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no solider wisdom than that which is acquired in struggling against trouble.

Simon L. Altmann, Icons and Symmetries, Clarendon Press, Oxford, 1992.



Preface

For many processes and applications of materials a basic knowledge of their
mechanical behaviour is a must. This is obviously not only true for materials with a
primarily structural function but also for those materials for which the primary
function is an electrical, dielectrical, magnetic or optical one and which are frequently
(and wrongly) known as functional materials. Although many books on the
mechanical behaviour of materials exist, a few drawbacks are generally present. On
the one hand, the treatment is either too limited or too extensive and on the other hand
the emphasis is typically too much on one type of materials, that is either on metals,
on polymers or on inorganics. Moreover, the relation between the behaviour at the
atomic, microstructural and macroscopic level is generally poorly developed. In this
book a basic but as far as possible self-contained and integrated treatment of the
mechanical behaviour of materials and their simplest applications is presented. We try
to avoid the drawbacks mentioned by giving an approximately equal weight to the
three material categories at a sound basic level. This does imply that not all topics can
be treated and a certain initial acquaintance with materials science is probably an
advantage for the reader. Meanwhile we try not to forget the need for somewhat more
advanced discussion on several topics. Hopefully the proper balance is implemented
by the two-level presentation: the ‘basic’ sections for all students and the ‘advanced’,
or more properly ‘intermediate’, sections labelled with an asterisk for those who wish
to deepen their knowledge.

A vparticular feature of this book is the attempt to give a basic but balanced
presentation of the various aspects relevant at the micro- (atomic or molecular), meso-
(microstructural or morphological) and macro-scale (bulk material properties and
behaviour) for polymers, metals and inorganics. Another, also quite important aspect
is that, wherever useful, the thermodynamic aspects are emphasised. We realise that
this approach is not customary but we are convinced that this will make access to the
more advanced literature easier. To that purpose we present in the Overview (part I)
an introduction and an outline of constitutive behaviour. Part II describes the
Fundamentals. It contains some mathematical preliminaries and the essentials of the
continuum theory of kinematics, kinetics and thermodynamics. Also a summary of
atomic and structural tools is given in this part. The latter has been incorporated to be
somewhat self-contained. The remaining chapters discuss several topics in more detail
and have been divided into various parts, namely Elasticity (part III), Plasticity (part
IV), Visco-elasticity (part V) and Fracture (part VI). Of course, it is quite impossible
to deal with every aspect and therefore we have limited ourselves, apart from the
essentials of each of these topics, mainly to similarities and differences between the
type of materials and their thermodynamic and structural background.

The whole of topics presented is conveniently described as mechanics of materials: it
describes the thermomechanical behaviour of materials itself with applications to
elementary structures and processes. With respect to the latter aspect the book by A.H.
Cottrell, The mechanical properties of matter, has been an enlightening example.
Unfortunately, in the past the term ‘mechanics of materials’, sometimes also called
‘strength of materials’, was claimed to denote the description of the deformation of
beams, plates and other structures, given the constitutive behaviour of the material.
The material aspect thus only appears on the phenomenological level. This area would



rightfully have been called 'mechanics of structures' or 'structural mechanics'. The
somewhat different description 'mechanical behaviour of materials' is not entirely
adequate for this book since that title suggests that the treatment is essentially
mechanical. Moreover, the application of the mechanical behaviour to simple
structures and the explanation of the behaviour in structural terms, which is
considered as essential in our approach, are not incorporated. The title reflects our
final choice! For brevity I generally refer to the field as thermomechanics.

Since I realised that my style of writing is compact, I introduced in several chapters
some panels. These panels do not interrupt the line of the discussion but can be read
as an aside, which put a certain topic in perspective, either from a pragmatic, a context
or a historical viewpoint. With respect to history I restricted myself to two or so
panels per chapter with a short biography of eminent scientists. Most of the
information is taken from the books written by Timoshenko*, StruikT, Nyei, Love®,
Tanner and Walters™ and Cahn'. Another useful source was the book by Hoddeson et
al.**. The choice of the short biographies is arbitrary and it is likely that other authors
will make another choice. It must be said that history is not always kind to people and
certain topics or subjects are not known by the name of their first discoverer. I
refrained from critical remarks in this respect. For those interested in these aspects the
very detailed works®® of Clifford Ambrose Truesdell” might be useful. Contrary to
many textbooks, reference is made to the literature, generally to original presentations,
other textbooks and reviews. On the other hand, only incidental reference is made to
experimental methods.

After having treated the phenomenological equations, the applications of the theory,
and the structural aspects of elasticity, plasticity, visco-elasticity and fracture, in the
last chapter, I tried to provide a personal view and perspective on the whole of
thermomechanics. I hope that the remarks made will be useful to many, although I am
quite sure that it does not cover these areas to the satisfaction of everybody.

The essential ingredients of these notes were already contained in a course on the
mechanical behaviour of materials at the Department of Chemical Engineering and
Chemistry at Eindhoven University of Technology, which I took over some 10 years
ago. The overall set-up as given here has been evolved in the last few years in which
hopefully both the balance in topics and their presentation is improved. I am obliged
to my students and instructors who have followed and used this course and provided

: Timoshenko, S.P. (1953), History of strength of materials, McGraw-Hill, New York (see also Dover,
1983).

t Struik, D.J. (1948), A concise history of mathematics, Dover, 1948.

#Nye, MLJ. (1996), Before big science, Harvard University Press, Cambridge, MA.

$ Love, A.E.H. (1927), 4 treatise on the mathematical theory of elasticity, 4™ ed., Cambridge
University Press, Cambridge (see also Dover, 1944).

** Tanner, R.I. and Walters, K. (1998), Rheology: an historical perspective, Elsevier, Amsterdam.

't Cahn, R.W. (2001), The coming of materials science, Pergamon, Amsterdam.

# Hoddeson, L., Braun, E., Teichmann, J. and Weart, S. (1992), Out of the crystal maze, Oxford
University Press, New York.

% Truesdell, C.A. (1968), Essays in the history of mechanics, Springer, Berlin, and Truesdell, C.A.

(1980), The tragicomical history of thermodynamics 1822-1854, Springer, Berlin.

" Clifford Ambrose Truesdell (1919-2000). American scientist, who played a highly instrumental role
in the development of so-called rational mechanics and thermodynamics. His main criticism on the
development of the thermodynamics is the continuous and complete mixing up of constitutive
behaviour and basic laws as compared to the more or less separation of these aspects in mechanics.



many useful remarks. In particular I want to thank my colleague Dr. Paul. G. Th. van
der Varst for the careful reading of and commenting on many parts of the manuscript
and many discussions on almost all of the topics covered, which I always enjoyed and
which made clearer to me a great number of aspects. Hopefully this led to an
improvement in the presentation. It has been said before that authors do not finish
their manuscript but abandon it. After the experience of writing this book I recognise
that sentiment. My greatest indebtedness is to my wife who I ‘abandoned’ for many
hours and days. Without her patience the book would never have been finished.

Obviously, the border between various classical disciplines is fading out nowadays. It
is therefore hoped that these notes are not only useful for the original target audience,
chemists and chemical engineers, but also for materials scientists, mechanical
engineers, physicists and the like. Finally, I fear, the text will not be free of errors.
They are my responsibility. Any comments, corrections or indications of omissions
will be appreciated.

G. de With, July 2005
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external potential energy
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density, radius of curvature
(true) stress
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shear stress
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SDG small displacement gradient
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SIF  stress intensity factor
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Introduction

For virtually any structure or process the mechanical behaviour of the materials
involved is relevant as elaborated somewhat in the panel ‘The importance of MSE’.
Either the deformation (strain) or the force (stress) is a controlling parameter. Both
quantities depend on the nature of the loads (purely mechanical, thermo-mechanical,
electrical, ...), the geometry of the structure or the piece of material and, of course, the
thermo-mechanical properties of the materials. Thermomechanics of materials, as
defined in this book, deals with the thermomechanical behaviour of solid materials
and the application to simple structures and processes. The aim of this chapter is to
briefly overview the approach that is to be followed, but for that purpose it is useful to
first review briefly the various materials whose thermomechanical behaviour is to be
discussed. We deal with inorganics, metals, polymers and composites. Thereafter we
present some considerations on length scales and the nature of the continuum,
followed by an outline of the topics that will be discussed.

1.1 Inorganics

Inorganics or ceramics are materials that contain either ionically bonded atoms
(Fig. 1.1) or covalently bonded atoms® (Fig. 1.2). In ionic bonding, positively and
negatively charged ions attract each other non-directionally. The cohesive energy
ranges from 600 to 1500 kJ/mol. In covalent bonding strong directional bonds are
present between the atoms due to shared electrons. The cohesive energy ranges from
300 to 700 kJ/mol. In both cases generally a solid arises with high melting point and
corresponding high stiffness and low ductility’. For these materials the electrical

(Strong) Attractive forces be- Shared vulence electrons
tween positive and negative ions

(Positive) Ton

Fig. 1.1: Schematic of an ionically bonded Fig. 1.2: Schematic of a covalently bonded
material. material.

# Of course, this classification is one of extremes and a gradual transition between them exists. From the
modern point of view bonding ought to be described by quantum mechanics. Nevertheless, the
classification is useful and thus frequently used.
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conductivity is normally low while the thermal conductivity can vary considerably.
Generally two classes can be distinguished: crystalline and amorphous materials.

The importance of MSE

Many of the achievements of Materials Science and Engineering (MSE) are unnoticed.
Nevertheless MSE is quite important in modern society, both in daily life and in high-tech
applications. MSE was initially dealing mainly with metals and therefore used to be called
metallurgy. To mention just a few examples: Cr-based super alloys are indispensable materials
for turbine blades in the high-temperature environment of power supply stations and light-
weight alloys based on Al and Mg have become a necessity for aircraft. Without stainless steel,
as used for knifes and other utensils, daily life in the kitchen would be less easy. However, the
importance of polymers and ceramics has increased considerably in the last decades. Today
many household objects are made of polymers, e.g. the casings of electronic and household
appliances or disposable utensils or children’s toys. In fact they are often composites based on
a polymer matrix reinforced with inorganic particles. More high tech are the electrically
conductive polymers, which are being engineered today. The use of ceramics is usually less
noted but nevertheless important. For each electronic chip (still largely from Si, an inorganic
material itself), two or so capacitors are required which are most of the time made of a
ferroelectric ceramic. Other examples are ceramic magnets in TVs and PC monitors, the high
purity optical glass fibres used for telecommunication and the classical example of a spark

plug.

Crystalline solids further can be divided into single crystalline or polycrystalline
materials. In both single and polycrystalline materials a regularly ordered structure
exists at an atomic scale. This structure is maintained, at least in principle, throughout
the whole material in a single crystalline material, while in a polycrystalline material
regions of different crystallographic orientations exist. These regions are referred to as
grains and the boundaries between them as grain boundaries (Fig. 1.3). X-ray
diffraction clearly reveals the long-range atomic order of these materials. In
amorphous solids there is no long-range order (Fig. 1.4) although the local co-
ordination of a specific atom in the amorphous state may not be that different from the
co-ordination of the same type of atom in the corresponding crystalline state (if it
exists).

Crystalline solids generally show a distinct melting point. Below the melting point
the crystalline structure is present while above the melting point an amorphous, liquid
structure arises. Despite the long-range order, various defects may be present in single
crystal materials. They can be divided into point defects (interstitials, vacancies,
substitutional atoms), line defects (dislocations), planar defects (stacking faults) and
volume defects (inclusions, pores) (Fig. 1.5). In addition to grain boundaries the same
range of defects as mentioned for single crystals occurs in polycrystalline solids. Here

amorphous " crystalline

i

Fig. 1.3: Polycrystalline material. Fig. 1.4: Amorphous and crystalline structure.

® A number of concepts and ideas are used in this chapter. Most of them will be readdressed later in this
book. For the moment we accept their significance as obvious.



1 Introduction 3

abababa
Sececececss stacking fault
C ecececegece P g
q @0e000®00S O -
°4 ° 6 0oeo0ecec0e00 structural
AR ophN_d nhphuse buundury ababg anisotropy
fcc twin boundary ="
o Jorain 5. / crystal anisotropy
P ) L_“boundary.
bee <
¥y M v ° =
°
§ ° o ® ' =
DG \ . y Q
° 1
. 133 S /) . \/\L ) edgidlsloctitlcn
solute atom » L + | l
coherent — incoherent particles semi-coherent
o S35 04
¢ s b
3 -4 Té' 1 >4

Fig. 1.5: Overview of the various microstructural features.

the average grain size and grain size distribution frequently play an important role as
well. The influence of some of these defects on the thermomechanical behaviour will
be discussed in later chapters.

Although high purity is often pursued, impurities nevertheless are present. These
impurities may dissolve in the lattice, if present below the solubility limit, or
precipitate, if present in amounts above the solubility limit, sometimes forming new
phases. These precipitates also have a pronounced influence on the thermomechanical
behaviour. In polycrystalline materials impurities may segregate on the grain
boundaries leading to either amorphous or crystalline grain boundary phases. These
grain boundary phases are often quite important in the mechanical behaviour.
Obviously, if sufficient amount of this impurity material is present, the new phases, if
they crystallise, can form new grains in the material. If the new phase remains
amorphous, it is generally referred to as a glassy second phase. If the foreign
compounds are added on purpose, e.g. to improve either processing or properties, the
indication ‘impurity’ is usually replaced by additive or dopant. The type, structure and
number of phases; the number, geometric appearance (size, shape, etc.) and
topological arrangement of the individual phase regions and their interfaces and the
type, structure and geometry of lattice defects define what is called the
microstructure’ (see also Fig. 1.5).

Various types of compositions for polycrystalline inorganics exist. The first and
most important are the oxides, which show mainly ionic bonding. Silicates as used in
bricks, porcelain, etc. are well known. For more advanced applications, mainly of
mechanical nature, alumina or Al,Os3 is the working horse but a large variety of oxides
have found their use in a multitude of applications. Some examples are MgO and
Al,03-Si0; for refractory applications, BaTiO; for dielectric applications and MnZn-
Fe,04 for magnetic applications. By varying the grain size and composition the
properties can be varied over a certain range so as to make them suitable for different
applications. Carbides, the most important of which is SiC, are used for abrasive and

®Exner, H.E. (1983), Qualitative and quantitative surface microscopy, page 581 in Physical
metallurgy, 3rd ed., R.W. Cahn and P. Haasen, eds., North-Holland, Amsterdam.
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Fig. 1.6: The (idealised) change in specific volume for the glass transition at cooling rate 1 >
cooling rate 2 leading to glass transitions temperatures T,; and T,. Also shown is the normal
melting behaviour at melting point 7;,.

high-temperature applications. Nitrides, of which the most important representative is
Si3N4, are gaining importance, particularly in engineering applications for high
temperature but also e.g. as sensor tip material in atomic force microscopy (AFM).
For these materials the bonding is mainly covalent. Other examples of important
carbides and nitrides are WC, TiC, B4C, AIN and TiN. Furthermore a wide range of
sulphides, selenides, tellurides, etc. are (being) engineered for specific applications.

Amorphous inorganics are usually called glasses. Glasses do not show clear
melting but do show within a certain temperature range a gradual transition from
elastic to viscous behaviour with increasing temperature. In this temperature range the
material behaviour becomes increasingly more time dependent with temperature. The
glass transition temperature T,, located approximately in the middle of that
temperature range, characterises the transition and the behaviour is referred to as
visco-elasticity. For inorganic glasses the glass transition temperature typically ranges
from 500 °C to 1000 °C. Unlike during melting, where several properties change
abruptly at the melting point, properties for a glass change gradually from one regime
to another in the glass transition region, as illustrated for the specific volume in Fig.
1.6. The glass transition temperature 7} is usually determined by the extrapolation of
the linear behaviour of the liquid-like and glass-like regions. An important
characteristic is that 7, depends on the cooling rate employed. The slower the cooling
rate, the lower T is obtained. This effect is ascribed to the free volume, i.e. the empty
space between the molecules. At high cooling rate only limited relaxation of the glass
structure can occur before the temperature has decreased so far that further relaxation
is very slow. At lower cooling rate more relaxation can take place, thus continuing the
liquid-like regime to lower temperature and hence leading to a smaller free volume
and therefore a lower T,. A glass cooled at a high rate can relax slowly in the glass-
like regime (at sufficiently high temperature) to a branch associated with a lower
cooling rate, a process generally known as physical ageing. This is in contrast to
chemical ageing where a slow chemical reaction modifies the chemical constitution.
This effect is relatively unimportant for inorganic glasses but may be considerable for
polymers.

For the majority of inorganic glasses silica or SiO; is the basic component. Silica
itself has a low thermal expansion coefficient and highly homogeneous network
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Fig. 1.7: The microstructure of a machinable glass-ceramic.

structure in which the SiO4 tetrahedra are connected to each other with all corners
shared. Other network forming oxides are e.g. GeO, and B,O3; while some others, e.g.
Al,03 and Bi,03, are forming glasses only in the presence of other, network forming
oxides. By modification of the network through addition of oxides such as Na,O,
K,0, CaO and Al,Os, the network modifying oxides, the properties can be varied over
a wide range. The full connectivity of the SiO4 tetrahedra is lost and charge
compensation is provided by the other cations. This modification applies to the static
properties such as density, hardness, thermal expansion coefficient and refractive
index as well as the transport properties such as electrical resistance and diffusion
coefficient. In a number of cases the structure becomes inhomogeneous through phase
separation, which can be used for strengthening glasses to a considerable extent.

A relatively new class of materials is glass-ceramics. They are partially
crystallised glasses with a significant remaining volume fraction of amorphous
materials. Typically these materials are made by conventional glass technology
resulting in a glass, which is partially crystallised by a controlled heat treatment. This
crystallisation is induced by the presence of a seed. The near-net shape fabrication
option is a definite advantage. The final properties can be rather different depending
on the microstructure. We quote two examples. Glass-ceramics with a large number of
dispersed crystals can be strong due to internal stress and are used e.g. for household
applications. Highly crystallised glass-ceramics with plate-like crystals can be easily
machinable and used e.g. for the production of prototype items (Fig. 1.7).

1.2 Metals

Metals are solids in which the bonding between the ions is collectively provided
by the electrons (Fig. 1.8). The cohesive energy ranges from 100 to 800 kJ/mol.
Depending on the type, metals can show a high melting point and corresponding high
hardness and low ductility (e.g. Mo, W) or a relatively low melting point with
associated lower hardness and higher ductility (e.g. Cu, Al). Due to the collective
electrons, metals typically show a good electrical conductivity and a good thermal
conductivity. Like inorganics, metals may be single crystalline or polycrystalline and
the same type of defects as in inorganics can occur. Of the 83 metal-like elements 15
have the FCC, 25 the HCP, 15 the BCC, 11 another and 17 an unknown structure.
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(Positive) Metal ion

(Negative) Electron cloud

Fig. 1.8: Schematic of a metallically bonded material.

Adding other elements to a base metal is generally called alloying. As in the case
of inorganics the additions can dissolve in the matrix, segregate at the grain
boundaries or lead to new phases. It should be noted that the solubility of additions is
typically much higher in the case of metals as compared with crystalline inorganics.
By alloying not only the chemical composition but also the microstructure can be
influenced significantly leading to widely varying properties for one and the same
base metal. Particularly the strength can be increased, usually at the cost of lower
ductility.

A typical feature of metals is the possibility of changing the microstructure by a
heat treatment below the melting point. A particularly frequently used process is
annealing, i.e. holding at high temperature for some time. The change in the
microstructure is reflected in the properties of the metal; e.g. by annealing and slow
cooling the yield strength can often be lowered while after annealing and quenching
the yield strength can be increased.

As an example we discuss in some detail Fe, by far the most important metal,
mainly used for structural applications. Ferrite (or a-Fe with a BCC structure,

Temperature (deg C) ’
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Fig. 1.9: The phase diagram of Fe and C in the Fe-rich region.
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magnetic) transforms upon heating to austenite (or y-Fe with a FCC structure, non-
magnetic) at 912 °C, which on its turn transforms to 3-ferrite (again a BCC structure)
at 1394 °C. The most important alloying element for Fe is C, which is dissolved
interstitially in the Fe-matrix. The corresponding phase diagram is shown in Fig. 1.9.
The C atoms dissolve only to a limited extent in a-Fe (maximum solubility 0.022 wt%
at 727 °C) due to the small size of the interstitial holes of the BCC lattice. In FCC y-
Fe the interstitial holes are much larger and consequently much more C can dissolve
(maximum solubility 2.14 wt% at 1147 °C). The phase diagram Fe-C contains an
eutectic at 0.76 wt% C between a-Fe and FesC (cementite) and one at 4.3 wt% C
between y-Fe and graphite at 1147 °C.

For alloys containing < 0.008 wt% C we denote the metal by iron. Its structure is
ferritic. In the range between 0.008 and 2.14 wt% C, we denote the alloy as steel but
typically less than about 1 wt% C is used. The structure is typically a mixture of ferrite
and cementite.

If, apart from C, only a small amount of Mn is present, the steel is known as a
plane carbon steel. At low carbon content we have low carbon steel (~ 0.25 wt% C),
which is ductile, tough and easily machinable. Typical yield strength values? are about
275 MPa while the fracture strength ranges from about 450 to 700 MPa. It is generally
used for structural elements with low relative cost. If elements such as Cu, V, Ni and
Mo are added to low carbon steel, one speaks of high strength low alloy (HSLA) steel.
The fracture strength is typically > 600 MPa.

Increasing the C-content results in medium carbon steel (typical range 0.25 to 0.6
wt% C; typical alloying elements Ni, Cr, Mo). They are harder and stronger but have
lower ductility than the low C steels and are used e.g. for machine parts and railway
wheels. By further increasing the C-content results in high carbon steel (range 0.6 to
1.4 wt% C; typical alloying elements W, Mo, Cr, V). They are the least ductile of the
steels but the hardest and strongest. Applications are e.g. tools and dies.

Apart from the ferritic structure and austenitic structure, several other structures
can be present. Slow cooling the 0.76 wt% eutectic composition results in a full
pearlite structure, consisting of alternating layers of a-Fe and Fe;C, owing its name to
the pearl-like appearance. Moderate cooling results in full bainite, again o-Fe and
Fe;C but with the Fe;C in a needle or plate-like shape. This structure changes after

v v v
Slow Moderate Rapid
cooling cooling cooling
l Pearlite. I | Bainite I |Martensite}

| Tempering | | Tempering |

ISpherOiditel Tempered

martensite

Fig. 1.10: Transformations in steel.

4 An overview of the various mechanical properties is given in Chapter 2.
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tempering for 18 to 24 h at about 700 °C to spheroidite, named after the spheroical
shape of Fe;C. Finally rapid cooling of the eutectic composition results in martensite.
In this case the carbon atoms cannot precipitate and remain dissolved in a tetragonally
distorted BCC structure, resulting in a high internal stress and blocking of the slip
planes and thus in a high hardness. Moderate tempering (between 250 and 650 °C)
results in fempered martensite, consisting of a-Fe and Fe;C. For a C-content
somewhat different from 0.76 wt%, the structure still contains pearlite. However, for a
C-content < 0.76 wt% islands of Fe;C are present while for a C-content > 0.76 wt%
the structure contains islands of Fe. In Fig. 1.10 a scheme of these transformations is
shown.

Alloys with 2.14 wt% up to 6.70 wt% C (corresponding to Fe;C) are referred to as
cast irons. Typically they contain 3.0 to 4.5 wt% C and since the melting point by this
amount of carbon is considerably decreased (to 1100-1300 °C), these alloys can be
cast relatively easily, and hence their name. The large content of C results in graphite
inclusions in the alloy. If Fe also contains 1.0 to 3.0 wt% Si, which is often the case,
the graphite precipitates as flakes. The Fe structure is ferritic or pearlitic. The material,
known as gray cast iron, is weak and brittle, due to the shape of the (flake-like)
precipitates.

Adding a small amount of Mg or Ce results in sphere-like graphite inclusions and
the material is called nodular cast iron. It is typically applied in machine parts. If,
however, less than 1 wt% Si is present, the C precipitates almost fully as Fe;C and
results in white iron, which is extremely hard, difficult to machine and applied e.g. in
rollers. Long tempering in neutral atmosphere at 800 to 900 °C results in much more
ductile material, called malleable iron.

Finally as an example of high alloy steels, we mention the stainless steels,
typically containing > 11 wt% Cr. They are highly corrosion resistant but relatively
soft. They may be ferritic, austenitic or martensitic with corresponding mechanical
properties. Important applications not only can be found in food handling, storage and
processing, e.g. utensils, containers, kitchen sinks, dough mixers and sterilisation
equipment, but also in forging tools.

The main drawbacks of ferrous alloys are their relative high density (about 7.8
g/cm3), relatively low electrical conductivity and susceptibility to corrosion. Therefore
other alloys are in use. We mention briefly the Cu, Al, Mg and Ti alloys.

Most of the Cu alloys can only be strengthened by cold working. Cu-Be alloys
form an exception: they can be hardened by precipitation hardening. An important
category of alloys forms the Cu-Zn alloys with FCC structure or brasses, with < 35
wt% Zn. These alloys are soft and ductile and can easily be cold worked but all have a
high density, about 8.9 g/cm®. Applications are e.g. coins and small parts. Another
category is the Cu-Sn alloys or bronzes. They are somewhat stronger and are used in
bushings and bearings. The yield strength ranges from about 100 to 500 MPa and the
fracture strength from about 200 to 600 MPa.

Al and its alloys all have a low density, about 2.7 g/cm’. The structure is FCC and
the materials are generally ductile to relatively low temperature. A major limitation is
the low melting point, about 660 °C. Applications are e.g. beverage cans and engine
parts. The yield strength ranges typically from 50 to 400 MPa, depending on the type
and amount of alloying elements. The fracture strength shows a wide range, say from
100 to 600 MPa, again depending on the alloying conditions.
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Mg and its alloys have an extremely low density, about 1.7 g/cm’. The structure is
HCP and results in soft and corrosion sensitive metals. Since their yield strength is
close to their fracture strength, these alloys are difficult to deform.

Ti and its alloys have a relatively low density, about 4.5 g/cm’, but a high melting
point of about 1670 °C. The alloys are typically quite strong, up to 1400 MPa, yet
ductile. Applications are e.g. again machine parts and also implants.

If sufficiently rapidly cooled from the melt (splat cooling), some metals can
solidify in the amorphous state. Typical cooling rates are e.g. for Al alloys 10° K/s.
These amorphous metals or metal glasses can have quite different properties from
their crystalline counterparts. In particular, ductility and wear resistance are
influenced. It is also possible to produce compositions that cannot be produced in
crystalline alloys, sometimes having extraordinary properties. Some alloys are e.g.
applied as soft magnets. However, upon thermal processing these alloys usually
become microcrystalline again.

The fact that a wide range of microstructures can be obtained and that the final
microstructure is largely independent of the original microstructure, is one of the most
useful features of metals.

1.3 Polymers

Polymers consist of long molecular chains of covalently bonded atoms. Typically
the molecule is constructed from a set of repeating units, the monomers. To a good
approximation the energy of a single molecule can be estimated by adding bond
energies (Table 1.1). In solid polymers bonding occurs via secondary interactions,
such as van der Waals interactions and hydrogen bonds, and via cross-linking between
the chains®. The van der Waals interaction is the attraction from charge distribution
fluctuations in different molecules mutually influencing each other. The energy of this
interaction ranges from 10 to 40 kJ/mol for polymersf. In a number of cases also
hydrogen bonding is present with similar binding energy. Hydrogen bonds arise from
the bonding of a hydrogen atom to two other atoms, either symmetrically A-H---A or
asymmetrically A—H---B. These bonding types result in rather soft materials with low
melting temperature. By joining the chains at points along their length with a chemical
bond a cross-linked structure (Fig. 1.11) arises, leading to somewhat harder materials
showing no melting. Typically the electrical as well as thermal conductivity of
polymers is low.

Table 1.1: Bond energy U, and bond length d for various bonds.

Bond Unon (V) d(A) Bond Upon (6V) d (&)
C-H 43 1.08 c-l 2.8 1.76
c-C 3.6 1.54 C-Si 3.1 1.93
c=C 63 1.35 Si-H 3.0 1.45
c=C 8.7 121 Si-Si 1.8 2.34
c-0 36 1.43 Si-F 5.6 1.81
Cc=0 7.6 122 Si-Cl 37 2.16
C-F 5.0 1.36 Si-0 3.8 1.83

Guy, A.G. (1976), Essentials of materials science, McGraw-Hill, New York. 1 eV = 96.48 kJ/mol.

¢ Using this description an oxide glass can be considered as an inorganic polymer.
f For small molecules such as N,, CH, and CCl, the range is often quoted as 1 to 10 kJ/mol.
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Generally two classes of polymers can be distinguished: addition (or chain-
grown) polymers and condensation (or step-grown) polymers. Members of the first
class are made by initialising a molecule by a catalyst to provide it with an activated
end site via opening of a double bond and then growing the molecule to a chain by
addition of a monomer until growth is terminated, either by exhaustion of the
monomer supply or via a side reaction. At any time there are essentially only
monomers and growing polymer chains present. The number of the latter is always
low. Possibly the simplest example is polyethylene, which consists of long chains of a
—[CH,—CH,]- repeating unit. The monomer is ethylene, CH,=CH,. If the monomer is
modified to CH,=CHX, where X represents a certain chemical group, the polymers
are called vinyl polymers. If X is a methyl, phenyl or chloride group the resulting
polymer is indicated by polypropylene, polystyrene or polyvinylchloride, respectively.
Linear members of the second class are made by reacting bifunctional molecules with
the elimination of a low molar mass condensation product, e.g. water. At any moment
the mixture contains growing chains and water. The number of reactive groups
decreases with increasing chain length. The reaction between a suitable organic
dicarboxylic acid and a diol yields a polyester, e.g. polyethylene terephthalate
(Dacron), made from ethylene glycol and terephthalic acid. Similarly, a polyamide can
be the condensation product of a dicarboxylic acid and a diamine, e.g. nylon 66, made
from adipic acid and hexamethylene diamine.

The chemical structure of the chains is complicated somewhat by isomerism. A
simple example of chemical isomerism is provided by the vinyl polymers for which
one may have head-to-head (—CH,—~CHX—-CHX-CH»-) or head-to-tail (—CH,—CHX-
CH,-CHX-) addition. A somewhat more complex case involves steric isomerism.
Consider again the case of vinyl polymers in which a side group is added to every
alternate carbon atom. If the groups are all added in an identical way, we obtain an
isotactic polymer (Fig. 1.11). If on the other hand there is an inversion for each
monomer unit, we obtain a syndiotactic polymer. Finally, an irregular addition
sequence leads to an atactic polymer.

Each sample of polymer will consist of molecular chains of varying length and
consequently of varying molecular weight. The molecular weight distribution is
important for many properties. One can distinguish between the number average M,
and weight average M, defined by

Zi N"M"

NM M.
n=—‘z—‘ and Mw=%lﬁ)——‘ (11)

respectively, where N; is the number of molecules with molecular weight M; and the
summation is over all molecular weights. The weight average is always larger than the
number average and in fact (M,/M,) — 1 represents the relative variance of the number
distribution and therefore the width of that distribution.

Like in inorganics and metals, mixtures of various kinds are possible. A blend is a
mixture of two or more polymers. In a graft a chain of a second polymer is attached to
the base polymer. If in the main chain a chemical combination exists between two
monomers [A] and [B] the material is a copolymer. In the latter case we distinguish
between a block copolymer, where the monomer A is followed first by a sequence of
other monomers A like AAA and subsequently by a series of B monomers, and
random copolymers, where there is no long sequence of A and B monomers.



1 Introduction 11

atactic 1sotactic syndiotactic

O ol || O O G| o Gl
oot | | L | et
CHyHH HCHy|| HHHHH H CHyH CHy H

linear branched tangled
 _/
7T U

partially crystalline {lightly cross-linked| [close network

crystalline lomella | | spherulites shish-kebab

=
=
=
=
=
=

@

fillers fibres foal
Cog |IONN
o @ \\\ \

Fig. 1.11: Microstructural features of polymers.

The structure of polymers is described by the geometrical structure of the chain
itself and of the arrangement of the chains with respect to each other. The geometrical
structure of the chains themselves is largely determined by rotational isomerism.
Although single bonds rotate relatively easily along the bond axis, this rotation is
somewhat hindered. For a unit like —CHY-CHX- the preferred orientations
(orientations with the lowest energy) are gauche, i.e. with the groups X and Y rotated
through 60° along the bond, and trans, i.e. with the groups X and Y rotated through
180° along the bond. For a unit like -CHY=CHX- the preferred orientations are cis,
with the groups X and Y on the same side of the double bond, and trans, with the
groups X and Y on different sides of the double bond. In this case the rotational
barrier is considerably higher.

Considering the arrangement of the chains with respect to each other, there are
four relevant aspects: entanglement, cross-linking, preferential orientation and
crystallinity.

Considering the first aspect, we note that the individual chains, having a relatively
large internal flexibility, form coils, the size of which depends on temperature and on
whether the chain is in a melt or in solution. In the latter case the size also depends on
the solvent and the temperature. Like in inorganics and metals, polymers in the molten
state are amorphous and the individual chains are entangled, i.e. the chains get mixed
up and are difficult to unravel since at various positions a kind of knots,
entanglements, are formed. A crude analogy is that of a bowl of wriggling spaghetti
with length to diameter ratios of 10* or more. The number of entanglements per
molecule increases with increasing molecular weight.

As indicated before, in many cases the individual chains are chemically bonded to
each other at points along their length to make a cross-linked structure (Fig. 1.11).
Heavily cross-linked polymers (thermosets) are relatively difficult to deform, even at
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amorphous partially crystalline

Fig. 1.12: Amorphous structure, orientation and crystallinity in polymers.

elevated temperature. A less rigorous way to connect molecules to each other is via
chain branching where a secondary chain initiates from a point on the main chain.
This leads to a more entangled structure as compared with linear polymers and thus
these materials are more difficult to deform. Lightly branched and linear polymers
(thermoplastics) are relatively easily deformed at elevated temperature since thermal
motion in combination with mechanical load can change the entanglement structure
relatively easily.

Many polymers, in particular atactic polymers, random copolymers and highly
branched polymers, when cooled down from the molten state remain in the disordered
or amorphous state (Fig. 1.12). Obviously complete random organisation is
impossible in view of the covalent bonds between the atoms in the chain. Generally
this slight orientational preference is non-detectable by X-ray diffraction. If a polymer
is stretched, the molecules may be preferentially aligned along the stretch direction, so
that the structure shows some more orientation. This orientation is still not detectable
by X-ray diffraction, but can be detected possibly by optical means. Such a structure is
called oriented amorphous. Further stretching will lead to a strong preferential
orientation, also detectable by X-ray diffraction.

Finally we note that polymers, in particular those with a more regular chain
structure, when cooled down sufficiently slowly from the melt, also can crystallise.
Similar to polycrystalline inorganics and metals, these crystallised polymers are
macroscopically isotropic but microscopically non-homogeneous. Generally these
polymers are not completely crystallised but only partially: alternating regions of order
(crystallites) and disorder (amorphous regions) exist (Fig. 1.12). The crystallites
generally have the shape of lamellae, several tens of micrometres of lateral
dimensions and about 10 to 20 nm in thickness. The chains are folded and the large
surfaces of the lamellae contain the folds. In the crystallites not only different chains
align but also a single chain participates in several lamellae. The crossover of chains,
chain ends and defects within the chain largely collect in the amorphous regions
between the lamellae. The end-to-end distance of the individual molecules remains
largely preserved in melt-grown lamellae, so that the entanglement density is also
largely preserved. In solution-grown lamellae, on the other hand, the end-to-end
distance has decreased considerably as compared to the value in solution leading to a
much lower entanglement density. The lamellae orient typically more or less similarly
forming stacks with amorphous material in between. These stacks in turn form
superstructures of which the spherulite (Fig. 1.13), in which stacks emanate radially
from a certain nucleus, is the most important. The collective of features detected by
microscopic means is referred to as morphology, a characteristic comparable to
microstructure (although the noun morphology originally was a synonym for shape).
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Fig. 1.13: The structure of a lamella and a spherulite.

Depending on the degree of crystallinity polymers may or may not show a clear
melting point. Therefore depending on the temperature, a polymer may exhibit
elastic/brittle behaviour, visco-elastic behaviour or viscous behaviour, similar to
inorganic glasses. Amorphous polymers do show a glass transition temperature 7,
rather than a melting point. The slower the cooling rate, the lower T, is obtained.
Apart from cooling rate, 7 also depends on chemical structure, molecular weight,
branching and cross-linking. The more flexible the chains, the lower 7, and bulky
and/or polar side groups tend to increase 7. Since there is generally more free volume
associated with the chain ends than with the chain middle, the glass transition
temperature increases with increasing molecular mass M. The behaviour is
approximately described by the Fox® equation

k

TE=Tg°°_M

(1.2)
where T, indicates the T for very high M and k; is an empirical constant. Similarly, a
small amount of branching reduces T, while a large amount restricts mobility and
therefore increases T,. Cross-linking increases the density implying that the free
volume decreases. Hence cross-linking increases 7, and the behaviour is
approximately described by

k k,

T,=T,——+

2 1.3
& M Msub ( )

where Mg, is the molecular mass of the sub-chains between the cross-links and &, is
another empirical constant. A non-crystalline polymer above T, behaves like a viscous
liquid. Flow can take place since the chains can slide along each other. Cross-linking
can stop this process and in this way one obtains rubbers (or elastomers). In this state
the material can be extended many times its own length and will return upon
unloading rapidly to its original shape. The basic material here is natural rubber,
consisting of cis-isoprene, which crystallises but with difficulty. Cross-linking or as
the jargon reads vulcanisation, was originally done by sulphur but nowadays usually
with peroxides. The most well-known synthetic rubber is a random copolymer of
styrene and butadiene (SBR), often reinforced with particles such as carbon black and
used e.g. in vehicle tyres.

8 Fox, T.G. (1956), Bull. Am. Phys. Soc. 1, 123.
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1.4 Composites

Ever since men used materials, composites (a combination of more than one kind
of material) have been used. Typically a composite implies a material consisting of the
matrix material with dispersed particles or fibres or a laminate (Fig. 1.14). Nowadays
composites with a matrix of an inorganic material, a metal or a polymer are utilised,
polymeric matrices being the most frequently used.

Polymer matrices are often made of the relatively inexpensive polyesters. For
better matrix properties, but also higher cost, epoxy resins are used, while for high
temperature application polyimide resins are applied. Polymers are often mixed with
other materials in the shape of fibres or particles. For polymeric matrices in particular
the stiffness and strength are improved by using inorganic fibres, for which often glass
is used. This may lead to anisotropic behaviour if the fibres are aligned, resulting in
excellent strength in one direction but low strength in the perpendicular direction. In
addition to an increase in strength the resistance towards creep is improved. Other
reinforcement materials used are carbon and aramide fibres. Both can be introduced as
strands or as woven mats. To avoid anisotropy, relatively short fibres should be
randomly distributed. However, improvement in properties is then more limited.
Particles are also used to improve the polymer behaviour. In the latter case inorganic
and rubber particles are used. While the former are used to increase stiffness and to
reduce visco-elastic behaviour (and for economic reasons), the latter are used to
improve the impact resistance.

Metal matrices are typically combined with inorganic particles. For metal matrices
the first goal usually is to improve the creep behaviour meanwhile also improving
stiffness and wear resistance. The most well-known example is so-called hard metal, a
dispersion of 70 to 90 vol% WC (or other carbide) particles in a Co matrix. This
material is quite hard (due to the WC particles) but still tougher than monolithic WC
(due to the Co) and is applied in cutting tools. A more recent example is provided by
Al O3 or SiC particles in Al alloys as used in engines and ThO, particles in Ni alloys
for high-temperature applications. It should be realised that precipitation strengthened
metals are actually composites with particles of diameter 0.01 to 0.1 pm generated in
situ by the thermal treatment applied.

Inorganic matrices are mixed with other inorganic or metal particles. Metal
inclusions are used to improve ductility and thereby toughness. As an example we

e
g B

Fig. 1.14: A schematic representation of the microstructural options for composites.
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mention silver-hydroxyapatite composites for biomedical applications. The addition of
other inorganics can improve strength (and to some extent toughness) as well as wear
resistance. A classic example is concrete, a composite of relatively large inorganic
particles, e.g. gravel, in an inorganic matrix, typically cement and sand. The coarse
particles act as a filler material to reduce the cost. The so-called transformation
toughened materials provide an example of a more modern class of composite
materials. Small particles of partially stabilised ZrO, are dispersed in a matrix of e.g.
AlLO;3 or ZrO, itself, leading to better toughness and/or strength. Fibres are used as
well, the most frequently used material being SiC often in a polycrystalline SiC
matrix. Another example is provided by C fibres in a polycrystalline C matrix, the so-
called carbon-carbon composites.

Laminates are made from polymers, metals and inorganic materials. A well-known
example of a laminate is plywood. Other examples are provided by polyester
impregnated fabrics as used e.g. in small ships, hardened glass sandwiching PVB
(polyvinylbutyral) as used for wind shield for cars and the Aral laminate, aluminium
plates sandwiching layers reinforced with aramide fibres, for structural applications.

In all cases one attempts to improve the matrix material by taking advantage of the
properties of the dispersed material, meanwhile avoiding the disadvantages of the
dispersant. Obviously, these attempts are not always successful.

1.5 Length scales

The present knowledge of mechanical behaviour of solids can be most
conveniently described using three levels.

Consider first the level of structures. A piece of material has a finite size and is
used in a structure, which can be loaded by various forces. The typical size of a
structure can vary in a wide range: from small components of a few mm or cm, such
as a capacitor, a spring or a cup, to medium sized parts of a metre size, such as
windows and doors or turbine rotors, to large structures of several tens of metres, such
as buildings or ships. At this level the mechanical behaviour of the material, or
equivalently its constitutive behaviour, is assumed to be known, either by
measurement, as was done frequently in the past, or in combination with modelling,
which is attempted more and more nowadays. The constitutive behaviour is assumed
to be valid at all material points but the state of the material may differ from place to
place. Denoting a quantity defined as a continuous function of position and time
throughout a given region by a field, the state of a structure is described by a set of
field quantities, which is subsequently used in continuum, engineering calculations.
The associated length scale is referred to as the macro(-scopic) level.

On the other hand it has been known many years that matter is composed of atoms
that are bonded together. As mentioned these bonds may be primarily covalent,
primarily ionic or primarily metallic. In addition we know that the van der Waals
bonds are responsible for the bonding between molecules in molecular crystals, such
as benzene, and for the so-called secondary interactions in many solid polymers. As
briefly indicated in the previous sections, materials also have different microstructures
with elements such as grains, their boundaries and defects. The length scale involved
is nanometre to micrometre: a typical bond length is 0.15 nm while the size of these
grains can vary but is usually between 0.1 and 100 pm. It is the joint domain of solid
state and materials science and the associated length scale is referred to in this book as
the micro(-scopic) level. At this level a material is highly heterogeneous.
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Mechanical integrity everywhere

Most of the properties of materials can be divided into the so-called functional properties, i.e.
the electrical, dielectrical, magnetical and optical ones, and the structural properties, i.e. those
that are associated with the mechanical integrity of materials and structures. The importance of
functional properties is relatively easily recognised once mentioned. We just quote here as
examples semi-conductor materials as used widely in electronics, ferroelectric materials as
applied in capacitors in electronics, ceramic magnets as required in cathode ray tubes
(televisions and computer monitors) and power transformers and high purity glass as used for
optical fibres. The importance of structural properties is often thought of as being important
only for engineering structures. However, all structures, either engineering or otherwise, either
large or small, have to endure (thermo-)mechanical loads, either due to production processes
or in use. For the semi-conductors mentioned these loads will be of pure mechanical nature
during bending. For the capacitors thermal stresses due to soldering occur as well as bending
stresses during the dewarping process of mounted components. For magnets thermal stresses
occur during mounting as well as in use and a significant tensile load occurs during glass fibre
cable positioning and also in use due to bends in the cable. Even this short list of examples will
make the importance of the thermomechanical behaviour evident. One of the main problems is
that one is often so focused on the functional behaviour that mechanical integrity is largely
neglected.

The behaviour just described cannot be ascribed to arbitrary volumes of the
material. The grains are bonded together in a polycrystalline material. An amorphous
material may also contain inclusions or pores. Therefore the mechanical behaviour of
a small representative volume element of the material has to be considered. For a
dense polycrystalline material it is a suitable average of the behaviour of the single
grains taking into account the connectivity between the various grains and their
different crystallographic orientations. This average behaviour is characteristic for the
representative volume element and has a certain length scale associated with it. The
reason is that on the one hand one wants the representative volume element as small
as possible while on the other hand it must have a certain minimum size so that
averaging yields reliable values. The length scale involved is typically ten times the
grain size in the case of polycrystalline materials. This length scale is referred to in
this book as the meso(-scopic) level and is the domain of materials science. The
representative volume element is also denoted as meso-cell. The behaviour at the
meso-level is determined by the micro-phenomena, typically active at a length scale
one to three orders of magnitude smaller than the meso-scale. The meso-behaviour on
its turn represents the constitutive behaviour of the materials, which is used as field
quantities in structures, typically one to three orders of magnitude larger than the
meso-scale. The concept is shown schematically in Fig. 1.15.
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Fig. 1.15: An illustration of the 3M concept showing a simple macro-structure and the underlying
meso- and micro-description. While the atoms within each grain are ordered in a definite
crystallographic structure with the various associated defects, the grains themselves are joined
together to yield the polycrystalline material, which is applied in a simple structure, here a bend bar.
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Hence, it is clear that the meso-level determines the macro-level but is in itself
determined by the micro-level. Two remarks are appropriate. First, it should be
realised that the distinction as presented above is not always made so clearly. Second,
the influence of the intermediate meso-level is different for different properties. The
relation between processing, microstructure and properties is given schematically in
Fig. 1.16". The essence of this relation is the difference between the ‘compound’ on
the one hand and the ‘material’ on the other hand. The properties of a compound are
intrinsic and can hardly be influenced when its composition is fixed. They comprise
properties such as crystal structure, thermal expansion coefficient, refractive index and
magnetic crystalline anisotropy. The properties of a material are to a large extent
extrinsic and can be drastically changed by altering the microstructure through
different processing routes. Typical examples are the mechanical properties such as
fracture strength and fracture toughness, the permittivity for ferroelectric materials and
the permeability for ferromagnetic materials.

In conclusion, usually the macro properties are not only determined by the micro-
level but also by the meso-level although in a number of cases the intermediate, meso-
level is not separately developed but the macro behaviour is more directly connected
with the micro-considerations. This is true for some properties, as mentioned above,
and some materials, e.g. in amorphous polymers and glasses. Nevertheless we use the
above description, occasionally referred to as the 3M aspects' and graphically
illustrated in Fig. 1.15, as a useful template.

1.6 The nature of the continuum

At the structural or macro-level a continuum description is used where for every
material point of the material a response —as predicted by the constitutive behaviour
and the accompanying phenomenological parameters— is prescribed. The response
may be different for different directions in which case we call the material
anisotropic. The response may also be different at different locations and in this case
we call the material inhomogeneous. Single crystals are anisotropic and homogeneous
while composites are typically both anisotropic and inhomogeneous. As mentioned
previously, the macroscopic properties are a result of the collective behaviour of
microstructural and crystallographic features that make up a representative volume or
meso-cell. By the way, this often results in an isotropic and homogeneous response.
So, although in a continuum description one speaks of material points of infinitely
small size, one actually means such a representative volume.

Ll\/licrostructurel—i Extrinsic
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Fig. 1.16: From compound to material. While proper intrinsic compound properties are a
prerequisite for obtaining good material properties, the realisation of the ultimate material
properties is achieved in the microstructure through proper processing.

b de With, G. (1996), Process control in the manufacture of ceramics, page 27 in Materials Science and
~ Technology, vol. 17A, R.J. Brook, ed., VCH, Weinheim.
' 3M is shorthand for micro, meso and macro.
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Let us try to be a little more precise and take an arbitrary volume element Av
=[dV at position x. Indicating the integral of the relevant parameter y over this
volume by Ay = [y dV, the space average of y is given by Ay/Av. If we denote the
volume of the meso-cell by Av* and the average over the meso-cell by y* in
continuum theory it is thus assumed that the identification of the physical quantity y*
with the field quantity y is allowed, i.e.

y¥= Avll)rgv‘ (Ay/Av) = /}1{2} (Ay/Av) = y(x,1) (1.4)
A similar statement can be made for the time dependence. Indicating the integral of
the relevant parameter z over an arbitrary time interval Az =[dr with Az = |z dt, the
time average of z is given by Az/At. If the relaxation time of the parameter z is 7, the
necessary minimum time for measuring z in the meso-cell is Ar*, for which it holds
that At* >> 7. Denoting the average over At* by z*, the transition

z¥= A}LnAlt‘ (Az/At) = Llir}) (Az/At) = z(x,1) (1.5)
should be allowed. In later chapters we will discuss these aspects further.

Any field property in continuum theory should be interpreted accordingly. Hence
to each continuum point the properties of a meso-cell, centred at the co-ordinates of
the continuum point, must be given. These types of points are usually denoted as
particles in continuum theory (although obviously this indication has quite different
interpretations as well) and the continuum consists of a set of these particles. In order
for continuum theory to be physically meaningful, the size of the meso-cell should be
large in comparison with the underlying microstructural and atomic features of the
material but small compared to the length of the macroscopic variation over the
structure. Obviously the above implies that continuum theory is useful for the
macroscopic description of a structure but has to be supplemented by models, based
on (micro)-structural information, or measurements, which yield a prediction for the
behaviour of the phenomenological parameters.

1.7 Approach

The approach in this book is based on four considerations:

e Since the thermomechanical behaviour of materials is determined by the
behaviour of the atoms or molecules collectively, thermodynamics, dealing
amongst others with the thermal behaviour of a large number of atoms or
molecules, must form an important tool in the study of thermomechanical
behaviour. Moreover, in modern literature frequent use is made of thermodynamic
descriptions so that a treatment along these lines is also important for further
study.

e The different types of bonds mentioned form the origin for distinguishing the three
main categories of materials: metals, polymers and inorganics. It is highly
desirable for future engineers and scientists to have a basic knowledge of all these
three categories. Therefore attention is divided as evenly as possible between all
three categories.

e As discussed previously, three relevant length scales exist in the description of the
mechanical behaviour of materials so that the relevant aspects of the micro-, meso-
and macro-behaviour will be discussed.
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o Finally, the treatment of the mechanical behaviour in the literature is frequently
either too elementary or too advanced for the readers. Here we chose to discuss the
topics chosen at a sound basic level. Occasionally we feel that supplementary
material is highly useful, either for a deeper understanding or for interest.
Therefore we distinguished in the text between sections of what is called the
‘basic’ text, relevant to all students, and what is called ‘advanced’, or more
properly ‘intermediate’ text, relevant to those with a more than average interest.
The latter sections are indicated with an asterisk.

1.8 Topics

It is impossible to deal with all aspects of mechanical behaviour of materials and
for that reason we chose to deal only with solid materials and volume properties.
Hence we discuss:

e Elasticity. When a material is mechanically loaded it deforms. As long as during
unloading the material immediately returns to its original shape, we speak of
elastic behaviour. The deformation response can be linear in the load (linear
elastic behaviour) or non-linear in the load (non-linear elastic behaviour). While
for many inorganics, metals and polymers the elastic behaviour is predominantly
linear, the elastic behaviour of rubbers is usually non-linear.

e Plasticity. When a certain threshold stress is exceeded during loading, the material
not longer returns to its original shape during unloading. We speak of plastic
deformation in this case. Here we assume that the permanent deformation is
mainly dependent on the exceedance of this threshold level and is independent of
the applied deformation rate.

e Visco-elasticity. As soon as the deformation rate becomes important, time enters
explicitly the description. Upon unloading the material may or may not return to
its initial state. In the former case one deals with visco-elasticity (in the strict
sense) while the latter case is often denoted as elasto-visco-plasticity or visco-
plasticity for short. We deal with them under the header visco-elasticity.

e Fracture. Apart from permanent deformation fracture can also occur. This usually
occurs if the energy stored in the structure is sufficient to create new surfaces so
that the total energy decreases.

Although time may be involved in all these cases, e.g. for most metals a higher strain
rate results in a higher yield strength, it can be considered as an ordering parameter
rather than a conventional variable (in the sense that this parameter can only increase
contrary to a conventional variable which can take any value). In these cases the time
effect can be approximately incorporated by using effective properties, e.g. as in rate-
independent plasticity and in instantaneous fracture. When time dependence is
explicitly present, as in visco-elasticity or delayed fracture, the history of the material
plays a role. For each of the four topics mentioned above we will discuss the
description at the macro-level first, followed by micro- and meso-considerations.

Finally, it should be said that both permanent deformation and fracture can be
considered as failure (if the effect is not wanted, e.g. in a structure with specified size
or load-bearing capacity) or as processing (if the effect is desired, e.g. in metal
forming or grinding). We will refer to both aspects throughout this book.
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1.9 Preview

In order to reach the goals described we have divided the text into six main parts.
The first part entails the introduction and an overview of the various types of
constitutive behaviour, elucidated by means of the uni-axial tensile test, in Chapter 2.
This will make the need for a three-dimensional macroscopic description clear and for
that description we need tools. Therefore in the second part the basic tools and laws'
of continuum thermomechanics are introduced. First, before dealing with the actual
subject, we realise that many practical problems are more or less complex, the result
being that the simple mathematics used till now is not sufficient. Therefore we need
some additional mathematical tools and a brief overview of useful mathematics
(without proofs) is given in Chapter 3. Then we discuss the extension of our purely
mechanical concepts. The methods for describing motion and deformation, i.e. the
more elaborate description of strain, is usually addressed as kinematics and is treated
in Chapter 4. Similarly, in Chapter 5 the more general discussion on the forces
involved in the deformation, i.e. on the stress, is presented. We refer to this as
kinetics, in order to emphasise that dynamical effects, where inertia becomes
important, are only marginally addressed. After that, thermal aspects enter and our
approach towards thermodynamics using a field description is outlined in Chapter 6.
Also at the micro- and meso-level we need some tools. Therefore classical, quantum
and statistical mechanics are summarised in Chapter 7, while the structure of and
bonding in solids are reviewed in Chapter 8.

The third part describes elastic deformation. Here the constitutive behaviour as
seen from a macroscopic point of view is treated in Chapter 9 and applications to
some structures are discussed in Chapter 10. After that the microscopic (atomic)
mechanisms are dealt with in Chapter 11. The introduction of the microstructure leads
to the need for a representative volume element or meso-cell. Proper averaging over
the meso-cell leads to a mesoscopic description, the resulting expressions of which
provide a description of the phenomenological parameters to be used in the
macroscopic approach. This is accomplished in Chapter 12.

The fourth part deals with plastic deformation in a similar way. First the
macroscopic phenomenological treatment is presented in Chapter 13 while the
application to structures and processes is given in Chapter 14. Thereafter the
microscopic mechanisms are discussed (Chapter 15, part of 17), which again lead
after proper averaging over the meso-cell to expressions for the macroscopic
parameters (Chapter 16, part of 17). In the case of plasticity, however, the full picture
is not so well developed as for elasticity.

Visco-elasticity is treated in the fifth part along the same line. We start with the
continuum description (Chapter 18) and discuss subsequently the applications
(Chapter 19) and structural aspects (Chapter 20).

Finally, the sixth part discusses fracture phenomena. The approach should be clear
by now: first, the phenomenological macroscopic treatment (Chapter 21 basics,
Chapter 22 application to structures and processes), followed by structural
considerations which after introduction of microstructure and proper averaging over

J It may be useful to recall that generally a law indicates either a general relation valid independent of
the type and the state of the material, e.g. Newton’s laws in mechanics or the first and second law in
thermodynamics, or a particular relation valid for a limited range of states for particular materials, e.g.
Hooke’s law for solids under limited deformation or Vegard’s law for the molar volume of solutions.
In the latter case the phrase auxiliary relations, or more commonly constitutive relations, is also used.
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the representative volume element again connects with the phenomenological
parameters (Chapter 23). Fatigue and damage are discussed in Chapter 24.

The whole approach is thus based on a proper attention for the 3M aspects. In
Chapter 25 we present a rather personal perspective and outlook. Finally, in the
appendices some data are collected which are useful in the quantitative application of
the material presented.
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Constitutive behaviour

In this chapter we survey the classes of constitutive behaviour of materials,
approximately in the order of increasing complexity using the tensile test. We deal
primarily with explicitly time independent behaviour and start with elastic behaviour.
After that we discuss plastic behaviour, followed by fracture. A brief overview of
explicitly time-dependent phenomena is presented, including viscous and visco-elastic
behaviour. Thereafter a short survey of the order of magnitude of the relevant
phenomenological parameters is presented. At the end the need for more complete
description is addressed, indicating the use of more elaborate thermomechanical tools.

2.1 The tensile test

In order to illustrate the material behaviour we shall make use of the tensile test
(Fig. 2.1). In this test a bar of gauge length /y and with a (often circular) cross-section
Ay is loaded by a force F. Normally the ends have an enlarged diameter for (better)
gripping, which taper smoothly through shoulders to the central uniform gauge length.
The test is actually performed by increasing the load F and simultaneously measuring
the current length / of the gauge section. With increasing load the length / increases
and the current cross-section, denoted by A, becomes smaller. The test may also be
conducted in compression, although different shapes are often used in that case.
Normally the response of such a specimen is dependent on both the geometry and the
materials properties. To be able to discuss materials properties independent of
geometry we prefer to represent the results of such a test by the use of stress and strain
instead of force and elongation. Here there are several options, which are all used in
practice. Whatever definition is used, in a tensile test the stress and strain are constant
throughout the gauge length of the specimen, i.e. they are uniform. Moreover, the
stress points in only one direction, i.e. the stress distribution is uniaxial.

Let us first consider two frequently used options for the stress. The engineering (or
nominal) stress is defined by

> s=F/4
while the natural (or true or logarithmic) stress is defined by
> o=F/A

For the strain comparable options exist. The increment in engineering (or nominal)
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Fig. 2.1: The tensile test.
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strain is defined by

> de =dl/ly

while the increment in natural (or true or logarithmic) strain is given by
> de=dl/l.

For the total engineering and natural strain we find, respectively,

l p—

b o= [asy, =y, @.1)
A IA
! !

> 8=J.dl/l=1nl—=ln(1+e) 2.2)
I o

The total natural strain reduces to the total engineering strain for small values of
strain®. The engineering strain can also be used to relate the engineering and natural
stress and we write
F F 4,
> o=—=—=—"=sexp(e) =sexp|ln(l+e)|=s(l+e 2.3
1 4 =) =seplindrol=si+o) 23)
where use has been made of the incompressibility relation //l = A¢/A, which is only
approximately valid.

Problem 2.1

Determine the limiting value of the total engineering strain e below which it is
indistinguishable from the total true strain &, accepting differences up to 5%.

2.2 Elastic behaviour

We now consider the response of a tensile loaded specimen using the engineering
quantities (Fig. 2.2). As long as the strain remains smaller than a few percent, the
difference in stress and strain definitions used is relatively unimportant. We assume

s Ultimate
strength
Yield UTS
stre;gth _f Fracture
strength
S
Elastic
modulus |/ »

E=tan ¢~ >+

ép €e

Fig. 2.2: The stress-strain relationship.

? There are intrinsic problems with the use of the total natural strain for other than homogeneous
deformations. For some details, see Chapter 4.
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that the response is isotropic, i.e. no preferential orientation exists in the material, and
homogeneous, i.e. the properties are independent of position in the material.
Moreover, for the time being, we neglect all rate effects. Initially, with increasing
load, the response is proportional to the load and we obtain a linear relationship
between the stress s and the strain e. Upon unloading the original cross-section and
length are regained. In other words, there is no permanent deformation. Moreover,
there is no hysteresis and the material is called (linear) elastic. At this stage the
deformation is characterised by the elastic strain® e.. The slope of the stress-strain
curve s(e) in this region is Young’s modulus E and is given by

> E - E — s (F / AO)

de e (al/1,) ¢4

At higher loads non-linear, but still elastic behaviour might be present. There are two

ways of characterising this situation. One can use the derivative of s with respect to e

at a certain load. This is called the tangent modulus E,, and is given by
_ds(e)

tan de

Another possibility is to use the secant modulus Es, given by the slope of the line
connecting the origin with the stress at the strain considered, i.e.

_s)

e

E 2.5)

sec (2.6)
Obviously for a linear stress-strain relationship £ = Ein = Eg. Since at low strain the
difference between s and o on the one hand and e and & on the other hand is
negligible, the above relations also hold for cand &

For some materials, e.g. rubbers, the unloading curve does not coincide with the
loading curve but the original situation is restored upon complete unloading after
some time. This behaviour is called anelasticity. The energy dissipated is converted to
heat in this case.

Thomas Young (1773-1829)
Born in Milverton, Somerset, he started with the study of medicine in 1792 first in London
and Edinburgh and later in Gottingen where he received his doctorate in 1796. After his return
to England he was admitted as a Fellow Commoner of Emmanuel College, Cambridge. In spite
of his great talents, Young did not assert superiority. As early as 1793 one of his papers on the
theory of sight was presented to the Royal Society. While at Cambridge in 1798 he became

® Although in this chapter the elastic (plastic) strain is indicated by e, (ep, see Section 2.3), 1n later
chapters we will denote e, (e,) as & (®) since subscripts are often used for components, e.g. e @,
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interested in the theory of sound. In 1801 he made his famous discovery on the interference of
light. In 1802 he was elected as a member of the Royal Society and in the same year installed
as a professor of natural philosophy by the Royal Institution, but his lectures were a failure
since they generally were too terse. He resigned his professorship in 1803 but continued to be
interested in natural philosophy and published his lectures as A course on natural philosophy
and the mechanical arts in 1807, in which his contributions to mechanics of materials are
given. Some of the solutions to important problems given there were completely new in
Young’s time. However, the work did not gain much attention from engineers because his
presentation was always brief and seldom clear. One of the most striking points was Young’s
estimate of the size of molecules as between two-thousand and ten-thousand millionth of an
inch. It should be said that according to Truesdell the naming of the material elasticity constant
after him was a serious historical error.

Apart from an elongation of the bar also a decrease in cross-section takes place
upon loading. We denote the original radius by r¢ and the current radius by r. For a
linear stress-strain relationship the decrease in radius Ar = r — ry is again proportional
to the load. It is conventional to call the ratio v of the relative decrease in radius over
the relative increase in length as Poisson’s ratio

-

: Siméon-Denis Poisson (1781-1840)
Born in Pithiviers near Paris, France, he had in his early childhood no chance to learn more
than to read and write due to the poverty of his family. In 1796 he was sent to his uncle in
Fontainebleau where he appeared to be so good that in 1798 he was able to pass the entrance
examinations of the Ecole Polytechnique. After graduation in 1800 he remained at the school
as instructor and had been in charge of the course in calculus in 1806. His original publications
in mathematics made him to become a member of the French Academy in 1812. The theory of
elasticity attracted Poisson’s attention and his principal results were summarised in 7Traité de
mécanique, published in 1833, which also contains the equations of motion. He showed that
when a body is disturbed it results in dilatational and shear waves. He further made
contributions to the theory of plates and seemed to be the first in using trigonometric series for
the solution of bend bars. Poisson did not contribute such fundamental ideas as Navier or
Cauchy but did solve many problems of practical importance for which he is still recognised.

Problem 2.2

A cylindrical bar with a diameter of 8 mm is loaded elastically by 15 700 N
and this results in a diameter reduction of 0.005 mm. Determine Poisson’s
ratio v if Young’s modulus of the material E = 140 GPa.
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Problem 2.3

Show that the value of Poisson’s ratio v of an incompressible material as
obtained from a tensile test becomes v =Y.

Problem 2.4

Consider the deformation of a bar loaded in tension. Discuss briefly what is
the effect of anisotropy and inhomogeneity.

2.3 Plastic behaviour

Above a certain stress, the yield strength® Y, the material behaviour changes
qualitatively. The increase in stress with increasing strain generally decreases as
compared with the linear region. Moreover, upon unloading the original situation is
not regained: a certain permanent deformation, known as plastic deformation,
remains. During plastic deformation the total volume for most materials is constant,
i.e. Aolp = Al. Notable exceptions are porous materials. The plastic deformation is
characterised by the plastic strain e, = e — e, = e — s/E (Fig. 2.2), where e represents
the total strain. The stress-strain curve resulting from the initial loading into the plastic
range is called the flow curve. Reloading leads to elastic behaviour until the
previously obtained position at the stress-strain curve is reached, after which the
plastic deformation increases again. This previously reached point is thus
‘remembered’ and acts as the ‘new’ yield strength.

Generally the unloading-loading cycle shows a small amount of hysteresis (Fig.
2.3) but this effect is often neglected. The exact location of the proportional or elastic
limit is virtually impossible to determine. Therefore one usually uses the yield strength
that is defined as the value for which a certain ‘offset’ strain results after unloading
(Fig. 2.2). Typical values used are 0.1%, 0.2% and 0.5%. In this case one thus states
e.g. the 0.2% offset yield strength. For strains larger than the strain associated with Y,
the stress may either increase, typically in a non-linear way, or remain approximately
constant.

If the yield strength is constant during the deformation process, the behaviour is
called perfectly plastic. Upon loading and unloading the yield strength also may
increase and that behaviour is described as hardening. In some cases the hardening is
approximately linear if natural stress and strain are used. In that case the plastic
behaviour can be characterised by a hardening modulus h as defined by the derivative

h=do/de for o>Y

In other cases the complete flow curve can be approximately described by the
Ramberg-Osgood formula® containing both the elastic strain & and the plastic strain g,

e=¢_+e¢ =£+a—{(—o—-) 2.8)

¢ Many authors use yield stress. We will use the designation stress in conjunction with applied forces to
a material (a field parameter) and denote the critical value of a stress for a certain property of a certain
material by strength (a material parameter).

d Ramberg, W. and Osgood, W.R. (1943), N.A.C.A. TN 902.



28 2 Constitutive behaviour
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Fig. 2.3: Hysteresis loop during unloading and loading (width largely exaggerated).

where a and m are non-dimensional constants and Y is a reference stress. A value of o
= 3/7 is often used. If m is large, &, remains small until o approaches Y and increases
rapidly when o exceeds Y so that Y can be considered as an approximate yield
strength. In the limit m—co the plastic strain is zero when o < Y, indeterminate when
o = Y while o > Y cannot occur since it produces an infinite flow. This limiting
behaviour is thus the perfectly plastic behaviour. If we assume the elastic part to be
negligible, the behaviour is referred to as rigid-perfectly plastic or ideally plastic for
short. The main advantage of the Ramberg-Osgood relation is its flexibility to
describe the stress-strain curve (Fig. 2.4), but it cannot be explicitly solved for the
stress o as a function of the strain &.
In case an explicit expression for o as a function of ¢ is required, one often uses

| 2 c=Y+Kg/ 2.9)

originally proposed by Ludwik®. Here Y’ represents the initial yield strength. The
parameters K and » are considered to be material constants. The value for n, generally
known as the strain-hardening exponent, ranges from about 0.1 to 0.5 for most metals
(Table 2.1). The n-value is usually higher in the annealed state. For large plastic
deformation the contribution of Y’ is sometimes neglected resulting in

o=Ke’ (2.10)

p

1.83
1.64 m=4
1.49
1.2 m=40
g 14
0.81
0.61
0.4
0.2

T T3 a3 i B

Fig. 2.4: Non-dimensional Ramberg-Osgood plot with ¢éE£/Y — ¢ and o/Y — o.

¢ Ludwik, P. (1909), Elemente der technologischen Mechanik, Julius Springer, Berlin.
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Table 2.1: Values for Y’, K and » for various alloys at room temperature.

Material Condition Y (MPa) K (MPa) n
0.05% C steel Annealed 210 530 0.26
Al Annealed 40 180 0.20
Al2024 alloy Heat treated 310 690 0.16
Cu Annealed 60 315 0.54
Brass 70Cu-30Zn Annealed 80 895 0.49
0.6% C steel Quenched, 540 °C* - 1570 0.10
0.6% C steel Quenched, 700 °C* - 1230 0.19
Stainless steel 304 Annealed 600 1275 0.45
Alloy steel 4135 Rolled 650 1100 0.15

*: tempering temperature. -: fitted with power law behaviour. Data from Callister (1997).

and referred to as power law behaviour. Note that expression (2.10) has an infinite
initial slope since usually » < 1. Therefore sometimes an elastic range is added with
the initial yield strength Y7,

o=Ee for ¢<Y/E and 0'=Y(—§,—f) for e>Y'/E (2.11)

resulting in a discontinuous o-¢ curve. Finally, at large plastic deformation, say &, >
0.2, the o-¢ relation has approximately a constant slope, i.e. n = 1, for several metals.
In a log-log plot of stress versus strain, power-law behaviour displays as a straight
line with slope »n. For those cases where this behaviour is not obeyed we still can
define a strain hardening exponent by
dlno

> n(sp)z—(ﬁ; (212)
P

although » is no longer a constant but dependent on the strain &,

Hardening often induces anisotropy in the material. One of the consequences is the
Bauschinger effect: a previous plastic strain with a certain sign diminishes the
material’s resistance with respect to the next plastic strain with an opposite sign (Fig.
2.5).

Using the engineering stress and strain in the stress-strain plot, generally a
decrease in stress is observed after a certain value (but before fracture, see Fig. 2.2).
This value is called the uiltimate tensile strength, in the literature sometimes indicated
by UTS. From the various definitions of stress and strain one easily obtains, very
nearly,

s=oexp(-¢) and its differential ds=(do — ode) exp(—¢)
The ultimate tensile strength and thus the maximum load occur when
ds=0 or do/de=oc

If the material obeys power law behaviour one can show that this happens when &= n.
Interpreting » according to Eq. (2.12) this relation holds for any constitutive
behaviour. Moreover, for metals data in compression and tension differ considerably
when plotted in engineering terms. Frequently a single curve results when the data are
plotted in terms of the natural stress and strain (Fig. 2.6).
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Fig. 2.5: The Bauschinger effect.

Up to the stress associated with the ultimate tensile strength, the deformation is
homogeneous. At higher stress necking occurs. With necking a local decrease in the
diameter of the test specimen is indicated. For (perfectly) plastic materials necking is
easily imaginable. Small random deviations in diameter are always present and at the
smallest diameter the yield strength is reached first. The material cannot withstand a
higher stress and at constant load unstable necking occurs. In such a neck the stress
distribution is not uniaxial but multiaxial. Contrary to graphs using the engineering
stress and strain, the stress-strain curve continues to rise after necking starts if natural
stress and strain are used, at least if the local diameter at the neck is used.

Bridgmanf has given an approximate expression® for the mean axial stress in the z-
direction (Fig. 2.7)

G, = J'2n0'_,z(r)rdr na’ (2.13)
0

in the neck for a cylindrically shaped test specimen. The analysis is based upon the
following assumptions:

<IN
|
—-{
|

O = Tension
& = Compression

-

True stress, kg mm 2

[© 2\ I S <)

I | ] N |
ol 02 03 04 05 06 0O7
True strain

Fig. 2.6: True stress-strain curve for Al, determined from tension and compression tests. Data from
Cottrell (1964).

f Percy Williams Bridgman (1882-1961). American physicist who received the Nobel Prize for physics
in 1946 for his work on high pressure physics.
& Bridgman, P.W. (1944), Trans. Am. Soc. Met. 32, 553.
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Fig. 2.7: Geometry of the necking region.

e the contour of the neck is approximated by an arc of a circle,
e the cross-section remains circular,

e von Mises criterion for yielding (Chapter 13) applies and

e the strains are constant over the cross-section of the neck.
The final expression reads

O _ {(1 + -2-5)[111(1 +-2%ﬂ} (2.14)
O-nom a

where R represents the radius of the neck contour along the cylinder at the weakened
section, a is the radius of the minimum cross-section (Fig. 2.7) and oyom is the
nominal stress. However, the experiments with necking have to be considered with
caution since the initial assumptions are not always fulfilled. Moreover, the onset of
necking signals the onset of instabilities during the experiment that cannot be
controlled if the experiment is performed in load control, that is if the total load F'is
prescribed as the global parameter”.

For a stable neck in tension hardening must occur. At the point of instability an
increment in strain gives no increment in load,

dF=d(cd)=Ado+cd4=0

Because plastic deformation occurs essentially at constant volume we also have
dV=ddh=A4di+1d4=0

Combining we obtain
do/oc=—-d4/4 = dl/l = de=de/(1+e)

Instability is thus reached when

| 2 do/de =0 or do/de=o/(lte) or dlno/dlne=¢ (2.15)

If we plot the natural stress o versus the nominal strain e we can illustrate the
instability using the second of these equations. In this plot a line originating at e = —1
is drawn tangent to the stress-strain curve, a graphical construction known as
Considere’s construction. The point P where the tangent touches the stress-strain

" In compression also a non-homogeneous stress distribution occurs due to friction between a specimen
and anvil. For a cylindrical specimen of radius a and height 4, the average pressure p during yielding

is given by p = (1+2ua/3h)Y, where u denotes the friction coefficient between the specimen and anvil.
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Fig. 2.8: Various stress-strain curves and Considere’s construction.

curve represents the instability and the ultimate strength is o/(1+e). In Fig. 2.8 typical
experimental stress-strain diagrams are shown with the corresponding Considére
construction indicated. Four possibilities arise:

During the test there is no point for which do/de = o/(1+e) or do/de > o/(1+e); a
line drawn from e = —1 is nowhere tangent to the stress-strain curve. In this case
the deformation is homogeneous up to fracture. Most rubbers behave like this.
During the test there is one point for which do/de = o/(1+e). Deformation is
homogeneous up to a certain strain after which unstable necking occurs, leading to
fracture. Most metals behave like this.

There are two points for which do/de = o/(1+e). Deformation is stable up to a
certain strain after which a stable neck spreads through the specimen followed by
further homogeneous deformation until fracture. For metals the deformation is
generally limited to a few percent but for crystalline polymers it may be very large
and is e.g. important for the production of fibres via a stretching process. It is also
possible that a drop in stress occurs, the yield drop, and that the material then
deforms essentially at constant stress, the yield plateau (Fig. 2.9). In that case the
initial yield stress is known as the upper yield point while the lower value
indicating the plateau is known as the lower yield point. The stress at this plateau
fluctuates slightly because the deformation in this region occurs in a limited
number of discrete narrow zones, known as Liiders bands, at approximately 45° in
the tensile direction. The associated strain is known as Liiders strain. Some
authors call this particular behaviour the yield point phenomenon or discontinuous
yielding and reserve the word yielding for this process. The process occurs

Upper yield lpomt
@
N

Liiders bands

Lower yield point

e

Fig. 2.9: Yield plateau.
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primarily in low impurity BCC metals, in particular mild (low carbon) steel, and in
some polymers, e.g. polypropylene.

o There are three points for which do/de = o/(1+e). Similar to the previous case a
stable neck is formed followed by homogeneous deformation but this is followed
by unstable neck growth, again leading to fracture.

Considére’s construction can be used to determine at which strain (stable or unstable)

necking occurs. However, it does not explain why instability occurs and for this we

need micro and meso considerations.

Problem 2.5

Show that for a power law material the UTS is reached at g, = n.

2.4 Fracture behaviour

Deforming still further leads to fracture and the corresponding stress is usually
called the fracture strength S. The various types of materials can fracture in rather
different ways. At low and intermediate temperature most inorganic materials loaded
in tension fracture before plastic deformation occurs. This behaviour is called brittle
(Fig. 2.10). Many metals, on the other hand, do show necking before fracturing.
Usually this is accompanied with void nucleation. The final part is often the formation
of a lip by shearing. The morphology is called cone and cup while the behaviour is
addressed as semi-brittle. Metals with high ductility, e.g. Pb and Au, and polymers
and inorganic glasses at elevated temperature can show failure all the way by necking
with virtually 100% area reduction. In this case failure is thus not due to a fracture
process at all. It is generally known as ductile failure.

Generally fracture behaviour is dependent on the size of the structure. If
sufficiently large, every structure behaves macroscopically brittle. To elucidate a bit,
we need two length scales. The first is the characteristic size of the process zone, say
p, in which the fracture processes ahead of the crack tip occur. The second is the
characteristic size of the structure itself, say /. If //p >> 1, fracture is macroscopically
brittle.

Brittle Semi- Ductile
brittle

Fig. 2.10: Morphology of fracture.
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£, >§

Fig. 2.11: Stress strain curves at deformation rates £, and €, > &, .

2.5 Temperature and rate effects

Many metals show a more or less limited rate-dependent plastic behaviour while
polymers generally show more significant rate effects. However, the yield strength and
hardening behaviour for a particular metal can depend significantly on the strain rate
(see Fig. 2.11). In the same way as the stress-strain dependency often can be described
by the power law o = K¢,", the stress-strain rate dependency can be described by

o=K'¢g" (2.16)

Here £, = dg, /dt denotes the strain rate while m is the strain rate sensitivity exponent.

If this behaviour is followed, a log-log plot of the stress versus the strain rate will
provide a straight line with slope m. Again we can generalise the definition of the
strain rate sensitivity exponent by using

dInoc

P

if the power law is not obeyed, that is if a plot of stress versus strain rate is not a
straight line. The strain rate effect is responsible for superplasticity, meaning that
under suitable conditions certain alloys can be elongated without local necking and
fracture. This is due to the fact that if a neck begins to form during tensile
deformation, the local strain rate increases strongly for these alloys and thus
deformation shifts to another position. For superplastic alloys the strain rate sensitivity
exponent has a value m = 0.5, while for normal alloys m is less than 0.2. The actual m-
value varies with temperature, structure and strain rate; its maximum value occurs for
small grain size and usually at intermediate strain rate.

Justification 2.1*: Superplasticity

In fact the extremum condition dF]o(¢€),4] = 0 is insufficient, since stability is
governed by rate effects as well. If we take o = o(¢, £) we obtain

do = dia+6—?-dé
o¢ o¢
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Further differentiating de = —d4/4 with respect to time ¢, the result is
d4 Ad4

Tt
A A

Inserting these expressions in do and dividing by o results in

d_O'_ 6ln0'%4r Olno (_gé AdA)

de =

f—— - +
o oe A o¢ A A
Solving for d4/d4, meanwhile using do/o =de =—dd4/Aandé =—A/ 4, the

result is
EAL_(I_MnO'_BInO'] Olno
a4 oe olng)/ oé

If for a small fluctuation in diameter d4, d4 < 0, d4 will decrease in time and

the fluctuation will lead to failure. On the other hand, ifd4 >0, d4 will
increase and the fluctuation will be stabilised. Onset of instability thus occurs

for d4=0 or
%_O_I_Eilnc_alnc
d4 o Olng

Obviously, the strain rate affects the stability behaviour. In the case of a power
law material for strain- and strain-rate hardening Egs. (2.10) and (2.17) can be

combined to read o = K” ¢"¢" . The instability criterion then becomes'
0=1-(nexi)—m or &i=n/(1-m)

For increasing value of m the value of the critical strain for instability &
increases, thus explaining superplastic behaviour. The above expression is also
valid for other constitutive laws if we interpret the parameters » and m as
n=0Ilnoc/0lng and m=0JIno/dIné. Finally, we note that for strain-rate

independent behaviour (m = 0), the expression reduces to the Considére result.

Yield strength and hardening behaviour are also temperature dependent. Also the
elastic parameters are temperature dependent, but apart from materials (either organic
or inorganic) in the glass transition temperature, not so much on strain rate. Typically
the various quantities are exponentially dependent on temperature and their change is
described by an Arrhenius equation. For any quantity x this relationship reads

> x =x,exp(-AU / kT) (2.18)

where x is a reference value of the quantity x, AU is the so-called activation energy
and & and T denote Boltzmann’s constant and temperature, respectively. Generally the
behaviour is limited to a certain temperature range where a particular mechanism is
dominant. For other ranges a different mechanism may dominate with different
reference value x( and activation energy AU.

Although at ambient condition the various materials behave more or less in one
particular manner, many materials can show the whole or nearly the whole range of

 Hart, E.W. (1967), Acta Metall. 15, 351.
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the types of behaviour, dependent on the temperature and strain rate. Take inorganic
glasses as an example. At room temperature and below these materials behave nearly
ideally elastic, show no plastic or viscous deformation in tension and fracture in a
brittle fashion. Increasing the temperature introduces, loosely speaking, some
viscosity so that the behaviour becomes visco-elastic (rate dependent without a stress
threshold as in plasticity). Finally, at sufficiently high temperature the behaviour
becomes fully viscous. In this temperature range shaping of e.g. bottles, sheet glass,
etc. takes place. A similar change in behaviour can also occur for inorganics and
metals. For example, at room temperature polycrystalline aluminium oxide (alumina)
behaves elastically and fractures in a brittle way. At sufficiently high temperature,
dependent on grain size and purity, the material starts to behave plastically with rate
effects comparable to metals (Fig. 2.12'). In this case a threshold value (yield
strength) is present and the behaviour is called elasto-visco-plasticity or visco-plasticy
for short. At the proper temperature and for sufficiently small grain size alumina can
even show superplastic deformation, similar to the behaviour observed in alloys. This
effect has been shown for other inorganics as well. Also for polymers this variety in
behaviour is present. Although at room temperature their behaviour is often
significantly rate dependent, at low temperature they become brittle. Even at room
temperature failure is often due to brittle or semi-brittle fracture.

Summarising, the deformation response of a material to a mechanical load can be
divided into four categories:
e Elasticity, the rate-independent response without hysteresis,
e Plasticity, the rate-independent response that shows hysteresis,
e Visco-elasticity, the rate-dependent response without equilibrium hysteresis and
e Visco-plasticity, the rate-dependent response with equilibrium hysteresis.
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Fig. 2.12: Load-deflection curve of hot-pressed alumina (grain size ~ 1 pum, relative density > 99%,
0.25% MgO as grain growth inhibitor) indicating the brittle-ductile transition. Superplasticity is
observed above 1300 °C.

i Heuer, A.H., Cannon, R.M. and Tighe, N.J. (1970), page 339 in Ultrafine-grain ceramics, 1.J. Burke,
N.L. Reed, and V. Weiss, eds., Syracuse University Press.
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Often the last two categories are taken together under the header visco-elasticity. The

fracture response can similarly be divided into three categories:

e Brittle, i.e. failure by fracture with no preceding plastic and/or visco-elastic
deformation,

e Semi-brittle, i.e. failure by fracture with limited preceding plastic and/or visco-
elastic deformation and

e Ductile, i.e. failure directly by plastic and/or visco-elastic deformation.

However, the microscopic and mesoscopic mechanisms responsible for the behaviour

of the various material types are entirely different. Moreover, a single theory dealing

with all aspects of thermo-mechanical behaviour, even for one class of materials,

becomes immensely complex. Therefore the division in elastic, plastic, visco-elastic

and fracture behaviour provides a useful simplification.

2.6 Work and power

Before indicating the order of magnitude for various quantities, let us consider the
work W done and the power P consumed during a tensile test. Evidently

dW=Fdl  and W= IF di (2.19)
If we refer to engineering and natural quantities, respectively, we have
W = A4y, Fa_ A, |sde=V, |sde and (2.20)
41,
W= IAI%= IAIo- de = J‘VO' dszVIo- de 2.21)

The last step can be made only if the material is incompressible since then V' = Ayly =
Al is constant. Incompressibility is usually well obeyed for plastic deformation but not
for elastic deformation. For the power P = dW/dt one similarly finds

> P= Fj—j =54yl é = sV,é =cdle =oVe (2.22)

so that sé and o¢ are the rates of work per unit original and current volume,
respectively. In the rate formulation the incompressibility aspect does not arise.

As is well known not all the power delivered to a material is recoverable. In fact
the discussion of the tensile test behaviour have shown this already clearly. In the
elastic region there is no (or very limited) hysteresis, implying that in a closed stress-
strain cycle no (or very little) energy is dissipated. The energy put in one part of the
cycle is recoverable in another part and the process is said to be conservative. The
resilience is defined as the capacity of a material to absorb energy when it is deformed
elastically, up to the point of yield. It is quantified by the resilience Uy (Fig. 2.13),
defined as the density of strain energy and given by

Y 2

U = IG d8=lY8y 12 r (2.23)
o 2 2 E 2F

where Y is the uniaxial yield strength, &y is the yield strain, and use has been made of

the constitutive behaviour for a linear elastic material. Resilient materials thus have a
high yield strength and a low elastic modulus.
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Fig. 2.13: Resilience U, (dark grey) and toughness Uy, (dark + light grey).

In the plastic region there is significant hysteresis. The associated energy is
converted mainly to heat and for 5 to 15% in internal (strain) energy. Obviously the
heat is irrecoverable and the process is therefore called dissipative. The toughness Usoy
(Fig. 2.13) is defined as the capacity of a material to absorb energy when it is loaded
up to fracture. For a quasi-static tensile test it is the area below the stress-strain curve.
Other examples of dissipative processes are provided by visco-elastic deformation and
viscous deformation. In the latter two cases all energy spent is ‘dissipated’ into heat.

Problem 2.6

Show that for material with a stress-strain curve given by o = C&'?, the
toughness Uiy = 2&ra0ut/3, Where &g, and oy denote the fracture strain and
ultimate tensile strength, respectively.

2.7 Typical values

Having indicated the typical phenomena that will be encountered in this book, it
remains to discuss briefly the order of magnitude of the various phenomenological
parameters. Here we distinguish again between polymers, metals and inorganics.

In Table 2.2 typical values for the density p, Young’s modulus £, yield strength ¥ and

fracture strength S for a number of materials are given. More data can be found in

Appendix B. From this table the following observations can be made:

e The density p of polymers is in the range of 1 to 2 Mg/m®, for metals in the range
of 4 to 8 Mg/m® and for inorganics in the range of 2 to 6 Mg/m”.

e The elastic modulus E for polymers is in the range of 1 to 10 GPa, for metals in
the range of 70 to 400 GPa and for inorganics in the range of 100 to 500 GPa.

e While the yield strength Y of polymers is usually negligible as compared with that
for metals for which the range is about 0.1 to 2 GPa, metals are usually soft as
compared with inorganics for which the yield strength ranges from about 2 to 7
GPa. However, since most inorganic materials are brittle, the yield strength applies
only in compression and is usually estimated from the hardness H (Chapter 14) via
the approximate relation H = 3Y. The fracture strength S is highly determined by
processing, as we will discuss later more extensively. Typical strength values for
polymers are 50 to 100 MPa. For both metals and inorganics the strength ranges
from about 100 to 1000 MPa.
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Table 2.2: Characteristic data for various materials.

Material p (Mg/m®) E (GPa) Y (GPa) S (MPa)
SiO, 22 70 2 50-150
B,C 25 460 7-10 300
ALO, 3.9 400 7 300-400
ZrO, 5.8 200 4 200-1000
Mg 1.7 42 0.1-0.2 180-230
Al 2.7 70 0.5-1.5 50-150
Fe 7.9 200 1-3 200-600
w 194 360 1-2 1000

PE LD (HD) 0.9 04-1.0 (1.0-13)  9-15 (25-30) 10-30 (35-70)
PS 1.1 3-4 ~50 20-30
PMMA 1.2 2-3 50-75 50-80
PTFE 22 3-5 ~25 15-30

PE polyethylene, LD low density, HD high density, PS polystyrene, PMMA polymethylmetacrylate
(perspex), PTFE polytetrafluorethylene (Teflon).

The fracture strength S and yield strength Y can vary considerably depending on the processing of the
material.

2.8 Towards the 3D reality of solids

The above description and the associated parameters are convenient for a
homogeneous uniaxial stress distribution. However, although in practice tensile
loaded bars are used as structural elements, the stress distributions in most
mechanically loaded structures are not homogeneous and not uniaxial. Moreover, we
have seen that even for a tensile test necking occurs and thus a non-homogeneous
stress distribution arises. It is thus clear that we need a more elaborate description of
stress and strain for most problems.

Another aspect is the influence of temperature. We have stated that the various
phenomenological parameters are temperature dependent. Conventional mechanics
does not deal with temperature. Moreover, we have seen that mechanical energy can
be partly or wholly converted to heat in dissipative processes. Both aspects lead to the
use of thermodynamics. However, the usual approach to thermodynamics is based on
homogeneous fluids with the volume ¥ and the pressure p as the only independent and
dependent mechanical variables, respectively. Furthermore typically quasi-reversible
processes are considered. This description is not sufficient for solids. Solids have a
definite shape determined primarily by the material itself in sharp contrast to fluids
where the external shape is determined largely by the container. Intrinsically
dissipating processes occur frequently, e.g. plastic deformation. On top of that we
have already noticed the occurrence of inhomogeneous deformations. Therefore in
order to be able to link with mechanics our approach to thermodynamics incorporates
o the notion of a field (to deal with inhomogeneous situations),

o the use of the extended stress and strain definitions as discussed in Chapters 4 and

5 (to deal with more complex mechanical loading) and
e conservative and dissipative forces (to deal with dissipative phenomena).

Exactly in this combined area between thermodynamics and mechanics significant
progress has been made. This amalgamation is referred to as thermomechanics.
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At the end of this introductory chapters two remarks remain. First, rather different
presentations of the mechanical behaviour of materials are given by e.g. Courtney
(1990), Dowling (1993) and Meyers and Chawla (1999). These authors present the
topic from a rather pure material point of view. Second, the tensile test as used here to
illustrate the mechanical behaviour of materials is deceptively simple. Lubliner (1990)
provides a further brief discussion of the complexities of its nature.

2.9 A note on notation

To be able to fully exploit the aforementioned aspects, some useful mathematics
are discussed in Chapter 3. Although in that chapter a rather systematic system of
notation for scalars (a, .., B, .., ¥, .., 4, ..), vectors (a, ..), tensors (A, ..), column
matrices (a, ..) and square matrices (4, ..) is introduced, a strict adherence to this
system will frequently lead to a clumsy, complicated and non-conventional notation.
To avoid this, deviations from these rules will occur regularly, e.g. if we need the
volume integral over a tensor. In this case it is convenient to denote the local tensor by
a or ay and its integral by A or 4;. However, we stick to the rule that scalars are
indicated by italic letters, vectors and tensors by boldface letters and their matrix
representations by italic boldface letters. Making distinction in notation between a
tensor and its matrix representation deviates from the [UPAC rules®. Further we try to
adhere to the basic rule of representing a physical quantity by an italic symbol and a
label by a regular symbol. This applies to quantities as well as subscripts. A deviation
is made for non-specified indices which are shown as italic. Further, in principle, a
symbol should be used for one variable only. Strict adherence to this again will lead to
excessive use of symbols. Hence a symbol will be used doubly by now and then, e.g. T
can denote temperature or kinetic energy. The meaning will be clear from the context.
Finally, subscripts can be used as indices or as labels. Indices are given in italics while
labels are in regular print. If confusion is likely, labels are given by some more letters,
typically the first three letters of the adjective involved, e.g. the initial force fi,; instead
of fi. On a number of occasions a single capital subscript is used to indicate the (true
or alleged) originator of that quantity, e.g. Na for Avogadro’s number. An initial or
reference state is also sometimes indicated by the subscript 0 (zero), e.g. the initial
area Ay. Superscript labels will be given between parentheses to avoid confusion with

powers, e.g. the dissipative stress o-,-,-(d).
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Mathematical preliminaries

In the description of physical phenomena, we will encounter functions, matrices and
determinants. Moreover we will encounter scalars, vectors and tensors. We will also
need co-ordinate transformations, some transforms and calculus of variations. In the
following we will briefly review these concepts as well as some of the operations
between them and some useful general results. We restrict our considerations
normally to three-dimensional Euclidean space and Cartesian co-ordinates®. In this
chapter free use has been made of several books quoted in the bibliography.

3.1 Symbols and conventions

Often we will use quantities with subscripts, e.g. 4;. Upfront we define two
frequently used symbols and a useful convention in connection with subscripts.

A convenient symbol is the Kronecker delta denoted by J;. It is defined by

5, =1 if i=j and 6,=0 ifi=#j 3.1
We also introduce the alternator e for which it holds that

eyx=1 for ijk=123,231, 312 (even permutations®),

e;x=—1 for ijk =132, 213, 321 (odd permutations) and 3.2)

e;ix = 0 otherwise, i.e. if any of the three indices are equal.

An alternative expression is given by ejx = Y2(i—)(j—k)(k—i).

We introduce also at this point the summation convention®, which states that
whenever an index occurs twice in a term in an expression it should be summed over
the range of the index. For three-dimensional space the summation is thus over 1, 2
and 3, corresponding to x, y and z. The symbol 4; thus means A4;1+42+A433 and
represents a single equation. On the other hand, the expressions c; = a; + b; and ¢; = gy
+ by represent 3 and 9 expressions, respectively, one for each of the possible indices i
and j. A few implications of the summation convention are

6,=3
e =6,,0,-6,0,

€ €4y = 26,,

ijk etmn

(3.3)

€y €y = 6

® After René Descartes (1596-1650). French philosopher, mathematician and founder of analytical
geometry. He invented the co-ordinates, according to his own record on 10 November 1619, idly
watching a fly buzzing around in the corner of his room when he suddenly realised that the position of
the fly could be represented by three numbers, giving its distance from each of the three walls that met
in the corner.

® An even (odd) permutation is the result of an even (odd) number of interchanges. The character (even
or odd) of a permutation is independent of the order of the interchanges.

¢ Sometimes also called the Einstein (summation) convention.
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Further, note the identity
6,a,=a, (34

which is frequently used. Since the effect of multiplying a quantity a; by J; is
replacing the index i by j, J; is also called the substitution operator. Applying the
Kronecker delta to 4;; thus results in 4;6; = 4.

When using the summation convention, a summation index may have to be
replaced by another letter in order to avoid appearance more than twice and is usually
called a dummy index. For instance, substituting x; = Cj,z, in y, = Dpix; would result
without change of index in y, = D,Cipz,, which is ambiguous. Rewriting x; = Cjpz, as
x;i = Cipz, yields y, = D,Cirz,, which is non-ambiguous. Indices occurring once should
occur on the left-hand side as well as the right-hand side of an equation and are called
the free indices since they can take any of the values 1, 2 or 3.

3.2 Partial derivatives

A function f may be dependent on variables x; and parameters p;. Such a
dependence is denoted by f{x;;p;). Reference to the parameters is often omitted by
writing f(x;). In practice, reference to the variable is also often omitted by writing just
/- For a function f, several derivatives exist. If all variables but one, say x;, is kept
constant during differentiation, the derivative of f with respect to x; is called the
partial derivative and denoted by (0f(x;)/0x1)xizx1. Once a choice of independent
variables is made, there is no need to indicate, as frequently done, which variables are
kept constant. Therefore (9f(x;)/0x1)xizx1 can be indicated without confusion by
Ofix;)/ox;. Since differentiation with respect to a particular co-ordinate is frequently
required, e.g. in 9f/0x; or Oay/dy or OaylOx;, convenient further abbreviations for these
expressions are 0;f = f; and G.a; = ay» and Owa; = ay, respectively. In the latter
notation differentiation of f; with respect to x; is indicated by an extra subscript j
separated by a comma. Note that the index after the comma is counted as the first one
(see Section 3.10). The function f; generally is a function of all variables x; and, if
continuous, may be differentiated again to yield the second partial derivatives f; =
3*f10x0x;. Tt holds that &*f1dx,0x; = 8*f1ox;0x; or, equivalently, £; = f;.

Example 3.1

For fix,y) = x%’, one simply calculates
oflox = 2xy’ o’ =2y° Pfloxdy = 6xy°
ofloy = 3x%y° ooy = 6xy Pfloyox = 6xy°

In case the independent variables x; increase by dx;, the value of the function f at
x;+dx; is given by Taylor’s expansion

o 1 of
S +d) = f00)+— - dx,+2'axax dx,dx, + 3.5)

One can also write symbolically
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£+ ) = expldy, =) () (3.6)

which upon expansion of the exponential in the conventional manner yields Eq. (3.5).
Another way is to write

Fx ) = )+ @)+ E S G+ o +o-d"f(x) (3.7)
where the first and second (order) differentials are given by

ofey=2Lar,  and  dfx) ==L —avay (3.8)

0 x, 0x,0x,
Generally one can write for the (order) differential
: A
d"f(x)= (dx, —J Fx) (3.9)
ox;
Example 3.2

Consider again the function fx,y) = X y3. Evaluation of f{2,2) yields 4-8 =32.
A first-order estimate for f{2.1,2.1) is provided by

A2.1,2.1) =f2.,2) + (8ffdx)dx + (8f1dy)dy
=32 + 2xp°dx + 3x%ydx = 32 +2-2-80.1 + 3-4-4-0.1 = 40.00

The actual value is 40.84.

A function f{x) is analytic at x = c if f{x) can be written as (a sum of) Taylor series
(with a positive convergence radius). If f{x) is analytic at each point on the open
interval I, f{x) is analytic on the interval I. For a function w(z) of a complex variable z
=xtiy(i= V-1) to be analytic, it must satisfy the Cauchy-Riemann conditions

6u_8v d 6v__ ou

227 —_——— (3.10)
ox 0y ox oy

where u(x,y) = Re w(z) and v(x,y) = Im w(z) denote the real and imaginary parts of w,
respectively. Moreover, if u(x,y) and v(x,y) have continuous second derivatives the
function w(z) obeys the Laplace equation u; = v; = 0 and is said to be harmonic.

Example 3.3
Consider the function w(z) = €” cos y +1 €* sin y = exp(z). Then it holds that
u=Rew=¢e"cosy v=Imw=¢€"siny

The derivatives are given by
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Ou/ox = €" cos y ovlox =€ siny
ov/dy = € cosy Ou/dy = —€"siny
&ulox® = € cos y vIey* =" siny

Hence Cauchy-Riemann conditions are satisfied and the function is harmonic.

3.3 Composite, implicit and homogeneous functions

If for a first-order differential df = (0f/0x;)dx; the variables x; are themselves
function of y;, it holds that

. of ox,
dx, =—=d d df =———“dy, 3.11
oy, ly,  an If ox, 0y, ly ; (3.11)

J

Such a dependency is called a composite function and the operation is known as the
chain rule.

In many cases the variables x; are not independent, i.e. a relation exists between
them meaning that an arbitrary member, say x;, can be expressed as a function of
X2, ... » Xn. Often this relation is given in the form f = f{x;) = constant. In this case the
function is called an implicit function. Of course, if the equation can be solved, the
relevant differentials can be obtained from the solution. The appropriate relations
between the differentials can also be obtained by observing that df = 0 resulting in
3f g g g O

L+ dx, +

d
y ox, ' 0x 0x, 0 x,

dx, =0 (3.12)
Assuming that x; is the dependent variable and putting dx; = 0, division by dx; (i#1)

yields
ox,
(_6_1) L[2r (_) 20 o
0x,) 4 \0x,) \0x

i,x1 f.x1
(6x,-) _ (01/0x),.,
a xi fx1 (a f/a xj )xi,xl

(3.13)

Example 3.4

To evaluate the consequences of Eq. (3.13), consider explicitly a function f of
the three variables x, y and z, where z is the dependent variable. The first
consequence is obtained by taking x; = z, x; = x and x; = y. Eq. (3.13) then reads

(9f10x)yz + (Of1Oy)x(Oy/Ox)7- =0 or  (Oy/Ox)y- = ~(0fIOx)y,/(OfIOy)x

On the other hand, taking x; = y and x; = x for x; = z results in

(010 )z + (Of1Ox)y,(Ox/OY);- =0 or  (Ox/By)s- = —(Of10Y ),/ (Of1OX)y,-

Hence it easily follows that

* (Ox/0y);- = 1/(OylOx)y:
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The second consequence is obtained by cyclic permutation of the variables
(0f10x)y,: + (Of10y): Oyl Ox)s-= 0
(Of10Y)z,x + (01 02)x 0210y )fx = O

(9f102)x,y + (0f10x),,-(Ox/0z), = O
resulting, after substitution in each other, in

o (Ox/0y);(0y/0z)x(0z/0x)5, = —1

The third consequence is obtained if x, y and z are considered to be a
composite function of another variable u. If f is constant there is a relation
between x, y and z and thus also between 0x/0u, dy/0u and 0z/0u. Moreover, df
=0 and Eq. (3.13) explicitly reads

df = [(f10x)y,-(Ox/Ou)s + (1 0Y)-(Oy/Ou)s + (0f102)s,(Oz/ Ou)yldu = 0
Further taking z as constant, independent of u, results in

(1) (Ol o)z + (D12Y)=(@ylOu)y= =0 o

G G G WG )W
Comparing with (0y/0x);. = —(0f/0x), A(0f10y)-,» one obtains

o (Oy/ox)s- = (Oy/Ou)y-/(Ox/Ou)y;

The three relations, indicated by e, are frequently used in thermodynamics.

A function f{x,) is said to be positively homogeneous of degree n if for every value
of x; and for every A > 0 we have

SfAx)=2"f(x,) (3.14)
For such a function Euler’s theorem
x/0f10x;) = nfix;)

applies, which can be proven by differentiation with respect to A first and taking A =1
afterwards.

Example 3.5
Consider the function fx,y) = x’+xy—)’. One easily finds
fx=0flx=2u+y and f,=0dfoy=x-2y

Consequently, xfx + yfy = x(2x+y) + (x-2y) = 2(x*+xy—”) = 2f. Hence f is
homogeneous of degree 2.

3.4 Extremes and Lagrange multipliers

For obtaining an extreme of a function f{x;) of » independent variables x; the first
variation 8f has to vanish. This leads to
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szgji x, =0 (3.15)
ox;

and, since the variables x; are independent and the variations dx; are arbitrary, to
oflx;=0 for i =1, ..., n. If, however, the extreme of f has to be found when x; are
dependent and satisty 7 constraint functions c;,

¢,(x)=C,  (j=lu.,r and r<n) (3.16)
where the parameters C; are constants, the variables x; must also obey

oc . (x,

,( ')Bx,:O (j=1,...,r) (3.17)

1

Of course, the system can be solved in principle by solving Eq. (3.16) for the
independent n — r variables x; as functions of the others but the procedure is often
complex. It can be shown that finding the extreme of f subject to the constraint of Eq.
(3.16) is equivalent to finding the extreme of the function g defined by

g0,2) = fx)= D Ale,e)-C ] (3.18)

where now the original variables x; and the additional variables A;, which are called
Lagrange (undetermined) multipliers, are to be considered independent. Variation of
A; leads to Eq. (3.16) and variation of x; to

of (x) _, Oc,(x;) _
ox, ! ox

1 1

0 (3.19)

From Eq. (3.19) the values for x; can be determined. These values are still functions of
A; but they can be eliminated using Eq. (3.16). In physics, chemistry and materials
science the Lagrange multiplier often can be physically interpreted.

Example 3.6

One can ask what is the minimum circumference L of a rectangle given the
area 4. Denoting the edges by x and y, the circumference is given by L =
2(x+y) while the area is given by 4 = xy. The equations to be solved are

oL o4 2
9L 394 5 =0 = =2
ox ox Y Y=
OL ;94 5 jx=0 = x=2
ay oy A

Hence the solutionisx =y, A = 2/NA and min(L) = 4VA.

3.5 Legendre transforms

In many problems we meet the demand to interchange between dependent and
independent variables. If f{x;) denotes a function of » variables x;, we have
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df:-;{—dx, = Xdx (i=1..n) (3.20)

Now we consider the function g = f— X;x;. For the differential we obtain
=df —d(Xyx)=—xdX, + X, d&x,  (j=2...n) (3.21)

and we see that the roles of x; and Xj have been interchanged. Of course, this
transformation can be applied to only one variable, to several variables or to all
variables. In the last case we use g = f — Xux; and obtain dg = —x,dX; (j = 1,...,n). This
type of transformations is known as Legendre transformations. The Legendre
transform is often used in thermodynamics. For example, the Gibbs energy with
pressure p and temperature T as independent variables and the Helmholtz energy with
volume ¥ and temperature 7 as independent variables are related by a Legendre
transform.

Example 3.7
Consider the function f{x) = %x*. The dependent variable X is given by
X=0flox=x

which can be solved to yield x = X. Therefore the function expressed in the
variable X reads f{X) = .X?. For the transform g(X) one thus obtains

g(X) =AX) —Xx =X - X X=-1hX*

Adrien-Marie Legendre (1752-1833) ,
Born in a wealthy family in Paris, he was given a top quahty education in mathematlcs and
physics at the Collége Mazarin. At the age of 18, Legendre defended his thesis in mathematics
and physics there but this was not quite as grand an achievement as it sounds to us today, for
this consisted more of a plan of research rather than a complete thesis. With no need for
employment to support himself, Legendre lived in Paris and concentrated on research. From
1775 to 1780 he taught with Laplace at the Ecole Militaire. Winning the 1782 prize on
projectiles offered by the Berlin Academy launched Legendre on his research career, as he
came to the notice of Lagrange, then Director of Mathematics at the Academy in Berlin. Due
to his study on the attraction of ellipsoids, leading to the Legendre functions, he was appointed
an adjoint in the Académie des Sciences. Over the next few years Legendre published work in
a number of areas. In particular, he published papers on celestial mechanics, which contain the
Legendre polynomials. Legendre became an associé¢ in 1785 and in 1787 a member of the team
to make measurements of the Earth involving a triangulation survey between the Paris and
Greenwich observatories. This work resulted in his election to the Royal Society of London in
1787 and also to an important publication, which contains Legendre’s theorem on spherical
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triangles. In 1791 Legendre became a member of the committee of the Académie des Sciences
with the task to standardise weights and measures. The committee worked on the metric
system. In 1792 he supervised the major task of producing logarithmic and trigonometric
tables. He had between 70 and 80 assistants and the work was completed in 1801. In 1794
Legendre published Eléments de géométrie, which was the leading elementary text on the topic
for around 100 years. Legendre published a book on determining the orbits of comets in 1806
and his major work on elliptic functions appeared in three volumes in 1811, 1817 and 1819.

3.6 Matrices and determinants

A matrix is an array of numbers (or functions), represented by an italic boldface
uppercase symbol, e.g. A, or by italic regular uppercase symbols with indices, e.g. 4.
In full we write

All A12 Aln
A=4,=| D : (3.22)
Aml Amn

The numbers 4;; are called the elements. The matrix with m rows and » columns is
called an mxn matrix or a matrix of order (m,n). The transpose of a matrix, indicated
by a superscript T, is formed by interchanging rows and columns. Hence

A"=4, (3.23)

Often we will use square matrices 4;; for which m = n (order n). A column matrix (or
column for short) is a matrix for which » = 1 and is denoted by a lowercase italic
standard symbol with an index, e.g. by a;, or by a lowercase italic bold symbol, e.g. a.
A row matrix is a matrix for which m = 1 and is the transpose of a column matrix and
thus denoted by (a;)" or a".

Two matrices of the same order are equal if all their corresponding elements are
equal. The sum of two matrices A and B of the same order is given by the matrix C
whose corresponding elements are the sums of the elements of A and B or

C=A+B or C,=4,+B, (3.24)

The product of two matrices A and B is given by the matrix C whose elements are
given by

C=4AB ot C,=4,B, (3.25)

representing the row-into-column rule. In the last equation explicit use is made of the
summation convention, e.g. the index k is summed over 1 to n. Note that, if A
represents a matrix of order (k,/) and B a matrix of order (m,n), the product BA is not
defined unless £ = n. For square matrices generally AB # BA, so that the order must
be maintained in any multiplication process. The transpose of a product (ABC.)" is
given by (ABC.)" = .."C"B"4".

A real matrix is a matrix with real elements only. If a real, square matrix A is
equal to its transpose

A=A" (3.26)

then A is a symmetric matrix. A complex matrix is a matrix with complex elements.
The complex conjugate of a matrix A is the matrix A* formed by the complex
conjugate elements of A or
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A" =4, (327

while the adjoint® (or conjugate transpose) is defined by the transpose of the complex
conjugate

(A =4 (3.28)
A Hermitian matrix obeys the relation
A=(A)" (3.29)

so that a symmetric matrix is a real Hermitian matrix. For an antisymmetric matrix it
holds that

A=—-(4") (3.30)
and thus A4 has the form
0 4, . 4,
-4, 0 .
A= (3.31)
-4 0

1n

A diagonal matrix has only non-zero entries along the diagonal:

4, 0 . 0
0 4 .

A= 2 (3.32)
0 . . 4

nn

The unit matrix I is a diagonal matrix with unit elements:

10.0
01 .

1=5,=" = (3.33)
0. .1

Obviously, I4 = AI = A, where A is any square matrix of the same order as the unit
matrix.
The determinant of a square matrix of order # is defined by

detd =|4| = Z(iAl,.Azj,A3k o d,) (3.34)

where the summation is over all permutations of the indices i, j, k, -, p. The sign in
brackets is positive when the permutation involves an even number of permutations
from the initial term A;142A433..As, While it is negative for an odd number of
permutations.

4 This definition is according to the usual mathematical convention. In continuum mechanics one also
uses the following definition: the adjoint D* of a matrix D is uniquely defined by the requirement that
for each column matrix v and w it must hold that (Dv)x(Dw) = D*vxw) (Chadwick, P. (1979),
Continuum mechanics, concise theory and problems, George Allen and Unwin, London).



50 3 Mathematical preliminaries

Example 3.8
For a matrix 4 of order 3, Eq. (3.34) yields
detd = 4,4y, 453 + Ay Ay 4y + A3 45,45
"A12A21A33 - A11A23A32 - A13A22 A31

Alternatively, it can be written as det A = e, A, A2 A3

The determinant of the product AB is given by

det AB = (det A)(det B) (3.35)
Further the determinant of a matrix equals the determinant of its transpose, that is

detA=detA" (3.36)
The inverse of a square matrix A is denoted by A" and is defined by

AAT =1 3.37)
where I is the unit matrix of the same order as 4. From the above it follows that

AlA=1 (3.38)

so that a square matrix commutes with its inverse. The inverse only exists if det 4 # 0.
The inverse of the product (ABC.)™ is given by (ABC.)" = .7'C'B'A™". The
inverse of a transpose is equal to the transpose of the inverse, i.e. (4')" = ™),
often written as 4.

The co-factor oy of the element 4; is (-1)"7 times the minor 6. The latter is the
determinant of a matrix obtained by removing row i and column j from the original
matrix. The inverse of A4 is then found from Cramers’s rule

(A‘l)l_j =a, /detA (3.39)

Note the reversal of the element and co-factor indices.

Example 3.9

1 2
Consider the matrix 4 = 4; = (3 4) . The determinant is det A = -2. The co-

factors are given by

an=ED" o =CD""a=4 o= 0p=(-1)"?3=-3
o= (D0 =P?1=1 o= 6n=(1)7"2=2

The elements of the inverse 4™ are thus given by
a,;, o 4 -2 -2 1
[A,.j'.l]=( " 2‘) detA=( ) —2:( )
a;, Qy -3 1 L5 =05

For a diagonal matrix A the inverse is particularly simple and given by
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4 0 . 0
0 4 .

Al = 2 (3.40)
0 . .4

For an orthogonal matrix it holds that
AT =4" or A'A=1I (3.41)

This implies (det A)? =1 or det 4 = +1. Choosing det A = 1, the matrix A denotes a
proper orthogonal matrix. Finally, we mention a unitary matrix defined by

A=4" o AA=1I (3.42)

3.7 Change of variables

It is also often required to use different independent variables, in particular in
integrals. For definiteness consider the case of three ‘old’ variables x, y and z and
three ‘new’ variables u, v and w. In this case we have

u=uxyz) v=v(xy,z) and w=w(xy,z)

where the functions u, v and w are continuous and have continuous first derivatives in
some region R*. The transformations u(x,y,z), v(x,y,z) and w(x,y,z) are such that a
point (x,y,z) corresponding to (u,v,w) in R* lies in a region R and that there is a one-
to-one correspondence between the points (u,v,w) and (x,y,z). The Jacobian matrix J =
o(x,y,2)/0(u,v,w) is defined by

a o
ou Ov oOw

g0y |y ¥ (3.43)
o(u,v,w) ou Ov oOw
& a oo
ou ov ow

The determinant, det J, should be either positive or negative throughout the region R*.
Consider now the integral

= IF(x,y,z) dxdydz (3.44)
R

over the region R. If the function F is now expressed in u, v and w instead of x, y and
z, the integral has to be evaluated over the region R* as

I= J' F(uv, w)det.] dudvdw (3.45)

where |det J| denotes the absolute value of the determinant of the Jacobian matrix® J.
The expression is easily generalised to more variables than 3.

¢ In the literature the name Jacobian sometimes indicates the Jacobian determinant instead of the matrix
of derivatives. To avoid confusion we use Jacobian matrix and Jacobian determinant explicitly.



52 3 Mathematical preliminaries

Example 3.10

In many cases the use of cylindrical co-ordinates is convenient. Here we
consider the Cartesian co-ordinates x;, x and x3 as ‘new’ variables and the
cylindrical co-ordinates 7, 6 and z as ‘old’ variables. The relations between the
Cartesian co-ordinates and the cylindrical co-ordinates (Fig. 3.1) are

Fig. 3.1: Cylindrical (left) and spherical co-ordinates (right).

x1=rcos 0 X, =rsin @ X3=2z

while the inverse equations are given by

12

r= (x12 + x22) 0= tan_l(xz/xl) Z=Xx3

The Jacobian determinant is easily calculated as |detJ] = r. Similarly for
spherical co-ordinates’
X] =r cos ¢ sinf Xy =r sing sin 6 x3=rcos @

and the corresponding inverse equations

r= (2 + x4 x39)"?2 Q= tan~ (x2/x1) 0 =tan [ (x> + x22)1/2 /x3]

In this case the Jacobian determinant becomes |det J] = 7 sin 6.

3.8 Co-ordinate axes rotations

A co-ordinate axes rotation is frequently required. If we have a Cartesian co-
ordinate system e; and another system having the same origin as the initial system with
e,’, we can define the direction cosines Cp; as the cosines of the angles between the
new axes e, and the old axes e;. If P denotes a point with co-ordinates x;, its co-
ordinates in the second system x;' are given by the projections of the basis e; on the
basis e, or

L

x,'=Cyxy + Cpx, + Caxy

x,' = Cyx, + Cyx, + Cyyxy (3.46)
L

x;3' = Cyx; + Cypx, + G,y

or, more compactly, in index notation and by summation convention x,' = Cpx; or in
matrix notation x' = Cx. The inverse relation is given by

{ Unfortunately in the usual convention for spherical co-ordinates the angle ¢ corresponds to the angle 0
in cylindrical co-ordinates.
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x; = Cyx)'+Cy, %, +Cypxy
x, = Cppx,'+Cy0 X, +Cy x5! (3.47)

_ [ ' [
x; = Cyx,' +Cp3x," +Cy3x,4

or, again more compactly, in index notation and by summation convention x; = Cpx,'
or in matrix notation by x = C'x. Substituting x' = Cx in x = C'x yields x = CC'x or
CC" = I. The same result can be obtained by substituting x,' = C,x; in x; = Cpx,'. Since
x,' and x,' are identical, it follows that C,,C,; = C;,C;, = 8, Hence the inverse of the
matrix of coefficients of C;, denoted by (Ckl)_l, is equal to the transpose of Cy,
denoted by (Ck;)T = Cp, which is the definition of an orthogonal matrix. For obvious
reasons the matrix C is also called a rofation matrix®.

Example 3.11

Consider a rotation of axes in two-dimensional space of the xj-axis over an
angle 0 (Fig. 3.2). The original basis is x; = {xi, x2} and the rotated one is x; =
{x1', x2'}. The direction cosines are given by C;; = cos 6, Ci, = cos(n/4-0) =
sin 0, Cy; = cos(n/4+60) = — sin 6 and Cy; = cos 0. The matrix C thus reads

cosd  sinf
Ci = .
Y \-sinf cosd
For definiteness, consider the point (x;, x2) = (2, 4) and a rotation over 0 = /4.
The new co-ordinates will be

x1'= Cixp + Craxy = ¥a\N2x2 + Ya\2x4 and
X2 = Coxy + Copxp = -1/2\/2X2 +l/2\/2><4

yielding (x1', x2') = (3V2, ¥2)

Fig. 3.2: Co-ordinate rotation.

So far we have interpreted the relation x,' = Cpx; as a rotation of ‘old’ co-ordinate
axes x; over a positive (counterclockwise) angle 6 to ‘new’ co-ordinate axes x,'.
However, we can also suppose that there is only one co-ordinate system and that the
vector x; is rotated through an angle 6 in the positive direction to give a new vector x,'
in the same co-ordinate system. This is equivalent to a rotation of the co-ordinate
system over an angle 0 in the negative (clockwise) direction. Since any rotation can be

& From CC" = I it follows that det C = +1. We restrict ourselves to proper rotations with det C = 1. If
det C=-1, Cis an improper rotation matrix representing a rotation combined with a reflection.



54 3 Mathematical preliminaries

described by the matrix C(8) where 0 is the angle of rotation around a proper axis, as
illustrated in Example 3.11, we obtain in this case x' = C(—6)x = C"(O)x.

Although a scalar has a numerical value independent of the co-ordinate system
used, a scalar function is generally expressed by a different function in a different co-
ordinate system. The following example illustrates the effect for the same rotation as
used in the previous example.

Example 3.12

Consider the function x, = fix;) = x> in two-dimensional space. For the
evaluation of the expression for x;' = g(x;") the inverse relations

x1 = Crxt' + Coxa'
x2 = Croxt' + Cooxd'

are required. Substitution in x, = x12 yields C112(x1')2 + 2C11Co(x1'x") +
C212(x2')2 — Cpxi" — Cpxy' = 0. Solving for x;' yields x;' = g(x;'). For
definiteness, consider again the point (x;, x2) = (2, 4) and a rotation over 6 =
7/4. While the point (x1, x2) = (2, 4) satisfies x, = f{x}), it can easily be verified
that (x;', x2') = (3\2, \2) satisfies x,' = g(x1").

3.9 Scalars, vectors and tensors

A scalar is an entity with a magnitude. It is denoted by an italic, lowercase or
uppercase, Latin or Greek letter, e.g. a, 4, yor I'.

A vector is an entity with a magnitude and direction. It is denoted by a lowercase
boldface (Latin) letter”, e.g. a. It can be interpreted as an arrow from a point O (origin)
to a point P. Let a be this arrow. Its magnitude (length), equal to the distance OP, is
denoted by ||a]|. A unit vector in the same direction as the vector a, here denoted by e,
has a length of 1. Vectors obey the following rules (Fig. 3.3):

e c¢=a+b=b+ a(commutative rule)
a+(b+d)=(a+b)+d (associative rule)
a + (—a) = 0 (zero vector definition)
a=|lalle, [lef =1

oa = offalle

A

Fig. 3.3: Vector properties.

" In handwritten text vectors are often indicated by a wavy underscore (a ), by underlining a or by an

arrow above the letter (@ ). For consistency with tensors, a wavy underscore is advised.
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Various products can be formed using vectors. The scalar (or dot or inner)
product of two vectors a and b yields a scalar and is defined as a-b = b-a =
|la]| [|bllcos(¢), where ¢ is the enclosed angle between a and b. From this definition it
follows that ||a|| = (a-a)"%. Two vectors a and b are orthogonal if a-b = 0. The scalar
product is commutative (a-b = b-a) and distributive (a:(b+c) = a-b + a-c).

The vector (or cross or outer) product of a and b denotes a vector ¢ = axb. We
define a unit vector n perpendicular to the plane spanned by a and b. The sense of n is
right-handed: rotate from a to b along the smallest angle and the direction of n is
given by a right-hand screw. It holds that a-n = b-n = 0 and ||n|]| = 1. Explicitly, n =
axb/|a|| ||b]. The vector product ¢ is equal to ¢ = axb = —bxa = ||| ||b||sin(¢)n. The
length of |¢|| = ||a]| ||b||sin(¢) is equal to the area of the parallelogram whose sides are
given by a and b. The vector product is anti-commutative (axb = —bxa) and
distributive (ax(b+c) = axb + axc). However, it is not associative (ax(bxc) #
(axb)xc).

The triple product is a scalar and given by d = a-bxc = axb-c. It yields the volume
of the block (or parallelepepid) the edges of which are a, b and ¢. Three vectors a, b
and c are independent if from aa + b + yc = 0 it follows that a = =y = 0. This is
only the case if a, b and ¢ are non-coplanar or, equivalently, the product a-bxc¢ # 0.

Finally, we need the fensor (or dyadic) product ab. Operating on a vector ¢, it
associates with ¢ a new vector according to ab-c = a(b-c) = (b-c)a. Note that ba
operating on ¢ yields ba-c = b(a-¢) = (a-c)b. A useful relation involving three vectors
using the tensor product is ax(bxc) = (ba — (a-b)I)-c.

A tensor (of rank 2), denoted by an uppercase boldface (Latin) letter’, eg. A isa
linear mapping that associates with a vector a another vector b according to b = A-a.
Tensors obey the following rules:

C =A + B =B + A (commutative law)

A+ (B + C)=(A + B) + C (associative law)

(A + B)-u = A-u + B-u (distributive law)

A-(om) = (aA)u = a(A-u)

I-u = u (I unit tensor)

A + (=A) = O (zero tensor definition)

O-u = 0 (O zero tensor, 0 zero vector)

where o is an arbitrary scalar and u is an arbitrary vector. The simplest example of a
tensor is the tensor product of two vectors, e.g. if A = be, the vector associated with a
is given by A-a = bc-a = (c-a)b.

So far we have discussed vectors and tensors using the direct notation only, that is
using a symbolism, which represents the quantity without referring to a co-ordinate
system. It is convenient though to introduce a co-ordinate system. In this book we will
make use primarily of Cartesian co-ordinates, which are a rectangular and rectilinear
co-ordinate system with origin O and unit vectors e;, e, and e; along the axes. The set
e; = {ey, e, €3} is called an orthonormal basis. It holds that e;e; = §;. The vector OP =
x is called the position of point P. The real numbers x;, x, and x3, defined uniquely by
the relation x = x;e; + xze; + x3es, are called the (Cartesian) components of the vector
x. It follows that x; = x-e; for i = 1, 2, 3. Using the components x; in equations, we use
the index notation. Using the index notation and the summation convention the scalar
product u-v can be written as u-v = u;v; + uv; + u3v3 = uv;. The length of a vector x,

! In handwritten text a tensor is often identified by underlining (4).
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Ix|| = (x-x)"2, is thus also equal to (x;> + x> + x3%)"* = (xix;)"”%. Sometimes it is also

convenient to use matrix notation. In this case the components x; are written
collectively as a column matrix x. In matrix notation the scalar product u-v is written
as u'v. The tensor product ab in matrix notation is given by ab’.

Using the alternator e the relations between the unit vectors can be written as
e;xe; = e;ex. Similarly, the vector product ¢ = axb can alternatively be written as ¢ =
axb = e;ze,a;br. In components this leads to the following expressions:

¢, =a,b, —ab, ¢, =ab —ab, ¢, =ab,—a,b (3.48)

The triple product a-bxe in components is given by e;xab;c; while the tensor product
ab is represented by a;b;.

If e; = {ey, e, €3} is a basis, the tensor products e;e;, i, j = 1, 2, 3, form a basis for
representing a tensor and we can write A = Ayeie;. The nine real numbers Ay are the
(Cartesian) components of the tensor A and are conveniently arranged in a square
matrix. It follows that Ay = e;(A-e;), which can be taken as the definition of the
components. Applying this definition to the unit tensor, it follows that &y are the
components of the unit tensor, i.e. I = Syexe;. If v = A-u, we also have v = (4yee))-u =
e;Ayu;. Tensors, like vectors, can form different products. The inner product A-B of
two tensors (of rank 2) A and B yields another tensor of rank 2 and is defined by
(A‘B)u = A(B-u) = ApBpmu, wherefrom it follows that (A-B)u, = AipBom,
representing conventional matrix multiplication. The expression A:B denotes the
double inner product, yields a scalar and is given in index notation by A;Bj.
Equivalently, A:B = tr AB" = tr A" B. Sometimes another double inner product A--B =
A;Bj; is also defined. If one of the tensors A or B is symmetric, the difference is
obviously immaterial. The tensor product rule of vectors can also be applied to tensors
of rank 2. Conforming the notation with vectors the tensor product is denoted by AB,
yields a tensor of rank 4 and is denoted by an open uppercase symbol, e.g. L.
Equivalent representations are L = L = AB = A4;By. Similar to the interpretation of a
tensor of rank 2 as a mapping of one vector to another, a tensor of rank 4 represents a
mapping of a tensor of rank 2 to another tensor of rank 2.

We noticed that the components of a vector a can be transformed to another
Cartesian frame by a,' = Cpa; in index notation or a' = Ca in matrix notation. Since a
tensor A of rank 2 can be interpreted as the tensor product of two vectors b and ¢, i.e.

A=bc or A= bic; or A=bc"
the transformation rule for the components of a tensor A obviously is

Apg' = bycy = CpibiCyic; = CpiCybici= CpiCydy  or in matrix notation’

A'=be" = (Ch)(c" C")=cAC"
Similarly for a tensor L. of rank 4 it holds that
qurs' = CpiquCrszILq'kl

If A' = A and thus A' = A4, then A is an isotropic (or spherical) tensor. Further if the
component matrix of a tensor has a property which is not changed by a co-ordinate
axes rotation that property is shared by A' and A. Such a property is called an

J Obviously if the transformation is interpreted as a rotation of the tensor instead of the frame, we obtain
A’ = C"AC. This is the conventional definition of an orthogonal transformation.
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invariant. An example is the transpose of a tensor of rank 2: If 4' = CAC”, then A" =
CA'C". Consequently we may speak of the transpose A" of the tensor A and we may
define the symmetric parts A® and antisymmetric A® parts by

AY=A+AN2 and A®=A-ANN

While originally a distinction in terminology is made for a scalar, a vector and a
tensor, it is clear that they all transform similarly under a co-ordinate transformation.
Therefore a scalar is frequently denoted as a tensor of rank 0 and a vector as a tensor
of rank 1. Expressed in components, all tensors obey the same type of transformation
rules, e.g. 4; ; = Cyp ...Cjy Ay 4, Where the transformation matrix C represents the
rotation of the co-ordinate system. Scalars have no index, a vector has one index, a
tensor of rank 2 has two indices while a tensor of rank 4 has four indices. Their total
transformation matrix contains a product of respectively 0, 1, 2 and 4 individual
transformation matrices Cy;. Obviously, if we define (Cartesian) tensors as quantities
obeying the above transformation rules®, extension to any order is immediate.

Example 3.13
Consider the vectors a, b and ¢ the matrix representations of which are
a'=(1,0,0), " =(0,1,1) and ' = (1,1,2). Then

a+tb=a+b=(1,1,1)"

(bx c)T =(bzc3 —bsc,, byc, —bic;, b, —bzcl)
=(1-2-1-1, 1-1-0-2, 0-1-1-1)=(1 1 -1)

172
1 1
l=("e)*=|@ 1 2)1|| =v6 b-e=b"e=(0 1 1)f1|=3
I 2 2
1 011 1
ab=ab" =|0|(0 1 1)={0 0 0 a-bxe=(1 0 0) 1 |=1
0 000 -1
0 1 1Y1) (3
ab-¢c={0 0 0f1|=|0[=3a
0 0 0/f2) (0

¥ This transformation rule is only appropriate for proper rotations of the axes. For improper rotations,
which involve a reflection and change of handedness of the co-ordinate system, there are two
possibilities. If the rule applies we call the tensor polar; if an additional change of sign occurs for an
improper rotation we call the tensor axial. Hence generally L; ; = (det C) Cy...CyLy ;, where p = 0 for
a polar tensor and p = 1 for an axial tensor. Since det C = 1 for a proper and det C = -1 for an
improper rotation, this results in an extra change of sign for an axial tensor under improper rotation. It
follows that the inner and outer product of two polar or two axial tensors is polar while the product of
a polar and an axial tensor is axial. The permutation tensor e;; is axial since ejp; = 1 for both right-
handed and left-handed systems. Hence the vector product of two polar vectors is axial. If one
restricts oneself to right-handed systems the distinction is irrelevant.
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Finally, we have to mention that, like scalars, vectors and tensors can be a function
of one or more variables x;. The appropriate notation is f{xx), ai(xx) and A4;(xz) or,
equivalently, f(x), a(x) and A(x). If x; represent the co-ordinates, f{x), a(x) and A(x)
are referred to as a scalar, vector and tensor field, respectively.

3.10 Tensor analysis

In this section we consider various differential operators, the divergence theorem
and their representation in cylindrical and spherical co-ordinates. Consider the tensor
a; as a typical representative of tensors of rank 1 and take the partial derivatives 0;a; =
0a;/0x;. Such a derivative transforms like a tensor of rank 2, is called the gradient and
denoted by grad a; or in direct notation as grad a or Va. The gradient can operate on
any tensor thereby increasing its rank by 1. An alternative and frequently used
notation for d;a; = 0a;/0x; is a;;. In the comma notation the index j is counted as the
first one, conform Va, the reason being that this rule avoids many transpose
operations. The notation Va is not universal though and various authors write (Va)T.

If two indices are the same, a summation is implied, thereby decreasing the rank of
a tensor by 2. The process is known as contraction. If we apply contraction to a
second-rank tensor 4;; we calculate 4; and the result is known as the frace. In direct
notation the trace is written as tr A. Contraction also applies to the gradient. The
expression a;,; yields a scalar, is called divergence and denoted in direct notation by
divaor V-a.

Another important operator is curl (or rot as abbreviation of rotation). The curl of
a vector a, in direct notation written as curl a or as Vxa, is a vector with components
e;ixar,; (note again the order of the indices). It is defined for 3D space only.

The last operator we mention is the Laplace operator. It can act on a scalar a or on
a vector a, is denoted by V2 or A and defined by Via=Aa=a, iorVa=Aa= aj .

Example 3.14
Assume a vector field a(x) represented byaT(x)=(3x2+2y, x+z8, x+ yz).
Then
0/ox
a,;=Va=|0/0y (3x2+2y, x+2z°, x+y2) 2 0 2y]
9/6z 0 2z 0
2y-2z 2(y-2) 6
Vxa=e,ea, =| 0-1 |=| -1 Aa=aq,, =2 a
1-2 -1 2
nd

V-a=gq,,=6x+0+0=6x

Next we introduce the divergence theorem. Therefore we consider a region of
volume ¥ with a piecewise smooth surface S on which a single-valued tensor field A
or Ay is defined. The body may be convex or non-convex. The components of the
exterior normal vector n of S are denoted by n;. The divergence theorem or the
theorem of Gauss states that
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[4,,47 = [4mds  orequivalently  [v-AdV = [A-nas (3.49)

The divergence theorem connects a volume integral to a surface integral and is mainly
used in theoretical work. The divergence theorem can be applied to a variety of
integrands. Applied to a scalar a, a vector a or a tensor g;ax; we obtain in direct
notation

J.VadV=jnadS '[V-adV=jn-adS and |curladV = |nxadS (3.50)

From the divergence theorem we can derive Stokes’ theorem
j'n,.g,jkak,j dS= |g,dr, or In-curladS = |a-dr 3.51)

The theorem connects a surface and line integral and implies that the surface integral
is the same for all surfaces bounded by the same curve.

The above operations can also be performed in other co-ordinate systems. Often
one considers systems where the base vectors locally still form an orthogonal basis,
although the orientation may differ through space. These systems are normally
addressed as orthogonal curvilinear co-ordinates. Cylindrical and spherical co-
ordinates form examples with practical importance. Using the relations of Example
3.10 one can show that the unit vectors for cylindrical co-ordinates are

e, =e;cos O +esin O eg=—e; sin O + e, cos O e.=e;3
so that the only non-zero derivatives are
de,/dO = ey deg/dO =—e,

Using the chain rule for partial derivatives one may show that the gradient operator
becomes

0 10 0

V=e, —+e,——+e,— (3.52)
or rod oz
The divergence of a vector a becomes
va=2a 1, 0 ) oo (3.53)
or r 00 oz
while the Laplace operator acting on a scalar a is expressed by
2 2 2
Vza_aa 10a 10°a 07a (3.54)

==
ort ror r*oe® oz’

Using again the relations of Example 3.10 one can show that the unit vectors for
spherical co-ordinates are

e, = (e; cos @ + e, sin @) sin O+ e3 cos O
ep=—e; sin @ + e, cos @

e,=(e; cos @ + e, sin @) cos O—e;3 sin O

so that the only non-zero derivatives are
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de,/dO= ey deg/dO=—e,

de,/dp=e,sin 0 deg/dp = e, cos 0 de,/dp =—e, sin 60— e, cos 0

The gradient operator becomes

V:e,£+e9l—§—+ew—~l——i (3.55)
or r 00 rsinf 0@
The divergence of a vector a becomes
o
Via=2 24 100 cotb " 1 %, (3.56)
or r r o0 r rsinf O¢
while the Laplace operator acting on a scalar a is expressed by
2 2 2
V2a=ﬂ+2a—a 1 0°a cotf da 1 0%a (3.57)

S T Ty
or’* ror r’o0> r* 980 r’sin’ op’

Johann Carl Friedrich Gauss (1777-1855)
Born in Brunswick, Germany, a son of a father who did not believe in formal education and a
mother who encouraged her son in his studies and took considerable pride in his (later)
achievements until she died at the age of 97. Fortunately, at the age of 15 the Duke of
Brunswick became his patron and helped him to enter Brunswick College and 3 years later to
enter the University of Gottingen. He decided only to proceed with mathematics and not with
philosophy after he invented the method of least-squares (a decade before Legendre) and a
method of constructing a polygon, with the number of sides not being a multiple of 2, 3 or 5,
using a compass and ruler, a problem for which the solution was sought for roughly 2000
years. Thereafter he went to the University of Helmstddt where he received his doctorate
degree in 1798, proving for the first time that a polynomial of degree » had exactly » roots, a
problem which Euler, Newton and Lagrange could not prove. In 1807 he became professor of
mathematics at Gottingen University where he remained until his death. He made many
contributions to physics, e.g. in electricity and astronomy, but is most well known for his
contributions to mathematics, in particular to algebra (complex numbers), geometry, matrix
theory (Gauss-Jordan elimination), numerical analysis (Gauss quadrature). Gauss' greatest
single publication is his Disquisitiones arithmeticae, a work of fundamental importance in the
modern theory of numbers. His successors were P.G.L. Dirichlet (1805-1859), G.F. Riemann
(1826-1866) and A. Clebsch (1833-1872).

3.11 The eigenvalue problem

Consider a square matrix A of order n, a column matrix e and a scalar A. One can
ask whether it is possible to find column matrices e which through the mapping Ae are
mapped upon themselves, e.g. produce the column matrices Ae. In formula
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Ae= e or (A-ADe=0 (3.58)
where I is the unit matrix. The scalar A is called the eigenvalue while the column(s) e

are called the eigenvector(s). This equation can be solved using det (4 — AI) =0 or

A, -1 4, . A
A21 Azz_;L

1n
=0 (3.59)
A, ) . A, -2
because otherwise the matrix A — Al is regular and Eq. (3.58) has only the (trivial)

solution e = 0. Expanding the determinant for a matrix of order 3 yields the
characteristic equation

A= JpA = JyA—J5 =0 (3.60)
where the (principal) invariants J.1), J2) and Jg3) are given by

Joyy =4+ Ay +4;;=4,=tt4

J(z) = A122 + A223 + A321 _A11A22 - A22A33 _A33A11
=(4,4, - 4,4, )2 =[tx(4*) - (tr 4)*]/2

/] L/}

(3.61)

Jo =detd=(24,4, 4, ~34,4, 4, + 4,4,4, )6

i< gk i ji it

The various J’s are called invariants since their numerical value is independent of the
co-ordinate system chosen. The roots of the characteristic equation are the eigenvalues
A1, A2 and A3 and these values are also independent of the co-ordinate system. It can
be shown that for a Hermitian matrix the eigenvalues are real. Backsubstituting A;, 4,
and Az in the eigenvalue equation yields the eigenvectors e;, e, and es, respectively.
These eigenvectors are indeterminate to the extent of a scalar constant, which can be
used to normalise the eigenvectors. Moreover, they are also mutually orthogonal or
can be chosen to be so. Hence we can write

e-e =e'e =0, (3.62)

Putting the eigenvectors e; as columns of a matrix E, the complete set of equations is
given by E'AE = A, where A is a diagonal matrix with 4, A, and A3 as elements. The
original question of the mapping is equivalent to whether it is possible to choose a co-
ordinate system in such a way that the matrix A becomes a diagonal matrix.

Example 3.15

(=]

Consider the matrix A = 4; = a|with a # 0. The characteristic

(=
QI © o
=

equation is
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1 00 1 00 I-2 0 0
0 0 a|-A|0 1 0||=0 or 0 -4 ai=0
0 a O 0 01 0 a -1

Evaluation yields (1—/1)(}»2 —a*)=0. The eigenvalues (roots) are A; =1, L, =a
and A3 = —a. Substitution of A; = 1 in the eigenvalue equation results in

1-2 0 0 \e, 0 0 0 O0ljfe, 0 0
0 -2 a |ley|=|0] or |0 =1 a|e,|=|—e,+ae;|=|0
0 a -4/, Q 0 a -1\e, ae,, — ey, 0

Consequently, we may take e>; = e3; = 0. Since the eigenvectors have to be
normalised the magnitude |e|| = e’ + e’ +ez’= 1, e;; = 1. Substitution of
Ay =aresults in

I-a 0 0)fey, (1-a)e,, 0
0 -a alle,|=|—ae,+ae,|=|0
0 a -aj\e, ae,, —ae;, 0

Hence, if (1-a) # 0, ej» = 0. Further, since a # 0, ey = e3;. Normalising yields
e =ep="%\2 (or —‘/2\12). Substitution of A3 = —a results in
1+a 0 0\fe; (I1+a)e, 0
0 a alley|=|aey;+ae;|=|0
0 a alle; ae,; + ae;; 0

Hence, if (1+a) # 0, e;3 = 0. Further, since a # 0, e23 = —e33. Normalising yields
e =—e33 = Y5\2 (or —1/2\/2). Collecting results leads to

1 0 0 Y1 0 01 O 0 10 0
0 %2 %2 [0 0 a0 %2 w2 |=|0 a o
0 %2 %20 a 0)l0 %2 -%V2) |0 0 -a

The eigenvalues are also known as principal values and the co-ordinate system in
which the matrix is diagonal is known as the principal axes system. The principal
values are also often indicated by the matrix symbol and a Roman numerical
subscript, e.g. 41, An and Ayy. In the principal axis system the invariants become

Joy=A A, + A, =4+ Ay + 4y
J(z) =M Ay + AA5 + AsAy = A Ay + Ay Ay + Ay 4, (3.63)
Joy =AA, A = 4, 4, Ay

In the above the invariants are expressed in terms of the principal values A;, A, and A3,

Eq. (3.63), or in terms of combinations of the elements 4; of the matrix 4, Eq. (3.61).
We can also write them in terms of the basic invariants Aqy, Ay and A3y defined by

Ay =A4,=ttA A, =44, =ttA’ A, =A4,A4,4,=tA’ (3.64)

j4ji 47 jk

or, equivalently, in principal values
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Ayy=+d+Ay Ay =+ +2  An) =N +A+ 2, (3.65)
This results in

Joy =4 = 4y (3.66)

Jo = (A,»]-Aj,- 4,4, )/ 2= (A(z) - A(Zl) )/ 2 (3.67)

Jopy =detd =24, A, 4, ~34,4, 4, + 4,4, 4, )/6 (3.68)

= (2A<3) =340 Any + 4 ) 6

In principal axes the matrix 4 = 4;; is represented by

4 0 0
A=[0 4, 0 (3.69)
0 0 A,

Powers of A, in index notation represented by Ay, Aududy, etc., are in principal
axes space given by

A" 0 0
A= 0 4 0 (3.70)
0 0 4

Since the principal values 4j, Ay and Ay satisfy the characteristic equation (3.60) we
have

AP = JAf + Joydr + Js)

Similar equations can be written for Ay and 4p;. Collectively one writes

A’ = JoA® + JpA + Il (3.71)
generally referred to as the Hamilton-Cayley equation. In components it reads
Aidwdy = JnyApdp + Joydy + J3)0y (3.72)

Using this equation it is possible to express any power of 4 in terms of A%, 4 and I.
Therefore any power series B = al + bA + cA* + dA> + - can be reduced to

B=al + BA + yA* (3.73)

where a, § and y are power series in J(1), Ji2) and J).

Example 3.16
Consider the fourth power A*. This term can be written as
A4 = AL A + JoA + Jp)l] = JpA® + JpA” + JaA
=Jol JaA? + Jod + Jal+ JoA® + JaA
= oy’ +Jo)A + Tyl + JaA + TSl
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3.12 Decompositions

For a complex scalar z two representations exist based on an additive and
multiplicative decomposition, respectively. To be specific we can write z = x+iy or z =
r exp(if), where i = V-1. In analogy with the complex scalar, a matrix can be
decomposed in an additive way and a multiplicative way.

Any matrix A can be written as the sum of a symmetric part A, and an anti-
symmetric part Ay, defined by

Ay = (Ay+4;)/2 and Ay = (dy—4;)/2 (3.74)
The additive decomposition then is
A= A+ Ap) (.75)
Equivalently,
A= (4+4")2 and Ay = (A-A"2 (3.76)
It follows easily that for two matrices 4 and B the product 4;,B|; vanishes and that
4;B; = (A(u) +4 y])(B(u) + B[u]) A By + Ay By G3.77)
Example 3.17
123
If we have a matrix 4, =4 5 6|, the symmetric and asymmetric parts are
789

135 0 -1 =2 '
A,y =13 5 7|and 4,;=|1 0 -1|, respectively. Similarly for the matrix

579 21 0
122 123 00 -1

B,={2 44| B, =|2 4 6| and B,;=/0 0 -2|. The product 4;B; =
4 88 3638 120

211 while A(,-j)B(,-j) =219 and A[ij]B[ij‘] =-8.

For another way to decompose a symmetric matrix in an additive way, we need the
trace of a matrix A, defined by

trA =Ai1 =A,‘j5,‘j (378)
and the deviator A', defined by
Ay = Aiji— (Aw0y)/3 = A —tr(A)1/3 (3.79)

The term tr(A4)I/3 denotes the isotropic part or spherical symmetric part of the matrix
A. Solving the deviator expression for 4; yields A; = (Audy)/3 + A, from which it is
clear that every symmetric matrix can be considered as the sum of an isotropic part
and a deviator. Note that the double inner product of two tensors A and B, represented
by matrices A and B, when decomposed into their isotropic and deviatoric parts, can
be written as

A0, B,S,
AB =| 2%y yi|[ 20, g A B”+A 'B,’ (3.80)
yy 3 y 3 y 3

)
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The quantity tr(4)/3 = Au/3 is sometimes addressed as the mean value of the diagonal
components of the matrix 4; and is indicated by 4 (or A, if confusion can arise). The
matrix A; therefore can also be written as A; = 4,/ + AS;. This convention is in
particular used with the stress matrix oy and the strain matrix ;.

Example 3.18
123

If we have a matrix 4, =|2 3 4], the isotropic and deviatoric parts are
345

1 300 -2 23
—A4y6,={0 3 0] and 4,'=| 2 0 4|, respectively. Similarly for the

3 003 3 42
113 1 300
matrix B, =|1 3 5|, the isotropic part becomes —B, 6, =|0 3 0fwhile
355 3 003
-2 13
the deviatoric part is given by B,’=| 1 0 5|. The product (AuBy)/3 = 27
3 52

while 4,/ B,/ = 70 resulting in 4;B;; = 97.

Similar to the full symmetric matrix A4, the invariants and basic invariants of the
deviator A’ can be calculated. Note that, since the reduction to the deviator removes
only the spherical symmetrical part from A, the principal axes of A’ are the same as
for A while the principal values are given by A/’ = A1 —4,/3. Obviously Jy) = 4y =
trA' = A/ = Aii— AuSi/3 = 0. The second invariants are given by

Ay =trA” = | A- tr(A)L/ 3][A-tr(A)1/ 3]
1 (3.81)

2 1 2 2
=trA —gtr A= A(Z) —gA(l)

1 1 1 1
Jo'= E(Aa)"Am'z) =5 Ap)'= E(trAz —gtrzA) (3.82)
1
J(z)'= ’6'[(A11 - Azz)2 +(Azz - 1433)2 +(A33 - A11)2]
+ AL+ A+ A (3.83)
1

2 2 2
= g[(AI - AII) +(A11 - AIII) + (Am - AI) ]
while the third basic invariant reduces to
2
Ay = Ay = Ay Ay + 9 Ag) (3.84)

Using a multiplicative decomposition, a matrix A can be uniquely decomposed into
A=RU and A=VR



66 3 Mathematical preliminaries

where R is an orthogonal matrix; hence RR"=R'R=1,and U and V are symmetric
and positive definite matrices, U = U' and ¥V = V'. These decompositions,
conventionally denoted as right and left polar decompositions, can only be realised if
det A # 0. The actual decompositions are generally quite tedious but fortunately in
practice we frequently only make use of the fact that the decomposition always exists.

3.13 Some special functions*

A convenient function is the Dirac (delta) function &x), in one dimension defined
by

5/ d=f©O)  or  [5-n)f()di=1(x) (3.85)

where a = o is included and which selects the value of a function f at the value of
variable x from an integral expression. A generalisation to » dimensions is immediate.
Alternatively &x) is defined by

S(x—t)=w0 ifx=t and 0 otherwise, o(x—t)dr=1 (3.86)

Some properties of the delta function are
§(—x)=8(x) x8(x)=0 &(ax)=a'6(x) (a>0) and
S(x* —a’)=%a'[6(x—a)+8(x+a)]
Related is the Heaviside (step) function h(x), defined by
h(x-1)=0 if x<t and h(x-1)=1 if x>t (3.87)

For x =1, the conventions 7= 0, 7 =" and & = 1 are used by various authors. The step
function can be considered as the integral of the delta function.

3.14 Calculus of variations*

In many cases variational principles are used. One of the chief problems is to find
a function for which some given integral is an extremum. The solution is provided by
the calculus of variations. We treat the problem essentially as one-dimensional.

Suppose we wish to find a path x = x(f) between two given values x(#;) and x(,)

such that the functional' J = fl f(x,%,1)dt of some function f(x,%,7) with x=dx/ds

is an extremum. Let us assume that x(¢) is the solution we are looking for. Other
possible curves close to x(f) are written as x(f,a) = xo(f) +an(t), where n(f) is any
function that satisfies 7(t;) = n(2) = 0. Using such a representation, the integral J
becomes a function of a,

J(@)= [}[x(t,a),x(t,a),t]dt (3.88)

and the condition for obtaining the extremum is (dJ/dc) . = 0. We obtain

! A function maps a number on a number. A functional maps a function on a number.
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aJ “(of ox _of &% _ S(of o
oa In(axanraicaajdt j( n ”) (3.89)

Through integration by parts the second term of the integral evaluates to

1 X
7, ndt = I nﬂ—a—fdt (3.90)
4 6 8x 4 dr ox
At t) and 1, n(t) = Ox/0a vanishes and we obtain for Eq. (3.89)
u_[(2 4y
oa ox drox
If we define the variations 8J = (dJ/da)~oda and 6x = (dx/da)~oda, we find
1 143
8J = J' I A Nsiar = I I 8T Vit lda=0 (3.91)
ox dr ox o\ Ox dr ox
and since 1 must be arbitrary
g _4d_ (3.92)
ox dr ox

Once this so-called Euler condition is fulfilled an extremum is obtained. It should be
noted that this extremum is not necessarily a minimum. The extension to more than
one variable is evident. Finally, we note that in case the variations at the boundaries
do not vanish, i.e. the values of 7 are not prescribed, the boundary term evaluates,
instead of to zero, to

T
[ax nl (3.93)

If we now require 8/ = 0 we obtain in addition to Eq. (3.92) also the boundary
condition gf /ox =0 att=1¢; and t =1,

Example 3.19

Let us calculate the shortest distance between two points in a plane. An
element of an arc length in a plane is

ds =+/dx? +dy’

and the total length of any curve between two points 1 and 2 is

2 Xy X, 2
1= '[ds= jf(y,x)dx= I 1+(d—y) dx where y:Q
1 X, X dx ox

The condition that the curve is the shortest path is
of _dof _

y vy
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where ¢ is a constant. This solution holds if y =awhere a is given by a =

. of of . % d y y
Since —=0 and =——=y/4/1+ ", we have— =0or ———=c,
% y / dx

c/(1+¢)™. Obviously this is the equation for a straight line y = ax + b, where b
is another constant of integration. The constants a and b are determined by the
condition that the curve should go through (x;,y1) and (x2,12).

3.15 Laplace and Fourier transforms*

In many cases transforms of some kind are useful to ease the solution of a
problem. In particular, the Laplace and Fourier™ transforms are useful in this respect.
The Laplace transform of a function f{f), defined by

LLf0]= f(s)= J;’(t Jexp(—st)dt (3.94)

transforms £{¢) into i (s) where s may be real or complex. The operation is linear, i.e.

Lie, i)+, ;0] = ¢, f(s) + ¢, f3(5) (3.95)

The product of two Laplace transforms L[f{(f)] and L[g(#)] equals the transform of the
convolution of the functions f{¢) and g(¥)

LIfO1L[g®] = LI .[:f (t-2)g(R)dA]= L[ '[:f (D)gt—-A)dA] (3.96)

This theorem is generally known as the convolution theorem. Since the Laplace
transform has the property

L[%Q]ﬂf@—f@) (3.97)

it can transform differential equations in # to algebraic equations in s. Generalisation
to higher derivatives is straightforward and reads

dn t n 7 n— n— n-|
L[%]ﬂ () =" f(0) = =5f"(0)~ f"(0) (3.98)
Similarly for integration it is found that

I j(}(u)du]%f(s) (3.99)

Some useful transforms are given in Table 3.1.
The Fourier transform of a function f{¢) is defined by

FLF(]= F(@) = N© [F()exp(—ion) dr (3.100)

™ Joseph Fourier (1768-1830), French mathematician, interested in the application of mathematics to
physics and mechanics and considered as the founder of mathematical physics. He is well known for
his development of the idea that ‘every’ function can be developed in a trigonometric series and for
the theory of heat conduction as described in his book Théorie analytique du chaleur (1822).
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Table 3.1: Laplace transform pairs.

f0 f) [0 f@s)

1 1/s "'n>-1 [(n+1)/s™!
A als exp(—at) 1/(s+a)
h(?) 1/s " exp(—af), n=0,1,~  nl/(s+a)""
h(t-a) exp(—as)/s sin at al(s*+d)
&1) 1 cos at s/(s*+dP)
&t-a) exp(—as) sinh at al(s*—d?)

T 1/s* cosh at s/(s*d®)

Its inverse is

F[F(@)]=f@t)=N® J" :7(a))exp(ia>t) do (3.101)

The normalisation constants N© and N in front of the integrals can take any value as
long as their product is (2m) . In solid state physics the convention N =1 and
N®'=@2n)™! is frequently used and we will do likewise. If N© = N = (2m)1? is
taken the transform is called symmetric. Similar to the Laplace transform, the Fourier
transform is a linear operation for which the convolution theorem holds.

Since for the delta function &) it holds that

5 ()= Jié?t)exp(—iwt)dt =1 (3.102)
we have as a representation of the delta function

§()=2n)" _ewxp(ia)t) do (3.103)
Similarly for the three-dimensional delta function &t) we have

5 (o) = '[go(t) exp(—io-t)dt=1 and &(t)=(2n)"> _ewxp(im -t)do (3.104)
Finally, we note that by the Gauss theorem applied to a sphere with radius

J.Vz(l]dV=J.V[l)-ndS=— AL P v2[1)=—4n5(r)
r r r r

since V2(1/7) = 0 for r # 0 and V*(1/r) = w for r = 0. Therefore we have
vy =R = v 2n)? J' Ft " Jexp(io.t) do =

@n)> IF [t ](~0*)exp(io.t) do = —4n(2n)~ |exp(io-t)do or

F[t']=4n/0’ (3.105)
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Applying the inverse transform we obtain F™ [F [t ]] =F" [471‘/602] or

%:%f Z)l—zexp(im-t)dm (3.106)

as the representation of the function 1/z.

Pierre-Simon de Laplace (1749-1827)
Born at Beaumont-en-Auge Normandy, he became from a pupil an usher in the school at
Beaumont but, having procured a letter of introduction to D'Alembert, he went to Paris. A
paper on the principles of mechanics excited D'Alembert's interest, and on his recommendation
a place in the military school was offered to him. In the next 17 years, 1771-1787, he produced
much of his original work in astronomy followed by several papers on points in the integral
calculus, finite differences and differential equations. During the years 1784-1787 he produced
some memoirs of exceptional power. Prominent among these is one read in 1784, and
reprinted in the third volume of the Méchanique céleste (1799-1825), in which he completely
determined the attraction of a spheroid on a particle outside it. This is memorable for the
introduction into analysis of spherical harmonics or Laplace's coefficients, as also for the
development of the use of the potential — a name first given by Green in 1828. He was also
active in probability theory, which he summarised in his book Théorie analytique des
probabilités (1812). His work on celestial mechanics and probability was also introduced via
less technical expositions, namely Exposition du systéeme du monde (1796) and Essai
philosophique des probabilités (1814). In the times of turmoil in which he lived he refrained
from any political statements and changed easily of political conviction, which made that
Napoleon as well as Louis XVIII praised him. Well-known is the answer he gave to Napoleon
when teasing Laplace with the remark that God nowhere appeared in his books: Sire, je
n’avais besoin de cette hypothese.
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4

Kinematics

Kinematics describes the motion and deformation of a continuous body with respect
to a reference frame without paying attention to the origin of this motion and
deformation or to the nature of the body. To this purpose it is useful to distinguish
between material and spatial co-ordinates. Only in case the deformation is small, the
difference between the two descriptions vanishes and this reduced description is
referred to as the small displacement gradient or infinitesimal strain approximation.
The strain tensor is introduced and its physical interpretation discussed. Compatibility
is briefly treated. This chapter also describes the deformation using the formal
relations between the material and spatial descriptions. The physical interpretation of
the resulting strain tensors is revisited. To other presentations is referred to in the
reference list. Free use has been made of the books quoted in the bibliography.

4.1 Material and spatial description

An adequate description of the mechanical state of solids requires more
parameters than for a fluid where the volume as an extensive kinematical parameter
generally is sufficient to describe the mechanical state. Essential is that a solid has a
definite shape, contrary to a fluid, and can withstand shear deformation. A general
motion of a body is composed of a global and a local part. The global part of the
motion, also called rigid body motion, is the one where the distance between any two
particles of the body does not change at all. The local part is the one where the
distance between (at least) two particles does change. The local part of the motion
leads to so-called deformation because it leads to changes in the shape and/or volume
of the body whereas the global motion leads only to a different position and/or
orientation in space (Kuiken, 1994; Maugin, 1992).

For the description of the deformation and motion of a continuous body we use a
right-handed Cartesian axes co-ordinate system fixed in space with unit vectors ej, €,
and e;. Fixed points in this reference co-ordinate system are known as spatial points
or just points. It is the co-ordinate system used by an observer at rest. The continuous
body itself is supposed to be the assembly of material points or particles, the
collective motion of which describes the deformation. To eliminate confusion as far as
possible from now on spatial points will be referred to as points and material points as
particles. Note that these particles are mathematical entities, as discussed in Chapter 1.
To such a particle the properties averaged over a representative volume element or
meso-cell centred at the co-ordinates of the particle can be ascribed. It is convenient to
introduce another co-ordinate system, parallely oriented to the reference system that
accompanies the particle considered during its motion. This accompanying co-
ordinate system is the system used by an observer moving along with the particle.

Suppose that a particle P of the body is located at point r at time #,. The
configuration of all the particles at time f#) forms the undeformed, reference
configuration. At a (later) time #, conventionally known as the current configuration,
the particle considered will be at point x. The mapping x = x(r,f) for all particles
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describes the motion of the body. It is known as the Lagrangian or material
description and considers the position x as a function of time for one and the same
particle P, labelled with r in the reference configuration. Here we use the compact
notation where the dependent variable and function are denoted by the same symbol.

It is assumed that the mapping x = x(r,f) is invertible. This results in r = r(x,?),
referred to as the Fulerian or spatial description. This description considers the
occupation of a point r by a particle which was in the reference configuration at
position x. This implies that at different times different particles are considered. The
components of r are called the material co-ordinates and the components of x the
spatial co-ordinates.

A simple analogy of these two descriptions is provided by the motion of traffic. If
you are a driver (moving observer), you move with your car (particle) and you will
describe the motion in Lagrangian terms. On the other hand, if you are a policeman
(observer at rest), you are fixed in space, you will see the cars pass and describe the
motion in Eulerian terms.

For solids for many formal calculations the Lagrange description is the most
useful while for fluids the Euler description is more often used. If the deformations are
small enough, the difference between the two descriptions becomes negligible. In
Sections 4.2 and 4.3 a description of small deformations is presented in which the
distinction of spatial and material co-ordinates is negligible. Those interested in a
more complete description should consult later sections.

Joseph Louis Lagrange (1736-1813)
Born and educated in Turin, Italy, he became professor at the Turin Academy of Sciences at
the age of 19. In 1766 he moved to Berlin (on invitation of the Prussian King Frederick the
Great) and from 1787 onwards he worked at the Ecole Polytechnique in Paris, France. In 1788
his famous book Mécanique analytique appeared. At first no printer could be found who
would publish the book, but Legendre at last persuaded a Paris firm to undertake it. In this
book he laid down the law of virtual work and from that one fundamental principle by the aid
of the calculus of variations deduces the whole of mechanics, both of solids and fluids. The
object of the book is to show that the subject is implicitly included in a single principle and to
give general formulae from which any particular result can be obtained. The method of
generalized co-ordinates by which he obtained this result is perhaps the most brilliant result of
his analysis. In the preface he emphasized that On ne trouvera point des figures dans cette
ouvrage, seulement des operations algébriques, so that hundred years after the appearance of
Newton’s Principia mechanics had become largely analytical. Lagrange is probably most well
known for his attempts to make calculus mathematically rigorous. Other important
contributions are to the calculus of variations, the theory of ordinary and partial differential
equations, numerical analysis and algebra. He played a major role in the introduction of the
metric system.
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4.2 Small displacement gradient deformations

In this section we assume that the deformations are small, so differences between
spatial and material co-ordinates can be neglected. Consequently a simple derivation
of strain is possible. The result is known as the small displacement gradient
approximation and is the limiting situation from a more complete description.

To describe the relevant deformations, consider a mechanical system in a
(reference) state at time #y with two embedded points P and Q having an infinitesimal
distance dx (Fig. 4.1). Point P is at the position x relative to some origin O while point
Q is at the point x+dx (Lubliner, 1990, Teodosiu, 1982).

Consider also another state with new positions for P and Q, denoted by P’ and Q’,
respectively, at a later time . If the displacement for point P (i.e. the vector PP’) is
denoted by u(x), the displacement for Q is u(x+dx). The vector P'Q’, denoted by dx’,
is obtained by noting that (Fig. 4.1)

u(x)+dx’ = dx+u(x+dx) or dx’' = dx+u(x+dx)—u(x).
If we expand u(x+dx) in a Taylor series around x, we find that

u(x+dx) = u(x) + Vu(x)-dx + ---
For small deformations higher order terms can be neglected. If we do so, the above
equation for dx’ can be conveniently written as

dx’= dx + U(x)-dx = [T+ U(x)]-dx 4.1)

with I the unit tensor and U(x) the displacement gradient matrix written explicitly as

ou,(x) Ou(x) Ou(x)
) ox, Ox,

duy(x)  uy(x)  Ouy(x)
o, ox, Ox;

Ouy(X) Ouy(x) Ous(x)
axl ax2 axf!

Vu(x) =U(x) =

(4.2)

Remember that in Vu = u;; the index j is counted as the first one. Eq. (4.1) gives the
relative position (dx’) of two points (P’ and Q’) in any state in terms of their relative
positions (dx) in the reference state (P and Q).

Expression (4.1) actually needs a little refinement since rigid body translations and
rotations are clearly irrelevant to the description of deformation but are present in
expression (4.1). A rigid body motion leaves the distance between particles of a body
unchanged. The general expression for a small rigid body displacement is

P’ dx’

Ql
u(x+dx)

Fig. 4.1: Geometry of deformation.
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u(x)=c+mxx (4.3)

where ¢ is a position-independent vector and ® = wn with @ = ||@|| the angle of
rotation for an axis through the origin around a vector n. Both ¢ and ® are possibly
time dependent. The first term describes the rigid body translation while the second
represents a small rotation.

Consider first rigid body translation only. In that case all points of the body
translate with the same amount u(x) = ¢, independent of x, and the tensor U(x) is
identically zero. Hence the rigid body translation is properly taken care of because ¢
does not contribute to u.

If we consider rigid body rotation only, the displacement of a point x of the body
is described by u(x) = oxx. In components u; = e;wx; and hence Uj; = Ou;/0x; = u;; is

0 -, o,
U,=| o, 0 -o “44
-0, O, 0

Hence a small rotation leads to an anti-symmetric matrix Uj. Conversely, it can be
shown that a constant anti-symmetric matrix 4 (JJ4|| << 1) describes a small rotation.
Since any matrix can be decomposed into a symmetric and an anti-symmetric matrix
via

U, =(U, +U,)/2+(U,-U,)/2=U,, + Uy, 4.5)
we conclude that Uy, that is the symmetric part of Uy, describes the deformation and
Uy, that is the anti-symmetric part of Uy, describes the rotation. From now on we will
denote Uy by & (or in direct notation by €) and refer to it as the strain tensor. Note
that the use of the symbol € deviates from our ‘tensor = uppercase (bold)’ rule but the
notation is conventional. Because ¢&; = g; only six of the nine terms are independent
and the strain tensor is symmetrical.

A different way to reach the same conclusion is by considering the change in
length for a line element dx at position x. Clearly, a rigid body rotation should leave
the length of dx invariant whereas a deformation changes dx. The square of the length
after deformation is

[|dx'|[*= dx’-dx’ = dx-[1+ U] -[[+ U]-dx (4.6)
After expansion to first order in U, one obtains directly
|| dx’|P= dx-[I+ U+ U |-dx @.7)
with U+U" = 2¢, or equivalently
> €=Uy =t (4.8)
Example 4.1
u, x2 + y2
Consider a displacement field given by| u, | =| y* +2z° |. The displacement
u3 z 2 +Xx 2
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2x 2y 0
gradient Uy isthen U, =| 0 2y 2z|so that the strain &; = Uy = ug,) is
2x 0 2z
2x 'y X

represented by the matrix ¢, =| y 2y z
x z 2z

Before we discuss in the next section the physical interpretation of the strain
tensor we present first some definitions we need frequently in the rest of this book. A
strain is called homogeneous when the components &; are constant, independent of the
co-ordinates. In that case the displacement is linear with x. There are only three
macroscopically homogeneous deformation modes (Fig. 4.2). The first mode is
uniaxial tension or compression, e.g. along the x;-axis described by

& 0 0
=0 -vg, 0 4.9)
0 0 —vg,

where v represents Poisson’s ratio, a material constant (see Chapter 9). Although the
deformation is homogeneous the strain is not uni-axial. The second mode is simple
shear, e.g. in the x;-x; plane, described by

0 g, O
g=|& 0 0 (4.10)
0 0 O

and the third is (pure) tension or compression given by

&g 0 O
=0 &, 0 4.11)
0 0 &y

If in the latter case &1 = &; =&33, one obtains isotropic (or hydrostatic) tension or
compression. Another special case of strain is plane strain for which it holds that in
one direction a component of the strain tensor and its derivatives with respect to that
direction are zero, e.g. &3 =0 and g;3 = 0.

The components such as &y, ... are called the normal strains and the components
£12, ... the shear strains. Obviously the shear strains are symmetric, i.e. g; = &;. Hence
all the properties of a symmetric tensor, as discussed in Chapter 3, are applicable. In

Fig. 4.2: Uniaxial length change, simple shear and isotropic volume change. The grey and white
areas represent the original shape and deformed shape, respectively.
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particular the tensor can be brought at principal axes. In that case the diagonal
elements &1, &> and &3 are the only non-zero elements of the strain tensor &;. These
strains are called the principal strains (or values) and the corresponding axes the
principal axes. An equivalent terminology is characteristic values and eigenvalues.

Using the decomposition of a symmetric tensor in an isotropic part and a deviator,
we can write g; = (ex0;)/3+¢;, where the term (&u;)/3 represents the isotropic strain
and g’ represents the deviatoric strain. While the latter represents the change in shape
(at constant volume), the former is related to the change in volume (at constant shape).
In fact the trace of the strain tensor, g; = V-u, equals the dilatation, defined by AV/V,
where AV is the volume change and 7} is initial volume (see Section 4.3). We will use
the isotropic and deviatoric part again in the separation of the elastic energy in a
volume-dependent and shape-dependent part and in the description of plasticity.

Apart from the displacement u; or strain g;, we will also need the strain rate ¢, . In

the present approximation ¢, =u, , =V, ,, where v, is the symmetrised velocity

gradient. The latter is frequently also called rate of deformation and sometimes
indicated by Dj. In the literature the symbol dj (deviating from the ‘tensor =
uppercase rule’) is also often used and we will do likewise.

Leonhard Euler (1707-1783)

Born in the vicinity of Basel, Switzerland, he received his master’s degree at the University of
Basel at the age of 16. He published his first scientific paper before he was 20. He moved to
St. Petersburg, Russia in 1727 as an associate of the 1725 founded Russian Academy of
Sciences. He became a member of the department of physics in 1730 and when Daniel
Bernoulli left St. Petersburg in 1733, he took his place as the head of the mathematics
department. Here he also wrote his famous book on mechanics Mechanica sive motus scientia
analytica exposita (1736), in which he used analytical methods instead of the geometrical
methods as employed by Newton. In 1741 he accepted a post offered by King Frederick the
Great at the Prussian Academy of Sciences in Berlin. While in Berlin he published the first
book on variational calculus entitled Methodus inveniendi lineas curves ...(1744) and wrote
Introductio in Analysi Infinitorum (1748), Institutiones calculi differentialis (1755) and
Institutiones calculi integralis (1770), books that guided mathematicians for many years. After
the death of Maupertuis he was also in charge of the Academy, resulting in a great deal of
executive work. In 1766 he returned to St. Petersburg on invitation of Empress Catherina II,
where he could focus again on science. Euler made amongst others important contributions to
mechanics, variational, differential and integral calculus and left us with a large number of
papers (more than 400 during the period 1766-1783 and in total 886), in spite that he lost one
eye in 1735 and later approached complete blindness due to a cataract. Forty years after his
death the Russian Academy was still publishing papers from his legacy.
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Problem 4.1

The displacement field of a body (a set of material points) is described by

2x% +xy
u=a|l y’
0

where « is a constant. Calculate at the point (1,1,0)

a) the displacement gradient matrix and the associated strain field,

b) the isotropic part, the deviatoric part and the dilatation of the strain field and
¢) the principal values of the strain field and the associated eigenvectors.

Problem 4.2
~yy+pBz

Consider the displacement field u=| yx—az | where o,  and y denote
-fx+ay

constants. Determine

a) the strain matrix,

b) for which values of o, B and ¥ this description is useful and
¢) the volume change.

Problem 4.3

The co-ordinates r' of a body after deformation are given by r' = F-r, where F
X x x

is given by F=a|y y y|. Here x, y and z denote the components of the
z z z

initial co-ordinates » and «a is a constant. Calculate

a) the displacement gradient field and the associated strain field,

b) the isotropic and the deviatoric part of the strain field,

¢) the principal values of the strain field and the associated eigenvectors,

d)*for which values of a this description is valid, given that the boundaries of
the body are given by |x| <1, [y <1 and |z| < 1 and

e)*the strain rate given that x = at, y = bt and z = ct, where ¢ denotes the time
and a, b and c are constants.

4.3 Physical interpretation

The strain tensor € describes the deformation of continuous media for small values
of the displacement gradient Vu(x). Let us consider in turn the interpretation of the
diagonal elements ¢&; and the off-diagonal elements g; (Ziegler, 1983).

Consider for definiteness the diagonal element &;; or &, of the strain tensor. If we
take dx to be of length d/ along the x-axis,

dx=dle, 4.12)
then the length of dx’ squared, [|dx'|%, is given by
|| dx'|*= dle, - (L +2¢)-dle, = (1+2¢,,)(dI)’ (4.13)



78 4 Kinematics
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For small a, (1+2a) *“ = 1+a, so that

lldx'||=dI (1+&,) (4.14)

Similar expressions can be derived for & and &;3. Thus the diagonal components of €
represent the relative elongation along the co-ordinate axes. They are counted positive
for tension and negative for compression along these axes.

The diagonal components can be used to calculate the volume change. Consider a
rectangular block with edges I3, /> and I3 (Vo = I11255) parallel to the co-ordinate axes.
When the block is infinitesimally deformed, the lengths of the edges change to
(I+&1)h, (1+ex)l, and (1+é&33)ls, respectively. To first order the volume becomes
(1+e11)(1+ex)(1+&33) Vo = (1+€;)Vo = (1+V-u) V. The relative change in volume AV/V
is

> AVIVy=V-u=tr(e) = & (4.15)
For the relative elongation in any direction with unit direction vector n, dx = d/ n and
|| dx’|P=d/n-([+2¢)-d/n=d/*(1+2n-&-n) (4.16)

The length ||dx’|| yields to first order in the strain components

En & &M
||dx'||=d! 1+(n1 n, n3) €, Exp Exl|lm, (4.17)

Ex €13 €33/ \I4

Evaluation of the relative length change €(n) = (||dx'||H||dx||)/||dx]|| = ||dx'|//||dx||-1 along
the unit direction vector n, also referred to as unit length extension, results in

&n & Ep||n
> €(m)=n-e-n=ngn, or e(n)=(n1 n, m) ey & &l m|(4.18)

&3 &n &3 )\

Example 4.2
0.02 0.01 0
Assume a strain matrix &, =| 0.01 0.03 0| . To evaluate the relative length
0 0 0
change in the n = (1/72)[1,1,0] direction, we calculate
002 001 O 1 0.03
e(n)= L(1 1 0) 001 003 0 L 1|= l(1 1 0)] 0.04]=0.035

72 72

0 0 0 0 0

Consequently the length increase in the [1,1,0] direction is 3.5%. The relative
change in volume ¢; is evidently &;;+&;+¢&33 = 0.02+0.03+0 = 0.05.
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dy dy

1/2921 /2 — 912 dx’

11015 dx

Fig. 4.3: Angle change upon deformation.

Let us now interpret the off-diagonal element &;,. Therefore, we have to consider
two elements dx = d/ e; and dy = d/ e, directed along the x- and y-axes in the reference
state (Fig. 4.3). Obviously in the reference state it holds that dx-dy = 0, in consonance
with an enclosed angle of ©/2 between the vectors e; and e;. In the strained state this
angle will change to /2 — 6;,. This change can be calculated from the change in the
vectors d/ e; and d/ e, given by the expression

dx'=dle, +dlc.e, = dl[(l +£,)e, +Epe, + 81363] and 4.19)
dy'=dle, +d/c.e, = dl[sme1 +(1 +&, )e2 + 82363] (4.20)

The cosine of the angle (n/2—0,,) between the two elements is the scalar product of
dx’ and dy’ divided by ||dx’||||dy’||- To first order in the strain components we obtain

cos(n/2—-0,,) = &,, + &, =28, =2¢,, 4.21)

Since 6, is small, to first order in 0, it holds that cos(n/2—60,,) = sin(6;3) = 612 = 2¢12
= 2&;. Similar expressions can be derived for &3 and &3. Thus the off-diagonal
components of € represent half the change in the angle between two elements initially
along the co-ordinate axes.

Similar to the unit length extension €(n) for an arbitrary unit vector n, half the
change in the angle 6(n,m) between two general unit direction vectors n and m can be
obtained. The cosine of the angle ¢rn(n,m) between n and m after deformation is, to
first order in the strain components, given by

1+2¢, 2¢, 2g; \(m

cos ¢, =(n1 n, n3) 2g,, 1+2¢, 2g, m, 4
2¢,, 2¢,, 1+2¢, )\ m, (422)

=n-m+2ng,m; =cos@,, +2ne,m,

Since the change in ¢ is small, we can write to first order

€OS Prin = 0S Pori + (Pfin — Pori) SIN Pori

Consequently ¢rin— @ori = 0 = 2m;g;my/sin @oi. If in the original configuration the
directions n and m are perpendicular we have sin ¢y = 1, so that (n-m = 0)

0(n,m) &n & &My
> —’—=n-8-m=n,.eijmj=(n1 n, mey &, &xl|m (4.23)

€31 &y &3 )M
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Example 4.3

0.02 001 0
Assume again the strain matrix ¢, =| 0.01 0.03 0]. To evaluate the angle

0 0 0
change between the n =[1,0,0] and m = [0,1,0] directions, we calculate
002 001 0)(0 0.01
M=(1 0 0) 001 003 0]f1 =(1 0 0) 0.03|=0.01
2 0 0 0/\0 0

Consequently, the angle change 6 (n,m) = 0.02 rad = 1.1°.

Summarising, for a deformation the unit extension of a line element, Eq. (4.18),
and half the change in the angle between two orthogonal line elements, Eq. (4.23), in
direct notation are given by

e(n)=n-g-n and 6(n,m)/2=n-g-m (4.24)

In the small displacement gradient approximation the deformations are thus
completely defined by the strain tensor. Finally, we note that since the angle of shear
6(n,m) is equal to 2n-e-m, frequently also the conventional or engineering shear
strains y; = 2¢&; (i#f) are introduced. The &; denote the tensorial shear strains.

Problem 4.4
Derive Eq. (4.22).
Problem 4.5

For the deformation as described in Problem 4.1 calculate the length change in
the (011) direction and the angle change between the (001) and (010)

directions.
Problem 4.6
The strain matrix at point P in a body is given by y 1
/2
2x10* 0 0 \ /l' 4
€= 0 107 0 P
0 0 0

Consider the directions at point P as indicated in X

the accompanying figure. Calculate the change in
the angle between these two directions.
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4.4 Strain in cylindrical and spherical co-ordinates

In many problems Cartesian co-ordinates are not the most suitable, e.g. for
cylindrical holes cylindrical co-ordinates are a logical choice and with spherical holes
spherical co-ordinates can be used. To that purpose we need to express the strain
components in these co-ordinates. Taking the symmetric part of Vu as given in
Section 4.2, we obtain for the strain in cylindrical co-ordinates (Lubliner, 1990)

ou, u, 10u, Ou,
8rr= 809 =—+—7"" gzz::—
or r r 00 oz
(4.25)
Ou, 10u, u, Ou, Ou, 10u, 6u9
r9=—+_—__ y':'_— A 7/91 AL
or roo r or 0z r 69 oz
In spherical co-ordinates we find for the strain
ou, 10u, u,
grr = 806 T TAa T
or roe r
0
£y = Uy OB SO 1O U (4.26)
rsind op r r oo rob r
ou, 1 ou, u, 10u, 1 0ou, cotf
Yr(p=—+ o ~ }/O(p . ~ u(p
Or rsinf 0o r r 90  rsind o r

The corresponding expressions can be obtained for other co-ordinate systems.

4.5 Material derivatives and integrals*

The distinction between the spatial and material co-ordinates may be ignored in
the small displacement gradient approximation. There remains, however, a difference
in some types of derivatives that we need (Ziegler, 1983).

Consider a tensor which is, deviating from our ‘tensor = uppercase bold’ rule, here
indicated by a or a;;. The local change of that tensor ag;; in the time element dz, i.e. its
increment at a certain spatial point P during dt, is given by (0a;/0f)dt, where Oay;/0t is
the partial derivative with respect to time. Occasionally we will write da;/0t = ay; 0, i.e.
using the standard notation for partial differentiation but using a subscript number 0
for time. To avoid confusion, the letter o is not used as an index.

The instantaneous distribution of any tensor a; in the vicinity of the material point
P is described by its gradient and thus given by Oa;/0xi = aj;x. For an observer moving
with the accompanying co-ordinate system, displaced dx; in the time interval dt, the
change in a;is given by a;;0df + a;; dxx. For that observer dx; = v, df, where v denote
the components of the velocity v. The material derivative is defined by

da, da_. oa

—=a,=a,,+a,,v, or

% 5.0 (4.27)

The first term denotes the local derivative and the second the convective derivative.
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Consider now quantities defined as volume integrals over a certain material
region, that is to say a volume element always enclosing the same set of particles. A
general expression would be

C, = |e,(xp.00dV (4.28)

where for the moment Cj is used for the integral over the tensor c¢;. The volume V is
bounded by the surface 4 and the outer normal is indicated by #; (Fig. 4.4). Since the
deformation is continuous, the particles at the surface 4 at time ¢ are displaced to 4’ at
time ¢ = ¢+dt. A material point located originally at x; moves to x;' = x;+v; dt at time #'
= t+dt. The change in C;; is

dC, = C,di = J.c,.j (x,', 1) dV'- I ¢, (x.0dV (4.29)

where V7 is the volume at time #'. The material points contained in both V" and V’ lead
to the change c;;o df dV. The volume elements inside }” but not in V contribute to the
volume dV = v; df ny d4 and thus contribute to the integral c;vk df ny d4. The same
contribution arises from the volume elements inside ¥ but not in V7. The total result is
thus in index and direct notation, respectively,

¢, = J'c,],o v+ jc,jvknk i or €= j%dV+ '[c(v-n)dA (4.30)

where the first and second terms on the right-hand side are the accumulation and flux
term, respectively. Using the divergence theorem, Eq. (4.30) may be written as

C,.j = J.[C'J'O +(c,.jvk)y,(]dV

= J.[c,j,0 +C, vt c,.jv,(,k]dV = _ﬂéif +c,.jv,(',,]dV

If a conservation law for the quantity C is valid, dC/dt = 0. Since the volume element
is arbitrary, not only the integral but also the integrand must be zero, resulting in

> 4.31)

Crot (v ), =0 or ¢ +te, v, =0 (4.32)
valid for an observer at rest and an observer moving with the accompanying system,
respectively.

An important example for which a conservation law applies is the mass
m= J' p(x, 1) AV (4.33)

Fig. 4.4: Material volume in motion.
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defined as the integral over the density, i.e. the mass per unit volume, p = dm/dV.
Here we obtain

" =updV) =% IpdV =0 (4.34)
resulting in

. [op 4

= IEdV+ Ip(v.n)dA=E J‘pdV+ Ip(v-n)dA (4.35)

After applying the divergence theorem, the local relations in index and direct notation
become

Pot+(pv), =0 and %Ftl +div(pv)=0 (4.36)

p+pv,=0 and p+pdive=0 4.37)

again valid for an observer at rest and an observer moving with the accompanying
system, respectively. These equations are referred to as the continuity equations.

A direct implication is that for a quantity where one of the factors in the integrand
is the density, e.g.

C, = '[p ¢, dV (4.38)
its material derivative is
dC, /dt=C, = jp ¢, dv (4.39)

so that now the material derivative of Cj; equals the integral over the density p and the
material derivative dc;/dr.

4.6 Compatibility*

Although each displacement field u defines a strain g; = u;), the reverse is not
automatically true. Given a strain tensor g, it is not always possible to find an
associated displacement field, that is to say a vector field u such that g;/ = (Vu);.
However, when it is possible the strain tensor is said to be compatible. Obviously,
compatibility is closely related to integrability. The compatibility equations can be
obtained by eliminating the displacements from Eq. (4.8). As an example consider

_om _ o 26, =M O

& = &
" o, 2 ox, ox, ox,

Taking the second derivative of &;; with respect to x;, the second derivative of &, with
respect to x; and the second derivative of &, once with respect to x; and once with
respect to x,, we obtain

o’u, o’u, o’u, o’u,
&, = 2 Enn = 2 28, = st
0x,0°x, 0x,0°x, ox,0°x, 0°x,0x,

Substituting the first two equations in the third yields
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Enm tEnn — 28, =0 (4.40)

For plane strain conditions with, say &3 = 0, Eq. (4.40) is sufficient. It can be shown
that the only displacement field compatible with plane strain is one of plane
displacement: uy = ui(x1,x2) and up = ux(x1,x;). Carrying out a similar operation for
each of the components of the strain tensor g; and collecting the results one can obtain

> €y~ Sy~ S =0 (4.41)

Without proof we quote the alternative expression
€1 Cin€im,jn =0 (4.42)

The left-hand side, which is a second-order tensor, is known as the incompatibility
tensor. If this equation is satisfied, there is no incompatibility for a simply connected
region.

4.7 General deformations*

Before we proceed we expand a little on material derivatives. As we have seen in
Section 4.5, the time derivative of any quantity ¢ in the material description is called
the material time derivative, denoted by ¢ =d¢/dr. In fact it is the partial time

derivative with the material co-ordinates r kept constant. In particular, the material
velocity v and the material acceleration a are given by (Kuiken, 1994)
d dv d’*x
v(x,t)=x(x,1) =—x(r,t and a=v=—=——+ 4.43
()()dt() 4 dr (4.43)
respectively. For the material time derivative of any quantity ¢ one finds

2,36 dx_29 o

Py = (4.44)
o ox & o ox

: d

p(x1) py P(x.1)
The first term is the local derivative and is the change observed by an observer at
constant position x while the second term is called the convective derivative.

Returning to the topic of general deformations, let us consider a particle in the

reference configuration. A line element at r is given by dr. At a (later) time ¢, the
particle considered will be at point x. In the deformed configuration the corresponding
line element is given by dx. The deformation is described by

_ax(r)

=F.d F= .
dx r or or (4.45)

where the tensor F is called the deformation gradient. The squared length of the line
element dx can be calculated from

T
dx-dx=dr-F'-F-dr=dr-C-dr and C=FT-F=(?) (%) (4.46)
T

where C, the right Cauchy-Green tensor, is a measure of the pure deformation.
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Example 4.4

The tensor F can, according to the polar decomposition theorem, be written as
F =R-U, where U is a symmetric tensor, the right stretch tensor, describing
the deformation and R is an orthogonal tensor, describing the rotation.
Therefore

F'=U'"R" and F'F=U'R'"RU=U"U

Consequently the right Cauchy-Green C tensor describes pure deformation.

Consider next the deformation of a line element dr that in the reference state has a
length d/y and a (fixed) direction m. After deformation the length has changed to d/
and the direction to n. So the relations

dr=dljm dx=d/n and dx=Fdr
can also be written as
din=Fdljm or An=F-m
where A = d//dly. The quantity A denotes the stretch and describes the elongation ratio
of the vectors dx and dr. Note that the stretch must be positive. It follows that
> A=m-F'.-F-m=m-C-m (4.47)

This kind of expression represents an ellipsoid for which the length of a vector in the
direction m from the centre of the ellipsoid to a particular point at the surface is given
by A*(m). Such an ellipsoid is called a representation ellipsoid.

Let us consider how the stretch varies with time. The time derivative of A is given
by (Ziegler, 1983)

() =2A()=m-C-m=m-(F"-F+F"-F)}m (4.48)
because m has a fixed direction. Using
T T T T T
FT.in ﬁ) é:(ﬁ) é:(ﬁ) (ﬁ) .é:}ﬂ.(?ﬁ) -F (4.49)
dt\or) or \or) or \or ox) or ox

and its transpose yields together with An = F-m

> A/A =Y. (@) +(@ﬂ-n=n-d-n (4.50)
Lox ox

so that, maybe somewhat surprising, the relative rate of elongation A/A can be
expressed entirely in the spatial co-ordinates x. The tensor d is known as the rate of
deformation. In the spatial description the deformation is thus exactly given by d.

Let us again consider a particle in the reference configuration. In the material
description the displacement vector u can be introduced by (Kuiken, 1994)

x(r)=r+u(r)-b 4.51)

where u is considered as a function of the material co-ordinates r. The vector b is a
constant vector, specifying the origin O of the spatial co-ordinate system relative to
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the origin Op, of the material co-ordinate system. Normally b = 0 is taken. In that case
in the reference configuration the material co-ordinates r and spatial co-ordinates x
coincide. If for all particles r the displacement u(r) is known, a complete material
description of the deformation is given. Taking b = 0 and using u(r), it follows that

4 ou(r)

F=1I (4.52)

where I denotes the unit tensor and the derivative denotes the material displacement
gradient. The right Cauchy-Green tensor C = F T.F tensor thus can also be written as

eor (3] () (3]

We can calculate the increase in length of the line element from
dx-dx—dr-dr=dr-F" -F-dr—dr-dr=dr-C-dr—dr-dr =dr-2L-dr (4.54)

where L = ¥%(C — 1) denotes the Lagrange strain tensor. The expression for L, given
by

> L:%KQ“_H@J }»v{ﬁ) .(@)EHI/Z(E“_] [9_) 4.55)
or or or or or or

is easily obtained. If quantities of second order can be neglected, L = €. The quantity €
denote the (Cauchy) small displacement gradient (SDG) strain tensor, although in the
literature it is frequently called the infinitesimal strain tensor. We will refer to € as the
strain tensor. Note that the use of the symbol € deviates from our ‘tensor = uppercase
(bold)’ rule but the notation is conventional.

Example 4.5

If we use the spatial description, we similarly can write u(x) = x — r(x), where
u and r are now considered as functions of x. Differentiation yields

ouwox=I-or/ox=1-F' or F!=1-ou/dx
Since
du/ox = du/dr-or/ox = du/or-F ' = du/or-(I — du/dx) = du/or

to first order, we have du(x)/0x = du(r)/or, implying that when ||[Vu(r)|| << 1 is
valid, it is immaterial whether material or spatial co-ordinates are used.

The expression for u(x) can be obtained from u(r) and vice versa although the
actual evaluation can be quite complicated. It must be admitted that in the spatial
description the use of the displacement is somewhat artificial and the deformation is
most easily described by the velocity field. Example 4.6 nevertheless illustrates for an
easy case the indifference of using material or spatial co-ordinates in the SDG
approximation.
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Let us now consider another consequence of the small displacement gradient
approximation. From the definition of L, C and the SDG approximation, one obtains

C=I1+2L=1+2¢ (4.56)
To obtain the stretch A we note that dx = (I+e+®)-dr = (I+€)-dr, where the rotation ®
in the last expression is neglected since it does not lead to length changes. Hence
d . . 12 .g-
A=H-[dr (I+28) dr} §1+dr €-dr

= 4.
"dr“ dr-dr dr-dr (4.57)

Consequently the elongation of a line element dr is described by the strain €.

Example 4.6

Consider the 2D displacement field u;(r) = ara, ua(r) = ar; with a a number
and r; and r, the components of the material position vector r. The spatial co-
ordinates x; and x; are x; = r1+u; and x, = rp+uy, respectively. Hence

X, I aln - .
= or in direct notation x=A-r
X, a 1A\rn

Inversion yieldsr = A™ -x or in full

K 1 I —a|x . n 1 -—alx
= 5 leading to =
) l-a’\-a 1 \x, 7 -a 1 \x

to first order (o << 1). Therefore r; = x1—u1(x) and r» = x—ux(X) with u; = ox»
and u, = ax;. If we assume that the approximation ||[Vu(r)|| << 1 is valid, it is
immaterial whether during differentiation points are considered as spatial or as
material points: In both cases (Vu);; = (Vu) =0 and (Vu)12 = (Vu)y = a.

The strain rate de/dt is related to the deformation rate in the SDG approximation

w=3[3)EElE - BHE G e

In the SDG approximation de/d¢ and d are thus identical. Hence the strain can be
calculated as the integral of de/dt, which is equal to the integral of d, and thus

g= Iédt - J.d dt (4.59)

So far we have described deformation by the SDG strain. Under certain circumstances
another measure of deformation is useful. Taking logarithms of Eq. (4.47) we obtain

InA =%In(m-C-m)=%In(l+2m-L-m)=m-L-m=m-¢-m (4.60)
where m is a unit vector and the third step can be made if |jm-L-m|| << %%. Since the

stretch A = d//dl, represents the elongation ratio of a line of length d/y, the quantity
In A is known as the logarithmic strain. If dI-dl, is small with respect to d/y, we have
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Pure shear Simple shear

Fig. 4.5: Two modes of shear. The original shape is indicated by - - -.

in Sl g Y= | A =d =A-1=|m-e-m| (4.61)
di, di, d/,

The logarithmic strain, also known as natural strain, thus reduces to the SDG strain in
the considered direction m for small length increase. From this it also follows that a
description using the SDG strain is only valid if the directions of the principal values
of the strain tensor do not rotate significantly in the time element considered. There
are only three deformations for which this is rigorously true: isotropic volume change,
uniaxial length change and pure shear. Note that simple shear is a combination of pure
shear and rotation (Fig. 4.5).

Problem 4.7

Show that, using the lefi Cauchy-Green tensor D = F ¥, the Euler strain E,
defined according to dx-dx—dr-dr = 2dx-E-dx, is given by E = %2(I-D) or

ARHE S B

4.8 Physical interpretation revisited*

The length and angle changes for general deformations follow from the Lagrange
tensor L = ¥2(C-I) with C the right Cauchy-Green tensor and I the unit tensor. For the

length change, using r and x as material and spatial co-ordinates, we have (Teodosiu,
1982)

dx*> —dr’ =2dr-L-dr (4.63)

Let m again be the unit vector indicating the direction of the material vector dr, i.e. dr
= dly m, where d/; denotes the length of dr. Denoting the length of a material vector
dx in the current configuration by d/, so that dx = d/ n with n the unit vector indicating
the direction of dx, we have seen that the strefch A(m) = d//d]y can be calculated from

A(m)=m-C-m (4.64)

leading to the relative or unit extension €(m) = (d/ — dly)/dly = A(m) — 1. Particularly,
if the material vector in the reference configuration is parallel to the unit vector e;, the
stretch A(1) and unit extension €(1) are given by
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N1)=C,=1+2L, and e()=4C, -1=1+2L, -1 (4.65)
In the SDG approximation the unit extension reduces to

e()=1+2L, -1=/1+2¢, -1=¢, (4.66)

Consider now the angle change. Let dr' and dr” be two material vectors with unit
vectors m’ and m” having lengths d/y’ and dly”, respectively, in the reference
configuration. In the current configuration these vectors become dx’ and dx'’ with unit
vectors n’ and n’’ having lengths d/’ and d/", respectively. In that case we have
dx"dx” dr'C,dr,"

drrdrr drrdrr

Since dr’ = m'dly, dry” = my''dly”, dI' = A(m")d]y’ and dI" = A(m'")d]y’" we obtain

cos(n’,n"”)=n"n"= 4.67)

’

’ [
m,'C,,m,

cos(n’,n") = Am)A(m")

(4.68)
From cos(n’,n"’) in the reference configuration the angle change can be calculated by
subtraction. For example, if the material vectors dr’ and dr” are in the reference
configuration parallel to e; and e, the angle change is n/2—6;,, where

C12 C12 2LIZ

cos(0,,)= = = (4.69)
PAmA) JC.C, Jl+2L,)(1+2Ly,)
In the SDG approximation the above expression reduces to
cos(@ 28, 280 o (4.70)

n) = J+26, )1+ 22, “reNiven)

and since 0y is small, via cos(012) = sin[(n/2)—012] = (1/2)-01, to O12/2 = &15.

In conclusion, it will be clear that for describing general deformations both the
right Cauchy-Green tensor C and the Lagrange strain tensor L can be used. In the
SDG approximation C = I + 2¢ and L = ¢, leading to the unit extension € (n)=n-€-n

and the angle change between two orthogonal line elements 6(n,m)/2=n-€-m.
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Kinetics

In this chapter the forces that act on a body and the way they influence the motion of
the body, and henceforth its deformation, are discussed. To that purpose we briefly
review Newton’s three laws of motion for a collection of particles and for rigid
bodies. The extension to deformable bodies is presented as well as an alternative
presentation based on the principle of virtual work. The stress tensor is introduced,
linear and angular momentum are discussed and the energy equation is interpreted.
For other introductions to these topics, see the reference list at the end of this chapter.

5.1 Newton’s laws of motion

From elementary mechanics we know the laws of motion, as presented by
Newton. In these laws particles® are considered to be characterised by a mass m, a
position vector x and a rate of change of x, the velocity v = dx/dz. We consider a
system of interacting particles. In this section a symbol with no further variable
indicated denotes the quantity for the system while the variable (i) indicates a specific
particle i. Hence e.g. f denotes the total force on the system and m(1) the mass of
particle 1. The notation f(12) indicates the force exerted by particle 2 on particle 1.
Newton’s laws read (Goldstein, 1950)

e Iff=0,v=_constant

o f=d(mv)Adt

e f(12)+1(21)=0

Two remarks must be made. First, in non-relativistic particle mechanics, m is constant
and d(mv)/dt = mdv/dt = ma = £. Obviously, in this case the first law is a consequence
of the second law. Second, the third law implies that the forces are equal, oppositely
directed and lie along a line joining the particles. Newton’s laws lead to three
immediate consequences, as indicated below.

The linear momentum p for a system with constant mass m and velocity v is
defined by p = Z; p(i) = Z; m(i)v(i). The rate of change dp/dt is given by

dp _dmv _ &V _ =t (5.1)
e dr dr

Hence if f = 0, dp/dt = 0 or p = constant. Eq. (5.1) expresses the conservation of
linear momentum.

The angular momentum 1 with respect to the origin for a system with particles at
position x; is defined by 1 = Z;1(i) = Z; x())xp(i) = Z; x({)x[m(i) dx(i)/df] while the
moment of force or torque is defined as q = Z; q(i) = Z; x(/)xf(i). The rate of change
dl/dt is given by

dl dx__dx d*x

a Ty TV (xxf=q (-2

 Here really meaning particles!
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Hence if q = 0, dV/d¢ = 0. Like for linear motion f = 0 leads to p = constant, for angular
motion q = 0 leads to 1 = constant. Eq. (5.2) expresses the conservation of angular
momentum. In the literature the angular momentum is also referred to as moment of
momentum. In case inertial forces can be neglected we have dp/dr = 0 and dl/dr = 0.
The equations for conservation of linear and angular momentum then become f = 0
and xxf = 0 and we refer to them as force and moment (torque) equilibrium,
respectively.

Consider now the motion of a system under the influence of a conservative force f.
A force f is conservative if the work done by that force, when moving a particle from
one point to another, is independent of the path taken. Equivalently, the force f is
conservative if it can be derived from a function V(x) by f = —VV(x). The function
V(x) is called the potential energy. We evaluate the integral 7 of f-dx = f-v dz. Here f-v
is the power (work done by the force per unit time). On the one hand, we have for the
integral

o " d’x dx m(dx\’ ) " ,
I= J.ti:.dx— L [m?--d—t]dt—‘:?(a) } —T(")-T(t") (5.3)

where the kinetic energy T = Ysmv” is introduced. On the other hand, we also have
t" "
I= j f-dx=-— j(VV—dx)= V" +V () (5.4)
t t

For a conservative force the (total) energy U =T(x,x)+ V' (x) is thus constant during

the motion of the system and one speaks of conservation of energy. The quantities p, 1
and U are called constants of the motion.

The above expressions are valid for a single particle as well as a collection of
connected particles. For such a collection three types of forces can be distinguished.
First, forces acting alike on all particles due to long-range external influences.
Examples of this type of force are the gravity force or forces due to externally
imposed electromagnetic fields. Anticipating a similar distinction in continuous
matter we call them as volume (or body) forces and indicate them for a particle i by
fi0i(7). Second, forces applied to a particle due to short-range external forces.
Examples of this type are interactions with enclosures or a weight resting on a solid.
Again anticipating a similar distinction in continuous matter we call them surface (or
contact) forces and indicate them by f;,(7). Volume and surface forces are collectively
called external forces, fex(i), i.e. fext(i) = fyoi(i) + four(i). Third, forces due to the
presence of the other particles, e.g. internal loading. These internal forces are
indicated by fin(7). Let fp(i/) denote the force on particle i due to particle-particle
interaction with particle j. Then according to Newton’s third law we have

£, @) =—£,0D (-5
The resultant internal force acting on particle i is then
£, ()= Zl_ﬂ, LI (7)] (5.6)

and the total force on particle i is

{ORIMORS MORMORS MORS SRR A () (5.7)
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The system of particles is in equilibrium if the force (i) on each particle i in the
system is equal to its rate of change of linear momentum dp(7)/dt, also known as the
inertial force. Obviously in that case

f= 2,’ f(l) = Zi dp(l)/dt = dp/dt

holds as well. In quasi-static problems, where dynamic effects can be neglected and
hence dp/d¢ = 0, the equilibrium condition becomes

f=5,£()=0

Motions of the collection of all particles that leave the distances between particles
unchanged are called rigid body motions. Obviously, according to Newton’s third law,
the work due to internal forces vanishes for a rigid body motion.

In Section 5.2 a direct application of momentum theorems is given. The resulting
stress tensor is discussed in Section 5.3 while a frequently used graphical
representation is discussed in Section 5.5. The energy aspects are treated in Section
5.6. Those interested in the description of the principle of virtual power and some of
its consequences should also consult later sections.

Example 5.1: The harmonic oscillator

In a harmonic oscillator an external force f acts on a mass m and is linearly
related to the extension x, i.e. f = —kx, where k is the spring constant. The force
£ can be obtained from the potential energy V = Y%kx” via f = —0V/éx. If the
momentum and velocity are given by p = mv and v, respectively, Newton’s
d ..

second law reads f=p= o (mv) =m¥%. Combining leads to m¥=—kx.
Defining the circular frequency o = (k/m)'2, the solution of this differential
equation is x = xo exp(—ia¥) (or equivalently x = x( cos(wt+¢y), where x is the
amplitude of the oscillator and ¢y is the phase).

Isaac Newton (1642-1727)
Born in Woolsthorpe, England, a few months after the death of his father, he spent his
childhood with his grandmother, a fact that some see as an important factor in the shaping of
the suspicious and neurotic personality of the adult Newton. He was educated at Cambridge
University but during 1665 and 1667 the pest ruled England and during that time Newton
remained at his parental home where he discovered the basis of differential and integral
calculus. In 1667 he returned to Cambridge to become fellow of Trinity College and two years
later professor of mathematics. He studied the refraction of light, on the interpretation of which
he had an intensive quarrel with Robert Hooke. He published his book Opticks only in 1704, a
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year after the death of Hooke. In 1672 he became a fellow of the Royal Society. In 1676 a long
and bitter debate with Gottfried Wilhelm Leibniz (1646-1716) started which only ended with
Leibniz’s death. Newton would not believe that Leibniz had invented the differential calculus
independently. In 1666 Newton had the idea about the universal gravity and described the
motion of the moon around the earth but did not publish this. After a debate in 1684 in London
between Christopher Wren, Robert Hooke and the astronomer Edmond Halley, the latter
visited Newton and asked him what orbit a planet would follow if the gravity of the sun were
inversely proportional to the square of the distance. Newton promptly replied: an ellipse. Upon
the question how he knew this, Newton replied: I calculated it. However, he could not find his
calculations but promised Halley to make a new calculation. The result was his well-known
book Philosophiae naturalis principia mathematica (1687). Although at that time he had
developed differential calculus quite a bit, the results in the book are largely presented from a
geometrical point of view. In 1696 he joined the Mint to be the Warden and in 1699 became
Master of the Mint. After the death of Hooke he became the chairman of the Royal Society and
was knighted in 1705 by Queen Anne. He was also interested in religious matters and alchemy,
the latter being not too strange if one recalls that for a Mint Master the transformation of any
metal to gold would be very handy. This, together with his various quarrels, sketches the
picture of a self-sufficient, secretive personality, mellowing somewhat in old age.

Problem 5.1

An object of mass m moves in a plane with speed v at a constant distance r to

the centre of rotation. Let x be the position of the object in the plane with the

origin as the centre of rotation. Show that

a) the angular speed ® and acceleration « is given by @ =v/rand o =v/r,
respectively,

b) the angular momentum / = mvr = I with I = mr* the moment of inertia,

¢) the torque ¢ = = mr’a = I and

d) the kinetic energy T = Yla? = I*/21.

5.2 Mechanical equilibrium

In this section we use the conservation of linear momentum and of angular
momentum and apply these laws to an infinitesimal volume element of a continuous
body. To do so we generalise the ideas about external and internal forces and
introduce the stress vector and tensor (Ziegler, 1983).

Often we will refer to the continuous body as the system. To that purpose we
consider a volume ¥ of a continuum with a regular surface 4 (Fig. 5.1). A volume
element dV contains a mass dm and d4 is a surface element with exterior normal n.
The density p of the element is given by p = dm/dV. We have to distinguish again
between external forces on V, those for which the reactions are acting outside 7, and
internal forces, those for which the reactions are acting inside V. We consider the

A

Fig. 5.1: External forces acting on a portion of a continuous body.



5 Kinetics 95

external forces first and return to the internal forces later.

Like for a collection of particles, there are two types of external forces for a
continuous body. First, the volume (or body) forces acting on volume elements and
distributed over the whole volume. The specific body force b is the body force per
unit of mass. The most well-known body force is the specific weight, due to the
acceleration of gravity. It is assumed that b is continuous and that couples acting on
the volume element dJ are excluded. Second, the surface force distributed over the
surface 4. Here it is convenient to refer to the force per unit area, which is usually
called the traction. The traction depends on the position x and thus can be denoted by
t = t(x). The volume and surface forces for a continuous body are the analogies of
fexi(i) for the case of a collection of particles.

We also need the inertial force, which is, like b, distributed over the volume of the
entire body. The specific inertial force is again the force per unit mass and equal to the
acceleration a=v. This contribution is analogous to dp(i)/d¢ for the case of a
collection of particles. Finally, the internal forces are the equivalents of the forces
f,p(if) for a collection of particles. The precise expressions will be obtained later.

For an arbitrary body in equilibrium loaded by surface forces t(x) and body forces
b(x), the total surface force and total body force are identically zero. If we cut the
body into two pieces (Fig. 5.2), mechanical equilibrium can only be maintained if we
apply at the same time extra forces at the cut, which compensate for the missing forces
still acting on the other piece. The extra forces are equal in magnitude but of opposite
direction since, obviously, their sum must be zero. The orientation of this cut is
characterised by the normal vector n. If we now consider an infinitesimal surface
element A4 of the cut with a force Af acting on this element, we can define the stress
vector t by

Af
t=t0om) = fim *~ (5.8)

We use again the symbol® t since this stress vector is an external surface force for the
detached piece. The stress vector depends on the location (through x) and orientation
(through n) of the surface element A4. This can be done for any point on the cut and
since the cut itself is arbitrary, a stress vector can be defined for any surface element at
any point in the body. Hence if we mention the stress at a point x in the body we mean
the components of the stress vector on a certain plane.

Let us now apply the conservation of momentum to a small tetrahedron with
volume AV whose three edges are parallel to the co-ordinate axes e; (Fig. 5.3). If A4 is

Fig. 5.2: Cut in a body.

® In the literature the terms stress vector and traction are used interchangeably. We use traction for an
external force and stress vector for an internal force.
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X3

—t(el) Xy
—

—t(e2)

X1

—t(es)

Fig. 5.3: Stresses acting on an infinitesimal tetrahedron.

the area of the oblique face with exterior normal n, the areas of the other three faces
are A4; = (n-¢))A4. The stress vector on A4 is denoted by t(n) and the stress vectors on
the other faces are denoted by t(—e;) = —t(e;). The stress vector of a surface element is
thus defined in such a way that a vector pointing in the positive x; direction is t(e)). If
the tetrahedron is sufficiently small it holds that

[ ob dv = pb AV, (5.9)
padV = pa AV and (5.10)
1) da = t(mad+ > (e )4, (.11)

Using t(e) = —t(—e) and A4; = (n-e)A4 we thus approximately have from the
conservation of momentum It(n) d4+ '[pb drv = Ipa dv

t(n)=t(ej)ej~n+p(b—a)%;0 (5.12)

Taking the limit to an infinitesimal tetrahedron (AV/A4 — 0), we obtain
> t(n)=t(e,)e,-n=c-n=0,n, (5.13)

where we have used the fact that t(e;)e; is a sum of three tensor products and therefore,
a tensor & itself. This tensor & is called the Cauchy stress tensor’. Obviously t is a
linear function of n. Using the definition of ¢ one finds that

o = €;:0-¢; = e;t(e))

So, oy is the component in the e; direction of the stress vector t(e;) that acts on a
surface element perpendicular to the e; direction. A component is positive if it points
in the positive direction for a plane with an outward normal also pointing in the
positive direction (or in the negative direction for a plane with a normal also pointing
in the negative direction). The components oy (i=/) are the normal stresses while the
components oy (i#) are the shear stresses.

° Note that this is another deviation from our ‘tensor = uppercase bold’ rule but, again, the notation is
conventional.
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Example 5.2

For the y-z plane, the normal vector n is represented by the matrix n" = (1,0,0)
and the stress vector t for the y-z plane for an arbitrary stress tensor ¢ becomes

tx o-xx o-xy o-xz 1 o-xx
t,|=|o, o, o, 8 =|0o,
tZ O-Z.X O-Z)/ O-ZZ O-Zx

If we choose the plane represented by n' = (1/72,1/42,0) the traction becomes

t, 6, 0O, O, 1/ \/5 . o,t0,
t,|=|o, o, O, l/f =T c,to,
tz O-zx zy Gzz 0 o-zx + o-zy

Let us consider another volume element, in this case a simple cube with edges
parallel to the co-ordinate axes of a local axes system with the origin at (x,y,z), and
calculate the force and torque equilibrium. The edges of the cube are dx, dy and dz.

The force equilibrium in the x-direction, as shown in Fig. 5.4 and containing two
normal forces and four shear forces, leads to the following equation (remember that £,
is an abbreviation of 0f/6x or 0,f)

—Cix dydz + (Oyx + Oxx dx)dydz
—0Oyy dzdx + (O, + O,y dy)dzdx
—0Oy: dxdy + (0y; + Oy, dz)dxdy
+pb, dxdydz = pa, dxdydz
where we included the volume force b and the acceleration a. Dividing by dxdydz and

taking the limit dx, dy and dz — 0, implying an infinitesimal cube size so that the
derivatives are to be evaluated at the point (x,y,z), leads to

Oxxx T 0xyy TOx:,z + pbe = pax
Similarly for the y- and z-directions

Opxx TOyy +0yzz + pby=pa,  and  Ouxy +0y +02.,- + pb: = pa.

Fig. 5.4: Force equilibrium in the x-direction.
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This can be further abbreviated to the so-called equation of motion®

If changes in the structure are sufficiently slow so that the kinetic energy can safely be
neglected, i.e. for quasi-static processes, we may neglect the inertia forces pa;. This
leads to the so-called equilibrium condition oy;+ pb; = 0. Furthermore, for many
quasi-static processes the body forces are relatively unimportant as compared to the
external loading leading to a frequent use of the reduced equilibrium equation cy; = 0.

For the torque equilibrium we consider a rotation around the z-axis, as sketched in
Fig. 5.5. Indicating in square brackets the forces and counting counterclockwise
couples as positive, we obtain

[03x dydz]-Yodx + [(Opt Oy dx)dydz]-Vodx

—{ oy dzdx]-"2dy — [(oyt Oy, dy)dzdx]-Yady = 0
Dividing by dxdydz and taking the limit dy — 0 we obtain
Oyx = Oxy
Similarly for a rotation around the x- and y-axes we obtain
0x=0y and 05 =0
respectively. The Cauchy stress tensor & is thus symmetric, or
| 2 0= Oji (5.15)

and contains only six independent components.
Summarising, in direct notation we have the (first Cauchy) equation of motion

V.o +pb=pa

or, if the body and inertia forces may be neglected, the (reduced) equilibrium
condition

Z
O'xy : O-yx
: y
X O-,Wf+ O-yx,xdx

Fig. 5.5: Moment equilibrium around the z-direction.

4 Note that this equation in index notation contains three individual equations, each with five terms. The
derivation of the equation of motion using the Gauss theorem can be given by the one-liner: | oy n;d4
+ pr,- dv= Jpa,» dVor fo;jJ dv+ fpb,» dv = fpa, dV or oy, + pb; = pa;. In fact the arguments given in the
main text are an outline of the proof of the Gauss theorem.
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V=0
and the conservation of angular momentum (or second Cauchy equation of motion)
c=c"

where o' denotes the transpose of . The equations describing mechanical
equilibrium are partial differential equations and one needs boundary conditions if
one actually wants to solve them. The most important types of conditions met in
practice are the displacement boundary conditions where at a certain part 4, of the
boundary 4 the displacements u of the particles are prescribed and the traction
boundary conditions where at another part 4, of the boundary 4 the traction t should
have a prescribed magnitude and direction.

Augustin-Louis Cauchy (1789-1857) k 2 4
Born in Paris, France, a son of a father who had to leave Paris at the time of the French
Revolution and took refuge in Arcueil, where at that time Laplace and Berthollet lived.
Laplace’s house became a meeting place where Lagrange noticed his unusual mathematical
prowess. In 1805 he entered the Ecole Polytechnique. After completion he was elected to enter
the Ecole des Ponts et Chaussées where he graduated in 1810. At the age of 21 he was doing
important engineering work in Cherbourg. Being attracted more by mathematics, he returned
to Paris where he became a member of the Academy in 1816. Cauchy started to teach at the
Ecole Polytechnique and at the Sorbonne, where he tried to present calculus in a more rigorous
way. This attracted the interest of both his students and scientists from foreign countries, and
his publication Cours d’analyse de I’école polytechnique in 1821 had an important effect on
trends in mathematics. Cauchy then became interested in the theory of elasticity in which he
introduced the concept of stress by his famous tetrahedron and the concept of strain. The terms
principal directions, stress and strain are due to him. He subsequently derived the equilibrium
equations, as we know them now, and applied them to isotropic bodies. One has to admit that
Cauchy’s narrow views, plus his many mean-spirited actions and disputations over priority
with his mathematical contemporaries, do not make him an attractive personality, despite his
extraordinary contributions.

5.3 The equilibrium conditions in cylindrical and spherical co-ordinates

As indicated in Section 4.4 in many applications Cartesian co-ordinates are not the
most logical choice. Therefore we need to express the equilibrium conditions also in
e.g. cylindrical and spherical co-ordinates (Lubliner, 1983).

For cylindrical co-ordinates we obtain, after some manipulation using the
expressions of Section 3.10, for the equilibrium conditions
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ao-rr +}_ ao—rﬂ 60-):' + O-rr _0-99 + pbr — 0
or r 00 1574 r

09,0 , 100w %% 500 , o — (5.16)

or r 00 Oz r

oo +1 0o, N oo,

rz

or r 00 Oz

+i+pbz =0
r

In plane stress and strain the stresses o,,, 6,9 and ogp are constant with respect to z, o-.
is either zero or V(o,,+04gg) and o;. and oy. are zero. The above equations reduce to

oo, lao-re_'_o-rr_o-ﬂﬂ +pb, =0 00, +16699+2h+pb9=0

or r 00 r or r 00 r
A similar exercise for spherical co-ordinates yields

oo, N 100, 1 00,, 20, —04 —04 +0,,cot0 +ph, =0
or r 00 rsin@ 0¢ r

00,5 100, 1 00q, gy cotd —0o, cotd +30,, + phy =0 (5.17)
or r 00 rsin@ 0¢ r

0o, +1 00y, N 1 00 44 N 30,4 +20,, cotd +pb, =0
or r 00 rsin@ 0¢ r

5.4 The stress tensor

As discussed in Section 5.2, the state of stress for a small volume element can be
described by the stress tensor (Lubliner, 1983; Ziegler, 1983). Any volume element of
a system can be detached from the system if we introduce at the same time the
reaction forces for that element. These reaction forces then act as the external forces
for that element. Consequently, the stress tensor is determined for the whole system
and represents a field, i.e. the stress field. Once this field is given, the stress vector at
any point acting on any surface element can be calculated. The stress tensor is a
symmetric tensor so that all the properties of symmetric tensors, as discussed in
Chapter 3, are applicable. In particular the tensor can brought at principal axes so that
only diagonal elements remain. These elements are usually called principal stresses.

As discussed, the stress vector t acting on an infinitesimal plane with area d4,
position vector x and outer normal n is given by

t(x,n)=0-n or equivalently 1, =0o,n, (5.18)

This relation applies up to (and including) the boundary of a body. So, for a free
boundary one has 6-n = 0 and on those parts of a boundary where a traction t is
prescribed one has o-n = t. Often the normal stress, whose magnitude is indicated by
o™ here, is required, i.e. the component of the stress vector normal to d4. The length
of this stress component is given by the projection of the stress vector t on the normal
vector n and thus equal to (Fig. 5.6)
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Fig. 5.6: Stress vector t, normal stress vector 6™n and shear stress vector s at a plane with a
normal vector n.

> c®”=n-t=n-oc-n orequivalently o® =nt,=no;n, (5.19)

The normal stress vector is accordingly on. The component of the stress vector in
the plane d4 is known as the shear component and, according to the Pythagorean
theorem, its length o® is equal to

o® = ¢ _(Gm))z (5.20)
Using vector subtraction the shear stress vector® s can also be written as
> s=t—c™n  orequivalently s=nx(txn) (5.21)
Obviously it holds that

o® = (5.22)

Similarly to the case of the strain tensor, the stress tensor can also be decomposed into
an isotropic part o073 and a deviator o} according to

c,=0,"t0,6,/3 (5.23)

The invariant oy divided by 3, sometimes indicated by o, is often called the mean
normal stress and its negative p = —oy/3 is the pressure. By the way, the isotropic and
deviatoric parts of the stress tensor will be used in the discussion of the elastic energy
(Chapter 9) and in the discussion of plasticity (Chapter 13).

Example 5.3
-p 0 0
The stress tensor ¢ for a gas is 6=| 0 -p 0 | where p is the classic
0 0 -p

pressure. The minus sign is used because in gases a compressive stress is
reckoned positive whereas in mechanics a compressive stress is negative.

Example 5.4

Suppose we have a stress tensor o and a normal to a plane n represented by

¢ Both the shear stress vector and the engineering stress (or first Piola-Kirchoff stress) are indicated by
s. However, the meaning should be clear from the context and confusion is unlikely.
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1
11 /5
21 d = 1
ad = Vo
13 0

i =

Q
|
—_— = N

respectively. The stress vector t on this plane becomes

1 3
L,=o,n = ] V=] 3

121/0\/5 /\5

113
2

Vi

The magnitude of the normal stress vector o™ is
3
)
®—non =nt,=( V- } )3 _
o no,n, =nt, (/\E /\/50 /JE 3

2

V2

while the shear stress vector s and its magnitude o are given by
3 1
s,=t,—c"n = y -3 / =| 0 | and 0¥ =(ss) =+2
i i (] ‘/5 \/5 7 ( i 1)
2 0
V2

V2

Alternatively, the length of the shear stress vector is given by

) 172
o = =[2 ~(o")] " = (24244 _32} 2

2 2 2
Finally the isotropic part of o;; and the stress deviator o are given by

7 0 0
00 A
c,0 2+2+3
";”( ) 10—0%0 and
3
00 1 7
0 0 /é
700 —yll
.8 211 3 3
=g, -—L={121|-| 0 ¥ ol=| 1 Y 1
Gy =9y 3 - 3 - 3

113
7 2
ooA 114

The mean normal stress o = o/3 = 7/3 while the pressure p = —ow/3 =-7/3.

Again similar to the strain case, a state of plane stress can arise. In that case we
have, e.g. o3 = 0 (i=1,2,3) and c;,3 = 0. This also implies that one of the principal
stresses vanishes. If two of the principal stresses vanish, the stress state is uniaxial. If,
on the other hand, the three principal stresses are equal, the stress distribution is
hydrostatic.
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From the principal axes transformation it is also clear that the principal stresses
are also the extremes of the normal stresses as a function of orientation. One can ask:
what are the extremes of the shear stresses and in which direction do they point?
Maximising the length of the shear stress vector 6 with respect to the components #;,
subject to the constraint ||n|| = 1, yields the answer, whose the details are left as an
exercise. If we indicate the shear stress by 7, it appears that

2 2 2 2 2 2 2 2 2
7 = (o-on)’ni°ny” + (on—om)’m’ns’ + (om—o1)ns’m

The solutions as given in Table 5.1 arise. If the principal stresses obey the convention
ozoi>oq, Ty is the maximum shear stress. The maximum shear stress planes bisect
the principal axes planes and thus make an angle n/4 with them.

Table 5.1: Maximum shear directions.

ny ny ns3 T
0 i'l/z'\lz i‘/z'\lz = 1/2(0'1[ - O']H)
i‘/z\/2 0 i"/z\l2 m= l/z(O'[H - O'I)
+5\2 +15\2 0 T = 2(01 — on)
Problem 5.2
Consider a beam as shown in the .
accompanying figure. The stress field is I
0 0 0
given by o6 =|0 az+ 0|MPa, where 5 a
0 o0 0 JE e f—
and S are parameters. a ’

a) Determine the stress vector for a plane 8a
oriented perpendicular to the axis of the
beam (normal in the positive y-direction) at an arbitrary point (x,y,z).

b) Determine the normal and shear stresses for that plane.

c) Make a sketch of the normal stress in a cross-section perpendicular to the
axis of the beam.

d) Determine the normal and shear stresses for a plane parallel to the x-axis

and at 45° with the y-axis and z-axis, through the point (Y2a,5a,%a).
Problem 5.3

X

The stress matrix for an infinitesimal cube-shaped volume element is given by

4 2 -
c=|2 -2 3|MPa
-1 3 1
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a) Determine the stress vector for the lattice planes as indicated in the figure.
b) Calculate the normal stress and shear stress vectors for these planes.

Problem 5.4
The stress matrix for an infinitesimal cube-shaped volume element is given by
30 60 45
c=|60 0 0 |MPa
45 0 -15

a) Determine the stress vector for a plane through a point P parallel to the
plane x+2y+2z =2.

b) Why are two solutions possible?

¢) Calculate the normal and shear stresses and the normal and shear stress
vectors for this plane.

Problem 5.5

Consider a plate as sketched in the

accompanying figure, where p denotes the

external pressure. The hatched area denotes a

rigid connection.

a) Determine the boundary conditions for the
edge AB in terms of the stress matrix.

b) Do the same for the edge BC, again in
terms of the stress matrix.

Problem 5.6

35, ‘,4af”
AlTTT1T 1T B

p

DN

4 32
For a point P in a body the stress matrix is given by ¢ = [g a 4] MPa,
4 0
where a is an as yet undetermined parameter.
a) Determine the normal vector for the stress-free plane at point P.
b) Calculate the value of o.
¢) Determine the principal stresses.
d) Determine the principal directions.

Problem 5.7
In the figure the stresses on an infinitesimal ZI
volume element are indicated, all equal to :
q SN
say . ;
a) Determine the stress matrix. 4/
b) Determine the principal stresses. —}» y
c) Are the principal directions uniquely A —
determined? x
Problem 5.8
a 00
For a point in a body the stress matrix is given by 6 =100, 0 1 2 | MPa. The
0228

principal stresses are oy = 300 MPa, oy = 100 MPa and oy = -100 MPa.
Calculate o and B.
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Problem 5.9%

a) Show that the traction expressed in principal values is given by
t1 = om, t, = oyny and 13 = oy,
b) Show that the length of the shear stress vector o is given by o =
(% — (™))" = [(orm)*+H o) +(ommns)* — (o *+oumy’+omns’)’ ]
and that the normal stress is given by o™ = giny? +ouny? +omns’.
¢) Using 1-n2= n22 + n32 and its permutations show that
7 = (or-on)’ni’n? + (o—om)*m’ns® + (ow—o1) nsni’.
d) The extremes of 7 subject to |n]] = 1 can be obtained by constrained
optimisation (Lagrange multipliers). Show that the solutions are as given in
Table 5.1.

12

5.5 Mohr’s circles

We have seen that the stress at any point in a material can be described by the
stress tensor. If we know the stress tensor, the normal stress and shear stress at any
plane can be calculated as has been discussed in Section 5.2. However, it is also
possible to determine the normal stress and the shear stress by a convenient graphical
representation of the principal axes known as the Mohr circles".

To that purpose we use the tensile test again and consider a plane with normal
vector n making an angle a with the tensile axis. This implies that n" = (cos @, sin a,
0). The stress tensor is then

o 00
o, = 8 8 8 (5.24)

The stress vector t on the plane characterised by n is, as discussed, given by

0 0 0| sina|=| 0 (5.25)
000l o 0

t, = o,n; =

(0' 0 0] cosa ocosa

The normal stress o™ is given by

cosa
c® =tn =(ccosa 0 0) sina | = ocos’ a (5.26)
0

Hence the components of the normal stress vector o™n and shear stress vector s are

cosa
o®n, = o cos’al sina and (5.27)
0
ocosa cosa sinat
s;=t,-c®n,=| 0 |-ocos’a| sina |=occosasina| —cosa (5.28)
0 0 0

fOtto Mohr (1835-1918). German engineer who introduced the circles in 1900.
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o
o M
max
o™ o™
Fig. 5.7: Mohr circle for a tensile bar. Fig. 5.8: Mohr circles for an arbitrary stress state.

respectively. The absolute value of the shear stress vector o is thus
/2
¥ =|s|= ocosasina[(sina Y +(= cosa)z} = geosasina (5.29)

A parametric plot of the normal stress o™ and shear stress ¢ as a function of a is
thus given by

o® o cos’a Yo cos2a + Vao
= = (5.30)

o® ocosasina Yo sin2a

which represents the equation of a circle with centre (6/2,0) and radius /2 in a o™-
o® plot (Fig. 5.7). The angle 2 is counted counterclockwise. This circle is known as
the circle of Mohr. On the plane of which the normal coincides with the tensile stress,
i.e. o = 0, only a normal stress (and thus a principal stress) is acting. On a plane
parallel to the tensile direction, i.e. @ = 7/2, no stress acts at all. For the stress at a
plane having a normal with an arbitrary angle a, we take an angle of 2 and read from
the intersection with the circle the normal and shear stresses. This shows that the
largest normal stress in the tensile bar is equal to the largest principal stress. The plane
with the largest shear stress has an angle a = m/4 and the shear stress is given by
Oma”) = VoOma™ = Ys0. The principal values are 0, 0 and o along the normal stress
axis.

The general case with three different principal values can be developed in
principle in the same way®. The process is tedious though and we state only the final
result in Fig. 5.8. Plot the three principal stresses along the o™-axis, as indicated by
the dots, and draw three circles through these points as indicated. All possible normal
stress and shear stress combinations for an arbitrary stress state are either on the
circles or in the shaded area. Also in the general case from these circles a convenient
representation of the stress state arises. Although this representation still has its
educational value, the easy calculation of the principal values has largely superseded
the graphical calculation via Mohr’s circles.

Problem 5.10

Draw the Mohr circles for an isostatic compression, isostatic tension, biaxial
compression and biaxial tension and for simple shear.

€ Nadai, A. (1950), The theory of flow and fracture in solids, McGraw-Hill, New York.
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Problem 5.11

Show that Mohr’s expression for a two-dimensional stress state is given by

o._+0,. O©. -0 .
o® = ’“2 2 4 sz 2 cos2a +0  sin2a

c,.—0C
0¥ =—=—sin2a +0, cos2a

Draw the Mohr circle diagram.

5.6 Mechanical energy

So far we have used only the momentum theorems. The theorems of linear
momentum and angular momentum are useful generalisations of the corresponding
theorems in particle and rigid body mechanics. Similarly as before we can obtain the
theorem of mechanical energy. It results in an expression for the power of the internal
forces (Ziegler, 1983).

Multiplying both sides of the local form of the equilibrium equation

pv, = pb, + o, by v; and integrating over the volume we obtain

J.pv,v, dv = jpb,.v,. dV+ IGU”vi {14
(5.31)
= jpb,.v,. dr + JA(O',J.V,.)J dV - \o,v,, dV

On account of the symmetry of o, and the definition of the deformation rate dj; = v,
we can replace oyv;; by oyd;. Moreover, we apply once more the Gauss theorem, in
this case to the second term in the second line of the equation. Thus we obtain

> [ovi ar= [pbw v+ o v dd- [o,4, av (532)

We observe that in Eq. (5.32) the left-hand side represents the material derivative of
the kinetic energy given by

T="% Ipv,.v,. 124 (5.33)
and that the power of the inertial forces Py is given by

P =T-= jpv,.v',.dr/ (5.34)
The first two terms on the right-hand side of Eq. (5.32) are

P, = '[pbivi dV¥ and P, = J-O'y.v,nj d4 (5.35)

and represent the power of the volume and surface forces, respectively. The third term

Py = —IG.-,d,-, av (5.36)



108 5 Kinetics

can be interpreted as the power of the internal forces. In this way Eq. (5.32) can be
interpreted as the global form of the theorem of conservation of mechanical energyh:
the material derivative of the kinetic energy is equal to the power of the external
forces Pext = Pyol +Psur and internal forces Pjy. Thus

> Pacc = Pyl + Psyrt Py (5.37)
Expressing the last integral in Eq. (5.32) as the sum of the powers of the external
forces and the inertia forces,

+P, - P (5.38)

vol

J.c,.jd,,jdV _p

we see that it represents that part of the power of the external forces that is not
converted to kinetic energy associated with the global motion of the system. We call
this remainder internal energy and it contains the potential and kinetic energies of the
atoms or molecules constituting the solid. As long as dissipation is not involved, the
conservation of energy interpretation in purely mechanical terms is correct. However,
as soon as dissipation, or temperature for that matter, is involved, we need the first
law of thermodynamics as an expression of the conservation of energy principle.

It may be useful to point out the physical reason for the minus sign in the
definition of Piy. To that purpose consider two connected material particles (1) and
(2) in equilibrium; particle (1) is the particle of interest. Neglecting external and
acceleration forces we have f = fi(12)+ fi(21) = 0. Cutting the connection between
the particles, for particle (1) a stress vector t = o-n has to be introduced equal to
fini(21). The stress o thus corresponds to fi(21), and since fip(12) = —fi(21) is
conventionally designated as internal force for particle (1), this leads to Eq. (5.36).

We finally remark that the work Wiy, of the internal forces can also be expressed as the
ydy AV == o8,V , we

£, drdV = —I joydslj dV . The mechanical work done on

the system Wy, is given by the negative work of the internal forces, i.e. Wiec = —Wint.

integral of the power Piy. Since we have P, =W, = —IO'

obtain W, = IPim dr = —I ‘[ o,

i

5.7 Statically determined structures

Generally the equilibria of forces and momenta are insufficient to determine the
stress distribution and we also need the stress-strain relation and strain compatibility.
We deal with statically indeterminate problems. However, in a number of cases the
stress distribution can be entirely determined using the laws of statics combined with
the applied loads without considering deformation or the stress-strain relation. These
situations are called statically determined problems. We explain the concepts by
discussing two practically important examples.

Example 5.5: A simple truss

A simple but practically important problem example is provided by a truss,
e.g. a pin-jointed frame made from straight bars linked by flexible joints which
can only transmit uniaxial tensile or compressive forces. Fig. 5.9 shows a

" 1t is also frequently referred to as the principle of virtual power (PVP) although in this form the
interpretation is more limited as in Section 5.8.
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F,
%

F] F] Fl Fl

F F
Fig. 5.9: A statically determined and undetermined pin-jointed frame.

simple example of a triangular truss with and without a central beam, attached
to a rigid (hatched) plane. In the truss without a central beam the solution is '
= 2F cos 6, which is easily solved for F; because the load F and the angle 0
are known. In the truss with the central beam we have F = F, + 2F) cos 0,
which is an equation for two unknown forces F; and F». To solve for F} and F>
we have to invoke the compatibility as well. The inclined bars elongate from /;
to /; + 8/, while the central bar elongates from /, to /; + dl,. Since the vertical
displacements must be equal (compatibility), we have 8/; = 8/, cos 6, where
we tacitly assumed that the change in angle 6 can be neglected. If all bars have
the same cross-section 4 and Young’s modulus E,

Fi=AE8l)/l; and F,=AE3L/L,
which leads to
Fi=F cos’0
Solving these equations yields
Fy=Fcos’0/[1+2 cos’0] and F, = F/[1+2 cos*0]

The truss without the central beam is statically determinate and the elongations
can be calculated after the forces are obtained. On the other hand, the truss
with the central beam is statically indeterminate and the material behaviour is
used to obtain a solution for the forces and elongations.

Example 5.6: A thin-walled pressure vessel

Consider a cylindrical vessel under a pressure p, which has a length / and a
radius . The wall thickness is ¢ and we suppose that / >> r >> ¢. For this
situation the principal axes are clear. The circumferential (or hoop) stress is
denoted as o; while o indicates the longitudinal stress. These stresses are

Fig. 5.10: A cylindrical pressure vessel.
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supposed to be constant over the wall thickness. The third principal stress
varies from —p at the inner face to zero at the outer face. To calculate the stress
o1 we consider a shell element as indicated in Fig. 5.10. The pressure provides
an outward force 2rlp while the hoop stress provides 2#/c;. Hence

o, =prlt (5.39)
For the longitudinal stress we consider the end-cap. Here the outward force is
nrzp while the inward force is 2nrto,. Consequently

o, =pr/2t (5.40)
so that the longitudinal stress is half the hoop stress. The latter equation also

provides the stress in a spherical vessel. So, the structures considered in this
example are statically determined structures.

Although the above analysis is relatively simple, the results are nevertheless
widely used. Statically determinate systems where a serial solution of stress and strain
is possible are relatively rare and in general we have statically indeterminate systems
for which a solution of stress and strain has to be obtained concomitantly. Finally we
also note that in plasticity statically determined structures occur.

5.8 The principle of virtual power*

In this section an alternative way of summarising the (first and) second law of
mechanics, usually called the principle of virtual work, is presented. Although entirely
equivalent to Newton’s laws, we nevertheless present this principle, the most
important reasons being that it forms the basis of approximate analytical solutions and
of modern numerical techniques. We start with a treatment for particles, as described
in Section 5.1, discuss constraints and apply the results to a continuous body.

Discrete systems

A virtual (infinitesimal) displacement of a system refers to a change in the
configuration of the system as a result of any arbitrary (infinitesimal) change of the
independent co-ordinates 8x, consistent with the forces and constraints imposed on the
system at any time ¢. The displacement is called virtual to distinguish it from an actual
displacement occurring in a time interval d¢ during which the forces and constraints
may change. For a system in equilibrium of N discrete particles and with no
constraints, the total force on each particle (i) is zero (Goldstein, 1950),

f() =0
while for a system in motion the total force on each particle equals the rate of change
of the momentum

(i) = dp(i)/dt
The latter equation reduces to the first for negligible velocities. Here again the
variable (7) is used to indicate particle i. Clearly then the scalar product f(7)-6x(i),

which is the virtual work of the total force (i) on particle i in the displacements dx(i),
equals [dp(7)/df]-6x(i), the virtual work of the inertia forces. Similarly it holds that

%, £i)-5x(i) = X [dp(i)/de]-5x(i)
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The above equation is usually called the principle of virtual work (PVW). It states that
the sum of the virtual work of the volume, surface and internal forces equals the
virtual work of the inertia forces.

In many cases a rate formulation is advantageous, as will be shown at several
occasions. We recall that the power or the rate of work is given by the scalar product
of a force vector and the velocity at its point of application. Therefore using virtual
velocities dv(i) rather than virtual displacements 6x(7) leads in a similar way to the
principle of virtual power (PVP)

> 2, £(3)-0v(i) = Z; [dp(i)/dr]-ov(i)

This expression is sometimes called d’Alembert’s principle, although we will refer to
it as the principle of virtual power.

In the form presented above the PVP is applicable to the analysis of dynamic
systems. In case the system is quasi-static, one can neglect the inertial force obtaining

=, £(i)-8v(i) = 0

This is the form that will be used most often in this book since dynamic effects are
generally not considered. The PVP can be ‘derived’ from Newton’s laws as outlined
above. However, it is also equally valid to consider the principle as the basic postulate
and to derive from it Newton’s laws and its consequences. In fact, the PVP is more
general than the potential energy description since it includes forces, which cannot be
derived from a potential energy, e.g. forces due to friction.

Justification 5.1

To show that the PVP leads to the conservation of linear momentum, angular
momentum and energy, we note that in the equation

%, [£() — dp(i)/df]-6v(i) = 0
the variations dv(7) are independent. The equation can only be satisfied if
%, [f() — dp(i)/df] =f—dp/dt = 0

Hence if the total force f = 0, the linear momentum p is constant. This
represents the force equilibrium. To obtain the conservation of energy we take
in the principle of virtual power

Sv(i) = ev(i)

where ¢ is a small but otherwise arbitrary scalar and v(i) is the actual speed of
the particle. The PVP then leads to

eZ; [v(i)-£f(i) — v(i)-dp(iydf] =0

If the forces are conservative, i.e. f(i) = —0V/(i)/0r, we have
v(i)-f(i) = — dr(i)/dr-0V (i)/or(i) = — dV(i)/dt

Recalling that the kinetic energy is given by 7= p2/2m we also have
dT(G)/dt = v(i)-dp(i)/dt

and we therefore find, taking into account that ¢ is arbitrary, that
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d {Z, [ 7G) + V()] }/dt =0 or T+ V = constant

This represents the conservation of energy. To find the conservation of angular
momentum we take in the PVP

ov(i) = exv(i)
where the vector € is of arbitrary direction but of small magnitude. Invoking
the PVP one obtains, after changing the order in the vector triple product,

g {2, [r(i) x (i) — r(i) x dp(i)/dr] } =0
Since € is arbitrary we obtain

q-—dlde=0.

Hence if the moment of the force q = 0, the angular momentum 1 is constant.
This represents the moment equilibrium.

The PVP can be expressed in matrix equations. To that purpose we note that
m(i)v(i) can be written as Mv, where M denotes a diagonal matrix with the various
m(i) as diagonal elements and v a column matrix containing the components of v(7).
For the matrix M three consecutive elements are given by m(i) since each component
v;(i) of v has to correspond to the same mass m(i), i.e.

ml) 0 0 0 0
0 md1l 0 0 0

M= 0 0O m1) 0 . 0 (5.41)
0 0 0 m2) .. 0
0

0 0 0 0 0 mN
Similarly, we can write f for the collection of f(i) and dv for the collection of dv(i), i.e.

M=), A1), 1), £i2), ..] and " = [dvi(1),8v2(1),8v3(1), 5v1(2), ...]

In this notation the PVP reads

> (f—%Mv) dv=0 (5.42)

Constraints

In the case of a system of N particles constraints are present, the variations dv(7)
are not independent and the equations cannot be solved as indicated above. However,
if the constraints can be expressed by k = 3N-M equations (where M < 3N)

c(dr(l), ..., or(@), ...,H=0 or c(dv(l), ..., 0v(i), ..., H)=0

a new set of M generalised (or normal) co-ordinates q(j) can be introduced. In
general, the co-ordinates r(j) are non-linear functions of the generalised co-ordinates
q(y) which can be expressed in matrix notation as indicated above by

r=F(q) (5.43)
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Consequently,
_OF

or = Adq and ov=Adq where A ™
q

(5.44)
Substitution in the PVP results in

d. ) d
——My | dv=| f——Mp
(=g v 1
where use is made of M = M". Defining Q = A"f and M’ = A"MA we obtain

T

T
Adg= (ATf—%ATMAq) 8G=0  (5.45)

(@-M5) 34=0 (5.46)
which leads to
| 2 0=M4g (5.47)

since the time derivatives of 8¢ are independent and M'= M".

The elements of Q contain the generalised forces in terms of the generalised co-
ordinates ¢ and M’ is the mass matrix associated with the generalised co-ordinates q.
Hence the equation Q = M'§ is very similar to f = mi, which is Newton’s second
law in Cartesian co-ordinates.

Summarising, the original PVP states that the sum of the virtual power of the
volume, surface and internal forces is equal to the virtual power of the inertia forces.
In case constraints are present in which the constraint forces do not deliver work, the
variations 8v are not independent and we have to modify the PVP. Changing to
generalised co-ordinates ¢ and generalised forces Q restores the situation for which
the PVP is again valid.

The PVP can be seen as an alternative formulation of Newton’s (first and) second
law. The third law is also frequently known as the reaction principle and leads to the
statement that the power of the internal forces vanishes for rigid body motion.
Together the PVP and the reaction principle constitute an equally valid basis for
mechanical analysis as Newton’s three laws. However, as a basis for numerical and
approximate methods the PVP approach offers a great deal of advantage.

Continuous systems

In the following we shall evaluate the consequences of the principle of virtual
power and the reaction principle for a continuous body instead of a collection of
particles (Ziegler, 1983). Often we will refer to the continuous body as the system. To
that purpose we consider again a volume V of a continuum with a regular surface 4
(Fig. 5.1). A volume element dV contains a mass dm and d4 is a surface element with
exterior normal n. We have to distinguish again between external forces on V, those
for which the reactions act outside V, and internal forces, those for which the reactions
act inside V. These forces have been discussed in Section 5.2.

We recall that there are two types of external forces. First, the volume (or body)
forces acting on volume elements and distributed over the whole volume. The specific
body force b is the body force per unit of mass. Second, the surface force distributed
over the surface A. Here it is convenient to refer to the force per unit area, which is
usually called the traction. The traction not only depends on the position x but also on
the orientation of the surface element d4, indicated by the exterior normal n, and thus
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can be denoted by t = t(x,n). We also need the inertial force that is, like b, distributed
over the volume of the entire body. The specific inertial force is again the force per
unit mass and equal to the acceleration a = v. Finally, we have the internal forces.

For the description of continuous matter we consider each volume element as a
particle with as its label the position co-ordinate. Consequently, the summation over
particles becomes an integral over the volume and surface of the system. In a
continuum the forces thus appear in the form of a force field and the state of motion is
described by a velocity field v.

Before we discuss the PVP for continuous systems we need a few more
definitions. In the discussion of the PVP for discrete particles we stated that 6x should
be compatible with the constraints present. To be a bit more precise, in order to solve
a boundary problem in solid mechanics, i.e. finding a displacement field u (velocity
field v) and stress field o in a volume ¥ given the body force b in ¥V, we also need the
boundary conditions on the surface 4. The latter implies that either the traction #; or
the displacement u; (v;) is prescribed at a certain point. The parts of 4 for which ¢; or u;
(v)) is prescribed are denoted by 4, and A4, (4,), respectively. If we denote the
prescribed values by 7, or #, (v,), we thus have the following:

traction boundary conditions: f, =o,n, =1, 0n 4, (5.48)

and

displacement boundary conditions: u, =, on 4, (5.49)

(or velocity boundary conditions v, =¥, on 4,)

Since the conditions apply per component, the areas A, and 4, (4,) may actually
overlap. The body forces b; and tractions £, are known as loads while the unknown
tractions #; at the point where the displacements are prescribed are called reactions.
When displacements are prescribed one speaks of external conmstraints. In addition
there may be internal constraints, e.g. incompressibility. A displacement field is
kinematically admissible if it is mathematically well behaved (i.e. continuous and
sufficiently differentiable) and obeys the external and internal constraints. For a static
or quasi-static problem the equilibrium condition oy; + pb; = 0 and the traction

boundary conditions 7, =o,n must be satisfied. A stress field that satisfies these

conditions is called statically admissible'.

A virtual displacement field Su is defined as the difference between two
kinematically admissible displacement fields. It is assumed that du is small and also
that |du;;] << 1. With the displacement field there is an associated velocity field dv and
virtual strain field dg; = V2(du;+6u; ;). Finally we note that du = 0 on 4,

The virtual power of the forces acting on the system is calculated from the actual
forces at a certain moment ¢ and the virtual velocity field dv. As outlined above, the
latter is independent of the actual state of motion and therefore generally not equal to
the actual state of motion. The powers corresponding to the real velocity field v and
the virtual velocity field dv are indicated by P and P*, respectively. The kinetic
behaviour is now derived from the principle of virtual power for the continuous body:

onl* + Psur* + Pinl* = Pacc*

f If the equation of motion ay;; + pb; = pa; is satisfied, the stress field is called dynamically admissible.
J The variation operator is a linear operator that commutes with (partial) differentiation (see Chapter 3).
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At any time ¢, the total virtual power of the volume forces Pyq*, surface forces Pg,*
and internal forces Pi,* equals the virtual power of the inertia forces P,.* in any state
of virtual motion (Maugin, 1992).

For the formulation of the reaction principle for a continuous body we note that it
is always possible to detach a system from its surroundings if we introduce at the
same time the external surface forces. The system may then be moved in particular as
if it were rigid. The reaction principle for a continuous body can now again be stated
as

Pint* =0

or the virtual power of the internal forces vanishes for a rigid body motion.

Jean-le-Rond d'Alembert (1717-1783) ’
Born in Paris, France, he was the illegitimate child of the chevalier Destouches. Being
abandoned by his mother, he was boarded out by the St. Jean-le-Rond parish with the wife of a
glazier. His father paid for his going to a school where he obtained a fair mathematical
education. An essay written by him in 1738 on the integral calculus and another in 1740 on
ricochets, attracted attention, and in the same year he was elected a member of the French
Academy, probably due to the influence of his father. It is to his credit that he absolutely
refused to leave his adopted mother, with whom he continued to live until her death in 1757. It
cannot be said that she sympathised with his success, for at the height of his fame she
remonstrated with him for wasting his talents on such work, she said: Vous ne serez jamais
qu'un philosophe. Et qu'est-ce qu'un philosophe? c'est un fou que se tourmente pendant sa vie,
pour qu'on parle de lui lorsqu'il n'y sera plus. Nearly all his mathematical works were
produced during the years 1743 to 1754. The most important of these was his Traité de
dynamique (1743), in which he enunciates the principle known by his name, namely, that the
‘internal forces of inertia’ (that is, forces which resist acceleration) must be equal and opposite
to the forces which produce the acceleration. The chief remaining contributions of D'Alembert
to mathematics were on physical astronomy, especially on the precession of the equinoxes, and
on variations in the obliquity of the ecliptic (Systéme du monde, 1754). During the last phase
of his life he was mainly occupied with the French encyclopaedia. For this he wrote the
introduction and numerous philosophical and mathematical articles. His style was brilliant, but
not polished, and faithfully reflects his character, which was bold, honest and frank. He
defended a severe criticism, which he had offered on some mediocre work by the remark
Jj'aime mieux étre incivil qu'ennuyé. With his dislike of sycophants and bores it is not
surprising that he had more enemies than friends.

5.9 The momentum theorems and the energy function*

Consider an arbitrary rigid body motion of a volume element dV (Fig. 5.1)
described by the virtual velocity field dv. On account of the rigid body motion the
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virtual power of the internal forces Pim* is zero. Hence there remains the virtual power
of

e the body forces P, = Ipb,ﬁv,dV s

vol —

e the surface forces P, = .[t,.Sv,.dA and
e the inertial force P, = Ip\'f,.SvidV = J.paiﬁv,.dV

acc

for which the principle of virtual power states that

P. =P,

acc vol

P or j o9,8v,dV = IpbiéSv,dV+ ItiSVidA (5.50)

Expression (5.50) holds for arbitrary virtual rigid motion.

Linear momentum

Applying Eq. (5.50) to translations, the velocity dv is constant throughout the body
and can be dropped from the equation, leading to

Ip\'}, dv = Ipb’ dv + It,. d4 (5.51)
The total linear momentum of the body is represented by
p = jpv, <14 (5.52)

so that, since the mass density is conserved, the left-hand side of Eq. (5.51) represents
the material derivative of the total linear momentum p. Consequently, Eq. (5.51)
represents the theorem of linear momentum: the material derivative of the linear
momentum p is equal to the sum of the external forces b and t. From this point on the
analysis is identical to the one in Section 5.2, leading to t(x,n) = 6(x)-n.

By means of the Gauss theorem we can transform the global expression for the
linear momentum to an integral solely over the volume resulting in an expression for
the conservation of linear momentum valid for an observer in the accompanying
system:

Ipv, dV=J-pb,. v+ joijnjdA=I(pb,. +o,,)dV (5.53)

If we note that this expression holds for any volume we obtain the local form or (first
Cauchy) equation of motion

> pv,=pb,+o,; (5.54)
which reduces for an object at rest to the equilibrium condition

pb+o,,=0 (5.55)
Further reduction is obtained when the body forces are neglected and leads to

c,,=0 (5.56)
Recalling that

B,= [pb,av and 4, = [la+@r),Jv = [[a,+am,Jer 657
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we can write for Eq. (5.53), also using the Gauss theorem,
J‘pv,()0 av = jpbk av + J.(O'k, - pvv,)n, d4 (5.58)

which is the conservation of the linear momentum valid for an observer at rest.

Angular momentum

Applying the PVP using a virtual rigid body rotation around the origin O leads to
further insight. The virtual velocity for rigid body motion is given by

ov, =¢,,00,x; (5.59)
where da; denotes the virtual angular velocity and x; the components of the position

vector. Inserting the above equation in the PVP, Eq. (5.50), and noting that d@; can be
dropped since it is independent of position, leads to

Ie,j,(pxjv,f dv = Ie,j.kpijk dar + J.e,jkxjtk d4 (5.60)

Noting thate;, X v, =e¢,v,v, =0so that x v, =(x,v,)" and using #; = o;n; yields

‘[e,,,k p(x,v,) "dV = J'e,.jk px b,dV + J-eijkxjcrk,n,dA (5.61)
The total angular momentum of the body is given by
I, = Ieukpxjvk 14 (5.62)

so that, since the mass is conserved, the left-hand side of Eq. (5.61) is equal to the
material derivative of the total angular momentum. Consequently, Eq. (5.61)
represents the theorem of angular momentum: the material derivative of the angular
momentum with respect to the origin O is equal to the sum of the moments of the
external forces with respect to O.

If we apply the Gauss theorem to Eq. (5.61), analogously to the case of linear
momentum, we can obtain a local form of the theorem of angular momentum from

Ie,.jkpxj\')k dv = jer

Using the equation of motion (5.54) and the identity x;; = §; yields

x,pb, +(xjo'k,)‘1] % (5.63)

J.eljkxj’,ck, dv = Ieijkc,g. dr=0 (5.64)

Recalling again that the volume is arbitrary yields the local form
e;0, =0 (5.65)

Considering the separate components we note that the local form of the angular
momentum theorem states that the stress tensor is symmetric, e.g.
| 4 c,=0, (5.66)

(second Cauchy equation of motion). The theorem can be reformulated for an
observer at rest, similar to the case of linear momentum. This leads to
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Je,j,‘xj(pvk)’o dv = jey.kxjpfk dr+ J.e,.jkxj(ck, —pvkv,)n, d4 (5.67)

The derivation is left as an exercise.

Mechanical energy revisited
Similar to the derivation of the momentum theorems from the PVP, the
conservation of energy can be derived from the PVP. Therefore consider again Eq.
(5.32). We can interpret Eq. (5.32) as the principle of virtual power, applied to the real
state of motion as a particular case of virtual motion, for which we can write (conform
Section 5.8)
P =P

acc vol + })sur - J'O.ijdij av

The volume V' does not remain rigid and this accounts for the difference between Eq.
(5.32) and Eq. (5.50) where dv has been replaced by v. Since the integral on the left-
hand side of Eq. (5.32) represents the power of the inertia forces Pjc., and the first two
integrals on the right-hand side represent the power of the body forces Py, and surface
forces Pgy, respectively, the last term is the power of the internal forces Piy.
Consequently, Pin = - oyd;; dV. With this result the final interpretation of the PVP is

*

P

vol

FPL 4P = ( jpb,SvidV+ jt,Sv,dA - o-USd,.jdV)

= })a::c = ( J.p‘}isvidV)

stating that, at any time ¢, the virtual power of the external and internal forces is equal
to the virtual power of the inertial forces for any virtual state of motion. The PVP can
be seen as a disguised form of the conservation of (mechanical) energy theorem.

To show that this interpretation is consistent with our previous results, we note
that the external virtual power is given by

(5.68)

P, =P,

vol

+P = j by, dV + J:t—,f)v,. 4 (5.69)
while the internal virtual power is defined by

P = J‘o-,.jéd,.j av (5.70)
Since o0dj; = 0;0v;; and thus o0;0d;; = (0;0v;),; — 0y;,0v; we get via the Gauss theorem

*

P

int

=~ [o,n,8v, a1+ fo, 50, av (5.71)
Because &v; = 0 on 4, we restrict the integration to 4, and also write
J‘oyjnj&vi d4 =J o,;n,;dv,d4 (5.72)
AI

Consequently for quasi-static loading

PL+P, =0 or J.(O',.j’j+pb,)8v,.dV= J' (o,n,-7)ov,dd  (5.73)
A
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Hence, because the variations dv; are arbitrary, the virtual power of external and
internal forces vanishes only if

c,,+pb,=0inV o,n =t ond and v,=v,(dv,=0)on4d, (5.74)

which are precisely the equilibrium condition and the boundary conditions, thus
warranting our interpretation of the internal forces.

For completeness we mention that sometimes use is made of another principle
called the principle of complementary virtual power (PCVP). The principle states that
at any time the complementary virtual power of the external forces and internal forces
equals the complementary virtual power of the inertia forces. In this case a virtual
stress field, defined analogously to a virtual displacement field, is the difference
between two statically admissable stress fields. A virtual stress thus satisfies

80, ,=0inV and néc, =0 on 4, 5.75)
The internal and external complementary virtual powers are defined by

ext

PO = J.d,]ESGUdV and PO =J' Wn,80, d4 (5.76)
4,

An analysis for quasi-static conditions leads as before to

PO+ pP@=0 or

int ext

,ﬂdif —‘/z(v,,j +v,, )]60',.] dv = J. (v, —17,.)n180'y d4
4,

*

(5.77)

Hence, because the variations 8oy are arbitrary, the complementary virtual power of
the internal and external forces vanishes only if dj; = %2(v;/+v;;) in V, v, =¥, on 4, and

n,8c, =0(or t, =1,) on A, In this case we thus regain the compatibility for the rate

of deformation and the boundary conditions.

5.10 Stress in the reference configuration*®

The stress tensor as described above is expressed in spatial co-ordinates x and
refers to the current configuration. Like for the strain sometimes it is convenient to
refer to the stress in the reference configuration and have expressions in the material
co-ordinates r (Teodosiu, 1982). We need, apart from the transformation of a line
element as given by

dx=F-dr (5.78)

where F denotes the deformation gradient, also the transformation for an area and
volume element. We consider the change from material to spatial co-ordinates as a co-
ordinate transformation and recall that, if dV and dV}, denote the volume element in
the spatial and material co-ordinates respectively,

dV =det FdV, = JdV, (5.79)

where J = det F is the Jacobian determinant of the transformation. In terms of the
derivatives of the spatial and material co-ordinates p= V" and py = V', respectively,
J is given by J = py/p. A similar result for the area element, known as Nanson’s
formula and given without proof, is less well known,
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Jmd4, =F" -nd4 (5.80)

Here d4 and dA4, denote the surface element in the spatial and material co-ordinates
and n and m the unit vectors for these elements.

Whatever description we use, the actual force is the same. In the spatial
description we have for a force

tdd=0c-nd4 (5.81)
We may write
o-nd4=Jo.F " -md4, =s-md4, (5.82)

The Cauchy stress tensor is thus transformed to the (first) Piola-Kirchhoff stress s =
Jo-F ", which describes the stress in the reference configuration.

Example 5.7

Consider a bar with cross-section area A P

positioned along the r;-axis, as indicated in : >
the accompanying figure. If we load this bar . o .

axially with a force F, the cross-section area _’ ,r‘ | 'A?’:; " F
changes to A. The Cauchy stress oy = F/4 - L >

while the (first) Piola-Kirchhoff stress s1; =
F/A4y. The former is frequently called the true stress while the latter is known
as the engineering stress. The displacement field in this bar is

u, (r) arn
u,(r)|=|-Br,
u,(r) -Br,

where o denotes the relative change in length and S the relative change in
lateral dimension. Hence

X, n u,(r) (1+o)n X I+ O 0 \n
x, |=|n |+ @) |={A=B)r,| or [x,|=[ O 1-B 0 |nr
X3 £ u (1) 1-B)r, X3 0 0 1-BAn

This results in

n (1+a)™ 0 0 X
nl=l o (-8 0o |x
ry 0 o (1-8)"Nx

Since F =1 + ou/or and x = F-r, we obtain

l+aa O 0
F=| 0 1-8 0 and consequently J = det F = (1+a)(1-B)%
0 0 1-p8

Therefore the Cauchy stress, given by o =J° 's.F" is
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F/4, 0 0Y1+a 0 0 . F[ 4,

| 0 0
G=——"—>| 0 00} 0 1- 0 |=——I 0 00
(+a)1-8){ o ool 0o o 1-8 -8 o o o0

Hence oy = (1- )’2F/A0 = F/A. Similarly, we obtain for the s;; component of
the first Piola-Kirchoff stress s

si = (1+a) (1-p) (F/A)(1+a) " = FI[A/(1-B)>] = FlAq.

The first Cauchy law of motion using the first Piola-Kirchoff stress reads
Vs+pb=p,a (5.83)
while the second Cauchy law of motion is given by
s-FT =F.s' (5.84)

which shows that the first Piola-Kirchoff stress s is not a symmetric tensor. Therefore
sometimes the (symmetric) second Piola-Kirchoff stress is introduced, defined by

n=F"'s=JF".¢-F" (5.85)
which reduces the second Cauchy law to a simpler form, namely

n=n' (5.86)
In exchange the first Cauchy law becomes slightly more complicated reading

V-F-n+pb=p,a (5.87)

Problem 5.12

Show that for the bar described in Example 5.7 the second Piola-Kirchoff
stress component 71 is given by 7, = (1+a) ' F/A,.

Problem 5.13
Derive Egs. (5.83), (5.84), (5.86) and (5.87).

5.11 Work and power revisited*

In the previous sections we have discussed the deformation, resulting in various
strain tensors, and the associated forces, resulting in various stress tensors. In principle
many strain and stress tensors can be defined. They have to satisfy some conditions
though. A strain should be kinematically admissible, i.e. satisfy the compatibility
conditions. A stress should be dynamically admissible, i.e. satisfy the equations of
motion. Although with these limitations still a great deal of strain and stress tensors
can be defined, the only ones properly allowed are those for which the product of
stress arI:d strain increment yields the work done. This limits the various choices
possible™.

¥ McVean, D.B. (1968), Z. Angew. Math. Phys. 19, 157-185.
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Using spatial (or Euler) co-ordinates x the deformation is described by the
symmetrised gradient of the velocity field, the so-called rate of deformation dj;, given
in index and direct notation by respectively

d; =%, ;+v,,) and d=%[Vv+(Vv)'] (5.88)
The velocity field v; is given in index and direct notation by
d .t
v, =v,(x,,0) = %") and v=v(x,)= duf;’t) =u(x,t), (5.89)

respectively, where u; (or u) denotes the displacement, dependent on the spatial co-
ordinates x; (or x) and time ¢. The associated stress measure is the Cauchy stress
tensor oy (or 6). The power P, i.e. the work W done per unit time, per unit mass is
represented by
P=d—W=i0'..d». or P=ic:d (5.90)
dt p gy p

where p = p(xif) is the mass density distribution. This relation generalises the
elementary definition of the power per unit volume P = odé , given in Eq. (2.33).

Using material (or Lagrange) co-ordinates the deformation measure is the
Lagrange strain L;; (or L) given by

L,=%(C,-8,) or L=%C-I) (5.91)
where
g C=F"-.F (5.92)
or, or,

with the deformation gradient F; = ox,/0r; (or F = 0x/0r). The (material) rate of change
L can be obtained as follows. Consider the derivative of C
T T
iFT.F=FT.F+FT.F=_d_ ox .§+ ox _d_éf
dr dr\or) or \or) dtor

ov) ox (ox) ov (ox) (av) ox (ox) ov ox
=|=| =+ =| === | = =+ = 2(5.93)
or) or \or) or \or ox) or \or) ox or
=F".v/.F+F".v.F
Hence we obtain
L=%F"-v'.F+F".v.-F)=F".d-F (5.94)
The associated stress measure is the second Piola-Kirchhoff stress tensor m; (or 7t) and

the power P per unit mass is

P=Lri or  P=_tn:lL (5.95)

/)

Po Po

with py the mass density distribution expressed in material co-ordinates. This relation
generalises the definition of the power per unit volume P = sdé, given in Eq. (2.33).
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To show that this expression for the power is identical to the previous one, let us
evaluate this expression. To this purpose we recall that

n=Popt. 6. F7

p
Hence
pelpii =l PRl G FT R d-F (5.96)
Po Po P
1 -1 1 T -T T T 1
=—F .0:d-F=—0 -F :F -d =—o0o:d
p p p

where the last step can be made since both ¢ and d are symmetric. Hence the result is
the same as obtained for the power expressed in spatial co-ordinates. Similarly, the
power using the first Piola-Kirchoff stress tensor can be obtained. The final result is
1 R
P=—s":F (5.97)
Po
The development of continuum mechanics can be continued with either the spatial or
the material description. We refer to the literature for details, e.g. see Fung (1965) or
Malvern (1969). It has been shown that in the small displacement gradient
approximation the stress and strain measures in the spatial and material co-ordinates
coincide. We further denote them by oj; and g, respectively. Moreover, the density p
can be considered as constant and the power reduces to
1 | 1 1 .
P=—o,d, =—0,¢, or P=—oc:d=—o0:¢
p P p P

and the work increment d/7 to
| g dW=l0'yd£y or dW=l0':d8
P P

We note that most of the literature dealing with continuum and/or thermomechanics is
based on this approximation and for the remainder of this book we use it exclusively.

Problem 5.14
Derive Eq. (5.97).
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Thermodynamics

In many problems in materials science thermodynamics is required. This chapter
briefly reviews some useful fundamental laws and relations. After the introduction of
internal variables, a field formulation is presented. A brief introduction to irreversible
processes concludes this chapter in which free use has been made of several books
quoted in the bibliography.

6.1 Basic laws

Preliminary definitions

In thermodynamics the part of the physical world that is under consideration is for
the sake of analysis considered to be separated from the rest. This separated part is
known as the system while the remainder is called the surroundings. The system may
have fixed or movable boundaries and may contain matter, radiation or both. A
system is said to be open if matter can be exchanged with the surroundings. A closed
system does not exchange matter with the surroundings but it may still be able to
exchange energy with its surroundings. An isolated system has no interaction of any
kind with its surroundings. The thermodynamic state of the system is assumed to be
determined completely by a set of macroscopic, independent, external or kinematical
co-ordinates a; and one ‘extra’ other parameter® related to the thermal condition of the
system. They constitute the set of sfate variables (also frequently known as state
parameters or generalised displacements). Functions of the state variables are known
as state functions. Sometimes the dependent and independent variables are
collectively known as state functions. For the moment the properties of the system are
taken to be the same throughout the system. In this case the system is called
homogeneous. When a particular macroscopic co-ordinate is fixed in value by the
conditions at the boundary of the system, there is said to be a comnstraint on the
system. Intensive parameters, such as pressure and temperature, are independent of
the size of the system while extensive parameters, such as volume and energy, are
proportional to the extent of the system (amount of substance). It should be noted that
there are, however, other properties, e.g. surface area, which are neither intensive nor
extensive®. Moreover, the distinction between (global) intensive and extensive
variables has no meaning in inhomogeneous systems. When the properties of a system
do not change with time at an observable rate given certain constraints, the system is
said to be in equilibrium. Thermodynamics is concerned with the equilibrium states
available to systems, the transitions between them and the effect of external
influences upon the systems and transitions (Ericksen, 1991; Callen, 1960).

The transition between two thermodynamic states is a (thermodynamic) process.
The number of state variables required to describe a process is larger than the number
required to describe the system at equilibrium. In the field of process thermodynamics

? For this parameter one has several choices, one of which is the most appropriate.
® This implies that, if not mentioned specifically otherwise, systems are taken sufficiently large so that
surface effects can be neglected.
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various formulations, not all consistent with each other, have been given. Here we use
a rather generally accepted form based on the principle of local state. This principle
implies that at any moment and at any point in the system a thermodynamic state can
be defined. This in principle restricts the applicability of thermodynamics to
sufficiently slow processes. In practice this is only a limited restriction.

For clarity, we mention that we adhere in the following to the convention that for
the partial derivative of a function with respect to one of the variables, the other
variables are kept constant without any further indication. Although it is customary in
thermodynamics to indicate the variables that are kept constant by a subscript, once a
choice of independent variables has been made this indication is redundant. Only in a
few cases explicit indication is required.

With each independent kinematical parameter a; a dependent parameter is
associated, generally denoted as force A4;. A force is a quantity that if multiplied with a
change in state variable yields the associated work. Work done on the system is
counted positive and for an infinitesimal change per unit volume the work d# is given
by

dW = Ada, 6.1)

where use has been made of the summation convention. The work d/# is dependent on
the path between the initial and the final state and is thus not a total differential, i.e.
not a state function.

Example 6.1

We consider homogeneous situations only, i.e. the force A4; is constant
throughout the volume. In Chapter 5 we showed that the total work Wiy of the
internal forces for a solid is given generally by Wiy = lo:de dV =] oyde;dV,
where o denotes the stress tensor and g; the strain tensor. The mechanical
work Wiec done on the system is thus Wi = —Wine. For homogeneous loading
the increment in work reduces to dWme. = Voydg,. For a fluid the stress is
given by oy = —pd;, where p is the external pressure, so that the increment in
mechanical work is dWpee = —Vpd;; dg; = —p dV. Another example is the work
necessary to create a new surface, given by dWs, = ydd4, where y is the
surface tension and A is the area. The work associated with the transfer of
charge de across an electric potential ¢ in electrical systems is dWge = ¢ de.
For dielectric systems® the work per unit volume is given by dwgi = —P-dE =—

Fig. 6.1: A volume of gas in a cylinder with pressure p and electric field E.

¢ The derivation of electrical and magnetic work is subtle and various authors use varying expressions.
In many cases the work derived is actually dF, see e.g. Guggenheim (1967) or Waldram (1984).
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PdE; (Fig. 6.1), where P denotes the polarisation and E the external electric
field. Similarly for magnetic systems the work per unit volume is given by
dWmag = -M-dB = —MdB,, with M the magnetisation and B the external
magnetic field.

To conclude this section, let us note that sufficient state variables should be
included in the description of the system for proper characterisation, including
specification of its chemical content, i.e. the amount of each substance contained. The
exact choice of the kinematical variables depends upon the precision one wants to
achieve in the description of the system and, of course, on the type of phenomena one
wants to investigate. For example, if one wants to describe only the volume-
temperature-pressure relationships for an amount of gas in a cylinder closed with a
piston, the kinematical variable a; = V, the force 4, = —p and the temperature 7
suffice. The precision is determined by the equation of state used. However, if one is
interested in the dielectric behaviour one must also consider the electric polarisation P
due to the electric field E and apply a more elaborate equation of state. Obviously
other combinations can arise. The selection of a particular set of independent state
variables is important in each problem but the choice is arbitrary to a certain extent, as
long as the variables are of the proper type.

Zeroth, first, second and third law

During a transition from one state to another also a certain amount of heat per unit
volume dQ can enter the system. Heat entering the system is counted as positive and
also depends on the path between the two states. If any two separate systems, each in
thermal equilibrium, are brought in thermal contact through a thermally co<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>