; complete the proof. 0O

A.2. Estimates of exponential sums

Let Q be an unbounded subset of C. Since we are interested in estimates for large
A € Q, we may assume for simplicity that |A| > 1 for A € Q. Fora: Q — C and
a € C we write as in Section 2.7

= [d]
if
dA)—a—0 as A — oo

Forve Rand A € C\ {0} let AY = exp(vlogA), where log is the principal value
of the logarithm, i.e. the inverse of exp : R+i(—m,n] = C\ {0}. ForveN, A"
is the v-th power of A. For A € C\ {0} we have

arg(—A) :=S(log(—=A)) =mw+argA if argA <0,
arg(—A) = —m+argA if argA > 0.
Hence
(=A)Y =(-1)"AY if argA <0,
(=A)Y =(-1)7YAY if argA > 0.

Let .4 be a countable set with at least two elements, ¢ ;€ C be pairwise
different and b, : Q@ — Cfor j € .#". Suppose that

(A.2.1) sup{[c;|: j € A} <eoo.
We assume that for all j € A4 there are a ; € Cand v; € R such that
(A22) bi(A) =A"laj],
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sup{V;:j€ A} <os,

(A.2.3) Z la;| < e,
jeN
and
(A2.4) e(A):=Y lgA) <o, €(A) =0 (A — o),
JEN
where
(A.2.5) 81.(1) = l“’fbj(l) —a; (JeAN).
The function D : Q — C defined by
(A.2.6) =Y b;(A)exp(c;d)  (AeQ)
jeAN

is called an exponential sum. The estimate
|b;(A)exp(c;A)| < |A] (la,] + le;(A)]) exp{le;Al},

the boundedness of the set of the ¢; and the set of the v;, and the assumptions
(A.2.3) and (A.2.4) prove that the exponential sum (A.2.6) is absolutely conver-
gent.

In this section we shall estimate exponential sums. We start with a special
case and shall generalize it step by step.

Let K = R or K = C. We equip K* with the Euclidean norm. For x € K* and
6>0,

Ks(x) = {ye K :|y- x| <, 6}
denotes the open (closed) ball with centre x and radlus 6. Then the boundary
IK5(x) of (E)a (x) is given by
OKs(x) ={y e Kt : [y—x| = &}.
For two subsets A and B of K* we define
d(A,B) :=inf{|x—y| : x € A,y € B},

where d(A,B) = o if A= 0 or B=0. For A = {x} we write d(x,B) instead of
d({x},B).

For a countable nonempty set .4 let

L(AN) = {(xj)je/ ec?: Z x| <oo}.

JEN
It is well-known that /,(.4#") is a Banach space if it is equipped with the norm
x|y == Z |x | <oo(x= (xj)je,/V € L, (A)).

j A
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For B > 0 let
Tp(A) = {(x;);cr €C” :Vje N x| <B}.

We equip IT5(.#") with the product topology on C-*". Since .#" is countable, this
topology is metrizable, see e.g. [HO, p.118]. For x = (x;) ;4 € (/") and
y= (yj)jew € Iz(4") the complex number
(A.2.7) m(x,y) ;= Z Xy
jeN
is well-defined.
PROPOSITION A.2.1. m: [ (A) x Hg(A") = C is continuous.
Proof. Letx",x € ,(A),y",y € Ig(A") (n € N) with lim x* =x and li_gn yr=y.
n—yoo n—»o0
Let A, C 4 be finite and A| := .4\ .4,. The estimate
Im(x",y") = m(x,y)| < |m(x" = x,Y")| + |m(x,y" = y)|
B —x|, +2B ), v+ ) xlhi -yl
JeM jet
yields
limsup [m(<",y") ~m(x,)| <28 ¥ [x;.
n—yroo je‘/V]
From
inf{ Y 5 M CH NN\ ﬁnite} =0
je,
we infer lim m(x",y") = m(x,y). Since [, (#") x I1z(.#") is metrizable as a prod-
n—yoo
uct of metrizable spaces, the continuity of m is proved. Ul

PROPOSITION A.2.2. Let U C K be unbounded, A a countable nonempty set,
f= (fj)jew U =1 (AN)and g = (gj)je/ :U — CY. Suppose that g satisfies
sup{|g;(t)| : 1 € U, j € A"} < o0 and one of the following two conditions holds:
i) there is an element f(o0) € I, (A) such that f(t) — f(e0) in 1, (A") as |t] — oo,
and g(t) — 0 as |t| — oo forall j € N,
ii) | f(t)}, = Oas |t| — oo.
Then
(A.2.8) Y fi0)g;(t) =0 ast| = ce.

jeNs
Proof. We set B:=sup{|g;(t)|:t €U, j€ .#}. Theng(t) € Ix(A) forallr € U.
If 1) is fulfilled, then g(r) — 0 as |t| — o0 in TIz(.4"). In this case, (A.2.8) follows
from Proposition A.2.1. If ii) is fulfilled, then (A.2.8) follows from
Y f,0g,0| <BIF@),. O

JEAN
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PROPOSITION A.2.3. We consider the exponential sum (A.2.6)

Zb expcl)

JEAN

where ¢c; € R (j € A'). Assume that there are &, B € N such that cq <0, cg 20,
ca <¢; < ¢ (je ¥ \{a,B}) ag #0, ag # 0. Assume that there is a number
d € R such that v; = dc, for all j € /. Then there are numbers M > 0, K, > 0,
and g, > 0 such that for all . € Q satisfying |A| > K, and |R(A)+dlog|A|| > M
the estimate

ID(A)] > g
holds.

Proof. The definition (A.2.5) of the ¢ ; yields

lag' A Ve exp(—coA)D(A) — 1|
£q(A) N a;+€;(4)

dg ag

<

AYimveexp{(c; —ca)A}

jeA\{a}

<l F (la+ ) explle, —cal (R(A) + g 2))-
@ jeA\{a}

Applying Proposition A.2.2i)to ¥ |a;|exp{(c; —cq)t} (t < 0) and Propo-
jeA\{a}
sition A2.21)to ¥ |g;(A)|exp{(c; —cq)(R(A) +dlog|A|)} we obtain that

jer\{a}
there are numbers M, > 0 and K, > 0 such that for all A € Q with |A| > K, and
R(A) +dlog|A| < —M, the estimate

laz' Ao exp(~caA)D(A) — 1] < %

holds. This yields
ID(A)| > |ag|exp{ca(R(A) +dlog|A])} (1~ |ag' A~ = exp(=cqA)D(A) — 1)

, laa]
- 2
We apply this result to
D(-2) = ¥ ((=1)"(a, +&,(~2)A%exp(~c,2) (A €Q, argh <0),
jeN

D(=A)= Y ((=1)7Vi(a;+¢;(=A)))A%exp(—c;A) (A €Q,argd >0),

jeN
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and obtain that there are M, > 0 and K, > 0 such that for all A € Q with |A| > K,
and —R(A) —dlog|A| < —M, the estimate

|aﬂ|
D) >

holds. Then the statement of the proposition follows with M := max{M,M,},
K, =max{K,K,} and g, := min{]az—“|, !—Z‘ﬂ} O

PROPOSITION A.2.4. Let S C C be compact and V be a compact topological
space. Let f: 8 xV — C be continuous. Suppose that for all x € V the func-
tion f(-,x) is holomorphic in the interior S of S and not identically zero in any
nonempty open subset of S. For x € V and 6 > 0 we set

(A.2.9) N(x,6) :={z€S: f(z,x) =0,d(z,dS) > &},

(A.2.10) S(x,8) :={z€ S:d(z,N(x,8)) > 8,d(z,05) > 20}.

Then for each 8 > 0 there are numbers g,(8) > 0 and 1(6) > 0 such that

i)y #N(x,0) <I(6) forallxeV;

i) | f(z,x)] > g,(0) forall x € V and z € S(x,5).

Proof. i) Let § > 0 and set S := {z € S:d(z,0S) > 8}. Letx € V. The set
N(x):={z€S: f(z,x) = 0}

is a discrete subset of S since f (+,x) is holomorphic in § and not identically zero
in any nonempty open subset of S. Thus for each z € § C § there is a number
g > 0 such that K (z) C $ and f({,x) # 0 for all { € K, \ {z}. S is a closed
subset of the compact set S and hence Sis compact. Thus there is a finite number
of elements z,,...,z i in S such that

J
SC U Kszv (zv)-
v=1

Since the sets K, (zv) are compact,

j
g:(y) :== maX{If(z,y) — (%) :z€ | 9K, (Zv)} (yev)

v=1

defines a continuous function g, : V — R_. From g.(x) = 0 and f(z,x) # 0 for
allz € 8K8:v (zy) (v=1,...,/) we infer that there is a neighbourhood V, C V of x
such that

j
gx(y) < min {If(z,x)\ rze |J oK, (Zv)}

v=1
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for all y € V,. ROUCHE’s theorem yields that for each v = 1,..., j the number of
the zeros of f(-,y) in EEZV (zy) counted according to their multiplicities does not
depend on y. Hence there is a natural number n(x, §) such that #N(y, 8) < n(x,d)
for all y € V,. Since the set V is compact, it can be covered by a finite number of
neighbourhoods V,. (i = 1,...,s) having this property. Now i) holds with /(5) :=
max{n(x;,8) :i=1...,s}.

ii) Let 8 > 0. Set

Sg = U S(x,08) x {x}.
xeV

We are going to show that § x V' \ S is an open subset of S x V. Then S is a closed
subset of the compact set § x V. Hence S is compact. Since f is continuous on
$xV D §5 and nonzero on S, the number

8(0) :=min{|f(z,%)| : (z,%) € S5}

is well-defined and positive if S5 # 0.
To prove the openness of S x V' \ S5 choose some (z,x) € S x V'\ S5. Then
7 ¢ S(x,0). If d(z,dS) < 24, then

d(Z,08) <|7 — 7| +d(z,0S) < 28

holds for all (/,x’) € S x V such that |/ — z] <26 —d(z,dS). Hence (z,x) belongs
to the interior of S x V'\ §;.

If d(z,dS) > 26, then d(z,N(x,8)) < 8. There exists z, € N(x, ) such that
|z—2zo] < 8. Let 0 < &' < 8 —|z—z|. From d(z,0S) > 26 we obtain K, (z,) C S
and from i) we know that z, is an isolated zero of f(-,x). Hence there are numbers
0 < 8, < & and € > 0 such that |f({,x)| > € holds for all { € 8K5] (zy). From

the continuity of f and the compactness of dK; (zy) C S we infer that there is a
1

neighbourhood V, of x in V such that [f({,y) — f({,x)| < € forall y € V, and
{ edk 5, (zy). ROUCHE’s theorem vyields that for all y € V, the number of the

zeros of f(-,y)in K 5, (z,), counted according to their multiplicities, is equal to the
number of the zeros of f(-,x) in K 5, (zy)- Since f(zq,x) =0, for each y € V, there
is a number z, € K 5 (z) such that f(z,,y) = 0. The estimate

d(zy,98) > d(z,05) — |7y — 25| — |2g— 2| > 28 — 8, — |zg—2| > 6
yields z, € N(y,8). For ({,y) € K —s, (z) x V, we infer
1§ =2y 18—z + 12— zg] +12y — 29| < &' = 8 +|z2— 20| + 8, <.

This proves (Kj_5(2) x Vy) NSs = 0. Hence (z,x) belongs to the interior of
1
SxV\Ss. O
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COROLLARY A.2.5. Let M,M >0, N be a countable nonempty set, a; € G
c,;ER(jeAN), L laj <o a,BeSN, ag #0, aB;éO, ca 0, ¢5 20,
JEAN

ca <c;<cp (je A\ {a,B})

§:={z€C:|R(2)| <M,|3(2)| <M},

S:={z€C:|R()| <M+1,|3()| <M +1},

V:=[0,2x]".
Define f: SxV — C by

fle) = X ajexplix;)exple ),
jeN

where (z,x) € SxV and x = (xj)jeA/' Then there are a natural number [,, for

each 8 > 0 a number g,(8) > 0, and, for each x € V, 1, balls in S with radius &
such that for all z € S outside of these balls the estimate

(A.2.11) |f(z,%)] > go(5)
holds.

Proof. The sets S C C and, by TIHONOV’S theorem, V are compact, where V
is endowed with the product topology. For each x € V, f(-,x) is the restriction
to S of an exponential sum of the form (A.2.6). In this case, the exponential
sum is an entire function since, on compact sets, it is the uniform limit of entire
functions. Because of a,exp(ixy) # 0 and ag exp(ixﬁ) # 0 this entire function
is not identically zero by Proposition A.2.3. For j € .4 we define the function
g;:8xV = Cby g;(z,x) = exp(ix;) exp(c;z). Then the function g; is continuous
and |g(z,x)| < exp{max{cﬁ,—ca}(M+ 1)} =B. Thusg:=(g;);c s : SXV =
IT,(#) is continuous. Obviously, f(z,x) = m(a,g(z,x)), where m is given by
(A2.7)and a = (aj)je/' The continuity of m proved in Proposition A.2.1 yields
that f is continuous. Hence the assumptions of Proposition A.2.4 are fulfilled.
Take /(1) from Proposition A.2.4 and set [, := l(%)

Now let 0 < § < § and x € V. Let N(x, §) and S(x, 8) be given by (A.2.9) and
(A.2.10). We assert

(A.2.12) S(x,8)NS={z€S:d(z,N(x,1)) > 5}.

For the proof of (A.2.12) let z € S(x,0) NS. The relation N(x,8) D N(x, )
is obvious and d(z,N(x,8)) > & is clear from the definition of S(x,5). Hence
d(z,N(x,3)) > 8. Conversely let z € S with d(z,N(x, 1)) > 6. From |R(z)| <M
and |3(z)] < M we infer d(z,0S) > 1 > 28. For { € N(x,8) \N(x,%) we have
d({,9S) < 3 and hence |z — {| > d(z,05) —d({,dS) > 1. This proves

d(z,N(x,8)) = min{d(z,N(x, %)),d(z,N(x,E) \N(x, %))} > 9.
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According to (A.2.12), S(x,6) N S is the complement in § of at most [, balls
with radius 6 since #N(x, %) < I, by definition of /; and Propsition A.2.4. For
o< % the corollary now follows from Proposition A.2.4. For é > % it obviously
holds with g,(8) =gy(3). O

PROPOSITION A.2.6. We consider the exponential sum (A.2.6)

Z b, (A)exp(c;A),

jewN
where b (1) = AVila}] according to (A.2.2)«(A.2.5), v, €R c; €R (j € N),
o,BeN, a4 #0, a5#0 0=1cq <c;<cg (jEJV\{a [3} Assume that
there is a number d E R such that v; = dc; for all j € N Then there are a
natural number 1, for each 6 > O numbers K(8) > 0 and g(8) > 0, and for all
R > K(98) there are I balls of radius & such that forall A € QwithR<|A|<R+1
outside of these balls the estimate

ID(A)] = &()

holds.

Proof. From Proposition A.2.3 we know that there are numbers K, > 0, M > 0,
and g, > 0 such that the estimate |[D(4)| > g, holds for A € Q satisfying |A| > K|,
and |R(A) +dlog|A|| > M.

We set M := |d|7+ 1 and define S, S, V, and f as in Corollary A.2.5. Then
the assumptions of Corollary A.2.5 are fulfilled. We take /; from Corollary A.2.5
and set [ := 2/, . Because of (lo—g(rgl)—)i
that for all R > K| the estimates

— 0 (r — oo) there is a number K, > K|, such

(A.2.13) 2R -3~ (M+1+|d|log(R+2))* >0
and

(A2.14) R > 8(M+3+|d|(log(2R) + )
hold.

Now let > 0 and choose go(g) according to Corollary A.2.5. Because of
(A.2.4) there is a K(8) > max{K,2} such that for all A € Q with |A| > K(J) the
estimate

(A.2.15) Y le;(A)|exple;M) < 3g(3)
JEN

holds. We set g(8) := min{%g0 (2),g,} and

2
Z a; AViexp(c A
jeN
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We shall show that for all R > K(8) there are at most [ balls of radius 6 such that
forall A in

Wi={A€Q:R<|A| <R+1,[R(A) +dlog|A|| < M}

outside of these balls the estimate

(A.2.16) IDo(2)] 2 g4($)
holds. Then for these A4 the estimates (A.2.15) and (A.2.16) imply that
‘ ) bj(A)exp(c;A)| > |[Dy(A)] - Z le;(A)exp{c;(A +dlogA)}|
jeN .4
> Dg(A) = X le;(R)]exp(ec;M) > 5g(3),
jeEN

which proves the statement of the proposition.
For the proof of (A.2.16) we set

W = {A e W:03(A) >0},

where o € {1,—1}. Because of W = W UW;"! it is sufficient to prove that for all
R > K(06) and o € {1,—1} there are at most /, balls of radius & such that for all
A € W outside of these balls the estimate [D(4)] > gO( ) holds. We set

WE ={A€Q:R—1<|A| <R+2,|R(A) +dlog|A|| <M +1,063(1) > 0}.
For A € C\ {0} we set
h°(A):= A +dlogA —ioR

and assert

(A.2.17) KO(WE)CS, hO(WZ)CS,
(A.2.18) WP C K, (ioR),
(A.2.19) h® is injectivedon K, (ioR),
(A.2.20) S CHo(Kq (iO'I;)).

For the proof of (A.2.17) let A € W? (r=0,1). From
(A.2.21) [R(RC(A))| = |R(A) +dlog|A|| <M+
and (A.2.13) we obtain
IS(A) = A = [RA)P > (R—r)2 = (M +r+]|d|log(R+r+1))°
=(R—r—1)24+ (2R-2r— 1 — (M+r+|d|log(R+r+1))?)
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This estimate, 63(A) > 0and 63(1) <|A| <R+r+1imply
(A.2.22) —r—1-|d|x <o3(A) - |d|[t—R< 03(h° (1))
<0o3(A)—R+|d|n <r+1+|d|n.

The estimates (A.2.21) and (A.2.22) prove (A.2.17).
For the proof of (A.2.18) let A € WF. Then

|R(A)| < |R(A) +dlog|A||+ |d|log|A| < M+ 1+]|d|log(R+2)
and, by (A.2.22),
-2<03(A)-R<2.
These estimates and (A.2.14) yield

R
|A —ioR| < M+3+|d|log(R+2) < 7

For the proof of (A.2.19) let A € K (ioR). The function A +— A — A, has
Ky
exactly one simple zero in K, (ioR). For A € dK,(ioR) we obtain because of
2 7
1Al 12] > £ >1,063(1) >0, 63(4y) >0, and (A.2.14) that
|dlog A — dlogAy| < |d|(|log|A| - log|Ay|| + 7)
R

<|d|(log(2R) + 7) < 7< |A —ioR| —|Ay—ioR|

S =l
According to ROUCHE’s theorem, the mapping

A A +dlogh — (Ay+dlogA,)

has exactly one zero in K (ioR). Hence there is exactly one A € K;(ioR) such
that : i

h®(A) = Ay +dlog Ay, — ioR = h%(A4,).
This proves (A.2.19).

For the proof of (A.2.20) let z € S. The definition of S, M = |d|m+ 1 and
(A.2.14) yield

R
(A.2.23) |2 <|RE@[+ S| SM+3+]|d|n < 3

Hence the function A — A —z - ioR has exactly one zero in K (ioR). For
4
A € 9K, (ioR) we obtain from 2R > |A| > ’23 > 1,(A.2.14), and (A.2.23) that
4

R
[d1og 2] < |d](log|] + ) < ld](log(2R) +7) < ¢
<|A —ioR|—|z] < |A —z—iOR|.
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An application of ROUCHE’s theorem yields an element A € K, (ioR) such that
4
A+dlogh —z—ioR = 0. Hence
z=A+dlogA —ioR=h°(A) € h° (K, (ioR)).
4

This completes the proof of (A.2.17)-(A.2.20).
By (A.2.19), the inverse function hJ of h"]KR (ioR) 18 well-defined. For j € A
)

we define k; € Z by
2mk; < Rc;0 < 2m(k; +1).
We set
x;=Rc;0 =21k, x:= (x;) ic_y-
For A € W we obtain
Dy(A) = Y ajexp{c;(A +dlogl)}
JEAN
= ) a;explioc R)exp{c;h°(A)}
JEN
= Z a;exp(ix;)exp{c;h°(1)}
JEN
= f(h(A),x),
where f is the function defined in Corollary A.2.5. By Corollary A.2.5 there are
I, balls K (z) (z; € S;i=1,...,1,) such that the estimate | f(z,x)| > go( ) holds

forz € §\ U K;(z;). Let A € W\ U Kg(h7(z;)). Then A = h{ (h°(1)) because

of (A.2. 17) and (A.2.20), and (A.2. 18) yields A € K, (lO'R) Since S is convex,

we obtain for i = 1,...,/, with the aid of the mean value theorem, (A.2.20), and
(A.2.14) that

& =7 (2) =[BT (h®(A)) = AT (z))] < sup [A7"(E)[[A° (A) — 2]

Les
sup | IR (A) — 2] € — = hO(A) — 2
.§€K (iory | h' (&) b 1_31Ri! ’
<o)~

Hence
[h% (A )—ZI>—|/1 i (z,)] >

Nlo«;

From (A.2.17) we infer h®(4) € §\ U Ké (z;). Then Corollary A.2.5 yields

i=

IDo(A)] = | f(h®(A),x)] > go(3). DO
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DEFINITION A.2.7. We consider an exponential sum of the form (A.2.6) with the
representation (A.2.2) of the b;. Let M, M C N, where #.4 > 2 and A is a
finite subset of .#. The pair (#,.#') is called weakly regular if the following
properties hold:
i) there are o, 3 € .# such that for all j € ./ there is a number 7 € [0, 1} such
that ¢; = Tcg + (1 — ‘L')cﬁ, i.e., the line segment o, Cj s the convex hull of the
set {c;:j€ A},
ii) for all j € .# there are j,, j, € .#' and a number 7 € [0, 1] such that

c;=1c; + (1-17)c; and v;< v, + (1- r)vjz;

iii) if j € .#' for a triple {}, j,, j,} which fulfils ii), then j € {j,, j,}.

If (A ,.#") is weakly regular, then condition i) implies that the convex hull
of . is a line segment whose endpoints belong to .#" by ii).

Condition ii) says that those j € .# which do not have a representation
c;=1Tc; + (1- r)cj2 with ji, j, € A', 7€ (0,1) and v, < v; +(1 - ﬂ:)vj2
must belong to .#’. For in this case we have T =0 or T = 1, and the only rep-
resentation fulfilling 1i) is the trivial one with ¢; = ¢ jore=c; which implies
j=he€Motj=jeM.

REMARK A.2.8. For j, j, j, € # suchthatc; € N and j & {j,, j,} the fol-
lowing conditions are equivalent:
1) There is a number 7 € (0, 1) such that

¢c;=1c; +(1— r)cj2 and v; <tV + (1 - r)vjz;

i ViT VY < Vi, V), :
|Cj_cj]| |Cj2—cj1|
V.— V. V. — V.
iii) L ho h T
'Cj_cj]| |Cj2—Cj[

Proof. The equivalence of i) and ii) immediately follows from

¢;=Tc; +(1 ——”L’)cj2 ¢ = (1 ~‘L')(cj2 _le)

and
v, <TV; + (1- r)vj2 & Vv;-v; < (1-7)(v;, - le)‘
In the same way, the equivalence of i) and iii) immediately follows from

c;=1c; +(1 —’r)cj2 @T(cj—cjl) =(1 —‘c)(cj2 —cj)

and

v, <y +(1- r)vj2 & T(v; - le) <(l1 —1:)(ij -v;). O
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Now we deduce a method how to construct a set .#" such that (.#,.#")
is weakly regular. By Definition A.2.71) the existence of o, € .# such that
{cj cjeEM} C Ca>Cp is necessary. We set ¥, := & and .#,, := .# and assume
that the set of real numbers

V. — Vg
{lc—j_T’ 3j€//{0\{')’0}}
J a

has a maximum d. Further we assume that the set

|Cj - Cq V,— Vg

L je )\ {y}, t——=d

|C[3_Ca| o\ |Cj—ca|
has a maximum ¢,. Then there is a (unique) ¥, € 4 so that ¢y —cq| =1, \cﬁ —Cql
and vy, — Vg = d|cy, —cq|. Obviously, each element j € .4 with |c; — cq| <
lcy, — cal has a representation of the form ii) with j, = & and j, =7,. If 1; <1,
then we repeat this procedure with the set

My ={j€ My:|c;—cqol 2 t1|cﬁ —cql}-

Then we obtain an element ¥, € .# if the corresponding maxima exist. We
proceed in this way and assume that we can construct ¥,,%,,... Further we assume
that 3, = B for some n € N. Then .#" := {Y,,..., .} fulfils the conditions i) and
ii). Furthermore, it is easy to see that iii) holds. For if ii) holds with {7"1 , %2,%3} C

A" and i, < i, < i;, we would have

Vi, " Vr, Ve T Yy,

|Cy,-l - Cyizi |Cy,-3 Oy |
by Remark A.2.8. By the definition of Y1 WE have

v'yi] - v'ylz V'yi2+1 - v'ylz

ley, =y | ™ ley —ex |

From Ic},il — C,,i2| = ICY.-] — oy | + |CY.-2+1 - C%2| we then immediately infer

("x-, - "7.-2+1)|Cx-1 ‘Cx-z] - (Vxl - Vn2)|"7.»1 “%H’

= (v = vy ey —ey 1= vy, = vy dley, =y [0,

2
which proves

Vi, " Ve Y Yy
|C7"1 B Cy"z+1I 'CY‘H B CY‘z
By induction we obtain
A T i A e

ey, —en ol ey —ep | T ey — ey
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From Remark A.2.8 we infer

Vy. — V. Vy — Vy
% Y- ¥, Y-

ki

A B

1
which contradicts the definition of 3, . [

One can show that the existence of the maxima and the finiteness of the pro-

cedure are necessary for the existence of a weakly regular pair (.#,.#"). Further-
more, .#" is unique if it exists. Obviously, the above method is possible if Z is
finite. Hence we obtain
REMARK A.2.9. Assume that . is finite and that the points {c; : j € ./} lie on
a straight line. Then there is a subset .4’ of .# such that (#,.#") is weakly
regular.
REMARK A.2.10. Let D(A) be an exponential sum with the representation (A.2.2)
of the b,. Let M C A be such that the convex hull of . is a line segment,
the endpoints of which we denote by ¢, and Cg- Assume that on .# the v; do
not depend on j, i.e., there is a v € R such that v, = v for all j € .#. Then
(A ,{a,B}) is weakly regular.

Proof. Since v; = tv; + (1- 'L')vj2 holds for all j, j,,j, € 4 and T € [0,1], we
can take j, = & and j, = B in the representation ii) of Definition A.2.7. U
PROPOSITION A.2.11. We consider the exponential sum (A.2.6)
D(A)= Y bj(A)exp(c;A),
jeN

where b;(A) = AVi [aj] according to (A.2.2)-(A2.5), v;€R ¢; R, (jeN),
i = 0, Vi, = 0 for some j, € A'. Assume that there is a finite subset /' of N
such that (N, N") is weakly regular and that a; # 0 for all j € N, Then there
are a natural number 1 > 0, for each 8 > 0 numbers K(8) > 0 and g(d) > 0,

and for all R > K(8) there are | balls of radius & such that for all A € Q with
R <|A| < R+ 1 outside of these balls we have the estimate

ID(A)] = g(9).

Proof. Since .4 is finite, we may assume without loss of generality that there
is some k € N\ {0} such that 4" ={0,...,k} and 0 =¢; < ¢, <---<¢,. For
Kk=1,...,k we set

de = Ve 7 Ve
Cx = Cr_y
By condition iii) of Definition A.2.7 we obtain for each x = 1,...,k — 1 that there

isa 7 € (0,1) such that

ce=TC_ +(1-They, and ve>Tv,_ +(1-T)v .
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Hence, by Remark A.2.8,

Ve —V 1% -V
(A224)  de=——r15 "l g

Ck—C Crq1 — Cx

e (k=1 k=),

Kk—1

The definition of dy yields for k|, K, € {0,... ,k} such that k; < K, that

) 5
Vi, = Vi, = Z (Vk = V) = Z di(ck —Cy)-
K=K, +1 Kk=K;+1
With the aid of (A.2.24) we infer for k|, k, € {0,...,k} such that k; < K, that
(A.2.25) dx,(cx, —Cx,) < Vi, = Vi, < d,clJr](c,c2 —Cx,)-

Let je 4\ A" Thenthereare k € {1,...,k}, K, & € {0,...,k},and 7,r € (0, 1)
such that

(A.2.26) c;=TCe 1+ (1 —-7)cy,
(A.2.28) V; <tvg + (1 —t)v,%.

Here we may assume that k; < k,. Obviously, kK; < K —1 and x < k,. We shall
show that

(A.2.29) V, STV H(I = T)ve =1V

The number v} is unique since k and 7 are uniquely determined by c;. From
(A.2.26) and (A.2.27) we infer
c;j—cx  log+ (1 —t)c,c)_ —cx

T= =
Cx—1 ~Ck Cr-1

t{ex —cx,) + (1 =t)(cx —cx,)

_CK‘

Cx = Cx

With the aid of (A.2.28), (A.2.25) and (A.2.24) we calculate
V; St H (L= 1) vy
=1(vi, — Vi) + (1 = 1) (Vi, — Vic) + Vi
< tdK(CK, —cx)+ (1 - [)dx+1(cxz — )+ Vx

Vi —

< :::ll{t(c»q—Cx)+(1—’)(%_c'<)}+v"

Cyx —
=TV, + (1 - 1)V,
!
If v; <vj, then

bi(A) = A {Ai[a,]} = AV [0].
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For each j € .4 we have the representation

bi(A) = AYi(d; +€(A)),

J
if v, < VJ'~. The estimate (A.2.3) obviously remains true with a’j instead of a;. We

have
=) g < Y (gl +1g;A)]) <
JEAN JEAN
since |AYi™Vi| = [A|%Yi < 1 for [A] > 1. We set x;(A) = A|YYiifv < v; and
x;(A)=0if v;=v}. Thenx;(A) — 0 as |A| — oo for all j € .#. Proposition
A.2.2i) yields

I o — _ _ g v;=V,
where d’, = a;and €, = ¢, if v; = v, and @, = O and €;(A) = A"/~ (a; +£j(l))

L M1 X lalsd)+e() =0 asd e
JE.

jEN
Hence we can suppose that v, = v

If k = 1, then the assumptions of Proposition A.2.6 hold with d = —L Thus,

for k = 1, Proposition A.2.11 is an immediate consequence of Proposmon A.2.6.
Now let k > 2. Let k € {1,...,k} and j € A such that ¢; € [c,_y, k], 1€,
¢; = T¢,e_y + (1 = T)c for some 7 € [0,1]. From v; = V) we infer

(A.2.30) vj—vx_l:d,((cj—cx_l) if cje[c,(_l,c,c].

For k = 1,...,k— 1 we choose t, € R with dy. > 1, > d, | and set
VIi={A2eQ: A > 1, R(A)+1tloglA| >0} (x=1,...,k=1),
Vi ={AeQ: A > 1, R(A)+1clogA] <0} (x=1,...,k=1),

V=V,
V=V NVe (k=2,...k—1),
V= thl.

For k € {1,...,k} let
He={j€N e <c; <kt
c={J€N 1, <c )
F={ieN o> e}
For A € Q and j € Ay such that j ¢ {-K‘, K—1}orA ¢ Veletef(A):=¢€,(4). For
A €V, we set

Ex_1(A) =€ (A)+ Z bj(/l)/‘t‘vr-'exp{cjl—CK_I)L}

JEN
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and
ex(2) :=&(A)+ Y b;(A)A Y exp{c;,A —cxA}.
jeAsr
We shall prove that for x = 1,...,k the functions D* : V. — C defined by

(A231) DX(1):= Y (a;+€f(A)AY " 1exp{(c;—cr1)A} (A E€Vy)
JeM

fulfil the assumptions of Proposition A.2.6. By (A.2.30), the equation v Y =

dy(c; —c,_,) holds for each j € 4. Since, by assumption, a,._, # 0 and ax # 0,

J
we have to prove that

Z |ef(A) =0 (A€ Vg, A — o),

JeA
which obviously holds if
Y b, (A)Aerexp{c,A —c, 1A} =0 (A€ Vi, A — )

JeH
and
Z |bj{)..)l_"'exp{cjl —cxA} 20 (A €V, A o)
JENE
are fulfilled. As, by (A.2.3)~(A.2.5), (bj(l)l_vf)ﬁ__m — (aj)j&d,: in [, (&)
as A — oo, this follows from Proposition A.2.21) and

(A.2.32) AViTVe-rexp{ed —c A} =0o(1)  (je M, A€V))
(A.2.33) AirVeexp{c;d —cd} =o(l)  (je M A€ V)

for those k = 2,...,kin (A.232) and k = 1,...,k— 1 in (A.2.33), respectively,
for which V;‘___I or Vo are unbounded. We have to prove (A.2.32) and (A.2.33).
First we consider (A.2.32). Let j € .4, . Then there is a number k' < Kk — 1

such that c; € [¢r—+¢y)- From (A.2.30), the definition of d,._, , and (A.2.24) we
infer

K—1
(A.2.34) ViV g =Vi=VYu t+ Y. (V= W)

1=K’

K—1

=dK.r(C'j _CK"—-l}+ gc,dl(fl_l “'Cl)

K—1

< d,;_i(fj _Cr) Uk ; Idr—l(ct—l —¢)
1=K+

=dx—l(cj —Cxy)-
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For j€ .4 and A € V} | we thus obtain

A rexp{c;A — | A} = exp{(c; — e, )JR(A) + (v, = V() log |A]}
=exp{(c; —c, )R A) +1,._ log|A])}x
xexp{( Vi= Vi) = te_i(c; =) log|A]}
<exp{(dye_; — 1, 1)(6,—% 1) log|Al}.
Since (d,._, — tK_l)(cj —¢_y) <0, (A.2.32) is proved.

Now we consider (A.2.33). Let j € 4, t. Then there is a number kK’ > x such
that c; € (c,(,~1,c,(,]. From (A.2.30), the definition of d,., and (A.2.24) we infer

Vi=Ve=V,—Va_ + Y (Vvi-v,_y)
1=x+1
K—1
=dy(cj=co_y) + Z di(c,—c,_y)
1=Kk+1
K-1
Sdeilcj—co )+ Y depylei—cy)
1=x+1

For j € 4 and A € V7 we thus obtain
MV,-—Vxexp{cjl —cch}] = exp{(cj —c)R(A) + (Vj — Vi) log|A[}
= exp{(cj =) (R(A) +tclog|A|) }exp { ((Vj - Vi) — trc(cj - Cx)) log M’I}
<exp{(dy;, - trc)(cj —cx)log|A[}.
Since (dy, | —tx)(c; —cx) <0, (A.2.33) is proved.
Hence we can apply Proposition A.2.6 to D if V,. is unbounded. For these
K let I, Ki(8) > 1 and g(0) be the numbers from the assertion of Proposition

A.2.6 for D¥. For K such that V, is bounded let [, := 0, K, :=sup{|A|: A € Vi }
and g,(8) :=1. We set

k k
=Y b K(8) =maxKy(8), g(8) = ming(5).
k=1 K=

k=1

Let § > 0 and R > K(8). Then there are [ balls of radius & such that for all

k ={l,...,k} and all A € Y with R < |A| < R+ 1 outside of these balls the
estimate

(A.2.35) ID¥(A)| > g(8)
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holds.-Let 4 € Q with R < |4] < R+ 1 outside of these balls. Then [A] > 1 and
one and only one of the following inequalities holds:
R({A)
=
loglA] =
1, < X(2) < -t
1= Jogja] < 7
R(4)
—t < —.
1~ log|A]|
Hence there is a unique x € {1,... ,k} with A € V,.. The definition (A.2.31) yields

D(A)= Y b(A)A Vs 1exp{(c, — c,_)A}

(k=2,....k—1),

je

+ Z bi(A)A™e-rexp{(c; —c,_)A}
jed

+ Y b (M)A exp{(c; = ex) A AT exp{(cx — o)A}
jery

= A" Verexp{—c, ,A}D(R).
If K >2and j =0, the estimate (A.2.34) yields 0 < v, _, —d
Vie C VI | we conclude
R(A)+ v, _,logl|A|
= ¢ (R(A) +d_  log|A]) + (Vie_y = dy_1c_y) log]A]
> ¢ (R(A)+1,._,log|A]) > 0.
Hence |AY«-1exp{c,_,A}| > 1 holds since it is trivial in case k¥ = 1 because of

Vy = ¢y = 0. Finally the estimate (A.2.35) yields
ID(A)] = [A"-rexp{c,_|A}[ID*(A)] 2 g(8). O

«—1Cx_1- Because of

Cx-1

K—1

We now consider a general exponential sum (A.2.6) and set
&:={c;:je N}

Let & be the convex hull of &. If & is a convex polygon, then there are a number
s

S and line segments P (s = 1,...,S) such that %2 = |J P;, where the endpoints
s=1

of P, are the vertices of 4. Let
N={j€N ic; € P} (s=1,...,5).

DEFINITION A.2.12. The exponential sum (A.2.6) with the representation (A.2.2)
of the b, is called weakly regular if the following three conditions hold:

i) £ is a convex polygon;

ii) for each s € {1,...,S} there is a finite subset .# of 45 such that (A, #) is



A.2. Estimates of exponential sums 469

weakly regular in the sense of Definition A.2.7;
iii) For all s € {1,...,S} the set

&={c;:jE N\ A v, >min{vc: K€ N, cx € LNE}}
has no accumulation point in F;.
We denote the set of the vertices of & by & and define

N
M= U///s
s=1

and
(A.2.36) &i={c;:jeM}.

Since the endpoints of P; belong to .#, we have Ecé.

REMARK A.2.13. Let D(A) be an exponential sum with the representation (A.2.2)
of the b;. Assume that the v; do not depend on j, i.e., there is a number v € R
such that v; = v forall j € 4.

Then /t\he exponential sum is weakly regular if & is a convex polygon. In this case
E=2&.

Proof. We have to show that the conditions ii) and iii) of Definition A.2.12 are
fulfilled. For each s € {1,...,S} the line segment F; is the convex hull of 4;. The
condition ii) of Definition A.2.12 is fulfilled in view of Remark A.2.10, where .
is the set of the endpoints of the line segment P;. The condition iii) of Definition
A.2.12 holds trivially since the sets &; are empty. Fmally, since the endpoints of
the line segments P; are vertices of &2, we obtain Ecé O

THEOREM A.2.14. On an unbounded subset Q of C we consider the exponential
sum (A.2.6)

Z b;(A)exp(c;A) (AeQ)

JEAN
fulfilling (A.2.1)~(A.2.5), where b;(A) = A" [aj v;€R a;€C c; € C. Assume
that the exponential sum is weakly regular in the sense of Definition A.2.12 and
that a; # 0 for all j € M, i e, a; #£0 ife; € &. Then the following assertions
hold:
i) For all A € C\ {0} there is a number c(1) € & such that for all ¢ € P the
estimate R((c — c(A))A) < 0 holds.
ii) There are a positive integer | and for each & > 0 numbers K(6) > 0 and
g(8) > 0 satisfying the following property: for each R > K(0) there are | balls of
radius & such that for all A € Q with R < || < R+ 1 outside of these balls the
estimate

AT WD(A) exp{—c(A)A} = ()

holds, where V(A1) := v, if c(A) = ¢;.
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Proof. For simplicity of notation we may assume that & = {cy,...,cg}, where
P=¢,_,¢ (s=1,...,5;, ¢y := ¢g). Note that in case & is a line segment, i.e.,
S = 2, the sets P, = ¢5,¢; and P, = ¢, ¢, coincide. For A € C\ {0} we set
(A.2.37) d(X) := max{R(cA) : c € &},

which exists since & is compact. Since & is the convex hull of the set of its
vertices, there is a number s(A) € {1,...,S} such that 9((0:(1)).) =d(A). Hence
i) follows from (A.2.37) with ¢(1) = C5a) -

ii) Let (s,a) € LSJ {s} x (AN &) =: Q. Then there are B(s,a), (s, @) € & and

s=1
t(s,) € {1,...,5}\ {s} such that P, = e, B (s, &) and Ps )y =% (s, @). Clearly,
t(s,0t) =s+1ore(s,a) =s— 1, where Py := Pgand P, := P,. For (s, ) € Q set
Ve = {A € C\ {0} : () = d(A), K((B(s, )~ @)R) > K((¥(s, @) - 0)2) }.
For (s,0) € Qand A € V; , we assert
(A.2.38) R((c—a)A) <0 (cePR),
(A.2.39) R((c—a)A) <0 (ce P\F).

Let (s,a) € Q and A € V, 4. For each c € & we have R((c — a)A) < 0 by defi-
nition of V; o and d(A). This proves (A.2.38). Now let c € &\ P;. In this case,
S > 2. Assume that (A.2.39) does not hold for this c. Then R((c — a)A) =0.
By (A.2.37), & lies on one side of the line through the points ¢ and ¢. Hence
¢, 0 C 9, which proves c € PUP, . Weinfer c € F, ., \ {a} because of
c € #\ P;. Then (s, ) lies on the line through ¢ and ¢, and R((c — a)A) =0
implies R ((y(s, &) — a)A) = 0. Hence, by definition of Vis.ay

0> R((B(s,a) =)L) > R((y(s,@) —x)A) =0.

This implies that ¢ lies on the line through B (s, o) and y(s, &), which contradicts
the fact that « is a vertex of &2. Here we have to note that B(s, &) # ¥(s, &) since
S > 2. Hence the assumption is false and (A.2.39) is proved.
For (s,a) € O we set
Qsa:=QNVsq.

Let (s,ct) € Q. Since « is an endpoint of P, there is a @, o € [0,27) such that
e""’-"‘“(cj —a) > 0for je A\ {j(s,a)}, where o = Cis) FOTJ € AN\{Jj(s, o)}
and z € W, o := e™ P Q , we set sjs.’“(z) = sj(ei‘Pf-“z). For z € W, o, we set

£ (@ =g g (@®er)+ Y by(ePaz)(eaz) T exp{(c; — a)e' Pz
JENNA
and
D; o (z) = (aj + Sj‘a(z))(ei‘ps-“z)vf"vi(.v-a> exp{(cj —)e'Paz).

JEA;
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We assert that

(A.2.40) sj.esaa)(z) =0 asz—ooinW 4.

Since (a; +8j(7t))j€/\% - (aj)jeﬂ\/ﬁ. in (A \ A;) as |A]| — oo by (A.2.3)
and (A.2.4), this will follow from Proposition A.2.2 if we show that

(A.2.41) sup{|AY Vit exp{(c;, —~@)A}: A € Q54, [A] 2 1, jEAN\ A} <00
and, for all j € A"\ A,
(A.2.42) AV Visa exp{(c; —a)A} = 0as A € Q4 and |A] — co.

Since the function d given by (A.2.37) is continuous, the set {1 € V; o : |A]| = 1}
is compact. From condition iii) of Definition A.2.12 we infer that the closure &
of &; is a compact subset of &\ P, . Hence (A.2.39) implies

(A.2.43) sup{R{(c—a)A): A €V, q,|A] =1} =i N5, <0 (c€ P\PF),
(A244) sup{R((c— L) : A €V, g, |A| =1,c €&} =N 0 <O
Setv:= sup{vj : j € A}, From (A.2.39) and (A.2.44) we infer that
sup{|1" " iw exp{(c; - @)A} 1 A € Qqq, Al =1 r 2 1, jE N\ A}
< sup{1,r Viso exp(Ny qr) 1 r > 1} < oo,
This proves (A.2.41). Finally, (A.2.43) implies
2 ks exp{(c; — @) )] < |4 0so) exp{My e, A1)

forall j € A\ A;and A €V, o, which proves (A.2.42).

Hence all mappings D; o ((s, ) € Q) fulfil the assumptions of Proposition
A.2.11 if Q4 is unbounded. For these (s, ) choose the numbers [ o, K; o(6)
and g; o (0) according to Proposition A.2.11. If Q; , is bounded, we set [; o 1= 0,
K o(0) :=sup{|A]: A € Q; 4} and g, o(F) := 1. We set

l:= Z ls.cr

(s,a)eQ
K(6) := max{K;4(8): (s,a) € 0},
g(6) :=min{g;«(8) : (s, @) € O}
Now let 6 > 0 and R > K(6). Then for each (s,ot) € Q there are numbers
la .
2} .oy 20e € Cso that for all 7 € W, o with R < |¢] < R+1 and minfz—z/ o[ > &
3 ]: b
the estimate
(A.2.45) 1Ds,a(2)| 2> 85,a(8)
holds according to Proposition A.2.11.
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Now let 4 € Q with R < |A| <R+ 1and |2 —e%azl | > 8 forall (s,a) € O
and 1 < j <l 4. Let & = c(4). Then there are s,s, € {1,...,5} and &, @, € E
such that P, = O, @, and P, = @, 0,. We may assume that R((a; — @)4) >
R((a, — a)A) and set s :=s,. Then B(s, ) = @, ¥(5,0) = @&y, L € V4, and
a=csora=c,_;. Hence e ¥sa ) € W, 4,

€792 2 o) = [ = Pzl | > 8

for j=1,...,l 4, and

Dyo(e™™®A) =Y, (a,-+8,~(/1))/1“f‘v(“exp{(c,~ —c(A))A}
JEA
+ ¥ b(A0)A"Mexp{(c; —c(1))A}
jE./V\/V
= A" Wexp{—c(A)A}D(A)
From (A.2.45) we infer
A"V exp{—c(MA}D(A)| = |Ds.o(e”%a2)| > g(8). O

THEOREM A.2.15. On an unbounded subset Q of C we consider the exponential
sum (A.2.6)

Z b, (A)exp(c;A) (A €Q)

JEAN
fulfilling (A.2.1)~(A.2.5), where b;(A) = Aila;l, v;€R a; €C ¢; € C. Assume
that the exponential sum is weakly regular in the sense of Definition A.2.12 and
that a; # O for all j € M, ie a;#F0ifc; € &. Then there is an increasing
sequence (pv)y=, of positive real numbers wzth Py — % as vV — o and a number
€ > 0 such that for all ve N and all A € Q with |A| = py there is a number
c(A) € & such that

R((c—c(A)A) <0 forall ceP

and

AT RID(A) expl ~c(A)A}] > e,
where V(A) ==V, ifc(A) =c;.
Proof. The assumptions of this theorem are the same as in Theorem A.2.14.
Hence the assertion of Theorem A.2.14 holds. Take ! from Theorem A.2.14,
choose 6 > 0 such that 2/ < 1 and take K(5) and g(6) > 0 from Theorem A.2.14.
Let R, = K(8) + v. Since 218 < 1, there is a number p, € (Ry,Ry, + 1) such that
{A € C: |A| = py} does not intersect any of the [ balls of radius & from the as-
sertion of Theorem A.2.14. Hence the desired estimate follows from Theorem
A2.14withe=g(6). O
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REMARK A.2.16. The two estimates in Theorem A.2.15 yield
A~ D(A)exp{~cA}| > €
forallc € &, where v:=min{v;: j€ A, ¢, € £},

A.3. Improved estimates for exponential sums

In this section we consider an exponential sum as in Section A.2 such that there is
a number V such that v; = v for all j € .4, and such that

€;(1) = 0(7p(2))

J
forall j € .4, where 1 < p < e and 7, is a function of the form
(A3.1) 7,(A) = m’a;&(l +[R(AeT)|))~IH1P,

q:
for some numbers 0 < x, < x, < -+ < X, < 27. Here the numbers ¢ and %, might
be different in different formulas. We also assume that 22 is a convex polygon,

that the vertices of &2, i.e., the elements of & , are no accumulation points of &,
and that the points in d & are no accumulation points of &\ d Z.

Then, in Proposition A.2.3, d = 0, and we obtain the estimates
(ag! +O(7p(A))) exp(—cad) if R(A) < —M,

_l__
(A3.2) D(A) —{@?+0UMM»“N—%M ifR(A) > M,

for some M > 0.
Indeed, as in the proof of Proposition A.2.3, we have

lag1 exp(—cqA)D(A4) — 1|

< lsa(}i),+|aal_l Z (|aj|-+-|£j(l)|)exp{(cj—ca)%(l)}
je\a}

lag
—0(5,(1)) IfR(A) <0

Since Sup ;¢ 4\ ¢ a}(c j~€a) > 0. Also, from the proof of Proposition A.2.3 we

<

know that this term is less or equal to 1 if ®(4) < —M, . Then the stated estimate
follows for A with negative real part. The proof for A with positive real part is
analogous.

We can also substitute the estimate of D(A) in Proposition A.2.6 by the esti-
mate

(A3.3) D(A)! = {(a;l +0(1y(4))) exp(—cqd) if R(A) <0,

(a[;1 +0(15(1))) exp(—cgd) if R(A) >0,

for all A outside the balls as considered in Proposition A.2.6. In view of (A.3.2) it
suffices to consider the values of A for which |[R(A)| < M. Since D(A)exp(—cqA)
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and D(—A)exp(cﬁl) also satisfy the assumptions of Proposition A.2.6, we im-
mediately infer
D(A) ' =0(1)exp(—cqA) and D(A)'= O(I)exp(—cﬁl)
outside the balls considered in Proposition A.2.6. And for A so that [R(A)| < M,
the estimate O(1) can be written as O(7,(1)).
In this case, Proposition A.2.11 is a special case of Proposition A.2.6.

Now we are going to consider Theorem A.2.14. The set V; o defined in the

proof of that theorem is a sector. Since

lexp{{c; — a) Je'Paz}| < exp{—& o R(z)}
forz € W o and j € A"\ A, where & o > 0, we have 6‘(“ 0= =o0(1) and O(7,(1))
in W; o . Then D; o defined in the proof of Theorem A.2.14 satisfies the assump-
tions of Proposition A.2.11. Hence we infer

D(A)"'AVexp{ad} = a; o + O(7,(A))
on each sector Q; o . Thus we can formulate Theorem A.2.15 in the following
way:
THEOREM A.3.1. On an unbounded subset Q) of C we consider the exponential
sum (A.2.6)

Z b (A)exp(c;A) (A eQ)
JEAN

fulfilling (A.2.1)(A.2.5), where b (1) = Avla), vpeR a;€C ¢; € C and
(1) = O('L'p(})) for j € AN, where 1| < p < oo. Assume that & is a convex
polygon, that & is isolated in &, that the points of d & are no accumulation points
of £\ 0P, and thata; # 0 ifc; € &. Thezthereareo SH << <KX=
X +27 1, % € C\{0}, ¢y,...,¢, € &, and an increasing sequence (py)y_
of positive real numbers with p, — o as vV — oo such that

R((c—c )l) <0 forall ce?
and

D(A) ! =A"vexp{—c l}( +0(1,(1)))

hold for all v € N and all A € Q such that |A| = py and x; < argA < ¥, for
=1,

In the above theorem we have that {c,,...,¢,} = &.



Bibliography

[AD] ADAMS, R. A.: Sobolev spaces. Academic Press, New York —- San Francisco — London 1975.

[AL] ALIEV, N. A.: Expansion of matrix functions in terms of solutions of spectral problems
(Russian). Differentsial’nye Uravneniya 2 (1966), 847-852.

[ALR] ALIEV, N.A., RASULOV, M.L.: A formula for the expansion of an arbitrary matrix-
function in terms of the solution of a spectral problem (Russian). Diffentsial’nye Uravneniya
3 (1967), 941-947.

[ALM] ALIMOV, S. A.: On expandability of continuous functions from Sobolev classes into eigen-
functions of the Laplace operator (Russian). Sibirsk. Mat. Zh. 19 (1978), 721-734, Engl.
transl.: Siberian Math. J. 19 (1979), 507-517.

[AN] ANNABERDYEV, CH. O.: On multiple basicity of eigenfunctions of a certain boundary value
problem (Russian). Uspekhi Mat. Nauk 37 (1982), no. 5(227), 163~164, Engl. transl.: Russian
Math. Surveys 37 (1982), no. 5, 155-156.

[ASH] ASHUROV, R.R.: On the asymptotic estimate in L, of spectral functions of nonselfadjoint
operators (Russian). Dokl. Akad. Nauk UzSSR (1990), no. 10, 10-12.

[AT1] ATKINSON, F. V.: A spectral problem for completely continuous operators. Acta Math. Sci.
Hungar. 3 (1952), 53-60.

[AT2] ATKINSON, F. V.: Discrete and continuous boundary problems. Mathematics in Science and
Engineering, Vol. 8, Academic Press, New York - London 1964.

[ALMS] ATKINSON, F. V., LANGER, H., MENNICKEN, R., SHKALIKOV, A. A.: The essential
spectrum of some matrix operators. Math. Nachr. 167(1994), 5-22.

[AV] AVAKYAN, V.A.:. The Sturm-Liouville problem with spectral parameter in the boundary
condition (Russian). Izv. Akad. Nauk Armyan. SSR Ser. Mat. 14 (1979), 91-106.

[BAP] BABAKHANOVA, S.SH., PASHAEVA, EH. EH.: On a certain multiple eigen-function ex-
pansion of a differential operator with integral boundary conditions (Russian). Dokl. Akad.
Nauk AzSSR 38 (1982), no. 5, 26-29.

[BCH] BANERIEE, S., CHAKRAVARTY, N.K.: An eigenvalue problem associated with an n x n
matrix differential operator. Prog. Math. Allahabad 16 (1982), 67-75.

[BA1] BART, H.: Meromorphic operator valued functions. Thesis, Vrije Universiteit, Amsterdam,
Mathematical Centrwe Tracts, 44, 1973.

[BA2] BART, H.: Holomorphic relative inverses of operator valued functions. Math. Ann. 208
(1974), 179-194.

[BM] BAUER, G., MENNICKEN, R.: Stérungstheorie fiir diskrete Spekiraloperatoren. Regens-
burger Math. Schriften 10, 1983.

[BG] BAUMGARTEL, H.: Endlichdimensionale analytische Storungstheorie. Berlin 1972.

[BEL] BELOW, J. VON: Sturm-Liouville eigenvalue problems on networks. Math. Methods Appl.
Sci. 10 (1988), 383-395.

[BGP] BENEDEK, A., GUICHAL, E., PANZONE, R.: On certain non-harmonic Fourier expan-
sions of non-regular Sturm-Liouville systems. Notas de Algebra y Analisis, N° 4, Instituto de
Matemadtica, Universidad Nacional del Sur, Bahia Blanca 1974.

475



476 Bibliography

[BP1] BENEDEK, A., PANZONE, R.: Remarks on a problem in the flow of heat for a solid in
contact with a fluid. Rev. Un. Mat. Argentina 29 (1980), 120-130.

[BP2] BENEDEK, A., PANZONE, R.: On Sturm-Liouville problems with the square-root of the
eigenvalue parameter contained in the boundary conditions. Notas de Algebra y Analiysis,
N 10, Instituto de Matemdtica, Universidad Nacicnal del Sur, Bahia Blanca 1981,

[BP3] BENEDEK, A., PANZONE, R.: On the structure of the set of eigenfunctions of certain irreg-
ular boundary problems. In: E. B. Christoffel, eds. P. L. Butzer, F. Féher, Birkhiuser, Basel
1981, 401-410.

(BP4] BENEDEK, A., PANZONE, R.: Problemas de contorno para ecuaciones diferenciales or-
dinarias de segundo orden con condiciones de borde dependientes del parametro espectral.
Trabajos de Matematica, Buenos Aires 1982, 1-21.

(BE1] BENZINGER, H.: Eigenfunction expansions for n-th order non-regular boundary value prob-
lems. Ph.D. thesis, Syracuse, New York, 1967.

[BE2] BENZINGER, H.: Green’s function for ordinary differential operators. J. Differential Equa-
tions 1970, 478-496.

[BE3} BENZINGER, H.: The L? behavior of eigenfunction expansions. Trans. Amer. Math. Soc.
174 (1972), 333-344.

[BE4] BENZINGER, H.: Completeness of eigenvectors in Banach spaces. Proc. Amer. Math. Soc.
38 (1973), 319-324.

[BE5] BENZINGER, H.: A biorthogonal expansion related to the zeros of an entire function. Proc.
Amer. Math. Soc. 49 (1975), 135-142.

[BE6] BENZINGER, H.: The L? behavior of eigenfunction expansions. Indiana Univ. Math. J. 25
(1976), 691-702.

[BE7] BENZINGER, H.: The spectral analysis of Stone regular differential operators. In: Ordinary
and partial differential equations, eds.: W. N. Everitt and B. D. Sleeman, Lecture Notes in
Math. 564 (1976), 34-40.

[BE8] BENZINGER, H.: Eigenvalues of regular differential operators. Proc. Roy. Soc. Edinburgh
T9A (1977), 299-305.

[BE9] BENZINGER, H.: Pointwise and norm convergence of a class of biorthogonal expansions.
Trans. Amer. Math. Soc. 231 (1977), 259-271.

[BE10] BENZINGER, H.: Perturbation of the heat equation. J. Differential Equations 32 (1979),
398-419.

[BEZ] BEZVERKHNIJ, V. A.: Expansion into eigenfunctions of a certain differential operators in
the space of vector functions (Russian). Uspekhi Mat. Nauk 30, No. 1(181) (1975), 225-226.

[BBS] BINDING, P. A., BROWNE, P.J., SEDDIGHI, K.: Sturm-Liouville problems with eigenpa-
rameter dependent boundary conditions. Proc. Edinburgh Math. Soc. (2) 37 (1994), 57-72.

[BI1] BIRKHOFF, G. D.: On the asymptotic character of the solutions of certain linear differential
equations containing a parameter. Trans. Amer. Math. Soc. 9 (1908), 219-231.

[BI2] BIRKHOFF, G.D.: Boundary value and expansion problems of ordinary linear differential
equations. Trans. Amer. Math. Soc 9 (1908), 373-395.

[BIL] BIRKHOFF, G.D., LANGER, R.E.: The boundary problems and developments associated
with a system of ordinary differential equations of the first order. Amer. Acad. Proc. 58 (1923),
49-128.

[BLI] BLISS, G. A.: A boundary value problem for a system of ordinary linear differential equa-
tions of the first order. Trans. Amer. Math. Soc. 28 (1926), 561-584.

[BL1] BLOSHANSKAYA, S. K.: On the basis property of the system of eigenfunctions and asso-
ciated functions of a nonselfadjoint differential operator (Russian). Dokl. Akad. Nauk SSSR
252 (1980), 17-19, Engl. transl.: Soviet Math. Dokl. 21 (1980), 653-655.



Bibliography 477

[BL2] BLOSHANSKAYA, S.K.: On the basis property of systems of eigen- and associated func-
tions of a differential operator of the second order. In: Functional methods in equations of
mathematical physics, Moskva 1980, 12-15.

[BL3] BLOSHANSKAYA, S.K.: On a necessary condition for being a basis (Russian). Differ-
entsial’nye Uravneniya 17 (1981), no. 5, 778-788, 954, Engl. transl.: Differential Equations
17 (1981), 508-516.

[BL4] BLOSHANSKAYA, S. K.: On the existence of associated functions of a second-order oper-
ator (Russian). Dokl. Akad. Nauk SSSR 262 (1982), 1036-1039, Engl. transl.: Soviet Math.
Dokl. 25 (1982), 149-152.

[BOC1] BOCHER, M.: Boundary problems in one dimension. Proceedings of the fifth international
congress of mathematicians, Cambridge 1912, Cambridge University Press 1913, 163-195.

[BOC2] BOCHER, M.: Applications and generalizations of the conception of adjoint systems.
Trans. Amer. Math. Soc. 14 (1913), 403-420.

[BOU] BOUNITZKY, E.,: Sur la fonction de Green des équations différentielles linéaires ordi-
naires. J. Math. Pures Appl. VI, 5 (1909), 65-125.

[BO1] BOZHINOV, N. S.: On uniqueness and completeness theorems for expansion in eigen- and
associated functions of a nonlocal Sturm-Liouville operator on a finite interval (Russian). Dif-
ferentsialnye Uravneniya 26 (1990), No. 5, 741-753, Engl. transl.: Differential Equations 26
(1990), No. 5, 521-530.

[BO2] BozHINOV, N.S.: Sufficient conditions for the basis property, convergence and summa-
bility of the root expansion of a nonlocal Sturm-Liouville problem (Russian). Dokl. Akad.
Nauk SSSR 319 (1991), No. 5, 1042-1047, Engl. transl.: Soviet Math. Dokl. 44 (1992), No.
1, 257-262.

[BO3] BozHINOV, N. S.: On the root expansion of a nonlocal Sturm-Liouville integro-differential
operator with an integral part of Volterra type (Russian). Dokl. Akad. Nauk 335 (1994), No.
5, 549-552.

{BRA] BRAAKSMA, B.L.J.: Global reduction of linear differential systems involving a small
parameter. SIAM J. Math. Anal. 2 (1971), 149-165.

[BR1] BROWN, R.C.: The existence of the adjoint in linear differential systems with discontinu-
ous boundary conditions. Ann. Mat. Pura Appl. (IV) 94 (1972) 269-274.

[BR2] BROWN, R. C.: Adjoint domains and generalized splines. Czechoslovak Math. J. 25 (1975),
134-147.

{BR3] BROWN, R. C.: Duality theory for nth order differential operators under Stieltjes boundary
conditions. SIAM J. Math. Anal. 6 (1975), 882-900.

[BR4] BROWN, R. C.: Duality theory for N-th order differential operators under Stieltjes boundary
conditions. II: Nonsmooth coefficients and nonsingular measures. Ann. Mat. Pura Appl. (IV)
105 (1975), 141-170.

[BR5] BROWN, R.C.: Differential operators with abstract boundary conditions. Canad. J. Math.
30 (1978), 262-288.

[BR6] BROWN, R.C.: Generalized boundary value problems with abstract side conditions and
their adjoints I. Czechoslovak Math. J. 30 (1980), 7-27.

[BRGK] BROWN, R.C., GREEN, G.B., KRALL, A.M.: Eigenfunction expansions under
multipoint-integral boundary conditions. Ann. Mat. Pura Appl. (IV) 95 (1973), 231-243.
[BRK1] BROWN, R.C., KRALL, A. M.: Ordinary differential operators under Stieltjes boundary

conditions. Trans. Amer. Math. Soc. 198 (1974), 73-92.

[BRK2] BROWN, R.C., KRALL, A.M.: N-th order ordinary differential systems under Stieltjes
boundary conditions. Czechoslovak Math. J. 27 (1977), 119-131.

[BRT] BROWN, R. C., TVRDY, M.: Generalized boundary value problems with abstract side con-
ditions and their adjoints II. Czechoslovak Math. J. 31 (1981), 501-509.



478 Bibliography

[BRTV] BROWN, R.C., TVRDY, M., VEIVODA, O.: Duality theory for linear n-th order integro-
differential operators with domain in L determined by interface side conditions. Czechoslo-
vak Math. J. 32 (1982), 183-196.

[BUD1] BUDAK, A.B.: Expansions in eigenfunctions of a fourth-order differential operator with
a piecewise-constant leading coefficient (Russian). Differentsial’nye Uravneniya 16 (1980),
1545-1558, Engl. transl.: Differential Equations 16 (1981), 982-992.

[BUD2] BUDAK, A.B.: Expansions in eigenfunctions of a fourth order differential operator with
discontinuous coefficients (Russian). Differentsial’nya Uravneniya 16 (1980), 2115-2126,
Engl. transl.: Differential Equations 16 (1981), 1337-1344.

[BU] BURCKEL, R.B.: An introduction to classical complex analysis, 1. Academic Press, New
York 1979.

[CA] CARLSON, R.: Expansions associated with non-self-adjoint boundary-value problems. Proc.
Amer. Math. Soc. 73(1979), 173-179.

{CHI] CHAKRAVARTY, N. K.: Some problems in eigenfunction expansions (I). Quart. J. Math. 16
(1965), 135-150.

[CH2] CHAKRAVARTY, N.K.: Some problems in eigenfunction expansions (II). Quart. J. Math.
19 (1968), 213-224.

[CDKP] CHEN, G., DELFOUR, M., KRALL, A. M., PAYRE,G.: Modelling, stabilization and con-
trol of serially connected beams. SIAM J. Control Optim. 25 (1987), 526-546.

[COD] CODDINGTON, E. A.: Spectral theory of ordinary differential operators. Lecture Notes in
Math., 448 (1975), 1-24.

[COL] CODDINGTON, E. A., LEVINSON, N.: Theory of differential equations. McGraw-Hill,
New York — Toronto — London 1955.

[CO1] COLE, R. H.: Reduction of an n-th order differential equation and m-point boundary con-
ditions to an equivalent matrix system. Amer. J. Math. 68 (1946), 179-184.

[CO2] COLE, R.H.: The expansion problem with boundary conditions at a finite set of points.
Canad. J. Math. 13 (1961), 462-479.

[CO3] CoLE, R. H.: General boundary conditions for an ordinary linear differential system. Trans.
Amer. Math. Soc. 111 (1964), 521-550.

[CO4] COLE, R. H.: The two-point boundary problem. Amer. Math. Monthly 72 (1965), 701-711.

[CO5] COLE, R. H.: Theory of ordinary differential equations. Meredith Corp., New York 1968.

[CL] CoLLATZ, L.: Eigenwertaufgaben mit technischen Anwendungen. Leipzig 1949.

[CON] CoNwAy, J. B.: A course in functional analysis. Springer-Verlag, New York 1985.

[DAS] Das, J., SENGUPTA, P. K.: On the pointwise convergence of the eigenfunction expansion
associated with some iterated boundary value problems. Proc. Amer. Math. Soc. 98 (1986),
593-600.

[DE1] DEGUTIS, YU.EH.: Expansion in eigenfunctions and associated functions (Russian).
Litovsk. Mat. Sb. 19 (1979), no. 2, 81-86, Engl. transl.: Lithuanian Math. J. 19 (1980), 215-
218.

[DE2] DEGUTIS, YU.EH.: Expansion in eigenfunctions of a differential operator with irregu-
lar boundary conditions (Russian). Litovsk. Mat. Sb. 21 (1981), no. 4, 75-81, Engl. transl.:
Lithuanian Math. J. 21 (1981), no. 4, 313-316.

[DI] DIEUDONNE, J.: Foundations of modern analysis. 1. Academic Press, New York — London
1960.

(DLJ] DUJKSMA, A.: Eigenfunction expansions for a class of J-selfadjoint ordinary differential
operators witrh boundary conditions containing the eigenvalue parameter. Proc. Roy. Soc.
Edinburgh 86A (1980), 1-27.



Bibliography 479

[DLS1] DIIKSMA, A., LANGER, H., DE SNOO, H. S. V.: Selfadjoint I'T,.-extensions of symmetric
subspaces: an abstract approach to boundary problems with spectral parameter in the boundary
conditions. Integral Equations Operator Theory 7 (1984), 459-515.

[DLS2] DUKSMA, A., LANGER, H., DE SNOO, H.S. V.: Symmetric Sturm-Liouville operators
with eigenvalue-depending boundary conditions. Can. Math. Soc. Conference Proc. 8 (1987),
87-116.

[DLS3] DIJKSMA, A., LANGER, H., DE SNOO, H. S. V.: Hamiltonian systems with eigenvalue
depending boundary conditions. Operator Theory: Adv. Appl. 35 (1988), 37-83.

[DIN] DINCULEANU, N.: Vector measures. Pergamon Press, Oxford 1967.

[DH] DIPRIMA, R. C., HABETLER, G. J.: A completeness theorem for non-selfadjoint eigenvalue
problems in hydrodynamic stability. Arch. Rational Mech. Anal. 34 (1969), 218-227.

[DO] DOLGANOVA, S. M.: The summation of principal vector expansions in eigenvectors of cer-
tain nonselfadjoint differential operators (Russian). Differentsial’nye Uravneniya 4 (1968),
518-525, Engl. transl.: Differential Equations 4 (1968), 272-275.

[DR] DRAZIN, P.G., REID, W. H.: Hydrodynamic stability. Cambridge University Press, Cam-
bridge 1981.

[EB1] EBERHARD, W.: Das asymptotische Verhalten der Greenschen Funktion irregulirer Eigen-
wertprobleme mit zerfallenden Randbedingungen. Math. Z. 86 (1964), 45-53.

[EB2] EBERHARD, W.: Die Entwicklung nach Eigenfunktionen irreguldrer Eigenwertprobleme
mit zerfallenden Randbedingungen. Math. Z. 86 (1964), 205-214.

[EB3] EBERHARD, W.: Die Entwicklung nach Eigenfunktionen irregulérer Eigenwertprobleme
mit zerfallenden Randbedingungen. II. Math. Z. 90 (1965), 126-137.

[EB4] EBERHARD, W.: Uber nichtselbstadjungierte Eigenwertprobleme bei gewdhnlichen lin-
earen Differentialgleichungen vom Typ My = ANy. Habilitationsschrift 1969.

[EB5] EBERHARD, W.: Uber das asymptotische Verhalten von Losungen der linearen Differen-
tialgleichung M{y] = ANy fiir groBe Werte von |A|. Math. Z. 119 (1971), 160-170.

[EB6] EBERHARD, W.: Uber Eigenwerte und Eigenfunktionen einer Klasse von nichtselbstad-
jungierten Randwertproblemen. Math. Z. 119 (1971), 171-178.

[EF1] EBERHARD, W., FREILING, G.: Nicht S-hermitische Rand- und Eigenwertprobleme. Math.
Z. 133 (1973), 187-202.

[EF2] EBERHARD, W., FREILING, G.: Das Verhalten der Greenschen Matrix und der Entwick-
lungen nach Eigenfunktionen N-reguldrer Eigenwertprobleme. Math. Z. 136 (1974), 13-30.

[EF3] EBERHARD, W., FREILING, G.: Stone-regulire Eigenwertprobleme. Math. Z. 160 (1978),
139-161.

[EF4] EBERHARD, W., FREILING, G.: An expansion theorem for eigenvalue problems with sev-
eral turning points. Analysis 13 (1993), 301-308.

[EE] EDMUNDS, D.E., EVANS, W.D.: Spectral theory and differential operators. Clarendon
Press, Oxford 1987.

[EH1] EHTKIN, A. E.: Some boundary value problems with a spectral parameter in the boundary
conditions (Russian). Funktsional. Anal. i Prilozhen. 18 (1982), 138-146. Engl. transi.: Amer.
Math. Soc. Transl. Ser. 2, 136 (1987), 35-41.

[EH2] EHTKIN, A.E.: On a first order boundary value problem with a spectral parameter in the
boundary condition (Russian). Funktsional. Anal. i Prilozhen. 19 (1982), 177-190.

[EH3] EHTKIN, A. E.: Ona second order boundary value problem with a spectral parameter in the
boundary condition (Russian). Funktsional. Anal. i Prilozhen. 23 (1984), 142-153.

[EV] EVANS, W.D.: A non-self-adjoint differential operator in LZ[a,b). Quart. J. Math. (2) 21
(1970), 371-383.

[FMMM] FAIERMAN, M., MARKUS, A., MATSAEV, V., MOLLER, M.: On n-fold expansions
for ordinary differential operators. Math. Nachr. 238 (2002), 62-77.



480 Bibliography

[FO] FOLLAND, G.B.: Spectral analysis of nonself-adjoint differential operators. J. Differential
Equations 39 (1981), 151-185.

[FR1] FREILING, G.: Ein Aquikonvergenzsatz fiir eine Klasse von singuliren Differentialopera-
toren. Math. Z. 153 (1977), 255-265.

[FR2] FREILING, G.: Regulire Eigenwertprobleme mit Mehrpunkt-Integral-Randbedingungen.
Math. Z. 171 (1980), 113-131.

[FR3] FREILING, G.: Zur Vollstindigkeit des Systems der Eigenfunktionen und Hauptfunktionen
irreguldrer Operatorbiischel. Math. Z. 188 (1984), 55-68.

[FR4] FREILING, G.: Uber die mehrfache Vollstindigkeit des Systems der Eigenfunktionen und
assoziierten Funktionen irregulirer Operatorbiischel in L,[0,1]. Z. Angew. Math. Mech. 65
(1985), 336-338.

[FRS5] FREILING, G.: Boundary value problems associated with multiple roots of the characteristic
equation. Resultate Math. 11 (1987), 44-62.

[FR6] FREILING, G.: On the completeness and minimality of the derived chains of eigen- and as-
sociated functions of boundary eigenvalue problems nonlinearly dependent on the parameter.
Resultate Math. 14 (1988), 64-83.

[FR7] FREILING, G.: General boundary eigenvalue problems for systems of differential equations
with multiple roots of the characteristic equation. Proc. Roy. Soc. Edinburgh 108A (1988),
45-56.

[FR8] FREILING, G.: Multiple expansions in series of eigen- and associated functions of boundary
eigenvalue problems nonlinearly dependent on the spectral parameter. II. Resultate Math. 17
(1990), 241-255.

[FRK] FREILING, G., KAUFMANN, E.-J.: On uniform and L,-convergence of eigenfunction ex-
pansions for indefinite eigenvalue problems. Integral Equations Operator Theory 13 (1990),
193-215.

[FRR1] FREILING, G., RYKHLOV, V.: On a general class of Birkhoff-regular eigenvalue prob-
lems. Differ. Integral Equ. 8 (1995), 2157-2176.

[FRR2] FREILING, G., RYKHLOV, V.: Pointwise convergence of eigenfunction expansions for a
general class of regular eigenvalue problems. Methods Funct. Anal. Topology 3 (1997), 27-45.

[FRT] FREILING, G., TROOSHIN, I. YU.: Abel-summability of eigenfunction expansions of three-
point boundary value problems. Math. Nachr. 190 (1998), 129-148.

[FRY] FREILING, G., YURKO, V.: Expansion theorems for boundary value problems with a sin-
gularity. Analysis 18 (1998), 25-39.

[FT] FREITAS, P.: A nonlocal Sturm-Liouville eigenvalue problem. Proc. Roy. Soc. Edinburgh
124A (1994), 169-188.

[FRO] FROBENIUS, G.: Uber adjungierte lineare Differentialausdriicke. J. reine angew. Math. 85
(1878), 185-213.

[FU] FuLToN, C. T.: Two-point boundary value problems with eigenvalue parameter contained in
the boundary conditions. Proc. Roy. Soc. Edinburgh 77A (1977), 293-308.

[FUN1] FUNTAKOV, V. N.: Expansions in eigenfunctions of non-self-adjoint second-order differ-
ential equations (Russian). Differentsial’nye Uravneniya 6 (1970), 2011-2020, Engl. transl.:
Differential Equations 6 (1970), 1528-1535.

[FUN2] FUNTAKOV, V.N.: Eigenfunction expansion of a not self-adjoint Dirac operator (Rus-
sian). Spektr. Teor. Oper. 4 (1982), 199-208.

[GAK] GADIROVA, T. A., KERIMOV, T. G.: Multiple expansion by eigenfunctions of differential
operator with integral boundary conditions (Russian). Izv. Akad. Nauk Azerbaidzhan. SSR
Ser. Fiz.-Tekh. Mat. Nauk 1977 (1977), No. 1, 52-56.



Bibliography 481

[GAD] GADZHIEV, M. K.: Convergence of the Fourier series with respect to eigenfunctions of
a four-point spectral problem (Russian). In: Spectral theory of differential operators, Baku
1984, 37-39.

[GAL] GALOYAN, R. S.: On completeness of a certain system of eigen and associated functions
(Russian). Izv. Akad. Nauk Armyan. SSR Ser. Mat. 15 (1980), 310-322.

[GDZ] GAsYMoOV, M. G., DZAvADOV, M. G.: Multiple completeness of a part of the set of eigen-
functions and adjoint functions of differential operator bundles (Russian). Dokl. Akad. Nauk
SSSR 203 (1972), 521-524, Engl. transl.: Soviet Math. Dokl 13 (1972), 521-524.

[GM1] GAasYMoOV, M. G., MAGERRAMOV, A. M.: On multiple completeness of systems of eigen-
and associated functions of a class of differential operators (Russian). Dokl. Akad. Nauk
AzSSR 30 (1974), No. 3, 9-12.

[GM2] GAsYMoOV, M. G., MAGERRAMOV, A. M.: Investigation of a class of differential operator
pencils of even order (Russian). Dokl. Akad. Nauk SSSR 265 (1982), N°2 (Russian), English
transl.: Soviet Math. Dokl. 26 (1982), No. 1, 55-58.

[GKH] GERDZHIKOV, V.S., KHRISTOV, E. KH.: On expansions in products of solutions of two
Dirac systems (Russian). Mat. Zametki 28 (1980), 501-512.

[GOH] GOHBERG, I.C.: On linear operators depending analytically on a parameter (Russian).
Dokl. Akad. Nauk SSSR (N.S.) 78 (1951), 629-632.

[GGK] GOHBERG,I.C., GOLDBERG, S., KAASHOEK, M. A.: Classes of linear operators, Vol. 1.
Oper. Theory: Adv. Appl., Vol 49, Birkhduser-Verlag Basel Boston Berlin 1990.

{GKL] GOHBERG,I.C., KAASHOEK, M. A., LAY, D. C.: Spectral classification of operators and
operator functions. Bull. Amer. Math. Soc. 82 (1976), 587-589.

[GK] GOHBERG, I.C., KREIN, M. G.: Introduction to the theory of linear nonselfadjoint oper-
ators. Translations of mathematical monographs 18, American Mathematical Society, Provi-
dence 1969.

[GS] GOHBERG, 1.C., SIGAL, E.1.: An operator generalization of the logarithmic residue the-
orem and the theorem of Rouché (Russian). Mat. Sb. (N.S.) 84(126) (1971), 607-629, Engl.
transl.: Math. USSR-Sb. 13 (1971), 603-625.

[GO] GOLDBERG, S.: Unbounded linear operators. McGraw-Hill, New York 1966.

[GH1] GOLDBERG, W., HOCHSTADT, H.: On a periodic boundary value problem with only two
simple eigenvalues. J. Math. Anal. Appl. 80 (1981), 1-6.

[GH2] GOLDBERG, W., HOCHSTADT, H.: On a periodic boundary value problem with only a
finite number of simple eigenvalues. J. Math. Anal. Appl. 91 (1983), 340-351.

[GOR] GORBACHUK, M. L.: Completeness of the system of eigenfunctions and associated func-
tions of a nonself-adjoint boundary value problem for a differential operator equation of sec-
ond order (Russian). Funktsional. Anal. i Prilozhen. 7 (1973), no. 1, 68-69, Engl. transl.:
Functional Anal. Appl. 7 (1973), 58-59.

[GG] GORBACHUK, V.1., GORBACHUK, M.L.: On boundary-value problems for a first-order
differential equation with operator coefficients and the expansion in eigenfunctions of this
equation (Russian). Dokl. Akad. Nauk SSSR 208 (1973) 1286-1271, Engl. transl.: Soviet
Math. Dokl. 14 (1973), 244-248.

[GRK] GREEN, G. B., KRALL, A. M.: Linear differential systems with infinitely many boundary
points. Ann. Mat. Pura Appl. (4) 91 (1972), 53-67.

[GRO] GrROMOV, V.P.: On expansions in eigenelements of a linear operator (Russian). Dokl.
Akad. Nauk SSSR 265 (1982), 281-284, Engl. transl.: Soviet Math. Dokl. 26 (1982), 59-62.

[GUK] GUBREEV, G.M., KOVALENKO, A.l.: Tests for completeness of root subspaces of a
differentiation operator with abstract boundary conditions (Russian). Mat. Zametki 30 (1981),
543-552, Engl. transl.: Math. Notes 30 (1982), 765-770.



482 Bibliography

[GP} GupTa, P.K. S.: On the convergence of eigenfunction expansions associated with a vector-
matrix differential equation. J. Indian Inst. Sci. 60 (1978), no. 3, 89-110.

[GUR] GUREVIC, A. P.: On the expansion of a differential operator in eigenfunctions and associ-
ated functions (Russian). Trudy Molod. Ucenyh Mat. Meh. (1969), 22-27.

[GUS] GUSEINOV, I. M.: Spectral analysis of a certain class of a system of first order differential
equations (Russian). Dokl. Akad. Nauk AzSSR 38 (1982), no. 10, 13-17.

[GSE] GUSEINOV, M.M.: Double expansions in eigen- and associated functions of a non-
selfadjoint problem (Russian). Izv. Akad. Nauk Azerbaidzhan. SSR Ser. Fiz.-Tekhn. Mat.
Nauk 1974 (1974), no. 6, 50-54.

[HA] HALTINER, G.J.: The theory of linear differential systems based upon a new definition of
the adjoint. Duke Math. J. 15 (1948), 893-920.

[HLP] HARDY, G., LITTLEWOOD, J. E., POLYA, G.: Inequalities. 2nd ed., Cambridge University
Press, Cambridge 1952.

[HL1] HAUGER, W., LEONHARD, M.: Influence of the end-supports on the stability of bars. J.
Sound Vibr. 55(1) (1977), 153-156.

[HL2] HAUGER, W., LEONHARD, M.: Untersuchung zur Genauigkeit des Galerkinschen Ver-
fahrens anhand exakterKnicklasten elastischer Stéibe unter nichtkonservativer Belastung. Der
Stahlbau 6/1978, 169-174.

[HEI1} HEISECKE, G.: Rand-Eigenwertprobleme N(y) = AP(y) bei A-abhingigen Randbedin-
gungen. Mitt. Math. Sem. Gielen 145 (1980), 1-74.

[HEI2] HEISECKE, G.: Rand-Eigenwertprobleme N(y) = AP(y) bei A-abhingigen Randbedin-
gungen. Z. Angew. Math. Mech. 61 (1981), T242-T244.

[HS] HEWITT, E., STROMBERG, K.: Real and abstract analysis. Springer-Verlag, New York -
Heidelberg — Berlin 1965.

[HI1] HiLB, E.: Uber Integraldarstellungen willkiirlicher Funktionen. Math. Ann. 66 (1909), 1-
66.

[HI2] HILB, E.: Uber Reihenentwicklungen nach den Eigenfunktionen linearer Differentialgle-
ichungen 2ter Ordnung. Math. Ann. 71 (1911), 76-87.

[HI3] HiLB, E.: Uber gewthnliche Differentialgleichungen mit Singularititen und die
dazugehorigen Entwicklungen willkiirlicher Funktionen. Math. Ann. 76 (1915), 333-339.
[HT] HILLE, E., TAMARKIN, J. D.: On the summability of Fourier series. I. Trans. Amer. Math.

Soc. 34 (1932), 757-783.

[HIN} HINTON, D.B.: An expansion theorem for an eigenvalue problem with eigenvalue param-
eter in the boundary condition. Quart. J. Math. Oxford Ser. (2) 30 (1979), 33-42.

[HO1] HORMANDER, L.: Linear partial differential operators. Springer-Verlag, Berlin — Heidel-
berg — New York 1963. *

[HO2] HORMANDER, L.: The analysis of linear partial differential operators I. Springer-Verlag,
Berlin — Heidelberg — New York — Tokyo 1983.

[HO] HORVATH, J.: Topological vector spaces and distributions. Reading Mass. 1966.

[HPY] HUTSON, V., PYM, J.S.: Applications of functional analysis and operator theory. Aca-
demic Press, London 1980.

{IL1} IL’IN, V. A.: On uniform convergence of expansions in eigen and associated functions of
a non-selfadjoint ordinary differential operator and in trigonometric Fourier series (Russian).
Dokl. Akad. Nauk SSSR, 223 (1975), 548-551, Engl. transl.: Soviet Math. Dokl. 16 (1975),
932-936.

{IL2] IL’IN, V. A.: On the equiconvergence of an expansion in a trigonometric Fourier series and
the eigenfunctions of the Keldy§ pencil of ordinary nonselfadjoint differential operators (Rus-
sian). Dokl. Akad. Nauk SSSR 225 (1975), No. 3, Engl. transl.: Soviet Math. Dokl. 16 (1975),
1494-1496.



Bibliography 483

[IL3] IL’IN, V. A.: Necessary and sufficient conditions for a subsystem of the eigen- and associated
functions of a Keldys bundle of ordinary differential operators to be a basis (Russian). Dokl.
Akad. Nauk SSSR 227 (1976), 796-799, Engl. transl.: Soviet Math. Dokl. 17 (1976), 513~
516.

[IL4] IL’IN, V. A.: On the properties of a reduced system of eigenfunctions and associated func-
tions of a Keldys bundle of ordinary differential operators (Russian). Dokl. Akad. Nauk SSSR
230 (1976), 30-33, Engl. transl.: Soviet Math. Dokl. 17 (1976), 1247-1250.

[IL5} IL’IN, V. A.: On the existence of a reduced systerh of eigenfunctions and generalized
eigenfunctions for a nonselfadjoint ordinary differential operator (Russian). Trudy Mat. Inst.
Steklov 142 (1976), 148-155, Engl. transl.: Proc. Steklov Inst. Math. 142 (1979), 157-164.

[IL6] IL’IN, V. A.: Approximation of functions by biorthogonal series in the eigen- and associated
functions of differential operators. In: The theory of the approximation of functions, Proc. Int.
Conf. Collect. Artic. Kaluga 1975, 1977, 206-213.

[IL7] IL’IN, V. A.: Convergence of eigenfunction expansions at points of discontinuity of the co-
efficients of a differential operator (Russian). Mat. Zametki, 22 (1977), no. 5, 679-698, Engl.
transl.: Math. Notes 22 (1977), 870-882.

[IL8] IL’IN, V. A.: Necessary and sufficient conditions for the basis property in L,, and equicon-
vergence with a trigonometric series, of spectral decompositions and expansions in systems of
exponential functions (Russian). Dokl. Akad. Nauk SSSR 273 (1983), N° 4, 789-793, Engl.
transl.: Soviet Math. Dokl. 28 (1983), 701-705.

[IL9] IL’IN, V. A.: On the unconditional basis property for systems of eigenfunctions and asso-
ciated functions of a second-order differential operator on a closed interval (Russian). Dokl.
Akad. Nauk SSSR 273 (1983), 1048-1053, Engl. transl.: Soviet Math. Dokl. 28 (1983), 743-
747.

[IL10] IL’IN, V. A.: Necessary and sufficient conditions for the eigenvectors and associated vec-
tors of discontinuous second order operators to be Riesz bases (Russian). Differentsial’ nye
Uravneniya 22 (1986), no. 12, 2059-2071, Engl. transl.: Differential Equations 22 (1986),
1409-1419.

[IT] IL’IN, V. A., TIKHOMIROV, V. V.: Basis property of Riesz means of spectral expansions
corresponding to a nonself-adjoint ordinary differential operator of order n (Russian). Differ-
entsial’nye Uravneniya 18 (1982), no. 12, 2098-2126, Engl. transl.: Differential Equations 18
(1983), 1486-1511.

[IV] IvaNOV, S. A.: Regge problem for vector functions (Russian). Teor. Oper. Teor. Funkts. 1
(1983), 68-86.

[JW] JEGGLE, H., WENDLAND, W.: On the discrete approximation of eigenvalue problems with
holomorphic parameter dependence. Proc. Royal Soc. Edinb. 78A (1977), 1-29.

[JO] JONES, C. A.: Multiple eigenvalues and mode classification in plane Poiseuille flow. Quart.
J. Mech. Appl. Math. 41 (1988), 363-382. '

[JON] JonEs, W.R.: Differential systems with integral boundary conditions. J. Differential Equa-
tions 3 (1967), 191-202.

[KAS] KAASHOEK, M. A.: Analytic equivalence of the boundary eigenvalue operator function
and its characteristic matrix function. Integral Equations Operator Theory 9 (1986), 275-285.

[KAV] KAASHOEK, M. A., VERDUYN LUNEL, S. M.: Characteristic matrices and spectral prop-
erties of evolutionary systems. Trans. Amer. Math. Soc. 334 (1992), 479-517.

[KC] KAC, 1. S.: The multiplicity of the spectrum of a differential operator of second order and the
expansion into eigenfunctions (Russian). Izv. Akad. Nauk SSSR Ser. Mat. 27 (1963), 1081-
1112, 28 (1964), 951-952.

[KK1} KAMKE, E.: Differentialgleichungen. Losungsmethoden und Losungen. 1. Gewdhnliche
Differentialgleichungen. 5th ed., Leipzig 1956.



484 Bibliography

[KK2] KAMKE, E.: Differentialgleichungen. I. Gewthnliche Differentialgleichungen. 4th ed.,
Leipzig 1962.

[KA] KATO, T.: Perturbation theory for linear operators. 2nd ed., Springer-Verlag, Berlin — Hei-
delberg - New York 1966.

[KFF] KAUFFMAN, R.: Non-normalizable eigenfunction expansions for ordinary differential op-
erators. In: Ordinary and partial differential equations, Proc. 7th Conf., Dundee/Scotl., Lecture
Notes in Math. 964 (1982), 362-367.

[KF] KAUFMANN, F.-J.: Abgeleitete Birkhoff-Reihen bei Randeigenwertproblemen zu N(Y) =
AP(Y) mit A-abhingigen Randbedingungen. Thesis, Math.-Naturw. Fak. RWTH Aachen
1988.

[KL] KAUFMANN, F.-J., LUTHER, W.J.: Degree of convergence of Birkhoff series, direct and
inverse theorems. J. Math. Anal. Appl. 187 (1994), 156-168.

[KE1] KELDYSH, M. V.: On the eigenvalues and eigenfunctions of certain classes of nonselfad-
joint equations (Russian). Dokl. Akad. Nauk SSSR 77 (1951), 11-14.

[KE2] KELDYSH, M. V.: On the completeness of eigenfunctions of some classes of nonselfadjoint
linear equations (Russian). Uspekhi Mat. Nauk 26 (1971), 1541, Engl. transl.: Russian Math.
Surveys 26 (1971), 15-44. )

[KER] KERIMOV, N. B.: On the unconditional basis property of the system of eigenfunctions and
associated functions of a fourth order differential operator (Russian). Dokl. Akad. Nauk SSSR
286 (1986), 803-808, Engl. transl.: Soviet Math. Dokl. 33 (1986), 185-189.

[KRM] KERIMOV, YA.R.: Expansion in eigenfunctions of a nonselfadjoint differential operator.
In: Spectral theory of operators, Baku 1977, 208-241.

[KES] KESEL’MAN, G.M.: Spectral property of a perturbed Sturm-Liouville operator with non-
local boundary conditions (Russian). Differentsial’nye Uravneniya 21 (1985), 494-499, Engl.
transl.: Differential Equations 21 (1985), 336-341.

[KH1] KHROMOV, A. P.: On the summation of the expansions in eigenfunctions of the boundary
value problem for an ordinary differential equation with splitting boundary conditions and on
an analog of the Weierstrass theorem (Russian). Obyknov. Diff. Uravn. Razlozen. Rjady Fur’e
1 (1968), 29-41.

[KH2] KHROMOV, A.P.: On uniform convergence in eigenfunctions of the expansions of differ-
ential operators of second order (Russian). Differ. Uravn. vycisl. Mat. 5 (1975), no. 2, 3-20.

[KS] KHRUSHCHEYV, S. V.: The Regge problem for strings. Unconditionally convergent eigenfunc-
tion expansions, and unconditional bases of exponentials in L,(—T, T). J. Operator Theory 14
(1985), 67-85. .

{KY] KHRYPTUN, V.G.: Expansion in eigenfunctions of a linear operator (Russian). Differ-
entsial'nye Uravnenija 7 (1971), 373-375, Engl. transl.: Differential Equations 7 (1971), 291—
293.

[KN] KNESER, A.: Die Theorie der Integralgleichungen und die Darstellung willkiirlicher Funk-
tionen in der mathematischen Physik. Math. Ann. 63 (1907), 477-524.

[KOB] KOBAYASHI, M.: Eigenfunction expansions: a discontinuous version. SIAM J. Appl.
Math. 50 (1990), 910-917.

[KOC] KOCHUBEJ, A.N.: Expansions with respect to root vectors of abstract differential oper-
ators (Russian). Differentsial’'nye Uravnenija 11(1975), 1341-1342, Engl. transl. Differential
Equations 11 (1975), 1009-1010.

[KOG] KoGaN, B.L.: Double completeness of the system of eigenfunctions and associated func-
tions of the Regge problem (Russian). Funktsional. Analiz i Prilozhen. 5 (1971), no. 3, 70-74,
Engl. transl.: Functional Anal. Appl. 5 (1971), 229-232.

[KOM] KOMORNIK, V.: On the equiconvergence of expansions by Riesz bases formed by eigen-
functions of a linear differential operator of order 2. Acta Math. Hungar. 44 (1984), 311-325.



Bibliography 485

[KSH] KOSTYUCHENKO, A.G., SHKALIKOV, A. A.: Summability of eigenfunction expansions
of differential operators and convolution operators (Russian). Funktsional. Anal. i Prilozhen.
12 (1978), N° 4, 24-40, Engl. transl.: Functional Anal. Appl. 12 (1978), 262-276.

[KM] KozLov, V., MAZ YA, V.: Differential equations with operator coefficients. Springer,
Berlin 1999.

[KR1} KRALL, A.M.: Nonhomogeneous differential operators. Michigan Math. J. 12 (1965),
247-255.

[KR2] KRALL, A.M.: Differential operators and their adjoints under integral and multiple point
boundary conditions. J. Differential Equations 4 (1968), 327-336.

[KR3] KRALL, A. M.: Boundary value problems with interior point boundary conditions. Pacific
J. Math. 29 (1969), 161-166.

[KR4] KRALL, A. M.: Adjoint differential systems in inner product spaces. SIAM J. Appl. Math.
20 (1971), 40-43.

[KRS5] KRALL, A. M.: Differential-boundary operators. Trans. Amer. Math. Soc. 154 (1971), 429~
458.

[KR6] KRALL, A.M.: An eigenfunction expansion for a nonselfadjoint, interior point boundary
value problem. Trans. Amer. Math. Soc. 170 (1972), 137-147.

[KR7] KRALL, A.M.: Adjoints of multipoint-integral boundary value problems. Proc. Amer.
Math. Soc. 37 (1973), 213-216.

[KR8] KRALL, A.M.: Stieltjes differential-boundary operators. Proc. Amer. Math. Soc. 41
(1973), 80-86.

[KR9] KRALL, A.M.: Stieltjes differential-boundary operators. II. Pacific J. Math. 55 (1974),
207-218.

[KR10] KRALL, A. M.: The development of general differential and general differential-boundary
systems. Rocky Mountain J. Math. 5 (1975), 493-542.

[KR11}] KRALL, A.M.: n-th order Stieltjes differential boundary operators and Stieltjes differen-
tial boundary systems. J. Differential Equations 24 (1977), 253-267.

[KR12] KRALL, A. M.: Asymptotic stability of the Euler-Bernoulli beam with boundary control.
J. Math. Anal. Appl. 137 (1989), 288-295.

[KRR] KRALL, A. M., RACE, D.: Self-adjointness for the Weyl problem under an energy norm.
Quaestiones Math. 18 (1995), 407-426.

[KRA1] KRrRAVICKII, A. O.: Expansion in a series of eigenfunctions of a nonself-adjoint boundary
value problem (Russian). Dokl. Akad. Nauk SSSR 170 (1966), No. 6; Engl. transl.: Soviet
Math. Dokl. 7 (1966), 1361-1365.

[KRA2] KRAVICKIT, A.O.: The two-fold expansion of a certain nonself-adjoint boundary value
problem in series of eigenfunctions (Russian). Differential nye Uravnenija 4 (1968), 165-177.
Engl. transl.: Differential Equations 4 (1968), 86-92.

[KT] KREIN, S.G., TROFIMOV, V.P.: On holomorphic operator-functions of several complex
variables (Russian). Funktsional. Anal. i Prilozhen. 3 (1969), N° 4, 85-86; Engl. transl.: Func-
tional Anal. Appl. 3 (1969), 330-331.

[KRI} KRIMMER, W.: Im Parameter nichtlineare Eigenwertprobleme bei Differentialgleichungen
im Komplexen und Entwicklungen analytischer Funktionen nach Speziellen Funktionen. The-
sis, Regensburg 1984.

[LL1] LANG, P., LOCKER, J.: Spectral decomposition of a Hilbert space by a Fredholm operator.
J. Funct. Anal. 79 (1988), 9-17.

{LL2] LANG, P., LOCKER, J.: Spectral representation of the resolvent of a discrete operator. J.
Funct. Anal. 79 (1988), 18-31.

[LL3] LANG, P., LOCKER, J.: Denseness of the generalized eigenvectors of an H-S discrete op-
erator. J. Funct. Anal. 82 (1989), 316-329.



486 Bibliography

[LL4] LANG, P., LOCKER, J.: Spectral theory for a differential operator: Characteristic determi-
nant and Green’s function. J. Math. Anal. Appl. 141 (1989), 405-423.

[LL5] LANG, P., LOCKER, J.: Spectral theory of two-point differential operators determined by
—D?. L Spectral properties. J. Math. Anal. Appl. 141 (1989), 538-558.

[LL6] LANG, P., LOCKER, J.: Spectral properties of two-point differential operators determined
by —D?. I1. Analysis of cases. J. Math. Anal. Appl. 146 (1990), 148—191.

[LMMI1] LANGER, H., MENNICKEN, R., MOLLER, M.: On Floquet eigenvalue problems for
first-order differential systems in the complex domain. J. reine angew. Math. 425 (1992), 87—
121.

[LMM2] LANGER, H., MENNICKEN, R., MOLLER, M.: Expansions of analytic functions in
series of Floquet solutions of first order differential systems. Math. Nachr. 162 (1993), 279-
314.

[LMMS] LANGER, H., MENNICKEN, R., MOLLER, M., SATTLER, A Expansions of analytic
functions in products of Bessel functions. Resultate Math. 24 (1993), 129-146.

[LMT]} LANGER, H., MENNICKEN, R., TRETTER, C.: A self-adjoint linear pencil Q — AP of
ordinary differential operators. Methods Funct. Anal. Topology 2 (1996), 38-54.

[LM] LANGER, H., MOLLER, M.: Linearization of boundary eigenvalue problems. Integral Equa-
tions Operator Theory 14 (1991), 105-119.

[LA1] LANGER, R.E.: Developments associated with a boundary problem not linear in the pa-
rameter. Trans. Amer. Math. Soc. 25 (1923), 155-172.

[LA2] LANGER, R.E.: On the theory of integral equations with discontinuous kernels. Trans.
Amer. Math. Soc. 28 (1926), 585-639.

[LA3] LANGER, R. E.: The boundary problem associated with a differential equation in which the
coefficient of the parameter changes sign. Trans. Amer. Math. Soc. 31 (1929), 1-24.

[LA4] LANGER, R.E.: The asymptotic location of the roots of a certain transcendental equation.
Trans. Amer. Math. Soc. 31 (1929), 837-844.

[LAS5] LANGER, R.E.: The expansion problem in the theory of ordinary linear differential systems
of the second order. Trans. Amer. Math. Soc. 31 (1929), 868-906.

[LLA6] LANGER, R. E.: The boundary problem associated with a differential system rational in the
parameter. Trans. Amer. Math. Soc. 32 (1930), 238-250. )
[LA7] LANGER, R. E.: On the zeros of exponential sums and integrals. Bull.’Amer. Math. Soc. 37

(1931), 213-239.

[LA8] LANGER, R.E.: The asymptotic solutions of certain linear ordinary differential equations
of the second order. Trans. Amer. Math. Soc. 36 (1934), 90-106.

[LA9] LANGER, R.E.: The boundary problem of an ordinary linear differential system in the
complex domain. Trans. Amer. Math. Soc. 46 (1939), 151-190.

[LA10] LANGER, R.E.: A theory for ordinary differential boundary problems of the second order
and of the highly irregular type. Trans. Amer. Math. Soc. 53 (1943), 292-361.

[LB] LANGER, R.E., BROWN, E.P.: On a class of integral equations with discontinuous kernels.
Trans. Amer. Math. Soc. 29 (1927), 683-715.

{LBO] LANGINESTRA, A. V., BOYCE, W. E.: Convergence and evaluation of sums of reciprocal
powers of eigenvalues of boundary value problems nonlinear in the eigenvalue parameter.
SIAM J. Math. Anal. 5 (1974), 64-90.

[LAZ1] LAZETIC, N.: On the derivatives of partial sums of expansions in eigenfunctions and as-
sociated functions of nonselfadjoint operators of Sturm-Liouville type (Russian). Dokl. Akad.
Nauk SSSR 260 (1981), 22-26, Engl. transl.: Soviet Math. Dokl. 24 (1981), 212-215.

[LAZ2] LAZETIC, N.: On the convergence of expansions with respect to eigen- and adjoint func-
tions of a non-self-adjoint Sturm-Liouville type operator with discontinuous coefficients (Rus-
sian). Publ. Inst. Math. (Beograd) (N. S.) 30(44) (1981), 89-109.



Bibliography 487

[LAZ3] LAZETIC, N.: Necessary and sufficient conditions for a system of eigenfunctions and
associated functions of a Sturm-Liouville operator with discontinuous coefficients to possess
the basis property. Publ. Inst. Math. (Beograd) (N. S.) 38(52) (1985), 119-147.

[LE] LEVIN, B.JA.: Distribution of zeros of entire functions. 2nd ed., Providence, Rhode Island
1980.

[LV] LEVITAN, B. M.: On the completeness of products of solutions of two Sturm-Liouville equa-
tions. Differential Integral Equations 7 (1994), 1-14.

[LS] LEVITAN, B. M., SARGSJAN, L. S.: Introduction to spectral theory (Russian). Moscow 1970,
Engl. transl.: Transl. Math. Monographs 39, AMS, Providence, Rhode Island, 1975.

[LI] LIFSCHITZ, A.: Exact description of the spectrum of elliptical vortices in hydrodynamics and
magnetohydrodynamics. Phys. Fluids 7 (1995), No. 7, 1626-1636.

[LO!] LOCKER, J.: Functional analysis and two-point differential operators. Longman,, Pitman
Research Notes in Mathematics 144, Harlow 1986.

[LO2] LOCKER, J.: The nonspectral Birkhoff-regular differential operators determined by -D%1.
Math. Anal. Appl. 154 (1991), 243-254.

[LO3] LOCKER, J.: Eigenfunction expansions for the nonspectral differential operators deter-
mined by —D?. ], Differential Equations 96 (1992), 318-339.

[LO4] LOCKER,J.: The spectral theory of second order two-point differential operators: I. A priori
estimates for the eigenvalues and completeness. Proc. Roy. Soc. Edinburgh 121A (1992), 279-
301.

[LOS] LOCKER, J.: The spectral theory of second order two-point differential operators. II. As-
ymptotic expansions and the characteristic determinant. J. Differ. Equations 114 (1994), 272~
287.

[LO6] LOCKER, J.: The spectral theory of second order two-point differential operators. III. The
eigenvalues and their asymptotic formulas. Rocky Mt. J. Math. 26 (1996), 679-706.

[LO7] LOCKER, J.: The spectral theory of second order two-point differential operators. I'V. The
associated projections and the subspace S.(L). Rocky Mt. J. Math. 26 (1996), 1473-1498.

[LO8] LOCKER, J.: Spectral theory of non-self-adjoint two-point differential operators. AMS,
Providence, Rhode Island, 2000.

[LOLA} LOCKER, J., LANG, P.: Eigenfunction expansions for the nonspectral differential opera-
tors determined by —D?.J. Differential Equations 96 (1992), 318-339.

[MAK] MAKHMUDOV, A. P.: Nonlinear perturbations of regular spectral problems with a param-
eter in the boundary conditions and the completeness of their eigenfunctions (Russian). Dokl
Akad. Nauk. SSSR 277 (1984), 1318-1323, Engl. transl.: Soviet Math. Dokl. 30 (1984), 276—
281.

[MP] MAKSUDOV, F. G., PASHAEVA, EH. EH.: On a multiple expansion in eigenfunctions (Rus-
sian). Dokl. Akad. Nauk SSSR 249 (1979), 544-547, Engl. transl.: Soviet Math. Dokl. 20
(1979), 1310-1313.

[MV] MakKsuUDoOv, F.G., VELIEV, O. A.: Nonselfadjoint differential operators in the space of
vector-valued functions with periodic coefficients (Russian). Dokl. Akad. Nauk SSSR 258
(1981), 26-30, Engl. transl.: Soviet Math. Dokl. 23 (1981), 475-478.

[MAMI1] MAMEDOV, K.S.: A theorem on multiple completeness of eigen- and adjoint vector
functions of polynomial differential operator bundles. Spectral theory of operators, Baku 1975,
133-139.

[MAM2] MAMEDOV, K. S.: On the convergence of multiple expansions by the systems of eigen-
and adjoined vector-functions of a polynomial differential-operator bundle (Russian). Izv.
Akad. Nauk Azerbaidzhan. SSR Ser. Fiz.-Tekh. Mat. Nauk 1977 (1977), no. 1, 36-40.

[MA1] MARKUS, A.S.: A basis of root vectors of a dissipative operator (Russian). Dokl. Akad.
Nauk SSSR 132 (1960), 524-527, Engl. transl.: Soviet Math. Dokl. I (1960), 599-602.



488 Bibliography

[MA2] MARKUS, A.S.: Expansion in root vectors of a slightly perturbed selfadjoint operator
(Russian). Dokl. Akad. Nauk SSSR 142 (1962), 538-541, Engl. transl.: Soviet Math. Dokl. 3
(1962), 104-108.

[MA3] MARKUS, A. S.: Some criteria for the completeness of a system of root vectors of a linear
operator in Banach spaces (Russian). Mat. Sb. (N. §.) 70 (1966), 526-561, Engl. transl.: Amer.
Math. Soc. Transl. (2) 85 (1970), 51-91.

[MA4] MARKUS, A. S.: Introduction to the spectral theory of polynomial operator pencils. Transl.
Math. Monographs 71, AMS, Providence, Rhode Island, 1988.

[MAS] MARKUS, A.S., SIGAL, E. 1.: The multiplicity of the characteristic number of an analytic
operator function (Russian). Mat. Issled. 5 (1970), no. 3(17), 129-147.

[MS] MCSHANE, E. J.: Integration. Princeton University Press, Princeton 1944,

[ME] MENNICKEN, R.: Spectral theory for certain operator polynomials. In: Functional Analysis,
Holomorphy and Approximation Theory II, ed.: G. Zapata, North-Holland Math. Studies 86
(Notas de Matematica 92) (1984), 203-243.

[MMI] MENNICKEN, R., MOLLER, M.: Root functions, eigenvectors, associated vectors and the
inverse of a holomorphic operator function. Arch. Math. (Basel) 42 (1984), 455-463.

[MM2] MENNICKEN, R., MOLLER, M.: A generalization of a theorem of Keldys. In: Functional
Analysis: surveys and recent results, 111, Paderborn, 1983, 275-290, Noth-Holland, Amster-
dam, 1984.

[MM3] MENNICKEN, R., MOLLER, M.: Root functions of boundary eigenvalue operator func-
tions. Integral Equations Operator Theory 9 (1986), 237-265.

[MM4] MENNICKEN, R., MOLLER, M.: Boundary eigenvalue problems. In: Operator Theory:
advances and applications, Vol. 19, eds.: H. Bart, I. Gohberg and M. A. Kaashoek, Birkhauser,
Basel — Boston — Stuttgart 1986, 279-331.

[MM5] MENNICKEN, R., MOLLER, M.: Boundary eigenvalue problems. Notas de Algebra y
Analisis, N° 14, Instituto de Matemadtica, Universidad Nacional del Sur, Bahia Blanca 1986.

[MM6] MENNICKEN, R., MOLLER, M.: Equivalence of boundary eigenvalue operator functions
and their characteristic matrix functions. Math. Ann. 279 (1987), 267-275.

[MIK1] MIKHAILETS, V. A.: The solvability and completeness of the system of eigenfunctions
and associated functions of nonselfadjoint boundary-value problems for a Sturm-Liouville
operator equation (Russian). Dokl. Akad. Nauk SSSR 218 (1974), 284-286, Engl. transl.:
Soviet Math. Dokl. 15 (1974), 1327-1330.

[MIK2] MIKHAJILETS, V. A.: Boundary-value problems for an operational Sturm-Liouville equa-
tion with a complete system of eigen- and associated functions (Russian). Differentsial’ nye
Uravnenijya 11 (1975), 1595-1600, 1715, Engl. transl.: Differential Equations 11 (1975),
1189-1192.

[MIR] MIRZOEV, S.S.: Multiple completeness of a part of the root vectors of fourth order poly-
nomial operator pencils with the normal smooth part (Russian). Spektr. Teor. Oper. 4 (1982),
148-161.

[MOH] MOHR, E.: Gewdhnliche Eigenwertaufgaben zweiter Ordnung, bei denen der Parameter
in einer Randbedingung auftritt. Ann. Mat. Pura Appl. IV. Ser. 138 (1984), 157-189.

{MO1] MOLLER, M.: Equivalence of differential-boundary eigenvalue operators and their charac-
teristic matrices. Math. Nachr. 141 (1989), 299-312.

[MO2] MOLLER, M.: The inverse and the adjoint of differential-boundary operators.

[MO3] MOLLER, M.: Expansion theorems for Birkhoff-regular differential-boundary operators.
Proc. Roy. Soc. Edinburgh 107A (1987), 349-374.



Bibliography 489

[MO4] MOLLER, M.: An expansion theorem for Birkhoff-regular n-th order differential-boundary
operators. In: Differential Equations and Applications: Proceedings of the International Con-
ference on Theory and Applications of Differential Equations. Columbus, Ohio 1988. Ohio
University Press, 1989, Vol. I, 244 -253.

[MO5] MOLLER, M.: On the Carlitz expansion in products of Bessel functions. Resultate Math.
24 (1993), 147-152.

[MU] MOLLER, M., USCHOLD, C.: Uber Randeigenwertprobleme fiir Differentialgleichungen
mit der charakteristischen Matrix A”(A! — 1) = 0. Regensburger Math. Schriften 17, 1988.

[MOL] MOLODENKOV, V. A.: Expansion in eigenfunctions of a boundary value problem (Rus-
sian). Differ. Integral. Uravn., Saratov 1972, 9-17.

[MOK] MOLODENKOV, V. A., KHROMOV, A.P.: Expansion in eigenfunctions of a boundary
value problem for the differential operator (Russian). Differ. Uravn. vycisl. Mat. 1 (1972),
17-26.

[MO] MOYER, R.D.: The adjoints of ordinary differential operators. J. Differential Equations 4
(1968), 337-349.

[MUS] MUSTAFAEV, G.B.: An expansion formula connected with the boundary value problem
with a complex parameter for systems of differential equations of the first order (Russian).
Differentsial’nye Uravneniya 1 (1965), 1246-1259.

[MUT] MUSTAFIN, M. A.: A condition for the basis of summation by the Abel method of series in
root vectors of the nonselfadjoint Sturm-Liouville operator (Russian). Differentsialnye Urav-
neniya 29 (1993), No. 1, 116-117, 181, Engl. transl.: Differential Equations 29 (1993), no. 1,
98-99.

[NAI] NAIMARK, M. A.: Linear differential operators, part [: Elementary theory of linear differ-
ential operators. Ungar, New York [967.

[NA2] NAIMARK, N.A.: Linear differential operators, part II: Linear differential operators in
Hilbert space. Ungar, New York 1968.

[NI] NIESSEN, H.-D.: Singuldre S-Hermitesche Rand-Eigenwertprobleme. Manuscripta Math. 3
(1970), 35-68.

{OR1] ORAZOV, M. B.: On the completeness of systems of elementary solutions for some operator
differential equations on a half-line and on an interval (Russian). Dokl. Akad. Nauk SSSR 245
(1979), No 4, 788-792; Engl. transl.: Soviet Math. Dokl. 20 (1979), 347-352.

[OR2} OrRAZOV, M.B.: Completeness of elementary solutions in the problems of steady-state
vibrations of an elastic rectangular plate (Russian). Funktsional Anal. Prilozhen. 14 (1980),
no. 1, 77-78; Engl. transl.: Functional Anal. Appl. 14 (1980), 63-64.

[OR3] OrRAZOV, M. B.: On the completeness of the elementary solutions of the problem of station-
ary oscillations of a finite cylinder (Russian). Uspekhi Mat. Nauk 35 (1980), no. 5, 237-238,
Engl. transl.: Russian Math. Surveys 35 (1980), no. 5, 267-268.

[OS] OrAZOV, M. B., SHKALIKOV, A. A.: The n-fold basis property of the characteristic func-
tions of certain regular boundary value problems (Russian). Sibirsk. Mat. J. 17 (1976), N°,3,
627-639, Engl. transl.: Siberian Math. J. 17 (1976), 483-492.

[ORU] ORUDZHEYV, E. G.: Boundary value problems for a fourth order differential equation that
depends polynomially on the spectral parameter (Russian). Dokl. Akad. Nauk. AzSSR 45
(1989), no. 10, 7-12.

[PE1] PECHENTSOV, A.S.: Asymptotic expansions of solutions of linear differential equations
containing a parameter (Russian). Diffentsial’nye Uravneniya 17 (1981), 1611-1620; Engl.
transl.: Differential Equations 17 (1981), 1023-1031.

[PE2] PECHENTSOV, A. S.: Boundary-value problems for differential equations with a parameter,
having characteristic equations with multiple roots (Russian). Differentsial’nye Uravneniya
20 (1984), no. 2, 263-273, Engl. transl.: Differential Equations 20 (1984), 206-215.



490 Bibliography

[PER]1] PERSSON, J.: The vibrating rod with point masses. Boll. Unione Mat. Ital. B(7) 1 (1987),
185-195.

[PER2} PERSSON, J.: Distribution differential equations. Regularization and bending of a rod.
Math. Scand. 66 (1990), 291-300.

[PIT] P1TTS, C.G.C.: An equiconvergence theorem for a class of eigenfunction expansions.
Trans. Amer. Math. Soc. 189 (1974), 337-350.

[PL] PLIEV, V. T.: On the completeness of derived chains corresponding to half the eigenelements
of a pencil of ordinary differential operators (Russian). Dokl. Akad. Nauk 288 (1986), no. 3,
552-556; Engl. transl.: Soviet Math. Dokl. 33 (1986), 721-724.

[PO] POINCARE, H.: Sur les équations de la physique mathématique. Rend. Circ. Mat. Palermo 8
(1894), 57-156.

[PS] Popov, 1. YU., STREPETOV, A. V.: On the completeness of a system of eigenfunctions in
the two-sided Regge problem (Russian). Vestnik Leningrad. Univ. 1983, no. 13, Mat. Mekh.
Astronom. no. 3 (1983), 25-31, Engl. transl.: Vestnik Leningrad Univ. Math. 16 (1984), 169-
176.

[PR] PROUDMAN, J.: On a class of expansions. Proc. London Math. Soc. 2(24) 1926, 131-139.

[PRD] PROUDMAN, J., DOODSON, A.T.: Time-relations in metereological effects on the sea.
Proc. London Math. Soc. 2(24) 1926, 140-149.

[RADI1] RADZIEVSKII, G.V.: On completeness of derived chains corresponding to boundary
value problems on a finite interval (Russian). Ukrain. Mat. Zh. 31 (1979), 279-288; Engl.
transl.: Ukrainian Math. J. 31 (1980), 215-222.

[RAD2] RADZIEVSKIT, G.V.: The problem of the completeness of root vectors in the spectral
theory of operator-valued functions (Russian). Uspekhi. Mat. Nauk 37 (1982), no. 2, 81-145,
Engl. transk.: Russian Math. Surv. 37 (1982), no. 2, 91-164.

[RAK] RAKHIMOV, M.: The unconditional basis property, on a closed interval, of systems of
eigenfunctions and associated functions of a quadratic bundle of nonself-adjoint differential
operators (Russian). Differentsial’nye Uravneniya, 22 (1986), no. 1, 94-103, Engl. transl.:
Differential Equations 22 (1986), 75-81.

[RAO] RAO, B. S.R.: Eigenfunction expansions for a fourth order differential equation. Indian J.
Pure Appl. Math. 3 (1972), 1141-1149.

[RA] RAsULOV, M. L.: Methods of contour integration. North-Holland, Amsterdam 1967.

[RO] RoACH, G. F.: Green’s functions. Cambridge 1982.

[RR] ROBERTSON, A.P., ROBERTSON, W.: Topological vector spaces. Cambridge 1966.

[RU] RUSSAKOVSKIL, E. M.: The matrix Sturm-Liouville problem with a spectral parameter in
the boundary conditions (Russian). Funktsional. Anal. i Prilozhen. 27 (1993). No. 1, 86-88,
Engl. transl.: Functional Anal, Appl. 27 (1993), 73-74.

[SA] SALAFF, S.: Regular boundary conditions for ordinary differential operators. Trans. Amer.
Math. Soc. 134 (1968), 355-373.

[SCHSCHI1] SCHAFKE, F. W., SCHNEIDER, A.: S-hermitesche Rand-Eigenwertprobleme. L.
Math. Ann. 162 (1965/1966), 9-26.

[SCHSCH2] SCHAFKE, F. W., SCHNEIDER, A.: S-hermitesche Rand-Eigenwertprobleme. II.
Math. Ann. 165 (1966), 236-260.

[SCHSCH3] SCHAFKE, F. W., SCHNEIDER, A.: S-hermitesche Rand-Eigenwertprobleme. III.
Math. Ann. 177 (1968), 67-94.

{SS}] SCHENSTEDT, I. V.: Contributions to the theory of hydrodynamic stability. Ph. D. thesis,
University of Michigan 1960.

[SCHM] ScHMIDT, P.: Zur Spektraltheorie einiger Schwingungsprobleme der Technischen
Mechanik. Master’s thesis, Regensburg 1990.



Bibliography 491

[SCHN1] SCHNEIDER, A.: Untersuchungen iiber singulire reelle S-hermitesche Differentialglei-
chungssysteme im Normalfall. Math. Z. 107 (1968), 271-296.

[SCHN2] SCHNEIDER, A.: A note on eigenvalue problems with eigenvalue parameter in the
boundary conditions. Math. Z. 136 (1974), 163-167.

[SCHNV] SCHNEIDER, A., VONHOFF, R.: Indefinite boundary eigenvalue problems in a Pon-
tryagin space setting. Results Math. 35 (1999), 325-354.

[SCHU] SCHULTZE, B.: On the definition of Stone-regularity. J. Differential Equations 31 (1979),
224-229.

[SR] SCHUR, A.: Zur Entwicklung willkiirlicher Funktionen nach Losungen von Systemen lin-
carer Differentialgleichungen. Math. Ann. 82 (1921), 211-236.

[STV] SCHWABIK, §., TVRDY, M., VEIVODA, O.: Differential and integral equations. Boundary
value problems and adjoints. Dordrecht 1979.

[SHI1] SHILOVSKAYA, O.K.: Expansion of linear differential operators in eigenfunctions (Rus-
sian). Differ. Integral. Uravn. (1972), 53-79.

[SHI2] SHILOVSKAYA, O.K.: An expansion in eigenfunctions of a differential operator of sec-
ond order in case of non-regular boundary conditions (Russian). Issled. Differ. Uravn. Teor.
Funkcii (1973), 58-74.

[SH1] SHKALIKOV, A. A.: The completeness of eigenfunctions and associated functions of an
ordinary differential operator with irregular-separated boundary conditions (Russian). Funk-
tional. Anal. i Prilozhen. 10 (1976), no. 4, 69-80, Engl. transl.: Functional Anal. Appl. 10
(1976), 305-316.

[SH2] SHKALIKOV, A. A.: On the basis problem of the eigenfunctions of an ordinary differential
operator (Russian). Uspekhi Mat. Nauk 34, N°5 (1979), 235-236, Engl. Transl.: Russian
Math. Surveys 34, N° 5 (1979), 249-250.

[SH3] SHKALIKOV, A. A.: The basis problem of the eigenfunctions of ordinary differential oper-
ators with integral boundary conditions (Russian). Vestnik Moskov. Univ. Ser. I Mat. Mekh.
37 (1982), N° 6, 12-21, Engl. transl.: Moscow Univ. Math. Bull. 37 (1982), N° 6, 10-20.

[SH4] SHKALIKOV, A.A.: Boundary-value problems for ordinary differential equations with a
parameter in the boundary conditions (Russian). Funktsional. Anal. i Prilozhen. 16 (1982),
no. 4, 92-93, Engl. transl.: Functional Anal. Appl. 16 (1982), no. 4, 92-93.

[SH5] SHKALIKOV, A. A.: Boundary problems for ordinary differential equations with parameter
in the boundary conditions (Russian). Trudy Sem. Petrovsk. 9 (1983), 190-229, Engl. transl.:
J. Soviet Math. 1311-1342.

[SH6] SHKALIKOV, A. A.: On estimates of meromorphic functions and summation of series in
the root vectors of nonselfadjoint operators (Russian). Dokl. Akad. Nauk 268 (1983), no. 6,
1310-1314; Engl. transl.: Soviet Math. Dokl. 27 (1983), 259-263. -

[SH7] SHKALIKOV, A. A.: On minimality and completeness of systems constructed from some of
the eigen- and associated elements of quadratic operator pencils (Russian). Dokl. Akad. Nauk
285 (1985), no. 6, 1334-1339; Engl. transl.: Soviet Math. Dokl. 32 (1985), 902-907.

[SHTR1] SHKALIKOV, A. A., TRETTER, C.: Kamke problems. Properties of the eigenfunctions.
Math. Nachr. 170 (1994), 251-275.

[SHTR2]} SHKALIKOV, A. A., TRETTER, C.: Spectral analysis for linear pencils N — AP of ordi-
nary differential operator. Math. Nachr. 179 (1996), 275-305.

[SU] SHUBIN, M. A.: Holomorphic families of subspaces of a Banach space (Russian). Mat.
Issled. 5 (1970), vyp. 4(18), 153-165.

[SIN] SIN’KO, G.I.: Expansion in eigenfunctions of a boundary value problem with a spectral
parameter entering into the boundary conditions (Russian). Funktsional. Anal. i Prilozhen. 19
(1982), 99-106.



492 Bibliography

[SN} SNoO, H.S.V.DE: Pointwise convergence of eigenfunctions expansions associated with
ordinary differential operators. J. Math. Anal. Appl. 92 (1983), 172-179.

[SO] SOBOLEV, S.1.: Einige Anwendungen der Funktionalanalysis auf Gleichungen der Mathe-
matischen Physik. Berlin 1964.

[STA] STALLARD, F. W.: Differential systems with interface conditions. Oak Ridge, Tennessee,
Oak Ridge National Laboratory, ORNL 1876, 1955.

[STO] STOEBER, T.: Entwicklungssitze fiir eine Klasse indefiniter Eigenwertprobleme mit
stiickweise stetiger Gewichtsfunktion. Mitt. Math. Sem. GieBen 206 (1992).

[ST1] STONE, M. H.: An unusual type of expansion problem. Trans. Amer. Math. Soc. 26 (1924),
335-355.

[ST2] STONE, M.H.: A comparison of the series of Fourier and Birkhoff. Trans. Amer. Math.
Soc. 28 (1926), 695-761.

[ST3] STONE, M. H.: Irregular differential systems of order two and the related expansion prob-
lem. Trans. Amer. Math. Soc. 29 (1927), 23-53.

{STRA] STRELITZ, SH., ABRAMOVICH, S.: On the existence of eigenvalues of differential oper-
ators dependent on a parameter. Trans. Amer. Math. Soc. 258 (1980), 407-429.

[STP] STREPETOV, A. V.: Completeness and basis property for a system of eigenfunctions of the
two-sided Regge problem for a polar operator (Russian). Vestnik Leningrad Univ. 1983, no.
19, Mat. Mekh. Astronom. no. 4 (1983), 44-50, Engl. transl.: Vestnik Leningrad Univ. Math.
16 (1984), 255-262.

[SZN] Sz.-NAGY, B.: On a spectral problem of Atkinson. Acta Math. Sci. Hungar. 3 (1952), 61—
66

[TA1] TAMARKIN, J. D.: Sur quelques points de la théorie des équations différentielles lincaires
ordinaires et sur la généralisation des séries de Fourier. Ren. Circ. Mat. Palermo 34 (1912),
345-382.

[TA2] TAMARKIN, J.D.: Sur un probléme de la théorie des équations différentielles lin€aires
ordinaires. Rend. Circ. Mat. Palermo 37 (1914), 376-378.

[TA3] TAMARKIN, J. D.: Some general problems of the theory of ordinary linear differential equa-
tions and expansion of an arbitrary function in series of fundamental functions (Russian). Pet-
rograd 1917.

[TA4] TAMARKIN, J. D.: On Fredholm’s integral equations whose kernels are analytic in a param-
eter. Ann. Math. (2) 28 (1926-1927), 127-152.

[TAS] TAMARKIN, J. D.: Some general problems of the theory of ordinary linear differential equa-
tions and expansion of an arbitrary function in series of fundamental functions. Math. Z. 27
(1928), 1-54.

[TAL] TAMARKIN, J.D., LANGER, R.E.: On integral equations with discontinuous kernels.
Trans. Amer, Math. Soc. 30 (1928), 453-471.

[TAY] TAYLOR, A.E.: Linear operations which depend analytically on a parameter. Ann. Math.
(2) 39 (1938), 574-593.

[TL] TAYLOR, A.E., LAY, D. C.: Introduction to functional analysis. New York 1980.

[TIK!] TIKHOMIROV, V. V.: On the Riesz means of expansions in a trigonometric Fourier series
and in the eigenfunctions of a Keldy$ pencil of ordinary nonselfadjoint differential operators
(Russian). Dokl. Akad. Nauk SSSR 226 (1976), 1015-1017, Engl. transl.: Soviet Math. Dokl.
17 (1976), 241-243.

[TIK2] TIKHOMIROV, V.V.: On Riesz’ means of expansions into eigenfunctions and associated
functions of a non-selfadjoint ordinary differential operator (Russian). Mat. Sb. N. S. 102(144)
(1977), 33-55.

[TI] TrTCHMARSH, E. C.: Introduction to the theory of Fourier integrals. 2nd ed., Oxford 1948.



Bibliography 493

[TIW] TIWARI, S.: On eigenvector expansions associated with a matrix differential operator. In-
dian J. Math. 23 (1981), 41-55.

[TR1] TRETTER, C.: Zum Eigenwertproblem der Bewegungsgleichung des einseitig eingespan-
nten elastischen Stabes. Master’s thesis, Regensburg 1989.

[TR2]} TRETTER, C.: Asymptotische Randbedingungen fiir Entwicklungssitze bei Randeigen-
wertproblemen zu N(y) = AP(y) mit A-abhéingigen Randbedingungen. Thesis, Regensburg
1992.

[TR3] TRETTER, C.: On A-nonlinear boundary eigenvalue problems. Akademie Verlag, Berlin
1993.

[TR4] TRETTER, C.: Asymptotic boundary conditions for expansion theorems for boundary eigen-
value problems of the form N(y) = AP(y) with A-depending boundary conditions.. Z. Angew.
Math. Mech. 73 (1993), T769-T773.

[TR5] TRETTER, C.: On fundamental systems for differential equations of Kamke type. Math. Z.
219 (1995), 609-629.

[TR6] TRETTER,C.: Nonselfadjoint spectral problems for linear pencils N — A P of ordinary differ-
ential operators with A-linear boundary conditions: Completeness results. Integral Equations
Operator Theory 26 (1996), 222-248.

[TR7] TRETTER, C.: A linearization for a class of A-nonlinear boundary eigenvalue problems. J.
Math. Anal. Appl. 247 (2000), 331-355.

[TR8] TRETTER, C.: Spectral problems for systems of differential equations y' +Agy = AAy with
A-polynomial boundary conditions. Math. Nachr. 214 (2000), 129-172.

[TR9] TRETTER, C.: Linear operator pencils A — AB with discrete spectrum. Integral Equations
Operator Theory 37 (2000), 357-373.

[TR10} TRETTER, C.: Boundary eigenvalue problems for differential equations N1 = AP7 and
A-polynomial boundary conditions. J. Differential Equations 170 (2001), 408-471.

[TRO] TROFIMOV, V. P.: The root subspaces of operators that depend analytically on a parameter
(Russian). Mat. Issled. 3 (1968), No. 3, 117-125.

[TU] TURRITTIN, H. L.: Asymptotic solutions of certain ordinary differential equations associated
with multiple roots of the characteristic equation. Amer. J. Math. 58 (1936), 364-376.

[TY] TURYN, L.: Perturbation of two-point boundary value problems with eigenvalue parameter
in the boundary conditions. Proc. Roy. Soc. Edinburgh 94A (1983), 213-219.

[VA1] VAGABOV, A.l.. On the question of completeness of the system of eigenfunctions of a
nonregular ordinary differential pencil (Russian). Dokl. Akad. Nauk SSSR 257 (1981), no. 1,
15-18; Engl. transl.: Soviet Math. Dokl. 23 (1981), 207-210.

[VA2] VAGABOV, A. 1.: Multiple completeness of eigenfunctions of a type of ordinary differential
bundle (Russian). Differential’'nye Uravneniya 18 (1982), no. 2, 194-197, 363; Engl. transl.:
Differential Equations 18 (1982), 152-155.

[VA3] VAGABOV, A.1.: On a case of violation of the multiple completeness property of the eigen-
functions for an ordinary differential pencil (Russian). Dokl. Akad. Nauk SSSR 263 (1982),
11-14, Engl. transl.: Soviet Math. Dokl. 25 (1982), 263-266.

[VA4] VAGABOV, A. 1.: Convergence of expansions in Fourier series for ordinary differential op-
erators (Russian). Mat. Zametki 32 (1982), no. 3, 303-307; Engl. transl.: Math. Notes 32
(1982), 631-634.

[VA5] VAGABOV, A.l.: On the incompleteness of the system of eigenelements of differential
operators in a space of vector-valued functions (Russian). Dokl. Akad. Nauk SSSR 271 (1983),
no. 1, 17-19; Engl. transl.: Soviet Math. Dokl. 28 (1983), 8-11.

[VA6] VAGABOV, A.1.: On equiconvergence of expansions in trigonometric Fourier series and in
principal functions of ordinary differential operators (Russian). Izv. Akad. Nauk SSSR Ser.
Mat. 48 (1984), no. 3, 614-630; Engl. transl.: Math. USSR-Izv. 24 (1983), 567-582.



494 Bibliography

[VA7] VAGABOV, A. L.: Completeness of the eigenfunction system of an ordinary differential bun-
dle not of the Keldysh type (Russian). Differentsial’nye Uravneniya 20 (1984), no. 3, 375-382,
Engl. transl.: Differential Equations 20 (1984), 281-287.

[VA8] VAGABOV, A.l.: Completeness of eigenfunctions of irregular differential operators in a
space of vector-functions (Russian). Mat. Zametki 40 (1986), N°2, 197-202, 286; Engl.
transl.: Math. Notes 40 (1986), N° 1-2, 611-615. .

[VA9] VAGABOV, A.1.: Conditions of multiple completeness of the eigenelements of an ordinary
differential bundle (Russian). Izv. Vyssh. Uchebn. Zaved. Mat. 1986 (1986), no. 4(287), 13~
20, Engl. transl.: Soviet Math. 30 (1986), no. 4, 16-24.

[VA10] VAGABOV, A.1.: n-fold summability of series in principal functions of pencils of ordinary
differential operators (Russian). Dokl. Akad. Nauk SSR 299 (1988), N° 3, 534-537, Engl.
transl.: Soviet Math. Dokl. 37 (1988), N°© 2, 394-398.

[VAS] Vass, J.1.: A class of boundary problems of highly irregular type. Duke Math. J. 2 (1936),
151-165.

[VEG1] VEGA, K.E.: On the completeness of the eigenfunctions of a boundary value problem
(Russian). Uspekhi Mat. Nauk 27 (1972), no. 4(166), 205-206.

[VEG2] VEGA, K.E.: On the completeness of a subsystem of eigenfunctions of one class of
boundary value problems (Russian). Funktsional. Anal. i Prilozhen. 6 (1972), no. 3, 65-67,
Engl. transl.: Funktional Anal. Appl. 6 (1972), 228-230.

[VEL] VELIEV, O. A.: Spectral expansions of differential operators with periodic complex-valued
coefficients (Russian). Dokl. Akad. Nauk AzSSR 36 (1980), no. 6, 13-17.

[VE] VERBLUNSKY, S.: A uniqueness theorem for series of generalized eigenfunctions. Proc.
London Math. Soc. (3) 37 (1978), 1-31.

[VM] VIZITEI, V.N., MARKUS, A. S.: On convergence of multiple expansions in the eigenvec-
tors and associated vectors of an operator pencil. Mat. Sb. 66 (108) (1965), 287-320; Engl.
transl.: Amer. Math. Soc. Transl. (2) 87 (1970).

[VOR] VORONINA, §. K.: Necessary and sufficient conditions for the eigenfunctions and associ-
ated functions of an ordinary differential operator to form a basis in L(0, 1) (Russian). Differ-
entsial’'nye Uravneniya 14 (1978), 407-417, Engl. transl.: Differential Equations 14 (1978),
282-289.

[WAL] WALKER, P. W.: Anexpansion theory for non-self-adjoint boundary-value problems. Proc.
Roy. Soc. Edinburgh 108A (1988), 11-26.

[WT] WALTER, J.: Regular eigenvalue problems with eigenvalue parameter in the boundary con-
ditions. Math. Z. 133 (1973), 301-312.

[WA] Wasow, W.: Asymptotic expansions for ordinary differential equations. New York — Lon-
don ~ Sydney 1965.

[WE] WERMUTH, E.: Konvergenzuntersuchungen bei Eigenfunktionsentwicklungen zu Ran-
deigenwertproblemen n-ter Ordnung mit parameterabhéngigen Randbedingungen. Thesis,
Math.-Naturw. Fak. RWTH Aachen 1984,

[WEX] WEXLER, D.: On boundary value problems for an ordinary linear differential system. Ann.
Mat. Pura Appl. (4) 80 (1968), 123-134.

[WEY1] WEYL, H.: Uber gewthnliche Differentialgleichungen mit Singularititen und die
zugehorigen Entwicklungen willkiirlicher Funktionen. Math. Ann. 68 (1910), 220-269.
[WEY2] WEYL, H.: Ramifications old and new of the eigenvalue problem. Bull. Amer. Math. Soc.

56 (1950), 115-139.

[WHY1] WHYBURN, W.M.: Differential equations with general boundary conditions. Bull.

Amer. Math. Soc. 48 (1942), 692-704.



Bibliography 495

[WHY2] WHYBURN, W.M.: Differential systems with boundary conditions at more than two
points. Proceedings of the Conference on Differential Equations, University of Maryland,,
1955, 1-21, College Park, Md., 1956.

[WI1] WILDER, C.E.: Expansion problems of ordinary linear differential equations with auxiliary
conditions at more than two points. Trans. Amer. Math. Soc. 18 (1917), 415-442.

[WI2] WILDER, C. E.: Problems in the theory of ordinary linear differential equations with auxil-
iary conditions at more than one point. Trans. Amer. Math. Soc. 19 (1918), 157-166.

[WOL] WOLTER, M.: Das asymptotische Verhalten der Greenschen Funktion N-irreguldrer Ei-
genwertprobleme mit zerfallenden Randbedingungen. Math. Methods Appl. Sci. 5 (1983),
331-345.

[WOO] WooD, A.D.: Eigenfunction expansions by the delta function and contour integral
method. J. Inst. Math. Appl. 14 (1974), 57-67.

[WR] WRAY, S.D.: Absolutely convergent expansions associated with a boundary value problem
with the eigenvalue parameter contained in one boundary condition. Czechoslovak Math. J.
32 (1982), 608-622.

[WU] Wu, J.J.: On adjoint operators associated with boundary problems. J. Sound Vibration 39
(1975), 195-206.

[XI] XiA, N.M.: The eigenfunction expansion of the solution for the nonhomogeneous Sturm-
Liouville problem containing white noise. J. Math. anal. Appl. 159 (1991), 88-109.

[YA] YAKUBOV, S. YA.: Multiple completeness of root vectors of an unbounded polynomial op-
erator pencil. Rev. Roumaine Math. Pures Appl. 31 (1986), 423-438.

[YMI] YAKUBOV, S. YA., MAMEDOV, K.S.: Multiple completeness of a system of eigen and
associated elements of a polynomial operator bundle and multiple expansions with respect to
this system (Russian). Funktsional. Anal. i Prilozhen. 9 (1975), N° 1, 91-93; Engl. transl.:
Functional Anal. Appl. 9 (1975), N° 1, 90-92.

[YM2] YAKUBOV, S. YA., MAMEDOV, K. S.: Completeness of the eigen- and associated func-
tions of certain nonregular boundary-value problems for ordinary differential equations (Rus-
sian). Funktional. Anal. i Prilozhen. 14 (1980), no. 4, 93-94; Engl. transl.: Functional Anal.
Appl. 14 (1981), 327-328.

[ZA} ZAYED, E. M. E.: Regular eigenvalue problem with eigenvalue parameter in the boundary
conditions. Proc. Math. Phys. Soc. Egypt 58 (1984), 55-62 (1986).

[ZIM1] ZIMMERBERG, H.J.: Two-point boundary problems involving a parameter linearly. Illi-
nois J. Math. 4 (1960), 593-608.

[ZIM2] ZIMMERBERG, H.J.: Two-point boundary conditions linear in a parameter. Pacific J.
Math. 12 (1962), 385-393.

[ZU] ZuBoOvV, V. M.: On a theory of a generalized Green's function (Russian). Izv. Vyssh. Uchebn.
Zaved. Mat. 1981 (1981), no. 9(232), 69-73, Engl. transl.: Soviet Math. 25 (1981), no. 9, 86—
91.



This Page Intentionally Left Blank



Notations

the complex numbers N the nonnegative integers

the real numbers R(z) the real part of z

the nonnegative real numbers 3(z) the imaginary part of z

_ the nonpositive real numbers # the cardinality of a (finite) set

N %+%%ﬁ

the integers

e;, €, €; unit vectors in C", C, Ch

AC¢, 55 G, 362 ls, 352
(), 351 2 (0)
a‘(, .), G s 363 l(]), 352
ald), 351 H. 322 1(2), 352
all) 353 H*,323 NI
b, 352 He, 115 g
BVia.p], 175 H?, 390 e
s /\’ D
[a, 5] 7. 396 LP, 280
C,53 ﬁR 394 L(E),2
k b
ct, 53 S, 302 L(E,F),2
Cg. 54 H(Q,E), 6 LY*, 54
Coo, 53 HR 394 {V,351
def T, 2 HRO, 393 Ly, 351
Ay 134 HR!1, 394 Ly, 54
A, 134 H,391 L", 280
7R
5., 64 HR 391 My, 148
oy, 134 1,163 Y,
(l) 1 M, 148
8,355 P, 161 v
Vi 2 MO’ 148
84,135 19, 166
v 3 M, 154
', 54 id..2 ~
E- M, 148
&, 441 J(E,F), 4 .. 134
&, 441 I,, 88 o 14
g, 327 ind T, 2 J
, M, (G),3
E',2 J,, 327 o
r M,(G), 3
f., 61 K, (1), 260
®(E,F),2 K, (1), 260 | flgys 175
@y, 131 K, 322 |f 13y, 175
Py, 82, 131 Ky i 59 VAIPERE:
f*8 54 k', 367 |f1, 40 55
¥ 354 K,(x), 6 |flp, 54
V. s 367 L, 281,351 lul i 62

497



498

|f|[p’"], 166
| fle, 54
N(T),2

nul 7,2
V(yp), 27
v(y), 13
0,76

0,76

[],76

w, 323

Q, 327

P, 442
5”]-, 441

Py 1), 280
n(-,p), 280
T ;s 280
m(-,A), 285
T 293
ey 293

q;,,324
djv0 353

Notattons

S(A), 323
su, 13
S5y, 168
supp f, 53
supp u, 54
o(T),7

Ty i 60

TR 295
9, 352

O m> 352
6/, 448
¥, 352

T0+, 122
T*,3

U;, 391
U(A), 103
U, (1), 258
Uv, 389
Uy, 354
UY, 390
ur, 111

uy, 352

v, 327
Vg o 352

Z(A), 103
Z,(1), 258



Index

absolutely continuous, 55

abstract boundary eigenvalue operator func-
tion, 47, 103, 258

adjoint boundary eigenvalue problem, 108,
110, 262

adjoint linear relation, 111

adjoint operator, 3

algebraic multiplicity, 14, 37

almost Birkhoff regular, 318, 353, 360, 372,
373, 375, 377, 381, 382

associated function, 381

associated vector, 27

asymptotic boundary conditions, 317, 354,
377, 378, 380-382

asymptotic fundamental matrix, 81

asymptotic fundamental system, 326, 342

asymptotic linearization, 284

asymptotic polynomial, 210

asymptotic polynomial of order s, 210

Banach space, 2

bilinear, 6

biorthogonal, 18

biorthogonal CSEAVs, 29, 30, 42

biorthogonal CSRFs, 23, 24, 38, 48, 104,
259

biorthogonal projections, 36

Birkhoff matrix, 136, 139, 140, 142, 144

Birkhoff regular, 135, 136, 138-140, 142,
144, 145, 148, 153, 154, 157, 160, 182,
187, 188, 192, 193, 199, 206, 208, 210—
214, 241, 242, 295, 296, 298, 299, 310,
353, 359, 378, 379, 397, 405

boundary eigenvalue operator function, 103,
257, 259, 261

boundary eigenvalue problem, 102, 130, 280,
373, 375

bounded set, 4

bounded variation, 175

499

canonical extension, 48, 61

canonical system of eigenvectors and associ-
ated vectors, 27, 125

canonical system of root functions, 15

canonical systems of root functions, 124

Cauchy sequence, 2

CEAV, 27

chain of an eigenvector and associated vec-
tors, 27

change of variables, 99

characteristic determinant, 357

characteristic function, 280

characteristic matrix, 324

characteristic matrix function, 47, 103, 115,
154, 165, 258, 259, 264

classical adjoint boundary eigenvalue prob-
lem, 111

compact operator, 4, 42, 67

complete, 406, 407, 432

continuous linear operator, 2

contour, 167

convergent sequence, 2

convolution, 54

CSRE, 15, 19

curve, 167

deficiency, 2

degenerate operator, 9

derivative, 4

dertvative in the sense of distributions, 55
differentiable, 4, 6

Dirac distribution, 64

distribution, 54

dual space, 2

eigenvector, 27

equivalent boundary conditions, 139

expansion into a series of eigenvectors and
associated vectors, 405, 407



500

expansion into eigenfunctions and associated
functions, 213, 214, 242, 245, 298-300,
304, 306, 309, 318, 376,411, 413, 417,
423,425, 429, 432, 435, 437
exponential sum, 451

factorization, 36, 47

finitely meromorphic operator function, 9

Fredholm operator, 2, 9

fundamental matrix, 69, 71, 73, 83, 148, 253

fundamental matrix function, 47, 69, 103, 106,
133, 324, 338, 340, 342, 344

fundamental system, 252, 253, 326, 342, 347

fundamental system function, 252, 254, 258,
260

geometric multiplicity, 14

globally equivalent, 48, 104, 395, 396
Green’s function, 261, 276

Green’s matrix, 106, 110, 125, 189

Heaviside function, 115
holomorphic, 18

holomorphic vector function, 6
holomorphically equivalent, 259

index, 2
invertible operator, 2

Jordan canonical form, 45

Lagrange identity, 121, 272
Lagrange matrix, 272
Laurent series, 8

Leibniz rule, 75

meromorphic, 18

meromorphic operator function, 9
meromorphic vector function, 8
minimal, 43, 407

multiplication operator, 65, 67
multiplicity, 13, 275

multiplicity of the zero, 37

norm, 2

normalized boundary conditions, 208
normed space, 2

null space, 2

nullity, 2

partial multiplicities, 14, 22
periodic boundary conditions, 135, 141

pole, 8
pole order, 8, 11, 32
principal part, 8

r,47,48

range, 2

rank, 32

rank of an eigenvector, 27
reduced resolvent, 11, 34
Regge problem, 316
regular distribution, 55
resolvent, 7

resolvent set, 7
Riemann-Lebesgue lemma, 78
right inverse, 72, 103, 258
right invertible, 46

root function, 13, 124, 275

s-regular, 160, 165, 168, 169, 221, 228, 230,
231, 238-240, 242, 313, 314, 316

Schur factorization, 10

semi-simple eigenvalue, 31, 34, 44

separated boundary conditions, 143, 145

simple eigenvalue, 31

Sobolev space, 55

spectrum, 7,9

Stone regular, 160, 221

strongly s-regular, 241, 242, 245, 246, 301,
304, 306, 309

support, 53, 54

tensor product, 3

test function, 54

two-point boundary eigenvalue problem, 103,
118, 119, 208, 271, 296

uniform convergence, 306

weakly regular, 461, 468



	Front Cover 
	Non-Self-Adjoint Boundary Eigenvalue Problems
	Copyright Page 
	Contents 
	Introduction
	Chapter I. Operator functions in Banach spaces
	1.1. Banach spaces
	1.2. Holomorphic vector valued functions
	1.3. The inverse of a Fredholm operator valued function
	1.4. Root functions of holomorphic operator functions
	1.5. Representation of the principal part of a finitely meromorphic oper- ator function
	1.6. Eigenvectors and associated vectors
	1.7. Semi-simple eigenvalues
	1.8. Local factorizations
	1.9. The completion of biorthogonal systems of root functions
	1.10. The operator function A + λB
	1.11. Abstract boundary eigenvalue operator functions
	1.12. Notes

	Chapter II. First order systems of ordinary differential equations
	2.1. Sobolev spaces on intervals
	2.2. The dual of Wkp(a,b) for p <∞
	2.3. Multiplication in Sobolev spaces on the interval (a,b)
	2.4. Compact inclusion maps in Sobolev spaces on (a, b)
	2.5. Fundamental matrices
	2.6. Regularity of solutions of differential equations
	2.7. Estimates of integrals with a complex parameter
	2.8. Asymptotic matrices
	2.9. Notes

	Chapter III. Boundary eigenvalue problems for first order systems
	3.1. The boundary eigenvalue problem
	3.2. The inhomogeneous boundary eigenvalue problem
	3.3. The adjoint boundary eigenvalue problem
	3.4. The adjoint boundary eigenvalue problem in parametrized form
	3.5. Two-point boundary eigenvalue problems in (Lp (a, b) )n
	3.6. Notes

	Chapter IV. Birkhoff regular and Stone regular boundary eigenvalue problems
	4.1. Definitions and basic results
	4.2. Examples of Birkhoff regular problems
	4.3. Estimates of the characteristic determinant
	4.4. Estimates of the Green's matrix
	4.5. A special case of the Hilbert transform
	4.6. Improved estimates of the Green's matrix
	4.7. Uniform estimates of the Green's matrix
	4.8. Notes

	Chapter V. Expansion theorems for regular boundary eigenvalue problems for first order systems
	5.1. First order systems which are linear in the eigenvalue parameter
	5.2. Birkhoff regular first order systems
	5.3. Expansion theorems for Birkhoff regular problems
	5.4. Examples for expansions in eigenfunctions and associated functions
	5.5. Stone regular boundary eigenvalue problems
	5.6. Expansion theorems for Stone regular problems
	5.7. Improved expansion theorems for Stone regular problems
	5.8. Notes

	Chapter VI. n-th order differential equations
	6.1. Differential equations and systems
	6.2. Boundary conditions
	6.3. The boundary eigenvalue operator function
	6.4. The inverse of the boundary eigenvalue operator function
	6.5. The adjoint of the boundary eigenvalue problem
	6.6. The adjoint boundary eigenvalue problem in parametrized form
	6.7. Two-point boundary eigenvalue problems in Lp (a, b)
	6.8. Notes

	Chapter VII. Regular boundary eigenvalue problems for n-th order equations
	7.1. General assumptions
	7.2. Asymptotic linearizations
	7.3. Birkhoff regular problems
	7.4. Expansion theorems for Birkhoff regular n-th order differential equa- tions
	7.5. An example for a Birkhoff regular problem with X-dependent bound- ary conditions
	7.6. Stone regular problems
	7.7. Boundary eigenvalue problems for ή + P1 ή p0 + p0ή =λ2 ή
	7.8. The Regge problem
	7.9. Almost Birkhoff regular problems
	7.1 0. Notes

	Chapter VIII. The differential equation Kη=λHη
	8.1. The eigenvalue problem and general assumptions
	8.2. An asymptotic fundamental system for Kη =λHη
	8.3. The asymptotic fundamental system in the general case
	8.4. The inverse of the asymptotic fundamental matrix
	8.5. Almost Birkhoff regular boundary eigenvalue problems
	8.6. Estimates of the characteristic determinant
	8.7. Asymptotic estimates of the Green's function
	8.8. Expansion theorems
	8.9. The differential equation Kη(4) – α η=λη"
	8.10. The differential equation Kη(4) – Kη=λHη
	8.11. A boundary eigenvalue problem with associated functions at each eigenvalue
	8.1 2. Notes

	Chapter IX. n-th order differential equations and n-fold expansions
	9.1. Shkalikov's linearization
	9.2. A first convergence result
	9.3. The expansion theorem
	9.4. Notes

	Chapter X. Applications
	10.1. The clamped-free elastic bar
	10.2. Control of beams
	10.3. Control of one beam
	10.4. Control of multiple beams
	10.5. An example from meteorology
	10.6. The Orr-Sommerfeld equation
	10.7. A system of differential equations in the theory of viscous fluds
	10.8. Heat-conducting viscous fluid
	10.9. Motions of an incompressible magnetized plasma

	Appendix A. Exponential sums
	A.1. The convex hull of sums of complex numbers
	A.2. Estimates of exponential sums
	A.3. hnproved estimates for exponential sums

	Bibliography
	Notations
	Index



